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CORA - Emissionline fitting with Maximum Lik elihood
A tool for spectrawith small count numbers,with rigor ousapplication of Poissonstatistics
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Abstract. The advent of pipeline-processeddataboth from space-andground-basedobservatoriesoften disposesof the
needof full-fledgeddatareductionsoftwarewith its associatedsteeplearningcurve. In many cases,a simpletool doingjust
onetask,anddoingit right, is all onewishes.
In this spirit we introduceCORA,a line fitting tool basedon themaximumlikelihoodtechnique,which hasbeendeveloped
for theanalysisof emissionline spectrawith low countnumbersandhassuccessfullybeenusedin severalpublications.
CORA usesa rigorousapplicationof Poissonstatistics.Fromtheassumptionof Poissoniannoisewe derive theprobability
for a modelof theemissionline spectrumto representthemeasuredspectrum.Thelikelihoodfunctionis usedasa criterion
for optimizing theparametersof the theoreticalspectrumanda fixedpoint equationis derivedallowing anefficient way to
obtainline fluxes.
As anexamplewedemonstratethefunctionalityof theprogramwith anX-ray spectrumof Capellaobtainedwith theLETGS
onboardtheChandraobservatory. An approachof analyzingtheNe IX triplet is introduced.

Keywords: Techniques:spectroscopic– X-rays:stars

1. Intr oduction

Many astronomicaldatareductionpackagesprovide a broad
rangeof functionality to cover all aspectsof datatreatment,
from thereductionof raw input dataup to theanalysisof the
final reduceddata.This impliesthatthesepackagesarehuge
andmay have a steeplearningcurve. Also, sometimestheir
dataanalysistasksrequiresophisticatedinput formats(like
XSPECwhereinput needsto bein theso-calledOGIPFITS
format).

On the other hand,both space-and more recentlyalso
ground-basedobservatoriesoftenprovideobserverswith pre-
processed,calibrateddata,andbasicallyoneonly wouldneed
a simpletool doingonesimpletask(e.g.,line fitting) to per-
form the final dataanalysis.Facingthis problemduring the
analysisof ChandraX-ray data,wehavedevelopedCORA,a
tool for fitting emissionlinesin spectrawith low countnum-
bers(i.e.,with Poissonianstatistics).This tool hasbeenused
in several recentpublications(e.g.,Nesset al. 2001, 2002;
Stelzeret al. 2002). Herewe presentan outline of the tool

Correspondenceto: jness@hs.uni-hamburg.de

andits underlyingalgorithm,anddiscussits relationto other
software.

Given an observed spectrum,it is often desirableto de-
terminetheparametersof spectrallinesby fitting a modelto
the data.The actualfit is doneby maximumlikelihoodesti-
mation, i.e., the probability of the datagiven the modelpa-
rameters(the likelihoodof the parameters)is maximizedby
varyingthemodelparameters.Usually this maximumlikeli-
hoodestimateis obtainedby minimizing the j]k function:

j kml�no prq]s�t.u
pPvxw]yCz<p|{_}~s!���r� }7�2�

� p � k>�
(1)

where

y�z p � u p � are the observed datapoints, � the number
of datapoints, � p the measurementerrorsof the individualu p , and

w]y�z<p|{_}Ms!�r��� }~�2�
the function that representsthe fitted

modelwith parameters

y0} s ���r� } � �
.

However, the j k function is only a maximumlikelihood
estimatorif themeasurementerrorsarenormallydistributed
(and independent).As photonshot noisefollows a Poisso-
nian distribution (Dereniak& Crowe 1984), the assumption
of normally distributedmeasurementerrorsis only valid in
thelimit of largecounts.

c
�
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We thereforehavethefollowing requirements:

1. For theanalysisof spectralfeatureswith low counts,it is
desirableto takeinto accounttheindividualmeasurement
errors �U� for eachspectralbin, andto modelthemwith a
Poissondistribution.

2. To handledifferent instruments,it shouldbe possibleto
choosebetweendifferent line profiles,where the mini-
mum setof usefulprofileswould be includethe Gauss,
Lorentz,andVoigt profiles.

3. To improveportability, theformatof theinputdatashould
beassimpleaspossible,possiblyplain ASCII data.This
is becauseit is alwaysmucheasierto convert a sophisti-
catedformatinto a simpleronethanviceversa.

4. In orderto obtainquick andusefulresults,usageshould
be simple, and thereshouldbe a GUI (GraphicalUser
Interface)to guidetheuser.

5. The programshould not require proprietary tools that
might notbeavailablefor someprospectiveusers.

2. Data input

The spectrumto beanalyzedmustbe providedasanASCII
file containingfivecolumns:(1) wavelengths,(2) raw counts,
(3) errorsfor counts,(4) instrumentalbackgroundin counts,
and(5) anerrorfor theinstrumentalbackgroundcounts.The
non-subtractedspectrumshouldbegivenin counts,negative
valueswill not be accepted.The instrumentalbackground
mustbegivenon thesamewavelengthgrid.

As the algorithmis basedon the assumptionof Poisso-
nianerrors,thecounterrorsin thedatafile areonly usedfor
includingerrorbarsin thefinal plot.

Theerrorsin theinstrumentalbackgroundarenotusedin
thecurrentversion,insteadthey arealsoassumedto bePois-
sonianin the algorithm.The spectrumcanalsobe given in
threecolumns(wavelength,counts,andbackgroundcounts),
or two columns(wavelengthandcounts).For the errorsthe
squareroot of thecountnumberswill beadopted,and,in the
latter case,the instrumentalbackgroundwill assumedto be
zeroin all bins.

3. Method of analysis

3.1. Background tr eatment

Beforedeterminingthe flux of any emissionline, the back-
groundmustbemodeled.Thebackgroundconsistsof essen-
tially two components:instrumentalbackgroundandsource
background,which may consistof continuumradiationand
weak,unresolvedlines.

The instrumentalbackground�`� is alsopresenton those
partsof thedetectornotilluminatedby thetargetsource,such
that it canbe obtainedfrom regionsadjacentto the spectral
traceon the detector. We supplytheoption to usea second-
orderpolynomialto smooththeinstrumentalbackground.

A farmoredifficult taskis thedeterminationof a reliable
sourcebackground�!�_� . The sourcebackgroundis by defi-
nition presentonly on the extractedspectraltrace,andmay

becontaminatedby weak,unrecognizedspectrallinesand/or
specificeffectsof theinstrument,e.g.,higherordercontami-
nation.

In orderto estimatethe sourcebackground,we adopted
thefollowing procedure.We first concentrateon thespectral
regionof interest,andconsiderthecontinuumin this (small)
regionasconstant,thusoneparameter�!�_� is sufficient to de-
scribethe sourcebackground.In this region we generatea
backgroundsubtractedspectrum,andcalculatethemedianof
thecountvaluesthusobtainedfor all binswithin theinvesti-
gated(small)partof thespectrum.All binscontainingmore
countsthan3� above this medianvalueare excludedfrom
calculatinga final medianvalue,which is usedasa constant
sourcebackground�!�_� measuredin counts/̊A. The median
is a statisticallyrobustestimateof thecontinuum(which we
implicitly assumeto be flat over the consideredpart of the
spectrum)aslong asmorethan50%of all binsbelongto the
sourcebackground,i.e., thespectrumcontainsnot too many
lines.

For eachbin � with thebin-size ��� in Å wethusobtaina
totalvaluefor thebackgroundof � �������C��.�h� �_� � in thestudied
wavelengthrange.

3.2. Fit procedure

The emissionline spectraarefitted with a maximumlikeli-
hoodtechniquesimilar to thatusedby Schmittet al. (1996)
for their EUVE spectra.Thespectrumis assumedto consist
of the background� andof � discreteemissionlines. The
treatmentof thebackground� is describedin Sect.3.1.

Eachline � is assumedto berepresentedby a normalized
profile �E�i O�¢¡[�7�H£_�7�D¤ , e.g.,a Gaussianprofile

� �  0�¢¡[� � £_� � ¤ � ¥¦ §E¨ � �<©)ªm« ¬�­8¬`®_¯ °°O± ® (2)

with the dispersion� � and the centralwavelength � � . The
choiceof an adequateprofile functiondependson the prop-
erties of the grating, the detectorand, provided sufficient
spectralresolution,the physicalpropertiesof the source.In
the currentversiona Gaussprofile, a Lorentz profile, and
a Pseudo-Voigt profile areimplemented.Otherprofile func-
tionscaneasilybeimplemented.In thepseudo-Voigtapprox-
imationtheweightedsumof a Gaussanda Lorentzprofile²�³ �0�7´'µ�¶�·'¸�¹�º �   ¥¼»¾½ ¤�¿�À8ÁP�!�H 0Â�¤ � ½7Ã ³EÄEÅDÆ¢Ç  CÂ]¤
is used.Here,theFWHM Â is computedasÂ �  0ÂeÈÉ � §7Ê ËiÌ8§)ÌHË ÂeÍÉ�ÂeÎ � §~Ê Ï7§)ÐiÏHÑ ÂeÒÉ]ÂeÓÎ� ÏUÊ Ï~Ô ¥ ËiÑ Â ÓÉ�Â ÒÎ �%Õ Ê Õ Ô)Ð)Ï7§ Â É Â ÍÎ � Â ÈÎ ¤`Ö`× È Ê
Themixing parameter½ is computedas

½ � ¥ Ê ÑHËiË Õ Ñ  CÂeÎ7Ø)Â�¤ » Õ Ê Ï~ÔiÔ ¥ Ì  CÂeÎ~Ø)Â�¤ Ó �%Õ Ê ¥H¥i¥H¥ Ë  CÂ¢ÎMØ)Â�¤ Ò Ê
(For reference,seeThompsonet al. 1987).

After the selectionof � lines with their centralwave-
lengths� � andtheir linewidths � � a specificpartof thetotal
spectrumwill beextractedfor investigation,includingall se-
lectedlineswith sufficient adjacentbackground.This partof
the spectrumcontainsa numberof bins,called Ù here,and
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thenumberof expectedcountsòôó in the õOöC÷ bin canbecalcu-
latedasòôó�ø�ù!ú_ûü;ýÿþ ú_û ó þ��������	� � û ó�
 �
� (3)

where� � , theamplitude,reflectsthetotalnumberof countsof
line � , and û ó�
 � is thevalueof thenormalizedprofile function
for line � in bin õ . In orderto comparethemodeledspectrumòôó with themeasuredspectrum�¢ó , weassume�¢ó to beaPois-
sonrealizationof òôó . Thetotalprobabilityof theobservations� ������� ��� is thengivenby��� � ������� �����hø ��ó ��� �"!$#&% ò(' %ó�¢ó*) (4)

andthe likelihoodfunction + � � �"� ý �,�.-/�0� �2ø21 ������3 � is de-
finedas

+ ø54�6�798 � ø54�6 �� ó ��� � 4mò ó þ � ó 7:8Lò ó � þ ò(;<� ù�= � (5)

The best-fit valuesof the parameters� � � ý � , and - � � �Qø1 . . . 3 � are determinedby finding extremal valuesof +
through:> 798?+>

� � øA@
> 7:8?+> ý � øB@

> 798C+> -/� øD@ � (6)ý � and - � are in principle fixed by the wavelengthsof
theconsideredlinesandtheinstrumentalresolution.Compli-
cationsarisefrom possiblewavelengthcalibrationerrorsand
line blends.A minimizationprocedureis providedfor solving
Eqs.6 numericallyfor

ý � and -/� , suchthatno derivative of
thenormalizedprofile function is necessary. Theamplitudes

� � , proportionalto the line flux, arethe genuineinteresting
parameters.Analysisof the likelihoodequationsshows that
for the amplitudes� � a fixed point equationcanbe derived
for eachline � with

ý � and -/� assumedto begiven:

� � 
 E�FHG ø �� ó ��� �¢ó � � 
 I&J K û ó�
 �òôó�
 I&J K � (7)

We point out that this fixedpoint equationis independentof
thechoiceof theprofile function.

Eq.7 canbeefficiently solvedby iteration.Measurement
errorsaredeterminedby assumingthelikelihoodcurve + � � � �to be parabolicandfinding the valueof

ü � � where + � � ��Lü � � � øM+ � � � � þON + resultingin
ü � � øQP 6 N +?R<+TS S� with+ S S� thesecondderivativeof + with respectto � � known from

equations5 and3. We choosed+ øU1 which yields formal
1 - errors(Presset al. 1992).

Similarly the errorsfor
ý � and -/� are calculatedin the

casethevaluesareoptimizedby minimization.Wedetermine
theerrorsin d

ý � andd- � numericallyfrom + � ý � � and + � - � � ,
respectively with d+ øV1 , i.e., errors being given within
68.3%; thus formally we treat all other parametersas “un-
interesting”.

Whenmeasuringline blends,a morerefinederror anal-
ysis is necessaryfor the amplitudesin order to accountfor
correlatederrors.This is doneby calculatingthe matrix of
correlatederrors

ü � ó � øXW 6 > +?R > +4ó > + � . TheEigenvaluesY � � ü � ó � � of thismatrix(Hesse-matrix)will bethecorrelated
errors

ü � � (cf. Strong1985).

3.2.1.Imposing restrictionson the fit

The algorithmhasbeendevelopedin the context of analyz-
ing high resolutionX-ray spectraof cool stars(e.g.,Nesset
al. 2001, 2002) obtainedwith theLETGSon boardChandra.
It is thereforedesignedto meetsomeof the specificchal-
lengesof this instrument.Neverthelesssomeof thesefea-
turesare useful in a variety of other contexts as well. The
spectrameasuredwith the LETGS containa numberof iso-
latedandblendedemissionlinesabovea continuumof vary-
ing strength.A goodprofile functionfor theseemissionlines
is the Gaussprofile function (Eq. 2). Whenfitting multiple
lines,therelative line positionsarewell known (e.g.,Dereet
al.2001), whileabsolutelinepositionsmightneedcorrection.
For this purposethewavelengths

ý � canvary eitherfreely or
- if the relative wavelengthpositionsof the lines to be fitted
areknown - only oneline is fitted,andall otherline positions
will besetaccordingto therelative line positionsgivenwith
the startvaluesin orderto accountfor possibleshifts of the
overallwavelengthscale.

The greatbenefit from the high-resolutionX-ray spec-
tra lies in the new opportunityto analyzethe plasmaby use
of temperature-anddensitysensitive line flux ratios.When
dealingwith low-signaldataor with blends,it canbe desir-
able to requirecertainline ratios to be fixed to valuesthat
retainrealisticphysicalconditions,while still obtainingthe
bestfit resultfor therest.For this purposeZ weights [ � and
avalue \ canbegivenfulfilling

������� [ � � � øB\ � (8)

All lineswith [ � øA@ canvary freely. Choosing,e.g., [0]møB^ ,[`_døa4b1 � , and \@øc@ , a constrainton the line flux ratio
of [ _ R0[`]ãø2^ canbe demanded,while fitting the other line
counts� �`d� ](
 _ freely. This featurehasbeenusedby Nessetal.
(2002) for fitting the Ne IX triplet for Algol, which is heav-
ily blendedby FeXIX. ThesameNe IX triplet is alsoseenin
theChandraLETGSspectrumof Capella,andin Sect.4, we
discussthe deblendingof this triplet usingCORA in some
detail.

A big problemof theLETGSis thehigherdispersionor-
ders,whichcannotbedisentangledfrom thefirst orderby in-
trinsic energy resolutionof thedetector. Thewavelengthsof
the fitted lines canbe multiplied with a factorreflectingthe
dispersionorder. In thatway the line flux of, e.g.,theO VI I I

line at18.97Å canbemeasuredat38Å, 57Å, 76Å, etc.with
thesamestartingvalue,i.e.,18.97Å in combinationwith the
correspondingfactor. This featurecanalsobe usedfor sys-
tematicblue-or redshifts.

3.3. Implementation details

The introducedprogramconsistsof two independentparts.
The actual fit programis a standaloneprogramwritten in
ANSI C that readsin the spectrumanda configuration file
performsthe fit outputsthe resultsandgeneratesa plot (us-
ing the PGPLOT vectorplotting library). The configuration
file containsinitial fitting parametersaswell assettingsfor
variousoptionsfor fitting andplotting.
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To customizethe selectionof input parametersandop-
tions, the programis deliveredwith a graphicaluser inter-
face(GUI) programmedwith GTK+ (GimpToolKit), amulti-
platformopensourceGUI toolkit. This GUI allows to inter-
actively selecttheregion of interestwithin thespectrum,set
initial valuesfor plottingparameters,selectoptionsfor fitting
andplotting,andactuallyrun thefit.

Theprogramcanbeusedto createplots for publication.
Plot parameterscanbe given modifying the outlook of the
plot, e.g.,only thespectrumcanbeplottedwith nofittedline,
or labelscanbeincluded,ascanbeseenin Fig. 1.

4. Analysis of a Chandra LETGS spectrum of
Capella

In order to demonstratethe potentialof the developedtool,
we presentas an example,a ChandraLETGS spectrumof
Capella(cf. Nesset al. 2001, Mewe et al. 2001). The anal-
ysis of the Ne IX triplet is particularlydifficult, becausethe
intercombinationline at 13.52 Å is blendedby an FeXIX

line. For this reasonMewe et al. (2001) did not analyzethe
Ne IX triplet, andalsotheHETGSspectra,in spiteof its bet-
ter resolution,posedproblemsthatwerenot fully solvedby
Canizaresetal. (2000) or Phillipset al. (2001).

However, densitydiagnosticswith theNe IX triplet is in-
teresting,becauseit allows to probeplasmaof intermediate
temperature.Althoughit is not possibleto resolve theblend,
theproblemcanbeapproachedby usingphysicalconstraints
derived from other lines in the spectrumin order to restrict
thefit parameters.

UsingtheCORA tool presentedhere,in their analysisof
Algol Nesset al. (2002) useda fixed G ratio (cf. Gabriel&
Jordan1969) thatgrantsarealisticplasmatemperature.Since
the theoreticalwavelengthsarenot asreliableasthe resolu-
tion, the wavelengthvalueswereiteratedfreely. We applied
this techniqueto theCapellaLETGSspectrum,andshow the
result in Fig. 1. As canbe seenfrom the labels,the G ratio
is 0.8, anda measuredf/i ratio of 3.24 f 0.35(68.3%con-
fidenceerror) is obtained,which is consistentwith the ratio
measuredby Ayres et al. (2001). They give 2.9 f 0.5, but
point out thattheir valueis uncertaindueto theblending.

5. Conclusion

5.1. Limitations

The programis designedfor a specificpurpose,but is pro-
grammedfor more generalapplications.However, not all
possibledemandsaremet,andwe wish to point out this fact
by mentioningthelimitations.

The sourcebackgroundis considereda constantwithin
the wavelengthrangeof interest.This assumptionmight be
poorin caseswhenthewavelengthregionof interestis large,
which is thecasewhentheemissionlinesarefar apart.The
procedureis thereforelimited to (multiple) fitting of nearby
linesonly. Thesmallwavelengthrangerestrictstheprogram
to fitting only individual lines, but no global fit is possible
with this program.

Fig.1. Spectrumof Capella:Exampleof a constrainedfit of the
Ne IX triplet at 13.5Å, wherethe intercombinationline at 13.52Å
is blendedby anFeXIX line.

Fig.2. XMM-RGS Spectrumof Capella:It is clearlyvisible thatthe
Lorentzianprofile functionis bestsuitedfor RGSspectra.

The line profiles are restrictedto Gaussian,Lorentzian,
or PseudoVoigt profile functions.Experiencehasshown that
theChandraLETGSandHETGSspectraaresufficiently well
modeledwith the Gaussianprofile, while XMM RGSspec-
tra requireLorentzianprofiles(cf. Fig. 2). Othernormalized
profiles,however, caneasilybeimplemented.

Thealgorithmfollows thephilosophyto stick ascloseto
theraw dataaspossiblein orderto avoid interferenceof sys-
tematicerrorswith statisticalerrors.We thereforeinsist on
non-subtractedcountspectrato begiven.Flux spectracanof
coursebe given, becausethe units cannotbe checked. Sys-
tematicerrorsin the effective areasand the exposuretime,
however, spoil the Poissonstatistics,suchthat no usefuler-
rorswill bereturned.Sincethesubtractionof theinstrumen-
tal backgroundalsospoilsthePoissonstatistics,nospectrum
containingbinswith negativecountvalueswill beaccepted.
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5.2. Comparison
i

with other tools

We have developedCORA becausewe felt that noneof the
existing tools,at leastthosewe know of, did fulfill our per-
ceivedneeds.

In particular, both the popularMIDAS andIRAF pack-
agesprovidetasksfor line fitting anddeblending,but accord-
ing to thedocumentationtheassumptionof Poissonstatistics
is only usedin the final derivation of error estimates(e.g.,
in the IRAF SPECFIT task),while from Eqs.6 onecansee
that the Poissonstatisticsdirectly entersinto the likelihood
function that determinesthe fit result,and thereforeshould
be accountedfor not only for error estimation,but also for
thefitting procedureitself. This is donein therigid approach
usedby CORA.

TheXSPECpackageprovidesa taskto performline fit-
ting with Poissonstatistics.However, XSPECrequiresinput
datain a specialFITS format,andin fact we have not been
ableto convert the ASCII dataavailableto us into that for-
mat.XSPECis anexcellentreductiontool, treatingraw data
from X-ray missions,but oncethe reductionhasbeenper-
formed in anotherway but with XSPEC,it is very difficult
to make useof theXSPECtasksfor furtherdataanalysis.In
suchcases,toolslikeCORA areclearlythebetterchoice.As
notedabove, CORA is limited to fits within small spectral
windows.For globalfits, eventuallyincludinga moreor less
completelist of lines,XSPECis certainlysuperior.

Since CORA pursuesonly one single goal, in con-
trast to many other applications it is easy to use,
and also easy to install. CORA is releasedunder the
terms of the GNU Public License (FSF 1991), and
can be downloaded from the METALAB ftp archive
(http://metalab.unc.edu/pub/Linux/science/astronomy).
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Chandra LETG: OVII Procyon~
Trad= 5406 K

±3.28  0.3Robs=
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Chandra LETG: OVII Capella~
Trad= 5029 K
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Chandra LETG: NVI Procyon�
Trad= 5778 K
Trad

1.33  0.28±

± 200 K
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Chandra LETG: NVI Capella�
Trad= 4976 K
Trad 

1.78  0.25±�
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Chandra LETG: CV Procyon�
Trad= 5532 K
Trad

0.48   0.12±
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Chandra LETG: CV Capella�
Trad= 4585 K
Trad

1.48  0.34±
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ß�à�ä�í�Ü�ç�ðeü>á�âMÛ�Ü;åeâ}RfÜ�ß�Ü�ä>Û'143�ß�à+5�Ü�ÝCâMÛ3Û�ÜOß�ìOî'� êeâMéMÜ;ðpç�ßQ{;ß�ç¸æB5�ç!ä]Ý¶ç!ì�Ûõç�ð�Û�ê�Ü;Ü4ÝGâZì�ì�âMç�ä�âZì
ðpç!á�äeåTâZäEì�ÞfÜ�æ�Û�ß�à�é!éZâZä�Ü�ì�ú4æ�ç!ä@Û�âZä>á�áeÝ Ü�ÝCâZì�ì�âMç!äTâZìÂì�ÜOÜ�äTð�ç�ß~8dà-ÞfÜ4éMéZàdèFêeâZéMÜ�Û�ê�Ü�ì�Û3ß�ç!ä�í�Ü�ì3Û
æ�ç�ä>Û�âZä¸á�áeÝ âZìµðpç!á�äeå]ðpç�ß Y éMí�ç�é�î ï ê�ÜdæOç�ä>Û�âZä>áeà/à-ß�Ü1ÝCà�âZä�éq5Eð�ç�áeä�å]à�ß�ç!á�äeå�\�^6XY è�ê�ÜOß�Ü
à�éZì�ç/ì3Û�ß�ç�ä�í�Ü�ÝCâZì�ì�âMç�ä éZâZä�Ü�ì�ú-ÝGà�âZä�éq5Eð�ß�ç�Ý�s�Ü�ú�ý¸â�ú i Ü�ú!à�ä�å � í�ú!à�ß�Üdì�ÜOÜ�ä]ð�ç�ß Y éMí�ç�é�à�ä�å
8dà-ÞsÜ�éMéZà�ú�û`á�ÛFä�ç�Û�ðpç�ß�{;ß�ç¸æB5�ç�änîzs�ç�ß2{�ß�ç�æB5�ç!ä�Û�ê�Ü ì�Û�ß�ç�ä�í�Ü�ì�Û�éZâZä�ÜTâZìEs�Üõô�tXà-Û�\�^�\�XY ú
ðpç�ß�ÝGÜ�åbà�ÛdéMçºè Û�Ü�ÝGÞfÜOß�à-Û�á�ß�Ü�ì�ú¸è�êeâZæ�êDâZì
ë�ÜOß�5Cè
Ü�à��'âZäN8dà-ÞsÜ�éZéMà�ú>à�äeåbä�ç�Ûdå�ÜOÛ3Ü4æ�Û3Ü�åxâZä
Û�ê�Ü Y éMí�ç!éfì�ÞfÜ4æ�Û3ß�á�Ý8î�� ä�ì�Û3Ü4à�åÈè
Ü2�eäeå'êeâMí�êeéo5CâMç!ä�âqrOÜ�å�s�ÜEâMç�äeì
ð�ß�ç!Ý�s�Ü.tÂóõô5ô�ô�� j U XY 

á�ÞxÛ�çcs�Ü.t�tnô5ô5ôD��Ü�î¢í�î4\�d Ì XY 
 î
�¼Ü/èdà�ä@Û1Û3çãÞsç�âZä>Û;ç!á�Û
Û�ê�à�Û1âZì�ç!éMà�Û�Ü�åbéZâZä�Ü4ì;æOà�äbûfÜ/ÝGÜ�à�ì�á�ß�Ü�åbà�äeåÈéZâMä�ÜFß�à-Û�âMç�ìdæ�à�äÈûsÜ
æOà�éZæOáeéZà-Û�Ü�åÂî
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¦ë
�
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@ �_í���í+ñoí=�BóKí;�A��ò#/B("ñqí�ô#����ó�ò,ìC�D�BôE/B(�ì�éF��í;�Fò�ì�ò�õ_ê�í�ô#��G4ÿaì�ò+ûyñqë+/�éÔõ_ôE��éqó�éqí;���H�I�<ì�ô#/
� íg÷KJML	NCObëP( óKôQJRL#S�NEígì�ê#�?ý?��í;�,ïHè_ô�ìzó���í4éÔõ�ò#�Bó�é�T�í��Kó�ò,ìC�VU~ì�ô
�Bû,ô�õcò�õ��QWAXzí+õZY ò,õ+�Z[
&%�H�]\_^�JML	NCO4ígì�ê#�?ý?��í;��*z÷zí`/Ví+ò	��ë�ì�í`��/�ò�ñqñ ì�ò�ó�éqô#�a� ��!"!"!)ý#�b��!"!#\cJ�ï @ ��éF��ì�ò,ó�éqô�é��`ò
/Ví+ò	��ë�ì�íbô#�3("ñÔò#��/�ò2óKí;/B(�ígì�ò,ó�ë_ì�í;��÷�éqó���ò`��éqêE��ì�ò,ó�éqôAéÔõ+��éF�gò,ó�éÔõ_ê`�"éoêE��óKí;/B(�ígì�ò,ó�ë_ì�í;�+ï
è_ô�ìHó��_í�/VôE��ó~ò	�Bó�é�T,íd�Kó�ò,ì��HY4ñqê�ô�ñ'&%�H�]e î�JML	Sgf�ígì�ê#�?ý?��í;��*�ò,õ+�BhiGjY4ì�é8&%�H�]e]kVJML	Sgf
ígì�ê#�?ý?��í;��*J÷zíl/Ví+ò	��ë�ì�í�ó��_íl��éqêE�_í;��óhì�ò�ó�éqô#�Zk�ï î7ò�õ��nmmïo^�ï @ �_í�éqõmóKí+ì�/Ví;�"éÔò�ó�í�ò#�Bó�épT�í
��ó�ò,ìC�Dq`rHì�és&%�H�teuJRL#Nwv�ígì�êE��ý?��í;��*Ìò�õ��xXDò	( í+ñÔñÔò$&"���tetyzJRL#Sw{�ígì�ê#�?ý?��í;��*Ìò,ì�íB/Ví+ò�ÿ
��ë_ì�í;�h÷�éqó��héÔõ�ó�ígìC/Ví;��éÔò,óKí�ì�ò�ó�éqô#�Q÷�éqó��|J,ï}m4ò�õ��~y��,ì�í;��( í;�Bó�épT�í+ñqû�ï @ �_í�ì�í+ñÔò�ó�éqô�õhö�ígó:÷zí+í+õ
("ñÔò#��/�òVó�í;/B( ígì�ò,ó�ë�ì�í%ò�õ��.G4ÿaì�ò+ûLñÔë�/�éÔõ_ôE��éoóøû�éF��õ_ô�ó4í+õmó�éqì�í+ñqû]õ_íg÷u& í�ï ê��8�
�C�_ì�é���T,ígì�ígó
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¸	¶º©�Ð;Ñ#Ò?Ó Ï Ç8Ô�¥P°�³B§;¸	¯�¥�¦�£F«�¤Z°�µ�§;¯�§~¶F£F«P§·¦C¸�°�£�²#¯d¦�§MÕ�§=ÈR°�£F«P¤l°�µP§~¼+¶F¸	¯�³�¸�°�§;³B¼3§M¦C¸	°�¥�¦�§~£F¯
«P§MÃD©�ª¬«B¢Ö£�¤P©�×i°�µ�§a¦�§=¶�¸	°�£p²E«B£�¯�¼+¶�²#°w°�§;®�¥�¯�£F«P¤�°�µP§a¯�¥P¦�­%¸#ÈR§�¶F¥�³�£F«P²E¯�£�° Ø·Ù�Ú�Á�Û`ÜÝ ­±²#¦�°�µP§¶F£�«�§)¦C¸	°�£�²E¯)Þ ß�à"à"à"¹	Þbß�à%àz¸	«+®Aá.ß8à"à"¹?ábß8àâÇ8Ã�µ�§M¦�§�°�µP§Z¶F£F«�§;¯`£F«�É#²#¶�É#§;®ãÃV§M¦�§|®P§M°�§;ÈR°�§;®
£F«�¸	¶F¶ä°�µ�§D¯�°�¸�¦C¯;©

åäæ ç6è8é�ê�ë�ìíê+îiïÄé�ðòñ"ó±ô�é.õ=ë	ó±öÖñ±é�õ�÷

¢P²#¦~®P§M°�¸#£�¶F¯�²	­aø�§Mù ¶�£�ú#§Z°�¦C£p¼�¶�§M°D®P§=«�¯�£�° Øã®�£F¸�¤E«P²E¯�°�£FÈM¯DÃV§Q¦�§M­±§M¦·°w²Aû�¸�Ô+¦C£�§;¶ýüÿþ	²	¦C®+¸	«
Ê¬Ð=Ñ��#Ñ Ï Ç���¶F¥�³B§;«�°�µ+¸	¶i§M°�¸	¶º©0Ê¬Ð=Ñ���× Ï Ç��-§MÃV§xü	�
ÈCµP¦C£�
wÉ#§M¦AÊ¬Ð=Ñ��	Ò Ï Ç�
�¦C¸#®�µ�¸#« §;°l¸#¶º©
Ê¬Ð=Ñ	Ò
Ð Ï Ç�
H¦C¸#®�µ�¸#«-ü���µ�¥+¶F¶'ÊwÐ=Ñ	Ò
Ð Ï Ç�
H¦C¸	®+µ�¸#«bÊwÐ=Ñ	Ò#× Ï Ç�
H¦C¸	®+µ�¸#«$ÊwÐ;Ñ#Ò ¡ Ï Ç�¸	«+®l¦�§;ÈR§;«�°�¶�Ø

�²	¦���¥�§M°dü���¥PÔ�¸	¥xÊ�× Î	Î#Î�Ï Ç�
�²#¦���¥P§M°a§M°�¸#¶º©aÊº× Î	Î Ð Ï ¸	«�®Äá�§=¯�¯s§M°�¸#¶º©aÊº× Î#Î ÐR¸ Ï ©Vª¬«�°�µP§
«P²#°�¸	°�£�²E«ã²	­Vøi§Rù ¶F£pú#§B°w¦C£�¼+¶�§M°�¯dÃV§B¥+¯w§B¸	«ã¦�®�§;«P²#°�£F«�¤|°�µP§B¦�§;¯�²#«+¸	«+ÈR§B¶F£F«P§�ÊwÐM¯C×?¼���
 � Ï Ç¸	«_£d­±²#¦l°�µ�§b£F«�°�§M¦CÈR²#³·Ô�£F«�¸	°�£�²E« ¶F£F«P§ Ê¬ÐM¯ò×�¼���
 � Ï ¸#«�®_¸	« ­·­±²#¦Q°�µP§b­±²#¦�Ô+£F®�®�§;« ¶F£�«�§Ê¬ÐM¯ò×?¯���� � Ï Ã�£�°�µ ¸#¶F¶z¶F£F«P§;¯~®P§;ÈM¸=Ø�£F«�¤b¦C¸#®�£F¸	°�£�É#§;¶pØA°�²ã°�µ�§�¤	¦�²E¥�«+®n¶�§MÉ	§;¶�ÐR¯�Ü�������© ¾aµP§§;¶�§;ÈR°w¦�²E«]®P§;«+¯�£�°�£�§;¯�¸	¦�§A®P§M¦C£�É#§;®j­±¦�²#³ °�µ�§A¶�£F«�§ ¦C¸�°�£�²n­º¹?£`²#­6­±²#¦�Ô+£F®�®�§;« ¶F£�«�§$­)¸#«�®
£F«�°�§M¦CÈR²#³·Ô�£�«+¸�°�£�²#« ¶F£F«P§|£ºÇ Ã�µP§M¦�§l£�« ¸$µ+£�¤#µ ®P§;«+¯�£�° Øã¼+¶F¸#¯�³B¸$£p²E«�¯~£�«x°�µP§Q­±²#¦�Ô�£F®�®P§=«
¶�§MÉ	§;¶iÃ�£F¶�¶zÔ3§Ä§R»
ÈM£�°�§;® Ô�ØíÈR²E¶�¶F£F¯�£�²#«+¯~£F«�°w²x°�µP§ £F«�°w§M¦CÈR²E³·Ô+£F«�¸	°�£p²E« ¶�§MÉ	§;¶i­±¦�²E³ Ã�µP§M¦�§
°�µ�§MØ�ÈM¸	«í®P§;ÈM¸=Ø�¦C¸	®+£F¸�°�£�É	§;¶�Ø#©���¼ä§;ÈM£F¸	¶VÈM¸	¦�§�£F¯6«P§;ÈR§;¯�¯�¸�¦�ØxÃ�µP§;« ®P§;¸#¶�£F«�¤ÄÃ�£�°�µ Ç�§#© ¤�©pÇ
§;¸�¦C¶�Øã° Ø�¼3§|¯�°�¸�¦C¯·¼+¦�²=É
£F®�£F«P¤-¯�°�¦�²#«�¤$Å! u¦C¸	®+£F¸�°�£�²#«#"+§;¶F®�¯D°w¦C£�¤#¤	§M¦C£F«P¤Ä°�µ�§|§R»PÈM£�°�¸	°�£�²E«
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C�DFE�G)H�IKJ)L MNI�OQPSR�T�U.IWVYXZOB[�D,H�T�P�D]\�^_OQ\�H`P�a)Ib^cPcT�H�^_d�^WL#e!fgH�T%hiVjG7klDFU.\�^�DFPmh
nQo!p�q�r;sut T�U.v.R7T�^�^1w1L s a)I�IWU7x�DFH�xWV]IWvyk`IWT�^�G)H�IWk`IWUzP�^{TAH�I_e�|}|	k~I%T�^�G)H�I3f
k`IWUzP�^ ng�K�G.v)IWVg� r G7v.T�H�v�I�P�T�VgL��A���.�3T)� t w1L
o DFE�a�PSR7T�U)I%VYX o�� OB[�D�d�^WL ���~n Og��DQw�[�H~OQ\�H`P�a)I�^cP�TAH�^`DjUix3\�k`R7T�H�Dj^c\�Ui�!DFPca
^c\�VjT�H�k`IWT�^�G)H�IWk`IWU�Pc^ n O�\�H!H�I�O�I�H�IWU7x3IW^!^cI�I<��IW^�^�I�P!T�VgL��A���.��Tzw

O�� D7H�T�v.DjT�PcDFd�IWVFh�L���Ul\�G)H,^�T�k`R7VFI!��Hc\�x3h�\�UKT�U7v r VFE�\�V5TAH�I!\�O�R7T�HcP�Djx�G.VjT�H?Djk`R�\�H�P�T�U.x�I
DjU�P�a.Dj^SHcIW^cR�IWx3P�L�C)\�HZk`\�H�Ibv)I�P�T�DFVj^S\�U�P�a.Dj^_��I�H�I�OQI�H~Pc\#�!IW^�^W��|�I���I���� o T�T�^�^cIWU
n �A���.��w�T�U.v��!IW^�^W�7|�I���I���� q x�a.klDFPcP n �:���.� t w�L
C D]E.L ¡b^�a.\%�!^_a.\%�¢v.IWU.^�DFPcDFIW^�x�T�U t IZv.I�H�DFd�IWv#OQH�\�k£P�a)I¤k`IWT�^�G)H�IWv�VjDjU)I`H�TAP�DF\yOg[:D�DjU
Pca.I}I3¥�T�k`R7VFIy\�O r VFE�\�VgL s a)I}^c\�VjDjv¦VjDjU)I�H�I�R7H�IW^cIWUzP�^¤P�a)I}P�a)IW\�H�I�P�DFxWT�V�x�G)H�d�I}PcT�§�DjU.E
DjUzPc\�T�x�x3\�G.U�P�Pca)I{k`IWT�^�G.HcIWvK¨�©ªH�T�v.DjTAP�DF\�UZ«.IWVjv n H�I�R7H�IW^cIWUzPcIWv t h~P�a)I�P�I�H�k­¬�®�¬7¯W��x3O�L
°,VjG.k`IWU�Pca7T�V±I�P_T�VgL8�%²�³���w1�±�!a.DjVFISP�a)I¤v7T�^�a)fBv)\�P�PcIWv�VjDjU)I`H�I�R.H�IW^cIWUzP�^<Pca.IZPca.I�\�H�I�P�Djx�T�V
x�G)H�d�I´U)I�E�VFIWx3P�DFU.E�Pca.I�H�T�v.DjT�PcDF\�U_«7IWVFvNLµ��U_Pca7Dj^µR�TAH�P�DFx�G7VjTAH x�T�^cI�DFP�Dj^ U)\�P;x�VFIWTAH;�!a.I�Pca.I�H
Pca.I?k`IWT�^�G)H�IWv<H�T�v7DjTAP�DF\�U�«.IWVjv�T�x3P�G.T�VjVFh�TA¶�IWx3Pc^�P�a)I�k`IWT�^�G.HcI%v<x3\�H�\�U7T�V�IWklDj^�^cDF\�U���^�DjU.x�I
DFP~v)\�IW^~U.\�P`\�H�D]E�DjU.T�P�I�OQHc\�k	Pca.Ib^�PcIWVjVjTAHl^�G)H�O+T�x3I t G.PSOQHc\�k	Pca.Ibx3\�k`R�T�U.DF\�U·°¸^cP�TAH
n ��IW^�^KI�PKT�VgL¹�:���.�3x�w1L s a)I�IWVFIWx3PcHc\�Uºv.IWU.^�DFPmh�x�T�U t I�v.I�H�DFd�IWv t h»x3\�k`R7T�H�DjU)E�P�a)I
k`IWT�^�G.HcIWv�OB[�D�H�TAP�DF\)�;H�I�R.H�IW^cIWU�P�IWv t h¼Pca.I¤v.T�^�a)IWviVjDjU)I��µ�!DFPca#I�H�H�\�H�^ n v.\�PcP�IWv�w��;�!DFPca
Pca.I8x3\�H�H�IW^cR�\�U.v7DjU)E¼Pca.I�\�H�I�P�Djx�T�V�x�G)H�d�I n v.T�^�a)fBv)\�P�PcIWv½OQ\�H�U)I�E�VFIWx3PcDjU.E�P�a)I}H�T�v7DjTAP�DF\�U
«.IWVjvZT�U.vK^c\�VjDjvZVjDjU)I!OQ\�H,T�x�x3\�G.U�PcDjU)E_OQ\�H,Pca.I�IWU�PcDFH�I{H�T�v.DjT�PcDF\�Ul«7IWVFv¤DgL¾I�L�¬�®�¬ ¯ � ��¿F�%À�w�L

ÁNÂ Ã¤Ä�Å�Æ�ÇÉÈ%Å

C)\�H�x3\�k`R�TAH�Dj^c\�U t I�Pm��I�IWUªPca.IÊ^cPcT�H�^���IÊG7^cI}Pca.IÊk`IWT�^cG.H�IWv½OB[�D{H�TAP�DF\�^�DFU7^cP�IWT�v½\�O
v)IWU7^cDFP�DFIW^W� t IWx�T�G.^cI�v)I�H�DFd�DjU)E_v)IWU.^�DFP�DFIW^�O�H�\�kËOg[:D�H�IWÌ�G.DFH�IW^,T�P�\�klDjx�v.T�PcT)�.�!a.Djx�a�klDFE�a�P
t I�T�k t DFE�G)\�G.^WL s a.I!Og[:D5H�T�PcDF\�^W��Pca.\�G.E�aN��x3\�U�P�T�DjU�T�VjV�I3¶�IWx3P�^W��P�a�G7^,T�Vj^�\SPca)I�DjU.Í7G)IWU7x3I
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