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Zusammenfassung

Diese Dissertation entwickelt neue nicht-perturbative numerische Methoden sowie ex-
akte analytische Konstruktionen im Kontext niedrigdimensionaler konformer Feldthe-
orie und Holographie. Die zentralen Ergebnisse sind eine Sechs-Punkt-Erweiterung
des numerischen konformen Bootstraps sowie die Bestimmung des holographischen
Dualen einer Familie von Anti-de-Sitter-(AdS)-D-Branen im dreidimensionalen AdS-
Raum.

Auf der numerischen Seite fiihrt die Arbeit einen Sechs-Punkt-Bootstrap ein, der
Positivitat der Zerlegungen von Sechs-Punkt-Korrelationsfunktionen in Produkte von
Vier-Punkt-Korrelatoren ausnutzt, um rigorose Schranken fiir Losungen der Sechs-
Punkt-Kreuzungsgleichungen herzuleiten. Das resultierende Optimierungsproblem
ist ein semidefinites Programm (SDP) mit unendlichdimensionalen Nebenbedingungs-
matrizen. Durch den Einsatz von SDP-Techniken fiir diinnbesetzte Matrizen wird
dieses Problem in eine numerisch handhabbare Form tiberfithrt. Als Machbarkeit-
snachweis wird die Methode fiir konform invariante Korrelationsfunktionen, mit
einer kinematischen Einschrankung auf den eindimensionalen Fall, implementiert.
Dadurch werden unter anderem Korrelationen holographischer Randmoden in wech-
selwirkenden Quantenfeldtheorien auf AdS, nicht-perturbativ zuganglich gemacht.

Auf der analytischen Seite fithrt die Arbeit eine Familie eindimensionaler holo-
graphischer Grenzflachen zwischen symmetrischen Produktorbifaltigkeiten ein. Diese
Grenzflachen werden zunéchst algebraisch mittels expliziter Randzustande in der
gefalteten Theorie analysiert. In diesem Rahmen wird die Partitionsfunktion der
Grenzflichenmoden berechnet. Die Ergebnisse befinden sich in exakter Ubereinstim-
mung mit der Annulus-Partitionsfunktion von AdSs-Branen im Eberhardt—Gaber-
diel-Gopakumar-Grenzfall von Superstringtheorie auf reinem NSNS AdS3 x S5 x
T4.  AbschlieBend wird eine alternative Beschreibung der Grenzflachen in Form
einer neuartigen Klasse verallgemeinerter Uberlagerungen entwickelt, die eine deut-
lich verbesserte Kontrolle iiber Grenzflachenkorrelatoren, sowie iiber Partitionsfunk-
tionen auf Riemann Fliachen hoheren Geschlechts liefert. Auf Grundlage dieses
verbesserten Zugangs wird eine 't Hooft-artige Entwicklung etabliert, die, zu allen
Ordnungen in der Kopplungsstarke, strukturell mit der stringtheoretischen Entwick-
lung von Streuamplituden tibereinstimmt.



Abstract

This thesis provides new non-perturbative numerical methods and exact analytic con-
structions in the context of low-dimensional conformal field theory and holography.
The main results are a six-point extension of the numerical conformal bootstrap and
the identification of the holographic dual of anti-de Sitter (AdS) D-branes in minimal
pure NSNS AdS;.

On the numerical side, the thesis introduces a six-point bootstrap framework that
exploits positivity in decompositions of six-point correlation functions into products
of four-point correlators to derive rigorous bounds on solutions to six-point crossing
equations. The resulting optimisation problem involves semi-definite programming
(SDP) with infinite-dimensional constraint matrices. By employing sparse SDP tech-
niques, the problem is recast into a numerically tractable form. As a proof of concept,
the method is implemented for conformally invariant correlation functions in one di-
mension, providing e.g. a non-perturbative handle on correlations of holographic
boundary modes in interacting quantum field theories defined on AdS,.

On the analytic side, the thesis introduces a family of one-dimensional holo-
graphic interfaces between symmetric product orbifolds. These interfaces are first
analysed algebraically via explicit boundary states in the folded theory. In this frame-
work, the partition function of interface-changing operators is computed and exactly
matched with the annulus partition function of AdSs branes in the Eberhardt—Gaber-
diel-Gopakumar tensionless limit of superstring theory on pure NSNS AdS3 x Sz x T4,
Finally, an alternative description of the interfaces in terms of a novel class of gen-
eralised covering maps is provided, which yields significantly improved control over
interface correlators and higher-genus partition functions. With this new handle on
the interface correlators, a 't Hooft-like expansion is established which structurally
matches string perturbation theory to all orders in the string coupling.
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Chapter 1

Introduction

— Multi-point conformal bootstrap & Pure NSNS AdS;/CFT,.

In many ways, the quest to understand the scattering of nuclei has been one of
the most fruitful endeavours in theoretical high-energy physics. Few problems have
inspired such a wealth of new ideas and approaches to particle physics as that of the
strong force, see Figure 1.1 for a schematic overview of some of these developments.
From a modern perspective, the key milestones along this path were the formulation
of non-Abelian gauge theory, the discovery of confinement and asymptotic freedom,
and, ultimately, the theoretical and experimental establishment of QCD. At the
same time, other directions of research, such as S-matrix theory, the bootstrap, and,
famously, string theory, failed to provide a theoretical framework consistent with
the available experimental data, despite the phenomenological success [7, 8] of Regge
theory. Nevertheless, these efforts were far from futile: the wrong approaches to high-
energy scattering of hadrons may, in hindsight, provide the right ideas for quantum
gravity and the physics of strongly coupled systems.

This chapter is organised into three sections: Section 1.1 gives a non-technical min-
imal account of the developments that led to the modern understanding of string
theory as a framework for quantum gravity and, via the holographic correspondence,
an effective description of certain strongly coupled gauge theories. In particular, it
sets the stage for the two central objectives that guide the work presented in this
thesis and highlights the close connection between them. These objectives are: to
increase our computational control over strongly coupled systems and to improve our
understanding of the holographic correspondence. With a focus on the first of these
two objectives, Section 1.2 introduces new numerical tools for the non-perturbative
study of Conformal Field Theories (CFTs) that are presented in Chapters 2, 3, 4,
5, and 6 of the thesis. Shifting the attention to the second objective, Section 1.3
serves as an introduction to new examples of exact instances of holography that are
discussed in Chapters 7, 8, 9, and 10. In both cases, the results emphasise the impor-
tance of tractable low-dimensional models as, on the one hand, inherently interesting

15
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Hadronic Physics

Non-Abelian gauge theory

S-matrix theory

Regge theory and bootstrap ’ Confinement ‘ ‘ Asymptotic freedom

String theory /-6 Srarey description? L 200

AdS/CFT i ographic QCD .-~
Conformal bOOtStrap _______________ E}l_ei'ég}' —COI‘I‘elatOI‘S . 7/ ’ ///
Swampland programme P ’
Amplituhedron ----------| ____________________ T
New tools for pQCD? e

Numerical S-matrix bootstrap |- - _Géﬁg_é the O;}’/ b—oo tstrap

Figure 1.1: Some of the theoretical developments inspired by hadronic physics.

physical systems in their own right and, on the other hand, valuable toy models for

higher-dimensional dynamics.

1.1 From nucleons to gravitons ... and back again

This section briefly summarises some aspects of the developments that led from early
attempts to understand hadronic physics to modern research on quantum gravity!.
The protagonists of this discussion are collected in Figure 1.1. This selection and
the way it is presented below are tailored towards the goal of providing a perspective
on the broader context of the numerical conformal bootstrap and the holographic

Correspondence.

!The reader is referred to the following references for more on the intertwined history of string
theory [9], conformal field theory [10] and the bootstrap [11].
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S-matrix theory and the bootstrap. In the 1940s, it was suspected, e.g. by
Werner Heisenberg, that the divergences in perturbative QFT could be an indication
of a breakdown of our macroscopic notion of space-time at the nuclear scale £y ~
10~1%m. To make progress, Heisenberg proposed to focus, in a theory-agnostic way,
on established physical observables and the consistency conditions they must satisfy,
independent of the details of the then unknown physics that would emerge at £ [12].
The observable at the core of this programme was the S-matrix. The key assumption
of S-matrix theory is that we can adequately describe the initial and final state of a
scattering experiment, given that these consist of approximately decoupled particles
that are separated on scales much larger than ¢y, without knowing the details of
the physics at the nuclear scale. The programme that emerged from these ideas
in the 1950s and 1960s was then to “bootstrap” the transition amplitudes between
these initial and final states, the entries of the S-matrix, by imposing consistency
constraints such as unitarity and crossing symmetry. In the best-case scenario, these
considerations would have led to a single S-matrix that, by first-principles reasoning,
would be the unique candidate for a description of hadron scattering?.

By the mid 1970s it had become clear that perturbative QFT is perfectly able to
describe high-energy scattering of hadrons. Fears that the notion of space-time might
break down at £y were by then largely resolved. Moreover, the speculated uniqueness
of a consistent S-matrix was understood to be far too ambitious and many UV-
complete QFTs had been discovered. Finally, and most importantly, the structure of
the consistency conditions for the S-Matrix simply turned out to be too complicated.
The progress of the early bootstrappers was significantly constrained and ultimately
halted by the lack of suitable numerical techniques and mathematical theory to
overcome these technical challenges.

Amplituhedron and the swampland programme. Over the last 20 years, the
ideas of the old bootstrap and S-matrix theory have been revived by the modern
bootstrap, to which this thesis contributes, the swampland programme, and the
amplitudes community.

Today it is still widely believed that, as Heisenberg suspected 80 years ago, space-
time breaks down at sufficiently small scales. In our modern understanding, this is
not related to the strong force but to gravity, and occurs at a much smaller scale
that could potentially be the Planck length ¢p ~ 1073® m. This expectation is on
conceptually firmer ground than its predecessor. Assuming that general relativity’s
identification of geometry with gravity remains valid down to microscopic scales,
quantum effects in gravity, which can conservatively be expected to be relevant at the
Planck scale, go hand in hand with modifications of classical geometry. In this new

2The author of this thesis is not claiming that the majority of the early bootstrappers ever
believed this to be a realistic goal, at least not in this simplified and highly ambitious formulation.



18 CHAPTER 1. INTRODUCTION

context, and with significantly refined mathematical tools, the modern amplitudes
community has returned to the search for new approaches to the S-matrix that
may supplement or, though arguably less likely, replace perturbative QFT. For an
introduction to the field, see e.g. the SAGEX review articles [13].

Whereas ¢y was within the range of experiments that guided the researchers who
developed the theory of hadrons, there is little hope of directly probing ¢p. However,
this does not necessarily imply that imprints of quantum gravity will forever be out
of experimental reach. The fact that the Effective Field Theory (EFT) describing
observable low-energy physics has to admit a UV-completion to a consistent theory
of quantum gravity may, for instance, indirectly determine measurable features. The
swampland programme, see e.g. [14] for a review, aims to systematically distinguish
seemingly consistent QFTs that, however, fail to admit such a UV-completion, from
those that describe low-energy dynamics of a consistent model for quantum gravity.
The EFTs of the first type form what in this context is called the “swampland”,
whereas the physically more relevant EFTs of the second class form the “landscape”.
A main motivation for this endeavour is the hope that, for a theory of gravity, UV-
consistency might be so constraining that non-trivial, experimentally testable pre-
dictions can be made by demanding that physically observable low-energy dynamics
is in the landscape. In this new form, the old dream of the early bootstrappers, that
demanding general consistency principles and, in modern language, UV-completeness
might single out a unique theory that describes our universe, or at least a strongly
constrained class of candidates, continues to influence modern-day research.

It should be added that the swampland programme derives from the old bootstrap in
more than one way: in practice, the vast majority of swampland research is dedicated
to the low-energy EFTs descending from string theory, which, as we recall in the next
paragraph, itself emerged from the old bootstrap.

Dual resonance models and Veneziano amplitude.? In the beginning of
this section, we already mentioned crossing symmetry as a guiding bootstrap prin-
ciple, and commented on the technical difficulties associated with the complicated
structure of crossing constraints. A particularly fruitful direction of research within
the old bootstrap, that partially circumvented these issues, was based on demanding
scattering amplitudes to not only possess crossing symmetry, but to instead satisfy
a stronger constraint named “duality”. To compare these two notions, let us discuss
elastic two-to-two scattering of scalar particles with momenta p; and masses m? = —p?.
We choose p; and ps to be the momenta of the incoming particles and p; and p, to
be outgoing, such that momentum conservation reads p; + ps = p3 + p4. Lorentz in-
variance implies that the scattering amplitude A is a function of the Mandelstam

3This paragraph and the two paragraphs below partially follow the beautiful account of this
subject provided by the first chapter of Ref. [15].
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variables

s=~(p1+p2)” t=—(p2+ps)? and u=—(py +ps3)’ (1.1.1)

which are constrained by
4
s+t+u=Yy m;. (1.1.2)
i=1
In the centre-of-mass frame, s is the square of the total energy and t encodes the
scattering angle 6 via
2t = —s(1 —cos®). (1.1.3)
Crossing symmetry is the statement that the amplitude A(s,t) satisfies the identity
A(s,t) = A(t, s). (1.1.4)

In perturbative QFT, this property is essentially guaranteed by the democratic way
in which Feynman rules treat all four external states of the amplitude. At tree level,
the contribution of each s-channel exchange of a spin J, mass M particle

2 J
g95(-t)
A = 2T 1.1.5
’ s— M3 ( )
is, for instance, accompanied by a t-channel exchange contribution
2(_g)/
,4§)=<—€i£——l- (1.1.6)

t— M2

such that the overall sum of all Feynman diagrams, and in fact already the contri-
bution ASS) + Af,t) of each exchanged particle, is manifestly crossing symmetric. The
defining feature of dual resonance models is that their scattering amplitudes can be
written as a sum over only s-channel poles. In other words, they possess a duality

;AngAy (1.1.7)

between s-channel and ¢-channel resonances, which leads to emergent crossing sym-
metry. Historically, duality was not just an ad hoc way to obtain stronger constraints,
but instead a phenomenologically motivated proposal that arose from a bootstrap
analysis in Regge theory [16].

In 1968, Gabriele Veneziano discovered that the Euler Beta function

L)l (y)

Blw.y) = I'(z+y)

(1.1.8)
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can be used to define a crossing-symmetric scattering amplitude with a single (real)
linear Regge trajectory a(s) = a(0) + a’s that can be written as the sum

() +1)n
B(- —a(t 1.1.9
(-a(s).a(t)) == 3 o (119
of s-channel poles [17] corresponding to particles of mass M? = (n—«yp)/a’ with spin
J <n. A five-point generalisation of the Veneziano amplitude was soon discovered
by Bardakci and Ruegg [18] and independently by Virasoro [19], which was in turn

swiftly followed by the Koba and Nielsen n-point generalisation [20]. A year later,
Leonard Susskind provided a harmonic oscillator construction of these amplitudes,
concluding “that the degrees of freedom of the internal state of a hadron are equiva-
lent to those of a violin string or organ pipe” [21]. This was the beginning of string
theory.

Fixed t and fixed 6. One reason for the initial phenomenological appeal of dual
resonance models was their asymptotics in the large s, fixed ¢ regime. Whereas the
contribution of individual t-channel exchanges (1.1.6) scales as s’ in this regime, the
Veneziano amplitude has a much softer behaviour than each of its parts. It exhibits
s~() Regge asymptotics,

B(~a(s), ~a(t)) = D(~a(t))(~a(s))*® + ..., (1.1.10)

which is consistent with the intermediate-energy near-beam data measured in the
60s. Explaining such a soft behaviour in standard perturbative QFT, on the other
hand, is rather challenging. For a while, dual resonance models were hence popular
candidates for a theory of hadrons.

The situation changed in the 70s, when more high-energy fixed-angle data became
available. In the large s, fixed  (or equivalently, large s and ¢, fixed s/t) regime, the
Veneziano amplitude shows an even softer behaviour than eq. (1.1.10), an exponential
decay

B(-a(s),~a(t)) = e 2Ol (1.1.11)

at an angle-dependent rate A\(6). This extremely soft behaviour is incompatible with
the experimentally observed fixed-angle asymptotics, which instead are governed by
a power law.

Two ground-breaking discoveries of the early 70s placed field theory in a position
to explain both regimes of scattering described above. Confinement of quarks [22]
explained why free partons were never observed, but also how the phenomenological
success of string models could be understood from a field theory perspective: in the
soft, near-beam scattering regime, the dynamics of hadronic scattering is dominated
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by string-like flux tubes between the confined quarks. Importantly, Wilson’s 1974
paper [22] did not just provide this qualitative picture, but instead laid the founda-
tion of lattice QCD [23, 24], explaining how to quantitatively study confinement by
quantising non-Abelian gauge theory on a Euclidean lattice.

How this picture is compatible with the qualitatively different behaviour of high-
energy, fixed-angle scattering was, on the other hand, understood by Gross, Politzer
and Wilezek through their discovery of asymptotic freedom [25, 26]. The one-loop
B-function of QCD with ny flavours is

2nf

B(a) =_(”_T)§' (1.1.12)

For ny < 16, the coupling decreases with increasing energy. Thus, while low-energy
scattering is dominated by strongly coupled dynamics of confined quarks, the physics
relevant for high-energy scattering is that of free partons, in particular leading to the
power-law high-energy, fixed-angle behaviour described above. As with confinement
and lattice gauge theory, this conceptual insight went hand in hand with a compu-
tational breakthrough. The advent of the Wilsonian paradigm [27-29] in the early
1970s led to a clear physical understanding of renormalisation, but the Landau pole
encountered in the renormalisation of QED [30] was still suspected to be a generic
feature of QFT. Hence, deep concerns that perturbative QFT necessarily breaks
down at small scales, indicating fundamental conceptual issues of the framework,
remained. The discovery of asymptotic freedom, at once, eased these concerns and
laid the foundation for perturbative QCD as a powerful framework to make accurate
predictions about the high-energy scattering of hadrons.

As a consequence of these exciting developments in field theory, string theory mostly
disappeared from the stage of hadronic physics in the 1970s.

String theory and quantum gravity. While it became more and more clear that
non-Abelian gauge theory would supersede dual resonance models as a framework
to describe hadronic physics, it was simultaneously realised that the appearance of
a massless spin-two state in the spectrum made string theory a natural framework
for a microscopic description of gravity [31, 32]. The 25 years that followed this
realisation were a particularly fruitful period of research that produced most of the
modern formalism of string theory.

By now, numerous textbooks [15, 33-39] have appeared that give a systematic treat-
ment of these developments. Some of the milestones along the path were: the con-
struction of tachyon-free superstring theories via the GSO projection [40], the quan-
tisation of the Polyakov action for bosonic string theory [41], the naming of “type
I” and “type II” superstring theory [42], anomaly cancellation in SO(32) type I su-
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(a) Open/closed duality for the coupling (b) Open/closed duality for the interaction
of strings to a single brane . between branes .

Figure 1.2: Tllustrations of open/closed duality taken from the beautifully concise
qualitative introduction to holography provided by Ref. [56].

perstring theory and the Green—Schwarz mechanism [43], the discovery of heterotic
string theory [44], the beginnings of string field theory [45] and the formulation of
cubic bosonic open string field theory [46], Calabi-Yau compactifications [47], the
first description of T-duality [48], the construction of an action for supermembranes
in 11-dimensional supergravity [49], the proposal of S-duality in string theory [50],
the discovery of M-theory [51], the understanding that Dp-branes provide a micro-
scopic description of solitonic p-branes [52], and the counting of microscopic degrees
of freedom of extremal black holes [53].

In the late 90s, these discoveries were, in a deep and unexpected way, all related back
to non-Abelian gauge theories [54, 55| — the models that had replaced string theory
as an approach to hadronic physics more than 30 years earlier.

AdS and CFT. The AdS/CFT correspondence is a duality between gravity in
d + 1-dimensional Anti-de Sitter space (AdS) and conformal field theory (CFT) on
its d-dimensional asymptotic boundary. Its discovery [54] was closely related to the
progress in our understanding of D-brane dynamics made in the 90s.

The key observation is that interactions between strings and branes (Fig. 1.2a) or
between branes (Fig. 1.2b) can be interpreted in physically quite distinct ways, either
as absorption/emission processes of closed strings, or as the propagation of open
strings that end on the branes. This, at first glance perhaps rather inconspicuous,
fact has dramatic consequences when combined with a careful construction of stacks
of branes.

Indeed, if the distance between the branes in Fig. 1.2b is large compared to the string
length (which sets the radius of the blue circles in the illustration), then contributions
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from high-energy states are suppressed in the closed string picture. This regime
should hence be adequately described by supergravity. On the other hand, the open
string picture gives no obvious indication that the dynamics simplify in this limit.
Vice versa, bringing the branes close together leads to a regime where the open string
dynamics reduces to a gauge theory supported on the world-volume of the branes,
whereas the dual closed string picture enters a deeply stringy regime. In this way,
the correspondence between open and closed strings hints at a strong—weak duality
between theories of gravity and gauge theories.

A prime example of this duality is the correspondence between 4d N = 4 Super
Yang-Mills (SYM) and type IIB string theory on AdSs;xSs. The microscopic brane
picture relating these theories via the open/closed duality sketched above is a stack
of N parallel D3-branes in 10-dimensional Minkowski space. The gauge theory de-
scribing the low-energy dynamics of open strings supported on the 4d world-volume
of these branes is N' = 4 SYM with gauge group SU(N). To suppress loop effects
in string perturbation theory, we need to restrict our attention to the large-N case,
i.e. planar /' =4 SYM. The AdS5xS; geometry enters the setup as the near-horizon
limit of a smeared stack of D3-branes in supergravity. At the level of this near-horizon
geometry, we no longer resolve individual branes, and in particular there is no direct
brane separation parameter as in our discussion of open/closed duality above. This
length scale is, in the coarse-grained picture, replaced by the curvature radius R of
the AdSs geometry (which, for consistency with supersymmetry, has to coincide with
the radius of the five-sphere). The concrete manifestation of the strong-weak duality
sketched above hence relates R//; to the 't Hooft coupling A = g2, ;N of planar N = 4
SYM, more precisely

A= (RJL,)* and gs = A/N. (1.1.13)

The remarkable conclusion is that strongly coupled planar 4d N' =4 SYM can be
solved by studying supergravity on AdSsxS5 or, vice versa, perturbative gauge theory
allows us to study extremely stringy regimes of quantum gravity.

The upshot is that AdS/CFT produces, at least for some specific models, a large
amount of strongly coupled data that is out of reach of standard perturbative meth-
ods in QFT and string theory. As such, the correspondence provides an ideal labora-
tory to test new methods for solving stringy regimes of quantum gravity and strongly
coupled CFTs. The arguably most powerful example for comparatively novel tools
to attack the latter is the numerical conformal bootstrap.

Modern bootstrap and strong coupling. As discussed above, research on dual
resonance models and, later, string theory grew out of the bootstrap. It would, how-
ever, be wrong to conclude that string theory in any sense “replaced” the bootstrap.
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Instead, the bootstrap has always remained a valuable source of new computational
methods that complement perturbation theory at weak coupling and replace it at
strong coupling. While the S-matrix bootstrap had lost much of its initial momen-
tum by the end of the 1960s, its ideas resurfaced in the 1970s with the proposal to
bootstrap correlation functions in CFT [57, 58]. As we review in Section 2.2.1, the
conformal bootstrap was a key ingredient in the analytic solution of many 2d CFTs
in the 1980s, 1990s, and early 2000s. A major breakthrough in this field was the
2008 realisation that the bootstrap could be combined with linear programming (or,
more generally, semidefinite programming) techniques to yield a non-perturbative
handle on higher-dimensional CFTs [59]. The development of the numerical confor-
mal bootstrap from this initial observation to the powerful computational framework
available today is reviewed in Section 2.2.2. In the last ten years, these new numer-
ical tools have also been successfully applied to the S-matrix [60, 61], in particular
finally bringing the initial dream of bootstrapping hadronic scattering within reach
[62-67].

Multi-point conformal bootstrap and Pure NSNS AdS; holography. This
thesis consists of two parts. The first part develops numerical tools that make new
higher-point observables accessible to the bootstrap, which, until recently, focused
almost exclusively on four-point correlators. The second part constructs an ensemble
of interfaces in certain 2d CFTs that provide a new example in which holography
can be derived with a level of detail unprecedented until a recent breakthrough in
AdS3/CF Ty holography [68, 69]. Sections 1.2 and 1.3 below provide more technical
introductions to these two parts of the thesis.

But even without such details, it is evident that these seemingly unrelated topics
are actually two inseparably interwoven threads in a larger fabric of strings and
conformal symmetry. In this section, we have seen that this is true in a historical
sense, by tracing string theory and the bootstrap back to their common origin in
hadronic physics. More importantly, the AdS/CFT correspondence teaches us that
this is also true on a deeper conceptual level.

What is the quest to derive holography if not an invitation to confront the challenges
of strong coupling?

1.2 Multi-point conformal bootstrap

Over the last two decades?, the numerical conformal bootstrap [59] has become an
essential asset in the toolbox of the modern theoretical physicist. Like most great
tools, it is a versatile instrument that serves its user in various ways.

4See [70] for a review of the latest developments and [71] for earlier results.
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From a quantitative perspective, the bootstrap offers access to scaling dimensions and
OPE coefficients of CF'T's as one tool among many, such as, if applicable, Monte Carlo
simulations, Hamiltonian truncation, fuzzy sphere regulation, perturbation theory
and others. For many theories it outperforms all available alternatives. Famously
this is the case, for example, in the 3d Ising model [72-78] as well as in more general
small N bosonic O(N)-fixed points [76, 79-82] and O(N)-symmetric Gross-Neveu-
Yukawa fixed points [83-85].

From a qualitative perspective, the bootstrap is unique. It allows us to answer
questions about the space of all CFTs in a theory-agnostic fashion. This makes it a
highly valuable exploratory tool, challenging and inspiring us to think about CFTs
in new ways. The purpose of the first part of the thesis is to report on the status of
an ongoing effort to significantly enlarge the type of questions that can be addressed
via the numerical bootstrap.

Answering new questions typically requires making new sources of information ac-
cessible. In this thesis, the new source of information is the set of crossing equations
of six-point correlation functions. Studying the crossing equations of higher-point
correlators has been fruitful in the analytic bootstrap and, for instance, led to vari-
ous results on large spin asymptotics of OPE coefficients and multi-twist operators
in lightcone bootstrap works such as [6, 86-89]. The first application of numerical
techniques to the investigation of higher-point correlators was [90]. In this work
and its follow ups [91, 92|, numerical solutions to truncated crossing equations of
five-point functions were determined in order to obtain approximate conformal data
of the 3d Ising CFT. As usual with truncation based approaches to crossing, this
five-point bootstrap involved unknown systematic errors that have to carefully be
estimated through suitable heuristics. The six-point bootstrap developed simulta-
neously by the author of this thesis and his collaborators [2, 93] demonstrated that
SemiDefinite Programming (SDP) can be used to instead generate exact bounds from
higher-point correlators.

The emphasis of the first four chapters is on reporting the current proof-of-concept
status of the six-point bootstrap’s practical implementation. The final chapter pro-
poses future steps for the programme to promote numerical six-point bootstrap tech-
niques to a more broadly applicable new tool in the kit of the bootstrapping theorist.
Concretely, the logical structure of the text can be summarised as follows.

e Chapter 2: Objectives and motivation. We start with a lightning review
of conformal field theory, semi-definite programming and the bootstrap. The
aim of the review is not to give a fully self contained introduction to these
topics, but simply to set the stage by directing the reader’s attention towards
the main elements of the discussion. The overall purpose of the chapter is
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to formulate sharp objectives for a higher-point extension of the numerical
bootstrap, which motivate the work presented in the subsequent chapters.

Chapter 3: Existence of six-point bounds. Based on [93], this chap-
ter formulates optimisation problems whose solutions are rigorous bounds on
six-point data. The main result of the chapter is a (constructive) proof of
the existence of non-trivial solutions to these problems — which, due to the
technically challenging nature of the involved infinite dimensional semi-definite
constraints, is a priori not guaranteed. However, the algorithm that is presented
should not be viewed as going beyond such a proof of existence. While produc-
ing several non-trivial examples of qualitatively new bounds, its applicability is
severely limited by three restrictions that are referred to as the computability
problem, the convergence problem and the input data problem in this
thesis.

Chapter 4: Solving the computability problem. The most problematic
shortcoming of the algorithm implemented in Reference [93] is that it could not
directly be scaled up to benefit from the power of modern clusters. The nu-
merics of [93] was strictly limited to single core computations. Therefore, while
the first implementation of the six-point bootstrap was sufficient to show that
in principle computable novel bounds exist, these bounds in practice remained
largely inaccessible. This computability problem was solved in [2] by applying
sparse semi-definite programming techniques. These allow for a reformulation
of the very non-standard SDPs appearing in the six-point bootstrap in terms
of equivalent SDPs that can efficiently be solved with the standard machinery
of the numerical bootstrap. The chapter based on [2] describes the details of
this reformulation as well as new applications that came into reach due to the
numerical improvements.

Chapter 5: Approaching the convergence problem. The numerical six-
point bootstrap of [93] and [2] is based on constraints on CFT data obtained
by acting with a finite set of derivative functionals on the six-point crossing
equation. The rate of convergence of six-point bootstrap bounds as functions
of the size of this set depends on the scaling dimension A, of the field whose
six-point function is considered. While for small Ay fast convergence can be
expected, larger and larger sets of derivative functionals need to be considered
to still obtain reasonable bounds as Ay increases. The analogous convergence
problem of the four-point bootstrap was solved in dimensions d < 2 by replacing
derivative functionals with so called “analytic functionals”. For d > 2 in the
four-point case and any dimension in the six-point case, more work is needed
to fully address this point. Chapter 5 discusses this problem in more detail
and, based on (3], takes some first steps towards its solution in d = 1.
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e Chapter 6: Solving the input data problem & other future directions.
In the currently published work, the six-point bootstrap requires an undesirable
amount of theory specific input data. Beyond limiting its applicability to the
cases where this data is available, this also undermines its ability to make
theory-agnostic statements about the space of all CF'Ts. The final chapter,
sketches a solution to this input data problem. The proposal involves combining
the four- and six-point crossing equation in a unified mixed correlator bootstrap
problem. Including the four-point crossing equation into the procedure has
the potential to both solve the input data problem and significantly broaden
the range of questions that can be addressed via the six-point bootstrap. In
addition to this particularly promising direction for future research, Chapter
6 also discusses several other aspects of the multi-point bootstrap that should
be addressed in future work.

1.3 Tensionless holography

Over the last three decades, AdS3 backgrounds®, especially at pure NSNS flux, played
a pivotal role in advancing our understanding of string theory, quantum gravity and
holography. Like all great toy models, they have two key complementary features.

On the one hand, AdSs preserves a sufficient amount of complexity to still admit
highly non-trivial string dynamics, and thus useful insights into the nature of holog-
raphy as well as the structure of string partition functions and scattering amplitudes.
On the other hand, the relation to the SL(2;R); model [96-98], Virasoro symmetry
of the boundary CFTy [99] and also general simplifications that come with the topo-
logical nature of 3d gravity [100], lead to an unusually high level of computational
control that makes AdS; an ideal testing ground for new ideas.

Concrete examples for new insights gained due to these remarkable properties of
AdS3 include® progress in our understanding of partition function in quantum gravity
[101-104], the structure of the o/ expansion [105, 106], integrability in string theory
and holography [107-109], Hi-Liouville [110, 111} and quantum analytic Langlands
correspondence [112, 113], minimal model holography [114-116], black hole physics
[117-121] and entanglement in quantum gravity and holography [122, 123]. In 2018
Eberhardt, Gaberdiel and Gopakumar [68, 69] added a derivation of holography to
this already impressive list of results, identifying string theory on AdS3xSz x T* with

®See [94] for a review of pure NSNS AdS3 and [95] for a more general overview of exact approaches
to AdSs string theory.

6All of these are active fields of research, most of which have by now been fruitfully pursued for
about two decades. The particular choice of references given above was made with the intention to
reflect this fact by, for each field, guiding the reader to some of the foundational early developments
and some of the latest contributions.
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minimal pure NSNS flux as the exact dual of a grand canonical ensemble of symmetric
product orbifolds of the N = (4,4) supersymmetric sigma model with target space
T4

This instance of the duality provides a rare opportunity to uncover the inner mech-
anisms of AdS/CFT with simultaneous full computational control over both bulk
and boundary dynamics. To make the most out of this opportunity, it is impor-
tant to generalise the setup and enrich the dynamics as much as possible within the
constraint of maintaining computational control. Building on previous work on D-
branes and open-string dynamics in this context [124, 125], this thesis constructs the
holographic dual of a maximally symmetric class of branes, namely the AdS, branes
introduced in Ref. [126]. With these results, it is now possible to derive holography
for open strings on the level of detail that was recently achieved for closed strings in
this setup.

The first chapter of the second half of this thesis serves as a general introduction to
and review of pure NSNS AdS3 string theory. This introduction is followed by two
chapters which present a novel construction of holographic interfaces in symmetric
product orbifolds. The final chapter is devoted to a discussion of future avenues of
research. Concretely, the logical structure of the text can be summarised as follows.

e Chapter 7: Objectives and motivation. The second part of the thesis, like
the first, starts with a short review. The latter begins with general comments
on 2d CFTs and Virasoro symmetry, which sets the stage for a more detailed
discussion of the SL(2;R); model and its conformal boundary conditions. As
we recall in the second section of the chapter, SL(2;R), plays a crucial role
in the worldsheet description of strings propagating on AdSs geometries. The
current algebra of the model ensures a high level of computational control that
can be leveraged to treat pure NSNS AdS; backgrounds exactly in o’. This
provides a formidable opportunity to study stringy regimes of gravity on curved
backgrounds. In particular, as we discuss in the last section of the chapter, the
worldsheet theory is exactly solvable even in the regime dual to a free gauge
theory. Thus, pure NSNS AdS3;/CFT, provides us with the rare chance to
understand and derive holography on a fundamental level. The section ends
with comments on what is known about the nature of probe branes in this
context, and formulates objectives for how to extend this knowledge in the
subsequent chapters.

e Chapter 8: Interface partition functions. The second chapter on tension-
less AdS3/CFT, holography is based on Reference [4]. In it, a novel family
of interfaces in symmetric product orbifolds is constructed. These may be re-
garded as two-dimensional analogues of Wilson-line operators or Karch-Randall
interfaces at the same time. The construction of the interfaces entails the choice
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of boundary conditions of the seed theory. For a generic seed theory, the bound-
ary states associated to the interfaces via the folding trick are constructed, and
their overlaps are computed. Through modular transformation, this amounts
to a determination of the spectrum of interface changing operators. In the spe-
cific case of the supersymmetric four-torus, it is shown that the corresponding
interfaces of the symmetric product orbifold are dual to AdS, branes in the
tensionless limit of type IIB superstring theory on AdS3xS3; x T4 by matching
the known open string partition function of these branes.

e Chapter 9: Interface correlators. With the match of the spectrum pro-
vided by the computation in Chapter 8, the natural next step is to extend the
duality to correlation functions and string scattering amplitudes. For this pur-
pose, the chapter based on Reference [5] introduces a novel class of generalised
covering maps, which provides an alternative characterisation of the interfaces
constructed in Chapter 8. The new covering-map description enables efficient
evaluation of interface correlators via a generalisation of the Lunin-Mathur
method. To organise these computations, a generalised Riemann-Hurwitz for-
mula for interface coverings is derived and novel diagrammatic rules that sys-
tematically classify these maps are introduced. The new framework in partic-
ular leads to a concrete grand-canonical ensemble that has the correct proper-
ties to compute correlation functions dual to open string scattering amplitudes.
Utilising the generalised Riemann-Hurwitz formula, it is explicitly shown that
the correlators of the ensemble structurally match string perturbation theory
to all orders in the string coupling.

e Chapter 10: Open string scattering amplitudes & other future direc-
tions. The work presented in Chapters 8 and 9 made significant progress on
the symmetric product orbifold side of open string holography in the minimal
pure NSNS AdS; setting. At this stage, it is reasonable to return to the AdS;
side of the duality for further progress. Compared to the available expressions
for closed string scattering amplitudes [127-129], little is known about scat-
tering of open and closed strings in the presence of AdS, branes. It would be
interesting to fill this gap, and in particular provide a detailed analysis of how
the interface correlators computed in Chapter 9 are reproduced in the k =1
limit. The final chapter discusses the prospect of pursuing this and several
other natural directions of research in the near future.
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Multi-point conformal bootstrap
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Chapter 2

The conformal bootstrap

— Objectives and motivation.

Why are the bounds obtained from the numerical conformal bootstrap important?
Why do we need to go beyond the results that the community has already achieved
using four-point functions? What concrete goals or outcomes can we expect from a
six-point bootstrap?

Before we shift the focus to technical aspects of how to extract new bounds from
six-point functions, let us in this chapter ask why we should pursue this problem and
what we can expect to eventually gain from this. To set the stage for this discussion,
Section 2.1 reviews several fundamental aspects of conformal symmetry. This drama-
tis personae of CF'T consists of a collection of individually titled paragraphs, which
can be read both independently of each other and of the sequential Section 2.2. The
latter has a more linear structure starting with the basic principles of the bootstrap
and ending on the concrete expectations that motivate the six-point bootstrap.

2.1 Global conformal symmetry

This section reviews foundations of CFT. We start with a definition of the conformal
group and some of its representations, Sec. 2.1.1. The second subsection, Sec. 2.1.2,
describes features of CFT Hilbert spaces, such as the operator-state correspondence
and unitarity bounds. Finally, Sec. 2.1.3, introduces the central objects studied over
the next four chapters: conformally invariant correlation functions and their crossing
equations. For an introduction to conformal field theory that is particularly tailored
towards the modern conformal bootstrap, see e.g. References [130-132]
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2.1.1 The conformal group

The mathematics of the conformal group and the representations of its Lie algebra
is a beautiful subject with profound physical implications. Scratching only the very
surface of this vast topic, this section introduces the group itself and a few of its most
prominent representations. A systematic and more detailed introduction is provided
e.g. in the first chapters of Schottenloher’s textbook [133] and the references therein.

A conformal map of a Riemannian manifold is a diffeomorphism that preserves the
metric up to a, possibly position dependent, rescaling. We are mainly interested in
field theories defined on the conformal compactification of Euclidean R?, which we
construct in the first paragraph of the section. Consequently, we refer to its group of
conformal maps, described in the second paragraph, simply as the conformal group.
We end on a brief discussion of some important representations of its Lie algebra.

Conformal compactification of R¢. The conformal compactification of R? is
most conveniently described by utilising the embedding!

1 2 1- 2
X:Rd—)RP17d+17 (‘1.17"'733(1) '_)X(x) ::|: +2x F XLy Xd,y & :|7 (211)
where
d
2= ) a? (2.1.2)
i=1

is the squared Euclidean norm of z. The closure of X (R%) is the projective null cone

d+1

{[Xo:+: Xagp1] e RPVH X2 = 3" X2 - XE =0}, (2.1.3)
i=1

By slight abuse of notation, we shall denote this conformal compactification of flat d
dimensional Euclidean space simply by R?. This is justified by the fact that we will
exclusively study theories defined on the compactified space.

The conformal group. The conformal group i.e. the group of conformal trans-
formations of R? is isomorphic to SO(1,d + 1). An explicit isomorphism is the map
that identifies the matrix A € SO(1,d + 1) with the conformal map 1, defined by

Ua([X]) = [AX]. (2.1.4)

The group is generated by translations, rotations, dilatations and special conformal
transformations, which are defined as

!The embedding space formalism [134] is typically attributed to Paul Dirac [135].
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Translations. A translation by the vector v i.e. the map z — x + v is realised
by the matrix

1+2 T ¥
A= v 15 w (2.1.5)
U2 ’U2
-y vhl-g

Rotations. A rotation R € SO(d), mapping x — Rx is realised by the matrix

100
Ar=|0RO (2.1.6)
001

Dilatations. Constant scaling x — Az by a factor A € R, is realised by the
matrix

122 122
2 2
A= 0 15 0 (2.1.7)
1A% () 12
2 2

Special conformal transformations. The special conformal transformation
associated to v € R? is obtained by conjugating a translation by v with the
inversion x ~ —=5. It is realised by the matrix

v2 T v2
I+5 v 5
v

1, -v (2.1.8)

v T2
y v 1-5

A, =

The conformal algebra. The discussion of the previous paragraph directly sug-
gests a convenient basis for the conformal algebra so(1,d + 1) consisting of infinites-
imal versions of the transformations introduced in eqgs. (2.1.5), (2.1.6), (2.1.7) and
(2.1.8). We denote the basis elements by

e D, generating the one-parameter family of dilatations.
o P,, p=1,...,d generating the d translations.
o K,, p=1,...,d generating the d special conformal transformations.

e R, =-R,,, generating the d(d - 1)/2 rotations.

The non-zero commutation relations involving the dilatation generator are

[D,P,]=P, [D;K,]=-K, and [P, K,]=26,D-2R,,. (219)

= Iy,



36 CHAPTER 2. THE CONFORMAL BOOTSTRAP

Furthermore, we have
(R, Py] = 0pu Py — 0, P, and (R, Kp] =6, K, —6,,K, (2.1.10)

which simply states that translation and special conformal generators transform as
vectors, i.e. in the fundamental representation, under rotations. Finally, the rotation
generators satisfy the so(d) commutation relations

(R, Rpo) = 00pRus — 0ppRuo + v Rpp = 80 Rpu - (2.1.11)

Lowest weight representations. Every representation V, of so(d) induces a
family of lowest weight representations V(a ,) of the conformal algebra so(1,d + 1).
The parameter A € C is the conformal weight of the representation. To construct
Viap), we first extend V), to a representation of the full conformal algebra by let-
ting all non-rotation generators act trivially. We then consider the tensor product
U(so(1,d +1)) ® VA between the universal enveloping algebra of so(1,d + 1) and
the extended representation V;)A. Let us use braket notation for elements of V), and
furthermore denote the tensor product of X € U(so(1,d+1)) and |v) € V, simply by

X|v) = X ® |v). (2.1.12)

The representation V(a ) is the quotient of the product representation modulo the
subspace spanned by elements of the form

X(D - A)|v) XK, |v) and XR,,lv) - Xp(Ru)lv). (2.1.13)

If V, is indecomposable then so is V(a ), independent of the choice of A, since
acting with translation generators on V), € V(a ,y generates all of V4 ,). Irreducibil-
ity of V,, however, does not generally imply irreducibility of V(a . As a simple
counter-example, consider the case where d =1, A = 0 and V, = {|0)} is the triv-
ial representation, which has the set of all vectors of the form X P|0) as non-trivial
subrepresentation.

2.1.2 The Hilbert space

Conformal symmetry not only organises the states of CFTs into representations of
the conformal algebra, but also leads to a one-to-one map between these states and
the local operators of the theory. The ideal setup to understand this identification is
radial quantisation, which we review in the first paragraph of this section. With this
preparation, the state-operator correspondence is concisely formulated in the second
paragraph. The third paragraph introduces primary operators and their behaviour
under conformal transformations, which is then applied in the fourth paragraph to
deduce how primaries transform under radial inversion. The latter plays a central role
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in the definition of the inner product of the Hilbert space. The final paragraph dis-
cusses positivity constraints on this inner product, and a fortiori the CFT spectrum,
which are imposed by demanding the existence of a unitary analytic continuation to
lorentzian signature.

The vacuum of radial quantisation. In a path integral formulation of euclidean
scale invariant QFTs, it is natural to work with a quantisation associated to foliat-
ing R? by d — 1 spheres centered in the origin. States in the Hilbert space of this
radial quantisation specify path integral boundary conditions imposed at the unit
sphere. We can prepare any state via a suitable path integral over the interior of
the unit sphere i.e. the unit ball. In particular, if there is a unique state [0) with
vanishing conformal weight i.e. a state annihilated by the dilatation operator D, and
if furthermore all other eigenvalues of D have a positive real part, then this vacuum
state |0) can be prepared by performing an unconstrained path integral over the unit
sphere. This fact is best understood by conformally mapping R¢ to the cylinder
R x S9! an operation that is achieved in polar coordinates by mapping (r,2) € R¢
to (7,9Q) e R xS4-1. Here, the euclidean time 7 is given by

7 =logT. (2.1.14)

Once we have mapped to the cylinder, scaling transformations simply act as transla-
tions in euclidean time. Consequently, the dilatation operator is the Hamiltonian of
radial quantisation on the cylinder. Hence, the statement that the vacuum of radial
quantisation is prepared by a path integral over the unit ball is simply a particular
case of the more general fact that propagation over an infinite stretch of euclidean
time projects onto the vacuum state of a QFT. Below, we will always assume the
existence of a unique, conformally invariant, radial quantisation vacuum state.

Operator-state correspondence. In any QFT, we can prepare a state |O) on
the unit sphere by inserting a local operator O at the center of the unit ball or,
said more algebraically, by acting with @(0) on the vacuum state. In scale invariant
theories, this procedure can be inverted leading to a bijection between local opera-
tors and the states of the radial quantisation Hilbert space. Indeed, using scaling
transformations, we can collapse the sphere on which a state |1} is defined to a point
and hence expand |¢)) into local operators inserted at the origin. As an example for
this procedure, consider the vacuum state |0). Since this state is prepared by per-
forming an unconstrained path integral over the unit ball, we are left with a trivial
puncture after shrinking the sphere down to a point. The insertion of the operator
corresponding to the vacuum state therefore has a trivial effect on any correlation
function, and we conclude that it is the identity operator 1.
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Primaries and descendants. The Hilbert space of a CFT is spanned by primary
states, states annihilated by the special conformal generators, and their descendants,
states obtained by acting on primaries with the momentum generators. A primary
operator is an operator that is identified with a primary state via the state-operator-
correspondence. Using the fact that the operators P# generate translations, i.e.

O(z) =P O(0)e ™7, (2.1.15)

and the commutation relations of the conformal algebra, one can derive the trans-
formation behaviour

[Py, O(2)] = 9,0(x) (2.1.16)
[D,0(z)] = (210, + Ap)O(x) (2.1.17)
[Ru,0(x)] = (2,0, — 2,0, + p(R,,))O(x) (2.1.18)
[K,,O0(x)] = (2x,2"0, — 220, + 2A oz, — 22" p(R,,) ) O(2) (2.1.19)

for a weight Ap primary operator in the so(d) representation p. Exponentiating the
above infinitesimal conformal transformations gives

F.0(x) = Qp(2)2p(Ry(2))O(f(2)) (2.1.20)

for the action of a finite conformal transformation f whose local decomposition into
a rescaling Q(x) € R,y and a rotation Ry(x) € SO(d) is

of (z) =Qs(x)Rs(z). (2.1.21)

Radial inversion. Considering states in radial quantisation to be prepared by
path integrals over the unit sphere leads to a natural inner product: Using the radial
inversion

ot - T = - (2.1.22)

which acts as an operator R on the Hilbert space, we can map the path integral
preparing a state [1)) onto a path integral over the complement of the unit sphere,
preparing the state R|iy). The latter can be glued together with path integrals over
the unit sphere to produce path integrals over the entirety of R¢, allowing us to define
a pairing (|1), [¢')) of |¢) with an arbitrary state [¢)’). The inner product is obtained
from this pairing by applying an additional complex conjugation €[¢)) = [1)*. That is,
(Y]') = (€|), [v")) Therefore, in radial quantisation, the adjoint of a local operator
is given by

O(x)' = €RO(z)RE, (2.1.23)
which, by eq. (2.1.20), reduces to
O(x)' = z72roe0(z)¢ (2.1.24)

for a primary operator of weight Ae.
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Hermiticity and reality. FEvery operator O(x) can be uniquely decomposed as

into a sum of real operators Og(x) and Or(x). A real operator is an operator that
after Wick rotation to Lorentzian signature becomes Hermitian. As such, the notion
of a reality depends on how we perform the analytic continuation and might in
general not coincide with the hermiticity w.r.t. the inner product of the euclidean
CFT.

Reflection positivity. We are particularly interested in Euclidean CFTs that
upon Wick rotation define unitary Lorentzian theories. A necessary condition for
this is reflection positivity, i.e. positivity of the inner product defined via radial in-
version. The representations of the conformal algebra that the Hilbert space of a
reflection positive CFT can carry are strongly constrained. A simple example for
these unitarity bounds is that the dilatation operator must be positive semi-definite:
the scaling dimension of any operator must be a non-negative real number. Indeed,
for any primary state |O), we get

1 1
(OIDIO) = S(O|[Ky, Pu]IO) = S| PO} > 0. (2.1.26)
By a slightly refined version of this argument, the bound can be strengthened to con-

clude that scalar operators in a d dimensional CFT have either vanishing conformal
weight or satisfy

d-2

A > 5 (2.1.27)
while for spin J > 1 operators, the even stronger bound
A>J+d-2 (2.1.28)

holds. Similar restrictions exist for the quantum numbers of more general mixed-
symmetry tensors.

2.1.3 CFT correlators

This section introduces the protagonists of the conformal bootstrap: Local correlators
and their crossing equations. The key tool with which we study CFT correlators,
the OPE, is discussed in the first paragraph. The OPE allows us to reduce all
local correlators on R? down to one-point functions. The latter are, as we recall
in the second paragraph, constant and, for operators with non-vanishing conformal
weight, vanishing. Building on this result we describe two-, three- and finally n-
point correlators via the OPE. For n > 3 point correlators, the OPE reduction can be
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performed in various inequivalent ways, which leads to strong constraints on the CF'T
data — the crossing equations. The section ends with only a brief comment on this
fact, providing a smooth transition to a more detailed discussion of the consequences
of crossing in Sec. 2.2.

The OPE. Consider two local operators O; and O, inserted at positions x; and
xo. If we can find a sphere, centered in a third point x3, that contains x; and -
without including any further operator insertions, then shrinking this sphere down
to a point by using scale invariance allows us to expand the product O;(x1)Os(22)
in a basis of local operators inserted at x3. As an equation, this Operator Product
Expansion (OPE) takes the form

O1(21)O0z(x2) = ; Co,0,05(71,22)O3(x3), (2.1.29)

where the sum runs over a basis of all local operators, both primaries and their
descendants. Since by definition any descendant can be generated by acting with
derivatives on a primary operator, we can restrict the sum to a basis of primaries,
if we furthermore promote the coefficients Cp, 0,0, to differential operators. The
resulting equation

O1(21)O0(x2) = Z Co,0,05(71,%2,0:,)O3(x3), (2.1.30)

primary O3
can only make sense if the differential operator Cp,0,0, is an intertwiner relat-
ing the action of conformal generators on Oz(x3) to their action on the product
O1(x1)O3(x2). Hence the object Cp, 0,0, contains a combination of both general
conformal kinematics and theory specific dynamical data. To improve this situation,
we can first solve the purely representation theoretical problem of constructing a

basis of appropriate intertwiners ngl )0203 and then define the dynamical coefficients

C((;)ogog, by an expansion
0010203 (371, T2, &ES) = Z Cgi)OgOngg?OzOg (1'1, T2, &ES) (2131)

Determining these OPE coefficients C((’)Ti)ogog is a key aspect of solving a CFT. To-

gether with the spectrum they determine all local correlation functions of a CFT on
R4,

One-point functions. Translation invariance implies that one-point functions (O(x))
must be constant. Therefore, only weight 0 operators can have a non-vanishing one-
point function in a scale invariant theory on R?. Hence, the only non-vanishing
one-point function is

(1)=1. (2.1.32)
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Two-point functions. Since the only non-trivial one-point function is that of the
identity operator, the OPE directly implies

(01(21)0s(22)) = 3. CHttoys (1,02, 02, ) DGy (21, 3, 0y )1 (2.1.33)
Hence, by Schur’s Lemma, the two-point function can only be non-vanishing if the
irreducible representations of the conformal algebra associated to O; and O, are dual
to each other i.e. Oy ~ OF. Furthermore, Schur’s Lemma also implies that the space
of relevant intertwiners is one-dimensional. Since derivatives act trivially on (1) =1,
the operator Dy, 0,1 moreover does not depend on 9,,. Using translation and scale
invariance, we can finally deduce that it generally takes the form

To. (z
DOlOQ]l(xthaax:g) = %, (2134)
T3
where
Tij =T — T and T:= |:1:_| (2.1.35)
T

The precise form of the tensor structure Ty, depends on the transformation behaviour
of O; under rotations. In the case of scalar operators, we can simply set T, = 1. In
conclusion, the two-point function can be written as

T (4
(O1(21)0z(x2)) = Cologn%. (2.1.36)
12

We will mostly work with operators normalised such that
Co,0,1 = 00,,0;- (2.1.37)

An important exception to this general rule are conserved currents and the stress
tensor, whose normalisation we instead fix via their Ward identities.

Three-point functions. Due to the diagonality of the two-point function, three-
point correlators are morally identical with OPE coefficients. Indeed, the OPE im-

plies
n n TO (i'23)
C0,0005 (71,72, 0) = c(glgwg D(gfwg (21,2, 0, —;2A3 (2.1.38)
n 23

for operators normalised as in eq. (2.1.37). Scale and translation invariance allow us
to deduce that

R " e
D (21, 72,0 )Tog(xgg)z T35, 0,0,(Z12; T23, T13) (2.1.39)
010,03\ 15225 Vg —2A; A1+A2-AN3 A1+A3-No  Ao+Az-Aq il
Lag 5D T3 L3

where T3 .0, is an invariant tensor in the so(d) representation p; ® ps ® p.
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O, 0O

Figure 2.1: This figure shows the tree corresponding to the five-point conformal
block Do, 0,0, (%4, 5,0z, ) Po,0,0: (23, T4, 0z, ) Do, 0,0, (%1, T2, 0z, ) Do, 021 (€2, 23) (1).

Defining conformal blocks. By applying successive OPEs, we can reduce any
correlation function of local operators to a sum of kinematically fixed special func-
tions weighted by OPE coefficients. The data specifying these conformal blocks can
be efficiently represented via a rooted tree that specifies which intertwiners need
to be applied in which order to the one-point function of the identity operator to
generate the block.

In such a graph, the root corresponds to the identity one-point function, while the
leaves are labelled with the external operators i.e. the operators to whose correlation
function the block contributes. All edges connecting internal vertices are labelled
with exchanged operators i.e. intermediate operators produced in the OPE. Further-
more, all internal vertices have valency three and are labelled by intertwiners of the
representations associated to their adjacent edges. At each internal vertex, we should
think of the operators labeling the two edges that are further up the tree as producing
the third, further down operator in their OPE. Figure 2.1 shows a concrete example
of a five-point block.

The graphical representation in terms of a directed tree carries redundant informa-
tion that does not describe the block per se, but the particular way in which we
constructed it. The orientation of the tree reflects a choice among canonically iso-
morphic ways to interpret the intertwiners at the vertices. By using dualisation, we
can cycle through all the equivalent options of viewing Dg, ,,», as either an inter-
twiner mapping from Oz to O; ® Oq, an invariant tensor in O; ® O ® O3 etc. In
particular, the vertex connected to the root of the tree is completely redundant and
can just be seen as the identity map via dualisation. To accommodate for these
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Figure 2.2: The reduced and two redundant representations of a five-point block.

facts, we should both drop the root and the direction of the tree, to obtain a reduced
graphical representation of the block. As a concrete example, the reduced version of
Figure 2.1 is shown in Figure 2.2.

Computing conformal blocks. The literature on the problem of computing con-
formal blocks is vast, and only a relatively small amount of conformal block tech-
nology is directly relevant for the multi-point bootstrap discussed in the chapters
below.

e Casimir equations. The definition of conformal blocks in terms of the action
of intertwiners given above, directly makes manifest that the Casimirs of ex-
changed operators can be measured by acting with suitable conformal genera-
tors on the external operators. Therefore conformal blocks can be characterised
as eigenfunctions of certain differential operators. Supplemented with appropri-
ate boundary conditions, that in particular input the a priori arbitrary choice of
tensor structures, the resulting Casimir equations fully fix the blocks. In some
cases, the differential equations can be solved explicitly, leading to expressions
for conformal blocks in terms of hypergeometric functions, see in particular the
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pioneering work of Dolan and Osborne [136-138]. In an extension of this PDE
approach to conformal blocks, References [139-142] introduced additional op-
erators commuting with the Casimirs which lead to a canonical basis of tensor
structures, see also the three theses [143-145].

e Projectors. Another way to compute conformal blocks starts by choosing, for
each primary operator @, an orthonormal basis (O®);.; of descendants. This
allows us to write down the projector onto the conformal multiplet generated

by O as?

To =Y. |[0ONOW. (2.1.40)
i€l

The identity map of the CF'T Hilbert space can be written as a sum over all
such projectors. Inserting this decomposition allows us to decompose an arbi-
trary n-point function into a product of three-point functions. Upon expanding
these three-point functions into a basis of tensor structures, this decomposition
into three-point functions becomes a conformal block expansion of the origi-
nal n-point correlator. In this way, the projector mo can be used to compute
conformal blocks. Note that, in principle, we are not forced to fully decom-
pose a correlator into three-point functions and hence conformal blocks, but
can also use the projectors to form other decompositions of higher- into lower-
point functions. This observation is crucial for the six-point bootstrap that we
develop below.

e Zamolodchikov recursion relations. The numerically most efficient? way to
evaluate conformal blocks is to use Zamolodchikov recursion relations?. The
implementation of Zamolodchikov recursion relations in the efficient package
blocks_3d [154] is a key part of the backbone of the modern numerical boot-
strap.

The crossing equation. The conformal block decomposition of correlation func-
tions is far from unique. A given correlator can be decomposed into various different
channels, see Figure 2.3. To give a concrete example, let us focus on the special
case of Figure 2.3, where O = Oy = O3 = O4 = ¢ is a real scalar field. The OPE of
a real scalar field with itself only contains real symmetric traceless tensors (STTSs).

2A for many purposes more useful representation of the projectors is that in terms of shadow
integrals, see Refs. [146-149] for the historical origin, and e.g. Refs. [150, 151] for modern develop-
ments.

3This is true for applications in which it is crucial to evaluate families of blocks for a large range
of different exchanged dimensions. Evaluating just an individual block to high precision might more

efficiently be achieved using other methods.
4First proposed by Alexei Zamolodchikov in the context of 2d CFTs [152, 153]
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Figure 2.3: Crossing equation for the four-point function (O;0,050,)

These are labeled by two quantum numbers, their scaling dimension A and their spin
J. Moreover, the space of conformally invariant three-point structures of the type
(¢pOn.s) is one dimensional. Hence, the tensor structure labels can be dropped for
four-point blocks of scalar fields and the crossing equation takes the simple form

> CagGay(@r, v, 23,x4) = Y CayGa, (22, 13,4, 21), (2.1.41)
Ay A

where Ca s = 3, . The conformal block Ga s can be reduced to a function ga s
of two cross-ratios:

gn,g(z, 2z
Gay(z1, 29,73, 74) = % (2.1.42)

Lig T3y

Here, the cross-ratios z and z are defined via the two equations

) 2 .2
ziz% and (1—2)(1—2):%. (2.1.43)

x2.7 x2.7

13224 13224

The reduction to cross-ratios allows us to reformulate the crossing equation as

> CagFaq(2,2) =0, (2.1.44)
where Fa j(z,Z) is the crossing vector
zZZ B
F Z) = 2)— | —————— 1-2,1-2). 2.1.45
2,(2,%) = ga,1(2, 2) ((1—z)(1—z)) 9as(1-2,1-%) ( )

In even dimensions, ga s can be written down explicitly in terms of Gauss hyperge-
ometric functions. For instance,

g8 5(2,2) = 27 Q)J ,(9A+J(2)9A 2 r2(2) = 980 (2)9a2-2(2)), (2.1.46)
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where g4 is the SL(2;R) block
951 (2) = 2" 3 Fy(h b, 20, 2). (2.1.47)

Crossing equations like (2.1.44) impose highly non-trivial constraints on CFT data.
The agenda of the conformal bootstrap is to systematically exploit these constraints
in order to solve CFTs.

2.2 The numerical bootstrap

The numerical bootstrap non-perturbatively solves CFTs by exploiting the con-
straints on their correlation functions imposed by unitarity and the consistency of the
OPE, defining individual theories by symmetries and special features of their spec-
trum rather than via an explicit Lagrangian. In plain words, the conformal bootstrap
is the solution theory of crossing equations. Since exact solutions are usually out of
reach, various techniques to construct approximations to crossing symmetric correla-
tion functions were developed by the bootstrap community. These primal approaches
to crossing are reviewed in Section 2.2.1.

Primal techniques suffer from various issues. On the one hand, they typically come
with unknown errors that need to heuristically be estimated. On the other hand, they
do not allow for a systematic study of the whole solution space but only produce a
potentially biased selection of special points in it. In the semi-definite programming
based dual approach to crossing, these issues are solved by shifting the focus to
rigorous bounds on the space of all solutions. The dual approach to crossing is
reviewed in Section 2.2.2. Prior to the work presented in this thesis, dual approaches
were only available for four-point crossing equations. The final section of this chapter,
Section 2.2.3, motivates the need to push existing techniques beyond the status quo
and unlock the constraining power and CFT data of higher-point functions.

2.2.1 The primal approach to crossing

The most natural first impulse when encountering an interesting system of equations
is to construct simple examples of explicit solutions. If successful, this almost al-
ways provides valuable insights that can guide the development of a general solution
theory and methods to study more generic situations where a fully explicit solution
is out of reach. The crossing equation is no exception to this general rule. In this
section, we trace back the bootstrap to its origin, the explicit solution of crossing for
analytically tractable 2d CF'Ts in the 80s and 90s. We then discuss various modern
primal approaches to crossing, which produce approximate CFT data by numerically
solving truncations of the equations in the generic case where the problem becomes
analytically intractable.
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Minimal models. After its formulation in the 70s [57, 58], the bootstrap dream
became reality with the solution of the minimal models in 1984 [155-157]. In these
2d CF'Ts, Virasoro symmetry combines infinitely many global conformal primaries
into larger conformal multiplets generated by Virasoro primaries. Rational theories,
such as the minimal models of Belavin, Polyakov and Zamolodchikov, only contain
finitely many of the latter. For example, the 2d Ising CFT, which is the M(4,3)
minimal model, has three Virasoro primaries, the identity 1, the energy operator e
and the spin 0. The conformal weights of these finitely many Virasoro primaries are
completely fixed by the representation-theoretical construction of minimal models as

_ _ 1 - 1
h1 = hﬂ = 0, ha‘ = h/o‘ = E and he = hc = 5 (221)

Furthermore, representation theory puts additional constraints on the OPE of min-
imal models that allow us to deduce that only a restricted subset of (the already
finite set) of all three-point correlators of Virasoro primaries is non-vanishing. In the
case of the Ising model, these fusion rules are

[e] x [e] = [1] [o] > [o] = [1]+[€] [o] > [e] = [o]. (2.2.2)

In this context, the crossing equations include only finitely many unknowns, the OPE
coefficients of the Virasoro primaries. For the Ising model, the fusion rules (2.2.2) in
fact tell us that there is only a single non-trivial OPE coefficient, C,,.. Since they
are equations of finitely many unknowns, the crossing relations of minimal models
can straightforwardly be solved to high numerical precision, and with some effort
even lead to exact analytic expressions, such as Cyye = % In this way, the bootstrap
exactly solves minimal models.

Beyond rational CFTs. The minimal models were an inspiring first success of
the bootstrap, which however relied heavily on the drastic simplifications that come
with rationality. In the 90s and early 2000s another important milestone was reached
when with Liouville theory [158, 159], and its conformal boundaries [160], the first
non-rational theories were successfully bootstrapped. However, these analytic results
again relied on 2d specific infinite conformal symmetry and on exploiting simplifica-
tions in the OPE that occur for degenerate representations of the Virasoro algebra
(“the Teschner trick”). Techniques to directly solve the crossing equation in theories
that only possess global conformal symmetry were not systematically developed un-
til the dual approach to crossing, which will be discussed in Section 2.2.2, led to a
revival of the bootstrap idea in the 2010s.

Gliozzi’s method. In general, crossing equations are analytically intractable func-
tional eqs. with infinitely many unknowns. As a concrete example, let us again focus
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on the four-point crossing equation (2.1.44) for a correlation function of identical real
scalars, which by singling out the known identity contribution can be formulated as

Foo(z,2) + Z CagFay(2,2)=0. (2.2.3)
AJ

This is a non-linear equation for the infinitely many pairs of unknown scaling di-
mensions and spins (A,.J), which however is linear in the squared OPE coefhi-

: _ 2
cients Ca,j = C¢¢0AJ.

in eq. (2.1.45). Dividing by Fyo and Taylor expanding around z = z = 1,
rewrite this functional equation as a system of one inhomogeneous equation

The kinematically fixed crossing vector Fa j(z,Zz) is given

we can

F,
- Y Cay 8,0(2%) -1 (2.2.4)
A Foo(z,2) 2=7=1/2
and infinitely many homogeneous equations
r _
= > Ca, 0007 M =0, for all (n,m) + (0,0). (2.2.5)
AJ FO’O(Z’Z) 2=2=1/2

In 2013, Gliozzi [161] proposed to numerically approach this problem by replacing the
infinite set of homogeneous constraints with the two-parameter family of truncated

equations
N .
> Ca, P (AL J;) =0, for j=1,..., M. (2.2.6)
i=1

Here, o, ....a) are M of the infinitely many homogeneous equations (2.2.5)

and 7 =1,..., N labels the operators of the truncated CFT spectrum. The strategy
proposed by Gliozzi is to focus on the overconstrained situation M > N and then
construct approximate solutions to crossing in two steps.

1. Determine an approximate spectrum by demanding that all N x N minors of
the M x N matrix (o) (A, J;));; vanish, see Figure 2.4a.>

2. Solve the truncated homogeneous equations (2.2.6) and the truncated inho-
mogeneous equation for the OPE coefficients, using the approximate spectrum
from step 1 as an input.

There is no a priori reason to expect that the approximate solutions to crossing
generated this way should give us meaningful estimates for the spectrum and OPE
coefficients of every (or even any) CFT. A direct comparison to known CFT data how-
ever provides good evidence that Gliozzi’s method is a feasible approach to various

SLater versions of the method used the less constrained and numerically more advantageous
approach of minimising the smallest singular value of the matrix [162, 163], see Figure 2.4b.
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Figure 2.4: Examples of Gliozzi bootstrap, taken from [162] (L.h.s.) and [163]
(r.hs.).

CFTs, including the 3d Ising CFT [161], various conformal defects and boundaries
[165, 166], and non-unitary CFTs such as the Lee-Yang edge singularity [161], self
avoiding random walks [167] and critical percolation [163]. The application to the
last three models is particularly important since the more reliable dual approach to
crossing, that is free from the uncontrolled errors that come with truncation, is only
available for unitary CFTs.

The five-point bootstrap. The main bottle-neck restricting how far Gliozzi’s
method can be pushed numerically is clearly our limited ability to solve the com-
plicated system of non-linear equations for the scaling dimensions in the first step
of the procedure. Once the spectrum is known, the second step, i.e. solving the
resulting linear equations for the OPE coefficients, is relatively straightforward. In
this sense, the ideal setup for truncation methods is a scenario where the spectrum
is already known and step one can be skipped. This situation arises naturally for
any CF'T whose four-point functions can be bootstrapped to high precision with the
dual approach to crossing.

Indeed, bootstrapping the four-point function of e.g. a scalar field ¢ can in the ideal
case give us full control over the ¢ x ¢ OPE, i.e. both the spectrum of operators
produced by fusing ¢ with itself and the associated OPE coefficients. This data
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already fixes all exchanges that can occur in the (pppopo) five-point function. The
(truncated) crossing equations of the latter are hence linear equations® whose only
unknowns are the OPE coefficients Co, 40, of ¢ with two operator O; € ¢ x ¢ from
the self OPE of ¢. This idea was implemented in a series of papers [90-92] that
successfully computed previously unknown 3d Ising OPE coefficients with reliable
heuristics for the error on this data originating from the truncation. The upshot of
this work is that

primal multi-point numerical bootstrap is a powerful complementary tool that helps
us to make the most out of the data obtained from dual four-point bootstrap.

By solving six-point crossing in the snow-flake channel, similar reasoning could con-
ceivably produce estimates for unknown OPE coefficients Cp, 0,0, of three generic
spinning operators of e.g. the 3d Ising model. While somewhat orthogonal to the
dual six-point bootstrap developed below, it would be interesting to, along those
lines, extend the primal five-point bootstrap to a primal six-point bootstrap.

2.2.2 The dual approach to crossing

The bootstrap renaissance of the 2010s was made possible by three important shifts
of paradigm away from the initial programme formulated by Polyakov [57]. First,
the modern bootstrap promotes the space of all unitary CF'Ts to the central object
of its analysis, aiming for a full classification rather than sporadically solving special
examples. Second, it achieves this goal not by approximately determining the set of
solutions to crossing, as in the primal approach, but by rigorously determining its
complement, hence deriving rigid bounds on CF'T data. Finally, it relies on numerical
tools to derive these bounds instead of analysing crossing eqs. analytically.

Rigorous bounds. The key realisation that is necessary to conclude that rigor-
ous bounds on CFT data can be numerically computed is that certificates for non-
existence of solutions to crossing can be produced with finite optimisation problems.
Thus, while the solution space itself is not directly approachable without trunca-
tions that render the problem finite, such as the Gliozzi method discussed in Section
2.2.1, its complement can be charted exactly without uncontrolled relaxations. To
make this idea more explicit, let us return to the crossing equation (2.2.3) of a scalar
four-point function (pppe). However, instead of truncating ¢ x ¢ to a finite set of
exhanged operators, let us this time make the weaker assumption ¢ x ¢ € S for some
still infinite set §. At the same time, let us again focus on a finite subset of the
equations obtained by Taylor expanding the crossing equation around z = z = 1/2,

5 A similar situation arises when we are interested in thermal correlation functions of CFTs for
which a large amount of spectral data is available. [168-170]
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Figure 2.5: Examples of bootstrap bounds in 1d, numerical bounds are shown as
black dots, the GFF CFT data is plotted in red. Images taken from Reference [171].

e.g.

F()(’Té’m) n Z CA,JFX?}m) =0, for all n+m < A, (2.2.7)
(A,J)eS

where we introduced the notation
B = 0007 Fia (%) ey (2.28)

Crucially, the OPE coefficients Cyso that enter eq. (2.2.7) are real numbers in a
unitary CEFT. Hence their squares Cx ; = Cﬁ 40, , are non-negative. Thus, if we
manage to find coefficients ¢, ,,,) such that

> CmFyp™ =1 and > P 20 V(A D) eS,  (2.2.9)

n+ms<A n+ms<A

then we obtain the contradiction

0= Z C(n,m)FO(j(L)’m) + Z OA,J Z C(nym)Fifbj]m) > Z C(n,m) Fo(’novm) =1.

n+m<A (A, J)eS n+ms<A n+m<A

(2.2.10)

In this case, we can exclude the existence of a unitary CFT that satisfies ¢ x ¢ € S.
Choosing different types of sets S allows us to answer a range of different questions
about the space of unitary CFT's via the bootstrap.

To give a simple and concrete example, let us focus on the one-dimensional case,
where primary operators are only labelled by their scaling dimension (and the cross-
ing equation furthermore depends on only a single cross-ratio z). A natural question
to ask in this context is: Given the scaling dimension A4 of an operator charged
under a Zs, symmetry, what is the biggest possible value A;{Z(A(ﬁ) for the dimension
Ay of the lightest non-trivial operator appearing in the ¢ x ¢ OPE? To answer this
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question via the bootstrap, our choice for the superset S of ¢ x ¢ should be the union
of the identity contribution {0} and the interval [A 2, co[. At each derivative order
A, there is a minimal value A;2(A¢) A for which we can derive a contradiction to
crossing as in eq. (2.2.10). Truncating the analysis to a finite set of constraints gives
up some constraining power. Thus the bound obtained at a given A might not be
optimal. Crucially, this however does not change the fact that it is a rigorous bound.
Moreover, increasing the number of constraints that we consider can only improve
the bounds. Hence, the procedure is monotonic in A i.e.

A% (Ag) < A5 (Ap)a < A% (Ag)x VA > A. (2.2.11)

We can thus systematically compute successively stronger bounds, which in the par-
ticular example at hand converge to

AGa(Ag) < lim A% (Ag)y =280+ 1. (2.2.12)

On the other hand, the Generalised Free Fermion (GFF) is a concrete family of
theories with Ay = 2A, + 1, which also implies that 2A4 + 1 is a lower bound on
AZQ(AQQ ThUS,

Aja(Dg) =206 + 1. (2.2.13)

This was conjectured in [171] based on the numerical data shown in Fig. 2.5a and
later proven by analytically constructing the optimal (infinite derivative order) bound
[172].

Via a slight generalisation of the setup, the bootstrap can also provide bounds on
the OPE coefficients. Indeed, if we manage to find coefficients ¢, ,, such that

> chamFYTY =1 and Y cpum PR 200 V(A J) e S\{(0,0)}, (2.2.14)

n+ms<A n+ms<A

then this implies the upper bound

_ (n,m) (n,m) (n,m)
Cauge == Z Cnm)Foo ™ = Z C(nM)CA,JFA,J <- Z Cnm)Foo

n+ms<A n+ms<A n+ms<A

(2.2.15)

Likewise, flipping the sign of the contribution of (A,, J.) and hence imposing

> A = -1, (2.2.16)

n+ms<A

we can derive the lower bound

CA*,J*: Z C(n,m)Fo(,T(;m)"' Z C(an)CA7JF£T7L:]m)2 Z C(n,m)Fg(7%7m)- (2.2.17)

n+ms<A n+ms<A n+ms<A
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As an example, consider the task of bounding the OPE coefficient Cyyg42 for a given
value of Ay and Ay in the gap maximisation problem discussed above. Deriving
a lower bound is, in this particular situation, not possible since normalising the ¢?
contribution to -1 is inconsistent with demanding positivity on the range A > A 2.
An upper bound, however, can be obtained. For A, =2A4 +1 it is again saturated
by the GFF value.

Semi-definite programming. In the previous paragraph we have seen that spe-
cial linear combinations of four-point crossing equations can provide rigorous bounds
on CFT data. We however have not addressed the question of how to find these lin-
ear combinations. Numerically, the task of constructing an (optimal) bound is a
Semi-Definite Programme (SDP).

Recall that an SDP is a convex optimisation problem in N variables y € RV con-
strained by a system of linear equations as well as semi-definite constraints

N
Y YoM =0 Viel, (2.2.18)
a=1

with the objective to maximise the scalar product c-y of y with some target vector
c € RN. Here, for each ¢ in the index set I, the set {M} ... MN} is a collection
of real symmetric matrices. If the constraints have no solution, we formally set
the objective to minus infinity. SDP is not a one-size-fits-all problem and a large
number of solvers based on various algorithms that each have their own benefits and
restrictions is available. The most important solvers in the context of conformal
bootstrap are the general purpose algorithm SDPA [173], which was especially used in
the pre 2015/16 early stages of the bootstrap, and the more recent SDPB [75], which
was specifically designed to solve the extremely ill conditioned SDPs relevant for
bootstrap. The advantages and disadvantages of both solvers play a central role in
Chapter 3, which presents an SDPA implementation of the six-point bootstrap, and
Chapter 4, in which SDPB is used instead. For more details, we refer the reader to
these chapters.

The gap maximisation problems discussed below eq. (2.2.9) are SDPs involving only
constraint matrices of size one”. In the notation introduced above, they correspond
to

I ’57 Yo <> C(n,m) Mia ~ (Férfj]m)) (2219)

further constrained by the linear equation

3 c(n,m)Féjgvm) -1 (2.2.20)

n+ms<A

"This special case of SDP is also known as linear programming.
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The specific value of the objective is irrelevant to us in this case and we can pick
any ¢ we like. The relevant question is only whether a feasible y exists, i.e. whether
the objective is finite. In OPE maximisation and minimisation problems on the
other hand, the optimal objective value is precisely the optimal bound on the OPE
coefficient and c is a list of actions of derivative functionals on the identity crossing
vector (with an appropriately chosen sign).

An important issue with the SDP (2.2.19) is that the index set S of the semi-definite
constraints is infinite. In this form, the problem cannot directly be implemented on
a finite computer. The two main strategies to deal with this obstruction are

1. Discretisation. In the first bootstrap studies, the set S of constraints was simply

truncated to a finite subset S. If S is not chosen sufficiently large, this can
lead to an overestimate, which will converge to the weaker true bound as S is
increased. Nonetheless it is still possible to obtain fully rigorous bounds from
discretisation. This however requires the additional step of proving on a case
by case basis that the solution obtained for some large but finite S already
satisfies the full set of constraints associated to S.

2. Polynomial approximation. In Reference [74] a more refined version of the boot-

strap was suggested, which instead of discretising the spectrum approximates
the constraints by polynomials of A. The question of whether a polynomial
is positive on a certain interval can be answered without truncations by con-
structing sum of square decompositions using semi-definite programming, see
Section 3.C for more details. This approach essentially leads to a reformulation
of the continuum of 1 x 1 positivity constraints related by choosing different
values for the exchanged scaling dimension in eq. (2.2.19) in terms of positivity
constraints on larger matrices, whose entries however no longer depend on A.

In later chapters, we will encounter the same issue for the six-point bootstrap. The
first implementation, discussed in Chapter 3 will take a discretisation approach. The
improved procedure presented in Chapter 4 then adapts polynomial SDP, with the
special feature that in the six-point case this step does not require any approxima-
tions. Instead, the six-point SDP is, in a suitable formulation, exactly polynomial.

Mixed correlator bootstrap. More involved SDPs, whose constraints have a
non-trivial matrix structure even before introducing polynomial approximations,
arise in the mixed correlator bootstrap i.e. the simultaneous study of systems of
multiple crossing equations. Reference [74], which introduced polynomial SDP to
the bootstrap, was also the first mixed correlator study, focussing particularly on
the {{(coo0o),(ooee), (eeee)} system. The basic strategy is to combine the crossing



2.2. THE NUMERICAL BOOTSTRAP 95

equations

(n1,m1)

Fleian Creaar =0 (2.2.21)

(n1,m1)

+ Z C[e,e] AT

[€,€,6,€],0,0
(A,J)eSeven
F[(;fr::i%,o,o + Z C’[O’,O’]7A,JF[(O7.T2.::§%,A’JC’[0'7O':|,A7J =0 (2222)
(AvJ)ESeven

of the (cooo) and (eeee) four-point functions and the crossing equation

(n3,m3) (n3,ms3)
F[e,j,o’,;],o,o + a J)ZS 0[676]?A JG e,i,a g] A,JC[Uvo']rAvJ

t Y CleoladGlir o Clesag =0 (2.2.23)
(A,J)eS0aq
of (eeoo) into the equation
~(ns,ms)

+ Z O[Eva]’Av‘]G[E,E,U,U],A,JC[QU]?A#]
(A,J)eSoaa

(n1,m1) G(n3,m3)AJ C[ ™
+ Y (Creqas Cloopad) (G<[£;f;2’3’°’° Groma & )(C[G’G’ ’ ) (2.2.24)

(A, J)eSeven le,e,0,0],A,0 ~ [o,0,0,0],A,J 0,0],A,J

_ (n1,ma) (n2,m2) (n3,m3)
0 _F[€7E7676]7070 F[o-7o-70.70.]7070 F[6767O.7U]7070

We leave the indices n; and m; independent of each other, and allow for an inde-
pendent scaling of the three components of this equation with arbitrary constants,
such that no information of the initial system of three equations is lost. Bounds can
be derived by making the 2 x 2 matrix appearing in the second line of the equation
and linear combinations of derivatives of G positive independently. Clearly, this pro-
cedure has the advantage of making accessible the ¢ x ¢ OPE data, which is out of
reach for the positivity based approach to four-point functions of identical operators.
Perhaps surprisingly, the inclusion of (coee) can furthermore even strengthen bounds
on the 0 x o and € x € data. At first glance, this might be counter intuitive since the
inclusion of the off diagonal contributions to the 2 x2 matrix can only make it harder
to find a feasible solution to the semi-definite constraints: Nontrivial off-diagonal
matrix elements strengthen the constraints imposed on the diagonal elements and
hence should weaken the bounds on solutions to (cooo) and (eeee) crossing. How-
ever, this effect is compensated by the extra freedom which the inclusion of the
off-diagonal terms introduces in the linear normalisation constraint. Indeed, while a
pure {{cooc), (eeee)} bootstrap would impose the normalisation constraint

— (1) (n1,m1) (2) (n2,m2)
1= Z c(m,ml)F[e,e,e,e],O,O + Z (nz,mQ)F[a'yo'7o-7o-]70’O (2.2.25)
ni+mi<A nao+mo<A

which in particular requires the identity contribution from at least one of the two
four-point functions to be positive, the {{cooc), (ooee), (eeee)} bootstrap imposes

-y D) (nl,m1) 43 Ne) (nz,mz> 5y B3 pnams) (2.2.26)

(nl,ml) [e,€,€,€] (ng,mg) [o,0,0,0],0,0 (ng,mg) [e,€,0,0],0,0°
ni+mi<A n2+m2< n3+m3<

which for instance also allows for a negative contribution from both (cooo) and
(eeee).
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Figure 2.6: The 3d Ising kink and island.

Solving the 3d Ising model. The mixed correlator four-point bootstrap made a
vast amount of previously unknown CFT data accessible and taught us invaluable
lessons about the space of unitary conformal field theories. The general flavour of
these results is best exhibited by focusing on one specific representative bootstrap
target. Arguably, the canonical choice for this is the 3d Ising model. For a more
general overview of bootstrap bounds on other CFTs, the reader is referred to the
reviews [70, 71].

The bounds, shown in Fig. 2.5, that we discussed above, were essentially linear
functions without any special features. Compared to other bootstrap bounds, this
behaviour is rather the exception than the rule. In general the bounds of the confor-
mal bootstrap tend to have a lot of structure and sharp features which distinguish
special points in theory space. These often, but not always, correspond to physically
interesting models. The most iconic example for this observation is the Ising kink
shown in Fig. 2.6a. This bound was obtained by bootstrapping the four-point cor-
relator (cooo) of the lowest lying Zs odd scalar in a 3d CFT. The location of its
prominent kink agrees well with Monte Carlo estimates of 3d Ising CFT data. This
suggests that determining the position of the kink in the plot, provides a new way
to compute the scaling dimensions A, and A.. The conclusion that the bootstrap
can therefore not only teach us general lessons about the qualitative shape of theory
space, but instead could be a new computational tool to non-perturbatively solve
CFTs had dramatic impact on the CFT community and significantly boosted the
development of this programme.

Importantly, the bootstrap managed to keep the promise that the Ising kink is not
just a curious observation but rather a foothold that can be expanded to a systematic
method to solve the theory. With the implementation of the mixed-correlator o-¢
bootstrap, Reference [74] managed to isolate the 3d Ising model on the small island
shown in Fig. 2.6b. With this significant step, the bootstrap was promoted from a
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Figure 2.7: The o-e-T-mixed-correlator island of [78], currently most precise and
extensive source of 3d Ising CFT data.

heuristic method to estimate 3d Ising data by determining the position of special
features in plots like Fig. 2.6a to a method to compute this data with rigorous
error bars. Note that Figure 2.6b, in addition to the Ising island, also contains
a larger allowed region to the right. This region is typically referred to as “the
continent”. Shrinking the continent to be able to conclude that the island contains all
3d CFTs with only one relevant neutral scalar and one relevant scalar charged under
a global Zy symmetry (or showing that this is not possible by identifying a currently
unknown CFT in the continent) is an important open problem. If successful, and
complemented by a proof that the 3d Ising island is really just a 3d Ising point
whose finite size is a numerical artifact, the exclusion of the continent would provide
a full bootstrap explanation of 3d Ising universality. For further comments on this
uniqueness problem see Ref. [11].

In the years that followed the publication of [74], the numerical method was system-
atically improved to allow for higher derivative order bootstrap and larger mixed-
correlator systems. Consequently, the size of the Ising island is a strictly mono-
tonically decreasing function of time, which by now has shrunk to the impressive
status shown in Figure 2.7. The lesson from 3d Ising seems to be that, given enough
computational power to arbitrarily increase the size of mixed-correlator systems, the
bootstrap might be able to access any CFT data to any desired degree of precision.
So are we essentially done? In a world of bounded resources, where the four-point
approach will always be limited to a finite fraction of the full constraining power of
crossing, the answer to this question is clearly: no.
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2.2.3 The six-point bootstrap

In Section 2.2.1, we have seen that solving truncations of the crossing equations of
five-point functions gives access to an, in principle, infinite amount of OPE coeffi-
cients that is not contained in any finite system of four-point functions. What can
be gained if we not only use higher point functions to access the CFT data of in-
finitely many four-point functions, but also the constraining power of their crossing
equations via semi-definite programming?

We end this chapter with two paragraphs that provide complementary qualitative
answers to the question above, before then beginning to quantitatively answer with
concrete six-point bootstrap bounds in Chapter 3.

New observables for the bootstrap. Through the crossing relations of six-point
functions, one can naturally answer questions on triple OPEs just as the bootstrap
analysis of four-point functions allows us to answer questions on the fusion of pairs of
operators. Let us make this more precise by considering the example of correlation
functions of a scalar field ¢ in an arbitrary (unitary) CFT. The OPE of two copies
of ¢ takes the form

O(x1)P(x2) ~ Y. Fppo(x1,22)O0(x2), (2.2.27)
Oepxd

where the function Fys0(x1,22) is kinematically fixed up to an overall normalisation
constant, namely the OPE coefficient Cys0. By studying crossing of the (ppoo)
four-point function, the numerical bootstrap can answer a large range of questions
on the fields O € ¢ x ¢, putting bounds on the scaling dimensions Ap and the OPE
coefficients Cyg0. Consider now the triple OPE

d(x1)d(x2)Pp(3) ~ Z Fopso (1,22, 23)O0(x3). (2.2.28)
Oepxpx

In this case, conformal symmetry of course still constrains Fyspo (21,22, x3). How-
ever, the kinematic constraints are not strong enough to completely fix the functional
form of Fyss0. Just as crossing symmetry of the four-point function is a dynamical
input that allows the numerical bootstrap to answer questions about the ¢ x ¢ OPE,
crossing equations of the six-point function (¢dpppe) enable the bootstrap to an-
swer questions on the ¢ x ¢ x ¢ triple OPE, putting bounds on the dimensions Ap
of the operators O € ¢ x ¢ x ¢ as well as on the values of the function Fyss0 and its
derivatives 8.

8Note that, in principle, all data encoded in the triple OPE should also be accessible through
four-point functions. More concretely, it is conceivable that the bounds that we can obtain through
the six-point bootstrap could in some way also be determined by studying an (infinitely) large mixed
correlator system of four-point functions involving correlation functions of the type (O¢ppO’) with
0,0 € ¢ x ¢. However, it seems unclear how such an alternative approach would be implemented
in practice.
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In this way, the six-point bootstrap allows us to explore qualitatively new features of
theory space that involve the OPE of pairs and triples of operators and the interplay
between these. Concrete examples of qualitatively new bootstrap problems that
cannot directly be probed with finite mixed-correlator four-point systems are solved
with the six-point bootstrap in both Chapter 3 and Chapter 4.

Better bounds for old problems. In Section 2.2.2 we discussed how the numeri-
cal bootstrap of the 3d Ising model is at its core a quest of making increasing subsets
of the constraints which crossing imposes on CFT data serviceable to the compu-
tation of bounds. However, no matter how much we improve our algorithms, there
will always be some upper limit on how many four-point crossing equations we can
include in our mixed-correlator studies. It is hence imperative to carefully consider
all available options and make an informed decision which constraints to include to
make the most of the available computational resources. In particular, it may in some
cases be beneficial to directly include infinitely many four-point crossing equations
encoded in a single higher-point correlator instead of enlarging the bootstrap SDP by
a finite number of additional four-point correlators. As Chapter 6 discusses in more
detail, this idea could so far not be adequately explored since an appropriate way to
combine the four- and six-point correlator into an extended mixed correlator system
was missing. However, with the proposal made in Chapter 6, it will be possible to
finally approach this problem in the near future and systematically investigate how
much the inclusion of the six-point function can strengthen previously known bounds
of the four-point bootstrap.
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Chapter 3

Lining up a positive semi-definite
six-point bootstrap

— Existence of six-point bounds.

We ended the previous chapter on the conclusion that extending the traditional
mixed correlator four-point bootstrap to a multi-point set-up constitutes a quali-
tatively novel and promising leap ahead. A main argument in that discussion was
that multi-point bootstrap naturally combines the constraints from infinitely many
four-point crossing equations. While this is true for any number N > 4 of external
points, the positivity features that are vital for a controlled SDP based numerical
bootstrap require N to be even, making N = 6 the simplest example. Indeed, as
we schematically depict in Figure 3.1 for the relevant case of N =6, the insertion of
conformal projectors allows us to decompose any 2k-point function into a manifestly
positive sum of squares of (k + 1)-point correlators.

P(x3) ¢(x4)

\ Os Oy /
e : o(x5) > ()

¢(x1) ¢(x6)

Figure 3.1: Schematic representation of reflection positivity in the decomposition of
a six-point function into four-point correlators. The sets {1, zo, x5} and {x4, x5, 26}
of insertion points are assumed to be related by a reflection.

This chapter takes the first step towards concretely implementing the numerical
multi-point bootstrap programme. It contains a formulation of the SDP dual to six-

61
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point crossing and a detailed description of an implementation that produces first
bounds. To make progress, we take advantage of the technical simplifications that
come with the restriction to one dimensional kinematics. While this step eliminates
some of the constraining power that considering crossing in general kinematics would
offer, most of the richness and structure of the higher-dimensional case is preserved:
As we will show below, we are still solving the bootstrap for an infinite number of
four-point functions! Furthermore, inherently one-dimensional conformal theories
are interesting physical models on their own. They arise e.g. in the description
of conformal boundaries in CFTy, “holographic” modes of QFT in AdS, [60] and
line defects of general higher dimensional theories. In all these examples, the six-
point bootstrap presented in this chapter can provide qualitative new results and
potentially improve the old four-point bounds which notoriously struggle to isolate
theories in one dimension, brining more structure to 1d bounds such as 2.5.

Outline. Before we end this introduction, let us summarise the main results of
the chapter and line out its overall structure. Section 3.1, reviews the kinemat-
ics and OPE structure of one-dimensional six-point functions and shows how the
comb-channel crossing equation naturally leads to an SDP. We move on to find a re-
formulation of this SDP, which we dub the descendant-space SDP, that only requires
differential relations between conformal blocks instead of their explicit evaluations
as kinematical input. Instead of performing a full decomposition into three-point
coefficients, the descendant-space SDP emerges from expressing the six-point func-
tion in terms of products of four-point functions (as in Figure 3.1). This approach
turns out to be crucial in establishing a robust numerical algorithm. Section 3.1 also
discusses important necessary conditions for the positivity of six-point bootstrap
functionals, related to the asymptotics at large scaling dimension. Imposing these
additional constraints is a vital aspect of the numerical procedure which guarantees
the convergence of the algorithm used in this chapter.

Section 3.2 applies the six-point bootstrap to the toy problem of maximising the
gap in a correlation function where no identity operator is exchanged in the OPE
of two external scalars. After some simple but illustrative analytical bounds, we
develop a numerical truncation scheme which can be fed to SDPA, and then show
how to rigorously confirm the positivity of the functionals obtained numerically.
Our numerical results for the gap maximisation without identity are presented in
Subsection 3.2.2. These corroborate and reinforce our analytical expectation: The
obtained numerical bound appears to be saturated by a simple crossing symmetric
function for which the gap is given by 9/5 of the external dimension, see Figure 3.7.

With the numerical machinery in place, the final Section 3.3 studies a simple but
more realistic class of examples in which the identity field does appear in the OPE of
two external scalars ¢. The section starts by lining out how to constrain triple-twist



3.1. SIX-POINT CROSSING EQUATION IN THE COMB-CHANNEL 63

data in a rather general setup, assuming that we have solved or bootstrapped the
four-point function of the scalar ¢. This programme is then carried out concretely
in two examples. First, we take as an input the four-point function of a generalised
free fermion (GFF) of dimension A, and bound the gap of the six-point function.
We find a bound which approaches 3A, +3: the leading triple-twist operator for the
GFF theory, see Figure 3.9. Then, we consider the same problem with the four-point
function of a generalised free boson (GFB) as input. Surprisingly, the resulting bound
on the conformal dimension of the leading triple-twist operator seems to approach
a value strictly above 3A,, the leading triple-twist operator of GFB (Figure 3.10).
We explain this result in terms of a perturbative deformation of GFB: A ®6 contact
interaction in AdS,, which can increase the six-point gap without altering the four-
point function. A similar interpretation for the GFF result suggests a sign constraint
on the leading fermionic sextic coupling. The section ends with a discussion on
OPE-coefficient maximisation as well as bounds on full four-point correlators. As a
concrete example, we provide a numerical bound on the GFF four-point function of
three v insertions and the lowest lying triple-twist operator (Figure 3.11).

Some technical aspects of the numerical implementation as well as auxiliary analytical
results are relegated to several appendices.

3.1 Six-point Crossing Equation in the Comb-Channel

The goal of this section is to set up an infinite dimensional semi-definite program
(SDP) dual to a crossing equation of a six-point function in the comb-channel ex-
pansion. We begin by reviewing the kinematics and basic properties of six-point
functions and their conformal block expansions in Subsection 3.1.1. An associated
crossing equation is then spelled out in Subsection 3.1.2 and it is analysed by rewrit-
ing it in terms of an infinite matrix whose rows and columns are labelled by the
primaries exchanged in the OPE of two external operators. While this perspective
is close to the established multi-correlator four-point bootstrap, we shall argue that
it is preferable to pass to a different, yet equivalent, formulation. As explained in
Subsection 3.1.3, the rows and columns of the matrices occurring in our second for-
mulation are labelled by descendants of the operators exchanged in the OPE of three
external operators. In Subsection 3.1.4, we establish asymptotic properties of these
new matrices which will be of key importance in the construction of positive definite
combinations in the subsequent sections. In the final Subsection 3.1.5, we present
some conceptual remarks that provide a broader perspective on our new approach
to six-point bootstrap. While Subsections 3.1.1 to 3.1.4 lay out the foundation for
the rest of this work, Subsection 3.1.5 can safely be skipped on a first reading.
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3.1.1 Kinematics and conventions

The protagonist of this paper is a six-point function of identical scalar operators
¢(z;) with scaling dimension Ay. All fields are inserted at points z; € R on the line
with the ordering prescription x; < x;,1. Their six-point function is denoted by

G(@1, ..., 76) = (D(21)P(w2)d(w3)P(x4) P(5) P (6)) - (3.1.1)

In one dimension, four-point functions are parameterised by a single cross-ratio, and
each extra point adds a single subsequent degree of freedom. Thus, the correlator G
is effectively a function of three variables, which we choose to be

L1234 T23T45 T34T56
Xl = ) 2 = ) 3= ) (312)
T13T24 L2435 X35T46

and z;; = x;—x;. With the specified ordering of operators on the line, the cross-ratios
satisfy 0 < x; < 1. For covariance under conformal transformations, the correlator
must be the product of a conformally invariant function of the cross-ratios with an
appropriate dimensionful prefactor £, referred to as the leg factor,

g(l’l,...,l'f;) =£([Ei)g(X1,X2,X3). (313)

By abuse of notation, we use the same letter G to denote both the entire correlator
and the associated invariant function of cross-ratios. For the leg factor we adopt the
same choice as in [174],

-Ay —2A, —-2A, —2A
£(xi):X2 ¢:L'12 ¢$34 ¢5U56 ¢, (3.1.4)

Six-point correlators admit different conformal block decompositions which depend
on the order in which the OPEs are performed. There are two channel topologies,
snowflake and comb, which each give rise to several possible channels. For example,
taking the OPEs in disjoint pairs, as indicated by the brackets on the left hand side
of equation (3.1.5), leads to the snowflake expansion

((6102)(¢304)(8506)) = L(x:) D" Cp60,Cap0,C00.Co,0,0. G a N, (Xi)

0a,0,0¢

(3.1.5)
Here, we used the shorthand notation ¢; = ¢(z;). On the right hand side, we in-
troduced the OPE coefficients C, and the conformal blocks Ga, a, a.(Xi), whose
topology and channel is identified by the superscript, in this case the 12,34,56
snowflake-channel. We note that the theory dependent data in eq. (3.1.5) contains
the three-point functions (0,0,0.) for any triple of operators that can appear in
the OPE of two external scalars ¢ along with three OPE coefficients that appear in
the block expansion of the four-point function already. This makes the snowflake-
channel an interesting one, especially for higher dimensional theories where is gives



3.1. SIX-POINT CROSSING EQUATION IN THE COMB-CHANNEL 65

access to OPE coefficients of three fields in STT representations, as discussed in the
introduction. On the other hand, the snowflake-channel does not have the positivity
features that are needed for the numerical conformal bootstrap.

In order to develop our positive semi-definite six-point bootstrap program, we shall
therefore focus on the comb-topology. One particular conformal block expansion
with comb-topology is given by

(((D162)83) (Da(D506)) = L(:) Y. Cop0,C0160:C02005C605 G mn, (Xi)

01,02,03

(3.1.6)
where we distinguish the comb from the snowflake through the superscript with a
single comma separating two ordered triplets 123,456. To specify a channel, one
has to fix the order in which the OPEs in each triplet are performed, as we did
on the left hand side of the previous equation. In our notation for blocks this is
achieved by paying attention to the order of the fields in each of the triplets. For the
expansion at hand, the superscript 123,456 encodes the OPE channel ((12)3)(4(56))
whereas a superscript 132,456 would label the channel ((13)2)(4(56)), to give just
one example.

Let us note that comb-channel expansion (3.1.6) includes two pairs of OPE coefhi-
cients. The OPE coefficients of the first pair arise from the OPE of two external
scalars. These coefficients can be studied within the four-point bootstrap. In ad-
dition, we now have a pair of new OPE coefficients in which (only) one field is an
external scalar. While this is not as generic as the new OPE coefficient we saw in the
snowflake expansion above, the pairwise structure of OPE coefficients in the comb
topology is the feature that enables us to set up a positive semi-definite bootstrap.

There is one important aspect of the new OPE coefficients in the comb-channel that
we must pay some attention to, namely their dependence on ordering. The OPE
of two identical scalars ¢ only contains parity even fields and hence the order of
operators is irrelevant for the OPE coefficients Cy0, that appear in the snowflake
and the comb-channel. The same is actually true for the OPE coefficients Co,0,0.
that appear with the central vertex in the snowflake-channel for six identical external
fields. Things are different for the OPE coefficients Cp, 40, With a single external
field ¢. In this case both parity even and parity odd fields can appear in the operator
product. Parity is the one-dimensional avatar of spin and leads to subtle minus signs
in correlators, see for example [175]. On the level of OPE coefficients, these signs
arise upon reordering of the fields as

0123 = (—1)01230321 , 01923 = Pl + PQ + P3 mod 2. (317)

Here, P; denotes the parity of the i** operator with the convention that P = 0 for
even and P =1 for odd operators.
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Having discussed at length the OPE coefficients in the expansions (3.1.5) and (3.1.6),
we also briefly want to comment on the conformal blocks. While in general space-
time dimensions the physically relevant case where multiple spinning operators are
exchanged is still not understood in full generality.! in one dimension there are
drastic simplifications due to the kinematics and the absence of spin. Indeed, [174]
provided closed form expressions in the form of multi-variable hypergeometric series
expansions for all 1d conformal blocks of comb-topology. In the six-point case with
identical external operators, we have

A, AL+ Ay — Ay, Ao+ Ag— Ay, A
G123,456 ;) = A1 Ag AgF 1,21 2 ¢y 2 3 ¢y =3,
A (X) X1 X2 X3 K 2A1,2A2,2A3 X1, X2, X3 »
(3.1.8)
where the comb-function F is defined through the triple series
ar, by, ba, az & (a1)ny (01) gm0 (02) ngins (@2)ns X1 X572 X5
F | 7 X xe X3 | = Dy o S oL 2220 (319
Kl C1,C2,C3 bz Xsl n;O (Cl)nl(CZ)ng(C3)n3 ni! ny! ng! ( )

These functions have power law behaviour in each of the y; variables, making the
identification of the dimensions of exchanged operators Oy, Oy, O3 straightforward.

3.1.2 The crossing equation and positive semi-definiteness

This subsection describes the comb-topology crossing equations and derives an SDP
dual to them. More concretely, we shall argue that crossing symmetry allows us
to construct families of symmetric bilinear forms BY (defined in eq. (3.1.21)) with
respect to which certain vectors of OPE coefficients (defined in eq. (3.1.14)) are
null. This statement is concisely captured by the main equation of this subsection,
namely eq. (3.1.23). It also has an obvious SDP dual: The task of constructing
positive definite linear combinations of said bilinear forms to rule out the existence
of solutions to the crossing equations.

In one dimension, it is natural to consider OPE channels that share the same cyclic
ordering of points to derive crossing equations. All permutations that preserve cyclic
ordering are generated single cycle permutation that shifts x; - z;,; with the periodic
identification x7 = x1. The associated crossing equation that relates comb-channel
expansions 123,456 = ((12)3)(4(56) and 234,561 = ((23)4)(5(61)) is depicted graph-
ically in Figure 3.2. The corresponding conformal blocks are related by

£(«Ti)G2347561(Xj(xi)) = ﬁ(Iz’+1)G123’456(Xj (zi1)) - (3.1.10)

Here, L(z;) is the leg factor we defined by eq. (3.1.4) and the superscripts in our
notation of the comb-channel blocks follow the conventions we introduced after eq.
(3.1.6).

1See however [139-142, 176-180] for recent progress in this direction.
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Figure 3.2: The OPE diagram for the crossing of six-point comb-channel expan-
sions.

Upon the cyclic shift x; - x;,1, the cross ratios we introduced in eq. (3.1.2) behave
as

X (i) = Xja1 (@) (3.1.11)

for j =1,2,3, provided we introduce y, as

+ X2+ X3— -1
X4(x1) = X3(xi+1) _ X1t X2+ X3~ X1X3 . (3112)
X1+x2—1
In order to write down the crossing equation we depicted in Figure (3.2), we shall
introduce a shorthand for the ratio of leg factors on the two sides of the crossing

equation,

Q(x;)

L(zi11) _ ( XIX2X3 )A¢ (3.1.13)
L(x;) (X1+Xx2+x3-x1x3—1)2 ' o

Note that, by construction of the leg factors, the ratio Q(x;) depends on the in-
sertion points x; only through the cross ratios x;, but we will henceforth omit this

dependence. It will also be convenient to abbreviate products of OPE coefficients as

Cor = C60,Co,00: - (3.1.14)

In applications to our crossing equation, the index j assumes the values j = 1,3.
After this preparation, the crossing equation under consideration can be written in

the form
01 ~123,456 03 _ 01 ~123,456 O3
Z 0(92 GAl,AQ,Ag,(XlaXZaX:s)Coz = Z QC(92 GALAZ,A3 (X27X37X4)O(92 :
01,02,03 01,02,03

(3.1.15)
The weights A; that label the conformal blocks in eq. (3.1.15) are the conformal
weights of the operators O; that are summed over. Before we rewrite the cross-
ing equation in the standard form of the numerical conformal bootstrap, we shall
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introduce the so-called crossing vector as

FAl,AQ,A3 (X1, X2, X3) = Glﬁi’ii?m(Xl, X2,X3) = QGlﬁiﬂﬁjA?’(Xz, X3, X4) - (3.1.16)

This allows us to bring eq. (3.1.15) into the following very concise form

Z Og;FA17A27A3(X17X27X3)C((9923 =0. (3117)
01,02,03

Writing the crossing equation in this way makes manifest that it can be seen as a sum
of matrices labelled by Ay, which are contracted with two copies of the vector Co, =
(082 )o whose components are labelled by primaries O that appear in the OPE of two
external scalars ¢. Since we are contracting the crossing vector Fa, a, as(X1, X2, X3)
with a symmetric tensor, we can symmetrise with respect to the indices A; and Aj
to deduce

Z( > Cg;FA1A2A3(X17X27X3)08§) =0 (3.1.18)
Oz \0103

In passing from equation (3.1.17) to the new crossing equation (3.1.18), we have
introduced the symmetrised crossing vector F' as

FA17A27A3 = FAl,Ag,Ag + FA3,A2,A1- (3119)

The symmetrization proceedure we applied in order to get to the crossing equation
(3.1.18) can also be understood as the result of adding a second crossing equation to
the original one that was given in eq. (3.1.15). The second equation we need to add
is obtained from the first one by exchanging A; and As. Hence, our symmetrisa-
tion boils down to adding the crossing equation for the comb-channels 654,123 and
543,216.

Following the usual lore of the numerical conformal bootstrap, we do not directly
study eq. (3.1.18) as a functional equation for arbitrary y;. Instead, we choose
some finite set of linear functionals {ak}kle acting on the crossing vector F'. These
functionals then allow us to focus on the finite subset

Z( D ngak(FAlAQAS)ng):O, k=1,...,N,, (3.1.20)
O2 \0103

of the a priori infinitely many constraints imposed by the crossing equation (3.1.18).
An obvious candidate for the choice of functionals « is to apply differential operators
D, in the three cross-ratios and to evaluate the result for some fixed kinematics 2.
The canonical prescription for the evaluation is the crossing symmetric point which
is x; = 1/3 in our case. We shall adopt these choices throughout the rest of the work.

2See however [181, 182] for recent usage of other classes of functionals in the numerical bootstrap.
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Thanks to the symmetrisation procedure above, we can now define a family of sym-
metric bilinear forms { BY e . The arguments of these forms are vectors C = (C9)e
whose components are labelled by the primary fields O that appear in the OPE of
two external scalars ¢. Given any two such vectors C, and Cpg, the bilinear forms
are introduced as

BX (Cp,Cr) =Y CP ap(Fa,an,)C5° (3.1.21)
0,03
for all Ay and k =1,...,N,. In other words, the bilinear forms BZQ can simply

be thought of as matrices whose rows and columns are labelled by the operators
exchanged in the ¢ x ¢ OPE, namely

(BZQ)ALA:; = ak(FAlAQAg) . (3122)
With this definition, our crossing equation (3.1.20) finally takes the advocated form
> Bi,(Co,,Co,) =0, k=1,...,Na. (3.1.23)

O2

Equation (3.1.23) is the starting point of the SDP based six-point bootstrap: As in
the four-point bootstrap, the existence of positive definite linear combinations of the
bilinear forms B* puts rigorous constraints on the spectra of CEFTs. For example, if
one can find numerical coefficients ¢,k =1,..., N,, such that

Y Bk, >0 forall A,>Aj, (3.1.24)
k

one can conclude that the leading operator in the Oy OPE exchange must have
conformal weight Ay < Aj. This follows by contracting with the vector Cp, of
eq. (3.1.14) and using equation (3.1.23). Put differently, the existence of numerical
coeflicients ¢, that satisfy the condition (3.1.24) provides an upper bound of A} on
the leading operator that is exchanged in the middle leg.

The proposition for a numerical six-point bootstrap discussed so far is close to the
usual four-point bootstrap formulated directly in terms of OPE coefficients and con-
formal blocks. However, the numerical search for solutions of eq. (3.1.24) in the
framework of this subsection is quite challenging: If one naively discretises these
equations by considering some finite list of possible values for the weights A;, A,
and As, one obtains large dense matrices that lack a particularly useful asymptotic
behaviour which would control the convergence of the discretisation procedure. Find-
ing an alternative formulation of eq. (3.1.23) which is more suitable for numerics, is
the main goal of the next subsection.

3.1.3 The descendant-space formulation of six-point crossing

We now refine the ideas of the previous subsections and introduce a new set of
bilinear forms b’gz, see eq. (3.1.30), that will become central for the subsequent
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numerical analysis. The transition from the bilinear forms B& we introduced in
the previous Subsection 3.1.2 to the new forms b’ZQ reduces the complexity of the
corresponding SDPs and it makes the constraints that we impose physically more
transparent. Ultimately though, our new formulation turns out to be equivalent to
that of the previous section.

The transition to our second formulation starts with the following representation of
the comb channel six-point blocks (3.1.8),

n+A2

GA1,A2,A3 (X17X27X3) = Z Fn(AIa Xl)m

Fn(Ag,Xg), (3125)
where we have absorbed sums over n; and n3 in eq. (3.1.9) into the definition of the
functions

Fn(Aiy XZ) = (Az + AQ - Adj)nXZAZ 2F1(Ai7 Az + AQ - A¢ +n, 2A“ XZ) . (3126)

Up to normalisation, this is the four-point conformal block for the exchange of O; in
a correlator of three operators with dimension A, and one (primary) operator with
dimension Ay +n. It is tempting to physically identify the operator of dimension
Ay +n with a descendant of Q5. Section 3.1.5 clarifies the exact relation to the
correlator (gzﬁgzﬁqb(’)én)), where Oén) is a level n descendant of O,.

The functions F}, possess a very helpful feature: Derivatives with respect to the cross
ratio simply act by shifting the index n. Indeed, it is easy to see that

Xla)(an(Al?Xl) = Fn+1(A17X1) - (A2 +n- A¢)Fn(A17X1) ) (3-1-27)

where crucially the coefficients in front of the F), functions on the r.h.s. do not
depend on A;. Of course, there is a similar formula with 1 - 3. One can view
eq. (3.1.27) simply as a mathematical consequence of the hypergeometric nature of
comb-channel blocks. However, the interpretation of Fj, in terms of correlators of
descendants alluded to above allows us to assign some physical meaning to eq. (3.1.27)
in Section 3.1.5.

For our program, eq. (3.1.27) is very useful. Recall that the linear functionals «
we introduced in the previous subsection involve acting with some partial differential
operators in the three cross ratios. Now we see that the action of a such a differential
operator on the comb blocks preserves the bilinear structure of equation (3.1.25).
Concretely, acting with a differential operator D of order A results in

DGALA2,A3(X1: X2 X3) = Z Fn(AhXl)(M[D])anm(Afi’X?)) ’ (3‘1'28)

n,m

where M[D] is a bandmatrix whose bandwith is bounded from above by the order
A of D with respect to x; and x3, and whose entries are functions of only Ay and
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the cross-ratios. Consequently, if the N, functionals a; with which we act on the
crossing equation are given by evaluating partial derivatives with respect to the three
cross-ratios at the crossing symmetric point

X1=X2=X3=1/3, (3.1.29)

then the bilinear form corresponding to a functional «4, of derivative order A, has
the form

BX,(C1,Cr) = . Fu(CL)M}, (A9) Fr(Cr) = b5, (F(CL), F(Cr)),  (3.1.30)
where the bandwidth of M* is bounded above by Ay, The symbol F(C') denotes the
sequence (F5,(C))nen defined by

F,(C) =) F,(Ap,1/3)C°. (3.1.31)
@)

In other words, the bilinear form B is the pullback of a bilinear form b}  defined
on some real sequence space with respect to the linear map F'. Hence, BZQ is positive
semi-definite if and only if bZQ is positive semi-definite on the image of F'.

Based on numerical tests, we consider it highly plausible that the map F'is surjective
and that therefore the positive semi-definiteness of b’gz is equivalent to that of BZQ.
This strongly supports the claimed equivalence between the two pictures of cross-
ing that we have presented. Note, however, that independently of the surjectivity
of the linear map F', a positive semi-definite linear combination of the b’ZQ always
corresponds to a positive semi-definite combination of the Bﬁg. Thus, establishing
surjectivity more rigorously would only improve our a posteriori understanding for
why our methods are effective, but it is not necessary to justify their validity.

The main practical consequence of this discussion is that, instead of constructing
positive semi-definite linear combinations of the bilinear forms B&, we can equally
well work with the bkAz. Hence, our second formulation of the SDP problem for
six-point crossing amounts to finding numerical coefficients ¢, that satisfy

Y ek, >0 forall  Ay> A3 (3.1.32)
k

We shall refer to this formulation as descendant-space SDP problem and to the
objects bF it involves as descendant-space bilinear forms. This is to be contrasted
with the original primary-space SDP problem (3.1.24) which is based on the primary-
space bilinear forms BF.

It turns out that the descendant-space formulation of the SDP problem has a number
of important advantages over the primary-space formulation. Let us briefly list them
here.
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1. One immediate qualitative difference between descendant- and primary-space
is that in the descendant-space we do not need to evaluate the six-point block
themselves, only establish differential relations between them. This is concep-
tually quite different from what is done in the standard four-point bootstrap,
and suggests that a higher-dimensional generalisation might be possible, even
without full control over the blocks.

2. A second difference is that the linear map (3.1.31) sends the continuous param-
eter Ap to the discrete label n. Any attempt to numerically construct positive
semi-definite linear combinations of the bilinear forms that we consider nec-
essarily has to address their infinite dimensional nature, in practice by some
truncation to finite submatrices. In primary-space, this truncation requires
both cutting-off the matrices at a maximal scaling dimension A.,; and a choice
of discretisation of the interval [0, A.,]. In contrast to this, the discrete nature
of the descendant-space label n allows for a truncation of the bilinear forms to
finite matrices simply by picking a maximal value for their indices. 3

3. The third and most important advantage of the descendant-space approach is
that the bilinear forms 0% it works with are banded. This suggests that they
are much easier to handle numerically than the dense matrices B* encountered
in primary-space.

These advantages, however, could not be profited of, without firm control over the
convergence of the truncation procedure that we necessarily have to implement.
Thus, we devote the next subsection to the asymptotic structure of the banded
matrices occurring in descendant-space.

3.1.4 Large dimension asymptotics and the Toeplitz arc

This subsection is organised in three logical steps that lead from simple asymptotic
properties of the descendant-space bilinear forms to an algorithm that stabilises
the convergence of truncation schemes for SDPs involving these bilinear forms. We
begin by making observations about the asymptotics of descendant-space bilinear
forms for large A, as well as far down their diagonal. Concretely, these are captured
by egs. (3.1.35) and (3.1.36). This sets the stage for a concise characterisation of the
asymptotics of general large Ay and n regimes with fixed ratio Ay/n. It is in this
characterisation, that a curve of Toeplitz matrices enters that is referred to in the
subsection title. Let us recall that a matrix 7 is called Toeplitz if it is of the form

T = _Z S i, (3.1.33)

3In both cases, we still truncate and discretise with respect to the Ay variable.
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where (ay,)nez is a bounded family of complex numbers. In the final step, we es-
tablish that positive semi-definiteness of the matrices constituting the Toeplitz arc
is equivalent to positivity of certain polynomials. This is the central result of this
subsection and is concisely formulated in eq. (3.1.52).

Let us start by using the elementary fact that positive semi-definiteness is a basis
independent property so that we are free to conjugate the bilinear forms under con-
sideration by an arbitrary invertible matrix. Concretely, positive semi-definiteness of
some linear combination of bilinear forms {b&}kle associated, in the sense of Section
3.1.3, to partial derivatives of order Ay, is most conveniently shown after conjugation
with the matrix

_ ad nen 3”(2A2)nn‘ _
Nij = 7;)51 5]' \ ‘ m where A= k:rf,la,}ziva Ak (3134)

It follows directly from eq. (3.1.27) that the matrix MP* obtained by conjugating the
MP* defined in eq. (3.1.30) with N, has the following asymptotic properties

~ -A-Ln-m
MF (Ay) ~ A;Xk A-ghn=ml for Ay;>1 and n fixed, (3.1.35)
ME (Ag) ~neh for n>1 and A, fixed. (3.1.36)

To see this statement in action, let us consider as an example the functional associated
to the first derivative 0,,. Acting with this functional on the crossing vector of
eq. (3.1.19) produces the combination

aXl FALAQ,As = _18A¢GA1,A27A3 + aXl GAl,A2,A3 + aX3GYA17A2,A3 (3137)

of derivatives of the comb-channel block evaluated at the crossing symmetric point.
Using egs. (3.1.25) and (3.1.27), this can be rewritten as

(o)
8X1FA1,A27A3 = ZFN

n,m=0

( 1)5,’?_1+5m —20m(Ay +n+2Ay)
Al)

- n+1
3

1
ETGTN F, (Al, g) . (3.1.38)

Hence, the matrix associated to this functional by eq. (3.1.30) is

oy, O +0M =20 (Ag+n+2A4)
Mym = ) 3.1.39
3=1(2A5),n! ( )

After conjugation by N, defined here with A =1, we end up with

6(Ay+n+2A,)
2A2 +n

. 1
N2 =33 Lﬂ(égﬁ_ﬁml - o (3.1.40)

2A2+n

which has the anticipated asymptotic properties (3.1.35) and (3.1.36) for A — A = 0.
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As announced in the beginning of this subsection, let us now move on to the more
general case where both Ay and n are taken to infinity with the ratio Ay/n fixed.
To describe this regime, we associate to each derivative functional «; the following
one-parameter family of real symmetric Toeplitz matrices:

TH(0) = lim MF,; . (ntan(6)), 6 e[0,7/2[. (3.1.41)

Clearly, egs. (3.1.35) and (3.1.36) imply that 7% vanishes for Ay < A and that 7%
approaches a multiple of the identity matrix as 6 approaches m/2. For Ay = A and
generic values of #, however, one obtains a banded Toeplitz matrix with bandwidth
Ay. In the example of the single derivative with respect to the cross ratio xi, this
Toeplitz matrix takes the form

gy - . | 3 i i 6(1+tan(d)) .,
Ti? (6) = m(‘sj—l +05,1) - m@- . (3.1.42)

A necessary condition for the positive semi-definiteness of a linear combination of
functionals for all values of A, larger than some arbitrary finite value A, is that the
corresponding linear combination of asymptotic Toeplitz matrices is positive semi-
definite for all values of 6, i.e. our SDP condition (3.1.32) implies that

T(0) = %‘f aTE(0) =0 forall 0e[0,7/2 . (3.1.43)
k=1

What makes this necessary criterion for positive semi-definiteness especially useful is
that it is easy to check. To do so, we rely on the following basic result of the theory
of Toeplitz operators (see for instance section 1.5 of [183]).

Theorem (Spectra of Toeplitz operators.). Let T be the Toeplitz operator, i.e. an
infinite matriz of the form (3.1.33). Define the symbol of T as the curve

v7:[0,27] = C, t Z ane™. (3.1.44)
Then, T is a Fredholm operator on ¢P(C) (for 1<p<oo) iff 0 ¢ v7([0,27]). In that
case, the Fredholm Index of T is minus the winding number of v around 0. Thus,
the essential spectrum of T is vr([0,27]). The spectrum of T is the set of points
around which v+ has a non trivial winding.

This theorem implies that the Toeplitz matrix 7 (#) from equation (3.1.41) is positive
definite iff its symbol

A
Y70y (t) = Too(0) +2 ;Toﬂ(e) cos(nt) (3.1.45)
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is positive for all ¢ € [0,27]. It is actually possible to rephrase this as a positivity
condition on a polynomial in two variables. In a first step we shall employ the
transformation

2 -1

COS(t) = 1+—x2,

(3.1.46)

to turn the trigonometric dependence in ¢ into a rational dependence on the new
variable z. Using the Chebyshev polynomials 7;, the positivity condition on the
symbol (3.1.45) can be rewritten as

2 -1
1+ 22

A
Yoy (@) = Too(0) +2 Y Ton(0) T, ( ) >0, forall zeR, (3.1.47)
n=1

which in turn is equivalent to the positivity of the polynomial

proy(x) = (1+2°) 79 (2) . (3.1.48)

Clearly, pr(z) is linear in T, so

No
pro)(2) = D crpri(ey (). (3.1.49)
k=1

Now we also want to turn the dependence on the variable # into a rational function.
To this end, we can perform the reparametrisation

(I+y*)?-1

tan(0) = 5

(3.1.50)
This indeed guarantees that the dependence of the functions prx gy () on the position
0 along the arc becomes rational too. By multiplying with an appropriate positive
factor, one ends up with a polynomial dependence in the variable y. We denote by
Py(x,y) the resulting two variable polynomial associated to a functional .

To illustrate the construction of the polynomial P, let us consider once again our
example of the functional that is given by the derivative with respect to y;. From
the explicit expression for the arc of asymptotic Toeplitz matrices associated to d,,
that we spelled out in eq. (3.1.42), we find

2 1 6(z2+1) (tan(f) + 1
Provi o (1) = 6V3 (2 = 1) | 5 - ( 2ta)n((9)+(1) ). @351

Applying transformation (3.1.50) and multiplying by (1+y?)2, we obtain the following

polynomial

Py (w,y) = -32%y" + (6\/§ - 6) 22y + (6\/§ - 6) 22— 3yt - (6 T 6\/5) Y%~ 6v/3 - 6.
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Thereby, we have now understood how to rephrase the positivity condition (3.1.44) as
a positivity condition for the associated polynomial P(x,y). Since we argued before
that the positivity condition (3.1.44) was necessary for positive semi-definiteness of
some linear combination of functionals, we now conclude that our SDP condition
(3.1.32) implies that

Na
P(z,y)=> P (z,y) >0 forall (z,y)ecR? (3.1.52)
k=1
i.e. in order to construct positive semi-definite linear combinations of the infinite
dimensional bilinear forms {b* },i\i‘ll, one has to construct non-negative linear combi-
nations of the associated two-variable polynomials P*. A sufficient (but famously
not necessary condition) for this is that the polynomial is a sum of squares (SOS).
The task of producing a linear combination of a set of polynomials which is an SOS,
is equivalent to an SDP and can thus conveniently be incorporated in an SDP based
numerical bootstrap algorithm (see Appendix 3.C for details).

3.1.5 Comments on the descendant-space formulation

Our discussion above and in particular the passage from primary-space to descendant-
space SDP appeared rather technical since we based the reformulation on the partic-
ular property (3.1.25) of six-point comb channel blocks in d = 1 dimension. Our main
aim in this final subsection is to show that the rewriting we proposed above does
actually not depend on the concrete blocks but rather on features of the crossing equa-
tion we consider. More concretely, we shall highlight that the descendant-space SDP
is based on a crossing between two distinct decompositions of a six-point function
into four-point correlators instead of the typical OPE decomposition into three-point
functions.

As usual, we begin our discussion of the crossing equation with two different insertions
of the identity operator inside the six-point correlator, i.e.

> {9605040,)N O] d30201) = Y (D320, )N2(OF dod51) . (3.1.53)

O,n,m O,n,m

Here, the sum extends over all primaries O of the theory and over a basis of de-
scendants that are labelled by some index n. In a one-dimensional theory, n =n =
0,1,2,... is just a non-negative integer that counts the number of derivatives that are
needed in order to construct O, from the corresponding primary. With this choice
of basis in the space of descendants, it is easy to compute the normalisation matrix
N. Concretely,

J
— Pn 1 nm _ S L C— 1 4
O, o gives N NS IR (3.1.54)
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with P = 0,, the momentum generator. Here, we assumed that the primary fields are
normalised canonically. The decomposition formula (3.1.53) focuses on a symmetric
split of the fields into two groups of three fields. This is similar to the symmetric split
of four-point functions. In the case of four fields, such a symmetric split is actually
the only non-trivial one. For higher point correlations, however, there exists other
non-trivial decompositions (i.e. the decompositions into a three- and a five-point
function). One advantage of the decomposition into four-point correlators is that it
contains new data beyond that of the ¢ x  OPE. More importantly, the symmetric
decomposition leads to a crossing equation that has a clear SDP dual, namely the
descendant-space SDP introduced in Section 3.1.3.

To establish this, let us further analyse the quantities that appear in the crossing
equation (3.1.53). Through Ward identities, four-point functions that involve the
descendants O,, of a primary field O can be reduced to derivatives of the underlying
correlators of O. If we were analysing the decomposition of four-point correlators
into three-point functions, the application of Ward identities would allow us to sum
the contributions of the descendants into conformal blocks. The corresponding SDPs
hence do not have to deal with matrices labelled by descendants as in eq. (3.1.53), but
rather with kinematically fixed functions multiplied by an unknown number, which
is the square of an OPE coefficient. In the case of six-point functions, the theory
dependent four-point functions of primaries are certainly not just numbers but rather
functions of some cross ratios. These functions are the unknowns in eq. (3.1.53) and
contain all dynamical data. We show in Appendix 3.A how to directly derive by
application of Ward identities and conformal transformations that

gessgition SO LHOIO o
where
s F(0) = (6(0)0()6(1)6(0)). (3.1.56)
Eq. (3.1.55) implies that in terms of
Fu(x) = (-1 ()30 "2 £(x), (3.157)
which satisfies the recurrence relation
XO I (X) = Fria(X) = (Do +n = Ag) Fu(x) (3.1.58)
we can write
$ (0B ONTK0) (1) § o) s Pl (3159
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with
L(x;) = (2hh3,285x2) ™27 (3.1.60)

Comparing this to Section 3.1.3, it is clear that eq. (3.1.59) is exactly a decom-
position of the six-point correlator in the form of eq. (3.1.25), while the relation
eq. (3.1.58) coincides with the relation eq. (3.1.27) on the level of individual blocks.
However, the derivation of the descendant-space SDP dual to six-point crossing in
Section 3.1.3 only used this decomposition and the recurrence relation. Hence, ap-
plying eq. (3.1.59) on both sides of (3.1.53) and repeating the steps of Section 3.1.3
reproduces the descendant-space SDP.

Even though it just reproduces the SDP formulated in Section 3.1.3, we consider
this alternative perspective as an important complement to the derivation given in
Section 3.1.3. The reason for this is threefold.

Firstly, the derivation establishes that our ability to formulate the descendant-space
SDP is not just a consequence of coincidental special properties of the comb-channel
blocks. On the contrary, it makes manifest that exact knowledge of the comb-channel
blocks is not crucial and highlights the actually necessary physical input.

Secondly, it thus shows which conceptual aspects of our approach could potentially
be useful in other settings beyond the 1d conformal six-point correlators we consider
here. For instance, one could in principle follow the same steps as in Appendix 3.A
to find a higher dimensional formulation of numerical six-point bootstrap, that does
not require the evaluation of six-point blocks. In attempting to pursue this, however,
one has to overcome two technical hurdles. Clearly, the structure of the projectors
onto a conformal multiplet becomes more complicated in higher dimensions i.e. it is
less obvious what the optimal choice for a basis of descendants would be in d > 2. Re-
latedly, it is not clear what the correct choice of functionals should be if one would
like to maintain the band-structure that makes the descendant-space matrices so
amenable to numerical implementation in 1d. Recall that the band structure arises
in 1d because acting with a differential operator of degree A on a level n descen-
dant, independently of n can only produce a linear combination of A +1 descendants
(namely those at levels n,n+1,...n+A). In higher d however, the action of a generic
degree A differential operator on a level n descendant can produce a linear combina-
tion of up to (n+ A)? - (max(0,n — 1)) states (since at level k there are k9 states).
Hence, one should expect that a careful choice of basis both for the descendants
and for the functionals will be important for the generalisation to higher space-time
dimension.

Finally, we would like to point out that the perspective taken in this subsection
also makes it clearer how to extract the four-point crossing content of the six-point
crossing equation. We provide some comments on this in Appendix 3.B.
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3.2 First Bounds: Gap Maximisation without Identity

Having established an SDP formulation for six-point crossing (3.1.32), as well as the
necessary asymptotic conditions (3.1.52), we now study a simple bootstrap problem
where we can compare numerical results to concrete analytical expectations. We dub
this first problem “gap maximisation without identity”.

Gap maximisation without identity amounts to finding the largest possible value
for the conformal dimensions A, of the leading operator Oy in the triple operator
product (¢ x ¢) x ¢ ~ Oy of the external field ¢, subject to crossing symmetry and
unitarity. Of course, the typical scenario is that the ¢ x ¢ OPE contains the identity
field. In this case we would expect that the leading operator in the triple OPE is
simply given by Oy = ¢. Hence, it might seem most natural to assume that ¢ is
exchanged in the middle channel and to study the gap above it, and we will indeed
do so in Section 3.3. On the other hand, nothing stops us from considering the
technically somewhat simpler situation where the leading operator O; in the double
OPE ¢ x ¢ is nontrivial and where the OPE of this operator O; with ¢ produces some
leading contribution Oy # ¢. In this setup, it makes sense to directly study bounds
on the leading exchange 0.4

As is standard in optimisation problems, it is useful to formulate both a primal and
a dual approach to gap maximisation without identity. Concretely, these take the
following form

Gap Maximisation without identity (primal formulation): Find the maximal value

Afpt. for which there exists a family K©193(A,) = 0821 ng of positive semi-definite

kernels parametrised by Ay € R,o such that

Gxi)= Y. COCHGIIN (i) (3.2.1)
01,02,03

P

is a crossing symmetric function and K (Az) =0 for all Ay <AZ, .

Gap Maximisation without identity (dual formulation): Find the minimal value ch?pt.

for which there exists a functional « such that the corresponding family ba, of bilinear
forms parameterised by A, € R, is positive semi-definite for all A, > Af,’pt..

4Some intuition can be gained by considering the four-point analogue of this problem. What
is the upper bound on the dimension Ay in a four-point function (¢pppe), where ¢ x ¢ ~ O +...7
Running the standard numerical four-point bootstrap indicates that Ao max = 4A4/3 [184]. This
can be identified as a solution to crossing without an identity exchange which obstructs the existence
of bounds on certain OPE coefficients in 1d CFT [185, 186]. It can be written as the correlator of a
: 3 : type correlator in GFF where each constituent field is Wick contracted with exactly one field
in the other 3 points, in complete analogy to the six-point solution we will describe below.
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In practice, we address the primal problem by constructing an exact solution to
crossing by hand and reading off the value AL of the leading term O in the middle

channel. This value may not be AL | but it clearly sets a lower bound AP <

opt.?
AP . Similarly the solutions to the dual problem that we construct via SDP do not

opt."*
necessarily give AL, | but rather an upper bound AP > Al i.e.
AP <AL <AD<AD (3.2.2)

If the determined values AP and AP are close together.®, they are good approxima-
tions to the solution of the primary and the dual problem. Since we mostly discuss
AP and only refer to AL in relatively small portions of the text, we usually use the
short notation

A, = AP, (3.2.3)

In the first subsection, we shall construct an exact solution to crossing and read off
the corresponding value AP, Then, we turn to the dual problem in Subsection 3.2.
After discussing a simple analytical bound that arises from first order derivative func-
tionals, we shall describe how to write the dual problem in a numerically treatable
way that can be fed to a standard SDP solver, in our case SDPA-GMP [187-189], see
Subsection 3.2.2. In Subsection 3.2.2, we elaborate on how to thoroughly check posi-
tivity of the numerically constructed functionals. The final Subsection 3.2.2 discusses
the concrete numerical results and their comparison to the analytical expectation.
In particular we shall see that the values AP and AP we determine from the ex-
act solution and the numerical study of four-derivative functionals are quite close
already.

3.2.1 Exact solution to crossing - primal approach

Before discussing the numerical dual approach to gap maximisation without identity,
we present the best candidate for an optimal solution to crossing that we managed
to explicitly construct. This primal candidate is meant to serve as a reference point
for the dual results discussed in the subsequent subsections.

The correlator in question appears in the direct sum of 15 decoupled copies of GFF,
with corresponding scalar fields {¢;};? of equal scaling dimension A,,. In this simple
CF'T, consider the composite operators

Pabede = PaPbPPdPe, (3.2.4)

D

°If there was a large duality gap Agpt. — Afpt_ it would of course be impossible to find AP and

AP that are close to each other. It is however a standard result of finite dimensional SDP that
D P
Aopt. = Aopt.'
small or even vanishing for the infinite dimensional SDP that we study.

The results presented in this work a posteriori suggest that the duality gap is also
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with {a,b,c,d, e} pairwise distinct. These operators all have the same dimension
Ay =5A,. The correlator

(01,2.3,4501,6,7,8002,6,10,11,1203.7,10,13,1404,811,13,15050.12,14,15) = L(2:)G(x;)  (3.2.5)

can be computed easily by applying Wick contractions between all pairs of external
operators. The pattern of these contractions shown in Figure 3.3. After splitting

D16789 @ P12345

© DA j%)

o ¢ 5 &
P12
N
¢2,6,10,11,12 SN 5 o Q. ¢5,9,12,14,15
»

S S

\/0 ;011 LQXD’ Q

$3,7,10,13,14 Y13 $4,811,13,15

Figure 3.3: Wick contractions leading to the correlator (3.2.5).

off the leg factor £ defined in eq. (3.1.4) and expressing the remaining function G in
terms of the cross ratios (3.1.2), we obtain

BAp 98¢, 8A,

G(x;) = 2 .
((1—X1)(1—X2)(1—XS)(1—X1—X2)(1—Xz—><3)(1—><1—X2—X3+X1X3)22A“’ |
3.2.6

This expression can now be expanded in a power series. From the exponent of the

leading term in each of the cross ratios x;, we can read off the conformal dimension
Ao; of the leading primary OF exchanged in the jth internal edge of the comb.
Concretely we find

Ao{ = 8A¢/5 and A@; = 9A¢/5 . (327)

A more careful expansion in terms of the conformal blocks (3.1.8) allows us to read
off the OPE coefficients, which we then check to satisfy unitarity, as described in
Appendix 3.D. We hence conclude that

AP

opt.

> AP =9A4/5. (3.2.8)

There is another way to arrive at this lower bound for the primal approach, in terms
of Z,, chiral twist fields o,,. Let us recall that for a parent theory of central charge ¢
the conformal dimension of such a chiral twist field is given by

A, =S (l - i) . (3.2.9)

4\n n?
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In order to obtain a non-vanishing six-point function without identity exchange in
the two outer channels, we consider the case of a Zg orbifold and set ¢ = g4. The
operator product of two such twist fields contains a twist field O} = o3 of order three
while the leading contribution to the intermediate exchange in the middle channel is
given by a twist field O = 0,. Application of the general formula for the conformal
dimension of twist fields gives

dc 2¢ 8 le 9

= — — A * :——:—A A *:——:—A . 3210
©73647 "9 94 5% TR 44 577 (3:2.10)
The results from this short analysis confirm the conclusion (3.2.8) of the first ele-
mentary analysis in terms of generalised free fields, but they do not improve on the

lower bound we obtain for the value of AL, . This concludes our brief discussion of

opt."
exact solutions to the six-point crossing equation and the primal approach to gap

maximisation without identity.

3.2.2 Analytical and numerical bounds - dual approach

In this section, we construct functionals which provide a rigorous upper bound on

the value of AD .

a simple one-derivative functional which provides an upper bound that can be easily
checked analytically. Then, we consider the semi-definite problem (3.1.32), which

Taking advantage of the “no identity” assumption, we construct

we discretise by introducing a grid and a cutoff for the variable A,. In addition,
the asymptotic constraints (3.1.52) are included. This puts the problem in a format
amenable to the semi-definite solver SDPA-GMP.6

An analytical toy bound

Let us consider a simple functional composed of first order derivatives 9, and 0,,.
Since we have already computed the derivative of the crossing vector I’ with respect
to the cross ratio x; in eq. (3.1.37), it only remains to state a formula for the derivative
with respect to x2. Acting on the crossing vector (3.1.19) with 0,, and evaluating
at the crossing symmetric point gives

1
8XzFAhAzAza = _21A¢GA1,A2,A3 + 5 (8X1 + aXs) GA1,A27A3 + 8X2GA1,A27A3 : (3'2'11)

SFor our truncated scheme, where we have many large matrices with numerical entries, we found
SDPA-GMP to be faster than SDPB [75]. We note that for most computations performed in this paper
SDPA-QD would be sufficient. However, we found it convenient to use the extra-flexibility of the
arbitrary precision solver SDPA-GMP throughout. We also note that it is possible to formulate the
problem in a way where the As dependence is treated as a polynomial, the type of problem SDPB
was designed to tackle. We will address this point in Chapter 4.
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We can combine this formula with our expression (3.1.37) for the y;-derivative of
the crossing vector to obtain

1
(aXZ - 58X1) FA1,A27A3 = _12A¢GA1,A2,A3 + a><2GA17A2,A3 . (3212)

Inserting our representation (3.1.25) for the comb channel six-point blocks G, we
can further evaluate this expression,

1 >, Fn(A1,1/3)(n+A2—4A¢)Fn(A3,1/3)
(axz - 58)(1) FA1,A27A3 = nz:;) 3"+h2’1(2h2)nn! . (3.2.13)

From this equation, we may read off the matrix M that characterises the bilinear
form, see eq. (3.1.28). In descendant-space the matrix that is associated to 0y, —

1/20,, is diagonal and, for Ay > 4A,, the diagonal has only positive entries. Hence,

D
opt.

also consider non-diagonal matrices in descendant-space, we can actually push this

simple analytical bound even down to AODpt‘ < 2A4, still using only the two linearly

independent first derivatives 0,, and d,,, though now the linear combination 0,, —

we can directly deduce an upper bound of AJ), < 4A,. If we allow ourselves to

Oy,. To see this, let us restrict to the special case A, = 1. In eq. (3.1.40), we
gave an expression for the normalised descendant-space matrix of the functional
corresponding to the derivative d,,. Analogously, one obtains

~ -0y, 0(Ao+n+2) 18 3 n+1
Myx2™ = om — VY e — Y L 3.2.14
2N +n " 20N, +m 2f 2A2+n+1("1+ mt) )

for the normalised descendant-space functional corresponding to 9, — d,,. We can

show that this matrix is positive semi-definite by constructing auxiliary matrices with
only finitely many entries. This will also serve as a warm-up for a similar method to
check the positivity of functionals with arbitrary derivative order, to be discussed in
Section 3.2.2. For the simple functional at hand, it is enough to define the matrix

%(1+5n70)M3X2_6X1 i,j=n+1
~ Dyy—0 . o
M = Miﬁ X n+1<max(i,j) Amin(i,7) <n+99 (3.2.15)
iJ 1 792 =91 . . ) cL.
§Mij 1=7=n+100

0 else

or more visually:
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~ ~

%(1 + 5An,0)MrH1,n+1 Mn+1,n+2 0 ce 0
Mn+2,n+1 Mn+2,n+2 .
M = 0 0 , (3.2.16)

o Mpi99.m+99  Mpi99.n+100
. L
0 v 0 Mpi100,n+99 5 Mnt100m+100

where we suppressed the superscript d,, — d,, for simplicity of notations, and the
empty blocks correspond to entries which take the value 0. By construction, we can
recover the infinite dimensional matrix M from M (™) as

“rOxa—Ox1 _ S (99n)
M, - Z(:)Mij : (3.2.17)

To show that M%z=% ig positive semi-definite, it is sufficient to establish positive
semi-definiteness for each summand on the r.h.s. of eq. (3.2.17). This is accomplished
in two steps. First we shall analyse the matrix M and then in a second step we
show that M for any A, is positive semi-definite for n > 99.

Addressing M), let us start by noting that the limit Ay - oo of the matrix M)
is a diagonal matrix whose smallest non-zero eigenvalue Apin = Amin(00) is given by
Amin = 1.5, as can be read off directly from eq. (3.2.14). With this knowledge of
the asymptotics, we may demonstrate the positive semi-definiteness of Mi(jo) for all
As > 2 by considering the smallest non-zero eigenvalue as a function of A,. One can
compute and plot this minimal eigenvalue Apin(A2) in the regime Ay > 2 starting
from Ay = 2 up until one reaches values of A, where the minimal eigenvalue of
M©) reaches its large A, asymptotics value Apin(Az) ~ 1,5. This plot can be seen
in Figure 3.4. It shows very clearly that the smallest eigenvalue of M) is indeed
positive and hence that Migm is a positive semi-definite matrix for all values Ay > 2.

Before we consider general M. i(jn) with n > 99, let us briefly comment on the asymptotic
Toeplitz arc of M=% in terms of the matrices M. In other words, let us consider
the spectrum of the matrices

M) (r) = lim MM (Ay =nr). (3.2.18)
Clearly, it is a necessary condition for the positivity property of M=% in question
that M(=)(r) is positive semi-definite for all 7 > 0. Note that r — oo is just the large
A, limit, where we expect the smallest non vanishing eigenvalue to take the value
Amin(00) = 1.5. On the other hand, r = 0 corresponds to sending n to infinity at finite
Ay. The smallest non vanishing eigenvalue of the r = 0 matrix is Ay, (7 = 0) = 0.75.
having analysed these two extremal values of 7, it now remains to plot the minimal
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Figure 3.4: In blue, we plot the minimal non zero eigenvalue A.;, as a function
of A, on a logarithmic scale. The black dashed line corresponds to the asymptotic
large A, value.

eigenvalue of M (=) as a function of r. This plot can be seen in Figure 3.2. It shows
clearly that the minimal eigenvalue of the matrix M(=)(r) is positive for all values
of r

Let us finally comment on the spectrum of M for finite n. Though we only
need to show M (Ay) > 0 for n > 100 and Ay > 2, we choose to consider all
As > 0 and n > 10, as this is slightly more instructive. The minimal eigenvalue of
M@ (nr) for small n is a function of r about which we only know the asymptotic
value Ay (00) = 1.5 for sufficiently large A,. Thus, in order to demonstrate positivity
of the minimal eigenvalue, we need to compute Ay, () for > 0 up until values of r at
which the minimal eigenvalue reaches its asymptotic value. As n increases, however,
the r-profile for the minimal eigenvalue of M (nr) approaches the function plotted
in Figure 3.5. Thus, only a finite range of » and n has to be plotted explicitly to
conclude that M (A,) is positive semi-definite for all Ay > 0 and n > 10. This
plot can be found in Figure 3.6, which finishes our argument for the positivity of
the functional that is associated with 0,, — d,,, for all values A, > 2 and with the
conformal weight of the external field set to Ay = 1.

Producing the input for SDPA

We now want to automatise the task of producing positive functionals by implement-
ing the discretised version of the SDP (3.1.32) alluded to above. In particular, we
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Figure 3.5: In blue, we plot the minimal non zero eigenvalue of M () as a function

of the ratio r between n and A, on a logarithmic scale.

The black dotted line

corresponds to the asymptotic n — oo limit, while the black dashed line represents

the Ay — oo regime.
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Figure 3.6: Here, we illustrate the surface of minimal non-vanishing eigenvalues of

the matrices M (A, = nr) as functions of r and n.

will describe the explicit input that we feed into SDPA in order to solve the SDP
dual to gap maximisation without identity. The Mathematical3.2 notebook that
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we wrote for this purpose can be found as an ancillary file in this arXiv submission”
It implements the following six steps:

1. Read in the external parameters. In the first section of the notebook, we
input key parameters, like the highest derivative order to be considered (A), the
total number of functionals (Nfunc), the gap that we would like to exclude (gap),
the truncation size (DTrunc), the discrete range of Ay values on which we explicitly
impose positivity (h2ran) and a choice of an overall sign (sign).

2. Generate a basis of independent derivative functionals. Next, we gen-
erate a basis of linearly independent derivative functionals with a total number of
derivatives less or equal to A. Concretely, we apply partial derivatives to the function
defined in eq. (3.1.19) and evaluate them at the crossing symmetric point, without
explicitly evaluating the conformal blocks G. We then treat different derivatives of
G as linearly independent. Thus each derivative functional corresponds to a specific
linear combination of these linearly independent functions and we can determine a
basis of this space directly by Gaussian elimination.

3. Transform to the descendant-space basis. Now, we compute the normalised
descendant-space matrices associated to the selected derivative functionals. As ex-
plained in Section 3.1.3, to achieve this, one simply has to act with the derivatives on
the blocks written in the form of eq. (3.1.25) and then apply eq. (3.1.27). Once we
have computed formulas for arbitrary entries of the descendant-space matrices this
way, we explicitly evaluate the upper left DTrunc x DTrunc block of each functional.

4. Compute the asymptotic arc polynomials. Then, we use the expressions
generated in step 3 in order to compute the asymptotic arc polynomials as described
in Section 3.1.4.

5. Generate an SDP to construct SOS combinations of the asymptotic
arc polynomials. The final piece of input data that we need to compute for SDPA
is the set of matrices that realise the SDP formulation of the task of constructing
SOS linear combinations of the asymptotic arc polynomials. We achieve this through
the minimalistic approach described in Appendix 3.C, and use the result in the final
step.

6. Formulate the gap maximisation as an SDP and export SDPA input file.

"We use SPDA-GMP 7.1.3 with the following parameters (with minor modifications depending on
the specific SDP at hand): Large maxIteration (e.g. 5000) to ensure that the solver does not stop
before convergence, epsilonStar and epsilonDash varying between 10719 to 1072° depending on
the specific input SDP, Large lambdaStar (10°) and order one omegaStar (2), lowerBound= 0 and
upperBound= 0 so that SDPA terminates once it knows that a certain assumption on the gap can be
excluded or cannot be excluded, betaStar=0.01, betaBar=0.02, gammaStar=0.9, precision=128
(some runs also with 256).
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SDPA solves the following semi-definite optimisation problem: Given N + 1 (block-
diagonal) matrices {F;}¥, and an objective {¢;}¥,, find coefficients {z;} such that

N N
Zci:vi is minimised and Z%FZ -Fy>0. (3.2.19)
i=1 i=1
In its formulation (3.1.32), however, the dual to gap maximisation without identity
is not directly in this form. Instead it is rather a family of Linear Matrix Inequalities
(LMI)® which express the constraint that the linear combination of functionals under
consideration should be positive semi-definite above the chosen gap. The existence
(or not) of solutions to these LMI allows us to exclude the gap (or not). Of course,
we could simply transform the LMI to an optimisation problem that can be solved
by SDPA by choosing an arbitrary objective function (say for instance a vanishing
objective). But as suggested in the SDPA manual [173], it is preferable to instead add
an identity matrix (Fy.1);; = 0;; and consider the optimisation problem of finding
{@;} N1 such that
N+1

T 41 1S minimised and Z z;F; —-Fy>0. (3.2.20)
i=1

If this problem has a solution with negative objective, we are guaranteed that

N
F= ZI‘ZFZ -Fo>=0 (3221)

i=1
and moreover, 0 < —xy,1 is a lower bound on the smallest eigenvalue of F.

Apart from the identity that is added to realise the LMI, there are three qualitatively
different matrices F; that we feed into SDPA.

First of all we have the matrices F1,..., Fysunc_1 corresponding to Nfunc — 1 of the
functionals under consideration. Each of these is a large block diagonal matrix whose
blocks are: For each value hs > gap in h2ran, a DTruncxDTrunc matrix corresponding
to the upper left corner of the full descendant-space matrix, evaluated at A, = ho; and
the coefficient matrix of the associated asymptotic arc polynomial obtained through
the SOS SDP described in step 5.

The role of Fy is played by the matrix corresponding to the one derivative functional
described in egs. (3.2.12) and (3.2.13), which is diagonal in the descendant space
basis. As the coefficient of Fy is not variable, we in principle need to consider also
the case where F is multiplied by a sign in order to have access to the most general
linear combination (at high enough derivative order the choice of the sign does not
seem to matter anymore). This sign is determined through the parameter sign

N
8 A LMI is the problem of finding z; for given matrices {F;}Y s.t. ¥ ;F; ~F¢ >0
i=1
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defined in the first section of the notebook. Up to the sign, Fy is on the same footing
as the other F,.

In addition to Fy,...,Fysuc_1, we also have to include F; corresponding to redun-
dancies of the SOS SDP (see Appendix 3.C). These have vanishing DTrunc x DTrunc
blocks for all hy in h2ran above gap and a block that is one of the matrices K[[7]]
satisfying eq. (3.C.4).

Checking the output of SDPA

A priori, the functionals that we determine numerically are not guaranteed to fulfil
the full set of positivity constraints that are needed to establish bounds on CFT data.
After all, we only ask SDPA to construct functionals that are positive semi-definite
asymptotically in the sense of Section 3.1.4 and for a specific truncation in the matrix
size and discretisation of the Ag-range, h2ran.

There are several criteria which we use to rigorously establish the full positivity of
the functionals. Every bound claimed here has been checked using some combination
of these.

The simplest criterion which can sometimes be used to rigorously establish the pos-
itivity of a given functional is the Gershgorin circle theorem:

Theorem (Gershgorin). Let M be a n x n matriz with complex entries and r; :=
> |M;j|. Then the spectrum of M is a subset of the union

j#i
U B, (M) (3.2.22)
i=1

of all Gershgorin circles B,,(M;;) :={z¢eC:|z— My|<r;}.

Since we have concrete analytic expressions for the entries of the infinite-dimensional
matrix corresponding to a given functional, we can simply compute the distance of all
of its Gershgorin circles from the negative real axis and then take a minimum. If this
minimum is strictly bigger than zero, one has established positive semi-definiteness of
the bilinear form in question. This simple criterion works well for functionals involv-
ing only a small number of derivatives, as one would expect: In the simplest case of
just first order derivatives, for example, the asymptotic Toeplitz matrix correspond-
ing to the functional is just tridiagonal. But, as a consequence of Theorem 3.1.4,
the Gerschgorin criterion is not only sufficient for positive semi-definiteness but even
necessary in the case of tridiagonal Toeplitz matrices.

For functionals involving a larger number of derivatives, the Gerschgorin criterion is
however too restrictive. The remainder of this section aims at describing the more
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generally applicable higher derivative extension of the ideas described in Section 3.2.2,
where we demonstrated the positivity of a particular first derivative functional.

In order to show positive semi-definiteness of an infinite band matrix M of bandwidth
A, we introduce an auxiliary n.xn. matrix C', which we refer to as the cutting matrix.
We demand that n, > A + 1. To this matrix, we associate the matrix C' defined by

Next, we choose two integers n; > n. and nj, > 2n.. These choices let us define
matrices M©€) and {M ™)}, o as

Mi' mln(zaj) SNy —ne
O’C = ral ..
MG =3 MyCinynays-uoney M= <4 j <y (3.2.24)
0 else
and
M;iCinjn n<i,j<n+n,
MO = M;; n+n. <max(i,j) Amin(i,j) <n+mny —ne. |

ij - .o
M; 'Ci—(n+nh—nc),j—(n+nh—nc) n+mnp—ne<1,) <n+ny

0 else
(3.2.25)

Note that we already discussed a special case with n. =1 in eq. (3.2.15). With these
more general definitions, we conclude that

Mi; = MO + 3 plftmmneyninene) (3.2.26)
£=0

Thus, if we are able to show for some specific choice of the cutting matrix C' and of
integers ny,n; that M©C) and M™C) are positive semi-definite for all n > n; — n,
then we can conclude that M is positive semi-definite. In principle, a suitable cutting
matrix C' tailored specifically to the matrix M at hand, could be constructed using
SDP. However, we found it sufficient to simply always take an Ansatz
i+j—2

Me—2"

for some constant a together with sufficiently large integers n., n; and ny,.

Cij =a+ (1 - 2@) (3227)

In practice we perform these checks in an automated iterative procedure consisting
of the following four steps:

1. Use SDPA to construct a functional that is positive on a certain grid h2ran of
A5 values up to a certain cutoff DTrunc. Then initiate testing by proceeding
to step 2.
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2. Refine the grid by complementing it with the midpoints of all neighbouring
grid-elements. If the functional is negative somewhere on the refined grid,
replace h2ran by the refined grid and return to step 1. Otherwise proceed with
step 3.

3. Increase DTrunc by some fixed value and check whether the functional stays
positive on the refined grid for the new value of DTrunc. If so, continue with
the final step. Otherwise, return to step 1 with the new value of DTrunc.

4. Generate plots of the minimal eigenvalues of the cut matrices, similar to those
in Section 3.2.2, that allow the user to visually verify full positivity.

Ideally, one would avoid this verification process altogether by treating both A, and
n as polynomial variables, and subsequently imposing polynomial inequalities. While
this seems natural and straightforward for the A, dependence, some extra thought
is required for the n dependence, which controls the size of the matrices we work
with. As we will see in Chapter 4, a version of the cut decomposition described here
can be used to not only check positivity after running an SDP solver, but rather to
impose it systematically with an improved, reformulated SDP.

Discussion of numerical results

Having established the methods to obtain linear combinations of functionals whose
positivity we can thoroughly check, we now present the resulting numerical bounds
for the problem of gap maximisation without identity. In Figure 3.7, we plot the
maximum allowed value for Ay = A,, the dimension of the leading operator in the
O, channel, as a function of the external dimension A,. We present results for several
values of 0 < Ay <5, with a more refined grid in the range 0 < A, < 1. The bound is
roughly linear, and completely smooth.

Remarkably, even at the lowest derivative order A = 2 (the lightest shade of green
in the plot) we find percent-level agreement with the primal solution Ay = 9A;/5
discussed in section 3.2.1. In fact, even at this derivative order all the points with
0 <Ay <1 give a bound strictly stronger than Ay < 2A,, which leads us to conjecture
that Ay = 9A,/5 actually saturates the bound on the gap maximisation without
identity problem. For small Ay the bound is actually so close to the conjectured
optimum AP = 9A,/5 that the difference between the green and the black lines
cannot be resolved in Figure 3.7. Therefore, we plot the difference between the
obtained bounds and Af in the range 0 < Ay < 1 in the separate Figure 3.8.

Subsequent increases of the derivative order A lead only to a slight (but finite)
improvement to the bound, which is unsurprising, given how close the A = 2 an-
swer already is to the primal solution we constructed. This good agreement at low



92 CHAPTER 3. LINING UP AN SDP SIX-POINT BOOTSTRAP

Ag

Figure 3.7: Bound on the dimension of the leading exchange on the Oy channel:
A, as a function of the external dimension Ay. In green, we plot the upper bounds
derived from the numerical SDP approach, with darker colours corresponding to
higher derivative order A. In black, we plot the primal solution constructed in
Section 3.2.1, which agrees remarkably well with the numerical bound for small
values of Ay.

derivative order and slow improvement with A seems to simply be an artefact of the
“no-identity” problem, as we will find a more familiar behaviour in the GFF-type
problems considered in the next section.

3.3 Bounds on Theories with GF Four-Point Functions

With all the numerical machinery in place, we now tackle more realistic bootstrap
problems in which the operator product of the external field ¢ with itself contains
the identity operator. The appearance of the identity implies that in the OPE limit
the Oy channel is dominated by ¢, i.e. the external operator. Including also the first
subleading contributions we have

(dxP)xp~(1+07+...)xp~p+05+...

where we denoted the first nontrivial operator in the intermediate channels by O;.
Given this natural setup, an immediate quantity to consider is the gap above ¢ in
the middle channel, i.e. the conformal dimension A, of the leading non-trivial field
O;. To obtain a bound on this quantity, we should solve the following positivity
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Figure 3.8: Difference between the small A, data-points plotted in Figure 3.7 and
the best primal solution to gap maximisation without identity that we were able to
construct. The thin blue line represents the analytical toy bound of Section 3.2.2.

conditions?

Y>aBX, >0, Y aBi, >0 forall Ay>A,. (3.3.1)
k k

In is important to note, however, that the six-point function G now contains con-
tributions from the intermediate exchange of Oy = ¢ that are qualitatively different
form the remaining terms in the block expansion. Let us collect all the terms in the
conformal blocks expansion (3.1.6) that involve six-point blocks with Ay = A, in a
new function

— 01 O3 ~123,456 _ 2 2 123,456
g4—Pt(XlaX2aX3) = Z C¢1C¢3GA1’A¢7A3 = Z C¢¢010¢¢03GA1,A¢,A3 . (332)
01,(93 (91,(93

We stress that this function depends on all three six-point cross ratios. The reason
we denoted it with a subscript ‘4-pt’ is that it only involves CFT data contained
in the four-point function of ¢. One should also observe that the product of OPE
coefficients appearing in this special contribution to the full six-point function is
manifestly positive.

These observations have important consequences for the choice of strategy that

9We prefer to formulate equation (3.3.1) in terms of the primary space bilinear-forms B, as this
seems to be more natural for the point that is made here. We could have also chosen to use the
descendant-space formulation and replace B by b.
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should be implemented to ensure
(Gapt) = Y. cu(Gapt) 2 0. (3.3.3)
k

First of all, note that the transformation to descendant-space discussed in Sec-
tion 3.1.3 preserves the positivity property of the primary-space OPE vector C’; 50
Thus, both in primary- and descendant-space, ensuring eq. (3.3.3) does not require
positive semi-definiteness of the bilinear form Ba, but only co-positivity i.e. the
property Ba,(C,C) >0 for all OPE vectors C' that are componentwise positive (see
e.g. [190] for a review on co-positive programming). For instance, every matrix with
only positive entries is manifestly co-positive, and of course every positive semi-
definite matrix is co-positive. However, solving a co-positive program is generally
NP-hard. Nonetheless, it might be sufficient to relax co-positivity to component-
wise positivity or positive semi-definiteness of the bilinear forms to construct valid
bootstrap bounds, which of course cannot be stronger than in the co-positive case.

We discuss this question to more detail in Chapter 6 and for now take the perspective
that one has solved or bootstrapped the four-point function of ¢, and hence knows
all non-vanishing OPE coefficients C’; 50" In this scenario, we can just compute Gy
and directly impose eq. (3.3.3) as a constraint on the choice of the functionals. A
simple case where we are in this situation is for generalised free theories, which we
will proceed to analyse in the subsections below.

3.3.1 Bounds on the triple-twist gap for GFF

Let us first consider the generalised free fermion theory with a real fermionic field
®. In this case, the spectrum in the i x 1) OPE contains operators of conformal
dimension A¥ =2A, +2n + 1 with n € Z,g, and the corresponding OPE coefficients
are given in eq. (3.D.7).

We can then easily reconstruct the function G,y we defined in eq. (3.3.2) and which
now takes the following explicit form

2A 2A 2A
A 2A X1 4 2A X3 " Y1X3 ¥
EgtF(Xi)/szzl_Xl w+(1 ) _X3w+( ) +( )

- X1 1-x3 1-x2
_( X1X3 )QA“’ _( X1X3 )m’” +( X1X3 )Mw (3.3.4)
1I-x1-X2 1-x3- X2 I-Xx1-X2—X3+X1X3

This piece of the full correlator can also be identified directly with a Wick contraction
computation of the six-point function, keeping track of the usual fermionic minus
signs. Each of the nine terms above can be identified with a Wick contraction where
exactly one of the propagators crosses from the set of points {x1, 29,23} to the set
{x4,x5,26}. We can finally use eq. (3.3.4) to add a constraint to our SDP according
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to eq. (3.3.3). Our results for the bound on the dimension A, of the first operator
O; above the operator ¢ in the O, channel are shown in Figure 3.9.

30
AN=2,N,=4
25 —o— A=4,N,=15
—o— A=5 N,=25
— 340,+3
20
< 15
10 +
5_
0 T T T T
1 2 3 4 5
AW

Figure 3.9: Bound on the dimension of the subleading exchange on the Oy channel:
A, as a function of the external dimension A,. In green, we plot the upper bounds
derived from the numerical SDP approach, with darker colours corresponding to
higher derivative order A. In black, we plot the expected gap from the leading triple-
twist operator in GFF theory, which agrees remarkably well with the numerical bound
for low values of A.

As in Section 3.2.2, we present results for several values of 0 < A, <5, with a more
refined grid in the range 0 < A,, < 1. At fixed derivative order A, the bound is roughly
linear in the interval 0 < A, <1 but starts bending upward for larger values of A.
Nonetheless, the bound is completely smooth, and the non-linearity seems to simply
be caused by a slower convergence at larger values of A,. In this case, as A increases,
and the tone of green gets darker, there is a more substantial improvement of the
bounds when compared to the “no-identity” case. For reference, we note that at the
highest derivative order A = 5 each value of A, took a few days on a single core of
a 2.8 GHz AMD EPYC 7402 24-core processor, and is roughly 50 to 100 times slower
than the smaller value A = 4. The majority of this time is taken by solving the actual
SDP. We expect that making full use of the sparsity structure of the matrix, this can
be sped up by several orders of magnitude.

Returning to the value of the bound itself, we see that it is always above the black
line. The latter corresponds to the value AL = 3A, + 3 which is the gap for the O,
exchange in the GFF six-point function. The spectrum of non-trivial fields that are
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exchanged in the O, channel of GFF can be read off easily from the following function
in which we subtract all contributions from the exchange or ¢ and its descendants,

24 24
(gGFF _ gEFtF) XAw _ ( X1X2X3 ) v + ( X1X2X3 ) v
P 2 (I=x1-x2)(1-x3) (I-x3-x2)(1-x1)

X1X2X3 28y X1X2X3 21,
_((1—X1)(1—X2)(1—X3)) _((1_X1_X2)(1_X2—X3)) (3.3.5)

2A
_( X1X2X3 )QA*” +( X1X2X3 ) v
I-x1-X2—X3+X1X3 (I=x1-x2-x3+x1x3)(1—x2)

Expanding this function in conformal blocks (3.1.8), and matching the Taylor se-
ries at small y; allows us to read off the spectrum of primaries in all channels, see
Appendix 3.D for more details. In particular the first non-trivial operator O; in-
deed has dimension AP = 3A, +3. This was to be expected also form the Fock
space realisation of GFF. Note that in GFF the OPE of the single field 1) and the
two-field /double-twist operators Oy, only contains v itself and three-field /triple-twist
operators. Because of fermionic statistics, simple powers of ¢ and its derivatives van-
ish and one has to insert derivatives of different orders to obtain a non-zero operator.
In the case of three-field/triple-twist, the lowest non-trivial operator is obviously
given by

03 =(09) (%) . (3.3.6)

Here normal ordering is understood. The conformal dimension of this operator is
indeed given by A(O;) = 3A, + 3, in agreement with the result we obtained by
expanding the function (3.3.5) in the cross ratio 2. More details on how to count
multi-twist operators in GFF can be found in Appendix 3.E.

While the numerics have yet to fully converge, we conjecture that the bound on the
dimension of O is saturated by AP = 3A, + 3, the GFF value. At first glance our
conjecture that the optimal value Aﬁ,t of the dual SDP problem coincides with the
free field result, i.e. Afpt = AP might seem tautological, since we assume the CFT
data of GFF in the ¢ x ¢ OPE. However, the bound on the dimension A?pt in the
dual SDP problem is answering a non-trivial question: Assuming that the four-point
function of ¢ matches GFF, is it true that the six-point function of 1 must agree

with GFF as well?

In order to build some more intuition into how this could indeed fail to be the case,
let us make use of the description of GFF in terms of a free massive Majorana fermion
¥ in AdS,. If we turn on a sextic coupling g¢ in AdS, as shown in the schematic
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EFT action!®
S[U] = [Adsz@d%(@(v-m)qu%(v\mh...), (3.3.7)

while requiring quartic couplings to be zero, we change the triple-twist dimensions
at leading order in gg without touching the four-point function of v, due to the
contribution of the six-point contact diagram. In this language, the conjecture we
formulated in the previous paragraph can be reformulated as follows: Within the
family of theories described by the action (3.3.7), the gg = 0 point (GFF) is extremal,
saturating the bound.!!

The reformulation in terms of AdS also implies that our analysis could lead to bounds
on the sign of the irrelevant sextic coupling, since linearity of the anomalous dimen-
sions in gg could either push us above or below the extremal value. This would be the
six-point generalisation of the bounds on the sign of the (0¢)* couplings obtained
with the four-point bootstrap in [185]. While such sign constraints on irrelevant
quartic couplings are well understood from many other points of view [197-200],
to the best of our knowledge, sign constraint for a higher-point coupling would be
new.!'2 See however [201] for recent progress.

3.3.2 Bounds on the triple-twist gap for GFB

It is straightforward to modify the above analysis to the case of generalised free
bosons. For this theory, the OPE of the external field ¢ with itself contains operators
of dimensions AB = 2A,, + 2n with n € Zo, and the corresponding OPE coefficients
are given in eq. (3.D.11). Once again, we impose the positivity condition on the A,
block by requiring eq. (3.3.3) on

21 24 28
N A Y1 ¢ oA X3 ¢ X1X3 ¢
Gipe (X)/xa* =1+ x) ¢+( ) +X3¢+( ) +( )

l-x1 I-x3 I-x2
+( X1X3 )2A¢ +( X1X3 )“45 +( X1X3 )“qﬁ (338)
I-x1-Xx2 1-x3-x2 I=x1-Xx2—-Xx3+X1X3 ’

which is reconstructed from the bosonic four-point data, and can of course be ob-
tained by the same Wick contractions as the GFF correlator above. With this, we
present the results of the bound A, on the dimension Aj of the first operator O}
above ¢ in the O, channel in Figure 3.10. Once again, we choose several values of

10While the distribution of derivatives in the sextic coupling is schematic, it is indeed true that
the leading interaction for a single Majorana fermion has six derivatives. Furthermore, note that a
single coupling gs is irrelevant and presumably incompatible with Regge boundedness and therefore
the action has to be understood in the EFT sense.

1Tt would be interesting to prove extremality of the GFF six-point correlator using higher-point
analytic functionals extending the work of [172; 191-196]

12yWe thank Sasha Zhiboedov for a discussion on this point.
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Figure 3.10: Bound on the dimension of the subleading exchange on the O, channel:
A, as a function of the external dimension Ay. In green, we plot the upper bounds
derived from the numerical SDP approach, with darker colours corresponding to
higher derivative order A. In black, we plot the expected gap from the leading triple-
twist operator in GFB theory, which appears to be strictly below the numerical
bound, even as A is increased.

0 < Ay <5, with a more refined grid in the range 0 < Ay < 1. At fixed derivative
order A, the bound is roughly linear in the interval 0 < A, <1 and seems to remain
so for larger values of A,. The values of the bound are always well below their GFF
counterparts. However, as A increases, and the tone of green gets darker, there is
a slower improvement of the bounds when compared to the GFF case. We see that
the bound is always above the black line, corresponding to the value 3A4 which is
the gap in the Oy sector of the GFB six-point function

20, 20,
GFB _ oGFBY/, 26 _ X1X2X3 + X1X2X3
SN ((1—><1—X2)(1—X3)) ((1—X3—><2)(1—X1))
+ ( X1X2X3 )2A¢ + ( X1X2X3 )2A¢ (3 3 9)
(1=x)(1=x2)(1 - x3) (1=x1-x2)(1 - X2~ x3) -

2A
N ( X1X2X3 )m"> N ( X1X2X3 ) ¢
I-Xx1-X2—X3+X1X3 (I=x1—-x2-x3+x1x3)(1—x2) ’

which we expand in conformal blocks in Appendix 3.D. Somewhat surprisingly, how-
ever, in this case it seems that the bound does not converge all the way to the ¢3
operator of GFB, meaning the extremal theory whose four-point function agrees with
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GFB might not be GFB! Once again the AdS, perspective sheds some light on why
this might be the case. Consider the following action in AdS

1 1
S:f e (— ROV, + —m2D? + ggd ) 3.3.10
Ang\/g o 2V Vi Ty T96® ( )

where ® is the bulk scalar dual to ¢ on the boundary and we initially fine tuned
quartic couplings to zero. As before, to leading order in gg, the four-point function
of ¢ is unaltered, but there is a six-point contact diagram leading to anomalous
dimensions of triple-twists.'? Unlike for fermions, though, the ®% coupling is relevant,
and hence we don’t expect bounds on the sign of its coupling. In particular, we
should be able to increase the dimension of ¢3 above the GFB value consistently, at
least perturbatively. In practice, the bound should be a finite distance away from
the GFB value, and a detailed explanation could involve finite coupling dynamics
(perhaps related to instability of the potential), or an altogether unphysical solution,
so it is hard to estimate the actual upper bound from this analysis. We emphasise,
however, that very similar phenomena were observed in [185, 193], for the mixed
four-point system of ¢ and ¢?, where certain bounds are not saturated by GFB, even
though one imposes by hand part of the GFB CFT data.

3.3.3 Comments on bounding three- and four-point functions

One of the main appeals of the six-point bootstrap in higher dimensions is the access
to new OPE coefficients that are not probed by the scalar four point bootstrap such
as OPE coefficients involving two spinning operators. In the 3d Ising model, for
example, the six-point correlators can access the OPE coefficient for TTe in the six-
point function of € or the OPE coefficient for TS, where S is a Zy odd spinning
operator, in the six-point function of ¢. Hence, it would certainly be of interest to
bound (products of ) OPE coefficients C’gf within the numerical six-point bootstrap.

A very basic (but non-generic) example is the OPE coefficient C’jj in GFB. In this
case, the only operator O; with a non-vanishing OPE coefficient Cyp, 43 is Oy = O =
¢?, i.e. the OPE coefficients for the GFB obey

C¢>01@§ =0 forall O;% Of . (3.3.11)

Indeed, for the GFB this OPE coefficient vanishes for all other double-twist operators
with more derivatives, as one may infer from eq. (3.3.9) by expanding in conformal

131t is not hard to see, based on the spectral or Mellin representation of the six-point contact
diagram that the comb-channel block expansion of this object contains only blocks of the form
G4A¢+n1,3A¢+n2,2A¢+n3 as well as G2A¢+n1,3A¢+n2,4A¢+n3 and anQGQA¢+n1,3A¢+n2,2A¢+n3 which in-
deed corresponds to having anomalous dimension for triple-twists but no anomalous dimensions for
double-twists, at leading order.
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blocks (see Appendix 3.D). We can now separate out the contribution from O} = ¢3
exchange in the middle channel and rewrite the six-point crossing equation as

(Cor 2a(Fon, 3ag00,) = ~(Gapt) = ) ( >, Cngé(FAl,Az,Ag)ng)- (3.3.12)
! As>AL \O1,05

Here, we have also applied a functional a to both sides of the equation. Let us
agree to normalise the functional o such that it a(Fba,sa,24,) = 1. If we now
require positive semi-definiteness above the gap, as usual, we can maximise o/(Gypt)
to obtain the bound

(Co?)? < ~maxa(Gap).- (3.3.13)

Recall that the vector Ogi% is itself a product of two OPE coeflicients so that we have
now bounded a product of four OPE coefficients. But it is easy to obtain a bound
on the interesting factor C(QQI 603 by taking the resulting bound (3.3.13) and dividing
it by a bound on C’; 607 which can be obtained from the usual four-point bootstrap.
Note that to normalise on Fsa 530420, WE are working in the primary-space basis,
which makes it easy to isolate the contribution of the specific OPE coefficient we are
interested in. However, the positivity conditions above the gap, are most conveniently
implemented in the descendant space basis, as we have argued.

In a more generic situation, however, property (3.3.11) is not satisfied and instead in-
finitely many operators O; will have a non-vanishing OPE coefficient Cy0,0;. Hence,
accessing individual OPE coefficients will be more challenging. Furthermore, directly
extracting bounds on OPE coefficients from six-point crossing might also be consid-
ered somewhat artificial. As we have argued in Section 3.1.5, from the six-point
bootstrap perspective it is natural to view the comb-channel OPE as a sum of scalar
products of four-point and not three-point correlators whose positivity constraints
CFT data. Consequently, the most straightforward quantity to bound in this frame-
work is the full four-point correlator and not an individual OPE coefficient.'*

For example, let us discuss how to produce an upper bound on the four-point func-
tion of three external scalars ¢ with the order p descendant of the primary O3, i.e.
the correlator (pppP"O;). More precisely, we will consider the closely related (see
Section 3.1.5) quantity
(P) _ o

FOZ* = %:C’ ;FP(A). (3.3.14)
Here we have used the functions F), that were introduced in eq. (3.1.26) and we
evaluated both sides at the crossing symmetric point x; = 1/3 (we actually suppressed

1Gee also [194, 202] for recent work on bounding the four-point correlators directly from the
four-point bootstrap.
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the x;-dependence entirely). Instead of thinking of F, ((9? in terms of a descendant four-
point correlator evaluated at x = 1/3, we can equivalently think of it as a derivative of
the four-point function with the primary O3. Hence we have access to all derivatives
of the four-point correlator (¢p¢p¢O;) at x; = 1/3 and can reconstruct its Taylor
expansion around that point. To obtain the bounds, we simply construct functionals

Na
a = Y. cpay such that, in the notation of Section 3.1.3,
k=1

Nq .
(Z cMPF, (Ag) - 52;55:55’”) >0, for all Ay > Aj, (3.3.15)
k=1 n,m

)

and maximise a(Gypt), i.e. the action of the functional « on the function Gy, we
defined in eq. (3.3.2). The crossing equation then implies

2 N@ *
0=a(Gap) + (F(g?) _ (Z V(Y. exME L (As) - 52;5;;5%)1?};;)) . (3.3.16)
k=1

AQZA; n,m

and hence
»\?
(F) < -a(Gup). (3.3.17)

Just as for the bounds on OPE coefficients in the usual four-point bootstrap, changing
the minus sign in eq. (3.3.15) to a plus allows one to analogously also construct lower

2

bounds on (F ((971)) . Note that to get non-trivial lower bounds, the assumption of a
2

gap below Aj is not sufficient and we need to also impose an additional gap above

A3.

As an application, let us consider an upper bound on F((QO;) for the case of GFF,
where A} = 3A, + 3 corresponds to the leading triple-twist and Gy, was given in
eq. (3.3.4). Figure 3.11 shows this upper bound for A = 4 and compares it to the
exact result. We would like to stress that the scale of the plot is logarithmic — the
bootstrap bound is thus nearly saturated by GFF over several orders of magnitude.
As expected, the bound worsens significantly as A, increases, which can already be
noticed in Figure 3.11. We expect that a higher number of functionals would be
necessary in order to extend the range of A, where a reasonable agreement with the
exact result is possible.

We leave a more systematic exploration of six-point bounds on four-point functions
to Chapter 4, were a drastic improvement of the numerical setup will provide us with
the computational power to apropriately address this problem.
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454 GFF
e A=4,N,=15 bound
_5.0 T T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Ay

Figure 3.11: Bound on the (¢yO5) GFF four-point function evaluated at y = 1/3.
The green dots represent a numerical upper bound obtained at A = 4. The black curve
corresponds to the exact GFF result.



Appendix

3.A Decomposition of six-point into four-point correlators

The purpose of this appendix is to establish the identity
i (060504 PP OYOT K p32¢h1) i (XaixzXs) 2ot =2e0, f(X1)0%, f(X3)

. (3.A.1)

n=0 (2A0)nn! n=0 (x%ﬂ%z@ge‘)%@AO)nn!

where
F(X) = (#(c0)O(X)d(1)$(0)). (3.A.2)

Three conformal transformations play a central role in the derivation. These are

Z—X3 a T34
=)= — o0 O:u(z) = [CETALAD 0 (3.A.3)
(2 —m2)113 _ T13%23
= 0. =—= <0 3.A4
XI(Z) (2—553)5512 XI(Z) (2—933)29312 ( )
(2 —15)146 _ T 45T 46
=S 0, =—F—>0. 3.A.5
xale) = (2 - x4)xs6 %a(2) (z = z5)3x65 ( )

As indicated above, pu(z) and x1(z) are orientation reversing maps whereas x3(z)
preserves the orientation x; < x;,1. Note that the coincidence of our notation for the
conformal maps y1(z) and x3(z) and the cross-ratios y; and ys is justified by

X1(24) = X1 X3(73) = X3 (3.A.6)

Before beginning the actual computation, let us qualitatively outline the strategy.
Roughly speaking, we would like to insert @ and O into the six-point correlator at 3
and x4 respectively, so that we have a product of two four-point functions that depend
on {xg,xs5, 24,23} and {z4,x3, 7,21} only. Applying a conformal transformation on
these two four-point functions, we could then further simplify to a product of two
functions that depend only on y3 and x; respectively multiplied by some simple
prefactor. There are two obstructions to this plan. Firstly, in order to use the simple
projector

PrOYOTK"|

|
T;)W7 (3.A.7)

103
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we should insert @ and Ot at 0 and oo not at 3 and x4. To tackle this obstruction, we
apply the conformal involution u(z) that exchanges x3 <> 0, x4 <> oo before inserting
the projector Pp and would then like to apply it a second time after inserting the
projector to undo the first transformation. However, when we try to apply u(z)
after inserting the projector, we encounter the second obstruction: After inserting
the projector, we no longer have a correlator of primaries, but a sum of products
of correlators of descendants, which do not transform as nicely under conformal
mappings. To overcome this second problem, we should first apply conformal Ward
identities to express the descendant correlators in terms of primary correlators and
only afterwards apply u(z) a second time.

Let us now perform the steps sketched above. First, we apply u(z) to the six-point
correlator, obtaining

(9605 02030201) = U (pu(1))p(p(2))(0)P(00)d(1(5)) P (1u(w6))),  (3.A.8)

where

Ag

Q= 8Zu(x1)8zu(x2)82u(x3)xli_)r£4 a;é;(;) O p(x5)0 (xe)| - (3.A.9)
Thus, with the projectors inserted, we have
(960504 PP ONOT K" 362¢1)
Z:: 2Ag)m (3.A.10)
05 () () PrONO SO0 (3
n=0 (QA@),-LTL'

Now it is time to use Ward identities and trade P*O and OfK™ for
P"0) = 92,0(23)|0)] 25—, (3.A.12)
(O]K™ = (0[(P"O)T = (002, O(21)].,=0 = 02 2, 229(0|O(1/21) 210, (3.A.13)

where for ease of notation, we will drop the z; = 0 and 23 = 0 subscripts for the rest
of the computation. Inserting these identities, we can apply p(z) to deduce that

(9(00)@(p(s))p(1u(w6)) P"O) = 07 (p(00)p(pa(5))p(1(6))O(23))  (3.A.14)

= 8§3Q456(¢6¢5¢4(9(u(z3))) (3.A.15)
and
(OTK™(pu(21))d(1(2))$(0)) = 2 27720 Qag(O(1/21 ) bapadrn),  (3.A.16)
where
(2, e
Qs = | lim OlT) b 1 (es)Oup)|  [Oupi(z)|20 (3.A.17)

e ()
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and
Qg = [0 (1) D p(2) D p(3)| 5 |0:p2(1 ] 21) |20 (3.A.18)
Next, we apply x1(z) and y3(z) to obtain

07, Qs (6050240 (1u(23))) = 97, QuseSx (9(00) O(X3(1(23)))9(1)9(0))  (3.A.19)
= 07, Qs f (Xs(1(23))) (3.A.20)

and likewise

0 27220 Mag(O(1/21) dapahn) = O 21220 Wuag Qg f (X1 (1(1/21))), (3.A.21)

where

. = pots(aonste i 2] @) - (GG
(3.A.22)
and likewise
0. MO/ A2

|$12$239631|A¢

Note that the products 21230y, 2, 280 and (45625, are independent of z; and z3 since

] 0., % (u(1/21)) o
G . 200 _ | ) 3.A.24
12338y, <1 |8Z,u(x1)8zﬂ(x2)azlu(xg)xw%%m?;l‘Aqb ( )
and
02, X3 (pu((23)) [0
e - — )| Xs(1(23))] = (3.A.25)
2z T

lim
sz H(T)?

azu($5)azu($6)x45$565€64

but y1(u(1/21)) and x3(p(z3)) just depend linearly on z; and z3

((1/2) =1+ 22220 Xa(u(z3)) = Xs + — (3.A.26)

X19X34 T4 Ty3T56

Apart from ensuring that 01930, and 4562y, are independent of z; and z3, eq. (3.A.26)
also implies that

e [ e B O e M K
(3.A.27)
and
0 f (s )l = (2220 ) a1 () = |28 -1y, £ ().

(3.A.28)
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Thus, we conclude that

Z1azas |DOTN ng _
|y 822 | 2T (1) f(x1)

00 T z6)) PO 3.A.29
(0(00)0(1(r5))011(10)) PO} = i s e SR (3,420
and

1 TART A(ngn _
T4 rastne (=1)"9%, F(Xs)
(O K (1)) d(1u(2))6(0)) = | - (3A30)
g}gil Z(“w()?ﬁ p(@s) 0, p(x6) Tas 5664
Inserting these two expressions into eq. (3.A.10) finally leads to
T13230 Taszas | DO A - n -
Z (D5 P4 POV Ot K p3ihohy) _ i ‘mm‘ ° 85<1f(X1)8>23f(X3) (3.A.31)
n=0 (2A0),n! n=0 |$12$23$31$451?56$64|A"’(QAO)nn! o
oo o o A+n—A¢a@ Y, a@, Y,
_ (X1X2X32) — A)af(Xl) ng(X3)’ (3A32)
n=0 (27973,756) 7 (2A0)nn!

which is what we wanted to show.

3.B Comments on n-point crossing equations

The aim of this appendix is to elaborate further on the relation between the six-point
bootstrap and mixed correlator systems of four-point crossing equations. En passant,
the discussion will naturally lead to some motivation for extending our programme
from six- to eight-point correlators.

Our starting point is the search for a mixed four-point correlator interpretation of
the crossing equation

ZZ (9102030 N (O a5 ds) = > Y (203040° ) OPdsd6¢1) , (3.B.1)
0%

for decompositions of a six-point function into products of four-point functions. Note
that, as opposed to the main text (eq. (3.1.53)), we find it more convenient to work
with an orthonormal basis here, so that Ny, = d,s.

Inserting the identity in a carefully chosen way, we can directly see that this crossing
equation is exactly equivalent to the full system of all s- to t-channel four-point

crossing equations for correlators of two copies of ¢ and two arbitrary operators that
appear in the ¢ x ¢ OPE.
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Indeed, eq. (3.B.1) is equivalent to'®

Y D (320508 {0110°)(OPhsO5) (O d506 )

01,0,03 a,b,c

= Y Y (620508016 0") 011 05)(O5 b5 (3.B.2)

01,0,03 a,b,c

which due to linear independence of the occurring three-point structures implies that
3 THOI0M)046,05) = ¥ (06,0 (0,05) VO, 05 6% 6. (3.B.3)
0b 0 b

Pictorially, we have said nothing more than

G2 @3 Oy O, b4
O O
<
1 ®s @5 s-channel ¢ Os
to
2 O3 ¢4 t-channel O1 04
@ — @
¢1 6 G5 b1 Os

Figure 3.B.1: Visualising the equivalence between crossing of four-point decom-
positions of six-point correlators and infinite systems of s- to t-channel four-point
crossing equations.

It is reassuring that this perspective now gives us the precise answer to the questions
raised at the end of Section 3.1.2: We exactly capture all s- to t-channel crossings,
involving two external ¢ and two arbitrary operators O, O3 in the ¢ x ¢ OPE. But
can we do better? How could a multi-point bootstrap access crossing of all possible
operators in the ¢ x ¢ OPE?

Figure 3.B.1 already suggests the answer to these questions. We can go to eight-
point functions. By the same arguments that led to eq. (3.B.3), one arrives at the

15Let us stress that this seemingly obvious claim is not trivial: There is a surjectivity statement
of a map from a vector-space of real numbers labelled by operators occurring in the ¢ x »-OPE to a
vector-space of real numbers labelled by descendants underlying it. Concretely, this map is induced
by conformal blocks for {(¢pppO®) four-point correlators. In the 1d case, we have discussed it as the
map from primary-space to descendant-space.
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conclusion that imposing the following crossing equation

%: Zb:<¢1¢2¢3¢40b)(Ob¢5¢6¢7¢8) = %: Zb:<¢1¢2¢7¢8(9b><0b¢3¢4¢5¢6>~ (3.B.4)

is directly related to imposing s- to t-channel crossing for the entirety of all operators
in the ¢ x @ OPE. This is visualised in the figure below.

3 @4 ¢s O 0, Os
O O
—
o1 P2 ®7  ¢s s-channel O O,
to
¢3 P4 ¢5 __ ¢¢ t-channel Os Os
@ —— O
o1 P2 b7 ¢ Oq O,

Figure 3.B.2: Equivalence between eight-point crossing and the full system of all
four-point crossing equations, s- and t-channel.

3.C SDP implementation: polynomial SOS

The notebook polynomial sos.nb attached to the arXiv submission contains the
algorithm that we use to recast the problem of constructing SOS linear combinations
of two variable polynomials as an SDP. At the current stage of the numerical six-
point bootstrap, we found that solving this SDP is not the bottleneck holding us
back from higher precision results and therefore decided to stick to the minimalistic
implementation described below. Nevertheless, due to the notoriously bad scaling of
SDP formulations of polynomial SOS optimisation problems with the degree of the
polynomials, it might become necessary at high derivative order to implement some
more sophisticated algorithm. For a short review of directions for optimisation see
[203].

The input of the notebook polynomial sos.nb is a list P of polynomials of the form
2n 2m

Y ety (3.C.1)

i=0 j=0
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for some reals coefficients ¢. Corresponding to these polynomials, we consider a list
v={2"y|0<i<n,0<j<m} (3.C.2)

of monomials. Now, for each polynomial p € P, we construct a (n+1)(m+1) x (n+
1)(m + 1) matrix Q[p] such that

viQ[p]v=p. (3.C.3)

Next, we construct a basis of the kernel of the conjugation by v i.e. a basis K of
matrices K[[7]] s.t.

vIK[[j]]v = 0. (3.C.4)

We then input the problem of finding positive semi-definite linear combinations of
the matrices Q[P[[7]]] and the kernel matrices K into SDPA. If we manage to find such
a positive semi-definite linear combination

M=) a QP[]+ 3, bK[]] (3.C.5)
i J
with some real coefficients a and b, then the polynomial
viMy =) av Q[P[[i]]]v = ) aP[[i]] (3.C.6)

is manifestly a sum of squares.

3.D Selected conformal block expansions

In this appendix, we provide explicit expressions for the conformal block expansions
of some of the correlators which appeared in the main text. In practice, we consider
a given correlator and observe its leading power law dependence on the cross-ratios
Xi- We then write an Ansatz with a finite sum of conformal blocks (3.1.8) which
we can be Taylor expanded and matched to the correlator’s Taylor expansion, up
to an order determined by the number of blocks included. In the cases we consider,
this is simple to do since the scaling dimensions are of the form A; = a;Ay +n;, for
some integer or rational numbers a; and some integers n;. The Ansatz can then be
written as a sum over the n; which are chosen consistently with the order at which
we truncate the Taylor expansion.

No-identity correlator Let us first consider the “no-identity” correlator (3.2.6),
repeated here for convenience:

8A, 9A, 8A,
1 Xo X3

X
((1=x1)(1 = x2) (1= x3)(1 = x1 - x2) (L= x2 = x3)(1 = X1 = X2 = X3+ X1X3))

2A,

(3.D.1)
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By Taylor expanding it becomes clear that the dimensions of the exchanged operators
have to be of the form A; = 8A,; +n; and Ay = 9A4 +ny. We can then propose an
Ansatz

oo
g= Z Pn1,n2,n3 G8A¢+n1,9A¢+n2,8A¢+n3 (3.D.2)

ni,n2,n3=0

where P, nyms = Prgnong, and we recall that the external operator has dimension
5A, in these conventions. Truncating the Taylor expansion to the appropriate order
we can read off the first few non-vanishing OPE coefficients

. P 6A35 . SAi (2A4+1) (6A5+1) 2D3

00T TR 6A, 0 T T 2(16A4 +3) (16A4 +5) (3-D.3)

Pooo=———, DP2= ) 030 = )
36Aj5 ZA?b (2A4+1) (4A45+1)

Pz = ——2— Pug-=
2T (160, +1)27 T 3 (3A, +1) (184, +5)

We note that n; and n3 can only take even values, while n, can take all even and odd
values except 1. This is consistent with what one would naively expect from parity
and a counting of primaries vs. descendants. Unitarity is also easy to check: For
fixed ny, we found that the matrices (P, 5,.m )nm that we have computed are positive
semi-definite.

Generalised free fermion We now consider the non-trivial piece of the GFF
six-point function (3.3.5), repeated below

(gGFF _ gGFF)/XAw _ ( X1X2X3 )2A¢ + ( X1X2X3 )2%
A2 (- - x2) (1= xs) (1-xs-x2)(1-x1)
_ ( X1X2X3 )mw _ ( X1X2X3 )mw
(T=x1)(1=x2)(1 - x3) (1=x1=x2)(1 = x2—x3)
B ( X1X2X3 )mw N ( X1X2X3 )2A¢ . (3.DA4)
I=x1-Xx2—- X3+ X1X3 (I=x1—x2—x3+x1x3)(1—x2)

This is the piece of the correlator with triple-twist exchange in the Oy sector as can
be seen from the behaviour as ys - 0. Using the Ansatz

)
GFF _
3t - Z Pnl,nz,ng GQAw+n1,3Aw+n2,2Aw+n3 9 (3D5)

n1,n2,n3=0
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where the subscript 3t denotes the triple-twist contribution, allows us to extract the
first non-vanishing OPE coefficients

2A2(1 +Aw)(1 +2Aw)
P131 =2Ai(1+2A¢)7 P133:_ ¢ 3+4A¢ y (3D6)
207 (1+Ay)*(1+2Ay) AL (Ay +1) (284 +1)% (244 +3)
Ps33 = 3 , Pisi= ,
(3+4Ay) 3(6A,+7)
_ QAEZ (ATZJ + 1) (Aw + 2) (2Aw + 1) 2 (QAw + 3)
1ol 45 (3A, +4) (3, +5) ’

The OPE coefficients pass all the unitarity checks mentioned above. Furthermore one
observes that n; and ns take only odd values as expected from the fermionic double-
trace spectrum. One also immediately sees that the leading triple-trace operator has
dimension 3A + 3 as discussed in the main text. Additionally we see that there is
no state with ny = 4 which is compatible with a counting of triple-twist primaries in
GFF discussed in Appendix 3.E.

Using the double trace OPE coefficients

o 2T2(A, (A, + 24, - 1)
Yehe T T2(2A )T (24, - DT(A, - 24, +1)

(3.D.7)

one can extract squares of triple-trace OPE coefficients from the coefficients P, 1, n,
given in Eq. (3.D.6)

Generalised free boson Finally we take the triple-twist piece of the GFB corre-
lator (3.3.9) given by

2A 2A
(gGFB _ gGFB)/XA¢ _ ( X1X2X3 ) ’ + ( X1X2X3 ) ¢
ot 2 (I-x1-x2)(1-x3) (1-x3-x2)(1-x1)
2A 2A
4 ( X1X2X3 ) ¢ 4 ( X1X2X3 ) ¢
(1—X1)(1—X2)(1—X3) (1—X1—X2)(1—X2—X3)
20, 28
( X1X2X3 ) N X1X2X3 (3.D.8)
I-x1—-X2-X3+X1X3 (1—X1—X2—X3+X1X3)(1—X2)

Once again we can use the Ansatz

[e)
GFB _
3t - Z Pnl,ng,ng G2A¢+n1,3A¢+n2,2A¢+n3 ) (3D9)
n1,n2,n3=0
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which allows us to extract the leading OPE coefficients

8A?Z (2A,+1) 4A2 (20, +1)
_ _ T\ _ T \"e

Pooo=6, o= 6h,+1 0,2,2 A, el (3.D.10)
P 8AZ’) (A¢+1) (2A¢+1) 8AZ) (A¢+1) (2A¢+1)

O30T 3 (BA,+1) (BA+2) T PP (BA,+2) (4A,+1)

2A§) (2A¢+ 1)2(2A¢+3) 4A2’5 (2A¢+ 1)2(2A¢+3)
P0,4,0 = ) P0,4,2 = ) cee 9
9(6A4+5) 3(4A5+1)(6A4s+5)

which yet again passes all the unitarity checks, is consistent with a double-trace
spectrum with only even integer shifts and with the counting of triple-twist primary
operators.

Finally note that these expansion coefficients fit nicely with the closed OPE-coefficient
formulas: The OPE coefficient between two ¢ and a double trace operator [¢¢], of
dimension AB is

2(244)3,,

2 —
Cloot.on = (404 +2n - 1),(2n)!" (8-D-11)

The squared OPE coefficient C’;[ b6l [bo0),, Detween ¢ the double twist [00], and the

sum of all m-derivative triple-twist operators [¢¢¢],, vanishes if m < 2n and is given
by

o _ 3.D.12
Hedluleddln = (- 2n)l(m + 21 + 6A = 1) 1o ( )

2(-1)"(4A +dn - 1)(28), o [-2n,1-2A-20,2A+ 20,40+ 20 -1
(2n)(2n+4A = D)poner 0 1-2A -m,2A,4A +m )

(QA)m_Qn(éL’I’L + 4A)m—2n (1+

for m > 2n. In terms of these OPE coefficients, we have

2 _ (2 2 2 2

3.E Counting multi-twist operators in GFF Theory

A straightforward way to obtain the spectrum of multi-twist operators in GFF is to
use its Fock space description and compute the thermal partition function [204].
We define the partition function

Z(B) = Tre P4 (3.E.1)

which is guaranteed by conformal representation theory to admit the decomposition

Z(B) = 1+;NAXA(6)7 (3.E.2)
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where we have the conformal character ya'®

_ 4t =B
xa(B) = T-g 9% (3.E.3)
and the degeneracies Na. We can use the fermionic Fock space to directly compute
Z(f). For that we define the partial partition function Z, built out of constituents
with exactly n insertions of the momentum generator P. The Pauli exclusion prin-
ciple leads to

Zy =1+ gRetm, (3.E.4)

The full partition function is then easily computed through
Z(B) =120 = (4" 0)eo (3.E.5)
n=0

where we used the g— deformed Pochhammer symbol

(a,q)n = ﬁ(l - aq®). (3.E.6)

It is straightforward to expand the explicit partition function in powers of the form
¢g"?v*™ and match this to the character expansion, reading off the degeneracies

1+ (~1)m

. (3.E.7)

N2A,¢,+n =

which correspond to the usual non-degenerate fermionic double-twists with an odd
number of derivatives. For the triple-twists we find in terms of the floor function

N3ayen = [(n-1)/2]-[(n-1)/3]. (3.E.8)

In particular, we see that the first non-vanishing primary has dimension 3A, +3, and
that there is no primary of dimension 3A + 4, in agreement with the explicit con-
formal block expansion. For completeness we add the quadruple-twist degeneracies

Niayen = [((n=3)* +6)/12] = | (n - 3)/4][(n - 1)/4]. (3.E.9)

6Hopefully, there is no confusion with the cross-ratios y;
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Chapter 4

Sparsity in the six-point bootstrap

— Solving the computability problem.

In the previous chapter, we have demonstrated that interesting qualitatively novel
bounds can be computed by analysing six-point crossing via semi-definite program-
ming. However, this first implementation of the six-point bootstrap suffers from
various technical difficulties that limit its range of applicability. On the one hand, it
has to resort to a discretisation of the spectrum of exchanged operators and cannot
rely on polynomial SDP techniques that have been the standard in four-point boot-
strap since [74, 75]. On the other hand, SDPB — the highly optimised solver designed
specifically to address the needs of the bootstrap community — is not well suited
to solve the SDPs encountered in [93], which in the previous chapter forced us to
resort to the general purpose solver SDPA [173]. Support for the latter has however
seized ten years ago and, crucially, no arbitrary precision, parallelisable version of
SDPA is available. This fact is a major bottle neck for SDPA based approaches to
bootstrap, making it virtually impossible to scale programs up and benefit from the
computational power of modern clusters.

This chapter introduces a conceptual improvement of the six-point bootstrap which
allows us to overcome the two mayor obstacles that have been described in the pre-
vious paragraph. Using sparse SDP techniques, the banded structure of the infinite
matrices that occur in the six-point bootstrap of [93] can be efficiently exploited. The
final result is that 1d six-point bootstrap problems reduce to SDPs that are of the
same type as those encountered in finite mixed correlator systems of 2d four-point
bootstrap. Since SDPB was specifically designed to excel at solving SDPs of that
type, it can thus directly be applied to the six-point bootstrap. This both removes
the need of discretisations and makes large scale parallelisation applicable. These
technical improvements extend the possibilities for six-point bootstrap applications,
which is demonstrated through two examples in this chapter.

As a first example, Section 4.3.1 revisits the “gap maximisation without identity”

115
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problem that was introduced in Section 3.2. In the previous formulation of the six-
point bootstrap it was even challenging to obtain the 15 functional (four derivative)
bounds shown in Figures 3.7 and 3.8. With the refined method presented in the
current chapter, the bound was determined with up to 53 functionals (seven deriva-
tives), while at the same time also scanning over a much finer grid of external scaling
dimensions, see Figure 4.3.1.

The main application of numerical six-point bootstrap studied in this chapter is
described in Sections 4.3.2, 4.3.3 and 4.3.4. Concretely, a novel two parameter family
of extremal solutions to crossing interpolating between the Generalised Free Boson
(GFB) and Generalised Free Fermion (GFF) is found using the new numerical tools.
A similar, OPE maximising, interpolation between GFB and GFF has been studied
before, using the four-point bootstrap, for instance in [181]. Close to GFB, the four-
point extremal solution was found to match the \,®* deformation of the massive free
boson in AdS,. Likewise, we show that, around the GFB point, the plane tangent
to the interpolating surface obtained from the six-point bootstrap is spanned by the
MA@t and \g®6 deformation.

Outline. First, Section 4.1 provides a concise review of the six-point crossing equa-
tions, derivative functionals for them and the numerical six-point bootstrap. Section
4.2 then describes in detail the main technical improvements of this chapter. After
the review Section 4.2.1, which discusses sparse SDP for banded matrices in general
terms, Section 4.2.2 specialises to the particular SDPs that arise in the numerical
six-point bootstrap. As already outlined in the previous paragraphs, Section 4.3
describes two applications of the improved six-point bootstrap. The ancillary files
available on the arXiv page of the original publication [2] on which this chapter is
based should allow the reader to reproduce the bounds presented in Section 4.3.
Appendix 4.A contains instructions on how to use the corresponding code.

4.1 Semidefinite programming and six-point crossing

This section briefly reviews the semidefinite programming based numerical six-point
bootstrap of Reference [93]. It starts in Section 4.1.1 with a discussion of the crossing
equation, which is followed by a description of derivative functionals that act on that
equation in Section 4.1.2. Finally, the dual SDP formulation of the six-point crossing

equation and some aspects of its numerical implementation are discussed in Section
4.1.3.
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Figure 4.1.1: The three different decompositions of a six-point correlator into prod-
ucts of four-point functions.

4.1.1 The crossing equation

Throughout this chapter, we study conformally invariant six-point functions of iden-
tical scalars ¢; := ¢(x;) inserted on points z; < x;;; on the line. Such a correlator
can always be reduced to a function of three cross-ratios x; by extracting a suitable
kinematic prefactor £(x;). More concretely, let us use z;; := z; — z; and x;,6 := z; to
define

Xi = #ﬁjﬁi and L(x;) = (tprisasex2) (4.1.1)
1,0+2 Li+10+

such that the reduction of the correlator to a function G of cross-ratios becomes

(P605P2030201) = L(x:)G (X1, X2, X3)- (4.1.2)

By inserting projectors onto conformal multiplets, the six-point function can be writ-
ten as a sum of products of lower-point correlators. In particular, reducing it to
products of the kinematically fixed three-point functions results in the conformal
block decomposition of the correlator. For our purposes, the relevant decomposition
is that into four-point functions. As usual in the conformal bootstrap, we leverage
the fact that there are multiple inequivalent decompositions of the same correlator,
leading to a power full set of functional equations — the crossing equations. The
three different possibilities for decomposing the correlator (4.1.2) into products of
four-point functions are illustrated in Figure 4.1.1.

In equations, the central decomposition in Figure 4.1.1 is

(60504 PO OT K" P30261)
(P6D5P103P201) = %:7;) TN , (4.1.3)

which was shown in Appendix A of [93] to reduce to

Ao +n

G(X1,X2,X3) = ) Z FO(Xl)

=) Ay () (4.1.4)
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where, for 0 <y <1,

FP(x) = (-1)"(0) 20 2408 fO(x) (4.1.5)

is defined in terms of
X=X and FO(0) = (p(00)O(X)h(1)9(0)). (4.1.6)

The other decompositions can be obtained by shifting z; - x;.;. Therefore, the
functions F© obey the functional equation!

X2A0+n L(xl+1) O A(9+TL

ZZ F2(x1) (2A T F2(x3) - £(z)) Fy(x 2)(2A o FP(x4)[=0 (4.1.8)

O n=0

whose solutions are bootstrapped in this chapter.

4.1.2 The functionals

As usual in the bootstrap, we need to act with certain functionals on the crossing
equation (4.1.8) to extract equations that do not depend on undetermined cross-

ratios anymore. Concretely, we act with combinations 8;18328§3 of derivatives on
eq. (4.1.8).

Before we do so observe that the functions F.© defined in eq. (4.1.5) satisfy
XaxFq?(X) :ngJ(X) _(A(’)Jrn—Ad;)F,?(X). (4.1.9)

Therefore, the a'® derivative 03 F2(x) can be written as
22F2 () = Y. Dy (Do, X\)FS (%), (4.1.10)

where D(®(Ap,x) is a banded upper triangular matrix with bandwidth a whose
entries depend on y and Ap.

Thus, the expression obtained by acting with 92 92 9¢. on eq. (4.1.8) takes the form

X17X27X3
S b, (b,
Z Z [FTC;L)(Xl)Mé"?n C)(AOaXi)Fr?(XS) - FTS(XQ)MT(r?n c)(onXi)FS(XD] =
O m,n=0
(4.1.11)
'Note that x4 and the ratio ﬁ(f *3) can be expressed in terms of x1, x2 and x3 as
A
_XitXetxs-xixs—1 and L(wii1) _ ( X3 X2X3 ) ’ (4.1.7)
X1+x2-1 L(xi) (X1 +x2+x3—-x1x3—1)2

Thus, eq. (4.1.8) is a functional equation depending on the three cross-ratios only.
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where M,(n%b’c)(Ao, X;) and ]\ny(fﬁb’c)(Ao, X;) are banded matrices whose bandwidth
is bounded above by A := a + b+ ¢ and whose entries depend on Ap and all three
cross-ratios.

1
3
The constraint 0 < x; < 1 leads us to exclude x = 1. The preferred kinematics at which

Finally, we would like to enforce x; = x2 = X3 = X4 =t X, Which implies y = z or y = 1.

we evaluate the derivative functionals is therefore y; = % Evaluating eq. (4.1.11) at
Xi = % yields the sum rule

2 i FO(3) My (Do) F2(3) =0 (4.1.12)

O m,n=0

with some banded matrix Mgﬁb’c)(Ao) = Mgﬁb’c)(A@, 3,5,3) o VAGS) (Ao, 3,3,3) of
bandwidth A <a+b+c. It is straight forward to write down analytic expressions for
the matrices M,Sfﬁb’c) (Ap). They can be found in the Generate Functionals.nb file

(see Appendix 4.A.1) provided with the arXiv submission associated to this chapter.

4.1.3 The bootstrap

It is straight forward to formulate an SDPs dual to the sum rules (4.1.12): For each
A € Zsg let Fp be a basis of span({M(@b)| with a + b+ ¢ < A}). A spectrum S
of operators occurring in the triple OPE ¢ x ¢ x ¢ is inconsistent with the crossing
equation (4.1.8) if there are coefficients ¢, such that

Y ca(Ap)=0forall OeS and ) caa(Ap) >0 for at least one O € S.

aeFp aeFp

(4.1.13)

Using essentially standard reasoning of the conformal bootstrap, conditions on the
coefficients ¢, that lead to bounds on scaling dimensions in ¢ x ¢ x ¢ and bounds on
the four-point functions F© were formulated in Reference [93].

The key challenge is then to efficiently search for ¢, that have the desired properties.
The problem to determine these coefficients is an SDP with a one-parameter family
of infinite dimensional semidefinite constraints. To solve it numerically, one has to
reduce this problem to an SDP with finitely many finite dimensional semidefinite
constraints.

This has been done in Reference [93] by applying the following four steps.

1. Truncate the infinite-dimensional matrices in F to finite N x N matrices.

2. Truncate the continuum of semidefinite constraints labelled by Ap to a finite
grid.
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3. Solve the truncated SDP for the coefficients c,,.

4. If the ¢, obtained this way satisfy the full untruncated constraints, stop.
Else, increase N and consider a denser grid of Ag.

For a successful implementation of this scheme in Reference [93], the banded sparsity
structure of the derivative functionals reviewed in Section 4.1.2 was essential in two
ways.

1. For the convergence of the truncation scheme it was crucial that positivity of the
functionals at large Ap and far down the diagonal was imposed by additional
semidefinite constraints that supplement the truncated SDP. These asymptotic
considerations heavily relied on the banded structure of the functionals.

2. The method applied to determine if a given functional satisfies the full un-
truncated infinite dimensional constraints consisted of manually constructing
sparse matrix decompositions, which reduced the problem to numerically check-
ing positive semidefiniteness for a two-parameter family of finite dimensional
matrices.

While the truncation scheme of [93] did successfully produce bounds, the compu-
tational effort that was necessary to do so does not compare well with the amount
of information contained in them. The truncations, the checks performed after ob-
taining a candidate functional and the potential necessity to iterate the procedure
several times with increasing N and finer grids of scaling dimensions, comes with an
undesirably large computational cost. Even more severely, as explained in [93], the
need to consider large N of order 102 to 10 makes it necessary to use SDPA instead
of SDPB. As already mentioned in the introduction, this is highly problematic since
no arbitrary precision parallelisable version of SDPA is available, which implies that
bootstrap computations based on SDPA cannot be scaled up to efficiently benefit from
the resources provided by large computer clusters.

The procedure that is described in the next section solves these problems by making
extensive use of sparse matrix decompositions similar to those that were applied
manually in the “checking” step of the truncation scheme of [93]. This simultaneously
eliminates the need for any truncations and reduces the six-point bootstrap to SDPs
that are very similar to those encountered in the four-point bootstrap. In particular,
by using the new formulation, SDPB’s capability to efficiently solve such four-point
bootstrap problems can directly be applied to the six-point bootstrap.
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4.2 New numerics for the six-point bootstrap

This section presents the main technical result of the chapter — a new, sparse SDP
based formulation of the numerical six-point bootstrap. To this end, Section 4.2.1
briefly reviews how an SDP for large banded? matrices can be reformulated as a
system of coupled SDPs for smaller dense matrices. After the general review, Sec-
tion 4.2.2 specialises to the specific SDP arising in the six-point bootstrap. Besides
improving efficiency of the bootstrap algorithms, we show that exploiting the banded
structure makes it straight forward to use polynomial SDP, thereby overcoming the
discretisations necessary in [93].

4.2.1 Banded SDP

This section reviews sparsity exploiting decompositions in SDP with banded matri-
ces. We start by setting up such an SDP and some useful notation. Then, the SDP is
reformulated in terms of two coupled SDPs of smaller dense matrices by decomposing
each of the constraint matrices into an upper left and a lower right part. After this
warm-up, a more general decomposition into multiple coupled SDPs is stated. The
section ends with a simple example that illustrates the application of the general
result.

Setup and notation. For any objective ¢ € RN and any collection of N + 1 sym-
metric m x m matrices { M} we can use SDP to solve the following optimisation
problem.

N
Maximise c-y over y € RY such that M° + Z YoM > 0. (4.2.1)
a=1

In this section, we are interested in the case where {M*}Y | are banded matrices
with bandwidth A. That is,

i~ j| > A= Mg =0. (4.2.2)

For a discussion of such a sparse SDP, it is useful to introduce s x ¢ matrices E{
with

(Eoy)ij = 6;"%, (4.2.3)
i.e. EJY is a matrix that is 1 on a diagonal specified by mg and 0 otherwise. Note
that

(ET)T = B (4.2.4)

Throughout this section, Sym, denotes the set of symmetric k£ x k matrices.

2The general theory of sparse SDP is discussed for example in the excellent review [205].
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Splitting the SDP in two. The matrices defined in eq. (4.2.3) can be used to
conveniently describe projections of matrices onto submatrices. For instance, the
upper left a x a submatrix of the m x m matrix M can be written as

A= EO MOED, .. (4.2.5)

Moreover, E. can also be used to embed small matrices into larger matrices. For
instance, £, ,A*E]

a x a submatrix, but vanishes otherwise. In particular, if we project onto the lower

is a m x m matrix that coincides with M in the upper left

right b x b submatrix
B®:= Bl (M® - B, A°ED, Y E™3). (4.2.6)

of M* - E), ,A*EY,, then we can recover M* as

Ey JA“EY,, + ETPBYE) " = M® (4.2.7)

for suitably large a and b. More concretely, since M® has bandwidth A, it is enough
for A and B to overlap on a AxA submatrix of M<. Because the parts of M captured
by A« and B® overlap in the lower right and upper left (a+b—m) x (a+b—m) corners
respectively, this amounts to the constraint a + b >m + A.

The decomposition is of course not unique. For any X € Sym we can define

a+b-m>
Agc( =A%+ E(Ta_-il—)b—mXEglzzm,a B?( =B - El?,a+b—mXE2+b—m,b (428)
and still have the decomposition property
ngAnggvm + E:n”;)bB?(Efj;g” = M*“. (4.2.9)

With this ambiguity in mind, let us consider an optimisation problem with an ex-

tended set of variables y € RV and X € Sym namely

a+b-m>
N N

Maximise ¢ -y such that A% + ) yo A% >0 and B} + > yo B = 0. (4.2.10)
a=1 a=1

Clearly, every y that solves the constraints of this SDP also solves the constraint of
our original problem (4.2.1). A less trivial, but very useful fact is that the converse
holds too [205]. That is, for every positive semidefinite banded matrix

N
M =M+ y,M?, (4.2.11)

a=1

there exists a symmetric matrix X such that

N
A+ Yy A* = —Elh X BN (4.2.12)
a=1

a,a+b-m a+b-m,a
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and

N
B+ yaB = By X ED

a+b-m,b"

(4.2.13)
a=1

Therefore, the two SDPs (4.2.1) and (4.2.10) are in fact equivalent. Applying this

equivalence iteratively untill we arrive at m — A coupled SDPs of (A+1) x (A+1)

matrices allows us to deduce the following key result.

Dense decomposition of banded SDPs. Let {M*}Y | be symmetric banded
m x m matrices with bandwidth A and c € RN. Then, the task of mazimising c-y
over y € RN with the positive semidefinite constraint

N
MO+ >y M= 0 (4.2.14)
a=1
is equivalent to the task of mazximising c -y over (y,Xo,...,Xma-1) € RV x

(Sym,, ;)™ with the constraint
N m—-A-1
X+ M2+ yaM2 20 Y, ER o XnEytm=0, (4.2.15)
a=1 n=0

where M € Symp,1 are some arbitrary fived matrices with the property

m—A-1
> B aa MERY,, = M®. (4.2.16)

n=0

Example. As a simple example to illustrate the decomposition discussed in the
previous section, consider the problem of determining the maximal y such that

110 1 -10
MO+yMt =110 |+y|l-11 -1]>0. (4.2.17)
001 0-11

This SDP is simple enough to just write down the spectrum of M° + yM?', namely
spec(M° +yM") = {y +1, —\/m+ y+1, \/WJF Y+ 1} . (4.2.18)
and simplify spec(M? + yM?') € R,y to conclude that the feasible range of y is
0<y<4. (4.2.19)

Alternatively, we can use the decomposition approach discussed in the previous sec-
tion and conclude that the SDP formulated in eq. (4.2.17) is equivalent to the problem
of finding the maximal y such that there is a pair of symmetric 2 x 2 matrices Xy, X;
with

Xo+ M +yMg =0 Xy + M) +yM} >0  ES,X0EY; + E}, X Eys =0, (4.2.20)
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where

11 00 1 -1 0 -1
(1), e (00), e () e (0. e

The equality constraint is easily solved. Indeed,

(Xo)u (Xo)12 0
0= E§72X0Eg’3 + E§’2X1E2_’§ = (XO)21 (Xo)gg + (Xl)ll (X1)12 (4222)
0 (X1)21 (X1)22
implies
00 0
XO = (0 —1’) and X1 = (0 O) . (4223)

Thus, our original single variable, 3 x 3 matrix SDP has reduced to the system

1 1- -
Ty Y Jx0 and T ) s0 (4.2.24)
l-yl+y-= —yy+1

of two coupled two variable 2 x 2 matrix SDPs. Demanding a non negative trace
and determinant for the matrices in eq. (4.2.24) leads to quadratic inequalities which
simplify to

0<y<4 and

IN

x <

2 4
Y v (4.2.25)
y+1 y+1

Projecting to y, we recover the feasible interval 0 <y <4 given in eq. (4.2.19).

4.2.2 Improved six-point bootstrap

We now apply the sparse SDP techniques reviewed in Section 4.2.1 to the numerical
six-point bootstrap. For this, we first lay out what choices have to be made in the
course of the implementation. Then, we detail the specific choices that have been
made for this work.

Overview. As reviewed in Secs. 4.1.2 and 4.1.3, the six-point bootstrap involves
constructing linear combinations of infinite dimensional symmetric matrices with
bandwidth A, whose entries are rational functions of a conformal weight A. Positive
semidefiniteness is imposed on the matrices for certain ranges of A, e.g. A > A, that
is for all conformal weights above a gap A,. Concretely, the matrices M (@b (A)
defining the sum rules (4.1.12) take the form

Me(A,n)

m7 (4.2.26)

MO(A) = Y B MM ) By ., with  J1°(A,n) =
n=0
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where the matrices E are defined as in eq. (4.2.3) and the entries of M (A, n) € Sym,,,
are polynomials in A and n of degree

dega Mjr(A) <A+ (2-7-k) deg, M (A,n) <A+ (2-j5-k). (4.2.27)
In particular,
JH+k>A+2= My (A n)=0. (4.2.28)

In the spirit of the approach to sparse SDPs laid out in Section 4.2.1, we reformu-
late the infinite dimensional semidefinite constraints involving sparse matrices of the
type (4.2.26) as infinite systems of semidefinite constraints for dense (A+1) x (A+1)
matrices. Eq. (4.2.26) is already a decomposition of the form (4.2.16). Let us di-
rectly work with this particular choice of breaking the infinite banded matrices up
into families of Sym,,; matrices. There are two important choices that we need to
additionally make. These are

1. Choice of X matrices. As in the example (Sec. 4.2.1) we would like to choose a
convenient parametrisation of the constraints on the X matrices in eq. (4.2.15).

2. Choice of C' matrices. After we have decomposed the sparse SDP into a cou-
pled family of SDPs for smaller matrices, we can choose a different matrix to
conjugate each of the coupled SDPs.

The remainder of this section gives a detailed description of these two choices.

X matrices. To describe the construction of X matrices, the following four para-
graphs approach the SDPs relevant for numerical six-point bootstrap with four steps
of increasing complexity. Concretely, we consider

1. Banded SDPs with matrices whose entries are independent real numbers.
2. Banded SDPs with matrices whose entries are independent polynomials in A.

3. Banded SDPs with matrices whose entries are not independent of each other
but instead polynomials in two variables, namely A and the position n along
the diagonal.

4. The specific SDPs relevant for six-point bootstrap, where matrix elements are,
up to an exponential prefactor, rational functions of A and n as indicated in

eq. (4.2.26).
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X matrices, step 1: Constant matrices. As in the example given at the end
of Section 4.2.1, we would like to find a set of sequences of matrices {(X})%,} that
is a basis of solutions to the constraint

> Brnnt XaExiym =0 (4.2.2)
n=0

arising in the decomposition of banded SDPs i.e. in eq. (4.2.15).

One choice of such a basis is given by the sequences X ("0::/) labelled by natural
numbers ng, I, J with 2 < I < J < A+ 1 and consisting of matrices XMl with

entries

(XG0, = 0,008 -

n0+I 1

oo (4.2.30)

It is simple to verify that X (m0././) indeed satisfies the constraints:

oo A+1

3

no,0,J) p-n n no,I,J -n
Z( mA+1X( > )EAH m)l] Z Z 5z—k(X7$ ’ ))klél_j (4231)
n=0 n=0 k,l=1
Z(X(no A, J))Z oo 5(1 7105] ng) 5(1 ng- I+16{+T}011+1) -0. (4‘2‘32)

Using this basis, we can rephrase the maximisation of b-y over y constrained by
N
MO+ ZyaM"‘ >0 (4.2.33)
a=1

with infinite dimensional banded matrices M% as a maximisation of b -y over two
variables x and y constrained by the system

min(An) A+1 J
Mi+ 2 X 2 pr.n XA “‘])+ZyaM,‘3z0 VneN,  (4.2.34)
p=0 J=21=2
of coupled semidefinite constraints involving only (A + 1) x (A + 1) matrices.

X matrices, step 2: Polynomial in A matrices. It is straight forward to
generalise eq. (4.2.30) to deal with polynomial SDPs of the form

N
maximise b-y over y such that M°(A) + >y, M*(A) =0 YA €S, (4.2.35)
a=1

where S is some subset of R. We simply need to multiply the X (o./+/) with some
suitable set of polynomials. Concretely, if we define

X (0.1 0da) .= X (no.LJ) Ada, (4.2.36)
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then the SDP in eq. (4.2.35) is equivalent to

maximise b-y over (z,y) such that

min(A,n) A+1 J dega(n-p,1,J)

MUA)Y+ > YN Y Baoprran XA

p=0 J21=2  da=0
N
+ Y YaMI(A) =0 VneNy,AeS,  (4.2.37)
a=1

where

degA(n(bI J) - 0r<nax (max[degA( 0+] n0+J(A)) degA(M'r?(ﬁl no+1+J— I(A))])
(4.2.38)

X matrices, step 3: Matrix entries polynomial in A and n. With an infinite
number of undetermined coeflicients x,,; j4,, the SDP formulated in eq. (4.2.37)
seems to be somewhat abstract and not particularly useful for concrete numerical

computations. If however, the matrices M%(A) with different n are not independent
of each other, but instead have entries that are for instance polynomials MS(A,n)
in n, we can use eq. (4.2.37) to formulate a finite dimensional version of the a priori
infinite dimensional SDP (4.2.35).

To do so, we define
XA (A p) = Ads((n+ T =1)P606%) —nt6l'6)) H(n-1+1)), (4.2.39)

where H is the Heaviside step function

1, >0
H(z)=1{" 7", (4.2.40)
0, =<0
Again, it is easy to check that the constraints are satisfied. Indeed,
S . I,J,da,dn
ZE)(Em,A+1X(LJ’dA’d )(A’ n EA+1 m Z Xz( n,J An )(Aa n) (4241)
_A\da (Z_;)(n - 1)dn5§i—n5§—n) _ Z;)ndn(;Y n5{+7})11—[(n I+ 1)) (4.2.42)

A (S T )5 - S T <0 12
n=0 n=0

Using the matrices X (:/dadn) (A n), we can formulate the SDP

maximise b-y over (x,y) such that
A+1 J dega(1,J) deg,(1,J)

MOA )+ > ) Z (1. ddad X CH2I (A, )

J=21=2 da=0

N
+ Y yaM*(A;n) 20 VneNg,AeS, (4.2.44)
a=1
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where for both z =n and x = A, we define
degx(lu ‘]) = OI;’ICM&S}IC\[(H]&X[degx(MIOfJ(A7 n))v degx(Mﬁ1+J—I(A7 n))]) (4245)

In general, this finite SDP has stronger constraints than the original SDP (4.2.35).
Thus, the optimal solution to (4.2.44) only gives a lower bound for the maximal value
of b-y in (4.2.35). For bootstrap applications this means that, using (4.2.44), we will
still find rigorous bounds on CFT data — however possibly not the optimal bounds.
In practice this is not particularly concerning. After all, restricting to a finite number
of derivative functionals, we cannot expect optimal bounds in any case.

It is however important to note that we can combine the X (/:/:da.dn) matrices with any
choice of finitely many X (mo.l:/da)  The SDPs constructed in that way in principle
can be made as close to being equivalent to eq. (4.2.35) as we like.

X-matrices step 4: SDPs of the six-point bootstrap. As already stated
earlier in this section, the matrices relevant for six-point bootstrap do not have
entries that are polynomial in A and n but rather take the form indicated in equation
(4.2.26). Thus, we cannot directly work with the matrices X (/»/:da-dn) and X (no.l:/:da),
The modified versions that we use instead for numerical bootstrap are

X(LJ,dA,dn)(A n)zAdA (n+1- 1)dn5§z(5§) ) ndn(;Y(SﬂJ_IH(n -1+ 1)}4 2.46)
¢ ’ 2.

37 |31 (2A) i1 (n+ T = 1)! (2A),n!
i Ada (i o " i o
and (X O’I’J’dA)(A))ij = 3 2A) ! (57105} 5?]) - n0+I—15§ 5&1—1) : (4.2.47)

With these, we map the SDP (4.2.35) with matrices M*(A) as in (4.2.26) into the
SDP3

3The choice to only include X,S"O”’J’dA)(A) matrices with ng up to A -1 in eq. (4.2.48) is

somewhat arbitrary. As noted towards the end of the description of step 3, one could in principle
include a larger number of these matrices. However, the bounds presented in this chaper were
empirically found not to be sensitive to this choice i.e. including more Xﬁ"O’I’J’dA)(A) matrices
than those with ng up to A — 1 has an effect that is orders of magnitude smaller than increasing A.
This aligns well with the observation that in the cases where Reference [93] provided optimal fixed
A bounds to compare with, they agreed with the ones computed with the choice in eq. (4.2.48),
implying that there is no room for improvement.
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maximise b - y over (z,y) such that
A+1 J A+I-JA+I-J-dy

MO(A n) + ZyaM“(A n) + ZZ Z Z SU(I,J,dA,dn)X(I’J’dA’d")(A7”)

J=21=2 dp=0 da=0

A-1 A+1 min(J,A-no) A+I-J 5 Iy
ar Z Z Z Z m(no,I,J,dA)Xr(an’ o A)(A) >0 Vne No,A €S.

no=0 J=2 I=2 da=0

(4.2.48)

\.

As a final comment on the decomposition, let us state the empirical observation that
not all of the X matrices have an equal impact on the bootstrap bounds. In particu-
lar, some of them do not contribute to the optimal functionals at all. Therefore, we
usually only work with a subset of the general matrices described here.

C matrices. In order to efficiently solve the SDP formulated in eq. (4.2.48), one
has to use the freedom to conjugate the semidefinite constraints by some sequences
of invertible matrices C,,(A). In doing so there are two goals

1. One would like to make sure that after conjugation all semidefinite constraints
only involve matrices that depend polynomially on A, preferably with a low
degree. This allows us to treat the continuous parameter A of the constraints
in eq.(4.2.48) with standard polynomial SDP techniques without truncation.

2. Additionally, one would like the matrix entries of C,(A) to depend on n in
precisely such a way that, after conjugation, the diagonal entries of the con-
straint matrices are constant to leading order in n > 1. This allows us to deal
with the infinite range of the n label in eq. (4.2.48) by imposing positivity in
the n — oo limit and a finite range of n up to some truncation value?.

To achieve the first goal, conjugate by the diagonal matrices C2 with

VIR o (e DL 0si-1<]

(Co)i=1 " [rela]

| S (42.49)
m@ﬁ)nﬂ i |24 <i-1<A

To achieve the second goal, additionally conjugate matrices with n > A by the diag-
onal matrices C’n defined as

4The truncation in n is completely analogous to the standard truncation of the spin parameter
in higher dimensional four-point bootstrap. In this work, only fully converged bounds for which
the truncation parameter was chosen large enough to ensure that the functionals are positive for
all n are presented.
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(C)is =n~ 98D where deg, (i) := maxdeg, (C,M*(nA,n)Cy)s.  (4.2.50)

4.3 Extremal flow from GFF to GFB

This section uses the improved numerical six-point bootstrap to study extremal cor-
relators that interpolate between the Generalised Free Fermion (GFF) and the Gen-
eralised Free Boson (GFB).

A similar four-point bootstrap analysis was performed in Reference [181]. There, a
one-parameter family of OPE maximising solutions to four-point crossing that inter-
polates between GFB and GFF was studied using the numerical bootstrap. Close to
GFB, it was related to the deformation of the massive free boson in AdS, by a quar-
tic interaction. Here, this one-parameter family of extremal correlators is extended
to a two-parameter family incorporating also the sextic interaction. The logic of
this six-point extension follows similar bootstrap problems studied in Reference [93]
where the CF'T data contained in the four-point function of four identical generalised
free bosons or fermions was used as an input to study the constraints that six-point
crossing puts on additional CF'T data occurring in the respective six-point functions.

As a warm-up, Section 4.3.1 briefly showcases the consequences of the improvements
that were presented in Section 4.2 by revisiting the “gap maximisation without iden-
tity” problem of [93]. Section 4.3.2 then turns to the extremal four-point correlators
interpolating between GFB and GFF. In Section 4.3.3, a six-point bootstrap problem
that produces bounds on the triple twist data along the four-point deformation is
introduced and the results of its implementation are discussed. Finally, Section 4.3.4
relates these results to perturbative computations in AdS,.

4.3.1 Warm-up: Gap maximisation without identity revisited

The first application of numerical six-point bootstrap studied in Reference [93] was
“gap maximisation without identity” i.e. the problem of maximising the dimension
of the leading operator in the ¢ x ¢ x ¢ triple OPE.

Gap mazimisation without identity. For fivzed Ay, determine the maximal
A, such that there is a crossing symmetric siz-point function (¢pppppp) consistent
with unitarity and the assumption that

OXPXP=0,+..., (4.3.1)

where the operators that have been omitted have a scaling dimension A > A,.




4.3. EXTREMAL FLOW FROM GFF TO GFB 131

In Reference [93] an explicit candidate for the extremal solution to gap maximisation
without identity was proposed. The proposed correlator has

A, 9
=-. 4.3.2

The qualifier “without identity” is motivated by the fact that the identity operator
neither appears in the ¢ x ¢ x ¢ nor in the ¢ x ¢ OPE of this extremal solution (the
former would mean A, = 0, while the latter would imply A, = A,). Some initial
numerical data supporting the claim that the correlator associated with eq. (4.3.2)
is the optimal solution to gap maximisation without identity was already presented
in Reference [93].

10 A

A

By
Figure 4.3.1: Allowed region for gap maximisation without identity.

The methods introduced in Section 4.2 enable a significant increase of the number
of derivative functionals: While the numerical data of the previous publication only
contained bounds with up to A = 4 derivatives (i.e. N, = 15 functionals), Figure 4.3.1
now shows the bounds for values of A up to 7 i.e. N, = 53. Apart from increasing
A, the new numerical implementation also helped to increase the range of external
dimensions Ay that could be scanned over. Thanks to these two improvements, a
clear picture arises: For small Ay the bound rapidly converges to the expected gap
of §A¢. For any fixed A, the bound then weakens and monotonically tends to 2A,
at large Ay. As A is increased the region where this transition happens is pushed to
larger and larger A.
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Appendix 4.A.2 describes some code shared in the anxilliary files of this publication

that reproduces the bound presented in Figure 4.3.1.

4.3.2 Double twist data from four-point bootstrap

Let us now state the four-point bootstrap problem whose six-point generalisation is
the main target of this section and briefly discuss its solution.

[ Three-point mazimisation. For fized Ay and Ay, mazimise the OPE coeffi-|
cient Cypp2 such that (ppo) is consistent with crossing, unitarity and the assump-
tion that

dxp=1+¢*+..., (4.3.3)

where the operators that have been omitted have a scaling dimension A > Ay,

The Ay = 2A, extremal solution to the three-point maximisation problem is the
GFB four-point function. For Ay = 2A,4 + 1, one recovers the GFF [181]. Scaling
dimensions and OPE coefficients of the one-parameter family of solutions to cross-
ing interpolating between these two end points are most conveniently inferred by
numerically computing solutions to truncated crossing equations that approximate
the GFF (or GFB) and applying Newton’s method to gradually deform these solu-
tions by varying Ag. While it was observed in Reference [181] that this is most
elegantly done using analytic functionals, it is sufficient for our purposes to simply
compute the truncated spectra for up to Ay = 20 derivative functionals combined
with extrapolation to Ay = oco.

Since [181] already gave a detailed description of the spectrum of the extremal corre-
lators, we refrain from further discussing the well-known four-point data and instead
directly move on to the new information that can be extracted from the six-point
bootstrap. The reader interested in more details on the four-point data is invited to
inspect the mathematica notebook GFF_to_GFB.nb which we used to generate this
data and which is provided in the ancillary files associated to this publication.

4.3.3 Triple twist data from six-point bootstrap

Analogously to the three-point maximisation problem formulated in the previous
section, one can study an extended six-point bootstrap problem that maximises
four-point functions.
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Four-point mazximisation. For fived Ay, Ay and Ay, mazvimise the value
of the four-point function Fy = (¢(00)d(1)¢*(1/3)p(0)) with the constraint that
(pPpPPpPd) is consistent with crossing, unitarity and the assumption that

(6600) = F,** and bxPxP= G+, (4.3.4)

where the operators that have been ommitted have a scaling dimension A > Ays.

Here, Fj¢’2 denotes the solution to three-point maximisation for fixed A.. Upper
bounds on the solutions to four-point maximisation can be constructed through the
procedure outlined in Section 4.3. of Reference [93]. In fact, that paper already
presented numerical data strongly suggesting that for (A2, Ags) = (2A,+1,3A,+3),
where the four-point input F;A¢’+1 is just the GFF four-point correlator, the four-
point maximisation problem is solved by the GFF six-point function. We change the
procedure used to obtain this result in two ways here.

1. We use the improved six-point bootstrap described in Section 4.2.

2. As input data, we use the ¢-exchange contribution to the six-point function
computed using the extremal solutions to the three-point maximisation prob-
lem i.e. if

A
O€(¢X¢)A¢2

then the input for the six-point bootstrap is

Z C¢%¢Ol (A¢2 )C(?)(i)Og (A¢2 )G01 025 (436)
01,026(¢X¢)A¢2

where G, 40, is the (O190;)-exchange comb-channel six-point block [174, 178].

For fast, precise evaluation of derivatives comb-channel conformal blocks that enters
in eq. (4.3.6), we use a C programme that together with a python and mathematica

wrapper is available in the ancillary files provided with this publication (see also
Appendix 4.A.4).

The numerical upper bound for the cases Ay =0.01 and A, = 0.1 is shown in figures
4.3.2 and 4.3.3 respectively. For (Ayz, Ays) = (2A4,34A4), the bound is well saturated
by the GFB correlator. Likewise, it is saturated by the GFF for (Ag, Ays) = (244 +
1,3A, +3). As a function of Ay at fixed Ay, the bound converges rapidly close
to the maximal allowed value of Ays. As Ays is decreased the bound monotonically
increases on the GFB slice Ay = 2A,. Closer to the GFF slice Ay = 2A, + 1,
however, it first drops to a local minimum before finally rising again. This qualitative
behaviour does not greatly vary as the value of A, is changed.
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A =2 Bound
A =4 Bound
A =5 Bound
GFF
GFB

(¢¢4)60]

1.0 1

Figure 4.3.2: Upper bound on solutions of the four-point maximisation problem
for Ay =0.01.

4.3.4 Matching with perturbation theory in AdS,

As pointed out in Section 4.3.3, the GFB/GFF correlators (dual to a massive free
boson/fermion in AdS,) saturate the six-point bootstrap bounds and are therefore
extremal correlators. A natural expectation is that deformations which preserve
extremality, i.e. generate the extremal surface, correspond to interactions that do
not introduce new states in the OPE, but instead just modify the dimensions and
OPE coefficients of states that are already present. At leading order in a quartic or
sextic deformation of the GFB, it is easy to see that no new states are introduced.
Therefore, we focus on these examples and relate them to the bounds obtained in
Section 4.3.3.

®6 interaction. Let us start from the UV action

1 A6
S = 3 f d*x\/g ((%@8“@ +m?: % 4 o : @O :) , (4.3.7)
where \g = 0 describes a free boson ® of mass m? = Ay(Ay - 1) dual to a GFB ¢
of dimension Ay4. Normal ordering in the sextic interaction by which we deform the

boson ensures that no effective quartic interaction is induced at tree level. Therefore,
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A =2 Bound
A =4 Bound
A =5 Bound
GFF
GFB

(24)60]
|
L

1.0 1.0
1.2

Figure 4.3.3: Upper bound on solutions of the four-point maximisation problem
for A¢ =0.1.

the boundary four-point function is unaltered by the deformation at leading order.
That is,

(0(z1)p(2)d(23)d(x4)) = ($(21)S(22) P (w3)P(74))crp + O(AF) (4.3.8)

which means that, at this order, the sextic interaction takes us away from the GFB
point in Figures 4.3.2 and 4.3.3 by moving only in the Ays direction while keeping
Ay fixed. To make contact with the bounds of Section 4.3.3, we not only need
to compute tree-level corrections to the four-point function (¢@@@?), but also the
anomalous dimension v = Ay — 3A, of ¢3. The later quantifies the rate at which
we move away from the GFB point in the (Ag, Ags) plane.

To determine 7,3, consider the correlator

(O(x1)0* (22)P(w3)d* (24)) = GFB = NNy Da, 200,24, (2:) + O(AF) (4.3.9)

where Dajoa,4,24, (z;) denotes a D-function, i.e. a quartic contact Witten-diagram
and Ny is the normalisation of the bulk-to-boundary propagator associated to the
diagram. The diagram is drawn on the 1.h.s. of Figure 4.3.4. Concerning D functions,
we use the convention

DAl,Az,A3,A4(xi):[dzx\/gKA1(x7xl)KA2(xam2)KA3(m7$3)KA4(937$4)a (4310)
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¢

(a) Sextic contact diagram used to determine (b) Sextic contact diagram leading to a cor-
the anomalous dimension 43 of the triple rection to the correlator (ppp®). The dia-
trace operator ¢°. gram is naively divergent.

Figure 4.3.4: Tree level Witten diagrams occurring in \g®% perturbation theory.

where K, (x,x;) is the bulk-to boundary propagator from the point z in the bulk
to the point x; on the boundary. In Poincaré coordinates for AdSs, the bulk-to-
boundary propagator reads

A
Y
K, )= . 4.3.11

ale, ) (y2+(x—xi)2) ( )
Crucially, eq. (4.3.11) makes the fact that the product of two bulk-to-boundary
propagators of dimension Ay is proportional to a single propagator of dimension
2A, manifest. This justifies the subscripts of the D-function in eq. (4.3.9).

Reading off the correction to CFT data from the conformal block expansion of the
contact diagram is a standard computation described for example in [206]. For
generic external dimensions, the s-channel block expansion of the contact diagram
contains only double trace towers of the channel pairs, i.e.

o0 o0
_ 12 12,34 34 12,34
DALA2,A3,A4 - Z an, GA1+A2+2n + Z an, GA3+A4+2n ) (4312)
n=0 n=0

with the product of OPE coefficients a}? given by
a2 =

VA=) (n+ AT (n+ Ag) T (n+ Ay + Ap — ) [ (28182000701 )

1’\ ( 2n+A1 +A2—A3+A4 ) 1’\ ( —2n—A1—A2+A3+A4 ) 1’\ ( 2n+A1 +A2+A3+A4—1 )
2 2 2

(4.3.13)
F(2n+ A1+ A - DT (2n+ A1+ Ay)

Considering the first order piece of eq. (4.3.9) and extracting a dimensionful prefactor

1 T13 |
(¢($1)¢2(I2)¢($3)¢2(1‘4)>(1) = m (—) f¢¢2¢¢2(2) N (4.3.14)

x
T1g T3y 24
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one has the conformal block expansion

2 4 42 > 1 2 4 42
f¢>¢>2 ¢2(2) Z ¢¢2 3 n (1)G¢$3)¢¢ (Z) + 2(0(725(752((753)”) © ’7(((1,;) aAG¢>$3)¢¢ (2)7
n=0
(4.3.15)

which is obtained from the generic expression in the case where A;+As = Ag+Ay. In
this case the individual coefficients a'? and a3* in eq. (4.3.12) diverge but the sum of
the two towers of double trace operators is finite. Through the computation of this
finite limit, derivatives of conformal blocks enter on the r.h.s. of eq. (4.3.15). The
anomalous dimension of ¢3 can be read off as the coefficient which multiplies the

derivative of the block corresponding to the non-degenerate state at n = 0. Dividing
by the free OPE coefficient (C? (6%
normalisation of the ¢? operators, one finds

of VA (304-3)
W"”’:_%%(_ 6T(3A,) )

)(© = 3 and by a factor of 2 ensuring unit

(4.3.16)
We can also read off the OPE coefficient C; ¢)2 43 by noting that the square OPE

coefficient appearing in the correlator is (C? e ¢3) ZC;(;)Z, 43 Cé;)g 3. Ve find

C(l) R o \/_F (3A¢ - —) I:HA¢ 1+ H2A¢ 1+ H3A + 2H6A¢—2 +10g(4)]
aongs = 70T AT (30,) )
(4.3.17)

where H, is an analytically continued harmonic number.

Having computed the anomalous dimension, let us turn to the four-point function
foooss (2 = 1/3), which is the quantity that was bounded in Section 4.3.3 by the
numerical bootstrap. The tree level correction to this correlator is again given by a
contact diagram

(p(21)p(x2)d(23) % (24)) D) = =X N§Da,a,0,38,(T:) - (4.3.18)

However this D-function, illustrated on the r.h.s. of Fig. 4.3.4, is actually divergent.
The divergence is due to the extremality condition Ay + Ay + Ay = 3A,, and is a fa-
miliar phenomenon in holographic three point-functions. Physically, the extremality
condition should be avoided by the fact that the external operator ¢? acquires an
anomalous dimension. Therefore, we regulate the divergence by working in terms of
physical CF'T data. Let us first remove a kinematic prefactor and define a function

f (;)¢> 43 of the cross-ratio through

213\
(B(21)P(2) p(3) % (a04)) V) = ﬁ (_) fO L), (4319)

X14
D) :r34
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1)

oy into conformal blocks takes the form

The decomposition of f(;

(1) _ o A (0) $666° | o ~(0) (1) Sppe®
Fopoan (%) = ;) Coo(6)n Cos 01, Ty, 1;) Coote2)n oo (62, G 62,

0 0 1 3
+CO O, 2505 GIY (4.3.20)

Clearly, the anomalous dimension of ¢3, which should be unit normalised by diving
by /6, only affects the exchange of the operator ¢2. This is consistent with the fact
that the free piece of the correlator actually contains only a single conformal block

£ () = VB G (2). (4.3.21)

Since therefore only the coefficient of the ¢? block is divergent when using the stan-
dard expansion of the contact diagram, we can extract all the coefficients for ex-
changes of (¢*),, and (¢?),, with n > 1 from the standard expansion of the D-function.
To reconstruct the ¢? exchange, we use the expressions (4.3.16) and (4.3.17) for 73
and C;;)Q 43 that were extracted from the finite (pp?¢p¢?) correlator. Since the OPE
converges quickly at z = 1/3, it is sufficient to sum only a few blocks to obtain an
answer that has converged to several decimal places.

The result can be matched to the derivative of the numerical bound Fys (Ag, Agz, Ays)
w.r.t. Ags. As Figure 4.3.5 shows, we indeed find

A s P g3|GFB = = 0.
#3 6>\6A¢3 é;)

to high precision at small A,.

As already pointed out in Section 4.3.1, the bounds obtained using six-point deriva-
tive functionals behave qualitatively similar to those obtained using derivative func-
tionals in the four-point bootstrap, in that the convergence of the bound as a function
of the number of functionals significantly slows down as the external dimension A is
increased. To see the effect of this slow down also for the problem studied here, the
range of Ay shown in Figure 4.3.5 also includes a region where the numerical bound
is not yet well converged. In that region, the numerical answer and the analytic
prediction do of course not agree, it is however reassuring that increasing A from 4
to 5 reduces the mismatch. This suggests that eventually, the numerical data should
match the analytic curve also for large values of Ay if a sufficiently high value of A
is chosen.
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3 .
— ¢5 (with F > 0)
— ¢5 (with 9F < 0)
2 ® A=4bound (with oF <0)
® A =4 bound (with oF > 0)
X A =5 bound (with oF <0)
1 X A=5 bound (with oF > 0)
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Figure 4.3.5: Derivative of the four-point function w.r.t. the ®6 coupling and nu-
merical derivative of the bound at GFB as a function of Ay.

®* interaction. The quartic coupling case is similar but has some important dif-
ferences. We once again normal order the interaction and write the action as
1 2 2. H2 A4 4
S=§fdx\/§ 8u¢8“®+m:q):+zzq): ) (4.3.23)

This of course means that the four-point function of ¢ gets modified by a contact
diagram

(¢(21)d(x2)P(3)P(24)) = GFF = MaNyDa a0, (2:) + O(AD) (4.3.24)

which in particular induces an anomalous dimension for ¢?

VT (284 - 3)
Y2 = —MNE| - : (4.3.25
¢ ! ( o (2A4) )
and a correction to the OPE coefficient
/30 (284 = 1) (2Ha -1 + Hyn,_3 — 2Hyn > +log(4)
2 ¢T3 Ap-1 204-3 AN 42
C8) = (“MNY) ( d ’ ) (4.3.26)

oT (2A,)

To obtain the anomalous dimension of ¢3 we could once again study the correlator
(pp2pp?), but we will instead consider a shortcut. Directly computing the two-point
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¢

Figure 4.3.6: Factorised diagram contributing to the (¢pppgp3) correlator with a
quartic vertex. The sub-diagram corresponding to the three-point function is diver-
gent.

function of ¢3 perturbatively makes it clear that the resulting integral is the same as
in the ¢? case. Counting diagrams leads to a simple combinatorial factor

Finally, we need to compute (¢pppgp3). Since the ¢ operator is normal ordered,
there is no contribution to the correlator that connects all four-points. Instead, the
correlator factorises into a product of two- and three-point functions, as illustrated in
Figure 4.3.6. However these three-point functions are extremal (due to the property
Ay + Ay =2A,) and are therefore divergent. We once again regulate by working in
terms of physical data. The divergent three-point integral computes the correction to
the three-point function. Therefore, we simply write down the three-point function
in terms of OPE coefficients and scaling dimensions and expand them to first order.
These are known from the expansion of the finite four-point function (pppe) that
we wrote above. We then have
1 -1
(0 (21)P(22)(5)) ) = Coos? ﬂv;iilof 5123513%3)) . (4.3.28)

Lig T3

Adding all the permutations of the above diagram and extracting the prefactor yields
a correlator that is easy to write as an explicit function of z

! ;2%3(2) = Mg (ﬁzmd’(wﬁ@z + V2742 log(2(1 - 2)))), (4.3.29)

which can be straightforwardly evaluated at z = 1/3.

Figure 4.3.7 visualises numerical data indicating that the ®* deformation is tangential
to bound in the same way as the ®% deformation. As opposed to Figure 4.3.5, this
plot is restricted to the small A4 range where the bound is well converged at A = 4.
Similar comments to those made about convergence above Figure 4.3.5 also hold
here.
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Note that, since now both A and Ays are changed by the deformation, a combina-
tion of the two derivatives has to be taken and we find

Fiomes
30 4 Foslarn + Oa , Foslorn = 255~ (4.3.30)

Vg2

4.0
— ¢* (with 9F < 0)
3.5 ® A=4 bound (with 8F <0)

3.0 A
2.5 A
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|Oglo(|aF|)
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0.0 T T T
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l0g10(Ag)

Figure 4.3.7: Derivative of the four-point function w.r.t. the ®* coupling and nu-
merical derivative of the bound at GFB as a function of A.
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Appendix

4.A Code

This appendix collects remarks on the code that is made available with this publica-
tion. The focus is on increasing usability of the code and not on a detailed description
of its precise structure.

4.A.1 Generate_Functionals.nb

The mathematica notebook Generate Functionals.nb can be used to generate and
store all derivative functionals used in this work as well as their decomposition ac-
cording to the procedure described in Section 4.2. Upon running the notebook, it
generates the file Functionals_A2.txt in the folder in which the notebook is stored.
The file contains the functionals with up to 2 derivatives. The parameter A can be
changed in the first section of the notebook.

4.A.2 Generate_JSON_nol.py

The python script Generate_JSON_nol.py generates the file pmp. JSON in the working
folder, which serves as the input that has to be provided to SDPB in order to compute
the bound discussed in Section 4.3.1. Several parameters need to be provided to
Generate_JSON_nol.py. These are

e fundir: The folder in which the functionals generated by Generate_Functionals.nb
(see App. 4.A.1) are stored. In the example below, we assume that the func-
tionals are stored in a folder “functionals” inside of the folder in which
Generate_JSON_nol.py is called.

e Lambda: Derivative order A.

e nTrunc: Truncation in the n parameter introduced through the decomposition
described in Section 4.2.

e gap: Value of the gap to be tested.
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e h: External scaling dimension Ay.
e prec: Internal working precision.

e extra eval: A string of integers separated by commas, that indicates which
particular values of n should be considered beyond n < nTrunc. Entering —1 as
part of extra_eval dictates that positivity should be imposed asymptotically
for n - oo.

Using the pmp. JSON file generated by the example call

thon enerate_ _nol. -—fundir=functionals --Lambda=2 --nTrunc=
python3 g JSON 1.py fundir=£f i 1 Lambda=2 T 20
--gap=0.187 --h=0.1 --prec=512 --extra_eval=100,-1

as input to SDPB should result in SDPB terminating with a dual feasible solution,
indicating that for Ay = 0.1 a gap of 0.187 can be excluded with A = 2 functionals. If
on the other hand, the gap parameter is changed to 0.186, SDPB will not be able to find
a dual feasible solution and e.g. terminate with the final status maxComplementarity
exceeded. To improve the numerical bound and get closer to 0.18, higher derivative
functionals need to be considered.

4.A.3 GFF_to_GFB_Flow.nb

In section two of the notebook, the GFF spectrum and OPE data is computed by
solving the truncated crossing equation for a scalar field ¢ of dimension Ay = 0.1 with
Amax = 10 operators above the identity exchange. The parameters A, and Amax can
be adapted in the first lines of the second section.

After running the second section of the notebook, one can run the third section,
which uses the GFF data that has been computed as initial data to flow to GFB.
In the first two subsections i.e. 3.1 and 3.2, the flow is performed for all values of
A up to AMAX and a folder called h=0.1 (or h=... if A, is changed) is created in
which the resulting data is stored. Finally, an extrapolation to A = co is performed.
Running the notebook with the default parameters will take several hours.

In addition to AMAX, parameters A6 and dynamiclibPATH are specified in the first
lines of the third section of the notebook. The variable dynamiclibPATH needs to be
set to the absolute path of the arbitrary precision blocks.so shared object that
is described in Appendix 4.A.4. A6 on the other hand specifies which derivative order
of the six-point bootstrap the notebook should generate the input data corresponding
to the ¢ exchange in the central exchange of the six-point comb for. Upon running
Section 3.3 of the notebook, six-point comb channel blocks and their derivatives
are computed using arbitrary_precision_blocks.so and multiplied with the OPE
data of the extremal flow. The result of the computation is stored inside of the h=0.1
folder in the form of txt files that serve as an input to the six-point bootstrap.
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4.A.4 arbitrary precision blocks.c

For the purpose of this publication, a short mathematica script that evaluates comb-
channel blocks to a few digits precision by summing the series definition would have
been completely sufficient. However, since we already had code available that effi-
ciently evaluates the blocks to high precision, namely the arbitrary precision_blocks.c
of the ancillary files of this publication, we decided to use that code instead. The
mathematica wrapper arbitrary_precision_blocks.nb can be used to call our C
implementation of the blocks in mathematica. To do so, the user has to compile the
C code into a shared object that has to be called arbitrary precision_blocks.so.

4.A.5 Generate JSON_GFF_to_GFB.py

Generate_JSON_GFF_to_GFB.py is for the interpolation between GFF and GFB dis-
cussed in Section 4.3 what the script Generate_JSON_nol.py described in Appendix
4.A.2 is for gap maximisation without identity. Hence, most of the parameters that
need to be passed to it coincide with those discussed in Appendix 4.A.2. Therefore,
let us here only highlight one example call of Generate JSON_GFF_to_GFB.py and
then explain the three new parameters that occur in it.

python3d generate_JSON_GFF_to_GFB.py --h=0.1 --Lambda=2 --nTrunc=30 --prec=512
--share=input_data --triple=2.1 --D1=0.6 --extra eval=100,-1

To sucessfully run the script with the arguments chosen above, the working folder
must contain a folder called input_data. The input_data folder in turn must con-
tain a subfolder called functionals and a subfolder called objectives. Inside of
input_data/funtionals, one has to place the file Functionals A2.txt generated
by Generate Functionals.nb (see App. 4.A.1). Inside of input_data/objectives,
the file A.2_A¢_0.1_A1.0.6.txt generated by GFF_to_GFB_Flow.nb (see App. 4.A.3)
has to be placed.

Finally, let us comment on the arguments --triple and --D1.

e D1: Dimension Ay of the lowest lying double twist operator (note that only
values for D1 can be used for which the necessary input data has been computed
using GFF_to_GFB_Flow.nb).

e triple: Dimension Ays of the lowest lying double twist operator (in principle
arbitrary positive real number).

With the input data generated by the example call of Generate_JSON_GFF_to_GFB.py
given above, running SDPB should result in convergence to a primal-dual optimal
solution putting an upper bound of 0.110 on the square of the four-point function
Fys of the four-point maximisation problem for Ay, =0.1, Ay = 0.6 and Ays = 2.1.
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Chapter 5

Multi-point analytic functionals

— Approaching the large A problem.

After the numerical work of the previous chapters, we now change gears and focus
on analytical properties of higher-point functionals, approaching a solution to the
large A convergence problem for the multi-point bootstrap.

To formulate this problem, recall that the numerical six-point bootstrap of the pre-
vious two chapters derives bounds by solving SDPs dual to a somewhat arbitrarily
selected finite set of sum rules for the CFT data. More specifically, we chose to
work with the constraints obtained by evaluating all degree less then or equal to A
derivatives of a six-point crossing equation at the crossing symmetric point y; = 1/3.
Every numerical bound B obtained in this way depends on at least two parameters:
The scaling dimension Ay of the operator whose six-point correlator we study, and
the upper limit A on the degree of the derivative functionals. As we increase A,
the bound monotonously improves and ultimately we are interested in the optimal
bound

B.(As) = lim B(Ay, A). (5.0.1)

However, as A is increasing, the size of the SDP that needs to be solved to compute
the bounds is growing as well. How large the parameter A can be made is hence
limited by the computation time that we can dedicate to the problem. As we observed
in the previous two chapters, the rate of convergence of the limit (5.0.1) rapidly slows
down as A, is increased, making it challenging to infer the value of B.(A,) for large

Ay,

This large A convergence problem is not a new feature of the multi-point bootstrap,
but a well known issue already on the level of four-point functions. A standard
approach established in that context is to guess an ansatz for the A dependence of
the function B(A,, A) and fit the free parameters of the ansatz to a large range of
bounds computed at various A values. This approach was, for instance, impressively
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implemented in Ref. [60], which reliably performed a double extrapolation first to
infinite A and then to infinite Ay, reproducing flat space 2d S-matrices with 1d ex-
tremal CF'T correlators. But it does not generally solve the problem, and e.g. reached
its limits when the authors of Ref. [60] tried to apply the same approach in higher
dimensions [207].

More conceptual issues of the extrapolation approach are that, even when appli-
cable, it is both numerically costly and based on heuristic arguments that pollute
potentially rigorous bootstrap bounds with uncontrolled errors. These problems are,
even in the four-point setting, only partially solved for theories in generic space
time dimensions, see e.g. [11] for a concise discussion of the current status. For
one-dimensional conformal systems, the situation is much clearer, and the ‘analytic
functionals’ of [172, 191, 208] provide both a practical solution to the problem and
a systematic understanding of the issue. This solution of the large A convergence

problem of the numerical bootstrap was concretely implemented e.g. in References
[181, 182, 202, 209].

The analytic functionals can be seen as integral transforms acting on crossing vectors.
The construction of the corresponding integral kernels requires a careful analysis of
the analytic structure of conformal blocks and correlation functions. Beyond the case
of 4-point identical scalar correlators, this set-up is notoriously difficult to work with
and to generalise!. Fortunately this complication can be bypassed with an alternative
method, the Polyakov bootstrap. The idea here is to express a CFT correlator as an
expansion in Polyakov blocks, which are crossing symmetric combinations of tree-
level Witten diagrams. The equality of this description with the usual conformal
block expansion furnishes a set of conditions on the OPE data that is equivalent
to analytic functional sum-rules. The Polyakov block is also a natural replacement
of a conformal block in Mellin space, where it perfectly mimics all the analytic
and crossing properties of a CF'T correlation function. In fact, the Polyakov block
expansion can be rigorously established from crossing symmetric dispersion relations
for CFTs in general spacetime dimensions [215, 216]. See [217-220] for related works.

In this Chapter, we derive analytic functionals for conformal 5-point functions in one-
dimensional kinematics, making use of the Polyakov bootstrap formalism. We begin
by assuming the existence of an expansion of the 5-point correlator G of identical op-
erators in terms of crossing-symmetric Polyakov blocks P which must be compatible
with the usual OPE, i.e. with the expansion in terms of ordinary conformal blocks
G. Concretely, defining the five point correlator G as

<¢5(951)(b(96’2)¢(353)¢(f’54)¢(9ﬁ’5))(5(951'))71 =G(x1,X2) (5.0.2)

For various extensions of analytic functionals see e.g. Ref. [192] (global symmetries ), Refs. [210),
211] (higher dimensions), Refs. [212, 213](boundary CFTs) and Ref. [214] (CFTs in real projective
space).
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where £ is a scaling covariant prefactor and x; 2 are two invariant cross-ratios of five
points, we must have

Gx1,x2) = Y. aaaGarn, (X1, Xx2) = D an,a.Paras (X1, Xx2) s (5.0.3)
Al,Ag A17A2

where aa, a, is the appropriate product of OPE coefficients. Our first main result
is an explicit construction of the Polyakov block. As in the 4-point case, this object
can be written as a linear combination of tree-level exchange Witten diagrams, with
some subtractions determined by contact interactions. We show that the Polyakov
block can be written as

Payn, = ..+ +c +... + ¢y :

where the ¢; coefficients depend on A; and on the external dimension Ay, the middle

(5.0.4)

term is understood to be symmetrised under (A; <> Ay) and the ellipsis denote all
permutations of the external legs of the diagrams. Clearly, along with the exchanges
of the form {A1, Ay}, the Polyakov blocks contain several other families of exchanges
in their OPE, including {A,2A4 +n}, {A;, A1 + Ay +n}, {2A4 +n,2A, + m} and
{2A, +n,3A, + m}. Consistency with the OPE leads to the requirement that the
exchanges of these spurious families of operators cancel out when summing over all
Polyakov blocks. We then find several families of sum-rules for the 5-point function,
with the most important ones being

2A4.2A 2A4,3A
Z aAhAzO‘Slym(ﬁ ¢)(A1> AQ) =0, Z aA17A2a7(l,m¢ ¢)(A1’ A2) =0, (505)
Al,AQ A17A2

where we introduced the crossing functionals « labeled by the different families of
spurious exchanges in the obvious way. These functionals depend on the two variables
Ay, Ay and capture information about OPE coefficients of the form Cy 441, [4¢],, and
Co.[66]n.[60]m; they are therefore a vast generalisation of the usual 4-point function-
als. With concrete expressions for these functionals at hand, it is then straightforward
to use them in the truncated 5-point bootstrap as a replacement (or complement)
to the standard derivative functionals. We find that our functionals have multiple
advantages over the familiar derivative basis and constitute the first step towards a
solution of the large A convergence problem at higher points.

Overview. Section 5.1 reviews the Polyakov bootstrap approach to the 4-point
crossing equation, emphasising the extraction of double-trace coefficients in Witten
diagrams through a one-dimensional Mellin formalism. In Section 5.2, which is the
core of the chapter, we first recall basic facts about conformal 5-point functions, and
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then write down an ansatz for the crossing symmetric Polyakov block as a sum of tree-
level Witten diagrams. We subsequently derive several families of two-variable sum-
rules by requiring consistency with the OPE. We also test these sum-rules in several
non-trivial correlators confirming the validity of our results. In Section 5.3, we give a
simple application of our functionals, using them to bootstrap the OPE coefficients
of a non-trivial solution to crossing through the truncated bootstrap approach. The
chapter is complemented by several appendices. Appendix 5.A develops in detail
the Mellin techniques used throughout the main text. Appendix 5.B reviews the
spectral representation which makes the structure of Witten diagrams more manifest.
Appendix 5.C reviews the so-called integrated vertex identities which can be used
as a cross-check of the Mellin computations and streamline certain computations.
Finally, Appendix 5.D establishes Casimir recursion relations for the 5-point blocks
and Witten diagrams which serve as a further cross-check to the other techniques
used in the main text, but could also be of independent interest.

5.1 Polyakov Bootstrap review

In this section, we review the necessary ingredients to derive Polyakov Bootstrap
sum-rules for 4-point functions, emphasizing the techniques that will be needed in
the 5-point case. We first review the basic kinematics of 1d CFT's in Section 5.1.1 and
then the principles of Polyakov bootstrap for the simple case of 4-point correlation
function of identical scalars in Section 5.1.2; followed by the necessary 1d Mellin
amplitude methods in Section 5.1.3.

5.1.1 Four-point kinematics

In general dimensions the 4-point correlator is given by

G(u,v)

(P(z1)d(22)P(23)(24)) = 28, 24 (5.1.1)
L1g L3y
_ xlad a2,
whore == B2 2oy - itk
L1324 T13T24

In 1d the two crossratios are related as y = Y, so we may write G(u,v) = G(x)-

If the ¢(x;)¢p(x;) OPE is composed of operators with dimensions denoted by A
with respective OPE coefficients Ca, then the s-channel conformal block expansion
of the function G(x) is given by

G(x) = ;CiGa(X)- (5.1.2)
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where Ga(x) = x22F1(A, A, 2A] x) denotes SL(2,R) conformal blocks.

For bosonic operators, the correlation function is crossing symmetric in the exchanges
Ty <> x4 as well as x9 <> x4. This implies the conditions:

VERELY
600 =[] o0 -0 = e/ - ) 5.3
The r.h.s. of the first and second equalities give the ¢t and u channel conformal block
expansions. The bootstrap equation for the s-t channel crossing equation is given by

Y CXFa(x)=0 (5.1.4)
A
where Fa(x) = x22¢Ga(x) - (1 - x)22Ga(1 - ) is the bootstrap vector.

We will focus on correlation functions that diverge at most with the rate x22¢ in
the limit of large Y, i.e. correlators that satisfy

x 227 €G(x) *="0 for any €>0. (5.1.5)

This is called boundedness in the u-channel Regge limit and is a consequence of uni-
tarity [208]. In conventional bootstrap methods (5.1.5) is not assumed for bounding
OPE data, but it is expected to hold for a complete solution to crossing symmetry.

Generalised free theory: An important solution to crossing, that we will keep
coming back to, is the 4-point function of a generalised free theory (GFF). It is given
by the correlation function

20,

G(x) =1+ + [L] : (5.1.6)
I-x

This corresponds to the CFT at the boundary of a bulk free massive bosonic theory

in AdS,. The mass is related to scaling dimension by m? = Az(A, - 1). Since the

theory is free its correlators are given by Wick contractions. From the conformal

block decomposition one can see the operator dimensions A = A, := 2A4 + 2n in the
OPE with OPE coefficients

CQ _ 2F(4A¢ +2n — 1)((2A¢)2n)2 .
Ar T T@2n+ 1T (404 +4n-1)

(5.1.7)

Clearly (5.1.6) satisfied both conditions (5.1.3) and (5.1.5). In a bootstrap problem
the GFF corresponds to a spectrum with the maximum OPE coefficient of the first
non-identity operator whose dimension is fixed at 2A,.
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5.1.2 Polyakov bootstrap

The main idea in Polyakov bootstrap is to replace the conformal blocks in the ex-
pansion (5.1.2) with a new object that is manifestly crossing symmetric and Regge
bounded. We write this demand as follows

G(x) = ;CZ Pa(X), (5.1.8)

where Pa(x) is called a Polyakov block that satisfies

Pa(x) = (x/(1 = X)) Pa(1-x) = x***Pa(1/(1 - X)) (5.1.9)

and also x72%¢ Pa(x) = 0 is finite as x — oo. These requirements indicate that a
Polyakov block is itself a consistent solution of the crossing equation, but it does not
have a unique form. A possible definition is in terms of tree level Witten diagrams
as follows

Pa(x) =W () + WE () + WL (X) + eaW™" (x) (5.1.10)

Here Wg) (x) denotes a tree level Witten diagram exchanging a bulk operator corre-
sponding to dimension A in the i = s,t,u channel, and W< (y) is a 4-point contact
diagram. The term ca can be chosen in multiple ways. One possible choice is given
below (5.1.13) and is discussed further at the end of this subsection.

We discuss the structure of the Witten diagrams in more detail in the next sub-
section. For now let us note two important properties. Firstly, all the diagrams
in (5.1.10) are Regge bounded. Also each of them can be written as a sum over
conformal blocks and their derivatives as follows:

WL () =0::Gax) + 1[0 (A, Ag)Ga, () + b (A, A5)0aGa, (x)
+ A (A, A G, (x) + 05 (A, A¢)8AGAn+1(X)] . (5.1.11)

ween(y) =2, [aff)(%)GAn(x) + bff)(A¢)aAGAn(x)] : (5.1.12)

We additionally have a$ = 5% = 0 and a{ = -a{,b = -b{"). Putting these
together in (5.1.10) gives the conformal block decomposition of a Polyakov block

Pa(x) = Ga() + Y [an(A, 80)Ga, () + 5u(A, 80)05Ga, ()], (5.1.13)

where a, ==Y, aff) +CA an) and (5, =Y, b,(f) +CA bff) . The blocks and derivatives of

blocks corresponding to A,, values are sometimes called ‘spurious blocks’. Finally let
us point out that we choose ca so that Sy(A,Ay) = 0.
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The statement of Polyakov bootstrap is that the Polyakov block expansion is the
same as conformal block expansion:

D CAPA(X) = 2, CRGalX)- (5.1.14)
A A

This means if we choose the right dimensions in the OPE in a Pa(x) expansion, the
spurious blocks cancel among themselves leaving only the sum over physical block as
in r.hus. of (5.1.14). So the Polyakov bootstrap conditions can be restated as follows:

Y CRan(A,Ay) =) CRBu(A,A) =0 (5.1.15)
A A

Let us mention here, in words, that there is an alternative way to derive (5.1.15) from
the crossing symmetry equation. This is by using analytic functionals which are a
set of dual functionals (call o, and ,) to a basis of the crossing vectors Fa, () and
OAFa, (x) respectively. The fact that any Fa(x) can be expanded in such a basis is
nothing but the consequence of a Polyakov block Pa () being crossing symmetric on
its own and its decomposition satisfies eqn. (5.1.4). The exact forms of the function-
als is not important here, but their actions on Fa(x) are precisely a,(A,A,) and
Bn(A,Ay) [172, 191, 208], and acting on the bootstrap equation (5.1.4) they give the
sum-rules (5.1.15).

An important feature of the Polyakov block coefficients (or analytic functional ac-
tions) is the orthogonality property

CVn(Am: A(b) = (5mn 8Aan(Am7 A¢) = Cn(SmO
Bn(AmaAqb) =0 8A/Bn(Am,A¢) = 5mn+dn5m0- (5116)

These are consequences of the dualities with the basis vectors Fa,,a Fa, mentioned
in the paragraph above. All 5 sum-rules also satisfy 5,(A = 0) = 0 so they vanish
identically on the GFF spectrum. The a’s also trivialise, but a,(A =0) = -Ca, so
that each a,, sum-rule corresponds to the solution of the n-th GFF OPE coefficient.

Furthermore since the sum-rules have mostly double zeroes, they let us solve any
small deformation around GFF also very easily. To be concrete, if we consider a
deformation

Ay =D +7m, CR,, =CR, +0n. (5.1.17)

and assume 7 to be a fixed parameter. Then all other ~, and §,,’s could be obtained
as

On==YCn, Yn=-Yoldn- (5.1.18)

The fact that we chose 7y as the deformation parameter goes back to our choice of
the Polyakov block. We chose ca in (5.1.10) such that there is no Sy sum-rule, so we
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cannot solve vy from the sum-rules. Alternatively we could have chosen to eliminate
any other sum-rule. The justification of this is that given a Regge-bounded crossing
solution Gy(x) we can define, with an arbitrary parameter A, another correlator
Gr(x) = Go(x) + AWeen(y) which is still Regge-bounded and crossing symmetric.

5.1.3 Mellin approach in one dimension

In this subsection we will review Mellin transforms of CFT correlators, especially
Witten diagrams in CFT Mellin space. We will show how the Mellin space is a
natural framework to set up the Polyakov bootstrap.

The inverse Mellin transform of a correlation function of four identical scalars is
defined by

ico g Ag=5124)=514 ) ) )
g(u,v) = [ WM(8127514) F(812) F(814) F(A¢—812—Sl4) . (5119)
In 1d we simply set u = x2 and v = (1 - x)? and continue to work with two Mellin
variables.? Here M (s12,514) is the Mellin transform or Mellin amplitude of G(x)
which we will denote as M[g] (812, 814) = M(Slg, 814) .

Now let us discuss Witten diagrams in AdS,;. To define them let us consider a
free bosonic theory with cubic and quartic interactions as follows

Saas, = f P[5 (0D)” + md B+ (00)? +mA 0% + 9,92 0 + p@*]. (5.1.20)

In this subsection we only consider Witten diagrams with four external ®’s on the
boundary. We get an exchange diagrams using the cubic vertex. It exchanges the
scalar bulk operator O with mass m? = A(A - 1), and is proportional to ¢g7. The
contact diagram is obtained from the quartic vertex and is proportional to gs.

We will ignore the vertices g, and go below and review only the kinematical part.
An s-channel exchange diagram has the Mellin transform M[Wgs)] = MS) given by

222-224]
oo (A¢)

Més)(812,814) = (5121)

m:0812+%—A¢+m.
The Q,(nA *) is defined in App. 5.A.1. Notice that it is independent of si4 which is a
property of the spin 0 exchange diagram in s channel. The Mellin transforms of ¢ and
u channel exchange diagrams are readily obtained from Mg) by switching s15 <> s14

2There is no ambiguity since we always compute the Mellin integrals in a way that is compatible
with the OPE. This formalism has the advantage of simplifying the form of the Mellin amplitudes,
unlike an intrinsically one-dimensional Mellin formalism [221].
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and s12 = Ay — 512 — 514 Tespectively:

(t) oo (A¢)

My’ (s12,514) = i , 5.1.22
A ( 2 14) m=0 814+%—A¢+m ( )
( ) 0o (A¢)

M . (812,814) = i . (5123)
A mZ:O%JFm—SlQ—SM

The contact diagram Mellin transform M[Wen] = Mn is simply a constant. We
may normalise it to be unity

MCOH(812,814) =1. (5124)

In 1d, the poles in Mf) under the inverse Mellin integral (5.1.19) gives the block
Ga(x) from the decomposition of s-channel diagram (see (5.1.11)). Taking the poles
in s12 in the negative direction is the correct thing to do when we want a small y
expansion, as one has to close the integral contour at large negative si5. This natu-
rally corresponds to the s channel conformal block expansion.

The spurious blocks in that decomposition come from the s15 poles of the I'-functions
in the integral measure of inverse Mellin transformation. This way the crossed chan-
nel and contact diagram Mellin amplitudes also follow the decompositions of (5.1.11)
and (5.1.12) respectively. We come back to them in a moment.

We can now write down the Mellin transform of a Polyakov block. For 4-point
identical scalar correlator the Polyakov block in Mellin space is as follows

- (Ag) (Ay) (Ag)

P(s s _ m + m m + CA .

A( 12 14) mz::[) 312+%—A¢+m 314+%—A¢+m %+m—81z—314 .
(5.1.25)

Let us now discuss why Pa(s12,514) is the most natural analogue of a conformal
block in Mellin space. First let us point out that it is not possible to write a Mellin
amplitude whose poles give only Ga(x) since it is not possible to close s15 contour
with those poles alone. So s channel diagram Més) is the closest and simplest thing
to a conformal block in Mellin space although it generates the spurious blocks in
addition. The addition of MX) and MX’“) to it makes it crossing symmetric without
adding any new spurious blocks.

The addition of a constant ca in the Polyakov block Pa (12, $14) preserves the cross-
ing symmetry and the spurious block content. It turns out that (5.1.25) is the most
general expression we can write that does not grow at large sy5. This is the Mellin
version of Regge boundedness condition. The general large x behavior in Mellin
space becomes [208]

G(x) e ij_l = M[G]=M(s12) B Sfé (5.1.26)
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A bounded correlator in Regge limit requires j < % or Mellin amplitude growing at
most linearly in si5. For the identical external scalar case the only completely cross-
ing symmetric polynomial (contact diagram) with this property is a constant. The
exchange diagrams also share the same property as can be checked easily.

As discussed in Section 5.1.2 the constant ca is fixed by eliminating the coefficient
of a spurious block. we may of course relax the Regge boundedness condition and
require a softer M ~ sg, g > % behavior for large s;3. We then have to add more
crossing symmetric polynomials. So if there are n independent polynomials we have
to fix them by eliminating n sum-rules. This represents the freedom of deforming a
crossing solution by n independent contact diagrams.

Polyakov block rules: Let us summarise the rules for writing a 4-point Polyakov
block Pa(s12,514) for a correlator G(x) in Mellin space are as follows:

PA (812, 514) is completely crossing symmetric in the Mellin variables s15, s14.

PA(s12, 514) has simple poles in s;5 that reproduce Ga(x) and regular terms
(polynomials).

The regular terms should respect the Regge boundedness of G(y).

The number n of independent regular terms has to fixed by eliminating n sum-
rules.

These rules can be established from the consistency with the analytic functional
method discussed in the previous subsection. But a more direct way to derive
PA(s12,514) is from the crossing symmetric dispersion relation (CSDR) shown in
[215, 216]. The CSDR is a dispersion relation that manifests the crossing symmetry
of a function (Mellin amplitude in our case), with a special dispersive kernel, at the
cost of locality or Regge boundedness. One has to further tune it to restore the
missing properties - then CSDR reduces to a sum of the general spin of a Polyakov
block. The spin 0 sector of this sum, relevant in 1d, corresponds to our Pa(s12,S14)-

Computation of sum-rules: Finally let us discuss the computation of the coef-
ficients (A, Ay) and B(A, Ay) from the decomposition (5.1.13) of a Polyakov block
in Mellin space.

Let us start from the inverse Mellin transform (5.1.19). If we sum the residues
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of sy = —n we get

Zfd314 PG (] _ )28

271

T (314) 2T EZ'-;QAgb - 814)2 (2 log(X) M(_n, 814)

2M (-n, 514)(w(n + Ay +514) —Y(n+ 1)) - 0sM(s=-n, 314)) . (5.1.27)

For simplicity let us focus on the coefficient of x22¢log(y) which gives bo(A, Ay) i.e.
the coefficient of OaGa-2a,(X) in the notation from (5.1.11), (5.1.12). The easiest
case is that of the contact diagram because the Mellin amplitude is unity. This gives
an sy4 integral which can be carried out using Barnes’ first lemma:

2(A,)!
T(2A,)

d814

X*2%log(x) f 57 2T (514) T (Ag = s14) * = x**log(x) (5.1.28)
For the s-channel diagram the s;4 integral is the same since M(®) is independent of

14- So we only have the sum over m in (5.1.21) which is straightforward to carry
out. For the ¢-channel it is harder since the M® has an s;4 in the denominator and
so the s14 integral cannot be evaluated using Barnes lemma. We show both of these
cases in detail in App. 5.A.1.

5.2 Five-point Polyakov Bootstrap

In this section we derive the main results of the current chapter, the 5-point Polyakov
bootstrap sum-rules. We begin by reviewing 5-point function kinematics in Section
5.2.1 and move on to construct the Polyakov blocks in Section 5.2.2. We system-
atically extract sum-rules from these blocks in Section 5.2.3 and describe general
properties of the associated functionals, as well as provide some consistency checks
in Section 5.2.4.

5.2.1 Setup and conventions

To streamline notation, we will be working with 5-point functions of identical oper-
ators

(O(21)p(w2)p(w3)P(24)P(25)) = L(2:) G(X1,X2) » (5.2.1)

with the generalisation to external operators with different dimensions being straight-
forward. Here we defined the conformal covariant prefactor

A
L24
L(z)=|—""— 5.2.2

' 30%2%3%34%215 ’ ( )
as well as the two independent conformal cross-ratios

T12T34 _ X23%45

X1 = (5.2.3)

) 2 5
X13T24 X24735
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where we use the notation z;; = |z; — x|. These 5-point conformal correlators can be
decomposed into 5-point conformal blocks (note that we sum over pairs of operators)

Gx1,x2) = D CopniOnonCopnnGarns(X1,x2) = ). an, a,Gaya,(X15X2)
(Al,Ag) (A1:A2)
(5.2.4)

which are known explicitly in terms of a double power series [174]?

O (A (A1 + Ag = Ay )y iny (A2)ny X7 X52
G — A1 As ( 1)n1 ¢ )ni+na 2 A1 2 ) 5925
Al,Az(Xh XZ) X1 Xao nl;n;:l (2 A 1)n1(2 A 2)n2 TLl! n2! ( )

These correlators satisfy several crossing relations which can be generated by a single
cyclic permutation x; - x;,1 where xg = ;. In terms of cross-ratios the crossing
equation reads

Xixe B X2
G(x1,x2) = (m) g (Xz, I+ - 1) . (5.2.6)

Disconnected correlator: To illustrate the points above let us consider the sim-
plest 5-point correlator, the disconnected correlator, which is a sum of products of
two- and three- point functions (¢¢)(ppd). Such a correlator naturally appears for
singlet operators in Z, preserving perturbative theories or for charged operators in
perturbative theories with cubic couplings where the Zs symmetry is broken. This
correlator contains (g) = 10 different permutations which contribute to three different
sectors in the OPE corresponding to having single- or double-trace operators in the
left and right exchanged channels. We can write

gdiscon(Xla XZ) = C(M)(Z) (gsing—ld(Xb X2) + gsing—doub(Xla XQ) + gdoub—doub(Xb X2)) )

(5.2.7)
with
gsingfld(Xh X2) = XlAd) + X2A¢ ) (528)
1 1
gsing—doub(X17X2) = XfAd)XQAd) ( AT A ) + (Xl A XZ) s
(=x2)™ (1= x1) (1= x1 - x2)) ™
(5.2.9)
1 1
gdoubfdoub(x » X ) = X2A¢X2A¢ +
1 2 1 2 ((1_X1)2(1_X2))A¢ (1_X1_X2)A¢
1 1
- Xt A¢) , (5.2.10)
(A=x1-x2)2)"" ((1=x1)(1-x2)?)

3See also [139, 140, 176, 178] for relevant work on multi-point conformal blocks.
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where we isolated different power-laws in the cross-ratio to make manifest the scaling
dimensions of the exchanged operators. From this we can read off several families of
OPE coeflicients. It is easy to see directly from the structure of the OPE that

g1 =016 = Cops, U [o61on = Upslons = Coso(Cotsln,) (5.2.11)
Here Qﬁf{i o1, = Ca, from (5.1.7). Furthermore, it is straightforward to expand

Gdoub-doub 10 blocks and read-off the product of OPE coefficients a(¢¢1,, (46, from

which we can infer the non-trivial OPE coefficients Cgg),, ¢[¢¢]s- Lhe first few are

2m

given by
Ai(l + A¢)
A2A,20, = 2C¢¢¢, 27 ,+2,204 = 20¢¢¢1+—4A¢ , (5.2.12)
A2 (1 + A¢)2(2 + A¢(12 + A¢))
A2084+2,289+2 = Lo - 2(1+4A,)2 (5.2.13)

5.2.2 Polyakov Blocks

Let us now introduce the Polyakov blocks for 5-point functions. We will do this
entirely in Mellin space following our discussions for four points in section 5.1.3.

Consider a correlation function A(x;;) of n scalar operators with dimensions and
coordinates labelled by A; and z; respectively (i,j = 1,---,n). Its inverse Mellin
transform is given by

Alzy) = f [dsi] TT (lwal ™9 Ts13) ) M(si5) (5.2.14)
—too i<j<n
The Mellin variables s;; are symmetrici.e. s;; = sj;. Furthermore they are constrained
as follows
i(#7)
The notation [ds;;] for the differential element indicates that the above condition is
being imposed.

For n = 4 and with identical scalars A; = Ay the Mellin integral reduces to (5.1.19)
where the 4-point conformal prefactor has been factored out and the z;;’s have reor-
ganised into 4-point cross ratios. Notice that in that case one has only two indepen-
dent Mellin variables corresponding to two cross ratios u,v in general d.

For n =5 one has 10 ten variables s;; (with ¢ < j) among which five are independent.
We may choose the independent ones to be 19,823, S34, S45, S15. Any other choice
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{spq} can be independent if p, ¢ are consecutive pairs in a permutation of 1,2, 3,4, 5.
With our choice, (5.2.15) decides the form of the dependent variables as:

A¢ A(j) Ad’
313=—2 — 812 — S23 + 845, 814=7—815+S23_545a 324=7+515_323_334’
(5.2.16)
_ Ay _Be
825—7—812—815+834, S35 = 5 + 8512 = 834 — S45.-

The forms of the dependent variables are such that the distances |z;;| rearrange into
five cross ratios of the 5-point function in general d [141, 142]. If we further restrict
to 1d by rewriting all position dependence in terms of the only two independent
cross-ratios xi, X2 we get
G(x1,x2) = /[dsij] H (F(sij) ) J(xa, x2| Sij) M (512, 523, 534, S45, 515)
1<j<b
-2s 2A 4—2s 2A,-2s
(I-xa—x) g g

(1 _ Xl)A¢72315+2S2372345 (1 _ XQ)A¢7281272815+2834 :

where f(x1,X2|sij) = (5.2.17)

Here we have removed the 5-point prefactor, and we show M (s;;) as a function of
only the independent variables.

Notice that the 12-3-45 OPE channel, which corresponds to the expansion in small
x1 and s, is controlled by the poles of s15 and sy5 respectively. This is analogous to
the s-channel expansion being controlled by s;o poles in the 4-point case. A general
channel ij-k-Im corresponds to poles in the pair of variables (s;;, Si,,). A pair with a
repeated index (e.g. (s12,S23)) cannot correspond to an OPE channel in this sense.

We will bootstrap G(x1,x2) with its Mellin transform M (s;;). This means we will
impose the following conditions:

Crossing symmetry: This corresponds to M (s;;) remaining invariant under any per-
mutation of 1,2,3,4,5: the external operator labels. This can be stated explicitly

as
M(Slg, S923, S34, 545, 515) 2;3 M(Slg, S23, S24, 545, 515) = (all permutations) . (5218)

The first equality indicates that under 2 <> 3 we should replace the functional de-
_ A LY
pendence of M on s1; and s34 by S13 = 5> =812 — S23 + 45 and So4 = =° + S15 — 523 — S34

respectively.

Regge boundedness: Just like with four points, we restrict our attention to Mellin

amplitudes which are polynomially bounded at infinity.* Specifically we require:

M (s12, S93, S34, Sa5, S15) S S12 S45, A8 S1a, 845 > 1. (5.2.19)

1See also [225] for a detailed discussion on the Regge limit of 5-point functions in general d.



5.2. FIVE-POINT POLYAKOV BOOTSTRAP 161

The limits on s12, S45 are taken in no specific order and sa3, 34, S15 are kept fixed.
The pair (12, 845) corresponds to the 12-3-45 channel. By crossing symmetry the
same bound also exists for other channels i.e. large values of two variables (s;;, Sim)
where the indices are not repeated.

Operator product expansion: The OPE guarantees that the correlator G(1, x2) obeys
the conformal block expansion (5.2.4). In Mellin space we implement the OPE by a

Polyakov block expansion

M (512, S23, 534, S45,515) = Y. Qa;, Ay Pay,a,(S12, 823, 34, S45, 515) - (5.2.20)
Ay,A0
The resulting M (s;;) should be crossing symmetric, Regge bounded and compatible
with the conformal block expansion in position space where we sum over {A;, Ay} .
As we show below this is the bootstrap condition on {A;, Ay} and aa, a,.

We will now lay down the rules for a 5-point Polyakov block, and we will elabo-
rate on them further below.

® P, a,(sij) is crossing symmetric i.e. invariant under all permutations of the
external operators.

® P, a,(si;) has joint simple poles in two variables (12, S45) and their crossing
symmetric counter-parts. The joint poles should produce only Ga, a,(X1,X2),
but there can be spurious blocks from the Mellin measure.

e The ‘regular terms’ in Pa, a,(s;;) correspond to less singular terms i.e. isolated
simple poles and polynomials. They should not add any new spurious blocks.

e The regular terms should respect the Regge boundedness of G(x1,x2). This
amounts to satisfying (5.2.19).

e The number n of independent regular terms has to fixed by eliminating n sum-
rules.

These are simple extensions of the four points conditions from Section 5.1.3. The
first bullet point simply reflects the crossing property of M(s;;).

In the second point we demand that the Polyakov block has the simplest set of
poles whose residues give a conformal block. A (non-crossing symmetric) Mellin
amplitude that has this property is as follows:

T — in,ng(A 7A |A )
MATR (si) = 2 A e A, .
nima=0 (512 = (B¢ = 5t =11)) (545 = (Ag = 52 = 112))

(5.2.21)
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where

Qﬂl,nz(Alv A2|A<Z5) =

A1—1+2A¢ A1—2A¢+2 Al—AQ—A¢+2
I( )( )y ( )
2 2 ni 2

2T (ny + 1) T (2e2802L)

NAl,A2F (A1+A22+A¢f1> ni % (Al < AQ)

A1+AQ+A¢—1 . AQ—A1+A¢—2TLl Al—A2+A¢—2n2 .
x 3F) (—nl,—ng, 2t8y71, - , - 1) . (5.2.22)

The amplitude (5.2.21) is nothing but the Mellin transform of a 5-point double-
exchange Witten diagram (see e.g. [224])° of Figure 5.2.1.

Ay Ay

Figure 5.2.1: Double-exchange Witten diagram with a A; exchange in the 12 OPE
and a Ay exchange in the 45 OPE

The residues of the (s12,545) poles correspond to the powers yA1+2miy52¥2m2 - The

form of Q,, », ensures that carrying out the integrals over ss3, 534,515 We recover
the exact form of Ga, a,(X1,X2). The normalisation Na, a, is chosen such that the
block comes with unit coefficient. The superscript 12-3-45 stands for the channel
exchanges in the bulk.

However, there are also spurious blocks, which involve unphysical poles i.e. those
from the I'(s;;) factors of (5.2.16). The spurious poles can be either in both of the
variables ($12, $45) or in just one of them. In the latter case the other variable is at
a ‘physical” pole of (5.2.21), and one obtains blocks of the form Ga, a,, (X1, x2) or
G Agynino (X1, X2), With Agg , being the following shorthand notation for the spurious
dimension

Asgn =20+ (5.2.23)

(In this section we will use the above notation for double twist operator dimensions
instead of A,, in order to not confuse with ‘physical dimensions’ Ay, Ay.) Note that
these particular spurious blocks may be present also for some of the crossed versions

5See also [226-229] for other studies of higher-point Witten diagrams.
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of M, a,(5i5) but not all, e.g. we will get Ga, a,, . by replacing (s12,845) <> (12, 534)
in (5.2.21) but not with (s12,S45) < (S13,525). We discuss all the spurious blocks
more elaborately in the next subsection.

Consider now the ‘regular’ terms in the third bullet point. These could be sim-

ple poles in a single Mellin variable or just a polynomial, but we do not want them

to add more spurious blocks than the ones from M}*345(s;;). Such an amplitude
1,2

having simple poles only in s15 is given as follows:

= [n(AlAy)

M35 (.Y = 5.2.24
& (sa) ;(312—(A¢_%_n)) ( )
where (A 3A 4) (A 2A 4)
NA — 2 - e
(A|A) = SR — 5.2.25
e T CYE I o

The expression in (5.2.24) is actually the Mellin transform of a 5-point Witten dia-
gram that exchanges a single operator in the bulk corresponding to CF'T dimension A
(see e.g. [222]) as represented in Figure 5.2.2. The residue function f,,(A|Ay) is such

Ay

Figure 5.2.2: Single-exchange diagram with a A; exchange in the 12 OPE channel.

that it leads only to the spurious blocks GAAQW” and not GA+1»A2¢,m or GAJ,Q,A%M,
etc, and the normalisation Na is chosen such that Ga, 4.0 has unit coefficient. In fact
we can fix f, by demanding that there is no spurious block Gayp a,, , except for p = 0.

It is easy to check that Ma(s;;) is Regge bounded in the sense of (5.2.19). There are
also crossed versions of Ma(s;;) where we replace s with other variables but none of
them can give rise to Ga a,,,, spurious blocks. On the other hand, the replacement
S19 <> S45 leads to spurious GA2¢,m,A blocks.

The other allowed regular terms are polynomials, but the only one that is cross-
ing symmetric and respects the Regge condition (5.2.19) is a constant (note that the
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Figure 5.2.3: Five-point contact Witten diagram

crossing symmetric linear polynomial ) s;; is a constant). We choose it to be unity:
Mo (5..)=1. (5.2.26)

This is the Mellin transform of a contact Witten diagram with a 5-point vertex
without derivatives (see [222]) as given in Figure 5.2.3.

All the Witten diagrams Ma, a,, Ma and M (con) can be derived from an AdS, scalar
field theory with the following action:
SAng = Sfree[q)a A(i)] + Sfree[Oh Al] + Sfree[027 A2]
+ f d2x\/§[91®2 L+ Ga®2 Oy + g3 & O) O + g4 O + g5<1>5], (5.2.27)
where Sgee[O, A] denotes the free scalar action of an operator O with mass m% =
A(A-1). The double exchange diagram is composed with the vertices g1, g, g3, the

single exchange with ¢, ¢4 (with the relabeling A; - A) and the contact diagram
with gs.

Having introduced all the ingredients let us write down the full structure of the
5-point Polyakov block (ignoring A, dependencies in the constants):

Pa, o, (s5) = i Oy ny (A1, Ag) + cl(Al,Az)(fn(Al)S45 + fn(Az)slz) + (A1, Ay)

n1m2=0 (s12= (Ag =5 —m1)) (545 — (Ay - 52 —12))
+ all permutations + (A; < Ay). (5.2.28)

There are 30 terms in total, one for each pair (s;;,Si,) with all indices different.
Note that we consider (s;;, i) to be different from (spm, s;5).

The whole expression has only two independent undetermined constants c; (A, Ay)
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and ¢ (A1, As). As indicated in the final bullet point rule for writing this Polyakov
block, we will fix ¢; and ¢y by demanding that the overall coefficients of any two
spurious blocks are zero. We will specify our choice for these two spurious blocks
below.

5.2.3 Sum-rules

Let us write down all the spurious blocks that arise from all possible 5-point diagrams.
Since we introduced the double-exchange, single-exchange and contact diagrams in
Mellin space, let us denote their inverse transforms as Wa, a,(xa), Wa(x.) and
Ween(x,) respectively. Let us also introduce the following shorthand notations for
the different spurious exchanges:

A3¢,n = 3A¢ +n,
Am{)m :Ai+A¢+n, 1= 1,2 (5229)

With this, the block decomposition of double-exchange diagrams can be written as
(denoting Xa = X1, X2 )

WXB,AQ(Xa) = 0i.dir Gay.n,(Xa)

26,26, (i 26,30, (i 3¢,2¢,(i
- Z I:an?,nf @ GA2¢,n1 D2¢ny (Xa) + an(lbm? @ GA2¢,n1’A3¢7n2 (X“) + a”?’nf © GA3¢JL1’A2¢>7”2 (Xa)]
ni,n2
B Z [a};%,(i) GA17A2¢,n(Xa) + a}%’(l’d))’(i) GAhAl,dm(Xa)
s D Gy (xe) + a0 GA2,¢,n,A2(Xa)] . (5.2.30)

Here the superscript () refers to the channel of the exchange and ‘dir’ denotes the di-
rect channel i.e. 12-3-45. Also for the direct channel all ai‘ff{f, a?fji(f, ai‘fji‘f, a,lf‘b, ai‘w, a,ll’(l"z))
or ag’d))’z are zero for ny,ns or n odd. The same spurious blocks are also absent when
we add all the diagrams. One way to understand this is that, as we will see in the
next subsection, the Polyakov block trivializes the disconnected correlator and de-
formations around it. So the disconnected correlator plays the role of GFF for the
5-point case, and it does not contain the blocks that correspond to the odd n’s, as
these do not occur in the OPE of identical scalars.

The coefficients ai{%’(i) and ai{(l’d’)’(i) are nonzero only for the channels 7 = (12-3-45),
(12-4-35), (12-5-34), while a2”? and a*** are nonzero only in the i = (12-3-
45), (13-2-45), (23-1-45) channels.
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The direct channel block decomposition of single-exchange diagrams is as follows:

% 2¢,2¢,(2 2¢,3¢,(2
Wél)(xa - Z I:bn(f,n(f © GA2¢,TL17A2¢,TL2 (Xa) + (bn?,n(g © GA2¢,n17A3¢,n2 (Xa) + (2¢ < 3¢) ):|

ni,n2

- Z [51,(12-345)( 571{2¢ GAl,qug,n(Xa) + b#(l’d}) GAl,ALM (Xa) )
(51"(45_123)( biqb’l GA2¢,n,A1(Xa) + b(l 9).1 G A1 g, n(Xa) ) ] . (5231)

In the above expression (i) refers to all the channels ij-kim of a single operator ex-
change in the bulk. There are ten such channels. Notice that for i = (12-345) one can
have the spurious blocks involving a A; in the ¢(z1)@(z2) OPE whereas i = (45-123)
involves spurious blocks with a Ay in the ¢(z4)¢(x5) OPE.

The contact diagram decomposes into three types of spurious blocks:

WCOH = - Z I:C’/Qz? Elf oon G 24) ny 7A2¢,n2 (Xa) + (c%(f 7?;(5 oo G 2¢ ni ’A3¢v”2 (Xa) + (2¢ A 3¢) )] '

ni,n2

(5.2.32)

These three types of diagrams are all the ingredients one has in the Polyakov block,
which we defined in Mellin space in (5.2.28). Let us denote its inverse Mellin trans-
form by Pa, a,(X1,Xx2)- Its block decomposition is given by

P, a0 (Xa) = Gayns(Xa) + Gaga, (Xa)
- Z [ a’?’b?:??l(g GA2¢,2n1 7A2¢,2n2 (Xa) ( El(f 737,(3 GA2¢ 2n7> ASd) 2ng (XQ) (2¢ <~ 3¢) ):|

ni,n2

- Z[ Qb Gy gy (Xa) + 0™ Gap a0 (Xa)

n

02 Gy (Xa) + 087 Gy, () + (A1 = A)]. (5.2.33)

We will refer to the o coefficients as functionals since they will describe the sum-
rules below. Let us write them in terms of the individual Witten diagram coefficients
defined before. For convenience we define the sets I’ = {12-3-45, 12-4-35, 12-5-34},
I = {all double exchange channels}, and J = {all single exchange channels}. Then
we have

b2 - ZI: b0 4 oy ph2o012345) (5.2.34)
iel’
1(1 é) _ Zal(l $)(@) ¢ bl(l $),(12-345) (5.2.35)
iel’
ai@%% - Z;a;i’w’(i) + 0 Z]bgi’w’(j) + ¢y céi’%. (5.2.36)
i€ je
02039 = Zagi"w’(i) + 0 Z b;ﬁ’?’d)’(]) + ¢y cgi 39 (5.2.37)

iel jedJ
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The other coefficients like a272¢,a,1;(1’¢), etc that are related by swapping x1, s <
x4, T5 or A1 < Ay are defined analogously. Recall that the coefficients ¢; and ¢y
were introduced as undetermined constants coming with the ‘regular terms’ in the
definition of the Polyakov block (5.2.28). We specify how to fix them at the end of
this subsection.

The 5-point Polyakov bootstrap equation is given by

Z aAhAzGAl,Az(leXQ) = Z aA1,A2PA17A2(X1aX2) (5238)
Aq,Aq Al»AQ
pairs

This implies that every family of spurious blocks must separately be set to zero,
leading to multiple families of sum-rules. Let us discuss them one by one.

The (1,2¢) sum-rule: This comes from eliminating Ga, |
by

Agyo, Dlocks. It is given

> an;,2,0, 7 (A1, A2) = 0. (5.2.39)
Az

The (1,2¢) sum-rules fix an operator Ox, (z) in the ¢(z1)¢p(z2) OPE and sum over
all the operators Oa,(y) in the ¢(z4)¢(x5) OPE. It is clear that the sum-rules coming

from the vanishing of Ga,, ,,.a,; Ga,, and G a,, ,,.A, are all equivalent to (5.2.39)

Aog on
since they merely correspond to exchange of external coordinates (x1,z3) < (x4, x5)
and/or dimensions A; < A,.

¢ involves coefficients from three double-exchange diagrams and

The functional a;?
one single exchange diagram. We can think of the ‘1,2¢’ conditions as a 4-point
Polyakov bootstrap sum-rule, for the correlator

A1ALALA,

(Oa, (z)d(w3)d(T4)P(75)) = ; Ag12 A2 GA2 (z, 23,24, 25) . (5.2.40)

This has three external operator which are identical (¢) and one which is different
(Oa,). Here Ap2, App2 denote the OPE coefficients in the ¢Oa, and ¢¢ OPE’s
respectively. Notice that this is crossing symmetric in all three channels. Therefore,
its Polyakov blocks will be defined similarly to (5.1.10) i.e. three exchange and a
contact Witten diagram, with the difference that the diagrams will have one non-
identical external leg of dimension A;. Unlike (5.1.13), the corresponding spurious
blocks in this case will be Ga,,, and Ga,,,. The resulting sum-rules have been
explored in [230]. Our equation (5.2.39) is the same as the one there, specifically the
sum-rule for eliminating Ga,, .-



168 CHAPTER 5. MULTI-POINT ANALYTIC FUNCTIONALS

The (1,(1,¢)) sum-rule: This follows from eliminating the Ga, a, ,, blocks. It
is given by

> aALA an (A1, Ag) = 0. (5.2.41)
Ay

Just like the previous sum-rule, here we fix one dimension A; and sum over the other
dimension A, in the 5-point OPE. As before, the functional oz,l;(l’d)) involves three
double exchange and a single-exchange diagram. So it is equivalent to the Polyakov
bootstrap sum-rule for (Oa, ¢¢p¢), and in this case corresponds to the vanishing of
Ga, ., blocks. Once again the condition (5.2.41) automatically eliminates Ga, , , A,
Gasnsy, and Ga,, . A, Dy appropriate swapping of coordinates and dimensions.

The (2¢,2¢) sum-rule: This corresponds to the vanishing of Ga,, ,, A, ., Plocks,
and given by

> an,a, 02020 (A1, A9) = 0. (5.2.42)
(A1,A2)

The (A1, As) indicates the sum should be over all such distinct pairs. The functional
Ozi‘ff{f involves all the channels of double- and single-exchange diagrams as well as

the contact diagram.

This is a very nontrivial sum-rule since we have to sum over both A; and A, in the
5-point OPE. This cannot be derived from any individual 4-point function. Rather
it can be thought of as a bootstrap condition on an infinite number of correlators
(Opgpg) or an infinite number of OPEs O x ¢ for all O € ¢ x ¢.

The (2¢,3¢) sum-rule: This sum-rule comes from eliminating Ga, o2m; A3 2n, PIOCKS.
It is given by
Dy a, 02 (A, Ag) = 0. (5.2.43)
(A1,A2)
2¢,3¢

Like the previous sum-rule the sum is over all pairs (A, As) and the functional oz}
involves all the 5-point Witten diagrams.

Once again since it involves sum over both A; and A, the (2¢,3¢) sum-rule cannot
be obtained from a single 4-point function, and is a collective condition on an infi-
nite number of OPEs O x ¢. Also by the exchange of z1, 19 < x4, x5 we can see that

vanishing of the blocks Ga,, imposes a sum-rule equivalent to (5.2.43).

D2p g

Fixing c¢; and cy:

Finally let us discuss how to fix the constants multiplying the ‘regular terms’ in the
Polyakov block. We do this by eliminating two of the sum-rules described above, i.e.
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by setting to zero two functionals which depend on ¢; and ¢;. One possible choice is:

ag®? (A1, A5) =0, (5.2.44)
a2 (A1, A9) =0, (5.2.45)

This is a simple choice since the functional O‘o 2% does not depend on ¢y, so (5.2.44)
directly fixes ¢;. Note that the ap?? family is easy to evaluate since it depends on
only four Witten diagrams, and n = 0 is the simplest one. Since a§¢’

both ¢y, co we can use (5.2.45) to fix cs.

3¢ depends on

There are, of Course, other choices with functionals that involve both ¢; and cs.
E.g. having o L9~ 0 and a2¢ 2% ~ 0 would work and is as simple as (5.2.44) and
(5.2.45). However, setting a0¢’ ?=0and at”*” =0, or a2 = 0 and a2”*’ = 0 would
be more cumbersome to implement since these functionals individually involve all
the Witten diagrams.

5.2.4 Structure of functionals

We will now discuss the orthogonality properties of the 5-point Polyakov bootstrap
functionals. These are analogous to the ones we showed in (5.1.16) for four points.
The simple functionals a>2¢ and o':(1:#) have the following properties

Oé}z’zlb(Ala Ay = A2¢>,m) = Omn — dgzl)émo ) avla’2¢(A17 A, = A17¢7m) =0
an P (A1, A = Agg ) = = Gno oM (A1, 8y = Ay gim) = Oun - (5.2.46)

Since these functionals are equivalent to those from the correlator (Oa, poo), (5.2.46)
are the same orthogonality properties found from the 4-point Polyakov block [230]
for that correlator. Note that d%l) and dg) are related to the constant ¢; in the
Polyakov block and the respective spurious block coefficient of the single-exchange
diagram. E.g. dV = b4% and 4 = b,ll’(l’dj) in our choice of normalisation and fixing
of ¢;.

The orthogonality properties of ?#2¢ and a?#3? are more interesting. They are
as follows

721? Ezf(A%)»ml ) A2¢ ma ) 67117711 57127712 ) 721? gz(é)(A%)mu ) A3¢ mo ) d( )50m1 50m2 ,
i(f ?Lf(A2¢’ml ) A2<1> m2) 0 i(f:iq;(A2¢ mi» A3¢ m2) 6n1m1 6n2m2
+d™ om100m, - (5.2.47)

The constants dff) and d§L4) are related to both ¢; and ¢y in the Polyakov block and

the respective coefficients of Ga,, ,, and Ga,, ., A, Of single-exchange and

A2¢,n2
contact diagrams. Seen as functions of two variables (A, Ay), the functionals have
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a rather non-trivial additional structure, as they exhibit co-dimension 1 loci where
they vanish. Indeed, it is sufficient for one of the exchanged dimensions to be a
double- or triple twist value, for the functional to vanish with an arbitrary value of
the other dimension. While we observe this experimentally, we leave a more rigorous
understanding of this property for future work.

Since they trivialise on the double-twist and triple-twist dimensions, the functionals
are ideal to bootstrap certain special correlation functions. We will now discuss some
of these examples.

Bootstrapping the disconnected correlator

Consider the disconnected correlator that we introduced in Section 5.2.1. It has the
following classes of operator pairs in the OPE

(¢, 1) : Al = Ad), AQ =0 AA,A : ad) 1= C¢¢¢,
(¢7 [¢¢]n) A= Adn Ay = A2¢,n AALAy * Qg [¢d]n C¢¢¢(C¢¢Fg¢ )27
([0P)n1 [00]ns) = A1 =Dogny, Do=Logrny QAL Ay T Uil [66]n, - (5.2.48)

The first few ajgg),, [¢¢]., coefficients were given in (5.2.12). We will show how our
sum-rules trivialise on this set of OPE data by using two of them explicitly.

Using (1,2¢) functionals: First we will use the n-th (1,2¢) sum-rule, given by (5.2.39).
In that equation one of the exchanged dimensions i.e. A; is fixed. Let us take
Ay =A,. We have

Cooo 0™ (84, 0) + 3 041661, 0> (D, Aogm) = 0 (5.2.49)

The sum in the second term reduces to a4 [44], —@e,[66] 2?(Ay) using (5.2.46). Now
the term al2?(A,,0) comes from a Polyakov block PA »,0, specifically from double-

exchange diagrams WX;O and single-exchange W&). In the direct channel one has

Wi2¢3 P(x1,x2) = E(xi)—lC;;(ﬁ (O(21)Pp(x2)d(w3) N d(g)P(x5)) (5.2.50)

where the exchange of the ¢ and the identity correspond to the 3-point function and
the 2-point function factors, respectively. As discussed previously, the disconnected
correlator is a sum of products of 2- and 3-point factors. This means that the
double-exchange contribution to the (1,2¢) functional (5.2.49) is nothing but the
OPE coefficient —ag 44, itself. For a similar reason the constant c¢; = —ay [4¢],- In
other words we must have

Cosp " (D84, 0) = ~Cons(Coistin ) + Covs (Coiping,)” 02 (Ag) - (5.2.51)
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Therefore the equation (5.2.49) is trivially satisfied.

Using (2¢,2¢) functionals: Now consider the (2¢,2¢) sum-rule given by (5.2.42),
specialised to the case n; = ny = 0 for simplicity. This sum-rule runs over all the

operators in (5.2.48) and we hence have the equation

2¢,2 2¢,2
Cooo 0 ?(Dg,0) + Y ag 101, o " (Ag, Aopn)
n

Y A1 061m 00 (Dagns Dogm) = 0. (5.2.52)

In general, the term aé%Qd’(Al, A,) is cumbersome to derive. This is because it in-
volves the coefficient of Ga,, o a,,, a0d Gay,g,n,,, (to fix o) from all the Witten
diagrams, as well as those corresponding to Ga,, .a, (to fix ¢;) from four diagrams.
The evaluation of some of these coefficients, specifically the ones from crossed channel
diagrams e.g. 14-2-35 or 14-3-25 channel double-exchanges or 14-235 single-exchange,
are quite involved but we chalk them out in Appendix 5.A.2.

However, for the evaluation at dimensions appearing in (5.2.52) most of the diffi-
¢,2¢
0

)

cult coefficients vanish, 6 so the evaluation of af%?(A;, Ay) is easier. One obtains

for the various terms in the sum-rule

O‘(Q)%%(Aqs, 0)=-4,

ag%Qd’(Ad,, Noypo) = -2,

g’ (Dg, Aagr) =0, (n#0), (5.2.53)
QS%M(A%’O, Noyo) =4,

g5 (Dogn, Dogm) =0, (n,m#0).

Let us point out that the term a§%2¢(A¢, 0) corresponds to Witten diagrams with an

identity exchange. So, as we explained around eqn. (5.2.50), it is obtained from the
disconnected correlator itself, specifically from the OPE coefficients of Ga,, ;a,,.,

and GA2¢,0,A3¢,0- 7

If we use (5.2.53) along-with the respective OPE coeflicients ay, (461, = 2 Coos, Qo610 [66]0 =
2Cypp we see that (5.2.52) is satisfied.

6This is because coefficients from the ‘difficult’ channels do not have poles in Ay, Ay while there
are zeroes from the normalisation due to which they vanish. See appendix 5.A.2.

"Notice that (5.2.53) slightly contradict the orthogonality conditions (5.2.47) because we get,
e.g. ag%w(Aw’m Agy0) =4 instead of 1. The value is different from 1 for special cases: if we have
ny = no in ai"f:i‘f, or if one or both of the dimensions Ay or Ag is Agy o (the consequence of the
latter being that we get a term o ¢1). The present case satisfies both conditions.
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Deforming the disconnected correlator

We showed from the orthogonality relations (5.2.46) and (5.2.47) that our sum-rules
trivialise when the 5-point OPE has dimension pairs of the type (Aagn,:D2gn,)s
(Aopnys Aspny), (A1,D94,) or (Ar,Ay4,). From the examples in subsection 5.2.4
we see that in such cases, one can determine all OPE coefficients from the knowledge
of only a few. For instance, in (5.2.49) we can determine ag (44}, from ae [4¢], and in

(5.2.52) we obtain apge]y [ee], I terms of ag 44],-

0
This feature of the sum-rules remains valid even if the respective operators acquire
anomalous dimensions and OPE coefficient corrections. To see this, consider a (some-
what artificial) deformation of the disconnected correlator where the double-twist
dimensions are A = Ay, + 7, and the OPE coefficients are modified as follows

(d)J [qbqb]n) : aAl,AQ g a¢,[¢¢]n + 5T(L1) 9
([¢¢]n17 [¢¢]n2) : aAl,AQ - a[¢¢]n17[¢¢]n2 + (57(121?n2 . (5254)

Then the (2¢,2¢) sum-rule from (5.2.52) gets corrected and the leading order cor-
rection terms look like

057 a5 (D gy Bag0) + Y G 61 Dna 0050 (Dgy Do = Aoy ) + 3570 g5 (Do, Aago)

) 2% A 061 Ona0in g (Dogm, Az = Aggm) = 0.

(n,m)

(5.2.55)

In the last term we assumed 8A1a§%2¢(A1, Ay) = 8A1a§%2¢(A2, Ay) . This equation

determines 58?(]) in terms of 5(()1) if we assume that all 7,,-s are fixed .

It is not hard to see that if the pairs (Agpn,, Dogng), (Aapnys Dssny), (A1, Aogn)
or (A1,A;4,) get modified by some given anomalous dimensions their OPE coef-
ficient corrections would be obtained by a?{fji‘f, a%?ji‘f, %11,245 or %11,(1,(;5) functionals
respectively.® The rationale behind treating modified dimensions as inputs is that
we consider them to be fixed at the level of a 4-point function that has previously
been determined by bootstrap, or other methods (e.g. the 4-point sum-rules (5.1.15)

are suitable to fix v,,).

Further checks Along with the disconnected correlator and their deformations,
we also considered simple correlation functions whose OPE decomposition contains
infinite families of operators which are not of double- or triple-twist type, and there-
fore need an infinite number of contributions to satisfy the sum-rules. Examples of

8In fact one can achieve the same result in perturbation theory by repeated actions of only a.2?
and a};(l’@ for suitable A; and n.
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such correlators can be obtained by considering composite operators such as ¢? and
¢* in generalised free theory, and we verified the associated sum rules extensively.
Instead of presenting these explicit (but cumbersome) checks here, we will instead
describe how to bootstrap such a correlator in the following section.

5.3 Application: Truncated numerical bootstrap

In this section we apply our functionals to bootstrap the 5-point crossing equations.
Since the OPE decomposition does not have manifest positivity properties, we resort
to the truncated bootstrap as done in [90-92]. As a target, we consider an exactly
known but non-trivial solution to crossing, introduced in Section 5.3.1. An important
feature of this solution is that its spectrum is not a perturbative deformation of
double-twist or triple-twist towers. We treat the spectrum as an input (that in a
realistic situation would be provided by the 4-point bootstrap or other methods) and
bootstrap the non-trivial OPE coefficients, first using derivative functionals (Section
5.3.2) and then using the new functionals proposed in this work (Section 5.3.3). Our
knowledge of the exact correlator makes this example an ideal setup to compare the
two different sets of functionals in a controlled environment. We comment on this
comparison at the end of Section 5.3.3.

5.3.1 Bootstrap target: The ‘all-to-all’ correlator

Consider the correlator,

5
Gan-to-an(z;) = H(-Tij)2A¢/4, (5.3.1)

i<j
which can be obtained by computing the five point function of : ¢* : operators in
a generalised free theory through Wick contractions that connect every operator to
every other exactly once. Here, A, denotes the dimension of the external operator.”
This function is manifestly crossing symmetric and by pulling out the prefactor, we

find the following simple function of the cross-ratios

3.3 Ag/2
_ X1 X2
Gall-to-al(Xa) = ((1_X1)(1_X2)(1_X1_X2)) : (5.3.2)

From the above expression it can easily be seen that the OPE is controlled by a tower
of operators of scaling dimensions

3A
Agy = T¢ +2n, (5.3.3)

9This dimension is four times that of the constituent field ¢, but we do not introduce notation
for this to avoid confusion.
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which as previously advertised are neither double- nor triple-traces of the external
operator. They can instead be understood as : ¢% :-type operators in the : ¢* : x : ¢ :
OPE. It is straightforward to expand this correlator in conformal blocks and ex-
tract OPE coefficients, which will subsequently be compared with those obtained
by truncating the crossing equation with derivative and analytic functionals. Spe-
cialising to the case A, =1 as we will below, and introducing by abuse of notation
An,m = A3/2+2n,3/2+2m, the first few coefficients are given by

Qo0 = 1, Qg1 = 1/16, Qo2 = 1/256, Qg3 = 1/4096, a11 = 7/128, a12 = 23/4096 . (534)

5.3.2 Bootstrap with derivative functionals

A simple way to extract the constraints on CF'T data encoded in the crossing equation
(5.2.6) is to Taylor expand in x; and y» around the crossing symmetric point

X1=X2=Xs = %(3—\/5), (5.3.5)

leading to the derivative sum-rules

0= aﬁlaﬁl ) aAI,AzF(xl,Xz)] (5.3.6)

A1,Az

X1=X2=Xs

labeled by two integers n and m. Here,

Xixe o X2
Fana:(X1,x2) = [Gaya. (xas x2) - (m) Gara (X27 1+ o 1) :

(5.3.7)

We use derivative sum-rules to bootstrap the all-to-all correlator in the following way.
Considering six randomly chosen derivative sum-rules, we truncate the spectrum to
the lowest seven operators and solve the six resulting equations for the six unknowns
ap 1, o2, o3, 41,1, a1,2 and ag o with a; ; normalised to 1. The result of this procedure
is shown in figure 5.3.1 for 10 iterations selecting out of derivative functionals with
n,m < 3. The above procedure is chosen in order to have a simple meaningful
comparison with the analytic functionals and not with the goal of formulating an
optimal strategy for truncated bootstrap.

5.3.3 Bootstrap with analytic functionals

As before, we will assume the scaling dimensions to be given. We take them to be
as follows:

3 . 3
(A Ag)) = (5 T2, 5t 29), p,q € Zso. (5.3.8)
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and Ay = 1. Our goal is to obtain the OPE coeflicients a4 = aa,a, with the
input of agg =1.

The strategy is simple: we will choose a set of operator pairs (A, A() corre-
sponding t0 P < Pmaxs ¢ < Gmax(p). We will choose the same number of sum-rules.
For this problem each sum-rule will couple multiple unknowns a,,, so we cannot
solve them individually. Our hope is to solve them as a set of simultaneous linear
equations and obtain a, , to a good numerical accuracy.

Let us choose puax = 2, and ¢max(0) = 3, ¢max(1) = 2, ¢max(0) = 2. This means we
have the following pairs:

(A(p)’A(Q)): %’% ’(%’%)’(%’%)7(%7%)7(%7%)7(%7%)7(%7%)7 (539)

apo , Qo1 , Qo2 , Qo3 , Q11 , (12, G22. (5.3.10)

Qp,q

There are six variables, so we need six sum-rules. Let us first choose the functional

aé’w. For this we choose the fixed dimension to be A; = g, %, % which gives, from

(5.2.39), three distinct equations. Numerically they read:!°

(1,2¢), n = 0 sum-rules:

Al = % : @o,0 0.06696 — Qo1 1.13115 + Qo2 0.84200 + ao,3 1.40585 =0 s (5311)
Al = % . a071 1.52816 - 11 1.78614 + CLLQ 0.34937 = 07 (5312)
Al = % Qo2 1.30190 - a2 0.80423 — a2 2 0.18168 = 0. (5313)

We will not use (1,2¢) sum-rules with n > 0 because for a given A; they would

sum over the same series of operators but would require more of them for numerical

3
2

over ag, that is different from n =0 i.e. (5.3.11), but we would require to truncate

convergence. E.g. the (1,2¢) sum-rule for n = 3,4, etc with A; = 2 we get a sum
q at higher values than what we should have for n = 0,1. This is evident from their
orthogonality property - we cannot satisfy the n-th (1,2¢) sum-rule with operator
pairs (A, Agg ) with all m < n.

We need three more equations. So, we will use the sum-rules (2¢,2¢) and (2¢,3¢).
The former will be for n; = ny = 0 and the latter for ny =0,n5 =1 and nqy = 0,ny = 2,
hence three equations. The advantage is that each of them sum over all the OPE
coefficients, and for low enough ni,n, converge quickly.

10The numerical values reported below are obtained from the techniques discussed in Appendices
5.A and 5.C. All functional expressions involve infinite sums. We chose suitable truncations so that
the results from both techniques match up to a certain accuracy.
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(20,2¢), n =0 sum-rule:

—0ao,0 0.20280 + Qp,1 2.00474 + Qo2 0.38663 + Qo3 0.74856 + a1 1.40910
— 120.76550 + a2,1.13883 = 0. (5.3.14)

(2¢,3¢) sum-rules:

(n1,n2) = (0,1):  agg0.00928 + ag10.62012 — ag,0.1216 — ag30.23437

— a110.99493 + a150.81915 + a5,0.80916 =0. (5.3.15)
(n1,n2) = (0,2): g 0.00099 + ag10.06188 + ag50.37021 — ag30.32135

— 01,1 0.08503 — a150.05202 — a5, 0.62975 = 0. (5.3.16)

Solving the equations (5.3.11)-(5.3.16) we obtain

ao1 = 0.0623, g2 = 0.0043, ag 5 = 0.00030,
a11 = 0055, a192 = 00065, A9 = 0.0022. (5317)

Comparison

Finally, let us compare the results (5.3.17) obtained from the analytic functionals
with the results obtained by using derivative functionals as described in Section
5.3.2. For the comparison, we have plotted the logarithmic error

exact

a —Q
logyg (—| gy ’”") (5.3.18)

pq

of the numerically determined OPE coefficients in Figure 5.3.1.

We observe that the accuracy of the numerical estimate for the OPE coefficients of
light operators varies considerably between different choices of derivative sum-rules
with a mean that is comparable to the error of the solution obtained from analytic
functionals. For heavier operators, however, the analytic functionals considerably
outperform derivative functionals, producing significantly smaller errors than the
best choice of derivative sum-rules.
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a[0,1] a[0,2] a[0,3] a[1,1] a[1,2] a[2,2]
.
)
or o ! - 0
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Figure 5.3.1: The absolute value of the relative error of numerical estimates for the
OPE coefficients a, , for derivative and analytic functionals plotted on a logarithmic
scale.
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Appendix

5.A Details of Mellin space computations

5.A.1 4-point Witten diagrams

In this appendix we will provide some details of the definitions of Witten diagrams
in Mellin space and the computations related to them. Recall the 4-point s-channel
diagram that is given by

oo (A¢)

M (s ,S14) = = : 5.A.1
A(12 14) m=0812+%—A¢+m ( )

Here the numerator is given by

2

g TN D((3-8001), )
P(2) T(m+ DI (As-2)' T(m+A+1)

(5.A.2)

The t-channel exchange diagram is given by replacing sjo <> s14. Let us demonstrate
computation of a spurious term Y224 log xy which we initiated for a general amplitude
n (5.1.27). For the s-channel diagram the s14 integral is the same as the contact dia-
gram (see (5.1.28)) since M (®) is independent of s14, and we carry it out using Barnes
first lemma. So we only have the sum over m in (5.A.1) which is straightforward to
carry out. We obtain

(Ag)

ds
224 ] f Jgp 2P (AL — _=zxm
og () (514) T (Ag ~ 514) 2 TnZOm+__A¢

] X222 1og(x) AT (A)T (A + 1) T(Ay)4T (24, - 1) |
(A _ 2A¢)F (%)4 F(2A¢)F(A71+2A¢)F(2A¢—A)QF(A+1+2A¢)

2 2 2

(5.A.3)

Let us now show the evaluation of the analogous coefficient in the ¢-channel diagram.
This is harder since the M(® has an sy4 in the denominator and so the s, integral
cannot be evaluated using Barnes lemma. To carry out the integral we write (s14 +

179
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S-Ay+m)t= dyy 1t 3=8evm S for ¢-channel diagram we obtain

ds
2A¢ log(x) Z f o @514, (A¢>) T (514) 2 (A¢ _ 814) [ y 514+7—A¢+m

= x**?log(x) Z f _nyAW QS T(Ag) 2 F1(Ag, Ag, 28,1~ 1)

= v*2?1og () Z 200 (Ay) T (2 +m) sF5[1,A,, Ay; 20, 214842 1] (5.4 4)

Here F denotes the regularised hypergeometric functions. To go from the second to
third step we used the Pfaff transformation of o F} to convert the argument (1 - i)
to 1 -y, then expanded in (1 -y) powers - then we integrated the k-th expansion
term over y and summed over k. So the final expression involves an infinite sum. It
converges fast and we can evaluate it numerically by truncating.

The u-channel coefficient of y?2¢log(x) is carried out similarly to ¢-channel. It
also comes out to be identical to that of the t-channel. This shows the property

b = p pointed out below (5.1.12) in the main text.

5.A.2 5-point Witten diagrams

In this appendix we will show how to obtain the coefficients of the various conformal
blocks from 5-point Witten diagrams. Let us start with the definition of inverse
Mellin transform (5.2.16) which we repeat for convenience of the reader

Q(X1,X2)=f[d3z‘j] ‘HS(F(Sij))f(XbXﬂ{Sz‘j})M(81278237834a845a815)
_ (5.A.5)

1 _ 2515 2A¢ 2512 2A¢ 2840
(1-x1-x2) X2 (5.A.6)

A¢ 2815+2823— 2845 A¢*2812*2815+2834 :
(1-x1) (1 - X2)

where f(x1,x2] {Sij}) =

Let us first consider the blocks Ga,,, Ay, a0d Gag, . Agy s Gagy ., Ay, Which
feature in the decomposition of all the Witten diagrams (see (5.2.30), (5.2.31),
(5.2.32)).

Coefficients of GAM 1 D36 s

Let us first focus on the blocks Ga,, , A, .- This involves the power laws X1A¢+m X?"’*”

for m’,n’ € Zsy . They are obtained from the following residues:
A

slzz—m,545=—n—m+523—7¢,523=—p. (5-A-7)
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In choosing the contour we stay careful about the following two things: 1. if we are
considering negative integer poles of a I'(s;;) then all those poles are enclosed in the
contour, and 2. we take all the terms x1, x2, (1 - x1), (1= x2), (1 —x1 - Xx2) are less
than 1 individually, which would require all s;; contours to be closed on the left.
These make it clear that (5.A.7) is the only combination of poles how the required
power laws can emerge.

With these poles the kinematic part (5.A.6) becomes

2515 2A¢+2m 3A4+2m+2n+2p Ay
(1_X1 XZ) X2 M( ma_p7834a_n_m_p_77815)

(1 _ X1)2A¢ 2515+2m+2n (1 _ X2)A¢+2m72315+2534

_ 2A¢+2m 3A¢,+2m+2n+2p A¢ q.r
= X1 X2 M (-m, -p, 334,—n—m—p—7,315)z X1 XQNq,r(S347315)-

q,T
(5.A.8)

Here N, are the coefficients appearing in the expansion of the powers of (1-x1-x2),
(1-x1) and (1 - x2). Collecting the powers of x; and o we obtain

Ag+m’ 3Au+n’ -
X? a X; ot f d834 d815 H (F(S”) ) M(834, 815) (5A9)
1204323
where
- (m’,n") r—n/—-A
M(834,815) = Z M( g Qm S+ N+ 5 2 ,5347 —¢, S15 ) Nq,r($347 315) .
(¢,7)=(0,0)
(5.A.10)

There are only two integrals to do in (5.A.9) | so it is simpler to evaluate than the

coefficients for Ga,, (see (5.A.18) below).

R2p g

Eqn. (5.A.9) is easiest to evaluate when M ({s;;}) independent of ss4,s15. This
happens for the following cases:

e Contact diagram with M =1 (see (5.2.26)).
e Single-exchange diagrams M3*3%5 M 3245 V23145 V15123 (gee (5.2.24)).

e Double-exchange diagrams Mp>52, M50, MR (see (5.2.21)).

For all these diagrams the integral can be evaluated using first Barnes lemma twice.
E.g. for the case of m’ =n/ =0 one has

XfAd’Xg% M( s12= 0,823 =0, 545 = —% ) F —ﬁ f dszydsis I (s15) I (s34)
x F(Aqb - 815)F(315 — 834t —) (A¢ - 834)F(334 — S5t %)
M) (4) T(5:)
I'(3A,)

2A¢ 3A¢ A¢
X1 “Xo P M(s12=0,505=0,85=—-5)

(5.A.11)
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For higher m’, n’ which involves higher order polynomials, it remains an easy exercise
to evaluate the integrals by Barnes lemma, simply by shifting the arguments of the
Gamma functions, e.g. writing s15'(s15) = T'(s15 + 1), etc.

A slightly harder case is when M ({s;;}) has a pole in either s34 or s15. This happens
for the following cases:

e Single-exchange diagrams Mi*235 M 5234 V2135 \f25-134 0 34125 0 \p35-124
: 12-5-30 7 712-4-35 7 713-4-25 7/13-5-24 1/23-4-15 1/23-5-14
e Double-exchange diagrams MxT30", MATAY MATRS, MATA MATA MATA

Consider that there is a pole in (s34 + £ — Ay +p)~! with residue A, (the form of A,
depends on the diagram we have), followed by a sum over p. We can carry out the
s15 integral using Barnes lemma, and the s34 integral with the same technique as in
t-channel Witten diagram for four points (see (5.A.4)). So, for the m’ =n’ =0 case,

: : 204 3A
for instance, one has for the coefficient of x| “x5 °

) [ [§ st Cemren )

) [ . T (s30) T( = 52)0(A6) T (s34 + 52T (A = 530) T (352 = 534)

I'(2Ay)
y [iAp [1 d_yy334+§—A¢+p‘|
p=0 0 )

= APF(_%)F(AJ%(?’%)QF(? +9)aE (LA, 325p+ 5 +1,3A41).
p=0

(5.A.12)

In the last line we evaluated the s34 integral which gives a oF} function with (1 -y)
argument - and expanded the 5 F7 in the powers (1 —y)9 to evaluate the y integral,
and finally summed over ¢ to obtain the 3F,. Once again the higher polynomials are
obtained by a simple generalisation of the above treatment.

The hardest case in evaluating (5.A.9) is that where the M ({s;;}) has poles in both
s34 and s15. This happens for

: 14-325 1 715-3-24 7714-2-35 1/15-2-34 1/24-1-35 1 725-1-34
¢ Double-exchange diagrams My 307, MATAT MATR MATAY s MATA MAT A
Consider the following pole structure: Qy; (s34 + % - Ay + k) (s15 + % - Ay +1)7t

followed by sums over k,l. It is easy to see that this is the M5234 diagram. The
other diagrams can be brought to the same integral form by shifting the Mellin
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variables. Let us carry out the s integral first. We may convert the si5 pole to a
yo-integral. Then for the m’ =n’ =0 term we get the coefficient

Udyy sis422-A4
J s o) (8= s1a)T (o1 s+ 5000 - 5) [ 2252

d A2
= /(; yy22 (A¢)2F(334 + ﬁ)F(?)A—d’ - 834) 2F1(834 + - A(ﬁ’ 2A¢7 )y222 Ayt

S T(A) T (s + 5T (5" — s +0) (Ao), D1+ 52)
=0 I'(2A4+p)T (l+p+ +1)

(5.A.13)

In the last line we expanded the oF} and then integrated the p-th expansion term
over ys. The s34 integral can then be carried out. If we write the s34 pole as a
integral then we get (isolating only the s34 dependent terms)

Ay ssq+BL_A,+k
/d834F(334)F(834+%)F(Mf—sg4+p)F(A¢—s34)fﬁyl‘%*z o+
1

= D(A)P(332 )T (k+ 5 )T (p+ 252) T(p+20,)
x 3 Fo(1, A, 22280 1 1+ k,p +3A4;1). (5.A.14)
The steps leading to (5.A.14) is similar to what we used for (5.A.12). The final
answer hence combines (5.A.13) and (5.A.14) and gives
> T(Ag) (Ag), T(1+22)T(352)0 (k + &t )r(p+ 329V (p+24,)
P lle0 ['(2A4 +p)T (l +p + 22 1)
x le(Al,AZ)r(——)gFQQ Ay, 222 Al +1+kp+3041).  (5.A.15)

The coefficient of X1 X2 "’, from M1'-234 and related diagrams, is hence three nested
infinite sums. It can be evaluated numerically by truncation. These nested sums also
feature in the higher powers of the same family. We observed that for higher powers
the truncation needs to be at higher values for same numerical accuracy.

Coefficients of Ga,,, A,

A¢+m 2A¢, +n/

The Ga,, ., A0, Plock expands into the power laws x; X5 for m/,n’ € Zy.

Looking at (5.A.5) it is clear that these powers follow from the residues of the poles
S19 = =M, Sa5=-Nn, Ym,n € ZLsg, (5.A.16)

from the I'(s12)['(s45) in the measure.

The kinematic part (5.A.6) then becomes

2815 2A¢+2m 2A¢+2n
(I-x1-x2) "% X M (-m, S93, 534, =1, S15)

(1 _ Xl)A¢ 2315+2523+2n (1 _ XZ)A¢+2m—2815+2834

2A4+2m 204 +2
=X1 o mX2 o nM(—m7523,5347—n;815) Z Xffxg Np,q(3237334>515)7 (5'A-17)
p,q



184 CHAPTER 5. MULTI-POINT ANALYTIC FUNCTIONALS

where we further expanded (1-x1 —x2), (1 —x1) and (1 - x2) powers in x; and xa.
Each coefficient NN, , appearing here is a polynomial in ss3, 534, 515 and we have to
carry out the respective integrals. We can then collect the powers of x; and xs to

write
2A¢+m' 2A¢+n' Y3
Xl X2 d823 d834 d515 H (F(S”) )M(823,834,815) (5A18)
505
where
— (m/,n’) p-m' qg-n'
M (s23,531,815) = . M( 823, 834, =515 ) Npg(23, 534, 515) . (5.A.19)

2 2

(p,q)=(0,0)

The eqn. (5.A.18) is more involved than (5.A.9) since there are three integrals in-
stead of two. But the difficulty in evaluating (5.A.18) also depends on the form of
Mellin amplitude M ({s;;}) i.e. what diagram we have at hand.

— ’ — / .
Once again it is easiest when M( B 593, 534, L5, 515) has no poles in So3, S34, S15.
This is the case when we have

e Contact diagram, M(con) =1,
e Single-exchange diagrams M3*345, M 3-123,

. 12-3-45
e Double-exchange diagram M7

For hese diagrams the integrals can be evaluated using Barnes lemma three times.
The procedure mimics (5.A.11) and we will not repeat it here.

— / p— / .
The integral is harder when M(%,s%,s% %,315) has one pole in so3, S34 or
s15. This is the case when we have

e Single-exchange diagrams MA¥245 M23145 0 V14235 0 N[15-234 0 \[24-135 ) 25-134,
34-125  1/35-124
MRS 3121,

: 13-2-45 7 723-1-45 7 712-4-35 7 r12-5-34
e Double-exchange diagram M7, MAT A MATRY, MATR
In the above cases two of the Mellin integrals can be evaulated using Barnes lemma,

and for the one with the pole has to be done using the treatment similar to (5.A.12).

Our integral (5.A.18) is even harder when M( p_Tm’,SQ;»,,SM, q_T”’,sw) has two sim-

ple poles. But now there are two cases to distinguish

: 14-2-35 7 f15-2-34 ) 724-1-35 ) 725-1-34
e Double-exchange diagrams My 377, M2 MATAY, MATAT
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: 14-3-25  7715-3-24
¢ Double-exchange diagram My ", MATAT

For the first set of four diagrams, it is possible carry out one of the three Mellin
integrals using Barnes lemma, as the respective variable will have no pole, e.g. with
M3 this will be the sy3 variable integral. The other two integrals will have a pair
of simple poles, and we have to follow the steps shown in (5.A.13) and (5.A.14).

For the remaining two double-exchange diagrams, it is not possible to carry out
any of the Mellin integrals using Barnes lemma, as all the variables will feature in
one or the other pole. We can still try to evaluate them with steps similar to (5.A.13)
and (5.A.14). However the resulting expression is either a set of very poorly con-
vergent nested infinite sums, or infinite sums where with a y-integral (from 0 to 1)
at every summand. In both cases it is not feasible to use the expression efficiently
for numerical evaluation. So, for these two diagrams, we have to use the method of

App. 5.C .

Coefficients of Ga, and Ga,,

AT, At¢n

We will discuss the coefficients of these blocks together as they both feature in the

: . Af12-3-45  q12-4-35 7 r12-5-34 12-345
same four diagrams: MATRY MATRY MASTR and M ;7%

A1+m’ 2A¢ +n’/
Xo

The block Ga, a,,, involves the terms x; . They are obtained from the

following poles

A
S19 = —71 + A¢ —m, S45=—"N, Vm, n e Zzg . <5A20)

We will expand the kinematical part in Mellin integral just like (5.A.17) and collect
the necessary powers of y; and xs to write

m' 204+n’ —
X1A1+ Xg ot f d823 d834 d815 H (F(SU) ) M(3237 S34, 515) (5A21)
575
where
— (m/,n’) A ! o
M (523,534, 515) = Z M( -3t Ay + Z%, 523, 534, %; 815) Np,q(823, S34,515) -
(p,q):(0,0)
(5.A.22)

The coefficient N, , is defined similar to (5.A.17). Tt is easy to evaluate for M3* %7
and Mﬁ‘345 as there is no pole in $a3, S34 or s45 from M ({s;;}). We can use Barnes
lemma three times to evaluate it. For Mp>% and M3*%3* there is a pole one of the
three variables. We have already seen how to handle such integrals in (5.A.12) and
we proceed as shown there to evaluate it.
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Ap+m! . D1+Ag+n’

The block Ga, a, ,, Will follow from the terms x; X . They are obtained
from the following poles
A Ay-A
S12 = —71+A¢—m, Su5 = %—m—n—p,sﬁ =-p, Vm,ne€Zs. (5.A.23)

A1+2mXA1 +A gy +2m+2n+2p
2

This results in the powers x; . The kinematical part in Mellin

integral should be expanded as in (5.A.8). Collecting the appropriate powers of x1, X2

one gets
m!' A1+Ag+n’ cYd
XlAl+ X2 1F2e% / d$34 d815 H (F(Sw) ) M($34, 815) (5A24)
{3745
where
— (m',n") A g—m’ r—n T—N’+A¢—A1
M(834,815)= Z M(A¢—3+T,m+n+77834,T,SB)N%T(S&;,SE).
(q,r)=(0,0)

(5.A.25)
Here the definition of N, is analogous to (5.A.8). Once again the integral is simple
for M5 and MAZ** (no pole in s34 or si5) and a bit harder for M3*% and
MM>%3% (one pole). As appropriate, we follow the steps of (5.A.11) and (5.A.12)
respectively.

5.B Spectral decomposition of five-point Witten diagrams

In this appendix, we review the spectral approach to Witten diagrams which is very
useful to derive the conformal block expansion of these objects, particularly in certain
OPE channels which do not require complicated crossing moves [227, 231]. This will
serve as a useful crosscheck to the Mellin techniques, which, while more versatile,
often lead to more complicated expressions.

This formalism attempts to use the conformal structure of three-point integrals to
trade complicated AdS position space integrals by spectral integrals that can be eval-
uated in the end of the computation by picking residues. There are two key identities
in this process: the spectral representation of the scalar bulk-to-bulk propagator

Goa(Q) = [ dvpa(n)2(0). (5B.1)

which is key for exchange diagrams, and the spectral representation of the Dirac
delta function

5(0) = [ dvps() (). (5.B.2)
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which is needed both for single-exchange and contact diagrams. Here, we introduced
the AdS4,; harmonic function €,(¢), which is an eigenfunction of the AdS laplacian,
satisfying

Oads €2,(¢) :—(Vz*‘dZQ)Qu(C)a (5.B.3)

as well as the spectral functions
D(4+iv)D(4 -iv) 1
p(;(y) = d - . Y pA = 2 2"
214l (—iv)T (iv) 2+ (A-df2)

These relations are supplemented by the so-called ‘split representation’ of the Har-

(5.B.4)

monic function
QV(C(xhylax%yQ)):fdded/Qﬂ'y(Ilayl;x)Kd/Q—iu(x%yQ;x)7 (5-B-5)

which allows one to trade integrals with bulk point dependence by integrals with only
three-boundary points, which can always be performed with the help of the mythical
AdS 3-point integrals

A

d+1 . . . _ A1,A2,A3

[\/gd yKA1(yaxl)KAQ(yme)KA3(yax3)_ A1+A3-AN3 A1+A3-Ng Ag+Az-A; ?
D) T3 Lo3

(5.B.6)
where here and henceforth we simply use the shorthand notation y; and x; to denote
a bulk and boundary point, respectively. We have also defined the bulk-to-boundary
propagator in Poincaré coordinates

A
Ka(yi2) = (m) : (5.B.7)

as well as the AdS 3-point factor

7rd/2F( A1+A22—A3 )F( A2+A23—A1 )F( A1+A23—A2 )F( A1+A22+A3—d)

A = 5.B.8
B 20 (A1) (A2)T(A) (5.B.8)
We will also use the more compact notation
1
(O1(21)02(22)O05(23)) = 3 AR ArA A, Asidi B (5.B.9)
L1 L3 L93

for readability in intermediate steps of the calculations. Let us see now see this
machinery in action.

Contact diagram The simplest contact diagrams, which have non-derivative cou-
plings of ¢° type, are given by

5
Gere(;) = / Ay [T Ka, (v @) = : (5.B.10)
i1
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we then introduce two auxiliary integration points which we connect to the original
integration point with Dirac delta functions (denoted diagramatically by a dashed
line)

f dd+1ydd+1yl dd+1y// (KAl (y/7 xl)KAg (y/7 $2)5d+1(y _ y,)KAg(ﬁ% ZE3)

(5‘“1(3/—y")KA4(y”,:L’4)KA5(y",fIJ5)) = , (5'B'11)

in a way that reflects our chosen OPE channel 12-3-45. This also makes it clear that
certain diagrams will be harder to express in a given channel as they will require
crossing moves. We subsequently use the spectral-split representation for the Dirac
deltas, yielding

/ Ay d*y dMy" dwd ' dvidvs ps (1) ps(v2) (K, (' 21) Ky (8, ©2) Kajoain, (¥, w)
Kd/Q—iV1 (ya w)KAS (ya x3)Kd/2+iV2 (y7 w,)Kd/Q—in (y//’ ’LU’)KA4 (y//, .1'4)KA5 (y//, 1'5)) =

>V (5.B.12)

At this stage, all the AdS integrals are standard three-point integrals which can
readily be performed yielding

GCtC = f dVldl/Q p(s(Vl)p(s(VQ)a’Al,AQ,d/2+iV1 ad/Q*il/l,Ag,d/2+il/2a’d/2*’il/2,A4,A5[ f dwdw,
(5.B.13)
(01($1)02($2)Od/2+w1 (w))<0d/2—iu1 (w)03($3)0d/2+iug(w'))<0d/2—iug(w')04($4)05(1‘5))] )

where in the second line we identify the 5-point conformal partial wave (CPW)

W20 (i) = f dwdw' (01020 4721i, (W) {Oay2-iv, (0) 0307240, (W) ) Oaja-in, (W) 0405)
(5.B.14)

and can therefore compactly write the spectral representation of the 5-point contact

diagram

Gctc(azi)z[duldz/Qpctc(yl,yg)\lf},f:if5(xi), (5.B.15)
with

pCtC(yla I/Z) = pé(yl)pé(V2)aA1,A2,d/2+iy1 ad/Q—illl,Ag,d/2+i1/2ad/Q—iI/Q,A4,A5 . (5B16)

The spectral representation is related to the conformal block decomposition by de-
formation of the spectral contour on the principal series. Indeed, physical operators
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have real scaling dimensions which are captured by the poles of the spectral function
p(v1,v2). However, the partial wave is not a pure conformal block, it is instead a
linear combination of conformal blocks all four possible combination of their shadows
(v; = —1;) weighted by the so-called shadow coefficients. See for example [88, 232]
for a detailed discussion.

Once the dust settles, the OPE coefficients are simply obtained as residues of the
spectral function

As,d[2-ivy 1-Ag,df2+i

aa, A = ARes,,n,Resy,oa, Kb K82 o0y 1), (5.B.17)
where K are the shadow factors. With this expression in hand, we can analyse the
pole structure and detect what families of operators are exchanged in this correlation
function. There are three families of exchanges

e A =A1+Ax+2n;,Ar=A4+ A5+ 2ng, ‘double-trace, double-trace’
e A =A1+As+2n;,Ar=A1+As+ Az +2np +2m, ‘double-trace, triple-trace’

e A = A3+ Ay +As5+2ng+2m,Ar = Ay + A5+ 2ng, ‘triple-trace, double-trace’

corresponding exactly to the two most interesting families of functionals discussed in
the main text. The respective OPE coefficients are obtained precisely by computing
the residues in (5.B.17) at these values of scaling dimensions.

Single- and double-exchange diagrams (direct channel) It is very straight-
forward to adapt the previous derivation to single- and double-exchange diagrams
where the channel matches our choice of OPE 12-3-45. The only difference is that
either one or two of the Dirac delta functions are replaced by bulk-to-bulk propa-
gators, and therefore at the level of the spectral decomposition we simply need to
perform the replacement ps - pa. This simple rule can also be seen in the formalism
used in the main text, since the bulk-to-bulk propagator is an eigenfunction of the
laplacian operator. Concretely, we have

’.4 = Gsing,A = [ dl/ldVQ psing,A(Vla I/Q)‘I’ll,f:ié45(l’l) > (5B].8)

with the spectral function

Psing, A (V1,V2) = pa (V1) ps(V2) Any Ay df2vivy Qd)2-ivy Agdf2+ive Qdf2-iva, Ag,As - (5.B.19)

while the change to the spectral function is superficially small, it introduces new
families of exchanged operators because of the new pole present in pa. Apart from
the families enumerated for the contact diagram, we also have
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o A; =A Ar=A4+ A5+ 2ng ‘single-trace, double-trace’

e A; =A Agr=A3+A +2ng ‘single-trace, exchange-double-trace’

which are related to 4-point functional with A as an external operator, as discussed
in the main text.

Similarly, for the double exchange we have

vi,V2

".‘ = Gdoub,A,A’ = f dl/ldl/g pdoub,A,A’(l/ly VQ)\IJ12’3’45($1‘) s (5B20)

with the spectral function

Pdoub,A,A'(V1, V2) = pA(Vl)pA’(V2)aA1,A2,d/2+iu1 QAdj2—ivy,Ag,d[2+ive d[2—ive, Ay, A5 - (5'B-21)

which again introduces new families of exchanged operators

o A, =A Ar=A’ single-trace, single-trace’
e A =A1+As+2n,,Ar=A" ‘double-trace, single-trace’

o A; =A3+A"+2ny,Ar=A" ‘exchange-double-trace, single-trace’

We conclude by noting that single- and double- exchange diagrams in other channels
can also be obtained in this formalism at the cost of introducing crossing-kernels/6j-
symbols in the spectral functions. In the main text, we instead use the Mellin
formalism, integrated vertex identities, and the equation of motion/Laplacian to
derive recursion relations for the OPE coefficients of these diagrams.

5.C Integrated vertex identities

In this appendix, we discuss a standard tool for the evaluation of Witten diagrams:
Integrated vertex identities. Concretely, we first give the scalar integrated vertex
identity in arbitrary d (App. 5.C.1) and then showcase its usage for the evalua-
tion of d = 1 exchange Witten diagrams, that are relevant for the construction of
5-point Polyakov blocks discussed in this chapter (App. 5.C.2). Finally, we describe
a notebook shared in the ancillary files provided on the arxiv page of this publica-
tion, which contains further integrated vertex identity results on 1d 5-point Witten
diagrams (App. 5.C.3).
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5.C.1 Scalar integrated vertex identity

Integrated vertex identities allow us to express AdS, vertices involving bulk-to-bulk
and bulk-to-boundary propagators integrated over a common point in AdS as a sum
of bulk-to-boundary propagators. The concrete example discussed in this appendix
is the integrated vertex identity expressing the integral

f(y’;xl,fc’z)=fdd+1yKA1(y;:r1)KA2(y;x2)G§B(y,y’) (5.C.1)
as the sum
1(y'; 71, 9) =g(xm)2"ﬂ(A, A, D) K (V5 21) Kage1 (V5 72) (5.C.2)
3 (12) 2RI AHQUA, Ay, Ag) K suny s (501 Koy (3 22)
i=0 2 2
where
Ti(A AL A) = QAl)i(AQ)" _ (5.C.3)
(A-Ap)(A-2AL) (A12—2A+2 )Z (A12;A+2)i
and
QI(A7 Al, A2) _ (—1)1P( d—2i2—2A) Sin(w(d—;A) )F( —d+A+2A1+A2 )F( —A—A12+A2+2)

4nD(i + DI(ADD(Ag)

F( A—A21+A2 )F( A+A21—A2 )F( —A+A21+A2 )F( —A+A12—A2+2 )
F( —A+A1—2A2—2i+2 )F( —A—A1+2A2—2i+2 )

(5.0.4)

For a derivation of this result and similar identities see [233].

5.C.2 Exchange diagrams

Using Identity (5.C.2), tree level scalar exchange Witten diagrams can be expressed
as sums of contact diagrams, which can then directly be decomposed in to conformal
blocks. Concretely, this leads to a decomposition into two infinite sums of contact
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diagrams
As -
Az ‘ o Az +1 A4
’ Ay = Z($12)2iE(AaA17A2)
i=0
Ay '
A5 Al +1 A5
(5.C.5)
Aj
N A+A22fA1 +7/ A4
+ 3 (212) A ATRHQ, (A, Ay, A)
i=0
A+A21—A2 +,l' AE)

for single exchange diagrams and analogously four double infinite sums of contact
diagrams for double exchange diagrams.

5.C.3 Comments on five point_iv_data.nb

The purpose of this appendix is to guide the reader through the ancillary mathemat-
ica note book five_point_iv_data.nb, which contains expressions for coefficients
occuring in the decomposition of 5-point single and double exchange diagrams into
conformal blocks that were obtained using the decomposition into contact diagrams
discussed in the previous two subsections.

The notebook is structured into the following sections.

1. Preliminary Definitions. This section defines useful functions such as the
coefficients T; and Q; of eq. (5.C.4) and (5.C.3).

2. Double Exchange: Raw Coefficients. The coefficient of the leading blocks
in the decomposition of exchange diagrams into 12-3-45 conformal blocks can
directly be read off from the decomposition of exchange diagrams into contact
diagrams as the normalisation of three-point functions obtained by taking OPE
limits of the contact diagrams. The second section of the notebook contains
these coefficients for the 12-3-45, 12-4-35, 14-2-35 and 14-3-25 double exchange
diagrams. All other double exchange diagrams are related to one of these four
by relabeling of the external legs.
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3. Double Exchange: Sums. The data collected in the second section of the
notebook is then arranged into series expressions in the third section of the
notebook, which can be evaluated by truncating the sum at some finite order.

4. Double Exchange: Integrals. The series encountered can be viewed as two
variable hypergeometric functions evaluated at 1. The convergence of these
series is quite poor which makes simply performing truncated sums unsuitable
for a high precision numerical evaluation. Instead, the fourth section of the
notebook converts the sums into standard contour integral representations of
the relevant hypergeometric functions, which can be evaluated more efficiently.

5. Double Exchange: Discontinuity. The integral contours can be deformed
to further simplify the integrand to its discontinuity before numerical evalua-
tions. This strategy is implemented in the fifth section of the notebook.

6. Double Exchange: The Special Case A, = 1. The integrals obtained in
the previous step simplify considerably in the case Ay = 1. To exploit this
simplification, this case is implemented separately.

7. Single Exchange: Raw Coefficients. Finally, the above strategy is repeated
for the single exchange diagrams.

8. Single Exchange: Simplified Coefficients. In the case of single exchange
diagrams only single variable hypergeometric functions, which are by default
already efficiently implemented mathematica, need to be evaluated. We can
rely on those and do not need to resort on rewriting the sums as integrals in
this case.

5.D Recurrence relations for CC Witten diagrams

In this appendix, we develop recurrence relations which make use of Casimir oper-
ators to determine the conformal block expansions of Cross-Channel (CC) Witten
diagrams in terms of certain (families of) seed blocks. These relations were used as
cross-checks of the Mellin and integrated vertex methods used above, and can also
be used to speed up the determination of functionals with higher values of the labels
ni,ne. A summary of the results (as well as many relations omitted below) is given
in the ancillary notebook casimirb5ptrecrel.nb.

5.D.1 Four-point recap

We start by reviewing the logic in the case of 4-point exchange Witten diagrams.
Using the fact that the bulk-to-bulk propagator is a Green’s function of the AdS
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Laplacian

(Oads, —A(A-1))GBr(Y1,42) = %5(2)(3/1 - 12), (5.D.1)

as well as AdS isometry /boundary conformal invariance at the boundary-boundary-
bulk vertex, we can rewrite the action of the bulk Laplacian in terms of the boundary
quadratic Casimir associated to the pair of points attached to the integration ver-
tex. Hence, when acting with the s-channel Casimir C;5 on an s-channel exchange

diagram, we have
(612 - A(A - 1))AS_A(I1) = ACtC(CL’Z‘) . (5D2)

Now, we can use the s-channel OPE and the fact that the s-channel conformal blocks
are eigenfunctions of the Casimir of the respective channel, to linearly relate the OPE
coefficients of the exchange diagram to those of the contact

(CT(Lctc))Q
A(A, 1) -A(A-1)’

(CE )2 = i (5.D.3)
where A, denotes the dimension of double-twist operators and we allowed for a
constant k to soak up normalisations of the propagators. If instead we consider
a cross-channel exchange diagram, say in the t-channel, we can use the t-channel
Casimir Ci3 to obtain a contact diagram. However, the s-channel conformal blocks
G are not eigen-functions of the t-channel Casimir. Instead, when acted by this
cross-channel differential operator, they become a linear combination of blocks with
integer shifts in the scaling dimension A -1, A, A + 1, given by

ClgGA = ,u,(A)GA,I + Mo(A)GA + ,qu(A)GA,l s (5.D.4)

with the coefficients
AZ(2A,+ A-1)?
4(A2-1)

CA
P(B) = ~(A=220)7, 1p(A) = (2 ~20x,), pu(B) = - . (5.D.5)
where Ay is the external dimension and we introduced the shorthand notation ca =
A(A-1). Now, matching the conformal block expansions, we can derive a recurrence
relation for the OPE coefficients

B (B + 1O + 0 (D) (CE2)E 4 e (A~ 1)(CK2 )2~ ea(C52)? = m(CE9)2,

(5.D.6)
which can be solved to a desired order (or in this case, exactly), up to a seed coeffi-
cient, that of the leading double twist.

5.D.2 Shift relations for five-point blocks

To derive recurrence relations for the 5-point double- and single-exchange diagrams
we need to understand the action of the different Casimir operators on the 5-point
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blocks in the 12-3-45 OPE channel. By definition, the block is an eigenfunction of
the Casimirs Cio and Cys, satisfying the eigenvalue equations

ClQGAl,Az(XhXQ) = CA1GA1,A2(X17X2)7 (5.D.7)
CasGay s (X1, X2) = €A Gayn, (X1, X2) - (5.D.8)

Instead, when acted by the Casimir Cy3, it acquires shifts by —1,0 and 1 units in the
scaling dimension Ay, (which will eventually lead to three term recurrence relations)

ClSGAl,Az = V—(Al, A2)GA1—1,A2 + Vo(Al, A2)GA1,A2 + V+(A1, A2)GA1+1,A2 ) (5-D-9)

where the coefficients are given by
1
V_(Al, AQ) = —(Al - A¢)(A1 — AQ — A¢) , V()(Al, Ag) = §(CA2 —CA, T+ 3CA¢) ,

(5.D.10)
(Al + AQ — A¢)(A1 — Ag — A¢)(A1 + AQ + A¢ — 1)(A1 + 2A¢ — 1)
4(AZ-1) ’

with a similar relation for Cy3, and equivalent ones with A; < A, for C34 and Cys.

V+(A17A2) ==

Finally, we can consider Casimir operators with points attached to both of the end-
points of the OPE diagram, i.e. Ci4,Ci5,Co4 and Cos. In this case, there are shifts
by —1,0,1 units in Aq, A, in all possible combinations, leading to nine terms, for

example
CISGAl,Ag = V”(Ah AQ)GAlfl,Azfl + VO—(Ala A2)GA1,A271 + 1/+7(A1, Az)GAﬁl,ATl
+V_0(A1, D9)G A —1,0, + V00 (A1, A2)G Ay Ay + Vi0(A1, A2)GA 11,0, (5.D.11)

+ 1/_+(A1, A2)GA1—1,A2+1 + l/o+(A1, A2 + 1)GA1,A2—1 + V++(A17 A2)GA1+1,A2+1 )

where the coefficients are given by
1

I/__(Al, AQ) = (Al - 2A¢)(A2 - 2A¢) s V—O(Ala Ag) = §(A1 - 2A¢)(A1 - AQ - A¢) s

(Al - 2A¢) (Ad) — Al + AQ) (Ad) — Al + AQ + 1) (2A¢ + Ag — 1)
H(AZ-1) ’
1 1

VO_(Al,AQ) = —§(A2 - 2A¢)(A1 - AQ + A¢) , I/OQ(Al,AQ) = 1(90A¢ —Cay — CAQ) R
(Al+A2—A¢)(Ad)—Al+A2)(A¢+A1+A2—1)(2A¢+A2—1)

V—+(A1,A2) =

V0+(A1,A2) =

S(4A2-1) )
(A A )_ (A2_2A¢)(A¢+A1_AQ)(A¢+A1—A2+1)(2A¢+A1—1)
Vy_ 1,22) — 4(4A%_1) ,
(AL + D5 = Dg) (A + A1 = Dg) (A + A1+ Ay - 1) (205 + Ay - 1)
V+0(A17A2) = 5 ,
S(4A7-1)

(A1 +89)2 = A2) (A +A9)2 — (Ag = 1)2) (284 + Ay~ 1) (284 + Ay - 1)
16(4A% — 1)(4AZ - 1)

Viy =

(5.D.12)

with similar identities for the remaining Casimirs.
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5.D.3 Recurrence relations for five-point Witten diagrams

Having derived the shift relations for the conformal blocks we can now apply them
to reduce the number of exchanges in Witten diagrams from two to one and from
one to zero (i.e. to a contact diagram).

Double-exchange — Single-exchange We begin by analysing double-exchange
diagrams in terms of single-exchanges. Clearly, we can derive two independent re-
duction formulae by acting with the Casimirs in the two-cubic vertices. Treating the
single-exchange OPE coefficients as known (we will determine them later), we can
then work out how many seed double-exchange coefficients are needed to reconstruct
the full diagram. We will discuss the diagrams in increasing order of complexity from
the point of view of the recursion relations.

The easiest diagrams are in the channels 12-3-45,12-5-34,12-4-35,13 -2 -
45, 23 -1-45 since they are completely determined by the single-exchange diagrams
and no additional seed coefficients are needed. For example, we have the relation

125-34,A,
ak 503 = /iAl—A"’Am : (5.D.13)
n,Qm CAn _ CAl

and similarly for the remaining channels. The second hardest diagrams are in the
channels 13-5-24, 13-4-25, 14-5-23, 15-4-23, 15-2-34, 25-1-34, 14-2-35, 24-1-
35, and can be reduced to single-exchange coefficients, up to a single seed coefficient
with n = m = 0. These diagrams satisfy one three-term recurrence relation and one
nine-term recurrence relation. An example of a three-term recurrence relation is

v_(A,+ 1, A, )ak3 fIQA‘:’ + (A, A, )a13 4 25+1/+(A -1 Am)ag’;ﬁ%’m,

134-25,A
=caan A+ Raan, A (5.D.14)

and similarly in the other channels. The nine term recurrence relations are instead
similar to the ones given below for the hardest diagrams. These are the diagrams in
the channels 15 -3 -24, 14 - 3 - 25, which satisfy two nine-term recurrence relations
such that two seed blocks are needed, for example those with n = m =0 and n =
1,m =0. An example of these relations is

Ve (A + 1L, A, + 1)aR 2%+ vo(An + 1, A0)aR 2%

+ 10 (A, A + 1)an 520 + vo0(Apy A )an 52 + 1o, (A, Apy = 1)a R 5724
+v (A, - 1,7, +1)aA A (A - LA AR

+v_ (A, +1 Am—l)ali 312A4 v (An =1L A, 1)a15 E))12A4

153-24,A
LN N T Il (5.D.15)

and similarly for the other coefficients and in the other channel.
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Single-exchange — Contact Reducing the double- to single-exchanges is already
a drastic reduction in complexity, as both the Mellin (only single pole) and inte-
grated vertex methods (only single integral) become much more manageable in this
case. Nonetheless, nothing stops us from further simplifying the problem by using
recurrence relations to reduce OPE coefficients to those of the contact diagram.

The nature of this reduction is now very different, since we have only one instead of
two Casimir operators to act with, the number of independent recurrence relations
is lower and in some channels, we will be left with an infinite number of seed blocks.
Fortunately, even in the worst case scenario we reduce the ‘doubly infinite’ number
of coefficients (labeled by n,m) to a ‘single infinity’ labeled by either n =0,m >0 or
n>0,m =0 (or both). We again proceed by increasing level of complexity.

The easiest channels are the 12 — 345 and 123 — 45 exchanges which are completely
determined in terms of the contact diagram. For example

axe Am

12-345,A "

A, A V= kp — (5.D.16)
CAn - CA1

and similarly for the other diagram. The channels 125 — 34 and 124 - 35 require as

boundary conditions the full n > 0,m = 0 set of coefficients and satisfy recursion

relations of the form

V(A A, + 1)a125 34+1 + vo(An, Ar) a125 34 (A, A - 1)a125 34

= CA AN RY + R, aCAtC A, (5.D.17)

and similarly the channels 13 — 245 and 23 — 145 require as boundary conditions the
full n =0, m > 0 set of coefficients and satisfy the same recursion relations with the
role of n and m swapped. Finally, the most complicated diagrams are in the channels
14-235, 15-234, 24-135 and 25— 134, and require as seeds the full set of coefficients
satisfying nm = 0. They satisfy recursion relations of the form

v (Ap+ 1,4, + 1)@Xl E%Zmﬂ +v (A, +1 Am)aA ffi

+ - (A, Apy + 1)ap R 1+ vo0(An, A )an R + o (An, Ay = L)ap R0 )
+ v (A, =1, A, + 1)ans _2:135Am+1 +vy0(An — 1 Am)@14 —2§5A

U (A + 1A - a2 v (A, - LA, - Dap 2

= CA AN R+ KA ORE A (5.D.18)
and similarly for the other channels. A complete list of all the recursion relations that

can be used to reduced the computations to the minimal amount of seed coefficients
Is given in casimirbptrecrel.nb.
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Chapter 6

Future perspectives

— Solving the input data problem & other future
directions.

The previous three chapters have laid the foundation for a higher-point extension
of the numerical conformal bootstrap and the analytic Polyakov—Mellin bootstrap.
Chapter 3 established the existence of rigorous six-point bounds, while Chapter 4
made these bounds practically accessible. Chapter 5 initiated the construction of
analytic multi-point functionals.

Despite the significant progress reported in this thesis, these results should primarily
be viewed as only a proof of concept for new multi-point techniques. Substantial work
remains in order to fully realise the potential of these approaches to the bootstrap.
In particular, we have so far addressed only the first two of the three challenges for-
mulated in Section 1.2, namely the computability problem and the convergence
problem, but not the input data problem.

This short chapter outlines several possible directions for future research in the multi-
point bootstrap. Concretely, Section 6.1 discusses future objectives for the numerical
six-point bootstrap. In particular, Subsection 6.1.1 proposes a strategy to address
the input data problem by combining six-point and four-point crossing equations.
Section 6.2 outlines future directions for the analytic multi-point bootstrap.

6.1 Future multi-point numerical bootstrap

Chapter 3 took the first steps towards establishing a rigorous numerical bootstrap
programme for the six-point correlator. In it, the crossing equation was formulated
in a way amenable to using SDP methods, albeit for infinite-dimensional matrices.
The infinite nature of the problem constituted a major technical challenge, effectively
restricting us to deriving only a few low-derivative-order bounds. As an important
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check, these were compared to free field theory correlators. Most bounds in Chapter
3 were found to be saturated by these simple correlation functions.

Chapter 4 introduced sparse SDP techniques to the numerical six-point bootstrap,
resulting in significant performance gains and making the many advantages of the
conformal bootstrap’s standard SDP solver SDPB accessible in multi-point applica-
tions. With this technical improvement, new bootstrap targets came within reach.
Concretely, Section 4.3 discussed deformations of the generalised free boson and
fermion that are accessible via the six-point bootstrap, which are related to ¢* and
@5 deformations of a massive free boson in AdS,. While the improvement presented
in Chapter 4 constitutes a key step in the technical advancement of the higher-point
numerical bootstrap, there remain many important challenges and necessary future
steps for the development of this programme.

This section proposes several directions for future research on the six-point bootstrap.
The long-term goal behind these proposals is to advance SDP-based multi-point
bootstrap techniques from the proof-of-concept stage of this thesis to a versatile and
widely applicable tool for the bootstrap community.

6.1.1 The input data problem

The six-point bootstrap proposed in Chapter 3 is based on the decomposition of
correlation functions involving six insertions of a scalar field ¢ into sums of products
of four-point functions of the form (pppO)(Otppg), see e.g. Figure 4.1.1. In this
procedure, the exchange of ¢ itself, i.e. the O = ¢ contribution, is rather special. Let
us make three related observations on the ¢-exchange.

1. Positivity of (¢poppd). As opposed to generic four-point functions (pppQ)
occurring in the decomposition of the six-point correlator, the four-point func-
tion (¢dpd) is manifestly positive. The proper constraint to impose for the
¢-exchange in the six-point bootstrap is hence copositivity not positive semi-
definiteness. This weaker property of an inner product is defined as:

M copositive < v Mv >0 Vv >0. (6.1.1)

More concretely, the ¢-exchange contribution is

> C3u0,Garasas (X1, X2 X3) Cago, € G(X1: X25 X3), (6.1.2)
01,03

where G is the comb channel six-point block. Thus, the correct property to
impose in order to derive a bound is copositivity! of linear combinations of
derivatives of Ga, A 03 (or more precisely of the crossing vector Fa, a 003
obtained by subtracting the appropriate crossed-channel block from Ga, .a,.a4)-

L As a matrix (or operator) with indices A; and As



6.1. FUTURE MULTI-POINT NUMERICAL BOOTSTRAP 201

2. Unboundedness of problems like gap maximisation in ¢ x¢x¢p~p+O, +. ...
In principle we could try to ignore the nuance about the positivity structure of
the ¢-exchange pointed out above and simply impose positive semi-definiteness
of the ¢-contribution, just as we successfully imposed positive semi-definiteness
on the O # ¢ contributions in Chapters 3 and 4. While this would most likely
not produce optimal bounds, it is conceivable that bootstrap problems can
be formulated in which this approach would produce at least some bounds.
The author of this thesis has, as of now, not found any bounds that can be
produced in this manner, which is why he resorted to specifying (ppop¢) as
input in Chapters 3 and 4. This is the origin of the input data problem that
has been repeatedly mentioned throughout this thesis.

3. Inaccessibility of four-point data. The six-point bootstrap does not resolve
four-point functions into three-point functions. This implies two shortcomings
of the procedure. First, it cannot use gap assumptions in ¢ x ¢ OPE to im-
prove bounds. Second, it cannot directly produce bounds on individual OPE
coefficients and the ¢ x ¢ spectrum.

The second and third of these observations are limitations of the six-point bootstrap.
The first observation, on the other hand, is a resource that might help us to overcome
these limitations. To make use of that resource, we need to treat the ¢-contribution
to

OxPpxp~p+O, + ... (6.1.3)

separately from all other exchanges. For the latter, i.e. for contributions of A > A,
operators, we should impose positivity of the descendant-space matrix a,,[A] as in
Chapter 3 and 4.

For A = A,, we can impose a relaxation of copositivity, such as the positivity of
Fa, A,4; (as individual numbers) for all values of A;. This particular relaxation is
not only easy to implement but also allows us to quite naturally combine the six-
point with the four-point bootstrap. Indeed, we can simply add crossing vectors F’ g”)
of the four-point function (pp¢pe) to derivatives of Fa, a, A, and then try to impose

SR ROUN e FIAD 20 vaLAeoxs @1

a,b,c

Any linear combination of four-point and six-point crossing vectors that satisfies this
positivity constraint, as well as positive semi-definiteness of six-point descendant-
space matrices for A > A, implies a universal bound that does not require theory
specific four-point input. In this way, the 4+4-6-point mixed-correlator bootstrap
solves the input data problem.
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Furthermore, the procedure allows us to study interesting new questions such as:
How do bounds on four-point data (OPE coefficients and four-point gaps) depend
on assumptions on the double-OPE ¢ x ¢ x ¢ gap? Or vice versa: what bounds do
four-point gap assumptions impose on the six-point function? The author of this
thesis hopes to report on these new bounds in the near future.

6.1.2 Other future directions

This short subsection comments on three further directions for future multi-point
numerical bootstrap research, namely, the extension to higher dimensional CFTs,
the extrapolation to the flat space limit, and the extraction of extremal spectra.

Six-point bootstrap in two dimensions. The restriction to 1d poses a signifi-
cant limitation to the applicability of the numerical methods described in this thesis.
It would therefore be highly desirable to extend the present formalism to higher di-
mensional CFTs. Formulating a numerical six-point bootstrap in 2d seems to be the
most natural realistic first step in this direction. Such a generalisation would increase
the set of discrete parameters from the descendant level n encountered in 1d to the
two independent levels n,n and the primary spin J encountered in 2d. Importantly,
taking derivatives w.r.t. the holomorphic and antiholomorphic cross-ratios available
in 2d preserves the band structure that was crucial to the success of the 1d six-point
bootstrap. It therefore seems plausible that, while numerically more demanding, a
generalisation of the approach formulated here should be implementable in 2d rather
straightforwardly from a conceptual point of view.

Flat space limit. A problem that could be studied already with the 1d methods
described in this thesis is the extrapolation to large scaling dimensions and 2d flat-
space scattering amplitudes. Reference [60] studied 1d bootstrap problems similar to
those we encountered in Section 4.3.3. Through a two-fold extrapolation procedure,
first extrapolating to infinite derivative order of the bootstrap, then extrapolating
to large conformal weights, the authors were able to compute the flat space limit
of the dual 2d S-matrix. In the companion paper [234] the result of this conformal
bootstrap analysis was then related to extremal S-matrices determined from the S-
matrix bootstrap. It would be very interesting to use the numerical bootstrap as
a tool to learn more about multi-particle scattering amplitudes, especially since a
multi-particle S-matrix bootstrap is so far missing (see however [235] for some steps
towards a numerical S-matrix analysis of n-to-m-particle scattering amplitudes).

Spectrum extraction. The extraction of extremal spectra from the functionals
obtained through SDP has been of vital importance since the early days of the nu-
merical conformal bootstrap [236, 237]. It would be highly desirable to likewise
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systematically extract extremal spectra from the functionals of the six-point boot-
strap by studying their kernels. In the framework presented in this thesis, it should
be noted that spectrum extraction is potentially more sensitive to the choice of X
matrices (see Section 4.2.2) than the bounds themselves. Indeed, while we heuristi-
cally observed that relaxations to SDPs with a reduced number of X matrices can
be applied without a strong impact on the bounds, the relaxation can lead to un-
physical null-vectors of the extremal functionals, which annihilate only certain fixed
descendant level n blocks at a fixed exchange dimension A.

6.2 Future multi-point analytic bootstrap

The work presented in Chapter 5 took the first steps to extend the Polyakov boot-
strap approach to higher-point correlation functions, focusing on the 5-point function
in one dimension. Crossing symmetric Polyakov blocks were constructed, and the
associated sum-rules derived as well as extensively tested. Finally, the sum-rules
were applied in a truncated bootstrap i.e. in the context of the primal approach to
crossing reviewed in Section 2.2.1. This section lists several unexplored extensions
and applications of these results in increasing order of complexity.

More on the 5-point 1d bootstrap Our sum-rules are a natural way to study Z,
breaking models, such as ¢3 theory in AdS, or certain symmetry breaking line defects.
It would be nice to study the sum-rule equations in perturbation theory where many
functional actions vanish. It is also straightforward to generalise our analysis to the
case of non-identical scalars which is useful to study the lightest correlator in Z,
preserving theories: (ppp?p¢). Finally, it would be interesting to understand the
formal properties of our functionals more systematically, namely their asymptotics
and analytic structure.

Generalisation to six-points and fermions From our analysis, it becomes clear
that constructing higher-point Polyakov blocks should be straightforward but tech-
nically very involved, due to the necessity of subtraction terms corresponding to
higher-point vertices " in AdSy which are relevant deformations preserving the UV
features of the solution. A simple way to bypass this is to consider the fermionic
version of the Polyakov blocks, which will not involve vertices with more than three
legs, since these correspond to irrelevant interactions. Of course, additional technical
subtleties due to the fermionic nature of the Witten diagrams are to be expected in
that case.

Higher-dimensions Observing the success of our functionals in the one-dimensional
truncated Bootstrap makes the three-dimensional analysis of [90-92] a particularly
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appealing target for the Polyakov Bootstrap. With modest resources, the three-
dimensional truncated bootstrap produced reasonable estimates for OPE coefficients
involving two stress-tensors in the 3d Ising model. A higher-dimensional generalisa-
tion of our approach has clear potential to significantly improve these predictions.
The additional technical difficulties of including spin and multiple tensor structures
in the OPE are, however, not to be underestimated.

S-matrix Bootstrap Finally, it should be mentioned that our results are inti-
mately tied to S-matrices in two-dimensions, with 2 — 3 scattering amplitudes being
the key observable. On the one hand, the flat-space limit of conformal 4-point func-
tions is known to map to S-matrices in one higher-dimension [238]. The greater con-
trol over the analytic structure of conformal correlators can be used as an alternative
to standard axiomatic approaches to scattering amplitudes in deriving fundamental
properties of these objects [239, 240]. The QFTy/CFT; setup [186, 209] is partic-
ularly powerful in this regard, and our work opens up an avenue to investigate the
analytic properties of five-point amplitudes which, even in two space-time dimen-
sions, are far from well understood. On the other hand, the Polyakov Bootstrap
makes crossing symmetry manifest and therefore has a closely related cousin at the
level of scattering amplitudes: the so-called crossing-symmetric dispersion relations
(CSDR), which have proven to be a very useful tool in recent bootstrap applications
[215, 216]. The synergy between these approaches might help to make higher-point
amplitudes more amenable to a non-perturbative understanding.
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Pure NSNS AdS3 holography
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Chapter 7

Tensionless strings in symmetric
product orbifolds

— New examples of exact holography.

What is known about the AdSy branes in pure NSNS AdS; backgrounds? How do
their open string spectra simplify in the minimal NSNS flux limit? Can we extend
the exact holographic dictionary available in this special limit and identify the precise
defect or interface of the dual CFT corresponding to an AdSy brane?

This chapter begins with a lightning review of the SL(2;R); model and its maximally
symmetric boundary states. In the second section, Section 7.2, we then discuss how
the SL(2;R); model and its boundaries arise in the worldsheet description of pure
NSNS AdSj; string backgrounds and their AdSy branes, putting special emphasis on
the minimal NSNS flux limit. As we review in Section 7.3, the latter is known to have
an exact holographic dual involving a grand-canonical ensemble of symmetric product
orbifolds. We end the chapter with a few brief comments on what is known about
the holography of branes in this context, which provides the necessary background
to then tread into the unknown and construct the missing holographic dual of AdS,
branes in Chapters 8 and 9.

7.1 Two dimensional CFTs

Two dimensional CF'Ts famously possess Virasoro symmetry, an infinite dimensional
extension of the global conformal symmetry discussed in Sec. 2.1. The current Sec-
tion begins by briefly reviewing elementary properties of local conformal symmetry
(Sec. 7.1.1). The established standard textbook on the subject is the monolithic
Ref. [241]. For a lightweight introduction to conformal field theory on the plane, that
provides an interesting bootstrap flavoured perspective on the subject, see Ref. [242].
The brief introduction to 2d CFT sets the stage for a subsequent discussion of the
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SL(2;R), model (Sec. 7.1.2). The Section ends with a review of conformal boundary
conditions (Sec. 7.1.3), focussing particularly on the maximally symmetric bound-
aries of SL(2;R);. A systematic treatment of boundary conformal field theory is
provided e.g. by the textbook [243].

7.1.1 The Virasoro algebra

In two dimensions, conformal symmetry is particularly powerful since any holomor-
phic or antiholomorphic map f of a Riemann surface is angle preserving with con-
formal factor |f'|>. Indeed,

frdz? =df(2)* = |f'(2)*d=>. (7.1.1)

However, the conformal group of a surface only consists of a small subset of these
maps, the biholomorphic (and antiholomorphic) automorphisms. In the case of the
sphere, the finite dimensional Lie group of holomorphic automorphisms is for instance
the group of Mobius transformations

az+b

with a,b,c,deC, ad —bc £ 0. (7.1.2)

Z =
cz+d

Its Lie algebra sl(2;C) is spanned by three complex vector fields. On the torus,
only one of these survives, while the automorphism group of higher genus Riemann
surfaces is zero dimensional’. However, at least in a local QFT, constraints on the
symmetry group reflecting the global geometry of spacetime should not directly affect
the symmetry algebra acting on the Hilbert space. The latter should instead be based
on the Lie algebra that generates infinitesimal symmetries of the quantisation time
slices.

The Witt algebra. To determine the symmetry algebra of a 2d CFT in radial
quantisation, we should hence not look for globally defined small (anti-)holomorphic
deformations of the identity map, but only consider such deformations on a thin
annulus containing the unit circle. The maps

zez-e2"t = (1+el,)z  with  £,=-2""'9,, forany neZ (7.1.3)

and their antiholomorphic counter-parts form a basis of such deformations. The
generators /,, of this Lie algebra, the Witt algebra, satisfy the commutation relation

[ln, lm] = (n—=m)lpin. (7.1.4)

To describe the symmetries of the quantum theory, we as always need to consider
central extensions of this classical symmetry algebra.

Famously, Hurwitz’s automorphisms theorem allows us to make the even sharper statement
that it is a finite group with at most 84(g — 1) elements.
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Central extension of the Witt algebra. The central extension of the Witt
algebra is the Virasoro algebra. In a basis consisting of generators {L, },z that are
in one-to-one correspondence with the generators {/, },.z of the Witt algebra and a
central generator ¢ commuting with all L, the algebra is given by

[Ly, L] = (n=m) Ly + 00

n+m

E(n—l)n(n+1). (7.1.5)

The Hilbert space of every local 2d CFT carries two chiral representations of this
algebra, one implementing (infinitesimal) holomorphic and one implementing anti-
holomorphic conformal transformations. Typically, we consider theories in whose
representations of the Virasoro algebra the central generator ¢ of both chiral copies
simply acts by multiplication with a complex number ¢, the central charge of the
theory. Below, we will mildly deviate from this premise by considering direct sums
of CF'Ts with different central charges, which promotes ¢ to a genuine operator whose
insertion into correlation functions has a non-trivial effect.

The stress tensor. In the introductory paragraph of this subsection, we already
gave a qualitative argument for the statement that local two-dimensional QFT's with
global conformal symmetry should always enjoy full Virasoro symmetry. We can do
better and in fact explicitly use one of the defining features of local theories, the
existence of a local stress tensor, to construct representations of the Virasoro algebra
on the radial quantisation Hilbert space. Indeed, global conformal symmetry implies
that the stress tensor has only two non-trivial components 7' and 7', which satisfy
the OPE

¢/2 . 2T (w) +8T(w) .

z-w)? (z-w)? z-w

T(2)T(w) ~

(7.1.6)

In particular, the singular part of the OPE is fully fixed up to the weight zero operator
¢. In the canonical examples, this operator is a multiple of 1. Using eq. (7.1.6), one
can directly show that the operators

A $ i) ad L 1 $az=itz) (1)
21 27

generate two copies of the Virasoro algebra.

Global and local Ward identities. By definition, the correlation functions of
2d CFTs are invariant under the action of the n € {-1,0,1} global conformal gen-
erators. We discussed the constraints which these global Ward identities put on
CFT correlators already in Section 2.1. The generators of the Virasoro algebra allow
us to furthermore restrict our attention to Virasoro primaries i.e. operators annihi-
lated by all positive n Virasoro modes. Indeed, N-point correlators of descendants
i.e. operators generated by acting with negative Virasoro modes on a primary, reduce
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to correlation functions of primaries with additional insertions of the stress-energy
tensor. Using the identity

N N h 1 N

O Vi) = 2t 0| [TV ez (1)
i=1 A\(z-z)? 22—z i=1

the latter however reduce to N-point correlators of primaries. This gives rise to ad-

ditional local Ward identities, relating correlation functions of Virasoro descendants

to those of Virasoro primaries.

Symmetric product orbifolds The class of 2d CFTs that will be the most rele-
vant in the two chapters 8 and 9 is that of symmetric product orbifolds. The sym-
metric product orbifold of degree N with seed theory M is the 2d CFT Sym” (M)
obtained by taking a tensor product of N copies of the CFT M and gauging the Sy
global symmetry that permutes the individual tensor factors. That is,

Sym™ (M) = M®N/Sy. (7.1.9)

In the two chapters below, we take complementary perspectives on these models. In
Chapter 8, we will take an algebraic perspective that focuses on the Hilbert space
of the theory, which can be constructed by applying a projection onto Sy invariant
states to the Hilbert space of the product theory M®Y and its Sy twisted analogues.
This procedure is reviewed in detail, in Section 8.1.1. Chapter 9, on the other
hand, places the focus on correlation and partition functions instead of states in
the Hilbert space. In particular, Section 9.1.2 provides an alternative definition of
symmetric orbifolds in terms of a lift of CFT observables along ramified covering
maps. To avoid redundancies, this paragraph, instead of providing a detailed review,
simply refers the reader to the two complementary Sections 8.1.1 and 9.1.2 for further
comments on symmetric orbifolds.

7.1.2 The SL(2;R); model

In this section, we introduce the SL(2;R), model. We first discuss the s[(2,R)j
current algebra and its representations and build the spectrum of the model out of
these. Then, we turn to its three-point functions. We introduce a sub-sector of the
latter as defined by analytic continuation of the three-point functions of a simpler
CF'T, the exactly solved H; model. Finally, we sketch how symmetry and consistency
conditions can be used to determine the remaining three-point functions, providing
a fully explicit definition of the SL(2;R); model via its CFT data.

Establishing the consistency of this construction by showing that it leads to crossing
symmetric four-point functions is still an open problem, even though an explicit
proposal for formulas expressing any four-point function of the SL(2;R); model as
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integral transforms of (analytic continuations of) crossing symmetric H; correlators
is available [129]. In particular, it remains challenging to, in full generality, factorise
the proposed formulas for four-point functions into the known three-point correlators
[128], see however [244] for recent progress on this problem. For a detailed and
pedagogical review of the current state of the art, we refer the reader to Reference
[94].

The current algebra. One of the defining features of the SL(2;R); model is its
5[(2;R);, current algebra. This level k affine Lie algebra is a central extension of the
loop algebra sl(2,R) ® C[z, z7']. Using the generators (j*)ae(+,- 3}, normalised s.t.

[ = f.j¢ with  f7y=-2,  f*,=1 and f"_=-1, (7.1.10)
as basis of s[(2,R) and using the notation j¢ := j* ® 2", we can write down the Lie
bracket of this algebra as

1
(7851 = £ e + K5 KB, (71.11)
Here, K is the Killing form of s[(2;R), normalised by the dual Coxeter number, i.e.
1
Kab = ZTI‘[Adngdjg] (7112)
and its non-zero components are hence

K3 =-1 and K =K*=2. (7.1.13)

The SL(2;R), Hilbert space carries two representations p and p of ;[(2; R). Follow-
ing Reference [96], we precompose the right-moving representation p with the outer
automorphism

w(ix) =Jn, w(in) =—Jn (7.1.14)
of s[(2;R) and hence define the left- and right-moving sl(2; R);, generators acting on
the Hilbert space as

Jo=p(e) and J2 = p(w(G)). (7.1.15)

These modes generate the left- and right-moving currents
JUz) =Y 2" and  JU(Z):= ) 2NN (7.1.16)
nez nez

In terms of these currents, the commutation relations (7.1.11) can be efficiently
combined into the OPE

Kabk/Q . fab CJC(UJ)

(z —w)? z—w

JU2)J(w) ~ (7.1.17)
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and its right-moving analogue. The stress tensor of the SL(2;R); model is built from
these currents via the Sugawara? construction.

Sugawara construction. The universal enveloping algebra of any affine Lie alge-
bra contains a copy of the Virasoro algebra [246, 247]. Its generators are the modes
of the Sugawara stress energy tensor, which is morally the quadratic Casimir of the
affine Lie algebra. Applied to SL(2;R)s, the Sugawara construction leads to the
stress tensor

Ky Jo(2)Jb(2)
- 2(k-2)

T(2) (7.1.18)

It is instructive to explicitly verify the construction by deducing the stress tensor
OPE from the OPE (7.1.17) of the SL(2;R); currents. In particular, this leads to
the conclusion that the central charge of the SL(2;R); model is given by
3k
= 7.1.19

“Tr-2 (7.1.19)
and that the appearance of the number -2 is due to normal ordering i.e. quantum
effects. This result is nicely consistent with the semi classical picture that the large
k limit of a WZNW model based on a Lie algebra g should describe the motion of
point particles on a d = dim(g) dimensional manifold (see eq. (7.2.12)), which in the
case at hand matches the large k limit ¢ = 3 of eq. (7.1.19).

Representations. The basic building blocks of the SL(2; R); Hilbert space are the
principal discrete and continuous series representations D5 and Cf' of sl(2;R). Let

us briefly recollect the definition of these representations (for a systematic treatment
consult e.g. Chapter 5 of Ref. [248]).

e The lowest weight representation D} is generated by a state |77), which is
both an eigenstate of J3 with eigenvalue j and an element of the kernel of Jy,
together with an infinite collection of states |jm) for all values of m € j+N that
can be reached from |jj) by acting with J;.

e The highest weight representation D} is constructed completely analogously,
based on a state |jj) annihilated by JJ.

e In the continuous series representations C¢, the eigenvalues of J3 are indepen-
dent of the eigenvalue of the quadratic Casimir. Instead they are determined

2In line with the historical remarks on the origin of string theory in hadronic physics made in
Section 1.1, it might be of interest to note the curious fact that Sugawara’s work preceded the
advent of WZNW models, string theory and 2d CFTs. Instead, the original context that Sugawara
operated in was that of hadronic physics and field theory in 341 dimensions [245].
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by the parameter o and take values in « + Z. There is no preferred (e.g. high-
est or lowest) value among these, and in particular, C]‘.’ = C;*O‘. We can hence
restrict « to the range 0 < a < 1.

The representations D} are unitary for 7 > 0, whereas CJ‘?‘ is unitary for any j € %+iR.
D7 and Cf lift to representations ZA)Ji and é]a of the full current algebra. This is
achieved by declaring elements of D} and Cf' as affine primaries, i.e. defining

Jiym)=0 forall n>0 (7.1.20)

and then freely acting with negative frequency modes to generate the full affine
module, similar to how we defined conformal representations induced by finite-
dimensional representations of so(d) in Section 2.1.1. The quadratic Casimir deter-
mines the conformal weight of the affine primaries in these representation w.r.t. the
Sugawara stress tensor (7.1.18). Concretely,

_JG-1
Aj=- R (7.1.21)

for both discrete and continuous representations.

Spectral flow. The s[(2;R); algebra has a family of automorphisms (p®)uez,
which act on the basis elements J? as

(7.1.22)

ntw:*

k
P (Jn) =Ty - §7~U5n,0 and P (Jy) =Jn

Extending these spectral flow automorphisms to the universal enveloping algebra of
the current algebra, we find that their action on the Sugawara Virasoro generators
1s

p“(Ly) = Ly, +wJ? - %w%n,o. (7.1.23)

Spectral flow allows us to construct new representations @j’w and é;“’w, which on the
level of vector spaces are canonically isomorphic to 15;‘ and éf via a map [jm) —
ljm)(®@). Concretely, we define

Tal)) o= (p~ (Il )™, (7.1.24)

such that the canonical identification between the flowed and unflowed representa-
tions is an intertwiner twisted by the action of p¥ i.e.

(o)) = po (). (7.1.25)
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For generic values of the spin j and the level k, these spectrally flowed representations
are almost all genuinely distinct. The only generic isomorphism between spectrally
flowed representations is the SL(2;R) series identification

Dy Dgi%l. (7.1.26)
However, while they are not directly isomorphic, representations with w < 0 are re-
lated to w > 0 representations via the outer automorphism J? — —-J3, J* - J* of
5[(2;R) of the current algebra. To describe the features of spectrally flowed repre-
sentations it is hence sufficient to without loss of generality restrict to w > 0.

The action of a positive amount of spectral flow on affine primaries [¢)) = [jm) pro-
duces states |jm)®) with the following properties

e The state |jm)(®) is generically not an affine primary, since J;'|[jm)®) = (J,_,|jm)) )
generically does not vanish for 1 <n < w.

e The state |jm)(®), however, is a Virasoro primary with weight

o
AL = —% —mw - ng. (7.1.27)

Indeed, L,|jm)) = (L, —wJ3)®) =0 for n >0 and

Loljm)®™ = ((Lo = wJg = Zw?)|jm)) ™) = AT jm). (7.1.28)

e The state |jm)®) is a lowest-weight state generating a D:m Ky subrepresentation
2

of the zero-mode algebra. Indeed,

350 (I3 4 ) i@ = (et Ea) i )@

TjmY® = (5 + Sw)ljm))® = (m+ Sw)jm) (71.29)
and furthermore

Jolgm)) = (Jlim))™) = 0. (7.1.30)

Crucially, the last of the above observations, i.e. that we end up with a discrete D;H X

2
representation of the zero modes inside of the spectrally flowed representations of

the current algebra, is true independent of which unflowed representation we started
with. As we will discuss in Section 7.2.2, this is the reason why spectrally flowed
continuous representations are compatible with an interpretation of the SL(2;R)y
model as a sector of a consistent worldsheet theory, even though unflowed continuous
representations would lead to an unbounded spectrum and are hence incompatible
with a consistent, stable string background.
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Spectrum. With the chiral representations described in the previous paragraphs,
we can now state that the Hilbert space of the SL(2;R); model is [96]

H=D[HE o] (7.1.31)

weZ

The subspaces HE and HS in this definition are

k-1
9 1
HD = f D" e D" and  HS = f dj f daCT @ O, (7.1.32)
1 1. 0
5 2+2R

What motivates this choice? There are two important requirements that we have
on the SL(2;R); model, which justify, and in fact uniquely single out, the definition
given in eq. (7.1.31). The first of these is of course that the model ought to be a
consistent CFT with s[(2; R);, symmetry. This requirement alone, however, does not
force us to consider a spectrum as rich as (7.1.31). Instead, the canonical example
for a CFT with ;[(Q;R)k symmetry is rather the structurally simpler H; model.
As we review in the next paragraph, the latter actually plays a crucial role in the
construction of the SL(2;R),; model. The second, much stronger, requirement on the
SL(2;R), model is that it provides a consistent worldsheet description of (bosonic)
string theory on AdSs. This aspect of the SL(2;R); model is the topic of Section
7.2.2 below.

Unflowed correlators. The SL(2;R); model is partially defined by analytically
continuing the Hf model. The latter is a 2d CFT with the same sl(2;R); current
algebra as the SL(2;R); model, whose spectrum however only consists of unflowed
continuous series representations [249]. The H; model was solved by Jorg Teschner in
the late nineties [250, 251] by computing all two- and three-point functions in closed
form, using the same logic as in his bootstrap of Liouville theory and its conformal
boundaries, which we discussed in Section 2.2.1. Teschner later also solidified the
proposed results by proving that they indeed define a fully crossing symmetric CF'T

[252]. The unflowed discrete series correlation functions of the SL(2;R); model are
1 k-2 ]

the analytic continuation of these results to the values j € [5, %

Spectral flow preserving correlators. It is useful to factor out a radius R = vk
compact free boson from the SL(2;R); model, reducing the non-trivial dynamics
to that of the cigar SL(2;R),/U(1) 5 [253] with an asymptotic circle whose radius
coincides with that of the U(1) factor. On the level of vertex operators VJ(;",L) cor-
responding to affine primary states acting upon with w units of spectral flow, this
amounts to a factorisation

VO (2) = 0 () EVE), (7.1.33)

,m
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The non-trivial part of the task to evaluate correlation functions of the SL(2;R)y
model is hence to compute correlators of cigar vertex operators W ,,,s;. Crucially,
spectral flow only changes the U(1) factor of the vertex operators. We can hence use
our knowledge of unflowed correlators to immediately determine also some correlation
functions of spectrally flowed operators. However, as a consequence of the charge
conservation condition imposed in the U(1) factor, only a sub-sector of all cigar
correlation functions can in this way be related to analytic continuations of Hj
correlation functions. The upshot is that only spectral flow preserving correlators,
i.e. correlation functions of N spectrally flowed vertex operators satisfying

N
Y w;=0 (7.1.34)
i=1
are directly accessible via this approach.
General m-basis correlators. If spectral flow was a conserved quantity, then
the method described in the previous paragraph would fully solve the SL(2;R),

model. The true spectral flow selection rule is however not eq. (7.1.34) but a weaker

condition which, for correlation functions involving only continuous series operators
(see Ref. [98] eq. (D.7)), reads

<N -2 (7.1.35)

In particular, this means that, in addition to the spectral flow conserving three-point
correlators, we also need to fix the value of three-point functions that violate spectral
flow by one unit. Closed form expressions for spectral flow conserving three-point
functions in terms of 3F, hypergeometric functions can be obtained from Ref. [254].
The spectral flow violating three-point functions can be obtained from the factorisa-
tion of spectral flow conserving four-point functions [98].

General z-basis correlators. In principle the spectrum given above and the m-
basis three-point functions fully define the SL(2;R); model. For holographic ap-
plications we are, in practice, however not necessarily interested in the correlation
functions of the affine primaries and their spectrally flowed cousins. As Section 7.3
argues in more detail, natural worldsheet quantities in that context are the correla-
tion functions of so-called z-basis vertex operators

ViD(2,2,2,7) = eV (2, 2)e 50, (7.1.36)

k
2
state Vj(hq“‘-})(0,0,as,a’cNO) is, for 2,7 # 0, not contained in the D" (or C;"*) sub-space

where h = m + Sw is the associated spacetime conformal weight. Importantly, the

h
of the Hilbert space. Said differently, Vj(hu}fl)(O, 0,2,7)|0) does not have a well defined
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spectral flow quantum number w.r.t. the mode expansion of the SL(2;R), currents
around z = 0. Since their spectral flow label in this sense has an inherently different
meaning from that of m-basis operators, there is no reason to expect the selection
rule eq. (7.1.35) to hold for these operators. Instead, they satisfy a much weaker
selection rule, which in the case w; > 0 Vi reads (see Ref. [98] eq. (D.8))

w;—=Y wj<N-2 VI<i<N. (7.1.37)

%]

Furthermore, while the definition (7.1.36) in terms of m-basis operators in principle
allows us to use our knowledge of m-basis correlators to compute those of x-basis
operators, it is in practice challenging to derive useful expressions for z-basis correla-
tors in this way. Explicit formulas for three-point [128] and four-point [129] functions
of x-basis vertex operators were derived only comparably recently, using recursion
relations implied by SL(2;R); Ward identities.

7.1.3 Boundary conformal field theory

This section reviews some basic aspects of conformal boundaries in two dimensions.
The reader is referred to Ref. [255] for a concise general introduction to the topic
and Ref. [243] for a deeper systematic treatment that emphasises the application to
D-branes.

Introducing boundaries to a physical system generally enriches the dynamics, adding
new local degrees of freedom. In a scale-invariant setting, a generalisation of the
state-operator-correspondence reviewed in Section 2.1.2 allows us to identify these
local excitations with states in a Boundary Conformal Field Theory (BCFT) Hilbert
space. The first two paragraphs of the section describe this boundary operator state
correspondence and the symmetry algebra of the BCFT Hilbert space. In the third
paragraph, we then review how the bulk operator state correspondence can be used
to algebraically classify conformal boundaries.

After these general comments on BCF'T, we turn our attention to the specific case of
the SL(2; R); model of Section 7.1.2. As a first step, we review the general conditions
imposed by demanding that a boundary not only preserves conformal symmetry, but
instead the full diagonal subalgebra of the sl(2;R); ® s(2;R); current algebra. We
then discuss concrete boundary conditions of the H and SL(2; R); model that satisfy
these constraints. This provides the basis for the discussion of branes in Lorentzian
AdSs on which we embark in Section 7.2.
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Figure 7.1.1: BCFT radial quantisation. Boundary conditions a and /3 are imposed
on the negative real (cyan) and positive real (orange) line. The Hilbert space Hags
is defined in terms of a foliation by semicircles (green dashed lines) centred in the
origin. Scale invariance provides a one-to-one map between boundary condition
changing operators ¢,z inserted at the origin and states in H,g.

Boundary operator state correspondence. For a CFT living on the Upper
Half Plane (UHP), radial quantisation time slices are semi-circles, centred in the
origin, whose endpoints are on the real line. Generically, the boundary conditions
imposed at these two ends may differ. Let us impose boundary condition « on the
negative, and condition [ on the positive half of the real numbers, as illustrated in
Fig. 7.1.1. If a and  preserve scale invariance, then the resulting BCFT Hilbert
space Hqp can directly be identified with the set of boundary condition changing
operators that can be inserted between boundary segments of type a and f.

Boundary conformal symmetry. The presence of a boundary breaks conformal
symmetry down to (at most) a diagonal subalgebra of Vir@Vir. Indeed, the conformal
transformations of the UHP need to map the real line onto itself. On the classical
level, the local symmetries of a CFT on the UHP are therefore described by the
subalgebra of the sum of left and right moving Witt algebras, consisting of vector
fields that are tangential to the real line. A basis of this subalgebra is given by the
vector fields 2(¢, +£,,), which in cartesian coordinates z = x + iy restrict to

%(ﬁn +0,) = -2, (7.1.38)

on the real line. On the quantum level, we hence conclude that H,sz only carries a
representation of a single chiral Virasoro algebra, which can be identified with the
diagonal subalgebra of the bulk algebra Vir @ Vir.

Boundary states. Using conformal symmetry, we can map the upper-half-plane
to the unit disc, and thus identify a boundary condition o with a state |a)) in the
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radial quantisation Hilbert space, its Cardy state. In this configuration, the classical
symmetry algebra consists of vector fields that are tangential to the unit circle. The
projection down to this subalgebra of the left and right moving Witt algebras is
best performed by changing coordinates from (z, z) to polar coordinates (r,0), with
z = rei®. The restriction of the vector fields ¢,, and /,, to the unit circle is given by

l, = -1e™(9, - i0p) and b, =-1e7(9, +i0y). (7.1.39)

Hence, the subalgebra preserving the boundary is the one generated by {£,, —/_, }nez.
On the quantum level, a conformally invariant boundary state therefore has to satisfy

(L,-L_,)|a)=0 forall neZ. (7.1.40)

Solutions to these conditions are in one-to-one correspondence with spin 0 conformal
primary states |h,h = h). That is, for each spin 0 primary |h,h) there is a unique
(infinite) linear combination |h})) of descendants of |h, h) that satisfies

(L,-L_y)h)=0 forall neZ. (7.1.41)

Such an |h)) is called an Ishibashi state [256]. Conformal boundary states are char-
acterised by the set of coefficients «y, that define their decomposition

o)) = Zah|h>> (7.1.42)
h
into Ishibashi states.

Energy flow across the boundary. Condition (7.1.40) implies that
T(z)la) = 3, 27" 2Lyla) = 2T (1/z)|a) = T(2)|exr) (7.1.43)
nez

holds at the boundary i.e. on the unit circle. Mapping back to the UHP, we conclude
T(z)=T(z) for z=z=z. (7.1.44)

The conformal invariance condition (7.1.40) of the boundary state therefore has the
interpretation of ensuring that no energy dissipates out of the UHP on the real line.

SL(2;R) gluing conditions. In theories with extended current algebras it is nat-
ural to focus on boundary states constructed from extended Ishibashi states that
not only preserve the diagonal Virasoro algebra but a chiral half of the full current
algebra. More precisely, for any choice of automorphism 2 and primary j of the
current algebra, there is a unique Ishibashi state |j,2)) that satisfies the analogue

J)N,Q) = T, Q) at |4 =1 (7.1.45)
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of eq. (7.1.43). The Sugawara construction guarantees that these extended Ishibashi
states automatically also satisfies the conformal invariance condition (7.1.40). On
the level of modes, condition (7.1.45) reads?

(J2+ QT2 )7, Q) =0. (7.1.46)

In the case of the SL(2;R); model, we are mainly interested in two types of Ishibashi
states: Those corresponding to trivially gluing the currents and those corresponding
to gluing with a twist via the outer automorphism w defined in eq. (7.1.14). We refer
to the former as spherical, and the latter as AdSs Ishibashi states. Since we work in
a convention where the right-moving current algebra is already implicitly acted upon
by the (involutive) automorphism w, see eq. (7.1.15), the roles of these two classes
on a first glance seems to be interchanged. That is, the AdSs Ishibashi states satisfy

(i +JJ5)l,w) and (7 +J2,)]j w) (7.1.47)
whereas the spherical Ishibashi states satisfy

(J=+ J7)|j.id) and (J2 - J3)|j,id). (7.1.48)

Boundary states of the H and SL(2;R); model. Maximally symmetric bound-
ary states of the H} and SL(2;R); model received a significant amount of attention
during the early 2000s. Let us end this section, by briefly summarising some of these
developments, and guiding the reader to the relevant literature.

As we review in Section 7.2 below, the SL(2;R),; model is intimately connected to
string theory on pure NSNS AdS3 backgrounds. The study of D-branes in that con-
text was initiated in 1999 by Ref. [257], focussing on symmetric branes in AdS;z x
S3 x T4, and Ref. [258] which extended the analysis to AdS3 x Sz x S3 x Sy. Shortly
afterwards, Ref. [126] provided a systematic semi-classical analysis of maximally sym-
metric boundary conditions of the SL(2;R); model and the stability of the branes
that they describe. The physically most important branes listed in this classifica-
tion are the so called AdSy; and Hy branes. The AdS, branes satisfy the w-gluing
conditions of the AdS, Ishibashi states (7.1.47). In the large volume limit k£ — oo of
the SL(2;R) limit, they describe branes whose worldvolume is an AdS, subspace of
AdS; (see Fig. 7.1.2, Lh.s.). Similarly, the Hy branes satisfy trivial gluing conditions
such as those defining the spherical Ishibashi states eq. (7.1.48). As opposed to the
AdS, branes, the Hy branes are instantonic. Their large & worldvolume is a euclidean
H, slice of AdS3 (see Fig. 7.1.2, r.h.s.).

3Note the different relative sign between the left and rightmoving modes as compared to
eq. (7.1.40). In general the radial inversion that identifies z and Z on the unit circle, introduces a
factor of (=1)7 to the gluing condition of a spin .J current.
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Figure 7.1.2: Left: Instantonic Hy brane at fixed time ¢ = t5. Right: Flat AdS,
brane at fixed angle ¢ = ¢o. This illustration is an adaptation of a figure from
Ref. [124].

Taking a step back from the SL(2;R), to the H model, a detailed fully quantum
analysis of s51(2;R), symmetric branes was first provided in Reference [259]. The lat-
ter in particular contains explicit expressions for consistent boundary states built out
of the spherical and AdS, Ishibashi states of the H{ model. In the large volume limit,
these boundary states describe branes whose worldvolume are euclidean AdSs and
spherical submanifolds of Hj respectively, which justifies their names. The euclidean
AdS, branes of the H model were independently also described in Ref. [260], which
via analytic continuation connected them to AdS, branes of the SL(2;R); model,
leading to a computation of the open string spectrum for AdSy branes in AdSs.
For an inherently Lorentzian discussion see e.g. Reference [261], which constructed
maximally symmetric boundary states of the SL(2;R); model from discrete series
Ishibashi states.

A renewed interest in pure NSNS AdS; string theory, and hence the SL(2;R); model,
arose in the beginning of the 2020s due to the exact holographic duality that we will
review in Section 7.3. In that context, explicit boundary states for Hy and AdSs
branes in AdS; x S3 x T* [124] and AdS3xS3xS3xS; [262] at minimal NSNS flux
(i.e. minimal level of the current algebra) were recently constructed. We comment
in more detail on these recent developments in Section 7.3.

7.2 AdS; branes in pure NSNS AdS; string theory

This section is an introduction to string theory on pure NSNS AdS3 backgrounds. We
start in Sec. 7.2.1 by reviewing how a pure NSNS AdS; x S3 x T background can be
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obtained as a near horizon limit of NS5 branes and F1 strings in type I1IB superstring
theory. In Sec. 7.2.2, we then slightly shift gears and review how the SL(2;R); model
arises as part of the worldsheet description of (super-)strings propagating on any
AdSs3 x X background containing an AdSs factor threaded by & units of NSNS flux.
Finally, Section 7.2.3 reviews how the boundary states of the SL(2;R); model that
we have discussed in Section 7.1.3 can be applied in this context to describe open
strings ending on branes in AdSs.

7.2.1 AdS;xS3xT* as a near-horizon geometry

The two Chapters 8 and 9, to which the current chapter serves as an introduction,
discuss a class of interfaces in symmetric product orbifolds and its broader relevance
for holography of various pure NSNS AdS; backgrounds. When it comes to concrete,
fully explicit applications, we will, however, always focus on one specific example:
string theory on AdS3xSs x T* with one unit of NSNS flux. In this section, we sketch
how this string background can be obtained as a near-horizon limit of a stack of
NS5-branes and Fl-strings in type II superstring theory.

The brane configuration. We begin with strings propagating on R4 xSy x T4 in
the presence of NS5-branes filling the S; x T* factor and fundamental strings that are
wrapped around S; and smeared over T%. In this setting, both the NS5 branes and
the F1-strings appear point-like from the perspective of the Minkowski factor, where
we place them all at the origin, i.e. at » = 0 in polar coordinates. The situation is
described by the following parameters

e The number of fundamental strings n;.

The number of NS5 branes ns.

The radius of the S; factor R.

The volume of T4 in units of string length V.

The string coupling on the celestial sphere g;.

The inverse string tension «o'.

The metric ds? of the pure NSNS super-gravity solution parametrised by the quan-
tities listed above is [263-265]

ds® = fi1(r)(dy? = dt*) + f5(r)(dr® + r?dQ3) + dsz.. (7.2.1)
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Here, the coordinate y of the circle is defined such that y ~ 27 R. Furthermore,

2 27
2_gsan1

fi(r) =1+ % with r{= 7 and 72 =a'ns. (7.2.2)
The dilaton ® and NSNS 3-form H take the form
2
e2<I> = g?% and H = 2nsws + Qgs‘;ll % * W3, (7,2_3)

In the expression for H at fixed r, we used the volume form ws of the radius r
sphere in the transverse Minkowski space and the Hodge star operator » of R%! x S;.
The smearing approximation that we made for the F1l-strings is justified as long as
the transverse distance is much greater than the spacing between the F1-strings.
Assuming the latter to be uniformly distributed and the diameter of the torus to be

1
of order V4, we should hence restrict ourselves to the region
1
r/Na' > (Vny)i. (7.2.4)

The near horizon limit. If we restrict ourselves to the region r << r1, 75, then the
metric simplifies to

2 2
ds? = :—2(dy2 —dt?) + %(er +r2d03) + ds,, (7.2.5)
1
or by rescaling r — r\/rr5//,
2 r’o s N NS 2
ds® = ng J(dy —dt*) + ﬁdr +a/dQ5 | + dsia. (7.2.6)

Thus, the near horizon geometry is AdS3;xSs; x T* where the AdSs; radius and the
radius of the three sphere coincide, both given by ns in units of the string length.

The NSNS three form becomes self-dual, leading to enhanced SUSY, and the dilaton
becomes constant in the near horizon limit. Concretely, they take the form

2
@2(1) = g?% = %v and H = 2715((,(}3 + *wg). (727)
1 1

We hence read off that the effective 6d string coupling is

ge=e*®|V = s, (7.2.8)
ny
Furthermore, the three-sphere (corresponding to the w3 component of H) and the
AdS; factor (corresponding to the *ws component) are both supporting the same
amount of NSNS flux, which like the size of the 6d geometry is controlled by ns.
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Computationally controlled regime. In order to ensure the existence of a region
where both r << ry, 75 and condition (7.2.4) are satisfied, we need to impose
4
V«nin, and V < gdn,. (7.2.9)

Setting g2 ~ 1/n1, the second condition is equivalent to V <« ni/ 5,

Beyond these constraints on V' imposed by the consistency of the smearing approxi-
mation in supergravity, the fact that the 10d string coupling is given by Vns/n; also
implies a breakdown of string perturbation theory at V' ~ n;. Reference [266] pro-
vides a more detailed discussion of this breakdown, with a particular focus on n5 =1
and how, in that case, the fact that the string theory becomes strongly coupled is
reflected in the holographic dual.

To have a weakly coupled string theory, we also need to impose gz < 1 i.e. n5 < ny.
Since ns also controls the AdS radius in string units, a weakly-coupled low-energy
supergravity description is thus available in the regime

1 < ns <ny. (7.2.10)

However, as we will review in the next section, the relation between this string
background and WZNW models actually allows us to treat the o’ dependence of
string scattering amplitudes exactly. This allows us to probe the much larger regime

ns << Ny, (7.2.11)

going all the way down to ns = 1.

7.2.2 Closed Strings and pure NSNS AdS;

In this section, we review the relation between the SL(2;R); model of Section 7.1.2
and string theory on pure NSNS AdS; backgrounds, and discuss some of its impli-
cations for the physical string spectrum.

SL(2;R) and AdS;. Recall that the WZNW action is a special case of a non-linear
sigma model coupling to the metric G and a closed 3-form H of a target space M
[267]. More concretely, it is the case where M is a group manifold with G and H
canonically induced by the group structure, leading to the action

k ' o
(/ dQJTr[fo‘{a]—i/d‘gaeaﬁwTr[f“{ﬁ{’]) with  £*:=¢7'0%. (7.2.12)

8ra’

In the case of SL(2;R), supplementing this action with the usual bc ghost system
and an “internal” CFT X with central charge

Cxy = 26 — m (72].3)
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provides a worldsheet description of bosonic strings propagating on AdSs x X with
k units of background NSNS-flux. This is because three-dimensional AdS is the
universal cover of the group-manifold SL(2;R), a fact that is most manifestly visible
in the parametrisation

X—l + Xl Xo - X2
= 2.14
(—XO—X2 Xl—Xl)’ (7 )
in which the condition det(g) = 1 becomes the quadratic equation
X2+ X2-XP-X2=1, (7.2.15)

defining a three-dimensional hyperboloid in R?? with compact time direction. Using
the parametrisation

X_1 = costcoshp, Xo =sintcoshp, (7.2.16)
X1 = cos¢cosh p, X5 =sin¢sinh p (7.2.17)

one can straightforwardly verify that the action (7.2.12) hence describes strings cou-
pling to the metric

ds® = k(~dX? - dX?2 + dX? + dX2) = k(- cosh® pdt® + dp® + sinh® pd¢?)  (7.2.18)
of AdSs at radius k with a B-field
B = ksinh® pdt A d¢. (7.2.19)

Of course, the bosonic strings described in this manner could also arise as the bosonic
subsector of superstrings propagating on an AdS3 background. In particular, we can
conclude by comparing eqs.(7.2.18) and eq. (7.2.19) to the analogous expressions
in Section 7.2.1 that the SL(2;R); model is part of the worldsheet description of
superstrings probing the near horizon limit of ns ~ k& NS5 branes and n; > nj F1
strings.

The concrete relation between k£ and ns depends on how we choose to treat the
spacetime supersymmetries. In the RNS-formalism, the AdS; and S3 factors of the
geometry are described by two separate WZNW models, namely the N = 1 worldsheet
supersymmetric SL(2;R),,, and SU(3),,; models. The fermions of these models can be
decoupled, leading to a an equivalent description in terms of the bosonic SL(2;R),,. 12
WZNW model, the bosonic SU(3),,,-2 WZNW model and six free fermions. In the
hybrid formalism, the AdS; and Sz factors are instead described in a manifestly
spacetime supersymmetric way by the PSU(1,1]2), WZNW model. In the latter,
the bosonic s[(2; R) and §i(3) subalgebras are both at level k = ns.
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Virasoro constraints and no-ghost theorem. The representations of SL(2;R)
discussed in Section 7.1.2 include negative norm states. For the specific choice of rep-
resentations that constitute the SL(2;R), Hilbert space, see eq. (7.1.31), Maldacena
and Ooguri [96] have derived a no-ghost theorem: Imposing the Virasoro constraints

(Lo + LY =00y =0 VneN, (7.2.20)

leads to a ghost free Hilbert space. However, the Virasoro constraints alone do not
directly provide us with a perturbatively stable string theory. The reason for this is
that w = 0 continuous series representations lead to tachyonic modes that survive the
projection. This subtlety arises not only for the bosonic, but also for the superstring
theory. To obtain a consistent model, it is hence also in the latter case necessary to
by hand remove the w = 0 continuous representations. It is a non-trivial fact that
the fusion rules allow for this truncation, see Ref. [68], Sec. 5.4 for further comments
on the issue. In a similar spirit, Ref. [268] recently constructed, for the special case
k =3, a (non-geometric) bosonic string theory based on a modified SL(2;R)3 model
in which the w = 0 sector can be consistently removed, providing a rare example of
a tachyon-free bosonic string theory.

Structure of the long string spectrum. The mass-shell condition implies that
physical long string Virasoro primary states have spacetime weight

17 jG-1) k ,
= — | — -11. 2.21
h w[ P +4w + hy (7 )

Now if we formally introduce a coupling constant b, background charge ) and mo-
mentum « defined as

- i+ k_9
N R A
Vk-2 k-2 k-2

then this can be rewritten as

6k 1 1
h:—(w——)+—(h;(+a(Q—a)). (7.2.23)
24 w w
This looks like an excitation of the w-twisted vacuum in a symmetric product orbifold
of a 2d CFT with central charge cgeq = 6k. The term hy + a(Q — «) furthermore
suggests, that the underlying seed theory state is a product of a state in X and a
momentum o« excitation of a linear dilaton Ry with background charge ). This
suggestion is supported by the observation that & x R indeed has the necessary
central charge
3k (k-3)2

Cx+(1+6Q2)=26—m+1+6 k-9

6k (7.2.24)
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It is thus tempting to conjecture that the subsector of the holographic dual, corre-
sponding to the long string subsector on AdS3x X, is closely related to the symmetric
orbifold Sym®» (Rg x X') with N ~ny and b =1/,/n5. As Section 7.3 describes in more
detail, this expectation is very precisely realised in the case k = 3 where the linear
dilaton decouples. However, for generic values of k, this cannot be the full story:
The correlation function of the symmetric orbifold generically cannot reproduce the
appropriate string scattering amplitudes. A refined proposal including a marginal
deformation of the symmetric product orbifold that perturbatively captures the dual
string scattering amplitudes close to k = 3 was introduced by Reference [269]. The
all-orders perturbative match was established in Ref. [270], see also Ref. [271].

7.2.3 Open strings and AdS, branes

This section reviews basic features of AdS; branes in pure NSNS AdS3 backgrounds
and their open string spectra, mostly following Refs. [260, 272]. Holographic aspects
of these branes are discussed in Section 7.3.3.

Semi-classical geometry of AdS, branes. The fact that, on the quantum level,
AdS, branes impose w-twisted gluing conditions of the a(Q;R)k current algebra
is reflected in the semi-classical geometry of the branes at large k. To make this
statement more precise, recall that the outer automorphism w of sl(2;R) given by
eq. (7.1.14) lifts to the automorphism

1
g~ wogwy With wg = ((1) 0) (7.2.25)
of the Lie group SL(2;R). The precise statement is now that the semi-classical world
volume of the AdS, brane is an wy-twisted orbit of SL(2;R). In other words, it is
the solution set of the equation

Tr(wog) = 2sinhy, (7.2.26)

where the parameter vy determines by how much the brane bends away from the
centre of AdSs. In particular, ¥y = 0 corresponds to a straight brane that goes directly
through the centre of AdSs;. For a 1y # 0 configuration to be stable, there has to
be a competing force acting on the brane that compensates the inherent tension,
which on its own would always straighten it out back to ¢y = 0. In a pure NSNS
background, the only origin for this force can be a coupling to the B-field. Hence,
the AdS, brane has to carry a non-zero fundamental string charge ) to allow for
g # 0. The semi-classical DBI-analysis of Ref. [126] shows that the precise relation
between () and )y is

sinhtg = g,@Q). (7.2.27)

In particular, ¢y is quantised.
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Quantum AdS; branes. In the quantum theory, the geometry of the AdS, brane
is defined by the scattering amplitudes of probe wave-packets. The geometric pa-
rameter 1y is hence encoded on the quantum level in how the coupling of the brane
to probe strings depends on their momentum j. In the conventions of [260], this j
dependence takes the simple form?*

2j -1
k-2

Ug,(4) ~T (1 - ) p2 I eto(2i-1) (7.2.28)
The signs + and - labelling Uj () play the role of distinguishing between the cou-
pling to strings incoming from either of the two halves in which the AdS, brane splits
AdSs. In particular, we can easily convince ourselves that UZ (J) = Ul (7).

The spectrum of defect excitations supported by a flat, i.e. 19 = 0, AdS, brane is
simply a chiral half of the bulk SL(2;R); spectrum. For vy # 0 the situation is
slightly more subtle and the open string spectrum of a single brane only contains
even winding states. To restore the full spectral flow structure, a system involving
a second brane with 19§ = -1y has to be considered. The two brane system contains
open strings with an arbitrary amount of spectral flow, with odd w strings connecting
the two branes, whereas an even amount of spectral flow leads to open strings whose
ends are both on the same brane. See Section 5.3 of Ref. [260] for more details.

Results in Euclidean vs. Lorentzian signature. As we already commented
towards the end of Section 7.1.3, AdS; branes are well understood in Euclidean
signature. Both an explicit algebraic description in terms of boundary states of the
H? model [259, 260], and a Lagrangian description in terms of a boundary action [273]
are available. In fact, the boundary version of FZZ duality [274] reduces these branes
to the exactly solved conformal boundaries of Liouville theory [275, 276]. Much less
is known, however, about AdS, branes of the SL(2;R); model. In particular, a disc
analogue of the SL(2;R); correlation functions derived in [128,; 129] is still missing
in the literature. We will make further comments on this in Chapter 10.

7.3 AdS;/CFT; at minimal NSNS flux

As we discussed in Section 7.2.1, the relation between string theory on AdSs; and the
SL(2;R); model allows us to study the near horizon limit of a configuration of n;
F1 strings and ns NS5 branes with the only constraint being n5 <« nq, i.e. without

4The functions U* given by eq. (7.2.28) strictly speaking describe the coupling of unflowed
continuous series states to a Euclidean AdSg brane of the H model. The coupling of Lorentzian
AdSs, branes in the unflowed subsector of the SL(2;R) model, which as stated in eq. (7.1.31) only
contains discrete series states, can be obtained via analytic continuation in j. We make further
comments on Lorentzian and Euclidean signature in the next paragraph.
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having to take the further limit 1 < n5. In particular the string theory is under full
computational control all the way down to the extreme limit ns = 1, in which the
string length approaches the AdS radius and the putative holographically dual CFTy
should become a free gauge theory. In this section, we focus on the special features
of this tensionless string limit.

More precisely, Section 7.3.1 discusses the emergence of higher spin massless states in
the string theory at n; = 1 and the dramatic simplification of the worldsheet theory
that comes with that. The second section, Sec. 7.3.2, sketches the detailed derivation
of AdS3/CFT, that is made possible by having both a bulk string theory described
via a solvable worldsheet theory, and a holographically dual spacetime CFT that is
a free theory. Finally, Section 7.3.3 ends this review chapter by discussing what is
known about the holographic dual of probe branes in this context, and outlining the
gaps in our knowledge that will be filled in Chapters 8 and 9.

7.3.1 The ns =1 limit

In this section, we first discuss the emergence of physical massless higher spin states
in (bosonic) string theory on AdSs, described by the SL(2;R); model, in the limit
of k£ = 3. To interpret this result as a statement about the ns = 1 case of the F1-
NS5-brane system, the SL(2;R),, .2 based RNS description has to, as we discuss in
the second paragraph of the section, be replaced by the PSU(1,1|2),, based hybrid
description. This technical subtlety however changes nothing about the conclusion
of the discussion: At ns =1 higher spin currents arise that decouple a large portion
of the spectrum, leading to a significantly simplified worldsheet theory.

Massless higher spin states. The AdS3; mass associated to a state with boundary
conformal weights (h, h) is given by

M?=(h+h—=|h=h])(h+h+|h-h|-2)=(A-|I)(A+]]]-2). (7.3.1)

Let us discuss what physical massless higher spin states exist in the range k£ > 2 where
the SL(2;R); model has a positive central charge. The unitarity bound A > |J| of
the spacetime CFT implies that the second factor in eq. (7.3.1) cannot vanish for
J > 1 states. Hence, higher spin massless fields arise at A = J i.e. h =0 or h = 0.
Since the spectrum of the SL(2;R); model is invariant under h <> h, we can without
loss of generality focus on the case h = 0. For h = 0, the mass-shell condition of the
right movers amounts to

k - - (71
Zw2+hx+N—1:%. (732)
Let us first discuss solutions in the short string sector where
k-1 k - - i(j-1 '
J< 5 and thus Zw2+hX+N_1:](]j—2) S%, (7.3.3)
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which for k> 2, N, hy >0 can only be satisfied if w? = 0 or w? = 1. It is reasonable
to discuss the two cases w =0 and w = +1 separately.

e w=01Ifw=0then N =m+ N >j implies

G-

i—1<hy+N-1
JTosha k-2

J
<= 7.3.4
! (73.4)
and hence j < 2. But j <2 in turn leads to hy + N =1 <1 and thus N =0 or
N =1. The former option is excluded by N > j > 1/2. Thus only N = 1, which
in particular implies j < 1, remains feasible. Since

. _ o
OshX:hX+N—1:]%_2X (7.3.5)

we, however, also know that j > 1. We conclude that j = 1 and therefore hy = 0.
To summarise, the unflowed sector can only accommodate massless higher spin
modes for

N=1, j=1 and hx = 0. (7.3.6)

By the level matching condition
UJ(h—B) ZN—N+hX—iL,y, (737)

we furthermore conclude that the two combinations

N=1 and hx =0 or N=0 and hx=1 (7.3.8)

are the only two allowed values for the left-moving data. In the former case,
i.e. hy =0, these massless states are the supergravity modes, massless fluctua-
tions of the graviton, dilaton and B-field that exist at any value of k.

e w==x1 For w=+1, the inequality (7.3.3) implies

_ _ 1 k 1
hy+N-1<-(j-=)<—- 3.
et N-Ts5(-2) s (73.9)

and hence N = 0 and hy < 3/4. But then =F§ = N +m => j immediately rules
out w = 1. Thus only w = —1 remains feasible. However, the level matching
condition implies

h:—N—hX+BXsZ (7.3.10)

We hence conclude that no higher spin massless states can be found for w? = 1.
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To summarise, the only higher-spin massless modes in the short string sector are the
supergravity modes, and these persist at any k. Let us now consider the long string
sector, where the analogue of eq. (7.3.3) is

1 k - — 1 1
==+ d th —w'+hy+N-1=-———(=+5%)<0 7.3.11
JEgtis and thus qW That k’—2(4+8)_ : ( )
which directly tells us that N = 0 and w = +1 (since we exclude the problematic w = 0
continuous series representations, as explained in the second paragraph of Section
7.2.2). We can furthermore deduce that
1 s?

- 1
< =1 - - ) .
O_h/y 1 4(k+/{,‘—2) L _2

(7.3.12)

However, the minimal value of (k + 15) in the range k > 2 is 1. This minimum is
positioned at k = 3. We thus conclude that k=3, s =0 and hy = 0. For w = -1, this
implies h = hy = N = 0. We hence find that higher-spin massless long string states
occur if and only if

[ k=3, w=1, s=0, hy=0, N=0 and h=N+hy. Usia]

Note that k = 3 exactly corresponds to the minimal number ns = k-2 =1 of NS5
branes. We thus learn that n; = 1 is a tensionless string limit in the sense that it
gives rise to an infinite tower of massless higher spin modes.

PSU(1,1]2); and the hybrid formalism. The analysis of the previous paragraph
has an important shortcoming when applied to super-strings on AdS3;xS3xT%. In the
RNS-formalism, the AdSs x S3 factor in the near horizon limit of n; > 1 F1 strings
and ns; NS5 branes is described by the product

SL(Q,R)n5+2 X SU(2)TL5_2 (7314)

of WZNW models. At n; = 1 the level of the SU(2) factor becomes negative, sig-
nalling a breakdown of the RNS formalism. Despite this technical complication, the
conclusion of the previous paragraph that ns = 1 is a tensionless string limit was
valid and can be derived more rigorously in the hybrid formalism.

The latter amounts to a manifestly spacetime supersymmetric description of the
AdS3 x S; factor, via the PSU(1,1]2),,, super WZNW model. In the hybrid formal-
ism, the ns — 1 limit is perfectly well behaved, allowing for a controlled analysis
of the emergence of higher spin massless modes and the accompanying significant
simplification of the spectrum. The upshot of the analysis is that no short strings,
and only long strings at the bottom of the continuum i.e. at j = 1/2 survive at ns = 1.

This result is nicely compatible with the physical picture of the ns = 1 regime as
the limit where the geometry becomes string sized. On the one hand, a string sized
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geometry simply has no room to accommodate for bound states (i.e. short strings)
localised to some region around the centre of AdS3, which suggests that these states
should be absent from the spectrum. On the other hand, strings cannot resolve any
details of such a small geometry, and it should hence not be possible to construct
wave packets of long strings combining modes with different momenta: Only a single
value of j should persist in the spectrum. For more details on the PSU(1,1[2),
spectrum, we refer the reader to Section 8.2.1.

7.3.2 The holographic match

Towards the end of Section 7.2.2, we already commented on the relation between long
strings in the bosonic SL(2;R); model and a marginal deformation of a symmetric
product orbifold. In the tensionless limit, this relation is especially clear. As shown
by Eberhardt, Gaberdiel and Gopakumar [68, 69, 277, 278], string theory on the pure
NSNS AdS;3 x S3 x T* background at ns = 1, is exactly dual to a (grand-canonical
ensemble of) symmetric product orbifold(s) of the small N = (4,4) supersymmetric
sigma model with target space T%.

At the heart of this duality is an identification between the string worldsheet and
branched coverings of 0AdS3; that compute partition functions and scattering am-
plitudes in the symmetric orbifold. In this section, we first provide a heuristic mo-
tivation for this covering map picture based on the Wakimoto representation of the
SL(2;R); model. Then, we discuss the concrete realisation of these principles in the
holography of tensionless AdS3 closed string scattering amplitudes.

First order formulation of the SL(2;R); model. We can parametrise an arbi-
trary g eSL(2;R) via real fields ¢, 71 and ~, as

e~? + ebyy e _ ~
9= ( o= 7 (Z) with — y=y+7, and F=y-7.  (7.3.15)
ety e
Using this parametrisation, the WZNW action (7.2.12) of the SL(2;R); model takes
the simple form

S = % f d*z (0¢0¢ + €070 ) . (7.3.16)

This formulation of the model also makes the relation between SL(2;R) and Hj
particularly clear: Since in the SL(2;R) case we consider a o-model with Lorentzian
target space, the kinetic term for v, has the wrong sign in the action, making the
path integral ill defined. A target space Wick-rotation 7, — iy fixes this issue. The
Wick-rotated action, in which v and 7 are a conjugate pair of complex fields, is the
action of the H model.
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Rescaling ¢, v and 4 by 1/v/2k and introducing Lagrange multipliers 4 and 3, we
can rewrite (7.3.16) as

S = % f d*z (8¢5¢ + B0y + pOy - eﬁ%B) +... (7.3.17)

where the ellipses denote quantum corrections that vanish as & — oo and can be
derived by considering the effect of the Lagrange multipliers on the level of the full
path integral (instead of only the equations of motion).

Wakimoto representation. The action (7.3.17) suggests that the large ¢ regime
i.e. the physics near the asymptotic boundary, is captured by a free boson and a
By-system, with, by the equations of motion, holomorphic fields (,~, 0¢ satisfying

06(2)96(0) ~ 712 and B()7(0) ~ -%. (7.3.18)

And indeed, consistent with this picture, the s[(2;R); current algebra possess a
free-field realisation, known as the Wakimoto representation [279], which is given by

Jr=8, J=py-4/ %&ﬁ, J =By -\/2(k-2)y0¢ - koy.  (7.3.19)

To produce a stress tensor with the sugawara central charge, a non-trivial background
charge for the free boson is necessary. Concretely, the Wakimoto stress tensor

1 Qe
T(2) = B0y — =0¢pdp — =252 7.3.20
(=) = 60 - 30009 - £ (7.3.20)
coincides with the sugawara stress tensor exactly for
1( 3k 1
=\/=|——=-3]= . 7.3.21
@ 6 (k ) ) T —2 ( )

Demanding consistency with the Wakimoto picture allows us to determine the full
quantum version of eq. (7.3.17), namely

7

The spectral flow automorphism of the current algebra amounts to the transforma-

5= [ (a¢a¢ - 2R+ 0 + 5 - e‘@%ﬂ) . (7.3.22)

tions

Y(2) = 2v(2), PB(z) = 2"B(2), ¢(z,2)—> ¢(2,2) —wy/ K ; 2 log|z|* (7.3.23)

of the Wakimoto fields. According to Refs. [280, 281], the spectrally flowed vertex
operators can be expressed as

Ew+j-h-1w-1

2 [150"(2(2) ).
(7.3.24)

ke 1
Vi, 2) =0 VO (02 (2) - )
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Localisation to covering maps. Crucially, the OPE between w > 0 operators
and v is regular:

Y(20) Vi, 2) = 2V (z,2) + 2° V4 (x,0). (7.3.25)

This has important implications for the insertion of  into a (non-vanishing) corre-
lator of SL(2;R); vertex operators: on the one hand, the function

G(2) = (7(2) HVw’ (2, 2)) (7.3.26)
is a holomorphic map of C onto itself which at the insertion points z; behaves as

Gz +062) = (z; + a;02 + 002" )N] ] Vi (@i, 2i)- (7.3.27)

i=1
On the other hand, we expect that the derivative of G (or 1/G, depending on which
of the two coordinate patches of the Riemann sphere a point is mapped to) is non-
vanishing around generic points, rendering G locally invertible. The upshot is that G
is a branched covering with ramification index w; at the ramification point z; that is
mapped to the branch point x; (see Section 9.1.1 for short review of the mathematics

of such maps). We can also divide out (H Vi (i, z;)) to write this result as

<v<z>ﬁv;?,;<xuzi>> r<z><q (20 2), (7.3.28)

where I' is a branched covering map that implicitly depends on the data of all ver-
tex operators in the correlator. Crucially, if three points (21, 22, 23) = (%1, T2, 73) =
(0,1, 00) are fixed, only a finite set of such maps exists. Furthermore, the existence of
a branched-covering map places strong constraints on the x;, z; and w;. We are hence
led to the proposal that those correlation functions of the SL(2;R); model that are
adequately described by the near boundary picture, should localise to discrete sums

of the form
([TVin (i 20)) = ] e ™a L0 - T)Wr(zas - 20). (7.3.29)
i=1 I =1 i=4

Local Ward identities and localisation condition. On physical grounds, the
analysis of the previous paragraph, and in particular the conclusion in eq. (7.3.29),
should hold at least in the tensionless limit, where all strings are long AdS3 sized
objects that live at the asymptotic boundary. A more rigorous statement is that
Reference [69] established (7.3.29) as a solution of the sI(2;R); local Ward identities
under the assumption that

3= 5 (n=2) = (n-3) (73.30)
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holds. In particular, at k = 3 and j; = 1/2 all n-point functions satisfy condition
(7.3.30), which is consistent with our expectation that the tensionless limit is fully
described by the Wakimoto picture. In addition to a more detailed bottom up anal-
ysis of correlation functions based on the near boundary action eq. (7.3.22) provided
by Refs. [282], it was also shown from a top down perspective, that the j = 1/2 trun-
cated SL(2;R)3 spectrum with covering map localised correlation functions defines
a consistent, crossing symmetric CFT with s[(2; R)s current algebra [268]:

The correlation functions of the symmetric product orbifold of any ¢ = 17 CFT
X exactly coincide with the string scattering amplitudes provided by the (non-
geometric) bosonic string theory whose worldsheet CFT is given by the product of
this localising SL(2;R)3 model, the CFT X and the be-ghost system.

Application to AdS;3 x S3 x T4. Supersymmetry does not significantly affect the
mechanism outlined in this section. Worldsheet correlators of z-basis vertex oper-
ators describing superstrings on AdSs x S3 x T* at ns = 1 contain delta-functions
that localise the worldsheet insertion-points z; to preimages of the spacetime posi-
tions x; under holomorphic covering maps, as in eq. (7.3.29). These delta-functions
essentially trivialise the integrals over worldsheet moduli that promote worldsheet
correlators to string scattering amplitudes. The latter end up being exactly the sums
of correlators of T* evaluated on covering surfaces of the holographic boundary, that
compute correlation functions of the dual symmetric product orbifold Sym” (T*). By
a detailed description of this mechanism, References [68, 69, 277, 278] derived this
instance of the AdS;/CFT; correspondence.

7.3.3 Branes in tensionless AdS;/CFT,

The previous section ended on the conclusion that string theory on AdS;xSs x T4
at ns5 = 1 is known to be precisely dual to a grand-canonical ensemble of symmetric
orbifolds of T* on the level of local observables i.e. the spectrum of local operators and
their correlation functions. In this short section, we briefly summarise what is known
about the nature of branes, boundaries and interfaces i.e. non-local observables in
this duality and in which directions the next two chapters extend the picture.

Holography for instantonic branes. In Reference [124], Gaberdiel, Knighton
and Vosmera explicitly constructed maximally symmetric boundary states of the
PSU(1,1]2); model. From the worldsheet perspective, their analysis provides a fully
explicit description of both instantonic branes, corresponding to boundary states
of the SL(2;R); model satisfying the trivial gluing conditions (7.1.48), and AdS,
branes, corresponding to the twisted gluing conditions (7.1.47).
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In the case of the instantonic branes, Ref. [124] furthermore makes a concrete pro-
posal for a holographic dual in terms of boundary states of the dual symmetric
orbifold. The construction of these boundary states is reviewed in the paragraph
“Reflecting part of the interfaces” of Section 8.1.2. As evidence for this proposal,
Ref. [124] shows that the overlaps of these boundary states precisely match the cylin-
der amplitudes of the dual instantonic branes. At this stage it however remained
unclear what a suitable candidate for a holographic dual of AdS, branes could be.

The missing dual of the AdS, brane. In Ref. [125], Martinec qualitatively
described an open string extension of the perturbative duality between long strings on
AdS; and a marginally deformed symmetric product orbifold that we have discussed
towards the end of Section 7.2.2. He proposed that the dual description of AdSs
branes in that context should involve an ensemble of interfaces with varying degree
of transmissivity in the symmetric product orbifold, that should be deformed by a
marginal interface changing operator across which the degree of transmissivity jumps
by one. Ref. [125] does not explicitly construct these interfaces, which however, in
particular, is necessary in order to provide quantitative evidence for the proposal by
holographically matching string theory computations.

In the next Chapter, Ch. 8, we sharpen the statement of the duality by explicitly
constructing a family of interfaces between symmetric product orbifolds that has
the desired properties. This, in particular, allows us to exactly reproduce the open
string spectrum from the dual CFT in the undeformed symmetric orbifold case.
We then, in Chapter 9, develop covering map techniques to systematically evaluate
the correlation functions of these interfaces. As an application we at this stage
precisely fix the chemical potentials of the interface ensemble in terms of the dual
string coupling. This provides a basis on which the open string generalisation can be
formulated and derived at the same level of detail with which the closed string case
was treated in the literature. Further comments on this and other future directions
of research can be found in Chapter 10.



Chapter 8

Holographic interfaces in
symmetric product orbifolds

— Boundary states and annulus amplitudes.

Whereas the focus of the introductory Chapter 7 was on pure NSNS AdSj string
theory and the SL(2;R); model, we now move to the other side of the holographic
duality and focus on the symmetric product orbifold, aiming for a construction of
the holographic dual for the AdSs branes that we have introduced in Section 7.2.

Symmetric product orbifolds of two-dimensional conformal field theories have been
studied extensively for more than thirty years starting with [283]. They provide fam-
ilies of two-dimensional CFTs whose central charge grows linearly with the number
N of copies of the underlying seed theory M. Correlation functions of local oper-
ators in these theories share many features with those of higher-dimensional gauge
theories. In particular, they possess a diagrammatic large N expansion that is very
similar to the 't Hooft expansion of non-Abelian gauge theories [284]. Just as it is
the case for their higher-dimensional cousins, these features of symmetric product
orbifolds are suggestive of their holographic correspondence with string theory in
AdS3 backgrounds, as was first suggested in [285-287]. As we have reviewed in the
previous chapter, the work of Eberhardt, Gaberdiel and Gopakumar [68] established
that the symmetric product orbifold of a supersymmetric four-torus is dual to string
theory on AdS3 with one unit of pure NSNS flux. This has become one of the key
examples for a holographic duality and could help us to uncover the inner workings
of the AdS/CFT correspondence.

The study of symmetric product orbifolds has largely focused on the spectrum and
correlation functions of local fields. There are only relatively few papers that deal
with boundary conditions, defects or interfaces, see [124, 125, 288-291]. This is in
some contrast with higher-dimensional gauge theories, and in particular in N = 4
supersymmetric Yang-Mills (SYM) theory, where the study of e.g. Karch-Randall

237



238 CHAPTER 8. HOLOGRAPHIC INTERFACES IN SPOS

interfaces and Maldacena-Wilson lines has received very considerable attention, both
for their roles in gauge theory and for the insights they provide on non-perturbative
aspects of string theory in anti-de Sitter (AdS) space. In this chapter, we initiate a
study of interfaces in symmetric product orbifolds that can be considered the lower-
dimensional cousins of both Karch-Randall interfaces and of Wilson lines at the same
time.

Before we go into the features of the interfaces between symmetric product orb-
ifolds, it is instructive to briefly recall basic facts about the higher-dimensional ana-
logues!. The Karch-Randall interface connects two maximally SYM theories with
gauge groups SU(N,) and SU(N_) on either side of the interface. It arises from
a D3-D5 brane system [293], where D3 branes end on D5 branes.? Wilson lines in
N =4 SYM theory possess different holographic realisations depending on a choice
of representation of the gauge group. The most standard case is that of the fun-
damental representation in which case the brane realisation is in terms of a single
fundamental string in AdS5. For representations that arise through the tensor prod-
uct of k£ fundamental representations with k£ of order N, which is more relevant in
our context, the brane realisation uses D-branes instead, either D3 or D5 branes
depending on whether the representation is symmetric or antisymmetric.> In both
cases, the charge of £ fundamental strings is carried by the electric flux of the D-
brane, see e.g. [294] and references therein, in particular [295-298]. Such branes with
non-vanishing electric flux approach the boundary of AdS at an angle that depends
on the amount of flux. This modulus of the branes is the analogue of the parameter
1 that we have introduced in eq. (7.2.26) to describe the semi-classical geometry of

AdS, branes.

Our description of AdS, branes in Section 7.2 was mostly focussed on the SL(2;R)j
model. It is instructive to take a step back from this microscopic perspective and
discuss their realisation in super gravity as we have done for the higher dimensional
analogoue in the previous paragraph. This requires us to replace the N' =4 SYM
stack of D3 branes by the F1-NS5 brane system discussed in Section 7.2.1, or the
S-dual D1-D5 system. We can create a defect in this setting by inserting a probe D1
brane into the near-horizon AdSs; background. The case relevant for AdSs branes
is of course that where the probe brane is localised along an AdS; inside AdSs.
Beyond considering a D1 probe brane, we can also generalise the setup to (n,1)-
strings, i.e. bound states of a D1 brane and n fundamental strings, see e.g. [299].

'We would like to refer the reader to [292] for a recent overview of various top-down and bottom-
up examples of holographic defects and boundaries.

2More precisely, one considers configurations in which ¢ of the N, D3 branes that realise the
SU(N,) SYM theory end on the D5 brane while N, — ¢ = N = N_ run through it to realise the
SU(N-) SYM theory on the other side.

30ther representations of the gauge group whose Young diagram have more than one row or
column require multiple probe branes.
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As in the case of Wilson lines reviewed in the previous paragraph, one may think
of these (n,1) strings as a D1 brane with a worldvolume electric field turned on
with a strength that is determined by n. When we allow n fundamental strings
to run along the worldvolume of the probe D1 brane, the number of fundamental
strings that appear in the brane realisation of the symmetric product orbifold can
jump from one side of the D1 brane junction to the other, just as in the case of
Karch-Randall interfaces in gauge theory. This motivates the expectation that the
holographic dual of AdSy branes should involve interfaces at which the degree of the
symmetric product orbifold can jump from N_ to N,

The precise realisation of this idea constructed in this chapter, is a family of inter-
faces between any pair of symmetric product orbifolds of rank N_ and N, that are
parametrised by some integer p = 1,...,min(N_, N,). The interfaces I‘(aig that we
define are transmissive in p components of the product theory and reflective in the
remaining ones with a reflective behaviour that depends on the choice of a boundary
conditions a, of the underlying seed conformal field theory M. A precise definition
is given in section 8.1.2, see eq. (8.1.38) and the explanation of notation below that
formula. Our description uses the folding trick and hence it describes the interface in
terms of a boundary state of the folded theory, as shown in figure 8.0.1. As usual, the
boundary state encodes the entire set of one-point couplings between the interface
and bulk fields of the CFT. From this description of the interfaces, we then deter-
mine the annulus amplitude and thereby the exact spectrum of interface changing
operators between any pair of interfaces in section 8.1.4. This key result is stated in
egs. (8.1.54 - 8.1.59). As is familiar in the context symmetric product orbifolds since
the seminal paper of Dijkgraaf-Moore-Verlinde-Verlinde [300], it is easiest to state
the result in terms of a grand canonical partition function. In the setup under con-
sideration, this grand canonical partition function involves four chemical potentials
pe and py with A € {L, R}. The first two, i.e. u_ and pu,, correspond to the order
N, of the symmetric product orbifold on the two sides of the interfaces. The other
two chemical potentials, p; and pg, are associated with the numbers p; and pg to
the left and the right of the interface changing operator, see figure 8.0.2.

While for generic values of the level k£ there exists a continuous family of AdSs,
branes, the tensionless limit of IIB superstring theory has a unique AdS,; brane in
the AdSs factor of the target space.* With our holographic proposal, we extend the
match of bulk partition functions [68] to this unique AdS; brane. Our matching
of spectra is based on formulas for the partition function of open strings on AdS,
branes in (global and) thermal AdS; backgrounds that we derive in section 8.2, see
in particular eq. (8.2.34). For a concise summary of the holographic relation we

4In [124] the authors constructed two boundary states. Here we only admit one special linear
combination thereof in order to restore the rotational symmetry with respect to half-rotations of
AdS3. This additional feature makes the boundary state unique.
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Sym™- (M) @ Sym™N+ (M)

folding ;

y 4 L /

i / // //

i 74 / /
LI Interface |(C

Interface as a boundary state Z /

Figure 8.0.1: Interface between Sym™~ M and Sym”™* M as a boundary state of the
folded theory. The red lines indicate reflective boundaries. This figure is for N_ = 3,
N,=4,p=2.

Right side interface
with pp transmissive boundaries

[—
Left side interface @

with py, transmissive boundaries yA—

Figure 8.0.2: Contribution to the torus partition function in the presence of a pair
of interfaces with parameters N_ =3, N, =4, p;, =2, pr = 1. The red lines indicate
reflective boundaries. As discussed in Section 8.1.4, the full partition function is a
symmetrised sum over terms of the type illustrated in this figure.

propose, the reader might also find the box on page 269 useful.

Let us now briefly outline the plan of this chapter. In many respects, section 8.1
contains the main new results. After a short review 8.1.1 of symmetric product
orbifolds that we use to set up notations, section 8.1.2 constructs the interfaces Iﬁlpi )).
As a small interlude, we compute the transmissivity and reflectivity of these interfaces
in terms of the parameter p in section 8.1.3. Then, in section 8.1.4, we calculate the
spectrum of interface changing operators. While our construction of the interface may
seem somewhat artificial, it is guided by the intention to construct a holographic dual
of AdSs branes in AdS3. To show that this objective is indeed achieved, at least in
the tensionless limit of type IIB superstrings on AdSs; x S3 x T4, we discuss the string
theory of AdSs branes in section 8.2.1. The boundary states of the world sheet theory

corresponding to AdS,; branes have been constructed in [124]. We briefly review
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this construction and then, in section 8.2.2, use it to determine the spectrum of
worldsheet boundary excitations associated to open string states on the AdS; branes
in global AdS3. The result serves as an input to section 8.2.3, where we perform an
orbifold construction to pass to thermal AdSs;. After integration over the modular
parameter of the toroidal worldsheet, we finally obtain the partition function of open
superstrings in thermal AdSs;. The two strands of the discussion are merged in section
8.3 where we compare the string partition function with the connected contribution to
the torus partition function of our interface in the symmetric product orbifold of the
supersymmetric four-torus to find complete agreement between these two quantities.
The section also contains some qualitative discussion of correlation functions in the
symmetric product orbifold and the corresponding scattering amplitudes of open and
closed strings in the dual string theory. The chapter contains three appendices in
which we provide some explicit calculations to prove formulas that are stated in the
main text.

8.1 Interfaces of symmetric product orbifolds

The arguably simplest type of interfaces are those that are purely reflecting or purely
transmitting. Purely reflecting interfaces can be obtained by choosing boundary
conditions for the two CF'Ts which are separated by the interface, resulting simply
in a product of two essentially decoupled boundary theories. In the specific context of
symmetric product orbifolds, a detailed analysis of the spectrum of boundary states
has been provided by [288]. The most prominent example of a purely transmitting
interface is the trivial interface between two identical CFTs. For symmetric product
orbifolds, a broader class of purely transmitting defects was studied in [289)].

In this section, we introduce a more general family of interfaces between two different
symmetric product orbifolds Sym®»+ (M) of the same seed theory M that interpolates
between the purely transmitting and purely reflecting extremes. For this purpose,
section 8.1.1 establishes the general notation which we use to describe symmetric
product orbifolds. Section 8.1.2 gives a precise definition of our interfaces. Section
8.1.3 serves the purpose of making our definitions more accessible by demonstrating
how to compute the reflectivity and transmissivity coefficients of our interface. It does
not contain any information that is strictly necessary for the rest of the discussion
and may be skipped. Finally, section 8.1.4 determines partition functions of interface
changing operators that act within the class of interfaces that we have proposed.

8.1.1 Notation and conventions

This section sets up the necessary notation to work with symmetric product orbifolds
Sym”™ (M) of a CFT M. The Hilbert space of the seed theory M is denoted by
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Hrqg. It comes equipped with two commuting actions of the Virasoro algebra along
with possibly further modes of some extended chiral algebra W. Under the action
of this chiral algebra, the state space decomposes into sectors which we label by
letters i, 7,... of the Roman alphabet. In a unitary CFT, these are lowest weight
representations. The partition function of the seed theory M is given by

Z(t,t) = Try,, [plo- 3t glo 3], g =™l =2 (8.1.1)

Here, cpq denotes the central charge of the Virasoro algebra, as usual. With these

basic ingredients of the seed theory set up, we move on to the symmetric product
orbifold.

States of the symmetric product orbifold Sym™ (M) are obtained by the standard
rules of the orbifold construction. In a first step, we construct twisted sectors H9 for
the N*" power M®N of the seed theory. These are labelled by group elements g € Sy
of the symmetric group. For a given element g, we define the centraliser subgroup

Cg:Cévz{aESNMgo’l:g} c Sy. (8.1.2)

The twisted sector HY carries a representation of C;, and, as part of the orbifold
procedure, we are instructed to project to its C, invariant subspace. The projection
can be performed by averaging over the orbits of C;,. Hence, the torus partition
function of the symmetric product orbifold is given by®

Zn(t,t) = i > > Trye[hator i xEO_N;iM]. (8.1.3)
geSn heCy

One can straightforwardly express the partition function of the orbifold theory in

terms of the seed theory partition function by directly evaluating the trace. The most

elegant formula for the partition function [300] passes through the grand canonical

ensemble

Z(k;t,t) = Nio kN Zn(t,1) = exp lg /@kaZ(t,f)] . (8.1.4)

The terms in the exponent on the right hand side are obtained from the partition
function Z(¢,t) of the seed theory through application of the following Hecke oper-
ators

kt j kt j
T Z(t,t) = — Z( —,—+—). 8.1.5
0= 5T 1241 (815)
By expanding the exponent on the right hand side in powers of k, it is straightforward
to obtain the partition functions Zy of symmetric product orbifolds for any finite
integer N.

®The normalisation factor is 1/N! because we divide both by the size of the centraliser |C,| (due
to the averaging over C, orbits) as well as by the size of the conjugacy class of g.
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It is important to discuss formula (8.1.3) in more detail. We have written the formula
as a sum over all elements g of the symmetric group Sy. But many of the twisted
sectors H9 we are summing over give rise to equivalent representations of the chiral
algebra. By construction, two twisted sectors H9 and H92 give rise to equivalent
representations if ¢g; and ¢go belong to the same conjugacy class. We denote the
conjugacy class of g € Sy by

[g]={hgh™" : heSy}c Sy (8.1.6)
and more generally

(91,92, -, 9n] = {(hgih™  hgoh™', ... hg,h™') + he Sy}, (8.1.7)

Famously, the conjugacy classes [g] of the symmetric group Sy are in one to one
correspondence with integer partitions (wq,...,wy) of N = Zf,zl w; or, equivalently,
Young diagrams Y with N boxes. The correspondence is easy to spell out more
explicitly. Any element g € Sy possesses a unique (up to reordering of the factors)
decomposition

g =wiws Wy (8.1.8)

into cyclic permutations w, of length w, such that the cycles constitute a partition
{w,}_, of {1,..., N} into ordered sets. The integer partition {w,}‘_, of N is graph-
ically represented by the Young diagram Y, associated to g € Sy. Conversely, any
two group elements that possess a factorisation of the form (8.1.8) with ¢ cycles of
order w, are conjugate to each other. Given a Young diagram Y with N boxes we

can always pick some representative gy of the corresponding conjugacy class of Sy.

With the help of the factorisation (8.1.8) of the group element ¢ into a product of
cyclic permutations, it is easy to give a more explicit description of the centraliser
group CY. Concretely, CY is given by

w )

¢ N
CY={o= quﬁ" v, € Z and 7€ Sy such that we, = w, } ~ [] Sm, x Z0, (8.1.9)

w=1

where the sequence (my,)yey is the weight of the diagram Y, i.e. m,, is the number
of rows of length w. By the orbit-stabiliser theorem, the order |Sy| = N! of the
symmetric group factorises as

|Snl=1C)]- 1Yy, (8.1.10)

where |Y,| denotes the number of elements in the conjugacy class Y, of g. After this
preparation, it is natural to rewrite our formula (8.1.3) for the partition function of
the symmetric product orbifold as

c T c 1
Zy(t,1) = > Tryer [HngLO’%%ELO’%ALM] where TIf = —— > 0. (8.1.11)
[Y|=N |CQY oeCyy,
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In performing the sum over Young diagrams Y with N boxes, we can pick a single
representative g = gy € Sy and then construct the twisted sector H9, the centraliser
C, and the projection II§ for that representative. The result is obviously independent
of the representative we choose. Thereby, we have rewritten the partition function
of the symmetric product orbifold as a sum over partitions of N rather than group
elements g € Sy.

In order to illustrate the difference between the formulas (8.1.3) and (8.1.11), let us
briefly discuss the example of N = 3. In this case, the symmetric group S; has six
elements and the original sum in eq. (8.1.3) runs over all these six elements. But
the six group elements fall into only three conjugacy classes which are associated
with the three possible partitions of N = 3. The conjugacy class for the partition
Y =[1,1,1] consists of the unit element g = e and its centraliser group C2? ~ S5 x Z3
is the entire symmetric group S3. Next, let us consider the partition Y = [1,2]. The
associated conjugacy class contains three elements, namely g, = (1)(23), g2 = (2)(13)
and g3 = (3)(12). Their centraliser subgroups C3 = Z, contain two elements each.
Finally, for the trivial partition Y = [3], the conjugacy class consists of the elements

wy = (123) and wy = (132). Their centraliser group, on the other hand, is now given
by C‘%z > 7Zs.

In the following, we shall continue to think of the twisted sectors H9 as being associ-
ated with elements g € Sy rather than with the Young diagrams Y;. This is correct
as long as we always remember not to sum but to average over the elements of a
conjugacy class. Now given a group element g with the factorisation (8.1.8) of length
¢, states of the associated twisted sector H9 take the form

(W1, 0e))g  where ¥, € Hag (8.1.12)

are { states in the seed theory. By abuse of notation, we simply write

|4r)g instead of |(¢T)le)g. (8.1.13)

Let us assume that these ¢ states 1., r = 1,...,¢ of the seed theory have been
chosen to be eigenstates of (Lo, Ly) with eigenvalues (h,,h,). Then the twisted
sector state (8.1.12) is an eigenstate of the symmetric product orbifold Virasoro
generators (Lo, Ly) with eigenvalues

h9 = ZZ: (E + CQ—AZ (wr - wir)) and  hY= ZZ: (& + 62—/2 (wT - i)) (8.1.14)

r=1 \Wr r=1 \ Wr Wr

In particular, its spin is given by

¢
ngﬁg—hgzz

r=1

(h’“_h’”). (8.1.15)

Wy
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Only states (8.1.12) for which the spin is an integer correspond to local operators
of the symmetric product orbifold. In order to find the subset of physical states
within the twisted sector 19, one needs to impose the projection to C, invariants, see
the construction in Il in eq. (8.1.11). The action of o € C, on twisted sector states
(8.1.12) is given by

U|¢r)g _ e27riw—’;(hr—hr)|wﬂ_r>g _ |€27riVWT(LO_LO)w7TT>g' (8.1.16)

¢
r=1
Here, we have represented o € C, as a product o = mw*---w,” as explained in
eq. (8.1.9). Furthermore, the Virasoro elements on the right hand side are under-
stood to be those of the symmetric product orbifold i.e. operators with a spectrum
as given in (8.1.14). The exponents v, of the single cycles w, only enter the phase
factor, while m permutes the r labels. In order to help the reader to get used to
the notation for symmetric product orbifolds introduced in this section, we use it in
appendix 8.A to compute the torus partition function.

8.1.2 Definition of the interfaces

This section constructs a class of interfaces between Sym?™-(M) and Sym™+(M). We
think of these interfaces as separating the upper and lower half of the complex plane
with Sym?™-(M) living in the lower half plane and Sym™+(M) in the upper. The
definition of our interfaces involves selecting a pair of boundary states |a.) of the seed
theory M. These boundary states of the seed theory give rise to a purely reflecting
interface, in which all the N_[N,] copies of the seed theory in the lower[upper| half
plane are simply reflected® back. This is obviously a bit too trivial to be interesting.
Instead, we propose to consider interfaces in which p < min(N_, N,) components can
pass through the interface while the remaining ones are reflected.

Qualitative overview of the construction. Before we discuss the precise con-
struction of the interfaces, let us first give a qualitative description of all steps that
constitute it. To spell out a concrete formula for the interfaces Z = Iﬁlpi )), we utilize
the folding trick and describe the interfaces as boundary states of

Syme(M) ® SymN+ (./\/l) _ MN'+N+/SN, X SN+~ (8.1.17)

In our construction, we first choose a gauge in which p components in each of the
theories that we want to be transmitting are singled out. This procedure manifestly
breaks the Sy xSy, symmetry of the folded theory down to Sy __, x S, xS, x Sn, .

6See section 8.1.3 below for a more precise definition of reflectivity and transmissivity in this
context.
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After this first gauge choice, we impose the reflecting boundary condition |a_) along
N_ - p components from the first factor and likewise |a,) along N, — p components
from the second factor. The remaining copies are glued together with transmitting
boundary conditions. Such a boundary condition is stabilised by the subgroup

SN__p X Op,diag X SN+_p c SN__p X Sp X Sp X SN+_p C Sy x SN+ (8.1.18)

and thus the selection of a particular way to transmit the selected p copies of the
seed theory in the lower half plane to p copies in the upper half plane constitutes a
second gauge choice that breaks S, x.S, to the diagonal subgroup S, giag := {(g,9)|g €
Sp} € S, xS,. Torestore the full Sy xSy, symmetry, we finally need to average over
the gauge orbits.

In the construction of boundary states of the folded theories, we can select characters
for each of the three factors of the stabiliser subgroup within the orbifold group
Sn_ x Sn,. We denote these characters by (x_, xp,x+). The boundary states we are
about to construct are denoted by

[Py @ Xy Xp) = [Py Qs Xy Xp) i - (8.1.19)

We shall often drop the sub- and superscripts that refer to the bulk data. In addition,
throughout most of our discussion we will set the characters x., x, to be trivial, drop
them from the arguments and write

p,as; Ny) = |pyas; x. = 1,x, = 1)3;. (8.1.20)

The interfaces obtained from the trivial representation of the stabiliser subgroup
turn out to be the ones that are relevant for holography. This is not merely an
a posteriori observation, but rather to be expected from first principles: From the
string perspective, the representations associated to the characters y. and x, are
the representations of the symmetric group that govern the statistics of multi-string
states. If we would like to describe multi-string ensembles with Bose statistics, we
should hence make use only of the trivial characters in the dual symmetric orbifold,
see also [291]. Moreover, the restriction to fully symmetric representations of the
‘gauge group’ Sy is also consistent with the situation for Maldacena-Wilson lines in
four-dimensional N =4 SYM theory. In the higher dimensional context, Wilson lines
in other than symmetric traceless tensor representations require to consider multiple
D3 branes in the bulk [301] (or D5 branes).

Reflective part of the interfaces. After this first qualitative description of our
interfaces, let us now proceed with their systematic construction. The boundary
states |ay) of the seed theory constitute the most non-trivial data that enters the
construction. Let us recall that the sectors of the seed theory, i.e. the irreducible
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representations of its chiral algebra W, are labelled by some index j. Since the
gluing condition for chiral fields relates the label of the right- and left-moving repre-
sentations, the index j also labels the Ishibashi states |j)) that can contribute to the
boundary state.” Thus, a boundary state |a) of the seed theory is described by a set
of coefficients a; in the expansion

ja) = 3 ajli). (8.1.21)

J

We can uplift this boundary state of the seed theory to a boundary state of the
symmetric product orbifold Sym™ (M) for any M e N. Specifically we are interested
in the cases M = N_—p or M = N, —p. Once again, the boundary state of the
symmetric product orbifold is a sum over Ishibashi states. For a fixed gauge p € Sy,
the relevant Ishibashi state is given by

) =100}, (8.1.22)

Here, p is assumed to possess a factorisation of the form (8.1.8) and the twisted
sector states that appear on the right hand side are obtained from ¢ Ishibashi states
17r), 7 = 1,...¢ of the seed theory in the spirit of eq. (8.1.12). The only difference
is that Ishibashi states live in some appropriate completion of H? rather than H*
itself.® The action of elements o € C, in the centraliser subgroup on the Ishibashi
states takes the form

oljr)p = lixedp (8.1.23)

where 7 = 7, is a permutation that exchanges two cycles of the same length. Note
that the action of the factors w;” in the factorisation formula for o is trivial since
contributions from holomorphic and anti-holomorphic components cancel each other.
The overlap of any two of these Ishibashi states is given by

(ot Tt

¢

. ¢ -

Jrdp = 53(‘,’.7)jw 0o I X5 (5)- (8.1.24)
r=1

Here, o € Cé” is in the centraliser subgroup of p and 7 = 7, as before. Furthermore?,

X (t) = Ty, a7 Forlo=i), (8.1.25)

"To be more precise, the sectors of the seed theory are labelled by pairs (j,7) of representations
for the (anti-)holomorphic chiral fields. The specification of a boundary state involves picking a
gluing automorphism €2 for the chiral algebra. This automorphism induces a map on representation
labels j = jq. Given the choice of €2, Ishibashi states only exist for those sectors of the theory for
which 7= jq. In this sense, we only need to specify a single representation label in order to specify
the Ishibashi state, see [243] for details.

8For instance, they may be viewed as discontinuous linear functionals on H.

In accordance with footnote 7, we could also have written jqo instead of 7 in eq. (8.1.25).
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Let us stress that the Ishibashi states |j,)), we have introduced are not yet projected
to the subspace of C, invariant states. Given our Ishibashi states |j,)),, we construct
the linear combination

a),= Y e yum 8.1.26

@) {JZT:} N D ( )
with coefficients formed from products of the coefficients that appeared in the bound-
ary state |a) of the seed theory. The overlap of any two of these states can be easily
computed from the overlap (8.1.24). Note that the states |a), are actually within
the subspace of C, invariant elements, i.e. the projector IIf acts trivially on these
states. The normalisation we chose is the one that is appropriate for Cardy con-
sistent boundary states, see e.g. [288] or Section 4.3 of [124]. The states (8.1.26)
constitute the first ingredient we shall use in constructing our interfaces.

Transmissive part of the interfaces. As a second ingredient of our construction,
we need to discuss conformal interfaces for Sym”(M). After the folding trick, such
an interface is described as a boundary state in which the holomorphic fields of the
theory on the upper half plane are glued to the anti-holomorphic fields of the second
theory that was folded up from the lower half plane and vice versa. Ishibashi states
for the “permutation boundary states” [302] in Sym” (M) xSym” (M) will be denoted
by

s i WP, (8.1.27)

with 7, € S, that are conjugate to each other, i.e. [7_] = [7.]. More concretely, if we
formally!'® write

|jr>>7 = |jr>7-|jr>7-7 (8128)

then

| 7 >>£’_Z?T+ = [jr)rlis), lis)r |jr)7+ : (8.1.29)

The action of the centraliser of 7, and 7_ on these Ishibashi states is given by
0+0- |jr7 Zs»ﬁf)ﬂr = |CVV;7Tj7r‘r)7L‘au;fsifr‘s)t|04V;+Si7r+s>r+|05V;+Tj7r+r>7—+a (8130)
where

o = e 2miko, (8.1.31)

00f course |j,. )~ is not a pure tensor product of left and right movers, but a sum of such products.
Our notation captures the structure of the individual pure tensor summands.
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The overlaps of these Ishibashi states take the form

ALQ+E0—§

o . 20 2/ 2
Ti<<j7,“’7'a,9|0-‘0-+x |jr7l$>>7'i:5i(’ ') 5( : 5() Xi,cn,cr_(t)Xj,J_,cu(t)‘ (8132)

o ’
lnek Jpodnek TasTx

In particular, they are only non-vanishing if j;-, = jr+,. To spell out ;. o, (t), recall
that 7* is a product of permutations that shuffle twisted sectors associated to cyclic
permutations of length w. Hence, if we write m* as a product 7* = w75 ... of cyclic
permutations, then each permutation 7% has two integers associated to it, namely
the winding w,+ of the sectors it permutes and the length .. = |7%|.

L= ...m,, ie. for each 7, we have pair (w,,{,)

The same is true for 7 := 7=
of integers. The condition j,-, = jr+ is equivalent to the statement that j. = j,.
i.e. Jp = Jn.r for all a. In particular, if we denote by a the set of labels appearing
in the cycle m,, then we can introduce j, as being equal to j,. for some not further

specified r € a and this is a well defined prescription. In terms of
X;(t,t) = Try, glo-ziglo-ai, (8.1.33)

Xjo_.o.(t) can then be expressed as

Lot+ ¥ v Lat+ X v
) . (8.1.34)

m

_ kea kea

Xj,0-,04 (t) - HXja Wa ) Wa
a=1

Once again, we introduce a linear combination of these twisted Ishibashi states by
summing over the labels j,,7s. But in this case, the sum over the labels is not
sufficient in order to ensure C,, invariance. Hence, we also have to perform the
relevant projection

1
[EYPL,, = TG TIg D L s )27 where I =—— > o.  (8.1.35)

- JrJs —r | Tx O'iecgi

The overlap between any two such states can be computed with the help of formula
(8.1.32). This completes the discussion of the second ingredient for our construction
of interfaces.

Averaging over gauge orbits. As the final step in the construction of the bound-
ary states (8.1.19), we now perform the averaging over gauge orbits. This gives the
gauge invariant state

|p7 ai)gj = |ﬁ}”ﬁ+| Z |a—)P— ’ |H>€’_Z,)T+ ’ |a’+)P+7 (8136)

(p-_tﬂ'i)€ﬁi

where

0. = [7.p ] = {(hh™ hph™) s he Sy, } (8.1.37)
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are Sy, gauge orbits associated to a choice of p, € Sy,_, and 7 € .S,. We added the
subscript p to remind ourselves, that 7 and p, are elements of Sy,_, and S, and that
the associated subgroup is an extra piece of data that we explicitly keep track of.
That is, we distinguish for instance between idg, € S, and h-idg, - h=1 = idps, € hSp.

Let us briefly comment on the choice of normalisation that we made in the definition
of |p, ai)gi*. Ultimately, we do not have an a priori principle that tells us what the
“correct” normalisation should be. We can only justify our choice by showing that
its overlaps lead to the physical partition functions that we are interested in, which
indeed will turn out to be the case. However, we can at least argue, already before any
computation, that our guess is very natural one: Since we normalised appropriately
the mutually orthogonal states |a.),, and |I), , to represent reflective/transmissive
boundaries, we should simply divide out the square root of the size of the orbits that
we sum over such that the sum does not alter the already correct norm.

Now that we have constructed the boundary states |p, ai)gj associated to some choice
of Sy, orbits, we finally perform a weighted sum over all choices of &, to obtain the
boundary state

_ - X- (P )xp(7)x+(p4) A
pascxed 2 & Tl 515

As advertised with eq. (8.1.19) at the end of our first qualitative description of the
construction, formulating eq. (8.1.38) is the purpose of this section.

Summary of the construction. Let us finally summarise all ingredients of eq. (8.1.38)
in a concise manner. x.,YX, are characters of the Sy,_, and S,, respectively. The
normalising prefactors involving the numbers |[p. ]| and |[7]| of elements in the con-
jugacy classes of p. € Sy,_, and 7 € S, respectively, appear here because we are
summing over group elements rather than conjugacy classes. The states we sum over

are defined in eq. (8.1.36) through a weighted average over elements g, of Sy,. Their
definition involves a product of three states. Two of them are the states |a. )),,, which

are purely reflective with reflection coefficients that are specified by the coefficients

of boundary states |a,) in the seed theory, see eq. (8.1.26). The third factor in the
states we average over is purely transmitting, see eq. (8.1.35).

8.1.3 Reflectivity and transmissivity of the interfaces

Now that we have defined the interfaces in eq. (8.1.38) let us pause for a moment and
compute a first physical quantity that may help to better understand them. Con-
cretely, we determine the (stress-energy) reflectivity and transmissivity as proposed
in [303]. It measures e.g. how much energy gets transmitted through the interface
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or, after passing to the folded setup, how much energy gets passes from e.g. from
+-components of the folded CFT to the —-component and vice versa. The interpre-
tation of the reflectivity is similar. More concretely, after folding the theory to the
upper half plane we need to compute correlations of the product T"(z)T"(z) with
n € {+,—} in the presence of the interface boundary state (8.1.38). Replacing the
Virasoro fields by the corresponding states, the quantity in question is

(OIZALY I, as; X- Xp X)

R, = . 8.1.39
" (O[p, a5 Xy Xps X+) ( )

The overlaps that appear in this expressions are not that difficult to compute. The
simplest is clearly the overlap in the denominator which is obviously given by

(a-)o -—p(a+)éV+—p

V=)V, —p)!
(8.1.40)

{Olp, @5 X5 Xp» X+ ) = X (i) xp (i) X, (i) (]\;_)(]Z+)

The overlap in the numerator is not that much harder to compute. Note that the
Virasoro fields 7% and T* of the two symmetric product orbifold CFTs are in the
untwisted sector and hence the overlap in the numerator sees essentially the same
coefficients as that in the denominator. In formulas this means only the term with
T = p, = id in the expansion of the state (8.1.38) can contribute to give

(O|LILY [p, as; X-s Xps X+ ) = X (id) Xp (i) X, (id) (O] L5 L |p, @)

lid,id] D+

(8.1.41)

The state on the right hand side is a special case of eq. (8.1.36) which consists of a
single term only and has trivial coefficient,

) g =0 PP Ja). (3142

Let us now first address the off-diagonal elements of the reflection matrix R, i.e. the
matrix elements R,_ = R_,. Each of the N_ —p components within the state |a.)
contributes a factor of (a,)o. Moreover, every transmitting component gives rise to a
term cp2(22 - 1)/12 = cpq/2 from the commutations relations of the Virasoro gener-
ators in the seed theory. Since we need to sum over all the transmitting components
of which there are p, we find the simple relation

= C
(OIL3L3|p. ax; x) = p=5~ (Olp, ass x). (8.1.43)

between the overlaps in the numerator and denominator. Here, we used the short-
hand x = (x-, Xp, X+) to denote the triple of characters. For the diagonal elements of
R, the transmissive boundaries do not contribute at all. The contribution of all the
reflective factors, on the other hand, sum to

= C
(01L5 L3 |p, a.; x) = (N _p)TM(O|p, as; X). (8.1.44)
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Plugging the previous two relations back into the definition (8.1.39) of the reflection
matrix R we conclude that

cm(N--p p
R=22 . 8.1.45
2 ( p N+_p) ( )

From the matrix elements, we read off the reflectivity of our interface, which is given
by

2 2p
R=—(R_+R,,))=1- ———, 8.1.46
sy Bt ) = - (8.1.46)
and the transmissivity
2p
== 1.4
T A (8.1.47)

Note that the “unitarity condition” R +7T =1 is indeed satisfied. We also observe
that p = 0 corresponds to a purely reflective interface and N_ = N, = p is purely
transmissive, as expected. Let us end this short interlude with three minor comments
on the result.

First, note that the formula (8.1.45) for R may be brought into its standard form

em NN, [(¥= 1 1 -1
R=2_—— " [ M 8.1.48
2N_+N+[(1 —)(1 1)] (51:45)

from which we read off

P p

wb_l_ﬁ_m' (8.1.49)
Second, note that the reflectivity and transmissivity coefficients are insensitive to
most of the data that we used to construct the interfaces in the previous subsection.
In fact, only the number p of transmissive components and the numbers N, — p of
reflective components enter. The choice of the boundary conditions a, or the char-
acters x. and X, on the other hand has no effect. The reason for this is rather clear
from the derivation: The stress-energy reflectivity and transmissivity only receive
contributions from the untwisted sector of the symmetric product orbifold. In this
sense, R and T are very coarse grained characterisations of the interfaces I‘Elpi )>.
Let us finally make a somewhat related observation. We decided to determine the
matrix R above from the concrete formula (8.1.38). However, the authors of [303]
noted already that for a certain class of interfaces, the matrix R is rather easy to
compute by more general arguments. They considered a situation in which the chiral
algebras A_ and A, of the two CFTs the interface interpolates between possess a
common subalgebra C. If the interface Z in question is completely transmissive for
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the common subalgebra C and reflective for all other degrees of freedom, then the
chiral algebra of the folded theory is broken down to a product

A A - A CeCe®C®A,C. (8.1.50)

by the presence of the interface Z. Denoting the corresponding boundary state by
IZ), we can easily compute

(O|L5L3|T) = (0|(LSYO* + LS=) (LSO + L))

= (O[(LEYO" + L§) (LG + LY)IT) = 2 (8.1.51)
and
(O1L5 L3[T) = (O[(LSYO= + L) (LSYO= + LS9)|T)
= (0)(LSYO= 4 L8y (LY« 4 [%)|T) = 6*2_ < (8.1.52)

where ¢, are the central charges of A, and ¢ the central charge of the chiral subalgebra
C. In the two short calculations we have split the Virasoro elements L* and L*
of the chiral algebras A, according the factorisation (8.1.50). Then, we used the
Ishibashi conditions of the interface boundary state |Z) to replace anti-holomorphic
components by holomorphic ones in passing from the first to the second line. In
the last step we used commutation relations of the Virasoro elements to evaluate
the overlap in terms of the central charges. In our case, the chiral algebras A, are
those of the symmetric product orbifolds Sym™* (M) while the common subalgebra
C that is preserved by the interface is the chiral algebra of Sym”(M). Plugging
in the associated values of the central charges c, = cpN. and ¢ = cpp reproduces
eq. (8.1.45).

8.1.4 Partition functions of interface changing operators

A very interesting object related to the interfaces that we defined in section 8.1.2
is the partition function that enumerates interface changing operators. To be con-
crete, let us choose one interface [pf, af; xf) to the right of the origin and another
IpL, ak; x*) to the left. The associated partition function for interface changing op-
erators is obtained from the associated overlap as follows

2% bty pratony (1) = Trla75] = (pF alsxHaa o bt alfix ). (8.1.53)
Here, ¢ = (N, + N_)cpq is the total central charge of the folded theory and the
parameter & on the right is related to x = exp(2mit) by modular transformation
& = exp(2mit) with £ = —1/t. We continue to use the shorthand yx for the entire
triple (x-, Xp, x+) of characters. These overlaps could certainly be computed in full
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generality, but since we have no need for such a general result, we restrict to the case
in which all the characters y“/# are trivial. This turns out to be the only one that
is relevant for the holographic relation with AdSs branes.

As usual, the partition functions of the type defined in eq. (8.1.53) are somewhat
inconvenient to describe individually, but as whole organise into a rather simple
grand canonical partition function. Concretely, we propose that the grand canonical
partition function

oo min(Ny)

_9 R
Znlpe pryitl =3 30 NN e N g N ey ()
N:=0 L/R =0
(8.1.54)
is given by the exponential

Zaf/R (s, pryrit] = exp(Zel e, pryrit] + 2o e, pryr;t]) (8.1.55)

of the sum of a “connected!! closed string” part
Zo[ps, pryrit] Zu’“u’“Tk (8.1.56)

and a “connected open string” part

k-woRoL k-wokoR 1 4 2%k —w+wdB)i
Zo[ps, pryrit] =) Z > PApEuT A =73 (%) (8.1.57)
A,Be{L,R} k=1 wlk w

Ze and Zp involve two types of partition functions for the bulk theory. On the one
hand, there is the “closed string” partition function Z. defined as

Zc(t) = ZM(taﬂt:f (8158)

which is the modular invariant bulk partition function of the seed theory M restricted
to the diagonal ¢ = . On the other hand, there are the open string partition functions
ZAB defined as

ZOLL = Za{’,(af)*? ZOLR = Zaf,a?v ZfL = Zaf,af and ZfR = Z(ag)*,aﬁ (8159)

where Z,,(t) = Zp.qx(t) is the partition function of the annulus with boundary
conditions a and b imposed along the two components of the boundary. It is famously
related to the overlap of the boundary states in the seed theory through

Zap(t) = (a] 22 For Lo~ |b) = Z,,(F). (8.1.60)

"UThe term connected is motivated in this context by the covering map approach to symmetric
product orbifolds, in which the exponent of the grand canonical partition function is generated by
covering maps with a connected covering space.
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@ Sym™ (M) ® Sym™ (M) @ ~

pr, = pr = N : both sides are fully transmissive

Figure 8.1.1: Coincidence of partition function of fully transmissive boundaries and
torus partition function.

with ¢ = =1/t as usual. Strictly speaking, formula (8.1.55) is a conjecture. A full proof
of this formula is given in Chapter 9, using covering map techniques. In appendix
8.B, we also carefully dervie it for the special case p; = 0 using the more algebraic
methods of the present chapter. Considering this special case is necessary in order
to verify that we made the correct normalisation choices in section 8.1.2. It is also
sufficient in the sense that the case of py = 0 is fully sensitive to all normalisations
that we chose in the construction of the interface (8.1.38). Assuming that, with the
correct choice of normalisation, the grand canonical partition function exponentiates,
eq. (8.1.55) then follows by computing the “connected world sheet” sums Z¢ and Zp
in the exponent. The calculation of these “connected world sheet” sums is the most
illuminating part of the computation. This is why we dedicate the remainder of the
current section to this task.

Let us start by discussing the limit p;, = pr = 0 in which only transmissive boundaries
are present. When both p parameters vanish, so does Zp. This means that only
the first term in the exponent contributes in the limit. Hence, our result (8.1.55)
simplifies to

D KN(N|x§(Lén@gz)_l%)gz%(igngz)_l%)|N) = exp lz MkuliTkZ(tf)] , (8.1.61)
N=0 k=1

where Z = Z. is the torus partition function of the seed theory, as before, T} is the
usual Hecke operator (see eq. (8.1.5)), and |N) is the fully transmissive boundary
state

IN)=|p=N,a.; N, =N = N_). (8.1.62)

Obviously, this state does not depend on the choice of |a.) since we do not allow for
any reflection. The state | V) is associated with the trivial defect line of the symmetric
product orbifold. Hence, we expect the partition function to coincide with the torus
partition function (8.1.4), as shown in figure 8.1.1. This is indeed what we observe.
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To verify eq. (8.1.61), we start by plugging in the definition (8.1.38) of |[N) on the
left hand side of the equation and simplifying, which gives

1M, 72y _1,7(1),7(2) .
(N|£L‘ (L +L ) (L +Lg )|N N' Z Z Z ]T,ZS|$LO£IZ'LOO'|jT,ZS>>NN.

TeSN O’GCN Jrits

(8.1.63)

This formula for the overlap manifestly is a sum of contributions each associated
to a permutation 7 € Sy and an element o of the centraliser of 7. As explained
in section 8.1.1, ¢ includes a factor 7, that permutes j and ¢ labels associated to
cycles of the same length within the permutation 7. Only those terms in the sum
for which 7, = j.,» and js = jr s are non-vanishing. The full answer factorises into
individual contributions associated to the cycles of 7 and 7,. This suggests'? that
the full grand canonical partition function is an exponential of sums of connected
contributions Z(,, s associated to a 7, that is a single cycle of length £ and a 7 that
is a product of ¢ cycles of length w such that N = wf. To compute the connected
contributions Z(,, ), let us define

-1

Twey = | [(kw+ 1, kw+2,... kw+w). (8.1.64)
k=0
From eq. (8.1.63), we can then directly conclude that
Z :—|[T(w’€)]| > NN (G is|z™ ~21 g0 24cr| ig )N (8.1.65)
(w,?) NI 4 T(w,£)T(w,0) Jrs s Iy sty 0y Tewiy” i

TECr () Irits

|mal=£

The action of o on the states was spelled out in eq. (8.1.30) which leads to

w-1 w-1 L+ Z i, lt+ Z ik
Ziway =gig (=D Y -3 Z | =, —E— ] (8.1.66)
i1=0  ip=0

Using that the partition function Z,, of the bulk theory is invariant under modular 7’
transformations, i.e. under shifts of the argument by arbitrary integers, the previous
formula simplifies to

w-1 1w

Ziuny =21 32 ot (44, 52) = 1 5 20 (B0 5,800 ). (8.1.67

This is what we wanted to show.

Let us now look at the more generic case, where only py, is sent to 0 in our general
formula (8.1.55). In this case, we obtain

Z,1m[pie, 0, pr;t] = exp (Z pE kT Zo(t) + Z > u’“u’ip?%“waR (2%)) . (8.1.68)
k=1

k=1 wlk

12 As mentioned before, the computation in appendix 8.B proves the claim rigorously.
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We now sketch how this result is derived. Again, just by plugging in the definition
(8.1.38) and performing a few elementary simplification steps, one can deduce that

1 . A
DI Zp”p (jr,isl2t00la), 1), a),,  (8.1.69)

(NJz'o|p, a) =
’ '(N p)' T€Sp peSN-p geCl, Jris

where o acts only on the states of the symmetric orbifold living in the lower half
plane. At this point, we can also unfold using the notation introduced in eq. (8.1.29)
and obtain

. 1 . TP
Nl =~ 8 S allik ol o) (8170
: 'TESppESprO'GCN .77‘ is

The overlap can be interpreted as a sum of products of “open string” contributions
(which involve reflecting boundaries) and “closed string” contributions (which do not
involve reflecting boundaries) that arise from the interplay of different 7, p and o.
In the special case p = 0, there are no closed string contributions.

Furthermore, for p = 0, the only connected contributions come from the conjugacy
class [p] = [(1...N)] of the maximal cyclic permutation. The choice of o does
not matter: every element of the commutator acts trivially. Accordingly, these
contributions to the partition are simply

(21 ey — 22Lo-13 L,
T L p(a|x2L° 12]a), = p<a|$2L0 2]a), = ﬁZO (%)7 (8.1.71)

where Z, is defined in eq. (8.1.59). The factor 1/N on the right hand side of the
equation originates from our choice to normalise |a), by 1/1/C,, see eq. (8.1.26).

More generally, we can find connected contributions at p = w(¢-1) for N = wf. They
arise for

Tl =€, [7]=[Tweny], [p]=[(({-Dw+1.. lw)]. (8.1.72)

Their contribution to the partition function is

(TN €€ mol = 1 oy _ Ko €C i Imol = 5 oy _
a2 egrr ()

Zo (%)

(8.1.73)

1
w w

Assuming that the grand canonical partition function is obtained by the exponentia-
tion of these connected contributions, we obtain eq. (8.1.68). Appendix 8.B provides
a detailed computation that establishes this result more rigorously.

Before we close this section, let us add a few comments concerning the formula
(8.1.57). First of all, we have introduced p. and pr g in order to unify the discussion
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of the various special cases obtained by sending some of the chemical potentials to
zero in this section. However, we will ultimately be especially interested in the case

" " [e o) 1 N —w ~
Zolwt]= Zolp 1,1, =y, 30 3 —pperwolrezan (Boundlty - (3.74)
A,BE{L,R} k=1 w|k W

which is more conveniently described by summing over

(=25 1581 (8.1.75)
instead of k. Indeed,
Zolmil=y. ¥ E(1-em D) mtZa5 (4], (8.1.76)
A,Be{L,R} t,w=1

In this equation, as in all other partition functions above, we have used the “closed
string” modular parameter ¢ as appropriate for the overlap of boundary states. Given
the interpretation as a counting function for boundary /interface changing operators,
it may be more natural to perform a modular S transformation and rewrite the grand
canonical partition function in terms of the dual modular parameter ¢ = ~1/¢. Using
Z,(t) = Zy(1), we obtain

Zo[t] =Y Y (1 - ey ZAB (&) (8.1.77)

w
A,Be{L,R} tL,w=1
In rewriting the expression we also exchanged w and /.

In the remainder of this chapter, our focus is on the holographic relation with AdSs
branes for tensionless superstring theory in AdSs; x S3 x T4, In this theory, the
spacetime symmetry is enhanced from the usual Virasoro algebra to the small N = 4
superconformal algebra and hence states of the CFT can be distinguished by their
R-symmetry charge that is given by the eigenvalue of the Cartan generators K|
and K, of the R-symmetry group. It is then natural to include these charges in
the counting functions for states. At the level of the seed theory, this means that
the bulk and boundary partition functions (8.1.58) and (8.1.59) become functions of
another variable ¢ in addition to t, i.e.

Z(t) = Z:(t.Q), Z3P(t) ~ Z3P(t.0). (8.1.78)

The corresponding change to formula (8.1.57) is given by the substitution

ZAB (ﬁ) — Z;“B(ﬁ,éf). (8.1.79)
w

w

The function Z is obtained from the partition function Z through the prescription

7(£,C) = Z(=1Jt,(JF) = Z(¢,€). (8.1.80)
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We complement these qualitative remarks with more explicit formulas in section 8.3.1
after establishing some more background on the supersymmetric four-torus in section
8.2.2.

8.2 AdS; branes in tensionless AdS3; backgrounds

In this section, we turn to the dual side and discuss the string theory of AdS; branes
in AdSs, or more concretely, in type IIB superstring theory on AdS3xS3xT* with one
unit of NS-NS flux. In the hybrid formulation or Berkovits-Vafa-Witten [304], the
latter involves a psu(1,1]2);, WZNW model at level k = 1 along with a topologically
twisted four-torus and some ghosts, see below.

In the first subsection, section 8.2.1, we review the relevant boundary states for
AdS, branes in the psu(1,1)2); WZNW model following [124]. After adding the
remaining factors of the worldsheet model, i.e. the topologically twisted T* and the
ghost factors, we, in section 8.2.2, compute the overlaps of the full boundary states
and interpret the resulting quantity as a counting function for boundary operators.
The worldsheet partition function we end up with counts physical open string vertex
operators in the tensionless AdSs; x S3 x T4 background. In order to compute the
partition function of the associated spacetime string theory, we must integrate over
the modulus 7 of the worldsheet torus. We do this first for global AdS3 and then,
anticipating our comparison with the dual CFT we studied in section 8.1, for thermal
AdSs5 in section 8.2.3. Note that the boundary of global AdS5 is a sphere whereas
the boundary of thermal AdSj; is a torus. The latter is the geometry that is relevant
for comparison with the CFT partition functions we computed above.

8.2.1 Boundary states for AdS; branes in tensionless AdS;

According to the work of Berkovits, Vafa and Witten [304], the description of super-
strings in AdS; x S? in the hybrid formulation involves a psu(1,1]2); WZNW model.
The latter has been studied in the past, see in particular [305, 306] and references
therein to earlier work in string theory and quantum Hall plateaux transitions, as
well as [307] for some later extensions. Here, we restrict to the case of k = 1. Our
exposition is purposefully kept minimalistic and we refer the reader to sections 3 and
4 of [124] for more detail.

The even part of the psu(1,1]2); current algebra is generated by the affine currents
J%a=1,2,3, of an s[(2,R); WZNW model along with the currents K2 a = 1,2,3,
of an su(2); WZNW model. These six bosonic currents are associated with the six
directions in the bosonic base of the supergroup PSU(1,1]2). In addition, the su-
pergroup also has eight fermionic directions which give rise to the fermionic currents
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SeA7 in the WZNW model. Here o, 3, are spinor indices that take the values o = +1,
respectively. These currents satisfy the relations of an affine psu(1,1|2); Kac-Moody
algebra at level k = 1. Since we do not need these relations, we do not spell them
out here, see e.g. section 3 of [68] for a complete list.

The state space of the bulk theory is a direct sum of representations of this world-
sheet current algebra. Following standard conventions, we shall denote by F, the
representations of the psu(1,1]2); algebra whose spectrum of conformal weights is
bounded from below. Here, the index A € [0, 1] determines the quantization of the
zero mode J§ of the current J3 of the non-compact current algebra s[(2,R);. For
generic level k, the representations F, would carry other labels that keep track of
angular momenta but these are all removed by the null-vectors at £ = 1. In addi-
tion to the representations F,, the worldsheet model also includes representations
F} that are obtained by application of the spectral flow automorphism o, that is
Fy =0¥(Fy). Recall that the space of ground states from which F, is obtained by
the action of the negative psu(1,1|2); modes is the short multiplet

1
22
@ 1) (%:,2) @ 1), (8.2.1)
A+ A+
Here, the symbol ((Ki ,m) denotes an irreducible representation of the subalgebra
s[(2,R); ®su(2); which is the maximal bosonic subalgebra of psu(1,1]|2);. These rep-
resentations are constructed from the m-dimensional highest weight representation
m of the compact algebra su(2);, along with the continuous series representations
‘5)]\ of the non-compact sl(2,R);. The labels 7 and \ of ‘5/{ capture the eigenvalue
-j(j - 1) of the quadratic Casimir element and the fractional part of the J3 eigen-
values, respectively. As we stressed before, in the case k = 1, the label j is entirely
fixed and hence we dropped it from the symbol F,. In terms of representations of
the psu(1,1]2); current algebra, the Hilbert space of the psu(1,1]2); WZNW is'? the
direct sum

HWINW _ f A\ o (Fr) ® 0% (Fr). (8.2.2)

weZ

Let us now turn to the boundary theory. The gluing conditions for the s[(2,R) cur-
rents J%(z), the su(2) currents K(z) and the Fermionic currents S®#7(z) associated
to the AdS, branes take the form

JUz) = JUZ), K(z)= K9(2), S%(z)=e8%(z) (8.2.3)

13Strictly speaking the Hilbert space of the WZNW model does not directly include Fy for A = %
The representation (8.2.2) is however equivalent to the true Hilbert space in the Grothendieck ring.
Since we only compute partition functions, the special nature of the \ = % representation is not
relevant for our analysis. See [68] for more details on the atypical A = % representation.
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at z = z. The parameter £ that enters the gluing conditions we impose on the
fermionic currents is a sign i.e. € € {+, —}. The corresponding Ishibashi states |w, A, £})
in the sectors of the bulk decomposition (8.2.2) are characterised by

(Jo+ T )lw, A e) =0, (Ki+K®)w, A\ e)=0, (537 +e5%7)w, A ) =0.
8.2.4)

These conditions imply w = 0 and A € {0,1/2}. In [124], Gaberdiel et al. suggested
to consider the following two linear combinations of Ishibashi states

) a e2mAID%0, )\ €), (8.2.5)

_ 1
V2 A=0,1/2

where the label'* A is chosen from A € {L,R}. The two boundary states impose
Dirichlet conditions for the angular coordinate of AdS3 forcing open strings to end
“left” or “right” of the centre of the AdSs brane respectively. In this sense, they
only describe half branes and the worldsheet boundary state corresponding to the
full AdSs brane is

le) =lede + le)a- (8.2.6)

For generic k& > 1, the splitting of |¢)) into |e); and |e))g is unnatural since the
ends of open strings can cross the centre of AdSs;. It is a special feature of the
tensionless limit, that it is useful to keep track of ||e));, and |e) g separately. Indeed,
since long open strings in the tensionless limit cannot probe the centre of AdSs, an
open string end on the left /right asymptotic end of the AdSy brane will always stay
on the left/right. We illustrate the situation in figures 8.2.1 and 8.2.2.

As we stressed above, the full worldsheet description of superstrings in the hybrid
formulation also involves a topologically twisted four-torus and ghosts. Hence, the
boundary states of the psu(1,1]2); WZNW model we have described here must still
be multiplied with further contributions from these additional sectors to obtain the
following boundary states for AdS; branes in AdS3 x S3 x T4,

Ju,e) = e [u, R, ehrs [ ghost, ). (8.2.7)
Corresponding to the splitting (8.2.6), we also define
Ju,eha = le)alu, R, ehre |ghost, e). (8.2.8)

The additional factors are discussed in detail in appendix B.1 of [124]. Here, it suffices
to say that the letter u refers to the freedom we have in selecting a boundary condition
on the four-torus T4, such as the brane’s dimension, orientation and position. It is
not necessary for us to specify this choice any further.

1410 [124], this label is called © and chosen from {0,1}.
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Figure 8.2.1: Open string winding half
way around AdS3 at k = 1. Since the
worldsheet (red) is pinned to 0AdSs,
the end points of the string remain on ei-
ther of the two asymptotics boundaries

Figure 8.2.2: Open string winding half
way around AdSj3 for large k. The string
can fall into the interior of AdSs; and
re-emerge with its end-point on oppo-
site asymptotic boundaries of the AdS,

of the AdSy brane (blue). brane.

Regarding the R label, recall that in the hybrid formalism, the fermions of the original
sigma model on T* with small N = (4,4) supersymmetry mix with the currents of the
s[(2,R); and su(2); WZNW models to generate the supercurrents of the psu(1,1|2);
model. The subsequent decoupling of torus degrees of freedom from the psu(1,1[2),
WZNW model leaves us with a topologically twisted T*. While the bosonic degrees of
freedom of the topologically twisted sigma model coincide with that of the untwisted
theory, part of the fermionic degrees of freedom are removed and we are essentially
only left with the RR sector. Consequentially, the boundary condition that we pick
for the topologically twisted sector is a boundary condition for RR fermions. The
purpose of the label R is to remind us of this fact.

8.2.2 Partition function for AdS; branes in global AdSs

Our goal in this subsection is to compute the overlap of any two of the boundary
states (8.2.7) for AdSy branes and to apply a modular transformation in order to in-
terpret this overlap in terms of the boundary spectrum. More precisely, the quantity
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in question is

ZWS(#,857) = (u, F g2 For o) g2 =T g G=KD |y ) = 3 2V (£,¢:7),
A,Be{L,R}
(8.2.9)

where on the right hand side, we split the brane into a left and right half according
to (8.2.6), that is

2N (4 (57) = allu, g3 ForLo=1) 33 U= g3 KG-KD) 4, 1) (8.2.10)

counts the open strings that stretch between the A-half of the u-brane and the B-half
of the v-brane. The overlap factorises into three contributions from the psu(1,1|2),
WZNW model, the four-torus T* and the ghosts respectively. In order to spell these
out explicitly, we need a bit of notation. It is convenient to use the conventions of
[38] for Jacobi theta-functions. That is, we define

v lg] (¢|r) == %exp (ir(n+a)?r +2mi(n+a)(C+B)). (8.2.11)

Together with the standard Dedekind 7 function, one can use these theta-functions
to compute the supercharacter [124]

(;B[]:A](t,Z;T) = tr]:A[(—l)FqLO‘ingng] = Z ! 419l
reZJr)\n(T)

-

SUHIEH!

(8.2.12)

D= D=

which by performing the sum over r can also be written as
T at-m) 5] 5| (e
ch[F](t, 2 7) = 2 —ﬁH B ol 2| (58r). (8.2.13)
R e CRHHCE

By the identity

) =elElo] L | (), (5:2.14)

this simplifies further to
1

Az - 3 e Dol 2 | ()0 ke | (5F). 8209

met, n(7)*

The supercharacter can be used to determine the overlap of the boundary states for
AdS, branes in the psu(1,1|2); WZNW model,

(0, X, 5| gzLorLo-12) 33 (8 -I) a (KSR |0, X +) = 6y v ch[FA](E, ;7). (8.2.16)
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Combining the explicit expression (8.2.15) for the super character with the definition
(8.2.5) of the boundary states representing the AdS; brane, we obtain

A DN 1 A
Zip(E.G7) =5 3 N ARG )
2/\=0,1/2

§ el L]

2
The two remaining contributions from the overlaps of the boundary states in the

(8.2.17)

four-torus and the ghost factor are the same as in the case of spherical branes that
were fully analysed in [124]. We use the same conventions and only slightly differ-
ent notation. For instance, we write the four-torus factor in the overlap using the

notation for Jacobi theta-functions introduced in eq. (8.2.11) as
S
2

T4 o égt(f) o AN o .
Zuw[ ](qt) = ﬁl B] (+ t)q‘}[ 5](_5

Here, the quantity (:)EFU in the numerator of the first factor stems from the bosonic
directions on the four-torus and it depends on the choice of boundary states on T4,
see appendix B.1 of [124] for details. Instead of the bracket notation it is also common
to write, as Gaberdiel et al. do in [124],

f). (8.2.18)

1 A rmd 1 4 4 0 4 4 0 4
=7, L I T T T T
;] = Zu|v,f{7 Zu|v [O:| Zu|v R’ Zu|’u |:0 Zu\v NS Zu\ Z ufo,NS’ (8219)

2

where R and NS refer to the Ramond and Neveu-Schwarz sector of the fermions,
respectively, and the tilde on top indicates whether we count fermions with additional
signs or not, i.e. whether we insert a factor (-1)¥ in the trace. Since

|u, R, #) = (=1)" u. R, ), (8.2.20)

the insertion of (-1)F is effectively achieved by choosing opposite € for the two states
whose overlap we compute. With the notations in place, we can now state that the
relevant overlap of the boundary states on the four-torus is

_ (7 ) 1 1
u, R, 7| gzLotbo-12) v, R, + u|v 2l 9| 31(0]7). 2.
{u, R, (g Jv.R, =) = (7Y M(m )ﬁ[%](OI ) (8.2.21)

The last contribution we need is that from the overlap of boundary states in the
ghost sector which we also take from [124]

Zgros(7) = n(7)" | (8.2.22)
CERHICE

<
—
N[ N[

DN DO
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Multiplying eqgs. (8.2.22), (8.2.21) and (8.2.17), we conclude that the overlap (8.2.10)
is given by

X o0 1
Zapa (.G 7) = 3 3(e7 - mR)3(E - m)Z ”l‘”*? ](qf) (8.2.23)

We placed a superscript WS on this quantity to remind us that this is a partition
of the worldsheet theory that describes strings in AdSs x S3 x T4, In particular, the
modular parameter 7 = —1/7 is that of the annulus worldsheet.

The overlap we have just computed is still written in terms of closed string parameters
t,C and 7. In order to reinterpret the overlap in terms of open string vertex operators,
we need to perform a modular S transformation. This transformation acts as
1 .t .
T=-, t=—, (= £
T T T

(8.2.24)

on the chemical potentials. We can rewrite our result (8.2.23) as a function of the
dual variables with the help of the following transformation formula for the overlap
of boundaries on the four-torus

foil ](CIT)—e“;ﬁ Z;ﬂ;‘,[ ](ch) (8.2.25)

with a, 3 € {0, }. Here, following [124], we absorb the sign from the modular trans-
formation of the theta functions into the definition

ijj}[ ](qt) _ gimia (t;) [ ](+—‘t)19lg] (-5]t)- (8.2.26)

This allows us to rewrite eq. (8.2.23) as

i

oo 9.8
Zapo (67 = 3 3 = ™R —m)es Ziﬂi[ i ]@lﬂ- (8.2.27)
m= 2

As usual, we interpret the right hand side as the partition function that counts
operators that can be inserted along the boundary of the worldsheet or, equivalently,
the state space of the theory in an infinite strip, i.e.

Z 3.0t G 7) = Tryanw ((—1)F gho=31 2t 62”“(3)
(8.2.28)

w=1

2 o 1 6B t mic? fan
:TT Z E(emw — e )5(_ - T)e 2 u|v i (C|T)
2

Relative to the previous result in eq. (8.2.27), there is a prefactor ? that results

from rewriting the argument of the ¢ function.
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Integrating over the worldsheet modulus 7 using the integral measure d7 = dr/72
yields

r dr S 1( imw imoB e 5/12}3

f 2 pst:GT) = 215(6 —e/™a)e 2 ). (8.2.29)
0 w= 2

Formulas (8.2.28) and its integrated cousin (8.2.29) are the main result of this subsec-

tion. We discuss these further in section 8.3 when we compare with the expressions
for the partition function of the spacetime CF'T.

8.2.3 Partition function for AdS; brane in thermal AdS;

We finally compute the boundary spectrum of AdSs; branes in thermal AdS3 along
the lines of [278]. As is well known, thermal AdS is obtained from the global one
through an orbifold construction with the orbifold group Z. The Z action enforces
a periodic identification along the Euclidean time direction. Our starting point for
the construction is the boundary partition function we computed in eq. (8.2.28).
The associated orbifold partition function is obtained as a sum over twisted sector
contributions

( } ZNS 5 (0 0G; 7). (8.2.30)

Here, the orange and cyan solid lines are the two boundaries of the world sheet
annulus on which the states labelled by (A, ) and (B, v) are inserted. Contributions
with different ¢ correspond (after integration over 7) to a trace of a segment of global
Euclidean AdS3 of length ¢t over the physical open string Hilbert space'®. In the
equation, we introduced a normalisation constant A that we shall determine later.
Summing over ¢, we obtain the worldsheet partition function

0A,B
ij‘gjss (t,¢;m)=NT Z L(gim — ) §(Lt - 7)e ™5 zjjl‘;[ 2 ](€§|T).
2

wﬁ 1
(8.2.31)
Upon integration over the modulus 7 of the worldsheet, we obtain
ST AdS3 N . 1 ( _imw indB miwec® T4 (SATB Y4
Zyuipe (6O =5 Y g™ —em™a)e 2 Zy | 3 [ (K] 5). (8.2.32)
w,f:l 2

5Note that this can be rephrased as the statement that we compute the annulus partition function
describing the boundary spectrum of a brane in the Z-orbifolded world sheet theory that has
additional couplings to Z-twisted states i.e. thermal winding modes.
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In terms of N = w/, we can also rewrite this as

0A,B

75T AdST imw _ i) TN ==

Z gy (80) = XSS 2L cimif)e ijvlil(gq%t). (8.2.33)
2

N=1w|N

Finally, we conclude that the full open string partition function, counting strings
that can start and end on both halves of the AdS; brane, is

o0

dA,B
. . ﬂiweg
z’f AdS3 (t C) Z Z ﬁ(emw_emdg)e = T4[ i ‘|(€d t) (8234>
2

A,Be{L,R} w,0=1

Here, t is the modular parameter of the spacetime torus and ( is a chemical potential
associated with the R-charge. The only non-trivial ingredient in the summands are
the functions ZE@ that we defined in eq. (8.2.26).

Before carrying on and matching the result of this string computation to the sym-
metric orbifold grand canonical partition function in section 8.3, let us pause and
give a geometric interpretation of the formulas we obtained. Looking back at our
formula (8.2.31), we infer from the argument of the § function that the worldsheet
modulus 7 localises to —t with two integers £ and w. We can relate this observation
to the geometric interpretation that was given to a similar closed string computation
in [278]. Eberhardt explained that the one-to-one correspondence between solutions
to the equation

ar+b dt-b
= " = 2.
br+d | —ct+a (8.2.35)

with integer coefficients a, b, ¢, d € Z and holomorphic coverings of the ¢ torus by the
T torus can be understood by realising that such a covering must lift to an affine
map I : C2 - C2, z » az + 3 such that T'(A;) € A; holds. The latter condition in
particular implies a, 5 € A and a7 + 5 € A; and hence enforces that 7 is a fraction of
elements of A;. Consequentially, 7 can be written as

dt-b

= . 8.2.36
4 —ct+a ( )

For the situation at hand, we describe coverings of a cylinder by a cylinder obtained
by cutting the tori along the imaginary axis (because the connected components of
the boundary of the AdS; brane are parallel thermal cycles in the boundary torus
of thermal AdSs;). Thus, we want that I'(iR) € iR, which implies & € R and S € iR.
However, in combination with the fact that ¢ is purely imaginary, o € R implies that
¢ is zero. But if ¢ is zero and t,7 are purely imaginary then b must also be zero.
Hence, we are restricted to

= —t. 8.2.37
r-t (327)
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Furthermore, the prefactor of % in the partition function is to be expected. w counts
the wrapping of the world sheet around the spatial cycle, while ¢ counts the wrapping
around the thermal cycle. The translation symmetry along the spatial cycle is broken
by the presence of the AdS; brane. But we still have full translation symmetry along
the thermal cycle. Hence, there is a Z, symmetry that the partition function needs
to reflect by a factor of %

8.3 Holographic matching of interfaces with AdS; branes

The goal of this section is to collect evidence supporting the claim that the interfaces
we have constructed in section 8.1 indeed provide a holographic description of AdS,
branes in a theory of tensionless type IIB superstrings in AdSs; x S? x T4. In order
to do so, we first, in section 8.3.1, compare our results on open string spectra, most
notably formula (8.2.34) for a thermal partition function of open strings ending on an
AdS; brane, with the counting function (8.1.57) for interface changing operators. To
fully establish the correspondence, it is necessary to furthermore match the interface
symmetric orbifold correlators with string scattering amplitudes in the presence of
the brane. In section 8.3.2, we review the holographic match in the absence of branes.
We then, in section 8.3.3 take first steps towards establishing the holographic duality
between amplitudes involving open and closed strings in the presence of the AdS,
brane and corresponding correlation functions of the symmetric orbifold that involve
certain interface changing operators. Concretely, we show that the large N expansion
of correlation functions takes the form of a string theoretic genus expansion, for a
certain class of our interface changing operators.

8.3.1 Partition functions and string amplitudes

As promised at the end of section 8.1.4, we now use the notation for partition
functions of the supersymmetric four-torus established in section 8.2.2, to spell out
eq. (8.1.76) more concretely for the special case in which the seed theory M is given
by the supersymmetric four-torus T#. This entails making a particular choice for the
boundary conditions ai/ B Our proposal is

la”) = |u,R,e)ps and |a}) = [0, R, ) (8.3.1)
as well as

jaf) ==, R,=e)ps  and  |af) = —[u", R, —e)ms, (8.3.2)
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which leads to

I P o6 B
21440.0) = 25,0 = 23] @) e 2070 = 20060 =23 i
2
(8.3.3)
We thus conclude that
oo 1
p o i imd B\ ST SN
Zolt,(]=). > 5(e e ‘5A)Z;T|v lij] (€¢|£) . (8.3.4)
A,Be{L,R} t,w=1 5
Applying eq. (8.2.25), as well as swapping w and ¢, gives
N L int_imoDy miwie (SATB 14
Zolt,(]=). > (™ —em™A)e e Zyw| 3 | ECl50). (8.3.5)
A,Be{L,R} t;w=1 2

This partition function is manifestly identical to eq. (8.2.34) if we choose the nor-
malisation N = ¢. Furthermore, eq. (8.1.56) directly tells us that Z¢ is identical to
the ¢ = t restriction of the space time CFT torus partition function. Making the
appropriate choice of spin structure, the latter has been matched with the thermal
AdS;3 closed string partition function in [278]. The rest of this section is devoted to
a qualitative description of the holographic duality underlying this equality.

The equality of partition functions is equivalent to the statement that the spectrum
(i.e. the conformal weights and the eigenvalues of K, as well as the dimensions of
the eigenspaces) of open strings stretching between two AdSs; branes coincides with
the spectrum of interface changing operators of our symmetric orbifold interfaces.
This observation leads to a natural proposal for the holographic description of the
tensionless string dynamics in the presence of an AdS; brane. Let us first sketch
this proposal in a rough qualitative manner and then explore its precise quantitative
implications.

(1. We recall from [277] that in the tensionless limit, long closed superstrings of
type IIB theory on AdSs; x S3 x T* possess a holographic description in terms of
twisted sector bulk operators in the symmetric product orbifolds Sym® (T4).

2. Based on the equality between the partition functions (8.2.34) and (8.3.5), we
conjecture that the AdS,; brane is dual to a weighted sum of the interfaces of
Sym™*(T*) constructed in section 8.1.2.

3. We furthermore propose that the open strings that end on the AdS; brane are
dual to interface changing operators between those interfaces.

In order to simplify the navigation through the rest of this section, we divided it into
short paragraphs that provide the interested reader with further details on various
aspects of our proposal. The paragraphs can be read somewhat independently.
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Thermal versus global AdS;. In the three claims above, we do not specify
whether we consider string theory on thermal or global AdS;. Let us start our discus-
sion of the claims by filling in some more detail on this. Recall that we constructed
the open string partition function on thermal AdS3; from the partition function of
global AdS3, which we computed in eq. (8.2.29), by including additional contribu-
tions originating from world sheets that wrap the thermal cycle ¢ = N /w times. Vice
versa, we can pass from the thermal AdS; open string partition function (8.2.34) to
its analogue for global AdS3 simply by dropping all the ¢ > 1 terms!®. Because of
this, the above holographic matching of the thermal AdS3 partition function directly
implies that we can also obtain the global AdS; partition function from our interface
construction. What this requires is to adjust the boundary states (8.1.38) that de-
scribe our interfaces or, more precisely, their building blocks defined in eq. (8.1.36).
These states involve the boundary states (8.1.26) which contain a sum in the p-
twisted sectors. In order to recover the partition function of global AdSs, we need
to restrict the sum over p, to the trivial term p, = ¢d. This manifestly removes the
¢>1 terms in the partition function of defect changing operators.

Absence of disk contributions. Note that, in sharp contrast to the bulk discus-
sion [308] as well as that of spherical branes [124], our holographic matching of the
open string partition function did not rely on the extrapolation of large k results for
(disconnected) genus 0 contributions to k = 1. Instead, the one-loop (annulus) string
computation directly reproduces the exact symmetric orbifold partition function of
interface changing operators (up to an overall normalisation factor)!”. In fact, this
remarkable absence of the somewhat problematic disk contributions is to be expected
on simple geometric grounds. As opposed to the spherical branes, the AdSs branes
are not contractible inside thermal AdS3. Thus, the existence of contractible world-
sheets whose boundary winds one of the boundaries of the AdS; brane is topologically
obstructed.

The set of string scattering states. Having commented on the absence of disk
contributions and clarified the roles of thermal and global AdSs3, let us now expand
more generally on part three of our proposal. In order to formulate an actual pre-
scription for holographic computations of open string scattering amplitudes in the
tensionless limit of superstring theory on AdS;xS3xT*, the next paragraphs describe
how to label and construct the interface changing operators dual to string scattering
states. Recall from eqgs. (8.1.55 - 8.1.59) that these operators fall into two classes,

16 A5 also explained at the end of section 8.2.3, the situation for the open strings is in this sense
simpler than the closed string analogue discussed in [278]. Indeed, for the closed strings it is not
true that the global AdS3 partition function is obtained from the thermal AdS3 one by simply
dropping the £ > 1 terms.

1"We thank Andrea Dei for encouraging us to emphasise this point more explicitly.
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corresponding to the two classes of string states. On the one hand, the string theory
contains long closed strings. Their quantum numbers include the winding number
w, which counts how many times the string winds the spatial cycle of the boundary
torus. In addition, the string theory also contains long open strings. These possess
two new labels A, B € {L, R} as well as the familiar winding number w. The labels
A, B € {L, R} refer to the two components of the boundary of the AdS, brane to
which two endpoints of the open strings are attached. While the interface changing
operators that are dual to long closed strings are simply obtained by restricting fa-
miliar bulk operators to the one-dimensional locus of the interface, those that are
associated with long open strings are new. In the following few paragraphs we will
therefore mostly focus on the latter.

Interface changing operators dual to open strings. When we discussed bulk
fields of symmetric product orbifolds in section 8.1, we pointed out that it is useful
to work with a larger set of twist fields that are labelled by group elements of the
orbifold group rather than the physical fields which are labelled by conjugacy classes.
The physical operators are obtained from the former by averaging over the orbits of
the Sy, action. We follow a similar strategy for the interface changing operators and
describe the physical operators

onP =N otf (8.3.6)

as a sum over integer sequences v = (v;)%, of length w. More precisely, 7 is a sequence
of entries that we choose alternating between the two sets NV, = {1,..., N,} with the
‘boundary’ conditions

meN ifA=L and peN,if A=R (8.3.7)
Ywe€N if B=R and ~,¢N, if B=L. (8.3.8)

Repeated entries are not allowed, i.e. 7; # 7; for |i — j| even. Let us also note that
the boundary condition on 7, can only be satisfied for sequences of even length w
if A =B and for sequences of odd length w if A #+ B. The labelling of open string
states through sequences of integers was described in [125] already. Martinec used
red and blue colours to distinguish between elements of V.

Having described the label v, it is rather straightforward to state how the actual
operator (T,’?B acts. To do so it makes sense to first briefly reconsider the construction
of the interfaces on which ¢48 is supposed to be inserted. Recall that in section 8.1
the interfaces are described as gauge invariant sums (8.1.36) of states that couple to
one specific pair g, = p.7. € Sy, of twisted sectors in the bulk of the product theory.
To each cycle in g_, these gauge fixed states either associate a reflective boundary
condition or a cycle in g, to which it is transmitted. The individual gauge fixed
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contributions to the interface hence contain two pieces of data: The distribution
of elements of N, into cycles of permutations in Sy, and the attribution of the
property “reflective” or “transmissive”. As we shall argue in the next paragraph,
the detailed distribution into cycles is actually not important to decide whether a
given summand 2% from the sum (8.3.6) can contribute to a correlation function.
What is important are the subsets of elements 7, ¢ N, and 7° ¢ N_ of colours that
are transmitted along the interface as well as the precise pairing of colours. We
encode the latter in bijections 7, : T, - T with 7, and 7_ inverse to each other, i.e.
m_om, = id. In the following we shall often drop the lower index on 7 that tells us
on which of the two subsets T} it acts. We construct one triple (T,,7_,7) for each
summand in the gauge invariant sums (8.1.36). Even though these triples forget the

information about the distribution of colours in cycles, i.e. about the elements g., we

AB

now argue that 7, ¢ N, and 7 contain enough information to decide whether o7

can be inserted at the transition point between two defects.

From a path integral perspective, correlation functions of the interface symmetric
product orbifold are computed by (locally) integrating over N, copies of the fields
of the seed theory on the upper and lower half plane labelled by the elements of
N,. On fields whose N, labels are elements of reflected cycles, i.e. contained in
N T, reflecting boundary conditions are imposed locally at the interface. On fields
whose N, labels are elements of transmissive cycles, i.e. contained in 7, ¢ N,, we
locally impose transmissive boundary conditions. How the transmitted and reflected
elements of N, are distributed among different cycles has no direct impact on the
local boundary conditions imposed at the interface, but affects the global structure of
how the different copies of the seed theory fields are glued together!®. Local interface
changing operators describe how the boundary conditions imposed at the interface
change locally at their insertion point. Hence, we do not need to reference the global
structure encoded in the distribution of IV, labels among different Sy, cycles to

define them.

Let us now choose two interfaces ZP" and ZP" to the left (i.e. on the L interface)
AB

and the right (i.e. on the R interface) of some interface changing operator o}B.
As we argued above, we can associate a triple (7,,7_,7) to each term in the sum
(8.1.36). Since we have an interfaces on both sides of the insertion, we have two triples
(TE, TE, 7l) and (TE, TR, 7%). A summand 0!8 can contribute to the corresponding

correlation functions provided the following conditions are satisfied

e Reflective end points. The first label 4; must be in the set N, \ T2 of

18From a global perspective the path integral is performed over sections of Sy, fibre bundles that
only in local trivialisations can be identified with N, copies of the fields of the seed theory. The
distribution of the NN, labels among different Sy, cycles described the monodromy of these fibre
bundles along the interface.
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Interface Changing Interface Changing
folding /l\

Figure 8.3.1: Visualisation of interface changing operators. Red lines indicate
reflective boundaries. Gray sheets are representing the lower half-plane on which
Sym”~ (M) lives. White sheets are upper half-planes that carry Sym”™*(M). On the
left hand side, we portray the operators o4~. The right hand side represents ofi.

colours that are reflected on the A interface. Similarly, the last entry ~,, must
be taken from the set N, N T2 that are reflected on the B interface.

e Transmissive interior. If A = L then the entries ~; and 7;,; for odd integer
i are glued together at the R interface, i.e. v; € TE and ;1 = 7f(7;) € TE. For
even i they are glued at the L interface, i.e. v; € TL and ;41 = 7%(;) € TL. For
A = R the prescription is reversed.

e Unaffected complement. The boundary condition imposed on colours that
do not appear in v are unchanged at the insertion point of cA5. If we denote
the set of colours from [N, that appear in v by Sz, the formal condition reads

TENS:=TF~S* . (8.3.9)

In addition the restriction of 7% and 7 must agree on the two intersections.

Interface changing operators dual to closed strings. Now that we have com-
pleted our description of the interface changing operators we propose to be dual to
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open strings, let us briefly comment on the operators o,, dual to closed strings. These
are more familiar.

Again, they possess a representation akin to eq. (8.3.6) in terms of a sum of gauge
fixed operators o,. The only difference between o, and 0’,‘;‘3 is that o, describes
no reflective i.e. only transmissive boundary conditions. More concretely, it is ob-
tained by dropping the “reflective end points” condition formulated in the previous
paragraph and instead use the “transmissive interior” condition with the periodic
identification 7,41 = 71. Upon performing such a periodic identification any choice
of the labels A and B describes the same operator and hence these labels become
obsolete. Notice that since we had chosen neighbouring entries from the upper and
lower half plane in an alternating fashion, w must be even in order to admit the
periodic identification. The fields described in this manner are essentially bulk twist
fields with twist w/2 inserted on the interface.

Taking stock. Let us pause a moment to take stock of what we have formulated
in the previous paragraphs. We have constructed two types of interface changing
operators A8 and o, that carry the same labels as open strings ending on AdS,
branes and closed strings winding the boundary of AdSs respectively. All interface
changing operators between any two of the interfaces of section 8.1 can be obtained
by taking products of the elementary operators we described.

We have seen that the string partition function computed by summing over con-
nected world sheets describing open strings ending the AdS; brane and propagating
around the non-contractible cycle of thermal AdS; matches the connected partition
function Zp of interface changing operators in the symmetric product orbifold. By
exponentiating both sides, we can deduce that the second quantised string partition
function coincides with the trace over the Hilbert space of interface changing oper-
ators in a grand canonical ensemble of symmetric product orbifolds. This Hilbert
space manifestly has the form of a Fock space generated from a single particle Hilbert
space that is spanned by the single cycle twist fields discussed above. Thereby we
have provided strong evidence for the conjecture that the two families of operators
we have introduced in the previous paragraphs are dual to the single particle open
and closed string states of the bulk theory.

General string scattering amplitudes. Of course, the proposed duality should
eventually be supported through a comparison of arbitrary scattering amplitudes of
open and closed strings with correlation functions of the interface changing operators
4B and o, we introduced above. At this point, we can at least state somewhat more
explicitly what this relation is expected to look like.

On the string side, we encounter scattering amplitudes that can be written as inte-
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grals over the moduli space My, . 5, of Riemann surfaces ¥y 4, », of genus g with
b boundary components as well as n. punctures in the interior and n, punctures on
the boundary. The associated integrand is a correlation function of n. closed string
vertex operators and n, open string vertex operators of the worldsheet theory. Thus,
such a string scattering amplitude takes the form

‘A = / (Hv’wl,h“]_lz(zl’g'l?aj“fl) HVUI?J,BAJ (yj7tj)>2b,g,nc,no' (8310)
i=1 j=1

Mb,g,nc,no

Here, w; label spectral flow of the closed string vertex operators, (h;,h;) are the
holomorphic and anti-holomorphic space time conformal weights, (z;,z;) labels a
point in the interior of the Riemann surface, (z;, Z;) labels a point on the holographic
boundary of the target space and ¢; labels a point on the boundary of the AdS, brane.
The role of ¢; is completely analogous to that of (z;, z;) in the z-basis vertex operators
of [69], i.e. they are introduced by an appropriate deformation of the ordinary vertex
operators. In the closed string scenario discussed in [69], the deformation is generated
by the zero modes J§ and J& of one holomorphic and one anti-holomorphic current
of the SL(2,R) WZNW model. The AdSs boundary condition glues these currents
together along the boundary so that only one zero modes survives. This zero mode
generates the deformation by the parameter t. Moreover, the open string vertex
operators are inserted at the points y; on the boundary of the worldsheet and they
carry only a single conformal weight A;.

On the symmetric orbifold side, these string scattering amplitudes should be repro-
duced by correlation functions

<H0—wiyhijli(xi7’fi) HaﬁﬁA](tj)w (8311)
i=1 j=1

g,b

of interface changing operators. Here, we have not only included the labels which
specify the ground state of the twisted sectors in which the operators live, but also
added labels h;, h; and A; that keep track of the excitations. The label g,b instructs
us to restrict to the contribution to the correlator computed through covering maps
whose covering space is an element of My, g, », .

We will formulate the conjecture in more detail and collect evidence for it in Chapter
9 below. Here, we shall content ourselves with a few basic statements. Concretely, we
show in section 8.3.3, for a special subset of boundary operators, that the N scaling
of the large N-expansion of the boundary symmetric orbifold matches the scaling of
the dual string scattering amplitudes in the string coupling.

8.3.2 Bulk correlation functions and amplitudes - a review

As mentioned towards the end of the last section, now that we have successfully
matched the string theory and space time CF'T partition functions, the natural next
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step is to show that the duality also extends to correlators. Here, we shall content
ourselves with the very first step of such an extension. Namely, relating the large
N expansion of correlation functions involving bulk and interface changing opera-
tors in the presence of our interfaces to a string theoretic genus expansion. This is
reminiscent of ‘t Hooft’s analysis of the large N limit for gauge theories. A detailed
comparison of the CFT correlators with the scattering amplitudes of string theory
in AdSs; will be performed in a forthcoming publication'”. For bulk correlations of
symmetric product orbifolds, the large N behaviour was studied by Pakman, Rastelli
and Razamat [284]. To set up notations and illustrate the main ideas, we shall re-
view their arguments first before including interface changing operators in the next
subsection.

The covering space method of?Y Lunin and Mathur [310] computes correlation func-
tions

(0g(21,21) ... 04, (20, Zn)) (8.3.12)

of gauge fixed twist fields in (bulk) symmetric product orbifolds on some two-
dimensional base space M from the data of branched coverings

Vi s M (8.3.13)

of the base space M by a covering space X. Here, we shall assume that the elements
g, € Sy are cyclic permutations of length w,. The general case can be treated
similarly and in fact follows directly from that of cyclic g, by taking suitable OPEs.
We place a subscript ¢ on the number n. of bulk field insertions to remind us that
these should be in one-to-one correspondence with insertions of vertex operators of
closed strings in the dual theory.

Let us explain how to determine the covering space topology from the choice of cyclic
permutations g;. To this end, it is useful to introduce the concept of “active colours”
[284]. Given any g € Sy, the subset A, of active colours consists of all elements
in {1,...,N} on which ¢ acts non-trivially i.e. A, := {i|gi # ¢}. Furthermore, we
define the active colours Ag of any subset S ¢ Sy of the permutation group to be
the union of the active colours of all its elements. This definition is now applied
to the set S = {g1,...,9n.} of cyclic permutations that appear in the correlation
function (8.3.12). We call the associated set Ag the set of active colours of the
correlation functions.

The permutations g, that appear in the correlation function we want to evaluate
generate a subgroup Hg € Sy of the permutation group. By construction, Hg acts

9This detailed comparison will include a discussion of the interface grand-canonical ensemble.
In the current chapter, we restrict ourselves to a fixed IV analysis of the interface correlators, which
suffers from the same issues of the analogous fixed N bulk correlators, see e.g. [266].

20See also [309] for an earlier application of covering space methods to orbifold CFTs.
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faithfully on the corresponding set Ag of active colours. Under this action, the set Ag
decomposes into orbits which we denote by &4, ...,0,,. Once we have determined
the orbits, it is rather easy to infer key features of the covering surface 3. More
specifically, it turns out that

1. The orbits & are in one-to-one correspondence with the connected components
Yo of the covering surface . In particular, the number of connected compo-
nents of 3 is equal to the number m = m(S) of orbits.

2. The genus gy of the connected component Y, that is associated to the orbit
O can be computed in terms of the number of elements || of the set & as

go=1-101+3 > (w,-1). (8.3.14)
Ag,c0
The sum runs over all those indices v € {1,...,n.} for which the set of active

colours A, of the group element g, is a subset of the orbit &.

Hence, the covering surface X is connected if and only if there is exactly one orbit.
Put differently, in order for ¥ to be simply connected the subgroup Hg € Sy that
is generated by the elements of S = {¢1,..., g, } must act transitively on the active
colours Ag of the correlator. Denoting the number of active colours of the correlator
by |As| = n, the formula for the genus then becomes

g=1-n+13(w,-1). (8.3.15)

v=1
The physical correlation functions to consider in a symmetric product orbifold are of
course not the gauge fixed correlators that we have discussed so far, but rather the
correlation functions of gauge invariant twist fields

_ (N-w)lw
Ow = m =\ == . o, (8.3.16)
g€l

e[(L...w)]
Clearly, the expansion of the gauge invariant twist ﬁelds into gauge fixed twist fields
allows us to immediately express correlators of the former in terms of correlators of
the latter,

H Ow, (20, 2)) = (H &= %”,)'w”) Y Aoy (21,71) ... 04, (20, Zn,)). (8.3.17)

grel(1..wy)]
The connected part of such a correlator is defined as the restriction of the above sum
to those terms that are associated to connected covering spaces . According to the
comments that we made earlier in this section, we can state this definition as

H Ow, (20, 20))e (H \/ - %Iju)'wy) Z <Ug1(zlv Z1). .. Ugnc(zncv Zn,))-

gvel(Twy)]
m({gla---,gnc}):l

(8.3.18)
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The restricted sum now runs over all sets S = {g1,...,g,.} of cyclic permutations
g, for which the active colours Ag of the correlations function form a single orbit
under the action of Hg. Remarkably, the large NV expansion of the connected part
of the correlator takes the form of a string genus expansion. In order to understand
the precise scaling with N, we point out that the restricted sum on the right hand
side of eq. (8.3.18) contains combinatorial enhancements from the number of ways
in which one can pick n active colours from the N colours that are available. Thus,
the connected correlator scales as

Ne | 1 e ne
Ve m(zfrv oy VTR g g (8.319)
In the first step, we used Stirling’s formula to determine the leading asymptotics of
the prefactor as N becomes large. Then, we used the standard relation g2 ~ 1/N
between the string coupling g, and the total number N of colours. Finally, we
inserted eq. (8.3.15) in order to rewrite the exponent in terms of the genus g of the
covering surface 3. The right hand side of eq. (8.3.19) can be recognised as the usual
dependence of closed string scattering amplitudes on the string coupling.

8.3.3 Boundary genus expansion for AdS; branes

In this subsection, we extend the previous analysis to correlation functions involving
both bulk and interface changing fields and show that the large N expansion of
correlation functions in the presence of our interfaces organises itself in the fashion
of a string theory genus expansion. Just as in section 8.3.2, (the connected part
of) a gauge invariant correlation function is a sum of gauge dependent correlators
each of which can be associated to a covering space with a certain genus g and with
n. punctures associated to the (bulk) operators inserted inside the correlator. In
contrast to the covering spaces described in section 8.3.2, the covering spaces that
we encounter in this subsection additionally have a possibly non-vanishing number
b of boundaries, as well as a number n, of punctures on the boundary.

In this chapter, we do not provide a full analysis of all interface changing correlation
functions, but rather restrict to one specific class of contributions to one specific type
of boundary operators. The generalisation to arbitrary covering maps contributing
to interface correlation functions of interface changing operators is the subject of
Chapter 9 below. Concretely, we restrict to fields o* that interpolate between 7

las)
and Iﬁlpi jl) at N_ = N, = N and possess an expansion of the form
1 N N
o*=N"2% > ok (8.3.20)
i—=1it=1

Here, the operator o;_,. cuts the i~th copy of the seed theory in the lower hemisphere
from the i*th copy in the upper hemisphere and turns on an |a.) boundary for both.
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Conversely, the operator ¢},,. removes two copies of the boundary |a,) and glues the
i~th copy of the seed theory in the lower hemisphere to the i*th copy in the upper
hemisphere. Consequently

ot =off and o =0t (8.3.21)
in the notation used in section 8.3.1. Note that, in eq. (8.3.20), the order of the
indices ¢* and ¢~ is different in o* and o~. This is a choice of notation that is
convenient in describing the computation of correlation functions

<ﬁ108”(tV) ﬁl%u(%i"u)) , (8.3.22)

where s, € {—,+}. We assume the ordering v < y = z, < z,. In general (8.3.22)
is a sum over many gauge fixed contributions or said differently, of contributions
arising from many different covering maps. Here, we restrict to those contributions
for which the boundary condition imposed at infinity is fully transmissive. For gauge
fixed contribution to the correlator which fall into this class, any boundaries that
should be glued together by a o* first had to be cut open by the insertion of a o~
and thus, such a correlator with n, gauge fixed interface changing operators o* has
to satisfy

k
Y. 5:=0 and ) s <0 (8.3.23)
i=1

for every k <n,. As for the correlation functions of bulk twist fields, we can express
the correlator (8.3.22) as a sum over gauge fixed terms. Concretely, inserting the
definition (8.3.20) of o*, we obtain

Has”(t )Hawu(x”,xu 77 HZO'_SV ” (t, )Hawu(xu,xu)) (8.3.24)
v=1 it
For the individual terms on the right hand side, all indices ¥ must be contracted
according to the following rule:

Wick contractions for o* colour indices: The left index ¢} of every boundary cre-
ation operator oy .- needs to be contracted with the right index ¢ of a boundary
annihilation operator O’;;_“iz such that z, <x,. In complete analogy, the left index i,
of a boundary annihilation operator inserted at x, needs to be contracted with the
right index 7;, of a boundary creation operator inserted at x, < .

Following this contraction procedure, starting from an arbitrary boundary creation

operator Oppess WO zigzag back and forth along the boundary line, collecting a string

of boundary creation and annihilation operators o, 0 .o, _...0r . that ulti-

C1€1  €1Cy (¢ wn, €1
mately has to close into some cycle bringing us back to c¢j. Keeping only the c;,
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we obtain a cyclic permutation g, .1 = (¢j¢; ... Coomos .) € Sy_ whose length we denote
by wy, +1. This notation reflects the fact that upon fusing all of the operators that
formed the cycle, we obtain twist fields in the g, .1 twisted sector. The latter are

analogous to the bulk operators that are indexed by n. cycles g, of length w,.

Effectively, the Wick contractions among interface changing operators we just per-
formed thus gave rise to an additional cycle. If the latter did not include all the
interface changing operators, we pick one of the remaining ones and form a second
cycle gn 42 of length w,_ 2. We continue this process until we reach the last cycle
Gno+b Of length w,,_,p, i.e. until no uncontracted interface changing operators remain.

Once we have completed this contraction process, we are now left with n.+ b cycles
g, of length w,. These data are identical to those that would appear if we had to
calculate a (n. + b)-point correlation function of bulk operators. Consequently, we
can now follow essentially the same steps we outlined in the previous subsection.
As we did there, we first form the set S = {g1,92,...gn.»} and the group Hg that
is generated by the cycles g,. We then let Hg act on the active colours. We shall
say that a term in the sum on the right hand side of eq. (8.3.24) contributes to the
connected part of the correlation functions if the group Hy acts transitively on the
active colours. Furthermore, the terms that are contributing to the connected part
of our correlation functions are associated with a connected covering space whose
genus ¢ is given by?!

Ne+b

g=1l-n+3 ) (w,-1) (8.3.25)

p=1

where n denotes the number of active colours as before. By construction, the cycles
that are associated with the interface changing operators are in one-to-one corre-
spondence with the connected components of the boundary of the covering surface.
In particular, the number of connected components of the boundary is b.

We are finally able to compute the large N scaling behaviour of the connected part
of the correlation function. There are three factors that contribute. As in the case of
bulk correlation functions, we need to select the n active colours from the N colours
that are available. In addition, we need to collect the normalisations of bulk and
interface changing fields. The large N behaviour of the first two factors we evaluated
in eq. (8.3.19) already. Since the interface changing fields we consider each contribute
a factor of N=1/2, the large N asymptotics of the prefactor reads

Mo

1 ne No 1 —ne 1 Do
Nn_§ 2uCwy— 2 = Nn_QZV wy_2zg=1w’ﬂc+l/_ 4 . (8326)

21This follows directly from the fact that the interface changing operators that are associated to
a cycle g, i fuse into g, +; twist fields upon performing the OPE, which we have already alluded
to above.
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In going to the right hand side of this equations, we have used the fact that

b
Y Whetw = 2, (8.3.27)
v=1

which follows from the construction of the w, with p > n, since they count the
number of interface changing operators that are combined into a cycle and non-
vanishing correlators require that all the fields are part of some cycle. Now we can
proceed by inserting equation (8.3.25) to express the sums over the cycle lengths w,
through the genus g of the branching surface. The result is

AR DAL DT i B e e (8.3.28)
Once again, we have used that g2 ~ 1/N to express the final result for the large N
asymptotics of the correlation function in terms of the string coupling g, rather than
N ~1/g2. The final result indeed has the g, dependence of a string amplitude for a

surface of genus g with b boundary components, n. bulk punctures and n, boundary
punctures. This is what we wanted to show.
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Appendix

8.A Torus partition function of the symmetric product orb-
ifold

In this appendix, we derive eq. (8.1.4). To do so, we need to acknowledge that fixed
(g, h) contributions to the partition function (8.1.3) can be identified with ways of
wrapping collections of disconnected tori around the spacetime torus. In this picture,
we should view ¢ € [wy, ..., w,] as providing the data that, if we were to cut all tori
open along a spatial slice, then the corresponding covering of cylinders would be
one where the covering space consists of ¢ disconnected cylinders that are wrapped
around the spacetime cylinder w; times respectively. h on the other hand tells us
how these cylinders are glued together at the spatial cycles where we performed the
cut. The exponential in the grand canonical partition function comes from the fact
that the full partition function is obtained from the connected part — i.e. the part
corresponding to coverings with a connected covering space — by exponentiation. To
be precise, the contribution

1w1

— Z Z(% (8.A.1)

comes from covering the space time torus with a torus that winds w times around
the spatial cycle and ¢ = N/w times the thermal cycle (where w necessarily has to
divide N). That is, it comes from terms in the trace where g € [g(u, ] € Sy with

-1
G(w,e) = H(warl wk+2 ... wk+w) (8.A.2)
k=0

and where furthermore h € Sy x (Z,,)¢ has a S, part 7, that is just a single cycle of
length ¢. There are (¢ - 1)! such cycles 7, and hence we get that the (w,?) winding
covers contribute
£
1 ). ool wed i
Z(w 0 = N Z Z Tng[thO 21\4] ( ) (é 1) Z Z ]fu;l

9€[9(w,0)] 1 -Je=0
\Wh|=f

(8.A.3)
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But |[g(w.¢)]| = gor and, since the spectrum only contains integer spin states, the seed
partition function is Z periodic. Hence,

Zwey = wZ ( e ) (8.A.4)

and summing over ¢ and w as well as exponentiating, we get the grand canonical
partition function

Z kN Zy = exp( Z Z(wyg)liwé) , (8.A.5)

N=0 Law=1

which upon replacing ¢ by N/w is the same as eq. (8.1.4).

8.B Interface changing operator partition function: detailed
computation

In this appendix, we provide a more detailed derivation of eq. (8.1.68). The start-
ing point is eq. (8.1.69), which written as a sum over conjugacy classes instead of
individual group elements, takes the form

(Nz*elp,a)= > > > 2 |cN-p||cp| NN Gy ial#00]a) [T)r ]a),. (8.B.1)

[7]e[Sp] [ple[Sn-p] oeCR, Jbsia

We can describe equivalence classes [7] and [p] with sequences?? (t,)wen and (74 ) wen
such that t,, gives the number of cycles of length w in [7]. In this context, let

t]:= > tww. (8.B.2)
w=1
Using this notation,
, 1 A
Z, 12,0, pr; ] Zu'“’”'pm Y e 2 NN (b igli™ola), D) la),,  (8.B.3)
UECTH |Ct||cr| jb,id

where = pu_p, and

H o X L) (8.B.4)

w=1

22Since the modular parameter relevant for this section will always be £ and not the S transformed
modular parameter ¢, we hope that the reader will not be offended by our choice to instead use ¢
in this appendix to refer to the sequence associated to 7.
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while p and 7 are arbitrary representatives of the conjugacy class determined by r
and t. Now the contribution of fixed ¢ and r factorises into a product of components
that correspond to different cycle lengths according to

c

ng+_¥lzi Tw A op0f
mz|-—== HZO( uz)

0o seS 7=1
_ W(tw+Ty ) 2WTy
Za - H % pR Z t ‘wtwr 'ngrw (8B5)
t,r w=1 O'wESrw+tw KZ:U“’+t“’ w* w*
Here, for o, = (7, (21, . -, 2,41,,) ), define £9 with j =1,..., 7, as the smallest integer

k > 0 such that 7*j < r,. Furthermore, let 7 = m;...7; be the decomposition
of  into cycles. We denote the elements of the cycle m, by (x!...7ms) and let
S c {1,...,L} be the set of those indices s for which {r},... ,Wﬁf} has an empty
overlap with {1,...,r,}. Note that

§£§+§;€?:rw+tw. (8.B.6)
s€ j=

To simplify further, we can now perform the summation over Zy#**. This gives

w—1

LGiv ¥ i rw [~ [ 900f
)
o0 seS v j=1 h
Za — w(tw+rw) 20w 8.B.7
;}}1 M pRawe;ﬂw t ol 12qp2rw ( )
By the use of eq. (8.B.6), this can be simplified further to

(c* w-l o
oo ses R P T

z, =TIl X2 (8.B.8)

Iy 12
t,r w=1 | 0weSry+ty tw-rw'

Now we perform the sum over S, .;,. As a first step towards this goal, we should
replace the labels £2 and (5 of individual cycle lengths by labels L2 and L¢ that just
count how many cycles of certain length are present. That is

L=l e{l, ..,ru} i 2=0}], L§=|{seS:6=10}|. (3.B.9)
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Just as we notationally suppressed the dependence of ¢°,¢¢ on o, we will suppress
the dependence of L°, L¢ on ¢. In terms of the new labels, the sum becomes

L w-1 LZ \
T e R N eTAN R
mfe-z|—=|] 0 .(4))
oo /=1 =1
Z,=), >, 5 : (8.B.10)
t,r w=1 UwES'rertw tw/r. :

Now, since the terms which we sum only depend on the L° and L¢ labels, we can
introduce an equivalence relation ~ on S, ., that identifies permutations with equal
Le, L¢ labels, trading the sum over o, with a sum over equivalence classes [ L°L¢].
To correctly compute the sum, we have to determine the size of [ L°L¢]. Let us first
take a step back and try to count permutations with fixed ¢°. They need to satisfy
ok (1) > r, for all 0 < k < £9 and ag{(l) < 1. This leads to #Mrw choices for

{a{fj(l)}ﬁ:l. Continuing a counting like this for all {afu(z)}io:l with 1 < <r gives a

factor of

to!

ol il ol (8.B.11)
(tw—gl(eg—n)!

(tw— 5 L;;(H))!
=0

contributing to the size of [L°L¢]. Additionally, we need to consider how many ways

Tw!

there are to realise the label L° with labels ¢°. This leads to an extra factor of e
o1
14

Hence, the choice of L° contributes a factor of
To!? tw!

[1L7! (tw —EOLW— 1))!

(8.B.12)

to the size of [[L°L¢]|. Finally, we need to multiply by the size of the conjugacy class
labelled by L¢ to obtain

> 0Le)!
2 ! (? f)
[L°L¢]| = =2 v S — (8.B.13)
I ¢! (tw S Lo(e- 1))! I Lelek
=1 =1 =1
Now
YULG+LY)=ry+t, and Y Li=r, (8.B.14)
£=1 £=1
implies

tw— Y Ly(0-1) =) (L (8.B.15)
=1 =1
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and therefore

12¢ |
[L°Le]| = % (8.B.16)

Tl zpzgets

This implies
ot \\ L6
e €f+i:Oz
e VU ) s ()

Z.=2TIl > 11 7 [1T— (8.B.17)

o )
tr w=1| [LoLe] =1 =1 Ly!

where the [L°L¢] sum runs over the set of equivalence classes S,/ ~. Finally, we
trade the unconstrained sum over the sequences ¢t and 7, which in turn constrains
L° and L¢ to correspond to equivalence classes in S, ., for an unconstrained sum
over L° and L¢ without ¢,» sum. This is achieved by reinterpreting the constraints
(8.B.14) as fixing t,, and 7, in terms of L° and L¢, leading to

. w-1 LE\
wt b+ Y i
mo =0 o
_ _ ) Zc w - (MMP%“Z (2_%))115
w o\ w
z-T11> - — . (8B.I8)
w,¢=1] L7=0 I L3=0 L

The sums now simply give exponential functions

Z, 41+, 0, pr; t] = exp i M_MZC é£+;:0i + i (Mwep%wZAO(%f)) . (8.B.19)
w,f=1 wl w, =1 w

Replacing the summation variable ¢ by k = w/ finally gives us the result (8.1.68) that
we wanted to prove.
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Chapter 9

Interface correlators in symmetric
product orbifolds

— Covering maps and general correlators.

In this chapter, we continue our analysis of the interfaces introduced in Chapter 8 by
providing the necessary tools to efficiently compute their local correlation functions,
especially with the aim to establish universal holographic features.

As convincing as the agreement of partition functions that has been established in
Section 8.3 may seem, a complete derivation of the holographic correspondence does
require to also match CF'T correlation functions of bulk and interface operator with
scattering amplitudes of tensionless closed and open strings on AdS,-branes in AdSs.
In order to approach such a comparison, we need to be able to compute the relevant
CFT correlators. This is the problem we address in the current chapter. In order to
achieve this goal, we extend the Lunin-Mathur covering space techniques to interface
CF'T. This involves two steps. In a first step, the correlation functions in the interface
symmetric product orbifold CFT are represented as a sum over an appropriate set of
interface branched coverings I', see Subsection 9.1.3 and eq. (9.1.33). The summands
involve correlation functions in the seed CFT M on surfaces with boundaries. These
are weighted with some coefficients «[I'] that do not depend on the seed CFT.
Following the ideas of Lunin-Mathur [310], the correlation functions in the seed CFT
can then be calculated with the help of (boundary) Liouville field theory. For pure
twist field insertions, the dependence on the seed CFT is restricted to the bulk and
boundary entropies, i.e. the central charge ¢ and the g-factors g, of the two boundary
conditions ay, see for example eq. (9.3.23).

In order to construct the sum over coverings I' and compute the weight factors
a[T'], we develop a diagrammatic approach that extends the Feynman-like diagrams
that were introduced for bulk symmetric product orbifolds by Pakman, Rastelli and
Razamat in [284]. In our case, the diagrams are built from five different types of

289
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propagator-lines. Three of them are represented by double lines. We shall refer to
them as aligned and misaligned,. In addition there are two single lines of opposite
orientation. Bulk twist fields of order w are represented by vertices with w misaligned
double lines, see Figure 9.2.2a. Interface twist field of order w, on the other hand, are
represented by vertices with two single lines and w — 1 aligned double lines, see Sub-
figure a, b, ¢ and d of Figure 9.2.6. In addition to these vertices that represent field
insertions there are also two classes of trivalent vertices that are not associated with
any field insertions. These additional trivalent vertices allow to split a misaligned
double line into either a pair of aligned double lines, see Figure 9.2.2b, or into a pair
of single lines, see Subfigure e and f of Figure 9.2.6. In order to describe a valid
interface covering map I', a diagram built out of these basic ingredients needs to
satisfy some simple rules, see Section 9.2.2. Given a valid diagram it is then easy to
read off the degrees N, of the associated covering map, the degree of transmissivity
P of the interface and the symmetry factor o[I'].

If the diagram has no single lines, it actually describes an ordinary bulk covering
map. In the corresponding diagrams, it is possible to eliminate all the misaligned
double lines by splitting them into pairs of aligned ones. Hence, these diagrams can
be drawn with a single type of double line which agrees with the pictorial descriptions
proposed by Pakman-Rastelli-Razamat (PRR). After we split the misaligned lines,
bulk twist field of order w are represented by a vertex with 2w aligned double lines
rather than w misaligned ones, see Figure 9.2.3b. Thereby, we recover the graphical
rules for PRR diagrams. Let us note that our representation of the aligned double
lines looks a bit different from the one in the work of Pakman et al. who used double
lines with one dashed and one solid edge.

Another central result that we obtain from our new understanding of interface cov-
ering maps concerns the structure of the large N, and large P expansion that is
shown to match the string genus expansion for scattering amplitudes of closed and
open strings to all orders in the string coupling. In the bulk case it has been well
understood that the comparison of the two expansions requires passing to a grand-
canonical ensemble in which the parameter NV is controlled by a dual fugacity p. The
latter scales with the string coupling g, as p ~ g2¢-2 where G denotes the genus of the
holographic boundary X. In the grand-canonical ensemble, N is not a number but
one can check that the expectation value of N scales as N ~ g;2. We extend these
insights to the interface setup. In particular, we introduce a new grand-canonical
ensemble in which N, and the degree of transmissivity P are controlled by dual fu-
gacities, see eq. (9.4.21). With some appropriate scaling behaviour of these three
fugacities, see eq. (9.4.22), the expectation values of N, and P scale as g;2 while the
expectation value of N, — P turns out to scale as g;!.

The plan for this chapter is as follows. The next section is devoted to covering maps
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and their role in computing correlation functions in symmetric product orbifolds.
We begin by reviewing the well known notion of branched coverings in Section 9.1.1
before we recall, in Section 9.1.2, how correlation functions on symmetric product
orbifolds on a closed surface X can be expressed as a sum over branched coverings
of X. The individual summands involve correlation functions of the seed theory on
the covering surface ¥. We then extend this discussion to the case of interfaces.
In Subsection 9.1.3, we introduce the relevant notion of generalised covering maps
before we spell out how to compute correlation functions involving interfaces as a
sum over these covering maps, see Subsection 9.1.4 and in particular eq. (9.1.33). We
evaluate the right hand side of this equation for some special setup in which we just
insert two parallel interfaces along some cycle of the torus, without any further local
insertions of either bulk or interface fields. The resulting formula coincides with the
interface partition functions we calculated in [4] from an algebraic construction that
involves the folding trick and explicit boundary states. This justifies a posteriori the
rather natural notion of generalised covering maps we propose in Subsection 9.1.3.

Section 9.2 is devoted to the diagrammatic representation of interface covering maps
that we summarised above. After a short review of the PRR diagrams for correlation
functions in symmetric product orbifolds in Section 9.2.1, we describe the correspond-
ing interface diagrams in Section 9.2.2. This is followed by a brief discussion of the
symmetries of interface PRR diagrams in Sections 9.2.3 and 9.2.4. These symme-
tries allow to read off the group of deck transformations of the associated branched

covering. Finally, we determine the large N behaviour of the expansion in Section
9.2.5.

With all this control over the interface PRR expansion of correlation functions in
symmetric product orbifolds with holographic interface insertions, it remains to eval-
uate its individual diagrams, i.e. the relevant correlation functions of the seed theory
on the covering surfaces . This is addressed in Section 9.3 where we extend the
ideas proposed by Lunin and Mathur for symmetric product orbifolds on a closed
surface to the interface setup. Once again, we start with a short review of the bulk
analysis before we discuss its extension to interfaces and several concrete examples.
Section 9.4 is about grand-canonical partition functions. After a brief review of the
bulk case in Section 9.4.2, we introduce grand-canonical interface partition functions
is Section 9.4.3 and show that these indeed have the same structure as partition
functions of closed and open strings with the scalings we described above. Some
more technical explanations and additional material are collected in five appendices.
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9.1 Interfaces in symmetric product orbifolds

In this section, we discuss a family of universal interfaces of symmetric product orb-
ifolds that were introduced in Reference [4]. Using the folding trick, Section 2 of
that work gave a fully explicit construction of these interfaces in terms of boundary
states, from which in particular a closed formula for the grand-canonical torus parti-
tion function with two interface insertions was computed. Some very special cases of
the interfaces had been considered previously, for instance in References [288, 289].

However, all these previous discussions, including Reference [4], took a fairly alge-
braic perspective on symmetric product orbifolds. In this section, we would like
to complement the existing literature on the topic by an analytic perspective that
focuses on an interpretation of objects in symmetric product orbifolds in terms of
branched covering maps, i.e. we represent interface correlation functions in symmet-
ric product orbifolds through a sum over appropriately defined “interface covering
maps”.

In order to set the stage, we first review the corresponding description for correlation
functions of local fields in symmetric product orbifolds, see Section 9.1.2. To make
this chapter self-contained, the relevant mathematical notions concerning branched
coverings of Riemann surfaces are collected in Section 9.1.1. Analogously, our dis-
cussion of interface correlators starts by introducing a class of generalised covering
maps in Section 9.1.3 and proving that they satisfy a modified Riemann-Hurwitz for-
mula. Equipped with this mathematical background, the final Section 9.1.4 provides
a new description of the interfaces whose correlation functions are explored in the
rest of this chapter. As a first application of the definition in terms of a sum over
generalised covering maps, we re-calculate the interface partition functions that were
first computed in [4]. Crucially, the new calculation turns out to be considerably
easier than the original one, which allows us to study much more general partition
functions and correlators in this chapter, than those accessible with the methods of
the previous one.

9.1.1 Branched coverings

To prepare for our discussion of correlations of local fields in symmetric product
orbifolds, we start with a lightning review of branched coverings. The definition of
unramified and branched coverings is stated in the next two paragraphs. This is
followed by three paragraphs in which we introduce the notation of monodromy and
deck transformations of branched coverings. The final paragraph reviews a classical
result of the theory of covering maps: The Riemann-Hurwitz formula.
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Unramified coverings. Throughout this section, let ¥ and X be Riemann sur-
faces. Unless stated otherwise, neither ¥ nor X are assumed to be closed. Further-
more, let I' : ¥ - X be a holomorphic surjection. If T" is locally invertible and if
every point x € X has [['~!(x)| = N preimages, then T is called a degree N unramified
covering of X by X.

Branched coverings. Let B be a finite subset of X and R:=T"'(B). If Ris a
finite set and the restriction of I' to X \ R is a holomorphic covering of X \ B then I
is a branched covering of X. In this case, we refer to elements of B and R as branch
points and ramification points respectively. At each ramification point z € X, the
covering map [ locally takes the form

L(z+6z)=T(2) +0(62"). (9.1.1)

The integer w is the ramification index of I' in z. For z ¢ R, the index is one.

Monodromy. For a connected surface X, consider a closed curve v:[0,1] - X\ B
based in the point z € X, i.e. a curve satisfying v(0) = (1) = z that does not pass
through any of the branch points of the covering map I'. For each element z of the
set T'-1(x) there is a unique lift T*~, of v to ¥ such that

oIy, =y and I™9,(0)==2. (9.1.2)

The map z — I'*7,(1) is a bijection of the set I'"'(z) onto itself i.e. an element of
Aut[T-1(x)]. It only depends on the homotopy class [7] of the curve v and therefore
defines a group homomorphism

My :m (X, z) — Aut[T7(z)] (9.1.3)

which sends v to an automorphism «., of the set I'"!(z) ¢ ¥. The map Mr is the
monodromy action of the covering map I'. Its image is the monodromy group of I'.

Deck transformations. A Deck transformation of the covering I' is an automor-
phism D of ¥ with the property I'o D = I'. If ¥ is connected, then the image
D(z) of an arbitrary unramified point z € ¥ already fixes D completely. In this
sense, the group Deck[l'] of deck transformations can be identified with a subgroup
of Aut[I'"!(z)] for a generic z € X in this case. Since deck transformations are pre-
cisely the maps that preserve I', this subgroup is the stabiliser of the monodromy
group of I under the conjugation of Aut[I'~!(x)].

Local gauge choice. Given a point x € X and a set C' of degree N coverings of
X, for which x is not a branch point, we refer to a choice of labelling the N points in
the preimage I'"!(x) of = w.r.t. every covering map I' € C' by the numbers 1,..., N as
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a local gauge choice for C' at x € X. In particular, a local gauge choice for C' = {I'}
is a bijection

Y:N:={1,2,..., N} - T"'(2), (9.1.4)

that allows to identify elements o of Aut[T'~!(z)] with elements a¥ := )"l o @0 ¢
of the symmetric group Sy. Thus, local gauge choices lead to an identification
of the monodromy group and deck transformations with subgroups of Sy. As an
application, we can for example use a local gauge choice to define a map

M :m(X,2) > C,  [y] = xr(Me[y]) = xr(ME[Y]), (9.1.5)

given a representation R of Sy with character yg. Since characters are invariant
under the inner automorphisms of Sy, the value of xg(Mr[7]) is independent of the
choice of .

Riemann-Hurtwitz formula. In this paragraph, we assume that ¥ and X are
closed. If I' is unramified, sufficiently fine triangulations of X lift along I' to tri-
angulations of ¥ with N = deg[['] times as many vertices, edges and faces. Thus,
the Euler characteristics of ¥ and X are related by x(X) = Nx(X). More generally,
consider a triangulation of X whose vertices include all branch points of I". Then
the lifted triangulation still has the expected number of edges and faces. However,
w — 1 vertices on X are lost for each ramification point with index w. Therefore, the
Euler characteristic x(X) of ¥ is given by

X(2) = Nx(X) = Y (w; = 1), (9.1.6)
i=1
where wq,...,w, are the ramification indices of I'. This is the Riemann-Hurwitz

formula.

9.1.2 Symmetric product orbifolds

This section introduces symmetric product orbifolds as two-dimensional CFTs de-
fined by lifting correlation functions of a seed theory M on a closed Riemann surface
X to various covering spaces. It is divided into several paragraphs, each devoted
to one aspect of the lift. The first of these provides a definition. The definition is
then applied to the computation of vacuum partition functions. These allow us to
determine the spectrum of the symmetric orbifold and its local correlation functions.

!This terminology is justified in Appendix 9.A, where symmetric product orbifolds are discussed
in the language of gauge theory, and the local gauge choices we define here are shown to correspond
to local trivialisations of the gauge bundle.
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Covering space lift. Let us denote by Ax[7] the set of observables O of a CET T
on the surface X, i.e. the set of all objects that can be inserted in its correlation func-
tions. The most basic elements of Ax[7T] are products Og = Oy (x1)O2(z2)-+-Oy(z4,)
of local operators O; that are inserted at some finite set of points x; € S € X. Beyond
those, Ay also includes non local observables such as line operators.

We define the symmetric product orbifold Sym™ (M) of the seed theory M by a
prescription that expresses the correlation functions of its observables in terms of
correlators of M. This is achieved through the following two steps. First, we as-
sociate a set Cy[O] of N-sheeted branched coverings? of X with each observable

O € Ax[Sym™ (M)].

Second, we associate an observable O of the seed theory to any pair (O,T") of an
observable O of the symmetric product orbifold and a covering map I'" € Cy[O].
For the multipoint observables Og we described above, for example, the associated
observable in the seed theory is essentially given by some Or-1(g). Given these two
ingredients, i.e. the space Cy[O] of covering maps associated with O and the map

O O e Ag[M], (9.1.7)

that sends O € Ax[Sym”™ (M)] to the observable O' € Ay,[M], we lift expectation
values in the symmetric product orbifolds to expectation values in the seed theory
as,

: 1
<O>unnormahsed - Z (OF>M, (918)

mN
SymT M) N Ao
where (O)rq is a correlator of M on ¥ with a metric that is obtained by pulling
back the metric of X along I'. We have placed a subscript ‘unnormalised’ on this
correlator since it does not necessarily yield 1 for the one-point functions of the
identity operator 1. We define its normalised analogue as the quotient
unnormalised
<0>SymN(M)

<O>SymN M) = unnormalised
<]l>SymN (M)

(9.1.9)

The vacuum. As a first example, let us discuss the concrete realisation of the
general equation (9.1.8) for the case O =1 of the identity, or vacuum operator. The
set Cv[1] is

Cn[1] := {N sheeted unramified coverings of X} . (9.1.10)

2We consider coverings that are related by an isomorphism that identifies their covering spaces
as identical. A more precise statement would be that Cn[O] is a set of equivalence classes of
covering maps.
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Given some I' € Cy[1], the observable 1T of the seed theory on the covering surface
Y is the identity operator, up to some normalising prefactor o[T'], i.e.

1" =a[l']-1  where afl]:= deg[I]!

- m. (9.1.11)

By definition, the vacuum partition function Z3 of Sym™ (M) on the surface X is

Z3 = (L)gmontane. (9.1.12)

Let us compute Z3 in the simplest case X = S?, where the set Cy[1] has only a single
element I', which covers the sphere by N disconnected spheres. The group Deck|[I']
consists of the N! permutations of these spheres. Therefore, we obtain ZJSV2 =1/N!
in a normalisation where the sphere partition function of the seed theory is set to
one. A much greater amount of information is encoded in the partition function
of higher genus surfaces X. In particular, the torus partition function contains the
entire spectral data of local operators and the genus two partition function yields all
structure constants.

Torus partition function. Let us compute the torus partition function from
def. (9.1.10). Using the Riemann-Hurwitz formula, one can easily conclude that
the covering space of an unramified covering of T? must be a disjoint union of tori.
More precisely, all connected unramified coverings I'}, , of the torus C/(Z +7Z) arise
from linear maps

':C-C, zo(mr+w)z with mweZ (9.1.13)

by quotienting out the lattices Z + tZ and Z + 77 of the domain and image of I’

br+k

respectively. The modular parameter ¢ of the covering space takes the form ¢ = ==

with ¢,k € Z and modular transformations allow us to fix m = 0, w,¢ > 0 and
1 <k <w. As anticipated, the coverings are thus labelled by three integers. Since
Deg[I% ,] = wl, we find

o 1 w1 Z(hzy \"
72 L [T)(1) s = Y ke R RT)
o Feczwz[n] Zwifzﬂ:IFN k; H ni! \ [Deck[I ]|

Deck[T'F ] is the group of translations z — z + 4T

size |Deck[T* ,]| = wl. In the grand-canonical ensemble, the constraint ¥ w;¢;n; = N

with integer a and b, which has

is lifted and we obtain the simple formula

S 22N =eXp( D3 “—iz(gﬂk)), (9.1.15)

N=0

from which the spectrum of the orbifold can be read off. This completes our short
computation of the torus partition function in symmetric product orbifolds.
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Correlation functions of twist fields. A universal (i.e. seed theory independent)
feature of all symmetric product orbifolds is the existence of twist fields — local

operators oy, labelled by integer partitions w = [wy, ..., w,] whose conformal weights
are
- cm < 1
hw = hyw = — e 9.1.16

The state corresponding to oy, contributes to the torus partition function (9.1.14)
through a particular set of covering maps. These are the maps that, upon cutting the
torus along the real cycle, yield coverings of a cylinder X by ¢ disconnected cylinders
>;, such that ¥; winds X exactly w; times. Therefore,

[H oo (2 ] { N sheeted coverings of X with branchpts. at z; lifting to }
Wi ¢; ramification pts. with ramification indices wy,...,wy,. J
(9.1.17)
Observables made up of pure twist fields oy in the symmetric product orbifolds are
mapped to identity fields in the seed theory. More precisely, the prescription is

lno—m(zz] —o[T]1 where oz[ﬂ:%, (9.1.18)

as for the identity field. Partitions w = [w, 1,1,...,1] with only a single w > 1 play
a special role. They are referred to as single cycle twist fields and we denote them
simply as o, labelled by the single integer w.

Connected sphere correlators. As an important example, let us discuss corre-
lators of twist fields on the sphere X =S? in more detail. Concretely, let us focus on
contributions to these correlators that stem from covering maps

[ Y u[S?)pd-ne) & X (9.1.19)

where ¥ is connected, I'|s; has degree n. and I is the identity map when restricted to
the sphere factors. We denote this subset of covering maps by Csen[O]. The result-
ing partial sum of expectation values in the seed theory is referred to as the connected

part of the correlator. For general observables O, the connected expectation value is
defined as

conn, unnormahsed
<O>SymN(M) N1 Z > (0w (9.1.20)

*ne=1 FECconn O

In order to compute a connected correlator

conn,unnormalised
(T (@1) - 0w, () ) N o) (9.1.21)



298 CHAPTER 9. INTERFACE CORRELATORS IN SPOS

of a product of single cycle twist fields, one has to determine the factor ofI'] of
connected covering maps. In order to do so, pick some unramified point z € ¥ and
choose n closed curves v; based in z such that +; winds around the ramification point
z; associated with x; exactly once and has vanishing winding number with respect to
all the other ramification points. Furthermore, let z := I'(z). The monodromy action
My then associates a cyclic permutation g; := Mrp[v;] € Aut[['"!(x)] of order |g;| = w;
to each of the twist fields.

From the collection ¢4, ..., g, of permutations, we can calculate the symmetry factor
a[I'] that appears in the prescription (9.1.18) as

o[TT=1[g1,- - gnll with [g1,...,9n] = {(99297" ., 99ng " )lg € Aut[T"(2)]}
(9.1.22)

because Deck[I'] is precisely the stabiliser of (g¢i,...,g,) under conjugation. Let us
stress that this formula for «[I'] only holds for connected covering maps T'.

Wilson loops. Let us now introduce a first family of line operators, namely the
Wilson loop Wg[7] € Ax[Sym™ (M)]. Here, ~ is a closed curve on X that starts
and ends at some point x € X and R labels a representation of the symmetric group
Sn. Inserting a Wilson loop Wg[v] into a correlator does not alter the set Cy[O] of
coverings we sum over, i.e.

What changes is only the sum on the right hand side of our defining relation (9.1.8).
After insertion of the Wilson line Wg[~v] the formulas reads

. 1
(OWR[y])dmainse = ~i S ME[Y] (O ). (9.1.24)

Here, we have used the map M/ defined in eq. (9.1.5) as the evaluation of the
character of R on the monodromy action of I'. The only effect of a the Wilson loop
insertion into the expectation value of some observable O of the N-fold symmetric
product orbifold is therefore to multiply the individual summands in (9.1.8) by some
complex numbers. For a discussion of open Wilson loops i.e. Wilson lines as well
as dual 't Hooft lines, which change the structure of covering maps contributing to
correlation functions, see App. 9.B.

9.1.3 Interface covering maps

In this section, we generalise the notion of (un)ramified coverings to a broader class of
maps, which we call interface coverings. As the name suggests, these maps compute
correlators in the presence of the interfaces, which we introduce in Sec. 9.1.4. An
important result of this section is the generalised Riemann-Hurwitz formula (9.1.28)
satisfied by interface coverings.
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Unramified interface coverings. Let us consider a connected Riemann surface
X without boundary and a based loop ~ : [0,1] » X with v(0) = z = (1) therein.
We denote the image v([0,1]) by s, and assume that the complement X \ s., of s,
in X splits into two connected components X¢. Let us denote their closure in X by
X, = X?us,. By construction the two sets X, and X_ possess the same boundary
0X. =s,.

An interface covering map (for an interface localised along the curve 7) is a surjective
holomorphic map I" : ¥ — X whose restrictions I'y to the subspaces X9 := I'"1(X?)
are covering maps in the sense of Sec. 9.1.1. The degrees N, of these covering maps
may differ, i.e. the size N, of the set I'"!(x) for an element x of X2 may not be the
same as the number N_ of points in I'"!(x) for = € X°.3 We define the degree of
transmassivity P of I on v as

P =D (4(t)) n x| (9.1.25)

for any ¢ € [0,1]. Let us stress that the boundary 9% of the covering space is allowed
to be non-empty. Since I'(0X) ¢ s,, our definition of the degree of transmissivity
implies that 9% has at most N, + N_— 2P connected components. Let us also note
that P < min(N_, N,). While we, for concreteness and ease of notation, restricted
to the specific case of a single curve v splitting X into two connected components
here, the definition given above trivially generalises to an arbitrary number of curves
splitting X into arbitrarily many components.

Ramification of interface coverings. Let B be a finite subset of X and R :=
[-1(B). If R is a finite set and the restriction of I' : 3 - X to X\ R is an unramified
interface covering of X \ B then I is a branched interface covering of X. We refer to
elements of B and R as branch points and ramification points respectively. Branch
points that lie on the curve v are called interface branch points below. The other
branch points are referred to as bulk branch points. The ramification points associated
with bulk branch points are simply ramification points of the restrictions I'y of I" to
X2 in the sense of Section 9.1.1.

Ramification points of an interface covering map fall into two different classes: They
can either be in the interior of ¥, in which case we speak of interior ramification
points, or on the boundary 0%, in which case we speak of boundary ramification
points. The local behaviour of the covering map near an interior ramification point
is captured by eq. (9.1.1). All ramification points associated with bulk branch points
are interior ramification points. However, some interior ramification points may
map to interface branch points. We will occasionally find it convenient to associate
elements of this subset of interior ramification points with an interface ramification

3Here it is important that X \ 5y is not connected. If it was, the degree of I' could not jump
across 7.



300 CHAPTER 9. INTERFACE CORRELATORS IN SPOS

4 k 4

y _

6LL 5RL

(a) Type ramification point of a Ny =3 (b) Type ramification point of a N_ = 2,
covering. The degree of transmissivity jumps N, = 3 covering. The degree of transmissivity

from 2 to 3 at the ramification point. is constantly 2.

Figure 9.1.1: Visualisation of coverings in a neighbourhood of interface ramification
points. The covering map is the vertical projection down the symmetry axis of the
spiral. The preimage of the interface is marked by horizontal black lines on the
covering space.

inder w := 2w, where w is the index defined through eq. (9.1.1). If all ramification
points of an interface branch point are interior ramification points, then the degree
of transmissivity P of the interface covering map is the same on both sides of that
branch point and bounds the value of the index as w < 2P.

Let us now turn to boundary ramification points, of which we distinguish four differ-
ent types. To define these types, holomorphically identify a small neighbourhood of
the ramification point z with the upper half complex plane, such that z is identified
with 0. Let ¢ be the curve in ¥ that, through the identification, corresponds to the
curve in the upper half plane which maps ¢ € [0, 7] to ee?*. If ' is unramified in z,
then ¢ lies completely within ¥_ or X, and we say that z has ramification index 147
or 125 respectively. If however I' is ramified in z, there are w—1 > 1 transitions from
Y. to ¥z along c. In this case, we say I' has interface ramification index w in z. We
furthermore classify z as

type wi® if ¢(0) e X_, ¢(7) € 34, type wif ¢(0) € X, e(mr) € X, (9.1.26)

type wl? if ¢(0),c(m) € X, type wil if ¢(0), c(7) € 3. (9.1.27)

See Figure 9.1.1 for examples. Note that type w?f and wf ramification points force
the degree of transmissivity to jump by one unit.

Interface Riemann-Hurwitz formula. In this final paragraph, we prove that in-
terface coverings of closed Riemann surfaces > satisfy the modified Riemann-Hurwitz
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formula
e 1 No
X(2) = Nox(X0) + Nox(X) = 2o(wi = 1) = 5 ) (wi = 1), (9.1.28)
1=1 i=1
where wy, ..., w,, are the indices of the n. interior ramification points and wy, ..., w,,

are the indices of the n, boundary ramification points. To simplify the discussion, we
w.l.o.g. assume that all interface branch points correspond to boundary ramification
points?. To derive eq. (9.1.28), consider a triangulation of X_ that contains all bulk
and boundary branch points as vertices and is fine enough that all edges and faces
lift to exactly N_ copies on X_. As discussed in Section 9.1.1, while generic vertices
too lift to N_ copies on X_, we loose w; —1 vertices on X_ for each of the n; interior
ramification points. The loss of vertices at boundary ramification points of type LL,
RR, LR and RL can be determined completely analogously, leading to the formula

no nLR nBL nAA
S - [ whBi [ whl [ wAA
M) = Ny () - - 1) (557 1) (557 1) -2 R (5 - 1)

i=1 i=1 i=1 i=1
(9.1.29)

Combining this result with the analogous formula for x(X,), we obtain
V() +x(22) = Noy(X0) + Nox(X) = S(wi - 1) = Ywi=2).  (9.1.30)

i=1 i=1

Here n. =n} +n; and similarly n, counts the total number of boundary ramification
points. We can view >_n3, as a graph whose vertices are the boundary ramification
points. The valency of each vertex is w—1, where w is the corresponding ramification
index. Therefore,

12
x(Z_nX,) :no—azwi—l). (9.1.31)
i=1
The result (9.1.28) follows directly from the standard identity

X(2) =x(32) + x(E4) - x(B-nXs). (9.1.32)
This concludes our proof of the interface Riemann-Hurwitz formula (9.1.28).

The central role that this result will play in the rest of this chapter is analogous
to the significance that the standard Riemann-Hurwitz formula has for symmetric
product orbifolds in the absence of interfaces. It will most prominently be applied
to derive topological expansions of interface correlators in Sections 9.2.5 and 9.4.3,
but is more generally also a useful tool to decide which topologies are allowed to
contribute to a given correlation function.

4Covering maps with interior ramification points that are mapped to interface branch points can
be obtained as limits of coverings without such points. Hence eq. (9.1.28) also directly follows for
these maps from the arguments given in this paragraph.
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9.1.4 Holographic interfaces

We now use the interface covering maps introduced in Section 9.1.3 to define the in-
terfaces of symmetric product orbifolds that are studied in this chapter. As an appli-
cation of the new description presented here, we use it to compute a grand-canonical
torus partition function with two interface insertions. In the new formalism, the full
derivation is rather simple and can conveniently be described in less than a page.
Compared to this, the derivation in [4] (which moreover only partially established the
result) relied on rather lengthy and complicated combinatorial arguments. This new
computational power is one of the key improvements of this chapter and ultimately,
in Section 9.4, allows us to compute much more general partition functions that were
out of reach with the approach of [4] .

Normalisation of interface correlators. In the setup described in Section 9.1.3,
consider Sym™* (M) on X,. To obtain a well defined theory on X, we need to
provide CF'T glueing data along each of the n connected components vy, ..., ¥, of
0X..> Here, we only study interfaces that preserve the lifting property that defines
symmetric orbifolds. In the presence of such an interface Z, the set C[ZO] of covering
maps is no longer restricted to consist of usual branched covers, but generically also
includes interface coverings of the type introduced in the previous subsection. With
this in mind, the formula for unnormalised interface correlators has exactly the same
form (9.1.9) as in the case of local operator insertions,

: 1
<IO ) unnormalised

_ r
SymN-N+ (A1) ——N_!N+!F€Z (TO Y\ (9.1.33)

Clzo]

Note, however, that we use the convention that the factor N! appearing in eq. (9.1.9)
is replaced by N_IN,!. As before, we also define normalised interface correlators

nnormalised

(ZO)gmex

Sym™-IN+ (M)

(IO>SymN7‘N+(M) = (I)uniormalised : (9134)
Sym™N=IN+ (M)

In contrast to (9.1.9), the interface prescription (9.1.34) is to normalise by an interface
partition function that contains the insertion of 7 instead of a vacuum bulk partition
function.

Definition of the interfaces. Let us define a specific class of interface operators
7 that can be inserted along the connected components of X, in the setup of the
previous paragraph. The definition we give here will later be shown to coincide

SWe allow for a straightforward generalisation of the discussion in the previous subsection in
which the boundary 0.X, = X _ can possess several disconnected components ~; so that the interface
7 is a product Z = Z;---Z,.
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with the interfaces If:; of symmetric product orbifolds that were introduced in [4].
The interfaces are parametrised by a non-negative integer P < min(N_, N, ), a pair
of boundary states |a_) and |a,) of the seed theory M, as well as characters y, of
Sn.-p and xp of Sp.6 To simplify notation, we shall denote the collection of these
data by w = (P,|a-),|as); x-, x+,xp). Correlation functions with Z,[v] inserted
along some curve ~ are computed by summing over all interface coverings I' whose
degrees on X, are N, and whose degree of transmissivity on 7 is P. The relevant
correlation functions in the seed theory M on the covering surfaces ¥ depend on the
choice of boundary states |a,), which describe the boundary condition imposed on
the potentially non-trivial boundary 0X. This boundary splits into disjoint subsets

R]=0%,nT'(7)ndx . (9.1.35)

The intersection with I'"!(7y) is redundant in case where 0X, consists of a single
connected component . The intersection with 0% removes the part of I'"*(y) that
runs through the interior of ¥, i.e. the subsets

TV =T (7). (9.1.36)
By construction, every element of I'~1(+y) is either contained in R} or in 77, i.e.
() =R'uT"uR]. (9.1.37)

The freedom to choose three characters and two boundary states in the data w that
specifies the interface stems from this decomposition of I'"*(y) into three, and its
overlap with 9% into two, disjoint sets. Concretely, the boundary states |a,) describe
the boundary conditions of the seed theory that are imposed along the components
R) of 0X. As for the characters, note that the monodromy of the covering map T’
along the curve « preserves the decomposition (9.1.37), i.e.

Mr[v] e Aut[Sn RY] x Aut[SnT7] x Aut[S n R]] € Aut[S] (9.1.38)
where S :=I'"1(7(0)). In other words, the monodromy factorises into a product
Mr[v] = Mp[y]IME [vIMy[] - (9.1.39)

The characters y. and yp enter correlations of Z,[v] with M{[y] and M['[v] as
their arguments?. More explicitly, correlation functions

([T ZeLrlymoemioed - with o= (Plal), Jab)ixtxdond)  (9.1.40)
i=1

6The dependence on the characters was suppressed in the notation of [4] since we were mostly
considering the case in which all three characters are trivial.

"As explained in the paragraph “local gauge choice” of Subsection 9.1.1, the three factors may
be identified with elements of the permutation groups Sy,-p and Sp, respectively, to evaluate
the characters without ambiguity i.e. independent of the choice of identification. See in particular
eq. (9.1.5).
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of products of interfaces are defined through eq. (9.1.33) with

n N, sheeted interface coverings of X = X, u X_
C [szi [%-]] = { ERCRRY
i=1

with degree of transmissivity P? along ~;.

and the characters x% and x% enter through the lift
n r n
[12..0a| =aln) ([T ORBDGOFLDEOE LD |1 o1
i=1 i=1
where 1 is the identity operator of M on ¥ and the coefficient «[I'] is given by

_ deg[I'_]'deg[T"; ]!

olr] IDeck[T]]

(9.1.43)

The only data that do not manifestly appear on the r.h.s. of eq. (9.1.42) and (9.1.41)
are the boundary states |ai). These enter in the evaluation of the seed theory ex-
pectation value of the r.h.s. of eq. (9.1.42). As mentioned below eq. (9.1.37), these
boundary states describe the boundary conditions we impose along the component
R of the boundary 0X. The prescription of how to evaluate the vacuum expectation
value (9.1.40) of an arbitrary product of interfaces on an arbitrary Riemann surface
X fully defines the interface Z,, just as egs. (9.1.10) and (9.1.11) for arbitrary vac-
uum partition functions already fully define the bulk theory. Details on the relation
of this definition to the one given in Reference [4] are discussed in Appendix 9.C.

Vacuum expectation value. As a first example of an interface correlation func-
tion let us consider the simplest setup, namely, a single interface 7, with w =
(P,lay); xs, xp) inserted along the equator 7 of the sphere. The interface splits
X = $? into two disks X, = D,. The set C[Z,] consists of a single map I", which
covers S? by a disjoint union of P spheres and N, — P disks, that are mapped to the
upper/lower hemisphere. Every deck transformations is a product of one of the P!
permutations of spheres and two permutations of disks chosen from the (N, - P)!
possible options. Thus we conclude that

Z0-0e o (7_ymommatsed _ X=-(I)Xp ()X (id) = g

Ni,w A SymN_\N+(M) - (N_ . P)‘(N+ _ P)'P' 9 (9144)

where g, := (0|a.) are the g-factors of the two boundary conditions a, of the seed
theory that are imposed along RY. Note that the latter consists of N,—P disconnected
components. The expectation value of the seed theory is evaluated in a normalisation
in which the sphere partition function of the seed theory M is set to 1. The same
result can alternatively be obtained from the construction in [4], see eq. (9.C.4).
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Torus partition function — statement of the result. Let us now discuss a
much richer example of an interface correlator, namely a pair of parallel interfaces
inserted on a torus X = T? = C/(Z+7Z). The interfaces are located along two curves
vp i s+ 7s and yg : s — 78+ 1/2. These cut the torus into two annuli X,. The
interface data @’ and @?® can involve two different indices of transmissivity Py and
Pr and two different pairs of boundary conditions a and aff. To avoid notational
clutter, we shall assume the characters y“/2 to be trivial, though it would not be
difficult to consider the more general case. According to the general definition, the
interface correlation function takes the form

; 1
— <I(PL) [,YL]Z(PR) [,VR] )unnormahsed

Sym™N-IN+ (M) T rec(TLTR] |Deck[F]|

7y Zv,  (9.1.45)

Prir

where Z%, is the vacuum partition function of M on ¥ with boundary conditions
2™y imposed on @Y. It was found in [4] that these interface partition functions
take a particularly useful shape if we pass to the following grand-canonical partition
function

oo min(N_,N;)

_ T? Py N_-P5 N.-Py4
Z/‘L/R:”L/Ri = Z Z ZNi,PL/R H HA Vg "Va (9.1.46)
N:=0 Pp/p=0 Ae{L,R}

where the dependence of the partition function on the integers N, and Py g is traded
for a dependence on the fugacities pz/p and vijg .. The formula put forward in [4]
reads®

7T° _ SR (L L(1*vap EZAB or 0.1.47
ni e = OXP Z 27 ) + Zg s ) 2o (%) (9.1.47)

where the sum in the second terms runs over A, B € {L,R}, w € 2Z.o — 1 + 6% and
¢ >1. The variables p and v4p are given by u:= upur and

Vpp = VL, -VL +, VLR ‘= VL -VR -, VRL ‘= VR+VL + and VRR ‘= VR,-VR,+- (9148)

The dependence of the grand-canonical partition function on the seed theory and the

L/R

choice of boundary conditions a;’" enters through the overlaps

Zas(t) = (a] #2FoLo=F) |b) = Z, () fi=— &= e (9.1.49)

between a pair of boundary states |a) and |b) of the seed theory. Through modular
transformation, these overlaps are related to annulus partition functions 7 , as usual.
There are four different annulus partition functions that appear in eq. (9.1.47) which
we denoted by

ZOLL = Zaf,(af)*a ZOLR = Zaf,af‘ﬂ Z(?L = Za£7a§ and ZfR = Z(af})*,a}}' (9150)

8We chose a slightly modified but equivalent way of writing down the result of [4] here.
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This concludes our description of the grand-canonical partition function (9.1.47) for
two interfaces Z[v,] and Z[yg] on the torus T2, restricted to the case of trivial
characters.

Torus partition function — derivation. Let us now derive the formula (9.1.47)
from the general prescription in eq. (9.1.45). The first ingredient there is the sum
over interface covering maps I' € C[ZLZ®]. The relevant covering surfaces ¥ can be
decomposed as

IEDINTDHLANDVZATPHLAND VL (9.1.51)

where the restriction of the covering map I' to X, is one of the coverings of the torus
by tori discussed in Sec. 9.1.2 and each connected component of the surfaces X218 is
a cylinder

Ss = [0,%] % [0, 7]}/ (2,0) ~ (a, 17, (9.1.52)
The restriction of T'48 : 348 - T2 to the connected component %, is given by
PAZ: N, > T2 (o) [(2+ 305 05)], (9.1.53)

where the value of w is restricted to w € 2Z + 1 - 0% Furthermore, Deck[[')7] = Z,
consists of translations (z,y) + (x,y + k|7]). Let us denote by C% , the number of
copies of the surface X 0 that appear within ¥, and similarly denote by Off the
number of components of type X, that appear in ¥28. Then the number of Deck
transformations is given by

Deck[T]| = [T Ck ,N(we) e T] O2AB1605F . (9.1.54)
w, b,k w,l
A,B

Inserting this formula into the general definition (9.1.45) of the interface partition
functions on the torus we obtain
A,B
éT Ow,,
(1227(2) ™
AB
057!

(LEZ( eT+k))CfZ,e

w

Z]'J{/ivPL/R - Z H

9.1.55)
! (
allowed C,04B \ w,l,k Cwyf!

w,l
A,B

where the allowed coefficients C' and O4-B are exactly those satisfying the constraints

N_-Pp= > OLBt, N.-P, =) 0540, N_-Prp= ) O0,%, (9.1.56)
w,,B w,l,A w,l,A

N,-Pr= Y OFFt, and Py=Y > wlCh,+Y > (w-0-H)O.,. (9.1.57)
w,l,B w,l k wl A,B

For the grand-canonical partition function (9.1.46), these constraints are lifted and
by performing the unconstrained sum over C* , and OA% one immediately obtains

eq. (9.1.47).
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Spectrum of interface changing operators. In this paragraph, we rewrite
eq. (9.1.47) in a form that allows us to directly read off the spectrum of interface
changing operators. To do so, we start by spelling out the seed partition functions
in terms of the bulk and boundary spectra I and [AP as well as the multiplicities
dy, 5, and da of the corresponding representations in the Hilbert space, i.e.
Z(r7)= S dyp "3 @7 and  ZAB(r)= Y dAP A3 (9.158)
(h,h)el AelAB

Setting 7 = 7 for the bulk partition function and using the identities

1 fz-Z=0mod w

o ot 1& o
exp (a > %) =(1-2)* and —) e2rin (v-7) = { (9.1.59)
=1 W k=1

0 else

then allows us to rewrite eq. (9.1.47) as

7dh,7L *ng
’ = (h+h- HYVAB 1 (a_em
ZEL/va’L/Ri:H H 1-p qw(h+h i) HH H 1——qw(A 24 ) |,
w0 (hR)el AB w AeIAB HARB
h-h=0 mod w
(9.1.60)

where w runs over 2Z.o—1+6%. The scaling dimensions of interface changing operators
can be read off from eq. (9.1.60) by extracting the fixed N, partition functions and
adding ¢ (N- + N,) to the exponents of ¢. From the grand-canonical perspective,
this amounts to shifting the exponent of ¢ for the factors of the product over w by
2w and likewise, shifting the factors of the w product by %tw. We conclude that
the spectrum of local operators that can be inserted between our interfaces consists
of products of single particle fields falling into the five families O, and OAB with
A,B e {L,R}. The former can simply be interpreted as bulk operators inserted on
the transmissive part of the interfaces, while the latter are intrinsically attached to
the interface. Quantitatively, the arguments given above tell us that for each w > 0
and each seed theory bulk operator O of dimension h+ h, and spin k- h divisible by
w, we obtain a single particle interface operator with dimension

Aw=h+h+ﬁﬂ(w—l), (9.1.61)
w 12 w
while each weight A € IAB leads to a family of fields with dimension
A ¢ 1
AB M
=— 4+ — —]. 1.
A Y (w+w) (9.1.62)

In the special case where the boundary states that enter the construction of the
interfaces are chosen to coincide, i.e. a, = a_, the seed theory boundary spectra
that are captured by the partition functions (9.1.50) contain an identity operator,
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ie. 0 € IAB and thus the spectrum of the symmetric product orbifold contains
interface twist fields oB whose conformal weight is given by eq. (9.1.62) with A = 0.
Studying correlation functions of these interface twist fields is the main focus of
our work and hence we shall mostly consider interfaces with |a,) = |a_) =: |a) (and
X: = xp = 1). The associated interface operators will be denoted by Iﬁf;)

Interface changing correlators. We are finally ready to address the main topic
of this chapter, namely correlation functions including twist field insertions along the
interface (and in the bulk). To keep things simple we return to the case in which
an interface operator Z[v] is inserted along a single closed curve 7 so that we are
strictly in the setup we considered previously in Section 9.1.3. The extension to
multiple interface insertions is straightforward. For simplicity we also restrict to the
case of trivial characters y and set |a,) = |a_) =: |a), see our discussion at the end
of the previous paragraph. This leaves the degree of transmissivity P as the main
parameter of the interface, besides the choice of the boundary state |a).

As we explained above, some interface twist fields can only be inserted at points
at which the degree of transmissivity changes. To be more precise, the interface
twists fields oLL and 0% can only be inserted at points along the curve v at which
the degree of transmissivity P jumps by one unit to P + 1, see also Figure 9.1.1.
Put differently, if we want to insert these fields we have to break up the curve ~ into
smaller segments and insert interface operators with different degree of transmissivity
along these segments. Since this is notationally a bit cumbersome we shall keep using
the interface operator I|Ef)3) [v] where P denotes the degree of transmissivity of Z[v]
at the base point v(0) = v(1) of the curve. We shall sometimes refer to this base
point as the reference point and denote it by ¢* in the rest of this chapter. It is then
understood that this degree jumps whenever v passes through the insertion point of
an interface changing twist field oL (t) or o5 (t).

With this comment on notation in mind let us now spell out the family of observables
O whose expectation values we want to compute. These are given by

=70y H T (1) ]‘[ o (9.1.63)

where we assume that the reference point ¢* = v(0) is not the insertion point of a
local operator.

As in our previous discussions, the expectation values of the observables O we con-
sider now can be evaluated by summing certain expectation values on the seed theory
over some set of covering maps I' € C[O]. The insertion of the interface changing
operators oAB(t;) into the expectation value enforces that covering maps that con-
tribute to the correlator have a type w4® interface ramification point that maps to
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the branch point ¢; € X. Thus,

N, sheeted interface coverings of X with deg. of transmissivity P
C[o] - at 7(0) and bulk branchpts. z; lifting to ramification pts. with

ramification index w; as well as interface branchpts. ¢; lifting to
interface ramification pts. with ramification index wfiB

(9.1.64)
Like the bulk vacuum twist fields, the interface vacuum twist fields lift to the identity
operator along the covering map, up to some coefficient as in eq. (9.1.42). Since we
assumed that all three characters y, and xp are trivial, the factors that depend on
the monodromies of the covering map is also trivial and hence we are left with o[I'].
In Sec. 9.2, we determine C'[O] for any correlator with X = S? explicitly. The explicit
evaluation of the correlators from these data is then addressed in Sec. 9.3.

9.2 (Generalised Pakman-Rastelli-Razamat diagrammatics

In this section, we introduce diagrammatic rules that provide a systematic classifi-
cation of the covering maps that contribute to any specific interface correlator. In
the first subsection, Sec. 9.2.1, we review the analogous diagrams for bulk correla-
tors which were introduced by Pakman, Rastelli and Razamat in [311]. The main
subsection, 9.2.2, introduces the interface generalisation. Sec. 9.2.3 describes how to
determine the symmetry group of an interface covering map, i.e. the group Deck|[I']
of its deck transformations, directly from the corresponding diagram. Subsection
9.2.4 provides an alternative perspective on the same problem and determines the
symmetry factors by counting different ways to label faces of diagrams, an approach
that more directly connects to the bulk discussion of Reference [311]. The final
subsection, 9.2.5, is devoted to the large-N limit of interface correlators.

9.2.1 Pakman-Rastelli-Razamat diagrams

This section reviews the Pakman-Rastelli-Razamat (PRR) diagrammatic rules. We
first discuss how to construct the associated PRR diagram given a covering map. To
do so, we take a slight detour of first constructing auxiliary diagrams with redun-
dant extra vertices and then reducing these to their PRR form. While this makes
the discussion of the case without interfaces slightly less efficient than the original
description in Reference [311], the approach will pay off in Section 9.2.2 since it is
well aligned with the interface generalisation.

After we have explained how to extract diagrams form covering maps, the second
paragraph of the section formulates constructive rules that allow us to generate the
set of PRR diagrams without knowledge of the covering maps. Finally, we showcase
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Figure 9.2.1: Lines on S? whose preimage w.r.t. a covering map I' produce D.[T'].
Branch points in the upper and lower hemisphere are denoted by w, and w_. Ori-
entations are represented by half-arrows extending into the disk on whose boundary
they are drawn.

how to apply the rules in simple examples. Appendix 9.E sketches a proof of the
validity of the rules.

Diagrams from covering maps. To construct the PRR diagram D[I'] of a cov-
ering map I': ¥ — S2, we perform the following three steps.

1. Draw lines with the same orientation, at distance € above and below the equa-
tor, deformed as in Fig. 9.2.1 such that all branch points of I" are in the strip
between them.

2. The preimage D.[I'] of this configuration with respect to I' is a network of
oriented lines on ¥. Take the limit D[] := lin% D.[T].

3. Each face of D[I'] is either the preimage of the upper or the lower hemisphere
with respect to I'. Label the faces with “+” and “-” respectively.

If I' has degree N then D[I'] has 2N faces, all of them with a consistently oriented
boundary and exactly half labelled by +. The diagram has four classes of vertices,
two of which are shown in Fig. 9.2.2. The other two may be obtained simply by
flipping all signs + in the faces. In the ¢ — 0 limit, the preimages of the lines on
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S?, reaching out to branch points from the equator of the sphere, degenerate into
double lines which end on the branch points. We shall refer to these double lines as
misaligned since the arrows along them point in opposite directions. Each misaligned
double line lifts to w copies on 3, leading to the vertex shown in Fig. 9.2.2a.

Note that the faces that touch at a misaligned double line possess the same sign.
Furthermore, each region where such a fold leaves the equator becomes a trivalent
vertex of the type shown in Fig. 9.2.2b. We refer to the latter type of vertices as
redundant vertices for reasons that will become clear in a moment. Let us first note,
however, that these trivalent vertices involve a single misaligned double line and two
aligned double lines for which the arrows on both sides of the double line point in
the same direction. Faces joined by aligned double lines carry opposite signs.

As illustrated in Fig. 9.2.3a, all edges emanating from a vertex that corresponds to a
ramification point end on redundant vertices. We can therefore simplify the diagrams
without losing any information by moving the trivalent vertices like a zip toward the
ramification vertex until we have entirely eliminated the misaligned double line. For
each misaligned double line that was entering the ramification vertex before, this
reduction produces two aligned double lines that enter the vertex, with the sign of the
faces flipping each time we cross an aligned double line. This fusion of ramification
and redundant vertices, leads to diagrams that only have one type of vertices, namely
those shown in Fig. 9.2.3b. The reduced graphs are the standard PRR diagrams.

Let us close this subsection with further comments on this relation to the diagrams
of Pakman, Rastelli and Razamat. The original PRR diagrams use a single type of
double lines composed of one dashed and one solid line with no displayed orientation.
But in checking consistency of PRR diagrams it becomes important that one goes
through the dashed loops in clockwise order and through solid loops in anti-clockwise
order. In this sense, the lines of PRR diagrams inherit an orientation from the
orientation of . We have decided here to make this orientation manifest in our
graphics. The PRR faces that are enclosed by solid loops correspond to the faces we
label with +, while those surrounded by dashed loops are the ones we label with —.
The main difference in our approach is that, initially, we have three types of double
lines. Our aligned double lines correspond to the PRR double lines. But in addition
we have two more double lines, namely the misaligned double lines that run between
two faces with label +, and the misaligned double lines that run between two faces
that carry a — label. Following PRR graphics, one can also picture these as double
lines with two solid and two dashed lines, respectively. Our redundant vertex would
then be represented as a vertex in which the double line with e.g. two solid lines
splits into two double lines of PRR type, i.e. with one dashed and one solid line. As
long as there is no interface located at the equator, the misaligned double lines can
be removed by the reduction procedure described in the previous paragraph. This
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- | (b) Redundant vertex created when the con-
(a) A vertex dressing a ramification point  tour defining D[I'] folds away from the equa-

with index w touches w faces of D[T']. tor.

Figure 9.2.2: This figure shows half of the vertices of the PRR diagrams. Two
more vertices can be generated by turning around all orientations and exchanging

+ o -

(a) All edges connecting to w vertices end on(b) Reduced 2w-valent vertex obtained by
the redundant trivalent vertices. contracting lines with misaligned orientation.

Figure 9.2.3: Reduction to standard PRR diagrams.

leaves us with diagrams that only contain the aligned double lines used by Pakman,
Rastelli and Razamat.

Covering maps from diagrams. The PRR diagrams for covering maps I' of
degree N can be constructed by using the vertices in Fig. 9.2.3b, as well as those
with flipped signs of the faces, choosing an order of the branch points and imposing
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Figure 9.2.4: Diagram corresponding to the covering map that computes the two-
point function of twist w fields.

the following three rules.

1. The boundary of a face contains each ramification point at most once.

2. Traversing the boundary of a face along its orientation, one encounters the
ramification points in the order of the corresponding branch points.

3. Each face is simply connected and the number of faces equals the degree N of
the covering map.

Clearly, the diagrams that classify equivalence classes of covering maps introduced
in the previous paragraph satisfy the three rules above. In Appendix 9.E; we show
that vice versa every diagram constructed in this way corresponds to an equivalence
class of covering maps.

Example: Two-point correlator. As a simple example, Figure 9.2.4 shows the
covering map I which computes the two-point function (0,0, ) of two twist w opera-
tors. This map is a covering of the sphere by the sphere with two ramification points,
both of them having ramification index w. Thus, the diagram is a graph embedded
in the sphere with two vertices that are connected by double lines of alternating
orientation. The graph has 2w faces, half of which with a “~” and half with a “+”
label.

9.2.2 Interface PRR diagrams

Following the same strategy as in Section 9.2.1, we first construct diagrams from
interface covering maps. We then present a set of rules that allow us to systematically
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0

Figure 9.2.5: When the interface is inserted along the equator of the sphere, the
contours defining D.[I'] are identical to those shown in Fig. 9.2.1.

construct all possible diagrams given a set of prescribed ramification points. Finally,
we demonstrate the rules in several examples. A proof for the validity of the rules is
sketched in App. 9.E.

Diagrams from interface covering maps. The following three steps construct
a diagram® D[T'] on a Riemann surface 3 given an interface covering map I": 3 - S2.

1. Draw lines with the same orientation, at distance € above and below the inter-
face, deformed as in Fig. 9.2.5 such that all branch points of I" are in the strip
between them.

2. The preimage D.[I'] of this configuration with respect to I' is a network of
oriented lines on . Take the limit D[T'] := lirrol D.[T].

3. Each face of D[T'] is either the preimage of the upper or the lower hemisphere
with respect to I'. Label the faces with “+” and “-” respectively.

In the interface case, the vertices of Fig. 9.2.2 are augmented by the vertices of
Fig. 9.2.6. The first four vertices originate from boundary ramification points of the
interface covering map. They involve two oriented (single) lines and w - 1 aligned

9In mathematical terms the object that we construct is a combinatorial map i.e. a graph with
additional data describing the cyclic configuration of edges at each vertex.
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double lines. Since all the double lines are aligned, the label on the faces alternates.
There are four different assignments of signs in the two faces that involve the single
line. These assignments distinguish the four vertices corresponding to the four classes
of boundary ramification points. Additionally, there are two vertices in which a
misaligned double line splits into a pair of single lines. The two variants of these
vertices are distinguished by the sign of the two faces touching the misaligned line,
which can be either both + or both —.

The trivalent vertices that we encountered in the absence of the interface were re-
dundant since there was a face with the opposite sign that we could use to split the
misaligned double line into a pair of aligned ones. Now, however, the interface can
cause the surface to rip open. When this happens, there is no face with opposite sign
on the other side. Therefore, these vertices cannot be removed.

As in the case without interface, the two halves of each double line originating in bulk
ramification points have opposite orientation, i.e. these double lines are misaligned.
Again, we can remove all ‘redundant’ trivalent vertices where misaligned double lines
split into a pair of aligned double lines by moving them on top of a bulk ramification
point. In this process we can remove some of the misaligned double lines. But if
there is a non-trivial interface, it is no longer possible to remove all the misaligned
double lines through this process. Hence, the interface diagrams do involve three
different types of double lines in general, the aligned ones that also appear in the
bulk PRR diagrams and the two types of misaligned ones that run between faces
labelled by + and by —.

The bulk vertices involve both aligned and misaligned double lines. Their associated
ramification index w fixes the overall number of these double lines but not how they
are distributed among the two types. More precisely, 2w is the number of aligned
double lines plus twice the number of misaligned ones.

Covering maps from diagrams. The interface PRR diagrams of interface cov-
ering maps I' of degrees N, equipped with a consistent choice of order for the branch
points are the diagrams built out of the vertices in Figures 9.2.2 and 9.2.6, satisfying
the three rules given below. In this context, “consistent choice of order” means that
the restriction of the ordering to interface branch points coincides with the order
induced by the orientation of the interface.

1. The boundary of a face contains each ramification point at most once.

2. Traversing the boundary of a face along its orientation, one encounters the
ramification points in the order of the corresponding branch points.

3. Each face is simply connected and the number of “+”-faces is V,.
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RR

(a) Vertex of w’’ interface ramification(b) Vertex of w interface ramification

points points

RL

(c) Vertex of wlf interface ramification (d) Vertex of w interface ramification

points points

(e) Vertex of folds into the upper hemisphere (f) Vertex of folds into the lower hemisphere
cut off at the interface through the lift along cut off at the interface through the lift along
r r

Figure 9.2.6: Additional vertices for interface covering maps.

Clearly, the diagrams that classify equivalence classes of covering maps introduced
in the previous paragraph satisfy the three rules above. In Appendix 9.E we show
that, conversely, all interface PRR diagrams actually correspond to interface covering
maps.

Example 1. As a first example, let us consider the diagrammatics for the interface
covering maps [' that can contribute to the correlation function

(o5R gy(2)ast). (9.2.1)

The only connected covering space contributing to this correlator is a disk. If z is
in the upper hemisphere, the corresponding interface covering map has N_ =1 and
N, = 2. The assignment is reversed if z is in the lower hemisphere, i.e. N_ =2 and
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Figure 9.2.7: Bulk vertex in a reduced diagram obtained by removing redundant
vertices. While this picture shows only a single misaligned line emanating from the
bulk vertex to the boundary of X, there could in general be up to w such lines
attached to the same vertex.

(a) The case Im(z) > 0. (b) The case Im(z) < 0.

Figure 9.2.8: Diagram of (¢ffioy(2)olt) with order 2LF < 2 < 2RE,

N, =1 in that case. The two corresponding diagrams are shown in Figure 9.2.8. The
correlator is a good example to highlight the relevance of the order that is assigned
to the bulk branch points through the contour in Figure 9.2.5. The diagrams shown
in Figure 9.2.8 correspond to the choice of ordering 2-% < 2 < 28E, The other option,
Le. 2L < 2RE < 2 is shown in Figure 9.2.9. Let us stress that the diagrams arising
from different choices of ordering do not correspond to different types of covering
maps that contribute to the correlator (9.2.1). Instead they are different graphical
representations of the same covering map. Finally, let us also draw the attention of
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(a) The case Im(z) > 0. (b) The case Im(z) < 0.

Figure 9.2.9: Diagram of (¢f0y(2)olt) with order 2L < 2BE < 2,

the reader to the subtle feature that performing a reflection of the diagrams along
the vertical axis that goes through the vertex corresponding to the bulk field does not
result in valid diagrams. The vertices of valid diagrams are precisely those listed in
Figure 9.2.6. In particular, a curve moving around a valid w™* vertex anticlockwise
in a small semi-circle has to start on the boundary of a “~”-face and end on the
boundary of a “+”-face. The analogous statement with “+” and “-” exchanged
holds for the w®F vertices.

Example 2. Let us now discuss a less trivial example, where multiple diagrams
contribute, namely the four-point correlation function

(oBLoRLoRRGLLY (9.2.2)

of interface operators. Whereas the ordering of bulk operators along the interface is
an arbitrary (but necessary) choice that does not have any direct physical meaning,
the ordering of interface operators is unambiguous (i.e. different orderings correspond
to physically different correlation functions). With the ordering fixed in eq. (9.2.2),
there is a unique disk diagram corresponding to an interface covering map that con-
tributes to the correlator. This diagram is illustrated in Figure 9.2.10. Furthermore,
there are two distinct cylinder diagrams that contribute to the connected part of the
correlator. These are shown in Figure 9.2.11.

Example 3. As the complexity of correlators increases, the number of diagrams
that contributes for each covering surface also grows. Figure 9.2.12 shows only one
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Figure 9.2.10: Disk contribution to the correlator (9.2.2) at N_ =2 and N, =4.

(a) Diagram with separated boundaries. (b) Diagram with adjacent boundaries.

Figure 9.2.11: Cylinder contributions to the correlator (9.2.2) at N_ =2 and N, = 3.
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Figure 9.2.12: Diagram for one of the disk covering maps contributing to (9.2.3).

of many diagrams that contribute at disk level to the four-point function

(08025 )7a(24) 2 (). (9.2.3)
We hope that these three example suffice to illustrate the diagrammatic rules that
we have introduced in order to describe interface covering maps.

Diagrams with reference point. By construction, we can read off N, from a
diagram by counting the faces labelled by + and —. We now explain how one can
read off the degree of transmissivity P. Recall that, when moving along the interface,
P changes by one unit whenever we cross an interface branch point of type LL or RR,
see Section 9.1. Thus, the integer P is not a global property of the covering map, but
a local property associated to a reference point t* on the interface, as also discussed
below eq. (9.1.63). Given a choice of t*, we decorate our diagrams with the elements
of the preimage I'!(¢*) under the covering map. The degree of transmissivity P at
t* is then given by the number of these preimages occurring in the interior of the
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covering space, i.e. on double lines. The relevant data encoded in the choice of ¢* is
its position in the ordering of interface and bulk branch points. Using this data, the
reference points have to be distributed on the diagrams according to the following
three rules

1. The boundary of each face includes exactly one reference point.

2. Moving along the boundary of a face along its orientation, one encounters not
only the ramification points but also the reference point in the correct order.

3. Reference points cannot occur on misaligned double lines.

As an example, Fig. 9.2.13 shows a t* dressed version of the diagram shown in
Fig. 9.2.10. The decoration shown here amounts to the ordering t* < 5%l < 5RL <
2RE < 2LL for which we read off that P = 2 since two of the black dots are placed on
double lines. The reader is invited to draw the diagram that is associated with the
order 5fL < 5RL <« QRE < ¢+ < 2LL and to verify that this returns P = 1.

Figure 9.2.13: Dressed version of Fig. 9.2.10. Preimages I'1(¢*) of the reference
point t* under the covering map are depicted by black dots.

9.2.3 Symmetry group of interface PRR diagrams

In this short subsection, we discuss how to determine the symmetry group of an
(interface) covering map from the corresponding diagram. To do so, we first define
the automorphism group of (interface) PRR diagrams. From the definition, it will
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directly be clear that the automorphism group of a diagram is isomorphic to the
group of deck transformations of the covering map. We end the section by applying
this isomorphism in two examples.

Definition of the symmetry group. As already mentioned above, an interface
PRR diagram is not a just graph but comes with some additional structure. To
begin with it is a fat graph — the edges and faces that meet at any vertex come with
a cyclic order. In addition, the vertices of the diagram are labelled by the associated
branch points of the covering map. For covering maps that arise from single-cycle
twist fields, this labelling is injective, i.e. no two vertices possess the same label.
However, in case of multi-cycle twist fields, vertices that carry the same label can
arise.

Now that we understand the relevant structure of the interface PRR diagram, we
can define its symmetry group: It is the group of all permutations of (vertices), edges
and faces of the diagram that respect the labelling of vertices, the cyclic ordering
at each vertex and of course the structure of the underlying graph. In terms of
an explicit embedding representing a PRR diagram in ¥, the symmetries of the
diagram are exactly the permutations of (vertices), edges and faces that descend
from automorphisms of ¥ which preserve the embedded labelled graph. Let us also
note that the symmetry group of an interface PRR diagram is much smaller than
the symmetry group of an associated graph which one obtains from the diagram by
dropping the additional structure.

Identification with deck transformations. We now argue that the symmetry
group of an interface PRR diagram is isomorphic to the group of deck transformations
of the corresponding covering maps. Given a diagram, we pick a representative I’
of the equivalence class of covering maps that the diagram corresponds to. Clearly,
each deck transformation gives a symmetry of the associated interface PRR diagram.
Vice versa, if ¢ is an automorphism of ¥ that descends to an symmetry of the
diagram, then I' and I'" o ¢ are two holomorphic maps that by construction coincide
on the vertices and edges of the embedded interface PRR diagram. But since both
[ and IT" o ¢ are holomorphic (and the faces of diagrams are simply connected), this
means that they also need to coincide on the faces, which implies that ¢ is a deck
transformation of I'.

Examples. The only diagram with a non trivial symmetry group discussed so far
in this section is the one shown in Fig. 9.2.4. The symmetry group of this diagram is
the Z,, sub-group of the rotations of the sphere that fix the two ramification points
and cyclically permute the edges of the graph. On higher genus covering spaces the
symmetry groups can be more general transformations than rotations. For instance,
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Figure 9.2.14: Cylinder contribution to (o202) at N, =2, N_=0.

the cylinder diagram contributing to the two-point function (o909) of bulk twist 2
operators shown in Fig. 9.2.14 has a Z, symmetry group that is generated by a
modular S-transformation of the cylinder which flips the two boundaries but leaves
the ramification points fixed.

9.2.4 Gauge fixing of interface PRR diagrams

In equation (9.1.22), we identified the coefficient a[I'] that weighs the contribution
of the covering map I' to a connected sphere correlator, see eq. (9.1.18), with the
size of a particular orbit under an Sy action. This subsection provides an analogous
interpretation for the interface coefficient a[I'], see egs. (9.1.42) and (9.1.43), as the
size of an orbit of some Sy x Sy, action. It is straight forward to obtain such an
interpretation from a generalisation of the monodromy based arguments that led to
eq. (9.1.22). However, now that we have developed the PRR diagrammatics of
interface covering maps we can do better and provide a more transparent description
in terms of graphs.

Gauge fixed PRR diagrams. Consider an interface covering map I" with deg[T", ] =
N,. As in the case of bulk covering maps, we refer to a bijective assignment of in-
tegers in N, :={1,..., N.} to sheets of the covering as a gauge choice. In terms of
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interface PRR diagrams, such a gauge choice assigns integers to the +-faces. We call
a PRR diagram whose faces are labelled in such a way gauge fized.

Gauge fixed ramification indices. Gauge fixed PRR diagrams associate rami-
fication points of I' with cyclic permutations of N_u N,. These permutations are
determined by circumnavigating the associated vertices of the diagram anti-clockwise
and reading off the encountered NV, labels of the traversed faces. We refer to these
permutations as gauge fixed ramification indices. To give a more detailed description
it is useful introduce different variables j and a to denote elements of N and N,
respectively.

With this convention, every ramification point of I' with ramification index w whose

branch point is in the upper half plane, is associated with a permutation g = (a;j1az2a3. ..

of length [g|. The length is constrained by w < |g| < 2w. There must be exactly w
a-labels. In addition one may have up to w j-labels which, however, must always be
separated by a-labels in the permutation. The labels of interior ramification points
whose branch point is in the lower half plane are defined analogously with a and j
labels interchanged. The labels corresponding to branch points on the interface are
also defined in the same manner. In this case, however, the associated permutation
necessarily alternates between a- and j-labels and has length |g| = 2w.

Finally, every type w4® boundary ramification point is associated with a sequence
Y4B of length w, whose entries alternate between a- and j-labels. We choose se-
quences instead of permutations to describe gauge fixed boundary ramification since
the boundary case involves more data than just the cyclic ordering: Boundary ram-
ification points also distinguish a particular first and last element of the associated
sequence of IV, labelled faces. At these end-point the sequence stops since the bound-
ary of the covering space is reached.

Examples of various types of gauge fixed ramification indices are illustrated in Fig. 9.2.15.

Gauge fixed twist fields. Gauge fixed ramification indices allow us to define
gauge-fixed twist fields labelled by such indices. These are non-local operators whose
correlators are computed by a restriction of the sum over covering maps of local twist
fields to gauge fixed PRR diagrams compatible with the gauge fixed ramification
indices. Clearly, the constraint can be lifted by taking a linear combination of all
possible ways to fix the gauge. Thus, local twist fields can be expressed as linear
combinations of their gauge fixed counterpart. In fact, this is how we initially defined
the interface changing operators in [4].

Gauge fixed interfaces. The gauge fixed PRR diagram also allows us to associate
a permutation to the interface itself. For a covering map with degree of transmissivity
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=3 Jn- =

_;jn +; a1

+;an +; a1
+;an _;jl @

R

(b) Vertex with ramification w®" and gauge

(a) Vertex with ramification w”* and gauge fixed index y** = (ayj ... jn_1a,), where n=
w w+l
22

fixed index y*F = (jiay . .. jnan), where n=
=3 J2 =1

+ias +ia A +iaz +ia

+;a3 +; Gy -3 +; Ay

(c) Vertex with ramification w and gauge  (d) Vertex with ramification w and gauge
fixed index g = (j1a1 - . . Jww)- fixed index g = (a1j1a2a373 - . . Gwjw)-

Figure 9.2.15: Examples of vertices and corresponding sequences.

P, the permutation ¢ that describes the gauge fixed glueing condition of the interface
at the reference point ¢* is a product ¢ = (j1a1)(j2a2) ... (jpap) of P commuting
transpositions (j;a;). Recall from the discussion at the end of Section 9.2.2 that the
preimage ['"1(¢*) can be represented by placing black dots on the edges of the PRR
diagram according to some rules we spelled out before. For an interface covering with
the degree of transmissivity P at t*, there will be exactly P black dots on aligned
double lines. Hence we can associate P pairs (j;a;) to the choice of t*. Note that
the permutations that would describe the analogous data for any other choices of
the reference point is fixed by the gauge fixed ramification indices along with the ¢
of one specific choice t* of the reference point.

Symmetry factors from gauge fixed diagrams. Now we are actually ready to
determine the weight factor «a(I") we are after. Consider an arbitrary gauge fixed
PRR diagram for I' and read off the corresponding gauge fixed interior ramification
indices g1, ...,g,, and gauge fixed boundary ramification indices 'yle LI ,’y;?f”B""

as well as the permutation ¢ describing the glueing data at the reference point ¢*.
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Given all this data, the weight is given by
_deg[T"_]!deg[T", ]!

r - Gty B ytineBro ) 9.2.4
CK[ ] |D6Ck[P]| ’[gla g c7L771 ) y Yno ] ( )
The number on the r.h.s. is the size of the orbit

(g1, - ,L,fylel, o ]={(9q197, ... ,ng‘l,g.'ylel, o )|geSn. xSn_}. (9.2.5)

that is obtained form the gauged fixed ramification indices and ¢ by simultaneous
action with elements g in the product Sy_ x Sy, of the permutation groups. On the
interior ramification indices g and on ¢ elements g act through the adjoint action.
Recall that g; and ¢ are themselves elements of Sy x Sy, so that the adjoint action
is well defined. The action of g on the gauged fixed boundary ramification indices +;
is through the defining action of Sy_ x Sy, on the entries of the 'y?iB i sequences.

Diagrammatically, this group action just corresponds to the relabelling of faces in
the gauge fixed PRR diagram. The action of a deck transformation on the covering
space amounts to a permutation of faces of the diagram. Therefore, a gauge choice
for the diagram allows us to identify Deck[T'] with a subgroup of Sy_x Sy,. Since
deck transformations leave the structure of the covering map invariant, this subgroup
of Sy xSy, is exactly the stabiliser of the orbit (9.2.5) under the permutation action.
Hence, equation (9.2.4) directly follows from the orbit-stabiliser theorem.

9.2.5 The large N expansion

In this section, we discuss a particular limit in which the computation of our interface
correlation functions simplifies and non-planar diagrams are suppressed. Concretely,
we study connected correlators on the sphere X =S? with an interface Iﬁf))) inserted
along the equator and the parameters NV, and P scaling as

1
N.~N, P~N and N.,-P~N2 (9.2.6)

with an expansion parameter N that we will take to be large. Our main finding is that
contributions of genus g covering spaces with b boundaries to connected correlators
of n. bulk and n, interface twist fields scale, to leading order in N, as

b_ne no
!

N'97272 (9.2.7)

if the two point-functions of the operators are normalised to 1. Equation (9.2.7) is
suggestive of an identification N ~ g;2 of the parameter N with the string coupling
of a potential holographic dual. As in the bulk case, the true relationship between
the parameters of the symmetric orbifold and the string coupling is however slightly
more subtle. In Section 9.4.3, we will show that the resemblance of eq. (9.2.7) to a
string genus expansion can be traced back to the fact that eq. (9.2.6) with N ~ g;2
describes the expectation values of N, and P in the truly holographic grand-canonical
ensemble of interfaces to leading order in small g;.
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Connected sphere correlators. Towards the end of Section 9.1.2, we defined
connected sphere correlators for bulk twist fields in symmetric product orbifolds.
Connected correlation functions in the presence of the interface IS) are defined
analogously, i.e.

) 1 N, min(ng,P)
P conn,unnormalised
(T o)Al s Y > (0, (9.2.8)
sym-Mev) T NCIND S & -
n_+in+¢0 FQC’fﬁrjg[I‘a) 0]

where the third sum runs over the subset of connected interface coverings maps I'.
By definition, these are interface covering maps

. i) yptVePb) 3 LT, (9.2.9)

with b, = n, —p that satisfy three conditions: First of all, they restrict to the identity
map on the P — p spheres C. Furthermore they are also required to restrict to the
identity embedding of the upper and lower hemispheres on the N, — P — b, discon-
nected discs D,. Finally, we impose that > should be connected. The parameters
ny and p correspond to the degrees and transmissivity of the restriction I'lg. For
I'e Coom (2 0], we have

IDeck[T]| = (N_ - P = b_)I(N. — P = b)!(P - p)! [Deck[Ts.]| (9.2.10)

which we can use to partially evaluate the correlator (O') r on the r.h.s. of eq. (9.2.8)
as

N,!NJr! gN_+N+—2P—(b_+b+) (OF|Z >M
S (N_=P-b)(N,-P-b)(P-p)! n_ln,! "

(0" ) m (9.2.11)
The factors in front of the remaining expectation value (O'=) \4 account for the con-
tribution of the trivial connected components of the covering space. When inserted
into eq. (9.2.8), the formula (9.2.11) leads to

) & e g
<II@) O>§31;1111N-|N+(M) - Z Z Cr(N.,P) -~ (O"=Y 0 (9.2.12)
nlim P TeCsRITO) e

for normalised connected correlators, where

_ (N_-P)!(N, - P)!P!
Cr(Ns, P) = (N P bV, — P )P p) (9.2.13)

Normalisation of twist fields. Eq. (9.2.12) makes the N, and P dependence
and hence, with the scaling (9.2.6), the NV dependence of correlators fully manifest,
since (O'l=), is independent of the parameter N. To have a well behaved large
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N expansion, we would like to replace bulk and interface twist fields by normalised
versions

5AB = NABgAB and ow(x) =Nio,(x) (9.2.14)

Oy

whose two-point functions are of order 1 in the large N limit. The superscript s
we placed on the normalization constants N3 is the sign of the imaginary part of
the insertion point z. It can take one of the three values —, 0 and +, depending on
whether z is in the lower half-plane, on the real line or in the upper half-plane. The
correlators defining the normalizations N8 of the interface operators are

(@ (0)a (1), (05M(0)o5 (1)) and (o f4(0)0 (1)),  (9.2.15)

each of which is computed by a single covering map. Let us refer to the three covering
maps as [ER =TLL TLE and T'EEL. With this notation, we have

1
NAB = Cras(N,, P)2 (9.2.16)
with C' as defined in eq. (9.2.13). For A # B, the index w is odd and our formula for
Cr evaluates to
(P50
(N_.-P)P!

(P—=2)

LR _ —_ £ 7
N = (N, - P)PV

and NEE = (9.2.17)
independently of the choice of reference point defining P and p. In the first case
with AB = LR, for example, the degrees n, of T'48 are given by n_ =w/2 + 1/2 and
n, = w/2 - 1/2 while the transmissivity is p = w/2 — 1/2. Hence, the parameters b,
take the values b_ = 1 and b, = 0. Insertion into eq. (9.2.13) gives the first formula
in eq. (9.2.17). The second formula is obtained in the same way with the role of +
exchanged. If A = B, on the other hand, the label w must be even and the resulting

normalizations

\/ G I 10,1[

e it tF €]0,

NAA - (N_;P')(M—P)P! (9.2.18)
(P-3)!

B else

explicitly depend on the choice of the reference point ¢*. The derivation is similar
to the previous one but now the degrees n, coincide, i.e. n_ = n, = w/2. The two
possible decorations of the corresponding interface PRR diagrams with black dots
lead to a degree of transmissivity p = n, + 1 and p = n,, respectively. This gives the
two possible values of the normalization constant.

For bulk fields &, the normalization is determined along the same lines. The resulting
normalization constants are given by

Ni:,/w and Ng:‘/w' (9.2.19)
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Large N expansion. If we let N, and P scale with a large parameter N as in
eq. (9.2.6), then, to leading order in NV,

NAE NS Ns=N% and Cp(N,P)~N"7" (9.2.20)

independently of the choice of the reference point, as one can directly read off from
eqs. (9.2.13), (9.2.17), (9.2.18) and (9.2.19). Thus, we find that the contribution of
elements I' € C5o"» to the correlator

7 H&A & o e (at (9.2.21)

scales, to leading order in NN, as

Wi —_t b c
N =14 i3 2 :Nl_g_ﬁ_T_T’ (9.2.22)

where g and b are the genus and number of boundaries of the non-trivial connected
component Y of the covering space associated with I'. The equality between the
Lh.s. and r.h.s. of eq. (9.2.22) follows directly from the interface Riemann-Hurwitz
formula (9.1.28). As advertised in the beginning of this section, higher genus and
multi-boundary covering spaces are hence systematically suppressed in the large N
limit.

9.3 Generalised Lunin-Mathur construction

In this short section, we present an interface version of the Lunin-Mathur construc-
tion to compute correlation functions of the seed theory on the covering surface X
or rather partition functions which are relevant for pure twist field insertions in the
symmetric product orbifold. Its first half, i.e. Subsection 9.3.1, is devoted to a review
of the bulk method. In the second half, i.e. Subsection 9.3.2, we introduce the inter-
face generalisation and then illustrate its usage in several examples. Appendix 9.D
contains detailed computations supporting the main text. Throughout this section,
whenever we write ¢ without any further specifications, we mean the central charge
cp of the seed theory.

9.3.1 Review of the bulk method

As reviewed in Section 9.1, correlation functions in symmetric orbifolds are defined in
terms of the data of associated covering maps. More specifically, correlators of (single
cycle) twist fields on a Riemann surface X can, through the definitions (9.1.17) and
(9.1.18), be expressed as a sum

z>
unnormallsed : o 1
(Ow, (1) ... 0w, (z0)) SymN (M) g Z[l with  Z[T]:= Deck[T] (9.3.1)
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where Z denotes the partition function Z}* of the seed theory on the covering space
Y. As before, the sum runs over coverings I' : ¥ — X of X whose branch points are
exactly x1,...,x, with indices wy,...w,. In this subsection, we review the Lunin-
Mathur method [310] for the evaluation of Z}.

General setup. We assume that for each conformal equivalence class of Rieman-
nian structures ds% on the covering surface X, there is a representative ds% for which
the value of the vacuum partition function of the seed theory is known. The problem
whose solution we describe in the paragraphs below is how to express Z in terms of
Zli. Two steps need to be performed to achieve this goal. First, we need to compute
the conformal factor ¢ in

ds3 = e‘i’dsz2 , (9.3.2)

relating the metric dsj, = I'*ds% to the reference metric ds%. Once ¢ has been
computed, we need to calculate the value of the Liouville action on ¢ in a second
step,

Si[¢] :96% [ Pt/G5 (8,00,092 +2R) . (9.3.3)
>

The partition function Z3* that appears on the right hand side of eq. (9.3.1) is then
given by

78 = Sl g3 (9.3.4)

It is thus reduced to the reference partition function Zl2 which we assumed to be
known.

The sphere. For concreteness, we focus on the case where both X and X are
spheres. Following [310], we introduce a family of metrics ds? on the Riemann sphere
C which are parametrised by some § > 0. On C, these metrics are given by

_ 9.3.5
“ijé‘ff else . ( )

) {dzdz if |52] < 1
d85=

They extend continuously to the Riemann sphere. Given a seed conformal field
theory with central charge ¢, its partition function on C equipped with ds? is

7% = 573, (9.3.6)

where @ is an arbitrary normalisation constant [310]. We take ds? as the reference
metric on 3 = Cs. When dealing with the sphere X that is covered by ¥ we shall
use the same metric, but denote the parameter by 7 instead of 4, i.e.

X=C, for some small 7> 0. (9.3.7)
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We fix the normalization constant to @ =73 such that the sphere partition function
of the seed theory is trivial, Z;* = 1. Without loss of generality, we assume that
all twist fields of the correlator that we would like to compute are inserted in the
region |nz| < 1. Since we are only interested in covering maps up to the action of
automorphisms of ¥, we can fix

T'(c0) = co. (9.3.8)

As explained above, we compute Z by relating it to the partition function Zli with
) = C; for an appropriately chosen 4.

Regulating the Liouville action. Consider the subset Bs-1 ¢ C that consists of
all points z € X with |zd| < 1. We denote the preimage of this ball with respect to I'
by ¥g:=T"1(Bs-1). On the subset ¥y € ¥, the metric is given by

— 2 _
dsdls, = T*ds|s1<1 = AU (t)dD(t) = || dtdt (9.3.9)
and therefore
¢=log (L) +h.c., (9.3.10)

which diverges if the derivative I'" vanishes and the metric of ¥ degenerates. Thus,
at the ramification points R[I'] of I, it is necessary to regulate the Liouville action.
We explain the details of this regularisation in App. 9.D.1 following [310]. It involves
cutting out small neighbourhoods of each ramification point from . The result of
the detailed computation performed in that appendix is

72 = §Oeell-D T w’ﬁ(w’1)|ar|7%(l’i) [T 16,75, (9.3.11)
reR[T] peP[T]

where 7 parametrises the metric of X (see eq. (9.3.7)), R[I'] is the set of ramification
points of T, P[T'] is the set of poles of T in X \ {oo} and the complex numbers a,
and b, are defined via the local behaviour

L(r+t)=T(r) +at“+0(t“*") and T(p+t)= % +0(1) (9.3.12)

of the covering map I" near the ramification points and poles. While formula (9.3.11)
was derived in a few examples in the original work [310] an explicit, fully detailed
derivation was only recently published in [282]. While the latter uses somewhat
different methods, the derivation we spell out in Appendix 9.D.1 follows exactly the
route of [310]. It will also turn out to directly extend to the interface case. Before
we go there, let us illustrate the Lunin-Mathur construction through an example.
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Example: Two-point functions. As an application of eq. (9.3.11), let us com-
pute the two-point functions of two bulk fields o, with identical index w; = w = ws
in the symmetric product orbifold. Without loss of generality, we can insert the
first field at z; = 0 and then denote the insertion point of the second twist field by
29 = z. In this setup, only a single class of coverings contributes. We choose the
representative

tw

['(t) = zm

(9.3.13)

This covering map has two ramification points R[I'] = {0, 1}, around which it expands
as

L(t)=0+z(-1)""**+0@t**) and T(1+t)=z+2t"+0@"1). (9.3.14)

Moreover, I" has w—1 finite poles which are located at the zeroes of the denominator,
k\7L
ty = (1 —62’”5) (9.3.15)

where k runs from k=1to k=w-1,1i.e. P[['] ={t1,...,tu-1}. The residues at these
poles are easy to determine,
z

) 4wsin®(ET)’

by (9.3.16)

Now we have assembles all the data we need in order to evaluate the formula (9.3.11).
The result is given by

ZF = |2 22" s () (9.3.17)
with
1
A<w>:£( ——). 9.3.18
12 v w ( )

The last ingredient we need in order to evaluate the unnormalised correlator (9.3.1)
is the number of Deck transformations, which is given by

|Deck[T']| = w(N - w)! . (9.3.19)
Hence, the the unnormalised two-point function is given by

w%n_g(w_l)

(O’w(O)O'w(Z)>unnormalised _ |Z|_2A(w). (9.3.20)

Sym™ (M) w(N —w)!

We use the term “unnormalised” in the sense of definition (9.1.9). In particular, the
normalised two-point function is

(0(0)0 () sy vty = VU0 (0)7 (2))megmatises (9.3.21)

and not just 2|72
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9.3.2 The interface generalisation

Let us now turn to the interface generalisation of the Lunin-Mathur construction.
The interface generalisation introduces two modifications to the evaluation of cor-
relators which we detail in the next two paragraphs. The first modification arises
from the fact that we now need to evaluate the Liouville action on surfaces with
boundaries which requires in particular to add an an additional boundary term, see
eq. (9.3.22). The second modification is that bulk covering maps are replaced by
interface covering maps. This can be dealt with by applying the method of images.
After generally discussing disk correlators in the third paragraph of the section, we
conclude by computing several example correlation functions.

Boundary Liouville action. As in Section 9.3.1, we assume that there is a ref-
erence geometry 3> such that the partition function Zl2 on ¥ is known. As before,
the partition function Z on 3 with the induced metric (9.3.2) is then given by
eq. (9.3.4). The difference to the bulk case is that the Liouville action now also has
a boundary contribution. Concretely,

Sulo] = 50— [ gz (00009 +2R%)+ o [ aKSe, (9322
by ox

where ~ is the induced metric on the boundary 0% of the covering surface and K s
is the extrinsic curvature of the boundary.

The method of images. In the case where X is a disk, we can use the method
of images in order to reduce the discussion of interface covering maps I' : ¥ - X to
that of coverings IV of the sphere by the Schottky!® double #3%. The restriction of
the doubled map to X coincides with I'. On X, the covering I is given by V(%) :=
m. The doubled map I has two copies of each interior ramification point of
I'. Additionally, each boundary ramification point with index w leads to a single
ramification point with index w = w for I'V. Below, we use the method of images for
two purposes. First, it allows us to construct interface covering maps as restrictions
of bulk covering maps. Second, it allows us to evaluate the bulk part of the Liouville
action (9.3.22) by applying eq. (9.3.11) to I".

The hemisphere. In the case of coverings of the upper hemisphere in @7 by an-
other hemisphere, where we take the reference metric to again be of the type dsj3,
the extrinsic curvature vanishes along the entire boundary of the covering space.
Thus, only the bulk part contributes to the Liouville action. In Appendix 9.D.2,

10The Schottky double is a closed Riemann surface obtained by taking two copies ¥ and X of the
Riemann surface ¥ and glueing them along the boundary.
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we evaluate this bulk part using the method of images. This leads to the interface
generalisation

12 24
77 = s (N=rNel) ( ]‘[ w ta, 1‘[ b2) ( [ w” gl [1 bg) (9.3.23)
reRp[T] pePp(T’] reR[I'] pePy([T']

of eq. (9.3.11) for interface coverings of the upper half plane by itself. Here, N, and
N_ are the degrees of the covering map I' on the upper and lower half plane. The sets
Rp[T'] and R;[T'] contain the bulk and interface ramification points of I'. Likewise,
the sets Pp[['] and P;[I'] contain all complex and real poles, except for oo (which
we however continue to w.l.o.g. assume to be a pole). The coefficients a, and b, for
interface ramification points and poles are defined as we defined the analogous bulk
coefficients in eq. (9.3.12).

Example: Bulk one-point functions. Let us consider the one-point function

P unnormalise
(T o (2))gmmegmatied (9.3.24)
of a bulk twist field o,,(z) inserted on the upper half plane, with the interface I‘Ef:?
inserted along the real line. The correlation function can be non-trivial only if N, —
P >w. In that case, it evaluates to

N-~P  Ni=P-w 7(w)

| AR
unnormalised  _ la+)
7w (2))sgm N oy = P(N_ - P)(N, - P-w)lw

(I(P)

a.) (9.3.25)
where g, are the g-functions of |a.) and Z‘(;B captures the contribution of a w-fold
cover of the upper half plane by itself with a ramification point at z. To compute

Z‘El ; we choose the explicit covering map

(it - 1)v O (eit-1)e
(it 1) —(it+ 1) (=it —1)o — (=it + 1)e"

T(t):=z2 (9.3.26)

The way I is written above makes manifest two important properties, namely
I'(t)=T(t) and T(i)==z. (9.3.27)

A more economical way of writing I' is

2(it - 1) = z(it + 1)v

() = 9.3.28
(*) (it-=1)w - (it+1)» ( )

The coefficient associated with the ramification point ¢ is
a4 = —— (9.3.29)

(20)
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The poles and residues are

P[T'] = {cot (i)} and br = #;(Zk)w) . (9.3.30)

Plugging this into eq. (9.3.23) gives

Z) = gy 5@ Dy - 2AM 5 (9.3.31)

la+)
and therefore,

N_-P _Ni-P-(w-1) -Z(w-1) %
(I(P)O,w(z)>unnormalised _ g- g+ Ui 6( )w6

_ o-AW)
la) Sym™N=IN+ (M) T PI(N_ - P)(N, - P -w)lw |z - Z| . (9.3.32)

Example: Interface two-point functions. The evaluation of the two-point func-
tions

P unnormalise: P unnormalise
(I|a))ng(O)aU%L(m))SymN_WL(J‘\i/l) and (IﬁL)>U§L(O)U§L(x))SymN_‘;%jA) (9.3.33)

directly reduces to that of the bulk two-point function (9.3.20) for even and odd w = w
respectively via the method of images. We thus deduce that the two correlators above
are given by'!

gN-+Ne=2P+1,§ = (0=1)

(1, 22227 (9.3.34)

|(a]>3)0.§R(O)O.£L (l‘) )unnormalised

sym* N (M) T (N_ = P)I(N, - P)I(P - £)!
where the reference point for the interface is —1 and, with the same reference point,

gN,+N+—2Pw§n—§(w—1)

(IEZ];) O.U}J%L (O)O.UIJ%L (f[)) >unnormalised

= 285"
| Sym™M (M) T (N_ —~ P)I(N, = P-1)I(P - ) '

(9.3.35)

These results follow from applying (9.3.23) to the covering map (9.3.13) with real
z =x. Here,
AAB:E(W—E) (9.3.36)
Y24 w)’ o
which agrees with the special case A = 0 of eq. (9.1.62). For w = 2, the interface
two-point function was essentially already computed in [125], see Section 5.3 of that
reference.

1 Assuming of course a sufficiently large number of sheets N_ and N, on the upper/lower hemi-
sphere as well as a sufficient number of reflecting and transmitting boundary conditions to ensure
that the correlator is non vanishing.
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Example: Interface four-point functions. The disk contribution to general
interface four-point functions

(T8 o P (1)o7 () o™ (a3) o P (wa) Jymmeialiven (9:3.37)

can be evaluated using section 2 of the notebook CoveringMaps.nb provided in the
ancillary files of this publication. The corresponding covering maps, via the method
of images, reduce to covering maps of the sphere in the absence of an interface,
which satisfy the extra constraint I'(s) = ['(5). The latter can be computed by first
using the approach described in Appendix 9.D.3 to compute generic covering maps
and then restricting to the subset that satisfies the additional reality constraint. By
applying SL(2;R) transformations of the upper hemisphere, we can w.l.0.g. ensure
that z; = 0, 3 = 1 and x4 = =1 with corresponding ramification points s; = z; for
i # 2. The value of sy on the other hand is a non trivial function of the parameter 5.
Sections 2.2 and 2.3 of the notebook automatically generate plots from the covering
maps, which resemble the diagrams discussed in Section 9.2. Using eq. (9.3.23) it is
straight forward to evaluate correlation functions by simply determining the poles
as well as the local expansions around ramification points of the explicitly computed
covering maps. For eq. (9.3.23) to be applicable, one has to, however, ensure that
['(00) = oo i.e. pick an arbitrary pole and conformally map it to co. This operation
is performed in Section 2.4. of the notebook.

Example: Interface-Interface-Bulk three-point functions. To study inter-
face-interface-bulk three-point functions, we fix the SL(2,R) symmetry of the disk
by mapping the two interface operators to 0 and 1 and the real part of the bulk
operator to % The remaining kinematical freedom consists then of a single positive
real number Y, the imaginary part of the position of the bulk twist field. Hence, the
correlators take the form

P y unnormalise
<I\(a) Yo A1 BL(0) g, (L + ZX)Uff’BQ(1)>SymN—\Nl+ (/(\i/l) (9.3.38)

and are computable by determining the bulk covering maps of the sphere with ram-
ification points 0 and 1 of index w; and wy that are mapped to 0 and 1, as well
as ramification points at % +1s for some real number s, which map to % + 1) with
ramification index w. The maps that contribute non-trivially to the correlator are

again those that satisfy I'(z) = I'(2). They are computed and visualised in Section 3
of the CoveringMaps.nb notebook.

Example: Bulk two-point functions. The last type of correlators whose eval-
uation reduces to the computation of sphere coverings with four ramification points
are bulk two-point functions. Again, the kinematical freedom reduces to a single real
number, which we choose to be the imaginary part of the insertion points of the two
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bulk fields after using the SL(2,R) symmetry to fix the real parts to —1 and 1 and
sending the intersection of the line through the two insertion points with Im(z) =0
to oo. The resulting correlator

(T 7 (<1 + X0, (1 + i) gmmimlied (9.3.39)

can be computed from covering maps with ramification points at —1 +is and 1 +1is
for some s > 0, which are mapped to —1 £ iy and 1 + ¢y with ramification index w;
and ws. Section 4 of the CoveringMaps.nb notebook computes and visualises the
relevant I'(z) = T'(Z) maps.

9.4 String theory and the interface GCE

So far, we have described correlation functions at fixed Ny and P. The purpose
of this section is to discuss a Grand-Canonical Ensemble (GCE) in which the pa-
rameters N, and P are averaged with a fixed chemical potential. As reviewed in
Subsection 9.4.1, studying such an ensemble is strongly motivated by holography.
In fact, super string theory on AdS3 x S3 x T4 at minimal pure NS-NS flux k& = 1
is known to be precisely dual to a grand-canonical ensemble of symmetric product
orbifolds whose construction we review in Subsection 9.4.2. The key result of this
section is a novel grand-canonical ensemble of interfaces introduced in Subsection
9.4.3. Using this new construction, we show that the grand-canonical ensemble of
correlation functions studied here structurally matches the genus expansion of string
scattering amplitudes. We discuss the expectation values of N, and P at the end of
Subsection 9.4.3, and show the leading-order agreement to the canonical ensemble
result shown in Sec. 9.2.5.

9.4.1 Holographic motivation

Pure NSNS AdS3xS3xT* can be obtained from R6xT* as the near horizon limit of Q
fundamental strings and )5 NS5 branes, with four directions of the latter wrapping
T4. String perturbation theory around this pure NSNS background is described in
the hybrid formalism by a world sheet theory based on the PSU(1,1|2), WZNW
model. The level £ of the model can be directly identified with the number ()5 of
the brane construction. However, the naive expectation that the string coupling g, is
fixed in terms of ()1 is not realised. Instead of being determined by the expectation
values of fields in the target space, the string coupling is a continuous parameter of
the world sheet theory!?. This parameter can be interpreted as a chemical potential
controlling the averaging over different values of ()1 in a grand-canonical ensemble.

2For more details consult e.g. [312-315] on pure NSNS AdS; strings in the RNS formalism for
Q@5 > 2 and [103, 278] on the special case @5 = 1 in the hybrid formalism.
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Since string perturbation theory therefore does not compute scattering amplitudes in
a fixed (); background, but in the grand-canonical ensemble, one should expect the
space time CFT description of these amplitudes to analogously be given in terms of
correlation functions in a grand-canonical ensemble. For minimal NSNS flux &k =1,
this expectation has been confirmed in great detail. Concretely, it was established
[69, 270, 277, 278, 308] that string theory on AdS; x S3 x T* at k = 1 is dual to a
grand-canonical ensemble of free symmetric orbifold theories Sym® (T4). Section 3
of Reference [266] provides a detailed description of this grand-canonical ensemble,
which we partially review in the next subsection, as well as a broader discussion of
the string theoretic context that we have sketched above.

Reference [4] provided evidence strongly suggesting that AdS, branes in the k = 1
background are similarly not dual to a single interface, but rather an ensemble of the
interfaces Z(*). We conjecture this to be true not only in the sense that N, need to
be averaged over since the bulk theory is not a fixed N symmetric product orbifold,
but also in the sense that P is averaged over all its possible values for each fixed N,.

To qualitatively motivate this expectation, consider that, in string theory, the AdS,
branes are realised by the insertion of a probe string on which the fundamental strings
which create the AdSz x S3 x T4 background can end [299]. The fixed P interface
ZP) corresponds to a setup where P parallel fundamental strings go through the
probe string and another 7 — P and ()7 — P end on it extending into either of
the two directions parallel to the other fundamental strings and orthogonal to the
probe. As recalled above, the issue that the PSU(1,1]2); world sheet theory at
first glance cannot account for the parameter (), or for that matter )7, is resolved
by understanding that it describes a grand-canonical ensemble. Since the AdS,
boundary states of the world sheet theory do not have a parameter describing the
value of P, it is natural to also expect this parameter to be controlled by a chemical
potential, which is set by to the only available world sheet parameter — the string
coupling. While the result for the torus partition function obtained in Reference
[4] is consistent with this expectation, it is not possible to directly infer the precise
relation between the chemical potential controlling P and the string coupling from it.
The purpose of this section is to go beyond these prior results by fixing the interface
chemical potentials in terms of the string coupling, and showing that the ensemble
defined in this way produces correlators that structurally reproduce the string genus
expansion.

9.4.2 The bulk grand-canonical ensemble

Among the first attempts to connect symmetric product orbifolds to potentially dual
string theories it was common to consider correlators of twist fields &, with the
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normalisation

Gy =/ e, (9.4.1)

at fixed N. Here, o, is the twist field with the canonical normalisation used in
Sec. 9.1.2. At leading order in N > 1, the connected part of these correlation
functions indeed shares some features of scattering amplitudes in string perturbation
theory. As observed in [284, 310}, for instance, the contribution of genus g covering
spaces to a connected correlation function of bulk twist fields scales as

n. N.g

(]’[ fm) ~ N1795% (9.4.2)

i=1 conn
with N. Upon the identification g2 ~ N~!, this matches the scaling of genus g contri-
butions to string scattering amplitudes with g5. However, this proposal breaks down
as soon as subleading /N corrections or disconnected contributions are considered.

These issues can be fixed by working in the grand-canonical ensemble, as argued in
Sec. 3.3 of [266]. To arrive at this conclusion, consider the partition function

unnormalised

ZX[J] = (exp(z f d2zggjw(z)aw(z))> (9.4.3)

w=1 Sym™ (M)
of Sym™ (M) with sources Jy,...,.J, on a Riemann surface X of genus G defined
using the unnormalised symmetric orbifold correlators of eq. (9.1.9). Here, g is
the parameter that turns out to control the genus expansion of symmetric orbifold
correlators. It does not only multiply the sources in the definition (9.4.3) but, more
importantly, also parametrises the chemical potential p which controls N in the

grand-canonical ensemble. More concretely, the grand-canonical partition function
on X is defined as

ZX[J] = > pNZX[J] where — pu:= g2%72 (9.4.4)
N=0

The key feature of this ensemble is that grand-canonical correlation functions

<ﬁ0 ’(z')>X ::[nc ) ]ng[J]

5@l zim
have a genus expansion that, to all orders in g, and for both connected and discon-

(9.4.5)

gs J=0

nected contributions, structurally matches the genus expansion of string perturbation

theory with string coupling gs. This can be shown in three simple steps.

First, we expand the exponential in eq. (9.4.3) and express the resulting correlation
functions in terms of covering maps, which leads to

ZX[J] = Z)%(zfd?uw(z)) > 7,1 (9.4.6)
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The sum runs over all coverings I' of X with the appropriate'? ramification points

and
gw[F] .
7. [T]=—"-—-(1 4.
gs[ ] DeCk[F]< >M7 (9 7)

where w[I'] is the total ramification index of T' i.e. the sum of the indices of all
ramification points. Each covering space that is involved has

k
=y (9.4.8)
i=1

connected components falling into k isomorphism classes of sizes ni,...n,. The
restriction T'; of T to any element of the it" isomorphism class has some degree N;
and is associated with the contribution Z, [I';] to the correlation function. In terms
of this decomposition,

k
Deck[I'] = [ Sy, x Deck[T;]™ (9.4.9)

i=1

and thus Z, [I'] can be expressed as

H _| r;])". (9.4.10)

Therefore,

ZX[J _(Z fdQZJ (z) ZH ( In) (9.4.11)

Note that, since the overall degree of I' is N, n; and N; are constrained by

k
N =>"n;N;. (9.4.12)
i=1

Next, observe that since NN is no longer fixed in the grand-canonical ensemble, the
sum over n; and N; becomes unconstrained for ZX. Upon inserting eq. (9.4.11) into
the definition of Z, , one therefore finds that the grand-canonical partition function
is an exponential

Z;i[]]=exp(;$(; [ d2sz(z))n > MNZQS[F]) (9.4.13)

I" conn.

13There is some slight abuse of notation in eq. (9.4.6). In a more literal formulation, we should

th

have expanded the n'™ power of sums over source terms, into a sum of product of sources, corre-

sponding to twist fields whose order and insertion location determines the ramification points.
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of a sum over connected coverings with covering maps I' of arbitrary degree N.

Finally, we infer from Definition (9.4.7) that
Z, M) =gMZ[0]  with  w[l]=Yw and Z[[]=Z[0].  (9.4.14)

Thus, the power of g; weighing the contribution of I' to Z,, can be expressed using
the Riemann-Hurwitz formula (9.1.6) as

e

N(2G-2)+Y w;=-2+2g+n,, (9.4.15)
i=1
where G is the genus of X. Putting all this together we obtain the following formula
for the grand-canonical partition function

ZX[J] =exp (nzo% (wzl [ dzsz(z)) ) Czo;m g;2+29+”CZ[F]) : (9.4.16)
We hence conclude that the logarithm of the grand-canonical partition function is
the sum over all connected coverings, or equivalently, connected PRR diagrams. The
individual contributions to this sum are weighted with the parameter g, taken to
the power of (minus) the Euler characteristic of the surface ¥ on which the PRR
diagram is drawn. In the equation, we have expressed the Euler characteristic in
terms of number n,. of bulk vertices of the diagram or punctures of the surface ¥ and
the genus g of . Correlation functions in the grand-canonical ensemble therefore
possess a topological expansion which structurally resembles the 't Hooft large N
expansion and, crucially, string perturbation theory. This the result that we aimed
to establish.

9.4.3 The grand-canonical ensemble for interfaces

As we have shown in Section 9.2.5, it is possible to fix the normalisation of the
interface changing operators of our interfaces in such a way that the corresponding
connected correlation functions, to leading order in a 1/N expansion, match the
structure of string perturbation theory. However, this approach leads to the same
issues as the bulk fixed N genus expansion, i.e. the match is restricted to the leading
large N contribution. In the three paragraphs of this section, we first introduce
the interface grand-canonical ensemble, then show that our definition remedies this
deficiency, leading to a fully consistent topological expansion, and finally reinterpret
the results of Section 9.2.5 as a saddle-point approximation of the full ensemble.

Definition of the interface grand-canonical partition function. This para-
graph constructs an interface analogue of the grand-canonical ensemble reviewed
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in Sec. 9.4.2. In Sec. 9.1.4, we defined the interface IS) as interpolating between
Sym”™~ (M) and Sym™* (M) on Riemann surfaces X, of genus G, that are glued along
their boundaries to form a closed Riemann surface X of genus G. In order to study
correlators with a single interface insertion, let us restrict to X, with boundaries

0X_ ~0X, =S (9.4.17)

In this setup, we use the notation introduced in Section 9.1.4 to define

unnormalised

2N = <I< )exp( gf GO 0w + gf N AB)) (9.4.18)

SymN-IN+ (M)

with
jg;”on—w = [d2zgs Juw(2)ow(2) (9.4.19)
w:lX

and

j/f o2 JABGA . 5 f du\[g2 JAP (2) oA () (9.4.20)

A Be{L R} @ 5%,

where w runs over 2Z.o—1+6%. Given this definition (9.4.18) of the interface partition
functions we now introduce its grand-canonical counterpart which we define as

0o min(N_,Ny)
ZXX 0= Yy pPN NPz R . (9.4.21)
Ni=0  P=0
It involves three fugacities u, v, which are associated to the integers N, that deter-
mine the symmetric product orbifolds on both sides of the interface and on the degree
of transmissivity P that characterizes the interface itself. We suggest to control these
three fugacities through a single loop counting parameter g, as

pi= g2t oy, = g2l (9.4.22)

where G and G, denote the genus of the surface X = X, usgt X_ and of the two
components X, that X is glued from.

The string genus expansion. We now show that the g, expansion of correlation
functions in the grand-canonical ensemble (9.4.21) has the structure of a string genus
expansion describing the scattering of open and closed strings in the presence of a
D-brane.

As in the bulk case, our first step is to expand the exponential in the fixed N,
partition function (9.4.18) and to express the result in terms of covering maps. This
leads to

[ee]

ZX X+ Z (ﬁ‘] )nc (f‘]c?B)no Zzgs [F] (9423)

Ne,P ne!n,!

No,Nc=
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Here, the sum runs over all coverings I' of X with the appropriate ramification points

and
gw[F]+w[F] .
Zy.[T] = Z——=(1 9.4.24
gs[ ] Deck[r] < )M? ( )

where w[I'] is the sum of bulk ramification indices and w[I'] is half the sum of
boundary ramification indices of I'.

As in the bulk case, the covering maps generically have several connected compo-
nents, which fall into k& isomorphism classes ny,...,n;. Let us denote by N7 the
order of the covering maps I'; in the i*" isomorphism class restricted to the preimage
of X*. Analogously, let p; be the degree of transmissivity of I'; at a reference point
t.. Then,

k
- - 1  Nr—p; Ni-p; ni
NPy 7, 0] = 5 = (e T T 2, [0]) (9.4.25)

=1 14-

From the powers of p and v, we can read off the constraints
k k
Z n;(Nf-p;)=N,-P and Znipi =P (9.4.26)
i=1 i=1

on n;, N; and p;. The sum over P and V. in the grand-canonical ensemble lifts these
constraints such that the grand-canonical partition function becomes the exponential

Z;i,X{J]:eXp( N (?fjw)nc(fJfB)no Z ,uPVfV_PViV*_PZgS[F]) (9.4.27)

No,NMe=0 nO!nC! I" conn.

of a sum of connected covering maps with orders N, on the preimage of X, and the
degree of transmissivity P at ¢*.

Applied to this setup, the interface Riemann-Hurwitz formula (9.1.28) gives

Ne 1 Io 1
N_(2G_-1)+ N, (2G, - 1) + > w; + 3 Ywi=-2+2g+b+n.+ 370 (9.4.28)
i=1 i=1
where ¢ is the genus of the covering space b and is the number of its boundaries.
With

w w e 1
Z [T = g™ WZI0], where  w[l]=Y w;, w[[]= s Wi (9429)
i=1 i

and Z[I'] := Z;[T'] carries no more dependence on the coupling g;. Using the defini-
tions (9.4.22) of the fugacities in terms of g5 we conclude that

ng"x+[J]=exp( > )" GIT > g;2+2g+b+”c+?z[r]), (9.4.30)

In |
No,Me=0 No:Me: I conn.
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which is the result that we wanted to derive. Once again it contains a sum over
connected covering maps, or interface PRR diagrams, in the exponent. Each con-
tribution is weighted by a specific power of the parameter g; that can be read off
from the diagram. It involves the number n. and n, of bulk and interface operator
insertions, respectively, as well as the genus g and number b of boundary components
for the surface ¥ the interface PRR diagram is drawn on. As we have anticipated,
the exponent mimics precisely that of a string genus expansion for scattering of open
strings in the presence of a D-brane.

Expectation value and saddle point approximation. Before we conclude this
section we would like to make contact with our analysis in Section 9.2.5. To this end
we compute the expectation values of N, and P in the grand-canonical ensemble
through saddle-point approximation of the interface partition function at small g,.
We will see that the leading contribution to this saddle point approximation agrees
with the results of Section 9.2.5.

For the rest of this section, we focus on the sphere case X =S?, X, =D,. Let us first
consider the vacuum grand-canonical partition function

ZIgD: [0] =exp[puz+v_g-+1:g:], (9.4.31)

where z is the sphere partition function of the seed theory, and g, = (0|ay) are the
boundary g-functions of two boundary states |a,) therein. The expectation value of
P (the number of seed spheres) and N, — P (the number of disks D, ) can directly be
evaluated as

P = pd,log(Zy+[0]) = pz, N, - P =v.0,,10g(Z,*[0]) = v.g.. (9.4.32)

After setting = v2 = ¢g;2 and z = 1, we find that N, — P is proportional to (P)/2
with a constant of proportionality controlled by the boundary conditions a,. Hence,

the scaling behaviour for the averages agrees with the one we used for the symbols
N.,P and N +£-P in eq. (9.2.6) with N ~ g;2. Let us also note that the ratio

N.-P (0a.)
N_—P (Oa_)’

(9.4.33)

is controlled by the ratio of boundary entropies in the seed theory. To leading order
in g4, the normalised correlation functions

(9.4.34)

Dy n n +
_ [1—"[ 0 H 0 ] Z;D; [J]
i=1 5J£-iBi(ti) i1 0Jw; () Z;Df[o]

No N
[Tooi% () Hawi(zz’))
=1 =1

9s J=0



9.4. STRING THEORY AND THE INTERFACE GCE 345

of the grand-canonical theory can be approximated by fixing N, and P to their
expectation values. If we saddle-point approximate! the numerator §; Zp=[.J ]‘ 1o
and the denominator Zy*[0], correlators of twist fields in the normalisation of (9.4.19)

and (9.4.20) reproduce the results of Sec. 9.2.5 to leading order in g, ~ 1/v/N.

1 Approximating the sum

N T MO L OV
ZH UL ZH - P!(N_g— P)I(N, —gP)! (9.4:35)

by the largest summand, which occurs at P ~ uz, Ny — P ~ v, g,, produces

A

€
Zy=[0] ~ [1 ——
. Ae{pz,v_g-,vig+} 2mA

(9.4.36)

which underestimates the full sum by the Gaussian fluctuation prefactor /2w A. However, this does
not affect our leading-order estimation since the numerator and denominator have the same width
and the prefactor cancels in the normalised ratio.
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Appendix

9.A Symmetric product orbifolds as discrete gauge theories

Symmetric product orbifolds are discrete gauge theories and therefore we often use
gauge theory language in the main text to describe objects in these theories. At first
glance, the formulation in terms of covering maps provided in Section 9.1.2 however
might seem very different from the usual construction of a gauge theory. The purpose
of this appendix is to bridge this gap. We first formulate symmetric product orbifolds
in the usual language of gauge theory i.e. using sections of associated bundles of
principal bundles. We then discuss how to recover the covering map description for
vacuum partition functions. Finally, we extend the match to also include twist fields.
The overall dictionary that we end up with is summarised in the box below.

N sheeted covering maps I' <> Sy principal bundles P
Group of Deck transformations Deck[T'] «» Gauge group G(P)
Measure monodromy of coverings <> Insert Wilson lines
Change covering via cutting and glueing <> Insert 't Hooft lines

Sy twist fields <> Sy monopoles

Symmetric product orbifolds and Sy principal bundles. For simplicity, let
us assume that the seed theory can be formulated in terms of some real scalar field
¢ with Lagrangian density £[¢] (consider for instance M to be the free boson). For
every Sy principal bundle 7 : P - X, we can define an associated fibre bundle

FPZEPHX with EP = (PXM)/SN (9A1)
whose fibres are sets of N discrete points,
N={1,2,...,N}. (9.A.2)

In the construction, we let Sy act on N in the canonical way by permutations. By
considering the elements of N as basis vectors of an R vector-space, we can also

347
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define an RV vector-bundle RY over X. In local trivialisations, sections of RY are
maps

P:UCX >UxRY, 20 (2,080(2), 0P (2),...,86M)(2)). (9.A.3)

The action of Sym” (M) is a functional on the space of such sections, which we

define in local coordinates by using the Lagrangian £ of M:
N .
Sx[®] = f 223 L[oW]. (9.A.4)
% i=1

Note that the action is well defined, and in particular not dependent on the choice of
trivialisation, since the coordinate changes by construction act as permutations on

N
the components of ¢ and the sum ¥, L[¢()] is permutation invariant.

i=1

Vacuum partition functions. As usual in gauge theory, the vacuum partition
function is a sum over all gauge bundles P weighted by the volumes of their gauge
groups G(P). For the symmetric orbifold on a space time X, it is defined as the path
integral

ZENEE f DdeSx[¥], (9.A.5)

Sections of Rg

To translate this into the formulation in terms of covering maps, note that there is
a natural identification of sections ® of RY with functions ¢ : ¥p - R, namely

B(2) = (2, 2W(2),..., 8™ (2)) <«  @(z,i) =20 (2). (9.A.6)

Defining this map does not require a choice of trivialisation. Instead we are using
that, by construction, there is a natural basis of the fibre (RY), of RY over z given by
the fibre (Xp), of ¥p over z. Through this identification, we can rewrite eq. (9.A.5)
as

_ -5
ZV = ;ﬁ[Dcﬁe 5p(9], (9.A.7)

(i):zp%R

where Sy, is just the action of the seed theory M on ¥p. This already almost looks
like the sum over covering spaces in e.g. equation (9.1.14). To complete the match,
we need to replace the sum over Sy principal bundles by a sum over unramified
covering maps. For later convenience, let us directly write down an extended version
of this correspondence that also holds for branched covering maps.
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Singular Sy principal bundles and branched covering maps. There is a
natural one-to-one correspondence between the N sheeted branched coverings of X
whose set of branch points is contained in a finite subset B of X and singular Sy
principal bundles 7 : P - X over X whose singular locus'® is a subset of B.

To show this, let us first construct a covering map from the principal bundle P. By
construction, the projection map I'p of the associated fibre bundle (PxN)/Sy to the
base space X \ B is a N sheeted covering map. We can induce a complex structure
of P by pulling back the complex structure on X along I'p. Then, I'p is trivially
holomorphic. There is a unique analytic continuation of I'p to a ramified covering
map of X, whose branch points are a subset of B.

Clearly, this construction is reversible. Starting with a branched covering map T,
we can remove the ramification points from its domain to obtain a /N bundle over
X\ B. The structure group of this fibre bundle is Sy and the associated Sy principal
bundle is the bundle Pr we are after.

Since furthermore Deck[I'p] is identical to the group of bundle automorphisms of ¥p
which is isomorphic to G(P), we can use the above bijection to rewrite eq. (9.A.6)
as a sum

ZN:Z;‘/D¢€_SEP[¢] :ZM (9.A.8)
X Gl T [Deck[I']|’ o

X p—>R
over N sheeted covering maps I' and thus reproduce the prescription of Section 9.1.2.
Gauge transformations. In gauge theory, the name “gauge transformation” is

used for several types of operations, which are distinguished in the language of prin-
cipal bundles as

1. Small gauge transformations i.e. the action of isomorphisms of the gauge
bundle that are homotopic to the identity map.

2. Large gauge transformation i.e. the action of topologically non trivial iso-
morphisms of the gauge bundle.

3. Coordinate changes of a trivialisation of the bundles, which are sometimes
also considered as “small gauge transformations”.

4. Changes of the global structure of the bundles, which are sometimes
also considered “large gauge transformations”.

5For our purposes, a singular principal bundle over X is a principle bundle over X \ S, where S
is a finite subset of X, which we call the singular locus of the bundle.
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Since the gauge group Sy is discrete, the only small gauge transformation is the
identity. Relatedly, discreteness of the fibre implies that every automorphism of the
gauge bundle is already fixed over each connected component of X by the action on
a single fibre. Thus, if X has n connected components, then the group of large gauge
transformations G(P) is isomorphic to a subgroup of S%.

If (Ui, 8i)ier is a trivialisation of P (i.e. a collection of local sections) then the coor-
dinate changes are described by transition functions

tij:U;nU; = Sy, (9.A.9)
such that s;(2) = s;(2)t;;(2). The transition functions satisfy the cocycle condition
tin(2) = t:;(2)tjk(2) for all zeU;nU;nU (9.A.10)

and fully encode the structure of the bundle P.

We can change the global structure of the gauge bundle by altering the trivialisation
through a cut and glue procedure that allows us to act with oriented closed curves on
X labelled by permutations g € Sy on the set of Sy principal bundles. Physically, this
corresponds to the insertion of a 't Hooft line of the product theory. The procedure
consists of the following three steps.

1. Setup. Given an oriented non-self-intersecting closed curve v on X, a permu-
tation g € Sy and an Sy principal bundle 7 : P - X, we define a new bundle
P;.

2. Trivialisation of P. Since v([0,1]) 2 S', we can pick a trivialisation of P such
that only two charts U and V have a non trivial intersection with v([0,1]).
Also, we can ensure that U,V are simply connected, the intersection of U
and V' with v([0,1]) is connected and that U n'V has exactly two connected
components UV and UV. The transition function tyy is specified by two
permutations: Its values on UV and UV respectively. W.lLo.g. let the value on
UV be 1 and denote the value on UV by h.

3. Trivialisation of P;. The curve ~ splits both U and V in two connected
components U, and V) such that U, nV/ = @. Thicken U] and V! slightly to
obtain open sets U, and V. that cover v but whose intersection U, n V% is still
disjoint from all charts of P except for U and V. If g commutes with h, then
replacing (U, ty) and (V,ty) by the four local sections

(U-sule)  (Voosvlve)  (Usi(solv,)-g) and (Vi,(svlv)-g), (9.A.11)

leads to

tov, =g (tovlv,v,) -9 =toviv.av,  and  tp v =tovlpav . (9.A.12)
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Therefore, we can use the transition functions of P to consistently construct
local sections over the entire connected component of X containing ~ from the
four new local sections defined in eq. (9.A.11). Complementing this with the
local sections of P over the rest of X yields the bundle Pj.

Note that, with the choice of trivialisation of P made above, the permutation A is
exactly the monodromy of P along . The condition that h and g need to commute
can therefore be phrased as the statement that we can only act with ¢ along v on P
if the Sy monodromy of P along v commutes with g.

Monopoles. The field & whose action we defined in eq. (9.A.4) is the lift of ¢
to the untwisted sector of the symmetric orbifold. In addition, the spectrum of
local excitations also includes monopoles i.e. operators whose insertion in the path
integral restricts the sum over gauge bundles by fixing a certain monodromy around
their insertion point. Under the identification between Sy gauge bundles and degree
N covering maps, this translates to the statements that the insertion of monopoles
creates ramification points with a fixed index. Thus, the Sy monopoles are exactly
the twist fields as introduced in Sec. 9.1.2.

9.B Wilson and ’t Hooft lines in symmetric orbifolds

In this appendix, we first use Wilson loops to obtain an alternative definition of
gauge fixed twist fields. We then discuss the 't Hooft lines that implement an Sy
action on the global structure of covering maps. These provide us with a different
perspective on gauge choices and gauge invariance in symmetric orbifolds and also
allow us to quite conveniently describe other permutation orbifolds.

Wilson lines. The data defining a Wilson line W[~] is a curve v : [0,1] > X. The
insertion of such a line does not affect the set of covering maps associated with an
operator O € Ax[Sym”™ (M)], that is

C[OW[~]] = C[O] for all O € Ax[Sym™(M)]. (9.B.1)
It only acts through its lift, which is a bijection from I'"'(~(0)) to I'"1(y(1)), i.e.
WIyT" e Bij[T ™ (7(0)), T (v(1))]. (9.B.2)

Concretely, the value of W[~]' is the map defined by parallel transport along I'*~.
Through local gauge choices of C[O] at v(0) and v(1), we can identify W[v]" with
an element W['y]gf of Sy. If we change the local gauge at v(0) by acting with
a permutation gy and that at (1) by acting with a permutation g;, then W[’y]gf
transforms as

W[W]gf - glw[ﬂgfgo_l- (9.B.3)
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Wilson loops. For closed Wilson lines i.e. Wilson loops, 7(0) = (1) and we only
make a single local gauge choice. Thus, Wilson loops transform by conjugation under
a change of the gauge. We can hence define a C valued operator

Wr[v] = xr(W[7]) (9.B.4)

for every closed loop v and every representation R of Sy with character yz by making
an arbitrary gauge choice to evaluate xg(W[v]'). As usual in gauge theory, these
topological loops are not the only gauge invariant extended objects that can be built
from W[fy]gf. Another option is to consider Wilson lines whose end-points are dressed
with operators charged under Sy.

Gauge fixed twist fields. Using Wilson lines, we can define gauge fixed versions
o, of the twist fields oy,:

09(2) = lei_r)r(]léW[’ye]gf,gU[g](z)? (9B5)

where v, is a small loop winding once around z clockwise at distance e. The gauge
dependence of o, comes from the choice of how to identify W[~.] with an element of
Sy. In particular, the transformation behaviour (9.B.3) of the Wilson loop implies
that under a change h of the local gauge choice, o, transforms as

Og = 151_{% OnWylgih .9 Olg] = 161_{101 OWlvelgr. h~'gh Olg] = Oh-1gh- (9.B.6)
Note that the linear combination
Ole)1= D T4 (9.B.7)
is gauge invariant. But of course, 674 is simply op)

Olg) = 2 limowiy,)501g) = 1) (9-B.8)

gelg]

’t Hooft lines. The insertion of Wilson lines does not affect the set of covering
maps associated with a correlation function and only acts through the lift of the
lines along the covering maps. Let us now construct a dual set of lines that only act
by changing the structure of covering maps but lift to the trivial defect in the seed
theory. These oriented topological lines £,[7] are labeled by a permutation g € Sy
and a non-self intersecting curve 7. They depend on a local gauge choice at (0)
only.

The set C[OL,[7]] of covering maps computing correlators in the presence of £,[v]
is given by applying a cutting and glueing procedure that maps each I' e C[O] to a
new covering which we shall denote by £,[v]-T". To construct £,[~v]-T, first cut out
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the pre-image I'"1(y([0, 1])) of the image of v under I" from the covering space ¥ to
obtain

=N TN (y([0,1])). (9.B.9)

By parallel transport of the local gauge choice at (0) along ~, every point on
I-1(7([0,1])) has a label i € {1,...,N}. We now glue 3 back together along its cut
by identifying the ¢ sheet with the gi*® sheet upon travelling along the cut from
below (w.r.t. the orientation of ). In particular, this identifies several of the N
points in I'"1(y(0)) (and I'"'(y(1))) among each other, namely all those that are
elements of the same g orbit. Let the Riemann surface constructed in this manner
be denoted by L[] . We define £,[7]-T as the analytic extension of T' from 3.
to Ly[v]-X.

Changing the local gauge at v(0) by acting with a permutation h transforms £,[v]
as

Ly[v] = Lagn1[7] (9.B.10)

since glueing the it sheet to that labelled by g¢i is the same as first relabelling
t — ¢/ = hi and then glueing the sheet with the new label i’ to that carrying the new
label h(gi) = hgh™d'.

Thus, a simple way to construct gauge invariant lines from £,[v] is to average over
characters yr of Sy. This leads to the lines

Lr[v]= ) xr(9)Ly[v]. (9.B.11)
geSn
Note that if we average over a particular conjugacy class,

Ligly] = ;]Eghk (9.B.12)

the resulting non-local operators are in effect pairs of [g]-twist fields inserted at v(0)
and (1) that are coupled to each other in a non-local fashion.

There is an obstruction to inserting £, along a closed curve 7. The operator £,[]
is only well defined for closed + if the monodromy along v as measured by W[v]
commutes with g. Thus, we define £,[v]-T for closed curves v as

as in the y(0) # y(1) case if W[y]! €C,

(9.B.13)
I else.

ﬁgm-r={

Global gauge choices and gauge invariance. As made precise in Appendix
9.A, the sums over covering maps in symmetric product orbifolds are sums over
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gauge bundles of Sy gauge theories. The closed permutation lines introduced at the
end of the previous paragraphs can in this sense be thought of as implementing large
gauge transformations. Gauge invariance of the symmetric product orbifold is the
statement that for every closed curve =, every g € Sy and every O € Ax[Sym”™ (M)],

C[0] = C[OL,). (9.B.14)

As an example, let us verify that the vacuum of the symmetric product orbifold
as defined in eq. (9.1.10) is gauge invariant. Given any holomorphic covering map
[':¥ - X and a closed curve v on X, there are two cases to consider. The first case
is that the monodromy of I' along v does not commute with g. In this case, we have
defined the permutation line as acting trivially. In the second case L,4[v] maps I'
into another holomorphic covering map without changing the monodromy along ~.
Thus, L,4[7v] simply permutes the different holomorphic covering maps among each
other, leaving the set C[1] invariant.

Other permutation orbifolds. As a side comment, let us briefly note that it
is also possible to consider a variation of the above procedure where one only im-
poses invariance under a certain subset of the operators £,. This, together with an
apropriate analogue of eq. (9.1.10), leads to more general permutation orbifolds.

For example, we could choose to impose no invariance at all. Together with
C e~ [1] := {trivial covering of X by XV}, (9.B.15)

this leads to the product theory. While the lines Lg[7] defined in eq. (9.B.11) are
trivial in the symmetric product orbifold if ~ is closed, they do have interesting
correlation functions in the product theory.

9.C Comments on the normalisation of the interfaces

The purpose of this appendix is to compare the normalisation of the interfaces as
defined in eq. (9.1.33) to the normalisation fixed through the explicit expressions for
boundary states of the folded theory given in Reference [4].

In [4], the normalisation of the boundary states |[p™“/%)’ was fixed by demanding that

Z30 = " exp(mit(Lo + Lo - 13)Ip")’ (9.C.1)

leads to formula (9.1.47) for the grand-canonical torus partition function (9.1.45).
Since we derived the very same formula using the normalisation of interfaces fixed by
eq. (9.1.33), the approach presented in this chapter clearly agrees with the approach
of [4] for the two interface torus partition function.
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However, to obtain a fully consistent picture, the boundary states should be rescaled

p) =/ NN p)’ (9.C.2)

and the overlap should be divided by N_!N,! so that the torus partition function

1 P |
28 pun = Fo W lexp(@mit(Lo + Lo = )" with = (N-+ Nojeyr (9.C3)

remains unchanged. As long as we are only interested in Z}\?j};fL/R, the question of
whether we work with [p)’ or |p) is of course irrelevant and purely a matter of taste.
But once we move on to other partition functions, we should work with |p). Let us
for instance consider the sphere partition function with a single interface insertion,
splitting the sphere into the two disks D,. The fixed N,,p partition function in terms
of |p) is

D_D, _ (p|0) _ g Pt

Nep  NLIN, - (NZ=p)I(Ns = p)lp!”

(9.C.4)

where we obtained the r.h.s. from an expression for (0p)’ given in eq. (2.40) of
[4]. This result agrees with the expression derived from the interface covering map
perspective in the main text, see eq. (9.1.44). As another indication towards the fact
that (9.C.4) is the correct prescription, observe that the grand-canonical partition
function

oD oo min(N_,N;) NN 20 DD
ZP-Deie SNy NoNee 7B D (9.C.5)

Nj:yp
with p = ¢g;2 and v := g;! exponentiates as'
2y = exp(p+vg- +vg,) (9.C.6)

only if we work with [p) and not |p’).

9.D Generalised LM — computational details

This appendix contains detailed derivations and computations underlying the results
discussed in Section 9.3.

16 A5 a consistency check, note that setting v = 0 reproduces szhere[O] in a normalisation where
the sphere partition function of the seed theory is set to 1.
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9.D.1 Details on the regularisation procedure

In this appendix, we derive eq. (9.3.11). In the first short paragraph, we briefly
describe the setup of the derivation to make the appendix self-contained. We then
begin with the derivation by dividing the covering space ¥ into three regions. One
of the three regions contains a pathological subregion, which we cut out in order to
define the regularised Liouville action (9.D.10). The next three paragraphs evaluate
the Liouville action on each individual region. After this, we add the three contribu-
tions to obtain the regularised vacuum partition function (9.D.21). The regularised
partition function still depends on an unphysical regulator, which we remove in the
final paragraph of the section by rescaling the twist fields. This final step directly
produces the result (9.3.11) that we want to show.

The setup. In Section 9.3.1, we introduced the family

_ 9.D.1
‘@‘Tﬁ else ( )

) {dzd,? if 02| < 1
dS(; =

of continuous metrics on the Riemann sphere parametrised by ¢ > 0. While ds3 is
continuous, it is not smooth. In particular, its scalar curvature is the distribution

Rs =40 (|2|- %) (9.D.2)

whose support is the circle |zd] = 1. We noted in the main text that the partition
function of a CFT with central charge ¢ on C equipped with ds? is

75 = Q575, (9.D.3)

where ) is an arbitrary constant, which we fixed to Q = n3 so that X = @7 has
Z¥ =1. In this appendix, we show in detail how to evaluate Z}* for a sphere % with
metric induced via a covering map I' : ¥ - X which is unramified at I""!(c0) and
satisfies I'(00) = co. As explained in the main text, we can do so (for an appropriate
0 > 0 specified in the next paragraph) via the relation

75 = 59l 76 with SL[¢]:96% f /G5 (0,60,09" + 2R50),  (9.D.A)
2

where ¢ is the Weyl factor relating ¥ to Cs.

Divide and cover. To organise the computation, we divide ¥ into three disjoint
regions and evaluate the Liouville action separately on each of these. The first of the
regions is

B={teC:|yl(t)]<1}cX. (9.D.5)
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We pick 9 sufficiently small to ensure that
Becx%:={teC:|td| <1}. (9.D.6)
Furthermore, we denote the complement of X by Y. Our decomposition of ¥ is
Y=Bu(X°\B)ux>. (9.D.7)
We use this decomposition to evaluate the Liouville action

St[6] = SE[¢] + S B[¢] + SF7[¢] (9.D.8)

for the Weyl factor ¢ relating metric ds?, induced on ¥ via I, to the metric ds3.

Regularisation of S;[¢]. The region B contains all ramification points of I'. At
the ramification points, the induced metric degenerates, the Weyl factor diverges and
the Liouville action needs to be regularised. To do so, we introduce a regulator € > 0
that is sufficiently small to ensure that

R, := %J[F]{t (0@) -T'(r)| <e} cB. (9.D.9)

We regularise the Liouville action by removing R. from B. That is, we define B, :=
B~ R, and use ng [#] as a regularised version of SP[¢], leading to

Si[¢]:= Sie[¢] + 57 Flo] + ST [4] (9.D.10)

as a regularised version of (9.D.8).

Evaluation of S%[¢] On B. the metric ds? = dtdf is flat. Thus, only the kinetic
term of the Liouville action contributes. The latter evaluates to

2 =ifd2t4 ‘:Lfd%zl g =Lfd D.11
SE(0) = oo [ 140006 = s [ @r10(606) = 5o [ dssoe.  (9.D.11)
Be Be OBe
via Stokes theorem, where n is the normal vector of dB,. In the second step, we used
that
¢ =1og(AT) +10og(dl') and hence 9d¢ = 0. (9.D.12)

To further evaluate the integral, note that each connected component of OB either
belongs to a pole p € P[T'] of I' in the complex plane, the point oo, or to a ramification
point r € R[T']. Around these three different types of point, I behaves as

-T'(p+t) = bt—p +0(1), T(t) =bot+0O(1) and T(r+t)=T(r)+at” +O("*1).
(9.D.13)
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Thus, a pole p in the complex plane contributes

- f ds by (~2log(by?)) (~4bs 1) = ~167 log(byn?) (9.D.14)
0
0 (9.D.11), the point co contributes nothing and a ramification point r contributes

- / dse, (-2log(wa,e 1)) (=2(w - 1)e; ') = =87 (w - 1) log(wa,c*™)  (9.D.15)

gl=

to leading order in € and 7. Here, ¢, := ( ai)

SPe[p] =~ 12 > (w- 1)10g(w5(?’“)’“1“)—6 > log(byn?) (9.D.16)

reR[I] peP[I']

. In total, we conclude

Evaluation of S7"B[¢]. On X0\ B the metric ds? = ffstTﬁ is flat. Thus, only the
kinetic term is non-vanishing. Two regions contribute to the corresponding integral.
The first consists of disks around the poles of I'. Their contribution is suppressed
by 62. To leading order, S%O\B [¢] is thus fully determined by the integral over the

second region: The annulus around oo. There, ¢ = —log(b2% |0t[*) and we get

% 2
_ 4 c 1)
SENB[g] = £ f 424 4960 =ifd fde b= =S (—)
[9]= 562 90¢ 24r J ) T T %
boo?

(20\B)
(9.D.17)

Evaluation of S¥"[¢]. On Y= the Weyl factor ¢ = log(%) is constant. Thus,
the kinetic term vanishes and ST [¢] is fully determined by the curvature term,
which yields

ST (9] = Wl&ﬂﬁ = log 6 - —log(booT] ) (9.D.18)

Putting everything together. Combining eqgs. (9.D.16), (9.D.17) and (9.D.18),
we conclude

S5 o] = 12 Z (w-1)log (ws(f)“’) "5 Z log(bpn ). (9.D.19)
reR[T"] peP[T
Therefore, the regularised version of ZT is
ZIE;E = esiw’]ZF& — ( H wv 1 a :) i‘; H 612)774) ) (9D20)
reR[I'] peP[T']

Since oo is not a branch point of I', we have |P[I']| = Deg[I'] = 1. Thus,

12
ZE, =y §0eelr]- (]‘[ w1 T b2) . (9.D.21)

reR[T] peP[T]
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Rescaling the twist fields. The regularisation scheme introduced an explicit de-
pendence of ZEE on the unphysical parameter . To remove the regulator dependence,
we need to rescale the twist fields i.e. replace o, by N,0,. We make the minimal
choice

c (1—1u)2

Ny=et (9.D.22)

so that, after rescaling, le;a becomes the physical quantity

, ¢ _c(1-1 _c
72 = s el T 5w Dg 207 T 8 (9.D.23)
reR[T] peP[T]

which is independent of €.

9.D.2 Regularisation for the upper half plane

In this appendix, we regulate the Liouville action for interface coverings of the upper
half complex plane by the upper half complex plane.

The setup. The setup treated in this appendix is almost identical to that described
in the beginning of Appendix 9.D.1. In particular, the reference metric that we
consider is the restriction of the metric ds? defined in eq. (9.D.1) to the upper half
plane. Generically, we would have to evaluate the extrinsic curvature contribution in
addition to the bulk Liouville action in the interface case. For the upper half plane
equipped with ds3, the derivative of the normal vector w.r.t. the tangent vector of
the boundary is however always proportional to the normal vector and hence the
extrinsic curvature vanishes. Accordingly, only the bulk Liouville action is relevant.
As we argue in the next paragraph, the latter can be evaluated using the method of
images.

Method of images. Given an interface covering map I' that covers the upper half
complex plane by itself, we can readily construct a covering map

I'(z) ifIm(z)>0
['(z) else.

I":C-C, z»—>{ (9.D.24)
For each bulk ramification point of I', the doubled map I'” has two ramification points
with the same index. For each interface ramification point of index w, it has a bulk
ramification point with index w = w on the real line. The bulk part of the regulated
Liouville action for the conformal factor ¢ relating the upper half plane with metric
induced by I'" to the upper half plane with metric ds? is given by

3 [0l = 557 (0] (9.0.25)
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in terms of the Liouville action for the conformal factor ¢’ of the doubled covering
map. We can therefore directly generalise eq. (9.D.21) to

R ~13 e ~2
ZIX’JSZQ(T])( H ww—lg(liu)fai o H b;%) ( H ww_lg(l :) 041" w H b}Q))7

reRp[I'] pePp[T'] reR[T'] pePr[I']
(9.D.26)

where Q(7n) = n7sN-*¥+=1 and N, = Deg,[T']. Furthermore, Rg[T'] and R;[I'] are
the sets of bulk and interface ramification points of I' respectively. Likewise, Pg[I']
and P;[I'] are the sets of poles in the bulk and on the interface, not including oo.

Rescaling the twist fields. The result (9.D.26) is consistent with the bulk twist
field normalisation found in eq. (9.D.22). To fully remove the regulator dependence,
we need to also redefine the normalisation of the interface twist fields. We work with
the minimal bulk and interface normalisations

NB:gl

w

(1-w)? e (1-w)?

w and N =egu—. (9.D.27)

o

1§

In this normalisation, we obtain the physical partition function

zZy =n‘§(N-*N+‘1)( T w*'a ™ ] bg) ( [T« a " ] bf,) . (9.D.28)

reRp(T] pePp[I'] reR[I] pePr[T]
9.D.3 Computing covering maps

This appendix discusses how covering maps are computed in the first section of the
mathematica notebook CoveringMaps.nb uploaded in the ancillary files associated
with the arXiv page of this publication. We focus on coverings I' : C - C that have
branch points

x1=0, x9, wx3=1, and x4=00 (9.D.29)
which correspond to ramification points
s1=0, s9, s3=1, and s4=00 (9.D.30)
with ramification indices wy,...w4. The covering map I' satisfies
[(s;+8)=mx;+a;s". (9.D.31)

The choices s; = 1 = 0 and x4 = s4 = 0o ensure that we can directly satisfy two of
these conditions by making the Ansatz

T'(s) = 28 (9.D.32)
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with polynomials ¢ and p that satisfy
q(s) = a8 + O(s"*), p(s)=1+0(s) and deg(p)-deg(q)=wy (9.D.33)

Since the degree of the covering map coincides with the degree of the polynomial p,
we can fix it through the Riemann-Hurwitz formula. This leads to

1 1
deg(p) = §(w1 +we +wz+wy) -1 and deg(q) = §(w1 +ws + w3 —wy) — 1.

(9.D.34)

Fixing the polynomials p and ¢ hence amounts to computing ws + w3 — 1 coefficients
and the additional unknown ss. This is achieved in the notebook by solving the
wy + w3 equations

O (s) —x;)|ses, =0 for ie{2,3} and n=0,1,...w;—1. (9.D.35)

9.E Proving the diagrammatic rules

In this appendix, we sketch a proof for the validity of interface PRR diagrammat-
ics. In the first paragraph, we introduce sharpened terminology that allows us to
distinguish between embeddings of the diagrams and the intrinsic data of the di-
agrams more clearly than in the main text. With this preparation, we then show
that the map from equivalence classes of covering maps to abstract PRR diagrams
is injective i.e. that two covering maps producing the same diagram are equivalent.
Next, we show that the map is also surjective i.e. that every abstract PRR diagram
indeed arises from a covering map. Together, these two steps imply that there is
indeed a one-to-one correspondence between PRR diagrams and equivalence classes
of covering maps.

Embedded and abstract PRR diagrams.

Definition. Embedded (interface) PRR diagrams are the graphs embedded in Riemann
surfaces that can be constructed from the vertices in Sec. 9.2.1 and Sec. 9.2.2 with the
constraints outlined in those sections. Consider two embedded diagrams D and D’
on Riemann surfaces ¥ and ¥’ whose vertices are labelled by the same branch points.
We say that the diagrams are isomorphic if there is an isomorphism between > and
> that restrict to an isomorphism of graphs for the diagrams D and D’ preserving
the labels of the vertices.

Definition. Abstract (interface) PRR diagrams are equivalence classes of embedded
diagrams w.r.t. the notion of isomorphism introduced in the previous paragraph.
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Injectivity of PRR diagrammatics.

Claim. If taking the preimage of the contour 9.2.5 for two covering maps I' and I"
with the same branch points produces the same abstract PRR diagram, then I' and
I'" are equivalent i.e. identical up to an isomorphism of the covering space.

Proof. If the two embedded PRR diagrams D and D’ are isomorphic, then there
is an isomorphism ¢ : ¥ — 3’ such that ¢(D) = D’. We now show that ¢ is also
an isomorphism of the associated covering maps i.e. I =T := I o ¢. By definition,
¢ identifies ramification points that are labelled by the same branch-point. Thus,
I'(r) = I'(r) for every ramification point r € X of I'. Furthermore, I'(z) = I'(z) for
every point x on an edge of D, since the value at the vertices and the fact that I and
T have to be both length and orientation preserving already uniquely characterises
these functions on the edges. Finally, the restrictions of I' and T to a face of D are
restrictions of two holomorphic maps between disks that coincide on the boundary
of the disk. Therefore, I and I also coincide on the faces of D.

Surjectivity of PRR diagrammatics.

Claim. Fvery abstract PRR diagram that can be constructed using the rules of Section
9.2 has a representative that is the preimage of the contour 9.2.5 w.r.t. an interface
covering map.

Proof. Take an arbitrary realisation of the PRR diagram on a surface .. We now de-
fine a map I' by first setting its value at each ramification-point to the branch-point
by which it is labelled and then picking an arbitrary continuous, bijective, orientation
preserving identification between each edge of the diagram and the interval of the
contour on the sphere that connects the branch-points corresponding to the ramifica-
tion points at the ends of the edge. The PRR rules enforce that the restriction of the
map [' constructed in this way to any face of the diagram is a homeomorphism that
identifies that face with the boundary of a disk on the sphere. For each face, extend
I" to the interior such that it becomes a homeomorphism between the face and a disk
on the sphere. Away from the ramification points, I is a local homeomorphism and
therefore, we can use it to induce a metric and complex structure on Y, which makes
the restriction of I' to the complement of the ramification points a holomorphic lo-
cal isometry by construction. Clearly, the PRR diagram corresponding to I' is the
diagram that we used to construct I



Chapter 10

Future perspectives beyond
symmetric product orbifolds

— Open string amplitudes & other future directions.

The previous two chapters constructed a new family of interfaces between symmetric
product orbifolds (Chapter 8) and developed the necessary covering map machinery
to efficiently analyse interface correlation functions of symmetric product orbifolds
on arbitrary Riemann surfaces (Chapter 9). These methods open up the possibility of
addressing several interesting questions about the nature of interfaces in symmetric
product orbifolds and the holography of AdS, branes in pure NSNS AdS; string
backgrounds. This brief concluding chapter sketches some of the potential directions
for future research.

Deriving AdS;/CFT; for open strings. Section 9.4 established a structural
match between the genus expansion of interface correlators in the symmetric prod-
uct orbifold and string perturbation theory. To complete the derivation of the duality
between the interfaces and AdS,; branes in minimal pure NSNS AdSs, it is further
necessary to show that open string scattering amplitudes quantitatively match the
proposed dual correlators at each order in the string genus expansion. The analo-
gous derivation of the duality for closed string scattering amplitudes provided in the
seminal paper [69] was based on a localisation of the string worldsheet to ramified
coverings of the holographic boundary. It was already conjectured in [124] that this
localisation property should extend to the open string case. Now that the class of
interface covering maps to which the worldsheet is expected to localise in that case
has been identified, this conjecture can be fully established.

A derivation of the bulk correspondence that directly matches CF'T correlation func-
tions with string scattering amplitudes, without the need to compute either explicitly,
was proposed in [270]. Tt passes through a deformation of the string background that
involves AdS3 backgrounds with NSNS flux £ > 1. The dual CFT is a non-rational
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symmetric product orbifold that includes a Liouville-like direction [269]. In [270],
the H}-Liouville correspondence of [110, 111] was run in reverse to reconstruct string
theory on AdSs3 from the non-rational symmetric product orbifold; see also [271] for
related work based on path integral representations. In the limit & - 1, an N =4
supersymmetric Liouville field theory decouples from the CFTsy, leaving a rational
symmetric product orbifold for the supersymmetric 4-torus and hence recovering the
holographic relation of [69]. It would be interesting to extend this approach to inter-
faces and open strings using previous work on a boundary version of the H3-Liouville
relation [273, 274].

While it is conceptually appealing that the above approach does not require explicit
evaluation of the scattering amplitudes, there is also intrinsic value in computing
string scattering amplitudes in the presence of AdS, branes for processes involving a
small number of closed and/or open strings. Building on the closed string techniques
reviewed in Section 7.1.2, it should be possible to determine new explicit formulas
for boundary correlation functions of the SL(2;R); model with arbitrary spectral
flow at generic k.

Finally, it might be instructive to analyse boundary conditions of the localising AdS3
sigma model of Reference [268]. Just as the relatively simple structure of bulk cor-
relation functions, compared to the standard SL(2;R) model, allowed for a detailed
proof of crossing symmetry, similar simplifications of boundary correlators and par-
tition functions should permit a detailed discussion of the full Cardy-Lewellen con-
straints [316] of the BCFT.

Worldsheet Ryu—Takayanagi formula!  In Section 9.1, we defined symmetric
product orbifolds via lifts of seed theory data along branched covering maps. This
discussion revolved around the covering space lift of partition functions, correlators,
boundaries, and interfaces of the seed theory. When extended to density matrices, the
covering space lift relates von Neumann entropies in symmetric orbifolds to properties
of seed theory ensembles. The details of this relation can be directly inferred by
inserting cuts in the known covering maps that compute partition functions and
correlators of the orbifold theory.

As a concrete example, the thermal density matrix can be obtained by cutting open
the torus partition function along a spatial cycle. Thus, the relation between the
torus partition function of the symmetric orbifold and products of seed theory parti-
tion functions on covering tori (see e.g. the discussion around page 296) implies that
the thermal density matrix of a symmetric product orbifold can be expressed as a
sum of products of seed theory thermal density matrices at various temperatures,

'T would like to thank Matthias Gaberdiel, Christian Northe, and Volker Schomerus for com-
ments and discussions on this point.
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corresponding to the admissible modular parameters of the covering space tori.

While, at the level of symmetric product orbifolds, these are somewhat trivial ob-
servations, the existence of a covering-space lift of seed theory density matrices also
suggests a similar lift to the string worldsheet via the identification between the
latter and the covering space in tensionless AdS3;/CFTy holography. It would be
interesting to, guided by the covering-space lift, work out the details of this putative
worldsheet analogue. Such a result could be interpreted as a microscopic version of
the coarse-grained Ryu—Takayanagi formula [122].

Thermal correlators and superficial holography. Reference [317] reports uni-
versal behaviour of thermal correlation functions in symmetric product orbifolds,
compatible with a BTZ black hole as a semi-classical gravity dual. The result im-
plies that conditions on the analysed thermal correlators of local operators cannot
be sufficient criteria to determine whether a given CFT has a geometric bulk dual. It
would be interesting to investigate how the inclusion of extended operators such as
Z(P)|az) fits into this picture—presumably leading to the construction of a superficial
semi-classical gravity dual of the interfaces.

SUSY interface covering maps. Recently, a supersymmetric extension of the
covering map approach to symmetric product orbifolds was formulated [318]. The
construction of interface covering maps provided in Chapter 9 should naturally ex-
tend to coverings of super Riemann surfaces, using the formalism developed in [318]
for the bulk case.

Interface deformations of symmetric product orbifolds. Reference [319] pro-
vides a detailed description of a broad class of generalised symmetries in symmetric
product orbifolds, especially emphasising constraints on deformations by operators
from twisted sectors of the theory. It would be interesting to generalise these results
to the interface set-up and systematically analyse deformations by interface twist
fields. Another direction now accessible is to study the effect of marginal bulk de-
formations on the spectrum of interface operators. Of particular relevance in this
context is the deformation that drives the system toward the geometric regime in
which the interacting CFT, possesses a dual supergravity description. The effect of
such deformations on the bulk spectrum has been addressed, e.g., in [320-322]. The
interfaces studied in this thesis appear to be ideal new probes for this deformation.
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