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Summary

This thesis is divided into two parts, each addressing a separate research problem.
In the first part of the thesis we study so-called positivity bounds – theoretical constraints

on the Wilson coefficients of an effective field theory. These bounds arise from the require-
ment that a given effective field theory must be the low-energy limit of a quantum field
theory that satisfies the fundamental principles of unitarity, locality, and causality. The task
of deriving these bounds (for Wilson coefficients corresponding to operators that are quartic
in momenta and contribute to two-to-two scattering at tree-level) can be reformulated as
a convex geometric question, namely the determination of the extremal representation of a
closed convex cone. This so-called positivity cone consists of all positive semi-definite tensors
in

W “
␣

S P Sym2pSym2 V ˚q ‘ Sym2 `Λ2V ˚
˘

: τS “ S
(

Ă Sym2pV ˚ b V ˚q,

where τ denotes transposition in the second and fourth tensor factor and V is a finite-
dimensional real vector space. The dimension of V has the physical interpretation of the
number of (particle) flavors under consideration.

In this thesis, we solve this question up to three flavors, i.e. dimV ď 3, proving a full
classification of all extremal elements in these cases. We furthermore study the implications
of our findings, deriving the full positivity bounds for amplitudes with and without additional
symmetries. In the cases with additional symmetries that we consider, we find that the so-
called elastic bounds are sufficient to recover the full positivity bounds. In contrast, if
dimV ě 3 and no additional symmetry conditions are imposed on the amplitude, there will
be bounds that cannot be deduced from the elastic positivity bounds. These arise from a
new class of extremal elements that appears in the extremal representation of the positivity
cone starting from dimV “ 3.

In the second part of this thesis, we study deformations of complex and generalized
complex structures using Hamilton–Nash–Moser theory. Our main result is an extension of
Gualtieri’s theorem on the existence of a locally complete family of deformations of general-
ized complex structures on exact Courant algebroids to the broader class of G-flat transitive
Courant algebroids. To establish this result, it is necessary to revisit certain analytic aspects
of both Gualtieri’s proof and Kuranishi’s classical proof of the existence of a locally complete
family of (classical) complex structures.

We therefore provide transparent proofs of Kuranishi’s and Gualtieri’s theorems using
Hamilton’s framework of tame Fréchet spaces and the Hamilton–Nash–Moser implicit func-
tion theorem. Building on these results, we then extend Gualtieri’s theorem to the set-
ting of G-flat transitive Courant algebroids. A key ingredient is the construction of an
infinite-dimensional Lie group structure on the group of autoequivalences of a G-flat transi-
tive Courant algebroid, more specifically, a tame Fréchet Lie group structure.

Zusammenfassung

Diese Dissertation gliedert sich in zwei Teile, die jeweils einem eigenständigen Forschungsprob-
lem gewidmet sind.

Im ersten Teil der Dissertation untersuchen wir sogenannte Positivitätsschranken (posi-
tivity bounds) – theoretische Einschränkungen für die Wilson-Koeffizienten einer effektiven
Feldtheorie. Diese Schranken ergeben sich aus der Forderung, dass eine gegebene effektive
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Feldtheorie der Niederenergielimes einer Quantenfeldtheorie sein muss, welche die grundle-
genden Prinzipien der Unitarität, Lokalität und Kausalität erfüllt. Die Herleitung dieser
Schranken (für Wilson-Koeffizienten, die Operatoren entsprechen, welche quartisch in den
Impulsen sind und auf Baumebene zu Zwei-zu-Zwei-Streuamplituden beitragen) lässt sich
auf eine Frage der konvexen Geometrie zurückführen, nämlich auf die Bestimmung der
Extremaldarstellung eines abgeschlossenen konvexen Kegels. Dieser sogenannte Positiv-
itätskegel besteht aus allen positiv semidefiniten Tensoren in

W “
␣

S P Sym2pSym2 V ˚q ‘ Sym2 `Λ2V ˚
˘

: τS “ S
(

Ă Sym2pV ˚ b V ˚q,

wobei τ die Transposition im zweiten und vierten Tensorfaktor bezeichnet und V ein endlichdi-
mensionaler reeller Vektorraum ist. Die Dimension von V besitzt die physikalische Interpre-
tation der Anzahl der betrachteten (Teilchen-)Flavours.

In dieser Dissertation lösen wir dieses Problem für bis zu drei Flavours, d.h. für dimV ď

3, und beweisen eine vollständige Klassifikation aller Extremalelemente in diesen Fällen.
Darüber hinaus untersuchen wir die Konsequenzen dieser Resultate und leiten die vollständi-
gen Positivitätsschranken für Streuamplituden sowohl mit als auch ohne zusätzliche Sym-
metrien her. Für die von uns betrachteten Fälle mit zusätzlichen Symmetrien zeigen wir,
dass die sogenannten elastischen Schranken (elastic bounds) ausreichen, um sämtliche Posi-
tivitätsschranken zu erhalten. Im Gegensatz dazu existieren für dimV ě 3 ohne zusätzliche
Symmetrieannahmen über die Amplitude Schranken, die sich nicht aus den elastischen Pos-
itivitätsschranken ableiten lassen. Diese entstehen durch eine neue Klasse von Extremalele-
menten, die ab dimV “ 3 in der Extremaldarstellung des Positivitätskegels auftritt.

Im zweiten Teil der Dissertation untersuchen wir Deformationen komplexer und ver-
allgemeinerter komplexer Strukturen mithilfe der Hamilton–Nash–Moser-Theorie. Unser
Hauptergebnis ist eine Verallgemeinerung von Gualtieris Satz über die Existenz einer lokal
vollständigen Familie von Deformationen verallgemeinerter komplexer Strukturen auf ex-
akten Courant-Algebroiden auf die umfassendere Klasse der G-flachen transitiven Courant-
Algebroide. Zum Nachweis dieses Resultats ist es notwendig, bestimmte analytische Aspekte
sowohl von Gualtieris Beweis als auch von Kuranishis klassischem Beweis der Existenz einer
lokal vollständigen Familie von (klassischen) komplexen Strukturen erneut zu untersuchen.

In dieser Dissertation entwickeln wir transparente Beweise der Sätze von Kuranishi
und Gualtieri unter Verwendung von Hamiltons Theorie zahmer Fréchet-Räume sowie des
Hamilton–Nash–Moser-Implizite-Funktionensatzes. Aufbauend auf diesen Resultaten er-
weitern wir anschließend Gualtieris Satz auf den Kontext G-flacher transitiver Courant-
Algebroide. Ein wesentlicher Bestandteil des Beweises ist die Konstruktion einer unendlichdi-
mensionalen Liegruppenstruktur auf der Gruppe der Autoäquivalenzen eines G-flachen tran-
sitiven Courant-Algebroids, genauer gesagt einer zahmen Fréchet-Liegruppenstruktur.
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Chapter 1

Introduction

A common phenomenon that we observe in nature is that of separation of scales. It is the
reason why humans were able to build houses thousands of years before knowing about quan-
tum mechanics and why they could study fluid dynamics before the discovery of molecules.
Effective field theories (EFTs) underlie that same principle. They are physical theories de-
scribing the low-energy limit of some more fundamental quantum theory. In many situations
this "full" quantum theory at high energies is not known. In that case, EFTs can also serve
to extend a theory that is known to be accurate at low energies – such as the Standard
Model of particle physics – by adding higher-dimension operators to the Lagrangian, which
parametrize the effects of physics at higher energy scales. This approach is often called the
bottom-up approach.

The physical parameters of an effective field theory are so-called Wilson coefficients.
The values of the Wilson coefficients that best describe nature need to be experimentally
determined. If the "full" quantum theory is unknown, they could a priori take any value.
However, it was shown in [Ada+06] that imposing the mild assumption that the unknown
theory should be compatible with fundamental principles of physics such as causality, unitar-
ity and locality yields constraints on the Wilson coefficients, the so-called (two-to-two forward
scattering) positivity bounds. They are a powerful tool in order to reduce the landscape of
physically meaningful EFTs.

These positivity bounds are associated with a specific kind of scattering, known as two-
to-two scattering: two incoming particles interact and yield two outgoing particles. Addition-
ally, the forward limit – namely, identical incoming and outgoing kinematics – is invoked. In
the literature, often only elastic (positivity) bounds are considered, i.e. positivity bounds that
arise from two-to-two scattering processes, where the initial and the final state are identical.
However, in [ZZ20] it was pointed out that in general there will be additional constraints,
which cannot be deduced from the elastic bounds.

As it was argued in [Li+21], the full set of positivity bounds can be described abstractly
as elements in a closed convex cone in a space of four-tensors on a real vector space V .
These four-tensors have symmetries prescribed by the symmetries of the (two-to-two forward)
scattering amplitude. We will refer to this cone as the positivity cone. Many elements of
the positivity cone in fact yield redundant positivity bounds. To obtain a complete set of
bounds it is sufficient to restrict to extremal elements, i.e. elements that cannot be written
as a non-trivial positive combination of other elements in the cone. Some of these extremal
elements will give rise to the aforementioned elastic bounds. It was already argued in [Li+21]
that if the vector space V is two-dimensional in fact all extremal elements are of this kind.

1



2 CHAPTER 1. INTRODUCTION

In the first part of this thesis we will classify all extremal elements of the positivity cone
in the case that V is three-dimensional. This gives rise to all (two-to-two forward scattering)
positivity bounds for scattering processes involving up to three flavors. In particular, we will
see that, starting from dimension three, there is a new class of extremal elements that gives
rise to positivity bounds that cannot be deduced from elastic bounds. On the other hand, we
will show that when imposing additional symmetries on the amplitude, the elastic positivity
bounds are in fact the strongest (two-to-two forward scattering) positivity bounds. This in
particular holds true for the physical example of pion scattering in quantum chromodynamics.

The second research problem addressed in this thesis arises in the field of generalized
geometry. Morally speaking, the starting point of generalized geometry is to replace the
tangent bundle of a manifold M by the generalized tangent bundle TM “ TM ‘ T ˚M or,
more generally, a Courant algebroid. These are vector bundles equipped with the data of a
scalar product, a bracket on sections (called Dorfman bracket) and a vector bundle morphism
to the tangent bundle (called anchor map), satisfying compatibility conditions.

A Courant algebroid structure on the generalized tangent bundle is given by the canonical
projection onto TM as anchor map, the natural pairing

xX ` α, Y ` βy “ 1
2pαpY q ` βpXqq

as scalar product, and a Dorfman bracket defined in terms of the Lie derivative and the
exterior derivative together with a closed three-form.

Generalized geometry has applications to string theory and to supergravity, the EFT of
string theory: It can be used to "geometrize" certain supergravity theories by reformulating
the equations of motion as a generalized Einstein equation [CSW11; CSW14; Gar14]. The
well-posedness of the initial value problem for the generalized Einstein equations was recently
established in [Sch26] (see [CS25] for a geometric description of the constraint equations).
Moreover, the renormalization group flow of certain supergravity/string theories may be
identified with generalized Ricci flow [Str17]. Generalized geometry also serves as a good
framework to understand T-duality in string theory [CD23; CG10; CW26; Šev15].

There are also applications to complex (especially non-Kähler) geometry and (higher)
gauge theory (see e.g. [GG25; GJS23; Sil+25]). A key ingredient is that certain geometric
flows or systems of geometric partial differential equations may be recast as versions of
generalized Ricci-flow or the vanishing of generalized curvature. Last but not least, an
important feature of generalized geometry is that it may be used to simultaneously generalize
a priori different geometric structures.

Generalized complex structures are a particular instance of this phenomenon, as they
encompass both complex and symplectic structures as special cases. In fact, this unification
of complex and symplectic geometry was the starting point of Hitchin [Hit03] to initiate
the field of generalized geometry. Generalized complex structures appear naturally in the
context of supersymmetric compactifications [GHR84; Gua14] and the study of deformations
of generalized complex structures is relevant to moduli problems in supergravity theories (see
e.g. [But+08; Kap04]).

The deformation theory of generalized complex structures on exact Courant algebroids,
i.e. those isomorphic to the generalized tangent bundle, has already been studied by Gualtieri
in [Gua03; Gua11]. Whereas deformations of (classical) complex structures are studied up
to the action of the diffeomorphism group, deformations of generalized complex structures
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must be studied up to so-called Courant autoequivalences: vector bundle equivalences that
preserve the Courant algebroid structure. Within this setting, Gualtieri proved the existence
of a locally complete family of generalized complex deformations. His approach was inspired
by Kuranishi’s simplified proof in [Kur65] of the existence of a locally complete family of
(classical) complex deformations.

A long-term objective (as part of a project which goes beyond the scope of this thesis) is
to eventually extend Gualtieri’s theorem to the larger class of transitive Courant algebroids,
i.e. Courant algebroids with a surjective anchor map. These are isomorphic to Courant
algebroids with underlying vector bundle TM‘G‘T ˚M , where G is a bundle of quadratic Lie
algebras. This has applications to supergravity theories, where in the presence of additional
gauge fields, it is often not enough to only consider sections to the generalized tangent
bundle [Gar14].

We will see that in order to achieve such an extension, some analytic details in the clas-
sical proofs by Kuranishi [Kur65] and Gualtieri [Gua03; Gua11] need to be revisited. An
appropriate framework for this is Hamilton–Nash–Moser theory. This will set the foundation
for an extension of Gualtieri’s theorem to generalized complex structures on G-flat transi-
tive Courant algebroids, a subclass of transitive Courant algebroids for which the Dorfman
bracket takes a particularly simple shape. As an important step in the proof of this exten-
sion, we will endow the group of autoequivalences of a G-flat transitive Courant algebroid
with an infinite-dimensional Lie group structure, more precisely, a tame Lie group structure.

1.1 Overview of Part I

The aforementioned positivity cone takes the explicit form of the cone

CW :“ tS P W : S ě 0u,

of positive semi-definite elements in

W :“
␣

S P Sym2pSym2 V ˚q ‘ Sym2 `Λ2V ˚
˘

: τS “ S
(

Ă V ˚b4.

Here, V is a finite-dimensional vector space and pτSqpv1, v2, v3, v4q :“ Spv1, v4, v3, v2q for all
v1, . . . , v4 P V . The dimension of the space W grows rapidly with dimV “: n: It is given by

dimW “ 1
8 npn` 1qpnpn` 1q ` 2q.

In the particular case that dimV “ 3 we have dimW “ 21.
As explained above, our task is to identify all extremal elements of the cone CW . In this

thesis, we will solve this problem for dimV ď 3 proving the following theorem.

Theorem (cf. Theorem 4.22). Suppose dimV “ 3. Then S P CW is extremal if and only if
it is of one of the following types:

1. For some α P V ˚zt0u, S “ α4.

2. For linearly independent α1, α2 P V ˚, S “ pα1 b α2qb2 ` pα2 b α1qb2.

3. For a basis tα1, α2, α3u of V ˚ and parameters g, d, h such that g2 ą 1 ´ d2 ` dh we
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have

S “ Stot ` 2 pg2 ` d2 ´ 1 ´ dhq
“

pα2 b α3qb2 ` pα3 b α2qb2‰ ,

where

Stot “α4
1 ` 6α2

1α
2
2 ` 6α2

1α
2
3 ` 12dα1α

2
2α3 ` 12g α1α2α

2
3 ` 4hα1α

3
3 ` p1 ` d2qα4

2

` 4dg α3
2α3 ` 6p1 ` dhqα2

2α
2
3 ` 4gpd` hqα2α

3
3 ` p1 ` g2 ` h2qα4

3.

The first two cases in the theorem correspond to the aforementioned elastic positivity
bounds, while the third class of extremal elements gives rise to new bounds that cannot be
deduced from the elastic ones. This gives rise to all (two-to-two forward scattering) positivity
bounds for scattering processes involving up to three flavors.

To prove this result, we make use of the fact that CW is a linear spectrahedron: the
intersection of a linear subspace of the symmetric bilinear forms on some vector space with
the cone of positive semi-definite ones. The extremal elements of linear spectrahedra have
been characterized in [RG95] as those elements which have "maximal kernel" among all non-
trivial elements in the cone (in the sense that there is no non-trivial other element of the
cone whose kernel properly contains that of the extremal element). Therefore, to identify
the extremal elements we will distinguish the elements in the cone by their rank.

Moreover, it will be useful to consider the restriction maps

R : W ÝÑ Sym2pSym2 V ˚q, R1 : W ÝÑ Sym2 `Λ2V ˚
˘

.

We will see that the map R is in fact an isomorphism so that an element S P W is completely
determined by its projectionRpSq P Sym2pSym2 V ˚q. Moreover, S P CW if and only ifRpSq ě

0 and R1pSq ě 0. Rather than just considering the rank of an element S P W , to decide
whether S is extremal, we will need to consider both the rank of RpSq and R1pSq separately.
Furthermore, we need to consider the dimension of certain characteristic subspaces of the
kernel of the element S.

Our strategy can be summarized in the following steps:

1. We show that an element in CW is an extremal element of the first or second kind if
and only if rankRpSq “ 1. This is true in arbitrary dimensions of V and can be seen
as an alternative interpretation of the elastic positivity bounds.

2. We find bounds on the rank of extremal elements. For dimV “ 3, an extremal element
in CW must have

dim kerS ą 3, dim kerRpSq ě 1, dim kerR1pSq ě 1.

3. We distinguish elements by the dimension of certain characteristic subspaces of their
kernels.

4. It turns out that a (non-elastic) element S P CW is extremal if and only if

(a) dimpkerS X Sym2 V q “ 3,
(b) dimpkerS X Λ2V q “ 2
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(c) kerS X pz _ V q “ 0, where z P V zt0u is such that kerS X Λ2V “ z ^ V q and
z _ V “ tz b v ` v b z : v P V u.

5. For these elements we can derive the explicit description as stated in the theorem.

We will also study the extremal elements of the cone pCW qG of G-invariant elements
of CW , where G P tOp3q,Z 3

2 ,SOp2qu and show that every extremal element of pCW qG is a
projection of some elastic extremal element of CW . This implies that for amplitudes with such
additional symmetry, the elastic positivity bounds are sufficient to describe the complete set
of positivity bounds. This is in particular the case for the pion scattering amplitude, which
has an Op3q-symmetry.

Finally, we will discuss why, starting from dimV ě 4, proving an analogous classification
result becomes much less feasible and how this is related to the fact that for more than three
variables, there exist homogeneous polynomials of degree four which are positive but not
sums of squares.

The structure of Part I is as follows:

• In the preliminary Chapter 2 we will give a brief introduction into the physical context
in which positivity bounds arise. We will introduce effective field theories and the
amplitude. Moreover, we will discuss the fundamental principles of unitarity, causal-
ity/analyticity and locality as well as their consequences for the amplitude and how
these give rise to the positivity bounds. We will also discuss the example of positivity
bounds for two-to-two pion scattering. This chapter does not contain original results.

• In the preliminary Chapter 3 we will introduce the background from convex geometry
needed in order to state and prove our main result of Part I. In particular, we will
introduce the concept of extremal representations of closed convex cones as well as
spectrahedra. We will also discuss the characterization of extremal elements of spec-
trahedra in terms of their kernels. We will end the chapter with a discussion of Hankel
spectrahedra, which are important examples of spectrahedra that arise in the context
of sums-of-squares polynomials. These will become relevant in Chapter 4. This chapter
does not contain original results.

• The Chapter 4 is the first original chapter of this thesis and contains the results
of [Bon+26]. In the chapter, we will prove the main theorem on the classification
of all extremal elements of CW for dimV “ 3. Along the way we will prove several nec-
essary conditions for extremality that are valid for arbitrary dimensions of V as well
as an alternative interpretation of the elastic positivity bounds. We will also study
amplitudes with additional symmetries showing that in these cases there are no posi-
tivity bounds other than those implied by the elastic ones. We end the chapter with a
discussion of why it appears that dimV “ 3 is the highest dimension in which proving
a full classification of all extremal elements of CW (with explicit parameterizations) is
feasible.

1.2 Overview of Part II

In Part II, we will extend Gualtieri’s deformation theorem for generalized complex structures
on exact Courant algebroids to a larger class of Courant algebroids, namely G-flat transitive
Courant algebroids. As already mentioned above, to achieve this, we first need to revisit
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Gualtieri’s proof in [Gua03; Gua11] as well as Kuranishi’s proof [Kur65] on the existence of
a locally complete family of (classical) complex deformations. Let us briefly recall the setup
of Kuranishi’s theorem.

Deformations of a (classical) complex structure on a compact manifold M can be de-
scribed by elements in a neighborhood of 0 in A0,1pM,T 1,0Mq (smooth p0, 1q-forms with
values in T 1,0M). The almost complex structure corresponding to some deformation φ P

A0,1pM,T 1,0Mq is integrable if and only if φ satisfies the Maurer–Cartan equation

B̄φ´ 1
2 rφ,φs “ 0,

where B̄ denotes the Dolbeault differential and the bracket is defined by a combination of
the Lie bracket of vector fields and the wedge product. The action of diffeomorphisms on
the space of almost complex structures gives rise to a (local) action of diffeomorphisms on
the deformations φ P A0,1pM,T 1,0Mq. Two deformations related in that way are considered
equivalent. A smooth family of complex deformations is called locally complete if every
other smooth family of (sufficiently small) complex deformations can be obtained from it by
acting with a family of diffeomorphisms. All of the above will be explained in greater detail
in Section 5.1.

Kuranishi proved the following result (we adapted the precise formulation):

Theorem (cf. Theorem 7.9). There exists an open neighborhood W Ă H0,1pM,T 1,0Mq of 0,
a family M̃ “ tφt : t P Wu of almost complex deformations of J , and an analytic obstruction
map

ϕ : W Ñ H0,2pM,T 1,0Mq

such that the almost complex deformations M :“ tφt P M̃ : ϕptq “ 0u are precisely the
integrable ones. Any sufficiently small complex deformation of J is equivalent to at least
one member of the family M. In the case that the obstruction map vanishes, M is a locally
complete family of complex deformations.

The strategy of Kuranishi’s proof in [Kur65] can be divided into the following steps:

1. The goal is to write M as the intersection of a neighborhood of 0 in A0,1pM,T 1,0Mq

with the set
␣

φ P A0,1pM,T 1,0Mq : B̄φ´ 1
2 rφ,φs “ 0, B̄˚φ “ 0

(

,

where B̄˚ is the formal adjoint of the Dolbeault operator B̄ with respect to some L2-inner
product. The equation B̄˚φ “ 0 plays the role of a "gauge fixing condition".

2. Kuranishi describes some set V Ă A0,1pM,T 1,0Mq containing M, which can be pa-
rameterized by an open neighborhood W Ă H0,1pM,T 1,0Mq of 0, and an analytic
map ϕ : V Ñ H0,2pM,T 1,0Mq such that ϕ´1p0q “ M (to obtain a map ϕ : W Ñ

H0,2pM,T 1,0Mq as stated in the theorem, one needs to concatenate with the parametriza-
tion of V).

3. It remains to show that for every sufficiently small φ P A0pM,T 1,0Mq, we can find
some diffeomorphism f P DiffpMq such that

B̄˚pf ¨ φq “ 0, (1.1)

where f ¨ φ denotes the (local) action of diffeomorphisms on deformations, and that
the solution f of (1.1) depends smoothly on φ.
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To follow through the steps described above in [Kur65], Kuranishi relies on Sobolev spaces
and refers to the implicit function theorem on Banach spaces to argue why (1.1) indeed
admits a solution. However, crucial analytic details required to argue that this implicit
function theorem is indeed applicable are omitted such as the proof of total differentiability
of the relevant maps.

In [Gua03; Gua11], Gualtieri followed Kuranishi’s proof in [Kur65] to obtain a far reach-
ing extension to a theorem on the existence of a locally complete family of deformations
of generalized complex structures on exact Courant algebroids, i.e. Courant algebroids iso-
morphic to the generalized tangent bundle TM ‘ T ˚M of a (compact) manifold M . Let us
briefly summarize the adaptations compared to the classical complex case described above:

• Every generalized complex structure is associated with a Lie algebroid L Ă EC, i.e. a
vector bundle whose space of sections is equipped with a Lie bracket together with a
vector bundle morphism L Ñ TM . In the case of a generalized complex structure, the
dual bundle L˚ Ñ M also has a natural Lie algebroid structure. Deformations of a
generalized complex structure are then described by (small) elements in ΓpM,Λ2L˚q.

• For every Lie algebroid, we may define a so-called Lie algebroid differential

dL : ΓpM,ΛkL˚q Ñ ΓpM,Λk`1L˚q.

The Lie algebroid differential defines a complex, which is elliptic for generalized complex
structures on transitive Courant algebroids, i.e. Courant algebroids with surjective
anchor map. In particular, for generalized complex structures on transitive Courant
algebroids over compact manifolds, the Lie algebroid cohomology groups HkpM,Lq are
finite-dimensional.

• For every Lie algebroid we can moreover define a bracket

r¨, ¨s : ΓpM,ΛkL˚q ˆ ΓpM,ΛlL˚q Ñ ΓpM,Λk`l´1L˚q,

the so-called Schouten bracket. The integrability of a generalized almost complex
structure corresponding to a deformation φ P ΓpM,Λ2L˚q is again equivalent to a
Maurer–Cartan type equation for φ, involving the Lie algebroid differential and the
Schouten bracket.

• While in the classical case (almost) complex structures/ deformations are consid-
ered up to diffeomorphisms, in the generalized (almost) complex case, the struc-
tures/deformations are identified if they are related by the action of an autoequivalence,
i.e. a vector bundle equivalence preserving the Courant algebroid structure. Further-
more, to prove local completeness, Gualtieri restricts to the action of the subgroup
of exact autoequivalences, i.e. autoequivalences whose infinitesimal action is by the
Dorfman bracket of the Courant algebroid. This has the advantage that the setup
resembles the classical complex case more closely.

In his proof, Gualtieri [Gua03; Gua11] followed through the analogous steps as those
of Kuranishi [Kur65], which we summarized above. However, the same crucial analytic
details as in [Kur65] are omitted when showing local completeness of the deformation family.
Moreover, while Kuranishi was working with local charts for the diffeomorphism group,
Gualtieri is working with flows, which raises additional analytic questions.
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In Part II of this thesis, we will revisit the classical proofs by Kuranishi [Kur65] and
Gualtieri [Gua03; Gua11] in the framework of tame Fréchet spaces using Hamilton’s Nash–
Moser implicit function theorem. This approach has the advantage of allowing us to remain
entirely within the smooth category throughout the proof, avoiding the need to track different
Sobolev spaces or invoke additional regularity arguments. Along the way we will furthermore
provide the missing analytic details mentioned above. Building on that, we will extend
Gualtieri’s result to generalized complex structures on the larger class of G-flat transitive
Courant algebroids. More specifically, we will prove the following theorem.

Theorem (cf. Theorem 8.36). Let J be a generalized complex structure on a G-flat tran-
sitive Courant algebroid E Ñ M with corresponding Lie algebroid L. There exists an open
neighborhood W Ă H2pM,Lq of 0, a family M̃ “ tφt : t P Wu of generalized almost complex
deformations of L, and an analytic obstruction map

ϕ : W Ñ H3pM,Lq

such that the generalized almost complex deformations M :“ tφt P M̃ : ϕptq “ 0u are
precisely the integrable ones. Any sufficiently small generalized complex deformation of L is
equivalent to at least one member of the family M. In the case that the obstruction map
vanishes, M is a locally complete family of generalized complex deformations.

As part of the proof we will endow the group of autoequivalences of a G-flat transitive
Courant algebroid with an infinite-dimensional Lie group structure, more precisely, a tame
Fréchet Lie group structure. Moreover, we will show that the exact autoequivalences form
a tame Fréchet Lie subgroup. We would like to point out that it was already shown by
Rubio and Tipler in [RT20] that the group of autoequivalences of exact Courant algebroids
has a strong ILH Lie group structure, which is another notion of infinite-dimensional Lie
group structure. Moreover, it is shown in [RT20] that the exact autoequivalences of an exact
Courant algebroid indeed form a (strong ILH) Lie subgroup and our results build on this
fact.

The structure of Part II is as follows:

• In the preliminary Chapter 5, we will introduce the relevant background on complex
and generalized (complex) geometry. In particular, we will define Courant algebroids
and discuss the standard forms of exact and transitive Courant algebroids. We will also
describe the explicit shape the autoequivalences take in these standard forms and define
the class of G-flat transitive Courant algebroids. We will discuss how deformations of
complex and generalized complex structures can be described in terms of forms and
define the notion of a locally complete family of deformations. Moreover, we will
show that the Lie algebroid complex of a generalized complex structure on a transitive
Courant algebroid is elliptic. We will also present some formulas that will be relevant for
the proofs of the deformation theorems for complex and generalized complex structures
in Chapter 7 and 8, respectively.

This chapter does not contain any original results except for the ellipticity of the said
Lie algebroid complex (cf. Proposition 5.44) and the identities in Lemma 5.37, which to
our knowledge have not appeared in the literature before. The proof of Proposition 5.44
is by a simple extension of an argument by Gualtieri [Gua03; Gua11] for generalized
complex structures on exact Courant algebroids.
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• In the preliminary Chapter 6, we will introduce the main concepts and results from
Hamilton–Nash–Moser theory that we need in Chapter 7 and 8. This includes the
definition of tame Fréchet spaces and smooth tame maps, as well as the Nash–Moser
theorem and Hamilton’s Nash–Moser implicit function theorem. We will also introduce
tame Fréchet manifolds and tame Fréchet Lie groups and give a more detailed discussion
of the diffeomorphism group. This chapter does not contain any original results except
for a specific result about certain families of operators in Proposition 6.31 which we will
apply in Chapter 7 and 8. The result is a simple consequence of a general statement
by Hamilton [Ham82] and the Hodge decomposition.

• Chapter 7 is the first original chapter of Part II and contains the results of [CP26]. We
revisit Kuranishi’s proof of the existence of a locally complete family of complex de-
formations on a compact complex manifold using Hamilton–Nash–Moser theory. This
includes proving that the action of the diffeomorphisms on the almost complex struc-
tures and the corresponding local action on almost complex deformations is smooth
tame (cf. Proposition 7.1) and computing a partial derivative of the local expression
for the local action (cf. Proposition 7.7). For the proof of the deformation theorem, we
will closely follow Kuranishi’s steps outlined above but will employ the techniques of
Hamilton–Nash–Moser theory.

• The second original Chapter 8 of Part II is based on joint work in progress with Vicente
Cortés. In the chapter, we revisit Gualtieri’s proof of the existence of a locally com-
plete family of generalized complex deformations for generalized complex structures on
exact Courant algebroids over a compact manifold using Hamilton–Nash–Moser the-
ory. Moreover, we will extend the result to the larger class of G-flat transitive Courant
algebroids. To establish these results, we will endow the group of autoequivalences of
a G-flat transitive Courant algebroid over a compact manifold with a tame Fréchet Lie
group structure. Moreover, we show that the exact autoequivalences form a tame Lie
subgroup and prove that the action of the autoequivalences on the generalized almost
complex structures is smooth tame.
To prove the main result we will build on the proof of the deformation theorem for
classical complex structures constructed in Chapter 7. There are several technical
deviations from the classical complex case that are summarized in the beginning of
Chapter 8.
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Chapter 2

Positivity in Effective Field
Theories

In this chapter, we will describe the physical context in which the research question arises
that we will answer in the first part of this thesis. This physical context lies within the field
of high-energy physics, more precisely, effective field theories and scattering amplitudes.

First, we will give a brief introduction to quantum field theories and effective field theo-
ries. In Section 2.2 we will define the amplitude and discuss its symmetries. Then we will
introduce the fundamental principles of unitarity, locality and causality/analyticity and dis-
cuss important consequences of these principles for the amplitude. Next, in Section 2.4, we
will see how the implications of unitarity, locality and causality yield bounds on the physical
parameters of an effective field theory. We will outline how these bounds can be formulated
in terms of convex geometry although some of the relevant definitions and concepts will only
be introduced in the next chapter. Finally, we will briefly describe how to derive the bounds
in the example of pion scattering.

This chapter contains no original results. Most of the content can be found in introduc-
tory textbooks of quantum field theory such as [Sch13; Wei95].

2.1 Effective field theories

In this section, we will give a brief introduction to effective field theories. We will first review
the foundations of quantum field theories. Then we will introduce effective field theories as a
way to approximate a theory of higher energies in terms of its field content at lower energies.

2.1.1 Quantum field theories

Quantum field theories (QFTs) are built on the same formalism as quantum mechanics.
Physical states are lines in a complex separable Hilbert space. They can be described by
sections of some vector bundle over the spacetime manifold. For the applications we have in
mind, we may assume the spacetime to be the four-dimensional Minkowski space. There is
a distinguished physical state called vacuum state.

Observables, i.e. physically measurable quantities, can be represented by self-adjoint op-
erators, with the eigenvalues being the possible outcomes of an experiment that is being
conducted. The norm-squared of the scalar product pψ1, ψ2q of two normalized vectors ψ1
and ψ2 is interpreted as the "probability overlap" of the two physical states represented by ψ1

11
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and ψ2. For instance, in order to determine how likely a certain outcome of an experiment
is, we may take the norm-squared of the scalar product of a normalized vector representing a
given physical state with a normalized eigenvector corresponding to the measurement value.

Every (elementary) particle of a given theory comes with a creation and an annihilation
operator. An (elementary) one-particle state of the theory is obtained by acting with the
corresponding creation operator on the vacuum state. Moreover, acting with any of the
annihilation operators on the vacuum state gives 0. The creation and annihilation operators
are commonly referred to as quantum fields. The collection of all quantum fields in a QFT
is referred to as the field content of the theory.

We will mainly be interested in local theories, i.e. theories that are described by a La-
grangian density1 that only depends on the values of the quantum fields at a point and
finitely many derivatives thereof. Then the Lagrangian density may be written as a sum of
terms depending on the different fields and their derivatives, multiplied by a constant2 that
takes care of the units.

The simplest example of a Lagrangian density is that of a free (real) scalar field ϕ, i.e.
ϕ P C8pR4q, such that ϕ is invariant under Lorentz transformations. The Lagrangian density
is given by

Lpϕq “
1
2
`

BµϕBµϕ´m2ϕ2˘ ,

where

BµϕBµϕ “

ˆ

Bϕ

Bx0

˙2
´

3
ÿ

i“1

ˆ

Bϕ

Bxi

˙2
.

More generally, the Greek indices (e.g. Bµϕ) run from 0 to 3 and refer to four-vectors/momenta.
These are paired using the Minkowski inner product of spacetime. The index is lowered using
the Minkowski metric η “ diagp1,´1,´1,´1q, whose components are denoted ηµν . Explic-
itly, we write Bµϕ “ ηµν Bνϕ. Consistently, the indices are raised using the inverse metric
η´1 “ diagp1,´1,´1,´1q, whose components are denoted with raised indices ηµν . Explicitly,
we write Bµϕ “ ηµν Bνϕ.

We could also consider n different scalar fields and consider Lagrangian densities with
additional terms such as

Lpϕ1, . . . , ϕnq “
1
2

n
ÿ

i“1

`

BµϕiBµϕi ´m2
iϕ

2
i

˘

`

n
ÿ

i,j,k,l“1
λijklB

µϕiBµϕjB
νϕkBνϕl,

where λijkl P R. Moreover, we could consider more general quantum fields, which are not
scalar such as a connection one-form of a principal G-bundle. This happens for instance in
electrodynamics, whose Lagrangian density is given by

LpAq “ ´
1
4F

µνFµν ,

where A is a connection one-form and F is its curvature. Another possibility are (Dirac)

1The Lagrangian density of a theory is a function that when integrated over the spatial directions gives
rise to the Lagrangian of the theory. The action functional is obtained by integrating the Lagrangian density
over the entire spacetime.

2In practice this constant will "run" with the energy meaning that it depends on the energy scale at which
it is probed due to quantum effects and renormalization.
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spinors ψ : R4 Ñ C4. The (free) Dirac Lagrangian density of a Dirac spinor is given by

Lpψq “ iψ̄γµBµψ ´mψ̄ψ,

where ψ̄ “ ψ:γ0, where ψ: denotes the conjugate transpose, and γµ are the gamma-matrices,
which may be represented by

γ0 “

¨

˚

˚

˝

1 0 0 0
0 1 0 0
0 0 ´1 0
0 0 0 ´1

˛

‹

‹

‚

, γ1 “

¨

˚

˚

˝

0 0 0 1
0 0 1 0
0 ´1 0 0

´1 0 0 0

˛

‹

‹

‚

,

γ2 “ i

¨

˚

˚

˝

0 0 0 ´1
0 0 1 0
0 1 0 0

´1 0 0 0

˛

‹

‹

‚

, γ3 “

¨

˚

˚

˝

0 0 1 0
0 0 0 ´1

´1 0 0 0
0 1 0 0

˛

‹

‹

‚

.

There are many more possibilities for Lagrangian densities. The different terms appearing
in the Lagrangian density are also referred to as operators, although they are not operators
on the Hilbert space of states. The coefficient of an operator „ ϕ2 (containing two fields
of the same kind but no derivatives) is related to the mass of the particle corresponding to
ϕ. Operators containing more than two fields are relevant for interactions. The coefficients
of these operators (e.g. the λijkl appearing in the second example above) are also called
coupling constants. To every operator we may assign a number called mass dimension that
counts the amount of fields and derivatives in the operator. Together with the value of the
coupling constant, the mass dimension of a given operator can serve as an indicator for the
energy scale at which the operator contributes.

Furthermore, we will require the Lagrangian density to be Lorentz-invariant so that the
corresponding QFT is Lorentz-invariant in the sense that Lorentz transforms of solutions to
the equations of motion are again solutions.

2.1.2 Effective Lagrangians

Suppose we are given a quantum field theory that is valid in a certain range of energy
and described by some Lagrangian density L0pψ1, .., ψnq with some field content tψiu

n
i“1.

Suppose furthermore that our given theory is the low energy limit of a (typically unknown)
"full theory", which is referred to as the UV-theory and described by some Lagrangian density
Lfullpψ1, . . . , ψn, φ1, . . . , φkq, where the fields tφiu are very heavy with masses much greater
than the energy scales at which the QFT described by L0 is valid. Then L0 is called an
effective Lagrangian (density) for Lfull and the corresponding QFT is called an effective field
theory (EFT).

Conversely, given a QFT described by a Lagrangian density L0, under appropriate as-
sumptions, the low-energy effects of heavier particles that are not included in the Lagrangian
density L0, may be described by adding operators of higher mass dimension to L0. Schemat-
ically, we write

Lfull,eff « L0 `
ÿ

dą4

ÿ

i

f
pdq

i Opdq

i ,
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where tOpdq

i u is a basis of operators of mass dimension d containing the fields tψju. The
coefficients f pdq

i are called Wilson coefficients.
In practice, only finitely many terms up to a specific mass dimension would be added

to the Lagrangian density L0. The number of operators that should be added is usually
determined by the precision we want to account for, which is often related to the experimental
precision that can be achieved. The resulting theory is an EFT for an unknown UV theory.
This is often called the bottom-up approach. An important example for an EFT arising in
this way is the Standard Model effective field theory (SMEFT).

The Standard Model of particle physics is a theory that classifies all experimentally ob-
served elementary particles and describes three out of the four fundamental forces (electro-
magnetic, weak and strong interaction). Note that there is no possibility of including gravity
in the Standard Model. While the Standard Model has been very successful at making ex-
perimental predictions it fails to explain certain phenomena observed in nature such as dark
matter or the neutrino mass. Therefore, it is believed that the Standard Model is only an
EFT of a more fundamental UV theory. In order to study possible extensions of the Stan-
dard Model, in the SMEFT additional operators of higher mass dimension are added to the
Standard Model Lagrangian (density) that are invariant under the (gauge) symmetries of the
Standard Model. The values of the Wilson coefficients of these operators that most closely
resemble nature can be determined experimentally. These values then provide information
about possible extensions of the Standard Model e.g. by new elementary particles. For this,
scattering experiments are performed. These will be reviewed in the following section.

2.2 Two-to-two forward scattering amplitude

In this section, we will introduce the S-matrix and the (two-to-two forward scattering) am-
plitude. Finally, we will describe some symmetries of the amplitude. These will characterize
the mathematical objects that we study in Part I of this thesis.

2.2.1 The S-matrix

Suppose we have some state Ψ`
A with particle content A prepared at the "infinite past" that

is scattering to some state Ψ´
B at the "infinite future" with particle content B. We denote by

SBA :“ pΨ´
B,Ψ

`
Aq

the probability amplitude for the transition A Ñ B. The S-matrix is defined to be the
operator S such that

SBA “ pΦB, SΦAq,

where ΦA and ΦB denote the free (i.e. non-interacting) state with particle content A and B,
respectively. For instance, given a process where two particles represented by the vectors α
and β collide and scatter into two particles represented by γ and δ, we would have A “ αbβ
and B “ γ b δ. The intuition behind this definition is that we assume that at the "infinite
past" and "infinite future" the two scattered particles are very far from each other so that
they do not interact with each other.

A QFT is called unitary if its S-matrix is a unitary operator. Unitarity is related to the
preservation of probabilities in scattering processes and thus should be expected to hold in
a physically meaningful theory.
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2.2.2 The amplitude and two-to-two scattering

We define the scattering amplitude AAÑB of the process A Ñ B via

ip2πq4 δ4ppB ´ pAqAAÑB “ SBA ´ δpB ´Aq.

Here, pA and pB denote the total four-momenta of the states A and B, respectively, and
we factored out a factor of δ4ppB ´ pAq, which ensures the conservation of momentum and
energy. Moreover, we subtracted δpB ´ Aq which would correspond to a trivial scattering.
The amplitude describes the part of the S-matrix representing the actual interaction. It can
be related to the total cross-section, a measurable quantity.

Let us take a closer look at the case of two-to-two particle scattering. In a diagram, we
may depict the situation as follows:

α γ

t “ ´8 b ? b t “ 8 ,

β δ

p1 p3

p4p2

where pi denote the (three-)momenta of the particles being scattered, which have to satisfy

p1 ` p2 “ p3 ` p4

due to momentum conservation. The amplitude AαbβÑγbδ depends on the Mandelstam
variables

s :“ pp1 ` p2q2, t :“ pp1 ´ p3q2.

There is a third Mandelstam variable u :“ pp1 ´ p4q2, which however is not independent
from s and t due to the relation

s` t` u “ m2,

where m2 denotes the sum of the squared masses of the four particles.
Once we fix the momentum of a particle, its state is determined by a vector in a finite-

dimensional complex vector space Vfl,c, which we will call flavor space. Therefore, when
considering two-to-two scattering of particles of the same type, we can think of the amplitude
as a map from the Mandelstam variables s and t to four-tensors on the flavor space by setting

Aijklps, tq :“ AαkbαlÑαibαj ps, tq,

where the tαiu form a basis of the flavor space and the momenta of the scattered states
are encoded in the Mandelstam variables. We will often write Aps, tq for the corresponding
four-tensor such that

Aps, tqpαi, αj , αk, αlq “ Aijklps, tq. (2.1)

Note that the amplitude Aps, tq thought of as a map V b4
fl,c Ñ C is complex linear in the first

two and complex anti-linear in the second two components. This is due to the sesquilinearity
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of the scalar product of the Hilbert space which enters the definition of the amplitude as

ip2πq4AαbβÑγbδ “ pα b β, pS ´ idqγ b δq .

However, the amplitude Aps, tq will in general have singularities: There will be poles
coming from the production of intermediate one-particle states and branch cuts coming
from multi-particle intermediate states and loop effects. We will assume that the amplitude
has a mass gap, i.e. that there is a neighborhood of zero in which the amplitude is analytic.
This is the case for processes involving no massless particles.

2.2.3 The forward limit

We will mostly be concerned with the (two-to-two) forward scattering amplitude Apsq, which
is defined by the limit

Apsq :“ lim
tÑ0

Aps, tq. (2.2)

Intuitively this corresponds to a process in which the kinematics of initial and final state
coincide, i.e. in the center-of-mass frame it is of the form

α γ

t “ ´8 b ? b t “ 8 ,

β δ

p p

´p´p

but the forward scattering amplitude is really defined by taking the limit (2.2). Moreover,
subtleties in this definition may arise when the masses of the scattered states are differ-
ent [Rha+18] as well as for particles with spin [Bel17]. We will therefore focus on the
scattering of scalar fields that are (at least approximately) of the same mass.

2.2.4 Symmetries of the amplitude

It turns out that not all scattering processes are unrelated and in fact the (two-to-two forward
scattering) amplitude has certain symmetries. To state these symmetries, we note that there
is a complex conjugation on the Hilbert space of states, defined by taking the anti-particle
and suitably reversing momenta and spin. This gives rise to a complex conjugation on the
flavor space, which we denote by ¯̈.

The amplitude satisfies the crossing symmetry

Apsqpα1, α2, α3, α4q “ Apm2 ´ sqpα1, α4, α3, α2q, (2.3)

where m2 denotes the sum of the four masses squared. Moreover, the amplitude satisfies
CPT invariance

Apsqpα1, α2, α3, α4q “ Apsqpα3, α4, α1, α2q. (2.4)
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An intuition for why these processes should involve a complex conjugation is that Apsq is
complex linear in the first two entries while it is complex anti-linear in the last two. Therefore
"exchanging" in- and out-states must be accompanied by some kind of anti-linear operation.

In addition to crossing symmetry and CPT invariance, we will assume that the amplitude
has the symmetry

Apsqpα1, α2, α3, α4q “ Apsqpα2, α1, α4, α3q. (2.5)

This symmetry is always satisfied for scalar fields, on which we focus. For particles with
spin, it would imply parity conservation, i.e. the symmetry of the amplitude under spatial
inversion which would affect the three-momenta as p Ñ ´p. If the amplitude is not invariant
under parity, we could instead consider the sum of the amplitude and its parity transform
in order to obtain a tensor invariant under this additional symmetry [Zha22].

2.3 Unitarity, locality and causality

Previously, we already encountered the fundamental concepts of locality and unitarity. To-
gether with the property of causality they give rise to important implications for the am-
plitude, which we will briefly describe below. These will be the underlying causes for the
appearance of positivity bounds, which we will derive in the following section.

2.3.1 Causality and analyticity

A QFT is causal if its observables and fields commute at space-like distance. Causality is very
closely related to analyticity, i.e. the possibility to analytically continue the amplitude as a
function of s to the whole complex plane3 and we will use both notions interchangeably. In the
case of two-to-two scattering of identical scalar particles, building on previous works [BEG64;
Leh58; Leh66], it was shown rigorously that the assumptions of causality and unitarity
imply that the amplitude Aps, tq is analytic in s and t (away from the poles of s on the
real axis for fixed t) for any s P C and |t| ă 4m2, where m is the mass of the particles
being scattered [Mar66]. In the following, we will always assume that the forward scattering
amplitude is analytic in s for all s P CzR (and for real s in a neighborhood of 0 by the
assumption of a mass gap).

2.3.2 The optical theorem

Given a scattering amplitude Aps, tq, we define its discontinuity at s P R as

Disc Aps, tq “ lim
εÑ0

1
2i rAps` iε, tq ´ Aps´ iε, tqs.

The name is related to the fact that the discontinuity measures the "jump" of the amplitude
from above to below its singularities on the real axis.

A direct consequence of unitarity is the (generalized) optical theorem

2 Disc AAÑBpsq “
ÿ

X

A˚
AÑXpsqABÑXpsq, (2.6)

3As mentioned before, the amplitude will in general have singularities on the real axis but away from the
real axis it will be analytic.
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where ¨˚ denotes complex conjugation and
ř

X denotes the sum (or more generally the
integral) over all possible intermediate states X of the scattering A Ñ B.

2.3.3 The Froissart–Martin bound

Now, in addition to unitarity and the analytic properties of the amplitude mentioned above,
we assume that the amplitude satisfies the following additional "locality" assumption that
for small positive values of the Mandelstam variable t, the two-to-two scattering amplitude
Aps, tq is bounded by some polynomial in s.

Then it was shown that under these assumptions, the forward scattering amplitude cannot
grow faster than s log s for large s. This bound was first proved by Froissart under stronger
assumptions [Fro61] and later, by Martin [Mar63] in the setting stated above.

A consequence of the Froissart–Martin bound is that |Apsq{s3| Ñ 0 for |s| Ñ 8, which
will be useful in the following section, where it allows us to drop the integration of Apsq{s3

over some contour at infinity.

2.4 Bounds from unitarity, locality and causality

In this section, we will use the fundamental principles discussed in Section 2.3 in order to
demonstrate how the positivity bounds arise in EFTs. First, we will derive a condition on
the low-energy amplitude of a theory that is unitary, causal and local. These bounds can
be translated into bounds on the Wilson coefficients of the EFT, the positivity bounds. We
will distinguish elastic and inelastic positivity bounds. Finally, we will discuss the elastic
positivity bounds for the scattering of pions, scalar fields that appear in the theory of strong
interactions. This section contains no original results but goes beyond classical introductory
textbooks on QFT. We will mostly be following the references [Li+21; ZZ20]. Most of the
content discussed (in particular Section 2.4.3) can also be found in the appendix of the
coauthored publication [Bon+26].

2.4.1 A condition on the amplitude

We will associate a real four-tensor to the two-to-two forward scattering amplitude in the
following way. First, we restrict the amplitude to the real subspace Vfl of self-conjugate
vectors. More explicitly, we fix a basis tαiu of Vfl,c consisting of self-conjugate vectors αi “ αi.
Then Vfl “ spanRtαiu. We consider the forward scattering amplitude

Aijklpsq “ Apsqpαi b αj , αk b αlq

for the process αi b αj Ñ αk b αl.
Then we define

Mijkl :“ d2

ds2 Aijklps “ m2{2q ` c.c.,

where m2 is the sum of the four squared masses of the scattered particles, and c.c. stands
for the complex conjugate, so that the Mijkl are real numbers.4

4Note that here we assumed that s “ m2
{2 is still within the analytic region of the amplitude. More

generally, there might be singularities due to lighter particles, which can be explicitly computed and sub-
tracted [Bel17; Rha+17], so that Aijkl becomes analytic in s “ m2

{2 and therefore Mijkl is well-defined.
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Since the vectors αi are self-conjugate, it follows from the crossing symmetry (2.3) and
CPT-invariance (2.4) of the amplitude A that

Mijkl “ Milkj “ Mkjil “ Mklij .

Moreover, the additional symmetry (2.5) we assumed implies Mijkl “ Mjilk.
We may think of the Mijkl as the components of a real four-tensor M on Vfl. It is worth

noticing that, despite the restriction to the real subspace Vfl, the Mijkl contain information
about two-to-two scatterings of arbitrary states (also of those which are represented by
vectors that are not self-conjugate).

Now we will assume that A is the two-to-two forward scattering amplitude of a theory
which is the low energy limit of a unitary, local and causal theory. Then, assuming that
s “ m2{2 is contained in the analytic region of the amplitude, Mijkl may be computed by
integrating along a small contour C encircling m2{2

Mijkl “
1
πi

ż

C
ds

Aijklpsq

ps´m2{2q3 ` c.c. .

Using analyticity of the amplitude, one can deform the integration contour to larger values
of s as sketched in Figure 2.1. Then the Froissart–Martin bound in Section 2.3.3 allows us

Figure 2.1: Integration contours to derive the positivity bounds. The contour C may be deformed
to the larger contour C1. This figure is a modification of Figure 2 in [RR19].

to drop the integral over the circle at infinity, leaving behind the integration along the real
s-axis, which results in an integration over the discontinuities of the amplitude along the
axis. Moreover, the discontinuities can be related to other amplitudes AijÑX , AklÑX via
the generalized optical theorem, while the integral over negative values of s is mapped to the
integral over positive values of the amplitude Ailkjpsq via crossing symmetry. Altogether,
one finds

Mijkl “
1
π

ż 8

Λ
ds

ř

X AijÑXA˚
klÑX

ps´m2{2q3 ` pj Ø lq ` c.c. ,
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where Λ ą m2{2, and X refers to arbitrary intermediate states.

Expanding AijÑX “ QX,ℜ,ij ` iQX,ℑ,ij into real and imaginary parts, one finds that

Mijkl “
ÿ

a

Qa,ijQa,kl `Qa,ilQa,kj , for some Qa P V b2,

where a ranges over the combined pX,ℜ{ℑq labels. Moreover, since we assume the symmetry
Mijkl “ Mjilk, the Q tensors can be assumed to be either symmetric or anti-symmetric. To
see this, we decompose the tensors Qa into symmetric and anti-symmetric part Qa “ QSa`QAa
and compute

Mijkl “
1
2pMijkl `Mjilkq

“
1
2
ÿ

a

pQSa `QAa qijpQ
S
a `QAa qkl ` pQSa `QAa qilpQ

S
a `QAa qkj

`
1
2
ÿ

a

pQSa `QAa qjipQ
S
a `QAa qlk ` pQSa `QAa qlipQ

S
a `QAa qjk

“
ÿ

a

QSa,ijQ
S
a,kl `QAa,ijQ

A
a,kl `QSa,ilQ

S
a,kj `QAa,ilQ

A
a,kj ,

where we used

QSa,ijQ
S
a,kl “ QSa,jiQ

S
a,lk, QSa,ijQ

A
a,kl “ ´QSa,jiQ

A
a,lk, QAa,ijQ

A
a,kl “ QAa,jiQ

A
a,lk.

In total, we observe that

M P C :“
#

ÿ

a

Qb2
a ` τQb2

a : Qa P Sym2 V or Qa P Λ2V

+

, (2.7)

where we defined pτMqpv1, v2, v3, v4q “ Mpv1, v4, v3, v2q for some M P V b4. In the next
chapter (in Example 3.8) we will see that C is a closed convex cone.

2.4.2 Elastic positivity bounds and beyond

One first consequence of (2.7) is the following. Consider the two-to-two forward scattering
of an initial state of two particles α b β to itself

α α

t “ ´8 b ? b t “ 8

β β

p p

´p´p
.
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A scattering process like this, where "nothing happens" is called elastic scattering. Then
(2.7) implies that

Mpα b β, α b βq “
ÿ

i,j,k,l

αiβjαkβlMijkl

“ 2
ÿ

a

ÿ

i,j,k,l

αiβjαkβlQa,ijQa,kl

“ 2
˜

ÿ

a,i,j

αiβj Qa,ij

¸2

ě 0.

The constraints
ÿ

i,j,k,l

αiβjαkβlMijkl ě 0, for α, β P V ˚ (2.8)

give rise to a system of linear inequalities (depending on the parameters α and β) that need
to be satisfied in order for the amplitude to be compatible with (2.7), which was a necessary
condition for the amplitude to be compatible with the assumptions of unitarity, locality and
causality of the UV-theory. They are called elastic (positivity) bounds and have received
the most attention in the literature. However, as it was already pointed out in [Li+21],
in general the elastic positivity bounds are not sufficient to constrain the tensor M to be
contained in C.

More abstractly, the (linear forms associated to the) inequalities constraining any convex
cone K Ă U inside a vector space U form a closed convex cone by themselves called dual
cone K˚

K˚ “ tS P U˚ : SpMq ě 0u .

In order to determine all inequalities describing the cone C, we need to understand the shape
of the dual cone of C. This cone is given by

C˚ “ CW :“ tS P W : S ě 0u ,

where we defined

W :“
␣

S P Sym2pSym2 V ˚q ‘ Sym2pΛ2V ˚q : τS “ S
(

Ă pV ˚qb4

where as before τSpv1, v2, v3, v4q “ Spv1, v4, v3, v2q and S ě 0 means that S is positive
semidefinite as an element of Sym2pV ˚ b V ˚q, i.e. SpQ,Qq ě 0 for all Q P V b V . Note that
here we used the decomposition of two-tensors into symmetric and anti-symmetric part in
order to think of W as a subspace of Sym2pV ˚ b V ˚q.

The linear inequalities describing C can be translated to linear inequalities on the Wilson
coefficients corresponding to the operators quartic in momenta of the (effective) Lagrangian
of the theory underlying the amplitude A (at tree-level). These inequalities are commonly
referred to as positivity bounds5. In the following, we will also refer to the inequalities
constraining the abstract cone C of four-tensors related to the amplitude as positivity bounds

5In general, there will also be positivity bounds on some of the operators at higher mass dimension
containing more than four momenta. The positivity bounds we describe here are those constraining Wilson
coefficients quartic in momenta that contribute to two-to-two scattering processes at tree-level.
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(as we already did for the special case of elastic positivity bounds). Although we focused
on EFTs of scalar fields before and later in the application of our main result in Chapter 4,
we emphasize that these positivity bounds (and our main result) have a broader range of
validity, as it has been demonstrated in [Li+21].

Finally, we point out that many of the positivity bounds obtained by elements in CW are
in fact redundant. In order to derive a minimal system of inequalities, it is sufficient to only
consider those determined by extreme rays of CW . These will be introduced in Chapter 3.

In the following section we will illustrate the procedure of extracting the real tensor M
from the amplitude and deriving the elastic positivity bounds using the example of pion
scattering.

2.4.3 Elastic positivity bounds for pion scattering

Chiral perturbation theory is an effective field theory for quantum chromodynamics, i.e. the
theory of strong interactions between quarks and gluons. It captures the dynamics of
quantum chromodynamics below its confinement scale, in terms of the lightest mesons and
baryons. In particular, the field theory which describes the three lightest mesons, namely
pions, is built out of three (self-conjugate) scalar fields tπau.

To obtain the four-tensor M associated to two-to-two forward scattering of pions, we
first note that the relevant parts of the Lagrangian density (those containing four pion fields
and four derivatives) are given by6

LChPT,4 Ą ℓ1Bµπ
aBµπaBνπ

bBνπb ` ℓ2Bµπ
aBνπ

aBµπbBνπb

for some parameters ℓ1 and ℓ2.

The two-to-two forward scattering amplitude can then be computed in terms of the
parameters ℓ1 and ℓ2 at tree-level, using Feynman diagrams (see e.g. [Wan+20]). Taking the
second derivative at 2m2

π, where mπ denotes the pion mass, yields

Mabcd “
d2

ds2 Aabcdps “ 2m2
πq “ 2 rp2ℓ1 ` ℓ2q δabδcd ` 2ℓ2 δacδbd ` p2ℓ1 ` ℓ2q δadδbcs .

6There will be further operators in the Lagrangian density with more derivatives, some of which are
subject to positivity bounds. The operators presented here are those that are quartic in momenta and which
contribute to two-to-two pion scattering at tree-level.
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Observing that in general for some dual bases teiu
3
i“1 and tαiu

3
i“1 of R3 and R3˚, we have

δabδcd “

3
ÿ

i,j“1
eb2
i b eb2

j pαa, αb, αc, αdq “

˜

3
ÿ

i“1
eb2
i

¸b2

pαa, αb, αc, αdq,

δacδbd “

3
ÿ

i,j“1
ei b ej b ei b ejpαa, αb, αc, αdq

“

«

3
ÿ

i“1
eb4
i ` 2

ÿ

iăj

pei _ ejq
b2 ` 2

ÿ

iăj

pei ^ ejq
b2

ff

pαa, αb, αc, αdq,

δadδbc “

3
ÿ

i,j“1
ei b ej b ej b eipαa, αb, αc, αdq

“

«

3
ÿ

i“1
eb4
i ` 2

ÿ

iăj

pei _ ejq
b2 ´ 2

ÿ

iăj

pei ^ ejq
b2

ff

pαa, αb, αc, αdq,

we conclude that (after rescaling ℓ1 and ℓ2 by a factor of 1{2)

M “ p2ℓ1 ` 3ℓ2q
␣

e4
1 ` e4

2 ` e4
3 ` 2pe1 _ e2qb2 ` 2pe1 _ e3qb2 ` 2pe2 _ e3qb2(

` p2ℓ1 ` ℓ2qpe2
1 ` e2

2 ` e2
3qb2 ` 2pℓ2 ´ 2ℓ1q

␣

pe1 ^ e2qb2 ` pe1 ^ e3qb2 ` pe2 ^ e3qb2( .

Here, we used the notation/conventions

ei _ ej “ 1
2pei b ej ` ej b eiq, ei ^ ej “ 1

2pei b ej ´ ej b eiq.

One can show either by exploring directly the inequalities (2.8) or using Proposition 4.45
that the elastic positivity bounds are given by ℓ2 ě ´ℓ1, ℓ2 ě 0. These have already been
derived in the literature, see e.g. [Wan+20].



Chapter 3

Extremal Representations of
Spectrahedra

In the previous chapter, we saw that the fundamental principles of unitarity, locality and
causality give rise to bounds on the physical parameters of an EFT and that these bounds
can be described by elements in a closed convex cone CW . We already mentioned that many
elements in CW in fact lead to redundant bounds and that it is sufficient to only consider
bounds corresponding to so-called extreme rays of CW .

In this second preliminary chapter, we will make these statements mathematically precise
and introduce the concepts needed for the proof of our main result in Chapter 4. First, we will
introduce some notions in convex geometry in Section 3.1, in particular that of an extreme
ray and the extremal representation of a closed convex cone. In Section 3.2 we will focus on
a particular kind of closed convex cones called linear spectrahedra. These are cones inside
the space of symmetric bilinear forms of some vector space, and (elements spanning the)
extreme rays of linear spectrahedra are characterized by having "maximal kernel" among the
non-trivial elements of the cone. We will see that the cone CW is a linear spectrahedron so
that these characterizations of extreme rays apply. We will end the chapter by discussing an
important class of spectrahedra arising in the context of sum-of-squares polynomials. These
will also be relevant in Chapter 4.

This chapter does not contain any original results. Although for some statements we
included a proof (sometimes because we could not find it in the exact same form in the
literature), these statements are known to experts in the field.

3.1 Convex sets

In this section, we will introduce some basic notions and concepts for convex sets and convex
cones. In particular, we will define the notion of an extreme ray of a closed convex cone in
Section 3.1.3.

3.1.1 Basic definitions and notations

In the following, let V be a real finite-dimensional vector space. We will start with a review
of some definitions and notations for convex sets and more general subsets of V :
Definition 3.1. Let S Ă V be a subset. Then the affine hull of S is the smallest affine set
affpSq containing S.

24
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For convex sets we can use the affine hull in order to define the dimension of a convex
set.

Definition 3.2. Let C Ă V be a convex set. Then the dimension dim C of C is the dimension
of its affine hull affpCq.

An important notion for the description of unbounded convex sets is that of directions:

Definition 3.3. A direction in V is an equivalence class of closed half-lines in V under the
equivalence relation

L1 „ L2 : ðñ L1 is a translate of L2.

The direction of a half-line L “ tx` λ ¨ y : λ ě 0u, where x, y P V , y ‰ 0, is also called the
direction of y.

Definition 3.4. Let C be a non-empty convex set in V . Then C recedes in the direction D
if every half-line in the direction D starting at a point in C is contained in C. Furthermore,
we say that the empty set recedes in every direction in V .

Next, we will define the convex hull of a collection of points and directions.

Definition 3.5. Let S0 Ă V be a set of points and S1 a set of directions in V . Then the
convex hull of S “ S0 Y S1 is the smallest convex set convpSq containing S0 and such that
convpSq recedes in all the directions in S1.

Remark 3.6 (Section 17 in [Roc70]). Let S “ S0 Y S1 as in Definition 3.5. Then every
element x P convpSq is of the form

x “ λ1x1 ` ¨ ¨ ¨ ` λkxk ` λk`1xk`1 ` ¨ ¨ ¨ ` λmxm,

for some k ě 1, where xi P S0 for i ď k, and for k`1 ď i ď m, xi P V such that the direction
of xi is in S1, and λi ě 0 such that

λ1 ` ¨ ¨ ¨ ` λk “ 1.

An expression of this form is called a convex combination of m points and directions in S.

A related notion is that of the conical hull.

Definition 3.7. The conical hull of a subset S Ă V is the smallest convex cone containing
S and 0. It is given by

conepSq “

#

ÿ

i

λi xi : λi ě 0, xi P S

+

.

Note that if S Ă V does not contain 0, its conical hull conepSq is the convex hull of 0
and the directions of all elements in S.

Example 3.8. Recall from Section 2.4 the cone

C “ C˚
W “

#

ÿ

i

Qb2
i ` τQb2

i : Qi P Sym2 V or Qi P Λ2V

+

.
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Then C is the convex cone

C “ cone
␣

Qb2 ` τQb2 : Q P Sym2 V or Q P Λ2V
(

.

We claim that C is closed.
First, we consider the cone

C1 :“
#

ÿ

i

Qb2
i : Qi P Sym2 V or Λ2V

+

Ă Sym2 `Sym2 V
˘

‘ Sym2 `Λ2V
˘

.

Note that this is just a product of the two cones

C1
1 :“

#

ÿ

i

Qb2
i : Qi P Sym2 V

+

, C2
1 :“

#

ÿ

i

Qb2
i : Qi P Λ2V

+

.

These are in fact examples of sum-of-squares cones, which are known to be closed (see
Section 3.2.2). Then we note that

C “ p1 ` τqC1.

The linear map
1
2pid `τq : V b4 ÝÑ V b4

is the projection to the `1-eigenspace of the involution τ . The kernel of this projection is
the space of elements that are in the ´1-eigenspace of the involution. This space has trivial
intersection with C1. In particular, this shows that C is a closed convex cone, since it is the
image of the closed convex cone C1 (which contains no lines) under a linear projection whose
kernel has trivial intersection with C1 [Roc70, Thm 9.1].

The following theorem tells us that we can in fact express every element in convpSq by a
convex combination of at most n` 1 points and directions in S:

Theorem 3.9 (Carathéodory’s theorem, Theorem 17.1 in [Roc70]). Let S be a set of points
and directions in a real vector space V , dimV “ n, and let C “ convpSq. Then x P C if and
only if it can be expressed as a convex combination of at most n` 1 points and directions in
S.

3.1.2 Topological notions for convex sets

For a subset S Ă V of a real finite-dimensional vector space V , we will denote by clpSq and
intpSq its closure and interior, respectively. For convex sets we may furthermore define the
notion of a relative interior. This is often more useful to consider, since the interior of a
convex set C in V with dim C ă dimV is always empty.

Definition 3.10. Let C be a convex set. The relative interior relintpCq of C is defined as
the interior of C with respect to the induced topology of affpCq. The relative boundary of C
is defined as Brel C :“ clpCqz relintpCq.

Remark 3.11 (Section 6 in [Roc70]). While the inclusion C1 Ą C2 implies clpC1q Ą clpC2q

and intpC1q Ą intpC2q, in general it does not imply relintpC1q Ą relintpC2q for convex C1, C2:
If C1 is a simplex in R2 and C2 is one of its edges, then relintpC1q and relintpC2q are both
non-empty but disjoint.
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In the following, we will list some properties of the closure and relative interior of convex
sets:

Proposition 3.12 (Theorem 6.3 and Corollary 6.3.1–6.3.3 in [Roc70]). Let C, C1 be convex
sets. Then the following hold:

1. clprelintpCqq “ clpCq and relintpclpCqq “ relintpCq,

2. clpCq “ clpC1q ðñ relintpCq “ relintpC1q ðñ relintpCq Ă C1 Ă clpCq,

3. every open set which meets clpCq also meets relintpCq,

4. if C1 is contained in the relative boundary of C, then dim C1 ă dim C.

3.1.3 Faces and extreme rays

In this section, we will define the notion of extreme rays and extremal elements of a closed
convex cone. Before we can introduce these, we need to first understand the notion of a face
of a convex set.

Definition 3.13. A face of a convex set C is a convex subset C1 of C such that every (closed)
line segment in C with a relative interior point in C1 has both endpoints in C1.

In particular, we will consider the whole convex set C a face of itself. The following
proposition lists several important properties of the faces of a convex set.

Proposition 3.14 (Theorem 18.1 and Corollary 18.1.1–3 in [Roc70]). Let C be a convex set,
and F a face of C. Then the following hold:

1. If C1 is a convex set in C such that relint C1 X F ‰ H, then C1 Ă F .

2. F is closed.

3. If F 1 is another face of C such that relintF X relintF 1 ‰ H, then F “ F 1.

4. If F ‰ C then F Ă Brel C.

By Proposition 3.12, this implies that dimF ă dim C for every face F ‰ C of a convex
set C. Zero-dimensional faces are called extreme points.

Theorem 3.15 (Theorem 18.5 in [Roc70]). Let C be a non-empty convex set, and let U be
the collection of all relative interiors of non-empty faces of C. Then U is a partition of C,
i.e. the sets in U are disjoint and their union is C.

In particular, this means that every point in C is contained in the relative interior of
precisely one face of C.

Definition 3.16. For x P C the unique face FCpxq such that x P relintFCpxq is called the
minimal face of x P C.

Remark 3.17. By Proposition 3.12, the minimal face of x P C has the smallest dimension
among the faces containing x.

We will furthermore introduce the notion of exposedness of a face of a convex set. For
this, we need to define supporting hyperplanes of convex sets:
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Definition 3.18. A supporting half-space to a convex set C is a closed half-space which
contains C and has a point of C in its boundary. A supporting hyperplane to C is a hyperplane
which is the boundary of a supporting half-space to C.

Definition 3.19. A face of a convex set C is called exposed if it is C itself or its intersection
C XH with a supporting hyperplane H of C.

Example 3.20 (Section 18 in [Roc70]). Faces of a convex set are not always exposed: An
example is given by the convex hull CT :“ convpT 2q Ă R3 of the two-torus embedded in
R3. The two-dimensional faces of CT are the two discs on the sides of CT . The points on
the boundaries of these discs are zero-dimensional faces of CT , which are not exposed, as
any supporting hyperplane containing one of these zero-faces contains the whole two-face in
whose relative boundary the zero-face is contained.

We will now give a definition of extreme rays of a convex cone in terms of faces:

Definition 3.21. An extreme ray of a convex cone C is a face of C which is of the form
raypxq for some x P Czt0u, where

raypxq “ Rě0 xX C.

An element x P Czt0u generating an extreme ray is called extremal.

Example 3.22. The extreme rays of a polyhedral cone are its edges. The extreme rays
of an "ice cream cone" (i.e. the cone over the two-disc) are the half-lines in the boundary
starting at the origin. They are parametrized by a circle. See Figure 3.1.

(a) Polyhedral cone (b) Circular cone

Figure 3.1: Extreme rays of a polyhedral and a circular cone. The extreme rays of a polyhedral
cone are its edges. The extreme rays of a circular cone are parametrized by a circle.

Proposition 3.23. Let C be a convex cone containing more than just the origin but no lines.
Then x P Czt0u is extremal if and only if for every x1, x2 P Czt0u such that x “ x1 ` x2 it
follows xi P Rą0 x for i “ 1, 2.

Proof. If x P Czt0u generates an extreme ray, every closed line segment

tp1 ´ tq y1 ` t y2 : t P r0, 1su Ă C
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starting at some x ‰ y1 P C, ending at some x ‰ y2 P C and passing through x must be
contained in raypxq, which is only possible if y1, y2 P Rą0 ¨ x.

Conversely, if x is not extremal, there is a line segment

L :“ tp1 ´ tq y1 ` t y2 : t P r0, 1su Ă C,

whose interior intersects raypxq in precisely one point. Then the set of vectors tx, y1, y2u Ă C
is linearly dependent. We may furthermore assume that, up to translating and rescaling L,
we have LX raypxq “ txu and conclude that x “ p1 ´ sq ¨ y1 ` s ¨ y2 for some s P p0, 1q.

The reason why it is interesting to study the extreme rays of a convex cone is the following:

Theorem 3.24 ([Kle57], see also Corollary 18.5.2 in [Roc70]). Let C be a closed convex cone
containing more than just the origin but no lines. Let T be any set of vectors in C such that
each extreme ray of C is generated by some x P T . Then C is the convex cone generated by
T .

The following is a consequence of Theorem 3.24 and will be useful for us.

Proposition 3.25. Let V be a real finite-dimensional vector space and C Ă V a closed
convex cone. Consider a linear projection p : V Ñ U to a subspace U Ă V . Suppose that the
projection of the cone C̃ :“ ppCq is closed. Then every extreme ray of C̃ is the projection of
some extreme ray in C.

Proof. The case where C̃ “ 0 is trivial. We may therefore assume that C̃ ‰ 0. Let x P C̃zt0u

be an extremal element. Let y P C such that ppyq “ x. Suppose that y “ y0 ` y1 for some
y0, y1 P C. Then x “ ppy0q ` ppy1q. We may furthermore assume that ppy0q ‰ 0. Since by
assumption x is extremal, it follows from Proposition 3.23 that ppy0q “ λx for some λ ą 0.
In particular, 1{λ y0 projects onto x. Since by Theorem 3.24 every element in C is a finite
positive linear combination of extremal elements, we may iterate the procedure described
above (reducing in each step the number of terms in the linear combination) to obtain an
extremal element projecting onto x P C̃.

3.2 Spectrahedra

We will now focus on a particular kind of convex sets, namely (linear) spectrahedra. Given
some real, finite-dimensional vector space V , we denote by

Sym2
` V

˚ “
␣

Q P Sym2 V ˚ : Qpv, vq ě 0 @v P V
(

the positive semi-definite bilinear forms on V .

Definition 3.26. Let V be a finite-dimensional real vector space. An intersection of
Sym2

` V
˚ with an affine subspace of Sym2 V ˚ is called a spectrahedron. A spectrahedron

is called linear if it is the intersection of Sym2
` V

˚ with a linear subspace of Sym2 V ˚.
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Remark 3.27 (see e.g. [Vin14], [RG95]). 1. A spectrahedron can always be parametrized
as

Q “

#

pt1, . . . , tkq P Rk : Q0 `

k
ÿ

i“1
ti ¨Qi ě 0

+

for some Q0, . . . , Qk P Sym2 V ˚. The spectrahedron is linear if and only if we may
choose Q0 “ 0.

2. If a spectrahedron is linear, then it is a closed convex cone.

Example 3.28. Recall from Section 2.4 the cone

CW :“ tS P W | S ě 0u,

where

W :“
␣

S P Sym2pSym2 V ˚q ‘ Sym2 `Λ2V ˚
˘

: τS “ S
(

Ă Sym2pV ˚ b V ˚q,

for some finite-dimensional real vector space V , and where τSpv1, v2, v3, v4q “ Spv1, v4, v3, v2q

for all v1, . . . , v4 P V . Then CW “ W X Sym2
`pV ˚ b V ˚q and thus is a linear spectrahedron.

3.2.1 The faces and extreme rays of a (linear) spectrahedron

In [RG95], the faces and extreme rays of (linear) spectrahedra were characterized. In order
to state the result, given a symmetric bilinear form b P Sym2 V ˚ on some finite-dimensional
vector space V , we will denote by

ker b :“ ker pb : V Ñ V ˚q

the kernel of b and by

rank b :“ dimV ´ dimpker bq

the rank of b. Then the faces of a spectrahedron are characterized as follows.

Theorem 3.29 (Theorem 1 and Corollary 1 in [RG95]). Let V be a finite-dimensional real
vector space, U Ă Sym2 V ˚ an affine subspace. Let C be the spectrahedron C “ UXSym2

` V
˚.

Then the following hold:

1. For every x P C, the minimal face FCpxq and its affine hull are given by

FCpxq “ tz P C : ker z Ą kerxu,

affpFCpxqq “ tz P U : ker z Ą kerxu;

2. The kernel kerx is constant over the relative interior of any face in C;

3. Every face in C is exposed.

We also note the following description of the relative boundary of the minimal face of a
point x P C:
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Corollary 3.30. Let C be a spectrahedron and x P C. Then

Brel FCpxq “ tz P C : ker z Ľ kerxu.

Proof. Let x P C, y P Brel FCpxq. Since C is closed, by Proposition 3.14 the face FCpxq is closed.
Therefore, y P FCpxq and by Theorem 3.29, it follows that ker y Ą kerx. If ker y “ kerx,
Theorem 3.29 implies that also x P FCpyq, which is impossible since y was assumed to
be in the relative boundary of FCpxq and therefore dimFCpyq ă dimFCpxq. Conversely, if
ker y Ľ kerx for some y P C, then y P FCpxqz relintFCpxq “ Brel FCpxq.

In the case of a linear spectrahedron, the first property in Theorem 3.29 yields a criterion
to determine whether an element x P C is extremal in C:

Corollary 3.31 (Corollary 4 in [RG95]). Let C “ U X Sym2
` V

˚ be a linear spectrahedron.
Then x P Czt0u is extremal if and only if for every z P U the inclusion kerx Ă ker z implies
z P Rx.

The following is a straightforward consequence of the above characterizations and was
essentially already shown in [RG95].

Corollary 3.32. Let C “ U X Sym2
` V

˚ be a linear spectrahedron. Then the following are
equivalent:

1. x P Czt0u is extremal;

2. for every z P C the proper inclusion kerx Ĺ ker z implies z “ 0;

3. for every z P U the proper inclusion kerx Ĺ ker z implies z “ 0.

Proof. It is clear from Theorem 3.29 that the first assertion implies the third and it is obvious
that the third assertion implies the second. It remains to show that the second assertion
implies the first.

By Corollary 3.30, the property that for every z P C the inclusion kerx Ĺ ker z implies
z “ 0 is equivalent to saying that the relative boundary of the minimal face FCpxq of x is
the point 0 P C. We claim that this is equivalent to the statement that dimFCpxq “ 1.
Indeed, if dimFCpxq ą 1, then there would be some y P relintFCpxq linearly independent
of x. We consider the line L in U Ă Sym2 V ˚ through x and y. Since by assumption x
is linearly independent of y, this line does not intersect the origin and hence it does not
intersect the boundary of FCpxq. Therefore, L Ă relintFCpxq, which is impossible, since
Sym2

` V
˚ is line-free and so must be C Ă Sym2

` V
˚.

The facial structure of (linear) spectrahedra C Ă Sym2
` V

˚ suggests that in order to
identify its extreme points (or extremal elements if it is linear) it is useful to study the
dimension of the kernel or equivalently the rank of extreme points (or extremal elements).
For extreme points, the rank is bounded by the Pataki inequality.

Proposition 3.33 (Pataki inequality [Pat00], see also [Sch22]). Let V be a real vector space
with dimV “ n ă 8, U Ă Sym2 V ˚ an affine subspace, dimU “ m and C “ U X Sym2

` V
˚.

Let x P C be an extreme point of C and r “ rank x. Then

r ď ´
1
2 `

a

p2n` 1q2 ´ 8m
2 .
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The Pataki inequality can also be used to determine bounds on the ranks of extremal
elements of a linear spectrahedron as follows: Suppose C “ UXSym2

` V
˚ is a linear spectrahe-

dron. Let x P Czt0u be an extremal element of C. Then we can pick an affine subspace Ũ Ă U
containing x but not the origin and such that dim Ũ “ dimU ´1. Then C̃ “ Ũ XSym2

` V
˚ is

a spectrahedron and x P C̃ is an extreme point of C̃ so that Proposition 3.33 can be applied.

Corollary 3.34. Let V be a real vector space dimV “ n ă 8, U Ă Sym2 V ˚ a linear
subspace, dimU “ m and C “ U X Sym2

` V
˚. Let x P C be an extremal element of C and

r “ rank x. Then
r ď ´

1
2 `

a

p2n` 1q2 ´ 8m` 8
2 .

3.2.2 Hankel spectrahedra and SOS polynomials

Important examples of spectrahedra arise in the following context. Denote by

Pn,2d “ tp P Rrx1, . . . , xns2d : ppxq ě 0 @x P Rnu

the cone of nonnegative real homogeneous polynomials of degree 2d in n variables and by
Σn,2d Ă Pn,2d the cone of polynomials in n variables that can be written as a sum of squares
of homogeneous polynomials of degree d

Σn,2d “

#

p P Rrx1, . . . , xns2d : p “
ÿ

i

p2
i , pi P Rrx1, . . . , xnsd

+

.

In 1885, during the oral defense of his dissertation, Minkowski proposed that there exist
nonnegative polynomials that are not sums of squares. Although Minkowski did not present a
full proof, Hilbert, who was one of the examiners, was convinced by Minkowski’s arguments.
Three years later, in [Hil88] he resolved the question proving the following theorem:

Theorem 3.35 (Hilbert’s theorem [Hil88]). The equality Pn,2d “ Σn,2d holds if and only if
pn, dq are as in one of the following cases:

• n “ 2

• 2d “ 2

• or n “ 3, 2d “ 4.

Although Hilbert proved that in all other cases there exist nonnegative (homogeneous)
polynomials that are not sums of squares, he did not provide explicit examples of such. It
was not until almost 80 years later that the first example of a nonnegative polynomial that
is not a sum of squares was found by Motzkin [Mot67]. Hilbert’s proof was later revisited
and generalized by Reznick in [Rez07] where many more examples were presented.

A way to certify the difference between Pn,2d and Σn,2d is by looking at their dual cones
P ˚
n,2d Ă Rrx1, . . . xns˚

2d and Σ˚
n,2d Ă Rrx1, . . . , xns˚

2d. Given v P Rn, we denote by ℓv P

Rrx1, . . . , xns˚
2d the linear functional given by evaluation at v:

ℓvppq “ ppvq for p P Rrx1, . . . , xns2d.

Linear functionals of the form ℓv are called point evaluations.
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Proposition 3.36 (See e.g. [Ble12a]). The dual cone of Pn,2d is the conical hull of point
evaluations ℓv with v P Sn´1

P ˚
n,2d “ cone

`

tℓv : v P Sn´1u
˘

“

#

ÿ

i

λi ℓvi : λi P Rě0, vi P Sn´1

+

.

Moreover the extreme rays of P ˚
n,2d are spanned by ℓv, v P Sn´1.

The dual cone of Σn,2d is a spectrahedron. To see this, we consider the space Sn,d of
real quadratic forms on Rrx1, . . . , xnsd as well as the cone S`

n,d of positive semidefinite forms
in Sn,d. To every linear functional ℓ P Rrx1, . . . , xns˚

2d we can associate a quadratic form
Qℓ P Sn,d via Qℓppq “ ℓpp2q. The symmetric matrix representing a quadratic form Qℓ
associated to ℓ P Rrx1, . . . , xns˚

2d with respect to the monomial basis of Rrx1, . . . , xnsd is
called a Hankel matrix. One can show that ℓ P Σ˚

n,2d if and only if its associated quadratic
form is positive semi-definite Qℓ ě 0. Therefore, we conclude the following.

Proposition 3.37 (See e.g. [Ble12a]). The cone Σ˚
n,2d is given by the intersection

Σ˚
n,2d “ S`

n,d X Rrx1, . . . , xns˚
2d.

In particular, it is a linear spectrahedron called Hankel spectrahedron.

Extreme rays of Σ˚
n,2d give rise to linear functionals that are nonnegative on SOS poly-

nomials. In particular, extreme rays of Σ˚
n,2d which are not extreme rays for P ˚

n,2d can help
us distinguish polynomials that are nonnegative but not sums of squares.

Note that quadratic forms in Sn,d corresponding to point evaluations have rank one and
conversely, rank one (positive semi-definite) quadratic forms in Sn,d correspond to point
evaluations (see e.g. [Ble12a]).

Corollary 3.38. We have Σn,2d “ Pn,2d if and only if all extremal elements of Σ˚
n,2d have

rank one.

Moreover, the following is known about the kernel of extremal elements of Σ˚
n,2d.

Proposition 3.39 ([Ble12b], see also [Ble12a]). Let Qℓ be the quadratic form corresponding
to an extremal element ℓ of Σ˚

n,2d. Then either rankQℓ “ 1 or the polynomials in the kernel
of Qℓ have no common zeros (real or complex).

In the special cases of Σ˚
3,6 and Σ˚

4,4 (the first cases where Σn,2d ‰ Pn,2d) the extremal
elements are completely characterized by the following theorems.

Theorem 3.40 ([Ble12b], see also [Ble12a]). Suppose ℓ P Σ˚
3,6 is an extremal element of

Σ˚
3,6. Then rankQℓ “ 1 or rankQℓ “ 7. Conversely, if Qℓ P S3,3 is a positive semi-definite

quadratic form such that rankQℓ “ 7, the element ℓ P Σ˚
3,6 is extremal if and only if the

polynomials in the kernel of Qℓ have no common zeros (real or complex).

Theorem 3.41 ([Ble12b], see also [Ble12a]). Suppose ℓ P Σ˚
4,4 is an extremal element of

Σ˚
4,4. Then rankQℓ “ 1 or rankQℓ “ 6. Conversely, if Qℓ P S4,2 is a positive semi-definite

quadratic form such that rankQℓ “ 6, the element ℓ P Σ˚
4,4 is extremal if and only if the

polynomials in the kernel of Qℓ have no common zeros (real or complex).
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However, there is no known "parametrization" of all extreme rays of Σ˚
3,6 and Σ˚

4,4 as it
was possible for P ˚

n,2d. The closest we can get to a description of the set of extremal elements
is the following.

Theorem 3.42 (Theorem 5 in [Ble+12]). The Hankel matrices of rank ď 7 representing
elements in S3,3 constitute a rational projective variety of dimension 21 and degree 2640.
The Hankel matrices of rank ď 6 representing elements in S4,2 constitute a rational projective
variety of dimension 24 and degree 28 314.



Chapter 4

Extremal Elements of the
Positivity Cone

In this first original chapter of the thesis, we will study the extremal elements of the cone
CW . In particular, we will prove the main result of Part I of the thesis, namely the full
classification of all extremal elements of the cone CW Ă V ˚b4 for dimV ď 3. This will give
rise to all (forward scattering) positivity bounds of any scattering process involving up to
three flavors. In particular, we will see that, while for dimV “ 2 there are no positivity
bounds other than those implied by the elastic ones, starting from dimV “ 3, there is a new
class of extremal elements, which gives rise to additional bounds that cannot be deduced
from elastic positivity bounds. We will then consider amplitudes (involving three flavors)
that are invariant under additional symmetries and show that in these cases the elastic
positivity bounds are sufficient in order to describe the complete set of positivity bounds. In
particular, we will see that this is true in the case of pion scattering discussed in Section 2.4.3.

The structure of this chapter is as follows. After fixing some notation and discussing some
auxiliary results in Section 4.1, we will describe our general setup in Section 4.2. In particular,
we will study some properties of the space W in which CW lies and give an alternative
interpretation of the extremal elements of CW corresponding to elastic positivity bounds.
We will also relate the cone CW X Sym4 V ˚ to the Hankel spectrahedra Σ˚

n,4 introduced in
Section 3.2.2 and deduce that for dimV ď 3, elements in CW X Sym4 V ˚ are extremal in CW
if and only if they correspond to elastic positivity bounds. Moreover, we will prove some
general necessary conditions for elements in CW to be extremal as well as a classification of
all extremal elements of CW in the case where dimV “ 2.

In Section 4.3 we will state and prove the classification of all extremal elements in CW in
the case where dimV “ 3. We will then take a closer look at the corresponding positivity
bounds in Section 4.4, noting that starting from dimV “ 3, additional positivity bounds
arise that are not already captured by the elastic ones. In Section 4.5 we will see however
that when imposing certain additional symmetries on the amplitude, there are no positivity
bounds that do not follow from the elastic ones. Finally, in Section 4.6, we will briefly discuss
what can be said for the case that dimV ą 3 and point out why proving an analogous
statement to our classification result in the case dimV “ 3 appears to be significantly less
feasible.

Except for Sections 4.2.4 and 4.6, up to minor changes, all sections of this chapter are
taken from the coauthored publication [Bon+26].
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4.1 Notation and auxiliary results

In this chapter, we will use the following convention for the symmetric and anti-symmetric
product of vectors u, v P V in some finite-dimensional real vector space V :

u_ v “
1
2pub v ` v b uq, u^ v “

1
2pub v ´ v b uq

so that
ub v “ u_ v ` u^ v.

In the second part of the thesis we will return to the more common definition for the wedge
product without the factor 1{2. But in the context of this chapter the above convention will
be more natural and improve the readability of our formulas.

Moreover, for some vector v P V and subspace U Ă V , we will denote by v_U the space

v _ U :“ tv _ u : u P Uu

and similarly, we write
v ^ U :“ tv ^ u : u P Uu.

We will furthermore denote the totally symmetric product of one-forms βi, i “ 1, . . . , k
by

β1β2 ¨ ¨ ¨βk :“ 1
k!

ÿ

σPSk

βσp1q b βσp2q b ¨ ¨ ¨ b βσpkq.

When β1 “ β2 “ ¨ ¨ ¨ “ βk “: β, we will also write βk “ ββ ¨ ¨ ¨β.
As before, given a symmetric bilinear form b on some vector space V , we will denote by

ker b :“ ker pb : V Ñ V ˚q , rank b :“ dimV ´ dimpker bq

the kernel and rank of b, respectively, and we will extend these notions to anti-symmetric
bilinear forms.

In the following, we will list some useful general results on symmetric bilinear forms:

Lemma 4.1. Let V be a real two-dimensional vector space. Then any subspace U Ă Sym2 V
such that dimU ě 2 contains an element of the form u_ v for u, v P V .

Proof. Let V , U as above. If dimU “ 3, the statement is trivial. Suppose dimU “ 2
and that U contains no element of rank one (otherwise, the statement is also trivial). Let
tub2

1 ` ε1v
b2
1 , ub2

2 ` ε2v
b2
2 u be a basis for U , where ui, vi P V are linearly independent,

εi “ ˘1 for i P t1, 2u. If εi “ ´1 for i “ 1 or i “ 2, we observe ub2 ´ vb2 “ pu` vq _ pu´ vq

and the assertion follows. In the case where ε1 “ 1 “ ε2, we note that ub2
1 ` vb2

1 defines a
metric on V ˚. Let A P OpV ˚q with respect to that metric, such that, possibly after rescaling
u2 and v2, we have A˚pu1q “ u2. Since A˚pu1qb2 ` A˚pv1qb2 “ ub2

1 ` vb2
1 , it follows that

vb2
2 ´A˚pv1qb2 P U .

Lemma 4.2. Let V be a real vector space such that dimV “ 3. Then any subspace U Ă

Sym2 V such that dimU ě 2 has an element T P U such that rank T ă 3.
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Proof. Consider two linearly independent elements T1, T2 P U . Suppose that rank Ti “ 3 for
i “ 1, 2. We consider the polynomial

R Q t ÞÑ pptq :“ detpT1 ` t T2q

“ detpT2q t3 ` µ2pT1, T2q t2 ` µ1pT1, T2q t` detpT1q,

where the coefficients µi P R depend on T1, T2. Since by assumption detpT2q ‰ 0, there
is some t0 P R such that ppt0q “ 0. In particular, T :“ T1 ` t0 T2 P U has a non-trivial
kernel.

We also recall the following well-known property of semi-definite bilinear forms:

Lemma 4.3. Suppose b is a positive semi-definite bilinear form on some vector space V .
Then v P kerpb : V Ñ V ˚q if and only if bpv, vq “ 0.

Finally, we note the following useful formula for elements S P W evaluated on a pair
pub2, vb2q for some u, v P V :

Lemma 4.4. Let S P W , u, v P V . Then

Spub2, vb2q “ Spu_ v, u_ vq ´ Spu^ v, u^ vq.

Proof. For S P W , u, v P V , we find

Spub2, vb2q “Spub v, v b uq

“Spu_ v ` u^ v, u_ v ´ u^ vq

“Spu_ v, u_ vq ´ Spu^ v, u^ vq,

where we used the invariance under τ in the first step and the fact that Λ2V and Sym2 V
are orthogonal with respect to S for the last equality.

4.2 General properties of the positivity cone

Let V be a real n-dimensional vector space. Like in Section 2.4, we denote by W the vector
space

W :“
␣

S P Sym2pSym2 V ˚q ‘ Sym2 `Λ2V ˚
˘

: τS “ S
(

Ă V ˚b4,

where pτSqpv1, v2, v3, v4q :“ Spv1, v4, v3, v2q for all v1, . . . , v4 P V . In Section 4.2.1, we will
construct two natural linear maps, R and R1, associated with W , which are defined via
restriction to certain subspaces. Then, we will study the properties of the space W and of
the restriction maps R and R1. Thereafter, we will consider the cone

CW :“ tS P W : S ě 0u

of positive semi-definite elements of W Ă Sym2pV ˚ b V ˚q introduced in Section 2.4. In
Section 4.2.3 we will give an alternative characterization of the extremal elements of CW which
give rise to the elastic positivity bounds. Moreover, in Section 4.2.4 we will take a closer look
at the cone CW X Sym4 V ˚ and show that it can be identified with the Hankel spectrahedron
Σ˚
n,4 introduced in Section 3.2.2. We will conclude that an element S P CW X Sym4 V ˚

is extremal in CW X Sym4 V ˚ (and hence in CW ) if and only if rankS “ 1. Finally, in
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Section 4.2.5 we will establish some properties of the extremal elements of CW as well as a
complete classification of all extreme rays in the case where dimV “ 2.

4.2.1 Relevant spaces and linear maps

We denote by R and R1 the restriction maps

R : W ÝÑ Sym2pSym2 V ˚q, R1 : W ÝÑ Sym2 `Λ2V ˚
˘

,

respectively. We furthermore consider the total symmetrization map

tot : W Ñ Sym4 V ˚

on W and denote by KW Ă W its kernel. Then we have the following decomposition

W “ Sym4 V ˚ ‘KW .

In the following, we will study some properties of the vector space W and the restriction
maps R and R1. We first note that the restriction map R is in fact an isomorphism.

Proposition 4.5. The restriction map

R : W Ñ Sym2pSym2 V ˚q

is an isomorphism, which restricts to the identity map on Sym4 V ˚.

Proof. It follows from the symmetries of W that WXSym2pSym2 V ˚q “ Sym4 V ˚. Therefore
R restricts to the identity on Sym4 V ˚. To prove that R is an isomorphism, we will start by
showing that R is injective. For this, we need to show that W X Sym2pΛ2V ˚q “ t0u. Using
the symmetries, we find that for every S P W X Sym2pΛ2V ˚q, we have

Spv1, v2, v3, v4q “ Spv1, v4, v3, v2q

“ ´Spv4, v1, v3, v2q

“ ´Spv4, v2, v3, v1q

“ Spv2, v4, v3, v1q

“ Spv2, v1, v3, v4q

“ ´Spv1, v2, v3, v4q

and therefore, S “ 0. In order to prove that R is surjective, we show that it has a right-
inverse. We set

R´1 : Sym2 `Sym2 V ˚
˘

ÝÑ W

T ÞÝÑ T ` hpT q

where

h : Sym2pSym2 V ˚q ÝÑ Sym2pΛ2V ˚q

T ÞÝÑ hpT q
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is defined by

hpT qpei ^ ej , ek ^ elq “ T pei _ el, ej _ ekq ´ T pei _ ek, ej _ elq.

We show that S :“ R´1pT q is indeed in W as claimed. All the defining symmetries of W
but the symmetry under τ follow immediately from the definition. It remains to verify the
symmetry under τ , i.e. Spv1, v2, v3, v4q “ Spv1, v4, v3, v2q:

Spv1, v2, v3, v4q “ T pv1 _ v2, v3 _ v4q ` hpT qpv1 ^ v2, v3 ^ v4q

“ T pv1 _ v2, v3 _ v4q ` T pv1 _ v4, v2 _ v3q ´ T pv1 _ v3, v2 _ v4q

“ T pv1 _ v4, v3 _ v2q ` T pv1 _ v2, v4 _ v3q ´ T pv1 _ v3, v4 _ v2q

“ T pv1 _ v4, v3 _ v2q ` hpT qpv1 ^ v4, v3 ^ v2q

“ Spv1, v4, v3, v2q,

where we used the definition of S in the last step. This now shows that T `hpT q P W for all
T P Sym2pSym2 V ˚q as desired. Since clearly RpR´1pT qq “ T , surjectivity of R follows.

Using that dim Sym2 U “ dimUpdimU ` 1q{2 for any vector space U , we conclude the
following.

Corollary 4.6. Let dimV “ n. Then the dimension of W is given by

dimW “
npn` 1qpnpn` 1q ` 2q

8 .

Next, we will study the kernel and image of R1.

Proposition 4.7. The restriction map

R1 : W ÝÑ Sym2 `Λ2V ˚
˘

is an epimorphism onto the space of algebraic curvature tensors

KpV q :“
#

S P Sym2 `Λ2V ˚
˘

:
ÿ

S

Spv1, v2, v3q “ 0 for all v1, v2, v3 P V

+

,

where S indicates the cyclic sum. The kernel of R1 is Sym4 V ˚. As a consequence,

R1|KW
: KW ÝÑ KpV q

is an isomorphism.

Proof. It follows from W X Sym2pSym2 V ˚q “ Sym4 V ˚ that the kernel of R1 is the space
Sym4 V ˚. To see that the image R1pKW q is contained in KpV q, notice that for S P KW we
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have

0 “ totpSqpv1, v2, v3, v4q

“
1
24

ÿ

σPS4

pσSqpv1, v2, v3, v4q

“
1
3 rSpv1, v2, v3, v4q ` Spv2, v3, v1, v4q ` Spv3, v1, v2, v4qs

“
1
3
ÿ

S

Spv1, v2, v3qpv4q,

where we have used the symmetries of S to reorder the arguments for every permutation
σ P S4 from the second line to obtain one of the permutations in the third line. By doing
so, we find every permutation eight times since this is the order of the symmetry group of
elements in W . As a result, we see that the cyclic sum over elements in KW vanishes. Since
the other symmetries are inherited as well, we indeed end up in KpV q after restricting to
Λ2V . This can be seen explicitly by performing the cyclic sum over R1pSqpv1, v2, v3, v4q “

pSpv1, v2, v3, v4q ´ Spv2, v1, v3, v4qq{2, which decomposes into two (independently vanishing)
cyclic sums for S.

To show that R1 maps W surjectively onto KpV q, we will provide an explicit formula for
the inverse of R1|KW

. For A P KpV q we define a p0, 4q-tensor σA by

σA :“ 2
3pA` τAq.

We claim that σA “ pR1|KW
q´1pAq. We first show that σA P W . By construction τσA “ σA.

To see that σA P Sym2pV ˚ bV ˚q it suffices to check that τA P Sym2pV ˚ bV ˚q. We compute

pτAqpv3, v4, v1, v2q “ Apv3, v2, v1, v4q “ Apv1, v4, v3, v2q “ pτAqpv1, v2, v3, v4q,

proving that indeed τA P Sym2pV ˚ b V ˚q. To prove that σA P W it remains only to check
that σApx^ y, z _ wq “ 0 for all x, y, z, w P V . We compute

σApx^ y, z _ wq “
1
4pσApx, y, z, wq ´ σApy, x, z, wq ` σApx, y, w, zq ´ σApy, x, w, zqq

“
1
6pApx, y, z, wq ´Apy, x, z, wq `Apx, y, w, zq ´Apy, x, w, zq

`Apx,w, z, yq ´Apy, w, z, xq `Apx, z, w, yq ´Apy, z, w, xqq

“ 0,

where we have used only the symmetries of A P Sym2 `Λ2V ˚
˘

. Using in addition the Bianchi
identity (i.e. the vanishing cyclic sum), we can easily check that R1pσAq “ A:

σApx^ y, z ^ wq “
1
6 p4Apx, y, z, wq ´ 2Apw, x, z, yq ´ 2Apx, z, w, yqq

“Apx, y, z, wq.

Finally, we note that indeed σA P KW , i.e. totpσAq “ 0, since totpAq “ totpτAq “ 0, due to
the skew-symmetry of A in at least one pair of arguments.
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4.2.2 The positivity cone

We will now consider the cone

CW :“ tS P W : S ě 0u

of positive semi-definite elements of W Ă Sym2pV ˚ b V ˚q. We furthermore denote by

CSym :“
␣

S P Sym2pSym2 V ˚q : S ě 0
(

the cone of positive semi-definite symmetric bilinear forms on Sym2 V ˚. The following is
clear:

Lemma 4.8. Let S P W . Then S P CW if and only if both RpSq ě 0 and R1pSq ě 0.

In the following proposition we show that elements in CW must always have some non-
vanishing totally symmetric part.

Proposition 4.9. The subspace KW has trivial intersection with the cone CW , i.e. KW X

CW “ 0.

Proof. By the proof of Proposition 4.7, any element of KW is of the form σA for some
A P KpV q. The tensor σA belongs to CW if and only if RpσAq ě 0 and R1pσAq “ A ě 0. The
latter condition implies 0 ď Apu ^ v, u ^ vq “ Apu, v, u, vq for all u, v P V , while the former
implies

0 ď σApu2 ` v2, u2 ` v2q “ σApu, u, v, vq ` σApv, v, u, uq

“
2
3pApu, v, v, uq `Apv, u, u, vqq “ ´

4
3Apu, v, u, vq.

This proves that Apu, v, u, vq “ 0 for all u, v P V and hence, A “ 0 by Lemma 4.3. This
proves Proposition 4.9.

In what follows we will develop criteria for determining whether a given element of CW
is extremal, based on simple properties of the element. We begin by studying the elements
of CW which project to extremal elements in CSym. Then we will establish several necessary
conditions for an element of CW to be extremal, formulated in terms of the dimension of its
kernel. We will conclude the section with a full classification of all extremal elements of CW
in the special case where dimV “ 2.

4.2.3 Extreme rays that project to extreme rays

We already saw in Lemma 4.8 that RpCW q Ă CSym. We will now consider elements in CW
projecting onto extremal elements in CSym under R.

Proposition 4.10. Let S P CW be such that RpSq is extremal in CSym. Then S is extremal
in CW and there exists α, β P V ˚ such that

S “ pα _ βqb2 ` pα ^ βqb2 “
1
2pα b β b α b β ` β b α b β b αq. (4.1)

In particular, every element of CW that is of the form as in (4.1) for some α, β P V ˚zt0u is
extremal.
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Remark 4.11. Note that extremal elements of the form as in (4.1) give rise to the elastic
positivity bounds mentioned in Section 2.4. Therefore, we will also refer to them as elastic
extremal elements.

To prove Proposition 4.10, we will need the following lemmas.

Lemma 4.12. The map h :“ R1 ˝R´1 : Sym2pSym2 V ˚q Ñ Sym2pΛ2V ˚q is given by:

hpγ1_γ2qpx, y, z, wq “
1
2pγ1px,wqγ2pz, yq`γ2px,wqγ1pz, yq´γ1py, wqγ2pz, xq´γ2py, wqγ1pz, xqq,

for all γ1, γ2 P Sym2 V ˚.

Proof. It follows from the proof of Proposition 4.5 that for every T P Sym2pSym2 V ˚q, we
have R1 ˝R´1pT q “ hpT q, where

hpT qpei ^ ej , ek ^ elq “ T pei _ el, ej _ ekq ´ T pei _ ek, ej _ elq.

Applying this to T “ γ1 _ γ2 for γ1, γ2 P Sym2 V ˚, we arrive at the desired formula.

Remark 4.13. The map h is related to the well-known Kulkarni–Nomizu product by

hpγ1 _ γ2q “ ´
1
2γ1 ? γ2.

Lemma 4.14. Let γ P Sym2 V ˚ and consider ργ :“ hpγb2q. If ργ ě 0, then rank γ ď 2.
Moreover, if rank γ “ 2, γ has signature of type p`,´, 0, . . . , 0q.

Proof. Let E Ď V be a plane with basis px, yq. Then

ργpx^ y, x^ yq “ ργpx, y, x, yq

“ γpx, yq2 ´ γpx, xqγpy, yq

“ ´ det
ˆ

γpx, xq γpx, yq

γpx, yq γpy, yq

˙

This is non-negative if and only if γ restricted to E is indefinite or degenerate. Since this
must hold for all planes E, the claim follows.

We are now ready to prove Proposition 4.10.

Proof of Proposition 4.10. First, we show that every such element must be of the form as in
equation (4.1). To see this, note that the extremal elements in CSym are precisely those of
rank one. Suppose S P CW is such that rankRpSq “ 1. Then we can write RpSq “ γb2 for
some γ P Sym2 V ˚. Moreover, since S P CW , we must have R1pSq “ ργ ě 0. By the previous
lemma, the latter condition is satisfied precisely if γ can be written as γ “ α _ β for some
α, β P V ˚. It follows that S “ γb2 `hpγb2q is of the form as in (4.1), since hpγb2q “ pα^βq2.

Next, we show that every element of this form is extremal in CW , using Corollary 3.32.
Let S P CW be of the form (4.1) and S1 P CW such that kerS Ĺ kerS1. Then in particular
kerRpSq Ă kerRpS1q. Since rankRpSq “ 1 this implies that RpS1q “ λRpSq for some λ ě 0.
By Proposition 4.5 this means that S1 “ λS for some λ ě 0 and hence kerS Ĺ kerS1 readily
implies S1 “ 0.



4.2. GENERAL PROPERTIES OF THE POSITIVITY CONE 43

4.2.4 Extremal elements in Sym4 V ˚ X CW

Recall that by choosing a basis teiu of V , elements T P Symd V are identified with homoge-
neous polynomials of degree d in n “ dimV variables via

pT px1, . . . , xnq :“ T px, . . . , xq,

where x “
ř

i xi ei P V . Using this identification for d “ 4 and d “ 2 as well as the
identification of elements in Rrx1, . . . , xns˚

2d with their quadratic forms we observe that

Sym4 V ˚ X CW “ Σ˚
n,4,

where Σ˚
n,4 is the Hankel spectrahedron introduced in Section 3.2.2. Note that the property

of being an SOS polynomial is invariant under the action of GLpV q, i.e. ppxq is SOS if and
only if ppAxq is SOS for A P GLpV q. Therefore, the identification of Sym4 V ˚ X CW with
Σ˚
n,4 is independent of the choice of basis.

In particular, we observe that we can use Hilbert’s theorem to prove the following:

Theorem 4.15. Suppose dimV ď 3. Then all extremal elements in Sym4 V ˚XCW are of the
form α4 for some α P V ˚zt0u. If dimV ą 3, there exist extremal elements S P Sym4 V ˚ XCW
such that rankS ą 1.

Proof. This is a direct consequence of Theorem 3.35 and Corollary 3.38.

4.2.5 Some necessary conditions for extremality

We will now study some necessary conditions for extremal elements of CW . Since the case
where dimV “ 1 is trivial, we will assume that dimV ě 2 throughout the section. First,
we observe that for extremal elements S P CW the kernel of the projection RpSq must be
non-trivial.

Lemma 4.16. Let S P CW be extremal. Then kerRpSq ‰ t0u.

Proof. Let S P CW . If RpSq is strictly positive, then for every α P V ˚, we have

kerαb4 Ľ kerS.

Indeed, kerαb4 Ą Λ2V Ą kerS, since RpSq has full rank and we have

rankαb4 “ 1 ă dim Sym2 V ď rankS.

By Corollary 3.32 it follows that S is not extremal.

A similar statement can be made concerning the kernel of R1pSq:

Lemma 4.17. Let S P CW such that R1pSq has full rank and such that RpSq is not extremal
in CSym. Then S is not extremal in CW . Moreover, if dimV ą 2, then for extremal S P CW ,
R1pSq has a non-trivial kernel.

Proof. Let S P CW as above. Then there is some T P CSymzt0u such that kerRpSq Ĺ kerT .
Now if kerR1pSq “ t0u, it follows that T ` hpT q P W zt0u has kerpT ` hpT qq Ľ kerS and
thus S cannot be extremal by Corollary 3.32.
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Now suppose dimV ą 2. By Proposition 4.10, elements S P CW such that RpSq is
extremal in CSym are of the form

S “ pα _ βqb2 ` pα ^ βqb2

for some α, β P V ˚. Therefore, for such S we have rankR1pSq “ 1. Since for dimV ą 2 we
have dim Λ2V ą 1, in this case R1pSq has a non-trivial kernel.

Next, we will establish a lower bound for the kernel of extremal elements.

Proposition 4.18. Let dimV “ n ě 2. If S P CW is extremal, then dimpkerSq ě n. For
odd dimensions n, we even have dimpkerSq ą n.

Proof. By Lemma 4.16, we know that for extremal S P CW , we have kerS X Sym2 V ‰ t0u.
If S P CW X Sym4 V ˚, then we furthermore know that Λ2V Ă kerS. Therefore,

dim kerS ą dim Λ2V ě n´ 1 for n ě 2.

Similarly, if RpSq is extremal in CSym, then

dim kerS ě dim kerRpSq “
npn` 1q

2 ´ 1 ě n for n ě 2.

Now suppose S P CW z Sym4 V ˚ such that RpSq is not extremal in CSym. Let k “ dim kerS
and tQiu

k
i“1 a basis for kerS. We may assume that each Qi P Sym2 V or Qi P Λ2V . We pick

some α P V ˚zt0u and consider the maps

Qipα, ¨q : V ˚ ÝÑ R.

Then for k ă n, we find
k
č

i“1
kerQipα, ¨q ‰ t0u.

It follows that if k ă n there is some β P V ˚zt0u such that

Qipα, βq “ α b βpQiq “ 0 for i “ 1, . . . k.

Since the Qi are all either symmetric or anti-symmetric, we also have

β b αpQiq “ 0 for i “ 1, . . . , k.

It follows that
pα b βqb2 ` pβ b αqb2|kerS ” 0.

Therefore, by Corollary 3.32, for extremal S, we must have k ě n.
For odd dimensions n, we can furthermore use that kerS X Λ2V ‰ t0u by Lemma 4.17.

Therefore, for some i we have Qi P Λ2V and since V is odd-dimensional, this Qi is degenerate.
Choosing α P kerpQi : V ˚ Ñ V q the same argument as above implies that n ą k.

Note that in the case where dimV “ 3, this yields a slightly improved bound as compared
to the Pataki inequality: Proposition 4.18 implies dim kerS ą 3 for extremal elements S,
while Corollary 3.34 only yields the bound dim kerS ě 3.
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Corollary 4.19. Suppose dimV “ 3. Then for extremal S P CW , we have

dimpkerS X Sym2 V q ě 2.

Proof. By Proposition 4.18 we know that dim kerS ě 4. If dimpkerS X Λ2V q ă 3, this
implies dimpkerS X Sym2 V q ě 2. If dimpkerS X Λ2V q “ 3, then S P CW X Sym4 V ˚ and the
assertion follows from Theorem 4.15.

Corollary 4.20. Suppose dimV “ 3. If S P CW is extremal, then there is some Q P

Sym2 V X kerS such that rankQ ă 3.

Proof. This follows from Corollary 4.19 and Lemma 4.2.

The following theorem already appeared in [Li+21], but with a different proof.

Theorem 4.21. Suppose dimV “ 2. Then S P CW is extremal if and only if RpSq is
extremal in CSym.

Proof. Suppose S P CW is extremal. If RpSq is not extremal in CSym, then since dim Λ2V “ 1,
we know by Lemma 4.17 that R1pSq ” 0. Therefore, S P Sym4 V ˚ X CW and it follows from
Theorem 4.15 that it must be extremal in CSym, a contradiction.

4.3 Extremal elements of CW for dim V “ 3

In this section, we will determine the extremal elements of CW for three-dimensional V . Our
goal is to prove the following theorem.

Theorem 4.22. Suppose dimV “ 3. Then S P CW is extremal if and only if it is of one of
the following types:

1. For some α P V ˚zt0u, S “ α4.

2. For linearly independent α1, α2 P V ˚, S “ pα1 _ α2qb2 ` pα1 ^ α2qb2.

3. For a basis tα1, α2, α3u of V ˚ and parameters g, d, h such that g2 ą 1 ´ d2 ` dh we
have

S “ Stot ` 2 pg2 ` d2 ´ 1 ´ dhq
“

pα2 b α3qb2 ` pα3 b α2qb2‰ ,

where

Stot “α4
1 ` 6α2

1α
2
2 ` 6α2

1α
2
3 ` 12dα1α

2
2α3 ` 12g α1α2α

2
3 ` 4hα1α

3
3 ` p1 ` d2qα4

2

` 4dg α3
2α3 ` 6p1 ` dhqα2

2α
2
3 ` 4gpd` hqα2α

3
3 ` p1 ` g2 ` h2qα4

3.

It will be useful to distinguish the cases of different rank of R1pSq for S P CW . Since
dim Λ2V “ 3, we have 0 ď rankR1pSq ď 3. By Lemma 4.17, we know that S P CW is not
extremal if rankR1pSq “ 3. In view of Proposition 4.10, we will furthermore restrict our
study to S P CW such that RpSq is not extremal in CSym, i.e. we assume rankRpSq ą 1. The
general structure is outlined in the following diagram:
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S P CW s.t. rankRpSq ą 1

rankR1pSq “ 0

not extremal
by Theorem 4.15

rankR1pSq “ 1

may or may not
be extremal

see Section 4.3.1

rankR1pSq “ 2

not extremal
see Section 4.3.2

rankR1pSq “ 3

not extremal
by Lemma 4.17

4.3.1 Case rank R1pSq “ 1

We will now study the case where dimV “ 3 and S P CW is such that rankR1pSq “ 1. In
this case R1pSq “ pα ^ βqb2 for some linearly independent α, β P V ˚ and kerR1pSq “ z ^ U
for z P pkerαX kerβqzt0u. It will be useful to study the cases of different dimensions of the
intersection kerS X pz _ V q separately. The aim of this section is to prove the following:

Theorem 4.23. Suppose dimV “ 3. Let S P CW such that R1pSq “ pα^βqb2 ‰ 0 for some
α, β P V ˚ and such that RpSq is not extremal in CSym. Let z P V such that kerαXkerβ “ R z.
Then S is extremal in CW if and only if S is such that kerSXpz_V q “ t0u and rankRpSq “ 3.

The following diagram shows an outline of the structure of this section:

S P CW s.t. rankRpSq ą 1, rankR1pSq “ 1
i.e. kerR1pSq “ z ^ V for some z P V zt0u, Q :“ kerS X pz _ V q

dim Q “ 3
i.e. z _ V Ă kerS

reduces to the
2-dimensional case

not extremal
by Theorem 4.21

dim Q “ 2
i.e. DU Ă V s.t.
z _ U Ă kerS

not extremal by
Proposition 4.28

dim Q “ 1,
i.e. Dx P V zt0u s.t.
R ¨ px _ zq Ă kerS

not extremal by
Proposition 4.29

dim Q “ 0
ùñ rankRpSq ě 3

rankRpSq “ 3

extremal by
Proposition 4.32

rankRpSq “ 4

not extremal by
Proposition 4.31

rankRpSq ą 4

not extremal by
Proposition 4.18

As a first step, we will exclude the presence of certain elements in kerS for extremal S
with rankR1pSq “ 1:

Lemma 4.24. Suppose dimV “ 3. Let S P CW such that R1pSq “ pα ^ βqb2 ‰ 0 for some
α, β P V ˚. Let furthermore z P V such that kerα X kerβ “ R ¨ z. If zb2 P kerS, then S is
not extremal unless RpSq is extremal in CSym.

Proof. If zb2 P kerS, then by Lemma 4.4 we find for every v P V

0 “ Spvb2, zb2q “ Spv _ z, v _ zq ´ Spv ^ z, v ^ zq “ Spv _ z, v _ zq,

where we used z P kerα X kerβ in the last step. It follows that z _ v P kerS for every
v P V and hence the problem reduces to the two-dimensional case, which is covered in
Theorem 4.21.
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Lemma 4.25. Suppose dimV “ 3. Let S P CW be such that R1pSq “ pα^βqb2 ‰ 0 for some
α, β P V ˚. Let furthermore z P V such that kerα X kerβ “ Rz. If there are some x, y P V ,
linearly independent of z and such that either xb2 ` zb2 P kerS or xb2 ` yb2 ` zb2 P kerS,
then also zb2 P kerS. In particular, S is not extremal unless RpSq is extremal in CSym.

Proof. If xb2 ` zb2 P kerS, then

Spzb2, ¨q “ ´Spxb2, ¨q.

Using Lemma 4.4, we deduce

0 ď Spzb2, zb2q “ ´Spxb2, zb2q “ ´Spx_ z, x_ zq `Spx^ z, x^ zq “ ´Spx_ z, x_ zq ď 0,

where we used z P kerα X kerβ. Similarly, if xb2 ` yb2 ` zb2 P kerS, we find

0 ď Spzb2, zb2q “ ´Spxb2, zb2q ´ Spyb2, zb2q “ ´Spx_ z, x_ zq ´ Spy _ z, y _ zq ď 0.

In both cases, it follows that zb2 P kerS and the assertion follows from Lemma 4.24.

As described above, we want to consider the cases of different dimensions of the in-
tersection kerS X pz _ V q with S P CW and z P V as above. When this intersection is
two-dimensional, by Lemma 4.24 it is enough to consider the situation where z _ U Ă kerS
for some U Ă V complementary to the line Rz. It will therefore be useful to study the
intersection kerS X Sym2 U for some U Ă V complementary to Rz.

Lemma 4.26. Suppose dimV “ 3. Let S P CW such that R1pSq “ pα ^ βqb2 ‰ 0 for some
α, β P V ˚, and let U Ă V complementary to kerαX kerβ. If tx, yu Ă U is a basis of U , then

dim pkerS X px_ spantx, yuqq ď 1.

In particular, the intersection Sym2 U X kerS is at most two-dimensional. Moreover, if the
intersection kerS X Sym2 U is two-dimensional, it contains an element of rank 1.

Proof. Clearly, dim pkerS X px_ spantx, yuqq ď 1 when dimpSym2 U X kerSq ď 1. Now
suppose dimpSym2 U X kerSq ą 1. By Lemma 4.1 we know that there is an element of the
form x_ y P Sym2 U X kerS, for some x, y P Uzt0u.

We first consider the case where x and y are linearly dependent, i.e. xb2 P kerS. By
Lemma 4.4, we find that for every w P Uzt0u linearly independent of x,

0 “ Spxb2, wb2q “ Spx_ w, x_ wq ´ Spx^ w, x^ wq. (4.2)

By the assumption R1pSq “ pα^βqb2 ‰ 0, we know that kerR1pSq “ z^U . In particular,
we have Spx^w, x^wq ą 0 and it follows from equation (4.2) that x_w R kerS and therefore
dim pkerS X px_ spantx,wuqq ď 1 for every w P U .

Similarly, if x_ y P kerS for linearly independent x, y P U , then Lemma 4.4 implies

Spxb2, yb2q “ Spx_ y, x_ yq ´ Spx^ y, x^ yq “ ´Spx^ y, x^ yq ă 0.

Therefore, neither xb2 nor yb2 can be in the kernel of S and we conclude that

Sym2 U X kerS “ spantx_ y, xb2 ` λ yb2u
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for some λ ‰ 0. We claim that λ ą 0:
Indeed, since xb2 ` λ yb2 P kerS, we have

0 “ Spxb2 ` λ yb2, xb2q “ Spxb2, xb2q ` λSpxb2, yb2q.

Using again Lemma 4.4 and that x_ y P kerS, we obtain

0 ă Spxb2, xb2q “ ´λSpxb2, yb2q “ λSpx^ y, x^ yq.

Since Spx^ y, x^ yq ą 0, we must have λ ą 0.
We may therefore write

Sym2 U X kerS “ spantx_ y, xb2 ` λ yb2u “ span
!

x_ y, px`
?
λ yqb2

)

.

This shows that Sym2 U X kerS contains an element of rank one.

Lemma 4.27. Suppose dimV “ 3. Let S P CW such that R1pSq “ pα ^ βqb2 ‰ 0 for some
α, β P V ˚, and let U Ă V complementary to kerαXkerβ. Then there exist α̃, β̃ P spantα, βu

such that α̃ _ β̃ vanishes on kerS X Sym2 U .

Proof. If Sym2 U X kerS is one-dimensional, then

dim
`

AnnpSym2 U X kerSq X Sym2pspantα, βuq
˘

ě 2

and by Lemma 4.1 there are some α̃, β̃ P spantα, βu such that α̃_ β̃ P AnnpSym2 U X kerSq.
Now suppose dimpSym2 U X kerSq ą 1. By Lemma 4.26 we know that in this case

dimpSym2 U X kerSq “ 2 and there is an element of the form ub2 P Sym2 U X kerSzt0u.
Since Sym2 U X kerS is two-dimensional, we have

dim
`

AnnpSym2 U X kerSq X Sym2pspantα, βuq
˘

ě 1,

i.e. AnnpSym2 UXkerSqXSym2pspantα, βuq contains a non-trivial element γ. By Sylvester’s
theorem, it will be either of the form γ “ α̃b2 for some α̃ P spantα, βu or of the form
γ “ ᾱb2 ˘ β̄b2 for linearly independent ᾱ, β̄ P spantα, βu. Furthermore, since there is a
rank one element ub2 P Sym2 U X kerS and u R kerα X kerβ, we may exclude the case
γ “ ᾱb2 ` β̄b2 for linearly independent ᾱ, β̄. Recalling that

ᾱb2 ´ β̄b2 “ pᾱ ` β̄q _ pᾱ ´ β̄q,

it follows that there are α̃, β̃ P spantα, βu such that α̃ _ β̃ P AnnpSym2 U X kerSq.

We will now show that S as above with rankRpSq ą 1 cannot be extremal if for some
U Ă V complementary to the line Rz we have z _ U Ă kerS, where z P V is as above:

Proposition 4.28. Suppose dimV “ 3. Let S P CW such that R1pSq “ pα ^ βqb2 ‰ 0 for
some α, β P V ˚. Let furthermore z P kerα X kerβzt0u. If for some U Ă V complementary
to Rz we have z _ U Ă kerS, then S is not extremal unless RpSq is extremal in CSym.

Proof. If z _ v P kerS for every v P U , observing that for all v, w P U

Spv _ w, zb2q “ Spv _ z, w _ zq “ 0,
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we find that zb2 KS Sym2 U . By Lemma 4.24, we may furthermore assume that zb2 is not
in the kernel of S. It follows that there is a basis tQiu of kerRpSq such that Q1, Q2 P z _ U
and Qi P Sym2 U for i ą 2.

By Lemma 4.27, there exist α̃, β̃ P spantα, βu such that α̃ _ β̃ P AnnpSym2 U X kerSq.
Since z P kerα X kerβ, it follows that

α̃ _ β̃pQ1q “ 0 “ α̃ _ β̃pQ2q

and hence α̃ _ β̃|kerS ” 0. Since

hppα̃ _ β̃qb2q “ pα̃ ^ β̃qb2 P Rpα ^ βqb2,

which vanishes on kerS, it follows that
`

pα̃ b β̃qb2 ` pβ̃ b α̃qb2˘ |kerS ” 0.

The statement follows now from Corollary 3.32.

We will now improve the statement of Proposition 4.28 by showing that S as above with
rankRpSq ą 1 cannot be extremal if kerS X pz _ V q ‰ t0u:

Proposition 4.29. Suppose dimV “ 3. Let S P CW such that R1pSq “ pα ^ βqb2 ‰ 0 for
some α, β P V ˚. Let furthermore z P kerα X kerβzt0u. If for some x P V zt0u we have
x_ z P kerS, then S is not extremal unless RpSq is extremal in CSym.

Proof. By Lemma 4.24 we may assume that x is linearly independent of z. Using Proposi-
tion 4.28 we may furthermore assume that

kerS X pz _ V q “ Rx_ z.

Since by assumption also x^ z P kerS, it follows that

xb z “ x_ z ` x^ z P kerS.

Thus, we observe

Spx_ v, zb2q “ Spxb v, zb2q “ Spxb z, z b vq “ 0,

where we used that Λ2V and Sym2 V are perpendicular with respect to S for the first equality
and the invariance under τ for the second equality.

Similarly, we find

Spxb2, v _ zq “ Spxb2, v b zq “ Spxb z, v b xq “ 0

for every v P V .
Furthermore, we observe for every v, w P V that

Spx_ v, w _ zq “ Spxb v, w b zq “ Spxb z, w b vq “ 0, (4.3)

where we used that w ^ z P kerS for every w P V .
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With these relations in mind, we complete tx, zu Ă V to a basis tx, y, zu of V such that
Spz, z, z, yq “ 0. To see that this is possible, we observe that the linear map

Spz, z, z, ¨q : V Ñ R

has a two-dimensional kernel, since we know z R ker pSpz, z, z, ¨qq, as we assumed that zb2

is not in the kernel and therefore by Lemma 4.3, it follows that Spzb2, zb2q ‰ 0. We
furthermore know that x P ker pSpz, z, z, ¨qq, since by assumption x _ z P kerS. Choosing a
vector y P ker pSpz, z, z, ¨qq linearly independent of x, we obtain a basis tx, y, zu of V such
that Spz, z, z, yq “ 0.

Then, by equation (4.3), we have

pz _ V q KS px_ spantx, yuq.

Furthermore, there is a line L Ă Sym2 V , which is complementary and orthogonal to pz _

V q ‘ px _ spantx, yuq in Sym2 V . Let T P Sym2 V such that L “ RT . We obtained a
decomposition

Sym2 V “ pz _ V q ‘ px_ spantx, yuq ‘ RT

of Sym2 V into pairwise orthogonal subspaces.
We would now like to study the kernel of S in terms of this decomposition. For the first

factor we know by assumption that kerSXpz_V q “ Rx_z. For the second factor we recall
that, by Lemma 4.26, the intersection kerSXx_spantx, yu can at most be one-dimensional.

If T R kerS, it follows that kerS X Sym2 V “ spantx_ z, x_ uu for some u P spantx, yu.
Therefore, choosing some γ P V ˚zt0u such that γpxq “ 0, we find that γb4|kerS ” 0 and
hence S is not extremal by Corollary 3.32.

Now suppose T P kerS, i.e. kerSXSym2 V “ spantx_z, x_u, T u for some u P spantx, yu.
We will study separately the cases, where T is of rank one, two or three.

Firstly, we observe that under the assumptions we made, we must have rank T ą 1: If
T “ wb2 for some w P V zt0u, then we observe that, since T is complementary to pz _ V q ‘

px_ spantx, yuq, w must be linearly independent of x and z. Using Lemma 4.4 and the fact
that w ^ z P kerS, we find

0 “ Spwb2, zb2q “ Spw _ z, w _ zq ´ Spw ^ z, w ^ zq “ Spw _ z, w _ zq,

in contrast to the assumption that kerS X pz _ V q “ Rx_ z.
Suppose now that rank T “ 2. In this case T may either be of the form v _ w or

vb2 ` wb2 for some v, w P V zt0u. If T “ v _ w, then we may choose γ P V ˚zt0u such that
γpxq “ 0 “ γpvq and conclude that γb4|kerS ” 0. If T “ vb2 `wb2 for linearly independent
v, w P V zt0u, we show that there exist α̃, β̃ P spantα, βu such that α̃ _ β̃|kerS ” 0. For this,
we observe first that

Sym2 pspantα, βuq Ă Annpx_ zq,

and hence,

AnnpkerS X Sym2 V q X Sym2 pspantα, βuq “ Ann pspantx_ u, T uq X Sym2 pspantα, βuq .

Therefore,
dim

`

AnnpkerS X Sym2 V q X Sym2 pspantα, βuq
˘

ě 1.
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Since by assumption T “ vb2 ` wb2 for linearly independent v, w P V zt0u, it cannot be
annihilated by an element of the form α̃b2 ` β̃b2 for linearly independent α̃, β̃ P spantα, βu.
Therefore, there must be some

α̃ _ β̃ P AnnpkerS X Sym2 V q X Sym2 pspantα, βuq .

Arguing as in the proof of Proposition 4.28, it follows that
`

pα̃ b β̃qb2 ` pβ̃ b α̃qb2˘ |kerS ” 0.

By Corollary 3.32 it follows that S cannot be extremal in CW .
Now, suppose that rank T “ 3. By Lemma 4.25 we know that T must be indefinite.

Then T determines a Lorentzian metric gT on V , which, up to changing the sign of T , we
may assume to be of mostly positive signature. The vector x P V can satisfy gT px, xq ą 0,
gT px, xq “ 0 or gT px, xq ă 0.

Case 1: If gT px, xq ą 0, then after rescaling T , we may assume that T “ xb2 `vb2 ´wb2

for some v, w P V , such that tx, v, wu Ă V zt0u are linearly independent. Choosing γ P V ˚zt0u

such that γpxq “ 0, γpvq “ γpwq we find γb4|kerS ” 0 and hence S is not extremal in CW by
Corollary 3.32.

Case 2: If gT px, xq “ 0, there exist v, w P V zt0u such that tx, v, wu Ă V are linearly
independent and such that T “ x_v`wb2. Choosing γ P V ˚zt0u such that γpxq “ γpwq “ 0
we find γb4|kerS ” 0 and conclude that S is not extremal.

Case 3: If gT px, xq ă 0, then there exist v, w P V zt0u such that tx, v, wu Ă V are linearly
independent and such that T “ vb2 `wb2 ´xb2. We claim that this is not possible under the
assumptions of Proposition 4.29. Indeed, if vb2 `wb2 ´ xb2 P kerS, then using Lemma 4.4
and the fact that z ^ V Ă kerS, yields

0 “ Spxb2, zb2q “ Spvb2 ` wb2, zb2q “ Spv _ z, v _ zq ` Spw _ z, w _ zq ą 0,

as we assumed that kerS X pz _ V q “ Rx_ z.

Next, we will focus on S P CW as above such that kerS X pz _ V q “ t0u. We will first
study some properties of elements in the kernel of such S:

Lemma 4.30. Suppose dimV “ 3. Let S P CW such that R1pSq “ pα ^ βqb2 ‰ 0 for some
α, β P V ˚. Let furthermore z P kerα X kerβzt0u and suppose that kerS X pz _ V q “ t0u.
Then the following hold:

1. For every U Ă V complementary to Rz the intersection kerS X Sym2 U is at most
one-dimensional.

2. Every non-trivial element in kerRpSq is indefinite. In particular, there are no elements
of rank one in kerRpSq.

Proof. Let S P CW as in Lemma 4.30. We will start excluding the presence of certain elements
in kerS.

We note that if xb2 P kerS for some x P V , then using Lemma 4.4 and the fact that
z ^ V Ă kerS, we obtain

0 “ Spxb2, zb2q “ Spx_ z, x_ zq,
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which is impossible by the assumption that kerS X pz _ V q “ t0u. Similarly, if xb2 ` yb2 P

kerS for some x, y P V linearly independent of z, we find

0 ă Spx_ z, x_ zq “ Spxb2, zb2q “ ´Spyb2, zb2q “ ´Spy _ z, y _ zq ă 0,

a contradiction.
Thus, we observe that if there is some T P kerS X Sym2 Uzt0u for some U Ă V comple-

mentary to kerαX kerβ, then it must be indefinite. In fact, any element T P kerRpSq must
be indefinite:

If rank T “ 3, then T must be indefinite by Lemma 4.25. If T “ xb2 `yb2 for some x, y P

V zt0u, then we must have z P spantx, yu, since otherwise T P Sym2 U for U :“ spantx, yu

complementary to R ¨ z, which is in contrast to our above observation. Therefore, we may
assume after applying a rotation that y P R ¨ z. Again, this cannot happen by Lemma 4.25.
Similarly, if rank T “ 1, then by the above argument we must have T “ λzb2 for some
λ P Rzt0u, which is excluded by our assumptions.

Therefore, kerRpSq consists of indefinite elements. In particular, there are no rank one
elements in the kernel of RpSq.

Next, we claim that for every U Ă V complementary to kerα X kerβ the intersection
kerS X Sym2 U can at most be one-dimensional.

Indeed, suppose that spantT1, T2u Ă kerS X Sym2 U for linearly independent T1, T2 P

Sym2 U . Since T1 is indefinite, there exist linearly independent u1, w1 P U such that T1 “

u1 _ w1. Similarly, we know that also T2 defines a Lorentzian metric gT2 on U . If u1 is null
for gT2 , then there exists some w linearly independent of u1 such that T2 “ u1 _ w. If u1 is
not null for gT2 then we know that, up to rescaling by a non-zero factor, T2 “ ub2

1 ´wb2 for
some w P U linearly independent of u1:

Case 1: If T1 “ u1 _ w1 and T2 “ u1 _ w, where u1, w P U are linearly independent, we
may write w “ λu1 ` µw1 for some λ, µ P Rzt0u. Then, we have

u1 _ w “ λub2
1 ` µu1 _ w1 P kerS

which implies ub2
1 P kerS in contrast to our above observations.

Case 2: If T1 “ u1 _ w1, T2 “ ub2
1 ´ wb2, where u1, w P U are linearly independent, we

again write w “ λu1 ` µw1 for some λ, µ P R, µ ‰ 0. Then,

ub2
1 ´ wb2 “ p1 ´ λ2qub2

1 ´ µ2wb2
1 ´ 2λµu1 _ w1 P kerS,

and hence, p1´λ2qub2
1 ´µ2wb2

1 P kerS. By our observation that elements in kerSXSym2 U
must be indefinite, we must have 1 ´λ2 ą 0. Therefore, after rescaling w1, we conclude that
ub2

1 ´ wb2
1 P kerS. Then, we apply Lemma 4.4 and use u1 _ w1 P kerS to obtain

0 ă Spub2
1 , ub2

1 q “ Spub2
1 , wb2

1 q “ ´Spu1 ^ w1, u1 ^ w1q ă 0,

a contradiction.

If kerS X pz _ V q “ t0u for S and z as above, then rankRpSq ě 3. In the following
proposition we show that if rankRpSq “ 4, then S is not extremal.

Proposition 4.31. Suppose dimV “ 3. Let S P CW such that R1pSq “ pα ^ βqb2 ‰ 0 for
some α, β P V ˚ and such that rankRpSq “ 4. Let furthermore z P kerα X kerβzt0u and
suppose that kerS X pz _ V q “ t0u. Then S is not extremal in CW .
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Proof. By assumption, we have dimpkerRpSqq “ 2. By Lemma 4.30, we know that all the
elements in kerS X Sym2 V are indefinite.

We write kerSXSym2 V “ spantT1, T2u. By Lemma 4.2 we may assume that rank T1 ă 3
and since T1 must be indefinite, this means that T1 “ u1 _ v1 for some linearly independent
u1, v1 P V zt0u. If also rank T2 ă 3, i.e. T2 “ u2 _ v2 for some linearly independent
u2, v2 P V zt0u, then choosing γ P V ˚zt0u such that γpu1q “ 0 “ γpu2q, we find γb4|kerS ” 0
and therefore, S cannot be extremal by Corollary 3.32.

Now suppose rank T2 “ 3. Then T2 defines a Lorentzian metric gT2 on V . Up to changing
the sign of T2, we may furthermore assume that gT2 is of mostly positive signature.

Case 1: If gT2pu1, u1q ą 0, then there exist some v, w P V zt0u such that tu1, v, wu Ă V
are linearly independent and such that

T2 “ ub2
1 ` vb2 ´ wb2.

Choosing γ P V ˚zt0u such that

γpu1q “ 0, γpvq “ γpwq

we have γb4|kerS ” 0, hence S is not extremal in CW by Corollary 3.32.
Case 2: If gT2pu1, u1q “ 0, then there exist some v, w P V zt0u such that tu1, v, wu Ă V

are linearly independent and such that

T2 “ u1 _ v ` wb2.

Then for γ P V ˚zt0u satisfying γpu1q “ 0 “ γpwq, we find γb4|kerS ” 0.
Case 3: Now suppose gT2pu1, u1q ă 0. There exist some v, w P V zt0u such that

tu1, v, wu Ă V are linearly independent and such that

T2 “ vb2 ` wb2 ´ ub2
1 .

If gT2pv1, v1q ě 0, we can exchange the roles of u1 and v1 so that we are in case one or two.
Therefore, suppose without loss of generality that also gT2pv1, v1q ă 0. After applying a
rotation to v and w, we may then assume that some non-trivial element in the line Rv1 is
related to u1 by a boost in the direction of v, i.e. for some λ P Rzt0u, κ P Rzt0u, v1 P V we
have

ˆ

λ v1
v1

˙

“

ˆ

cosh κ sinh κ
sinh κ cosh κ

˙ˆ

u1
v

˙

Therefore, for some λ P Rzt0u, κ P Rzt0u

λ v1 “ cosh κ pu1 ` tanh κ ¨ vq .

We set t :“ tanh κ. In particular, 0 ă t2 ă 1. Then, after rescaling v1, we find

v1 “ u1 ` t v.

Solving for v, this yields
v “

1
t

pv1 ´ u1q
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and hence
T2 “

1
t2
vb2

1 ` wb2 `

ˆ

1
t2

´ 1
˙

ub2
1 ´

2
t
u1 _ v1.

We define
T̃2 :“ T2 `

2
t
T1 “

1
t2
vb2

1 ` wb2 `
1 ´ t2

t2
ub2

1 P kerS.

Since t2 ă 1, T̃2 is positive definite. But this is in contrast to our observation in Lemma 4.30.
Therefore, we cannot have both gT2pu1, u1q ă 0 and gT2pv1, v1q ă 0.

Finally, we will show that if for S and z as above kerSXpz_V q “ t0u and if rankRpSq “

3, then S is extremal.
Proposition 4.32. Suppose dimV “ 3. Let S P CW such that R1pSq “ pα ^ βqb2 ‰ 0 for
some α, β P V ˚ and such that rankRpSq “ 3. Let furthermore z P kerα X kerβzt0u and
suppose that kerS X pz _ V q “ t0u. Then S is extremal in CW .

Proof. Let S as in Proposition 4.32. We need to show that every element S1 P CW such that
kerS1 Ľ kerS has to vanish.

For this, we note that every element S1 P CW such that kerS1 Ľ kerS must either
have R1pS1q “ 0, i.e. S1 is fully symmetric, or its kernel contains an element u _ z ‰ 0:
Indeed, the proper inclusion kerS1 Ľ kerS implies that either kerR1pS1q Ľ kerR1pSq or
kerRpS1q Ľ kerRpSq. If kerR1pS1q Ľ kerR1pSq, then we must have R1pS1q “ 0, since
rankR1pSq “ 1 by assumption. If kerRpS1q Ľ kerRpSq by the assumption rankRpSq “ 3 we
must have rankRpS1q ď 2, i.e. dimpkerRpS1qq ě 4 and hence kerRpS1q X pz _ V q ‰ t0u.

We have seen in Theorem 4.15 and Proposition 4.29 that in both such cases S1 is not
extremal unless it projects to an extremal element in CSym. It is therefore enough to consider
the case where rankRpS1q “ 1, i.e. S1 is of the form S1 “ γb4 for some γ P V ˚ or of the form
S1 “ pα̃_ β̃qb2 ` pα̃^ β̃qb2 for linearly independent α̃, β̃ P V ˚ such that α̃^ β̃|kerR1pSq ” 0,
i.e. α̃, β̃ P spantα, βu.

In Proposition 4.42, we show that the kernel of RpSq for an element S P CW as in
Proposition 4.32 is of one of the following three forms:

1. for parameters d, g, h P R such that d, g ‰ 0 and g2 ą 1 ´ d2 ` dh and some x, y P V
such that tx, y, zu is a basis of V

kerRpSq “ spant ´ xb2 ` zb2 ` d y _ z,

h xb2 ´ d yb2 ` pd´ hq zb2 ` dg x_ z,

´ pg2 ´ dhqxb2 ´ d2 yb2 ` pd2 ` g2 ´ dhq zb2 ` dg x_ yu;

2. for parameters g, h P R such that g2 ą 1 and some x, y P V such that tx, y, zu is a
basis of V

kerRpSq “ span
␣

y _ px´ g zq, ´xb2 ` zb2, g xb2 ´ g yb2 ` hx_ y ` g2 x_ z
(

;

3. for parameters d, h P R such that dpd´ hq ą 1 and some x, y P V such that tx, y, zu is
a basis of V

kerRpSq “ spant ´ xb2 ` yb2 ` pd´ hq ¨ y _ z, x_ py ´ d zq,

h xb2 ´ d yb2 ` pd´ hq zb2u.
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We will first consider the case where S1 “ γb4 for some γ P V ˚. Finding γ P V ˚zt0u

such that γb2|kerS ” 0 would in each case amount to finding a non-trivial real solution
pγx, γy, γzq P R3 to the respective system of equations:

1. for parameters d, g, h P R such that d, g ‰ 0 and g2 ą 1 ´ d2 ` dh,

´γ2
x ` γ2

z ` d γyγz “ 0,
h γ2

x ´ d γ2
y ` pd´ hq γ2

z ` dg γxγz “ 0,
´pg2 ´ dhq γ2

x ´ d2 γ2
y ` pd2 ` g2 ´ dhq γ2

z ` dg γxγy “ 0;

2. for parameters g, h P R such that g2 ą 1,

γypγx ´ g γzq “ 0,
´γ2

x ` γ2
z “ 0,

g γ2
x ´ g γ2

y ` h γxγy ` g2 γxγz “ 0;

3. for parameters d, h P R such that dpd´ hq ą 1,

´γ2
x ` γ2

y ` pd´ hq ¨ γyγz “ 0,
γxpγy ´ d γzq “ 0,

h γ2
x ´ d γ2

y ` pd´ hq γ2
z “ 0.

However, these systems of equations do not have a non-trivial solution.
Now we consider the case where S1 “ pα̃_ β̃qb2 ` pα̃^ β̃qb2 for some α̃, β̃ P spantα, βu.

We set
α̃pxq “: α̃x, α̃pyq “: α̃y, β̃pxq “: β̃x, β̃pyq “: β̃y.

Then in each case, pα̃ _ β̃q |kerRpSq” 0 implies that

α̃xβ̃y ` β̃xα̃y “ 0
α̃xβ̃x ´ α̃yβ̃y “ 0.

This implies that either α̃ “ 0 or β̃ “ 0.
We conclude that every S1 P CW such that kerS1 Ľ kerS must vanish. Hence, S is

extremal by Corollary 3.32.

We are now prepared to prove Theorem 4.23:

Proof of Theorem 4.23. Let S P CW such that R1pSq “ pα ^ βqb2 for some α, β P V ˚ and
such that RpSq is not extremal in CSym. Let furthermore z P pkerα X kerβqzt0u.

If dim ppz _ V q X kerSq ą 0, then S is not extremal by Proposition 4.29.
Now suppose dim ppz _ V q X kerSq “ 0. Then in particular we must have dim kerRpSq ď

3. Moreover, by Proposition 4.18, we must have dim kerS ą 3. Since dim kerR1pSq “ 2, this
implies that dim kerRpSq ą 1 and hence, rankRpSq P t3, 4u. If rankRpSq “ 4, then S is not
extremal by Proposition 4.31, while if rankRpSq “ 3, then S is extremal by Proposition 4.32.
This proves the assertion.
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4.3.2 Case rank R1pSq “ 2

We will now consider S P CW such that rankR1pSq “ 2. In this case, we know by Propo-
sition 4.10 that RpSq cannot be extremal in CSym and therefore, rankRpSq ě 2. Moreover,
since V is three-dimensional, dim pkerR1pSqq “ 1 and hence kerR1pSq “ R ¨ x ^ y for some
linearly independent x, y P V or, equivalently, kerR1pSq “ Λ2U for some two-dimensional
subspace U Ă V of V . Our strategy will be to distinguish whether the restriction of the
projection map

π : Sym2 V ÝÑ Sym2 V { Sym2 U

to the kernel of RpSq is surjective or not. We will see that S as above cannot be extremal if
the restriction is not surjective. This will reduce the list of possible candidates for extremal
elements S P CW with rankR1pSq “ 2 to a few cases, in which we are able to give an explicit
description of the kernel. Eventually, it will turn out that none of these S P CW is extremal.
The structure of the section is as follows:

S P CW s.t. rank RpSq ą 1, rank R1
pSq “ 2 i.e. ker R1

pSq “ Λ2U
for some 2-dimensional U Ă V , π : Sym2 V Ñ Sym2 V { Sym2 U

π|ker RpSq is not surjective

not extremal by
Proposition 4.33

π|ker RpSq is surjective
ùñ rank RpSq ď 3

rank RpSq “ 2

not extremal
by Proposition 4.36

rank RpSq “ 3

D z P V zU s.t.
z _ U Ă ker S

not extremal by
Proposition 4.39

E z P V zU s.t.
z _ U Ă ker S

not extremal by
Proposition 4.40

We will start proving that S P CW with rankR1pSq “ 2 cannot be extremal if the
restriction of the projection onto Sym2 V { Sym2 U to kerRpSq is not surjective.

Proposition 4.33. Suppose dimV “ 3. Let S P CW such that rankR1pSq “ 2. Let U Ă V
such that kerR1pSq “ Λ2U and consider the projection

π : Sym2 V ÝÑ Sym2 V { Sym2 U.

We denote the image of kerRpSq under the projection π by kerRpSq :“ πpkerRpSqq. If

dim
´

kerRpSq

¯

ď 2,

i.e. the restriction of π to kerRpSq is not surjective, then S is not extremal.

Proof. Let γ P AnnpUqzt0u. Then γ _ V ˚ annihilates Sym2 U . For S P CW as above, let
trT1s, rT2su be a generating set of kerRpSq, where rTis is represented by some Ti P Sym2 V
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for i “ 1, 2. Then
pγ _ V ˚q X AnnpT1q X AnnpT2q ‰ t0u.

Therefore, there is some η P V ˚zt0u such that γ _ ηpTiq “ 0 for i “ 1, 2. Since γ _ V ˚

annihilates Sym2 U , γ _ ηpT̃iq “ 0 holds for any T̃i representing rTis P kerRpSq.
It follows that γ _ η|kerS ” 0. Since γ P AnnpUq, also γ ^ η|kerS ” 0. We conclude that

`

pγ b ηqb2 ` pη b γqb2˘ |kerS ” 0.

By Corollary 3.32 this shows that S cannot be extremal.

Next, we will consider S P CW as above such that π|kerRpSq is surjective. Then we must
have rankRpSq ď 3. If rankRpSq “ 2, the intersection kerS X Sym2 U is one-dimensional.
The following lemma shows that in this situation, we have kerS X Sym2 U “ R ¨ pu_ vq for
linearly independent u, v P U :

Lemma 4.34. Suppose dimV “ 3. Let S P CW such that rankR1pSq “ 2. Let U Ă V such
that kerR1pSq “ Λ2U . If dim

`

kerS X Sym2 U
˘

“ 1, then kerS X Sym2 U “ R ¨ pu _ vq for
linearly independent u, v P U .

Proof. For S as above, we know that for u, v P U , we have u ^ v P kerS and, hence, by
Lemma 4.4,

Spub2, vb2q “ Spu_ v, u_ vq.

Therefore, if ub2 P kerS for some u P U , it follows that u_ v P kerS for every v P U .
Similarly, if ub2 ` vb2 P kerS for linearly independent u, v P U , then

0 ď Spub2, ub2q “ ´Spub2, vb2q “ ´Spu_ v, u_ vq ď 0,

and hence, Sym2 U Ă kerS.
Thus, the intersection kerS X Sym2 U can only be one-dimensional if it is of the form

kerS X Sym2 U “ R ¨ pu_ vq for linearly independent u, v P U .

With the help of Lemma 4.34, we can deduce further information about kerRpSq, when
S P CW is as above with π|kerRpSq surjective and rankRpSq “ 2:

Lemma 4.35. Suppose dimV “ 3. Let S P CW such that rankR1pSq “ 2 and rankRpSq “ 2.
Suppose that dim

`

kerS X Sym2 U
˘

“ 1, where U Ă V such that kerR1pSq “ Λ2U . Then
there is a z P V zU such that z _ U Ă kerS.

Proof. By Lemma 4.34 we know that kerSXSym2 U “ R¨u_v for some linearly independent
u, v P U . Since also u^ v P kerS this implies ub v P kerS and v b u P kerS. It follows that

Spub2, vb2q “ Spub v, v b uq “ 0. (4.4)

Furthermore, we observe that for every w P V :

Spub2, v _ wq “ Spub2, v b wq “ Spub w, v b uq “ 0 (4.5)

and, similarly,

Spvb2, u_ wq “ 0. (4.6)



58 CHAPTER 4. EXTREMAL ELEMENTS OF THE POSITIVITY CONE

By our assumption that dim pkerRpSqq “ 4 and dimpkerS X Sym2 Uq “ 1, we know that
the projection

π : kerS ÝÑ Sym2 V { Sym2 U

is surjective. Hence, for z̄ P V zU , there must be Qi P Sym2 U , i “ 1, 2, 3 such that

z̄ _ u`Q1, z̄ _ v `Q2 P kerS

Since u_ v P kerS, we may furthermore assume that

Qi “ λi u
b2 ` µi v

b2

for some λi, µi P R.
We claim that µ1 “ 0: Indeed, by assumption we have

z̄ _ u` λ1u
b2 ` µ1v

b2 “ pz̄ ` λ1uq _ u` µ1 v
b2 P kerS.

Applying equation (4.6) for w “ z̄ ` λ1u, we observe that vb2 and pz̄ ` λ1uq _ u are
orthogonal with respect to S. Since S is semi-definite, this implies that both µ1 ¨ vb2 P kerS
and pz̄ ` λ1uq _ u P kerS. Since by Lemma 4.34, we know that vb2 R kerS, it follows that
µ1 “ 0.

An analogous argument shows that λ2 “ 0. Therefore, we obtain

spantpz̄ ` λ1uq _ u, pz̄ ` µ2vq _ vu Ă kerS.

Defining
z :“ z̄ ` λ1 u` µ2 v P V zt0u,

we find

z _ u´ µ2u_ v P kerS ùñ z _ u P kerS
z _ v ´ λ1u_ v P kerS ùñ z _ v P kerS,

where we used that u_ v P kerS. It follows that z _ U Ă kerS.

Combining Lemma 4.34 and 4.35, we know enough about kerRpSq for S P CW as above
with π|kerRpSq surjective and rankRpSq “ 2 to conclude that such S cannot be extremal:

Proposition 4.36. Suppose dimV “ 3. Let S P CW such that rankR1pSq “ 2 and
rankRpSq “ 2. Suppose that dimpkerS X Sym2 Uq “ 1, where U Ă V such that kerR1pSq “

Λ2U . Then S is not extremal in CW .

Proof. Let S P CW as in Proposition 4.36. Then we know by Lemma 4.34 that for some
linearly independent u, v P Uzt0u, we have

kerS X Sym2 U “ Ru_ v.

Furthermore, by Lemma 4.35, there is some z P V zU such that z _ U Ă kerS.
Therefore, for some λ, µ P R,

kerRpSq “ spantu_ v, z _ u, z _ v, zb2 ` λub2 ` µ vb2u.
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We may assume that
Spub2, ub2q “ 1 “ Spvb2, vb2q.

Using Lemma 4.4, we find

Spub2, vb2q “Spu_ v, u_ vq ´ Spu^ v, u^ vq “ 0,
Spz ^ u, z ^ uq “ ´ Spzb2, ub2q “ λSpub2, ub2q ` µSpvb2, ub2q “ λ,

Spz ^ v, z ^ vq “ ´ Spzb2, vb2q “ λSpub2, vb2q ` µSpvb2, vb2q “ µ.

In particular, λ, µ ą 0.
We set

α :“ α1 `
?
λα3, β :“ α1 ´

?
λα3,

where tα1, α2, α3u is the basis of V ˚ dual to tu, v, zu. Then v P kerα X kerβ and therefore

pα _ βqpu_ vq “ 0 “ pα _ βqpz _ vq, pα ^ βqpu^ vq “ 0.

Moreover, we compute

pα _ βq pz _ uq “ 0,
pα _ βq pzb2 ` λub2 ` µ vb2q “ ´λ` λ “ 0.

Therefore,
`

pα _ βqb2 ` pα ^ βqb2˘ˇ
ˇ

kerS ” 0.

By Corollary 3.32 it follows that S is not extremal.

Next, we will focus on the situation where S P CW is as above with π|kerRpSq surjective
and rankRpSq “ 3. In this case it is in general no longer true that we can find some z P V zU
such that z _ U Ă kerS. However, in any case we get a relatively nice description of the
kernel of RpSq.

Lemma 4.37. Suppose dimV “ 3. Let S P CW such that rankR1pSq “ 2 and rankRpSq “ 3.
Suppose that kerS X Sym2 U “ t0u, where U Ă V such that kerR1pSq “ Λ2U . Then either
there is some z P V zU such that z_U Ă kerS or there are z P V zU and linearly independent
u, v P Uzt0u such that spantz _ u, z _ v ` vb2 ´ ub2u Ă kerS.

Proof. Let S P CW as in Lemma 4.37. Let z̄ P V zU . By the assumption kerS X Sym2 U “

t0u we know that there is a two-dimensional subspace of kerS X Sym2 V which projects
surjectively onto πpz̄ _ Uq Ă Sym2 V { Sym2 U , where π is the projection of Sym2 V to the
quotient space Sym2 V { Sym2 U . In particular by Lemma 4.2 this subspace contains a non-
trivial element T1 of rank ă 3, which must be of the form T1 “ pz̄` vq _u for some u, v P U ,
u ‰ 0. We set z :“ z̄ ` v P V zU . Then T1 “ z _ u P kerS.

Next, we observe that for every v, w P U ,

Spz _ v, w _ uq “ Spz b v, w b uq “ Spz b u,w b vq “ Spz _ u,w _ vq “ 0, (4.7)

where we used that Λ2U Ă kerS, the symmetry of S under τ and z_u P kerS. Using again
that z _ u P kerS, this shows that for every v P U

z _ v KS pu_ V q. (4.8)
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Moreover, since kerRpSq projects surjectively onto Sym2 V { Sym2 U , we know that for
every v P Uzt0u linearly independent of u there should be some Q P Sym2 U such that
T2 :“ z _ v `Q P kerS.

Case 1: If rankQ ă 2, then Q “ wb2 for some w P U . Then

0 “ Spz _ v ` wb2, ub2q “ Spwb2, ub2q “ Spu_ w, u_ wq, (4.9)

where we used (4.8) and u^w P kerS. Since by assumption kerSX Sym2 U “ t0u, it follows
that w “ 0 and hence Q “ 0. It follows that T2 “ z_v P kerS. Since also T1 “ z_u P kerS
and because we assumed that u and v are linearly independent, we must have z_U Ă kerS.

Case 2: Now suppose rankQ “ 2. By an analogous calculation as in (4.9), it follows that
Q cannot be definite as an element of Sym2 U . Moreover, it cannot be of the form Q “ u_w
for some w P Uzt0u: Otherwise, using (4.8), we would find

0 “ Spz _ v ` u_ w, u_ wq “ Spu_ w, u_ wq,

in contrast to the assumption that kerS X Sym2 U “ t0u. Therefore, for some w P U , we
have ˘Q “ wb2 ´λub2, for some λ ą 0. After rescaling we may assume that λ “ 1 and after
replacing T2 by a linear combination of T1 and T2, we may further assume v “ w. Then,
possibly after changing T2 Ñ ´T2 and w Ñ ´w, we obtain

spantz _ u, z _ w ` wb2 ´ ub2u Ă kerS.

Remark 4.38. The two cases described in Lemma 4.37 cannot occur simultaneously: Indeed,
if for some z P V zU we have z _ U Ă kerS, then any z̄ P V zU such that z̄ _ v P kerS for
some v P U must satisfy z̄ P Rz, since otherwise, there would be a contradiction with the
assumption that kerS X Sym2 U “ t0u. Similarly, if z _ U Ă kerS, there cannot be any
linearly independent u,w P U such that z _ w ` wb2 ´ ub2 P kerS.

We can now apply Lemma 4.37 to explicitly describe the kernel of RpSq for S P CW as
above with π|kerRpSq surjective and rankRpSq “ 3. We will first consider the case where
z _U Ă kerS for some z P V zU , U Ă V as above. We will then conclude that such S is not
extremal:

Proposition 4.39. Suppose dimV “ 3. Let S P CW such that rankR1pSq “ 2 and
rankRpSq “ 3. Suppose that kerSXSym2 U “ t0u, where U Ă V such that kerR1pSq “ Λ2U .
Suppose furthermore that there is some z P V zU such that z _ U Ă kerS. Then S is not
extremal in CW .

Proof. Let S P CW , U Ă V and z P V zU as in Proposition 4.39. Then for some basis tu, vu

of U and λ, µ, δ P R we have

kerS “ spantu^ v, z _ u, z _ v, zb2 ` λub2 ` µ vb2 ` δ u_ vu.

We may furthermore assume that δ “ 0, possibly after changing to a different basis of U .
Case 1: If λ ě 0, we may proceed as in the proof of Proposition 4.36 to find that
„

´

pα1 `
?
λα3q _ pα1 ´

?
λα3q

¯b2
`

´

pα1 `
?
λα3q ^ pα1 ´

?
λα3q

¯b2
ȷˇ

ˇ

ˇ

ˇ

kerS
” 0,
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where tα1, α2, α3u is the basis of V ˚ dual to tu, v, zu. Hence, S is not extremal by Corol-
lary 3.32.

Case 2: Now suppose that both λ and µ are negative. We will show that this case cannot
occur. For this, we assume without loss of generality that λ “ ´1 “ µ. Then

Spub2, ¨q “ Spzb2, ¨q ´ Spvb2, ¨q

and, since we assumed kerS X Sym2 U “ t0u, it follows that

0 ăSpub2, ub2q

“Spzb2, ub2q ´ Spvb2, ub2q

“Spz _ u, z _ uq ´ Spz ^ u, z ^ uq ´ Spu_ v, u_ vq ` Spu^ v, u^ vq

“ ´ Spz ^ u, z ^ uq ´ Spu_ v, u_ vq ă 0,

a contradiction. Here, we used Lemma 4.4 for the second equality and z _ u, u ^ v P kerS,
z ^ u, u_ v R kerS and S ě 0 in the last step.

We conclude that S as in Proposition 4.39 is not extremal in CW .

Finally, we apply Lemma 4.37 to S P CW as above with π|kerRpSq surjective, rankRpSq “

3 and such that there is no z P V zU such that z _ U Ă kerS, where π : Sym2 V Ñ

Sym2 V { Sym2 U and U Ă V are as above, to show that such S is not extremal:

Proposition 4.40. Suppose dimV “ 3. Let S P CW such that for some basis tu, v, zu of V
we have

kerS “ spantu^ v, z _ u, z _ v ` vb2 ´ ub2, zb2 ` λub2 ` µ vb2 ` δ u_ vu

for some λ, µ, δ P R. Then S is not extremal in CW .

Proof. Let S P CW as in Proposition 4.40. Note that the same arguments used in Lemma 4.37
to arrive at (4.8) apply in the setting of Proposition 4.40. Thus, we have

Spz _ w, u_ xq “ 0

for every w P U , x P V . Using that z _ v ` vb2 ´ ub2 P kerS, we therefore find

0 “Spz _ v, ub2q “ Spub2, ub2q ´ Spvb2, ub2q,

0 “Spz _ v, u_ vq “ Spub2, u_ vq ´ Spvb2, u_ vq.

We may furthermore assume that

1 “ Spub2, ub2q “ Spub2, vb2q “ Spu_ v, u_ vq.

We set

q1 :“ Spvb2, vb2q, q2 :“ Spub2, u_ vq “ Spvb2, u_ vq.

Since RpSq is positive semi-definite we find

q1 ě 1, ´1 ď q2 ď 1. (4.10)
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Since u^ z R kerS, we must furthermore have

0 ăSpu^ z, u^ zq “ ´Spub2, zb2q. (4.11)

Using that zb2 ` λub2 ` µ vb2 ` δ u_ v P kerS, we compute

Spub2, zb2q “ Sp´λub2 ´ µ vb2 ´ δ u_ v, ub2q “ ´λ´ µ´ δq2.

Hence, equation (4.11) becomes

0 ă λ` µ` δq2. (4.12)

We show that there exist α, β P V ˚zt0u such that
`

pα ^ βqb2 ` pα _ βqb2˘ˇ
ˇ

kerS ” 0. (4.13)

For this, we make the ansatz

αpuq “ βpuq “ 1, αpvq “ βpvq “ ε, αpzq “ ´βpzq

with

ε “

#

1 for δ ě 0
´1 for δ ă 0

.

Then we find

pα ^ βqpu^ vq “ 0 “ pα _ βqpz _ uq “ pα _ βqpz _ v ` vb2 ´ ub2q,

pα _ βqpzb2 ` λub2 ` µ vb2 ` δ u_ vq “ ´αpzq2 ` λ` µ` |δ|.

Therefore, α and β satisfy equation (4.13) if and only if αpzq solves

´αpzq2 ` λ` µ` |δ| “ 0.

Since by (4.10) and (4.12) we have

λ` µ` |δ| ě λ` µ` δq2 ą 0,

we can always find a real solution for αpzq. Using Corollary 3.32, we conclude that S is not
extremal.

We summarize our results in the following theorem:

Theorem 4.41. Suppose dimV “ 3. Let S P CW zt0u such that RpSq is not extremal in
CSym. Then S is extremal in CW if and only if it is of the type as in Proposition 4.32,
i.e. rankR1pSq “ 1, rankRpSq “ 3 and kerS X pz _ V q “ t0u, where z P V such that
kerR1pSq “ z ^ V .

4.3.3 Explicit description of the extremal elements

We will now derive an explicit form for the extremal elements of the type as in Theorem 4.41.
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Proposition 4.42. Let dimV “ 3, S P CW such that rankRpSq “ 3, kerR1pSq “ z ^ V for
some z P V zt0u and such that kerS X pz _ V q “ t0u. Then for some parameters d, g, h P R
such that g2 ą 1 ´ d2 ` dh, and for some e2, e3 P V such that tz “: e1, e2, e3u is a basis of
V , in terms of the basis teb2

1 , eb2
2 , eb2

3 , e1 _ e2, e1 _ e3, e2 _ e3u of Sym2 V , we have the
representation

RpSq “

¨

˚

˚

˚

˚

˚

˚

˝

1 1 1 0 0 0
1 1 ` d2 1 ` dh dg 0 d
1 1 ` dh 1 ` g2 ` h2 gpd` hq g h
0 dg gpd` hq d2 ` g2 d g
0 0 g d 1 0
0 d h g 0 1

˛

‹

‹

‹

‹

‹

‹

‚

.

The kernel of RpSq is given by the following:

If d, g ‰ 0:

kerRpSq “ spanteb2
1 ´ eb2

2 ` d e1 _ e3,

pd´ hq eb2
1 ` h eb2

2 ´ d eb2
3 ` dg e1 _ e2,

pd2 ` g2 ´ dhq eb2
1 ´ pg2 ´ dhq eb2

2 ´ d2 eb2
3 ` dg e2 _ e3u.

If d “ 0:

kerRpSq “ span
␣

pg e1 ´ e2q _ e3, e
b2
1 ´ eb2

2 , g eb2
2 ´ g eb2

3 ` h e2 _ e3 ` g2 e1 _ e2
(

.

If g “ 0:

kerRpSq “ spant ´ eb2
2 ` eb2

3 ` pd´ hq e1 _ e3, pd e1 ´ e3q _ e2,

pd´ hq eb2
1 ` h eb2

2 ´ d eb2
3 u.

Proof. Since kerS X pz _ V q “ t0u and z ^ V Ă kerS, we deduce that Spzb2, ¨q defines a
positive definite symmetric bilinear form on V . Indeed, for any v P V , using Lemma 4.4, we
observe

Spzb2, vb2q “ Spz _ v, z _ vq ´ Spz ^ v, z ^ vq “ Spz _ v, z _ vq ą 0.

We complete tzu to an orthonormal base tz “: e1, e2, e3u Ă V of V with respect to Spzb2, ¨q.
In addition, we require that

Speb2
2 , e2 _ zq “ 0.

To see that this is possible, let tx̄, ȳu be a basis of the orthogonal complement of R ¨ z with
respect to Spzb2, ¨q. We may assume that

Spȳb2, ȳ _ zq ‰ 0

Then
px̄,ȳptq :“ S

`

ppx̄` tȳqb2, px̄` tȳq _ zq
˘

is a cubic polynomial in t and therefore, for some t0 P R, we have px̄,ȳpt0q “ 0. Then
e2 :“ x̄` t0 ȳ has the desired property.
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We set

q :“Spe2 ^ e3, e2 ^ e3q ą 0,
a :“Speb2

2 , eb2
2 q,

b :“Speb2
2 , eb2

3 q “ Spe2 _ e3, e2 _ e3q ´ Spe2 ^ e3, e2 ^ e3q “ Spe2 _ e3, e2 _ e3q ´ q,

c :“Speb2
2 , e2 _ e3q,

d :“Speb2
2 , e1 _ e3q “ Spe2 _ e3, e1 _ e2q,

e :“Speb2
3 , eb2

3 q,

f :“Speb2
3 , e2 _ e3q,

g :“Speb2
3 , e1 _ e2q “ Spe2 _ e3, e1 _ e3q,

h :“Speb2
3 , e1 _ e3q.

With these choices of parameters, we write the quadratic form on Sym2 V defined by RpSq

in terms of the basis teb2
1 , eb2

2 , eb2
3 , e1 _ e2, e1 _ e3, e2 _ e3u as

RpSq “

¨

˚

˚

˚

˚

˚

˚

˝

1 1 1 0 0 0
1 a b 0 d c
1 b e g h f
0 0 g 1 0 d
0 d h 0 1 g
0 c f d g b` q

˛

‹

‹

‹

‹

‹

‹

‚

.

Requiring the fourth principal minors of RpSq to vanish, the first, second and third principal
minors to be non-negative and the parameter q to be positive, yields

a “ 1 ` d2, b “ 1 ` dh, c “ dg, e “ 1 ` g2 ` h2, f “ gpd` hq

b` q “ d2 ` g2, g2 ą 1 ´ d2 ` dh.

Furthermore, with these choices of parameters, we obtain the following basis of the kernel of
RpSq:

If d, g ‰ 0:

kerRpSq “ spanteb2
1 ´ eb2

2 ` d e1 _ e3,

pd´ hq eb2
1 ` h eb2

2 ´ d eb2
3 ` dg e1 _ e2,

pd2 ` g2 ´ dhq eb2
1 ´ pg2 ´ dhq eb2

2 ´ d2 eb2
3 ` dg e2 _ e3u.

If d “ 0 (this implies g2 ą 1):

kerRpSq “ span
␣

pg e1 ´ e2q _ e3, e
b2
1 ´ eb2

2 , g eb2
2 ´ g eb2

3 ` h e2 _ e3 ` g2 e1 _ e2
(

.

If g “ 0 (this implies d ‰ 0, d ‰ h):

kerRpSq “ spant ´ eb2
2 ` eb2

3 ` pd´ hq ¨ e1 _ e3, pd e1 ´ e3q _ e2,

pd´ hq eb2
1 ` h eb2

2 ´ d eb2
3 u.

In particular, the kernel of RpSq is three-dimensional and hence rankRpSq “ 3 as re-
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quired.

Proposition 4.43. Let dimV “ 3, S P CW such that rankRpSq ą 1. Then S is extremal if
and only if it is of the following form: For some basis tα1, α2, α3u of V ˚ and some parameters
g, h, d P R such that g2 ą 1 ´ d2 ` dh we have

S “ Stot ` 2pg2 ` d2 ´ 1 ´ dhq
“

pα2 b α3qb2 ` pα3 b α2qb2‰ ,

where Stot P Sym4 V ˚ is given by

Stot “α4
1 ` 6α2

1α
2
2 ` 6α2

1α
2
3 ` 12dα1α

2
2α3 ` 12g α1α2α

2
3 ` 4hα1α

3
3 ` p1 ` d2qα4

2

` 4dg α3
2α3 ` 6p1 ` dhqα2

2α
2
3 ` 4gpd` hqα2α

3
3 ` p1 ` g2 ` h2qα4

3.

Proof. Let tα1, α2, α3u be the basis of V ˚ dual to the basis te1, e2, e3u in Proposition 4.42.
Note that, with our conventions for the symmetric and the anti-symmetric product, we have

2pαi _ αjqpei _ ejq “ 1, 2pαi ^ αjqpei ^ ejq “ 1 for i ‰ j.

Using this, it follows from Proposition 4.42 that

S “αb4
1 ` 2α2

1 _ α2
2 ` 2α2

1 _ α2
3 ` p1 ` d2qαb4

2 ` 2p1 ` dhqα2
2 _ α2

3

` 2dα2
2 _ p2α1 _ α3q ` 2dg α2

2 _ p2α2 _ α3q ` p1 ` g2 ` h2qαb4
3

` 2gα2
3 _ p2α1 _ α2q ` 2hα2

3 _ p2α1 _ α3q ` 2gpd` hqα2
3 _ p2α2 _ α3q

` p2α1 _ α2qb2 ` 2d p2α1 _ α2q _ p2α2 _ α3q ` p2α1 _ α3qb2

` 2g p2α1 _ α3q _ p2α2 _ α3q ` pd2 ` g2q p2α2 _ α3qb2

` pd2 ` g2 ´ 1 ´ dhq p2α2 ^ α3qb2.

Observe that for any β, γ, δ P V ˚, we have

4β2 _ pβ _ γq “ 4β3γ

4 pβ _ γqb2 ` 2β2 _ γ2 “ 6β2γ2

4β2 _ pγ _ δq ` 8pβ _ γq _ pβ _ δq “ 12β2γδ.

After applying these identities and rearranging the terms, we find

S “Stot ` 4pg2 ` d2 ´ 1 ´ dhq
“

pα2 _ α3qb2 ` pα2 ^ α3qb2‰

“Stot ` 2pg2 ` d2 ´ 1 ´ dhq
“

pα2 b α3qb2 ` pα3 b α2qb2‰ ,

where

Stot “α4
1 ` 6α2

1α
2
2 ` 6α2

1α
2
3 ` 12dα1α

2
2α3 ` 12g α1α2α

2
3 ` 4hα1α

3
3 ` p1 ` d2qα4

2

` 4dg α3
2α3 ` 6p1 ` dhqα2

2α
2
3 ` 4gpd` hqα2α

3
3 ` p1 ` g2 ` h2qα4

3.

In conclusion, we obtain the classification of extremal elements of CW for three-dimensional
V as stated in Theorem 4.22.
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4.4 Positivity bounds

In this section, we will use the extreme rays of the cone CW in order to determine a complete
set of inequalities describing the dual cone

C˚
W “ tM P W ˚ : MpSq ě 0 @S P CW u

of CW , where MpSq denotes the natural pairing. Note that in order to describe the dual cone
C˚
W it is enough to require MpSq to be non-negative for all extremal elements S of CW . In

this way, every extremal element in the classification in Theorem 4.22 gives rise to a linear
inequality constraining C˚

W . Since C˚
W is precisely the cone that was denoted C in Section 2.4,

these inequalities have the physical interpretation of constraining the two-to-two forward
scattering amplitudes of an EFT that is the low-energy limit of a QFT compatible with
the physical principles of unitarity, locality and causality. In particular, Theorem 4.22 gives
rise to the complete set of (two-to-two forward scattering) positivity bounds for scattering
processes with three flavors of particles, i.e. dimV “ 3.

Recall that the bounds coming from the extreme rays of the first and the second type in
Theorem 4.22 are referred to as elastic (positivity) bounds. Positivity bounds that are not
elastic are called inelastic. In the case where dimV “ 3 these are the bounds corresponding to
the extreme ray of the third kind in Theorem 4.22. In the following (unless stated otherwise),
we will assume that dimV “ 3. First, we will give an alternative description of all elastic
bounds and show that it depends on fewer parameters. We will also discuss the effect of the
inelastic bounds.

4.4.1 The elastic bounds

Recall that the elastic bounds are the inequalities corresponding to the extreme rays of the
first and second kind. Using the symmetries of W ˚, they can be summarized as

Mpα b β, α b βq ě 0, @α, β P V ˚ (4.14)

for every M P pCW q˚. Note that the constraint (4.14) does not change under (non-zero)
rescaling of α and β. Thus, the family of elastic bounds is parametrized by RP2 ˆ RP2 and
is therefore four-dimensional.

In the following, we will see that the number of parameters needed to describe all bounds
can be reduced further to two. For this, we fix a basis tα1, α2, α3u and write Mijkl “

Mpαi, αj , αk, αlq. Moreover, we use the isomorphism

Φ: R9 ÝÑ V ˚ b V ˚ (4.15)

defined by the basis tαibαju
3
i,j“1 in alphabetic ordering. The following result is well-known:

Lemma 4.44. A vector u P R9 – V ˚ b V ˚ represents a decomposable tensor γ P V ˚ b V ˚,
i.e. γ “ α b β for some α, β P V ˚, if and only if it satisfies the following relations:

u1u5 ´ u2u4 “ 0, u1u6 ´ u3u4 “ 0, u1u8 ´ u2u7 “ 0,
u1u9 ´ u3u7 “ 0, u2u6 ´ u3u5 “ 0, u2u9 ´ u3u8 “ 0,
u4u8 ´ u5u7 “ 0, u4u9 ´ u6u7 “ 0, u5u9 ´ u6u8 “ 0.
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Proof. Given an element γ P V ˚ b V ˚ we can think of it as a linear map γ : V Ñ V ˚. Using
the basis tαiu

3
i“1 we may then represent γ by a matrix. The condition that γ “ α b β for

some α, β P V ˚ is then equivalent to the statement that the determinant of all submatrices
of order two must vanish. This yields precisely the above conditions on the components ui
of the vector u P R9 – V ˚ b V ˚ representing γ.

Proposition 4.45. Let M P W ˚. Then M satisfies the elastic bounds if and only if the
following hold:

M1111 ě 0, M1212 ě 0, M1313 ě 0, M2222 ě 0, M2323 ě 0, M3333 ě 0,
q1q4 ´ q2

2 ě 0, q1q6 ´ q2
3 ě 0, q4q6 ´ q2

5 ě 0,
q1q4q6 ` 2 q2q3q5 ´ q1q2

5 ´ q2
2q6 ´ q2

3q4 ě 0,

where the qi are real quadratic polynomials in two variables given by

q1pt1, t2q :“ M1111 ` 2t1M1112 ` 2t2M1113 ` t21M1212 ` 2t1t2M1213 ` t22M1313,

q2pt1, t2q :“ M1112 ` 2t1M1122 ` 2t2M1123 ` t21M1222 ` 2t1t2M1223 ` t22M1323,

q3pt1, t2q :“ M1113 ` 2t1M1123 ` 2t2M1133 ` t21M1232 ` 2t1t2M1233 ` t22M1333,

q4pt1, t2q :“ M1212 ` 2t1M1222 ` 2t2M1232 ` t21M2222 ` 2t1t2M2223 ` t22M2323,

q5pt1, t2q :“ M1213 ` 2t1M1223 ` 2t2M1233 ` t21M2223 ` 2t1t2M2233 ` t22M2333,

q6pt1, t2q :“ M1313 ` 2t1M1323 ` 2t2M1333 ` t21M2323 ` 2t1t2M2333 ` t22M3333.

Before proving Proposition 4.45, we will introduce the following notation for better read-
ability:

m1 “M1111; m2 “ M1112 “ M1121 “ M1211 “ M2111;
m3 “M1113 “ M1131 “ M1311 “ M3111; m4 “ M1122 “ M1221 “ M2112 “ M2211;
m5 “M1212 “ M2121;
m6 “M1123 “ M1132 “ M2311 “ M3211 “ M1321 “ M3112 “ M1231 “ M2113;
m7 “M1213 “ M1312 “ M2131 “ M3121; m8 “ M1133 “ M1331 “ M3113 “ M3311;
m9 “M1313 “ M3131; m10 “ M1222 “ M2122 “ M2212 “ M2221;
m11 “M1223 “ M2132 “ M2213 “ M1322 “ M2231 “ M3122 “ M3221 “ M2312;
m12 “M1232 “ M3212 “ M2123 “ M2321;
m13 “M1233 “ M1332 “ M2133 “ M3123 “ M3312 “ M3213 “ M3321 “ M2331;
m14 “M1323 “ M2313 “ M3132 “ M3231; m15 “ M1333 “ M3133 “ M3313 “ M3331;
m16 “M2222; m17 “ M2223 “ M2232 “ M2322 “ M3222;
m18 “M2233 “ M2332 “ M3223 “ M3322; m19 “ M2323 “ M3232;
m20 “M2333 “ M3233 “ M3323 “ M3332; m21 “ M3333.

Proof of Proposition 4.45. By Lemma 4.44, M P W ˚ satisfies the elastic bounds if and only
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if for every u P R9 satisfying the constraints in Lemma 4.44 we have

0 ďMpΦpuq,Φpuqq

“u2
1m1 ` 2u1pu2 ` u4qm2 ` 2u1pu3 ` u7qm3 ` 2pu2u4 ` u1u5qm4 ` pu2

2 ` u2
4qm5

` 2pu3u4 ` u1u6 ` u2u7 ` u1u8qm6 ` 2pu2u3 ` u4u7qm7 ` 2pu3u7 ` u1u9qm8

` pu2
3 ` u2

7qm9 ` 2pu2 ` u4qu5m10 ` 2pu3u5 ` u2u6 ` u5u7 ` u4u8qm11

` 2pu4u6 ` u2u8qm12 ` 2pu6u7 ` u3u8 ` u2u9 ` u4u9qm13 ` 2pu3u6 ` u7u8qm14

` 2pu3 ` u7qu9m15 ` u2
5m16 ` 2u5pu6 ` u8qm17 ` 2pu6u8 ` u5u9qm18

` pu2
6 ` u2

8qm19 ` 2pu6 ` u8qu9m20 ` u2
9m21,

where Φ is as in (4.15). Henceforth, we will use the shorter notationMpu, uq “ MpΦpuq,Φpuqq.
If all ui but one vanish, this implies

m1 ě 0, m5 ě 0, m9 ě 0, m16 ě 0, m19 ě 0, m21 ě 0. (4.16)

Now suppose that ui ‰ 0 for precisely two indices i. Note that not all choices of pairs of
indices are allowed here, since e.g. the relation u1u5 ´ u2u4 “ 0 prevents us from choosing
u1, u5 ‰ 0 when u2 “ 0. But, for allowed choices such as u1, u2 ‰ 0, all other ui “ 0, the
relations in Lemma 4.44 are trivially satisfied for all (non-zero) values of u1 and u2. Therefore,
in this case the condition Mpu, uq ě 0 is the same as requiring the restriction of M to the
two-dimensional subspace spante1, e2u Ă R9, where ei are the standard orthonormal basis
vectors of R9, to be positive semi-definite. Proceeding like this for all allowed choices of u
with only two non-vanishing components we obtain the additional constraints

m1m5 ´m2
2 ě 0, m1m9 ´m2

3 ě 0, m5m9 ´m2
7 ě 0,

m5m16 ´m2
10 ě 0, m5m19 ´m2

12 ě 0, m9m19 ´m2
14 ě 0,

m9m21 ´m2
15 ě 0, m19m16 ´m2

17 ě 0, m19m21 ´m2
20 ě 0.

(4.17)

For allowed u with only three ui non-vanishing the same reasoning yields the additional
constraints

2m2m3m7 `m1m5m9 ´m2
3m5 ´m1m

2
7 ´m2

2m9 ě 0,
2m10m12m17 `m16m19m5 ´m2

12m16 ´m2
10m19 ´m2

17m5 ě 0,
2m14m15m20 `m19m21m9 ´m2

15m19 ´m2
14m21 ´m2

20m9 ě 0.

When four components of u are non-vanishing there will always remain a non-trivial con-
straint. For instance, if all components of u vanish but u1, u2, u4 and u5, we set

a :“ u1u5 “ u2u4 ùñ u5 “ a{u1, u4 “ a{u2.

The elastic constraints become

0 ď a2 `u2
1m5 ` 2u1u2m10 ` u2

2m16
˘

` 2a
`

u3
1u2m2 ` 2u2

1u
2
2m4 ` u1u

3
2m10

˘

` u4
1u

2
2m1 ` 2u3

1u
3
2m2 ` u2

1u
4
2m5 (4.18)

for all a, u1, u2 ‰ 0. Note that by the constraint (4.17), the inequality also holds for a “ 0,
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as well as

u2
1m5 ` 2u1u2m10 ` u2

2m16 ě 0.

Thinking of the right hand-side of (4.18) as a quadratic form evaluated on p1, aq we find that
we get the additional constraint that for all u1, u2 P Rzt0u, we have

0 ď
`

u2
1m1 ` 2u1u2m2 ` u2

2m5
˘ `

u2
1m5 ` 2u1u2m10 ` u2

2m16
˘

´
`

u2
1m2 ` 2u1u2m4 ` u2

2m10
˘2
.

Using again the previous constraints (or alternatively by continuity), we see that this still
holds true for u1 “ 0 or u2 “ 0. We assume without loss of generality that u1 “ 1 and set
u2 :“ t. Then, after introducing the notation

Pi,j,kptq :“ mi ` 2tmj ` t2mk,

the constraint becomes

P1,2,5ptq P5,10,16ptq ´ P2,4,10ptq2 ě 0.

Proceeding similarly for other u with precisely four non-vanishing components, we find more-
over

P1,3,9ptq P5,12,19ptq ´ P2,6,14ptq2 ě 0, P1,2,5ptq P9,14,19ptq ´ P3,6,12ptq2 ě 0,
P1,3,9ptq P9,15,21ptq ´ P3,8,15ptq2 ě 0, P5,7,9ptq P16,17,19ptq ´ P10,11,14ptq2 ě 0,
P5,7,9ptq P19,20,21ptq ´ P12,13,15ptq2 ě 0, P5,10,16ptq P9,14,19ptq ´ P7,11,16ptq2 ě 0,
P5,12,19ptq P9,15,21ptq ´ P7,13,20ptq2 ě 0, P16,17,19ptq P19,20,21ptq ´ P17,18,20ptq2 ě 0.

Note that these already imply the quadratic constraints (4.17) above.
There are no u satisfying the relations of Lemma 4.44 with precisely 5, 7 or 8 non-

vanishing components. If there are precisely six non-vanishing components, e.g. ui ‰ 0 for
i ď 6, ui “ 0 else, we set

a :“ u1u5 “ u2u4, u1u6 ´ u3u4 “ 0, u2u6 ´ u3u5 “ 0

ùñ u4 “ a{u2, u5 “ a{u1, u6 “
u3
u1u2

a.

Following the same strategy as above, we find that for all t1, t2 P R

P1,2,3,5,7,9pt1, t2q P5,10,12,16,17,19pt1, t2q ´ P2,4,6,10,11,14pt1, t2q2 ě 0,

where

Pi,j,k,l,p,qpt1, t2q :“ mi ` 2t1mj ` 2t2mk ` t21ml ` 2t1t2mp ` t22mq.

Similarly, we find that for all t1, t2 P R it holds that

P1,2,3,5,7,9pt1, t2q P9,14,15,19,20,21pt1, t2q ´ P3,6,8,12,13,15pt1, t2q2 ě 0,
P5,10,12,16,17,19pt1, t2q P9,14,15,19,20,21pt1, t2q ´ P7,11,13,17,18,20pt1, t2q2 ě 0.
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Note that when setting either t1 “ 0 or t2 “ 0, these imply the quadratic constraints above.
In the case where none of the components of u vanish we set

a :“ u1u5 “ u2u4, b :“ u1u8 “ u2u7.

Using all constraints from Lemma 4.44 we find that

u4 “
a

u2
, u5 “

a

u1
, u6 “

u3
u1u2

a, u7 “
b

u2
, u8 “

b

u1
, u9 “

u3
u1u2

b.

We assume without loss of generality that u1 “ 1 and set u2 :“ t1, u3 :“ t2. Then the
elastic constraints become

0 ď P1,2,3,5,7,9pt1, t2q ` 2a 1
t1

P2,4,6,10,11,14pt1, t2q ` 2b 1
t1

P3,6,8,12,13,15pt1, t2q

` a2 1
t21

P5,10,12,16,17,19pt1, t2q ` 2ab 1
t21

P7,11,13,17,18,20pt1, t2q ` b2 1
t21

P9,14,15,19,20,21pt1, t2q

for all t1, t2 ‰ 0. Using the previous constraints, this is equivalent to

0 ď P1,2,3,5,7,9pt1, t2q P5,10,12,16,17,19pt1, t2q P9,14,15,19,20,21pt1, t2q

` 2 P2,4,6,10,11,14pt1, t2q P3,6,8,12,13,15pt1, t2q P7,11,13,17,18,20pt1, t2q

´ P1,2,3,5,7,9pt1, t2q P7,11,13,17,18,20pt1, t2q2 ´ P2,4,6,10,11,14pt1, t2q2 P9,14,15,19,20,21pt1, t2q

´ P3,6,8,12,13,15pt1, t2q2 P5,10,12,16,17,19pt1, t2q

for all t1, t2 P Rzt0u. Moreover, by the previous constraints, the inequality remains true also
for t1 “ 0 or t2 “ 0. Furthermore, we note that this constraint implies the cubic constraints
above when setting t1, t2 “ 0, or setting t1 “ 0, t2 Ñ 8 or t2 “ 0, t1 Ñ 8. Observing
that the qi in the statement agree with the P’s appearing in the constraints, the assertion
follows.

4.4.2 The inelastic bounds

After fixing some basis tα1, α2, α3u of V ˚ we can parameterize the extreme rays of the third
kind by the parameters d, g, h as above plus some A P SLpV q – SLp3,Rq via

SpA, d, g, hq “ A˚Spid, d, g, hq,

where

Spid, d, g, hq “α4
1 ` 6α2

1α
2
2 ` 6α2

1α
2
3 ` 12dα1α

2
2α3 ` 12g α1α2α

2
3 ` 4hα1α

3
3 ` p1 ` d2qα4

2

` 4dg α3
2α3 ` 6p1 ` dhqα2

2α
2
3 ` 4gpd` hqα2α

3
3 ` p1 ` g2 ` h2qα4

3

` 2 pg2 ` d2 ´ 1 ´ dhq
“

pα2 b α3qb2 ` pα3 b α2qb2‰ .

Then the inelastic bounds become

0 ď SpA, d, g, hqpMq “ A˚Spid, d, g, hqpMq “ Spid, d, g, hqpA ¨Mq,

for all A P SLpV q and d, g, h P R such that g2 ` d2 ´ 1 ´ dh ą 0. Here, A ¨ M denotes the
induced action of A on M .
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4.4.3 Elastic vs. inelastic bounds

The extremal elements of the third kind in Theorem 4.22 give rise to new constraints. A way
to see this is as follows: We denote by Cel the closed convex cone generated by the directions
of the elastic extreme rays of CW . Then Cel Ĺ CW , since the extreme rays of CW of the third
kind in Theorem 4.22 are not contained in Cel. Suppose now that the inelastic extreme rays
in CW do not give rise to any new constraint on the dual cone C˚

W , i.e. C˚
W “ C˚

el. Then we
have C˚˚

W “ C˚˚
el . Since both CW and Cel are closed convex cones, it follows that

CW “ C˚˚
W “ C˚˚

el “ Cel,

a contradiction.
Figure 4.1 illustrates the difference between C˚

W and C˚
el.

-0.04 -0.02 0 0.02 0.04

0.02

0.06

0.1

0.14

Figure 4.1: Regions of parameters consistent with positivity bounds. The union of the blue and
orange regions corresponds to points which abide by the elastic bounds and the orange region cor-
responds to imposing all (elastic and inelastic) bounds. The 21-dimensional parameter space has
been restricted to M1111 and M1112, more precisely to the perturbations in their direction around
the following reference point: M1111 “ 0.332,M1112 “ 0.022,M1113 “ 0.12,M1122 “ 0.056,M1123 “

0.086,M1133 “ ´0.2,M1212 “ 0.428,M1213 “ ´0.252,M1222 “ 0.12,M1223 “ ´0.184,M1232 “

´0.172,M1233 “ ´0.04,M1313 “ 0.356,M1323 “ ´0.05,M1333 “ ´0.124,M2222 “ 0.476,M2223 “

0.12,M2233 “ ´0.14,M2323 “ 0.626,M2333 “ ´0.028,M3333 “ 0.332. The exact regions have
been approximated by numerically sampling extreme rays, with a focus on the neighborhood of the
extreme rays which vanish when evaluated on the reference point. The choice of reference point, as
well as that of the directions of the perturbations around it, were heavily inspired by [Li+21]. Con-
sequently, this figure is qualitatively similar to Figure 3 in the supplemental material of [Li+21].

4.5 Bounds on amplitudes with symmetries

We will now study the spaces of amplitudes that are invariant under the action of some
symmetry group. More precisely, for some group G acting on the space W ˚, we would like
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to determine the intersection of the space

pC˚
W qG “ tM P C˚

W : A ¨M “ M @A P Gu “ C˚
W X pW ˚qG

of G-invariant elements in W ˚ with the cone C˚
W . Note that pC˚

W qG “ pWG X CW q˚, where
WG denotes the space of elements in W that are invariant under the action of G induced by
the action on W ˚.

As in Section 4.4 we will assume that dimV “ 3 and study the cases where G “ Op3q,
G “ Z 3

2 and G “ SOp2q and such that the action on W ˚ is induced by some action of G
on V . In each of these cases we will see that the elastic bounds are sufficient in order to
describe the cone pC˚

W qG.

4.5.1 Op3q-invariant amplitudes and chiral perturbation theory

We will now consider amplitudes that are invariant under some Op3q-symmetry. Fixing a
basis teiu

3
i“1 of V we will identify V – R3 and consider the group Op3q “ OpV q. The action

of Op3q on V induces an action on W ˚. In the following, we will consider the cone pC˚
W qOp3q

of invariant elements in C˚
W .

Theorem 4.46. Let M P pW ˚qOp3q. Then M P C˚
W if and only if it satisfies the elastic

positivity bounds.

Proof. Every four-tensor M P V ˚b4 that is invariant under the action of Op3q is of the form
[Jef62]

M “ a1
`

e2
1 ` e2

2 ` e2
3
˘b2

` a2
`

e4
1 ` e4

2 ` e4
3 ` 2pe1 _ e2qb2 ` 2pe1 _ e3qb2 ` 2pe2 _ e3qb2˘

` a3
`

pe1 ^ e2qb2 ` pe1 ^ e3qb2 ` pe2 ^ e3qb2˘

“ pa1 ` a2q
`

e4
1 ` e4

2 ` e4
3
˘

` 2a1
`

e2
1 _ e2

2 ` 2pe1 _ e2qb2 ` e2
1 _ e2

3 ` 2pe1 _ e3qb2 ` e2
2 _ e2

3 ` 2pe2 _ e3qb2˘

` p2a2 ´ 4a1q
`

pe1 _ e2qb2 ` pe1 _ e3qb2 ` pe2 _ e3qb2˘

` a3
`

pe1 ^ e2qb2 ` pe1 ^ e3qb2 ` pe2 ^ e3qb2˘ .

Note that the terms with the prefactors pa1 ` a2q and 2a1 in the last equality are fully
symmetric tensors. This shows that M is invariant under τ (and therefore contained in W ˚)
if and only if a3 “ 2a2 ´ 4a1.

From now on, we will assume that a3 “ 2a2 ´ 4a1. Then, using Proposition 4.45, it
follows that the elastic bounds for M are equivalent to a2 ě |a1|.

Next, we would like to derive the inelastic bounds. Note that since M is invariant
under Op3q, using the polar decomposition it is enough to consider A P Sym2pV q, A ą 0
in the parameterization given in Section 4.4.2. We may furthermore assume without loss of
generality that the orthonormal basis vectors teiu

3
i“1 are eigenvectors of A with eigenvalues

λi ą 0. Then we find

A ¨M “ pa1 ` a2q
ÿ

i

λ4
i e

4
i ` 2a1

ÿ

iăj

λ2
iλ

2
j e

2
i _ e2

j ` 2a2
ÿ

iăj

λ2
iλ

2
j pei _ ejq

b2

` p2a2 ´ 4a1q
ÿ

iăj

λ2
iλ

2
j pei ^ ejq

b2.
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Hence, the inelastic bounds become

0 ďSpid, d, g, hqpA ¨Mq

“ pa1 ` a2q
␣

λ4
1 ` 2λ2

1λ
2
2 ` 2λ2

1λ
2
3 ` p1 ` d2qλ4

2 ` 2p1 ` dhqλ2
2λ

2
3 ` p1 ` g2 ` h2qλ4

3
(

` 4pa2 ´ a1qpg2 ` d2 ´ 1 ´ dhqλ2
2λ

2
3

for all g, d, h P R such that g2 ` d2 ´ 1 ´ dh ą 0 and λi ą 0. However, these inequalities
already follow from the elastic bounds: If a2 ě |a1|, we find that

Spid, d, g, hqpA ¨Mq ě pa1 ` a2q
␣

d2 λ4
2 ` 2dhλ2

2λ
2
3 ` h2 λ4

3
(

ě pa1 ` a2q
␣

d2 λ4
2 ´ 2|dh|λ2

2λ
2
3 ` h2 λ4

3
(

“ pa1 ` a2qp|d|λ2
2 ´ |h|λ2

3q2 ě 0.

Application 4.47 (Chiral perturbation theory). Recall from Section 2.4 that the four-tensor
M associated to the amplitude for pion two-to-two scattering at low energies is given by

M “ p2ℓ1 ` 3ℓ2q
␣

e4
1 ` e4

2 ` e4
3 ` 2pe1 _ e2qb2 ` 2pe1 _ e3qb2 ` 2pe2 _ e3qb2(

` p2ℓ1 ` ℓ2qpe2
1 ` e2

2 ` e2
3qb2 ` 2pℓ2 ´ 2ℓ1q

␣

pe1 ^ e2qb2 ` pe1 ^ e3qb2 ` pe2 ^ e3qb2( ,

where ℓ1 and ℓ2 are free parameters. Note that the four-tensor M is Op3q-invariant (as is the
pion scattering amplitude). By Theorem 4.46 it follows that the elastic positivity bounds
ℓ2 ě ´ℓ1, ℓ2 ě 0 are the strongest positivity bounds that can be derived from two-to-two
forward scattering of pions.

4.5.2 Z 3
2 -invariant amplitudes

We will now study the case where the amplitude is invariant under the action of Z 3
2 on V

generated by Qi P EndpV q, i P t1, 2, 3u, which are represented by the matrices

Q1 “

¨

˝

´1 0 0
0 1 0
0 0 1

˛

‚, Q2 “

¨

˝

1 0 0
0 ´1 0
0 0 1

˛

‚, Q3 “

¨

˝

1 0 0
0 1 0
0 0 ´1

˛

‚

with respect to some fixed basis teiu
3
i“1 of V . Introducing the notation

U0 :“ spante2
1, e

2
2, e

2
3u, Uij :“ spantei b ej , ej b eiu, i ă j,

we have
`

Sym2pV b2q
˘Z 3

2 “ Sym2 U0 ‘ Sym2 U12 ‘ Sym2 U13 ‘ Sym2 U23,

and M P pW ˚qZ
3
2 if and only if M P

`

Sym2pV b2q
˘Z 3

2 and for all i, j we have

Mpαb2
i , αb2

j q “ Mpαi b αj , αj b αiq, Mpαi b αj , αi b αjq “ Mpαj b αi, αj b αiq,

where tαiu
3
i“1 denotes the dual basis of teiu

3
i“1.
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As in the case of the Op3q-symmetric amplitudes, it will turn out that the elastic bounds
are sufficient to describe the whole cone pC˚

W qZ
3
2 . Since Z 3

2 is a subgroup of Op3q this is a
strict relaxation of Theorem 4.46. For the proof, we will however follow a different approach.
First, we prove the following lemma.

Lemma 4.48. Let p : W Ñ WZ 3
2 be the orthogonal projection. Then for every S P CW ,

we have rank ppSq ě rankS, where rank ppSq denotes the rank of ppSq as an element
in Sym2pV ˚ b V ˚q. Similarly, we have rankRpppSqq ě rankRpSq and rankR1pppSqq ě

rankR1pSq, where R and R1 are as defined in Section 4.2.

Proof. Let S P CW . Observe that the projection ppSq is given by removing the entries of
S away from the blocks Sym2 U0 and Sym2 Uij in the above notation. Thus, ppSq is block-
diagonal of the form

ppSq “ S|U0 ` S|U12 ` S|U13 ` S|U23 .

Suppose that rankS “ k. Since by assumption S is positive semi-definite this means that
there must be at least one principal submatrix A of order k which is positive definite (see
e.g. [HJ13]). The corresponding principal submatrix of ppSq will be block-diagonal and its
determinant will be a product of principal minors of A. Hence, if it was zero, this would imply
that at least one of the principal minors of A must vanish, in contrast to the assumption
that A is positive definite. Therefore, ppSq has a non-vanishing principal minor of order k
and hence rank ppSq ě k “ rankS. The statement about rankRpppSqq and rankR1pppSqq

follows analogously, after decomposing the spaces Uij into the symmetric and antisymmetric
part, which are orthogonal with respect to ppSq since S P W .

Theorem 4.49. Let M P pW ˚qZ
3
2 . Then M P C˚

W if and only if it satisfies the elastic
bounds.

Proof. First, we observe that pC˚
W qZ

3
2 “

´

C Z 3
2

W

¯˚

. We prove that the projection of an extremal
element of the third kind in Theorem 4.22 is never extremal. Since by Proposition 3.25 every
extremal element in C Z 3

2
W is the projection of some extremal element in CW , this will show

that every extremal element in C Z 3
2

W , and therefore every necessary inequality describing
pC˚
W qZ

3
2 , comes from an elastic extremal element in CW .

Let S P CW be some extremal element in CW of the third kind in Theorem 4.22.
Then rankS “ 4, rankRpSq “ 3, rankR1pSq “ 1 (cf. Theorem 4.41), and it follows from
Lemma 4.48 that rank ppSq ě rankS “ 4, rankRpppSqq ě 3 and rankR1pppSqq ě 1. We will
consider separately the cases of different rank of the restrictions ppSq|U0 and ppSq|Uij .

Suppose first that ppSq|U0 ą 0 or ppSq|Uij ą 0 for some indices i, j with i ă j. Then,
there are some i, j P t1, 2, 3u such that

ker
“

pαi b αjq
b2 ` pαj b αiq

b2‰ Ľ ker ppSq,

where tαiu is the basis of V ˚ dual to teiu. By Corollary 3.32 this shows that ppSq is not
extremal in ppCW q. We will from now on assume that rank ppSq|U0 ď 2 and rank ppSq|Uij ď 1
for all i ă j.

The case where rank ppSq|U0 “ 2 and rank ppSq|Uij ď 1 for all i ă j will be treated in
Proposition 4.50 below, where we show that such ppSq is not extremal.
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Finally, suppose that rank ppSq|U0 “ 1 and rank ppSq|Uij ď 1. Since rank ppSq ě 4, this
implies rank ppSq|Uij “ 1, for all i, j. We show that this is impossible for S as above. To see
this, we observe that for ppSq P C Z 3

2
W satisfying rank ppSq|U0 “ 1 “ rank ppSq|Uij for all i ă j,

there must be λi ‰ 0, i “ 1, 2, 3 such that

ppSq “

˜

3
ÿ

i“1
λi α

b2
i

¸b2

`
ÿ

iăj

|λiλj | pαi b αj ` sgnpλiλjqαj b αiq
b2.

If λiλj ą 0 for all i, j P t1, 2, 3u, then we observe that R1pppSqq “ 0, which is impossible as
we must have rankR1pppSqq ě 1. If there is some pair i ă j such that λiλj ă 0 there must
be precisely two such pairs and we find rankRpppSqq “ 2 (as rank ppSq “ 4), in contrast to
rankRpppSqq ě 3. This completes the proof.

Proposition 4.50. Let S P CW be an extremal element of the third kind in Theorem 4.22.
Suppose furthermore that rank ppSq|U0 “ 2 and rank ppSq|Uij ď 1 for all i ă j. Then ppSq is
not extremal in ppCW q.

Proof. We will first show that we must have rank ppSq|Uij “ 1 for every pair i ă j. Indeed,
recall that by Theorem 4.41 every inelastic extremal element S in CW has rankRpSq “ 3,
kerR1pSq “ z ^ V for some z P V zt0u and z _ V X kerS “ t0u. If there was some pair
i ă j such that ppSq|Uij “ 0 (there can be at most one such pair since rank ppSq ě 4),
then we would have tei _ ej , ei ^ eju Ă ker ppSq and hence also tei _ ej , ei ^ eju Ă kerS.
Moreover, by Lemma 4.48 and the properties of S we know that rankRpppSqq ě 3 and
rankR1pppSqq ě 1, hence rankRpppSqq “ 3 and rankR1pppSqq “ 1, as we assumed that
rank ppSq “ 4. In particular, for the unique k P t1, 2, 3u such that i ‰ k ‰ j, we must have
ei^ek P ker ppSq or ej^ek P ker ppSq (here we have used that the kernel of ppSq is the sum of
the kernels of its restrictions to U0, U12, U13 and U23). Hence, either tei ^V, ei _ eju Ă kerS
or tej ^ V, ei _ eju Ă kerS, a contradiction.

Next, we observe that in the case where rank ppSq|U0 “ 2, rank ppSq|Uij “ 1 for all i, j,
there are some linearly independent vectors pλiq, pµiq P R3zt0u such that

ppSq “

˜

3
ÿ

i“1
λi α

b2
i

¸b2

`

˜

3
ÿ

i“1
µi α

b2
i

¸b2

`
ÿ

iăj

|λiλj ` µiµj | pαi b αj ` sgnpλiλj ` µiµjqαj b αiq
b2 .

Note that since rank ppSq|Uij “ 1 for all pairs i ă j, we must have λiλj ` µiµj ‰ 0.
Case 1: If sgnpλiλjq “ sgnpλiλj ` µiµjq for all i, j, we note that

T :“
˜

3
ÿ

i“1
λi α

b2
i

¸b2

`
ÿ

iăj

|λiλj | pαi b αj ` sgnpλiλjqαj b αiq
b2

satisfies kerT Ľ ker ppSq. Since T P ppCW q this shows that ppSq is not extremal in ppCW q.
In the case where sgnpµiµjq “ sgnpλiλj ` µiµjq for all i, j it follows similarly that ppSq is
not extremal.

Case 2: Now suppose that λi ‰ 0 and µi ‰ 0 for all i and that there are i ‰ j, k ‰ l P

t1, 2, 3u such that sgnpλiλj ` µiµjq ‰ sgnpλiλjq and sgnpµkµlq ‰ sgnpλkλl ` µkµlq. Up to
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a permutation we will assume without loss of generality that these two pairs are p1, 2q and
p1, 3q. Since we assumed that λi, µi ‰ 0 for all i, we must have sgnpλ1λ2 `µ1µ2q “ sgnpµ1µ2q

and sgnpλ1λ3q “ sgnpλ1λ3 ` µ1µ3q. Then there is some t ą 1, such that for some pair
k ă l we have λkλl ` t µkµl “ 0 and, for the other pairs i, j we have λiλj ` t µiµj “ 0 or
sgnpλiλj ` t µiµjq “ sgnpλiλj ` µiµjq (note that the pair pk, lq can be only p1, 3q or p2, 3q).
In particular, we find that

Tt :“
˜

3
ÿ

i“1
λi α

b2
i

¸b2

`

˜

3
ÿ

i“1

?
tµi α

b2
i

¸b2

`
ÿ

iăj

|λiλj ` tµiµj | pαi b αj ` sgnpλiλj ` tµiµjqαj b αiq
b2

satisfies kerTt Ľ ker ppSq and hence ppSq cannot be extremal in ppCW q.
Case 3: It remains to consider the case where there is some i such that λi “ 0 or µi “ 0. If

only one of the λi is non-vanishing, we may assume after relabeling that λ1 ‰ 0, λ2 “ 0 “ λ3.
But then it follows that kerαb4

1 Ľ ker ppSq and thus ppSq is not extremal. If only one of the λi
is vanishing, we assume after relabeling that it is λ3. Then we know that sgnpλ1λ3 `µ1µ3q “

sgnpµ1µ3q and sgnpλ2λ3`µ2µ3q “ sgnpµ2µ3q. If also sgnpµ1µ2q “ sgnpλ1λ2`µ1µ2q, we are in
case 1 above and we already know that ppSq is not extremal. If sgnpµ1µ2q ‰ sgnpλ1λ2`µ1µ2q

then since λ1λ2 `µ1µ2 ‰ 0, we must have sgnpλ1λ2q “ sgnpλ1λ2 `µ1µ2q. But then it follows
that

T :“
˜

3
ÿ

i“1
λi α

b2
i

¸b2

`
ÿ

iăj

|λiλj | pαi b αj ` sgnpλiλjqαj b αiq
b2

satisfies kerT Ľ ker ppSq and hence S is not extremal. The case where µi “ 0 for some
i P t1, 2, 3u works analogously.

Remark 4.51. In the appendix of [Li+21], a classification of all extreme rays of the cone of
Z 3

2 -invariant amplitudes is given. Theorem 4.49 can then alternatively be proved providing
explicit elastic extremal elements in CW projecting to the extremal elements in the classifi-
cation result of [Li+21]. More precisely, in [Li+21], it is shown that if T P CZ 3

2
W is extremal

in CZ 3
2

W then either there is some µ P R, i ‰ j such that

T “ µ
“

pαi b αjq
b2 ` pαj b αiq

b2‰

or for some pλiq P R3zt0u we have

T “

˜

3
ÿ

i“1
λi α

b2
i

¸b2

`
ÿ

iăj

|λiλj | pαi b αj ` sgnpλiλjqαj b αiq
b2.

In the first case T is obviously the projection of an elastic extremal element in CW .
Moreover, if in the second case only one of the λi is non-vanishing, then clearly T “ µαb4

i

for some i P t1, 2, 3u, which again means that it is the projection of an elastic extremal
element in CW .

Now suppose that there is precisely one i P t1, 2, 3u such that λi “ 0. We may assume
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without loss of generality that λ3 “ 0, λ1λ2 ‰ 0. If λ1λ2 ą 0 then we observe that

T “ p
´

p
a

|λ1|α1 `
a

|λ2|α2qb4
¯

.

If λ1λ2 ă 0, then we set

α :“
a

|λ1|α1 `
a

|λ2|α2, β :“
a

|λ1|α1 ´
a

|λ2|α2

and observe that

T “ p
`

pα _ βqb2 ` pα ^ βqb2˘ .

Finally we suppose that λi ‰ 0 for all i P t1, 2, 3u. Then either λiλj ą 0 for all i, j P

t1, 2, 3u and in this case we find

T “ p
´

p
a

|λ1|α1 `
a

|λ2|α2 `
a

|λ3|α3qb4
¯

or λiλj ă 0 for precisely two pairs i ‰ j. In the latter case we may assume that λ1, λ2 ą 0
and λ3 ă 0. Then for

α :“
a

λ1 α1 `
a

λ2 α2 `
a

´λ3 α3, β :“
a

λ1 α1 `
a

λ2 α2 ´
a

´λ3 α3

we find

ppSq “ p
`

pα _ βqb2 ` pα ^ βqb2˘ .

4.5.3 SOp2q-invariant amplitudes

Given some basis te1, e2, e3u of V , we will consider the subgroup SOp2q Ă Op3q given by
rotations with axis e3 and its action on W ˚. In the following, we will show that the cone
pC˚
W qSOp2q is completely described by the elastic bounds.

Theorem 4.52. Let M P pW ˚qSOp2q. Then M P C˚
W if and only if it satisfies the elastic

bounds.

Proof. We show that every element in pW ˚qSOp2q is contained in pW ˚qZ
3
2 . First, we observe

that since every four-tensor is invariant under the action of ´1 P Op3q and since every
M P pW ˚qSOp2q is in particular invariant under the action of

´

´1 0 0
0 ´1 0
0 0 1

¯

, we find that every
M P pW ˚qSOp2q is invariant under the action of Q3 in Section 4.5.2.

In order to see that M P pW ˚qSOp2q is also invariant under the action of Q1 and Q2, we
observe that the condition that M is invariant under the infinitesimal rotation ϵij3 P sop2q Ă

sop3q around e3 translates to the condition

0 “

3
ÿ

p“1
Mpjkl ϵip3 `Mipkl ϵjp3 `Mijpl ϵkp3 `Mijkp ϵlp3 (4.19)

for every i, j, k, l P t1, 2, 3u. Writing out equation (4.19) for i “ j “ k “ l “ 1, we find

0 “ M2111 `M1211 `M1121 `M1112 “ 4M1112,
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where we used the symmetries of W ˚ in the last step. Similarly, applying (4.19) for i “ j “

k “ l “ 2, we find that M1222 “ 0. Moreover, for i “ j “ 1, k “ l “ 3, equation (4.19) yields

0 “ M2133 `M1233 “ 2M1233

and, similarly, choosing i “ k “ 1 and j “ l “ 3 in (4.19) yields M1323 “ 0. Since we already
know that M is invariant under Q3, we conclude that Mijkl must vanish, if the index 1 or 2
appears an odd number of times. Thus, M is also invariant under the action of Q1 and Q2
and therefore M P pW ˚qZ

3
2 . The statement follows now from Theorem 4.49.

4.6 Beyond dim V “ 3

Starting from dimV “ 4 understanding the extremal elements of CW becomes significantly
harder. One reason for this is that the dimension of W increases rapidly with the dimension
of V (cf. Corollary 4.6). Another reason is that our proof of Theorem 4.22 relies very heavily
on the fact that when dimV “ 3, every non-trivial element of Λ2V has rank one and can
therefore be written as x^ y for some x, y P V zt0u.

A more fundamental issue that arises for dimV ą 3 is that there will be extremal elements
of CW X Sym4 V ˚ of rank larger than one. In the case dimV “ 4, Theorem 3.42 tells us that
the extremal elements in CW X Sym4 V ˚ of larger rank are contained in a rational projective
variety. However, being 24-dimensional and of degree 28 314, this projective variety is already
very complicated. Therefore, proving a full classification result like in Theorem 4.22 that
gives explicit parametrizations of all possible kinds of extremal elements of the full cone CW
does not appear to be a feasible task.

On the other hand, the extremal elements described in Theorem 4.22 thought of as four-
tensors on a three-dimensional subspace of a higher-dimensional vector space V , still give
rise to extremal elements of CW . In particular, the extremal elements of the third kind in
Theorem 4.22 give rise to an explicitly parametrized set of inelastic positivity bounds on
scattering processes involving four or more flavors.

Other possible future directions are a more systematic exploration of the difference be-
tween the elastic versus the full positivity bounds, or studying positivity bounds for more
general scattering processes such as n-to-n for n ą 2 (see e.g. [CRS18]).
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Chapter 5

Generalized Complex Geometry

In this preliminary chapter, we will review some background on (generalized) complex ge-
ometry needed in Chapter 7 and 8. First, in Section 5.1 we will fix some notation and
briefly recall relevant formulas and results from complex geometry needed for Chapter 7. In
Section 5.2, we will introduce Courant algebroids. We will also recall the standard forms
for exact and transitive Courant algebroids as well as the shape the group of autoequiva-
lences takes in this standard form. Finally, in Section 5.3, we will define generalized complex
structures and recall how to describe deformations of generalized complex structures. More-
over, we will show that the Lie algebroid complex of a generalized complex structure on a
transitive Courant algebroid is elliptic as well as some formulas needed in Chapter 8.

This chapter does not contain any original results except for the ellipticity of the said
Lie algebroid complex (cf. Proposition 5.44) and the identities in Lemma 5.37, which to our
knowledge have not appeared in the literature before. The proof of Proposition 5.44 is by a
simple extension of an argument by Gualtieri [Gua03; Gua11].

5.1 Complex structures

Let M be a smooth manifold. Recall that an almost complex structure is an endomorphism
J P ΓpM,EndTMq such that J2 “ ´ id. Given an almost complex structure J on M ,
the complexified tangent bundle decomposes into the i- and ´i-eigenbundles of J , which we
denote by T 1,0pM,Jq and T 0,1pM,Jq, respectively. This gives rise to a bigrading on forms.
We will denote the pp, qq-bundles with respect to J by Λp,qpM,Jq and, for some open subset
U Ă M , we denote the smooth pp, qq-forms on U with respect to J by Ap,q

M,JpUq.
Recall that an almost complex structure is called integrable or a complex structure if its

˘i-eigenbundles are integrable in the sense that they are closed under the Lie bracket of
vector fields. Recall furthermore that this is equivalent to any of the following

• T 1,0pM,Jq is integrable;

• d “ B ` B̄, where B :“ prp`1,q ˝d: Ap,q
M,J Ñ Ap`1,q

M,J , B̄ :“ prp,q`1 ˝d: Ap,q
M,J Ñ Ap,q`1

M,J ;

• B̄2 “ 0;

• NJ “ 0, where NJ denotes the Nijenhuis tensor of J .
By the Newlander–Nirenberg theorem an almost complex structure J on a smooth manifold
M is integrable if and only if it comes from a holomorphic atlas on M . In this case we will
call pM,Jq a complex manifold.
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Finally, recall that for a complex structure J , the bundle T 1,0pM,Jq is a holomorphic
vector bundle, i.e. a complex vector bundle with biholomorphic transition functions, called
the holomorphic tangent bundle. Given any holomorphic vector bundle E Ñ M on a complex
manifold, we denote the space of pp, qq-forms with values in E by Ap,q

M,JpU,Eq.
In the following and later on in the text, we will often fix a manifold M and consider the

gradings with respect to a fixed complex structure J . We will then often omit writing M
and J and instead denote e.g. T 1,0pM,Jq “ T 1,0, Λp,qpM,Jq “ Λp,q, Ap,q

M,J “ Ap,q etc.
This section is structured as follows: In Section 5.1.1, we will define a bracket on forms

with values in the holomorphic tangent bundle and discuss some formulas for this bracket
and the Dolbeault differential. In Section 5.1.2, we will see how deformations of complex
structures can be described via p0, 1q-forms with values in the holomorphic tangent bundle
and we will introduce the notion of a locally complete family of complex deformations. Fi-
nally, in Section 5.1.3, we will recall some results from Hodge theory on compact Hermitian
manifolds.

5.1.1 Forms with values in the holomorphic tangent bundle

In the following, we fix a complex manifold pM,Jq and consider pp, qq-forms with values in
the holomorphic tangent bundle. Recall that the Dolbeault differential B̄E of a holomorphic
vector bundle E is the unique C-linear operator B̄E : Ap,qpEq Ñ Ap,q`1pEq such that B̄2

E “ 0
and which satisfies the Leibniz rule B̄Epfsq “ pB̄fqs ` f B̄Es. We will denote the Dolbeault
differential of T 1,0 by B̄.

Furthermore, we define a bracket

r¨, ¨s : A0,ppT 1,0q ˆ A0,qpT 1,0q ÝÑ A0,p`qpT 1,0q

by applying the wedge product on the form parts and the complexified Lie bracket on the T 1,0-
parts. More precisely, in local coordinates, we may write α “ dz̄I b α j

I Bj , β “ dz̄K b β l
KBl,

where |I| “ p, |K| “ q, and obtain

rα, βs :“ dz̄I ^ dz̄K b rα j
I Bj , β

l
KBls,

where we used multi-index notation and the Einstein convention. The bracket can be defined
more generally on pp, qq-forms. The following lemma lists some properties of the bracket and
Dolbeault differential:

Lemma 5.1 ([KNS58]). Let U Ă M , φ P A0,ppU, T 1,0q, ψ P A0,qpU, T 1,0q, η P A0,rpU, T 1,0q.
Then

1. rφ,ψs “ p´1qpq`1rψ,φs;

2. B̄rφ,ψs “ rB̄φ,ψs ` p´1qprφ, B̄ψs;

3. p´1qpr rφ, rψ, ηss ` p´1qpq rψ, rη, φss ` p´1qqr rη, rφ,ψss “ 0.

We will furthermore need the following explicit formulas for the brackets and Dolbeault
derivatives of 0- and p0, 1q-forms with values in T 1,0, which can be directly computed using
the local expressions.

Lemma 5.2. Let φ P A0,1 `M,T 1,0˘, ξ P A0 `M,T 1,0˘, X,Y P Γ
`

M,T 0,1˘. Then
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1. B̄ξpXq “ pr1,0rX, ξs;

2. B̄φpX,Y q “ pr1,0rX,φpY qs ´ pr1,0rY, φpXqs ´ φprX,Y sq;

3. rφ, ξspXq “ rφpXq, ξs ´ φ
`

pr0,1rX, ξs
˘

;

4. rφ,φspX,Y q “ 2rφpXq, φpY qs ´ 2φ
`

pr0,1rφpXq, Y s
˘

´ 2φ
`

pr0,1rX,φpY qs
˘

.

5.1.2 Deformations of complex structures

Let now pM,Jq be a compact complex manifold.

Definition 5.3. An almost complex structure J 1 on M has finite distance to J if there exists
some φJ 1 P A0,1pM,T 1,0q such that for every p P M

T 0,1pJ 1qp “
␣

´φJ 1pXpq `Xp : Xp P T 0,1
p

(

.

Conversely, given φ P A0,1pM,T 1,0q, we can define an almost complex structure Jφ on
M with finite distance to J if the subbundle

Lφ “
␣

´φpXq `X : X P T 0,1( Ă TC

satisfies the condition

pLφqp X pLφqp “ t0u @p P M. (5.1)

Then φ defines an almost complex structure on M via T 0,1pJφq :“ Lφ. For small enough
φ P A0,1pM,T 1,0q the condition (5.1) is always satisfied.

Definition 5.4. We will call a section φ P A0,1pM,T 1,0q satisfying (5.1) an almost complex
deformation of the complex structure J .

It was shown in [KNS58] that the condition of the deformed structure to be integrable
translates into a partial differential equation:

Theorem 5.5 (Equation (3’) in [KNS58]). The almost complex structure Jφ obtained from
a complex structure J and an almost complex deformation φ P A0,1pM,T 1,0q is integrable if
and only if

B̄φ´ 1
2 rφ,φs “ 0. (5.2)

Definition 5.6. An almost complex deformation φ is called a complex deformation if it
satisfies equation (5.2).

Remark 5.7. Note that above we adapted Kuranishi’s convention of defining Lφ to be the
graph of ´φ (thought of as a homomorphism from T 0,1 to T 1,0). Alternatively, we could
have chosen a different convention, where Lφ is defined to be the graph of φ. In this case,
the sign in front of the second term of (5.2) changes.

Definition 5.8. A (smooth) family of almost complex deformations of a complex structure
J is a smooth map

φ : S ÝÑ A0,1pM,T 1,0q
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for some open neighborhood S of 0 in some finite-dimensional vector space such that φp0q “ 0
and such that for every s P S, the form φpsq satisfies condition (5.1). Smoothness is defined
here as smoothness of φ considered as a mapMˆS Ñ Λ0,1T ˚bT 1,0. The family tφpsq : s P Su

is a (smooth) family of complex deformations if in addition for every s P S, the form φpsq
satisfies equation (5.2).

The group of diffeomorphisms acts on the space of almost complex structures. We will
see in Section 7.1 that for a diffeomorphism f with small enough one-jet, its action on an
almost complex structure Jφ with finite distance from J has again finite distance from J and
we will denote the corresponding almost complex deformation by f ¨φ. We will consider two
(almost) complex deformations related in this way by a diffeomorphism as equivalent.

Definition 5.9. We say that a family of complex deformations φ1 : S1 ÝÑ A0,1pM,T 1,0q

is obtainable from the family of complex deformations φ : S ÝÑ A0,1pM,T 1,0q if there is a
smooth map τ : S1 Ñ S such that τp0q “ 0 and a family of diffeomorphisms tfs1us1PS1 of M
depending smoothly1 on s1, with f0 “ idM such that for every s1 P S1

φpτps1qq “ fs1 ¨ φ1ps1q.

Definition 5.10. A family of complex deformations tφpsq : s P Su is called locally complete
(or versal [AGV12]) if for every family of complex deformations the restriction to some
neighborhood of 0 is obtainable from tφpsq : s P Su.

Remark 5.11. In [Kur65], Kuranishi instead defined the notion of complex analytic families
of deformations, where S is allowed to be an analytic set in some open neighborhood in a
finite-dimensional complex vector space and the family φpsq should depend holomorphically
on s P S in an appropriate sense.

5.1.3 Hodge theory for compact Hermitian manifolds

Let now E be a holomorphic vector bundle over a compact complex manifold pM,Jq. We
fix a Hermitian metric on M and a Hermitian bundle metric on E. These induce Hermitian
bundle metrics x¨, ¨y on Λp,q bE. We define a Hermitian product on the spaces Ap,qpM,Eq,
via

pα, βq :“
ż

M
xα, βy vol,

where vol denotes the metric volume form.
Let B̄˚ be the formal adjoint of the Dolbeault differential B̄ of E with respect to p¨, ¨q. We

denote by

∆B̄ “ B̄B̄˚ ` B̄˚B̄

the Laplace operator and by

HkpM,Eq :“ tα P AkpM,Eq : B̄α “ 0 “ B̄˚αu “ tα P AkpM,Eq : ∆B̄α “ 0u

Hp,qpM,Eq :“ tα P Ap,qpM,Eq : B̄α “ 0 “ B̄˚αu “ tα P Ap,qpM,Eq : ∆B̄α “ 0u.

1Here we endowed the diffeomorphisms with the Whitney C8-topology or, equivalently, the topology
defined by the local charts introduced in Section 6.3.1.
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the spaces of harmonic forms.

Theorem 5.12 (Hodge decomposition, see e.g. [Wel07]). There exists a natural orthogonal
decomposition

Ap,qpM,Eq “ B̄Ap,q´1pM,Eq ‘ Hp,qpM,Eq ‘ B̄˚Ap,q`1pM,Eq.

Moreover, the canonical projection Hp,qpM,Eq Ñ Hp,qpM,Eq onto the Dolbeault cohomology
is an isomorphism.

We denote by prH : A‚ Ñ H‚ the orthogonal projection and by GB̄ : A‚ Ñ A‚ the Green’s
operator satisfying

im GB̄ “ ker prH, ker GB̄ “ im prH, prH ` GB̄ ∆B̄ “ id .

Furthermore, we define the operator QB̄ :“ B̄˚ GB̄. We will frequently use the following
standard identities (see e.g. [Wel07]).

Proposition 5.13. The operators prH, GB̄ and QB̄ satisfy

1. GB̄ B̄ “ B̄ GB̄, GB̄ B̄˚ “ B̄˚ GB̄;

2. prH `B̄ QB̄ ` QB̄ B̄ “ id;

3. Q2
B̄

“ B̄˚ QB̄ “ QB̄ B̄˚ “ prH QB̄ “ QB̄ prH “ 0.

5.2 Courant algebroids

Generalized complex structures are defined as special endomorphisms on Courant algebroids,
vector bundles equipped with extra data. In Section 5.2.1, we will state the precise definition
of a Courant algebroid, discuss some basic properties and define the notion of an autoequiv-
alence of a Courant algebroid. In Section 5.2.2 and 5.2.3, we will focus on the special classes
of exact and transitive Courant algebroids, respectively. We will see that these can always
be brought to a standard form via Courant algebroid isomorphisms. We will also discuss the
shape that the autoequivalences take in the standard form.

5.2.1 Definition and basic properties of Courant algebroids

We will now introduce the notion of a Courant algebroid.

Definition 5.14. A Courant algebroid on a manifold M is a vector bundle E Ñ M equipped
with a non-degenerate symmetric bilinear form x¨, ¨y P Γ

`

Sym2 pE˚q
˘

(called the scalar prod-
uct), a bilinear operation r¨, ¨s (called the Dorfman bracket) on the space of smooth sections
ΓpEq of E and a homomorphism of vector bundles π : E Ñ TM (called the anchor), such
that the following conditions are satisfied: for all sections u, v, w P ΓpEq,

1. ru, rv, wss “ rru, vs, ws ` rv, ru,wss,

2. πpuqxv, wy “ xru, vs, wy ` xv, ru,wsy,

3. xru, vs ` rv, us, wy “ πpwqxu, vy.
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The following consequences are well-known.

Proposition 5.15. The bracket and anchor of a Courant algebroid E Ñ M satisfy the
following:

1. ru, fvs “ πpuqpfqv ` f ru, vs,

2. πru, vs “ Lπupπvq,

for all u, v P ΓpEq, f P C8pMq.

Definition 5.16. A Courant algebroid E is called

1. transitive if the anchor map π : E Ñ TM is surjective;

2. exact if the following sequence is exact

0 Ñ T ˚M
π˚

ÝÝÑ E
π
ÝÑ TM Ñ 0.

Definition 5.17. An equivalence of Courant algebroids between Courant algebroids pE1, π1,
r¨, ¨s1, x¨, ¨y1q and pE2, π2, r¨, ¨s2, x¨, ¨y2q over the same base manifold M is an equivalence of
vector bundles F : E1 Ñ E2 covering a diffeomorphism f such that for all u, v P ΓpM,E1q

df ˝ π1 “ π2 ˝ F

xu, vy1 ˝ f “ xF puq, F pvqy2

F pru, vs1q “ rF puq, F pvqs2.

An autoequivalence of Courant algebroids is an equivalence from a Courant algebroid to itself.
An automorphism of Courant algebroids is an autoequivalence covering the identity.

For Courant autoequivalences, the first property in Definition 5.17 follows from the second
and third.

Definition 5.18. Let E be a Courant algebroid. A derivation of E covering X P XpMq is
an endomorphism D P EndpΓpM,Eqq such that

Dpfuq “ fDu` pLXfqu,

Xx¨, ¨y “ xD¨, ¨y ` x¨,D¨y

Dr¨, ¨s “ rD¨, ¨s ` r¨,D¨s.

Particular examples of derivations are the maps adpuq :“ ru, ¨s covering πpuq for some
u P ΓpM,Eq. The derivations of a Courant algebroid form a Lie subalgebra of End ΓpEq,
which we denote by DerpEq. If D1 is a derivation covering X1 and D2 is a derivation covering
X2, then rD1,D2s covers LX1X2. The subalgebra ad ΓpEq Ă DerpEq is called the Lie algebra
of inner derivations.

5.2.2 Splittings and autoequivalences of exact Courant algebroids

Recall that a Courant algebroid pE, π, r¨, ¨s, x¨, ¨yq over a manifold M is called exact if the
sequence

0 ÝÑ T ˚M
π˚

ÝÑ E
π

ÝÑ TM ÝÑ 0 (5.3)
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is exact.
Exactness of (5.3) forces the scalar product of E to be of split signature. By choosing

an isotropic splitting of the sequence (5.3), every exact Courant algebroid can be brought to
the following standard form:
Proposition 5.19. Every exact Courant algebroid is isomorphic to the generalized tangent
bundle E “ TM ‘ T ˚M with anchor map the canonical projection to TM , scalar product
defined by

xX ` α, Y ` βy “ 1
2pαpY q ` βpXqq

and with Dorfman bracket given by

rX ` α, Y ` βs “ LXY ` LXβ ´ ιY dα `HpX,Y, ¨q,

where H P Ω3pMq is a fixed closed three-form, X,Y P ΓpTMq and α, β P ΓpT ˚Mq.
Different choices of isotropic splittings are related by the action of some two-form B P

Ω2pMq acting on TM ‘ T ˚M via

FB :“
ˆ

id B
0 id

˙

.

Such an action of a two-form B is called B-field transformation. The three-form Ĥ defining
the Dorfman bracket in the new splitting is given by Ĥ “ H ` dB. In particular, the
isomorphism class of a Courant algebroid is completely determined by the Ševera class rHs P

H3
dRpMq and closed B-field transformations give rise to automorphisms of an exact Courant

algebroid. In fact every automorphism of an exact Courant algebroid is a closed B-field
transformations.

In order to describe autoequivalences covering a diffeomorphism f : M Ñ M we consider
the lift of f to TM ‘ T ˚M given by

Ff :“
ˆ

df 0
0 df´1˚

˙

.

Then Ff,B :“ FfFB is an autoequivalence if and only if H ´ f˚H “ dB. Every autoequiva-
lence of an exact Courant algebroid can be expressed in this form.
Proposition 5.20 (Proposition 2.2 in [Gua03; Gua11]). Let F be an orthogonal equivalence
of the generalized tangent bundle preserving the H-twisted Courant bracket and covering a
diffeomorphism f : M ÝÑ M . Then F “ FfFB for a unique 2-form B P Ω2pMq satisfying
H ´ f˚H “ dB.

We conclude the following:
Theorem 5.21. Let E be the generalized tangent bundle with H-twisted Dorfman bracket.
Then its group of autoequivalences is given by

AuteqpEq “ tFf,B : H ´ f˚H “ dBu

with multiplication given by

Ff,BFf 1,B1 “ Ff2,B2 ,
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where f2 “ f ˝ f 1 and B2 “ B1 ` f 1˚B

We will also denote the group of autoequivalences of the generalized tangent bundle with
H-twisted Dorfman bracket by AuteqpTM,Hq. This gives rise to the group of autoequiva-
lences of an arbitrary exact Courant algebroid E with Ševera class rHs: It is obtained by
conjugating the group AuteqpTM,Hq with the Courant algebroid isomorphism from E to
pTM,Hq.

5.2.3 Bisections of transitive Courant algebroids

We will see that similarly as in the case of exact Courant algebroids, every transitive Courant
algebroid is isomorphic to a standard transitive Courant algebroid. Before we can state this,
we need to introduce some notation.

Let pG Ñ M, x¨, ¨yG , r¨, ¨sGq be a bundle of quadratic Lie algebras, i.e. a vector bundle
G Ñ M with a scalar product x¨, ¨yG and a Lie bracket r¨, ¨sG on each fiber such that for every
p P M and X,Y, Z P Gp we have

xrX,Y sG , ZyG ` xY, rX,ZsGyG “ 0.

We denote by OpGq the group of orthogonal equivalences of G, i.e. vector bundle mor-
phisms covering a diffeomorphism which preserve the scalar product of G. Moreover, we
denote by AuteqpGq the group of autoequivalences of G, i.e. vector bundle morphisms cover-
ing a diffeomorphism, which preserve the Lie bracket and scalar product of G. We denote
by AutpGq the group of automorphisms, i.e. autoequivalences covering the identity.

Moreover, we denote by ΩppM,Gq the p-forms with values in G. We define the map

x¨ ^ ¨yG : ΩppM,Gq ˆ ΩqpM,Gq ÝÑ Ωp`qpMq

via

xA ^ ByGpX1, ..., Xp`qq “
1
p!q!

ÿ

σPSp`q

p´1q|σ|xApXσp1q, ..., Xσppqq,BpXσpp`1q, ..., Xσpp`qqqyG

and the map
r¨, ¨sG : ΩppM,Gq ˆ ΩqpM,Gq ÝÑ Ωp`qpM,Gq

via

rA,BsGpX1, ..., Xp`qq “
1
p!q!

ÿ

σPSp`q

p´1q|σ|rApXσp1q, ..., Xσppqq,BpXσpp`1q, ..., Xσpp`qqqsG .

For A P ΩppM,Gq we furthermore define adA P ΩppM,End Gq via

adApX1, ..., Xpqprq “ rApX1, ..., Xpq, rsG .

An autoequivalence ν P AuteqpGq covering f P DiffpMq acts on the sections ΓpM,Gq via
ν ¨ r “ ν ˝ r ˝ f´1 and on forms A P ΩkpM,Gq via

pν ¨ AqpX1, ..., Xkq “ ν
`

Apdf´1X1, ..., df
´1Xkq

˘

.
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Furthermore, given a connection ∇ on G, the autoequivalence ν acts as

pν ¨ ∇qXr “ ν ¨ ∇f´1
˚ Xpν´1 ¨ rq,

where f˚X “ df ˝X ˝ f´1 denotes the push-forward.

Definition 5.22. A standard transitive Courant algebroid Sr∇,R, Hs over a manifold M is
a transitive Courant algebroid whose underlying vector bundle is TM ‘ G ‘ T ˚M for some
bundle of quadratic Lie algebras pG, r¨, ¨sG , x¨, ¨yGq with anchor map the projection to TM ,
inner product

xX ` r ` α, Y ` s ` βy “ 1
2pαpY q ` βpXqq ` xr, syG

and Dorfman bracket depending on H P Ω3pMq,R P Ω2pM,Gq and some connection ∇ on
G satisfying the conditions

Xxr, syG “ x∇Xr, syG ` xr,∇XsyG
∇Xrr, ssG “ r∇Xr, ssG ` rr,∇XssG
d∇R “ 0
d2

∇ “ adR

dH “ 1
2xR ^ RyG .

The various components of the Dorfman bracket are given by

rX,Y s “ iY iXH ` RpX,Y q ` LXY
rX, rs “ ´rr, Xs “ ´2xr, ιXRyG ` ∇Xr
rX,αs “ LXα
rα,Xs “ ´iXdα
rr, ss “ 2 xs,∇ryG ` rr, ssG

rα, rs “ rr, αs “ rα, βs “ 0

for r, s P ΓpGq, X,Y P ΓpTMq and α, β P ΓpT ˚Mq.

Definition 5.23. A bisection of a Courant algebroid E is a Courant isomorphism from E
to a standard Courant algebroid.

Theorem 5.24 ([CSX13]). Every transitive Courant algebroid admits a bisection.

Remark 5.25. Explicitly, the isomorphism is given as follows: Let G :“ kerπ{pkerπqK,
where the orthogonal complement is taken with respect to the scalar product of the Courant
algebroid E. Then it turns out that G together with the induced scalar product and bracket
is a bundle of quadratic Lie algebras. It was shown in [CSX13] that there exist

1. a vector bundle morphism λ : TM ÝÑ E such that π ˝ λ “ id and such that imλ is
isotropic with respect to x¨, ¨y,

2. and a vector bundle morphism σ : G ÝÑ kerπ such that prG ˝σ “ id such that im σ is
orthogonal to imλ with respect to x¨, ¨y.
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The isomorphism is then given by

TM ‘ G ‘ T ˚M ÝÑ E

X ` r ` α ÞÝÑ λpXq ` σprq ` 1
2π

˚α.

Theorem 5.26 ([CSX13]). Let E be a transitive Courant algebroid, Sr∇,R, Hs and Sr∇̂, R̂, Ĥs

different choices of bisections of E. Then there is some ν P OpGq covering the identity,
A P Ω1pM,Gq and B P Ω2pMq, such that the isomorphism δ : Sr∇,R, Hs ÝÑ Sr∇̂, R̂, Ĥs

describing the change of bisection is given by

δ “

¨

˝

id 0 0
ν ˝ A ν 0

B ´ xA,AyG ´2 xA, ¨yG id

˛

‚.

Moreover, the data defining the different standard transitive Courant algebroids is related by

∇̂ “ ν ¨ p∇ ´ adAq

R̂ “ ν ¨
`

R ´ d∇A ` 1
2 rA,AsG

˘

Ĥ “ H ´ dB ´ 2 xA ^ RyG ` xA ^ d∇AyG ´
1
3 xA ^ rA,AsGyG .

An orthogonal equivalence ν P OpGq of G covering a diffeomorphism f P DiffpMq defines
a vector bundle morphism Fν from E to itself via

Fν :“

¨

˝

df
ν

pdf´1q˚

˛

‚

in the splitting E “ TM ‘ G ‘ T ˚M .
Given a two-form B P Ω2pMq and a one-form A P Ω1pM,Gq with values in G we can

furthermore define vector bundle morphisms FB and FA from E to itself via

FB :“

¨

˝

id 0 0
0 id 0
B 0 id

˛

‚, FA :“

¨

˝

id 0 0
A id 0

´xA,AyG ´2xA, ¨yG id

˛

‚.

Note that Fν , FB and FA all preserve the scalar product x¨, ¨y on E as well as the anchor
map. We will denote the morphism obtained by composing Fν , FA and FB by

Fν,A,B :“ Fν ˝ FA ˝ FB.

The group OpE, π, x¨, ¨yq of equivalences of E preserving the anchor map and the scalar
product is given by [Cou17]

OpE, π, x¨, ¨yq “ tFν,A,B : ν P OpGq, A P Ω1pM,Gq, B P Ω2pMqu.

The group of autoequivalences of E is the subgroup of elements in OpE, π, x¨, ¨yq that are
compatible with the Dorfman bracket of E. An explicit description is given in the following
theorem.
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Theorem 5.27 (Theorem 2.37 in [Cou17]). Let E be a standard transitive Courant algebroid.
Then the group of autoequivalences of E is given by

AuteqpEq “ tFν,A,B : ν P AuteqpGq covers f P DiffpMq, A P Ω1pM,Gq, B P Ω2pMq,

∇ “ ν ¨ p∇ ´ adAq ,

R “ ν ¨
`

R ´ d∇A ` 1
2 rA,AsG

˘

,

H ´ f˚H “ dB ` 2xA ^ RyG ´ xA ^ d∇AyG ´
1
3 xA ^ rA,AsGyGu,

with the product

Fν,A,B ˝ Fν1,A1,B1 “ Fν2,A2,B2 ,

where ν2,A2, B2 are given by

ν2 “ νν1,

A2 “ ν 1´1 ¨ A ` A1,

B2 “ f 1˚B `B1 ` xν 1´1 ¨ A ^ A1yG

and the identity element is ppidM , 0q, id, 0q. The inversion map is given by

pν,A, Bq ÞÝÑ
`

ν´1,´ν ¨ A,´pf´1q˚B
˘

Remark 5.28. Note that in [Cou17, Thm 2.37] there are some additional factors of 1{2
appearing. This is due to a different convention for the scalar product of a standard transitive
Courant algebroid. Moreover, we remark that the theorems stated above are special cases
of more general results in [Cou17; CSX13] for the class of regular Courant algebroids (i.e.
Courant algebroids whose anchor map has constant rank).

Like in the case of exact Courant algebroids, the group of autoequivalences of a standard
transitive Courant algebroid gives rise to a description of the group of autoequivalences of
an arbitrary transitive Courant algebroid E by conjugating with the isomorphism to E.

Later, we will consider the following subclass of transitive Courant algebroids for which
the bisections take a particularly simple form.

Definition 5.29. A G-flat standard transitive Courant algebroid is a standard transitive
Courant algebroid such that G – M ˆ RK is a trivial vector bundle with trivial Lie bracket
on the fibers and such that ∇ is flat with trivial holonomy and R “ 0. A transitive Courant
algebroid is called G-flat if it is isomorphic to a G-flat standard transitive Courant algebroid.

Proposition 5.30. If Sp∇,R, Hq is a standard G-flat transitive Courant algebroid, then H
is closed.

Proof. This follows from the condition that dH “ 1
2xR ^ RyG “ 0.

5.3 Generalized complex structures

In this section we will introduce generalized complex structures. First, in Section 5.3.1,
we will state their definition and show that it encompasses both complex and symplectic
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structures as special cases. We will see that every generalized complex structure is associated
with a Lie algebroid L. In Section 5.3.2, we will see how deformations of a generalized
complex structure can be encoded into forms φ P ΓpM,Λ2L˚q.

We will moreover introduce the Schouten bracket and Lie algebroid differential of a Lie
algebroid, which are relevant to study the integrability of the deformed structure. We will also
discuss some formulas for the Schouten bracket and Lie algebroid differential of a generalized
complex structure. In Section 5.3.3 we will introduce the notion of a locally complete family
of generalized complex deformations.

Finally, in Section 5.3.4 we will take a closer look at the complex defined by the Lie
algebroid differential of a generalized complex structure. We will see that for generalized
complex structures on transitive Courant algebroids this complex is elliptic. For generalized
complex structures on transitive Courant algebroids over compact manifolds, we will recall
some results and formulas from Hodge theory.

5.3.1 Definition and examples of generalized complex structures

We will now state the definition of a generalized complex structure.

Definition 5.31. A generalized almost complex structure on a Courant algebroid E Ñ M
is an endomorphism field J P ΓpEndEq such that J 2 “ ´ id and such that J is skew-
symmetric with respect to the scalar product of E. It is called integrable or a generalized
complex structure if the subbundles LpJ q, L̄pJ q of EC given by the `i- and ´i-eigenspaces
of J are involutive with respect to the Dorfman bracket.

An equivalent definition of a generalized complex structure on a Courant algebroid can
be formulated directly in terms of the subbundle L Ă EC:

Definition 5.32. A generalized almost complex structure on E is a maximally isotropic
subbundle L Ă EC of the complexification EC of E such that EC “ L ‘ L̄. A generalized
almost complex structure is called integrable or a generalized complex structure if it is closed
under the Dorfman bracket.

Given a generalized complex structure L, note that it follows from the third axiom in
Definition 5.14 and the fact that L and L̄ are isotropic that the restriction of the Dorfman
bracket to L and L̄, respectively, is in fact anti-symmetric. As a consequence, the bundles L
and L̄ together with the restrictions of π and the Dorfman bracket of E form Lie algebroids.

As the name suggests, generalized complex structures are generalizations of complex
structures, as the following example shows.

Example 5.33. Let pM,Jq be an almost complex manifold. Then the endomorphism

JJ :“
ˆ

J 0
0 ´J˚

˙

P ΓpM,EndTMq

defines a generalized almost complex structure on the generalized tangent bundle of M . The
generalized almost complex structure JJ is integrable with respect to r¨, ¨sH for H P Ω3

clpMq

if and only if J is integrable and H is of type p1, 2q ` p2, 1q.

Further examples of generalized complex structures are symplectic structures.
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Example 5.34. Let ω be a non-degenerate two-form on M . We think of ω as a map
ω : TM Ñ T ˚M , X ÞÑ ωpX, ¨q and denote by ω´1 : T ˚M Ñ TM its inverse. Then the
endomorphism

Jω :“
ˆ

0 ´ω´1

ω 0

˙

P ΓpM,EndTMq

defines a generalized almost complex structure on the generalized tangent bundle of M . The
generalized almost complex structure Jω is integrable with respect to r¨, ¨sH for H P Ω3

clpMq

if ω is closed and H “ 0.

5.3.2 Deformations of generalized complex structures

Let L be a generalized complex structure on some Courant algebroid E. Every maximal
isotropic having trivial intersection with L̄ is described as the graph of some homomorphism
φ : L Ñ L̄ satisfying xφu, vy ` xu, φvy “ 0 for all u, v P ΓpLq. After identifying L̄ – L˚ via
the scalar product x¨, ¨y of E, we may also think of such φ as a form φ P ΓpM,Λ2L˚q and
the new isotropic is given by

Lφ :“ p1 ` φqL “ tu` ιuφ : u P Lu.

The isotropic Lφ will be a generalized almost complex structure if and only if Lφ‘Lφ “ EC.
Since this is an open condition, it will be satisfied for every φ P ΓpM,Λ2L˚q in a small enough
(C0-)neighborhood of zero. We will call such φ a generalized almost complex deformation.

Remark 5.35. Note the different sign in front of the form φ as compared to our convention
for (classical) complex deformations in Section 5.1.2. The reason why we chose the different
sign conventions is that, while in Section 5.1.2 we adopted Kuranishi’s convention, here we
follow Gualtieri’s convention. Gualtieri’s convention has the advantage that we can interpret
Lφ as the graph of φ.

Next, we will study under which conditions the deformed generalized almost complex
structure Lφ is integrable. Before stating the condition, we need to introduce a differential
and a bracket associated to the Lie algebroids L and L̄.

For every Lie algebroid L, we may define the Lie algebroid differential

dL : ΓpΛkL˚q ÝÑ ΓpΛk`1L˚q

via

pdLφqpu0, ..., ukq :“
ÿ

i

p´1qiπpuiqφpu0, ..., ûi, ..., ukq

`
ÿ

iăj

p´1qi`jφprui, ujs, u0, ..., ûi, ..., ûj , ..., ukq

for φ P ΓpΛkL˚q, and u0, ..., uk P ΓpLq.

Lemma 5.36. Let L be a Lie algebroid. Then pΓpΛ‚L˚q,dLq forms a differential graded
algebra, i.e. dL is a first order linear differential operator of degree one that satisfies

1. pdLq2 “ 0
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2. dLpφ^ ψq “ pdLφq ^ ψ ` p´1qpφ^ dLψ for all φ P ΓpΛpL˚q, ψ P ΓpΛqL˚q.

Furthermore, for every Lie algebroid L the Schouten bracket

r¨, ¨sL : ΓpΛpLq ˆ ΓpΛqLq ÝÑ ΓpΛp`q´1Lq

is defined as follows: For u1, ..., up, v1, ..., vq P ΓpLq, we set

ru1 ^ ...^ up, v1 ^ ...^ vqsL

:“
ÿ

i,j

p´1qi`jrui, vjs ^ u1 ^ ...^ ûi ^ ...^ up ^ v1 ^ ...^ v̂j ^ ...^ vq.

For u P ΓpLq, f P C8pMq, we set

ru, f sL “ ´rf, usL :“ πpuqpfq.

Finally, we set

ru1 ^ ...^ up, f sL “ p´1qprf, u1 ^ ...^ upsL

:“ p´1qp prf, u1su2 ^ ...^ up ´ u1 ^ rf, u2su3 ^ ...^ up

`...` p´1qp´1u1 ^ ...^ rf, ups
˘

.

Lemma 5.37. Let L be a generalized complex structure. We identify L̄ – L˚. Then for
U Ă M , φ P ΓpU,ΛpL˚q, ψ P ΓpU,ΛqL˚q, η P ΓpU,ΛrL˚q the following hold

1. rφ,ψsL˚ “ ´p´1qpp´1qpq´1qrψ,φsL˚

2. rφ, rψ, ηsL˚sL˚ “ rrφ,ψsL˚ , ηsL˚ ` p´1qpp´1qpq´1qrψ, rφ, ηsL˚sL˚

3. dLrφ,ψsL˚ “ rdLφ,ψsL˚ ` p´1qp´1rφ,dLψsL˚.

Proof. Properties 1 and 2 are general properties of the Schouten bracket. Property 3 follows
from the fact that L and L̄ – L˚ form a Lie bialgebroid (see Theorem 2.6 in [LWX97]).

We will now state the condition for integrability:

Theorem 5.38 (Theorem 6.1 in [LWX97]). The generalized almost complex structure Lφ
corresponding to a generalized almost complex deformation φ P ΓpM,Λ2L˚q is integrable if
and only if φ satisfies the Maurer–Cartan equation

dLφ` 1
2 rφ,φsL˚ “ 0. (5.4)

In this case φ is called a generalized complex deformation.

We will from now on drop the subscript L and L˚ of the Schouten bracket. In the
following we will collect some identities for generalized complex structures that will become
very useful in Chapter 8.

Lemma 5.39. Let L be a generalized complex structure. We identify L̄ – L˚. Then for
U Ă M , φ,φ1 P ΓpU,Λ2L˚q, ξ P ΓpU,L˚q, u, v, w P ΓpU,Lq the following hold

1. dLξpu, vq “ ´xrξ, us, vy
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2. dLφpu, v, wq “ xru, ιvφs ` rιuφ, vs ´ ιru,vsφ,wy

3. rφ, ξspu, vq “ xrιuφ, ξs ` ιprLrξ,usφ, vy

4.
rφ,φ1spu, v, wq “xrιuφ, ιvφ

1s ´ rιvφ, ιuφ
1s, wy

` 1
2xιprLprv,ιuφs´rιuφ,vs´ru,ιvφs`rιvφ,usqφ

1, wy

` 1
2xιprLprv,ιuφ1s´rιuφ1,vs´ru,ιvφ1s`rιvφ1,usqφ,wy

in particular,

rφ,φspu, v, wq “2xrιuφ, ιvφs, wy ` xιprLprv,ιuφs´rιuφ,vs´ru,ιvφs`rιvφ,usqφ,wy.

Proof. For the first equation, we plug in the definition of dL and compute

dLξpu, vq “ πpuqξpvq ´ πpvqξpuq ´ ξpru, vsq

“ πpuqxξ, vy ´ πpvqxξ, uy ´ xξ, ru, vsy

“ xru, ξs, vy ´ πpvqxξ, uy

“ ´xrξ, us, vy,

where we used the second and the third axiom in Definition 5.14.
Similarly, for the second identity, we compute

dLφpu, v, wq “ πpuq pφpv, wqq ´ πpvq pφpu,wqq ` πpwq pφpu, vqq

´ φpru, vs, wq ` φpru,ws, vq ´ φprv, ws, uq

“ πpuqxιvφ,wy ´ πpvqxιuφ,wy ` πpwqxιuφ, vy

´ xιru,vsφ,wy ´ xιvφ, ru,wsy ` xιuφ, rv, wsy

“ xru, ιvφs ` rιuφ, vs ´ ιru,vsφ,wy.

Note that to show the third equation, we may assume that φ “ η ^ ψ for some η, ψ P

ΓpU,L˚q. Using the definition of the Schouten bracket we compute

rη ^ ψ, ξspu, vq “ prη, ξs ^ ψ ´ rψ, ξs ^ ηq pu, vq

“ xrη, ξs, uyxψ, vy ´ xrη, ξs, vyxψ, uy

´ xrψ, ξs, uyxη, vy ` xrψ, ξs, vyxη, uy

“ p´πpξqxη, uy ` xη, rξ, usyq xψ, vy ` pπpξqxη, vy ´ xη, rξ, vsyq xψ, uy

` pπpξqxψ, uy ´ xψ, rξ, usyq xη, vy ` p´πpξqxψ, vy ` xψ, rξ, vsyq xη, uy

“ πpξq p´xη, uyxψ, vy ` xη, vyxψ, uyq ` η ^ ψpprLrξ, us, vq ´ η ^ ψpprLrξ, vs, uq.

Observing that

xrιupη ^ ψq, ξs, vy “ xrxη, uyψ ´ xψ, uyη, ξs , vy

“ ´πpξq xxη, uyψ ´ xψ, uyη, vy ` xxη, uyψ ´ xψ, uyη, rξ, vsy

“ πpξq p´xη, uyxψ, vy ` xη, vyxψ, uyq ´ η ^ ψpprLrξ, vs, uq

we obtain the third identity.
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For the last identity we may again assume that φ “ η ^ ψ, φ1 “ η1 ^ ψ1 for η, η1, ψ, ψ1 P

ΓpM,L˚q. We start computing
@“

ιupη ^ ψq, ιvpη1 ^ ψ1q
‰

, w
D

“
@“

xη, uyψ ´ xψ, uyη, xη1, vyψ1 ´ xψ1, vyη1
‰

, w
D

“ πpψq
`

xη1, vy
˘

xψ1, wyxη, uy ´ πpψq
`

xψ1, vy
˘

xη, uyxη1, wy

´ πpηq
`

xη1, vy
˘

xψ1, wyxψ, uy ` πpηq
`

xψ1, vy
˘

xη1, wyxψ, uy

´ πpψ1q pxη, uyq xψ,wyxη1, vy ` πpψ1q pxψ, uyq xη, wyxη1, vy

` πpη1q pxη, uyq xψ,wyxψ1, vy ´ πpη1q pxψ, uyq xη, wyxψ1, vy

` xη, uyxη1, vy
@

rψ,ψ1s, w
D

´ xη, uyxψ1, vy
@

rψ, η1s, w
D

´ xψ, uyxη1, vy
@

rη, ψ1s, w
D

` xψ, uyxψ1, vy
@

rη, η1s, w
D

,

where we used the Leibniz rule for the bracket (Proposition 5.15) in combination with the
skew-symmetry of the bracket when restricted to sections of the isotropic bundle L̄. Using
the second axiom in Definition 5.14, we find

@“

ιupη ^ ψq, ιvpη1 ^ ψ1q
‰

, w
D

“ ´
@

rψ,ψ1s, v
D

xη, uyxη1, wy `
@

rψ1, ψs, u
D

xη, wyxη1, vy `
@

rψ,ψ1s, w
D

xη, uyxη1, vy

`
@

rψ, η1s, v
D

xψ1, wyxη, uy ´
@

rη1, ψs, u
D

xη, wyxψ1, vy ´
@

rψ, η1s, w
D

xη, uyxψ1, vy

`
@

rη, ψ1s, v
D

xη1, wyxψ, uy ´
@

rψ1, ηs, u
D

xψ,wyxη1, vy ´
@

rη, ψ1s, w
D

xψ, uyxη1, vy

´
@

rη, η1s, v
D

xψ1, wyxψ, uy `
@

rη1, ηs, u
D

xψ,wyxψ1, vy `
@

rη, η1s, w
D

xψ, uyxψ1, vy

`
@

η1, rψ, vs
D

xψ1, wyxη, uy ´
@

ψ1, rψ, vs
D

xη, uyxη1, wy

´
@

η1, rη, vs
D

xψ1, wyxψ, uy `
@

ψ1, rη, vs
D

xη1, wyxψ, uy

´
@

η, rψ1, us
D

xψ,wyxη1, vy `
@

ψ, rψ1, us
D

xη, wyxη1, vy

`
@

η, rη1, us
D

xψ,wyxψ1, vy ´
@

ψ, rη1, us
D

xη, wyxψ1, vy.

Therefore,
@“

ιupη ^ ψq, ιvpη1 ^ ψ1q
‰

, w
D

´
@“

ιvpη ^ ψq, ιupη1 ^ ψ1q
‰

, w
D

“
`

rψ,ψ1s ^ η ^ η1 ´ rψ, η1s ^ η ^ ψ1 ´ rη, ψ1s ^ ψ ^ η1 ` rη, η1s ^ ψ ^ ψ1
˘

pu, v, wq

` xψ1, wy
`

xη1, rψ, vsyxη, uy ´ xη1, rψ, usyxη, vy ´ xη1, rη, vsyxψ, uy ` xη1, rη, usyxψ, vy
˘

´ xη1, wy
`

xψ1, rψ, vsyxη, uy ´ xψ1, rψ, usyxη, vy ´ xψ1, rη, vsyxψ, uy ` xψ1, rη, usyxψ, vy
˘

` xψ,wy
`

xη, rψ1, vsyxη1, uy ´ xη, rψ1, usyxη1, vy ´ xη, rη1, vsyxψ1, uy ` xη, rη1, usyxψ1, vy
˘

´ xη, wy
`

xψ, rψ1, vsyxη1, uy ´ xψ, rψ1, usyxη1, vy ´ xψ, rη1, vsyxψ1, uy ` xψ, rη1, usyxψ1, vy
˘

.

On the other hand, for any ϵ P ΓpM,L˚q, we have

ιprLprιupη^ψq,vs´rv,ιupη^ψqsqϵ

“ xϵ, rxη, uyψ, vs ´ rxψ, uyη, vsy ´ xϵ, rv, xη, uyψs ´ rv, xψ, uyηsy

“ πpϵq pxη, uyxψ, vy ´ xψ, uyxη, vyq ´ 2 xϵ, rv, xη, uyψs ´ rv, xψ, uyηsy

“ πpϵq pxη, uyxψ, vy ´ xψ, uyxη, vyq ´ 2xη, uy xϵ, rv, ψsy ` 2xψ, uy xϵ, rv, ηsy

“ πpϵq pxη, uyxψ, vy ´ xψ, uyxη, vyq ´ 2xη, uyπpϵq pxv, ψyq ` 2xψ, uyπpϵq pxv, ηyq

` 2xη, uy xϵ, rψ, vsy ´ 2xψ, uy xϵ, rη, vsy .
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It follows that

ιprLprιupη^ψq,vs´rv,ιupη^ψqs´rιvpη^ψq,us`ru,ιvpη^ψqsqϵ

“ 2xη, uy xϵ, rψ, vsy ´ 2xψ, uy xϵ, rη, vsy ´ 2xη, vy xϵ, rψ, usy ` 2xψ, vy xϵ, rη, usy

and hence

1
2
@

ιprLprιupη^ψq,vs´rv,ιupη^ψqs´rιvpη^ψq,us`ru,ιvpη^ψqsqpη
1 ^ ψ1q, w

D

“
`

xη1, rψ, vsyxη, uy ´ xη1, rψ, usyxη, vy ´ xη1, rη, vsyxψ, uy ` xη1, rη, usyxψ, vy
˘

xψ1, wy

´
`

xψ1, rψ, vsyxη, uy ´ xψ1, rψ, usyxη, vy ´ xψ1, rη, vsyxψ, uy ` xψ1, rη, usyxψ, vy
˘

xη1, wy.

Putting everything together, we obtain

xrιuφ, ιvφ
1s ´ rιvφ, ιuφ

1s, wy

` 1
2xιprLprv,ιuφs´rιuφ,vs´ru,ιvφs`rιvφ,usqφ

1, wy

` 1
2xιprLprv,ιuφ1s´rιuφ1,vs´ru,ιvφ1s`rιvφ1,usqφ,wy

“
`

rψ,ψ1s ^ η ^ η1 ´ rψ, η1s ^ η ^ ψ1 ´ rη, ψ1s ^ ψ ^ η1 ` rη, η1s ^ ψ ^ ψ1
˘

pu, v, wq

“ rφ,φ1spu, v, wq.

5.3.3 Families of deformations

Next, we will introduce smooth families of generalized almost complex deformations. For
this, let S be an open neighborhood of 0 in some finite-dimensional vector space.

Definition 5.40. A (smooth) family of generalized almost complex deformations of a gen-
eralized complex structure L is a smooth map

φ : S ÝÑ ΓpM,Λ2L˚q

such that φp0q “ 0 and such that for every s P S, the form φpsq is a generalized almost
complex deformation. Like in the complex case, smoothness is defined as smoothness of
φ considered as a map M ˆ S Ñ Λ2L˚. The family tφpsq : s P Su is a (smooth) family
of generalized complex deformations if in addition for every s P S, the form φpsq satisfies
equation (5.4).

The group of autoequivalences AuteqpEq of a Courant algebroid E acts on the space of
generalized almost complex structures GACpEq on E via

µGAC : AuteqpEq ˆ GACpEq ÝÑ GACpEq

pF,J q ÞÝÑ F ¨ J :“ F ˝ J ˝ F´1.

If the (1-jet of the) autoequivalence F is close enough to the identity in an appropri-
ate sense, then F ¨ J can be described by a generalized (almost) complex deformation
ΘpF q P ΓpM,Λ2L˚q of J (see Section 8.1.3 for more details). Similarly, given a general-
ized almost complex deformation φ P ΓpM,Λ2L˚q of J , for F close enough to the identity,
the generalized almost complex structure F ¨ Jφ is again described by a generalized almost
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complex deformation ΘpF,φq P ΓpM,Λ2L˚q. We will also denote F ¨ φ :“ ΘpF,φq. We will
consider two generalized complex deformations equivalent if they are related by the action
of some autoequivalence.

Definition 5.41. A family φ1 : S1 ÝÑ ΓpM,Λ2L˚q of generalized complex deformations is
obtainable from φ : S ÝÑ ΓpM,Λ2L˚q if there is a smooth map τ : S1 Ñ S such that τp0q “ 0
and a family of autoequivalences tFs1us1PS1 depending smoothly2 on s1, with F0 “ id such
that for every s1 P S1

φpτps1qq “ Fs1 ¨ φ1ps1q.

Definition 5.42. A family of deformations tφpsq : s P Su is called locally complete if for
every family of deformations the restriction to some neighborhood of 0 is obtainable from
tφpsq : s P Su.

5.3.4 The Lie algebroid complex of a generalized complex structure

Next, we will take a closer look at the Lie algebroid complex

dL : ΓpΛkL˚q ÝÑ ΓpΛk`1L˚q. (5.5)

We will see that if L is a generalized complex structure on a transitive Courant algebroid,
then this complex is elliptic. First, we will show the following Lemma:

Lemma 5.43. We denote by ℜ : TMC Ñ TM the projection to the real part of TMC.
Suppose E is a transitive Courant algebroid with a generalized complex structure L Ă EC.
Then the map

ℜ ˝ π : L Ñ TM

is surjective.

Proof. Recall that L Ă EC is the i-eigen-bundle of the generalized almost complex structure
J on E, which is given by

L “ tu´ iJ u : u P Eu .

By the assumption that E is transitive, we obtain

ℜ ˝ πpLq “ πpEq “ TM.

Proposition 5.44. If E is transitive, then the Lie algebroid complex pΓpΛ‚L˚q,dLq is ellip-
tic.

Proof. For α P T ˚M , the symbol is given by

sαpdLq “ prL˚ pπ˚αq ^ ¨.

2Here we endow the autoequivalences with the Whitney C8-topology. For the group of autoequivalences
of G-flat transitive Courant algebroids this is equivalent to the topology of the tame manifold structure
constructed in Section 8.1.2.
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We choose v P L and compute

prL˚ pπ˚αq pvq “ xπ˚α, vy “ α ˝ πpvq.

Suppose α ˝ πpvq “ 0 for all v P L. By decomposing the equation into real and imaginary
part and using Lemma 5.43, this implies that α “ 0. In particular, this shows that the
symbol sequence is exact and therefore the complex pΓpΛ‚L˚q,dLq is elliptic.

Corollary 5.45. Let L be a generalized complex structure on a transitive Courant algebroid
E Ñ M over a compact manifold M . Then the cohomology H‚pM,Lq of the complex (5.5),
called Lie algebroid cohomology, is a finite-dimensional graded ring.

For the remainder of this section, we will assume that L is a generalized complex structure
on a transitive Courant algebroid E Ñ M over a compact orientable manifold M . We fix an
auxiliary Riemannian metric on M and a Hermitian bundle metric hL on L. These induce
a scalar product p¨, ¨q on ΓpM,Λ‚L˚q via

pα, βq :“
ż

M
hLpα, βq ˚ 1.

We denote by d˚
L the formal adjoint of dL with respect to p¨, ¨q and define the Laplace operator

∆L :“ dLd˚
L ` d˚

LdL.

Moreover, we denote by

Hk
LpMq :“ ker ∆L|ΓpM,ΛkL˚q “ ker dL|ΓpM,ΛkL˚q X ker d˚

L|ΓpM,ΛkL˚q

the ∆L-harmonic forms.

Theorem 5.46 (Hodge decomposition, see e.g. [Wel07]). There exists a natural orthogonal
decomposition

ΓpM,ΛkL˚q “ dLΓpM,Λk´1L˚q ‘ Hk
LpMq ‘ d˚

LΓpM,Λk`1L˚q.

Moreover, the canonical projection Hk
LpMq Ñ HkpM,Lq is an isomorphism.

Definition 5.47. We define the orthogonal projection prHL : ΓpM,Λ‚L˚q Ñ H‚
LpMq, the

Green’s operator GL : ΓpM,Λ‚L˚q Ñ ΓpM,Λ‚L˚q, satisfying

im GL “ ker prHL , ker GL “ im prHL , prHL ` GL ∆L “ id

and the operator QL :“ d˚
L GL.

Again, the operators satisfy the standard identities as in Proposition 5.13 for the case of
holomorphic vector bundles.

Proposition 5.48 (See e.g. [Wel07]). The operators prHL, GL and QL satisfy

1. GL dL “ dL GL, GL d˚
L “ d˚

L GL;

2. prHL `dL QL ` QL dL “ id;

3. Q2
L “ d˚

L QL “ QL d˚
L “ prHL QL “ QL prHL “ 0.



Chapter 6

Hamilton–Nash–Moser Theory

A typical analytic challenge that arises in moduli space problems in differential geometry
is that the linear spaces involved are usually spaces of smooth sections or functions, which
are not Banach spaces but only Fréchet spaces and the Lie groups involved such as the
diffeomorphism group of a manifold are not Banach Lie groups but Fréchet Lie groups. As a
consequence, the inverse function theorem and implicit function theorem for Banach spaces
are not applicable.

One way around this is the passage through Sobolev spaces. Another approach is to work
with Hamilton’s framework of tame Fréchet spaces and smooth tame maps. These form the
so-called Nash–Moser category, which enjoy the Nash–Moser inverse function theorem as well
as an implicit function theorem. For vector bundles over compact manifolds, the space of
smooth sections is a tame Fréchet space and the diffeomorphism group of a compact manifold
is a tame Lie group. Working in this framework thus allows us to remain entirely within the
smooth category throughout the proof, without the need to track different Sobolev spaces
or apply additional regularity arguments.

In this chapter we review the main concepts and results from Hamilton–Nash–Moser the-
ory that are required for Chapters 7 and 8. In Section 6.1, we will introduce tame Fréchet
spaces and smooth tame maps. In Section 6.2, we will state the Nash–Moser theorem and
Hamilton’s Nash–Moser implicit function theorem. We will also review some results on fam-
ilies of linear inverses, which are needed to apply the Nash–Moser theorem. In particular,
we employ the general theory to establish a specific result about families of operators in
Proposition 6.31 which is applied to the deformation family in Section 8.2.1. Finally, in Sec-
tion 6.3, we will introduce tame Fréchet manifolds and Lie groups and discuss the important
example of the diffeomorphism group of a compact manifold.

This chapter does not contain any original results except for Proposition 6.31, which
is a consequence of a general statement by Hamilton [Ham82] and the Hodge decomposi-
tion. A more specialized version of this Proposition has already appeared in the coauthored
preprint [CP26]. We also prove that the action of the diffeomorphism group on endomor-
phisms of the tangent bundle and the pull-back of differential forms are smooth tame. These
statements are known to the experts in the field but we could not find these proofs in the
literature, which is why we include them here.
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6.1 Tame Fréchet spaces and the Nash–Moser category

In this section, we will introduce tame Fréchet spaces and smooth tame maps which together
form the so-called Nash–Moser category. Tame Fréchet spaces are special kinds of graded
Fréchet spaces, which will be defined in Section 6.1.1. In Section 6.1.2, we will recall the
notion of smoothness for maps between Fréchet spaces and fix some notation. Finally, in the
Sections 6.1.3 and 6.1.4 we will introduce the notion of tameness for maps between graded
Fréchet spaces and define tame Fréchet spaces.

6.1.1 Graded Fréchet spaces

In this section, we will introduce graded Fréchet spaces. We will start recalling the definition
of a locally convex topological vector space.

Definition 6.1. A topological vector space F is called locally convex if its topology is induced
by a collection t} ¨ }iuiPI of semi-norms, in the sense that it is the coarsest translational
invariant topology for which the functions } ¨ }i are continuous.

It follows that a sequence tfju Ă F converges to f P F if and only if }fj ´ f}i Ñ 0 for
all i P I. It is easy to see that a locally convex topological vector space is Hausdorff if and
only if }f}i “ 0 for every i P I implies f “ 0.

Definition 6.2. A Hausdorff locally convex topological vector space is called metrizable if
the collection of semi-norms inducing its topology can be chosen a countable collection.

Remark 6.3. Given a metrizable Hausdorff locally convex vector space pF , t} ¨ }iuiPNq we
can define a metric on F via

dpf, gq :“
ÿ

iPN

1
2i

}f ´ g}i

1 ` }f ´ g}i

for f, g P F . The metric d is called Fréchet metric and the topology induced by d is precisely
the topology of F .

Definition 6.4. A Cauchy sequence in a locally convex topological vector space F is a
sequence tfnu Ă F such that }fj ´ fk}i Ñ 0 as j, k Ñ 8 for all i P I. The space F is called
complete if every Cauchy sequence converges.

We are now ready to give the definition of a Fréchet space:

Definition 6.5. A Fréchet space is a complete Hausdorff metrizable locally convex topolog-
ical vector space.

Remark 6.6 (Section I.1.2 in [Ham82]). 1. Closed subspaces of Fréchet spaces and quo-
tients by closed subspaces are again Fréchet spaces.

2. Countable products of Fréchet spaces are Fréchet spaces.

3. The (topological) dual of a Fréchet space that is not a Banach space is never a Fréchet
space.

Next, we will introduce gradings and define graded Fréchet spaces.
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Definition 6.7. A grading on a Fréchet space F is a collection t} ¨ }nunPN0 of semi-norms
on F inducing the topology such that for every f P F

}f}0 ď }f}1 ď }f}2 ď ...

Two gradings t} ¨ }nu and t} ¨ }1
nu on a Fréchet space F are tamely equivalent of degree r P Z

and base b P N0 if for all f P F and n ě b we have

}f}n ď Cpnq}f}1
n`r and }f}1

n ď C 1pnq}f}n`r

for some constants Cpnq, C 1pnq ą 0. A graded Fréchet space is a Fréchet space with a choice
of grading.

The prototypical example [Ham82] of a graded Fréchet space is the space pΣpBq, t} ¨ }nunPN0q

of rapidly decreasing sequences tfku in a Banach space pB, } ¨ }Bq, that is sequences such that

}tfku}n :“
8
ÿ

k“0
enk}fk}B ă 8

for every n.
The most important example of a (graded) Fréchet space for us is the space ΓpM,V q of

smooth global sections of a vector bundle V over a compact oriented manifold M . Fixing
bundle metrics and connections on V and TM and denoting by Djs the j-th covariant
derivative of s P ΓpV q the W k,2-Sobolev norms defined by

}f}k,2 :“
˜

k
ÿ

i“0

ż

M
xDif,Dify vol

¸1{2

constitute a grading on ΓpM,V q, where x , y denotes the induced bundle metric on pT ˚Mqbkb

V and vol denotes the metric volume form. An equivalent grading is given by the Ck-norms

}s}k,8 :“
k
ÿ

j“0
sup
xPM

}Djspxq},

as follows from the Sobolev embedding theorem. Indeed, by the Sobolev embedding theorem
for r ą dimM{2, we have

}f}n,8 ď C}f}n`r,2.

Since also }f}n,2 ď C 1}f}n,8 ď C2}f}n`r,8, the two gradings are equivalent.

6.1.2 Directional derivatives and families of linear maps

We recall the following definition of continuous differentiability on Fréchet spaces.

Definition 6.8. Let F and G be Fréchet spaces, U Ă F open and P : U Ñ G a continuous
map. The derivative of P at f P U in the direction h P F is defined by

DP pfqh “ lim
tÑ0

P pf ` thq ´ P pfq

t
.
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We say P is continuously differentiable or C1 on U if the limit exists for all f P U and all
h P F and if

DP : U ˆ F ÝÑ G

is continuous.

Here, we use the notation Lpf, gq “ Lpfqg to indicate that the map L is linear in the
second variable. We also refer to such maps as families of linear maps and denote families of
multi-linear maps as Lpf, g1, ..., gnq “ Lpfqtg1, ..., gnu. It is worth emphasizing that families
of linear maps are not considered as maps to HompG,Hq, which in general is not a Fréchet
space.

The directional derivative on Fréchet spaces satisfies the usual chain rule [Ham82],
i.e. given Fréchet spaces F , G and H, open subsets U Ă F , V Ă G and C1-maps P : U Ñ V,
Q : V Ñ H, the composition Q ˝ P is a C1-map and

DrQ ˝ P spfqh “ DQ pP pfqqDP pfqh.

For maps that depend on several variables we can define partial differentiability in the
usual way. Maps of class Cn are defined iteratively and the n-th derivative of a Cn-map is a
family of n-linear maps. A map of Fréchet spaces is called smooth if it is Cn for every n P N.

For a C1-map, the following property holds.

Proposition 6.9 (Theorem I.3.2.2 in [Ham82]). Let P : pU Ă Fq Ñ G be a C1-map between
Fréchet spaces, f, h P F such that f ` th P U for all t P r0, 1s. Then

P pf ` hq ´ P pfq “

ż 1

0
DP pf ` thqh dt.

Here,
şb
a denotes the Riemann integral of a continuous map f : ra, bs Ñ F to a Fréchet

space F , which is defined as follows.

Definition 6.10 (Theorem I.2.2.1 in [Ham82]). Let F be a Fréchet space,

f : ra, bs ÝÑ F

a continuous map. Then we define the Riemann integral
şb
a fptqdt P F to be the unique

element in F such that for every linear functional ℓ : F Ñ R, it holds

ℓ

ˆ
ż b

a
fptqdt

˙

“

ż b

a
ℓ pfptqq dt.

We also note the following properties of the Riemann integral.

Theorem 6.11 (Theorem I.2.2.1 in [Ham82]). The Riemann integral has the following prop-
erties for continuous f, g : ra, bs Ñ F , c P R:

1. for every continuous semi-norm on F , we have
›

›

›

›

ż b

a
fptqdt

›

›

›

›

ď

ż b

a
}fptq}dt;
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2.
ż c

a
fptqdt`

ż b

c
fptqdt “

ż b

a
fptqdt;

3.
ż b

a
rfptq ` c ¨ gptqsdt “

ż b

a
fptqdt` c

ż b

a
gptqdt.

Later on we will use the following simplified version of Taylor’s formula:

Theorem 6.12 (Theorem I.3.5.6 in [Ham82]). Let F , G be Fréchet spaces, U Ă F open and
P : U Ñ G a C2-map, f, h P F such that f ` th P U for all t P r0, 1s. Then

P pf ` hq “ P pfq `DP pfqh`Rphq,

where R is a C2-map such that Rpshq “ s2R̃ph, sq for small enough s P R, with R̃ph, sq
depending continuously on s. If P is smooth, R̃ph, sq depends smoothly on s.

6.1.3 Tame linear maps and tame Fréchet spaces

Choosing a grading on a Fréchet space allows us to define tame estimates for linear maps.

Definition 6.13. Let b P N0, r P Z. A linear map L : F Ñ G of graded Fréchet spaces
satisfies a tame estimate of degree r and base b if for every f P F and n ě b we have

}Lf}n ď Cpnq}f}n`r

for some constant Cpnq ą 0. We say L is tame linear if it satisfies a tame estimate for some r
and b. We will often leave the dependence of Cpnq on n implicit and simply write C.

We include the following examples to be used later.

Example 6.14 (Example I.1.2.2(3) in [Ham82]). A linear partial differential operator L of
order r (on a vector bundle V ) over a compact manifold is tame linear: }Ls}n,2 ď C}s}n`r,2
and similarly }Ls}n,8 ď C}s}n`r,8, for all s P ΓpM,V q.

Example 6.15. LetM be a compact complex manifold. Then the bracket r¨, ¨s : A0,ppM,T 1,0qˆ

A0,qpM,T 1,0q Ñ Ap`qpM,T 1,0q as defined in Section 5.1.1 is tame linear in both arguments
separately. More precisely, we have }rα, βs}n,2 ď C}α}n`1,2}β}n`1,2 for n ě dimM{2 ` 1
and similarly }rα, βs}n,8 ď C}α}n`1,8}β}n`1,8 for all n P N0. The analogous inequalities
hold for the Schouten bracket of a Lie algebroid over a compact manifold.

Example 6.16. The Green’s operator G of an elliptic linear partial differential operator
of order r on a vector bundle V over a compact manifold satisfies } G v}n,2 ď }v}n´r,2 for
all n P N0 and is therefore tame linear [Kod86, Thm 7.4 in appendix]. In particular, the
operator QB̄ “ B̄˚ GB̄ given in Section 5.1.3 is tame linear as it satisfies } QB̄ ξ}n,2 ď C}ξ}n´1,2
for every ξ P A‚pM,Eq and for all n P N0. The analogous inequality hold for QL as defined in
Section 5.3.4 and for QdR “ d˚ GdR, where GdR is the Green’s operator for ∆dR “ dd˚ `d˚d
and d˚ denotes the formal adjoint of the de Rham differential d.

In order to define tame Fréchet spaces, we need the notion of a tame direct summand.

Definition 6.17. Let F and G be graded spaces. Then F is a tame direct summand of G if
there are tame linear maps L : F Ñ G and M : G Ñ F such that the composition

F L
ÝÝÑ G M

ÝÝÑ F
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is the identity.

Definition 6.18. A tame Fréchet space is a graded Fréchet space that is a tame direct
summand of the Fréchet space ΣpBq of rapidly decreasing sequences for some Banach space B.
A tame (Fréchet) subspace F of a tame Fréchet space G is a graded Fréchet space F together
with a tame linear inclusion F ãÑ G of base 0.

The motivation behind this definition is as follows: The graded Fréchet space ΣpBq for
some Banach space B admits so-called smoothing operators, a property which is inherited to
tame direct summands. This property is essential for the proof of the Nash–Moser theorem,
which is why it makes sense to restrict to graded Fréchet spaces that are tame.

Example 6.19. The Fréchet space ΓpM,V q with the (equivalent) gradings discussed in the
end of Section 6.1.1 is a tame Fréchet space [Ham82, Cor II.1.3.9].

Note that tame direct summands and products of tame Fréchet spaces (with the induced
grading) are tame Fréchet spaces [Ham82, Lem II.1.3.3-4]. As a consequence, we also note
the following important examples of tame subspaces of spaces of sections.

Example 6.20. For some elliptic complex di : ΓpM,Eiq Ñ ΓpM,Ei`1q on a compact man-
ifold M , such that ΓpM,Eiq are equipped with L2-inner products, it follows from the
Hodge decomposition that for every i, the closed subspaces diΓpM,Eiq and d˚

i ΓpM,Ei`1q of
ΓpM,Eiq are tame direct summands and hence tame Fréchet spaces.

6.1.4 Smooth tame maps and the Nash–Moser category

We will now define tameness for arbitrary continuous maps between graded Fréchet spaces.

Definition 6.21. Let F and G be graded Fréchet spaces, P : pU Ă Fq Ñ G a map and
b P N0, r P Z. We say that P satisfies a tame estimate of degree r and base b if for all f P U
and n ě b it holds

}P pfq}n ď Cpnq p1 ` }f}n`rq

for some constant Cpnq ą 0. We say that P is tame if it is defined on an open set, is
continuous and satisfies a tame estimate in a neighborhood of each point.

This is a generalization of the notion of tame linear maps, since a map between graded
Fréchet spaces is a tame linear map if and only if it is linear and tame [Ham82, Thm II.2.1.5].
For tame maps of several variables, we allow different degrees in the different variables. More
specifically, we say that a map P pf, gq of graded Fréchet spaces satisfies a tame estimate of
degree r in f and s in g and base b if

}P pf, gq}n ď Cpnqp1 ` }f}n`r ` }g}n`sq

for all n ě b for some constants Cpnq independent of f and g.
For tame families of linear maps, we have the following.

Lemma 6.22 (Lemma II.2.1.7 in [Ham82]). Let Lpfqh be a continuous family of linear maps
that satisfies a tame estimate of degree r in f and s in h in a } ¨ }b`r-neighborhood of f0 and
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for all h in a } ¨ }b`s-neighborhood of 0. Then for all n ě b, f in a } ¨ }b`s-neighborhood of
f0 and all h it satisfies the estimate

}Lpfqh}n ď Cpnqp}f}n`r}h}b`s ` }h}n`sq

for constants Cpnq independent of f and h.

Definition 6.23. Let F and G be graded Fréchet spaces. A map P : pU Ă Fq Ñ G is smooth
tame if it is smooth and all derivatives of P are tame.

The set of tame Fréchet spaces together with the smooth tame maps form a category,
the Nash–Moser category. An important class of smooth tame maps are non-linear partial
differential operators:

Definition 6.24. Let M be a compact manifold, V and W vector bundles over M . A
non-linear partial differential operator of order r is a map

P : pU Ă ΓpM,V qq ÝÑ ΓpM,W q

which factorizes through a smooth fiber-preserving map U Ă JrV Ñ W , where U is an open
subset of the vector bundle JrV of r-jets of sections of V . Non-linear partial differential
operators of order zero we will also refer to as non-linear vector bundle operators.

Proposition 6.25 (Theorem II.2.2.7 in [Ham82]). A non-linear partial differential operator
is smooth tame.

An application of Proposition 6.25 is the following proposition.

Proposition 6.26. Let M be a compact manifold, V , V1, V2 and V3 vector bundles over M .
Then the maps

Γ pM,HompV2, V3qq ˆ Γ pM,HompV1, V2qq ÝÑ Γ pM,HompV1, V3qq

pA,Bq ÞÝÑ A ˝B

and

ΓpM,AutV q Ă Γ pM,HompV, V qq ÝÑ Γ pM,AutV q

A ÞÝÑ A´1

are smooth tame.

Proof. This follows by observing that the concatenation and inversion of vector bundle ho-
momorphisms are non-linear vector bundle operators.

6.2 The Nash–Moser theorem and families of inverses

We will now state the Nash–Moser theorem, which is a generalization of the inverse function
theorem on Banach spaces to the Nash–Moser category.

Theorem 6.27 (Nash–Moser theorem, Theorem III.1.1.1 in [Ham82]). Let F and G be tame
Fréchet spaces and P : pU Ă Fq Ñ G a smooth tame map. Suppose that the equation for the
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derivative DP pfqh “ k has a unique solution h “ V P pfqk for all f P U and k P G and that
the family of inverses V P : U ˆ G Ñ F is a smooth tame map. Then P is locally invertible
and each local inverse P´1 is a smooth tame map.

Note that in contrast to the inverse function theorem of Banach spaces, where the deriva-
tive only needs to be invertible in a point, the Nash–Moser theorem requires invertibility in
an open neighborhood, and that this family of inverses is a smooth tame family of linear
maps. To check that it is smooth tame it is in fact enough to show that it is continuous and
tame, as the following proposition tells us.

Proposition 6.28 (Theorem II.3.1.1 in [Ham82]). Let L : pU Ă Fq ˆ H Ñ K be a smooth
tame family of linear maps. Suppose that Lpfq is invertible for every f P U and the family
of inverses

V : pU Ă Fq ˆ K Ñ H

is continuous and tame as a map. Then V is a smooth tame family of linear maps.

The following generalization of the Nash–Moser theorem is due to Hamilton [Ham82].

Theorem 6.29 (Implicit function theorem, cf. Theorem III.3.3.1 in [Ham82]). Let F , G and
H be tame Fréchet spaces and let

A : pU Ă F ˆ Gq ÝÑ H

be a smooth tame map. Suppose that the partial derivative DfApf, gq is surjective, and there
is a smooth tame family of linear maps

V : pU Ă F ˆ Gq ˆ H ÝÑ F

such that for every pf, gq P U and h P H, we have

DfApf, gqV pf, gqh “ h.

Then if Apf0, g0q “ 0 for some pf0, g0q P U we can find neighborhoods V1 Ă F and V2 Ă G
of f0 and g0, respectively, such that for all g P V2 we can find some f P V1 with Apf, gq “ 0.
Moreover the solution f “ Bpgq is defined by a smooth tame map B.

It is worth pointing out that in [Ham82, Thm III.3.3.1], Hamilton proves a more general
theorem that allows for a "quadratic error" when inverting the partial derivative away from
pf, gq P U such that Apf, gq “ 0. Again we stress that in contrast to the implicit function
theorem of Banach spaces it is not sufficient to show surjectivity of the derivative in a point.
This can be challenging in general but is much less problematic when dealing for instance
with families of elliptic linear partial differential operators. These will be discussed in the
following section.

6.2.1 Smooth tame families of elliptic linear partial differential operators

The following theorem appears in a very similar form in [Ham82] as Theorem II.3.3.3.

Theorem 6.30 (Theorem II.3.3.3 in [Ham82]). Let V Ñ M , W Ñ M be vector bundles
over some compact manifold M . Let moreover F be a tame Fréchet space, U Ă F an open
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subset and let V1, V2 be finite-dimensional vector spaces together with continuous linear maps

i : V1 Ñ ΓpM,W q, j : ΓpM,V q Ñ V2.

Consider a smooth tame family of linear maps

ℓ : U ˆ ΓpM,V q ÝÑ ΓpM,W q

such that for every f P U , ℓpfq is an elliptic linear partial differential operator of degree r.
Suppose that for some norm on V2 we have }jphq} ď C}h}r´1 for every h P ΓpM,V q. We
define the family of linear maps

ℓ̃ : U ˆ ΓpM,V q ˆ V1 ÝÑ ΓpM,W q ˆ V2

pf, h, xq ÞÝÑ pℓpfqh` ipxq, jphqq .

If for some f0 P U the linear map ℓ̃pf0q is invertible, there is an open neighborhood Ũ Ă U of
f0 such that ℓ̃pfq is an isomorphism for every f P Ũ and the corresponding family of inverses
is a smooth tame family of linear maps.

The following application of Theorem 6.30 will be used later.

Proposition 6.31. Let U Ă F be an open neighborhood of 0 in a tame Fréchet space F . Let
M be a compact manifold, di : ΓpM,Eiq Ñ ΓpM,Ei`1q an elliptic complex such that di is of
order one for every i and for a fixed j P Z let

A : U ˆ ΓpM,Ejq ÝÑ ΓpM,Ejq

be a smooth tame family of linear maps such that

Apφqα “ α ` δpφqα,

where δpφq is such that α ÞÑ ∆jδpφqα is a linear partial differential operator of order ď 2,
δpφqα P im d˚

j for every pφ, αq P U ˆ ΓpM,Ejq and such that δp0q “ 01. Then there is an
open neighborhood U 1 Ă U of 0 such that the restriction

Apφq :
`

im d˚
j X ΓpM,Ejq

˘

ÝÑ
`

im d˚
j X ΓpM,Ejq

˘

is invertible for every φ P U 1 and the family of inverses is smooth tame. It follows that Apφq

is invertible for every φ P U 1 and the family of inverses is smooth tame.

Proof. Since the restriction
∆j : im d˚

j ÝÑ im d˚
j

is invertible, solving Apφqα “ β for α P im d˚
j , where β P im d˚

j is equivalent to solving

∆jApφqα “ ∆jα ` ∆jδpφqα “ ∆jβ “: β̃

1An example for a map δ with such properties that we will encounter in Chapter 7 is δpφqα :“ GB̄ B̄
˚

rφ, αs,
where φ, α P A0,1

pM, T 1,0
q.
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for α P im d˚
j . We define the smooth tame family of linear maps

ℓ : U ˆ ΓpM,Ejq ÝÑ ΓpM,Ejq,

pφ, αq ÞÝÑ ∆jα ` ∆jδpφqα.

Since δp0q “ 0, we observe that ℓp0q “ ∆j and therefore, there is an open neighborhood
U 1 Ă U of 0 such that ℓ : U 1 ˆ ΓpM,Ejq is a smooth tame family of elliptic operators of
degree 2. We define

ℓ̃ : U 1 ˆ ΓpM,Ejq ˆ HjpMq ÝÑ ΓpM,Ejq ˆ HjpMq

pφ, α, βq ÞÝÑ pℓpφqα ` ipβq, jpαqq ,

where Hj denotes the harmonic forms of degree j and

i : HjpMq ãÑ ΓpM,Ejq, prH : ΓpM,Ejq Ñ HjpMq,

denote the inclusion and orthogonal projection map, respectively. Let } ¨ } be the norm on
HjpMq induced by } ¨ }0,2 on ΓpM,Ejq. Then by Hodge theory

} prHpαq} ď }α}0,2 ď }α}1,2.

Since ℓp0q “ ∆j and ker ∆j “ HjpMq “ coker ∆j , we see from the definition of ℓ̃ that ℓ̃p0q is
invertible. Therefore, by Theorem 6.30 it follows that there is a neighborhood U2 Ă U 1 such
that ℓ̃pφq is invertible for every φ P U2 and the family p̃pφq of inverses is smooth tame.

Next we show that as a consequence the restriction ℓpφq : im d˚
j Ñ im d˚

j is invertible.
Since

ℓpφq|im d˚
j

“ ℓ̃pφq|im d˚
j ‘0 : im d˚

j ‘ 0 Ñ im d˚
j ‘ 0,

ℓpφqpim dj´1q Ă im dj´1 ‘ im d˚
j and ℓpφqpim dj´1qX im d˚

j “ 0, it follows that ℓpφq : im d˚
j Ñ

im d˚
j is invertible and its family of inverses is a smooth tame family of linear maps given by

the restriction

ppφq :“ p̃pφq|im d˚
j ‘0 : im d˚

j X ΓpM,Ejq ÝÑ im d˚
j X ΓpM,Ejq.

As explained above this implies the invertibility of Apφq|im d˚
j

: im d˚
j Ñ im d˚

j with a smooth
tame family of inverses.

For the last assertion, given α P ΓpM,Ejq, β P ΓpM,Ejq, we write

α “ α0 ` dj´1α1 ` d˚
jα2, β “ β0 ` dj´1β1 ` d˚

j β2,

where ∆jα0 “ 0 “ ∆jβ0. Then the equation Apφqα “ β is equivalent to

α0 “ β0, dj´1α1 “ dj´1β1, d˚
jα2 ` δpφqd˚

jα2 “ d˚
j β2 ´ δpφqtα0 ` dj´1α1u

ùñ Apφqd˚
jα2 “ d˚

j β2 ´ δpφqtβ0 ` dj´1β1u,

which has a smooth tame family of solutions by the previous statement.
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6.3 Tame Fréchet manifolds and tame Lie groups

We will not only be dealing with linear spaces but also with tame manifolds, topological
spaces that are locally modeled on tame Fréchet spaces.

Definition 6.32. A tame (Fréchet) manifold is a Hausdorff topological space with an atlas
of coordinate charts taking values in tame Fréchet spaces such that the transition maps are
smooth tame maps.

We will also need a notion of tame submanifolds.

Definition 6.33. A tame (Fréchet) submanifold N of a tame Fréchet manifold M is a subset
that can be covered by (smooth tame) charts tpUi,Φi : Ui ÝÑ Ei ‘Fiqu of M, where Ei ‘Fi
is a direct sum of graded Fréchet spaces such that ΦipN X Uiq “ ΦipUiq X Ei ˆ t0u.

Smooth tame maps between tame Fréchet manifolds are defined in the usual way using
local charts.

Definition 6.34. A map P : M Ñ N between tame Fréchet manifolds is called a smooth
tame map of Fréchet manifolds if there exist charts around every point in M and its image
in N such that the local representative of P in these charts is a smooth tame map of graded
Fréchet spaces.

Example 6.35 (Corollary II.2.3.2 and Theorem II.2.3.3 in [Ham82]). Let M and N be
finite-dimensional manifolds such that M is compact. Then the space C8pM,Nq of smooth
maps of M into N is a tame Fréchet manifold. If N 1 is another finite-dimensional manifold
and N is also compact, then the composition map

C8pN,N 1q ˆ C8pM,Nq ÝÑ C8pM,N 1q

pf, gq ÞÝÑ f ˝ g

is a smooth tame map of tame Fréchet manifolds.

Finally, we introduce tame (Fréchet) Lie groups.

Definition 6.36. A tame (Fréchet) Lie group is a tame Fréchet manifold G with a group
structure such that the multiplication and the inversion map are smooth tame maps. A
tame (Fréchet) Lie subgroup of a tame Lie group G is a tame Fréchet submanifold, which is
a subgroup of G.

The diffeomorphism group of a compact manifold is a tame Fréchet Lie group [Ham82].
We will explicitly describe a tame atlas in the following section. Another example of a
tame Lie group is the automorphism bundle of a vector bundle over a compact manifold (cf.
Proposition 6.26).

6.3.1 The diffeomorphism group of a compact manifold

Let M be a compact manifold. Fix an auxiliary Riemannian metric h on M . Then we denote
by

exph : TM ÝÑ M
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the exponential map with respect to h and by π : TM Ñ M the canonical projection. There
is a tubular neighborhood U Ă TM of M Ă TM on which the extended map

Exph : TM ÝÑ M ˆM

v ÞÝÑ

´

πpvq, exphπpvqpvq

¯

restricts to a diffeomorphism. This gives rise to a homeomorphism from a neighborhood
Uid Ă XpMq of 0 to a neighborhood Vid Ă DiffpMq of id P DiffpMq, which we will also
denote by

exph : Uid ÝÑ Vid.

Similarly, for f P DiffpMq and some neighborhood Uf Ă ΓpM,f˚TMq of 0 in ΓpM,f˚TMq,
we obtain a homeomorphism

exph : Uf ÝÑ Vf
to a neighborhood Vf Ă DiffpMq of f .

Proposition 6.37 (Theorem III.2.3.1 and Corollary III.2.3.2 in [Ham82]). The local charts
´

Vf , pexphq
´1
¯

form a smooth tame atlas of DiffpMq. In particular, we may identify Tf DiffpMq –

ΓpM,f˚TMq.

For f P DiffpMq we denote by Lf and Rf the left- and right-multiplication by f , respec-
tively, and by I the inversion map.

Proposition 6.38 (Example I.4.4.5-6 in [Ham82]). For f, g P DiffpMq, X P ΓpM, g˚TMq

we have

DLf pgqX “ df ˝X, DRf pgqX “ X ˝ f, DIpgqX “ ´dg´1 ˝X ˝ g´1.

The Lie algebra of the diffeomorphism group is given by pXpMq,´r¨, ¨sq, where r¨, ¨s is the
usual Lie bracket of vector fields. The adjoint action of DiffpMq on its Lie algebra is given
by

Ad: DiffpMq ˆ XpMq ÝÑ XpMq

pf,Xq ÞÝÑ AdpfqX :“ df ˝X ˝ f´1.

In particular this shows that the push-forward of a vector field by a diffeomorphism is a
smooth tame map.

We will also consider the action of diffeomorphisms on endomorphisms of the tangent
bundle. In the following we will see that this action is smooth tame.

Lemma 6.39. The map

DiffpMq ˆ ΓpM,EndTMq ÝÑ ΓpM,EndTMq

pf, ψq ÞÝÑ df ˝ ψ ˝ df´1

is smooth tame.
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Proof. We define the auxiliary map

A : DiffpMq ˆ ΓpM,EndTMq ˆ XpMq ÝÑ XpMq

pf, ψ,Xq ÞÝÑ df ˝ ψ ˝ df´1pXq.

We observe that

Apf, ψ,Xq “df ˝ ψ ˝ df´1 ˝X ˝ f ˝ f´1

“df ˝ pψ ˝ pdf´1 ˝X ˝ fqq ˝ f´1

“ Adpfqtψ ˝ Adpf´1qXu.

It follows that A is a composition of smooth tame maps and hence smooth tame. In a local
coordinate neighborhood, we can recover the original map by setting

pf, ψq ÞÝÑ
ÿ

i

Apf, ψ, Biq b dxi.

These patch together to give a well-defined global section to EndTM . The patching can be
made explicit using a partition of unity. In particular, this yields a smooth tame map.

Moreover, we will encounter the pull-back of differential forms by diffeomorphisms. In
the following we show that this is a smooth tame map.

Proposition 6.40. The pull-back of a k-form by a diffeomorphism seen as a map

DiffpMq ˆ ΩkpMq ÝÑ ΩkpMq

pf, φq ÞÝÑ f˚φ.

is smooth tame.

Proof. First, we observe that for k “ 0, the pull-back of g P Ω0pMq “ C8pMq simply
becomes the composition map f˚g “ g ˝ f for f P DiffpMq, which is a smooth tame map
(see [Ham82, Thm II.2.3.3]).

Next, given an exact one-form α P Ω1pMq, we can write it as α “ dg for some g P C8pMq.
The function g is uniquely determined up to a constant and there is a tame linear map α ÞÑ g
such that dg “ α, given by QdR “ d˚ GdR, where d˚ is the formal adjoint of the de Rham
differential with respect to the L2-inner product induced by the auxiliary Riemannian metric
on M and GdR is the Greens operator of the Laplacian ∆ “ d˚d ` dd˚. It follows from
Example 6.16 that QdR is tame linear. The pull-back of α by f P DiffpMq is then given by

f˚α “ f˚dg “ dpg ˝ fq

and hence smooth tame as a composition of smooth tame maps.
Moreover, for some g P C8pMq and exact one-forms α1, . . . , αk, the pull-back of φ :“

g α1 ^ ¨ ¨ ¨ ^ αk by f P DiffpMq is given by

f˚φ “ pg ˝ fq f˚α1 ^ ¨ ¨ ¨ ^ f˚αk.
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Since the wedge product is a tame multi-linear map, this shows that

DiffpMq ˆ C8pMq ˆ
`

dΩ0pMq
˘k

ÝÑ ΩkpMq

pf, g, α1, . . . , αkq ÞÝÑ f˚pg α1 ^ ¨ ¨ ¨ ^ αkq
(6.1)

is a smooth tame map.
Locally, every k-form can be written as a finite sum of elements of the form g α1^¨ ¨ ¨^αk,

where g P C8pMq and αi P dΩ0pMq. These local descriptions can be patched together using
a partition of unity and since M is compact, in this way we can write every k-form as a
finite sum of elements of the form g α1 ^ ¨ ¨ ¨ ^ αk as above. In particular, this shows that
the pull-back of any k-form by some diffeomorphism is a finite sum of terms of the form
as in (6.1) which are smooth tame. It follows that the pull-back is smooth and that all its
derivatives satisfy tame estimates. This finishes the proof.

In the following chapter, we will be interested in the situation where the compact manifold
is equipped with a complex structure J . We will often use the isomorphism of (real) vector
bundles

Ψ: T 1,0M ÝÑ TM

ξ ÞÝÑ ξ ` ξ̄,
(6.2)

in order to identify Tf DiffpMq – Γ
`

M,f˚T 1,0M
˘

.

Lemma 6.41. For ξ P Ψ´1pUidq we denote Fξ :“ exph ˝Ψpξq P DiffpMq. Then

AdpFξqX “ X ´ rΨξ,Xs `RAdpξqX,

where RAdpsξq “ s2R̃Adpξ, sq, for a real parameter s, where R̃Adpξ, sq depends smoothly on s
for small s.

Proof. The statement follows directly from Theorem 6.12 using the facts that D0 exph “ id
and

Df Adpf “ idqtX,Y u “ ´rY,Xs

for X,Y P XpMq.



Chapter 7

Deformations of Complex
Structures

We have seen in Section 5.1.2 how deformations of a complex structure can be encoded into
forms φ P A0,1pM,T 1,0q. We have also seen that integrability of the deformed structure
is equivalent to a Maurer–Cartan equation for φ. However, as we already mentioned in
Section 5.1.2, not every complex deformation φ will give rise to a genuinely new complex
structure: some of them might simply arise by acting on the "original" complex structure
with a small diffeomorphism. More generally, two deformations might be related to one
another by the action of a diffeomorphism. This led to the notion of a locally complete
family of deformations, a family of complex deformations from which every other family of
(sufficiently small) deformations can be obtained by the action of a family of diffeomorphisms.

Building on previous work by Kodaira and Spencer (with contributions by Nirenberg)
in [KNS58; KS58a; KS58b; KS60], Kuranishi [Kur62] proved a general theorem on the
existence of locally complete families of deformations on compact complex manifolds. Sub-
sequently, in [Kur65], he gave a simplified proof of his theorem. Kuranishi’s proof in [Kur65]
relies on Sobolev spaces and refers to both the inverse and implicit function theorem on
Banach spaces. However, as we already mentioned in the introduction, the presentation
in [Kur65] omits proofs of the differentiability of the relevant maps, which is required to
argue that the implicit function theorem is indeed applicable.

In this first original chapter of Part II, we will revisit Kuranishi’s proof in [Kur65] in the
framework of tame Fréchet spaces using the Nash–Moser inverse function theorem as well as
Hamilton’s Nash–Moser implicit function theorem introduced in Chapter 6. This will set the
foundations for our extension of the deformation theory of generalized complex structures
to a larger class of Courant algebroids in Chapter 8.

The chapter is structured as follows. In Section 7.1, we will prove that the action of
diffeomorphisms on the almost complex structures is smooth tame. We will then consider
the corresponding local action on deformations and its local expression in a chart around
the identity of the diffeomorphism group, which are again smooth tame maps. Moreover, we
will compute a partial derivative of this local expression, which will be relevant to our proof
of local completeness. In Section 7.2, we will then prove the "deformation theorem" on the
existence of a locally complete family of complex deformations. The proof is split into two
parts: First, we construct the family in Section 7.2.1, then we will prove its local completeness
in Section 7.2.2. We will furthermore see that if the group of complex automorphisms of the
complex manifold is discrete, this gives rise to a miniversal family, i.e. a locally complete

113
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family with a minimal set of parameters.
Up to minor changes to the content and adaptations of the notation, all sections in this

chapter are taken from the coauthored preprint [CP26].

7.1 Diffeomorphisms acting on deformations

Let M be a compact manifold. The set of almost complex structures of M can be seen as
the space of sections ACpMq of a fiber subbundle of EndTM and hence is a tame Fréchet
submanifold of ΓpM,EndTMq [Ham82, Thm II.2.3.1]. The diffeomorphism group DiffpMq

of M acts on the tame Fréchet manifold of almost complex structures on M via

pf, Jq ÞÝÑ Jf :“ df ˝ J ˝ df´1.

This is a restriction of the action of diffeomorphisms on sections of the endomorphism bundle
of TM , which is smooth tame by Lemma 6.39.

Proposition 7.1. The action of the diffeomorphisms on the tame Fréchet manifold ACpMq

of almost complex structures is smooth tame.

Proof. This follows from Lemma 6.39, since ACpMq Ă ΓpM,EndTMq is a tame Fréchet
submanifold.

It was already mentioned in Section 5.1 that when acting with a diffeomorphism f con-
tained in a small enough C1-neighborhood V of the identity on a complex structure J , the
resulting complex structure Jf will again have finite distance from J . We will denote by
Θpfq P A0,1pM,T 1,0q the corresponding complex deformation. Since Θpfq can be thought
of as the action of f P DiffpMq in a local chart of the tame manifold of almost complex
structures, the map Θ: V Ñ A0,1pM,T 1,0q is smooth tame.

Similarly, when acting on an almost complex structure Jφ at finite distance from J , there
is a C1-neighborhood of the identity V Ă DiffpMq such that for f P V, the almost complex
structure Jφ,f has again finite distance from J and we will denote the corresponding almost
complex deformation by Θpf, φq P A0,1pM,T 1,0q. Again Θ can be thought of as a local
description of the action of the diffeomorphisms on ACpMq and hence, it is smooth tame. In
the following we will see an explicit formula for Θpf, φq. For this, we introduce the following
notation for the different components of the C-linear extension of the differential df of a
diffeomorphism f with respect to T “ T 1,0 ‘ T 0,1 by

df “

ˆ

Bf B̄f

Bf̄ Bf

˙

.

Proposition 7.2. There is a C1-neighborhood V of the identity in DiffpMq and a C0-
neighborhood U Ă A0,1pM,T 1,0q of 0 such that for every f P V, φ P U , the almost complex
structure Jφ,f has finite distance from J . The corresponding almost complex deformation
Θpf, φq P A0,1pM,T 1,0q depends smooth tamely on φ and f and is given by the formula

Θpf, φq “ ´
`

B̄f ´ Bf ˝ φ
˘ `

Bf ´ Bf̄ ˝ φ
˘´1

. (7.1)



7.1. DIFFEOMORPHISMS ACTING ON DEFORMATIONS 115

Proof. We only need to prove the explicit formula for Θpφ, fq. For this, we observe that

T 0,1pJφ,f qp “

!

df pY ´ φpY qq : Y P T 0,1
f´1ppq

)

.

Then

pr0,1 T
0,1pJφ,f qp “

!

BfpY q ´ Bf̄ pφpY qq : Y P T 0,1
f´1ppq

)

,

pr1,0 T
0,1pJφ,f qp “

!

B̄fpY q ´ Bf pφpY qq : Y P T 0,1
f´1ppq

)

.

Note that there is a C0-neighborhood U Ă A0,1pM,T 1,0q and a C1-neighborhood V Ă

DiffpMq of the identity such that
`

Bf ´ Bf̄ ˝ φ
˘

: T 0,1 Ñ T 0,1 is invertible for every pf, φq P

V ˆ U . Then for every Y P T 0,1
f´1ppq

we can find a unique X P T 0,1
p such that

`

Bf ´ Bf̄ ˝ φ
˘

Y “ X.

It follows that

T 0,1pJφ,f qp “

!

X `
`

B̄f ´ Bf ˝ φ
˘ `

Bf ´ Bf̄ ˝ φ
˘´1

X : X P T 0,1
ppq

)

and hence
Θpf, φq “ ´

`

B̄f ´ Bf ˝ φ
˘ `

Bf ´ Bf̄ ˝ φ
˘´1

.

We will also write Θpf, φq “: f ¨ φ.

Lemma 7.3. Let f, g P DiffpMq and φ P A0,1pM,T 1,0q such that Θpg˝f, φq is defined. Then
Θpg ˝ f, φq “ g ¨ Θpf, φq.

Proof. This follows from

Jg˝f “ dpg ˝ fq ˝ J ˝ dpg ˝ fq´1 “ dg ˝ Jf ˝ dg´1 “ pJf qg.

We set

U pkq
ε :“ tξ P A0pM,T 1,0q : }ξ}k,8 ă εu,

Wpkq
ε :“ tφ P A0,1pM,T 1,0q : }φ}k,8 ă εu.

Let h be an auxiliary Riemannian metric on M and Ψ as defined in (6.2). Then for ε ą 0
small enough, we may concatenate Θ with the local parametrization exph ˝Ψ of DiffpMq (cf.
Section 6.3.1) to obtain a smooth tame map

E : U p1q
ε ˆ Wp0q

ε ÝÑ A0,1pM,T 1,0q

pξ, φq ÞÝÑ Epξ, φq :“ Fξ ¨ φ.

Remark 7.4. In [Ham77], Hamilton already stated that a map closely related to E is smooth
tame by arguing that it is a nonlinear partial differential operator. However, this is not
clear to us as when substituting f “ exphpΨξq in the formula (7.1) for Θpf, φq, the section
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ξ P A0,1pM,T 1,0q is evaluated in different base points. This means that the map Epξ, φq “

Θ
`

exphpΨξq, φ
˘

does not factorize through the jet bundle. Therefore, we chose to give the
different proof above.

In the following, we will compute the partial derivative DξEpξ, φq, which is needed for
the proof of local completeness of the deformation family in Section 7.2.2. First, we prove
the following proposition.

Proposition 7.5. Let pξ, φq P U p1q
ε ˆ Wp0q

ε . Then for ε ą 0 small enough

Epξ, φq “ φ´ B̄paφξq ` rφ, aφξs ´ ιξ̄
`

B̄φ´ 1
2 rφ,φs

˘

`Rpξ, φq,

where aφξ “ ξ` iξ̄φ and Rptξ, φq “ t2R̃pξ, φ, tq for a real parameter t with R̃pξ, φ, tq depend-
ing smoothly on t for small t.
Proof. We write

T 0,1
p pJEpξ,φqq “

!

AdpFξq pX ´ φpXqqp : X P ΓpM,T 0,1q

)

“

!

Xp ´ φpXpq ´ rΨξ,X ´ φpXqsp `RApξq pX ´ φpXqqp : X P ΓpM,T 0,1q

)

,

where we used Lemma 6.41. Then

pr0,1
`

T 0,1
p pJEpξ,φqq

˘

“
␣

Xp ´ pr0,1rΨξ,X ´ φpXqsp ` pr0,1RApξq pX ´ φpXqpq : X P ΓpM,T 0,1q
(

.

We define Bpξ, φq : ΓpM,T 0,1q Ñ ΓpM,T 0,1q by

Bpξ, φqX “ pr0,1 AdpFξq pX ´ φpXqq

“ X ´ pr0,1rΨξ,X ´ φpXqs ` pr0,1RApξq pX ´ φpXqq .
(7.2)

For ε ą 0 small enough, the map Bpξ, φq is invertible for every pξ, φq P U p1q
ε ˆ Wp0q

ε and the
family of inverses Bpξ, φq´1Z depends smooth tamely on φ and ξ. To see this note that the
inverse of pr0,1 : T 0,1pJEpξ,φqq Ñ T 0,1 is given by id ´Epξ, φq : T 0,1 Ñ T 0,1pJEpξ,φqq Ă T , which
we already know depends smooth tamely on ξ and φ, and the inverse of X ÞÑ AdpFξqpX ´

φpXqq is given by Z ÞÑ pr0,1 AdpF´1
ξ qY . Using that Bpφ, ξq´1Z depends smoothly on ξ and

equation (7.2), we note that

Bpξ, φq´1Z “ Z ` pr0,1rΨξ, Z ´ φpZqs ` higher orders of ξ.

Then for Z P ΓpM,T 0,1q we find that

T 0,1
p pJEpξ,φqq “

␣

Zp ´ φpBpξ, φq´1pZqpq ´ pr1,0rΨξ,Bpξ, φq´1pZq ´ φ
`

Bpξ, φq´1pZq
˘

sp

` higher orders of ξ : Z P ΓpM,T 0,1q
(

“
␣

Zp ´ φpZpq ´ φ
`

pr0,1rΨξ, Z ´ φpZqsp
˘

´ pr1,0rΨξ, Z ´ φpZqsp

` higher orders of ξ : Z P ΓpM,T 0,1q
(

.

It follows that

Epξ, φqpZpq “ φpZpq ` pr1,0rΨξ, Z ´ φpZqsp ` φ
`

pr0,1rΨξ, Z ´ φpZqsp
˘

`Rpξ, φqpZpq,

(7.3)
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where Rptξ, φq “ t2Rpξ, φ, tq for a real parameter t with Rpξ, φ, tq depending smoothly on t
for small t. We compute

pr1,0rΨξ, Z ´ φpZqsp ` φ
`

pr0,1rΨξ, Z ´ φpZqsp
˘

“ pr1,0rξ, Zs ´ rξ, φpZqs ´ pr1,0rξ̄, φpZqs ` φ
`

rξ̄, Zs
˘

` φ
`

pr0,1rξ, Zs
˘

´ φ
`

pr0,1rξ̄, φpZqs
˘

“ ´ B̄ξpZq ` rφ, ξspZq ´ B̄φpξ̄, Zq ` 1
2 rφ,φspξ̄, Zq ´ B̄

`

φpξ̄q
˘

pZq `
“

φ,φpξ̄q
‰

pZq

“ ´ B̄paφξqpZq ` rφ, aφξspZq ´ ιξ̄
`

B̄φ´ 1
2 rφ,φs

˘

pZq,

where we used Lemma 5.2 and wrote aφξ “ ξ ` ιξ̄φ. Plugging this back into equation (7.3),
we obtain the expression for Epξ, φq as stated above.

Lemma 7.6. For some ε ą 0, φ P Wp0q
ε , let

aφ : A0pM,T 1,0q ÝÑ A0pM,T 1,0q

ξ ÞÝÑ ξ ` ιξ̄φ.

Then the family of (real-)linear maps

a : Wp0q
ε ˆ A0,1pM,T 1,0q ÝÑ A0pM,T 1,0q

pφ, ξq ÞÝÑ aφξ

is smooth tame. Moreover, for ε ą 0 small enough, aφ is invertible for every φ P Wp0q
ε and

the family of inverses a´1
φ is smooth tame.

Proof. That a is smooth tame of tameness degree 0 follows from Proposition 6.25 and the
fact that it is a non-linear partial differential operator of degree 0. Moreover, aφ is invertible
for }φ}0,8 small enough. Define φ̃ : T 1,0 Ñ T 1,0 by φ̃pξq :“ φpξ̄q. Then aφ “ id `φ̃ and the
inverse a´1

φ is given by the sum

a´1
φ “

8
ÿ

k“0
p´φ̃qk,

which converges fiberwise for small enough }φ}0,8. In particular, the whole family of linear
maps a´1

φ ξ is a non-linear partial differential operator of degree 0 and therefore smooth tame
of degree 0 by Proposition 6.25.

We will now use Proposition 7.5 to compute DξEpξ, φq for almost complex deformations
φ:

Proposition 7.7. Let pξ, φq P U p1q
ε ˆ Wp0q

ε . Then for ε ą 0 small enough

DξEpξ, φqη “ ´B̄pbpφ,ξqηq ` rEpξ, φq, bpξ,φqηs ´ ιcξη

`

B̄Epξ, φq ´ 1
2 rEpξ, φq, Epξ, φqs

˘

,

where bpξ,φqη “ aEpξ,φqcξη, with a as defined in Proposition 7.5 and

cξη “ DCξp0qη, Cξ : U Q η̃ ÞÑ

´

exph ˝Ψ
¯´1 ´

Fξ`η̃F
´1
ξ

¯

P A0 `M,T 1,0˘ ,

for a sufficiently small C1-neighborhood U Ă A0 `M,T 1,0˘ of zero.
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Proof. Let ξ P U p1q
ε . Moreover, let U Ă U p1q

ε be an open neighborhood of 0 such that
ξ ` η̃ P U p1q

ε for every η̃ P U . We have:

Epξ ` η̃, φq “ Fξ`η̃ ¨ φ.

Note that, possibly after shrinking U , we have

Fξ`η̃ ˝ F´1
ξ P exph ˝ΨpU p1q

ε q

for every η̃ P U . We set

Cξpη̃q :“
´

exph ˝Ψ
¯´1 ´

Fξ`η̃F
´1
ξ

¯

.

Then by Lemma 7.3, we obtain

Epξ ` η̃, φq “

´

FCξpη̃q ˝ Fξ

¯

¨ φ “ FCξpη̃q ¨ Epξ, φq “ E pCξpη̃q, Epξ, φqq .

By Proposition 7.5 and since Cξp0q “ 0, it follows that

DξEpξ, φqη “ lim
tÑ0

1
t

¨ rEpξ ` tη, φq ´ Epξ, φqs

“ lim
tÑ0

1
t

¨ rE pCξptηq, Epξ, φqq ´ Epξ, φqs

“ lim
tÑ0

1
t

¨
“

´B̄paEpξ,φqCξptηqq ` rEpξ, φq, aEpξ,φqCξptηqs

´ι
Cξptηq

`

B̄Epξ, φq ´ 1
2 rEpξ, φq, Epξ, φqs

˘

`RpCξptηq, Epξ, φqq

ı

“ ´ B̄paEpξ,φqcξηq ` rEpξ, φq, aEpξ,φqcξηs ´ ιcξη

`

B̄Epξ, φq ´ 1
2 rEpξ, φq, Epξ, φqs

˘

,

where cξpηq “ DCξp0qη. After setting bpξ,φqη “ aEpξ,φqcξη we arrive at the expression as
stated in Proposition 7.7.

Lemma 7.8. For some ε ą 0, let Wp0q
ε , U p1q

ε as above. We assume that ε ą 0 is small
enough so that cξ and bpξ,φq as in Proposition 7.7 are defined for ξ P U p1q

ε and φ P Wp0q
ε .

Then the families of linear maps

c : U p1q
ε ˆ A0pM,T 1,0q ÝÑ A0pM,T 1,0q

pξ, ηq ÞÝÑ cξη

and

b : U p1q
ε ˆ Wp0q

ε ˆ A0pM,T 1,0q ÝÑ A0pM,T 1,0q

pξ, φ, ηq ÞÝÑ bpξ,φqη

are smooth tame. Moreover, for ε ą 0 small enough, cξ is invertible for every ξ P U p1q
ε , and

bpξ,φq is invertible for every ξ P U p2q
ε , φ P Wp1q

ε . The families of inverses c´1
ξ and b´1

pξ,φq
are

smooth tame.
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Proof. Recall that

cξη “ DCξp0qη, Cξ : U Q η̃ ÞÑ

´

exph ˝Ψ
¯´1 ´

Fξ`η̃F
´1
ξ

¯

P A0 `M,T 1,0˘ ,

where U Ă U p1q
ε is an open neighborhood of 0 such that ξ ` η̃ P U p1q

ε for every η̃ P U and
Fξ`η̃ ˝ F´1

ξ P exph ˝ΨpU p1q
ε q. Note that Cξ can be extended to a C0-neighborhood Ũ of 0

such that ξ ` η̃ P pexph ˝Ψq´1pVidq and Fξ`η̃F
´1
ξ P Vid for every η̃ P Ũ , where Vid denotes

the local chart neighborhood of id P DiffpMq. We may furthermore assume, possibly after
shrinking ε ą 0, that Ũ can be chosen independently of ξ, such that we obtain a well-defined
map

C : U p1q
ε ˆ Ũ ÝÑ A0pM,T 1,0q

pξ, η̃q ÞÝÑ Cξpη̃q.

Then Cξpη̃q is smooth tame in ξ and η̃ as a composition of smooth tame maps and invertible
for every small enough ξ. To compute the inverse, we note that

Cξpη̃q “ pexph ˝Ψq´1
´

RF´1
ξ

˝ exph ˝Ψpξ ` η̃q

¯

.

Since R´1
F´1

ξ

“ RFξ
, we find that

C´1
ξ pχq “ pexph ˝Ψq´1 ˝RFξ

˝ exph ˝Ψpχq ´ ξ

“ pexph ˝Ψq´1 pFχFξq ´ ξ,

which is smooth tame. It follows that the family c of linear maps is smooth tame and cξ is
invertible for small enough ξ and the family of inverses c´1

ξ is again smooth tame.

For the statements about b we observe that when shrinking ε, for pξ, φq P U p2q
ε ˆ Wp1q

ε we
can make }Epξ, φq}0,8 arbitrarily small. Indeed, using Proposition 6.9 and the properties of
the Fréchet integral in Theorem 6.11, we find

}Epφ, ξq}0,8 “

›

›

›

›

φ`

ż 1

0
DξEpφ, tξqξ dt

›

›

›

›

0,8

ď }φ}0,8 `

ż 1

0
}DξEpφ, tξqξ}0,8 dt

ď }φ}0,8 `

ż 1

0
C pp}φ}1,8 ` t}ξ}2,8q }ξ}1,8 ` }ξ}1,8q dt

ď ε
`

1 ` C ` 3
2ε
˘

,

for pξ, φq P U p2q
ε ˆ Wp1q

ε , where we used Lemma 6.22 in the third step.

It follows that for small enough ε ą 0, we can use Lemma 7.6 to conclude that aEpξ,φqη

is a smooth tame family of linear maps which is invertible for every φ P Wp1q
ε , ξ P U p2q

ε

and the family of inverses is again smooth tame. Since bpξ,φqη “ aEpξ,φqcξη, this proves the
assertion.
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7.2 The deformation theorem

Let now pM,Jq be a compact complex manifold. When not stated otherwise, the bi-gradings
appearing in this section are with respect to the complex structure J . Our aim is to show
the following:

Theorem 7.9 (Deformation theorem). There exists an open neighborhood W Ă H0,1pM,T 1,0q

of 0, a family M̃ “ tφt : t P Wu of almost complex deformations of J , and an analytic ob-
struction map

ϕ : W Ñ H0,2pM,T 1,0q

such that the almost complex deformations M :“ tφt P M̃ : ϕptq “ 0u are precisely the
integrable ones. Any sufficiently small complex deformation of J is equivalent to at least
one member of the family M. In the case that the obstruction map vanishes, M is a locally
complete family of complex deformations.

Definition 7.10. We will call the family M in Theorem 7.9 the Kuranishi family and the
set ϕ´1p0q Ă W the Kuranishi moduli space.

The proof of Theorem 7.9 is split into two parts. First, we will construct the family
and the obstruction map in Section 7.2.1. Then we will prove that the family is locally
complete in Section 7.2.2. We will closely follow Kuranishi’s line of thought (in particular in
Section 7.2.1) complemented by the techniques of Hamilton–Nash–Moser theory.

7.2.1 Description of the family

Let

Ṽ1 :“
␣

φ P A0,1pM,T 1,0q : B̄φ´ 1
2 rφ,φs “ 0 “ B̄˚φ

(

Ă A0,1pM,T 1,0q.

We will see that as a set, the family of complex deformations M is contained in Ṽ1. Our
strategy will be the following: First we show that Ṽ1 is contained in another set Ṽ2 and that
for small enough ε ą 0 and large enough k P N0, the intersection Wpkq

ε X Ṽ2 is parametrized
by a neighborhood of 0 in H0,1pM,T 1,0q. Then we will find an analytic map

ϕ : Wpkq
ε X Ṽ2 ÝÑ H0,2pM,T 1,0q

such that ϕpφq “ 0 if and only if φ is integrable and hence contained in M.
In the following lemma, we define the set Ṽ2 and prove that it contains the set Ṽ1 as

defined above.

Lemma 7.11. Ṽ1 Ă Ṽ2 :“
␣

φ P A0,1pM,T 1,0q : φ´ 1
2 QB̄rφ,φs P H0,1pM,T 1,0q

(

.

Proof. Let φ P Ṽ1. Then

∆B̄φ “ pB̄B̄˚ ` B̄˚B̄qφ “ B̄˚B̄φ “ 1
2 B̄˚rφ,φs,

where we used B̄˚φ “ 0 for the second equality and B̄φ “ 1
2 rφ,φs for the last one. Applying

the Green’s operator GB̄ to both sides and using prH ` GB̄ ∆B̄ “ id yields

0 “ GB̄ ∆B̄φ´ 1
2 GB̄ B̄˚rφ,φs “ φ´ prH φ´ 1

2 QB̄rφ,φs.
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Hence,

φ´ 1
2 QB̄rφ,φs “ prH φ P H0,1pM,T 1,0q

and thus, φ P Ṽ2.

Next, we want to show that for some ε ą 0 and k P N0, the intersection Wpkq
ε X Ṽ2 is

parametrized by a neighborhood of 0 in H0,1pM,T 1,0q. To this end, we define the map

σ : A0,1pM,T 1,0q ÝÑ A0,1pM,T 1,0q

φ ÞÝÑ φ´ 1
2 QB̄rφ,φs.

Lemma 7.12. The map σ is smooth tame.

Proof. This follows from Example 6.15 and 6.16.

Proposition 7.13. For ε ą 0 small enough and large enough k P N0, the equation Dσpφqα “

β has a unique solution α for every φ P Wpkq
ε , β P A0,1pM,T 1,0q. Moreover, the family

V pφqβ “ α of solutions is a smooth tame family of linear maps.

Proof. We compute

Dσpφqα “ α ´ QB̄rα,φs “ α ´ B̄˚ GB̄rα,φs.

The statement follows then from Proposition 6.31.

Corollary 7.14. For ε ą 0 small enough and k P N0 large enough, σ maps Wpkq
ε bijectively

onto a neighborhood W̃ε Ă A0,1pM,T 1,0q of 0 such that the inverse map

σ´1 : W̃ε ÝÑ Wpkq
ε

is smooth tame.

Proof. This follows from Theorem 6.27 and Proposition 7.13.

In particular, setting Wε :“ W̃εXH0,1pM,T 1,0q and Vε :“ Ṽ2 XWpkq
ε , we obtain a smooth

tame map

φ :“ σ´1|Wε : Wε ÝÑ Vε.

Corollary 7.15. The family M̃ :“ tφptq : t P Wεu is a smooth family of almost complex
deformations.

Next, we will identify the obstruction map, whose vanishing set are precisely the inte-
grable deformations in Vε.

Lemma 7.16. For ε ą 0 small enough, φ P Vε is in Sε :“ Ṽ1 X Wpkq
ε if and only if

ϕpφq :“ prHrφ,φs “ 0.

Proof. We first note that for any φ P Vε, we have

B̄φ´ 1
2 rφ,φs “1

2 B̄ QB̄rφ,φs ´ 1
2 rφ,φs

“ ´ 1
2 QB̄ B̄rφ,φs ´ 1

2 prHrφ,φs,
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where we used φ P Vε for the first equality and prH `B̄ QB̄ ` QB̄ B̄ “ id for the second equality.
Since the images of QB̄ and prH are orthogonal to each other, it follows that

B̄φ´ 1
2 rφ,φs “ 0 ðñ QB̄ B̄rφ,φs “ 0 and prHrφ,φs “ 0. (7.4)

We claim that for ε ą 0 small enough, prHrφ,φs “ 0 already implies QB̄ B̄rφ,φs “ 0. To see
this, suppose φ P Vε such that prHrφ,φs “ 0. Then,

QB̄ B̄rφ,φs “ ´B̄ QB̄rφ,φs ` rφ,φs.

Using the compatibility of the bracket r¨, ¨s and B̄ as stated in Lemma 5.1 and φ P Ṽ2, we
compute

QB̄ B̄rφ,φs “ 2 QB̄rB̄φ,φs “ QB̄rB̄ QB̄rφ,φs, φs “ QB̄r´ QB̄ B̄rφ,φs, φs ` QB̄rrφ,φs, φs.

By the Jacobi identity (see Lemma 5.1), we must have rrφ,φs, φs “ 0. Therefore, setting
η :“ QB̄ B̄rφ,φs, we find

η “ ´ QB̄rη, φs.

It follows from Example 6.15 and 6.16 that for k ě dimM{2 ` 1

}η}k,2 “ } QB̄rη, φs}k,2 ď C}η}k,2}φ}k,2 ď Cε}η}k,2.

In particular, for ε ă 1{C, this implies that η “ 0 and hence QB̄ B̄rφ,φs “ 0. By equa-
tion (7.4) this shows that φ P Sε.

7.2.2 Local completeness of the family

In the last step of the proof of Theorem 7.9, we need to show that every sufficiently small
complex deformation φ can be obtained from M via a diffeomorphism, i.e. there is some
small ξ P A0pM,T 1,0q such that B̄˚Epξ, φq “ 0. Moreover, given a smooth family of small
(almost) complex deformations φt, we need to show that there is a family ξt Ă A0pM,T 1,0q

depending smoothly on t such that B̄˚Epξt, φtq “ 0.
In the following, we will denote by H0pM,T 1,0q

K, the orthogonal complement of H0pM,T 1,0q

in A0pM,T 1,0q. The elements of H0pM,T 1,0q
K are the B̄˚-exact forms in A0pM,T 1,0q.

Proposition 7.17. There is a neighborhood W of the origin in A0,1pM,T 1,0q and a neigh-
borhood U of the origin in H0pM,T 1,0q

K such that for any φ P W there is a unique solution
ξ “ ξpφq P U to the equation

B̄˚Epξ, φq “ 0.

The solution map ξpφq is smooth tame.
Remark 7.18. Note that if H0pM,T 1,0q “ 0, Proposition 7.17 implies that every almost
complex deformation φ P W is related to an almost complex deformation φ1 such that
B̄˚φ1 “ 0 via a unique diffeomorphism Fξ, ξ P U . Thus, the representative φ1 is locally
unique. If the obstruction map vanishes, Theorem 7.9 yields a so-called miniversal family of
complex deformations and the condition B̄˚φ “ 0 can be thought of as taking a local slice
for the action of the diffeomorphisms on the space of (almost) complex structures.
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Since H0pM,T 1,0q – H0pM,T 1,0q is the Lie algebra of the Lie group of complex automor-
phisms of M , the condition H0pM,T 1,0q “ 0 is satisfied if and only if the group of complex
automorphisms of M is discrete.

For the proof of Proposition 7.17, we wish to apply Theorem 6.29. For this, note that
B̄˚Epξ, φq “ 0 if and only if QB̄ Epξ, φq “ 0. For some ε ą 0, k P N, let Wpkq

ε be as before and

Ũ pkq
ε :“

!

ξ P H0pM,T 1,0q
K : }ξ}k,8 ă ε

)

.

Then, for ε small enough and large enough k the map

A : Ũ pkq
ε ˆ Wpkq

ε ÝÑ H0pM,T 1,0q
K

pξ, φq ÞÝÑ QB̄ Epξ, φq

is well-defined and smooth tame as a composition of smooth tame maps. Using Proposi-
tion 7.7, for pξ, φq P Ũε ˆ Wε, α P H0pM,T 1,0q

K we compute

DξApξ, φqα “ QB̄ DξEpξ, φqα

“ ´ QB̄ B̄pbpξ,φqαq ` QB̄rEpφ, ξq, bpξ,φqαs

´ QB̄ ιcξα

`

B̄Epξ, φq ´ 1
2 rEpξ, φq, Epξ, φqs

˘

“ ´ pid ´ prHqpbpξ,φqαq ` QB̄rEpξ, φq, bpξ,φqαs

´ QB̄ ιcξα

`

B̄Epξ, φq ´ 1
2 rEpξ, φq, Epξ, φqs

˘

,

where we used Proposition 5.13 in the last step as well as the fact that QB̄ maps A0pM,T 1,0q

to 0.

Lemma 7.19. For ε ą 0 small enough, the map

pid ´ prHq ˝ bpξ,φq : H0pM,T 1,0q
K

ÝÑ H0pM,T 1,0q
K

is invertible for every pξ, φq P Ũε ˆ Wε. The family of inverses is a smooth tame family of
linear maps.

Proof. We follow similar ideas as in the proof of [Omo16, Lem III.2.6]. Recall that for
η P A0pM,T 1,0q, the map bpξ,φq was defined as

bpξ,φqη “ cξη ` ιcξηEpξ, φq,

where

cξη “ DCξp0qη, Cξ : U Q η̃ ÞÑ

´

exph ˝Ψ
¯´1 ´

Fξ`η̃F
´1
ξ

¯

P A0 `M,T 1,0˘ ,

for a sufficiently small C0-neighborhood U Ă A0 `M,T 1,0˘ of zero. Recall furthermore that
by Lemma 7.8, for ε ą 0 small enough bpξ,φq is invertible for every pξ, φq P Ũε ˆ Wε and the
family of inverses b´1

pξ,φq
is smooth tame. This together with the observation that

H0pM,T 1,0q X bpξ,φq

´

H0pM,T 1,0q
K
¯

“ t0u
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for all pξ, φq P Ũε ˆ Wε and ε ą 0 small enough shows that

pid ´ prHq ˝ bpξ,φq : H0pM,T 1,0q
K

ÝÑ H0pM,T 1,0q
K

is injective. To show that it is surjective, we introduce several auxiliary families of linear
maps. First, we observe that, again for ε ą 0 small enough and pξ, φq P Ũε ˆ Wε,

b´1
pξ,φq

`

H0pM,T 1,0q
˘

X H0pM,T 1,0qK “ t0u.

Since H0pM,T 1,0q is finite-dimensional, this implies that

prH b´1
pξ,φq

: H0pM,T 1,0q ÝÑ H0pM,T 1,0q

is invertible and we denote the inverse map by qpξ,φq. Being a smooth map to a finite-
dimensional vector space, qpξ,φq is a smooth tame family of linear maps. We furthermore
define

ψ1pξ, φq : A0pM,T 1,0q ÝÑ H0pM,T 1,0qK, η ÞÝÑ η ´ b´1
pξ,φq

qpξ,φq prH η,

ψ2pξ, φq : A0pM,T 1,0q ÝÑ b´1
pξ,φq

`

H0pM,T 1,0q
˘

, η ÞÝÑ b´1
pξ,φq

qpξ,φq prH η,

ωpξ, φq : A0pM,T 1,0q ÝÑ H0pM,T 1,0q, η ÞÝÑ prH bpξ,φqψ1pξ, φqb´1
pξ,φq

η.

We claim that

bpξ,φq

`

H0pM,T 1,0qK
˘

“
␣

η ` ωpξ, φqη : η P H0pM,T 1,0qK
(

.

To see this, given η P H0pM,T 1,0qK, we write

b´1
pξ,φq

η “ ψ1pξ, φqb´1
pξ,φq

η ` ψ2pξ, φqb´1
pξ,φq

η.

This implies

η “ pid ´ prHqbpξ,φqψ1pξ, φqb´1
pξ,φq

η ` prH bpξ,φqψ1pξ, φqb´1
pξ,φq

η

` bpξ,φqψ2pξ, φqb´1
pξ,φq

η.

Since the last two terms on the right-hand side are in H0pM,T 1,0q and η P H0pM,T 1,0qK it
follows that

η ` prH bpξ,φqψ1pξ, φqb´1
pξ,φq

η “ bpξ,φqψ1pξ, φqb´1
pξ,φq

η

and hence η ` ωpξ, φqη P bpξ,φq

`

H0pM,T 1,0qK
˘

. Therefore, we have
␣

η ` ωpξ, φqη : η P H0pM,T 1,0qK
(

Ă bpξ,φq

`

H0pM,T 1,0qK
˘

.

Observing that the subspaces on both sides have the same (finite) codimension, we conclude
that they are in fact equal.

In particular, this shows that pid ´ prHqbpξ,φq : H0pM,T 1,0qK Ñ H0pM,T 1,0qK is surjec-
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tive and therefore invertible. The family of inverses is given by

ppξ,φq : H0pM,T 1,0qK ÝÑ H0pM,T 1,0qK

η ÞÝÑ b´1
pξ,φq

pη ` ωpξ, φqηq

which is smooth tame as a composition of smooth tame maps.

Lemma 7.20. For ε ą 0 small enough and large enough k, the equation DξApξ, φqα “ β

has a unique solution α for every pξ, φq P Ũ pkq
ε ˆ Wpkq

ε , β P H0pM,T 1,0q
K. Moreover, the

family of inverse maps is a smooth tame family of linear maps.

Proof. Setting α̃ :“ pid ´ prHqbpξ,φqα P H0pM,T 1,0qK, we observe that finding a solution to
the equation DξApξ, φqα “ β is equivalent to finding a solution of to the equation

α̃ ´ QB̄rEpξ, φq, bpξ,φqppξ,φqα̃s ` QB̄ ιcξppξ,φqα̃

`

B̄Epξ, φq ´ 1
2 rEpξ, φq, Epξ, φqs

˘

“ β.

The statement follows then from Proposition 6.31

Proof of Proposition 7.17. By Lemma 7.20, the assumptions of Theorem 6.29 hold. Since
Ap0, 0q “ 0, we conclude that there is a neighborhood W of 0 in A0,1pM,T 1,0q and a neigh-
borhood U of 0 in H0pM,T 1,0q

K such that for every φ P W we can find some ξ “ ξpφq P U
such that B̄˚Epξ, φq “ 0. Since the derivative DξApξ, φq is even invertible, it follows further-
more from Theorem 6.27 that the solution ξpφq is (locally) unique (see also [DL25, Thm
A.12]). Moreover, the solution ξpφq is defined by a smooth tame map. This finishes the
proof of Proposition 7.17.

Proof of Theorem 7.9. By Corollary 7.15, the family M̃ “ tφptq : t P Wεu is a smooth family
of almost complex deformations. The integrable deformations are precisely those for which
the analytic map ϕpφq :“ prHrφ,φs vanishes. They are contained in a neighborhood of 0
in Ṽ1. By Proposition 7.17, we know that any sufficiently small complex deformation is
equivalent to a complex deformation in a neighborhood of 0 of Ṽ1.

Furthermore, if ϕ ” 0,

M “ tφptq P M̃ : ϕpφptqq “ 0u “ M̃

is a smooth family of complex deformations. Given any other smooth family of complex
deformations tφ1pt1q : t1 P W 1u, it follows again from Proposition 7.17 that (possibly after
shrinking W 1) there is a family of diffeomorphisms tft1ut1PW 1 , depending smoothly on t1, and
a smooth map τ : W 1 Ñ Wε such that for every t1 P W 1, we have

ft1 ¨ φ1pt1q “ φpτpt1qq.

Hence, the family is locally complete.



Chapter 8

Deformations of Generalized
Complex Structures on G-flat
Transitive Courant Algebroids

We have seen in Chapter 5 how deformations of a generalized complex structure L can be
described by elements in ΓpM,Λ2L˚q. In close analogy to the complex case, the integrability
of the deformed generalized almost complex structure is equivalent to a Maurer–Cartan type
equation for the corresponding φ P ΓpM,Λ2L˚q. Recall that while in the complex case we
considered two deformations equivalent if they are related by the action of a diffeomorphism,
we will consider two generalized complex structures equivalent if they are related by the
action of an autoequivalence. This led to the definition of a locally complete family of
generalized complex deformations.

In [Gua03; Gua11], Gualtieri followed Kuranishi’s proof in [Kur65] to establish a far-
reaching extension of the theorem on the existence of a locally complete family of complex
deformations to an analogous result for deformations of generalized complex structures on ex-
act Courant algebroids. However, like in [Kur65], certain analytic details were not addressed
in Gualtieri’s proof in [Gua03; Gua11].

In this second original chapter of Part II, like we did in Chapter 7 for Kuranishi’s proof
in [Kur65], we will revisit Gualtieri’s proof in [Gua03; Gua11] using Hamilton–Nash–Moser
theory. Moreover, we will extend the result to generalized complex structures on the larger
class of G-flat transitive Courant algebroids. There will be some important deviations from
the classical complex case as discussed in Chapter 7:

1. While it has been established for a long time that the diffeomorphism group is a (tame)
Fréchet Lie group (cf. Section 6.3.1), we need to first endow the group of autoequiv-
alences of G-flat transitive Courant algebroids with a tame Lie group structure. (For
exact Courant algebroids the autoequivalences have already been endowed with some
notion of infinite-dimensional Lie group structure in [RT20].)

2. When proving the local completeness of the deformation family in Section 8.2.2, we will
only consider the action by exact autoequivalences. These are autoequivalences whose
infinitesimal action on the sections of the Courant algebroid E is by inner derivations
´ru, ¨s P End ΓpM,Eq, where u P ΓpM,Eq. We will see that these form a tame Lie
subgroup of the group of autoequivalences. Restricting to the action of this subgroup
has the advantage that this setup resembles the classical complex case more closely,
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where the infinitesimal action of a diffeomorphism on vector fields is by ´LX for some
X P XpMq. However, while the Lie algebra of the diffeomorphism group is the entire
space of sections XpMq (or, for complex manifolds, the entire space ΓpM,T 1,0q), the
map ΓpM,Eq Q u ÞÑ ru, ¨s P End ΓpM,Eq in general has a kernel so that the Lie
algebra of autoequivalences can only be identified with a subspace of ΓpM,Eq or, in
the presence of a generalized complex structure L, a subspace of ΓpM,L˚q.

3. Like for the proof of local completeness of the Kuranishi family of classical complex
deformations in Section 7.2.2, we will apply Hamilton’s Nash–Moser implicit function
theorem. To do so, we will need to prove the existence of a smooth tame family of linear
right inverses to some smooth tame family of linear maps. Like in Section 7.2.2, to find
such family of right inverses, we will relate the given family of linear equations to one
that can be solved using elliptic operator theory. However, this will only yield a sensible
solution if we can argue that the coexact one-forms d˚

LΓpM,Λ2L˚q are contained in the
subspace of ΓpM,L˚q identified with the exact autoequivalences. This can be achieved
by a careful choice of bundle metrics defining the L2-inner products on ΓpM,Eq and
ΓpM,L˚q (and a bisection of E). Note that this subtlety is not present in the classical
complex case where the entire space A0pM,T 1,0q “ ΓpM,T 1,0q is identified with the
Lie algebra of DiffpMq.

4. Recall that in the complex case, we proved a slightly stronger statement than just lo-
cal completeness of the deformation family: In Proposition 7.17 we showed that every
sufficiently small deformation is related to one in the deformation family by a unique
diffeomorphism represented by a B̄˚-exact form in a neighborhood U Ă A0pM,T 1,0q of
0. From this we concluded that in the case where the obstruction map vanishes and if
H0pM,T 1,0q “ 0, the Kuranishi family is in fact a miniversal family of deformations.
Since in the generalized complex case, to prove local completeness of the deforma-
tion family we restrict to the action of exact autoequivalences, we cannot draw an
analogous conclusion. Therefore, we will not attempt to prove any sort of uniqueness
statement and simply show existence of some exact autoequivalence relating a suffi-
ciently small generalized almost complex deformation to one in our given family (and
that this autoequivalence depends smoothly on the given generalized almost complex
deformation).

This chapter is structured as follows: In Section 8.1 we endow the autoequivalences of a
G-flat Courant algebroid with a tame Lie group structure and we show that the action on
generalized almost complex structures is smooth tame. We will conclude that the local action
of exact autoequivalences on generalized almost complex deformations is smooth tame and
compute its partial derivative with respect to the component of the exact autoequivalence.
In Section 8.2, we will then prove the deformation theorem.

This chapter is based on joint work in progress with Vicente Cortés.

8.1 Groups of autoequivalences as tame Lie groups

In this section, we will endow the group of autoequivalences of a G-flat transitive Courant
algebroid with a tame Fréchet Lie group structure. We will do so in two steps: First, we
will consider the group of autoequivalences of an exact Courant algebroid in Section 8.1.1.
We will see that these admit a tame Fréchet Lie group structure and there is a tame Fréchet
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Lie subgroup of so-called exact autoequivalences, which will be relevant to the deformation
theory of generalized complex structures in Section 8.2. Building on these results, we will
show in Section 8.1.2 that the group of autoequivalences of every G-flat transitive Courant
algebroid is a tame Lie group and there is again a tame subgroup of exact autoequivalences.

In Section 8.1.3 we will then study the action of (exact) autoequivalences on generalized
almost complex structures and show that this action is smooth tame. As a consequence,
the local action of "small" autoequivalences on generalized almost complex deformations is
smooth tame. We will furthermore consider the local expression Epξ, φq of the local action
of an exact autoequivalence represented by ξ P ΓpM,L˚q on a generalized complex defor-
mation φ P ΓpM,Λ2L˚q. Finally, we compute the partial derivative DξEpξ, φq. This will be
important for the proof of the local completeness of the deformation family in Section 8.2.2.

8.1.1 Autoequivalences of exact Courant algebroids

In this section, we will endow the autoequivalences of an exact Courant algebroid E with a
tame Fréchet Lie group structure. It follows already from results of Rubio and Tipler [RT20]
that they admit a Fréchet Lie group structure. We will give an equivalent description of this
Fréchet Lie group structure in Section 8.1.1.1 and argue that it is in fact tame. There is a
Lie subalgebra of the Lie algebra of the autoequivalences that is identified with the inner
derivations of E. It was already proved in [RT20] that this Lie subalgebra integrates to a
Lie subgroup, the group of exact autoequivalences. We will see in Section 8.1.1.2 that as a
consequence of the result in [RT20], this subgroup is in fact a tame Lie subgroup. We will
furthermore see that its Lie algebra (i.e. the space of inner derivations) is tamely isomorphic
to a tame subspace of ΓpM,Eq.

8.1.1.1 The group of autoequivalences as a tame Lie group

In the following, we will endow the group of autoequivalences of an exact Courant algebroid
over a compact manifold with a tame Lie group structure. Note that it was already proved by
Rubio and Tipler in [RT20] that the group of autoequivalences of an exact Courant algebroid
over a compact manifold is a strong inverse limit Hilbert (ILH) Lie group.

Since the definition of strong ILH Lie groups is even more involved than that of tame
Fréchet Lie groups, we will refer to [Omo16] for an introduction to strong ILH Lie groups
and simply note that these are special kinds of Fréchet Lie groups that are modeled on an
ILH chain, a particular type of (graded) Fréchet space, such that in a local chart around the
identity, the group multiplication and the inversion map satisfy certain special properties.
Below, we will follow a different approach to describe a (tame) Fréchet Lie group structure
for the group of autoequivalences, which has already been laid out in the master thesis of
Heck [Hec25]. We will then see that this Fréchet Lie group structure is equivalent to the one
described in [RT20].

For the remainder of this section, let E Ñ M be the generalized tangent bundle with H-
twisted Dorfman bracket over a compact manifold M . Furthermore, we will fix an auxiliary
Riemannian metric h on M . We will denote by

DiffpMqrHs :“ tf P DiffpMq : rf˚H ´Hs “ 0u

the group of diffeomorphisms preserving rHs P H3
dRpMq. Since for f P DiffpMq the class

rH´f˚Hs P H3
dRpMq only depends on the connected component of f P DiffpMq we conclude
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that it is a tame Fréchet subgroup of DiffpMq (containing the connected component of the
identity in DiffpMq). In particular, it is a tame Fréchet Lie group with atlas defined using
the Riemannian exponential map exph of the auxiliary metric h as described in Section 6.3.1.

Note that via

DiffpMqrHs ˆ Ω2
clpMq Q pf, bq ÞÝÑ Ff,Bpfq`b P AuteqpEq,

where Bpfq :“ QdRpH´f˚Hq, with QdR as in Example 6.16, the autoequivalences AuteqpEq

are in bijection with DiffpMqrHs ˆ Ω2
clpMq. We have the following:

Theorem 8.1 ([Hec25]). Let E Ñ M be the generalized tangent bundle of a compact man-
ifold M with H-twisted Dorfman bracket. Then its group of autoequivalences is a tame
Fréchet Lie group. The underlying manifold structure is given by DiffpMqrHs ˆ Ω2

clpMq and
the multiplication is given by

ppf1, b1q, pf2, b2qq ÞÝÑ pf3, b3q,

where f3 “ f1 ˝ f2 and

b3 “ f˚
2 pb1 `Bpf1qq ` b2 `Bpf2q ` f˚

2 QdRpH ´ f˚
1Hq ´ QdR f

˚
2 pH ´ f˚

1Hq.

The inversion map is given by

pf, bq ÞÝÑ pf´1,´pf´1q˚b` Ipfqq,

where

Ipfq “ ´pf´1q˚pQdRpH ´ f˚Hqq ´ QdRpH ´ pf´1q˚Hq

“ rQdR, pf
´1q˚spH ´ f˚Hq.

The Lie algebra auteqpEq of the group of autoequivalences is the space XpMq ‘ Ω2
clpMq with

bracket given by

rpX, bq, pY, cqs “
`

LYX,LY b´ LXc` pLX QdR LY ´ LY QdR LXqH ´ QdRpLrX,Y sHq
˘

.

We will omit the proof of Theorem 8.1 since most of the computations and arguments
necessary for the proof will be explained in the proof of the more general Theorem 8.11.

Remark 8.2. To argue that the Fréchet Lie group structure obtained in Theorem 8.1 is
indeed equivalent to that described in [RT20], let us briefly review the construction in [RT20].

First Rubio and Tipler consider the group DiffpMq ˙Ω2pMq with neutral element pid, 0q,
multiplication given by

pf1, B1qpf2, B2q “ pf1 ˝ f2, f
˚
2B1 `B2q

and inversion given by pf,Bq´1 “ pf´1,´Bq. This is a strong ILH Lie group and in particular
a Fréchet Lie group. Moreover, elements of this group are precisely equivalences of the
generalized tangent bundle preserving both the anchor map and the scalar product. Then
Rubio and Tipler argue that the group of autoequivalences of the generalized tangent bundle
E with H-twisted Dorfman bracket is a strong ILH Lie subgroup of DiffpMq ˙ Ω2pMq by
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defining the map1

ρ̃ : Ω3pMq ˆ pDiffpMq ˙ Ω2pMqq ÝÑ Ω3pMq

ph, pf,Bqq ÞÝÑ f˚h` dB,

observing that AuteqpEq “ ρ̃pH, ¨q´1pHq and using an implicit function theorem to show
that this indeed has a strong ILH submanifold structure. Again, since a strong ILH Lie
group structure induces a Fréchet Lie group structure, this proves that the autoequivalences
of the generalized tangent bundle form a Fréchet Lie group.

To see how their construction relates to ours, we consider the (tame) Fréchet Lie group
DiffpMq ˙H Ω2pMq, whose underlying (tame) Fréchet manifold is DiffpMq ˆ Ω2pMq with
neutral element pid, 0q, multiplication map

pf1, b1q ˝ pf2, b2q “ pf1 ˝ f2, b3q,

where

b3 “ f˚
2 pb1 `Bpf1qq ` b2 `Bpf2q ` f˚

2 QdRpH ´ f˚
1Hq ´ QdR f

˚
2 pH ´ f˚

1Hq

and with inversion map

pf, bq´1 “
`

f´1,´pf´1q˚b´ pf´1q˚pQdRpH ´ f˚Hqq ´ QdRpH ´ pf´1q˚Hq
˘

.

There is a smooth (tame) isomorphism of Lie groups

ΦH : DiffpMq ˙ Ω2pMq ÝÑ DiffpMq ˙H Ω2pMq

pf,Bq ÝÑ pf,B ´ QdRpH ´ f˚Hqq .

We observe that

ΦH

`

ρ̃pH, ¨q´1pHq
˘

“
`

ρ̃pH,Φ´1
H ¨q

˘´1
pHq “ DiffpMqrHs ˆ Ω2

clpMq.

Moreover, the map Φ´1
H pf, bq “ pf, b` QdRpf˚H ´Hqq is precisely the bijection that we

used in order to identify AuteqpEq with DiffpMqrHs ˆ Ω2
clpMq. This shows that the (tame)

Fréchet Lie group structure described in Theorem 8.1 is related to the one in [RT20] by a
conjugation with ΦH . Since this is a smooth (tame) map, we conclude that both Fréchet Lie
group structures are equivalent.

Finally, note that by choosing a splitting, we can use Theorem 8.1 in order to find that
the group of autoequivalences of any exact Courant algebroid is a tame Fréchet Lie group.
To see that this is independent of the choice of splitting, recall that different choices of
splittings are related by conjugation with a B-field transformation. This gives rise to a tame
Lie group isomorphism between the groups of autoequivalences corresponding to different
choices of splittings.

1In [RT20], the map ρ̃ is defined with a minus sign in front of dB, due to a different sign convention for
H.
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8.1.1.2 Exact autoequivalences of an exact Courant algebroid

In this section, we will introduce a tame Lie subgroup of the Courant autoequivalences, which
will be important in the proof of local completeness of the deformation family in Section 8.2.
First, we will describe the corresponding Lie subalgebra. To this end, we consider the map

q : XpMq ‘ Ω2
clpMq ÝÑ H2pMq

pX, bq ÞÝÑ prHpb´ QdR LXH ` ιXHq.

We denote hexpEq :“ ker q Ă auteqpEq. Note that since d QdR LXH “ d QdR dιXH “ dιXH,
for b P Ω2

clpMq, we have
dpb´ QdR LXH ` ιXHq “ 0.

Hence, pX, bq P ker q if and only if there is some α P Ω1pMq such that

b´ QdR LXH ` ιXH “ dα.

Proposition 8.3. The space hexpEq :“ ker q Ă auteqpEq is a tame Lie subalgebra of finite
codimension.

Proof. Since H2pMq is finite-dimensional and auteqpEq “ hexpEq ‘ H2pMq, it follows that
hexpEq is a tame subspace of finite codimension. To see that it is a Lie subalgebra, we
consider pX, bq, pY, cq P hexpEq. Then there are some α, β P Ω1pMq such that

b “ dα ` QdR LXH ´ ιXH, c “ dβ ` QdR LYH ´ ιYH.

We compute

rpX, bq, pY, cqs

“ pLYX,LY pdα ` QdR LX ´ ιXHq ´ LXpdβ ` QdR LYH ´ ιYHq`

` pLX QdR LY ´ LY QdR LXqH ´ QdRpLLXYHqq

“ pLYX,LY dα ´ LXdβ ´ LXιYH ` LY ιXH ´ QdR LLXYHq

“ pLYX,dpιY dα ´ ιXdβ ` ιXιYHq ` ιXLYH ´ LY ιXH ´ QdR LLXYHq

“ pLYX,dpιXdβ ´ ιY dα ´ ιXιYHq ` QdR LLY XH ´ ιLY XHq,

where we used the identities LX “ dιX ` ιXd and rLY , ιXs “ ιrY,Xs, as well as the fact that
H is closed. This shows that rpX, bq, pY, cqs P hexpEq for all pX, bq, pY, cq P hexpEq and hence
hexpEq is a subalgebra.

The Lie subalgebra hexpEq of auteqpEq in fact integrates to a tame Lie subgroup of
AuteqpEq.

Theorem 8.4. There is a tame Lie subgroup of AuteqpEq, the group of exact Courant
autoequivalences AuteqexpEq such that LiepAuteqexpEqq “ hexpEq.

Proof. In the setup of [RT20], the Lie algebra hexpEq corresponds to the Lie (sub-)algebra
␣

pX, bq P XpMq ‘ Ω2pMq : ιXH ´ b “ dα for some α P Ω1pMq
(

with Lie bracket
rpX1, b1q, pX2, b2qs “ prX2, X1s,LX2b1 ´ LX1b2q.
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It was proved in [RT20] that this Lie algebra integrates to a strong ILH Lie subgroup of
the autoequivalences. In particular, this ILH Lie subgroup is a Fréchet submanifold, which
under conjugation with ΦH (cf. Remark 8.2) is mapped to a Fréchet submanifold AuteqexpEq

of the tame Fréchet manifold AuteqpEq. Since AuteqexpEq is of finite codimension it follows
from [Fre15, Lem 3.5] that it is a tame Fréchet manifold and hence a tame Lie group.

In the following, it will be useful for us to identify hexpEq with a tame subspace of
ΓpM,Eq.
Proposition 8.5. There is a tame isomorphism

hex – tX ` α P ΓpM,Eq : α P d˚Ω2pMqu Ă ΓpM,Eq,

where d˚ is the formal adjoint of d with respect to the L2-inner product induced by the
auxiliary metric h.

Proof. We may think of hexpEq as the image of the map

q̃ : ΓpM,Eq ÝÑ auteqpEq,

X ` α ÞÝÑ X ` dα ` QdR LXH ´ ιXH.

We observe that ker q̃ “ Ω1
clpMq Ă ΓpM,Eq. Therefore, we have

im q̃ – pker q̃qK “ XpMq ‘ d˚Ω2pMq,

where the orthogonal complement is taken with respect to the L2-inner product defined by
the bundle metric h ‘ h˚ on E “ TM ‘ T ˚M . To see that the inverse map is tame, note
that it is given by

im q̃ Q pX, bq ÞÝÑ pX, QdRpb´ QdR LXH ` ιXHqq P XpMq ‘ d˚Ω2pMq.

In a neighborhood V of id P AuteqexpEq, we consider a chart Φ taking values in some
neighborhood U Ă hexpEq around 0. We may assume that the differential of this chart at
the identity is the identity map on hexpEq, DΦpidq “ id. We denote by Fv :“ Φ´1pvq the
exact autoequivalence in V corresponding to v P U with respect to this chart.

In the following we will see that the Lie algebra of the exact autoequivalences can in fact
be identified with the Lie algebra of inner derivations. First, we consider the natural action
of autoequivalences on sections u P ΓpM,Eq, given by

µE : pF, uq ÞÝÑ F ˝ u ˝ f´1,

where f is the diffeomorphism covered by F .
Proposition 8.6. The map µE : AuteqpEq ˆ ΓpM,Eq Ñ ΓpM,Eq is smooth tame.

Proof. Let F “ pf, bq P DiffrHspMq ˆ Ω2
clpMq, u “ X ` α P ΓpM,Eq. We compute

µEpF, uq “ Ff ˝ pX ` α ` ιXpb` QdRpH ´ f˚Hqqq ˝ f´1

“ df ˝X ˝ f´1 ` pdf´1q˚pα ` ιXpb` QdRpH ´ f˚Hqqq ˝ f´1

“ f˚X ` f´1˚
pα ` ιXpb` QdRpH ´ f˚Hqqq.

(8.1)
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This shows that µE is a composition of smooth tame maps and therefore smooth tame.

For exact autoequivalences we find the following:

Proposition 8.7. Let v P hexpEq, u P ΓpM,Eq. Then we have

DFµEpF “ id, uqv “ ´rv, us.

In particular, for some small exact autoequivalence Φv, we have

µEpΦv, uq “ u´ rv, us `RµE pvqu,

where RµE ptvq “ t2R̃µE pv, tq, for a real parameter t, where R̃µE pv, tq depends smoothly on t
for small t.

Proof. First, using equation (8.1), we observe that for pY, bq P auteqpEq, u “ X ` α P

ΓpM,Eq, we have

DFµEpF “ id, uqpY, bq “ ´LY pX ` αq ` ιXb´ ιX QdR LYH.

Now, if b “ dβ ´ QdR LYH ` ιYH, for some β P impQdRq, i.e. in the case that we are taking
the derivative in the direction v “ pY, βq P hex, we find

DFµEpF “ id, uqv “ ´LY pX ` αq ` ιXpdβ ` QdR LYH ´ ιYHq ´ ιX QdR LYH
“ ´LY pX ` αq ` ιXdβ ´ ιXιYH

“ ´rv, us.

The second statement follow from Theorem 6.12.

The derivative at the identity of the action µE of autoequivalences on sections of E yields
an identification of elements in the Lie algebra auteqpEq of the autoequivalences with the
derivations of E.

Corollary 8.8. Under the identification of auteqpEq with the derivations of E, we have
hexpEq “ ´ impad : ΓpM,Eq Ñ DerpEqq, where adpuq :“ ru, ¨s.

Finally, we observe that the map q̃ considered in the proof of Proposition 8.5 is in fact the
map ´ ad: ΓpEq ÝÑ DerpEq – auteqpEq and hence what we constructed in Proposition 8.5
is a tame isomorphism hexpEq – pker adqK, where the orthogonal complement is taken with
respect to the L2-inner product p¨, ¨qE defined by the bundle metric h‘ h˚.

8.1.2 Autoequivalences of G-flat transitive Courant algebroids

We will now focus on G-flat transitive Courant algebroids in the sense of Definition 5.29. After
fixing some conventions and notations in Section 8.1.2.1, we will show in Section 8.1.2.2 that
the group of autoequivalences of a G-flat standard transitive Courant algebroid is a tame
Fréchet Lie group and that there exists a tame Lie subgroup of exact autoequivalences,
whose Lie algebra is identified with the inner derivations of E. Since every G-flat transitive
Courant algebroid is isomorphic to such a standard form, this yields a tame Fréchet Lie
group structure for any G-flat transitive Courant algebroid.
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We will also see an explicit description of the group of autoequivalences for a general
bisection, which is not necessarily G-flat and show that for a suitable choice of L2-inner
products on ΓpM,Eq, the Lie algebra of the exact autoequivalences (i.e. the inner deriva-
tions) can be identified with a tame subspace of ΓpM,Eq via a tame isomorphism. Given
a generalized complex structure L on E, we may furthermore identify ΓpM,Eq – ΓpM,L˚q

via a vector bundle isomorphism. Thus, the Lie algebra of the exact autoequivalences is
identified with a tame Fréchet subspace of ΓpM,L˚q.

On the other hand there is the tame Fréchet subspace d˚
LΓpM,Λ2L˚q of coexact forms.

We will see in Section 8.1.2.4 that for some choice of bisection on E and suitable choices
of bundle metrics on E and L˚, the subspace d˚

LΓpM,Λ2L˚q is in fact contained in the
subspace identified with the exact autoequivalences. This will be crucial for our arguments
in Section 8.2.2 to prove local completeness of the deformation family.

8.1.2.1 L2-inner products, conventions and notation

We fix the following L2-inner products. We choose a positive definite bundle metric x¨, ¨yEucl
on G and denote by p¨, ¨qG the L2-inner products on ΓpM,Gq and ΩkpM,Gq defined by x¨, ¨yEucl
and the auxiliary Riemannian metric. Using x¨, ¨yEucl and the auxiliary Riemannian metric
h, we fix a (positive definite) bundle metric on ΓpEq “ TM ‘ G ‘T ˚M via h‘ x¨, ¨yEucl ‘h˚

and denote by p¨, ¨qE the L2-inner product on ΓpM,Eq defined by this bundle metric and h.
Note that when the bundle G is trivial G – M ˆRK , after choosing a global orthonormal

frame teiuKi“1 with respect to x¨, ¨yG , we may think of sections r P ΓpM,Gq as vectors of
smooth functions r “ priq

K
i“1, ri P C8pMq and of p-forms with values in G as vectors of

p-forms on M . Given A “ pAiq
K
i“1 P ΩppM,Gq and B “ pBiq

K
i“1 P ΩqpM,Gq, we note that

xA ^ ByG “

K
ÿ

i“1
ϵiAi ^Bi,

where ϵi “ xei, eiyG P t˘1u. Moreover, we may assume that teiu is a global parallel orthonor-
mal frame for the connection ∇ on G, since ∇ has trivial holonomy and x¨, ¨yG is parallel by the
compatibility conditions. Then we have ∇r “ pdriqKi“1 “: dr, and d∇A “ pdAiqKi“1 “: dA
for A P ΩppM,Gq.

The differential operator d: Ω‚pM,Gq ÝÑ Ω‚`1pM,Gq defines an elliptic complex. We
denote the formal adjoint of d with respect to p¨, ¨qG by d˚

∇, its Laplace operator by ∆∇ “

dd˚
∇ ` d˚

∇d, the Greens operator by G∇ and by Q∇ :“ d˚
∇ G∇. Note that by Example 6.16,

the map Q∇ is tame linear.

Remark 8.9. Given a fixed parallel orthonormal frame teiuKi“1 for G, we may define a
(constant) positive definite bundle metric x¨, ¨y1

Eucl on G by xei, ejy1
Eucl “ δij , i.e. teiu is an

orthonormal basis for x¨, ¨y1
Eucl. Together with the auxiliary Riemannian metric h, this bundle

metric defines an L2-inner product on ΓpM,Gq and Ω‚pM,Gq, which we denote by p¨, ¨q1
G .

The formal adjoint of d: ΩkpM,Gq ÝÑ Ωk`1pM,Gq with respect to p¨, ¨q1
G is simply given by

d˚
∇A “

řK
i“1pd˚Aiqei for A “

řK
i“1Aiei, where d˚ is the formal adjoint of d with respect

to the L2-inner product induced by h. In particular, the space tA “
ř

i“1Aiei P ΩkpM,Gq :
Ai P d˚Ωk`1pMqu is a topological complement of Ωk

clpM,Gq “ tA P ΩkpM,Gq : dA “ 0u.

Finally, we note that if x¨, ¨yG is of signature pq,K ´ qq, the autoequivalences of G are
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given by DiffpMq ˆ C8pM,Opq,K ´ qqq acting on pp, vq P G “ M ˆ RK as

pf,Oqpp, vq “ pfppq, Oppqvq .

These act on sections r P ΓpM,Gq via

pf,Oq ¨ r “ pOrq ˝ f´1,

where pOrqippq “
ř

j Oijppqrjppq.
For f P DiffpMq and A P ΓpM,ΛkL˚q, we will denote by f˚A :“ pf˚Aiq

K
i“1. We observe

that

df˚A “

K
ÿ

i“1
df˚Ai ei “

K
ÿ

i“1
f˚dAi ei “ f˚dA. (8.2)

8.1.2.2 Autoequivalences of G-flat standard transitive Courant algebroids

In this section, we will see that the autoequivalences of a G-flat transitive Courant algebroid
form a tame Fréchet Lie group. First, we show the following.

Proposition 8.10. Let E “ TM‘G‘T ˚M be a G-flat standard transitive Courant algebroid
with G – M ˆ RK and x¨, ¨yG of signature pq,K ´ qq. Then the autoequivalences AuteqpEq

have a tame Fréchet manifold structure as a product

AuteqpEq “ AuteqpTM,Hq ˆ Opq,K ´ qq ˆ Ω1
clpM,Gq,

where AuteqpTM,Hq denotes the autoequivalences of the H-twisted generalized tangent bun-
dle.

Proof. Using Theorem 5.27, the fact that r¨, ¨sG ” 0, R “ 0 and that ∇ is flat, we know that

AuteqpEq “ tΦν,A,B : ν P AuteqpGq covers f P DiffpMq, A P Ω1pM,Gq, B P Ω2pMq,

∇ “ ν ¨ ∇, 0 “ ν ¨ dA, H ´ f˚H “ dB ` xA ^ dAyGu.

Note that the second equation implies that dA “ 0. Therefore, the last equation becomes
H ´ f˚H “ dB and hence Ff,B P AuteqpTM,Hq. Finally, let O P C8pM,Opq,K ´ qqq such
that ν “ pf,Oq, X P XpMq and r P ΓpM,Gq. We compute

pν ¨ ∇qXr “ ν ¨

´

∇f´1
˚ Xpν´1 ¨ rq

¯

“ ν ¨ dpO´1r ˝ fqpf´1
˚ Xq

“ ν ¨ pdpO´1rqXq ˝ f

“ OpdpO´1rqXq

“ ιX
“

pOdO´1qr ` dr
‰

.

Hence, the condition ν ¨ ∇ “ ∇ becomes OdO´1 “ 0, which implies that dO “ 0 and hence
O must be constant. This implies that as a manifold

AuteqpEq “ AuteqpTM,Hq ˆ Opq,K ´ qq ˆ Ω1
clpM,Gq.
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This finishes the proof.

Recalling the bijection AuteqpTM,Hq – DiffrHspMq ˆ Ω2
clpMq via

DiffpMqrHs ˆ Ω2
clpMq Q pf, bq ÞÝÑ Ff,b`Bpfq,

where Bpfq “ QdRpH ´ f˚Hq, which we used in order to define the manifold structure on
AuteqpTM,Hq, we find the following:

Theorem 8.11. Let E “ TM ‘ G ‘ T ˚M be a G-flat standard transitive Courant algebroid
with G – M ˆRK and three-form H P Ω3

clpMq. Then AuteqpEq is a tame Fréchet Lie group
with underlying manifold structure

AuteqpEq “ DiffpMqrHs ˆ Ω2
clpMq ˆ Opq,K ´ qq ˆ Ω1

clpM,Gq.

The multiplication map is given by

pf1, b1, O1,A1q ˆ pf2, b2, O2,A2q ÞÝÑ pf1 ˝ f2, b3, O1O2,A3q,

where

b3 “ f˚
2 b1 ` b2 ` xO´1

2 f˚
2 A1 ^ A2yG ` rf˚

2 ,QdRspH ´ f˚
1Hq,

A3 “ O´1
2 f˚

2 A1 ` A2,

and the inversion map is given by

pf, b, O,Aq ÞÝÑ pf´1,´pf´1q˚b` rQdR, pf
´1q˚spH ´ f˚Hq, O´1,´Opf´1q˚Aq.

Proof. It follows from the corresponding expressions in Theorem 5.27 that multiplication on
AuteqpEq “ AuteqpTM,Hq ˆ Opq,K ´ qq ˆ Ω1

clpMq is given by

pFf1,B1 , O1,A1q ˝ pFf2,B2 , O2,A2q “ pFf3,B3 , O3,A3q ,

where f3 “ f1 ˝ f2, O3 “ O1O2 and

B3 “ f˚
2B1 `B2 ` xO´1

2 pf˚
2 A1q ^ A2yG ,

A3 “ O´1
2 f˚

2 A1 ` A2

and the identity element is pid, id, 0q. The inversion map is given by

pFf,B, O,Aq ÞÝÑ

´

F´1
f,B, O

´1,´Opf´1q˚A
¯

.

We only need to check the formulas for the multiplication and inversion map under the
bijection AuteqpTM,Hq – DiffpMqrHs ˆ Ω2

clpMq. In each case, the only non-trivial part is
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the component in Ω2
clpMq. For the multiplication, we find

b3 “ f˚
2 pb1 `Bpf1qq ` b2 `Bpf2q ` xO´1

2 f˚
2 A1 ^ A2yG ´Bpf1 ˝ f2q

“ f˚
2 b1 ` b2 ` xO´1

2 f˚
2 A1 ^ A2yG ` f˚

2 QdRpH ´ f˚
1Hq

` QdRpH ´ f˚
2Hq ´ QdRpH ´ f˚

2 f
˚
1Hqq

“ f˚
2 b1 ` b2 ` xO´1

2 f˚
2 A1 ^ A2yG ´ rQdR, f

˚
2 spH ´ f˚

1Hq.

Similarly, we find that the Ω2
clpMq-component of the inverse of pf, b, O,Aq is given by

´ pf´1q˚ pb`Bpfqq ´Bpf´1q

“ ´pf´1q˚b´ pf´1q˚ QdRpH ´ f˚Hq ´ QdRpH ´ pf´1q˚Hq

“ ´pf´1q˚b` rQdR, pf
´1q˚spH ´ f˚Hq.

Both the multiplication and the inversion map are compositions of smooth tame maps and
hence smooth tame.

Remark 8.12. Note that for (not necessarily G-flat) transitive Courant algebroids with
rank G “ 1 a strong ILH Lie group structure of AuteqpEq has been constructed in [RT20].

Using the atlas of DiffpMqrHs in terms of the Riemannian exponential map of the auxiliary
metric h, we find that the autoequivalences of a G-flat standard transitive Courant algebroid
are locally modelled on the tame Fréchet space XpMq ‘ Ω2

clpMq ‘ sopq,K ´ qq ‘ Ω1
clpM,Gq.

Proposition 8.13. The Lie algebra of AuteqpEq, where E is the G-flat standard transitive
Courant algebroid with G – M ˆ RK and three-form H, has underlying vector space

auteqpEq “ XpMq ‘ Ω2
clpMq ‘ sopq,K ´ qq ‘ Ω1

clpM,Gq

with Lie bracket

rX1 ` b1 ` T1 ` A1, X2 ` b2 ` T2 ` A2s

“ LX2X1 ` LX2b1 ´ LX1b2 ` 2xA1 ^ A2yG ` pLX1 QdR LX2 ´ LX2 QdR LX1qH

´ QdR LLX1X2H ` rT1, T2s ´ T2A1 ` LX2A1 ` T1A2 ´ LX1A2.

Proof. First, given pf1, b̃1, O1, Ã1q, pf2, b̃2, O2, Ã2q P AuteqpEq, we determine b3 P Ω2
clpMq

and A3 P Ω1
clpM,Gq such that

pf1, b̃1, O1, Ã1qpf2, b̃2, O2, Ã2qpf1, b̃1, O1, Ã1q´1 “ pf1f2f
´1
1 , b3, O1O2O

´1
1 ,A3q.

For this, we first compute

pf2, b̃2, O2, Ã2qpf1, b̃1, O1, Ã1q´1

“ pf2, b̃2, O2, Ã2qpf´1
1 ,´pf´1

1 q˚b̃1 ` rQdR, pf
´1
1 q˚spH ´ f˚

1Hq, O´1
1 , ´O1pf´1

1 q˚Ã1q

“ pf2f
´1
1 , pf´1

1 q˚b̃2 ´ pf´1
1 q˚b̃1 ` rQdR, pf

´1
1 q˚spH ´ f˚

1Hq

´ xO1pf´1
1 q˚Ã2 ^O1pf´1

1 q˚Ã1yG ´ rQdR, pf
´1
1 q˚spH ´ f˚

2Hq, O2O
´1
1 , O1pf´1

1 q˚pÃ2 ´ Ã1qq.
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Multiplying from the left by pf1, b̃1, O1, Ã1q yields

b3 “ pf2f
´1
1 q˚b̃1 ` pf´1

1 q˚pb̃2 ´ b̃1q ´ rQdR, pf
´1
1 q˚spf˚

1H ´ f˚
2Hq

´ rQdR, pf2f
´1
1 q˚spH ´ f˚

1Hq ` xO1O
´1
2 pf2f

´1
1 q˚Ã1 ^O1pf´1

1 q˚pÃ2 ´ Ã1qyG

A3 “ O1O
´1
2 pf2f

´1
1 q˚Ã1 `O1pf´1

1 q˚pÃ2 ´ Ã1q

Here, we used xf˚A^f˚A1yG “ f˚xA^A1yG and xOA^OA1yG “ xA^A1yG . Setting f1ptq “

exphptX1q, b̃1ptq “ tb1, Ã1ptq “ tA1 and O1ptq “ expptT1q and similarly f2psq “ exphpsX2q,
b̃2psq “ sb2, Ã2psq “ sA2 and O2psq “ exppsT2q and taking the derivative d

ds
ˇ

ˇ

s“0
d
dt
ˇ

ˇ

t“0
yields the expression for the Lie bracket.

Next, we identify a tame Lie subgroup of AuteqpEq, which generalizes the group of exact
autoequivalences of an exact Courant algebroid.

Theorem 8.14. The tame submanifold AuteqexpTM,Hq ˆ Ω1
expM,Gq Ă AuteqpEq inherits

the structure of a tame Lie subgroup of AuteqpEq, the tame Lie subgroup AuteqexpEq of
exact autoequivalences of E.

Proof. Let pF1,A1q, pF2,A2q P AuteqexpTM,Hq ˆ Ω1
expM,Gq. Then applying the restriction

of the multiplication map in AuteqpEq described in Theorem 8.11 yields

pF1,A1q ˆ pF2,A2q ÞÝÑ

´

Fxf˚
2 A1^A2yG

F1F2, f
˚
2 A1 ` A2

¯

P AuteqpTM,Hq ˆ Ω1
clpM,Gq,

where f2 is the diffeomorphism covered by F2. Clearly, f˚
2 A1 ` A2 P Ω1

expM,Gq. Moreover,
xf˚

2 A1 ^ A2yG P Ω2
expMq and hence Fxf˚

2 A1^A2yG
is an exact B-field transformation and in

particular an exact autoequivalence of TM . Since AuteqexpTM,Hq is closed under multipli-
cation, we conclude that AuteqexpEq is closed under multiplication. Since it is closed under
inversion too and clearly contains the identity, it follows that it is a subgroup of AuteqpEq.
As it is also a tame submanifold it follows that it is a tame Lie subgroup.

In the following, we describe the Lie subalgebra of the exact autoequivalences, which
again can be identified with a tame subspace of ΓpM,Eq.

Proposition 8.15. The tame Lie subalgebra corresponding to AuteqexpEq is given by

hexpEq “ tX ` dα ` QdR LXH ´ ιXH ` A : X P XpMq, α P Ω1pMq, A P Ω1
expM,Gqu.

It is isomorphic to the tame Fréchet space

hexpEq – XpMq ‘ d˚Ω2pMq ‘ d˚
∇Ω1pM,Gq Ă ΓpM,Eq.

Proof. Recall that the tangent space at the identity of AuteqexpTM,Hq is given by

Tid AuteqexpTM,Hq “ tX ` dα ` QdR LXH ´ ιXH : X P XpMq, α P Ω1pMqu.

It follows that

Tid AuteqexpEq “ tX ` dα ` QdR LXH ´ ιXH ` dr : X P XpMq, α P Ω1pMq, r P Ω0pM,Gqu.
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We may therefore think of hexpEq “ Tid AuteqexpEq as the image of the tame linear map

p : ΓpM,Eq ÝÑ auteqpEq

X ` r ` α ÞÝÑ X ` dα ` QdR LXH ´ ιXH ` dr.

We observe that ker p “ Ω1
clpMq ‘ Ω0

clpM,Gq. It follows from the Hodge decomposition that
with respect to the L2-inner product p¨, ¨qE , the orthogonal complement of the kernel of p is
given by pker pqK “ XpMq ‘ d˚Ω2pMq ‘ d˚

∇Ω1pM,Gq and hence

hexpEq “ im p – pker pqK “ XpMq ‘ d˚Ω2pMq ‘ d˚
∇Ω1pM,Gq.

To see that this is a tame isomorphism, note that its inverse map is given by

hexpEq Q X ` b` A ÞÝÑ X ` QdRpb´ pQdR LXH ´ ιXHqq ` Q∇ A.

Like in the case of exact Courant algebroids, we consider a local chart neighborhood
V of id P AuteqexpEq, with a chart Φ taking values in some neighborhood U Ă hexpEq

around 0 and assume that DΦpidq “ id. We will again denote by Fv :“ Φ´1pvq the exact
autoequivalence in V corresponding to v P U .

Like in the exact case, the Lie algebra of exact autoequivalences can be identified with
the Lie algebra of inner derivations. First, we consider the natural action of autoequivalences
on sections u P ΓpM,Eq, which we denote again by µE .

Proposition 8.16. The map µE : AuteqpEq ˆ ΓpM,Eq Ñ ΓpM,Eq is smooth tame.

Proof. Given pf, b, O,Aq P AuteqpEq and u “ X ` r ` α P ΓpM,Eq, we compute

pf, b, O,Aq ˝ u ˝ f´1

“ Ff,O ˝ FA ˝ Fb`BpfqpX ` r ` αq ˝ f´1

“ Ff,O ˝ FA pX ` r ` α ` ιXb` ιX QdRpH ´ f˚Hqq ˝ f´1

“ Ff,O ˝ pX ` ApXq ` r ` α ` ιXb` ιX QdRpH ´ f˚Hq ´ ιXxA,AyG ´ 2xA, ryGq ˝ f´1

“ f˚X `OpApXq ` rq ˝ f´1 ` pf´1q˚ pα ` ιXb` ιX QdRpH ´ f˚Hq ´ ιXxA,AyG ´ 2xA, ryGq ,

which is smooth tame as a composition of smooth tame maps.

Proposition 8.17. Let v P hexpEq, u P ΓpM,Eq. Then we have

DFµEpF “ id, uqv “ ´rv, us.

In particular, for any small enough exact autoequivalence Φv, we have

µEpΦv, uq “ u´ rv, us `RµE pvqu,

where RµE ptvq “ t2R̃µE pv, tq, for a real parameter t, where R̃µE pv, tq depends smoothly on t
for small t.

Proof. First, using the formula from the proof of Proposition 8.16, for pY ` b ` T ` Aq P
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auteqpEq and u “ X ` r ` α, we find

DFµEpF “ id, uqtY ` b` T ` Au

“ ´LYX ` ApXq ` Tr ´ LY r ´ LY α ` ιXb´ ιX QdR LYH ´ 2xA, ryG .

Setting T “ 0, A “ ds for some s P Ω0pM,Gq, b “ dβ ` QdR LYH ´ ιYH, and using
LY r “ drpY q, we find

DFµEpF “ id, uqtY ` dβ ` QdR LYH ´ ιYH ` dsu

“ ´LYX ` dspXq ´ drpY q ´ LY α ` ιXdβ ´ ιXιYH ´ 2xds, ryG

“ ´rY ` s ` β,X ` r ` αs.

Recall again that the derivative at the identity of µE gives rise to an identification of
auteqpEq with the derivations of E.

Corollary 8.18. Under the identification DerpEq – auteqpEq, we have hexpEq “ ´ impadq.

Remark 8.19. Analogous to the exact case we observe that Proposition 8.15 in fact states
that hexpEq is tamely isomorphic to pim adqK, where the orthogonal complement is taken with
respect to the L2-inner product on ΓpM,Eq defined by the bundle metric h‘ x¨, ¨yEucl ‘ h˚.

The tame Fréchet Lie group structure of the standard G-flat transitive Courant alge-
broid gives rise to a tame Fréchet Lie group structure on a general G-flat transitive Courant
algebroid. Given a G-flat transitive Courant algebroid, there is no unique standard G-flat
transitive Courant algebroid it is isomorphic to: A B-field transformation only changes
H Ñ H ` dB and hence maps standard G-flat transitive Courant algebroids to standard
G-flat transitive Courant algebroids. Similarly, elements in AutpGq “ C8pM,Opq,K ´ qqq

are simply changes of trivializations and again yield a standard G-flat transitive Courant
algebroid.

In contrast, when acting with A P Ω1pM,Gq, in general R no longer vanishes but rather
R “ ´dA. Later, we will require more flexibility in the choice of bisection and need to
also consider those bisections in which R does not vanish. Therefore, we will be interested
in an explicit description of the group of autoequivalences of a standard transitive Courant
algebroid obtained from a standard G-flat Courant algebroid by an A-field transformation.

8.1.2.3 Autoequivalences in a general choice of bisection

Suppose we change the bisection from a flat standard transitive Courant algebroid by acting
with ´S P Ω1pM,Gq. Since the action by a closed A-field transform on a standard G-flat
transitive Courant algebroid will again yield a standard G-flat transitive Courant algebroid,
we will assume without loss of generality that S “

řK
i“1 Siei, with Si P d˚Ω2pMq (recall that

by Remark 8.9 the S of this kind form a topological complement to Ω1
clpMq).

Then the data defining the bracket is as follows: the connection on G is still flat with
trivial holonomy, R “ dS and the three-form H satisfies H´xS^dSyG P Ω3

clpMq. The group
of autoequivalences of this Courant algebroid is the subgroup of the group of orthogonal
equivalences conjugate to the autoequivalences of the standard G-flat transitive Courant
algebroid by the action of F´S. In particular it still has a tame Fréchet Lie group structure,
which we explicitly describe in the following theorem.
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Theorem 8.20. Let E – TM ‘ G ‘ T ˚M be a standard transitive Courant algebroid with
G “ M ˆ RK , ∇ a flat connection on G with trivial holonomy, R “ dS for some S “
řK
i“1 Siei, Si P d˚Ω2pMq and H P Ω3pMq such that H ´ xS ^ dSyG P Ω3

clpMq. Then

AuteqpEq “ tFν,A,B : ν “ pf,Oq s.t. f P DiffrH´xS^dSyGspMq, O P Opq,K ´ qq,

a :“ A ´ S `O´1f˚S P Ω1
clpM,Gq,

b :“ B ´ QdR pH ´ xS ^ dSyG ´ f˚pH ´ xS ^ dSyGqq

´ xa ^ pS `O´1f˚SqyG ` xO´1f˚S ^ SyG P Ω2
clpMqu

– DiffpMqrH´xS^dSyGs ˆ Ω2
clpMq ˆ Opq,K ´ qq ˆ Ω1

clpM,Gq.

The multiplication map is given by

pf1, b1, O1,a1q ˝ pf2, b2, O2,a2q ÞÝÑ pf1f2, b3, O1O2,a3q,

where

a3 “ O´1
2 f˚

2 a1 ` a2

b3 “ f˚
2 b1 ` b2 ` xO´1

2 f˚
2 a1 ^ a2yG ` rf˚

2 ,QdRs pH ´ xS ^ dSyG ´ f˚
1 pH ´ xS ^ dSyGqq ,

and the inversion map is given by

pf, b, O,aq ÞÑ pf´1, b1, O´1,´Opf´1q˚aq,

where
b1 “ ´pf´1q˚b` rQdR, pf

´1q˚s pH ´ xS ^ dSyG ´ f˚pH ´ xS ^ dSyGqq .

Proof. Like in the proofs of Proposition 8.10 and Theorem 8.11, we will first take a closer
look at the constraints in Theorem 5.27 on ν “ pf,Oq P AuteqpGq, A P Ω1pM,Gq and
B P Ω2pMq to define an autoequivalence Fν,A,B of E.

By the same argument as in Proposition 8.10, the first condition implies that O must be
constant, i.e. O P Opq,K ´ qq. The second condition becomes

O´1f˚dS “ dS ´ dA,

which, using equation (8.2) and that O is constant, this is equivalent to

dpA `O´1f˚S ´ Sq “ 0.

Henceforth, we will write

A “ a ` S ´O´1f˚S for some a P Ω1
clpM,Gq.

The last condition in Theorem 5.27 becomes

H ´ f˚H “ dB ` 2xA ^ dSyG ´ xA ^ dAyG

“ dB ` 2
@

pa ` S ´O´1f˚Sq ^ dS
D

G ´
@

pa ` S ´O´1f˚Sq ^ pdS ´O´1f˚dSq
D

G .
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Observing that for general A1 P ΩkpM,Gq and B1 P ΩlpM,Gq, we have
@

O´1A1 ^O´1B1
D

G “
@

A1 ^ B1
D

G ,
@

f˚A1 ^ f˚B1
D

G “ f˚
@

A1 ^ B1
D

G ,

dxA1 ^ B1yG “ xdA1 ^ B1yG ` p´1qkxA1 ^ dB1yG ,

we find

H ´ f˚H “ dB ´ d
@

a ^ pS `O´1f˚Sq
D

G ´ d
@

S ^O´1f˚S
D

G ` xS ^ dSyG ´ f˚xS ^ dSyG .

In particular, this shows that f P DiffpMqrH´xS^dSyGs and that

B “ b`Bpf,aq for some b P Ω2
clpMq,

where we defined

Bpf,aq “ QdR pH ´ xS ^ dSyGq `
@

a ^ pS `O´1f˚Sq
D

G `
@

S ^O´1f˚S
D

G .

In total, we obtain a bijection

DiffpMqrH´xS^dSyGs ˆ Ω2
clpMq ˆ Opq,K ´ qq ˆ Ω1

clpM,Gq
–

ÝÝÑ AuteqpEq

pf, b, O,aq ÞÝÑ Fpf,Oq,a`S´O´1f˚S, b`Bpf,aq.

To express the multiplication in AuteqpEq in terms of this bijection, we write

pf1, b1, O1, a1qpf2, b2, O2, a2q “ pf1f2, b3, O1O2,a3q.

Then, using the formulas for the multiplication in Theorem 5.27, we find that a3 is given by

a3 “ O´1
2 f˚

2 pa1 ` S ´O´1
1 f˚

1 Sq ` a2 ` S ´O´1
2 f˚

2 S ´
`

S ´ pO1O2q´1pf1f2q˚S
˘

“ O´1
2 f˚

2 a1 `O´1
2 f˚

2 S ´ pO1O2q´1pf1f2q˚S ` a2 ` S ´O´1
2 f˚

2 S
´
`

S ´ pO1O2q´1pf1f2q˚S
˘

“ O´1
2 f˚

2 a1 ` a2.

Similarly,

b3 “ f˚
2 pb1 `Bpf1,a1qq ` pb2 `Bpf2,a2qq

`
@

O´1
2 f˚

2
`

a1 ` S ´O´1
1 f˚

1 S
˘

^
`

a2 ` S ´O´1
2 f˚

2 S
˘D

G ´Bpf1f2, O
´1
2 f˚

2 a1 ` a2q.

To simplify this expression, we first compute

f˚
2 pb1 `Bpf1,a1qq ` pb2 `Bpf2,a2qq ´Bpf1f2, O

´1
2 f˚

2 a1 ` a2q

“ rf˚
2 ,QdRs pH ´ xS ^ dSyG ´ f˚

1 pH ´ xS ^ dSyGqq ` xf˚
2 a1 ^ f˚

2 SyG

´
@

O´1
1 pf1f2q˚S ^ f˚

2 S
D

G `
@

a2 ^O´1
2 f˚

2 S
D

G ´
@

O´1
2 f˚

2 S ^ S
D

G

´
@

O´1
2 f˚

2 a1 ^ S
D

G ´
@

a2 ^ pO1O2q´1pf1f2q˚S
D

G `
@

pO1O2q´1pf1f2q˚S ^ S
D

G .
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Expanding and adding the remaining terms

f˚
2 b1 ` b2 `

@

O´1
2 f˚

2
`

a1 ` S ´O´1
1 f˚

1 S
˘

^
`

a2 ` S ´O´1
2 f˚

2 S
˘D

G

we find that

b3 “ f˚
2 b1 ` b2 ` xO´1

2 f˚
2 a1 ^ a2yG ` rf˚

2 ,QdRs pH ´ xS ^ dSyG ´ f˚
1 pH ´ xS ^ dSyGqq .

Finally, using these formulas for the multiplication, we confirm that the inversion map is
given by the expression stated in the theorem.

Since AuteqpEq is conjugate to the group of autoequivalences of a flat standard transitive
Courant algebroid by some A-field transformation, and since the action of A-field transfor-
mations on ΓpM,Eq is smooth tame, we conclude from Proposition 8.16 that the action of
AuteqpEq on ΓpM,Eq is smooth tame.

Moreover, AuteqpEq has a tame Fréchet Lie subgroup, the group AuteqexpEq of exact
autoequivalences, which is conjugate to the group of exact autoequivalences of some standard
G-flat transitive Courant algebroid. Its Lie algebra is again the image of ´ ad: ΓpM,Eq Ñ

auteqpEq. Using this fact, we will give an explicit description of the underlying tame Fréchet
space below.
Proposition 8.21. Let E be as in Theorem 8.20. Then the Lie algebra of AuteqexpEq is
given by

hexpEq “ tX ` b` a P auteqpEq : Dα P Ω1pMq, D r P ΓpM,Gq s.t. a “ dr ` dιXS,
b “ dpα ´ x2r ` ιXS,SyGq ` QdR LXpH ´ xS ^ dSyGq ´ ιXpH ´ xS ^ dSyGqu,

where as above S “
řK
i“1 Siei is such that R “ dS, Si P d˚Ω2pMq.

Proof. This can be proved by first computing DFµEpF “ id, Y ` r ` βqtX ` b` T ` au for
generalX`b`T`a P auteqpEq and then comparing to the expression of ´rX`r`α, Y `s`βs.
For both expressions to agree with each other, we must have T “ 0, a “ dr ` dιXS and

b “ dpα ´ x2r ` ιXS,SyGq ` QdR LXpH ´ xS ^ dSyGq ´ ιXpH ´ xS ^ dSyGq.

As before, we will identify hexpEq with a tame Fréchet subspace of ΓpM,Eq.
Proposition 8.22. Let teiuKi“1 be some parallel orthonormal frame of G and Si P d˚Ω2pMq

such that S “
ř

i Siei, where S is such that R “ dS. We denote by pGijq P RK2 the (positive
definite symmetric) matrix defined by Gij “ pei, ejqG, where p¨, ¨qG denotes the L2-inner
product on G defined in the beginning of Section 8.1.2. There is a tame isomorphism

hexpEq – pker adqK

“

#

X ` r ´ 2
ÿ

i,j

G´1
ji pϵiSi, αqej ` α : X P XpMq, r P d˚

∇Ω1pM,Gq, α P d˚Ω2pMq

+

,

where the orthogonal complement of ker ad is taken with respect to the L2-inner product p¨, ¨qE
on ΓpM,Eq (defined in the beginning of Section 8.1.2) and p¨, ¨q denotes the L2-inner product
induced by the auxiliary Riemannian metric h.
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Proof. First, we observe by inspecting the expression of the Dorfman bracket that

Y ` s ` β P kerp´ adq “ kerpadq ðñ Y “ 0, ds “ 0, β ´ 2xs,SyG P Ω1
clpMq.

We claim that the orthogonal complement of kerpadq with respect to p¨, ¨qE exists and that
it is given by

pker adqK “

#

X ` r ´ 2
ÿ

i,j

G´1
ji pϵiSi, αqej ` α : X P XpMq, r P d˚

∇Ω1pM,Gq, α P d˚Ω2pMq

+

.

To see that it is orthogonal, we observe that for s`β P kerpadq andX`r´2
ř

i,j G
´1
ji pϵiSi, αqej`

α with r P d˚
∇Ω1pM,Gq, α P d˚Ω2pMq we have

˜

s ` β, X ` r ´ 2
ÿ

i,j

G´1
ji pϵiSi, αqej ` α

¸

“ ´2
ÿ

i

sipϵiSi, αq ` 2pα, xs,SyGq “ 0,

where we used that si is constant for every i since ds “ 0 and prim d˚ β “ 2 prim d˚xs,SyG .

To see that it is an algebraic complement, we need to show that for every t ` γ P

ΓpM,Gq ‘ Ω1pMq there exist s P Ω0
clpM,Gq, r P d˚

∇Ω1pM,Gq, β̃ P Ω1
clpMq and α P d˚Ω2pMq

such that

t ` γ “ s ` β̃ ` 2xs,SyG ` r ` α ´ 2
ÿ

i,j

G´1
ji pϵiSi, αqej .

Writing t “ t0 ` t1 with t0 P Ω0
clpM,Gq, t1 P d˚

∇Ω1pM,Gq and γ “ γ0 ` γ1 with γ0 P Ω1
clpMq,

γ1 P d˚Ω2pMq, this is equivalent to the system

γ0 “ β̃, γ1 “ α ` 2xs,SyG , t1 “ r,

t0 “ s ´ 2
ÿ

i,j

G´1
ji pϵiSi, αqej “ s ´ 2

K
ÿ

i,j“1
G´1
ji pϵiSi, γ1 ´ 2xs,SyGqej ,

(8.3)

where we substituted the equation for γ1 in the second line and used that prim d˚xs,SyG “

xs,SyG , since Si P d˚Ω2pMq and si are constant. Then (8.3) has a (unique) solution if and
only if

Ω0
clpM,Gq Q s ÞÝÑ s ` 4

K
ÿ

i,j“1
G´1
ji pϵiSi, xs,SyGqej P Ω0

clpM,Gq (8.4)

is invertible. This is equivalent to the invertibility of the matrix A P RK2 with

Aik “ δik ` 4
ÿ

i,j

G´1
ij pϵjSj , ϵkSkq.

Note that the matrix defined by pϵiSi, ϵjSjq is positive semi-definite. Indeed, given pλiq P RK ,
we have

ÿ

i,j

λipϵiSi, ϵjSjqλj “

˜

ÿ

i

λiϵiSi,
ÿ

j

λjϵjSj

¸

ě 0.
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Since G is positive-definite, it follows that GA is invertible as a sum of a positive-definite
and positive semi-definite matrix. Hence, A is invertible.

Note that both ker ad and pker adqK are closed subspaces of ΓpM,Eq and therefore graded
Fréchet spaces. Moreover, the projections of ΓpM,Eq to the respective subspaces are tame
linear maps, which can be seen from the fact that the solution ps, α, r, β̃q of (8.3) depends
tame linearly on t`γ (note that the inverse map of (8.4) is automatically tame linear, being
a linear map between finite-dimensional vector spaces). This shows that ker ad and pker adqK

are tame direct summands of ΓpM,Eq and thus tame Fréchet spaces.
We conclude that

hexpEq – pker adqK

“

#

X ` r ´ 2
ÿ

i,j

G´1
ji pϵiSi, αqej ` α : X P XpMq, r P d˚Ω1pM,Gq, α P d˚Ω2pMq

+

,

where the map pker adqK ÝÑ hexpEq is given by the restriction of ad: ΓpM,Eq ÝÑ hexpEq.
To see that this is a tame isomorphism, using Proposition 8.21 we observe that its inverse is
given by

hexpEq Q X ` b` a ÞÝÑ X ` rpX,aq ´ 2
ÿ

i,j

G´1
ji pϵiSi, αpX, b,aqq ej ` αpX, b,aq,

where

rpX,aq “ Q∇pa ´ dιXSq,

αpX, b,aq “ QdR pb` dx2 rpX,aq ` ιXS,SyG ´ QdR LXpH ´ xS ^ dSyGq ` ιXpH ´ xS ^ dSyGqq .

Here we use that for A P dΩ0pM,Gq, we have d Q∇ A “ A and similarly, for B P dΩ1pMq,
we have d QdR B “ B.

In view of Proposition 8.22 (and Remark 8.19) we will from now on always identify

hexpEq – pker adqK Ă ΓpM,Eq. (8.5)

Last, we observe that given some generalized complex structure L, we may use the isomor-
phism of real vector bundles

Ψ: L̄ ÝÑ E

ξ ÞÝÑ ξ ` ξ̄
(8.6)

to describe exact autoequivalences by elements in Ψ´1phexpEqq Ă ΓpM,L˚q. For ξ P

Ψ´1phexpEqq, we will then also denote Fξ :“ FΨξ.

8.1.2.4 Choices of bisection and bundle metrics

Next, we consider G-flat transitive Courant algebroids with a generalized complex structure.
Note that the existence of a generalized complex structure forces the scalar product x¨, ¨y
of the Courant algebroid to be of signature p2k, 2ℓq, where 2k “ dimM ` q and 2ℓ “

dimM `K ´ q. In other words, it forces K and dimM ` q to be even.
Recall that a generalized (Riemannian) metric on a Courant algebroid E is a positive

definite scalar product H on E such that the endomorphism Hend defined by H “ xHend¨, ¨y
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is an involution. We denote by E˘ Ă E the ˘1-eigenbundles of Hend.

Lemma 8.23. Given a generalized complex structure J on a Courant algebroid E, there
exists a generalized Hermitian metric with respect to J , i.e. a generalized metric H such that
HpJ ¨,J ¨q “ Hp¨, ¨q.

Proof. This follows from the fact that every Upk, ℓq-structure admits a reduction to the
maximal compact subgroup Upkq ˆ Upℓq Ă Upk, ℓq.

Remark 8.24. Explicitly, a generalized Hermitian metric can be obtained by constructing
J -invariant subspaces E˘ in the following way: Take an orthonormal vector u1 P E, say
xu1, u1y “ ϵ P t˘1u. Then

xJ u1,J u1y “ xu1, u1y “ ϵ.

Hence, spantu1,J u1u is either a positive or a negative subbundle of E.
Next, we pick some vector u2 P pspantu1,J u1uq

K and normalize such that |xu2, u2y| “ 1.
Proceeding as before and iterating the procedure yields two subbundles E˘ that are J -
invariant and define a generalized metric that is in particular a generalized Hermitian metric.

A statement similar to the following lemma already appeared in [JV16] but with a dif-
ferent proof.

Lemma 8.25. Let H be a generalized metric on a transitive Courant algebroid E. Then
there is a bisection of E in which H “ 1

2g ‘ x¨, ¨yEucl ‘ 1
2g

˚, where g is a Riemannian metric
on M and x¨, ¨yEucl is a positive definite scalar product on G.

Proof. We apply similar ideas as in [Gar14]. Since H is positive definite, we must have

E` X T ˚M “ t0u “ E´ X T ˚M

and it follows that the restrictions

prG |kerπXE˘
: kerπ X E˘ ÝÑ G

are injective. We denote G˘ “ prG E˘ X kerπ. Note that x¨, ¨yG |G`
ą 0 and x¨, ¨yG |G´

ă 0. It
follows that

G` X G´ “ t0u, rank G` ď q, rank G´ ď K ´ q.

Moreover, we denote by pE` XkerπqK Ă E` the orthogonal complement of E` Xkerπ. Then
the anchor map defines an injective vector bundle morphism

πK “ π|pE`XkerπqK : pE` X kerπqK ÝÑ TM.

In particular, rankpE` X kerπqK ď dimM and we find

dimM ě rankpE` X kerπqK “ rankE` ´ rank G` ě dimM ` q ´ q “ dimM

and hence
rank G` “ q, rankpE` X kerπqK “ dimM.

A similar argument shows that rank G´ “ K ´ q. Hence G “ G` ‘ G´ and πK is in fact an
isomorphism. Moreover, we obtain isomorphisms

prG˘
“ prG |kerπXE˘

: kerπ X E˘ ÝÑ G˘.
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The isomorphism πK determines a Riemannian metric on TM via

gp¨, ¨q :“ Hpπ´1
K ¨, π´1

K ¨q “ xπ´1
K ¨, π´1

K ¨y.

We define the map

λ : TM ÝÑ E

X ÞÝÑ π´1
K pXq ´

1
2π

˚gpXq.

Then clearly π ˝ λ “ id and for X,Y P TM we find

xλpXq, λpY qy “ xπ´1
K pXq ´

1
2π

˚gpXq, π´1
K pY q ´

1
2π

˚gpY qy

“ gpX,Y q ´
1
2gpXqpY q ´

1
2gpY qpXq

“ gpX,Y q ´ gpX,Y q

“ 0.

Moreover, for every r P G we write r “ r` ` r´ and define

σ : G ÝÑ kerπ
r ÞÝÑ pr´1

G`
pr`q ` pr´1

G´
pr´q.

Then for every X P TM and r P G, we find

xσprq, λpXqy “ xpr´1
G`

pr`q, π´1
K pXqy “ 0.

Therefore, pλ, σq define a bisection of E. Since

E` “ tπ´1
K pXq ` pr´1

G`
pr`q : X P TM, r` P G`u

“ tλpXq `
1
2π

˚gpXq ` pr´1
G`

pr`q : X P TM, r` P G`u,

we observe that in the bisection defined by pλ, σq we have

E` “ tX ` gpXq ` r` : X P TM, r` P G`u,

E´ “ tX ´ gpXq ` r´ : X P TM, r´ P G´u.

It follows that in this splitting H takes the form H “ 1
2g ‘ x¨, ¨yEucl ‘ 1

2g
˚, where

x¨, ¨yEucl “ x¨, ¨yG |G`
´ x¨, ¨yG |G´

.

Note that in the case where x¨, ¨yG is positive definite we must have x¨, ¨yEucl “ x¨, ¨yG .
Combining Lemma 8.23 and Lemma 8.25, we obtain the following.

Corollary 8.26. Suppose that E is a G-flat transitive Courant algebroid with a generalized
complex structure J . Then there exists a generalized Hermitian metric H and a choice of
bisection such that H “ h‘ x¨, ¨yEucl ‘ h˚.
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Proof. This is a direct consequence of Lemma 8.23 and Lemma 8.25 by defining h :“ 1
2g.

Given a G-flat transitive Courant algebroid with a generalized complex structure, we will
fix a bisection and bundle metrics on TM , L and L̄ in the following way: First, we choose
a generalized Hermitian metric H on E. Then we choose a bisection E – TM ‘ G ‘ T ˚M
and a Riemannian metric h on M such that the generalized Hermitian metric is given by
H “ h‘x¨, ¨yEucl ‘h

˚. Restricting the complex sesqui-linear extension of H to the subbundles
L and L̄ yields Hermitian bundle metrics on these subbundles.

In the following, we will always assume that the L2-inner products on the spaces ΓpM,Λ‚L˚q,
as well as on the spaces Ω‚pMq and XpMq are defined in terms of these choices of bundle
metrics and with respect to the Riemannian metric h. Moreover, the Riemannian metric
defining the charts for DiffpMqrHs will be chosen to be h.

The advantage of these choices of bundle metrics is the following.

Lemma 8.27. Let E be a G-flat transitive Courant algebroid with a generalized complex
structure L. With the above choices of bundle metrics defining the L2-inner products and
the identification hexpEq – pker adqK as in (8.5), it holds that

Ψ´1 hexpEq Ą d˚
L

`

ΓpM,Λ2L˚q
˘

.

Moreover, d˚
L

`

ΓpM,Λ2L˚q
˘

has finite codimension in Ψ´1phexpEqq and if H1pM,Lq “ 0,
then

Ψ´1phexpEqq “ d˚
L

`

ΓpM,Λ2L˚q
˘

.

Proof. Under the identification hexpEq – pker adqK, we have an orthogonal decomposition

ΓpM,Eq “ hexpEq ‘ kerpadq.

Since Ψ´1 “ prL̄ : ΓpM,Eq ÝÑ ΓpM, L̄q, with our choices of bundle metrics Ψ´1 is in fact
a homothety and we obtain an orthogonal decomposition

ΓpM, L̄q “ Ψ´1 hexpEq ‘ Ψ´1 kerpadq.

On the other hand recall that by the Hodge decomposition
`

d˚
L

`

ΓpM,Λ2L˚q
˘˘K

“ ker
`

dL : ΓpM,L˚q ÝÑ ΓpM,Λ2L˚q
˘

.

We consider ξ P ΓpM,L˚q – ΓpM, L̄q such that Ψξ “ ξ ` ξ̄ P ker ad, and u, v P ΓpM,Lq.
Then by Lemma 5.39 we have

dLξpu, vq “ ´xrξ, us, vy “ ´xrξ ` ξ̄, us, vy “ 0.

It follows that ξ P ker dL and therefore ker
`

dL : ΓpM,L˚q ÝÑ ΓpM,Λ2L˚q
˘

Ą Ψ´1 kerpadq.
This implies

d˚
L

`

ΓpM,Λ2L˚q
˘

“
`

ker
`

dL : ΓpM,L˚q ÝÑ ΓpM,Λ2L˚q
˘˘K

Ă
`

Ψ´1 ker ad
˘K

“ Ψ´1 hexpEq.

We claim that dLC8pMq Ă Ψ´1 kerpadq. Given f P C8pMq and u P ΓpM,Lq, we compute

dLfpuq “ πpuqrf s “ prL̄ π˚dfpuq.
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Since
prL̄ π˚df “ Ψ´1pπ˚dfq P Ψ´1 kerpadq,

we conclude that

dLC8pMq Ă Ψ´1 kerpadq ùñ Ψ´1 hexpEq X dLC8pMq “ t0u.

Hence
Ψ´1 hexpEq X ker

`

dL : ΓpM,L˚q ÝÑ ΓpM,Λ2L˚q
˘

Ă H1
LpMq.

8.1.3 Action on generalized complex deformations

In the following, let E be a G-flat transitive Courant algebroid over a compact manifold.
Generalized almost complex structures on E can be seen as sections of a fiber subbundle of
EndE, whose fibers are isomorphic to Op2k, 2ℓq{Upk, ℓq. In particular the space of general-
ized almost complex structures on E is the space of all sections GACpEq of this fiber bundle
and thus a tame Fréchet manifold [Ham82, Thm II.2.3.1].

Recall that the group of autoequivalences acts on the tame Fréchet manifold of generalized
almost complex structures

AuteqpEq ˆ GACpEq Q pF,J q ÞÝÑ F ¨ J :“ F ˝ J ˝ F´1.

For exact E, it was already shown in [Hec25] that this action is smooth tame. In the
following, we will see this more generally in the case of G-flat transitive Courant algebroids.
For this, we need the following lemma.

Lemma 8.28. The map

µEnd : AuteqpEq ˆ ΓpM,EndEq ÝÑ ΓpM,EndEq

pF,Aq ÞÝÑ F ˝A ˝ F´1

is smooth tame.

Proof. We consider the auxiliary map

AuteqpEq ˆ ΓpM,EndEq ˆ ΓpM,Eq ÝÑ ΓpM,Eq

pF,A, uq ÞÝÑ F ˝A ˝ F´1u.

Then we observe that this map is smooth tame since

F ˝A ˝ F´1u “ F ˝A ˝ F´1 ˝ u ˝ f ˝ f´1

“ µEpF,AµEpF, uqq,

where f is the diffeomorphism covered by F and we use that µE is smooth tame (cf. Propo-
sition 8.16). In a locally trivial neighborhood U Ă M for E, the map µEnd can be recovered
from the auxiliary map using a local frame teiu for E and its dual local frame tαiu for E˚
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via

µEndpF,Aq|U “
ÿ

i

µEpF,AµEpF, eiqq b αi.

These patch together to the global section µEndpF,Aq of EndE. The patching can be made
explicit using a partition of unity. In total, this yields a smooth tame map.

Proposition 8.29. The action of AuteqpEq on GACpEq is smooth tame.

Proof. This follows from Lemma 8.28 since GACpEq is a tame Fréchet submanifold of
ΓpM,EndEq.

Consider now a generalized almost complex structure J on E and an autoequivalence F .
Then we have

LppF ¨ J q “
␣

Fuf´1ppq : uf´1ppq P Lf´1ppq

(

“
␣

F ˝ u ˝ f´1ppq : u P ΓpM,Lq
(

“ trµEpF, uqsp : u P ΓpM,Lqu .

For F in a small enough C1-neighborhood Vp1q of id P AuteqpEq, we find that

LpF ¨ J q X L̄ “ t0u

and hence there is some ΘpF q P ΓpM,Λ2L˚q such that

LpF ¨ J q “ graphpΘpF qq.

In particular, ΘpF q is the generalized (almost) complex deformation corresponding to F ¨ J .
Similarly, possibly after shrinking Vp1q further, and for some small enough C0-neighborhood
Wp0q of 0 in ΓpM,Λ2L˚q, for every F P Vp1q, φ P Wp0q, the generalized almost complex
structure F ¨ Jφ corresponds to a generalized almost complex deformation ΘpF,φq. Since
we can think of Θ as the local expression for the action of AuteqpEq on GACpEq in a local
chart around J , it is a smooth tame map. We will state this in the following proposition.

Proposition 8.30. The map

Θ: Vp1q ˆ Wp0q ÝÑ ΓpM,Λ2L˚q

pF,φq ÞÝÑ ΘpF,φq

is smooth tame. It is given by the formula

ΘpF,φq “ pFL̄L ` FL̄L̄ ˝ φqpFLL ` FLL̄ ˝ φq´1,

where we wrote

F “

ˆ

FLL FLL̄
FL̄L FL̄L̄

˙

w.r.t. E “ L‘ L̄.



8.1. GROUPS OF AUTOEQUIVALENCES AS TAME LIE GROUPS 151

Proof. We only need to prove the formula for ΘpF,φq. First, we write

LppF ¨ Jφq “
␣

F pu` iuφqf´1ppq : u P ΓpM,Lq
(

“
␣

pFLL ` FLL̄ ˝ φquf´1ppq ` pFL̄L ` FL̄L̄ ˝ φquf´1ppq : u P ΓpM,Lq
(

.

Note that for F in a small C1-neighborhood Vp1q of the identity and φ in a small C0-
neighborhood Wp0q of 0, the map

FLL ` FLL̄ ˝ φ : L ÝÑ L

is invertible. Therefore, for every u P ΓpM,Lq there is some v P ΓpM,Lq such that for every
p P M we have

vp “ pFLL ` FLL̄ ˝ φquf´1ppq.

It follows that

LppF ¨ Jφq “
␣

vp ` pFL̄L ` FL̄L̄ ˝ φqpFLL ` FLL̄ ˝ φq´1vp : v P ΓpM,Lq
(

and thus we find

ΘpF,φq “ pFL̄L ` FL̄L̄ ˝ φqpFLL ` FLL̄ ˝ φq´1.

From now on, we will also denote ΘpF,φq :“ F ¨ φ.

Lemma 8.31. ΘpF1 ˝ F2, φq “ F1 ¨ ΘpF2, φq.

Proof. This follows from

pF1 ˝ F2q ¨ J “ pF1 ˝ F2q ˝ J ˝ pF1 ˝ F2q´1

“ F1 ˝ pF2 ˝ J ˝ F´1
2 q ˝ F´1

1
“ F1 ¨ pF2 ¨ J q.

We denote by

Wpkq
ε :“ tφ P ΓpM,Λ2L˚q : }φ}k,8 ă εu, U pkq

ε :“
␣

ξ P Ψ´1 hexpEq Ă ΓpM,L˚q : }ξ}k,8 ă ε
(

.

Then for ε ą 0 small enough, restricting Θ to exact autoequivalences and concatenating with
the local chart Φ of AuteqexpEq yields a smooth tame map

E : U p1q
ε ˆ Wp0q

ε ÝÑ ΓpM,Λ2L˚q.

Like in the complex case, for our proof of the local completeness of the deformation family
in Section 8.2.2, we need to compute the partial derivative DξEpξ, φq. Proceeding similarly
as in Section 7.1, we first prove the following proposition.
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Proposition 8.32. Let φ P Wp0q
ε be a generalized almost complex deformation, Fξ an exact

autoequivalence, where ξ P U p1q
ε . Then for ε ą 0 small enough, Fξ ¨ φ is well-defined and we

have

Epξ, φq :“ Fξ ¨ φ “ φ` dLpaφξq ` rφ, aφξs ´ ιξ̄
`

dLφ` 1
2 rφ,φs

˘

`Rpφ, ξq,

where aφξ :“ ξ ´ ιξ̄φ and Rpφ, tξq “ t2R̃pφ, ξ, tq for a real parameter t with R̃pφ, ξ, tq
depending smoothly on t for small t.

Proof. We know that

LFξ¨φ,p “ tµEpFξ, u` ιuφqp : u P ΓpM,Lqu

“ tup ` φpupq ´ rΨξ, u` φpuqsp `RµE pΨξqpu` ιuφqp : u P ΓpM,Lqu ,

where we used Proposition 8.17 where also R̃ is defined and Ψ: L̄ Ñ ΓpM,Eq is the vector
bundle isomorphism defined in (8.6). It follows that

prLpLFξ¨φ,pq “
␣

up ´ prLrξ̄ ` ξ, u` ιuφsp ` prLRµE pΨξqpu` ιuφqp : u P ΓpM,Lq
(

“
␣

up ´ prLrξ̄ ` ξ, usp ´ prLrξ̄, ιuφsp ` prLRµE pΨξqpu` ιuφqp : u P ΓpM,Lq
(

.

We define by P pξ, φq : ΓpM,Lq ÝÑ ΓpM,Lq by

P pξ, φqu :“ prL pµEpFξ, u` ιuφqq

“ u´ prLrξ̄ ` ξ, us ´ prLrξ̄, ιuφs ` prLRµE pΨξqpu` ιuφq.

Then P pξ, φq is invertible for pξ, φq P U p1q
ε ˆ Wp0q

ε with inverse

P pξ, φq´1u “ u` rξ̄, us ` prLrξ, us ` prLrξ̄, ιuφs ` higher orders of ξ,

where we used that the family of inverse maps P pξ, φq´1u depends smoothly on ξ. To see
that P pξ, φq´1u is indeed smooth in ξ, analogous to the complex case we note that the
inverse of

prL : LFξ¨φ Ñ L

is given by
id `Epξ, φq : L Ñ LFξ¨φ Ă E,

which we already know depends smoothly on ξ, and the inverse of

u ÞÑ µEpFξ, u` ιuφq

is given by
v ÞÑ prL µEpF´1

ξ , vq.
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Putting everything together, it follows that

LFξ¨φ,p “

!

up ` φ
`

P pξ, φq´1u
˘

p
´ prL̄rΨξ, P pξ, φq´1u` φ

`

P pξ, φq´1u
˘

sp

` higher orders of ξ : u P ΓpM,Lqu

“
␣

up ` φ
`

up ` rξ̄, usp ` prLrξ, usp ` prLrξ̄, ιuφsp
˘

´ prL̄rξ, usp ´ prL̄rξ ` ξ̄, ιuφsp

` higher orders of ξ : u P ΓpM,Lqu .

This shows that

Epξ, φqpuq “ ιu`rξ̄,us`prLrξ,us`prLrξ̄,ιuφsφ´ prL̄rξ, us ´ prL̄rξ ` ξ̄, ιuφs ` higher orders of ξ.

On the other hand, using Lemma 5.39, we find that

ιu

ˆ

φ` dLpξ ´ ιξ̄φq ` rφ, ξ ´ ιξ̄φs ´ ιξ̄pdLφ`
1
2 rφ,φsq

˙

“ ιuφ´ prL̄rξ, us ` prL̄rιξ̄φ, us ` rιuφ, ξ ´ ιξ̄φs ` ιprLrξ´ιξ̄φ,usφ

´ prL̄rιξ̄φ, us ´ prL̄rξ̄, ιuφs ` ιrξ̄,usφ´ rιξ̄φ, ιuφs

` 1
2 ιprLprξ̄,ιuφs´rιuφ,ξ̄s´ru,ιξ̄φs`rιξ̄φ,usqφ

“ ιu`rξ̄,us`prLrξ,usφ´ prL̄rξ, us ´ prL̄rξ ` ξ̄, ιuφs

` 1
2 ιprLprξ̄,ιuφs´rιuφ,ξ̄s´ru,ιξ̄φs´rιξ̄φ,usqφ.

We need to show that

´ prLprιuφ, ξ̄s ` ru, ιξ̄φs ` rιξ̄φ, usq “ prLrξ̄, ιuφs.

To this end, for any ψ P L̄, we compute

xrξ̄, ιuφs ` rιuφ, ξ̄s, ψy ` xru, ιξ̄φs ` rιξ̄φ, us, ψy

“ πpψqxξ̄, ιuφy ` πpψqxu, ιξ̄φy

“ πpψq
`

φpu, ξ̄q ` φpξ̄, uq
˘

“ 0.

This concludes the proof.

Lemma 8.33. For some ε ą 0, φ P Wp0q
ε , let

aφ : ΓpM,L˚q ÝÑ ΓpM,L˚q

ξ ÞÝÑ ξ ´ ιξ̄φ.

Then the family of linear maps

a : Wp0q
ε ˆ ΓpM,L˚q ÝÑ ΓpM,L˚q

pφ, ξq ÞÝÑ aφξ

is smooth tame. Moreover, for ε ą 0 small enough, aφ is invertible for every φ P Wp0q
ε and

the family of inverses a´1
φ is smooth tame.
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Proof. The proof is analogous to that of Lemma 7.6. First, we note that a is a non-linear
vector bundle operator and therefore smooth tame by Proposition 6.25. Moreover, aφ is
invertible for }φ}0,8 small enough. We set φ̃ : L̄ Ñ L̄ via φ̃pξq :“ φpξ̄q. Then,

a´1
φ “

8
ÿ

k“0
φ̃ k

where we used that the sum converges fiberwise for small enough }φ}0,8. This shows that,
when it is defined, the family a´1

φ ξ is a non-linear vector bundle operator and hence smooth
tame.

Using Proposition 8.32, we will now compute DξEpξ, φq for pξ, φq P U p1q
ε ˆ Wp0q

ε .

Proposition 8.34. Let φ P Wp0q
ε be a generalized almost complex deformation. Then

DξEpξ, φqη “ dLpbpξ,φqηq ` rEpξ, φq, bpξ,φqηs ´ ιcξη

`

dLEpξ, φq ` 1
2 rEpξ, φq, Epξ, φqs

˘

,

where bpξ,φqη “ aEpξ,φqcξη, with a as defined in Proposition 8.32 and

cξη “ DCξp0qη, Cξ : U Q η̃ ÞÑ Ψ´1Φ
´

Fξ`η̃F
´1
ξ

¯

P Ψ´1 hexpEq,

for a sufficiently small C1-neighborhood U Ă Ψ´1 hexpEq of zero.

Proof. Let ξ P U p1q
ε , φ P Wp0q

ε . Let U Ă U p1q
ε an open C1-neighborhood of 0 P ΓpM,L˚q such

that ξ ` η̃ P U p1q
ε for every η̃ P U and such that Fξ`η̃ ˝ F´1

ξ P Φ´1 ˝ ΨpU p1q
ε q for every η̃ P U .

Then we define

Cξ : U ÝÑ U p1q
ε

η̃ ÞÝÑ Ψ´1 ˝ ΦpFξ`η̃ ˝ F´1
ξ q.

Then

Epξ ` η̃, φq “ Fξ`η̃ ¨ φ

“ pFCξpη̃q ˝ Fξq ¨ φ

“ FCξpη̃q ¨ Epξ, φq.

By Proposition 8.32 and since Cξp0q “ 0, we find

DξEpξ, φq “ lim
tÑ0

1
t

tEpξ ` tη, φq ´ Epξ, φqu

“ lim
tÑ0

1
t

¨ rE pCξptηq, Epξ, φqq ´ Epξ, φqs

“ lim
tÑ0

1
t

␣

dL
`

aEpξ,φqCξptηq
˘

` rEpξ, φq, aEpξ,φqCξptηqs

´ι
Cξptηq

`

dLEpξ, φq ` 1
2 rEpξ, φq, Epξ, φqs

˘

)

“ dLpaEpξ,φqcξηq ` rEpξ, φq, aEpξ,φqcξηs ´ ιcξη

`

dLEpξ, φq ` 1
2 rEpξ, φq, Epξ, φqs

˘

,

where cξη “ DCξp0qη. Setting bpξ,φqη :“ aEpξ,φqcξη we arrive at the expression as stated
above.
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Lemma 8.35. For some ε ą 0, let Wp0q
ε , U p1q

ε as above. We assume that ε ą 0 is small
enough so that cξ and bpξ,φq as in Proposition 8.34 are defined for ξ P U p1q

ε and φ P Wp0q
ε .

Then the families of linear maps

c : U p1q
ε ˆ Ψ´1 hexpEq ÝÑ Ψ´1 hexpEq

pξ, ηq ÞÝÑ cξη

and

b : U p1q
ε ˆ Wp0q

ε ˆ Ψ´1 hexpEq ÝÑ ΓpM,L˚q

pξ, φ, ηq ÞÝÑ bpξ,φqη

are smooth tame. Moreover, for ε ą 0 small enough, cξ is invertible for every ξ P U p1q
ε . The

family of inverses c´1
ξ is smooth tame.

Proof. The proof is analogous to that of Lemma 7.8. Recall that

cξη “ DCξp0qη, Cξ : U Q η̃ ÞÑ
`

Φ´1 ˝ Ψ
˘´1

´

Fξ`η̃F
´1
ξ

¯

P Ψ´1 hexpEq,

where U Ă U p1q
ε is an open neighborhood of 0 such that ξ ` η̃ P U p1q

ε for every η̃ P U and
Fξ`η̃ ˝F´1

ξ P ΦpU p1q
ε q. Note that Cξ can be extended to a C0-neighborhood Ũ of 0 such that

ξ ` η̃ P Ψ´1 ˝ ΦpVidq, and Fξ`η̃F
´1
ξ P Vid for every η̃ P Ũ , where Vid denotes the local chart

neighborhood of id P AuteqexpEq. We may furthermore assume, possibly after shrinking
ε ą 0, that Ũ can be chosen independently of ξ, such that we obtain a well-defined map

C : U p1q
ε ˆ Ũ ÝÑ Ψ´1 hexpEq

pξ, η̃q ÞÝÑ Cξpη̃q.

Then Cξpη̃q is smooth tame in ξ and η̃ as a composition of smooth tame maps and invertible
for every small enough ξ. To compute the inverse, we note that

Cξpη̃q “ pΦ´1 ˝ Ψq´1
´

RF´1
ξ

˝ Φ´1 ˝ Ψpξ ` η̃q

¯

.

Since R´1
F´1

ξ

“ RFξ
, we find that

C´1
ξ pχq “ pΦ´1 ˝ Ψq´1 ˝RFξ

˝ Φ´1 ˝ Ψpχq ´ ξ

“ pΦ´1 ˝ Ψq´1 pFχFξq ´ ξ,

which is smooth tame. It follows that the family c of linear maps is smooth tame and cξ is
invertible for small enough ξ and the family of inverses c´1

ξ is again smooth tame.
For the statements about b we observe that by Proposition 8.30 and since c is smooth

tame, b is a composition of smooth tame maps and hence a smooth tame family of linear
maps.

Note that in contrast to Lemma 7.8 we cannot expect bpξ,φq to be invertible. The reason
for this is that in general Ψ´1 hexpEq is a proper subspace of ΓpM,L˚q, while in Lemma 7.8
we may identify the Lie algebra of the diffeomorphism group with the entire space ΓpM,T 1,0q.
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8.2 The deformation theorem

We now state the main theorem of this chapter.
Theorem 8.36. Let L be a generalized complex structure on a G-flat transitive Courant
algebroid E Ñ M . There exists an open neighborhood W Ă H2pM,Lq of 0, a family M̃ “

tφt : t P Wu of generalized almost complex deformations of L, and an analytic obstruction
map

ϕ : W Ñ H3pM,Lq

such that the generalized almost complex deformations M :“ tφt P M̃ : ϕptq “ 0u are
precisely the integrable ones. Any sufficiently small generalized complex deformation of L is
equivalent to at least one member of the family M. In the case that the obstruction map
vanishes, M is a locally complete family of generalized complex deformations.

In analogy to the complex case we call the family M in Theorem 8.36 the Kuranishi
family and the set ϕ´1p0q Ă W the Kuranishi moduli space.

The proof of Theorem 8.36 is split into two parts. First, we will construct the family and
the obstruction map in Section 8.2.1. Then we will prove that the family is locally complete
in Section 8.2.2. In Section 8.2.1, we will closely follow Gualtieri’s proof in [Gua11]. Since
Gualtieri followed Kuranishi’s proof in [Kur65], there are similarities with this work, too, as
well as with Section 7.2, which set the foundation for the proofs in Section 8.2.2.

8.2.1 Description of the family

Let

Ṽ1 :“
␣

φ P ΓpM,Λ2L˚q : dLφ` 1
2 rφ,φs “ 0 “ d˚

Lφ
(

Ă ΓpM,Λ2L˚q

We will see that as a set, the generalized complex deformations M in the family M̃ are
contained in Ṽ1. Our strategy will be the same as in [Gua11] (and as in Section 7.2): First
we show that Ṽ1 is contained in another set Ṽ2 and that for small enough ε ą 0 and large
enough k P N0, the intersection Wpkq

ε X Ṽ2 is parametrized by a neighborhood of 0 in H2
LpMq.

Then we will find an analytic map

ϕ : Wpkq
ε X Ṽ2 ÝÑ H3

LpMq

such that ϕpφq “ 0 if and only if φ is integrable and hence contained in M.
In the following lemma, we define the set Ṽ2 and prove that it contains the set Ṽ1 as

defined above.
Lemma 8.37 ([Gua03; Gua11]). Ṽ1 Ă Ṽ2 :“

␣

φ P ΓpM,Λ2L˚q : φ` 1
2 QLrφ,φs P H2

LpMq
(

.

Proof. This exact statement has already been proved in [Gua03; Gua11], but for the sake of
completeness we will repeat the argument here. Let φ P Ṽ1. Then

∆Lφ “ pdLd˚
L ` d˚

LdLqφ “ d˚
LdLφ “ ´1

2d˚
Lrφ,φs,

where we used d˚
Lφ “ 0 for the second equality and dLφ ` 1

2 rφ,φs “ 0 for the last equality.
Hence,

0 “ Gp∆Lφ` 1
2d˚

Lrφ,φsq “ φ´ prHL φ` 1
2 QLrφ,φs,
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where we used that prHL ` GL ∆L “ id. It follows that

φ` 1
2 QLrφ,φs “ prHL φ P H2

LpMq

and thus φ P Ṽ2.

We consider the smooth tame map

σ : ΓpM,Λ2L˚q ÝÑ ΓpM,Λ2L˚q,

φ ÞÝÑ φ` 1
2 QLrφ,φs.

Proposition 8.38. For ε ą 0 small enough and large enough k P N0, σ maps Wpkq
ε bijectively

onto some neighborhood W̃ε Ă ΓpM,Λ2L˚q such that

σ´1 : W̃ε ÝÑ Wpkq
ε

is smooth tame.

To prove Proposition 8.38, we need the following Lemma:

Lemma 8.39. For ε ą 0 small enough and large enough k P N0, the equation Dσpφqα “ β

has a unique solution α for every φ P Wpkq
ε , β P ΓpM,Λ2L˚q. Moreover, the family of

solutions is a smooth tame family of linear maps.

Proof. Let φ P Wpkq
ε , β P ΓpM,Λ2L˚q. We need to find some α P ΓpM,Λ2L˚q such that

β “ α ´ QLrα,φs “ α ´ d˚
L GLrα,φs. (8.7)

The statement follows now from Proposition 6.31, since α ÞÑ ∆Ld˚
L GLrα,φs “ d˚

Lrα,φs

is a linear partial differential operator of degree two.

Proof of Proposition 8.38. This follows from Theorem 6.27 and Lemma 8.39.

Set

Wε :“ W̃ε X H2
LpMq, Vε :“ Ṽ2 X Wpkq

ε .

Then σ yields a smooth tame map

φ :“ σ´1|Wε : Wε ÝÑ Vε.

Corollary 8.40. The family M̃ :“ tφptq : t P Wεu is a smooth family of generalized almost
complex deformations.

To identify which elements in the family are integrable, i.e. contained in Ṽ2, we note the
following:

Lemma 8.41 ([Gua03; Gua11]). For ε ą 0 small enough, φ P Vε is in Sε :“ Ṽ1 X Wpkq
ε if

and only if

ϕpφq :“ prHLrφ,φs “ 0.
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Proof. This exact statement has already been proved in [Gua03; Gua11], but for the sake of
completeness we will repeat the argument here. We first note that for any φ P Vε, we have

dLφ` 1
2 rφ,φs “ ´ 1

2dL QLrφ,φs ` 1
2 rφ,φs

“1
2 QL dLrφ,φs ` 1

2 prHLrφ,φs,

where we used φ P Vε for the first equality and prHL `dL QL ` QL dL “ id for the second
equality. Since the images of QL and prHL are orthogonal to each other, it follows that

dLφ` 1
2 rφ,φs “ 0 ðñ QL dLrφ,φs “ 0 and prHLrφ,φs “ 0. (8.8)

We claim that for ε ą 0 small enough, prHLrφ,φs “ 0 already implies QL dLrφ,φs “ 0. To
see this, suppose φ P Vε such that prHLrφ,φs “ 0. Then,

dL QLrφ,φs “ ´ QL dLrφ,φs ` rφ,φs.

Using the compatibility of the bracket r¨, ¨s and dL as stated in Lemma 5.37 and φ P Ṽ2, we
compute

QL dLrφ,φs “ 2 QLrdLφ,φs “ ´ QLrdL QLrφ,φs, φs “ QLrQL dLrφ,φs, φs ´ QLrrφ,φs, φs.

By the Jacobi identity (see Lemma 5.37), we must have rrφ,φs, φs “ 0. Therefore, setting
η :“ QL dLrφ,φs, we find

η “ QLrη, φs.

It follows from Example 6.15 and 6.16 that for k ě dimM{2 ` 1 we have

}η}k,2 “ } QLrη, φs}k,2 ď C}η}k,2}φ}k,2 ď Cε}η}k,2.

In particular, for ε ă 1{C, this implies that η “ 0 and hence QL dLrφ,φs “ 0. By equa-
tion (8.8) this shows that φ P Sε.

8.2.2 Local completeness of the family

To finish the proof of Theorem 8.36, we need to show that every sufficiently small generalized
complex deformation φ can be obtained from M via an (exact) autoequivalence, i.e. there
is some small ξ P ΓpM,L˚q such that d˚

LEpξ, φq “ 0. Moreover, given a smooth family of
small generalized (almost) complex deformations φt, we need to show that there is a family
ξt Ă ΓpM,L˚q depending smoothly on t such that d˚

LEpξt, φtq “ 0.
Recall that by Lemma 8.27 we have

Ψ´1 hexpEq Ą d˚
L

`

ΓpM,Λ2L˚q
˘

.

Proposition 8.42. There are neighborhoods W Ă ΓpM,Λ2L˚q of 0 P ΓpM,Λ2L˚q, U Ă

ΓpM,L˚q of 0 P ΓpM,L˚q such that for every φ P W there is a smooth tame family of
solutions ξ “ ξpφq P U of the equation

d˚
LEpξ, φq “ 0.
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Like in the complex case, for the proof of Proposition 8.42 we wish to apply Theorem 6.29.
For some ε ą 0, k P N, let Wpkq

ε and U pkq
ε be as above. For ε small enough and large enough

k the map

A : U pkq
ε ˆ Wpkq

ε ÝÑ d˚
L

`

ΓpM,Λ2L˚q
˘

pξ, φq ÞÝÑ QL Epξ, φq

is well-defined and smooth tame as a composition of smooth tame maps. In analogy with
the complex case we observe that d˚

LEpξ, φq “ 0 if and only if Apξ, φq “ 0. Therefore,
like in the complex case, our strategy will be to apply Theorem 6.29 to solve the equation
Apξ, φq “ 0. In the following lemma, we will show that the assumptions of Theorem 6.29
are indeed satisfied.

Lemma 8.43. For ε ą 0 small enough and large enough k, the equation DξApξ, φqα “ β

has a solution α for every pξ, φq P U pkq
ε ˆ Wpkq

ε , β P d˚
L

`

ΓpM,Λ2L˚q
˘

. Moreover, there
is a smooth tame family of linear maps V pξ, φq : d˚

L

`

ΓpM,Λ2L˚q
˘

Ñ Ψ´1 hexpEq such that
DξApξ, φqV pξ, φqβ “ β for every β P d˚

L

`

ΓpM,Λ2L˚q
˘

.

Proof. Using Proposition 8.34, for pξ, φq P U pkq
ε ˆ Wpkq

ε , α P Ψ´1 hex we compute

DξApξ, φqα “ QLDξEpξ, φqα

“ QL dLpbpξ,φqαq ` QLrEpξ, φq, bpξ,φqαs ´ QL icξα

`

dLEpξ, φq ` 1
2 rEpξ, φq, Epξ, φqs

˘

,

where as before bpξ,φqα “ aEpξ,φqcξα “ cξα ´ ιcξαEpξ, φq.

Lemma 8.44. For ε ą 0 small enough, the restriction

QL dLaEpξ,φq : d˚
L

`

ΓpM,Λ2L˚q
˘

ÝÑ d˚
L

`

ΓpM,Λ2L˚q
˘

is invertible for every pξ, φq P U pkq
ε ˆWpkq

ε . The family of inverse maps ppξ,φq is smooth tame.

Proof. Let η P d˚
L

`

ΓpM,Λ2L˚q
˘

. Then

QL dLaEpξ,φqη “ QL dLη ´ QL dLιη̄Epξ, φq “ η ´ QL dLιη̄Epξ, φq.

Since

∆L QL dLιη̄Epξ, φq “ d˚
LdLιη̄Epξ, φq,

for η, β̃ P d˚
L

`

ΓpM,Λ2L˚q
˘

, the equation has a unique solution by Proposition 6.31 and the
solution map is a smooth tame family of linear maps.

Now suppose that cξα P d˚
L

`

ΓpM,Λ2L˚q
˘

and let η P d˚
L

`

ΓpM,Λ2L˚q
˘

be such that

η “ QL dLaEpξ,φqcξα,

i.e. α “ c´1
ξ ppξ,φqη. If we can find η P d˚

L

`

ΓpM,Λ2L˚q
˘

such that

η ` QLrEpξ, φq, bpξ,φqc
´1
ξ ppξ,φqηs ´ QL ιppξ,φqη

`

dLEpξ, φq ` 1
2 rEpξ, φq, Epξ, φqs

˘

“ β
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this will provide us with a solution to DξApξ, φqα “ β. We observe by Proposition 6.31, that
this equation has a unique solution η P d˚

L

`

ΓpM,Λ2L˚q
˘

for every β P d˚
L

`

ΓpM,Λ2L˚q
˘

,
provided that pξ, φq P U pkq

ε ˆ Wpkq
ε for small enough ε ą 0 and large enough k, and the

solution map spξ,φq : d˚
L

`

ΓpM,Λ2L˚q
˘

Ñ d˚
L

`

ΓpM,Λ2L˚q
˘

is smooth tame. This gives rise
to a smooth tame family of linear maps

V pξ, φq :“ c´1
ξ ppξ,φqspξ,φq : d˚

L

`

ΓpM,Λ2L˚q
˘

ÝÑ Ψ´1 hexpEq,

such that DξApξ, φqV pξ, φqβ “ β for every β P d˚
L

`

ΓpM,Λ2L˚q
˘

.

Proof of Proposition 8.42. By Lemma 8.43, the assumptions of Theorem 6.29 hold. Since
Ap0, 0q “ 0, we conclude that there is a neighborhood W of 0 in ΓpM,Λ2L˚q and a neigh-
borhood U of 0 in Ψ´1 hexpEq such that for every φ P W we can find some ξ “ ξpφq P U such
that d˚

LEpξ, φq “ 0. Moreover, the solution ξpφq is defined by a smooth tame map. This
finishes the proof of Proposition 8.42.

Proof of Theorem 8.36. By Corollary 8.40, the family M̃ “ tφptq : t P Wεu is a smooth
family of generalized almost complex deformations. The integrable deformations are precisely
those for which the analytic map ϕpφq :“ prHrφ,φs vanishes. They are contained in a
neighborhood of 0 in Ṽ1. Moreover, by Proposition 8.42, we know that any sufficiently small
generalized complex deformation is equivalent to a generalized complex deformation in a
neighborhood of 0 of Ṽ1.

Furthermore, if ϕ ” 0, then

M “ tφptq P M̃ : ϕpφptqq “ 0u “ M̃

is a smooth family of generalized complex deformations. Given any other smooth family of
generalized complex deformations tφ1pt1q : t1 P W 1u, it follows again from Proposition 7.17
that (possibly after shrinking W 1) there is a family of exact autoequivalences tFt1ut1PW 1 ,
depending smoothly on t1, and a smooth map τ : W 1 Ñ Wε such that for every t1 P W 1, we
have

Ft1 ¨ φ1pt1q “ φpτpt1qq.

Hence, the family is locally complete.
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