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Summary

This thesis is divided into two parts, each addressing a separate research problem.

In the first part of the thesis we study so-called positivity bounds — theoretical constraints
on the Wilson coefficients of an effective field theory. These bounds arise from the require-
ment that a given effective field theory must be the low-energy limit of a quantum field
theory that satisfies the fundamental principles of unitarity, locality, and causality. The task
of deriving these bounds (for Wilson coefficients corresponding to operators that are quartic
in momenta and contribute to two-to-two scattering at tree-level) can be reformulated as
a convex geometric question, namely the determination of the extremal representation of a
closed convex cone. This so-called positivity cone consists of all positive semi-definite tensors
in

W = {S € Sym*(Sym* V*) ® Sym? (A’V*) : 75 = S} = Sym*(V* ® V*),

where 7 denotes transposition in the second and fourth tensor factor and V is a finite-
dimensional real vector space. The dimension of V has the physical interpretation of the
number of (particle) flavors under consideration.

In this thesis, we solve this question up to three flavors, i.e. dim V' < 3, proving a full
classification of all extremal elements in these cases. We furthermore study the implications
of our findings, deriving the full positivity bounds for amplitudes with and without additional
symmetries. In the cases with additional symmetries that we consider, we find that the so-
called elastic bounds are sufficient to recover the full positivity bounds. In contrast, if
dim V' = 3 and no additional symmetry conditions are imposed on the amplitude, there will
be bounds that cannot be deduced from the elastic positivity bounds. These arise from a
new class of extremal elements that appears in the extremal representation of the positivity
cone starting from dim V' = 3.

In the second part of this thesis, we study deformations of complex and generalized
complex structures using Hamilton—-Nash—Moser theory. Our main result is an extension of
Gualtieri’s theorem on the existence of a locally complete family of deformations of general-
ized complex structures on exact Courant algebroids to the broader class of G-flat transitive
Courant algebroids. To establish this result, it is necessary to revisit certain analytic aspects
of both Gualtieri’s proof and Kuranishi’s classical proof of the existence of a locally complete
family of (classical) complex structures.

We therefore provide transparent proofs of Kuranishi’s and Gualtieri’s theorems using
Hamilton’s framework of tame Fréchet spaces and the Hamilton—-Nash—Moser implicit func-
tion theorem. Building on these results, we then extend Gualtieri’s theorem to the set-
ting of G-flat transitive Courant algebroids. A key ingredient is the construction of an
infinite-dimensional Lie group structure on the group of autoequivalences of a G-flat transi-
tive Courant algebroid, more specifically, a tame Fréchet Lie group structure.

Zusammenfassung

Diese Dissertation gliedert sich in zwei Teile, die jeweils einem eigenstdndigen Forschungsprob-
lem gewidmet sind.

Im ersten Teil der Dissertation untersuchen wir sogenannte Positivitétsschranken (posi-
tivity bounds) — theoretische Einschrénkungen fiir die Wilson-Koeffizienten einer effektiven
Feldtheorie. Diese Schranken ergeben sich aus der Forderung, dass eine gegebene effektive
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Feldtheorie der Niederenergielimes einer Quantenfeldtheorie sein muss, welche die grundle-
genden Prinzipien der Unitaritdt, Lokalitdt und Kausalitdt erfiillt. Die Herleitung dieser
Schranken (fiir Wilson-Koeffizienten, die Operatoren entsprechen, welche quartisch in den
Impulsen sind und auf Baumebene zu Zwei-zu-Zwei-Streuamplituden beitragen) ldsst sich
auf eine Frage der konvexen Geometrie zuriickfithren, némlich auf die Bestimmung der
Extremaldarstellung eines abgeschlossenen konvexen Kegels. Dieser sogenannte Positiv-
itatskegel besteht aus allen positiv semidefiniten Tensoren in

W ={S € Sym*(Sym* V*) ® Sym? (A*V*) : 75 = S} = Sym*(V* ® V*),

wobei 7 die Transposition im zweiten und vierten Tensorfaktor bezeichnet und V' ein endlichdi-
mensionaler reeller Vektorraum ist. Die Dimension von V' besitzt die physikalische Interpre-
tation der Anzahl der betrachteten (Teilchen-)Flavours.

In dieser Dissertation l6sen wir dieses Problem fiir bis zu drei Flavours, d.h. fir dim V' <
3, und beweisen eine vollstdndige Klassifikation aller Extremalelemente in diesen Fillen.
Dariiber hinaus untersuchen wir die Konsequenzen dieser Resultate und leiten die vollstandi-
gen Positivitatsschranken fiir Streuamplituden sowohl mit als auch ohne zusatzliche Sym-
metrien her. Fir die von uns betrachteten Félle mit zusétzlichen Symmetrien zeigen wir,
dass die sogenannten elastischen Schranken (elastic bounds) ausreichen, um sdmtliche Posi-
tivitdtsschranken zu erhalten. Im Gegensatz dazu existieren fiir dim V' = 3 ohne zusétzliche
Symmetrieannahmen tiber die Amplitude Schranken, die sich nicht aus den elastischen Pos-
itivitdtsschranken ableiten lassen. Diese entstehen durch eine neue Klasse von Extremalele-
menten, die ab dim V' = 3 in der Extremaldarstellung des Positivitdtskegels auftritt.

Im zweiten Teil der Dissertation untersuchen wir Deformationen komplexer und ver-
allgemeinerter komplexer Strukturen mithilfe der Hamilton—Nash—Moser-Theorie. Unser
Hauptergebnis ist eine Verallgemeinerung von Gualtieris Satz iiber die Existenz einer lokal
vollstandigen Familie von Deformationen verallgemeinerter komplexer Strukturen auf ex-
akten Courant-Algebroiden auf die umfassendere Klasse der G-flachen transitiven Courant-
Algebroide. Zum Nachweis dieses Resultats ist es notwendig, bestimmte analytische Aspekte
sowohl von Gualtieris Beweis als auch von Kuranishis klassischem Beweis der Existenz einer
lokal vollstandigen Familie von (klassischen) komplexen Strukturen erneut zu untersuchen.

In dieser Dissertation entwickeln wir transparente Beweise der Satze von Kuranishi
und Gualtieri unter Verwendung von Hamiltons Theorie zahmer Fréchet-Riaume sowie des
Hamilton—-Nash—Moser-Implizite-Funktionensatzes. Aufbauend auf diesen Resultaten er-
weitern wir anschliefend Gualtieris Satz auf den Kontext G-flacher transitiver Courant-
Algebroide. Ein wesentlicher Bestandteil des Beweises ist die Konstruktion einer unendlichdi-
mensionalen Liegruppenstruktur auf der Gruppe der Autodquivalenzen eines G-flachen tran-
sitiven Courant-Algebroids, genauer gesagt einer zahmen Fréchet-Liegruppenstruktur.
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Chapter 1

Introduction

A common phenomenon that we observe in nature is that of separation of scales. It is the
reason why humans were able to build houses thousands of years before knowing about quan-
tum mechanics and why they could study fluid dynamics before the discovery of molecules.
Effective field theories (EFTs) underlie that same principle. They are physical theories de-
scribing the low-energy limit of some more fundamental quantum theory. In many situations
this "full" quantum theory at high energies is not known. In that case, EFTs can also serve
to extend a theory that is known to be accurate at low energies — such as the Standard
Model of particle physics — by adding higher-dimension operators to the Lagrangian, which
parametrize the effects of physics at higher energy scales. This approach is often called the
bottom-up approach.

The physical parameters of an effective field theory are so-called Wilson coefficients.
The values of the Wilson coefficients that best describe nature need to be experimentally
determined. If the "full" quantum theory is unknown, they could a priori take any value.
However, it was shown in [Ada+406] that imposing the mild assumption that the unknown
theory should be compatible with fundamental principles of physics such as causality, unitar-
ity and locality yields constraints on the Wilson coefficients, the so-called (two-to-two forward
scattering) positivity bounds. They are a powerful tool in order to reduce the landscape of
physically meaningful EFTs.

These positivity bounds are associated with a specific kind of scattering, known as two-
to-two scattering: two incoming particles interact and yield two outgoing particles. Addition-
ally, the forward limit — namely, identical incoming and outgoing kinematics — is invoked. In
the literature, often only elastic (positivity) bounds are considered, i.e. positivity bounds that
arise from two-to-two scattering processes, where the initial and the final state are identical.
However, in [ZZ20] it was pointed out that in general there will be additional constraints,
which cannot be deduced from the elastic bounds.

As it was argued in [Li+21], the full set of positivity bounds can be described abstractly
as elements in a closed convex cone in a space of four-tensors on a real vector space V.
These four-tensors have symmetries prescribed by the symmetries of the (two-to-two forward)
scattering amplitude. We will refer to this cone as the positivity cone. Many elements of
the positivity cone in fact yield redundant positivity bounds. To obtain a complete set of
bounds it is sufficient to restrict to extremal elements, i.e. elements that cannot be written
as a non-trivial positive combination of other elements in the cone. Some of these extremal
elements will give rise to the aforementioned elastic bounds. It was already argued in [Li+21]
that if the vector space V is two-dimensional in fact all extremal elements are of this kind.
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In the first part of this thesis we will classify all extremal elements of the positivity cone
in the case that V is three-dimensional. This gives rise to all (two-to-two forward scattering)
positivity bounds for scattering processes involving up to three flavors. In particular, we will
see that, starting from dimension three, there is a new class of extremal elements that gives
rise to positivity bounds that cannot be deduced from elastic bounds. On the other hand, we
will show that when imposing additional symmetries on the amplitude, the elastic positivity
bounds are in fact the strongest (two-to-two forward scattering) positivity bounds. This in
particular holds true for the physical example of pion scattering in quantum chromodynamics.

The second research problem addressed in this thesis arises in the field of generalized
geometry. Morally speaking, the starting point of generalized geometry is to replace the
tangent bundle of a manifold M by the generalized tangent bundle TM = TM @& T*M or,
more generally, a Courant algebroid. These are vector bundles equipped with the data of a
scalar product, a bracket on sections (called Dorfman bracket) and a vector bundle morphism
to the tangent bundle (called anchor map), satisfying compatibility conditions.

A Courant algebroid structure on the generalized tangent bundle is given by the canonical
projection onto T'M as anchor map, the natural pairing

(X +a,Y +8)=3(a(Y) + B(X))

as scalar product, and a Dorfman bracket defined in terms of the Lie derivative and the
exterior derivative together with a closed three-form.

Generalized geometry has applications to string theory and to supergravity, the EFT of
string theory: It can be used to "geometrize" certain supergravity theories by reformulating
the equations of motion as a generalized Einstein equation [CSW11; CSW14; Garl4]. The
well-posedness of the initial value problem for the generalized Einstein equations was recently
established in [Sch26] (see [CS25] for a geometric description of the constraint equations).
Moreover, the renormalization group flow of certain supergravity/string theories may be
identified with generalized Ricci flow [Strl17]. Generalized geometry also serves as a good
framework to understand T-duality in string theory [CD23; CG10; CW26; Sev15].

There are also applications to complex (especially non-Kéhler) geometry and (higher)
gauge theory (see e.g. [GG25; GJS23; Sil+25]). A key ingredient is that certain geometric
flows or systems of geometric partial differential equations may be recast as versions of
generalized Ricci-flow or the vanishing of generalized curvature. Last but not least, an
important feature of generalized geometry is that it may be used to simultaneously generalize
a priori different geometric structures.

Generalized complex structures are a particular instance of this phenomenon, as they
encompass both complex and symplectic structures as special cases. In fact, this unification
of complex and symplectic geometry was the starting point of Hitchin [Hit03] to initiate
the field of generalized geometry. Generalized complex structures appear naturally in the
context of supersymmetric compactifications [GHR84; Gual4] and the study of deformations
of generalized complex structures is relevant to moduli problems in supergravity theories (see
e.g. [But+08; Kap04]).

The deformation theory of generalized complex structures on exact Courant algebroids,
i.e. those isomorphic to the generalized tangent bundle, has already been studied by Gualtieri
in [Gua03; Guall]. Whereas deformations of (classical) complex structures are studied up
to the action of the diffeomorphism group, deformations of generalized complex structures



1.1. OVERVIEW OF PART I 3

must be studied up to so-called Courant autoequivalences: vector bundle equivalences that
preserve the Courant algebroid structure. Within this setting, Gualtieri proved the existence
of a locally complete family of generalized complex deformations. His approach was inspired
by Kuranishi’s simplified proof in [Kur65] of the existence of a locally complete family of
(classical) complex deformations.

A long-term objective (as part of a project which goes beyond the scope of this thesis) is
to eventually extend Gualtieri’s theorem to the larger class of transitive Courant algebroids,
i.e. Courant algebroids with a surjective anchor map. These are isomorphic to Courant
algebroids with underlying vector bundle TM@®GET™* M, where G is a bundle of quadratic Lie
algebras. This has applications to supergravity theories, where in the presence of additional
gauge fields, it is often not enough to only consider sections to the generalized tangent
bundle [Garl4].

We will see that in order to achieve such an extension, some analytic details in the clas-
sical proofs by Kuranishi [Kur65] and Gualtieri [Gua03; Guall] need to be revisited. An
appropriate framework for this is Hamilton—Nash—Moser theory. This will set the foundation
for an extension of Gualtieri’s theorem to generalized complex structures on G-flat transi-
tive Courant algebroids, a subclass of transitive Courant algebroids for which the Dorfman
bracket takes a particularly simple shape. As an important step in the proof of this exten-
sion, we will endow the group of autoequivalences of a G-flat transitive Courant algebroid
with an infinite-dimensional Lie group structure, more precisely, a tame Lie group structure.

1.1 Overview of Part 1
The aforementioned positivity cone takes the explicit form of the cone
Cw:={SeW:S8 =0}
of positive semi-definite elements in
W:={Se Sym?(Sym? V*) @ Sym? (A2V*) 178 =8} < Ve

Here, V is a finite-dimensional vector space and (7.5)(v1, ve, v3,v4) := S(v1, v4, v3,v2) for all
v1,...,04 € V. The dimension of the space W grows rapidly with dim V' =: n: It is given by

dimW = i n(n+ 1)(n(n+ 1) + 2).

In the particular case that dim V = 3 we have dim W = 21.
As explained above, our task is to identify all extremal elements of the cone Cyy. In this
thesis, we will solve this problem for dim V' < 3 proving the following theorem.

Theorem (cf. Theorem 4.22). Suppose dim'V = 3. Then S € Cy is extremal if and only if
it is of ome of the following types:

1. For some a € V¥\{0}, S = o*.
2. For linearly independent a1, a0 € V*, S = (a1 ® a2)®? + (a2 ® ap)®2.

3. For a basis {a1,as, a3} of V* and parameters g,d,h such that g*> > 1 — d* + dh we
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have
S = St +2 (g2 +d*> —1—dh) [(OQ ®a3)®? + (a3 ® a2)®2] ,
where

Siot = + 60303 + 60303 + 12d 033 + 12g ajazad + 4haal + (1 + d?) o

+4dg asaz + 6(1 + dh) o303 + 4g(d + h) asas + (1 + ¢ + h?) a4,

The first two cases in the theorem correspond to the aforementioned elastic positivity
bounds, while the third class of extremal elements gives rise to new bounds that cannot be
deduced from the elastic ones. This gives rise to all (two-to-two forward scattering) positivity
bounds for scattering processes involving up to three flavors.

To prove this result, we make use of the fact that Cy is a linear spectrahedron: the
intersection of a linear subspace of the symmetric bilinear forms on some vector space with
the cone of positive semi-definite ones. The extremal elements of linear spectrahedra have
been characterized in [RG95] as those elements which have "maximal kernel" among all non-
trivial elements in the cone (in the sense that there is no non-trivial other element of the
cone whose kernel properly contains that of the extremal element). Therefore, to identify
the extremal elements we will distinguish the elements in the cone by their rank.

Moreover, it will be useful to consider the restriction maps

R: W — Sym?(Sym?V*), R': W — Sym? (A2V*) .

We will see that the map R is in fact an isomorphism so that an element S € W is completely
determined by its projection R(S) € Sym?(Sym? V*). Moreover, S € Cyy if and only if R(S) >
0 and R'(S) = 0. Rather than just considering the rank of an element S € W, to decide
whether S is extremal, we will need to consider both the rank of R(S) and R'(S) separately.
Furthermore, we need to consider the dimension of certain characteristic subspaces of the
kernel of the element S.

Our strategy can be summarized in the following steps:

1. We show that an element in Cy is an extremal element of the first or second kind if
and only if rank R(S) = 1. This is true in arbitrary dimensions of V' and can be seen
as an alternative interpretation of the elastic positivity bounds.

2. We find bounds on the rank of extremal elements. For dim V' = 3, an extremal element
in Cy must have

dimker S > 3, dimker R(S) > 1, dimker R'(S) > 1.

3. We distinguish elements by the dimension of certain characteristic subspaces of their
kernels.

4. Tt turns out that a (non-elastic) element S € Cyy is extremal if and only if

(a) dim(ker S n Sym?V) = 3,
(b) dim(ker S n A%V) =2
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(c) ker S n (2 v V) = 0, where z € V\{0} is such that ker S n A’V = z A V) and
vV ={z@uv+v®z:veV}.

5. For these elements we can derive the explicit description as stated in the theorem.

We will also study the extremal elements of the cone (Cy/ )¢ of G-invariant elements
of Cyy, where G € {O(3),7Z3,50(2)} and show that every extremal element of (Cy)® is a
projection of some elastic extremal element of Cyyy. This implies that for amplitudes with such
additional symmetry, the elastic positivity bounds are sufficient to describe the complete set
of positivity bounds. This is in particular the case for the pion scattering amplitude, which
has an O(3)-symmetry.

Finally, we will discuss why, starting from dim V' > 4, proving an analogous classification
result becomes much less feasible and how this is related to the fact that for more than three
variables, there exist homogeneous polynomials of degree four which are positive but not
sums of squares.

The structure of Part I is as follows:

¢ In the preliminary Chapter 2 we will give a brief introduction into the physical context
in which positivity bounds arise. We will introduce effective field theories and the
amplitude. Moreover, we will discuss the fundamental principles of unitarity, causal-
ity /analyticity and locality as well as their consequences for the amplitude and how
these give rise to the positivity bounds. We will also discuss the example of positivity
bounds for two-to-two pion scattering. This chapter does not contain original results.

e In the preliminary Chapter 3 we will introduce the background from convex geometry
needed in order to state and prove our main result of Part I. In particular, we will
introduce the concept of extremal representations of closed convex cones as well as
spectrahedra. We will also discuss the characterization of extremal elements of spec-
trahedra in terms of their kernels. We will end the chapter with a discussion of Hankel
spectrahedra, which are important examples of spectrahedra that arise in the context
of sums-of-squares polynomials. These will become relevant in Chapter 4. This chapter
does not contain original results.

e The Chapter 4 is the first original chapter of this thesis and contains the results
of [Bon+26]. In the chapter, we will prove the main theorem on the classification
of all extremal elements of Cy for dim V' = 3. Along the way we will prove several nec-
essary conditions for extremality that are valid for arbitrary dimensions of V' as well
as an alternative interpretation of the elastic positivity bounds. We will also study
amplitudes with additional symmetries showing that in these cases there are no posi-
tivity bounds other than those implied by the elastic ones. We end the chapter with a
discussion of why it appears that dim V' = 3 is the highest dimension in which proving
a full classification of all extremal elements of Cy (with explicit parameterizations) is
feasible.

1.2 Overview of Part 11

In Part II, we will extend Gualtieri’s deformation theorem for generalized complex structures
on exact Courant algebroids to a larger class of Courant algebroids, namely G-flat transitive
Courant algebroids. As already mentioned above, to achieve this, we first need to revisit
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Gualtieri’s proof in [Gua03; Guall] as well as Kuranishi’s proof [Kur65] on the existence of
a locally complete family of (classical) complex deformations. Let us briefly recall the setup
of Kuranishi’s theorem.

Deformations of a (classical) complex structure on a compact manifold M can be de-
scribed by elements in a neighborhood of 0 in A%Y(M,T'9M) (smooth (0, 1)-forms with
values in TV9M). The almost complex structure corresponding to some deformation ¢ €
AL (M, TYOM) is integrable if and only if ¢ satisfies the Maurer-Cartan equation

0o — 3o, p] =0,

where @ denotes the Dolbeault differential and the bracket is defined by a combination of
the Lie bracket of vector fields and the wedge product. The action of diffeomorphisms on
the space of almost complex structures gives rise to a (local) action of diffeomorphisms on
the deformations o € A% (M, TOM). Two deformations related in that way are considered
equivalent. A smooth family of complex deformations is called locally complete if every
other smooth family of (sufficiently small) complex deformations can be obtained from it by
acting with a family of diffeomorphisms. All of the above will be explained in greater detail
in Section 5.1.
Kuranishi proved the following result (we adapted the precise formulation):

Theorem (cf. Theorem 7.9). There exists an open neighborhood W < H%Y (M, TYOM) of 0,
a family M = {p; : t € W} of almost complex deformations of J, and an analytic obstruction

map
¢: W — H"2 (M, T"OM)

such that the almost complex deformations M := {p, € M : ¢(t) = 0} are precisely the
integrable ones. Any sufficiently small complex deformation of J is equivalent to at least
one member of the family M. In the case that the obstruction map vanishes, M is a locally
complete family of complex deformations.

The strategy of Kuranishi’s proof in [Kur65] can be divided into the following steps:

1. The goal is to write M as the intersection of a neighborhood of 0 in A% (M, TOM)
with the set B B
{oe AM M THM) : 0p — 5[0, 0] = 0, 0" =0},

where 0* is the formal adjoint of the Dolbeault operator ¢ with respect to some L2-inner
product. The equation 0*¢ = 0 plays the role of a "gauge fixing condition".

2. Kuranishi describes some set V < A%'(M, T*°M) containing M, which can be pa-
rameterized by an open neighborhood W < H%'(M,T'OM) of 0, and an analytic
map ¢: V — H%}(M,T"°M) such that ¢~1(0) = M (to obtain a map ¢: W —
H%2(M, T'YM) as stated in the theorem, one needs to concatenate with the parametriza-
tion of V).

3. It remains to show that for every sufficiently small ¢ € AY(M,T"°M), we can find
some diffeomorphism f € Diff (M) such that

*(f ) =0, (1.1)

where f - ¢ denotes the (local) action of diffecomorphisms on deformations, and that
the solution f of (1.1) depends smoothly on ¢.
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To follow through the steps described above in [Kur65], Kuranishi relies on Sobolev spaces
and refers to the implicit function theorem on Banach spaces to argue why (1.1) indeed
admits a solution. However, crucial analytic details required to argue that this implicit
function theorem is indeed applicable are omitted such as the proof of total differentiability
of the relevant maps.

In [Gua03; Guall], Gualtieri followed Kuranishi’s proof in [Kur65] to obtain a far reach-
ing extension to a theorem on the existence of a locally complete family of deformations
of generalized complex structures on exact Courant algebroids, i.e. Courant algebroids iso-
morphic to the generalized tangent bundle TM @ T*M of a (compact) manifold M. Let us
briefly summarize the adaptations compared to the classical complex case described above:

o Every generalized complex structure is associated with a Lie algebroid L < E¢, i.e. a
vector bundle whose space of sections is equipped with a Lie bracket together with a
vector bundle morphism L — T'M. In the case of a generalized complex structure, the
dual bundle L* — M also has a natural Lie algebroid structure. Deformations of a
generalized complex structure are then described by (small) elements in T'(M, A2L*).

o For every Lie algebroid, we may define a so-called Lie algebroid differential
dp: D(M,A*L*) — T (M, AFFLL¥).

The Lie algebroid differential defines a complex, which is elliptic for generalized complex
structures on transitive Courant algebroids, i.e. Courant algebroids with surjective
anchor map. In particular, for generalized complex structures on transitive Courant
algebroids over compact manifolds, the Lie algebroid cohomology groups H*(M, L) are
finite-dimensional.

e For every Lie algebroid we can moreover define a bracket
[,-]: D(M,ARL*) x T(M, A'L*) — (M, AF=1L*),

the so-called Schouten bracket. The integrability of a generalized almost complex
structure corresponding to a deformation ¢ € I'(M,A?L*) is again equivalent to a
Maurer—Cartan type equation for ¢, involving the Lie algebroid differential and the
Schouten bracket.

o While in the classical case (almost) complex structures/ deformations are consid-
ered up to diffeomorphisms, in the generalized (almost) complex case, the struc-
tures/deformations are identified if they are related by the action of an autoequivalence,
i.e. a vector bundle equivalence preserving the Courant algebroid structure. Further-
more, to prove local completeness, Gualtieri restricts to the action of the subgroup
of exact autoequivalences, i.e. autoequivalences whose infinitesimal action is by the
Dorfman bracket of the Courant algebroid. This has the advantage that the setup
resembles the classical complex case more closely.

In his proof, Gualtieri [Gua03; Guall] followed through the analogous steps as those
of Kuranishi [Kur65], which we summarized above. However, the same crucial analytic
details as in [Kur65] are omitted when showing local completeness of the deformation family.
Moreover, while Kuranishi was working with local charts for the diffeomorphism group,
Gualtieri is working with flows, which raises additional analytic questions.
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In Part IT of this thesis, we will revisit the classical proofs by Kuranishi [Kur65] and
Gualtieri [Gua03; Guall] in the framework of tame Fréchet spaces using Hamilton’s Nash—
Moser implicit function theorem. This approach has the advantage of allowing us to remain
entirely within the smooth category throughout the proof, avoiding the need to track different
Sobolev spaces or invoke additional regularity arguments. Along the way we will furthermore
provide the missing analytic details mentioned above. Building on that, we will extend
Gualtieri’s result to generalized complex structures on the larger class of G-flat transitive
Courant algebroids. More specifically, we will prove the following theorem.

Theorem (cf. Theorem 8.36). Let J be a generalized complex structure on a G-flat tran-
sitive Courant algebroid E — M with corresponding Lie algebroid L. There exists an open
neighborhood W < H?(M, L) of 0, a family M = {¢ : t € W} of generalized almost complex
deformations of L, and an analytic obstruction map

¢: W — H*(M, L)

such that the generalized almost complex deformations M = {p; € M : $(t) = 0} are
precisely the integrable ones. Any sufficiently small generalized complex deformation of L is
equivalent to at least one member of the family M. In the case that the obstruction map
vanishes, M is a locally complete family of generalized complex deformations.

As part of the proof we will endow the group of autoequivalences of a G-flat transitive
Courant algebroid with an infinite-dimensional Lie group structure, more precisely, a tame
Fréchet Lie group structure. Moreover, we will show that the exact autoequivalences form
a tame Fréchet Lie subgroup. We would like to point out that it was already shown by
Rubio and Tipler in [RT20] that the group of autoequivalences of exact Courant algebroids
has a strong ILH Lie group structure, which is another notion of infinite-dimensional Lie
group structure. Moreover, it is shown in [RT20] that the exact autoequivalences of an exact
Courant algebroid indeed form a (strong ILH) Lie subgroup and our results build on this
fact.

The structure of Part II is as follows:

e In the preliminary Chapter 5, we will introduce the relevant background on complex
and generalized (complex) geometry. In particular, we will define Courant algebroids
and discuss the standard forms of exact and transitive Courant algebroids. We will also
describe the explicit shape the autoequivalences take in these standard forms and define
the class of G-flat transitive Courant algebroids. We will discuss how deformations of
complex and generalized complex structures can be described in terms of forms and
define the notion of a locally complete family of deformations. Moreover, we will
show that the Lie algebroid complex of a generalized complex structure on a transitive
Courant algebroid is elliptic. We will also present some formulas that will be relevant for
the proofs of the deformation theorems for complex and generalized complex structures
in Chapter 7 and 8, respectively.

This chapter does not contain any original results except for the ellipticity of the said
Lie algebroid complex (cf. Proposition 5.44) and the identities in Lemma 5.37, which to
our knowledge have not appeared in the literature before. The proof of Proposition 5.44
is by a simple extension of an argument by Gualtieri [Gua03; Guall] for generalized
complex structures on exact Courant algebroids.
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e In the preliminary Chapter 6, we will introduce the main concepts and results from
Hamilton—-Nash—Moser theory that we need in Chapter 7 and 8. This includes the
definition of tame Fréchet spaces and smooth tame maps, as well as the Nash—Moser
theorem and Hamilton’s Nash—Moser implicit function theorem. We will also introduce
tame Fréchet manifolds and tame Fréchet Lie groups and give a more detailed discussion
of the diffeomorphism group. This chapter does not contain any original results except
for a specific result about certain families of operators in Proposition 6.31 which we will
apply in Chapter 7 and 8. The result is a simple consequence of a general statement
by Hamilton [Ham82] and the Hodge decomposition.

o Chapter 7 is the first original chapter of Part IT and contains the results of [CP26]. We
revisit Kuranishi’s proof of the existence of a locally complete family of complex de-
formations on a compact complex manifold using Hamilton—-Nash—Moser theory. This
includes proving that the action of the diffeomorphisms on the almost complex struc-
tures and the corresponding local action on almost complex deformations is smooth
tame (cf. Proposition 7.1) and computing a partial derivative of the local expression
for the local action (cf. Proposition 7.7). For the proof of the deformation theorem, we
will closely follow Kuranishi’s steps outlined above but will employ the techniques of
Hamilton—-Nash—Moser theory.

e The second original Chapter 8 of Part II is based on joint work in progress with Vicente
Cortés. In the chapter, we revisit Gualtieri’s proof of the existence of a locally com-
plete family of generalized complex deformations for generalized complex structures on
exact Courant algebroids over a compact manifold using Hamilton—Nash—Moser the-
ory. Moreover, we will extend the result to the larger class of G-flat transitive Courant
algebroids. To establish these results, we will endow the group of autoequivalences of
a G-flat transitive Courant algebroid over a compact manifold with a tame Fréchet Lie
group structure. Moreover, we show that the exact autoequivalences form a tame Lie
subgroup and prove that the action of the autoequivalences on the generalized almost
complex structures is smooth tame.

To prove the main result we will build on the proof of the deformation theorem for
classical complex structures constructed in Chapter 7. There are several technical
deviations from the classical complex case that are summarized in the beginning of
Chapter 8.
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Chapter 2

Positivity in Effective Field
Theories

In this chapter, we will describe the physical context in which the research question arises
that we will answer in the first part of this thesis. This physical context lies within the field
of high-energy physics, more precisely, effective field theories and scattering amplitudes.

First, we will give a brief introduction to quantum field theories and effective field theo-
ries. In Section 2.2 we will define the amplitude and discuss its symmetries. Then we will
introduce the fundamental principles of unitarity, locality and causality/analyticity and dis-
cuss important consequences of these principles for the amplitude. Next, in Section 2.4, we
will see how the implications of unitarity, locality and causality yield bounds on the physical
parameters of an effective field theory. We will outline how these bounds can be formulated
in terms of convex geometry although some of the relevant definitions and concepts will only
be introduced in the next chapter. Finally, we will briefly describe how to derive the bounds
in the example of pion scattering.

This chapter contains no original results. Most of the content can be found in introduc-
tory textbooks of quantum field theory such as [Sch13; Wei95].

2.1 Effective field theories

In this section, we will give a brief introduction to effective field theories. We will first review
the foundations of quantum field theories. Then we will introduce effective field theories as a
way to approximate a theory of higher energies in terms of its field content at lower energies.

2.1.1 Quantum field theories

Quantum field theories (QFTs) are built on the same formalism as quantum mechanics.
Physical states are lines in a complex separable Hilbert space. They can be described by
sections of some vector bundle over the spacetime manifold. For the applications we have in
mind, we may assume the spacetime to be the four-dimensional Minkowski space. There is
a distinguished physical state called vacuum state.

Observables, i.e. physically measurable quantities, can be represented by self-adjoint op-
erators, with the eigenvalues being the possible outcomes of an experiment that is being
conducted. The norm-squared of the scalar product (¢1,19) of two normalized vectors 11
and s is interpreted as the "probability overlap" of the two physical states represented by

11
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and 1. For instance, in order to determine how likely a certain outcome of an experiment
is, we may take the norm-squared of the scalar product of a normalized vector representing a
given physical state with a normalized eigenvector corresponding to the measurement value.

Every (elementary) particle of a given theory comes with a creation and an annihilation
operator. An (elementary) one-particle state of the theory is obtained by acting with the
corresponding creation operator on the vacuum state. Moreover, acting with any of the
annihilation operators on the vacuum state gives 0. The creation and annihilation operators
are commonly referred to as quantum fields. The collection of all quantum fields in a QFT
is referred to as the field content of the theory.

We will mainly be interested in local theories, i.e. theories that are described by a La-
grangian density! that only depends on the values of the quantum fields at a point and
finitely many derivatives thereof. Then the Lagrangian density may be written as a sum of
terms depending on the different fields and their derivatives, multiplied by a constant? that
takes care of the units.

The simplest example of a Lagrangian density is that of a free (real) scalar field ¢, i.e.
¢ € C*(R*), such that ¢ is invariant under Lorentz transformations. The Lagrangian density
is given by

£(6) = 5 (006 — m*6?)

where , s )
_ (99 9

v~ () -2 (a)

More generally, the Greek indices (e.g. 0*¢) run from 0 to 3 and refer to four-vectors/momenta.
These are paired using the Minkowski inner product of spacetime. The index is lowered using
the Minkowski metric = diag(1, —1, —1, —1), whose components are denoted 7),,. Explic-
itly, we write 0,¢ = 1, 0"¢. Consistently, the indices are raised using the inverse metric
n~! = diag(1, —1, -1, —1), whose components are denoted with raised indices n*. Explicitly,
we write oF¢ = 9 0,¢.

We could also consider n different scalar fields and consider Lagrangian densities with
additional terms such as

1 n n
L(O1,- -1 bn) = 5 2 (0" Giduti = mid]) + D) Nijuad" 610 br0u
i=1 i,j,k,1=1

where \;jx; € R. Moreover, we could consider more general quantum fields, which are not
scalar such as a connection one-form of a principal G-bundle. This happens for instance in
electrodynamics, whose Lagrangian density is given by

1
L(A) = —ZF‘“’FW,

where A is a connection one-form and F' is its curvature. Another possibility are (Dirac)

!The Lagrangian density of a theory is a function that when integrated over the spatial directions gives
rise to the Lagrangian of the theory. The action functional is obtained by integrating the Lagrangian density
over the entire spacetime.

2In practice this constant will "run" with the energy meaning that it depends on the energy scale at which
it is probed due to quantum effects and renormalization.
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spinors 1: R* — C*. The (free) Dirac Lagrangian density of a Dirac spinor is given by

£(¢) = i&')’uauw - WW,

where ¢ = ¥77°, where 1T denotes the conjugate transpose, and * are the gamma-matrices,
which may be represented by

10 0 0 0 0 01
o |01 0 o0 . o 0o 10
T 1oo -1 o) " "lo —100)
00 0 -1 1 0 00
0 00 —1 0 01 0
> |0 01 0 s o 00 -1
T o 10 0 TT=100 o0
100 0 0 10 0

There are many more possibilities for Lagrangian densities. The different terms appearing
in the Lagrangian density are also referred to as operators, although they are not operators
on the Hilbert space of states. The coefficient of an operator ~ ¢? (containing two fields
of the same kind but no derivatives) is related to the mass of the particle corresponding to
¢. Operators containing more than two fields are relevant for interactions. The coefficients
of these operators (e.g. the \A;ji; appearing in the second example above) are also called
coupling constants. To every operator we may assign a number called mass dimension that
counts the amount of fields and derivatives in the operator. Together with the value of the
coupling constant, the mass dimension of a given operator can serve as an indicator for the
energy scale at which the operator contributes.

Furthermore, we will require the Lagrangian density to be Lorentz-invariant so that the
corresponding QFT is Lorentz-invariant in the sense that Lorentz transforms of solutions to
the equations of motion are again solutions.

2.1.2 Effective Lagrangians

Suppose we are given a quantum field theory that is valid in a certain range of energy
and described by some Lagrangian density Lo(t1,..,%») with some field content {t;}i ;.
Suppose furthermore that our given theory is the low energy limit of a (typically unknown)
"full theory", which is referred to as the UV-theory and described by some Lagrangian density
Lean(V1, ...y Un, 91, .., ¢k), where the fields {p;} are very heavy with masses much greater
than the energy scales at which the QFT described by Ly is valid. Then L is called an
effective Lagrangian (density) for Lgy and the corresponding QFT is called an effective field
theory (EFT).

Conversely, given a QFT described by a Lagrangian density Ly, under appropriate as-
sumptions, the low-energy effects of heavier particles that are not included in the Lagrangian
density Ly, may be described by adding operators of higher mass dimension to £y. Schemat-
ically, we write

Leanes ~ Lo+ Y, ). Ao,

d>4 1
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where {(’)Z(d)} is a basis of operators of mass dimension d containing the fields {¢;}. The

coeflicients fl-(d) are called Wilson coefficients.

In practice, only finitely many terms up to a specific mass dimension would be added
to the Lagrangian density £g9. The number of operators that should be added is usually
determined by the precision we want to account for, which is often related to the experimental
precision that can be achieved. The resulting theory is an EFT for an unknown UV theory.
This is often called the bottom-up approach. An important example for an EFT arising in
this way is the Standard Model effective field theory (SMEFT).

The Standard Model of particle physics is a theory that classifies all experimentally ob-
served elementary particles and describes three out of the four fundamental forces (electro-
magnetic, weak and strong interaction). Note that there is no possibility of including gravity
in the Standard Model. While the Standard Model has been very successful at making ex-
perimental predictions it fails to explain certain phenomena observed in nature such as dark
matter or the neutrino mass. Therefore, it is believed that the Standard Model is only an
EFT of a more fundamental UV theory. In order to study possible extensions of the Stan-
dard Model, in the SMEFT additional operators of higher mass dimension are added to the
Standard Model Lagrangian (density) that are invariant under the (gauge) symmetries of the
Standard Model. The values of the Wilson coefficients of these operators that most closely
resemble nature can be determined experimentally. These values then provide information
about possible extensions of the Standard Model e.g. by new elementary particles. For this,
scattering experiments are performed. These will be reviewed in the following section.

2.2 Two-to-two forward scattering amplitude

In this section, we will introduce the S-matrix and the (two-to-two forward scattering) am-
plitude. Finally, we will describe some symmetries of the amplitude. These will characterize
the mathematical objects that we study in Part I of this thesis.

2.2.1 The S-matrix

Suppose we have some state U with particle content A prepared at the "infinite past" that
is scattering to some state W at the "infinite future" with particle content 5. We denote by

Spa = (U5, ¥})

the probability amplitude for the transition A — B. The S-matriz is defined to be the
operator S such that
Spa = (®5,S5Pa),

where ® 4 and ®p denote the free (i.e. non-interacting) state with particle content A and B,
respectively. For instance, given a process where two particles represented by the vectors «
and [ collide and scatter into two particles represented by v and §, we would have A = a® 3
and B = v® . The intuition behind this definition is that we assume that at the "infinite
past' and "infinite future" the two scattered particles are very far from each other so that
they do not interact with each other.

A QFT is called unitary if its S-matrix is a unitary operator. Unitarity is related to the
preservation of probabilities in scattering processes and thus should be expected to hold in
a physically meaningful theory.
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2.2.2 The amplitude and two-to-two scattering

We define the scattering amplitude A4, p of the process A — B via
1(27")4 54(])3 —pa)Aap = Spa— (B —A).

Here, pa and pp denote the total four-momenta of the states A and B, respectively, and
we factored out a factor of §*(pp — pa), which ensures the conservation of momentum and
energy. Moreover, we subtracted (B — A) which would correspond to a trivial scattering.
The amplitude describes the part of the S-matrix representing the actual interaction. It can
be related to the total cross-section, a measurable quantity.

Let us take a closer look at the case of two-to-two particle scattering. In a diagram, we
may depict the situation as follows:

o gl
N
t=—mw ® ? ® t=o0,
N
I} )

where p; denote the (three-)momenta of the particles being scattered, which have to satisfy

P1 + P2 = P3 + P4

due to momentum conservation. The amplitude A,gs—,gs depends on the Mandelstam
variables

s:= (p1 +p2)27 t:=(p —p3)2-

There is a third Mandelstam variable u := (p; — p4)?, which however is not independent
from s and ¢ due to the relation

s+t+u=m2,

where m? denotes the sum of the squared masses of the four particles.

Once we fix the momentum of a particle, its state is determined by a vector in a finite-
dimensional complex vector space Vj ., which we will call flavor space. Therefore, when
considering two-to-two scattering of particles of the same type, we can think of the amplitude
as a map from the Mandelstam variables s and t to four-tensors on the flavor space by setting

Aijkl(s) t) = Aozk@al—)ai@aj (57 t)u

where the {c;} form a basis of the flavor space and the momenta of the scattered states
are encoded in the Mandelstam variables. We will often write A(s,t) for the corresponding
four-tensor such that

A(S,t)(()éi,O[j,Oék,Oél) = A’L]k‘l(sﬂt) (21)

Note that the amplitude A(s,t) thought of as a map Vﬂ(?f — C is complex linear in the first
two and complex anti-linear in the second two components. This is due to the sesquilinearity
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of the scalar product of the Hilbert space which enters the definition of the amplitude as
1(27r)4-/4a®6—>'y®6 = (Oé ® /Ba (S - ld)’}/ ® 6) .

However, the amplitude A(s,t) will in general have singularities: There will be poles
coming from the production of intermediate one-particle states and branch cuts coming
from multi-particle intermediate states and loop effects. We will assume that the amplitude
has a mass gap, i.e. that there is a neighborhood of zero in which the amplitude is analytic.
This is the case for processes involving no massless particles.

2.2.3 The forward limit

We will mostly be concerned with the (two-to-two) forward scattering amplitude A(s), which
is defined by the limit

A(s) := %iir(l)A(s,t). (2.2)

Intuitively this corresponds to a process in which the kinematics of initial and final state
coincide, i.e. in the center-of-mass frame it is of the form

7,
=

o
\

t=—0 ® ?
>

B o

but the forward scattering amplitude is really defined by taking the limit (2.2). Moreover,

subtleties in this definition may arise when the masses of the scattered states are differ-

ent [Rha+18] as well as for particles with spin [Bell7]. We will therefore focus on the

scattering of scalar fields that are (at least approximately) of the same mass.

2.2.4 Symmetries of the amplitude

It turns out that not all scattering processes are unrelated and in fact the (two-to-two forward
scattering) amplitude has certain symmetries. To state these symmetries, we note that there
is a complex conjugation on the Hilbert space of states, defined by taking the anti-particle
and suitably reversing momenta and spin. This gives rise to a complex conjugation on the
flavor space, which we denote by ~.

The amplitude satisfies the crossing symmetry

A(S)(a17a27a37a4) = A(m2 - 8)(()‘1’074’ 053a072)7 (2-3)

where m? denotes the sum of the four masses squared. Moreover, the amplitude satisfies
CPT invariance

A(s)(an, ag, as, aq) = A(s)(as, @, a1, a3). (2.4)
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An intuition for why these processes should involve a complex conjugation is that A(s) is
complex linear in the first two entries while it is complex anti-linear in the last two. Therefore
"exchanging" in- and out-states must be accompanied by some kind of anti-linear operation.

In addition to crossing symmetry and CPT invariance, we will assume that the amplitude
has the symmetry

A(s) (a1, ag, as, aq) = A(s) (a2, a1, aq, as). (2.5)

This symmetry is always satisfied for scalar fields, on which we focus. For particles with
spin, it would imply parity conservation, i.e. the symmetry of the amplitude under spatial
inversion which would affect the three-momenta as p — —p. If the amplitude is not invariant
under parity, we could instead consider the sum of the amplitude and its parity transform
in order to obtain a tensor invariant under this additional symmetry [Zha22].

2.3 Unitarity, locality and causality

Previously, we already encountered the fundamental concepts of locality and unitarity. To-
gether with the property of causality they give rise to important implications for the am-
plitude, which we will briefly describe below. These will be the underlying causes for the
appearance of positivity bounds, which we will derive in the following section.

2.3.1 Causality and analyticity

A QFT is causal if its observables and fields commute at space-like distance. Causality is very
closely related to analyticity, i.e. the possibility to analytically continue the amplitude as a
function of s to the whole complex plane® and we will use both notions interchangeably. In the
case of two-to-two scattering of identical scalar particles, building on previous works [BEG64;
Leh58; Leh66], it was shown rigorously that the assumptions of causality and unitarity
imply that the amplitude A(s,t) is analytic in s and ¢ (away from the poles of s on the
real axis for fixed t) for any s € C and |t| < 4m?, where m is the mass of the particles
being scattered [Mar66]. In the following, we will always assume that the forward scattering
amplitude is analytic in s for all s € C\R (and for real s in a neighborhood of 0 by the
assumption of a mass gap).

2.3.2 The optical theorem

Given a scattering amplitude A(s,t), we define its discontinuity at s € R as
1
Disc A(s, t) = lin% 5[./4(8 +ig,t) — A(s — ig, t)].
e—0 2i

The name is related to the fact that the discontinuity measures the "jump" of the amplitude
from above to below its singularities on the real axis.
A direct consequence of unitarity is the (generalized) optical theorem

2Disc Aasp(s) = D Al x(s) Ao x(s), (2.6)
X

3 As mentioned before, the amplitude will in general have singularities on the real axis but away from the
real axis it will be analytic.



18 CHAPTER 2. POSITIVITY IN EFTS

where -* denotes complex conjugation and )y denotes the sum (or more generally the
integral) over all possible intermediate states X of the scattering A — B.

2.3.3 The Froissart—Martin bound

Now, in addition to unitarity and the analytic properties of the amplitude mentioned above,
we assume that the amplitude satisfies the following additional "locality" assumption that
for small positive values of the Mandelstam variable ¢, the two-to-two scattering amplitude
A(s,t) is bounded by some polynomial in s.

Then it was shown that under these assumptions, the forward scattering amplitude cannot
grow faster than slog s for large s. This bound was first proved by Froissart under stronger
assumptions [Fro61] and later, by Martin [Mar63] in the setting stated above.

A consequence of the Froissart-—Martin bound is that |A(s)/s3| — 0 for |s| — oo, which
will be useful in the following section, where it allows us to drop the integration of A(s)/s3
over some contour at infinity.

2.4 Bounds from unitarity, locality and causality

In this section, we will use the fundamental principles discussed in Section 2.3 in order to
demonstrate how the positivity bounds arise in EFTs. First, we will derive a condition on
the low-energy amplitude of a theory that is unitary, causal and local. These bounds can
be translated into bounds on the Wilson coefficients of the EFT, the positivity bounds. We
will distinguish elastic and inelastic positivity bounds. Finally, we will discuss the elastic
positivity bounds for the scattering of pions, scalar fields that appear in the theory of strong
interactions. This section contains no original results but goes beyond classical introductory
textbooks on QFT. We will mostly be following the references [Li+21; ZZ20]. Most of the
content discussed (in particular Section 2.4.3) can also be found in the appendix of the
coauthored publication [Bon+26].

2.4.1 A condition on the amplitude

We will associate a real four-tensor to the two-to-two forward scattering amplitude in the
following way. First, we restrict the amplitude to the real subspace Vj of self-conjugate
vectors. More explicitly, we fix a basis {a;} of V. consisting of self-conjugate vectors oy = @;.
Then Vy = spang{a;}. We consider the forward scattering amplitude

Aijri(s) = A(s) (i ® aj, o, ® o)

for the process a; ® aj — o ® ay.
Then we define

d2

Mijg = 12

-Aijkl(s = m2/2) + c.c.,

where m? is the sum of the four squared masses of the scattered particles, and c.c. stands
for the complex conjugate, so that the M;;; are real numbers.*

“Note that here we assumed that s = m?/2 is still within the analytic region of the amplitude. More
generally, there might be singularities due to lighter particles, which can be explicitly computed and sub-
tracted [Bel17; Rha+17], so that A;;x; becomes analytic in s = m?/2 and therefore M;;; is well-defined.
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Since the vectors «y; are self-conjugate, it follows from the crossing symmetry (2.3) and
CPT-invariance (2.4) of the amplitude A that

Mijr = Myg; = My = Mpj -

Moreover, the additional symmetry (2.5) we assumed implies M = Mjy.

We may think of the M;;;; as the components of a real four-tensor M on Vj. It is worth
noticing that, despite the restriction to the real subspace V4, the M;;;; contain information
about two-to-two scatterings of arbitrary states (also of those which are represented by
vectors that are not self-conjugate).

Now we will assume that A is the two-to-two forward scattering amplitude of a theory
which is the low energy limit of a unitary, local and causal theory. Then, assuming that
s = m?/2 is contained in the analytic region of the amplitude, M;;r; may be computed by
integrating along a small contour C encircling m?/2

1 Aijia(s)
Mg = — | ds —2985) o)
ikt WiL 5 (s —m?2/2)3 tece

Using analyticity of the amplitude, one can deform the integration contour to larger values
of s as sketched in Figure 2.1. Then the Froissart—Martin bound in Section 2.3.3 allows us
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Figure 2.1: Integration contours to derive the positivity bounds. The contour C may be deformed
to the larger contour C’. This figure is a modification of Figure 2 in [RR19].

to drop the integral over the circle at infinity, leaving behind the integration along the real
s-axis, which results in an integration over the discontinuities of the amplitude along the
axis. Moreover, the discontinuities can be related to other amplitudes A;;_.x, Amn—x via
the generalized optical theorem, while the integral over negative values of s is mapped to the
integral over positive values of the amplitude Aj;y;(s) via crossing symmetry. Altogether,
one finds

Miji = WJA ds ZX( I X R X (jol)+cec,

s —m?2/2)3
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where A > m?/2, and X refers to arbitrary intermediate states.

Expanding A;j_.x = Qx%,; +1Qx,3,; into real and imaginary parts, one finds that

2
M;jr = Z Qa,ijQakl + QaitQakj, for some Q, € V&2,

a

where a ranges over the combined (X, /<) labels. Moreover, since we assume the symmetry
M;jri = Mj, the @ tensors can be assumed to be either symmetric or anti-symmetric. To
see this, we decompose the tensors (), into symmetric and anti-symmetric part @, = QE —i—Qf
and compute

Mijj = %(Mz‘jkl + M)
- %Z(Qf +Q2)i(Qa + Q)w + (@2 + QD@2 + Qs
a
3 2Q5 + Q@S + Qe+ (@5 + (@S + @
a
= Z Qg,ist,kl + Qg‘,ijQékz + Qiil@ikj + Qf,uQZ?,kja
a
where we used
Qf,ij@g,kl = Qg,inf,lkv Qas,szf,kl = _Qiinélk) Qf,ij@f,kl = QaA,inZ?,Zk-

In total, we observe that

MeC(C:= {Z QY +7Q%? . Q, e Sym>V or Qq € AZV} , (2.7)

a

where we defined (7M)(v1,v2,v3,v4) = M(v1,v4,v3,v2) for some M € V®. In the next
chapter (in Example 3.8) we will see that C is a closed convex cone.

2.4.2 Elastic positivity bounds and beyond

One first consequence of (2.7) is the following. Consider the two-to-two forward scattering
of an initial state of two particles a ® 3 to itself

o a
P )
t=—w ®\?/® t=o00 .
-p -p
6/ \5
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A scattering process like this, where "nothing happens' is called elastic scattering. Then
(2.7) implies that

M(a®B,a®pB) = >, ciBjorf Miju

/[:7.j7k7l

= 22 2 ;BB Qa,ijQakl

a Z‘?j?k?l

2
=2 (Z a;3; Qa,ij) = 0.

a727j

The constraints

> aiBjorB Mijr =0, for o, B e V* (2.8)
,5,k,1

give rise to a system of linear inequalities (depending on the parameters o and /) that need
to be satisfied in order for the amplitude to be compatible with (2.7), which was a necessary
condition for the amplitude to be compatible with the assumptions of unitarity, locality and
causality of the UV-theory. They are called elastic (positivity) bounds and have received
the most attention in the literature. However, as it was already pointed out in [Li+21],
in general the elastic positivity bounds are not sufficient to constrain the tensor M to be
contained in C.

More abstractly, the (linear forms associated to the) inequalities constraining any convex
cone K < U inside a vector space U form a closed convex cone by themselves called dual
cone K*

K* = {SeU*:S(M)=0}.

In order to determine all inequalities describing the cone C, we need to understand the shape
of the dual cone of C. This cone is given by

C*=Cy:={SeW:8>0},
where we defined
W = {5 € Sym*(Sym® V*) @ Sym*(A*V*) : 78 = S} < (V*)®*

where as before 7.5(vy,vg,v3,v4) = S(v1,v4,v3,v2) and S > 0 means that S is positive
semidefinite as an element of Sym?(V* ® V*), i.e. S(Q,Q) = 0 for all Q € V®V. Note that
here we used the decomposition of two-tensors into symmetric and anti-symmetric part in
order to think of W as a subspace of Sym?(V* @ V*).

The linear inequalities describing C can be translated to linear inequalities on the Wilson
coefficients corresponding to the operators quartic in momenta of the (effective) Lagrangian
of the theory underlying the amplitude A (at tree-level). These inequalities are commonly
referred to as positivity bounds®. In the following, we will also refer to the inequalities
constraining the abstract cone C of four-tensors related to the amplitude as positivity bounds

5In general, there will also be positivity bounds on some of the operators at higher mass dimension
containing more than four momenta. The positivity bounds we describe here are those constraining Wilson
coefficients quartic in momenta that contribute to two-to-two scattering processes at tree-level.
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(as we already did for the special case of elastic positivity bounds). Although we focused
on EFTs of scalar fields before and later in the application of our main result in Chapter 4,
we emphasize that these positivity bounds (and our main result) have a broader range of
validity, as it has been demonstrated in [Li+21].

Finally, we point out that many of the positivity bounds obtained by elements in Cy are
in fact redundant. In order to derive a minimal system of inequalities, it is sufficient to only
consider those determined by eztreme rays of Cyy. These will be introduced in Chapter 3.

In the following section we will illustrate the procedure of extracting the real tensor M
from the amplitude and deriving the elastic positivity bounds using the example of pion
scattering.

2.4.3 Elastic positivity bounds for pion scattering

Chiral perturbation theory is an effective field theory for quantum chromodynamics, i.e. the
theory of strong interactions between quarks and gluons. It captures the dynamics of
quantum chromodynamics below its confinement scale, in terms of the lightest mesons and
baryons. In particular, the field theory which describes the three lightest mesons, namely
pions, is built out of three (self-conjugate) scalar fields {7®}.

To obtain the four-tensor M associated to two-to-two forward scattering of pions, we
first note that the relevant parts of the Lagrangian density (those containing four pion fields
and four derivatives) are given by®

Lcowpta 2 0 8M7T“8“7r“6,,7rb8”7rb + Eg&uwaﬁyﬂaﬁuwbﬁl’wb
for some parameters ¢1 and /5.

The two-to-two forward scattering amplitude can then be computed in terms of the
parameters /1 and {5 at tree-level, using Feynman diagrams (see e.g. [Wan+20]). Taking the
second derivative at 2m2, where m, denotes the pion mass, yields

d2

@ -Aabcd(s = Qmi) =2 [(251 + 52) 5ab60d + 252 5ac5bd + (251 + 62) 6ad5bc] .

Mabcd =

SThere will be further operators in the Lagrangian density with more derivatives, some of which are
subject to positivity bounds. The operators presented here are those that are quartic in momenta and which
contribute to two-to-two pion scattering at tree-level.
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Observing that in general for some dual bases {e;}_; and {a;}?_; of R? and R3", we have

3 3 ®?2
Sapbea = Y. €2 ® P (aa, o, e, vg) = <Z 6?2> (ata;s ap, e, ),
im1

ij=1
3
6ac5bd = Z €; ® €4 @ € ® €4 (O[a, Qp, e, Oéd)

i,7=1

3
= [Z et 42 2(6i v e)®% 42 Z(ei A ej)®2] (g, apy ey 1),
i=1
3

1<j 1<j

Saadbe = Y. € ®€j ®ej ® ei(a, ap, e, tg)
ij=1

3
= [Z 6?4 + 22(62' v ej)®2 — 22(61' A ej)®2] (g, p, e, 0g),s
=1

i<j i<j
we conclude that (after rescaling ¢; and ¢5 by a factor of 1/2)

M = (201 + 302) {e] + €3 + €5 + 2(e1 v e2)® +2(e1 v e3)® + 2(ea v e3)®?}
+ (2@1 + 52)(6% + 6% + 6§)®2 + 2(52 — 261) {(61 A 62)®2 + (61 A 63)®2 + (62 A 63)®2} .

Here, we used the notation/conventions
) R : ; . . = L. ; : .
eive=5(ei®ej+e®e), eine=s5(eQe —ej®e).

One can show either by exploring directly the inequalities (2.8) or using Proposition 4.45
that the elastic positivity bounds are given by fo > —¢1, f5 = 0. These have already been
derived in the literature, see e.g. [Wan+20].



Chapter 3

Extremal Representations of
Spectrahedra

In the previous chapter, we saw that the fundamental principles of unitarity, locality and
causality give rise to bounds on the physical parameters of an EFT and that these bounds
can be described by elements in a closed convex cone Cy,. We already mentioned that many
elements in Cyy in fact lead to redundant bounds and that it is sufficient to only consider
bounds corresponding to so-called extreme rays of Cyy .

In this second preliminary chapter, we will make these statements mathematically precise
and introduce the concepts needed for the proof of our main result in Chapter 4. First, we will
introduce some notions in convex geometry in Section 3.1, in particular that of an extreme
ray and the extremal representation of a closed convex cone. In Section 3.2 we will focus on
a particular kind of closed convex cones called linear spectrahedra. These are cones inside
the space of symmetric bilinear forms of some vector space, and (elements spanning the)
extreme rays of linear spectrahedra are characterized by having "maximal kernel" among the
non-trivial elements of the cone. We will see that the cone Cy is a linear spectrahedron so
that these characterizations of extreme rays apply. We will end the chapter by discussing an
important class of spectrahedra arising in the context of sum-of-squares polynomials. These
will also be relevant in Chapter 4.

This chapter does not contain any original results. Although for some statements we
included a proof (sometimes because we could not find it in the exact same form in the
literature), these statements are known to experts in the field.

3.1 Convex sets

In this section, we will introduce some basic notions and concepts for convex sets and convex
cones. In particular, we will define the notion of an extreme ray of a closed convex cone in
Section 3.1.3.

3.1.1 Basic definitions and notations

In the following, let V' be a real finite-dimensional vector space. We will start with a review
of some definitions and notations for convex sets and more general subsets of V:

Definition 3.1. Let S € V be a subset. Then the affine hull of S is the smallest affine set
aff(S) containing S.

24
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For convex sets we can use the affine hull in order to define the dimension of a convex
set.

Definition 3.2. Let C < V be a convex set. Then the dimension dim C of C is the dimension
of its affine hull aff(C).

An important notion for the description of unbounded convex sets is that of directions:

Definition 3.3. A direction in V is an equivalence class of closed half-lines in V under the
equivalence relation
Ly ~ Ly : <= L is a translate of Ls.

The direction of a half-line L = {z + A -y : A > 0}, where z,y € V, y # 0, is also called the
direction of y.

Definition 3.4. Let C be a non-empty convex set in V. Then C recedes in the direction D
if every half-line in the direction D starting at a point in C is contained in C. Furthermore,
we say that the empty set recedes in every direction in V.

Next, we will define the convex hull of a collection of points and directions.

Definition 3.5. Let Sy < V be a set of points and S7 a set of directions in V. Then the
convex hull of S = Sy u S7 is the smallest convex set conv(S) containing Sy and such that
conv(S) recedes in all the directions in Sj.

Remark 3.6 (Section 17 in [Roc70]). Let S = Sy u S; as in Definition 3.5. Then every
element x € conv(S) is of the form

T=AMT1L A+ AT+ A 1Thg1 + 0 AT,

for some k > 1, where z; € Sy for i < k, and for k+1 <7 < m, x; € V such that the direction
of x; is in S, and A; = 0 such that

A+ A =1
An expression of this form is called a conver combination of m points and directions in S.
A related notion is that of the conical hull.

Definition 3.7. The conical hull of a subset S < V is the smallest convex cone containing
S and 0. It is given by

cone(S) = {Z)\ll‘l N =0,x;€ S} .
i
Note that if S < V does not contain 0, its conical hull cone(S) is the convex hull of 0
and the directions of all elements in S.

Example 3.8. Recall from Section 2.4 the cone

C=Cjy = {ZQZ@Q—I—TQZ@:QZESmeVor QZ-EA2V}.

)
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Then C is the convex cone
C =cone {Q®* +7Q®*: Q e Sym®V or Q € A*V'}.

We claim that C is closed.
First, we consider the cone

C = {Z Q¥*: Q; € Sym®V or AQV} < Sym?* (Sym® V) @ Sym?* (A’V').

7

Note that this is just a product of the two cones

= {Zng cQ; € SmeV}, cl = {Zng Qi € AQV}.

These are in fact examples of sum-of-squares cones, which are known to be closed (see
Section 3.2.2). Then we note that
C= (1 + T )Cl

['he linear map
1
i(ld'i‘T) [/®4 — L®4

is the projection to the +1-eigenspace of the involution 7. The kernel of this projection is
the space of elements that are in the —1-eigenspace of the involution. This space has trivial
intersection with C1. In particular, this shows that C is a closed convex cone, since it is the
image of the closed convex cone C; (which contains no lines) under a linear projection whose
kernel has trivial intersection with C; [Roc70, Thm 9.1].

The following theorem tells us that we can in fact express every element in conv(S) by a
convex combination of at most n + 1 points and directions in S:

Theorem 3.9 (Carathéodory’s theorem, Theorem 17.1 in [Roc70]). Let S be a set of points
and directions in a real vector space V, dimV = n, and let C = conv(S). Then z € C if and
only if it can be expressed as a convex combination of at most n + 1 points and directions in

S.

3.1.2 Topological notions for convex sets

For a subset S < V of a real finite-dimensional vector space V', we will denote by cl(S) and
int(S) its closure and interior, respectively. For convex sets we may furthermore define the
notion of a relative interior. This is often more useful to consider, since the interior of a
convex set C in V with dimC < dim V' is always empty.

Definition 3.10. Let C be a convex set. The relative interior relint(C) of C is defined as
the interior of C with respect to the induced topology of aff(C). The relative boundary of C
is defined as 0y C := cl(C)\ relint(C).

Remark 3.11 (Section 6 in [Roc70]). While the inclusion C; o Cy implies cl(C1) > cl(C2)
and int(C;) o int(C2), in general it does not imply relint(C;) o relint(Cs) for convex Ci, Ca:
If C; is a simplex in R? and Co is one of its edges, then relint(C;) and relint(Cs) are both
non-empty but disjoint.
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In the following, we will list some properties of the closure and relative interior of convex
sets:

Proposition 3.12 (Theorem 6.3 and Corollary 6.3.1-6.3.3 in [Roc70]). Let C,C’ be convex
sets. Then the following hold:

1. cl(relint(C)) = cl(C) and relint(cl(C)) = relint(C),
cl(C) = cl(C’) <= relint(C) = relint(C’) <= relint(C) < €’ < cl(C),

every open set which meets cl(C) also meets relint(C),

e

if C' is contained in the relative boundary of C, then dimC’ < dimC.

3.1.3 Faces and extreme rays

In this section, we will define the notion of extreme rays and extremal elements of a closed
convex cone. Before we can introduce these, we need to first understand the notion of a face
of a convex set.

Definition 3.13. A face of a convex set C is a convex subset C’ of C such that every (closed)
line segment in C with a relative interior point in C’ has both endpoints in C’.

In particular, we will consider the whole convex set C a face of itself. The following
proposition lists several important properties of the faces of a convex set.

Proposition 3.14 (Theorem 18.1 and Corollary 18.1.1-3 in [Roc70]). Let C be a convex set,
and F a face of C. Then the following hold:

1. If C' is a convex set in C such that relintC' n F # 5, then C' c F.

2. F is closed.

3. If I is another face of C such that relint F' n relint F' # &, then F = F’.
4. If F # C then F < 0pq1 C.

By Proposition 3.12, this implies that dim F' < dimC for every face F' # C of a convex
set C. Zero-dimensional faces are called extreme points.

Theorem 3.15 (Theorem 18.5 in [Roc70]). Let C be a non-empty convex set, and let U be
the collection of all relative interiors of non-empty faces of C. Then U is a partition of C,
i.e. the sets in U are disjoint and their union is C.

In particular, this means that every point in C is contained in the relative interior of
precisely one face of C.

Definition 3.16. For = € C the unique face F¢(z) such that = € relint F¢(z) is called the
minimal face of x € C.

Remark 3.17. By Proposition 3.12, the minimal face of = € C has the smallest dimension
among the faces containing x.

We will furthermore introduce the notion of exposedness of a face of a convex set. For
this, we need to define supporting hyperplanes of convex sets:
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Definition 3.18. A supporting half-space to a convex set C is a closed half-space which
contains C and has a point of C in its boundary. A supporting hyperplane to C is a hyperplane
which is the boundary of a supporting half-space to C.

Definition 3.19. A face of a convex set C is called ezxposed if it is C itself or its intersection
C n H with a supporting hyperplane H of C.

Example 3.20 (Section 18 in [Roc70]). Faces of a convex set are not always exposed: An
example is given by the convex hull C7 := conv(T7?) < R? of the two-torus embedded in
R3. The two-dimensional faces of Cr are the two discs on the sides of Cp. The points on
the boundaries of these discs are zero-dimensional faces of Cp, which are not exposed, as
any supporting hyperplane containing one of these zero-faces contains the whole two-face in
whose relative boundary the zero-face is contained.

We will now give a definition of extreme rays of a convex cone in terms of faces:

Definition 3.21. An extreme ray of a convex cone C is a face of C which is of the form
ray(x) for some x € C\{0}, where

ray(z) = Rzoz nC.
An element x € C\{0} generating an extreme ray is called extremal.

Example 3.22. The extreme rays of a polyhedral cone are its edges. The extreme rays
of an "ice cream cone" (i.e. the cone over the two-disc) are the half-lines in the boundary
starting at the origin. They are parametrized by a circle. See Figure 3.1.

(a) Polyhedral cone (b) Circular cone

Figure 3.1: Extreme rays of a polyhedral and a circular cone. The extreme rays of a polyhedral
cone are its edges. The extreme rays of a circular cone are parametrized by a circle.

Proposition 3.23. Let C be a convexr cone containing more than just the origin but no lines.
Then x € C\{0} is extremal if and only if for every x1,x2 € C\{0} such that v = x; + x2 it
follows x; € Rygx fori=1,2.

Proof. If € C\{0} generates an extreme ray, every closed line segment

{A=t)y1+tys : te|0,1]} =C
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starting at some x # y; € C, ending at some x # ys € C and passing through x must be
contained in ray(z), which is only possible if y1,y2 € R-g - .
Conversely, if z is not extremal, there is a line segment

L:={(1—-t)y1 +tys : te0,1]} =C,

whose interior intersects ray(z) in precisely one point. Then the set of vectors {z,y1,y2} < C
is linearly dependent. We may furthermore assume that, up to translating and rescaling L,
we have L nray(xz) = {«} and conclude that z = (1 — s) - y1 + s - yo for some s€ (0,1). O

The reason why it is interesting to study the extreme rays of a convex cone is the following;:

Theorem 3.24 ([Kle57], see also Corollary 18.5.2 in [Roc70]). Let C be a closed convex cone
containing more than just the origin but no lines. Let T be any set of vectors in C such that
each extreme ray of C is generated by some x € T'. Then C is the convexr cone generated by

T.
The following is a consequence of Theorem 3.24 and will be useful for us.

Proposition 3.25. Let V be a real finite-dimensional vector space and C < V a closed
convex cone. Consider a linear projection p: V — U to a subspace U < V. Suppose that the
projection of the cone C := p(C) is closed. Then every extreme ray of C is the projection of
some extreme ray in C.

Proof. The case where C = 0 is trivial. We may therefore assume that C # 0. Let x € C\{0}
be an extremal element. Let y € C such that p(y) = x. Suppose that y = yo + y1 for some
Yo,y1 € C. Then = = p(yo) + p(y1). We may furthermore assume that p(yo) # 0. Since by
assumption z is extremal, it follows from Proposition 3.23 that p(yo) = Az for some A > 0.
In particular, 1/Ayo projects onto x. Since by Theorem 3.24 every element in C is a finite
positive linear combination of extremal elements, we may iterate the procedure described
above (reducing in each step the number of terms in the linear combination) to obtain an
extremal element projecting onto z € C. ]

3.2 Spectrahedra

We will now focus on a particular kind of convex sets, namely (linear) spectrahedra. Given
some real, finite-dimensional vector space V', we denote by

Sym? V* = {Q € Sym? V* : Q(v,v) = 0 Vv e V}
the positive semi-definite bilinear forms on V.

Definition 3.26. Let V be a finite-dimensional real vector space. An intersection of
Sym?F V* with an affine subspace of Sym? V* is called a spectrahedron. A spectrahedron
is called linear if it is the intersection of Symi V* with a linear subspace of Sym? V*.
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Remark 3.27 (see e.g. [Vinl4], [RG95]). 1. A spectrahedron can always be parametrized

as
k
Q= {(tla“'vtk)E]Rk : Q0+Zti‘Qz‘ 20}
i=1
for some Qo,...,Qr € Sym?V*. The spectrahedron is linear if and only if we may
choose Qg = 0.

2. If a spectrahedron is linear, then it is a closed convex cone.
Example 3.28. Recall from Section 2.4 the cone
Cw:={SeW|S =0}
where
W = {S € Sym®(Sym? V*) ® Sym?* (A*V*) : 75 = S} < Sym*(V* @ V*),

for some finite-dimensional real vector space V', and where 75(vy, va, v3,v4) = S(v1, v4, v3,v2)
for all v1,...,v4€ V. Then Cpy = W n Symi(V* ® V*) and thus is a linear spectrahedron.

3.2.1 The faces and extreme rays of a (linear) spectrahedron

In [RG95], the faces and extreme rays of (linear) spectrahedra were characterized. In order
to state the result, given a symmetric bilinear form b € Sym? V* on some finite-dimensional
vector space V', we will denote by

kerb :=ker (b: V — V*)
the kernel of b and by
rank b := dim V' — dim(ker b)
the rank of b. Then the faces of a spectrahedron are characterized as follows.

Theorem 3.29 (Theorem 1 and Corollary 1 in [RG95]). Let V be a finite-dimensional real
vector space, U < Sym? V* an affine subspace. Let C be the spectrahedron C = U N Sym%r V*,
Then the following hold:

1. For every x € C, the minimal face Fe(x) and its affine hull are given by

Fe(z) = {z€C : kerz > kerux},
aff(Fe(x)) = {2z €U : kerz D kerz};

2. The kernel ker x is constant over the relative interior of any face in C;
3. Bvery face in C is exposed.

We also note the following description of the relative boundary of the minimal face of a
point x € C:
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Corollary 3.30. Let C be a spectrahedron and x € C. Then
Orel Fo(x) = {z € C : ker z 2 ker x}.

Proof. Let x € C, y € 0yl Fe(x). Since C is closed, by Proposition 3.14 the face F¢(x) is closed.
Therefore, y € Fe(x) and by Theorem 3.29, it follows that kery > kerz. If kery = kerz,
Theorem 3.29 implies that also x € Fg(y), which is impossible since y was assumed to
be in the relative boundary of Fi(x) and therefore dim F¢(y) < dim F¢(z). Conversely, if
kery 2 ker x for some y € C, then y € F¢(x)\relint Fe(x) = vl Fo(z). O

In the case of a linear spectrahedron, the first property in Theorem 3.29 yields a criterion
to determine whether an element x € C is extremal in C:

Corollary 3.31 (Corollary 4 in [RG95]). Let C = U n Sym? V* be a linear spectrahedron.
Then x € C\{0} is extremal if and only if for every z € U the inclusion ker x < ker z implies
zeRux.

The following is a straightforward consequence of the above characterizations and was
essentially already shown in [RG95].

Corollary 3.32. Let C = U n Symi V* be a linear spectrahedron. Then the following are
equivalent:

1. x € C\{0} is extremal;
2. for every z € C the proper inclusion ker x < ker z implies z = 0;
3. for every z € U the proper inclusion ker x < ker z implies z = 0.

Proof. 1t is clear from Theorem 3.29 that the first assertion implies the third and it is obvious
that the third assertion implies the second. It remains to show that the second assertion
implies the first.

By Corollary 3.30, the property that for every z € C the inclusion ker x < ker z implies
z = 0 is equivalent to saying that the relative boundary of the minimal face F¢(z) of x is
the point 0 € C. We claim that this is equivalent to the statement that dim Fp(z) = 1.
Indeed, if dim F¢(x) > 1, then there would be some y € relint F¢(x) linearly independent
of . We consider the line L in U < Sym?V* through x and y. Since by assumption x
is linearly independent of gy, this line does not intersect the origin and hence it does not
intersect the boundary of Fg(x). Therefore, L < relint F¢(z), which is impossible, since
Sym%r V* is line-free and so must be C Symi V=, O

The facial structure of (linear) spectrahedra C < Symi V* suggests that in order to
identify its extreme points (or extremal elements if it is linear) it is useful to study the
dimension of the kernel or equivalently the rank of extreme points (or extremal elements).
For extreme points, the rank is bounded by the Pataki inequality.

Proposition 3.33 (Pataki inequality [Pat00], see also [Sch22]). Let V' be a real vector space
with dimV = n < w0, U < Sym? V* an affine subspace, dimU = m and C = U N Sym%r V.
Let x € C be an extreme point of C and r = rankx. Then

1 +/(2n+1)2—8m
r< —¢ .
2
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The Pataki inequality can also be used to determine bounds on the ranks of extremal
elements of a linear spectrahedron as follows: Suppose C = U mSme+ V* is a linear spectrahe-
dron. Let z € C\{0} be an extremal element of C. Then we can pick an affine subspace U < U
containing = but not the origin and such that dim U = dim U —1. Then € = U n Symi V*is
a spectrahedron and z € C is an extreme point of C so that Proposition 3.33 can be applied.

Corollary 3.34. Let V be a real vector space dimV = n < o0, U < Sym?V* a linear
subspace, dimU = m and C = U n Symi V*. Let x € C be an extremal element of C and
r =rankz. Then

2 _
T<_1+\/(2n+1)2 8m +8

3.2.2 Hankel spectrahedra and SOS polynomials

Important examples of spectrahedra arise in the following context. Denote by
Ppog={peR[z1,...,24]2q : p(x) = 0 Vz € R"}

the cone of nonnegative real homogeneous polynomials of degree 2d in n variables and by
Y24 © Py 24 the cone of polynomials in n variables that can be written as a sum of squares
of homogeneous polynomials of degree d

Yn2d = {p eR[z1,...,2p]oq:p = 22%27 pi € Rlzq, ... al'n]d} .

(2

In 1885, during the oral defense of his dissertation, Minkowski proposed that there exist
nonnegative polynomials that are not sums of squares. Although Minkowski did not present a
full proof, Hilbert, who was one of the examiners, was convinced by Minkowski’s arguments.
Three years later, in [Hil88] he resolved the question proving the following theorem:

Theorem 3.35 (Hilbert’s theorem [Hil88]). The equality Py, 2q = ¥y24 holds if and only if
(n,d) are as in one of the following cases:

e n=2
o 2d =2
e orn=23,2d=4.

Although Hilbert proved that in all other cases there exist nonnegative (homogeneous)
polynomials that are not sums of squares, he did not provide explicit examples of such. It
was not until almost 80 years later that the first example of a nonnegative polynomial that
is not a sum of squares was found by Motzkin [Mot67]. Hilbert’s proof was later revisited
and generalized by Reznick in [Rez07] where many more examples were presented.

A way to certify the difference between P, o4 and X, 54 is by looking at their dual cones
Pﬁk,zd c Rlzy,...z,]5,; and E:,M c Rlzy,...,2,]5;. Given v € R"”, we denote by ¢, €
R[z1,..., 2|5, the linear functional given by evaluation at v:

ly(p) = p(v) for peR[z1,...,2Tn]24-

Linear functionals of the form ¢, are called point evaluations.
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Proposition 3.36 (See e.g. [Blel2a]). The dual cone of P, 24 is the conical hull of point
evaluations (, with v e S

Py = cone ({6, :ve S" 1Y) = {Z Nily, = N € Reg, v € S”l} :

Moreover the extreme rays of P;:,Qd are spanned by £,, ve S*L.

The dual cone of X, 54 is a spectrahedron. To see this, we consider the space S, 4 of
real quadratic forms on R[z1,...,x,]qs as well as the cone STJ[ 4 of positive semidefinite forms
in S,,4. To every linear functional ¢ € Rlxz1,...,z,]5; we can associate a quadratic form
Qe € Spa via Qu(p) = £(p?). The symmetric matrix representing a quadratic form Q
associated to ¢ € R[x1,...,z,]5,; with respect to the monomial basis of R[x1,...,z,]q is
called a Hankel matriz. One can show that ¢ € X7 ,, if and only if its associated quadratic
form is positive semi-definite )y = 0. Therefore, we conclude the following.

Proposition 3.37 (See e.g. [Blel2al). The cone X} ,; is given by the intersection
nod = Sj,d N R[z1,...,2,]5,
In particular, it is a linear spectrahedron called Hankel spectrahedron.

Extreme rays of Z;’;zd give rise to linear functionals that are nonnegative on SOS poly-
nomials. In particular, extreme rays of X% ,, which are not extreme rays for PY,, can help
us distinguish polynomials that are nonneéative but not sums of squares. 7

Note that quadratic forms in S,, 4 corresponding to point evaluations have rank one and
conversely, rank one (positive semi-definite) quadratic forms in S, 4 correspond to point
evaluations (see e.g. [Blel2al).

Corollary 3.38. We have ¥, 24 = Py 24 if and only if all extremal elements of 2;’;% have
rank one.

Moreover, the following is known about the kernel of extremal elements of E;:,Qd'

Proposition 3.39 ([Blel2b], see also [Blel2a]). Let Q; be the quadratic form corresponding
to an extremal element ¢ of E:’Qd. Then either rank Qy = 1 or the polynomials in the kernel
of Q¢ have no common zeros (real or compler).

In the special cases of Z;G and 2274 (the first cases where ¥, 2q # P, 24) the extremal
elements are completely characterized by the following theorems.

Theorem 3.40 ([Blel2b], see also [Blel2a]). Suppose £ € X3¢ is an extremal element of
Y56 Then rank Qp = 1 or rank Qp = 7. Conwversely, if Q¢ € S33 is a positive semi-definite
quadratic form such that rank Qg = 7, the element { € X3¢ is extremal if and only if the
polynomials in the kernel of Qp have no common zeros (real or complezx).

Theorem 3.41 ([Blel2b], see also [Blel2a]). Suppose ¢ € ¥}, is an extremal element of
¥34- Then rank Qy = 1 or rank @y = 6. Conversely, if Qy € Sy 2 is a positive semi-definite
quadratic form such that rank Qg = 6, the element £ € X}, is extremal if and only if the
polynomials in the kernel of Qp have no common zeros (real or complez).
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However, there is no known "parametrization" of all extreme rays of 354 and X} , as it

was possible for P;;z 4 The closest we can get to a description of the set of extremal elements
is the following.

Theorem 3.42 (Theorem 5 in [Ble+12]). The Hankel matrices of rank < 7 representing
elements in S33 constitute a rational projective variety of dimension 21 and degree 2640.
The Hankel matrices of rank < 6 representing elements in Su 2 constitute a rational projective
variety of dimension 24 and degree 28 31/.



Chapter 4

Extremal Elements of the
Positivity Cone

In this first original chapter of the thesis, we will study the extremal elements of the cone
Cw. In particular, we will prove the main result of Part I of the thesis, namely the full
classification of all extremal elements of the cone Cyr < V*® for dim V' < 3. This will give
rise to all (forward scattering) positivity bounds of any scattering process involving up to
three flavors. In particular, we will see that, while for dimV = 2 there are no positivity
bounds other than those implied by the elastic ones, starting from dim V' = 3, there is a new
class of extremal elements, which gives rise to additional bounds that cannot be deduced
from elastic positivity bounds. We will then consider amplitudes (involving three flavors)
that are invariant under additional symmetries and show that in these cases the elastic
positivity bounds are sufficient in order to describe the complete set of positivity bounds. In
particular, we will see that this is true in the case of pion scattering discussed in Section 2.4.3.

The structure of this chapter is as follows. After fixing some notation and discussing some
auxiliary results in Section 4.1, we will describe our general setup in Section 4.2. In particular,
we will study some properties of the space W in which Cy lies and give an alternative
interpretation of the extremal elements of Cyy corresponding to elastic positivity bounds.
We will also relate the cone Cyy n Sym* V* to the Hankel spectrahedra ¥ 4 introduced in
Section 3.2.2 and deduce that for dim V' < 3, elements in Cy N Sym4 V* are extremal in Cyy
if and only if they correspond to elastic positivity bounds. Moreover, we will prove some
general necessary conditions for elements in Cy to be extremal as well as a classification of
all extremal elements of Cyy in the case where dim V' = 2.

In Section 4.3 we will state and prove the classification of all extremal elements in Cy in
the case where dim V' = 3. We will then take a closer look at the corresponding positivity
bounds in Section 4.4, noting that starting from dimV = 3, additional positivity bounds
arise that are not already captured by the elastic ones. In Section 4.5 we will see however
that when imposing certain additional symmetries on the amplitude, there are no positivity
bounds that do not follow from the elastic ones. Finally, in Section 4.6, we will briefly discuss
what can be said for the case that dimV > 3 and point out why proving an analogous
statement to our classification result in the case dim V' = 3 appears to be significantly less
feasible.

Except for Sections 4.2.4 and 4.6, up to minor changes, all sections of this chapter are
taken from the coauthored publication [Bon+26].

35
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4.1 Notation and auxiliary results

In this chapter, we will use the following convention for the symmetric and anti-symmetric
product of vectors u,v € V' in some finite-dimensional real vector space V:

1 1
UR®UV+v®u), uUAV=

5( §(u®v—’u®u)

uvuv=

so that
URU=uVUV+uAo.

In the second part of the thesis we will return to the more common definition for the wedge
product without the factor 1/2. But in the context of this chapter the above convention will
be more natural and improve the readability of our formulas.

Moreover, for some vector v € V and subspace U < V, we will denote by v v U the space

vvU:={vvu:ueU}

and similarly, we write
vAU:={vAau:ueU}.

We will furthermore denote the totally symmetric product of one-forms 5;, i = 1,...,k
by

1
BiBaBri= 17 Dy Br(1) ® Bor) @ ® Boir-

: O'GSk

When 8y = 2 = -+ = B =: 8, we will also write g¥ = 33--- 8.
As before, given a symmetric bilinear form b on some vector space V', we will denote by

kerb :=ker (b: V — V*), rankb:= dimV — dim(kerd)

the kernel and rank of b, respectively, and we will extend these notions to anti-symmetric
bilinear forms.
In the following, we will list some useful general results on symmetric bilinear forms:

Lemma 4.1. Let V be a real two-dimensional vector space. Then any subspace U < Sym? V
such that dAim U = 2 contains an element of the form u v v for u,ve V.

Proof. Let V, U as above. If dimU = 3, the statement is trivial. Suppose dimU = 2
and that U contains no element of rank one (otherwise, the statement is also trivial). Let
{u$? 4 1022 u$? + 2059?} be a basis for U, where u;,v; € V are linearly independent,
gi=+1forie{1,2}. Ifg; = —1fori =1ori=2, we observe u®? —v®2 = (u+v) v (u—0)
and the assertion follows. In the case where e; = 1 = 9, we note that u$? + v®? defines a
metric on V*. Let A € O(V*) with respect to that metric, such that, possibly after rescaling
ug and vy, we have A*(uy) = ug. Since A*(up)®? + A*(v1)®? = u$? + v®2 it follows that
v§? — A*(v)®? e U. O

Lemma 4.2. Let V be a real vector space such that dimV = 3. Then any subspace U <
Sym? V' such that dimU > 2 has an element T € U such that rank T < 3.
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Proof. Consider two linearly independent elements 17,75 € U. Suppose that rank T; = 3 for
1 =1,2. We consider the polynomial

R st p(t) := det(T1 + tTn)
= det(T) t2 + po(Ty, To) t* + py (T, To) t + det(T1),

where the coefficients u; € R depend on T7,7T». Since by assumption det(73) # 0, there
is some ty € R such that p(tp) = 0. In particular, T' := T7 + to 7> € U has a non-trivial
kernel. O

We also recall the following well-known property of semi-definite bilinear forms:

Lemma 4.3. Suppose b is a positive semi-definite bilinear form on some vector space V.

Then v € ker(b: V. — V*) if and only if b(v,v) = 0.

Finally, we note the following useful formula for elements S € W evaluated on a pair
(u®? v®2) for some u,v e V:

Lemma 4.4. Let Se W, u,ve V. Then
S(u®? v®?) = S(uv v,uvv)—SuAuv,uAv).
Proof. For Se W, u,v eV, we find

S(u®?v®?) = S(uv,v® u)
=S(uvo+uArv,uvo—uAv)
=S(uvov,uvv)—Shunsv,unv),

where we used the invariance under 7 in the first step and the fact that A’V and Sym? V'

are orthogonal with respect to S for the last equality. 0

4.2 General properties of the positivity cone

Let V be a real n-dimensional vector space. Like in Section 2.4, we denote by W the vector
space
W = {S € Sme(Sym2 V*) ® Sym2 <A2v*) 7S = S} — V*®4,

where (75)(v1,v2,v3,v4) := S(v1,v4,v3,v2) for all vy,...,v4 € V. In Section 4.2.1, we will
construct two natural linear maps, R and R/, associated with W, which are defined via
restriction to certain subspaces. Then, we will study the properties of the space W and of
the restriction maps R and R’. Thereafter, we will consider the cone

Cw:={SeW:58=0}

of positive semi-definite elements of W < Sym?(V* ® V*) introduced in Section 2.4. In
Section 4.2.3 we will give an alternative characterization of the extremal elements of Cyy which
give rise to the elastic positivity bounds. Moreover, in Section 4.2.4 we will take a closer look
at the cone Cyr » Sym* V* and show that it can be identified with the Hankel spectrahedron
¥ 4 introduced in Section 3.2.2. We will conclude that an element S € Cw N Sym? V*
is extremal in Cyy N Sym® V* (and hence in Cyy) if and only if rank S = 1. Finally, in



38 CHAPTER 4. EXTREMAL ELEMENTS OF THE POSITIVITY CONE

Section 4.2.5 we will establish some properties of the extremal elements of Cy as well as a
complete classification of all extreme rays in the case where dim V' = 2.

4.2.1 Relevant spaces and linear maps
We denote by R and R’ the restriction maps
R: W — Sym*(Sym? V*), R': W — Sym? (A’V*),
respectively. We furthermore consider the total symmetrization map
tot : W — Sym* V*
on W and denote by Ky < W its kernel. Then we have the following decomposition
W = Sym* V* @ Ky .

In the following, we will study some properties of the vector space W and the restriction
maps R and R’. We first note that the restriction map R is in fact an isomorphism.

Proposition 4.5. The restriction map
R: W — Sym?(Sym? V*)
is an isomorphism, which restricts to the identity map on Sym? V*.

Proof. Tt follows from the symmetries of W that W nSym?(Sym? V*) = Sym* V*. Therefore
R restricts to the identity on Sym®* V*. To prove that R is an isomorphism, we will start by
showing that R is injective. For this, we need to show that W n Sym?(A2V*) = {0}. Using
the symmetries, we find that for every S € W n Sym?(A2V*), we have

S(v1,v2,v3,04) = S(v1,v4, 3, v2)
= —S5(vg,v1,v3,v2)
= —5(vy,v2,v3,v1)
= S(vg,v4,v3,v1)
= S(vg,v1,v3,04)

= _S(Ula V2, 'U3,7)4)

and therefore, S = 0. In order to prove that R is surjective, we show that it has a right-
inverse. We set

R Sym? (Sym? V*) — W
T— T+ h(T)

where

h : Sym?(Sym? V*) — Sym?(A?V*)
T — h(T)
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is defined by
h(T)(ei nej,ep ne) =T(e;veevegp)—T(evege;vep.

We show that S := R™1(T) is indeed in W as claimed. All the defining symmetries of W
but the symmetry under 7 follow immediately from the definition. It remains to verify the
symmetry under 7, i.e. S(v1,v2,v3,v4) = S(v1,v4,v3,V2):

S(v1,v2,v3,v4) = T'(v1 v va,v3 v vg) + h(T)(v1 A V2,3 A V)
=T(v1 v vo,v3 v vg) +T(v1 vug,vyvusg)—T(v1 v vs,ve Vv vy)
=T (v1 v vg,v3 v v2) +T(v1 v vg,vg vus)—T(v1 v U3,04 vV V2)
= T(v1 v vg,v3 v v2) + h(T)(v1 A vg,V3 A V2)
= S(v1,v4,v3,02),

where we used the definition of S in the last step. This now shows that T+ h(T") € W for all
T € Sym?(Sym? V*) as desired. Since clearly R(R™!(T)) = T, surjectivity of R follows. [

Using that dim Sym? U = dim U(dim U + 1)/2 for any vector space U, we conclude the
following.

Corollary 4.6. Let dimV = n. Then the dimension of W is given by

dim W = n(n + 1)(nén +1)+ 2).

Next, we will study the kernel and image of R'.

Proposition 4.7. The restriction map
R W — Sym? (A’V*)

is an epimorphism onto the space of algebraic curvature tensors
K(V):= {S € Sym? (A2V*) : ZS(vl,vz,vg) =0 forall wvi,vo,v3E€ V} ,
S

where & indicates the cyclic sum. The kernel of R' is Sym* V*. As a consequence,
R/’Kw : KW — K(V)
is an isomorphism.

Proof. Tt follows from W n Sym?(Sym? V*) = Sym* V* that the kernel of R’ is the space
Sym? V*. To see that the image R'(Kyy) is contained in K (V'), notice that for S € Ky we
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have
0 = tot(S)(v1,v2,v3,v4)

1
=0 > (08)(v1,v2,v3, 1)

0'654

1
=3 [S(v1,v2,v3,v4) + S(ve,vs,v1,v4) + S(v3,v1,v2,04)]

1
= 3;8(1)1,1)2,713)(”4)7

where we have used the symmetries of S to reorder the arguments for every permutation
o € S4 from the second line to obtain one of the permutations in the third line. By doing
so, we find every permutation eight times since this is the order of the symmetry group of
elements in W. As a result, we see that the cyclic sum over elements in Ky vanishes. Since
the other symmetries are inherited as well, we indeed end up in K (V') after restricting to
A2V. This can be seen explicitly by performing the cyclic sum over R'(S)(v1,v2,v3,v4) =
(S(v1,v2,v3,v4) — S(va,v1,v3,v4))/2, which decomposes into two (independently vanishing)
cyclic sums for S.

To show that R’ maps W surjectively onto K (V'), we will provide an explicit formula for
the inverse of R'|k,, . For A€ K(V) we define a (0, 4)-tensor o4 by

2
o4 = §(A + TA).

We claim that o4 = (R'|k,, ) 1(A). We first show that 04 € W. By construction 704 = 0.
To see that o4 € Sym?(V*®V*) it suffices to check that 74 € Sym?(V*®V*). We compute

(1A)(v3,v4,v1,v2) = A(vs,v2,v1,v4) = A(v1, V4,03, 0v2) = (TA)(v1,v2,v3,04),

proving that indeed 74 € Sym?(V* ® V*). To prove that o4 € W it remains only to check
that oa(z A y,z v w) =0 for all z,y, z,we V. We compute

1
O'A(x/\yvsz) = Z(O’A(IE,y,Z,w)—O'A(y,.'L‘,Z,'w)+O’A(.’L’,y,w72)—O'A(y,flf,'w,Z))
= LAy w) — Alyn,zw) + Al 2) — Aly, 2w, 2)
+A(x,w, z,y) — Ay, w, z,z) + Az, z,w,y) — Ay, z, w, x))
= O7

where we have used only the symmetries of A € Sym? (AQV*). Using in addition the Bianchi
identity (i.e. the vanishing cyclic sum), we can easily check that R'(c4) = A:

Talw A g2 mw) = & (A, g, 2,0) 2 Alw, 7, 2,y) — 2 Az, 2, 0,)
= A(z,y, z,w).

Finally, we note that indeed o4 € Ky, i.e. tot(c4) = 0, since tot(A) = tot(7A) = 0, due to
the skew-symmetry of A in at least one pair of arguments. O
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4.2.2 The positivity cone

We will now consider the cone
Cw:={SeW:58=>=0}
of positive semi-definite elements of W < Sym?(V* ® V*). We furthermore denote by
Csym := {S € Sym?(Sym? V*) : S > 0}

the cone of positive semi-definite symmetric bilinear forms on Sym? V*. The following is
clear:

Lemma 4.8. Let S € W. Then S € Cy if and only if both R(S) = 0 and R'(S) = 0.

In the following proposition we show that elements in Cyy must always have some non-
vanishing totally symmetric part.

Proposition 4.9. The subspace Ky has trivial intersection with the cone Cy, i.e. Ky N
Cw = 0.

Proof. By the proof of Proposition 4.7, any element of Ky is of the form o4 for some
A€ K(V). The tensor o4 belongs to Cyy if and only if R(c4) > 0 and R (64) = A > 0. The
latter condition implies 0 < A(u A v,u A v) = A(u, v, u,v) for all u,v € V, while the former
implies

0 < oa(u®+ 0% u?+0%) = oalu,u,v,v) + oa(v,v,u,u)
2 4
= g(A(u,v,v,u) + A(v,u,u,v)) = —§A(u,v,u, v).

This proves that A(u,v,u,v) = 0 for all u,v € V and hence, A = 0 by Lemma 4.3. This
proves Proposition 4.9. O

In what follows we will develop criteria for determining whether a given element of Cy,
is extremal, based on simple properties of the element. We begin by studying the elements
of Cyw which project to extremal elements in Cgyy,. Then we will establish several necessary
conditions for an element of Cyy to be extremal, formulated in terms of the dimension of its
kernel. We will conclude the section with a full classification of all extremal elements of Cy
in the special case where dimV = 2.

4.2.3 Extreme rays that project to extreme rays

We already saw in Lemma 4.8 that R(Cw) < Csym. We will now consider elements in Cyy
projecting onto extremal elements in Csyy, under R.

Proposition 4.10. Let S € Cy be such that R(S) is extremal in Csym. Then S is extremal
in Cyw and there exists o, B € V* such that

S=(av6)®2+<aw)®2=§<a®ﬁ®a®ﬁ+ﬁ®a®ﬁ®a>. (4.1)

In particular, every element of Cyy that is of the form as in (4.1) for some a, B € V*\{0} is
extremal.
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Remark 4.11. Note that extremal elements of the form as in (4.1) give rise to the elastic
positivity bounds mentioned in Section 2.4. Therefore, we will also refer to them as elastic
extremal elements.

To prove Proposition 4.10, we will need the following lemmas.

Lemma 4.12. The map h := R' o R™' : Sym?(Sym? V*) — Sym?(A2V*) is given by:

h(vivae)(z,y, 2, w) = %(71(56,w)'yz(z,y)+72(w,w)'vl(z,y)—w(y,w)w(z,w)—w(y,w)%(zw)),

for all 1,72 € Sym? V*.

Proof. Tt follows from the proof of Proposition 4.5 that for every T € Sym?(Sym? V*), we
have R’ o R~}(T) = h(T), where

h(T)(ei nej,er ner) =T(eivepevep)—T(evegevep.
Applying this to T' = 41 v 72 for v1,v2 € Sym? V*, we arrive at the desired formula. O

Remark 4.13. The map h is related to the well-known Kulkarni—-Nomizu product by

1
h(vi v y2) = oM D 2.
Lemma 4.14. Let v € Sym?V* and consider p, := h(v%?). If p, > 0, then ranky < 2.
Moreover, if rank~y = 2, v has signature of type (+,—,0,...,0).

Proof. Let E < V be a plane with basis (z,y). Then

py(x Ay, AY) = py(2,y,7,Y)
= v(z,y)* — (2, 2)7(y, y)

__get (V@2) 2(20y)
B dt<7(w,y) 7(%1/))

This is non-negative if and only if v restricted to E is indefinite or degenerate. Since this
must hold for all planes F, the claim follows. O

We are now ready to prove Proposition 4.10.

Proof of Proposition 4.10. First, we show that every such element must be of the form as in
equation (4.1). To see this, note that the extremal elements in Csyn are precisely those of
rank one. Suppose S € Cyy is such that rank R(S) = 1. Then we can write R(S) = v®? for
some 7 € Sym? V*. Moreover, since S € Cyy, we must have R'(S) = p~ = 0. By the previous
lemma, the latter condition is satisfied precisely if v can be written as v = a v § for some
a, B e V*. It follows that S = 7®2 + h(y®?) is of the form as in (4.1), since h(v®?) = (a A B).

Next, we show that every element of this form is extremal in Cy, using Corollary 3.32.
Let S € Cy be of the form (4.1) and S’ € Cy such that ker S < ker S’. Then in particular
ker R(S) < ker R(S’). Since rank R(S) = 1 this implies that R(S’) = AR(S) for some A > 0.
By Proposition 4.5 this means that S’ = A\ S for some X > 0 and hence ker S < ker S’ readily
implies S’ = 0. O
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4.2.4 Extremal elements in Sym* V* n Cy

Recall that by choosing a basis {e;} of V', elements T € Sym? V are identified with homoge-
neous polynomials of degree d in n = dim V' variables via

pr(zy,...,zn) i=T(z,..., x),

where z = Y. x;e; € V. Using this identification for d = 4 and d = 2 as well as the
identification of elements in R[x1,...,z,]5,; with their quadratic forms we observe that

Sym* V* ~ Cy = ¥4

where 37 ; is the Hankel spectrahedron introduced in Section 3.2.2. Note that the property
of being an SOS polynomial is invariant under the action of GL(V'), i.e. p(x) is SOS if and
only if p(Az) is SOS for A € GL(V). Therefore, the identification of Sym? V* n Cy with
3 4 1s independent of the choice of basis.

In particular, we observe that we can use Hilbert’s theorem to prove the following:

Theorem 4.15. Suppose dimV < 3. Then all extremal elements in Sym* V* ACy are of the
form o for some o€ V¥\{0}. If dim V' > 3, there exist extremal elements S € Sym* V* A Cyy
such that rank S > 1.

Proof. This is a direct consequence of Theorem 3.35 and Corollary 3.38. O

4.2.5 Some necessary conditions for extremality

We will now study some necessary conditions for extremal elements of Cy . Since the case
where dim V' = 1 is trivial, we will assume that dim V' > 2 throughout the section. First,
we observe that for extremal elements S € Cy the kernel of the projection R(S) must be
non-trivial.

Lemma 4.16. Let S € Cyy be extremal. Then ker R(S) # {0}.
Proof. Let S € Cyy. If R(S) is strictly positive, then for every a € V*, we have
ker a®* 2 ker S.
Indeed, ker a®* 5 A%V o ker S, since R(S) has full rank and we have
rank a® = 1 < dim Sym? V < rank S.
By Corollary 3.32 it follows that S is not extremal. O

A similar statement can be made concerning the kernel of R'(.S):

Lemma 4.17. Let S € Cy such that R'(S) has full rank and such that R(S) is not extremal
in Csym. Then S is not extremal in Cyy. Moreover, if dim V' > 2, then for extremal S € Cy,
R'(S) has a non-trivial kernel.

Proof. Let S € Cy as above. Then there is some T' € Cgyy, \{0} such that ker R(S) & kerT.
Now if ker R'(S) = {0}, it follows that T + h(T) € W\{0} has ker(T + h(T)) 2 ker S and
thus S cannot be extremal by Corollary 3.32.
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Now suppose dimV > 2. By Proposition 4.10, elements S € Cy such that R(S) is
extremal in Cgyy, are of the form

§=(av A +(an B

for some «, 8 € V*. Therefore, for such S we have rank R'(S) = 1. Since for dimV > 2 we
have dim A%V > 1, in this case R/(S) has a non-trivial kernel. O

Next, we will establish a lower bound for the kernel of extremal elements.

Proposition 4.18. Let dimV =n > 2. If S € Cw is extremal, then dim(ker S) > n. For
odd dimensions n, we even have dim(ker S) > n.

Proof. By Lemma, 4.16, we know that for extremal S € Cyy, we have ker S n Sym?V # {0}.
If S € Ciy N Sym? V*, then we furthermore know that A2V c ker S. Therefore,

dimker S > dim A%V =n—1 forn > 2.

Similarly, if R(S) is extremal in Csym, then

n+1)

dimkerS’;dimkerR(S):n( 5 —1>n forn>2.

Now suppose S € Cy/\ Sym* V* such that R(S) is not extremal in Csyp,. Let k = dim ker S
and {Q;}¥_, a basis for ker S. We may assume that each Q; € Sym? V or Q; € A’V. We pick
some a € V*\{0} and consider the maps

Qi(a,): V¥ — R.
Then for k£ < n, we find

(Yker Qi) (0}

i=1
It follows that if & < n there is some 8 € V*\{0} such that

Qi(a, ) =a®pB(Q;) =0 fori=1,...k.
Since the @; are all either symmetric or anti-symmetric, we also have
BR®a(Q;) =0 fori=1,... k.

It follows that
(a®B)%? + (B®a)®?|xers = 0.

Therefore, by Corollary 3.32, for extremal S, we must have k > n.

For odd dimensions n, we can furthermore use that ker S n A2V # {0} by Lemma 4.17.
Therefore, for some i we have Q; € A%V and since V is odd-dimensional, this Q; is degenerate.
Choosing a € ker(Q;: V* — V) the same argument as above implies that n > k. O]

Note that in the case where dim V' = 3, this yields a slightly improved bound as compared
to the Pataki inequality: Proposition 4.18 implies dimker S > 3 for extremal elements S,
while Corollary 3.34 only yields the bound dim ker S > 3.
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Corollary 4.19. Suppose dimV = 3. Then for extremal S € Cyy, we have
dim(ker S n Sym? V) > 2.

Proof. By Proposition 4.18 we know that dimker S > 4. If dim(ker S n A?V) < 3, this
implies dim(ker S n Sym? V') > 2. If dim(ker S n A%V) = 3, then S € Cyr n Sym* V* and the
assertion follows from Theorem 4.15. O

Corollary 4.20. Suppose dimV = 3. If S € Cw is extremal, then there is some @) €
Sym2V N ker S such that rank Q < 3.

Proof. This follows from Corollary 4.19 and Lemma 4.2. 0

The following theorem already appeared in [Li+21], but with a different proof.

Theorem 4.21. Suppose dimV = 2. Then S € Cw is extremal if and only if R(S) is
extremal in Csym.

Proof. Suppose S € Cyy is extremal. If R(S) is not extremal in Cgyr, then since dim A?V = 1,
we know by Lemma 4.17 that R'(S) = 0. Therefore, S € Sym? V* n Cy and it follows from
Theorem 4.15 that it must be extremal in Cgyy, a contradiction. ]

4.3 Extremal elements of Cy for dimV = 3

In this section, we will determine the extremal elements of Cyy for three-dimensional V. Our
goal is to prove the following theorem.

Theorem 4.22. Suppose dimV = 3. Then S € Cy is extremal if and only if it is of one of
the following types:

1. For some a € V¥\{0}, S = o*.
2. For linearly independent a1, a0 € V*, S = (a1 v a2)®? + (a1 A ag)®2.

3. For a basis {a1,as, a3} of V* and parameters g,d, h such that g*> > 1 — d* + dh we
have

S = St +2 (g2 +d*> —1—dh) [(c2 ® @3)®? + (a3 ® a2)®2] ,
where

Siot = + 60303 + 60303 + 12d aj0das + 12g ajaga3 + dhayals + (1 + d?) oy

+4dg asaz + 6(1 + dh) o303 + 4g(d + h) asas + (1 + ¢ + h?) a4,

It will be useful to distinguish the cases of different rank of R'(S) for S € Cy. Since
dim A2V = 3, we have 0 < rank R'(S) < 3. By Lemma 4.17, we know that S € Cy is not
extremal if rank R'(S) = 3. In view of Proposition 4.10, we will furthermore restrict our
study to S € Cy such that R(S) is not extremal in Cgyn, i.e. we assume rank R(S) > 1. The
general structure is outlined in the following diagram:
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SGCW s.t. rank R(S

// \\

[rank R(S) = rank R'(S rank R'(S [rank R'(S) = 3}
l ma l t l l
Y or may no
not extremal be extremal not extremal not extremal
by Theorem 4.15 see Section 4.3.2 by Lemma 4.17

see Section 4.3.1

4.3.1 CaserankR'(S) =1

We will now study the case where dimV = 3 and S € Cy is such that rank R'(S) = 1. In
this case R'(S) = (a A 8)®? for some linearly independent o, 3 € V* and ker R'(S) = z A U
for z € (ker a n ker 5)\{0}. It will be useful to study the cases of different dimensions of the
intersection ker S n (z v V') separately. The aim of this section is to prove the following:

Theorem 4.23. Suppose dimV = 3. Let S € Cyy such that R'(S) = (a A B)®? # 0 for some
a, B € V* and such that R(S) is not extremal in Csym,. Let z € V such that ker anker f = R z.
Then S is extremal in Cy if and only if S is such that ker Sn(zv V') = {0} and rank R(S) = 3

The following diagram shows an outline of the structure of this section:

S € Cw s.t. rank R(S) > 1, rank R/(S) =1
i.e. ker R’(S) = 2 A V for some z € V\{0}, Q :=kerS n (z v V)

= < S
dimQ =3 dim Q =2 ) dimQ =1, dimQ =0
ie2vV ckers| |ie3UC Vst ie. 3z € V\{0} s.t. = rank R(S) > 3
— R-(xvz)ckerS \/

zv UckerS /
reduces to the not estremal by not extremal by (vank R(S) = 3] [rankR _ 4] [rank R(S) > 4
2-dimensional case  Proposition 4.28  Proposition 4.29 J J{ J{
not extremal extremal by not extremal by not extremal by
by Theorem 4.21 Proposition 4.32 Proposition 4.31 Proposition 4.18

As a first step, we will exclude the presence of certain elements in ker S for extremal S
with rank R'(S) = 1:

Lemma 4.24. Suppose dimV = 3. Let S € Cy such that R'(S) = (a A B)®% # 0 for some
a,B € V*. Let furthermore z € V such that kera nker f = R - z. If 2% € ker S, then S is
not extremal unless R(S) is extremal in Cgyr,.

Proof. If %2 € ker S, then by Lemma 4.4 we find for every v e V
0=S80w®2:%)=8wvz,ovvz)—Swazvaz)=8Suvzuvz),

where we used z € kera n ker 8 in the last step. It follows that z v v € ker S for every
v € V and hence the problem reduces to the two-dimensional case, which is covered in
Theorem 4.21. O
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Lemma 4.25. Suppose dimV = 3. Let S € Cyy be such that R'(S) = (ar 3)®% # 0 for some
a,B € V*. Let furthermore z € V such that ker o n ker 8 = Rz. If there are some x,y €V,
linearly independent of z and such that either x®% + 292 € ker S or %% + y®? + 2©2 € ker 9,
then also 2%% € ker S. In particular, S is not extremal unless R(S) is extremal in Csym-

Proof. Tf 2%2 + 2®2 € ker S, then

Using Lemma 4.4, we deduce
0<5(2%2%,2%%) = —§(a®2, 2%%) = —S(zvz,ave)+S(xArz,zaz)=—-Sxvzrvz) <0,
where we used z € ker a n ker 3. Similarly, if 2% + y®2 + 22 € ker S, we find

0 < S(2%2,29?) = —§(2®2,2%?) — §(y®2%,28%) = —S(z v z,z v 2) — S(y v z,y v ) < 0.
In both cases, it follows that 2®? € ker S and the assertion follows from Lemma 4.24. O

As described above, we want to consider the cases of different dimensions of the in-
tersection ker S n (z v V) with S € Cy and z € V as above. When this intersection is
two-dimensional, by Lemma 4.24 it is enough to consider the situation where z v U < ker S
for some U < V complementary to the line Rz. It will therefore be useful to study the
intersection ker S n Sym? U for some U < V complementary to Rz.

Lemma 4.26. Suppose dimV = 3. Let S € Cy such that R'(S) = (a A 8)®% # 0 for some
a,feV* and let U < V complementary to keranker 5. If {x,y} < U is a basis of U, then

dim (ker S n (z v span{z,y})) < 1.

In particular, the intersection Sym? U nker S is at most two-dimensional. Moreover, if the
intersection ker S N Sym? U is two-dimensional, it contains an element of rank 1.

Proof. Clearly, dim (ker S n (z v span{z,y})) < 1 when dim(Sym?U n kerS) < 1. Now
suppose dim(Sym? U n ker S) > 1. By Lemma 4.1 we know that there is an element of the
form z v y € Sym? U n ker S, for some z,y € U\{0}.

We first consider the case where  and y are linearly dependent, i.e. 2% € ker S. By
Lemma 4.4, we find that for every w € U\{0} linearly independent of z,

0=25a®%w®?) =S vwzvw)—SEAwzAw). (4.2)

By the assumption R'(S) = (a A 8)®? # 0, we know that ker R'(S) = zAU. In particular,
we have S(x Aw, z Aw) > 0 and it follows from equation (4.2) that z v w ¢ ker S and therefore
dim (ker S n (z v span{z,w})) < 1 for every w € U.

Similarly, if z v y € ker S for linearly independent z,y € U, then Lemma 4.4 implies

S(a®2,y®%) =Sz vy,zvy —SxAry,zry)=—SxAy,zAy) <O0.
Therefore, neither 2%2 nor y®? can be in the kernel of S and we conclude that

Sym? U nker S = span{z v y, 282 + \y®%}
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for some X\ # 0. We claim that A > 0:
Indeed, since 292 + A y®? € ker S, we have

0 = S(x®% + \y®?% 292) = §(2®2 2®?) 4 X\ S(a®2,9%?).
Using again Lemma 4.4 and that = v y € ker .S, we obtain
0 < S(x® 2%%) = AS(2®? y®?) = \S(x Ay, z A Y).

Since S(z A y,z A y) > 0, we must have A > 0.
We may therefore write

Sym? U nker S = span{z v y, 28 + \y®*} = span {a: vy, (x+ \f)\y)@} .

This shows that Sym? U n ker S contains an element of rank one. O

Lemma 4.27. Suppose dimV = 3. Let S € Cy such that R'(S) = (a A ﬁ)®2~¢ 0 for some
a,BeV*, and let U < V' complementary to ker v n ker B. Then there exist &, 3 € span{a, 5}
such that & v [3 vanishes on ker S n Sym? U.

Proof. If Sym? U ~ ker S is one-dimensional, then
dim (Ann(Sym2 U nker S) n Sym?(span{a, BY)) =2

and by Lemma 4.1 there are some &, 3 € span{«, 5} such that & v Be Ann(Sym? U nker S).

Now suppose dim(Sym?U n kerS) > 1. By Lemma 4.26 we know that in this case
dim(Sym? U n ker S) = 2 and there is an element of the form u®? € Sym? U n ker S\{0}.
Since Sym? U n ker S is two-dimensional, we have

dim (Anm(Sym2 UnkerS)n Symz(span{a,ﬁ})) > 1,

i.e. Ann(Sym? U nker S)nSym?(span{a, 3}) contains a non-trivial element . By Sylvester’s
theorem, it will be either of the form v = a®? for some & € span{a, 3} or of the form
v = a®? 4+ 392 for linearly independent &, € span{a,}. Furthermore, since there is a
rank one element u®? € Sym?U N ker S and u ¢ kera n ker 3, we may exclude the case
v = a®? + B®2 for linearly independent &, 3. Recalling that

a® - %% = (a+pB) v (a-p),
it follows that there are &, 3 € span{a, 8} such that @ v 3 € Ann(Sym? U n ker S). O

We will now show that S as above with rank R(S) > 1 cannot be extremal if for some
U < V complementary to the line Rz we have z v U < ker S, where z € V is as above:

Proposition 4.28. Suppose dimV = 3. Let S € Cy such that R'(S) = (a A B)®2 # 0 for
some o, 8 € V*. Let furthermore z € ker a n ker f\{0}. If for some U < V' complementary
to Rz we have z v U C ker S, then S is not extremal unless R(S) is extremal in Csym.

Proof. If z v v € ker S for every v € U, observing that for all v,w e U

S(wvw, 2% =Swvzwvz)=0,
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we find that 2®? 1g¢ Sym?U. By Lemma 4.24, we may furthermore assume that 2®? is not
in the kernel of S. It follows that there is a basis {Q;} of ker R(S) such that Q1,Q2€ z v U
and Q; € Sym? U for i > 2.

By Lemma 4.27, there exist &, 3 € span{a, 3} such that & v 8 € Ann(Sym? U ~ ker S).
Since z € ker a n ker 3, it follows that

avp(Q)=0=avB(Q)
and hence @ v fBlkers = 0. Since
h((@v B)®?) = (@ A B)®* e R(a A §)%,
which vanishes on ker S, it follows that
(@B + (BR®A)®?) |kers = 0.

The statement follows now from Corollary 3.32. O

We will now improve the statement of Proposition 4.28 by showing that S as above with
rank R(S) > 1 cannot be extremal if ker S n (z v V') # {0}:

Proposition 4.29. Suppose dimV = 3. Let S € Cy such that R'(S) = (a A B)®% # 0 for
some a, B € V*. Let furthermore z € kera n ker f\{0}. If for some x € V\{0} we have
x v z € ker S, then S is not extremal unless R(S) is extremal in Csym, -

Proof. By Lemma 4.24 we may assume that x is linearly independent of z. Using Proposi-
tion 4.28 we may furthermore assume that

kerSn(zvV)=Rzx vz
Since by assumption also x A z € ker S, it follows that
r®z=xVvz+xAzekerS.
Thus, we observe
S(xvv,22%) =S(z®0v,2%?) =S(x®22:Qv) =0,

where we used that A2V and Sym? V are perpendicular with respect to S for the first equality
and the invariance under 7 for the second equality.
Similarly, we find

S@@® v v z) = 5a®v®2) = S(r®z,vQx) =0

for every v e V.
Furthermore, we observe for every v,w € V that

Svov,wvz)=SeRuw®z)=Sr®z,w®v) =0, (4.3)

where we used that w A z € ker S for every we V.
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With these relations in mind, we complete {z,z} < V to a basis {z,y, z} of V such that
S(z,z,2,y) = 0. To see that this is possible, we observe that the linear map

S(z,2,2,): V>R

has a two-dimensional kernel, since we know z ¢ ker (S(z, z, z,)), as we assumed that 2®?
is not in the kernel and therefore by Lemma 4.3, it follows that S(z®?% 2%%) # 0. We
furthermore know that = € ker (S(z, z, 2, )), since by assumption = v z € ker S. Choosing a
vector y € ker (S(z, z, z,-)) linearly independent of x, we obtain a basis {z,y, 2z} of V' such
that S(z, z,2,y) = 0.

Then, by equation (4.3), we have

(zv V) Lg (x vspan{z,y}).

Furthermore, there is a line L < Sym? V', which is complementary and orthogonal to (z v
V) ® (x v span{z,y}) in Sym?V. Let T € Sym?V such that L = RT. We obtained a
decomposition

Sym?V = (z v V) ® (z v span{z,y}) DRT

of Sym? V into pairwise orthogonal subspaces.

We would now like to study the kernel of S in terms of this decomposition. For the first
factor we know by assumption that ker Sn (2 v V) = Rz v z. For the second factor we recall
that, by Lemma 4.26, the intersection ker S nz v span{xz, y} can at most be one-dimensional.

If T ¢ ker S, it follows that ker S n Sym? V = span{z v z,z v u} for some u € span{z, y}.
Therefore, choosing some v € V*\{0} such that vy(x) = 0, we find that 7|, s = 0 and
hence S is not extremal by Corollary 3.32.

Now suppose T' € ker S, i.e. ker SnSym? V = span{zv z, zvu, T} for some u € span{z, y}.
We will study separately the cases, where T is of rank one, two or three.

Firstly, we observe that under the assumptions we made, we must have rankT" > 1: If
T = w®? for some w € V\{0}, then we observe that, since T' is complementary to (z v V) ®
(z v span{z,y}), w must be linearly independent of z and z. Using Lemma 4.4 and the fact
that w A z € ker S, we find

0=35w® 2% =S(wvz,wvz)—Swazwaz)=Swvzuwvz),

in contrast to the assumption that ker S n(zv V) =Rz v z.

Suppose now that rankT = 2. In this case 1T may either be of the form v v w or
v®? + w®? for some v,w € V\{0}. If T = v v w, then we may choose v € V*\{0} such that
y(x) = 0 = y(v) and conclude that Y®*|xer g = 0. If T = v®? + w®? for linearly independent
v,w € V\{0}, we show that there exist &, 5 € span{a, 8} such that & v f|iers = 0. For this,
we observe first that

Sym? (span{a, 8}) © Ann(z v z),

and hence,

Ann(ker S n Sym? V') n Sym? (span{a, 8}) = Ann (span{z v u, T}) n Sym? (span{a, 3}).

Therefore,
dim (Ann(ker S n Sym? V) n Sym? (span{a, 8})) > 1.
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Since by assumption T = v®2? + w®? for linearly independent v,w € V\{0}, it cannot be
annihilated by an element of the form &®2 4+ 3%? for linearly independent &, 3 € span{a, 3}.
Therefore, there must be some

& v B e Ann(ker S n Sym? V) n Sym? (span{a, 8}) .
Arguing as in the proof of Proposition 4.28, it follows that
((d® B>®2 + (B ® d)®2) ’kerS = 0.

By Corollary 3.32 it follows that S cannot be extremal in Cyy .

Now, suppose that rankT = 3. By Lemma 4.25 we know that T" must be indefinite.
Then T determines a Lorentzian metric gr on V, which, up to changing the sign of 7', we
may assume to be of mostly positive signature. The vector x € V' can satisfy gr(x,z) > 0,
gr(xz,z) =0 or gr(x,z) <O0.

Case 1: If gp(x, z) > 0, then after rescaling T', we may assume that 7' = 3®?2 4+ ¢®2 —®?
for some v, w € V, such that {z,v,w} < V\{0} are linearly independent. Choosingy € V*\{0}
such that y(x) = 0, y(v) = y(w) we find 7®*|ier s = 0 and hence S is not extremal in Cy by
Corollary 3.32.

Case 2: If gr(z,x) = 0, there exist v,w € V\{0} such that {z,v,w} < V are linearly
independent and such that T = x v v+w®?. Choosing v € V*\{0} such that y(z) = v(w) = 0
we find fy®4|ker s = 0 and conclude that S is not extremal.

Case 3: If gp(x,z) < 0, then there exist v, w € V\{0} such that {z,v,w} c V are linearly
independent and such that 7' = v®2 +w®2 —2®2. We claim that this is not possible under the
assumptions of Proposition 4.29. Indeed, if v®? 4+ w®? — 22 € ker S, then using Lemma 4.4
and the fact that z A V < ker S, yields

0=5(z%22%%) = S(v®% + w®?, 2®?) = S(vv z,v v 2) + S(w v z,w v 2) >0,
as we assumed that ker S n (z v V) =Rz v 2. O

Next, we will focus on S € Cy as above such that ker S n (z v V) = {0}. We will first
study some properties of elements in the kernel of such S:

Lemma 4.30. Suppose dimV = 3. Let S € Cy such that R'(S) = (a A 8)®% # 0 for some
a,B € V*. Let furthermore z € ker a n ker \{0} and suppose that ker S n (z v V') = {0}.
Then the following hold:

1. For every U < V complementary to Rz the intersection ker S n Sym? U is at most
one-dimensional.

2. Every non-trivial element in ker R(S) is indefinite. In particular, there are no elements

of rank one in ker R(S).

Proof. Let S € Cy as in Lemma 4.30. We will start excluding the presence of certain elements
in ker S.

We note that if 2®2? € ker S for some x € V, then using Lemma 4.4 and the fact that
z AV c ker S, we obtain

0=S5(x%2%) =S(xvzzvz2),
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which is impossible by the assumption that ker S n (z v V) = {0}. Similarly, if 2%2 4 y®2 ¢
ker S for some z,y € V linearly independent of z, we find

0<S(xvzavz) =S8% 2% =-54%% %)= -S(yvzyvz) <0,

a contradiction.

Thus, we observe that if there is some T' € ker S n Sym? U\ {0} for some U < V comple-
mentary to ker a n ker 3, then it must be indefinite. In fact, any element 7" € ker R(S) must
be indefinite:

If rank T = 3, then 7 must be indefinite by Lemma 4.25. If T' = 2%2 + 4?2 for some z,y €
V\{0}, then we must have z € span{z,y}, since otherwise T' € Sym? U for U := span{z,y}
complementary to R - z, which is in contrast to our above observation. Therefore, we may
assume after applying a rotation that y € R - z. Again, this cannot happen by Lemma 4.25.
Similarly, if rank T = 1, then by the above argument we must have T = A\z®? for some
A € R\{0}, which is excluded by our assumptions.

Therefore, ker R(S) consists of indefinite elements. In particular, there are no rank one
elements in the kernel of R(S).

Next, we claim that for every U < V complementary to ker o n ker 8 the intersection
ker S N Sym? U can at most be one-dimensional.

Indeed, suppose that span{T},T»} < ker S n Sym? U for linearly independent T1,T5 €
Sym2 U. Since T is indefinite, there exist linearly independent u;,w; € U such that T =
up v wi. Similarly, we know that also 75 defines a Lorentzian metric gr, on U. If u; is null
for gp,, then there exists some w linearly independent of u; such that 75 = u; v w. If u; is
not null for gz, then we know that, up to rescaling by a non-zero factor, Tp = u(?2 — w®? for
some w € U linearly independent of uy:

Case 1: If T1 = uy v wy and Ty = uy v w, where u1,w € U are linearly independent, we
may write w = Auj + pw; for some A, p € R\{0}. Then, we have

ulvwzz\u1®2+uu1vwleker5

which implies u®? € ker S in contrast to our above observations.
Case 2: If T1 = u1 v wy, Th = uﬁm — w®2, where u;,w € U are linearly independent, we
again write w = Auy + pw; for some A, € R, # 0. Then,

u$? — w®? = (1 = M) u$? — 1?2 w®? — 2 \puy v wy € ker S,

and hence, (1—A2) u®? — 12 w®? € ker S. By our observation that elements in ker S n Sym? U
must be indefinite, we must have 1 — \? > 0. Therefore, after rescaling wy, we conclude that
u?z — w?Q € ker S. Then, we apply Lemma 4.4 and use u; v wy € ker S to obtain

0 < S(u$? u®?) = S(u®?, wP?) = —S(uy A wi,ur A wy) <0,
a contradiction. O

If ker S n (z v V) = {0} for S and z as above, then rank R(S) > 3. In the following
proposition we show that if rank R(S) = 4, then S is not extremal.

Proposition 4.31. Suppose dimV = 3. Let S € Cy such that R'(S) = (a A B)®2? # 0 for
some a, 3 € V* and such that rank R(S) = 4. Let furthermore z € ker a n ker 5\{0} and
suppose that ker S n (z v V) = {0}. Then S is not extremal in Cyy .
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Proof. By assumption, we have dim(ker R(S)) = 2. By Lemma 4.30, we know that all the
elements in ker S n Sym? V' are indefinite.

We write ker SN Sym? V' = span{T}, T>}. By Lemma 4.2 we may assume that rank 7} < 3
and since 77 must be indefinite, this means that 77 = u; v vy for some linearly independent
up,v1 € V\{0}. If also rankT» < 3, i.e. Tb» = wg v vg for some linearly independent
ug, v2 € V\{0}, then choosing v € V*\{0} such that v(u;) = 0 = y(uz), we find Y|, 5 = 0
and therefore, S cannot be extremal by Corollary 3.32.

Now suppose rank 75 = 3. Then 75 defines a Lorentzian metric g7, on V. Up to changing
the sign of T, we may furthermore assume that gr, is of mostly positive signature.

Case 1: If g, (u1,u1) > 0, then there exist some v, w € V\{0} such that {uj,v,w} <V
are linearly independent and such that

Ty = u? + v®? — w®2.
Choosing v € V*\{0} such that

Y(u1) =0, ~(v) =y(w)

we have Y®4|i; s = 0, hence S is not extremal in Cyy by Corollary 3.32.

Case 2: If gp,(u1,u1) = 0, then there exist some v, w € V\{0} such that {u;,v,w} <V
are linearly independent and such that

ngulvv+w®2.

Then for v € V*\{0} satisfying v(u1) = 0 = y(w), we find 7®*|er 5 = 0.

Case 3: Now suppose gp,(ui,u;) < 0. There exist some v,w € V\{0} such that
{ui,v,w} < V are linearly independent and such that

Ty = v®% + w® — 2.

If g1, (v1,v1) = 0, we can exchange the roles of u; and v so that we are in case one or two.
Therefore, suppose without loss of generality that also gp,(vi,v1) < 0. After applying a
rotation to v and w, we may then assume that some non-trivial element in the line Rv; is
related to uy by a boost in the direction of v, i.e. for some X € R\{0}, x € R\{0}, v' € V we

have
()\ 211> _ (COSh/{ sinh /{) <u1>
v’ sinhk coshk/ \ v
Therefore, for some A € R\{0}, x € R\{0}
Avy = coshk (u + tanh k - v) .
We set t := tanh . In particular, 0 < t?> < 1. Then, after rescaling v;, we find

v =ul +tv.

Solving for v, this yields
1
v=7 (v —uq)
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and hence

We define

— 42
u$? € ker S.

- 2 1 1
T2:=T2+ZT1= v?2+w®2+ P

t2
Since t2 < 1, Tj is positive definite. But this is in contrast to our observation in Lemma 4.30.
Therefore, we cannot have both gz, (u1,u1) < 0 and gp,(v1,v1) < 0. O

Finally, we will show that if for S and z as above ker S (z v V) = {0} and if rank R(S) =
3, then S is extremal.

Proposition 4.32. Suppose dimV = 3. Let S € Cy such that R'(S) = (a A B)®2? # 0 for
some a, B € V* and such that rank R(S) = 3. Let furthermore z € kera n ker 5\{0} and
suppose that ker S " (z v V') = {0}. Then S is extremal in Cyy.

Proof. Let S as in Proposition 4.32. We need to show that every element S’ € Cyy such that
ker S’ 2 ker S has to vanish.

For this, we note that every element S’ € Cy such that ker S’ 2 ker S must either
have R'(S’) = 0, i.e. S’ is fully symmetric, or its kernel contains an element u v z # 0:
Indeed, the proper inclusion ker S’ 2 kerS implies that either ker R'(S”) 2 ker R'(S) or
ker R(S’) 2 ker R(S). If ker R'(S’) 2 ker R'(S), then we must have R/'(S’) = 0, since
rank R/'(S) = 1 by assumption. If ker R(S") 2 ker R(S) by the assumption rank R(S) = 3 we
must have rank R(S’) < 2, i.e. dim(ker R(S")) > 4 and hence ker R(S") n (2 v V) # {0}.

We have seen in Theorem 4.15 and Proposition 4.29 that in both such cases S’ is not
extremal unless it projects to an extremal element in Cgyy,. It is therefore enough to consider
the case where rank R(S’) = 1, i.e. S’ is of the form S’ = ¥®* for some v € V* or of the form
S = (av B)®2 + (& A B)®? for linearly independent &, 3 € V* such that & A /6)|kerR’(S) =0,
i.e. &, 0 € span{a, §}.

In Proposition 4.42, we show that the kernel of R(S) for an element S € Cy as in
Proposition 4.32 is of one of the following three forms:

1. for parameters d, g, h € R such that d,g # 0 and ¢°> > 1 — d? + dh and some z,y € V
such that {x,y, z} is a basis of V
ker R(S) = span{ — 2% + 22 + dy v 2,
ha®? —dy®? + (d—h)2®? +dgz v z,
— (g% —dh) %% — > y®? + (d® + ¢* — dh) 222 + dgx v y};

2. for parameters g,h € R such that ¢g> > 1 and some z,y € V such that {z,y,z} is a
basis of V'

ker R(S) = span {y v (z — g 2), —a®2 4 2®2 ga®? gy L hrvy+giav z};

3. for parameters d, h € R such that d(d — h) > 1 and some x,y € V such that {z,y, z} is
a basis of V

ker R(S) = span{ —2®? + y®2 4 (d—h) - yvz, zv (y—dz),
ha®? — dy®* + (d — h) 2%%}.
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We will first consider the case where S’ = v®* for some v € V*. Finding v € V*\{0}
such that 'y®2\ker5 = 0 would in each case amount to finding a non-trivial real solution
(Y, Yys v.) € R? to the respective system of equations:

1. for parameters d, g, h € R such that d,g # 0 and ¢g> > 1 — d* + dh,

—’Y% + ,}/ZZ + d’Vy'Yz =0,
h’}’i _dfyz + (d_ h)73 +dg'7z'7z =0,
—(g> —dh) vz — d* v + (d° + ¢* — dh) 72 + dg Yoy = 0;

2. for parameters ¢, h € R such that g% > 1,

Yy (Ve — 972) =0,
97— 97+ h vy + 6 ey = O;

3. for parameters d, h € R such that d(d — h) > 1,

_73%4_7;—" (d_h)"yy'}’z =0,
’Yr(’Yy —d~,) =0,
hvy —dy + (d—h)~2 = 0.

However, these systems of equations do not have a non-trivial solution.
Now we consider the case where S" = (& v 3)%? + (@ A 3)®? for some @&, 3 € span{a, 3}.
We set
07(1') =: Qy, d(y) = dya 5(1‘) =: Bz, /B(y) = 5?;-
v

Then in each case, (& v ) |ker r(s)= 0 implies that

Gy + Budty =0

& B — By =0.

This implies that either &@ = 0 or § = 0.
We conclude that every S’ € Cy such that ker S’ 2 ker S must vanish. Hence, S is
extremal by Corollary 3.32. O

We are now prepared to prove Theorem 4.23:

Proof of Theorem 4.23. Let S € Cy such that R'(S) = (a A 8)®2 for some a,3 € V* and
such that R(S) is not extremal in Cgyy,. Let furthermore z € (ker a n ker 3)\{0}.

If dim ((z v V) nker S) > 0, then S is not extremal by Proposition 4.29.

Now suppose dim ((z v V') n ker S) = 0. Then in particular we must have dim ker R(S) <
3. Moreover, by Proposition 4.18, we must have dimker S > 3. Since dim ker R'(S) = 2, this
implies that dimker R(S) > 1 and hence, rank R(S) € {3,4}. If rank R(S) = 4, then S is not
extremal by Proposition 4.31, while if rank R(S) = 3, then S is extremal by Proposition 4.32.
This proves the assertion. ]
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4.3.2 Case rank R'(S) =2

We will now consider S € Cyy such that rank R'(S) = 2. In this case, we know by Propo-
sition 4.10 that R(S) cannot be extremal in Cgyy, and therefore, rank R(S) > 2. Moreover,
since V is three-dimensional, dim (ker R'(S)) = 1 and hence ker R'(S) = R -z A y for some
linearly independent x,y € V or, equivalently, ker R'(S) = A?U for some two-dimensional
subspace U < V of V. Our strategy will be to distinguish whether the restriction of the
projection map

7: Sym?V — Sym?V/Sym? U

to the kernel of R(S) is surjective or not. We will see that S as above cannot be extremal if
the restriction is not surjective. This will reduce the list of possible candidates for extremal
elements S € Cy with rank R/'(S) = 2 to a few cases, in which we are able to give an explicit
description of the kernel. Eventually, it will turn out that none of these S € Cyy is extremal.
The structure of the section is as follows:

for some 2-dimensional U < V, w: Sym?V — Sym?V/Sym? U

_ .

[ﬂ"ker R(S) I8 rJiot surjective] [ﬂg}%ﬁ;ni }S;(lg)e Cgtl;e

not extremal by
Proposition 4.33

LS € Cw s.t. rank R(S) > 1, rank R'(S) = 2 i.e. ker R'(S) = AQU}

rank R(S) = 2

Jze V\U sit.
zvUckerS

not extremal
by Proposition 4.36

A2eV\U sit.
zvUckerS

not extremal by not extremal by
Proposition 4.39 Proposition 4.40

We will start proving that S € Cy with rank R'(S) = 2 cannot be extremal if the
restriction of the projection onto Sym? V/Sym? U to ker R(S) is not surjective.

Proposition 4.33. Suppose dimV = 3. Let S € Cy such that rank R'(S) = 2. Let U c V
such that ker R'(S) = A2U and consider the projection

7: Sym?V — Sym?V/Sym? U.

We denote the image of ker R(S) under the projection m by ker R(S) := mw(ker R(S)). If
dim (ker R(S)) < 2,

i.e. the restriction of m to ker R(S) is not surjective, then S is not extremal.

Proof. Let v € Ann(U)\{0}. Then v v V* annihilates Sym®U. For S € Cy as above, let
{[T1], [T2]} be a generating set of ker R(S), where [T}] is represented by some T; € Sym? V'
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for ¢ = 1,2. Then
(v v V*) n Ann(Th) n Ann(T3) # {0}.

Therefore, there is some 7 € V*\{0} such that v v n(T;) = 0 for ¢ = 1,2. Since v v V*
annihilates Sym? U, v v 7(T;) = 0 holds for any T; representing [T};] € ker R(S).
It follows that v v n|ker s = 0. Since v € Ann(U), also ¥ A N|ker s = 0. We conclude that

(v@n® + @)% lkers = 0.
By Corollary 3.32 this shows that S cannot be extremal. O

Next, we will consider S € Cy as above such that 7|y, R(s) is surjective. Then we must
have rank R(S) < 3. If rank R(S) = 2, the intersection ker S n Sym? U is one-dimensional.
The following lemma shows that in this situation, we have ker S n Sym? U = R - (u v v) for
linearly independent u,v € U:

Lemma 4.34. Suppose dimV = 3. Let S € Cy such that rank R'(S) = 2. Let U ¢ V such
that ker R'(S) = A*U. If dim (ker S n Sym? U) =1, then ker S n Sym?U =R - (u v v) for

linearly independent u,v € U.

Proof. For S as above, we know that for u,v € U, we have u A v € ker S and, hence, by

Lemma 4.4,
S(u®?v®?) = S(u v v,u v v).

Therefore, if u®? € ker S for some u € U, it follows that u v v € ker S for every v € U.
Similarly, if u®? + v®? € ker S for linearly independent u, v € U, then

0 < Su®? u®?) = —S(u®?,v®%) = —S(u v v,uvv) <0,

and hence, Sym? U c ker S.
Thus, the intersection ker S N Sym? U can only be one-dimensional if it is of the form
ker S n Sym?U =R - (u v v) for linearly independent u,v € U. O

With the help of Lemma 4.34, we can deduce further information about ker R(S), when
S € Cw is as above with 7|y p(g) surjective and rank R(S) = 2:

Lemma 4.35. Suppose dimV = 3. Let S € Cy such that rank R'(S) = 2 and rank R(S) = 2.
Suppose that dim (kerS A Sym? U) = 1, where U = V such that ker R'(S) = A2U. Then
there is a z € V\U such that z v U < ker S.

Proof. By Lemma 4.34 we know that ker S nSym? U = R-u v v for some linearly independent
u,v € U. Since also u A v € ker S this implies u ® v € ker S and v ® u € ker S. It follows that

S(u®? v®?) = S(uRv,v®u) = 0. (4.4)
Furthermore, we observe that for every w € V:
Su®vvw) =Su®vew)=Su®wrv®u) =0 (4.5)
and, similarly,

S(v®* u v w) = 0. (4.6)
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By our assumption that dim (ker R(S)) = 4 and dim(ker S n Sym? U) = 1, we know that
the projection
7: ker § — Sym? V/Sym? U

is surjective. Hence, for z € V\U, there must be Q; € Sym?U, i = 1,2, 3 such that
Zvu+Qi,Zvuv+ Qo ekerS
Since u v v € ker S, we may furthermore assume that
Qi = X u® + p; v®?

for some A;, pu; € R.
We claim that p; = 0: Indeed, by assumption we have

Zvu4+ Mu®? + 110%? = (Z 4+ Mu) vou+ g v®? € ker S.

Applying equation (4.6) for w = z + Aju, we observe that v®? and (z + A\u) v u are
orthogonal with respect to S. Since S is semi-definite, this implies that both j; - v®? € ker S
and (Z + A\u) v u € ker S. Since by Lemma 4.34, we know that v®? ¢ ker S, it follows that
p1 = 0.

An analogous argument shows that Ay = 0. Therefore, we obtain

span{(z + A\ju) v u, (Z + pgv) v v} < ker S.

Defining
z:=Z+ A u+ pgve V\{0},
we find
zvu—ppuvuvekerS = zvuekerS
zvv—AMuvuvekerS = zvwvekers,
where we used that u v v € ker S. It follows that z v U < ker S. O

Combining Lemma 4.34 and 4.35, we know enough about ker R(S) for S € Cy as above
with 7|ier r(s) surjective and rank R(S) = 2 to conclude that such S cannot be extremal:

Proposition 4.36. Suppose dimV = 3. Let S € Cw such that rank R'(S) = 2 and
rank R(S) = 2. Suppose that dim(ker S n Sym?U) = 1, where U < V such that ker R'(S) =
A2U. Then S is not extremal in Cyy.

Proof. Let S € Cy as in Proposition 4.36. Then we know by Lemma 4.34 that for some
linearly independent u,v € U\{0}, we have

ker S N Sym?U = Ru v v.

Furthermore, by Lemma 4.35, there is some z € V\U such that z v U < ker S.
Therefore, for some A, u € R,

ker R(S) = span{u v v, z v u, z v v, 222 + Au®? + pv®?}.
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We may assume that
S(u®? u®?) =1 = S(v®?%,0%?).

Using Lemma 4.4, we find

S(u®?,v®?) = S(u v v,uvv)—SuAv,unv)=0,
S( Az n ) = — S(22,08%) = AP, ) + S, u?) = A
S(Z AV, Z A v) - _ S(z®27v®2) _ )\S(u®2,v®2) + uS(v®2,v®2) —_

)

In particular, A, u > 0.
We set
a:=a; +Vias, B:=a —Vas,

where {a1, ag, a3} is the basis of V* dual to {u,v,z}. Then v € ker a n ker 3 and therefore

(avpB)(uvov)=0=(avp)(zvv), (anpB)(urv)=0.

Moreover, we compute

(av B)(zvu)=0,
(v B) (222 + Xu®? + pov®*) = A+ A =0.

Therefore,
((a v B)®% 4 (a A ﬂ)®2)|kers =0.

By Corollary 3.32 it follows that S is not extremal. O

Next, we will focus on the situation where S € Cyy is as above with 7|y, R(S) surjective
and rank R(S) = 3. In this case it is in general no longer true that we can find some z € V\U
such that z v U < ker S. However, in any case we get a relatively nice description of the
kernel of R(S).

Lemma 4.37. Suppose dimV = 3. Let S € Cyy such that rank R'(S) = 2 and rank R(S) = 3.
Suppose that ker S n Sym? U = {0}, where U = V such that ker R'(S) = A*U. Then either
there is some z € VAU such that zv U < ker S or there are z € V\U and linearly independent
u,v € U\{0} such that span{z v u, z v v + v®* — u®?} < ker S.

Proof. Let S € Cyy as in Lemma 4.37. Let z € V\U. By the assumption ker S n Sym? U =
{0} we know that there is a two-dimensional subspace of ker S n Sym?V which projects
surjectively onto m(z v U) < Sym? V/Sym? U, where 7 is the projection of Sym?V to the
quotient space Sym? v/ Sym? U. In particular by Lemma 4.2 this subspace contains a non-
trivial element T} of rank < 3, which must be of the form 7} = (2 + v) v u for some u,v € U,
u#0. Weset z:=z2+veV\U. Then T} = z v uekerS.

Next, we observe that for every v, w € U,

Szvv,wvu)=SzRu,wu)=SzRQu,w®v)=S(zvuwvuv)=0, (4.7)

where we used that A2U < ker S, the symmetry of S under 7 and z v u € ker S. Using again
that z v u € ker S, this shows that for every v € U

zvulg(uvV). (4.8)



60 CHAPTER 4. EXTREMAL ELEMENTS OF THE POSITIVITY CONE

Moreover, since ker R(S) projects surjectively onto Sym? V/Sym? U, we know that for
every v € U\{0} linearly independent of u there should be some Q € Sym?U such that
Ty :=zvuv+QekerS.

Case 1: If rank Q < 2, then Q = w®? for some w € U. Then

0=2S(zvv+w® u®?) = S(w® u®?) = S(u v w,u v w), (4.9)

where we used (4.8) and u A w € ker S. Since by assumption ker S n Sym? U = {0}, it follows
that w = 0 and hence @ = 0. It follows that T5 = z v v € ker S. Since also T} = z v u € ker S
and because we assumed that v and v are linearly independent, we must have z v U < ker S.

Case 2: Now suppose rank = 2. By an analogous calculation as in (4.9), it follows that
@ cannot be definite as an element of Sym? U. Moreover, it cannot be of the form @ = u v w
for some w € U\{0}: Otherwise, using (4.8), we would find

0=Szvv+uvwuvw)=Suvwuvw),

in contrast to the assumption that ker S n Sym? U = {0}. Therefore, for some w € U, we
have +Q = w®? — X\ u®2, for some A > 0. After rescaling we may assume that A = 1 and after
replacing 75 by a linear combination of T} and T5, we may further assume v = w. Then,
possibly after changing 7o — —T5 and w — —w, we obtain

span{z v u, z v w + w®? — u®?} < ker S.
O

Remark 4.38. The two cases described in Lemma 4.37 cannot occur simultaneously: Indeed,
if for some z € V\U we have z v U < ker S, then any z € V\U such that z v v € ker S for
some v € U must satisfy z € Rz, since otherwise, there would be a contradiction with the
assumption that ker S n Sym? U = {0}. Similarly, if z v U < ker S, there cannot be any
linearly independent u,w € U such that z v w + w®? — u®? ¢ ker S.

We can now apply Lemma 4.37 to explicitly describe the kernel of R(S) for S € Cy as
above with 7|, r(s) surjective and rank R(S) = 3. We will first consider the case where
zv U cker S for some z € V\U, U < V as above. We will then conclude that such S is not
extremal:

Proposition 4.39. Suppose dimV = 3. Let S € Cw such that rank R'(S) = 2 and
rank R(S) = 3. Suppose that ker SnSym? U = {0}, where U < V such that ker R'(S) = A%U.
Suppose furthermore that there is some z € V\U such that z v U < ker S. Then S is not
extremal in Cyy .

Proof. Let S € Cyy, U c V and z € V\U as in Proposition 4.39. Then for some basis {u, v}
of U and A, i, 0 € R we have

ker S = span{u A v, z v u, 2z v v, 222 + Xu®? + po®? + Su v v}.

We may furthermore assume that 6 = 0, possibly after changing to a different basis of U.
Case 1: If A = 0, we may proceed as in the proof of Proposition 4.36 to find that

[((Oq + \/Xag) v (o — \5\043))@ + ((oq + \/ong) A (o — \5\043)>®2}

0,
ker S
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where {a1, as, as} is the basis of V* dual to {u,v,z}. Hence, S is not extremal by Corol-
lary 3.32.

Case 2: Now suppose that both A and u are negative. We will show that this case cannot
occur. For this, we assume without loss of generality that A = —1 = . Then

S(U®27 ) = S(Z®2a ) - S(U®2a )
and, since we assumed ker S n Sym? U = {0}, it follows that

0 < S(u®? u®?)
= 5(2%%, u®?) — S(v®? u®?)
=Svu,zvu)—SEAru,zAru)—Suvuo,uvo)+Sunvunv)

= —SkzAru,zAru)—Suvuvuvv) <0,

a contradiction. Here, we used Lemma 4.4 for the second equality and z v u,u A v € ker S,
zAu,uvoé¢kerSand S = 0 in the last step.
We conclude that S as in Proposition 4.39 is not extremal in Cyy. ]

Finally, we apply Lemma 4.37 to S € Cy as above with 7|ie, g(s) surjective, rank R(S) =
3 and such that there is no z € V\U such that z v U < kerS, where 7: Sym?V —
Sym? V/Sym? U and U c V are as above, to show that such S is not extremal:

Proposition 4.40. Suppose dimV = 3. Let S € Cy such that for some basis {u,v,z} of V
we have

ker S = span{u A v, z v u, z v v+ 0 — u®? 22 L Xu®? 4 po®? £ 5u v v}
for some A\, i, 6 € R. Then S is not extremal in Cyy.

Proof. Let S € Cyy as in Proposition 4.40. Note that the same arguments used in Lemma 4.37
to arrive at (4.8) apply in the setting of Proposition 4.40. Thus, we have

S(zvwuvz)=0
for every w e U, z € V. Using that z v v + v®? — u®? € ker S, we therefore find

0=25(zvv,u®?) = S(u®? u®?) — S(v®? u®?),
0=S5(zvuv,uvv)=Su® uvv)—Sw® uvu).

We may furthermore assume that
1= Su®?, u®?) = S(u®? v®?) = S(u v v,u v v).
We set
q1:= S(W®%,0®?), g := S uvv) = SW® uv ).
Since R(S) is positive semi-definite we find

a=1, -1<@<l (4.10)
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Since u A z ¢ ker S, we must furthermore have
0<S(unzunz)=—Su®? 2%%). (4.11)
Using that 2®2 + Au®? + 4 v®? + §u v v € ker S, we compute
S(u®?,2%?) = §(=Au®? — pv®? —5u v v, u®?) = =\ — u— dgs.
Hence, equation (4.11) becomes
0 <A+ p+0go. (4.12)
We show that there exist «, € V*\{0} such that
((a A B2 + (a v 6)®2)|ker5 =0. (4.13)

For this, we make the ansatz

with

1 for6 >0
—1 ford<0’

Then we find

(@A B)(uAv)=0=(avB)(zvu)=(avph)(zvv+v®?—u?)
(v B)(Z®2 + Xu®? 4+ pv®? 1 6uv o) = —a(2)> + X+ p+ 0]

Therefore, o and § satisfy equation (4.13) if and only if a(z) solves
—a(2)? + A+ p+ 8] = 0.
Since by (4.10) and (4.12) we have
A+ p+1[0] = A+ pu+0g2 >0,

we can always find a real solution for a(z). Using Corollary 3.32, we conclude that S is not
extremal. 0

We summarize our results in the following theorem:

Theorem 4.41. Suppose dimV = 3. Let S € Cyw\{0} such that R(S) is not extremal in
Csym. Then S is extremal in Cyw if and only if it is of the type as in Proposition 4.32,
i.e. rank R'(S) = 1, rank R(S) = 3 and kerS n (z v V) = {0}, where z € V such that
ker R'(S) =2z A V.

4.3.3 Explicit description of the extremal elements

We will now derive an explicit form for the extremal elements of the type as in Theorem 4.41.
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Proposition 4.42. Let dimV = 3, S € Cy such that rank R(S) = 3, ker R'(S) = 2 A V for
some z € V\{0} and such that ker S n (z v V') = {0}. Then for some parameters d,g,h € R
such that g> > 1 — d? + dh, and for some ez, e3 € V such that {z =: e1, ez, e3} is a basis of
V', in terms of the basis {el®2, €2®2, e?z, e1 Vv ey, e1 Vv es, ea Vv est of Sym? V', we have the

representation

1 1 1 0 0 0
1 14 d? 1+ dh dg 0 d
R(S) = 1 14+dh 14+g*>+h% gld+h) g h
0 dg g(d+h) d*+¢*> d g
0 0 g d 1 0
0 d h g 0 1

The kernel of R(S) is given by the following:
Ifd,g # 0:
ker R(S) = span{e®? — ¢$? + de; v e3,
(d—h)e? + heS? —de$? +dges v ea,
(A + g* — dh) % — (g* — dh) % — d*e$? + dgea v e3}).
Ifd = 0:

ker R(S) = span{(gel —e2) V e3, 6(1@2 — 6392, ge%>§2 — geg82 +heyves+glel v 62}.

If g =0:

ker R(S) = span{ — e$? + ¥ + (d — h)e1 v e3, (de; —e3) v ea,
(d—h)eP? + heS? — de?}.

Proof. Since ker S n (z v V) = {0} and z A V < ker S, we deduce that S(z%?,.) defines a
positive definite symmetric bilinear form on V. Indeed, for any v € V', using Lemma 4.4, we
observe

S(z®2 0v®%) = S(zvu,zve)—SzAv,zAv)=8(zvuv,zvov)>0.

We complete {z} to an orthonormal base {z =: e1, e2,e3} = V of V with respect to S(2%2,-).
In addition, we require that
S(e$?,eq v 2) = 0.

To see that this is possible, let {Z,y} be a basis of the orthogonal complement of R - z with
respect to S(2%2,-). We may assume that

SH®%,5vz)#0

Then
pzg(t) =S ((Z +ty)®2, (Z + t§) v 2))

is a cubic polynomial in ¢ and therefore, for some ¢y € R, we have pz;(tp) = 0. Then
es 1= T + to ¢y has the desired property.
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We set

q:=S(ex A es,ea A eg) >0,

a:=S(e5? >€2 %),

b: =S( €3 ,63 )—S(egve3,62veg)—S(ez/\eg,eg/\eg)=S(62\/e3,62\/e3)—q,
c:=8(e5? es v e3),

d: =S(§> 61\/63) S(ea v e3,e1 v ea),

¢ :=5(e§?, e§?),

=557, 62V€3)

g:=5(e% e1 v ea) = S(ea v ez e1 v e3),

h:=S5(e$? e v e3).

With these choices of parameters, we write the quadratic form on Sym? V' defined by R(S)

in terms of the basis {6(192, e?Q, 6?2, €1V ey, e1 Vv ez, ex vV es} as

1 11 0 0 0
1 a b 0 d c
|1 b e g h f
R(S) = 00 g 1 0 d
0 d h 01 g

0 ¢c f d g b+g

Requiring the fourth principal minors of R(.S) to vanish, the first, second and third principal
minors to be non-negative and the parameter ¢q to be positive, yields

a=1+d> b=1+dh, c=dg, e=1+¢g>+h% f=g(d+h)
b+qg=d>+¢% ¢*>1—d*+dh.

Furthermore, with these choices of parameters, we obtain the following basis of the kernel of
R(S):
Ifd,g # 0:

ker R(S) = span{e®? — e$? + de; v es,

(d—h)e? + heS? —de$? +dger v ea,
(d* + g — dh) 2% — (g> — dh) €5* — d* €% + dg ey v e3}).

If d = 0 (this implies g% > 1):

ker R(S) = Span{(gel —e2) Vv e3, 6?2 — 6(2@2, 962 ge%?2 +heyves+gler v 62}.

If g = 0 (this implies d # 0, d # h):

ker R(S) = span{ — e5* + e®2 +(d—h)-e1 ves, (dep—e3) Vv e,
(d—h)e$? + heS? — de?}.

In particular, the kernel of R(S) is three-dimensional and hence rank R(S) = 3 as re-
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quired. O

Proposition 4.43. Let dimV = 3, S € Cyw such that rank R(S) > 1. Then S is extremal if
and only if it is of the following form: For some basis {1, ag, a3} of V* and some parameters
g,h,d e R such that g> > 1 — d? + dh we have

S = Stot + 2(92 +d>—-1— dh) [(a2 ® a3)®2 + (043 ®a2)®2] ,
where Sior € Sym* V* is given by

Siot =] + 60303 + 60303 + 12d ajadas + 12g ajaga3 + dhajals + (14 d*) oy

+4dg asaz + 6(1 + dh) a3a3 + 4g(d + h) asas + (1 + g + h?) aa.

Proof. Let {a1, a2, as} be the basis of V* dual to the basis {e1, e2, e3} in Proposition 4.42.
Note that, with our conventions for the symmetric and the anti-symmetric product, we have

2(a; v aj)(es vey) =1, 2(a; Aaj)(e; nej) =1 for i # j.
Using this, it follows from Proposition 4.42 that
S=aP'+2afva3+2afvai+(1+d)a$ +2(1+dh)aiv a3
+2da3 v (201 v az) +2dgai v (202 v az) + (1 + g% + h?) o$?
+2g02 v (201 v ag) + 2h a3 v (201 v a3) + 2g(d + h) a3 v (203 v az)
+ (200 v a2)®? +2d (201 v az) v (202 v a3) + (201 v a3)®?

+2¢g (201 v a3) v (2ag v ag) + (al2 + g2) (2ag v a3)®2
+ (d2 + g2 —1- dh) (2052 A a3)®2.

Observe that for any 3,v,d € V*, we have

48% v (Bvy) =48%
4BV +25% v y? =657
42 v (yv o) +8(Bvy) v (B vE) =125%.

After applying these identities and rearranging the terms, we find

S =Sior + 4(g* + d*> — 1 — dh) [(a2 v a3)®? + (a2 A a3)®?]
= Siot + 2(¢% + d?> — 1 —dh) [(e2 ® @3)®? + (a3 ® a2)®2] ,

where

Siot = + 60303 + 60303 + 12d aj03as + 12g a0l + 4hayal + (14 d*) oy

+4dg a3az + 6(1 + dh) o203 + 4g(d + h) asas + (1 + g% + h?) a4,

O]

In conclusion, we obtain the classification of extremal elements of Cyy for three-dimensional
V as stated in Theorem 4.22.
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4.4 Positivity bounds

In this section, we will use the extreme rays of the cone Cy in order to determine a complete
set of inequalities describing the dual cone

Ci, = (M eW*:M(S)=0 YSeClw)

of Cy, where M (S) denotes the natural pairing. Note that in order to describe the dual cone
Cjy it is enough to require M (S) to be non-negative for all extremal elements S of Cy. In
this way, every extremal element in the classification in Theorem 4.22 gives rise to a linear
inequality constraining Cjj,. Since Cjj; is precisely the cone that was denoted C in Section 2.4,
these inequalities have the physical interpretation of constraining the two-to-two forward
scattering amplitudes of an EFT that is the low-energy limit of a QFT compatible with
the physical principles of unitarity, locality and causality. In particular, Theorem 4.22 gives
rise to the complete set of (two-to-two forward scattering) positivity bounds for scattering
processes with three flavors of particles, i.e. dim V' = 3.

Recall that the bounds coming from the extreme rays of the first and the second type in
Theorem 4.22 are referred to as elastic (positivity) bounds. Positivity bounds that are not
elastic are called inelastic. In the case where dim V' = 3 these are the bounds corresponding to
the extreme ray of the third kind in Theorem 4.22. In the following (unless stated otherwise),
we will assume that dim V' = 3. First, we will give an alternative description of all elastic
bounds and show that it depends on fewer parameters. We will also discuss the effect of the
inelastic bounds.

4.4.1 The elastic bounds

Recall that the elastic bounds are the inequalities corresponding to the extreme rays of the
first and second kind. Using the symmetries of W*, they can be summarized as

Ma®B,a®p) =0, Va,feV* (4.14)

for every M € (Cw)*. Note that the constraint (4.14) does not change under (non-zero)
rescaling of o and . Thus, the family of elastic bounds is parametrized by RP? x RP? and
is therefore four-dimensional.

In the following, we will see that the number of parameters needed to describe all bounds
can be reduced further to two. For this, we fix a basis {a1, a9, a3} and write M, =
M (o, o, a, oq). Moreover, we use the isomorphism

PR V*QV* (4.15)
defined by the basis {ai®ozj}§’7 ;=1 in alphabetic ordering. The following result is well-known:

Lemma 4.44. A vector ue R? = V* @ V* represents a decomposable tensor vy € V¥ @ V*,
r.e.y=a®p for some o, € V*, if and only if it satisfies the following relations:

uius —ugtg = 0,  uiug —ugug =0, ujug — uguy =0,
uiug —uzur = 0, ugug — ugus =0, usug —uzug =0,

UqUg — UsU7 = O, U4U9 — UUT = 0, UsUg — UgUug = 0.
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Proof. Given an element v € V* ® V* we can think of it as a linear map v: V — V*. Using
the basis {a;}3_; we may then represent v by a matrix. The condition that v = a ® 3 for
some «, 3 € V* is then equivalent to the statement that the determinant of all submatrices
of order two must vanish. This yields precisely the above conditions on the components u;
of the vector v € R? =~ V* ® V* representing . O

Proposition 4.45. Let M € W*. Then M satisfies the elastic bounds if and only if the
following hold:

Mi111 20, Mi212 =20, Miz13 =0, Moo >0, Mazez3>0, Mszzz=0,
Qiaa — a3 >0, qids—a3 =0, qugs—qi =0,
d19496 + 229395 — 102 — q3ds — q3q4 = 0,

where the q; are real quadratic polynomials in two variables given by

a1 (t1, t2) := Minny + 2t Mipig + 2t Mg + 6 Migig + 2t1ts Mioig + t5 Misis,
A2 (t1,t2) == Mi112 + 2t1 M1z + 2ty My1ag + t§ Magos + 2t1ty Migos + t5 Misas,
qs(t1, t2) 1= Mg + 2t Miigs + 2t2 Miyss + 5 Mogs + 2t1ts Moz + t5 Mysss,

( ) 1= Mig12 + 2t1 Migag + 2ty Migsa + t7 Magoo + 2t1ts Magos + t5 Masas,
ds(t1,t2) == Miors + 2t1 Mg + 2ty Myogs + t1 Magog + 2t1ts Magss + t3 Moagss,
a6(t1, ta) == Misis + 2t; Musos + 2ty Musss + t] Magas + 2t1ts Masss + t5 Mssss.

Before proving Proposition 4.45, we will introduce the following notation for better read-
ability:

m1 = Mi11;  m2 = Mz = Miior = Mi211 = Moi;

mg = Mi113 = Mi131 = Miz11 = Ms111;  ma = Miiog = Miger = Mai12 = Mooy
ms = Mi212 = Ma121;

meg = Mi123 = Mi132 = Ma311 = M3211 = Mi321 = M3112 = Misz1 = Mo1i3;

my = Mio13 = My312 = Ma131 = Ms121; ms = M3z = Mizz1 = M3113 = M3311;
mg = My313 = M3131; m1g = Migao = Ma122 = Mao12 = Maoa;

mi1 = Mi223 = Mo132 = Mao13 = Mi322 = Maozr = M3z122 = M301 = Ma312;

mi2 = Mia3a = M3212 = Ma123 = Mogon;

mi3 = My233 = Mizze = Ma133 = M3103 = M3312 = M3213 = M3321 = Mo3s31;

mig = Mi3a3 = Mog13 = M3132 = M3e31; mis = Migzs = M3z133 = M33z13 = M3ss;
mig = Magaa;  mi7 = Mooz = Maogs = Mazas = M3a09;

mig = Mooz = Mogza = M3223 = M3za0; mig = Moagag = M3agz;

mao = Masszs = Msags = M3s3a3 = Msszza;  mo1 = Masss.

Proof of Proposition 4.45. By Lemma 4.44, M € W* satisfies the elastic bounds if and only
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if for every u € R? satisfying the constraints in Lemma 4.44 we have

0 <M(®(u), ®(u))
= u% my + 2uq (ug + ug) mo + 2ug(us + uy) ms + 2(ugug + uyus) my + (u% + uﬁ) ms
+ 2(usug + ujug + ugur + ujug) me + 2(ugug + uguz) my + 2(uzuy + urug) Mg
+ (u3 + u2) mg + 2(ug + ug)us mig + 2(uzus + uoug + usur + wgug) M1y
+ 2(uqug + ugug) miz + 2(ugur + uzug + uguy + uqug) mig + 2(usug + urug) mig
+2(ug + uz)ug mus + ud mig + 2us(ug + us) mar + 2(ugus + usug) Mg

+ (“g + u%) mig + 2(ug + ug)ug mog + ug mo1,

where ® is as in (4.15). Henceforth, we will use the shorter notation M (u,u) = M (®(u), ®(u)).
If all w; but one vanish, this implies

my =20, ms=0, mg=0, meg=0, mig=0, mog =0. (4.16)

Now suppose that u; # 0 for precisely two indices ¢. Note that not all choices of pairs of
indices are allowed here, since e.g. the relation ujus — uoug = 0 prevents us from choosing
u1,us # 0 when ug = 0. But, for allowed choices such as uj,us # 0, all other u; = 0, the
relations in Lemma 4.44 are trivially satisfied for all (non-zero) values of u; and uy. Therefore,
in this case the condition M (u,u) > 0 is the same as requiring the restriction of M to the
two-dimensional subspace span{e;,ea} < RY, where e; are the standard orthonormal basis
vectors of RY, to be positive semi-definite. Proceeding like this for all allowed choices of u
with only two non-vanishing components we obtain the additional constraints

2 2 2
mims —may =0, mimg—m3 =0, msmg—mz =0,
, (4.17)

= 0, momig — m%4 =0
2
s miogmie — Miy = 0, mi19Mma1 — Myg = 0.

For allowed u with only three u; non-vanishing the same reasoning yields the additional
constraints

2mamsmy + mimsmg — m§m5 — mlm% — m%mg = 0,

2 2 2
2migmiamir + MigMigMms — MigMie — MigM19 — Mi7Ms

=0,
2 2 2
2mygmismag + Mmi19Mmao1Mg — MisM1g — MiyMa1 — Mygmg = 0

When four components of u are non-vanishing there will always remain a non-trivial con-
straint. For instance, if all components of u vanish but wi, ue, ug and us, we set

a:=ujuz = ugly = Uz = ajuy, ug = a/us.
The elastic constraints become

0 <a? (u% ms + 2uius mig + u% m16) + 2a (U?UQ mo + 2u%u% my + ulug mlo)

+ufud my + 2udud mo + uug ms (4.18)

for all a,uy,us # 0. Note that by the constraint (4.17), the inequality also holds for a = 0,
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as well as
2 2
uy ms + 2uiue mig + uymieg = 0.

Thinking of the right hand-side of (4.18) as a quadratic form evaluated on (1, a) we find that
we get the additional constraint that for all u;,us € R\{0}, we have

0< (u% mi + 2uius mo + u% m5) (u% ms + 2uiu2 mig + u% mlg)

2
— (u% mo + 2uius My + u% mlo)

Using again the previous constraints (or alternatively by continuity), we see that this still
holds true for u; = 0 or uo = 0. We assume without loss of generality that u; = 1 and set
ug := t. Then, after introducing the notation

Pi,j,k(t) =m; + 2t mj + t2 M,
the constraint becomes

P125(t) P51016(t) — P2,410(t)* = 0.

Proceeding similarly for other u with precisely four non-vanishing components, we find more-
over

P139(t)Ps1210(t) — Pag1a(t)®> =0, Pios(t)Poiaio(t) — Pagi12(t)* =0,

P139(t) Pois21(t) — P3si15(t)> =0, Psr79(t) Pis17,19(t) — Proa1,14(8)* = 0,

P57.9(t) P19.20.21(t) — P1213.15(1)* = 0, Ps10.16(t) Po1a19(t) — Pra116(t)? =0,
(

>0
P51219(t) Po15.21(t) — P71320(t)? = 0, Pig17,10(t) P19.20,21(t) — P1718,20(t)* = 0.

\_/\_/
[\

Note that these already imply the quadratic constraints (4.17) above.

There are no u satisfying the relations of Lemma 4.44 with precisely 5, 7 or 8 non-
vanishing components. If there are precisely six non-vanishing components, e.g. u; # 0 for
1 < 6, u; = 0 else, we set

a = ujus = Uolyg, Uiug — uzug =0, usug— uzus =0
us

=  uy =afuy, us=aluy, U= a.

U U2
Following the same strategy as above, we find that for all ¢1,f» € R
Pio3579(t1,t2) Ps1012,16,17,19(t1, t2) — P2ae1011,14(t1, t2)? = 0,
where
Piikipq(ti,t2) i= mi + 2ty my + 2ta my, + t5my + 2t1ta my, + 13 my.

Similarly, we find that for all £1,t2 € R it holds that

)

AR\
e 2

P12,3579(t1,t2) Po14,15,19,20,21 (1, t2) — P36.8.12,13,15(t1, t2)

V]

Ps510,12,16,17,19(t1, t2) P9 14,15,19,20 21 (t1, t2) — P7.11,13,17,18,20(t1, t2)
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Note that when setting either ¢ = 0 or ¢t = 0, these imply the quadratic constraints above.
In the case where none of the components of u vanish we set

a = UlUs = UgUyg, b:1= ujug = ugur.
Using all constraints from Lemma 4.44 we find that

a a Uus b b Uus
Uy = —, Us = —, Ue = a, uy7=-—, ug = —, ug = b.
U2 U1 Uiu2 U2 U1 Uru2

We assume without loss of generality that w3 = 1 and set us := t1, ug := t2. Then the
elastic constraints become

1 1
0 <Pi23s579(t1,t2) + 2a HP2,4,6,10,11,14(151, ta) + 2b EP3,6,8,12,13,15(751, t2)

1 1 1
+a? §P5,10,12,16,17,19(t1, ta) + 2ab §P7,11,13,17,18,20(t1, to) + b ?P9,14,15,19,20,21(t1, t2)
1 1 1

for all t1,to # 0. Using the previous constraints, this is equivalent to

0 <Pi23579(t1,t2) Ps10,12,16,17,19(t1, t2) P9 14,15,19,20,21 (t1, t2)
+2P24610,11,14(t1,t2) P36.8,12,13,15(t1, t2) P7.11,13,17,18,20(t1, t2)
—Pi23s79(t,t2) Pra1as 1718 20(t1, t2)? — Poag1011,14(t1, t2)? Po.14,15,19,20.21 (L1, t2)
— P36.8.12.1315(t1, 12)? P 1012161710 (1, t2)
for all t1,t3 € R\{0}. Moreover, by the previous constraints, the inequality remains true also
for t1 = 0 or to = 0. Furthermore, we note that this constraint implies the cubic constraints
above when setting t1,to = 0, or setting t; = 0, to — o or t9 = 0, t; — 00. Observing

that the g; in the statement agree with the P’s appearing in the constraints, the assertion
follows. O

4.4.2 The inelastic bounds

After fixing some basis {aq, g, a3} of V* we can parameterize the extreme rays of the third
kind by the parameters d, g, h as above plus some A € SL(V) = SL(3,R) via

S(A,d,g,h) = A*S(id, d, g, h),
where

S(id,d, g,h) = a] + 6303 + 6 a3a3 + 12d ajosas + 12g ajana + 4hayod + (1 + d?) ag
+4dgasaz + 6(1 + dh) a3a3 + 4g(d + h) azsa3 + (1 + ¢* + h?) a4
+2 (92 +d>—-1-— dh) [(ag ® a3)®2 + (a3 ® a2)®2] .

Then the inelastic bounds become
0< S(A, d, g, h)(M) = A*S(id,d, g, h) (M) = S(id, d, g, h)(A - M),

for all A € SL(V) and d, g, h € R such that g?> + d> — 1 — dh > 0. Here, A- M denotes the
induced action of A on M.
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4.4.3 Elastic vs. inelastic bounds

The extremal elements of the third kind in Theorem 4.22 give rise to new constraints. A way
to see this is as follows: We denote by Cq the closed convex cone generated by the directions
of the elastic extreme rays of Cyy. Then Cq S Cyy, since the extreme rays of Cyy of the third
kind in Theorem 4.22 are not contained in Cq. Suppose now that the inelastic extreme rays

in Cy do not give rise to any new constraint on the dual cone Cjj,, i.e. Cjj, = CJ. Then we
have Cjif = Cji*. Since both Cyy and Ce are closed convex cones, it follows that

®ok #ok
Cw =Cy =Cq" = Ca,

a contradiction.

Figure 4.1 illustrates the difference between Cjj, and CJ.

_]\/[1111
0141
0.1

0.06!

D elastic

elastic
0.02 + inelastic
» /|
-0.04 ~0.02 0 0.02 004 & M1z

Figure 4.1: Regions of parameters consistent with positivity bounds. The union of the blue and
orange regions corresponds to points which abide by the elastic bounds and the orange region cor-
responds to imposing all (elastic and inelastic) bounds. The 21-dimensional parameter space has
been restricted to Mi111 and Mi112, more precisely to the perturbations in their direction around
the fOHOWng reference pOiIltS M1111 = 0.332,M1112 = 0.022,M1113 = 0.12,M1122 = 0.056,M1123 =
0086, M1133 = —02, M1212 = 0428, M1213 = —0252, M1222 = 012, M1223 = —0184, M1232 =
—0.172,M1233 = —0.04,M1313 = 0.356,M1323 = —0.05,M1333 = —0.124, M2222 = 0.4767M2223 =
0127 M2233 = —0.147 M2323 = 0626, M2333 = —0028, M3333 = 0.332. The exact regions have
been approximated by numerically sampling extreme rays, with a focus on the neighborhood of the
extreme rays which vanish when evaluated on the reference point. The choice of reference point, as
well as that of the directions of the perturbations around it, were heavily inspired by [Li+21]. Con-
sequently, this figure is qualitatively similar to Figure 3 in the supplemental material of [Li+21].

4.5 Bounds on amplitudes with symmetries

We will now study the spaces of amplitudes that are invariant under the action of some
symmetry group. More precisely, for some group G acting on the space W*, we would like
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to determine the intersection of the space
CiN ={MeCl:A-M=MVYAeG} =Ciy n (W*)C

of G-invariant elements in W* with the cone Cj,. Note that (Cji,)% = (WY n Cw)*, where
W& denotes the space of elements in W that are invariant under the action of G induced by
the action on W*.

As in Section 4.4 we will assume that dim V' = 3 and study the cases where G = O(3),
G = 73 and G = SO(2) and such that the action on W* is induced by some action of G
on V. In each of these cases we will see that the elastic bounds are sufficient in order to
describe the cone (Cjf/)°.

4.5.1 O(3)-invariant amplitudes and chiral perturbation theory

We will now consider amplitudes that are invariant under some O(3)-symmetry. Fixing a
basis {e;}3_; of V we will identify V =~ R3 and consider the group O(3) = O(V). The action
of O(3) on V induces an action on W*. In the following, we will consider the cone (C;,)°®)
of invariant elements in Cjj,.

Theorem 4.46. Let M € (W*)°G). Then M ¢ Cy if and only if it satisfies the elastic
positivity bounds.

Proof. Every four-tensor M € V*®? that is invariant under the action of O(3) is of the form
[Jef62]

M =ay (ef + e+ e§)®2 +az (€] +e5+ef+2(er v ea)® +2(er voes)®? +2(en v e3)®?)

+az ((e1 A e2)®? + (e1 A e3)®% + (e2 A e3)®?)
= (a1 + as) (eiL + 63 + e%)
+ 2a1 (e% ves+2erve)® +efved+2erves)® +e3ves+2(erves)®?)
+ (2a2 — 4a1) ((e1 v 2)®? + (e1 v €3)®* + (e2 v €3)%?)
+as ((e1 A €2)®% + (e1 A €3)®% + (eg A 63)®2) )

Note that the terms with the prefactors (a1 + a2) and 2a; in the last equality are fully
symmetric tensors. This shows that M is invariant under 7 (and therefore contained in W*)
if and only if a3 = 2as — 4a;.

From now on, we will assume that as = 2a2 — 4a;. Then, using Proposition 4.45, it
follows that the elastic bounds for M are equivalent to as = |ay|.

Next, we would like to derive the inelastic bounds. Note that since M is invariant
under O(3), using the polar decomposition it is enough to consider A € Sym?(V), A > 0
in the parameterization given in Section 4.4.2. We may furthermore assume without loss of
generality that the orthonormal basis vectors {e;}3_; are eigenvectors of A with eigenvalues
A; > 0. Then we find

A-M = (a1 + az) Z et + 2a Z A?A? et v e? + 2a2 2 A?A? (ei v ej)®?
7 1<J 1<J
+ (2a9 — 4aq) Z A?z\? (ei A ej)®2

1<j



4.5. BOUNDS ON AMPLITUDES WITH SYMMETRIES 73

Hence, the inelastic bounds become

0 <S(id,d, g, h)(A - M)
= (a1 + a2) {A] + 20103 + 20303 + (1 + d*) A3 + 2(1 + dh) M3A3 + (1 + ¢ + h%) A3}
+4(ag —a1)(g* + d* — 1 — dh) A3)\3

for all g,d, h € R such that g> + d> — 1 — dh > 0 and \; > 0. However, these inequalities
already follow from the elastic bounds: If ag > |a1|, we find that

S(id, d, g, h)(A - M) > (a1 + a2) {d® A3 + 2dh A\373 + h? A5}
> (a1 + a) {d® A3 — 2|dh| 33 + h% M}

= (a1 + a2)(|d| X3 — [h] A3)* = 0.

O

Application 4.47 (Chiral perturbation theory). Recall from Section 2.4 that the four-tensor
M associated to the amplitude for pion two-to-two scattering at low energies is given by

M = (2@1 + 3@2) {6411 + 6% + 6% + 2(61 \% 62)®2 + 2(61 \Y4 63)®2 + 2(62 \Y 63)®2}
+ (261 + EQ)(e% + 6% + €§)®2 + 2(£2 — 251) {(61 A 62)®2 + (61 A €3)®2 + (62 A 63)®2} ,
where ¢; and /¢; are free parameters. Note that the four-tensor M is O(3)-invariant (as is the
pion scattering amplitude). By Theorem 4.46 it follows that the elastic positivity bounds

ly = —l1, £o = 0 are the strongest positivity bounds that can be derived from two-to-two
forward scattering of pions.

4.5.2 Z2-invariant amplitudes

We will now study the case where the amplitude is invariant under the action of Z3 on V/
generated by @Q; € End(V'), i € {1, 2,3}, which are represented by the matrices

-1 0 0 1 0 0 10 0
Q=10 1 0], Q=[0 -1 0], Q=(0 1 0
0 01 0 0 1 00 —1

with respect to some fixed basis {e;}?_; of V. Introducing the notation
Up := span{e%,e%,e%}, Uij := span{e; ® ej,e; ® e;}, i < j,
we have

(Sme(V@))ZQs = Sym? Uy @ Sym* Uy2 @ Sym? Uy3 @ Sym? Uss,

and M € (I/V*)Zz3 if and only if M € (Synr12(V®2))ZQ3 and for all 7, j we have
M(aP?,0?) = M(a; ® j,a; @ i),  M(ai ® aj, i @ ) = M (0 ® vy, o ® ),

7

where {a;}?_; denotes the dual basis of {e;}?_;.
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As in the case of the O(3)-symmetric amplitudes, it will turn out that the elastic bounds
are sufficient to describe the whole cone (C{’/‘V)Zi? . Since Z3 is a subgroup of O(3) this is a
strict relaxation of Theorem 4.46. For the proof, we will however follow a different approach.
First, we prove the following lemma.

Lemma 4.48. Let p: W — WZ3 be the orthogonal projection. Then for every S € Cy,
we have rankp(S) > rank S, where rank p(S) denotes the rank of p(S) as an element
in Sym?(V* ® V*). Similarly, we have rank R(p(S)) = rank R(S) and rank R'(p(S)) =
rank R/(S), where R and R’ are as defined in Section 4.2.

Proof. Let S € Cyy. Observe that the projection p(S) is given by removing the entries of
S away from the blocks Sym? Uy and Sym? U;j in the above notation. Thus, p(S) is block-
diagonal of the form

p(S) = S‘Uo + S|U12 + S‘UIS + S|U23‘

Suppose that rank S = k. Since by assumption .S is positive semi-definite this means that
there must be at least one principal submatrix A of order k which is positive definite (see
e.g. [HJ13]). The corresponding principal submatrix of p(S) will be block-diagonal and its
determinant will be a product of principal minors of A. Hence, if it was zero, this would imply
that at least one of the principal minors of A must vanish, in contrast to the assumption
that A is positive definite. Therefore, p(S) has a non-vanishing principal minor of order k
and hence rank p(S) > k = rank S. The statement about rank R(p(S)) and rank R'(p(S))
follows analogously, after decomposing the spaces U;; into the symmetric and antisymmetric
part, which are orthogonal with respect to p(S) since S € W. ]

Theorem 4.49. Let M € (W*)ZS. Then M € Cjy if and only if it satisfies the elastic
bounds.
3\ *
Proof. First, we observe that (C{’,‘V)Z23 = (CV{Z,2 ) . We prove that the projection of an extremal
element of the third kind in Theorem 4.22 is never extremal. Since by Proposition 3.25 every
3
extremal element in CV(Zf is the projection of some extremal element in Cy/, this will show

that every extremal element in C 223, and therefore every necessary inequality describing
(C{j‘v)Z23 , comes from an elastic extremal element in Cyy.

Let S € Cw be some extremal element in Cy of the third kind in Theorem 4.22.
Then rank S = 4, rank R(S) = 3, rank R'(S) = 1 (cf. Theorem 4.41), and it follows from
Lemma 4.48 that rank p(S) > rank S = 4, rank R(p(S)) = 3 and rank R'(p(S)) = 1. We will
consider separately the cases of different rank of the restrictions p(S)[y, and p(S)|v;;-

Suppose first that p(S)|y, > 0 or p(S)|y,; > 0 for some indices 4,5 with i < j. Then,
there are some i, j € {1, 2,3} such that

ker [(o; @ a;)®? + (; ® a¢)®2] 2 kerp(.9),

where {«;} is the basis of V* dual to {e;}. By Corollary 3.32 this shows that p(S) is not
extremal in p(Cw ). We will from now on assume that rank p(S5)|v, < 2 and rank p(S)|y,; <1
for all ¢ < j.

The case where rank p(S)[y, = 2 and rankp(S)|y,; < 1 for all i < j will be treated in
Proposition 4.50 below, where we show that such p(S) is not extremal.
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Finally, suppose that rank p(S)|y, = 1 and rank p(S)|y,, < 1. Since rank p(S) > 4, this
implies rank p(S)|y,; = 1, for all 4, j. We show that this is impossible for S as above. To see

3
this, we observe that for p(S) € CV(Z,Q satisfying rank p(S)|y, = 1 = rank p(5)|y,; for all i < j,
there must be \; # 0, ¢ = 1, 2, 3 such that

3 ®2
p(S) = (Z )\Z Oéi®2> + Z |)\z)‘]| (Oéi ® Qj + sgn()\i)\j) (&%} ® Oéi)®2.
=1

1<J

If \jA; > 0 for all 4,5 € {1,2,3}, then we observe that R'(p(S)) = 0, which is impossible as
we must have rank R'(p(S)) > 1. If there is some pair ¢ < j such that A\;\; < 0 there must
be precisely two such pairs and we find rank R(p(S)) = 2 (as rank p(S) = 4), in contrast to
rank R(p(S)) = 3. This completes the proof. O

Proposition 4.50. Let S € Cy be an extremal element of the third kind in Theorem 4.22.
Suppose furthermore that rank p(S)|y, = 2 and rank p(S)|v,; <1 for alli < j. Then p(S) is
not extremal in p(Cy ).

Proof. We will first show that we must have rank p(S)|y,;, = 1 for every pair i < j. Indeed,
recall that by Theorem 4.41 every inelastic extremal element S in Cy has rank R(S) = 3,
ker R'(S) = 2 A V for some 2z € V\{0} and z v V n ker S = {0}. If there was some pair
i < j such that p(S)[y,;, = 0 (there can be at most one such pair since rankp(S) > 4),
then we would have {e; v e;,e; A e;} < kerp(S) and hence also {e; v ej,e; A ej} < ker S.
Moreover, by Lemma 4.48 and the properties of S we know that rank R(p(S)) > 3 and
rank R'(p(S)) = 1, hence rank R(p(S)) = 3 and rank R'(p(S)) = 1, as we assumed that
rank p(S) = 4. In particular, for the unique k € {1,2, 3} such that i # k # j, we must have
ei ney € ker p(S) or e; A ey € ker p(S) (here we have used that the kernel of p(S) is the sum of
the kernels of its restrictions to Uy, Uiz, Uiz and Usz). Hence, either {e; A V,e; v ej} c ker S
or {e; A V,e; v ej} < ker S, a contradiction.

Next, we observe that in the case where rank p(S)|y, = 2, rank p(S)|y,, = 1 for all i, j,
there are some linearly independent vectors (\;), (u;) € R3\{0} such that

3 ®2 3 ®2
p(S) = (Z i ai®2> + (Z i a?2>
=1 i=1

+ Z ‘)\i/\j + ,ui,uj| (Oci ®a; + sgn()\i/\j + ,ui,uj) a; ® Ozi)®2 .

1<j

Note that since rank p(S)|y,; = 1 for all pairs i < j, we must have A\;\; + pip; # 0.
Case 1: If sgn(A;A;) = sgn(AiA; + pip;) for all ¢, j, we note that

3 ®2
T:= (Z i Oéi®2> + Z |)\Z)\]| (o; ® a; + Sgn()\i)\j) a; & Oéi)®2
i=1 1<j
satisfies ker ' 2 kerp(S). Since T € p(Cy ) this shows that p(S) is not extremal in p(Cyy).
In the case where sgn(uip;) = sgn(M\A; + pip;) for all 4, 5 it follows similarly that p(S) is
not extremal.

Case 2: Now suppose that \; # 0 and p; # 0 for all ¢ and that there are ¢ # j,k # [l €

{1,2,3} such that sgn(M\X; + pipj) # sgn(XA;) and sgn(pgpy) # sgn(AgA + prpe). Up to
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a permutation we will assume without loss of generality that these two pairs are (1,2) and
(1,3). Since we assumed that A;, p; # 0 for all ¢, we must have sgn(A Ao+ p1p2) = sgn(pip2)
and sgn(AA3) = sgn(AAg + pips). Then there is some ¢ > 1, such that for some pair
k <l we have A\gA; + t upy = 0 and, for the other pairs ¢,5 we have \;jA; + ¢ pip; = 0 or
sgn(AiA; + tpipy) = sgn(AiA; + pipj) (note that the pair (k,1) can be only (1,3) or (2,3)).
In particular, we find that

3 ®2 3
T, := <Z A ozl®2> + (2 \/Em oém)
i=1 i=1

+ 0 INAG F i (s @ o + sgn(Nidj + tapy) o @ )

1<j

®2

satisfies ker T; 2 ker p(S) and hence p(S) cannot be extremal in p(Cy).

Case 3: It remains to consider the case where there is some ¢ such that A; = 0 or p; = 0. If
only one of the )\; is non-vanishing, we may assume after relabeling that Ay # 0, Ao = 0 = A3.
But then it follows that ker a®* 2 ker p(S) and thus p(S) is not extremal. If only one of the \;
is vanishing, we assume after relabeling that it is A3. Then we know that sgn(AjAs+ pipus) =
sgn(p1ps) and sgn(AeAs +pops) = sgn(pzps). If also sgn(pipz) = sgn(AAz+p1p2), we are in
case 1 above and we already know that p(S) is not extremal. If sgn(uqpe) # sgn(A Ao+ 1 p2)
then since AjAg + iy g # 0, we must have sgn(AA2) = sgn(Aj A + pip2). But then it follows
that

3 ®2
T := (Z i 0%‘@2) + Z A (0 ® aj + sgn(Xi))) o @ a;)®*

i=1 i<j

satisfies ker ' 2 kerp(S) and hence S is not extremal. The case where p; = 0 for some
i € {1,2,3} works analogously. O

Remark 4.51. In the appendix of [Li+21], a classification of all extreme rays of the cone of

Z3-invariant amplitudes is given. Theorem 4.49 can then alternatively be proved providing

explicit elastic extremal elements in Cyy projecting to the extremal elements in the classifi-
3

cation result of [Li+21]. More precisely, in [Li+21], it is shown that if T' € C‘% is extremal

3
in C%‘? then either there is some p € R, ¢ # j such that

T=p[(a ® aj)®* + (a; ®ai)®2]

or for some ();) € R3\{0} we have

3 ®2
T - (Z A ai®2> + ) iy (@i ® @ + sgn(hiy) o © ai)®2.
i=1

i<j

In the first case T' is obviously the projection of an elastic extremal element in Cyy.
Moreover, if in the second case only one of the ); is non-vanishing, then clearly T = Moz?‘l
for some i € {1,2,3}, which again means that it is the projection of an elastic extremal
element in Cyy.

Now suppose that there is precisely one i € {1,2,3} such that A\; = 0. We may assume
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without loss of generality that A3 = 0, A Ao # 0. If Ay Ao > 0 then we observe that

(\/P\TalﬂL |A2| a2) 4)

If A9 < 0, then we set

Q= 4/ ’)\1 a1 + |)\2 a9, ﬁ = |)\1‘ a1 — ‘)\2| a9

and observe that

T =p((avB)® +(anB)).

Finally we suppose that \; # 0 for all ¢ € {1,2,3}. Then either \;\; > 0 for all 4, €
{1,2,3} and in this case we find

( A/ |)\1 a1 + A/ ‘)\2 a9 + ’)\3 a3)®4)

or A\;Aj < 0 for precisely two pairs ¢ # j. In the latter case we may assume that A, A2 > 0
and A3 < 0. Then for

o= \/)\»10414—\/)\»20424-\/—)\30% B = \/)\»1041‘*‘\/)‘»20‘2_\/_7)‘30‘3

we find
p(S) =p((av B+ (arp)®).

4.5.3 SO(2)-invariant amplitudes

Given some basis {ej, e2,e3} of V, we will consider the subgroup SO(2) < O(3) given by
rotations with axis eg and its action on W*. In the following, we will show that the cone
(C{,"V)SO(Q) is completely described by the elastic bounds.

Theorem 4.52. Let M € (W*)SOR). Then M € C, if and only if it satisfies the elastic
bounds.

Proof. We show that every element in (W*)3°® is contained in (W*)Z2. First, we observe
that since every four-tensor is invariant under the action of —1 € O(3) and since every

-1
M e (W*)S9() is in particular invariant under the action of ( 0 L (1)), we find that every
M e (W*)59() ig invariant under the action of Q3 in Section 4.5.2.
In order to see that M € (W*)So(z) is also invariant under the action of @1 and )2, we

observe that the condition that M is invariant under the infinitesimal rotation ;3 € s0(2)
50(3) around e3 translates to the condition

3
0= Z ijkl €ip3 T Mipkl €jp3 + Mijpl €kp3 T Mzgkp €lp3 (4.19)
p=1

for every i,7,k,l € {1,2,3}. Writing out equation (4.19) for i = j =k =1 =1, we find

0 = Ma111 + Mi211 + My121 + Mi112 = 4 Mi112,
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where we used the symmetries of W* in the last step. Similarly, applying (4.19) for i = j =
k =1=2, we find that Mj22 = 0. Moreover, for i = j = 1, k = | = 3, equation (4.19) yields

0 = Mai33 + Mi233 = 2 My933

and, similarly, choosing i = k =1 and j = [ = 3 in (4.19) yields Mj323 = 0. Since we already
know that M is invariant under @3, we conclude that M;;;; must vanish, if the index 1 or 2
appears an odd number of times. Thus, M is also invariant under the action of ()1 and (2
and therefore M € (W*)%. The statement follows now from Theorem 4.49. O

4.6 Beyond dimV =3

Starting from dim V' = 4 understanding the extremal elements of Cy becomes significantly
harder. One reason for this is that the dimension of W increases rapidly with the dimension
of V' (cf. Corollary 4.6). Another reason is that our proof of Theorem 4.22 relies very heavily
on the fact that when dim V' = 3, every non-trivial element of A2V has rank one and can
therefore be written as x A y for some z,y € V\{0}.

A more fundamental issue that arises for dim V' > 3 is that there will be extremal elements
of Cyr » Sym* V* of rank larger than one. In the case dim V' = 4, Theorem 3.42 tells us that
the extremal elements in Cy n Sym® V* of larger rank are contained in a rational projective
variety. However, being 24-dimensional and of degree 28 314, this projective variety is already
very complicated. Therefore, proving a full classification result like in Theorem 4.22 that
gives explicit parametrizations of all possible kinds of extremal elements of the full cone Cy
does not appear to be a feasible task.

On the other hand, the extremal elements described in Theorem 4.22 thought of as four-
tensors on a three-dimensional subspace of a higher-dimensional vector space V, still give
rise to extremal elements of Cyy. In particular, the extremal elements of the third kind in
Theorem 4.22 give rise to an explicitly parametrized set of inelastic positivity bounds on
scattering processes involving four or more flavors.

Other possible future directions are a more systematic exploration of the difference be-
tween the elastic versus the full positivity bounds, or studying positivity bounds for more
general scattering processes such as n-to-n for n > 2 (see e.g. [CRS18]).
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Chapter 5

Generalized Complex Geometry

In this preliminary chapter, we will review some background on (generalized) complex ge-
ometry needed in Chapter 7 and 8. First, in Section 5.1 we will fix some notation and
briefly recall relevant formulas and results from complex geometry needed for Chapter 7. In
Section 5.2, we will introduce Courant algebroids. We will also recall the standard forms
for exact and transitive Courant algebroids as well as the shape the group of autoequiva-
lences takes in this standard form. Finally, in Section 5.3, we will define generalized complex
structures and recall how to describe deformations of generalized complex structures. More-
over, we will show that the Lie algebroid complex of a generalized complex structure on a
transitive Courant algebroid is elliptic as well as some formulas needed in Chapter 8.

This chapter does not contain any original results except for the ellipticity of the said
Lie algebroid complex (cf. Proposition 5.44) and the identities in Lemma 5.37, which to our
knowledge have not appeared in the literature before. The proof of Proposition 5.44 is by a
simple extension of an argument by Gualtieri [Gua03; Guall].

5.1 Complex structures

Let M be a smooth manifold. Recall that an almost complex structure is an endomorphism
J € T'(M,EndTM) such that J?> = —id. Given an almost complex structure .J on M,
the complexified tangent bundle decomposes into the i- and —i-eigenbundles of J, which we
denote by T19(M, J) and T%'(M,.J), respectively. This gives rise to a bigrading on forms.
We will denote the (p, ¢)-bundles with respect to J by AP4(M, J) and, for some open subset
U < M, we denote the smooth (p, g)-forms on U with respect to J by AV (U).

Recall that an almost complex structure is called integrable or a compiex structure if its
+i-eigenbundles are integrable in the sense that they are closed under the Lie bracket of
vector fields. Recall furthermore that this is equivalent to any of the following

o TYO(M,J) is integrable;

_ B o . AP p+lg 7 ._ . APY p,g+1,
o d=0+0, where 0 :=pr,  od: Ay ; — Ay, 7", 0:=pr,, od: Ay, — Ay

. 02 =0;
e Nj =0, where N; denotes the Nijenhuis tensor of J.

By the Newlander—Nirenberg theorem an almost complex structure J on a smooth manifold
M is integrable if and only if it comes from a holomorphic atlas on M. In this case we will
call (M, J) a complex manifold.

80
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Finally, recall that for a complex structure .J, the bundle 7%°(M, J) is a holomorphic
vector bundle, i.e. a complex vector bundle with biholomorphic transition functions, called
the holomorphic tangent bundle. Given any holomorphic vector bundle £ — M on a complex
manifold, we denote the space of (p, ¢)-forms with values in E by Aﬁ’j{ ;U E).

In the following and later on in the text, we will often fix a manifold M and consider the
gradings with respect to a fixed complex structure J. We will then often omit writing M
and .J and instead denote e.g. T1O(M, J) = THO0, AP4(M,.J) = AP4, A%J = AP etc.

This section is structured as follows: In Section 5.1.1, we will define a bracket on forms
with values in the holomorphic tangent bundle and discuss some formulas for this bracket
and the Dolbeault differential. In Section 5.1.2, we will see how deformations of complex
structures can be described via (0, 1)-forms with values in the holomorphic tangent bundle
and we will introduce the notion of a locally complete family of complex deformations. Fi-
nally, in Section 5.1.3, we will recall some results from Hodge theory on compact Hermitian
manifolds.

5.1.1 Forms with values in the holomorphic tangent bundle

In the following, we fix a complex manifold (M, .J) and consider (p, q)-forms with values in
the holomorphic tangent bundle. Recall that the Dolbeault differential 0 of a holomorphic
vector bundle £ is the unique C-linear operator d: AP4(E) — AP+ (E) such that 0% = 0
and which satisfies the Leibniz rule dg(fs) = (0f)s + f 0ps. We will denote the Dolbeault
differential of 719 by .

Furthermore, we define a bracket

[,-]: APP(TH0) x A%9(TH0) — AOP+a(T10)

by applying the wedge product on the form parts and the complexified Lie bracket on the T0-
parts. More precisely, in local coordinates, we may write o = dz! ® a 70, B = dZE®p IQ&;,
where |I| = p, |K| = ¢, and obtain

o, 8] = dz' A dZ" ®[a];, Bcl],

where we used multi-index notation and the Einstein convention. The bracket can be defined
more generally on (p, ¢)-forms. The following lemma lists some properties of the bracket and
Dolbeault differential:

Lemma 5.1 ([KNS58)). Let U = M, ¢ € A%P(U, TY), o € A%(U, T1O), ne A% (U, TH).
Then

1. [%"L/f] = (_1>pq+1[w7§0];
3. (=1 [, [¥n]] + (=1)P1 [, [n, @]l + (=1)"" [n, [0, 9] = 0.

We will furthermore need the following explicit formulas for the brackets and Dolbeault
derivatives of 0- and (0, 1)-forms with values in 79, which can be directly computed using
the local expressions.

Lemma 5.2. Let ¢ € A%! (M, TLO), ce A (M, TLO), X, Yel (M, To’l). Then
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1. 06(X) = pryo[ X, €];

2. 0p(X,Y) = pry o[ X, (V)] = pri o[V, o(X)] — ([ X, Y]);

3. [, €)(X) = [p(X), €] — ¢ (proa[X.€]);

4 (o, (X, Y) = 2[p(X), (V)] = 2¢ (pro,1 [¢(X), Y]) = 20 (pro [ X, o(Y)]).

5.1.2 Deformations of complex structures
Let now (M, J) be a compact complex manifold.

Definition 5.3. An almost complex structure J’ on M has finite distance to J if there exists
some ¢y € A% (M, T10) such that for every p e M

TOJ(J/)p = {—¢J/(Xp) +X,: X, € Tg’l} .

Conversely, given ¢ € A% (M, T'?), we can define an almost complex structure J, on
M with finite distance to J if the subbundle

Ly={-¢(X)+ X : XeT"} cT¢
satisfies the condition
(Ly)p 0 (Ly)p = {0} Vpe M. (5.1)
Then ¢ defines an almost complex structure on M via T%!(J,) := L,. For small enough
¢ € A%Y(M, T'0) the condition (5.1) is always satisfied.

Definition 5.4. We will call a section ¢ € A% (M, TH0) satisfying (5.1) an almost complex
deformation of the complex structure J.

It was shown in [KNS58] that the condition of the deformed structure to be integrable
translates into a partial differential equation:

Theorem 5.5 (Equation (3’) in [KNS58]). The almost complex structure J,, obtained from
a complex structure J and an almost complex deformation ¢ € A% (M, T') is integrable if
and only if

op — 3le. 0] = 0. (5.2)

Definition 5.6. An almost complex deformation ¢ is called a complex deformation if it
satisfies equation (5.2).

Remark 5.7. Note that above we adapted Kuranishi’s convention of defining L, to be the
graph of —¢ (thought of as a homomorphism from T%! to T19). Alternatively, we could
have chosen a different convention, where L, is defined to be the graph of ¢. In this case,
the sign in front of the second term of (5.2) changes.

Definition 5.8. A (smooth) family of almost complex deformations of a complex structure
J is a smooth map

p: S — APL(M, T
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for some open neighborhood S of 0 in some finite-dimensional vector space such that ¢(0) = 0
and such that for every s € S, the form ¢(s) satisfies condition (5.1). Smoothness is defined
here as smoothness of ¢ considered as a map M xS — A%!T*RT0. The family {¢(s) : s € S}
is a (smooth) family of complex deformations if in addition for every s € S, the form ¢(s)
satisfies equation (5.2).

The group of diffeomorphisms acts on the space of almost complex structures. We will
see in Section 7.1 that for a diffeomorphism f with small enough one-jet, its action on an
almost complex structure J, with finite distance from J has again finite distance from J and
we will denote the corresponding almost complex deformation by f-p. We will consider two
(almost) complex deformations related in this way by a diffeomorphism as equivalent.

Definition 5.9. We say that a family of complex deformations ¢': §" — A% (M, T1Y)
is obtainable from the family of complex deformations ¢: S —> A%L(M, T10) if there is a
smooth map 7: § — S such that 7(0) = 0 and a family of diffeomorphisms {fy }ycg of M
depending smoothly' on s/, with fy = idys such that for every s’ € S’

Definition 5.10. A family of complex deformations {¢(s) : s € S} is called locally complete
(or wersal [AGV12]) if for every family of complex deformations the restriction to some
neighborhood of 0 is obtainable from {p(s) : s € S}.

Remark 5.11. In [Kur65], Kuranishi instead defined the notion of complex analytic families
of deformations, where S is allowed to be an analytic set in some open neighborhood in a
finite-dimensional complex vector space and the family ¢(s) should depend holomorphically
on s € S in an appropriate sense.

5.1.3 Hodge theory for compact Hermitian manifolds

Let now E be a holomorphic vector bundle over a compact complex manifold (M, J). We
fix a Hermitian metric on M and a Hermitian bundle metric on E. These induce Hermitian
bundle metrics (-, -) on AP? ® E. We define a Hermitian product on the spaces APY(M, E),
via

(@)= | apvol

where vol denotes the metric volume form. B
Let 0* be the formal adjoint of the Dolbeault differential ¢ of E with respect to (-,-). We
denote by

As = 00% 4+ 80
the Laplace operator and by

HE(M,E) = {ae AH(M,E): da = 0= 0%} = {a e A¥(M,E): Aza = 0}
HPU(M,E) := {a € API(M,E):da =0=d*a} = {ae AP (M, E): Aza = 0}.

'Here we endowed the diffeomorphisms with the Whitney C®-topology or, equivalently, the topology
defined by the local charts introduced in Section 6.3.1.
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the spaces of harmonic forms.

Theorem 5.12 (Hodge decomposition, see e.g. [Wel07]). There exists a natural orthogonal
decomposition

APUN, E) = 0APTY(M, E) @ HPI(M, E) ® 0% AP91 (M, E).

Moreover, the canonical projection HP4(M, E) — HP4(M, E) onto the Dolbeault cohomology
is an isomorphism.

We denote by pry : A* — H* the orthogonal projection and by Gz: A®* — A® the Green’s
operator satisfying

imGj3 = kerpry, kerGz =impry, pry+GzA;=id.

Furthermore, we define the operator Qz := 0% Gz. We will frequently use the following
standard identities (see e.g. [Wel07]).

Proposition 5.13. The operators pry, Gz and Q3 satisfy
1. G32=2Gs, G38* = 2% Gs;
2. pry +0Qs+ Qa0 = id;

3. Q% =0%*Qz = Q30" = pry Q3 = Qapry = 0.

5.2 Courant algebroids

Generalized complex structures are defined as special endomorphisms on Courant algebroids,
vector bundles equipped with extra data. In Section 5.2.1, we will state the precise definition
of a Courant algebroid, discuss some basic properties and define the notion of an autoequiv-
alence of a Courant algebroid. In Section 5.2.2 and 5.2.3, we will focus on the special classes
of exact and transitive Courant algebroids, respectively. We will see that these can always
be brought to a standard form via Courant algebroid isomorphisms. We will also discuss the
shape that the autoequivalences take in the standard form.

5.2.1 Definition and basic properties of Courant algebroids

We will now introduce the notion of a Courant algebroid.

Definition 5.14. A Courant algebroid on a manifold M is a vector bundle £ — M equipped
with a non-degenerate symmetric bilinear form (-, -) € I' (Sym? (E*)) (called the scalar prod-
uct), a bilinear operation [-, -] (called the Dorfman bracket) on the space of smooth sections
I'(E) of E and a homomorphism of vector bundles 7 : £ — T'M (called the anchor), such
that the following conditions are satisfied: for all sections u,v,w € I'(F),

L. [u’ [U> w]] = [[uv v]? U}] + [Uv [uv w]]a
2. m(u){v,w) = {Ju,v],w) + (v, [u,w]),
3. {u,v] + [v,u], w) = w(w){u,v).
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The following consequences are well-known.

Proposition 5.15. The bracket and anchor of a Courant algebroid E — M satisfy the
following:

1. [u, fo] = w(w)(f)v + flu, v],
2. mlu,v] = Ly (m0),
for allu,v e I'(E), fe C*(M).
Definition 5.16. A Courant algebroid E is called
1. tramsitive if the anchor map n: E — T M is surjective;

2. exact if the following sequence is exact
0—T*M =5 E 5 TM — 0.

Definition 5.17. An equivalence of Courant algebroids between Courant algebroids (E7, 7,
[, -]1,(, 1) and (E2,ma, [+ ]2,{:,)2) over the same base manifold M is an equivalence of
vector bundles F': B} — Ey covering a diffeomorphism f such that for all u,v € T'(M, Ey)

dfom =mgoF
(u,vp10 f =(F(u), F(v))2
F([u,v]1) = [F(u), F(v)]2.

An autoequivalence of Courant algebroids is an equivalence from a Courant algebroid to itself.
An automorphism of Courant algebroids is an autoequivalence covering the identity.

For Courant autoequivalences, the first property in Definition 5.17 follows from the second
and third.

Definition 5.18. Let E be a Courant algebroid. A derivation of E covering X € X(M) is
an endomorphism D € End(I'(M, E)) such that

D(fu) = fDu+ (Lx f)u,

Xy =D, ) +{D)

D[] =D ]+ [, D]
Particular examples of derivations are the maps ad(u) := [u,-] covering 7(u) for some
u € I'(M, E). The derivations of a Courant algebroid form a Lie subalgebra of EndI'(E),
which we denote by Der(E). If D, is a derivation covering X; and D5 is a derivation covering

Xo, then [Dy, D3] covers Lx, Xo. The subalgebra ad I'(E') < Der(E) is called the Lie algebra
of inner derivations.

5.2.2 Splittings and autoequivalences of exact Courant algebroids

Recall that a Courant algebroid (E,m,[-,-],{:,-)) over a manifold M is called exact if the
sequence

0—T*M ™5 E " TM —0 (5.3)
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is exact.

Exactness of (5.3) forces the scalar product of E to be of split signature. By choosing
an isotropic splitting of the sequence (5.3), every exact Courant algebroid can be brought to
the following standard form:

Proposition 5.19. FEvery exact Courant algebroid is isomorphic to the generalized tangent
bundle E = TM @ T*M with anchor map the canonical projection to TM, scalar product
defined by

X +0a,Y + ) = 3(a(Y) + B(X))
and with Dorfman bracket given by
[X+a,Y +8]=LxY +Lxp—yda+ HX,Y,),

where H € Q3(M) is a fived closed three-form, X,Y € T(TM) and a, B € T(T*M).

Different choices of isotropic splittings are related by the action of some two-form B €
QZ(M) acting on TM @ T*M via
id B
Fp = (0 id) '

Such an action of a two-form B is called B-field transformation. The three-form H defining
the Dorfman bracket in the new splitting is given by H = H + dB. In particular, the
isomorphism class of a Courant algebroid is completely determined by the Severa class [H] €
H3; (M) and closed B-field transformations give rise to automorphisms of an exact Courant
algebroid. In fact every automorphism of an exact Courant algebroid is a closed B-field
transformations.

In order to describe autoequivalences covering a diffeomorphism f: M — M we consider
the lift of f to TM @ T*M given by

d 0
Fy:= (({ df1*>.

Then Fy g := FyFp is an autoequivalence if and only if H — f*H = dB. Every autoequiva-
lence of an exact Courant algebroid can be expressed in this form.

Proposition 5.20 (Proposition 2.2 in [Gua03; Guall]). Let F' be an orthogonal equivalence
of the generalized tangent bundle preserving the H-twisted Courant bracket and covering a
diffeomorphism f: M — M. Then F' = F;Fp for a unique 2-form B € O%(M) satisfying
H— f*H = dB.

We conclude the following:

Theorem 5.21. Let E be the generalized tangent bundle with H-twisted Dorfman bracket.
Then its group of autoequivalences is given by

Auteq(E) = {Fyp: H— f*H = dB}
with multiplication given by

Ff7BFf/7B/ == Ff/l7B/l7
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where f" = fo f' and B" = B' + f"*B

We will also denote the group of autoequivalences of the generalized tangent bundle with
H-twisted Dorfman bracket by Auteq(TM, H). This gives rise to the group of autoequiva-
lences of an arbitrary exact Courant algebroid E with Severa class [H]: It is obtained by
conjugating the group Auteq(TM, H) with the Courant algebroid isomorphism from FE to
(TM, H).

5.2.3 Bisections of transitive Courant algebroids

We will see that similarly as in the case of exact Courant algebroids, every transitive Courant
algebroid is isomorphic to a standard transitive Courant algebroid. Before we can state this,
we need to introduce some notation.

Let (G — M,{-,)g,[", ]g) be a bundle of quadratic Lie algebras, i.e. a vector bundle
G — M with a scalar product (-, -)g and a Lie bracket [, -]g on each fiber such that for every
pe M and XY, Z € G, we have

<[X7 Y]g, Z>g + <Y7 [X7 Z]g>g = 0.

We denote by O(G) the group of orthogonal equivalences of G, i.e. vector bundle mor-
phisms covering a diffeomorphism which preserve the scalar product of G. Moreover, we
denote by Auteq(G) the group of autoequivalences of G, i.e. vector bundle morphisms cover-
ing a diffeomorphism, which preserve the Lie bracket and scalar product of G. We denote
by Aut(G) the group of automorphisms, i.e. autoequivalences covering the identity.

Moreover, we denote by QP(M,G) the p-forms with values in G. We define the map

A DG QP (M, G) x QI(M,G) — QPFTI(M)

via
1 g
<A A B>Q(X17 -~-7Xp+q) = ]Tq' Z (_1)‘ |<A<XU(1)7 ~--7Xa(p))aB(Xa(p+1)7 ---:Xa(p+q))>g
" 0ESpig
and the map
[, ]g: Q°(M,G) x Q1(M,G) — QPT(M,G)
via
1 g
[A7B]Q(X17“'7Xp+q) = ]Tq, Z (_1)‘ I[A(XU(1)7 --~>Xa(p))7B(Xa(p+1)7 -~-7Xa(p+Q))]Q-

0ESp+q

For A € QP(M,G) we furthermore define ada € QP(M, End G) via
ada (X1, ..., Xp)(r) = [A(X, ..., Xp), r]g.

An autoequivalence v € Auteq(G) covering f € Diff (M) acts on the sections I'(M, G) via
v-r=voro f~land on forms A € QO*(M,G) via

(- A) (X1, X)) = v (A(df T X0, o df X))
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Furthermore, given a connection V on G, the autoequivalence v acts as
(v-V)xr=v- vf*flx(l/_l -1),
where f.X = df o X o f~! denotes the push-forward.

Definition 5.22. A standard transitive Courant algebroid S[V,R, H| over a manifold M is
a transitive Courant algebroid whose underlying vector bundle is TM @ G ® T*M for some
bundle of quadratic Lie algebras (G, [, ]g,{:,-)g) with anchor map the projection to TM,
inner product

(X +r+a,Y +s+ ) =3(aY) + B(X)) +<(r,s)g

and Dorfman bracket depending on H € Q3(M),R € Q?(M,G) and some connection V on
G satisfying the conditions

X{r,s)g = (Vxr,8)g +(r,Vxs)g
Vx[r,s]g = [Vxr,s]g + [r, Vxs]g
dyR =0

d% = adgr

dH = LR A R)g.

The various components of the Dorfman bracket are given by

r,s] = 2(s, Vr); + [r,s]g
a,r]=[r,a] =[a,5] =0

forr,seI'(G), X, Y e I'(TM) and o, f € T'(T* M).

Definition 5.23. A bisection of a Courant algebroid E is a Courant isomorphism from E
to a standard Courant algebroid.

Theorem 5.24 ([CSX13]). Every transitive Courant algebroid admits a bisection.

Remark 5.25. Explicitly, the isomorphism is given as follows: Let G := kerm/(ker m)*,
where the orthogonal complement is taken with respect to the scalar product of the Courant
algebroid E. Then it turns out that G together with the induced scalar product and bracket
is a bundle of quadratic Lie algebras. It was shown in [CSX13] that there exist

1. a vector bundle morphism A: TM — FE such that m o A = id and such that im X\ is
isotropic with respect to (-, ),

2. and a vector bundle morphism ¢: G — ker 7 such that prg oo = id such that imo is
orthogonal to im A with respect to (-, -).
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The isomorphism is then given by

TMO®GOT*M — E
X+r+a— AX)+o(r) + 3r%

Theorem 5.26 ([CSX13)). Let E be a transitive Courant algebroid, S[V, R, H] and S[V, R, H]
different choices of bisections of E. Then there is some v € O(G) covering the identity,
A € QY(M,G) and B € Q*(M), such that the isomorphism 0: S[V,R, H] — S[V,R, H]
describing the change of bisection is given by

id 0 0
0= voA v 0

Moreover, the data defining the different standard transitive Courant algebroids is related by

(V —ada)
(R-dYA + 1[A,A]g)

v -
v -

\Y
R
by

1
H—dB —2(A AR)g +(A ~AdVA)g — §<A A A, Alg)g.

An orthogonal equivalence v € O(G) of G covering a diffeomorphism f € Diff (M) defines
a vector bundle morphism F), from F to itself via

df
F, = v

(df =)

in the splitting E=TM @& GO T*M.
Given a two-form B € Q*(M) and a one-form A € Q'(M,G) with values in G we can
furthermore define vector bundle morphisms Fp and Fa from E to itself via

id 0 0 id 0 0
Fp .= 0 id 0 |, Fa:= A id 0
B 0 id —(A,A)g —2(A,-)g id

Note that F,,, Fp and Fa all preserve the scalar product {-,-) on F as well as the anchor
map. We will denote the morphism obtained by composing F,, Fa and Fp by

FV,A,B = FZ,OFAOFB.

The group O(E,m,{-,-)) of equivalences of E preserving the anchor map and the scalar
product is given by [Coul7]

O(E,m,{(,)) = {F,ap:ve0(G), Ae Q' (M,G), BeQ*(M)}.

The group of autoequivalences of F is the subgroup of elements in O(FE,w,{:,-)) that are
compatible with the Dorfman bracket of E. An explicit description is given in the following
theorem.
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Theorem 5.27 (Theorem 2.37 in [Coul7]). Let E be a standard transitive Courant algebroid.
Then the group of autoequivalences of E is given by

Auteq(E) = {F, o 5 :v € Auteq(G) covers f € Diff(M), A e Q'(M,G), B e Q*(M),
VZV'(V—adA),
R=v (R—dvA+i[A A]g),

H— f*H — dB +2(A A R)g — (A A dyAdg — %(A A A, Alg)g),
with the product
FoapoF, A p = Fuarpr,
where V", A", B" are given by

= l/l/l,
A=V A+ A
B'"=f*B+B +{/ - AnrA)g

and the identity element is ((idaz,0),id,0). The inversion map is given by
(v,A,B) — (1/_1, —v- A, —(f_l)*B)

Remark 5.28. Note that in [Coul7, Thm 2.37] there are some additional factors of 1/2
appearing. This is due to a different convention for the scalar product of a standard transitive
Courant algebroid. Moreover, we remark that the theorems stated above are special cases
of more general results in [Coul7; CSX13] for the class of regular Courant algebroids (i.e.
Courant algebroids whose anchor map has constant rank).

Like in the case of exact Courant algebroids, the group of autoequivalences of a standard
transitive Courant algebroid gives rise to a description of the group of autoequivalences of
an arbitrary transitive Courant algebroid E by conjugating with the isomorphism to FE.

Later, we will consider the following subclass of transitive Courant algebroids for which
the bisections take a particularly simple form.

Definition 5.29. A G-flat standard transitive Courant algebroid is a standard transitive
Courant algebroid such that G =~ M x RE is a trivial vector bundle with trivial Lie bracket
on the fibers and such that V is flat with trivial holonomy and R = 0. A transitive Courant
algebroid is called G-fiat if it is isomorphic to a G-flat standard transitive Courant algebroid.

Proposition 5.30. If S(V,R, H) is a standard G-flat transitive Courant algebroid, then H
is closed.

Proof. This follows from the condition that dH = 3{R A R)g = 0. O

5.3 Generalized complex structures

In this section we will introduce generalized complex structures. First, in Section 5.3.1,
we will state their definition and show that it encompasses both complex and symplectic
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structures as special cases. We will see that every generalized complex structure is associated
with a Lie algebroid L. In Section 5.3.2, we will see how deformations of a generalized
complex structure can be encoded into forms ¢ € T'(M, A2L*).

We will moreover introduce the Schouten bracket and Lie algebroid differential of a Lie
algebroid, which are relevant to study the integrability of the deformed structure. We will also
discuss some formulas for the Schouten bracket and Lie algebroid differential of a generalized
complex structure. In Section 5.3.3 we will introduce the notion of a locally complete family
of generalized complex deformations.

Finally, in Section 5.3.4 we will take a closer look at the complex defined by the Lie
algebroid differential of a generalized complex structure. We will see that for generalized
complex structures on transitive Courant algebroids this complex is elliptic. For generalized
complex structures on transitive Courant algebroids over compact manifolds, we will recall
some results and formulas from Hodge theory.

5.3.1 Definition and examples of generalized complex structures

We will now state the definition of a generalized complex structure.

Definition 5.31. A generalized almost complex structure on a Courant algebroid F — M
is an endomorphism field J € I'(End E) such that J2 = —id and such that J is skew-
symmetric with respect to the scalar product of E. It is called integrable or a generalized
complex structure if the subbundles L(J), L(J) of Ec given by the +i- and —i-eigenspaces
of J are involutive with respect to the Dorfman bracket.

An equivalent definition of a generalized complex structure on a Courant algebroid can
be formulated directly in terms of the subbundle L ¢ FE¢:

Definition 5.32. A generalized almost complex structure on E is a maximally isotropic
subbundle L c E¢ of the complexification E¢ of E such that Ec = L@ L. A generalized
almost complex structure is called integrable or a generalized complex structure if it is closed
under the Dorfman bracket.

Given a generalized complex structure L, note that it follows from the third axiom in
Definition 5.14 and the fact that L and L are isotropic that the restriction of the Dorfman
bracket to L and L, respectively, is in fact anti-symmetric. As a consequence, the bundles L
and L together with the restrictions of 7 and the Dorfman bracket of E form Lie algebroids.

As the name suggests, generalized complex structures are generalizations of complex
structures, as the following example shows.

Example 5.33. Let (M, J) be an almost complex manifold. Then the endomorphism

Jj = (g _OJ*> e '(M,EndTM)

defines a generalized almost complex structure on the generalized tangent bundle of M. The
generalized almost complex structure J; is integrable with respect to [-, ]y for H € le(M )
if and only if J is integrable and H is of type (1,2) + (2,1).

Further examples of generalized complex structures are symplectic structures.
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Example 5.34. Let w be a non-degenerate two-form on M. We think of w as a map
w: TM — T*M, X — w(X,-) and denote by w™': T*M — TM its inverse. Then the
endomorphism

-1
Jo 1= (0 “ ) e I'(M,End TM)
w 0

defines a generalized almost complex structure on the generalized tangent bundle of M. The
generalized almost complex structure J,, is integrable with respect to [-, -]y for H € Q3(M)
if w is closed and H = 0.

5.3.2 Deformations of generalized complex structures

Let L be a generalized complex structure on some Courant algebroid F. Every maximal
isotropic having trivial intersection with L is described as the graph of some homomorphism
¢: L — L satisfying {pu,v) + {(u, vy = 0 for all u,v € T'(L). After identifying L =~ L* via
the scalar product {-,-) of E, we may also think of such ¢ as a form ¢ € I'(M,A2L*) and
the new isotropic is given by

L,:=(14+¢)L={u+t,p:uel}

The isotropic L, will be a generalized almost complex structure if and only if L, @f@ = FE¢.
Since this is an open condition, it will be satisfied for every o € I'(M, A2L*) in a small enough
(C-)neighborhood of zero. We will call such ¢ a generalized almost complex deformation.

Remark 5.35. Note the different sign in front of the form ¢ as compared to our convention
for (classical) complex deformations in Section 5.1.2. The reason why we chose the different
sign conventions is that, while in Section 5.1.2 we adopted Kuranishi’s convention, here we
follow Gualtieri’s convention. Gualtieri’s convention has the advantage that we can interpret
L, as the graph of ¢.

Next, we will study under which conditions the deformed generalized almost complex
structure L, is integrable. Before stating the condition, we need to introduce a differential
and a bracket associated to the Lie algebroids L and L.

For every Lie algebroid L, we may define the Lie algebroid differential

dp: T(APL*) — (ALY
(dL@) (1o, -y up) = Y (= 1) () p (W, ooy iy ooy )

%
+ Z(—l)”jap([ui,uj'],uo, vy Uy ooy Wy cey U

i<j
for p € T(A*L*), and uy, ..., up € T'(L).

Lemma 5.36. Let L be a Lie algebroid. Then (I'(A*L*),dr) forms a differential graded
algebra, i.e. Ay, is a first order linear differential operator of degree one that satisfies

1. (dp)?=0
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2. dp(e A) = (dpp) A+ (=1)Pp A dpt for all p € T(APL*), ¢ € T'(AIL*).
Furthermore, for every Lie algebroid L the Schouten bracket
[,-]r: T(APL) x T(AYL) —> T(APTI71L)
is defined as follows: For uy, ..., up, v1, ...,vq € I'(L), we set

[U1 A oo A Up, U1 A o AL

= Z(—l)”j[ui,vj] AULA o Ay At Aty AVLA o ADj A A Vg
Z7j

ForueI'(L), f e C*(M), we set

[U;f]L = _[f7 U]L = W(U)(f)

Finally, we set

[u1 VANIRVAN up,f]L = (—1)p[f,u1 VANIRVAN up]L
= (=DP([f,ur]ug A o Aup —ur A [f,uz]us A oAy
Foo+ (1P ug A A [fup))

Lemma 5.37. Let L be a generalized complex structure. We identify L ~ L*. Then for
UcM, pe (U, APL*), ¥ e T'(U,AIL*), n e T'(U, A" L*) the following hold

1. [%T/J]L* = _(_1)(7)_1)((1_1)[1/’790]L*
2. [, [, nlee]nx = [[o, ¥]oe, m]ox + (—1)PDE D[ [0, 0] ] s

3. dL[Spvdj]L* = [deaw]L* + (_l)p—l[gp’ de]L*-

Proof. Properties 1 and 2 are general properties of the Schouten bracket. Property 3 follows
from the fact that L and L =~ L* form a Lie bialgebroid (see Theorem 2.6 in [LWX97]). O

We will now state the condition for integrability:

Theorem 5.38 (Theorem 6.1 in [LWX97]). The generalized almost complex structure L,
corresponding to a generalized almost complex deformation o € T'(M,A2L*) is integrable if
and only if p satisfies the Maurer—Cartan equation

dry + 3le, @l = 0. (5.4)
In this case ¢ is called a generalized complex deformation.

We will from now on drop the subscript L and L* of the Schouten bracket. In the
following we will collect some identities for generalized complex structures that will become
very useful in Chapter 8.

Lemma 5.39. Let L be a generalized complex structure. We identify L =~ L*. Then for
Uc M, p,¢ e (U A2 L*), £ e T(U,L*), u,v,w € T'(U, L) the following hold

1. de(u,w = _<[§7U]7U>
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2. dLQO(’LL, U, w) = <[ua ngp] + [LUSO’ U] — u,w]Ps w>

3. [907 5](”7 U) = <[Lu907 f] t Lpr, [¢u]Ps U>

[SO, SO/] (’U,, U7 'U)) :<[[/u§0; LUQO/] - [LU907 Lu‘PI]y 'UJ>
1
+ 3prp (0]~ ]~ [ng] o) P s W)
1
+ ey ([0~ [0 0]~ [0 ]+ [0 u]) P5 W)

in particular,
[901 90] (U, v, w) :2<[Lu90) Lv@]a ’LU> + <LprL([U,Lucp]—[Luap,v]—[u,bvcp]-i-[nga,u])Qpa w>

Proof. For the first equation, we plug in the definition of d; and compute

drg(u,v) = m(u)§(v) — m(v)§(u) — &([u,v])
= m(w){€,v) — (V)€ u) =& [u,v])
= ([u, €], v) = w(v){€, w)
= =& ul, v,

where we used the second and the third axiom in Definition 5.14.
Similarly, for the second identity, we compute

drp(u, v, w) = m(u) (p(v, w)) = (V) (p(u, w)) + m(w) (p(u, v))
= ¢([u, 0], w) + p([u, w], v) = (v, w], w)
() ewp, w) = (V) eusp; w) + T (W) Lup, v)
= (uw) s w) = (o [us w]) + s [0, w])
= ([, top] + [tup, 0] = tu)p w)-

Note that to show the third equation, we may assume that ¢ = n A ¢ for some 1,1 €
I'(U, L*). Using the definition of the Schouten bracket we compute

(7 A, &](u,v) = ([n,6] A ¥ = [¥,€] Am) (u,v)
= {[n, &l wX@p,v) — [, €], v){Y, w)
— ([, €], wym, vy + {[¥, €], v)Xn, w
= (=m( &) w) + n, [§, ul)) Y, v) + (w(€){n, v) — (0, [€,0])) (b, w)
+ ()<, uy — (i, [€ ul)) (i, v) + (=7 (E) s v) + (b, [€,v])) < w)
= (&) (=, b, v) + (n, )b, wy) +n A Y(prp[€, ul,v) —n A Y(prp[€,v],u).

Observing that

<[/’u(n A w)v 5]7 'l)> = <[<777 U>¢ - <¢7 U>77, f] ,'l)>
= —m(&) {n wp — (o wyn, v) + (Cn wp = (i, wpn, [€,0])
( ) ( <777u><¢av> + <na U><wa u>> nna 1/) prL[fv ]7 )

we obtain the third identity.
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For the last identity we may again assume that ¢ =n A ), @ =1 A’ for n,n', ¢, €
['(M, L*). We start computing

{ea(n A ), 0’ A g, w)

= ([, upp = by upn, o s o) — Q' oo’ |  w)

= 7(9) (', v)) W', w)n, uy — w() (W 0)) (ny wx(n' w)
—m(n) ({0, 0)) ', w)(ah, wy + m(n) (W, 0)) (s wydep, wy
— (") ({n,w)) <, w0y 4w () (3, w)) ny w)ln’, v)
+ (1) ((n,wy) b, w0y — 7 (n') (b, wp) n, wH{W', v)
+ (n, uplny’ vy [, '], w)y — w0y ([, '], w)
— W, w0y {n, '], w) + @, uy, vy, '], w),

where we used the Leibniz rule for the bracket (Proposition 5.15) in combination with the
skew-symmetry of the bracket when restricted to sections of the isotropic bundle L. Using
the second axiom in Definition 5.14, we find

<[LU(77/\¢> by 77 N ] w>

[0, 9T, 0) (n, wyop’ s wy + L[, ], uy py w0y + ([0, 4T, w) n, wpln’, v)

[, 77 s 0y (' wy(n, uy — ' ), wy (nywX' vy — (b, '], w) (n, u(y' v)
[, 9T, 0) (' s w) (o, uy — ([, ], wy (, wln’ s vy — ([, '], w) (o, up(n’, v)

— ' 0) &' w){ep, wy + 'l w) (p, wy', vy + ([, '], w) (i, up(y', v)

+ (' [, 0] s wyn, wy — (B [, 0] (npyup(n’, w)

— 'y [, 0]y s wyp, wy + (B [, v]) s w)lap, w)

— ([ ul) b, )’y vy + o, [, u] ) (n w0y

+ [y ul ), w) vy — o, [ ul ) (ny ws v).

=<
+<
+<

Therefore,

<[Lu(77 AY), Lv(77/ A ¢/)] ,w> - <[Lv(77 A1), Lu(n/ A ¢’)] ,w>
= ([, ¥'T A A 77 [, 0T A A — [T A An' + 0] A Ay (u,0,w0)
+ @ w) (O [, ], wy — (o [, ul X, v) — ' [, 01X, wy + < [, w] (o, )
— {0 w) (@ w v, uy — < [, ul )X, vy — & [, v]), ) + @ [, ul ), v))
+ @, w) (Cn, [, 0] sy — (o, [ uln's o) = oy [0, v DX wy + o, [ w] X v))
— (n,wy (¥, [¢ ]><77 uy — 1, W ul ), vy — @, [0, v uy + 0, [, u )W, v))

On the other hand, for any € € I'(M, L*), we have

bprp ([eu(nat) w]=[v,eu (nay)]) €

= <& [, wip, v] = [(4, upn, v]) = (e, [v, (n, W] — [v, <&, wn])

m(€) ((n, uXvh, v) — (b, u)n, v)) = 24e, [v, n, W] — [v, <Y, wnl)

= m(€) ({1, w)},v) = (P, uyxn, v)) — 2(n, w)<e, [v, Y]) + 2, w)<e, [v, n])

= (€) ({0, W}, v) — (Y, wn,v)) — 2(n, Wy m(e) (v, ¥)) + 2(¥, wy 7 (e€) ((v,m))
+2(n, w) e, [, v]) = 2, wy<e, [n,v]) .
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It follows that

LPTL([Lu(UAT/J)vU]—[UvLu(UM/J)]—[Lv(UAw)au]'f‘[uva(n/\?ﬁ)])e
= 2<777 ’LL> <€7 [wa U]> - 2<¢7 'LL> <6a [771 U]> - 2<777 U> <€7 [¢7 ’LL]> + 2<¢, U> <€7 [7% u]>

and hence

3 Cbor (u (18) 01— [ (A G)] [0 (1 8) ) + [t ) (1 A 2), 0
= (', [, vy wy — ' [, ] Y, w) — s [, w D, wy + o [, wl Y, v)) (' w)
— (@, [, v X uy — ' [, ul Xm0y — <O, [, v] )<, wy + (' [, ul )b, v)) nf ,w).

Putting everything together, we obtain

{eup, @'l = [top, tu], w)

t 5Ctr (00 0]~ Lol o] o) > W

+ 3pr ([0, 1~ [ 0]~ [0 T+ o)) £5 W)

= ([, T Anan =00 TAnAd =W T Av An + [0 A AY) (u,0,w)
= [0, ¢ (u, v, w).

5.3.3 Families of deformations

Next, we will introduce smooth families of generalized almost complex deformations. For
this, let S be an open neighborhood of 0 in some finite-dimensional vector space.

Definition 5.40. A (smooth) family of generalized almost complex deformations of a gen-
eralized complex structure L is a smooth map

@: S — T(M,A*L*)

such that ¢(0) = 0 and such that for every s € S, the form ¢(s) is a generalized almost
complex deformation. Like in the complex case, smoothness is defined as smoothness of
¢ considered as a map M x S — A%2L*. The family {¢(s) : s € S} is a (smooth) family
of generalized complex deformations if in addition for every s € S, the form ¢(s) satisfies
equation (5.4).

The group of autoequivalences Auteq(FE) of a Courant algebroid E acts on the space of
generalized almost complex structures GAC(E) on E via

pcac: Auteq(E) x GAC(E) — GAC(E)
(F,J)— F-J:=FoJoF %

If the (1-jet of the) autoequivalence F' is close enough to the identity in an appropri-
ate sense, then F' - J can be described by a generalized (almost) complex deformation
O(F) € T'(M,A?L*) of J (see Section 8.1.3 for more details). Similarly, given a general-
ized almost complex deformation ¢ € I'(M, A2L*) of J, for F close enough to the identity,
the generalized almost complex structure F'- 7, is again described by a generalized almost
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complex deformation O(F, ) € T'(M, A’L*). We will also denote F - ¢ := O(F, ). We will
consider two generalized complex deformations equivalent if they are related by the action
of some autoequivalence.

Definition 5.41. A family ¢': S’ —> I'(M, A2L*) of generalized complex deformations is
obtainable from p: S —> T'(M, A®2L*) if there is a smooth map 7: S’ — S such that 7(0) = 0
and a family of autoequivalences {Fy}yes depending smoothly? on s', with Fy = id such
that for every s’ € S’

o(1(s") = Fy - ¢'(5).

Definition 5.42. A family of deformations {¢(s) : s € S} is called locally complete if for
every family of deformations the restriction to some neighborhood of 0 is obtainable from

{o(s):se S}
5.3.4 The Lie algebroid complex of a generalized complex structure

Next, we will take a closer look at the Lie algebroid complex
dp: D(AFL*) — D(AFHIL™). (5.5)

We will see that if L is a generalized complex structure on a transitive Courant algebroid,
then this complex is elliptic. First, we will show the following Lemma:

Lemma 5.43. We denote by R: TMc — TM the projection to the real part of T Mc.
Suppose E is a transitive Courant algebroid with o generalized complex structure L < Eg.
Then the map

Rom: L -TM

18 surjective.

Proof. Recall that L ¢ Eg is the i-eigen-bundle of the generalized almost complex structure
J on E, which is given by

L={u—iJu : ue E}.
By the assumption that E is transitive, we obtain
Ronm(L)=n(E)=TM.
O

Proposition 5.44. If E is transitive, then the Lie algebroid complex (I'(A®L*),dy,) is ellip-
tic.

Proof. For o € T*M, the symbol is given by

Sa(dr) = prrs (7% a) A -

2Here we endow the autoequivalences with the Whitney C'®-topology. For the group of autoequivalences
of G-flat transitive Courant algebroids this is equivalent to the topology of the tame manifold structure
constructed in Section 8.1.2.
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We choose v € L and compute
prx (m¥a) (v) = (T*a,v) = aom(v).

Suppose « o 7(v) = 0 for all v € L. By decomposing the equation into real and imaginary
part and using Lemma 5.43, this implies that o = 0. In particular, this shows that the
symbol sequence is exact and therefore the complex (I'(A®*L*),dy) is elliptic. O

Corollary 5.45. Let L be a generalized complex structure on a transitive Courant algebroid
E — M over a compact manifold M. Then the cohomology H®(M, L) of the complex (5.5),
called Lie algebroid cohomology, is a finite-dimensional graded ring.

For the remainder of this section, we will assume that L is a generalized complex structure
on a transitive Courant algebroid £ — M over a compact orientable manifold M. We fix an
auxiliary Riemannian metric on M and a Hermitian bundle metric hy, on L. These induce
a scalar product (-,-) on I'(M,A*L*) via

(@.5) = | hufap) 1.
M
We denote by dj the formal adjoint of dy, with respect to (-, -) and define the Laplace operator
Ay :=dpd} +djdg.
Moreover, we denote by
H (M) := ker Ap|pnyarpsy = kerdp|pararps) O ker df |y arps)

the A-harmonic forms.

Theorem 5.46 (Hodge decomposition, see e.g. [Wel07]). There exists a natural orthogonal
decomposition

D(M,A*L*) = d D(M, AF1L*) @ HY (M) @ dED (M, AR LY.

Moreover, the canonical projection H% (M) — H*(M, L) is an isomorphism.
Definition 5.47. We define the orthogonal projection pry, : I'(M,A*L*) — Hj (M), the
Green’s operator Gr: I'(M,A*L*) — I'(M, A®L*), satisfying

im Gy, = kerpry,, kerGp =impry,, pry, +GrAp=id

and the operator Q := dj Gr.

Again, the operators satisfy the standard identities as in Proposition 5.13 for the case of
holomorphic vector bundles.

Proposition 5.48 (See e.g. [Wel07]). The operators pry, , G and Qp, satisfy
1. Gpdp =dp G, G dy =dj Gr;
2. pry, +dr Qp +Qpdr =id;
3. Qf =dj Qp = Qud} = pry, Qp = Qupry, = 0.



Chapter 6

Hamilton—Nash—Moser Theory

A typical analytic challenge that arises in moduli space problems in differential geometry
is that the linear spaces involved are usually spaces of smooth sections or functions, which
are not Banach spaces but only Fréchet spaces and the Lie groups involved such as the
diffeomorphism group of a manifold are not Banach Lie groups but Fréchet Lie groups. As a
consequence, the inverse function theorem and implicit function theorem for Banach spaces
are not applicable.

One way around this is the passage through Sobolev spaces. Another approach is to work
with Hamilton’s framework of tame Fréchet spaces and smooth tame maps. These form the
so-called Nash—Moser category, which enjoy the Nash—Moser inverse function theorem as well
as an implicit function theorem. For vector bundles over compact manifolds, the space of
smooth sections is a tame Fréchet space and the diffeomorphism group of a compact manifold
is a tame Lie group. Working in this framework thus allows us to remain entirely within the
smooth category throughout the proof, without the need to track different Sobolev spaces
or apply additional regularity arguments.

In this chapter we review the main concepts and results from Hamilton—Nash—Moser the-
ory that are required for Chapters 7 and 8. In Section 6.1, we will introduce tame Fréchet
spaces and smooth tame maps. In Section 6.2, we will state the Nash—Moser theorem and
Hamilton’s Nash—Moser implicit function theorem. We will also review some results on fam-
ilies of linear inverses, which are needed to apply the Nash—Moser theorem. In particular,
we employ the general theory to establish a specific result about families of operators in
Proposition 6.31 which is applied to the deformation family in Section 8.2.1. Finally, in Sec-
tion 6.3, we will introduce tame Fréchet manifolds and Lie groups and discuss the important
example of the diffeomorphism group of a compact manifold.

This chapter does not contain any original results except for Proposition 6.31, which
is a consequence of a general statement by Hamilton [Ham82] and the Hodge decomposi-
tion. A more specialized version of this Proposition has already appeared in the coauthored
preprint [CP26]. We also prove that the action of the diffeomorphism group on endomor-
phisms of the tangent bundle and the pull-back of differential forms are smooth tame. These
statements are known to the experts in the field but we could not find these proofs in the
literature, which is why we include them here.

99
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6.1 Tame Fréchet spaces and the Nash—Moser category

In this section, we will introduce tame Fréchet spaces and smooth tame maps which together
form the so-called Nash—Moser category. Tame Fréchet spaces are special kinds of graded
Fréchet spaces, which will be defined in Section 6.1.1. In Section 6.1.2, we will recall the
notion of smoothness for maps between Fréchet spaces and fix some notation. Finally, in the
Sections 6.1.3 and 6.1.4 we will introduce the notion of tameness for maps between graded
Fréchet spaces and define tame Fréchet spaces.

6.1.1 Graded Fréchet spaces

In this section, we will introduce graded Fréchet spaces. We will start recalling the definition
of a locally conver topological vector space.

Definition 6.1. A topological vector space F is called locally convez if its topology is induced
by a collection {| - |;}icz of semi-norms, in the sense that it is the coarsest translational
invariant topology for which the functions || - |; are continuous.

It follows that a sequence {f;} < F converges to f € F if and only if | f; — f[; — O for
all 4 € Z. It is easy to see that a locally convex topological vector space is Hausdorff if and
only if ||f|l; = 0 for every i € Z implies f = 0.

Definition 6.2. A Hausdorff locally convex topological vector space is called metrizable if
the collection of semi-norms inducing its topology can be chosen a countable collection.

Remark 6.3. Given a metrizable Hausdorff locally convex vector space (F,{| - ||; }ien) we
can define a metric on F via

N L gl
d(f,9) ‘—Z 201+ | f — gl

€N

for f,g € F. The metric d is called Fréchet metric and the topology induced by d is precisely
the topology of F.

Definition 6.4. A Cauchy sequence in a locally convex topological vector space F is a
sequence {f,} < F such that |f; — fi|; — 0 as j,k — oo for all i € Z. The space F is called
complete if every Cauchy sequence converges.

We are now ready to give the definition of a Fréchet space:

Definition 6.5. A Fréchet space is a complete Hausdorff metrizable locally convex topolog-
ical vector space.

Remark 6.6 (Section I.1.2 in [Ham82]). 1. Closed subspaces of Fréchet spaces and quo-
tients by closed subspaces are again Fréchet spaces.

2. Countable products of Fréchet spaces are Fréchet spaces.

3. The (topological) dual of a Fréchet space that is not a Banach space is never a Fréchet
space.

Next, we will introduce gradings and define graded Fréchet spaces.
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Definition 6.7. A grading on a Fréchet space F is a collection {|| - || }nen, of semi-norms
on F inducing the topology such that for every f e F

[0 < 1Fl < Ufll2 < -

Two gradings {| - |»} and {| - |},} on a Fréchet space F are tamely equivalent of degree r € Z
and base b € Ny if for all f € F and n > b we have

[£lln < CE)flngr and £l < C ()] flnsr

for some constants C(n),C’'(n) > 0. A graded Fréchet space is a Fréchet space with a choice
of grading.

The prototypical example [Ham82] of a graded Fréchet space is the space (3(B), {| - |n}nen,)
of rapidly decreasing sequences { fx} in a Banach space (B, | -|g), that is sequences such that

0

1S}l = D} €™ [fulls < 0

k=0

for every n.

The most important example of a (graded) Fréchet space for us is the space I'(M, V') of
smooth global sections of a vector bundle V over a compact oriented manifold M. Fixing
bundle metrics and connections on V and TM and denoting by D’s the j-th covariant
derivative of s € I'(V) the W*2-Sobolev norms defined by

N 1/2
k2 1= (;J JM<D f,D f>VOl>

constitute a grading on I'(M, V'), where {, ) denotes the induced bundle metric on (T*M)®*®
V and vol denotes the metric volume form. An equivalent grading is given by the C*-norms

I£1

k

boo = > sup [ DVs(a)],
j=0 =€

s

as follows from the Sobolev embedding theorem. Indeed, by the Sobolev embedding theorem
for r > dim M /2, we have

If

Since also || f[n2 < C'|| fln,0 < C"| fln+r0, the two gradings are equivalent.

6.1.2 Directional derivatives and families of linear maps

We recall the following definition of continuous differentiability on Fréchet spaces.

Definition 6.8. Let F and G be Fréchet spaces, Y < F open and P: U — G a continuous
map. The derivative of P at f € U in the direction h € F is defined by
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We say P is continuously differentiable or C' on U if the limit exists for all f € ¢ and all
h e F and if
DP:UXxF—G

is continuous.

Here, we use the notation L(f,g) = L(f)g to indicate that the map L is linear in the
second variable. We also refer to such maps as families of linear maps and denote families of
multi-linear maps as L(f,g1,...,9n) = L(f){91, ..., gn}. It is worth emphasizing that families
of linear maps are not considered as maps to Hom(G, H), which in general is not a Fréchet
space.

The directional derivative on Fréchet spaces satisfies the usual chain rule [Ham82],
i.e. given Fréchet spaces F, G and H, open subsets Y = F,V < G and Cl-maps P: U — V,
Q:V — H, the composition Q o P is a C'-map and

D[Q o P](f)h = DQ(P(f)) DP(f)h.

For maps that depend on several variables we can define partial differentiability in the
usual way. Maps of class C"™ are defined iteratively and the n-th derivative of a C™-map is a
family of n-linear maps. A map of Fréchet spaces is called smooth if it is C"™ for every n € N.

For a C'-map, the following property holds.

Proposition 6.9 (Theorem 1.3.2.2 in [Ham82]). Let P: (U = F) — G be a C*-map between
Fréchet spaces, f,h € F such that f +th eU for allt e [0,1]. Then

P(f +h)— P(f) Ll DP(f + thyhdt.

Here, SZ denotes the Riemann integral of a continuous map f: [a,b] — F to a Fréchet
space JF, which is defined as follows.

Definition 6.10 (Theorem 1.2.2.1 in [Ham82]). Let F be a Fréchet space,
f:la,b] — F

a continuous map. Then we define the Riemann integral SZ f(t)dt € F to be the unique
element in F such that for every linear functional £: F — R, it holds

¢ (Lbf(t)dt) _ Lbe(f(t))dt.

We also note the following properties of the Riemann integral.

Theorem 6.11 (Theorem 1.2.2.1 in [Ham82]). The Riemann integral has the following prop-
erties for continuous f,g: [a,b] > F, ce R:

1. for every continuous semi-norm on F, we have

[ sar < "1l
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2 [ e dt+ff )t - ff

3. L[f(t)m 9(t) dt—f £(t) dt+cfbg(t)dt.

a

Later on we will use the following simplified version of Taylor’s formula:

Theorem 6.12 (Theorem 1.3.5.6 in [Ham82]). Let F, G be Fréchet spaces, U = F open and
P:U — G a C?*-map, f,he F such that f +thelU for all t € [0,1]. Then

P(f +h) = P(f) + DP(f)h + R(h),

where R is a C%-map such that R(sh) = s R~(h s) for small enough s € R, with R(h,s)
depending continuously on s. If P is smooth, R(h,s) depends smoothly on s.

6.1.3 Tame linear maps and tame Fréchet spaces
Choosing a grading on a Fréchet space allows us to define tame estimates for linear maps.

Definition 6.13. Let b € Ny, » € Z. A linear map L: F — G of graded Fréchet spaces
satisfies a tame estimate of degree r and base b if for every f € F and n > b we have

ILfln < C)If lntr

for some constant C'(n) > 0. We say L is tame linear if it satisfies a tame estimate for some r
and b. We will often leave the dependence of C'(n) on n implicit and simply write C'.

We include the following examples to be used later.

Example 6.14 (Example 1.1.2.2(3) in [Ham82]). A linear partial differential operator L of
order r (on a vector bundle V') over a compact manifold is tame linear: ||Ls|, 2 < C||s]n4r2
and similarly ||Ls|pn 00 < C|$|ntrm, for all s e T'(M, V).

Example 6.15. Let M be a compact complex manifold. Then the bracket [-,-]: AP (M, T19)x
A% M, THO) — APTI(M, T1O) as defined in Section 5.1.1 is tame linear in both arguments
separately. More precisely, we have |[c, 5] > dimM/2 + 1
and similarly [|[[a, 8]|ln,c0 < Cl@llnt1,00l8]lnt1,00 for all n € Ny. The analogous inequalities
hold for the Schouten bracket of a Lie algebroid over a compact manifold.

Example 6.16. The Green’s operator G of an elliptic linear partial differential operator
of order r on a vector bundle V' over a compact manifold satisfies | Gv|n2 < |v|n—r2 for
all n € Ny and is therefore tame linear [Kod86, Thm 7.4 in appendix]. In particular, the
operator Qs = 0* G given in Section 5.1.3 is tame linear as it satisfies | Q3 &|n.2 < C[€]n-12
for every £ € A*(M, E) and for all n € Ny. The analogous inequality hold for Q; as defined in
Section 5.3.4 and for Qgr = d* Ggr, where Ggg is the Green’s operator for Agg = dd* +d*d
and d* denotes the formal adjoint of the de Rham differential d.

In order to define tame Fréchet spaces, we need the notion of a tame direct summand.

Definition 6.17. Let F and G be graded spaces. Then F is a tame direct summand of G if
there are tame linear maps L: F — G and M : G — F such that the composition

rlgiL r
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is the identity.

Definition 6.18. A tame Fréchet space is a graded Fréchet space that is a tame direct
summand of the Fréchet space ¥(B) of rapidly decreasing sequences for some Banach space B.
A tame (Fréchet) subspace F of a tame Fréchet space G is a graded Fréchet space F together
with a tame linear inclusion F < G of base 0.

The motivation behind this definition is as follows: The graded Fréchet space X (B) for
some Banach space B admits so-called smoothing operators, a property which is inherited to
tame direct summands. This property is essential for the proof of the Nash—Moser theorem,
which is why it makes sense to restrict to graded Fréchet spaces that are tame.

Example 6.19. The Fréchet space I'(M, V') with the (equivalent) gradings discussed in the
end of Section 6.1.1 is a tame Fréchet space [Ham82, Cor I1.1.3.9].

Note that tame direct summands and products of tame Fréchet spaces (with the induced
grading) are tame Fréchet spaces [Ham82, Lem I1.1.3.3-4]. As a consequence, we also note
the following important examples of tame subspaces of spaces of sections.

Example 6.20. For some elliptic complex d;: I'(M, E;) — T'(M, E;;+1) on a compact man-
ifold M, such that I'(M, E;) are equipped with L2-inner products, it follows from the
Hodge decomposition that for every i, the closed subspaces d;I'(M, E;) and d;T'(M, E;11) of
I'(M, E;) are tame direct summands and hence tame Fréchet spaces.

6.1.4 Smooth tame maps and the Nash—Moser category

We will now define tameness for arbitrary continuous maps between graded Fréchet spaces.

Definition 6.21. Let F and G be graded Fréchet spaces, P: (U < F) — G a map and
b e Ny, r € Z. We say that P satisfies a tame estimate of degree r and base b if for all f e U
and n = b it holds

[P(f)n < C(n) (L+ [ flntr)

for some constant C'(n) > 0. We say that P is tame if it is defined on an open set, is
continuous and satisfies a tame estimate in a neighborhood of each point.

This is a generalization of the notion of tame linear maps, since a map between graded
Fréchet spaces is a tame linear map if and only if it is linear and tame [Ham82, Thm I1.2.1.5].
For tame maps of several variables, we allow different degrees in the different variables. More
specifically, we say that a map P(f,g) of graded Fréchet spaces satisfies a tame estimate of
degree r in f and s in g and base b if

[P(f, )l < C)(L+ | Flntr + [ 9lnts)

for all n > b for some constants C'(n) independent of f and g.
For tame families of linear maps, we have the following.

Lemma 6.22 (Lemma I1.2.1.7 in [Ham82]). Let L(f)h be a continuous family of linear maps
that satisfies a tame estimate of degree r in f and s in h in a | - |p4r-neighborhood of fo and
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for all h in a | - |pss-neighborhood of 0. Then for alln = b, f in a || - ||ps-neighborhood of
fo and all h it satisfies the estimate

L)l < C)([flntrlAllors + [Rllnts)
for constants C(n) independent of f and h.

Definition 6.23. Let F and G be graded Fréchet spaces. A map P: (U < F) — G is smooth
tame if it is smooth and all derivatives of P are tame.

The set of tame Fréchet spaces together with the smooth tame maps form a category,
the Nash—Moser category. An important class of smooth tame maps are non-linear partial
differential operators:

Definition 6.24. Let M be a compact manifold, V and W vector bundles over M. A
non-linear partial differential operator of order r is a map

P: (U cT(M,V)) — L(M, W)

which factorizes through a smooth fiber-preserving map U < J"V — W, where U is an open
subset of the vector bundle J"V of r-jets of sections of V. Non-linear partial differential
operators of order zero we will also refer to as non-linear vector bundle operators.

Proposition 6.25 (Theorem 11.2.2.7 in [Ham82]). A non-linear partial differential operator
is smooth tame.

An application of Proposition 6.25 is the following proposition.

Proposition 6.26. Let M be a compact manifold, V', V1, Vo and V3 vector bundles over M .
Then the maps

I'(M,Hom(V2,V3)) x I' (M, Hom(V;, Va)) — I' (M, Hom(V1, V3))
(A,B)— AoB

and

N'M,Aut V) cT'(M,Hom(V,V)) — ' (M, Aut V')
A—s A7

are smooth tame.

Proof. This follows by observing that the concatenation and inversion of vector bundle ho-
momorphisms are non-linear vector bundle operators. ]

6.2 The Nash—Moser theorem and families of inverses

We will now state the Nash—Moser theorem, which is a generalization of the inverse function
theorem on Banach spaces to the Nash—Moser category.

Theorem 6.27 (Nash—-Moser theorem, Theorem II1.1.1.1 in [Ham82]). Let F and G be tame
Fréchet spaces and P: (U < F) — G a smooth tame map. Suppose that the equation for the
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derivative DP(f)h = k has a unique solution h = VP(f)k for all f €U and k € G and that
the family of inverses VP:U x G — F is a smooth tame map. Then P is locally invertible
and each local inverse P~ is a smooth tame map.

Note that in contrast to the inverse function theorem of Banach spaces, where the deriva-
tive only needs to be invertible in a point, the Nash—Moser theorem requires invertibility in
an open neighborhood, and that this family of inverses is a smooth tame family of linear
maps. To check that it is smooth tame it is in fact enough to show that it is continuous and
tame, as the following proposition tells us.

Proposition 6.28 (Theorem I1.3.1.1 in [Ham82]). Let L: (U < F) x H — K be a smooth
tame family of linear maps. Suppose that L(f) is invertible for every f € U and the family

of inverses
ViUc F)xK—->H

is continuous and tame as a map. Then V is a smooth tame family of linear maps.
The following generalization of the Nash-Moser theorem is due to Hamilton [Ham82].

Theorem 6.29 (Implicit function theorem, cf. Theorem I11.3.3.1 in [Ham82]). Let F, G and
H be tame Fréchet spaces and let

A: U FxG)— H

be a smooth tame map. Suppose that the partial derivative Dy A(f,g) is surjective, and there
is a smooth tame family of linear maps

ViUc FxG)xH—F
such that for every (f,g) € U and h € H, we have

Dy A(f,9)V(f,9)h = h.

Then if A(fo,g90) = 0 for some (fo,g90) € U we can find neighborhoods Vi < F and Vo < G
of fo and go, respectively, such that for all g € Vo we can find some f € Vi with A(f,g) = 0.
Moreover the solution f = B(g) is defined by a smooth tame map B.

It is worth pointing out that in [Ham82, Thm II1.3.3.1], Hamilton proves a more general
theorem that allows for a "quadratic error" when inverting the partial derivative away from
(f,9) € U such that A(f,g) = 0. Again we stress that in contrast to the implicit function
theorem of Banach spaces it is not sufficient to show surjectivity of the derivative in a point.
This can be challenging in general but is much less problematic when dealing for instance
with families of elliptic linear partial differential operators. These will be discussed in the
following section.

6.2.1 Smooth tame families of elliptic linear partial differential operators

The following theorem appears in a very similar form in [Ham82] as Theorem I1.3.3.3.

Theorem 6.30 (Theorem 11.3.3.3 in [Ham82]). Let V. — M, W — M be vector bundles
over some compact manifold M. Let moreover F be a tame Fréchet space, U < F an open
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subset and let V1, Vo be finite-dimensional vector spaces together with continuous linear maps
i Vi ->T(M,W), j:T(MV)—>V,.
Consider a smooth tame family of linear maps
C:UXxT(M,V)—T(M,W)

such that for every f e U, U(f) is an elliptic linear partial differential operator of degree r.
Suppose that for some norm on Vo we have |j(h)| < C|h|,—1 for every h € T'(M,V). We
define the family of linear maps

(U xT(M, V) x Vi — T(M, W) x Vs
(f,h, @) — (E(f)h +i(x),j(h)) -

If for some fo € U the linear map Z(fo) is invertible, there is an open neighborhood UcU of
fo such that £(f) is an isomorphism for every f € U and the corresponding family of inverses
is a smooth tame family of linear maps.

The following application of Theorem 6.30 will be used later.

Proposition 6.31. LetU < F be an open neighborhood of 0 in a tame Fréchet space F. Let
M be a compact manifold, d; : T'(M, E;) — T'(M, E;11) an elliptic complex such that d; is of
order one for every i and for a fixed j € Z let

A:UxT(M,E;) — T'(M, Ej)
be a smooth tame family of linear maps such that
Alp)a = a+6(p)a,

where 0(yp) is such that a — Ajé(p)a is a linear partial differential operator of order < 2,
6(p)a € imd} for every (¢, a) € U x I'(M, Ej) and such that §(0) = 0'. Then there is an
open neighborhood U' < U of 0 such that the restriction

A(p): (imdi nD(M, Ej)) — (imd} n T(M, E;))

is invertible for every p € U' and the family of inverses is smooth tame. It follows that A(p)
is invertible for every p € U' and the family of inverses is smooth tame.

Proof. Since the restriction
Aj: imd} — imdj

is invertible, solving A(p)a = 8 for a € im d}, where 8 € imdj is equivalent to solving

AjA()a = Aja+ Ajo(p)a = A =: 3

! An example for a map § with such properties that we will encounter in Chapter 7 is §(¢)a := Gz 0*[, a],
where ¢, a € A% (M, T™?).
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for a € im d;-‘. We define the smooth tame family of linear maps
0:U xT(M, Ej) — I'(M, Ej),
(p,a) — Aja+ Ajo(p)a.

Since 0(0) = 0, we observe that ¢£(0) = A; and therefore, there is an open neighborhood
U < U of 0 such that ¢: U’ x T'(M, E;) is a smooth tame family of elliptic operators of
degree 2. We define

0:U' x T(M,Ej) x H;(M) — (M, E;) x H;(M)
(o, 0, B) —> (Up)a +i(B), j(a)) ,

where H; denotes the harmonic forms of degree j and
i: H;j(M) —T(M,Ej), pry:T(M, E;)— H;(M),

denote the inclusion and orthogonal projection map, respectively. Let | - | be the norm on
H;(M) induced by || - [o2 on I'(M, E;). Then by Hodge theory

[ prag(a)] < oz < llafie

Since £(0) = A; and ker A; = H;(M) = coker A, we see from the definition of £ that £(0) is
invertible. Therefore, by Theorem 6.30 it follows that there is a neighborhood &” < U’ such
that £(p) is invertible for every ¢ € U” and the family p(¢) of inverses is smooth tame.

Next we show that as a consequence the restriction £(¢) : imd} — imd} is invertible.
Since
UP)limar = €P)limargo : imdj ®0 — imd; 0,

U(p)(imd;—1) = imdj_1 @imd} and £(p)(imd;—1) nimd} = 0, it follows that {(¢) : imd} —
im dj is invertible and its family of inverses is a smooth tame family of linear maps given by
the restriction

p$) == 5(@)lmareo: imd] 0 T(M, ) — imd? A T(M, Ej).

As explained above this implies the invertibility of A(o)l;y, g* : imd} — imd¥ with a smooth
J

tame family of inverses.

For the last assertion, given o € I'(M, Ej), B € I'(M, E;), we write
a=ag+dj101 +djaz, B =P+ dj_181 +djSa,
where Ajog = 0 = Ajfy. Then the equation A(p)a = f is equivalent to

ap = Po, dj_1o1 =dj1p1, djas +(p)djas = djf2 — d(p){ao + dj-101}
= A(p)djag = djB2 — (p){Bo + dj-151},

which has a smooth tame family of solutions by the previous statement. O
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6.3 Tame Fréchet manifolds and tame Lie groups

We will not only be dealing with linear spaces but also with tame manifolds, topological
spaces that are locally modeled on tame Fréchet spaces.

Definition 6.32. A tame (Fréchet) manifold is a Hausdorff topological space with an atlas
of coordinate charts taking values in tame Fréchet spaces such that the transition maps are
smooth tame maps.

We will also need a notion of tame submanifolds.

Definition 6.33. A tame (Fréchet) submanifold N of a tame Fréchet manifold M is a subset
that can be covered by (smooth tame) charts {(U;, ®;: U; —> E; @ F;)} of M, where E; ® F;
is a direct sum of graded Fréchet spaces such that ®;(N nU;) = @;(U;) N E; x {0}.

Smooth tame maps between tame Fréchet manifolds are defined in the usual way using
local charts.

Definition 6.34. A map P: M — N between tame Fréchet manifolds is called a smooth
tame map of Fréchet manifolds if there exist charts around every point in M and its image
in V such that the local representative of P in these charts is a smooth tame map of graded
Fréchet spaces.

Example 6.35 (Corollary 11.2.3.2 and Theorem 11.2.3.3 in [Ham82]). Let M and N be
finite-dimensional manifolds such that M is compact. Then the space C* (M, N) of smooth
maps of M into N is a tame Fréchet manifold. If N’ is another finite-dimensional manifold
and N is also compact, then the composition map

C*(N,N') x C®(M,N) — C*(M,N')
(frg)— fog

is a smooth tame map of tame Fréchet manifolds.
Finally, we introduce tame (Fréchet) Lie groups.

Definition 6.36. A tame (Fréchet) Lie group is a tame Fréchet manifold G with a group
structure such that the multiplication and the inversion map are smooth tame maps. A
tame (Fréchet) Lie subgroup of a tame Lie group G is a tame Fréchet submanifold, which is
a subgroup of G.

The diffeomorphism group of a compact manifold is a tame Fréchet Lie group [Ham82].
We will explicitly describe a tame atlas in the following section. Another example of a
tame Lie group is the automorphism bundle of a vector bundle over a compact manifold (cf.
Proposition 6.26).

6.3.1 The diffeomorphism group of a compact manifold

Let M be a compact manifold. Fix an auxiliary Riemannian metric h on M. Then we denote
by
exp: TM — M
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the exponential map with respect to h and by m: TM — M the canonical projection. There
is a tubular neighborhood U < TM of M < T'M on which the extended map

Exp": TM — M x M
v (7(v), expli,) ()

restricts to a diffeomorphism. This gives rise to a homeomorphism from a neighborhood
Ugq < X(M) of 0 to a neighborhood Viq < Diff(M) of id € Diff (M), which we will also
denote by

exph: Z/{jd I Vid-

Similarly, for f e Diff(M) and some neighborhood Uy < I'(M, f*T'M) of 0 in I'(M, f*T M),
we obtain a homeomorphism
exp: Uy — Vs

to a neighborhood V; < Diff(M) of f.

Proposition 6.37 (Theorem II1.2.3.1 and Corollary I11.2.3.2 in [Ham82]). The local charts
(Vf, (exph)_1> form a smooth tame atlas of Diff(M). In particular, we may identify Ty Diff (M) =
T(M, f*TM).

For f e Diff(M) we denote by Ly and Ry the left- and right-multiplication by f, respec-
tively, and by I the inversion map.

Proposition 6.38 (Example 1.4.4.5-6 in [Ham82]). For f,g € Diff(M), X € I'(M, g*T M)
we have

DLi(g)X =df o X, DRj(g)X =Xof, DI(g)X =-dg'oXog"

The Lie algebra of the diffeomorphism group is given by (X(M), —[-,-]), where [-, -] is the
usual Lie bracket of vector fields. The adjoint action of Diff (M) on its Lie algebra is given
by

Ad: Diff (M) x X(M) — X(M)
(f, X)—> Ad(f)X :=df o X o f 1.

In particular this shows that the push-forward of a vector field by a diffeomorphism is a
smooth tame map.

We will also consider the action of diffeomorphisms on endomorphisms of the tangent
bundle. In the following we will see that this action is smooth tame.

Lemma 6.39. The map

Diff (M) x T'(M, End TM) —> I'(M, End TM)
(f,9) —>df opodf ™

1s smooth tame.
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Proof. We define the auxiliary map

A: Diff(M) x T(M,End TM) x X(M) —> X(M)
(f, 0, X) —>df op o df 71 (X).

We observe that

A, X) =df opodf Lo X o fo !
—df o (b0 (df o X o f))o !
= Ad(f){v o Ad(f~1)X}.

It follows that A is a composition of smooth tame maps and hence smooth tame. In a local
coordinate neighborhood, we can recover the original map by setting

(f,0) — Z A(f.,0) ®@da'.

These patch together to give a well-defined global section to End T'M. The patching can be
made explicit using a partition of unity. In particular, this yields a smooth tame map. [

Moreover, we will encounter the pull-back of differential forms by diffeomorphisms. In
the following we show that this is a smooth tame map.

Proposition 6.40. The pull-back of a k-form by a diffeomorphism seen as a map

Diff (M) x QF(M) — QF(M)
(f,0) — fre.

18 smooth tame.

Proof. First, we observe that for k = 0, the pull-back of g € QO(M) = C®(M) simply
becomes the composition map f*g = go f for f € Diff(M), which is a smooth tame map
(see [Ham82, Thm I1.2.3.3]).

Next, given an exact one-form o € Q' (M), we can write it as a = dg for some g € C®(M).
The function g is uniquely determined up to a constant and there is a tame linear map a — g
such that dg = «, given by Qur = d* Ggr, where d* is the formal adjoint of the de Rham
differential with respect to the L2-inner product induced by the auxiliary Riemannian metric
on M and Gggr is the Greens operator of the Laplacian A = d*d + dd*. It follows from
Example 6.16 that Qqgg is tame linear. The pull-back of a by f € Diff (M) is then given by

ffa= f*dg=d(go f)

and hence smooth tame as a composition of smooth tame maps.

Moreover, for some g € C*(M) and exact one-forms aj, ..., a, the pull-back of ¢ :=
gal A -+ A g by feDiff(M) is given by

ffo=(gof)ffar A - A fray.
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Since the wedge product is a tame multi-linear map, this shows that

Diff (M) x C*(M) x (dQ°(M))" — Q¥ (M)

(6.1)
(f)guala'”7ak)'—>f*(gal N /\O[k)

is a smooth tame map.

Locally, every k-form can be written as a finite sum of elements of the form gy A~ - A o,
where g € C*(M) and a; € dQ°(M). These local descriptions can be patched together using
a partition of unity and since M is compact, in this way we can write every k-form as a
finite sum of elements of the form gay A -+ A oy as above. In particular, this shows that
the pull-back of any k-form by some diffeomorphism is a finite sum of terms of the form
as in (6.1) which are smooth tame. It follows that the pull-back is smooth and that all its
derivatives satisfy tame estimates. This finishes the proof. O

In the following chapter, we will be interested in the situation where the compact manifold
is equipped with a complex structure J. We will often use the isomorphism of (real) vector

bundles
U: TYOM — TM

E— £+
in order to identify Ty Diff (M) = T' (M, f*T*"M).

(6.2)

Lemma 6.41. For ¢ € V= (Uq) we denote Fy := exp” oW¥(¢) € Diff(M). Then
Ad(Fg)X = X — [W¢, X] + Raa(§)X,

where Raq(s€) = s?Raq(&, s), for a real parameter s, where Rpq(€,s) depends smoothly on s
for small s.

Proof. The statement follows directly from Theorem 6.12 using the facts that Dgexp” = id
and
Dy Ad(f = id){X, Y} = —[V, X]

for XY € X(M). O



Chapter 7

Deformations of Complex
Structures

We have seen in Section 5.1.2 how deformations of a complex structure can be encoded into
forms ¢ € A%Y(M,T10). We have also seen that integrability of the deformed structure
is equivalent to a Maurer-Cartan equation for ¢. However, as we already mentioned in
Section 5.1.2, not every complex deformation ¢ will give rise to a genuinely new complex
structure: some of them might simply arise by acting on the "original" complex structure
with a small diffeomorphism. More generally, two deformations might be related to one
another by the action of a diffecomorphism. This led to the notion of a locally complete
family of deformations, a family of complex deformations from which every other family of
(sufficiently small) deformations can be obtained by the action of a family of diffeomorphisms.

Building on previous work by Kodaira and Spencer (with contributions by Nirenberg)
in [KNS58; KS58a; KS58b; KS60], Kuranishi [Kur62] proved a general theorem on the
existence of locally complete families of deformations on compact complex manifolds. Sub-
sequently, in [Kur65], he gave a simplified proof of his theorem. Kuranishi’s proof in [Kur65]
relies on Sobolev spaces and refers to both the inverse and implicit function theorem on
Banach spaces. However, as we already mentioned in the introduction, the presentation
in [Kur65] omits proofs of the differentiability of the relevant maps, which is required to
argue that the implicit function theorem is indeed applicable.

In this first original chapter of Part II, we will revisit Kuranishi’s proof in [Kur65] in the
framework of tame Fréchet spaces using the Nash—Moser inverse function theorem as well as
Hamilton’s Nash—Moser implicit function theorem introduced in Chapter 6. This will set the
foundations for our extension of the deformation theory of generalized complex structures
to a larger class of Courant algebroids in Chapter 8.

The chapter is structured as follows. In Section 7.1, we will prove that the action of
diffeomorphisms on the almost complex structures is smooth tame. We will then consider
the corresponding local action on deformations and its local expression in a chart around
the identity of the diffeomorphism group, which are again smooth tame maps. Moreover, we
will compute a partial derivative of this local expression, which will be relevant to our proof
of local completeness. In Section 7.2, we will then prove the "deformation theorem" on the
existence of a locally complete family of complex deformations. The proof is split into two
parts: First, we construct the family in Section 7.2.1, then we will prove its local completeness
in Section 7.2.2. We will furthermore see that if the group of complex automorphisms of the
complex manifold is discrete, this gives rise to a miniversal family, i.e. a locally complete
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family with a minimal set of parameters.
Up to minor changes to the content and adaptations of the notation, all sections in this
chapter are taken from the coauthored preprint [CP26].

7.1 Diffeomorphisms acting on deformations

Let M be a compact manifold. The set of almost complex structures of M can be seen as
the space of sections AC(M) of a fiber subbundle of End TM and hence is a tame Fréchet
submanifold of I'(M, End TM) [Ham82, Thm I1.2.3.1]. The diffeomorphism group Diff (M)
of M acts on the tame Fréchet manifold of almost complex structures on M via

(f,J) — Jp:=df o Jodf .

This is a restriction of the action of diffeomorphisms on sections of the endomorphism bundle
of T'M, which is smooth tame by Lemma 6.39.

Proposition 7.1. The action of the diffeomorphisms on the tame Fréchet manifold AC(M)
of almost complex structures is smooth tame.

Proof. This follows from Lemma 6.39, since AC(M) < I'(M,EndTM) is a tame Fréchet
submanifold. O

It was already mentioned in Section 5.1 that when acting with a diffeomorphism f con-
tained in a small enough C'-neighborhood V of the identity on a complex structure .J, the
resulting complex structure J; will again have finite distance from .J. We will denote by
O(f) e A% (M, T'0) the corresponding complex deformation. Since ©(f) can be thought
of as the action of f € Diff(M) in a local chart of the tame manifold of almost complex
structures, the map ©: V — A%Y(M, T10) is smooth tame.

Similarly, when acting on an almost complex structure J,, at finite distance from J, there
is a C'l-neighborhood of the identity V < Diff(M) such that for f € V, the almost complex
structure J,, ; has again finite distance from J and we will denote the corresponding almost
complex deformation by O(f,¢) € A%(M,T"?). Again © can be thought of as a local
description of the action of the diffeomorphisms on AC(M) and hence, it is smooth tame. In
the following we will see an explicit formula for ©(f, ¢). For this, we introduce the following
notation for the different components of the C-linear extension of the differential df of a
diffeomorphism f with respect to T = T1° @ T%! by

_(of of
= (5 )

Proposition 7.2. There is a C'-neighborhood V of the identity in Diff(M) and a C°-
neighborhood U < A% (M, T'P) of 0 such that for every f € V, p € U, the almost complex
structure J, ¢ has finite distance from J. The corresponding almost complex deformation
O(f, ) € AL (M, T'O) depends smooth tamely on ¢ and f and is given by the formula

O(f,p) = — (3f —af o) (Af —af o) . (7.1)
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Proof. We only need to prove the explicit formula for O(yp, f). For this, we observe that

T o)y = {df (V = (1) : Y e TP )
Then
pro, T (Jpp)p = {2 (V) = 0F (o)) s Y e TP ) L
pri T (g )y = {21 (V) = Of (0(¥)) : Y € TP )}

Note that there is a C°-neighborhood U c A% (M, TH%) and a C'-neighborhood V <
Diff (M) of the identity such that (0f — df o) : T%! — T%! is invertible for every (f,¢) €
VY x U. Then for every Y € T]?’,ll (p) We can find a unique X € T, 1971 such that
(W—&f_OQp)YZX.
It follows that
A 3 3 -1 0,1
T (T, 1) = {X +(2f —of o) (@ —of o) X : X T }

and hence

Of,¢) = — (3f —0f o) (FF —f o) "

We will also write ©(f,¢) =: f - ¢.

Lemma 7.3. Let f, g € Diff(M) and p € A% (M, T such that ©(go f, ) is defined. Then
©(go fip) =g-0(f, ).

Proof. This follows from

Jgop = d(go f)oJod(go f)' =dgoJrodg = (Jy),-

We set

UP = (g€ ALTY) : €]keo < ),
WH = {p e AN (M, T) : ||k o0 < €}-

Let h be an auxiliary Riemannian metric on M and ¥ as defined in (6.2). Then for ¢ > 0
small enough, we may concatenate © with the local parametrization exp” oW of Diff (M) (cf.
Section 6.3.1) to obtain a smooth tame map

E:UY x WO s A% (pp, THO)
(6 9) > E(§ ) i= Fe - .
Remark 7.4. In [Ham77], Hamilton already stated that a map closely related to £ is smooth

tame by arguing that it is a nonlinear partial differential operator. However, this is not
clear to us as when substituting f = exp™(¥¢) in the formula (7.1) for O(f, ), the section
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¢ e A%Y(M,T10) is evaluated in different base points. This means that the map £(&, ) =
© (exph(\Ilﬁ), <p) does not factorize through the jet bundle. Therefore, we chose to give the
different proof above.

In the following, we will compute the partial derivative D¢€(&, ), which is needed for
the proof of local completeness of the deformation family in Section 7.2.2. First, we prove
the following proposition.

Proposition 7.5. Let (§,¢) € Z/ls(l) X Wéo). Then for € > 0 small enough
E(&p) = ¢ — 0(ag€) + [p, a,€] — 1g (0 — 5[, ¥]) + R(E, ),

where a,§ = § +igp and R(€, o) = t2R(€, @,t) for a real parameter t with R(&, ¢,t) depend-
ing smoothly on t for small t.

Proof. We write
T (Je(ep) = {Ad(Fs) (X — (X)), : X eT(M, TOJ)}
= {Xp = (Xp) = [WE, X = p(X)], + Ra(6) (X — @(X)), : X e T(M, T},
where we used Lemma 6.41. Then

pro1 (T (Je(e))) = {Xp — Proa[¥€ X — o(X)]p + proy Ra(€) (X — (X)) : X e D(M, T%1)}.

We define B(¢,¢): I(M,T%") — T'(M,T%") by

B(&, )X = pro 1 Ad(Fe) (X — (X))

= X — pros [WE, X — (X)) + pro Ra(€) (X — ¢(X). (72)

For € > 0 small enough, the map B(§, ) is invertible for every (£, ¢) € Z/lg(l) X Wéo) and the

family of inverses B(&, ¢) ™' Z depends smooth tamely on ¢ and £. To see this note that the
inverse of pro;: TO (Jg (g p)) — T is given by id —£(€, ) : T — T (Jg(¢ ) © T, which
we already know depends smooth tamely on § and ¢, and the inverse of X — Ad(F¢)(X —
¢(X)) is given by Z — prg, Ad(Fgl)Y. Using that B(y,£)~!Z depends smoothly on ¢ and
equation (7.2), we note that

B(&,90) ' Z = Z + pry [V, Z — o(Z)] + higher orders of .
Then for Z € I'(M, T%!) we find that

T (Jetep) =1Zp — (B, 0) T (Z)p) — pr1 o[ V€, B(E,9) 7 (Z) — ¢ (B(&, )1 (2))]p
+ higher orders of £ : Z € T'(M, To’l)}
={Zy = 0(Zp) = ¢ (pro[VE, Z — ¢(2)]p) — pr1 [¥E, Z — 2(Z)];
+ higher orders of £ : Z € T'(M, To’l)} .

It follows that

E(&,0)(Zp) = 0(Zp) +pr10[¥E, Z — 0(2)]p + @ (pro [V, Z — 9(2)]p) + R(E, ) (Z),
(7.3)
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where R(t€, p) = t2R(£, ¢, t) for a real parameter ¢ with R(€, o, t) depending smoothly on ¢
for small t. We compute

prio[VE, Z — o(2)]p + @ (proa[VE, Z — o(2)],)
=priol& Z] = [£,0(Z2)] = priglé, e(2)] + ¢ (€, Z]) + ¢
= —08(Z) + [, 1(Z) — 00§, Z) + 5[0, 0](€, Z) — 0 (¢
= — 0(apé)(Z) + [, ap€(Z) — 1 (09 — [, ¢]) (2),

where we used Lemma 5.2 and wrote ap{ = £ + tgp. Plugging this back into equation (7.3),
we obtain the expression for £(&, ¢) as stated above. O

(pro.1l€, Z]) — ¢ (proa[€ v(2)])
©)( ) [, 0(0)] (Z)

Lemma 7.6. For somee >0, p¢€ Wg(o), let
ap: A°(M,TH%) — A°(M, T0)
£— &+ g0
Then the family of (real-)linear maps
a: WO x AN (M, T0) — A% (M, T™O)
(907 f) — aw§
(0)

is smooth tame. Moreover, for e > 0 small enough, a, is invertible for every ¢ € Wz’ and

the family of inverses a;l is smooth tame.

Proof. That a is smooth tame of tameness degree 0 follows from Proposition 6.25 and the
fact that it is a non-linear partial differential operator of degree 0. Moreover, a,, is invertible
for |¢o,c0 small enough. Define g: THY — T10 by ¢(£) := ¢(£). Then a, = id +¢@ and the

inverse a;l is given by the sum

=D
k=0

which converges fiberwise for small enough |/¢[o«. In particular, the whole family of linear
maps a;lf is a non-linear partial differential operator of degree 0 and therefore smooth tame
of degree 0 by Proposition 6.25. O

We will now use Proposition 7.5 to compute D¢&(&, ¢) for almost complex deformations
®:

Proposition 7.7. Let (§,¢) € U x WO Then for e > 0 small enough

DeE(&,0)n = —0(bpeyn) + [E(£,90), bie.pn] — ez (CE(E, ) — 3[E(E, 0), £, 9)])

where b N = ag¢ p)Cen, with a as defined in Proposition 7.5 and
cen=DCe¢(0)n, Ce:U 31— (exph o\I/> <F£+n ) e A (M Th 0)

for a sufficiently small C'-neighborhood U < A° (M7 Tl’o) of zero.
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Proof. Let € € LIE(I). Moreover, let U < ng(l) be an open neighborhood of 0 such that
E+1€ ng(l) for every 71 € . We have:

EE +1l,p) = Fei - .
Note that, possibly after shrinking I/, we have
Feygo Fgl e exp” oW (UW)
for every 71 € U. We set
-1
Ce(i) i= (exp®oW)  (FepaFy ).
Then by Lemma 7.3, we obtain
EE+,9) = (Foum © Fe) - = Fegn - £(6,9) = £ (Celi), £(6,9))

By Proposition 7.5 and since C¢(0) = 0, it follows that

De (6,900 = lim - [E(6 + 1. 0) — £(6.¢)]
= lim - € (Ce(tn), £(6, ) — E(€,9)]
~lim - [~3(as(e.) Ce(tn) + [£(6. ) apie p Celt)]

ey (P€(6.¢) — IE(E 9), E(E 9)]) + R(Celtn). (5, 9))]
= — 0ag(ep)cen) + [E(& ©), ag(ep)cen] — vegm (0E(E, ) — F[E(E, 9), E(&, 9)])

where c¢(n) = DC¢(0)n. After setting b ,\n = ag

£,)Cen we arrive at the expression as
stated in Proposition 7.7. ]
Lemma 7.8. For some € > 0, let Wg(O); 8(1) as above. We assume that € > 0 is small

enough so that cg and b ) as in Proposition 7.7 are defined for £ € Z/lg(l)

Then the families of linear maps

and ¢ € Wg(o).

c: UM x A°(M, T 0) — A(M,T'0)

(67 77) = ¢l

and

b: UM x WO s AO(M,TH0) — A% (M, T™O)
(&50,m) = e,y
(1)

are smooth tame. Moreover, for € > 0 small enough, c¢ is invertible for every £ € Uz, and

bie,p) 18 tnvertible for every § € Z/la(z), pE Wg(l). The families of inverses cgl and b(_;@) are
smooth tame.
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Proof. Recall that
h -1 1 0 1,0
cen = DCe(0)n, Ce:U>37— (eXp o\I/) (F&ﬁFg— ) e A" (M, T""),

where U < Z/{E(l) is an open neighborhood of 0 such that £ + 77 € L{E(l) for every 77 € U and

Feyq0 F{l € exp” o\I/(Ug(l)). Note that C¢ can be extended to a C%-neighborhood U of 0
such that € + 7 € (exp” oW)~1(Vq) and F£+ﬁF§_1 € Viq for every 7 € U, where Viq denotes
the local chart neighborhood of id € Diff(M). We may furthermore assume, possibly after
shrinking € > 0, that U can be chosen independently of &, such that we obtain a well-defined
map
C: U xt — A (M, T'0)
(6,77) > Celi).

Then C¢(7) is smooth tame in £ and 7 as a composition of smooth tame maps and invertible
for every small enough £. To compute the inverse, we note that

Ce(77) = (exp™ oW)~? (RFgl o exp” oW (€ + 77)) .
Since R;ll = Rpg, we find that
3

Cet(x) = (exp” oW) ™! o Ry o exp” oW (y) — &
= (exp" oW) ™! (F\ F) — &,

which is smooth tame. It follows that the family c of linear maps is smooth tame and c¢ is
invertible for small enough £ and the family of inverses cgl is again smooth tame.

For the statements about b we observe that when shrinking ¢, for (§,¢) € U x WY we
can make |€(&, ¢)|o,00 arbitrarily small. Indeed, using Proposition 6.9 and the properties of
the Fréchet integral in Theorem 6.11, we find

1@, €)

1
0,00 = 'cp + L DeE(p, t€)Edt

0,00

1
om+L-%ﬂ%%ﬁhw&

< e

2.00) [€

1
<¢aw+Lc«wa+mw e+ €]1.00) dl

<e(1+C+3e),
for (&, ) € US(Q) X Wg(l), where we used Lemma 6.22 in the third step.

It follows that for small enough € > 0, we can use Lemma 7.6 to conclude that ag ,)n

is a smooth tame family of linear maps which is invertible for every ¢ € Wg(l), e ng(z)

and the family of inverses is again smooth tame. Since b )N = ag(e,,)Cen, this proves the
assertion. O
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7.2 The deformation theorem

Let now (M, J) be a compact complex manifold. When not stated otherwise, the bi-gradings
appearing in this section are with respect to the complex structure J. Our aim is to show
the following:

Theorem 7.9 (Deformation theorem). There exists an open neighborhood W < H% (M, THY)
of 0, a family M = {1 : t € W} of almost complex deformations of J, and an analytic ob-
struction map

o W — H"2 (M, TH0)

such that the almost complex deformations M := {p, € M : ¢(t) = 0} are precisely the
integrable ones. Any sufficiently small complex deformation of J is equivalent to at least
one member of the family M. In the case that the obstruction map vanishes, M is a locally
complete family of complex deformations.

Definition 7.10. We will call the family M in Theorem 7.9 the Kuranishi family and the
set ¢~ 1(0) = W the Kuranishi moduli space.

The proof of Theorem 7.9 is split into two parts. First, we will construct the family
and the obstruction map in Section 7.2.1. Then we will prove that the family is locally
complete in Section 7.2.2. We will closely follow Kuranishi’s line of thought (in particular in
Section 7.2.1) complemented by the techniques of Hamilton—Nash—Moser theory.

7.2.1 Description of the family

Let
Vii={pe AP (M, T : 0p — [p, ] = 0 = 0%p} = A% (M, THO).
We will see that as a set, the family of complex deformations M is contained in V;. Our

strategy will be the following: First we show that V) is contained in another set V5 and that

for small enough € > 0 and large enough k € Ny, the intersection g(k) A Vy is parametrized

by a neighborhood of 0 in H%!(M,T'Y). Then we will find an analytic map
¢: WP AV — HO2(M, M)

such that ¢(p) = 0 if and only if ¢ is integrable and hence contained in M. )
In the following lemma, we define the set Vs and prove that it contains the set V; as
defined above.

Lemma 7.11. V; C V, := {pe A% (M, TY0) : o — L Qalp, o] € HOL (M, THO)}.
Proof. Let ¢ € V. Then
Az = (00* + 0*0)p = 0%dp = 30%[p, ],

where we used 0*p = 0 for the second equality and dp = %[gp, ¢| for the last one. Applying
the Green’s operator G to both sides and using pry + G3 Az = id yields

0=G305p — 2 G30%[p, 0] = ¢ — pra e — L Qap, 9]
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Hence,
¢ — 3 Qalp. ¢l = prap e HOH (M, TO)

and thus, ¢ € V». O
Next, we want to show that for some € > 0 and k € Ny, the intersection Wa(k) N Vo is
parametrized by a neighborhood of 0 in H%!(M,T'). To this end, we define the map

o: AP (M, TH) — AN (M, T'O)
p— 3 Qslp, ¥l
Lemma 7.12. The map o is smooth tame.

Proof. This follows from Example 6.15 and 6.16. O

Proposition 7.13. Fore > 0 small enough and large enough k € Ny, the equation Do(p)a =

B has a unique solution a for every ¢ € Wg(k), B e A%Y (M, T™0). Moreover, the family
V(p)B = a of solutions is a smooth tame family of linear maps.

Proof. We compute

Do(p)a = a— Qzla, ¢] = a — 0* Gjla, ¢],
The statement follows then from Proposition 6.31. O
Corollary 7.14. For £ > 0 small enough and k € Ny large enough, o maps Wg(k) bijectively
onto a neighborhood W. < A% (M, T'°) of 0 such that the inverse map

oW, — Wg(k )
is smooth tame.
Proof. This follows from Theorem 6.27 and Proposition 7.13. O

In particular, setting W, := W. m’HO’l(M, TLO) and V. := Vo Ws(k), we obtain a smooth
tame map

¢ =0 . We — V..
Corollary 7.15. The family M := {¢(t) : t € W.} is a smooth family of almost complex
deformations.

Next, we will identify the obstruction map, whose vanishing set are precisely the inte-
grable deformations in V..

Lemma 7.16. For ¢ > 0 small enough, ¢ € V. is in S. := Vi N Wg(k) if and only if
o(¢) := prufep, 0] = 0.

Proof. We first note that for any ¢ € V., we have

=—1Qz0[¢. ] — 2 prufe, ¢l
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where we used ¢ € V. for the first equality and pry +0 Qs+ Q3 ¢ = id for the second equality.
Since the images of Q3 and pry are orthogonal to each other, it follows that

dp—i[p, 0l =0 <= Qz0[p,¢] =0and pryle,¢] = 0. (7.4)

We claim that for € > 0 small enough, pry[p, ¢] = 0 already implies Q3 ole, ] = 0. To see
this, suppose ¢ € V; such that pry[¢, ¢] = 0. Then,

Qz e, ] = =0 Qale. ¢] + [, ¢l.

Using the compatibility of the bracket [-,-] and 0 as stated in Lemma 5.1 and ¢ € Vs, we
compute

Qz 0L, 0] = 2Qz[00. ] = Q3[0 Qale. ¢l ] = Qs[— Qz 2L, #l, ] + Qallew. ¢l .

By the Jacobi identity (see Lemma 5.1), we must have [[¢,¢], ] = 0. Therefore, setting
1= Qg [, ¢], we find

n = —Qzln, ¢l

It follows from Example 6.15 and 6.16 that for & > dim M /2 + 1

Inlk2 = 11Qaln, ¢llk2 < Clulk2lelr2 < Celnlk2-

In particular, for ¢ < 1/C, this implies that 7 = 0 and hence Qj dle,¢] = 0. By equa-
tion (7.4) this shows that ¢ € S.. O

7.2.2 Local completeness of the family

In the last step of the proof of Theorem 7.9, we need to show that every sufficiently small
complex deformation ¢ can be obtained from M via a diffeomorphism, i.e. there is some
small ¢ € A°(M,T"0) such that 0*E(€, p) = 0. Moreover, given a smooth family of small
(almost) complex deformations ¢;, we need to show that there is a family & < A°(M,T0)
depending smoothly on ¢ such that 0*£(&;, ¢;) = 0.

In the following, we will denote by H°(M, Tl’O)L, the orthogonal complement of H°(M, T*0)
in A%(M, T"?). The elements of H°(M, TLO)L are the 0*-exact forms in A°(M, T0).

Proposition 7.17. There is a neighborhood W of the origin in A% (M, T*Y) and a neigh-
borhood U of the origin in H°(M, TLO)L
€ =&(p) €U to the equation

such that for any @ € W there is a unique solution

0*E(&, ) = 0.

The solution map £(p) is smooth tame.

Remark 7.18. Note that if H°(M,T'?) = 0, Proposition 7.17 implies that every almost
complex deformation ¢ € W is related to an almost complex deformation ¢’ such that
0*¢' = 0 via a unique diffeomorphism Fe, € € U. Thus, the representative ¢’ is locally
unique. If the obstruction map vanishes, Theorem 7.9 yields a so-called miniversal family of
complex deformations and the condition 0*¢ = 0 can be thought of as taking a local slice
for the action of the diffeomorphisms on the space of (almost) complex structures.
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Since HY(M,T'?) = HO(M, T"?) is the Lie algebra of the Lie group of complex automor-
phisms of M, the condition H°(M,T%?) = 0 is satisfied if and only if the group of complex
automorphisms of M is discrete.

For the proof of Proposition 7.17, we wish to apply Theorem 6.29. For this, note that
0*E(&, ) = 0 if and only if Q5 (&, ¢) = 0. For some € > 0, k € N, let W™ be as before and

U = {& e HOM, T : el < 2}
Then, for € small enough and large enough k the map

A U®) o Wk —s 1O, 7MY
(& 0) — QaE(&, )

is well-defined and smooth tame as a composition of smooth tame maps. Using Proposi-
tion 7.7, for (&, ¢) € U x W, a € HO(M, Tl’O)J‘ we compute

DeA(€, p)a = Qa DeE(€, )
= — Q3 (b o)) + Q3[E(¢.€), be )]
— Qp iz (0€(8, ) — 31E(€,9), €&, 9)])
— (id = prag) (bee,py ) + Qa[E(E, ©), be )]
— Qg tega (06(&, ) — 3[E(&, ), € (S,cp)]),

where we used Proposition 5.13 in the last step as well as the fact that Q3 maps A%(M, ThO)
to 0.

Lemma 7.19. For ¢ > 0 small enough, the map
(id — pryg) o e,y - HO(M, T0) " — #HO(M, T*0)"

is invertible for every (&, ¢) € U. x W.. The family of inverses is a smooth tame family of
linear maps.

Proof. We follow similar ideas as in the proof of [Omol6, Lem III.2.6]. Recall that for
ne A°(M, TH0), the map be,p) Was defined as

by = cen + tegn€ (€, ¢),
where
cen = DCe(0)n,  Ce:U 377 (exp oqz) (FesnFet) e A (M,T"),

for a sufficiently small C%-neighborhood U < A° (M , Tl’o) of zero. Recall furthermore that
by Lemma 7.8, for € > 0 small enough b(¢ ) is invertible for every (&, ¢) € U: x W, and the
family of inverses b(_élw) is smooth tame. This together with the observation that

HOM,TH) b ) (HOM,TH)) = {0)
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for all (¢,¢) € . x W, and € > 0 small enough shows that
(id — prag) © be - HO(M, TH0) " — HO(M, T'O) ™

is injective. To show that it is surjective, we introduce several auxiliary families of linear
maps. First, we observe that, again for ¢ > 0 small enough and (£, p) € U x W,

bieyy (HO(M,TH0)) n HO(M, TO)* = {0}.
Since HO(M, T'P) is finite-dimensional, this implies that
prybie,yy: HO(M, THY) — HO(M, T™)

is invertible and we denote the inverse map by ¢ ). Being a smooth map to a finite-
dimensional vector space, ¢ ) is a smooth tame family of linear maps. We furthermore
define

¢1(£7 90) : AO(M7 Tl,o) - 7_[0( TLO)lv n=——mn-— bélip)q(f ) PIH 1,
¢2(§7 90): ‘AO(Mv Tl, ) - b_ ©) (HO( Tl,o)) y N b( ©) ({ ®) pr# mn,
W(g,QD)Z AO(MaTl’()) —)HO( 7T10>7 77'—>er55¢¢ (f 30) ({Lp) :

We claim that
bie.o) (MO (M, THO)H) = {n+w(& ¢)n:ne HO (M, TO)}.
To see this, given 7 € ’HO(M, THO)L, we write
= P1(& )by + V2(E )b -
This implies

= (id — pry)b 5992,!)1(5, ©)b E@T]-i-pf?-tbggpiﬁl(ﬁ ©)b, (@p)
+b§<p¢2(§7 ) 5@77

Since the last two terms on the right-hand side are in H°(M, T'°) and n € HO(M, T0)*+
follows that

1+ Ui (e )1 (€, 0)D ek = (e )1 (€, 9)D (el
and hence n + w(&, ©)n € bie o) (HO(M, T19)1). Therefore, we have
{n+w&em:ne HOM, T} < by (HOM, T

Observing that the subspaces on both sides have the same (finite) codimension, we conclude
that they are in fact equal.

In particular, this shows that (id —pry;)be o) : HO(M, THO)E — HO(M, THO0), is surjec-
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tive and therefore invertible. The family of inverses is given by
p(&gp) . HO(M, Tl,O)l _ HO(M, Tl,O)L
1= bigly (1 + w(€ @)
which is smooth tame as a composition of smooth tame maps. O

Lemma 7.20. For € > 0 small enough and large enough k, the equation DcA(§, p)a =

has a unique solution « for every (§,¢) € Z;Is(k) X Wg(k), B e H' (M, Tl’O)L. Moreover, the
family of inverse maps is a smooth tame family of linear maps.

Proof. Setting & := (id — pry )b o) € HO(M, T'O)L, we observe that finding a solution to
the equation D¢ A(&, p)a = B is equivalent to finding a solution of to the equation

a— Qé[g(gv QO), b(é,ap)p(ﬁ,go)d] + Qé [’W ((_98(57 90) - %[5(57 90)7 g(fa SO)]) = B
The statement follows then from Proposition 6.31 O

Proof of Proposition 7.17. By Lemma 7.20, the assumptions of Theorem 6.29 hold. Since
A(0,0) = 0, we conclude that there is a neighborhood W of 0 in A% (M, T1?) and a neigh-
borhood U of 0 in HO(M, Tl’O)L such that for every ¢ € W we can find some § = &(p) e U
such that 0*E(&, ) = 0. Since the derivative D¢ A(€, ) is even invertible, it follows further-
more from Theorem 6.27 that the solution £(¢) is (locally) unique (see also [DL25, Thm
A.12]). Moreover, the solution {(¢) is defined by a smooth tame map. This finishes the
proof of Proposition 7.17. O

Proof of Theorem 7.9. By Corollary 7.15, the family M = {(t) : t € W.} is a smooth family
of almost complex deformations. The integrable deformations are precisely those for which
the analytic map ¢(p) := pry|e, ¢] vanishes. They are contained in a neighborhood of 0
in V;. By Proposition 7.17, we know that any sufficiently small complex deformation is
equivalent to a complex deformation in a neighborhood of 0 of V.

Furthermore, if ¢ = 0,

M = {p(t) e M: ¢(p(t)) = 0} = M

is a smooth family of complex deformations. Given any other smooth family of complex
deformations {¢/(¥') : ¢’ € W'}, it follows again from Proposition 7.17 that (possibly after
shrinking W) there is a family of diffeomorphisms {fi}ycpy, depending smoothly on ¢, and
a smooth map 7: W' — W, such that for every t' € W', we have

fo - () = p(r(t')).

Hence, the family is locally complete. O



Chapter 8

Deformations of Generalized
Complex Structures on G-flat
Transitive Courant Algebroids

We have seen in Chapter 5 how deformations of a generalized complex structure L can be
described by elements in I'(M, A2L*). In close analogy to the complex case, the integrability
of the deformed generalized almost complex structure is equivalent to a Maurer—Cartan type
equation for the corresponding ¢ € I'(M, A2L*). Recall that while in the complex case we
considered two deformations equivalent if they are related by the action of a diffeomorphism,
we will consider two generalized complex structures equivalent if they are related by the
action of an autoequivalence. This led to the definition of a locally complete family of
generalized complex deformations.

In [Gua03; Guall], Gualtieri followed Kuranishi’s proof in [Kur65] to establish a far-
reaching extension of the theorem on the existence of a locally complete family of complex
deformations to an analogous result for deformations of generalized complex structures on ex-
act Courant algebroids. However, like in [Kur65], certain analytic details were not addressed
in Gualtieri’s proof in [Gua03; Guall].

In this second original chapter of Part II, like we did in Chapter 7 for Kuranishi’s proof
in [Kur65], we will revisit Gualtieri’s proof in [Gua03; Guall] using Hamilton-Nash-Moser
theory. Moreover, we will extend the result to generalized complex structures on the larger
class of G-flat transitive Courant algebroids. There will be some important deviations from
the classical complex case as discussed in Chapter 7:

1. While it has been established for a long time that the diffeomorphism group is a (tame)
Fréchet Lie group (cf. Section 6.3.1), we need to first endow the group of autoequiv-
alences of G-flat transitive Courant algebroids with a tame Lie group structure. (For
exact Courant algebroids the autoequivalences have already been endowed with some
notion of infinite-dimensional Lie group structure in [RT20].)

2. When proving the local completeness of the deformation family in Section 8.2.2, we will
only consider the action by exact autoequivalences. These are autoequivalences whose
infinitesimal action on the sections of the Courant algebroid F is by inner derivations
—[u,:] € EndT'(M, E), where v € I'(M, E). We will see that these form a tame Lie
subgroup of the group of autoequivalences. Restricting to the action of this subgroup
has the advantage that this setup resembles the classical complex case more closely,
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where the infinitesimal action of a diffeomorphism on vector fields is by —Lx for some
X € X(M). However, while the Lie algebra of the diffeomorphism group is the entire
space of sections X(M) (or, for complex manifolds, the entire space I'(M,T'?)), the
map I'(M,E) 3 u — [u,-] € EndI'(M, E) in general has a kernel so that the Lie
algebra of autoequivalences can only be identified with a subspace of T'(M, E) or, in
the presence of a generalized complex structure L, a subspace of T'(M, L*).

3. Like for the proof of local completeness of the Kuranishi family of classical complex
deformations in Section 7.2.2, we will apply Hamilton’s Nash—Moser implicit function
theorem. To do so, we will need to prove the existence of a smooth tame family of linear
right inverses to some smooth tame family of linear maps. Like in Section 7.2.2, to find
such family of right inverses, we will relate the given family of linear equations to one
that can be solved using elliptic operator theory. However, this will only yield a sensible
solution if we can argue that the coexact one-forms d¥I'(M, A2L*) are contained in the
subspace of I'(M, L*) identified with the exact autoequivalences. This can be achieved
by a careful choice of bundle metrics defining the L2-inner products on I'(M, F) and
['(M, L*) (and a bisection of E). Note that this subtlety is not present in the classical
complex case where the entire space A°(M,TY) = I'(M,T'V) is identified with the
Lie algebra of Diff (M).

4. Recall that in the complex case, we proved a slightly stronger statement than just lo-
cal completeness of the deformation family: In Proposition 7.17 we showed that every
sufficiently small deformation is related to one in the deformation family by a unique
diffeomorphism represented by a d*-exact form in a neighborhood U < A°(M,T') of
0. From this we concluded that in the case where the obstruction map vanishes and if
HO(M,T'?) = 0, the Kuranishi family is in fact a miniversal family of deformations.
Since in the generalized complex case, to prove local completeness of the deforma-
tion family we restrict to the action of exact autoequivalences, we cannot draw an
analogous conclusion. Therefore, we will not attempt to prove any sort of uniqueness
statement and simply show existence of some exact autoequivalence relating a suffi-
ciently small generalized almost complex deformation to one in our given family (and
that this autoequivalence depends smoothly on the given generalized almost complex
deformation).

This chapter is structured as follows: In Section 8.1 we endow the autoequivalences of a
G-flat Courant algebroid with a tame Lie group structure and we show that the action on
generalized almost complex structures is smooth tame. We will conclude that the local action
of exact autoequivalences on generalized almost complex deformations is smooth tame and
compute its partial derivative with respect to the component of the exact autoequivalence.
In Section 8.2, we will then prove the deformation theorem.

This chapter is based on joint work in progress with Vicente Cortés.

8.1 Groups of autoequivalences as tame Lie groups

In this section, we will endow the group of autoequivalences of a G-flat transitive Courant
algebroid with a tame Fréchet Lie group structure. We will do so in two steps: First, we
will consider the group of autoequivalences of an exact Courant algebroid in Section 8.1.1.
We will see that these admit a tame Fréchet Lie group structure and there is a tame Fréchet
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Lie subgroup of so-called ezxact autoequivalences, which will be relevant to the deformation
theory of generalized complex structures in Section 8.2. Building on these results, we will
show in Section 8.1.2 that the group of autoequivalences of every G-flat transitive Courant
algebroid is a tame Lie group and there is again a tame subgroup of exact autoequivalences.

In Section 8.1.3 we will then study the action of (exact) autoequivalences on generalized
almost complex structures and show that this action is smooth tame. As a consequence,
the local action of "small" autoequivalences on generalized almost complex deformations is
smooth tame. We will furthermore consider the local expression £(&, ¢) of the local action
of an exact autoequivalence represented by ¢ € T'(M, L*) on a generalized complex defor-
mation ¢ € I'(M, A’L*). Finally, we compute the partial derivative D¢E(€, ¢). This will be
important for the proof of the local completeness of the deformation family in Section 8.2.2.

8.1.1 Autoequivalences of exact Courant algebroids

In this section, we will endow the autoequivalences of an exact Courant algebroid £ with a
tame Fréchet Lie group structure. It follows already from results of Rubio and Tipler [RT20]
that they admit a Fréchet Lie group structure. We will give an equivalent description of this
Fréchet Lie group structure in Section 8.1.1.1 and argue that it is in fact tame. There is a
Lie subalgebra of the Lie algebra of the autoequivalences that is identified with the inner
derivations of E. It was already proved in [RT20] that this Lie subalgebra integrates to a
Lie subgroup, the group of ezact autoequivalences. We will see in Section 8.1.1.2 that as a
consequence of the result in [RT20], this subgroup is in fact a tame Lie subgroup. We will
furthermore see that its Lie algebra (i.e. the space of inner derivations) is tamely isomorphic
to a tame subspace of I'(M, E).

8.1.1.1 The group of autoequivalences as a tame Lie group

In the following, we will endow the group of autoequivalences of an exact Courant algebroid
over a compact manifold with a tame Lie group structure. Note that it was already proved by
Rubio and Tipler in [RT20] that the group of autoequivalences of an exact Courant algebroid
over a compact manifold is a strong inverse limit Hilbert (ILH) Lie group.

Since the definition of strong ILH Lie groups is even more involved than that of tame
Fréchet Lie groups, we will refer to [Omo16] for an introduction to strong ILH Lie groups
and simply note that these are special kinds of Fréchet Lie groups that are modeled on an
ILH chain, a particular type of (graded) Fréchet space, such that in a local chart around the
identity, the group multiplication and the inversion map satisfy certain special properties.
Below, we will follow a different approach to describe a (tame) Fréchet Lie group structure
for the group of autoequivalences, which has already been laid out in the master thesis of
Heck [Hec25]. We will then see that this Fréchet Lie group structure is equivalent to the one
described in [RT20].

For the remainder of this section, let £ — M be the generalized tangent bundle with H-
twisted Dorfman bracket over a compact manifold M. Furthermore, we will fix an auxiliary
Riemannian metric h on M. We will denote by

Diff (M) := {f € Diff (M) : [f*H — H] = 0}

the group of diffeomorphisms preserving [H]| € H3g(M). Since for f € Diff(M) the class
[H— f*H] € H3z (M) only depends on the connected component of f € Diff (M) we conclude
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that it is a tame Fréchet subgroup of Diff (M) (containing the connected component of the

identity in Diff(M)). In particular, it is a tame Fréchet Lie group with atlas defined using

the Riemannian exponential map exp” of the auxiliary metric h as described in Section 6.3.1.
Note that via

Diff (M) x Q4(M) 3 (f,b) — F} 5(p)+ € Auteq(E),

where B(f) := Qqr(H — f*H), with Qqgr as in Example 6.16, the autoequivalences Auteq(FE)
are in bijection with Diff (M) x Q% (M). We have the following:

Theorem 8.1 ([Hec25]). Let E — M be the generalized tangent bundle of a compact man-
ifold M with H-twisted Dorfman bracket. Then its group of autoequivalences is a tame
Fréchet Lie group. The underlying manifold structure is given by Diff (M) x Q4 (M) and
the multiplication is given by

((f1,01), (f2,b2)) — (f3,03),
where f3 = f1 0 fo and

by = f5 (b1 + B(f1)) + b2 + B(f2) + f3 Qar(H — f{ H) — Qar f3 (H — [T H).

The inversion map is given by

(fa b) — (filv _(fil)*b + I(f)),

where

I(f) = =(f"")*(Qar(H — f*H)) — Qar(H — (f~")*H)
= [Qar. (f7)*1(H — f*H).

The Lie algebra auteq(E) of the group of autoequivalences is the space X(M) @ Q3 (M) with
bracket given by

[(X,0),(Y,¢)] = (Ly X, Lyb— Lxc+ (Lx Qar Ly — Ly Qar Lx)H — Qar(Lxv1H)) -

We will omit the proof of Theorem 8.1 since most of the computations and arguments
necessary for the proof will be explained in the proof of the more general Theorem 8.11.

Remark 8.2. To argue that the Fréchet Lie group structure obtained in Theorem 8.1 is
indeed equivalent to that described in [RT20], let us briefly review the construction in [RT20].

First Rubio and Tipler consider the group Diff(M) x Q?(M) with neutral element (id, 0),
multiplication given by

(f1, B1)(f2, B2) = (f10 fa, f5 B1 + B2)

and inversion given by (f, B)™! = (f~!, —B). This is a strong ILH Lie group and in particular
a Fréchet Lie group. Moreover, elements of this group are precisely equivalences of the
generalized tangent bundle preserving both the anchor map and the scalar product. Then
Rubio and Tipler argue that the group of autoequivalences of the generalized tangent bundle
E with H-twisted Dorfman bracket is a strong ILH Lie subgroup of Diff(M) x Q2(M) by
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defining the map!

p: (M) x (Diff (M) x Q2(M)) — Q3(M)
(h, (f, B)) — f*h + dB,
observing that Auteq(E) = p(H,-)"'(H) and using an implicit function theorem to show
that this indeed has a strong ILH submanifold structure. Again, since a strong ILH Lie

group structure induces a Fréchet Lie group structure, this proves that the autoequivalences
of the generalized tangent bundle form a Fréchet Lie group.

To see how their construction relates to ours, we consider the (tame) Fréchet Lie group
Diff (M) x i Q2(M), whose underlying (tame) Fréchet manifold is Diff (M) x Q?(M) with

neutral element (id, 0), multiplication map

(f1,01) o (f2,b2) = (f1 0 f2,b3),

where
by = f5 (b1 + B(f1)) + b2 + B(f2) + f5 Qar(H — f{H) — Qar f5 (H — f{ H)
and with inversion map
(f.0) = (=)= () (Qar(H — f*H)) — Qar(H — (f1)*H))
There is a smooth (tame) isomorphism of Lie groups

@y Diff (M) x Q*(M) — Diff (M) x g Q*(M)
(f,B) — (f, B — Qar(H — f*H)).

We observe that
Sy (p(H,-) " (H)) = (p(H, ®5"))”

Moreover, the map @;Il(f, b) = (f,b+ Qar(f*H — H)) is precisely the bijection that we
used in order to identify Auteq(E) with Diff (M) gy x Q24 (M). This shows that the (tame)
Fréchet Lie group structure described in Theorem 8.1 is related to the one in [RT20] by a
conjugation with ® . Since this is a smooth (tame) map, we conclude that both Fréchet Lie
group structures are equivalent.

" (H) = Diff(M) 1) x Q4 (M).

Finally, note that by choosing a splitting, we can use Theorem 8.1 in order to find that
the group of autoequivalences of any exact Courant algebroid is a tame Fréchet Lie group.
To see that this is independent of the choice of splitting, recall that different choices of
splittings are related by conjugation with a B-field transformation. This gives rise to a tame
Lie group isomorphism between the groups of autoequivalences corresponding to different
choices of splittings.

'In [RT20], the map 7 is defined with a minus sign in front of dB, due to a different sign convention for
H.
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8.1.1.2 [Exact autoequivalences of an exact Courant algebroid

In this section, we will introduce a tame Lie subgroup of the Courant autoequivalences, which
will be important in the proof of local completeness of the deformation family in Section 8.2.
First, we will describe the corresponding Lie subalgebra. To this end, we consider the map

q: X(M) ® Q3 (M) — H*(M)
(X,b) — pry(b— Qar LxH + txH).

We denote hex (E) := ker ¢ < auteq(E). Note that since d Qqr LxH = dQqr dex H = dvex H,
for b e Q4 (M), we have
d(b —Qar LxH + Lxﬂ) = 0.

Hence, (X, b) € ker ¢ if and only if there is some o € Q'(M) such that
b— Qar LxH + 1xH = da.

Proposition 8.3. The space hex(E) := kerq < auteq(E) is a tame Lie subalgebra of finite
codimension.

Proof. Since H?(M) is finite-dimensional and auteq(E) = hex(E) ® H2(M), it follows that
hex(E) is a tame subspace of finite codimension. To see that it is a Lie subalgebra, we
consider (X,b), (Y, c) € hex(E). Then there are some «, 3 € Q(M) such that

b=da+ QurLxH —1xH, c=d6+ QuqrLyH —1vH.
We compute

[(X,b), (Y, )]

= (ﬁyX,ﬁy(dOé + QdR Lx — LxH) — Ex(dﬁ + QdR LyvH — LyH)-l-
+ (Lx Qar Ly — Ly Qar £x)H — Qar(Leyy H))

= (LyX,Lyda—LxdB — LxtyH + LyitxH — Qar L v H)

= (LyX,d(eyda —exdfB 4+ ixtyH) + oxLyH — LyixH — Qar Lo v H)

= (LyX,d(txdf —yda —ixtyH) + Qar Loy xH — oy x H),

where we used the identities Lx = dvx + txd and [Ly, x| = Ly, X]s @S well as the fact that
H is closed. This shows that [(X,b), (Y, c)] € hex(E) for all (X, ), (Y, c) € hex(E) and hence
hex(E) is a subalgebra. O

The Lie subalgebra hex(E) of auteq(E) in fact integrates to a tame Lie subgroup of
Auteq(FE).

Theorem 8.4. There is a tame Lie subgroup of Auteq(E), the group of exact Courant
autoequivalences Auteq®™ (FE) such that Lie(Auteq®™ (E)) = hex(E).

Proof. In the setup of [RT20], the Lie algebra hex(E) corresponds to the Lie (sub-)algebra
{(X,b) e X(M) ® V(M) : 1xH — b = da for some o € QI(M)}

with Lie bracket
[(X1,b1), (X2,b2)] = ([ X2, X1], Lx,01 — Lx,b2).
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It was proved in [RT20] that this Lie algebra integrates to a strong ILH Lie subgroup of
the autoequivalences. In particular, this ILH Lie subgroup is a Fréchet submanifold, which
under conjugation with ®z (cf. Remark 8.2) is mapped to a Fréchet submanifold Auteq®™ (E)
of the tame Fréchet manifold Auteq(E). Since Auteq®™ (E) is of finite codimension it follows
from [Frel5, Lem 3.5] that it is a tame Fréchet manifold and hence a tame Lie group. [

In the following, it will be useful for us to identify hex(FE) with a tame subspace of
I'(M,E).

Proposition 8.5. There is a tame isomorphism
bex 2 {X +a e (M,E): aed*Q*(M)} c T'(M, E),
where d* is the formal adjoint of d with respect to the L*-inner product induced by the
auziliary metric h.
Proof. We may think of hex(E) as the image of the map

¢:I'(M,E) — auteq(E),
X+ar— X+da+Qer LxH —txH.

We observe that ker § = QL (M) < I'(M, E). Therefore, we have
im G = (ker )t = X(M) @ d*Q%(M),

where the orthogonal complement is taken with respect to the L?-inner product defined by
the bundle metric h@ h* on E = TM ® T*M. To see that the inverse map is tame, note
that it is given by

imgs (X,b) — (X, Qar(b — Qur LxH + txH)) € X(M) @ d*Q*(M).
O

In a neighborhood V of id € Auteq®™(FE), we consider a chart ® taking values in some
neighborhood U < hex(E) around 0. We may assume that the differential of this chart at
the identity is the identity map on hex(E), D®(id) = id. We denote by F, := ®~1(v) the
exact autoequivalence in V corresponding to v € U with respect to this chart.

In the following we will see that the Lie algebra of the exact autoequivalences can in fact
be identified with the Lie algebra of inner derivations. First, we consider the natural action
of autoequivalences on sections u € I'(M, E), given by

pe: (Fu) — Fouo f71,

where f is the diffeomorphism covered by F'.
Proposition 8.6. The map pg: Auteq(E) x I'(M, E) — I'(M, E) is smooth tame.
Proof. Let F' = (f,b) € Diff (M) x Q4(M), u=X +ael(M,E). We compute

,uE(F, u) = Ff o (X + o+ Lx(b + QdR(H — f*H))) o f_l
=dfoXof '+ (df ) (a+ix(b+ Qar(H — f*H)))o f (8.1)
= [ X + (a4 ux(b+ Qar(H — f*H))).
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This shows that pp is a composition of smooth tame maps and therefore smooth tame. [
For exact autoequivalences we find the following:
Proposition 8.7. Let v € hex(E), ue I'(M, E). Then we have
Drpg(F =id,u)v = —[v,u].
In particular, for some small exact autoequivalence ®,, we have
(P, u) = u— [v,u] + Ry (v)u,

where Ry, (tv) = t2R,,,(v,t), for a real parameter t, where Ry, (v,t) depends smoothly on t
for small t.

Proof. First, using equation (8.1), we observe that for (Y,b) € auteq(E), u = X + a €
I'(M, E), we have

DF,uE(F = id,u)(Y, b) = —ﬁy(X + Oé) +i1xb—1x Qqr Ly H.

Now, if b = df — Qqr Ly H + 1y H, for some /3 € im(Qqr), i-e. in the case that we are taking
the derivative in the direction v = (Y, ) € hex, we find

DF,LLE(F = id, u)v = —ﬁy(X + Oé) + Lx(d,B + QdR Ly H — LyH) —lX QdR Ly H
= —ﬁy(X + a) +1xdf —itxty H

= —[v,ul.
The second statement follow from Theorem 6.12. O

The derivative at the identity of the action g of autoequivalences on sections of E yields
an identification of elements in the Lie algebra auteq(F) of the autoequivalences with the
derivations of F.

Corollary 8.8. Under the identification of auteq(E) with the derivations of E, we have
hex(E) = —im(ad : I'(M, E) — Der(E)), where ad(u) := [u, -].

Finally, we observe that the map ¢ considered in the proof of Proposition 8.5 is in fact the
map —ad: ['(F) — Der(F) =~ auteq(E) and hence what we constructed in Proposition 8.5
is a tame isomorphism heyx (E) = (kerad)’, where the orthogonal complement is taken with
respect to the L2-inner product (-,-)g defined by the bundle metric h @ h*.

8.1.2 Autoequivalences of G-flat transitive Courant algebroids

We will now focus on G-flat transitive Courant algebroids in the sense of Definition 5.29. After
fixing some conventions and notations in Section 8.1.2.1, we will show in Section 8.1.2.2 that
the group of autoequivalences of a G-flat standard transitive Courant algebroid is a tame
Fréchet Lie group and that there exists a tame Lie subgroup of exact autoequivalences,
whose Lie algebra is identified with the inner derivations of E. Since every G-flat transitive
Courant algebroid is isomorphic to such a standard form, this yields a tame Fréchet Lie
group structure for any G-flat transitive Courant algebroid.
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We will also see an explicit description of the group of autoequivalences for a general
bisection, which is not necessarily G-flat and show that for a suitable choice of L2-inner
products on I'(M, E), the Lie algebra of the exact autoequivalences (i.e. the inner deriva-
tions) can be identified with a tame subspace of I'(M, E) via a tame isomorphism. Given
a generalized complex structure L on F, we may furthermore identify I'(M, E) =~ T'(M, L*)
via a vector bundle isomorphism. Thus, the Lie algebra of the exact autoequivalences is
identified with a tame Fréchet subspace of I'(M, L*).

On the other hand there is the tame Fréchet subspace dT'(M, A2L*) of coexact forms.
We will see in Section 8.1.2.4 that for some choice of bisection on E and suitable choices
of bundle metrics on E and L*, the subspace diI'(M,A%2L*) is in fact contained in the
subspace identified with the exact autoequivalences. This will be crucial for our arguments
in Section 8.2.2 to prove local completeness of the deformation family.

8.1.2.1 L2-inner products, conventions and notation

We fix the following L?-inner products. We choose a positive definite bundle metric (-, Yyl
on G and denote by (-, -)g the L?inner products on I'(M, G) and Q¥ (M, G) defined by (-, dgua
and the auxiliary Riemannian metric. Using (-, )gyc and the auxiliary Riemannian metric
h, we fix a (positive definite) bundle metric on I'(E) = TM ®@GDT*M via h®<{-, )pua D h*
and denote by (-,-)g the L?-inner product on I'(M, E) defined by this bundle metric and h.
Note that when the bundle G is trivial G >~ M x R , after choosing a global orthonormal
frame {e;}X, with respect to (-, )g, we may think of sections r € I'(M,G) as vectors of
smooth functions r = (r;)%,, r; € C®(M) and of p-forms with values in G as vectors of
p-forms on M. Given A = (A;)K, € QP(M,G) and B = (B;)EK, € Q4(M,G), we note that

K
<A N B>g = Zszz AN Bi,
i=1

where ¢; = (e;,e;)g € {£1}. Moreover, we may assume that {e;} is a global parallel orthonor-
mal frame for the connection V on G, since V has trivial holonomy and {, - )¢ is parallel by the
compatibility conditions. Then we have Vr = (dr;)X; =: dr, and dvA = (d4;)E, =: dA
for A e QP(M,G).

The differential operator d: Q*(M,G) — Q*T1(M,G) defines an elliptic complex. We
denote the formal adjoint of d with respect to (-,-)g by d¥, its Laplace operator by Ay =
dd$ + dgd, the Greens operator by Gy and by Qy := dg Gy. Note that by Example 6.16,
the map Qy is tame linear.

Remark 8.9. Given a fixed parallel orthonormal frame {e;}X, for G, we may define a
(constant) positive definite bundle metric (:, Y, o0 G by {€;, € g = 0ij, i-€. {€;} is an
orthonormal basis for (-, -)j;,;- Together with the auxiliary Riemannian metric i, this bundle
metric defines an L2-inner product on T'(M,G) and Q*(M,G), which we denote by (-, G-
The formal adjoint of d: Q¥(M, G) — Q¥+ (M, G) with respect to (-, -)g is simply given by
A5 A = YK (d*4))e; for A = 35| Aje;, where d* is the formal adjoint of d with respect
to the L?-inner product induced by h. In particular, the space {A = Do Aiei € QF(M,G) :
A; e d*QF1(M)} is a topological complement of QX (M, G) = {A € QF(M,G) : dA = 0}.

Finally, we note that if {-,-)¢g is of signature (¢, K — q), the autoequivalences of G are



8.1. GROUPS OF AUTOEQUIVALENCES AS TAME LIE GROUPS 135

given by Diff(M) x C®(M,O(q, K — q)) acting on (p,v) € G = M x R¥ as

(f,0)(p,v) = (f(p), O(p)v) -

These act on sections r € I'(M, G) via
(f,0)-x=(Or)o f,

where (Or)i(p) = X; 0ij(p)r; (p).
For f € Diff(M) and A € I'(M, A*L*), we will denote by f*A := (f*A;)X,. We observe
that

K K
df*A =) df*Aje; = ) f*dA;e; = f*dA. (8.2)

i=1 i=1

8.1.2.2 Autoequivalences of G-flat standard transitive Courant algebroids

In this section, we will see that the autoequivalences of a G-flat transitive Courant algebroid
form a tame Fréchet Lie group. First, we show the following.

Proposition 8.10. Let E = TM®GRT*M be a G-flat standard transitive Courant algebroid
with G = M x RE and (-,-Yg of signature (¢, K — q). Then the autoequivalences Auteq(FE)
have a tame Fréchet manifold structure as a product

Auteq(E) = Auteq(TM, H) x O(q, K — q) x QL(M, G),

where Auteq(TM, H) denotes the autoequivalences of the H-twisted generalized tangent bun-
dle.

Proof. Using Theorem 5.27, the fact that [-,-]g = 0, R = 0 and that V is flat, we know that

Auteq(E) = {®, a5 :v € Auteq(G) covers f € Diff (M), A e Q'(M,G), B e Q*(M),
V=v-V,0=v-dA, H— f*H =dB + (A A dA)g}.
Note that the second equation implies that dA = 0. Therefore, the last equation becomes

H — f*H = dB and hence Fy g € Auteq(TM, H). Finally, let O € C*(M,O(q, K — q)) such
that v = (f,0), X € X(M) and r € I'(M, G). We compute

(v-V)xr=v- <Vf;1X(l/_1 r)>
=v-d(07'ro f)(f1X)
=v-(dO7'r)X)o f
= 0(d(07'r)X)
= 1x [(0dO™")r + dr].

Hence, the condition v - V = V becomes OdO~! = 0, which implies that dO = 0 and hence
O must be constant. This implies that as a manifold

Auteq(E) = Auteq(TM, H) x O(q, K — q) x QL(M, G).
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This finishes the proof. O

Recalling the bijection Auteq(TM, H) = Diff(M) x Q2 (M) via
Diff (M) 1 x Q4(M) 3 (f,b) — Fypin(p),

where B(f) = Qqr(H — f*H), which we used in order to define the manifold structure on
Auteq(TM, H), we find the following:

Theorem 8.11. Let E=TM ®G®T*M be a G-flat standard transitive Courant algebroid
with G =~ M x RE and three-form H € Q3(M). Then Auteq(E) is a tame Fréchet Lie group
with underlying manifold structure

Auteq(E) = Diff (M) ) x Q4 (M) x O(g, K — q) x Qg (M, G).
The multiplication map is given by
(f1,01,01,A1) x (f2,b2,02,A) — (f1 0 fa,b3,0102, A3),

where

by = f5b1+ by + (O3 f A1 A Ag)g + [f5, Qur](H — [T H),
A3 = OQ_IfQ*Al + AQ,

and the inversion map is given by

(fv b7 Ov A) — (f_17 _(f_l>*b + [QdR7 (f_l)*]<H - f*H)7 0_17 _O(f_l)*A)'

Proof. 1t follows from the corresponding expressions in Theorem 5.27 that multiplication on
Auteq(E) = Auteq(TM, H) x O(q, K — q) x QL (M) is given by

(Ffl,Bl?Ol7 Al) © (Ffz,BQ7 OQ)AQ) = (ng,B:;u 037 A3) )
where f3 = f10 fo, O3 = 0105 and

Bs = f3B1 + By + {03 ' (f5 A1) A Ag)g,
A3 = O;lfQ*Al + A2

and the identity element is (id,id,0). The inversion map is given by
(15,0, A) — (F; 3,07, ~O(f7)*A).

We only need to check the formulas for the multiplication and inversion map under the
bijection Auteq(TM, H) = Diff (M) x Q2(M). In each case, the only non-trivial part is
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the component in Q2 (M). For the multiplication, we find

by = f5 (b1 + B(f1)) + b2 + B(f2) + (03" f5 A1 A Ag)g — B(f1 0 fa)
= f3b1 +ba + (O3 f3 A1 A Ag)g + f3 Qar(H — fiH)
+ Qar(H — fyH) — Qar(H — f3 f{ H))
= f3b1 + bo + (O3 f5 A1 A Aodg — [Qur, f51(H — fiH).

Similarly, we find that the Q2 (M)-component of the inverse of (f,b, O, A) is given by
—(f)* 0+ B(f) - B(f )

= —(f7)" = (f )" Qar(H — f*H) — Qar(H — ()" H)
= —(f71* + [Qar, (f7)*1(H — f*H).

Both the multiplication and the inversion map are compositions of smooth tame maps and
hence smooth tame. ]

Remark 8.12. Note that for (not necessarily G-flat) transitive Courant algebroids with
rank G = 1 a strong ILH Lie group structure of Auteq(F) has been constructed in [RT20].

Using the atlas of Diff (M) in terms of the Riemannian exponential map of the auxiliary
metric h, we find that the autoequivalences of a G-flat standard transitive Courant algebroid
are locally modelled on the tame Fréchet space X(M) @ Q% (M) @ so(q, K — q) ® QL (M, G).

Proposition 8.13. The Lie algebra of Auteq(E), where E is the G-flat standard transitive
Courant algebroid with G =~ M x RE and three-form H, has underlying vector space

auteq(E) = X(M) @ Q4(M) @ so(q, K — q) ® QY (M, G)
with Lie bracket

(X140 +T1+ A1, Xo+bo+ T+ Ay
= £X2X1 + £X2b1 — £X1b2 + 2<A1 A A2>g + (£X1 QdR £X2 — EXQ QdR ﬁxl)H
— QdR ££X1X2H + [Tl,Tg] —ThA 1 + £X2A1 + T1Ay — £X1A2-

Proof. First, given (f1,b1,01,A1), (f2,b2,02, Ay) € Auteq(E), we determine bs € Q4(M)
and Az € QL (M, G) such that

(f1,01,01, A1) (f2,b2, 02, A2)(f1,01,01, A1) = (fifofit, b3, 010207, A3).

For this, we first compute

(f2.b2, 02, Ag)(f1,b1,01, Ay) ™!
= (f2,b2, 02, Ao) (f7 1, = (f71)*b1 + [Qar, (f7 )*1(H — ffH), 07", —O1(f7 )" Aq)
= (fofi (72 = (1) by + [Qar, (7 )*)(H — fTH)
—O1(fi )" Az A O1(fi ) *As)g — [Qar, (f )*I(H — f5 H), 02071, 01(f; 1) (Ag — Ay)).
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Multiplying from the left by (fi,b1, 01, A;) yields

by = (fof 7 1) b1 + (fi ) (b2 — b1) — [Qar, (fi )*I(fTH — f5 H)
— [Qar, (f2fT ) 1(H — f{H) + <0105 (fof )*Ar A O1(f1)* (A2 — Ax))g
A3 = 0105 (fof 1) AL + O1(f11) (A2 — Ay)
Here, we used (f*A A f*A")g = f*(AAA")g and (OAANOA")g = (A AA")g. Setting fi(t) =
gxph(tXl), by(t) = thy, Ai(t) = tA; and O;(t) = exp(tT}) and similarly fo(s) = exp/(sXa),

ba(s) = sby, Ag(s) = sAy and Oy(s) = exp(sT) and taking the derivative %}3:0 %‘t:O
yields the expression for the Lie bracket. O

Next, we identify a tame Lie subgroup of Auteq(F), which generalizes the group of exact
autoequivalences of an exact Courant algebroid.

Theorem 8.14. The tame submanifold Auteq®™ (TM, H) x QL _(M,G) = Auteq(E) inherits
the structure of a tame Lie subgroup of Auteq(F), the tame Lie subgroup Auteq®*(E) of
exact autoequivalences of F.

Proof. Let (F1, A1), (Fy, Ag) € Auteq™(TM, H) x QL (M, G). Then applying the restriction
of the multiplication map in Auteq(FE) described in Theorem 8.11 yields

(F1, A1) x (F2, Ag) —> (F<f2*A1/\A2>gF1F27f2*A1 +A2> € Auteq(TM, H) x Qy(M,G),

where f5 is the diffeomorphism covered by Fy. Clearly, ff A1 + Ag € QL (M, G). Moreover,
(f3A1 A Agdg € Q2 (M) and hence Fpx Ay nAgyg 18 an exact B-field transformation and in
particular an exact autoequivalence of TM. Since Auteq®™ (TM, H) is closed under multipli-
cation, we conclude that Auteq®™(FE) is closed under multiplication. Since it is closed under
inversion too and clearly contains the identity, it follows that it is a subgroup of Auteq(E).
As it is also a tame submanifold it follows that it is a tame Lie subgroup. O

In the following, we describe the Lie subalgebra of the exact autoequivalences, which
again can be identified with a tame subspace of I'(M, E).

Proposition 8.15. The tame Lie subalgebra corresponding to Auteq®™ (FE) is given by
hex(E) = {X +da+ Qar LxH —ixH + A : X e X(M), a e Q' (M), A e QL (M,G)}.
It is isomorphic to the tame Fréchet space
bex(E) = X(M) ® d*Q*(M) @ dL QY (M, G) c T(M, E).
Proof. Recall that the tangent space at the identity of Auteq®*(TM, H) is given by
Tiqg Auteq™(TM, H) = {X + da+ Qqr LxH — 1xH : X € X(M), a € Q*(M)}.
It follows that

Tiqg Auteq®™(E) = {X +da+ Qqr LxH — 1xH +dr: X e X(M), ae Q' (M), re Q°(M,G)}.
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We may therefore think of hex(E) = Tiq Auteq®™ (F) as the image of the tame linear map

p: I'(M, E) — auteq(E)
X4+r+ar— X+da+ QurLxH —1xH +dr.

We observe that kerp = QL (M) ® QY (M, G). 1t follows from the Hodge decomposition that
with respect to the L?-inner product (-,-)g, the orthogonal complement of the kernel of p is
given by (kerp)t = X(M) ® d*Q?(M) ® dLQ(M,G) and hence

hex(E) = imp = (kerp)t = X(M) @ d*Q*(M) ® d& Q' (M, G).
To see that this is a tame isomorphism, note that its inverse map is given by
hex(E) S X+b+A— X+ QdR(b — (QdRﬁxH - LxH)) + QV A.

O]

Like in the case of exact Courant algebroids, we consider a local chart neighborhood
V of id € Auteq®™(F), with a chart ® taking values in some neighborhood U < hex(E)
around 0 and assume that D®(id) = id. We will again denote by F, := ®~!(v) the exact
autoequivalence in V corresponding to v € U.

Like in the exact case, the Lie algebra of exact autoequivalences can be identified with
the Lie algebra of inner derivations. First, we consider the natural action of autoequivalences
on sections u € I'(M, E'), which we denote again by ug.

Proposition 8.16. The map ug: Auteq(E) x I'(M, E) — I'(M, E) is smooth tame.
Proof. Given (f,b,0,A) € Auteq(E) and u = X +r+ «a € I'(M, E), we compute

(f,b,0,A) ouo f!

= FrooFaoFyppn(X +r+a)o f

=FrooFa (X +r+a+uxb+ix Qur(H — f*H)) o f1

= Froo (X +AX)+r+a+uxb+ix Qur(H — f*H) — tx(A,A)g — 2(A,r)g) o f !

= X +OAX)+1)o fTH+ (fT)* (0 + ixb+ 1x Qar(H — f*H) — 1x{A, A)g — 2(A,1)g) ,

which is smooth tame as a composition of smooth tame maps. O
Proposition 8.17. Let v € hex(E), ue I'(M, E). Then we have
Dpup(F =id,u)v = —[v,u].
In particular, for any small enough exact autoequivalence ®,,, we have
pE(Py,u) = u—[v,u] + Ry, (v)u,

where R, (tv) = 2R, (v,t), for a real parameter t, where R, (v,t) depends smoothly on t
for small t.

Proof. First, using the formula from the proof of Proposition 8.16, for (Y + b+ T + A) €
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auteq(E) and u = X +r + a, we find

Dppp(F =id,u){Y +b+T + A}
=Ly X + A(X) +Tr—Lyr—Lya+itxb—1tx QdR Ly H — 2<A,I‘>g.

Setting T = 0, A = ds for some s € Q°(M,G), b = dB + Quqr Ly H — 1y H, and using
Lyr =dr(Y), we find

Dpup(F =id,u){Y +df + Qqr Ly H — 1y H + ds}
=Ly X +ds(X)—dr(Y) — Lya + 1xdf — exey H — 2{ds,r)g
=—[Y+s+5,X+r+a

O

Recall again that the derivative at the identity of up gives rise to an identification of
auteq(E) with the derivations of E.

Corollary 8.18. Under the identification Der(E) = auteq(E), we have hex(E) = —im(ad).

Remark 8.19. Analogous to the exact case we observe that Proposition 8.15 in fact states
that hey(F) is tamely isomorphic to (imad)®, where the orthogonal complement is taken with
respect to the L2-inner product on I'(M, E) defined by the bundle metric h @ (-, Ygua ® h*.

The tame Fréchet Lie group structure of the standard G-flat transitive Courant alge-
broid gives rise to a tame Fréchet Lie group structure on a general G-flat transitive Courant
algebroid. Given a G-flat transitive Courant algebroid, there is no unique standard G-flat
transitive Courant algebroid it is isomorphic to: A B-field transformation only changes
H — H + dB and hence maps standard G-flat transitive Courant algebroids to standard
G-flat transitive Courant algebroids. Similarly, elements in Aut(G) = C*(M,O(q, K — q))
are simply changes of trivializations and again yield a standard G-flat transitive Courant

algebroid.
In contrast, when acting with A € Q'(M,G), in general R no longer vanishes but rather
R = —dA. Later, we will require more flexibility in the choice of bisection and need to

also consider those bisections in which R does not vanish. Therefore, we will be interested
in an explicit description of the group of autoequivalences of a standard transitive Courant
algebroid obtained from a standard G-flat Courant algebroid by an A-field transformation.

8.1.2.3 Autoequivalences in a general choice of bisection

Suppose we change the bisection from a flat standard transitive Courant algebroid by acting
with —S € QY(M,G). Since the action by a closed A-field transform on a standard G-flat
transitive Courant algebroid will again yield a standard G-flat transitive Courant algebroid,
we will assume without loss of generality that S = Zfi 1 Siei, with S; € d*Q2?(M) (recall that
by Remark 8.9 the S of this kind form a topological complement to QL (M)).

Then the data defining the bracket is as follows: the connection on G is still flat with
trivial holonomy, R = dS and the three-form H satisfies H — (S AdS)g € Q3 (M). The group
of autoequivalences of this Courant algebroid is the subgroup of the group of orthogonal
equivalences conjugate to the autoequivalences of the standard G-flat transitive Courant
algebroid by the action of F_g. In particular it still has a tame Fréchet Lie group structure,
which we explicitly describe in the following theorem.
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Theorem 8.20. Let E xTM ® GO T*M be a standard transitive Courant algebroid with
G = M x RE, V a flat connection on G with trivial holonomy, R = dS for some S =
Zfil Sie;, S; e d*Q*(M) and H € Q3(M) such that H — (S A dS)g € Q3(M). Then

Auteq(E) = {F,aB: v =(f,0) s.t. feDiffjg_(sa8),](M), O € O(¢q, K — q),
a:=A-S+07'f*SeQl(M,G),
b:=B - Qar (H — (8 A dS)g — f*(H — (S A dS)g))
—@A (S+071f*S))g + (O™ f*S A S)g € Q4(M)}
= Diff (M) [ —(s aasye) X Qa(M) x O(g, K — q) x Q4(M, G).

The multiplication map is given by
(f1,b1,01,a1) o (f2,b2,02,a2) —> (f1f2,b3,0102,a3),
where

as = 02_1f2*a1 + ag
bs = f3bi + by + (O3 ' fay A az)g + [f5, Qar] (H — (S A dS)g — fi(H — (S A dS)g)),

and the inversion map is given by
(f7 b7 O') a) = (f_17 bl: 0_17 _O(f_l)*a)7

where

b =—(f7)*+[Qar, (f7)*] (H — (S A dS)g — f*(H — (S n dS)g)).

Proof. Like in the proofs of Proposition 8.10 and Theorem 8.11, we will first take a closer
look at the constraints in Theorem 5.27 on v = (f,0) € Auteq(G), A € Q'(M,G) and
B e Q?(M) to define an autoequivalence F,A.B of E.

By the same argument as in Proposition 8.10, the first condition implies that O must be
constant, i.e. O € O(¢, K — ¢). The second condition becomes

O~ 'f*dS = dS — dA,
which, using equation (8.2) and that O is constant, this is equivalent to
d(A+07'f*Ss —8) =0.
Henceforth, we will write
A =a+8S—OLf*S for some a e QL (M,G).
The last condition in Theorem 5.27 becomes

H— f*H = dB + 2{A A dS)g — (A A dA)g
=dB+2{(a+S-07"'f*S) A dS), —{(a+S -0 f*S) A (AS—O~'f*dS)),.
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Observing that for general A’ € Q*(M,G) and B’ € QY(M, G), we have
(OT'A" A O7'B'), = (A" A B');,
(f*A" A f*B'>g = f*(A' A B'>g,
d(A’ A B"g = (dA' A B"g + (—1)*(A’ A dB')g,
we find
H—f*H=dB—-d{ana (S+07'f*S)), —d(S A O™ f*S), + (S A dS)g — f*(S A dS)g.
In particular, this shows that f € Diff(M)[z_(g,ds),] and that
B = b+ B(f,a) for some be Q%4(M),
where we defined
B(f,a) = Qar (H = (S A dS)g) +{(an (S+07'f*8)), + (S A O7'f*S),.

In total, we obtain a bijection

Diff (M) [57—(s nasye] X 2a(M) x O(q, K — q) x Q(M,G) — Auteq(E)

(f,0,0,8) — F(10) ats-0-1 7%, b+ B(f.a)-
To express the multiplication in Auteq(FE) in terms of this bijection, we write
(f1, b1, O1, @1)(f2, b2, Oz, @z) = (fif2, b3, 0102, a3).

Then, using the formulas for the multiplication in Theorem 5.27, we find that a3 is given by

as=0;"f3(ar+S— 07 fiS) +as +S — 0, f3S — (S — (0102) " (f1£2)*S)
=05 fra; + O 38 — (0102) M fif2)*S +ay + S — O; 1 f5S
— (S = (0102) 7! (f1/2)*S)
= O;lfz*al + as.

Similarly,

by = f3 (b1 + B(f1,a1)) + (b2 + B(f2, a2))
+{05 f5 (a1 +S =07 f1S) A (a2 + S — 05 /3S) ), — B(f1f2, 05" fian + a).
To simplify this expression, we first compute
3 (b1 + B(f1,a1)) + (b2 + B(f2,22)) — B(f1f2, 05 ' f3a1 + ag)
= [f3, Qar] (H = (S A dS)g — fi' (H — (8 A dS)g)) +{f3a1 A f3S)g
—(O7 (f1f2)*S A f5S); + (az A O3 f58), — (O3 f5S A S),
— {03! a1 A 8)g —(az A (0102) 7 (f1f2)*S) g + {(0102) "' (f1/2)"S A S)g .
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Expanding and adding the remaining terms
f3b1+ b2+ (05 f5 (a1 +S = 07 f1S) A (a2 + S — 051 5S) ),
we find that

by = f5b1+ba + (05 fyar A az)g + [f3,Qur] (H — (S A dS)g — f{(H — (S A dS)g)).

Finally, using these formulas for the multiplication, we confirm that the inversion map is
given by the expression stated in the theorem. O

Since Auteq(F) is conjugate to the group of autoequivalences of a flat standard transitive
Courant algebroid by some A-field transformation, and since the action of A-field transfor-
mations on I'(M, E) is smooth tame, we conclude from Proposition 8.16 that the action of
Auteq(E) on I'(M, E) is smooth tame.

Moreover, Auteq(E) has a tame Fréchet Lie subgroup, the group Auteq®*(E) of exact
autoequivalences, which is conjugate to the group of exact autoequivalences of some standard
G-flat transitive Courant algebroid. Its Lie algebra is again the image of —ad: I'(M, E) —
auteq(F). Using this fact, we will give an explicit description of the underlying tame Fréchet
space below.

Proposition 8.21. Let E be as in Theorem 8.20. Then the Lie algebra of Auteq®™(E) is
given by
bex(E) = {X +b+aeauteq(E) : Jae QY(M), Ire T(M,G) s.t. a =dr + dxS,
b=d(a—2r+:xS,S)g) + Qar Lx(H — (S A dS)g) —tx(H — (S A dS)g)},

where as above S = 3 | Sie; is such that R = dS, S; € d*Q*(M).

Proof. This can be proved by first computing Dppup(F =id,Y +r+ 8){X + b+ T + a} for
general X +b+T+a € auteq(E) and then comparing to the expression of —[ X +r+a, Y +s+/].
For both expressions to agree with each other, we must have T'= 0, a = dr + dvxS and

b= d(e— (2r + xS, S)g) + Qar Lx (H — (S A dS)g) — tx (H — (S A dS)g).

As before, we will identify hex(F) with a tame Fréchet subspace of I'(M, E).

Proposition 8.22. Let {e;}[X, be some parallel orthonormal frame of G and S; € d*Q?(M)
such that S = Y, S;e;, where S is such that R = dS. We denote by (G;j) € RE? the (positive
definite symmetric) matriz defined by G;j = (e;, ej)g, where (-,-)g denotes the L*-inner
product on G defined in the beginning of Section 8.1.2. There is a tame isomorphism

hex(E) = (kerad)®
= {X +1-2) G (€S a)ej +a: X € X(M), redeQ'(M,G), a e d*QQ(M)} :
i,

where the orthogonal complement of ker ad is taken with respect to the L?-inner product (-,-)g
onT'(M, E) (defined in the beginning of Section 8.1.2) and (-,-) denotes the L*-inner product
induced by the auziliary Riemannian metric h.
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Proof. First, we observe by inspecting the expression of the Dorfman bracket that
Y +s+ B eker(—ad) =ker(ad) « Y =0,ds =0, - 2(s,S)g € QL (M).

We claim that the orthogonal complement of ker(ad) with respect to (-,-)g exists and that
it is given by

(kerad)® = {X +r—2) Gyl (S a)ej +a: X e X(M), redbQ'(M,G), ae d*QZ(M)} .

1,J

To see that it is orthogonal, we observe that for s+4 € ker(ad) and X +r—23, ; Gj_il(eiSi, a)e;+
o with r € dEQN (M, G), a € d*Q*(M) we have

<S +B, X +1-2) Gl (eSi,a)e; + 04) = =23 si(€iSi, @) +2(, (s,8)g) =0,

Z"j
where we used that s; is constant for every i since ds = 0 and pryy, g+ S = 2 Priy, g+, S)g-

To see that it is an algebraic complement, we need to show that for every t + v €
['(M,G) ® QY (M) there exist s € Q% (M, G), r € dEQY(M,G), B € QL (M) and « € d*Q?(M)
such that

t+y=s+0F+2(6,S¢g+r+a— 22(}];1(6@-52-,04)%.
i,J

Writing t = to + t1 with tg € Q4(M,G), t; € dEQL(M, G) and v = 4o + 71 with v € QL (M),
y1 € d*Q2(M), this is equivalent to the system
70257 71=a+2<s,S>g7 t =,
-1 X -1 (8.3)
to=s— 22 Gji (61'51', a)ej =s—2 Z Gji (eiSi, Y1 — 2<S, S>g)ej,
Z?]

1,j=1

where we substituted the equation for v in the second line and used that pry, 4+{s, S)g =
(s,8)g, since S; € d*Q?(M) and s; are constant. Then (8.3) has a (unique) solution if and
only if

K
QSI(M7 g) 3s—s+4 Z G]_zl (eiS’h <S7 S>g)ej € le(Ma g) (84)
ij=1

is invertible. This is equivalent to the invertibility of the matrix A € R¥ * with

A, = 0, + 42 Gz_Jl (Gij, Gksk)
2%

Note that the matrix defined by (€;5;, €;5;) is positive semi-definite. Indeed, given (\;) € RE,
we have

DI AileiSi, €SN = (Z /\ieiSi,Z)\jeij> > 0.
i3 i J
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Since G is positive-definite, it follows that GA is invertible as a sum of a positive-definite
and positive semi-definite matrix. Hence, A is invertible.

Note that both ker ad and (ker ad)* are closed subspaces of I'(M, E) and therefore graded
Fréchet spaces. Moreover, the projections of I'(M, F) to the respective subspaces are tame
linear maps, which can be seen from the fact that the solution (s, a,r,5) of (8.3) depends
tame linearly on t ++ (note that the inverse map of (8.4) is automatically tame linear, being
a linear map between finite-dimensional vector spaces). This shows that ker ad and (ker ad)*
are tame direct summands of I'(M, E) and thus tame Fréchet spaces.

We conclude that

hex(E) = (kerad)™*
- {X +1-2) G (€S a)ej +a: X e X(M), red* Q' (M,G), ace d*Q2(M)} ,
2%

where the map (kerad)® — hey(E) is given by the restriction of ad: I'(M, E) — hey (E).
To see that this is a tame isomorphism, using Proposition 8.21 we observe that its inverse is
given by

bex(E) 3 X +b+ar— X +r(X,a) - 2) G};' (65, a(X,b,a)) e; + a(X,b,a),
2%
where

r(X,a) = Qu(a—dvxS),
a(X, b,a) = Qq4r (b + d<2r(X, a) + xS, S>g — Qar EX(H — <S A dS>g) + Lx(H - <S A dS>g)) .

Here we use that for A € dQ°(M,G), we have d Qy A = A and similarly, for B € dQ'(M),
we have dQqr B = B. O

In view of Proposition 8.22 (and Remark 8.19) we will from now on always identify
bex(E) = (kerad)t ¢ T'(M, E). (8.5)

Last, we observe that given some generalized complex structure L, we may use the isomor-

phism of real vector bundles -
v:L—F

E—E+E

to describe exact autoequivalences by elements in W~ !(hey(E)) = T'(M,L*). For £ €
U (hex(E)), we will then also denote F := Fuyg.

(8.6)

8.1.2.4 Choices of bisection and bundle metrics

Next, we consider G-flat transitive Courant algebroids with a generalized complex structure.
Note that the existence of a generalized complex structure forces the scalar product {-,-)
of the Courant algebroid to be of signature (2k,2¢), where 2k = dim M + ¢ and 2¢ =
dim M + K — q. In other words, it forces K and dim M + g to be even.

Recall that a generalized (Riemannian) metric on a Courant algebroid F is a positive
definite scalar product $) on E such that the endomorphism $Hend defined by $ = <5’)end~, >
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is an involution. We denote by E+ < E the +1-eigenbundles of £°9.

Lemma 8.23. Given a generalized complex structure J on a Courant algebroid E, there
exists a generalized Hermitian metric with respect to J, i.e. a generalized metric §) such that
Proof. This follows from the fact that every U(k,¢)-structure admits a reduction to the
maximal compact subgroup U(k) x U(¢) < U(k, ¢). O

Remark 8.24. Explicitly, a generalized Hermitian metric can be obtained by constructing
J-invariant subspaces Ey in the following way: Take an orthonormal vector u; € FE, say
(ui,uyy = e € {1}. Then

(Jui, Jury = {uy,u1) = €.

Hence, span{uy, Ju1} is either a positive or a negative subbundle of E.

Next, we pick some vector uy € (span{ui, Jui})" and normalize such that [(ug, ug)| = 1.
Proceeding as before and iterating the procedure yields two subbundles Fy that are [J-
invariant and define a generalized metric that is in particular a generalized Hermitian metric.

A statement similar to the following lemma already appeared in [JV16] but with a dif-
ferent proof.

Lemma 8.25. Let $ be a generalized metric on a transitive Courant algebroid E. Then
there is a bisection of E in which $ = %9@@ “)Eucl @ %g*, where g is a Riemannian metric
on M and (-, )gua is a positive definite scalar product on G.

Proof. We apply similar ideas as in [Garl4]. Since $) is positive definite, we must have
E.nT*M={0}=E_nT*M

and it follows that the restrictions
PrG [kerrnEy : kerm N EL — G

are injective. We denote G = prg B+ nkerm. Note that (-, -)glg, > 0 and {-,-)glg_ < 0. It
follows that
G+ nG_ ={0}, rankG, <g¢q, rankG_ < K —gq.

Moreover, we denote by (E; nker 7r)l c FE, the orthogonal complement of £ nkerw. Then
the anchor map defines an injective vector bundle morphism

L = 7|5, rkerm)L : (B4 0 ker )t — TM.
In particular, rank(E; N ker7)t < dim M and we find
dim M > rank(E, nkern)t = rank B, —rank G, > dim M + ¢ — ¢ = dim M

and hence
rank G, = ¢, rank(E, nkerm)t = dim M.

A similar argument shows that rankG_ = K —q. Hence G = G, ® G_ and 7, is in fact an
isomorphism. Moreover, we obtain isomorphisms

prg, = prg lkernnEy : kerm N By — Gy,
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The isomorphism 7 determines a Riemannian metric on TM via
-1 _—1 -1 _—1
g('a ) = ﬁ(ﬂ]_ 5T ) = <7TJ_ 5T >
We define the map

XTM — FE

_ 1
X — 7 HX) - 57r*g(X).

Then clearly w o A = id and for X,Y € T M we find

A MY = G (X) = 5mg(X), 77 (V) — ng(¥))

9(X, )~ g(X)(V) — Sg(¥V)(X)
g(X, Y) - g(Xa Y)
0

Moreover, for every r € G we write r = r, + r_ and define
c:G — kerm
r— pra (ry) + prg_l(r,).
Then for every X € TM and r € G, we find
{o(r), \(X)) = (prg} (r+), 7 (X)) = 0.
Therefore, (A, o) define a bisection of E. Since
Ep = {r "(X)+prg/(ry): X e TM, vy € G}
= {\X) + %W*Q(X) + préi(rur) : XeTM,ry G},

we observe that in the bisection defined by (A, o) we have

E+:{X+g(X)+I'+:XETM,I'+Eg+},
E.={X—g(X)+r_:XeTM,r_eG_}.

It follows that in this splitting $ takes the form $) = %g ® <5 )Eua @ %g*, where
G Bua = < glg, — < glg -
O

Note that in the case where (-, )g is positive definite we must have (-, Ypua = (-, )g.
Combining Lemma 8.23 and Lemma 8.25, we obtain the following.

Corollary 8.26. Suppose that E is a G-flat transitive Courant algebroid with a generalized
complex structure J. Then there exists a generalized Hermitian metric $ and a choice of
bisection such that $ = h® (-, Ypuca ® h*.
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Proof. This is a direct consequence of Lemma 8.23 and Lemma 8.25 by defining h := % g. O

Given a G-flat transitive Courant algebroid with a generalized complex structure, we will
fix a bisection and bundle metrics on TM, L and L in the following way: First, we choose
a generalized Hermitian metric $ on E. Then we choose a bisection £ =~ TM @GP T*M
and a Riemannian metric h on M such that the generalized Hermitian metric is given by
9 = h@E, HYpua@h*. Restricting the complex sesqui-linear extension of §) to the subbundles
L and L yields Hermitian bundle metrics on these subbundles.

In the following, we will always assume that the L2-inner products on the spaces I'(M, A® L*),
as well as on the spaces Q°*(M) and X(M) are defined in terms of these choices of bundle
metrics and with respect to the Riemannian metric h. Moreover, the Riemannian metric
defining the charts for Diff(M)[z) will be chosen to be h.

The advantage of these choices of bundle metrics is the following.

Lemma 8.27. Let E be a G-flat transitive Courant algebroid with a generalized complex
structure L. With the above choices of bundle metrics defining the L*-inner products and
the identification heyx(F) = (kerad)® as in (8.5), it holds that

U hex(E) o df (T'(M,A2L*)) .
Moreover, df (T'(M,A*L*)) has finite codimension in ¥ (hex(E)) and if H'(M,L) = 0,
then

U (hex(B)) = df (T(M, ALY)).
Proof. Under the identification hey(E) = (kerad)*, we have an orthogonal decomposition

F(Mv E) = hex(E) @ker(ad).

Since ! = pr; : ['(M, E) — I'(M, L), with our choices of bundle metrics ¥~! is in fact
a homothety and we obtain an orthogonal decomposition

D(M,L) = U ' hey (E) ® UL ker(ad).
On the other hand recall that by the Hodge decomposition
(@% (D(M, A’L*)))" = ker (dy, : T(M, L*) —> T(M, A>L*)) .

We consider ¢ € T'(M, L*) = T'(M, L) such that U¢ = ¢ + € € kerad, and u,v € T'(M, L).
Then by Lemma 5.39 we have

dL{(uv U) = _<[£vu]vv> = _<[€ + g7u]>v> = 0.

It follows that £ € kerdy, and therefore ker (dy, : T'(M, L*) — I'(M, A2L*)) o U~ ker(ad).
This implies

d3 (T(M, A’L*)) = (ker (d : T(M, L*) — T(M, A*L*)))" < (U kerad) " = U~ b (E).
We claim that d,C®(M) < ¥~ !ker(ad). Given f e C°(M) and u € T'(M, L), we compute

drf(u) = w(w)[f] = pry 7*df(u).
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Since
pr; T*df = U (r*df) € ¥ ker(ad),
we conclude that
dCP(M) c U lker(ad) = U lho(E) nd,C®(M) = {0}.

Hence
U heu (E) nker (df, : T(M, L*) —> T(M,A*L*)) < Hi(M).

8.1.3 Action on generalized complex deformations

In the following, let F be a G-flat transitive Courant algebroid over a compact manifold.
Generalized almost complex structures on E can be seen as sections of a fiber subbundle of
End E, whose fibers are isomorphic to O(2k,2¢)/U(k,¢). In particular the space of general-
ized almost complex structures on F is the space of all sections GAC(E) of this fiber bundle
and thus a tame Fréchet manifold [Ham82, Thm I1.2.3.1].

Recall that the group of autoequivalences acts on the tame Fréchet manifold of generalized
almost complex structures

Auteq(E) x GAC(E) s (F,J) > F-J:=FoJoF™ %

For exact E, it was already shown in [Hec25] that this action is smooth tame. In the
following, we will see this more generally in the case of G-flat transitive Courant algebroids.
For this, we need the following lemma.

Lemma 8.28. The map

UEnd: Auteq(F) x I'(M,End E) — T'(M,End E)
(FJA)— FoAoF!

is smooth tame.

Proof. We consider the auxiliary map
Auteq(F) x '(M,End E) x I'(M,E) — I'(M, E)
(F,A,u) —> FoAoF tu.
Then we observe that this map is smooth tame since

FvoFflu=FvoFﬁlouofof*1
= pe(F, App(F,u)),
where f is the diffeomorphism covered by F' and we use that pp is smooth tame (cf. Propo-

sition 8.16). In a locally trivial neighborhood U < M for E, the map pugnq can be recovered
from the auxiliary map using a local frame {e;} for F and its dual local frame {«;} for E*
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via
pnd(F, A)lu = . pe(F, App(F, e;) ® a;.

These patch together to the global section pgnq(F, A) of End E. The patching can be made
explicit using a partition of unity. In total, this yields a smooth tame map. O

Proposition 8.29. The action of Auteq(E) on GAC(E) is smooth tame.

Proof. This follows from Lemma 8.28 since GAC(F) is a tame Fréchet submanifold of
I'(M,End E). O

Consider now a generalized almost complex structure 7 on F and an autoequivalence F'.
Then we have

Ly(F - J) = {Fug-1(p) : tp-1p) € L1}
={Fouo f(p):uel(M,L)}
= {[up(F,u)], :ue(M,L)}.

For F in a small enough C'-neighborhood V) of id € Auteq(E), we find that
L(F-J)n L=/{0}
and hence there is some O(F) € T'(M, A2L*) such that
L(F - J) = graph(©(F)).

In particular, ©(F) is the generalized (almost) complex deformation corresponding to F'- 7.
Similarly, possibly after shrinking V(!) further, and for some small enough C°-neighborhood
WO of 0 in (M, A%L*), for every F € VU, » € WO the generalized almost complex
structure F - J, corresponds to a generalized almost complex deformation ©(F,¢). Since
we can think of © as the local expression for the action of Auteq(E) on GAC(E) in a local
chart around 7, it is a smooth tame map. We will state this in the following proposition.

Proposition 8.30. The map

0: VW x WO ., (M, A%L¥)
(F,¢) — O(F, )

is smooth tame. It is given by the formula
O(F,¢) = (Frp + Frpow)(Fir + Frpog) ™,

where we wrote

F = (FLL FLL) wrt. E=L®L.
Frr Fip
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Proof. We only need to prove the formula for O(F, ). First, we write

Ly(F - Jp) = {F(u+iup)p-1(p) : ue T(M, L)}
= {(FLL + Frpo go)ufq(p) + (FZL + F7p o @)Uffl(p) U € F(M, L)} .

Note that for F in a small C'-neighborhood V(1) of the identity and ¢ in a small C°-
neighborhood W(© of 0, the map

FLL+FLEO(,0:L—>L

is invertible. Therefore, for every w € I'(M, L) there is some v € I'(M, L) such that for every
pe M we have

vp = (FLL + Fp © p)up—1(y).-
It follows that
Ly(F - Jp) = {vp + (Fpp + Frp o) (Frp + Frp o) lvp v e D(M, L)}
and thus we find

O(F, @) = (Fp + Frpo@)(Frp + Frpop) ™

O
From now on, we will also denote O(F, ) := F - .
Lemma 8.31. O(F) o Iy, ¢) = Fi - O(Fy, ).
Proof. This follows from
(FioFy) - J=(FioF)oJo(F)o Fg)_l
=Fio(FyoJoF, YoF !
= Fy - (F2 . j)
O

We denote by

WH = {p e D(M, A’L¥) : |@lpow < e}, UF) = {6 € U e (E) c T(M,L*): |€]pm <}

£

Then for ¢ > 0 small enough, restricting © to exact autoequivalences and concatenating with
the local chart ® of Auteq®*(E) yields a smooth tame map

E:UM x WO — (M, A2LY).

Like in the complex case, for our proof of the local completeness of the deformation family
in Section 8.2.2, we need to compute the partial derivative D¢E(&, ). Proceeding similarly
as in Section 7.1, we first prove the following proposition.
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Proposition 8.32. Let p € WE(O) be a generalized almost complex deformation, F¢ an ezact

autoequivalence, where £ € Z/lg(l). Then for € > 0 small enough, F¢ - ¢ is well-defined and we

have
E(&,9) == Fe - = ¢+ dr(ap) + [, ap€] — 1z (dre + 5[w, ¢]) + R(p, ),

where apl = § — 1zp and R(p,t€) = t2R(p,&,t) for a real parameter t with R(p,&,t)
depending smoothly on t for small t.

Proof. We know that
Liepp = (p(Feot+ tu@)y - we T(M, L)}
= {up + p(up) — (W€, u + SD(U)]p + RME(\IJé-)(u +tup)pue (M, L)},

where we used Proposition 8.17 where also R is defined and ¥: L — I'(M, E) is the vector
bundle isomorphism defined in (8.6). It follows that

prL(LFg'so,p) = {up - prL[é + & u+ vuplp + prp Ry (YE) (u + tup)p s ue I'(M, L)}
= {up —pr[€ + & ulp — prof€, tuplp + prp Rpup (VE) (u + tup)p s ue T(M, L)} .

We define by P(§,¢): I'(M,L) — IT'(M, L) by

P(&, o)u = prp, (pe(Fe,u + tup))
= u —pr[€ + & u] — pri[€, tusp] + pri, Ry (W) (u + typ).

Then P(€, ) is invertible for (£, ¢) € U < WO with inverse
P& @) lu=u+ [ u] + prp[€ u] + prp[€ up] + higher orders of ¢,

where we used that the family of inverse maps P (¢, ) 'u depends smoothly on &. To see
that P(&, ) !u is indeed smooth in ¢, analogous to the complex case we note that the
inverse of

pry: Lp.p = L

is given by
id+&(&¢): L — Lp., < E,

which we already know depends smoothly on £, and the inverse of
u— pg(Fe,u+ typ)

is given by
v pry ,uE(Ff_l,v).
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Putting everything together, it follows that

Loy = {up+ ¢ (P(&9) "), = pr[We, P(&,9) ™ u+ ¢ (P(&,9) " u)],
+ higher orders of € : uw e I'(M, L)}
= {up te (up + [Ea u]p + pI‘L[f, u]p + pI‘L[E7 Lu@]p) - prfj[é’ u]p - pri[é + gu Lu@]p
+ higher orders of £ : uw e I'(M, L)} .

This shows that

E(E’ C)O)(’U/) = Lu+[£7u]+prL[f,u]-‘,—prL[gﬂ,u(‘p]SD - pri[&" U] - pI‘E [g + ga LUSO] + hlgher OrdeI'S Of 5

On the other hand, using Lemma 5.39, we find that

2
= by — prf,[ga u] + pri[@p, ’LL] + [Lu‘ﬂ»f - LgSO] + l’prL[E—Lgcp,u]SO
— prfegps u] = Prif€, el + e — e, ]

1
T2

b (@ +dn(§ —tgp) + [0, & — tgp] — te(drp + e, 90]))

bprp (€] —[eup ]~ [u,ige] +[igou]) P
= Lu—&-[g,u]—&-prL[f,u]SD - pri[ga ’LL] - pri[& +&, Lu@]
1 _ _
T2 bprp (€]~ [up ]~ [wsge] [ezp.ul) P

‘We need to show that

—prp,([tup, €] + [u, 120] + [1g0,u]) = pro[€, ug]-
To this end, for any ) € L, we compute
(&, tusp] + [tup, €], + ([u, ] + g, ul, ¥)

= )<éa LuSO> + 7T(¢)<u, Lg(p>
) (o(u, &) + (& u)) = 0.

This concludes the proof. O

(¢
(¢

Lemma 8.33. For somee >0, g€ Wg(o), let
ap: I'(M,L*) — T'(M, L")
§— & — g
Then the family of linear maps
a: WO x T(M, L*) — T'(M, L*)
(¢,8) — ay§

is smooth tame. Moreover, for e > 0 small enough, a, is invertible for every ¢ € Wa(o) and

the family of inverses a;l s smooth tame.
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Proof. The proof is analogous to that of Lemma 7.6. First, we note that a is a non-linear
vector bundle operator and therefore smooth tame by Proposition 6.25. Moreover, ay, is
invertible for ¢ o,o0 small enough. We set ¢: L — L via @(€) := ¢(€). Then,

o0
1 &
Qo = Z ¥
k=0

where we used that the sum converges fiberwise for small enough |/¢| . This shows that,
when it is defined, the family a;lf is a non-linear vector bundle operator and hence smooth
tame. U

Using Proposition 8.32, we will now compute D¢&(&, @) for (§,¢) € Z/{g(l) X Wg(o).

Proposition 8.34. Let p € WE(O) be a generalized almost complex deformation. Then

De&(&,0)n = dr(bepyn) + [E(&0), b ] — tagr (ALE(E, @) + 5[E(E,9),E(E.9)]) »

where be N = ag(¢ p)Cen, with a as defined in Proposition 8.32 and
cen = DCe(0)y, Ce:U 57— T <F§+,7F§_1> € Ul hor(E),

for a sufficiently small C'-neighborhood U = ¥~ hey (E) of zero.

Proof. Let £ € Ug(l), pE Wg(O). Let U c Us(l) an open C'-neighborhood of 0 € I'(M, L*) such
that £+ 17 € leg(l) for every 7] € U and such that Fg 50 Fgl edlo \I/(Z/{E(I)) for every 11 e U.
Then we define

Ce: U — UM
i U0 ®(Feyy0 Fg_l)-
Then
EE+17,p)=Fer- o
= (Fee@y o Fe) -
= Fe. i) - €& ).

By Proposition 8.32 and since C¢(0) = 0, we find

1
DeE(&, ) = lim ~ {E(E+1n,0) —E& 0)}

~ lim % [E (Celtn), £(&,0)) — E(&,9)]

t—

= %1_{%% {dL (ag(f,cp)cf(tn)) + [5(67 QD), ag(&,lp)cg(tn)]
1oy (L& 9) + 3EE 9),. £, ) |
= dp(ag(e,p)cen) + [E(&, @), ag (e p)cen] — tagg (ALE(E, ) + 5[E(E, ), E(&, ©)])

where cgn = DC¢(0)n. Setting bie )1 := ag(e,)Cen we arrive at the expression as stated
above. O
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Lemma 8.35. For some ¢ > 0, let WE(O), 5(1) as above. We assume that € > 0 is small

enough so that cg and b o) as in Proposition 8.34 are defined for § € Z/lg(l) and ¢ € WE(O).

Then the families of linear maps
c: UD x T (B) — UL ho(E)
(&n) — cen

and

b: UM x WO x w1 g (E) — (M, L*)
(& ©,m) — biep)n

are smooth tame. Moreover, for € > 0 small enough, c¢ is invertible for every § € Z/Ig(l). The

amily of inverses c; ' is smooth tame.
¢

Proof. The proof is analogous to that of Lemma 7.8. Recall that
_ _ -1 _ _
cen = DCe(O)n, Ce:U 37> (87 00) ™ (FeppFy ') € Wl hes(B),

where U < Z/{E(l) is an open neighborhood of 0 such that & + 7 € Ue(l) for every 77 € U and
Feygo0 Fgl € <I>(Z/IE(1)). Note that C¢ can be extended to a C%-neighborhood U of 0 such that
E+7e VU tod(Vy), and F5+,7Fgl € Viq for every 7 € U, where Viq denotes the local chart
neighborhood of id € Auteq™(E). We may furthermore assume, possibly after shrinking
e > 0, that U can be chosen independently of &, such that we obtain a well-defined map

C: UM x U — T hor(E)
(& 1) — Ce(i).

Then C¢(7) is smooth tame in § and 7) as a composition of smooth tame maps and invertible
for every small enough £. To compute the inverse, we note that

Cei) = (@ o W)™ (R 0@~ 0 W(E+17)) -
Since R;L = Rp,, we find that
3

Cl(x) = (@ tow)to Rp, o P loW(y) —¢
= (@ ow)™! (FxFe) =&,

which is smooth tame. It follows that the family c of linear maps is smooth tame and ¢ is
invertible for small enough £ and the family of inverses 05—1 is again smooth tame.

For the statements about b we observe that by Proposition 8.30 and since ¢ is smooth
tame, b is a composition of smooth tame maps and hence a smooth tame family of linear
maps. O

Note that in contrast to Lemma 7.8 we cannot expect b ) to be invertible. The reason
for this is that in general W~ ho, (E) is a proper subspace of I'(M, L*), while in Lemma 7.8
we may identify the Lie algebra of the diffeomorphism group with the entire space I'(M, T10).
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8.2 The deformation theorem

We now state the main theorem of this chapter.

Theorem 8.36. Let L be a generalized complex structure on a G-flat transitive Courant
algebroid E — M. There exists an open neighborhood W < H?*(M, L) of 0, a family M =
{1 : t € W} of generalized almost complex deformations of L, and an analytic obstruction
map

¢: W — H3(M, L)

such that the generalized almost complex deformations M = {o; € M : $(t) = 0} are
precisely the integrable ones. Any sufficiently small generalized complex deformation of L is
equivalent to at least one member of the family M. In the case that the obstruction map
vanishes, M is a locally complete family of generalized complex deformations.

In analogy to the complex case we call the family M in Theorem 8.36 the Kuranishi
family and the set ¢~1(0) = W the Kuranishi moduli space.

The proof of Theorem 8.36 is split into two parts. First, we will construct the family and
the obstruction map in Section 8.2.1. Then we will prove that the family is locally complete
in Section 8.2.2. In Section 8.2.1, we will closely follow Gualtieri’s proof in [Guall]. Since
Gualtieri followed Kuranishi’s proof in [Kur65], there are similarities with this work, too, as
well as with Section 7.2, which set the foundation for the proofs in Section 8.2.2.

8.2.1 Description of the family
Let

V1= {p e D(M,A’L*) : dpp + L[p, 0] = 0 = dfp} = ['(M,A’L¥)

We will see that as a set, the generalized complex deformations M in the family M are
contained in V;. Our strategy will be the same as in [Guall] (and as in Section 7.2): First
we show that V; is contained in another set Vy and that for small enough ¢ > 0 and large
enough k € Ny, the intersection Wg(k) NV, is parametrized by a neighborhood of 0 in ’H% (M).
Then we will find an analytic map

¢: W A Vy — H3 (M)

such that ¢(p) = 0 if and only if ¢ is integrable and hence contained in M. )
In the following lemma, we define the set Vs and prove that it contains the set V; as
defined above.

Lemma 8.37 ([Gua03; Guall]). Vi < Vs 1= {9 e I(M,A%L*) : o + 3 Q [0, ] € H3 (M)}

Proof. This exact statement has already been proved in [~Gu303; Guall], but for the sake of
completeness we will repeat the argument here. Let ¢ € V;. Then

App = (dpd} + didr)e = didre = —3di[e, ¢l

where we used dj ¢ = 0 for the second equality and drp + %[gp, ¢] = 0 for the last equality.
Hence,

0=G(ALp + 3di[e. ¢]) = ¢ — pra, ¢ + 3 QL. ¢,
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where we used that pry, +Gp Az = id. It follows that
¢+ 3 Qrle, @] = prag v € HL(M)
and thus ¢ € Vy. O
We consider the smooth tame map
o: T(M,A’L*) — T\(M, A’L*),
¢ — 0+ 3 Qe ¢l

Proposition 8.38. Fore > 0 small enough and large enough k € No, o maps Wg(k) bijectively
onto some neighborhood W. < T'(M, A®L*) such that

o LW, — Ws(k)
is smooth tame.
To prove Proposition 8.38, we need the following Lemma:

Lemma 8.39. For e > 0 small enough and large enough k € Ny, the equation Do(p)a =

has a unique solution « for every ¢ € Wg(k), B e T'(M,A’L*). Moreover, the family of
solutions is a smooth tame family of linear maps.

Proof. Let p € Wg(k), B el (M,A2L*). We need to find some a € I'(M, A2L*) such that

B=a—-Qla,¢] =a—dfGrla, ¢]. (8.7)

The statement follows now from Proposition 6.31, since a — Ardi Gr[a, ¢] = dj[a, ¢]

is a linear partial differential operator of degree two. O

Proof of Proposition 8.38. This follows from Theorem 6.27 and Lemma 8.39. O
Set

We = W. n HE(M), V.=V n W,
Then o yields a smooth tame map
¢i=0 Y We — V.

Corollary 8.40. The family M := {¢(t) : t € W.} is a smooth family of generalized almost
complex deformations.

To identify which elements in the family are integrable, i.e. contained in Vs, we note the
following:

Lemma 8.41 ([Gua03; Guall]). For e > 0 small enough, ¢ € V. is in S- := V| N wk) if
and only if

d(p) = prag, [, ] = 0.
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Proof. This exact statement has already been proved in [Gua03; Guall], but for the sake of
completeness we will repeat the argument here. We first note that for any ¢ € V., we have

dro + e, 0] = — 2dr Qule, ] + e, ¢
=2 Qrdrle. ] + 5 pra.[e, @],

where we used ¢ € V. for the first equality and pry, +dr Qr + Qy dr = id for the second
equality. Since the images of Q; and pry, are orthogonal to each other, it follows that

dro+ 5[, 0] =0 <= Qpdile,¢] = 0and pry, [, ¢] = 0. (8.8)

We claim that for ¢ > 0 small enough, pry, [¢, ¢] = 0 already implies Q; dr[¢, ¢] = 0. To
see this, suppose ¢ € V. such that pry, [¢, @] = 0. Then,

dr Qrle, ¢l = —Qrdrle, ¢l + [, ¢].

Using the compatibility of the bracket [-,-] and dy, as stated in Lemma 5.37 and ¢ € V,, we
compute

Qrdrle, ¢l =2Qldry, ¢l = — QrldL QLlw, vl, v] = QLIQL dLlw, ], ] — QLllw, ¥], #]-

By the Jacobi identity (see Lemma 5.37), we must have [[p, ¢], ¢] = 0. Therefore, setting
n:=Qpdrle, ¢], we find

n = Qln, ¢l

It follows from Example 6.15 and 6.16 that for & > dim M /2 + 1 we have

Inllx,2 = 1 QLI @llx2 < Clnlr2lelr2 < Celnlr,2-

In particular, for ¢ < 1/C, this implies that n = 0 and hence Q; d[p, ¢] = 0. By equa-
tion (8.8) this shows that ¢ € S.. O

8.2.2 Local completeness of the family

To finish the proof of Theorem 8.36, we need to show that every sufficiently small generalized
complex deformation ¢ can be obtained from M via an (exact) autoequivalence, i.e. there
is some small { € T'(M, L*) such that djE(§,») = 0. Moreover, given a smooth family of
small generalized (almost) complex deformations ¢;, we need to show that there is a family
& < I'(M, L*) depending smoothly on ¢ such that dj £(&, ¢¢) = 0.

Recall that by Lemma 8.27 we have

U hex(E) o df (T'(M,A2L¥)) .

Proposition 8.42. There are neighborhoods W < T'(M,A2L*) of 0 € T'(M,A%L*), U <
(M, L*) of 0 € T'(M, L*) such that for every ¢ € W there is a smooth tame family of
solutions & = &(p) € U of the equation

djE(&, @) = 0.
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Like in the complex case, for the proof of Proposition 8.42 we wish to apply Theorem 6.29.
For some ¢ > 0, ke N, let W&(‘k) and Zx[ék) be as above. For € small enough and large enough
k the map

A UP x WR s d¥ (T(M, A’L*))
(&) — QLEE »)

is well-defined and smooth tame as a composition of smooth tame maps. In analogy with
the complex case we observe that d7E€(&,¢) = 0 if and only if A({,¢) = 0. Therefore,
like in the complex case, our strategy will be to apply Theorem 6.29 to solve the equation
A&, ) = 0. In the following lemma, we will show that the assumptions of Theorem 6.29
are indeed satisfied.

Lemma 8.43. For ¢ > 0 small enough and large enough k, the equation D¢A(E, p)o = 8

has a solution o for every (&, ¢) € Z/Ig(k) X Wg(k), B e dj (F(M, A2L*)). Moreover, there
is a smooth tame family of linear maps V(§,¢): dj (F(M, AQL*)) — U hoo(E) such that
DeA(& @)V (€ @) = B for every B e df (F(M, AQL*)).

Proof. Using Proposition 8.34, for (£, ¢) € leg(k) X Wg(k), a e U1 o we compute

DﬁA(fv QO)CY = QL ng(ga SO)OZ
= QL dL(b(E,Lp)a) + QL [(“:(f, (70)? b(ﬁ,tp)a] - QL 105704 (dLg(fa (70) + %[5(57 (10)7 g(ga 30)]) s

where as before b oy = age pycea = cea — 7€ (€, p).
Lemma 8.44. For ¢ > 0 small enough, the restriction
Qrdragey): df (T(M,A’L*)) — dj (T'(M,AL*))

(k)

is invertible for every (&, ¢) € L{ék) x W:™. The family of inverse maps p(¢ , is smooth tame.

&p
Proof. Let n e df (I'(M,A%L*)). Then
Qr dLae(s,w)n =Qrdn— Qg dLbﬁg(fa ) =n-Qg dLbﬁg(fa ®).
Since
AL Qpdrez€(€, ») = didrez€(€ ),

for n, 5 € dj (F(M, AQL*)), the equation has a unique solution by Proposition 6.31 and the
solution map is a smooth tame family of linear maps. O

Now suppose that ccor € df (F(M, A2L*)) and let n € d¥ (F(M, AQL*)) be such that
1= Qpdrageqcee,

ie a= cglp(g#,)n. If we can find n € dj (I'(M,A%L*)) such that

n+ QL[E(é', @)a b(f,cp)cg_lp(f,cp)n] - QL Lw (dLg(£7 (10) + %[6(57 SO)’ 5(5, 90)]) = B
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this will provide us with a solution to D¢ A(, ¢)a = . We observe by Proposition 6.31, that
this equation has a unique solution n € dj (F(M, A2L*)) for every g e dj (1“(]\47 AQL*)),
provided that (&, ¢) € Z/lg(k) X Wg(k) for small enough ¢ > 0 and large enough k, and the
solution map s ,): df (F(M, AQL*)) — dj (F(M, A2L*)) is smooth tame. This gives rise
to a smooth tame family of linear maps

V(f, QO) = Cglp(é,wS(&@): dz (F(M, AQL*)) - \Ilil hex(E)7
such that DeA(E, @)V (€, ¢)B = B for every € df (I'(M, A’L*)). O

Proof of Proposition 8.42. By Lemma 8.43, the assumptions of Theorem 6.29 hold. Since
A(0,0) = 0, we conclude that there is a neighborhood W of 0 in T'(M, A2L*) and a neigh-
borhood U of 0 in W1 he, (E) such that for every ¢ € W we can find some ¢ = £(p) € U such
that d7£(&,¢) = 0. Moreover, the solution £(¢) is defined by a smooth tame map. This
finishes the proof of Proposition 8.42. O

Proof of Theorem 8.36. By Corollary 8.40, the family M = {((t) : t € W.} is a smooth
family of generalized almost complex deformations. The integrable deformations are precisely
those for which the analytic map ¢(¢) := pry[e, ¢] vanishes. They are contained in a
neighborhood of 0 in V). Moreover, by Proposition 8.42, we know that any sufficiently small
generalized complex deformation is equivalent to a generalized complex deformation in a
neighborhood of 0 of V.

Furthermore, if ¢ = 0, then

M = {p(t) e M: ¢(p(t)) = 0} = M

is a smooth family of generalized complex deformations. Given any other smooth family of
generalized complex deformations {¢'(t') : t' € W'}, it follows again from Proposition 7.17
that (possibly after shrinking W’) there is a family of exact autoequivalences {Fy }yepnyr,
depending smoothly on ¢, and a smooth map 7: W' — W. such that for every ' € W/, we
have

Hence, the family is locally complete. O
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