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Abstract

This cumulative thesis investigates the dynamical and spectral properties of Ultralong-range Ryd-
berg molecules (ULRM), a peculiar form of quantum matter bound through the low-energy scattering
between a Rydberg electron and nearby ground-state perturbers. Particularly, our focus lies on trilo-
bite and butterfly molecules, featuring a Rydberg electron with high orbital angular momentum ¢ that
undergoes S-wave and P-wave scattering with the perturber, respectively. Their internal structure is
usually studied within the confines of the Born-Oppenheimer approximation, wherein the constituent
electronic and nuclear configurations can be treated as separate. While the adiabatic stationary states of
these molecules have been examined with much scrutiny, their dynamic and nonadiabatic features were
left relatively unexplored. Consequently, this thesis aims to further our understanding of ULRM, by
exploring the role of nonadiabatic effects and dynamical effects, while also investigating the underlying
spin-dependent electron-atom scattering channels. The results of these investigations are published as
a series of articles, whose contents can be broadly classified into three different yet overlapping themes.

The first theme catalogues our study of various nonadiabatic phenomena occurring in the spectra
of the ULRM, as a result of the breakdown of the Born-Oppenheimer approximation. We use both
Landau-Zener based semi-classical calculations, and exact two-channel vibronic spectral calculations
to locate and study the nonadiabatic stabilization and decay of molecular states. In 2>Na dimers,
we investigate the effects of avoided crossings between the trilobite and energetically nearby ¢ = 2
quantum defect state, and discover above-threshold resonance states, without an adiabatic equivalence.
We also observe nonadiabatic localization effects in the radial probability density of vibronic states. In
8TRb dimers, we were able to recognize and understand the observation of high-lying trilobite states,
stabilized against decay to the P-wave butterfly state via avoided crossings, through nonadiabatic
surface hopping. In both cases, we find that the nonadiabatic coupling strengths and their spectral
influence is highly dependent on the principal quantum number n, of the Rydberg electron.

The second theme explores the internal quantum dynamics of the ULRM, describing the motion
of nuclear wavepackets in the adiabatic PECs. For appropriate n-values, we find that pure trilobite
potentials feature an oscillatory structure that can act as a molecular diffraction grating, by backscatter-
ing incedent wavepackets with appropriate initial conditions. We study the phenomena using Fourier
analysis, and propose a pump-probe scheme that utilizes vibrational states in low-¢ potentials, to ex-
perimentally resolve the diffraction effect. As an extension, we also study the effects of including the
P-wave butterfly states into our model, and find that nonadiabatic interactions can stabilize the prop-
agating diffraction pattern against shape resonance-induced decay pathways. Our work also explores
other exciting dynamical effects, like multi-well interference patterns, exhibited by the time-evolving
molecule.

Our final theme of research is centered around the precision spectroscopy of bound ULRM states,
combining state-of-the-art numerical and experimental methodology. A high-precision spectroscopic
study of the binding energies of these molecules reveal the spin structure, and scattering phase shifts
of the electron-atom scattering problem in extremely low energies, typically inaccessible to free
electrons. We exploit the predominant S-wave nature and the deep potential energy structure of the
trilobite molecule to directly access the electron-atom scattering channel and extract the corresponding
scattering lengths with great sensitivity. Moreover, we are also able to observe and characterize for
the first time, bound singlet P-wave states of the ULRM, a critical intermediary step in the creation
of ultracold anions and two-component neutral plasmas.
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Zusammenfassung

Diese kumulative Dissertation untersucht die dynamischen und spektralen Eigenschaften von
ultralangreichweitigen Rydberg-Molekiilen (ULRM), einer besonderen Form quantenmechanischer
Materie, die durch die Niederenergie-Streuung zwischen einem Rydberg-Elektron und nahegelegenen
Storstellenatom im Grundzustand gebunden wird. Der Fokus liegt auf Trilobite- und Schmetter-
lingsmolekiilen, in denen ein Rydberg-Elektron mit hohem Bahndrehimpuls ¢, S- oder P-Wellenstreuung
mit einem Storer erfahrt. Durch die Born-Oppenheimer-Niherung lasst sich die innere Struktur typ-
ischerweise abbilden, indem die elektronischen und nuklearen Freiheitsgrade isoliert behandelt wer-
den. Wihrend die adiabatischen stationidren Zustinde dieser Molekiile eingehend untersucht wurden,
blieben ihre dynamischen und nicht-adiabatischen Eigenschaften vergleichsweise unerforscht. Diese
Dissertation zielt daher darauf ab, unser Verstandnis von ULRM zu vertiefen, indem sie die Rolle
nicht-adiabatischer und dynamischer Effekte untersucht sowie die zugrundeliegenden spinabhingigen
Elektron-Atom-Streukanile analysiert. Die Ergebnisse dieser Untersuchungen sind als eine Reihe von
Artikeln veroffentlicht, deren Inhalte sich grob in drei verschiedene, aber iiberlappende Themenbere-
iche einteilen lassen.

Der erste Themenbereich umfasst unsere Untersuchung verschiedener nicht-adiabatischer Phinomene
in den Spektren der ULRM, die durch den Zusammenbruch der Born-Oppenheimer-Niherung entste-
hen. Wir verwenden sowohl Landau-Zener-basierte semiklassische Berechnungen als auch exakte
Zwei-Kanal-Vibrospektralberechnungen, um die nicht-adiabatische Stabilisierung und den Zerfall
molekularer Zustinde zu lokalisieren und zu untersuchen. In ?3Na-Dimeren untersuchen wir die
Auswirkungen von vermiedenen Kreuzungen zwischen dem Trilobite-Zustand und dem energetisch
nahegelegenen ¢ = 2-Quantendefektzustand und entdecken Resonanzzustinde oberhalb der Schwelle,
die nicht durch die adiabatische Nédherung beschrieben werden konnen. Wir beobachten auBler-
dem nicht-adiabatische Lokalisierungseffekte in der radialen Wahrscheinlichkeitsdichte vibronischer
Zustinde. In 8"Rb-Dimeren konnten wir die Beobachtung hochliegender Trilobite-Zustinde erkennen
und verstehen, die durch vermiedene Kreuzungen mittels nicht-adiabatischem Oberflichenspringen
gegen den Zerfall in den P-Wellen-Schmetterlingszustand stabilisiert werden. In beiden Féllen stellen
wir fest, dass die nicht-adiabatischen Kopplungsstirken und ihr spektraler Einfluss stark von der
Hauptquantenzahl n des Rydberg-Elektrons abhéngen.

Der zweite Themenbereich erforscht die innere Quantendynamik der ULRM und beschreibt die Be-
wegung nuklearer Wellenpakete in den adiabatischen Potentialkurven. Fiir geeignete n-Werte stellen
wir fest, dass reine Trilobite-Potentiale eine oszillatorische Struktur aufweisen, die als molekulares
Beugungsgitter wirken kann, indem sie einfallende Wellenpakete mit geeigneten Anfangsbedingun-
gen riickstreut. Wir untersuchen dieses Phanomen mithilfe der Fourier-Analyse und schlagen ein
Pump-Probe-Schema vor, das Schwingungszustinde in Potentialen mit niedrigem ¢ nutzt, um den
Beugungseffekt experimentell aufzulosen. Als Erweiterung untersuchen wir auch die Auswirkungen
der Einbeziehung der P-Wellen-Schmetterlingszustinde in unser Modell und stellen fest, dass nicht-
adiabatische Wechselwirkungen das sich ausbreitende Beugungsmuster gegen formresonanzinduzierte
Zerfallswege stabilisieren konnen. Unsere Arbeiten untersuchen auch weitere interessante dynamische
Effekte, wie Mehr-Mulden-Interferenzmuster, die das zeitlich entwickelnde Molekiil aufweist.

Der abschlieende Forschungsschwerpunkt widmet sich der Prézisionsspektroskopie gebundener
ULRM-Zustidnde und kombiniert aktuelle numerische und experimentelle Methoden. Eine hoch-
prizise spektroskopische Untersuchung der Bindungsenergien dieser Molekiile offenbart die Spin-
struktur und die Streuungsphasenverschiebungen des Elektron-Atom-Streuproblems bei extrem niedri-
gen Energien, die fiir freie Elektronen typischerweise unzugénglich sind. Wir nutzen den vorherrschen-
den S-Wellen-Charakter und die tiefe Potentialenergiestruktur des Trilobite-Molekiils, um direkt auf
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den Elektron-Atom-Streukanal zuzugreifen und die entsprechenden Streuldngen mit hoher Empfind-
lichkeit zu extrahieren. Dariiber hinaus konnen wir erstmals gebundene Singulett- P-Wellen-Zustinde
der ULRM beobachten und charakterisieren — einen entscheidenden Zwischenschritt bei der Erzeu-
gung ultrakalter Anionen und zweikomponentiger neutraler Plasmen.
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Chapter 1

Introduction

Rydberg physics today, post the era of laser cooling [2—-6], is largely characterized by the am-
bition to introduce and manipulate long-range interactions in ultracold atomic systems. The
latter half of the 20th century witnessed the development of many modern techniques to trap
and cool neutral atoms to /K temperatures, invoking the desire to systematically construct
quantum matter with desirable properties. Within this context, highly excited Rydberg states
of matter that allow strong tunable atom-atom interactions were soon recognized to provide
an excellent pathway to introduce and control interactions in ultracold systems. The turn
of the 21st century came with many landmark works on ultracold Rydberg atoms, like the
formulation of the Rydberg blockade effect [7] predicting that van der Waals interaction be-
tween two closely spaced atoms in the same Rydberg state can force the double excitation out
of resonance, thereby blocking the number of Rydberg excitations from increasing within a
specific radius. A second work of profound importance showed that the scattering interaction
between a Rydberg electron and nearby ground-state perturbers, can facilitate the existence of
long-range bound states in cold-atom ensembles [8]. In their wake, the last two decades saw
the emergence of two broad avenues of research in ultracold Rydberg physics: the first one
focusing on the interplay between different Rydberg excitations, and the second one focusing
on Rydberg atoms interacting with other perturbing entities to form hybrid quantum systems.

Rydberg-Rydberg systems: The blockade effect allowed for the engineering of two-
qubit entangling gates between Rydberg atoms, and was followed by another work showing
that atom-atom interactions can be tuned via Rydberg dressing [9]. Soon after, the Rydberg
anti-blockade regime was discovered [10], where inter-atom interactions can facilitate more
excitations in the vicinity of a Rydberg atom, rather than block them. Later, protocols that use
forster resonances [11, 12] and resonant dipole-dipole interactions for high-speed entangling
operations have also been developed [13, 14]. With the discovery of magic wavelengths [15],
atoms could be simultaneously trapped in both ground and Rydberg states. The last two
decades have scene large strides in multi-atom interaction engineering with unprecedented
control, new efficient measurement protocols, and the ability to trap arrays of atoms in tweez-
ers or optical lattice setups, making neutral atom platforms a primary contender in the race to
realize Quantum computers [16, 17]. Rydberg platforms have also been successfully used to
simulate topological phases [18-20], and study fundamental many-body physics phenomena.
Rydberg excitations in the blockaded regime have also been used favorably in quantum optics
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Ficure 1.1: Illustrative surface plots of the electronic probability density of
ann = 25 (a) £ = 0, (b) trilobite and (c) butterfly ULRM [8, 43].

setups, to mediate photon-photon interactions [21, 22], to create superatoms [23, 24], and
design single-photon sources [25], switches [26, 27], and waveguides [28, 29]. Parallel to
the hybrid molecular systems we study in this thesis, Rydberg atoms have also been observed
to form bound macrodimer states [30-33] over large distances via state-dependent Rydberg-
Rydberg interactions.

Hybrid Rydberg systems: The synthesis of many types of long-range artificial quantum
systems are made possible by tailoring the behavior of Rydberg electrons in ultracold gases.
The subject of this thesis is the ultralong-range Rydberg molecule (ULRM), a hybrid Rydberg
system bound by the attractive scattering of a Rydberg electron off a nearby ground-state atom
[8], in a dilute cold-gas. These exotic systems were the first homogeneous diatomic molecule
to feature permanent dipole moments of the order of kilodebye, bond lengths of the order of
micrometers, properties completely alien to conventional molecules. Soon it was found that
interaction of the Rydberg electron with the permanent dipole of the trapped polar molecules,
can also be used to coherently control the polar molecule and prepare dipolar superposition
states [34] as well as create Rydberg bimolecules. Moreover, Rydberg atoms interacting
with trapped cations can also form exotic atom-ion molecules, with even more exaggerated
properties [30, 35-37]. The hybrid systems discussed above generally emerge in the dilute
gas limit, when the density of the gas is low enough that few-body effects, like molecular
formation, takes precedence. At larger atomic densities, studies have explored the effects of
a Rydberg impurity in Bose [38—40] or Fermi [41, 42] gases, probing the cross-over from
the few to many-body regime, and discovering new quasi-particles like the Rydberg polaron.
For the rest of this dissertation, we will exclusively focus on ULRMs, as atom-atom dimers
formed in dilute ultracold gases. Exploring the structure and dynamics of these complex
systems is an important challenge in the pursuit of controlling quantum matter, but is also
an opportunity to understand the fundamentals of atom-atom, atom-ion and atom-electron
interactions in the ultra-low energy regime.

For the rest of this dissertation, we will exclusively focus on ULRMs as atom-atom dimers
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formed via quantum scattering in dilute ultracold gases, as first theorized in 2000 by Greene
et. al [8]. The initial taxonomy of this molecular species was performed on the basis of the
orbital angular momentum of the Rydberg electron ¢, and the electron-perturber scattering
partial wave L. Firstly, ¢ determines the electronic state of the Rydberg atom, classifying it
into quantum-defect-splitted low-/ states that are energetically isolated from the hydrogenic
state, and a near-degenerate manifold of high-/¢ states which are indeed hydrogenic. In the
low-/ case, the weak perturbation does not necessarily change the electronic structure of the
Rydberg atom, and the shallow Born-Oppenheimer potentials follow the oscillatory structure
of the Rydberg electron’s radial probability density. Such low-¢ molecular states feature
binding energies in the order of MHz, and are typically non-polar. However, when the per-
turber interacts with a high-¢ manifold, it hybridizes all the different degenerate states to form
a highly polar molecular electronic states. The strong interaction creates deep molecular
potentials that deviate from the hydrogenic manifold, that supports vibrational states with
GHz of binding energies.

Secondly, L determines the behavior of the electron-atom scattering interaction that forms
the underlying binding mechanism of the molecule. We describe this interaction by expand-
ing the electron’s wavefunction as partial waves centered around the perturber, denoted by
angular momentum states. The original work by Greene et al. [8], focussed on the S-wave
(L = 0) scattering of the electron in a spin-triplet configuration, particularly focusing on the
trilobite molecule, named so due to the uncanny similarity between its electronic probability
density function and a trilobite fossil [44], formed when a high-¢ Rydberg manifold is strongly
perturbed via S-wave scattering. The triplet S-wave scattering features a sufficiently negative
scattering lengths, and hence supports an attractive interaction between the Rydberg atom and
the ground state atom that allows for binding. The S-wave approximation of the scattering
interaction was first thought to be sufficient in describing the properties of ULRM, given the
low energy of the scattering electron. However, it was soon found that a shape resonance
in the P-wave scattering channel for alkali systems causes a divergence in the electron-atom
scattering volume, suddenly increasing the interaction strength between the constituent atoms
so that molecular binding is possible. Such shape-resonance induced molecules, that also
feature extraordinarily large bond-lengths and dipole moments, were christened butterfly
molecules as their characteristic electronic probability density plots resemble the wings of a
butterfly. Figure 1.1 shows exemplar sketches of the ULRM electronic probability density,
illustrating their nomenclature.

These exotic molecular specimens soon garnered interest from ultracold molecular physi-
cists and Rydberg physicists, for their exaggerated properties and rich electronic structure.
The trilobite molecule is the first homogeneous dimer that featured dipole moments of the
order of ~ kilodebye, with bond-lengths of the order of ym. For comparison, some of the
most polar conventional neutral molecules only feature dipole moments ~14 debye [45].
Conventional heteronuclear molecules display permanent electric dipole moments by the
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breaking of parity symmetry and mixing of opposite parity states, as is prohibited in their
homonuclear counterparts. The high-¢ ULRM however, becomes a homonuclear exception
due to the mixing of near-degenerate opposite parity states due to experimentally relevant
field interactions, required to measure the corresponding dipole moments [46]. Moreover,
even low-¢ ULRMs that ideally should have zero permanent dipole moments like their atomic
constituent, often exhibit a non-zero permanent dipole due to the admixture with nearby
high-/ states [47]. In such cases, the influence due to nearby hydrogenic states supersedes
the energy difference between opposite parity eigenstates of a pure low-¢ ULRM. Befittingly,
heteronuclear ULRM formed in multi-species atomic gases were also later theoretically pre-
dicted [48] and experimentally observed [49, 50].

The initial description of these molecular states only considered the spin-triplet electron-
atom scattering channel, as the S-wave spin-singlet scattering interaction was repulsive and
did not directly facilitate molecule formation. While this was qualitatively successful, An-
dersen et al. [51] revealed that the spin-orbit coupling in the Rydberg atom and the hyperfine
coupling in the ground-state atom mix the spin-triplet and spin-singlet scattering channels,
creating a complex spaghetti of potential energy curves that significantly alters the binding
energies, dipole moments, and spin-admixture of molecular states. The mixing of singlet
and triplet channels can sometimes produce shallow but attractive potentials with partial
spin-singlet character that can indeed hold bound molecular states [52, 53]. Further works
showed that the spin-orbit interaction between the total electronic spin and the scattering
partial wave L (angular momentum with respect to the perturber) also introduce higher-order
corrections to the ULRM spectra [54, 55], that was promptly detected experimentally [56].
The response of ULRMs to external electric and magnetic fields has also been studied in
various contexts [57-59], with interesting use cases found in molecular field alignment [60,
61], and creation of giant dipolar states [62].

Experimental observations: The first ULRM was experimentally observed nine years
after its prediction, by Bendkowsky et al. [63] in Stuttgart. Their observations featured fully
bound vibrational states of low-¢ Rb dimers in the ns state, with n between 34 and 40. Soon
after, they were also able to observe triatomic states of ULRM, as well as quasi-bound states
stabilized by internal quantum reflection [64], due to a steep potential drop induced by the
P-wave shape resonance. A separate experimental work that followed, also reported the
measured lifetimes of ns ULRM in vibrational ground and excited states [65], identifying
atom-molecule collisions and internal molecular decay as important mechanisms that sup-
plement the radiative decay rates. All three of these works utilized two photon absorption
schemes (5s1/2 — 5p3/2 — nsi/2) to address the ultracold 87Rb gas and create the low-¢
ULRM, which were subsequently detected through field ionization [63]. In comparison, a
direct photoassociation of trilobite or butterfly molecules would require at least an efficient
three-photon absorption scheme to access high-/ states. However, it is sometimes the case that
high-¢ molecular states are mixed with low-/ states that are energetically nearby, often through
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avoided crossings. One can tune these admixtures and energy splittings very well by utilizing
an electric field; high-¢ states are highly polarizable and amenable to manipulation. Keeping
this in mind, Booth et al. [47] were able to experimentally produce Cesium trilobite molecules
by using an electric field to admix the trilobite state with the energetically nearby s-state (spe-
cific to Cesium quantum defect structure), and use standard two-photon absorption techniques
to access the ns-admixture in the trilobite state. Very soon, pendular states of 8"Rb butterfly
molecules were also observed by Niederpriim et al. [66] through a single-photon transition
via nearby np-state admixture, whereas mixed trilobite states were photo-excited by Klein-
bach et al. [53] via resonant spin-orbit coupling. Finally, direct three-photon excitation of
a ‘pure’ trilobite molecule was experimentally performed by Althon et al. [67] rather recently.

While these experimental studies were initially performed on alkali atoms like ®"Rb
[63-65] or 33Cs [47, 68, 69], ULRMs formed with divalent Strontium were soon found
to be an important and exciting case study [70-72]. Unlike their alkali metal counterparts,
bosonic *4Sr does not feature a P-wave shape resonance in the context of electron-atom
scattering. Moreover, the lack of hyperfine splitting in ®4Sr makes it so that the singlet and
triplet scattering channels remain uncoupled, so that the $*Sr ULRM has a much simpler
electronic spectrum that features pure trilobite states without the complex spin-couplings
present in alkali atoms. Hence, ®4Sr provides an ideal testing ground to study the dynamics
and structure of trilobite molecules. More recently, ULRMs based on atoms with multiple
active valence electrons like Ytterbium [73] and Mercury [74] have been studied, revealing a
rich and complex spin structure.

An understanding of the contemporary research field of ULRMs can be efficiently ob-
tained from the series of reviews [75—78] which were documented over the past two decades.
The research works presented in this dissertation builds upon this foundation and extends
this compendium to include the vibronic structure, quantum dynamical effects, and precision
spectroscopy of ULRM.

Thesis contributions: The starting point of all the aforementioned studies is the Born-
Oppenheimer (BO) approximation [79], which prescribes the separation of fast-electronic
and slow-nuclear motion as a foundational principle in molecular physics. It is through this
viewpoint that one talks about the electronic and vibrational substructure of the ULRM as
if they are separable entities. However, the BO approximation can break down when the
potential energy curves from different electronic states are in close proximity. When the
non-adiabatic interaction is strong enough, one can no longer separate the electronic and
vibrational modes of a molecule, but rather consider them as coupled vibronic degrees of
freedom. The exact nature of such interactions depends on the dimensionality of the system.

In one-dimensional systems, like a vibrating diatomic molecule, potential energy curves
belonging to electronic states of the same symmetry cannot cross each other, hence forming
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an avoided crossing. Such avoided crossings between trilobite, butterfly, and low-¢ states
are commonplace in the potential energy landscape of the ULRM, resulting in nonadiabatic
interactions that alter the spectra and lifetimes of the molecule. Earlier works had already
discovered the necessary breakdown of adiabaticity due to such avoided crossings, in exper-
iments that looked at /-changing collisions and autodissociation [80]. Interestingly, higher
dimensional systems can exhibit what is popularly called a conical intersection (CI), when the
potential energy surfaces become degenerate, and the non-adiabatic couplings become singu-
lar, causing the complete breakdown of BO physics [81-83]. Found naturally in polyatomic
systems, or induced via an external field, CIs can cause ultrafast non-radiative transitions
between electronic states [84—87], inducing molecular pre-dissociation and surface hopping
at much faster timescales than corresponding radiative processes. Such vibronic processes
are vital to the study of many important biomolecular mechanisms, such as photoisomeriza-
tion [88, 89], photosynthesis [90], as well as photostability and self-repair of DNA under
radiation [91, 92]. Additionally, they also cause spontaneous symmetry breaking in the form
of Jahn-Teller distortions, affecting the structure and properties of polyatomic systems [93,
94]. Very recently, Hummel et al. [95] formulated the existence of CIs in ULRM dimers
by considering the principal quantum number n as a synthetic dimension. This approach
allowed us to study how the nonadiabatic interaction effects exhibited by a ULRM change
with respect to the internal structure of the constituent Rydberg atom. Similar non-adiabatic
effects have also been studied in the context of trapped Rydberg ions [96, 97], Rydberg atom
1on molecules [98], and Rydberg bimolecules [99].

However, we find that a systematic theoretical analysis of the vibronic structure of the
ULRM were lacking in earlier literature on these dimers. Previous works [80, 95] mainly
utilized semiclassical Landau-Zener models to qualitatively understand certain phenomena.
The vastly different time-scales and length-scales of the ULRM, highly oscillatory potential
energy structure and relatively small level spacings promise unconventional vibronic effects
in ULRM, hitherto unexplored using exact quantum mechanics. The works [P1, P2] presented
in the thesis, along with that of our collaborators [100, 101], were finally able to initiate a
systematic study of non-adiabatic phenomena in ULRMs. In [P1] we highlight the vibronic
coupling between electronic states in **Na dimers. The quantum defect structure of Sodium
allows for strong vibronic coupling between trilobite and d-state PECs, while also displaying
more prominent energetic alterations to the spectra, in comparison with heavier atoms. We
show that the non-adiabatic coupling between the electronic states is heavily dependent on
n, and go on to explain this dependency using the concept of Cls in synthetic dimension
[95]. We then developed a coupled-channel treatment for calculating the vibronic structure
of the ULRM, and compared the obtained spectra for exemplar n-values, that display near-
degenerate as well as wide avoided crossings. Here, we predicted the existence of vibronic
resonance states that have no adiabatic equivalent, as well as nonadiabatic localization effects
that can be qualitatively explained utilizing a Born-Huang model [102-104]. In [P2] we
investigate the non-adiabatic stabilization of 8"Rb trilobite states against internal molecular
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decay, and experimentally verify the existence of predicted non-adiabatic couplings. The
internal decay channel here is caused by the avoided crossing between the trilobite and but-
terfly potential, allowing an adiabatic pathway out of the trilobite PEC. We observe that highly
excited vibrational states are stabilized across multiple adiabatic potentials via non-adiabatic
surface hopping. We see that the lifetimes (and hence stability) of these states depend highly
on the n-value, as predicted in our previous work.

In addition to exciting spectroscopic studies discussed above, there has been increasing
interest in the quantum dynamics of long-range molecular systems that feature slow temporal
evolution and exaggerated sizes. Recent studies have explored field quench dynamics of
ULRM [105], stretching and bending dynamics of ULRM [106], and even dynamical fea-
tures in charged Rydberg molecules [36, 98]. We find that there is scope to explore many
unconventional dynamical effects, not yet analyzed in the previously mentioned works. In
[P3] we demonstrate that the electronic potential energy structure of the trilobite molecule
can diffract a time-evolving nuclear wavepacket, creating what is effectively a self-diffracting
molecule. We perform numerical simulations where a Gaussian initial states with varying
widths are allowed to time evolve in trilobite states with appropriate n-values, and explain
the observed quantum diffraction effects using a Fourier analysis of the nuclear wavepackets
and the trilobite PECs. An exemplar pump-probe scheme that allows for the experimental
observation of these dynamical effects is provided, where vibrational ground states in low-/
PECs are used as initial and probe states. However, the calculations in [P3] are qualitative in
nature and ignore the existence of a shape resonance-induced avoided crossing between the
trilobite and butterfly PECs.

Adiabatically speaking, a propagating diffraction pattern should soon decay into the
butterfly state via the avoided crossing, only allowing short-term diffraction dynamics. How-
ever, we show in [P4] that vibronic coupling between two different adiabatic curves (mixed
trilobite-butterfly systems) can indeed stabilize the propagating diffraction pattern against
decay into the P-wave channel. We also investigate how the vibronic coupling between the
electronic states change as a function of n, and how that manifests as the n-dependency of
the observed dynamical phenomena. We further characterize surface hopping between the
adiabatic PECs by calculating channel populations as a function of time. Apart from the
internal diffraction dynamics, our works [P3, P4] also explore rich multiwell tunneling effects
in the highly oscillatory trilobite potentials, for various n-values, in both the adiabatic and
non-adiabatic regimes.

Finally, we utilize the recently achieved ability to perform three-photon excitation of
high-/ molecules by Herwig et al. [67], to access specific electron-atom scattering channels
with unprecedented accuracy. In the work [P5], we combine the recently developed spin-
coupled Green’s function formalism [107] with the state of the art experimental platform, to
extract e~ —Rb scattering phase shifts in 3S; (spin-triplet, L=0) configuration. Conveniently,
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trilobite molecules are predominantly ®S; by nature, and have binding energies of the order
of GHz, multiple orders of magnitude higher than the characteristic experimental uncertain-
ties (~ MHz). Moreover, the Green’s function method used circumvents basis-dependent
convergence errors that plague other methods that use exact diagonalization of a fermi pseu-
dopotential [108], while also considering the most important angular momentum couplings.
This combination allows us to extract e~ —5"Rb scattering phases with a relative error of less
than one percent, an exciting feat in low-energy regimes.

In the work [P6], we theoretically characterize and report the first experimental observa-
tion of the spin-singlet P-wave ULRM (denoted ' ;). These high-/ states were photoasso-
ciated via three-photon excitation processes, and their identity was validated by comparing
the observed dipole moments, signal strengths, binding energies, and splitting to calculated
theoretical values. The production of these states realized an important step in the creation
of elusive ultracold anions and ultracold neutral plasmas [109] in 8’Rb. Creation of these
ultracold charged states of alkali atoms has remained a challenge, due to the absence of
laser-cooling transitions, and complications in sympathetic cooling techniques [110, 111].
Moreover, ionizing ultracold neutral atoms also comes with its own unique set of problems,
primarily induced by the newly produced free photoelectrons [112]. However, the recent
proposal to create Heavy Rydberg States (HRS) from ' P, ULRM [109] bypasses the afore-
mentioned issues, enabling the production of ultracold anions and plasmas. Overall, these
experimental collaborations illustrate the ability to create long-range states of desirable spin
and angular momentum configuration, using Rydberg mediation.

QOutline: The contents of this thesis are organized as follows. Chapter 2 reviews the
fundamental theoretical framework required to discuss the physics of Rydberg molecules.
Particularly, section 2.1 introduces the basics of Rydberg atoms, with different subsections
discussing their internal substructure. Then we lay out the basic molecular physics of the
diatomic ULRM in section 2.2, both from an adiabatic and non-adiabatic perspective. The
chapter ends with a brief introduction to the topics of quantum dynamics, in single-channel
and multi-channel systems. Chapter 3 introduces the object of interest, the ULRM, and
proceeds to discuss the underlying binding mechanism, electronic spectra, spin-couplings,
and briefly discusses the experimental setup used by our collaborators. We then summarize
the core results of our published research in chapter 4, separated into subsections that follow
the themes of vibronic spectra, quantum dynamics, and precision spectroscopy. Following
this, the scientific contributions themselves are displayed in the order of the discussed themes,
in chapter 5. Finally, we conclude the dissertation with a brief summary of our work, along
with possible future research directions and outlook in chapter 6.



Chapter 2

Theoretical framework

2.1 A primer on Rydberg atoms

Rydberg atoms are atoms whose valence electron(s) have been excited to a very high principal
quantum number n. Considering their orbital size (and dipole moments) that scale with n?,
and their radiative lifetimes that scale wih n3 [113], these atoms no longer remain constrained
to what is deemed as atomic length and time scales. The modern quantum physicist seek their
many desirable properties: like their large lifetimes, tunable electromagnetic field sensitivity,
and perhaps most importantly the ability to engineer various types of atom-atom interactions.
Consequently, they have been established to be a key player in the development of quantum
computing and simulation [16, 17, 114-116] platforms, high precision field sensing [117-
119], and other frontiers of applied physics research.

Besides their modern relevance and fame, they have inherited a deeper history from the
beginnings of atomic and quantum physics. We can start their story from 1890, when Jo-
hannes Rydberg proposed an empirical formula [120] that explained the observed spectral
lines of simple Hydrogen like elements, hinting at the hidden discrete structure of atoms.
This key result sits at the heart of early quantum revolution, inspiring and validating the
Bohr’s model of atom, and later the fully quantum mechanical formulation of the Hydrogena
atom. We now know that Rydberg structure can also be realized in many-electron atoms
(or even molecules) by exciting a valence electron to a large n-value. Rydberg states with n
upto 300 have been created in a laboratory setting [121], whereas studies with n ~ 20 to 50
are ubiquitous in literature today. The electronic structure and collisional properties of these
non-hydrogen Rydberg systems were a subject of extensive study across the 1900s [122-126].

The historical relevance of Rydberg states does not stop at the formulation of the quantum
theory of atoms; they were instrumental in the Nobel-prize winning experimental works in
cavity quantum electrodynamics, enabling the manipulation and non-destructive measure-
ment of individual photons for the first time [127-129]. They also acted as an important
laboratory testing grounds for exploring quanum chaos [130-133], acting as a bridge between
the quantum and (semi-)classical regimes. With advancements in laser cooling and trapping,
Rydberg atoms now take central stage in ultracold physics explorations, like the ULRM.
Hence, we must accustom ourselves with the basics of the electronic structure of Rydberg
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atoms, atleast for the simplest case of alkali atoms, i.e. atoms with only one valence electron.
In this regard, the following sub-sections give a brief overview of the quantum defect structure
(Sec. 2.1.1), electronic wavefunctions (Sec. 2.1.2), and radiative properties (Sec. 2.1.4) of
alkali atoms.

2.1.1 Quantum defect structure of alkali atoms

Species ns np nd nf
Li®" | 0.3995101 | 0.04717 | 0.002129 -
Na? 1.347964 | 0.855 | 0.015543 -
Rb®7 3.13118 2.65 1.347 0.01652
Cs'33 | 4.049325 3.57 2.47 0.033392

TaBLE 2.1: Quantum defects (d,) of alkali atoms [48, 55, 113], for / =0 — 3,
i.e s,p,d and f states without considering the small deviations due to
fine-structure and n-dependence. Table 2.2 presents a more meticulous
compilation of the data.

When the single valence electron of an alkali atom is sufficiently far away from the inner
core (radii o< n?), the nuclear charge Z is shielded by the Z-1 inner electrons, so that the
Rydberg electron experiences an almost Coulombic potential. The deviations from a purely
Coulombic model are strongly dependent on the angular momentum /¢, of the Rydberg elec-
tron. In high-/ states, the centrifugal barrier prevents the valence electron from penetrating
the ionic core. Hence, a high-/ Rydberg state is essentially hydrogenic, with the ionic core act-
ing like a Z = 1 point charge, causing the valence electron to experience a Coulomb potential.

On the other hand, a Rydberg electron with low-/ can still resolve and penetrate the finite-
sized ionic core. The consequent deviation of the low-/ atomic resonances from hydrogenic
energy levels, can be very successfully explained using quantum defect theory. This is done
by using a modified non-integer principle quantum number n* = n — §,, where J, is the
quantum defect. Hence, the energy levels of alkali Rydberg atoms can be approximately

written as 1

Q(n — 5@)2

in atomic units, while neglecting relativistic and spin corrections. Table 2.1 shows the low-/

By =— 2.1

quantum defects of different alkali atoms, while corresponding ¢, ~ 0 for all [ > 3. Hence
all the high-/¢ states together form a quasi-degenerate manifold that mimics the hydrogenic
manifold. The low-/ states however, are non-degenerate and lowered in energy.

The simplistic model of a Rydberg atom provided above is generally limited to alkali metal
species, where the ionic core has a closed shell structure with a stable electronic configuration.
This suppresses further electronic excitation of the core, and favors a dominant single-channel
quantum defect treatment. However, Rydberg atoms of non-alkali elements have also been
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created and studied extensively. In fact, many modern neutral atom platforms for quantum
computing utilize divalent Ytterbium [134—138] or Strontium [139, 140] atoms as the basis for
their qubits. Unlike alkali metals, their Rydberg states feature a residual low-energy valence
electron as part of the ionic core, allowing for different core configurations to exist. Their
spectra are typically explained using multichannel quantum defect theory [141-143]. While
this is an exciting topic in modern atomic physics, we will limit our focus to the electronic
structure of alkali atoms Na?® and Rb®", to maintain relevance to the results presented in the
thesis.

2.1.2 Rydberg wavefunctions of alkali atoms

Just like its electronic energy levels, the wavefunctions of alkali Rydberg atoms also closely
resemble the hydrogen atom wavefunction. The slight, but important variance from its
hydrogenic counterpart arises due to the /-dependent core penetration of the valence electron,
and polarization effects. The electronic eigenstates are obtained by solving the Schrodinger

equation
Hpyadpe(r) = Erpp(r), (2.2)
N 1 ((+1)
Hpya=——Vit+ 3> 2.
Ryd 2 Vi + 21or? + Vg(?") (2.3)

where i, is the reduced mass of the electron-core system i.e. the Rydberg atom, r = (r, 6, ¢)
are the position coordinates of the Rydberg electron with respect to the ionic core, and
E; = —(n — &;)~%/2 are the quantum defect splitted energies. The electronic wavefunction
¢ 1s parametrized by the energy and angular momentum of the electron. The Rydberg
atom Hamiltonian 7/ Ryd Tepresents an electron moving in an /-dependent central potential
Vy, created by the ionic core. Such an effective potential can be modeled as [144]

Zy(r Q. —(r/r)6
Vi) = =20 S (1), -
Zy(r) =14+ (Z —1)e"™" —r(ag + aqr)e”*", (2.5)

where «. is the static dipole polarizability of the ionic core, Z is the nuclear charge, and 7.
depicts the short-range cut-off radius at which the polarization potential is truncated. 7, is
the effective charge experienced by the Rydberg electron, deviating from Z as a function of
¢ and r due to inner electron shielding, and a;(¢) are ¢ dependent parameters. The modeling
and the parameters are explained in detail in Ref. [144].

Since V;(r) is spherically symmetric, the total wavefunction can be separated into the
radial and angular parts [145],

UE,g(T)
T

ng,ng (Ta 97 ¢) = Yzm (Q, Cb) (26)
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where Ug ¢ are the energy dependent reduced radial wavefunctions, and Yy, are the angular
wavefunctions given by standard spherical harmonics, with m, being the magnetic quantum
number. It is obvious here that the deviation from hydrogenic eigenstates are manifested in
the radial wavefunctions, which can be obtained by solving the reduced radial Schrodinger

equation
dzUEg(T> f(g—i‘l)
— 22 o, | By —
dr? tep ¢ 241612

for a given energy [y, obtained from the quantum defects by Eq. 2.1. Since we know the

—Vi(r)| Ugy(r) =0 (2.7)

quantum defects for a given species (see Table. 2.1), we can numerically solve Eq. 2.7 using
a Numerov integration scheme [146—148] and obtain ¢ g ¢y, .

A simpler description of the Rydberg atom wavefunction can be obtained by approximat-
ing V; to be a Coulomb potential, and assuming that the deviation from hydrogen wavefunc-
tions is simply limited to non-integer values of the principal quantum number n* = n — J,.
The approximation works very well for large r-values, where Z, — 1, and the static core
polarization terms are completely overshadowed by the Coulomb term. Then the reduced
radial Schrodinger equation becomes,

d2Ug (7 (0+1 1
O o= S L i) =0, 23)

the radial Coulomb wave equation. The solutions to this equation were a subject of elaborate
study in the previous century [149]. We now know that the solutions to Eq. 2.8 that satisfy the
necessary boundary conditions (the wavefunction must vanish as » — o0), can be expressed
as [149] :

W, *0+3 ( 2T)

Upeslr) = ks A (2.9)

«(r) rn*/T(n*+ £+ 1)T(n* — ()
where Wm 4} is the Whittaker-W function [150, 151], and I is the gamma function [152].
Note, that we have changed the indexing of the wavefunction from E, to n* for the sake of

clarity in representation, without losing any relevant information. The Whittaker-W function
is not always well-behaved for small r-values; fortunately, the large r-values typical of Ryd-
berg atomic systems render the approximation valid.

For high-/ states, the quantum defect vanishes and n* ~ n becomes an integer. If n and
(2¢ + 1) are integers, the Whittaker-W function can be written as

2r e _ 2r\ 2r
Wy (2) = o (2) e, (2) 0 e

n
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where Lff_jl_l are the generalized Laguerre polynomials [152]. Substituting this in 2.9, we

2N == o\ L (2
Une(r) = \/(E) m e (E) L:7 (ﬁ) , (2.11)

, 1.e. we get back the standard hydrogen-atom wavefunction, as we expect in the high-/ case.

obtain

The approximate forms of the Rydberg wavefunctions presented here can be very useful
when performing qualitative studies, especially since the constituent functions and polyno-
mials are readily available in standard computational mathematics packages like numpy and
mpmath. However, a quantitatively rigorous calculation of the alkali Rydberg wavefunctions
must consider the polarization and other finite-size effects of the ionic core (as modeled in
Eq. 2.4), and include the fine structure effects due to spin-orbit coupling.

2.1.3 Fine structure of alkali Rydberg atoms

Much like its hydrogenic counterpart, Rydberg atoms also experience the splitting of their
eigenstates due to the interaction between the orbital angular momentum and spin. It is
often necessary to include the resulting fine-structure in the description of Rydberg states,
as the exact quantum defect (and energy) structure, the dipole transition elements, and other
radiative properties are noticeably modified. A comprehensive understanding of this spin-
orbit coupling mechanism and it’s effects on atomic spectra can be found in many standard
quantum mechanics and atomic physics textbooks [142, 145, 153, 154]. The spin-orbit
coupling term that contributes to the Rydberg atomic Hamiltonian can be written as:
~ L-s

Vio = Qso ﬁ (2.12)

1
137

the orbital angular momentum operator. The corresponding magnetic quantum numbers 7

where o, ~ is the dimensionless fine-structure constant, s is the spin operator, and £ is
and my, i.e. the projection of s and £ along the z-axis, are no longer good quantum numbers
as the corresponding observables do not commute with £ - s. Hence we introduce the total
angular momentum of the electron j = s+ ¢, and its projection m; as good quantum numbers
in the spin-orbit coupled system [145]. The eigenstates of the total Hamiltonian including V,
can be represented as |n, £, s, j, m;) using Dirac notation based on the relevant good quantum
numbers of the system. Whereas the eigenstates of the spin-uncoupled system (discussed
previously in Sec. 2.1.2) can be represented as |n, £, my, s, m), where the Rydberg electron’s
spin wavefunction is written as |s, ms) = |1, +1) for alkali atoms, so that the allowed values
of j are { + 3.
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TaBLE 2.2: Quantum defects d,; and 0 j dependent on different ¢, j values in

Li%7 [155], Na23 [156] and Rb®7 [157, 158], with data taken from [48, 55].
One can also find the data for K and Cs compiled in [48, 55].

Li Na Rb
50, 5, 50, 5, 50, 5,

03995101  0.0290 | 1.347964 0.060673 | 3.1311804  0.1784
0.0471835  -0.024 | 0.855380 0.11363 | 2.6548849  0.2900
0.0471720  -0.024 | 0.854565 0.114195 | 2.6416737  0.2950
0.002129  -0.01491 | 0.015543  -0.08535 | 134809171 -0.60286
0.002129  -0.01491 | 0.015543  -0.08535 | 1.34646572 -0.59600
-0.000077 0.021856 | 0.0001453 0.017312 | 0.0165192  -0.085
-0.000077 0.021856 | 0.0001453 0.017312 | 0.0165437  -0.086

DN,

NN N N~~~
\.[\3
w
e N I
\_/\/\/\[\3\_/\_/\/\ ’

Since the total Hamiltonian is diagonal in the |n, ¢, s, j,m;) basis, the eigenenergies
corresponding to each state can be trivially modeled as

1

Eyi=————
b 2(n — Ot )?

(2.13)
where d,,¢; are the experimentally resolved (n, ¢, j)-dependent quantum defects. The observed
n-dependency of these quantum defects can be formulated as

/

i =00

(2.14)

where the measured values of both d,; and 4, are compiled and displayed in table 2.2. The
r-space representation of these spin-coupled wavefunctions can be readily calculated as

Pntjm; = (rln, €, j,m;) (2.15)
= Z <r’n7€7m5757ms><n7€7mf757ms’n7€7j7mj>7 (216)

me,Ms
= > Sutm Cimioon, 2.17)

me,ms

using previously calculated ¢,,,,,, and the appropriate Clebsh Gordon coeflicients C’Z”ZZ’S’W
[153]. Alternatively, one can also obtain ¢;;,; by numerically solving the Schrodinger
equation using Numerov methods, that include the spin-orbit interaction term (Eq. 2.12) rep-
resented in the |n, ¢, j) basis, as is done in the ARC-Alkali Rydberg Calculator package

[159, 160].



2.1. A primer on Rydberg atoms 15

We can analyze the fine-structure of Hydrogen to understand how the energy corrections
change with respect to (n, £, j). The hydrogenic energy splitting is given by [55, 145]

o? 1 3
AE,; = ——— —-——. 2.18
J 2n3 <j+% 4n) ( )

We see that AE,; decreases with both n and j, making the fine-structure splitting more
1
5.
Although eq. 2.18 is derived for the hydrogen atom, alkali atoms also qualitatively show the

evident for low-/ states. However, for ¢ = 0, there is only one allowed configuration, j =

same behavior. We can see in table 2.2 that the energy difference between different (7, ¢)-
pairs, manifested as the difference in quantum defects, rapidly decrease as ¢ increases. So
much so that the splitting is only really evident p states for lighter atoms like Li and Na. In this
thesis, we have chosen to include and exclude fine structure effects, depending on the level of
accuracy desired in the project. Fine structure effects of Rb®” were promptly included in calcu-
lations that benchmarked high-precision spectroscopy experiments, whereas projects aimed
at qualitative analysis of dynamical and nonadiabatic phenomena excluded such complexities.

In comparison, we completely ignore the hyperfine structure of Rydberg atoms, as the
interaction between nuclear magnetic moment and the valence electron are negligible (on the
order of kHz) and generally not resolved in laser based spectroscopic methods [161].

2.1.4 Photoexcitation and radiative lifetimes

Rydberg atoms can be efficiently produced by optically exciting a ground-state atom, facili-
tated by the interaction of the incoming photon (or light field) with the atomic dipole d = er.
Generally speaking, the transition dipole moment d,,, = (g|d|n) from the ground state |g)
to an excited Rydberg state |n) scales as n? [113], enabling strong light matter interactions
and high excitation yields. The alkali atoms of interest have natural ground states desribed as
Ny S1/2,1.€. ] = %, ¢ = 0, with ng being the principal quantum number of the valence electron.
The possible dipole transitions from the s;/, ground states using a monochromatic laser, are
limited by dipole selection rules. Hence, one often needs to perform multiphoton transitions
to achieve the desired Rydberg levels [162—164]. For example, to excite an Rb®" atom to an
18 f7/2 state would require a three photon transition 552 — 5p3/2 — 5d5/2 — 18 f7/2, using
lasers at 780 nm, 776 nm, and 1288 nm [P5, 67].

Apart from the ease of production, Rydberg atoms also feature relatively large lifetimes
of the order of microseconds[165—167] to milliseconds [168—170], that allow us enough time
to engineer many types of atom-atom interaction [7, 8, 10, 30, 35]. Atomic states in ultracold
Rydberg experiments decay by spontaneous radiative emission via dipole transitions to lower
energy states. The lifetime of a Rydberg state is obtained by first calculating the total sponta-
neous decay rate, by summing over all possible decay channels, i.e. summing over the decay
rates to all lower energy states that are dipole connected to the initial Rydberg state. Here,
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the transitions with the highest frequency (energy difference) contribute most to spontaneous
radiative decay [113, 145]. However, the overlap between the radial wavefunctions of the Ry-
berg atom and the low-lying states (featuring the highest frequency) is minimal. This means
that, as the n and ¢ values increases, the decay rates naturally decrease, increasing lifetimes.
For low-/ states, the radiative lifetimes scale as 7 ~ (n*)3 [113, 166], facilitating lifetimes of
10s to 100s of microseconds for n =20 to 50. Apart from scaling with respect to n, lifetimes
also generally increase with ¢, due to further reduction in allowed dipole transitions. As an
extreme case, circular Rydberg states with ¢ = n — 1 feature lifetimes on the order of 100s of
milliseconds [168—170]. These long-lived circular states have been proposed to be used as
qubits in quantum computing and simulation platforms [171, 172], although preparation turns
out to be quite difficult, in comparison with their low-¢ counterparts. In higher temperature
experiments, one must also consider stimulated decay due to black-body radiation [113, 173,
174], and various collisional decay mechanisms [113, 126, 175, 176]. The research presented
in this thesis however, is perfomed at ultracold (40 — 150 K’) temperatures where black-body
effects are safely ignored.
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2.2 Molecular structure and vibronic spectra

In this section we lay down the theoretical framework needed to understand the internal
structure and spectra of the ULRM, from a molecular physics perspective. Conventional
diatomic molecules feature a wide variety of binding mechanisms, where complex many-
body electron-electron interactions need to be considered. Fortunately, the closed-shell inner
cores of both alkali atoms, as well as the low-energy scales of the atom-atom interaction,
ensure that the inner electrons remain bound to the nuclei. Hence, the binding mecha-
nism can be understood by using only the valence electrons and ionic cores. Figure 2.1
shows an exemplar sketch of an Rb molecular system, where the distance between the cores
is given by R, and the coordinate of the Rydberg electron with respect to the core is given by r.

FiGure 2.1: An illustrative sketch of a diatomic ULRM, in the molecular
body-fixed frame.

We can formulate these quantities in the center of mass reference frame of the entire
system, decoupling the relative motion and the center of mass motion. The properties of
interest are then governed by the relative Hamiltonian [177], only dependent on r and R.
By fixing the coordinate origin at the center of the Rydberg core, and taking the internuclear
axis to be always parallel to the z-axis, i.e. R = RZ, we can describe the system in molecular
body-fixed frame of reference [177]. Here, the rotational and translational movements of
the center of mass of the molecule, is assumed to be completely independent of its internal
degrees of freedom * that we seek to investigate. Consequently, the internuclear motion is
limited to one-dimensional” vibrations along RZ, referred to as R for the rest of this thesis.

"The center of mass can only be completely decoupled from the relative Hamiltonian, provided that the
potential energy only depends on relative distances between constituent particles. In case there is an external field
present, the internal defrees of freedom are coupled to the center of mass motion, and the internuclear motion
is not one-dimensional. The work presented in this thesis however, is performed on field-free one-dimensional
systems.
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2.2.1 Diatomic Hamiltonian and nonadiabatic coupling terms

The internal structure of the diatomic molecule can be analyzed by solving the time indepen-
dent Schrodinger equation:

H|U™(r, R)) = E™|¥™(r, R)), (2.19)
H=T,+T. 4 V.(r) + Voa(r,R) +V,a(R) (2.20)
fa(e. 1)

and obtaining the molecular spectra consisting of the desired eigenstates |¥") and eigenen-
ergies £;'"". Here T., and 7T, are the nuclear and electronic kinetic energy operators, V,(r) is
the potential experienced by the Rydberg electron due to its ionic core, and V,,,(R) is the
force between the ionic core and the perturbing atom. The interaction between the Rydberg
electron and the perturbing atom, given by V., (r, R), is the only term in the Hamiltonian that
depends on both electronic and nuclear coordinates. The one-dimensional nuclear kinetic
operator can be written as T n = —i—%, where pi,, is the reduced mass of the nuclei. Here,
both the electron and the nuclei experience similar degrees of Coulombic forces, but they
differ massively in their masses, and consequently their velocities. Hence, the electronic
coordinates r are expected to change much faster than their internuclear counterpart, 2. One
can then isolate Hel(r, R) as the electronic Hamiltonian that is parametrically dependent on

R, and solve it to obtain:

Ha(r, R)|;(r, R)) = &;(R)|v;(r, R)). 2.21)

Here, |1;(r, R)) and ¢;(R) denote the R-dependent electronic eigenstates and eigenvalues,
indexed by j. The exact solutions depend on the nature of V,,, and will be discussed later in
this text. Since the electronic eigenstates form an orthonormal and complete basis, one can
expand the total molecular wavefunction as

[ (r, §:xj )|v;(r, R)) (2.22)

where x,;(R) are the expansion coefficients which portray the mixing of electronic states, as
a function of R. This formulation is popularly known as the Born-Oppenheimer expansion
[79, 178]. Substituting Eq. 2.22 in the Schrodinger equation 2.20, and integrating out the
electronic degree of freedom r, we obtain the coupled-channel vibronic* Schrédinger equation
[81]:

0% 1
o VulB) + 5(B) ~ B (B = o S ARG(R). @2
n n j

fvibronic here denotes the coupled vibrational-electronic degrees of motion
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The left hand side of Eq. 2.23 effectively shows the vibrational dynamics of the molecule
in a given channel, where x;(R) acts like a potential energy curve (PEC). The right hand side
shows how different channels are coupled via the nonadiabatic coupling terms A,;;:

Aij =2P;;0r + Qi (2.24)
where P;; and ();; are derivative couplings of the first and second order, given by:

Pii(R) = (¢i(r, R)|Or[;(r, R)), (2.25)
Qi (R) = (¢i(r, R)|0%|v;(r, R)), (2.26)

where (), imply that the electronic coordinates r, has been integrated out. The R-dependence
of these nonadiabatic terms show how different electronic states are coupled due to the motion
of the nuclei.

Note that the mathematical formulation presented above, can also be obtained from
publications [P1, 101]. Moreover, a comprehensive understanding of the subject at hand,
alongside step-by-step derivations can be obtained from standard textbooks like Ref. [81, 83].
As shown in Ref. [83], it is common to rewrite Eq. 2.23 in matrix form, given by:

~

‘i@ O+ P+ 2(R) + Va(R)| x(R) = E"x(R). 2.27)

where P is the first-order coupling operator whose matrix elements are given by Eq. 2.25,
X is a vector whose entries are each {x;}, with £ and Vea being diagonal operators in this
multi-channel indexing. The first term in the Hamiltonian is just the effective kinetic energy
operator, whose off-diagonal terms couple different channels of vibrational motion. It is
worth noting that P is always anti-hermitian, hence P;; is always zero, if the electronic
wavefunctions are real-valued. We see in the next sub-section that an exact fully-coupled
treatment of the differential equations 2.23 and 2.23, is often unnecessary and unfavourable,
as intelligent approximations can greatly reduce the computational expense necessary.

2.2.2 Born-Oppenheimer approximation

Assuming that electronic wavefunctions change with respect to R adiabatically, i.e. slowly
enough that P is almost zero, one can safely ignore the contributions from nonadiabatic
terms in the coupled vibronic equations. This adiabatic approximation, first formulated by
Robert J. Oppenheimer and Max Born [79], advocates for the complete separation of slow
nuclear and fast electronic motion allowing us to independently solve the electronic problem
in varying nuclear configurations (parametrized by R in our systems). The multi-channel
vibronic equations given by Eq. 2.23 and Eq. 2.27 is then reduced to single-channel vibrational
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equations given by:
1
[—ﬂﬁé + a(li’)} Xi(R) = E{"xi(R). (2.28)

Here, x;(R) is a vibrational eigenstate with energy E!™ that is bound in the adiabatic
PEC ¢;(R). We have safely absorbed V., into ¢;, as they are both only parametrized by R
alone. The total molecular wavefunction can then be written as W' (r, R) = x;(R);(r, R)
with separable electronic and nuclear solutions, effectively truncating the Born-Oppenheimer
expansion 2.22 to a single term.

As a next-order approximation, one can consider the correction to the adiabatic poten-
tials due to the nuclear motion, by only including the diagonal terms A;; in Eq. 2.23, while
still neglecting all off-diagonal elements. Popularly known as the Born-Huang approxima-
tion[102—104], this effective single-channel treatment gives us the vibrational eigenstates that
are bound in a modified potential

(R) = &i(R) — iA“’(R) (2.29)
= &) = 5= (wslr. RIORI(r. R, (2.30)

where one easily recognizes that the diagonal nonadiabatic corrections are first-order pertur-
bations due to the nuclear kinetic energy operator.

The obtained vibrational Schrédinger equations can be solved by numerically using finite
difference methods (as explained in A), or by expanding the Hamiltonian in a known set of
basis states, and diagonalizing them.

2.2.3 Onset of nonadiabaticity

Both of the aforementioned approximations break down when nonadiabatic couplings be-
come non-perturbative. In the context of traditional molecular physics, sufficiently strong
off-diagonal couplings facilitate unique phenomena such as, surface hoppings [179, 180],
Jahn-Teller distortions [93, 94], and non-radiative transitions [84-87], with no adiabatic
equivalent. Such phenomena are often found in the vicinity of an avoided crossing or conical
intersection, when potential energy surfaces (PES) or curves are in close proximity. Of
course, the dimensionality of the system dictates how nonadiabatic effects manifest in such a
scenario, as dictated by the von- Neumann-Wigner no crossing theorem [181].

To explain briefly, the von Neumann-Wigner theorem [181] states that any two eigenvalues
of a Hermitian matrix parametrized by /N continuous real degrees of freedom, can only be
equal in an N — 2 dimensional manifold. For one-dimensional diatomic systems like the
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one studied here, the eigenvalues of the Hamiltonian parametrized by R cannot be equal.
Hence, the adiabatic PECs in different channels {¢;(R)} cannot cross each other at any
R-value. In two-dimensional systems, the associated potential energy surfaces (PES) can
be equal in one singular point, denoted as a conical intersection. To understand why the
Born-Oppenheimer approximation breaks down near avoided crossings and Cls, we can look
at the Hellmann-Feynman form of the derivative coupling [182, 183], given by

(Wil OrHeali;)
P,=—rF——, 2.31
IR —alR) 230
for i # j. We can see from the denominator that, as the two PECs approach each other
to form an avoided crossing, the nonadiabatic couplings diverge. In two-dimensions, the
partial derivative is replaced by a two-dimensional gradient, and F;; can often be singular or

un-defined at the point of conical intersection.

Avoided crossings are ubiquitous in the potential energy landscape of both conventional
molecules and ULRM, and the consequent badly-behaved nonadiabatic coupling terms make
the numerical solution of the vibronic Schrodinger Eq. 2.27 cumbersome. Fortunately,
methods have already been developed, whereby one can change the basis in which the
vibronic Hamiltonian is represented in such a way that one no longer needs to directly deal
with divergent off-diagonal couplings.

2.2.4 The diabatic transform

In the Born-Oppenheimer basis, the nonadiabatic coupling elements manifest as off-diagonal
terms of the kinetic energy operator. By performing a unitary transformation which diago-
nalizes the kinetic energy matrix, one can circumvent the need to consider these divergent
off-diagonal couplings completely. Such a transform would instead introduce off-diagonal
terms in the potential energy matrix that are well-behaved, but still account for the cou-
plings between different channels. This is the central idea of diabatization [81, 83], the
unitary transform is called a diabatic transform, and the resultant basis with diagonal ki-
netic energy operator is called a diabatic basis. Let U be a unitary operator parametrized
by R, that acts on the vector of coupled electronic states x to produce a new basis vector
x% ie. x*(R) = U(R)x(R). The vibronic Schrodinger Eq. 2.27 can be rewritten in the
transformed basis as:

_i(ﬂaR + PY2(R) + Y R)x(R) = E™X(R), (2.32)

where,

e =UteU, (2.33)
Pl =UN(PU + 0g0), (2.34)
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are the transformed potential energy operator and derivative coupling operator. The given
unitary transform becomes a diabatic transform when the kinetic term in Eq. 2.38 becomes
diagonal, i.e. P? vanishes completely. From Eq. 2.33 it is clear that this happens when

OrU = —PU , (2.35)

so that the only off-diagonal terms remaining in Eq. 2.38 is in the diabatic potential energy
operator £€%. However, it is not always possible to obtain a consistent general solution to 2.35
in multi-dimensional systems (for example, ULRM in an external field). The geometric phase
dependence of the electronic couplings render the diabatization scheme very sensitive to the
path of integration around a CI. This prevents us from obtaining a single set of diabatic states
that consistently give us accurate vibrational spectra. However, the conventional molecular
physics community has performed extensive research on the subject and produced various
quasi-diabatization schemes that can perform system-dependent approximate diabatic rou-
tines [83].

Thankfully, in one-dimensional systems like the diatomic ULRM, Eq. 2.35 does have an
exact and consistent solution, which means that a diabatic transform is always calculable. As
a special case, the diabatic transform in a two-channel system has a simple analytical form
[184]:

. ~ |cos(6(R)) —sin(0(R))
UietR) = [sin(@(R)) cos(B(R)) | (2.36)
where 0(R) is the rotation angle given by
O(R) = / N Pio(z)dx . (2.37)

Similar closed form solutions for three and four channel solutions can be found elsewhere
[101]. For general one-dimensional N-channel systems, one can numerically obtain the
solution to Eq. 2.35 by using the split diabatic representation [185]. Once the diabatic
transform has been obtained and implemented, the hopefully well-behaved, effective vibronic
Schrodinger equation becomes

[—iﬂ % + éd] X (R) = E™x*(R), (2.38)
diagonalizing which one obtains the eigenvalues and eigenstates (in the diabatic basis) that
represent the ULRM spectra. Once the diabatic eigenvectors x? have been calculated, we
can transform them back to the adiabatic basis using x = U fx?. It is often advantageous
to treat the system in the adiabatic basis as it grants the reader intuitive clarity, by invoking
the Born-Oppenheimer expansion to represent W (r, R). Much like the single-channel case,
the diabatic multichannel Schrédinger equation can also be numerically solved using Finite
Difference methods as elaborated in the Appendix section A.2, or by utilizing a vibronic
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(multichannel) basis set diagonalization is performed in [P1].

2.3 Quantum wavepacket dynamics

Understanding how the quantum states of a molecule change in time is a problem that defines
the very heart of quantum chemistry [186—188]. Quantum molecular dynamics helps us to
model and understand the very formation of molecules from its atomic constituents through
photoassociation [189, 190], decay of molecules via photodissociation[191, 192], different
chemical reaction pathways [193, 194], external field responses [195], and the observed
spectral signatures of molecular systems [186]. In such simulations, often based on a Born-
Oppenheimer perspective, the atomic/ionic cores are modeled as vibrational wavepackets
that propagate on potential energy surface(s) or curve(s), exploring a large configuration
space while undergoing wave interference effects, tunneling, scattering, and other quantum
dynamical phenomena. One generally aims to simulate such wavepacket dynamics by solving
the time dependent Schrodinger equation (TDSE), given by
Ox(®) _ -

In contrast, the time independent Schrodinger equation is used to obtain the stationary states
of a molecule, as established in the previous section. When the Hamiltonian is time indepen-
dent, as is the case in this thesis, the experimentally accessible information about the internal
structure of a molecule is obtained from its spectra and cross-sections, primarily explained
by its stationary states. However, the TDSE is an initial value problem, characterized by
how a given initial configuration or quantum state evolves under a Hamiltonian. Such an
approach closely mimics the phenomonology of an actual experiment where the initial state
is prepared, time-evolved and then corresponding observable are measured. Both the assort-
ment of possible initial states, and the possible measurement procedures and observables,
are constrained by the experimental setup. In such scenarios, the TDSE offers us a simple
and elegant equation to solve, that is reflective of its popularity. Of course, a time dependent
Hamiltonian often makes the TDSE indispensable, but that is a discussion outside the scope
of this thesis.

In this section we first lay down the theoretical minimum to perform adiabatic single-
channel wavepacket dynamics in section 2.3.1, explain how a nuclear wavepacket time evolves
in a one-dimensional potential energy curve. We then proceed to discuss nonadiabatic, two-
channel dynamics in section 2.3.2, analyzing the time evolution of vibronic states in coupled
surfaces.
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2.3.1 Adiabatic dynamics

Once the electronic Hamiltonian has been solved, the vibrational motion of a molecule within
a single adiabatic PEC £(R), can be explored by solving the time dependent Schrodinger
equation,

ih%x(R, t) = [—QL@% + 8(R):| X(R, 1), (2.40)

n
/

-~

H,

and obtaining the time dependent wavefunction x (R, t).

The configuration of the molecule at the beginning of our experiment is represented by
the initial wavepacket y(R,t = 0). For pump-probe style experiments, the initial state is
an experimentally accessible eigenstate of the molecule (typically the ground state) residing
in a relatively low energy PEC, which is then excited to higher electronic state ensuing new
dynamical effects. One can also initialize the wavepacket as a Gaussian, centered at position
Ry with width o and zero initial momentum, i.e. x(R,¢ = 0) oc exp [— (R — Ry)? /(46?)].
This is useful in modeling localized wavepacket scattering and dynamics, given the propen-
sity of harmonic potentials in nature.

The most straightforward way to propagate the initial wavepacket y(R,t = 0) is by
expanding the initial wavefunction in the eigenbasis of the nuclear Hamiltonian, i.e.

X(R.t) =) cpe i (R), (2.41)
k

where x(R) are the stationary states of H,, with eigenenergies Fy,i.e. H,xr(R) = Erxx(R).
The coefficients of expansion are then given by the inner-product ¢, = (xx(R)|x(R,t = 0)).
Of course, such a method necessitates precomputing the spectral decomposition of the Hamil-
tonian, via exact or approximate diagonalization. In situations where this is not feasible or
desirable, we can us finite difference methods like the Crank-Nicolson algorithm [196, 197],
or variational methods like M C'T'D H [198] to simulate wavepacket propagation.

From the time evolving x (R, t), we can extract relevant information that corresponds to
observables in the laboratory. In typical ultracold molecular experiments, these observables
might be the observed molecular spectra (based on photoassociation or field ionization), time
dependent probability distribution |y (R, ?)|?, and time dependent momentum distribution
|X(P,t)]%. The latter can be obtained by calculating the momentum space wavefunction
X(P,t) = F{x(R,t)} by performing Fourier transformation at each ¢-value, and is quite

useful in analyzing scattering and diffraction effects.
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2.3.2 Nonadiabatic dynamics

The dynamics of nuclei cannot always be constrained to a single potential energy curve, as
represented in the previous section. As explained in section 2.2, multiple electronic states can
be coupled to each other in the vicinity of avoided crossings or CIs, promoting nonadiabatic
transitions between different potential curves, such that an exact quantum description of the
system necessitates the use of a multichannel TDSE. To avoid dealing with highly singular
derivative couplings, we can choose to represent the TDSE in the diabatic basis, as

—%agxd + &xY(R,t) = @%xd(R, t), (2.42)
much like its time independent counterpart given by Eq. 2.38, with x¢(R, t)

= (X1, X2, ---» Xv) being the time evolving vibronic wavefunction with N-channels, and
¢/ being the diabatic potential energy operator with off-diagonal terms that couple these
channels. In typical simulation routines presented in this thesis, we initialize the wavefunction
as a Gaussian wavepacket centered around an R—value sufficiently far away from regions
where channel couplings are prominent. In such regions, the adiabatic and diabatic PECs
coincide, and we can place the wavepacket exclusively in one single-channel and then start
the propagation. In exemplar two-channel systems, as studied in [P1, P4], we can initialize
the wavepacket x% = (x4, x%) as Gaussian that resides only in the first channel, at ¢ = 0:
(R — Ry)?
Tc?] , (2.43)

X5(R,0)=0. (2.44)

1
X1(R,0) = (ro?)i/i exp {—

As the wavepacket propagates, it can undergo nonadiabatic tunneling and surface hopping
effects, which we can study using the time dependent diabatic channel populations

pi(t) = / dR [\ (R D)2 (2.45)

Furthermore, we can perform an inverse diabatization transform x® = UT x¢ to obtain the
adiabatic channel populations

p(t) = / IR | (R, 1) (2.46)

which help us understand how the Born-Oppenheimer states are mixed as a function of time.
This is particularly useful in analyzing the behavior of vibronic wavepackets in the vicinity of
avoided crossings, as they do not manifest in the diabatic basis. Note that the total population
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is simply given by the norm of the wavefunction
Pron(t) = Y pi(t) =D pi(t) (2.47)
and is invariant of the basis representation, just like the total probability density

p(R1) = IR =D Ix{ (R 1) (2.48)

When a propagating wavepacket reaches the endpoints of an [2-grid, the enforced bound-
ary conditions can cause the quantum reflection of the wavepacket, leading to interference
effects that are numerical artifacts with no physical correspondence. To remedy this, it is
customary to use a complex absorbing potential (CAP) [198, 199] that smoothly absorbs the
wavepacket before it reaches the grid edge, without affecting the dynamics in the relevant
R-range. See Appendix B for a more detailed explanation of Complex Absorbing Potentials.
Introduction of a CAP also allows us to simulate the decay of molecular wavefunctions to
states outside the relevant Hilbert space. One can simply study the reduction of the total
population given by Eq. 2.47, to see how the norm of the wavefunction decreases in time, as
more and more population decays due to CAP absorption, such that it simulates molecular
decay.
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Chapter 3

Ultralong-range Rydberg molecules

In this chapter, we discuss the internal structure of the ultralong-range Rydberg dimers.
Previous chapters have reviewed the basic theoretical concepts required to understand the
Rydberg atom, as well as the molecular physics of ULRM-like dimers. Now we detail the
scattering interaction between the Rydberg atom and ground-state perturber that binds the
ULRM, in section 3.1. We then proceed to solve the electronic Hamiltonian to obtain the
Born-Oppenheimer potentials and electronic states of the ULRM using perturbative models
in section 3.2. At last, we discuss the spin-substructure of the ULRM, and elaborate on the
mathematical models used for quantitative research in our works.

3.1 Binding mechanism: electron-atom scattering

Our system consists of two atoms, one of which is excited to a Rydberg state, such that
the Rydberg electron undergoes low-energy scattering with the other ground-state atom. A
thematic sketch of the model can be found in figure 2.1, accompanied by a detailed discussion
of the molecular system in chapter 2.2. Here we continue utilizing the same notation, working
in the body-fixed coordinate system so that the Rydberg core is situated at the origin, with the
internuclear distance R taken along the z-axis, and position of the Rydberg electron given by
r. A rudimentary form of the electronic Hamiltonian that governs the dimer dynamics can
be simply written as

Hy = Hpya + Via(r, RZ) + Vo (R2) (3.1)

where H Ryd 18 the Rydberg atom Hamiltonian discussed in chapter 2.1, and V., is the electron
atom scattering potential. The polarization of the perturbing atom due to the Rydberg ionic
core induces the polarization potential given by

Qs

Vna(R) - _2_}%4 )

(3.2)
where « is the static polarizability of a ground-state neutral atom, whose values are given
in table 3.1. The R~* dependence of the polarization potential ensure that V,, is only a
dominant interaction at shorter ranges like R < 100 atomic units. The long-range tail
of the potential is completely negligible at the typical length scales associated with the
ULRM (2 1000 a.u.). An exact quantum mechanical description of an electron scattering
with a many-electron heavy atom is cumbersome and complex, due to the complex inner
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electron-electron interaction. However, if the electron has very low kinetic energy, V,,, can
be very successfully modeled utilizing a Fermi-pseudopotential approach [122], where the
large wavelength of the electron in comparison with the perturber size allows us to represent
the electron wavefunction as a finite sum of partial waves centered around the perturber. The
scattering interaction then causes phase shifts d;, in the electron wavefunction, separately for
each partial wave L, denoted by the electron angular momentum with respect to the scattering
center. Atlow enough energies, we can assume that only the S-wave term (L = 0) contributes
to the interaction, so that the Fermi-pseudopotential is given by

Vea(r, RZ) = Vi(r, RZ) = 2ma4(k)d(r — RZ), (3.3)

i.e. a contact interaction scaled by the S-wave scattering length a,(k), defined as

au(k) = —w | (3.4)

Both the phase shift 67, and the scattering length a depends on the electron momentum k
(and thereby its kinetic energy k?/2). A generalization of this formula that includes higher
partial waves was developed by Omont [124], which can be written as:

Via(r — R2) =21y _ (2L +1) {—tan(‘s } P, (%L ?L) (3.5)

k
L=0

where P, are the Legendre polynomials [152]. The two different arrow directions on the
gradient operator is used to show that the left gradient only acts on bra ({|) vectors, and the
right gradient only acts on ket (|)) vectors. Note that the first term of the expansion (L=0)
reduces back to the S-wave pseudopotential given in Eq. 3.3.

The momentum & of a Rydberg electron in a state |n, £, m) can be semiclassically defined

as
1 1
k=y=——— 3.6
R 2(n*)? (3-:6)
where n* = n — ¢y, is the quantum defect shifted electronic energy (see section 2.1.1)
. There is a noticeable problem with this definition of k, as R > 2(n*)? will give us
imaginary values for the momentum, and negative values for the kinetic energy. Fortunately,
the size of the Rydberg electron orbital, and consequently the relevant range for internuclear
distance R, scales with 2(n*)%. Hence in the large R limit where k is ill-defined, there
is no scattering interaction between the Rydberg atom and the perturber. Moreover, the
internal dynamics of the ULRM, and the typical localized stationary states are limited to

much smaller R-values. While the R ~ 2(n*)? region poses some conceptual challenges,

"The quantum defect J, should not be confused with the scattering phase shift ;. While the notational
ambiguity is unfortunate, the two concepts are very closely related, as they both denote the angular momentum
dependent phase shifts in an electronic wavefunction due to low-energy scattering with a perturbing potential.
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Alkali Atom  ag ag(0) at(0)

Li 164.1 3.7¢,3.04* -5.66%,-7.12°
Na 162.7 429403 -5.9% -6.19"
K 290.6 0.5%,047¢ -15.0%,-15.4°¢
Rb 319.2 2.03%,0.63% -16.9¢,-16.1¢
Cs 402.2 -4.0%,-2.4° -25.0¢,-22.7¢

TaBLE 3.1: Ground-state polarizability (o) of alkali atoms, as well as the
corresponding electron-atom S-wave scattering lengths a}g(k: =0) and

a::’g(k = 0), for the spin-singlet and -triplet configurations, extrapolated to the
zero energy limit. All values are expressed in atomic units (a.u.). The
displayed data for a5 are taken from Ref. [55, 200, 201], but a more detailed
compilation of polarizabilities can be found in Ref. [202]. The zero-energy
extrapolation for the scattering length is not theoretically concrete, and hence
one finds model-dependent values in the literature that differ from each other.
The data for a;(k = 0) and a2,(k = 0) marked a, b, c and d are taken from
references [203], [204], [205] and [206], respectively. One can also find other
values for a,(k = 0) and a3 (k = 0) from the following references: [48, 78,
206-210]

we can numerically approximate £ to be zero, before it becomes imaginary, and successfully
simulate the scattering interaction. Typically, the electron momentum range relevant to the
binding interaction for ULRM is between k£ = 0 —0.06 a.u., corresponding to a kinetic energy
of 0—0.05 eV. The upper limit corresponds to the Ramsaeur-Townsend zero (0.04 eV for Rb®”
) [8] in the electron-atom scattering potential, beyond which the S-wave scattering length
turns positive, no longer facilitating a binding mechanism. In such low-energy ranges, one
should only really expect the S-wave scattering interaction to contribute to V,,, so that Eq. 3.3
is all that is needed to understand the binding mechanism. However, the P-wave scattering
channel in e~ alkali-atom scattering features a shape-resonance (k£ = 0.02 to 0.04 a.u. for
87TRb) that causes a rapid rise in the scattering volume, making it a dominant interaction in the
binding of alkali ULRM, in the corresponding k-range. Some alkali-earth atoms like bosonic
84Sr does not feature such a P-wave shape resonance, so that a pure S-wave description of
the scattering potential is all that is required to understand the ULRM binding mechanism.
For alkali atoms, one can then limit Omont’s potential to the S- and P-wave terms so that
Eq. 3.5 can be reduced to

Vio(r — R2) = Vi(r — R%) + V,(r — R2) (3.7)
— 2mag(k)o(r — R) + 6map(k)V - 6(r — RH)V (3.8)

where the P-wave scattering volume ap (k) is defined as

ap(k) = —w. (3.9)
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Ficure 3.1: Electron-atom scattering phase shifts for (a) 23Na [48] and (b)
87Rb [211].

From the above discussion, it is clear that an accurate estimation of d,,(k) (or the corre-
sponding ay,(k)) in the relevant k-range is necessary to properly model the binding mechanism
of the ULRM. Traditionally, one tries to calculate the electron-atom scattering phase shift by
solving a two-electron (valence electron and scattering electron) model Hamiltonian via the
R-matrix method [141, 143, 212]. A comprehensive discussion of this method is beyond the
scope of this thesis, but the reader can find a brief analysis relevant to our work in Ref. [48,
78, 212]. The method considers the interaction between the atomic valence electron and
the scattering electron, as well as their individual interaction with the complex ionic core
through a dielectronic polarization potential [48, 78, 213]. For light alkali atoms like Li
and Na, the good quantum numbers of the system are the scattering angular momentum L
and the total spin S, of the two-electron system. Since we assume that the spin-singlet and
spin-triplet subspaces are decoupled, the scattering phase shifts and the scattering lengths
discussed above are separately obtained for four different channels (denoted by 2%*1L): 1S,
35, 1P, and 3 P. Naturally, it follows that the scattering lengths and volumes also depend on
these quantum numbers; therefore we can annotate them as a%s <*1. For heavier alkali atoms
like Rb and Cs, one needs to consider the relativistic spin-orbit coupling J = L + S, [214,
215], so that we obtain phase shifts and scattering lengths in six different channels (>**1L )):
150, 351, 1Py, and 3Py 1 5. For these elements, the exact energy range for the divergence in

the a%, (k) scattering volume varies with respect to .J.

Figure 3.1 shows the calculated scattering phase shifts for >>Na and 8"Rb taken from
Ref. [48] and [211]. The absence and presence of spin-orbit splitting in the 3P channel is
dependent on the species displayed. We see that the scattering resonance is unique to the
3P scattering channel, signified by the sudden change in the phase shift that crosses over
7/2 radians (corresponding to a divergence in the scattering volume). The ! P; scattering
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FiGure 3.2: The 35 (a) and 3P0,172 (b) phase shifts for 87Rb taken from
different sources marked by, a: [211], b: [48], c: [216], and d:[P5].

phase shifts might seem to be without interesting structure, as a positive monotonic function
of k. However, it allows for attractive scattering and facilitates the binding of a ! P, ULRM,
an important class of molecules. The 'S, scattering phase on the other hand is largely
negative, and only facilitates repulsive interaction at k-scales relevant for ULRM. However,
the hyperfine coupling of the ground-state atom mixes the singlet and triplet scattering
channels [51, 52], thereby creating shallow but attractive potentials that can hold bound
molecular states. Most importantly, the positive 35, scattering phase shift (and related
ad(k)) forms the primary attractive binding mechanism for the ULRM at low-k, until it
becomes repulsive (past the Ramsauer-Townsend zero).

Alternatively, one can also find an approximation of ag(k) (both for spin-singlet and
triplet configurations) using a modified effective range theory (MERT) [217, 218], that gives
[78]

T

3
R, m/ag T 0433
+ (— + - 2) (as(0))*k?

k + %aS(O)kQIH(l.ZESk\/a_S) (3.10)

2 3 3(as(0))

T

Ta
— 2K T+ — 3.11
321 ((fas()? + ) a1
where « is ground-state polarizability (given in table 3.1 and Eq 3.2), ag(0) is the zero
energy scattering length, and R, is an effective range parameter. Within the scope of MERT,
both ag(0) and R, are adjustable variables that can be used to fit experimental data. Often,
earlier works on ULRMs used a linear approximation of Eq. 3.11, that only considered the

first two terms,

as(k) ~ as(0) + gask, (3.12)
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that reproduces the ULRM spectra qualitatively rather well, although it is quantitatively un-
reliable. But from here, it is clear that a¥(0) determines the general scale of the ULRM
binding strength. While one might hope to find a%(0) from the aforementioned R-matrix
based numerical methods, those models do not converge well at £ = 0. Hence one must
extrapolate the function from non-zero values to obtain a?(0), either by numerical estimate
or by empirical extraction. Table 3.1 shows such extrapolated values of both spin-triplet
a3(0), and spin-singlet a}(0) taken from different sources [48, 78, 203-210]. Depending
on the exact theoretical model or experimental setup used to perform this extrapolation, one
can get slightly different values for ag(0). As expected, the singlet a,(0) is largely positive,
whereas the triplet a?(0) is largely negative, indicating repulsive and attractive interactions
at the low-£ limit.

To conclude, the low-energy behavior of the S scattering phase, as well as the near-
resonant behavior of the P scattering phase, practically determines the internal electronic
structure of the ULRM to a good qualitative approximation. It naturally follows that a preci-
sion spectroscopic analysis of the ULRM will give us insights into the exact nature of a3(0)
and the P-wave scattering resonance. Figure 3.2 compares the 2S5 and ® P; scattering phases
obtained via ab initio calculations [48, 211] to those extracted from ULRM experiments [P35,
216]. We see that the experimental reconstructions are more similar in structure to each
other than to the calculations, providing a valid experimental benchmark. The differences
between the plotted data signify inadequacies in the current electron-atom scattering Hamil-
tonian. While Engels et al. [216] primarily probed anion resonances in the 2P; channel,
we were able to extract the 35, scattering phases using deep trilobite wells, as explained
later in this thesis. Together, our works provide the resonance position and low-energy scat-
tering phases that are the key elements in understanding ULRM and electron-atom scattering.

3.2 Electronic states and potentials

Following the discourse on the Born-Oppenheimer approximation, we start our study of
the ULRM structure by solving H, (Eq. 3.1) parametrized by RZ = (R, 0,0) in spherical
coordinate. The electronic Hamiltonian can be comfortably represented in the eigenbasis of
the constituent Rydberg atomic Hamiltonian H Ryd> defined as |n, ¢, m,). As discussed in

Umg(?”)
r

section 2.1.2,

Yo, (0,6) (3.13)

where U, ; is the Hydrogen atom wavefunction for high-¢, and the quantum defect wavefunc-

¢n€mg(r) = <r|n,€, m€> —

tion for low-/.
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3.2.1 Perturbative analysis

We first try to solve H, by considering the S-wave scattering (Eq. 3.3) to be a perturba-
tion to the Rydberg atom Hamiltonian. Since the contact interaction is only non-zero when

= (R,0,0), and all m, # 0 states have a node along the internuclear axis (6 = 0,¢ = 0),
we can exclusively work in the >-subspace where only the states with m, = 0 are considered.

For a low-¢ quantum defect state |n, £, m,), we use non-degenerate perturbation theory to
obtain the adiabatic potential

ene(R) = (n, €,0[Viln, £,0) = 2wa¥(k(R)) |neo( R2)[, (3.14)

as a perturbation to the atomic energy level, whose oscillatory structure mimics the prob-
ability density of the Rydberg electron. This simplistic approach works extremely well in
comparison to more elaborate numerical models [8, 219, 220], as long as we limit ourselves to
S-wave low-/ systems. This is unsurprising, since the strength of the S-wave perturbation is
much lesser than the level splitting of the non-degenerate Rydberg levels, so much so that the
perturbed eigenstate retains its original ¢,,,,, form for the most part. Within non-degenerate
perturbation theory, the electronic dipole moment of the molecule (n, ¢, m|er|n, £, m;) = 0.

On the other hand, the high-/ states forming the degenerate n-manifold are heavily mixed
by the perturbing interaction. Using textbook degenerate perturbation theory, we obtain the
matrix representation of the S-wave pseudopotential (Eq. 3.3)

(@il Va(R)|6;) = (¢i(r)| 2ma(k(R)) 6(r — RZ) |¢;(r)) (3.15)
= 2na}(k(R)) ¢:(R2) ¢;(R2) , (3.16)

in the high-¢ atomic basis for a fixed n (¢;, ¢; € {PnwVl > £.}) where (. is the number of
non-degenerate quantum defect splitted states. Diagonalizing this matrix will provide us with
the adiabatic PECs and electronic eigenstates. But since this perturbation matrix is separable
[148], its spectral decomposition contains only one non-zero term, which corresponds to the
prominent trilobite state

Zfbnm ) bno(r) | (3.17)

Gneo(R)|? e>e.

@M

and the associated trilobite potential

(R) = 27 ((R) Y ono(R)* G.13)

>4,
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Ficure 3.3: The potential energy curves of n = 25 ULRM, in (a) £ = 0, (b)
trilobite and (c) butterfly states. The solid red lines are obtained through
first-order perturbation theory, whereas the dotted blue lines in (b) and (c) are
obtained using the Borodin-Kazansky approach. The dotted line in (a)
signifies the quantum defect splitting. The insets show cylindrical
contourplots of the electrons probability density

ply(r = (p,2,0), R = 500a0)|* [8].

Figure 3.3 (a) and (b) show the potentials corresponding to the Rb ULRM in the n = 25
s-state and the trilobite state, respectively. The depth of the trilobite potential is several orders
of magnitude larger than their low-¢ counterparts, and is capable of holding 100s of bound
molecular vibrational states. Their electronic probability density plot bears a fascinating
resemblance to the trilobite fossil [44], explaining its nomenclature.

We can extend our analysis to understand how the P-wave scattering interaction

Vp = 615 (k)Y - 8(r — RV (3.19)
affects the degenerate manifold. This resultant interaction potential is dependent on the
gradient of the electron wavefunction in three spatial dimensions: one radial, and two angular.
Hence the matrix representation of the scattering Hamiltonian in the Rydberg atomic basis
splits into two different subspaces, one with (m, = 0) X symmetry and the other with
(my = £1) II symmetry [43]. This is because only basis states with m, = 0 are perturbed
by the radial gradient term, as states with m, = =£1 have a nodal plane along the internuclear
axis. On the other hand, only states with m, = +1 are perturbed by the azimuthal and polar
gradients, as basis states with m, = 0 have a nodal plane perpendicular to the internuclear
axis. Performing degenerate perturbation theory on the >-subspace like before, we obtain
the butterfly state

n—1

1
Uy(r, R) = (OrGne0) neo(r)
Vi 0rbul? eze

(3.20)
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and the butterfly potential

n—1
ey(R) = 6map(k(R)) Y [Ordnol. (3.21)

>4,

both of which depend on the value of the radial derivative of ¢, at r = R, given by the
notation O = % (r)|,=g. The states with IT symmetry are decoupled from our system, and
generally do not allow bound vibrational states. Moreover, there are no equivalent trilobite
or low-¢ PECs that allow S-wave bound ULRM states in the II symmetry sector. Hence, for
now we focus purely on electronic states and potentials in the > subspace, but the reader can
see Ref. [148] for a detailed analysis of I[I-symmetry states.
Figure 3.3 (c) shows the butterfly PEC ¢,(R).

Surprisingly, one can obtain the general R-dependence of both the trilobite and butterfly
PECs (without the undulations) by using the Borodin-Kazansky model [221]

1
2(n = 0n(k(R))/m)*

Ebk,L(R) = (322)
that considers the S-wave and P-wave scattering phase shifts as quantum defects to the
Hydrogenic energy level. Focusing only on the S-wave scattering, it is also possible to obtain
the anharmonic envelope of the trilobite PEC using a WKB approximation [8, 124] given by

ganh(R) ==

- e I (3.23)

More intricate semi-classical models have also been created, that can further explain the
oscillatory structure of these trilobite potentials [222, 223].

Our current mathematical model comes with two clear drawbacks. First, the low-/,
trilobite and butterfly states all lie in the same > symmetry sector, and hence strongly
couple to each other. The von Neumann-Wigner no-crossing theorem [181] necessitates that
these potentials should experience level repulsion when they come energetically close to
each other. Second, the P-wave scattering volume diverges at the shape-resonance energy,
resulting in an unbounded, unphysical potential if not for the level repulsion from neighboring
n-manifolds. Hence one cannot accurately represent the -wave interaction utilizing just one
single n-manifold. To resolve these discrepancies, we consider both the S-wave and P-wave
interactions together, and try to represent them in a basis set that contains both high-¢ and
low-/ states from multiple n-manifolds.

3.2.2 Exact diagonalization

We can obtain the Born-Oppenheimer potentials and the adiabatic electronic states by diag-
onalizing the matrix representation of H. (R, r), in the Rydberg atom basis. Focusing first
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FiGure 3.4: (a) Adiabatic PECs of the n = 35 8"Rb ULRM. The curves are
obtained by diagonalizing the Hamiltonian in the n € [33, 37] finite basis, and
the atomic resonances are labeled. The dashed vertical line shows the R-value
where the ED method breaks down due to the P-wave resonance. (b) A
magnified version that focuses on the trilobite and butterfly potentials, with
the blue dotted lines signifying the BK-approach.

on the > symmetry sector, the matrix representation can be written as
[Hel]‘ == <7’LZ€ZO|H61|’I’L]£]0>
1 3 *
= —m : (5ij + 27ra5(k(R))¢niéi0(R) ¢nj£j0(R)

+ 6ma}p(k(R)) Ordr .0 * Or®n,e;0 - (3.24)

To obtain the ULRM electronic spectrum for a given n = ng, we can use the finite basis set
{|ni¢;)} that includes all atomic states with energy values between the ny — 2 and ng + 2,
which we denote as n; € [ng — 2,n0+ 2]. In doing so one must be careful to consider
quantum defect states from higher n-manifolds, that are energetically closer to the n;-values

we consider.

The set of adiabatic potentials that are obtained after diagonalizing [H.); ; in a finite basis
are displayed in figure 3.4, for ¥’Rb. The potential energy landscape shows the trilobite
potential, the butterfly potential, quantum defect PECs from different n-manifolds, as well as
the avoided crossings between them. As previously explained, the quantum defect structure
of 8"Rb makes it so that 38s, 36d and 37p are the electronic states placed between the n = 35
and n = 34 manifolds. The dashed vertical line is a computational artifact of the ED method,
caused by the diverging P-wave scattering term at the exact resonance value. We also see
that the n = 35 butterfly curve faces level repulsion against the n = 34 hydrogenic manifold,
stopping its otherwise uncontrolled decline. Figure 3.4 (b) shows a magnified plot that focuses
on the trilobite potential, overlayed with dotted blue lines representing the Borodin-Kazansky
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FIGURE 3.5: (a) Adiabatic PECs of the n = 35 23Na ULRM. The curves are
obtained by diagonalizing the Hamiltonian in the n € [33, 37] finite basis, and
the atomic resonances are labeled. The P-wave resonance value (where ED
breaks down) is outside the R-range plotted, and is not so relevant for *Na.
(b) A magnified version that focuses on the trilobite and butterfly potentials,
with the blue dotted lines signifying the BK-approach.

calculation (Eq. 3.22) for the high-/ states, as well as the quantum defect splitting for the 35 f-
state. The Borodin-Kazansky model very successfully predicts the general potential depth of
the adiabatic PECs, and is also able to predict the position of avoided crossings. We see that
avoided crossings between trilobite and butterfly PECs happen when ds(R) ~ dp(R), and
avoided crossings between high-¢ and low-¢ PECs happen when 6g/p(k(n, R)) ~ 7d,. For
87Rb, the trilobite curve primarily crosses with the f-state.

Similarly, figure 3.5 shows the potential energy landscape of the n = 35 ULRM,
primarily highlighting the different quantum defect structure and the different scattering
lenths/volumes. Between the n = 35 and n = 24 manifolds lie the 36s, 35p and 35d states
with which the butterfly curves admix. The trilobite curve mainly interacts with the 35d
state, forming an avoided crossing at two different spots. We also see that the trilobite wells
are shallower and the P-wave resonance happens at much shorter R-values (implying much
larger k-values), as one would expect from figure 3.1. The exact resonance value where ap
diverges, happens at a smaller R-value than what is shown in the figure 3.5, unlike their heav-
ier alkali counterparts. The BK model works extremely well here, predicting the positions of
avoided crossings between trilobite, butterfly, and d-state.

The figure 3.6 also shows that the exact energetic positions of the potentials vary with
respect to the number n-manifolds used. The BK-curves give us a basis indepedent estimate
of the general potential depth, capturing the behavior of ag and ap. While the deviations
from the BK method generally reduce as we include more and more n-manifolds, complete
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FIGURE 3.6: (a) Adiabatic PECs of the n = 35 8"Rb ULRM, obtained by
diagonalizing the Hamiltonian in varying n € [nin, maz| finite basis. The
dashed lines correspond to Borodin Kazansky approximation.

convergence is out of sight. Even though one could hope to achieve convergence by indef-
initely increasing the number of n-manifolds, the size of the Hamiltonian matrix increases
rapidly beyond what is computationally practical (further worsened by considering various
spin interactions). This non-convergent behavior during finite basis diagonalization, is well
understood as a result of the bare dirac delta form of the pseudopotential, and the unphysical
P-wave scattering volume near the resonance [108]. One can resolve this problem and obtain
convergent results beyond first-order perturbation theory, by either utilizing regularized delta
potentials [108], or by using a Green’s function approach [211, 224] to obtain the electronic
spectra. While these methods provide a necessary benchmark for high precision spectro-
scopic studies (like our works [P5, P6]), qualitative analysis of ULRM can be performed very
well with exact diagonalization [P1-P3]. Moreover, diagonalization also directly provides
the electronic wavefunctions (not just PECs) from which we can calculate dipole moments,
transition strengths and non-adiabatic couplings, none of these being trivial from a Coulomb
Green’s function approach. However, there are plenty of scenarios where the neglectance
of fine and hyperfine structure qualitatively alters the ULRM spectra [53, 56, 225]. So the
next section discusses the internal fine and hyperfine structure of the ULRM with practical
detailing.

3.3 Spin interaction effects

In this section, we lay out the theoretical framework for diatomic ULRMs, that goes beyond
a minimalist description and introduce the various angular momentum coupling schemes
involved. A comprehensive discussion of the spin-coupled Hamiltonian can be found in the
original work of Eiles et al. [55], but we will proceed to briefly discuss the system for the sake
of completeness. Figure 3.7 illustrates the relevant quantum numbers that together describe
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FiGuRE 3.7: Sketch of the internal spin structure of a diatomic 8’Rb ULRM.

the state of the molecule. The associated electronic Hamiltonian is given by

N N rf N A R Qg
Hy(r,Rz) = HRyd + Hpp + Veo(r, RZ) — SRi -

(3.25)

The first term here, is the Rydberg atom Hamiltonian that includes the spin-orbit coupling
between Rydberg electron spin s; and orbital angular momentum ¢. As discussed in sec-
tion 2.1.3, the modified eigenstates of the atomic Hamiltonian are enumerated using the good
quantum numbers |n, ¢, j,m;), where j is the total angular momentum quantum number
(corresponding to the operator j = £ 4 s1), and m; is its projection along 2. The alteration to
atomic energy levels due to fine structure, given by AE, ; (Eq. 2.18), becomes quite promi-
nent for low-/ states, often being comparable to energy scales of the scattering interaction.

1

While the splitting dramatically drops with respect to n~3 and j !, its inclusion becomes

necessary to understand various spin mixing effects.

The second term in the Hamiltonian describes the hyperfine coupling between the nuclear
spin /5 and valence electron spin s, of the perturbing ground-state atom. The Hamiltonian

Hyy = Al - s, (3.26)

is diagonal in the |I5, so, F, mp) basis, where F' is the hyperfine quantum number corre-
sponding to the operator F' = I, + s, and m is its projection along the shared z-axis. The
associated eigenvalues that determine the hyperfine energy shift are given by [145]

Ep = g [F(F+1) = Iy(Iy + 1) — sy(sy + 1)] (3.27)

where A is the hyperfine constant. Table 3.2 shows the hyperfine constants, and [, for
ground-state alkali atoms, confirming that the hyperfine interaction strength is comparable
to the scattering interaction strength (~ GHz). For example, 8’Rb has an I, = 3/2 and s,
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=1/2, allowing the values F' = 1, 2. The hyperfine splitting between these two levels is AE g
= 6.834 GHz, which is comparable to the depth of the trilobite potential for a large range of

n-values. On the other hand, since A scales as n >

we can very easily disregard the hyperfine
splitting of the Rydberg atom, as A E'r is often of the order of KHz to MHz, depending on
¢. The hyperfine interaction relies on the electron penetrating the Rydberg core and being
close to the nucleus [145], naturally making the interaction a lot weaker for ¢ > 0. Hence the
high-¢ spectrum of ULRM is unaffected by Rydberg hyperfine structure, while being heavily

dependent on the perturber hyperfine structure.

TaBLE 3.2: Ground-state properties of alkali atoms relevant for hyperfine
structure, with all alkali atoms having so=1/2. The data is limited to the most
stable isotope of each element from [226, 227].

7Li 23Na 39K 87Rb 133CS

Ground-state configuration  2s1/, 3512 4812 5512 6812
A (GHz) 0.402 0.886 2.309 3.417 2.298
I 3/2 3/2 3/2 3/2 7/2

The spin-dependent pseudopotential V.. describes the scattering interaction of the Ry-
dberg electron and perturber, which is described in detail in section 3.1. To revise, the
pseudopotential models the contact scattering as a delta function that depends on the distance
between the electron and perturber x = |r — RZ|. This §(x) is scaled with respect to the scat-
tering lengths (or volumes) that are specific to the spin and angular momentum configuration
of the scattering system, based on the the angular momentum of the Rydberg electron with
respect to the perturber L, and the total spin S, = s; + s,. Additionally, heavier alkali atoms
display relativistic spin-orbit coupling, so that J = L + S, and its z-axis projection M, are
the new good quantum numbers (considering only V..). The scattering potential is diagonal
inthe |8) = |L, S., J, M) basis, and can be expressed as a function of x [55]

~ 2L +1)?
Veal) = (W(—LB O(x) as. (k) [B){A] (328)
B

being spherically symmetric with respect to the scattering center, i.e. the perturber. Since we
limit L to be 0 or 1 (S-wave or P-wave), and alkali diatoms naturally have S, = 0 or 1 (spin-
singlet or spin-triplet), there are six different scattering channels (>°<*1L;): 1Sy, 35, 1 P,
and Py 1 o, with M taking the values —.J to J in each channel. The sum over (3 considers
all of these combinations, with the scattering length for each channel ag, (k) taken from
Ref. [48], as explained in section 3.1. Finally, the last term in the total electronic Hamiltonian
H,, is simply a scalar potential that describes the core polarization, and is diagonal with
respect to any angular momentum basis.
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Ficure 3.8: The adiabatic PECs of the 8Rb n = 18 ULRM, calculated for
Q= (a) 1/2, (b) 3/2 and (c) 5/2. The colorbar represents the R-dependent
spin-singlet admixture | (¢¢|Se = 0) |? in the molecular electronic states.
The experimentally relevant atomic resonance 187/, F' = 1 is the energy
zero. The dominant scattering character 2571 L ; of each high- state is also
highlighted.

Since different terms in the total electronic Hamiltonian are diagonal in different basis
sets, finding a common basis to represent H., is not trivial. The Rydberg atom Hamiltonian
conserves n, /, j and m; = my + mg,, and the perturber hyperfine term conserves F' and
mp = mj, + ms,. If one is to ignore the scattering interaction V.q, the non-interacting
diatomic Hamiltonian is diagonal in the basis |n, ¢, j, m;) ® |F, mp). Beyond the dissociation
limit (R > 2n?) the flat diatomic potentials can be uniquely identified based on the quantum
numbers |n, £, j, F'). However, the scattering interaction mixes the relevant fine and hyperfine
structure, depending on the total spin. It is then pragmatic to use the basis set |a) =
In, 0,5, m;) & |s2, ms,, Iz, my,) to represent the total Hamiltonian, since it automatically
diagonalize H Ryd> While also providing a straightforward implementation of H, ¥

5927

<Oé|ﬁhf|0/> = <na€7j7 mj|n,7€,7j/7m;> Z EF <82,m52,12,m12|F, mF><F7 mF|Sl2am/ ]éam,12>

vaF
— F,mF F,mp
= 5n€jmj7n/f/j/m; E EF CS2,m32,12,m[2 CS/27m/527Ié,m/I2 5 (329)

FymF

where E is the eigenvalue corresponding to |F, mp) given by Eq. 3.27, and Cf; "TZLF y I,

are the appropriate Clebsh-Gordon coeflicients [153, 154]. The first dirac delta term signifies
that H, ¢ is diagonal in the Rydberg atom basis.

Representing V.. in the selected basis is a more tedious task, as the wavefunction of the
Rydberg electron is defined with respect to the ionic core (r) in |«), whereas the electron
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wavefunction is defined with respect to the scattering center (x = r — RZ2) in |$). One can
translate the scattering interaction from the scattering coordinates to the Rydberg coordinates,
using a frame transform U whose elements are given by

Usa = (Bl , (3.30)

so that the matrix representation of Vea in o) basis is simply U TV;GU . Such a frame
transformation expands the Ryberg wavefunctions as (L < 2) spherical harmonics relative to
the position of the perturber, while considering all the spin- angular momentum couplings.
The exact derivation of Ug, is presented in Ref. [55], but here we simply choose to present
the final formula

L
47 A
— LMy, J,Tnj—‘,-rn,s2
Uﬁa - Z oL +1 Qnéj CL,ML,Se,mj—ML+mS2 (3.31)
Mp=—L

J,m; Seymj—Mr+ms,

) 81,m;— Vs m— 52.Mas .

Contysimy—ts,* Cormy -y o2, , (3.32)

where Qﬁé\j’h takes the form

20+ 1 Uni(R)

00 __ J

0 =/ — (3.33)
nty =\l " 83( - (3.34)

ot — BT Ut
nbj 8T R? 7

(3.35)

where U,,; is the spin-orbit coupled reduced radial wavefunction, so that qbngjmj(Ré) =
gy, (0,0).

We now know how to represent all the terms of H,; (Eq. 3.25) in the |a) = |n, £, j, m;) ®
|s2, ms,, I, my,) diatomic basis, considering a finite number of n-manifolds centered around
the desired n-value one wants to investigate. As usual, we can diagonalize this Hamil-
tonian matrix at every R-value to obtain the adiabatic PECs ¢(R) and electronic states
|thei(r, R)) of the ULRM. Additionally, just like m, was a good quantum number for the spin-
less model previously discussed (sec. 3.1), the projection of the total angular momentum
1 = m; + my, + ms, is a good quantum number. This splits our Hamiltonian into multiple
different symmetry blocks (block diagonal form) where (2 is conserved, greatly reducing the
computational effort. As discussed before, the inclusion of only L < 2 terms imply that only
|my| < 2 or consequently m; < 3/2 terms contribute. For ®’Rb and lighter alkali metals,
|mp| = |m, +ms,| <2, forcing |©2] < 7/2 in steps of 1/2. We separately diagonalize each
(2 block to analyze the electronic states and adiabatic PECs allowed by the enforced selection
rule.
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FiGure 3.9: The adiabatic PECs of the ’Rb n = 18, Q= 1/2 ULRM colored

according to the F' = 1 hyperfine admixture | (1| F' = 1) |? in the
corresponding electronic states.

Figure 3.8 shows the calculated Born-Oppenheimer potentials of the ’Rbn = 18 ULRM
for different values of §2. To analyze the internal spin structure of these electronic states, we
can calculate the expectation values of different angular momentum operators with respect
to 1),;. For example, we can calculate the spin-singlet admixture | (1)¢]S. = 0) |?, to see how
the triplet and singlet scattering channels are mixed in each v.;. As shown in figure 3.8,
the 2 = 1/2 plots show three different trilobite plots, two originating from the 18f, F = 1
manifold, and one originating from the 18f, F' = 2 manifold. Two of them show exclusive
spin-triplet character, while one of them (shallower PEC from 18f, /' = 1 manifold) has
triplet-singlet mixed character. For higher 2 = 3/2, the allowed spin configurations do not
permit the pure spin-triplet character, while {2 = 5/2 does not permit any trilobite curve from
the /' = 1 manifold. There is a spaghetti of 3P; curves that are predominantly spin-triplet,
creating avoided crossings with the trilobite curves. They contain both M, = 0 and M| = +
depending on the €2 value. These states correspond to the (M, = 0) oscillating stairwell
potential and the (M = +) non-oscillating PEC that crosses through it. Since M, is not a
good quantum number, these different butterfly states can form avoided crossings with each
other.

Similarly, figure 3.9 shows the PECs of the {2 = 1/2 Rubidium dimer with a color-bar
signifying the hyperfine admixture | ()|F = 1) |? in the electronic state. Typical ULRM
experiments start with an ultracold cloud in the full hyperfine ground state (eg 551 /2, ' = 1),
and proceeds to photoexcite a Rydberg atom. The photoexcitation does not cause radiative
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transitions (F' = 1 — F' = 2) in the ground-state atom. However, the electron-atom scat-
tering can mix different F'-states. Re-analyzing the three trilobite curves using their F-state
character (Figure 3.9 ), we find that the two pure-triplet trilobite states show either exclusive
F' =1 or F = 2 admixture. The spin-mixed trilobite on the other hand, also show a mixing
of the two hyperfine levels. So a standard three-photoexcitation from the 5s; /5, ' = 1 state
can directly access the nf7/2, F' = 1 Rydberg state, only populating the ' = 1 pure-triplet
trilobite and the spin-mixed F'-mixed trilobite (F' = 1 pure-triplet trilobite). In low-/ states,
electron-atom scattering was used to create remote spin-flips of the hyperfine levels, as well as
mediate entanglement between the fine and hyperfine structure of the diatomic system [225].
However, in these high-¢ molecules the fine structure of Rydberg atoms is rather negligible,
compared to the other effects discussed here.

3.4 Green’s function approach

3.4.1 Basic formulation

We can solve the electronic Schrodinger equation to obtain the Born-Oppenheimer spectra by
utilizing a Green’s function based Kirchhoff intergral approach [211, 224], and completely
circumvent the finite-basis convergence problem. In line with the adiabatic approximation,
the molecular electronic state is obtained separately for each R-value, where the electron’s
position with respect to the scatterer is given by ¥ = 7 — RZ. We start by dividing the
electronic coordinate space into two different regions, separated by a very small sphere S
centered around the perturber. The sphere encapsulates the electron-atom scattering potential,
and its fixed radius s = |Z| is chosen to be small enough so that the Coulomb potential is
essentially constant inside it. In addition, s is large enough that the electron-atom interaction
is zero at the sphere surface. Hence, the electron momentum k = /2(E + 1/R) is taken
to be a constant across .S, so that its wavefunction is a plane-wave of momentum £k that
undergoes spherically symmetric scattering from the perturber. This allows us to write the
wavefunction solution near the surface as

Yok, B) = Y Brag, Un(k, x) Yiar, (2), (3.36)
UL (k,x) = T (kx) cos(0r(k)) — Vi(kx)sin(or(k)) (3.37)

where J and ) are the spherical Bessel functions of the first and second kind [150, 151],
L is the scattering partial wave, d;, is the scattering phase shift, and By, is the expansion
constant; we can limit the sum over L, I’ to a few terms as R > x, ' for ULRMs. The phase
shifts used here encodes the electron-atom scattering information, and can be obtained from
separate calculations discussed before (Sec. 3.1).
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Outside the sphere, the electron only experiences the Rydberg core potential, whose
influence can be described by the Green’s function

G(7, 7" v) = Ge(F,7'3v) + G, 7'50), (3.38)

where G is the Coulomb Green’s function [228] given by

['(1-v)
2|7 — 7|

Go(7, 75 v) = (Wo1/2(6)0, My 12(n) — Myaja(mOcWoa2(8)] . (3.39)
with v = (—2E)~'/2 (E < 0) denoting the energy-dependent effective principal quantum
number, and W, M, and I" representing the Whittaker-W function, Whittaker-M function [ 150,
151], and Gamma function [152], respectively. The coordinates £, = (r + 1" = |r —7'|) /v
follow the convention given in Ref. [107]. The quantum defect correction [107, 229] can be

written as
Goal7, 75 v Li i sz( )Wuz+ 1 (%) Yo, (7) Y, ()
qd 9 i 7"7’/ — —~, (V+€+1) (1/—6)
" 7 sin(méy) | (3.40)

sin(7v) sin (v + 7d;)

where d, are the ¢ dependent quantum defects, and /.. is the number of non-degenerate quan-
tum defects.

Once the Green’s function has been constructed, we can use Kirchhoff integral [230] to
obtain the solution to the electronic Hamiltonian (the scattered wavefunction) at any point
outside .5, as

1
V(T V) = -5 f{ [G(7, 7" 1) 0o (F') — o (F)OwG(F, 7" v)] s> d3’, (3.41)
S
where §,s*ds’ integrates 7' = Rz + Z' over the surface of S, and 0,/ is the outward

derivative normal to .S. This formulation, derived from Green’s second indentity, allows us to
uniquely evaluate 1), outside the surface S if the value of the wavefunction and its derivative
at the surface are known. While this is an implicit integral equation, we know that 1), has
to match the previously defined g at the surface S; as both the wavefunction value and
its normal derivative must be continuous. So we can propagate 1,(7) outwards using the
Green’s function, from the known values of the wavefunction and its derivative at the surface,
for a fixed £ and R. To do so we must first be able to express the Green’s function and
its derivative in perturber-centric coordinates (7,7’ — &, Z’). We can expand the Green’s
function with respect to the perturber position using spherical harmonics to attain

GRE+T, R2+E';v) =Y Yy (£)Gs(z, 2'; s V)Y g (27) 4 (3.42)
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where [ denotes the set of indices (L', L”, M} ); we use primes to avoid confusion later on.
Note that the expansion is diagonal with respect to the good quantum number M) . Since
Gs(z, ;s v) is only dependent on radial distances, the derivative

0w G(RE+ 7, RE+ T 1) = > Yiry (8)0y G, 2 v) Yy (37), (3.43)
B

is rather straightforward to obtain. The exact forms for Gg and 0, Gz can be found in
Ref. [107].

Now we seek to obtain the quantized eigenvalues E' parametrized by R, i.e. the po-
tential energy curves F(R). For each R-value, the allowed values of E can be natu-
rally attained by forcing the continuity of the energy dependent wavefunctions v, (7, v(E))
and Yg(k(R, E), ), at the surface S. Matching the inner and outer wavefunctions at S
(Z,7" = §,5") in the Kirchhoff integral, and expressing all prerequisite terms in the perturber-
centric coordinates, we obtain

1
Vs(k,5) = —§£ZYL'ML(§) [QB(S;S';V)as'ws(ka 5')

— ¥s(k,5")0s:Gs(s, s'; V)] Y (8 ") s?ds’

52

=-3 > Vi () [Qﬂ(S,S';V) <]€ Y (87)0ubs(k, 57) dé/)

B

- (;é S, (305, ) dé’) 0,/Gs (s, s';y)]
(3.44)

In the second step we comfortably take Gz and 0,y G outside the surface integral, as both
functions are spherically symmetric about the perturber, and only dependent on the radial
coordinates. After substituting Eq. 3.51 in the right hand side of the previous equation,
the integrals over S’ (in parenthesis) filters out terms according to the selection rules of the
spherical harmonic functions. Once the angular variables have been integrated out we can
conveniently equate the radial terms s’ = s at the surface. The expression then reads as

2
?/)S(k’,g) = —% ZYL,MIL(é) BL//M/L [gﬁ(S,S;U) 852/{[//(]{3,8)
B

— U (k,s)0s Ga(s, s;v) | . (3.45)

Substituting Eq. 3.51 in the left hand side of the previous equation, and projecting onto
an (LM | channel, i.e. multiplying Y7*,, (3) and integrating over 5 on both sides, we obtain
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the set of linear equations

82
Buas, Unhys) = =5 7 Buoar, [Guwoar, (5,530) 0.Usn (k. )

LII

— Z/[L//(/{},S)as gLL”ML<57 S3 V) y (346)
which can be written in the matrix form [211, 224]

> By, Mp(E,R) =0, (3.47)

L//

where for a fixed M, (a conserved quantum number),

My (B, R) = Grri, (s, 5v)0sUpn (k, s)
2
_ Z/{L”(ka 8)85 gLL”ML (8, S; l/) + 8—2(5LL//Z/{L(I€, S) . (348)

For a nontrivial solution By, # 0 to exist, the determinant of M (E, R) has to be zero.
Hence, to find £(R) we scan over E in a grid (parametrizing v(F) and k(E, R)) and locate
the zeros of det(M(FE, R)), for each posible value of M separately. The F(R) obtained
should be independent of the exact value of s, given that it is small enough to allow the initial
approximation (Coulomb potential is constant across .5, and contact interaction is zero along
S). To certify this, one generally calculates the PECs for varying s-values, and confirms
them to be the same.

3.4.2 Spin couplings

The discussion presented above did not consider the intrinsic spin substructure of the ULRM
as revealed in section 3.3, so that the fundamental concept can be established first. We know
that a more realistic calculation of the ULRM spectra that can be benchmarked against mod-
ern experiments must consider the underlying angular momentum couplings. In fact, older
experimental works on ULRM spectroscopy [66, 67, 176, 216] exclusively utilized exact di-
agonalization methods to analyze their data, instead of the spin-less Kirchhoff integral. This
deficit was solved very recently by Eiles et al. [107] as they extended the Kirchhoff integration
method to include all the spin couplings in ULRM. Since the basic formulation remains the
same as in section3.4.1, we will very briefly summarise the changes to the existing terms
that captures the relevant spin coupling effects. A more complete picture can of course be
attained from the original text [107].
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As explained in section 3.3, the most important spin-interaction terms in the molecular
Hamiltonian that one should consider are the hyperfine structure between perturber electronic
and nuclear spins, the fine structure of the low-¢ Rydberg states, and the spin-orbit coupling
in the electron-atom scattering interaction. The notations and names used here are consistent
with those defined in section 3.3.

Outside the surface S the scattering interaction is zero, conserving the hyperfine quantum
numbers of the perturber |F, m ), the Rydberg atomic states, as well as the orbital angular
momentum projection My (=my). As the Coulomb Green’s function only represent the
high-¢ states, one can safely ignore its fine structure, making it diagonal in the |a) =
|s1, ms,, Mp; F,mp) basis. The quantum defect Green’s function on the other hand, pertains
to low-/ states that exhibit non-negligible fine structure, which we write as

) W, et GIW, 1 ) Y, (1) Yo, ()
Gl _Wz T(v+ 0+ )T (v—10)

£,j,mj

" 7 sin(mdy;) | (3.49)
sin(mv) sin (v + 7dy;)

where 0y; are the j-dependent quantum defects, and Y}, (#) = (7|jm;) are the spinor
spherical harmonics. The sum over ¢ runs from O to /., and the sum over j runs from |¢ — s
to ¢ — s for each . We can then expand the entire Green’s function in the |«) basis so that,

G(7, 7' ZaFF,(smFm a) (| { s11mg, Mp|G a7, 75 v)|syml, M})

+3 " e (ol Go(7, 7 v) . (3.50)

In the perturber-centric coordinates, the scattered electronic wavefunction can be written

as
Ys(k, Z) =Y BalUsp(k,x) (8|2) (3.51)
B
Uspy(k,x) = T(kx) cos(0srs (k) — YVi(kx)sin(ogs(k)), (3.52)
where the index |3) = |LSJM;; Iomy,) represents the electron-atom scattering channels

as well as perturber nuclear spin, and dg;; are the electron-atom scattering phase shifts in
each channel. The scattering interaction is clearly diagonal in this |3) basis, and the radial
wavefunction in each channel resembles the spherical expansion in Eq. 3.51, with the phase
shifts modified by fine structure.
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Evaluating the Kirchhoff integral at the surface S by matching the inner and outer wave-
functions with the appropriate coordinate transformation, we get a set of linear equations that
can be expressed in matrix form just like Eq. 3.48. The spin-coupled PECs are then obtained
by finding the zeros of det(M (E, R)), for each possible value of the good quantum number
2 = M; + my, separately.

3.4.3 Comparative analysis

Here we compare the merits and drawbacks of the spin-coupled Green’s function approach,
when weighed against the spin-coupled Exact Diagonalization approach detailed in sec-
tion 3.3.

The convergence issues in the diagonalization approach due to the divergent scattering
volume and the bare delta form of the pseudopotential (as discussed in Sec. 3.2), unsurpris-
ingly plague the spin-coupled model as well. It is not practical to correctly represent the dirac
delta potential in a small enough finite basis that is computationally tractable [108]. More-
over, the Omont form of electron-atom scattering potential is scaled by the P-wave scattering
volume which diverges at the shape resonance, forcing the ED method to misbehave.

Fortunately, the Green’s functions approach does not directly handle the scattering
lengths/volumes or try to resolve the delta potential. The electron-atom scattering phase
shifts are directly encoded within the spherical expansions of the scattered wavefunctions
around the perturber. The exact form of the short range potential that produces these phases
shifts is irrelevant here, as long as 1, is known and V,, remains zero at the surface S. At
the P-wave shape resonance, the phase shift merely passes through the value of 7 /2 radians
(corresponding to an ill-defined a%), but remains well behaved. Hence the potential energy
curves obtained are only truly parametrized by ds;, allowing us to extract the phase shifts
without any basis-dependent uncertainties. It is also possible to obtain a convergent ULRM
spectrum using regularized delta potentials [108], or by generalized local frame-transforms.
But these methods should first be extended to include all the relevant spin couplings.

While the Green’s function method can be extended to calculate the full electronic wave-
functions (via propagating the wavefunction outwards using Kirchhof’s integral) in principle,
the exact spin-dependent characterization is highly challenging, and currently undone. So,
the exact diagonalization approach is still instrumental in calculating the wavefunctions,
dipole moments, spin admixtures, and lifetimes of ULRM; as is obviously necessary in the
theoretical analysis of the the observed resonances in our works [P3, P6]. So currently, our
workflow includes the utilization of the Green’s function calculation to obtain convergent
PECs, followed by ED calculations of the wavefunctions, where the phase shifts and basis
size is adjusted to match the Green’s function result.
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3.5 Experimental setup

In this section, we provide a brief synopsis of the experimental methods used by our col-
laborators to create and study 8’Rb ULRM, in the projects [P2, P5, P6]. A comprehensive
description of the experimental setup can be found in the thesis of Markus Exner [231].

Preparing the utlracold gas: To begin, an ultracold atomic gas is prepared by using
a magneto-optical trap (MOT) [232, 233], that confines the 8’Rb vapor using near-resonant
radiation pressure. The trap consists of a spatially varying (quadrupolar) magnetic field, com-
bined with an optical molasses [234], i.e. counterpropagating cicularly polarized laser beams
along orthogonal axis (created by retroreflection). The laser beams are red-detuned so that
an atom moving away from the trap center can absorb a photon propagating in the opposite
direction, as the spatially varying zeeman shift drives the transition towards resonance. The
counterpropagating photon transfers its momentum to the atom during excitation, reducing
its kinetic energy and pushing it back to the trap center (where magentic field is zero and
the transition is no longer resonant). The momentum change during radiative decay is in
random direction and can be averaged to zero over many cycles, whereas photon absorption
and kickback happens only when the atom moves away from the trap center. This creates
a damping potential that cools and confines the atom over many cooling cycles. For the
8TRb experiments, the 5512, F' = 2) <> |5ps /2, F' = 3) transition is used for cooling, with a
separate pump laser to ensure a steady population of the initial cooling state [231].

Typically the experimental setup features two different cooling chambers, the first being a
2D-MOT that creates a directed high flux source of cold atoms cooled along two directions.
Room temperature 8"Rb vapor from a solid metallic source propagates through the 2D-MOT
before being loaded into the next chamber, consisting of a 3D-MOT. The 3D-MOT allows
for complete spatial confinement, trapping the gas across all three dimensions. Once suffi-
ciently many cooling cycles have elapsed, the pump laser power is reduced and the cooling
laser is further deturned, so that atoms are allowed to decay and amass population in the
ket5sy /o, F' = 1 atomic ground-state.

The next step is to transfer the already cooled atomic gas from the 3D-MOT to a crossed
optical dipole trap (ODT) [235, 236], to allow further cooling and compression. The 1064
nm ODT laser is far detuned from the nearest atomic transitions (~ 780 nm), causing a
spatially varying AC stark shift [237] that attracts the atoms to the beam center. Unlike the
MOT, the ODT does not feature dissipative light forces, and preserves the internal state of
the atom. The experiments in Kaiserslautern are able to produce ultracold 8"Rb clouds with
atemperature T = 40p:K, and density p = 4 x 10'* cm™®, in the |5s1 /5, F' = 1) ground-state.

For the given density, the average interatomic spacing is ~ (47p/3)~/3 ~ 181 nm. The
Rydberg orbital size scale as 2n?, with an n = 25 state having the orbital size ~ 66 nm, and
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an n = 50 state having the orbital size ~ 265 nm. Even for the smaller n-values, there is a
reasonable probability to find perturber atoms within the Rydberg atom orbit, facilitating the
photoexcitation of ULRM. Once the ultracold gas has been prepared, the photoexcitation and
detection steps are performed for multiple cycles to gather enough data.

Photoexciting the ULRM: The high-¢ ULRM states are accessed via their f-state admix-
ture through a three photon excitation scheme. The prepared ultracold ensemble undergoes
1551/2) — [Bps2) — |5ds/2) — |nfr/2) using lasers of wavelength 780 nm, 776 nm, and
1276-1288 nm, with the last transition exciting the atom to a desired Rydberg state. Here we
note that ODT is designed to trap ground-state atoms and not Rydberg atoms, as they have
very different AC stark shifts. While magic wavelength tweezers [15] are widely used to
simultaneously trap Rydberg and ground-state atoms in other scenarios, this is not appealing
in a ULRM experiment that aims to photoexcite molecules with a wide variety of n-values.
Hence, the trapping laser is temporarily turned off before the photoexcitation happens.

State detection: The photoexcited Rydberg atoms and molecules are ionized using a
CO, laser, and then guided to a reaction microscope using an electric field. The reaction
microscope measures the impact position and time of flight of incoming ions, from which we
can calculate the initial momentum distribution of the Rydberg core before ionization. We
can then selectively look at data corresponding to fragments with zero initial momentum, so
as to uniquely detect fully bound stationary eigenstates of the ULRM. However, metastable
molecular states can undergo internal decay, consequently undergoing associative ionization
or ¢ changing collisions that impart momenta to the nuclei. One can then allow a finite
momentum filter with which metastable states with non-zero initial momentum, can also
be detected. Hence, spectral signatures that are unique to the finite momentum spectrum
belong to short-lived molecular resonances, whereas signatures that are present in the zero
momentum spectra belong to stable long-lived states.
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Chapter 4

Overview of scientific contributions

This chapter provides a synopsis of the scientific results presented in this dissertation. The
publications are classified into the three overlapping themes of vibronic physics, quantum
dynamics, and precision spectroscopy. The basic theory and notations required to understand
them have already been discussed in chapter 2 and 3. Here we directly discuss the published
results and also draw connections between them, while just considering their recent history.
The larger context of all the presented studies, is the analysis of these high-¢ scattering states
utilizing conventional molecular physics tools, like vibrational and vibronic spectroscopy,
internuclear dynamics, and spin mixing effects. The findings compiled here takes us one step
closer to the overarching goal of engineering tailored few body interactions in cold gases,
with control over their spin-vibronic structure and internal dynamics.

4.1 Vibronic spectra: theory and observation

There is increasing interest and relevance in the study of non-adiabatic interactions in the
ultracold atomic and molecular physics community. The high density of states in Rydberg
atoms, with level splittings small enough to be comparable to motional energies, hints that
vibronic couplings cannot be ignored in a complete analysis of such systems. They were
first shown to manifest in ULRM as modifications to ultracold chemical reaction rates, and
were qualitatively analyzed using a Landau-Zener approach [80]. They observed that rates
of /-changing collisions and autoionization are altered due to avoided crossings between the
trilobite, butterfly, and low-/ states, and change rapidly with the n-value of the constituent
Rydberg atom. Inspired by this experimental work, a previous collaboration involving our
group [95] was able to theoretically explain the phenomenon by considering the internal
structure parameter n as a synthetic dimension. It was shown that the electronic structure of
a trilobite + f-state ULRM can be solved in a two-dimensional (n, R)-manifold that allows
for conical intersections (CIs). One must keep in mind that n is not a continuous degree of
freedom; hence, the one-dimensional physical system can only really exhibit avoided cross-
ings. But the synthetic dimension allows us to study how the width of the avoided crossing,
and consequently the magnitude of the non-adiabatic coupling changes with respect to n. For
n-values in the vicinity of a synthetic CI, the potential energy curves show an almost exact
crossing that corresponds to a near singular non-adiabatic coupling. These studies however,
only analyzed the electronic structure of ULRM to explain the chemical reaction rates, never
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trying to explore the full vibronic structure of the ULRM.

Nonadiabatic interaction effects in the spectra of ultralong-range Rydberg molecules
[P1]: This manuscript, alongside Ref. [101] is the first in a series of works that formulated
an exact quantum mechanical description of the vibronic structure of the ULRM. Our first
investigation focussed on ?*Na dimers, as their quantum defect structure supports avoided
crossings between the trilobite and ¢ = 2 d-state. Unlike the Landau-Zener type crossings in
Ref. [80, 95], ?*Na shows strong mixing between the trilobite and d-states over an extended
R-range along 100s of ay. Moreover, the avoided crossings are positioned relatively close
to the minima of the trilobite PEC, so that even the lowest energy bound states are strongly
affected by the non-adiabatic coupling to the d-state. This is reflected in the behavior of (k)
being comparable in size to 7, for a large range of R, as explained in section 3.2. Compared
to 8"Rb dimers the crossing between butterfly and trilobite potentials happen at much smaller
R-values in 2*Na, allowing us to discount their effects in the qualitative description of low
energy vibrational/vibronic states.

We developed a coupled two-channel approach that consists of the trilobite state |1);)
and any low-/ state |¢,). The electronic Hamiltonian H < 1s then expanded in a restricted
two-state basis {|¢y), [¢4) }, and diagonalized to obtain the adiabatic PECs .. and electronic
states. From the eigenstates we could also obtain the first and second-order derivative cou-
plings. All of the aforementioned calculations were done in a two-dimensional n, [2-grid,
utilizing Whittaker-W functions to model non-integer n-values. This allowed us to study
and confirm the existence of Cls and avoided crossings in synthetic dimensions. More-
over, we were able to predict that avoided crossings become Cls when a radial node of the
low-¢ wavefunction coincides with the (n, R) crossing point, i.e., if dg(k(n, R)) = 7d, and
®neo = 0 simultaneously. To aid in comparison, we also calculate the Born-Huang spectrum
(Eq. 2.29), considering only the diagonal derivative couplings as non-adiabatic perturbations
to each adiabatic PEC.

To bypass using such divergent non-adiabatic terms when calculating the vibronic spec-
trum, one needs to construct a diabatic basis where the off-diagonal kinetic energy terms
are transformed away into well-behaved potential energy terms. To this end, we were able
to analytically prove that the initial two-state expansion of the Hamiltonian is automatically
diabatic by construction, so that the diabatic potential energy operator can be simply written
as
ei(R) Cu(R)

4.1
Ctg(R) 85(R>+A ’ ( )

€tr =

where the coupling term is derived tobe Cy(R) = 2wag(k(R, n))dnewo(R) \/Zi>€¢ |Onio(R)|?,
ei(R) is the trilobite PEC, and ,(R) is the low-¢ PEC. Diagonalizing the vibronic Hamil-
tonian 7, n + €w, using finite difference methods discussed in Appendix A.2, we obtain the
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two-channel vibronic spectrum.

For the ?*Na dimer, we calculated the coupled trilobite- d-state spectrum for a variety
of n-values. Our results highlight two extreme cases, one n = 48 case that features two
different near-Cls (almost vanishing avoided crossing) in the spectrum, and the other n = 43
case that only features a wider avoided crossing. We see that the vibronic spectrum shows
significant rearrangement in eigenstate structure, in comparison to Born-Oppenheimer cal-
culations. Most strikingly, the highly non-adiabatic n = 48 case shows bound vibronic
resonances above the d-state threshold, trapped in between the narrow avoided crossings.
These resonances have no adiabatic equivalent, as there are no bound vibrational states in
either BO potential that correspond to the resonance energy. To add, the trilobite channel is
closed while the d-state channel is open in this energy range. The vibronic couplings then
create a Feschbach-style multichannel resonance.

We also observe that all bound vibronic states, irrespective of the n-value, are positively
shifted in energy (AE ~ MHz) compared to their adiabatic counterparts. Furthermore, we
notice that the radial probability density of the vibronic states exhibits non-adiabatic localiza-
tion effects in comparsion to the delocalized BO spectra. We promptly explain this utilizing
the Born-Huang calculation, as the diagonal non-adiabatic terms add a significant potential
barrier between different wells in the trilobite potential. While the behavior of the spectrum
near the avoided crossing is intensely affected by the existence or absence of CI, the general
localization and non-adiabatic energy shifts are uniform across different n-values. This is
unsurprising, as the magnitude of non-adiabatic couplings away from the avoided crossings
are quite similar for all n. However, the exact position and width of the avoided crossings still
affect the stability of the vibronic resonance states, and also dictate the rates of non-adiabatic
transitions as is relevant for /-changing collisions.

The model developed above can be used to analyze the general vibronic coupling be-
tween a trilobite and low-/ state in any species of ULRM dimers. Moreover, the interaction
between any low-¢ and butterfly state, is a rather straightforward extension. In parallel,
our collaborators [101] developed a two-state model that studied the vibronic spectrum of
a coupled trilobite-butterfly system {|1/;), ;) }. This is a conceptually different model, as
the pure trilobite and pure butterfly states are not orthogonal to each other, exhibiting strong
R-dependent overlap. Nonetheless, they were able to calculate the vibronic spectrum of
the trilobite-butterfly model using different approaches and validate their results. Just like
the coupled trilobite - low-¢ system, the coupled trilobite - butterfly system also exhibits
multichannel resonances and spectral rearrangement. The existence of Cls between pure
trilobite and butterfly PECs can also be predicted by searching for (n, R)-values where the
s-state Rydberg wavefunction has a radial node that coincides with the crossing point i.e., if
ds(k(n, R)) = dp(k(n, R)) and ¢,o = 0 simultaneously.
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Vibrationally highly excited trilobite molecules stabilized by nonadiabatic coupling
[P2]: This experimental collaboration with the group of Herwig Ott reports on the observation
of nonadiabatically stabilized resonances in 8’Rb dimers. These are the first direct measure-
ments of non-adiabatic spectral signatures in ULRM, verifying the previously established
theory [P1, 101, 238].

Particularly, we looked at highly excited vibrational states localized in the trilobite PEC
for Rubidium. In 87Rb, the butterfly potentials form an avoided crossing with the trilobite
PEC around the trilobite global minima, creating an adiabatic decay pathway for the nuclei.
Within the framework of BO-approximation, vibrational states localized in the outer adiabatic
potential no longer probes an inner repulsive wall. The nuclei in these potentials roll down
the butterfly PEC, eventually undergoing /-changing collisions or autoionization. Therefore,
apart from a few stable adiabatic states localized in the undulations of the oscillations of the
PEC, one cannot excite high lying adiabatic vibrational states of a trilobite molecule.

However, we are able to unambiguously measure highly excited (v > 80) molecular
resonances of an n = 25 trilobite molecule, red-detuned from the 25 f /2 atomic resonance.
The measured resonance energies and the vibrational splitting show an excellent match with
theoretical calculations performed on an effective trilobite potential, considering an exact
diabatic crossing with the butterfly potential. In contrast, measurements for n = 27 show no
such series of trilobite states, as adiabatically expected.

The observations are very successfully explained by analyzing the n-dependency of
avoided crossing using CIs in synthetic dimensions. In fact, despite the added complexity of
different spin interactions in the potential energy landscape of the ULRM, we find that the
nature of the avoided crossing between trilobite and butterfly states can be very well predicted
by a spin-indepedent model [238]. For n = 25 we find that the radial node of the s-state
wavefunction does indeed (almost) coincide with the crossing point of S-wave and P-wave
phase shifts, implying that the n-value finds itself in the vicinity of a conical intersection. The
n = 27 system bears no such coincidence, featuring a relatively wide avoided crossing. We
verified this result by solving the two level system in an (n, ?)-grid, obtaining the derivative
coupling and avoided crossing width, and confirming the existence (and absence) of CIs near
n = 25 (n = 27). To solidify our results, we were able to calculate the dipole transition
strengths (via n f7/2) of the high lying trilobite states and successfully match it with observed
signal profile. The signal profiles would only match so well if the molecular resonance had
the [?-dependence of a diabatic trilobite PEC, and not a mixed adiabatic PEC.

In the experiment, Rydberg atoms were excited to the n f7/ state via three-photon ab-
sorption with a 3 us pulse duration, allowing the formation of ULRMs. The Rydberg atoms
(and molecules) are then photoionized, and the ions are guided into a reaction microscope.
The reaction allows us to reconstruct the momentum of the nuclei before ionization, allowing
us to distinguish long-lived stationary states with no momentum, and short lived states with
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finite momentum. In the trilobite - butterfly system, vibrational states that are fully localized
in either of the adiabatic PECs will essentially have zero momentum before ionization. These
states will have clear spectral peaks that appear the same in both zero-momentum and finite-
momentum signals. However, high-lying molecular resonances non-adiabatically stabilized
across two-channels will have a finite lifetime. So there is a finite population of these states
that decay into the butterfly potential, rapidly increasing their momentum. Depending on
their resonance widths, their spectrum should be resolvable in a finite momentum signal
while being much weaker in the zero-momentum signal.

We use Landau-Zener based semi-classical calculations to theoretically estimate the
lifetimes of the n = 25 trilobite states to be 7 > bus, whereas similar n = 27 trilobite
states should have 7 < 0.05us. Since the excitation pulse is only 3 us long, we can explain
that the non-adiabatically stabilized n = 25 states are spectroscopically accessible, while

= 27 states are not. Additionally, the signal for the non-adiabatic states are only clear
in the finite momentum signal, as opposed to adiabatic states which have well resolved
zero momentum signal. We also calculate Siegert pseudostates in the adiabatic channel
to obtain the vibrational spacing and widths, to concisely exclude the possibility that we
were measuring internal reflection states [100]. Since the calculated binding energies, level
spacings, signal profiles, and lifetimes explain the observed phenomenon very well, the
experimental measurement unmistakably validates the theory of n-dependent stabilization of
non-adiabatic resonances in the ULRM.

4.2 Quantum dynamics

As we complete the discussion on the vibrational and vibronic spectra of the ULRM, we
shift our focus to dynamical effects that can be found in its time evolution. While stationary
states help us understand the general internal workings of the molecule, wavepacket dynamics
allows us to simulate how specific initial configurations of the system behave in time. As
the limits of coldatom experiments advance at an astonishing pace, it is not unrealistic to
expect the ability to curate desired initial states and perform time evolution experiments.
For example, Pfau et. al.[36] recently reported the observation of vibrational dynamics of
charged Rydberg atom-ion systems, through time resolved ion microscopy. Similar experi-
mental studies of neutral ULRM like the trilobite molecule remains an exciting challenge.

From our studies of the ULRM spectra, we know that the highly oscillatory poten-
tial energy landscape with dense level spacing can produce exaggerated long-range vibra-
tional/vibronic states. Itis only natural to assume that the time evolution of wavepackets which
constitute these states will produce interesting dynamical effects hitherto unseen. Within the
large body of literature that discusses the internal structure of ULRM, numerical studies that
look into ULRM wavepacket dynamics is sparse [105, 106]. Our works listed below, set out
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to fill this gap and simulate the vibrational and vibronic dynamics of high-¢ ULRM.

Internal diffraction dynamics of trilobite molecules [P3]: First, we present the adi-
abatic wavepacket dynamics of trilobite ULRM, highlighting the propagating diffraction
pattern that emerges as the nuclei time evolve in the trilobite potential. For specific initial
state configurations, the oscillatory structures in the trilobite PEC acts as a molecular diffrac-
tion grating that backscatters incoming nuclei. We explain the backscattering effect and the
necessary conditions that facilitate them using Fourier analysis. As a preliminary work, we
only consider single channel dynamics in a pure trilobite state, leaving non-adiabatic exten-
sions due to the interacting butterfly state to the future [P4].

We observe that for high enough n (> 50), the trilobite PEC V; (Eq. 3.18) can be sepa-
rated into an anharmonic potential well ,,,;, (Eq. 3.23) overlayed with a chirped oscillatory
potential €,s. = €; — €4nn. Taking the Fourier transform of ¢, we see a clear sideband
structure that resembles a diffraction grating with specific periodicity. For 50 < n < 60
these sideband structures are centered around the internuclear momentum K ~ (.03 atomic
units. From a Bragg scattering perspective, this means that the momentum transferred by
Eosc 10 a traversing wavepacket should be quantized in multiples of the sideband value. Since
Eosc 18 not perfectly periodic, the backscattering has a finite momentum width that changes
as the wavepacket traverses, eventually causing the dissipation of the diffraction pattern.
Subsequently, we estimated that the wavepackets traversing in the trilobite potential natu-
rally attains the minimum momentum, due to the general potential depth of €,,,. So we
performed a series of numerical simulations where we time evolve Gaussian wavepackets
X(R,t = 0) o exp [~ (R — Ry)” /(40®)] with appropriate initial mean and width, cata-
loging the onset of propagating diffraction patterns in ULRM under various conditions.

For example, when n = 55 the potential minima is around R., = 2190 a.u., so a
wavepacket starting around at 2y > 3000 a.u. naturally attains the momentum K ~ 0.06, un-
dergoing continuous backscattering. The probability density of the time-evolving wavepacket
then shows an exquisite diffraction pattern. Similar effects are shown in simulations of a vari-
ety of n-values and initial positions. As n increases, the amplitude of ¢, decreases, reducing
the contrast of the diffraction pattern. The series of simulations were done with 0 = 100
a.u., comparable to the size of the period of oscillations in €,,.. For a wide range of condi-
tions mentioned in the text, we have successfully simulated and explained a self-diffracting
molecule, where the electronic structure of the dimer diffracts its own nuclear wavefunction.

Increasing the width of the wavepacket to 0 = 300 a.u., we find a different dynamical
effect emerges. The initial wavepacket spans multiple different wells, none of them having
localized bound states due to the high n-value (and subsequent shallow ¢,,.). Hence each
well acts as a source emanating wavelets, that interfere with each other to form very narrow
localized pulses that are reminiscent of a Dirac comb [239, 240].
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Finally, we also propose a possible time resolved pump-probe based experimental scheme
that can be used to study these dynamical effects. Mainly, we find that vibrational ground
states in low-¢ PECs have the appropriate R, and o to trigger the diffractive effects. Hence,
they can be successfully used as pump states, excited to the trilobite potential via microwave
transitions. Depending on the n-value, localized low-/ states can also be used as probe states
to project the time evolving wavepacket, enabling us to extract a time resolved two-point
correlation function (that mirrors the dynamics we wish to study). This methodology conve-
niently allows us to prepare the initial state, time evolve and observe the probability density
all using a single ULRM.

Vibronic quantum dynamics of ultralong-range high-/ Rydberg molecules [P4]: This
work presents a numerical study of vibronic quantum dynamics in ULRM, by considering
a coupled-channel treatment that includes the trilobite and butterfly states. It extends the
previously described single channel adiabatic dynamics [P3], by adding the P-wave scattering
term, and incorporating the subsequent non-adiabatic couplings as discussed in [P1, P2, 101].
Bridging the two different directions of research, this work is the first to reveal exaggerated
vibronic quantum dynamics in ULRM.

Firstly, we continue our investigation of the internal diffraction dynamics using the
coupled-channel treatment (with n € 54, 60), to see how non-adiabatic effects change the
results of the previous study. In this regard, we first obtain the adiabatic PECs and electronic
states by solving the electronic Hamiltonian. As expected, the addition of the P-wave term
introduces an adiabatic decay channel via the avoided crossing, potentially destroying the
continued propagation of the diffraction pattern. However, we see that the two adiabatic
states exhibit extremely large derivative coupling between them, suggesting non-adiabatic
stabilization through surface hopping [P2]. As expected the behavior of non-adiabatic cou-
pling is highly n-dependent, with n = 55 displaying a near singular derivative coupling (very
narrow avoided crossings) and n = 57 displaying a relatively weaker coupling (and wider
avoided crosing). The two n-values are taken as exemplar cases to perform vibronic dynamics.

We then calculate the diabatic potentials (section 2.2.4), and proceed to construct the
diabatic Hamiltonian for propagation (appendix A.2). Importantly, we note that the diabatic
PEC:s deviate from the adiabatic PECs much before the avoided crossing. This is due to the
derivative couplings being non-negligible (compared to the level spacing) for an extended
R-range away from the crossing. However, for the sake of clarity we choose to initialize the
wavefunction at large enough R (~ 4000 a.u.) so that potential behaves like a single channel
trilobite. This way we can observe what happens when a well-defined nuclear wavepacket
enters a regime of vibronic mixing. Our simulations show that the propagating diffraction
pattern is stabilized against adiabatic decay due to surface hopping, for both n-values. We
utilize a complex absorbing potential (appendix B) to simulate this internal molecular decay
via the adiabatic transition to butterfly potential. By calculating total norm and channel
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population, we figure out how the wavefunction decays and switches BO-states as a function
of time. Hence, we confirm that n-values which show high non-adiabatic couplings (n = 55)
display higher surface hopping, and increased stabilization of the propagating diffraction
pattern. Additionally, the work also features interesting multi-well tunneling effects that
emerge during low-energy oscillations in trilobite ULRM for 45 < n < 50.

4.3 Precision spectroscopy of electron-atom scattering

The final theme of scientific contributions we discuss is the high-precision spectroscopy of
spin-coupled scattering channels via the ULRM. In these experiment-theory collaborations,
momentum resolved spectroscopic data is analyzed and interpreted using a complex theoret-
ical model of the ULRM, while considering all the important spin and angular momentum
couplings. In doing so, we aim to access and study electron-atom scattering channels with
desired spin configurations (denoted by 2°*!1 L ;), and use them for further research. Particu-
larly, the two works discussed below [P5, P6] present an extensive study of the dimers in 35
and ! P, scattering channels, respectively.

High Precision Spectroscopy of Trilobite Rydberg Molecules [PS]: The first work
studies the fundamental electron-atom interaction problem in the ®S; scattering channel,
in low energies not typically accessible through free electrons, through an extensive spec-
troscopic study of trilobite molecular spectrum. We present the vibrational spectrum for
photoassociated trilobite ULRM with n = 22,24, 25,26 and 27, localized in deep poten-
tials determined by the S-wave scattering length. An accurate measurement of their large
binding energies (10-20 GHz), in comparison to the spectroscopic resolution (2-4 MHz)
allows us to extract the underlying 3S; phase shift with unmatched accuracy. The seminal
work by [216] was the first of its kind to utilize high precision spectroscopy of ULRM to
study the electron-atom scattering problem. They successfully obtained detailed data on
near-threshold anion states and revealed the fine structure of 3 P; scattering channels. Their
attempts to extract scattering phase shifts however, came with two major limitations: using
finite basis diagonalization to perform calculations, and using shallow low-{ potentials to
extract data. As discussed in section 3.2.2, the depth of the PEC and the binding energies
obtained from finite basis diagonalization do not give convergent results with respect to the
number of n-manifolds used. Hence, the phase shifts extracted would be dependent on the
external parameter, not giving us quantitatively consistent values for different n. Secondly,
the shallow low-/ states (~ 100 MHz) limits the achievable accuracy of the extracted phase
shifts (for fixed readout error), and also doesn’t allow us to selectively access the S-wave
scattering channel due to spin-mixing.

In comparison, with the newly established spin-coupled Green’s function method [107],
we circumvent the convergence issue by directly handling the scattering phase shifts. More-
over, with state of the art three-photon absorption techniques [67], we are able to access deep
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high-¢ states with pure trilobite character. Using the zero-momentum signal from the reac-
tance microscope, we filter out mixed trilobite-butterfly states energetically nearby or above
the avoided crossing, obtaining exclusive S, character. By measuring the dipole moment of
the vibrational states (via stark broadening) along with the binding energy, we are also able
to assign each observed resonance to an exact and unique calculated vibrational state. Once
the experimental spectrum was collected, we extracted the new set of phase shifts by adding a
ninth-order polynomial to the previously extracted phase shifts [216]. The vibrational spec-
trum of the molecule could then be calculated, parametrized by only the phase shifts. The
polynomials were then varied until the relative error between the experimental and numerical
data, averaged over all the assigned eigenstates, was minimized. We show that the chosen

n-range 22 to 27, gives us overlapping range for k(n, R) = \/2e,(n, R) + 1/R so that we
can minimize overfsitting errors in the k-dependent phase shifts 355(k).

Our final results show that the binding energies and vibrational splittings from the exper-
imental data can be theoretically reproduced with maximal relative errors of 0.8% and 10%,
respectively. This corresponds to an uncertainty of 0.7% in the extracted S-wave phases,
providing one of the most accurate estimates of low-energy e~ —8Rb scattering phases to date.

Observation of spin singlet butterfly Rydberg molecules in an ultracold atomic Rb
gas [P6]: The final manuscript reports the first ever creation of a long-range ' P, state in
an ultracold Rubidium gas, obtained by photoassociating a singlet butterfly ULRM. These
elusive high-¢ states formed a missing link in the creation of ultracold anions and heavy
Rydberg systems [109], and have finally been revealed. The lack of laser cooling transi-
tions in alkali anions, and the unavoidable heating mechanisms (due to free electrons) when
ionizing ultracold atoms, makes the production of ultracold neutral plasmas and ultracold
anions challenging. However, the ! P, ULRM allows radiative transitions to the '3 anionic
state, with adequate franck-condon overlap to a stable heavy Rydberg state configuration.
This is also the first observation of an almost exclusively spin-singlet ULRM, while previous
observations reported on mixed singlet-triplet configurations [52, 241, 242].

We obtained the Born-Oppenheimer potentials and states by diagonalization the full
spin Hamiltonian, and benchmarking the PECs against basis size non-convergence, with the
Green’s function method. The spin-singlet admixture of the electronic states (| (1¢|S. = 0) |?)
was studied to display the ! P, character of the potentials. Depending on the Q-value the
! P, scattering produces an undulating stairwell potential (locally conserving M = 0), and
two non-oscillating PECs (M}, = +£). Our calculations show that the stairwell potential is
predominantly of ' P, character, and can hold multiple stable bound states. Particularly, we
calculate that the potential well right below the n f7/, resonance exhibits a reasonably large
f-state admixutre, enabling three photon excitation. The experimental group was able to
successfully access these states for n = 18, after a thorough spectroscopic search. To char-
acterize and ensure that the measured resonance have the ' P, character, we constructed the
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necessary theoretical models to calculate the signal profile, dipole moments, level spacing,
and binding energies of the molecules. The numerically obtained results match the observa-
tions very well, allowing us to conclude that the long-range ! P; state has finally been created,
and the exact transitions required to reproduce them have been revealed.
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Ultralong-range Rydberg molecules (ULRMs) are highly imbalanced bound systems formed via the low-
energy scattering of a Rydberg electron with a ground-state atom. We investigate for 2*Na the d state and the
energetically close-by trilobite state, exhibiting avoided crossings that lead to the breakdown of the adiabatic
Born-Oppenheimer (BO) approximation. We develop a coupled-channel approach to explore the nonadiabatic
interaction effects between these electronic states. The resulting spectrum exhibits stark differences in compari-
son to the BO spectra, such as the existence of above-threshold resonant states without any adiabatic counterparts,
and a significant rearrangement of the spectral structure as well as the localization of the eigenstates. Our study
motivates the use of 2Na ULRMs, as a probe to explore vibronic interaction effects on exaggerated timescales

and length scales.

DOI: 10.1103/PhysRevA.108.012809

I. INTRODUCTION

Rydberg atoms are an important player in modern quantum
physics due to their unique and extreme properties. Their size
and dipole moment scale as n?, and lifetimes and polarizabil-
ity scale as n® and n’, respectively, where 7 is the principal
quantum number [1,2]. They offer a state-dependent inter-
action strength and enhanced sensitivity to electromagnetic
fields, rendering them promising platforms for quantum com-
puting [3-7], external field sensing [8—10], detection of polar
molecules [11-13], and Rydberg-quantum optics [14-17].
The pioneering article in [18] predicted the formation of
ultralong-range Rydberg molecules (ULRMs), as a result of
attractive scattering interaction of the Rydberg electron with
a ground-state perturbing atom. These exotic bound states
feature permanent dipole moments of the order of kilodebye
and bond lengths of the order of micrometers, properties
which were unheard of in conventional diatomic molecules.
However, recent works have also studied other exotic bound
molecular systems with exaggerated properties, formed due to
different binding mechanisms like the Rydberg macrodimer
[19-21] and the Rydberg atom-ion molecule [22-27].

This work is dedicated to the diatomic ULRM, bound as a
consequence of low-energy electron-atom s-wave scattering.
The scattering mechanism enables the existence of two dis-
tinct classes of molecular states [18]. The first type is formed
when a Rydberg electron of low angular momentum (I < 2)
interacts with the neutral perturber. Molecules of the low-/
class exhibit shallow potential wells (approximately 10 MHz)
and a very small net electronic dipole moment [28]. The
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second type is the trilobite class of molecules [29,30], which
arise as the high-/ hydrogenic manifold is mixed by the
ground-state atom [31]. The trilobite molecules exhibit much
deeper potential wells (on the order of gigahertz) and a large
permanent dipole moment and is responsible for garnering
much interest to the field of ULRMs. In addition, the use
of higher-order terms in our scattering interaction has also
demonstrated the existence of the butterfly state [32,33],
which arises as a consequence of p-wave shape resonances.
More recently, detailed theoretical models that include higher
partial waves of the electron-atom scattering interaction have
also been constructed [34]. Starting from its experimental
observation in [35], significant progress have been made in
the study of ULRMs over the past two decades. This includes
its utility, as a probe for spatial correlations in ultracold atomic
gases [36], in precision spectroscopy of negative-ion reso-
nance [37], and in the study of Rydberg impurities in ultracold
atomic gases [38,39]. Furthermore, the fine and hyperfine
structures of these molecules [40—42] as well as their behavior
in external electric and magnetic fields have been studied
[43—47], and major strides have been made in the experimen-
tal exploration of these molecules (see [33,35,37,48-59] for
examples of experimental investigations on ULRMs).

One of the important theoretical tools used in the analysis
of a ULRM is the well-established Born-Oppenheimer (BO)
approximation [60]. As a cornerstone of molecular physics,
the BO approximation advocates for the separation of slow
nuclear and fast electronic motion, allowing us to indepen-
dently solve the electronic problem in varying geometrical
arrangements of the nuclei, to obtain the so-called adiabatic
potential energy curves (PECs). However, there is typically
a ubiquity of avoided crossings featured in the PECs of the
ULRM and resultingly nonadiabatic interactions potentially
leading to the breakdown of the BO approximation are ex-
pected. Such a breakdown of adiabaticity can result in the

©2023 American Physical Society
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altered spectra and lifetimes of molecular states and even
introduce metastable states that are subject to nonadiabatic
decay [61]. In the special case of a conical intersection (CI),
when the molecular geometry facilitates the degeneracy of
two PECs, the nonadiabatic couplings become singular and
the adiabatic approximation breaks down completely [62—66].
Recent studies have demonstrated the existence of such CIs in
the Rb ULRM, for very specific conditions, when the electron-
perturber scattering phase shift divided by 7 is similar in size
to the quantum defect, i.e., ugm =~ §; [67]. In the context
of traditional molecular physics, CIs play an important role
in molecular dynamics as they can cause fast nonradiative
transitions between electronic states [68—71], Jahn-Teller dis-
tortions [72,73], and surface hoppings [74,75], to name a few
examples. The study of nonadiabatic effects in the vicinity
of conical intersections has been proven to be necessary for
understanding a wide range of natural phenomena such as
photostability of DNA [76,77], photoisomerization [78,79],
and reaction mechanisms involving photosynthesis [80]. The
ULRM, on the other hand, provides us with a platform to
explore molecular dynamics in the unique and enormous
timescales of microseconds and on length scales of microm-
eters. Hence, the study of nonadiabatic interaction effects,
as well as their contribution to the spectral characteristics in
a molecule which features such exaggerated properties, is a
challenging and promising direction of research on ULRMs.
It is of relevance to mention that recent studies of the Rydberg
macrodimer and the Rydberg atom-ion molecule also consider
nonadiabatic interaction effects, enabling us to theoretically
explore beyond BO physics in multiple exotic Rydberg
systems [20,22,81].

In this work we focus on the nonadiabatic interaction
between two electronic states in 2>Na ULRMs, due to the vi-
bronic coupling between them. The electronic level structure
of 2*Na leads to avoided crossings and state mixing between
the trilobite and the d-state PECs (see [82], for a recent study
on vibronic couplings between trilobite and butterfly states).
The onset of prominent vibronic interaction effects, as a result
of the aforementioned electronic level structure, justifies the
choice to study sodium as opposed to heavier atoms. We
highlight results for specific n values, with near-degenerate
avoided crossings that cause singular vibronic couplings, ex-
plained using the concept of Cls in synthetic dimensions. A
coupled-channel approach is employed to obtain the vibronic
spectra, thereby using the nonadiabatic couplings between the
trilobite and d-state PECs. We observe features of vibronic
interactions in the underlying spectra including scattering res-
onance states with no adiabatic counterparts. We also use
the single-channel Born-Huang approximation, including the
nonadiabatic diagonal corrections without the off-diagonal
couplings as a comparative resource. The analysis of vibronic
and vibrational spectra is used to justify the necessity of a
coupled-channel approach to study the *Na ULRM.

This work is organized as follows. Section II contains
the theory and methodology used throughout this work. Sec-
tion IT A elaborates on the general molecular Hamiltonian
and gives insight into the approximations and terminology
used to study nonadiabatic couplings. Section IIB focuses
on the electronic interactions in the ULRM and introduces
the electronic states and PECs relevant to our work, before

FIG. 1. Sketch of the »Na ULRM, illustrating the scattering
interaction between the Rydberg electron at position r and the
ground-state atom at position R. The triplet nature of the scattering
interaction is highlighted.

we discuss the specific two-level system and the problem of
diabatization in Secs. IIC and II D, respectively. The com-
putational tools used as well as the approach to obtain the
vibronic spectra are discussed in Sec. III. Section IV fea-
tures the results and discussion. Section IV is further divided
into Sec. IV A, addressing the electronic structure of the
23Na ULRM; Sec. IV B, discussing the nonadiabatic cou-
plings; and Sec. IV C, providing a comparative analysis of
the coupled-channel vibronic spectrum and the single-channel
approximations. A summary and outlook are presented in
Sec. V.

II. THEORY AND METHODOLOGY

In this section we present the Hamiltonian governing the
internal molecular dynamics of the ULRM and the corre-
sponding Schrodinger equation in atomic units. We then
proceed to elaborate on the nonadiabatic features of our
system and the approximations used to circumvent them.
Later we introduce the scattering interaction which forms the
binding mechanism of the ULRM and discuss the electronic
spectra of the molecule. The focus is then shifted to the inter-
action between the trilobite and the d state, and the vibronic
coupling between them. Finally, we introduce the concept of
diabatization and use it in our two-state system as a precursor
to obtaining the vibronic spectra.

A. Hamiltonian, adiabatic separation,
and nonadiabatic couplings

Our system consists of two 2>Na atoms, one in the Rydberg
state and the other one in the ground state. Transforming the
two-atom system into relative coordinates, R is the internu-
clear vector of the two atoms and r is the Rydberg electron
position, with the ionic core at the coordinate origin, as de-
picted in Fig. 1. The Rydberg electrons’ interactions with
the parent core and the ground-state perturber, as well as the
vibrational motion of the diatomic system, are captured in the
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molecular single-electron effective Hamiltonian

2 p2
H — nu + €
" 2u 0 2pe

+ Vrya(r) + Veu (R, 1) ()

H.(R,r)

The first term represents the nuclear kinetic energy 7, along
the vibrational degree of freedom, the second term and the
third term represent the kinetic energy of the Rydberg electron
T; and its interaction with the Rydberg ionic core Vgyq, respec-
tively, and the last term V,, represents the electron-perturber
interaction. In addition, u and . are the reduced masses
of the two nuclei and the electron, respectively. Isolating
H.(R, r) as the electronic Hamiltonian which is paramet-
rically dependent on the internuclear coordinate, we could
solve for the corresponding electronic problem. The resulting
eigenvalues, i.e., the PECs ¢;(R) and eigenvectors v;(R, r),
depend parametrically on the internuclear coordinates and we
have

H.(R, 1) [¥i(R, 1)) = &(R) [i(R, 1)) . (@)

The total molecular wave function can be expanded us-
ing the electronic eigenfunctions according to Wy, (R, r) =
Zi xi(R)Y;(R, r), known as the Born-Oppenheimer expan-
sion [60,83]. It is an exact representation of the molecular
wave function, as the electronic eigenfunctions form an or-
thonormal and complete basis. Here { x;(R)} are the expansion
coefficients which portray the R-dependent mixing of elec-
tronic states. Inserting this expansion into the molecular
Schrodinger equation Hy, Wy, = EW,, and integrating out the
electronic degrees of freedom, we obtain the coupled-channel
time-independent Schrodinger equation (TISE) for the vibra-
tional motion [62]

— L VR + s R ®) - — 3 ARG R)
2l1« RAI i i 2//« - ij J

=Ex(R). 3

Here A;; are the nonadiabatic couplings between the nuclear
and electronic motions, which can be written as

Aij =2P;Vg + Qij, 4)

where P = (P;;) and Q = (Q;;) are the first- and second-order
derivative couplings, defined as

Fij = ($iR, )| Vr|Y;(R, 1)), 5

0i; = (Y:(R, D)| VR |¥;(R, 1)), (6)

where angular brackets denote the integration with respect to
the electronic degrees of freedom. Here P and Q essentially
introduce the coupling between different electronic states ;
and v; due to the motion of the nuclei, which in turn affects
the vibrational motion of the nuclei. Once the P matrix is
obtained, it is straightforward to calculate the second-order
coupling using the relation

Qij = VRP; + 1’3 @)
where

P} = — (Ve¥i(R, 1) VRY;(R, 1)) . (8)

It is possible to write Eq. (3) in a more compact way, using
the complete P matrix as

1
_Z(VR +PYx(R) +eR)x(R) =EXR), (9

with the vector x = (x;), which contains the expansion co-
efficients, and the diagonal potential energy matrix e, which
contains the corresponding PECs. The nonadiabatic couplings
are shown to manifest as off-diagonal terms in the kinetic
energy operator for the nuclear vibrational motion.

The BO approximation [60,62-64,83] is used to solve
Eq. (3) as a standard approximation, where the nonadiabatic
terms are completely neglected, resulting in the decoupling of
the molecular vibrational Schrodinger equations governing x;
to form

—ﬁvlixi(k) +e(R)x(R) = E(R).  (10)
Here the total molecular state is simply Wy (R,r)=
xi(R)Y;(R, r), i.e., the electronic and nuclear motion are
adiabatically separated. In addition, ¥;(R, r) is the adiabatic
eigenstate, €;(R) is the adiabatic PEC which describes the
electronic motion, and x;(R) is the vibrational wave function
on each PEC. These adiabatic states and energy surfaces can
be obtained by solving H. at each fixed nuclear geometry.
Equation (10) then describes the vibrational motion of each
individual adiabatic potential energy curve. The adiabatic ap-
proximation can be justified due to the large differences in
masses between the electrons and the nuclei, resulting in very
different timescales of their motions. Hence the nuclei are ap-
proximated to remain frozen over the course of the electronic
dynamics.
In a second approximation, called the Born-Huang (BH)
approximation [84-86], we include the diagonal derivative
coupling operator A; in Eq. (10),

1
—ﬂvﬁxi(R) + &/ (R)Xi(R) = E; xi(R), an

where
e/(R) = &;(R) — L Ai(R). (12)
2u

The Born-Huang approximation still maintains the decoupling
between different adiabatic electronic states due to nuclear
motion; instead it merely adds a correction to each isolated
PEC due to the finite kinetic energy of the nuclei. Hence the
BH approximation, much like the BO approximation, results
in a single-channel TISE by ignoring the off-diagonal cou-
plings of the coupled-channel TISE (3). The nomenclature
used here is based on works in nonadiabatic molecular physics
[85,86] and is not to be confused with the notion of a Born-
Huang expansion or other potentially ambiguous terminology.
Note that P is anti-Hermitian, whereas Q is non-Hermitian.
Hence, if the electronic eigenfunctions are real, P;, the diag-
onal first-order term vanishes and we obtain (A; = Q;;) <0
[from Eqgs. (7) and (8)], thereby causing a purely positive shift
in the adiabatic PEC.

Both the Born-Oppenheimer and Born-Huang approxima-
tions are valid only when the R dependence of v; and ¢; is
adiabatic, i.e., the change of electronic motion with respect
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to R is gradual. However, both of these assumptions are
broken in the vicinity of an avoided level crossing of two
PECs, where the coupling between the electronic states is non-
negligible due to a high R sensitivity of the electronic states.
The strong vibronic coupling effects between the vibrational
and electronic states, due to the avoided crossings, can change
the spectra and lifetimes of molecules and facilitate surface
hopping across the avoided crossing.

B. Electronic interaction

Solving the molecular Hamiltonian for a ULRM first
requires the characterization of the electronic interaction be-
tween the Rydberg electron and ground-state atom, which
perturbs the Rydberg electron wave function via low-energy
scattering. We model V,,, the interaction potential, using a
Fermi pseudopotential [87,88] for s-wave scattering,

Ven(r,R) = 27mf(k)8(r —R), (13)

where al (k) = al (0) + rak/3 is the energy-dependent
triplet s-wave scattering length for electron collisions with
ground-state atoms, where al (0) = —5.9 is the zero-energy
triplet scattering length [89,90] and o = 162.7 is the polar-
izability [91-93]. The wave number k can be semiclassically
determined using k> = 2/R — 1/n?. The negative triplet scat-
tering length facilitates an attractive interaction capable of
binding the two **Na atoms. A pictorial representation of the
interaction is presented in Fig. 1.

The adiabatic electronic Hamiltonian for the ULRM is
hence given by H, = Hgryd + Ve, Where Hgyq is the Rydberg
electron Hamiltonian. The H. can be diagonalized in the
Rydberg-state basis {(r|nim) = ¢n;,,(r)}, which satisfies the
Rydberg atom’s TISE

Hgyq [nlm) = |nlmy , (14)

1

2(n — )
where |n/m) is an atomic Rydberg eigenstate. In our case u;
is the [-dependent quantum defect of 2*Na [67,94], which
determines the detuning of each quantum-defect state with
reference to the hydrogenic state with energy E, = —1/2n>.
It is worth noting that we omit the fine and hyperfine struc-
tures of the atomic Rydberg Hamiltonian. These terms may
indeed be relevant for specific systems and consequently can-
not be ignored if the aim is a comparison with (precise)
spectroscopic experimental data. However, our goal is to pro-
vide evidence for the vibronic interaction effects primarily
and hence we focus purely on the binding interaction, but
acknowledge the necessity to introduce further interactions
depending on the considered case and species. The spherical
symmetry of the Hamiltonian implies that, without loss of
generality, the internuclear axis can be taken as the z axis and
only m = 0 states contribute. The high-angular-momentum
states (n — 1 > [ > 3 for Na) are approximately degenerate to
the hydrogenic manifold due to negligible quantum defects.
Degenerate perturbation theory is used to obtain the high-/
adiabatic electronic states of H,,

n—1

1
== ; D10 (R2) o (1), (15)

where
n—1
T2 =" lbuo(R2)P, (16)
=3
and the corresponding potential energy curve
t(R) = 2rwal (k)T?, a7n

which are popularly known as the trilobite state and trilo-
bite PEC [18,31,41]. The low-angular-momentum Rydberg-
electron states (I < 3) are energetically far detuned from the
hydrogenic manifold due to significant quantum defects. Us-
ing nondegenerate perturbation theory, we obtain the isolated
low-[ adiabatic electronic state of H.,

lg) = puio(r) (13)
and the corresponding potential energy curve
q(R) = 2ma] (k)|uio(RD)I*, 19

where v = n — y, is the effective principal quantum number.
Note that the low-/ molecular electronic state is essentially
the Rydberg-electron state, without any R-dependent state
mixing. These two PECs, first introduced in [18], are the
building blocks of the Rydberg ULRM. The trilobite PECs
feature wells which are significantly deeper (on the order of
gigahertz) than their low-/ counterparts (on the order of mega-
hertz) and can support multiple bound molecular states. These
trilobite molecules are extremely polar with a large electric
dipole moment D &~ R — n? /2 eay (ap is the length scale in
atomic units) as compared to the nonpolar low-/ molecules,
which can only support a few weakly bound states. This
simple perturbative method covers the fundamental properties
of Rydberg molecules and it allows us to study the two distinct
classes of PECs and analyze the properties of both polar and
nonpolar molecules formed by them.

C. Two-level system

As a prototype setup, the nonadiabatic interactions in >*Na
ULRMs can be effectively probed by studying the interaction
between the trilobite and / = 2, i.e., the d quantum-defect
state relevant in sodium. We expand H, in a restricted basis
{It) , 1q)} consisting of the trilobite and d state to obtain

_[WHl (qlHn] _[ 1 ar
Ve—[mﬂem) <q|He|q>]‘[ﬁ 61+A]’ (20)

where A is the energy splitting between the d state with
reference to the hydrogenic manifold. Note that the notation
used is based on [67], for the sake of continuity and conve-
nience, but the inner product of two eigenstates is summed
over coherently without the loss of sign information. The
upcoming strategy would be to use the BO approximation and
obtain the adiabatic states of the restricted two-level system
and utilize them to calculate the nonadiabatic coupling terms.
The behavior of these nonadiabatic terms might warrant the
necessity to transform our system into a basis where the vi-
bronic spectra can be readily calculated. Moving along our
road map, two adiabatic PECs (see Fig. 2) are obtained from
the diagonalization

ViR =3lt+g+ A+ —qg— AP +4qt], (21
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Schrodinger equation is solved without dealing with divergent
derivative couplings.

D. Diabatization

The derivative coupling terms, as discussed before, mani-
fest as off-diagonal terms based on the nuclear kinetic energy
operator. The idea of diabatization [62,64] is to perform a
unitary transformation which diagonalizes the kinetic energy
matrix, whereby the need for derivative couplings in solving
the vibrational TISE is circumvented. As a result of such
a transform, off-diagonal potential energy terms may be in-
troduced in the new basis, which accounts for the vibronic
couplings in the diabatic basis. A unitary transformation
X(R) = U(R)x(R) would transform the TISE (9) into

—i(MR + P’ X(R) + E(R)X(R) = EX(R), (26)
where
gR)=UTe(RU, P =U"(PU + dgU). 27
The transformed derivative coupling matrix vanishes if

arU = —PU, (28)

in which case the matrix U represents the diabatic transform,
and £ is the diabatic potential energy matrix with off-diagonal
terms. While it may not be possible to construct such a unitary
transform in all situations, for a two-level system with a single
parameter R, such a transformation exists analytically [20,96]
where U is a rotation about the angle,

V(R)=/ Pi2(R1)dR,. (29)
R

Using the corresponding form of P, we obtain y(R) =
— f,:o 0'(R1)dR; = —0(R). Hence, the diabatic basis is
proven to be the restricted electronic basis {|7), |¢)}, which
was used as the initial ansatz. This gives the diabatic potential
matrix

[ v
8_[@ q+A]' (30)

We have theoretically derived the adiabatic electronic states,
nonadiabatic couplings, and the diabatic potential energy
curves. What is left is to obtain the vibronic spectrum, by solv-
ing the coupled vibrational Schrédinger equations, using the
given diabatic potential energy matrix, the elements of which
vary as smooth functions of R, devoid of any singularities.

III. COMPUTATIONAL APPROACH: VIBRONIC
STRUCTURE

Based on the diabatic PECs, we use a tenth-order
finite-difference method [97] to obtain the vibrational wave
functions by solving the TISE for each adiabatic PEC. Con-
vergent eigenvalues and wave functions are observed for a
grid of 1000ap—6000 ay, with a step size of lap. Conver-
gence of P and Q demands much finer grid steps near the
avoided crossings. This is overcome by diabatization; using
the smooth diabatic PECs, we obtain a convergent eigenspec-
trum for the coupled-channel vibronic system for a step size of

lag. Once the diabatic basis is obtained, the coupled-channel
vibronic Hamiltonian in the diabatic basis can be represented
as

[T +1(R)
o= "o

where T, is the nuclear kinetic energy term acting on each
of the diagonal PECs. Solving the TISEs H, = T;,, + t(R)
and H;, = T,y + q(R) on the aforementioned grid gives us the
eigenspectra {E!, |x!)} and {E], [x)} corresponding to each
diagonal diabatic PEC. We can then expand any eigenvector
of Hy, as

Vat(R)
Tow +q(R) + A]’ @D

N—-1

N—1
\wi) =" [+ > d |x!)la) 32)

i—= i=0
where
Hy |W])=E/ |W]). (33)

Here {c/} and {d’} are expansion coefficients obtained by
diagonalizing Hy, in the diabatic basis and N is the number of
vibrational states from each diagonal PEC used for diagonal-
ization. Note that the eigenvector can no longer be separated
into well-defined electronic or vibrational parts. However,
tracing out the electronic degree of freedom leaves us with the
vibrational probability density of |W,) along the internuclear
axis,

2

PIR) = %/ B + [XI(R) (34)

where
) N-1 ) N-1 )
X(R) =) cx®), XjR)=)_diz!®). (35
i=0 i=0

The P/(R) can be compared to the probability density of the
vibrational states in each adiabatic PEC (see Figs. 4 and 5),
whereby differences in vibrational motion can be observed
between the adiabatic and nonadiabatic cases. To observe
electronic-state mixing, we transform the vibronic eigenstate
back to the adiabatic basis where X/ = UTX’, where U™ is
the inverse-diabatic transform, to obtain

|Wi) =X/ (R) 1Y) + XL(R) [vr4) (36)

where Xy provides the R-dependent electronic-state mixing
due to the nonadiabatic couplings, and

pr = f X+ (R)*dR, 37

which provides the population for the state |1/4). Color map-
ping the P/(R) with the population p_ (see Figs. 4 and 5) is an
effective way to visualize both the electronic and vibrational
contributions to each vibronic eigenstate. The unbound states
above the dissociation threshold suffer box-state behavior due
to the fixed boundary conditions we impose and are sensitive
to the changes in the boundary-wall position. Hence, only
the bound states below the threshold and resonance states
above threshold are considered in our analysis. We ensure
convergence of these states with respect to variation of both
boundary position and grid size.
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FIG. 4. Eigenspectrum of the ultralong-range sodium molecule

for n = 48. Selected vibrational energy levels and probability densities

of bound states correspond to (a) the V_ Born-Oppenheimer curve, (b) the V? Born-Huang curve, and (c) the coupled-channel nonadiabatic
system, with the adiabatic curves plotted for reference. Each vibrational level is color graded according to the electronic contribution by the

1v-)

IV. RESULTS AND DISCUSSION

In this section we discuss the electronic and vibronic
spectral properties of the sodium ULRM. The principal quan-
tum number n = 48 is used to illustrate the structure of the
adiabatic PECs and derivative coupling terms, as it is repre-
sentative of a strong vibronic interaction. We then proceed to
discuss the complete vibronic spectra in comparison to the BO
and the BH spectra and elaborate on the specific differences
between them due to nonadiabatic interaction effects. The vi-
bronic spectrum for n = 43 is also discussed, as it features less
prominent vibronic coupling when compared to the n = 48
case.

A. Electronic structure

Figure 2 features the two-state adiabatic PECs V. de-
termined for n = 48 (solid lines). At large R, close to the
dissociation limit (R ~ 4500ag), the PECs become nearly
flat and match the energies of the hydrogenic manifold (V)
and the d state (V_), respectively. Inside the Rydberg orbit
R < 2n?, the |, electronic state splits off of the hydrogenic

state, represented by the population p_. The dissociation threshold of the V_ PEC, given by V2 =

—0.925 GHz, is presented in (a).

manifold, causing the V. PEC to descend towards the V_ PEC
and form narrow avoided crossings at R = {2295, 3210}ay,
where nonadiabatic couplings become large.

The exchange of the electronic-state character due to state
mixing at avoided crossings is given by color grading the
adiabatic PECs, with the R-dependent overlap of the adia-
batic states with the d state. Corresponding to the mixing of
electronic states, the V. PECs split away from g(R) and #(R)
for 1700 ag < R < 4300 ay. For R values between the avoided
crossings, V_ acquires a trilobite character, as is visible from
the well structure of the PEC and the low-d-state contribution
to [_). On the other hand, V.., while being d-state dominant,
has a significantly altered well structure. Note that, although
q(R) appears to be flat in the relevant energy scale, it does
exhibit oscillatory structures of depth less than or equal to
6 MHz, significantly different in depth and structure from
V_ for the complete R interval within which potential wells
appear. The mixing of electronic states leads to the modifi-
cation of transition dipole moments, facilitating the excitation
of high-/ states via two-photon transitions. We remark that the
validity of our surfaces V. is confirmed by comparison to nu-
merically obtained adiabatic PECs including atomic Rydberg

127 ve | ,.JLJ ﬂ F W
1 r T T
[ i il %L p-
[ I [ li
U/ T 1% 1
, i I i k\ J |
T gl I I 0.7
= 1.3f = r
w L NN U v |
-1.38r r r
0.4
Lok (a) g (b) g
’ 1500 2500 3500 4500 1500 2500 3500 4500 1500 25 )0 300( 4500
R (units of ag) R (units of a) R (units of ag)

FIG. 5. Eigenspectrum of the ULRM for n = 43. Selected vibrational energy levels and probability densities of bound states correspond
to (a) the V_ Born-Oppenheimer curve, (b) the V? Born-Huang curve, and (c) the coupled-channel nonadiabatic system, with the adiabatic
curves plotted for reference. Each vibrational level is color graded according to the electronic contribution by the |y/_) state, represented by
the population p_. The dissociation threshold of the V_ PEC, given by V? = —1.287 GHz, is presented in (a).
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states belonging to energetically neighboring #» manifolds, as
well as corresponding quantum-defect split states.

Furthermore, the single-color dashed lines are used to rep-
resent the diabatic PECs, corresponding to the trilobite state
(red) and the d state (blue). Note that the diabatic curves cross
each other at R values corresponding to the avoided crossings.
This is expected, as the crossing of diabatic curves, given by
the relationt = g + A, minimizes the energy gap between the
adiabatic PECs to |V, — V_| = /4qt [see Eq. (21)]. Due to
the oscillatory nature of the d-state PEC, it is possible that the
diabatic curves cross each other near the node of the |nd0)
eigenstate. Such a coincidence would result in an extremely
narrow avoided crossing, as is illustrated in Fig. 2 for the
special case of n = 48.

Extending our analysis, if the # = g + A crossing exactly
coincides with the node of [nd0), then g vanishes and the adia-
batic PECs become degenerate, i.e., |V, — V_| = 0. However,
the von Neumann—Wigner noncrossing theorem prohibits an
exact degeneracy of the PECs corresponding to electronic
states of the same symmetry, in single-parameter (determined
by R) diatomic systems [98]. We note that the use of the prin-
cipal quantum number 7, as a synthetic dimension [67], allows
us to bypass the noncrossing theorem. This is facilitated by
using Whittaker Coulomb functions as a replacement for the
hydrogenic radial wave functions, for probing noninteger n
[99,100]. The two-parameter diatomic system introduces the
possibility of forming conical intersections at specific {n, R}
coordinates. Such CIs would result in complete degeneracy of
the adiabatic potentials, representing {n, R} values where the
diabatic curves cross each other at exactly the node of |nd0).
Hence, the width of the avoided crossings and consequently
the strength of the nonadiabatic coupling is ascertained to
be n dependent, corresponding to the proximity of the {n, R}
coordinate to a CI.

B. Nonadiabatic coupling

Figure 3 features the nonadiabatic couplings of the two
adiabatic electronic states of the ULRM. Since the P matrix
is anti-Hermitian, it suffices to analyze P, (=—P»;) as off-
diagonal coupling. Here Py, is divided by the reduced mass
@ and ay so that it can be expressed in units of energy, as
represented in Eq. (3). Similarly, Q;;, and Oy, are divided by
twice the reduced mass. The nonadiabatic couplings are then
expressed in the same energy scale as the adiabatic PECs,
allowing to us to compare their relative strengths as they
appear in the vibrational TISE [see Eq. (3)] and consequently
establish their importance in the calculation of the eigenspec-
trum.

The derivative oft-diagonal coupling for n =48 [see
Fig. 3(a)] exhibits two near-singular peaks corresponding to
the same R values as the narrow avoided crossings of the
underlying PECs. At other R values, Pj, also exhibits oscil-
latory structures with smaller amplitude, which are caused
by the well structures of V, and V_ resulting in an oscilla-
tory potential energy difference between them. The couplings
vanish beyond R > 4500 ap and R < 1500 a, due to a negligi-
ble R-dependent state mixing. The second-order nonadiabatic
couplings Q1 and O, are both dominated by the contribution
from Py, overpowering the derivative term in Eq. (7). Hence

both diagonal terms feature near-singular peaks correspond-
ing to the narrow avoided crossings, with negligible strength
at other R values, on the displayed scale. The magnitude of
the peaks in the nonadiabatic couplings far exceed the en-
ergy scale of the adiabatic potential energy curves near the
avoided crossing, thereby causing the breakdown of the BO
approximation. The strong contribution from the off-diagonal
term which dominates the diagonal term implies that the BH
approximation is also not applicable. Note that the magnitude
and double-peak structure of the nonadiabatic couplings are
specific to the n = 48 case, which allows the extremely nar-
row avoided crossings.

To further study the n dependence of nonadiabatic effects,
we determine the magnitude of Py, over a parameter range
of the principal quantum number [see Fig. 3(b)]. The linear
structures formed by P, stem from the fact that the length
scale of the ULRM, and hence the position of the avoided
crossings, scales as n?. As explained before, these avoided
crossings turn into CIs when the trilobite PEC crosses the
d-state PEC, exactly at the zero of [nd0). Figure 3(b) features
near-singular peaks for specific n values, which corresponds
to the existence of such conical intersections accounting for
synthetic dimensions. The n = 48 case is highlighted, as it
is very close to two Cls, which explains the existence of
two nearly degenerate avoided crossings and the double-peak
structure of nonadiabatic couplings. Other integer n values
which are not in the vicinity of a CI also feature prominent
but less-peaked derivative couplings which correspond to their
respective avoided crossings, which are wider compared to the
n = 48 case.

C. Vibrational and vibronic spectra

We now perform a comparative analysis of the spectral
features of the sodium ULRM, obtained using the BO ap-
proximation, the BH approximation, and the coupled-channel
Hamiltonian for n = 48. Figures 4(a) and 4(b) show the vi-
brational probability densities of selected bound eigenstates
shifted according to their energy eigenvalues calculated us-
ing the BO and BH approximations, respectively. Figure 4(c)
shows the vibrational probability density of selected bound
eigenstates of the coupled-channel Hamiltonian, obtained by
tracing out the electronic degree of freedom, shifted according
to their energy values. The probability densities are colored
according p_, the population of state |¢/_). The black lines
represent the V_, V. PECs in Figs. 4(a) and 4(c) and the BH
corrected V2 PEC in Fig. 4(b).

We observe that the vibronic eigenvalues exhibit a signifi-
cant positive shift in energy when compared to the vibrational
eigenvalues obtained using the BO approximation. For n =
48, the full vibronic system possesses a ground-state shifted
approximately 6 MHz higher in energy than the BO ground
state and exhibits negligible energy shifts for bound states
near the continuum threshold. The energy gaps between
the eigenvalues of the BO system fail to mimic the energy
gaps exhibited by the coupled-channel nonadiabatic system.
The Born-Huang correction shifts the vibrational ground
state approximately 11 MHz higher in energy than the BO
ground state, effectively placing it above the first excited
state of the BO system and above the ground state of the
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coupled-channel system. The higher excited states near
the continuum also show significant positive-energy shifts
(approximately 4 MHz) between the BO and the BH approx-
imations. The overcorrection in energy values, due to the BH
correction, is a result of including only the positive diagonal
terms without considering the level repulsion introduced by
the off-diagonal terms.

We also observe pronounced differences in the vibrational
probability densities obtained within the three models. The
vibrational ground state associated with the V_ PEC is delo-
calized between several wells (2500 ap—3300 ag). The ground
state belonging to the BH and exact spectra, although simi-
lar in density profile, is more localized. Subsequent excited
states belonging to the BH and exact spectra, while exhibiting
different density profiles, also show more localized behavior.
For example, the fourth excited BO state in Fig. 4(a) is de-
localized in R over the entire of the V_ PEC at the relevant
energy scale. In contrast, the corresponding coupled states
presented in Fig. 4(c) exhibit localization in R over the span
of a single potential well. Similar effects of localization are
also clearly visible in the fifth and seventh excited states of
the system. The higher potential barrier introduced between
the potential wells by the diagonal BH correction can be
viewed as an explanation for vibrational localization in the BH
spectrum. However, the vibronic spectrum has a significantly
altered probability distribution that is not explained by the
diagonal correction alone. Interestingly, the fourth and fifth
excited states of the vibronic spectrum are localized in two
separate outer wells, allowing them to be nearly degenerate.
Note that below the continuum threshold of —0.925 GHz, the
BO and BH spectra contain states with purely 1y_ character.
Counterintuitively, we observe significant state mixing for the
first three excited states of the coupled system, even though
they appear to be well localized in the V_ PEC. This indicates
strong nonadiabatic couplings between the two closed chan-
nels, well below the continuum limit.

A key observation to be made is the existence of nona-
diabatic resonance states visible above the V_ dissociation
threshold. For energies above —0.925 GHz, the n =48 V_
adiabatic PEC corresponds to an open channel, featuring only
continuum states. However, in the complete vibronic picture
[Fig. 4(c)], bound states are observed at energies of approxi-
mately —0.919 and —0.912 GHz, with significant state mixing
(determined by color value). The vibrational probability den-
sity of these bound states is localized in the potential energy
wells of V., but is localized much below the ground state of
V.; hence, it cannot be interpreted to belong to either one of
the single channels. The BH spectrum does contain a bound
state of energy —0.915 GHz localized in the V2 PEC, but this
does not compare in energy value or probability density to the
aforementioned resonance states. The bound states are hence
explained as scattering resonances due to the off-diagonal
nonadiabatic coupling between an open channel (limited to
V_) and a closed channel (limited to V).

Figure 5 features the vibrational and vibronic spectra, as
an extension of the previous case study, for n = 43, following
the same structure and description as in Fig. 4. The n = 43
case is of comparative value, as the system is not in the
vicinity of a CI [Fig. 3(b)] as opposed to the n = 48 case. The
PECs features a much wider avoided crossing (R ~ 2700 ag)

as portrayed in Fig. 5, and the differential couplings, while
prominent, are not as peaked as in the n = 48 case. The
ground states of the BH spectrum and the exact spectrum are
shifted by approximately 11 MHz and 6.5 MHz, respectively,
relative to the BO ground state. The positive-energy shift
due to the nonadiabatic coupling does not vary significantly
between the n = 43 and n = 48 cases. However, the deeper
wells of the n =43 PECs ensure that the energy splitting
is of less relative importance than for the n = 48 case. The
first two excited eigenstates of the exact spectrum portray
significant state mixing and the nonadiabatic bound states are
more localized than the BO states. The BH states near the con-
tinuum threshold show lower-energy splitting than the n = 48
case, which is associated with the fact that n = 43 has a less
prominent diagonal correction, due to its less prominent nona-
diabatic coupling. Much like the previous case, the vibronic
interaction does introduce the radial localization of states for
n = 43. The fourth, fifth, and eighth excited states of the BO
spectrum are all delocalized over multiple wells, in contrast
to the corresponding well-localized nonadiabatic states. As a
final note in our comparison, a scattering resonance state with
no BO or BH counterpart is observed at an energy of approx-
imately —1.278 GHz, well above the continuum threshold of
—1.287 GHz.

It is worth noting that although the nonadiabatic cou-
plings are highly n dependent, the behavior of the diabatic
curves does not vary significantly over n. Hence the positive-
energy shifts (on the order of megahertz), state localization,
and existence of resonance states for the exact spectrum are
all commonly observed for 30 < n < 60. The pattern of n-
dependent singularities [Fig. 3(b)] are also repeated regularly
for 30 < n < 60. However, as the energies of the PECs scale
as n~3, the contribution of nonadiabatic interaction effects to
the complete molecular spectra becomes more important for
higher-n values.

V. CONCLUSION AND OUTLOOK

We have investigated nonadiabatic and vibronic interac-
tion effects in the sodium ultralong-range molecule, using
the vibronic coupling between states of trilobite and d-state
character. The oscillatory nature of the trilobite and d-state
PECs, along with the specific quantum defect splitting of
sodium, ensures the formation of avoided crossings for a
range of n values. We observed that the avoided crossing
between the adiabatic PECs introduce significant nonadiabatic
couplings that can behave like a singularity for specific n,
which is associated with the existence of Cls in synthetic di-
mensions. Irrespective of the form of the derivative couplings,
the exact spectra feature pronounced differences from the BO
spectra, including megahertz-scale positive-energy shifts in
eigenvalues, localized probability densities, and the existence
of scattering resonance states near the avoided crossings, with
no adiabatic counterpart. While the Born-Huang correction
does partially explain the energy shift and the state localiza-
tion, it cannot account for the exact spectra and the resonance
states. Hence, our results confirm that a coupled-channel ap-
proach is necessary to study the vibronic spectra of sodium
ULRMs, irrespective of the corresponding principal quantum
number 7.
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A direct extension of our present work would be to include
the p-wave scattering terms as well as fine and hyperfine
interactions. Inclusion of these terms, although representing
a challenge, can help obtain results that are empirically com-
parable and be further developed to study nonadiabatic effects
in spin interacting systems. Nonadiabatic interactions in such
systems might give insight into spin-changing and /-changing
collision dynamics.

Furthermore, the present study of ULRMs also offers the
possibility for research opportunities in nonadiabatic wave-
packet dynamics. Notably, the introduction of an electric field
breaks the spherical symmetry of the system and facilitates
the existence of conical intersections in spatial dimensions.
This provides ample opportunity to probe and observe nonadi-
abatic dynamics near Cls, on timescales of microseconds and
distances of the order of micrometers, which are accessible
in present-day cold-atom laboratories. Finally, explorations
of ULRMs to date have been focusing on heavier molecules

formed by the species K, Rb, Cs, and Sr [35,49,53,101]. Here
the ability to concoct these molecules allows for a probing of
vibronic interaction effects in heavier ULRMs. In addition,
corresponding experiments with (ultra)cold sodium clouds
would allow one to address the presently investigated ULRMs
[102,103]. Hence, we justify the utility of lighter molecules
based on Na, as they feature strong nonadiabatic effects and a
rich vibronic structure and promote interest in the experimen-
tal study of sodium Rydberg molecules.
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We report on the observation of highly excited (v ~ 100) vibrational states of a trilobite ultralong-range
Rydberg molecule in ®’Rb. These states manifest spectroscopically in a regularly spaced series of peaks
red-detuned from the 25 f7/, dissociation threshold. The existence and observed stability of these states require
the almost complete suppression of the adiabatic decay pathway induced by the P-wave shape resonance of Rb.
This stabilization is predicted to occur only for certain Rydberg levels where the avoided crossing between
trilobite and P-wave-dominated butterfly potential energy curves nearly vanishes, allowing the vibrational
states to diabatically traverse the crossing with almost unit probability. This is the first direct measurement of
beyond-Born-Oppenheimer physics in long-range Rydberg molecules, and paves the way for future experiments
to access and manipulate wave packets formed from high-lying vibrational states.
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Efforts to understand and harness ultracold molecules in-
cluding Rydberg atoms among their constituents are essential
to the study of impurity dynamics in ultracold gases [1-10],
the design of quantum information storage systems [11], pre-
cision measurements of electron-atom interactions [12—16],
and the wider study of unorthodox molecular physics and
ultracold chemistry [7,17-23]. In particular, ultralong-range
Rydberg molecules (ULRMs) composed of a Rydberg atom
and a ground-state atom have provoked significant interest
due to the possibility that the ground-state atom hybridizes
the degenerate Rydberg states of high angular momentum
¢ [24-27]. The resulting molecular states, dubbed trilobites
and butterflies depending on the angular momentum (S or P
wave, respectively) of the Rydberg electron with respect to the
ground-state atom, are highly desirable as they possess enor-
mous dipole moments [28—-30] and are more deeply bound
than their nonpolar counterparts. The flexibility of the high-¢
states to adapt to the nuclear geometry makes these states also
exciting to investigate in the context of polyatomic systems,
ranging from triatomic molecules to Rydberg composites with
electronic behavior analogous to solid-state systems [31-38].

Exploiting ULRMs for these promising applications has
been hindered by the difficulty of exciting trilobite molecules.
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Their high-¢ nature implies a weak dipole coupling to in-
termediate states, which is overcome either by mixing these
states with nonpolar low-£ Rydberg states, thus reducing
their advantageous properties, or via a three-photon excitation
scheme. These approaches have led to the successful obser-
vation of low-lying vibrational trilobite states [29,30,39,40].
However, a significant impediment to the creation of vibra-
tionally excited trilobite states is the existence of scattering
resonances in the P-wave channel. These introduce avoided
crossings between the trilobite potential energy curve (PEC),
which possesses a global minima, and the butterfly PEC,
which is in this energy range steeply attractive without any
stable minima [41,42]. In turn, the inner repulsive wall of
the trilobite PECs is destroyed, suppressing higher vibrational
excitations (within the framework of the Born-Oppenheimer
approximation [43]). Although theoretical calculations have
demonstrated the ability of nonadiabatic coupling to modify
the binding energies and stability of these states to some ex-
tent [44—46], no unambiguous experimental confirmation yet
exists for any beyond Born-Oppenheimer effects in ULRM
vibrational states.

In this article, we report the experimental detection of
highly excited vibrational states of a ’Rb trilobite molecule,
which are red-detuned from the 25f7,, dissociation thresh-
old. By comparison with the calculated spectrum, we assign
vibrational quantum numbers v 2 80 to these levels. This
assignment only succeeds by treating the trilobite PEC alone,
totally neglecting the butterfly interaction. This assump-
tion, consistent with an effective single-channel description
that considers an exact diabatic crossing between the trilo-
bite butterfly PEC, is motivated by a recent theoretical
model developed to understand the behavior of avoided level
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FIG. 1. (a) Ton signal as a function of the detuning from the ¥Rb 25 f7/2 atomic state. The red line is the zero momentum signal, whereas
the blue line is the full momentum signal. The light-blue (light-red) colored region around the finite (zero) momentum spectra indicates the
ion count rate error. The upper inset shows a magnification of the energy range containing the deeply bound trilobite states with the theoretical
spectrum overlaid as a stick plot. The lower inset shows a magnification of the spectrum of highly excited vibrational states. The peak heights
are scaled linearly in energy to improve visibility. The colored lines mark the positions of the theoretical levels, bound in the two diabatic
trilobite PECs shown in panel (b). In panel (b), selected vibrational wave functions are also plotted.

crossings in ULRM [47]. Furthermore, this model predicts
that the n = 27 PECs behave fully adiabatically, which we
confirm experimentally by performing spectroscopy below
the 27 f7,, threshold and finding no signatures of high-lying
vibrational states. Our findings, therefore, provide the first
direct experimental evidence for strong nonadiabatic coupling
in ultralong-range Rydberg molecules.

Figure 1(a) shows the complete vibrational spectrum of a
long-range trilobite Rydberg molecule over an energy range
stretching from the 25f7,, atomic Rydberg line at zero de-
tuning to the bottom of the trilobite potential energy curve
at approximately —13 GHz [39]. This spectrum was obtained
from an atomic sample of 3Rb atoms at 40 uK and with
a peak density of 4el13cm™3. The atoms are prepared in
the F =1 hyperfine ground state in a crossed dipole trap
at L = 1064nm. We excite Rydberg nf states through a
three-photon excitation scheme at wavelengths of 780, 776,
and 1276-1288 nm. Subsequently, we photoionize any Ryd-
berg atoms produced and detect the Rb* ions in a reaction
microscope. This allows us to spectroscopically distinguish
long-lived molecules having zero momentum prior to ioniza-
tion (red signal) from short-lived states whose decay imparted
some finite momentum (blue signal) [48].

The spectral peaks with binding energies deeper than
—9 GHz, which have already been reported in Ref. [39], are
the signatures of polar trilobite molecules with vibrational
states bound in local minima in the deep trilobite potential.
We have assigned vibrational quantum numbers up to v =5
in the various potential wells to these peaks [39]. Higher in
energy, the signal strength declines rapidly, essentially vanish-
ing from —8 to —4 GHz. The signal resumes from —4 GHz,

growing rapidly in strength until the atomic resonance. It is
primarily detected in the full momentum spectra, indicating
that these states are more short-lived than the deeply bound
states. This series is highlighted in the bottom inset, where
the peak heights are scaled linearly with energy for easier
visualization. Upwards of 30 peaks with a consistent spacing
of ~120 MHz are observed.

The spectroscopic assignment of these peaks is accom-
plished by comparison of this spectrum with that obtained
from theoretical calculations. As in Ref. [39], we have used
an approach based on the Coulomb Green’s function and in-
corporating the fine and hyperfine structure of both Rb atoms
and all spin-dependent e-Rb scattering channels to compute
the PECs [49]. The adiabatic potential energy curves from
this calculation are not repulsive at short range; they instead
drop steeply due to the effect of the P-wave interaction. Such
a potential can still support excited internal reflection states,
reflected off of the steep drop [50], but the predicted level
spacing (~230 MHz) and resonance widths (~260 MHz) are
wholly incompatible with the measured spectrum. These in-
ternal reflection states, as well as bound vibrational states
were calculated using Siegert pseudostates expanded into a
basis of B splines [46].

However, the vibrational spectrum of the effectively dia-
batic trilobite potentials shown in Fig. 1(b) is in very good
agreement with the observed series [see the stick spectrum
overlaid in the inset of panel (a)]. Here, we emphasize that
such a PEC was obtained by considering the crossing be-
tween the trilobite and butterfly PECs to be exact. The term
“diabatic” as we use it, is limited to the behavior of the
avoided crossing and should not be associated with the strict
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FIG. 2. The molecular spectra and associated potential energy
curves near the 27 f7, dissociation threshold. The potential energy
curves (gray) possess shallow wells that support localized vibrational
states (dark orange) in good agreement with the experiment (blue
spectrum). The two vibrational states calculated are shown in the
orange stick spectrum, with their heights scaled by their respective
Franck-Condon factors.

diabatization procedure that necessitates all derivative cou-
plings to be zero (in one-dimensional systems) [44—46]. From
this calculation, we identify these peaks as the photoassocia-
tion signal of highly excited vibrational states with v in excess
of 80.

Remarkably, the opposite is true for n = 27, as shown
in Fig. 2. The long series of almost equidistant molecular
resonances observed for n = 25 is completely absent from the
experimental spectra for n = 27. Only two vibrational peaks
are detected. The adiabatic PECs support two quasibound
molecular resonances in this same energy range, and their
binding energies and line strengths are in good agreement with
those observed.

Reference [47] presented a spin-independent model of the
trilobite and butterfly molecular system, which predicts this
observed behavior. In this model, dynamics in the molecular
system follows the two adiabatic potential energy surfaces

VeRon) = Uy(R, n) " A(R, n) M)
2 2
in the synthetic coordinate space spanned by the internuclear
distance R and the principal quantum number rn, taken to be
a continuous variable. Here, Uy (R, n) = Ug(R, n) = Up(R, n)
are superpositions of the pure S-wave- and pure P-wave-
dominated PECs [51], and

A(R,n) = [[U (R, )

+\/127‘r tanSS(k)tanzSp(k)(u,,o(R)>4:| i o

k* 4R

is the energy gap between adiabatic potential energy surfaces.
The energy-dependent scattering phase shifts are 8s(k) and
8p(k), and u,o(R) is the reduced s-state radial wave function,
taken to be the regular Whittaker solution so that it remains
valid for arbitrary nonintegral n.

A useful characteristic for the degree of adiabaticity is the
Landau-Zener probability for a nonadiabatic transition,

Piz = exp(—2m A? /4vs), 3)

where s = |[dA/dR)| is the differential slope at the crossing
and v = /2uE — (Vi + V_) is the semiclassical velocity
of the vibrational state. Generally speaking, a purely diabatic
treatment requires Pz — 1, which is implied by the limit
A — 0. We therefore seek the conditions that enable the gap
to close. Both terms in Eq. (2) are non-negative, so the gap
closes only when both terms simultaneously vanish. As shown
in Ref. [47], an application of the spatially generalized Kato’s
theorem [52,53] leads to the system of equations

2n?
and R= ——— 4

n R)=0 )
o (R) 1+ (kspn)?

where k§P /2~ 9meV is the energy where the S and spin-
orbit-averaged P-wave scattering phase shifts are identical
[54].

Figure 3 shows a contour plot of A(R, n) scaled by n’R
for ease of visualization. The marked points indicate where
Eq. (4) is satisfied. A Rydberg state whose integer-valued
principal quantum number lies close to one of these points
will exhibit a strong degree of diabaticity. The horizontal
lines show that n = 25, along with several higher n values, it
comes very close to satisfying these conditions, while n = 27
certainly does not. In Figs. 3(b) and 3(c), we compare the
adiabatic PECs in this model [Eq. (1), dashed blue lines]
with those obtained in the full spin-dependent approach (solid
gray) for n = 25 and n = 27, respectively. These are in excel-
lent agreement regarding both the size of the avoided crossing
and the overall depth and structure of the potential curves,
confirming the accuracy of this two-level treatment.

Figure 3 shows the calculated Pz (blue) and lifetimes
(red) as a function of energy for n = 25 [(Fig. 3(d)] and n
= 27 [(Fig. 3(e)]. As expected, the former case is extremely
diabatic with Pz ~ 1 almost independent of the velocity. We
approximate the lifetime of a molecular state with binding
energy E as t(E) =T/(1 — P.z), where T is the oscillation
period of the vibrational state [55]. For n = 25, these are on
the order of a few microseconds, comparable with the radia-
tive lifetime. As this approach includes the effect of only a
single crossing out of the many seen in Fig. 3, this estimate
should be taken as an upper bound on the lifetime [56]. For n
= 27, the hopping probability is strongly energy-dependent,
as now A is large enough that the contribution of v in the
exponential is important. It does not exceed 60% even for the
highest-lying states. The calculated lifetimes are correspond-
ingly short, on the order of a few tens of nanoseconds.

Hence, the n-dependent existence of high-lying vibrational
states is directly explained using the n-dependent behavior of
the avoided crossing. If this crossing is diabatic, the nonadi-
abatic effect is the stabilization of highly excited states (no
decay). Instead, if the adiabatic PECs display a wide avoid
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FIG. 3. (a) A contour plot of n*R - A(R, n) shows the existence of regular intersections in the potential energy surfaces Vi (R, n). At the
dark-blue regions, A(R, n) ~ 0, and it exactly vanishes at the marked points where Eq. (4) is satisfied. The horizontal lines highlight n levels
that should display a high degree of diabaticity. (a) The adiabatic potential curves calculated via the spin-dependent Green’s function method
(gray solid line) and the effective two-level model (dashed blue line) are shown for (b) n = 25 and (c) n = 27. As predicted, the potentials look
much more diabatic in the n = 25 case, where the avoided crossings nearly vanish. The Landau-Zener crossing probability P, (red) between
the two adiabatic states, and the associated Landau-Zener lifetimes (blue) are shown for (d) n = 25 and (e) n = 27.

crossing, the molecule decays adiabatically via the P-wave
decay channel (butterfly state) and is subject to complex short-
range physics (which includes autoionization to RbJ), as well
as [-changing collisions to other quantum defect states [7].
The Landau-Zener treatment can also be understood using
the derivative couplings between the electronic states, which
are nearly singular for n = 25 compared to those for n = 27.
While a full multichannel quantum calculation would provide
a more accurate vibronic spectrum, we are in a regime where
spin couplings, contributions from higher scattering partial
waves, and uncertainties in the scattering phase shifts all will
have a larger effect on the spectrum than deviation from the
semiclassical approach used here, which already yields suffi-
cient qualitative insight and a straightforward description of
the observed spectra.

Finally, we investigate the observed decline of the signal
strength as a function of detuning. Such a decline cannot
be based on a change in Landau-Zener probability between
states, due to its insensitivity to the semiclassical velocity. We
compute the dipole transition element f,, = f Yd(R)YidR of
each vibrational state . Here, v; is the initial scattering
state of the two atoms and d(R) is the R-dependent electronic
dipole transition element. This quantity, proportional to the
f-state admixture in the electronic wave function, is shown in
the inset of Fig. 4. Both d(R) and the vibrational states are cal-
culated within a model containing only the trilobite potential
curve and the f-state PEC. We note that the Franck-Condon
principle, strictly taken to just be the overlap of vibrational
wave functions, fails to explain the behavior of the experi-
mental signal.

Figure 4 shows the energy dependence of the f, (green
curve) by connecting its discrete points across the vibrational
spectrum. Its behavior is in qualitative agreement with the
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FIG. 4. Energy-dependent Franck-Condon factor calculated ne-
glecting (purple) and including (green) the f-state admixture
|(qbf|\II(R))|2 [proportional to d(R)] shown in the inset. Both curves
are scaled so that their values are equal at E = 0.
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peak heights obtained experimentally. The comparison be-
tween this curve and the curve plotted in purple, which does
not include the transition dipole element d(R), illustrates how
the energy dependence of the f, is strongly modified by the
rapid increase in f-state admixture on the edges of the trilobite
well (R > 1200 and R < 600). As v increases, the vibrational
states extend into these regions of R and therefore couple
much more strongly to the initial state.

In conclusion, we have reported the first observation of
high-lying vibrational states (up to v = 100) of trilobite
molecules associated with the n = 25 Rydberg state. Such
states are protected from internal molecular decay since
the set of trilobite and butterfly PECs is almost perfectly
diabatic for this n. This is not the case in n =27, and
such states are subsequently not observed experimentally,
confirming the prediction of strongly n-dependent beyond
Born-Oppenheimer effect in Ref. [47]. The measured peak
positions and line strengths are in excellent agreement with
theory, further confirming their assignment to highly excited
vibrational states.

Our work reports the first clear evidence of the breakdown
of Born-Oppenheimer approximation in the bound states of
ULRMs. A further experimental exploration of the other n
levels that we have predicted will also behave highly diabati-
cally would provide additional confirmation of the employed
theory. These results pave the way toward wave packet cre-
ation in the trilobite potential wells [57], manipulation of the
avoided crossing and dynamics around it with external fields
[58], and further study of nonadiabatic effects in the spectra
and dynamics of these molecules.
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APPENDIX

1. Experimental methodology

After photoassociation of the molecules in a reaction mi-
croscope, we ionize them with a CO; laser. The resulting ions
are directed via an electric field in Wiley-McLaren config-
uration to a time- and spatially resolved multichannel plate
detector. This allows us to measure the momentum directly
before ionization, and hence spectroscopically distinguish
the molecules based on their lifetime with respect to in-
ternal molecular decay via state-changing collisions. These
collisions impart larger momenta to the molecular states,
and hence a distinction is made between the signal of sta-
ble molecules detected at zero momentum (red) and that of
shorter-lived molecules detected with finite momentum (blue)
in the spectrum shown in Fig. 1. The finite momentum spec-
trum contains the zero momentum signal, which implies that a
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FIG. 5. Phase shifts used in this paper. The 35, phase shift (blue)
intersects the spin-orbit -averaged *P phase shift (red, with dashed
black showing the *P; phases) at ksp = 0.0257.

resonance peak uniquely detected in the finite momentum sig-
nal, and absent in the zero momentum signal, corresponds to
a short-lived molecular resonance (compared to the excitation
pulse duration of 3 us).

2. Two-level model

In this section, we provide additional context and calcula-
tions for the diabaticity conditions and modeling used in the
main text. We begin with Fig. 5, which shows the 3S; (blue)
and 3P; (dashed black) electron-Rb scattering phase shifts
across the range of electron momenta relevant here. To keep
the diabaticity condition simplest, we consider the *P phase
shift (red), which is the spin-orbit-averaged result. The S- and
P-wave phase shifts are identical at one k value in this energy
range, ksp = 0.0257.

Next, we compute the trilobite and butterfly potential en-
ergy curves for the Rb, long-range Rydberg molecule, setting
the f-state quantum defect to zero for simplicity and ignor-
ing coupling to the much deeper quantum defect states with
£ < 2. As shown in Refs. [26,47], these potential energy
curves are obtained as the eigenvalues of the matrix

_(Us C
V= ( C Up)’ (AD)
where  Us = 2mas(k) Y |¢uo(R)|> is the “trilobite”
potential energy curve and Up = 6map(k)). |%|2
is the “butterfly” potential energy curve, and C =

/lanas(k)a;(k) > d),,,o(R)%qﬁnm(R) is a coupling element
between trilobite and butterfly states. The sums range over
all degenerate [ levels 3 </ < n—1 and ag(k), and af,(k)
are the S-wave scattering length — tan8s(k)/k and P-wave
scattering volume — tandp(k)/k>, respectively. Us and Up
are separately obtained by diagonalizing the S- and P-wave
pseudopotentials,

Vs = 2mas(k)8>(F — R), (A2)

Vp = 6may(k)V8*(F — R)V, (A3)
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separately within the degenerate manifold of a single Rydberg
n level.

The potential energy surfaces are then given by Eq. (1) in
the main text. Equation (2) is derived by evaluating the sums
in Uy, Up, and C in closed form to obtain

Us(r) = B2 oy (Ad)
4
k* Us(R) 2uu’ — u®/R
_ 3 rHs _
Up(R) = 67ta,,(k)< 3 2ras(h) R >, (AS5)
v/ 12a3(k)a§,(k)nu2
C=-"—"fQr (46)

In these expressions, u = u,o(R) is a short-hand for the re-
duced radial s-wave Rydberg wave function, and i is its
derivative with respect to R. To evaluate these summations,
it is necessary to extend the sum over £ to include terms
with 0 < € < 2. As these terms have only a very small con-
tribution to the total sum, this approximation (equivalent to
neglecting the effect of quantum defects) does not affect the
accuracy of our conclusions. We now can see the diabaticity
requirement (defined as a real or extremely narrow avoided
crossing between these potential curves) directly from the
Hamiltonian matrix of Eq. (Al). If C = 0 simultaneously as
Us = Up, the potential curves will cross. The first condition,
from Eq. (A6), holds at any node of the function u,o(R). The
second condition can be obtained semiclassically from the
Borodin and Kazansky expressions [59], re-derived through
a “dressed-ion” picture in Ref. [60],

1
20— 8s(k)/m )P
1

20— 8p(k)/m)?

Us(R) ~ (A7)

Up(R) ~ (A3)
and is evidently 8s(k) = §p(k). This same condition can be
obtained by inserting u = 0 into Egs. (A4) and (AS) and
solving for Ur = Up. For the given set of phase shifts [39],
the n values that satisfy the aforegiven diabaticity condition
will exhibit conical intersections in the (R, n) manifold where
AR, n) = (Vo —V_)(R,n) — 0, as seen in Fig. 3.

3. Landau-Zener decay rates and lifetimes

In the main text, we characterize the diabatic effects at the
trilobite-butterfly crossing by calculating the Landau-Zener
transition probability Pz, which gives us the probability of
nonadiabatic transition between the two adiabatic curves at
an avoided crossing. Given that Pz is the probability that
the nuclear wave packet stays in the diabatic trilobite, Py
= 1 — P,z is the probability that the nuclei decay down the
adiabatic passage each time the wave packet encounters the
avoided crossing.

The number of crossing attempts made before time ¢ can be
approximated as n =t /T, where T is the period of oscillation
(given by the inverse of vibrational energy spacing), for ¢ >
T . Hence, the probability that the nuclei remain in the trilobite
after + = nT has passed is

P(t) = (Pz)' = (1= Py)'".
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FIG. 6. (a) The adiabatic potential energy curves calculated uti-
lizing the spin-dependent Green’s function method (black). The
avoided crossings that contribute to molecular decay are highlighted
(red). The Landau-Zener crossing probability (b) and the associated
lifetimes (c) are calculated and shown separately for the triplet PECs
(black) and the mixed PECs (red).

Writing P; as 1/x, we get
P() = (1 = 1/x)"" = ((1 = 1/x)")/0.

In the limit x — oo, consistent with P; — O (or Pz — 1), we
have then

P(t) = ¢ !/T% = ¢~ 11=P2)/T,
Hence, for long time scales (# 3> T) and high diabaticity
(Prz — 1), the population of the trilobite state decays expo-
nentially with the rate

I'=({-"Pz)T,
giving us the molecular lifetime

r=T""'=T/(1 - Py).

4. Landau-Zener calculations for the spin-dependent Green’s
function model

The two-level model used to successfully explain the
observed stabilization mechanism neglects the full spin-
dependent structure of the ULRM [39,49,61]. The state-of-
the-art Green’s function model incorporates within its calcu-
lations the fine structure of the Rydberg atom, the hyperfine
structure of the ground state and the six different electron-
atom scattering channels ('Sp,%S;,' P1,> Py12) shown in
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Fig. 5. Figure 6(a) shows the Born-Oppenheimer potential en-
ergy curves of the n = 25 ULRM in the energy regime relevant
to the avoided crossings. The 3P;-shape resonances introduce
multiple crossings between the butterfly and trilobite curves,
most of which are near exact and does not contribute to
an adiabatic decay pathway. However, we do identify one
non-negligible avoided crossing between the triplet (mixed)
trilobite PEC and the plummeting butterfly curves that
presents an adiabatic decay pathway for the molecule in a
trilobite state. Figures 6(b) and 6(c) show the probability
of nonadiabatic transition and the associated lifetimes cal-
culated separately for the triplet and mixed trilobite state.
We see that both the transition probability and the lifetimes

are slightly shorter than those computed in the spinless model.
The difference can be attributed to the sensitivity of the di-
abaticity condition to changes in the *P; phase shifts. The
spinless model utilizes a spin-orbit-averaged P phase shift
(see Fig. 5), whose crossing position with the 3§, phase shift
does not precisely mimic that of 3P0$|,2. However, the un-
derlying nonadiabatic physics remains the same with/without
the added spin structure. The Landau-Zener crossing prob-
ability is still =0.987 and the associated lifetimes ~us,
vastly different from the adiabatic regime exhibited by n =
27. Hence, the single-channel diabatic approximation for
n = 25 retains its validity whether or not the spin structure
is included.
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Trilobite molecules are ultralong-range Rydberg molecules formed when a high angular momentum Rydberg
electron scatters off of a ground-state atom. Their unique electronic structure and highly oscillatory potential
energy curves support a rich variety of dynamical effects yet to be explored. We analyze the vibrational motion
of these molecules using a framework of adiabatic wave-packet propagation dynamics and observe that for
appropriate initial states, the trilobite potential acts as molecular diffraction grating. The quantum dynamic
effects observed are explained using a Fourier analysis of the scattering potential and the associated scattered
wave packet. Furthermore, vibrational ground states of the low angular momentum ultralong-range Rydberg
molecules are found to be particularly suitable to prepare the relevant wave packets. Hence, we propose a
time-resolved pump-probe scheme designed for the realization of the effect in question, and advertise the
utilization of a single diatomic Rydberg molecule as a test bed for the study of exaggerated quantum dynamical

phenomena.

DOI: 10.1103/PhysRevA.110.062808

I. INTRODUCTION

Ultracold atoms in highly excited Rydberg states have
proven to be an outstanding tool in the engineering and control
of long-range interactions in atomic, molecular, and optical
systems [1-5]. They offer several exploitable features includ-
ing a highly tunable electronic character which is readily
usable for mediating a plethora of atom-atom interaction ef-
fects [6-9]. In addition, interactions between a Rydberg atom
and a neutral ground-state atom [10] mediated by the Rydberg
electron have seen a surge in popularity in the context of
engineering and detection of bound molecular states [11,12],
ultracold chemical reactions [13], and measurement of spatial
correlations [14,15].

Notably, the low-energy scattering of a Rydberg elec-
tron off of a ground-state atom can result in the formation
of ultralong-range Rydberg molecules (ULRMs), which are
bound scattering states that feature massive internuclear pro-
portions [11,16,17]. Three main classes of ULRMs are low-/,
trilobite, and butterfly molecules [18,19] classified by the low
or high angular momentum [/ state of the Rydberg electron.
In contrast to energetically isolated, quantum defect split-
ted low-/ ULRM, trilobite molecules are formed when the
nearly degenerate set of high-/ hydrogenic states of a Ry-
dberg electron are hybridized by a scattering neutral atom
called a perturber. Butterfly molecules, on the other hand, are
formed as a consequence of p-wave shape resonances that
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exist in the low-energy scattering of an electron with an alkali
metal atom [10]. These intriguing systems have undergone
numerous theoretical and experimental investigations that
explored their electronic and rovibrational spectra [19-30],
their responses to external fields [31-35], nonadiabatic effects
[36-38], and the complex angular momentum structure they
feature [17,39-43]. Recently there has emerged an interest
in the dynamics of the constituent nuclei under the influence
of these potentials [34,44]. Apart from the neutral trilobite
molecule investigated here, nuclear wave-packet dynamics of
charged Rydberg molecules have also garnered a great deal of
recent interest [45,46].

From the double slit experiment to Bragg scattering of
electron from crystal lattices, diffraction and interference ef-
fects exhibited by quantum matter have been a matter of
significant experimental and theoretical interest from the very
inception of quantum mechanics. More recent characteriza-
tion of similar phenomena includes, among many others,
quantum diffraction of confined matter-waves and localized
wave packets by time-independent and time-dependent exter-
nal potentials [47-51]. Here, we propose a system where the
electronic potential energy structure of a trilobite molecule
mediates the scattering and diffraction of a vibrational wave
packet, creating a new approach to observe quantum interfer-
ence effects in a single diatomic molecular system of huge
size.

In this article, we demonstrate that the adiabatic poten-
tial energy curves (PECs) of the trilobite molecules form
a unique diatomic environment to probe quantum dynamic
effects in time and length scales not customarily accessible to
conventional molecules. Apart from their exaggerated spatial
extent and slow temporal evolution, the trilobite molecules

©2024 American Physical Society
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also feature very high polarizability, extreme sensitivity to
electric fields, and a rapidly varying electronic character not
reproducible in the dynamics of standard diatomic molecules.
A detailed characterization of wave-packet dynamics of a
ULRM can provide insight not just into interesting bound
vibrational effects, but also low-energy /-changing collision
between the ground-state atom and the Rydberg atom [13,52].
The ULRM hence presents itself as a diatomic laboratory
capable of performing yet to be explored cold-atom scattering
experiments.

In this work we perform numerical simulations of the vi-
brational wave-packet dynamics of a trilobite molecule as it
propagates through the associated trilobite electronic poten-
tial. We choose the diatomic ’Rb ULRM as our molecular
prototype. We observe that for a range of values of the prin-
cipal quantum number 7, the adiabatic electronic potentials
of the ULRM exhibit an undulating structure along the in-
ternuclear axis. These potential energy curves can act as a
diffraction grating and are backscattering appropriate incident
wave packets to form time-propagating multipeak structures.
To identify the underlying mechanism, we use a Fourier anal-
ysis of the PEC and analyze the behavior of the scattered
wave packets in both position and momentum space. We also
show that the necessary initial state of the system can be
conveniently prepared by the use of advanced optical tweezer
setups, or alternatively initialized utilizing the vibrational
ground state of low-/ ULRM states.

This article is organized as follows. In Sec. II we provide
our theoretical framework describing the internal electronic
structure of the ULRM [Sec. (Il A)], the potential energy land-
scape, as well as the relevant nuclear dynamics [Sec. (II B)].
In Sec. III we present our numerical results, with Sec. III A
highlighting the energetical structure of the trilobite molecule,
Sec. III B detailing its vibrational dynamics, Sec. IIIC ad-
dressing potential limitations in the theoretical framework,
and Sec. III D detailing the elementary experimental schemes
that could be the basis to observe the aforementioned vibra-
tional dynamics. Lastly, our conclusions and future research
outlook are provided in Sec. IV.

II. THEORETICAL FRAMEWORK AND METHODOLOGY

We begin by characterizing the electronic interaction be-
tween the constituents of our system and model the electronic
Hamiltonian for the ULRM. The salient features of the trilo-
bite state are highlighted and their effects on the vibrational
dynamics of the ULRM are discussed. We then present the
time-dependent Schrodinger equation that governs the inter-
nal nuclear dynamics of the ULRM. Throughout our work, the
system and the results are presented and analyzed in atomic
units (a.u.) unless explicitly mentioned otherwise.

A. Electronic interaction and structure

We consider a system consisting of two ’Rb atoms, one of
which is excited to a high-lying Rydberg state, bound to each
other via the low-energy scattering of the corresponding Ry-
dberg electron with the ground-state atom. The triplet s-wave
scattering of the Rydberg electron off of the ground-state atom
facilitates an attractive interaction between the two Rb atoms,

(b)

(83

FIG. 1. Tllustrative sketch of a trilobite molecule. (a) The binding
interaction between the two ¥Rb atoms separated by an internuclear
vector RZ (along the z axis) is determined by the low-energy scat-
tering of the excited electron (positioned at r) with the ground-state
atom. (b) Characteristic electronic density of a n = 55 trilobite state
with R = 4000 a.u.

which is effectively modeled using a Fermi pseudopotential
[10,53] given by

Ven(r, R) = 271asT(k)8(r —R), (1)

where r and R are, respectively, the positions of the Rydberg
electron and the ground-state atom relative to the positive
Rydberg core [as seen in Fig. 1(a)]. Here, a’ (k) = a! (0) +
mak/3 is the low-energy triplet s-wave scattering length
for electron-atom collisions, with the zero-energy scattering
length aXT(O) = —16.05 [11,54], the ground-state atom po-
larizability o« = 319.2 [55], and the excited electron’s wave
number k given semiclassically in atomic units as k> = 2/R —
1/n?. The singlet scattering interaction, being weaker and
repulsive, is safely ignored [11,54]. The adiabatic electronic
Hamiltonian for the ULRM is then given by Hey = Hgyd + Ven,
with Hgyq describing the Rydberg electron in the potential of
its parent ionic core.

For the purpose of this work we extract the Born-
Oppenheimer potentials for the ULRMs in the molecular
body-fixed frame at the level of perturbation theory. A com-
plete, nonperturbative treatment is possible [40,43], but only
creates small quantitative changes and no qualitative change
for the results presented here. We express the system in the
basis formed by the Rydberg atomic eigenstates {@m(r)}
of Rubidium with energies given in atomic units by E,; =
—0.5(n — pu;)2, where p; is the quantum defect [56]. In
the body-fixed molecular frame, there is a node along the
internuclear axis for all m # 0 states, which therefore do not

062808-2
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FIG. 2. Potential energy structure of trilobite molecule for ranges of 55 < n < 69 color coded with respect to n. (a) The colored solid
lines portray the calculated trilobite potentials V, for multiple n values, whereas the dotted gray lines plotted in the background represent the
approximate curve envelopes V,,, (inset magnified to highlight the structure of the PEC). (b) Represents the oscillatory feature of the trilobite
potential, defined as Vo, with (c) being the corresponding Fourier transforms F{Vos}.

experience the contact electron-atom interaction of Eq. (1).
Rydberg states with lower angular momenta ! < lyin (Imin =
3 for Rb) are energetically separated due to non-negligible
quantum defects. At the level of first-order perturbation theory
in V,, the related PECs are given by

Vi(R) = 2ral (k)1 (R)I?, 2)

where n* = n —  is the effective principle quantum number.

The high-/ (I > 3) electronic sates create an approximately
degenerate manifold of hydrogenic Rydberg states and thus
must be treated using degenerate perturbation theory. The
resulting PECs are shown for a range of principal quantum
numbers in Fig. 2(a) and are given as [11]

n—1

ViR) = 2mal () 3 lpu(R)P. 3)

=3
The corresponding electronic state

n—1

1
ViR 1) = =3 du(R)pui(r), “

=3

where T is a normalization factor, is commonly referred to as
the trilobite electronic state due to its uncanny resemblance
to the structure of a trilobite fossil [as seen in Fig. 1(b)].
For large n values, the trilobite PEC can be divided into an
anharmonic well overlayed with an oscillatory potential, i.e.,
Vi(R) = Vann(R) + Visc(R). The overall anharmonic envelope
is very well represented by the approximation [10,11]
ay (k) \/ 2_ 1 _Gmtl22
an® VR n? R? '
At large R values beyond the final well in the PEC, V
is no longer an accurate envelope of the trilobite potential.
However, we will limit our work here to ranges in which it
is. In the following work, we will focus on the wave-packet
dynamics of the ULRM in the case of trilobite molecules.
Inclusion of important corrections due to p-wave shape
resonances, fine structure of the Rydberg atom, hyperfine
structure of the ground-state atom, and nonadiabatic inter-
action effects will undoubtedly produce quantitative changes
of the electronic structure and related PEC of the trilobite

Vann(R) =

molecule. However, the interesting dynamical phenomena
predicted with the relatively basic approximations used in this
work are expected to persist qualitatively in a more accurate
treatment. It is also worth mentioning that a heterogenous
ULRM [57,58], consisting of an ®’Rb Rydberg atom and a
84Sr ground-state atom, exhibits neither a hyperfine structure
nor p-wave shape resonances [59,60]. Such a Rb-Sr molecule
might be an ideal case to study the dynamical properties
of pure trilobite molecules without excess complexities, and
can prove useful in the empirical reproduction of phenomena
discussed in this work.

B. Vibrational dynamics

To explore the vibrational dynamics of a ULRM in the
trilobite state, we solve the corresponding time-dependent
Schrodinger equation given at the level of the Born-
Oppenheimer approximation by

ih%X(R,t) = H,x(R,1), Q)

where x (R, t) is the time-dependent nuclear wave function
representing the radial dynamics of the ULRM along the in-
ternuclear axis. The nuclear Hamiltonian H,, is given in atomic
units as

1
H, = —EV,% + Vi(R), @)

where the first term is the kinetic energy of the relative motion
of the nuclei (with reduced mass w) and V; is the trilobite PEC
from Eq. (3). We propagate the initial wave packet x (R, t =
0) in time via the standard eigenstate expansion, i.e.,

AR D) =D axe™™ yi(R), ®)
k

where x;(R) are the stationary eigenstates of H, with
eigenenergies Ey, i.e., H,xx(R) = Exxx(R), and the expan-
sion amplitudes are given by the standard inner product a; =
(Xe(R) x (R, t = 0)).

Our wave packet is initialized as a Gaussian centered
at position Ry with width o with zero initial momen-
tum, ie., x(R,t=0)oexp[—(R — Ry)>/(40?)], and the
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time-dependent probability density function |x (R, ¢)|? is de-
termined. An initially displaced wave packet in the trilobite
potential will oscillate back and forth, returning to its initial
position, accounting for the anharmonic character of the po-
tential. During this process, it will scatter off the oscillatory
portion of the potential, which acts as a diffraction grating,
facilitating the backscattering (and forwardscattering) of a
time-evolving wave packet. Via the Fourier transform, we
also analyze the momentum-space wave function, ¢(P,t) =
F{x(R, 1)}, and the oscillatory potential F{Vy(R)} to study
and explain such scattering effects in momentum space. In
the following we numerically investigate the vibrational dy-
namics of ULRM in the position and momentum space for
different initial state configurations and different principle
quantum numbers, using the framework discussed above. The
stationary eigenstates of H, are calculated utilizing a tenth-
order finite difference method [61], which are then used to
simulate the time-evolving wave packet [Eq. (8)]. Owing to
the simplicity of the system, we achieve converged, accurate
results with relatively little computational effort. Hence, the
results have been calculated with step sizes of Ag ~ 2 a.u.
and A; ~ 0.05ns.

III. RESULTS AND DISCUSSION

In this section, we analyze the vibrational dynamics
of an oscillating vibrational wave packet in the trilobite
molecule. We discuss the potential energy structure of trilobite
molecules for multiple n values, highlighting their oscillatory
structure as a salient feature. We then proceed to illustrate
the probability density plots of a time-propagating Gaussian
wave packet as it scatters off an n = 55 trilobite potential.
The unique dynamical effects that arise as a function of the
width and position of the initial wave packet are demonstrated
and explained utilizing the Fourier transform of the wave
packets and the oscillatory features of the trilobite potential.
Finally, prototypical experimental schemes that might be used
to observe such dynamical effects are also discussed.

A. Potential energy landscape

The potential energy curves for the principal quantum
numbers ranging from n =55 to n = 69 are illustrated in
Fig. 2(a). The R range is chosen to highlight the oscillatory
structure exhibited by V,. Solid curves represent the trilobite
PEC (color coded with respect to n), while dashed lines in the
background represent the approximate anharmonic potential
Vanh according to Eq. (5). Subtracting V,,, from the total
trilobite potential allows us to isolate the remaining oscillatory
part of the trilobite PEC, Vi, shown in Fig. 2(b). The poten-
tial energy curves exhibit an increasingly shallow envelope
and amplitude of oscillation for higher values of n. We also
observe a slight increase in the frequency of oscillation for a
corresponding increase in 7.

Additional insight can be gained by analyzing the os-
cillatory potential in momentum space through the Fourier
transform of Vo (R), F{Vosc(R)}, the results of which are
shown in Fig. 2(c). In momentum-space representation, the
potentials exhibit a clear sideband structure that corresponds
to its undulating nature in R. For example, the n = 55 trilo-

bite state exhibits oscillations in R whose wavelength is
approximately 100 a.u., though it does vary, increasing up to
~230 a.u. in the R range considered here. This results in a
Fourier spectrum that is strongly peaked at P = 0.03 a.u.,
where P is the radial momentum in the Fourier space. As the
oscillations of the PEC deviate from a strict periodic behavior
in position space, we observe a broadening of the sideband
structures with an overlay of multiple peaks in Fourier space.
Note that the Fourier transform is performed using a truncated
range of R values ranging from R = 1300 to 4500 a.u. This
corresponds to the range of internuclear separations probed
by the oscillating wave packet. The extremes of the position
of the peak of the wave packet are determined by the classical
turning points of the system in the trilobite potential when the
wave packet is started from rest displaced to one side. The
usage of such a limited grid in position space restricts the
accuracy of the Fourier analysis and invariably contributes to
further broadening of the sidebands and the exact positions
of the multiple peaks. Finally, the n dependence of the am-
plitude of oscillations of the PEC, as discussed before, is also
reflected in the n dependence of the amplitude and position of
the sidebands in Fig. 2(c).

B. Vibrational dynamic effects

Onset of wave-packet diffraction. We begin by performing
a series of dynamical simulations of the ULRM’s nuclear
wave packet initialized in a Gaussian state centered around
different values of R, in an n = 55 trilobite PEC. The wave
packets are constructed such that the width of the corre-
sponding probability density exhibits a standard deviation
of 100 a.u., which is comparable in size to the wavelength
of the oscillations in the trilobite potential. Figure 3 illus-
trates the probability density functions of the time-evolving
wave packet, in the position space [Figs. 3(a) and 3(b)] and
momentum space [Figs. 3(c) and 3(d)]. The position of the
initial state determines the total energy of the time-evolving
wave packet, thereby putting an upper bound on the mag-
nitude of radial momentum probed by the nuclei during its
dynamics. A Gaussian state centered around Ry = 2400 a.u.
[Figs. 3(a) and 3(c)], i.e., relatively close to the equilibrium
internuclear distance (Req ~ 2190 a.u.), performs low-energy
oscillations around R.q with complex multiwell interference
effects. Interestingly, a further increase in the total energy
of the wave packet, achieved by having its initial position
extended to Ry = 3000 a.u, [Figs. 3(b) and 3(d)], exhibits
the onset of a clear multiple-peak structure that resembles a
time-propagating diffraction pattern. The emergence of these
unique interference patterns is explained by focusing on the
momentum picture. Oscillations that achieve lower momen-
tum are not able to probe the clear sideband structure of the
trilobite potential exhibited by its oscillatory features [as seen
in Fig. 3(e)]. Hence, they only display very faint forward-
and backscattering peaks that are quickly dispersed in the
course of time. However, oscillations as portrayed in Fig. 3(d)
quite clearly achieve higher momentum beyond the sideband
structures [as seen in Fig. 3(f)], thereby showing clear signs of
forward- and backscattering in the momentum picture. Such
an explanation treats the oscillatory structure of the trilobite
potential as a diffraction grating in momentum space.
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FIG. 3. Onset of wave-packet diffraction. Probability density plots |x (R, 1)|> and |¢(P, t)|* of the wave-packet scattering off an n = 55
trilobite potential, in the (a) and (b) position and (c) and (d) momentum representation. The initial state is a Gaussian wave packet of
characteristic width 100 a.u., centered around (a) Ry = 2400 and (b) Ry = 3000 a.u. with the corresponding momentum representation
presented in (c) and (d), respectively. (e) and (f) The corresponding Fourier transform of V. (R) probed by each of the wave packets.

Internal diffraction dynamics. To emphasize the phenom-
ena discussed above, we analyze the vibrational dynamics of a
ULRM with an initial Gaussian wave packet centered at Ry =
4000 a.u. again with a width of 100 a.u. As discussed earlier,
increasing Ry farther away from R.q further increases the
momentum probed by the wave packet, allowing it to clearly
probe the momentum sideband structure of the potential as it
scatters off the PEC. Hence, following the trend from the pre-
vious simulations (with Ry = 2400 and 3000 a.u.), we see that
initializing the wave packet with Ry = 4000 a.u. facilitates
repeated coherent backscattering as the wave packet traverses
through the PEC. The resulting time-dependent probability
density is shown in Fig. 4(a). In this case, the system sam-
ples enough of the oscillatory potential to constantly undergo
forward- and back scattering, producing a train of almost
evenly spaced side peaks. The origin of this behavior be-
comes apparent in the momentum-space probability density
shown in Fig. 4(b). Here, the initial momentum space wave
packet scattering off the oscillatory potential produces adja-
cent scattered peaks corresponding to the momentum of the
peak of the Fourier transform. Figure 4(c) shows time slices
of the momentum probability density function at different
times, showing peaks separated in momentum by around ~
0.03 a.u., approximately the peak of the sidebands seen in
the momentum representation of the PEC in Fig. 2(c). The
resulting fragmented wave-train structure in momentum space
exhibits a clear and coherent multipeak structure, reminis-
cent of that observed in waves scattering from a diffraction
grating. Apart from the diffraction effects, we also notice
that the probability density plots in Fig. 4(a) (marked by
the arrows) exhibit sustained population near the initial state
of the wave packet, which we denote as “stickiness.” This
is a result of a large overlap of the initial wave packet
with eigenstates that are localized around a well near the
initial position [see Fig. 4(d)]. Figure 4(d) shows the vi-
brational probability densities of eigenstates that participate
in the wave-packet dynamics as well as the initial wave
packet (cyan) for reference. These localized states (purple)

have a large overlap with the initial wave packet and exhibit
a vibrational splitting around ~46 MHz, as opposed to the
delocalized states (gray) exhibiting a vibrational splitting of

—0.151
L 3 : . 100
0 100 200 300 400
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(c)  time (ns) (d)
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FIG. 4. Probability densities |x (R, t)|> and |¢(P, t)|* of the wave
packet scattering off an n = 55 trilobite potential, in the (a) position
and (b) momentum representation. The initial state is a Gaussian
wave packet of width 100 a.u., centered around Ry = 4000 a.u. The
arrows mark the stickiness of the wave packet discussed in the text.
(c) Time slices of |¢(P, t)|?, illustrating the backscattering undergone
by the propagating wave packet. (d) The probability densities of
the molecular eigenstates, with the localized states responsible for
the initial “stickiness” highlighted (purple) near the initial Gaussian
(cyan).
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FIG. 5. Interference effects in the scattering of a wide wave
packet. Probability densities |x(R,?)> and |¢(P,t)> of the wave
packet scattering off an n = 60 trilobite potential are shown in
the (a) position and (b) momentum representation. The initial state
is a Gaussian wave packet of width 300 a.u., centered around
Ry = 4000 a.u. Time slices of |x (R, t)|* and |¢(P,t)|* illustrating
key stages of evolution are shown in (c) and (d), respectively.

~67MHz. Part of the wave packet evolves with the time
scales associated with the localized states (~210ns), which
are noticeably larger than the time scale of the anharmonic
oscillation (~150ns), thereby exhibiting said stickiness. Due
to the limited amount of eigenstates involved, this particu-
lar phenomena continues to occur for even larger values of
t (= 400 ns), retaining its spatial localization periodically,
similar to a quantum revival. However, the propagating
diffraction pattern is continuously scattered off of a band of
varying frequencies, diminishing the chance of a complete
quantum revival in finite time.

Wave-train  propagation. The aforementioned time-
propagating interference effects are dependent on the width
of the nuclear wave packet. Above, we used an initial state
whose width was of comparable size to the wavelength of the
oscillations of the PECs. A spatially very narrow wave packet
does not experience the interference effects seen above, and
primarily performs anharmonic oscillations, with dispersion
enabled by the undulating structure of the PEC. On the other
hand, a wave packet that is spatially considerably wider than
the wavelength of the oscillations in V, will show dynamical
phenomena distinct from those discussed above. Figure 5
illustrates the dynamics of an initial Gaussian wave packet
centered at Ry = 4000 a.u. propagating in the n = 60 trilobite
curve. The n = 60 trilobite features an oscillatory potential
with a comparatively smaller wavelength than that of n = 55.
The initial state is constructed with a width of 300 a.u., several
times larger than the well separation distance of V;. Hence,
at t = 0 the wave packet spans multiple wells of the trilobite
potential. During the initial time dynamics each well of the
PEC acts as a source, creating a multipeaked fragmented
wave packet with each peak localized at a different well, as
portrayed in the = 8 ns time slice shown in Fig. 5(c). Later
in the course of the dynamics, these individual wave packets
emanating from different wells interfere with each other,
forming very narrow localized pulses [t = 80ns, Fig. 5(c)]
that are isolated from each other. The widths of these narrow
peaks do not conform to the size of the initial wave packet,

and are dependent on the scattering potential in which the
wave packet propagates. Their formation can be explained by
considering the momentum space picture shown in Fig. 5(b).
Here, we see that an extremely narrow initial wave packet
in momentum space undergoes constant backscattering to
form an approximately equidistant train of sharp peaks in
P-space [t = 80ns, Fig. 5(d)], loosely reminiscent of a Dirac
comb [62,63]. The Fourier transform of such a structure
exhibits a pulse-train behavior such as that observed above.
As a final note, for higher n values, both the amplitude of
oscillations Vs and the general anharmonic envelope Vyn
of the trilobite PEC becomes considerably more shallow.
Hence, the momentum range probed by the wave packet and
the magnitude of backscattering it experiences are reduced,
thereby resulting in a diminished diffraction pattern.

C. Limitations of the theoretical framework

We have ignored the effects of p-wave shape resonances
and spin structure in our analysis. Inclusion of the p-wave
scattering term would result in a more complex PEC structure
that features avoided crossings between trilobite and butterfly
curves near R.q. These avoided crossings would substantially
alter the long-time dynamics of the wave packet as it traverses
through the full potential energy landscape. This might lead to
the introduction of vibronic decay, surface hopping, diabatic
stabilization, and several other nonadiabatic effects. Recent
works have explored the spectral features of such systems
[36-38] and have shown that nonadiabatic effects are of in-
creasing importance at higher n values (like n > 55) [45].
However, our present work is a proof of methodology meant
to bring attention and interest to the study of wave-packet dy-
namics of trilobite molecules. Furthermore, while the p-wave
shape resonances will substantially alter the long time-scale
dynamics, the initial time dynamics should still qualitatively
exhibit the diffractive effects discussed. Also, one can mitigate
the complexity introduced by spin structure to some extent by
careful preparation and state selection of the hyperfine state
of the ground-state atom. Moreover, the hyperfine splitting of
the PECs introduced by ground-state 3’Rb remains around ~
6.8 GHz while the depth of the trilobite potentials scale as n~>
with increasing n. At high enough n values, for example, n >
55, the rather large energetic separation between the different
hyperfine states can be utilized to select and probe a single
PEC. Of course, it is important to note that these complica-
tions can be eliminated by selecting a different ground-state
perturbing atom, such as Sr, which has no low-energy, p-wave
electron-atom resonances and lacks any hyperfine structure.

D. Prototypical experimental setup

The numerical simulations considered have been focusing
on the time evolution of Gaussian wave packets. Experimen-
tally one can utilize an optical tweezer setup [64,65] which
confines two ground-state Rb atoms in separate harmonic
potentials. The width and position of the initial Gaussian wave
packet can be tuned through the depth of the optical traps and
the separation between the two traps, respectively. Employing
a multiphoton excitation of an individual atom to the trilo-
bite state while simultaneously turning off the confinement
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FIG. 6. Pictorial scheme of the suggested pump-probe experi-
ment. (a) The vibrational ground state of the |n = 45,/ = 2) ULRM
is pumped to the n = 55 trilobite potential and subsequently propa-
gates therein. Following a time lag, the wave packet is projected onto
the desired |n = 35, [ = 2) probe state. (b) Observable time-resolved
correlation function calculated for multiple n values using the given
setup. For each |n, trilobite) PEC, the pump and probe states are se-
lected to be |n — 10,/ = 2) and |n — 20, [ = 2), respectively, where
n € {55, 56, 57}.

potential creates the desired initial state of the ULRM. Such a
scheme, although straightforward, is difficult to accomplish
in practice utilizing standard optical tweezers. Optical se-
tups with finite laser waists cannot probe the nanometer-scale
confinement required to prepare motional states whose dimen-
sions are of the order of ~100 a.u. Advancements in cold atom
trapping employing the integration of plasmonic tweezers that
facilitate nanoscale confinement may be one future option to
circumvent this problem [66—68].

With this in mind, let us propose an alternate experimental
scheme that utilizes a time-resolved pump-probe methodol-
ogy to monitor dynamical effects in real time. The basic
idea is to utilize lower-lying low-/ ULRMs to create the ini-
tial state and as a probe to monitor the system. Figure 6(a)
illustrates a prototypical example of the proposed scheme.
The initial state preparation is accomplished by a two-photon
transition to the Gaussian-like vibrational ground state of the
[n =45,1 = 2) ULRM state. The vibrational ground states
for different principle quantum numbers feature a convenient
range of mean positions and widths, providing the necessary
flexibility needed to observe the dynamical effects we seek.

They can also be conveniently used as a probe state localized
near a range of desired R values. Similar pump-probe schemes
utilizing low-/ Rydberg states were also utilized in the study
of ion-atom scattering recently [69,70]. As an example, the
ULRM is excited from the |n = 45,1 = 2) state to the n =
55 trilobite electronic state using a microwave pump pulse,
utilizing f-state admixture of the high-/ molecule [30]. The
microwave excitation is fast enough to consider it projective,
preserving the vibrational wave packet as the initial state that
propagates in the trilobite potential. A time-delayed probe
pulse then enables us to project the time-evolving wave packet
onto a |n = 35,/ = 2) probe state and obtain the timeresolved
correlation function. Figure 6(b) shows the predicted result
of this proposed experiment for three different n values. In
each case the |n — 10,/ =2) pump state is excited to the
|n, trilobite), with |n — 20, [ = 2) being the probe state. The
state selection is done to facilitate comparable propagation
times and correlation functions, as seen in Fig. 6(b). The train
of evenly spaced diffraction peaks produced by scattering of
the wave packet from the trilobite potential is observed as
a series of peaks in the time-resolved correlation function.
Note that the amplitudes of the correlation function, which
carries the phase information of the diffraction pattern, de-
crease with increasing n. Although not a systematic study
of the n dependence of the diffraction effect, the decrease
in amplitude of the correlation function is consistent with
our analysis that higher n values exhibit reduced backscat-
tering and consequently display diminished diffraction effect.
Rather conveniently, the temporal resolution achieved here is
only limited by the time delay between the pump and probe
pulses and their respective widths, both being finely tunable
in the nanosecond regime. In comparison, direct spatiotem-
poral imaging as achieved in state-of-the-art ion microscopes
[71,72] limits the resolution to the order of ~100 nm and
~10ns, rendering the desired phenomenon challenging to
observe. Moreover, recent advances in the construction of
long-range molecular potentials with tunable electronic char-
acter [73] allow the possibility of engineering initial and
probe states that can be optically excited to a trilobite state
of choice. Note that although the theoretical description of a
pump-probe scheme is rather straightforward (and abundant
in conventional molecular physics), a corresponding experi-
mental realization of the scheme in ultracold systems is not
without due challenges [69,70]. But, within the scope of this
work the pump-probe framework allows for the initial state
preparation, time propagation, and observation of quantum
interference and diffraction effects all encompassed within a
single molecular system.

IV. CONCLUSION AND OUTLOOK

We have investigated intriguing wave-packet interference
effects that unfold in the nuclear dynamics of a single di-
atomic trilobite ULRM. The internuclear potential landscape
mediated by the Rydberg electron exhibits rapid oscillatory
features similar to those of a diffraction grating. We ob-
serve that trilobite molecules with nuclear wave-packet widths
comparable to that of the characteristic wavelength of the
PEC, propagating with high enough initial energy, will un-
dergo backscattering as a consequence of its own electronic
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structure. An elementary Fourier analysis of the propagating
wave packet and the potential energy landscape explains the
observed phenomena, with semiquantitative detail. The self-
diffraction phenomena exhibited by these molecules can be
readily observed by an appropriate time-resolved pump-probe
scheme. Conveniently, the necessary initial state preparation
is accessible via the vibrational ground state of, e.g., lower-
lying I = 2 ULRM states. Hence, we suggest that the ULRM
can be functionally used as a single molecular laboratory
for observing cold-atom dynamics on exaggerated time and
length scales. The behaviors we predict within the simplified
description used here should persist qualitatively in the full
system and should be readily observable experimentally.

Our work provides new windows of opportunity for the
study of dynamical behavior of ultralong-range Rydberg
molecules. An immediate extension of our work, featuring
the inclusion of p-wave shape resonances of Rb and the
consequent introduction of vibronic couplings in the system,

offers a new pathway to study multichannel dynamical effects
in cold-atom systems. The high-/ nature of the trilobite and
butterfly configurations exhibiting large dipole transition ele-
ments might give rise to a plethora of dynamical effects not
usually observed in standard atomic or molecular systems.
Furthermore, the massive dipole moment of the trilobite state
(and the butterfly state) [18,74,75] can be skillfully exploited
by the introduction of an external electric field. This opens the
possibility of new explorations in wave-packet dynamics near
conical intersections [52], dynamics near pendular states [19],
and the coherent control of ULRM to achieve rovibrational
state engineering.
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We investigate the nonadiabatic quantum dynamics of ultralong-range Rydberg molecules using a vibronically
coupled two-channel treatment. The two channels are composed of coupled trilobite and butterfly electronic
states, formed as a result of S-wave and P-wave scattering of high angular momentum Rydberg electrons
with perturbing ground state atoms. Within the Born-Oppenheimer treatment, the P-wave scattering channel
introduces an adiabatic decay pathway that affects the stability and lifetimes of trilobite states. Our numerical
results show that the vibronic coupling is dependent on the principal quantum number »n, and for certain n
there is nonadiabatic stabilization against internal molecular decay, facilitating previously studied dynamical
effects in pure trilobite molecules. Apart from the internal diffraction effect caused by the backscattering of
vibrational wavepackets from the trilobite potential, we also observe interesting multiwell tunneling effects
during low-energy oscillations for a range of n values. Our work serves to highlight the fact that the unique
vibrational coordinate dependent electronic structure of these polar molecules, along with high-level densities,

promises many exciting dynamical effects.

DOI: 10.1103/j7qc-6fww

I. INTRODUCTION

Long-range synthetic molecules formed by engineering
Rydberg excitations in ultracold atomic gases present an ex-
citing frontier in few-body quantum physics research [1-11],
exhibiting properties not associated with traditional molec-
ular systems. Of recent fame are the exemplar trilobite and
butterfly molecules, formed when a Rydberg atom with high
electronic angular momentum (¢) undergoes S-wave and P-
wave scattering from a nearby ground state atom (perturber),
respectively [1,2]. They feature exceptionally high dipole
moments [12,13] and micrometer scale bond lengths and
have been found useful in precision spectroscopy [14,15],
prospective preparation of ultracold neutral plasmas [16], and
measuring three-body correlations [17,18]. Moreover, these
ultralong-range Rydberg molecules (ULRMs) [19-21] offer
a great test bed to study unique and exaggerated quantum
dynamics [22-24], and external field interactions [25-27].
Recent numerical simulations show that nuclear wavepackets
propagating through the undulating trilobite potential energy
curves (PECs) undergo backscattering, thereby creating an in-
ternal diffraction effect wherein the electronic structure of the
dimer diffracts its own radial motion [24], a phenomenon un-
observed in standard molecular physics.

The traditional approach to study the quantum dynamics
of ULRM s is through the use of the Born-Oppenheimer (BO)
approximation [28]. However, recent studies show that nona-
diabatic effects are ubiquitous in such systems, mainly due
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to avoided crossings introduced by high-¢ states, as well as
the high density of electronic states that are not energetically
well separated [29,30]. Such avoided crossings can be highly
singular, sometimes forming conical intersections, when the
principal quantum number n of the Rydberg atom is taken
as a synthetic dimension [31,32]. In alkali ULRMs, the P-
wave butterfly potential induces an avoided crossing to the
trilobite and low-¢ potentials, introducing an adiabatic decay
pathway. This affects the lifetimes of bound ULRM states
[33], while also allowing for internal quantum reflection [34].
Recent experimental observations of highly excited nonadi-
abatic resonances stabilized against internal adiabatic decay
[35] confirm the necessity to go beyond single channel BO ap-
proximation to accurately model these molecules. Apart from
atom-atom ULRMs, there is also an increasing interest in the
study of nonadiabatic phenomena arising in other long-range
Rydberg systems, like Rydberg atom-ion molecules [36],
macrodimers [4,37], Rydberg bimolecules [38], and trapped
Rydberg ion systems [39,40].

The multichannel wavepacket dynamics in ULRMs re-
mains largely unexplored. The authors of previous works
have mainly utilized Landau-Zener based semiclassical anal-
ysis [31,41,42], or limited themselves to spectral calculations
[29,30,35,43]. An exact quantum dynamical study will be able
to validate previous semiclassical approximations, as well as
point out why and where they fail. Moreover, it can confirm
whether or not previously simulated single channel dynamical
effects, like the internal diffraction of vibrational wavepackets
in the trilobite potential [24], are suppressed due to nonadi-
abatic effects. In conventional molecules vibronic dynamics
facilitate many well documented phenomena like ultrafast
nonradiative transitions [44-46], surface hoppings [47,48],
and predissociation [49,50], which are not explainable by
adiabatic physics. In atom-ion scattering, vibronic dynamics

Published by the American Physical Society
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is also necessarily included in studies of charge exchange
collisions [51], but highly polar ULRMs, with large bond
lengths and high-level densities, could exhibit new vibronic
dynamical effects that are not seen in regular molecules or
scattering processes.

In this work we study the dynamics of 3’Rb dimers, in
coupled trilobite and butterfly configurations using a two-
channel treatment that considers the mixing of nuclear and
electronic motion. A comprehensive theoretical study of this
system, which looks at the structure of electronic states and
nonadiabatic couplings as a function of n, develops diaba-
tization strategies to work around singular couplings, and
calculates the molecular vibronic spectra, has already been
presented [29]. Here we perform wavepacket dynamics, with
vibrational Gaussian states initialized in the trilobite PEC, ra-
dially far off from any avoided crossings. As the wavepackets
probe the avoided crossing, we see the onset of n-dependent
nonadiabatic transitions between different PECs. We use the
probability distribution function in position and momentum
representations, as well as the evolution of different electronic
state populations, to characterize vibronic effects for each n.
For some n, the propagating diffraction effect is conserved
against internal molecular decay due to nonadiabatic stabi-
lization. We also present here a unique multiwell tunneling
phenomenon due to low-energy oscillations around the min-
ima of the trilobite potential. For a range of n values, these
trilobite curves exhibit bound vibrational states localized be-
tween multiple wells, near the potential minima, allowing
unique interference effects in their low-energy dynamics. In
comparison, trilobite PECs with much smaller n values (<30)
primarily exhibit low-energy dynamics confined to a single
well. The calculations presented here neglect the fine and
hyperfine structure of the constituent atoms for the sake of
ease. Inclusion of the spin couplings would necessitate a more
complex multichannel treatment, relevant to future studies.

This work is organized as follows. Section II presents
the theoretical and computational framework, introducing the
general molecular Hamiltonian and nonadiabatic couplings
in Sec. I A, discussing the specific electronic interactions
in the ULRM in Sec. II B, and describing the two-channel
vibronic dynamics in Sec. II C. Section III presents the results
of our numerical simulation, starting from the potential energy
structure in Sec. III A, the two-channel wavepacket dynamics
in Sec. III B, and multiwell tunneling effects in Sec. III C. The
conclusions and outlook of our work are given in Sec. IV.

II. THEORETICAL AND
COMPUTATIONAL FRAMEWORK

We begin by formulating the molecular Hamiltonian
and the corresponding time-dependent Schrodinger equa-
tion which allows us to study the internal molecular dynamics
of ULRM. We then discuss the Born-Oppenheimer approx-
imation, the emergence of nonadiabatic couplings between
BO adiabatic electronic states, and the associated diabatiza-
tion procedure which is crucial for constructing a smooth
multichannel representation. Subsequently, we highlight the
electronic structure of the ULRM and the calculation of adia-
batic states and PECs. Finally, we establish the two-channel
vibronic system and describe the numerical propagation

scheme, where complex absorbing potentials are employed to
avoid artificial reflections at the grid boundaries.

A. Molecular Hamiltonian and nonadiabatic couplings

We start by considering two 8’Rb atoms, one of which is
excited to the Rydberg electronic state. Let us define R as the
internuclear separation between the ionic core and the neutral
atom (taken along the z axis, with the Rydberg core at the
origin), and r as the coordinate of the Rydberg electron with
respect to the Rydberg core. The internal molecular dynamics
(in atomic units) in the body-fixed frame is then governed by
the time-dependent Schrodinger equation

i%\Dm(r;ReZ,t) =HWY,,(r;Re;, 1), 1))
with W, being the molecular wavefunction and A the molec-
ular Hamiltonian given by

NI -
H =_7_7+VRyd(r)+Vca(r;Rez) )

2 2
where p is the reduced mass of the system. The first two
terms of the Hamiltonian describe the kinetic energy operators
corresponding to the nuclei and the Rydberg electron, respec-
tively. Moreover, Vryq(r) represents the interaction between
the Rydberg electron and the ionic core and V,, (r; R) accounts
for the interaction between the Rydberg electron and the per-
turbing ground state atom. The last three terms of Eq. (2)
separately form the electronic Hamiltonian H(r; R). Solving
the electronic Schrédinger equation parametrized by R yields

Hq(r; R) ¥i(r; R) = Vi(R) ¥i(r; R), 3
where V;(R) are the adiabatic potential energy curves and
¥;(r; R) are the corresponding electronic states. Since {;}
forms a complete orthonormal basis (commonly known as the
Born-Oppenheimer basis), any given molecular wavefunction
can be expanded as W,, = Y, x,(R)¥i(r, R) [52]. Here x;(R)
are the R-dependent expansion coefficients that represent the
nuclear wavefunction.

Inserting this Born-Oppenheimer expansion in Eq. (2), in-
tegrating out the electronic states, and rearranging the terms,
we get the multichannel Schrodinger equation

1 . . 9
—— (VR +PPx+Vx=i—x, 4
2M( RTPYXx+Vx i X 4)

where x is a vector of all x,, V is a diagonal operator con-
taining all V,,, and P is the first order nonadiabatic coupling
operator whose matrix elements are given by

Pj(R) = / Vi(r; R)oryr; (r; R)dr. (5)

The P-matrix elements appear as off-diagonal terms in the
nuclear kinetic energy operator, effectively coupling differ-
ent adiabatic electronic channels. Note that a more elaborate
discussion on derivative couplings can be found in our pre-
vious works [29,30], and methodical derivations that show
how to obtain Eq. (4) from Eq. (2) are discussed in standard
textbooks [53,54]. In the Born-Oppenheimer approximation,
the nonadiabatic term P is completely ignored, resulting in
decoupled single channel equations that describe the nuclear
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dynamics of the molecule. This framework provides a natural
first description of ultralong-range Rydberg molecules, where
the diatomic system time-evolves in a given potential energy
curve defined by its time-independent electronic state.
However, nonadiabatic couplings become particularly pro-
nounced near avoided crossings of the adiabatic PECs. Our
previous works highlight such cases where a nonadiabatic
treatment of the ULRM was necessary due to the presence
of avoided crossings [29,30,55]. In such regions the BO ap-
proximation breaks down due to singular or rapidly varying
couplings, and the adiabatic basis becomes ill suited for de-
scribing nuclear dynamics. To remedy this, it is advantageous
to perform a basis transformation such that the nuclear ki-
netic couplings are replaced with off-diagonal potential terms.
Given that Eq. (4) is invariant under unitary transformations,
any U, which satisfies the condition VU4 = —PU¢ will force
the derivative couplings to become zero, and is commonly
known as a diabatic transform [53,56]. This allows us to
rewrite Eq. (4) as
1 a
R Sl Q)
where x? = U?y are called the diabatic states and the con-
stituents of V9 = U; VU, are called diabatic PECs. In the
general case of polyatomic molecules, U is not uniquely de-
fined and approximate path-dependent diabatization schemes
are used to perform vibronic dynamics. Fortunately, if the
system is one dimensional (like a diatomic molecule) one
can always find a unique diabatization scheme numerically,
although this becomes computationally demanding with in-
creasing number of highly coupled channels. Furthermore,
in the simplest description of a vibronic system, i.e., a
two-channel system with a single parameter R, the diabatic
transform is a basic unitary rotation where the rotation angle
is given by

O(R) = / Po(R)dR,. ™
R

With the two-channel diabatic framework established, the
next step is to specify the electronic interactions responsible
for binding in ultralong-range Rydberg molecules.

B. Electronic interaction

The electronic Hamiltonian for the ULRM is given by
H,| = Hryd + Vea, Where Hryq describes the Rydberg atom
and V¢, describes the low-energy electron-atom scattering in-
teraction. The S-wave and P-wave scattering can be modeled
using Fermi-type pseudopotentials [57,58] such that

Vea(r; R) = 2mag(k)8(r — Re)

+ 6map(k)V,8(r — Re,)V,, (8)

with ag and ap denoting the energy-dependent S-wave scat-
tering length and P-wave scattering volume, respectively
(scattering length taken from [15]). The electron wave num-
ber k can be semiclassically approximated by k = (2/R —
1/n?)!/2, where n is the principal quantum number of the Ry-
dberg excitation. In the spin triplet configuration, both ag and
ap have negative values, facilitating an attractive interaction

and binding the molecule. The unperturbed Rydberg electron
states {¢,¢,} are described by the principal and angular mo-
mentum quantum numbers (n, £, m), respectively. Since the
internuclear axis is taken to be along the z axis, only atomic
states with m = O contribute. They form the eigenbasis of the
electronic Rydberg Hamiltonian with the corresponding ener-
gies Ep = —(n — 83)_2/2, with &, denoting the £-dependent
quantum defect [59]. In rubidium the low angular momentum
states (¢ < 3) exhibit finite quantum defects, energetically
shifting them away from the near-degenerate hydrogenic man-
ifold of high-¢ states. These low-¢ states form shallow PECs
allowing a few bound states. The high-¢ states, however, are
hybridized by the perturber, resulting in deep potentials that
can hold hundreds of bound states. The most prominent of
these high-¢ states are the so-called trilobite and butterfly
molecules, split from the hydrogenic manifold due to S-wave
and P-wave electron-atom scattering.

Recent works have already characterized the vibronic
structure of the coupled trilobite-butterfly system, success-
fully showing the impact of these avoided crossings in the
calculated and observed spectra [29,35]. If one is to ignore
the quantum defect structure and limit the system to a single
hydrogenic » manifold, one can analytically derive a coupled
two-channel model based on the pure trilobite and butterfly
wavefunctions,

n—1

(r;R 0P Pao(R)  (9)
v \/Zz |¢nm(R)|2 2 tneo@us

n—1
Yp(r;R) = > buo@) ko (R),  (10)

N |3R¢nZO(R)|2

respectively. However, since the above given states are not
orthogonal to each other, expanding the electronic Hamil-
tonian in the {|v;), |¥)} basis is not straightforward, and
does not guarantee the validity of the formalism presented
in Sec. I A. Fortunately, since V, is a rank-2 operator, its
image space can be spanned by any constituent pair of linearly
independent wavefunctions. Recently, it was shown that [32]
one can utilize a semiunitary transform to project the matrix
representation of V¢, in the hydrogen atom basis to a perturber
spherical basis, following which one obtains the potential

energy operator
V= i Ve 11
IR\ YA

where V, =2mas(k) Y |puo(R)|> and V, = 6mwap(k) . |
drbaeo(R)|? are the trilobite and butterfly PECs, and V, =
V1272as(k)ay(k) Y ¢neo(R)rueo(R) is the coupling be-
tween them [32,35]. We will obtain the two channel adiabatic
PECs and electronic states by diagonalizing the above
given matrix. However, it is already clear that the cou-
pled trilobite-butterfly system exhibits conical intersections
at (n, R) coordinates, when V, =V, and V., = 0 simultane-
ously. The first condition is roughly fulfilled when the S-wave
and P-wave scattering phases are equal [60], and the sec-
ond condition is fulfilled when the hydrogenic ns state has a
node at R (derived using Coulomb summation rules [61,62]).
This model was used to successfully predict the n-dependent
behavior of the avoided crossing width and the derivative
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coupling element, which in turn affected the experimentally
observed stability of nonadiabatic resonance states [35]. How-
ever, in view of performing exact quantum dynamics, we
do not utilize this hydrogenic approximation. Our numerical
model considers the quantum defect structure of low-¢ states,
and is not limited to a single n manifold. The electronic
spectra and nonadiabatic couplings exhibited by such a model
have also been discussed comprehensively in Ref. [29]. This
work is exclusively focused on extending these studies by
performing vibrational dynamics simulations in the coupled
butterfly-trilobite configuration.

Here we mention that the state of the art Green’s function
methods [63] provide a more accurate description of the elec-
tronic structure of the ULRM; however, they do not allow for
the calculation of the electronic states and their couplings so
far. Moreover, spin-orbit and hyperfine interactions [64,65]
are neglected in our model so that a two-channel treatment
becomes possible. Fortunately, recent works show that a sim-
ple spinless two-channel system can already explain observed
nonadiabatic phenomena in ULRMs very well [35]. Hence
we choose to focus only on the two-channel case relevant for
the trilobite-butterfly interaction, which is well justified when
the dynamics is dominated by a pair of energetically isolated
states with localized coupling, while all other channels remain
weakly interacting and well separated. As a first study we
choose to focus on a two-channel model that includes the
primary nonadiabatic correction to the dynamics, introduced
by the avoided crossing between trilobite and butterfly states.
For comparison, the nonadiabatic couplings obtained using a
three-channel model are discussed in Appendix B.

C. Computational approach: Two-channel vibronic dynamics

We start by obtaining the adiabatic PECs and the corre-
sponding electronic wavefunctions for a given n by diago-
nalizing the electronic Hamiltonian within a finite Rydberg
basis {¢,¢0} that includes all states with n’ € {n — 2, n + 2}.
Then we proceed to calculate the diabatic transform and the
diabatic PECs for the two-channel trilobite-butterfly system.
The initial nuclear wavepacket is a Gaussian function in the
first adiabatic channel, i.e., x* = (x{, xf)T, with

4R 0) = 1 (R_RO)2
X1( , )—Wﬂp —T s

X4(R,0) = 0. (13)

12)

Initializing the wavepacket in the adiabatic basis allows
us to populate the trilobite or butterfly state selectively,
which is made difficult in the diabatic basis due to strong
mixing of electronic states. The adiabatic wavefunction is
then transformed into the diabatic basis via x*(R,t = 0) =
U(R) x*(R, t = 0). We then propagate x¢(R, t) using the dia-
batic Schrodinger equation given by Eq. (6).

Time propagation of the wavepacket is performed using
the Crank-Nicolson scheme [66,67], which provides stable
and unitary time evolution. The second derivative is eval-
uated using finite differences of tenth order [68], ensuring
high numerical accuracy even for small grid spacings. In our
simulations, we use a grid spacing of AR =~ lay and a time
step of At ~ 0.001 ns, chosen such that the energy scale of
the system is well resolved [69]. Quantum reflection at the

grid boundaries can lead to unphysical interference in the
wavepacket dynamics. To prevent this, we employ a complex
absorbing potential (CAP) [70,71] that smoothly absorbs the
wavefunction near the grid edge and thus simulates the molec-
ular decay due to the open channel nature of our system. See
Appendix A for more details on the CAP implementation.

At every time step the total probability density is calculated
to be

PR, 1) =[x RO + [x{ ®R. 1), (14)

and the diabatic channel populations are calculated to be

)= /dR xR, 0| (15)

One can perform an inverse diabatization transform x“ =
U™ x? to obtain the adiabatic channel populations

i) = /dR xR0 (16)

which help us understand how the electronic states are mixed
as a function of time due to vibronic dynamics. Due to the
CAP the time evolution is no longer unitary and the total
population

IOEDWACEDIAG! (17)

does not maintain unit value, as the wavefunction is absorbed
at the end of the grid. Note that the total probabil-
ity density p(R) as well as the total population py are
basis-independent quantities and hence invariant under the
diabatization transform. To understand the scattering effects
in the two-channel problem, one can use the Fourier transform
to calculate the momentum space wavefunction ¥(P,t) =
Flx(R,t)] in each channel, and consequently obtain the
total momentum space probability distribution p(P,t) =
|%1(P, )| + |42(P, t)|?, where P is the momentum of the
nuclear wavepacket. In the next section, we numerically inves-
tigate the vibronic dynamics of the ULRM within the context
of internal diffraction dynamics, multiwell tunneling effects,
and nonadiabatic decay.

III. RESULTS AND DISCUSSIONS

In the following section, we discuss the results of our
numerical simulations. We start with the adiabatic and di-
abatic potential energy curves as well as the nonadiabatic
couplings in the coupled trilobite-butterfly system. We then
study the multichannel internal diffraction effect, and ana-
lyze the n-dependent nonadiabatic corrections by studying the
probability density functions of the evolving wavepacket as
well as the population dynamics. Finally, we unravel multi-
well tunneling effects in the low-energy oscillations around
the minima of the trilobite potential.

A. Potential energy structure

We start with a brief review of the electronic structure of a
high-¢ ULRM. Figure 1 shows the adiabatic PECs for an n =
55 ULRM obtained by diagonalizing the electronic Hamilto-
nian, with the exemplary n value being ideal for observing
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FIG. 1. The Born-Oppenheimer potentials of the n = 55 ULRM,
obtained by solving the electronic Schrodinger equation. The adi-
abatic potentials are highlighted as V; (violet), V, (orange), and V;
(black), whereas the gray dashed curves show the unperturbed hy-
drogenic manifold. The wavepackets and arrows are used to illustrate
the possible trajectories of a time-evolving nuclear wavefunction.
The probability density plots of ¥(r,R) (corresponding to the
PEC V}) calculated at R = 1400a, and R = 4880ay, portray the
change of electronic structure from trilobite to butterfly states as R
changes.

internal diffraction effects. The adiabatic PECs relevant to the
two-state model are highlighted in color (V; as blue and V,
as red), whereas states corresponding to the gray adiabatic
curves are not considered in further calculations. When the
perturber is radially outside the Rydberg atomic orbital (R >
2n?), the adiabatic potentials V; and V5 energetically coincide
with the unperturbed 55 f quantum defect state and the high-£
hydrogenic state, respectively. At smaller R values the S-wave
scattering hybridizes the hydrogenic manifold, introducing an
avoided crossing between the trilobite PEC and the ¢ =3
PEC, forming the V; potential. Here, we choose to focus
only on the two highlighted curves as a first approximation.
Without the P-wave interaction, V; would be a pure trilobite
curve with the structure of an anharmonic envelope overlaid
with an oscillatory potential [24]. However, the P-wave shape
resonance induces a steeply descending butterfly potential that
forms a narrow avoided crossing between V| and V,. After
the avoided crossing V) adiabatically acquires the P-wave
character, eventually causing internal molecular decay due
to autoionization or £-changing collisions [41]. However, we
know that a narrow avoided crossing enhances the vibronic
coupling terms, enabling the nonadiabatic transition from V)
to V,, possibly offering a stabilizing mechanism against in-
ternal molecular decay. The adiabatic electronic probability
density plots of i;(r, R) calculated sufficiently before and
after the avoided crossing show how ; adiabatically changes
from trilobite to butterfly configuration.

— n=54 —— n=56
—— n= 55 n= 57
140
120 A 102 4
100 NES.
’T:l\ Q__IE 10t
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FIG. 2. The first order derivative coupling element P;,/(uay) as
a function of the internuclear distance R, for varying n values. The
inset depicts the magnitude of Py, with log scaling of the y axis.

Figure 2 shows the nonadiabatic coupling P, between the
selected states ¥y, Y, for the selected range of n. We scale P,
by 1/(uap) to analyze the energy contribution of the nonadia-
batic coupling term as it appears in the Hamiltonian, in GHz
units. We see that the derivative coupling strongly depends
on n, displaying an order of magnitude difference between
the most nonadiabatic (n = 55) and most adiabatic (n = 57)
cases. This is highlighted in the inset, where the y axis is
log scaled to simultaneously show the smaller structures in
energy. From a semiclassical perspective, the absolute value of
the Py, at the avoided cross massively impacts the probability
that nuclei perform a nonadiabatic jump, i.e., Landau-Zener
(LZ) transition from v, to y,. However, we already see from
the inset that the calculated derivative couplings do not form
a Lorentzian curve, as is typical in LZ transitions. This is
because the level spacing and the derivative coupling ele-
ments are comprised of hybridized atomic wave fuctions and
their derivatives [29], creating an oscillatory non-Lorentzian
structure. The standard Landau-Zener theory on the other
hand assumes a linear crossing with a well-defined constant
velocity. This is clearly not what happens in low-energy dy-
namics of ULRMs, where the time-evolving wavefunction
probes highly oscillatory potential energy curves and nona-
diabatic couplings. Surprisingly, the nonadiabatic transition
rates for high-energy dynamics (when the wavefunction starts
from the dissociation threshold), is qualitatively very well
predicted by the LZ model (see [35]). This could be be-
cause high-lying states and their momentum k(R) can be
reasonably approximated semiclassically, and their rapidly
changing wavefunctions allow a WKB style representation,
and probes the crossing with a well-defined velocity. Even
so, the standard Landau-Zener theory does not give us exact
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magnified plot of the avoided crossing. The black curves are the adiabatic potentials (V;, V») and the colored curves are the diagonal (V¢, V%)

and off-diagonal (V) terms of the diabatic potential energy operator.

time-evolving wavefunctions, as we aim to study here. It is of
course possible that an exact multichannel calculation which
involves the degenerate manifolds reproduces the semiclassi-
cal result, but for now we continue presenting the results of
our two-channel study.

Figures 3(a) and 3(b) show the diabatic PECs and the
adiabatic PECs (solid black curves) for n = 55 and n = 57,
respectively. Primarily, we see that the highly oscillatory (di-
agonal) diabatic PECs start deviating from their adiabatic
counterparts, far away from the avoided crossing (>1000ay).
This is accompanied by the off-diagonal potentials acquir-
ing large nonzero values away from the avoided crossing.
Moreover, we see that the global structure of the diabatic
curves looks reasonably similar between n = 55 and n = 57,
despite a large difference in the magnitude of derivative cou-
plings. However, the magnified plots (insets of Fig. 3) do
show that adiabatic PECs exhibit a narrow near-exact cross-
ing for n =55, and a wider avoided crossing for n = 57.
This validates the large difference in the magnitude of Py,
for the two n values. To summarize, the nonadiabatic cou-
plings and the diabatic potentials of the two-channel system
deviate considerably from traditional molecular physics, or
Landau-Zener models. A more detailed analysis of the vi-
bronic couplings between trilobite and butterfly potentials can
be found elsewhere (see Ref. [29]). Note that the exact struc-
ture of the diabatic potentials varies considerably depending
on the number of channels used in diabatization. In reality,
the highly polar electronic states are nonadiabatically coupled
to other quantum defect states, as well as the quasidegenerate
manifold. To explain higher dynamics spanning the entire
potential depth, one would need to incorporate higher quan-
tum defect states and the unperturbed high-¢ manifold into a

multichannel model. Fortunately, the internal diffraction dy-
namics we probe requires relatively lower kinetic energies
[24]. Since we see that the nonadiabatic couplings are still
maximal at the avoided crossing, a two-channel model that
considers the avoided crossing should give us a reliable semi-
quantitative model for the problem at hand.

B. Two-channel wavepacket dynamics

We begin our simulation of the wavepacket dynamics, by
initializing the nuclear wavefunction as a Gaussian state in the
V| adiabatic PEC, corresponding to the v, electronic state.
The initial position and width of the Gaussian are taken to
be so that the ensuing dynamics display internal diffraction
effects. This is because the oscillatory structure of the trilobite
potential acts as a diffraction grating in momentum space.
The anharmonic envelope of the pure trilobite PEC allows the
wavepacket to gain momentum as it traverses down the po-
tential, consequently scattering off the oscillatory structure of
the PEC. At appropriate width and momenta, the consequent
coherent backscattering causes the wavepacket to appear as
a propagating diffraction pattern. A comprehensive analysis
of this phenomenon is presented elsewhere (see Ref. [24]),
including the appropriate initial parameters needed to observe
this effect. Here we build upon the previous work, and take the
required parameters needed to observe diffraction, as given.
Our aim then, is to see how the vibronic coupling between
trilobite and potential affects the previously simulated diffrac-
tion dynamics. We try to analyze the n dependence of the
vibronic corrections, by contrasting the n = 55 case with
n = 57, featuring the most and the least nonadiabatic coupling
strength at the avoided crossing, respectively.
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The relevant potential energy structures of the n = 55 and
n = 57 molecule are shown in Figs. 4(a) and 4(b). We choose
to initialize the Gaussian wavepacket x{(t = 0) [Eq. (13)],
with o = 100ay, and Ry = 4000a,. The width o is chosen
while taking into consideration the available initial states
(vibrational ground states of low-¢ PECs [24]) for the pump-
probe experiment. At the given Ry the diabatic and adiabatic
PECs coincide and show a predominant trilobite character.
Moreover, the initial configuration presented was also used
in the previous single channel study [24], giving the results
comparative value. Figures 4(c) and 4(d) show the resulting
time-evolving probability density functions for n =55 and
n = 57, in position representation. As expected, simulations
with both the n values exhibit a propagating diffraction pattern
for t+ < 100ns, until they probe the avoided crossing. We
see that n = 55 continues to exhibit propagating wavepacket
dynamics mimicking the pure trilobite case, although there is
a noticeable decrease in the contrast of the pattern compared
to the single channel case. This can be explained by the
consistent nonadiabatic transition of the nuclear wavepacket
between V; and V, PECs due to the near-exact crossing, so that
the nuclear wavepacket effectively experiences a pure trilobite
potential, despite the actual wavepacket dynamics occurring
on coupled channels. On the other hand, the n = 57 case,
with a wider avoided crossing, shows a much clearer dimin-
ishing of the diffraction pattern after the first crossing. As the
wavepacket keeps oscillating it probes the crossing multiple
times, thereby destroying the diffraction pattern. When ana-
lyzing the dynamics in the momentum space representation
[see Figs. 4(e) and 4(f)], we see that the diffraction pattern

is more coherent for the n value with the narrower cross-
ing. In addition, when the wavepacket reaches the avoided
crossing for the first time, we see that a considerable fraction
of the wavepacket gains momentum and escape the propa-
gating diffraction pattern. This is because the nuclei which
follow the P-wave decay pathway experience a steep drop
in the potential, resulting in the wavefunction gaining more
momentum before it is eventually absorbed by the CAP. This
phenomenon is more dramatically observed in the case of
n = 57 due to the wider avoided crossing facilitating more
adiabatic decay.

We now focus on the dynamics of the population cal-
culated using the aforementioned formulas [Egs. (15)-(17)].
Figures 5(a) and 5(b) show the total population (marked ), as
well as the channel populations in adiabatic (solid lines) and
diabatic (dashed lines) representations. For both n values, the
total population is constant (unit value) for the first 100 ns,
until the wavefunction probes the avoided crossing. The pop-
ulation starts decreasing as expected, when the wavepacket
is absorbed by the CAP after the avoided crossing. We also
see that the populations in the adiabatic channels start mixing
slightly before the total population decrease. This corresponds
to the short time dynamics that characterize the transfer of
population from the trilobite to the butterfly state near the
avoided crossing. The diabatic channel populations, however,
start mixing much before the wavepackets reach the avoided
crossing, in accordance with our analysis of extended off-
diagonal nonadiabatic couplings in the previous section. This
hints at the non-Landau-Zener nature of the mathematical
model used. Comparing Fig. 5(a) to Fig. 5(b), we see that
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the decrease in total population is indeed more prominent for
n = 57, due to the wider avoided crossing.

C. Multiwell tunneling dynamics

Finally, we move on from higher-energy vibronic dynam-
ics, and shift our focus to low-energy dynamics between
different adjacent wells of PEC. We know that for low n values
(<30) vibrational ground states are generally localized in each
single well of the oscillatory potential (see the Appendix of
Ref. [14]). Here, narrow Gaussian wavepackets (comparable
to accessible pump states) that are initialized in any par-
ticular well primarily perform intrawell oscillations. As we
increase the n value, the oscillatory structure becomes more
and more shallow, decreasing the potential barrier between
adjacent wells. Consequently, vibrational ground states near
the trilobite minima start to become delocalized across mul-
tiple adjacent wells, and corresponding wavepackets exhibit
multiwell tunneling effects.

Starting from n > 42, the vibrational ground states can be
delocalized across two wells, allowing us to engineer two-well
interference effects. Figure 6(a) shows the adiabatic potential
Vi of n = 42, near the trilobite energetic minima. We probe
this region by initializing the vibrational wavepacket (red
curve) as a Gaussian centered around the midpoint of the

well (Ry = 2064ay), with o = 40ay for n = 42. The ensuing
dynamics is shown in Fig. 6(b), where we see a periodic inter-
ference pattern that spans two different wells. The pattern can
be explained by decomposing the wavepacket in the vibronic
eigenbasis, only considering eigenstates with a large contribu-
tion [|c, |2 = |{x (R, t)|x»)|?]. The vibronic spectra are plotted
in Fig. 6(c), where we see that the two highlighted wave-
functions (the ground state and the first excited state of the
trilobite PEC), delocalized across the two potential wells, pos-
sess the highest overlap with the initial states. The other states
only marginally contribute to the dynamics (gray lines), due
to negligible overlap with the initial wavefunction. One can
then successfully explain the pattern as a two-well hopping
dynamics, with a fixed period T = 400 ns that is the inverse
of the vibrational splitting E, — E; = 2.5MHz. Similarly,
Figs. 6(d)-6(f) display and explain the two-well hopping for
the n = 46 ULRM. Just like the previous case, the wavepacket
is a time-evolving superposition of the two lowest-energy
vibration states, localized across two wells. Their larger vi-
brational splitting (~4 MHz) creates a shorter hopping period
of 250 ns.

For higher n values in the range 49-52, the vibrational
states can be localized across three different wells. Figure 7(a)
shows the adiabatic potential V| of the n = 49 trilobite poten-
tial near its energetic minima, as well as the initial Gaussian
wavepacket (Ro = 2450ap, with o = 40ay) of choice. The
ensuing dynamics is portrayed in Fig. 7(b), where we see
that pattern exhibits two different periods, with most of the
population tunneling between next-nearest neighboring wells.
But some of the population periodically localizes in the in-
termediate well with a pulsing period almost twice as large
as the tunneling period. The pattern can be mainly explained
using the phase relations between the responsible eigenstates
[solid lines in Fig. 7(c) marked as v =0, 1, 2] that have a
high overlap with the initial Gaussian. While the highlighted
bound vibronic states are centered around separate adiabatic
potential wells, the wavefunction is clearly localized across
other neighboring wells. This partial delocalized structure,
along with very low-level splitting, leads to very interesting
multiwell tunneling dynamics. The three eigenstates with the
largest overlap with the initial wavepacket have energies Ey =
—1.687GHz, E; = —1.680 GHz, and E, = —1.678 GHz. The
slow tunneling between the two outer wells is mainly gov-
erned by the interference between the first and second excited
states. Their small splitting of E, — E; = 0.002 GHz corre-
sponds to an interference frequency of about 2 MHz, giving
rise to a tunneling timescale of roughly 500 ns. In contrast, the
faster pulsation of probability density in the central well arises
mainly from the interference between the ground and second
excited states. The larger splitting of E, — Ey = 0.009 GHz
corresponds to a frequency of 9 MHz, which explains the
shorter modulation period of about 110 ns visible in Fig. 7(b).
Figures 7(d)-7(f) present similar multiwell tunneling effects
for the n =51 ULRM, whose origin can be traced back to
three similarly delocalized vibronic states. For even higher
n values we can also see four-well and five-well dynamical
effects. However, since the wavefunctions are no longer prop-
erly localized around any single well, the emerging patterns
become less clear. For increasing n, the oscillatory structure
eventually becomes too shallow to hold localized vibrational
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states, so that multiwell tunneling effects are no longer
visible.

IV. CONCLUSION AND OUTLOOK

Our work presents the first step in the study of multichannel
vibronic dynamics in ULRMs. We start by constructing a two-
channel diabatic model from the coupled trilobite-butterfly
system, and then proceed to numerically simulate the propaga-
tion of nuclear wavepackets using a Crank-Nicolson scheme.
The wavefunction is initialized as a Gaussian, with appropri-
ate mean and variance needed to facilitate previously studied
diffraction effects. Once the wavepacket escapes into the but-
terfly channel and reaches small R values, CAPs are used
to simulate an absorbing wall (emulating internal molecular
decay). We observe the two-channel analog of the diffraction
effect with n-dependent nonadiabatic corrections. For n values
with extremely narrow avoided crossings, the propagating
diffraction pattern is nonadiabatically stabilized against decay.
For n values with wide avoided crossings, larger fractions of
the nuclear wavepacket are allowed to escape adiabatically.
However, the high-level density and delocalized nonadiabatic
coupling suggest that high-energy oscillations might need
more than two channels for accurate simulation. In the case
of very low-energy dynamics, accurately simulated using a

|2

few single channel vibrational states, we observe interesting
multiwell interference patterns due to the partially delocalized
vibronic spetrum.

In principle, the results obtained here should be experimen-
tally observable using state of the art pump-probe schemes,
as discussed in our previous work [24]. The preparation of
the initial states, as well as certification of the dynamical
effects can be performed using bound states in low-¢ UL-
RMs. Moreover, the two-channel model provided can also
be used to simulate predissociation dynamics and £-changing
collisions [16,41] with low-£ quantum defect states. With the
recent advancements in optical tweezer technology that now
allow the individual assembly of Rydberg molecules [72], one
can also attain the ability to prepare initial states as localized
ground states with tunable separation. In such cases, modern
three-photon excitation schemes allow us to directly access
the trilobite state [14,73] through the nf-state admixture,
with MHz-scale laser linewidths. This allows us to project
wavepackets directly onto the trilobite PEC, without worrying
about off-resonant excitations to other potentials.

From a theoretical perspective, a more ambitious extension
of this work is to develop a multichannel model, consider-
ing the effect of the quasidegenerate manifold, as well as
couplings to nearby n values. This will allow us to simu-
late vibronic dynamics in high-¢ and low-¢ molecules with
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quantitative rigor. Future theoretical investigations can also
consider introducing an external electric or magnetic field,
breaking the spherical symmetry of the systems and facil-
itating conical intersections. This could possibly result in
interesting dynamical effects induced by geometric phases.
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APPENDIX A: COMPLEX ABSORBING POTENTIALS

Following the approach outlined in [70,71], the CAP is
implemented as a negative imaginary potential of the form

Vear(R) = —inW(R), (A1)

|2

W(R) = [R—R]"OR, —R), (A2)

where 1 denotes the absorption strength, R, the onset position
below which the CAP is active, n the polynomial order, and
©® the Heaviside step function. Typical choices of n =2 — 4
yield a sufficiently smooth onset while keeping reflections
minimal. Within this region, the total Hamiltonian becomes
non-Hermitian,

H =H — inW(R), (A3)

which causes a decay of the total norm according to [70]
d
EII‘I’II2 = 2n(V|W (R)|V). (A4)

Hence the decrease of ||W||? directly reflects the loss of flux
into the absorbing region.

For ultralong-range Rydberg molecules, optimal CAP pa-
rameters depend on the typical kinetic energy of the nuclear
wavepacket. A sufficiently weak absorber (n ~ 10~!! atomic
units, or ~107> GHz) ensures that the physical dynamics in
the interaction region remain unaffected while reflections are
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minimized. For each n value, R, is chosen so that the effec-
tive CAP length (~1000ay) far exceeds the local de Broglie
wavelengths of the outgoing component to guarantee smooth
absorption. In our two-channel model, the CAP is initially
defined in the adiabatic representation, where it acts only
within the butterfly potential channel. Upon transformation
into the diabatic basis, the CAP is distributed over both di-
abatic components according to

Vear(R) 0

0 0 (A5)

VELR) = U*(R)( )U<R>,

ensuring consistent damping of the diabatic wavepacket am-
plitudes.

APPENDIX B: THREE-CHANNEL
DERIVATIVE COUPLINGS

Figure 8 shows the off-diagonal derivative couplings be-
tween the three adiabatic states v, v, and 3, with the
corresponding adiabatic PECs shown in Fig. 1. The adiabatic
states considered are formed by the mixing of the f state, trilo-
bite state, and the butterfly state. All the derivative coupling
elements show highly oscillatory behavior, as they are com-
prised of hybridized radial atomic wavefunctions and their
derivatives. In the vicinity of the trilobite-butterfly avoided
crossing, Pj» dominates the other coupling terms, especially

for the n = 55 case, where its magnitude is several orders of
magnitude higher than the other coupling elements. We also
see two peaks in P»3 that correspond to the avoided cross-
ing between trilobite and f state (R ~ 800ap) as well as the
avoided crossing between butterfly and f state (R ~ 3000ay).
Since we initialize our wavepacket in channel 1, the coupling
between 1, and 3 is not so important for low-energy os-
cillations, given that the wavepacket does not reach the f
state. However, we note that the coupling between channels 1
and 3 (given by Pj3) is not negligible. In fact, Pj3 seems to
dominate Py, at larger R values beyond the crossing between
the butterfly and f states (R > 3000ay). This can be explained
by the change of 13 from f state to butterfly state beyond the
avoided crossing, so that Pj3 represents the coupling between
the trilobite and butterfly states at larger R values. Moreover,
all the off-diagonal terms show GHz-scale energy structure
for an extended R range away from the avoided crossing.
This confirms that a quantitatively accurate treatment of the
vibronic dynamics of the ULRM should definitely include
three or more channels. However, it is important to note that
the nonadiabatic transition probability is also dependent on
the particle momentum (or derivative of the wavefunction)
and the energy splitting, not just P;;, so the primary correction
to the adiabatic approximation, and consequently the primary
cause of n-dependent nonadiabatic stabilization, is the behav-
ior of Py, at the avoided crossing.
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We perform three-photon photoassociation to obtain high resolution spectra of 8’Rb trilobite dimers for
the principal quantum numbers n = 22, 24, 25, 26, and 27. The large binding energy of the molecules in

combination with a relative spectroscopic resolution of 10™* provides a rigorous benchmark for existing
theoretical models. A recently developed Green’s function framework, which circumvents the convergence
issues that afflicted previous studies, is employed to theoretically reproduce the vibrational spectrum of the
molecule with high accuracy. The relatively large molecular binding energy is primarily determined by the

low-energy S-wave electron-atom scattering length, thereby allowing us to extract the 35, scattering phase
shift with unprecedented accuracy, at low-energy regimes inaccessible to free electrons.

DOI: 10.1103/PhysRevLett.134.223401

Introduction—The ability to introduce Rydberg excita-
tions in ultracold atomic gases has set in motion a new
branch of molecular physics, wherein atoms are bound over
large distances via unconventional binding mechanisms
[1-7]. Trilobite molecules are a peculiar category of such
ultralong-range Rydberg molecules (ULRMs) [1,8-11],
bound by a ground-state atom scattering off a Rydberg
electron with high angular momentum #. These homonu-
clear dimers, which exhibit permanent electric dipole
moments in the kilo-Debye range [12—15] and have bond
lengths of the order of micrometers, promise dynamical
effects and field control not typical of conventional
molecules [16—18]. Although the first experimental evi-
dence for the trilobite dimer was obtained by mixing the
trilobite wave function to low-# Rydberg states [14,19], it
was only very recently that direct photoassociation of the
molecule, accessing the trilobite potential energy curves
(PECs), was made possible [15]. For more than a decade,
numerous spectroscopic studies have been performed on
ULRMs [20-28] providing detailed insights into the spin
structure, potential energy landscape, and rovibronic spec-
tra of these dimers. Since the low-energy scattering of the
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Rydberg electron forms the binding mechanism of the
molecule, the depth of the potential wells and the vibra-
tional binding energies are directly dependent on the size
of the scattering partial wave L. In turn, high resolution
spectroscopic data can provide precise values of the spin-
dependent scattering lengths, ultimately testing the validity
of the underlying interaction mechanism. Consequently, the
ULRM has been used as a laboratory to extract electron-
atom scattering lengths and resonance positions at low-
energy regimes inaccessible with free electrons [21].

In this work, we combine the newly formulated Green’s
function method [29] with the advantages of pure trilobite
photoassociation spectroscopy. Because of the large mole-
cular binding energies and the high precision of spectro-
scopic measurement, we determine the potential energy
depth with unprecedented accuracy, and extract the energy-
dependent e~ —Rb, 3S; scattering length. At the same
time, we find indications that the predictive power of the
underlying molecular Hamiltonian is being challenged,
and further insight in the direction of nonadiabatic physics
[30-32] and/or higher order scattering terms is necessary
before we can unravel agreement between experiment and
theory data within the resolution achieved.

Interactions and methodology—The Born-Oppenheimer
PECs U,(R) and the associated electronic states ¢;(7; R)
are obtained by solving He;(7;R) = U;(R)p;:(F; R),
where the electronic Hamiltonian H incorporates the fine
structure of the Rydberg electron, hyperfine structure of
the ground-state atom (with a total spin F = 1, 2 for 8’Rb),
and the six different electron-atom scattering channels
(1S9,% S1,! P1,? Py 1) Until recently, the standard method

Published by the American Physical Society
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for determining the PECs was the diagonalization of H
in a truncated basis [33]. Here, the scattering interaction
between the Rydberg electron and perturber is character-
ized by a Fermi-type pseudopotential in S-wave [34] and
P-wave channels [35]. While providing a valid semi-
quantitative description of the system, the Dirac-delta form
of the pseudopotential introduces unphysical basis size
dependence of the PECs obtained utilizing diagonalization
schemes [36]. Furthermore, the approach suffers from
diverging scattering volumes in the P, scattering channels
introduced by negative ion resonances. For this reason,
the scattering phase shift extracted by comparing exper-
imental and theoretical binding energies obtained utilizing
this method needs to be handled with care. Alternative
approaches have been developed, but as these do not
include all spin interactions, they are not sufficiently
accurate to meet high-precision spectroscopy [37,38].
However, the recently developed nonperturbative Green’s
function formulation (see [29] for detailed explanation)
accounts for all spin interactions, and circumvents the
aforementioned convergence issues.

Figure 1 shows the Born-Oppenheimer potential energy
landscape of the ULRM obtained using the Green’s func-
tion calculation for principal quantum number n = 27, with
the projection of total angular momentum along the
internuclear axis taken to be M = 1/2. The zero frequency
is the asymptotic pair state Rb(27f7,,) +Rb(5s, F = 1),

-6 4

Energy (GHz)

-10 4

-12

T T

T T T T T
400 600 800 1000 1200 1400 1600 1800
Internuclear distance (ap)

FIG. 1. Rydberg n =27, M = 1/2 molecular Born-Oppen-
heimer potential curves obtained using the Green’s function
treatment (gray curves). The black curves highlight the trilobite
potentials we experimentally probe, and for comparison the blue
curves are potentials calculated by numerical diagonalization
(using n € 25, 29] basis). On the right are two density plots of the
Coulomb Green'’s function which represents the Rydberg electron
distribution. Because of the S-wave scattering and the admixture
of high angular momentum states, the probability of the electron
staying at the position of the ground-state atom is maximized.

from which the two potential curves emerge (black curves),
corresponding to the pure triplet scattering channel (lower
PEC), and a singlet-triplet mixed channel (upper PEC). For
illustration the same two potentials were calculated with the
diagonalization method (blue dotted curves), which leads
to 10% deviation in the binding energy. At 1050 a the
trilobite levels interact with the plummeting “butterfly”
potential curves resulting from the shape resonance in the
P-wave scattering, of which there are five of predominantly
3P, configuration, three of 3P|, and a single 3P. In this
work we experimentally access the vibrational bound states
in the highlighted trilobite curves (hereby referred to as
triplet trilobite and mixed trilobite PEC) for n = 22, 24, 25,
26, and 27.

Experimental setup—We prepare the atomic sample
starting from a magneto-optical trap of 8’Rb atoms, which
are subsequently transferred into a crossed dipole trap
operating at 4 = 1064 nm. The spherical atomic ensemble
has a temperature of 40 pK, a diameter of 40 pm and a
peak density of 4 x 10'3 cm™3. The atoms are prepared in
the F =1 hyperfine ground state. Employing a three-
photon excitation scheme (551, = 5p3/, = 5ds;, = nf7/2)
at wavelengths of 780, 776, and 1276-1288 nm, we can
photoassociate pure trilobite Rydberg molecules utilizing
its f-state admixture. For precise frequency control, all
three excitation lasers are frequency stabilized to an ultra-
low expansion cavity using a Pound-Drevel-Hall locking
technique. Immediately following the excitation, the
Rydberg atoms are ionized using a CO, laser. The resulting
ions are guided by an electric field in a Wiley-McLaren
configuration onto a time- and position-resolved multi-
channel plate detector, enabling the direct measurement of
the momentum distribution prior to ionization. Hence, we
are able to distinguish the ions that have zero momentum,
and consequently detect long-lived stable molecular
states [15]. The full momentum signal, however, contains
the signatures of both long-lived and short-lived molecular
resonances. The generated ions are counted for each
detuning step (2 MHz) and averaged over typically 10
experimental runs. To estimate the maximum error for the
frequency, we use the accuracy of the free spectral range of
100 kHz, resulting in an error for the lowest trilobite state
of (21 GHz/1.4978 GHz) x 100 kHz = 1.4 MHz. On the
other hand, we use the frequency step size of 2 MHz as the
readout error. This results in a frequency uncertainty of
3.4 MHz, which corresponds to a deviation smaller than
0.01% at a binding energy of 21 GHz and thus illustrates
the excellent accuracy of the experiment.

Spectral analysis—Figure 2 shows the observed spectra
for all measured n, which are several gigahertz red detuned
from the nf;,, atomic resonance. Two different vibrational
series can be identified, which still overlap at the principal
quantum number of 22 but are clearly separated at n = 25.
These originate from the mixed and the triplet F/ = 1 PECs,
respectively. The vertical lines show the calculated binding
energies for the triplet F = 1 (green lines) and the mixed
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FIG. 2. The zero momentum (red) and full momentum (blue)
ion signals as a function of the frequency detuning from the nf7/,
atomic resonance, for all measured n values. The calculated
eigenenergies are shown as vertical lines for the triplet F =1
(green) and the mixed (orange) potential.

(orange lines) trilobite states. The number of vibrational
states in each potential is limited by the position of the
crossing with the butterfly PECs, as tunneling toward
shorter internuclear distances occurs, leading to state-
changing collisions or associative ionization [15,39]. For
n < 24, there is a single outer well beyond the P-wave
crossing, whereas for n = 24 and above, there is a second
potential well. This explains the presence of double peaks
in the spectrum for n = 24-27 that are absent in the n = 22
spectra (see End Matter for more details). The presence of
the second potential well renders the assignment of the
vibrational states challenging. Here, knowledge of the
permanent dipole moment helps in the identification of
states, as the dipole moment of the vibrational state
increases with bond length. To determine the dipole
moment, a weak electric field is applied and the broadening
of the state is measured [15]. The measured dipole
moments for different vibrational states of the n =27
mixed trilobite potential is shown in Fig. 3. Their magni-
tudes accumulate around two different values, which
clearly allows the assignment of the vibrational states to
the two calculated potential wells with minima at 1100 a,
and 1275 a,. Note that the relative motional state of two
ground-state atoms in our setup varies slowly over the
extent of the molecular vibrational states, implying minimal
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FIG. 3. The trilobite spectrum (red) for the energy range of the
mixed potential for a principal quantum number of n = 27 with
the potential energy curve (black) above including vibrational
probability densities (blue, not to scale). The observed dipole
moments of each measured peak are shown and assigned to the
corresponding vibrational state.

Franck-Condon overlap for odd molecular vibrational
states. However, the molecular spectra shows that both
odd and even vibrational states have comparable signal
strength. This phenomenon is explained by considering the
oscillations of the nf;,, admixture in the trilobite state
(responsible for the dipole transition from 5ds/,) that
violates the Franck-Condon approximation that electronic
transitions are independent of the nuclear coordinates and
facilitates the photoassociation of odd vibrational states.
Phase shift extraction—We now discuss the extraction of
the low-energy S-wave scattering phase shift from the high
resolution data experimentally obtained. By solving the
unphysical basis dependencies that afflicted other calcu-
lations, we are able to modify and correct previous phase
shifts in such a way that it reproduces the observed
resonances more precisely, without dependence on any
external model parameters. For this, we added a ninth order
polynomial to the phase shifts fitted in [21] and treated the
coefficients as fit parameters. These were varied until the
total difference between the theoretical and experimental
bound state spectra from all n» were simultaneously mini-
mized, while avoiding any unphysical oscillatory behavior.
Figure 4(a) illustrates the trilobite potential energy curves
as a function of the semiclassical electron momentum k.

Note that k(R) = \/2U,(R) + 1/R is calculated separately

for each particular PEC U,,(R), and the curves are vertically
offset for an easier visual comparison. The overlapping k
ranges for multiple n values provide several data points
(vibrational states) in each k window whose energetic
positions are sensitive to the changes in phase shift. By
minimizing the error between the computed and observed
binding energies for the vibrational ground states localized
in the outer well, for all values of n simultaneously,
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FIG. 4. Potential energy structure and extracted S-wave phase
shifts. (a) Illustrative sketch of the probed trilobite PECs as a
function of k, limited between the energy zeros (k = 0) and the
P-wave crossings (k ~ 0.025) for each PEC. (b) The PECs (solid
blue and black lines) and the ground vibrational states (dashed
lines) of the molecule, for n = 26, in comparison with the ion-
count spectra (red). (c) The dashed black curve shows the 35,
phase shifts fitted anew, with the shaded blue region in the
background portraying the uncertainty in the fitting of phase
shifts (see text), leading to corresponding deviations in binding
energy as shown in (b). The green curve is the phase shift taken
from the previous fit (from Ref. [21]), and the orange curve is the
ab initio calculation of the phase shift (from Ref. [42]).

we prevent possible overfits in our phase shift calculations
(see End Matter for more details). Figure 4(b) shows the
trilobite potential energy curves for n = 26, calculated
utilizing the phase shifts shown in Fig. 4(c). The newly
fit S-wave scattering phase shift [dashed black line,
Fig. 4(c)] differs considerably from those previously
determined by Ref. [21] or calculated ab initio by
Refs. [40—42]. The shaded blue region in Figs. 4(b) and
4(c) is used to illustrate the sensitivity of the molecular
binding energy on the 3S scattering length. A 0.8% change
in the S-wave phase shift in the relevant k range [Fig. 4(c)]
induces an error of ~138 MHz in the binding energy of the
n = 26 vibrational ground state [dashed lines Fig. 4(b)],
nearly 2 orders of magnitude larger than the experimental
resolution. The uncertainty of 0.7% in the 3S; phase shift is
barely visible in comparison to the large deviation from the
previously fitted or calculated phase shifts. Apart from
illustrating the sensitivity of our calculations, the shaded
region also shows the range of S-wave phase shifts within
which the theoretical and experimental data can be
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FIG. 5. The percentage relative difference of the experimental
results with respect to the numerical calculations given by
Ag = 100% x (e, — €,)/€,, where €, and €, represent the ex-
perimental and theoretical data, respectively, for (a) the calculated
vibrational binding energies and (b) the splitting between vibra-
tional states localized in separate wells. The states localized in the
inner well are marked with diamonds.

selectively matched perfectly for each n value (case of
overfitting). The inability to match observed and calculated
binding energies simultaneously for all values of n, within
experimental error bars, implies that there might be
limitations in the description of the molecular interactions
in the Hamiltonian. This necessitates a quantitative analysis
of the error between the observed spectra and the numerical
spectra calculated with the optimized phase shifts.

Figure 5(a) portrays the relative error of the binding
energies of all the measured vibrational states with respect
to their theoretical counterparts. The vibrational states
localized in the outer wells of the n > 24 trilobite PECs
are uniquely S-wave dominant and show an excellent
maximum relative error < 0.4%. Although the inner-well
states (marked by diamonds) are also S-wave dominant,
the exact positions of the 3P0,1,2 crossings finely affect the
number of bound states observed. However, we see that
their binding energies are also largely dependent on the 3,
phase shift, and were reproduced with a relative error
< 0.8%. The average of the absolute values of all error
values shown in Fig. 5(a) was calculated to be only 0.23%,
validating and quantifying the high accuracy of the calcu-
lated potential energy depth and the extracted 3S, phase
shift. Furthermore, in Fig. 5(b) we show the relative error
between the experimental and theoretical estimates of
vibrational energy splitting for both the inner-well states
(marked by diamonds) and the outer-well states. This
serves as a better estimate for the accuracy with which
we probe the shape of the potential well. The difference
between adjacent energy levels in both the triplet and the
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mixed PECs are obtained separately and the relative error is
shown for each n value. States localized in the outer wells
(for n = 24-27) exhibit maximal relative error 2.7%, with
the inner-well counterparts featuring error rates less than
10%. The states localized in the single well of the n = 22
trilobite potential exhibit error rates less than 5%. Further
improvements in the molecular Hamiltonian would be
necessary to produce numerical results that reproduce
the experimental data within the resolution achieved.

Conclusion—To summarize, we have measured pure
trilobite Rydberg series for five different principal quantum
numbers at a resolution of 10™*. Permanent electric dipole
moments of almost 3000 D were measured and it was
shown that this allows an unambiguous assignment of
vibrational states in multiwell potentials. Furthermore, the
recently developed Green’s function method was used to
analyze the most extensive experimental study of the
trilobite ULRM to date. This allowed the binding energies
and vibrational splittings to be theoretically reproduced
with a relative error less than 0.8% and 10% respectively,
providing us with an accurate estimate of the depth and
shape of the potential energy curves. The vibrational
ground states measured have large binding energies in
comparison to the resolution, and are exceedingly S-wave
dominant. This allowed for the extraction of low-energy
3§, -wave scattering phase shift for ¥’Rb with unprecedented
accuracy in the relevant k£ range. We argue that the accuracy
achieved is largely limited by the predictive power of the
Hamiltonian and an enhanced understanding of the molecu-
lar interactions is necessary to proceed further. The high
resolution data provided are a strong benchmark to test
future theoretical models of the ULRM, and can potentially
lead to an even deeper insight into low-energy electron-
atom scattering.
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End Matter

All bound states localized in the trilobite potential energy
curves are predominantly of S-wave character and can be
used to extract 3| phase shifts. However, near the avoided
crossing with the butterfly potential curve, the electronic
state of the molecule acquires some amount of 3P,
character. Hence, large changes in the P, phase shifts
change the exact position of the avoided crossing, thereby
limiting the number of bound states observed in the inner
well. Since the outermost well of the trilobite molecule for
n > 24 is much less affected by large changes in the
P-wave phase shifts, we first fit the 35, phase shift in the
range k€[0.01,0.018]. Subsequently, we simultaneously
change the S-wave and P-wave phase shifts to minimize
the errors in the inner-well states in the range
k€[0.018,0.025], while avoiding unphysical oscillatory
behavior in the 3§, phase shift.

Figure 6 shows the extracted 3P, phase shifts (black
curve) and the sensitivity of the potential energy structure
to large changes in the P-wave phase shifts. For compari-
son, we show the potential energy curve of the n =24
trilobite utilizing different sets of P-wave phase shifts.

We see that the outer-well bound states are very insensitive
to even large changes in P-wave phase shifts, as expected
from their nearly pure S, character. However, the P-wave
phase shifts by Ref. [21] (green curve) do not accurately
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FIG. 6. The potential energy structure of the n = 24 trilobite
molecule (a) calculated with the newly extracted 35, phase shifts
with varying 3P, phase shifts (b). The orange lines are the 3P,
phase shifts taken from ab initio calculation, the green lines are
phase shifts taken from the previous fit, and the black lines are
the newly extracted phase shifts.
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FIG. 7. The vibrational spectra of the trilobite molecule (black) for all the measured n values, from n = 22 to 27 plotted in
(a)—(e), respectively. The blue (red) lines represent the full (zero) momentum ion counts.

predict the inner-well bound states, while the phase shifts
by Ref. [42] (orange curve) renders the inner well and the
observed inner-well bound state completely absent. The
newly extracted set of phase shifts (black curve) not only
accurately predict the positions of the inner-well and outer-
well bound states for n = 24, it also reproduces the double-
well structure for n = 24-27 and explains all the double
peak structures quite well (see Fig. 7).

Figure 7 shows the vibrational spectra of the trilobite
molecule for all n values observed. The vibrational states
calculated using the newly extracted phase shifts are plotted
adjacent to the observed ion count signal, making the
assignment of peaks to the inner or outer well straight-
forward. The zero momentum spectra (red) helps us
identify stable bound states and accurately depicts almost
all fully bound states in the outer well. The full momen-
tum spectra, on the other hand, also contain the zero

momentum signal, as well as signals from unstable
molecular resonances. Signals that are present in the full
momentum spectra but absent in the zero momentum
spectra represent these unstable states, either highly excited
states in the outer well [see Fig. 7(c)] or states localized in
the inner wells of the n =24, 25 molecule near the
avoided crossings [see Figs. 7(c) and 7(d)]. Note that some
of these unstable states might be significantly affected
by nonadiabatic coupling, explaining the relatively larger
error in the numerical prediction of their vibrational
splittings (~10%). Since large changes in the 3P, phase
shifts are necessary to affect the binding energies of the
inner-well states, the exact form of the 3P, phase shifts
extracted have limited accuracy. Nevertheless, the binding
energies of all bound states (in the inner and outer wells) are
reproduced very accurately (error ~0.8%; see Fig. 5) as is
visible in Fig. 7.
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We report the observation of spin-singlet ultralong-range Rydberg butterfly molecules consisting of a
ground-state atom bound to a Rydberg atom by P-wave scattering of $Rb Rydberg electrons from
87Rb(5 s) atoms. A three-photon excitation scheme enables the photoassociation of these molecules by
weakly admixing Rb(18f7/,) states. The measured binding energies, kilo-Debye permanent electric dipole
moments, and lifetimes are in excellent agreement with theory. Two long-lived vibrational levels, red
detuned from the Rb(18f7/,) threshold, are observed. This experiment is a foundational step in the
production of ultracold anions and heavy Rydberg ion-pair systems.

DOI: 10.1103/q5r1-whjr

The zoology of ultra-long-range Rydberg molecules
(ULRMs) categorizes its subjects by the orbital angular
momentum (£) of the Rydberg electron [1-4]. Generally,
low-£ Rydberg states with nonzero quantum defects scatter
off perturbing ground-state atoms to form nonpolar
ULRMs [5-7], while nearly degenerate Rydberg states
with high ¢ hybridize in interaction with perturbers to form
polar ULRMs [8-11]. These molecules, known collo-
quially as trilobites and butterflies, possess large permanent
electric dipole moments and have been observed in ultra-
cold gases of alkali atoms in predominantly spin-triplet
configurations [12—16]. Spin-singlet configurations lead to
much shallower, or even repulsive, molecular potentials,
and thus to date have only played an indirect role through
the mixing of singlet and triplet states via the hyperfine
structure of the ground-state atom [17-19].

Ultracold neutral plasmas have been created [20-23],
sparking the exploration of exotic phases such as the
frozen-Rydberg gas [24-26] and Coulomb crystal [27] in
ultracold gases. While there may be a diverse selection of
systems that can be used to create pair-ion plasmas [28-30],
two component cold plasmas created by ionizing ultracold
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atoms suffer from a variety of heating mechanisms mainly
because one component (electron) is always much lighter
and faster, thus leading to heating and spontaneous three-
body recombination and Rydberg formation [31]. In 2013,
it was proposed to create an ultracold two-component
plasma in a magneto-optical trap utilizing charge transfer
to form ion pairs out of Feshbach molecules [32,33].
Recently, a scheme utilizing the spin-singlet (\P,) butterfly
ULRM as a central step to form heavy Rydberg states has
been proposed [34].

Heavy Rydberg states, the molecular analogs of Rydberg
atoms, can dissociate into positive and negative atomic
ions, thus providing a pathway toward production of
ultracold anions that avoids known challenges posed by
the lack of laser-cooling transitions in typical anions or
difficulties with sympathetic cooling [35,36]. Therefore,
the production of singlet ULRM states is an important first
step toward the creation of strongly coupled two-compo-
nent plasmas and ultracold anions. While such singlet
ULRM potentials were first predicted in 2002 [10], bound
molecules in the singlet butterfly molecule have not been
observed for more than two decades.

In this Letter, we report the observation of a 87Rb
butterfly long-range Rydberg molecule in the spin-singlet
('P,) configuration. We use a three-photon excitation
scheme to photoassociate the n = 18 singlet butterfly
molecule via the small f-state admixture in its electronic
state. Two long-lived vibrational states bound within a well
lying about 5 GHz below the 18f;/, atomic resonance are
detected. The measured binding energies, dipole moments

Published by the American Physical Society
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and lifetimes of these levels are in excellent agreement with
theoretical predictions, confirming the 'P; characterization
of the molecule.

The binding mechanism of an ultra-long-range Rydberg
molecule is mediated by the scattering of the Rydberg
electron from the ground-state atom a distance of R.
Scattering via S and P partial waves dominates
because of the Rydberg electron’s low kinetic energy.
The phase shifts in these partial waves are sensitive to
both the spin configuration (singlet and triplet) and, for
heavy atoms such as Rb and Cs, the fine structure in the
P-wave channel. We include the six dominant scattering
channels 25*1L;:1Sy,1P,,3S|, and 3P;,,. The resulting
high-# molecular states are largely decoupled from one
another.

We obtain the adiabatic potential energy curves from the
R-dependent eigenvalues of the electronic Hamiltonian,
including the full spin-dependent structure of both Rb
atoms [37], computed using a Green’s function treat-
ment [38].

Figure 1(a) shows the adiabatic potential energy
curves (PECs) for Q = 3/2, where Q is the projection of
the total angular momentum onto the internuclear
axis. The dissociation threshold corresponds to the
(|118f72) + |551/2. F = 1)) pair state. The 'P; scattering
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FIG. 1. (a) Born-Oppenheimer potential energy curves for the

n =18, Q =3/2 Rb, ULRM. The black curve highlights the
potential curve with M; = 0, whose oscillations are deep enough
to support vibrational states. The red box marks the first butterfly
well, magnified in the inset with the calculated vibrational states.
(b) Electron density distribution of the spin-singlet butterfly
molecule.

produces the oscillating “stairwell” potential highlighted in
black as well as the nonoscillating potential slicing through
the stairwell. At the equilibrium point of the highlighted
potential well, the electronic state has a 98.6% spin-singlet
admixture [39]. Although the projection of the orbital
angular momentum M; is not separately conserved, these
two potentials are predominantly of M; =0 and |[M,| =1
character, respectively, due to the very weak spin-orbit
coupling [44,45]. There is no appreciable change in the
stairwell potential for different values of €, given that the
M, = 0 configuration is not forbidden. Unlike the 3S; and
3P, phase shifts, the 'P, phase is a monotonic and concave
function of the electron momentum k. Hence the PECs
exhibit local minima only due to the oscillatory Rydberg
electronic density.

The first well in this stairwell potential supports three
bound vibrational states [see inset of Fig. 1(a)]. Their
energetic proximity to the 18 f;/, resonance, and the f-state
electronic admixture they possess make it possible to
access these vibrational states via three-photon excitation.
To observe these states, we prepare 8’Rb atoms in a crossed
dipole trap operating at = 1064 nm with a temperature of
40 pK, a diameter of 40 pm, and a peak density of
4 x 103 cm™3. Initially, the atoms are in the F =1
ground state and photoassociation in the molecular
state is achieved by a three-photon excitation scheme
(5S1/2 d 5p3/2 d 5d5/2 d 18f7/2) at 780, 776, and
1308 nm, where the first two lasers are blue detuned to
the intermediate states. After excitation, the Rydberg atoms
are ionized by a CO, laser and the ions are detected in a
reaction microscope. The experimental sequence consists
of 1100 excitation and ionization pulses with a duration of
texe = 3 ps. During excitation, the dipole trap is turned off
to avoid ionization from the 5d5s, state. Because of the high
field sensitivity of the molecules, the electric extraction
field is switched off during photoassociation, while a
residual field remains.

Figure 2 shows the spectrum with energies measured
relative to the 187/, atomic resonance. The solid black
curve shows a fit of eight Lorentzian peaks, binned over the
raw signal (gray markers). The spectrum clearly exhibits
two narrow main peaks, with a full width at half maximum
(FWHM) of about 7 MHz. Compared to the pure trilobite
resonances observed in Refs. [15,16], the FWHM is the
same, but the signal strength is significantly lower. We
attribute the lower signal strength to the smaller molecular
bond length, which reduces the Franck-Condon factor due
to the reduced probability of finding two atoms at the
correct separation in the ultracold gas. These resonances
can be assigned to the ground and first-excited vibrational
states in the first well of the stairwell potential, below the
187/, atomic resonance [Fig. 1(a)]. The red curve shows
the theoretical photoassociation spectra, with the relative
signal heights showing a good match between experiment
and theory [39].
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FIG. 2. Binned ion Rb* signal (gray markers), the Lorentzian
fits (black curve), and calculated photoexcitation signal profile
(red curve) are plotted as a function of detuning from the
Rb(18f7/,) threshold. The first two molecular singlet butterfly
resonances are magnified in the two insets. On the horizontal axes
in the insets, the molecular resonances are at zero energy, whereas
on the main figure, the zero is at the atomic Rydberg resonance.

Note that the signal strengths do not follow the Franck-
Condon behavior [46,47], which would predict a much
weaker signal for the odd-parity vibrational state, due to the
strong R dependence of the 18/, state admixture in the
singlet butterfly state. Finally, the observed splitting
between the two resonances, AE, = 1.06 GHz, is in
excellent agreement with the calculated vibration splitting,
AE, = 1.09 GHz.

The spectrum also contains several peaks with substan-
tially lower signal strength. These resonances have a high
FWHM that is more than twice as large as that of the two
larger peaks. One of these peaks fits well with the second
excited vibrational state (v = 2) at a detuning of about
—3 GHz, with an FWHM of 76 MHz. The lower signal
strength can be attributed to a shorter lifetime due to
molecular decay; this state has a much higher tunneling rate
through the potential barrier separating it from the short-
range region where /-changing predissociating collisions
become dominant.

The origin of the other low signal peaks is not well
understood. While highly excited trilobite states (stabilized
through nonadiabatic effects [48,49]) can exist for n = 18
in this energy range, the computed level spacing
(~550 MHz) of these states is substantially smaller than
that seen between the observed resonances. There are
additional molecular potential curves associated with
higher partial wave (L > 2) scattering present in this energy
range at still smaller internuclear distances [11], and thus a
possible candidate for these features could be “dragonfly”
Rydberg molecules. A quantitative calculation to verify this

requires the extension of the spin-coupled Green’s function
treatment to include L = 2 partial waves, and thus further
characterization of these states remains the subject of
future work.

Recent works have elaborated on the extraction of 35,
phase shifts [16] and 3P, resonance positions [40] using
spectral analysis of the ULRM. In the present calculation,
we use the energy-dependent 3S; and 3P; phase shifts fitted
to trilobite spectra in Ref. [16], as they accurately describe
the S = 1 trilobite and butterfly curves. The 'P; phase shift
for Rb were taken from Ref. [50], which is in good
agreement with that calculated by Ref. [51]. The 'P; phase
shift was modified by an energy-independent factor of 1.02,
which shifts the well depth by around —435 MHz and leads
to the excellent match between theoretically predicted and
observed molecular resonances seen in Fig. 2. A perturba-
tive estimate shows that contributions from L = 2 scatter-
ing could have an effect on the level of several tens of MHz.

We next characterize the two main peaks by their electric
dipole moments and lifetimes to confirm that they correspond
to singlet butterfly molecules. Since the butterfly potential
originates from the degenerate hydrogen manifold and
couples high angular momentum states with different parities,
these high-# ULRM exhibit linear Stark shifts. To determine
the dipole moment, the broadening of the molecular reso-
nance is measured for different electric fields and fitted with a
convolution of a Lorentzian and two step functions of width
2dE [see Fig. 3(a)]. Figure 3(b) shows the fitted dE as a
function of the electric field, which leads to nearly identical
dipole moments of 851 and 857 Debye, for the n,, = 0 and
n, = 1 levels, respectively. The theoretical dipole moments
were calculated using electronic states obtained by diagonal-
izing the electronic Hamiltonian in a truncated basis of
Rydberg states after benchmarking the basis size using the
Green’s function results [37]. The results are summarized in
Table I and show an excellent agreement with the measured
dipole moments, with less than 3% relative error between
theory and experiment. The values of the dipole moments rule
out the possibility that these states have been misclassified as
singlet butterfly states, as other high-# ULRMs in this same
energy range, either the L = 0 (trilobite) or L = 2 (dragonfly)
states, possess smaller dipole moments [2,10,11].

Figure 3(b) also shows the theoretical Stark broadening
map as a function of the applied electric field E, while
considering a residual field E,. We see that the theory and
observation matches well when we take E to be 1 V/m,
corresponding to a Stark broadening of 5 MHz. The Stark
broadening of the polar molecule due to the residual stray
field is thus the main contributor to the observed resonance
widths, followed by the finite laser linewidth.

Finally, we measured the lifetime of the butterfly
molecules by reducing the pulse duration to 1 ps and
varying the time of ionization. We only count Rb™ ions
with zero momentum as £-changing collisions lead to ions
with large momentum. The ion counts are then fitted with
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FIG. 3. Measurement of the dipole moment for the v =0

butterfly state. (a) Spectrum of the molecular resonance for
different electric fields fitted with a convolution of a Lorentzian
and two step functions of width 2dE. (b) The stark broadening
map of the v = 0 state with the measured resonance widths (green
markers) plotted as a function of applied electric field E,. The
dashed blue curve is the calculated width dE as a function of the
total electric field E = \/E2 + E3. The red curve is a fit over the
observed data used to obtain the dipole moment of d = 851 +
104 Debye.

an exponential function as shown in Fig. 4. The vibrational
ground state shows a longer lifetime than the corresponding
atomic resonance. This is a signature of the high-¢&
admixture of the molecular state, as the lifetime increases
with angular momentum. This was also observed in
previous trilobite studies [15]. Additionally, we find that
the v =1 vibrational state has a significantly shorter
lifetime than does the ground state. This can be attributed

TABLE 1. Binding energies, full width at half maximum
(FWHM), dipole moments, and lifetimes of the butterfly mol-
ecules.

v=20 v=1 18172
Ey gxp (MHz) 5107 £2 4047 £2
Eyheo (MHz) 5119 4027
FWHM (MHz) 72+£04 7.1£0.9
dgy, (Debye) 851 £ 104 857 + 104
drheo (Debye) 852.5 832.6
Lifetime (ps) 6.31 + 0.67 1.794+£0.19  4.15£0.06

10 # Ty_o= (6.31 % 0.67) us
B Tisr,= (4.15 + 0.06) us
w 0.8 - B t-1=(1.79 £ 0.19) us
€
>
[]
|9
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S
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FIG. 4. Normalized ion counts as a function of the delay
between excitation and ionization for the two molecular and the
atomic 187/, state. The high-# admixture leads to an increased
lifetime of the molecule. The shorter lifetime for the v = 1 state is
likely due to the avoided crossings with M; = 41 potentials.

to its energetic proximity to the avoided crossings between
the M; =0 and M; = %1 curves, leading to increased
nonadiabatic decay to smaller internuclear distances, con-
sequently resulting in Z-changing collisions or associative
ionization. However, the computed lifetimes of these states
are substantially longer than those measured [39], sug-
gesting that effects outside the scope of this calculation,
such as three-body collisions or additional potential curve
coupling to higher partial wave states, may play a role in
reducing the lifetime.

The work presented here constitutes the first observation
of a Rydberg butterfly molecule where the Rydberg
electron and the valence electron of the ground-state atom
are in a spin-singlet configuration. The observed level
spacing and dipole moments are incompatible with any
other vibrational states (e.g., highly excited trilobites) that
could be present in this energy range, and are in excellent
agreement with the properties of singlet butterfly molecules
predicted by theory. This also verifies the accuracy of the
theoretical description based on the energy-dependent
scattering phase shifts for the 'P; channel calculated in
Refs. [10,50]. The unassigned peaks visible in the spectrum
point toward the importance of including higher-order
partial wave scattering in the theoretical description and,
given the smaller internuclear distances and low principal
quantum number at play in this experiment, possible
improvements to the underlying Fermi model.

The successful preparation of such singlet character-
dominated molecular states is a key stepping stone toward
the production of heavy Rydberg ion-pair states.
Dissociation of such ion-pair states will lead to the creation
of ultracold Rb anions, which have not been observed to date
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in ultracold atomic traps, and potentially to the formation of
strongly coupled two component plasmas [52].

Acknowledgments—We would like to thank Max Althon
for helpful discussions. This project is funded by the
German science foundation DFG, Projects
No. 460443971, No. 316211972, and No. INST 248/
268-1. H.R. S. acknowledges funding at ITAMP through
the NSF. P.S. acknowledges support by the cluster of
excellence CUI: Advanced Imaging of Matter of the
Deutsche Forschungsgemeinschaft (DFG) EXC-2056
Project ID—309715994.

Data availability—The data that support the findings of
this article are not publicly available upon publication
because it is not technically feasible and/or the cost of
preparing, depositing, and hosting the data would be
prohibitive within the terms of this research project. The
data are available from the authors upon reasonable request.

[1] J.P. Shaffer, S. T. Rittenhouse, and H. R. Sadeghpour, Nat.
Commun. 9, 1965 (2018).

[2] M. T. Eiles, J. Phys. B 52, 113001 (2019).

[3] C. Fey, F. Hummel, and P. Schmelcher, Mol. Phys. 118,
el1679401 (2020).

[4] F.B. Dunning, S. K. Kanungo, and S. Yoshida, J. Phys. B
57, 212002 (2024).

[5] V. Bendkowsky, B. Butscher, J. Nipper, J. P. Shaffer, R.
Low, and T. Pfau, Nature (London) 458, 1005 (2009).

[6] B.J. DeSalvo, J. A. Aman, F.B. Dunning, T.C. Killian,
H. R. Sadeghpour, S. Yoshida, and J. Burgdorfer, Phys. Rev.
A 92, 031403(R) (2015).

[7] M. Peper and J. Deiglmayr, Phys. Rev. Lett. 126, 013001
(2021).

[8] C. H. Greene, A. S. Dickinson, and H. R. Sadeghpour, Phys.
Rev. Lett. 85, 2458 (2000).

[9] E.L. Hamilton, C.H. Greene, and H.R. Sadeghpour, J.
Phys. B 35, L199 (2002).

[10] A. A. Khuskivadze, M. I. Chibisov, and I. I. Fabrikant, Phys.
Rev. A 66, 042709 (2002).

[11] P. Giannakeas, M. T. Eiles, F. Robicheaux, and J. M. Rost,
Phys. Rev. Lett. 125, 123401 (2020).

[12] W. Li, T. Pohl, J.M. Rost, S.T. Rittenhouse, H.R.
Sadeghpour, J. Nipper, B. Butscher, J. B. Balewski, V.
Bendkowsky, R. Low, and T. Pfau, Science 334, 1110
(2011).

[13] D. Booth, S. T. Rittenhouse, J. Yang, H. R. Sadeghpour, and
J. P. Shaffer, Science 348, 99 (2015).

[14] T. Niederpriim, O. Thomas, T. Eichert, C. Lippe, J. Pérez-
Rios, C.H. Greene, and H. Ott, Nat. Commun. 7, 12820
(2016).

[15] M. Althon, M. Exner, R. Blittner, and H. Ott, Nat.
Commun. 14, 8108 (2023).

[16] M. Exner, R. Srikumar, R. Blittner, M.T. Eiles, P.
Schmelcher, and H. Ott, Phys. Rev. Lett. 134, 223401
(2025).

[17] H. SaBmannshausen, F. Merkt, and J. Deiglmayr, Phys. Rev.
Lett. 114, 133201 (2015).

[18] K.S. Kleinbach, F. Meinert, F. Engel, W.J. Kwon, R. Low,
T. Pfau, and G. Raithel, Phys. Rev. Lett. 118, 223001
(2017).

[19] F. Bottcher, A. Gaj, K. M. Westphal, M. Schlagmiiller, K. S.
Kleinbach, R. Low, T.C. Liebisch, T. Pfau, and S.
Hofferberth, Phys. Rev. A 93, 032512 (2016).

[20] T. Killian, T. Pattard, T. Pohl, and J. M. Rost, Phys. Rep.
449, 77 (2007).

[21] T.C. Killian, S. Kulin, S.D. Bergeson, L. A. Orozco, C.
Orzel, and S. L. Rolston, Phys. Rev. Lett. 83, 4776 (1999).

[22] B.B. Zelener, E. V. Vilshanskaya, N.V. Morozov, S.A.
Saakyan, A. A. Bobrov, V. A. Sautenkov, and B. V. Zelener,
Phys. Rev. Lett. 132, 115301 (2024).

[23] R.S. Fletcher, X. L. Zhang, and S. L. Rolston, Phys. Rev.
Lett. 96, 105003 (2006).

[24] W. Li, M. W. Noel, M.P. Robinson, P.J. Tanner, T.F.
Gallagher, D. Comparat, B. Laburthe Tolra, N.
Vanhaecke, T. Vogt, N. Zahzam, P. Pillet, and D. A. Tate,
Phys. Rev. A 70, 042713 (2004).

[25] M.P. Robinson, B. Laburthe Tolra, M. W. Noel, T.F
Gallagher, and P. Pillet, Phys. Rev. Lett. 85, 4466
(2000).

[26] W. Li, P.J. Tanner, and T. F. Gallagher, Phys. Rev. Lett. 94,
173001 (2005).

[27] T. Pohl, T. Pattard, and J. M. Rost, Phys. Rev. Lett. 92,
155003 (2004).

[28] W. Oohara and R. Hatakeyama, Phys. Rev. Lett. 91, 205005
(2003).

[29] W. Oohara, R. Hatakeyama, and S. Ishiguro, Phys. Rev. E
68, 066407 (2003).

[30] N. Sato, T. Mieno, T. Hirata, Y. Yagi, R. Hatakeyama, and S.
lizuka, Phys. Plasmas 1, 3480 (1994).

[31] T. Pohl, D. Vrinceanu, and H. R. Sadeghpour, Phys. Rev.
Lett. 100, 223201 (2008).

[32] A. Kirrander, S. Rittenhouse, M. Ascoli, E. E. Eyler, P. L.
Gould, and H. R. Sadeghpour, Phys. Rev. A 87, 031402(R)
(2013).

[33] S. Markson and H. R. Sadeghpour, J. Phys. B 49, 114006
(2016).

[34] F. Hummel, P. Schmelcher, H. Ott, and H. R. Sadeghpour,
New J. Phys. 22, 063060 (2020).

[35] C. W. Walter, N. D. Gibson, D. J. Matyas, C. Crocker, K. A.
Dungan, B. R. Matola, and J. Rohlén, Phys. Rev. Lett. 113,
063001 (2014).

[36] R. Tang, R. Si, Z. Fei, X. Fu, Y. Lu, T. Brage, H. Liu, C.
Chen, and C. Ning, Phys. Rev. Lett. 123, 203002 (2019).

[37] M. T. Eiles and C.H. Greene, Phys. Rev. A 95, 042515
(2017).

[38] C.H. Greene and M. T. Eiles, Phys. Rev. A 108, 042805
(2023).

[39] See Supplemental Material A and B at http://link.aps.org/su
pplemental/10.1103/q5r1-whjr for a detailed explanation of
the singlet spin admixture in molecular states, which
includes Ref. [37]; for a detailed explanation of the signal
profile calculation, which includes Refs. [5,40—-43]; for an
estimation of the radiative lifetime of these high-£ mole-
cules.

[40] F. Engel, T. Dieterle, F. Hummel, C. Fey, P. Schmelcher, R.
Low, T. Pfau, and F. Meinert, Phys. Rev. Lett. 123, 073003
(2019).

243002-5



5.6. Observation of spin singlet butterfly Rydberg molecules in an ultracold atomic Rb gas 117

PHYSICAL REVIEW LETTERS 136, 243002 (2026)

[41] M. Peper, M. Trautmann, and J. Deiglmayr, Phys. Rev. A [47] E.U. Condon, The Franck-Condon principle and related

107, 012812 (2023). topics, in Selected Scientific Papers of E.U. Condon, edited
[42] J. Tallant, S. T. Rittenhouse, D. Booth, H. R. Sadeghpour, by A.O. Barut, H. Odabasi, and A. van der Merwe
and J. P. Shaffer, Phys. Rev. Lett. 109, 173202 (2012). (Springer, New York, 1991), pp. 515-529.
[43] G. Breit and E. Wigner, Phys. Rev. 49, 519 (1936). [48] R. Srikumar, M. Exner, R. Blittner, P. Schmelcher, M. T.
[44] M. DeiB, S. Haze, J. Wolf, L. Wang, F. Meinert, C. Fey, F. Eiles, and H. Ott, Phys. Rev. Res. 7, 043103 (2025).
Hummel, P. Schmelcher, and J. Hecker Denschlag, Phys. [49] M. T. Eiles and F. Hummel, Phys. Rev. A 109, 022811
Rev. Res. 2, 013047 (2020). (2024).
[45] H. Rivera-Rodriguez and R. Jauregui, Phys. Rev. Res. 6, [50] M. T. Eiles, Phys. Rev. A 98, 042706 (2018).
013173 (2024). [51] M.1. Chibisov, A. A. Khuskivadze, and I. 1. Fabrikant, J.
[46] A.S. Coolidge, H. M. James, and R. D. Present, J. Chem. Phys. B 35, L193 (2002).
Phys. 4, 193 (1936). [52] M. S. Murillo, Phys. Plasmas 11, 2964 (2004).

243002-6



118 Chapter 5. Scientific Contributions

Supplementary Material

Spin singlet admixture in ULRM

In this section we briefly study the singlet admixture in the R -dependent potential energy
structure of the ULRM. Using the Born-Oppenheimer approximation, the wavefunction of the
ULRM can be written as [1¢ (1, R))|x,(R)), where ¢ (r, R) is the electronic wavefunction obtained
via the diagonalization of the spin-coupled electronic Hamiltonian [1], and x,(R) are the vibra-
tional wavefunctions localized in the corresponding singlet ULRM potential well. Then, the given
electronic wavefunction can be expanded in the diatomic basis {|n, [, s1, j, mj), ®|s2, mse, I, mI),},
where the first vector denotes the Rydberg atomic orbitals, and the second vector denotes the
electronic and nuclear spin structure of the ground state atom [1]. The total spin operator is then
given by § = §; 4+ S9, and the total spin polarization ms = msl + ms2. Note that msl is not
a good quantum number in the Rydberg atom basis due to spin-orbit coupling. In a Rubidium
dimer s; = sy = 0.5, hence s has to be 0 or 1, namely the spin singlet or triplet configuration.
The electron-perturber scattering interaction mixes these singlet and triplet channels as a func-
tion of R. The spin-singlet admixture in any electronic state 1, can be found by projecting the
wavefunction onto the singlet subspace, i.e ¢ (R) = |(¥a(R)|s = 0, ms = 0)]°.
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FIG. 1. The potential energy curves of the ULRM for 2 = 1/2. The colorbar indicates the R-dependent
spin-singlet admixture in the Born-Oppenheimer electronic states, corresponding to each potential. The
stairwell potentials are highlighted due to their predominantly spin singlet nature. The v = 0 vibrational
state localized in the singlet well is plotted in red.

Figure 1 show the molecular potential energy curves of the ULRM for 2 = 1/2, colored accord-
ing to the spin-singlet admixture ¢ (R) in their electronic wavefunctions. We see that the stairwell
potential that holds the observed vibrational state (plotted in red) are of predominantly spin-
singlet character whereas the trilobite potentials and the P-wave butterfly potentials are of strong
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spin-triplet character. At the equilibrium point of the potential well R., = 463.7 a.u., { (Re) =
0.986. To look at the average spin-character of the observed v = 0 vibrational state, we can taken
an average of ¢ (R) with respect to the vibrational ground state, i.e., ¢, = [ (R)|xv=o(R)|*dR.
We see that (,—o = 0.982, proving that the observed molecule exhibits an almost completely
spin-singlet character.

Photoexcitation of ULRM

We find that the observed signal profile of the singlet ULRM in the main text does not follow
the expected suppression of odd vibrational states, typical in other experimental studies of ULRM
[2-5]. Here, we explain this phenomenon by calculating the rate at which a pair of atoms in the
atomic gas is coherently photo-excited to each vibrational state, and compare the calculated rela-
tive excitation rates to the relative line heights in the experimental data (figure 2 in the main text).

The wavefunction of the ULRM is taken to be |t¢ (r, R))|x,(R)), where 1 (r, R) is the electronic
wavefunction obtained, and x, (R) are the vibrational wavefunctions localized in the singlet ULRM
potential well. The dipole transition probability to each of the vibrational state x, is given by

L, —| / D(R)v,(R)x:(R)R[? (1)

where D(R) is the electronic dipole transition function, proportional to the 18 f7 o-state admixture
in the ULRM electronic state. The initial state of the two atoms in the relative coordinate R,
Xi(R), has a large de Broglie wavelength at the ultracold temperature of the experiment and is
thus effectively constant over the extent of the molecular wavefunction. If we use the Franck
Condon principle, we ignore the R-dependence of D, and the transition strength is decided by the
overlap of the vibrational wavefunctions |(x,|x:)|*>. This would imply a vanishingly small transi-
tion strength to odd-parity vibrational states from the even-parity initial state. However, we see
that our observation does not exhibit this behavior. Hence a beyond Frank-Condon calculation,
explicitly considering the R-dependence of the electronic dipole transition function is necessary
to understand the observed spectrum.

To circumvent the complexities in initial state characterization, polarization and 2 dependent
branching ratios, we approximate the dipole transition function to just be the 18 f7/,-state admix-
ture that facilitates the dipole transition. The dipole transition function is then given by:

D(R) ~ Y [(18 2, mya(r, R (2)

mj

Then we model the photo-excitation line shape using a Breit-Wigner profile [6],

A2
@ — @ )? 1 (D)2 (3)

o,(w)=T,

with w denoting the laser detuning, w, denoting the energy of the vibrational state, and A,
denoting the resonance width of the vibrational state. Here, we take both the A, and w, from
the experimental values given in the main text.

Figure 2 shows the calculated signal profile I'(w) (red line) in comparison with the Lorentzian
fit (black curve) of the ion count spectra. The height of the signal profiles were scaled to match
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FIG. 2. (a) The calculated signal profiles of the singlet ULRM (red curve) in comparison with the
measured Ion counts (grey markers) and Lorentzian fit of the experimental spectra (black curve). (b)
and (c¢) Show magnified view of the signal near the resonance energies of the v = 0 and v = 1 vibrational
states, respectively.

the ion count rate for the v = 0 vibrational state,i.e. ground state. We see that the calculated
relative signal heights match the observation very well, deviating from the Franck-Condon result.
This indicates that the R-dependence of the dipole transition element is necessary to explain the
observed phenomena, i.e. increased excitation strength of odd vibrational states.

Radiative lifetimes

The radiative lifetimes of high-¢ ULRMs are generally larger than that of their low -l counter-
parts due to the larger admixture of Rydberg states with higher angular momentum (and lower
decay rates). Our observations also show that the ground-state of the singlet butterfly molecule
has a 6.31 us lifetime, in comparison to the 4.15 us lifetime of the 18 f7/, atomic resonance. Here,
we do a qualitative estimation of the increase in radiative lifetime due to the high-¢ admixture in
the singlet butterfly electronic state.

The radiative lifetime 7 of an atom in an electronic state |1);) is calculated as the inverse of the
total spontaneous decay rate:

=1/, (4)
1 -
%= oo 2 Wil Wl (5)
I

summed over all possible states [1;) accessible via spontaneous emission (dipole transition). Here,
wi— s is the transition frequency between the initial and final state, and d is the dipole transition
operator. For the 18f7/, atomic state, we calculate a lifetime of ~ 4.06 us, consistent with our
observation (Table 1 in main text).
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For the singlet butterfly molecule, the total molecular wavefunction is given by [n0) =
[er(r, R))| X, (R)), where 1 (r, R) is the electronic wavefunction, and x,(R) is the vibrational
wavefunction. We can expand the electronic state in the diatomic basis as [t (1, R)) = >, ci(R)[¢3)]9:),
where 1); is the electronic wavefunction of the Rydberg atom that undergoes radiative decay, and g;
is the ground-state atom wavefunction that does not undergo decay. Note that this R-dependency
of the high-¢ ULRM complicates the calculation of dipole transition elements to all possible |t)f)
states. Hence, we make an adiabatic approximation that electronic and vibrational degrees of
freedom are completely decoupled, allowing us to calculate the radiative decay rates at each R
separately. Moreover, since spontaneous decay is an incoherent process we further ignore the
phase relations between different Rydberg orbitals in |t);), and sum over the spontaneous decay
rates from each Rydberg atomic state |¢;), weighed by its population |¢;|?>. The radiative decay
rate at any given R is given by:

V(R) = Z lei(R)[* i (6)

The singlet butterfly molecules we observe are bound in a potential well with a local minima
near R., ~ 484a.u. This would correspond to an approximate radiative lifetime of 7 = 1/v(R.,)
= 11.09 ps.

If we calculate the average of this observable with respect to the vibrational wavefunction
X»(R), we can make a qualitative estimate of the radiative decay rates of the vibrational state as:

- / o (R)PA(R)AR (7)

Using this equation, we calculate the radiative lifetimes of the vibrational states to be 7,¢ =
10.97 ps. If we assume that the electronic state of the ULRM is just the 18 f7/, state (all other
populations are zero), then Eq. 6 and Eq. 7 will reduce to Eq. 5, wherein we will obtain the
original natural lifetime ~ 4pus.

Hence the population of high-¢ states have the effect of increasing the total radiative lifetime,
by decreasing the average decay rates. Of course, the methodology used here is purely of quali-
tative nature and does not give us an accurate theoretical estimate that reflects our experimental
observations ( 7,—o = 6.31 pus). As explained in the main text, effects such as vibronic decay,
three-body collisions or couplings to higher partial wave states, can all reduce the lifetime of these
states.
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Chapter 6

Conclusions

This final section presents the comprehensive conclusion of all the research work published in
the course of this thesis. The common goal of these projects was to extend our understanding
of the ultralong-range Rydberg molecule, and in doing so reveal new unique physical effects,
while also improving our ability to engineer custom states of quantum matter. In this regard,
we were able to expose new nonadiabatic effects and dynamical effects in ULRM, and enable
precision spectroscopy of electron-atom scattering. Below, we provide brief conclusionary
remarks and perspectives on our work in three separate themes, and end our dissertation with
a discussion on future research possibilities.

Vibronic structure and nonadiabatic resonances: Our works study the breakdown
of the Born-Oppenheimer approximation in the ULRM, especially in the context of high-/
trilobite and butterfly molecules. In Ref. [P1] we analyze the vibronic coupling between
trilobite and d-states in ?*Na dimers. To do so, we developed analytical two-channel models
that give us the diabatic potentials for any general coupled low-¢ - trilobite system. We
solve this model in an (n, R)-grid by using the principal quantum number as a synthetic
dimension, observing the existence of synthetic Conical Intersections. Near these Cls, we
see a complete breakdown of the adiabatic approximation, necessitating a coupled-channel
approach to actually study the physics of ULRM. Our calculations predicted the existence
multichannel resonance states stabilized by nonadiabatic interactions, in energy ranges where
the adiabatic picture does not predict stable states. Moreover, we also see that the vibronic
spectra is significantly altered from its BO counterpart, exhibiting nonadiabatic localizations
and MHz-scale energy shifts. In parallel, similar works for coupled trilobite-butterfly states
are performed by our collaborators [101, 238].

The work [P2] reports the first experimental observation of these predicted resonances,
that are stabilized by nonadiabatic interactions. Our investigations focus on high-lying trilo-
bite (v > 80) states close to the n f7/, atomic resonance, where the adiabatic picture does not
allow stable bound states due to the avoided crossing with the butterfly PEC. The momen-
tum resolved spectra obtained from the reactance microscope allows us to distinguish stable
bound states and short lived resonances that probe internal decay channels. Depending on
the n-value, the high lying states are protected against the internal decay due to nonadiabatic
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couplings that facilitate surface hopping. This n-dependent diabaticity of the avoided cross-
ings are explained using the synthetic CI picture for the coupled trilobite-butterfly system,
and the surface hopping rates and lifetimes are explained with semiclassical Landau-Zener
calculations. In essence, this publication reports the first ever spectral signature of the break-
down of Born-Oppenheimer approximation in the ULRM, as foreseen in [P1, 101].

The next important step in this line of research is to develop multi-channel numerical
models that can include the degenerate hydrogenic manifolds, as well as hyperfine and fine
structure splitting. While the two-channel models presented give us excellent qualitative
results that can be experimentally verified, quantitative studies necessitates the inclusion of
all underlying spin-effects. Perhaps more important is an accurate characterization of the
degenerate manifold and its vibronic coupling with high-/ states, due to very high level den-
sities. We find that the diabatization transform is easily altered by including more channels,
which is explained by the strong nonadiabatic coupling of the trilobite and butterfly states
with all n/ states nearby, hinting at the possibility of revealing interesting multichannel (> 3)
phenomena. In the case of low-¢ molecules, it is possible to resolve the rovibrational struc-
ture and experimentally observe complex angular momentum couplings [243-245] that cause
energy corrections of the order of 100s of KHz. Since avoided crossings between high-¢
and low-/ states are commonplace, the influence of nonadiabatic couplings in the rotational
structure of these molecules also presents an interesting problem.

Quantum dynamics: We investigate exciting dynamical effects that emerge in the inter-
nal motion of high-¢ dimers, due to their highly oscillatory potential structure and high level
densities. Our first study [P3] explores single-channel adiabatic dynamics in pure trilobite
states. Here, we report that trilobite potentials of appropriate n (> 50) can act as a molecular
diffraction grating due to its quasi-periodic oscillatory structure in limited R-ranges. Hence,
nuclear wavepackets with appropriate initial widths (similar to PEC period) can undergo
continuous backscattering as they traverse the potential. We explain the results on the basis
of elementary Fourier analysis, and present the ideal initial conditions necessary to observe
this internal diffraction. In addition, we observe that wider initial wavepackets can trigger
dynamical effects that resemble propagating Dirac comb-like structures. Fortunately, we find
that the necessary initial state conditions can be readily achieved by selecting vibrational
ground states in low-¢ ULRM, particularly the dipole-allowed d-state. These states also
allow us to perform projective transitions that can be used to calculate two-point correlation
functions. Hence, we propose a pump-probe experiment utilizing d-states of a wide variety
of n-values, to create and detect the diffraction pattern.

The most obvious extension to this work is to include the coupling between trilobite
and butterfly states, and analyze how the emergent vibronic effects change the dynamics.
Our second dynamical study [P4] explores the vibronic quantum dynamics that arises in
this situation, utilizing a coupled trilobite-butterfly channel framework. We obtain adiabatic
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potentials and states by diagonalizing the electronic Hamiltonian with both S-wave and P-
wave scattering terms. Subsequently, we study the derivative nonadiabatic couplings and
avoided crossings between these BO states for various n-values, reaffirming the n-dependent
behaviour previously studied. The parts of the wavepacket that decay to the butterfly state via
the avoided crossing are absorbed by a complex potential that simulates internal molecular
decay, and prevents unphysical reflection. This also allows us to study the evolution of chan-
nel populations and total populations, and see how vibronic couplings change the dynamics
and the different state populations. The work presents a two-channel analog of the diffraction
effect, where the stability and population of the pattern depends on n. As expected, n-values
with wider avoided crossings cause higher population decay that destabilizes the dynamics,
while highly nonadiabatic n-values sustain the diffraction phenomena. Additionally, we
also observe interesting multi-well tunneling effects in the low-energy dynamics of ULRM.
Similar to the perspectives on spectral signatures presented before, an important quantitative
step is to develop numerical methods to perform multichannel (> 3) dynamics in ULRM.
Particularly, to see how couplings to the degenerate manifold change the results presented.
Additionally, such a multichannel framework can include spin effects, thereby allowing us to
study how collisional dynamics in ULRM change internal spin states.

Precision spectroscopy: Firstly, we report on the precision spectroscopy of trilobite
states for five different n-values [P5], giving us access to the 3S; scattering channel. A
Green’s function approach that circumvents finite-basis convergence issues while also con-
sidering the underlying spin structure of the molecule, is used to quantitatively analyze the
most expansive set of experimental data on trilobite molecules to date. In doing so, we were
able to theoretically reproduce the observed vibrational binding energies and spacings with
relative errors of 0.8% and 10%, respectively. The large binding energies of these molecules
(10-20 MHz) in comparison with the experimental resolution (2-4 MHz) allows us to obtain
highly precise insights on the the nature of electron-atom scattering at extremely low energies,
not typically done with free electrons. The extracted S, -scattering phases have a relative
error of 0.7%, reporting excellent accuracy in the limited k-range. This high-resolution study
provides an excellent benchmark for future theoretical investigations that might also consider
higher order terms in the Hamiltonian, like . > 2 electron-atom partial waves, or vibronic
couplings in the full-spin picture.

Secondly, we present the first ever measurement of the spin-singlet butterfly ULRM,
giving us direct access to the ' P; scattering channel. The theoretical calculations performed
show an excellent match with the experimentally observed binding energies, vibrational
spacing, dipole moments and signal profiles, undoubtedly certifying the ' P, origin of the
observed peaks. We also identify the potential energy curves that hold these bound states,
and theoretically study their R-dependent spin-singlet admixture. The successful creation of
the long-range ' P; finally satisfies a key step in the production of heavy Rydberg states [109],
and ultracold anions.



Chapter 6. Conclusions 125

A key extension of this work is to proceed with the creation of long-range ion pair states
by radiative transition. From a theoretical perspective, this would need a rigorous study of the
radiative transition strengths of the ULRM - anion transition, analyzing important branching
ratios. One would also need to characterize the stability of the ion pair dimer against other
radiative decay channels, and verify how a finite-width laser transition would trigger the
internuclear dynamics of the Coulombic system. Very recent works also advertise the use
of ULRMs to study electron-atom scattering in Ytterbium [73], revealing the complexities
of electron scattering with a divalent atom. There is then the general prospect of extending
ULRMs beyond alkali and alkali-earth elements, with the fundamental idea of studying high-
precision low-energy electron scattering against atoms with many valence electrons.

Future research possibilities: Apart from the obvious extensions to the works in each
theme listed above, here we discuss the next possible frontiers of ULRM research. While the
synthetic dimension provides an exciting avenue to explore nonadiabatic physics, one could
introduce real conical intersections in the nuclear coordinate space by simply introducing an
external electric field, £. The external field breaks the spherical symmetry of the system
and facilitates dynamics in the (R,f) two-dimensional surface, where 6 is the angle between
the internuclear axis and the electric field. The polar high-¢ states offer extensive tunability
via weak electric fields [57, 66], allowing us to engineer interference/diffractive effects in
a two-dimensional surface, as well as coherently control the geometric orientation and field
alignment of the molecule [105].

Moreover, the exact crossing point between the butterfly PEC with the trilobite and the
low-¢ PECs can be independently controlled via changing n and E, giving us the ability to
engineer conical intersections and avoided crossings, as well as tune their (R,f)-location.
The ability to engineer CIs would naturally present us with the capacity to control and study
radiationless decay processes between electronic states. In principle we should also be able
to observe exciting geometric phase effects [96] in ULRM dynamics.

Another equally exciting direction of research is the quantum dynamics and vibronics
of triatomic Rydberg molecules [246, 247]. These trimers constituting one Rydberg atom
and two ground-state atoms, support a diverse assortment of geometrical arrangements with
varying 12 and 6. Polyatomic low-¢ Rydberg molecules like trimers and tetramers have been
theorized [248] and their spectral signatures observed [64, 249] in dense cold gases. They
have been effectively utilized to study three-body correlations [69, 250], and their adiabatic
dynamics have been exposed [106]. However, the quantum dynamics of high-/ trilobite and
butterfly trimers promise completely new physics not yet observed. Triatomic systems also
exhibit conical intersections in real space without external fields, possibly showcasing Jahn
Teller effects [93, 94] similar to recent discoveries in triatomic Rydberg tweezer arrays [251].
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Appendix A

Finite difference methods

In the course of this thesis, finite difference (FD) methods have been used consistently to
obtain numerical solutions to the Schrodinger equation. Fundamentally, FD-methods aim to
solve differential equations by discretizing the function domain into finite-dimensional grids,
and approximating the constituent derivatives as ratio of differences [252]. The value of the
solution at any point is then approximated by algebraic equations involving nearby values.
The solution for the differential equation, can then be obtained by solving a system of linear
equations, by known matrix manipulation techniques. Here, we give a brief overview of the
numerical technique, focussing first on single channel Schrodinger equations in section. A.1,
and coupled multi-channel Schrédinger equation in section A.2. In view of the scope of this
thesis, our discussions are limited to one dimensional systems.

A.1 Single channel Schrodinger equation

Consider the one-dimensional Schrodinger equation discussed in section. 2.2.2, that describes
the vibrational structure of the ULRM:

{182

o £ x(R) = Ex(R. (A1)

We start by discretizing the domain R into a grid of size K, i.e. [Ry] = Ro + kAR, k =
[0,1,2,..., K]. Here AR = h is the constant finite-difference between any two adjacent grid
points. The wavefunction is defined over this grid as xx = x(R}), and the potential energy
function is defined as €, = e(Ry). To represent the kinetic energy operator, we use the
central finite difference form for the second-derivative of the wavefunction, so that

1 0 Xit+1 — 2Xi + Xi—1

—E@X(R)‘Rﬂ% = 2uh?

+ O(h?), (A.2)

where O(h?) implies that the numerical error, i.e. the deviations of the FD-form from the
exact solution, scales with respect to h?. The accuracy of the FD-representation therefore
hinges on an extremely low grid-spacing h, requiring increasingly large grid-size K for fixed
grid boundaries. However, one can increase the accuracy of the FD-representation (while grid
size and spacing remains the same) by using a higher-order approximation for the derivative,



A.2. Multi-channel Schrodinger equation 127

given by [253]

1 o 1 - o
—Z@X(R)lR:Rk = o | + jZ:;Cj(Xjk +Xj+k) | + O(R™Y),  (A3)
where the relative error scales with respect to h?N. The coefficients of expansion c¢; for
different orders of approximation are given in table A.1.

TaBLE A.1: Coeflicients c; for central finite difference approximation of the
second-derivative operator, up to the 10th order. The data is taken from [253].

Order = 2N Co C1 Co C3 Cy Cs
2 -2 1 0 0 0 0
4 —5/2  4/2 —1/12 0 0 0
6 —49/18  3/2 —3/20 1/90 0 0
8 —205/72 8/5 —1/5 8/315 —1/560 0O
10 —5269/1800 5/3 —5/21 5/126 —5/1008 1/3150

By plugging in the finite difference representations of the wavefunctions, second-derivative,
and potential into the differential equation A.1, one can obtain coupled linear equations that
can be written in matrix form as:

Ch C1 Co --- 0 0 €1 0 0 0

e w00 0 g5 0 - 0 X X

X2 X2

- co ¢ ¢ - 0 0 0 0 e --- 0 =F

k2 2 C1 O + 3 . .
. . . . - C . . . . :

] 00 0 - & c 0 0 - 0 ex)| W XK

H;?+s
(A.4)

where H is the K x K hamiltonian matrix, and  are the discretized eigenvectors in K x 1
column format. One can obtain both x and E by constructing // and then numerically
diagonalizing it. Note that the potential energy matrix is diagonal in space, whereas the
kinetic energy matrix is a band diagonal matrix, whose non-zero elements are confined to a
narrow band of size (2N + 1) around the main diagonal. The Hamiltonian itself is a sparse
matrix with (2/V + 1) diagonal bands with N < K, and can be diagonalized efficiently using
LAPACK/BLAS based modules like numpy or scipy.

A.2 Multi-channel Schrodinger equation

The state of a nuclei cannot always be represented as vibrations on a single potential curve,
as discussed in section 2.2. The FD-formalism discussed above is specifically based on the
discretization of Eq. A.1, representing systems that only contain a single channel. However,
FD-methods can also be employed in multi-channel formulations described by coupled dif-
ferential equations. Within the molecular physics community, the diabatic basis (sec.2.2.4)
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is often employed to represent these coupled equations, to bypass badly behaved off-diagonal
kinetic operator terms. For an M -channel system, the Schrodinger equation is described by
a diabatic Hamiltonian

M 52 MM
H = —@; ) (ml 5+ ; [m) ([ €7" (R). (A.5)
acting on a wavefunction
M
X(R)) =) _lm)x"(R), (A.6)

with each channel |m) corresponding to an electronic configuration. We see from the
Hamiltonian that the kinetic energy term is diagonal in the channel-space. Moreover, the
electronic channels form a complete orthonormal basis (m’|m) = ,,.,,, hence the second-
derivative term acts on each ., (R) separately. Now, following the aforementioned procedure
(in A.1), we can discretize the R into a grid of size K with AR = h, and represent the
wavefunction |x(Rx)) = |xx) = S.0 |m)x}, as a column vector of size M K. The finite
difference representation of the second-derivative operator in Eq. A.5 is obtained by using a
2N-order discretization as given in Eq. A.3. The complete discretized Hamiltonian can be
represented as an M K x M K matrix, expanded in the basis |m, k) as

1

(m, k:|H|m’, k'/> = _W

S Clk—tr| + Oppr ™ (A.7)
with m denoting the channel number, and % the R-grid position. The coeflicients cj;_
can be taken from A.1, and is only non-zero if |k — k’| < N. Understandably, we see that
the potential energy operator is diagonal in the k-space, but has off-diagonal terms in the
m-space. The kinetic energy term on the other hand, is diagonal in the m-space but has
band structure of size 2N + 1 in the k-space. The matrix constructed using Eq. A.7 can be
visualized as:

-[T + 811] [512] . [EIM]
] [T+e? - [V (A.8)
LB [Tee,

which are M x M blocks of [T(Smm/ + 5”””/] sub-matrices, each with size X x K. While
more complex than its single channel counterpart, the multichannel FD-Hamiltonian is also
an extremely sparse matrix (for X > N) and can be diagonalized efficiently.
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Appendix B

Complex Absorbing Potentials

While numerically solving differential equations using grid-based methods, one has to limit
the size of the domain to a finite range R € [Ry, Ry], imposing a fixed boundary condition.
In the case of the Schrodinger equation, one typically imposes a Dirichlet condition that
forces the wavefunction to be zero at the grid endpoints, i.e. ¥(Ro) = ¥ (Ry) = 0, imitating
the effects of an infinite potential barrier that does not exist in the real physical system.
When calculating the spectrum of a Hamiltonian, we make sure that the end of the grid
points are placed much farther away than the relevant area of interest, where the potential
can hold bound states or resonances. However, scattering states and quasi-bound states often
have non-vanishing wave functions that extend till the grid endpoints, where they interact
with non-physical boundary conditions that alter their energy and structure. Similarly, when
performing quantum dynamics, faster components of the wavepacket can leave the region
of interest, be artificially reflected by the grid boundaries and return to form interference
effects. These numerical artifacts with no physical analog will modify the wavefunction and
the extracted observables. It is popular to solve these problems by introducing a complex
absorbing potential (CAP) [198, 199] to the Hamiltonian such that

H =H—iW(r), (B.1)

where W (r) is a non-negative real function, making the modified Hamiltonian non-hermitian.
The negative imaginary part of the new Hamiltonian should be designed such that it absorbs
the wavefunctions before it reaches the grid endpoints, without altering the structure and
dynamics of the molecule in the region of interest. For CAPs near IR, one can achieve this
by taking

W(r) = n[R— RJ"©(R - R,), (B.2)

where 7 is denotes the CAP strength, n is the CAP order, and © is the step function which
ensures that the CAP vanishes for R > R.*. So R, becomes the critical domain value beyond
which the Hamiltonian reverts back to its original hermitian form, and L = R. — R, can be
called the CAP length. By taking R, to be far way from the region of interest, one can make
sure that only the outgoing parts of the wavefunction are absorbed. In such a scenario, the

*One can also use the step down function to ensure that the CAP vanishes for R < R,
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norm of the wavefunction decreases as
d
NP = =20 (W |W (R)| W), (B.3)

reflecting the loss of flux. However, unless properly designed, a CAP can also reflect
an incoming/outgoing wavepacket. A simplified form of the reflection and transmission
coeflicients of a CAP can be derived [198, 199] as

n ., n?
RI* = ol 12 (B.4)
5 —nW(L)kL
= — B.
TP = expl—po 7y ) (B.5)

respectively, with £ and F denoting the momentum and kinetic energy of the wavepacket
being absorbed. It is clear from Eq. B.5 that high-energy wavepackets naturally have vanish-
ing |R|?, and are hence absorbed smoothly. However, low-energy wavepackets (as well as
low-energy quasi-stable states in the eigenspectra) need to be handled with care. To achieve
|R|> + |T|? < 1, i.e. near complete absorption, one needs to minimize the strength 7 and
increase L to be much larger than the deBroglie wavelength, i.e. L > 1/k. In our simulations,
optimal results were achieved when 7 is taken to be around 1071 to 1072 atomic units (10~*
to 107 GHz), the CAP order is n = 2, and the CAP length is between 100 to 1000 ay.

In the case of multichannel systems, certain channels can be considered open-channels
when they allow for decay pathways, and certain channels are called closed-channels as
there is no relevant decay mechanism. Here, one can selectively use CAPs in the open-
channels, while leaving the closed channels hermitian, so that multichannel decay pathways
are emulated. The open and closed channel behaviors manifest differently in the diabatic and
adiabatic representations, hence one can define a CAP in a particular open channel and then
utilize the diabatic transform to obtain the multi-channel diabatic absorption potential.
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