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Abstra
tSupersymmetry is a theoreti
ally well-motivated extension of the
urrently established model of parti
le physi
s. It introdu
es a newsymmetry between bosoni
 and fermioni
 �elds and predi
ts a largenumber of new parti
les. If supersymmetry is dis
overed at the LHC, ameasurement of the new parti
le masses will be an important 
ontribu-tion to the determination of the fundamental model parameters.In this thesis a novel method for mass determination is presented,whi
h is based on the assumption of R-parity 
onserving supersymmetryand makes use of events with identi
al de
ay topologies. Combin-ing a mass s
an with an event-by-event kinemati
 �t a 
ompleteevent re
onstru
tion is possible despite two undete
ted lightest super-symmetri
 parti
les, and a likelihood map for the mass spa
e is obtained.The method is demonstrated for the mSUGRA ben
hmark point SPS1aand is shown to work in prin
iple. A weakness 
on
erning the measure-ment of the undete
ted parti
le at the end of the de
ay 
hain is observed,whi
h is related to the measurement resolution of parti
les in the dete
tor.Additional information from the measurement of a kinemati
 endpointis applied to improve the determination of the lightest parti
le mass. Ifba
kgrounds are small a pre
ise mass measurement is feasible with thismethod. A large amount of LHC data is required to isolate su�
ientevents with a suitable topology.

i



ZusammenfassungSupersymmetrie ist eine theoretis
h gut motivierte Erweiterung desaktuellen Modells der Teil
henphysik und führt eine neue Symme-trie zwis
hen bosonis
hen und fermionis
hen Feldern ein, wel
he zurVorhersage vieler neuer Teil
hen führt. Im Falle einer Entde
kungvon Supersymmetrie am LHC wird die Massenmessung der neuenTeil
hen einen wi
htigen Beitrag zur Bestimmung der grundlegendenModellparameter bilden.In dieser Arbeit wird eine neue Methode zur Bestimmung dieserTeil
henmassen präsentiert, wel
he auf der Annahme von R-Paritätserhaltender Supersymmetrie und der Analyse von Ereignissen mit iden-tis
hen Zerfallskaskaden beruht. Ein S
an über mögli
he Teil
henmassenwird mit einem ereignisweisen kinematis
hen Fit kombiniert, wodur
heine vollständige Ereignisrekonstruktion, trotz zweier ungemessenerTeil
hen, mögli
h wird und eine Likelihoodverteilung für die Massenerstellt werden kann.Die Methode wird am Beispiel des mSUGRA Ben
hmarkpunktes SPS1ademonstriert und ihre prinzipielle Funktionstü
htigkeit gezeigt. EineS
hwä
he in der Messung des ungemessenen Teil
hens am Ende derKaskade wurde festgestellt, wel
he mit der Messau�ösung von Teil
henim Detektor in Zusammenhang steht. Zusätzli
he Information aus derMessung eines kinematis
hen Endpunktes wird genutzt um die Bestim-mung der lei
htesten Masse zu verbessern. Eine präzise Massenmessungist mögli
h, falls der Untergrund klein ist. Es ist eine groÿe Menge anLHC Daten notwendig, um genügend Ereignisse mit geeigneter Zerfall-stopologie zu isolieren.
ii
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Chapter 1Introdu
tionFor de
ades the Standard Model of parti
le physi
s has provided a pre
ise des
ription ofall elementary parti
les and their intera
tions, observed in experiments. With the startof the Large Hadron Collider (LHC), eventually delivering proton-proton 
ollisions at a
enter-of-mass energy of 14TeV, this model is 
hallenged again in a new energy regime.For the �rst time parti
le intera
tions at an energy s
ale in the TeV region 
an be studiedin high numbers in a laboratory. Expe
tations are high that new parti
les signatures willbe observed in the dete
tors of the LHC experiments, be it the long sear
hed Higgs-boson,or more exoti
 phenomena, suggested by 
on
eptual problems of the Standard Model whenapproa
hing the TeV-s
ale.Among the ideas for phenomena beyond the Standard Model, Supersymmetry (SUSY)plays a prominent role. This additional symmetry relates bosoni
 and fermioni
 �elds andpredi
ts a variety of new parti
les, yielding a ri
h 
ollider phenomenology. Many SUSYmodels have appealing features, like a uni�
ation of for
es and a suitable 
andidate parti
leto explain the amount of dark matter found in 
osmologi
al observations.The experimental setup at the LHC is well suited to dis
over supersymmetry, if it existsand has the desired properties. Clearly, a mere deviation from Standard Model predi
tionsis not a proof for supersymmetry, but properties of new parti
les have to be investigatedto 
on
lude on the underlying mathemati
al des
ription. Among these properties are thenew parti
le masses, whose determination will be 
hallenging, sin
e the preferred SUSYmodels always in
lude undete
table parti
les in the �nal state of 
ollisions and a dire
tre
onstru
tion of invariant masses is impossible. Nevertheless, di�erent approa
hes to massdetermination of supersymmetri
 parti
les were studied in re
ent years.In this thesis a novel method for mass determination is presented, whi
h exploits a promi-nent feature of R-parity 
onserving supersymmetry. Heavy new parti
les are produ
ed inpairs and de
ay via several intermediate mass states into the lightest and stable supersym-metri
 state, yielding several jets and leptons in the �nal state. An approa
h based on there
onstru
tion of su
h de
ay 
as
ades via a kinemati
 �t, the 
ombination of many topo-logi
ally identi
al events, and a s
an of possible mass values is developed and demonstrated1



1. Introdu
tionfor a parti
ular SUSY s
enario. Experimental 
onditions at the LHC are simulated in goodapproximation by using the dete
tor simulation of the CMS experiment, whi
h providesa realisti
 modeling of the dete
tor performan
e. Masses of SUSY parti
les in a MonteCarlo Simulation are determined and statisti
al un
ertainties as well as systemati
 e�e
tsare studied.This thesis begins with a short review of the Standard Model and an introdu
toryoverview on the supersymmetri
 theory. SUSY phenomenology and the dis
overy potentialat the LHC as well as re
ent ex
lusion limits from the CMS experiment are summarizedin the following. In 
hapter 3 the LHC and the CMS experiment and its performan
ein parti
le re
onstru
tion are des
ribed. The next 
hapter reviews the topi
 of mass de-termination in SUSY events and the prin
ipal ideas behind the new mass determinationmethod are explained. Starting with Chapter 5, details on the setup in terms of physi
ss
enario and te
hni
al realization are presented and Chapter 7 then treats the appli
ationof the kinemati
-�ts-method for mass determination. Finally, results are 
ompared to othermethods and and 
on
lusions are drawn.

2



Chapter 2Theory and Phenomenologyof SupersymmetryThis 
hapter provides the theoreti
al ba
kground for the physi
s phenomena investigatedin this thesis. A very brief review of the main stru
tures of the Standard Model of parti
lephysi
s, and a sket
h of its short
omings are followed by an overview on Supersymmetry,with some fo
us on the investigated mSUGRA model and sparti
le masses. Expe
tationsand properties for SUSY at the LHC are 
overed in 
ombination with existing ex
lusionlimits. Argumentation for the theoreti
al part (Se
. 2.1 and 2.2) is mainly based on existingsummaries and edu
ational arti
les [1�5℄, whi
h 
ontain further referen
es to the originalwork.2.1 The Standard ModelThe Standard Model of parti
le physi
s (SM) [6�14℄ des
ribes all elementary parti
les whi
hhave been observed in experiments so far and their strong, weak and ele
tromagneti
 in-tera
tions. The SM was tested in many pre
ision 
ollider experiments and no signi�
antdeviation from its predi
tions were found [15,16℄. Two ingredients enter the StandardModel, on the one hand the observed parti
les, and on the other hand the intera
tionsamongst them, whi
h are des
ribed by means of a renormalizable quantum �eld theory.Fermioni
 Parti
les, i.e. quarks and leptons, are 
lassi�ed by their behaviour in the gaugeboson mediated intera
tions.The mathemati
al des
ription is based on a non-Abelian gauge group, given by the innerprodu
t SU(3)C ×SU(2)L×U(1)Y , and the Poin
aré group of spa
e-time transformationsas an outer symmetry. The 
olor gauge group SU(3)C from Quantum Chromodynami
s(QCD) spe
i�es the strong intera
tions, while ele
troweak intera
tions are based on theuni�ed SU(2)L×U(1)Y group. The generators of ea
h group are hermitian matri
es whi
hful�ll the following 
ommutation relations, where T a (a = 1, . . . , 8), Ii (i = 1, . . . , 3) and3



2. Theory and Phenomenology of Supersymmetry
Y are the generators of SU(3)C , SU(2)L and U(1)Y , respe
tively.

[T a, T b] = ifabcT c, [Ii, Ij ] = iǫijkIk, [Y, Y ] = 0. (2.1)The stru
ture 
onstants of the gauge groups are given by the totally antisymmetri
 tensors
fabc and ǫijk.The parti
les' quantum numbers 
orresponding to these generators are 
olor 
harge (T a),weak isospin (Ii), and weak hyper
harge (Y ). The ele
tri
 
harge of a parti
le is given bythe Gell-Mann-Nishijima relation Q = I3 + Y/2.Parti
les are des
ribed by relativisti
 quantum �elds and 
an be divided into three groups,matter, gauge, and Higgs boson �elds.Matter is build of spin-1/2 fermions whi
h are either 
olor 
harged quarks (SU(3)Ctriplets) or leptons without strong intera
tions (SU(3)C singlets). Six �avors of quarks havebeen observed 
arrying an ele
tri
 
harge of either Q = +2/3 (u, c, t) or Q = −1/3 (d, s, b).The ele
tron (e) and its heavier 
opies muon (µ) and tau-lepton (τ) are a

ompanied bythree ele
tri
ally neutral neutrinos (ν). Quarks and leptons group into three families ofleft- and right-handed 
hiral fermions.
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,

(

c

s

)

L

,

(

t

b

)

L

, uR, dR, cR, sR, tR, bR

(2.2)Left-handed fermions transform under SU(2)L as doublets while right-handed parti
les are
SU(2)L singlets, i.e. they do not 
arry weak isospin. If neutrinos are not massless, righthanded neutrinos (νR) 
an in prin
iple be in
luded in this s
heme.The number of parti
les from a generation of quarks or leptons is (approximately) 
on-served in the SM, as well as the total baryon and lepton number. This empiri
 observationis not related to any of the fundamental symmetries the theory is based on.Gauge boson �elds, 
orresponding to the generators of the gauge groups, are spin-1parti
les, whi
h mediate the intera
tions among fermions. From the QCD SU(3)C group 8gluons emerge and the ele
troweak symmetry yields three W bosons from SU(2)L and the
U(1)Y B boson.All these gauge bosons would be massless, if the symmetries of the SM were exa
t.However, while gluons are in fa
t massless, massive bosons were observed in ele
troweakpro
esses.Sin
e the invarian
e of the Lagrangian under SU(2) × U(1) transformations breaks ifexpli
it mass terms for bosons and fermions are introdu
ed, another me
hanism is ne
essaryto add parti
le masses to the theory. The Higgs me
hanism [11�14℄ is one possibility4



2.1. The Standard Modelto give masses to gauge bosons and fermions. With this me
hanism, masses enter in agauge invariant way and renormalizability is preserved. It exploits spontaneous symmetrybreaking, i.e. additional �elds are introdu
ed whi
h keep the invarian
e of the Lagrangianunder gauge transformations but break the invarian
e of its ground state.A 
omplex s
alar �eld Φ = (φ+, φ0)T is added to the theory, whi
h transforms as a
SU(2)L doublet with hyper
harge Y = 1 and has a s
alar potential V (Φ) = µ2Φ†Φ +

λ(Φ†Φ)2. It shows that it obtains a non-vanishing va
uum expe
tation value (VEV)
〈0|Φ|0〉 =

√

−µ2/(2λ) for µ < 0. By expanding Φ around its VEV and inserting inthe Lagrangian one �nds that three degrees of freedom are absorbed in the longitudinalpolarizations of the weak gauge bosons, whi
h be
ome massive parti
les. The remaining�eld 
onstitutes a new s
alar parti
le, the higgs boson H, whi
h is yet to be found in nature.The �eld Φ is 
hosen su
h, that the SU(2)L ×U(1)Y symmetry is spontaneously brokenbut a U(1)Q symmetry related to the 
harge Q = I3+Y/2 is preserved. The 
orrespondingmassless gauge boson is identi�ed as the photon (Aµ).Mass eigenstates of the gauge bosons after ele
troweak symmetry breaking (EWSB) aregiven by linear 
ombinations of the gauge �elds W i
µ and Bµ and des
ribed by a rotationwith the so 
alled weak mixing angle θW .

(

Zµ

Aµ

)

=

(

cos θW − sin θW

sin θW cos θW

)(

W 3
µ

Bµ

) (2.3)
W±

µ =
1√
2
(W 1

µ ∓ iW 2
µ) (2.4)The mixing angle is determined from the 
oupling 
onstants 
orresponding to the SU(2)Land U(1)Y gauge groups, g and g′, as cos θW = g/
√

g2 + g′2). The masses of the W and Zbosons are proportional to the higgs VEV v, mW = vg/2 and mZ = (v/2)
√

g2 + g′2 andthe weak mixing angle 
an be expressed in terms of these masses as cos θW = mW/mZ .In order to a
hieve fermion masses Yukawa intera
tion terms are added to the Lagrangian,whi
h 
ouple fermions to the higgs �eld. These terms are invariant under ele
troweaksymmetry but produ
e masses due to their non-vanishing VEV.Also fermion mass eigenstates are obtained by rotation of the weak eigenstates. In thequark se
tor this is des
ribed by the Cabibbo-Kobayashi-Maskawa (CKM) matrix [17,18℄whose entries are determined experimentally. In 
ase of massless neutrinos the lepton massand ele
troweak eigenstates are identi
al. Nowadays, eviden
e for non-zero neutrino massesand neutrino mixing exists and the Ponte
orvo�Maki�Nakagawa�Sakata (PMNS) matrixdes
ribes the neutrino mixing in analogy to the CKM matrix [19℄.The Higgs boson is the only SM parti
le whi
h has not yet been observed in experiments.Its mass (mH = 2λv2 = −2µ2) is a free parameter of the theory. However, theoreti
al andexperimental 
onstraints on its mass exist. A positive and �nite Higgs self-
oupling isne
essary to ensure a Higgs potential that is bounded from below. In 
ombination with a5



2. Theory and Phenomenology of Supersymmetry
ut-o� s
ale of e.g. 103 TeV up to whi
h one assumes the SM to be valid the higgs massshould e.g. lie in the interval 50GeV . mH . 800GeV [20℄.The strongest experimental limits were set by the LEP experiments and ex
lude a Higgsmass mH > 114GeV at 95% 
on�den
e level [21℄. More re
ently the Tevatron experimentsfurther ex
luded the mass region between 158 and 175GeV at 95% 
on�den
e level [22℄.2.1.1 Open Questions of the Standard ModelThe Standard Model was su

essfully veri�ed in many experiments and with very highpre
ision [16℄. Despite its tremendous su

ess there are 
on
eptual problems whi
h indi
atethat new physi
s beyond the SM exists. The SM 
an be seen as an e�e
tive theory validup to some higher energy s
ale and might in the future be 
onsidered the low energy limitof an underlying theory.First of all the SM does not in
orporate gravity, whi
h will be
ome important whenapproa
hing the Plan
k s
ale ΛPlanck ∼ 1018 GeV. Another question is why the ele
troweaks
ale is so mu
h smaller than the Plan
k s
ale with mW/ΛPlanck ∼ 10−16. Related to thisfa
t is the �ne-tuning or naturalness problem [1℄. One expe
ts the higgs mass to be ofthe order of the ele
troweak s
ale. However, radiative 
orre
tions to the higgs mass fromfermions and massive gauge bosons are important, sin
e these loop 
ontributions to theself-energy are huge. If regularized with ana1 momentum 
ut-o� ΛUV they read
∆m2

H = Λ2
UV

∞
∑

n=0

cn log
n

(

ΛUV

µR

)

, (2.5)where µR is the renormalization s
ale and the 
oe�
ients cn depend on the masses of theparti
les in the loop and their 
ouplings to the higgs boson. Note the quadrati
 divergen
ewith the 
ut-o� s
ale, i.e. the s
ale up to whi
h the SM is valid. If the 
ut-o� s
ale is verylarge, 
orre
tions must be adjusted pre
isely at ea
h order in perturbation theory to yielda higgs mass around the ele
troweak s
ale.A desired feature of a more fundamental theory is the uni�
ation of all for
es. Thatmeans the des
ription with a single gauge group (e.g. SU(5) and SO(10) were proposed)and a single 
oupling. In the SM the ele
troweak and strong intera
tion are not trulyuni�ed and keep their own 
oupling with di�erent strength.The evolution of the 
oupling 
onstants with the energy s
ale is des
ribed by renormal-ization group equations. For uni�
ation the 
onstants need to meet at a high s
ale, whi
his not given with the parti
le 
ontent of the SM. New physi
s entering at an intermediates
ale might however 
hange the running of the 
ouplings and lead to uni�
ation.A third argument for physi
s beyond the SM 
omes from 
osmologi
al observations.Rotation 
urves of galaxies as well as the 
osmi
 mi
rowave ba
kground indi
ate that alarge amount of dark matter exists [23,24℄, i.e. non-baryoni
, only weakly intera
ting6



2.2. Supersymmetrymatter. Yet unknown parti
les must be the 
onstituents of this 
old dark matter, sin
e theonly SM 
andidates, neutrinos, are ruled out as a single sour
e be
ause their small massesand relativisti
 velo
ities 
annot explain large s
ale stru
ture formation.The large number of parameters in the SM is sometimes regarded as unsatisfa
tory,espe
ially the existen
e of unpredi
ted parameters whi
h are related to the origin of parti
lemasses, the hierar
hi
al stru
ture of fermion masses and CP violation.In the next se
tion supersymmetry is introdu
ed, whi
h is a popular theory beyond theStandard Model, whi
h addresses some of the above issues.2.2 Supersymmetry2.2.1 Basi
 IdeasSupersymmetry [25,26℄ was proposed as an extension of the internal gauge- and outer spa
e-time symmetry of the SM. In the SM the generators of the SM gauge group 
ommute withthose of the Poin
aré spa
e-time symmetry and ea
h parti
le is de�ned by its quantumnumbers 
orresponding to the internal symmetries (
olor, weak isospin, hyper
harge) aswell as mass, spin and momentum. There is no way to 
ombine these two symmetries otherthan as a dire
t produ
t for a theory like the SM with 
hiral fermions.In order to extend the Poin
aré symmetry in a non-trivial way a new ansatz must be 
ho-sen: anti-
ommutation instead of 
ommutation relations are postulated for the generators(Q) of the new symmetry. These must then be fermioni
 operators.In a s
hemati
 form these anti-
ommutation relations of the SUSY Poin
aré algebraread [1℄
{Q,Q†} = Pµ (2.6)

{Q,Q} = {Q†, Q†} = 0 (2.7)
[Pµ, Q] = [Pµ, Q†] = 0 (2.8)where the �rst line relates the SUSY generator Q with the generator of spa
e-time trans-lations Pµ.In parti
le physi
s, SUSY relates bosoni
 and fermioni
 �elds. The generator Q1 as afermioni
 operator 
hanges the spin of a parti
le

Q|boson〉 = |fermion〉 Q|fermion〉 = |boson〉. (2.9)Bosoni
 and fermioni
 �elds form a (irredu
ible) supermultiplet. The SUSY transformationonly 
hanges the spin, while all other quantum numbers are not altered. Sin
e the known1In prin
iple there 
an be more than one SUSY (with generator QN ). However, the 
onstru
tion of N > 1theories in parti
le physi
s leads to signi�
ant problems. 7



2. Theory and Phenomenology of Supersymmetryelementary parti
les do not �t into this s
heme, the assumption of a supersymmetry impliesthe existen
e of new, yet undis
overed parti
les.If SUSY was exa
t, these new parti
les would be mass degenerate with the known SMparti
les as one 
an see from the on-shell relation of a fermion f and a boson b

P 2|b〉 = P 2Q|f〉 = QP 2|f〉 = Qm2|f〉 = m2|b〉. (2.10)However, no supersymmetri
 parti
les were observed yet, so SUSY must be broken at lowenergies.The operator Q relates one bosoni
 to one fermioni
 state, leading basi
ally to a du-pli
ation of the parti
le 
ontent. Be
ause left- and right handed fermions have di�erenttransformation behavior under SU(2)L a bosoni
 partner for ea
h heli
ity state has to ex-ist. Furthermore a se
ond Higgs doublet needs to be introdu
ed in the theory, as will bedis
ussed later.No theoreti
al 
onstraints exist regarding the s
ale at whi
h SUSY is broken, but lowSUSY masses are phenomenologi
ally preferred to keep some desirable properties of themodel. As dis
ussed before, the large radiative 
orre
tions to the Higgs mass in the Stan-dard Model depend quadrati
ally on the 
ut-o� s
ale and need to be �ne-tuned in orderto obtain a Higgs mass around the ele
troweak s
ale. In SUSY the loop 
ontributions offermioni
 and bosoni
 partners 
an
el, due to their opposite sign. Can
ellation is exa
t onlyin the 
ase of unbroken SUSY, while logarithmi
 terms, proportional to the mass di�eren
e
m2

F − m2
B remain in the broken 
ase. Hen
e, the masses of the superpartners should notbe too large (∼ O(1TeV)) in order to retain the solution for the �ne-tuning problem.Another 
onsequen
e of new SUSY parti
les, entering around the TeV-s
ale, is that theya�e
t the running of the 
oupling 
onstants and make a uni�
ation at a high s
ale (e.g.GUT s
ale) possible.Even an in
orporation of gravity in the theory is feasible.An attra
tive feature of SUSY models with R-parity 
onservation (
.f. Se
 2.2.3) is theexisten
e of a stable, ele
tri
ally neutral and weakly intera
ting parti
le, whi
h is a gooddark matter 
andidate.2.2.2 Supersymmetry BreakingIn analogy to ele
troweak symmetry breaking, SUSY 
an also be broken spontaneously inorder to provide the mass terms for the new SUSY partners. In this 
ase the Lagrangian re-mains invariant under SUSY transformation, but the ground state a
quires a non-vanishingva
uum expe
tation value.Usually an indire
t or radiative SUSY breaking is 
onsidered, in order to avoid theoreti
alproblems. Expli
it symmetry breaking terms are added at the breaking s
ale, whi
h stillrespe
t the gauge and Poin
aré invarian
e and are soft in order not to spoil the positiveproperties 
on
erning e.g. the hierar
hy problem. Possible terms in the Lagrangian are8



2.2. Supersymmetrymass terms for the gauginos (partners of gauge bosons) and s
alars (fermion partners),as well as trilinear 
ouplings of s
alar �elds. Chiral (SM) fermions still obtain masses byele
troweak symmetry breaking in order to keep the gauge invarian
e. The spontaneousSUSY breaking takes pla
e at a high s
ale in a hidden se
tor and is 
ommuni
ated to thevisible parti
le se
tor via an intera
tion. The phenomenology in the visible se
tor dependsmostly on the way of transmission and less on the breaking me
hanism itself.In super gravity models (SUGRA) the transmission takes pla
e via gravity. Su
h modelsare widely studied and we will introdu
e a minimal SUGRA model in Se
. 2.2.3, whi
hmakes further assumptions on the universality of the 
ouplings and the soft breaking termsat the GUT s
ale, thus redu
ing the large number of new parameters in more general SUSYmodels to just �ve. The transmitting gravitational strength intera
tion does not play a rolein 
ollider experiments. Other possibilities to realize SUSY breaking are gauge or anomalymediation (GMSB/AMSB models).2.2.3 The Minimal Supersymmetri
 Extension of the Standard Model(MSSM)The minimal supersymmetri
 extension of the standard model (MSSM) 
ontains the mini-mal set of parti
les, ne
essary to build a N = 1 SUSY model, whi
h is softly broken at lowenergies and has 
onserved R-parity (see below).Ea
h bosoni
 state is grouped with a fermioni
 state in an irredu
ible representation,a supermultiplet. These partners have the same number of degrees of freedom (dof) andidenti
al quantum numbers, ex
ept for the spin, whi
h di�ers by one half. SUSY partnersof the SM fermions are 
alled sfermions and the left- and right-handed 
omponents of theSM fermions obtain a superpartner ea
h. Gauge bosons have fermioni
 
ounterparts whi
hare labeled gauginos (gluino, wino, bino). In the Higgs se
tor a se
ond Higgs doublet isneeded to provide masses for up- and down-type quarks, while keeping the gauge invarian
eand stay free of anomalies. The �eld 
ontent of the MSSM is summarized in Tab. 2.1.R-ParityThe intera
tions among s
alars and fermions in the MSSM are des
ribed by the superpo-tential, whi
h is 
ompatible with super- and gauge symmetry. In its most general form thesuperpotential 
ontains lepton and baryon number violating terms, whi
h lead to a fastand unrealisti
 proton de
ay. One possibility to 
ure this problem is the requirement of
R-parity 
onservation, where R-parity is de�ned for ea
h parti
le as

PR = (−1)3(B−L)+2s, (2.11)Here L is the lepton number, B the baryon number and s the spin of the parti
le. AllSM parti
les, in
luding the Higgs boson have positive R-parity PR = +1, while all SUSY9



2. Theory and Phenomenology of SupersymmetrySuper�eld Boson Fermion (SU(3)C , SU(2)L, U(1)Y ) Name
Q q̃L = (ũL, d̃L)

T qL = (uL, dL)
T (3, 2,+1

3 ) (s)quarkŪ ũ∗R u†R (3̄, 1,−4
3 )

D̄ d̃∗R d†R (3̄, 1,+2
3 )

L ℓ̃L = (ν̃, ẽL)
T ℓL = (ν, eL)

T (1, 2,−1) (s)lepton
Ē ẽ∗R e†R (1̄, 1,+2)

Hu hu = (h+u , h
0
u)

T h̃u = (h̃+u , h̃
0
u)

T (1, 2,+1) Higgs(-ino)
Hd hd = (h0d, h

−
d )

T h̃d = (h̃0d, h̃
−
d )

T (1, 2,−1)

Ga g g̃ (8,1,0) gluon(-ino)
W i W±,W 0 W̃±, W̃ 0 (1,3,0) W(-ino)
B B B̃ (1,1,0) B(-ino)Table 2.1.: Overview of parti
le �elds in the MSSM. The super�elds (
apital letters) have a bosoni
and a fermioni
 
omponent, whi
h share the same behavior under gauge transforma-tions, indi
ated in 
olumn four. SUSY partners 
arry a tilde. The L,R indi
es of thes
alar SUSY parti
le indi
ate the heli
ity of the SM partner. Generation and 
olorindi
es are omitted for readability. The �rst generation initials are used. Names ofthe (new) parti
les are given in the last 
olumn.parti
les have PR = −1. For 
onservation all verti
es must yield a positive produ
t of theinvolved parti
le parities.The assumption of R-parity 
onservation has several 
onsequen
es. All SUSY parti
les
an only be produ
ed asso
iated or in pairs, their de
ay must yield an odd number of SUSYparti
les, and the lightest supersymmetri
 parti
le (LSP) is stable sin
e it 
annot de
ay intoa lighter one.In general any SUSY parti
le 
an be the LSP but usually regions with a 
harged LSP(e.g. a stau) are ex
luded in phenomenologi
al studies. In a large part of the (mSUGRA)parameter spa
e the lightest neutralino is the LSP.At hadron 
olliders strongly intera
ting SUSY parti
les, squarks and gluons, will beprodu
ed in pairs and initiate a 
hain of de
aying SUSY parti
les, ending with the lightestand stable one. These possibly long de
ay 
hains will leave a signature of missing transverseenergy and many jets and leptons in the dete
tor. The properties of su
h supersymmetri
events at hadron 
olliders are dis
ussed further in Se
. 2.3.1.The MSSM LagrangianThe Lagrangian of a supersymmetri
 theory is obtained from the requirement that thea
tion ∫ d4xL(x) is invariant under a SUSY transformation. In a broken supersymmetry10



2.2. Supersymmetryit 
onsists of SUSY invariant and (soft) SUSY breaking parts
LMSSM = LSUSY + Lsoft (2.12)The Lagrangian will not be dis
ussed in detail here, but we will outline some aspe
ts
on
erning parti
le masses in the following se
tions.The SUSY invariant part 
an be divided into the superpotential, whi
h spe
i�es theintera
tion of s
alars and fermions, a kineti
 term for gauginos and gauge bosons, anda kineti
 term for s
alars and fermions. The gauge invariant soft breaking part of theLagrangian in 
ase of R-parity 
onservation is

Lsoft = − 1

2
(M1B̃B̃ +M2W̃W̃ +M3g̃g̃) + h.c. (2.13)

− q̃†Lm
2
Q̃
q̃L − ũ∗Rm

2
Ũ
ũR − d̃∗Rm

2
D̃
d̃R − ℓ̃†Lm

2
L̃
ℓ̃L − ẽ∗Lm

2
Ẽ
ẽR

− m2
hu
h†hu −m2

hd
h†dhd − (bhuhd + h.c.)

−
(

aU q̃Lhuũ
∗
R − aD q̃Lhdd̃

∗
R − aE ℓ̃Lhdẽ

∗
R

)

+ h.c.where �elds are labeled a

ording to Tab. 2.1 and SU(2)L as well as generation indi
es aresuppressed. Several mass related parameters are introdu
ed here. The �rst line 
onsists ofgaugino mass terms, depending on the 
omplex mass parameters M1, M2 and M3. In these
ond line squark and slepton mass terms o

ur, where m
2 are hermitian mass matri
esin family spa
e. Line three in
ludes Higgs boson mass terms with the real (squared) massparameters m2

hd/u
and the 
omplex Higgs 
oupling b. In the last line trilinear sfermion-sfermion-higgs intera
tions 
an be found. The 
ouplings 
an also be expressed in terms oftrilinear 
ouplings A and Yukawa 
ouplings Y

aU,D,E ≡ Au, d, eYU,D,E. (2.14)
Constraints in Minimal SupergravityThe superpotential and the soft breaking terms (Eq. 2.13) introdu
e a total of 105 newparameters in the theory. Many of these 
ouplings, masses and 
omplex phases are 
on-strained by experimental data on �avor 
hanging neutral 
urrents or CP violation. While�avor mixing is in general appearing in the soft breaking Lagrangian, it is 
ommon toassume minimal �avor violation, whi
h means that the CKM matrix is the only sour
e ofCP violation. This implies that the SUSY mass matri
es and trilinear 
ouplings in the softbreaking terms are diagonal and no �avor 
hanging neutral 
urrents (FCNC) exist on tree11



2. Theory and Phenomenology of Supersymmetrylevel.
m

2
F̃
= diag(m2

F̃1

,m2
F̃2

,m2
F̃3

), for F̃ = {Q̃,̃ , D̃, L̃, Ẽ} (2.15)
Af = diag(Af1 , Af2 , Af3), for f = {u, d, e} (2.16)As already mentioned the SUSY breaking in SUGRA s
enarios is transmitted to thevisible se
tor via gravitational intera
tions. In minimal supergravity models (mSUGRA)more 
onstraints are used. Beside a uni�
ation of the gauge-
ouplings at the GUT s
ale, asimultaneous uni�
ation of the s
alar and gaugino masses is assumed in minimal SUGRA(mSUGRA). This leads to 
ommon values for the gaugino masses (M1/2), all s
alar masses(M0) and the trilinear 
ouplings (A0).

m
2
Q̃
= m

2
L̃
= m

2
Ũ
= m

2
D̃
= m

2
Ẽ

= M2
013 (2.17)

m2
hu

= m2
hd

= M2
0 (2.18)

M1 = M2 = M3 = M1/2 (2.19)
aU = A0YU , aD = A0YD, EU = A0YE (2.20)Starting from these boundary 
onditions for parameters at the GUT s
ale, all massesand 
ouplings at lower energies are obtained by means of renormalization group equations.Two more independent parameters remain in mSUGRA. The Higgsino mass parameter(µ) and the bilinear 
oupling (b) whi
h 
an be be substituted by the ratio of the Higgsva
uum expe
tation values, tan β (see below), and the sign of µ at the weak s
ale. To-gether with M1/2, M0 and A0 this sums to only �ve free parameters determining the entirephenomenology in mSUGRA models.

Parti
le MassesThe in
lusion of parti
le masses in the MSSM also happens via the Higgs me
hanism andthe ele
troweak symmetry is broken spontaneously. A se
ond higgs doublet has to beintrodu
ed to provide mass terms for up- and down-type quarks whi
h are 
ompatible withthe gauge symmetries. Their neutral 
omponents have non-vanishing va
uum expe
tationvalues, vd and vu. Two 
omplex doublet �elds mean eight degrees of freedom, three ofwhi
h are Goldstone bosons and are absorbed in the W and Z bosons. Five degrees offreedom remain, resulting in �ve physi
al spin-0 higgs bosons.Two of them are neutral and CP-even (h0,H0), one is neutral but CP-odd (A0) and the12



2.2. Supersymmetryremaining two are the 
harged bosons H±. Their squared masses are given by
m2

A0 = m2
hd

+m2
hu

+ 2|µ|2 = b(tan β + cot β) (2.21)
m2

h0/H0 =
1

2
(m2

A0 +m2
Z)∓

√

(m2
A0 +m2

Z)
2 − 4m2

A0m
2
Z cos2 2β (2.22)

m2
H± = m2

A0 +m2
Z (2.23)with tan β = vu/vd. The expressions for the ele
troweak gauge boson masses 
hange slightlyand 
ontain the new VEVs

m2
W =

g2

2
(v2d + v2u), m2

Z =
g2 + g′2

2
(v2d + v2u). (2.24)As before, all SM fermions a
quire their mass by Yukawa intera
tions with the Higgs�elds.For the fermion superpartners in mSUGRA it is assumed that mixing o

urs only withinone generation. The mass terms of the Lagrangian 
an be written

LSfermionmass = −(f̃∗
Li, f̃

∗
Ri)M2

f̃i

(

f̃Li

f̃Ri

)

− ν̃∗i m
2
ν̃iñui (2.25)where the mass matrix

M2
f̃i
=

(

m2
fi
+ALL

i mfiB
LR
i

mfiB
LR
i m2

fi
+ CRR

i

) (2.26)depends on the SM fermion masses mfi and the terms
ALL

i = m2
F̃Li

− (I3fi − efi sin
2 θW )m2

Z cos 2β (2.27)
BLR

i = Afi − µκ (2.28)
CRR
i = m2

F̃Ri
+ efi sin

2 θWm2
Z cos 2β. (2.29)In this notation m2

F̃L/Ri
are the soft-breaking parameters for the s
alar partners of left- andright-handed 
hiral fermions. I3fi is the third 
omponent of the isospin of the 
orrespondingSM fermion and efi its ele
tri
 
harge. In the mSUGRA assumptions Eq. 2.15 the trilinear
ouplings Afi were introdu
ed. For up-type squarks and 
harged leptons applies κ = cot βwhile κ = tan β for down-type squarks. For the sneutrino the matrix is one-dimensional

m2
ν̃i = m2

F̃Li
+

1

2
m2

Z cos 2β (2.30)One 
an see that sfermion masses depend on parameters from the Higgs se
tor (β, mZ , µ,
θW ) as well as on soft breaking parameters (m2

F̃Li/Ri
, Afi). 13



2. Theory and Phenomenology of SupersymmetryIn order to obtain the mass eigenstates the mass matrix must be diagonalized with aunitary matrix Uf̃i
, whi
h 
an be expressed in terms of a mixing angle θf̃i

Uf̃i
=

(

cos θf̃i sin θf̃i
− sin θf̃i cos θf̃i

)

. (2.31)One �nds the squared eigenvalues
m2

f̃1i,2i
= m2

fi +
1

2

[

(ALL
i + CRR

i )∓
√

(ALL
i + CRR

i )2 + 4m2
fi
(BLR

i )2
] (2.32)for the eigenstates f̃1i,2i, where the 
onvention is that the index in
rements with in
reasingmass. From diagonalization it 
omes out that

tan θf̃i =
2mfiB

LR
i

ALR
i − CLR

i

. (2.33)Hen
e the mixing of sfermions is proportional to the 
orresponding SM fermion mass,leading to a negligibly small amount of mixing in the �rst two generations. Therefore it isjusti�ed to keep the indi
es L and R when talking about 1st and 2nd generation sfermionmasses in the following. Furthermore, the masses of up- and down-type squarks within onefamily are related and their di�eren
e is 
onstrained. For the third generation squarks asigni�
ant mixing takes pla
e and the mass eigenstates are usually labelled as b̃1, t̃1 for thelighter and b̃2, t̃2 for the heavier 
ombination.Also higgsinos and gauginos 
an mix after ele
troweak symmetry breaking. The ele
-tri
ally 
harged higgsinos and winos (h̃+u , h̃−d , W̃±) 
onstitute 
harginos (χ̃±
1,2), while theneutral higgsinos, wino and bino (h̃0u, h̃0d, W̃ 0, B̃) form four neutralinos (χ̃0
1−4). In both
ases the indi
es in
rease with parti
le mass.Assuming real parameters only, one obtains the following expression for the 
harginomasses

m2
χ̃±

1,2
=

1

2
(M2

2 + µ2 + 2m2
W )∓ 1

2

√

(M2
2 + µ2 + 2m2

W )2 − 4(µM2 −m2
W sin 2β)2 (2.34)

The mass eigenvalues for the neutralinos 
annot easily be written down in an analyti
form. Neutralino masses depend on M1, M2, µ, and tan β and the mass matrix before14



2.3. SUSY at the LHCdiagonalization reads
Mχ̃0 =















M1 0 −mZ sin θW cos β mZ sin θW sin β

0 M2 mZ cos θW cos β −mZ cos θW sin β

−mZ sin θW cosβ mZ cos θW cos β 0 −µ

mZ sin θW sin β −mZ cos θW sin β −µ 0













(2.35)The eigenvalues have to be determined from quarti
 equations, whi
h in general has to bedone numeri
ally. However, simpli�ed expressions 
an be derived for parti
ular s
enarios.The mSUGRA assumptions of a gaugino mass uni�
ation at the GUT s
ale is motivatedby the running behavior of the gauge 
ouplings. Gaugino masses run in the same way as(squared) gauge 
ouplings
M1

g2
≈ M2

g′2
≈ M3

g2s
(2.36)and one �nds, that at the weak s
ale the mass parameters M1 and M2 have approximatelythe relation

M1(mZ) =
5

3
tan2 θWM2(mZ) ≈

1

2
M2(mZ). (2.37)If e�e
ts of EWSB 
an be 
onsidered as small perturbations on the mass matrix, i.e. if

mZ ≪ |µ ±M1|, |µ ±M2|, then the lightest neutralino has a dominant bino 
ontent, these
ond lightest is �wino-like� and the heavy neutralinos are mainly higgsinos. Then theirmasses are approximately
mχ̃0

1

= M1, mχ̃0

2

= M2, mχ̃0

3,4
= |µ| (2.38)In large regions of the mSUGRA parameter spa
e the lightest neutralino is the LSP.The last parti
le in this dis
ussion is the gluino. Its mass is determined by the (
omplex)soft-breaking parameter M3

mg̃ = |M3|. (2.39)2.3 SUSY at the LHC2.3.1 Event Properties in R-parity Conserving SupersymmetryAssuming 
onservation of R-parity all supersymmetri
 parti
les must be produ
ed in pairs.The produ
tion at the Large Hadron Collider (LHC, 
.f. Se
. 3.1) pro
eeds dominantlyvia gluon-gluon and gluon-quark fusion, due to the high parton-luminosity of the gluon.Feynman diagrams for some possible pro
esses on tree-level are shown in Fig. 2.1. Theyyield squarks and gluinos as �nal-state and starting point for the supersymmetri
 de
ay15



2. Theory and Phenomenology of Supersymmetry
hain.
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˜gg
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˜gg

˜qq

q

q̄

q̃

q̃

g

q
q

q q̃

q̃

˜gFigure 2.1.: Example Feynman diagrams of tree level pro
esses for gluino (g̃) and squark (q̃)produ
tion by strong intera
tions.Rea
tions with QCD strength 
an be summarized as
gg → g̃g̃, q̃iq̃

∗
j

qg → g̃q̃i

qq̄ → g̃g̃, q̃iq̃
∗
j

qq → q̃iq̃j.If squark and gluino masses are larger than about 1TeV, dire
t 
hargino and neutralinoprodu
tion via quark annihilation into W - or Z-bosons 
an be
ome the dominant pro-
esses [1℄.As a se
ond 
onsequen
e of R-parity 
onservation, the de
ay of any SUSY parti
lesyields an even number of superparti
les. Due to their short lifetime, a 
as
ade of instantlyde
aying parti
les develops, ending with the lightest and stable one (LSP).Thus the generi
 signature of SUSY events is missing transverse energy resulting fromthe two LSPs es
aping the dete
tor. In addition a large number of jets and/or leptons inthe �nal state might be found in mSUGRA or isolated photons in GMSB models.However, in mSUGRA s
enarios with a �bino-like� χ̃0
1, the largest fra
tion of right-handedsquarks de
ays dire
tly into the LSP and a quark, leading to a dijet signature for eventswith two su
h squarks.Due to rather light third generation squarks their produ
tion is enhan
ed and an in-
reased number of b-jets might be observed, originating from stop- and sbottom-de
ays.Mixing may lead to a stau whi
h is lighter than smuons and sele
trons. Then the bran
h-ing fra
tion for �nal states with tau leptons in 
hargino and neutralinos de
ays 
an be
omelarge, making tau identi�
ation a 
ru
ial 
omponent in the dete
tion of SUSY events.16



2.3. SUSY at the LHCAn important feature of SUSY are the large mass di�eren
es among the involved super-parti
les, in most 
ases allowing for their on-shell produ
tion in the de
ay 
hain. Thereforea determination of sparti
le masses through a 
omplete kinemati
 re
onstru
tion of theevent be
omes possible. However, su
h an event re
onstru
tion is 
hallenging sin
e twoinvisible LSPs es
ape the dete
tor.2.3.2 Sear
hes for SupersymmetryCurrent Mass LimitsMany sear
hes for supersymmetri
 parti
les have been performed at parti
le 
olliders untiltoday. While no eviden
e for new parti
les was found, limits on their masses were set. Themost stringent limits 
ome from the experiments at the LEP and Tevatron 
olliders [27�29℄.In e+e−-
ollisions at LEP all parti
les had to be produ
ed via ele
troweak intera
tions.While in prin
iple all SUSY parti
les but gluinos 
an be produ
ed this way, the availablephase spa
e de
reases with in
reasing mass, su
h that the produ
tion 
ross-se
tions arehighest for the light superparti
les. In many SUSY s
enarios these are sleptons and gaug-inos, rather than squarks. The most sensitive sear
hes were performed in 
hannels withleptons in addition to missing energy.At the Tevatron (pp̄) 
ollider both, the produ
tion via ele
tro-weak and via strong inter-a
tions, 
an have large 
ross-se
tions. If gluino and squarks are rather heavy (& 300GeV)the pro
ess of quark annihilation into a W - or Z-boson dominates the produ
tion andyields mainly 
harginos and neutralinos. If their masses are smaller, squarks and gluinosare produ
ed in QCD pro
esses. Consequently, sear
hes were performed in 
hannels withjets and missing transverse energy as well as in 
hannels with up to three leptons.A missing deviation from the standard model predi
tion in any of the sear
h 
hannels
an only be translated into mass limits if assumptions on the SUSY breaking s
enario andits parameters are made. However, summarizing 
urrent ex
lusion limits in a simplifyingmanner, one 
an say that all superpartners, ex
ept the gluino and LSP are 
onstrainedto masses larger than ∼ 100GeV. An indire
t lower limit on the neutralino LSP massof 47GeV holds at 95% 
on�den
e level for the MSSM with gaugino and sfermion massuni�
ation. For mSUGRAmodels with low tan β the Tevatron sear
hes even restri
t gluinosand squarks at 95% 
on�den
e level to masses above 308GeV and 379GeV, respe
tively [30℄.Limits from the CDF experiment in the m0-m1/2-plane for an mSUGRA s
enario with
A0 = 0, tan β = 5 and µ < 0 are shown Fig. 2.2In addition to sear
hes for supersymmetri
 parti
les a dete
tion of neutral or 
hargedhiggs bosons 
ould give a hint at SUSY. The higgs' masses depend on the SUSY parametersand their absen
e therefore allows an ex
lusion of parameter regions. So far no eviden
efor a higgs parti
le was found.In re
ent month �rst SUSY limits based on LHC 
ollision data at √

s = 7TeV were17



2. Theory and Phenomenology of Supersymmetrypublished by the CMS 
ollaboration and further restri
t the parameter spa
e (Fig. 2.2,bottom).Prospe
ts for a Dis
overy at the LHCThe LHC design 
enter-of-mass energy of 14TeV is more than seven times higher than theTevatron energy. It allows for a produ
tion of squarks and gluinos in QCD-strength inter-a
tions for masses up to 1.5TeV. As a result the total 
ross-se
tion for a typi
al mSUGRAs
enario 
an rea
h tens of pi
obarn, whi
h is an in
rease by three orders of magnitude withrespe
t to the Tevatron. In 
ombination with the up to 30 times higher luminosity, theLHC will very likely lead to a dis
overy if TeV s
ale supersymmetry exists. SUSY parti
lesmust be in the a

essible mass range to provide the solution to the hierar
hy problem.Both multi-purpose experiments at the LHC, Atlas and CMS (
.f. Se
. 3.2), have evalu-ated their dis
overy potential for various 
hannels in Monte Carlo studies [31,32℄.Fig. 2.2 illustrates the dis
overy rea
h for the CMS dete
tor in the m0-m1/2-plane ofthe mSUGRA model for tan β = 10, A0 = 0 and µ > 0. The in
lusive hadroni
 
han-nel with many jets and missing transverse energy 
overs the largest part of the parameterplane, while the power of 
hannels in
luding multiple leptons is more parameter depen-dent. However, the 
ontrol of the standard model ba
kgrounds is espe
ially 
hallenging forthe hadroni
 sear
hes and thus leptoni
 signatures might be easier to dete
t and yield ahigher signi�
an
e. A dis
overy of supersymmetry is possible already with low integratedluminosity of a few hundred pb−1 if its parameters are 
lose to the 
urrent limits.

18



2.3. SUSY at the LHC
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Figure 2.2.: Top: Ex
lusion limits from CDF in the m0-m1/2-plane for A0 = 0, tanβ = 5 and
µ < 0 [33℄. Middle: Dis
overy rea
h of the CMS experiment for di�erent 
hannel inthe m0-m1/2-plane with A0 = 0, tanβ = 10 and µ > 0 for an integrated luminosityof L = 10 fb−1 [31℄. Bottom: CMS ex
lusion limits in the same plane, derived from2010 LHC data 
olle
ted in 2010 [34℄.
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Chapter 3The CMS Experiment at the LHC
3.1 The Large Hadron ColliderThe Large Hadron Collider (LHC) [35℄ is a proton-proton and heavy-ion 
ollider, lo
atedat CERN, the European Laboratory for Parti
le Physi
s, at the Fren
h-Swiss border nearGeneva. It is designed for proton 
ollisions at a 
enter-of-mass energy of 14TeV with aluminosity of 1034 cm−2s−1 and heavy ion 
ollisions with 2.8TeV per nu
leon and a lumi-nosity of 1027 cm−2s−1. After a de
ade of 
onstru
tion it started operations in September2009, when the two rotating beams were �rst brought to 
ollisions at the four intera
tionpoints around the ring.Large parti
le dete
tors are build around these intera
tion points to re
ord the rea
tionstaking pla
e. The Atlas (A Toroidal LHC ApparatuS) and CMS (Compa
t Muon Solenoid)experiments are multi-purpose dete
tors, espe
ially designed for the sear
h for the higgsboson and new phenomena. The LHCb dete
tor is dedi
ated to B-physi
s, while Ali
e (ALarge Ion Collider Expriment) aims at the investigation of heavy-ion 
ollisions.Although designed for a 
enter-of-mass energy of 14TeV, the 2010 LHC run was per-formed with only half of its maximum energy for ma
hine prote
tion reasons. After the
olle
tion of data 
orresponding to a few fb−1 of integrated luminosity, presumably by theend of 2012, the a

elerator safety installations will be upgraded in a year-long stop toallow for design energy operations. Nevertheless the 
urrent 
enter-of-mass energy alreadyex
eeds any previous 
ollider and is more than 3.5 times higher than the Tevatron energy.3.1.1 The LHC DesignThe LHC is installed in the tunnel of the former LEP 
ollider, 45 to 170m below surfa
e. It
onsists of eight ar
s with dipole bending magnets and eight straight se
tions, where beaminje
tion, a

elleration, dumping or 
leaning and beam 
ollisions within the experimentstake pla
e (Fig. 3.1).Ea
h beam 
ir
ulates in a separate ring, sin
e beam parti
les have the same 
harge and
annot share the same dipole �elds. The va
uum 
ontainers are only linked in the region21



3. The CMS Experiment at the LHC

Figure 3.1.: S
hemati
 view of the LHC layout [35℄.
around the intera
tion points. Super
ondu
ting dipole magnets with a �eld strength of8.33T are ne
essary to for
e the 7TeV beams around the tunnel.The a

elerator 
hain starts with a linear a

elerator (Lina
), followed by the ProtonSyn
hrotron Booster (PSB) and the Proton Syn
hrotron (PS), where proton bun
hes withan energy of 25GeV are formed. They are passed to the Super Proton Syn
hrotron (SPS)and a

elerated to the LHC inje
tion energy of 450GeV. After entering the LHC ring thebeam energy is in
reased by about 0.5MeV per turn until rea
hing the 
ollision energy [36℄.In maximum luminosity operations the proton beams will have nb = 2808 bun
hes ea
h,with Nb = 1.15× 1011 protons per bun
h and a spa
ing of 25 ns. At the intera
tion pointsthey are squeezed to yield a beam spot with a transverse width of σ∗ = 16.7µm [36℄.The resulting instantaneous luminosity depends further on the revolution frequen
y frev,the relativisti
 gamma fa
tor γr, the normalized transverse beam emmitan
e ǫn and thebeta fun
tion β∗ at the 
ollision point. Assuming a gaussian beam distribution, it is given22



3.2. The CMS Dete
torby
L =

N2
b nbfrevγr
4πǫnβ∗ F, (3.1)where F is a geometri
 luminosity redu
tion fa
tor, depending on the 
rossing angle, thebun
h length and the transverse beam size. The LHC peak luminosity is L = 1034 cm−2s−1.The event rate f is related to the luminosity and the 
ross-se
tion σ

f = L · σ. (3.2)About 20 
ollisions per bun
h 
rossing and an event rate of around one billion events perse
ond are expe
ted, 
orresponding to a total 
ross-se
tion of σtot = 100mb.The luminosity de
ays during a �ll as intensity degrdes and emmitan
e grows due to
ollisions, but also due to beam-gas and beam-beam intera
tions. For a high luminosity run,with 
ollisions in the Atlas and CMS experiments, the lifetime is approximately τL = 15h.With a run of duration Trun an integrated luminosity of
Lint = L0τL

(

1− e−Trun/τL
) (3.3)
an be 
olle
ted.With an estimated turnaround time of 7 h for an entire a

elerator 
y
le, in
luding the�lling of the ma
hine, a

eleration, 
ollisions, and ramping down the magnets again, theintegrated luminosity is maximized for a run time of 12 h. Assuming 200 days of operationsthe a
hievable integrated luminosity per year 
an rea
h up to 120 fb−1.3.2 The CMS Dete
torThe Compa
t Muon Solenoid (CMS) experiment [37℄ is one of the four large parti
le de-te
tors at the LHC. It is pla
ed in an underground 
avern at Point 5 of the a

eleratorring.The CMS experiment 
onsists of subdete
tors for tra
king and 
alorimetry pla
ed insidea 3.8T solenoid, and a muon system, embedded in the magnet return yoke (Fig. 3.2).Forward dete
tors 
omplete its hermeti
 
overage of the intera
tion point. For the tra
kingdevi
e sili
on pixel and strip 
omponents were 
hosen. Ele
tromagneti
 energy is measuredin lead-tungstate 
rystals while the hadroni
 
alorimeter uses brass absorber plates andlayers of s
intillating �bers. Three kinds of gaseous dete
tors are used in the muon system.CMS is 21.5m high, has a diameter of 15m and a total weight of 12500 tons. Its individual
omponents are des
ribed in the following se
tions.The 
hallenging experimental environment at the LHC, with high 
ollision rates andaround 20 inelasti
 
ollisions per bun
h 
rossing leads to high a
tivity in the dete
tor.Approximately 1000 
harged parti
les enter the tra
ker every 25 ns. This requires a high23



3. The CMS Experiment at the LHC

Figure 3.2.: S
hemati
 view of the CMS dete
tor [37℄dete
tor granularity to redu
e the average o

upan
y and redu
e the impa
t of pile-up, agood time resolution to distinguish 
ollisions, and a fast readout to minimize dead time.Triggers must sele
t interesting events out of these 109 mainly low-pT s
atterings per se
ondwith a rate of ∼ 100Hz, whi
h 
an be saved for further analysis. Radiation hardness ofdete
tor materials and ele
troni
s, espe
ially 
lose to the intera
tion point are mandatoryto resist the large parti
le �ux.Aiming at a test of the standard model at the TeV s
ale, the dis
overy of the higgs-boson and other new phenomena like supersymmetry or extra dimensions, the dete
tormust provide an ex
ellent performan
e in parti
le re
onstru
tion and identi�
ation.Depending on the higgs mass a dis
overy is possible with signatures like four muons(H → Z0Z0 → µµµµ), 2 high energy photons (H → γγ), or in �nal states with b-jets(H → bb̄). Hen
e, muon re
onstru
tion and 
harge identi�
ation with high e�
ien
y andmomentum resolution over the entire kinemati
 range, and in parti
ular for high energeti
muons is an important design goal. Further, the measurement of ele
tromagneti
 energyand diphoton masses must be ex
ellent (∼ 1% at 100GeV) and requires an e�
ient π0suppression.24



3.2. The CMS Dete
torRe
onstru
tion of se
ondary verti
es is 
ru
ial for the identi�
ation of b-jets and also oftau-leptons whi
h may appear with high abundan
e in supersymmetri
 events. A high e�-
ien
y and pre
ision in 
harged parti
le tra
k re
onstru
tion is essential for these purposes.Still, the striking signature of supersymmetry is large missing transverse energy, whi
hmust be determined with good resolutions and further motivates the hermeti
 
overage ofthe intera
tion point. New resonan
es de
aying via the strong intera
tion may be foundin the dijet mass spe
trum su
h that the dijet mass resolution, rea
hed by a �ne lateralsegmentation, be
omes important.3.2.1 Coordinate System and ConventionsThe 
oordinate system used in CMS is a right-handed system, 
entered at the nominal
ollision point, with the y-axis pointing verti
ally upward, the x-axis pointing radiallyinward to the 
enter of the LHC ring, and the z-axis pointing in the beam-dire
tion towardthe Jura mountains.The azimuthal angle φ is measured from the x-axis in the x-y-plane and the polar angle
θ is measured from the z-axis. Pseudorapidity is then de�ned as η = − ln(tan θ

2 ), themagnitude of the transverse momentum pT = (px, py)
T be
omes |pT | = |~p| · sin θ, and thedistan
e of two points in the η-φ-plane is given by ∆R =

√

(φ1 − φ2)2 + (η1 − η2)2.3.2.2 Super
ondu
ting SolenoidThe super
ondu
ting solenoid is 13m long and with a diameter of 6m it is large enoughnot only to a

ommodate the tra
king devi
e, but also the hadroni
 and ele
tromagneti

alorimeter, su
h that the absorbing material in front of them is minimized. A �eld strengthof 3.8T in this dimensions 
an only be rea
hed with a super
ondu
ting magnet. The strong�eld is ne
essary for the bending of 
harge parti
le traje
tories, that allows a momentummeasurement. Further more it saturates a su�
ient amount of iron to embed the muon
hambers in its �ux return yoke.3.2.3 Tra
king Dete
torsThe inner most dete
tor 
omponent is a sili
on pixel dete
tor, surrounded by a sili
on striptra
ker. Here the traje
tories of 
harged parti
le are measured and their origins (verti
es)are determined by analysis of the hits on the modules. The sili
on dete
tor 
ombinesa �ne segmentation with radiation hardness and relatively low material budget, whi
h isbene�
ial to redu
e e�e
ts from multiple s
attering, bremsstrahlung and photon 
onversion.Its layout is shown in �gure 3.3.With a length of 5.6m and a radius of 1.25m the tra
ker 
overs the pseudorapidity regionup to |η| < 2.5. The total a
tive area sums to about 200m2. A pixel stru
ture was 
hosenfor the innermost parts sin
e an o

upan
y of single dete
tor 
ells in the order of 1% had25
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Figure 3.3.: Cross-se
tion through the the sili
on tra
ker [37℄. Ea
h line stands for a sensormodule.to be a
hieved, while having a hit rate density of e.g. 1MHz/mm2 at a radius of four
entimeters.Pixel Dete
torThe pixel tra
ker is divided into a 55 
m long barrel part with three layers of sensor modules,at radii of 4.4, 7.3, and 10.2 
m, and two layers of end
ap modules, whi
h are mounted onturbine-like wheels at |z| = 34.5 cm and |z| = 46.5 cm and have a radius of 15 
m. A totalof 66 million pixels are distributed over the 1440 modules. Pixel dimensions are 100µm intransverse and 150µm in z-dire
tion.Its live time due to radiation damage is limited to approximately 2 years for the �rstpixel layer and greater than 10 years for the outermost in high luminosity LHC operations.Strip Tra
kerFurther layers of a
tive dete
tor material are realized as sili
on strip modules. In the 
entralregion 10 layers are arranged in inner (TIB) and outer barrel (TOB) with the strips orientedalong the z-axis. The inner barrel is 
losed with the three layers of the inner disks (TID)and the tra
ker end
aps (TEC) provide additional 9 layers (disks) of sensor modules. Thosein the inner disks and end
aps are pla
ed perpendi
ular to the beam dire
tion with stripspointing radially outwards.Ea
h substru
ture is partially equipped with ba
k-to-ba
k modules in whi
h the stripdire
tions of the two sensors are tilted by an angle of 100mrad in order to allow for ameasurement of the third hit 
oordinate.26



3.2. The CMS Dete
torSin
e the hit density falls with in
reasing distan
e to the intera
tion point, the pit
h andlength of the sili
on strips 
an be in
reased a

ordingly to redu
e the number of readout
hannels while keeping the o

upan
y low. The pit
h in
reases from 80µm up to 180µmand the strip length from 10 
m up to 25 
m. In order to keep the noise at a low level, thesensor thi
kness also in
reases from 320µm to 500µm.The tra
ker layout leads to approximately 3 hits in the pixel and 9 hits in the stripdete
tor for a parti
le rea
hing the ele
tromagneti
 
alorimeter. The amount of traversematerial depends strongly on the pseudorapidity and rea
hes from 0.4 radiation length
X0 up to 1.8X0, with largest 
ontributions, in de
reasing order, from support stru
tures,
ables, 
ooling and ele
troni
s.Tra
ker Performan
eTransverse momenta of 100GeV are re
onstru
ted with a resolution of 1-2% in the 
entralregion (|η| < 1.6). The re
onstru
tion e�
ien
y for single muons in this dete
tor regionrea
hes 99% and de
reases in the forward region, where no layers of the inner disks aretraversed. For pions the e�
ien
y is degraded mainly due to multiple s
attering to about85%.3.2.4 Ele
tromagneti
 CalorimeterThe ele
tromagneti
 
alorimeter (ECAL) is build of lead-tungstate 
rystals (PbWO4) andsurrounds the tra
ker up to a pseudorapidity of |η| = 3.0. Lead-tungstate 
rystals were
hosen be
ause they have a short radiation length of X0 = 0.89 cm and small Moliere radius(2.2 
m), su
h that a 
ompa
t geometry with �ne granularity and good spatial resolution
an be realized. Furthermore they are radiation hard and have a fast light emission.In the barrel region (|η| < 1.479) 
rystals with surfa
e dimensions of 2.2× 2.2 cm2 and alength of 23 
m, 
orresponding to 25.8 radiation length, are mounted in a quasi-proje
tivegeometry (Fig. 3.4) with their surfa
e pointing to toward the intera
tion point. The lightemitted by the 
rystals is 
olle
ted with avalan
he photo diodes.In the ECAL end
aps (1.479 < |η| < 3.0) the 
rystals have a length of 22 
m (24.7X0)and are 
onne
ted to va
uum photo-triodes for readout. The end
ap is partially shieldedwith a preshower dete
tor, extending from |η| = 1.653 to |η| = 2.6. It 
onsists of two leadplates of 2X0 and 3X0, respe
tively, interspersed with sili
on strip dete
tors and allows foran identi�
ation of neutral pions.For parti
le energies up to 500GeV the resolution σ is des
ribed by

( σ

E

)2
=

(

a√
E

)2

+

(

b

E

)2

+ c2where a stands for a sto
hasti
 fa
tor, b for the noise, depending e.g. on the luminosity,27
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ECAL (EE)Figure 3.4.: One quarter of the ECAL showing the orientation of the 
rystals [37℄.and c for an intrinsi
 
onstant 
ontribution. Parameters were determined in an ele
trontest beam setup of a barrel supermodule to a = 2.8%, b = 0.12 and c = 0.3%.For higher energies showers leak out of the 
alorimeter's ba
k and this parametrizationbe
omes invalid.3.2.5 Hadroni
 CalorimeterThe hadroni
 
alorimeter (HCAL) 
onsists of several dete
tors (Fig. 3.5). The barrel part(HB) is pla
ed between the ECAL and the solenoid, whi
h limits the amount of absorbermaterial that 
an be used. The end
ap (HE) dete
tors �t inside the remaining spa
e atboth ends of the magnet 
ylinder. The HCAL is 
ompleted by an additional a
tive barrellayer outside the magnet (HO) and a forward 
omponent (HF).Barrel and end
aps are both built from brass plates as absorber, plasti
 s
intillator asa
tive medium, wavelength shifting �bers and hybrid photo diodes for light dete
tion.In the barrel (|η| < 1.3) the absorber plates are about 5 
m thi
k and interleaved withlayers of s
intillator with at thi
kness of 3.7 
m ea
h. The brass absorber material has anintera
tion length of 1.49 
m and a hadroni
 intera
tion length λ = 16.42 cm. . At η = 0the material sums up to only 5.82λ plus about 1.1λ from the ECAL, thus requiring the HOas a tail-
at
her for higher energeti
 hadrons. The amount of traversed absorber materialin
reases towards the forward region and rea
hes 10 intera
tion lengths. HB is segmentedinto 2304 towers with a size of ∆η ×∆φ = 0.087 × 0.087.In the end
aps (1.3 < |η| < 3.0) 8 
m thi
k absorber is used. The granularity is in
reasedfor |η| > 1.6 to ∆η ×∆φ = 0.17 × 0.17 and towers have a longitudinal segmentation into28



3.2. The CMS Dete
tor

Figure 3.5.: Sket
h of one quarter of the CMS dete
tor, showing the position of the hadroni

alorimeter 
omponents, namely the barrel (HB), end
aps (HE), outer (HO) andforward (HF) parts [37℄.up to 3 divisions 
lose to the beam line, where parti
le rates and energy depositions rea
htheir maximum.On the outer side of the solenoid 
ylinder, extending up to |η| < 1.3 an additional layerof s
intillator serves as a
tive medium behind the absorbing material of the magnet. Thedepth of the absorbing material depends on pseudorapidity and is approximately 1.4 sin θintera
tion lengths. The HO segmentation is identi
al to the barrel.For the most forward HCAL 
omponent (HF) robust steel absorber plates were 
hosen,instrumented with quartz �bers and photomultipliers for the dete
tion of Cerenkov light.It is lo
ated 11.2m away from the intera
tion point and 
overs the pseudorapidity regionof 3.0 < |η| < 5.2, where the radiation dose is extremely high, requiring su
h robustte
hnology.The HCAL performan
e in view of jet energy resolution is summarized in se
tion 3.3.1.3.2.6 Forward Dete
torsThe experimental setup is 
ompleted with two very forward dete
tors. Castor (CentauroAnd Strange Obje
t Resear
h), lo
ated 14.38m away from the nominal intera
tion point,
overs the region of 5.2 < |η| < 6.6. The Zero Degree Calorimeter (ZDC) measures neutralparti
les at a distan
e of 140m (|η| > 8.3). Both are tungsten-quartz Cerenkov 
alorimetersfor radiation resistan
e reasons and have 10 and 7 intera
tion lengths, respe
tively. 29



3. The CMS Experiment at the LHC3.2.7 Muon SystemThree di�erent types of gaseous muon dete
tors are embedded in the �ux return yoke of theCMS magnet, where the magneti
 �eld still provides su�
ient bending power to determinemuon momenta (Fig. 3.6).
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Figure 3.6.: S
hemati
 view of one quarter of the CMS dete
tor, showing the position and typeof the muon 
hambers [36℄.Following the geometry of the solenoid, muon 
hambers are pla
ed parallel to the beam-axis in the four barrel muon stations and perpendi
ular in the end
ap wheels, 
overing anarea of about 25000m2.Drift tubes (DT) are used in the four barrel stations (|η| < 1.2), where neutron indu
edba
kgrounds are small and low muon rates are expe
ted. Ea
h of the three inner sta-tions is equipped with four 
hambers measuring the r-φ-
oordinate and four 
hambers fordetermination of the z-
oordinate. Hit resolution is about 100µm.In the four end
ap stations more radiation resistant 
athode strip 
hambers are installedbe
ause muon rates and ba
kground levels are higher and the magneti
 �eld is large andnon-uniform. They 
over the pseudorapidity region of 0.9 < |η| < 2.4 and provide a fastresponse time and �ne segmentation.The muon systems 
an be used to trigger on the muon transverse momentum with goodresolution (15% (25%) for the barrel (end
ap)). However, the un
ertainty on ba
kgroundrates and in the determination of the 
orre
t bun
h-
rossing motivates the existen
e of a
omplementary set of muon dete
tors. The resistive plate 
hambers (RPC) have a lower30



3.2. The CMS Dete
torhit resolution, but very fast response and good time resolution and are espe
ially suitablefor triggering and bun
h 
rossing identi�
ation. Six layers of RPCs are pla
ed in the barreland three layers in the end
ap stations, 
overing |η| < 1.6.Re
onstru
tion e�
ien
ies for single muons are typi
ally 95-99%, only dropping in tran-sition regions between di�erent dete
tors. Multiple s
attering before the muons stationslimits the pT resolution of the standalone muon system to about 9% for transverse momentaup to 200GeV.This 
an be improved signi�
antly by 
ombining measurements in the muon system withtra
ker information, espe
ially bene�
ial at low pT (
f. Se
. 3.3.4).3.2.8 Trigger System and Data A
quisitionThe LHC bun
h 
rossing frequen
y of 40MHz in 
ombination with multiple intera
tion per
rossing leads to a very large amount of data to be pro
essed by the readout system. Sin
eit is impossible to store the information of all events, a trigger system has to redu
e the rateby a fa
tor of 106. The �rst trigger level (L1) is realized with programmable ele
troni
sand has an output rate of 100 kHz. The se
ond level, 
alled high level trigger (HLT), is asoftware trigger, i.e. it 
onsists of a 
omputing farm running the sele
tion software. Thisgives the opportunity to use 
omplex algorithms and evolve them in time. Data is �nallytransferred to the storage systems with rate of about 100Hz [38℄.The L1 trigger does not use the full dete
tor information but only 
oarsely segmenteddata from the 
alorimeters and the muon system. During the L1 pro
essing the readoutdata is stored in pipelines on the front-end ele
troni
s. In 
ontrast, the HLT has a

ess tothe full dete
tor information.The L1 de
ision is taken in four steps (Fig. 3.7). First trigger primitives are generatedfrom energy deposits in the 
alorimeter (trigger towers) and tra
k segments or hit patternsfrom all three muon 
hambers types.In a se
ond step regional triggers 
ombine pattern information to form and rank triggerobje
ts like ele
tron, photon or muon 
andidates. Information on minimum-ionizing parti-
les and isolation properties is analyzed as well. The highest ranked obje
ts are determinedfrom the Global Muon and Global Calorimeter Trigger. The latter also 
al
ulates quan-tities like jets, their s
alar pT sum or the total (missing) transverse energy in the event.Finally, the Global Trigger takes a de
ision whether to a

ept or reje
t an event based onthese obje
ts.The de
ision also takes into a

ount the readiness of the subdete
tors and the dataa
quisition system (DAQ). The DAQ system has to read out 1MB per event, resulting ina data �ow of 100GeV/s at nominal LHC luminosity, whi
h is passed to the HLT farm. 31
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Figure 3.7.: Ar
hite
ture of the L1 trigger [37℄.3.2.9 Data Storage and Pro
essingThe large amount of experimental data a
quired with the CMS dete
tor must be storedand made available for analysis. The 
omputing system supports tasks like saving of rawand derived data, pro
essing of pattern re
ognition and event �ltering, data redu
tion, andthe �nal physi
s analysis. Furthermore, large samples of simulated events are produ
ed for
omparison of data and theoreti
al des
riptions. Data pro
essing also requires the a

essto non-event data like dete
tor 
onditions and 
alibrations.Sin
e these servi
es 
annot be provided at the required s
ale by single 
omputing 
enter,CMS, like the other LHC experiments, supports distributed 
omputing in the WorldwideLHC Grid (WLCG) [39℄. The WLCG is an asso
iation of 
omputer 
enters around theworld, 
onne
ted via high-speed networks, whi
h provide 
ommon interfa
es (grid middel-ware) to their storage and CPU resour
es. The majority of the re
orded data of all LHCexperiments will be stored and analyzed outside CERN.These sites are organized in a hierar
hi
al Tier stru
ture, and responsibility for thevarious 
omputing tasks is distributed over three di�erent levels (Fig. 3.8).32
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Figure 3.8.: Hierar
hi
al stru
ture and tasks of the CMS 
omputing 
enters, also showing thedata �ow [37℄.Tier-0 CERN hosts the only Tier-0 
enter, where the in
oming data is stored and promptre
onstru
tion takes pla
e. Data is then exported to Tier-1 sites.Tier-1 Seven Tier-1 sites provide large bat
h CPU fa
ilities and storage spa
e to the
ollaboration. A tape ar
hive is mandatory sin
e ea
h Tier-1 has 
ustodial responsibilityfor a share of the re
orded data. Tier-1 
enters have dire
t network 
onne
tions to theTier-0. Se
ond-pass re
onstru
tion and skimming is 
arried out, simulated data is storedand data is passed down to Tier-2 sites for analysis.Tier-2 The �nal physi
s analysis takes pla
e at the Tier-2 
enters on skimmed data ob-tained from the Tier-1. In the order of 100 sites, usually lo
al university 
omputing 
lusters,
arry out his task. They are also in 
harge of produ
tion of simulated events, whi
h are
a
hed in the lo
al storage before being transferred to a Tier-1 site. Spe
ial a
tivities like
alibration and alignment studies are also run at Tier-2 sites.In reality a fourth 
ategory of Tier-3 
enters exists. These are lo
al university 
omputing
lusters with grid enabled storage and CPU resour
es, used for physi
s data analysis butwithout formal responsibilities in the 
ollaboration.A �exible and s
alable software framework is 
ru
ial for e�
ient data pro
essing. In CMSthis is a
hieved with a modular system with loosely 
oupled 
omponents and well-de�nedinterfa
es. The software framework provides a 
entral appli
ation in whi
h modules for ea
hparti
ular data manipulation or analysis task 
an be plugged in. Complexities 
on
erninge.g. reading and writing to �les are hidden from the user. The framework imposes adata model where the event is the 
entral entity. Communi
ation between modules 
an33



3. The CMS Experiment at the LHConly happen through produ
ts written to the event. Every CMS appli
ation 
onsists ofa sequen
e of modules and their 
on�guration. Provenan
e information for ea
h produ
tin the event is added automati
ally. All data is stored in ROOT �les but with varying
ontent:
• RAW 
ontains the full re
orded dete
tor information, has a size of 1.5MB/event andis permanently ar
hived. The RAW data is divided into primary datasets by triggerinformation.
• RECO data already passed the re
onstru
tion steps. Pattern re
ognition like 
lusterand tra
k �nding, vertex re
onstru
tion, 
orre
tions and �ltering are �nished and re-
onstru
ted physi
s obje
ts are stored in the event, whi
h is redu
ed to 0.5MB/event.Still it is possible to apply new 
alibrations or alignment with the available informa-tion.
• AOD (Analysis Obje
t Data) is a 
ompa
t (100 kB/event) data format obtained fromRECO by �ltering or skimming. It 
ontains only high level physi
s obje
ts and allinformation to re�t their kinemati
s. Due to the small event size large datasets ofAOD data 
an be stored at many sitesNon event data from 
onstru
tion (e.g. dete
tor geometry), 
on�guration, and run 
on-ditions like 
alibrations, alignment or dete
tor status are kept in databases whi
h 
an bea

essed by CMS software appli
ations.In order to fa
ilitate data handling and analyses on remote sites, various CMS spe
i�
grid related servi
es are ne
essary. Data 
atalogs (Data Bookkeeping Servi
e, Data Lo
ationServi
e, Trivial File Catalog) provide the mapping of dataset names to the hosting site andthe a
tual lo
ation of data in the site's lo
al �le system.A data transfer and management tool is used for the pla
ement of data on the sitesand for bookkeeping. Further work�ow management tools are available for user-spe
i�
analysis job 
reation, submission and monitoring as well as for large s
ale job submissionfor re
onstru
tion or simulation purposes.The fun
tionality of the CMS 
omputing system was demonstrated in various tests beforeLHC startup.3.3 Physi
s Obje
ts Re
onstru
tionIn this se
tion the re
onstru
tion algorithms for physi
s obje
ts whi
h are relevant in thisstudy are summarized. These are jets, missing transverse energy, ele
trons and muons.From the signals of the numerous dete
tor readout 
hannels important information mustbe �ltered out. Therefore pattern re
ognition algorithms are applied in the CMS re
on-stru
tion software in order to �nd dete
tor regions where parti
les have passed after the34



3.3. Physi
s Obje
ts Re
onstru
tionbun
h 
rossing, to identify the type of the parti
les and to re
onstru
t their momenta. Inmost 
ases several subdete
tors are involved in the dete
tion of a parti
le.3.3.1 Jets and Missing EnergyHadronizing quarks and gluons form jets of hadrons in the dete
tor, whi
h are stopped inthe 
alorimeters. The traditional jet re
onstru
tion relies only on 
alorimeter information,while more sophisti
ated approa
hes, whi
h use additional information from the tra
kingdete
tors or are based on parti
le-�ow re
onstru
tion [40℄, are a 
ompetitive or even superioralternative.In the 
lassi
 approa
h, 
ells from the hadroni
 and ele
tromagneti
 
alorimeters are
ombined into so-
alled towers. Towers are basi
ally η-φ-bins, resembling the HCAL gran-ularity, whose energy 
ontent is determined by summing up all in
luded 
ells above a noisethreshold.The basi
 idea of the parti
le-�ow approa
h is the re
onstru
tion and identi�
ation of allstable parti
les in the event [41℄. Beside ele
trons, muons and photons this also in
ludes
harged and neutral hadrons. Exploiting measurements of all CMS subdete
tors a list ofindividual parti
les in the event is 
reated, whi
h serves as input to the parti
le-�ow jet
lustering and missing transverse energy determination.Several 
lustering algorithms to 
ombine the identi�ed parti
les or 
alorimeter towersinto jets are available and used in the CMS re
onstru
tion software, like 
one, kT and anti-kT algorithms. In this work parti
le-�ow jet re
onstru
tion is used, 
hosing the anti-kt
lustering algorithm [42℄ with a parameter R = 0.5.Jet Energy Corre
tionsThe energy of re
onstru
ted jets needs to be 
alibrated to the in
ident parti
le's energysin
e the dete
tor response is not perfe
t. In CMS a fa
torized approa
h was 
hosen,
onsisting of several levels of jet 
orre
tions. Calibration fa
tors are usually derived fromMonte Carlo simulation or 
ollisions data using 2 → 2 pro
esses, like dijet, γ+jet and Z+jetevents. In su
h pro
esses the fa
t that the two obje
ts have to be balan
ed in the transverseplane 
an be exploited to 
alibrate the jet. The levels of jet 
orre
tions are sket
hed in thefollowing. [43℄
• An o�set 
orre
tion removes the 
ontribution of ele
troni
 noise and pile-up. Theaverage 
ell-energy measured in zero-bias events is subtra
ted from the towers. Themagnitude of this 
orre
tion grows with in
reasing luminosity, when the number ofintera
tions per bun
h 
rossing be
omes higher.
• The relative 
orre
tion in pseudorapidity �attens the energy response whi
h initiallyis not uniform. This is usually done using dijet balan
e events. 35
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• An absolute 
orre
tion of the transverse momentum establishes the 
orre
t energys
ale. Te
hni
ally, a 
omparison of a jet to a balan
ing obje
t measured in the morepre
ise ECAL, tra
ker and muon system is made. Muons from Z-bosons de
ays orphotons are 
ommonly used.More optional 
orre
tions exist but were not applied to the jets used in this work.
• EMF 
orre
tion (Ele
tromagneti
 fra
tion): CMS 
alorimeters are non-
ompensating,i.e. their response is di�erent for hadrons and ele
trons/photons. The measured jetenergy depends on the relative 
ontent of ele
trons and photons in the jet, whi
h arestopped in the ECAL and it has to be 
orre
ted for this e�e
t.
• Flavor 
orre
tions: Di�erent fragmentation in gluon and light-quark jets as well asneutrinos from semileptoni
 de
ays of heavy quarks inside jets 
an be 
ompensatedby �avor spe
i�
 
orre
tions. However, these depend on the assumed pro
ess andrequire an event interpretation.
• Underlying Event: A 
orre
tion for the energy from underlying event, i.e. soft inter-a
tions involving spe
tator partons.
• Parton: The jet 
an be 
orre
ted to mat
h the in
ident parton energy level.Performan
e of Jet Re
onstru
tionJet resolutions are strongly dependent on the jet transverse momentum and the pseudora-pidity region in the dete
tor. Typi
ally they are determined in bins of these two variablesand their evolution from low to high transverse momenta in a 
ertain η-bin is �tted with aresolution fun
tion. For jets in
luding tra
king information this formula reads [44℄

σ(pT /p
gen
T )

〈pT /pgenT 〉 (pgenT ) =

√

sgn(N) ·
(

N

pgenT

)2

+ S2 · (pgenT )M−1 + C2, (3.4)and 
ontains a noise term (N), a 
onstant term (C) and a sto
hasti
 term (S), whi
h ismodi�ed by a fourth parameter (M) in order to a

ount for the fa
t that the response doesnot follow the same form as in 
ase of a pure 
alorimetri
 jet measurement.The relative jet pT resolution for parti
le-�ow anti-kt (R = 0.5) jets, determined fromMonte Carlo simulation as a fun
tion of the generated pT is given in Tab. 3.1Only in 
ase of high pT the parti
le-Flow jet energy resolution is dominated by theenergy resolution of the hadroni
 
alorimeter. The in
lusion of tra
king information limitsthe degradation of the resolution when going towards lower transverse momenta.36



3.3. Physi
s Obje
ts Re
onstru
tionPseudorapidity N S M

0.0 < |η| < 0.5 3.97 0.18 0.63

0.5 < |η| < 1.0 3.55 0.24 0.53

1.0 < |η| < 1.5 4.55 0.23 0.59

1.5 < |η| < 2.0 4.63 0.24 0.49

2.0 < |η| < 2.5 2.53 0.34 0.29

2.5 < |η| < 3.0 −3.34 0.73 0.08

3.0 < |η| < 5.0 2.95 0.12 0.96Table 3.1.: Jet pT resolution parameters for anti-kt (R = 0.5) parti
le-�ow jets [45℄. The 
onstantterm C of Eq. 3.4 was �xed at zero.3.3.2 Missing Transverse EnergyMissing transverse energy2 is 
al
ulated as the pT of the negative fourve
tor sum of of allparti
les found in the parti
le-�ow event re
onstru
tion.
pT =

√

(

∑

i

pix

)2
+
(

∑

i

piy

)2 (3.5)So-
alled Type I 
orre
tions are applied, whi
h propagate the individual jet energy 
orre
-tion fa
tors to the missing ET .3.3.3 Ele
tronsThe re
onstru
tion of ele
tron 
andidates pro
eeds in several steps [46℄. First a patternre
ognition algorithm is applied to sear
h for 
lusters of a
tive ECAL 
ells. These 
lustersare then merged into super
lusters whi
h extend along φ to in
lude Bremsstrahlung pho-tons, radiated during the �ight through the tra
ker material. In order to �nd 
ompatiblehits in the tra
king dete
tors a traje
tory is extrapolated through the magneti
 �eld fromthe super
luster position toward the intera
tion point. Compatible hits are �nally �tted toform the ele
tron tra
k.Ele
tron Identi�
ationAdditional quality 
riteria have to be applied to �lter the obtained ele
tron 
andidate 
olle
-tion, sin
e the ECAL energy deposition of jets, photons or single pions, whi
h a

identallymat
hes to a good tra
k, is frequently re
onstru
ted as an ele
tron (fake ele
trons). Several2Stri
tly speaking the name missing ET is wrong. However, the di�eren
e between transverse energyand transverse momentum is negligible be
ause parti
les' masses are small 
ompared to their typi
almomenta. 37



3. The CMS Experiment at the LHCsele
tions with distin
t properties 
on
erning e�
ien
ies and fake rates are available in theCMS software [47℄. They are either 
ut based using neural network, all using the followingvariables.
• The ratio of energy deposited in the hadroni
 and ele
tromagneti
 
alorimeter H/E,whi
h separates hadrons.
• Mat
hing between the energy of the super
luster and the ele
tron tra
k momentum,measured at the vertex or at the 
alorimeter E/p. This quantity should be 
lose tounity for ele
trons sin
e their mass is negligible and all energy is deposited in theECAL.
• Geometri
al mat
hing between the ele
tron tra
k parameters at the vertex extrapo-lated to the super 
luster and the measured super
luster position (∆φin and ∆ηin)
• Calorimeter shower shape variables, 
hara
terizing the the width of the ECAL 
luster(σiηiη, ∑9 /

∑

25).In addition ele
trons from photon 
onversion are reje
ted by a 
ut on the impa
t parameterand a limit on the number of layers 
rossed by the tra
k, whi
h do not show hits.Another requirement 
an be the isolation of the ele
tron obje
t in one or several dete
tor
omponents. For isolation further restri
tions are applied on the number, energy or trans-verse momentum of other parti
les within a (hollow) 
one around the 
andidates fourve
tordire
tion. Isolation 
an be 
al
ulated for the tra
ker, the ele
tromagneti
, and the hadroni

alorimeter.Performan
e of Ele
tron Re
onstru
tionEle
tron re
onstru
tion performan
e depends strongly on the required quality 
riteria andis always a trade-o� between e�
ien
y and purity. For the ele
tron sele
tion used in thiswork (Loose Fixed Threshold [48℄) an e�
ien
y of 98% for ele
trons with pT > 10GeVis rea
hed in Z → ee and W → eν events. The e�
ien
y is approximately uniform inpseudorapidity. The sele
tion purity was found to be 92% for Z → ee and 89% in W → eνevents in a s
enario in
luding tra
ker misalignment. The a
hieved momentum resolutionfor ele
trons is of the order 2-5%.3.3.4 MuonsMuon re
onstru
tion [49℄ starts in the dedi
ated muon 
hambers where hits are 
ombinedinto tra
k segments, whi
h serve as seed for a �rst traje
tory sear
h. The algorithm looksfor hits in all layers of the muon system, in
luding the RPCs and performs a tra
k �t. Thetra
k extrapolation towards the intera
tion point must be 
ompatible with the intera
tionpoint within ∆x = ∆y = 15µm, ∆z = 5.3 cm, what 
orresponds to the 1σ bun
h width38



3.3. Physi
s Obje
ts Re
onstru
tionand length. In so-
alled global muon obje
ts the re
onstru
ted tra
k from the muon systemis 
ombined with hits in the inner tra
ker. Hits from di�erent sili
on layers in the regionof interest around the extrapolated traje
tory are analyzed and 
ompatible ones enter aglobal tra
k re�t to tra
ker and muon system hits. Like in the 
ase of ele
trons isolationquantities in the tra
ker and 
alorimeter are de�ned and 
an be used for a further sele
tion.Performan
e of Muon Re
onstru
tionMuon re
onstru
tion in CMS is highly e�
ient, rea
hing more than 98% for muons with
pT > 10GeV and degrading slightly to 96% for 1TeV muons. Furthermore global muonshave a very high purity. Fake muons from pun
h-through of high pT jets and se
ondarymuons from heavy �avor de
ays inside jets 
an further be redu
ed by tight quality 
uts [50℄.The probability for a 
orre
t 
harge assignment is above 75% for TeV-muons and in
reasesto 99% for lower pT muons. Exploiting the power of the full tra
king system the probabilitystays above 98%, even for TeV-muons. A momentum resolution of a few per
ent is rea
hed,whi
h depends on the muon momentum. It be
omes worse toward the forward dire
tion andapproa
hes 10% for 1TeV muons in the pseudorapidity region. 1.2 < |η| < 2.4 (Fig. 3.9).

Figure 3.9.: Muon pT resolution in two pseudorapidity bins as a fun
tion of the transverse-momentum using the muon system only, the inner tra
king only, and both [37℄.
39



3. The CMS Experiment at the LHC3.3.5 Event SimulationThe CMS software framework for event simulation and re
onstru
tion (CMSSW [36℄) pro-vides interfa
es for all 
ommon Monte Carlo event generators, like Pythia [51℄, Alpgen [52℄,Sherpa [53℄ and others, whi
h 
al
ulate the hard s
attering pro
esses. Also the fragmen-tation and hadronization of gluons and quarks, as well as the de
ay of unstable parti
lesis handled by these external 
odes. Their out
ome is fed to the CMS dete
tor simulationmodule in the HEPMC [54℄ format.The CMSSW modules then simulate the intera
tions of parti
les with the dete
tor ma-terial, the ele
troni
s response and readout and, in exa
tly the same way as for 
ollisionsdata, the re
onstru
tion of physi
s obje
ts as des
ribed above.For the simulation part two di�erent 
odes exist within CMSSW. The Geant 4 [55℄based full simulation provides a detailed Monte Carlo simulation of the intera
tions ofparti
les with the dete
tor material and the ele
troni
s response.The fast simulation pa
kage (FastSim) uses a simpli�ed ar
hite
ture and parametrizedresponses of dete
tor 
omponents for the simulation of event signals. It is 
onstantly tunedto the detailed Geant based simulation and in future as well to data. The main advantageof the fast simulation is the redu
ed CPU 
onsumption, whi
h is about 100-1000 timeslower than for the full simulation [56℄. In both approa
hes pile-up events 
an be added tothe dete
tor signal. While the simulation of the ele
troni
s signal is di�erent, both 
odesrely on the same high-level algorithms to re
onstru
t the physi
s obje
ts.
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Chapter 4The Mass Determination ProblemIn this 
hapter methods for mass determination are summarized and a new method basedon kinemati
 �ts is introdu
ed. Furthermore the ben
hmark point 
hosen for the massdetermination study and its 
hara
teristi
s are dis
ussed.4.1 MotivationKnowing about the good prospe
ts for a dis
overy of supersymmetri
 parti
les at the LHC(
.f. Se
. 2.3.2) it is worth 
onsidering the next steps following a dis
overy, i.e. the deter-mination of the underlying theory. It might be di�
ult to tell, whether the observed newparti
les really are of supersymmetri
 nature. Measuring their properties, like spin, 
hargeor mass, will be ne
essary to reveal the 
orre
t theoreti
al des
ription.Finding the 
orre
t SUSY model is not an easy task sin
e the SUSY parameters are oftende�ned at a high energy s
ale (e.g. GUT s
ale), while observations are taking pla
e nearthe ele
tro-weak (TeV) s
ale. The evolution of the parameters and parti
le properties, likemasses, from the high to the low s
ale is des
ribed by the renormalization-group equations,but unfortunately there is no unique mapping the other way round, from the observedquantities to the high energy parameters [57℄.A promising approa
h to SUSY parameter determination are global �ts of physi
al ob-servables to SUSY models, i.e. statisti
al tests of the 
ompatibility of measurements withpredi
tions derived from a 
ertain parameter 
hoi
e in a SUSY s
enario. This method wassu

essfully demonstrated by e.g. the SFitter [58℄ and Fittino [59℄ and Master
ode [60,61℄groups.For ea
h 
hoi
e of parameters the SUSY spe
trum at the weak s
ale is 
al
ulated using
ommon RGE implementations. The agreement with standard model observables andfuture SUSY measurements is quanti�ed, e.g. using a least squares minimization. Thisway 
on
lusions about the parameters and the underlying model 
an be made.Typi
al SUSY related input variables are mass edges, i.e. endpoints in invariant massspe
tra (
f. Se
. 4.2), bran
hing fra
tions, 
ross-se
tions and produ
tions rates for various41



4. The Mass Determination ProblemLHC �nal states. Furthermore, Standard Model measurements like pre
ision observablesfrom the LEP experiments, beauty or kaon physi
s or the anomalous magneti
 moment ofthe muon are used. Important 
osmologi
al 
onstraints 
ome from reli
 density observa-tions.In these approa
hes a measurement of absolute SUSY parti
le masses 
ould as well
ontribute to a su

essful appli
ation.4.2 Approa
hes to Mass DeterminationThe existen
e of two invisible parti
les in R-parity 
onserving supersymmetry makes massdetermination a very 
hallenging task. There is no possibility to re
onstru
t invariantmasses of the de
aying parti
les dire
tly from the measured �nal state.Nevertheless, a variety of methods for mass determination was proposed during the lastyears [62,63℄. The proposals vary from an approximate SUSY mass s
ale determination tosophisti
ated pro
edures to re
onstru
t entire de
ay 
as
ades with all involved masses andinvisible parti
les.The �rst 
ategory of methods uses kinemati
 variables and their 
orrelation to the SUSYmass s
ale. From the observed distribution in 
ollision data the mass s
ale 
an be estimatedvia a 
omparison to Monte Carlo simulations. An example for these simple approa
hes isthe e�e
tive mass variable, de�ned as the mass of the fourve
tor sum of �nal state parti
lesplus the missing (transverse) energy [64,65℄A more dire
t mass determination is possible with the stransverse mass variableMT2 [66℄.It is inspired by the transverse mass as used in the determination of the W -boson mass. Itprovides a possibility to determine the mass of the primary sparti
les produ
ed in the hardintera
tion. The 
ompli
ation of two es
aping LSPs requires a slightly di�erent de�nitionwith respe
t to the original transverse mass, su
h that it in
ludes their missing momenta.Usually the variable is minimized over all possible values of total missing transverse momen-tum. While the endpoint of the distribution yields an estimate of the mass of the de
ayingparti
le it unfortunately depends on the LSP mass. Several variations on the de�nition ofthe mass variable 
an be found in the literature.The dependen
e on the LSP mass 
an be over
ome by looking at the endpoint of thestransverse mass as fun
tion of a trial LSP mass. A kink 
an be observed at the exa
tvalue of the two unknown masses [67℄. This methods need very high statisti
s samples andba
kgrounds have to be small.A se
ond and well established method is the measurement of mass edges and kinemati
endpoints [64,68�70℄. The distributions of invariant masses of measured �nal state parti
lesshow a typi
al stru
ture with edges at the lowest or highest allowed values. The enpointsare related to absolute or relative mass di�eren
es of the de
aying on-shell parti
les. By
ombination of several measurements of this kind, the absolute masses 
an be determined.42



4.2. Approa
hes to Mass DeterminationThis determination 
an even be improved by in
orporating event-wise information like themomentum balan
e [71℄ in a �t. It was shown, that mass edges 
an be interpreted in awider 
ontext of mass related observables. Instru
tions of how to 
onstru
t other su
hobservables, based on general 
onsiderations were proposed [72℄.The best known example of an edge in an invariant mass distribution is the dilepton edgein the neutralino de
ay
χ̃0
2 → l̃R(+l1) → χ̃0

1(+l2)where l 
an be any lepton �avor and l̃R the 
orresponding slepton.The invariant mass distribution of the lepton pair (mll) turns out to have a triangularshape ending at the maximum value, whi
h is related to all three involved masses [70℄
(mmax

ll )2 =
(m2

χ̃0

2

−m2
l̃R
)(m2

l̃R
−m2

χ̃0

1

)

m2
l̃R

. (4.1)Detailed studies exist for the dete
tion of this mass edge with early LHC data [73℄, whi
hshow that a pre
ise measurement is feasible.All of these approa
hes do not require the expli
it re
onstru
tion of the LSP momenta.In 
ontrast, the last group of methods is based on the re
onstru
tion of the entire de
ay
hains in an event, hen
e relying on the 
lean sele
tion of a 
ertain event topology. As themethod presented in this thesis falls into this 
ategory, the prin
iples will be dis
ussed indetail here. These methods are sometimes 
alled polynomial methods.4.2.1 De
ay Chain Re
onstru
tion and Mass DeterminationThe key issue in event re
onstru
tion is the determination of the LSP momenta. If theyare known, the masses of the de
aying parti
les are given by the invariant masses of thede
ay produ
ts, whi
h always in
lude an LSP.A possibility for a momentum determination lies in the utilization of an event hypothesis.An event hypothesis means an assumption about the de
ay topology and implies a numberof kinemati
 
onstraints, whi
h follow from four-ve
tor 
onservation at the verti
es in thede
ay 
hain.Let us 
onsider the spe
i�
 event topology shown in Fig. 4.1. Two parti
les (A/A′) areprodu
ed in the 
ollision, whi
h then de
ay via the states (B/B′) and (C/C ′) into theLSPs (D/D′). While the LSP 
annot be dete
ted the Standard Model de
ay produ
tso

urring in the sequen
e (fi) are measured in the dete
tor if they are 
harged leptonsor jets. Neutrinos may also o

ur as de
ay produ
ts but this 
ase will not be 
onsideredhere, sin
e this means a further 
ompli
ation due to three more unmeasured momentum
omponents per neutrino.The 
onservation of the four-momentum at the de
ay verti
es (0-5) leads to six so 
alledinvariant mass 
onstraints, by taking the square of the four-ve
tors. For the �rst de
ay43



4. The Mass Determination Problem
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Figure 4.1.: Example for a de
ay 
hain involving several intermediate heavy parti
les. The fidenote measured �nal states, while 
apital letters stand for SUSY parti
les. Theparti
le D (D′) stands for the invisible LSP.
bran
h this yields the following equations, where p stands for the four-ve
tor of the 
orre-sponding parti
le.

(pD + pf3)
2 = p2C = M2

C (4.2)
(pD + pf3 + pf2)

2 = p2B = M2
B

(pD + pf3 + pf2 + pf1)
2 = p2A = M2

AIn addition the LSP must be on-shell.
p2D = M2

D (4.3)The se
ond de
ay bran
h is des
ribed by
(pD′ + pf6)

2 = p2C′ = M2
C′ (4.4)

(pD′ + pf6 + pf5)
2 = p2B′ = M2

B′

(pD′ + pf6 + pf5 + pf4)
2 = p2A′ = M2

A′

p2D′ = M2
D′ .Two further 
onstraints are obtained from the assumption, that the entire event should44



4.2. Approa
hes to Mass Determinationhave zero transverse momentum.3 The equations read
pxf1 + pxf2 + pxf3 + pxD + pxf4 + pxf5 + pxf6 + pxD′ = 0 (4.5)
pyf1 + pyf2 + pyf3 + pyD + pyf4 + pyf5 + pyf6 + pyD′ = 0Note, that the four-momenta of the invisible parti
les D and D′ appear in the formulae.Therefore one 
an 
onsider this as a system of 10 equations with a number of unknowns.Considering the 
ase of two identi
al de
ay 
hains the unknowns are1. 2× 4 LSP four-momentum 
omponents, whi
h are event spe
i�
.2. 4 masses of the parti
les A,B,C,D, whi
h are the same for ea
h event having thesame topology.In the following the �rst 
ategory of parameters will be 
alled lo
al unknowns while themasses will be referred to as global unknowns. Counting 10 equations and a total of 12unknowns for this 
as
ade it is not possible to solve this system of equations but there aretwo ways to over
ome this problem.The �rst one was 
hosen by Cheng et al. [74℄. Exploiting the fa
t that global unknownsare 
ommon to all events, they 
ombine pairs of two events to obtain a problem with

2 × 8 + 4 = 20 unknowns and 2 × 10 = 20 
onstraint equations. As the equations arenonlinear several 
omplex solutions exist, whi
h must be found numeri
ally. Taking onlysolutions with real values the histogram of the obtained mass values for many pairs ofevents shows peaks at the positions of the true parti
le masses.Another approa
h makes use of mass hypotheses to �nd a solution of the unmeasuredLSP momenta. This ansatz is used by Webber [75℄ and as well in this work. By makingassumptions about the involved SUSY masses the number of unknowns is redu
ed to 8 perevent, thus being smaller than the number of 
onstraints. Hen
e, the LSP momenta 
an bedetermined by solving the system of equations. Not all equations have to be used as theirnumber is larger than the number of unknowns in the spe
i�
 topology of Fig. 4.1.A smart way to solve for the LSP momenta was presented in [75℄ and is dis
ussed here insome detail sin
e we will make use of this solution in our work. The 
onstraint equations(4.2 � 4.5) are rewritten as linear fun
tions of the unmeasured four-momenta pD/pD′ byexpanding the left side of the equation and substituting any squared terms by the massvalues, whi
h of 
ourse are hypotheti
al in 
ase of the SUSY parti
les. So, using p2D = M2
D3This is true only approximately be
ause initial and �nal state radiation may 
ause a signi�
ant deviationat a high energy hadron 
ollider like the LHC. This problem is dis
ussed further detail in Ch. 7 45



4. The Mass Determination Problemone obtains
−2 · pf1 · pD = M2

B −M2
A + 2 · pf1 · pf2 + 2 · pf1 · pf3 +m2

f1 ≡ S1 (4.6)
−2 · pf2 · pD = M2

C −M2
B + 2 · pf2 · pf3 +m2

f2 ≡ S2

−2 · pf3 · pD = M2
D −M2

C +m2
f3 ≡ S3Equivalent expressions S5, S6 and S7, depending on the momentum of D′, 
an be obtainedfor the se
ond de
ay bran
h.Furthermore the transverse momentum balan
e 
an also be read as a fun
tion of theunmeasured momenta.

pxD + pxD′ = pxmiss ≡ S4 (4.7)
pyD + pyD′ = pymiss ≡ S8Together these eight expressions form a linear system of equations for the 8 
omponentsof the D and D′ four-momenta and 
an thus be solved analyti
ally, e.g. by matrix inversion.Details of the solution are given in [75℄.The solution yields values for the unmeasured momenta whi
h ful�ll the above equationsbut note that they do not ful�ll the original mass 
onstraints (4.2) and (4.4), unless p2D =

M2
D holds whi
h is not required in the solution. In 
ontrast, the deviation p2D−M2

D 
an beused as statisti
 to test how well the mass hypothesis �ts to the events under investigation.By sear
hing the mass spa
e (MA,MB ,MC ,MD) for the minimal deviation, summed overall events, the masses 
an be determined.4.2.2 The Kinemati
-Fits-MethodThe ansatz followed in this work is slightly di�erent. Again a mass hypothesis is usedto solve for the lo
al unknowns in the events, but in 
ontrast to the method of Webberpresented above, all available 
onstraints are used at the same time.A well established te
hnique to exploit su
h over-
onstrained topologies are kinemati
 �ts.In a kinemati
 �t the measured parameters are varied su
h, that the 
onstraint equationsare ful�lled and at the same time the sum of the relative quadrati
 deviations from theoriginally measured values (residuals) is minimized, taking into a

ount the size of theun
ertainty for ea
h measurement.An example is the usage of the W -boson mass 
onstraint in a �t of top-quark events,where an improvement of the top-mass resolution 
an be a
hieved. Even more similar tothe SUSY problem is the situation of semi-leptoni
 top-pair events, where the unmeasuredmomentum 
omponents of the neutrino are extra
ted from the �t. However, this situationstill is less 
omplex than a SUSY event, sin
e there is only one unmeasured parti
le and its
x- and y-momentum 
an already be dedu
ed from the transverse momentum balan
e.46



4.2. Approa
hes to Mass DeterminationIn this work the kinemati
 �t approa
h is extended to the SUSY topology des
ribedabove. This method was already studied for a hadroni
 �nal state and a di�erent �timplementation in [76℄. For ea
h event a kinemati
 �t 
an be performed if a mass hypothesisis spe
i�ed. The goodness of �t is given by the quadrati
 sum of the residuals whi
h shouldfollow a χ2-distribution with 2 degrees of freedom (dof) in our 
ase. The number of dof isobtained by subtra
ting the number of unknowns (8) from the number of 
onstraints (10).Now, the event hypothesis 
an be varied and the χ2-value 
an be taken as a measure forthe degree of 
ompatibility with the true masses.However, a single event does not have the dis
riminating power to de
ide whi
h are thetrue masses. It merely de�nes a hyperplane in the mass spa
e whi
h �ts to this spe
i�
event. Only by 
ombining several events a distin
tion between good and bad mass hy-potheses be
omes possible. The expe
tation is that for an ensemble of events the average
χ2-value is smallest when testing the 
orre
t masses in the �t (Fig. 4.2). The details how
Figure 4.2.: S
hemati
 view of the 
ombination of event-wise mass s
an for mass determination.this 
ombination is realized is des
ribed in Ch. 7.Note that experimental un
ertainties are in
luded in the �t by using the full 
ovarian
ematrix of the measured parameters. This 
ontrasts with other available mass determinationmethods based on event re
onstru
tion, where these experimental un
ertainties are nottaken into a

ount.If the 
onstraints are non-linear, like the mass 
onstraints given above, the �t must usean iterative pro
edure (
.f. Se
. 6.1). This 
ontrasts with the analyti
al approa
h 
hosenby Webber.Details on implementation and performan
e of this new method are given in the next
hapters. First the setup in terms of SUSY s
enario and de
ay 
hain is dis
ussed in thefollowing se
tions.
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Chapter 5Physi
s S
enario
5.1 SUSY Ben
hmark S
enarioThe mSUGRA ben
hmark point SPS1a is 
hosen for this study. It belongs to a set ofben
hmark points, 
overing a wide range of possible signatures and event properties, whi
hwere de�ned to fa
ilitate the 
omparison of phenomenologi
al studies in the HEP 
om-munity [77℄. As other studies 
on
erning the determination of SUSY masses in leptoni

hannels [74,75℄ made use of the SPS1a ben
hmark point, it seems an appropriate 
hoi
efor the demonstration of the kinemati
 �t method and allows a dire
t 
omparison with theresults of other groups. The SUSY parameters of SPS1a are given in Table 5.1.The 
hosen ben
hmark is a �typi
al� mSUGRA point with rather low masses and bynow is ex
luded from 
ollider experiments (
f. Se
. 2.3.2). Nevertheless, using this ben
h-mark point permits a dire
t 
omparison to previous mass determination studies. With itsintermediate tan β it lies in the bulk of the 
osmologi
ally preferred region [78,79℄. TheProspino [80℄ next-to-leading order 
ross-se
tion is about 42 pb.Figure 5.1 shows the mass spe
trum of the SPS1a as obtained from Pythia [51℄, giventhe mSUGRA parameters. The a
tual masses obtained for the ben
hmark point dependslightly on the spe
i�
 
ode used for the 
al
ulation [81,82℄.The masses in the spe
trum rea
h up to 600GeV and the gluino is the heaviest sparti
le.All squarks have slightly lower masses, around 550GeV, despite the light stop quark, whi
hhas a mass of only 400GeV. It is the only squark rea
hing down into the mass region ofthe two heaviest neutralinos and the almost mass degenerate heavy 
hargino. All sleptonsreside below the squarks in the mass hierar
hy.The spread of the various neutralino and 
hargino masses, interleaved with the left- and

m0 m1/2 A0 tan β sign µ

100GeV 250GeV −100GeV 10 +Table 5.1.: mSUGRA parameters of the ben
hmark point SPS1a. 49



5. Physi
s S
enarioright-handed slepton masses opens up a large variety of de
ay 
hains with leptons in the�nal state. The lightest neutralino is the LSP, whi
h is a 
ommon mSUGRA feature.While in most 
ases right-handed squarks de
ay dire
tly into the LSP, the left-handedtypes initiate de
ay 
hains involving 
harginos and/or neutralinos. Suitable de
ay 
hainsfor mass determination are dis
ussed in the following se
tion.
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Figure 5.1.: Spe
trum of sparti
le masses at the SPS1a ben
hmark point [77℄.5.1.1 Suitable (Leptoni
) De
ay ChainsThe new mass determination method is based on an event topology whi
h is over-
onstrained,i.e. in whi
h more 
onstraints than unmeasured momentum 
omponents are available. Thisde�nes whi
h kind of events 
an be used: Having 2 × 4 = 8 LSP momentum 
omponentsat least 9 
onstraints must be available. Assuming transverse momentum balan
e, giving 2
onstraints, at least 7 mass 
onstraints and hen
e 5 intermediate mass states are required.Beside the minimum length of the de
ay 
hain other 
onsiderations play an importantrole in the 
hoi
e of a suitable de
ay 
as
ade. The signature, i.e. the Standard Model�nal states of the de
ay, 
an either be 
hosen as fully hadroni
 and 
onsist only of jetsor be partially leptoni
 if slepton and gaugino de
ays involving ele
trons and muons arepreferred. De
ays into tau-leptons fall into a spe
ial 
ategory, as taus de
ay further andthe signature depends on the a
tual de
ay mode.The de
ision for a fully hadroni
 or leptoni
 de
ay mode should take into a

ount anumber of advantages and disadvantages:50



5.1. SUSY Ben
hmark S
enario
• Bran
hing ratio: the bran
hing ratio is generally larger for hadroni
 de
ays.
• Obje
t resolution: ele
trons and muons 
an be re
onstru
ted in the dete
tor withhigher pre
ision than jets, for whi
h a larger un
ertainty on the energy s
ale and aworse resolution of the transverse energy have to be taken into a

ount. This mayre�e
t in the �nal pre
ision of the mass determination.
• Combinatori
s: in the event re
onstru
tion all �nal state parti
les must be assignedto a position on the de
ay bran
hes. Having only one type of parti
les (jets) yieldsa large number of possible permutations whi
h grows fa
torially with the number ofparti
les. In
luding leptons in the signature the 
ombinatorial fa
tor is mu
h smaller.
• Ba
kgrounds from other SUSY pro
esses: signatures are not unique to a 
ertaintopology, be
ause many di�erent SUSY de
ay 
hannels are possible. The more leptonsin the �nal state the less 
hannels are 
ontributing.
• Ba
kgrounds from Standard Model pro
esses: Cross se
tions for standard model pro-
esses 
an be orders of magnitude larger. Espe
ially for QCD-like, fully hadroni
signatures the ba
kground 
an be overwhelming. For more ex
lusive 
hannels withseveral leptons ba
kgrounds are smaller and might even be
ome negligible.These 
onsiderations lead to a 
as
ade, that ideally 
ontains as many leptons as possible.Analyzing the bran
hing ratios at the SPS1a point one �nds the following situation:
• About 40% of the gluinos de
ay into a q̃R (q̃ = ũ, c̃, d̃, s̃), whi
h almost ex
lusivelyde
ay into the LSP (>98%). First or se
ond generation q̃L and the lighter b̃1 are ea
hfound in 20% of the gluino de
ays. The remaining fra
tion of 20% goes in almostequal shares into b̃2 or t̃1 but not into t̃2.
• The de
ay of q̃L pro
eeds dominantly in two 
hannels: roughly 60% go into χ̃±

1 and30% into χ̃0
2. In 
ase of b̃1 the 
hargino fra
tion is redu
ed and the de
ay into t̃1
ontributes signi�
antly (14%).

• 96% of χ̃±
1 de
ay into a stau and a tau-neutrino, the others yield an LSP and a

W -boson.
• All of χ̃0

2 de
ay into a lepton and l̃R, with a τ̃ -fra
tion of about 85%.
• Right-handed sleptons have the ex
lusive de
ay into LSP and the 
orresponding lep-ton.Hen
e, when looking for a 
as
ade with su�
ient length it is 
lear that the starting pointmust be a left-handed squark (�rst or se
ond generation) or a b̃1, optionally 
oming froma gluino de
ay. As 20% of all events have a gluino and left-handed squark as primary51
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s S
enariosparti
les and only 8% su
h a squark pair, this option is worth a 
onsideration and willgive an additional jet in the �nal state.For squark de
ays the 
hargino 
hannel has the largest bran
hing ratio. However, the
hargino de
ays either via τ̃ + ντ , yielding an additional unmeasured parti
le, or via aW-boson, whi
h has a dominantly hadroni
 de
ay and in
reases the number of jets in the�nal state. A leptoni
 W-boson de
ay yields a neutrino, whi
h again means an additionalunmeasured parti
le and makes it almost impossible to a
hieve an over-determined eventtopology.Having the se
ond lightest neutralino as next parti
le limits the number of jets to 1 perbran
h (plus the gluino jet). The disadvantage is the large abundan
e of stau-leptons in the
χ̃0
2-de
ay, whi
h de
ay to tau leptons, whose re
onstru
tion and identi�
ation is espe
iallydi�
ult. Limiting the signature to ele
trons and muons, whi
h are simpler to re
onstru
t inthe dete
tor, the 
omplete de
ay 
hain will look as shown in Fig. 5.2. The total bran
hingratio for the 
as
ade starting with a q̃L is 1.7× 10−3 at the SPS1a. The same 
as
ade was

l̃R

l±

q̄/g

q/g q̃L

χ̃0
2 χ̃0

1l̃R
q̃L

χ̃0
2 χ̃0

1

jet

jet

l±

l∓

l∓

1

3 4

0

5

2

Figure 5.2.: Feynman graph for event topology with 4 leptons at the SPS1a parameter point.also used in other mass determination studies [74,75℄.While the largest fra
tion of events with su
h a topology 
ontains a q̃L as starting point,any of the other, lighter squarks (ex
ept t̃) 
an initiate the same 
as
ade. Therefore wein
lude all possible squark types in our signal de�nition and 
onsider them individually inthe analysis, if ne
essary. Masses of the parti
les appearing in the signal 
as
ade are listedin Tab. 5.2.All bran
hing ratios depend on the parti
ular SUSY parameters and therefore otherpoints in the parameter spa
e may yield more or less favorable leptoni
 de
ay 
hains.52



5.2. Simulated Events SampleParti
le g̃ d̃L/s̃L ũL/c̃L q̃R b̃2 b̃1 χ̃0
2 l̃R χ̃0

1Mass [GeV℄ 606 568 562 546 546 517 180 143 97Table 5.2.: Pole masses of signal 
as
ade parti
les in the SPS1a simulated events sample (
f.Se
. 5.2).Ba
kgroundsThe majority of ba
kground events have the same topology but 
ontain a stau sleptoninstead of smuon or sele
tron. The stau 
hannel has a four times higher bran
hing ratioand ∼ 35% of the taus de
ay leptoni
ally [16℄. Other sour
es of four lepton events arede
ays of Z- and W -bosons in the 
hain, but their fra
tion is small.Con
erning the Standard Model ba
kgrounds, there are few pro
esses with a signatureof four isolated leptons whi
h form to pairs of opposite sign and same �avor. A furtherrequirement of hard jets and on missing transverse energy in the event will make their
ontribution negligible [83,84℄.Combinatori
sThe number of possible permutations of jets and leptons in this topology is rather small.We �rst 
onsider the 
ase of squark pair produ
tion, i.e. two jets and two lepton pairsin the �nal state. Not taking into a

ount the ex
hange of the two LSPs, whi
h are notmeasured anyway, the following permutations remain:
• Ex
hange of jets between bran
hes → fa
tor of 2
• Ex
hanging lepton positions on the same bran
h → 2 possibilities for ea
h bran
h
• If the lepton pairs have identi
al �avor → 2 possibilities to 
ombine them.Note that if the LSPs are ignored the ex
hange of lepton pairs between bran
hes is thesame as ex
hanging the jets. This yields a total of 2× 2× 2 = 8 permutations for di�erent�avor lepton pairs or 8× 2 = 16 otherwise.The number of permutations grows if the event sele
tion allows more jets in the �nalstate. Only two of the jets have to be pla
ed in the 
as
ade and hen
e for N jets the fa
torof 2 for the permutation is repla
ed with a fa
tor N · (N − 1).5.2 Simulated Events SampleFor the generation of a SPS1a Monte Carlo event sample the SUSY-HIT program pa
k-age was used [85℄, whi
h in
ludes 
odes for the 
al
ulation of the SUSY mass spe
trum(Suspe
t) and the de
ays of the supersymmetri
 and higgs parti
les (Sde
ay, Hde
ay).53



5. Physi
s S
enarioFrom the mSUGRA and Standard Model parameters (
f. Tab. 5.1 and Tab. 5.3) all weak-s
ale quantities are 
al
ulated.
α−1
em(MZ) GF [GeV−2℄ αS(MZ) MZ [GeV℄ mb [GeV℄ mt [GeV℄ mτ [GeV℄
127.934 1.16639 × 10−5 0.1172 91.187 4.25 172.5 1.7771Table 5.3.: Values of Standard Model input parameters for Monte Carlo event generation.In the CMS simulation framework the out
ome was passed to Pythia for the a
tual eventgeneration and the simulation of sparti
le de
ays and the fragmentation and hadronizationpro
esses.The obtained leading-order 
ross-se
tion for a 
enter-of-mass energy of 14TeV is 36 pb.An event sample of 5 million events was produ
ed and pro
essed with the CMS fast dete
torsimulation (
f. Se
. 3.3.5), 
orresponding to an integrated luminosity of Lint = 140 fb−1.5.2.1 Dete
tor Simulation Obje
tsSin
e the CMS re
onstru
tion software provides many options in the de�nition of jet,ele
tron and muon obje
ts, the relevant te
hni
al information is summarized in Tab. 5.4.Jets: Anti-kt (R = 0.5) parti
le-�ow jets are 
hosen and L2 and L3 energy s
ale 
orre
-tions (
f. Se
. 3.3.1) are applied.Missing Transverse Energy: The parti
le-�ow missing ET 
al
ulated from all re
on-stru
ted parti
les is used and is 
orre
ted for the jet energy s
ale (L2, L3 
orre
tion).Ele
trons: Starting from the standard ele
tron 
olle
tion rather loose identi�
ation 
ri-teria (
f. Tab. 5.4, Se
. 3.3.3, [47℄) must be ful�lled. An isolation value is 
al
ulated fromenergy deposits in the ECAL, HCAL and Tra
ker in a 
one around the ele
tron. The iso-lation value I is then given by the total energy deposits for the three dete
tor 
omponents,divided by the ele
tron pT . The requested isolation is

I =
isoECAL + isoHCAL + isoTRK

pelectronT

< 0.1 (5.1)The lepton isolation performan
e is dis
ussed below.Muons: The general muon 
olle
tion is used and no further quality requirements areapplied. The isolation it 
al
ulated from the energy deposits ET in ECAL and HCALand the tra
ker pT in a 
one of R = 0.3 around the muons. The three 
omponents are
ombined to an isolation value relative to the muon pT in the same way as for ele
tronsand an isolation I < 0.2 is required.54



5.2. Simulated Events SampleJet Colle
tion ak5PFJetsL2L3Missing ET metJESCorAK5PFJetEle
tron Colle
tion gsfEle
tronsEle
tron ID eidRobustLooseIsolation Value Maps eleIsoFromDepsE
alFromHitsByCrystaleleIsoFromDepsTkeleIsoFromDepsH
alFromTowersMuon Colle
tion muonsMuon Isolation Fun
tion isolationR03()Table 5.4.: Te
hni
al names of physi
s obje
ts 
olle
tions, identi�
ation and isolation pro
eduresas used in the analysis. The CMS software release is CMSSW_3_8_7.Parti
le Mat
hingIn several o

asions an asso
iation of re
onstru
ted to generated parti
les is useful. Whethergenerated or re
onstru
ted parti
les serve as starting 
olle
tion for the 
omparison dependson the use 
ase. In the determination of measurement resolutions a mat
hing of generatedobje
ts to re
onstru
ted ones is performed, whereas it is done the other way round whentrying to identify the generator parti
les 
orresponding to a re
onstru
ted signal 
as
ade.The pro
edure is equivalent in either 
ase: for any parti
le the 
orresponding re
on-stru
ted or generated obje
t 
losest in ∆R is mat
hed, if ∆R < ∆Rmax as well as 0.5 <

precT /pgenT < 2. is ful�lled. The maximum distan
e is 
hosen as ∆Rmax = 0.1 (0.3) forleptons (jets). A parti
le is only mat
hed to a single parti
le from the other 
olle
tion. In
ase of ambiguities the obje
t 
losest in ∆R is 
hosen.Lepton IsolationThe distribution of the isolation variable de�ned in Eq. 5.1 for ele
trons and muons in theSPS1a sample is shown in Fig. 5.3. Re
onstru
ted ele
trons and muons with a mat
hinggenerator parti
le peak at zero in a steeply falling distribution, while unmat
hed leptonstend to higher values of the isolation variable. For a mat
hing the generated lepton mustlie within ∆R = 0.1 of the re
onstru
ted parti
le.The fake rate, de�ned as the fra
tion of unmat
hed leptons
#notmatched

#matched + #not matched
(5.2)and the e�
ien
y

#matched

#generated
(5.3)55
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Figure 5.3.: Distribution of isolation variable Eq. 5.1 for ele
trons (left) and muons(right). Shownare the distributions for re
onstru
ted leptons with a mat
hing generator parti
le(green) and those without (blue) for SPS1a.
hara
terize the isolation 
ut. The e�
ien
y in
ludes the mat
hing e�
ien
y and onlygenerated ele
trons and muons with pT > 10GeV and |η| < 2.5 are 
ounted to respe
t thelimited dete
tor a

eptan
e in lepton re
onstru
tion.Choosing the working point is a trade-o� between high e�
ien
y and low fake rate. Inour 
ase the suppression of ba
kground 
as
ades seems to be most important, thus requiringa low fake rate. Hen
e, I < 0.1 is 
hosen for ele
trons, translating into an e�
ien
y of 56%and a 5% fake rate (
f.Fig. 5.4) and for muons I < 0.2 is required, yielding 77% e�
ien
yand a fake rate of 3%.ResolutionsResolutions for the transverse momentum and angular re
onstru
tion of the di�erent kindsof parti
les need to be known for the kinemati
 �t, where the entire 
ovarian
e matrix forall measured parameters, i.e. four-momentum 
omponents, is needed (
f. Se
. 6.1).Jet resolutions strongly depend on the transverse momentum and further vary withpseudorapidity. Therefore the jet response is typi
ally determined in bins of these twovariables. The jet transverse momentum resolution parametrization is
σ(pT /p

gen
T )

〈pT /pgenT 〉 (pgenT ) =

√

sgn(N) ·
(

N

pgenT

)2

+ S2 · (pgenT )M−1 + C2, (5.4)as already introdu
ed in Eq. 3.4 (Se
. 3.3.1). The parameters determined for the transverse56
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Figure 5.4.: Sele
tion e�
ien
y (Eq. 5.3) versus fake rate (Eq. 5.2) for di�erent 
uts on the iso-lation variable for ele
trons (red) and muons (green) for SPS1a. The working pointsare marked with 
ir
les.momentum of the 
hosen parti
le-�ow anti-kt (R = 0.5) jets are given in Tab. 3.1 [40℄.However, we also need resolutions for the pseudorapidity and azimuthal angle measure-ment. They are determined on the SPS1a sample again using a binning in pT and η, bymat
hing re
onstru
ted jets to generator jets, whi
h are 
lustered from generated parti
lesafter the parti
le shower simulation.The position resolution is 
hara
terized by the distribution of the di�eren
es ηrec − ηgenand φrec − φgen of re
onstru
ted jets 
ompared to a mat
hed generator jet. For ea
h pT -
η-bin a Gaussian is �tted to the observed distribution. The width of the Gaussian in apseudorapidity region 
hanges with pT and is �tted with the resolution fun
tion Eq. 5.4.Fig. 5.5 shows the �tted resolution fun
tions for three di�erent pseudorapidity bins, upto |η| = 3.0 whi
h marks the end of the HCAL end
ap and the begin of the forward
alorimeters (
f. Se
. 3.2.5). Parameters determined in the �ts are summarized in Tab. 5.5and used to 
al
ulate the un
ertainties for the 
ovarian
e matrix in the kinemati
 �t.Ele
tron and muon resolutions are also determined in bins of pT and η. Using the SPS1asample all generator ele
trons and muons from a χ0

2 or ẽR/µ̃R de
ay are 
ompared toa mat
hing re
onstru
ted ele
tron or muon. The 
ores of the observed distributions of57
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enarioVariable η φ

|η|-Range N S M N S M

0.0− 1.0 1.2× 10−11 −0.39 −0.46 6.0 × 10−17 −0.40 −0.44

1.0− 2.0 1.6 × 10−7 −0.43 −0.44 1.8× 10−8 −0.41 −0.39

2.0− 3.0 3.0 × 10−8 −0.49 −0.45 3.0 × 10−10 −0.39 −0.36Table 5.5.: Fitted jet angular resolution parameters (
f. Fig. 5.5)
precT /pgenT , ηrec − ηgen and φrec − φgen are again �tted with a Gaussian and the gaussianwidth is plotted versus the transverse momentum. (Figs. 5.6-5.8).The �tted fun
tional form for the ele
tron pT is the one expe
ted for a 
alorimeter basedmeasurement

σ(precT /pgenT ) =

√

(

a

pT

)2

+

(

b√
pT

)2

+ c2, (5.5)and similar to the jet 
ase 
onsists of a noise term (a), a sto
hasti
 term (b) and a 
onstantterm (c). Also the ele
tron and muon η and φ resolution show the same behavior.For the muon pT the deviation from the true momentum in
reases with pT , whi
h is ane�e
t of the dete
tor hit resolution in the inner tra
ker. The published muon resolutionplot Fig. 3.9 shows that at high momenta the 
ombination of tra
ker and muon systeminformation attenuates the in
rease, but not su�
ient high pT muons are available in theSPS1a sample to observe this e�e
t. Therefore, data is only �tted with a se
ond orderpolynomial p0+p1 ·pT +p2 ·p2T and the observed resolution is 
onsistent with the publishedplot in this pT -region.The resulting parameters for the ele
tron (muon) resolution are given in Tab. 5.6 (5.7)and in most 
ases the un
ertainties on the �tted parameters are large, due to their large
orrelations. Overall, we �nd that the angular resolution for both, ele
trons and muons, isof the order of 10−4 and the transverse momentum is measured to a few per
ent pre
ision,whi
h is mu
h better than for jets. Hen
e, any un
ertainties on the �tted parameters areof little importan
e, sin
e the �t will mainly adapt the jet momenta.

58
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Parameter |η|-Range 0.0 < |η| < 0.8 0.8 < |η| < 1.5 1.5 < |η| < 2.5

pT

a 0.0565 0.0909 2.5× 10−8

b 0.0765 0.1256 0.104

c 0.0045 5.4× 10−13 0.0105

η

a 4.6 × 10−10 1.2× 10−10 2× 10−11

b 0.00132 0.00123 0.00158

c 0.000323 0.000255 0.000135

φ

a 9× 10−14 8.2× 10−10 1.7× 10−11

b 0.0019 0.00257 0.00475

c 0.000104 0.000206 1.2× 10−13Table 5.6.: Fitted ele
tron resolution parameters (
f. Fig. 5.6).
Parameter |η|-Range 0.0 < |η| < 0.8 0.8 < |η| < 1.5 1.5 < |η| < 2.5

pT

p0 0.00872 0.01425 0.01718

p1 3.5× 10−5 5.× 10−5 2.× 10−5

p2 1.1× 10−7 7.4 × 10−8 6.5× 10−7

η

a 2.× 10−10 0.00391 0.00307

b 0.00103 1.× 10−14 0.00092

c 0.000283 0.000222 0.00013

φ

a 0.00271 0.0039 0.00564

b 0.000454 0.000512 0.000439

c 5.4× 10−5 6.9 × 10−5 9.6× 10−5Table 5.7.: Fitted muon resolution parameters (
f. Fig. 5.7).
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Figure 5.5.: Standard deviation of angular re
onstru
tion residuals for jets in di�erent pseudora-pidity bins. Left 
olumn: η-resolution versus the generated jet pT . Right 
olumn:
φ-resolution. The resolution fun
tion Eq. 5.4 with parameters N , S and M is �ttedto data, while C is �xed at zero.60
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Figure 5.6.: Ele
tron transverse momentum resolution (left 
olumn) and pseudorapidity resolu-tion (right 
olumn) versus pT for di�erent pseudorapidity regions. 61
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Figure 5.7.: Muon transverse momentum resolution (left 
olumn) and pseudorapidity resolution(right 
olumn) versus pT for di�erent pseudorapidity regions.62
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Figure 5.8.: Ele
tron (left 
olumn) and muon (right 
olumn) azimuthal angle resolution versus
pT for di�erent pseudorapidity regions. 63
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s S
enario5.2.2 Event Sele
tionPresele
tionA presele
tion was applied in order to redu
e the storage spa
e of the simulated eventssample. It is motivated by the �nal event sele
tion for the leptoni
 
as
ade and applies thefollowing 
uts on re
onstru
ted obje
ts (
f. Se
. 5.2.1).
• Jets: N ≥ 2 with pT > 20GeV and |η| < 5.
• Leptons (ele
trons+muons): N ≥ 3 with pT > 5GeV, |η| < 2.5, 
ounting onlyele
trons whi
h fall either in the identi�
ation 
lass eidRobustLoose (
f. Se
. 3.3.3)or ful�ll some basi
 isolation requirements.Without the requirement on ele
tron identi�
ation more than 75% of the events have atleast two leptons and pass the presele
tion. The number of remaining events in
luding theidenti�
ation 
uts is 2,470,405, i.e. 49% of the initial sample.Spe
tra of the transverse momenta for the four leptons and two jets with highest pT(leading obje
ts) in an event, as well as the missing ET distribution after presele
tion areshown in Figs. 5.9 and 5.10 for signal and ba
kground events.Final Sele
tionStarting from the presele
ted sample, several 
uts are applied (Tab. 5.8) to sele
t the signal
as
ade (Fig. 5.2).The most distin
tive feature of this 
as
ade are the two lepton pairs, ea
h 
onsistingof opposite 
harge and same �avor leptons (OSSF). Events 
ontaining exa
tly four su
hisolated leptons are 
hosen, 
onsidering only ele
trons and muons. Not allowing additionalleptons in the event redu
es the ba
kground and keeps 
ombinatori
s small. A minimaltransverse momentum of 10GeV is required to ensure a su�
ient re
onstru
tion quality.In the CMS dete
tor leptons are only identi�ed in the pseudorapidity region |η| < 2.5, i.e.the region 
overed by the sili
on tra
ker and muon 
hambers (
f. Figs. 3.3, 3.6).The se
ond feature are two jets, whi
h are expe
ted to have high energy due to thelarge mass di�eren
e between squark and neutralino. Additional jets may also 
ome froma gluino de
ay or hadroni
 a
tivity like initial and �nal state radiation. Two jets with atransverse momentum of at least 30GeV are found in all of the sele
ted leptoni
 events.The pT spe
tra of the jets with highest and se
ond highest pT (Fig. 5.11) show, that onaverage signal events have higher transverse jet momenta than other SUSY pro
esses withe.g. squark de
ays into heavier 
harginos or neutralinos. In order to suppress ba
kground,a requirement of pT > 150GeV is 
hosen. In addition we restri
t the jet to lie within

|η| < 3.0, where the angular resolution 
ould be determined well (
f. Se
. 5.2.1).Sin
e more jets may emerge from initial and �nal state radiation, only the minimalnumber of jets is spe
i�ed, with the drawba
k of in
reased 
ombinatori
s. Some missing64



5.2. Simulated Events SampleEvent Sele
tion CutsPresele
ted 2 OSSF lepton pairs (e/µ) ≥ 2 Jets missing ETSample pT > 10GeV pT > 150GeV > 50GeV

|η| < 2.5 |η| < 3.0

q̃Lq̃L 579 162 120 117
g̃ → q̃L 455 97 71 65
b̃1 720 183 136 126
b̃2, q̃R 214 44 31 26Total Signal 1968 486 358 334E�. Signal 1 0.25 0.18 0.17Ba
kground 2470405 923 391 367S/B 0.0008 0.53 0.92 0.91Table 5.8.: Cumulative e�e
t of event sele
tion 
uts on dete
tor simulation sample 
orrespondingto an integrated luminosity of Lint = 140 fb−1. The signal e�
ien
y in
ludes all threesignal 
ategories (see below). Ba
kgrounds in
lude all other SUSY pro
esses.transverse energy is expe
ted from the es
aping LSPs and helps to redu
e Standard Modelba
kgrounds, but does not 
ontribute to the suppression of SUSY ba
kground.Figures 5.12 and 5.13 show kinemati
 distributions of all obje
ts after the �nal sele
tion.
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Figure 5.9.: Transverse momentum spe
tra of the two leading jet (left), next-to-leading jet (right),and missing ET in signal and ba
kground events at SPS1a after presele
tion.
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Figure 5.10.: Transverse momentum spe
tra of the four leading leptons in signal and ba
kgroundevents at SPS1a after presele
tion.
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Figure 5.11.: Transverse momenta of leading and se
ond leading jet in signal (green) and ba
k-ground events (blue) in events with 4 isolated OSSF lepton pairs.
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Figure 5.12.: Transverse momentum spe
tra of the two leading jets and missing ET in signal andba
kground events at SPS1a after full sele
tion.

69



5. Physi
s S
enario

 [GeV]
T

p
0 50 100 150 200 250

 ]
−1

 [G
eV

T
1/

N
 d

N
/d

p

0

0.02

0.04

0.06

0.08

0.1

0.12

Signal

Background

 [GeV]
T

p
0 50 100 150 200 250

 ]
−1

 [G
eV

T
1/

N
 d

N
/d

p

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

Signal

Background

 [GeV]
T

p
0 50 100 150 200 250

 ]
−1

 [G
eV

T
1/

N
 d

N
/d

p

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

Signal

Background

 [GeV]
T

p
0 50 100 150 200 250

 ]
−1

 [G
eV

T
1/

N
 d

N
/d

p

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

Signal

Background

Figure 5.13.: Transverse momentum spe
tra of the four leading leptons in signal and ba
kgroundevents at SPS1a after full sele
tion.
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5.2. Simulated Events SampleThe event sele
tion 
uts are similar to those applied in the mass determination studyby M
Elrath et al. [74℄ but not identi
al. These authors require a lower jet pT > 100GeVand an additional 
ut on jet pseudorapidity, motivated by the fa
t that jets from heavyparti
le de
ays are found dominantly in the 
entral dete
tor region. However, we �nd thata restri
tion to |η| < 2.5 does not signi�
antly 
hange the sele
tion result. Furthermorea b-jet veto is in
luded in their study. In prin
iple the obtained event samples should be
omparable in terms of sele
ted phase spa
e.Starting from the presele
ted sample, 334 signal events are sele
ted (Tab. 5.8), whi
h
an be divided into four groups, using Monte Carlo truth information.1. q̃Lq̃L: Squark pair produ
tion (1st and 2nd generation) and the de
ay via the desiredSUSY parti
les.2. g̃ → q̃L: Gluino or gluino-pair produ
tion and their de
ay into left-handed squarksof the �rst and se
ond generation plus the subsequent signal de
ay.3. b̃1:Events 
ontaining at least one b̃1, either dire
tly produ
ed or 
oming from a gluinode
ay.4. b̃2, q̃R: Appearan
e of at least one of the almost mass degenerate b̃2 or right-handedsquarks in the signal 
as
ade.Masses of the b-squarks and right-handed squarks di�er from those of the �rst two gen-erations of left-handed squarks (
f. Se
. 5.1) but nevertheless are in
luded in the signal,sin
e the �nal state is identi
al. More pre
isely, the jet �avor is di�erent in 
ase of b̃ andin prin
iple b-tagging 
ould be exploited to distinguish the b̃-de
ay from other squarks.Considering all three signal 
ategories a sele
tion e�
ien
y of 17% is found. The SUSYba
kground is strongly suppressed by a fa
tor of 3× 10−4 but still 
ontributes 367 events,yielding a signal to ba
kground ratio of S/B = 0.91 for the sele
ted sample. All possibleSUSY de
ays were in
luded in the initial event sample.In
luding ba
kgrounds a total of 701 out of the 2470405 events is sele
ted, where thesize of the event sample was already redu
ed in a presele
tion with 49% e�
ien
y, giving atotal fra
tion of sele
ted events of 701/5, 000, 000 = 1.4× 10−4.Ba
kground events are 
ategorized in Tab. 5.9 a

ording to their parti
le 
ontent. Ea
hevent is listed in the �rst 
ategory in whi
h one of its bran
hes mat
hes, going from the�rst to the last row of the table. The (ele
troweak) produ
tion of neutralinos, 
harginosand sleptons 
ontributes with 14%. In these events additional jets must be pi
ked frominitial state radiation. The pair produ
tion of t̃2 hardly 
ontributes ( ∼ 4%) but the mu
hlighter t̃1 appears in one quarter of the events. It is light enough to be either produ
eddire
tly or 
ome from a gluino or sbottom de
ay. In the subsequent de
ay 
hain leptonsthen arise from a top-quark or 
hargino de
ay. 71



5. Physi
s S
enarioCategory Sele
ted Fra
tiondire
t χ̃ or l̃ produ
tion 53 0.14dire
t t̃2-pair produ
tion 16 0.04
t̃1 from produ
tion or g̃ or b̃ de
ay 90 0.25
g̃/q̃ de
ay via χ̃0

3/4/χ̃±
1/2

111 0.30dire
t q̃ → χ̃0
1 de
ay 3 0.01signal topology but de
ay via τ̃ 94 0.26Total 367 1.0Table 5.9.: Mutual ex
lusive 
ategories of ba
kground events. Events are 
lassi�ed in the orderlisted here, if one of the two de
ay bran
hes falls into this 
ategory.A large fra
tion of the ba
kground (30%) 
ontains leptoni
 de
ays of other neutralinos or
harginos than the desired χ̃0

2. The last important ba
kground 
ategory is very signal-likeand di�ers only in the slepton �avor, where a τ̃ is found. These events makes up about onequarter of the ba
kground.In a way most ba
kground events are signal-like be
ause 65% per
ent 
ontain one bran
hwith the 
orre
t q̃ → χ̃0
2 → l̃R → χ̃0

1 de
ay (l̃ = ẽ, µ̃) and even 87% at least one bran
hwith the 
orre
t lower part χ̃0
2 → l̃R → χ̃0

1.5.3 Toy Dete
tor SimulationA se
ond event sample is used in the analysis, in order to test and demonstrate the perfor-man
e of the mass determination method in a simpli�ed s
enario with redu
ed experimentalun
ertainties and imperfe
tions. It is based on the same generated events but does not makeuse of the CMS dete
tor simulation. Instead a pseudo dete
tor simulation is applied to allpartons and leptons from the Pythia �nal-state of the hard intera
tion, in
luding initial-and �nal-state radiation but not the parton shower or hadronization.In this Toy Monte Carlo (Toy MC) all quarks, gluons and leptons are smeared in pT , η,and φ around their true value a

ording to a gaussian distribution, where the width of thegaussian is given by the resolutions whi
h were determined for the dete
tor simulation inthe previous se
tion (
f. Tabs. 3.1, 5.5-5.7).Tau leptons are treated a

ording to their de
ay mode. For hadroni
 de
ays the taufourve
tor is treated like a quark while in leptoni
 de
ays the resulting ele
tron or muon issmeared.This approa
h is of 
ourse a strong simpli�
ation of the real situation, where one hasto deal with e�e
ts of hadronization, overlap in jet 
lustering, re
onstru
tion ine�
ien
ies,fake leptons and jets, additional jets from multiple intera
tions and underlying event. Thesedi�
ulties are in
luded in the study using the CMS dete
tor simulation but ignored in this72



5.3. Toy Dete
tor SimulationSignal Ba
kgroundDet. Sim. Sele
ted Sample 334 367
≥ 2 Jets, pT > 150GeV, |η| < 3.5 252 1712 OSSF e/µ Pairs , pT > 10, |η| < 2.5

≥ 2 Jets, pT > 100GeV, |η| < 3.5 312 2382 OSSF e/µ Pairs , pT > 10, |η| < 2.5Table 5.10.: Event sele
tion in Toy MC. The initial sample 
onsists only of events sele
ted in thedete
tor simulation sample.Toy Monte Carlo.Using the Toy Monte Carlo fa
ilitates e.g. the validation and testing of the kinemati
 �timplementation and setup in a well-de�ned s
enario where all measurement un
ertaintiesare perfe
tly known. Furthermore, studying the 
ombinatorial problem is simpli�ed withoutthe 
ompli
ation of mat
hing measured �nal states to the generated ones. It will help todisentangle dete
tor and measurement e�e
ts from those inherent in the mass determinationmethod.Toy Monte Carlo Event Sele
tionA Toy MC event sele
tion with identi
al 
uts as in the dete
tor simulation 
ase does notyield the same sample. Mu
h more events ful�ll the sele
tion 
riteria (1050 instead of 749in 
ase of no missing ET 
ut), mainly due to the perfe
t re
onstru
tion e�
ien
y for leptonsand the idealized jet treatment.However, for a later 
omparison of results the two samples should be 
omparable in thesense, that the event 
ontent is similar and the same kinemati
 phase spa
e is 
overed.This is approximated by performing the Toy MC sele
tion only on those events, whi
hwere sele
ted in the dete
tor simulation sample.Requiring two OSSF lepton pairs and two jets with pT > 150GeV on Toy MC level, only75% of signal and 47% of ba
kground events are sele
ted. The main reason why events failthe sele
tion is the 
ut on the jet transverse momentum.The distribution of the se
ond leading jet pT in dis
arded signal events (Fig. 5.14)shows that many of these events have a se
ond jet with transverse momentum 
lose tothe 
ut value. By lowering it to 100GeV, 93% of signal events ful�ll the requirements (
f.Tab. 5.10).For ba
kground the dis
repan
y remains mu
h larger sin
e many events are also failingthe lepton requirement and do not 
ontain the 
orre
t number of leptons. Therefore thesele
ted Toy MC sample has a better S/B-ratio of 1.31 and is of limited use in studiesin
luding ba
kground.
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h were not sele
ted with a pT > 150GeV 
ut.

74



Chapter 6Kinemati
 Fit Implementation and Setup
6.1 Kinemati
 FittingThe new approa
h for mass determination 
onsists of an event-by-event kinemati
 �t inwhi
h hypotheses for the involved masses are tested. Kinemati
 �t means a least-squareminimization of the residuals of all measured parameters in an event (pT , η and φ of jetsand leptons), whi
h are subje
t to several kinemati
 
onstraints. In our 
ase the 
onstraintsare invariant masses of 
ombinations of �nal-state parti
les as well as an overall transversemomentum balan
e in the event. A solution to su
h a problem 
an be found using themethod of Lagrangian multipliers.6.1.1 Method of Lagrangian MultipliersThe squared sum of residuals for the n measured parameters (~y) with 
ovarian
e matrix V

S(~y) = ~∆y
T
V −1 ~∆y (6.1)has to be minimized, while ful�lling the kinemati
 
onstraints. Ea
h of the l 
onstraintsis a fun
tion of the measured as well as the m unmeasured parameters (~a) and 
an beformulated as an equation

fk = fk(~y,~a)
!
= 0, k = 1, . . . , lwhi
h holds for the true values of the involved parameters.Finding the minimum of a fun
tion (S) while at the same time ful�lling 
onstraint equa-tions 
an in general be a
hieved by the method of Lagrangian multipliers. Ea
h 
onstraintis multiplied by an additional parameter λ (Lagrange Multiplier) and added to the sum ofsquares

L(~y,~a,~λ) = S(~y) + 2 ·
l
∑

k=1

λkfk(~y,~a). 75



6. Kinemati
 Fit Implementation and SetupThe extremum of this new fun
tion L gives the desired solution for ~y and ~a. The fa
tor oftwo is a 
onvention.The extremum 
an by found by di�erentiation of L with respe
t to all parameters,in
luding the Lagrangian multipliers. This yields a system of equations whi
h has to besolved. If the 
onstraints are linear fun
tions of the parameters an exa
t solution 
an befound e.g. by matrix inversion. However, as the mass 
onstraint we want to apply are non-linear a linearization must be used and the problem be solved iteratively. This pro
edurein des
ribed in the literature [86℄ and summarized in Appendix A.If the problem is over-
onstrained, values for the previously unknown parameters ~a 
anbe found by solving these equations. Over-
onstrained means that more 
onstraints thanunknowns are available. This is obvious, 
onsidering that ea
h 
onstraint depending on anunknown parameter leads to an equation involving this parameter, by di�erentiation withrespe
t to the Lagrangian multiplier.An over-
onstrained system has a number of degrees of freedom whi
h is given by thedi�eren
e between the number of 
onstraints and unmeasured parameters
ndf = l −m.In the 
ase of a SUSY 
as
ade, as des
ribed in the previous se
tion, the number of param-eters is high. From the 6 jets and leptons we 
ount 18 measured momentum 
omponentswhile the two LSPs 
ontribute 8 unmeasured parameters. It was dis
ussed that a total often 
onstraints 
an be applied, eight of them 
onstraining invariant masses and two of themthe transverse momentum balan
e. Thus the system has 10 − 8 = 2 degrees of freedom.The obtained values for S at the extremum of L should therefore follow a χ2-distributionwith two degrees of freedom.Unfortunately, the 
onstraints are highly non-linear and in
lude, depending on the para-metrization, squares, sine, 
osine, and/or their hyperboli
 versions (
f. Se
. 6.1.2 below).Therefore it is of great importan
e for the 
onvergen
e of the algorithm to have initialvalues for the unmeasured parameter whi
h are 
lose to the true extremum. Otherwisethe error 
aused by the linearization might be
ome too large and prevent 
onvergen
e orlead to a se
ondary extremum. The issue of a 
hoi
e of initial values in our spe
i�
 
ase isdis
ussed in Se
. 6.2.Convergen
e CriteriaCriteria need to be de�ned, when the iterative sear
h for the extremum of the fun
tion

L 
an be stopped. Ideally this should happen when all 
onstraints are ful�lled and theminimal sum of the residual is rea
hed, i.e. the algorithm has 
onverged in the (global)minimum. In reality su
h a 
riterion is not easy to de�ne. Two quantities are used to judgeon the level of 
onvergen
e. The absolute sum of all 
onstraints has to fall below an upper76



6.1. Kinemati
 Fittingbound
l
∑

k=1

|fk| < εF (6.2)and the 
hange of S with respe
t to the previous iteration should be small
∆S < εS (6.3)Default threshold values were 
hosen as εS = 10−4 and εF = 0.1GeV × l, the latterdepending on the number of 
onstraints.Requiring ∑l

k=1 |fk| to de
rease in ea
h iteration is a suitable handle to enfor
e 
onver-gen
e. If in an iteration the sum of 
onstraints in
reases, then the step size is redu
ed bya fa
tor of two until the requirement is ful�lled again or a maximum number of ten stepsize redu
tions is rea
hed. In most events the 
onvergen
e 
riteria are rea
hed within a few(<10) iterations, where the requirement on ∆S is the limiting fa
tor.A program pa
kage for kinemati
 �ts established in the CMS 
ollaboration [87℄ wasadapted and used to perform the �t. The 
ode follows the pro
edure outlined above. Afew details on the implementation are summarized in the following.6.1.2 Momentum ParametrizationA 
ommon parametrization of parti
le four-momenta at 
ollider experiments uses the trans-verse energy ET (or transverse momentum pT if masses are negligible w.r.t typi
al energies),the pseudorapidity η and the azimuthal angle φ, sin
e these are 
losely related to the de-te
tor geometry. For a massless parti
le the fourve
tor be
omes
p =

(

E

~p

)

=















ET · cosh η
ET · cosφ
ET · sinφ
ET · sinh η















. (6.4)For all measured parti
les, jets and leptons, in the �t this parametrization is 
hosen. Theunmeasured LSPs are parametrized using the momentum 
omponents and a mass, whi
hmay be hypotheti
al.
q =















√

m2 + |~q|2

qx

qy

qz















. (6.5)
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6. Kinemati
 Fit Implementation and Setup6.1.3 Implementation of 
onstraintsAn invariant mass 
onstraints for measured parti
les with four-momenta pi and unmeasuredparti
les with four-momenta qi, restri
ted to a mass M with width ΓM reads
f =

√

√

√

√

√





∑

i

pi +
∑

j

qj





2

− α ·M = 0. (6.6)Here a Gaussian mass width is a

ounted for with the additional �t parameter α. It has aninitial value of αini = 1 and its varian
e is set to σ2
α = Γ2

M/M2, su
h that a variation of αin the �t by 1σ 
orresponds to a variation of the mass 
onstraint of (1±σ) ·M = M ±ΓM .Also the momentum balan
e is not exa
tly ful�lled in a typi
al event. The a
tual pT sum,in
luding the soft and forward parti
les outside the 
as
ade, �u
tuates around zero. In the
onstraint 
al
ulation this �u
tuation is a

ounted for with an additional term β. Thisnew parameter has an initial value of βini = 0 and a varian
e 
orresponding to the widthof the �u
tuation distribution σ2
β = ∆p2x/y. The implementation for a momentum balan
e
onstraints, in
luding out of 
as
ade momentum c from initial and �nal state radiation,reads

fx/y =
∑

i

pix/y +
∑

j

qjx/y − cx/y − β = 0. (6.7)The 
hoi
es for the parti
le and pT -balan
e widths are dis
ussed later (Se
. 6.3.2).With the above parti
le parametrizations the (squared) invariant mass of i = 1, . . . , nmeasured parti
les pi and one unmeasured obje
t q 
an be written as
M2 =

(

n
∑

i=1

Ei
T cosh ηi +

√

q2x + q2y + q2z +m2

)2

−
(

n
∑

i=1

Ei
T cosφi + qx

)2 (6.8)
−
(

n
∑

i=1

Ei
T sinφi + qy

)2

−
(

n
∑

i=1

Ei
T sinh ηi + qz

)2

.The 
omponents of the total transverse momentum in the �t are less 
omplex and fortwo unmeasured parti
les qj read
px =

n
∑

i=1

piT cosφi +
2
∑

j=1

qjx − cx (6.9)
py =

n
∑

i=1

piT sinφi +
2
∑

j=1

qjy − cy. (6.10)Clearly these equations are non-linear in the parameters ET , η, φ, hen
e their deviationsdo not yield a linear system of equations and make a linearization and iterative solutionne
essary (see App. A for details).78



6.2. Choi
e of Initial Values for Unmeasured ParametersAlternative Fit Approa
hAn alternative approa
h for a kinemati
 �t is the formulation of the 
onstraints as additional
χ2-terms. The minimization of the extended χ2 
an then be realized with an arbitraryminimization algorithm su
h as simulated annealing or geneti
 algorithm.The option of a geneti
 algorithm was studied in the 
ontext of mass determination ina hadroni
 de
ay 
hain [76℄. A major strength lies in the simultaneous treatment of huge
ombinatori
s in the minimization. Sin
e 
ombinatori
s is not as a huge 
on
ern in theleptoni
 de
ay, we sti
k to the well established method of Lagrangian multipliers.6.2 Choi
e of Initial Values for Unmeasured ParametersThe 
hoi
e of initial values for the unmeasured parameters is a key issue for the performan
eof the kinemati
 �t in a high-dimensional and non-linear problem like the SUSY events athand. If the initial LSP momenta are set to values far away from their truth, the errorintrodu
ed by the linearization might be
ome too large and the �t algorithm possibly doesnot �nd the global extremum or gets stu
k in a lo
al one. It is very likely that several lo
alminima exist, regarding the fa
t that the χ2-
ontour lies in a 18-dimensional parameterspa
e.6.2.1 Options for Choi
e of Initial ValuesBeside a 
ompletely random 
hoi
e of initial values, di�erent well-motivated possibilitiesexist and are dis
ussed in the following. Two of them are analyti
 solutions for an ap-proximated problem and the third one exploits the knowledge about two-body de
ays togenerate random values in a 
lever way.Analyti
 SolutionsRe
onsidering the 
onstraint equations Eq. 4.2-4.5 for the de
ay 
as
ade and assuming thatthe SUSY mass values are known, possibilities exist to analyti
ally 
al
ulate the momentum
omponents of the LSPs from a subset of these 
onstraints.The ansatz of Webber [75℄ using a subset of six mass and two momentum balan
e 
on-straints was already des
ribed in Se
. 4.2.1. The analyti
 solution for the LSP momentum
omponents is an approximation for the true LSP momenta. Their exa
t values would onlybe obtained in the 
ase of 
orre
t mass hypotheses, a perfe
t transverse momentum balan
eand vanishing measurement errors.In order to 
onstru
t the linear system of equation (Eq. 4.6 � 4.7) the relation p2D = M2

Dwas used to substitute the quadrati
 terms. Note that this 
onstraint is not respe
ted inthe solution and therefore all invariant masses (M2
A, M2

B , M2
C , M2

D) 
onstru
ted from the
al
ulated LSP momenta do not agree with the input masses, unless p2D = M2
D really holds.79



6. Kinemati
 Fit Implementation and SetupStarting from su
h a set of LSP momentum 
omponents, the kinemati
 �t will still have toadjust the parameters to perfe
tly ful�ll the mass 
onstraints.A se
ond possibility was proposed by S
hleper [88℄. The basi
 idea is again the 
onstru
-tion of a set of equations whi
h are linear in the unknown four-momentum. In 
ontrast toWebber's 
al
ulation all four mass 
onstraints are enfor
ed and the 
onstraint on transversemomentum balan
e is not in
luded.From the set of mass 
onstraint equations 4.2 for one de
ay bran
h, the linear system isobtained in the known way, by substituting the invariant masses p2i = M2
i . This time the
hain is taken in the opposite dire
tion and the squark (pA) is the fourve
tor to be solvedfor.

pA · pf1 =
1

2
(M2

A −M2
B +M2

f1) ≡ R (6.11)
pA · pf2 = pf1 · pf2 +

1

2
(M2

B −M2
C +M2

f2) ≡ S (6.12)
pA · pf3 = (pf1 + pf2) · pf3 +

1

2
(M2

C −M2
D +M2

f3) ≡ T (6.13)The expressions R, S, T depend only on measured parti
les and the SUSY masses, butnot on any of the SUSY parti
le momenta. Adding a fourth trivial equation for the energy
omponent of the squark p0A = p0A one 
an write in matrix notation














1 0 0 0

p0f1 p1f1 p2f1 p3f1

p0f2 p1f2 p2f2 p3f2

p0f3 p1f3 p2f3 p3f3















×















p0A

p1A

p2A

p3A















=















p0A

R

S

T















, (6.14)where the upper index denotes the fourve
tor 
omponent. The matrix 
an be interpretedas a partitioned matrix
M =

(

A B

C D

) (6.15)with the blo
ks A = 1, B = (0, 0, 0), C = (p0f1 , p
0
f2
, p0f2)

T and D = −(~pTf1 , ~p
T
f2
, ~pTf2)

T . Fromthe inversion formula for a partitioned matrix one obtains an expression for the three-momentum 
omponents of the squark
~pA = p0A ~m+ ~n (6.16)with the ve
tors ~m = −D−1C and ~n = D−1(R,S, T )T .Still the fourth equation p2A = M2

A = (p0A)
2 − ~p2A has to be ful�lled, yielding two possible80



6.2. Choi
e of Initial Values for Unmeasured Parameterssolutions for the energy 
omponent.
p0A =

~m~n

1− ~m2
±
√

M2
A − ~n2

1− ~m2
+

(~m~n)2

(1− ~m2)2
. (6.17)From the solution for the squark four-momentum (Eq. 6.16, 6.17) a 
orresponding LSPmomentum 
an then be 
al
ulated. Two solutions per de
ay bran
h lead to a total of four
ombinations of initial parameters per event.However, in pra
ti
e it turned out that in many 
ases no real solution exists, due to anegative expression under the square root. In the SPS1a toy Monte Carlo signal sampleonly 57% of the events 
ould be 
ompletely solved, while in 38% only one bran
h gave asolution and no solution was found in the rest of the events. The physi
al reason for thisfragility was not studied and needs further investigation. Nevertheless, all events with afull solution were in
luded in the 
omparison with the other methods.Random Choi
e in Slepton Rest-FrameA third possible 
hoi
e of the starting values fo
uses on the two-body-de
ay of the next tolast SUSY parti
le in the de
ay 
hain. In the rest-frame of the de
aying parti
le C (C ′)the de
ay produ
ts, i.e. the LSP D (D′) and the parti
le f3 (f6) whi
h is assumed to bemassless, have opposite momentum with a �xed magnitude, given by the masses of theinvolved parti
les

|~p∗D/f3
| = M2

C −M2
D

2 ·MC
.Two more 
oordinates are ne
essary for a full des
ription of their momenta:

• The azimuthal angle φ∗, de�ned in the plane perpendi
ular to the �ight dire
tion ofparti
le C in the laboratory frame.
• The angle θ∗ between ~p∗D and the �ight dire
tion of parti
le C in the laboratory frame.If the de
aying parti
le has spin 0 or is unpolarized uniform distributions for cos θ∗ and φ∗are expe
ted. A set of initial values following these distributions 
an be randomly 
hosenand then be transformed to the laboratory frame. The ne
essary Lorentz-transformation
annot be determined unambiguously but exploiting the knowledge about the measuredde
ay produ
t f3 (f6) an edu
ated guess is possible, e.g. by 
hosing the one with the smallestboost. Knowing the transformation from the rest-frame of parti
le C to the laboratory-frame the momentum of D in this referen
e frame 
an be 
al
ulated. Details on how toobtain the transformation and how to 
al
ulate the LSP momentum are given in App. B.A set of 3 cos θ∗ and 8 φ∗ values is randomly 
hosen for ea
h event. This 
hoi
e is labelledas rest-frame method. 81



6. Kinemati
 Fit Implementation and SetupRandom MomentaAnother random 
hoi
e is in
luded in the test, whi
h does not make use of any kinemati
event information. Momentum 
omponents px, py and pz are randomly generated in theinterval 0 < p < 300GeV. For ea
h LSP �fty di�erent momenta are tried. These valuesmay serve as an obje
t of 
omparison to rate the performan
e of the more sophisti
atedmethods.6.2.2 ComparisonThe quality of the obtained initial values is 
ompared for all four approa
hes. The methodsare labeled analyti
 I for the solution by Webber, analyti
 II for the 
al
ulation usingthe four mass 
onstraints, random stands for random LSP momentum 
omponents, andrest-frame denotes the method using random values for the de
ay angles in the sleptonrest-frame.First the agreement of the initial LSP momenta with the true values is 
ompared forthe Toy MC in signal events, in
luding all three 
ategories. For ea
h event an initialmomentum is generated for both LSPs and the deviation to the 
orresponding generatedparti
le is determined (Fig. 6.1).The upper-left �gure shows the relative di�eren
e (piniT −ptrueT )/ptrueT , where distributionshave been normalized to one for 
omparison. Both analyti
 methods show a narrow peakat zero, meaning that the transverse momentum is already very well mat
hing the truevalue. For the rest-frame method the peak is broader and tends towards smaller values,and in 
ase of random values the peak is even lower and has a large tail towards high ∆pT .Looking at the distan
e in∆R (upper-right) again the analyti
 methods perform best andthe majority of initial LSPs is a
tually pla
ed inside a region of ∆R = 0.5, i.e. a typi
aljet radius. The peak is exa
tly at zero for analyti
 II and 
lose to it for the analyti
 Imethod. The rest-frame methods re
onstru
ts the position not as pre
isely but still showsthe 
orre
t tenden
y to small distan
es. In 
ontrast, the distribution of purely randomvalues even rises with in
reasing ∆R.The distan
e 
an be split into the di�eren
es in the η and φ 
oordinates (lower row). Asexpe
ted from the ∆R distribution, the peaks in the analyti
 approa
hes are sharper thanfor the rest-frame variant. This random approa
h still is a fair approximation, whereas therandom method hardly delivers a 
orre
t η value and 
ompletely fails to give the 
orre
t
φ position. This is not surprising sin
e this is a purely random 
hoi
e and no knowledgeabout the de
ay topology is exploited.The initial momenta quality 
an be 
ontrolled further by studying the agreement of theinitial setup with the applied mass and momentum balan
e 
onstraints. The random 
hoi
eis no longer 
onsidered, sin
e obviously the other options perform signi�
antly better. Usingthe 
orre
t assignment of parti
les in the 
as
ade the invariant masses and pT -balan
e 
an82
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Figure 6.1.: Di�eren
e between 
al
ulated and true LSP momenta in (piniT − ptrueT )/ptrueT , ∆R, ηand φ for the four di�erent methods.
be 
al
ulated from the measured �nal state and the initial LSP ve
tors (Fig. 6.2).The analyti
 II method requires that all mass 
onstraints are ful�lled, hen
e only themomentum 
onstraint (lower-right plot) shows a deviation from zero. For the analyti
 Iversion the momentum 
onstraint is always ful�lled, whereas the mass 
onstraints are notexa
tly met. In the 
al
ulation the substitution p2D = M2

D is made whi
h is not respe
tedfor the solution fourve
tor piniD . As a 
onsequen
e the expressions for the SUSY massesderived from Eq. 4.6, e.g.
M2

C = M2
D + 2 · pf3 · pD +m2

f3 6= (piniD + pf3)
2 (6.18)do not agree with the invariant mass of the fourve
tor sum of �nal states. Here, the83
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Figure 6.2.: Di�eren
e between 
al
ulated and true invariant masses and pT -balan
e for threedi�erent 
hoi
es of initial LSP momenta.
al
ulated fourve
tor piniD and its invariant mass M ini
D is used in the 
al
ulation of the
onstraints.In 
ase of the rest-frame method, the LSP and slepton mass 
onstraint are ful�lled by
onstru
tion. Overall all these initial values seem a fair starting point for the kinemati
 �t.Performan
e with Dete
tor SimulationIt was shown that the determination of suitable initial values with the analyti
 I methodworks well in 
ase of the Toy MC. This still needs to be 
on�rmed for the dete
tor simu-lation sample, where the measurement un
ertainties may be larger in some 
ases and thetransverse momentum balan
e is determined with a larger un
ertainty. We observe thatthese e�e
ts hardly degrade the agreement of initial and true LSP momenta in ∆pT as well84



6.2. Choi
e of Initial Values for Unmeasured Parametersas in ∆R (Fig. 6.3). The tails of the distributions are a little larger but still the obtainedsolution is a good approximation.
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Figure 6.3.: Di�eren
e between 
al
ulated and true LSP momenta in pT and ∆R for the analyti
I method in Toy Monte Carlo and dete
tor simulation sample.
6.2.3 Con
lusionsFour methods to generate initial values for the unknown LSP momenta were tested. Theanalyti
 methods a
hieve the best agreement of 
al
ulated and true momenta. The analyti
II method seems to perform best but this approa
h has the drawba
k that a solution wasfound for only 57% of the events. It needs further study and understanding to over
omethis limitation.From two methods with a random 
omponent the rest-frame method is 
learly superior,sin
e it exploits some kinemati
 information of the event. The purely random 
hoi
e is theworst possibility.The out
ome of the rest-frame method ful�lls the LSP and slepton mass 
onstraint, whilein 
ase of the analyti
 I values only the pT -balan
e is perfe
tly met and the masses have tobe adjusted in the �t. Overall, the signi�
antly better agreement of the LSP momenta andthe fa
t, that it is an analyti
 solution, leads to the de
ision to use the analyti
 I method inthe further analysis. After all, a surprisingly good agreement is already a
hieved before thekinemati
 �t, always having in mind that the true parti
le masses entered the 
al
ulationhere. 85



6. Kinemati
 Fit Implementation and Setup6.3 Error Treatment6.3.1 Parti
le Momentum ResolutionsThe full 
ovarian
e matrix V for the momentum 
omponents of measured jets and leptonsenters the sum of least squares (Eq. 6.1). Sin
e the re
onstru
tion un
ertainties of any twoobje
ts in the event are basi
ally un
orrelated the 
ovarian
e matrix is diagonal.For the Toy Monte Carlo sample the un
ertainties are exa
tly known and really followa Gaussian. The values used in the momentum smearing also enter the 
ovarian
e matrixdire
tly. In 
ase of the dete
tor simulation sample the resolutions determined in Se
. 5.2.1are assumed (
f. Tabs. 3.1, 5.5, 5.6, 5.7).6.3.2 Mass WidthsConstraining a SUSY parti
le mass to exa
tly the same value in all events and de
aybran
hes is not a realisti
 assumption, sin
e e.g. the squark de
ay width 
an be as largeas a few GeV. For the weakly de
aying neutralinos and sleptons the widths are typi
allysmaller by an order of magnitude.The way of in
orporating this into the �t via an additional parameter (
f. Eq. 6.6)requires the spe
i�
ation of the de
ay width. Hen
e three assumptions on the squark, neu-tralino and slepton mass width have to be made. In 
ase of the squark mass the situationgets 
ompli
ated by the mass gap between the �rst two and the third generation squarks. Ifthey are indistinguishable (be
ause no b-tagging is applied) the e�e
tive observed mass dis-tribution is mu
h wider. However we have no prior knowledge about the mass gap betweenthe generations and hen
e assume a small width, 
ompatible with a single generation. Inparti
ular the widths are taken dire
tly from the mass spe
trum 
al
ulator (Tab.6.1).Also the assumption of a perfe
t momentum balan
e in the transverse plane is quiteoptimisti
. In reality an initial imbalan
e will exist in the parton-parton intera
tion andthe �nal state 
an partially es
ape undete
ted or su�er from mismeasurements. This resultsin missing transverse energy in addition to the momentum 
arried away by the LSPs. Thisadditional 
omponent, a

ounted for with the parameter β in the 
onstraint (Eq. 6.7), isdetermined di�erently in Toy Monte Carlo and dete
tor simulation sample.In the �rst 
ase the terms of Eq. 6.7 are 
al
ulated using the generated momenta of allinvolved parti
les. Espe
ially the 
al
ulation of the true 
ontribution from out-of-
as
adea
tivity is possible in this s
enario. The resulting distribution for px and py is 
enteredaround zero and 
an be �tted with a gaussian, whose width is taken as un
ertainty of β.In the dete
tor simulation sample a treatment of the out-of-
as
ade a
tivity is more 
om-pli
ated. The best estimate of the momentum balan
e 
omes from the measurement of themissing transverse energy in the parti
le �ow event re
onstru
tion. In the �t the 
ompo-nent of soft a
tivity cx/y is therefore 
al
ulated by subtra
ting the sele
ted leptons and86



6.3. Error Treatmentjets from the (negative) MET-fourve
tor. In addition, ea
h jet with a minimum transversemomentum of 30GeV is 
onsidered as additional parti
le in the pT -balan
e 
onstraint andits momentum is also allowed to vary in the �t.Constraint Width [GeV℄
mq̃L 5.5
mχ̃0

2

0.02
ml̃ 0.27
px/y 4.0Table 6.1.: Widths of 
onstraints as used in the kinemati
 �t.
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Chapter 7ResultsIn this 
hapter the mass determination method is applied on the des
ribed SPS1a mSUGRAs
enario. First the �t setup is validated using the knowledge about the generator levelparti
le masses and momenta. Then the masses are determined from a s
an over possiblevalues.7.1 Validation of the Fit AlgorithmThe kinemati
 �t is tested on all 
ategories of signal events, 
hoosing the 
orre
t assignmentof jets and leptons to their positions in the 
as
ade. First the invariant masses are �ttedto the true fourve
tor mass values of the SUSY parti
les. When ba
kground events arein
luded the mean mass values are used instead and the de
ay width is a

ounted for byusing gaussian mass 
onstraints (
f. Se
. 6.1). This way the performan
e of the kinemati
�t algorithm is �rst studied independently from ba
kground e�e
ts and 
ombinatori
s.In the Toy Monte Carlo the measurement un
ertainties of the parti
les used for thegaussian smearing are exa
tly known. Consequently a 
ovarian
e matrix with the truevarian
es 
an be used in the �t. Therefore this s
enario provides a �rst valuable test of the�t implementation and setup.If the sum of residuals for the measured jet and lepton parameters follows the expe
ted χ2-distribution, the 
orresponding �t probability distribution is uniformly distributed betweenzero and one. This is almost the 
ase in our setup (Fig. 7.1), although a peak at smallvalues is observed. Imperfe
tions 
ausing this peak enter e.g. in the re
onstru
tion of the
pT -balan
e of a Toy MC event, when some soft parti
les fail the a

eptan
e 
uts. The �talgorithm 
onverges for 88% of the events.A further 
onsisten
y 
he
k is made by looking at the size of the parameter 
orre
tionsdetermined in the �t (pull distributions). The pull 
an be de�ned in two ways: By the
omparison to the true Monte Carlo values

pi =
xfiti − xtruthi

σxi

=
∆xi
σxi 89



7. Resultsor by 
omparison of measured and �tted values, whi
h 
an also be done on experimentaldata
pi =

xfiti − xmeas
i

σ∆xi

=
∆xi
σ∆xi

.In this 
ase the 
orre
t un
ertainty must be used, obtained from the varian
es of measuredand �tted parameters [86℄
σ∆xi =

√

σ2
xi
− σ2

xfit
i

.Using the latter de�nition we observe the distributions Fig. 7.1 (top-right & lower row)for the jet and lepton transverse momenta. As expe
ted, they follow a gaussian with meanzero and σ ≈ 1. The standard deviation is slightly smaller than 1 be
ause only events withProb(χ2) > 0.05 are 
onsidered, in order to ex
lude the peak at zero �t probability. Outof all 
onverged events, 14% fall below this threshold. Pulls for the angular parameters ηand φ also show this behaviour and are provided in App. C.Another ben
hmark is the re
onstru
tion of the unmeasured LSP momenta. Their initialvalues already approximate their true momenta well (
f. Se
. 6.2) and are further optimizedin the �t. A 
omparison shows that the deviation from the true values is indeed furtherredu
ed after the �t (Fig. 7.2). The signi�
ant improvement illustrates the power of theapplied kinemati
 
onstraints.
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7.1. Validation of the Fit Algorithm
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Figure 7.1.: Fit probability distribution for signal events using the true masses in Toy MonteCarlo and pull distributions (∆pT = pmeas
T − pfitT ) with �tted gaussian for jet andlepton pT in events with Prob(χ2) > 0.05. The 
orre
t lepton and jet positions inthe 
as
ade are used.
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7. Results
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Figure 7.2.: Relative di�eren
e in pT and distan
e in ∆R of LSP four-momenta to the true valuesbefore and after the kinemati
 �t. The 
orre
t position of jets and leptons in the
as
ade and the true masses are used. Only events with Prob(χ2) > 0.05 are shown.
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7.1. Validation of the Fit AlgorithmThe Combinatorial ProblemPositions in the 
as
ade have to be assigned to six out of all sele
ted parti
les, whi
h yieldsat least 8 possible permutations in 
ase of four leptons and only two jets (
f. Se
. 5.1.1).Ea
h of these 
ombinations has to be tested in the �t and ea
h time the initial LSP momentahave to be 
al
ulated beforehand. A plausible 
riterion to sele
t the best 
ombination isthe χ2 value, also denoted as S before (
f. Eq. 6.1). The �t with the smallest value (andtherefore the largest �t probability) is 
hosen and the assignment of the �nal state parti
lesis 
ontrolled and summarized in four 
ategories (Tab. 7.1).Category Per
entage of eventsWrong jet 7%Wrong lepton pairing 1%Lepton pair assigned to wrong squark 2%Leptons ex
hanged on same bran
h 38%Corre
t assignment 52%Table 7.1.: Parti
le assignment after kinemati
 �t with true masses in Toy Monte Carlo. The
ombination with smallest χ2 is 
hosen.An additional jet from initial or �nal state radiation or a gluino de
ay is sometimespreferred over the 
orre
t ones (7% of events). In very few 
ases a wrong lepton pairing isfound (1%) or a lepton pair is assigned to the wrong jet (2%). The small numbers show thatthe two de
ay bran
hes are kinemati
ally di�erent and the �t is 
apable of distinguishingbetween them with high e�
ien
y.However, the determination of the lepton position on a bran
h is more di�
ult. Only52% of the events show the 
orre
t assignment but 38% have positions swit
hed in one orboth lepton pairs. Looking 
loser at this 
ategory of events with the 
orre
t lepton pair-jetasso
iation, we �nd that the fra
tion of 
orre
t assigments is 0.57, while the other threepossibilities, i.e. the lepton positions swit
hed on the �rst bran
h, on the se
ond bran
h oron both bran
hes, are found in only 16%, 17% and 9% of the events, respe
tively. Hen
e,the �t has quite some power to distinguish between the 
orre
t and wrong lepton positions,although a better performan
e 
ould have been expe
ted from a pre
ise lepton momentummeasurement.The 
ause of this di�
ulty lies in the lepton kinemati
s. The leptons 
ome from twode
ays with a similar mass di�eren
e of ∆M(χ̃0
2, l̃R) = 37GeV and ∆M(l̃R, χ̃

0
1) = 46GeVand the entire system is boosted due to the de
ay of the heavy squark. Therefore theobserved pT spe
tra for the two leptons are almost identi
al and also their dire
tions aresimilar in many events, due to the Lorentz boost. Sin
e the LSP momenta are not mea-sured, a wrong lepton 
ombination may yield the 
orre
t masses, despite the good leptonmomentum resolution. 93



7. ResultsAs an e�e
t of 
hoosing the 
ombination with smallest χ2-value the distribution of the �tprobability gets shifted towards larger values, be
ause a wrong 
ombination is only a

eptedif its probability is larger than the one of the 
orre
t assignment. This 
an be seen fromFig. 7.3 (green histogram) when 
omparing to Fig. 7.1 (upper-left plot).
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Figure 7.3.: Fit probability distribution in Toy MC for signal, divided into events 
ontaining a b̃1and all others, and the SUSY ba
kground. The parti
le permutation with smallest
χ2 is 
hosen in ea
h event.In a �t in
luding SUSY ba
kground events (Fig. 7.3) a mass hypothesis has to be used,for whi
h the 
entral values of the true mass distributions are 
hosen here. The majorityof ba
kground events is found at very low probabilities, while the remaining ones show a�at distribution. The existen
e of some well �tting ba
kground events is not unexpe
ted,sin
e many of them 
ontain de
ay 
hains whi
h are very signal-like (
f. Se
. 5.2.2).Events 
ontaining a light sbottom (b̃1) are plotted separately be
ause its mass lies about

45GeV below the value assumed in the �t. We observe that a large fra
tion of b̃1-events arelo
ated at very low �t probability but surprisingly the distribution of the remaining ones isalmost �at and even shows a small shift towards larger values. It seems that the LSP andmeasured momenta 
an be adjusted to be 
ompatible with the higher squark mass, despitethe other kinemati
 
onstraints.94



7.1. Validation of the Fit AlgorithmDete
tor Simulation SampleFor the dete
tor simulation sample the same distributions are 
onsidered to 
he
k the �tperforman
e. Only signal events with a 
omplete and unambiguous mat
hing (
f. Se
. 5.2.1)of re
onstru
ted parti
les to the 
as
ade partons and leptons are in
luded.In the probability distribution (Fig. 7.4) the peak at zero is in
reased w.r.t to the ToyMC. Otherwise the distribution is still reasonably �at.Reasons for this e�e
t are that parti
le resolutions entering the 
ovarian
e matrix are onlyapproximated in 
ase of the dete
tor simulation sample and parti
les may also fall into non-gaussian tails of momentum resolutions. Furthermore the momentum balan
e is a�e
ted bythe �nite resolution of the missing ET measurement. Modifying the Toy MC su
h, that themeasured missing ET is emulated by smearing the LSP pT with the appropriate resolution,results in an in
reased peak at small values in the Toy MC �t probability distribution.The transverse momenta pull distributions are again in good agreement with the expe
-tation, showing that overall the un
ertainty assumptions are adequate.Still the LSP momenta are well adjusted in the �t (Fig. 7.5) and no di�eren
e to the ToyMonte Carlo �t performan
e is visible.In
luding 
ombinatori
s in the �t, again a shift towards larger probabilities is observed(Fig. 7.6). However, the signal peak at lowest probabilities remains large for both signal
ategories. Similarly, the majority of ba
kground events a

umulates at low probabilitiesand a 
ut at an intermediate value (e.g. Prob(χ2) > 0.3) would yield an almost ba
kgroundfree sample.Investigating the asso
iation of �nal state parti
les to the position in the 
as
ade (Tab. 7.2),we �nd a slight degradation of the performan
e w.r.t to the Toy MC, whi
h is attributedto the mentioned resolution e�e
ts.Category Per
entage of eventsWrong jet 7%Wrong lepton pairing 2%Lepton pair assigned to wrong squark 5%Leptons ex
hanged on same bran
h 40%Corre
t assignment 46%Table 7.2.: Parti
le assignment after kinemati
 �t with true masses in dete
tor simulation sample.The 
ombination with smallest χ2 is 
hosen.The fra
tion of wrong jet sele
tions remains the same but �nding the 
orre
t lepton pairsand asso
iating them to the 
orre
t bran
h fails more frequently. Also an ex
hange ofleptons on the same bran
h happens more often, although the 
orre
t lepton 
ombinationis still found more than twi
e as often (53%) as any other lepton permutation (max. 19%),whi
h is mu
h better than in a random assignment.In summary, the kinemati
 �t works very well in the 
hosen setup for both event samplesand powerfully re
onstru
ts the event kinemati
s when provided the 
orre
t SUSY masses.95



7. Results
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Figure 7.4.: Fit probability distribution for signal events using the true masses in dete
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T −pfitT ) with �tted gaussian for jetand lepton pT in events with Prob(χ2) > 0.05. The 
orre
t lepton and jet positionsin the 
as
ade are used.
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7.1. Validation of the Fit Algorithm
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Figure 7.5.: Relative di�eren
e in pT and distan
e in ∆R of LSP four-momenta to the true valuesbefore and after the kinemati
 �t in dete
tor simulation sample. The 
orre
t positionof jets and leptons in the 
as
ade and the true masses are used. Only events with
Prob(χ2) > 0.05 are shown.
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7. Results7.2 Combining EventsAn important aspe
t of the mass determination method is the 
ombination of kinemati
information from many events. Ea
h event is �tted individually to a set of mass hypothesesand at �rst sight two options for a 
ombination exist.The �ts 
ould be 
ombined event-wise, meaning that the best �tting mass hypothesisfor ea
h single event is determined and the distribution of their best hypotheses is used todraw 
on
lusions on the true masses. However, this approa
h will not be su

essful be
ausea single event has not su�
ient 
onstraints to determine the unmeasured LSP momentaand all of the four masses. Hen
e, for ea
h event a mass s
an will only reveal hyperplanesof perfe
tly �tting masses instead of a single best mass point.The se
ond option is an hypothesis-wise 
ombination in whi
h the �t results of all eventsfor a single mass hypothesis are 
ombined and the distribution of su
h a 
ombined resultfor all di�erent mass hypotheses is analyzed. In order to best exploit the available infor-mation, ea
h event should be 
onsidered at ea
h tested mass hypothesis, no matter if its
ompatibility is high or low, sin
e in prin
iple we assume that ea
h event 
ontains the samede
ay 
hain. The question is how to 
onstru
t a meaningful quantity, whi
h e�e
tively
ombines the information, and ideally has well-de�ned statisti
al properties.The key �gure, 
hara
terizing ea
h �t result, i.e. the 
ompatibility with the assumedmass hypothesis, is the squared sum of residuals (χ2 or S as de�ned in Eq. 6.1), whi
h in
ase of the true masses should follow the χ2 probability density fun
tion (p.d.f.). The χ2probability is obtained by integration.An option to 
onstru
t a likelihood from the �t results is to use the underlying p.d.f. of
S, i.e. the χ2-fun
tion. For k degrees of freedom it is given as

fχ(x, k) =
1

2k/2Γ(k/2)
· xk/2−1e−x/2.The total likelihood for N events with �t results Si 
an then be written using this p.d.f.

L =

N
∏

i=1

fχ(Si, k).It is 
ommon to take the negative logarithm of the likelihood
− lnL = −

N
∑

i=1

ln(fχ(Si, k)),98



7.2. Combining Eventswhi
h in our 
ase of 2 degrees of freedom be
omes
− lnL = −

N
∑

i=1

ln(
1

2
e−Si/2) =

1

2
·

N
∑

i=1

Si + const. (7.1)Sin
e for an interpretation of the likelihood we are interested only in di�eren
es ∆(−2 lnL)and not in absolute values the 
onstant term 
an be negle
ted. A
tually the di�eren
e thenbe
omes
∆(−2 lnL) = ∆(

N
∑

i=1

Si) (7.2)and is identi
al to the di�eren
e of the sum of S values. Hen
e, maximizing the likelihoodEq. 7.1 is equivalent to a minimization of the sum of S values.Note that this 
orresponden
e only exists for the spe
ial 
ase of k = 2 with a purelyexponential dependen
e of fχ, otherwise additional non-
onstant terms lnxk/2−1 enter.This de�nition of the likelihood needs to be slightly modi�ed to a

ount for two e�e
ts.It is not unlikely that for some events no solution is found in the kinemati
 �t and thealgorithm does not 
onverge. However, the number of events entering the likelihood mustbe 
onstant for all hypotheses to preserve the statisti
al meaning. Therefore a regularizationvalue Sreg is used for all events without a proper �t solution.The se
ond issue is the numeri
al stability in 
ase of poor agreement with the hypothesis.If S is large, its exa
t value has little meaning, sin
e the topology just does not �t to thehypothesis and depends more on the numeri
al minimization pro
ess. In order to avoidlarge �u
tuations the regularization value Sreg is used as an upper bound for a

epted �tprobabilities. Negle
ting the 
onstant term in Eq. 7.1 the likelihood is �nally 
al
ulated as
2 lnL = −

N
∑

i=1

min (Sreg, Si) (7.3)In the following a value of Sreg = 2.41 
orresponding to Prob(Sreg) = 0.3 is 
hosen, whi
h inaddition ex
ludes most of the ba
kground events, when �tting the true masses (
f. Fig. 7.6).Interpreting the obtained distribution of ∆(−2 lnL) as a likelihood for the simultaneousdetermination of the four mass parameters the 
on�den
e intervals for m = 4 in Tab. 7.3apply. In reality su
h an interpretation is di�
ult be
ause the shape of the likelihood
ontour is in�uen
ed by several fa
tors. While the e�e
t of the regularization 
ut-o� maybe small in the vi
inity of the extremum, the shift towards larger �t probabilities whenin
luding 
ombinatori
s is not negligible and leads to an enhan
ement of the extremum (
f.Se
. 7.4.3). Also the step size of the mass s
an (
f. Se
. 7.4.1) 
an lead to deformations.Therefore the observed ∆(−2 lnL) intervals may not 
orrespond to the real un
ertainties,whi
h would have to be evaluated e.g. by repetition of the experiment on di�erent eventsamples. 99



7. Results Coverage probability (%) m = 1 m = 2 m = 3 m = 468.27 (1σ) 1.0 2.3 3.53 4.7295.45 (2σ) 4.0 6.18 8.02 9.7299.73 (3σ) 9.0 11.83 14.16 16.25Table 7.3.: 2∆ lnL 
orresponding to the given 
overage probability for joint estimation of m pa-rameters.7.3 VisualizationHaving introdu
ed and validated the kinemati
 �t and outlined how to exploit the jointinformation of many events, a s
an over possible mass values is the last missing pie
e. Inthis s
an hypotheti
al values for the masses of the squarks, neutralinos and sleptons arede�ned on a four-dimensional mass grid and ea
h hypothesis is tested in the �t.Clearly a visualization of the likelihood in four dimensions is not possible and it needs tobe proje
ted into fewer dimensions, i.e. two or even one mass variable, for visual analysis.Su
h a proje
tion has to be made in a way that the 
on�den
e region determined for theremaining variable also is 
ompatible with the same 
overage probability for the other,undisplayed masses.One possible approa
h is the following: for ea
h point in the redu
ed (n−1)-dimensionalgrid, the value of the proje
ted dimension whi
h maximizes the likelihood is sele
ted. This
an be repeated until the desired dimensionality is rea
hed.The e�e
t of this approa
h 
an be illustrated in two dimensions. Starting from tworandom variables Θi and Θk, ea
h following a Gaussian distribution with mean zero and
σ = 1, a histogram of the 
orrelated variables Θi and Θj = Θk − 0.5 · Θi is 
reated.The log-likelihood is determined from the histogram bin-
ontents N as 2 · ln(N). This isanalog to a s
an of the likelihood 
ontour with the kinemati
 �t. The di�eren
e to themaximum likelihood value is shown in the 2D-histogram Fig. 7.7, left. The 
ontour ofthe 1σ 
on�den
e region for the joint estimation of two parameters is indi
ated with thedash-dotted line, 
orresponding to 2∆ lnL = 2.3.In the proje
tion on the Θj-axis the largest likelihood for all Θi 
oordinates is takenfor ea
h bin and the bin 
enter set as 
oordinate for the graph x-axis. The sele
ted binsare indi
ated with the bla
k markerline. The proje
tion is basi
ally a 
ut through the twodimensional plane.The resulting one-dimensional 
urve (Fig. 7.7, right) has a paraboli
 shape and is �ttedto determine the position of the maximum and its width. The points where the fun
tionhas dropped to fmax−2.3 are marked. Obviously the 1σ interval is the same as determinedfrom the 2-dimensional distribution. Choosing the parameter region with fmax− 1 a widthof ∆Θj = ±1.15 is found, whi
h agrees well with the standard deviation of the originalgaussian distribution (σ = 1.13).100



7.3. Visualization
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Figure 7.7.: Left: Log-likelihood distribution for 
orrelated variables with Gaussian distribution.The dash-dotted line shows the 1σ-
ontour. The markerline indi
ates the bins withlarges likelihood for a �xed Θj. Right: Likelihood values along the marked line. Aparabola �t yields the given Θj intervals values for 2∆ lnL-di�eren
es of 1 and 2.3.Due to �u
tuations in the bin-
ontents the x-se
tion is not a straight line. However, itapproximates a line through the points where the error ellipse be
omes tangent to a verti
al.Fig. 7.8 [16℄ illustrates this for an ideal error ellipse. The values of Θi whi
h maximize thelikelihood for a given value of Θj are indi
ated with the dotted line and the interse
tion ofthis line with the error 
ontour yields the 
orre
t un
ertainty σj . An advantages of this
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7. Results7.4 Mass Determination7.4.1 Mass S
an on Signal EventsFinally, mass hypotheses are tested in order to determine the masses of the involved par-ti
les. First, only signal events 
ontaining the 
as
ade Fig. 5.2, with two q̃L (q̃ = ũ, d̃, c̃, s̃)as initial parti
les are 
onsidered, s
anning on a four-dimensional mass grid as de�ned inTab. 7.4 and taking into a

ount all 
ombinatorial possibilities. Identi
al parti
les on bothbran
hes are assumed to have the same mass. The mass widths assumed in the gaussian
onstraints are not varied.Parti
le Mmin. [GeV℄ Mmax. [GeV℄ ∆M [GeV℄
q̃L 470 650 10
χ̃0
2 100 400 10

l̃R 60 210 10
χ̃0
1 0 120 10Table 7.4.: Grid of mass hypotheses for s
an.The resulting likelihood distribution, after appli
ation of the des
ribed proje
tion te
h-nique, shows a good 
orresponden
e of its extremum with the true 
entral value of the
as
ade parti
le masses (Fig. 7.9). The average χ2/ndf per event of about 0.75 at the ex-tremum is reasonable and de
reases to 0.6 if only 
ounting events with a 
omplete mat
h-ing of jets and leptons to generated parti
les. In su
h events the blurring e�e
ts of e.g.hadronization and jet re
onstru
tion are rather small and a better average χ2 is not sur-prising. A regularization 
ut-o� 
orresponding to Prob(χ2) = 0.3 is 
hosen, whi
h ex
ludesmost ba
kground events when �tting the true masses (
f. Fig. 7.6). Correlations amongthe masses are observed, whi
h are quite strong for the lower part of the de
ay 
hain (χ̃0

2,
l̃R, χ̃0

1).In the squark mass diagrams (�rst three plots of Fig. 7.9) a de
rease is visible towardsthe upper-left 
orner, along a line of 
onstant mass di�eren
e to the se
ond mass variable.It has its origin in the 
orrelations among the three lower parti
le masses, as will be
ome
lear later. The extremum for the squark mass is rather insensitive to 
orrelation e�e
ts inthe rest of the de
ay 
hain, due to the fa
t that all three measured parti
les on the bran
henter the squark-mass 
onstraint.A parti
ularly strong 
orrelation is found between the χ̃0
2 and l̃R masses, where the besthypotheses lie on a diagonal line whi
h 
orresponds to the true mass di�eren
e of about37GeV within the binning resolution. A stret
hed but 
lear absolute extremum is observed,
overing the true mass values with its upper end. Due to the strong 
orrelation the twoplots of χ̃0

2 / l̃R versus the squark mass (upper row Fig. 7.9) have a similar likelihood
ontour.102



7.4. Mass DeterminationA good re
onstru
tion of the mass di�eren
e is not surprising, sin
e the invariant massesof neutralino and slepton di�er only by the 
ontribution of the se
ond lepton, whi
h ismeasured very pre
isely. Even with a slightly wrong LSP fourve
tor, i.e. in the vi
inityof the true χ̃0
2 / l̃R masses, the di�eren
e of the invariant masses will not 
hange mu
h.Deviations from the true di�eren
e are more likely to be a

epted by the �t if they tendtowards larger values (good hypotheses lie below the line of the true mass di�eren
e), whi
h
an be understood looking at the interplay with the LSP mass variable.All three distributions involving the LSP mass show the same feature. Beside a wellpositioned total extremum a band of good hypotheses is visible, rea
hing from the trueLSP mass down towards zero. This band be
omes more prominent when in
luding theother 
ategories of signal events (
f. Se
 7.4.3). Its ridge in the slepton-LSP mass plane(lower right plot Fig. 7.9) is slightly bent, i.e. it is not found along the line of a 
onstantmass di�eren
e. While starting at the true Ml̃ −Mχ̃0

1

= 46GeV for the 
orre
t LSP mass,it tends towards larger values when approa
hing mχ̃0

1

= 0.The reason why mχ̃0

1

so far below the true value 
an provide a good χ2-sum is that itis only indire
tly 
onstrained in the �t, i.e. only through its 
ontribution to the invariantmasses further up the 
hain. The χ̃0
1 mass appears in 
ombination with its three momentumin the energy 
omponent of the fourve
tor sum and hen
e any LSP mass may be 
ompatibleif only the momentum 
omponents 
an be adapted a

ordingly. If the LSP momentum hasa large absolute value, the in�uen
e of the mass term is small. This means that therestri
tions on px and py in the momentum balan
e 
onstraints are of great importan
e,whi
h in turn is related to the pre
ision of all momentum measurements. This aspe
t isfurther dis
ussed below.Having in mind the rather weak restri
tions on the χ̃0

1 mass, the shape of the band ofgood likelihood values 
an be further understood re
alling a well known phenomenon, thedilepton mass edge of the de
ay χ̃0
2 → l̃R + l± → χ̃0

1 + l± + l∓, whi
h builds the lower partof our signal de
ay 
hain. The maximum lepton pair invariant mass is given by Eq. 4.1 (
f.Se
. 4.2) and 
an be rewritten as a produ
t of linear mass di�eren
es and sums
(mmax

ll )2 =
(m2

χ̃0

2

−m2
l̃R
)(m2

l̃R
−m2

χ̃0

1

)

m2
l̃R

=
(mχ̃0

2

+ml̃R
)(mχ̃0

2

−ml̃R
)(ml̃R

+mχ̃0

1

)(ml̃R
−mχ̃0

1

)

m2
l̃R

. (7.4)The triangular shape of the mll distribution means that a large fra
tion of events a
tuallyhave a dilepton invariant mass 
lose to the maximum value (
f. Fig. 7.10). Therefore it isdi�
ult or even impossible for the �t to adjust the lepton momenta su
h, that these eventsbe
ome 
ompatible with a lower mmax
ll . This leads to the strong drop at the upper edgeof the likelihood distributions, sin
e for a �xed slepton mass a de
rease of mχ̃0

2

would lead103



7. Resultsto a lower mmax
ll , whi
h for the events 
lose to the dilepton edge results in a large �t χ2.The same argument holds for the χ̃0

1 whose mass 
annot be in
reased without violating thiskinemati
 requirement.Taking into a

ount that the mχ̃0

2

−ml̃R
mass di�eren
e is pre
isely found with its truevalue in the s
an, the shape of theml̃R

vs. mχ̃0

1

likelihood 
ontour 
an be further understoodfrom Eq. 7.4. If ml̃R
is tested at a lower value and the best hypotheses therefore also lieat an equally lower mχ̃0

2

, the only way to preserve the mmax
ll value is to in
rease the massdi�eren
e between slepton and LSP, whi
h means to favor hypotheses below the diagonalline of the true mass di�eren
e. The smallest value the slepton mass 
an rea
h under theseassumptions is obtained by inserting mχ̃0

1

= 0, the true mmax
ll value, and the true massdi�eren
e mχ̃0

2

−ml̃R
= 37GeV in Eq. 7.4, yielding a value of mmin

l̃R
≈ 68GeV.However, the observed ridge does not rea
h this smallest possible mass di�eren
e butbroadens towards larger slepton masses (i.e. larger di�eren
es) whi
h is related to themeasurement un
ertainties in the event.Considering the des
ribed relations between the s
an result and the dilepton mass edgeit seems a natural extension to the kinemati
 �t method to in
orporate a mass edge mea-surement. This 
ould help to improve the mass resolution and espe
ially to �x the overallmass s
ale by 
ompensating the weak LSP mass 
onstraints. This ansatz is further pursuedin Se
. 7.5.Combinatori
sIn the validation of the �t implementation it was shown, that 
ombinatori
s shift the

χ2-probability distribution towards larger values. Therefore a better likelihood value isexpe
ted on average in 
ase 
ombinatori
s are in
luded. A
tually, the best total χ2-value for
q̃Lq̃L signal events in
reases from 0.75 to 1.0 if only the 
orre
t assignment is 
onsidered (
f.Fig. 7.9 and Fig. 7.11). While the extremum keeps its position and the 
orrelations remain,the likelihood 
ontour is �attened and small χ̃0

1-masses be
ome even more 
ompatible. Thepi
ture does not 
hange when using only events in whi
h all 
as
ade jets and leptons 
anbe mat
hed to generated parti
les.Integrated LuminosityThe shape of the likelihood distribution depends on the amount of analyzed data. Fittingonly 50% of available signal events (q̃Lq̃L) the ridge in ml̃R
-mχ̃0

1

is less pronoun
ed and
ompatibility of small LSP masses 
annot be ex
luded (left plot Fig. 7.12).A 
umulative e�e
t is expe
ted when �tting more events. Only by addition of manyevents the 
ommon mass regions with good �ts be
ome visible, sin
e a single event hasnot su�
ient 
onstraints to determine the missing LSP momenta and the masses of theSUSY parti
les at the same time. Also an event may 
ontribute strongly to the observed104



7.4. Mass Determinationmaximum with a very good �t probability 
lose to the true masses and by the in
lusion ofmore su
h strong events the extremum be
omes 
learer.For a dupli
ation of integrated luminosity it is observed that the band at small χ̃0
1 massesfurther narrows (right plot Fig. 7.12) but does not vanish. The intrinsi
 weakness 
on
erningthe LSP mass is not 
ured by an in
reased integrated luminosity.
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7. Results
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Figure 7.9.: All possible 2-dimensional proje
tions of the mass s
an for q̃Lq̃L signal events in thedete
tor simulation sample with full 
ombinatori
s. Ea
h bin 
orresponds to a testedmass hypothesis and the bin 
ontent is 
al
ulated a

ording to Eq. 7.3 with a 
ut-o�at Prob(χ2) = 0.3. White areas lie below the minimal displayed z-axis value or werenot s
anned due to the mass hierar
hy. True values of SUSY masses are indi
ated bybla
k dashed lines.106



7.4. Mass Determination
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tions of the mass s
an for q̃Lq̃L signal events in dete
tor simulation samplewithout 
ombinatori
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7. Results
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tor simulation samplewith full 
ombinatori
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7.4. Mass Determination7.4.2 Toy MC Study of Measurement ResolutionsThe impa
t of the measurement resolutions of leptons, jets and missing ET is evaluated bymeans of varying resolution assumptions. For te
hni
al reasons this is done using the ToyMC, keeping in mind the known di�eren
es to the detailed simulation (
f. Se
. 5.3).Ele
trons and muons are measured very pre
isely whereas jets are the physi
s obje
tssubje
t to the largest re
onstru
tion un
ertainties, espe
ially if 
arrying little transversemomentum (
f. Se
. 5.2.1). Given also the high jet multipli
ity at a hadron 
ollider theirresolutions are the 
ru
ial fa
tor for any pre
ision measurement involving di�erent types ofparti
les. Therefore a variation of the jet pT resolutions will have the strongest impa
t onthe s
an result.Two options exist to 
al
ulate a missing ET in the Toy MC. Either by summing over allmeasured (i.e. smeared generator) parti
les, in
luding those in the forward regions and atvery low pT , or in a more dete
tor reality inspired way by taking the true generator missing
ET , i.e. the transverse momenta of all unmeasured parti
les (neutrinos, neutralinos), andsmearing it with the experimental missing ET resolution.The �rst approa
h shows a very narrow missing ET resolution, signi�
antly better thanthe one obtained in the smearing method (Fig. 7.13). Hen
e, the in�uen
e of the missing
ET measurement pre
ision 
an be evaluated 
omparing s
ans with either of the methodsapplied in the Toy MC.
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Figure 7.13.: Ratio of generated and measured missing transverse energy in Toy MC signal events.Left: sum of all visible parti
les. Right: smearing of invisible momenta with theexperimental missing ET resolution.Using the idealized Toy MC instead of the dete
tor simulation the extremum in a s
an of
q̃Lq̃L events be
omes narrower and more pronoun
ed in mχ̃0

1

due to the mentioned di�er-109



7. Resultsen
es (Fig. 7.14, top). Comparing s
an results for the a
tual jet resolution and for a setupwith a 50% in
rease (Fig. 7.14, middle) shows that the power of the LSP mass 
onstraintis strongly dependent on the jet measurement pre
ision, while the other masses are lessa�e
ted, although their distributions broaden slightly.The same is observed for a degraded missing ET resolution, whi
h again negativelyin�uen
es the shape in the LSP mass variable (Fig. 7.14, bottom).In both 
ases of a worse jet resolution and a worse missing ET resolution the tail towardssmall slepton masses is enhan
ed and the distribution broadens very slightly. The e�e
tblurs the maximum originally found 
lose to the true masses so strongly, that only an upperlimit 
an be set on the χ̃0
1 mass. We 
on
lude that measurement resolutions are a 
ru
ialfa
tor in the mass determination and a minimal pre
ision has to be given for a su

essfulappli
ation.7.4.3 Further Signal and Ba
kground ContributionsIn the dis
ussion of the event sele
tion several 
ategories of signal events were introdu
ed(
f. Se
. 5.2.2) and their behaviour in the mass s
an is studied.The two reasons for the 
lassi�
ation are that either a squark of the signal 
as
ade isnot dire
tly produ
ed in the hard intera
tion but 
omes from a gluino de
ay, or that thesquark is not one of the (almost) mass degenerate ũL, c̃L, d̃L or s̃L.Beside the shape of the likelihood 
ontour, whi
h allows a 
omparison among mass hy-potheses, information on the overall 
ompatibility is also provided by the average χ2/ndf per�tted event (Tab. 7.5). This quantity fa
ilitates the 
omparison among the event 
ategories,Category Nevts

∑

χ2/ndf/Nevts

q̃Lq̃L 117 0.75
g̃ → q̃L 65 0.80
b̃1 (in
l. g̃ de
ays) 126 0.84
b̃2, q̃R (in
l. g̃ de
ays) 26 0.84All Signal Pro
esses 334 0.85Ba
kground 367 1.07Table 7.5.: Average χ2 at optimum of mass s
an for in
luding only events of the 
urrent 
ategory.ea
h of them 
ontaining a di�erent number of events and therefore yielding a di�erent bestlikelihood value by 
onstru
tion. The values hardly di�er among signal 
ategories but aslight in
rease is observed when in
luding g̃ de
ays. Pe
uliarities of individual event 
lassesare dis
ussed in the following.110



7.4. Mass DeterminationGluino De
aysIn
luding events in whi
h one or both q̃L are produ
ed in gluino de
ays yields a simi-lar result as before. However in our sample the tail towards small LSP masses be
omesmore prominent. The average jet multipli
ity is higher than in q̃Lq̃L events be
ause thegluino de
ay yields an additional jet. This impli
ates an in
reased un
ertainty on the totaltransverse momentum balan
e and hen
e a worse LSP mass 
onstraint as dis
ussed before.Right-handed Squarks and Heavier SbottomThe event sample 
ontains some events with squarks of the nearly mass degenerate q̃R or
b̃2 squarks (M = 546GeV). Sin
e only 7 events with squark pair produ
tion and 19 witha gluino de
ay are 
ounted their likelihood distribution shows a very broad extremum thatis not sharp enough to reveal new features.Due to the small number of events and the small mass di�eren
e Mq̃L−Mq̃R/b̃2

= 15GeVno se
ond extremum is observed in a 
ombined q̃L and q̃R /b̃2 sample, whi
h in general showsthe same properties as dis
ussed for the pure q̃L 
ase. The best average χ2 value also doesnot 
hange signi�
antly when in
luding these slightly lighter squarks.Light SbottomAs expe
ted, the likelihood distribution for a sample 
ontaining only events with the lightestsquark (b̃1, M = 517GeV) is similar to the q̃L 
ase with the di�eren
e, that the extremumis lo
ated at the 
orre
t lower squark mass (Fig. 7.15).Due to the large number of b̃1 events (126), making up one third of signal events, and thelarge mass gap of almost 50GeV with respe
t to the left-handed squarks, the two extremaare visible also in the in
lusive signal sample (
f. Fig. 7.16).Overall Signal ContributionAdding the distributions of all types of squarks two separate maxima for heavier and lightertypes 
an be identi�ed in the 2-dimensional proje
tion (Fig. 7.16, top). However, due tothe 
orrelations, the extremum 
oming from b̃1 is shifted towards smaller neutralino andslepton masses in this in
lusive signal sample.Small LSP masses �t very well in these 
ombined distributions and it may not be possibleto set a lower limit on its mass. However, from the above observations the true LSP mass isexpe
ted to be lo
ated 
lose to the edge at higher values where the likelihood falls steeply.Interestingly, the same feature was observed in another mass determination study [83℄in whi
h the same 
as
ade is 
onsidered, starting from the χ̃0
2. The authors 
onstru
t asystem of equations with an equal number of 
onstraints and unknown LSP momenta, usinghypotheses for the three involved masses. Mass points for whi
h analyti
 solutions 
an befound lie in a three dimensional region, whi
h for the LSP mass rea
hes from the true massvalue down to zero. 111
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Figure 7.14.: Proje
tions of the Toy MC mass s
an on q̃Lq̃L signal events into 1-dimension forea
h of the four masses. Top: Standard Toy MC setup. Middle: jet pT resolutionworsened by a fa
tor of 1.5. Bottom: Simulation of missing ET by taking the truevalue and smearing it with experimental resolution.112
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tions of mass s
an for signal events 
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tor simulationsample with full 
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7.4. Mass DeterminationSUSY Ba
kground E�e
tsAll pro
esses at SPS1a whi
h are not 
ontained in the signal 
ategories Tab. 7.5 
onstitutethe SUSY ba
kground (
f. Tab. 5.9). The best �tting mass values for the 
ombinationof all ba
kground events lie 
lose to a zero LSP mass and at higher squark masses, wellabove the true value (Fig. 7.17, left). Small values for the LSP are preferred sin
e this
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Figure 7.17.: Proje
tions of the mass s
an for ba
kground events in dete
tor simulation sample.True values of signal 
as
ade masses are indi
ated by bla
k dashed lines.leaves more freedom in the adjustment of its momentum 
omponents in the �t, where of
ourse the assumed event topology does not mat
h the a
tual de
ay 
hain. High squarkmasses appear to be an e�e
t of arbitrary jets being 
ombined with a lepton pair and LSP,often 
oming from a leptoni
 part of the de
ay 
hain whi
h is identi
al to signal events (
f.Se
. 5.2.2).In themχ̃0

2

andml̃R
plane two bands are visible (Fig. 7.17, right). The upper one stret
hesalong the true mass di�eren
e and 
omes from events having the 
orre
t lower part of thede
ay 
hain (χ̃0

2 → l̃ → χ̃0
1) on one or even both of their de
ay bran
hes. A broad se
ondextremum is found at a larger neutralino-slepton mass di�eren
e. Events not 
ontainingbran
hes with the 
orre
t lower part of the de
ay 
hain 
ontribute, espe
ially those with a

τ̃ instead of smuon or sele
tron.The overlay of both distributions leads to the observed stru
ture. The average χ2 at thebest mass hypothesis is larger than for signal events (
f. Tab. 7.5). In
reasing the num-ber of events (integrated luminosity) does not signi�
antly 
hange the observed likelihooddistribution. 115



7. ResultsFull Event SampleIn the full event sample the ba
kground dominates and strongly distorts the likelihooddistribution (Fig. 7.18). Several maxima emerge due to 
ontributions from left-handedsquarks, light sbottoms and the ba
kground, whi
h prefers larger squark masses. Overall,the best squark mass hypotheses still lie 
lose to the true q̃ mass but χ̃0
2 and l̃R massesshow a se
ond extremum at relatively low values. The LSP mass 
annot be 
onstrainedfrom below and a zero mass appears to be 
ompatible.A determination of all masses with the present signal to ba
kground ratio of ∼ 0.91 is notfeasible, although the heavier parti
les in the 
hain are still reasonably met. A redu
tionof the ba
kground 
ontribution is ne
essary for a pre
ise measurement and beside a furtherevent sele
tion, one option is the in
lusion of a dilepton mass edge measurement.
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Figure 7.18.: Proje
tions of the mass s
an for signal and ba
kground events in dete
tor simulationsample with full 
ombinatori
s. True values of signal 
as
ade masses are indi
atedby bla
k dashed lines. 117



7. Results7.5 In
lusion of the Dilepton Mass EdgeOne of the best studied approa
hes to mass determination is the method of kinemati
endpoints (
f. Se
. 4.2). The measurement of the dilepton mass edge was studied indetail elsewhere and for low mass mSUGRA s
enarios it be
omes visible with rather littleintegrated luminosity at the LHC. Certainly a measurement of the endpoint will be availableearly if it exists.As pointed out above, the kinemati
 edge has a large impa
t on the shape of the likelihood
ontour. However, also hypotheses whi
h are not 
ompatible with the exa
t kinemati
endpoint are �tted with good likelihood mainly due to the dis
ussed resolution e�e
ts.The in
lusion of a measured endpoint for the dilepton invariant mass will in
rease thepower of the �t by redu
ing the dimensionality of the mass spa
e and ex
luding 
ertainmass 
ombinations. Having the relation Eq. 7.4 between the three masses of χ̃0
2, l̃R and χ̃0

1,the measurement of mmax
ll allows the substitution of one of the mass variables, e.g. mχ̃0

2

,whi
h is then given by the expression
m2

χ̃0

2

= m2
l̃R

·
(

1 +
(mmax

ll )2

(m2
l̃R

−m2
χ̃0

1

)

)

. (7.5)In a s
an of all 
ategories of signal events, where for ea
h 
ombination of slepton andLSP mass only the mχ̃0

2

value ful�lling Eq. 7.5 is 
onsidered, the distribution in the slepton-LSP plane is redu
ed to a narrow, 
urved band (Fig. 7.19, top). The result is expe
tedbe
ause still the hypotheses 
lose to the true χ̃0
2-l̃R mass di�eren
e yield the best �ts, butby enfor
ing the mass edge relation only hypotheses on the observed band are 
ompatibleto these preferred χ̃0

2/l̃R values.The determination of the LSP mass is improved be
ause the masses 
ompeting with thetrue value were all lying slightly below this band (
f. lower right plot Fig 7.9). The squarkmass extremum be
omes narrower, is stret
hed due to the b̃1 
ontribution and stronger
orrelated to the slepton mass. The best hypothesis has an average χ2/ndf per event of
0.91, whi
h is slightly larger than in the s
ans without a mass edge measurement be
ausenow 
ertain mass 
ombinations are ex
luded.Proje
ting the likelihood into one dimension a 
lear peak is visible for ea
h of the fourmasses (Fig. 7.19). In order to estimate the pre
ision of the measurement the likelihood
ontour is interpreted in terms of 
on�den
e intervals for a joint estimation of the fourmasses (
f. Tab. 7.3).The distan
e between the s
an points is rather large 
ompared to the width of themaxima for the three lighter parti
les. Therefore, a parabola is determined su
h, that it�ts the point of best likelihood and the two neighboring points, sin
e in prin
iple the log-likelihood should have a paraboli
 shape in the vi
inity of the extremum. The 1σ interval,
orresponding to a de
rease of the parabola by 4.72 with respe
t to the peak, is determined118



7.5. In
lusion of the Dilepton Mass Edgeand taken as an estimate of the statisti
 un
ertainty of the mass determination.The squark mass peak is strongly asymmetri
 and a parabola does not resemble its shape.Therefore, the 1σ interval is approximated by taking the point at whi
h the 
onne
ting linebetween the s
an points rea
hes the desired distan
e of ∆(2 lnL) = 4.72 to the maximum.In
identally this happens very 
lose to a
tual s
an points. Results are summarized inTab. 7.6.As mentioned before, various e�e
ts may 
ause the true statisti
al un
ertainty to devi-ate from the value obtained in this pro
edure and the result should be treated 
arefully.Nevertheless this estimate gives a hint at the pre
ision whi
h is rea
hable with this massdetermination method. S
an Result [GeV℄ MC value [GeV℄
Mq̃ 560+10

−20 562/568

Mχ̃0

2

175± 5 180

Ml̃ 140± 5 143

Mχ̃0

1

90± 5 97Table 7.6.: Result of the mass determination method in
luding the mass edge measurement forall signal events with full 
ombinatori
s. Un
ertainties are estimated from the 1σlikelihood intervals.An in
lusion of SUSY ba
kground events alters the distribution and leads to a separatese
ond extremum around the light sbottom mass (Fig. 7.20, top). Due to the ridge stru
tureof the likelihood 
ontour in the l̃-χ̃0
1 mass plane this se
ond extremum is found at a sleptonmass of only 115GeV and 
onsequently a too low LSP mass (60GeV).In the 1-dimensional proje
tions of the likelihood distribution the double peak stru
ture iseven better visible (Fig. 7.20, bottom). Interpreting the observation in terms of 
on�den
eintervals as before, dis
onne
ted 1σ regions are obtained for the two maxima in χ̃0

2, l̃ and
χ̃0
1, whereas the two maxima in the squark mass are less separated.While in prin
iple the visibility of a se
ond squark mass peak ni
ely demonstrates thepre
ision of the method, it might be di�
ult to tell from real data whi
h of the extrema isthe 
orre
t one for any of the other three masses.In summary, we �nd that by the in
lusion of the mass edge information the intrinsi
weakness of the kinemati
 �ts method 
on
erning the restri
tion of the LSP mass is 
ured,and a determination of all four involved masses is possible, if ba
kgrounds are not too large.
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7. Results
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Figure 7.19.: Proje
tions of the mass s
an for all signal events in dete
tor simulation sample withfull 
ombinatori
s and a perfe
tly ful�lled mass edge (Eq. 7.5). Top: 2-dimensionalproje
tions. True values of SUSY masses are indi
ated by gray dashed lines. Middleand bottom: 1-dimensional proje
tions and adjusted parabola. True masses areindi
ated by verti
al 
olored lines. The 1σ un
ertainty interval is indi
ated by grayverti
al and horizontal lines.120
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Figure 7.20.: Proje
tions of the mass s
an for signal and ba
kground events in dete
tor simulationsample with full 
ombinatori
s and a perfe
tly ful�lled mass edge (Eq. 7.5). Top: 2-dimensional proje
tions. True values of SUSY masses are indi
ated by bla
k dashedlines. Middle and bottom: 1-dimensional proje
tions for all four masses. Truemasses are indi
ated by verti
al 
olored lines. The likelihood 
orresponding to a 1σun
ertainty interval is indi
ated for both maxima by gray horizontal lines. 121



7. Results7.6 Comparison to Other StudiesIn several publi
ations dealing with SUSY mass determination the SPS1a was 
hosen asreferen
e point, whi
h allows a 
omparison of our results with the published studies. Wefo
us here on two polynomial methods whi
h have some aspe
ts in 
ommon with the Kine-mati
 Fits Method and were already introdu
ed in Se
. 4.2.1: the ansatz by Webber [75℄,whi
h also 
onsists of a test of mass hypotheses and whi
h was exploited for the 
al
ulationof the initial LSP momenta for our �t (
f. Se
. 6.2), and the numeri
 solution of the systemof equations for pairs of events by Cheng et al. [74℄. Both use exa
tly the same signal
as
ade.Mass Hypothesis MethodIn the publi
ation by Webber only signal events are 
onsidered, in
luding left-handedsquarks from gluino de
ays but none from the third generation. Furthermore the lep-tons pairs are required to have di�erent �avor, whi
h minimizes 
ombinatori
s. The eventtreatment is an even more rudimental version of our Toy Monte Carlo and 
onsists of agaussian smearing of the �nal-state parti
le fourve
tors and the true LSP momenta toobtain a missing ET value. Di�erent resolutions were studied by the authors and resultsapplying a δp/p = 5% smearing to all parti
les and the missing ET are shown in Fig. 7.21and quoted in Tab. 7.7. They were obtained from a sample 
orresponding to an integratedluminosity of Lint = 300 fb−1.Mass Hypothesis Method [75℄ Kinemati
 Fits MethodDetermined Mass [GeV℄ MC value [GeV℄ S
an Result [GeV℄ MC value [GeV℄
q̃ 539 ± 9 540 582± 8 562/568

χ̃0
2 178 ± 3 177 188± 5 180

l̃ 144 ± 2 143 148± 5 143

χ̃0
1 96± 4 96 98± 5 97Table 7.7.: Left 
olumns: Result of the mass determination method [75℄ for a measurement res-olution of δp/p = 10%. Given are the mean and RMS from a set of 100 subsamples,ea
h 
onsisting of 25 events. Right 
olumns: Result of mass s
an on Toy MC sample.In order to have a 
omparable setup for our method the Toy Monte Carlo s
an on anevent sample 
orresponding Lint = 280 fb−1 is 
hosen and only q̃L events, in
luding gluinode
ays, are 
onsidered. The resulting 1-dimensional likelihood proje
tions (Fig. 7.21) showsharp peaks 
lose to the true masses, although all masses ex
ept the LSP are slightlyoverestimated. The numeri
al result (Tab. 7.7) is obtained as before by adjusting a parabolathrough the maximum and its two neighboring points.From our observations in Se
. 7.4.3 it 
an be suspe
ted that the 
ompared method also122



7.6. Comparison to Other Studiespro�ts from the use of a Toy MC with its stronger 
onstraints on the LSP mass due to awell measured momentum balan
e (missing ET ) and fewer jets.Therefore, a degradation in the LSP mass determination might o

ur in Webber's methodwhen studying full dete
tor simulation samples be
ause more viable solutions with smallLSP masses may be found. A
tually, the plot of best mass values (Fig. 7.21) shows alreadysome event samples with a best LSP mass 
lose to zero and this e�e
t might be
omestronger in a more realisti
 s
enario.Comparing results (Tab. 7.7) we �nd that the pre
ision of the methods is of the sameorder of magnitude in 
ase of an idealized Toy MC s
enario. For a �nal evaluation the 
itedmethod would have to be tested with full dete
tor simulation and in
luding ba
kgrounds.Event Pair MethodThe se
ond result in our 
omparison is based on an ATLAS dete
tor simulation for an SPS1asample 
orresponding to Lint = 300 fb−1 [74℄. The event sele
tions are similar, despite thefa
t that a lower jet transverse momentum 
ut (pT > 100GeV) is applied and b-taggingis used to ex
lude events 
ontaining b-jets. With a b-tagging e�
ien
y around 50% forhigh pT jets, the authors 
laim to rea
h a signal to ba
kground ratio of 2. The publishedmass determination result shows a good agreement with the generator level masses andvery small statisti
al un
ertainties (Tab. 7.8).Event Pair Method [74℄ Kinemati
 Fits MethodDetermined Mass [GeV℄ MC value [GeV℄ S
an Result [GeV℄ MC value [GeV℄
q̃ 561.5 ± 4.1 564.8/570.8 567 ± 11 562/568

χ̃0
2 179.0 ± 3.0 180.3 174 ± 6 180

l̃ 138.8 ± 2.8 142.5 139 ± 7 143

χ̃0
1 94.1 ± 2.8 97.4 89± 7 97Table 7.8.: Results of the mass determination method [74℄ and a mass s
an in a 
omparable setup(
f. Fig. 7.22).In order to provide a basis for 
omparison our sele
tion has to be adapted to ex
ludeb-jets. A simple emulation of b-tagging is used in whi
h events are kept only if a randomnumber from a uniform distribution in the interval (0, 1] lies below the probability not toidentify a b-jet. This non-identi�
ation probability is 
al
ulated assuming a 
onstant b-tage�
ien
y of 50% and 
ounting b-partons on generator level with a transverse momentumof more than 20GeV, i.e. Toy MC b-jets.As expe
ted the 
ontribution of sbottom signal pro
esses is redu
ed by about a fa
tor of4 (two b-jets per event) and also the ba
kground is further suppressed, yielding a signal toba
kground ratio of about 1.1 (
f. Tab. 7.9). 123



7. Results Original Sele
tion After b-tag emulation
q̃Lq̃L 217 209
g̃ → q̃L 132 132
b̃1 216 50
b̃2, q̃R 54 26Total Signal 619 417Ba
kground 754 405S/B 0.82 1.03Table 7.9.: Event sele
tion result for dete
tor simulation (280 fb−1) sample with b-tagging emu-lation. An b-tagging of e�
ien
y of 50% was assumed.Despite a very similar event sele
tion, a S/B = 2 is by far not rea
hed be
ause thenumber of signal events is only 60% of the quoted value, while the ba
kground is about15% larger. Most probably this is an e�e
t of yet unidenti�ed di�eren
es in e.g. leptonre
onstru
tion, identi�
ation and isolation e�
ien
ies. Therefore a further assimilation stepis made and the ba
kground in our sample is arti�
ially redu
ed by randomly dis
arding50% of ba
kground events, yielding the desired S/B ratio.Sin
e the result Tab. 7.8 has very small statisti
al un
ertainties, we only 
ompare theKinemati
 Fits Method with in
lusion of the dileptoni
 mass edge measurement, in orderto maximize its pre
ision.The numeri
al result of this s
an (Fig. 7.22) 
losely resembles the true mass values. Theestimated statisti
al un
ertainties (Tab. 7.8) are at least twi
e as large as in the 
omparedstudy.We 
on
lude that in 
ase of an almost sbottom free sample with S/B = 2 our methodperforms very well, if use is made of the mass edge measurement. However, a �ner mass s
anand a pre
ise estimate of the statisti
al un
ertainties are ne
essary to �nd out whether the�nal pre
ision 
an rea
h the ex
ellent performan
e of the referen
e method. Furthermoresystemati
 e�e
ts are to be 
onsidered for both methods.
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7.6. Comparison to Other Studies
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Figure 7.21.: Top: Distribution of best mass values for samples of 25 events [75℄. Bottom: pro-je
tion of likelihood for all s
anned masses in Toy MC. Dashed lines indi
ate the
1σ un
ertainty obtained from the parabola through the maximum and neighboringpoints. In both plots only signal events with left-handed squarks of the �rst andse
ond generation are shown.

125



7. Results
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Figure 7.22.: Proje
tion of s
an result on dete
tor simulation sample for signal and ba
kground,using dilepton mass edge, b-tag emulation and an arti�
ial ba
kground suppression.Dashed lines indi
ate the 1σ un
ertainty obtained from the parabola through themaximum and neighboring points.
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7.7. Con
lusions7.7 Con
lusionsThe 
onstrained kinemati
 �t of the signal 
as
ade 
ontaining two unmeasured neutralinosworks well if the SUSY masses are known and yields reasonable �t probability and pulldistributions. Event re
onstru
tion and resolution e�e
ts in dete
tor simulation slightlydegrade the performan
e with respe
t to the Toy MC. In most events the �t 
orre
tly �ndsthe jet and lepton pair on the same bran
h but the asso
iation of leptons to their positionon the bran
h is less su

essful due to their similar kinemati
s.Combining the �t result of all events allows the de�nition of a likelihood variable for ea
htested set of masses and an exploration of the 
ompatible masses via a s
an. The obtained4-dimensional likelihood 
an be proje
ted into fewer dimensions for analysis.In prin
iple the mass determination method works and the s
an yields the best likelihoodvalues around the true parti
le masses if 
onsidering identi
al de
ay 
hains. The likelihoodshape in dependen
e of the lower three masses in the de
ay 
hain is understood from leptonkinemati
s.Constraining the mass of the lightest SUSY parti
le is 
hallenging, sin
e it is ratherweakly restri
ted by the kinemati
s and the 
ru
ial pT balan
e 
onstraint is weakened byjet and missing ET measurement resolutions. Improved measurements of the LSP mass areobserved if jet or missing ET resolution are assumed to improve.Events 
ontaining light sbottom squarks yield a se
ond extremum at an a

ordinglylower squark mass. In 
ombination of all signal events this leads to smaller neutralino andslepton mass due to the shape of the added distributions. Therefore a sample 
ontainingonly squarks of the same type is desirable for a pre
ise measurement.SUSY ba
kgrounds at SPS1a dominate if 
onsidering the full event sample and have tobe redu
ed further for a su

essful measurement.Exploiting knowledge on the maximum invariant lepton mass from an endpoint measure-ment 
omplements the method and redu
es the dimensionality of the s
an. It strengthensthe determination of the LSP mass, improves the pre
ision of the result, and redu
es thein�uen
e of ba
kgrounds.In 
omparison to 
ompeting methods, the performan
e looks 
omparable at �rst sightbut a proper evaluation of un
ertainties is ne
essary to draw �nal 
on
lusion.

127



128



Chapter 8SummaryMass determination of SUSY parti
les is an important step after a possible dis
overy ofsupersymmetry at the LHC and may 
ontribute in a �t of observations to SUSY modelpredi
tions.The main 
hallenge in mass determination in R-parity 
onserving SUSY is the existen
eof two unmeasured parti
les in ea
h event, whi
h makes a full kinemati
 re
onstru
tiondi�
ult. The diversity of possible de
ay 
hains leads to large SUSY ba
kgrounds andrequires a powerful event sele
tion if a single event topology has to be isolated for themeasurement.Several methods were proposed and studied in re
ent years. In this thesis a furthermethod for determination of SUSY masses was introdu
ed, whi
h 
ombines a s
an overpossible mass values with a rating by an event-by-event 
onstrained kinemati
 �t on a setof topologi
ally identi
al events.In the kinemati
 �t a su�
ient number of 
onstraints have to be imposed to 
ompensatefor the six unknown LSP momentum 
omponents. This requires 
as
ades to 
ontain atleast three intermediate states on ea
h de
ay bran
h. If the parti
le masses are known thefull event kinemati
s 
an be re
onstru
ted in the over-
onstrained �t.Studying the low mass mSUGRA referen
e point SPS1a a de
ay 
hain 
ontaining fourleptons but only two jets is 
hosen as signal pro
ess, be
ause it has small 
ombinatori
s, a
lear signature and basi
ally no Standard Model ba
kgrounds.An implementation of the methods of Lagrangian multipliers is used for the kinemati
 �t.Sin
e the 
ovarian
e matrix for all measured parti
les is needed, jet and lepton transversemomentum as well as angular resolutions are determined.Several options for a generation of initial values of the LSP momenta were 
ompared.In the 
hosen approa
h they are 
al
ulated from measured obje
ts by solving a system ofequations derived from the kinemati
 
onstraints. This way the starting point for the �twas shown to be already 
lose to the true solution if the 
orre
t masses are assumed and the�t reliably �nds a minimum despite the 
omplex χ2 lands
ape from linearized 
onstraintsand many �t parameters. 129



8. SummaryA su

essful appli
ation of the 
onstrained kinemati
 �t on a SUSY event topology
ontaining two unmeasured parti
les at SPS1a was shown and a good performan
e observedfor the 
ase that masses of intermediate parti
les are known. Unmeasured momenta werereliably re
onstru
ted with good pre
ision and the assignment of jets and leptons to theirposition in the 
as
ade is 
orre
tly found for a large fra
tion of events, although similarkinemati
s make a distin
tion of leptons on the same bran
h di�
ult.A s
an on a grid of hypotheti
al mass values and the 
ombination of �t results in alikelihood distribution allows the determination of parti
le masses in events with identi
alde
ay topology. The mass of the last and es
aping parti
le in the 
as
ade is least 
onstrainedin the �t and hypotheses below its true mass may be found with good likelihood. Jet andmissing ET measurement resolution play a 
ru
ial role in the determination of this lightestmass, sin
e it is mainly 
onstrained by the pT balan
e in the event and the smaller themeasurement un
ertainties the more pre
ise the mass determination. The shape of thelikelihood for the lower three masses and their 
orrelations is determined by the leptonkinemati
s and is 
onsistent with the well-known dilepton mass edge. The mass of lighterthird generation squarks 
ould be resolved in the tested setup.Standard Model 
ontributions are negligible but SUSY ba
kgrounds at the SPS1a arelarge, espe
ially 
as
ades in
luding a τ̃ or stop squarks, sin
e the bran
hing ratios are ratherunfortunate for a four lepton (i.e. ele
tron/muon) topology.The in
lusion of a dilepton mass edge measurement strengthens the 
onstraints on theLSP mass and in
reases the power of the method. A pre
ise measurement of all masses inthe de
ay 
hain seems possible if ba
kgrounds 
an be kept small. The a
tual pre
ision isyet to be evaluated with a �ner s
anning and an estimation of statisti
al and systemati
un
ertainties.The method performs well in 
omparison to other mass determination methods using ToyMonte Carlo and even in the dete
tor simulation 
ase, if in
luding the dilepton endpointinformation and assuming a redu
ed ba
kground.In summary, the kinemati
 �ts method was shown to work in prin
iple but reveals someinteresting and not ne
essarily expe
ted features. One distinguishing 
hara
teristi
 withrespe
t to other methods is the in
lusion of experimental un
ertainties (jet/lepton resolu-tions) in the mass determination. Unfortunately the impa
t of these resolutions is largeand their size turned out to be a 
ru
ial fa
tor in the measurement. The underlying reasonwas identi�ed to be the 
onstraint on the LSP mass, whi
h had to be improved by thein
lusion of the dilepton mass edge measurement. Another drawba
k is the sus
eptibilityto ba
kground from other SUSY 
as
ades.130



8.1. Outlook8.1 OutlookSeveral possibilities exist to improve and extend the kinemati
 �t method. A �rst possi-ble improvement for the studied s
enario is the further redu
tion of SUSY ba
kgrounds,e.g. by using tau-tagging in order to eliminate τ̃ de
ays and b-tagging to redu
e t̃ and b̃
ontributions.On the other hand the χ̃0
2 de
ay via a τ 
ould also be in
luded in the signal, despite thedi�
ulties in tau re
onstru
tion.Variables like the angle between de
ay produ
ts in the rest-frame of the de
aying parti
le
ould be used to improve the treatment of 
ombinatori
s by weighting 
ombinations withtheir likelihood to yield the observed angle [76℄.A large data set and smaller step size in the mass s
an is ne
essary to evaluate the masseswith full pre
ision. However, the number of mass hypothesis grows qui
kly with a �xedgrid in four dimensions. A more 
lever way to 
over the relevant se
tions of the mass spa
eand keep CPU 
onsumption reasonable would be desirable.From a more general point of view it may be interesting to extend the �t to a variety ofde
ay topologies and test ea
h event not only for its masses but also for its 
ompatibilitywith ea
h of the di�erent de
ay 
hains.
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Appendix ALinearization and Iterative Solution in theKinemati
 Fit
The algorithm for an iterative solution of the �t problem Se
. 6.1 is des
ribed [86℄ [87℄.Using the same 
onventions as in Se
. 6.1 the n measured parameters are labelled ~y andhave a 
ovarian
e matrix V. The ve
tor of residuals of the measured parameters w.r.t.their optimized values ~y′ are ∆~y = ~y′ − ~y. The squared sum of residuals 
an be expressedas

S(~y) = ∆~yTV−1∆~y.The m unmeasured parameters are denoted by ~a and ea
h of the l 
onstraints fk is afun
tion of the measured as well as the unmeasured parameters and 
an be written as anequality equation
fi = fi(~y,~a)

!
= 0.Introdu
ing the Lagrange Multipliers λ the extremum of

L(~y,~a,~λ) = S(~y) + 2 ·
l
∑

k=1

λkfk(~y,~a)has to be determined. In the 
ase of linear 
onstraints the di�erentiation of L leads tolinear equation for the optimal values of measured (~y′) and unmeasured parameters (~a′).Otherwise a linerization of the 
onstraints is ne
essary and the extremum 
an only bedetermined iteratively. In addition to the start values of the parameters (~y/~a) and their
urrent optimized values (~y′/~a′) also their values after the previous iteration (~y∗/~a∗) appearin the approximation
fk(~y

′,~a′) ≈ fk(~y
∗,~a∗) +

n
∑

i=1

∂fk
∂yi

(∆yi −∆y∗i ) +
m
∑

j=1

∂fk
∂aj

(∆aj −∆a∗j ) ≈ 0, (A.1)where ∆~y∗ = ~y∗ − ~y and ∆~a∗ = ~a∗ − ~a denote the residuals after the previous iteration.133



A. Linearization and Iterative Solution in the Kinemati
 FitThis equation 
an be rewritten in ve
tor notation,
~f∗ +B(∆~yi −∆~y∗i ) +A(∆~aj −∆~a∗j) ≈ 0 (A.2)introdu
ing the matri
es of �rst derivatives for measured and unmeasured parameters (B,

A), with 
omponents
(B)ki =

∂fk
∂yi

(A.3)
(A)kj =

∂fk
∂aj

(A.4)Separating the terms whi
h depend only on the values of the last iteration the 
onstraintbe
omes
B∆~y +A∆~a− ~c = 0 with ~c = B∆~y∗ +A∆~a∗ − ~f∗ (A.5)and the expression to be minimized reads

L = ∆~yTV−1∆~y + 2~λT (B∆~y +A∆~a− ~c). (A.6)After this linearization the di�erentiation w.r.t. ~y, ~a and ~λ 
an 
arried out, yielding n+m+lequations:
V

−1∆~y +B
T~λ = 0 (A.7)

A
T~λ = 0 (A.8)

B∆~y +A∆~a = ~c. (A.9)These 
onditions 
an be expresed in matrix notation








V
−1 0 B

T

0 0 A
T

B A 0

















∆~y

∆~a

~λ









=









0

0

~c









. (A.10)Sin
e the matrix 
onsists of several blo
ks of entries a pro
edure for the inversion of su
hpartitioned matri
es 
an be applied. The inverse matrix is written with the same partitions








V
−1 0 B

T

0 0 A
T

B A 0









−1

=









C11 CT
21 CT

31

C21 C22 CT
32

C31 C32 C33









. (A.11)Using the abbreviations VB = (BVB
T )−1 and VA = (AT

VBA) the submatri
es of the
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inverse are given as
C11 = V −VB

T
VBBV +VB

T
VBAV

−1
A A

T
VBBV (A.12)

C21 = −V
−1
A A

T
VBBV (A.13)

C22 = V
−1
A (A.14)

C31 = VBBV −VBAV
−1
A A

T
VBBV (A.15)

C32 = VBAV
−1
A (A.16)

C33 = −VB +VBAV
−1
A A

T
VB (A.17)and the 
orre
tions to the �t parameters turn out to be

∆~y = CT
31~c (A.18)

∆~a = CT
32~c (A.19)

∆~λ = C33~c. (A.20)The varian
e of the �tted parameters is obtained from error propagation and one �nds
V

′

















~y′

~a′

~λ

















=









C11 CT
21 0

C21 C22 0

0 0 −C33









. (A.21)The squared sum of residuals A 
an be 
al
ulate from
S = −~λT (~c−A∆~a) (A.22)and for a 
orre
t model follows a χ2 distribution with m − n degrees of freedom. For
onvergen
e two 
riteria are required to be ful�lled. On the one hand the 
hange of thesum of residuals w.r.t. the previous iteration should be small
S(n− 1)− S(n)

ndf
< εS (A.23)and on the other hand the absolute sum of the 
onstraints should be small.

F =
l
∑

k=1

|fk(~y +∆~y,~a+∆~a)| < εF (A.24)Furthermore a redu
tion of F is required in ea
h iteration, otherwise the size of the 
al
u-lated steps ∆~y/∆~a is redu
ed by a fa
tor of two until F de
reases.
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Appendix BCal
ulations for a Two-Body-De
aySome 
al
ulations for the transformation of a two-body-de
ay A → B+C between di�erentreferen
e frames are summarized. The basi
 idea is to relate the quantities in A's rest framewith the parti
le momenta in the laboratory frame. This is done in two steps. First themagnitude of the boost of A is determined and applied along an arbitrary axis. Thenthe resulting frame is rotated, su
h that the 
al
ulated B-momentum is identi
al to themeasured one.Formulae for the 
onversion of fourve
tors between the di�erent inertial frames are givenfor the 
ase, that
• parti
le B is massless (or its mass is negligible w.r.t A,C masses and typi
al momenta)
• the masses of A and C are known
• the B momentum was measured in the laboratory system.The inertial frames used in the following are:1. Frame * ("Star"): Rest-frame of parti
le A2. Frame ' ("Prime"): Frame * boosted along z-Axis, su
h that the momentum of B hasthe same magnitude as in the laboratory frame.3. Lab-frame: Rotated w.r.t frame ', su
h that the B-momentum 
oin
ides with themeasured one.Fourve
tors in A's rest-frameThe Metri
 used here is always (+,−,−,−). Parti
le A is then given by:

p∗A =















MA

0

0

0














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B. Cal
ulations for a Two-Body-De
ayThe momentum of the de
ay produ
ts 
an be des
ribed by the magnitude of their momen-tum and two angles.
• θ∗: angle w.r.t ~pA', i.e. its dire
tion after the boost, where the z-axis is 
hosen here.
• φ∗: angle in the plane perpendi
ular to ~pA

′Due to 4-momentum 
onservation the de
ay produ
ts must be ba
k-to-ba
k and parti
le Bis massless.Parti
le B
p∗B =















|~p∗B |
|~p∗B | cosφ∗ sin θ∗

|~p∗B | sinφ∗ sin θ∗

|~p∗B | cos θ∗













Parti
le C
p∗C =















√

M2
C + |~p∗B|2

−px∗B

−py∗B

−pz∗B













The magnitude |~p∗B | follows from energy 
onservation as
|~p∗B | =

M2
A −M2

C

2 ·MAWhile in prin
iple the two angles 
an take any value in cos θ∗ ∈ [−1, 1], φ∗ ∈ (−π, π] themagnitude of the measured B momentum may restri
t the range of possible cos θ∗ values.See below for a qualitative statement.Fourve
tors in Boosted Frame 'The �rst transformation is a boost along the z-axis. Here we need to assume a value for
cos θ∗ so that we know the z- and transverse-
omponent of the B momentum and 
an adjustthe boost su
h, that the new B-momentum has the same magnitude as in the lab frame.Momentum of B and restri
tion of cos θ∗The requirement is that |~pB ′| = |~pB |, the momentum in the lab-frame. Be
ause the trans-verse 
omponents px∗B and py∗B remain un
hanged in the boost, this relation gives two solu-tions for the z-
omponent:

pzB
′
1/2 = ±

√

|~pB|2 − |pTB ′|2138



A requirement is, that pzB ′ should be a real number whi
h de�nes the range of 
ompatible
cos θ∗ values.

|pTB ′|2 = |~p∗B|2 · sin2 θ∗ ≤ |~pB|2

⇔ sin θ∗ ≤ |~pB |
|~p∗B |

and sin θ∗ ≥ −|~pB|
|~p∗B|For the 
ase |~pB |/|~p∗B | > 1 this is always ful�lled and there are no limitations on θ∗. Forthe other 
ase |~pB|/|~p∗B | ≤ 1 however we �nd

arcsin
|~pB |
|~p∗B |

≤ θ∗ ≤ − arcsin
|~pB |
|~p∗B |or

π − arcsin
|~pB |
|~p∗B |

≤ θ∗ ≤ π + arcsin
|~pB |
|~p∗B |And with cos (arcsinx) =

√
1− x2 we get

√

1− |~pB |2
|~p∗B |2

≤ cos θ∗ ≤ 1or
−1 ≤ cos θ∗ ≤ −

√

1− |~pB |2
|~p∗B |2giving us the requirement

| cos θ∗| ≥
√

1− |~pB |2
|~p∗B |2

.

Determination of the BoostThe dire
tion of the boost is 
hosen along the z-Axis. The magnitude has to be determinedfrom the magnitude of the B momentum in the lab-frame. Only the 
omponent parallel tothe boost dire
tion (i.e. pzB) and the energy will 
hange:
p′B =















E′
B

pxB
′

pyB
′

pzB
′















=















γE∗
B − γβpz∗B

px∗B

py∗B

γpz∗B − γβE∗
B















,
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B. Cal
ulations for a Two-Body-De
aywith γ = 1√
1−β2

. Either of the two equations from the 1st and 4th 
omponent is quadrati
in β and yields two solutions
β1/2 =

E∗
B · pz∗B ±E′

B · pzB ′

E∗
B
2 + pzB

′2Here the invarian
e of the transverse 
omponent was exploited to rewrite the invariant massexpression as
M∗2

B = MB
′2

E∗
B
2 − pT∗

B
2 − pz∗B

2 = EB
′2 − pTB

′2 − pzB
′2

E∗
B
2 + pzB

′2 = EB
′2 + pz∗B

2and this expression was used to simplify the result. Note, that the two solutions for pzB
′lead to only two di�erent solutions for β.From a physi
s point of view one 
ould just 
hoose the smaller |β| value, be
ause smallerboosts are more likely to appear in heavy parti
le produ
tion.It 
an be shown that the absolute smaller value is always given by

β =
E∗

B · |pz∗B | − E′
B · |pzB ′|

E∗
B
2 + pzB

′2 · sgn (cos θ∗),and that then pzB
′ has the same sign as cos θ∗ and therefore also as pz∗B .Momenta of A,CKnowing the boost and its dire
tion one 
an just apply it to the two parti
les A,C to obtaintheir fourve
tor in the "prime" frame.

p′A =















E′
A

pxA
′

pyA
′

pzA
′















=















γE∗
A − γβpz∗A

px∗A

py∗A

γpz∗A − γβE∗
A















p′C =















E′
C

pxC
′

pyC
′

pzC
′















=















γE∗
C − γβpz∗C

px∗C

py∗C

γpz∗C − γβE∗
C














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The fourve
tors of B and C 
an again be expressed via parameters like pT ′, cos θ′ and φ′in this new frame. Obviously the cos θ′ values is given by
cos θ′ =

~pB
′ · ~pA′

|~pB ′| · |~pA′| =
pzB

′ · pzA′

|~pB ′| · |pzA′| = ± pzB
′

|~pB ′|Rotation to the Lab-SystemThe last step is to rotate the boosted system ' to the lab frame, su
h that the 3-momentumve
tor of B has its 
omponents equal to the measured ones.There is not a unique solution to this problem be
ause an arbitrary rotation of a 
oordi-nate system has 4 parameters.
• 3 for the dire
tion of the rotation axis
• 1 for the rotation angle.So in our 
ase, where we have 3 equations from the momentum 
omponents, one degree offreedom remains. In the way the rotation will be done, this degree of freedom just 
orre-sponds to a free 
hoi
e of our φ′ parameter, as will be shown below. We anyway have to
hoose or di
e this variable in our use
ase, so this is no further problem.The pro
edure is the following. On the one hand we start from the ' system:1. Rotate the system ' around the z-axis, su
h that ~pB ′ lies in the x-z plane2. Rotate the system around the new y-axis, su
h that ~pB ′ lies along the new (positive)z-axisThe matri
es of these rotations will be labelled R1 and R2, respe
tively. Note that the �rstrotation does not 
hange ~pA

′ and the se
ond one rotates it into the x-z-plane, whi
h willbe shown expli
itly below.On the other hand we do the same, starting from the lab-system:1. Rotate the system around the z-axis, su
h that ~pB lies in the x-z plane2. Rotate the system around the new y-axis, su
h that ~pB lies along the new (positive)z-axisThe matri
es of these rotations will be labelled S1 and S2, repe
tively.
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B. Cal
ulations for a Two-Body-De
ayRotation Matri
esHere matri
es des
ribing the above rotations are given. I use a di�erent (generi
) notationfor the momentum now. First we rotate the the "prime" system, writing the momentum
omponents of B as ~v = (v1, v2, v3)
T . The rotation around the z-axis 
an be written as:

~v′ = R1 · ~v =









cosα1 sinα1 0

− sinα1 cosα1 0

0 0 1









·









v1

v2

v3









=









v′1

0

v′3







From the se
ond 
omponent we get the equation
− sinα1 · v1 + cosα1 · v2 = 0and the solution for the angle

α1 = arctan
v2
v1The next rotation around the y-axis looks similar

~v′′ = R2 · ~v′ =









cosα2 0 sinα2

0 1 0

− sinα1 0 cosα1









·









v1

v′2

0









=









0

0

v′′3







and from the third 
omponent we get the rotation angle as
α2 = arctan−v′1

v′3Then these two rotations 
an be 
ombined by multiplying the matri
es R21 = R2·R1. Insert-ing the solutions for α1/2 and using the relations sin (arctan x) = x√
1+x2

and cos (arctan x) =
1√

1+x2
the 
ombined matrix be
omes

R21 =













v1v3
v·
√

v2
1
+v2

2

v2v3
v·
√

v1
2
+v2

2

−
√

v2
1
+v2

2

v

− v2√
v2
1
+v2

2

v1√
v2
1
+v2

2

0

v1
v

v2
v

v3
v











with v = |~v| =
√

v21 + v22 + v23 . (In this parametrization v21 + v22 must be non-zero, whi
hmeans | cos θ∗| 6= 1)Starting from the lab-frame with a ve
tor ~w = (w1, w2, w3)
T one gets an equivalent result142



for the two-rotation-matrix S21. We are interested in the rotation from ~v to ~w, that meanswe need the inverse rotation of this se
ond step
S−1
21 = ST

21 =













w1w3

w·
√

w2

1
+w2

2

− w2√
w2

1
+w2

2

w1

w

w2w3

w·
√

w2

1
+w2

2

w1√
w2

1
+w2

2

w2

w

−
√

w2

1
+w2

2

w 0 w3

w











The Additional Degree of FreedomAfter these two operations both B-ve
tors lie along the z-axis in their own 
oordinate-system. So a
tually we know how to transform B from the �prime� to the lab frame, i.e.with the 
ombined rotations
~w = ST

21 ·R21 · ~vNext we take a look at the behaviour of the A (and C) momenta. Therefore we 
hoosea parametrization:
~pB

′ = |~pB ′| ·









sin θ′ cosφ′

sin θ′ sinφ′

cos θ′









=̂









v1

v2

v3







and apply the rotation R21 to A
R21 · ~pA′ =









cos θ′ cosφ′ cos θ′ sinφ′ − sin θ′

− sinφ′ cosφ′ 0

sin θ′ cosφ′ sin θ′ sinφ′ cos θ′









·









0

0

pzA
′









=









− sin θ′

0

cos θ′









· pzA′The ve
tor of A now lies in the x-z plane and so does the momentum of C, due tomomentum 
onservation. (One 
an also 
al
ulate it using the above formulae).
~pC

′ = ~pA
′ − ~pB

′ =









− sin θ′ · pzA′

0

cos θ′ · pzA′ − |~pB ′|







Note that all three momentum ve
tors are independent of any former 
hoi
e of the azimuthalangle φ∗ or φ′, whi
h is an e�e
t resulting from the 
hoi
e of the A momentum as �rstrotation axis. 143



B. Cal
ulations for a Two-Body-De
ayNow an angle φ′′, des
ribing a rotation around the z-axis (whi
h is now identi
al to theB-momentum dire
tion) 
an be used to parametrize the additional degree of freedom. Froma physi
s point of view it is important that it follows the same (�at) distribution as φ∗ inthe rest-frame of A.Su
h a rotation does not a�e
t the angle between B and A or B and C and therefore theinvariant masses are un
hanged. However, it 
hanges A's (and C's) orientation in spa
e andleads to di�erent transverse/longitudinal 
omponents of their fourve
tors in the lab-frame.This additional rotation is in
luded via a matrix P
P =









cosφ′′ sinφ′′ 0

− sinφ′′ cosφ′′ 0

0 0 1







and the entire rotation to the lab-system for any momentum ~x′ be
omes:
~x = ST

21 · P ·R21 · ~x′.
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Appendix CAdditional Pull Distributions
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C. Additional Pull Distributions
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Figure C.1.: Pull distributions with �tted gaussian for jet and lepton η and φ in Toy Monte Carloevents with Prob(χ2) > 0.05. The 
orre
t lepton and jet postitions are used.
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Figure C.2.: Pull distributions with �tted gaussian for jet and lepton η and φ in dete
tor sim-ulation sample with Prob(χ2) > 0.05. The 
orre
t lepton and jet postitions areused.
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