
Heavy Quark Production in DIS
Mellin Moments of Coe!cient Functions at NNLO

Dissertation

zur Erlangung des Doktorgrades

an der Fakultät für Mathematik, Informatik und Naturwissenschaften

Fachbereich Physik

der Universität Hamburg

vorgelegt von:

Marco Klann
aus Leer, Deutschland

Hamburg, 2026



Gutachter der Dissertation: Prof. Dr Bernd Kniehl

Prof. Dr Sven-Olaf Moch
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Zusammenfassung

Diese Arbeit untersucht die Produktion schwerer Quarks in tiefinelastischer Streu-
ung für neutrale, geladene und skalare Ströme. Da exakte Resultate mit vollständiger
Massenabhängigkeit nur bis zur nächstführenden Ordnung vorliegen, werden stattdes-
sen feste Mellin-Momente der massiven Koe!zientenfunktionen berechnet. Die har-
monische Projektion der Vorwärts-Compton-Amplitude erlaubt es dabei, sämtliche
Phasenraumintegrationen zu umgehen. Die auftretenden Schleifenintegrale werden
in eine minimale Menge von Integralfamilien eingeteilt, mithilfe partieller Integra-
tion reduziert und über die Methode der Di”erentialgleichungen durch iterierte Inte-
grale gelöst. In nächstführender Ordnung ergeben sich so die ersten elf geraden Mo-
mente des Vektor–Vektor-Beitrags zum neutralen Strom sowie die Axial–Axial- und
Axial–Vektor-Beiträge, deren Abweichung sich auf die chirale Anomalie zurückführen
lässt. Das Hauptresultat ist die Berechnung sämtlicher Dreischleifen-Integrale für den
neutralen und den geladenen Strom sowie die erste exakte Bestimmung in nächst-
nächstführender Ordnung: das niedrigste gerade Moment der Strukturfunktionen des
neutralen Stroms, in dem elliptische Strukturen des dreischleifigen Banana-Integrals
auftreten. Diese Momente liefern Einschränkungen für die approximativen Koe!zien-
tenfunktionen.

Summary

Heavy-quark production in deep-inelastic scattering is studied for neutral, charged
and scalar currents. Since exact results with full mass dependence are available only
up to next-to-leading order, fixed Mellin moments of the massive coe!cient functions
are computed instead. Harmonic projection of the forward Compton amplitude cir-
cumvents all phase-space integrations. The loop integrals encountered are organised
into a minimal set of integral families, reduced by integration-by-parts identities, and
solved with the method of di”erential equations in terms of iterated integrals. At
next-to-leading order, this yields the first eleven even moments of the vector–vector
contribution to the neutral current, together with the axial–axial and axial–vector
contributions, whose deviation is traced to the chiral anomaly. The main result is
the computation of all three-loop integrals for the neutral and charged currents, to-
gether with the first exact determination at next-to-next-to-leading order: the lowest
even moment of the neutral current structure functions, in which elliptic structures
of the three-loop banana integral appear. These moments provide model-independent
constraints on the approximate coe!cient functions.
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“Begin at the beginning”, the King said, very
gravely, “and go on till you come to the end: then
stop.”

— Alice’s Adventures in Wonderland, Lewis Carroll
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Chapter 1

Introduction

1.1 Motivation

Deep-inelastic scattering (DIS) of leptons o” nucleons has shaped the theory of the
strong interaction like no other process. Approximate Bjorken scaling, observed in
the SLAC-MIT experiments [1, 2] and anticipated in Ref. [3], revealed that at large
momentum transfer the lepton scatters incoherently o” point-like constituents of the
proton [4]. These constituents were identified as spin-1/2 quarks by the Callan–
Gross relation [5], confirmed by the data. Subsequently, the discovery of asymptotic
freedom [6, 7] explained why a strongly coupled theory could nevertheless exhibit
quasi-free behaviour at short distances and established quantum chromodynamics
(QCD) as the underlying theory. Fifty years on, DIS remains the cleanest hard
process in hadronic physics, with one identified hadron and one electroweak probe,
and its structure functions form the backbone of every determination of the partonic
content of the proton [8–12].

The process of interest is sketched in Fig. 1.1. Since the leptonic side of the
interaction is known exactly, all sensitivity to the nucleon lies in the hadronic tensor,
whose Lorentz decomposition defines the structure functions. For neutral currents
(NC) two structure functions carry the bulk of the cross section. The dominant one
measures the charge-weighted quark momentum distributions, whilst the longitudinal
one vanishes in the naive parton model by the Callan–Gross relation and is generated
first at order ωs, making it a direct probe of gluon radiation. A third, parity-violating
structure function arises from Z exchange and from εZ interference and becomes
relevant at large virtualities. Charged current (CC) scattering, in particular neutrino-
nucleon scattering, involves in general five structure functions and is flavour selective.
The additional structure functions arise from the absence of current conservation,
which imposes fewer constraints on the tensor structure of the hadronic tensor. In
practical applications, however, one often restricts attention to the same subset of
structure functions as in the neutral current case.

Within the parton model, the structure functions depend on the Bjorken variable,
xB = →q2/(2p · q), alone, a property known as scaling. QCD refines this picture in
a characteristic way. Quarks radiate gluons and gluons split into quark-antiquark
pairs, so the parton content of the proton is not fixed but depends on how closely it is
probed. In DIS the virtuality of the exchanged boson sets this resolution. As the res-
olution increases, radiation that was previously unresolved is revealed, and the parton
distributions acquire a logarithmic dependence on the scale. These scaling violations

3



4 CHAPTER 1. INTRODUCTION

l1 l2

bq

P

p

Figure 1.1: Kinematics of DIS: the incoming lepton l1 scatters o” a proton P (mo-
mentum p) via the exchange of a boson b with momentum q and virtuality q2 = →Q2,
which couples to a parton inside the proton; the scattered lepton l2 and the proton
remnant emerge in the final state.

are governed by the DGLAP evolution equations [13–15], and their pattern is char-
acteristic. At small values of the Bjorken variable the structure functions rise with
the resolution scale, since gluon splitting feeds the quark sea, whilst at large values
they fall, since radiation degrades the momenta of the valence quarks (see Fig. 1.2).
Observed over many orders of magnitude, these violations rank amongst the most
comprehensively verified predictions of QCD. They moreover determine quantities
that are not directly measured. The gluon distribution, which drives the evolution at
small Bjorken variable, is extracted precisely from this scale dependence, and scaling
violations provide one of the classic determinations of the strong coupling constant.

This success rests on collinear factorisation [16]. Up to power corrections, structure
functions decompose into universal, non-perturbative parton distribution functions
(PDFs), convoluted with process-dependent but short-distance coe!cient functions
calculable order by order in the strong coupling [17, 18]. DIS thereby tests QCD
twice over, since the coe!cient functions probe the perturbative expansion whilst the
scale dependence of the data probes the evolution. Once the perturbative input is
su!ciently accurate, the same data determine the PDFs, which enter essentially every
prediction at hadron colliders. PDF uncertainties are by now a limiting systematic
for benchmark LHC measurements, from Higgs production in gluon fusion to the
W -boson mass. This places the perturbative input to the DIS fits, the coe!cient
functions studied in this thesis amongst them, directly on the critical path of the
collider programme [8–11].

Heavy quarks hold a special position in this programme, for two reasons. First,
charm and bottom masses lie well above the QCD scale, so heavy-quark production
is itself perturbative. Charm and bottom are not valence constituents, and at leading
twist they are produced by the virtual boson o” the gluon field of the proton, predom-
inantly through photon–gluon fusion. Heavy-flavour structure functions are therefore
a direct, theoretically clean probe of the gluon distribution, in particular at small
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Figure 1.2: The proton structure function F p
2
measured in deep-inelastic scattering

from HERA (ZEUS and H1) and fixed-target experiments (SLAC, BCDMS, E665,
and NMC), shown as a function of Q2 in fixed xB bins. The plot is reproduced from
Ref. [12] without modification.

Bjorken variable where the gluon dominates the proton wave function. Second, the
quark mass introduces a genuine second hard scale next to the boson virtuality. Near
the production threshold the mass suppresses the cross section and large threshold
logarithms appear. At virtualities far above the mass, quasi-collinear logarithms of
the scale ratio dominate and eventually require resummation into heavy-quark PDFs.
In between, at virtualities comparable to the squared mass, no expansion applies
and the full mass dependence is needed. The treatment of this interplay defines the
general-mass variable flavour number schemes ACOT, TR and FONLL, whose dif-
ferences at a given order measure the missing massive higher-order corrections and
which are a standard source of spread amongst the global fits [19–23].

Experimentally, this sensitivity was exploited most prominently at HERA, to date
the only electron-proton collider. The combined inclusive neutral- and charged current
measurements of H1 and ZEUS [24] span six orders of magnitude in the kinematic vari-
ables and form the single most important data set in contemporary PDF fits, whilst
the dedicated charm and beauty combination [25] isolates the heavy-flavour structure
functions, yields competitive determinations of the heavy-quark masses, and directly
tests the mass schemes described above. Since the charm contribution reaches up to
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roughly a quarter of the inclusive structure function at small Bjorken variable, the
treatment of mass e”ects propagates straight into the extracted gluon distribution and
into LHC benchmark cross sections [8,25]. The demands will sharpen at the Electron-
Ion Collider (EIC) [26,27], which will revisit this physics with polarised beams, nuclear
targets and luminosities two to three orders of magnitude beyond HERA. Projected
uncertainties on neutral current observables, including heavy-flavour-tagged structure
functions, reach the percent level and below, out of reach for next-to-leading-order
(NLO1) theory with massive quarks, whilst Z exchange and parity-violating asym-
metries promote the axial-vector and axial–axial contributions, so far of limited phe-
nomenological relevance, to directly measurable quantities.

Charged current processes add motivation from the intensity frontier. The SHiP
experiment at the CERN SPS [28,29], designed to search for feebly interacting hidden-
sector particles, will dump 400GeV protons on a dense target, of order 1020 over its
initial running period, and the intense neutrino flux from charm decays turns its
emulsion-based neutrino detector into a charged current DIS experiment of unprece-
dented statistics, including the first sizeable sample of tau neutrinos. Charm pro-
duction in neutrino-nucleon scattering is the classic probe of the strange-quark sea,
the two charged current structure functions that vanish for massless quarks become
measurable in tau-neutrino interactions, and a similar physics case is emerging at the
LHC forward neutrino experiments [30]. At the momentum transfers involved, of the
order of the charm mass, neither the massless approximation nor an expansion around
large virtualities is adequate, and full mass dependence is mandatory.

The common thread of these prospects is the demand for perturbative accu-
racy. For massless quarks DIS theory has long reached next-to-next-to-leading order
(NNLO) and, in parts, the order beyond, whereas for massive quarks exact results
end at NLO. Closing this gap, or constraining it by exact partial information where
a full closure is out of reach, is the purpose of this thesis. The next section reviews
the state of the art and locates our contribution.

1.2 State of the Art

In the fixed-flavour-number approach adopted here, the heavy-flavour structure func-
tions are convolutions of the light-parton PDFs with massive coe!cient functions,
the heavy quarks arising only in the final state. This subsection reviews what is
known about those coe!cient functions, progressing from the massless case through
the asymptotic regime to the exact mass dependence, and thereby situates the con-
tribution of the present thesis.

For massless quarks the perturbative programme is essentially complete at the or-
ders relevant here. The one-loop corrections date back to the late 1970s [17,18]. Two-
loop coe!cient functions followed [31], whilst the three-loop splitting functions [32,33]
together with the third-order coe!cient functions [34,35] completed the massless de-
scription at NNLO. Notably, these results were reached in stages. Exact fixed Mellin
moments at two and three loops [36, 37], later extended in Ref. [38], preceded the
complete results by a decade, served to validate them, and acted as anchors for ap-

1Throughout this thesis, we adopt the (non-standard) convention of identifying perturbative
orders with the loop order of the corresponding forward amplitudes. Leading order corresponds to
one loop, next-to-leading order to two loops, and so forth.
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proximate parametrisations in the interim. This thesis transfers exactly that strategy
to the massive case.

For massive quarks, complete higher-order results exist in the asymptotic regime
of virtualities much larger than the squared quark mass. Here the massive coe!-
cient functions factorise, up to power corrections in the mass-to-virtuality ratio, into
process-independent massive operator matrix elements and the massless Wilson co-
e!cients quoted above [39]. These operator matrix elements are matrix elements of
the twist-two operators between partonic states and carry the entire mass depen-
dence. Simultaneously, they furnish the matching conditions of the variable-flavour-
number scheme [40, 41]. Blümlein and collaborators have carried this programme to
three loops over the past two decades. The complete two-loop operator matrix el-
ements [42–45] were followed by the first three-loop Mellin moments [46], obtained
notably by the same fixed-moment techniques employed in this thesis, and by the
asymptotic three-loop corrections to the longitudinal structure function [47]. Assem-
bled contribution by contribution [48–54], the complete three-loop operator matrix
elements culminated in the gluonic element, whose first-order-factorisable [55] and
non-first-order-factorisable [56] parts were completed only recently. With all oper-
ator matrix elements available, the asymptotic corrections and the matching of the
variable-flavour-number scheme are now complete [57, 58] at NNLO. Development of
the polarised case has proceeded in parallel [59–63], and contributions with two dis-
tinct heavy-quark masses, relevant once charm and bottom act together, are known
at the same level [64–68]. Beyond the asymptotic regime, only expansion limits are
available at NLO, namely the threshold behaviour from soft-gluon resummation [69]
and the leading high-energy behaviour from kT -factorisation [70, 71]. Very recently,
first exact analytic NLO results have appeared for the charged current non-singlet
contribution [72], underlining that the field is moving, though the gluon channel,
which dominates phenomenologically, remains untouched at this order.

Results with exact mass dependence are far more limited. Complete NLO cor-
rections [73, 74], together with a fully di”erential treatment [75], exist only in semi-
analytical form, with parts of the virtual and phase-space integrations performed
numerically. For fit applications these results are encoded in the interpolation grids
of Ref. [76], presumably accurate at the permille-to-percent level within their domains.
The polarised case, including a public numerical implementation, has likewise been
completed [77]. Fully analytic NLO expressions exist for the quark non-singlet and
pure-singlet channels [78, 79], obtained by integrating over the final state in terms of
iterated integrals. In the gluon channel, the dominant production mechanism, pro-
ceeding via photon–gluon fusion, exact analytic results remain confined to leading
order (LO). They date back to the earliest days of perturbative QCD, heavy-quark
electroproduction o” gluons having been computed in the 1970s [80–85]. That five
decades of e”ort have yielded no closed form beyond this order is itself informative,
signalling the complexity of the problem.

1.3 Moments at Leading Order

Since exact knowledge in the gluon channel ends at LO, this section makes the bound-
ary explicit by computing the coe!cient function. This serves both as a worked ex-
ample and as a reference point against which the Mellin moments of Ch. 4, there
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obtained by an entirely di”erent method, may be compared.
For this purpose, the partonic subprocess gε→ ↑ qq̄, in which an o”-shell photon

interacts with a gluon to produce a quark-antiquark pair of mass m, is considered.
Two Feynman graphs contribute to the corresponding matrix element. Denoting the
momentum of the o”-shell photon by q and the on-shell momenta of the gluon, quark,
and antiquark by p, k, and k̄ respectively, we define the Mandelstam variables as

s = (q + p)2 = (k + k̄)2 , (1.1)

t = (q → k̄)2 = (p→ k)2 , (1.2)

u = (q → k)2 = (p→ k̄)2 . (1.3)

Momentum conservation requires

q + p = k + k̄ , (1.4)

so that only two of the three Mandelstam invariants are independent, the third being
fixed by

s+ t+ u = 2m2 + q2 . (1.5)

Substituting the Feynman rules for the vertices and propagators, the matrix ele-
ment takes the form

Mµω = →igsQhT
a
ij v̄(k̄)

[
εµ

(
/k → /p+m

t→m2

)
εω + εω

(
/p→ /̄k +m

u→m2

)
εµ

]
u(k) , (1.6)

where Qh denotes the electromagnetic charge of the heavy quark and T a
ij the colour

generator in the fundamental representation of SU(NF ). Squaring the amplitude,
averaging over the spins and colours of the incoming gluon, summing over those of
the outgoing quark-antiquark pair, applying the photon projectors, and re-expressing
the result in terms of the Mandelstam invariants, we obtain

gµεMµωM→ ε
ω = →4TFQ

2

h
g2
s

[
2 (2m4 +m2 (→2q2 + t+ u) + q2 (→q2 + t+ u))

(t→m2) (u→m2)

+
(m4 +m2 (2q2 + 3t+ u)→ tu)

(t→m2)2

+
(m4 +m2 (2q2 + t+ 3u)→ tu)

(u→m2)2

]
,

(1.7)

pµpεMµωM→ ε
ω = 4TF (Q

2

h
g2
s
)

[
m2 (u→m2)

t→m2
+

m2 (t→m2)

u→m2
→

(
q2 → t→ u

) ]
. (1.8)

Because the amplitude is a tree-level quantity, it is free of ultraviolet divergences.
Infrared singularities are likewise absent, as the quark mass m regulates all collinear
divergences, and no regularisation is therefore required. As a first step, the two-
particle phase-space integral is written in the form

#2 =

∫
d4k

(2ϑ)3

∫
d4k̄

(2ϑ)3
(2ϑ)4ϖ(4)

(
q + p→ k → k̄

)
ϖ+

(
k2 →m2

)
ϖ+

(
k̄2 →m2

)

=

∫
d4k

(2ϑ)2
ϖ+

(
k2 →m2

)
ϖ+

(
(q + p→ k)2 →m2

)
,

(1.9)
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with the kinematics evaluated in the centre-of-mass frame. In this frame, imposing the
delta function associated with the antiquark together with momentum conservation
fixes the energy of the quark,

0 = k̄2 →m2

= s→ 2
↓
s k0 =↔ k0 =

↓
s

2
.

(1.10)

Performing the k0 integration against the delta function, the phase-space measure
reads

#2 =
1

4ϑ2

1

2
↓
s
ϱ(
↓
s→ 2m2)

∫
d3k ϖ+

(
k2 →m2

)

=
1

4ϑ2

1

2
↓
s
ϱ(
↓
s→ 2m2)

∫
d$k

∫
d|k| |k|2 ϖ+

(
k2 →m2

)
.

(1.11)

The remaining delta function, together with the constraints already imposed, then
fixes the magnitude of the three-momentum,

0 = k2 →m2

=
s

4
→ |k|2 →m2 =↔ |k| = 1

2

↓
s→ 4m2 .

(1.12)

Performing the |k| integration against the delta function leaves a purely angular in-
tegral,

#2 =
1

32ϑ2
ϱ(
↓
s→ 2m2)ϱ(

↓
s)

√
1→ 4m2

s

∫
d$k . (1.13)

To integrate the squared matrix element, we express the Mandelstam variables in
terms of the angular coordinates and impose the constraints enforced by the delta
functions. The t- and u-channel invariants then take the form

t = m2 → 1

2

(
s→ q2

)
(1→ ς cosφk) , (1.14)

u = m2 → 1

2

(
s→ q2

)
(1 + ς cosφk) , (1.15)

where φk denotes the polar angle of the outgoing quark in the centre-of-mass frame,
and

ς =

√
1→ 4m2

s
(1.16)

is the centre-of-mass speed of the produced quarks. Since the matrix element is
independent of the azimuthal angle ↼k, that integration is trivial, and the phase-
space measure reduces to

#2 =
ς

16ϑ
ϱ(
↓
s→ 2m2)ϱ(

↓
s)

∫
+1

↑1

d cosφk . (1.17)

Performing the remaining angular integral, we obtain

#2

[
pµpεMµωM→ ε

ω

]
= →2(ωsQ

2

h
)TFςϱ(

↓
s→ 2m2)ϱ(

↓
s)

[
s

+
2m2

ς
ln

(
1→ ς

1 + ς

)]
,

(1.18)
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#2

[
gµεMµωM→ ε

ω

]
= →4(ωsQ

2

h
)TF

ςϱ(
↓
s→ 2m2)ϱ(

↓
s)

(q2 → s)2

[
s
(
4m2 + s

)
+ (q2)2

+
(8m4 + 4m2 (q2 → s)→ (q2)2 → s2)

ς
ln

(
1→ ς

1 + ς

)]
.

(1.19)

In the deep-inelastic scattering regime the momentum transfer is space-like, q2 < 0.
Defining the photon virtuality Q2 = →q2 > 0 and the mass ratio ↽ = m2/Q2, we
parametrise the partonic centre-of-mass energy through the momentum fraction ẑ
and the production threshold through a, given by

s =
Q2(1→ ẑ)

ẑ
, (1.20)

a =
1

1 + 4↽
. (1.21)

The momentum fraction ẑ takes values in (0, 1), with any collinear singularities in
the limit ẑ ↑ 1 regulated by the production threshold a. At LO, the heavy-quark
contributions to the structure functions then take the form

H(1)

L,g (ẑ, ↽) =
8ẑ2

Q2
#2

[
pµpεMµωM→ ε

ω

]

= 16(ωsQ
2

h
)TF ϱ (a→ ẑ) ϱ(ẑ)

[
ςẑ(1→ ẑ) + 2↽ẑ2 ln

(
1→ ς

1 + ς

)]
,

(1.22)

H(1)

2,g (ẑ, ↽) =
24ẑ2

3Q2
#2

[
pµpεMµωM→ ε

ω

]
→ #2

[
gµεMµωM→ ε

ω

]

= 8(ωsQ
2

h
)TF ϱ (a→ ẑ) ϱ(ẑ)

{
ς

[
→1

2
+ 4ẑ(1→ ẑ)→ 2↽ẑ(1→ ẑ)

]

+

[
→1

2
+ ẑ → ẑ2 + 2↽ẑ(3ẑ → 1) + 4↽2ẑ2

]
ln

(
1→ ς

1 + ς

)
.

(1.23)

Due to crossing symmetry, only the even Mellin moments are non-trivial, as the
odd moments vanish (see Subsec. 2.1.4). The even moments may be obtained by
integrating against the momentum fraction,

HN,(n)
i,g (↽) =

∫ ↓

0

dẑ ẑN↑1H(n)
i,g (ẑ, ↽) . (1.24)

Direct integration yields

H2,(1)
L,g (⇀) = (ωsQ

2

h
)TF

[
4

3(⇀ + 1)4


⇀4 + 9⇀3 + 10⇀2 + 9⇀ + 1


→ 8⇀ ln(⇀)

(⇀ → 1)(⇀ + 1)5

↗

⇀4 + 2⇀3 + 4⇀2 + 2⇀ + 1

]
, (1.25)

H4,(1)
L,g (⇀) = (ωsQ

2

h
)TF

[
4

45(⇀ + 1)8


6⇀8 + 125⇀7 + 356⇀6 + 925⇀5 + 956⇀4

+ 925⇀3 + 356⇀2 + 125⇀ + 6

→ 16⇀ ln(⇀)

3(⇀ → 1)(⇀ + 1)9


⇀8 + 4⇀7 + 16⇀6

+ 24⇀5 + 36⇀4 + 24⇀3 + 16⇀2 + 4⇀ + 1
]

, (1.26)
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H2,(1)
2,g (⇀) = (ωsQ

2

h
)TF

[
→ 1

(⇀ + 1)2


⇀2 → 4⇀ + 1


+

4 ln(⇀)

3(⇀ → 1)(⇀ + 1)3


⇀4 → 3⇀3

+ ⇀2 → 3⇀ + 1

]
, (1.27)

H4,(1)
2,g (⇀) = (ωsQ

2

h
)TF

[
→ 1

180(⇀ + 1)6


133⇀6 → 66⇀5 + 887⇀4 → 228⇀3 + 887⇀2

→ 66⇀ + 133

+

ln(⇀)

30(⇀ → 1)(⇀ + 1)7


11⇀8 → 6⇀7 + 158⇀6 → 54⇀5

+ 342⇀4 → 54⇀3 + 158⇀2 → 6⇀ + 11
]

, (1.28)

where we have rationalised the square roots arising in the integration by introducing
the variable

↽ =
⇀

(1→ ⇀)2
. (1.29)

In the Mellin moments, the denominator follows a simple pattern, acquiring an
additional factor (⇀ + 1)↑4 for each step from N to N + 2, whereas the numerator
polynomials grow considerably more intricate. It is already apparent that an analytic
reconstruction in the Mellin variable N lies beyond reach, as the number of moments
required to constrain an ansatz would be prohibitively large. The Mellin moments in
Eqs. (1.25)–(1.28) are the simplest instances of the central objects of this thesis. Here,
the Mellin moments are obtained by direct integration of the coe!cient functions,
which requires evaluating all phase-space integrals. In Ch. 4, the Mellin moments are
instead obtained through harmonic projection, e”ectively circumventing the need to
perform the phase-space integrations.

1.4 Approximate Coe!cient Functions

Beyond LO the direct phase-space approach becomes challenging once virtual cor-
rections, mass renormalisation and multi-particle final states enter. Phenomenology
therefore relies on approximate coe!cient functions built from the known expansions,
most importantly the asymptotic one, together with an estimate of the residual un-
certainty [86]. These constructions underpin global PDF fits and have recently been
extended to approximate NNLO accuracy for PDF determination [87]. Figure 1.3
illustrates the situation at two loops, where such constructions can still be tested
against the exact result. The approximation works well in the threshold and asymp-
totic regions but its uncertainty band widens where the boson virtuality is comparable
to the squared quark mass, precisely the region populated by the HERA charm data
and the projected EIC measurements. At three loops no exact benchmark exists at
all. The residual uncertainty propagates into the gluon PDF and the charm-mass
determinations and has been identified as one of the dominant theory systematics of
the corresponding NNLO fits [87, 88].

Exact information, even if partial, is therefore of direct value, all the more so since
complete NNLO results with full mass dependence may well remain out of reach for
some time. This motivates the computation of fixed Mellin moments, which constrain
approximations of this type over the full kinematic range.
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Figure 1.3: The two-loop massive gluon coe!cient function. The exact semi-analytical
result is compared, left, to its threshold and asymptotic limits and to the interpolated
approximation with its uncertainty band, and, right, to the earlier approximation of
Ref. [86], for several ratios of the boson virtuality to the squared quark mass, increas-
ing from top to bottom. The plot is reproduced from Ref. [87] without modification.
The bands widen in the intermediate region populated by the heavy-flavour data.
Exact Mellin moments with full mass dependence provide model-independent inte-
gral constraints on precisely these bands. At three loops, where no exact benchmark
exists, they are the only ones available.
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1.5 Thesis Outline

The structure of this thesis is motivated by a quotation from one of the standard
references on perturbative QCD [89]:

Mental health warning: There are no fixed conventions for the nor-
malizations of many of the objects discussed in this section. The objects
concerned range from the definitions even of basic mathematical quanti-
ties, like ⇁ϑϖµε, through the definitions of various kinds of spin vector, to
the definitions of structure functions and parton densities. Quantities of
the same name and symbol change their normalizations between di!erent
papers, even by the same authors. If one needs to make numerical results,
it is important to check all conventions very carefully.

Far from being limited to the specific section from which it is taken, this warning
extends to essentially all of perturbative QCD, and in particular to DIS. A persistent
feature of the field as a whole is the lack of universally agreed conventions and normal-
isations, which in fact motivates the structure of this work. Accordingly, an explicit,
if inevitably imperfect, e”ort is made to render all conventions fully transparent, so
that all signs and factors are fixed here, and no magic numbers are required in order
to reproduce the results presented.

The field-theoretic framework is developed in Ch. 2. Starting from the hadronic
tensor and its decomposition into structure functions, we derive the relation to the
forward Compton amplitude via the optical theorem and set up the operator product
expansion that yields the Mellin moments. Since conventions vary considerably across
the literature, renormalisation and the mixing of the twist-two operators between the
quark non-singlet, quark singlet and gluon sectors are treated in detail. Closing the
chapter is the flavour decomposition of the neutral- and charged current structure
functions, including the electroweak couplings and a systematic discussion of flavour
structures mixing light and heavy quarks, which fixes the complete set of vector–vector
(VV), axial–vector (AV) and axial–axial (AA) contributions computed later.

Multi-loop technology required for the computation is assembled in Ch. 3, cov-
ering parametric representations [90, 91] and their symmetries, dimensional regular-
isation [92, 93], and the reduction to master integrals through integration–by–parts
(IBP) identities [94–96]. Its main part develops the method of di”erential equa-
tions [97–99], ε-factorised bases [100], boundary conditions obtained from expansion
by subgraphs [101, 102], and the iterated integrals [103] in which the solutions are
expressed. Particular emphasis is placed on the representation of Feynman integrals,
as it is later used to study the factorisation of integrals, a result that, surprisingly,
does not appear in the literature, and to optimise integral families. How individual
integrals are computed is not reviewed in detail, since more complicated integrals
typically require case-by-case treatment; instead, we consider explicitly the integrals
encountered in the computation of the Mellin moments in the following chapter.

Both chapters serve a common purpose: to render the notation fully unambigu-
ous. Normalisation constants are derived from first principles and renormalisation
constants are listed explicitly, so that every sign and factor is fixed and no magic
numbers are needed to reproduce the results. Neither chapter, however, claims to be
self-contained. For a comprehensive treatment, the reader is referred to the extensive
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literature on quantum field theory [104–109] and the rapidly growing literature on
Feynman integrals [110–113].

In Ch. 4 the computation of the Mellin moments itself is carried out. It extends the
fixed-moment method of Refs. [37, 38] to the massive case. The harmonic projection
extracts fixed Mellin moments from the forward amplitudes, which are computed
using Feynman graphs. Furthermore, we identify symmetries of the amplitudes that
are not captured by graph automorphisms alone (see Subsec. 4.2.3 and Subsec. 4.2.4).
To organise the loop integrals, we do not assign arbitrary integral families to the
integrals but rather find a minimal set by solving a set covering problem. Its solution
guarantees the smallest possible number of independent integral families, making IBP
reductions more tractable. The master integrals are then classified and solved, with
the two- and three-loop banana subtopologies introducing the elliptic structures of
the charged- and neutral current cases, respectively.

Finally, Ch. 5 presents the results of this work. As a validation of the results,
the Mellin moments of the vector–vector neutral current structure functions at NLO
are compared against the parametrisations of Refs. [76,77], with which they agree at
the level of the quoted accuracy, and are further checked against the known asymp-
totic limits [43]. Next, the axial–axial and axial–vector contributions are presented,
whose deviation from the vector–vector case beyond leading order is traced back to
the chiral anomaly. Complementing these, the scalar-current results serve as a consis-
tency check on our computational setup, since in this case both gauge invariance and
renormalisation constitute non-trivial tests [114]. The chapter culminates in the first
exact result at NNLO, the lowest even Mellin moment of the neutral current structure
functions, before closing with conclusions and an outlook.

Supplementary material is collected in the appendices. These comprise lists of
master integrals for the neutral- and charged current families, technical material on the
two- and three-loop banana integrals that define the elliptic structures encountered,
a description of the accompanying data files, and a summary of our conventions,
including Feynman rules and colour algebra. The data files contain the majority of
the results, most of which resist being printed in any reasonable number of pages, or
indeed font size.



(This page is intentionally left blank.)



“Curiouser and curiouser!” cried Alice (she was so
much surprised, that for the moment she quite forgot
how to speak good English).

— Alice’s Adventures in Wonderland, Lewis Carroll
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Chapter 2

Deep Inelastic Scattering

This chapter reviews the notation required for the calculation of Mellin moments
in deep-inelastic scattering. Although the underlying formalism is well established,
conventions vary considerably across the literature, with di”erent choices of normali-
sation, overall signs, and numerical prefactors leading to results that appear superfi-
cially inconsistent. Our principal aim here is to fix these conventions unambiguously,
so that the expressions and numerical results presented in the remainder of this thesis
are fully reproducible.

The hadronic tensor and its decomposition into structure functions are first intro-
duced, followed by their relation to the forward scattering amplitude through the opti-
cal theorem. An operator product expansion then connects the moments of the struc-
ture functions to matrix elements of local twist-two operators, weighted by the corre-
sponding Wilson coe!cients. Since these operators mix under renormalisation [115],
we outline the renormalisation procedure and the resulting mixing structure in some
detail, paying particular attention to the interplay between the quark non-singlet,
quark singlet, and gluon sectors.

Finally, we discuss the flavour factors that arise when coupling the electroweak
currents to both light and heavy quarks. In doing so, we extend the standard treat-
ment by including a systematic discussion of flavour structures involving the mixing
between light and heavy quark flavours, which, to the best of our knowledge, is not
available in the literature in this form. Careful bookkeeping of these factors is essen-
tial, as they determine the precise combinations of coe!cient functions contributing
to a given structure function and, ultimately, the mapping between our perturbative
results and physical cross sections.

2.1 Hadronic Tensor

2.1.1 Hadronic Tensor

In this section, we establish the framework for computing fixed-order moments of the
coe!cient functions. Our focus now falls on the hadronic sector of lepton hadron
scattering, which encompasses both light quark fields ψl and heavy quark fields ψh of
mass m. These fields couple to external vector and axial-vector sources, specifically
the electroweak gauge bosons, through a conserved current,

Jµ (z) = ψ̄l(z)
(
Qv

l
+Qa

l
ε5
)
εµψl(z) + ψ̄h(z)

(
Qv

h
+Qa

h
ε5
)
εµψh(z) , (2.1)

17
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where Qv

l
, Qa

l
, Qv

h
, and Qa

h
denote the vector and axial-vector charge matrices for the

light and heavy quark flavours, respectively.
While the current, Eq. (2.1), is of direct physical relevance, it proves equally in-

structive to consider a scalar source coupled to gluons and heavy quarks. Representing
the gluon field through the field strength tensor Ga, we describe such an interaction
by a scalar current of the form,

J(z) = gsG
a
µε(z)G

a,µε(z) +mψ̄hψh , (2.2)

with gs denoting the scalar coupling constant. The scalar current, Eq. (2.2), is closely
related to the Weyl anomaly [116], and the Yukawa coupling is required for its renor-
malisation [114]. Although such a scalar current does not appear in the Standard
Model Lagrangian, it is useful for extracting quantities such as anomalous dimen-
sions and coe!cient functions from lower-order calculations in the strong coupling.
Unlike processes induced by an external quark, processes induced by gluons receive
no tree-level contributions from the electroweak gauge bosons. The scalar current
circumvents this limitation by generating tree-level contributions, thereby providing
access to gluonic quantities at lower orders in perturbation theory [38].

In the context of deep-inelastic scattering, we typically consider unpolarised states
|P, s↘ with time-like four-momentum P and spin s, representing massive particles such
as the proton. The spin-averaged hadronic matrix element of a product of vector and
axial-vector currents is defined as

≃P| J†
µ (z)Jε (0) |P↘ ⇐

1

|S|


s↔S

≃p, s| J†
µ (z)Jε (0) |p, s↘ , (2.3)

with an analogous definition applying to the product of scalar currents. Here, S
denotes the set of all spin states of the hadron under consideration. Our attention
now turns to the product of vector currents, with analogous arguments extending
to products of scalar currents. The hadronic tensor is then given by the Fourier
transform of the spin-averaged matrix element, Eq. (2.3),

Wµε (p, q) =
1

4ϑ

∫
d4z eiq·z ≃P| J†

µ (z)Jε (0) |P↘ . (2.4)

The hadronic tensor, Eq. (2.4), depends additionally on the heavy quark mass m and
the strong coupling ωs. By convention, however, we suppress functional dependencies
arising from parameters in the Lagrangian unless they are essential to the discussion.

As a rank-two tensor, the hadronic tensor admits a natural decomposition into
symmetric and antisymmetric parts,

Wµε (p, q) = W S

µε (p, q) +WA

µε (p, q) , (2.5)

where W S

µε is symmetric and WA

µε antisymmetric. Lorentz symmetry fixes the
symmetric part to its most general decomposition in terms of the available momenta
and the metric tensor,

W S

µε (p, q) = gµεW1(p, q)+pµpεW2(p, q)+qµqεW3(p, q)+
(
pµqε+qµpε

)
W4(p, q) . (2.6)

In general, the coe!cients Wi depend on all Lorentz-invariant scalar products formed
from the hadronic momentum p and the bosonic momentum transfer q. Current
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conservation imposes a transversality condition on the hadronic tensor, Eq. (2.4), and
consequently on its symmetric part, Eq. (2.6),

qµW S

µε (p, q) =
(
W1(p, q) + q2 W3(p, q) + p · qW4(p, q)

)
qε +

(
p · qW2(p, q)

+ q2W4(p, q)
)
pε = 0 .

(2.7)

Because q is space-like and p time-like, the two four-vectors must be linearly indepen-
dent, and their respective coe!cients must vanish separately. Hence, Eq. (2.7) implies
a system of equations that fixes two of the four unknown coe!cients. Normalising
the remaining coe!cients to be dimensionless, we can express the symmetric part of
the hadronic tensor, Eq. (2.6), as

W S

µε (p, q) = eµεW̃1(p, q) + dµεW̃2(p, q) , (2.8)

with the tensors

eµε = gµε →
qµqε
q2

, (2.9)

dµε = →2xB

q2
(pµqε + qµpε)→

4x2

B

q2
pµpε → gµε . (2.10)

For the antisymmetric tensor, the general form follows directly, as only one inde-
pendent way exists to construct an antisymmetric combination of p and q,

WA

µε (p, q) = ⇁µεϱς
pϱqς

p · q W̃3(p, q) . (2.11)

Due to the total antisymmetry of the Levi-Civita tensor, this contribution automat-
ically satisfies the transversality condition and remains consistent with current con-
servation.

The hadronic tensor thus emerges in its most general form upon adding the sym-
metric and antisymmetric parts, Eqs. (2.8) and (2.11),

Wµε (p, q) = eµεW̃1(p, q) + dµεW̃2(p, q) + ⇁µεϱς
pϱqς

p · q W̃3(p, q) . (2.12)

Following standard convention in the literature [18], we normalise the coe!cients to
coincide with structure functions such that tree-level contributions are real and equal
to unity. The hadronic tensor reads

Wµε (p, q) =
1

2xB

eµεFL(p, q) +
1

2xB

dµεF2(p, q) + i⇁µεϱς
pϱqς

p · q F3(p, q) . (2.13)

Here, FL denotes the longitudinal structure function. For completeness, we introduce
the transverse structure function,

FT (p, q) = F2(p, q)→ FL(p, q) . (2.14)

2.1.2 Light-Cone Dominance

In the deep-inelastic scattering limit, where the momentum transfer is strongly space-
like, the exponential factor in the hadronic tensor, (2.4), becomes highly oscillatory.
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The Riemann–Lebesgue lemma ensures that the dominant contributions to the inte-
gral originate from regions where the phase remains finite. Such behaviour occurs on
the light cone, allowing us to approximate the hadronic tensor in the large momentum
transfer limit as

lim
q2↗↑↓

Wµε (p, q) =
1

4ϑ

∫

{z|z2=0}
d4z eiq·z ≃P| J†

µ (z)Jε (0) |P↘ . (2.15)

While this expression becomes exact only in the strict limit, in practice it remains an
approximation, as such large momentum transfers cannot be realised experimentally.

To assess the validity of the limit in Eq. (2.15), we rewrite the hadronic tensor by
adding a term that vanishes identically,

Wµε (p, q) =
1

4ϑ

∫
d4z eiq·z ≃P|

[
J†

µ (z), Jε (0)
]
+ Jε (0)J

†
µ (z) |P↘ . (2.16)

Focusing on the second term, we insert a complete set of states between the currents,
and exploit translational invariance to remove the explicit position dependence,

∫
d4z eiq·z ≃P| Jε(0)J†

µ (z) |P↘ =


X

∫
d4z eiq·z ≃P| Jε(0) |X↘ ≃X| J†

µ (z) |P↘

=


X

∫
d4z ei(q↑p+pX)·z

↗ ≃P| Jε(0) |X↘ ≃X| J†
µ (0) |P↘

=


X

(2ϑ)4ϖ(4)(q → p+ pX)

↗ ≃P| Jε(0) |X↘ ≃X| J†
µ (0) |P↘ .

(2.17)

At this stage, we may ask whether the delta function in Eq. (2.17) can be satisfied
for a physical configuration with q space-like and p time-like, both future-directed. If
so, the momenta would obey

q → p+ pX = 0 . (2.18)

For time-like p, it is convenient to work in the hadron rest frame, p = (MP,0), where
MP denotes the hadron mass. In this reference frame, the boson energy is

p2X = (p→ q)2 = M2

P
→ 2MPq0 + q2 , ↔ q0 =

M2

P
+ q2 → p2X
2MP

. (2.19)

In the physical region, the intermediate state mass is bounded below by MP, which
renders the numerator strictly negative and implies q0 < 0. The delta function there-
fore has no support, causing the second term to vanish. As a result, we can write the
hadronic tensor, Eq. (2.4), alternatively as

Wµε (p, q) =
1

4ϑ

∫
d4z eiq·z ≃P|

[
J†

µ (z), Jε(0)
]
|P↘ . (2.20)

The integration domain is restricted to the support of the commutator, as causality
enforces vanishing commutators at space-like separation. Consequently, the momen-
tum transfer q is either time-like or light-like.
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With the momentum transfer being real-valued, the phase of the exponential is
likewise real. By the Riemann–Lebesgue lemma [117], the dominant contributions to
the integral originate from regions where the phase varies slowly and remains finite.
Expanding the phase in powers of the energy transfer then yields

q · z = q0z0 → |q||z| cos ϱ

= q0

(
z0 →



1→ q2

q2
0

|z| cos ϱ
)

= q0(z0 → |z| cos ϱ) + q2

2q0
|z| cos ϱ +O

(
1

q2
0

)
,

(2.21)

where ϱ denotes the angle between the vectors z and q. For the phase to remain
finite for large but finite q0, its absolute value must be bounded from above by some
positive constant ϖ. Applying the triangle inequality yields

|q · z| = |q0(z0 → |z| cos ϱ)→MPxB|z| cos ϱ|
⇒ |q0(z0 → |z| cos ϱ)|+ |MPxB|z| cos ϱ|
⇒ ϖ .

(2.22)

Because Eq. (2.22) is the sum of two non-negative terms, each must be bounded for
the sum to remain finite. Without loss of generality, both terms may be bounded by
a constant, and taking the larger of the two bounds and denoting it by ϖ/2 yields the
inequalities,

q0|z0 → |z| cos ϱ| ⇒ ϖ

2
, (2.23)

xB||z| cos ϱ|
MP

⇒ ϖ

2
. (2.24)

Then, by imposing both inequalities, Eqs.(2.23) and (2.24), we obtain the constraint

z2
0
⇒

(
|z| cos ϱ ± ϖ

2q0

)2

⇒ (|z| cos ϱ)2 + |z|
q0

cos ϱϖ +O
(
ϖ2
)

⇒ |z|2 + MP

2xBq0
ϖ +O

(
ϖ2
)

= |z|2 +O(ϖ) .

(2.25)

Hence, from Eq. (2.25), we find that in the limit ϖ ↑ 0, the separation z becomes
either time-like or light-like. Since the integrand vanishes at space-like separations,
the dominant contributions arise from the light cone, a phenomenon known as light-
cone dominance [118].

Despite light-cone dominance, an operator product expansion of the hadronic ten-
sor is not immediately justified. Although the integral is dominated by contributions
near the light cone, the corresponding space-time separations need not be small, as
the Lorentzian inner product is not positive definite. Moreover, an operator product
expansion requires a time-ordered product of operators, which is absent. To address
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this flaw, we rewrite the hadronic tensor by inserting a complete set of states and
invoking translational invariance,

Wµε (p, q) =
1

4ϑ



X

[
(2ϑ)4ϖ(4)(q + p→ pX) ≃P| J†

µ (0) |X↘ ≃X| Jε (0) |P↘

→ (2ϑ)4ϖ(4)(q → p+ pX) ≃P| Jε (0) |X↘ ≃X| J†
µ (0) |P↘

]
.

(2.26)

The energy delta distribution admits a representation as a sequence of Cauchy distri-
butions centred at zero,

ϖ(E) = → 1

2ϑi
lim
φ↗0

(
1

E + iς
→ 1

E → iς

)
, (2.27)

which can be verified by direct integration against a well-behaved test function, for
both vanishing and non-vanishing energies. Substituting the nascent delta distribu-
tion, Eq. (2.27), into Eq. (2.26), gives

Wµε (p, q) =
1

4ϑi



X

lim
φ↗0

[
→ (2ϑ)3ϖ(3)(q + p→ pX) ≃P| J†

µ (0) |X↘ ≃X| Jε (0) |P↘

↗
(

1

q0 + p0 → pX,0 + iς
→ 1

q0 → p0 + pX,0 → iς

)

+ (2ϑ)3ϖ(3)(q → p+ pX) ≃P| Jε (0) |X↘ ≃X| J†
µ (0) |P↘

↗
(

1

q0 → p0 + pX,0 + iς
→ 1

q0 → p0 + pX,0 → iς

)]
.

(2.28)

Here, the expressions in round parentheses are precisely the discontinuity of the cor-
responding energy denominators,

Disc

(
1

E

)
= lim

φ↗0

 1

E + iς
→ 1

E → iς


. (2.29)

Substituting the discontinuity of the energy propagators, Eq. (2.29), into Eq. (2.28)
yields

Wµε (p, q) =
1

4ϑi



X

Disc

[
→

(2ϑ)3ϖ(3)(q + p→ pX) ≃P| J†
µ (0) |X↘ ≃X| Jε (0) |P↘

q0 + p0 → pX,0

+
(2ϑ)3ϖ(3)(q → p+ pX) ≃P| Jε (0) |X↘ ≃X| J†

µ (0) |P↘
q0 → p0 + pX,0

]
. (2.30)

To relate the hadronic tensor to a time-ordered product, we must reinstate the step
functions. Recall that energies are taken to be real with an infinitesimal negative
imaginary part, in accordance with the Feynman prescription. At this point, we
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introduce a factor of unity of the form

± i

E → iς
=

1

i

∫
+↓

↑↓
ds

ϖ(⇑E + s)

s→ iς

=
1

2ϑi

∫
+↓

↑↓
ds

1

s→ iς

∫
+↓

↑↓
dt eit(↘E+s)

=

∫
+↓

↑↓
dt eits

1

2ϑi

∫
+↓

↑↓
ds

e↘itE

s→ iς

=

∫
+↓

↑↓
dt eitEϱ(±t) ,

(2.31)

where the final line follows from integrating along the real s-axis and closing the
contour with a semicircle at infinity in the upper half-plane. Since the energies are
real, the contribution from the arc at infinity vanishes owing to exponential damping,
and the step function arises via the residue theorem.

Upon substitution of Eq. (2.31) into Eq. (2.30), we obtain the desired time-ordered
product of currents,

Wµε (p, q) =
1

4ϑi



X

Disc

[∫
d4z eiz·(q+p↑pX)ϱ(z0) ≃P| J†

µ (0) |X↘ ≃X| Jε (0) |P↘

+

∫
d4z eiz·(q↑p+pX)ϱ(→z0) ≃P| Jε (0) |X↘ ≃X| J†

µ (0) |P↘
]

=
1

4ϑi
Disc

[
i

∫
d4z eiz·q ≃P| ϱ(z0)J†

µ (z)Jε (0)

+ ϱ(→z0)Jε (0)J
†
µ (z) |P↘

]

=
1

4ϑi
Disc

[
i

∫
d4z eiz·q ≃P| T


J†

µ (z)Jε (0)

|P↘

]
,

(2.32)

with the time-ordering operator,

T {O(z1)O(z2)} ⇐ ϱ(z1,0 → z2,0)O(z1)O(z2) + ϱ(z2,0 → z1,0)O(z2)O(z1) . (2.33)

An analogous calculation carries over to the product of scalar currents, since the
derivation does not rely on the currents being vector currents.

2.1.3 Forward Scattering

In the preceding section, we expressed the hadronic tensor in terms of the disconti-
nuity, Eq. (2.32), of the forward scattering amplitude,

Tµε = i

∫
d4z eiq·z ≃P| T {J†

µ (z)Jε (0)} |P↘ . (2.34)

Under the assumption that the forward scattering amplitude is analytic away from
its singularities and real-valued on the real axis, the Schwarz reflection principle [117]
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relates its discontinuity to its imaginary part,

Wµε =
1

2ϑ
Im Tµε . (2.35)

Through this relation, the hadronic tensor connects directly to the operator product
expansion of the forward scattering amplitude.

At leading twist, and setting aside for the moment the question of its physical
validity, the forward amplitude admits an operator product expansion [119,120],

Tµε =


N↔N



k↔Sa

(
1

→q2

)N

tNµε,ϖ1ϖ2
qϖ3

. . . qϖN
O {ϖ1...ϖN}

k , (2.36)

where braces denote symmetrisation over the enclosed Lorentz indices with all traces
subtracted, and tN denotes a family of tensors whose components are, in general,
dimensionless functions of the coupling and renormalisation scale. In Eq. (2.36),
the outer sum runs over all operator spins, whilst the inner sum runs over all local,
symmetric, traceless twist-two operators, labelled by the set Sa = { a } ⇓ S with S =
{ q, g }, where q, g and a label quark-singlet, gluon and quark non-singlet, respectively.
The operators are classified into quark non-singlet, quark singlet, and gluon operators,

O {µ1...µN}
a = iN↑1ψ̄l▷

a
l
ε{µ1Dµ2 · · ·DµN}ψl , (2.37)

O {µ1...µN}
q

= iN↑1ψ̄lε
{µ1Dµ2 · · ·DµN}ψl , (2.38)

O {µ1...µN}
g

= iN↑2G{ϖµ1Dµ2 · · ·DµN→1GµNϖ} , (2.39)

where in the non-singlet case ▷a
l
denotes the generators of the light-flavour symmetry

group. In the parton model, hadrons are described in terms of massless partonic de-
grees of freedom. Within the fixed-flavour number scheme adopted here, the operator
basis is restricted to the light-quark sector, with heavy-quark contributions treated
as perturbative corrections to the coe!cient functions.

As with the hadronic tensor in Subsec. 2.1.1, we can decompose the undetermined
rank-four tensors in Eq. (2.36) into symmetric and antisymmetric parts,

tNk,µε,ϖ1ϖ2
(q) = tS,Nk,µε,ϖ1ϖ2

(q) + tA,N
k,µε,ϖ1ϖ2

(q) . (2.40)

The symmetric part is constrained by Lorentz symmetry to a form in which all
coe!cients can be chosen to be dimensionless,

tS,Nk,µε,ϖ1ϖ2
(q) = gµεqϖ1

qϖ2
tS,Nk,1 (q) +

qµqε
q2

qϖ1
qϖ2

tS,Nk,2 (q) + gµϖ2
qεqϖ1

tS,Nk,3 (q)

+ gϖ1εqµqϖ2
tS,Nk,4 (q) + gµϖ2

gϖ1εq
2tS,Nk,5 (q) + gµεgϖ1ϖ2

q2tS,Nk,6 (q)

+ gϖ1ϖ2
qµqε t

S,N
k,7 (q) .

(2.41)

Because this tensor contracts with traceless operators, the sixth and seventh terms do
not contribute to the forward scattering amplitude at leading twist and may therefore
be set to zero. Moreover, the complete symmetry of the operators forces the coe!-
cients of the third and fourth terms to be equal. The ansatz for the symmetric part,
Eq. (2.41), then reduces to

tS,Nk,µε,ϖ1ϖ2
(q) = gµεqϖ1

qϖ2
tS,Nk,1 (q) + qµqεqϖ1

qϖ2
tS,Nk,2 (q) +


gµϖ2

qεqϖ1

+ gϖ1εqµqϖ2


tS,Nk,3 (q) + gµϖ2

gϖ1ε t
S,N
k,5 (q) ,

(2.42)
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leaving only four unknown coe!cients. Current conservation imposes again a
transversality condition on the forward scattering amplitude, which implies that

qµtS,Nk,µε,ϖ1ϖ2
(q) = q2gεϖ1

qϖ2


tS,Nk,3 (q) + tS,Nk,5 (q)



+ qεqϖ1
qϖ2


tS,Nk,1 (q) + tS,Nk,2 (q) + tS,Nk,3 (q)


= 0 .

(2.43)

Since the two tensor structures are linearly independent on dimensional grounds,
their coe!cients must vanish separately, yielding a system of equations. Solving this
system, we find

tS,Nk,µε,ϖ1ϖ2
(q) =

(
gµϖ2

qϖ1
qε + gϖ1εqµqϖ2

→ gµεgϖ1ϖ2
q2 → gϖ1ϖ2

qµqε

)
CN

2,k(q)

+

(
gµε →

qµqε
q2

)
qϖ1

qϖ2
CN

L,k(q) ,

(2.44)

where the coe!cient functions have been redefined such that the associated tensor
structures are manifestly transverse.

For the antisymmetric part, only a single contribution arises, since the Levi-Civita
tensor can contract non-trivially with the same vector at most once. By virtue of its
total antisymmetry, this tensor structure automatically satisfies the transversality con-
dition. With a conventional normalisation chosen to ensure a real coe!cient function,
we may therefore write it as

tA,N
k,µε,ϖ1ϖ2

(q) = i⇁µεϖ1ϖq
ϖqϖ2

CN
3,k(q) . (2.45)

Combining the symmetric and antisymmetric parts, Eqs. (2.44) and (2.45), the
forward scattering amplitude becomes

Tµε =


N↔N



k↔Sa

(
1

→q2

)N
[(

gµε →
qµqε
q2

)
qϖ1

qϖ2
CN

L,k(q)

+
(
gµϖ2

qϖ1
qε + gϖ1εqµqϖ2

→ gµεgϖ1ϖ2
q2 → gϖ1ϖ2

qµqε
)
CN

2,k(q)

+ i⇁µεϖ1ϖq
ϖqϖ2

CN
3,k(q)

]
qϖ3

. . . qϖN
≃P|O {ϖ1...ϖN}

k |P↘ .

(2.46)

In the regime of large virtualities relative to the squared hadronic mass, hadronic
mass e”ects in the operator matrix elements are suppressed. Within the leading-twist
approximation, we then find

≃P|O {ϖ1...ϖN}
k |P↘ = p{ϖ1 . . . pϖN}AN

k,P(p)

= p ϖ1 . . . p ϖNAN
k,P(p) +O

(
p2
)
,

(2.47)

where these operator matrix elements are inaccessible within perturbative QCD. This
circumstance poses no fundamental di!culty, since the primary focus lies on the
coe!cient functions in the operator product expansion of the forward scattering am-
plitude. Because the expansion holds at the operator level, the coe!cient functions
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are universal and independent of the external states. A more detailed discussion is
deferred to the following section on renormalisation (see Subsec. 2.2.1).

Upon inserting the operator matrix elements, Eq. (2.47), into the operator product
expansion, Eq. (2.46), and performing subsequent algebraic manipulations, we obtain

Tµε =


N↔N



k↔Sa

(
1

2xB

)N

AN
k,P(p)

[
eµεC

N
L,k(q) + dµεC

N
2,k(q)

+ i⇁µεϱς
pϱqς

p · q C
N
3,k(q)

]
+O

(
p2
)
,

(2.48)

where the tensors eµε and dµε , defined in Eqs. (2.9) and (2.10), are the same tensor
structures that appear in Eq. (2.13) for the hadronic tensor.

To extract the coe!cient functions, we introduce a set of suitable projectors,
constructed in direct analogy with the decomposition of both the hadronic tensor
and the forward scattering amplitude. These projectors are designed to isolate the
symmetric and antisymmetric components, each parametrised by yet undetermined
coe!cients. Their most general decomposition reads

P µε
S,i (p, q) = gµεcSi,1(p, q) + pµpεcSi,2(p, q) + qµqεcSi,3(p, q) + qµpεcSi,4(p, q)

+ pµqεcSi,5(p, q) , i ⇔ {L, 2 } ,
(2.49)

P µε
A,3 (p, q) = ⇁µεϱςp

ϱqςcA
3,1(p, q) . (2.50)

Since eµε and dµε are manifestly transverse, the tensors multiplying cSk,3, c
S

k,4 and cSk,5
vanish under projection. These three coe!cients thus remain arbitrary, and we may
as well set them to zero without loss of generality. What remains are two symmetric
tensors, each carrying two undetermined coe!cients, which are constrained by the
orthogonality conditions,


Pµε

S,L(p, q)eµε = 1 ,

Pµε
S,L(p, q)dµε = 0 ,

(2.51)


Pµε

S,2(p, q)eµε = 0 ,

Pµε
S,2(p, q)dµε = 1 .

(2.52)

In addition, both symmetric tensors of Eq. (2.49) are trivially orthogonal to the
antisymmetric one in Eq. (2.50). For the antisymmetric case, a single undetermined
coe!cient uniquely fixes the normalisation,

Pµε
A,3

(
i⇁µεϱς

pϱqς

p · q

)
= 1 . (2.53)

Placing each projector ansatz into the corresponding orthogonality condition,
Eqs. (2.51)–(2.53), yields a system of equations that follows from the linear
independence of the tensor structures. Its solution gives the projectors

Pµε
S,L(p, q) = → q2

(p · q)2p
µpε , (2.54)

Pµε
S,2(p, q) = →(D → 1)

(D → 2)

q2

(p · q)2p
µpε → 1

(D → 2)
gµε , (2.55)
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Pµε
A,3(p, q) =

i

(D → 2)(D → 3)
⇁µεϱς

pϱqς

p · q . (2.56)

These projectors let us decompose the forward scattering amplitude in direct analogy
with the hadronic tensor, Eq. (2.13), the hadronic invariants now playing the role of
the structure functions. At leading twist, we find the decomposition

Tµε (p, q) = eµεTL(p, q) + dµεT2(p, q) + i⇁µεϱς
pϱqς

p · q T3(p, q) +O(p2) , (2.57)

with the hadronic invariants

Ti(p, q) = P µε
S,i Tµε (p, q) , i ⇔ {L, 2 } , (2.58)

T3(p, q) = P µε
A,3 Tµε (p, q) . (2.59)

Having expressed the forward scattering amplitude, Eq. (2.34), in terms of the
same tensor structures as the hadronic tensor, Eq. (2.4), we arrive via the optical
theorem, Eq. (2.35), at a direct relation between the hadronic invariants and the
structure functions,

1

2ϑ
ImTi(p, q) =

1

2xB

Fi(p, q) , i ⇔ {L, 2 } , (2.60)

1

2ϑ
ImT3(p, q) = F3(p, q) . (2.61)

2.1.4 Mellin Moments

The operator product expansion, Eq. (2.48), recasts the hadronic invariants,
Eqs. (2.60) and (2.61), as a series in inverse powers of xB. For convenience, we define
◁ = 1/xB to label these powers. Working in ◁ is natural because the limit xB ↑ ↖
translates to the limit ◁ ↑ 0. In this variable, the series then reads

Ti(p, q) =


N↔N



k↔Sa

(
◁

2

)N

AN
k,PC

N
i,k(q) , i ⇔ {L, 2, 3 } . (2.62)

To connect the hadronic invariants to the structure functions, we multiply this ex-
pression by ◁↑M↑1 and integrate along a contour ε encircling the origin (see Fig. 2.1a).
By Cauchy’s theorem, we obtain

1

2ϑi

∫

↼

d◁
Ti(p, q)

◁M+1
=



N↔N



k↔Sa

1

2N
AN

k,P(p)C
N
i,k(q)

(
1

2ϑi

∫

↼

d◁

◁M↑N+1

)

=


N↔N



k↔Sa

ϖN,M

2N
AN

k,P(p)C
N
i,k(q)

=


k↔Sa

AN
k,P(p)C

N
i,k(q)

2M
, i ⇔ {L, 2, 3 } .

(2.63)

Alternatively, rather than evaluating the integral directly, we may invoke the opti-
cal theorem. Since we assume the forward scattering amplitude to be analytic away
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Im(ω)

Re(ω)
+1→1

↑

ω

(a)

Im(ω)

Re(ω)
+1→1

↑

ω

(b)

Figure 2.1: The figure displays the branch points, indicated by bold dots, and the
branch cuts along the real axis, shown as zigzag lines, with the origin marked by a
cross. Panel (a) shows the contour encircling the origin, whilst panel (b) depicts the
deformed contour running along the branch cuts, with semicircles closing at infinity.

from its branch cuts, we can deform the contour to enclose the cuts with two semi-
circles closing at infinity (see Fig. 2.1b). The integral reduces to an integral over the
discontinuities of the integrand along the cuts,

1

2ϑi

∫

↼

d◁
Ti(p, q)

◁M+1
=

1

2ϑi

(∫ ↓

1

d◁
Disc(Ti(p, q))

◁M+1

+

∫ ↑1

↑↓
d◁

Disc(Ti(p, q))

◁M+1

)
i ⇔ {L, 2, 3 } . (2.64)

To combine the integrals in Eq. (2.64), we note that the forward scattering ampli-
tude, Eq. (2.34), decomposes into vector–vector, axial–axial and mixed contributions,

Tµε (p, q) = T
vv,µε (p, q) + T

aa,µε (p, q) + T
va,µε (p, q) + T

av,µε (p, q) , (2.65)

induced by the decomposition of the currents, Eq. (2.1). Outside this section we omit
the vector and axial-vector subscripts, since the context makes their meaning clear.
Depending on the type of the bosons, the individual terms of the forward scattering
amplitude transform under charge conjugation

T
b1b2,µε (p, q) = (→1)1+↽b1b2T

b1b2,εµ (p,→q) , b1, b2 ⇔ { v, a } . (2.66)

Since the forward scattering amplitude is decomposed into tensor structures that are
even in both momenta, Eq. (2.57), parity transformations leave it invariant. Only
the hadronic invariants are a”ected. Taking the forward scattering amplitude to be
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invariant under crossing of the external bosons [121], we find

T
b1b2,µε (p, q) = T

b1b2,εµ (p,→q)

= eεµTb1b2,L(p,→q) + dεµTb1b2,2(p,→q)

i⇁εµϱς
pϱqς

p · q Tb1b2,3(p,→q)

= (→1)1+↽b1b2

[
eεµTb1b2,L(p,→q) + dεµTb1b2,2(p,→q)

+ i⇁εµϱς
pϱqς

p · q Tb1b2,3(p,→q)

]

= (→1)1+↽b1b2

[
eµεTb1b2,L(p,→q) + dµεTb1b2,2(p,→q)

→ i⇁µεϱς
pϱqς

p · q Tb1b2,3(p,→q)

]
.

(2.67)

Comparing the charge conjugation relation, Eq. (2.66), with the crossing relation,
Eq. (2.67), we read o”

Tb1b2,i(p, q) = (→1)1+↽b1b2Tb1b2,i(p,→q) , i ⇔ {L, 2 } , (2.68)

Tb1b2,3(p, q) = (→1)↽b1b2Tb1b2,3(p,→q) . (2.69)

The hadronic invariants are thus either even or odd functions of the momentum q.
Because they depend only on scalar products of p and q, with both p2 and q2 invariant
under parity, the invariants must in fact be even or odd in xB and consequently in ◁.

Returning to the integral, Eq. (2.64), we exploit (anti)symmetry of the hadronic
invariant, Eq. (2.68), together with the optical theorem, Eqs. (2.60) and (2.61), to
express the integral in terms of the Mellin moments of the structure functions.

1

2ϑi

∫

↼

d◁
Tb1b2,i(p, q)

◁M+1
=






2

∫ ↓

1

d◁
Fb1b2,i(p, q)

◁M
, i ⇔ {L, 2 } ,

4

∫ ↓

1

d◁
Fb1b2,3(p, q)

◁M+1
.

(2.70)

Reverting from ◁ to the original variable xB = 1/◁, with d◁ = → dxB /x2

B
, and

reversing the integration limits accordingly, we arrive at

1

2ϑi

∫

↼

d◁
Tb1b2,i(p, q)

◁M+1
=






2

∫
1

0

dxB xM↑2

B
Fb1b2,i(p, q) , i ⇔ {L, 2 } ,

4

∫
1

0

dxB xM↑1

B
Fb1b2,3(p, q) .

(2.71)

Finally, combining these results, Eqs. (2.63) and (2.70), we obtain a relation be-
tween products of the hadronic operator matrix elements and coe!cient functions on
one side, and Mellin moments of the structure functions on the other,

∫
1

0

dxB xN↑2

B
Fb1b2,i(p, q) =



k↔Sa

AN
k,P(p)C

N
b1b2,i,k(q)

2N+1
, i ⇔ {L, 2 } , (2.72)

∫
1

0

dxB xN↑1

B
Fb1b2,3(p, q) =



k↔Sa

AN
k,P(p)C

N
b1b2,3,k(q)

2N+1
. (2.73)



30 CHAPTER 2. DEEP INELASTIC SCATTERING

Only the even or odd moments of the structure functions are constrained, depend-
ing on whether the corresponding hadronic invariants are even or odd in xB. Such
behaviour arises because the derivation relies on each invariant having a definite parity
in xB, so that the opposite contributions cancel.

2.2 Renormalisation

2.2.1 Operator Mixing

In determining the fixed-order moments of the coe!cient functions from the hadronic
invariants, one obstacle remains, namely the hadronic operator matrix elements. The
operator product expansion of the forward scattering amplitude holds at the operator
level, so the coe!cient functions do not depend on the choice of external states and all
hadronic information resides in the matrix elements alone. Therefore, we may replace
the hadronic states by partonic ones carrying momentum p, the partons now taken
to be massless, unlike the hadrons.

The relevant partonic states comprise non-singlet and singlet quark configurations
together with gluons, the corresponding operator matrix elements being given by

≃p|O {ϖ1...ϖN}
k |p↘ = p{ϖ1 . . . pϖN}AN

k,p(p) , (2.74)

which are in general divergent and require renormalisation. To regularise these diver-
gences, we work in dimensional regularisation [92, 93] and consider all observables at
D = 4→2ε space-time dimensions, as discussed in Sec. 3.2. The bare singlet operators
are then related to the renormalised ones through

O {ϖ1...ϖN}
l =



k↔{q,g}

ZklO
{ϖ1...ϖN}

k,ren , (2.75)

where the renormalisation constants Zkl generally mix operators within the singlet
sector. Because the renormalised operators acquire a dependence on the renormalisa-
tion scale µ2 through this procedure, their evolution is governed by a renormalisation
group equation. To derive it, we use that the bare operators carry no such dependence,

0 =
d

d log µ2
O{ϖ1...ϖN}

l

=
d

d log µ2



k↔S

(
Z↑1

)
lk
O{ϖ1...ϖN}

k,ren

=


k↔S

[
d (Z↑1)lk
d log µ2

O{ϖ1...ϖN}
k,ren +

(
Z↑1

)
lk

dO{ϖ1...ϖN}
k,ren

d log µ2

]

=


j,k↔S

dZlj

d log µ2

(
Z↑1

)
jk
O{ϖ1...ϖN}

k,ren + ϖlk
dO{ϖ1...ϖN}

k,ren

d log µ2

⇐ →


k↔S

εlkO
{ϖ1...ϖN}
k,ren +

dO{ϖ1...ϖN}
l,ren

d log µ2
.

(2.76)

In Eq. (2.76), we have implicitly defined the matrix valued anomalous dimensions
ε and used that the bare operators are independent of the renormalisation scale,
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together with the identity,

ϖlk =


j↔S

Zlj

(
Z↑1

)
jk

↔ 0 =


j↔S

Zlj

d (Z↑1)jk
d log µ2

+


j↔S

dZlj

d log µ2

(
Z↑1

)
jk

. (2.77)

Since the renormalisation constants depend on the renormalisation scale µ2 only
implicitly through the renormalised coupling as,ren, the chain rule gives

εlk = →


j↔S

das,ren
d log µ2

0Zlj

0as,ren

(
Z↑1

)
jk

, (2.78)

where we have written the coupling in the rescaled form

as,ren =
ωs,ren

4ϑ
. (2.79)

To evaluate the derivative with respect to the renormalised coupling in Eq. (2.78), we
use the fact that the bare coupling as is multiplicatively renormalised,

as = Zas as,ren , (2.80)

with a renormalisation constant that admits a Laurent expansion in inverse powers
of the dimensional regulator,

Zas = 1 +


n↔N↑

Z(n)
as

εn
. (2.81)

Because the dimensionful bare coupling asµ2⇀ is independent of the renormalisation
scale, its total derivative vanishes,

dasµ2⇀

d log µ2
= εµ2⇀Zasas,ren + µ2⇀ das,ren

d log µ2

(
as,ren

0Zas

0as,ren
+ Zas

)
= 0 . (2.82)

The renormalised coupling is finite, so its running carries no poles in the regulator.
Substituting the Laurent expansion of Zas then yields

das,ren
d log µ2

= → εas,ren
⇁ logZas
⇁ log as,ren

+ 1

= →εas,ren + a2s,ren
0Z(1)

as

0as,ren
+O

(
ε↑1

)

= →εas,ren + 1 .

(2.83)

Finiteness of the left-hand side of Eq. (2.83) forces the poles on the right-hand side to
cancel. This running is the D-dimensional beta function, whilst the 1 on the right is
its four-dimensional counterpart, both in a theory with nl + nh active quark flavours.
With the beta function identified, the anomalous dimensions take the form

εlk = →


j↔S

(→εas,ren + 1)
0Zlj

0as,ren

(
Z↑1

)
jk

. (2.84)
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The renormalisation constants, anomalous dimensions and beta function each ad-
mit a power-series expansion in the renormalised strong coupling. Of these, the first
two may, in addition, be expanded in the dimensional regulator. However,we assume
that no positive powers of the regulator appear in either expansion, since such terms
would amount to finite renormalisations. This assumption is equivalent to working
in the modified minimal-subtraction scheme [17,122]. Because the anomalous dimen-
sions are finite, the scheme reduces their expansion to a pure power series in the
coupling. The expansions read

Zij =
↓

m=0

m

n=1

Z(m,n)
ij

ams,ren
εn

, (2.85)

εij =
↓

m=1

ε(m↑1)

ij ams,ren , (2.86)

1 = →
↓

m=2

1m↑2a
m
s,ren . (2.87)

For our calculation, we require the Mellin moments of the anomalous dimensions
only up to two loops [35, 37, 38, 120, 123]. Likewise, only the two-loop coe!cients of
the beta function are needed [124–126], although results at higher loop orders are
available [127–130].

At zeroth order in the coupling, the operators are finite and do not mix, so no
renormalisation is required. Therefore, we may take the Z-factors to be diagonal and
normalised such that

Zij = ϖij +O(as,ren) . (2.88)

This normalisation fixes the renormalisation constants entirely through the anoma-
lous dimensions and the beta-function coe!cients, allowing a recursive solution order
by order in the strong coupling and the dimensional regulator,

i = j ↙= k :

Z(0,0)
ij = 1 , (2.89)

Z(1,1)
ij = ε(0)

ij , (2.90)

Z(2,2)
ij = →1

2
10ε

(0)

ij +
1

2



m↔S

ε(0)

imε(0)

mj , (2.91)

Z(2,1)
ij =

1

2
ε(0)

ij , (2.92)

Z(3,3)
ij =

1

3
12

0
ε(0)

ij → 1

2
10



m↔S

ε(0)

imε(0)

mj +
1

6



m,n↔S

ε(0)

imε(0)

mnε
(0)

mj , (2.93)

Z(3,2)
ij = →1

3
11ε

(0)

ij → 1

3
10ε

(1)

ij +
1

2



m↔S

ε(0)

imε(1)

mj +
1

3
ε(1)

ik ε(0)

kj → 1

3
ε(0)

ik ε(1)

kj , (2.94)

Z(3,1)
ij =

1

3
ε(0)

ij , (2.95)

i = j :
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Z(0,0)
ij = 0 , (2.96)

Z(1,1)
ij = ε(0)

ij , (2.97)

Z(2,2)
ij = →1

2
10ε

(0)

ij +
1

2



m↔S

ε(0)

imε(0)

mj , (2.98)

Z(2,1)
ij =

1

2
ε(0)

ij , (2.99)

Z(3,3)
ij =

1

3
12

0
ε(0)

ij → 1

2
10



m↔S

ε(0)

imε(0)

mj +
1

6



m,n↔S

ε(0)

imε(0)

mnε
(0)

mj , (2.100)

Z(3,2)
ij = →1

3
11ε

(0)

ij → 1

3
10ε

(1)

ij +
1

3



m↔S

ε(1)

imε(0)

mj +
1

6



m↔S

ε(0)

imε(1)

mj , (2.101)

Z(3,1)
ij =

1

3
ε(0)

ij . (2.102)

To complete the renormalisation of the operator product expansion, the bare op-
erators must be replaced by their renormalised counterparts and, correspondingly, the
bare matrix elements by the renormalised ones. In the leading-twist approximation,
this yields the renormalised partonic invariants,

T ren

i,p (p, q) =


N↔N

(
1

2xB

)N 

j,k↔S

CN
i,j(q)ZjkA

N,ren
k,p (p) . (2.103)

2.2.2 Mass Factorisation

With the formalism now complete, we are ready to set up the calculation. To extract
the Mellin moments of the coe!cient functions, we employ a derivative operator PN ,

PN(Ti(p, q)) = (→1)N


j↔S

AN
j,P(p)C

N
i,j(q)


p=0

⇐ TN
i,P(q) , (2.104)

that projects onto the N -th Mellin moment of the partonic invariants. This operator is
the harmonic projection, whose construction and properties are discussed in Sec. 4.1.

As a derivative operator, the harmonic projection acts on the Mellin moments
regardless of whether the states are hadronic or partonic, so the partonic invariants
may be used in place of the hadronic ones. Being a derivative with respect to the now
partonic momentum, it commutes with the renormalisation of the forward amplitude.
The renormalised N -th Mellin moment of the coe!cient functions reads

TN,ren
i,p (p, q) = (→1)N



j,k↔S

CN
i,j(q)ZjkA

N,ren
k,p (p)


p=0

, i ⇔ {L, 2, 3, S } . (2.105)

Nullifying the partonic momentum a”ects only the operator matrix element. In a
theory with light flavours alone, this matrix element contributes solely at tree level
once p has been nullified, since all higher orders in the coupling reduce to scaleless loop
integrals, which vanish in dimensional regularisation. Heavy flavours change this; the
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heavy-quark mass provides a physical scale that gives rise to non-vanishing massive
bubble integrals,

AN,ren
k,p (p)


p=0

=
↓

n=0

ans,renA
N,ren,(n)
k,p (p)


p=0

, (2.106)

Since our aim is to apply the harmonic projection to the forward scattering ampli-
tude directly and thereby extract the coe!cient functions, Eq. (2.106) implies that
the coe!cient functions mix with the operator matrix elements in the perturbative
expansion, so that their extraction requires full knowledge of the latter.

To circumvent the mixing, we evaluate the operator matrix elements in a kinematic
renormalisation scheme in which the finite contributions from the massive vacuum
integrals are absorbed into a finite renormalisation. Within such a scheme

AN,ren
k,p (p)


p=0

= AN,ren,(0)
k,p (p)


p=0

ϖk,p

⇐ aNk ϖk,p .

(2.107)

the matrix element is rendered independent of the external momentum, although
it retains its dependence on the dimensional regulator and the operator spin. The
Kronecker delta in Eq. (2.107) reflects the absence of tree-level contributions to the
o”-diagonal elements, which therefore vanish once the partonic momentum is set to
zero. These operator matrix elements can be drawn with the inserted vertex shown
as a labelled circle, as

AN,ren
q,q (p)


p=0

=

N

p=0

+

N

p=0

+O(a2s)

⇐ (aN
q
)↑1 ,

(2.108)

AN,ren
g,q (p)


p=0

=

N

p=0

+O(a2s)

= 0 ,

(2.109)

AN,ren
g,g (p)


p=0

=

N

p=0

+

N

p=0

+O(a2s)

⇐ (aN
g
)↑1 ,

(2.110)

AN,ren
q,g (p)


p=0

=

N

p=0

+O(a2s)

= 0 .

(2.111)

From this representation it is clear that nullifying the momentum, that is amputat-
ing the external edges carrying partonic momentum, reduces these operator matrix
elements to vacuum graphs.
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Replacing the operator matrix elements in Eq. (2.105) by their tree-level contri-
bution simplifies the moments of the forward scattering amplitude to

TN,ren
i,p (q) = (→1)N



j↔S

CN
i,j(q)ZjpA

N,ren,(0)
p,p (p)


p=0

, i ⇔ {L, 2, 3, S } . (2.112)

Finally, to extract the finite coe!cient functions, we assume that they admit an
expansion in both the renormalised coupling and the dimensional regulator,

CN
i,j(q) =

↓

m=0

↓

n=0

cN,(m,n)
i,p (q)ams,renε

n , i ⇔ {L, 2, 3, S } . (2.113)

For convenience, we normalise the partonic invariants by their tree-level contribu-
tion (see Subsec. 2.2.1), thereby fixing the non-vanishing tree-level coe!cients. The
partonic invariants likewise admit an expansion in the strong coupling constant,

TN,ren
i,k (q) =

↓

m=0

TN,ren,(m)

i,k ams,ren , i ⇔ {L, 2, 3, S } . (2.114)

Together with the renormalisation constants of Eq. (2.85), these expansions relate
the Mellin moments of the coe!cient functions to those of the partonic invariants,
Eq. (2.112). Matching the two sides order by order in the coupling and the regulator
then determines the finite coe!cient functions. Carrying this out explicitly, and
suppressing all functional dependence for brevity, we obtain,

TN,ren,(0)
i,p = ϖqp , (2.115)

TN,ren,(1)
i,p = ε↑1εN,(0)

qp
+ cN,(1,0)

i,p + εcN,(1,1)
i,p + ε2cN,(1,2)

i,p , (2.116)

TN,ren,(2)
i,p = ε↑2

[
1

2



m↔S

(
εN,(0)
qm → 10ϖqm

)
εN,(0)
mq

]
+ ε↑1

[
1

2
εN,(1)
qp

+


m↔S

εN,(0)
mp

cN,(1,0)
i,m

]

+ cN,(2,0)
i,p +



m↔S

εN,(0)
mp

cN,(1,1)
i,m + ε

[
cN,(2,1)
i,p +



m↔S

εN,(0)
mp

cN,(1,2)
i,m

]
(2.117)

TN,ren,(3)
i,p = ε↑3

[
1

6



m,n↔S

εN,(0)
qm εN,(0)

mn εN,(0)
np +

1

3



m↔S

12

0
εN,(0)
qp

→ 1

2



m↔S

10ε
N,(0)
qm εN,(0)

mp

]
,

+ ε↑2

[
→ 1

3
10ε

N,(1)
qp

→ 1

3
11ε

N,(0)
qp

+
1

6



m↔S

εN,(0)
qm εN,(1)

mp
+

1

3



m↔S

εN,(1)
qm εN,(0)

mp

+
1

2



m,n↔S

cN,(1,0)
i,m

(
εN,(0)
mn → 10ϖmn

)
εN,(0)
np

]

+ ε↑1

[
1

3
εN,(2)
qp

+
1

2



m↔S

cN,(1,0)
i,m εN,(1)

mp
+


m↔S

cN,(2,0)
i,m εN,(0)

mp
+

1

2



m,n↔S

cN,(1,1)
i,m

↗
(
εN,(0)
mn → 10 ϖmn

)
εN,(0)
np

]

+ cN,(3,0)
i,p +

1

2



m↔S

cN,(1,1)
i,m εN,(1)

mp
+


m↔S

cN,(2,1)
i,m εN,(0)

mp
+

1

2



m,n↔S

cN,(2,2)
i,m

(
εN,(0)
mn
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→ 10 ϖmn

)
, (2.118)

TN,ren,(0)
S,p = ϖgp , (2.119)

TN,ren,(1)
S,p = ε↑1εN,(0)

gp
+ cN,(1,0)

S,p + εcN,(1,1)
S,p + ε2cN,(1,2)

S,p , (2.120)

TN,ren,(2)
S,p = ε↑2

[
1

2



m↔S

(
εN,(0)
gm → 10ϖgm

)
εN,(0)
mg

]
+ ε↑1

[
1

2
εN,(1)
gp

+


m↔S

εN,(0)
mp

cN,(1,0)
S,m

]

+ cN,(2,0)
S,p +



m↔S

εN,(0)
mp

cN,(1,1)
S,m + ε

[
cN,(2,1)
S,p +



m↔S

εN,(0)
mp

cN,(1,2)
S,m

]
, (2.121)

TN,ren,(3)
S,p = ε↑3

[
1

6



m,n↔S

εN,(0)
gm εN,(0)

mn εN,(0)
np +

1

3



m↔S

12

0
εN,(0)
gp

→ 1

2



m↔S

10ε
N,(0)
gm εN,(0)

mp

]

+ ε↑2

[
→ 1

3
10ε

N,(1)
gp

→ 1

3
11ε

N,(0)
gp

+
1

6



m↔S

εN,(0)
gm εN,(1)

mp
+

1

3



m↔S

εN,(1)
gm εN,(0)

mp

+
1

2



m,n↔S

cN,(1,0)
S,m

(
εN,(0)
mn → 10ϖmn

)
εN,(0)
np

]

+ ε↑1

[
1

3
εN,(2)
gp

+
1

2



m↔S

cN,(1,0)
S,m εN,(1)

mp
+


m↔S

cN,(2,0)
S,m εN,(0)

mp
+

1

2



m,n↔S

cN,(1,1)
S,m

↗
(
εN,(0)
mn → 10 ϖmn

)
εN,(0)
np

]

+ cN,(3,0)
S,p +

1

2



m↔S

cN,(1,1)
S,m εN,(1)

mp
+


m↔S

cN,(2,1)
S,m εN,(0)

mp
+

1

2



m,n↔S

cN,(2,2)
S,m

(
εN,(0)
mn

→ 10 ϖmn

)
, (2.122)

TN,ren,(0)
L,p = 0 , (2.123)

TN,ren,(1)
L,p = cN,(1,0)

L,p + εcN,(1,1)
L,p + ε2cN,(1,2)

L,p , (2.124)

TN,ren,(2)
L,p = ε↑1

[

m↔S

εN,(0)
mp

cN,(1,0)
L,m

]
+ cN,(2,0)

L,p +


m↔S

εN,(0)
mp

cN,(1,1)
L,m + ε

[
cN,(2,1)
L,p +



m↔S

εN,(0)
mp

↗ cN,(1,2)
L,m

]
(2.125)

TN,ren,(3)
L,p = ε↑2

[
1

2



m,n↔S

cN,(1,0)
L,m

(
εN,(0)
mn → 10ϖmn

)
εN,(0)
np

]

+ ε↑1

[
1

2



m↔S

cN,(1,0)
L,m εN,(1)

mp
+


m↔S

cN,(2,0)
L,m εN,(0)

mp
+

1

2



m,n↔S

cN,(1,1)
L,m

(
εN,(0)
mn

→ 10 ϖmn

)
εN,(0)
np

]
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+ cN,(3,0)
L,p +

1

2



m↔S

cN,(1,1)
L,m εN,(1)

mp
+


m↔S

cN,(2,1)
L,m εN,(0)

mp
+

1

2



m,n↔S

cN,(2,2)
L,m

(
εN,(0)
mn

→ 10 ϖmn

)
. (2.126)

Computing the partonic invariants for both the vector- and scalar-current cases
makes it possible to extract all anomalous dimensions and coe!cient functions at
once, and in principle the beta-function coe!cients too, though this route is highly
ine!cient. In the present setup, these quantities are therefore not inputs but results,
computed here as a consistency check on the calculation.

2.2.3 Renormalisation Constants

The renormalisation of the forward scattering amplitude has been kept brief so far.
Extracting the coe!cient functions, however, requires computing the amplitude di-
rectly from Feynman graphs, which themselves require renormalisation. In what
follows, we adopt the minimal-subtraction scheme and list for completeness all con-
stants needed to renormalise to NNLO. For notational convenience, we define the
renormalisation constants as follows:

Zk = 1 +
↓

n=1

Z(n)
k

(
a(nf)
s,ren

)n
, (2.127)

where a(nf)
s,ren denotes the renormalised strong coupling in a theory with nf = nl + nh

active flavours. The renormalisation is implemented multiplicatively,

as = Zaa
(nf)
s,ren , (2.128)

with renormalisation constant,

Z(1)

a = ε↑1

[
→ 11

3
CA +

4

3
TFnf

]
, (2.129)

Z(2)

a = ε↑2

[
121

9
C2

A +
16

9
T 2

Fnf →
88

9
CATFn

2

f

]

+ ε↑1

[
10

3
CATFnf →

17

3
C2

A + 2CFTFnf

]
. (2.130)

However, since the mass factorisation, Eqs. (2.115) to (2.126), was performed with
only nl active light flavours, the nh heavy flavours must be decoupled through a
decoupling relation [114,131], shown here for conciseness only for µ2 = m2,

a(nf)
s,ren = as,ren

{
1 + as,renTFnh

[
2

3
22ε→

4

9
23ε

2 +O
(
ε3
)]

+ a2s,ren

[
→ 32

9
CATFnh + 15CFTFnh + ε

(
CATFnh

(
10

3
22 +

172

27

)

+ CFTFnh

(
222 +

31

2

))
+O

(
ε2
)]

+O
(
a3s,ren

)
. (2.131)
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For the field renormalisation, we note that the vector-boson and scalar wave func-
tions require no renormalisation, since QCD corrections to their propagators appear
only at NLO in the respective couplings and are therefore neglected at LO,

Zv = 1 +O
(
g2
v
, gvga, g

2

a

)
, (2.132)

Za = 1 +O
(
g2
v
, gvga, g

2

a

)
, (2.133)

Zs = 1 +O
(
g2
s

)
. (2.134)

In contrast, the gluon and light-quark propagators receive QCD corrections from
heavy-quark loops, at one-loop level for gluons and at two-loop level for light quarks,
necessitating their wave-function renormalisation [46,132,133],

Z(1)

2
= 0 (2.135)

Z(2)

2
= CFTFnh

[
ε↑1 → 5

6
+ ε

(
89

36
+ 22

)
+O(ε2)

]
(2.136)

Z(3)

2
= ε↑2

[
CACFTFnh

(
→ 56

9

)
+ C2

FTF

(
2

3

)
nh + CFT

2

Fn
2

h

(
8

9

)
+ CFT

2

Fnhnl

(
16

9

)]

+ ε↑1

[
CACFTFnh

(
1

2
22 +

392

27

)
+ C2

FTFnh

(
→ 1

)
+ CFT

2

Fn
2

h

(
→ 20

27

)

+ CFT
2

Fnhnl

(
→ 40

27

)]

+

[
CACFTFnh

(
→ 17

3
22 →

17

3
23 →

2408

81

)
+ C2

FTFnh

(
22 + 823 +

443

18

)

+ CFT
2

Fnhnl

(
4

3
22 →

140

81

)
+ CFT

2

Fn
2

h

(
→ 70

81

)]
+O(ε) (2.137)

Z(1)

3
= TFnh

[
→ 4

3
ε↑1 → 2

3
22ε+

4

9
23ε

2 +O
(
ε3
)]

(2.138)

Z(2)

3
= ε↑2

[
CATFnh

(
35

9

)
+ T 2

Fnhnl

(
→ 16

9

)]

+ ε↑1

[
CATFnh

(
→ 5

2

)
+ CFTFnh

(
→ 2

)]

+

[
CATFnh

(
13

9
22 +

13

12

)
+ CFTFnh

(
→ 15

)
+ T 2

Fn
2

h

(
8

9
22

)

+ CFTFnhnl

(
→ 8

9
22

)]

+ ε

[
CATFnh

(
→ 5

2
22 →

26

27
23 →

169

72

)
+ CFTFnh

(
→ 222 →

31

2

)

+ T 2

Fnhnl

(
16

27
23

)
++T 2

Fn
2

h

(
→ 16

27
23

)]
+O

(
ε2
)
. (2.139)

It should be noted that the external ghost propagators would receive corrections at
two loops. Since the leading ghost contributions for the VV and AA currents are
already two-loop, however, these corrections do not enter at three loops, which is the
aim of this work. Were the scalar currents to be computed at three loops, the ghost
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wave-function renormalisation would have to be accounted for, as there are indeed
contributions.

Because internal quarks may be massive, we renormalise their mass m through
the insertion of counterterms [134],

Z(1)

m = CF

[
→ 3ε↑1 → 4→ ε

(
8 +

3

2
22

)
+ ε2

(
→ 222 + 23 → 16

)
+O

(
ε3
)]

(2.140)

Z(2)

m = ε↑2

[
CFCA

(
11

2

)
+ C2

F

(
9

2

)
+ CFTFnf

(
→ 2

)]

+ ε↑1

[
CACF

(
→ 97

12

)
+ C2

F

(
45

4

)
+ CFTFnf

(
5

3

)]

+

[
CACF

(
822 + 623 → 2422 log(2)→

1111

24

)
+ C2

F

(
→ 51

2
22 → 1223

+
199

8

)
+ CFTFnh

(
143

6
→ 1622

)
+ CFTFnl

(
822 +

71

6

))]

+ ε

[
CACF

(
96Li4

(
1

2

)
+

271

12
22 + 5223 → 12624 + 4822 log

2(2)→ 14422 log(2)

→ 8581

48
+ 4 log4(2)

)
+ C2

F

(
→ 192Li4

(
1

2

)
→ 615

4
22 → 13523 + 25224

→ 9622 log
2(2) + 28822 log(2) +

677

16
→ 8 log4(2)

)
+ CFTFnh

(
→ 227

3
22

→ 5623 + 9622 log(2) +
1133

12

)
+ CFTFnl

)(97

3
22 + 1623 +

581

12

)]

+O
(
ε2
)
. (2.141)

This concludes the renormalisation of the vector currents. For the axial-vector
currents, the amplitudes contain ε5, which requires special treatment in dimensional
regularisation. Adopting the Larin scheme [135], we handle this through the substi-
tution

εµε5 =
i

6
εµωστε

ωεσετ . (2.142)

Employing the Larin scheme proves useful only for the antisymmetric AV and sym-
metric AA contributions to the Mellin moments of the coe!cient functions, where an
even number of Levi-Civita tensors appears. Such even products can be expressed
entirely in terms of metric tensors,

εϱ1ϱ2ϱ3ϱ4ες1ς2ς3ς4
=



ϖϱ1
ς1

ϖϱ1
ς2

ϖϱ1
ς3

ϖϱ1
ς4

ϖϱ2
ς1

ϖϱ2
ς2

ϖϱ2
ς3

ϖϱ2
ς4

ϖϱ3
ς1

ϖϱ3
ς2

ϖϱ3
ς3

ϖϱ3
ς4

ϖϱ4
ς1

ϖϱ4
ς2

ϖϱ4
ς3

ϖϱ4
ς4


. (2.143)

Conversely, no such reduction is possible when an odd number of Levi-Civita tensors
is present. All such amplitudes vanish, however, owing to the forward kinematics.

The naive use of the Larin scheme in dimensional regularisation violates the axial
Ward identity. To restore it, we introduce additional renormalisation constants [136]

Z(1)

A = 0 , (2.144)
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Z(2)

A = ε↑1

[
22

3
CACF → 8

3
CFTFnf

]
, (2.145)

Z(3)

A = ε↑2

[
3578

81
C2

ACF → 308

9
CAC

2

F → 1664

81
CACFTFnf +

64

9
C2

FTFnf +
32

81
CFT

2

Fn
2

f

]

+ ε↑1

[
→ 484

27
C2

ACF +
352

27
CACFTFnf +

352

27
CFT

2

Fn
2

f

]
, (2.146)

Z(1)

5
= 4CF , (2.147)

Z(2)

5
=

107

9
CACF → 22CF → 4

9
CFTFnf , (2.148)

Z(3)

5
= C2

ACF

(
2147

27
→ 5623

)
+ CAC

2

F

(
→ 5834

27
→ 16023

)
+ C3

F

(
370

3
→ 9623

)

+ CACFTFnf

(
→ 712

81
→ 64

3
23

)
+ C2

FTFnf

(
→ 124

27
→ 64

3
23

)

+ n2

f

(
→ 208

81
CFT

2

F

)
, (2.149)

the latter being a finite renormalisation constant relating the renormalisation of vector
and axial-vector currents through the R-operation,

(Rεµ)ε5 = Z5R(ε5ε
µ) . (2.150)

The renormalisation of the scalar current is more intricate, as it requires a Yukawa-
type coupling between the scalar source and the quarks [114], with the quark mass
playing the role of the coupling constant. No such renormalisation is therefore needed
in the absence of heavy quarks, leaving

Zgs = 1 + 1 , (2.151)

Zqs = Zm , (2.152)

with coe!cients of the beta function, Eq. (2.87),

10 =
11

3
CA → 4

3
TFnf , (2.153)

11 =
34

3
C2

A → 20

3
CATFnf → 4CFTFnf . (2.154)

2.2.4 Normalisation Constants

To conclude this section, we discuss the various normalisations in place. The constants
arising from the tree-level operator matrix elements, Eq. (2.107), may be computed
explicitly. At LO in the strong coupling, the singlet operators, Eqs. (2.38) and (2.39),
read

O {µ1...µN}
q

= iN↑1ψ̄lε
{µ10µ2 · · · 0µN}ψl +O(gs) , (2.155)

O {µ1...µN}
g

= iN↑2G{µ1ϖ0µ2 · · · 0µN→1GµN

ϖ} +O(gs) , (2.156)



2.2. RENORMALISATION 41

with the gluon field strength tensor

Gµε = 0µAε → 0εAµ +O(gs) . (2.157)

Contracting both sides of Eqs. (2.155) and (2.156) with a light-like vector%µ satisfying
%2 = 0 removes all trace terms,

%µ1
. . .%µN

≃k|O {µ1...µN}
k |k↘ = (% · p)N AN

k,k(p) , k ⇔ S . (2.158)

Take first the gluonic operator matrix element. The two field strengths are Wick-
contracted against the external gluon states, and their Lorentz indices are traced over.
Each external field is replaced by a plane wave,

Aµ(z) ∝ e↑iz·p , (2.159)

Aµ(z) ∝ e+iz·p , (2.160)

for the annihilated and created field respectively, so that each field-strength contrac-
tion gives

%ωG
ωϖ →↑ ±i

[
(% · p) gµϖ → pµ%ϖ

]
, (2.161)

where the upper or lower sign corresponds to the created or annihilated gluon, and
µ is the external gluon index, traced over in the matrix element. Inserting both
contractions then gives

%µ1
. . .%µN

≃g|O {µ1...µN}
g

|g↘ = (% · p)N↑2
[
(% · p) gµϖ → pµ%ϖ

]

↗
[
(% · p) gµϖ → pµ%ϖ

]

= (% · p)N (D → 2) .

(2.162)

Comparing Eqs. (2.158) and (2.162), the operator matrix element can be read o”
directly. The quark operator matrix element follows in the same way. Each external
field is replaced by a plane wave,

ψ(z) ∝ e↑iz·p , (2.163)

ψ(z) ∝ e+iz·p , (2.164)

for the annihilated and created quark respectively, so that tracing over the external
Dirac indices gives

%µ1
. . .%µN

≃q|O {µ1...µN}
q

|q↘ = (%·p)N↑1Tr

/% /p



= 4 (%·p)N .
(2.165)

As for the gluon, comparison of Eqs. (2.158) and (2.165) allows the operator matrix
element to be extracted. The normalisation constants therefore read,

aN
q
=

1

4
, (2.166)

aN
g
=

1

D → 2
. (2.167)
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A second set of constants is fixed by normalising each partonic invariant to its
tree-level contribution. Fixing them requires four independent processes, namely VV,
AV, AA and SS (see Fig. 2.2). For the quark-initiated processes, we find

T ren

i,q = Nb1b2(p · q)
[

1

(p→ q)2
→ (→1)1+↽b1b2

1

(p+ q)2

]
+O(as,ren)

= Nb1b2

2(p · q)
q2

↓

N=0

(
→2p · q

q2

)2N+↽b1b2

+O(as,ren)

= →Nb1b2

↓

N=0

x
2N+↽b1b2+1

B
+O(as,ren) , b1b2 ⇔ { v, a } ,

(2.168)

where Nb1b2 denotes the numerical prefactor arising from the Dirac traces. The N -th
Mellin moment is therefore given by

TN,ren,(0)
i,q = →2NNb1b2 . (2.169)

As anticipated from Eqs. (2.63) and (2.70), the AV term contributes only at odd
moments, whereas the VV and AA terms survive only at even moments. For the
gluon-initiated processes, an analogous calculation yields

T ren

S,g = Nss(p · q)2
[

1

(p→ q)2
+

1

(p+ q)2

]
+O(as,ren)

= Nss

q2

2

↓

N=0

x2N+2

B
+O(as,ren) ,

(2.170)

where, in accordance with crossing symmetry, only even moments contribute. The
corresponding moment then reads

TN,ren,(0)
S,g = 2N↑1q2Nss . (2.171)

Imposing the tree-level normalisation (see also Ref. [137]) therefore amounts to
multiplying each Mellin moment by

N̂vv =
1

2N+2
, (2.172)

N̂av =
1

2N+2
, (2.173)

N̂aa =
3

2N+1(D → 6)(D → 3)(D → 1)
, (2.174)

N̂ss =
1

2N↑1(D → 2)q2
, (2.175)

where all traces were evaluated with Form [138,139]. Whilst each partonic invariant
may in principle be normalised independently, any calculation of a physical observable
involving a sum of several currents must employ a consistent normalisation through-
out, since it combines vector and axial-vector contributions.
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b1 b2 b1 b2 s s s s

Figure 2.2: Tree-level contributions to the partonic forward scattering amplitude for
the quark-initiated and gluon-initiated processes.

2.3 Flavours

2.3.1 Flavour Factors

So far we have ignored the physical processes to which the external bosons correspond,
in particular the vector and axial-vector currents. These split into two types, neutral
currents (NC) and charged currents (CC), the former preserving flavour along the
quark lines and the latter changing it. Each type generates a di”erent combination
of electroweak couplings, which we refer to as a flavour structure.

To classify these flavour structures, we proceed graphically, considering processes
with two external vector bosons, at most two closed quark loops and at most one open
light-quark line. Neutral currents preserve flavour and give mass-preserving vertices,
whereas charged currents permit up-to-down and light-to-heavy transitions, giving
mass-changing vertices (as shown in Fig. 2.3). Since QCD also preserves flavour, its
vertices are mass-preserving too.

By systematically constructing every graph in which each of the two external
bosons, whether vector or axial-vector, attaches to quark lines that may be light or
heavy, we arrive at fifteen distinct flavour structures for the neutral current, collected
in Fig. 2.4. The construction for the charged current is analogous but gives rise, as
shown in Fig. 2.4, to five additional structures with mixed light-heavy quark lines. Im-
portantly, since QCD is flavour-preserving, an even number of mass-changing bosons
must attach to each fermion loop. For our two-boson setup this means that the initial-
and final-state bosons must attach to the same line.

b1

l1 l2

b1

h1 h2

b1

l1 h1

b1

h1 l1

Figure 2.3: Mass-preserving and mass-changing quark-boson vertices. Light quarks li
are drawn in black, heavy quarks hi in green, and bosons are labelled bi.
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2.3.2 Notation

To place the preceding analysis on a precise footing, we examine the flavour structures
admitted by the global flavour symmetry groups, beginning with the flavour-diagonal
case. Specifically, we consider nl light and nh heavy quark flavours, associated with
the symmetry groups SU(nl) and SU(nh), with respective generators ▷a

l
and ▷a

h
. Both

light and heavy flavours are then combined into a single flavour vector defined on an
enlarged flavour space,

f =
(
l1, . . . , lnl

, h1, . . . , hnh

)
. (2.176)

In this representation, the flavour-group generators become direct sums, padded with
zero blocks so that they act on the whole enlarged flavour space,

▷̂a
l
= ▷a

l
′ 0nh≃nh

, (2.177)

▷̂a
h
= 0nl≃nl

′ ▷a
h
. (2.178)

Throughout, a circumflex marks an embedding into the enlarged space. The charge
matrices Qi,l and Qi,h encode the couplings of the vector bosons to the light and heavy
quarks. For neutral currents they are diagonal, as required by flavour conservation.
Each charge matrix is embedded into the enlarged space as

Q̂i,l = Qi,l ′ 0nh≃nh
, i ⇔ { a, v } , (2.179)

Q̂i,h = 0nl≃nl
′Qi,h , i ⇔ { a, v } . (2.180)

The total charge matrices then follow by summing the embedded light- and heavy-
flavour contributions, Eqs. (2.179) and (2.180),

Qi = Q̂i,l + Q̂i,h , i ⇔ { a, v } . (2.181)

For later convenience, we likewise introduce the embedded light- and heavy-flavour
unit matrices,

1̂l = 1nl≃nl
′ 0nh≃nh

, (2.182)

1̂h = 0nl≃nl
′ 1nh≃nh

. (2.183)

In direct analogy with the total charge matrix, Eq. (2.181), we define the total unit
matrix as the sum of the two embedded unit matrices, Eqs. (2.182) and (2.183),

1f = 1̂l + 1̂h . (2.184)

With this notation in place, we may analyse the flavour structures that arise in
processes with two external vector bosons mediated by neutral currents. To identify
every such structure, we systematically examine the combinatorics of multiplying
charge and unit matrices and taking the corresponding traces. For this purpose, we
introduce a shorthand for traces over quark lines carrying either a vector or an axial-
vector boson. Overlined symbols denote external quark lines and unbarred symbols
internal ones,

fB ⇐ tr

(


i↔B

Qi,f

)
, B ∞ { v, a } , f ⇔ { l, h } , (2.185)
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f̄a
B̄ ⇐ 1

TR,f
tr

(


i↔B̄

Qi,f▷
a
f

)
▷̂a
f , B̄ ∞ { v, a } , f ⇔ { l, h } , (2.186)

f̄B̄ ⇐ 1

nf
tr

(


i↔B̄

Qi,f

)
1̂f , B̄ ∞ { v, a } , f ⇔ { l, h } , (2.187)

where TR,f denotes the trace normalisation of the SU(nf ) generators. The subscript
records which bosons are attached to the quark line. Because the charge matrices
are diagonal, and therefore commute, each trace is insensitive to the order in which
these bosons appear, so the subscript may be regarded as an unordered set. To collect
several such traces, we introduce a list notation,

≃x1, . . . , xn↘g ⇐
n

i=1

xi , (2.188)

≃x1, . . . , xn↘q ⇐ 1f

n

i=1

xi , (2.189)

where both variants di”er only by the total unit matrix (2.184) inserted in the second.
Their entries may be placed in any order because, for the single open quark line of
interest here, the product is fully commutative.

For products of matrices that remain untraced, we use that any complex nf ↗ nf

matrix can be expanded in the generators of SU(nf), an expansion that carries over
directly to matrices embedded in the enlarged space,



i↔B

Q̂i,f =
1

nf
tr

(


i↔B

Q̂i,f

)
1̂f +

1

TR,f



a

tr

(


i↔B

Q̂i,f ▷̂
a
f

)
▷̂a
f

=
1

nf
tr

(


i↔B

Qi,f

)
1̂f +

1

TR,f



a

tr

(


i↔B

Qi,f▷
a
f

)
▷̂a
f

= f̄B̄ + f̄a
B̄ , B̄ ∞ { v, a } , f ⇔ { l, h } .

(2.190)

2.3.3 Neutral Current

To analyse the admissible flavour factors, we begin with the neutral current, whose
vertices are mass-preserving. Here the simplest factors are flavour factors composed
entirely of traces, free of any accompanying matrices. The first of these is the trace
of a product of two quark charge matrices, written in the list notation of Eq. (2.188),

≃f{ i,j }↘g ⇐ tr(QiQj)

= ≃l{ i,j }↘g + ≃h{ i,j }↘g .
(2.191)

In deriving this, we have used that the charge matrices are diagonal by assumption and
split into light and heavy blocks as in Eq. (2.181). Since diagonal matrices commute,
this flavour factor is symmetric in i and j. It corresponds to Figs. 2.4.1 and 2.4.2, in
which both vector bosons attach to the same closed quark line.
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The next factor arises from the product of traces of individual quark charge ma-
trices,

≃f{ i }f{ j }↘g ⇐ tr(Qi) tr(Qj)

= ≃l{ i }l{ j }↘g + ≃l{ i }h{ j }↘g + ≃h{ i }l{ j }↘g + ≃h{ i }h{ j }↘g .
(2.192)

Here the resulting flavour factors are symmetric in i and j only when the corresponding
quark lines are of the same type, since the charge matrices may di”er between the
light and heavy quark flavours. These factors correspond to Figs. 2.4.3 to 2.4.6, in
which the two vector bosons attach to separate closed quark lines. Both of the above
flavour factors arise exclusively in processes with external gluons or ghosts.

Analogous flavour factors emerge for external quarks, now multiplied by the flavour
unit matrix, Eq. (2.184), to account for the external quark flavour. The first is the
trace of a product of quark charge matrices, multiplied by the flavour unit matrix,

≃f{ i,j }↘q ⇐ tr(QiQj) 1f
= ≃l{ i,j }↘q + ≃h{ i,j }↘q .

(2.193)

These flavour factors correspond to Figs. 2.4.7 and 2.4.8, which feature an open quark
line together with both vector bosons attached to the same closed quark loop. The
second is the product of traces of the individual quark charge matrices, multiplied by
the unit matrix,

≃f{ i }f{ j }↘q ⇐ tr(Qi) tr(Qj) 1f
= ≃l{ i }l{ j }↘q + ≃l{ i }h{ j }↘q + ≃h{ i }l{ j }↘q + ≃h{ i }h{ j }↘q .

(2.194)

Realising these flavour factors, Figs. 2.4.9 to 2.4.12 feature an open quark line together
with the two vector bosons attached to separate closed quark lines.

Further flavour factors arise by tracing over only a subset of the quark charge
matrices. For a product of two charge matrices with no trace taken, we find

≃f{ i,j }↘q ⇐ QiQj

= ≃la{ i,j }↘q + ≃l{ i,j }↘q + ≃ha
{ i,j }↘q + ≃h{ i,j }↘q ,

(2.195)

where we have applied the decomposition of the quark charge matrices in Eq. (2.190).
The commutativity of diagonal matrices again renders this flavour factor symmetric
in i and j. It corresponds to Fig. 2.4.13, in which both vector bosons attach to the
same open quark line.

Lastly, a flavour factor emerges from taking a trace over only a single charge
matrix,

≃f{ i }f{ j }↘q ⇐ Qi tr
(
Qj

)

= ≃la{ i }l{ j }↘q + ≃l{ i }l{ j }↘q + ≃la{ i }h{ j }↘q + ≃l{ i }h{ j }↘q

+ ≃ha
{ i }h{ j }↘q + ≃h{ i }h{ j }↘q + ≃ha

{ i }l{ j }↘q + ≃h{ i }l{ j }↘q ,
(2.196)

where we have again decomposed the matrices as in the previous case. By construc-
tion, this flavour factor is not symmetric. It corresponds to Figs. 2.4.14 and 2.4.15,
in which the two vector bosons attach respectively to a closed quark line and to an
open quark line. Flavour factors involving external quark lines receive contributions
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Figure 2.4: Representative Feynman graphs illustrating the flavour factors that arise
in neutral current forward-scattering amplitudes. Light quarks li are drawn as solid
black lines, heavy quarks hi as solid green lines, and vector bosons are labelled bi.
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from both light and heavy flavours. Since we restrict our attention to external light
quarks, we project onto the corresponding subspace by multiplying with the embedded
light-flavour unit matrix, Eq. (2.182).

The flavour factors obtained through combinatorial analysis of the trace factors
and from the graph-theoretic classification (see Subsec. 2.3.1) agree, providing a con-
sistency check that indeed all flavour factors have been accounted for.

2.3.4 Charged Current

Conceptual problems arise if we work within the full electroweak theory at leading
order in the weak coupling. Within this setting, the assumption of nl light and nh

heavy quark flavours becomes inconsistent. Before electroweak symmetry breaking
there are nl + nh massless quark flavours in total.

After symmetry breaking, the transition from the flavour basis to the mass basis
ceases to be well defined, because under our assumption the mass matrices are already
diagonal, with zeros and a single mass m along the diagonal. Ordering the flavours
so that the light ones come first and the heavy ones second renders the mass ma-
trix block-diagonal, with a null block and a block proportional to the identity. Any
unitary transformation of the flavour basis then preserves the diagonality of both
blocks. The CKM matrix [140, 141], however, is defined as the product of the trans-
formations diagonalising the up- and down-type mass matrices, and therefore fails to
be uniquely determined under these assumptions. Introducing an external current
that represents only the flavour-changing charged current weak interaction resolves
the non-uniqueness; its coupling constants are precisely the ordinary CKM matrix
elements or their complex conjugates.

To define the charge matrices, we denote the set of flavours by F . These flavours
decompose simultaneously along two orthogonal axes, into light and heavy flavours
on the one hand and into up-type and down-type flavours on the other. The first
decomposition reads

F = Fl ∈Fh , (2.197)

U = Ul ∈Uh , (2.198)

D = Dl ∈Dh , (2.199)

whilst the second gives

Fl = Ul ∈Dl , (2.200)

Fh = Uh ∈Dh . (2.201)

Unlike the neutral current case, the sizes of these sets are no longer unconstrained
once flavour-changing transitions are admitted. In particular, there must be equal
numbers of up- and down-type quarks, which forces the total number of flavours to
be even,

|U | = |D | ↑ |F | = 2m, m ⇔ N . (2.202)

For the flavour-changing transitions, we let Vij denote a CKM matrix element,
which is in general complex. Unitarity of the CKM matrix then implies



k↔X

Vi,kV
→
k,j = ϖi,j , i, j ⇔ F → X , X ⇔ {U ,D } . (2.203)
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Because quarks cannot transition from up-type to up-type, nor from down-type to
down-type, we define the charge matrix through

Qij = 0 , i, j ⇔ U , i, j ⇔ D . (2.204)

Next we compute the product of two charge matrices from which the flavour factors
are built,



f↔F

QifQfj =


u↔U

QiuQuj +


d↔D

QidQdj

=







u↔U V →

uiVuj, i, j ⇔ D ,

0, (i ⇔ D ∋ j ⇔ U ) △ (j ⇔ D ∋ i ⇔ U ) ,


d↔D VdiV
→
dj, i, j ⇔ U ,

= ϖi,j , i, j ⇔ F .

(2.205)

Here we have used the unitarity of the CKM matrix, Eq. (2.203), which implies that
the charge matrix is involutory. Naively, we might conclude from this that the flavour
factors become trivial for charged currents. This is not the case, however, since the
flavour factors are weighted by matrix elements that di”er between the massive and
the massless flavours.

As in the neutral current, we need a decomposition of the flavour factors. First
we observe that traces of a single charge matrix vanish, since the diagonal entries are
zero by construction, Eq. (2.204),

trQ = 0 . (2.206)

For the product of two charge matrices, the flavour factors require modification, since
transitions between light and heavy quarks are not captured by our previous notation.
In general, the charge matrix admits the block decomposition

Q =

(
Ql Q[lh]

Q[hl] Qh

)
, (2.207)

where Q[lh] and Q[hl] are rectangular matrices of size nl ↗ nh and nh ↗ nl respectively,
encoding the o”-diagonal couplings. Accordingly, we must allow for mixed quark lines
[lh] and [hl], denoting transitions from a light to a heavy flavour and vice versa. With
this notation at hand, we decompose the charge matrix as

Q = Q̂l + Q̂h + Q̂[hl] + Q̂[lh] , (2.208)

where Q̂l and Q̂h are embeddings of the light and heavy diagonal blocks, whilst Q̂[lh]

and Q̂[hl] are embeddings of the o”-diagonal blocks.
To evaluate traces of products of charge matrices, we exploit a simple structural

property. Any matrix that splits into a block-diagonal part D and a block-anti-
diagonal part A satisfies

Q = D + A =↔ Q2 = D2 + A2 +DA+ AD , (2.209)

whose components evaluate to
(
D2

)
ij
=



k

DikDkj = D2

ii ϖij , (2.210)
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(
A2

)
ij
=



k

AikAkj = Ai,n+1↑i An+1↑i,j ϖij , (2.211)

(
DA

)
ij
= DiiAij , (2.212)

(
AD

)
ij
= AijDjj . (2.213)

Hence D2 and A2 are diagonal, whereas DA and AD remain anti-diagonal and there-
fore drop out under the trace, leaving

tr
(
Q2

)
= tr

(
D2

)
+ tr

(
A2

)
. (2.214)

Applying Eq. (2.214) to the charge matrix, with Q̂l and Q̂h forming the block-
diagonal part and Q̂[lh] and Q̂[hl] forming the block-o”-diagonal part, we obtain for
closed fermion lines

tr(QiQj) = tr
(
Q̂l,iQ̂l,j

)
+ tr

(
Q̂h,iQ̂h,j

)
+ tr

(
Q̂[lh],iQ̂[hl],j

)
+ tr

(
Q̂[hl],iQ̂[lh],j

)
. (2.215)

From Eq. (2.215) we can directly read o” the flavour factors for the gluon-initiated
processes, that is, those without an open quark line, in which the two vector bosons
couple to the same closed quark loop. The first two terms give rise to diagonal flavour
factors analogous to those already obtained for the neutral current. By contrast, the
remaining two terms define genuinely new flavour factors, which we denote by

≃[lh]↘g{ i,j } ⇐ tr
(
Q̂[lh],iQ̂[hl],j

)
, (2.216)

≃[hl]↘g{ i,j } ⇐ tr
(
Q̂[hl],iQ̂[lh],j

)
. (2.217)

Similarly, for quark-initiated processes in which the two vector bosons couple to a
closed quark loop, we find

≃[lh]↘q{ i,j } ⇐ tr
(
Q̂[lh],iQ̂[hl],j

)
1f , (2.218)

≃[hl]↘q{ i,j } ⇐ tr
(
Q̂[hl],iQ̂[lh],j

)
1f . (2.219)

All of the flavour factors in Eqs. (2.216)–(2.219) correspond to Figs. 2.5.16 to 2.5.19,
with one closed fermion line to which both external currents are attached.

The case of open quark lines, as in Fig. 2.5.20, requires more care. Since we
are computing the forward-scattering amplitude, the flavours of the incoming and
outgoing external quarks must coincide. For purely kinematic reasons, transitions
from a heavy to a light quark on an open line are therefore excluded,

p2 = 0 ↙▽ p2 = m2 ̸m ↙= 0 ⇔ C . (2.220)

Forming the product of two charge matrices and projecting onto the diagonal part,
we obtain

Diag(QiQj) =

Q̂l,iQ̂l,j 1̂l + Q̂h,iQ̂h,j 1̂h


+

Q̂[lh],iQ̂[hl],j 1̂l + Q̂[hl],iQ̂[lh],j 1̂h


. (2.221)

As before, the first two terms are analogous to the neutral current contributions,
whilst the remaining two capture the new structures that arise from the mass-changing
transitions. Focusing on the new contributions, which are respectively nl ↗ nl and
nh ↗ nh dimensional matrices, we find that they admit the decomposition

Q̂[lh],iQ̂[hl],j 1̂l = ≃[lh]a{ i,j }↘
q + ≃[lh]{ i,j }↘

q , (2.222)
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Q̂[hl],iQ̂[lh],j 1̂h = ≃[hl]a{ i,j }↘
q + ≃[hl]a{ i,j }↘

q . (2.223)

In the non-singlet contribution, as for the neutral current, only the diagonal gen-
erators play a role, since the forward-scattering kinematics conserves flavour along
each open line. Once again we take the external lines to be light, thereby projecting
out the heavy-quark contributions.
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Figure 2.5: Representative Feynman graphs illustrating the flavour factors that ex-
clusively arise in charged current forward-scattering amplitudes. Light quarks li are
drawn as solid black lines, heavy quarks hi as solid green lines, and vector bosons are
labelled bi.

2.3.5 Flavour Decomposition

Next we analyse the flavour factors involving traces over flavour-group generators.
Quarks, whether light or heavy, are partially characterised by their quantum numbers,
namely their electric charges and weak isospins. As already mentioned, these quantum
numbers partition the flavour space into up-type and down-type sectors, thereby
decomposing any set of flavours F into the subsets U and D . For a matrix in
flavour space, we define the trace as

trF (▷) =


f↔F

▷ff , (2.224)

where ▷ is an arbitrary flavour matrix. This definition coincides with the standard
trace over flavour matrices, but has the advantage that the summation can be readily
restricted to a subset of flavours.

With this notation at hand, we now prove the following lemma, which allows us
to re-express traces over the full flavour space, involving products of charge matrices
and flavour generators, in terms of traces over the up-type flavours alone.
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Lemma: Let F be the disjoint union of the finite sets U and D , and let ▷ be a
traceless matrix, trF (▷) = 0. Then



f↔F

cf▷! = (cU → cD) trU (▷) if cf =


cU , if f ⇔ U ,

cD , if f ⇔ D .
(2.225)

Proof. To establish the identity, we proceed by direct computation, splitting the index
set of the sum into the disjoint subsets U and D ,



f↔F

cf▷ff =


f↔U

cU ▷ff +


f↔D

cD▷ff

=


f↔U

(
(cU → cD) + cD

)
▷ff +



f↔D

cD▷ff

= (cU → cD)


f↔U

▷ff + cD



f↔D⇐U

▷ff

= (cU → cD)


f↔U

▷ff + cD



f↔F

▷ff

= (cU → cD) trU (▷) + cD trF (▷)

= (cU → cD) trU (▷)

where the last step uses the tracelessness. An analogous identity, di”ering only by an
overall sign, holds for the complementary subset upon interchanging U and D .

The preceding analysis of the flavour factors, and in particular Eq. (2.190), shows
that the partonic invariants naturally decompose into non-singlet and pure-singlet
contributions. In the case of external quarks, the partonic invariants take the form

Ti,q(p, q) =


a

T a
i,q(p, q)▷̂

a
l + T ps

i,q(p, q)1̂l , i ⇔ {L, 2, 3 } (2.226)

whilst for external gluons and ghosts, no such decomposition is needed, since only the
pure-singlet part survives.

The non-singlet component is isolated by inserting a light-flavour generator and
tracing the product, whereas the pure-singlet component follows from the trace alone.
Explicitly, the two components are defined by

T ns

i,q(p, q) ⇐


a

1

TR,l
tr
(
Ti,q(p, q)▷̂

a
l

)

=


N

(
1

2xB

)N 

a

AN
a,q(p)C

N
i,a(q)

TR,l
, i ⇔ {L, 2, 3 } ,

T ps

i,q(p, q) ⇐
1

nl

tr
(
Ti,q(p, q)

)

=


N

(
1

2xB

)N 

k↔S

AN
k,q(p)C

N
i,k(q)

nl

, i ⇔ {L, 2, 3 } .

(2.227)
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In the non-singlet case, each coe!cient function is a single monomial in the flavour
factors. With Fa denoting the set of all non-singlet flavour factors, it follows that

T ns

i,q(p, q) =


N

(
1

2xB

)N 

a

AN
a,q(p)C

N
i,a(q)

TR,l

=


N

(
1

2xB

)N 

a



Fa↔Fa

AN
a,q(p)Fa

TR,l

dCN
i,a(q)

dFa

=


N

(
1

2xB

)N
(


a

trU (▷̂a
l
)

TR,l
AN

a,q(p)

)(


Fa↔Fa

Fa

trU (▷̂a
l
)

dCN
i,a(q)

dFa

)

⇐


N

(
1

2xB

)N

AN
ns
CN

i,ns(q) , i ⇔ {L, 2, 3 } .

(2.228)

Here we have used the fact that both the derivatives of the coe!cient functions and the
ratios of flavour factors are independent of the flavour generators. As a consequence,
the non-singlet coe!cient functions carry no dependence on the flavour index a, since
all traces over the light-flavour generators cancel [36].

For the calculation of the Mellin moments of the coe!cient functions, the flavour
factors enter only as overall multiplicative prefactors. There is therefore no need to
compute the pure-singlet and non-singlet contributions separately, since both follow
from the singlet result upon substituting the appropriate flavour factors. In what
follows, we accordingly confine our attention to the singlet case.

This factorisation, Eq. (2.228), holds for all flavour factors, and in principle we are
free to extract any one flavour factor and absorb it into the operator matrix element.
A common convention extracts the flavour factor whenever it is a trace over two
charge matrices. This normalisation works for the VV and AV structures but not the
AA case, where the non-singlet flavour factor vanishes for physical processes. In the
pure-singlet sector, extracting flavour factors would impose an artificial asymmetry
between the light and heavy internal flavours, so we refrain from it here. Conversion
to the standard conventions is nevertheless straightforward, as the di”erences amount
only to overall multiplicative factors.

Treating the partonic invariants as formal monomials in the flavour factors, that is,
disregarding the process-dependent values these factors take, we obtain the following
relation between the charged- and neutral current cases,

TNC

i,p =


b1,b2↔{ a,v }

(
1→ ≃[hl]↘p{ b1,b2 }

0

0≃[hl]↘p{ b1,b2 }
→ ≃[lh]↘p{ b1,b2 }

0

0≃[lh]↘p{ b1,b2 }

→ ϖqp


a

≃[lh]↘a{ b1,b2 }
0

0≃[lh]a↘q{ b1,b2 }

)
TCC

i,p , i ⇔ {L, 2, 3 } , p ⇔ S .
(2.229)

Consequently, the charged current case requires only the additional evaluation of
amplitudes with mass-changing currents, the remainder being inherited directly from
the neutral current computation.

2.3.6 Coupling Constants

At this point, the calculation connects to physical observables. The objects considered
so far, namely arbitrary vector and axial-vector currents, acquire physical meaning
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only once specific flavour factors are supplied. This is what lets us compute the
coe!cient functions independently for each combination of vector and axial-vector
currents, since the physical result is always assembled from them. Moreover, as shown
earlier, the pure-singlet and non-singlet contributions need not be separated, since all
of this information is absorbed into the flavour factors.

Here we focus on the neutral current case, since the charged current contributions
are fixed entirely by the CKM matrix. It remains to give the explicit values of the
relevant flavour factors. Within the electroweak theory, the charge-matrix entries
are set by the electromagnetic charge qf , the weak isospin T3,f , and the electroweak
mixing angle ϱW [142, 143]. The first two quantities split the quark flavours into up-
type and down-type sectors, which is the decomposition introduced earlier. With this
split, the charge matrices take the form

Q↼v,b1b2 = qfϖb1b2 b1, b2 ⇔ { v, a } , (2.230)

Q↼a,b1b2 = 0 b1, b2 ⇔ { v, a } , (2.231)

QZv,b1b2 =
1
2
T3,f → qf sin

2 ϱW

ϖb1b2 b1, b2 ⇔ { v, a } , (2.232)

QZa,b1b2 = T3,fϖb1b2 b1, b2 ⇔ { v, a } . (2.233)

The photon couplings follow from the Z-boson expressions for suitable values of
the weak mixing angle and weak isospin. It therefore su!ces to treat the Z-boson
case, for which the traces entering the pure-singlet coe!cient functions read

tr(QZa) =


f↔F

T3,f , (2.234)

tr(QZv) =


f↔F

1
2
T3,f → qf sin

2 ϱW

, (2.235)

tr(QZvQZv) =


f↔F

1
2
T3,f → qf sin

2 ϱW
2

, (2.236)

tr(QZaQZa) =


f↔F

T 2

3,f , (2.237)

tr(QZaQZv) =


f↔F

T3,f

1
2
T3,f → qf sin

2 ϱW

. (2.238)

By the lemma, the corresponding traces entering the non-singlet coe!cient functions
read, where the subscripts U and D denote the up- and down-type values respectively,

tr(QZa▷
a) =

1

2


T3,U → T3,D) trU (▷a


, (2.239)

tr(QZv▷
a) =

1
2
(T3,U → T3,D)→ (qU → qD) sin

2 ϱW

trU (▷a) , (2.240)

tr(QZvQZv▷
a) =


(q2U → q2D) sin

4 ϱW

→ (T3,U qU → T3,DqD) sin
2 ϱW


trU (▷a) ,

(2.241)

tr(QZaQZa▷
a) = 0 , (2.242)

tr(QZaQZv▷
a) =


→ (T3,U qU → T3,DqD) sin

2 ϱW

trU (▷a) . (2.243)
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Down, down, down. Would the fall never come to an
end!

“I wonder how many miles I’ve fallen by this time?”
she said aloud. “I must be getting somewhere near
the centre of the earth. Let me see: that would be
four thousand miles down, I think–”

(for, you see, Alice had learnt several things of this
sort in her lessons in the schoolroom, and though this
was not a very good opportunity for showing o” her
knowledge, as there was no one to listen to her, still
it was good practice to say it over)

“–yes, that’s about the right distance–but then I
wonder what Latitude or Longitude I’ve got to?”

(Alice had no idea what Latitude was, or Longitude
either, but thought they were nice grand words to
say.)

— Alice’s Adventures in Wonderland, Lewis Carroll
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Chapter 3

Feynman Integrals

This chapter lays the computational groundwork for the calculation of heavy-quark
coe!cient functions at higher loop orders, forming a substantial part of the present
work. Rather than aiming for mathematical completeness, a task well beyond the
scope of a thesis in phenomenology, the presentation prioritises clarity and practical
utility, with definitions accompanied throughout by worked examples. Standard ref-
erences for parts of the material discussed in this chapter are [110–112], where the
computation of Feynman integrals is discussed in great detail.

Three topics are covered in turn. The first concerns the integral representation of
Feynman integrals, examined in detail as it forms the foundation for the symmetry
analysis and the optimisation of integral families. Within this framework, criteria
for identifying factorisable integrals are derived, drawing on a connection between
factorisation and the structure of graph polynomials that appears not to have been
treated systematically in the literature. Moreover, the combinatorial complexity of
analysing symmetries of Feynman integrals via the Lee–Pomeransky polynomial is
assessed, a result that is, to the best of our knowledge, new.

Next, dimensional regularisation and integration by parts are introduced, estab-
lishing the framework for the reduction of Feynman integrals to master integrals.

The computation of the master integrals via di”erential equations forms the third
topic, covering dimensional shift relations, the construction of an ε-factorised basis,
the determination of boundary values through expansion by subgraphs, and the in-
tegration of the resulting systems in terms of iterated integrals. Conciseness is a
necessity here, as the sheer complexity of the calculations of the following chapter
precludes explicit illustration, with the focus lying on establishing the notation and
conventions employed throughout.

3.1 Integral Representations

3.1.1 Momentum-Space Representation

Throughout this section, we restrict attention to Feynman integrals that admit a
graphical representation, in contrast to the general case in which the number of prop-
agators is left unconstrained. This restriction imposes an upper bound on the number
of propagators, dictated by the topological constraints encoded in the Euler charac-
teristic. Henceforth, & denotes a graph with C connected components, E internal
edges, N external edges, V vertices, and L independent loops. These quantities are
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58 CHAPTER 3. FEYNMAN INTEGRALS

related by
L = E → V + C . (3.1)

The independence of the loops is essential, since a graph may contain additional
cycles, not all of which are fundamental in the sense of algebraic topology. To each
independent loop we assign an internal momentum kl, and to each external edge an
external momentum pn. The external edges are oriented such that all momenta are
incoming, subject to overall momentum conservation,

N

n=1

pn = 0 . (3.2)

Each internal edge carries a mass mi and an edge momentum qe, the latter being
defined such that the momenta at every vertex sum to zero. The Feynman propagator
reads

DF(qe,me) =
1

q2e →m2
e + iςe

, (3.3)

where ςe is an infinitesimal positive constant, in general di”erent for each internal
edge, encoding the Feynman pole prescription and thereby enforcing causality. Edge
momenta are linear combinations of the internal and external momenta,

qe =
L

l=1

◁k,elkl +
N↑1

n=1

◁p,enpn , (3.4)

where the second sum runs over only N → 1 of the external momenta, since the
remaining one is fixed by momentum conservation, Eq. (3.2). The coe!cients ◁k,el

and ◁p,en take values in C in full generality, though without much loss of generality
their values may be restricted to the incidence set

X = {→1, 0, 1 } . (3.5)

With this notation in place, we assign to each propagator a weight 3̂e, and the Feyn-
man integral of the graph & is formally defined in D space-time dimensions as

Îε̂1...ε̂E(&;D, p,m) = CL,D

∫ L

l=1

dDkl
iϑD/2

E

e=1

[DF(qe,me)]
ε̂eN (k,p,m) . (3.6)

Here CL,D is a normalisation constant left unspecified for the time being, N denotes
a numerator function regular in all its arguments, and the symbols k, p, m stand for
vectors collecting the loop momenta, external momenta, and masses respectively.

At first sight, the Feynman integral depends on a large number of parameters,
though not all are independent owing to the constraints already established. Mo-
mentum conservation reduces the number of independent external momenta by one,
and Lorentz symmetry further dictates that the integral may depend only on scalar
invariants. The latter consist of the masses associated with each internal edge, to-
gether with the scalar products formed from the external momenta. Products of a
momentum with itself are referred to as scales, whilst those involving two distinct mo-
menta are called angles. Accounting for momentum conservation, the total number
of independent invariants is

Sext =
N(N → 1)

2
+ E . (3.7)
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For convenience, we collect all invariants, comprising the masses, scales, and angles,
into a single vector x. The Feynman integral in Eq. (3.6) then takes the form

Iε̂1...ε̂E(&;D,x) = CL,D

∫ L

l=1

dDkl
iϑD/2

E

e=1

[DF(qe(x),me)]
ε̂eN (k,x) . (3.8)

Henceforth, we take the numerator to be a scalar function. This entails no loss
of generality, since by linearity and Lorentz symmetry any tensor-valued numerator
decomposes into a linear combination of tensors constructed from the metric tensor
g, the totally antisymmetric tensor ⇁, and the external momenta pn, with coe!cients
that are functions of the scalar products involving internal and external momenta as
well as the space-time dimension [144].

Our aim is to express the numerator in terms of the propagators, thereby allowing
us to write the full integral as a linear combination of integrals with di”erent weights.
To this end, we first observe that the number of independent scalar products that
may be formed from the internal and external momenta is

Sint =
L(L+ 1)

2
+ L(N → 1) . (3.9)

Collecting all such scalar products into a vector s, this number generally exceeds
the number of propagators, so that a bijection between the two sets need not exist.
The set of propagators appearing in a Feynman integral is henceforth referred to as
a family. Neglecting the infinitesimal constants, the inverse propagators are a!ne
functions of the form

1

DF(qe,me)
=

Sint

i=1

cint,e,isi +
Sext

i=1

cext,e,ixi . (3.10)

Whenever the coe!cient matrix cint,e,i does not have full rank, the family is said to
be incomplete. Such a family may be completed by iteratively adjoining auxiliary
propagators, each addition raising the rank of the matrix, until full rank is reached,
at which point the family is termed complete. Given a complete family F , we denote
the corresponding integral by

Fε1...εSint
(D,x) = CL,D

∫ L

l=1

dDkl
iϑD/2

E

e=1

[DF(qe(x),me)]
εe

Sint

e=E+1

[DF(qe(x),me)]
εe ,
(3.11)

where the first product runs over the original propagators of the graph and the second
over the auxiliary ones, the latter factor being absent whenever no auxiliary propaga-
tors are required. The embedding of the original propagators into a complete family
is not unique, since di”erent choices of auxiliary propagators give rise to distinct fam-
ilies. By linearity of the integral, any such integral may be expressed as a finite linear
combination

Iε̂1...ε̂E(&;D,x) =


i↔N

ci(x)Fεi,1...εi,Sint
(D,x) , (3.12)

with all but finitely many coe!cients ci vanishing. In particular, the embedding of
a given integral into a family need not be unique, and di”erent choices of auxiliary
propagators may yield distinct but equivalent representations.
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Example 1: Consider the one-loop family FB,ε1ε2, defined by a single external mo-
mentum q, two massive propagators with masses m1 and m2, edge momenta q1 = k1
and q2 = k1 + q, and weights 31 and 32,

FB,ε1ε2(D,xB) = C1,D

∫
dDk1
iϑD/2

1[
k2 →m2

1
+ iς1

]ε1[(k + q)2 →m2

2
+ iς2

]ε2 . (3.13)

This family is complete, since the two propagators span all scalar products involving
the internal momentum k.

As a consequence of the foregoing discussion, any Feynman integral, including
those with tensor numerators, may be expressed as a linear combination of scalar
integrals. Partial fractioning further extends the applicability of this strategy beyond
the topological constraints. Indeed, for me,1 ↙= me,2, a product of propagators sharing
the same momentum decomposes as

DF(qe,me,1)DF(qe,me,2) =
1

m2

e,1 →m2

e,2

[DF(qe,me,1)→DF(qe,me,2)] , (3.14)

and repeated application allows any number of masses associated with a given edge
momentum qe to be reduced to the case of a single mass. In a similar vein, partial
fraction decomposition permits us to consider integrands corresponding to integrals
with more propagators than available edges, even when the resulting terms no longer
admit a graphical interpretation. Such integrands are then replaced by ones obtained
via partial fractioning, for which several algorithmic approaches exist, including those
based on Gröbner bases [145] and the Leinartas decomposition [146, 147]. Further
details are omitted, since the calculations considered in this thesis involve only a
single external momentum, for which such a decomposition is not needed.

3.1.2 Schwinger Representation

As defined, Feynman integrals are purely formal objects, and whether they carry a
well-defined meaning is not clear a priori. Two potential issues arise. First, the propa-
gators should be properly regarded as tempered distributions [148], so their pointwise
product is in general ill-defined [149]. Treating the pole-prescription parameters ςe as
finite regulators circumvents this di!culty [150]. Second, the integral may diverge in
the ultraviolet, as kl ↑ ↖, or in the infrared, as kl ↑ 0.

An alternative representation is therefore needed in order to regularise these in-
tegrals and endow them with a precise meaning. Assuming for the moment that all
weights 3e are strictly positive, such a representation is obtained by substituting for
each propagator

1[
q2e(x)→m2

e

]εe =
1

&(3e)

∫

R+

dae a
εe↑1

e e↑ae(q2e(x)↑m2
e) . (3.15)

Repeated application of this identity transforms the Feynman integral, Eq. (3.11),
into a Gaussian integral [151],

Fε1...εSint
(D,x) = CL,D

1
Sint

e=1
&(3e)

∫

RSint
+

dSinta
Sint

e=1

aεe↑1

e

↗
∫ L

l=1

dDki
iϑD/2

exp

(
→

Sint

e=1

ae(q
2

e(x)→m2

e)

)
.

(3.16)
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The exponent in Eq. (3.16) is a quadratic polynomial in the internal momenta kl, and
is therefore determined by a matrix M , a vector V , and a scalar S,

→
Sint

e=1

ae(q
2

e →m2

e) = →
L

i=1

L

j=1

kiMij(a)kj + 2
L

i=1

Vi(a)ki + S(a,x) . (3.17)

By virtue of the integration domain of the ae parameters, the matrix M is symmetric
and positive definite. Wick rotating the energy components of the internal momenta,
kl,0 7↑ ikl,0, then allows all internal momenta to be integrated out through the stan-
dard Gaussian integral [152],

∫

RLD

dLDy exp
(
→yTMy + 2V y + S

)
= ϑLD/2 [detM ]↑1/2 exp

(
V TM↑1V + S

)
,

(3.18)
yielding

Fε1...εSint
(D,x) =

CL,DSint

e=1
&(3e)

∫

RSint
+

dSinta
Sint

e=1

aεe↑1

e [U(a)]↑D/2 exp

(
→F(a,x)

U(a)

)
.

(3.19)
Here we have introduced the first and second graph polynomials [90, 91], defined re-
spectively by

U(a) = det(M) , (3.20)

F(a,x) = det(M)(V TM↑1V + S) . (3.21)

For integrals admitting a graphical representation, an equivalent topological definition
exists in terms of spanning trees and forests, making no reference to the momenta.
The present definition is more straightforward to implement, whereas the topological
one is of greater structural interest by virtue of its recursive nature [153].

Although not immediately apparent from their definitions in Eqs. (3.20) and (3.21),
the graph polynomials are in fact independent of the momentum routing, that is, they
are invariant under shifts and rotations of the internal momenta,

k 7↑ Rk +Q(x) with det(R) = ±1 , (3.22)

where R is an L↗L matrix and Q is an L-dimensional vector. Such transformations
leave the measure invariant, yet the quadratic polynomial in Eq. (3.17) transforms
non-trivially,

M ⇒ = RTMR , (3.23)

V ⇒ = RTV →RTQM , (3.24)

S ⇒ = S + 2V Q→QTMQ. (3.25)

Inserting Eqs. (3.23) to (3.25) into Eqs. (3.20) and (3.21), we confirm by an elementary
calculation that indeed

U ⇒(a) = U(a) , (3.26)

F ⇒(a,x) = F(a,x) . (3.27)

The graph polynomials are therefore invariant under momentum re-routing. Further-
more, they are homogeneous polynomials of degrees L and L+ 1 respectively.
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Example 2: For the family FB,ε1,ε2 (see Ex. 1), we readily determine the quadratic
polynomial in the exponent,

→a1q
2

1
→ a2q

2

2
= →a1

(
k2 →m2

1

)
→ a2

(
k2 + 2k · q + q2 →m2

2

)
. (3.28)

Reading o! the coe”cients, and noting that all three are scalars for a one-loop integral,
gives

M = a1 + a2 , (3.29)

V = →a2q , (3.30)

S = →a1m
2

1
→ a2(q

2 →m2

2
) . (3.31)

A straightforward calculation then yields the first and second graph polynomials,

U(a) = a1 + a2 , (3.32)

F(a) = a1a2q
2 + a1m

2

1
+ a2m

2

2
. (3.33)

The first graph polynomial provides a readily verifiable criterion for whether a
Feynman integral factorises into integrals involving fewer internal momenta. In mo-
mentum space, an integral factorises whenever the internal momenta admit a partition
into two disjoint sets such that each edge momentum qe depends on the internal mo-
menta in only one of the two sets. Repeated application extends this criterion to
factorisations into arbitrarily many factors. When such a partition exists, the inte-
gration over each set of internal momenta may be performed separately.

Verifying this directly is, however, not straightforward, since it requires identifying
the appropriate transformation. Passing to the parametric representation, the factori-
sation of a Feynman integral implies a partition of the parameters ae into disjoint sets
A1 and A2 and amounts to

U(a) = U1(a1)U2(a2) with ae ⇔ Ai ▽ ae /⇔ Aj ̸i ↙= j . (3.34)

Here, ai denotes the vector of edge parameters belonging to the set Ai. This condition
implies that the matrix M must be block diagonal, since we require not only that the
determinant factorise, but also that each factor depends on a distinct set of parameters
Ai, a requirement that would be violated by the presence of o”-diagonal blocks,

M = M1 ′M2 . (3.35)

Such a block-diagonal structure naturally partitions the internal momenta, with both
the vector and scalar terms in the quadratic polynomial splitting accordingly. It
should be noted, however, that the second graph polynomial need not factorise simply
because the first does.

Example 3: Consider four edge momenta q1 = k1, q2 = k1 + q, q3 = k2, q4 = k2 + q
and vanishing masses. Taking all propagators into account simultaneously, the graph
polynomials read

U(a) = a1a3 + a1a4 + a2a3 + a2a4 , (3.36)

F(a,x) = q2(a1a2a3 + a1a2a4 + a1a3a4 + a2a3a4) . (3.37)
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Restricting instead to each pair of propagators sharing a common internal momentum,
we find

U(a1) = a1 + a2 , (3.38)

F(a1,x) = q2(a1a2) , (3.39)

U(a2) = a3 + a4 , (3.40)

F(a2,x) = q2(a3a4) . (3.41)

The first graph polynomial factorises as U(a) = U(a1) · U(a2), yet the second does
not.

Returning to the parametric representation of the Feynman integral in Eq. (3.19),
we may simplify it by inserting the identity

1 =

∫

R+

dt ϖ

(
t→

Sint

e=1

ae

)
, (3.42)

which is valid since all âe are strictly positive. Upon substituting this factor, rescaling
ae 7↑ ωet, and exploiting the fact that F and U are homogeneous polynomials of
degrees L+ 1 and L respectively, we obtain

Fε1...εSint
(D,x) =

CL,DSint

e=1
&(3e)

∫

RSint
+

dSinta ϖ

(
1→

Sint

e=1

ωe

) Sint

e=1

ωεe↑1

e [U(ω)]↑D/2

↗
∫

R+

dt tε↑LD/2↑1 exp

(
→F(ω,x)

U(ω)
t

)
.

(3.43)

The remaining t-integral is recognised as a Gamma function under the substitution
t 7↑ U(ω)/F(ω,x) · t. This yields the Schwinger representation, where 3 =

Sint

e=1
3e

denotes the total weight,

Fε1...εSint
(D,x) = CL,D

&(3 → LD/2)
Sint

e=1
&(3e)

∫

RSint
+

dSintω ϖ

(
1→

Sint

e=1

ωe

)

↗
Sint

e=1

ωεe↑1

e

[U(ω)]ε↑(L+1)D/2

[F(ω,x)]ε↑LD/2
.

(3.44)

As it stands, the Schwinger representation applies only to integrals with strictly pos-
itive propagator weights. In order to extend its range of validity and accommodate
propagators that are either absent or appear in the numerator, we note that for non-
positive weights the substitution instead reads

1[
q2e(x)→m2

e

]εe = (→1)εe
0↑εe

0ω↑εe
e

e↑ϱe(q2e(x)↑m2
e)


ϱe=0

. (3.45)

To unify both cases, we introduce the shorthand

d(ωe, 3e) =






dωe
ωεe↑1

e

&(3e)
, 0 < 3e ,

dωe (→1)εe
0↑εe

0ω↑εe
e

ϖ(ωe) , 3e ⇒ 0 .
(3.46)
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Both expressions scale identically under ωe 7↑ ▷ωe. The Schwinger representation,
Eq. (3.19) thereby generalises to

Fε1...εSint
(D,x) = CL,D&(3 → LD/2)

∫

RSint
+

Sint

e=1

d(ωe, 3e)

↗ ϖ

(
1→

Sint

e=1

ωe

)
[U(ω)]ε↑(L+1)D/2

[F(ω,x)]ε↑LD/2
,

(3.47)

where the right-hand side, initially defined for integer weights 3e, admits an ana-
lytic continuation to complex-valued weights. A notable distinction between the
momentum-space representation, Eq. (3.11), and the Schwinger representation,
Eq. (3.47), is that the former is an integral in D space-time dimensions, whilst the
latter is an integral at D space-time dimensions, since the dimensionality enters only
as a parameter.

3.1.3 Lee–Pomeransky Representation

Yet another representation, particularly useful for identifying integral symmetries and
vanishing integrals, is obtained by replacing the Gamma function in Eq. (3.47) with
the Euler beta function,

&(3 → LD/2) =
&(D/2)

&((L+ 1)D/2→ 3)

∫

R+

dt tε↑LD/2↑1(1 + t)↑D/2 , (3.48)

which under the substitution t 7↑ F(ω)/U(ω,x) · t becomes

&(3 → LD/2) =
&(D/2)

&((L+ 1)D/2→ 3)

∫

R+

dt tε↑LD/2↑1(U(ω) + F(ω,x)t)↑LD/2

↗ [F(ω,x)]ε↑LD/2

[U(ω)]ε↑(L+1)D/2
.

(3.49)

Inserting this formula for the Gamma function, Eq. (3.49), into the Schwinger repre-
sentation, Eq. (3.47), gives

Fε1...εSint
(D,x) = CL,D

&(D/2)

&((L+ 1)D/2→ 3)

∫

R+

dt tε↑LD/2↑1

∫

RSint
+

Sint

e=1

d(ωe, 3e)

↗ (U(ω) + F(ω,x)t)↑D/2ϖ

1→

Sint

e=1
ωe


.

(3.50)

Changing variables ωe 7↑ ue/t, exploiting the homogeneity of the graph polynomials
to collect powers of t, and rescaling the delta distribution accordingly, we obtain

Fε1...εSint
(D,x) = CL,D

&(D/2)

&((L+ 1)D/2→ 3)

∫

R+

dt

∫

RSint
+

Sint

e=1

d(ue, 3e)

↗ (U(u) + F(u,x))↑D/2ϖ

t→

Sint

e=1
ue


.

(3.51)
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Since the integrals are understood in the formal sense, the order of integration may
be interchanged. Performing the t-integration then yields the Lee–Pomeransky repre-
sentation,

Fε1...εSint
(D,x) = CL,D

&(D/2)

&((L+ 1)D/2→ 3)

∫

RSint
+

Sint

e=1

d(ue, 3e) (G(u,x))↑D/2 , (3.52)

with the Lee–Pomeransky polynomial [154],

G(u,x) = U(u) + F(u,x) . (3.53)

In this representation, the first and second graph polynomials appear on equal footing,
entering only through their sum rather than as a ratio.

To establish a criterion for an integral to vanish [155, 156], consider a corner
integral, that is, one for which each 3e is either unity or zero,

Fε1...εSint
(D,x) = CL,D

&(D/2)

&((L+ 1)D/2→ 3)

∫

RSint
+

Sint

e=1

d(ue, 3e) (G(u,x))↑D/2 . (3.54)

Scaleless integrals are those that acquire non-trivial factors under a rescaling of the
internal momenta, or equivalently of the Lee–Pomeransky parameters,

ue 7↑ u⇒
e = (1 + ceϖ)ue , (3.55)

for an infinitesimal ϖ and constants ce. Under the rescaling, Eq. (3.55), the corner
integral, Eq. (3.54) transforms as

Fε1...εSint
(D,x) =

[
1 + ϖ

(
Sint

e=1

ce →
D

2

)]
Fε1...εSint

(D,x) +O
(
ϖ2
)
. (3.56)

Whenever the coe!cient of the corner integral is non-zero, the integral is scaleless.
Suppose instead that G transforms non-trivially under such a rescaling. On the one
hand, this requires

G(u⇒,x) = (1 + ϖ)G(u,x) , (3.57)

whilst on the other hand, an infinitesimal expansion of the left-hand side gives explic-
itly

G(u⇒,x) = G(u,x) + ϖ
Sint

e=1

ce
0

0ue
G(u,x) +O

(
ϖ2
)
. (3.58)

Equating Eqs. (3.57) and (3.58) and taking a small but finite ϖ, we arrive at the zero
sector criterion

0 =

[
1→

Sint

e=1

ceue
0

0ue

]
G(u,x) . (3.59)

For this to hold, the coe!cient of each monomial in the ue, including those encoding
the kinematic invariants, must vanish identically. A priori, these conditions yield an
overdetermined system of linear equations for the constants ce, which may be solved
straightforwardly with computer algebra. The integral is scaleless if and only if this
system admits a constant solution.
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In order to extend this reasoning to the full sector, that is, the set of Feynman
integrals sharing the same pattern of positive indices, we observe that propagators
with non-positive weights may be treated by repeated integration by parts. This
shifts the power to which the Lee–Pomeransky polynomial is raised and generates
numerator polynomials. Once the relevant derivatives have been applied, the cases
of non-positive and negative integer weights become structurally analogous. The
resulting numerator polynomials introduce only an additional scaling factor, leaving
the argument unchanged. Hence, if the corner integral vanishes, so do all integrals in
its sector [155], and such a sector is referred to as a zero sector.

Example 4: For the family FB,ε1,ε2 (see Ex. 1) with m2

1
= m2 and m2

2
= 0, the

Lee–Pomeransky polynomial is given by

G(u,x) = u1 + u2 + u1u2q
2 + u2

1
m2 + u1u2m

2 . (3.60)

When 31, 32 ⇒ 0, the zero-sector criterion, Eq. (3.59), is trivially satisfied, and hence
all integrals are zero. In the mixed-sign cases 31 ⇒ 0 < 32 and 32 ⇒ 0 < 31, the
corresponding conditions are

0 = (1→ c2)u2 , (3.61)

0 = (1→ c1)u1 + (1→ 2c1)u
2

1
m2 , (3.62)

respectively. While Eq. (3.61) admits a solution, Eq. (3.62) does not. It follows that
integrals with 31 ⇒ 0 < 32 are zero, whereas those with 32 ⇒ 0 < 31 are non-zero. If
both weights are strictly positive, the criterion takes the form

0 = (1→ c1)u1 + (1→ c2)u2 + (1→ 2c1)u
2

1
m2 + (1→ c1 → c2)u1u2(m

2 + q2), (3.63)

and admits no solution. As a consequence, all integrals with 0 < 31, 32 are non-zero.

The example suggests that, in practice, not all corner integrals need to be checked
explicitly. Indeed, a sector with fewer positive weights being zero may already imply
that sectors with a larger number of positive weights are also zero. It is therefore
su!cient to proceed in a bottom-up manner, considering sectors in order of increasing
numbers of positive weights. At each stage, we check whether the current sector
contains a zero-sector.

3.1.4 Sector Symmetries

A further application of the Lee–Pomeransky polynomial, Eq. (3.53) is the identi-
fication of symmetries amongst Feynman integrals. To this end, we note that the
Lee–Pomeransky polynomial may in full generality be written as

G(u,x) =


(k1,...,kSint
)↔NSint

ck1,...,kSint
(x)

Sint

i=1

uki
i , (3.64)

where almost all coe!cients ck1,...,kSint
either vanish or depend on kinematic invari-

ants. The coe!cients are furthermore assumed to be at most linear in the kinematic
invariants, with each depending on at most one invariant,

02ck1,...,kSint
(x)

0xi 0xj
= 0 , ̸ i, j ⇒ Sext, (3.65)
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0ck1,...,kSint
(x)

0xi
↙= 0 =↔

0ck1,...,kSint
(x)

0xj
= 0 , ̸ j ↙= i, j ⇒ Sext. (3.66)

From the coe!cients of G, the coloured bipartite graph B[G] is built by assigning
a vertex vk1,...,kSint

to each non-zero coe!cient ck1,...,kSint
and a vertex to each variable

ue, with vertex and edge sets

VB[G] =

[ Sint

e=1

{ue }
]
∈
[ 

(k1,...,kSint
)↔NSint : 0 ⇑=ck1,...,kSint


vk1,...,kSint

}]
, (3.67)

EB[G] =


(k1,...,kSint
)↔NSint : 0 ⇑=ck1,...,kSint



e⇓Sint:ke ⇑=0


vk1,...,kSint

, ue

}
, (3.68)

where the edges are coloured by the kinematic invariant appearing in the correspond-
ing monomial. Automorphisms of this graph then correspond to symmetries of the
integrand. In practice, identifying integral symmetries reduces to computing graph
automorphisms, for which e!cient implementations are readily available. One such
implementation is, for instance, Feynson [157].

Example 5: For the family FB,ε1ε2 with non-degenerate masses m2

1
↙= m2

2
, the Lee–

Pomeransky polynomial reads

G(u,x) = u1 + u2 + q2u1u2 + (m2

1
u1 +m2

2
u2)(u1 + u2) . (3.69)

Compared to the original two vertices and two edges, the associated bipartite graph
has nine vertices and twelve edges, with multiple edges indicated by a dot,

u1 u2 u1u2q2 u2

1
m2

1
u1u2m2

1
u1u2m2

2
u2

2
m2

2

u1 u2

and admits no non-trivial automorphism. When m2

1
= m2

2
= m2, the bipartite graph

u1 u2 u1u2q2 u2

1
m2 u1u2m2 u1u2m2 u2

2
m2

u1 u2

acquires a non-trivial automorphism corresponding to the exchange u1 ∀ u2. This
symmetry reflects the shift k 7↑ k → q of the loop momentum, under which each
propagator picks up a sign that drops out, since the edge momentum appears only
squared.
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One common source of confusion deserves mention here. The strategy outlined
above does not capture all symmetries of a Feynman integral, since not every integral
symmetry manifests as a symmetry of the integrand. In particular, the method detects
only symmetries within a given integral family, remaining insensitive to the propagator
weights and to external symmetries acting on the kinematic invariants.

For factorised graphs, the product of the Lee–Pomeransky polynomials of each
factor need not agree with that of the whole graph, so the corresponding bipartite
graphs may have vertex sets of di”ering degrees, precluding any automorphism be-
tween them. What the method provides, therefore, are symmetries of sectors rather
than of the integral itself.

Example 6: To illustrate how integral symmetries need not manifest as symmetries of
the integrand, consider a massless integral with edge momenta q1 = k1 and q2 = k1+q,
and weights 31 = 1 and 32 = 2. The Lee–Pomeransky polynomial reads

G2(u,x) = u1 + u2 + q2u1u2 . (3.70)

Instead, the same integral can be written by introducing a degenerate edge momentum
q3 = q2 with the adjusted weights 32 = 33 = 1. The corresponding Lee–Pomeransky
polynomial reads

G3(u,x) = u1 + u2 + u3q
2(u1u2 + u1u3) . (3.71)

Although the two representations are equivalent, the polynomials are not isomorphic,
as is already evident from their dependence on di!erent numbers of variables, and the
automorphism-based method therefore fails to identify the symmetry.

The translation of graph polynomials into bipartite graphs and the subsequent
computation of graph automorphisms are both computationally expensive. Even
though Feynman graphs typically have few vertices by the standards of modern graph
theory, the associated bipartite graphs may contain orders of magnitude more ver-
tices and edges. For the integrals considered in this work, which all admit a graphical
representation, it therefore proves advantageous to work directly with the Feynman
graph and bypass the bipartite construction entirely. The scaling behaviour of both
approaches is examined below.

Figure 3.1: Ladder graphs at one-, two-, three-, and four-loop order, respectively.

To illustrate this growth, consider the massless ladder graph family shown in
Fig. 3.1, which has

V = 2L , (3.72)

E = 3L→ 1 (3.73)

vertices and edges respectively. The numbers of terms in the graph polynomials follow
the recursively defined sequences A001353 [158] and A317405 [159],

NU(L) = N̂U(L), with N̂U(0) = 0, N̂U(1) = 2 , (3.74)
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NF(L) = L N̂F(L), with N̂F(0) = 0, N̂F(1) = 1 , (3.75)

where
N̂i(L) = 4 N̂i(L→ 1)→ N̂i(L→ 2) . (3.76)

Recalling that the first and second graph polynomials are of degrees L and L + 1
respectively, the vertex and edge counts of the bipartite graph read

VB[G] = NU(L) +NF(L) + E , (3.77)

EB[G] = LNU(L) + (L+ 1)NF(L) , (3.78)

where multi-edges are included. Both sequences grow exponentially with the loop
order. To determine the asymptotic behaviour for large L, the characteristic equation
method assumes a solution of the form

N̂i(L) = CiN̂
L+1

i,0 , (3.79)

with Ci a constant of proportionality. Inserting this ansatz into the recurrence relation
gives

N̂L+1

i,0 → 4N̂L
i,0 + N̂L↑1

i,0 = 0 =↔ N̂i,0 = 2 +
↓
3 . (3.80)

As an immediate consequence, the leading asymptotic behaviour of both sequences
reads

N̂i(L) ∝ ciN̂
L+1

0
, (3.81)

where the constants Ci are fixed so as to compensate for the slow convergence at low
loop order,

cU =
8

N̂U ,0

, (3.82)

cF =
4

N̂F ,0

. (3.83)

In Tab. 3.1, this approximation is already in excellent agreement with the exact
combinatorics at low loop orders. The vertex and edge counts of the bipartite graph
are therefore governed by exponential growth modulated by a polynomial prefactor,
with the two sequences di”ering only in their initial values.

These estimates apply to a particularly simple class of graphs, and more complex
topologies yield even less favourable combinatorics. In practice, however, graph au-
tomorphism remains tractable thanks to highly e!cient implementations, of which
nauty and Traces [160] are the most widely used.

L 1 2 3 4 5 6

N̂U(L) 2.1436 8.0000 29.856 111.43 415.85 1552.0
NU(L) 2 8 30 112 418 1560

N̂F(L) 1.0718 4.0000 14.928 55.713 207.92 775.98
NF(L) 1 4 15 56 209 780

Table 3.1: Comparison of the asymptotic approximation with the exact values for the
number of terms in the graph polynomials.
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3.2 Dimensional Regularisation

In general, Feynman integrals are not well defined as ordinary integrals, exhibiting
ultraviolet singularities when the internal momenta become large and infrared singu-
larities when they vanish. Passing to renormalised integrands removes the ultraviolet
divergences [150,161–163], and in su!ciently high space-time dimension the resulting
integrals are infrared finite as well.

Once rendered finite, these integrals admit a rigorous definition through the para-
metric representation [164], in which the space-time dimension enters only as a pa-
rameter and may be analytically continued to complex values, whilst the physical
space-time itself remains integer-dimensional throughout [165, 166]. The parametric
framework is particularly well suited to this construction, since the graph polynomials
are inherently compatible with the contraction and deletion of edges and subgraphs,
and thus with the procedure of renormalisation.

Concretely, the space-time dimension is written as D = D0 → 2ε, with D0 ⇔ N
the integer part and ε the dimensional regulator [93], so that Feynman integrals are
understood not as ordinary integrals but as operators assigning a Laurent series in ε
to an integrand. In practice, it is often preferable to work in momentum space, where
the dimensionally regularised integral is defined axiomatically as a linear operator [92,
115],

∫
dDk

ϑD/2
[c1#1(k) + c2#2(k)] = c1

∫
dDk

ϑD/2
#1(k) + c2

∫
dDk

ϑD/2
#2(k) , (3.84)

for any complex constants c1, c2 and any integrands #1, #2. The remaining axioms
require invariance under translations by a vector p, invariance under rescaling by a
complex constant ▷, and normalisation to unity on the Gaussian integrand,

∫
dDk

ϑD/2
#(k + p) =

∫
dDk

ϑD/2
#(k) , (3.85)

∫
dDk

ϑD/2
#(▷k) =

1

▷D

∫
dDk

ϑD/2
#(k) , (3.86)

∫
dDk

ϑD/2
e↑k2 = 1 . (3.87)

Seemingly innocuous, these axioms give rise to non-trivial relations amongst in-
tegrals. Expanding Eqs. (3.85) and (3.86) to first order in ⇁ under the infinitesimal
translation k 7↑ k + ⇁p and the infinitesimal rescaling k 7↑ (1 + ⇁)k, respectively, and
applying integration by parts to the result, we obtain

∫
dDk

ϑD/2
#(k) =

∫
dDk

ϑD/2
#(k + ⇁p)

=

∫
dDk

ϑD/2
#(k) + ⇁pµ

∫
dDk

ϑD/2

0#(k)

0kµ
+O

(
⇁2
)
,

(3.88)

∫
dDk

ϑD/2
#(k) = (1 + ⇁)D

∫
dDk

ϑD/2
#((1 + ⇁)k)

=

∫
dDk

ϑD/2
#(k) + ⇁

∫
dDk

ϑD/2

0

0kµ
[kµ#(k)] +O

(
⇁2
)
,

(3.89)
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from which it follows that

0 =

∫
dDk

ϑD/2

0

0kµ
[pµ#(k)] , (3.90)

0 =

∫
dDk

ϑD/2

0

0kµ
[kµ#(k)] . (3.91)

Both (3.90) and (3.91) hold for any linear combination of internal and external
momenta qIBP, giving rise to IBP identities [94–96],

0 =

∫
dDk

ϑD/2

0

0kµ
[q µ

IBP
#(k)] . (3.92)

These identities connect integrals within the same family but with di”erent weights,
enabling systematic raising or lowering of individual propagator powers.

3.3 Master Integrals

3.3.1 Integration by Parts

Through IBP identities, Eq. (3.92), any integral in a family may be expressed as a
linear combination of a finite set of linearly independent integrals [154, 167], called
master integrals. To facilitate the reduction, a handful of bookkeeping parameters are
associated to each integral embedded in a family,

t[Fεi...εSint
(D,x)] =

Sint

e=1

ϱ(3e → 1/2) , (3.93)

n[Fεi...εSint
(D,x)] =

Sint

e=1

ϱ(3e → 1/2)2e↑1 , (3.94)

s[Fεi...εSint
(D,x)] =

Sint

e=1

ϱ(3e → 1/2)3e , (3.95)

r[Fεi...εSint
(D,x)] =

Sint

e=1

ϱ(1/2→ 3e)(→3e) , (3.96)

d[Fεi...εSint
(D,x)] =

Sint

e=1

ϱ(3e → 3/2)(3e → 1) , (3.97)

where t denotes the number of propagators with strictly positive weights, n the sector,
s the combined weight of all positive powers, r the number of numerator propagators,
and d the total excess power above unity (also called dots). Subsequently, integrals
are assumed to be ordered lexicographically by

t > n > r > d > s . (3.98)

The ordering, Eq. (3.98), is common but a priori arbitrary. Indeed, there is no reason
to expect that integrals with few numerator propagators yield simpler IBP identities
than those with few dots.
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More motivated alternatives, such as ordering first by sector and subsequently
by properties of the underlying geometry, arise naturally in the context of twisted
cohomology [168–170]. At the time of writing, however, such orderings have not been
explored enough to find widespread use in practice.

Example 7: Consider the family FB,ε1,ε2 (see Ex. 1) with equal masses m2

1
= m2

2
=

m2 and p2 ↙= 0, and strictly positive weights 31, 32 > 0. Taking qIBP = k and qIBP = q
in Eq. (3.92) yields two IBP identities,

0 = (D → 31 → 232)FB,ε1ε2(D,x)→ 32(2m
2 → q2)FB,ε1(ε2+1)(D,x)

→ 32FB,(ε1↑1)(ε2+1)(D,x)→ 231m
2FB,(ε1+1)ε2(D,x) ,

(3.99)

0 = (31 → 32)FB,ε1ε2(D,x)→ 32q
2FB,ε1(ε2+1) + 32FB,(ε1↑1)(ε2+1)(D,x)

+ 31q
2FB,(ε1+1)ε2(D,x)→ 31FB,(ε1+1)(ε2↑1)(D,x) .

(3.100)

Through a suitable linear combination of Eqs. (3.99) and (3.100) another, more useful,
identity is found

32q
2(4m2→ q2)FB,ε1(ε2+1)(D,x) =

(
Dq2+231(m

2→ q2)→ 32(2m
2+ q2)

)
FB,ε1ε2(D,x)

+ 32(2m
2 → q2)FB,(ε1↑1)(ε2+1)(D,x)→ 231m

2FB,(ε1+1)(ε2↑1)(D,x) . (3.101)

Using this identity repeatedly, each application reduces the total weight by one, since
the left-hand side carries weight 31+32+1 whilst the right-hand side has weight 31+32.

Lifting the constraint 0 < 31 and setting 32 = 0 with qIBP = k yields a further
identity

0 = (D → 231)FB,ε1,0(D,x)→ 231m
2FB,(ε1+1),0(D,x) , (3.102)

which upon repeated application reduces 31 to unity. By symmetry, the analogous
reduction holds when 31 = 0 and 0 < 32. Every integral within the family may
therefore be expressed as a linear combination of precisely two master integrals,

FB,ε1ε2(D,x) = c11,ε1ε2(D,x)FB,11(D,x) + c10,ε1ε2(D,x)FB,10(D,x) . (3.103)

Symbolic IBP reductions are implemented in Forcer [171], Mincer [172, 173]
and Matad [174], which are written in Form [175], and in LiteRed [156], which
interfaces with Mathematica. Generally, a closed-form solution to the identities is
not available, and the method is typically restricted to problems with few loops or a
single kinematic invariant such as in the context of massive vacuum graphs or massless
two-point functions. In all cases the strategy proceeds sector by sector, generating and
solving IBP identities, applying symmetry relations, and discarding integrals in zero
sectors, until each sector is expressed in terms of master integrals and contributions
from lower sectors. This procedure is repeated recursively until every integral in the
family has been reduced to a master integral.

When the number of loops or scales renders a symbolic approach intractable,
the Laporta algorithm [176] becomes the method of choice. Rather than solving the
identities in closed form, explicit integer values are substituted for the propagator
weights, generating a large linear system whose coe!cients are rational functions of
the kinematic invariants and the space-time dimension. Gaussian elimination then
expresses harder integrals, ranked by the ordering defined above, in terms of simpler
ones. Iterating this across all sectors either reduces every integral to a master integral
or establishes that it vanishes. The reduction is guaranteed to terminate for any
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fixed set of weight values with no need for a closed-form solution, which is precisely
what renders the approach superior to symbolic methods. The algorithm finds various
implementations such as Kira [177–179], Fire [180–182] and Reduze [183,184].

Both approaches share a common subtlety in that the choice of ordering deter-
mines which integrals are identified as master integrals, and di”erent choices can
yield reductions of vastly di”erent complexity. In particular, certain orderings pro-
duce reductions whose rational coe!cients have denominators that do not factorise
into separate functions of the kinematic scales and the space-time dimension, a sit-
uation referred to as bad denominators [185, 186]. Such denominators significantly
complicate subsequent manipulations, and a judicious choice of ordering is therefore
essential for a tractable reduction.

3.3.2 Dimensional Shifts

Feynman integrals in di”erent space-time dimensions are related by dimensional shift
relations [187, 188], which connect integrals at dimension D to those at dimension
D ± 2. Such relations prove particularly useful when the integrand simplifies in a
shifted dimension, or when combined with IBP identities. Two families of operators
formalise this connection. The first is the dimensional shift operator D±, defined by

D±Fε1,...εSint
(D,x) = Fε1,...εSint

(D ± 2,x) , (3.104)

and the second consists of the raising operators R+

e , which increase the weight of the
e-th propagator by one unit,

R+

j Fε1,...εj ...εSint
(D,x) = 3jFε1,...(εj+1)...εSint

(D,x) . (3.105)

The action of these operators on a Feynman integral is most transparently verified
by means of the Schwinger representation, Eq. (3.47),

D+Fε1,...εj ...εSint
(D,x) = CL,D

∫

RE
+

Sint

e=1

d(ωe, 3e) exp

(
→F(ω,x)

U(ω)

)
[U(ω)]↑(D+2)/2 ,

(3.106)

R+

j Fε1,...εj ...εSint
(D,x) = CL,D

∫

RE
+

Sint

e=1

d(ωe, 3e) exp

(
→F(ω,x)

U(a)

)
ωj [U(ω)]↑D/2 ,

(3.107)

where we have used &(3j + 1) = 3j&(3j). Combining Eqs. (3.106) and (3.107) yields
the commutation relations

[
R+

i ,R
+

j

]
= 0 , (3.108)

[
R+

j ,D
±] = 0 . (3.109)

To each Schwinger parameter, we may associate a raising operator via the map
satisfying

R+(ωj) = R+

j , (3.110)

and derive the dimensional shift relation,

Fε1,...εj ...εSint
(D,x) = CL,D

∫

RE
+

Sint

e=1

d(ωe, 3e) exp

(
→F(ω.x)

U(ω)

)
[U(ω)]↑D/2

= U(R+(ω))D+Fε1,...εj ...εSint
(D,x) ,

(3.111)
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a relation between integrals in D and D + 2 dimensions. Taking the master integrals
as a basis F and reducing the raised-index integrals on the right-hand side by means
of IBP identities, we arrive at the matrix equation

I(D,x) = S(D,x) I(D + 2,x) , (3.112)

where S is a matrix whose entries are rational functions of the space-time dimension
and of the kinematic invariants, and whose invertibility follows immediately from the
observation,

D±D↘ = id . (3.113)

Example 8: Consider the family FB,ε1,ε2 with equal masses and master integrals
chosen as in Ex. 7. Direct application of the dimensional shift relation, Eq. (3.111),
leads to

FB,ε1ε2(D,x) = UB(1
+,2+)FB,ε1ε2(D + 2,x) . (3.114)

Employing the raising operators together with the symmetries of the family then yields

[
FB,1,0

FB,1,1

]
(D,x) =

[
FB,2,0

2FB,2,1

]
(D + 2,x) . (3.115)

Reducing the right-hand side to the master basis via Eqs. (3.99)–(3.102) gives the
dimensional shift matrix

[
FB,1,0

FB,1,1

]
(D,x) =

[
D

2m2 0
D

m2(4m2↑q2)
2(D↑1)

4m2↑q2

]

︸ ︷︷ ︸
SB(D,x)

[
FB,1,0

FB,1,1

]
(D + 2,x) , (3.116)

which is invertible for all space-time dimensions except at D = 0 and D = 1, two
cases of no physical interest.

3.3.3 Di”erential Equations

To evaluate the master integrals, we employ the method of di”erential equations [97–
99], though their derivation does not always proceed by direct di”erentiation. Since
the second graph polynomial is linear in all kinematic invariants and scales, it satisfies
the Euler relation

F(ω,x) =
Sint

j=1

0F(ω,x)

0xj
xj . (3.117)

Di”erentiating the Schwinger representation, Eq. (3.47), with respect to xj and using
Eq. (3.117) gives

0

0xj
Fε1,...εSint

(D,x) = CL,D

∫

RE
+

Sint

e=1

d(ωe, 3e)
1

[U(ω)]↑D/2

0F(ω,x)

0xj
exp

(
→F(ω,x)

U(ω)

)
,

(3.118)
where the derivative acts only on the exponent through the second graph polynomial,
leaving the measure unchanged. Comparing with the definitions of the dimensional
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shift and raising operators, Eqs. (3.104) and (3.105), the partial derivative may be
written as

0

0xj
Fε1,...εSint

(D,x) = →0F(R+(ω),x))

0xj
D+Fε1,...εSint

(D,x) . (3.119)

Consequently, Eq. (3.119), allows derivatives with respect to the kinematic invariants
to be computed without introducing the Gram determinants that would otherwise
arise [156].

For a basis of master integrals F , di”erentiating with respect to an invariant
xj, applying dimensional shift relations, and reducing via IBP yields a system of
di”erential equations,

0xjF(D,x) = Axj(D,x)F(D,x) , (3.120)

where Axj is a matrix of rational functions of the space-time dimension and the
kinematic invariants. Repeating this for all invariants and assembling the result into
a total di”erential,

dF(D,x) = A(D,x)F(D,x) , (3.121)

with the total di”erential of the master integrals and the connection matrix defined
respectively by

dF(D,x) =
Sext

j=1

0

0xj
F(D,x) dxj , (3.122)

A(D,x) =
Sint

j=1

Axj(D,x) dxj . (3.123)

Although deriving the di”erential equations via the second graph polynomial is con-
ceptually straightforward, it is computationally expensive, since the total propagator
weight is shifted by the degree of the second graph polynomial, rendering the subse-
quent IBP reductions significantly more costly.

At times it proves more e!cient to di”erentiate directly with respect to the kine-
matic invariants. For masses this is straightforward, but for momentum invariants it
is less immediate [189]. In the case of a two-point function, for instance, we find

0

0q2
=

qµ

2q2
0

0qµ
, (3.124)

whereas for more general scalar products the momenta depend implicitly on the invari-
ants, and naive di”erentiation gives rise to Gram determinants, since each kinematic
invariant is formally a function of the external momenta, or rather their components.

Example 9: Consider the family FB,ε1,ε2 with equal masses and master integrals
chosen as in Ex. 7. Application of the dimensional shift relation, Eq. (3.116), and
IBP identities, Eqs. (3.99) to (3.102), yields the di!erential equations,

0m2

[
FB,10

FB,11

]
(D,x) =

[
→2FB,30

→4FB,31 → 2FB,22

]
(D,x)

=

[
D↑2

2m2 0
2↑D

m2(4m2↑q2)
2(D↑3)

4m2↑q2

][
FB,10

FB,11

]
(D,x) ,

(3.125)
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0q2

[
FB,10

FB,11

]
(D,x) =

[
0

2FB,22

]
(D,x)

=

[
0 0

2↑D
q2(q2↑4m2)

(D↑4)q2+4m2

2q2(q2↑4m2)

][
FB,10

FB,11

]
(D,x) .

(3.126)

To derive the di”erential equations, it su!ces to compute the graph polynomials
once for the top sector of a complete integral family, since all subsectors follow from
it. Subsectors correspond to integrals with some propagator weights set to zero,
so any raising operator acting on a vanishing propagator contributes nothing. The
graph polynomial of a subsector is therefore recovered from that of the top sector by
setting the corresponding Schwinger parameters to zero, which is precisely the same
operation.

Consistency of the di”erential equation requires the integrability condition, which
follows from the equality of mixed partial derivatives and reads

dA(D,x) = A(D,x) ∋ A(D,x) . (3.127)

This is, however, a trivial check whenever the di”erential equation involves only a
single variable. A more meaningful consistency condition arises from the scaling
relation, obtained by exploiting the linearity of the second graph polynomial in the
kinematic invariants,

Sext

j=1

xj
0

0xj
Fε1,...εj ...εSint

(D,x) =

(
LD

2
→ 3

)
Fε1,...εj ...εSint

(D,x) . (3.128)

Example 10: Both consistency checks are demonstrated through Ex. 9. Direct com-
putation confirms the integrability condition,

A(D,x) ∋ A(D,x) = (Am2(D,x)Aq2(D,x)→ Aq2(D,x)Am2(D,x)) dq2 ∋ dm2

=

[
0 0

2↑D
q2m2(4m2↑q2) 0

]
dq2 ∋ dm2 ,

(3.129)

dA(D,x) = (0q2Am2(D,x)→ 0m2Aq2(D,x)) dq2 ∋ dm2

=

[
0 0

2↑D
q2m2(4m2↑q2) 0

]
dq2 ∋ dm2 .

(3.130)

Hence the integrability condition is satisfied. For a generic integral in the family with
arbitrary weights, the scaling relation reads

(
q20q2 +m20m2

)
FB,ε1ε2(D,x) =

(
D

2
→ 31 → 32

)
FB,ε1ε2(D,x) , (3.131)

which, upon specialising to the master integrals FB,10 and FB,11, gives the scaling
relation

(
q20q2 +m20m2

) [FB,10

FB,11

]
(D,x) =

[
→ε 0
0 →ε→ 1

] [
FB,10

FB,11

]
(D,x) . (3.132)
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A further consequence of the linearity of the second graph polynomial in the
kinematic invariants is that any scale xi may be factored out, leaving a rescaled set
of invariants x⇒ = x/xi, such that

Fε1,...εj ...εSint
(D,x) = (x2

i )
LD/2↑εFε1,...εj ...εSint

(D,x⇒) . (3.133)

Hence any one scale xi may be set to unity without loss of generality, since the scaling
relation, Eq. (3.133), allows it to be restored at any point. This reduces the number of
independent scales by one, greatly simplifying the multivariate system of di”erential
equations. For problems involving only two scales, the system reduces entirely to a
univariate di”erential equation, though this normalisation renders the scaling relation
trivial and hence ine”ective as a consistency check.

Example 11: Returning to Ex. 9, setting m2 = 1 reduces the di!erential equation,
Eq. (3.126), to a univariate di!erential equation in x = q2/m2, and with D = 4→ 2ε,

0x

[
FB,10

FB,11

]
(D, x) =

{[
0 0

→ 2

(x↑4)x
2

(x↑4)x

]
+ ε

[
0 0
2

(x↑4)x → 1

x↑4

][
FB,10

FB,11

]
(D, x) .

(3.134)

If a row of the connection matrix is identically zero, the corresponding master
integral has a vanishing derivative with respect to the kinematic invariant and is
therefore constant. Such an integral, fully determined by its boundary conditions and
requiring no further integration, is said to be a boundary integral.

3.3.4 Factorisation

Direct integration of the di”erential equation for the master integrals is in general not
feasible. The choice of basis is, however, not unique, and a well-chosen transformation
can render the equation much more tractable [100]. Given an invertible matrix R, a
new basis is obtained by

F(ε,x) = R(ε,x)F⇒(ε,x) . (3.135)

Di”erentiating both sides and substituting the original di”erential equation, the new
basis is found to satisfy

dF⇒(ε,x) = A⇒(ε,x)F⇒(ε,x) , (3.136)

with the transformed connection matrix

A⇒(ε,x) = R↑1(ε,x)A(ε,x)R(ε,x)→ R↑1(ε,x)dR(ε,x) . (3.137)

Dimensional shifts and IBP identities are themselves particular instances of such
basis rotations, and an appropriate choice of R allows some integrals defined in one
space-time dimension to be rotated into a basis of integrals in another, a technique that
proves very convenient in later chapters. At the level of the di”erential equation, this
amounts to substituting the appropriate value of the space-time dimension into both
the connection matrix and the master integrals. Since the di”erential equation couples
the integrals to one another, consistency requires the full basis to be transformed
simultaneously, as applying the substitution to individual integrals in isolation yields
an incorrect result.
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Given that the connection matrix generically depends on both ε and the kinematic
invariants in a complicated way, direct integration is impractical. The goal is there-
fore to find a transformation bringing the di”erential equation into the ε-factorised
form [190],

dF⇒(ε,x) = εB(x)F⇒(ε,x) , (3.138)

in which the dependence on the dimensional regulator is entirely factored out. Ex-
panding the rotated master integrals, F ⇒, as a Laurent series in ε,

F⇒(ε,x) =
↓

n=0

εnF⇒(n)(x) . (3.139)

The series is truncated from below by the maximal pole order, determined by the
ultraviolet and infrared structure of the integrals. Without loss of generality, an
overall rescaling of the basis ensures the series begins at constant order. The solution
at each order is obtained by integrating the previous one, so each successive term
adds one layer of iterated integration [191]. Assigning transcendental weight one to
each integration and weight minus one to ε, the solution at any given order is a linear
combination of iterated integrals of uniform weight.

This simplification does not hold in a generic basis, where functions of di”erent
weights would mix. The recursion is solved by repeated integration starting from the
boundary values

F⇒(ε,x0) =
↓

n=0

εnF⇒(n)(x0) , (3.140)

specified at a given point x0. Note that if the rotated boundary values themselves
are not of uniform weight, the uniform-weight structure of the iterated integrals is
broken, and the simplification no longer applies.

Computing the master integrals therefore reduces to three tasks, namely construct-
ing a basis that brings the system into ε-factorised form, integrating the resulting
equation order by order, and determining the boundary values.

Example 12: Returning to the univariate di!erential equation of Ex. 11, Eq. (3.134),
two successive rotations bring it into ε-factorised form. First, a dimensional shift from
D = 4→ 2ε to D = 2→ 2ε via Eq. (3.116) gives

A⇒(ε, x) =

[
0 0
0 2↑x

(x↑4)x

]
+ ε

[
0 0
2

(x↑4)x → 1

x↑4

]}
. (3.141)

Second, for the rotation matrix, the ansatz

R(ε, x) =

[
1 0
0 r(x)

]
(3.142)

is adopted. Transforming Eq. (3.141) and demanding that all O(ε0) terms vanish
determines the unknown function,

r(x) =
√
x(4→ x) , (3.143)

and the ε-factorised connection matrix reads

B(x) =

[
0 0

→ 2

r(x)
1

4↑x

]
. (3.144)
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3.3.5 Boundary Values

Boundary values of the master integrals are extracted by evaluating them in a suitable
asymptotic limit. A naive term-by-term expansion of the integrand is insu!cient, as
individual terms may develop spurious divergences absent from the full integral, which
cancel only in the complete sum. Systematic control is provided by the method of
expansion by subgraphs [101,102], which reorganises the expansion so that every term
is individually well-defined as a Feynman integral. Here, the large mass expansion is
employed, in which one mass is taken much larger than all remaining scales.

The internal edges of a graph & fall into two types. Heavy lines carry the large
mass m, whilst light lines carry any smaller mass or are massless. A subgraph ε is
called asymptotically irreducible when it meets two conditions. First, it must contain
every heavy line of &. Second, each connected component must be two-edge-connected
with respect to the light lines, so that no single light edge can be removed without
disconnecting that component. To each such subgraph we associate a co-graph &/ε,
obtained by contracting ε to a point and retaining only the light edges. In dimen-
sional regularisation, the asymptotically irreducible subgraphs are equivalently those
containing no cut composed solely of light edges [192]. This cut criterion is simple to
verify, and any contribution whose co-graph is scaleless is discarded.

With these definitions in place, the large-mass expansion of a Feynman integral
takes the form

I” =


↼↔AI(”)

I”/↼ ∃M↼ I↼ , (3.145)

where the sum runs over all asymptotically irreducible subgraphs, including & itself.
Acting on the subgraph integrand, the Taylor operator M↼ expands it in the

external momenta of the subgraph, which together with the small masses constitute
the small scales of the problem. Each resulting numerator is inserted into the co-graph
integrand via the composition ∃, and the two integrals are evaluated independently.
To facilitate the expansion in several small momenta, we make use of the standard
result

f(z) =
↓

n=0

1

n!
(z ·¬z↓)n f(z⇒)


z↓=0

=
↓

n=0

ϖn

n!

dnf(ϖ⇒z)

dϖ⇒n


↽↓=0


↽=1

= f(ϖz)

↽=1

, (3.146)

which trades the multivariable expansion in z1, z2, . . . for a univariate expansion in a
bookkeeping parameter [193], formally around zero and ultimately evaluated at one.

Example 13: Returning to Ex. 12, the first master integral is a vacuum bubble car-
rying no external momentum, and its large-mass expansion is therefore trivial. The
second integral is a massive bubble with a single asymptotically irreducible subgraph,
namely the graph itself, so its expansion reduces to a naive Taylor series,

FB,10(D, x) = →&(1→D/2)

=
1

ε
+ 1 +

(
1 +

22
2

)
ε+

(
1 +

22
2
→ 23

3

)
ε2 +O

(
ε3
)
,

(3.147)

FB,11(D, x) = FB,20(D, x) +
4→D

D
xFB,30(D, x) +

4

D
xFB,40(D, x) +O

(
x2
)

=
1

ε
+

22
2
ε→ 23

3
ε2 +O

(
ε3
)
+

(
1

6
+

22
12

ε2 +O
(
ε3
))

x+O
(
x2
)
.

(3.148)
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3.3.6 Iterated Integrals

The solutions to the factorised di”erential equation are obtained by straightforward
order-by-order integration in ε, and admit a natural expression in terms of Chen
iterated integrals [103]. The rotated connection matrix decomposes as

B(x) =
Sext

j=1



i↔N

Mi ◁i,j(x) dxj , (3.149)

where the sum involves only finitely many constant complex-valued matrices Mi and
the functions ◁i,j are called integral kernels. In the univariate case the second index
is dropped, and each kernel defines a di”erential one-form

◁̂i = ◁i(x) dx , (3.150)

on the space of kinematic invariants. For one-forms ◁̂1, . . . , ◁̂n and a curve ε from x0

to x, the Chen iterated integral of length n reads

Fi1,...,in [ε] =

∫

0⇓t1⇓···⇓tn⇓1

(ε→◁̂i1)(t1) · · · (ε→◁̂in)(tn) , (3.151)

with the empty integral normalised by convention to F⇔ = 1. Over C, iterated integrals
built from linearly independent one-forms are themselves linearly independent, yet
their products need not be.

Iterated integrals possess a rich algebraic structure; in particular, they form a Hopf
algebra [194,195], although this is not relevant for our present purposes. Therefore, we
restrict attention to the properties that will be used in the subsequent computation.
The product of two iterated integrals of lengths m and n satisfies the shu#e relation,

Fi1,...,im [ε] · Fj1,...,jn [ε] =


σ ↔ Sh(m,n)

Fσ(i1,...,im, j1,...,jn)[ε] , (3.152)

where Sh(m,n) denotes the set of permutations of m + n elements preserving the
relative order within each subsequence. Two further identities complete the algebraic
structure. Under path reversal,

Fi1,...,in [ε
↑1] = (→1)n Fin,...,i1 [ε] , (3.153)

where ε↑1 denotes the path traversed in the opposite direction. For path composition,
where ε1 ·ε2 denotes the concatenation of two paths sharing an endpoint, the iterated
integrals satisfy

Fi1,...,in [ε1 · ε2] =
n

k=0

Fi1,...,ik [ε1] Fik+1,...,in [ε2] . (3.154)

In the present work, integration is always performed along a straight line. The
path dependence therefore reduces to dependence on the endpoints alone, and the
path argument is suppressed in favour of the shorthand

Fi1,...,in(x) ⇐ Fi1,...,in [ε] . (3.155)
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Logarithmic one-forms, ◁i = d logωi, give rise to the important special class of
iterated integrals, namely multiple polylogarithms. Each rational function ωi is called
a letter, and the finite collection of all letters the alphabet. In the univariate case
the path may be chosen along the real axis, reducing the iterated integration to a
one-dimensional nested integral. Letting ωi = t→ ai, the resulting functions take the
Goncharov form [196],

Ga1,...,an(x) =

∫ x

0

dt

t→ a1
Ga2,...,an(t) , ∅ i ⇒ n ⇔ N : ai ↙= 0 , (3.156)

Ga1,...,an(x) =
[log(x)]n

n!
, ̸ i ⇒ n ⇔ N : ai = 0 , (3.157)

G(x) = 1 . (3.158)

To obtain Eq. (3.157) from Eq. (3.156), we apply the tangential base point regulari-
sation of [197]. The lower bound of the integral can be regularised by introducing a
finite cut-o”, which is expected to cancel in final expressions.

Of particular importance are the harmonic polylogarithms [198], obtained by re-
stricting the alphabet to zero and the square roots of unity,

Ha1,...,an(x) =

(→1)

∑n
i=1+ ↽1,ai


Ga1,...,an(x) , ai ⇔ {→1, 0, 1} , (3.159)

and arising naturally in single-scale calculations. When the integral kernels involve
algebraic functions of the kinematic invariants, two situations arise. If a rationalising
change of variables exists [199, 200] that renders all kernels rational, the iterated
integrals again reduce to multiple polylogarithms.

When no rationalisation exists, the iterated integrals define a broader class of
special functions that do not reduce to multiple polylogarithms. Within this larger
class, questions of linear independence in the functional sense remain an active area of
research. Regardless of whether such relations are fully understood, numerical evalu-
ation of iterated integrals proceeds by series expansion and term-by-term integration,
though a finite radius of convergence may necessitate analytic continuation [201,202].

Example 14: Returning to Ex. 12, the ε-factorised connection matrix, Eq. (3.144),
decomposes into integral kernels as

B(x) =

[
0 0
→2 0

]
◁1(x) +

[
0 0
0 →1

]
◁2(x)

}
, (3.160)

where the integral kernels read, together with their expansions around zero,

◁1(x) =
1

x→ 4

= →1

4
→ x

16
→ x2

64
→ x3

256
→ x4

1024
+O

(
x5
)
,

(3.161)

◁2(x) =
1√

x(4→ x)

=
1↓
x

[
1

2x
+

1

16
+

3x

256
+

5x2

2048
+

35x3

65536
+

63x4

524288
+O

(
x5
)]

.

(3.162)
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Formally integrating the di!erential equation, rotating the boundary values to the ε-
factorised basis, and matching with the integration constants yields, after some algebra,

FB,10(D, x) =
1

ε
+ 1 +

(
1 +

22
2

)
ε+

(
1 +

22
2
→ 23

3

)
ε2 +O

(
ε3
)
, (3.163)

FB,11(D, x) =
1

ε
+

1

x

(
2x→ rF2

)
+

ε

2x

(
8x→ 4rF2 + 2rF2,1 + x22

)

+
ε2

6x

(
48x→ 24rF4 + 12rF2,1 → 6rF2,1,1 + 6x22

→ 3rF222 → 2x23

)
.

(3.164)

In Ex 14 we implicitly introduced the normalisation of the integrals used through-
out this work,

CL,D = exp (→εE εL) , (3.165)

where εE denotes the Euler–Mascheroni constant,

εE = lim
n↗↓

(
n

k=1

1

k
→ lnn

)
= 0.57721566490153286061 . . . . (3.166)

With this convention, our results, Eqs. (3.163) and (3.164), are expressed in terms of
the classical polylogarithms and the associated zeta values,

Lin(x) =
↓

k=1

xk

kn
, (3.167)

2n = Lin(1) for n > 1 . (3.168)
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“She generally gave herself very good advice, (though
she very seldom followed it).”

— Alice’s Adventures in Wonderland, Lewis Carroll
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Chapter 4

Heavy Quark Production

4.1 Harmonic Projection

4.1.1 Harmonic Tensor

The harmonic tensors introduced here underlie the method of harmonic projection
(see Subsec 4.1.2), by which the moments of the coe!cient functions are extracted.
Constructed from a reference vector q and the metric tensor g, harmonic tensors of
rank N are defined as symmetric, traceless tensors, normalised such that

H
µ1...µi...µj ...µN

N = H
µ1...µj ...µi...µN

N , (4.1)

gµiµj
H

µ1...µi...µj ...µN

N = 0 , (4.2)

qµi
H µ1...µi...µn

N = q2H µ1...µ̂i...µN
N↑1

. (4.3)

Here, the circumflex denotes an omitted index. With this normalisation, transver-
sality is automatically ensured whenever the reference vector is light-like. For an
already-transverse tensor, Fourier transformation reduces this condition to a harmonic
di”erential equation.

Symmetric, traceless tensors arise throughout physics, from multipole expan-
sions in electrodynamics to gravitational-wave analysis [203, 204]. The normalisa-
tion adopted here, however, departs from the standard convention and its rationale
becomes apparent from the explicit construction of a general harmonic tensor [37],

H µ1...µN
N =

↖N
2 ↙

K=0

(q2)KhN
2K



σ

gσ(µ1)σ(µ2) . . . gσ(µ2K→1)σ(µ2K)qσ(µ2K+1) . . . qσ(µN ) , (4.4)

where the sum runs over all permutations 4 of the indices, modulo those equivalent
either by the intrinsic symmetry of the metric tensor or by the commutativity of
product. The coe!cients are given by

hN
2K = (→1)K2N

&(D → 2)&(D/2→ 1 +N →K)

&(D → 2 +N)&(D/2→ 1)
. (4.5)

Absorbing all combinatorial factors into the coe!cients ensures that the sum runs
only over permutations distinct under these equivalences. The form of the coe!cients

85
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itself accounts for the redundancies arising from the intrinsic symmetries of the metric
tensor and from products of the reference vector.

To make the definition of harmonic tensors, Eq. (4.4), more concrete, we consider
the explicit case of the rank-three harmonic tensor

H µ1µ2µ3
3

= h3

0
qµ1qµ2qµ3 + h3

2
q2 (gµ1µ2qµ3 + gµ3µ1qµ2 + gµ2µ3qµ1) , (4.6)

with the coe!cients

h3

0
=

D + 2

D → 1
, (4.7)

h3

2
=

1

1→D
. (4.8)

Symmetry is by construction manifest. Tracelessness may be verified by contracting
any two indices, for instance µ1 and µ2, and exploiting the symmetry of the tensor,
yielding

gµ1µ2
H µ1µ2µ3

3
= q2qµ3

(
h3

0
+ (D + 2)h3

2

)
= 0 . (4.9)

This computation shows that the tracelessness, Eq. (4.2), is closely tied to a recursive
relation between the coe!cients hN

2K for adjacent values of K. Along the same lines,
the normalisation condition may be verified directly by contracting the harmonic
tensor with the reference momentum, which gives

qµ1
H µ1µ2µ3

3
= q2

(
(h3

0
+ 2h3

2
)qµ2qµ3 + h3

2
q2gµ2µ3

)

= q2
(
h2

0
qµ2qµ3 + h2

2
q2gµ2µ3

)

= q2H µ2µ3
2

,

(4.10)

with the coe!cients

h2

0
=

D

D → 1
, (4.11)

h2

2
=

1

1→D
. (4.12)

Hence, the normalisation is likewise linked to the recursive nature of the coe!cients
hN
2K , now across adjacent values of N at fixed K.
Turning now to the general case of a harmonic tensor of rank N , the construction,

Eq. (4.4) can be shown to satisfy both the tracelessness and normalisation conditions
for all N . The normalisation condition, Eq. (4.3), may, to this end, be equivalently
written as

qµ1
...qµN

H µ1...µN
N = (q2)N . (4.13)

In this form the normalisation relates all coe!cients hN
2K at fixed N , whilst also

suggesting an even more practical condition,

∝N
2 ′

K=0

hN
2KF

N
2K = 1 . (4.14)

Here, FN
2K is a coe!cient accounting for the combinatorics of generating equivalent

tensor structures upon contraction with N reference vectors. Each q may be paired
with any of the N indices, then with any of the remaining (N → 1) indices, and so
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on, the process being repeated for all K metric tensors. To avoid over-counting, we
must account for the intrinsic symmetry of each metric tensor as well as permutations
amongst them, which yields

FN
2K =

1

2K&(1 +K)

K↑1

M=0

(N → 2M)(N → 2M → 1)

=
&(2K →N)

2K&(→N)&(1 +K)
.

(4.15)

The sum representation of the normalisation, Eq. (4.14), is now combined with the
combinatorial factors, Eq. (4.15). Applying Euler’s reflection formula and using that
2K is a positive even integer, the condition can be rewritten as

∝N
2 ′

K=0

hN
2KF

N
2K =

2N&(D → 2)

&(D → 2 +N)

∝N
2 ′

K=0

(→1)K

4K
&(2K →N)&(D/2→ 1 +N →K)

&(1 +K)&(→N)&(D/2→ 1)

=
2N

(D → 2)N

∝N
2 ′

K=0

(→1)K

4K
&(2K →N) (D/2→ 1)N↑K

&(1 +K)&(→N)

=
2N&(N + 1)

(D → 2)N

∝N
2 ′

K=0

(→1)K

4K
(D/2→ 1)N↑K

&(1 +K)&(N → 2K + 1)

=
2N&(N + 1)

(D → 2)N

(D → 2)N
2N&(N + 1)

= 1 ,

(4.16)

where (x)N denotes a Pochhammer symbol. As a consequence, the normalisation
condition is satisfied by every harmonic tensor constructed.

Vanishing of the trace, Eq. (4.2), requires the sum of the coe!cients associated
with each independent tensor structure to vanish identically. Four distinct types of
contraction may arise when taking a trace, of which only one contributes with a factor
of hN

2(K↑1)
, whilst the remaining three contribute with a factor of hN

2K . Including the
appropriate combinatorial weight in each case, we obtain

hN
2(K↑1)︸ ︷︷ ︸

gµω q
µqω

+DhN
2K︸ ︷︷ ︸

gµωg
µω

+(2K → 2)hN
2K︸ ︷︷ ︸

gµωg
εωgϑω

+(2N → 4K)hN
2K︸ ︷︷ ︸

gµωg
µεqω

= 0 . (4.17)

Applying the recursion step by step, from the maximal value of K down to K = 0,
makes all traces vanish. The harmonic tensors defined in Eq. (4.4) therefore exist for
all N and are symmetric, traceless, and correctly normalised.

4.1.2 Projection Operators

To e!ciently compute fixed-order moments of coe!cient functions, an operator is in-
troduced that projects reciprocal powers of xB in the partonic invariants, as suggested
by Eq. (2.104). The harmonic projection operator,

PM(·) = H µ1...µM
M

M !

0M

0pµ1 . . . 0pµM

(
·
)

p=0

, (4.18)
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yields a non-zero result only when applied to a product of exactly M vectors p. This
becomes clear when considering the case M ↙= N and evaluating the action of PM

explicitly. The indices can then be relabelled, using the symmetry of the product and
the defining properties of harmonic tensors, to give

PM(pϖ1 . . . pϖN ) =






N !

M !
H µ1...µM

M ϖϖ1
µ1

. . . ϖϖM
µM

0ϖM+1 . . . 0ϖN


p=0

if N < M ,

N !

M !
H µ1...µM

M ϖϖ1
µ1

. . . ϖϖM
µM

pϖM+1 . . . pϖN


p=0

if N > M .

(4.19)
Trivially, the first term vanishes, as the number of derivatives exceeds the number of
available factors, meaning that at least one derivative necessarily acts on a constant
and returns zero. For the second case, the projection also vanishes, since at least one
factor of p survives in the expression and is subsequently nullified. The projection is
therefore non-zero only when M = N , in which case

PN(p
ϖ1 . . . pϖN ) = H ϖ1...ϖN

N , (4.20)

so that the result itself is a harmonic tensor.
In practice, the harmonic projection is applied here to the forward scattering

amplitude, and projecting the partonic invariants yields

PM(Ti(p, q)) = PM

(


N↔N



k↔S↑

(
1

2xB

)N

AN
k,p(p)C

N
i,k(q)

)

= PM

(


N↔N



k↔S↑

qϖ1 . . . qϖN

(→q2)N
pϖ1

. . . pϖN
AN

k,p(p)C
N
i,k(q)

)

=


N↔N



k↔S↑

qϖ1 . . . qϖN

(→q2)N
CN

i,k(q)PM

(
pϖ1

. . . pϖN
AN

k,p(p)
)

p=0

=


N↔N



k↔S↑
CN

i,k(q)
H µ1...µM

q

M !

qϖ1 . . . qϖN

(→q2)N

↗
0M

(
pϖ1

. . . pϖN
AN

k,p(p)
)

0pµ1 . . . 0pµM


p=0

=


N↔N



k↔S↑
CN

i,k(q)
H µ1...µM

q

M !

qϖ1 . . . qϖN

(→q2)N

N

K=0

(
M →K

K

)

↗
0K

(
pϖ1

. . . pϖN

)

0pµ1 . . . 0pµK

0M↑K
(
AN

k,p(p)
)

0pµK+1 . . . 0pµM


p=0

i ⇔ {L, 2, 3, S } .

(4.21)

Without further simplification, the harmonic projection would be of limited practical
utility, since it acts not only on the products of momenta but also on the operator
matrix elements. Derivatives acting on the operator matrix elements, however, do not
contribute.

To see this, note that both harmonic tensors and derivatives are totally symmetric
in all their indices, which greatly simplifies the combinatorics of taking derivatives,
allowing the indices to be placed in canonical order. Applying the chain rule to
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di”erentiate the operator matrix elements, and observing that they depend only on
p2 since they are scalars, gives

0M↑K
(
AN

k,p(p)
)

0pµK+1 . . . 0pµM
=

M↑K

L=∝M→K
2 ′

22L↑(M↑K)
(M →K)!

L!

(
L

M →K → L

)

↗
0L

(
AN

k,p(p)
)

0(p2)L
gµ1µ2

. . . gµ2L→1µ2L
pµ2L+1

. . . pµM
.

(4.22)

For M →K ↙= 0 this expression does not contribute, because terms containing metric
tensors are annihilated by the tracelessness of the harmonic tensors, whilst those
containing p vanish once the partonic momentum is nullified. The inner sum may
therefore be dropped,

PM(Ti(p, q)) =


N↔N



k↔S↑
AN

k,p(p)C
N
i,k(q)

↗
H µ1...µM

q

M !

qϖ1 . . . qϖN

(→q2)N
0M

(
pϖ1

. . . pϖN

)

0pµ1 . . . 0pµM


p=0

=


k↔S↑
AN

k,p(p)C
N
i,k(q)

↗
H µ1...µM

q qϖ1 . . . qϖM

(→q2)M
gϖ1µ1

. . . gϖNµN


p=0

=


k↔S↑
AN

k,p(p)C
N
i,k(q)

Hq,ϖ1...ϖM
qϖ1 . . . qϖM

(→q2)M


p=0

= (→1)M


k↔S↑
AN

k,p(p)C
N
i,k(q)


p=0

⇐ TN
i (q) i ⇔ {L, 2, 3, S } .

(4.23)

The harmonic projection must also be applied directly to the forward scattering am-
plitude, where it acts at the level of the integrand. Nullifying the hadronic momentum
at the level of the integral would lead to infrared singularities that dimensional reg-
ularisation does not regulate, whereas at the integrand level such singularities are
properly handled.

In this context, the harmonic projection acts on scalar products involving the
hadronic momentum, in particular those arising from the numerator structure of the
Feynman rules. Further scalar products may appear from the denominators, which
can be expanded in powers of p, for instance

1

(p+ q)2 →m2
=

1

q2 →m2

↓

n=0

(
→ 2(p · q)
q2 →m2

)n

. (4.24)

In this setting, the harmonic projection is conceptually straightforward, amounting
simply to di”erentiating the integrands and contracting with harmonic tensors.
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This expansion, however, introduces the first computational bottleneck of the
method when higher moments are pursued. As a concrete example, consider a Feyn-
man graph with E edges and L loops representing a typical forward scattering process
with external bosonic momentum q, hadronic momentum p, and loop momenta k▷.
Each edge carries a momentum

pi =
L

▷=1

◁k
i▷k▷ + ◁q

i q + ◁p
i p

= qi + ◁p
i p , i = 1, . . . , E ,

(4.25)

where the coe!cients ◁k
i▷, ◁

q
i , and ◁p

i are assumed to take values in the incidence set
X (see also Subsec. 3.1.1). In the final line, the momenta are decomposed according
to their dependence on p, and we define P to be the set of edge labels corresponding
to momenta that depend on the partonic momentum.

All edge momenta qi are assumed distinct for simplicity, though this need not
hold in general for forward kinematics. The assumption serves only to facilitate the
counting. Omitting constant prefactors and numerators to ease the combinatorics, a
typical contribution to the amplitude takes the form,

I =
E

i=1

1

(p2i )
εi

=


i/↔P

1

(q2i )
εi



i↔P

1

((qi + ◁p
i p)

2)εi

=
E

i=1

1

(q2i )
εi



i↔P

[ ↓

n=0

(
→◁p

i

2(p · qi)
q2i

)n
]
,

(4.26)

where the propagators have been expanded in the limit p ↑ 0. The expansion is
naturally truncated at order N by the action of the projection operator PN , such
that

PN(I) =
E

i=1

1

(q2i )
εi
PN






∑
ni=N

1ni(p · qi)ni



 . (4.27)

Here the coe!cients 1k absorb all combinatorial prefactors arising from the products
and from the entries of the incidence matrix, as these factors are irrelevant for the
counting problem. Applying the stars-and-bars theorem [205] then yields the number
of terms arising before the derivatives are taken,

(
|P|+N → 1

N → 1

)
.

Once the derivatives have been taken, structurally similar expressions emerge,
albeit with increased complexity. The source of this complication is that the quantity
|P| must be replaced by the number of non-trivial scalar products appearing in each
term. There are

2|P| → 1 =
|P|

m=1

(
|P|
m

)
(4.28)
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di!erent ways to set some, but not all, of the indices to zero. Substituting this into
the counting formula, Eq. (4.27), gives

#terms(PN(I)) =

(
|P|+N → 1

N → 1

) |P|∑

k=1

(
|P|
k

)(
k +N → 1

N → 1

)

↑ N2|P|

|P|!2 +O(N2|P|→1) .

(4.29)

The counting makes clear that higher-order moments become increasingly demanding
to compute as more edges carry the hadronic momentum. Growing |P| leads to less
favourable scaling in the large-N limit, and to mitigate this e!ect the size of P is
minimised separately for each graph.

4.2 Computational Setup

4.2.1 Conventions

The conventions adopted in this subsection address four points, namely the choice of
gauge and polarisation sum, the decomposition of the current into vector and axial-
vector components, the form of the projectors used to extract the partonic invariants,
and the routing of momenta through each graph.

Turning first to the gauge choice, the Mellin moments of the forward scattering
amplitude are obtained by summing over all gluon polarisations and light-quark spins,
and averaging over all colours. For the polarisation sum, a physical gauge could in
principle be employed,

∑

s↑Sg

ωs,µ(p)ω
↓
s,ω(p) = →gµω +

pµqω + pωqµ
p · q → q2

(p · q)2pωpµ , (4.30)

where Sg denotes the set of gluon polarisations and ωs,ω the polarisation tensor of a
gluon with respect to the partonic momentum p. This sum is well-defined, since q
and p are not collinear. A physical gauge of this kind, however, introduces explicit
factors of p into the polarisation sum. Because the harmonic projection is a derivative
operator, every such factor produces a sizeable proliferation of terms. Instead, the
polarisation sum adopted here reads

∑

s↑Sg

ωs,µ(p)ω
↓
s,ω(p) = →gµω . (4.31)

This simplification comes at a price, namely the inclusion of ghosts as external par-
tonic states, which compensate for the unphysical degrees of freedom. Internal gluons
are treated in a general covariant gauge for the low moments and in Feynman gauge
(see App. D) otherwise. Gauge invariance ensures that the parameter ε cancels in
the final result, providing a valuable consistency check.

With the gauge now fixed, we turn to the structure of the currents, which are
decomposed into vector and axial-vector components, and with them the partonic
invariants. The resulting partonic invariants fall into four categories,

Tb1b2,i,q = T qb1qb2
i , b1, b2 ↓ { v, a } , i ↓ {L, 2, 3 } , (4.32)
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Tb1b2,i,g = T gb1gb2
i + 2T cb1cb2

i , b1, b2 ↓ { v, a } , i ↓ {L, 2, 3 } . (4.33)

Beyond the vector-current contributions, partonic invariants associated with scalar
currents are decomposed as

TS,q = T qsqs

S , (4.34)

TS,g = T gsqs

S + 2T cscs

S . (4.35)

The superscripts label the external particle content contributing to the forward scat-
tering amplitude, where c stands for external ghosts. A factor of two in the ghost
contributions accounts for the sum over both ghosts and anti-ghosts in the initial state.
Physical combinations of vector and axial-vector currents are then reconstructed by
summing the corresponding results and inserting the appropriate flavour factors.

Having decomposed the invariants, we turn to the projection onto the partonic
invariants. The projectors defined in Eqs. (2.54) to (2.56) have two shortcomings
for e”cient computation. First, they are redundant because the longitudinal part
is e!ectively evaluated twice. Second, they depend on the dimensional regulator ω,
which needlessly complicates the intermediate steps. Both issues are addressed by
decomposing the projectors into simpler ones as

P µω
S,L = → 1

q2
R µω

2
, (4.36)

P µω
S,2 = → 1

q2
3→ 2ω

2→ 2ω
R µω

2
→ 1

2→ 2ω
R µω

0
, (4.37)

P µω
A,3 =

i

(1→ 2ω)(2→ 2ω)
R µω

1
, (4.38)

where the new projectors are given by

R µω
0

= gµω , (4.39)

R µω
1

= 2xBωµωεϑp
εqϑ , (4.40)

R µω
2

= 4x2

B
pµpω . (4.41)

Each of these projectors carries a definite power of xB, so the forward amplitude can
be expanded directly to a fixed power of the partonic momentum, without separating
terms order by order in p. This decoupling of the Mellin moments enables a more
modular and e”cient implementation.

It remains to fix the routing of momenta through each graph. After harmonic
projection, the forward amplitude is reduced to a two-point graph by stripping away
the particle types, contracting all bridges, and contracting all edges with equivalent
edge momenta until no two edge momenta coincide. This reduction is in general not
unique.

Each internal edge then carries an edge momentum qi inherited from the two-point
function,

qi ↔ ϑi0q +
L∑

j=1

ϑi,jkj, ϑi,j ↓ {→1, 0, 1 } , (4.42)

and the original edge momenta di!er from these by the partonic momentum alone,

pi = qi + ϑp
i p , ϑp

i ↓ X . (4.43)
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Only the momentum routing of p, encoded in the coe”cients ϑp
i , then remains to

be specified. Among all possible routings, the most natural one assigns the partonic
momentum along a shortest path between the two external vertices to which the
partons attach. This path is located by means of a breadth-first search algorithm.
The number of p-dependent propagators is thereby minimised, and with it the term
proliferation generated by the harmonic projection.

4.2.2 Amplitude Generation

Feynman graphs are generated and reduced to independent contributions following
strategies similar to those employed for the massless case. All graphs contributing to
the processes

p + b1 →↗ p + b2, p ↓ { q, g, c } , b1, b2 ↓ { v, a } , (4.44)

p + s →↗ p + s, p ↓ { q, g, c } , (4.45)

are produced with the built-in graph generator of Form [139, 206] and processed by
the routine convdia.frm1, which assigns to each graph a topology together with edge
momenta pi of Eq. (4.43). Tadpoles are discarded, as they vanish in QCD by colour
conservation, whilst snails are retained, since a heavy-quark insertion on a gluon line
yields a non-vanishing contribution in dimensional regularisation.

Typically, these graphs contain many redundancies, making it more e”cient to
work with equivalence classes rather than individual graphs, where two graphs are
treated as equivalent whenever their contributions to the moments agree up to an
overall sign. Redundancies are removed in several stages, exploiting the pattern-
matching capabilities of Form.

The first stage discards graphs that do not contribute to the amplitude, beginning
with those of vanishing colour factor. To expose the colour content, the four-gluon
vertices are decomposed so that the colour structure is separated from the remainder
of the numerator,

µ1, a1 µ2, a2

µ3, a3µ4, a4
=

µ1, a1 µ2, a2

µ3, a3µ4, a4

+
µ1, a1 µ2, a2

µ4, a4µ3, a3

+
µ1, a1 µ4, a4

µ3, a3µ2, a2

, (4.46)

µ1, a1 µ3, a3

µ4, a4µ2, a2
=

µ1, a3 µ3, a3

µ4, a4µ2, a2

+
µ1, a3 µ2, a2

µ4, a4µ3, a3

+
µ1, a1 µ4, a4

µ3, a3µ2, a2

. (4.47)

For ease of implementation, only trivalent vertices are retained. The three-gluon-
scalar vertex is therefore decomposed as well, even though this step is not strictly
required for the colour factorisation,

µ1, a1 µ1, a1

µ2, a2µ3, a3
=




µ2, a2

µ3, a3µ1, a1



 . (4.48)

1The code is not publicly available but may be provided upon reasonable request.
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The left-hand side is symmetric under permutations of the three gluons, so the orig-
inal vertex may be replaced by any representative of the resulting equivalence class.
Such replacements can yield topologically distinct graphs, and any analysis of graph
symmetries must therefore consider the full equivalence class. Once every vertex of
valency greater than three has been reduced to a trivalent one, the colour structure de-
couples from the Lorentz and Dirac structures. The Feynman rules are then applied,
with the colour and flavour traces evaluated separately [207].

A further source of redundancy arises from scaleless subgraphs, which emerge once
the harmonic projection operator has been applied and the partonic momentum has
been nullified. Their detection proceeds in three steps. Each edge is first classified
as either massless or massive, with particle types discarded so that only the mass
assignments and momentum flow are retained, yielding a scalar skeleton graph. The
partonic momenta are then nullified and the partonic edges amputated. Finally, edges
joined through bivalent vertices are identified, as illustrated by the sequence:

p

p

q

q

→↑

0

0

q

q

→↑

q

q

(4.49)

The reduced graph is then searched for articulation points, namely vertices whose
removal disconnects the graph. Any disjoint component obtained by removing such
a vertex that is free of both massive edges and the boson momentum q corresponds
to a scaleless subgraph and therefore vanishes.

A final source of equivalences is charge conjugation, under which pairs of graphs
either coincide and combine or cancel against one another. To see why, consider a
closed quark loop carrying n external gluons, together with the graph obtained by
reversing the direction of the loop. The absolute values of the corresponding colour
traces read

∣∣ tr
(
T a1T a2 . . . T an

)∣∣ =
∣∣ tr

(
(T a1)T (T a2)T . . . (T an)T

)∣∣ . (4.50)

Equality holds only when the representation is real, symmetric or antisymmetric. For
generic representations and arbitrary n, the relation therefore fails. It does hold,
however, for exactly one or two generators, owing respectively to the invariance of the
trace under transposition and to its cyclicity.

4.2.3 Graph Symmetries

Beyond its role in identifying trivial contributions, charge conjugation may also relate
graphs to one another through symmetries that exceed graph automorphisms. Such
relations require only that the orientation of individual lines be reversed, with the
appropriate signs accounted for. This symmetry is referred to simply as conjugation.

Two further symmetry operations of a similar kind come into play, namely the
shu!e and swap symmetries. Both, like conjugation, may be understood as relocating
a subgraph without altering the overall amplitude.

The shu#e symmetry concerns bivalent subgraphs, that is, self-energy insertions
along a given edge, which may be permuted amongst themselves. This is immediate
in scalar theories. In other theories, the only possible obstruction stems from the



4.2. COMPUTATIONAL SETUP 95

numerator structures of the propagators. On ghost edges, where the propagators carry
no non-trivial numerators, self-energy insertions may therefore be reordered freely. For
quark edges, the numerators of the self-energy insertions are instead constrained by
Lorentz symmetry to take the form

/$i = $i,p/p+ $i,mm, (4.51)

with scalar functions $i,p and $i,m. The same decomposition applies to tree-level
quark propagators. For a product of quark numerators, we obtain

/$1
/$2 = $1,p$2,p/p

2 + $1,m$2,mm
2

+ $1,m$2,pm/p+ $1,p$2,m/pm = /$2
/$1 ,

(4.52)

which follows from the fact that m and /p commute with one another, and trivially
with themselves. In direct analogy, the numerators of self-energy insertions on gluon
edges take the form

%i,µω = %i,ppµpω + %i,ggµω , (4.53)

with the scalar functions %i,p and %i,g. Hence, we find for a product of gluon numer-
ators

%
1,µϖ%

ϖ
2, ω = %1,g%2,ggµω +

(
%1,p%2,g + %1,g%2,p

+ p2%1,p%2,p

)
pµpω = %

2,µϖ%
ϖ

1, ω ,
(4.54)

where the intermediate expression is manifestly symmetric. Self-energy insertions
on gluon and quark edges therefore commute. The same argument extends to any
number of numerators, including those arising from tree-level propagators.

Permutations of self-energy insertions on gluon, ghost, and quark edges along a
given edge are accordingly equivalent, a fact depicted graphically as

A B = B A , (4.55)

A B = B A , (4.56)

A B = B A , (4.57)

where these identities clearly fail to correspond to graph automorphisms once the
edges are oriented. The same is true whenever an edge carries more than two self-
energy insertions.

Forward-scattering kinematics give rise to the swap symmetry. It permits the
exchange of self-energy insertions between two gluon or ghost edges connected by a
line on which an external momentum both enters and leaves the graph. The external
particles may be either scalars or gluons.

For ghost lines the symmetry is immediate, since the self-energy insertions reduce
to scalar integrals and therefore commute. The gluon case is more involved, owing
to the presence of numerators. In this case the shu#e symmetry allows the tree-level
propagators to be shifted away from the two gluon-scalar vertices, leaving only the
numerators of the adjacent self-energy insertions. Products of the form below are
then encountered,

% µ
1, ϱ1

(k)V ϱ1ϱ2

g2
(k,→k → p)%

2,ϱ2ϱ3
(k + p)V ϱ3ϱ4

g2
(→k, k + p)% ω

3,ϱ4
(k)

= %1,k(k)%2,k(k + p)%3,k(k)X
µω(k, p) ,

(4.58)
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% µ
3, ϱ1

(k)V ϱ1ϱ2

g2
(k,→k → p)%

2,ϱ2ϱ3
(k + p)V ϱ3ϱ4

g2
(→k, k + p)% ω

1,ϱ4
(k)

= %1,k(k)%2,k(k + p)%3,k(k)X
µω(k, p) ,

(4.59)

% µ
1, ϱ1

(k)% ϱ1
3, ϱ2

(k)V ϱ2ϱ3

g2
(k,→k → p)%

2,ϱ3ϱ4
(k + p)V ϱ4ω

g2
(→k, k + p)

= %1,k(k)%2,k(k + p)%3,k(k)X
µω(k, p) ,

(4.60)

% µ
1, ϱ1

(k)V ϱ1ϱ2

g2
(k,→k → p)%

2,ϱ2ϱ3
(k + p)V ϱ3ϱ4

g2
(→k, k + p)% ω

3,ϱ4
(k)

= %1,k(k)%2,k(k + p)%3,k(k)X
µω(k, p) ,

(4.61)

with the shared tensor,

Xµω(k, p) ↔ gµω
(
k2 + (k · p)

)2
+ pµpωk2 → kµkω

(
k2 + 2(k · p)

)
→

(
pµkω

+ kµpω
)
(k · p) .

(4.62)

All equalities are obtained by direct computation, although the last two are special
instances of the shu#e symmetry. Graphically, the swap symmetry translates into

q q

k k

31

2

=

q q

k k

13

2

=

q q

k

k

1

3

2

, (4.63)

q q

k k

31

2

=

q q

k k

13

2

=

q q

k

k

1

3

2

. (4.64)

No analogous identities exist for the three-gluon and gluon-quark vertices, ow-
ing to the non-commutativity of quark propagators and to tensor structures in the
numerators that are neither manifestly symmetric nor antisymmetric. A notable con-
sequence is that self-energies on a ghost line may be interchanged without reversing
the direction of the line.

4.2.4 Amplitude Symmetries

Finally, graphs that di!er only by the crossing of external particles are related. Unlike
the symmetries discussed previously, those identified in this subsection act on Mellin
moments of the amplitudes rather than on the amplitudes themselves.

At the level of the forward scattering amplitude, crossing corresponds to a par-
ity transformation of the external momenta, accompanied where appropriate by an
exchange of indices between identical external particles. To derive the corresponding
symmetry relations, consider a graph & with L loops and only scalar external legs. Its
amplitude M! is built from the integrand I!. The N -th Mellin moment then follows
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through the harmonic projection operator,

PN(M!(p, q)) ↔
∫

dDk1 . . .

∫
dDkL PN(I!(p, q))

=

∫
dDk1 . . .

∫
dDkL

↔∑

M=0

PN

(
pµ1

. . . pµM
J µ1...µM (q)

)

=

∫
dDk1 . . .

∫
dDkL PN

(
pµ1

. . . pµN
J µ1...µM

!
(q)

)
.

(4.65)

By Lorentz invariance, the tensor J! depends only on q and the metric tensor g. Since
only the symmetric part survives contraction with a totally symmetric tensor, it may
be taken to be totally symmetric without loss of generality.

Because each metric tensor contributes an even number of indices, and each power
of the boson momentum contributes exactly one, the parity of the total index count
must match that of the power of q. The remaining scalar coe”cients are accordingly
functions of q2 alone, with the result

∫
dDk1 . . .

∫
dDkL J µ1...µM

!
(q) =

↗M
2 ↘∑

k=0

M̂M
!,2k(q

2)
∑

ς

gς(µ1)ς(µ2)

↘ . . . gς(µ2k→1)ς(µ2k)qς(µ2k+1) . . . qς(µM ) ,

(4.66)

where the sum runs again over all independent permutations ϖ of the indices (see
Subsec. 4.1.1). The N -th Mellin moment of the amplitude, Eq. (4.65), takes the
form

PN(M!(p, q)) = PN

(
pµ1

. . . pµN

↗M
2 ↘∑

k=0

M̂M
!,2k(q

2)

↘
∑

ς

gς(µ1)ς(µ2) . . . gς(µ2k→1)ς(µ2k)qς(µ2k+1) . . . qς(µM )

)
.

(4.67)

Hence, the Mellin moment is an odd function of either external momentum when N
is odd, and an even function when N is even.

Extending this symmetry to individual graphs requires recalling that the argument
above applies only to scalar external edges. Attention now turns to the case where
the edges carrying momentum p correspond to partons. For gluons, swapping one
external leg for another is always permitted, since gluons are their own antiparticles.
The polarisation sum is manifestly symmetric in the gluon indices, so the swap must
be performed simultaneously on the momenta and their associated indices. For quarks
and ghosts the situation di!ers, as reversing a quark line is not in general admissible,
with analogous restrictions applying to ghost lines. The parity transformation is
therefore permitted only for gluon legs, yielding the graphical identities

PN


q
pp

q


= (→1)NPN


q
pp

q


= (→1)NPN


q
pp

q


= PN


q
pp

q


. (4.68)

If the external boson is a vector or an axial-vector rather than a scalar, it is con-
tracted with a symmetric or antisymmetric tensor in the projection onto the partonic
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invariants. Depending on the projector, the simultaneous exchange of the bosonic
momenta and their indices may therefore introduce an additional sign,

PN


q

µ

pp
q

ω

S


= (→1)NPN


q

ω

pp
q

µ

S


= (→1)N PN


q

ω

pp
q

µ

S


= PN


q

µ

pp
q

ω

S


, (4.69)

PN


q

µ

pp
q

ω

A


= (→1)NPN


q

ω

pp
q

µ

A


= (→1)N+1PN


q

ω

pp
q

µ

A


= →PN


q

µ

pp
q

ω

A


. (4.70)

Taken together, the conjugation, shu#e, swap, and crossing symmetries partition the
graphs into equivalence classes. Non-trivial graphs contributing to the calculation
are matched against these equivalence classes, with exchanges of external particles
permitted and any resulting signs tracked explicitly.

The amplitudes are subsequently collected, up to overall numerical coe”cients,
into super-amplitudes, namely sums of all amplitudes that belong to the same integral
family and share identical colour and flavour factors.

4.3 Integral Families

4.3.1 Momentum Routing

In practice, integral families are rarely complete, and the basis must be supplemented
by adjoining auxiliary propagators. This choice is not unique, and di!erent com-
pletions can yield inequivalent integral families of varying complexity. A common
heuristic is to add the simplest propagators that generate the required scalar prod-
ucts, such as

ki · kj ≃ (ki ± kj)
2 ,

ki · pj ≃ (ki ± pj)
2 .

(4.71)

The rationale is that IBP identities act as derivative operators, and propagators in-
volving fewer internal momenta produce fewer terms upon di!erentiation. This cri-
terion is, however, insu”cient on its own. A more complicated choice of auxiliary
propagators may, after a suitable momentum shift, yield a simpler family overall,
and it is not a priori clear whether the auxiliary propagators should be massless or
massive. A more systematic approach is therefore required.

In what follows, we restrict attention to massless two-point functions from one
to five loops, where the only external momentum is q, and construct simple integral
families for these integrals. This restriction is practical, because two-point functions
are precisely the objects required for the computation of Mellin moments in subsequent
sections. The same strategies apply to problems with more external momenta, though
the combinatorics become considerably more involved.

By a simple integral family we mean a family that maximises the number of
graphs that can be mapped into it whilst minimising the number of internal momenta
appearing in the propagators. The first criterion takes priority over the second. To
make this concrete, we rank the propagators schematically in order of increasing
complexity,

k2

i1 , (ki1 + q)2, (ki1 + ki2)
2, (ki1 + ki2 + q)2, (ki1 + ki2 + ki3)

2, . . . , (4.72)

and maximise, starting from the simplest type, the number of propagators of each
kind in turn.
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Not all graphs appearing in physical amplitudes need be considered. Every graph
with a vertex of valence greater than three can be obtained from a trivalent one by
contracting internal edges. It therefore su”ces to work with trivalent graphs alone.
At the level of integrals, contracted edges correspond to propagators raised to the
zeroth power.

Trivalent graphs can be simplified further by contracting edges. Graphs that
are not two-edge-connected contain bridges, edges carrying no internal momentum.
Such bridges are purely multiplicative prefactors to the integral and may therefore
be contracted without loss of information. Similar simplifications apply to graphs
containing self-energy insertions, namely two-point subgraphs of lower loop order.
By momentum conservation, both external edges of such a subgraph carry the same
momentum, so one may be contracted whilst the other is assigned a suitable exponent
to account for the subgraph.

A two-edge-connected trivalent graph without self-energy insertions will be re-
ferred to as an independent graph, and only such graphs are considered subsequently.
Such a graph GL,i at L loops has

V (L) = 2L , (4.73)

E(L) = 3L→ 1 , (4.74)

vertices and edges respectively, consistent with the Euler characteristic for a single
connected component.

Each edge is assigned an edge momentum qi,j, with an implicit choice of orien-
tation, subject to momentum conservation at every vertex. The set of propagators
associated with the graph is

PL,i =
E

j=1


q2i,j


. (4.75)

In general, this set does not span the full space of scalar products, and completing
the basis requires a suitable choice of auxiliary propagators (see Subsec. 3.1.1). The
number of distinct momenta that can be formed from L internal momenta and only
one external momentum grows rapidly with the loop order, following the sequence
A029858 [208],

N(L) = 3, 12, 39, 120, 363, 1092, 3279, 9840, . . . (4.76)

Completing a family requires selecting A(L) auxiliary propagators from amongst
these, after excluding the E(L) edges already present as propagators, giving

N̂(L) =

(
N(L)→ E(L)

A(L)→ E(L)

)
(4.77)

possible completions. Evaluating Eq. (4.77) for the first few loop orders reveals com-
binatorial growth,

N̂(L) ⇐ 1, 1, 10, 105, 1012, 1023, 1040, 1064, . . . (4.78)

Consequently, an exhaustive search for ideal auxiliary scalar products is feasible up
to three loops, di”cult at four, and entirely out of reach at five. Some more e”cient
strategy is required.

However, most of the available momenta are irrelevant, since they do not appear
in the propagators of any of the independent graphs. The search may therefore be
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restricted to a smaller set of candidate momenta, large enough to contain all useful
auxiliary propagators yet small enough to render the combinatorics tractable. To
construct this set, we associate with each independent graph a collection of reduced
graphs, obtained by contracting internal edges whilst preserving the Euler character-
istic. Self-loops are never contracted, and the process terminates once a graph with
L self-loops is reached. The propagators of any reduced graph form a subset of those
of the original,

RL,i,k ⇒ PL,i , (4.79)

with equality when no edges have been contracted. Using the parametric represen-
tation of the graph polynomials, isomorphisms between the reduced graphs can be
identified (see Subsec. 3.1.4). At each loop order, there exists a reduced graph RL

that is isomorphic to a subgraph of every independent graph,

⇑RL,i,k ⇒ PL,i : RL,i,k
↑= RL . (4.80)

Such a graph exists because every graph can be reduced to one containing only self-
loops. The propagators of each independent graph admit the decomposition,

PL,i = RL ⇓ CL,i , (4.81)

where the sets CL,i contain the candidate momenta, that is, those propagators not
already present in the reduced graph. Taking the union over all independent graphs
yields the full set of candidate momenta,

CL =
NL

i=1

CL,i , (4.82)

which is typically much smaller than the set of all available momenta, reducing the
combinatorial problem to a more tractable size.

Simple families are sought under the working assumption that a single family
su”ces to accommodate all independent graphs. Should such a family be found, the
assumption is validated; otherwise, we attempt to cover all graphs with two families,
establishing two as the minimum. Since every independent graph must be contained
in the family, the construction may be seeded with any one of them, RL,j. A natural
choice is the reduced graph obtained from the ladder graph, which exists at each loop
order and whose propagators take the form

L

i=1


k2

i , (ki + q)2

⇓

L→1

i=1


(ki → ki+1)

2

, (4.83)

as these involve the fewest internal momenta per propagator. The candidate fami-
lies are constructed by augmenting this reduced graph with all subsets of candidate
momenta of the appropriate size,

CL = {C ⇔ CL : |C| = S(L)→ E(L) } , (4.84)

which yields the set of candidate integral families,

FL =


X↑CL

{RL,j ↖X } / ↑ , (4.85)
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where families equivalent under momentum shifts are identified. Each candidate fam-
ily is tested against the full set of independent graphs, again using the parametric
representation, to determine which graphs it accommodates.

At one and two loops, the number of scalar products coincides with the number
of edges, and only a single independent graph exists at each loop order. The family
is therefore uniquely determined, and such a family is called a momentum routing,

R1 = { k1, k1 + q } , (4.86)

R2 = { k1, k1 + q, k2, k2 + q, k1 → k2 } . (4.87)

The first non-trivial case occurs at three loops. Three independent graphs appear,
giving rise to the sets of momenta

P3,1 = { k1, k1 + q, k2, k2 + q, k3, k3 + q, k1 → k2, k3 → k2 } , (4.88)

P3,2 = { k1, k1 + q, k2 + q, k3, k3 + q, k1 → k2, k3 → k2, k1 → k2 + k3 } , (4.89)

P3,3 = { k1, k1 + q, k2, k2 + q, k3, k1 → k2, k3 → k2, k1 → k2 + k3 } . (4.90)

Contracting a single edge in each independent graph yields a collection of reduced
graphs with the following sets of momenta,

R3,1,3 = { k1, k1 + q, k2, k3, k3 + q, k1 → k2, k2 → k3 } , (4.91)

R3,2,1 = { k1, k1 + q, k2 + q, k3, k3 + q, k1 → k2, k2 → k3 } , (4.92)

R3,3,3 = { k1, k1 + q, k2, k2 + q, k3, k2 → k3, k1 → k2 + k3 } . (4.93)

The reduced graphs, Eqs. (4.91), (4.92) and (4.93), turn out to be isomorphic, with
the latter two mapped to the first by the respective momentum shifts,

k1 ↗ →q → k1, k2 ↗ →k2 → q, k3 ↗ →k3 → q, (4.94)

k1 ↗ k3, k2 ↗ k1, k3 ↗ →k2 + k1. (4.95)

Under these shifts, Eqs. (4.94) and (4.95), the full set of propagators of the respective
independent graphs, Eqs. (4.89) and (4.90), becomes

P3,1
↑= { k1, k1 + q, k2, k3, k3 + q, k1 → k2, k3 → k2, k2 + q } , (4.96)

P3,2
↑= { k1, k1 + q, k2, k3, k3 + q, k1 → k2, k3 → k2, k1 → k2 + k3 + q } , (4.97)

P3,3
↑= { k1, k1 + q, k2, k3, k3 + q, k1 → k2, k3 → k2, k1 → k3 } . (4.98)

After these shifts, the first seven momenta across all three independent graphs coin-
cide, showing that they share a common reduced graph. The ladder graph, Eq. (4.96),
contributes no candidate momenta, whilst the remaining two each contribute one,

C3 = { k1 → k2 + k3 + q, k1 → k3 } . (4.99)

Augmenting the reduced graph, Eq. (4.91), with each candidate momentum in turn
yields two candidate families,

F3,1 = { k1, k1 + q, k2, k3, k3 + q, k1 → k2, k3 → k2, k2 + q } , (4.100)

F3,2 = { k1, k1 + q, k2, k3, k3 + q, k1 → k2, k3 → k2, k1 → k2 + k3 + q } . (4.101)
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Testing these against all independent graphs, Eqs. (4.96) to (4.98), shows that the
second family accommodates all three. Applying the momentum shift

k1 ↗ →q → k1, k2 ↗ →k2 → q, k3 ↗ →k3 → q , (4.102)

already encountered in the reduction of the three-loop graphs, Eq. (4.94), brings the
family into a form that manifestly contains the ladder graph. The single auxiliary
propagator involves three internal momenta, reflecting the presence of non-planar
graphs amongst the independent topologies. As a result, the minimal family reads

R3 = { k1, k1 + q, k2, k2 + q, k3, k3 + q, k1 → k2, k3 → k2, k1 → k2 + k3 } . (4.103)

A new feature emerges at four loops, namely chiral graphs, defined as graphs
related by the parity transformation of the external momentum. Fifteen independent
graphs appear at this loop order, of which four pairs are related by parity and may be
treated as equivalent. A further complication is that edge contractions can produce
graphs that are not one-vertex-connected, for which the correspondence between graph
automorphisms and integrand symmetries breaks down. Both issues are handled by
the parametric representation without di”culty. Following the same procedure as at
three loops, a single family is found to su”ce for all independent graphs,

R4 =

k1, k1 + q, k2, k2 + q, k3, k3 + q, k4, k4 + q, k1 → k2, k2 → k3, k3 → k4,

k1 → k3 + k4, k1 → k2 + k4, k1 + k4 + q

.

(4.104)

At five loops the situation changes, and a single family no longer su”ces. Of the
one hundred independent graphs appearing at this order, sixty-four are inequivalent
under parity. An exhaustive search shows that no single family accommodates more
than sixty-two of them, so at least two families are required,

R5,1 =

k1, k1 + q, k2, k2 + q, k3, k3 + q, k4, k4 + q, k5, k5 + q, k1 → k2,

k2 → k3, k3 → k4, k4 → k5, k2 → k4, k2 → k4 + k5, k1 → k2 + k3 + q,

k1 + k3 → k4 + q, k3 → k4 + k5 + q, k1 + k3 → k4 + k5 + q

,

(4.105)

R5,2 =

k1, k2, k1 + k2, k3, k2 → k4, k4, k3 + k4, k1 + k3 + k4,→k2 + k3 + k4,

k2 → k5, k1 + k4 → k5, k5, k3 + k5, k4 → k5, k1 + k4 → q, k1 + k2 → q,

k3 + k4 → q, k1 + k3 + k4 → q, k5 → q, k3 + k5 → q

.

(4.106)

The reduction from one hundred graphs to only two families is nonetheless a substan-
tial simplification2.

Four- and five-loop results demonstrate that the vast majority of choices of aux-
iliary propagators (see Fig. 4.1) yield little or no simplification. This observation
carries considerable practical significance, as IBP reduction at higher loop orders can
demand months or even years of computation, whereas identifying optimal integral
families beforehand requires far less e!ort and dramatically reduces the overall cost.
At four loops, the search procedure described here completes almost instantaneously
on an ordinary laptop, whilst at five loops it requires approximately one week on a
cluster of roughly one hundred cores. Since the analysis need only be performed once
and requires minimal memory, the investment in optimisation is well worthwhile.

2To the best of the author’s knowledge, this minimality result has not previously appeared in the
literature.
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Figure 4.1: The bins show the number of complete families containing a fixed number
of independent graphs.

Several extensions of these strategies are worth noting. Allowing contractions of
multiple edges would yield reduced graphs specific to subsets of topologies, enabling
candidate propagators to be ranked by their frequency of appearance. At higher
loop orders or with additional external momenta, a greedy algorithm becomes prac-
tical, in which auxiliary propagators are added one at a time, each step selecting the
momentum that covers the largest number of remaining independent graphs.

These results also have implications for vacuum integrals. Any two-point graph
may be converted into a vacuum integral by treating the external momentum as an
internal momentum, which at the level of the graph amounts to identifying the two
external vertices. Conversely, a vacuum integral may be opened into a two-point
graph by cutting any internal edge and routing the external momentum through it.
The described method is also known as glueing and cutting [94, 209, 210]. Integral
families constructed for two-point functions therefore automatically provide families
for the corresponding vacuum integrals. Up to five loops a single family su”ces for
all of them, whilst at six loops two are required. For instance, through three loops we
find the momentum routings for vacuum graphs,

RV

1
= { k1 } , (4.107)

RV

2
= { k1, k2 → k1, k2 } , (4.108)

RV

3
= { k1, k2 → k1, k2, k3 → k1, k3 → k2, k3 } . (4.109)

An alternative route to two-point families, which we mention without pursuing
in detail, is suggested by this correspondence. Rather than working with two-point
graphs directly, we may first determine the minimal set of families covering all vacuum
topologies and then promote one of the internal momenta to the external momentum q.
Since vacuum graphs have fewer edges and vertices than the corresponding two-point
graphs, the combinatorial search is simpler. The choice of which internal momen-
tum to promote is not unique, however, and testing all possibilities reintroduces a
combinatorial overhead.
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4.3.2 Mass Assignments

Momentum routings are advantageous in that they already minimise the number of
families required for the treatment of massless amplitudes. They also render cancella-
tions manifest at the integrand level, since the master integrals within a single family
are linearly independent, whereas this need not hold across distinct families. The
routings alone would therefore su”ce to define all integral families if all internal lines
were massless. Since internal lines may, however, carry masses, the routings must be
dressed accordingly.

To this end, recall that edges may be classified as either massive or massless, each
edge i carrying a mass mi equal to zero or to the heavy-quark mass m. The set of
all graphs with L loops contributing to the forward scattering amplitude is denoted
GL, and the edges of a graph & ↓ GL are contained in the set E!. With each graph we
associate the set of momentum-mass pairs encoding its denominator structure,

F! ↔


i↑E!

{ (pi|p=0,mi) } \ ↑ . (4.110)

Equivalent momenta, namely those di!ering by an overall sign, are identified here, as
they always appear squared in the propagators. An auxiliary set is further defined as

R(F!) ↔


(p,m)↑F!

{p} . (4.111)

All denominator structures are grouped into equivalence classes by identifying all
sets of momenta related by momentum shift transformations. Such transformations
are conveniently encoded in a linear operator T satisfying

T (F!) =


i↑E!

{ (T (pi)|p=0,mi) } \ ↑ , (4.112)

T (li) = ϑi,0q +
L∑

j=1

ϑi,jkj, ϑi,j ↓ {→1, 0, 1 } . (4.113)

All momentum-shift transformations are collected in the set T . Among these, only
those preserving the set size and remaining within the same momentum routing are
admissible. The admissible transformations form the subset

TA =

T ↓ T | (R(TF!)\RL = ↙) ∝ (|TF!| = |F!|)


. (4.114)

Size constraints arise because certain shifts cause two or more edge momenta to coin-
cide, rendering the corresponding Jacobian matrix non-invertible and the shift itself
invalid. An equivalence class of denominator structures may be defined as


F!


=



T↑TA


TF!


. (4.115)

These equivalence classes are free of duplicate entries, being unions of sets by construc-
tion. Remaining redundancies arise only from classes whose members are contained
within those of larger cardinality. This translates into the requirement that the power
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set P of each equivalence class must not be a subset of that of any class of larger
cardinality. Independent equivalence classes are then defined as

CL =


!↑GL,
P ([F!]) ≃⇐P ([F!↑ ]) ⇒!

↑↑GL:|[F!↑ ]|>|[F!]|


[F!]


. (4.116)

To determine the minimal set of families, a given momentum routing is dressed
with masses, yielding a basis such as

BL,b = {(q1, b1), . . . , (qn, bn)}, b =
n∑

i=1

2i→1
bn→i+1

mi
. (4.117)

Constructing the sets for all possible mass assignments of the momentum routings is
equivalent to taking the union over all such sets for every binary representation of b
with n digits. The full set of integral families is therefore obtained by the union

BL =
2
n→1

b=0


BL,b


. (4.118)

For notational convenience, two auxiliary functions are introduced. The first is a
bijective index function g mapping each independent equivalence class to an index in
the set I ⇔ N with |I| = |C!|, where the values may be chosen arbitrarily,

gL : CL ↗ I, gL(C) = i, C ↓ CL, i ↓ I . (4.119)

Since the map is applied to equivalence classes, it induces a canonical map assigning
to each member of a class the index of the class itself,

g̃L : C ↓ CL ↗ I, g̃L(c) = gL(C), c ↓ C . (4.120)

This follows because the equivalence classes are by construction disjoint, and hence
their members are independent. The index function is then used to define an indicator
function,

fL : CL ↘ B ↗ P⇑1(I), fL(c, b) =


{g̃L(c)}, c \ b = ↙,
↙, c \ b ′= ↙,

c ↓ CL, b ↓ B , (4.121)

where P⇑1 denotes the power set restricted to the empty set and sets of cardinality
one. This indicator function then assigns to each basis family the independent classes
it contains,

SL,b =


C↑C

( 

c↑C

fL(c,BL,b)

)
. (4.122)

With this family of sets, the construction of a minimal set of integral families reduces
to a standard set-covering problem, with the family SL and the universe UL given by

SL =
2
n→1

b=0


SL,b


, (4.123)
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UL =
2
n→1

b=0

SL,b . (4.124)

The set-covering problem may be further optimised by restricting the candidates to
inequivalent integral families.

Up to three loops, the problem remains su”ciently small for non-greedy imple-
mentations of the set-covering algorithm to be applied. This is feasible because the
covering sets are sparse, with most entries empty. The integral families obtained in
this way constitute a minimal set. Solving the set-covering problem yields the integral
families for the neutral current,

BNC

1
=


B1,0,B1,3


, (4.125)

BNC

2
=


B2,0,B2,7,B2,30


, (4.126)

BNC

3
=


B3,0,B3,27,B3,103,B3,414,B3,482,B3,505


, (4.127)

and those exclusive to the charged current,

BCC

1
=


B1,2


, (4.128)

BCC

2
=


B2,10,B2,13


, (4.129)

BCC

3
=


B3,168,B3,179,B3,207,B3,310,B3,330,B3,337


. (4.130)

Assigning integral families to the graphs of the forward scattering amplitude is
the final step. Since the assignment was performed at the level of equivalence classes,
the momenta in the amplitude must be shifted accordingly to bring each graph into
the form of its assigned family. Determining these shifts is a matter of bookkeeping
and poses no conceptual di”culty.

Two natural generalisations of the algorithm present themselves. First, it extends
to theories involving n distinct masses by replacing the binary encoding of the mass
assignments with a base-n representation, leaving the remainder of the procedure
unchanged. Second, it applies to problems requiring several momentum routings, in
which case the equivalence classes must be broadened to allow shifted incomplete fam-
ilies to be embedded in any of the available routings rather than in a single one. With
these modifications, the procedure is otherwise unaltered. For a detailed discussion
of the NLO results, see Ref. [211].

4.4 Di!erential Equations

4.4.1 Selection of Master Integrals

The computation of the master integrals proceeds in several steps. Once the full
amplitude has been generated and the integral families have been assigned, all of
the integrals that appear are read out, with the trivial ones discarded immediately
and equivalent ones identified (see Sec. 3.1.4). The remaining integrals are reduced
with Kira [177–179] and FireFly [212, 213], and the master integrals are chosen so
as to build a dot basis. A single constraint is placed on the basis, namely that the
denominators of the reduced integrals are su”ciently simple, with no mixing of the
dimension and the kinematic scales.
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For the reduction, we exploit the scaling relation for Feynman integrals,
Eq. (3.128), and set m2 = 1, which fixes the mass scale and leaves a single kinematic
variable

x =
q2

m2
. (4.131)

Reducing the full amplitude requires more integral families than the computation of
the master integrals alone, because master integrals that are linearly independent
within a given family need not stay independent across di!erent integral families. A
dot basis makes symmetries of the master integrals manifest, and equivalent sectors
can in particular be assigned the same master integrals across families. The resulting
set is linearly independent, but non-linear relations may potentially exist amongst
its elements. By the factorisation criterion (see Subsec. 3.1.2), about a third of the
master integrals are found to factorise.

An exhaustive list of all master integrals required is given for the neutral current
(see Tab. A.1) and for the charged current (see Tab. A.2), where we also record their
factorisation and the sector symmetries, with a single representative master integral
listed in each case. In total we find three, ten and seventy-one master integrals for
the neutral current and two, eight and fifty-seven for the charged current, at one, two
and three loops respectively. Of these, three, four and forty-five are independent for
the neutral current and two, five and forty-seven for the charged current, in the sense
that they do not factorise. In contrast to the reduction, the calculation of the master
integrals themselves requires only two, three and five integral families for the neutral
current and one, one and three for the charged current.

4.4.2 Classification of Master Integrals

All massive master integrals are computed by the method of di!erential equations,
which yields a series expansion in the dimensional regulator. Each integral is then
characterised in two respects, namely the depth to which this expansion is required
and the class of functions in which it can be expressed, the latter being either poly-
logarithmic or elliptic.

The depths are not immediately apparent, since IBP reduction introduces spurious
poles. Each master integral is therefore assigned a depth by taking the fully reduced
Mellin moments, inserting the formal expansions of the master integrals, and collecting
the highest order that contributes to the finite part through three loops, including
contributions from renormalisation.

Since x is the only kinematic variable, all di!erential equations are univariate (see
Sec. 3.3.3). Each master integral, and hence its family, is broadly labelled either as an
elliptic candidate or as strictly polylogarithmic, a distinction that remains somewhat
loose and is justified later. Two heuristics guide this labelling. One rests on the
fact that an elliptic curve requires at least three singular points, flagging as elliptic
candidates all families whose sectors contain a homogeneous system with three such
points (see Fig. 4.2). Another checks whether a family contains a known elliptic
subgraph, namely one of the fully massive two- or three-loop banana graphs.

Elliptic integrals further separate into two classes, those carrying an elliptic ho-
mogeneous sector, termed homogeneously elliptic, and those coupling to such a block
only through the inhomogeneity, termed inhomogeneously elliptic. For the neutral and
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charged currents, three and twelve homogeneously elliptic integrals arise respectively,

ENC =

INC

3,10, I
NC

3,11, I
NC

3,12


, (4.132)

ECC =

ICC

2,3 , I
CC

2,4 , I
CC

3,05, I
CC

3,06, I
CC

3,10, I
CC

3,11, I
CC

3,12, I
CC

3,17, I
CC

3,18, I
CC

3,22, I
CC

3,23, I
CC

3,24


. (4.133)

A further eleven and twenty-seven inhomogeneous elliptic integrals are present for the
neutral and charged currents respectively, and are not listed explicitly.

In the neutral current case, the one- and two-loop families are purely polylogarith-
mic, and only at three loops do three of the six families become elliptic. The charged
current turns elliptic sooner. Beyond the polylogarithmic one-loop family, two loops
bring one elliptic and one polylogarithmic family, and at three loops five of the six
families are elliptic.

All one- and two-loop integrals are determined by the three-loop ones, because
factorisation allows each to be obtained from a three-loop integral up to signs fixed
by inexpensive numerical evaluations. It therefore su”ces to focus the discussion on
the three-loop case, even though every integral may be computed from its respective
di!erential equation.

Polylogarithmic and elliptic di!erential equations are solved separately for com-
putational reasons, as the former can be solved almost fully automatically whilst the
latter require case-by-case analysis. Within each current, an elliptic system is con-
structed by augmenting the elliptic master integrals with polylogarithmic ones until
the system closes. For the neutral current three systems arise, whilst the charged
current yields a single one into which all polylogarithmic integrals are absorbed.

4.5 Integration of the Master Integrals

4.5.1 Polylogarithmic Integrals

Purely polylogarithmic di!erential equations are essentially trivial, as the correspond-
ing system can be brought into ω-factorised form using the Mathematica package
Canonica [214]. Because the package supports only rational transformations, any
algebraic factors appearing in the transformation, namely square roots, must first be
anticipated and rationalised. Care is needed, however, as the change of variables used
to achieve this must respect the underlying kinematics.

In terms of the original variable x, the singular points of the polylogarithmic
di!erential equations are

xphys

↓ ↓ {→4, 0, 1, 4 } , (4.134)

where the singularity at infinity is set aside. Constructing a transformation to ω-
factorised form requires the introduction of the square roots


x(x→ 4),


x(x+ 4)


. (4.135)

For m2 > 0 and spacelike q2 < 0, the variable x lies in the interval (→∞, 0), on which
the square roots are partially rationalised by the parametrisation

x(y) = →(1→ y)2

y
, (4.136)
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Figure 4.2: Di!erential equations for the master integrals. The top row shows the
polylogarithmic systems, the bottom row the elliptic ones, with the neutral current
on the left and the charged current on the right. Homogeneous elliptic sectors are
shown in dark green, inhomogeneous ones in light green.

inverted by

y(x) = 1→ x

2
→ 1

2


x(x→ 4) . (4.137)

The endpoints x ↗ →∞ and x ↗ 0→ map to y ↗ 0+ and y ↗ 1→ respectively, so
that y ↓ (0, 1). Beyond the singular points of the original di!erential equation, the
reparametrisation introduces further ones. Images of the initial four singular points,
Eq. (4.134),

yphys↓ ↓

→1, 1, 3→ 2

∈
2,

1

2
(1→ i

∈
3)


, (4.138)

are accompanied by three spurious ones,

yspur↓ ↓

0, 3 + 2

∈
2,

1

2
(1 + i

∈
3)


, (4.139)
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which are artefacts of the rationalisation procedure and must cancel in any physical
result. Under the substitution, the square roots, Eq. (4.135), transform as


x(x→ 4) ∋→↗ →(y → 1)(y + 1)

y
, (4.140)


x(x+ 4) ∋→↗ →(y → 1)

y


1→ 6y + y2 , (4.141)

where the sign reflects the branch convention implied by x ↓ (→∞, 0). Only the
first root is rationalised by this parametrisation. Simultaneous rationalisation of the
second root is accomplished through a further change of variables, found with the
Mathematica package RationalizeRoots [199],

y(z) =
2(z → 3)

z2 → 1
, (4.142)

inverted by

z(y) =
1→


1→ 6y + y2

y
. (4.143)

Under this change of variables, z is no longer real but traces a curve in the complex
plane with endpoints z(0) = 3 and z(1) = 1 → 2i. Working along a complex curve
causes no di”culty, as the di!erential equations remain rational, and hence single-
valued, in z. Eleven singular points appear, four of them physical,

zphys↓ ↓

→ 1 + 2

∈
2, 1→ 2i, 3 + 2

∈
2,

1

2


1 +

∈
5→ i(

∈
15→

∈
3)


, (4.144)

the remaining seven being spurious,

zspur↓ ↓

→ 1→ 2

∈
2, 3→ 2

∈
2, 1 + 2i,

1

2


1 +

∈
5 + i(

∈
15→

∈
3)

,

1

2


1→

∈
5 + i(

∈
15 +

∈
3)

,
1

2


1→

∈
5→ i(

∈
15 +

∈
3)

, 3


.

(4.145)

The second square root is now rationalised,


1→ 6y + y2 ∋→↗ z2 → 6z + 1

(z → 1)(z + 1)
, (4.146)

and the first remains so by virtue of the transformation being itself rational. Both
square roots are thereby rationalised, and every polylogarithmic di!erential equation
can be brought into ω-factorised form without complication.

4.5.2 Neutral Current Elliptic Integrals

This section presents the calculation of the elliptic integrals encountered in the neutral
current. Discussion focuses on the homogeneous block of the fully massive three-loop
banana graph which, whilst more involved than the two-loop banana of the charged
current, is the more illustrative case. Remaining elliptic integrals follow by direct
analogy and are not discussed separately.

Similar calculations have appeared in the literature [215], and all results obtained
here agree with them up to some typographical errors in those works, whilst the QCD
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exclusive integrals are structurally compatible with existing results. The three-loop
banana integrals have been studied extensively in the literature [216–219]. However,
complete derivations are still included here, as most references omit intermediate
steps. To obtain ω-factorisation, we employ the method of splitting the Wronskian in
a semi-simple and unipotent part, see Refs. [220,221] for details.

Three master integrals contribute to the homogeneous part of the three-loop ba-
nana graph,

INC

B
=

(
INC

3,10, I
NC

3,11, I
NC

3,12

)
, (4.147)

and satisfy a first-order di!erential system inherited from the full elliptic system,

ANC

B
= ANC,(0)

B
+ ωANC,(1)

B
(4.148)

with the connection matrices

ANC,(0)
B

=




→ 1

x → 4

x 0
1

4x
4→x
4x →1

2

→ x2→28x+120

8(16→x)(4→x)x
x3→40x2

+392x→800

8(16→x)(4→x)x
x3→36x2

+264x→256

4(16→x)(4→x)x



 , (4.149)

ANC,(1)
B

=




→ 3

x 0 0
7

4x
16→x
4x 0

→ x2→29x+127

(16→x)(4→x)x
x3→52x2

+644x→1616

4(16→x)(4→x)x
x3→48x2

+384x→256

4(16→x)(4→x)x



 . (4.150)

A first step towards an ω-factorised basis is to pass to a derivative basis, in which
the connection takes the form

INC

B,d ↔
(
INC

B,1 ,
d

dx
INC

B,1 ,
d2

dx2
INC

B,1

)
. (4.151)

Repeated use of the homogeneous di!erential equation allows all derivatives to be
expressed in terms of the connection matrix and its derivatives. This relates the
original master integrals to those of the derivative basis,

INC

B,d = TNC

B,dI
NC

B
, (4.152)

with the rotation matrix

TNC

B,d =




1 0 0

→3φ+1

x → 4

x 0

→ (φ→1)(3φ+1)

x2
xφ+x→4φ+4

x2
2

x



 . (4.153)

Restricting henceforth to the maximal cut [222, 223], defined by letting ω ↗ 0, the
transformed connection matrix reads

ANC

B,d =




0 1 0
0 0 1
1

(16→x)x2 → 7x2→68x+64

(16→x)(4→x)x2 →6(x2→15x+32)
(16→x)(4→x)x



 . (4.154)

The last row in Eq. (4.154) defines a Picard–Fuchs operator of degree three [222].
Being irreducible and admitting no factorisation, this third-order operator possesses
three linearly independent solutions. Geometrically, the underlying equation describes
a K3 surface [224, 225], equivalently a Calabi–Yau two-fold, though the precise ge-
ometry plays no role in what follows. An alternative derivation of the geometry
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can be obtained from the Baikov representation [226–228] evaluated on the maximal
cut [222, 223]. The three solutions, namely the periods ϱNC

i , form the solution space
and satisfy

LNC

3
ϱNC

i = 0 , i ↓ { 0, 1, 2 } , (4.155)

with the Picard–Fuchs operator

LNC

3
=

d3

dx3
+

7x2 → 68x+ 64

(16→ x)(4→ x)x2

d2

dx2
+

1

(16→ x)x2

d

dx
→ 1

(16→ x)x2
. (4.156)

Although direct integration of Eq. (4.155) is possible in closed form, the exact
solutions are Heun functions [229], which are poorly suited to practical calculations.
The Frobenius method instead produces an iterative solution expanded around a
chosen singular point, and is therefore the approach adopted here. Since the case of
interest is deep-inelastic scattering, the expansion3 is taken around zero, specifically
in the limit x ↗ 0→,

ϱNC

0
= 1 +

x

16
+

7x2

1024
+

x3

1024
+

679x4

4194304
+O

(
x5
)
, (4.157)

ϱNC

1
= ϱNC

0
log x+

3x

32
+

57x2

4096
+

73x3

32768
+

13081x4

33554432
+O

(
x5
)
, (4.158)

ϱNC

2
=

ϱNC

0
log2 x

2
→ϱNC

0
log x+

9x2

2048
+

135x3

131072
+

7089x4

33554432
+O

(
x5
)
. (4.159)

Among these, the first solution is the holomorphic one, whose expansion is used later
to fix the boundary conditions.

Notably, this Picard–Fuchs operator is the symmetric square of a second-order
operator [230, 231]. To see this, consider generic second- and third-order Picard–
Fuchs operators

LNC

2
=

d2

dx2
+ c2,1

d

dx
+ c2,0 , (4.160)

LNC

3
=

d3

dx3
+ c3,2

d2

dx2
+ c3,1

d

dx
+ c3,0 , (4.161)

related through the symmetric square property [232],

LNC

2
ςNC = 0 and ϱNC = (ςNC)2 =△ LNC

3
ϱNC = 0 . (4.162)

This property fixes the coe”cients c3,i uniquely in terms of the c2,i. Repeated di!er-
entiation of ϱNC yields

ϱNC =
(
ςNC

)2
, (4.163)

ϱ̇NC = 2ς̇NCςNC , (4.164)

ϱ̈NC = 2
(
ς̇NC

)2 → 2c2,1ς̇
NCςNC → 2c2,0

(
ςNC

)2
, (4.165)

...
ϱNC = →6c2,1

(
ς̇NC

)2
+
(
2c2

2,1 → 2ċ2,1 → 8c2,0
)
ς̇NCςNC

+
(
2c2,0c2,1 → 2ċ2,0

)(
ςNC

)2
,

(4.166)

3Digital results are provided; see App. E for details.



4.5. INTEGRATION OF THE MASTER INTEGRALS 113

where the second-order operator, Eq. (4.160), has been used repeatedly to eliminate
second derivatives.

Substituting Eqs. (4.163)–(4.165) into Eq. (4.166) eliminates ςNC and ς̇NC in
favour of ϱNC and its derivatives, yielding a third-order ordinary di!erential equation.
Subtracting the general third-order operator of Eq. (4.161) then provides a system of
equations on the coe”cients, whose solution characterises precisely when a third-order
operator is a symmetric square,

0 = c3,0 → 4c2,0c2,1 → 2ċ2,0 , (4.167)

0 = c3,1 → 2c2
2,1 → ċ2,1 → 4c2,0 , (4.168)

0 = c3,2 → 3c2,1 . (4.169)

Returning to the operator of the banana graph in Eq. (4.156), solving the second
and third equation, Eqs. (4.168) and Eq. (4.169), for c2,1 and c2,0 gives, respectively,

c2,0 =
x→ 8

4(16→ x)(4→ x)x
, (4.170)

c2,1 =
2(x2 → 15x+ 32)

(16→ x)(4→ x)x
. (4.171)

These solutions satisfy the first equation, Eq. (4.167), as well, confirming that the
operator is indeed a symmetric square.

As a second-order linear operator, LNC

2
admits two independent solutions ςNC

1
and

ςNC

2
, and any linear combination thereof is again a solution. Linearity of LNC

3
together

with the symmetric-square condition of Eq. (4.162) implies that

0 = LNC

3

(
(ςNC

1
+ ςNC

2
)2
)
= LNC

3

(
ςNC

1
ςNC

2

)
. (4.172)

The three pairwise products of ςNC

1
and ςNC

2
therefore furnish a basis of solutions,

which we take to be

ϱNC

0
= (ςNC

1
)2 , (4.173)

ϱNC

1
= ςNC

1
ςNC

2
, (4.174)

ϱNC

2
=

1

2
(ςNC

2
)2 . (4.175)

Conventions for the normalisation are chosen to match the existing literature. Ex-
panding these periods in a series around zero to fourth order4, we find

ςNC

0
= 1 +

x

32
+

3x2

1024
+

13x3

32768
+

539x4

8388608
+O

(
x5
)
, (4.176)

ςNC

1
= ςNC

0
log(x) +

3x

32
+

45x2

4096
+

211x3

131072
+

9065x4

33554432
+O

(
x5
)
. (4.177)

Taking the appropriate products in Eqs. (4.173)–(4.175) reproduces the expansions
given in Eqs. (4.157)–(4.159).

A crucial ingredient in obtaining the ω-factorised form is the Picard–Fuchs op-
erator, which enters through a splitting of the Wronskian matrix into its unipotent

4Deeper expansions are provided as ancillary files; see App. E for details.
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and semi-simple parts. This approach extends the familiar method of normalising
integrals by their leading singularities beyond the polylogarithmic case. Explicitly,
the Wronskian matrices read

WNC

B,2 =

(
ςNC

0
ςNC

1

ς̇NC

0
ς̇NC

1

)
(4.178)

and

WNC

B,3 =




ϱNC

0
ϱNC

1
ϱNC

2

ϱ̇NC

0
ϱ̇NC

1
ϱ̇NC

2

ϱ̈NC

0
ϱ̈NC

1
ϱ̈NC

2



 , (4.179)

where each entry of the latter may be expressed in terms of ςNC

1
and ςNC

2
via the

symmetric-square property. The determinant of Eq. (4.178) takes the form

det
(
WNC

B,2

)
= ςNC

0
ς̇NC

1
→ ςNC

1
ς̇NC

0
. (4.180)

Imposing the second-order Picard–Fuchs equation, Eq. (4.160), this determinant is

seen to satisfy

d

dx
log

(
det

(
WNC

B,2

))
=

ςNC

1
ς̈NC

0
→ ςNC

0
ς̈NC

1

ςNC

1
ς̇NC

0
→ ςNC

0
ς̇NC

1

= →2(x2 → 15x+ 32)

(16→ x)(4→ x)x
. (4.181)

The di!erential equation, Eq. (4.181), may be integrated to give

RNC ↔ det
(
WNC

B,2

)
=

8
(16→ x)(4→ x)x

, (4.182)

where the integration constant has been fixed for later convenience. Together with

the Picard–Fuchs equation, Eq. (4.160), this relation permits all derivatives of ςNC

1
in

the Wronskian matrix of Eq. (4.179) to be eliminated.
To decompose the matrix into its semi-simple and unipotent parts, we make the

ansatz

WNC

B,3 = WNC

B,3,sW
NC

B,3,u =△ WNC

B,3,s = WNC

B,3

(
WNC

B,3,u

)→1
, (4.183)

where the semi-simple part is taken to be lower triangular and the unipotent part

upper triangular,

WNC

B,3,u =




1 aNC

1,2 aNC

1,3

0 1 aNC

2,3

0 0 1



 . (4.184)

Imposing this triangular structure yields three equations that may be solved for the

unknown coe”cients,

aNC

1,2 =
ς1

ς0

, (4.185)
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aNC

1,3 =
1

2

ς2

1

ς2

0

, (4.186)

aNC

2,3 =
ς1

ς0

. (4.187)

The unipotent part of the Wronskian matrix is intimately related to its monodromy
matrix. To see this, we may consider the transformation x ↗ xe2i↼↽ with φ ↓ (0, 1)
acting on the Wronskian matrix. Under this transformation, the holomorphic parts,
namely those free of logarithms, remain invariant, so

ϱNC

0
↗ ϱNC

0
, (4.188)

ϱNC

1
↗ ϱNC

1
+ (2ςi)φϱNC

0
, (4.189)

ϱNC

2
↗ ϱNC

2
+ (2ςi)φϱNC

1
+

(2ςi)2

2
φ 2ϱNC

0
(4.190)

with φ the ratio of periods,

φ =
1

2ςi

ϱNC

1

ϱNC

0

, (4.191)

the resulting matrix reads, noting that the period vector is here taken as a row vector,

WNC

B,3,m = ϱNC

0




1 ⇀NC

1

⇀NC
0

1

2

(⇀NC
1 )

2

(⇀NC
0 )2

0 1 ⇀NC
1

⇀NC
0

0 0 1



 = ϱNC

0




1 ↼NC

1

↼NC
0

1

2

(↼NC
1 )

2

(↼NC
0 )2

0 1 ↼NC
1

↼NC
0

0 0 1



 ↑ WNC

B,3,u . (4.192)

The semi-simple part can thus be constructed explicitly, with second derivatives
eliminated via the Picard–Fuchs equation and first derivatives via the Wronskian
determinant,

WNC

B,3,s ↔




ϱNC

0
0 0

ϱ̇NC

0
RNC 0

ϱ̈NC

0
ṘNC +RNCϱ̇NC

0

(
ϱNC

0

)→1 (
RNC

)2(
ϱNC

0

)→1



 , (4.193)

in exact agreement with the literature, up to typographical errors. With both Picard–
Fuchs operators in hand, second derivatives can be eliminated from subsequent equa-
tions through the identity

ϱ̈NC

0
= → x→ 8

(16→ x)(4→ x)x
ϱNC

0
→ 2(x2 → 15x+ 32)

(16→ x)(4→ x)x
ϱ̇NC

0
+

(ϱ̇NC

0
)2

2ϱNC

0

. (4.194)

This identity is known as a Gri”ths transversality relation [219], the analogue of the
Legendre relation in the elliptic case. A final rescaling accounts for the fact that the
periods carry di!erent transcendental weights,

TNC

B,e =




ω2 0 0
0 ω 0
0 0 1



 . (4.195)

Chaining the rotations obtained so far yields a pre-factorised form which is not
linear in ω and contains undesired derivatives of the periods. Both issues are removed
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ω→1 + + ω

Figure 4.3: Schematic representation of the clean-up procedure for traversing the
connection matrix order by order, entry by entry. Hatched entries vanish by virtue of
the triangular structure of the di!erential equations.

by further rotation, the so-called clean-up. The intermediate matrix is rather involved,
so its explicit form is omitted here, but it has the structural form

ANC

B,3 = ω→1ANC,(→1)

B,3 + ANC,(0)
B,3 + ωANC,(1)

B,3 . (4.196)

Bringing the system into ω-factorised form requires a sequence of rotations removing
all contributions except those linear in ω. These are applied order by order in ω,
starting from the most singular terms and working upwards (see Fig. 4.3). At each
step, the o!ending entry in row i and column j of the connection matrix is identified
and removed by a transformation of the form

(
T (k)
mn

)
ab
=

(
ωk(↼mn + ↼im↼jn(. . .))

)
ab
, (4.197)

where the ellipsis indicates an ansatz built from the periods, their derivatives and
any algebraic or transcendental functions that must be introduced in the course of
bringing the connection matrix into ω-factorised form.

In what follows, by a slight abuse of notation, the connection matrix is understood
to incorporate all preceding rotations. At each step, we identify the o!ending entry
(E), state the ansatz (A), and introduce when necessary new algebraic or transcenden-
tal functions (F) to obtain factorisation, with explicit entries and coe”cients collected
in App. B.1. Bringing the homogeneous block into ω-factorised form demands four
such steps, which we now carry out in turn:

Step 1.

E:
(
ANC,(→1)

B

)
3,1

= aNC,(→1)

B,3,1,1

(
ϱNC

0

)2
+ aNC,(→1)

B,3,1,2 ϱNC

0
ϱ̇NC

0
+ aNC,(→1)

B,3,1,3

(
ϱ̇NC

0

)2
(4.198)

A:
(
TNC,(→1)

B

)
3,1

= ω→1
(
tNC,(→1)

B,3,1,1

(
ϱNC

0

)2
+ tNC,(→1)

B,3,1,2 ϱNC

0
ϱ̇NC

0
→GNC

1

)
(4.199)

F: ĠNC

1
= →

(x→ 8)(x+ 8)3
(
ϱNC

0

)2

32(16→ x)2(4→ x)2
(4.200)

Step 2.

E:
(
ANC,(0)

B

)
2,1

= aNC,(0)
B,2,1,1ϱ

NC

0
+ aNC,(0)

B,2,1,2ϱ̇
NC

0
+ aNC,(0)

B,2,1,3

GNC

1

ϱNC

0

(4.201)

A:
(
TNC,(0)
B

)
2,1

= tNC,(0)
B,2,1,1ϱ

NC

0
→GNC

2
(4.202)
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F: ĠNC

2
=

8GNC

1

x


(16→ x)(4→ x)ϱNC

0

(4.203)

Step 3.

E:
(
ANC,(0)

B

)
3,2

= aNC,(0)
B,3,2,1ϱ

NC

0
+ aNC,(0)

B,3,2,2ϱ̇
NC

0
+ aNC,(0)

B,3,2,3

GNC

1

ϱNC

0

(4.204)

A:
(
TNC,(0)
B

)
3,2

= tNC,(0)
B,3,2,1ϱ

NC

0
+ tNC,(0)

B,3,2,2G
NC

2
(4.205)

Step 4.

E:
(
ANC,(0)

B

)
3,1

= aNC,(0)
B,3,1,1

(
ϱNC

0

)2
+ aNC,(0)

B,3,1,2ϱ
NC

0
ϱ̇NC

0
+ aNC,(0)

B,3,1,3G
NC

1
(4.206)

+ aNC,(0)
B,3,1,4ϱ

NC

0
GNC

2
+ aNC,(0)

B,3,1,5ϱ̇
NC

0
GNC

2
+ aNC,(0)

B,3,1,6

GNC

1
GNC

2

ϱNC

0

(4.207)

A:
(
TNC,(0)
B

)
3,1

= tNC,(0)
B,3,1,1

(
ϱNC

0

)2
+ tNC,(0)

B,3,1,2

(
GNC

2

)2
+ tNC,(0)

B,3,1,2ϱ
NC

0
GNC

2
(4.208)

The steps above yield a rotation that brings the only homogeneous elliptic block of
the neutral current into ω-factorised form. This comes at the cost of introducing two
auxiliary functions, which are themselves integrals over the periods, in agreement with
the literature.

Remaining inhomogeneous blocks are treated analogously and are not discussed
further. Three heuristics facilitate the search for a rotation,

1. Master integrals are normalised by their leading singularities, a step which in
practice is often su”cient to achieve factorisation on its own.

2. Integrals that factorise into two-point functions are treated in two dimensions,
making use of dimensional shift matrices.

3. The basis is rotated via IBP relations to a mixed form, admitting both dots and
scalar products in the numerators.

These steps are motivated by the observation that a judicious choice of master inte-
grals can render the search for a transformation considerably more tractable, whilst
a poor choice may make it extremely cumbersome or obstruct it entirely.

All integrals of the neutral current are brought into ω-factorised form5. The ro-
tation for the QED-type master integrals coincides with the results in the litera-
ture [215], requiring only one further transcendental function beyond those introduced
here, whilst the QCD-specific part is structurally similar.

Table 4.1: Complete set of master integrals contributing to the neutral-current con-
tribution. Massive propagators are displayed in green.

INC1,1 INC1,2 INC1,3 INC2,03

5All NC master integrals are provided as ancillary files; see App. E for details.
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INC2,04 INC2,06 INC2,10 INC3,04

INC3,05 INC3,06 INC3,07 INC3,11

INC3,12 INC3,13 INC3,14 INC3,15

INC3,21 INC3,22 INC3,23 INC3,24

INC3,25 INC3,26 INC3,27 INC3,28

INC3,29 INC3,34 INC3,36 INC3,37

INC3,38 INC3,39 INC3,40 INC3,41

INC3,42 INC3,44 INC3,45 INC3,46

INC3,47 INC3,49 INC3,50 INC3,51

INC3,52 INC3,53 INC3,54 INC3,57

INC3,59 INC3,60 INC3,61 INC3,63
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INC3,64 INC3,65 INC3,66 INC3,67

INC3,68 INC3,69 INC3,70 INC3,71

4.5.3 Charged Current Elliptic Integrals

Having discussed the three-loop banana in detail (see Subsec. 4.5.2), the two-loop ba-
nana encountered in the charged current is unsurprisingly conceptually much simpler,
with its computation proceeding in close analogy with the previous case. Research
on two-loop banana integrals is extensive; see, for example, Refs. [233–236]. As will
become clear, the only genuinely novel elliptic homogeneous block appears at this
order, where the two-loop banana sector is governed by two master integrals,

ICC

B
=

(
ICC

2,3 , I
CC

2,4

)
, (4.209)

and a first-order di!erential system inherited from the full elliptic system,

ACC

B
= ACC,(0)

B
+ ωACC,(1)

B
, (4.210)

with the matrices

ACC,(0)
B

=

(
→ 1

x → 3

x

→ x→3

(x→9)(x→1)x → x2→9

(x→9)(x→1)x

)
, (4.211)

ACC,(1)
B

=

(
→ 2

x 0

→ 5(x→3)

(x→9)(x→1)x → x2
+10x→27

(x→9)(x→1)x

)
. (4.212)

As for the neutral current, the first step towards an ω-factorised basis is to pass to
a derivative basis,

ICC

B,d ↔
(
ICC

B,1 ,
d

dx
ICC

B,1

)
. (4.213)

Repeated use of the homogeneous di!erential equation expresses all derivatives in
terms of the connection matrix and its derivatives, relating the original master inte-
grals to those of the derivative basis via

ICC

B,d = TCC

B,dI
CC

B
, (4.214)

with the rotation matrix

TCC

B,d =

(
1 0

→2φ+1

x → 3

x

)
. (4.215)

Restricting henceforth to the maximal cut, defined by ω ↗ 0, the transformed con-
nection matrix reads

ACC

B,d =

(
0 1

→ x→3

(x→9)(x→1)x → 3x2→20x+9

(x→9)(x→1)x

)
. (4.216)
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The last row of the rotated connection matrix, Eq. (4.216), defines an irreducible
Picard–Fuchs operator of degree two, admitting no factorisation and possessing two
linearly independent solutions, the periods ςCC

i , which are annihilated by the Picard–
Fuchs operator

LCC

2
=

d2

dx2
+

(3x2 → 20x+ 9)

(x→ 9)(x→ 1)x

d

dx
+

(x→ 3)

(x→ 9)(x→ 1)x
. (4.217)

Exact solutions are expressed in terms of Heun functions and are therefore poorly
suited to practical calculations. The solutions of the Picard–Fuchs operator LCC

2
are

the periods of an elliptic curve [237]. As before, the Frobenius method instead yields
an iterative solution expanded around a chosen singular point. This expansion is
taken around zero, specifically in the limit x ↗ 0→,

ςCC

0
= 1 +

x

3
+

5x2

27
+

31x3

243
+

71x4

729
+O

(
x5
)
, (4.218)

ςCC

1
= ςCC

0
log(x) +

4x

9
+

26x2

81
+

526x3

2187
+

1253x4

6561
+O

(
x5
)
. (4.219)

Following the neutral current closely, the determinant of the degree-two Wronskian
matrix is

det
(
WCC

B,2

)
= ςCC

0
ς̇CC

1
→ ςCC

1
ς̇CC

0
, (4.220)

and is found to be

RCC ↔ det
(
WCC

B,2

)
=

1

(9→ x)(1→ x)x
. (4.221)

Once the unipotent part has been constructed, the semi-simple part follows explic-
itly, with the first derivatives of the periods eliminated via the Wronskian determinant,

WCC

B,s =

(
ςCC

0
0

ς̇CC

0
RCCςCC

0

)
. (4.222)

Finally, a rescaling is required to account for the di!ering transcendental weights of
the periods,

WCC

B,e =

(
ω2 0
0 ω

)
. (4.223)

Chaining these rotations yields again a pre-factorised form. The intermediate matrix
is again omitted here, but it has the structure

ACC

B
= ACC,(0)

B
+ ωACC,(1)

B
, (4.224)

which is simpler than that for the neutral current. In this case, the clean-up requires
only one step:

Step 1.

E:
(
ACC,(0)

B

)
2,1

= aCC,(0)
B,2,1,1

(
ςCC

0

)2
+ aCC,(0)

B,2,1,2ς
CC

0
ς̇CC

0
(4.225)

A:
(
TCC,(0)
B

)
2,1

= tCC,(0)
B,2,1,1

(
ςCC

0

)2
(4.226)
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After this step, the clean-up procedure is completed and the homogeneous block
is in ω-factorised form. Unlike the neutral current, no additional functions need be
introduced. The inhomogeneous blocks are treated following the same strategy as for
the neutral current, the principal di!erence being that at three loops there are four
elliptic blocks rather than one.

Although the strategy carries over, it is not clear whether the same periods appear
across all homogeneous blocks with an elliptic system. Examining the gauge trans-
formations of the Picard–Fuchs operators reveals that two sectors admit operators
of degree two, which may therefore be brought into direct correspondence with the
two-loop operator. For the remaining two sectors the operators are of degree three,
and establishing such a correspondence requires factorisation. The four systems read

ICC

E1
=

(
ICC

3,05, I
CC

3,06

)
(4.227)

ICC

E2
=

(
ICC

3,10, I
CC

3,11, I
CC

3,12

)
, (4.228)

ICC

E3
=

(
ICC

3,17, I
CC

3,18

)
, (4.229)

ICC

E4
=

(
ICC

3,22, I
CC

3,23, I
CC

3,24

)
. (4.230)

The first elliptic block, Eq. (4.227), is a one-loop vacuum integral multiplied by
the two-loop banana. Being independent of q2, and hence of x, the vacuum integral
leaves the Picard–Fuchs operator unchanged from that of the two-loop banana,

LCC

E1,2 =
d2

dx2
+

(3x2 → 20x+ 9)

(x→ 9)(x→ 1)x

d

dx
+

(x→ 3)

(x→ 9)(x→ 1)x
. (4.231)

Arising from the product of a one-loop two-point integral and the two-loop banana,
the third elliptic block, Eq. (4.229), has a Picard–Fuchs operator that does not reduce
to the two-loop banana operator in any obvious way,

LCC

E3,2 =
d2

dx2
→ (→9 + 38x→ 5x2)

(x→ 9)(x→ 1)x

d

dx
+

2(6x→ 12x2 + 2x3)

(x→ 9)(x→ 1)2x2
. (4.232)

However, under the gauge transformation

ςCC

i ↗ ςCC

i

1→ x
, (4.233)

the operator reduces to that of the two-loop banana. This gauge transformation
corresponds to normalising the one-loop two-point integral by its maximal cut.

Contained within the second elliptic block, Eq. (4.228), is the three-loop banana
with one massless and three massive lines, whose Picard–Fuchs operator is of degree
three,

LCC

E2,3 =
d3

dx3
→ (→6x2 + 40x→ 18)

(x→ 9)(x→ 1)x

d2

dx2
→ (23x→ 7x2)

(x→ 9)(x→ 1)x2

d

dx
+

1

(x→ 9)(x→ 1)x
.

(4.234)
The operator LCC

E2,3 admits a factorisation LCC

E2,3 = LCC

E2,1L
CC

E2,2, where LCC

E2,2 is precisely
the Picard–Fuchs operator of the two-loop banana, with the remaining operator of
degree one

LCC

E2,1 =
d

dx
→ 3x2 → 20x+ 9

(x→ 9)(x→ 1)x
. (4.235)
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Factorisation is verified using the DEtools package in Maple. A further Picard–
Fuchs operator of degree three arises in the remaining elliptic sector, Eq. (4.230), from
an integral that reduces to a two-loop banana only upon integrating out a one-loop
two-point function,

LCC

E4,3 =
d3

dx3
→ (→8x2 + 66x→ 18)

(x→ 9)(x→ 1)x

d2

dx2
→ (→14x4 + 236x3 → 990x2 + 576x)

(x→ 9)2(x→ 1)2x2

d

dx

+
2 (2x3 → 32x2 + 78x)

(x→ 9)2(x→ 1)2x2
. (4.236)

Carrying out the factorisation yields LCC

E4,3 = LCC

E4,2L
CC

E4,1, with the order of the factors
reversed relative to the previous case. This reversal reflects the graph reducing to a
two-loop banana only after integrating out the two-point function,

LCC

E4,1 =
d

dx
→ x→ 3

(x+ 3) x
, (4.237)

LCC

E4,2 =
d2

dx2
→ →81 + 15x+ 37x2 → 3x3

(x→ 9)(x→ 1)x(x+ 3)

d

dx

+
243 + 243x→ 468x2 + 260x3 → 23x4 + x5

(x→ 9)2(x→ 1)2x2(x+ 3)
.

(4.238)

To relate LCC

E4,2 to the Picard–Fuchs operator of the two-loop banana, a gauge trans-
formation is applied by inserting id = UU→1 between the two factors. The matrix

U =
(x→ 9)(x→ 1)

x(x+ 3)
, (4.239)

maps LCC

E4,2 to the two-loop banana operator, with the remainder absorbed into LCC

E4,1.
Once all factorisations of the Picard–Fuchs operators are established, the solutions

of the two-loop banana are seen to satisfy the elliptic systems appearing at three loops
as well. The remaining steps proceed in direct analogy with the neutral current. All
integrals of the charged current are brought into ω-factorised form6. For the QED-
type master integrals, the di!erential equations and rotation matrices agree with the
literature [238] up to constant rotations, whilst those for the QCD-specific master
integrals are again structurally similar.

Table 4.2: Complete set of master integrals contributing to the charged-current con-
tribution. Massive propagators are displayed in green.

ICC1,1 ICC1,2 ICC2,3 ICC2,4

ICC2,5 ICC2,6 ICC2,8 ICC3,07

6All CC master integrals are provided as ancillary files; see App. E for details.
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ICC3,08 ICC3,09 ICC3,10 ICC3,11

ICC3,12 ICC3,19 ICC3,20 ICC3,21

ICC3,22 ICC3,23 ICC3,24 ICC3,25

ICC3,26 ICC3,27 ICC3,28 ICC3,29

ICC3,30 ICC3,33 ICC3,34 ICC3,35

ICC3,36 ICC3,37 ICC3,38 ICC3,39

ICC3,40 ICC3,41 ICC3,42 ICC3,43

ICC3,44 ICC3,45 ICC3,46 ICC3,48

ICC3,49 ICC3,50 ICC3,51 ICC3,52

ICC3,53 ICC3,54 ICC3,55 ICC3,56

ICC3,57
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4.5.4 Boundary Values

The boundary values for all di!erential equations are obtained from the asymptotic
limit x ↗ 0, evaluated by the method of expansion by subgraphs (see Subsec. 3.3.5),
implemented in the Form code expdia.frm7.

Under this expansion, each integral decomposes into a sum of products of massive
vacuum graphs and massless two-point functions. Applying the method first requires
translating each master integral into a graph, which the use of a dot basis makes
possible and which, in part, motivates that choice. Each graph is then mapped onto
the previously derived momentum routings and assigned an integral family. For the
two-point functions, the massless families defined earlier su”ce, whereas the massive
vacuum integrals call for the additional families

B̂1 =

B̂1,1


, (4.240)

B̂2 =

B̂2,1, B̂2,3, B̂2,7


, (4.241)

B̂3 =

B̂3,01, B̂3,03, B̂3,07, B̂3,11, B̂3,13, B̂3,15, B̂3,29, B̂3,31


, (4.242)

which are derived from the momentum routings for the vacuum integrals, Eqs. (4.107)
to (4.109), and dressed with masses in the binary notation introduced earlier. From
here the workflow mirrors that of the amplitude itself, the integrals being reduced
with Kira to a small set of master integrals (see Tab. A.3), the only new step being
the tensor reduction of the non-trivial numerators with Opiter [239].

The massless two-point functions arising in these expansions are themselves master
integrals, encountered earlier in the calculation, and, being single-scale, may equally
be regarded as pure boundary integrals. They are evaluated with the Maple package
HyperInt [240,241] or equivalently its Form implementation HyperForm [242], which
proceeds via the parametric representation and exploits the linear reducibility of the
integrals to yield an iterative integration in terms of multiple polylogarithms.

By contrast, the massive vacuum integrals are not all known analytically at three
loops, although high-precision numerical values are available [243]. These were com-
puted using dimensional recurrence relations [244, 245] and subsequently identified
via the integer-relation algorithm PSLQ [246], allowing their reconstruction in terms
of harmonic polylogarithms evaluated at the sixth root of unity [247].

Following the reference, the integrals are parametrised by a set of constants from
which all pure zeta values have been factored out, retaining only those constants not
expressible through zeta values alone. The rationale for this choice is twofold. First,
zeta values appear in every vacuum integral and frequently cancel against one another,
so separating them avoids carrying redundant contributions through the calculation.
Second, the remaining transcendental constants form an independent basis and yield
more compact expressions for the master integrals. The parametrisation adopted here
departs from the reference in one further respect: one of the master integrals is related
by IBP to its counterpart there, whilst the remaining integrals coincide. Explicitly,
the integral I3,10 is replaced by a top-sector integral with a massless and five massive
lines, namely

I ⇓
3,10 =

(D → 2)2

6(D → 4)(D → 3)
Î3,01 →

2(D → 2)

3(D → 4)
Î3,06 +

3D → 8

12(D → 4)
Î3,07 +

2(D → 3)

3(D → 4)
Î3,10 .

(4.243)

7The code is not publicly available but may be provided upon reasonable request.
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Fixing the boundary values to the needed expansion depth (see Subsec. 4.4.2) requires
twenty-four constants, which may not be linearly independent8. Their values are
obtained by matching the analytic parametrisation of each vacuum integral to its
high-precision numerical value from the reference.

Finally, in the asymptotic limit each master integral takes the form of a log-Puiseux
expansion in x combined with a Laurent series in ω,

I =
∑

k

ωk
∑

m,n

c(k)m/2,nx
m/2[log x]n. (4.244)

However, in the ω-factorised basis the constant terms do not derive entirely from
those of the original basis. Since the transformation relating the two bases may
contain inverse powers of the scale, higher orders of the original expansion feed into
the constant part. The remaining orders in x and its logarithms may then be used as
consistency checks.

A full set of boundary conditions9 has been cross-checked numerically against the
asymptotic expansions obtained through the Mathematica package Fiesta [248],
agreeing within the numerical uncertainty.

Table 4.3: Complete set of master integrals contributing to the boundary integrals.
Massive propagators are displayed in green.

Î1,1 Î2,1 Î2,3 Î3,02

Î3,03 Î3,05 Î3,07 Î3,08

Î3,09 Î3,10 Î3,11 Î3,12

4.5.5 Solutions

Now that all di!erential equations have been transformed into ω-factorised form, they
can be integrated formally, with the solutions expressed in terms of iterated integrals.
Fixing the boundary conditions, however, requires expanding the iterated integrals
in the limit x ↗ 0. The following therefore discusses the expansions of the integral
kernels and special functions in turn.

For the neutral current, ω-factorisation requires the introduction of three transcen-
dental functions, whereas none are needed for the charged current. Their expansions

8Checking linear independence is more parctical at the level of the renormalised amplitude, where
additional transcendental constants may appear, while others can cancel completely

9A complete set of boundary values is not provided, since they can be derived from the full master
integrals for both NC and CC by means of a series expansion.
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around zero read

GNC

1
(x) =

1

32

∫ x

0

dt
(t→ 8)(8 + t)3[ϱNC

0
(t)]2

(t→ 16)2(t→ 4)2

=
x

32
+

x2

64
+

93x3

16384
+

1841x4

1048576
+

33637x5

67108864
+O

(
x6
)
,

(4.245)

GNC

2
(x) = 8

∫ x

0

dt
GNC

1
(t)

trNC

2
(t)ϱNC

0
(t)

=
x

32
+

19x2

2048
+

167x3

65536
+

5539x4

8388608
+

44561x5

268435456
+O

(
x6
)
,

(4.246)

GNC

3
(x) =

∫ x

0

dt
(2 + t)rNC

1
(t)ϱNC

0
(t)

t(t→ 4)2

=
1∈
x

[
x

2
+

5x2

32
+

75x3

2048
+

139x4

16384
+O

(
x5
)]

,

(4.247)

where GNC

1
and GNC

2
are holomorphic near zero, whilst GNC

3
is not. The ω-factorised

di!erential equation itself holds on the punctured complex plane, since its derivation
relies only on algebraic properties of the periods, but never on their explicit form; by
contrast, the series expansions above are valid only in some neighbourhood of zero,
with radii of convergence that may vary between the functions.

Across all di!erential equations, the transformations require the introduction of
three square roots for the neutral current,

rNC

1
(x) =


x(4→ x) , (4.248)

rNC

2
(x) =


(16→ x)(4→ x) , (4.249)

rNC

3
(x) =


x(4 + x) , (4.250)

and two for the charged current,

rCC

1
(x) =


(3 + x)(1→ x) , (4.251)

rCC

2
(x) =


(9→ x)(1→ x) . (4.252)

Here, the threshold square roots rNC

1
, rNC

2
, rCC

1
, and rCC

2
correspond to two-, four-,

one-, and three-heavy-quark production respectively, whilst rNC

3
is spurious and cor-

responds to no physical threshold.
The integral kernels appearing in the neutral current are collected here, together

with their series expansions around zero to fifth order, from which their analytic
properties can be read o!. With the exception of the QCD-exclusive kernels ϑNC

25
and

ϑNC

26
, which are not covered by the existing literature [215], all kernels are in agreement

with QED-like results. Explicitly, the kernels read

ϑNC

1
(x) =

1

x
(4.253)

ϑNC

2
(x) =

1

x→ 1

= →1→ x→ x2 → x3 → x4 +O
(
x5
)
,

(4.254)

ϑNC

3
(x) =

1

x→ 4

= →1

4
→ x

16
→ x2

64
→ x3

256
→ x4

1024
+O

(
x5
)
,

(4.255)
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ϑNC

4
(x) =

1

rNC

1

=
1∈
x

[
1

2
+

x

16
+

3x2

256
+

5x3

2048
+

35x4

65536
+O

(
x5
)]

,
(4.256)

ϑNC

5
(x) =

1

x→ 16

= → 1

16
→ x

256
→ x2

4096
→ x3

65536
→ x4

1048576
+O

(
x5
)
,

(4.257)

ϑNC

6
(x) =

1

xrNC

2
ϱNC

0

=
1

8x
+

3

256
+

33x

16384
+

213x2

524288
+

5889x3

67108864
+

42159x4

2147483648
+O

(
x5
)
,

(4.258)

ϑNC

7
(x) =

GNC

2

xrNC

2
ϱNC

0

=
1

256
+

25x

16384
+

257x2

524288
+

9649x3

67108864
+

86183x4

2147483648
+O

(
x5
)
,

(4.259)

ϑNC

8
(x) =

[GNC

2
]2

xrNC

2
ϱNC

0

=
x

8192
+

11x2

131072
+

1323x3

33554432
+

4163x4

268435456
+O

(
x5
)
,

(4.260)

ϑNC

9
(x) =

[GNC

2
]3

xrNC

2
ϱNC

0

=
x2

262144
+

63x3

16777216
+

2493x4

1073741824
+O

(
x5
)
,

(4.261)

ϑNC

10
(x) =

GNC

3

xrNC

2
ϱNC

0

=
1∈
x

[
1

16
+

13x

512
+

243x2

32768
+

2105x3

1048576
+O

(
x5
)]

,

(4.262)

ϑNC

11
(x) =

GNC

2
GNC

3

xrNC

2
ϱNC

0

=
1∈
x

[
x

512
+

45x2

32768
+

657x3

1048576
+O

(
x5
)]

,

(4.263)

ϑNC

12
(x) =

GNC

3

rNC

1

=
1

4
+

7x

64
+

139x2

4096
+

157x3

16384
+

43567x4

16777216
+O

(
x5
)
,

(4.264)

ϑNC

13
(x) =

GNC

3

x

=
1∈
x

[
1

2
+

5x

32
+

75x2

2048
+

139x3

16384
+

16591x4

8388608
+O

(
x5
)]

,
(4.265)



128 CHAPTER 4. HEAVY QUARK PRODUCTION

ϑNC

14
(x) =

GNC

3

x→ 4

=
1∈
x

[
→x

8
→ 9x2

128
→ 219x3

8192
→ 577x4

65536
+O

(
x5
)]

,
(4.266)

ϑNC

15
(x) =

GNC

3

x→ 16

=
1∈
x

[
→ x

32
→ 3x2

256
→ 99x3

32768
→ 377x4

524288
+O

(
x5
)]

,
(4.267)

ϑNC

16
(x) = ϱNC

0

= 1 +
x

16
+

7x2

1024
+

x3

1024
+

679x4

4194304
+O

(
x5
)
,

(4.268)

ϑNC

17
(x) =

ϱNC

0

x

=
1

x
+

1

16
+

7x

1024
+

x2

1024
+

679x3

4194304
+

1969x4

67108864
+O

(
x5
)
,

(4.269)

ϑNC

18
(x) =

ϱNC

0

x→ 4

= →1

4
→ 5x

64
→ 87x2

4096
→ 91x3

16384
→ 23975x4

16777216
+O

(
x5
)
,

(4.270)

ϑNC

19
(x) =

rNC

1
ϱNC

0

x

=
1∈
x

[
2→ x

8
→ 9x2

512
→ 11x3

4096
→ 953x4

2097152
+O

(
x5
)]

,
(4.271)

ϑNC

20
(x) =

rNC

1
ϱNC

0

x→ 4

=
1∈
x

[
→x

2
→ 3x2

32
→ 39x3

2048
→ 67x4

16384
+O

(
x5
)]

,
(4.272)

ϑNC

21
(x) =

rNC

1
ϱNC

0

(x→ 4)2

=
1∈
x

[
x

8
+

7x2

128
+

151x3

8192
+

369x4

65536
+O

(
x5
)]

,

(4.273)

ϑNC

22
(x) =

(x+ 8)2(x2 → 8x+ 64)rNC

2
ϱNC

0

(x→ 16)2(x→ 4)2x

=
8

x
+

21

4
+

537x

256
+

5835x2

8192
+

232869x3

1048576
+

2195805x4

33554432
+O

(
x5
)
,

(4.274)

ϑNC

23
(x) =

(x+ 8)2(x2 → 8x+ 64)rNC

2
GNC

2
ϱNC

0

(x→ 16)2(x→ 4)2x

=
1

4
+

61x

256
+

1103x2

8192
+

63313x3

1048576
+

794837x4

33554432
+O

(
x5
)
,

(4.275)

ϑNC

24
(x) =

(x+ 8)3(x→ 8)[ϱNC

0
]2

(x→ 16)2(x→ 4)2

= →1→ x→ 279x2

512
→ 1841x3

8192
→ 168185x4

2097152
+O

(
x5
)
,

(4.276)
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ϑNC

25
(x) =

1

rNC

3

=
1∈
x

[
1

2
→ x

16
+

3x2

256
→ 5x3

2048
+

35x4

65536
+O

(
x5
)]

,
(4.277)

ϑNC

26
(x) =

1

x+ 4

=
1

4
→ x

16
+

x2

64
→ x3

256
+

x4

1024
+O

(
x5
)
.

(4.278)

The kernels ϑNC

i admit a natural partition according to the analytic structure of their

primitives,

HNC =

ϑNC

i

∣∣ i ↓ { 2, 3, 5, 7, 8, 9, 12, 16, 18, 23, 24, 26 }

, (4.279)

LNC =

ϑNC

i

∣∣ i ↓ { 1, 6, 17, 22 }

, (4.280)

ANC =

ϑNC

i

∣∣ i ↓ { 4, 10, 11, 13, 14, 15, 19, 20, 21, 25 }

, (4.281)

where the set HNC collects kernels whose primitives are holomorphic, LNC those that

are logarithmic, and ANC those with algebraic, square-root, branch points.
The iterated integrals over these kernels are real for all x ↓ (→∞, 0), but not

manifestly so, which is an obstacle for numerical evaluation. This is remedied by the
change of variables

x̂(x) = →x , (4.282)

with x̂ ↓ (0,∞) and the Jacobian contributing an overall sign to each transformed

kernel. All holomorphic kernels in HNC transform by direct substitution,

ϑ̂NC

k (x̂) ↔ →ϑNC

k (→x) , k ↓ HNC . (4.283)

For the kernels with algebraic branch-points, the branch of the square root is chosen

so that the transformed kernels remain real,

rNC

1
(→x) = →i


x̂(4 + x̂)

↔ →i r̂NC

1
(x̂) ,

(4.284)

rNC

2
(→x) =


(16 + x̂)(4 + x̂)

↔ r̂NC

2
(x̂) ,

(4.285)

rNC

3
(→x) = →i


x̂(4→ x̂)

↔ →ir̂NC

3
(x̂) ,

(4.286)

where r̂NC

1
and r̂NC

2
are real for all x̂ ↓ (0,∞), and r̂NC

3
for all x̂ ↓ (0, 4). Since r̂NC

3

enters the master integrals only at even powers, its branch ambiguity drops out.
The algebraic kernels split into two cases according to whether their denominators

contain rNC

1
or rNC

3
, or feature these square roots in the numerator implicitly through

GNC

3
. This implies the transformations

ϑ̂NC

k (x̂) ↔ +iϑNC

k (→x) , k ↓ ANC \ {4, 25} , (4.287)

ϑ̂NC

k (x̂) ↔ →i ϑNC

k (→x) k ↓ {4, 25} . (4.288)

Kernels with logarithmic branch points transform by direct substitution
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ϑ̂NC

k (x̂) ↔ →ϑNC

k (→x) , k ↓ LNC . (4.289)

Iterated integrals over these kernels require more care. For the general weight-n case
with ak = 1 for all k, we find

FNC

a1,...,an(x) =
1

n!


log(x)

n

=
1

n!


log(x̂) + iς

n

=
n∑

k=0

(iς)n→k

(n→ k)!
F̂NC

a1,...,ak
(x̂) ,

(4.290)

which generalises straightforwardly to other logarithmic letters and to the presence
of trailing kernels,

FNC

a1,...,an,an+1,...,am(x) =
n∑

k=0

(iς)n→k

(n→ k)!

(
k∏

l=0

Res(ϑ̂NC

l , 0)

)
F̂NC

a1,...,ak,an,an+1,...,am(x̂) .

(4.291)
Finally, the change of variables acts on the periods and their derivatives. Being

holomorphic, these transform trivially,

dn

dxn
ϱNC

0
(x)

∣∣∣∣
x=→x̂

= (→1)n
dn

dx̂n
ϱNC

0
(x̂) . (4.292)

The same is true for the transcendental functions needed to bring the di!erential
equation into ω-factorised form. Their transformations are inherited from those of the
square roots and periods,

GNC

1
(→x) = ĜNC

1
(x̂) , (4.293)

GNC

2
(→x) = ĜNC

2
(x̂) , (4.294)

GNC

3
(→x) = →i ĜNC

3
(x̂) . (4.295)

Much the same applies to the charged current integral kernels, which agree pre-
cisely with the corresponding QED kernels. Their expansions to fifth order read,

ϑCC

1
(x) =

1

x+ 3

=
1

3
→ x

9
+

x2

27
→ x3

81
+

x4

243
+O

(
x5
)
,

(4.296)

ϑCC

2
(x) =

1

x+ 1

= 1→ x+ x2 → x3 + x4 +O
(
x5
)
,

(4.297)

ϑCC

3
(x) =

1

x
(4.298)

ϑCC

4
(x) =

1

x→ 1

= →1→ x→ x2 → x3 → x4 +O
(
x5
)
,

(4.299)
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ϑCC

5
(x) =

1

x→ 2

= →1

2
→ x

4
→ x2

8
→ x3

16
→ x4

32
+O

(
x5
)
,

(4.300)

ϑCC

6
(x) =

1

x→ 9

= →1

9
→ x

81
→ x2

729
→ x3

6561
→ x4

59049
+O

(
x5
)
,

(4.301)

ϑCC

7
(x) =

1

rCC

1

=
1∈
3

[
1 +

x

3
+

x2

3
+

7x3

27
+

19x4

81
+O

(
x5
)]

,
(4.302)

ϑCC

8
(x) =

1

rCC

2

=
1

3
+

5x

27
+

11x2

81
+

245x3

2187
+

1921x4

19683
+O

(
x5
)
,

(4.303)

ϑCC

9
(x) =

1

xrCC

2

=
1

3x
+

5

27
+

11x

81
+

245x2

2187
+

1921x3

19683
+

575x4

6561
+O

(
x5
)
,

(4.304)

ϑCC

10
(x) =

1

(x→ 9)(x→ 1)x[ςCC

0
]2

=
1

9x
+

4

81
+

28x

729
+

220x2

6561
+

1804x3

59049
+

15124x4

531441
+O

(
x5
)
,

(4.305)

ϑCC

11
(x) = ςCC

0

= 1 +
x

3
+

5x2

27
+

31x3

243
+

71x4

729
+O

(
x5
)
,

(4.306)

ϑCC

12
(x) =

ςCC

0

x→ 1

= →1→ 4x

3
→ 41x2

27
→ 400x3

243
→ 1271x4

729
+O

(
x5
)
,

(4.307)

ϑCC

13
(x) =

(x→ 3)ςCC

0

rCC

2

= →1→ 5x

9
→ 13x2

27
→ 323x3

729
→ 2719x4

6561
+O

(
x5
)
,

(4.308)

ϑCC

14
(x) =

(x+ 3)4[ςCC

0
]2

(x→ 9)(x→ 1)x

=
9

x
+ 28 +

436x

9
+

5284x2

81
+

57124x3

729
+

583948x4

6561
+O

(
x5
)
,

(4.309)

ϑCC

15
(x) =

(x+ 3)(x→ 1)[ςCC

0
]2

(x→ 9)x

=
1

3x
+

1

27
→ 23x

243
→ 143x2

2187
→ 791x3

19683
→ 4679x4

177147
+O

(
x5
)
,

(4.310)
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ϑCC

16
(x) =

[ςCC

0
]2

(x→ 9)(x→ 1)

=
1

9
+

16x

81
+

190x2

729
+

2032x3

6561
+

20671x4

59049
+O

(
x5
)
.

(4.311)

For the charged current, all integral kernels agree with those found in the existing
literature [238] and are consistent with QED-like results.

In direct analogy to the neutral current, the integral kernels ϑCC

i admit partitions
according to the analytic structure of their primitives,

HCC =

ϑCC

i

∣∣ i ↓ { 1, 2, 4, 5, 6, 7, 8, 11, 12, 16 }

, (4.312)

LCC =

ϑCC

i

∣∣ i ↓ { 3, 9, 10, 14, 15 }

, (4.313)

ACC = ↙ . (4.314)

The holomorphic kernels in HCC transform once more by direct substitution,

ϑ̂CC

k (x̂) ↔ →ϑCC

k (→x) , k ↓ HCC . (4.315)

For the kernels with algebraic branch-points, the branch of the square root is chosen
so that the transformed kernels remain real,

rCC

1
(→x) =


(3→ x̂)(1 + x̂)

↔ r̂CC

1
(x̂) ,

(4.316)

rCC

2
(→x) = →i


(9 + x̂)(1 + x̂)

↔ →ir̂CC

3
(x̂) .

(4.317)

where r̂CC

1
is real only for x̂ ↓ (0, 3), and r̂CC

2
for all x̂ ↓ (0,∞). In contrast to the

neutral current, no algebraic kernels arise here. The logarithmic kernels transform as

ϑ̂CC

k (x̂) ↔ →ϑCC

k (→x) , k ↓ LCC . (4.318)

with the iterated integrals transforming as

FCC

a1,...,an,an+1,...,am(x) =
n∑

k=0

(iς)n→k

(n→ k)!

(
k∏

l=0

Res(ϑ̂CC

l , 0)

)
F̂CC

a1,...,ak,an,an+1,...,am(x̂) .

(4.319)
Finally, being holomorphic functions, the period of the charged current, ϱCC

0
, also

transforms trivially,
dn

dxn
ϱCC

0
(x) = (→1)n

dn

dx̂n
ϱCC

0
(x̂) . (4.320)

All master integrals were verified numerically with the Mathematica package
AMFlow [249] to twenty digits at x̂ = 1/2, both before and after the change of variables.
This point was chosen because the singularity structure restricts the series to a disc of
radius one around the origin. Such a check does not validate the integrals themselves,
but it does confirm that the change of variables is implemented consistently.
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“Wake up, Alice dear!’ said her sister; ‘Why, what a
long sleep you’ve had!’ ‘Oh, I’ve had such a curious
dream!’ said Alice, and she told her sister, as well as
she could remember them, all these strange Adven-
tures of hers that you have just been reading about;
and when she had finished, her sister kissed her, and
said, ‘It was a curious dream, dear, certainly: but
now run in to your tea; it’s getting late.”

— Alice’s Adventures in Wonderland, Lewis Carroll
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Chapter 5

Results

5.1 Neutral Current at NLO

5.1.1 Vector-Vector

The complete NLO results for the Mellin moments of the transverse and longitudi-
nal heavy-quark coe”cient functions, retaining their full mass dependence, are rather
lengthy, and in our computation they have been evaluated up to N = 22. As high-
lighted in the previous chapters, the setup also allows for the calculation of the Mellin
moments of the massless coe”cient functions, which we include here for complete-
ness. These massless contributions were first obtained in Refs. [31, 38], with which
our results agree.

For illustration, we display explicitly only the lowest non-vanishing Mellin moment,
namely N = 2. All results are written in the auxiliary variable ↽ defined in Eq. (1.29),
since this change of variables casts them in terms of harmonic polylogarithms. The
iterated integrals can be transformed directly, at the price of a rather subtle treatment
of boundary terms. Integrating the di!erential equation in the new variable instead
avoids that subtlety, and is the route adopted here.

Several conventions keep the expressions compact. Throughout, H denotes the
harmonic polylogarithms defined in Eq. (3.159) evaluated at ↽, whose argument we
suppress, whilst ⇀n stands for the Riemann zeta values. After partial fraction decom-
position, all denominators are abbreviated as

da =
1

a+ ↽
, a ↓ {→1, 0, 1 } , (5.1)

and coincide with the kernels of the harmonic polylogarithms. For the scale choice, we
adopt µ2 = →q2 as the common value of the renormalisation and factorisation scales.
Under this choice the Mellin moments take the form given in Eqs. (5.2)–(5.19).

c2,(0,0)
2,g,vv = 0 (5.2)

c2,(1,0)
2,g,vv = →TF ▽l{ v,v }̸gnl + TF ▽h{ v,v }̸gnh

[
→ 1 + 6d1 → 6d21

+H0

(
4

3
→ 1

2
d→1 → 37

6
d1 + 9d21 → 6d31

)]
(5.3)

c2,(2,0)
2,g,vv = CATF ▽l{ v,v }̸gnl

(
115

162
→ 4ω3

)
+ CFTF ▽l{ v,v }̸gnl

(
→ 4799

405
+

32

5
ω3

)
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+ CFTF ▽h{ v,v }̸gnh

[
371

45
→ 29

6
ε → 62

45
ε2 → 29

6
d0 →

62

45
d20 +

284

15
d1 →

284

15
d21

+H0

(
604

45
→ 19

5
ε → 62

45
ε2 → 98

45
d→1 +

19

5
d0 +

62

45
d20 →

3778

45
d1 →

1648

15
d31

)

+H→1,0

(
→ 144

5
+

76

45
ε +

176

15
ε2 +

124

45
ε3 → 64

15
d→1 →

76

45
d0 →

176

15
d20 →

124

45
d30

+
160

3
d1

)

+H0,0

(
1784

45
→ 38

15
ε → 88

5
ε2 → 62

15
ε3 +

434

45
d→1 +

58

9
d2→1 +

98

9
d1 →

10474

45
d21

+
5456

15
d31 →

2728

15
d41

)

+H1,0

(
72

5
→ 38

45
ε → 88

15
ε2 → 62

45
ε3 +

32

15
d→1 +

38

45
d0 +

88

15
d20 +

62

45
d30 →

80

3
d1

)

+H→1,0,0

(
→ 128

15
→ 64

15
d→1 →

64

15
d2→1

)

+H0,→1,0

(
128

15
+

64

15
d→1 +

64

15
d2→1

)

+H0,1,0

(
→ 64

15
→ 32

15
d→1 →

32

15
d2→1

)

+H1,0,0

(
64

15
+

32

15
d→1 +

32

15
d2→1

)

+ ω3

(
32

5
+

16

5
d→1 +

16

5
d2→1

)]

+ CATF ▽h{ v,v }̸gnh

[
547

90
→ 353

90
ε → 58

45
ε2 → 353

90
d0 →

58

45
d20 →

121

15
d1 +

121

15
d21

+H0

(
2626

135
→ 133

45
ε → 58

45
ε2 +

481

180
d→1 +

133

45
d0 +

58

45
d20 →

37619

540
d1 +

783

10
d21

→ 563

15
d31

)

+H1

(
22

3
→ 44d1 + 44d21

)

+H→1,0

(
248

45
→ 236

45
ε +

88

9
ε2 +

116

45
ε3 +

142

15
d→1 +

236

45
d0 →

88

9
d20 →

116

45
d30

+
238

9
d1 → 84d21 + 56d31

)

+H0,0

(
→ 344

15
+

118

15
ε → 44

3
ε2 → 58

15
ε3 → 449

90
d→1 →

14

9
d2→1 +

1553

90
d1 +

389

15
d21

→ 198

5
d31 +

104

5
d41

)

+H0,1

(
→ 88

9
+

11

3
d→1 +

407

9
d1 → 66d21 + 44d31

)

+H1,0

(
→ 188

15
+

118

45
ε → 44

9
ε2 → 58

45
ε3 → 16

15
d→1 →

118

45
d0 +

44

9
d20 +

58

45
d30

+ 32d1 → 24d21 + 16d31

)
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+H→1,0,0

(
16

3
+

32

15
d→1 +

32

15
d2→1

)

+H0,→1,0

(
→ 16

3
→ 32

15
d→1 →

32

15
d2→1

)

+H0,1,0

(
8

3
+

16

15
d→1 +

16

15
d2→1

)

+H1,0,0

(
→ 8

3
→ 16

15
d→1 →

16

15
d2→1

)

+ ω3

(
→ 4→ 8

5
d→1 →

8

5
d2→1

)]
(5.4)

c2,(0,0)L,g,vv = 0 (5.5)

c2,(1,0)L,g,vv =
4

3
TF ▽l{ v,v }̸gnlTF ▽h{ v,v }̸gnh

[
4

3
+

20

3
d1 →

44

3
d21 + 16d31 → 8d41

+H0

(
→ 5

2
d→1 →

11

2
d1 + 13d21 → 22d31 + 20d41 → 8d51

)]
(5.6)

c2,(2,0)L,g,vv =
346

27
CATF ▽l{ v,v }̸gnl + CFTF ▽l{ v,v }̸gnl

[
→ 232

135
→ 32

5
ω3

]

+ CATF ▽h{ v,v }̸gnh

[
12412

135
→ 229

5
ε +

116

15
ε2 → 229

5
d0 +

116

15
d20 →

8506

135
d1

+
10726

135
d21 →

296

9
d31 +

148

9
d41

+H0

(
1516

15
→ 258

5
ε +

116

15
ε2 → 1027

60
d→1 +

258

5
d0 →

116

15
d20 →

47927

180
d1

+
12473

90
d21 →

12151

45
d31 +

2354

9
d41 →

836

9
d51

)

+H1

(
→ 88

9
→ 440

9
d1 +

968

9
d21 →

352

3
d31 +

176

3
d41

)

+H→1,0

(
1664

15
→ 1448

15
ε + 80ε2 → 232

15
ε3 +

358

15
d→1 +

1448

15
d0 → 80d20 +

232

15
d30

→ 154d1 →
572

3
d21 +

968

3
d31 →

880

3
d41 +

352

3
d51

)

+H0,0

(
→ 832

5
+

724

5
ε → 120ε2 +

116

5
ε3 +

163

30
d→1 + 5d2→1 +

4349

30
d1 +

1186

15
d21

→ 2066

15
d31 +

2128

15
d41 →

232

3
d51 + 16d61

)

+H0,1

(
55

3
d→1 +

121

3
d1 →

286

3
d21 +

484

3
d31 →

440

3
d41 +

176

3
d51

)

+H1,0

(
→ 832

15
+

724

15
ε → 40ε2 +

116

15
ε3 +

32

5
d→1 →

724

15
d0 + 40d20 →

116

15
d30

+
352

3
d1

)

+H→1,0,0

(
→ 64

5
d→1 →

64

5
d2→1

)

+H0,→1,0

(
64

5
d→1 +

64

5
d2→1

)
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+H0,1,0

(
→ 32

5
d→1 →

32

5
d2→1

)

+H1,0,0

(
32

5
d→1 +

32

5
d2→1

)

+ ω3

(
48

5
d→1 +

48

5
d2→1

)]

+ CFTF ▽h{ v,v }̸gnh

[
1238

15
→ 161

3
ε +

124

15
ε2 → 161

3
d0 +

124

15
d20 +

376

15
d1 →

232

5
d21

+
128

3
d31 →

64

3
d41

+H0

(
1852

15
→ 898

15
ε +

124

15
ε2 +

196

15
d→1 +

898

15
d0 →

124

15
d20 →

1348

5
d1 +

2888

15
d21

→ 2064

5
d31 +

1280

3
d41 →

512

3
d51

)

+H→1,0

(
384

5
→ 1432

15
ε +

1424

15
ε2 → 248

15
ε3 +

128

5
d→1 +

1432

15
d0 →

1424

15
d20

+
248

15
d30 →

448

3
d1 + 64d21 →

128

3
d31

)

+H0,0

(
→ 576

5
+

716

5
ε → 712

5
ε2 +

124

5
ε3 → 868

15
d→1 →

116

3
d2→1 +

508

3
d1

→ 1684

5
d21 +

3968

5
d31 →

16912

15
d41 + 896d51 →

896

3
d61

)

+H1,0

(
→ 192

5
+

716

15
ε → 712

15
ε2 +

124

15
ε3 → 64

5
d→1 →

716

15
d0 +

712

15
d20

→ 124

15
d30 +

224

3
d1 → 32d21 +

64

3
d31

)

+H→1,0,0

(
128

15
+

128

5
d→1 +

128

5
d2→1

)

+H0,→1,0

(
→ 128

15
→ 128

5
d→1 →

128

5
d2→1

)

+H0,1,0

(
64

15
+

64

5
d→1 +

64

5
d2→1

)

+H1,0,0

(
→ 64

15
→ 64

5
d→1 →

64

5
d2→1

)

+ ω3

(
→ 32

5
→ 96

5
d→1 →

96

5
d2→1

)]
(5.7)

c2,(0,0)
2,q,vv = ▽l{ v,v }̸q (5.8)

c2,(1,0)
2,q,vv =

1

3
CF ▽l{ v,v }̸q (5.9)

c2,(2,0)
2,q,vv = →8CFTF ▽l{ v,v }̸qnl →

266

81
CFTF ▽l{ v,v }̸qnl + CACF ▽l{ v,v }̸q

[
3677

135
→ 128

5
ω3

]

+ C2

F ▽l{ v,v }̸q
[
→ 4189

810
+

96

5
ω3

]

+ CFTF ▽l{ v,v }̸qnh

[
→ 509317

42525
→ 26

2025
ε → 16

14175
ε2 +

6484

2835
d→1 +

6484

2835
d2→1
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→ 26

2025
d0 →

16

14175
d20

+H0

(
18992

2835
→ 104

135
ε +

58

4725
ε2 +

16

14175
ε3 +

1576

135
d→1 →

596

945
d2→1 →

1192

2835
d3→1

)

+H1

(
4292

2835
→ 104

135
ε +

58

4725
ε2 +

16

14175
ε3 → 104

135
d0 +

58

4725
d20 +

16

14175
d30

)

+H0,0

(
→ 32

9
→ 56

15
d2→1 →

112

15
d3→1 →

56

15
d4→1

)]

+ CFTF ▽h{ v,v }̸qnh

[
→ 266

45
→ 38

45
ε → 56

45
ε2 → 38

45
d0 →

56

45
d20 +

176

3
d1 →

176

3
d21

+H0

(
8

135
+

4

45
ε → 56

45
ε2 → 82

45
d→1 →

4

45
d0 +

56

45
d20 +

1538

135
d1 → 24d21 +

16

3
d31

)

+H1

(
→ 16

3
+ 32d1 → 32d21

)

+H→1,0

(
128

9
→ 16

45
ε +

32

9
ε2 +

112

45
ε3 → 16

3
d→1 +

16

45
d0 →

32

9
d20 →

112

45
d30

→ 592

9
d1 + 96d21 → 64d31

)

+H0,0

(
→ 32

3
+

8

15
ε → 16

3
ε2 → 56

15
ε3 +

52

45
d→1 →

8

45
d2→1 +

2324

45
d1

→ 296

5
d21 + 16d31

)

+H0,1

(
64

9
→ 8

3
d→1 →

296

9
d1 + 48d21 → 32d31

)

+H1,0

(
8

45
ε → 16

9
ε2 → 56

45
ε3 → 8

45
d0 +

16

9
d20 +

56

45
d30

)]
(5.10)

c2,(0,0)L,q,vv = 0 (5.11)

c2,(1,0)L,q,vv =
4

3
CF ▽l{ v,v }̸q (5.12)

c2,(2,0)L,q,vv = →184

27
CFTF ▽l{ v,v }̸qnl →

160

27
CFTF ▽l{ v,v }̸qnl + C2

F ▽l{ v,v }̸q
[
→ 1906

135
+

64

5
ω3

]

+ CACF ▽l{ v,v }̸q
[
2878

135
→ 32

5
ω3

]

+ CFTF ▽l{ v,v }̸qnh

[
→ 95416

14175
→ 176

4725
ε +

32

4725
ε2 → 10208

135
d→1 →

10208

135
d2→1

→ 176

4725
d0 +

32

4725
d20

+H0

(
1808

945
→ 32

315
ε +

64

1575
ε2 → 32

4725
ε3 +

10048

315
d→1 +

3808

45
d2→1 +

7616

135
d3→1

)

+H1

(
128

945
→ 32

315
ε +

64

1575
ε2 → 32

4725
ε3 → 32

315
d0 +

64

1575
d20 →

32

4725
d30

)

+H0,0

(
192

5
d2→1 +

384

5
d3→1 +

192

5
d4→1

)]

+ CFTF ▽h{ v,v }̸qnh

[
8168

135
→ 188

5
ε +

112

15
ε2 → 188

5
d0 +

112

15
d20 +

1088

27
d1
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→ 2864

27
d21 +

1184

9
d31 →

592

9
d41

+H0

(
496

5
→ 216

5
ε +

112

15
ε2 +

33

5
d→1 +

216

5
d0 →

112

15
d20 →

7201

45
d1 →

626

9
d21

+
860

9
d31 →

632

9
d41 +

176

9
d51

)

+H1

(
64

9
+

320

9
d1 →

704

9
d21 +

256

3
d31 →

128

3
d41

)

+H→1,0

(
256

3
→ 416

5
ε + 64ε2 → 224

15
ε3 → 80

3
d→1 +

416

5
d0 → 64d20 +

224

15
d30

→ 688

3
d1 +

416

3
d21 →

704

3
d31 +

640

3
d41 →

256

3
d51

)

+H0,0

(
→ 128 +

624

5
ε → 96ε2 +

112

5
ε3 +

116

15
d→1 +

16

15
d2→1 +

2812

15
d1 →

1832

15
d21

+ 144d31 → 96d41 +
64

3
d51

)

+H0,1

(
→ (

40

3
d→1)→

88

3
d1 +

208

3
d21 →

352

3
d31 +

320

3
d41 →

128

3
d51

)

+H1,0

(
→ 128

3
+

208

5
ε → 32ε2 +

112

15
ε3 → 208

5
d0 + 32d20 →

112

15
d30

+
256

3
d1

)]
(5.13)

c2,(0,0)
2,a = ▽l{ v,v }̸q (5.14)

c2,(1,0)
2,a =

1

3
CF ▽l{ v,v }̸q (5.15)

c2,(2,0)
2,a = →8CFTF ▽l{ v,v }̸anl + CACF ▽l{ v,v }̸a

(
3677

135
→ 128

5
ω3

)
+ C2

F ▽l{ v,v }̸q
[
→ 4189

810

+
96

5
ω3

]

+ CFTF ▽l{ v,v }̸anh

[
→ 509317

42525
→ 26

2025
ε → 16

14175
ε2 +

6484

2835
d→1 +

6484

2835
d2→1

→ 26

2025
d0 →

16

14175
d20

+H0

(
18992

2835
→ 104

135
ε +

58

4725
ε2 +

16

14175
ε3 +

1576

135
d→1 →

596

945
d2→1 →

1192

2835
d3→1

)

+H1

(
4292

2835
→ 104

135
ε +

58

4725
ε2 +

16

14175
ε3 → 104

135
d0 +

58

4725
d20 +

16

14175
d30

)

+H0,0

(
→ 32

9
→ 56

15
d2→1 →

112

15
d3→1 →

56

15
d4→1

)]
(5.16)

c2,(0,0)L,a,vv = 0 (5.17)

c2,(1,0)L,a,vv =
4

3
CF ▽l{ v,v }̸a (5.18)
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c2,(2,0)L,a,vv = →184

27
CFTF ▽l{ v,v }̸anl + C2

F ▽l{ v,v }̸a
[
→ 1906

135
+

64

5
ω3

]
+ CACF ▽l{ v,v }̸q

[
2878

135

→ 32

5
ω3

]

+ CFTF ▽l{ v,v }̸anh

[
→ 95416

14175
→ 176

4725
ε +

32

4725
ε2 → 10208

135
d→1 →

10208

135
d2→1

→ 176

4725
d0 +

32

4725
d20

+H0

(
1808

945
→ 32

315
ε +

64

1575
ε2 → 32

4725
ε3 +

10048

315
d→1 +

3808

45
d2→1 +

7616

135
d3→1

)

+H1

(
128

945
→ 32

315
ε +

64

1575
ε2 → 32

4725
ε3 → 32

315
d0 +

64

1575
d20 →

32

4725
d30

)

+H0,0

(
192

5
d2→1 +

384

5
d3→1 +

192

5
d4→1

)]
(5.19)

5.1.2 Numerical Comparison

A non-trivial consistency check compares our results (denoted KMS in the following)
with the semi-analytical results of Ref. [76] (RSvN) and Ref. [77] (LeProHQ). Both
references parametrise the heavy-quark coe”cient functions in terms of ẑ and xB.
Since these parametrisations live in ẑ-space, any comparison with the present results
first requires a numerical integration to recover a Mellin moment. That integration
reaches around six significant figures here. Any residual deviation amongst the three
sets may therefore be ascribed to the accuracy of the parametrisations rather than to
the integration itself.

The numerical data are collected in Tab. 5.1. At LO the results agree exactly,
whilst at NLO they display very good overall consistency with the semi-analytical
parametrisations. In the gluon channel, where no independent analytic comparison is
available, the agreement reaches the permille level, matching the accuracy quoted for
those parametrisations.

Quark non-singlet contributions require additional care. Through the optical
theorem, the forward amplitude includes vertex corrections with heavy quarks in
the loops. These are encoded in the two-loop heavy-quark virtual contribution to
the light-quark form factor F (2)

h
, given in Eq. (5.20) and discussed for example in

Refs. [78, 250]. Because it is proportional to ↼(1 → ẑ), this contribution is constant
in Mellin N -space. Such corrections are absent from the RSvN calculation, which
retains only open heavy-quark lines in the final state, as appropriate for the charm-
and bottom-quark structure functions. A meaningful comparison of the non-singlet
coe”cient-function moments with the RSvN results therefore requires this form factor
to be subtracted twice. At NLO, the quantity compared with RSvN is

cN,(2,0)
2,a,vv

∣∣∣
RSvN

= cN,(2,0)
2,a,vv

∣∣∣
KMS

→ 2F (2)

h
, µ = Q . (5.20)

Further subtractions are not necessary, since our calculation uses as,ren with nl

active flavours, where the heavy quark is decoupled, matching the renormalisation
scheme of RSvN. For comparison, Ref. [78] employs as,ren with nl+nh active flavours,
so that the heavy quark is treated as active. In that scheme, additional contributions
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from heavy-quark self-energy insertions on external gluon lines must be subtracted,
whereas the decoupled-flavour definition adopted here leaves them absent at NLO.
The explicit form factor, taken from Ref. [78], is given in the notation of Subsec.1.3
as follows

F (2)

h
(⇁) = 2CFTFnh


3355

81
→ 952

9
⇁ +

(
32⇁2 → 16

3

)
⇀3 →

(
440

9
⇁ → 530

27

)
ln(⇁)

+ β

(
184

9
⇁ → 76

9

)(
Li2

(
β + 1

β → 1

)
→ Li2

(
β → 1

β + 1

))

+

(
8

3
→ 16⇁2

)(
Li3

(
β → 1

β + 1

)
+ Li3

(
β + 1

β → 1

))}
. (5.21)

For the non-singlet coe”cient-function moments at NLO, KMS reproduces LeP-
roHQ exactly, since these functions are implemented in analytical form. At the same
order, the singlet moments from KMS and RSvN agree across both the gluon and
quark channels. A comparison with LeProHQ, by contrast, exposes deviations of up
to twenty percent for larger N in the quark channel.

Table 5.1: Comparison of the numerical values of the moments of the coe”cient
functions at LO and NLO for m = 2

∈
2GeV and Q = 7GeV, corresponding to

⇁ = 8/49, with the scale choice µ = Q.

N KMS RSvN LeProHQ KMS/RSvN KMS/LeProHQ

cN,(1,0)
L,g

2 8.867283709e→ 02 8.8673e→ 02 8.8673e→ 02 1.0000 1.0000
4 1.103046457e→ 02 1.1030e→ 02 1.1030e→ 02 1.0000 1.0000
6 1.917444241e→ 03 1.9174e→ 03 1.9174e→ 03 1.0000 1.0000
8 3.966816131e→ 04 3.9668e→ 04 3.9668e→ 04 1.0000 1.0000
10 9.137167103e→ 05 9.1372e→ 05 9.1372e→ 05 1.0000 1.0000
12 2.264262570e→ 05 2.2643e→ 05 2.2643e→ 05 1.0000 1.0000
14 5.916619363e→ 06 5.9166e→ 06 5.9166e→ 06 1.0000 1.0000
16 1.609557695e→ 06 1.6096e→ 06 1.6096e→ 06 1.0000 1.0000
18 4.519332213e→ 07 4.5193e→ 07 4.5193e→ 07 1.0000 1.0000
20 1.301724905e→ 07 1.3017e→ 07 1.3017e→ 07 1.0000 1.0000
22 3.829032869e→ 08 3.8290e→ 08 3.8290e→ 08 1.0000 1.0000

cN,(1,0)
2,g

2 5.028907767e→ 01 5.0289e→ 01 5.0289e→ 01 1.0000 1.0000
4 6.175564320e→ 02 6.1756e→ 02 6.1756e→ 02 1.0000 1.0000
6 1.183561754e→ 02 1.1836e→ 02 1.1836e→ 02 1.0000 1.0000
8 2.731109006e→ 03 2.7311e→ 03 2.7311e→ 03 1.0000 1.0000
10 6.987846232e→ 04 6.9878e→ 04 6.9878e→ 04 1.0000 1.0000
12 1.909719930e→ 04 1.9097e→ 04 1.9097e→ 04 1.0000 1.0000
14 5.463077020e→ 05 5.4631e→ 05 5.4631e→ 05 1.0000 1.0000
16 1.616052219e→ 05 1.6161e→ 05 1.6161e→ 05 1.0000 1.0000
18 4.904449068e→ 06 4.9044e→ 06 4.9045e→ 06 1.0000 1.0000
20 1.518757609e→ 06 1.5188e→ 06 1.5188e→ 06 1.0000 1.0000
22 4.780440303e→ 07 4.7804e→ 07 4.7805e→ 07 1.0000 1.0000

cN,(2,0)
L,g

Continued on next page
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N KMS RSvN LeProHQ KMS/RSvN KMS/LeProHQ

2 3.378659570e+ 00 3.4037e+ 00 3.3799e+ 00 0.9926 0.9996
4 7.289865120e→ 01 7.3158e→ 01 7.2948e→ 01 0.9965 0.9993
6 1.676777828e→ 01 1.6809e→ 01 1.6786e→ 01 0.9976 0.9989
8 4.148549496e→ 02 4.1576e→ 02 4.1548e→ 02 0.9978 0.9985
10 1.087276123e→ 02 1.0897e→ 02 1.0895e→ 02 0.9977 0.9980
12 2.977571974e→ 03 2.9849e→ 03 2.9852e→ 03 0.9975 0.9974
14 8.436717814e→ 04 8.4599e→ 04 8.4636e→ 04 0.9973 0.9968
16 2.455922015e→ 04 2.4633e→ 04 2.4652e→ 04 0.9970 0.9962
18 7.307379587e→ 05 7.3315e→ 05 7.3396e→ 05 0.9967 0.9956
20 2.213903270e→ 05 2.2218e→ 05 2.2260e→ 05 0.9965 0.9946
22 6.809936693e→ 06 6.8358e→ 06 6.8402e→ 06 0.9962 0.9956

cN,(2,0)
2,g

2 1.606527957e+ 01 1.6121e+ 01 1.6047e+ 01 0.9966 1.0011
4 3.680483878e+ 00 3.6872e+ 00 3.6743e+ 00 0.9982 1.0017
6 9.457069517e→ 01 9.4677e→ 01 9.4356e→ 01 0.9989 1.0023
8 2.623839998e→ 01 2.6259e→ 01 2.6164e→ 01 0.9992 1.0029
10 7.663126763e→ 02 7.6681e→ 02 7.6370e→ 02 0.9993 1.0034
12 2.319720217e→ 02 2.3211e→ 02 2.3106e→ 02 0.9994 1.0039
14 7.208613114e→ 03 7.2126e→ 03 7.1769e→ 03 0.9994 1.0044
16 2.285220881e→ 03 2.2865e→ 03 2.2742e→ 03 0.9995 1.0049
18 7.358664768e→ 04 7.3627e→ 04 7.3200e→ 04 0.9995 1.0053
20 2.399582635e→ 04 2.4009e→ 04 2.3860e→ 04 0.9995 1.0057
22 7.906076590e→ 05 7.9104e→ 05 7.8587e→ 05 0.9994 1.0060

cN,(2,0)
L,q

2 →2.663968441e→ 01 →2.6599e→ 01 →2.6379e→ 01 1.0015 1.0099
4 →2.291865727e→ 02 →2.2898e→ 02 →2.2309e→ 02 1.0009 1.0273
6 →3.037959700e→ 03 →3.0392e→ 03 →2.8930e→ 03 0.9996 1.0501
8 →5.184054510e→ 04 →5.1947e→ 04 →4.8333e→ 04 0.9980 1.0726
10 →1.027971471e→ 04 →1.0318e→ 04 →9.4155e→ 05 0.9963 1.0918
12 →2.252325062e→ 05 →2.2641e→ 05 →2.0354e→ 05 0.9948 1.1066
14 →5.299818794e→ 06 →5.3350e→ 06 →4.7487e→ 06 0.9934 1.1161
16 →1.315786777e→ 06 →1.3262e→ 06 →1.1719e→ 06 0.9921 1.1228
18 →3.406331187e→ 07 →3.4374e→ 07 →3.0241e→ 07 0.9910 1.1264
20 →9.119679388e→ 08 →9.2130e→ 08 →8.1052e→ 08 0.9899 1.1252
22 →2.509868611e→ 08 →2.5381e→ 08 →2.2298e→ 08 0.9889 1.1256

cN,(2,0)
2,q

2 →1.819031902e+ 00 →1.8187e+ 00 →1.7819e+ 00 1.0002 1.0208
4 →1.440499763e→ 01 →1.4401e→ 01 →1.3525e→ 01 1.0002 1.0651
6 →2.040592390e→ 02 →2.0418e→ 02 →1.8276e→ 02 0.9994 1.1166
8 →3.811432361e→ 03 →3.8175e→ 03 →3.2852e→ 03 0.9984 1.1602
10 →8.290910647e→ 04 →8.3117e→ 04 →6.9627e→ 04 0.9975 1.1908
12 →1.985751721e→ 04 →1.9923e→ 04 →1.6434e→ 04 0.9967 1.2083
14 →5.082020292e→ 05 →5.1024e→ 05 →4.1804e→ 05 0.9960 1.2157
16 →1.365120445e→ 05 →1.3714e→ 05 →1.1227e→ 05 0.9954 1.2159
18 →3.804753682e→ 06 →3.8243e→ 06 →3.1416e→ 06 0.9949 1.2111
20 →1.091674299e→ 06 →1.0978e→ 06 →9.0873e→ 07 0.9944 1.2013
22 →3.206582357e→ 07 →3.2258e→ 07 →2.6837e→ 07 0.9940 1.1948

cN,(2,0)
L,a

2 1.269706065e→ 01 1.2691e→ 01 1.2697e→ 01 1.0004 1.0000

Continued on next page
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N KMS RSvN LeProHQ KMS/RSvN KMS/LeProHQ

4 7.773989042e→ 03 7.7697e→ 03 7.7740e→ 03 1.0006 1.0000
6 8.451385732e→ 04 8.4611e→ 04 8.4514e→ 04 0.9989 1.0000
8 1.218724089e→ 04 1.2232e→ 04 1.2187e→ 04 0.9964 1.0000
10 2.086984108e→ 05 2.1002e→ 05 2.0870e→ 05 0.9937 1.0000
12 4.015640039e→ 06 4.0518e→ 06 4.0156e→ 06 0.9911 1.0000
14 8.409051715e→ 07 8.5059e→ 07 8.4091e→ 07 0.9886 1.0000
16 1.878096423e→ 07 1.9041e→ 07 1.8781e→ 07 0.9863 1.0000
18 4.413049803e→ 08 4.4839e→ 08 4.4130e→ 08 0.9842 1.0000
20 1.080458841e→ 08 1.1000e→ 08 1.0805e→ 08 0.9823 1.0000
22 2.736748775e→ 09 2.7912e→ 09 2.7367e→ 09 0.9805 1.0000

cN,(2,0)
2,a

2 3.828697684e→ 01 3.8268e→ 01 3.8287e→ 01 1.0005 1.0000
4 1.899084702e→ 02 1.8981e→ 02 1.8991e→ 02 1.0005 1.0000
6 1.953555304e→ 03 1.9556e→ 03 1.9536e→ 03 0.9989 1.0000
8 2.757969313e→ 04 2.7672e→ 04 2.7580e→ 04 0.9967 1.0000
10 4.678690020e→ 05 4.7059e→ 05 4.6787e→ 05 0.9942 1.0000
12 8.963806878e→ 06 9.0378e→ 06 8.9638e→ 06 0.9918 1.0000
14 1.873670645e→ 06 1.8935e→ 06 1.8737e→ 06 0.9895 1.0000
16 4.182500377e→ 07 4.2360e→ 07 4.1825e→ 07 0.9874 1.0000
18 9.829615433e→ 08 9.9755e→ 08 9.8296e→ 08 0.9854 1.0000
20 2.408000184e→ 08 2.4483e→ 08 2.4080e→ 08 0.9835 1.0000
22 6.104188218e→ 09 6.2172e→ 09 6.1042e→ 09 0.9818 1.0000

5.1.3 Asymptotic Limit

As a further consistency check on the Mellin moments, we extend the comparison to
the region ↽ ↗ 0, that is the limit of asymptotically small masses. This limit is of
particular interest because exact results are not available for all heavy-quark coe”-
cient functions at NLO, so the asymptotic expansion provides the only independent
benchmark against which our Mellin moments can be validated.

Here the Mellin moments CN
2,i are found to agree with the literature, which Ref. [43]

expresses in terms of harmonic sums [251, 252]. Our calculation recovers the cor-
rect factorisation into heavy-quark operator matrix elements and massless coe”cient
functions, confirming the consistency of the results with the expected structure of
the expansion. These asymptotic expressions are obtained using the Mathematica
packages HPL [253] and HypExp [254], collected in Eqs. (5.22)–(5.33), further yield the
higher-order corrections, previously unavailable, in a straightforward manner:

c2,(0,0)
2,g,vv = 0 (5.22)

c2,(1,0)
2,g,vv = →TF ▽l{ v,v }̸gnl + TF ▽h{ v,v }̸gnh

[
→ 12↽2 → 44

3
↽2 log(↽) + 6↽

+
20

3
↽ log(↽)→ 4

3
log(↽)→ 1 +O

(
↽3
)]

(5.23)

c2,(2,0)
2,g,vv = CATF ▽l{ v,v }̸gnl

[
115

162
→ 4⇀3

]
+ CFTF ▽l{ v,v }̸gnl

[
→ 4799

405
+

32

5
⇀3

]

+ CFTF ▽h{ v,v }̸gnh

[
→ 7364

45
↽2 log2(↽)→ 196786

675
↽2 log(↽) +

131

3
↽ log2(↽)
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→ 16

9
log2(↽) +

1901

18
↽ log(↽)→ 160

27
log(↽) + ↽2

(
32

5
⇀3 →

147959

20250

)

+ ↽

(
16

5
⇀3 →

14407

1080

)
+

32

5
⇀3 +

1961

405
+O

(
↽3
)]

+ CATF ▽h{ v,v }̸gnh

[
1084

45
↽2 log2(↽)→ 79799

675
↽2 log(↽)→ 95

9
↽ log2(↽)

+
22

9
log2(↽) +

925

54
↽ log(↽)→ 70

27
log(↽) + ↽2

(
→ 16

5
⇀3 →

321337

40500

)

+ ↽

(
27113

3240
→ 8

5
⇀3

)
→ 4⇀3 →

11

162
+O

(
↽3
)]

, (5.24)

c2,(0,0)L,g,vv = 0 (5.25)

c2,(1,0)L,g,vv =
4

3
TF ▽l{ v,v }̸gnl + TF ▽h{ v,v }̸gnh

[
→ 64↽2

3
→ 16↽2 log(↽) +

20

3
↽ + 8↽ log(↽)

+
4

3
+O

(
↽3
)]

(5.26)

c2,(2,0)L,g,vv =
346

27
CATF ▽l{ v,v }̸gnl + CFTF ▽l{ v,v }̸gnl

[
→ 232

135
→ 32

5
⇀3

]

+ CFTF ▽h{ v,v }̸gnh

[
→ 2852

15
↽2 log2(↽)→ 81278

225
↽2 log(↽) +

110

3
↽ log2(↽)

+
505

9
↽ log(↽)→ 16 log(↽)

9
+ ↽2

(
→ 192

5
⇀3 →

587707

6750

)
+ ↽

(
35221

540

→ 96

5
⇀3

)
→ 32

5
⇀3 →

232

135
+O

(
↽3
)]

+ CATF ▽h{ v,v }̸gnh

[
84

5
↽2 log2(↽)→ 9134

75
↽2 log(↽)→ 26

3
↽ log2(↽)

+
323

9
↽ log(↽) + ↽2

(
96

5
⇀3 +

38087

6750

)
+ ↽

(
48

5
⇀3 →

11353

540

)

+
346

27
+O

(
↽3
)]

, (5.27)

c2,(0,0)
2,q,vv = ▽l{ v,v }̸q (5.28)

c2,(1,0)
2,q,vv =

1

3
CF ▽l{ v,v }̸q (5.29)

c2,(2,0)
2,q,vv = →8CFTF ▽l{ v,v }̸qnl →

266

81
CFTF ▽l{ v,v }̸qnl + CACF ▽l{ v,v }̸q

[
3677

135
→ 128

5
⇀3

]

+ C2

F ▽l{ v,v }̸q
[
→ 4189

810
+

96

5
⇀3

]

+ CFTF ▽l{ v,v }̸qnh

[
9689

2250
↽2 → 28

15
↽2 log2(↽)→ 2482

225
↽2 log(↽) +

92

27
↽
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→ 16

9
log2(↽)→ 112

9
↽ log(↽)→ 140

27
log(↽)→ 344

27
+O

(
↽3
)]

+ CFTF ▽h{ v,v }̸qnh

[
→ 1318871

10125
↽2 → 832

45
↽2 log2(↽) +

34532

675
↽2 log(↽)

+
9671

162
↽ +

80

9
↽ log2(↽)→ 16

9
log2(↽) +

226

27
↽ log(↽)→ 80

27

→ 590

81
log(↽) +O

(
↽3
)]

, (5.30)

c2,(0,0)L,q,vv = 0 (5.31)

c2,(1,0)L,q,vv =
4

3
CF ▽l{ v,v }̸q (5.32)

c2,(2,0)L,q,vv = →184

27
CFTF ▽l{ v,v }̸qnl →

160

27
CFTF ▽l{ v,v }̸qnl + C2

F ▽l{ v,v }̸q
[
→ 1906

135
+

64

5
⇀3

]

+ CACF ▽l{ v,v }̸q
[
2878

135
→ 32

5
⇀3

]

+ CFTF ▽l{ v,v }̸qnh

[
→ 170192

1125
↽2 +

96

5
↽2 log2(↽)→ 2912

25
↽2 log(↽)→ 680

9
↽

→ 32↽ log(↽)→ 16

9
log(↽)→ 184

27
+O

(
↽3
)]

+ CFTF ▽h{ v,v }̸qnh

[
→ 773258

3375
↽2 → 416

15
↽2 log2(↽) +

6536

225
↽2 log(↽)

+
2393

27
↽ +

32

3
↽ log2(↽) +

220

9
↽ log(↽)→ 160

27
+O

(
↽3
)]

. (5.33)

Ultimately, we highlight that the limit ↽ ↗ 0 agrees with the limit ⇁ ↗ 0 only at
leading power. Beyond this order, corrections are need,

↽ = ⇁ → 2⇁2 + 5⇁3 +O
(
⇁4
)
, (5.34)

log ↽ = log(⇁)→ 2⇁ + 3⇁2 +
22⇁3

3
+O

(
⇁4
)
. (5.35)

5.1.4 Axial-Axial

For products of two axial-vector currents, we computed only the first non-vanishing
Mellin moment, namely N = 2. Higher Mellin moments follow in direct analogy,
since all master integrals and IBP tables can be recycled. Unlike the VV case, the
extraction of the finite coe”cient function is no longer straightforward whilst the
numbers of light and heavy quarks, nl and nh, are kept general. To simplify the
notation, we write Eq. (2.105) as

TN,ren
i,p (p, q) = (→1)N

∑

j,k↑S

CN
i,j(q)ZjkA

N,ren
k,p (p)

∣∣∣∣
p=0

+
↔∑

m=1

m∑

n=1

ams,ren
ωn

cN,(m,n)
i,p , (5.36)

which introduces new constants that vanish once the coe”cient functions are success-
fully renormalised and mass factorisation holds.
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Gluon-initiated processes renormalise as they should, whereas the quark-initiated
ones leave behind divergent contributions,

c2,(2,→1)

2,q = 24CFTF ▽l{ a }l{ a }̸qnl + 24CFTF ▽l{ a }h{ a }̸qnh . (5.37)

This phenomenon admits two interpretations. On the one hand, no physical require-
ments on the neutral current have been imposed so far. The Mellin moments are
renormalisable when, for example, the theory contains even numbers of both heavy
and light quarks, with equal numbers of up-type and down-type quarks in each case.
In such cases the traces over the charge matrices vanish. Within the full electroweak
theory they also vanish, because the charge traces are independent of the mass and
become trivial once the quark masses are non-degenerate. On the other hand, the
products of two axial-vector and of two vector currents acquire anomalous dimensions
that agree only at LO and may di!er at higher orders in perturbation theory [255].
Renormalisation is therefore expected to fail if the anomalous dimensions of the prod-
uct of two vector currents are used.

What should be noted, however, is that even with the correct anomalous dimen-
sions the result would remain non-renormalisable, since the anomalous dimensions
depend only on the number of light flavours. The heavy-quark contributions would
then survive, which suggests that the results are meaningful only when a physical
theory is considered.

The Mellin moments of the AA and VV contributions to the coe”cient functions
are in general not identical. As a non-trivial consistency check, they should neverthe-
less coincide in the massless limit, where chiral symmetry is restored, provided the
currents have identical coupling constants and anomalous contributions are discarded.

Discrepancies arise in the massless limit solely from anomalous contributions,
which are unique to the product of two axial-vector currents. These originate from
fermion-triangle subgraphs containing merely one γ5. In the VV case, such contribu-
tions vanish by Furry’s theorem. Explicitly, for the di!erences between Eqs. (5.2)–
(5.13) and (C.1)–(C.12), we find

c2,(0,0)
2,g,aa → c2,(0,0)

2,g,vv = 0 , (5.38)

c2,(1,0)
2,g,aa → c2,(1,0)

2,g,vv = TFnh↽

[
8 +

16

3
log(↽)

]
+O

(
↽2
)
, (5.39)

c2,(2,0)
2,g,aa → c2,(2,0)

2,g,vv = CATFnh↽

[
56

9
log2(↽) +

688

27
log(↽) +

16

5
⇀3 →

2392

405

]

+ CFTFnh↽

[
→ 32 log2(↽)→ 392

9
log(↽)→ 288

5
⇀3 +

12352

135

]

+ 10T 2

F ▽h{ a }h{ a }̸gn2

h

+ T 2

F ▽h{ a }h{ a }̸gn2

h

[
40↽ log(↽) + 10

]

+ T 2

F ▽l{ a }h{ a }̸gnhnl

[
40↽ log(↽) + 20

]
+O

(
↽2
)
, (5.40)

c2,(0,0)L,g,aa → c2,(0,0)L,g,vv = 0 , (5.41)
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c2,(1,0)L,g,aa → c2,(1,0)L,g,vv = 0 , (5.42)

c2,(2,0)L,g,aa → c2,(2,0)L,g,vv = CFTFnh↽

[
→ 176

9
log(↽)→ 1232

135
→ 192

5
⇀3

]

+ CATFnh↽

[
1048

45
→ 96

5
⇀3

]

+ 4T 2

F ▽l{ a }l{ a }̸gn2

l

+ T 2

F ▽h{ a }h{ a }̸gn2

h

[
16↽ log(↽) + 4

]

+ T 2

F ▽l{ a }h{ a }̸gnhnl

[
16↽ log(↽) + 8

]
+O

(
↽2
)
, (5.43)

c2,(0,0)
2,q,aa → c2,(0,0)

2,q,vv = 0 , (5.44)

c2,(1,0)
2,q,aa → c2,(1,0)

2,q,vv = 0 , (5.45)

c2,(2,0)
2,q,aa → c2,(2,0)

2,q,vv = CFTFnh↽

[
7544

81
+

64

9
log2(↽) +

992

27
log(↽)

]

+ CFTF ▽l{ a }h{ a }̸qnh

[
↽

(
1004

15
→ 32 log(↽) +

496

5
⇀3

)

→ 32

5
⇀3 →

658

15

]

+ CFTF ▽l{ a }l{ a }̸qnl

[
→ 32

5
⇀3 →

658

15

]
+O

(
↽2
)
, (5.46)

c2,(0,0)L,q,aa → c2,(0,0)L,q,vv = 0 , (5.47)

c2,(1,0)L,q,aa → c2,(1,0)L,q,vv = 0 , (5.48)

c2,(2,0)L,q,aa → c2,(2,0)L,q,vv = CFTFnh↽

[
16

9

]

+ CFTF ▽l{ a }h{ a }̸qnh

[
↽

(
312

5
→ 96

5
⇀3

)

→ 128

5
⇀3 +

368

15

]

+ CFTF ▽l{ a }l{ a }̸qnl

[
→ 128

5
⇀3 +

368

15

]
+O

(
↽2
)
. (5.49)

5.1.5 Axial-Vector

For the parity-violating coe”cient function the gluon-channel contributions vanish
identically. In the quark channel, by contrast, a non-vanishing result appears already
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at the first Mellin moment, namely N = 1, since only the odd moments contribute
here, unlike the AA and VV cases where only the even Mellin moments do. Explicitly,
the residual divergence of the quark channel reads

c1,(2,→1)

3,q = →6CFTF ▽l{ v }l{ a }̸qnl → 6CFTF ▽l{ v }h{ a }̸qnh . (5.50)

Following the discussion of the axial–axial anomaly in Eq. (5.37), the same rea-
soning applies here. Restricting the light- and heavy-quark numbers to a physically
sensible flavour content, as discussed in Subsec. 5.1.4, removes the anomalous re-
mainder. The Mellin moment of the parity-violating coe”cient function are given in
Eqs. (C.13)–(C.15).

5.2 Scalar Current at NLO

The computation of the scalar current serves as a consistency check on the setup,
with the first non-vanishing Mellin moments, at N = 2, given in Eqs. (C.16)–(C.21).
Gauge invariance provides a first non-trivial test here, since, unlike the vector-current
case, only the sum of the ghost and gluon contributions is gauge invariant. Renormal-
isation o!ers a further and more informative check, as a second operator, the Yukawa
coupling, must be introduced to renormalise the coe”cient functions and account for
the Weyl anomaly. Along the way the calculation yields every anomalous dimension
needed for the finite Mellin moments, and is in that sense self-contained. Were the
Yukawa coupling omitted, the coe”cient function would not be renormalisable and
the divergent part

c1,(2,→1)

S,g = CFTFnhH0

[
→ 48d3

→1
→ 24d2

→1
+ 12d→1 → 12d1

]
(5.51)

would remain. Its cancellation is non-trivial and therefore constitutes a strong check
on the setup.

Scalar currents typically require more master integrals than the neutral current,
since scalars couple directly to gluons and thereby generate additional non-Abelian
vertices, admitting graphs with mass configurations absent from the neutral cur-
rent case. These extra configurations have been computed as well and, being mass-
preserving, included among the master integrals of the neutral current.

5.3 Neutral Current at NNLO

At NNLO, only the explicit expressions involving the cubic Casimir operator are
given, since the full moments are quite lengthy. Two reasons motivate the choice of
this specific term. First, the cubic Casimir colour factor makes its first appearance at
NNLO, and the moment already captures almost the entire analytic structure of the
result, with most of the integral kernels present. Second, it showcases a flavour factor
that at two loops was exclusive to the product of two axial-vector currents, yet now
arises for vector currents as well.

Presentation is once again restricted to the first non-vanishing Mellin moment,
namely N = 2, and specifically to the c2,(3,0)

2,g,vv , although the other coe”cient functions
have, of course, been computed as well. Unlike at NLO, the restriction here is not
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a matter of convenience. Only this moment could be obtained, since computing
higher moments at this order becomes exceedingly expensive and demands further
optimisation and computing resources.

Notably, the full Mellin moment comprises merely 142 iterated integrals, with not
all kernels contributing, whereas the master integrals contain 2216 in total. Such a
disparity is a recurring feature. Most intermediate results in amplitude computations
amount to unphysical content, an e!ect far more pronounced in the presence of masses
than in the massless case.

Before the result is presented, a few structural remarks are in order. Confirmed
here is the observation that no kernels with a squared period survive at the amplitude
level [215], whether directly or implicitly through the transcendental functions, even
though such kernels do appear in the master integrals and in the rotations to the
canonical basis. Interestingly, under the transformation

ϱNC

0
= ▷ϱNC

0

∣∣
⇁=1

, (5.52)

the Mellin moment turns out to be an a”ne function of the parameter ▷. Only
the zeroth and first powers therefore occur. Likewise, square roots enter solely at
even powers, either directly or indirectly through the integral kernels. Physics must
not depend on the branch choice, so such behaviour is only to be expected. Along
similar lines, the observation regarding the periods may indicate that a comparable
mechanism is at work.

The structure of the result warrants further investigation in future work, in partic-
ular in relation to approaches such as the Landau bootstrap [256]. In this context, it
would be ideal to find criteria that exclude certain integral kernels, thereby enabling
a more constrained ansatz.

c2,(3,0)
2,g,vv =

dabcdabcT 3

F

NA
▽h{ v }h{ v }̸gn2

h

[
10

9
+

143

270
x̂→ 32

45
ϑ̂1 →

32

45
ϑ̂4

+C3,11,1

(
→ 27

20
→ 409

960
x̂→ 153

1280
x̂2 +

16

5
ϑ̂1

)

+ F̂1

(
508

15
→ 8

15
x̂+

11

270
x̂2

)

+C3,11,1F̂12

(
→ 11

20
→ 4

5
ϑ̂1

)

+C3,11,1F̂16

(
11

80
+

1

5
ϑ̂1

)

+C3,11,1F̂18

(
→ 33

20
→ 12

5
ϑ̂1

)

+ F̂4,4

(
→ 4711

45
→ 19

30
x̂→ 260ϑ̂1 +

896

15
ϑ̂2

1 +
512

5
ϑ̂3

1 →
736

15
ϑ̂4

)

+C3,11,1F̂4,4

(
→ 1

3
+

4

5
ϑ̂1 →

32

15
ϑ̂2

1

)

+C3,11,1F̂12,1

(
→ 3

10
→ 2

15
ϑ̂1

)

+C3,11,1F̂13,4

(
→ 1

3
+

4

5
ϑ̂1 →

32

15
ϑ̂2

1

)

+C3,11,1F̂14,4

(
1

3
→ 4

5
ϑ̂1 +

32

15
ϑ̂2

1

)
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+C3,11,1F̂16,1

(
3

40
+

1

30
ϑ̂1

)

+C3,11,1F̂18,1

(
→ 9

10
→ 2

5
ϑ̂1

)

+C3,11,1F̂19,4

(
1

6
→ 2

5
ϑ̂1 +

16

15
ϑ̂2

1

)

+C3,11,1F̂20,4

(
→ 5

24
+

1

2
ϑ̂1 →

4

3
ϑ̂2

1

)

+C3,11,1F̂21,4

(
1→ 12

5
ϑ̂1 +

32

5
ϑ̂2

1

)

+ F̂1,4,4

(
476

45
+

248

15
ϑ̂1 →

616

15
ϑ̂4

)

+ F̂4,1,4

(
476

45
+

248

15
ϑ̂1 →

616

15
ϑ̂4

)

+ F̂4,4,1

(
946

45
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30
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24
x̂2 +

2992

15
ϑ̂1 →

616

15
ϑ̂4

)

+ F̂4,4,3

(
→ 106

5
→ 61

30
x̂→ 191

120
x̂2 → 536

5
ϑ̂1

)

+ F̂4,4,4,4

(
→ 88

5
→ 128

5
ϑ̂1

)

+ F̂16,6,6,12

(
→ 352

5
→ 512

5
ϑ̂1

)

+ F̂16,6,6,16

(
88

5
+

128

5
ϑ̂1

)

+ F̂16,6,6,18

(
→ 1056

5
→ 1536

5
ϑ̂1

)

+ F̂16,6,10,4

(
→ 352

5
→ 512

5
ϑ̂1

)

+ F̂1,4,4,4,4

(
112

5
→ 64

5
ϑ̂1 +

256

5
ϑ̂2

1

)

+ F̂4,1,4,4,4

(
112

5
→ 64

5
ϑ̂1 +

256

5
ϑ̂2

1

)

+ F̂4,4,1,4,4

(
→ 16 +

192

5
ϑ̂1 →

512

5
ϑ̂2

1

)

+ F̂4,4,3,4,4

(
→ 64

3
+

256

5
ϑ̂1 →

2048

15
ϑ̂2

1

)

+ F̂4,4,4,1,4

(
→ 352

15
→ 128

5
ϑ̂1 +

512

15
ϑ̂2

1

)

+ F̂4,4,4,3,4

(
32

3
→ 128

5
ϑ̂1 +

1024

15
ϑ̂2

1

)

+ F̂4,4,4,4,1

(
→ 48

5
→ 64

15
ϑ̂1

)

+ F̂16,6,6,12,1

(
→ 192

5
→ 256

15
ϑ̂1

)

+ F̂16,6,6,13,4

(
→ 128

3
+

512

5
ϑ̂1 →

4096

15
ϑ̂2

1

)
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+ F̂16,6,6,14,4

(
128

3
→ 512

5
ϑ̂1 +

4096

15
ϑ̂2

1

)

+ F̂16,6,6,16,1

(
48

5
+

64

15
ϑ̂1

)

+ F̂16,6,6,18,1

(
→ 576

5
→ 256

5
ϑ̂1

)

+ F̂16,6,6,19,4

(
64

3
→ 256

5
ϑ̂1 +

2048

15
ϑ̂2

1

)

+ F̂16,6,6,20,4

(
→ 80

3
+ 64ϑ̂1 →

512

3
ϑ̂2

1

)

+ F̂16,6,6,21,4

(
128→ 1536

5
ϑ̂1 +

4096

5
ϑ̂2

1

)

+ F̂16,6,10,1,4

(
128

3
→ 512

5
ϑ̂1 +

4096

15
ϑ̂2

1

)

+ F̂16,6,10,3,4

(
→ 128

3
+

512

5
ϑ̂1 →

4096

15
ϑ̂2

1

)

+ F̂16,6,10,4,1

(
→ 192

5
→ 256

15
ϑ̂1

)

+ r̂1F̂4

(
→ 1117

270
→ 829

270
x̂+

6854

45
ϑ̂1 →

32

3
ϑ̂2

1 →
128

5
ϑ̂3

1 →
116

45
ϑ̂4

)

+ r̂1C3,11,1F̂4

(
→ 37

60
ϑ̂1 →

28

15
ϑ̂2

1 +
23

60
ϑ̂4

)

+ r̂1C3,11,1F̂13

(
→ 37

60
ϑ̂1 →

28

15
ϑ̂2

1 +
23

60
ϑ̂4

)

+ r̂1C3,11,1F̂14

(
37

60
ϑ̂1 +

28

15
ϑ̂2

1 →
23

60
ϑ̂4

)

+ r̂1C3,11,1F̂19

(
37

120
ϑ̂1 +

14

15
ϑ̂2

1 →
23

120
ϑ̂4

)

+ r̂1C3,11,1F̂20

(
→ 37

96
ϑ̂1 →

7

6
ϑ̂2

1 +
23

96
ϑ̂4

)

+ r̂1C3,11,1F̂21

(
37

20
ϑ̂1 +

28

5
ϑ̂2

1 →
23

20
ϑ̂4

)

+ r̂1F̂1,4

(
2

45
→ 404

15
ϑ̂1 +

452

45
ϑ̂4

)

+ r̂1F̂4,1

(
2

45
→ 404

15
ϑ̂1 +

452

45
ϑ̂4

)

+ r̂1F̂4,4,4

(
→ 14

5
x̂+

1372

45
ϑ̂1 +

2824

45
ϑ̂2

1 →
128

5
ϑ̂3

1 →
256

5
ϑ̂4

1 +
64

15
ϑ̂4

→ 8ϑ̂2

4

)

+ r̂1F̂16,6,10

(
→ 76

15
→ 38

5
x̂→ 1904

9
ϑ̂1 →

30784

45
ϑ̂2

1 →
1024

5
ϑ̂3

1 →
2048

5
ϑ̂4

1

→ 352

15
ϑ̂4 + 32ϑ̂2

4

)

+ r̂1F̂1,4,4,4

(
4ϑ̂1 +

144

5
ϑ̂2

1 →
124

5
ϑ̂4

)



5.3. NEUTRAL CURRENT AT NNLO 153

+ r̂1F̂4,1,4,4

(
4ϑ̂1 +

144

5
ϑ̂2

1 →
124

5
ϑ̂4

)

+ r̂1F̂4,4,1,4

(
→ 148

5
ϑ̂1 →

448

5
ϑ̂2

1 +
92

5
ϑ̂4

)

+ r̂1F̂4,4,3,4

(
→ 592

15
ϑ̂1 →

1792

15
ϑ̂2

1 +
368

15
ϑ̂4

)

+ r̂1F̂4,4,4,1

(
472

15
ϑ̂1 +

928

15
ϑ̂2

1 +
376

15
ϑ̂4

)

+ r̂1F̂4,4,4,3

(
296

15
ϑ̂1 +

896

15
ϑ̂2

1 →
184

15
ϑ̂4

)

+ r̂1F̂16,6,6,13

(
→ 1184

15
ϑ̂1 →

3584

15
ϑ̂2

1 +
736

15
ϑ̂4

)

+ r̂1F̂16,6,6,14

(
1184

15
ϑ̂1 +

3584

15
ϑ̂2

1 →
736

15
ϑ̂4

)

+ r̂1F̂16,6,6,19

(
592

15
ϑ̂1 +

1792

15
ϑ̂2

1 →
368

15
ϑ̂4

)

+ r̂1F̂16,6,6,20

(
→ 148

3
ϑ̂1 →

448

3
ϑ̂2

1 +
92

3
ϑ̂4

)

+ r̂1F̂16,6,6,21

(
1184

5
ϑ̂1 +

3584

5
ϑ̂2

1 →
736

5
ϑ̂4

)

+ r̂1F̂16,6,10,1

(
1184

15
ϑ̂1 +

3584

15
ϑ̂2

1 →
736

15
ϑ̂4

)

+ r̂1F̂16,6,10,3

(
→ 1184

15
ϑ̂1 →

3584

15
ϑ̂2

1 +
736

15
ϑ̂4

)

+ r̂1Ĝ3C3,11,1

(
→ 19

480
→ 19

320
x̂→ 119

72
ϑ̂1 →

481

90
ϑ̂2

1 →
8

5
ϑ̂3

1 →
16

5
ϑ̂4

1 →
11

60
ϑ̂4

+
1

4
ϑ̂2

4

)

+ r̂1Ĝ3F̂16,6,6

(
→ 76

15
→ 38

5
x̂→ 1904

9
ϑ̂1 →

30784

45
ϑ̂2

1 →
1024

5
ϑ̂3

1 →
2048

5
ϑ̂4

1

→ 352

15
ϑ̂4 + 32ϑ̂2

4

)

+ r̂2F̂16,6

(
34

45
→ 28

9
x̂+

1424

45
ϑ̂1 +

8

3
ϑ̂2

1 +
64

5
ϑ̂3

1 →
224

45
ϑ̂4 →

968

45
ϑ̂2

4

→ 32

15
ϑ̂3

4

)

+ ϖ̂→1

0
F̂16

(
62

15
+

28

9
x̂→ 1724

15
ϑ̂1 +

112

9
ϑ̂2

1 +
128

5
ϑ̂3

1 +
124

45
ϑ̂4

+
16

15
ϑ̂2

4

)

+ r̂2ϖ̂
→1

0
˙̂ϖ0F̂16,6

(
→ 5048

45
+

62

15
x̂+

28

9
x̂2 +

112

9
ϑ̂1 +

128

5
ϑ̂2

1 →
448

45
ϑ̂4

→ 64

15
ϑ̂2

4

)

+ ϖ̂→1

0
˙̂ϖ2

0C3,11,1

(
221

45
→ 497

18
x̂→ 1853

240
x̂2 +

53

80
x̂3 +

1493

5760
x̂4 +

7

576
x̂5 +

32

5
ϑ̂1
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+
4

5
ϑ̂4

)

+ ϖ̂→1

0
˙̂ϖ2

0F̂16,6,6

(
28288

45
→ 31808

9
x̂→ 14824

15
x̂2 +

424

5
x̂3 +

1493

45
x̂4 +

14

9
x̂5

+
4096

5
ϑ̂1 +

512

5
ϑ̂4

)

+ ˙̂ϖ0C3,11,1

(
515

36
+

1639

360
x̂→ 59

48
x̂2 → 461

960
x̂3 → 7

288
x̂4 +

10

3
ϑ̂1 +

32

5
ϑ̂2

1

+
119

15
ϑ̂4 +

4

5
ϑ̂2

4

)

+ ˙̂ϖ0F̂16,6,6

(
16480

9
+

26224

45
x̂→ 472

3
x̂2 → 922

15
x̂3 → 28

9
x̂4 +

1280

3
ϑ̂1

+
4096

5
ϑ̂2

1 +
15232

15
ϑ̂4 +

512

5
ϑ̂2

4

)

+ ϖ̂0C3,11,1

(
29

16
+

119

288
x̂+

323

1152
x̂2 +

7

576
x̂3 +

163

90
ϑ̂1 +

4

5
ϑ̂2

1 +
16

5
ϑ̂3

1

→ 41

18
ϑ̂4 +

46

15
ϑ̂2

4

)

+ ϖ̂0F̂16,6,6

(
232 +

476

9
x̂+

323

9
x̂2 +

14

9
x̂3 +

10432

45
ϑ̂1 +

512

5
ϑ̂2

1

+
2048

5
ϑ̂3

1 →
2624

9
ϑ̂4 +

5888

15
ϑ̂2

4

)]
+ · · · (5.53)

5.4 Conclusion

Heavy-quark production in deep-inelastic scattering has been investigated here for
neutral, charged and scalar currents. For the neutral current, the first eleven even
Mellin moments of the VV contribution were obtained at NLO [211]. It was found that
AA and VV contributions agree only at LO as a consequence of the chiral anomaly.
However, agreement is restored in the limit of vanishing masses where chiral symmetry
is recovered.

At NNLO, the first even Mellin moment was determined, where the earliest elliptic
structures in the neutral current case emerge through the K3 cohomology underlying
the Picard–Fuchs operator of the three-loop banana integral [217–219]. The charged
current case was treated in direct analogy, although elliptic structures already appear
at two loops via the two-loop banana subtopology [234, 236, 237]. A scalar current
was also computed, serving as a consistency check of the setup, both through gauge
invariance and through the renormalisation of the additional Yukawa operator.

Many of the master integrals obtained along the way su”ce for a range of further
structure functions, remaining una!ected by changes of the projectors. Beyond deep-
inelastic scattering, these same integrals serve the study of QCD self-energies in the
presence of heavy quarks [133].

Computation of higher moments at NNLO is a natural first extension, both for the
VV contribution and for the AV and AA contributions, the latter pair still undeter-
mined. Such contributions gain phenomenological weight in light of the Electron–Ion
Collider [26, 27], where Z-boson exchange and parity-violating observables become
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accessible and where the projected experimental precision on heavy-flavour observ-
ables demands theory beyond NLO. On the charged current side, the same holds for
the neutrino programmes at the intensity frontier, most notably the SHiP facility at
the CERN SPS [257], whose neutrino-interaction data will probe charm production
in charged current scattering at momentum transfers where the full mass dependence
of the coe”cient functions is indispensable. Conceptually the calculation should be
straightforward, since no new master integrals arise and the IBP tables already assem-
bled cover most, if not all, of the integrals encountered. This same reasoning carries
over to polarised scattering, where no structural di!erence appears at the amplitude
level and only the projectors require adjustment. Polarised coe”cient functions may
at first appear as low-hanging fruit, yet in the presence of masses the additional
γ5 insertions bring the full subtleties of dimensional regularisation and of the ax-
ial anomaly [258, 259], rendering them both more demanding and physically more
intriguing than a first glance suggests.

The Mellin moments may be used to improve the approximate parametrisations of
the coe”cient functions at NNLO [87,260], in the same spirit in which fixed moments
have long sharpened massless analyses, although an analytic reconstruction may be
out of the question, given the complexity of the moments.

Pushing to higher moments is obstructed chiefly by the IBP reduction itself. Al-
ready at the fourth moment the Laporta algorithm becomes unfeasible, owing to the
proliferation of dotted propagators alongside the many scalar products appearing in
the numerators. Memory on the order of terabytes is demanded by the reductions at
this stage. Progress will most plausibly come from improved reduction strategies, for
instance a fully symbolic reduction within Form [139], by analogy with the Forcer
framework [171], which trades the memory bottleneck for a more manageable demand
on disk space.

Even the moments already obtained retain significant value for this purpose, al-
though two caveats should be noted. The present results are fully inclusive. In par-
ticular, for neutral current final states, configurations containing two and four heavy
quarks cannot be separated. Similarly, for charged currents, contributions with one
and three heavy quarks are not distinguished.

Furthermore, the Mellin moments computed in this work are valid for all strictly
positive x̂, although the evaluation of the iterated integrals may not be straightfor-
ward. This reflects the singularity structure of the amplitude. While no singularities
are present in the deep-inelastic scattering regime, singularities do occur in the physi-
cal region and constrain the radius of convergence of series expansions of the iterated
integrals and the associated periods. As a result, several expansions are required to
cover the full kinematic range. One caveat is that, at each stage, it must be verified
that expansions respect the Picard–Fuchs equations used to derive the ω-factorised
form of the master integrals [220, 230]. Otherwise the construction would become
inconsistent.

Extension to four loops is a further natural step (see Fig. 5.1), where the same
formalism applies, in particular because a single momentum routing su”ces to cover
all independent graphs. Four loops nonetheless remain out of reach for the moment,
as the IBP reductions become a severe bottleneck. No new elliptic curves are ex-
pected for the neutral current, since all elliptic contributions should descend from the
two- and three-loop banana subtopologies. More interesting is the charged current,
where the four-loop banana subtopology appears for the first time and brings with



156 CHAPTER 5. RESULTS

it Calabi–Yau threefolds [218, 219, 224]. Unlike the K3 surfaces of three loops, these
threefolds are genuinely new objects, since their Picard–Fuchs operators are no longer
symmetric squares of second-order operators, so a richer class of special functions
must be anticipated.

Scattering of heavy quarks with two distinct masses o!ers a further, phenomeno-
logically motivated direction, relevant wherever the charm and bottom scales act
together, as studied at asymptotic virtualities in Ref. [64,65,67,68,261]. Here the set-
covering construction extends to that case almost verbatim, the only change being a
move from a binary to a ternary basis.

As a closing and more mathematical remark, this work ranks amongst the first
applications of the method of di!erential equations [97, 99, 100,189] involving elliptic
integrals at NNLO to a physical observable in deep-inelastic scattering, confirming in
a genuine QCD setting many structural observations previously made only for QED
propagator-type integrals [215,238].

Figure 5.1: The graphs on the left show contributions to the forward scattering ampli-
tude involving two and three distinct heavy quarks in the neutral current, where the
quark masses are indicated by di!erent shades of green. The two graphs on the right
show the extension to four loops: in the neutral current case, only four heavy-quark
cuts are present, whereas in the charged current case five heavy-quark cuts appear,
opening the door to new geometries.
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Adapted from J. Tenniel, “Shower of Playing Cards,” in Lewis Carroll, Alice’s
Adventures in Wonderland (1865).



Appendix A

Integrals

A.1 Neutral Current

Table A.1: Master integrals contributing to the moments of the neutral current
through three loops, ordered by their e-values. For each master integral, its factori-
sation, its sector symmetries and a single representative are provided.

Int. Family Weights Sector Symmetries Factors

INC
1,1 BNC

1,3 (1, 0) (BNC
1,3 ) →

INC
1,2 BNC

1,3 (1, 1) (BNC
1,3 ) →

INC
1,3 BNC

1,0 (1, 1) (BNC
1,0 ) →

INC
2,01 BNC

2,30 (1, 0, 1, 0, 0) (BNC
2,07, B

NC
2,30) (INC

1,1 )
2

INC
2,02 BNC

2,30 (1, 1, 1, 0, 0) (BNC
2,07, B

NC
2,30) INC

1,1 INC
1,2

INC
2,03 BNC

2,30 (0, 1, 1, 0, 1) (BNC
2,07, B

NC
2,30) →

INC
2,04 BNC

2,30 (0, 1, 1, 0, 2) (BNC
2,07, B

NC
2,30) →

INC
2,05 BNC

2,07 (1, 1, 0, 0, 1) (BNC
2,07) INC

1,1 INC
1,3

INC
2,06 BNC

2,00 (0, 1, 1, 0, 1) (BNC
2,00) →

INC
2,07 BNC

2,30 (1, 1, 1, 1, 0) (BNC
2,30) (INC

1,2 )
2

INC
2,08 BNC

2,07 (1, 1, 1, 1, 0) (BNC
2,07) INC

1,2 INC
1,3

INC
2,09 BNC

2,00 (1, 1, 1, 1, 0) (BNC
2,00) (INC

1,3 )
2

INC
2,10 BNC

2,07 (1, 1, 1, 1, 1) (BNC
2,07) →

INC
3,01 BNC

3,027 (0, 0, 0, 0, 1, 0, 0, 1, 1) (BNC
3,027, B

NC
3,103, B

NC
3,414, B

NC
3,482, B

NC
3,505) (INC

1,1 )
3

INC
3,02 BNC

3,027 (0, 1, 1, 0, 1, 0, 1, 0, 0) (BNC
3,027, B

NC
3,482) INC

1,1 INC
2,6

INC
3,03 BNC

3,027 (1, 1, 0, 0, 1, 0, 0, 1, 0) (BNC
3,027, B

NC
3,103, B

NC
3,414, B

NC
3,482) (INC

1,1 )
2 INC

1,3

INC
3,04 BNC

3,027 (1, 0, 0, 0, 1, 0, 1, 1, 0) (BNC
3,027, B

NC
3,103, B

NC
3,414, B

NC
3,482, B

NC
3,505) →

INC
3,05 BNC

3,027 (0, 1, 0, 0, 2, 0, 1, 1, 0) (BNC
3,027, B

NC
3,103, B

NC
3,414, B

NC
3,482, B

NC
3,505) →

INC
3,06 BNC

3,027 (0, 2, 0, 0, 1, 0, 1, 1, 0) (BNC
3,027, B

NC
3,103, B

NC
3,414, B

NC
3,482, B

NC
3,505) →

INC
3,07 BNC

3,027 (0, 1, 0, 0, 1, 0, 1, 1, 0) (BNC
3,027, B

NC
3,103, B

NC
3,414, B

NC
3,482, B

NC
3,505) →

INC
3,08 BNC

3,027 (0, 2, 0, 0, 1, 0, 0, 1, 1) (BNC
3,027, B

NC
3,103, B

NC
3,414, B

NC
3,482, B

NC
3,505) INC

1,1 INC
2,4

INC
3,09 BNC

3,027 (0, 1, 0, 0, 1, 0, 0, 1, 1) (BNC
3,027, B

NC
3,103, B

NC
3,414, B

NC
3,482, B

NC
3,505) INC

1,1 INC
2,3

INC
3,10 BNC

3,027 (0, 0, 0, 0, 1, 1, 0, 1, 1) (BNC
3,027, B

NC
3,103, B

NC
3,414, B

NC
3,482, B

NC
3,505) (INC

1,1 )
2 INC

1,2

INC
3,11 BNC

3,414 (1, 0, 0, 0, 1, 0, 1, 1, 0) (BNC
3,103, B

NC
3,414, B

NC
3,505) →

INC
3,12 BNC

3,414 (0, 1, 0, 0, 1, 0, 1, 3, 0) (BNC
3,103, B

NC
3,414, B

NC
3,505) →

INC
3,13 BNC

3,414 (0, 1, 0, 0, 1, 0, 1, 2, 0) (BNC
3,103, B

NC
3,414, B

NC
3,505) →

INC
3,14 BNC

3,414 (0, 1, 0, 0, 1, 0, 1, 1, 0) (BNC
3,103, B

NC
3,414, B

NC
3,505) →

INC
3,15 BNC

3,000 (0, 1, 0, 0, 1, 0, 1, 1, 0) (BNC
3,000) →

INC
3,16 BNC

3,027 (1, 1, 1, 1, 1, 0, 0, 0, 0) (BNC
3,027, B

NC
3,103) INC

1,1 (INC
1,3 )

2

INC
3,17 BNC

3,027 (0, 1, 1, 0, 1, 1, 1, 0, 0) (BNC
3,027, B

NC
3,482) INC

1,2 INC
2,6

Continued on next page
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Int. Family Weights Sector Symmetries Factors

INC
3,18 BNC

3,027 (1, 1, 0, 1, 1, 0, 0, 1, 0) (BNC
3,027, B

NC
3,103, B

NC
3,482) INC

1,3 INC
2,3

INC
3,19 BNC

3,027 (1, 1, 0, 1, 2, 0, 0, 1, 0) (BNC
3,027, B

NC
3,103, B

NC
3,482) IBP

INC
3,20 BNC

3,027 (1, 1, 0, 0, 1, 1, 0, 1, 0) (BNC
3,027, B

NC
3,414, B

NC
3,482) INC

1,1 INC
1,2 INC

1,3

INC
3,21 BNC

3,027 (2, 0, 0, 1, 1, 0, 1, 1, 0) (BNC
3,027, B

NC
3,482) →

INC
3,22 BNC

3,027 (1, 0, 0, 1, 1, 0, 1, 1, 0) (BNC
3,027, B

NC
3,482) →

INC
3,23 BNC

3,027 (1, 0, 0, 0, 1, 1, 1, 1, 0) (BNC
3,027, B

NC
3,103, B

NC
3,414, B

NC
3,482, B

NC
3,505) →

INC
3,24 BNC

3,027 (0, 1, 0, 1, 1, 0, 0, 2, 1) (BNC
3,027, B

NC
3,103, B

NC
3,414, B

NC
3,482, B

NC
3,505) →

INC
3,25 BNC

3,027 (0, 1, 0, 1, 2, 0, 0, 1, 1) (BNC
3,027, B

NC
3,103, B

NC
3,414, B

NC
3,482, B

NC
3,505) →

INC
3,26 BNC

3,027 (0, 1, 0, 1, 1, 0, 0, 1, 1) (BNC
3,027, B

NC
3,103, B

NC
3,414, B

NC
3,482, B

NC
3,505) →

INC
3,27 BNC

3,414 (1, 0, 0, 2, 1, 0, 1, 1, 0) (BNC
3,103, B

NC
3,414, B

NC
3,505) →

INC
3,28 BNC

3,414 (1, 0, 0, 1, 1, 0, 1, 1, 0) (BNC
3,103, B

NC
3,414, B

NC
3,505) →

INC
3,29 BNC

3,414 (1, 1, 0, 0, 1, 0, 1, 1, 0) (BNC
3,103, B

NC
3,414, B

NC
3,505) →

INC
3,30 BNC

3,482 (1, 1, 1, 1, 0, 0, 0, 1, 0) (BNC
3,414, B

NC
3,482, B

NC
3,505) INC

1,1 (INC
1,2 )

2

INC
3,31 BNC

3,482 (1, 1, 0, 2, 1, 0, 0, 1, 0) (BNC
3,414, B

NC
3,482, B

NC
3,505) IBP

INC
3,32 BNC

3,482 (1, 1, 0, 1, 1, 0, 0, 1, 0) (BNC
3,414, B

NC
3,482, B

NC
3,505) INC

1,2 INC
2,3

INC
3,33 BNC

3,000 (0, 1, 1, 0, 1, 1, 1, 0, 0) (BNC
3,000) INC

1,3 INC
2,6

INC
3,34 BNC

3,000 (1, 0, 0, 1, 1, 0, 1, 1, 0) (BNC
3,000) →

INC
3,35 BNC

3,027 (1, 1, 1, 1, 1, 1, 0, 0, 0) (BNC
3,027) INC

1,2 (INC
1,3 )

2

INC
3,36 BNC

3,027 (1, 1, 0, 0, 2, 1, 1, 1, 0) (BNC
3,027, B

NC
3,482) →

INC
3,37 BNC

3,027 (2, 1, 0, 0, 1, 1, 1, 1, 0) (BNC
3,027, B

NC
3,482) →

INC
3,38 BNC

3,027 (1, 1, 0, 0, 1, 1, 1, 1, 0) (BNC
3,027, B

NC
3,482) →

INC
3,39 BNC

3,027 (0, 1, 1, 0, 1, 1, 1, 1, 0) (BNC
3,027, B

NC
3,482) →

INC
3,40 BNC

3,027 (2, 1, 1, 1, 1, 0, 0, 0, 1) (BNC
3,027) →

INC
3,41 BNC

3,027 (1, 1, 1, 1, 1, 0, 0, 0, 1) (BNC
3,027) →

INC
3,42 BNC

3,027 (1, 1, 0, 1, 1, 0, 0, 1, 1) (BNC
3,027, B

NC
3,482) →

INC
3,43 BNC

3,027 (0, 0, 1, 1, 1, 1, 0, 1, 1) (BNC
3,027, B

NC
3,414, B

NC
3,482) INC

1,1 INC
2,10

INC
3,44 BNC

3,027 (0, 1, 1, 0, 1, 0, 1, 1, 1) (BNC
3,027, B

NC
3,482) →

INC
3,45 BNC

3,414 (0, 1, 1, 0, 2, 0, 1, 1, 1) (BNC
3,103, B

NC
3,414, B

NC
3,505) →

INC
3,46 BNC

3,414 (0, 2, 1, 0, 1, 0, 1, 1, 1) (BNC
3,103, B

NC
3,414, B

NC
3,505) →

INC
3,47 BNC

3,414 (0, 3, 1, 0, 1, 0, 1, 1, 1) (BNC
3,103, B

NC
3,414, B

NC
3,505) →

INC
3,48 BNC

3,414 (1, 1, 1, 1, 1, 1, 0, 0, 0) (BNC
3,414) (INC

1,2 )
2 INC

1,3

INC
3,49 BNC

3,414 (1, 1, 0, 1, 1, 0, 1, 1, 0) (BNC
3,414, B

NC
3,505) →

INC
3,50 BNC

3,414 (1, 1, 0, 1, 2, 0, 1, 1, 0) (BNC
3,414, B

NC
3,505) →

INC
3,51 BNC

3,414 (1, 1, 0, 0, 1, 1, 2, 1, 0) (BNC
3,414, B

NC
3,505) →

INC
3,52 BNC

3,414 (1, 1, 0, 0, 1, 1, 1, 1, 0) (BNC
3,414, B

NC
3,505) →

INC
3,53 BNC

3,482 (1, 1, 0, 1, 1, 0, 1, 1, 0) (BNC
3,482, B

NC
3,505) →

INC
3,54 BNC

3,482 (1, 1, 1, 1, 1, 0, 0, 0, 1) (BNC
3,482, B

NC
3,505) →

INC
3,55 BNC

3,505 (1, 1, 1, 1, 1, 1, 0, 0, 0) (BNC
3,505) (INC

1,2 )
3

INC
3,56 BNC

3,000 (1, 1, 1, 1, 1, 1, 0, 0, 0) (BNC
3,000) (INC

1,3 )
3

INC
3,57 BNC

3,000 (1, 1, 0, 0, 1, 1, 1, 1, 0) (BNC
3,000) →

INC
3,58 BNC

3,027 (1, 1, 1, 1, 1, 1, 0, 1, 0) (BNC
3,027) INC

1,3 INC
2,10

INC
3,59 BNC

3,027 (1, 1, 1, 1, 1, 0, 0, 1, 1) (BNC
3,027) →

INC
3,60 BNC

3,027 (2, 0, 0, 1, 1, 1, 1, 1, 1) (BNC
3,027, B

NC
3,482) →

INC
3,61 BNC

3,027 (1, 0, 0, 1, 1, 1, 1, 1, 1) (BNC
3,027, B

NC
3,482) →

INC
3,62 BNC

3,414 (1, 1, 1, 1, 1, 1, 1, 0, 0) (BNC
3,414) INC

1,2 INC
2,10

INC
3,63 BNC

3,482 (1, 2, 1, 0, 1, 1, 1, 1, 0) (BNC
3,482) →

INC
3,64 BNC

3,482 (1, 1, 1, 0, 1, 1, 1, 1, 0) (BNC
3,482) →

INC
3,65 BNC

3,482 (1, 1, 1, 1, 1, 0, 0, 1, 1) (BNC
3,482, B

NC
3,505) →

INC
3,66 BNC

3,482 (1, 1, 1, 1, 2, 0, 0, 1, 1) (BNC
3,482, B

NC
3,505) →

INC
3,67 BNC

3,414 (1, 1, 1, 1, 1, 1, 1, 1, 0) (BNC
3,414) →

INC
3,68 BNC

3,482 (1, 1, 0, 1, 1, 1, 1, 1, 1) (BNC
3,482) →

INC
3,69 BNC

3,505 (1, 1, 0, 1, 1, 1, 1, 1, 1) (BNC
3,505) →

INC
3,70 BNC

3,505 (2, 1, 0, 1, 1, 1, 1, 1, 1) (BNC
3,505) →

INC
3,71 BNC

3,000 (1, 1, 0, 1, 1, 1, 1, 1, 1) (BNC
3,000) →
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A.2 Charged Current

Table A.2: Master integrals contributing to the moments of the charged current
through three loops, ordered by their e-values. For each master integral, its factori-
sation, its sector symmetries and a single representative are provided.

Int. Family Weights Sector Symmetries Factors

ICC
1,1 BCC

1,2 (1, 0) (BCC
1,2 ) →

ICC
1,2 BCC

1,2 (1, 1) (BCC
1,2 ) →

ICC
2,1 BCC

2,13 (0, 1, 1, 0, 0) (BCC
2,10, BCC

2,13) (ICC
1,1 )

2

ICC
2,2 BCC

2,13 (1, 1, 1, 0, 0) (BCC
2,10, BCC

2,13) ICC
1,1 ICC

1,2

ICC
2,3 BCC

2,13 (0, 1, 1, 0, 1) (BCC
2,13) →

ICC
2,4 BCC

2,13 (0, 2, 1, 0, 1) (BCC
2,13) →

ICC
2,5 BCC

2,13 (1, 0, 0, 1, 1) (BCC
2,10, BCC

2,13) →
ICC
2,6 BCC

2,13 (1, 0, 0, 1, 2) (BCC
2,10, BCC

2,13) →
ICC
2,7 BCC

2,13 (1, 1, 1, 1, 0) (BCC
2,10, BCC

2,13) (ICC
1,2 )

2

ICC
2,8 BCC

2,13 (1, 1, 1, 1, 1) (BCC
2,13) →

ICC
3,01 BCC

3,179 (0, 1, 0, 1, 1, 0, 0, 0, 0) (BCC
3,168, BCC

3,179, BCC
3,207, BCC

3,310, BCC
3,330, BCC

3,337) (ICC
1,1 )

3

ICC
3,02 BCC

3,179 (1, 1, 0, 1, 1, 0, 0, 0, 0) (BCC
3,168, BCC

3,179, BCC
3,207, BCC

3,310, BCC
3,330, BCC

3,337) (ICC
1,1 )

2 ICC
1,2

ICC
3,03 BCC

3,179 (0, 1, 1, 0, 1, 0, 1, 0, 0) (BCC
3,168, BCC

3,179, BCC
3,207, BCC

3,310, BCC
3,330, BCC

3,337) (ICC
1,1 ) I

CC
2,5

ICC
3,04 BCC

3,179 (0, 2, 1, 0, 1, 0, 1, 0, 0) (BCC
3,168, BCC

3,179, BCC
3,207, BCC

3,310, BCC
3,330, BCC

3,337) (ICC
1,1 ) I

CC
2,6

ICC
3,05 BCC

3,179 (0, 1, 0, 1, 1, 0, 0, 1, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330) (ICC
1,1 ) I

CC
2,3

ICC
3,06 BCC

3,179 (0, 1, 0, 2, 1, 0, 0, 1, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330) (ICC
1,1 ) I

CC
2,4

ICC
3,07 BCC

3,179 (1, 0, 0, 0, 1, 0, 1, 1, 0) (BCC
3,168, BCC

3,179, BCC
3,207, BCC

3,310, BCC
3,330, BCC

3,337) →
ICC
3,08 BCC

3,179 (1, 0, 0, 0, 0, 1, 1, 1, 0) (BCC
3,168, BCC

3,179, BCC
3,207, BCC

3,310, BCC
3,330, BCC

3,337) →
ICC
3,09 BCC

3,179 (1, 0, 0, 0, 0, 1, 1, 2, 0) (BCC
3,168, BCC

3,179, BCC
3,207, BCC

3,310, BCC
3,330, BCC

3,337) →
ICC
3,10 BCC

3,179 (0, 1, 0, 0, 1, 0, 1, 1, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330, BCC
3,337) →

ICC
3,11 BCC

3,179 (0, 1, 0, 0, 1, 0, 2, 1, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330, BCC
3,337) →

ICC
3,12 BCC

3,179 (0, 2, 0, 0, 1, 0, 1, 1, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330, BCC
3,337) →

ICC
3,13 BCC

3,179 (0, 1, 0, 1, 1, 0, 0, 0, 1) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,337) →
ICC
3,14 BCC

3,179 (1, 1, 1, 1, 1, 0, 0, 0, 0) (BCC
3,168, BCC

3,179, BCC
3,207, BCC

3,310, BCC
3,330, BCC

3,337) ICC
1,1 (ICC

1,2 )
2

ICC
3,15 BCC

3,179 (0, 1, 1, 0, 1, 1, 1, 0, 0) (BCC
3,168, BCC

3,179, BCC
3,207, BCC

3,310, BCC
3,330, BCC

3,337) (ICC
1,2 ) I

CC
2,5

ICC
3,16 BCC

3,179 (0, 2, 1, 0, 1, 1, 1, 0, 0) (BCC
3,168, BCC

3,179, BCC
3,207, BCC

3,310, BCC
3,330, BCC

3,337) (ICC
1,2 ) I

CC
2,6

ICC
3,17 BCC

3,179 (1, 1, 0, 1, 1, 0, 0, 1, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330) (ICC
1,2 ) I

CC
2,3

ICC
3,18 BCC

3,179 (1, 1, 0, 2, 1, 0, 0, 1, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330) (ICC
1,2 ) I

CC
2,4

ICC
3,19 BCC

3,179 (1, 0, 0, 0, 1, 1, 1, 1, 0) (BCC
3,168, BCC

3,179, BCC
3,207, BCC

3,310, BCC
3,330, BCC

3,337) →
ICC
3,20 BCC

3,179 (0, 1, 1, 0, 0, 1, 1, 1, 0) (BCC
3,168, BCC

3,179, BCC
3,207, BCC

3,310, BCC
3,330, BCC

3,337) →
ICC
3,21 BCC

3,179 (0, 2, 1, 0, 0, 1, 1, 1, 0) (BCC
3,168, BCC

3,179, BCC
3,207, BCC

3,310, BCC
3,330, BCC

3,337) →
ICC
3,22 BCC

3,179 (1, 0, 0, 1, 1, 0, 1, 1, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330) →
ICC
3,23 BCC

3,179 (1, 0, 0, 2, 1, 0, 1, 1, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330) →
ICC
3,24 BCC

3,179 (1, 0, 0, 1, 2, 0, 1, 1, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330) →
ICC
3,25 BCC

3,179 (1, 1, 0, 1, 1, 0, 0, 0, 1) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,337) →
ICC
3,26 BCC

3,179 (0, 1, 0, 1, 1, 0, 0, 1, 1) (BCC
3,179, BCC

3,207, BCC
3,310) →

ICC
3,27 BCC

3,179 (0, 1, 0, 1, 1, 0, 0, 2, 1) (BCC
3,179, BCC

3,207, BCC
3,310) →

ICC
3,28 BCC

3,179 (0, 2, 0, 1, 1, 0, 0, 1, 1) (BCC
3,179, BCC

3,207, BCC
3,310) →

ICC
3,29 BCC

3,330 (0, 1, 0, 1, 1, 0, 0, 1, 1) (BCC
3,168, BCC

3,330, BCC
3,337) →

ICC
3,30 BCC

3,330 (0, 1, 0, 1, 1, 0, 0, 2, 1) (BCC
3,168, BCC

3,330, BCC
3,337) →

ICC
3,31 BCC

3,179 (1, 1, 1, 1, 1, 1, 0, 0, 0) (BCC
3,168, BCC

3,179, BCC
3,207, BCC

3,310, BCC
3,330, BCC

3,337) (ICC
1,2 )

3

ICC
3,32 BCC

3,179 (0, 1, 1, 1, 1, 1, 0, 1, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330) ICC
1,1 ICC

2,8

ICC
3,33 BCC

3,179 (1, 1, 0, 0, 1, 1, 1, 1, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330) →
ICC
3,34 BCC

3,179 (1, 1, 0, 0, 1, 1, 1, 2, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330) →
ICC
3,35 BCC

3,179 (1, 2, 0, 0, 1, 1, 1, 1, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330) →

Continued on next page
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Int. Family Weights Sector Symmetries Factors

ICC
3,36 BCC

3,179 (0, 1, 1, 0, 1, 1, 1, 1, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330, BCC
3,337) →

ICC
3,37 BCC

3,179 (0, 2, 1, 0, 1, 1, 1, 1, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330, BCC
3,337) →

ICC
3,38 BCC

3,179 (1, 1, 0, 1, 1, 0, 1, 1, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330) →
ICC
3,39 BCC

3,179 (1, 1, 1, 1, 1, 0, 0, 0, 1) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,337) →
ICC
3,40 BCC

3,179 (1, 1, 1, 1, 2, 0, 0, 0, 1) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,337) →
ICC
3,41 BCC

3,179 (1, 1, 0, 1, 1, 0, 0, 1, 1) (BCC
3,179, BCC

3,207, BCC
3,310) →

ICC
3,42 BCC

3,179 (0, 1, 1, 0, 1, 0, 1, 1, 1) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330) →
ICC
3,43 BCC

3,179 (0, 2, 1, 0, 1, 0, 1, 1, 1) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330) →
ICC
3,44 BCC

3,179 (1, 0, 0, 1, 0, 1, 1, 1, 1) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330, BCC
3,337) →

ICC
3,45 BCC

3,179 (1, 0, 0, 1, 0, 1, 1, 2, 1) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330, BCC
3,337) →

ICC
3,46 BCC

3,330 (1, 1, 1, 1, 1, 0, 0, 0, 1) (BCC
3,168, BCC

3,330, BCC
3,337) →

ICC
3,47 BCC

3,179 (1, 1, 1, 1, 1, 1, 0, 1, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330) ICC
1,2 ICC

2,8

ICC
3,48 BCC

3,179 (1, 1, 0, 1, 1, 1, 1, 1, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330) →
ICC
3,49 BCC

3,179 (1, 1, 0, 1, 1, 1, 1, 2, 0) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330) →
ICC
3,50 BCC

3,179 (1, 1, 1, 1, 1, 0, 0, 1, 1) (BCC
3,179, BCC

3,207, BCC
3,310) →

ICC
3,51 BCC

3,179 (1, 0, 0, 1, 1, 1, 1, 1, 1) (BCC
3,179, BCC

3,207, BCC
3,310, BCC

3,330) →
ICC
3,52 BCC

3,330 (1, 1, 1, 1, 1, 0, 0, 1, 1) (BCC
3,168, BCC

3,330, BCC
3,337) →

ICC
3,53 BCC

3,330 (1, 1, 2, 1, 1, 0, 0, 1, 1) (BCC
3,168, BCC

3,330, BCC
3,337) →

ICC
3,54 BCC

3,179 (1, 1, 0, 1, 1, 1, 1, 1, 1) (BCC
3,179) →

ICC
3,55 BCC

3,179 (1, 1, 0, 1, 1, 1, 1, 2, 1) (BCC
3,179) →

ICC
3,56 BCC

3,207 (1, 1, 1, 1, 1, 1, 1, 1, 0) (BCC
3,207, BCC

3,310) →
ICC
3,57 BCC

3,330 (1, 1, 0, 1, 1, 1, 1, 1, 1) (BCC
3,330) →

A.3 Boundary Values

Table A.3: Master integrals contributing to the boundary values through three loops,
ordered by their e-values. For each master integral, its factorisation, its sector sym-
metries and a single representative are provided.

Int. Family Weights Sector Symmetries Factors

Î1,1 B̂1,1 (1) (B̂1,1) →
Î2,1 B̂2,1 (1, 1, 1) (B̂2,1) (Î1,1)2

Î2,2 B̂2,3 (0, 1, 1) (B̂2,3,B̂2,7) →
Î2,3 B̂2,7 (1, 1, 1) (B̂2,7) →
Î3,01 B̂3,07 (0, 0, 0, 1, 1, 1) (B̂3,13, B̂3,15, B̂3,29, B̂3,31, B̂3,07) (Î1,1)3

Î3,02 B̂3,01 (0, 1, 1, 1, 0, 1) (B̂3,03, B̂3,13, B̂3,01) →
Î3,03 B̂3,03 (1, 1, 0, 0, 1, 1) (B̂3,07, B̂3,11, B̂3,12, B̂3,13, B̂3,15, B̂3,29, B̂3,03) →
Î3,04 B̂3,03 (1, 0, 0, 1, 1, 1) (B̂3,11, B̂3,12, B̂3,13, B̂3,15, B̂3,03) Î1,1Î2,1
Î3,05 B̂3,13 (0, 1, 1, 1, 0, 1) (B̂3,15, B̂3,31, B̂3,13) →
Î3,06 B̂3,15 (0, 0, 1, 1, 1, 1) (B̂3,31, B̂3,15) Î1,1Î2,3
Î3,07 B̂3,29 (0, 1, 1, 1, 0, 1) (B̂3,31, B̂3,29) →
Î3,08 B̂3,11 (1, 1, 1, 0, 1, 1) (B̂3,15, B̂3,11) →
Î3,09 B̂3,01 (1, 0, 1, 1, 1, 1) (B̂3,01) →
Î3,10 B̂3,31 (0, 1, 1, 1, 1, 1) (B̂3,31) →
Î3,11 B̂3,13 (1, 1, 1, 1, 1, 1) (B̂3,13) →
Î3,12 B̂3,15 (1, 1, 1, 1, 1, 1) (B̂3,15) →
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Bananas

B.1 Three-Loop Banana

B.1.1 Ansatz Functions

aNC,(→1)

B,3,1,1 =
5x4 → 132x3 + 912x2 + 256x→ 6144

512(x→ 16)(x→ 4)
(B.1)

aNC,(→1)

B,3,1,2 =
x (2x4 → 83x3 + 1164x2 → 5840x+ 11264)

128(x→ 16)(x→ 4)
(B.2)

aNC,(→1)

B,3,1,3 =
3

512
x
(
x3 → 44x2 + 464x→ 1024

)
(B.3)

aNC,(0)
B,2,1,1 =

x3 → 30x2 + 336x→ 640

8(x→ 16)(x→ 4)


(x→ 16)(x→ 4)
(B.4)

aNC,(0)
B,2,1,2 =

x2 → 40x+ 192

8


(x→ 16)(x→ 4)
(B.5)

aNC,(0)
B,2,1,3 = → 8

x


(x→ 16)(x→ 4)
(B.6)

aNC,(0)
B,3,2,1 =

x4 → 45x3 + 696x2 → 3952x+ 8448

16(x→ 16)(x→ 4)


(x→ 16)(x→ 4)
(B.7)

aNC,(0)
B,3,2,2 =

x3 → 40x2 + 304x→ 256

32


(x→ 16)(x→ 4)
(B.8)

aNC,(0)
B,3,2,3 =

8

x


(x→ 16)(x→ 4)
(B.9)

aNC,(0)
B,3,1,1 =

3x6 → 148x5 + 2872x4 → 29184x3 + 143872x2 → 360448x+ 688128

256(x→ 16)2(x→ 4)2

(B.10)

aNC,(0)
B,3,1,2 =

x5 → 34x4 + 512x3 → 2688x2 + 8192x+ 8192

128(x→ 16)(x→ 4)
(B.11)

aNC,(0)
B,3,1,3 = →x3 → 40x2 + 304x→ 256

4(x→ 16)(x→ 4)x
(B.12)

aNC,(0)
B,3,1,4 = →


(x→ 16)(x→ 4) (x4 → 45x3 + 696x2 → 3952x+ 8448)

16(x→ 16)2(x→ 4)2
(B.13)
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aNC,(0)
B,3,1,5 = →


(x→ 16)(x→ 4) (x3 → 40x2 + 304x→ 256)

32(x→ 16)(x→ 4)
(B.14)

aNC,(0)
B,3,1,6 = →

8


(x→ 16)(x→ 4)

(x→ 16)(x→ 4)x
(B.15)

B.1.2 Transformation Entries

tNC,(→1)

B,3,1,1 =
x (x4 → 36x3 + 408x2 → 1216x+ 1536)

256(x→ 16)(x→ 4)
, (B.16)

tNC,(→1)

B,3,1,1 =
1

256
x
(
x3 → 44x2 + 464x→ 1024

)
, (B.17)

tNC,(0)
B,2,1,1 =

x2 → 40x+ 192

8


(x→ 16)(x→ 4)
, (B.18)

tNC,(0)
B,3,2,1 =

x3 → 40x2 + 304x→ 256

32

(x→ 16)(x→ 4)

, (B.19)

tNC,(0)
B,3,1,1 =

x5 → 34x4 + 512x3 → 2688x2 + 8192x+ 8192

256(x→ 16)(x→ 4)
, (B.20)

tNC,(0)
B,3,1,2 = →1

2
, (B.21)

tNC,(0)
B,3,1,3 = →x3 → 40x2 + 304x→ 256

32


(x→ 16)(x→ 4)
(B.22)

B.2 Two-Loop Banana

B.2.1 Ansatz Functions

aCC,(0)
B,2,1,1 = x→ 15 (B.23)

aCC,(0)
B,2,1,2 = x2 → 30x+ 45 (B.24)

B.2.2 Transformation Entries

tCC,(0)
B,2,1,1 =


1

2

(
x2 → 30x+ 45

)
(B.25)



Appendix C

More Mellin Moments

C.1 Axial–Axial

c2,(0,0)
2,g,aa = 0 (C.1)

c2,(1,0)
2,g,aa = →TF ▽l{ a,a }̸gnl + TF ▽h{ a,a }̸gnh

[
→ 1 + 14d1 → 30d21 + 32d31 → 16d41

+H0

(
4

3
→ 3

2
d→1 →

21

2
d1 + 27d21 →

134

3
d31 + 40d41 → 16 d51

)]
(C.2)

c2,(2,0)
2,g,aa = CATF ▽l{ a,a }̸gnl

[
115

162
→ 4ω3

]
+ CFTF ▽l{ a,a }̸gnl

[
→ 4799

405
+

32

5
ω3

]

+ 10T 2

F ▽l{ a }l{ a }̸gn2

l + T 2

F ▽l{ a }h{ a }̸gnhnl

[
20 + H0

(
→ 20d→1 → 20d1

)]

+ T 2

F ▽h{ a }h{ a }̸gn2

h

[
10 + H0

(
→ 20d→1 → 20d1

)

+H0,0

(
20d→1 + 20d2→1 → 20d1 + 20d21

)]

+ CFTF ▽h{ a,a }̸gnh

[
1855

9
→ 1179

10
ε → 62

45
ε2 → 288

5
d→1 →

288

5
d2→1 →

1179

10
d0

→ 62

45
d20 +

2924

45
d1 →

7724

45
d21 +

640

3
d31 →

320

3
d41

+H0

(
13684

45
→ 1753

15
ε → 62

45
ε2 +

1228

15
d→1 +

864

5
d2→1 +

576

5
d3→1 +

1753

15
d0

+
62

45
d20 →

7340

9
d1 +

6648

5
d21 →

152008

45
d31 +

13864

3
d41 →

9856

3
d51 + 960d61

)

+H1

(
16→ 344d1 + 1800d21 → 4832d31 + 7216d41 → 5760d51 + 1920d61

)

+H→1,0

(
9392

45
→ 2020

9
ε +

3568

15
ε2 +

124

45
ε3 +

1088

15
d→1 +

2020

9
d0 →

3568

15
d20

→ 124

45
d30 →

3488

9
d1 + 128d21 →

256

3
d31

)
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+H0,0

(
→ 14248

45
+

1010

3
ε → 1784

5
ε2 → 62

15
ε3 → 657

5
d→1 →

1006

5
d2→1 →

1152

5
d3→1

→ 576

5
d4→1 +

7543

15
d1 →

74692

45
d21 +

242396

45
d31 →

463168

45
d41 + 11728d51

→ 21952

3
d61 + 1920d71

)

+H0,1

(
9d→1 + 135d1 → 1026d21 + 3804d31 → 8040d41 + 9936d51 → 6720d61

+ 1920d71

)

+H1,0

(
→ 4696

45
+

1010

9
ε → 1784

15
ε2 → 62

45
ε3 → 409

15
d→1 →

1010

9
d0 +

1784

15
d20

+
62

45
d30 +

2959

9
d1 → 1090d21 +

11540

3
d31 → 8040d41 + 9936d51 → 6720d61

+ 1920d71

)

+H→1,0,0

(
→ 128

15
+

1088

15
d→1 +

1088

15
d2→1

)

+H0,→1,0

(
128

15
→ 1088

15
d→1 →

1088

15
d2→1

)

+H0,1,0

(
→ 64

15
+

544

15
d→1 +

544

15
d2→1

)

+H1,0,0

(
64

15
→ 544

15
d→1 →

544

15
d2→1

)

+ ω3

(
32

5
→ 272

5
d→1 →

272

5
d2→1

)]

+ CATF ▽h{ a,a }̸gnh

[
18131

90
→ 3467

30
ε → 58

45
ε2 +

96

5
d→1 +

96

5
d2→1 →

3467

30
d0 →

58

45
d20

→ 2489

15
d1 +

8947

45
d21 →

592

9
d31 +

296

9
d41

+H0

(
40306

135
→ 573

5
ε → 58

45
ε2 +

67

4
d→1 →

288

5
d2→1 →

192

5
d3→1 +

573

5
d0 +

58

45
d20

→ 37949

60
d1 +

25633

90
d21 →

73373

135
d31 +

4708

9
d41 →

1672

9
d51

)

+H1

(
22

3
→ 308

3
d1 + 220d21 →

704

3
d31 +

352

3
d41

)

+H→1,0

(
13592

45
→ 3428

15
ε +

3496

15
ε2 +

116

45
ε3 +

1018

15
d→1 +

3428

15
d0 →

3496

15
d20

→ 116

45
d30 →

1282

3
d1 → 444d21 +

6184

9
d31 →

1760

3
d41 +

704

3
d51

)

+H0,0

(
→ 7016

15
+

1714

5
ε → 1748

5
ε2 → 58

15
ε3 → 817

30
d→1 +

766

15
d2→1 +

384

5
d3→1
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+
192

5
d4→1 +

3883

10
d1 +

2731

15
d21 →

13298

45
d31 +

4208

15
d41 →

464

3
d51 + 32d61

)

+H0,1

(
→ 88

9
+ 11d→1 + 77d1 → 198d21 +

2948

9
d31 →

880

3
d41 +

352

3
d51

)

+H1,0

(
→ 804

5
+

1714

15
ε → 1748

15
ε2 → 58

45
ε3 → 344

15
d→1 →

1714

15
d0 +

1748

15
d20

+
58

45
d30 +

872

3
d1 + 24d21 → 16d31

)

+H→1,0,0

(
16

3
→ 32

15
d→1 →

32

15
d2→1

)

+H0,→1,0

(
→ 16

3
+

32

15
d→1 +

32

15
d2→1

)

+H0,1,0

(
8

3
→ 16

15
d→1 →

16

15
d2→1

)

+H1,0,0

(
→ 8

3
+

16

15
d→1 +

16

15
d2→1

)

+ ω3

(
→ 4 +

8

5
d→1 +

8

5
d2→1

)]
(C.3)

c2,(0,0)L,g,aa = 0 (C.4)

c2,(1,0)L,g,aa =
4

3
TF ▽l{ a,a }̸gnl + TF ▽h{ a,a }̸gnh

[
4

3
+

20

3
d1 →

44

3
d21 + 16d31 → 8d41

+H0

(
→ 5

2
d→1 →

11

2
d1 + 13d21 → 22d31 + 20d41 → 8d51

)]
(C.5)

c2,(2,0)L,g,aa =
346

27
CATF ▽l{ a,a }̸gnl + CFTF ▽l{ a,a }̸gnl

[
→ 232

135
→ 32

5
ω3

]

+ 4T 2

F ▽l{ a }l{ a }̸gn2

l + T 2

F ▽l{ a }h{ a }̸gnhnl

[
8 + H0

(
→ 8d→1 → 8d1

)]

+ T 2

F ▽h{ a }h{ a }̸gn2

h

[
4 + H0

(
→ 8d→1 → 8d1

)

+H0,0

(
8d→1 + 8d2→1 → 8d1 + 8 d21

)]

+ CATF ▽h{ a,a }̸gnh

[
15436

135
→ 293

5
ε +

116

15
ε2 +

64

5
d→1 +

64

5
d2→1 →

293

5
d0

+
116

15
d20 →

9154

135
d1 +

11374

135
d21 →

296

9
d31 +

148

9
d41

+H0

(
1996

15
→ 322

5
ε +

116

15
ε2 → 77

4
d→1 →

192

5
d2→1 →

128

5
d3→1 +

322

5
d0

→ 116

15
d20 →

57143

180
d1 +

11897

90
d21 →

11959

45
d31 +

2354

9
d41 →

836

9
d51

)
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+H1

(
→ 88

9
→ 440

9
d1 +

968

9
d21 →

352

3
d31 +

176

3
d41

)

+H→1,0

(
2176

15
→ 1832

15
ε +

528

5
ε2 → 232

15
ε3 +

742

15
d→1 +

1832

15
d0 →

528

5
d20

+
232

15
d30 →

590

3
d1 →

572

3
d21 +

968

3
d31 →

880

3
d41 +

352

3
d51

)

+H0,0

(
→ 1088

5
+

916

5
ε → 792

5
ε2 +

116

5
ε3 → 391

10
d→1 +

79

15
d2→1 +

256

5
d3→1

+
128

5
d4→1 +

1767

10
d1 +

1174

15
d21 →

678

5
d31 +

704

5
d41 →

232

3
d51 + 16d61

)

+H0,1

(
55

3
d→1 +

121

3
d1 →

286

3
d21 +

484

3
d31 →

440

3
d41 +

176

3
d51

)

+H1,0

(
→ 1088

15
+

916

15
ε → 264

5
ε2 +

116

15
ε3 → 32

5
d→1 →

916

15
d0 +

264

5
d20 →

116

15
d30

+
416

3
d1

)

+H→1,0,0

(
64

5
d→1 +

64

5
d2→1

)

+H0,→1,0

(
→ 64

5
d→1 →

64

5
d2→1

)

+H0,1,0

(
32

5
d→1 +

32

5
d2→1

)

+H1,0,0

(
→ 32

5
d→1 →

32

5
d2→1

)

+ ω3

(
→ 48

5
d→1 →

48

5
d2→1

)]

+ CFTF ▽h{ a,a }̸gnh

[
90→ 869

15
ε +

124

15
ε2 → 192

5
d→1 →

192

5
d2→1 →

869

15
d0 +

124

15
d20

+
632

15
d1 →

1432

15
d21 +

320

3
d31 →

160

3
d41

+H0

(
2012

15
→ 962

15
ε +

124

15
ε2 +

682

15
d→1 +

576

5
d2→1 +

384

5
d3→1 +

962

15
d0 →

124

15
d20

→ 1186

3
d1 +

10196

15
d21 →

8408

5
d31 +

6896

3
d41 →

4928

3
d51 + 480d61

)

+H1

(
→ 176d1 + 880d21 → 2368d31 + 3584d41 → 2880d51 + 960d61

)

+H→1,0

(
512

5
→ 104ε +

1552

15
ε2 → 248

15
ε3 +

384

5
d→1 + 104d0 →

1552

15
d20

+
248

15
d30 →

448

3
d1 + 64d21 →

128

3
d31

)

+H0,0

(
→ 768

5
+ 156ε → 776

5
ε2 +

124

5
ε3 → 1939

15
d→1 →

2452

15
d2→1 →

768

5
d3→1
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→ 384

5
d4→1 +

3707

15
d1 →

4282

5
d21 +

13396

5
d31 →

76504

15
d41 + 5840d51 →

10976

3
d61

+ 960d71

)

+H0,1

(
15d→1 + 81d1 → 510d21 + 1860d31 → 3960d41 + 4944d51 → 3360d61 + 960d71

)

+H1,0

(
→ 256

5
+ 52ε → 776

15
ε2 +

124

15
ε3 → 117

5
d→1 → 52d0 +

776

15
d20 →

124

15
d30

+
467

3
d1 → 542d21 +

5644

3
d31 → 3960d41 + 4944d51 → 3360d61 + 960d71

)

+H→1,0,0

(
128

15
+

384

5
d→1 +

384

5
d2→1

)

+H0,→1,0

(
→ 128

15
→ 384

5
d→1 →

384

5
d2→1

)

+H0,1,0

(
64

15
+

192

5
d→1 +

192

5
d2→1

)

+H1,0,0

(
→ 64

15
→ 192

5
d→1 →

192

5
d2→1

)

+ ω3

(
→ 32

5
→ 288

5
d→1 →

288

5
d2→1

)]
(C.6)

c2,(0,0)
2,q,aa = ▽l{ a,a }̸q (C.7)

c2,(1,0)
2,q,aa =

1

3
CF ▽l{ a,a }̸q (C.8)

c2,(2,0)
2,q,aa = →266

81
CFTF ▽l{ a,a }̸qnl → 8CFTF ▽l{ a,a }̸qnl + CACF ▽l{ a,a }̸q

[
3677

135
→ 128

5
ω3

]

+ C2

F ▽l{ a,a }̸q
[
→ 4189

810
+

96

5
ω3

]
+ CFTF ▽l{ a }l{ a }̸qnl

[
→ 658

15
→ 32

5
ω3

]

+ CFTF ▽l{ a }h{ a }̸qnh

[
→ 1328

45
+

752

15
d→1 +

752

15
d2→1

+H0

(
→ 424

45
→ 106

45
ε → 428

9
d→1 →

752

5
d2→1 →

1504

15
d3→1

)

+H1

(
→ 964

45
→ 106

45
ε → 106

45
d0

)

+H→1,0

(
48→ 24ε + 96d→1 + 24d0

)

+H0,0

(
→ 72

5
+ 36ε → 1036

15
d→1 +

228

5
d2→1 +

3008

15
d3→1 +

1504

15
d4→1

)

+H0,1

(
144

5
+

288

5
d→1

)
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+H1,0

(
24

5
+ 12ε +

48

5
d→1 → 12d0

)

+H0,0,1

(
→ 32

15
+

496

15
d→1 +

496

15
d2→1

)

+H0,1,0

(
→ 32

15
+

496

15
d→1 +

496

15
d2→1

)

+H1,0,0

(
64

15
→ 992

15
d→1 →

992

15
d2→1

)

+ ω3

(
→ 32

5
+

496

5
d→1 +

496

5
d2→1

)]

+ CFTF ▽l{ a,a }̸qnh

[
→ 509317

42525
→ 26

2025
ε → 16

14175
ε2 +

6484

2835
d→1 +

6484

2835
d2→1

→ 26

2025
d0 →

16

14175
d20

+H0

(
18992

2835
→ 104

135
ε +

58

4725
ε2 +

16

14175
ε3 +

1576

135
d→1 →

596

945
d2→1

→ 1192

2835
d3→1

)

+H1

(
4292

2835
→ 104

135
ε +

58

4725
ε2 +

16

14175
ε3 → 104

135
d0 +

58

4725
d20 +

16

14175
d30

)

+H0,0

(
→ 32

9
→ 56

15
d2→1 →

112

15
d3→1 →

56

15
d4→1

)]

+ CFTF ▽h{ a,a }̸qnh

[
8054

45
→ 1762

15
ε → 56

45
ε2 +

192

5
d→1 +

192

5
d2→1 →

1762

15
d0

→ 56

45
d20 +

176

3
d1 →

1712

9
d21 +

2368

9
d31 →

1184

9
d41

+H0

(
36776

135
→ 1748

15
ε → 56

45
ε2 +

112

3
d→1 →

576

5
d2→1 →

384

5
d3→1 +

1748

15
d0

+
56

45
d20 →

2044

5
d1 →

1660

9
d21 +

5944

27
d31 →

1264

9
d41 +

352

9
d51

)

+H1

(
→ 16

3
+

224

3
d1 → 160d21 +

512

3
d31 →

256

3
d41

)

+H→1,0

(
1664

9
→ 976

5
ε +

1184

5
ε2 +

112

45
ε3 → 16d→1 +

976

5
d0 →

1184

5
d20 →

112

45
d30

→ 1360

3
d1 + 288d21 →

4288

9
d31 +

1280

3
d41 →

512

3
d51

)

+H0,0

(
→ 800

3
+

1464

5
ε → 1776

5
ε2 → 56

15
ε3 → 124

15
d→1 +

968

15
d2→1 +

768

5
d3→1

+
384

5
d4→1 +

4852

15
d1 →

984

5
d21 +

2608

9
d31 → 192d41 +

128

3
d51

)

+H0,1

(
64

9
→ 8d→1 → 56d1 + 144d21 →

2144

9
d31 +

640

3
d41 →

256

3
d51

)
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+H1,0

(
→ 256

3
+

488

5
ε → 592

5
ε2 → 56

45
ε3 → 488

5
d0 +

592

5
d20 +

56

45
d30

+
512

3
d1

)]
(C.9)

c2,(0,0)L,q,aa = 0 (C.10)
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C.2 Axial–Vector
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C.3 Scalar–Scalar
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Appendix D

Feynman Rules

In this section we collect the Feynman rules used throughout this work. Colour indices
in the fundamental representation, as well as Dirac indices, are suppressed throughout,
and the Einstein summation convention is assumed unless stated otherwise. Here
T a denotes the generators of the fundamental representation of the SU(NF ) gauge
group and fabc its structure constants, where NF is the dimension of the fundamental
representation. Conventions for the colour algebra are chosen to agree with those of
color.h [207], such that

NA = N2

F → 1 , (D.1)

CF =
TF (N2

F → 1)

NF
, (D.2)

CA = 2TFNF , (D.3)

dabcdabc =
(N2

F → 1)(N2

F → 4)

NF
. (D.4)

All propagators are expressed in terms of the Feynman propagator DF (see Sub-
sec. 3.1.1). The gluon propagator is given in a general covariant gauge with gauge
parameter ε, such that ε = 0 corresponds to Feynman gauge. Explicitly, the propa-
gators read:

µ1, a1 µ2, a2

p

= →i ↼a1a2DF(p)

(
gµ1µ2 → ε

pµ1pµ2

p2

)
, (D.5)

p

= i /pDF(p) , (D.6)

p

= i
(
/p+m

)
DF(p) , (D.7)

a1 a2

p

= i ↼a1a2DF(p) . (D.8)

The vertices below retain their full colour structure; the colour factors are stripped
o! later. Couplings of the vector boson to quarks are decomposed into vector and
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axial parts, which are encoded in the charge matrices Qv and Qa, where the second
subscript indicates the flavour content of the current: l (h) for a light–light (heavy–
heavy) quark pair, and [hl], [lh] for the flavour-changing combinations (see Sec. 2.3).
For the scalar, the coupling constant is set to unity, while the strong coupling constant
is denoted by gs. All momenta are taken as incoming, as indicated in the graphs. With
these conventions, the vertices read:

µ = i
(
Qv,lV

µ
vq

+Qa,lV
µ
aq

)
, (D.9)

µ = i
(
Qv,hV

µ
vq

+Qa,hV
µ
aq

)
, (D.10)

µ = i
(
Qv,[hl]V

µ
vq

+Qa,[hl]V
µ
aq

)
, (D.11)

µ = i
(
Qv,[lh]V

µ
vq

+Qa,[lh]V
µ
aq

)
, (D.12)

= →imVsq , (D.13)

µ, a = igsT
aV µ

vq
, (D.14)

µ, a = igsT
aV µ

vq
, (D.15)
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µ, a2

a3

a1

p1

p2 = igsf
a1a2a3V µ

gc
(p2) , (D.16)

µ1, a1

µ2, a2

p1

p2

= →i ↼a1a2V µ1µ2

g2
(p1, p2) , (D.17)

µ1, a1

µ2, a2

µ3, a3

p3

p1

p2

= igs

fa1a2a3V µ1

g3
(p2, p3)

+ fa3a1a2V µ2

g3
(p3, p1)

+ fa2a3a1V µ3

g3
(p1, p2)


,

(D.18)

µ1, a1

µ2, a2µ3, a3

p1

p2

p3 = igs

fa1a2a3V µ1

g3
(p2, p3)

+ fa3a1a2V µ2

g3
(p3, p1)

+ fa2a3a1V µ3

g3
(p1, p2)


,

(D.19)

µ1, a1

µ2, a2

µ4, a4

µ3, a3

p1

p2

p4

p3 = →g2s


fa1a2cfa3a4c V µ1µ2µ3µ4

g4

+ fa1a3cfa2a4c V µ1µ3µ2µ4

g4

+ fa1a4cfa2a3c V µ1µ4µ2µ3

g4


,

(D.20)

µ1, a1

µ2, a2

µ4, a4

µ3, a3

p1

p2

p4

p3 = →g2s


fa1a2cfa3a4c V µ1µ2µ3µ4

g4

+ fa1a3cfa2a4c V µ1µ3µ2µ4

g4

+ fa1a4cfa2a3c V µ1µ4µ2µ3

g4


.

(D.21)

In the expressions above we introduced a set of colour- and flavour-stripped vertex
structures, which carry the Lorentz and Dirac content of each vertex. They are defined
as follows:

V µ
vq

= γµ , (D.22)

V µ
aq

= γµγ5 , (D.23)

V µ
gc
(p) = pµ , (D.24)

Vsq = 1 , (D.25)
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V µ1µ2

g2
(p1, p2) = gµ1µ2(p1 · p2)→ pµ2

1
pµ1
2
, (D.26)

V µ
g3
(p1, p2) = (p1 → p2)

µ , (D.27)

V µ1µ2µ3µ4

g4
= gµ1µ3gµ2µ4 → gµ1µ4gµ2µ3 . (D.28)

It should be noted that the three- and four-gluon vertices with and without an at-
tached scalar are structurally identical. They di!er, however, in that momentum
conservation takes a di!erent form, since the scalar injects an additional momentum
into the vertex. Simplifications that use momentum conservation implicitly to reduce
gluonic structures, such as the procedures implemented in Mincer [172,173], therefore
do not extend to the vertices involving the scalar.



Appendix E

Data Availability

This appendix describes the ancillary files accompanying the thesis. All results are
supplied as Mathematica packages (.m), accompanied by an overview notebook
(.nb), and are available at

https://github.com/mnklann/data-heavy-quark-production/

The repository contains the master integrals of the neutral and charged currents
(see Tabs. A.1 and A.2) as ω-expansions, together with their numerical values, the
expansions of the associated periods, special functions, and integral kernels, as well
as the Mellin moments at NLO and NNLO, including those presented in Ch. 5. The
notation closely follows Sec. 4.5; the file structure and conventions are documented
in the accompanying README. More intermediate results are available upon request to
the author.
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[49] J. Blümlein, A. Hasselhuhn, S. Klein, and C. Schneider. The O(ε3

snfT 2

FCA,F )
Contributions to the Gluonic Massive Operator Matrix Elements. Nucl. Phys.
B, 866:196–211, 2013.

[50] A. Behring, I. Bierenbaum, J. Blümlein, A. De Freitas, S. Klein, and
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