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Chapter 1

Production Planning with
Load-Dependent Lead Times and
Sustainability Aspects

The research contained in this thesis was undertaken partly as an external doctoral candidate
and partly as a research and teaching assistant at the Institute of Information Systems, Uni-
versity of Hamburg. It contains eight articles and a technical report in thefield of aggregate
production planning and supply chain management. The research questionimmanent to this
work is how lead times that are load dependent are taken into account in mathematical mod-
els for the tactical planning level, how they influence other planning levels and the resulting
production plan. There is empirical evidence that lead times exponentially increase with the
increase of capacity utilization measured in workload or work-in-processin the production
system long before the capacity limit is reached. This can lead to significant differences
in planned and realized lead times. Abstraction from such nonlinearities frequently takes
place, mainly in favor of complexity reduction of mathematical models for use in practice
and implementation into standard software such as advanced planning systemsor enterprise
resource planning. Variabilities of lead times may become significant when targeting 100%
resource utilization. This leads to longer waiting times of production parts and products and
lead to quality losses of such items. In the worst case, they cannot be usedfor their original
purpose, anymore, and have to be discarded or reworked if technicallypossible. Therefore,
another research question is how quality losses and lifetime restrictions are taken into ac-
count in the literature up to date. The latter mentioned aspects pertain to the highlydynamic
research field of green supply chain management that contains, among others, questions of
rendering production processes more environmentally friendly. This ranges from product
design that influences all fields of production to optimal recycling, remanufacturing, and
rework processes. It further comprises actions from wastage or disposal reductions also in
terms of energy usage translated in related costs that not only implyCO2 emission reduc-
tions, but also long-term recovery actions of exploited lands and environments. Related lit-
erature surveys show that there do not exist mathematical formulations taking into account
all mentioned aspects. We closed this gap by developing discrete dynamic models formu-
lated asmixed integer programming (MIPs) including production smoothing that accounts
for load-dependent lead times (LDLT) thus aiming at avoiding peaks of resource utilization
together with lifetime constraints of items as well as rework of items that pass their useful
lifetime. Moreover, remanufacturing of externally returned items is integratedtogether with
waiting-dependent rework processing times.
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1.1 List of Related Research Articles and Reports

This cumulative dissertation contains the following selection of research articles and reports.

Peer-Reviewed Articles in Journals

1. Production Planning with Load Dependent Lead Times (with S. Voß and D.L.
Woodruff),4OR: A Quarterly Journal for Operations Research, 3(4): 257-302, 2005,
Abbreviation in Figure 1.1: 4OR (05).

2. Production Planning with Load Dependent Lead Times: An Update of Research (with
S. Voß and D.L. Woodruff),Annals of Operations Research 153(1): 297-345, 2007,
Abbreviation in Figure 1.1: Annals of OR (07).

Peer-Reviewed Articles in Journals Under Review

3. Depreciation Effects in Production Planning and Supply Chain Management: A Sur-
vey, invited review ofEuropean Journal of Operations Research, under review, 2011,
Abbreviation in Figure 1.1: EJOR (11).

Peer-Reviewed Conference Proceedings

4. Load Dependent Lead Times – From Empirical Evidence to Mathematical Model-
ing (with S. Voß and D.L. Woodruff), In: Kotzab H., S. Seuring S., Müller M., and
Reiner G. (Eds.), Research Methodologies in Supply Chain Management, Physica,
Heidelberg, 540–554, 2005, Abbreviation in Figure 1.1: RMSCM (05).

5. Supply Chain Integration: Improvements of Global Lead Times with SCEM (with A.
Mies and S. Voß) in: Geldermann J., Treitz M., Schollenberger H., Rentz O. (Eds.)
Challenges for Industrial Production, Workshop of the PepOn Project:Integrated Pro-
cess Design for Inter-Enterprise Plant Layout Planning of Dynamic Mass Flow Net-
works, Karlsruhe, Nov. 7-8., 79–89, 2005, Abbreviation in Figure 1.1: SCEM (05).

6. Production Planning and Deterioration Constraints: A Survey (with S. Voß and D.L.
Woodruff), In: Ceroni J.A. (Ed.) The Development of Collaborative Production and
Service Systems in Emergent Economies,Proceedings of the 19th International Con-
ference on Production Research (IFPR), Valparaiso, Chile, 1–6, 2007, Abbreviation
in Figure 1.1: IFPR (07).

7. Discrete Lot-Sizing and Scheduling with Sequence-Dependent Setup Times and
Costs including Deterioration and Perishability Constraints (with S. Voß and D.L.
Woodruff),IEEE, HICSS-44, 1–10, 2011, Abbreviation in Figure 1.1: HICSS-44 (11).

Lecture Notes

8. Discrete Lot-Sizing and Scheduling Including Deterioration and Perishability Con-
straints (with S. Voß), In: Danglmainer W., Blecken A., Delius R., and KlöpferS.
(ed.), In: Advanced Manufacturing and Sustainable Logistics, Proceedings of the 8th
International Heinz Nixdorf Symposium, IHNS 2010,Lecture Notes in Business In-
formation Processing, Springer, Berlin, Heidelberg, 345–357, 2010, Abbreviation in
Figure 1.1: LNBIP (10).
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Working Papers and Technical Reports

9. Production Planning with Load Dependent Lead Times and Sustainability Aspects,
Technical Report, Institute of Information Systems, University of Hamburg, 2012,
Abbreviation in Figure 1.1: Tech Rep (12).

Further research not included, but undertaken in this time period that complements this
thesis is given subsequently (see also the Curriculum Vitae, Chapter 3 on Page 3):

Peer-Reviewed Conference Proceedings

10. Integrated Aircraft Scheduling Problem: An Auto-Adapting Algorithm toFind Ro-
bust Aircraft Assignments for Large Flight Plans (with T. Reiners, M. Maroszek, C.
Rettig),IEEE, HICSS-45, 2012.

Books and Manuscripts

11. Production Planning with Deterioration and Perishability, Draft Manuscript, 2011.

12. Logistik Management - Systeme, Methoden, Integration (with S. Voß andS.
Schwarze (Ed.)), Logistics Management - partly in German and partly in English,
Physica, Heidelberg, 2009.

13. Network Optimization - International Network Optimization Conference, INOC 2011
(with T. Reiners and S. Voß (Eds.)), Hamburg, Germany, 2011,Lecture Notes in Com-
puter Sciences (LNCS), Springer, Heidelberg, 2011.

Working Papers

14. WIP Management in Practice: Survey and Analysis (with F. Schulte), Institute of
Information Systems, University of Hamburg, 2011.

15. Efficient Formulations for Lot-Sizing Models with Perishability (with C. Seipl),
Institute of Information Systems, University of Hamburg, 2011.

1.2 Course of Research

The course of research is depicted in Figure 1.1. Abbreviations of related articles and reports
are provided in Section 1.1. Investigations of LDLT and their influences onplanning and
production outputs present an introduction into the research field; see Pahl et al. (2005b)
[RMSCM (05)], Pahl et al. (2005c) [4OR (05)], Pahl et al. (2007a) [Annals of OR (07)].
Special emphasis is on aggregate or mid term planning for production and supply chain
planning. The operational and control level is addressed by analyzingmethods and tools
to enhance communication of supply chain partners; see Pahl et al. (2005a) [SCEM (05)].
A related tool that emerged approximately a decade ago issupply chain event management
(SCEM). It identifies deviations between original plans and their executionacross the whole
supply network and propose corrective actions according to predefined rules in order to im-
prove decision making, shorten lead times, and decrease variability/disruptions of processes.
Research revealed that methods and software tools for SCEM are still in its infancy and far
from being of practical employment, but they can provide a database on process information
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Figure 1.1: Framework of this thesis.

that can be analyzed for performance improvement especially regardinglead times and its
variabilities.

The subsequent body of research investigates the question of how lifetimeconstraints
of items and, in general, value loss, are taken into account in mathematical models for ag-
gregate production and supply chain planning; see Pahl et al. (2007b)[IFPR (07)] and Pahl
(2011) [EJOR (11)]. The book presented in Pahl and Voß (2011) discusses and analyzes
mathematical formulations for depreciation effects. It is still in preparation and, therefore,
not included in this thesis. The mentioned reviews show that depreciation andquality loss
of products are taken into account in various fields of production planning ranging from pro-
curement including ordering and replenishment policies to inventory management as well
as lot sizing and rework/recycling management. A classification scheme of approaches is
provided in Pahl (2011). These approaches are gouped regardingtheir assumed quality of
information and with respect to their regarded time horizon. The survey reveals that little
research is done regarding multiple products and thus setup times and costs.The major
number of approaches integratesshrinkage of stored items due to deterioration or perisha-
bility into their models. Lifetime constraints that limit storage times are rarely incorporate.
It is further revealed that deterministic model formulations prevail over stochastic as well
as static over dynamic approaches. A small number of discrete dynamic modelsincluding
lifetime constraints exist, but they are not extensively explored although their importance
for planning is significant due to their aim to avoid quality losses and related disposals in
the first place. Furthermore, such approaches may be integrated in frequently employed
planning software such as ERP and solved using exact methods or heuristic algorithms.

Lifetime constraints for integration in classical inventory and lot size models are devel-
oped and their effects on lot sizing, production planning, and inventory management studied
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in Pahl and Voß (2010) [LNBIP (10)]. Decisions on the production mix are important regard-
ing LDLT, because their variations significantly influence resource utilization. Therefore,
special emphasis is on setup times and costs that are assumed to be sequence-dependent in
Pahl et al. (2011) [HICSS-45 (11)]. Hybrid lot sizing models including some scheduling
information are regarded. The inclusion of lifetimes is also interesting from a mathematical
point of view, because the implication of a maximal lifetime might reduce setup variables
for periods exceeding these lifetimes. Numerical studies show that short lifetimes permit
fast solution finding due to the application of lot-for-lot policy, i.e., no aggregation of lot
sizes and thus no inventory holding takes place and demand is satisfied in the related period.
This is not the case for longer lifetimes that permit different production-inventory variations.

The results of the aforementioned research state highlight regarding discrete dynamic
deterministic approaches for aggregate production planning and a lack ofmodels that in-
clude LDLT while accounting for sustainability aspects such as the avoidance of quality
losses/disposals or wastages due to deterioration and perishability, lifetime constraints, as
well as rework of passed items. This gap is closed in Pahl (2012) [Tech Rep (12)].

1.3 Conclusions and Research Directions

In this thesis, extensive research on models regarding LDLT and depreciation constraints is
conducted. They highlight research gaps and promising directions for further research. In
the technical report, we developed optimization models for aggregate production planning
based on classical lot sizing models that take into account the problem of lead times that
are dependent on the workload of production systems. This phenomenonis prevailing in
practice and should be regarded in planning. Classical methods like materialrequirements
planning, material resource planning that are implemented in enterprise resource planning
systems do not provide related tools or planning methods. An increase of workload in the
system leads to increases of lead times, so that items have to wait at various steps of the
production system. There is empirical evidence that lead times increase exponentially with
the workload long before 100% resource utilization is reached, so that planned and real-
ized lead times vary significantly. Additionally empirical evidence shows that flustering due
to the workload of a production resource takes place, so that outputs arenot produced at
a specific constant production rate, but at a fraction of the original rate, so that planned
outputs are not realized. There are few model approaches accountingfor the link between
order releases, planning and capacity decisions to lead times taking into account the sys-
tem workload as well as lot sizing and sequencing decisions. We studied different model
formulations that directly approach the problem with lead times that are load dependent us-
ing diverse methods. These have their advantages and disadvantages.Therefore, the choice
was made to pursuit with the proposed approach that account for lot sizing decisions in
order to directly capture the planning circularity regarding lot sizes, setups, and capacity
utilization. We developed different formulations for production smoothing for the tactical
planning level. Up to date, production smoothing is rather accounted for the operational
planning level regarding scheduling decisions mainly in the environment of synchronized
assembly line systems. No model approaches have been proposed for thetactical planning
level regarding lot sizing, so far. Our production smoothing approaches distribute produc-
tion jobs evenly or in a way that a certain target utilization sector is achieved, so that LDLT
are avoided.

Besides, a major objective of this work is to regard effects of LDLT on the quality of
items. If items have a certain lifetime, i.e., time interval in which they are useful for further
employment in production or consumption, lead times that are load-dependentmight lead to
enhanced quality losses of waiting items. In the worst case, they cannot beused for demand
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satisfaction and need to be discarded or reworked if technically possible.The consideration
of limited lifetimes is a hard constraint on inventory management and its integration into
mathematical models for lot sizing, production, and inventory management an important
issue. One may argue that longer storage times are avoided by mathematical models by ac-
counting for inventory holding costs in the objective function. This is true, but there is a
difference between being able to store products for long time periods and not being able
due to lifetime constraints. In this regard, we further regarded aspects ofsustainability such
as avoidance of disposals caused by limited lifetimes of items, rework and remanufactur-
ing issues. We proposed related models further including features, e.g., overtime, minimal
lot size constraints, and setup carry overs in order to minimize their effects on resource
utilization thus already taking into account some scheduling at this stage. Two models are
developed based on the capacitated lot sizing problem with perishability that include pos-
sibilities of remanufacturing of externally returned items and rework of internally passed
items that is waiting dependent. An extensive numerical study on this model is executed
analyzing functionality and characteristics regarding complexity and its implications on the
solution finding process. The influence of constraints, e.g., minimal lot size constraints, life-
times, workloads, etc. are studied. Two different returns rates of items were assumed that
significantly influenced results, so that return rates turn out to be a very important input fac-
tor to the model which confirms conclusions from other authors that the return or recycling
rates significantly influences the planning process. Besides, minimal lot sizeconstraints are
a complicating factor of planning, not only regarding lifetime constraints, butthe overall
planning process. Therefore, more research is needed on this influencing factor.

Further research directions that are pursuited are the development of network flow for-
mulations for proposed models and their comparison regarding complexity andefficiency
of solution finding. Besides, we are interested in integrating finished goodsinventory distri-
bution decisions to the customer accounting for aspects of packaging and decision making
on transportation modes in order to maintain quality while minimizing negative influences
on the environment. This includes the reformulation of different objectivesin the objective
function of mathematical models that are dominated by profit maximization or cost mini-
mization up to date. Additionally, stochastic influences are prevalent regarding LDLT, so
that another research direction is to study the influence of stochastic events on the model
behavior and the resulting plan using szenario techniques and deterministic/stochastic de-
composition approaches. With the introduction of the GSCM and related research, a change
is perceptible in the research literature. We pursuit this important topic by enhancing con-
sciousness and sensitivity regarding sustainability in the production (planning) process.
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Chapter 2

Cumulative Doctoral Thesis

2.1 Three Thematically Related Research Articles and Reports

The focus of this thesis is on tactical production and supply chain planning with LDLT
as well as sustainability aspects. Related mathematical models are studied and research
gaps regarding formulations and characterizations highlighted. These gaps are closed by de-
veloping discrete dynamic deterministic approaches including the aforementioned aspects.
Related surveys are given as follows:

• Load Dependent Lead Times – From Empirical Evidence to Mathematical Model-
ing (with S. Voß and D.L. Woodruff), In: Kotzab H., S. Seuring S., Müller M., and
Reiner G. (Eds.), Research Methodologies in Supply Chain Management, Physica,
Heidelberg, 540–554, 2005.

• Production Planning with Load Dependent Lead Times (with S. Voß and D.L.
Woodruff),4OR: A Quarterly Journal for Operations Research, 3(4): 257-302, 2005.

• Production Planning with Load Dependent Lead Times: An Update of Research (with
S. Voß and D.L. Woodruff),Annals of Operations Research 153(1): 297-345, 2007.

• Production Planning and Deterioration Constraints: A Survey (with S. Voß and D.L.
Woodruff), In: Ceroni J.A. (Ed.) The Development of Collaborative Production and
Service Systems in Emergent Economies,Proceedings of the 19th International Con-
ference on Production Research (IFPR), Valparaiso, Chile, 1–6, 2007.

• Depreciation Effects in Production Planning and Supply Chain Management:A Sur-
vey, invited review ofEuropean Journal of Operations Research, under review, 2011.

Related mathematical formulations are developed and analyzed in the following publica-
tions:

• Discrete Lot-Sizing and Scheduling Including Deterioration and PerishabilityCon-
straints (with S. Voß), In: Danglmainer W., Blecken A., Delius R., and KlöpferS.
(ed.), In: Advanced Manufacturing and Sustainable Logistics, Proceedings of the 8th
International Heinz Nixdorf Symposium, IHNS 2010,Lecture Notes in Business In-
formation Processing, Springer, Berlin, Heidelberg, 345–357, 2010.

• Discrete Lot-Sizing and Scheduling with Sequence-Dependent Setup Timesand
Costs including Deterioration and Perishability Constraints (with S. Voß and D.L.
Woodruff), IEEE, HICSS-44, 1–10, 2011.

• Production Planning with Load Dependent Lead Times and Sustainability Aspects,
Technical report, Institute of Information Systems, University of Hamburg, 2012.
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where the latter mentioned technical report unifies LDLT and aforementioned sustainability
aspects providing mathematical models further including rework and remanufacturing. This
implies a study on closed-loop supply chain management and reverse logisticsthat pertain
to the field of green supply chain management. Moreover, an in-depth discussion on lead
time/capacity management, and related planning circularities is provided. Developed and
extended models are evaluated. While the first two publications concentrate on lifetime
constraints, the third contribution comprises all aspects and responds to theinitial research
objective that includes the investigation of models accounting for LDLT while items have
limited lifetimes and need to rework them if they passed their useful lifetime.

2.2 Co-Authors and Substantial Contribution of Candidate

The doctorate regulations of the University of Hamburg require a determination of the score
regarding the doctorate performance according to the following equation:

(

2
n+1

)

(2.1)

wheren denotes the number of authors per publication. The score of this doctoratethesis is
5.67. Details are given in Table 2.1.

Table 2.1: Determination of score regarding the doctoral thesis

Nr. of
Nr. Title authors Score

1. Production Planning with Load Dependent Lead Times 3 0.5
2. Production Planning with Load Dependent Lead Times:

An Update of Research 3 0.5
3. Depreciation Effects in Production Planning and

Supply Chain Management: A Survey 1 1
4. Load Dependent Lead Times – From Empirical Evidence

to Mathematical Modeling 3 0.5
5. Supply Chain Integration: Improvements of Global Lead Times

with SCEM 3 0.5
6. Production Planning and Deterioration Constraints:

A Survey 3 0.5
7. Discrete Lot-Sizing and Scheduling with Sequence-Dependent

Setup Times and Costs including Deterioration and
Perishability Constraints 3 0.5

8. Discrete Lot-Sizing and Scheduling Including Deterioration and
Perishability Constraints 2 0.67

9. Production Planning with Load Dependent Lead Times and
Sustainability Aspects 1 1

Total: 5.67

The contribution of the doctoral candidate regarding the presented research is substantial
which is also reflected by the order of authors on related publications. Theform of the
contribution given in Pahl (2012) is selected due to constraints regardingtime and space.
In general, journal publications should not exceed 15− 20 pages unless they are surveys



2.3. PUBLICATION OF RESEARCH ARTICLES AND REPORTS 12

that are allowed to extend to 31 pages. Additionally, the investigative character of the study
should be preserved, so that a book form is chosen. The final publication form is decided at
a later stage. No contribution included in this thesis constitutes an element of a current or
concluded dissertation project.

2.3 Publication of Research Articles and Reports

The publication and provision of research results is a fundamental requirement to take
part in the advancement of research. The interdisciplinary character of information systems
(management) and operations research/management science is reflected inthe selection of
publication character where business management may prefers publications in professional
journals whereas informatics favor publications in conference proceedings.

The evaluation of related publications may also be done by rankings that vary depending
on different criteria. Table 2.2 provides the ranking of A.-W. Harzing, JQL 2000-20101 for
Annals of Operations research (Annals), European Journal of Operations Research (EJOR),
and 4OR: A Quarterly Journal for Operations Research (4OR).

Table 2.2: Ranking of selected publications

Rankings
Journals VHB2003 Aeres08 Wie08 VHB08 VHB JQ 2.1

Annals A A A B B
EJOR A A A A A
4OR - - - - C

1http://www.harzing.com/download/jql.zip.
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Summary: 
As organizations move from creating plans for individual production lines to en-
tire supply chains it is increasingly important to recognize that decisions concern-
ing utilization of production resources impact the lead times that will be experi-
enced. In this paper we give some insights into why this is the case by looking at 
the queuing that results in delays. In this respect, special mention should be made 
that it is difficult to experience related empirical data, especially for tactical plan-
ning issues. We use these insights to survey and suggest optimization models that 
take into account load dependent lead times and related “complications.” 
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1 Introduction 

Let us define the lead time as the time between the release of an order to the shop 
floor or to a supplier and the receipt of the items. Lead time considerations are 
essential with respect to the global competitiveness of firms, because long lead 
times impose high costs due to rising WIP (work in process) inventory levels as 
well as larger safety stocks caused by increased uncertainty about production 
prerequisites and constraints. Despite this, considerations about load dependent 
lead times are rare in the literature. The same is valid for models linking order 
releases, planning and capacity decisions to lead times, and take into account 
factors influencing lead times such as the system workload, batching and 
sequencing decisions or WIP levels. 

Present practice for manufacturing supply chains is dominated by the use of 
material requirements planning (mrp) with its inherent problems. Many companies 
do not use adequate planning tools at all. Accordingly, problems arise when fixed, 
constant or “worst case” lead times are assumed at an aggregate planning level, 
e.g., to have enough “buffer time” to securely meet demands. In order to meet due 
dates there is also a tendency to release jobs into the system much earlier than 
necessary, leading to very high WIP levels and, therefore, longer queuing (waiting 
times) causing even longer lead times. This overreactional behavior becomes a 
self-fulfilling prophecy and is addressed in the literature as the lead time syndrome 
which results from the fact that the relationship between WIP, output, workload 
and average flow times is ignored (Zäpfel & Missbauer, 1993; Tatsiopoulos & 
Kingsman, 1983). Moreover, most mrp and enterprise resource planning (ERP) 
models implement sequential planning algorithms which neither consider 
uncertainties nor resource and production flow constraints of raw material, WIP 
and finished goods inventory (FGI), leading to suboptimal or infeasible production 
plans (Caramanis & Ahn, 1999). 

Another fundamental problem of manufacturing and production planning models 
is the omission of modeling nonlinear dependencies, e.g., between lead times and 
the workload of a production system or a production resource. This happens even 
though there is empirical evidence that lead times increase nonlinearly long before 
resource utilization reaches 100% (Asmundsson et al., 2003; Karmarkar, 1987); 
see Figure 1. This may lead to significant differences in planned and realized lead 
times. There is a lack of models allowing the analysis of behavior of lead times 
and WIP levels considering the facility workload under variable demand patterns 
like seasonal demand. In addition, it seems likely that queuing tends to be 
correlated so that a machine failure at one point of the system will cause queuing 
at other stations which leads to the presumption that lead time distributions tend to 
be fat-tailed and skewed. However, to the best of our knowledge there is no 
comprehensive (empirical) work on this topic currently available. Furthermore, it 
seems that there is no model which analyzes load dependent lead times in the 
context of stochastic demand evidently prevailing in practice. 
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Figure 1: Nonlinear Relationship between Waiting Time and Resource Utilization  

(Voß & Woodruff, 2003: 162) 

It is necessary to examine the problem of lead time dynamics at individual links to 
better understand the effects and the modelling requirements and complexities at 
the aggregate planning level for the entire supply network. The aim of this paper is 
to demonstrate, based on empirical evidence obtained by a survey and interviews 
recently executed and briefly sketched in the next section, the need for aggregate 
planning models with the following features: being able to take into account the 
nonlinear relation between lead times and workload, while remaining tractable to 
be adapted to complex production systems and supply chains. The remainder of 
this paper is organized as follows. In Section 2 we point out the empirical 
evidence of load dependent lead times by means of the results obtained from 
interviews and a survey recently executed. Then we survey methods and models 
dealing with load dependent lead times and examine indirect approaches, aspects 
of queuing theory, and introduce so-called clearing functions in Section 3. The 
paper concludes with some remarks and suggestions for future research directions. 

2 Load Dependent Lead Times – Empirical Evidence 

Production planning is a complex issue especially in the context of variable 
demand patterns or stochastic demand. In numerous production environments 
demand quantities are not known at the beginning of the production planning 
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process. As a result it is difficult to create forecasts of (highly) variable demand 
patterns. Production uncertainties and unforeseen events such as machine 
breakdowns, unavailability of production resources, illness of workers, etc. raise 
the instability of the production process with queues building up in front of 
machines resulting in increased WIP and FGI levels and consequently in raised 
lead times. Therefore, production processes in such environments tend to become 
somewhat hectic with overtime in peak situations leading to unbalanced utilization 
of production resources. This is especially true for the food (or semiconductor) 
industry which also has to account for various deteriorating rates of their 
production material, which is another complication issue of (load dependent) lead 
times. As a result, the forecast quality is very important in tactical (and 
operational) production planning since it prevents precipitated releases of jobs 
(orders) in the production process and, therefore, should be linked with aggregate 
production planning and order release control. Nevertheless, there is a lack of 
practical and useful tools for tactical production planning which permits 
companies to account for variable demand and unforeseen events causing load 
dependent lead times. This is one of the principle outcomes of our survey and 
interviews with companies from different industrial sectors such as transportation, 
logistics and inventory, aerospace, industry automation and mineral oil, and the 
chemical industry. 

The study includes enterprises of various sizes producing different types of 
products with very different product life cycles including base polyols, load cels, 
indicators/ transmitters, software, IT- and logistic services and satellite launchers. 
These companies face diverse demand patterns and environmental challenges they 
have to take into consideration in the overall production planning process, 
especially with regard to the planning of resources and their utilization levels. 
Many companies face variable (seasonal) and not easily predictable demand for 
their foremost products. This seems to be the main uncertainty in the production 
process, because further potential precarious factors such as, e.g., the cooperations 
with supply chain partners and delieveries from supply chain partners are not 
validated as highly impacting the production process. This is due to the fact that, 
e.g., the launcher business has very long production cycle times (the production of 
one launcher like Ariane 5 or Vega takes on average 2.5 years). Here, problems 
concerning the cooperation of supply chain partners are not very critical in terms 
of time compared to other branches like the automotive industry where JIT 
production is mainly implemented and late deliveries of components cause the 
whole production process to stop. Nevertheless, late deliveries of important 
components for, e.g., a launcher also cause the whole assembly process to stop 
which leads to great financial losses not only because of idle times of production 
resources and very expensive WIP waiting in the queue, but also because of the 
costs for the client associated with the delay (lost profits of satellite services). 
Other companies do not experience supply chain cooperation problems due to 
long endurance with few supply chain partners, leading to a stabilized and well 
defined work flow. 
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Usually medium or large organisations are characterized by a large number of 
supply chain partners and more or less complex production processes. The range 
of surveyed companies and their production systems cover synchronized facilities, 
job shops and make-to-order-systems with different core objectives in tactical 
production planning as, e.g., maximizing resource utilization in order to avoid idle 
times (mostly in synchronized production facilities), minimizing lead times or 
cycle times (this holds true for make-to-order situations) and minimizing WIP and 
FGI levels. Only a few companies use specific tools for tactical production 
planning such as SAP R/3, SAP APO (APO SNP for tactical production planning 
and APO PP/DS for operational production planning). The survey confirms the 
prevailing use of mrp-based systems together with estimated lead times (or 
planned lead times) leading to the problems outlined above. Most of the 
companies experience rising lead times due to machine breakdowns as well as 
rising WIP levels and consequent queuing in front of machines. Nevertheless, 
because of the unavailability of data sets (surveys) which are necessary to execute 
a detailed empirical analysis, it is not clear whether this occurs before reaching 
100% utilization, but despite the lack of information, queuing theory emphasizes 
the impact of resource utilization on load dependent lead times. 

The main goals in tactical production planning of the surveyed companies consist 
in minimizing lead (or cycle) times, as well as WIP and FGI inventory levels, and 
maximizing resource utilization in order to avoid idle times. For this purpose some 
of them use, e.g., some “worst case lead times” in order to have enough buffer 
time at certain (critical) points in the production system and to secure that 
demands can be met. Others implement estimates of lead times derived from 
historical data of the production system, which gets problematic when production 
processes change. Consequently, the underlying data for estimated or planned lead 
times is neither reliable nor useful in order to achieve the mentioned objectives. 
However, companies are aware of the fact that decisions on the workload in the 
production system (and of single resources), on scheduling and sequencing, and 
on lot sizing and setup times are key factors influencing (load dependent) lead 
times. To summarize, they lack models (included in comprehensive, usable and 
useful software tools) providing them with, e.g., “if-then”-analysis in order to 
better understand the impact of decisions of resource utilization levels, and not 
only for one single machine or production resource, but even for the whole supply 
chain network, and furthermore, in order to permit them to use better estimates of 
lead  times. Until now useful models did not exist which provide production 
planners with necessary information about the lead times which will be 
experienced in case of diverse resource utilization levels. 

As mentioned above, load dependent lead times are the result of production 
planning processes and should not be an input factor for production planning and 
scheduling. Moreover, the surveyed companies state the interest in models which 
take into account load dependent lead times and their impact on the performance 
of production. Thus it is necessary to analyse the nonlinear relationship of 
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resource utilization and lead times, as well as influencing factors in more detail in 
order to integrate them in aggregate production planning. Finally, the integration 
of supply chain partners in an overall supply chain network tends to precede in the 
right direction by connecting the participants through information system tools, 
e.g., the same production planning software or linking them together by add-ons in 
order to guarantee real time information of their production process and those of 
the supply chain partners. Nevertheless, this is still an ongoing process. 

3 Models Including Load Dependent Lead Times 

Load dependent lead times are primarily considered in the framework of capacity 
planning models and order release control mechanisms. Traditional models aim at 
“filling time buckets” which represent the available capacity of a production 
system in discrete time periods, while linear programming models are typically 
employed using hard capacity constraints which ignore the phenomenon that in 
asynchronous systems, prevailing in practice, queues build up long before 100% 
resource utilization is reached. Furthermore, they do not impose costs until the 
capacity constraint is violated, i.e., the constraint only tightens in case of 100% 
utilization (Karmarkar, 1989). Moreover, these models neither account for WIP 
and other lead time related cost factors that increase with queues and delays and 
accordingly with longer lead times (Karmarkar, 1993; Zipkin, 1986), nor do they 
include WIP costs and lead time consequences of capacity loading which can have 
significant effects on the performance of the production system. 

3.1 Indirect Approaches 

There are several ways to address problems associated with load dependent lead 
times. Some authors do not directly consider the difficulty of modeling nonlinear 
dependencies of lead times and workload, but try to solve the problem indirectly 
by influencing parameters that have an effect on lead times such as decisions on 
job release policies, influences of the demand side, changes in production plans or 
by smoothing demand variability, e.g., by implementing a make to stock policy, or 
shifts (away) from bottlenecks in order to increase capacity. Other approaches 
concentrate on lot sizing as an influencing factor or on production system 
characteristics as well as employing queuing theory as an analytical method. 

3.2 Aspects of Queuing Theory 

Analysis of production system performance and important key factors like 
throughput, WIP levels and load dependent lead times are frequently executed in 
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the context of queuing theory due to the fact that a large percentage of lead times 
are waiting times. It has been shown that 90% of the total flow time is due to 
transit times, where 85% consists of waiting (queuing) time, 3% of quality control, 
and 2% of transportation time; only 10% is due to value added processing 
operations (Tatsiopoulos & Kingsman, 1983). Queuing network models highlight 
the relationship between the capacity, loading and production mix as well as the 
resulting WIP levels and effect on lead times (Karmarkar, 1987) and provide 
important information on the causes of congestion phenomena. Furthermore, they 
show that delays predominantly depend on the service variability, i.e., the 
processing time of a resource, the variability of the arrival rate of work at a 
resource and the current workload as well as scale effects with major delays near 
the maximum capacity usage (Srinivasan et al., 1988). 

Congestion phenomena are inherent problems of production systems complicating 
the planning process. They emerge at different and frequently changing times and 
places which are hardly predictable. Therefore, it is crucial to better understand 
the reasons for congestion phenomena like the limited capacity of a machine 
(resource) to respond to demand variation over time (Lautenschläger, 1999) and to 
account for them in aggregate planning models. The literature on queuing and 
congestion phenomena is multitudinous; see, e.g. (Chen et al., 1988; Karmarkar, 
1987, 1989; Spearman, 1991; Suri & Sanders, 1993; Zipkin, 1986). Spearman 
(1991) develops a cyclic closed queuing network model with three parameters, 
viz. the bottleneck capacity, the “raw processing time” (i.e., increasing failure rate 
processing time, IFR) and a congestion coefficient which specifies a unique 
throughput/WIP curve in order to analyze the dependency between mean cycle 
time (synonymously used for “flow time” in many references) and WIP for the 
whole production system, i.e., single resources and their processing times are not 
considered. The model indicates a relationship between mean cycle time and WIP 
level and can be used to predict the average cycle time in exponential as well as in 
IFR closed queuing networks. Chen et al. (1988) provide a network queuing 
model for semiconductor wafer facilities which points out that congestion and 
delays are due to variability in the operating environment. So this variability has to 
be smoothed in order to obtain shorter production cycle times. 

It is useful to start with a queuing model in order to obtain some approximations 
for the key parameters or objective functions to be implemented in an aggregate 
planning model (Buzacott & Shantikumar, 1993). 

3.3 Indirect Integration of Load Dependent Lead Times 

There are only a few approaches which try to integrate load dependent lead times 
directly into mathematical programming models. For instance, Zijm & Buitenhek 
(1996) developed a manufacturing planning and control framework for a machine 
shop which includes workload oriented lead time estimates. For this purpose they 
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suggest a method that determines the earliest possible completion time of arriving 
jobs with the restriction that the delivery performance of any other job in the 
system will not be adversly affected, i.e., that every job can be completed and 
delivered on time. Their aim is to determine reliable planned lead times based on 
workload which guarantee that due dates are met and can be implemented at a 
capacity planning level, serving as input for a final detailed capacity scheduling 
procedure that also takes into account additional resources, job batching decisions 
as well as machine setup characteristics. Their framework is partly based on the 
work of (Karmarkar, 1987; Karmarkar et al., 1985). Missbauer (1998) focuses on 
the hierarchical production planning concept in which all partial problems can be 
included (e.g., aggregate production planning, capacity planning, lot sizing, 
scheduling etc.), but which avoids the problems of a comprehensive model, e.g., 
problems of data procurement, limited computational storage space, CPU times 
that are too long for calculation etc.  

Graves (1986) studied the dependencies between production capability, variability 
(uncertainty) of the production requirements, and level of WIP inventory in a 
tactical planning model and analyzes to which extent the job flow time (or WIP 
inventory) depends on the utilization of each resource of a job shop or production 
stage. He further concentrates on analyzing the interrelationship of flow time and 
production mix. For this purpose he employs a network model where multiple 
routings of jobs are possible so that the lack of a dominant work flow renders 
production control, which aims at reducing the variance of planned lead times. In 
addition, he uses a queuing model that includes flexible production rates of 
resources which can be set by a tactical planning model in order to smooth the 
work flow and to avoid the overload of resources. Moreover, he implements a 
control rule at each resource that determines the amount of work performed during 
a time period which is a fixed portion αj of the queue of work at j remaining at the 
start of the period at a specific resource j: tjQP jtjjt ,∀= α  with Pjt denoting the 

production of resource j in time period t, αj a smoothing parameter with 
10 ≤< jα  and Qjt the queue of work at j at the beginning of time period t. This 

parameter αj is called “proportional factor” by Missbauer (1998) and “clearing 
factor” by Graves (1986), because it indicates the quantity of jobs (orders) which 
can be cleared or finished (and passed to another station) in one time period. Here, 
the clearing factor implies infinite capacity since the resource is able to complete 
the fixed portion αj even when the workload (WIP) is infinitely high. The major 
drawback of this model is the employment of a linear function and consequently 
the omission of the nonlinear relationship of WIP and lead times. Nevertheless, 
Graves (1986) seems to be the first reference accounting for the dependency 
between lead times and workload and giving a practical aid on how to set planned 
lead times in, e.g., mrp models considering the workload of the production system. 
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3.4 Clearing Functions 

Taking up the idea of Graves and integrating it in a model with so-called “clearing 
factors” α(WIP) which are nonlinear functions of the WIP yields a clearing 
function of the following form (Karmarkar, 1989; Srinivasan et al., 1988): 

)(*)( WIPfWIPWIPCapacity ==α  
where f represents the clearing function which models capacity as a function of the 
workload. The clearing factor specifies the fraction of the actual WIP which can 
be completed, i.e., “cleared,” by a resource in a given period of time (Asmundsson 
et al., 2003). Missbauer (1998) calls this function “utilization function.” 
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Figure 2: Different Clearing Functions (Karmarkar, 1993) 

Figure 2 depicts some possible clearing functions where the constant level clearing 
function corresponds to an upper bound for capacity as mainly employed by linear 
programming models. This implies instantaneous production without lead time 
constraints since production takes place independently of WIP in the production 
system. The constant proportion clearing function represents the control rule given 
by Graves (1986) which implies infinite capacity and hence allows for unlimited 
output. In contrast to the nonlinear clearing function of Karmarkar and Srinivasan 
et al., the combined clearing function in some region underestimates and in others 
overestimates capacity. Moreover, the nonlinear clearing function relates WIP 
levels to output and lead times to WIP levels which are influenced by the work-
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load of the production system (Karmarkar, 1993) and, therefore, is able to capture 
the behavior of load dependent lead times. By applying Little’s Law, the clearing 
function can be reinterpreted in terms of lead time or WIP turn. Additionally, the 
slope of the clearing function represents the inventory turn with lead times given 
by the inverse of the slope (Karmarkar, 1989). Asmundsson et al. (2003) combine 
aspects of queuing theory with the clearing function concept by employing a clear-
ing function of the above given form and by defining the performance of a re-
source (work center) as dependent on the workload using a G/G/1 queuing model. 

In order to develop the clearing function, two approaches can be found in the 
literature to date. The first is the analytical derivation from queuing network 
models and the second an empirical approximation using a functional form which 
can be fitted to empirical data. Because of the large amount of detail in practical 
systems the complete identification of the clearing function will not be possible, 
so we have to work with approximations. Asmundsson et al. (2002) integrate the 
estimated clearing function in a mathematical programming model where the 
framework is based on the production model of (Hackman & Leachman, 1989) 
with an objective function that minimizes the overall costs. It is assumed that 
backorders do not occur and that all demand must be met on time. We concentrate 
on this model as an example for the direct integration of load dependent lead times 
in aggregate production planning models. The model is then stated as follows: 
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where n
it

n
t Xφ  denotes the costs of the total amount of production over the latter 

half of period t and the first half of period t+1, represented by n
itX , with 

n
tφ referring to the corresponding unit costs at node n in period t. The WIP costs 

and the FGI costs of item i at node n at the end of period t are denoted by n
it

n
itWω  

and n
it

n
it Iπ , respectively, with n

itω  and n
itπ  being the corresponding unit costs and 

n
itW  and n

itI  representing the WIP and the inventory, respectively. Likewise, the 
costs of releases of raw material of item i at node n during period t are represented 
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by n
it

n
it Rρ  with unit costs n

itρ  and finally the transfer costs on arc j during period t 
are given by jtjtYθ  with corresponding unit costs 

jtθ . n
tX •
 is the production 

quantity and n
tW•
 the WIP level summarized over all items i. 

The first two constraints denote the flow conservation for WIP and FGI, which is 
different from classical models since inventory levels at each node in the network 
are connected with the throughput rate. (A(n,i) / B(n,i) represent a set of 
transportation arcs contributing to inflow / outflow of item i at node n.) In contrast 
to Ettl et al. (2000), the nonlinear dynamic is incorporated in the clearing function 
and thus not included in the objective function, but modeled as a constraint of the 
model. Furthermore, the planning circularity which is one of the most significant 
shortcomings of mrp systems is overcome by not modeling the lead time explicitly 
in the mathematical program. Consequently, there is no need to employ fixed and / 
or estimated lead times ignoring the nonlinear relationship between lead times and 
WIP. Instead, they are calculated using Little’s Law: 
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where n
itL  denotes the expected lead time for the last job of item i which arrived 

before the end of period t. We are also interested in deriving the lead times for 
single items i in order to consider multiple product types with different resource 
consumption patterns. For that purpose we assume the standard case of FIFO 
processing for which the following relationship holds: 
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Taking this relation and multiplying the production quantities n
itX  with their so-

called resource consumption factor n
itξ  which defines the capacity consumption 

per unit produced for item i at node n, we derive a new variable n
itZ  of the 

following form: 
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By implementing this variable n

itZ  we obtain the clearing function for each item i 
which is called the partitioned clearing function: 
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The partitioned clearing function is depicted in Figure 3. 
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Figure 3: Clearing Function for Products A and B (Asmundsson et al., 2002) 

In order to relax the assumed priority rule (FIFO) we only suppose that n
itZ  

satisfies the properties stated above, but has an arbitrary functional form. With this 
formulation Asmundsson et al. (2002) succeed in integrating the nonlinear 
relationship between WIP and lead times in a mathematical model. The second 
goal is to transform this model in a tractable form which allows even the relatively 
large planning problems to be dealt with. For this reason we use a linear 
programming formulation by representing the partitioned clearing function 
through a set of linear constraints. To be more precise, the clearing function is 
approximated by the convex hull of straight lines which is possible because of its 
concavity: 

( ) { } tnWWf c
nt

n
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c
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n
tnt ,min ∀+= •• βα  

The individual lines of the items are denoted by the index c. The β coefficients 
represent the intersection with the y-axis and indicate the capacity splitting 
(sharing) across the items while the α coefficients represent the slope of the 
clearing function. Applying this formulation to the partitioned clearing function 
leads to the following form: 
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Replacing the former capacity constraint of the original nonlinear mathematical 
programming model with nonlinear lead time and capacity dynamics gives the 
complete linearized formulation: 
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The approximation of the partitioned clearing function is depicted in Figure 4. 
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Advantages of this approach lie in the fact that the marginal cost of capacity and 
the marginal benefit of adding WIP are strictly positive, because of the fact that 
the constraints are always active as opposed to classical models where, e.g., the 
capacity constraint is only active at 100% utilization. However, this is only likely 
to be the fact at the bottleneck of the production system (Asmundsson et al., 
2002). In order to examine the relevance and performance of this approach the 
authors consider an example of a simple single stage system with three products, 
which gives very good results. Furthermore, the sensitivity of the estimated 
clearing function to diverse shop floor scheduling algorithms, different demand 
patterns and techniques of production planning using a simulation model is 
analyzed. To summarize, the clearing function model reflects the characteristics 
and capabilities of the production system better than models using fixed planned 
lead times (like mrp) and derives realistic and robust plans with better on time 
delivery performance, lower WIP and system inventory (Asmundsson et al., 
2003). In addition, the model captures the effects of congestion phenomena on 
lead times and WIP and, therefore, the fundamental trade-off between anticipatory 
production to account for possible demand peaks and just in time production to 
avoid higher costs due to preventable FGI. Finally, the releases generated by the 
partial clearing function model are smoother and lead to enhanced lead time 
performance. Moreover, interactions between clearing functions and shop floor 
execution systems such as the dependency of load dependent lead times on the 
various priority rules have to be analyzed more closely. This is a circularity, 
because clearing functions are dependent on the employed scheduling policy and, 
therefore, on the result of the scheduling algorithm. Moreover, the schedules are 
dependent on the release schedule and consequently on the planning algorithm. 

4 Conclusions 

We have seen that considerations on load dependent lead times are rare in the 
literature to date which is also true for aggregate planning and control models. 
This is particularly noteworthy, because reflections on lead times are essential 
with respect to the global competitiveness of firms. Furthermore, we have seen the 
importance to account for the nonlinear relationship between lead times and 
workload of production systems and further influencing factors such as product 
mix, scheduling policies, batching or lot sizing, variable demand patterns, 
deterioration etc. Analytical (queuing) models emphasize the nonlinear 
relationship between lead times and workload which is included only in a few 
mathematical planning models. Additionally, there is a lack of models which 
analyze load dependent lead times in the context of stochastic demand and 
uncertainties evidently prevailing in practice. The approach of modeling clearing 
functions in order to account for load dependent lead times as outlined in this 
paper is considered very promising and will be implemented in a stochastic 
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framework by using queuing models with the purpose of integrating the problem 
of variable demand patterns, and in order to analyze the behavior of load 
dependent lead times. This will be used as a starting point for more sophisticated 
modelling of production systems where we try to model single production units 
(resources, workstations, etc.) as queuing models in order to derive their specific 
clearing functions. Furthermore, it has been stated that load dependent lead times 
mainly arise due to congestion phenomena which are pervasive problems of 
production systems, complicating the planning process by emerging at different 
and frequently changing times and places which are hardly predictable due to 
various factors like machine breakdowns, variable demand patterns or 
deteriorating items. For future work we shall develop approaches for aggregate 
production planning which take empirical values of the probability of machine 
breakdowns into account as well as the other mentioned causes of congestion 
phenomena. This can be achieved by applying, e.g., a learning algorithm which 
allows for learning the behavior of production units (resources or workstations) as 
well as the overall system behavior, and including this information into aggregate 
production planning. Information on downtimes is rarely considered or integrated 
in mathematical models. It is not even considered in the latest and sophisticated 
supply chain management software like SAP APO. This will be a subject for 
further research. 
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Abstract. Lead times impact the performance of the supply chain significantly.
Although there is a large literature concerning queuing models for the analysis of the
relationship between capacity utilization and lead times, and there is a substantial
literature concerning control and order release policies that take lead times into
consideration, there have been only few papers describing models at the aggregate
planning level that recognize the relationship between the planned utilization of
capacity and lead times. In this paper we provide an in-depth discussion of the
state-of-the art in this literature, with particular attention to those models that are
appropriate at the aggregate planning level.
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1 Introduction

Let us define the lead time as the time between the release of an order to the
shop floor or to a supplier and the receipt of the items. Lead time considerations are
essential with respect to the global competitiveness of firms, because long lead times
impose high costs due to rising work in process (WIP) inventory levels as well as
larger safety stocks caused by increased uncertainty about demand. Large planning
models typically treat lead times as static input data, but in most situations the
output of a planning model implies capacity utilizations which, in turn, imply lead
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times. Lead times are among the most important properties of items in production
planning and supply chain management (SCM).

Despite this, considerations about lead times dependent upon resource utiliza-
tion (load dependent lead times: LDLT) are rare in the literature. The same is valid
for models linking order releases, planning and capacity decisions to lead times,
and taking into account factors influencing lead times such as the system workload,
batching and sequencing decisions or WIP levels. That is, in SCM and production
planning models nonlinear dependencies, e.g., between lead times and the workload
of a production system or a production resource, are usually omitted. This happens
even though there is empirical evidence that lead times increase nonlinearly long
before resource utilization reaches 100%, which may lead to significant differences
in planned and realized lead times.

In this paper we present different approaches on how to account for LDLT.
These are indirect approaches primarily aiming at avoiding LDLT and their causes
before they arise, e.g., demand variability smoothing methods, job release policies
and production planning design, as well as models addressing the problem by
implementing LDLT in aggregate production planning using clearing functions.

The literature we review comes from well-known journals as well as less well-
known dissertations, which provides the reader a broad set of sources for further
studies. We start with a few introductory remarks in the next section. That is, before
describing the specific models related to LDLT in the literature, we devote Sect. 2
to the provision of some context in the larger supply chain and production planning
literatures. In Sect. 3 we provide detailed descriptions of recent research aimed at
the development of aggregate production planning models that are able to capture
the nonlinear dependency of lead times and workload directly and nevertheless
remain computationally tractable. Finally, some conclusions are provided.

2 Supply chain management and lead time discussion

SCM rose to prominence as a major management issue in the last decades. While
the focus of managing supply chains has undergone a drastic change as a result
of improved information technology (IT), production planning remains a critical
issue. For some references on SCM see Simchi-Levi et al. (2002), Stadtler and
Kilger (2005); Voß and Woodruff (2006), just to mention some.

In this section we provide context for the models that will be discussed in Sect. 3
below. Besides a few remarks on information sharing (Sect. 2.1) we provide some
links to literature concerning common planning concepts (Sect. 2.2) as well as
release mechanisms (Sect. 2.3).

Before going into detail, let us reconsider our lead time definition. Besides our
definition given above, Yücesan and de Groote (2000) define lead times as the time
between the authorization of production to the completion of processing, at which
point the material is ready to fill a customer order. So, lead time consists of queuing
time, processing time, batching time, and transportation/handling time.
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Even if it is not related to the literature on LDLT it should be mentioned that
various forms of lead times may be discussed, such as effectuation lead times (the
time between a decision is made and the time the consequences of this decision
can be observed throughout the supply chain), minimal lead times, and actual lead
times; see, e.g., de Kok and Fransoo (2003).

2.1 Information sharing

Many companies use modern information technology to help them gain competitive
advantages in the marketplace. The rapid information technology advancements
have provided tools to enable supply chain partners to share information with each
other. Yet, questions concerning the benefits that can be gained through the sharing
of information are frequently raised. Several researchers have examined the impact
of information sharing on business performance; see, e.g., Thonemann (2002) and
Zhao et al. (2002). A survey on the impacts of sharing information including some
lead time discussion is provided by Huang et al. (2003).

One of the most common information sharing issues is the so-called bullwhip
effect. It relates to the observed behavior when forecasts for intermediate products
within a supply chain are based only on the direct demand experienced for those
products, i.e., variability in the demand pattern is magnified. For references on the
bullwhip effect see, e.g., Lee et al. (1997), Chen et al. (2000), Simchi-Levi et al.
(2002).

The dynamics and the globalization of markets imply competition in time-
based factors like flexibility or responsiveness to consumers, especially in case
of variable demand patterns as pointed out by Spearman and Zhang (1999). This
results in the need to share business information, especially information related to
the production process and the inventory levels for use in planning models. Without
proper communication and planning models, decreasing lead times at individual
links of the supply chain do not automatically lead to improvements in global
supply chain lead times. If, e.g., an individual link of the supply chain is able to
respond flexibly to production requirement changes by modulating its own lead time
accordingly, this does not result in a benefit for the overall supply chain as long as the
information about this flexibility in lead time dynamics is not communicated to the
other partners (see Graves and Willems 2000 or Hall and Potts 2003). For instance,
Caramanis andAnli (1999b) propose an iterative learning algorithm that shows how
efficiency can be increased by sharing information at each individual production
and decision node of a production cell. These nodes can also be interpreted as
companies related to each other in a supply chain.

2.2 Common planning concepts

Present practice for manufacturing supply chains is dominated by the utilization
of models based on materials requirements planning (mrp) which are associated
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with a variety of problems. Homem-de-Mello et al. (1999) and Caramanis and
Anli (1999b) highlight that one of these problems lies in the assumption of fixed
and constant lead times at the aggregate level of the planning process and, what
is even worse, in the utilization of the “worst case lead time,” i.e., the maximal
lead time for an individual link. This is done in order to have enough “buffer
time” to ensure that the demand requirements can be met in any case (see also
Enns and Suwanruji 2004). Additionally, in order to meet due dates, there is a
tendency to release jobs into the production system much earlier than necessary,
leading to very high WIP levels and therefore longer waiting times. Consequently,
lead times get even longer. This over-reaction becomes a self-fulfilling prophecy
and is addressed in the literature as the lead time syndrome. It results from the
fact that the relationship between WIP, output, workload and average flow times is
ignored (see Zäpfel and Missbauer 1993a,b or Tatsiopoulos and Kingsman (1983)).
Furthermore, these planning models hide the variability and the dependency of lead
times on planning factors by defining planned lead times which are much longer
than necessary. Additionally, they use planning techniques that ignore consistency
constraints in determining production targets for single production cells (stations
or resources) or, as Caramanis and Anli (1999b) point out, tighten them so as to
linearize and make them time invariant.

Most mrp and enterprise resource planning (ERP) models implement sequential
planning algorithms which omit many functional interdependencies or uncertain-
ties. In Asmundsson et al. (2003) and Karmarkar (1987) we see that one of the
fundamental problems of various manufacturing and production planning models
like mrp or manufacturing resources planning (MRP II) is the omission of mod-
eling nonlinear dependencies. These include, e.g., the relationship between lead
times and the workload of a production system or a production resource. However,
there is empirical evidence that lead times increase nonlinearly long before resource
utilization reaches 100%. This is also highlighted in Pahl et al. (2005). As a conse-
quence, production plans tend to be inaccurate because of the fact that lead times are
extremely dependent on decisions about the product mix, workload and scheduling
policies which is also emphasized in Asmundsson et al. (2002, 2003), Caramanis
(2000), Caramanis and Anli (1999a,b), Yano (1987), Zijm and Buitenhek (1996).
This is particularly true for unsynchronized manufacturing shops where products
can follow diverse routings and resources have limited capacity. Nevertheless, mrp
systems treat the production lead time of a product, part, or stock keeping unit
(SKU) as a constant (external) parameter independent of other production factors
and, therefore, as an attribute of the part (see Dauzère-Pérès and Lasserre 2002).

Karmarkar (1993b) points out that the lead time of a part is rather a property
of the state of the production facility and, consequently, depends on the overall
available capacity and workload which can vary significantly over time. Hackman
and Leachman (1989) propose a framework for modeling production processes that
generalizes and improves the accuracy of simple production models integrated in
linear programming (LP), mrp and CPM (critical path method) based on modeling
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and planning techniques by reformulating the constraints of components of produc-
tion lead times. Billington et al. (1983) address the shortcoming of mrp models to
treat the capacity as infinite. They present a mathematical programming approach
dealing with capacity constraints which are scheduled considering other production
stages and unpredictable production lead times in order to account for the fact that
lead times are related to capacity planning. Clark and Armentano (1995) develop
a heuristic model for a resource capacitated multi-stage lot sizing problem includ-
ing general production structures, setup costs, WIP inventory costs and production
lead times. The heuristic first calculates a production plan for the uncapacitated
case and then shifts production backward in time so as to generate capacity feasible
production plans.

Missbauer (2002) integrates the functional relationships between, e.g., the mean
level of WIP and important core variables of production planning like flow time
or capacity utilization in lot sizing models to analyze the impact of lot sizing on
these specific values and dependencies. Moreover, Enns and Choi (2002) and Enns
and Suwanruji (2004) develop methods for setting dynamically planned lead times
based on the current system workload and lot sizes in MRP II systems. In this
respect, they study the use of exponentially smoothed order flow time feedback
for the dynamic planned lead time setting in a GI |G|1 queuing model. Results
reveal that the assumptions considering the lot inter-arrival time variability have
a great influence on lot sizes and the overall system performance since lead times
are significantly affected by the system workload which, in turn, is dependent on
capacity and, therefore, setup times.

Voß and Woodruff (2004) concentrate on the fact that decisions about the uti-
lization of production resources in the aggregate planning process affect realized
lead times. This is even more important to be captured when widening the aggregate
planning process to whole supply chains. They further emphasize the need to simul-
taneously consider lead time consequences and alternative routings and/or suppliers
– which they model as additional routing alternatives – arising during the planning
process. This is due to the fact that bottlenecks shift as a result of the production and
planning process. The important insight, which is also highlighted in Goldratt and
Fox (1986), is that the consideration of interactions of bottlenecks in the production
system is of great importance also because of the fact that a resource becoming a
bottleneck is dependent on the workload. It therefore depends on decisions about
loading and alternative routings. These, in turn, are determined much earlier in the
aggregate production planning process and, thus, from the point of view of Voß
and Woodruff (2004), should not be distributed to the control level. Their aim is
to provide a useful planning model with realistic assumptions from which feasi-
ble (realizable) schedules can be derived and which accounts for consequences of
LDLT on planning decisions for supply chain networks.

Recent versions of advanced planning systems (APS) incorporate finite ca-
pacity schedule techniques based on diverse models targeted toward determining
accurate start times and schedules for jobs without ignoring capacity constraints
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(see, e.g., Fleischmann and Meyr 2003 and the contributions in Stadtler and Kilger
2005). Together with manufacturing execution systems (MES) which use network
technology in order to provide real time tracking of important production resource
information (machines, labor, WIP levels), the APS receive the current production
status of the shop floor and the planned order releases from an ERP system with
the objective to optimize the production schedule (see, e.g., Homem-de-Mello et
al. 1999).

2.3 Release mechanisms

The use of pull-based control mechanisms can increase the predictability of lead
times and thereby improve the performance of planning systems. There is vast liter-
ature on this subject; see, e.g., Ben-Daya and Raouf (1994), Buzacott and Shantiku-
mar (1993), Hopp et al. (1990), Ouyang et al. (1997), Srinivasan et al. (1988), Wu
(2001). In addition, pull-based control systems like KANBAN or CONWIP aim at
controlling workflow in order to reduce overall inventories and the related costs;
see, e.g., Spearman et al. (1989, 1990). The KANBAN concept is an early sug-
gestion from Japan to implement the pull principle in manufacturing systems. The
specific information system includes the KANBAN card, which can be regarded
as an authorization for production. The main characteristic of the KANBAN sys-
tems is reflected by the closed loops of every production unit. For more details on
KANBAN systems see, e.g., Krieg (2003). In CONWIP systems, the manufacturing
system is comprised of one closed loop card system, so that one card is attributable
to one product container and, consequently, inventory is equal to the number of
cards in the system. The name “CONWIP” derives from “CONstant Work In Pro-
cess.” The CONWIP system can be regarded as a closed queuing network where
the orders correspond to the constant number of cards in the system (see, e.g., Hopp
and Spearman 2001).

There exist many studies in the literature to date that examine pull release
mechanisms based on the workload of production facilities as, e.g., Bertrand and
Wortmann (1981), Bertrand (1983) and methods of workload oriented production
control as, e.g., Bechte (1982), Bertrand and Wortmann (1981), Bertrand (1983),
Wiendahl and Wedemeyer (1990). According to Homem-de-Mello et al. (1999),
neither KANBAN nor CONWIP integrate due dates in order to smooth releases
and therefore workload, which leads to inaccurate order releases.

Adoption of KANBAN and just in time (JIT) techniques in complex production
systems that do not have the proper characteristics such as flow balance between
production stages, highly similar products etc., is problematic as pointed out by
Zäpfel and Missbauer (1993a,b). Moreover, the problem of workload oriented pro-
duction controls lies in the fact that often, from a supply chain perspective, they do
not really solve any problem regarding lead times, but rather increase their mean
and variance by shifting the workload from inside to outside the manufacturing
shop. That is, jobs that would wait within the shop floor are forced to wait in front
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of the shop. This is because workload controls only release jobs when enough ca-
pacity is available which is also stated by Zijm and Buitenhek (1996) or Philipoom
and Fry (1992).

Other authors argue that holding (delaying) jobs in a so-called “job pool” and
thereby controlling a hierarchy of backlog lengths provides a good mechanism to
control the shop floor throughput times. As has been argued by Hendry and Kings-
man (1991) the latter are an important part of lead times and consequently reduce
congestion situations in the production system, WIP levels, LDLT and related costs.
Moreover, Philipoom and Fry (1992) investigate the benefits and drawbacks of not
only delaying jobs in a job pool, but rejecting customer orders when the system
workload or utilization is very high in order to avoid long queues in front of the
entry point to the production facility and to improve delivery reliability. Rejecting
orders will surely lead to the loss of goodwill, but accepting customer orders in-
cluding due dates and failing to deliver does lead to even higher loss of goodwill.
For further reading see Philipoom and Fry (1992). They also point out that uncon-
ditionally accepting customer orders leads to the increase of average flow times
resulting in raised uncertainty whether agreed upon due dates are met for all other
jobs in the production system. It is surely dependent on business culture in the
specific industry whether rejecting orders is practical, but they show that rejecting
a small percentage of orders can lead to considerable improvements in system per-
formance. Job release policies and release controls aim at avoiding overload of the
production system and, consequently, restrict WIP to reduce queues and therefore
the dependency of the lead time on the workload which then allows for the usage
of simpler planning models. Witt and Voß (2005) proposed controlling the WIP in
a hybrid flow shop by modifying release quantities based on limited intermediate
storage.

Agnew (1976) proposes a dynamic model of a general congestion-prone sys-
tem which illustrates the relationship between throughput and workload of the
system. He analyzes the system behavior and the form of optimal policies for most
accurately controlling congestions. Land and Gaalman (2003) propose a compre-
hensive production workload control model (WLC) which buffers the shop floor
against external dynamics like rush orders or demand peaks and tries to equili-
brate the queuing of jobs in the shop floor in a stationary process using workload
norms. Various authors have extended these WLC models to hierarchical capacity-
oriented production control concepts for job shops as, e.g., Bechte (1988), Bertrand
and Wortmann (1981). Missbauer (2002) presents a decision model for the opti-
mization of aggregate order releases that takes into account the dependency of the
work center output on the WIP and thus can be considered as a workload con-
trol method. Homem-de-Mello et al. (1999) develop a job release method using
simulation-based optimization for production scheduling that aims at setting re-
lease times for jobs with fixed due dates and determined sequences in stochastic
production lines including machine down times, where job release criteria are WIP
levels as well as customer service (rates). One objective is to keep flow or cycle
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time (sum of processing and queuing time) at a minimum level in order to increase
responsiveness and flexibility in manufacturing and to reduce WIP. They consider a
transient situation, as opposed to other papers which deal with setting release times
using steady state models.

Glassey and Resende (1988) study optimal control policies including informa-
tion about the type of machine failure in order to minimize the average inventory in
two stage flow lines. They describe the optimal control policy by defining a specific
threshold level for each type of failure of downstream resources (stations). They
show that dynamic control policies reacting to machine failures are most valuable
in the case that the second stage resource is the bottleneck, the downtime is not too
small and the ratio of the repair rate to the processing rate of the second resource
is small.

Further work includes studies on closed-loop job release mechanisms for job
shops with machine failures and repair as a main source of randomness. The so-
called “starvation avoidance” control mechanism aims at maximizing utilization of
critical bottlenecks while controlling the development of the WIP. By monitoring
actual WIP levels this job control procedure only releases jobs into the production
system when inventories are below a predetermined safety stock level. Besides this,
Kim et al. (1996) propose a release control mechanism designed for semiconductor
wafer fabrication that uses a tracking system which provides the model with actual
information about the shop floor situation. A heuristic is proposed in order to min-
imize the mean flow time and mean tardiness while observing given output rates.
Simulation results are provided for a simplified semiconductor wafer fabrication
environment. A more detailed overview of order release algorithms can be found
in Hendry and Kingsman (1991), Philipoom and Fry (1992), and Tatsiopoulos and
Kingsman (1983).

Wiendahl and Wedemeyer (1990) describe the general dilemma of production
planning, scheduling and release control which has its roots in the conflicting plan-
ning objectives and resulting trade-offs as, e.g., minimization of lead times and
WIP inventory levels while maintaining high utilization levels. They argue that,
despite of these problems, it is possible to find an optimal solution to each situation
by employing an order release control method. In addition, Zäpfel and Missbauer
(1993a) give an overview of production planning and control concepts that aim at
overcoming the deficiencies of traditional models such as MRP II. These include
concepts like Optimized Production Technology (OPT), Just in Time Production
Planning and Control (JIT-PPC) as well as production planning and control in-
cluding progressive figures which provide an instrument for monitoring material
flows employing a graphic or diagram, but do not include methods for capacity
planning.

The OPT concept considers the performance of the production system as de-
pendent on the bottleneck in the system and takes it as a basic constraint (starting
point) to calculate the detailed production plan. The OPT scheduling algorithm
generates the detailed schedule for the bottleneck and then performs the forward
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scheduling of the orders also including the determination of transfer batches and
process batches. The resulting flow times and delivery times are the outcome of the
planning process which is the most important result of this concept, namely that
it does not use estimated planned lead times. The order release process is deter-
mined on the so-called “drum beat” of the bottleneck resource, i.e., its production
rate which is calculated by the drum-buffer-rope approach (DBR) and determines
the schedule for the bottleneck resource. The concept is discussed extensively in
Goldratt (1988) and Zäpfel and Missbauer (1993a).

3 Models incorporating load dependent lead times

In this section we will concentrate on the problem of how to develop aggregate
production planning models which are able to directly capture the nonlinear de-
pendency of lead times and workload and nevertheless remain tractable compu-
tationally. The first reference that we review is Zijm and Buitenhek (1996). They
consider the relationship of lead times and workload without using the concept
of clearing functions. This is incorporated in the model of Graves (1986) which
opens the discussion on clearing functions. Models from Srinivasan et al. (1988),
Karmarkar (1987, 1989a), Asmundsson et al. (2002, 2003), and Hwang and Uzsoy
(2004) follow in this regard. Moreover, the model of Missbauer (1998) emphasizes
lot sizing decisions and integrates them into a clearing function model. Besides,
the work of Lautenschläger (1999) concentrates on forward shifting functions for
production planning. However, Caramanis andAnli (1999a) are the first who extend
the view to the overall supply chain. Mendoza (2003) emphasizes stochastic issues
and develops a transient Little’s Law.

3.1 The planning and control model with workload oriented lead
times of Zijm and Buitenhek

Zijm and Buitenhek (1996) develop a manufacturing planning and control frame-
work for a machine shop that includes workload oriented lead time estimates in
order to account for the need to consider both lead time and capacity management
in one management planning tool. For that purpose they suggest a method that de-
termines the earliest possible completion times of arriving jobs with the restriction
that the delivery performance of any other job in the system will not be adversely
affected, i.e., that every job can be completed and delivered in time.

The goal is to determine reliable planned lead times based on the workload
that results in due dates for jobs that can be met. The model can be implemented
at a capacity planning level, serving there as an input for a final detailed capacity
scheduling procedure that also takes into account additional resources, job batch-
ing decisions as well as machine setup characteristics. They use queuing network
techniques to determine the mean and variance of lead times dependent on lot sizes,
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production mix and expected production volume. Their framework is partly based
on the work by Karmarkar (1993a) and Karmarkar et al. (1985a) as they employ
for each network service station a M|G|1 queuing model with multiple part types.

Employing different approximations for queuing networks can lead to improve-
ments in the result, e.g., when modeling production system nodes as GI |G|c net-
works in case of parallel machines. To find an approximation for the average work
in the production system that has to be processed at a specific machine, Little’s Law
is used:

Y ijk = λijkLijk

where Y ijk denotes the mean number of batches of part type i in queue or in
process at resource (work station) j for their k-th operation, Lijk is the mean lead
time corresponding to the k-th operation of part type i at resource j and λijk the
arrival rate of batches of part type i at resource j for their k-th operation (defined by
λijk = Di

Qi
δijk , where Di is the demand rate of part type i, Qi the deterministic lot

size of i and δijk an indicator function which fixes the part type dependent routing
of i). Furthermore, the batch processing time pijk of part type i at resource j for
the k-th operation includes the setup time Sijk and is given by pijk = Sijk+Qiξijk ,
where ξijk denotes the deterministic processing time for part type i at resource j for
the k-th operation. The n-th moment of the part type- and operation-independent
batch processing time pj is then represented by the following formula:

E(pj )
n =

M∑
i=1

K∑
k=1

λijk

λj
(pijk)

1

Here, λj denotes the overall arrival rate at resource j . Consequently, the average
workload ρj at workstation j is given by:

ρj = λjE(pj )
n

Assuming Poisson arrival processes at each resource, the Pollaczek-Khintchine
formula yields the following expression for the mean waiting time in queue Wtj
at workstation j :

Wtj = λjE(pj )
2

2(1 − ρj )

Moreover, the mean lead timeLijk is determined by the mean waiting time in queue
at resource j (Wtj ) and the batch processing time pijk: Lijk = Wtj + pijk . We
clearly note the incorporation of the relationship between lead times and workload
in this formula. The approximation for the average work in the production system
Wj is then given as follows:

Wj =
M∑
i=1

K∑
k=1

Y ijk

pijk +
K∑

k̂=k+1

p
ij k̂

 +
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iĵk

 K∑
k̂=k+1

p
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The first term refers to the jobs currently present at resource j and includes both
current (k) and future operations (k̂). The second term represents the jobs currently
present at other resources (ĵ �= j ) which could still have to visit resource j .
Furthermore, p

ij k̂
denotes the batch processing time of the future operation k̂ on

part type i at resource j . The term can be interpreted as the number of jobs at
resource j on which the jobs have to undergo present and future operations plus the
number of jobs which have not already been processed on resource j . Subsequent to
the determination of both mean and variance of the lead times and the average work
in the production system is a decomposition-based job shop scheduling algorithm
(the shifting bottleneck procedure). The capacity planning procedure is then used
to calculate the individual planned lead times for each batch, based on the actual
workload of the production system.

To be more precise, first a scheduling algorithm is employed to minimize the
maximum lateness for each job under the special characteristic that a job is allowed
to visit a workstation, once, more than once, or not at all. Despite the fact that this
is an NP-hard problem the shifting bottleneck heuristic gives satisfactory results.
The decomposition algorithm then distributes the overall problem to a series of
single machine scheduling problems for determining the virtual release and due
dates for the operations with the objective of minimizing the maximum lateness.
Once assigned, these due dates are fixed, i.e., modifications are not possible.

The capacity planning method based on aggregate scheduling finally assigns
the due dates to each job depending on the current workload of the production sys-
tem under the aforementioned condition that all jobs in the system can be finished
without delay. These due dates further give the input for the detailed shop floor
scheduling. What is obviously different here is the explicit consideration of differ-
ent routings and machines at their capacity limit which is not included in classical
“bucket filling” capacity planning models as the latter tend to smooth the needed
capacity over the scheduling time period and consequently ignore precedence rela-
tions. The model represented here is designed for a highly simplified machine shop,
but can be modified for several shop configurations. Although it does not consider
the nonlinear relationship between workload and LDLT, it provides a first approach
for considering the workload of a production system at an aggregate planning level.

3.2 The tactical planning model of Graves

Graves (1986) develops a tactical planning model for a job shop for the purpose of
studying the dependencies between production capability, variability (uncertainty)
of the production requirements, and level of WIP inventory. He tries to analyze
to which extent the job flow time (or WIP inventory) depends on the utilization
of each resource of a job shop or production stage, respectively. Furthermore,
the interrelationship of flow time and production mix is analyzed. The underlying
production system is a flexible job shop, modeled as a network of queues where
multiple routings of jobs are possible so that the lack of a dominant work flow
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complicates production control which aims at considerably reducing the variance
of planned lead times. Nonetheless, input/output control systems try to manage the
work flow through the shop by stabilizing queues at a predetermined level.

Planned lead times are used as the key decision parameters for implementing an
input/output control in order to describe production rates by resource and by time
period. For that purpose a queuing model is employed that includes flexible produc-
tion rates of resources which can be set by a tactical planning model as to smooth
the work flow in order to avoid overload of resources. According to Karmarkar
(1989a) this imposes difficulties, because it implies that, applying Little’s Law,
lead times are fixed even when workload varies. Similar to Bertrand and Wortmann
(1981), Graves (1986) develops a time discrete, aggregate planning model which
attempts to control the flow time of jobs and hence the workload in the production
system. This discrete-time, continuous flow model considers workload rather than
single jobs. It is assumed that the movement of jobs from one resource to another
and the arrival of new jobs only occur at the beginning or at the end of a time
period, respectively. A control rule is implemented at each resource that determines
the amount of work performed during a time period, which is a fixed portion αj of
the queue of work remaining at the start of the period at resource j :

Xjt = αjWjt ∀j, t
where Xjt denotes the production at resource j in time period t , αj a smoothing
parameter with 0 < αj < 1 and Wjt the queue of work at the beginning of time
period t . This smoothing parameter is called “proportional factor” by Missbauer
(1998). Infinite capacity is implied since the resource is able to complete the fixed
portion αj even when the workload (WIP) is infinitely high. The major drawback
of the model is that it employs fixed planned lead times, i.e., it is assumed that
production processing rates can be regulated in order to account for workload in the
production system. This implies, as mentioned above, by applying Little’s Law, that
lead times are fixed even when the workload varies. So lead time consequences, due
to varying workload in the production system, are not really captured in the model.
Additionally, the model assumes static average loading with stochastic variations.
Nevertheless, Karmarkar (1989a) argues that these restrictions can be overcome
and extensions to generate a dynamic model can be created.

3.3 Clearing functions

Karmarkar (1989a) and Srinivasan et al. (1988) independently take up the idea of
Graves (1986) and integrate it in a mathematical planning model with so-called
clearing factors α(WIP) which are nonlinear functions of the WIP, thus yielding a
clearing function of the following form:

Capacity = α(WIP) · WIP = f (WIP)
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Fig. 1. Diverse forms of clearing functions

where f represents the clearing function that models capacity as a function of the
workload. In Asmundsson et al. (2003) the clearing factor specifies the fraction of
the actual WIP which can be completed, i.e., “cleared,” by a resource in a given
period of time. (Missbauer 1998 refers to this function as a “utilization function”.)

Figure 1 depicts some possible forms of clearing functions where the constant
level clearing function corresponds to an upper bound for capacity as mainly em-
ployed by LP models. This implies instantaneous production without lead time
constraints since production takes place independently of WIP in the production
system. The constant proportion clearing function represents the control rule given
by Graves (1986) which implies infinite capacity and hence allows for unlim-
ited output. Moreover, in contrast to the nonlinear clearing function of Karmarkar
(1989a,b) and Srinivasan et al. (1988), the combined clearing function in some
region underestimates and in others overestimates capacity. The nonlinear clear-
ing function relates WIP levels to output and lead times to WIP levels which are
influenced by the workload of the production system (see also Karmarkar 1993b)
and therefore is able to capture the behavior of LDLT. By applying Little’s Law
the clearing function can be reinterpreted in terms of lead time or WIP turn, re-
spectively. Additionally, the slope of the clearing function represents the inventory
turn with lead time given by the inverse of the slope, which is stated by Karmarkar
(1989a).

Next we provide various clearing function models.

3.3.1 Clearing function model by Srinivasan, Carey and Morton

Srinivasan et al. (1988) construct a nonlinear aggregate discrete-time continuous
flow model with variable job arrival times and finite horizon settings which aims at
determining aggregate schedules and optimal WIP inventory levels for each work-
station taking into account the effects of WIP levels on (throughput) capacity and
on lead time as well as the marginal value of capacity and therefore determining
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prices for each workload situation of a workstation. A workstation is defined as
an aggregation of individual machines, e.g., different machines, flexible machine
centers, flow lines, parallel machines or a department. A more detailed lower level
model will derive plans for each single machine. Furthermore, the model captures
the continuously changing lead times at each workstation, thus allowing for bet-
ter lead time estimates for due date setting as well as the changing utilization of
workstations due to varying demand patterns reflected in the alternating value of
capacity. Finally, an optimal routing scheme for each job through the production
network is determined.

There exist two different approaches of production planning models in the
literature to date, namely the monolithic and the hierarchical planning approach.
The former includes both tactical production planning and operational scheduling
in one broad (overall) mathematical programming model whereas the latter captures
the need for planning control at each organizational level of the production process.
Hierarchical systems employ an aggregate model that serves as a framework for the
more detailed lower level models providing primal solution information serving as
further modeling constraints. For further reading see Bitran et al. (1981, 1982), and
Dempster et al. (1981).

The optimization model presented by Srinivasan et al. (1988) resides between
tactical planning and detailed scheduling. The production system is viewed as a net-
work (congestion) queuing model with the workstations connected by transporta-
tion links where jobs compete for machine capacity (contention system). Capacity
is modeled as a concave function of WIP at the workstation or the length of the
dynamic line. Additionally, it is assumed that capacity increases with a declining
rate thereby allowing for the existence of implicit resource prices at each utilization
level. This is not possible when capacity is modeled as an upper bound such that
implicit resource prices are only non-zero at 100% utilization.

The objective of the model is to minimize the overall costs of production, namely
the holding costs, the processing costs and the tardiness/earliness costs, stated in
the following objective function (with T indicating the number of periods, M the
number of jobs, and N denoting the number of workstations without considering
the final workstation d):

min
M∑
i=1

T∑
t=1

 N∑
j=1

(
ωijtWijt + φijtXijt

) + wiei(t)Xidt


with φijtXijt denoting the processing costs (φijt is the processing cost factor which
only considers variable and labor costs directly attributable to units of each pro-
cessed job and Xijt the number of jobs i at workstation j at the beginning of the
t-th time period in external or internal queues at individual machines or in process
(the production costs do not need to vary over time) and wijtWijt representing the
holding costs per job i at workstation j in period t (wijt is the holding cost factor
andWijt denotes the WIP level of job i at workstation j in the t-th time period). The
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last term of the objective function indicates the tardiness or earliness costs with wi
being a priority weight for job i, ei (t) representing the tardiness/earliness function
for job i completed in period t which includes penalty costs for late delivery, lost
sales and lost goodwill andXidt denoting the actual throughput of job i at the final
workstation d in the t-th time period. The tardiness/earliness function ei (t) can be
specified in the following form:

ei(t) =

eE(δi − t) if t < δi

0 if t = δi
eL(t − δi) if t > δi


where eE(·) and eL(·) are convex functions of the tardiness and earliness, respec-
tively. The δi’s represent the due dates for job i. Moreover, quadratic or linear
tardiness/earliness functions can be specified. This early/tardy-objective is a non-
regular performance measure. Furthermore, the objective function is subject to
several constraints. For the first three constraints, the associated Lagrangian mul-
tipliers are shown in set braces. They are subsequently used to derive the implicit
prices for capacity.{

ψijt
}
Wij,t+1 = Wijt −Xijt + Fijt +

∑
a∈AI (i,j)

Yiat ∀i, j, t = 1, ..., T − 1

{
µijt

}
Xijt =

∑
a∈AO(i,j)

Yiat ∀i, j, t = 1, ..., T − 1

{
ηjt

} M∑
i=1

Xijt ≤ fjt
(
W1j t , ...,Wijt , ...,WMjt

) ∀j, t = 1, ..., T − 1

Wij1 = Ẇij1 ∀i, j
Wijt , Yiat , Fij t ≥ 0 ∀i, j, a, t
The first constraint represents a workload oriented conservation equation for

each workstation. It gives the number of jobs i at workstation j in period t + 1
(Wij,t+1)which equals the difference of the number of jobs i of the previous period
and the actual throughput of workstation j in period t plus the external inflow Fijt
of jobs i at workstation j in period t . The last term sums over inflows AI (i, j)
denoting the transportation arcs pointing into workstation j for job i and of inflows
from preceding workstations (

∑
a∈AI (i,j) Yiat ). Here, Yiat denotes the number of

units of jobs i on arc a in period t . The Fijt -values may be seen as “demand” for
resource utilization. Based on that the authors include them in the nonnegativity
constraints.

The second constraint states that the throughput of job i at workstation j in
period t , the “clearing factor,” equals the number of jobs transported to all its sub-
sequent workstations (

∑
a∈AO(i,j) Yiat ) where AO(i, j) denotes the set of trans-

portation arcs pointing out of workstation j for job i. This “clearing factor” is



272 J. Pahl et al.

in turn restricted by the capacity function fjt
(
W1j t , ...,Wijt , ...,WMjt

)
, repre-

sented in the third constraint, where any slack, i.e., fjt
(
W1j t , ...,Wijt , ...,WMjt

)−∑
i∈M Xijt > 0, represents the WIP (“number of units of jobs that are held over at

workstation j from period t to t + 1”). In order to prevent congestion downstream
in the production chain, holding WIP at a workstation can be efficient even if this
causes additional holding costs. The fourth restriction forces the initial loading of
each workstation j to be non-zero with a given initial parameter Ẇij1 > 0. For more
details see Srinivasan et al. (1988). If the objective function and the constraints are
strictly convex there is a unique optimal solution. The fifth restriction summarizes
the usual non-negativity constraints.

The Karush-Kuhn-Tucker conditions for the optimization problem are, for all
i ∈ M (by f ′

j t we denote the first derivative of the capacity function):

(K1)
{
Wijt ≥ 0

}
ωijt − ψij,t−1 − ηjtf

′
j t + ψijt ≥ 0 ∀i, j, t

(K2) {Yiat ≥ 0}µijt − ψiat ≥ 0 ∀i, j t, a ∈ AO(i, j)
(K3)

{
Xijt

}
ηjt − ψijt + µijt = φijt ∀i, j, t

(K4) {Xiat }wiei (t)− ψiat = 0 ∀i, a, t
(K5) ηjt ≥ 0 ∀j, t

together with complementary slackness conditions for all pairs of inequalities in
(K1) and (K2). Considering that the function fjt is bounded by the WIP and 0,
the variables Xijt and the second constraint can be omitted from the formulation
of the problem which leads to the following compact presentation of constraints of
the optimization model:

Wij,t+1 ≥ Wijt − fjt
(
...,Wijt , ...

) + Fijt +
∑

a∈AI (i,j)
Yiat ∀i, j, t = 1, ..., T − 1

Wij1 = Ẇij1 ∀i, j
Wijt , Fij t , Yiat ≥ 0 ∀i, j, t, a

The capacity function fjt is assumed to be a concave non-decreasing function. This
is due to the fact that throughput increases as the number of jobs at a workstation
increases, but at a declining rate because of congestion.

Srinivasan et al. (1988) discuss different forms of capacity functions and ways
to operationalize them. In order to derive implicit capacity prices at all levels of
utilization, the Lagrangian multipliers of the mathematical model are employed,
where ψijt represents the marginal remaining processing cost (MRPC) for all jobs
i at workstation j in period t , µijt denotes the MRPC incurring for job i after
its processing by workstation j , and ηjt denotes the value of an additional unit of
workstation j or the prices of the capacity of workstation j in period t , respectively.
When Xijt > 0, then the price of capacity of workstation j (ηjt ) is equal to the
sum of marginal production costs and marginal waiting costs caused by job i at
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workstation j , implied by (K3) of the Karush-Kuhn-Tucker conditions:

ηjt = φij + ψijt − µijt

where φijt is the marginal production cost incurred at workstation j andψijt −ηijt
the marginal cost entailed by job i waiting at the workstation j in period t . However,
when Wijt > 0, the price of the capacity of workstation j in period t is stated by
the following equation implied by the complementary slackness of (K1):

ηjt = ωijt + (
ψijt − ψij,t−1

)
f ′
j t

where ηjt denotes the capacity price of the workstation, ωijt represents the holding
costs, ψijt − ψij,t−1 states the changes in the MRPC and f ′

j t denotes the slope of
the capacity function. When ψijt −ψij,t−1 > 0, the MRPC is rising over time and
so does congestion. The price of the workstation capacity is bounded from below
by the holding costs ωijt . Furthermore, when the slope of the capacity function
approaches zero, ψijt − ψij,t−1 approaches ωijt . Besides this, the marginal value
of WIP (βijt ) is given by the change of the slope of the capacity function and the
marginal value of additional capacity given by ηjt :

βijt = f ′
j t ηjt = ωijt + (

ψijt − ψij,t−1
)

This again follows from the complementary slackness (K1) for Wijt > 0. It states
that the marginal value of WIP is the marginal saving due to marginally increased
capacity utilization and therefore lower WIP levels. In periods of rising congestion(
ψijt − ψij,t−1 > 0

)
the holding costs bound the marginal value of WIP from

below, i.e., βijt > ωijt and vice versa for the case of declining congestion.
Srinivasan et al. (1988) examine the existence of a set of equilibrium flows for

a given long time horizon which is interesting for input/output-control in order to
arrive at steady state production rates that allow for lowWIP levels and consequently
low production costs. Assuming constant external inflow over a sufficiently long
time horizon Fijt (which will be subject to relaxation, thus, the t-index is kept for
Fijt ) and an objective function only depending on the WIP, there exists a solution
to the following problem:

min
M∑
i=1

N∑
j=1

T∑
t=1

ωijtf
−1
j t

 ∑
a∈AO(i,j)

Yiat


subject to:{

µijt
} ∑
a∈AO(i,j)

Yiat = Fijt +
∑

a∈AI (i,j)
Yiat ∀i, j, t = 1, ..., T − 1

Xiat ≥ 0 ∀i, j, t, a ∈ AO(i, j)
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If fjt (·) is strictly concave for all j , there exists a unique optimal solution,
because then the inverse of fjt (·) is a strictly convex function and the above stated
problem would be a minimum convex cost problem. In steady state there is no
time variation in the MRPC and consequently the price of workstation j is only a
function of the holding costs and the utilization, and the marginal value of WIP is
constant and equal to the holding costs. Thus the price of the workstation capacity
is given by

ηjt = ωijt

f ′
j t

which results from substituting
(
ψijt = ψij,t−1

)
in the complementary slackness

condition associated with (K1), because in equilibrium the MRPC remain constant
over time.

3.3.2 Clearing function model of Karmarkar

Karmarkar (1989a) develops a capacity and release planning model which explicitly
takes into account WIP costs and lead time consequences caused by the production
system workload. For that purpose it is based on order release and batching models
and applies the traditional capacity planning methodology that combines release
planning, master scheduling issues and seasonal planning. Additionally, it aims
at surmounting the shortcomings of aggregate production planning models like
those of Graves (1986), Kekre and Kekre (1985), Karmarkar et al. (1987), and the
limitations of input/output-control models. Like Srinivasan et al. (1988), Karmarkar
(1989a) uses the nonlinear “clearing function” to represent the output as a function
of the average WIP in the production system. The form of the curve is also valid
for synchronous deterministic flow lines with batched flows.

The clearing function is now discussed for different types of production systems.
For example, examining a synchronous production process with no queuing as
well as batching finished and leaving at the end of each production cycle gives the
following function for the actual production rate X:

X = Q

C
= PQ

(PS +Q)

Qdenotes the batch size for all products,C stands for the cycle time at a workstation,
also denoted as C = S + Q/P , P represents the nominal production rate at all
workstations, and S denotes the setup time between the batches. Substituting Q in
terms of WIP with Q = W/N (where N denotes all workstations) gives:

X = PW

NPS +W

This clearing function has the same nonlinear form as can be seen in Fig. 1. Standard
results for anM|M|1 queuing system give the utilization ρ (with arrival rate�) as
follows:

ρ = λX = X

P
+ XS

Q
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This is equal to the formula of the average workload of Zijm and Buitenhek (1996).
Furthermore, the average manufacturing lead time L is given as follows:

L = S + Q
P

1 − X
P

− XS
Q

In order to keep things simple we ignore the setup times and write the total WIP as
W = LX, substituting L = W/X:

W

X
=

Q
P

1 − X
P

Solving this relation for X results in the following equation:

X = PW

Q+W

For more detail see Karmarkar et al. (1985b) or Karmarkar (1987). This func-
tion is clearly similar to the clearing function, although derived in a different con-
text. Furthermore, applying an M|G|1 model for an asynchronous multi-product
production facility with lead times and WIP as a function of the batching policy,
ignoring setup times and assuming that the average queuing time Wt is given by
the Pollaczek-Khintchine formula leads to the following form:

Wt =

M∑
i=1

Xi
Qi

(
Qi
Pi

)2

2

(
1 −

M∑
i=1

Xi
Pi

)
with i denoting the index for item or production part. This is equal to the formula of
Zijm and Buitenhek (1996). The total average lead time in the system for batches
of items i is represented by:

Li = Xi +Wt

while the WIP for this production system is derived as follows:

Wi = Xi(Wt + Qi

Pi
)

In the case of a multi-product system there exist i equations for i products. Further-
more, the output of each product is affected by the WIP level of all other products. In
order to keep things simple, Karmarkar (1989a) considers a discrete period model
for a single product production system to proceed to the dynamic reformulation
of the model. Assuming that demand is satisfied, the mathematical formulation is
stated as follows for all t :

Wt−1 + Rt = Wt +Xt
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It−1 +Xt = It +Dt

Xt = f (Wt−1, Rt , Pt )

Here, Rt represents the job releases in period t , Wt denotes the WIP at the end of
period t carried over to period t+1 andWt−1 denotesWIP at the start of period t . The
same is valid for It−1 and It representing the inventory. Moreover, Dt denotes the
demand in period t . As mentioned above, the output or actual production in period
t is a function of WIP, job releases and the maximum production possible in period
t denoted by Pt . The first equation states that when WIP levels are small, output
cannot exceed the amount in the system. In order to formulate the mathematical
model as an optimization model we need to determine the costs of the production
system like holding costs for WIP and finished goods inventory (FGI), processing
costs and penalty costs etc.

The mathematical programming model is then stated as follows:

min
T∑
t=1

[ωtWt + πtIt + φtXt + ϑtBt + rtRt ]

subject to:

Wt−1 + Rt −Wt −Xt = 0

It−1 +Xt − It + Bt = Dt

Xt − f (Wt−1, Rt , Pt ) ≤ 0

Xt, Rt ,Wt , Bt , It ≥ 0

with ωt , πt , φt , ϑt and rt for all periods denoting the WIP holding costs, the FGI
holding costs, the variable production costs, the backorder costs due to unsatisfied
demand, and the release costs due to, e.g., raw material expenditures. Therefore,Bt
denotes the backorders in period t . The first equation represents the mass balance
restriction of WIP and releases. The second equation gives information about how
demand is met. The third inequality gives the clearing function and the fourth one
states the usual non-negativity assumptions.

In contrast to common LP formulations, the effects of capacity loading are cap-
tured by the costs of WIP, which in turn is necessitated by the clearing function.
Moreover, the resulting release plan will differ from the production plan X, be-
cause of lead times which are affected by capacity loading. This interdependence
is explicitly accounted for in the model.

The clearing function seems to be the key to explicitly taking into account lead
time effects and related dependencies. Its functional form and parameterization
has to be studied in more detail as will subsequently be the case. Furthermore, in
the literature up to date there only exists one paper that analyzes the fitting of the
clearing function to empirical data, namely the work of Asmundsson et al. (2003).
Besides this, the case of multi-product manufacturing systems has to be examined
more closely especially concentrating on the form of the clearing function, because
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output levels may also depend on WIP of each product with WIP being a mix of all
products. We will now discuss an approach that pursues this objective.

3.3.3 Clearing function model by Asmundsson, Rardin and Uzsoy

The mathematical programming approach of Asmundsson et al. (2002, 2003) mod-
els the nonlinear dependency between lead times and WIP (workload) by employ-
ing a clearing function, too. Special properties of the clearing function allow for
formulating a linear program version in order to develop a model which remains
numerically tractable. In accordance with the procedure of Karmarkar (1989a), As-
mundsson et al. (2002, 2003) define the performance of a resource (work center)
as dependent on the workload. For this reason they use a G|G|1 queuing model:

W = c2
a + c2

s

2
· ρ2

1 − ρ
+ ρ

ρ =
√
(W + 1)2 + 4W

(
c2 − 1

) − (W + 1)

2
(
c2 − 1

)
The first equation gives the WIP for a resource which is presented with the coeffi-
cient of variation for the service time ca and arrival time cs . The second equation
represents the utilization ρ of a resource as a function of the WIP with c denot-
ing a parameter to be defined. Basically, the authors simplify the parameters from

the first equation according to: c2 = c2
a+c2

s

2 . As mentioned above, batching and
lot sizing have an effect on lead times especially when small batches give rise to
frequent setup changes leading to time losses for production, lower throughput and
eventual starvation of resources on further production stages. Since the formulation
given above only includes starvation we can reformulate the resource utilization
also accounting for setup time as follows:

Qσ

Qσ + S

W + 1 − √
W 2 + 2c2W + 1

1 − c2

where Q denotes the lot size, σ the mean service time and S the setup time. The
lot size is assumed to be set independently of the system utilization. Here Qσ + S

is the average total time to service a lot. It can be noticed that when setup time S
increases the utilization decreases and so does the lot size Q. So we have another
nonlinear relationship as lot sizes tend to be increased for high WIP levels in order
to clear queuing in front of a resource and vice versa (see Karmarkar 1989a). When
setup time increases the clearing function shifts downwards.

The clearing function is assumed to have the characteristics depicted in Fig. 2
where the first inequality states that the clearing function is bounded by zero and
f max . The second and the third inequality reflect the property that the clearing
function is monotonically increasing in a defined measure of WIP with a declining
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Fig. 2. Characteristics of the clearing function

rate, i.e., f is concave. Besides this, the second inequality imposes the restriction
that the slope of the function is bounded from above byK . Furthermore, the function
should be well-behaved in the presence of variability and lot sizing as mentioned
above and also in Asmundsson et al. (2002).

In order to develop the clearing function, there are two methods available in the
literature to date, where the first is the analytical derivation from queuing network
models and the second an empirical approximation using a functional form which
can be fitted to empirical data. Because of the large complexity of practical systems
the complete identification of the clearing function will not be possible, so we have
to work with approximations. Asmundsson et al. (2002) integrate the estimated
clearing function in a mathematical programming model where the framework is
based on the production model of Hackman and Leachman (1989) with an objective
function that minimizes the overall costs. It is assumed that backorders do not occur
and that all demand must be met on time. One may assume a representation as a
graph with N nodes refering to the workstations and a set A of transportation
arcs between these nodes. Predecessors of workstations are indicated by AI and
successors by AO , respectively. The model is then stated as follows:

min
M∑
i=1

T∑
t=1

 N∑
j=1

(φij tXijt + ωijtWijt + πijt Iij t + rij tRij t )+
∑
γ∈A

θiγ t�iγ t


subject to:

Wijt = Wij,t−1 − 1

2

(
Xijt +Xij,t−1

) + Rijt +
∑

γ∈AI (i,j)
�iγ t ∀i, j, t



Production planning with load dependent lead times 279

Iij t = Iij,t−1 + 1

2

(
Xijt +Xij,t−1

) −Dijt −
∑

γ∈AO(i,j)
�iγ t ∀i, j, t

X·j t ≤ fjt
(
W·j t

) ∀j, t
Xijt ,Wijt , �iγ t , Iij t , Rijt ≥ 0 ∀i, j, t, γ

where φijtXijt denotes the costs of the total amount of production over the latter
half of period t and the first half of period t + 1, represented by Xijt , with φijt
refering to the corresponding unit costs of item i at node j in period t . The WIP
costs and the FGI costs of item i at workstation j at the end of period t are denoted
by ωijtWijt and πijt Iij t , respectively, with ωijt and πijt being the corresponding
unit costs and Wijt and Iij t representing the WIP and the inventory, respectively.
Likewise, the costs of releases of raw material of item i at workstation j during
period t are represented by rij tRij t with unit costs rij t . The transfer costs of item i

on arc γ during period t are given by θiγ t�iγ t with corresponding unit costs θiγ t .
Asmundsson et al. (2002) assume these costs as independent from the item.

The first two constraints denote the flow conservation for WIP and FGI which
is different from classical models since inventory levels at each node in the network
are connected with the throughput rate. Note that because Xijt denotes production
that spans the period boundary, the balance equations average the adjacent times.

In contrast to Ettl et al. (2000) the nonlinear dynamic is incorporated in the
clearing function in the constraints and thus not included in the objective function.
Lead times are calculated using Little’s Law:

L̂ij t = Wijt

Xijt

where L̂ij t denotes the expected lead time for the last job of item i which arrived
before the end of period t . In order to consider multiple product types with different
resource consumption patterns, the lead times for single items i must be derived.
For that purpose, FIFO processing is assumed, which results in the following rela-
tionship:

Xijt

X·j t
= Wijt

W·j t
∀i, j, t

Here, X·j t is the production quantity and W·j t the WIP level summarized over all
items i. Taking this relation and multiplying the production quantitiesXijt by their
resource consumption factor ξij t which defines the capacity consumption per unit
produced for item i at workstation j , we derive a new variableZijt of the following
form:

Zijt = ξij tXijt

X·j t
= ξij tWijt

W·j t
∀i, j, t

By implementing this variable Zijt , we obtain the clearing function for each item
i which is called the partitioned clearing function:

ξij tXijt ≤ Zijtfjt

(
ξij tWijt

Zij t

)
∀i, j, t
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Fig. 3. Partitioned Clearing function for products A and B

with the following properties:

M∑
i=1

Zijt = 1 ∀j, t

Zijt ≥ 0 ∀i, j, t
The partitioned clearing function is depicted in Fig. 3 (note that the functions are
symboling rather than detailed to scale).

In order to relax the assumed priority rule (FIFO) we only suppose that Zijt
satisfies the properties stated above, but has an arbitrary functional form. With this
formulation Asmundsson et al. (2002) succeed in integrating the nonlinear rela-
tionship between WIP and lead times in a mathematical programming model. The
second goal is to transform this model in a tractable form which allows for dealing
even with relatively large planning problems. For that purpose, an LP formulation
is used that represents the partitioned clearing function through a set of linear con-
straints. To be more precise, the clearing function is approximated by the minimum
of straight lines which is possible because of its concavity as shown in Fig. 4:

fjt
(
W·j t

) = min
c

{
αcjtW·j t + βcjt

}
∀j, t, c

The individual lines of the items are denoted by the index c. The αcjt and βcjt
coefficients represent the slope and the intersection of line c with the y-axis. The
capacity splitting (sharing) across the items appears in sharing the βcjt coefficients.
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Applying this formulation to the partitioned clearing function leads to the following
form:

Zijtfjt

(
ξij tWijt

Zij t

)
= Zijt · min

c

{
αcjt

ξij tWijt

Zij t
+ βcjt

}
= min

c

{
αcjt ξij tWijt + βcjtZijt

}
Replacing the former capacity constraint of the original nonlinear mathematical
programming model with nonlinear lead time and capacity dynamics gives the
complete linearized formulation:

min
M∑
i=1

T∑
t=1

 N∑
j=1

(φij tXijt + ωijtWijt + πijt Iij t + rij tRij t )+
∑
γ∈A

θiγ t�iγ t


subject to:

Wijt = Wij,t−1 − 1

2

(
Xijt +Xij,t−1

) + Rijt +
∑

γ∈AI (i,j)
�iγ t ∀i, j, t

Iij t = Iij,t−1 + 1

2

(
Xijt +Xij,t−1

) −Dijt −
∑

γ∈AO(i,j)
�iγ t ∀i, j, t

ξij tXijt ≤ αcjt ξij tWijt + Zijtβ
c
jt ∀i, j, t, c

M∑
i=1

Zijt = 1 ∀j, t

Xijt ,Wijt , �iγ t , Iij t , Rijt , Zijt ≥ 0 ∀i, j, t, γ
An advantage of this approach is that the marginal cost of capacity and the

marginal benefit of adding WIP are strictly positive, since the constraints are always
active as opposed to classical models where the capacity constraint is only active
at bottleneck resources that are 100% utilized. For the purpose of examining the
relevance and the performance of the mathematical approach, Asmundsson et al.
(2002) consider an example of a simple single stage system with three products
which gives very good results. Additionally, they analyze the sensitivity of the
estimated clearing function to diverse shop floor scheduling algorithms, different
demand patterns and techniques of production planning using a simulation model
of the respective production system. They find that the clearing function model
reflects the characteristics and capabilities of the production system better than
models using fixed planned lead times (like mrp) and derives realistic and robust
plans with better on time delivery performance, lower WIP and system inventory.
In addition, the model captures the effects of congestion on lead times and WIP
and therefore the fundamental trade-off between anticipated production to account
for possible peaks in demand and just in time production to avoid higher costs due
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Fig. 4. Linearization of the clearing function

to preventable FGI. Releases generated by this partial clearing function model are
smoother and lead to enhanced lead time performance. Further analysis of different
aspects of this mathematical programming model is needed, e.g., the extension of
the approach to systems of multiple production stages.

Besides this, interactions between clearing functions and shop floor execution
systems such as the dependency of LDLT on the various priority rules need further
analysis. This is another circularity, because clearing functions are dependent on the
employed scheduling policy and therefore on the result of the scheduling algorithm.
Moreover, as pointed out by Asmundsson et al. (2002), the schedules are dependent
on the release schedule and consequently on the planning algorithm.

3.3.4 Clearing function model of Hwang and Uzsoy

Hwang and Uzsoy (2004) combine the work of Karmarkar (1987) and Asmundsson
et al. (2002) and add lot sizing in order to show how small or large lot sizes influ-
ence the resulting production plans. For that purpose they present a single-product
dynamic lot sizing model which takes into account WIP and congestion using queu-
ing models such as those presented by Karmarkar (1987, 1993b). They develop a
clearing function which captures the dependency of the expected throughput of
a single-stage production system closely related to the classical Wagner-Whitin
model (see Wagner and Whitin 1958) including setups, expected WIP levels and lot
sizes which is then integrated into a dynamic lot sizing model. Results demonstrate
that their proposed model provides significantly more realistic performance and,
therefore, production plans, than models ignoring the relationships between lead
times, workload, production mix (setups), throughput and lot sizes. The importance
of lot sizing is emphasized especially in the context of capacity planning and pro-
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duction coordination, because different product types compete for scarce resources
and require significant setup times (see Hwang and Uzsoy 2004 and the references
therein).

In general, large lot sizes allow for high resource utilization due to the reduced
number of setups, but result in increased FGI and may lead to delays of important
jobs waiting to be processed. However, small batch sizes minimize WIP levels, but
necessitate frequent setups impeding the usage of resources for production, creating
congestion and high WIP levels in front of the resource resulting in long lead times.
So, lead times depend not only on the workload of the system, but also on the work
assignments to resources which, in turn, are determined by the planning models
and, therefore, representing a further planning circularity which must be accounted
for. Given a WIP level, their model determines the lot size which maximizes system
throughput.

The clearing function aims at minimizing the sum of release costs, production
costs, WIP and FGI holding costs over the planning horizon. It is derived with the
use of a M|G|1 queuing model (see Buzacott and Shantikumar 1993), assuming a
Poisson process as arrival rate of the lots and a general distribution of the processing
times at the resource following a first come first serve (FCFS) process order for the
products (jobs). The so-called lot sizing clearing function (LCF) which is derived
using Little’s LawX = W

L
(expected throughput rate equals the expected WIP over

the expected lead time) is stated as follows:

f (Q,W) =
(
Q+W − √

Q2 +W 2 + 2QWc2
)

(
1 − c2

)
p̂

where Q denotes the lot size and p̂ the expected processing time of a batch. The
coefficient of variation of the system processing time is given by c (for more details
on the derivation of the LCF see Hwang and Uzsoy 2004). The LCF is integrated
in a single-stage manufacturing system where the decision variables are the release
quantity denoted by Rt , the lot size Qt , the production quantity Yt (“number of
lots produced in period t”) and the level of WIP denoted by Wt and FGI denoted
by It . No backorders are allowed and the variables are assumed to be continuous.
The objective function does not contain setup costs, because these are captured in
the LCF by showing directly their influencing effects on capacity. The complete
dynamic lot sizing model is stated as follows:

min
T∑
t=1

[φtQtYt + ωtWt + πtIt + rtRt ]

subject to:

Wt = Wt−1 + Rt −QtYt ∀t
It = It−1 +QtYt −Dt ∀t
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QtYt ≤ f (Qt ,Wt ) ∀t
Qt >

StDt

(1 − Dt
P
)

∀t
Rt ,Qt , Yt ,Wt , It ≥ 0

The first constraint represents the WIP balance, the second the FGI balance (with
the demand in period t , Dt ), and the third reveals the LCF. The fourth constraint
represents a lower bound on the lot size in order to ensure system stability by
bounding utilization below 1 where St denotes the setup time per lot and P gives
the production rate of the manufacturing system. The model is reformulated by
setting QtYt = Wt−1 −Wt + Rt :

min
T∑
t=1

[
φt−1Wt−1 + (ωt − φt )Wt + πtIt + (rt + φt )Rt

]
subject to:

It +Wt = It−1 +Wt−1 + Rt −Dt ∀t
Wt−1 −Wt + Rt ≤ f (Qt ,Wt ) ∀t
Qt >

StDt

(1 − Dt
P
)

∀t
Rt ,Qt , Yt ,Wt , It ≥ 0 ∀t

This has the advantage that the Yt are eliminated from the objective function. Fur-
thermore, the second constraint now combines the WIP and the FGI constraint
which reduces the number of constraints.

In computing the model they examine several properties of the clearing function
and find that, for a given WIP level, there exists a unique lot size which balances
the system throughput and LDLT. Future research concentrates on the extension of
the model to multiple products and to investigate how capacity is distributed among
them when they are subject to different demand, manufacturing requirements and
variability.

3.4 The production planning and order release concept of Missbauer

Missbauer (1998) emphasizes the need to create a structure for production planning
and scheduling in which all partial problems are included, e.g., aggregate production
planning, capacity planning, lot sizing, scheduling etc., but which does not imply
the problems and complexities which arise from comprehensive models such as,
e.g., problems of data procurement, limited computational storage space, too long
CPU times for calculation etc. Therefore, he concentrates on the hierarchical pro-
duction planning concept where all stages or areas of the production planning and
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scheduling process are included and can be integrated in traditional production
planning (mrp) systems, but nevertheless leaves room for decisions on implemen-
tations of different planning approaches like KANBAN, OPT or priorities on the
various planning stages or areas. The focus lies on a multi-stage, multi-product
production system which is the underlying concept in most production planning
and scheduling systems prevailing in practice. The planning process is executed in a
decentralized manner with two planning levels: one central, over arching planning
unit, called “production unit control” as well as decentralized production units,
called “goods flow control” by Bertrand and Wijngaard (1986).

The production control unit defines the sequence of jobs and their due dates and
the moment at which the material flow control is passed on the decentralized goods
flow units (order release process). In order to supervise and regulate the actual
production situation at the operating level of the production process, measures
like due date fulfillment, lead times, WIP, utilization levels etc. are reported from
the goods flow control to the central production unit control. The organizational
type of the goods flow control, i.e., if it is an internal department or a supplier,
is of secondary importance so that the concept is also applicable and extendable
to supply chain networks. Therefore, in order to control the production system
status of the goods flow units it is necessary for the production unit control to rely
on information about the characteristics and system dynamics inside and between
the decentralized goods flow units and also on information about the functional
dynamics of the control measures like, e.g., the relationship between lead times,
WIP and capacity. These relationships and dynamics specify the system states
that can be reached. Furthermore, they are easily depicted graphically and used
as a basis for models trying to anticipate future system states from current states.
Nevertheless, it is even more important to understand the structure and order of
decision events at the central planning stage, the production unit control.

Missbauer (1998) distinguishes four different hierarchical planning levels,
namely the aggregate production planning level, the master production schedule,
the planning of the material flow between the decentralized goods flow units (de-
termination of lot sizes, due dates, safety inventory and buffer times) and the order
release control level. In order to achieve coordination, the models of the upper
planning stages take into account the dynamics of the subordinate planning mod-
els. Moreover, a capacity oriented planning approach is used which, as opposed to
the product oriented approach, does not plan on the basis of the specific product
parts, but considers aggregate product units as capacity units. This is because in
the long run of the planning horizon, i.e., after a completed production cycle, the
stored capacity is relevant for the planning process whereas it is less important
which and how many specific parts are at stock. This becomes important in the
short horizon, detailed production planning stage. The capacity oriented planning
approach divides the order release process into two decision problems: assuming a
certain value of the aggregate demand on end products (expressed in capacity units),
the first decision problem concerns the time to release jobs (expressed in quantity
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of working hours per period or capacity units) in order to achieve and maintain
a certain system state including further decisions about the system performance
as well as aggregate FGI inventories. This determines the budget of capacity (ex-
pressed in working hours). The second decision problem is about choosing specific
orders and their concrete release times based on product oriented criteria. In doing
so the capacity oriented approach is very useful, because it eliminates the difficul-
ties arising from uncertain demand estimates for specific products underlying the
product oriented approach. It only needs information about demand estimates ag-
gregated across all products and their capacity utilization in order to plan capacity
utilization in the long run. The detailed scheduling for specific products takes place
on subsequent production planning stages which not only reduces the information
requirements but also the complexity of the decision models.

Missbauer (1998) further distinguishes between models of aggregate production
(and release) planning with constant or variable planned workload (non-stationary
system behavior). Because we are interested in considerations of LDLT in the aggre-
gate production planning process and the effects on them caused by demand peaks
or machine breakdowns, we will concentrate on models with variable (planned)
workload. The model of Missbauer (1998) presented here is based on a job shop
production system which depicts the material flow as a continuous or fluid flow.
The planning problem is further divided into two partial problems where first the
material flow between the production unit and the goods flow units is modeled and
secondly the flow of jobs (work) between the single goods flow units.

The partial formulation of the problem of the material flow between the decen-
tralized production units mainly consists of the inventory equation which defines
the WIP inventory level at the production units as well as the FGI inventory level.
Furthermore, the dependencies of these inventory levels on the demand quantity
of products, on the performance of the system in one period and on the order re-
lease quantities are modeled. The basic assumptions are that the production system
consists of N production units (j = 1, . . . , N ; index v denotes the preceding pro-
duction units) withM products to be manufactured (i = 1, . . . ,M). Moreover, each
product i contains K(i) operations (production processes with k = 1, . . . , K(i))
where the technical machine sequence as well as the jobs and completion due dates
for each product are given. In addition, the demand for product i in period t is
measured in work hours and denoted byDit . Jobs are arbitrarily divisible and setup
times proportional so that any job of any product can be processed at any time. This
is a critical assumption, because it does not reflect reality and leads to impractical
anticipated system states. We will refer to that later on.

In front of each production unit there is a stock of WIP which is measured in
work hours or capacity units. The WIP inventory equation has the following form:

Wijt = Wij,t−1 +
N∑
v=1

K(i)∑
k=2

δijkδiv,k−1Xivt
pij

piv
+ Rit δij1

pij

pi
−Xijt ∀i, j, t
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where Wijt denotes the WIP of product i at production unit j at the end of period
t and δijk is a Boolean variable which is 1 if operation k of product i is executed
at production unit j and 0 otherwise. δiv,k−1 is a Boolean variable denoting if a
preceding operation k − 1 has been executed at production unit v. By Xijt we can
denote the throughput of item i in workstation j during period t . With thisXivt may
represent the performance of the preceding production unit v in period t attributable
to product i. pij denotes the processing time of a job of product i at production
unit j and pi the aggregation across all production units j . Additionally, Rit is the
order release quantity of product i in period t . The second term of the equation
reflects an increase of WIP from all predecessors υ. The third term represents an
increase of WIP at the production system starting point or after order release and
the fourth one is the work performed on product i which can be considered as the
cleared WIP of product i at production unit j . The FGI inventory equation has the
following form:

Iit = Ii,t−1 +
N∑
j=1

δij,K(i)Xijt
pij

pi
−Dit ∀i, t

where Iit (FGI inventory) consists of the FGI inventory of the previous period, the
increase added in period t (measured at the end of period t where δij,K(i) denotes the
last operation of product i ifK(i) is executed on production unit j ) reduced by the
demand for product i in period t . This formulation specifies that the increase from
the previous production units in period t only depends on the performance of these
production units in this period and consequently does not assume a production
rhythm. Instead, it only supposes a movement at the transition times from one
period to another, which implies that release jobs could pass an infinite number of
production units and which is similar to overlapping production with infinite small
transfer lot sizes. It means that the delay caused by processing times of jobs is not
yet modeled. Missbauer (1998) states that this feature is easily added.

It is important to note that the model overestimates the system performance due
to its underlying assumptions, especially when direct inventory levels are small.
This is due to the assumption that jobs are infinitely divisible and setups are indepen-
dent. So system performance quantities Xijt depend on the progress of production
and thus on the course of inventory levels or system workload on time, assum-
ing given order release, and consequently on the utilization function or clearing
function. The determination of the clearing function is part of the formulation of
the second partial problem. The second partial problem highlights the relationship
between the performance quantities Xijt and the clearing function. Moreover, in
order to achieve good production system state predictions and therefore realistic
system performance, the influence of the discontinuities of material workflow due
to non-divisible jobs needs to be reflected, assuming the estimated arriving work or
WIP as the maximal performance in one period which can be distributed to specific
products. The clearing function is given as f (Ŵij t ) where the term Ŵij t denotes
the estimated inflow of products i at production unit j in period t and is comprised
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of the estimated WIP level of products i at the beginning of period t (Ŵij,t−1) and
the estimated increase (X̂ij t ), so that Ŵij t is given by

Ŵij t = Ŵij,t−1 + X̂ij t

An M|M|1 model is used to derive the form of the clearing function. In the steady
state the average performance in one period t equals the average increase of work
ρ which is the degree of utilization (“traffic intensity”) of one production unit, so
that Ŵij t = ρj τt where τt denotes the length of period t . The average utilization or
workloadWijt is the sum of the average inventory represented by I ij t = I = ρ

1−ρ
and of the average performance Xijt with I denoting the average number of jobs
in the queue:

Wijt = ρ

1 − ρ
+Xijt

The clearing function (in disaggregated form) then gets the following form:

f (Ŵij t ) = 1

2

(
1 + Ŵij t + τt −

√
1 + 2Ŵij t + (

Ŵij t

)2 + 2τt − 2Ŵij t τt + τ 2
t

)
The performance in one period t can be represented as a function of the utilization
or workload in one period by generalizing the above stated formulation for which
the statement Xijt = βjWijt /

(
Wijt + αj

)
is valid with αj giving the slope of

the utilization function and βj being a parameter to be estimated. We define the
utilization or workload for the stationary case as Wijt = Wijt +Xijt :

f (Wijt )

= 1

2

[
βj + αj +Wijt −

√
β2
j + 2βjαj + α2

j − 2βjWijt + 2αjWijt + (
Wijt

)2
]

where the parametersβj andαj need to be estimated. It should be mentioned that the
functional relationship between the performance in one period and the utilization of
one period further depends on the composition of the expected workload, i.e., new
work arrivals and workload that remain in the production system for a longer time.
The clearing function makes implicit assumptions on this relationship that may not
be valid in case of non-stationary systems. Therefore, this procedure is only an
approximation. The entire disaggregated model now has the following form:

min
M∑
i=1

T∑
t=1

 N∑
j=1

ωijtWijt + πit Iit


subject to:

Wijt = Wij,t−1 +
N∑
v=1

K(i)∑
k=2

δijkδiv,k−1Xivt
pij

piv
+ Rit δij1

pij

pi
−Xijt ∀i, j, t
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Iit = Ii,t−1 +
N∑
j=1

δij,K(i)Xijt
pij

pi
−Dit ∀i, t

M∑
i=1

Xijt ≤ αcj + βcj

M∑
i=1

(Wijt +Xijt ) ∀t, j, c

Xijt , Iit , Rit ,Wijt ≥ 0

The objective function specifies minimization of the costs for inventory of WIP
and FGI. The clearing function is given by the third restriction with αcj and βcj
representing the position of the clearing function and the c’s denoting the degree of
linearization. As a result, the model determines the flow of jobs (materials) through
the production system and, consequently, the order release Rit . Furthermore, it
decides which jobs of the waiting Wijt are to be processed next and therefore de-
termines the production schedule for each workstation j . The order release priority
rule is not explicitly taken into account, but would be determined implicitly by
the objective function where adherence to due dates (delivery dates) would be the
restriction.

In order to reduce the size of the optimization problem it is possible to aggregate
over products and capacity which means that products with a similar machine
(processing) sequence and similar processing times pij can be grouped in product
families and production units can be aggregated with the requirement that the
dynamic behavior is not distorted. For more details see Missbauer (1998).

It is important to note that the question how far to aggregate the products and
which products to group is very difficult and widely discussed in the literature
without an unambiguous answer. On the one hand aggregation leads to reduction
of complexity and model size, but on the other, it can impede the achievement
of optimal results. Besides this, the time delays caused by the transition from
production units j toN are defined for product i, resulting in a time delay function.

Additionally, the problem of the delay caused by the fact that jobs are not arbi-
trarily divisible is integrated in the model in order to arrive at the final formulation
which is a network model of bottlenecks. The advantages of the final model are
that the clearing function and the delay function between the production units give
a good description of the characteristics of real production using parameters which
are directly observable and therefore empirically determinable. Nevertheless, the
clearing function used here is derived from characteristics of the stationary sys-
tem case. Missbauer (1998) reveals that an analysis of non-stationary behavior of
queuing systems and their integration in the models of the production units can
be an improvement and, consequently, represents an objective for further research.
Moreover, it would be interesting to know if the use of nonlinear programming
could be a better representation of the system behavior, especially for considering
the relationship between lead times and workload. Besides this, the representation
of the production system structure as one bottleneck with the other production
units being modeled as delaying functions is interesting, because it would lead to a
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great reduction of complexity concentrating on only a small number of production
units and aggregated products. This is especially interesting in production planning
where multiple production units and stages have to be considered simultaneously.

3.5 The planning model with forward shifting preparation times
by Lautenschläger

Lautenschläger (1999) integrates workload dependent forward shifting produc-
tion times in a multi-level capacity oriented production planning model with and
without lot sizing. In contrast to approaches in the literature which use constant
minimum forward shifting production times he considers these times to be depen-
dent on the utilization of resources (workstations or production units) in a capacity
oriented production planning model. Therefore, he uses a functional relationship
that specifies the portion of the production volume that is to be shifted forward in
time due to (and dependent on) resource utilization. Extensions of the basic model
contain linear as well as nonlinear forward shifting functions, the integration of
overtime or complete preliminary production and effects of shifting production be-
fore the beginning of the planning horizon or planning period. Finally, procedures
for smoothing resource utilization are proposed that use ideas from digital control
engineering and a filter accounting for utilization levels of resources.

Simulation experiments demonstrate that part of the production volume is
shifted forward in time due to the utilization level assumed and varied in the planning
model. He also shows that employing the same forward shifting production function
and varying only the utilization levels of the resources leads to increases in parts of
the production volume that is shifted forward. Moreover, integrating forward shift-
ing times reduces the occurrence of backorders independent of production system
design which is also due to smoothing utilization levels in the production planning
process as well as to the coordination of production segments and finally leads to
a reduction of lead times and inventory without an increase of backorders. The
basic model is a multi-item, multi-level capacitated lot sizing problem (MLCLSP)
which includes detailed lot sizing and resource deployment planning assuming the
data to be deterministic within a finite planning horizon which is divided into T
sub-periods of equal length. Furthermore, demand may vary from period to period,
but backorders are not allowed. Inventory costs are proportional to the inventory
stock at the end of a period and, because production and material costs per unit are
assumed to be constant, they are not relevant for the planning decision. There areK
operations represented in the model with multi-level product structure where every
operation k is assigned to a resource and is only carried out once in a period causing
setup costs and times. There is no restriction concerning the number of operations
executed in one period, but the production system consists ofN different resources
(j = 1, . . . , N) subject to capacity restrictions which can be extended by overtime.
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The objective is the minimization of setup, inventory and overtime costs with
the complete model as follows:

min
K∑
k=1

T∑
t=1

[πk · Ikt + ζk · Skt ] +
N∑
j=1

T∑
t=1

oj ·Ojt

subject to:

Ik,t−1 +Xk,t−lk = PDkt +
K∑
k̂=1

d
(k)

j k̂
·X

k̂t
+ Ikt ∀k, j, t

K∑
k=1

(ξjk ·Xkt + ζjk · Skt ) ≤ κjt +Ojt ∀j, t

Xkt ≤ TOP · Skt ∀k, t
Ikt , Ojt , Xkt ≥ 0 ∀k, j, t
Skt ∈ {0, 1} ∀k, t

where the objective function has three terms representing the inventory costs, the
setup costs and the overtime costs and the index k standing for one operation, j
denoting a resource (or workstation or production unit, respectively) and t repre-
senting the period. The first constraint is the inventory balance equation stating
that the sum of inventory stock of the previous period (Ik,t−1) and the production
volume in period t , reduced by the constant minimal preliminary shift of operation
k (Xk,t−lk )must equal the sum of primary part demand (PDkt ), the secondary part

demand (
K∑̂
k=1

d
(k)

j k̂
· X

k̂t
with d(k)

j k̂
denoting the direct requirement coefficient from

the preceding to the subsequent operation) and inventory holding Ikt at the end of
period t . This means that the processing of operation k must be initialized not later
than lk and finished before use of resource j . The constant minimal preliminary
shift of operation k contains times for transfer, drying, etc., but does not take into
account waiting times in front of resources due to occupation by other operations.
The second restriction represents the capacity constraint stating that the sum of

resource utilization for production (
K∑
k=1

ξjk · Xkt ) and the resource utilization for

setups (
K∑
k=1

ζjk · Skt ) must be smaller or equal to the sum of capacity and overtime

of resource j in period t (κjt +Ojt ). The third constraint denotes the linkage of the
production volume to the setup variables in order to take account of the fact that
production only takes place after a setup (with TOP denoting a big number). The
remaining constraints are the usual non-negativity restrictions and the definition of
Skt as a Boolean variable where Skt = 1 indicates a setup for operation k in period
t .
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In order to balance the preliminary shifts with the smallest possible lead times
for tactical production planning it is advisable to determine preliminary shifts dy-
namically and dependent on the production program.As a result, production process
dependent waiting times are included in preliminary shifting times. Moreover, they
need not be set for production planning, but result from the plan, so that one main
source of inaccuracy (planning circularity) of production planning, i.e., the use of
predetermined and estimated planned lead times in mrp systems, is eliminated.
Consequently, the model is modified accordingly by redefining the variable for
the production volume: Two modes for the production volume are defined which
distinguish between production and availability of the product. That is, mode 1
represents an operation k which is produced as well as available in period t and
mode 2 denotes an operation k produced in period t − 1 and available in period
t . So the selection of the production mode determines whether there has to be one
period in between two operations or not. The production volume produced in mode
m is then denoted as Xmkt and the total production volume is defined as

Xtotal
kt = X1

kt +X2
k,t+1 ∀k, t

which is the sum of the production volume produced in period t for period t (mode
1) and the production volume produced in period t for period t + 1 (mode 2). The
position of the forward shifting production function is defined by two parameters
bj and ej which are related to the part of production which had to be shifted forward
in the previous period. Here bj states the utilization level from which shifting pro-
duction forward becomes necessary and ej denotes the part of production volume
which needs to be shifted forward at a utilization level of 100%. The production
volume that can be produced in mode 1 depends on the capacity not used for pro-
duction, namely κjt = ∑K

k=1 ξjkX
total
kt . This constraint is adapted to the forward

shifting production function by means of the parameters αj and βj which depend
on bj and ej and modeled for each single resource:

K∑
k=1

ξjkX
1
kt ≤ αjκjt − βj

K∑
k=1

ξjkX
total
kt ∀j, t

The parameters αj and βj have to be determined in order to derive the forward
shifting production function for each resource. They depend on the before men-
tioned parameters bj and ej as follows (for more details see Lautenschläger 1999):

αj = ej bj
1−bj and βj = ej+bj−1

1−bj . Subsequently, these extensions are integrated in the
MLCLSP by inserting the new function and by modifying the inventory balance
equation:

min
K∑
k=1

[
T πkIk0 +

T∑
t=1

(
(T − t + 1) · (lkXtotal

kt − πkPDkt )+ ζkSkt

)]
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subject to:

Xtotal
kt =

Mod∑
m=1

Xmkt ∀k, t

Ik,t−1 +
Mod∑
m=1

Xmkt = PDkt +
K∑
k̂=1

d
(k)

j k̂
·Xtotal

k̂t
+ Ikt ∀k, t

K∑
k=1

ξjkX
total
kt ≤ κjt ∀j, t

K∑
k=1

ξjkX
1
kt ≤ αjκjt − βj

K∑
k=1

ξjkX
total
kt ∀j, t

Xtotal
kt ≤ TOP · Skt ∀k, t

Ikt,X
m
kt , X

total
kt ≥ 0 ∀k, t,m

Skt ∈ {0, 1} ∀k, t
The objective function now aims at minimizing the sum of inventory and setup
costs including lk which is the echelon inventory cost coefficient for the increase
of inventory due to operation k. Overtime is not modeled here. Furthermore, in this
model the forward shifting production function is supposed to be a linear constraint
for each resource.

The nonlinear relationship between the forward shifting volume and capacity
utilization can perhaps be modeled by a linear approximation similar to the method
described by Asmundsson et al. (2002) or else by the description of a nonlinear
constraint. Finally, in order to smooth variation of utilization rates of resources to
account for the relationship between utilization and lead times, a controller from
digital engineering is combined with the forward shifting production function. For
further reading see Lautenschläger and Stadtler (1998); Lautenschläger (1999).

3.6 The supply chain coordination-model by Caramanis and Anli

Caramanis and Anli (1999b) examine the potential value of integrating variable
lead time relationship information and information sharing between plant level and
cell decision nodes in the supply chain coordination process of a multiple part
production facility which is expected to consist of decreased inventory and back-
log costs. For that purpose they propose a master problem algorithm for vertical
supply chain coordination of planning and operational decision making for manu-
facturing cells with concave as well as convex (nonlinear) lead time relationships.
Horizontal coordination constraints like safety stocks and KANBAN levels are not
considered. Furthermore, they evaluate the problem of generating the required in-
formation through calculation of the sub problems at each production cell modeled
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as small networks of queues which are communicated to a master problem solving
coordinator and they examine the numerical problems associated with system com-
plexity. The objective of Caramanis and Anli (1999b) is to determine optimal and
consistent (achievable) production targets (plans) for each production cell during
a time period aiming at reducing WIP, FGI and backlog costs across the supply
chain for a given demand forecast and to compare the benefits of employing higher
complexity issues to classical methods of supply chain coordination. Plan consis-
tency refers to adherence to horizontal operational production constraints such as
capacity, lead time and safety stocks.

A production planning model for an assembly production system is defined
as consisting of three production cells with the objective to minimize the WIP and
FGI (surplus or backlog) costs over the planning horizon. The relevant optimization
problem takes the following form:

min
M∑
i=1

C∑
c=1

T∑
t=1

[
ωitWict + πit Îict + ϑitBict

]
where ωitWict are the costs of WIP of part type i in cell c at the end of period t

with ωit representing the cost factor and withWict =
N∑
j=1

qicj t , i.e., the WIP of part

type i in cell c at the end of period t is equal to the sum of all buffers qijct across
all workstations j = 1, 2, ..., N . Based on the inventory positions Iict , πit Îict
denotes the costs of the positive FGI at the end of period t with Îict = max {0, Iict }
and ϑitBict represents the costs of the backlogged demand at the end of period t
with Bict = max {0,−Iict }. The objective function is restricted by the following
constraints enforced for t ∈ {1, ..., T }:

Wict = Wic,t−1 + Rict −Xict ∀i, c, t
Iict = Iic,t−1 +Xict − Ri3t ∀i, t, c = 1, 2

Iict = Iic,t−1 +Xict −Dit ∀i, t, c = 3
M∑
i=1

ξicj tXict ≤ ρcjt ∀c, j, t

t∗∑
t=1

Rict + Ẇic,t+1 ≥
t∗∑
t=1

Xict +
T∑

t=t∗+1

Xict1
{
t − Lict ≤ t∗

} ∀i, c

Wict = αWic,t−1 + (1 − α)Wict

Wict , Xict , Ẇict ,W ict , Rict ≥ 0 ∀i, c, t
Iict ≥ 0 ∀i, t, c = 1, 2

Iict unrestricted in sign c = 3

where the first three constraints denote the material flow relations withRict being the
release rate of part type i during period t into cell c andXict stating the production
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target of part i by cell c during period t . The fourth restriction is the capacity
constraint where the sum of the expected time needed by machine j at cell c to
produce one part of type i during time period t multiplied by the production target

of part i by cell c during period t (
M∑
i=1

ξicj tXict ) is forced to be smaller or equal to

the maximum allowed utilization of machine j in cell c during time period t . The
fifth restriction represents the lead time constraint where Ẇict is the WIP of part
type i in cell c at the end of period t0, hence available at the beginning of period
t1. An indicator function is represented by 1 {·} which equals 1 if {·} is true and
0 otherwise. Furthermore, an equality constraint is given by the sixth restriction
which denotes the weighted average WIP of part i in cell c during period t , which
is given by 0 ≤ α ≤ 1. The last two constraints are the usual non-negativity
restrictions. The system is modeled as a Markovian closed queuing network with
exponential processing times, variable probabilistic routing, multiple part types
and multiple machines (resources). Lead time estimates for each production cell
are determined by Mean Value Analysis (MVA; see, e.g., Suri and Hildenbrant
(1984)) and, assuming that the production period is long enough to lead to a steady
state, rewritten by employing Little’s Law:

Xict ≤ Wict

Lict

Since Lict is a function of all lead time requirements the constraint is rewritten as
follows:

Xict ≤ gic(Wict , Xict , Xi∗ct ,∀i∗ �= i)

where gic is a nonlinear function which represents the lead time in the production
system for each production cell modeled as a function of the specific workload of
a cell in a considered time period. In order to analyze algorithms which are able to
coordinate effectively the supply chain under complicating factors, Caramanis and
Anli (1999b) concentrate on concave as well as convex lead time constraints.

In the case of concave lead time restrictions linearization is achieved by de-
centralized calculations at appropriately selected points of the production system
generated by the iterative generalized Benders’ master problem algorithm which
handles the information exchange transactions between the sub problem decision
making including information feedback determination and the master problem coor-
dinator. In the case of convex lead time restrictions a modified generalized Benders’
master algorithm is used. The iterative algorithm generates tentative sets of produc-
tion targets for each production cell and then examines their feasibility assuming
the feasibility of the targets of all other cells. Subsequently, the production targets
are converted in the planning horizon to a point on the lead time constraint surface
by adjusting Wict or Xict as implied by the master problem iteration and returning
the linearized constraint with the following form:

Xict ≤ g̃ + δg

δWict

(Wict − W̃n
ict )+

∑
i∗ �=i

δg

δXi∗ct
(Xi∗ct − X̃ni∗ct )
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with (̃·) indicating initialization values. A feasible starting point on the surface of
gict is obtained by using the tentative solution of iteration n:[

W̃n
ict , X̃

n
ict , X̃

n
i∗ct ,∀i∗ �= i

]
Since the cell sub problems use stochastic dynamic models with finer time scales
than the master problem, a sensitivity analysis is performed and time averaged in
order to be consistent with the master problem. Learning effects about the nonlinear
lead time constraints are obtained after each iteration possibly leading to an optimal
and consistent production plan. As a result the complex issue of nonlinear lead time
constraints is solved using linear programming which is similar to the solution of
Asmundsson et al. (2003).

Caramanis and Anli (1999b) analyze three different types of lead time con-
straints, namely an unambiguous concave gict -function at all cells c and for all part
types i, a medium non-concave function, and a severely non-concave function due to
FCFS queue policy and significant different part type processing times with the re-
sult that the implemented algorithm leads to an effective coordination even with the
existence of complicating factors like severely non-concave lead time constraints.
Furthermore, in order to deal with combinatorial problems arising with production
system size and therefore complexity issues of sub problems at the cell level, on-
going advances with controlled queuing networks in combination with concurrent
simulation and neurodynamic programming can be further research directions.

3.7 The production planning model with transient Little’s Law
by Mendoza

In his thesis Mendoza (2003) develops a transient Little’s Law which is the time-
dependent analogue of Little’s Law and denotes the expected queue length in a
general input/output model in terms of transient Palm probabilities (see, e.g., Bac-
celli and Bremaud 1987) of the waiting time and of the expected value of the input
process. He uses the transient Little’s Law to create an integro-differential equation
for the expectedWIP and develops an approximation method to solve it numerically.
An optimization based production planning model is presented which establishes
the optimal release of the material into the system in order to closely match the
defined requirements, e.g., capacity constraints for a finite planning horizon. In
doing so he can approximate the transient behavior of general multi-class queuing
networks such as supply chains including random lead times and time-dependent
WIP. Randomness can be due to material entering the production system and com-
ing out in several periods according to some weights wi(s, t) which indicate the
proportion of input of product i during period s that leaves the production system
by period t . These weights implicitly contain information about the lead time dis-
tributions of the production system, i.e., they are a function of the system load with
two properties: First, they represent how the lead times depend on the load of the
system and, second, how the lead times are affected by the randomness inherent
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in the production system. The numerical method presented for transient analysis
gives an approximation solution to the expected value of the WIP in the system as
a function of time, calculating the weights for the lead time distribution. In case
of known weights the nonlinear optimization problem is reduced to an LP solv-
able with standard LP methods. Here we describe the basic production planning
model of Mendoza (2003) in order to show how he integrates LDLT in production
planning.

The model is defined as a production network for producing several products.
The model has the objective of determining an optimal release point for raw material
into the system in order to meet some predefined requirements which are assumed
to be deterministic (this is relaxed later). The products move through the system
according to specific routes which may also be random, and feedback (rerouting) is
allowed. The input of the production system X̂qt (the cumulative expected quantity
of items that enter the buffer q at time t (X̂ = {

X̂qt : t > 0, q ∈ B}
) is transformed

into the output (X = {
Xqt : t > 0, q ∈ B}

) through a function f stated as follows:

X = fqt (X̂,W)

with W denoting the load on all buffers in the system and f denoting a function
describing how the items are delayed due to queuing and processing times. The
complete production model is stated as follows:

min
T∑
t=1

∑
q∈O(q)

[
φqtXqt + ϑqtBqt

] +
T∑
t=1

∑
q∈B

ωqtWqt

subject to:

Xqt = fqt (X̂,W) q ∈ B,∀t
Zqut = αquX̂ut q ∈ 	(u), u ∈ B \ 	,∀t
Zqut = βquX̂qt u ∈ O(q), q ∈ B \O,∀t
X̂qt = Wqt +Xqt q ∈ B,∀t
X̂, X,Z ≥ 0

with φqt denoting the holding costs for final products in the output buffer q ∈ O

during period t , Xqt representing the cumulative output from buffer q ∈ B (with
B(s) being buffers whose items are processed at station s ∈ S) being the cumulative
requirements of final product in buffer q ∈ O up to time t . The variable Zqut is the
cumulative flow from buffer q ∈ B \ O to buffer u ∈ B \ 	. X̂qt represents the
cumulative input (or output) to buffer q ∈ B and, finally, αqu and βqu denote the
quantity of flow Zqut needed to make one unit of input to buffer q or one unit of
output, respectively.

The objective function minimizes all relevant costs. The first constraint de-
scribes the load dependent transformation of input into output. The following two
equations describe the transfer of material between the buffers, and the fourth
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equation gives the conservation of material flow. The load-dependent function
X̂qt = fqt (X,W) is nonlinear, includes the above mentioned weights which em-
body stochastic queuing and service and describes the expected cumulative output
Xqt in terms of input X̂ as a function of the load in the system. After a transforma-
tion (see Mendoza 2003 for more detail) we obtain for the cumulative output from
buffer q ∈ B:

Xqt =
u∑
s=1

xqtwq(s, t)

where xqt = X̂qt−X̂q,t−1 is the marginal amount of input to buffer q during period
t .

Mendoza (2003) includes in his model further stochastic issues like random
demand and random output and formulates an optimization algorithm in order to
find a feasible solution based on the computed weights which are consistent with
the load of the system which means that planned production schedules will also
be feasible. So, the model is able to schedule later releases in certain situations,
e.g., if requirements of the production changes during the production horizon, and
consequently reducing FGI while still satisfying production requirements.

4 Conclusions

We have seen that although considerations about load dependent lead times are
rare in the literature to date, there are some very interesting aggregate planning
models that take them into account. This is particularly noteworthy, because lead
times are of critical importance with respect to the global competitiveness of firms.
Furthermore, we have discussed the importance of accounting for the nonlinear
relationship between lead times and workload of production systems as well as
other factors such as, e.g., product mix, scheduling policies, batching or lot sizing,
variable demand patterns etc. Queuing models highlight the evidence that lead
times increase nonlinearly long before resource utilization reaches 100% which
is only included in few mathematical planning models. Additionally, there is a
lack of models that analyze LDLT in the context of stochastic demand and other
uncertainties evidently prevailing in practice.

The approach of modeling clearing functions in order to account for LDLT is
considered very promising and should be implemented in a stochastic framework
by using queuing models with the purpose to integrate the problem of variable
demand patterns and to analyze the behavior of LDLT as proposed by Buzacott and
Shantikumar (1993). This could be used as a starting point for additional modeling
of production systems. It is evident that not all concepts and methods are well suited
for each type of production system (job shop, flexible manufacturing system, etc.)
with one or more production stages or products (one level – multi level production
systems, one item – multi items or products), respectively. In case of LDLT and their
integration into mathematical programming models for the aggregate production
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planning process it is wise to begin with the simplest production system and then
proceed to more complex systems and situations in order to arrive at overall supply
networks with the aim of finding general principles of modeling and accounting
for LDLT.

For future research we also need some careful consideration of the interaction
between planning and scheduling. For a better understanding of the factors that
determine the performance of a supply chain or a supply network, it is necessary to
create formal and structured approaches and then incorporate the resulting knowl-
edge and findings in software programs which can help to support planning deci-
sions about the production system and help to find optimal decisions with respect
to the complexities, mutual dependencies inherent in the system. The increasing
level of automation, especially at the operational level, not only aims at improving
the physical flow of materials through the supply network, but also tries to combine
the understanding of system behavior with information and computational support
in order to explore different courses of action and find optimal production plans.
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Abstract Lead times impact the performance of the supply chain significantly. Although
there is a large body of literature concerning queuing models for the analysis of the relation-
ship between capacity utilization and lead times, and another body of work on control and
order release policies that take lead times into consideration, there have been relatively few
aggregate planning models that recognize the (nonlinear) relationship between the planned
utilization of capacity and lead times. In this paper we provide an in-depth discussion of the
state-of-the art in this area, with particular attention to those models that are appropriate at
the aggregate planning level.
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programming · Supply chain management

1 Introduction

Let us define the lead time as the time between the release of an order to the shop floor
or to a supplier and the receipt of the items. Lead time considerations are essential with
respect to the global competitiveness of firms, because long lead times impose high costs
due to rising work in process (WIP) inventory levels as well as larger safety stocks caused
by increased uncertainty about demand. Large planning models typically treat lead times
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as static, exogenous input data, but in most situations the output of a planning model im-
plies capacity utilizations which, in turn, imply lead times. Lead times are among the most
important properties of items in production planning and supply chain management (SCM).

Despite this, consideration of lead times that are dependent upon resource utilization
(load dependent lead times: LDLT) is still rare in the literature. The same is valid for mod-
els linking order releases, planning and capacity decisions to lead times, and taking into ac-
count factors influencing lead times such as the system workload, batching and sequencing
decisions or WIP levels. In short, in most SCM and production planning models nonlinear
dependencies, e.g., between lead times and the workload of a production system or a pro-
duction resource, are usually omitted. This happens even though there is empirical evidence
that lead times begin to increase nonlinearly long before resource utilization reaches 100%,
which may lead to significant differences in planned and realized lead times.

In this paper we present different approaches to modeling LDLT. There are indirect ap-
proaches, primarily aiming at avoiding LDLT and their causes before they arise, e.g., de-
mand variability smoothing methods, job release policies and production planning design,
as well as models addressing the problem by implementing LDLT in aggregate production
planning using clearing functions. An earlier version of this paper has appeared as Pahl et al.
(2005b).

The literature we review comes from both well-known journals and less well-known dis-
sertations, which provides the reader a broad set of sources for further studies. We devote
Sect. 2 to providing some context for LDLT in the larger supply chain and production plan-
ning literatures. In Sect. 3 we provide detailed descriptions of recent research aimed at the
development of aggregate production planning models that are able to capture the nonlinear
dependency of lead times and workload directly and nevertheless remain computationally
tractable. Finally, some conclusions are provided.

2 Supply chain management and lead time discussion

SCM rose to prominence as a major management issue in the last decades. While the focus of
managing supply chains has undergone a drastic change as a result of improved information
technology (IT), production planning remains a critical issue. For some references on SCM
see Simchi-Levi et al. (2002), Stadtler and Kilger (2005), and Voß and Woodruff (2006).

In this section we provide context for the models that will be discussed in Sect. 3 below.
Besides a few remarks on information sharing (Sect. 2.1) we provide some links to literature
concerning common planning concepts (Sect. 2.2) as well as release mechanisms (Sect. 2.3).

Before going into detail, let us reconsider our lead time definition. Besides our definition
given above, Yücesan and de Groote (2000) define lead times as the time between the autho-
rization of production to the completion of processing, at which point the material is ready
to fill a customer order. So, lead time consists of queuing time, processing time, batching
time, and transportation/handling time. For instance, Hung and Hou (2001) refer to this as
the flow time.

Even if it is not related to the literature on LDLT it should be mentioned that various
forms of lead times may be discussed, such as effectuation lead times (the time between a
decision is made and the time the consequences of this decision can be observed throughout
the supply chain), minimal lead times, and actual lead times; see, e.g., de Kok et al. (2003).
Also, in semiconductor manufacturing and assembly line balancing the term cycle time is
used quite frequently; see, e.g., Hopp and Spearman (2001) and Domschke et al. (1997).
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2.1 Information sharing

Many companies use modern IT to help them gain competitive advantage in the marketplace.
The rapid advances in IT have provided tools that enable supply chain partners to share
information with each other. However, questions concerning the benefits that can be gained
through the sharing of information are frequently raised. Several researchers have examined
the impact of information sharing on business performance; see, e.g., Thonemann (2002)
and Zhao et al. (2002). A survey of the impacts of sharing information, including some lead
time discussion, is provided by Huang et al. (2003).

One of the most common information sharing issues is the so-called bullwhip effect. It
relates to the observed behavior when forecasts for intermediate products within a supply
chain are based only on the direct demand experienced for those products, i.e., variability in
the demand pattern is magnified. For references on the bullwhip effect see, e.g., Lee et al.
(1997), Chen et al. (2000), Simchi-Levi et al. (2002).

The dynamics and the globalization of markets imply competition on time-based fac-
tors like flexibility or responsiveness to consumers, especially in case of variable demand
patterns as pointed out by Spearman and Zhang (1999). This results in the need to share
business information, especially information related to the production process and the in-
ventory levels for use in planning models. Without proper communication and planning
models, reducing lead times at individual nodes of the supply chain does not automatically
lead to improvements in global supply chain lead times. If, e.g., an individual node of the
supply chain is able to respond flexibly to production requirement changes by modulating
its own lead time, this does not result in a benefit for the overall supply chain if informa-
tion about this flexibility in lead time dynamics is not communicated to the other partners
(see Graves and Willems 2000 or Hall and Potts 2003). For instance, Caramanis and Anli
(1999a) propose an iterative learning algorithm that shows how efficiency can be increased
by sharing information at each individual production and decision node of a production cell.
These nodes can also be interpreted as companies related to each other in a supply chain.

Companies are aware of the need not only to share business information, but also to ac-
tively and effectively manage their supply chains. However, the trend towards collaborations
results in increases in supply chain size and system complexity. Consequently, decisions that
were adequate on a small scale can have unexpected consequences on a large scale. There-
fore, it is mandatory to understand the operational dynamics of the various aspects of supply
chains. Orcun et al. (2006a) propose modeling tools for collaborative companies that allow
them to design, develop and change aggregate models for supply chains including material
and information flows in order to gain insights and assess alternative configurations. Effects
of different types of uncertainty, e.g., lead times, demand patterns, etc., can be examined
as well as the effects of competing goals regarding long or short-term contracts, volume
commitments or price agreements on the entire system.

2.2 Common planning concepts

Present practice for manufacturing supply chains is dominated by the utilization of mod-
els based on materials requirements planning (mrp) which are associated with a variety
of problems. Homem-de-Mello et al. (1999), Caramanis and Anli (1999a) and Hopp and
Spearman (2001), among others, highlight that one of these problems lies in the assumption
of fixed and constant lead times at the aggregate level of the planning process and, what is
even worse, in the utilization of the “worst case lead time”, i.e., the maximal lead time for
an individual node. This is done in order to have enough “buffer time” to ensure that the
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demand requirements can be met in any case (see also Enns and Suwanruji 2004 or Enns
2001). Additionally, in order to meet due dates, there is a tendency to release jobs into the
production system much earlier than necessary, leading to very high WIP levels and there-
fore longer waiting times; see also Enns (2001). Consequently, lead times get even longer.
This over-reaction becomes a self-fulfilling prophecy and is addressed in the literature as
the lead time syndrome. It results from the fact that the relationship between WIP, output,
workload and average flow times is ignored (see Zäpfel and Missbauer 1993a, 1993b or
Tatsiopoulos and Kingsman 1983). For an extensive study see Selcuk et al. (2006). Further-
more, these planning models hide the inherent variability of lead times and their dependency
on planning decisions by defining planned lead times which are much longer than necessary.
Additionally, they use planning techniques that ignore consistency constraints in determin-
ing production targets for single production cells (stations or resources) or, as Caramanis
and Anli (1999a) point out, tighten them so as to linearize and make them time invariant.

Hackman and Leachman (1989) propose a framework for modeling production processes
that generalizes and improves the accuracy of simple production models integrated in linear
programming (LP), mrp and the critical path method (CPM) based on modeling and plan-
ning techniques by reformulating the constraints of components of production lead times.
Billington et al. (1983) address the shortcoming of mrp models to treat the capacity as infi-
nite. They present a mathematical programming approach dealing with capacity constraints
which are scheduled considering other production stages and unpredictable production lead
times in order to account for the fact that lead times are related to capacity planning. Clark
and Armentano (1995) develop a heuristic model for a resource capacitated multi-stage lot
sizing problem including general production structures, setup costs, WIP inventory costs and
production lead times. The heuristic first calculates a production plan for the incapacitated
case and then shifts production backward in time so as to generate capacity feasible produc-
tion plans. There is also some scheduling literature where lead time estimates are developed
by simulation and used in an iterative framework; see, e.g., Vepsalainen and Morton (1988)
and Lu et al. (1994).

Most mrp and enterprise resource planning (ERP) models implement sequential plan-
ning algorithms which omit many functional interdependencies or uncertainties. For in-
stance, Karmarkar et al. (1993b) points out that the lead time of a part is rather a property of
the state of the production facility and, consequently, depends on the overall available capac-
ity and workload which can vary significantly over time. In Asmundsson et al. (2003, 2006a)
and Karmarkar (1987) we see that one of the fundamental problems of various manufactur-
ing and production planning models like mrp or manufacturing resources planning (MRP II)
is the omission of modeling nonlinear dependencies. These include, e.g., the relationship be-
tween lead times and the workload of a production system or a production resource. How-
ever, there is empirical evidence that lead times increase nonlinearly long before resource
utilization reaches 100%. This is also highlighted in Pahl et al. (2005a). As a consequence,
production plans tend to be inaccurate because of the fact that lead times are extremely de-
pendent on decisions about the product mix, workload and scheduling policies which is also
emphasized in Asmundsson et al. (2002, 2003, 2006a), Caramanis (2000), Caramanis and
Anli (1999a, 1999b), Yano (1987), Zijm and Buitenhek (1996). This is particularly true for
unsynchronized manufacturing shops where products can follow diverse routings and re-
sources have limited capacity. Nevertheless, mrp systems treat the production lead time of a
product, part, or stock keeping unit (SKU) as a constant (exogenous) parameter independent
of other production factors and, therefore, as an attribute of the part (see Dauzère-Pérès and
Lasserre 2002).
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Missbauer (2002) integrates the functional relationships between, e.g., the mean level of
WIP and important core variables of production planning like flow time or capacity utiliza-
tion in lot sizing models to analyze the impact of lot sizing on these specific values and
dependencies. Enns and Choi (2002) and Enns and Suwanruji (2004) develop methods for
setting dynamically planned lead times based on the current system workload and lot sizes
in MRP II systems. They study the use of exponentially smoothed order flow time feedback
for the dynamic planned lead time setting in a GI |G|1 queuing model. Results reveal that
the assumptions considering the lot inter-arrival time variability have significant influence
on lot sizes and overall system performance since lead times are significantly affected by
the system workload which, in turn, is dependent on capacity and, therefore, setup times.

Selcuk et al. (2006) analyze the effects of updating lead times on the performance of
a stochastic two level hierarchical planning system. Lead times are updated using periodic
feedback and actual information on the production environment. Using discrete event sim-
ulation they reveal that updating lead times causes increases in lead times and production
costs and that the main driver of this lead time inflation is material starvation. Consequently,
updating lead times in a hierarchical setting may be questionable.

Hung and Hou (2001) suggest an iterative scheme for a flow time prediction model where
the flow time encompasses transfer times, waiting times, and processing times. Their LP
approach is an efficient alternative to simulation. It is based on empirical data describing
the relationship between the loading rate and waiting time by a piecewise linear function.
An approach to estimate lead times in a make-to-order system employing data mining is
suggested by Öztürk et al. (2006). Furthermore, Jodlbauer (2004) studies the behavior of
the input-weighted average standard processing time for a multi-item machine and shows
that it is not influenced by scheduling, sequencing or lot sizing, but by the total input and the
individual standard processing times of items. If the standard processing time is very short,
its reduction results in an increase of the input-weighted average processing time which
is caused by the convexity of the latter. Consequently, in order to minimize the average
processing time the focus should be on products with large standard processing times. For
a mathematical definition and a derivation of the properties of input-weighted average lead
times see Jodlbauer (2005).

Voß and Woodruff (2004) concentrate on the fact that decisions about the utilization of
production resources in the aggregate planning process affect realized lead times. This is
even more important to capture when extending the aggregate planning process to whole
supply chains. They further emphasize the need to simultaneously consider lead time conse-
quences and alternative routings and/or suppliers—which they model as additional routing
alternatives—arising during the planning process. This is due to the fact that bottlenecks
shift as a result of the production planning process. The important insight, which is also
highlighted in Goldratt and Fox (1986), is that the consideration of interactions of bot-
tlenecks in the production system is of great importance also because of the fact that a
resource becoming a bottleneck is dependent on the workload. It therefore depends on de-
cisions about loading and alternative routings. These, in turn, are determined much earlier
in the aggregate production planning process and, thus, from the point of view of Voß and
Woodruff (2004), should not be distributed to the control level. Their aim is to provide a
useful planning model with realistic assumptions from which feasible (realizable) schedules
can be derived and which accounts for consequences of LDLT on planning decisions for
supply chain networks. Instead of focusing on a single bottleneck one may consider several
near-bottlenecks together in planning decisions; see, e.g., Horiguchi et al. (2001).

Recent versions of advanced planning systems (APS) incorporate finite capacity schedule
techniques based on diverse models targeted toward determining accurate start times and
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schedules for jobs without ignoring capacity constraints (see, e.g., Fleischmann et al. 2003
and the contributions in Stadtler and Kilger 2005). Together with manufacturing execution
systems (MES) which use network technology in order to provide real time tracking of
important production resource information (machines, labor, WIP levels), the APS receive
the current production status of the shop floor and the planned order releases from an ERP
system with the objective to optimize the production schedule (see, e.g., Homem-de-Mello
et al. 1999).

2.3 Release mechanisms

The use of pull-based control mechanisms can increase the predictability of lead times and
thereby improve the performance of planning systems. There is vast literature on this sub-
ject; see, e.g., Ben-Daya and Raouf (1994), Buzacott and Shantikumar (1993), Hopp et al.
(1990), Ouyang et al. (1997), Srinivasan et al. (1988), Wu (2001). In addition, pull-based
control systems like KANBAN or CONWIP aim at controlling workflow in order to reduce
overall inventories and related costs; see, e.g., Spearman et al. (1989, 1990). The KANBAN
concept is an early suggestion from Japan to implement the pull principle in manufactur-
ing systems. The specific information system includes the KANBAN card, which can be
regarded as an authorization for production. The main characteristic of KANBAN systems
is reflected by the closed loops of every production unit. For more details on KANBAN sys-
tems see, e.g., Krieg (2003). In CONWIP systems, the manufacturing system is comprised
of one closed loop card system, so that one card is attributable to one product container and,
consequently, inventory is equal to the number of cards in the system. The name “CONWIP”
is derived from “CONstant Work In Process”. The CONWIP system can be regarded as a
closed queuing network where the orders correspond to the constant number of cards in the
system; see, e.g., Hopp and Spearman (2001).

There are many studies in the literature that examine pull release mechanisms based
on the workload of production facilities as, e.g., Bertrand and Wortmann (1981), Bertrand
(1983) and methods of workload oriented production control as, e.g., Bechte (1982),
Bertrand and Wortmann (1981), Bertrand (1983), Wiendahl and Wedemeyer (1990). Ac-
cording to Homem-de-Mello et al. (1999), neither KANBAN nor CONWIP integrate due
dates in order to smooth releases and therefore workload, which leads to inaccurate order
releases.

Adoption of KANBAN and just in time (JIT) techniques in complex production systems
that do not have the proper characteristics such as flow balance between production stages,
highly similar products etc., is problematic as pointed out by Zäpfel and Missbauer (1993a,
1993b). Moreover, the problem of workload oriented production controls lies in the fact
that often, from a supply chain perspective, they do not really solve any problem regarding
lead times, but rather increase their mean and variance by shifting the workload from inside
to outside the manufacturing shop. That is, jobs that would wait within the shop floor are
forced to wait in front of the shop because workload controls only release jobs when enough
capacity is available; see also Zijm and Buitenhek (1996) or Philipoom and Fry (1992).

Other authors argue that holding (delaying) jobs in a so-called “job pool” and thereby
controlling a hierarchy of backlog lengths provides a good mechanism to control the shop
floor throughput times. As has been argued by Hendry and Kingsman (1991) the latter are
an important part of lead times and consequently reduce congestion situations in the pro-
duction system, WIP levels, LDLT and related costs. Philipoom and Fry (1992) investigate
the benefits and drawbacks of not only delaying jobs in a job pool, but rejecting customer
orders when the system workload or utilization is very high in order to avoid long queues in
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front of the entry point to the production facility and to improve delivery reliability. Reject-
ing orders will surely lead to the loss of goodwill, but accepting customer orders including
due dates and failing to deliver leads to even higher loss of goodwill. For further reading see
Philipoom and Fry (1992). They also point out that unconditionally accepting customer or-
ders leads to increased average flow times, increasing uncertainty whether agreed upon due
dates are met for all other jobs in the production system. They show that rejecting a small
percentage of orders can lead to considerable improvements in system performance. Job re-
lease policies and release controls aim at avoiding overload of the production system and,
consequently, restrict WIP to reduce queues and therefore the dependency of the lead time
on the workload which then allows for the usage of simpler planning models. Witt and Voß
(2005) propose controlling the WIP in a hybrid flow shop by modifying release quantities
based on limited intermediate storage.

Agnew (1976) proposes a dynamic model of a general congestion-prone system which
illustrates the relationship between throughput and workload of the system. He analyzes
the system behavior and the form of optimal policies for most accurately controlling con-
gestions. Land and Gaalman (1996) propose a comprehensive production workload control
model (WLC) which buffers the shop floor against external dynamics like rush orders or
demand peaks and tries to equilibrate the queuing of jobs in the shop floor in a stationary
process using workload norms. Various authors have extended these WLC models to hier-
archical capacity-oriented production control concepts for job shops as, e.g., Bechte (1988),
Bertrand and Wortmann (1981). Missbauer (2002) presents a decision model for the op-
timization of aggregate order releases that takes into account the dependency of the work
center output on the WIP and thus can be considered as a workload control method. A model
that combines aggregate order release planning and workload control aiming at optimizing
the aggregate flow of materials through a production unit is given by Missbauer (2006a).
Homem-de-Mello et al. (1999) develop a job release method using simulation-based op-
timization for production scheduling that aims at setting release times for jobs with fixed
due dates and determined sequences in stochastic production lines including machine down
times, where job release criteria are WIP levels as well as customer service (rates). One
objective is to keep flow or cycle time (sum of processing and queuing time) at a mini-
mum level in order to increase responsiveness and flexibility in manufacturing and to reduce
WIP. They consider a transient situation, as opposed to other papers which deal with setting
release times using steady state models.

Hackman et al. (2002) propose a multi-product multi-period stochastic dynamic produc-
tion planning model that determines the release times of products in regard of forecast re-
quirements and various (time-varying) constraints on resources, production smoothing, ma-
chine breakdowns, rework, scrapping, delays in supplies, personnel availability, etc. Lead
times are assumed to be random variables with a distribution that can be estimated, e.g.,
from historical data. The aim of the model is to determine the release times for the products
that ensure meeting the predetermined requirements in each planning period with the desired
probability at minimum costs. They suggest an LP model where release times are dynami-
cally determined using a rolling planning horizon. Simulation results show that their model
is able to derive more realistic plans than classical MRP II models with reduced production
costs.

Glassey and Resende (1988) study control policies including information about the type
of machine failure in order to minimize the average inventory in two stage flow lines. They
define a specific threshold level for each type of failure of downstream resources (stations).
They show that dynamic control policies reacting to machine failures are most valuable in
the case that the second stage resource is the bottleneck, the downtime is not too small and
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the ratio of the repair rate to the processing rate of the second resource is small. For an
extensive description of this body of work in the semiconductor industry see Uzsoy et al.
(1994).

Further work includes studies on closed-loop job release mechanisms for job shops with
machine failures and repair as a main source of randomness. The so-called “starvation avoid-
ance” control mechanism aims at maximizing utilization of critical bottlenecks while con-
trolling the development of the WIP. By monitoring actual WIP levels this job control pro-
cedure only releases jobs into the production system when inventories are below a predeter-
mined safety stock level. Kim et al. (1996) propose a release control mechanism designed
for semiconductor wafer fabrication that uses a tracking system which provides the model
with actual information about the shop floor situation. A heuristic is proposed in order to
minimize the mean flow time and mean tardiness while observing given output rates. Sim-
ulation results are provided for a simplified semiconductor wafer fabrication environment.
A more detailed overview of order release algorithms can be found in Hendry and Kingsman
(1991), Philipoom and Fry (1992), and Tatsiopoulos and Kingsman (1983).

Wiendahl and Wedemeyer (1990) describe the general dilemma of production planning,
scheduling and release control which has its roots in the conflicting planning objectives
and resulting trade-offs as, e.g., minimization of lead times and WIP inventory levels while
maintaining high utilization levels. They argue that, despite of these problems, it is possible
to find an optimal solution to each situation by employing an order release control method.
In addition, Zäpfel and Missbauer (1993a) give an overview of production planning and con-
trol concepts that aim at overcoming the deficiencies of traditional models such as MRP II.
These include concepts like Optimized Production Technology (OPT), Just in Time Produc-
tion Planning and Control (JIT-PPC) as well as production planning and control including
progressive figures which provide an instrument for monitoring material flows employing a
graphic or diagram, but do not include methods for capacity planning.

The OPT concept considers the performance of the production system as dependent on
the bottleneck in the system and takes it as a basic constraint (starting point) to calculate
the detailed production plan. The OPT scheduling algorithm generates the detailed schedule
for the bottleneck and then performs the forward scheduling of the orders also including the
determination of transfer batches and process batches. The resulting flow times and delivery
times are the outcome of the planning process which is the most important result of this
concept, namely that it does not use estimated planned lead times. The order release process
is determined on the so-called “drum beat” of the bottleneck resource, i.e., its production rate
which is calculated by the drum-buffer-rope approach (DBR) and determines the schedule
for the bottleneck resource. The concept is discussed extensively in Goldratt (1988) and
Zäpfel and Missbauer (1993a).

3 Models incorporating load dependent lead times

In this section we shall concentrate on the problem of how to develop aggregate production
planning models which are able to directly capture the nonlinear dependency of lead times
and workload and nevertheless remain tractable computationally. The first reference that
we review is Zijm and Buitenhek (1996). They consider the relationship of lead times and
workload without using the concept of clearing functions. This is incorporated in the model
of Graves (1986) which opens the discussion of clearing functions. Models from Srinivasan
et al. (1988), Karmarkar (1987, 1989a), Asmundsson et al. (2002, 2003, 2006a), and Hwang
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and Uzsoy (2004) follow in this regard. Kim and Uzsoy (2006a) represent a capacity ex-
pansion problem with clearing functions and Upasani and Uzsoy (2005) integrate pricing
decisions in their clearing function model.

The model of Missbauer (1998) emphasizes lot sizing decisions and integrates them into
a clearing function model. The work of Lautenschläger (1999) concentrates on forward shift-
ing functions for production planning. However, Caramanis and Anli (1999b) are the first
who extend the view to the overall supply chain. Riaño (2002) emphasizes stochastic issues
and develops a transient Little’s Law. Finally, Selcuk et al. (2005) employ a short term clear-
ing function in their hierarchical supply chain operations planning model aiming at linking
the effects of order releases, throughput and scheduling decisions.

3.1 The planning and control model with workload oriented lead times of Zijm and
Buitenhek

Zijm and Buitenhek (1996) develop a manufacturing planning and control framework for a
machine shop that includes workload oriented lead time estimates in order to consider both
lead time and capacity management in one management planning tool. For this purpose they
suggest a method that determines the earliest possible completion times of arriving jobs
with the restriction that the delivery performance of any other job in the system will not be
adversely affected, i.e., that every job can be completed and delivered in time.

The goal is to determine reliable planned lead times based on the workload that results
in due dates for jobs that can be met. The model can be implemented at a capacity planning
level, serving there as an input for a final detailed capacity scheduling procedure that also
takes into account additional resources, job batching decisions as well as machine setup
characteristics. They use queuing network techniques to determine the mean and variance
of lead times dependent on lot sizes, production mix and expected production volume. Their
framework is partly based on the work by Karmarkar (1993a) and Karmarkar et al. (1985a)
as they represent each network service station as a M|G|1 queuing model with multiple part
types.

Employing different approximations for queuing networks can lead to improvements in
the result, e.g., when modeling production system nodes as GI |G|c networks in case of
parallel machines. To find an approximation for the average work in the production system
that has to be processed at a specific machine, Little’s Law is used:

Y ijk = λijkLijk

where Y ijk denotes the mean number of batches of part type i in queue or in process at
resource (work station) j for their k-th operation, Lijk is the mean lead time corresponding
to the k-th operation of part type i at resource j , and λijk the arrival rate of batches of
part type i at resource j for their k-th operation (defined by λijk = Di

Qi
δijk , where Di is the

demand rate of part type i, Qi the deterministic lot size of part type i and δijk an indicator
function which fixes the part type dependent routing of i). The batch processing time pbijk
of part type i at resource j for the k-th operation includes the setup time Sijk and is given
by pbijk = Sijk +Qipijk , where pijk denotes the deterministic processing time for part type
i at resource j for the k-th operation. The n-th moment of the part type- and operation-
independent batch processing time pbj is then represented as:

E(pbj )
n =

M∑
i=1

K∑
k=1

λijk

λj
(pbijk)

1
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where λj denotes the overall arrival rate at resource j . Consequently, the average workload
or utilization ρj at workstation j is given by:

ρj = λjE(p
b
j )
n.

Assuming Poisson arrival processes at each resource, the Pollaczek–Khintchine formula
yields the following expression for the mean waiting time in queue Wtj at workstation j :

Wtj = λjE(p
b
j )

2

2(1 − ρj )
.

Moreover, the mean lead time Lijk is determined by the mean waiting time in queue at
resource j (Wtj ) and the batch processing time pbijk : Lijk =Wtj +pbijk . We note the incor-
poration of the relationship between lead times and workload in this formula. The approxi-
mation for the average work in the production system Wj is then given as follows:

Wj =
M∑
i=1

K∑
k=1

Y ijk

(
pbijk +

K∑
k̂=k+1

pb
ij k̂

)
+

M∑
i=1

N∑
ĵ=1
ĵ �=j

K∑
k=1

Y iĵk

(
K∑

k̂=k+1

pb
iĵ k̂

)
.

The first term refers to the jobs currently present at resource j and includes both current (k)
and future operations (k̂). The second term represents the jobs currently present at other
resources (ĵ �= j ) which could still have to visit resource j . pb

ij k̂
denotes the batch processing

time of the future operation k̂ on part type i at resource j . The term can be interpreted as
the number of jobs at resource j on which the jobs have to undergo present and future
operations plus the number of jobs which have not already been processed on resource j .
Subsequent to the determination of both mean and variance of the lead times and the average
work in the production system is a decomposition-based job shop scheduling algorithm (the
shifting bottleneck procedure). The capacity planning procedure is then used to calculate the
individual planned lead times for each batch, based on the actual workload of the production
system.

To be more precise, first a scheduling algorithm is employed to minimize the maximum
lateness for each job under the special characteristic that a job is allowed to visit a worksta-
tion, once, more than once, or not at all. Despite the fact that this is an NP-hard problem the
shifting bottleneck heuristic gives satisfactory results. The decomposition algorithm then
distributes the overall problem to a series of single machine scheduling problems for deter-
mining the virtual release and due dates for the operations with the objective of minimizing
the maximum lateness. Once assigned, these due dates are fixed, i.e., modifications are not
possible.

The capacity planning method based on aggregate scheduling finally assigns the due
dates to each job depending on the current workload of the production system under the
aforementioned condition that all jobs in the system can be finished without delay. These
due dates further give the input for the detailed shop floor scheduling. What is obviously
different here is the explicit consideration of different routings and machines at their capac-
ity limit which is not included in classical “bucket filling” capacity planning models which
tend to smooth the needed capacity over the scheduling time period and consequently ig-
nore precedence relations. The model represented here is designed for a highly simplified
machine shop, but can be modified for several shop configurations. Although it does not con-
sider the nonlinear relationship between workload and LDLT, it provides a first approach for
considering the workload of a production system at an aggregate planning level.
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3.2 The tactical planning model of Graves

Graves (1986) develops a tactical planning model for a job shop for the purpose of studying
the dependencies between production capability, variability (uncertainty) of the production
requirements, and level of WIP inventory. He tries to analyze to which extent the job flow
time (or WIP inventory) depends on the utilization of each resource of a job shop or produc-
tion stage, respectively. Furthermore, the interrelationship of flow time and production mix
is analyzed. The underlying production system is a flexible job shop, modeled as a network
of queues where multiple routings of jobs are possible so that the lack of a dominant work
flow complicates production control which aims at considerably reducing the variance of
planned lead times. Nonetheless, input/output control systems try to manage the work flow
through the shop by stabilizing queues at a predetermined level.

Planned lead times are used as the key decision parameters for implementing an in-
put/output control in order to describe production rates by resource and by time period.
For that purpose a queuing model is employed that includes flexible production rates of re-
sources which can be set by a tactical planning model as to smooth the work flow in order to
avoid overload of resources. According to Karmarkar (1989a) this imposes difficulties, be-
cause it implies that, applying Little’s Law, lead times are fixed even when workload varies.
Similar to Bertrand and Wortmann (1981), Graves (1986) develops a time discrete, aggregate
planning model which attempts to control the flow time of jobs and hence the workload in
the production system. This discrete-time, continuous flow model considers workload rather
than single jobs. It is assumed that the movement of jobs from one resource to another and
the arrival of new jobs only occur at the beginning or at the end of a time period, respec-
tively. A control rule is implemented at each resource that determines the amount of work
performed during a time period, which is a fixed portion αj of the queue of work remaining
at the start of the period at resource j :

Xjt = αjWjt ∀j, t
where Xjt denotes the production at resource j in time period t , αj a smoothing parameter
with 0< αj < 1 andWjt the queue of work at the beginning of time period t . This smoothing
parameter is called “proportional factor” by Missbauer (1998). Infinite capacity is implied
since the resource is able to complete the fixed portion αj even when the workload (WIP) is
infinitely high. The major drawback of the model is that it employs fixed planned lead times,
i.e., it is assumed that production processing rates can be regulated in order to account for
workload in the production system. This implies, as mentioned above, by applying Little’s
Law, that lead times are fixed even when the workload varies. So lead time consequences,
due to varying workload in the production system, are not really captured in the model.
Additionally, the model assumes static average loading with stochastic variations. Never-
theless, Karmarkar (1989a) argues that these restrictions can be overcome and extensions to
generate a dynamic model can be created.

3.3 Clearing functions

Karmarkar (1989a) and Srinivasan et al. (1988) independently take up the idea of Graves
(1986) and integrate it in a mathematical planning model with so-called clearing fac-
tors α(WIP) which are nonlinear functions of the WIP, thus yielding a clearing function
of the following form:

Capacity = α(WIP) · WIP = f (WIP)
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Fig. 1 Diverse forms of clearing
functions

where f represents the clearing function that models capacity as a function of the workload.
In Asmundsson et al. (2003, 2006a) the clearing factor specifies the fraction of the actual
WIP which can be completed, i.e., “cleared”, by a resource in a given period of time. (Miss-
bauer (1998) refers to this function as a “utilization function” and Selcuk et al. (2005) as
a “saturation function”.)

Figure 1 depicts some possible forms of clearing functions where the constant level clear-
ing function corresponds to an upper bound for capacity as mainly employed by LP models.
This implies instantaneous production without lead time constraints since production takes
place independently of WIP in the production system. The constant proportion clearing func-
tion represents the control rule given by Graves (1986) which implies infinite capacity and
hence allows for unlimited output. Moreover, in contrast to the nonlinear clearing function
of Karmarkar (1989a, 1989b) and Srinivasan et al. (1988), the combined clearing function
in some region underestimates and in others overestimates capacity. The nonlinear clearing
function relates WIP levels to output and lead times to WIP levels which are influenced by
the workload of the production system (see also Karmarkar et al. 1993b) and therefore is
able to capture the behavior of LDLT. By applying Little’s Law the clearing function can
be reinterpreted in terms of lead time or WIP turn, respectively. Additionally, the slope of
the clearing function represents the inventory turn with lead time given by the inverse of the
slope, which is stated by Karmarkar (1989a).

Next we discuss various clearing function models.

3.3.1 Clearing function model by Srinivasan, Carey and Morton

Srinivasan et al. (1988) construct a nonlinear aggregate discrete-time continuous flow model
with variable job arrival times and finite horizon settings. It aims at determining aggregate
schedules and optimal WIP inventory levels for each workstation taking into account the ef-
fects of WIP levels on (throughput) capacity and on lead time as well as the marginal value
of capacity and therefore determining prices for each workload situation of a workstation.
A workstation is defined as an aggregation of individual machines, e.g., different machines,
flexible machine centers, flow lines, parallel machines or a department. A more detailed
lower level model will derive plans for each single machine. The model captures the contin-
uously changing lead times at each workstation, thus providing better lead time estimates for
due date setting as well as the changing utilization of workstations due to varying demand
patterns reflected in the alternating value of capacity. Finally, an optimal routing scheme for
each job through the production network is determined.

There exist two different approaches of production planning models in the literature to
date, namely the monolithic and the hierarchical planning approach. The former includes
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both tactical production planning and operational scheduling in one broad (overall) math-
ematical programming model whereas the latter captures the need for planning control at
each organizational level of the production process. Hierarchical systems employ an aggre-
gate model that serves as a framework for the more detailed lower level models providing
primal solution information serving as further modeling constraints. For further reading see
Bitran et al. (1981, 1982), and Dempster et al. (1981).

The optimization model presented by Srinivasan et al. (1988) resides between tactical
planning and detailed scheduling. The production system is viewed as a network (conges-
tion) queuing model with the workstations connected by transportation links where jobs
compete for machine capacity (contention system). Capacity is modeled as a concave func-
tion of WIP at the workstation or the length of the dynamic line. Additionally, it is assumed
that capacity increases with a declining rate, allowing the existence of implicit resource
prices at each utilization level. This is not possible when capacity is modeled as an upper
bound such that implicit resource prices are only non-zero at 100% utilization.

The objective of the model is to minimize the overall costs of production, namely the
holding costs, the processing costs and the tardiness/earliness costs, stated in the following
objective function (with T indicating the number of periods, M the number of jobs, and N
denoting the number of workstations without considering the final workstation d):

min
M∑
i=1

T∑
t=1

[
N∑
j=1

(ωijtWijt + φijtXijt )+wiei(t)Xidt

]

where φijt is the processing cost factor which only considers variable and labor costs directly
attributable to units of each processed job and Xijt the number of jobs i at workstation j at
the beginning of the t -th time period in external or internal queues at individual machines
or in process (the production costs do not need to vary over time) and ωijtWijt representing
the holding costs per job i at workstation j in period t (ωijt is the holding cost factor and
Wijt denotes the WIP level of job i at workstation j in the t -th time period). The last term
of the objective function indicates the tardiness or earliness costs, with wi being a priority
weight for job i, ei(t) representing the tardiness/earliness function for job i completed in
period t which includes penalty costs for late delivery, lost sales and lost goodwill and Xidt
denoting the actual throughput of job i at the final workstation d in the t -th time period. The
tardiness/earliness function ei(t) can be specified in the following form:

ei(t)=
⎧⎨⎩
eE(δi − t) if t < δi
0 if t = δi
eL(t − δi) if t > δi

⎫⎬⎭
where eE(·) and eL(·) are convex functions of the tardiness and earliness, respectively.
The δi ’s represent the due dates for job i. Moreover, quadratic or linear tardiness/earliness
functions can be specified. This early/tardy-objective is a non-regular performance mea-
sure. Furthermore, the objective function is subject to several constraints. For the first three
constraints, the associated Lagrangian multipliers are shown in set braces. They are subse-
quently used to derive the implicit prices for capacity.

{ψijt }Wij,t+1 =Wijt −Xijt + Fijt +
∑

a∈AI (i,j)
Yiat ∀i, j, t = 1, . . . , T − 1,

{μijt}Xijt =
∑

a∈AO(i,j)
Yiat ∀i, j, t = 1, . . . , T − 1,
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{ηjt }
M∑
i=1

Xijt ≤ fjt (W1j t , . . . ,Wijt , . . . ,WMjt ) ∀j, t = 1, . . . , T − 1,

Wij1 = Ẇij1 ∀i, j,
Wijt , Yiat ,Fij t ≥ 0 ∀i, j, a, t.

The first constraint represents a workload conservation equation for each workstation.
It gives the number of jobs i at workstation j in period t + 1 (Wij,t+1) which equals the
difference of the number of jobs i of the previous period and the actual throughput of work-
station j in period t plus the external inflow Fijt of jobs i at workstation j in period t . The
last term sums over inflows AI (i, j) denoting the transportation arcs pointing into work-
station j for job i and of inflows from preceding workstations (

∑
a∈AI (i,j) Yiat ). Here, Yiat

denotes the number of units of jobs i on arc a in period t . The Fijt -values may be seen
as “demand” for resource utilization. Hence the authors include them in the non-negativity
constraints.

The second constraint states that the throughput of job i at workstation j in period t ,
the “clearing factor”, equals the number of jobs transported to all its subsequent worksta-
tions (

∑
a∈AO(i,j) Yiat ) where AO(i, j) denotes the set of transportation arcs pointing out of

workstation j for job i. This “clearing factor” is in turn restricted by the capacity func-
tion fjt (W1j t , . . . ,Wijt , . . . ,WMjt ), represented in the third constraint, where any slack, i.e.,
fjt (W1j t , . . . ,Wijt , . . . ,WMjt ) − ∑

i∈M Xijt > 0, represents the WIP (“number of units of
jobs that are held over at workstation j from period t to t + 1”). In order to prevent conges-
tion downstream in the production chain, holding WIP at a workstation can be efficient even
if this causes additional holding costs. The fourth restriction forces the initial loading of
each workstation j to be non-zero with a given initial parameter Ẇij1 > 0. For more details
see Srinivasan et al. (1988). If the objective function and the constraints are strictly convex
there is a unique optimal solution.

The Karush–Kuhn–Tucker conditions for the optimization problem are, for all i ∈ M
(by f ′

j t we denote the first derivative of the capacity function):

(K1) {Wijt ≥ 0}ωijt −ψij,t−1 − ηjtf
′
j t +ψijt ≥ 0 ∀i, j, t,

(K2) {Yiat ≥ 0}μijt −ψiat ≥ 0 ∀i, j, t, a ∈AO(i, j),
(K3) {Xijt}ηjt −ψijt +μijt = φijt ∀i, j, t,
(K4) {Xiat }wiei(t)−ψiat = 0 ∀i, a, t,
(K5) ηjt ≥ 0 ∀j, t

together with complementary slackness conditions for all pairs of inequalities in (K1)
and (K2). Considering that the function fjt is bounded by the WIP and 0, the variables
Xijt and the second constraint can be omitted from the formulation of the problem which
leads to the following compact presentation of constraints of the optimization model:

Wij,t+1 ≥Wijt − fjt (. . . ,Wijt , . . .)+ Fijt +
∑

a∈AI (i,j)
Yiat ∀i, j, t = 1, . . . , T − 1,

Wij1 = Ẇij1 ∀i, j,
Wijt ,Fij t , Yiat ≥ 0 ∀i, j, t, a.
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The capacity function fjt is assumed to be a concave non-decreasing function. This is due
to the fact that throughput increases as the number of jobs at a workstation increases, but at
a declining rate because of congestion.

Srinivasan et al. (1988) discuss different forms of capacity functions and ways to op-
erationalize them. In order to derive implicit capacity prices at all levels of utilization, the
Lagrangian multipliers of the mathematical model are employed, where ψijt represents the
marginal remaining processing cost (MRPC) for all jobs i at workstation j in period t , μijt
denotes the MRPC incurring for job i after its processing by workstation j in period t , and
ηjt denotes the value of an additional unit of workstation j or the prices of the capacity of
workstation j , respectively. When Xijt > 0, then the price of capacity of workstation j (ηjt )
is equal to the sum of marginal production costs and marginal waiting costs caused by job i
at workstation j , implied by (K3) of the Karush–Kuhn–Tucker conditions:

ηjt = φijt +ψijt −μijt

where φijt is the marginal production cost incurred at workstation j and ψijt − ηijt the
marginal cost entailed by job i waiting at the workstation j in period t . However, when
Wijt > 0, the price of the capacity of workstation j in period t is stated by the following
equation implied by the complementary slackness of (K1):

ηjt = ωijt + (ψijt −ψij,t−1)

f ′
j t

where ηjt denotes the capacity price of the workstation, ωijt represents the holding costs,
ψijt −ψij,t−1 states the changes in the MRPC and f ′

j t denotes the slope of the capacity func-
tion. When ψijt − ψij,t−1 > 0, the MRPC is rising over time and so does congestion. The
price of the workstation capacity is bounded from below by the holding costs ωijt . Further-
more, when the slope of the capacity function approaches zero, ψijt − ψij,t−1 approaches
ωijt . Besides this, the marginal value of WIP (βijt ) is given by the change of the slope of the
capacity function and the marginal value of additional capacity given by ηjt :

βijt = f ′
j tηjt = ωijt + (ψijt −ψij,t−1).

This again follows from the complementary slackness (K1) for Wijt > 0. It states that the
marginal value of WIP is the marginal saving due to marginally increased capacity utiliza-
tion and therefore lower WIP levels. In periods of rising congestion (ψijt −ψij,t−1 > 0) the
holding costs bound the marginal value of WIP from below, i.e., βijt > ωijt and vice versa
for the case of declining congestion.

Srinivasan et al. (1988) examine the existence of a set of equilibrium flows for a given
long time horizon which is interesting for input/output-control in order to arrive at steady
state production rates that allow for low WIP levels and consequently low production costs.
Assuming constant external inflow over a sufficiently long time horizon Fijt (which will
be subject to relaxation, thus, the t -index is kept for Fijt ) and an objective function only
depending on the WIP, there exists a solution to the following problem:

min
M∑
i=1

N∑
j=1

T∑
t=1

ωijtf
−1
j t

( ∑
a∈AO(i,j)

Yiat

)
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subject to:

{μijt}
∑

a∈AO(i,j)
Yiat = Fijt +

∑
a∈AI (i,j)

Yiat ∀i, j, t = 1, . . . , T − 1,

Xiat ≥ 0 ∀i, j, t, a ∈AO(i, j).
If fjt (·) is strictly concave for all j , there exists a unique optimal solution, because then

the inverse of fjt (·) is a strictly convex function and the above stated problem would be
a minimum convex cost problem. In steady state there is no time variation in the MRPC
and consequently the price of workstation j is only a function of the holding costs and the
utilization, and the marginal value of WIP is constant and equal to the holding costs. Thus
the price of the workstation capacity is given by

ηjt = ωijt

f ′
j t

which results from substituting (ψijt = ψij,t−1) in the complementary slackness condition
associated with (K1), because in equilibrium the MRPC remain constant over time.

3.3.2 Clearing function model of Karmarkar

Karmarkar (1989a) develops a capacity and release planning model which explicitly takes
into account WIP costs and lead time consequences caused by the production system work-
load. For that purpose it is based on order release and batching models and applies the
traditional capacity planning methodology that combines release planning, master schedul-
ing issues and seasonal planning. Additionally, it aims at surmounting the shortcomings of
aggregate production planning models like those of Graves (1986), Kekre and Kekre (1985),
Karmarkar et al. (1987), and the limitations of input/output-control models. Like Srinivasan
et al. (1988), Karmarkar (1989a) uses the nonlinear “clearing function” to represent the out-
put as a function of the average WIP in the production system. The form of the curve is also
valid for synchronous deterministic flow lines with batched flows.

The clearing function is now discussed for different types of production systems. For
example, examining a synchronous production process with no queuing as well as batching
finished and leaving at the end of each production cycle gives the following function for the
actual production rate X:

X = Q

C
= PQ

(PS +Q)
.

Q denotes the batch size for all products, C stands for the cycle time at a workstation, also
denoted as C = S + Q/P , P represents the nominal production rate at all workstations,
and S denotes the setup time between the batches. Substituting Q in terms of WIP with
Q=W/N (where N denotes all workstations) gives:

X = PW

NPS +W
.

This clearing function has the same nonlinear form as can be seen in Fig. 1. Standard results
for an M|M|1 queuing system give the utilization ρ (with arrival rate λ) as follows:

ρ = λX = X

P
+ XS

Q
.
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This is equal to the formula of the average workload of Zijm and Buitenhek (1996). Further-
more, the average manufacturing lead time L is given as follows:

L= S + Q

P

1 − X
P

− XS
Q

.

In order to keep things simple we ignore the setup times and write the total WIP asW = LX,
substituting L=W/X:

W

X
=

Q

P

1 − X
P

.

Solving this relation for X results in the following equation:

X = PW

Q+W
.

For more detail see Karmarkar et al. (1985b) or Karmarkar (1987). This function is
clearly similar to the clearing function, although derived in a different context. Furthermore,
applying an M|G|1 model for an asynchronous multi-product production facility with lead
times and WIP as a function of the batching policy, ignoring setup times and assuming that
the average queuing time Wt is given by the Pollaczek–Khintchine formula leads to the
following form:

Wt =
∑M

i=1
Xi
Qi
(
Qi
Pi
)2

2(1 − ∑M

i=1
Xi
Pi
)

with i denoting the index for an item or production part. This is equal to the formula of Zijm
and Buitenhek (1996). The total average lead time in the system for batches of items i is
represented by:

Li =Xi +Wt

while the WIP for this production system is derived as follows:

Wi =Xi

(
Wt + Qi

Pi

)
.

In the case of a multi-product system there exist i equations for i products. Furthermore, the
output of each product is affected by the WIP level of all other products. In order to keep
things simple, Karmarkar (1989a) considers a discrete period model for a single-product
production system to proceed to the dynamic reformulation of the model. Assuming that
demand is satisfied, the mathematical formulation is stated as follows for all t :

Wt−1 +Rt =Wt +Xt,

It−1 +Xt = It +Dt,

Xt = f (Wt−1,Rt ,Pt ).

Here, Rt represents the job releases in period t , Wt denotes the WIP at the end of period t
carried over to period t + 1 and Wt−1 denotes WIP at the start of period t . The same is valid
for It−1 and It representing the inventory. Moreover, Dt denotes the demand in period t .
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As mentioned above, the output or actual production in period t is a function of WIP, job
releases and the maximum production possible in period t denoted by Pt . The first equation
states that when WIP levels are small, output cannot exceed the amount in the system. In
order to formulate the mathematical model as an optimization model we need to determine
the costs of the production system like holding costs for WIP and finished goods inventory
(FGI), processing costs and penalty costs, etc.

The mathematical programming model is then stated as follows:

min
T∑
t=1

[ωtWt + πtIt + φtXt + ϑtBt + rtRt ]

subject to:

Wt−1 +Rt −Wt −Xt = 0,

It−1 +Xt − It +Bt =Dt,

Xt − f (Wt−1,Rt ,Pt )≤ 0,

Xt ,Rt ,Wt ,Bt , It ≥ 0

with ωt ,πt , φt , ϑt and rt for all periods denoting the WIP holding costs, the FGI holding
costs, the variable production costs, the backorder costs due to unsatisfied demand, and the
release costs due to, e.g., raw material expenditures. Therefore, Bt denotes the backorders
in period t . The first equation represents the mass balance restriction of WIP and releases.
The second equation gives information about how demand is met. The third inequality gives
the clearing function and the fourth one states the usual non-negativity assumptions.

In contrast to common LP formulations, the effects of capacity loading are captured
by the costs of WIP, whose explicit representation is necessitated by the clearing function.
Moreover, the resulting release plan will differ from the production plan X, because of lead
times which are affected by capacity loading. This interdependence is explicitly accounted
for in the model.

The clearing function seems to be the key to explicitly taking into account lead time ef-
fects and related dependencies. Its functional form and parameterization has to be studied in
more detail. Furthermore, in the literature up to date there only exists one work that analyzes
the fitting of the clearing function to empirical data, namely the work of Asmundsson et al.
(2003, 2006a). Besides this, the case of multi-product manufacturing systems has to be ex-
amined more closely especially concentrating on the form of the clearing function, because
output levels may also depend on WIP of each product with WIP being a mix of all products.
We will now discuss an approach that pursues this objective.

3.3.3 Clearing function model by Asmundsson, Rardin and Uzsoy

The mathematical programming approach of Asmundsson et al. (2002, 2003, 2006a) models
the nonlinear dependency between leadtimes and WIP (workload) by employing a clearing
function, too. Special properties of the clearing function allow for formulating an LP ver-
sion in order to develop a model which remains numerically tractable. In accordance with
the procedure of Karmarkar (1989a), Asmundsson et al. (2002, 2003, 2006a) define the per-
formance of a resource (work center) as dependent on the workload. For this reason they use
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a G|G|1 queuing model:

W = c2
a + c2

s

2
· ρ2

1 − ρ
+ ρ,

ρ =
√
(W + 1)2 + 4W(c2 − 1)− (W + 1)

2(c2 − 1)
.

The first equation gives the WIP for a resource which is presented with the coefficient of
variation for the service time ca and arrival time cs . The second equation represents the
utilization ρ of a resource as a function of the WIP with c denoting a parameter to be
defined. Basically, the authors simplify the parameters from the first equation according

to: c2 = c2
a+c2

s

2 . As mentioned above, batching and lot sizing have an effect on lead times
especially when small batches give rise to frequent setup changes leading to time losses
for production, lower throughput and eventual starvation of resources on further production
stages. Since the formulation given above only includes starvation we can reformulate the
resource utilization also accounting for setup time as follows:

Qσ̄

Qσ̄ + S

W + 1 − √
W 2 + 2c2W + 1

1 − c2

where Q denotes the lot size, σ̄ the mean service time and S the setup time. The lot size
is assumed to be set independently of the system utilization. Here Qσ̄ + S is the average
total time to service a lot. It can be noticed that when setup time S increases the utilization
decreases and so does the lot size Q. So we have another nonlinear relationship as lot sizes
tend to be increased for high WIP levels in order to clear queuing in front of a resource and
vice versa (see Karmarkar 1989a). When setup time increases the clearing function shifts
downwards.

The clearing function is assumed to have the characteristics depicted in Fig. 2 where the
first inequality states that the clearing function is bounded by zero and f max. The second and
the third inequality reflect the property that the clearing function is monotonically increasing
in a defined measure of WIP with a declining rate, i.e., f is concave. Besides this, the

Fig. 2 Characteristics of the
clearing function
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second inequality imposes the restriction that the slope of the function is bounded from
above byK . Furthermore, the function should be well-behaved in the presence of variability
and lot sizing as mentioned above and also in Asmundsson et al. (2002, 2006a).

In order to develop the clearing function, there are two methods available in the literature
to date, where the first is the analytical derivation from queuing network models and the
second an empirical approximation using a functional form which can be fitted to empiri-
cal data. Because of the large complexity of practical systems the complete identification
of the clearing function will not be possible, so we have to work with approximations. As-
mundsson et al. (2002, 2006a) integrate the estimated clearing function in a mathematical
programming model where the framework is based on the production model of Hackman
and Leachman (1989) with an objective function that minimizes the overall costs. It is as-
sumed that backorders do not occur and that all demand must be met on time. One may
assume a representation as a graph with N nodes referring to the workstations and a set A of
transportation arcs between these nodes. Predecessors of workstations are indicated by AI
and successors by AO , respectively. The model is then stated as follows:

min
M∑
i=1

T∑
t=1

[
N∑
j=1

(φij tXijt +ωijtWijt + πijt Iij t + rij tRij t )+
∑
γ∈A

θiγ tΓiγ t

]

subject to:

Wijt =Wij,t−1 − 1

2
(Xijt +Xij,t−1)+Rijt +

∑
γ∈AI (i,j)

Γiγ t ∀i, j, t,

Iij t = Iij,t−1 + 1

2
(Xijt +Xij,t−1)−Dijt −

∑
γ∈AO(i,j)

Γiγ t ∀i, j, t,

X·j t ≤ fjt (W·j t ) ∀j, t,
Xijt ,Wijt , Γiγ t , Iij t ,Rijt ≥ 0 ∀i, j, t, γ

where φijtXijt denotes the costs of the total amount of production over the latter half of
period t and the first half of period t + 1, represented by Xijt , with φijt referring to the
corresponding unit costs of item i at node j in period t . The WIP costs and the FGI costs
of item i at workstation j at the end of period t are denoted by ωijtWijt and πijt Iij t , respec-
tively, with ωijt and πijt being the corresponding unit costs and Wijt and Iij t representing
the WIP and the inventory, respectively. Likewise, the costs of releases of raw material of
item i at workstation j during period t are represented by rij tRij t with unit costs rij t . The
transfer costs of item i on arc γ during period t are given by θiγ tΓiγ t with corresponding
unit costs θiγ t . Asmundsson et al. (2002, 2006a) assume these costs as independent from the
item.

We should note in passing that holding WIP of one product can create capacity for an-
other, or, equivalently, an average system lead time is maintained by moving one product
through very fast and simply holding WIP of the other to create capacity that allows the
other product to be processed instantaneously. This is the entire motivation for the parti-
tioned formulation, and is an important limitation that needs to be handled to obtain effective
models.

The first two constraints denote the flow conservation for WIP and FGI which is different
from classical models since inventory levels at each node in the network are connected



Ann Oper Res (2007) 153: 297–345 317

with the throughput rate. Note that because Xijt denotes production that spans the period
boundary, the balance equations average the adjacent times.

In contrast to Ettl et al. (2000) the nonlinear dynamic is incorporated in the clearing
function in the constraints and thus not included in the objective function. Lead times are
calculated using Little’s Law:

L̂ij t = Wijt

Xijt

where L̂ij t denotes the expected lead time for the last job of item i which arrived before
the end of period t . In order to consider multiple product types with different resource con-
sumption patterns, the lead times for single items i must be derived. For that purpose, FIFO
processing is assumed, which results in the following relationship:

Xijt

X·j t
= Wijt

W·j t
∀i, j, t.

Here, X·j t is the production quantity and W·j t the WIP level summarized over all items i.
Taking this relation and multiplying the production quantities Xijt by their resource con-
sumption factor ξij t which defines the capacity consumption per unit produced for item i at
workstation j , we derive a new variable Zijt of the following form:

Zijt = ξij tXijt

X·j t
= ξij tWijt

W·j t
∀i, j, t.

By implementing this variable Zijt , we obtain the clearing function for each item i which is
called the partitioned clearing function:

ξij tXijt ≤ Zijtfjt
(
ξij tWijt

Zij t

)
∀i, j, t

with the following properties:

M∑
i=1

Zijt = 1 ∀j, t,

Zijt ≥ 0 ∀i, j, t.
The partitioned clearing function is depicted in Fig. 3 (note that the functions are symbolic
rather than detailed to scale).

In order to relax the assumed priority rule (FIFO) we only suppose that Zijt satisfies
the properties stated above, but has an arbitrary functional form. With this formulation As-
mundsson et al. (2002, 2006a) succeed in integrating the nonlinear relationship between
WIP and lead times in a mathematical programming model. The second goal is to transform
this model in a tractable form which allows for dealing even with relatively large planning
problems. For that purpose, an LP formulation is used that represents the partitioned clear-
ing function through a set of linear constraints. To be more precise, the clearing function is
approximated by the minimum of straight lines which is possible because of its concavity as
shown in Fig. 4:

fjt (W·j t )= min
c

{αcjtW·j t + βcjt } ∀j, t, c.
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Fig. 3 Partitioned clearing
function for products A and B

Fig. 4 Linearization of the
clearing function

The individual lines of the items are denoted by the index c. The αcjt and βcjt coefficients
represent the slope and the intersection of line c with the y-axis. The capacity splitting
(sharing) across the items appears in sharing the βcjt coefficients. Applying this formulation
to the partitioned clearing function leads to the following form:

Zijtfjt

(
ξij tWijt

Zij t

)
= Zijt · min

c

{
αcjt
ξij tWijt

Zij t
+ βcjt

}
= min

c
{αcjt ξij tWijt + βcjtZijt }.

Replacing the former capacity constraint of the original nonlinear mathematical program-
ming model with nonlinear lead time and capacity dynamics gives the complete linearized
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formulation:

min
M∑
i=1

T∑
t=1

[
N∑
j=1

(φij tXijt +ωijtWijt + πijt Iij t + rij tRij t )+
∑
γ∈A

θiγ tΓiγ t

]

subject to:

Wijt =Wij,t−1 − 1

2
(Xijt +Xij,t−1)+Rijt +

∑
γ∈AI (i,j)

Γiγ t ∀i, j, t,

Iij t = Iij,t−1 + 1

2
(Xijt +Xij,t−1)−Dijt −

∑
γ∈AO(i,j)

Γiγ t ∀i, j, t,

ξij tXijt ≤ αcjt ξij tWijt +Zijtβ
c
jt ∀i, j, t, c,

M∑
i=1

Zijt = 1 ∀j, t,

Xijt ,Wijt , Γiγ t , Iij t ,Rijt ,Zijt ≥ 0 ∀i, j, t, γ .

For the purpose of examining the relevance and the performance of the mathematical
approach, Asmundsson et al. (2002, 2006a) consider an example of a simple single stage
system with three products which gives very good results. Additionally, they analyze the sen-
sitivity of the estimated clearing function to diverse shop floor scheduling algorithms, differ-
ent demand patterns and techniques of production planning using a simulation model of the
respective production system. They find that the clearing function model reflects the char-
acteristics and capabilities of the production system better than models using fixed planned
lead times (like mrp) and derives realistic and robust plans with better on time delivery
performance, lower WIP and system inventory. In addition, the model captures the effects
of congestion on lead times and WIP and therefore the fundamental trade-off between an-
ticipated production to account for possible peaks in demand and just in time production
to avoid higher costs due to preventable FGI. Releases generated by this partial clearing
function model are smoother and lead to enhanced lead time performance. This is also ex-
perienced by Asmundsson et al. (2006b) who apply the partitioned clearing function model
to a semiconductor manufacturing environment which consists of a wafer fabrication with
eleven machines performing related processes, three product families and different routings.
Further analysis of different aspects of this mathematical programming model is needed,
e.g., the extension of the approach to systems of multiple production stages. Orcun et al.
(2006b) integrate the clearing function model in a simple system dynamics simulation and
show that it captures the nonlinear changes in system performance, especially at high uti-
lization, in consistence with results from queuing theory.

Nevertheless, interactions between clearing functions and shop floor execution systems
such as the dependency of LDLT on the various priority rules need further analysis. This is
another circularity, because clearing functions are dependent on the employed scheduling
policy and therefore on the result of the scheduling algorithm. Moreover, as pointed out by
Asmundsson et al. (2002, 2006a), the schedules are dependent on the release schedule and
consequently on the planning algorithm.
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3.3.4 Clearing function model of Hwang and Uzsoy

Hwang and Uzsoy (2004) combine the work of Karmarkar (1987) and Asmundsson et al.
(2002, 2006a) and add lot sizing in order to show how small or large lot sizes influence the
resulting production plans. They present a single-product dynamic lot sizing model which
takes into account WIP and congestion using queuing models such as those presented by
Karmarkar (1987, 1993b). They develop a clearing function which captures the dependency
of the expected throughput of a single-stage production system closely related to the clas-
sical Wagner–Whitin model (see Wagner and Whitin 1958) including setups, expected WIP
levels and lot sizes which is then integrated into a dynamic lot sizing model. Results demon-
strate that their proposed model provides significantly more realistic performance and, there-
fore, production plans, than models ignoring the relationships between lead times, workload,
production mix (setups), throughput and lot sizes. The importance of lot sizing is empha-
sized especially in the context of capacity planning and production coordination, because
different product types compete for scarce resources and require significant setup times (see
Hwang and Uzsoy 2004 and the references therein).

In general, large lot sizes allow for high resource utilization due to the reduced number
of setups, but result in increased FGI and may lead to delays of important jobs waiting to be
processed. However, small batch sizes minimize WIP levels, but necessitate frequent setups
impeding the usage of resources for production, creating congestion and high WIP levels
in front of the resource resulting in long lead times. So, lead times depend not only on the
workload of the system, but also on the work assignments to resources which, in turn, are
determined by the planning models and, therefore, representing a further planning circularity
which must be accounted for. Given a WIP level, their model determines the lot size which
maximizes system throughput.

The clearing function aims at minimizing the sum of release costs, production costs,
WIP and FGI holding costs over the planning horizon. It is derived with the use of a M|G|1
queuing model (see Buzacott and Shantikumar 1993), assuming a Poisson process as arrival
rate of the lots and a general distribution of the processing times at the resource following a
first come first serve (FCFS) process order for the products (jobs). The so-called lot sizing
clearing function (LCF) which is derived using Little’s LawX =W/L (expected throughput
rate equals the expected WIP over the expected lead time) is stated as follows:

f (Q,W)= (Q+W − √
Q2 +W 2 + 2QWc2)

(1 − c2)p̂b

whereQ denotes the lot size and p̂b the expected processing time of a batch. The coefficient
of variation of the system processing time is given by c (for more details on the derivation of
the LCF see Hwang and Uzsoy 2004). The LCF is integrated in a single-stage manufacturing
system where the decision variables are the release quantity denoted by Rt , the lot size Qt ,
the production quantity Yt (“number of lots produced in period t”) and the level of WIP
denoted by Wt and FGI denoted by It . No backorders are allowed and the variables are
assumed to be continuous. The objective function does not contain setup costs, because
these are captured in the LCF by showing directly their influencing effects on capacity. The
complete dynamic lot sizing model is stated as follows:

min
T∑
t=1

[φtQtYt +ωtWt + πtIt + rtRt ]
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subject to:

Wt =Wt−1 +Rt −QtYt ∀t,
It = It−1 +QtYt −Dt ∀t,
QtYt ≤ f (Qt ,Wt) ∀t,
Qt >

StDt

(1 − Dt
P
)

∀t,

Rt ,Qt , Yt ,Wt , It ≥ 0.

The first constraint represents the WIP balance, the second the FGI balance (with the demand
in period t ,Dt ), and the third reveals the LCF. The fourth constraint represents a lower bound
on the lot size in order to ensure system stability by bounding utilization below 1 where St
denotes the setup time per lot and P gives the production rate of the manufacturing system.
The model is reformulated by setting QtYt =Wt−1 −Wt +Rt :

min
T∑
t=1

[φt−1Wt−1 + (ωt − φt )Wt + πtIt + (rt + φt )Rt ]

subject to:

It +Wt = It−1 +Wt−1 +Rt −Dt ∀t,
Wt−1 −Wt +Rt ≤ f (Qt ,Wt) ∀t,
Qt >

StDt

(1 − Dt
P
)

∀t,

Rt ,Qt ,Wt , It ≥ 0 ∀t.
This has the advantage that the Yt are eliminated from the objective function. Furthermore,
the second constraint now combines the WIP and the FGI constraint which reduces the
number of constraints.

Future research concentrates on the extension of the model to multiple products and
to investigate how capacity is distributed among them when they are subject to different
demand, manufacturing requirements and variability.

3.4 The capacity expansion problem with clearing functions of Kim and Uzsoy

Kim and Uzsoy (2006a) develop a capacity expansion approach considering congestion-
prone production resources. Capacity expansion problems regard decisions on size and tim-
ing of capacity additions and deletions in order to achieve minimum total costs. Their ap-
proach is motivated by the fact that current work on this kind of problem does not include
the relationship between demand, capacity, and operational performance measures, e.g., lead
times and/or WIP levels. In order to fill this gap they employ a concave clearing function in a
multi-stage multi-server capacity expansion approach and solve it with a column generation
heuristic.

A heuristic is developed to find an initial feasible solution and to build a restricted master
problem. An algorithm for the single stage case is used to solve sub-problems which gen-
erate new columns. The upper bound derived by the column generation approach is better
than the one derived by the Lagrangian procedures.



322 Ann Oper Res (2007) 153: 297–345

The capacity expansion problem including a target WIP level is given as follows:

min
T∑
t=1

Λ∑
l=1

Hlt (xlt )+
T∑
t=1

Λ∑
l=1

Mlt (jlt )−
T∑
t=1

Λ∑
l=1

Glt (ylt )

subject to:

jlt = jl,t−1 + xlt − ylt ∀l, t,
Λ∑
l=1

Wlt ≤ WIPt ∀t,

jlt , xlt , ylt integer ∀l, t,
flt (Wlt , jlt )≥Dlt ∀l, t,

with

flt (Wlt , jlt )= [Wlt + jlt −
√
(Wlt + jlt )2 + (2jlt − cslt )(calt − 2Wlt )]jltXlt

(2jlt − calt )
.

The objective function minimizes the sum of investment, maintenance, and salvage costs
across all stages l = 1, . . . ,Λ over the planning horizon T where Hlt is the investment
cost function at stage l in time period t and xlt the number of newly introduced machines.
The cost function for maintenance at stage l in time period t is denoted by Mlt and jlt is
the number of available machines, respectively. Moreover, ylt is the number of salvaged
machines on stage l at time period t and Glt is the cost function of salvages at stage l in
time period t . The first constraint represents the capacity balance equation for all stages and
all time periods. Furthermore, the second constraint ensures that the total WIP at stage l in
time period t does not exceed the target WIP level denoted by WIPt . The fourth constraint
is the clearing function which relates the WIP (Wlt ) to the number of available machines jlt
at stage l in time period t . Parameter Xlt denotes the throughput rate. The clearing function
is derived for a GI/G/m system with the WIP equation expressed by the expected queue
length:

W = ca + ρ2cs

2(1 − ρ)
+mρ

where m is the standard notation for the number of servers in queuing theory. Thus, for
the sake of clarity for those familiar with queuing theory, we stick to this notation. The
variable ρ is the utilization or traffic intensity defined as: ρ = λ/(mμ) and ca and cs denote
the squared coefficient of variation of the interarrival times and service times. It is important
to note that the system is assumed to be in steady state.

Let jl be a T component vector of the number of available machines at stage l in periods
t = 1, . . . , T and Sl is a set of jt such that

Sl = {jl | flt (Wlt , jlt )≥Dlt , jlt = jl,t−1 + xlt − ylt , jlt , xlt , ylt integer, ∀t}.
Furthermore, denotingΩl(jl) as the total maintenance cost of the capacity profile defined

by jl over all planning periods T , i.e.,

Ωl(jl)=
T∑
t=1

(Hlt (xlt )+Mlt (jlt )−Glt (ylt ))
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where the number of added and salvaged machines can be calculated from jlt = jl,t−1 +
xlt −ylt and xlt ·ylt = 0, the original capacity expansion problem is reformulated as follows:

min
Λ∑
l=1

Ωl(jl)

subject to:

Λ∑
l=1

Wl(jl)≤ WIP,

jl ∈ Sl ∀l
whereWl(jl) is a T component vector that gives the minimum WIP corresponding to each jlt
that can be calculated using the WIP equation for a GI/G/m queuing system. Introducing
an index p for a capacity configuration plan and assuming that Sl contains a large but finite
set of jl vectors, the set of feasible capacity configurations is given as follows:

Sl =
{
jl

∣∣∣ jl = pl∑
p=1

jlpδlp,

pl∑
p=1

δlp = 1, δlp ∈ {0,1}, p = 1, . . . ,Pl

}
.

The variable δlp is a boolean variable which becomes 1 if plan p is selected for stage l and 0
otherwise. Due to the fact that enumerating all columns in an LP model is often impossible,
a restricted LP model is derived:

min
Λ∑
l=1

Pl∑
p=1

Ω̃l(jlp)δ̃lp

subject to:

{ψ}
Λ∑
l=1

Pl∑
p=1

W̃l(jlp)δ̃lp ≤ WIP,

{η}
Pl∑
p=1

δ̃lp = 1 ∀l,

δ̃lp ≥ 0 ∀l, p.
In order to obtain an initial feasible solution the dual variables ψ and η of the last two

equations are derived. They are used to see if an improvement of the solution is possible by
seeking a stage j such that

min
p
(Ωl(jlp)−ψWl(jlp)− ηl) < 0, jlp ∈ Sl

which is the sub-problem mentioned above. If there does not exist such a stage l then the
derived solution is optimal. Nevertheless, there may be a problem if the solution contains
fractions of machines. This can be overcome by executing the single stage algorithm given
in Kim and Uzsoy (2006b) which is the basic model to the multi-stage model given here.
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3.5 The integrated production planning and pricing model of Upasani and Uzsoy

Upasani and Uzsoy (2005) study integrated marketing-production models and give an
overview on recent research. In this regard, they emphasize the lack of combined
marketing/price-production models taking into account market sensitivities to price and lead
times. They propose an integrated production planning and pricing model in a congestion-
prone and capacity constrained environment including clearing functions. Although the
model has some drawbacks, it is the first combined price-production model that accounts
for the relationship between WIP levels, lead times, and price decisions. For instance, some
drawbacks are that the model does not account for the transition behavior from one equilib-
rium state to another and that the marketing sub-model includes very simple price-demand
relations. Furthermore, a price monopolist is assumed who can decide on price and sales
quantities without external influencing factors which, obviously, is not realistic. Moreover,
the model assumes perfect information and orders having the same size and processing time.

They incorporate the clearing function as given in Karmarkar (1989a):

f (Wt)= K1Wt

p(K2 +Wt)

where K1 is the theoretical maximum capacity and K2 the slope or curvation of the clearing
function. The parameter p denotes the raw processing time of one item (order, job). The
demand function includes the maximum possible demand Ď reduced by a term for price
sensitivity atPt where at is the price sensitivity factor in demand and Pt the price in pe-
riod t . Moreover, the demand function is reduced by a term stating lead time sensitivity btLt
where bt denotes the lead time sensitivity factor and Lt the lead time. Employing Little’s
Law the lead time L can be expressed in terms of WIP and throughput: Lt =Wt/Xt . Thus
the demand function is:

Dt = Ď − atPt − bt

(
Wt

Xt

)
.

As done in Asmundsson et al. (2002, 2003, 2006a) the production quantity is approx-
imated by the average of the production quantities in two consecutive periods, viz. by
1/2(Xt +Xt+1). The complete pricing-production model is stated as follows:

max
T∑
t=1

(
Pt

[
Ď − atPt − bt

(
2Wt

Xt +Xt+1

)]
− rtRt − πtIt −wtWt

)
subject to:

Wt =Wt−1 − 1

2
(Xt +Xt+1)+Rt ∀t,

It = It−1 +Xt −
(
Ď − atPt − bt

(
2Wt

Xt +Xt+1

))
∀t,

Xt ≤ K1Wt

p(K2 +Wt)
∀t,

Ď − atPt − bt

(
2Wt

Xt +Xt+1

)
≥ 0 ∀t,

Pt ,Xt , It ,Wt ,Rt ≥ 0 ∀t.
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Different to all other models this approach maximizes profits which is stated by the differ-
ence of total revenue (PtD) in each time period t and the operating costs including raw
material costs, inventory holding costs, and WIP inventory costs (rtRt + πtIt +wtWt).

Upasani and Uzsoy (2005) compare this model to a fixed lead times model and present
numerical examples. They reveal that price manipulations are easier in the short term for
sales control than for lead time control due to the fact that lead times depend on WIP levels
and the throughput rate that cannot be easily changed in a short time period.

3.6 The production planning and order release concept of Missbauer

Missbauer (1998) emphasizes the need to create a structure for production planning and
scheduling in which all related subproblems are integrated, e.g., aggregate production plan-
ning, capacity planning, lot sizing, scheduling, etc., but which does not imply the complex-
ities which arise from comprehensive models such as, e.g., problems of data procurement,
limited computational storage space, too long CPU times for calculation, etc. He concen-
trates on the hierarchical production planning concept where all stages or areas of the pro-
duction planning and scheduling process are included and can be integrated in traditional
production planning (mrp) systems, but nevertheless leaves room for decisions on imple-
mentations of different planning approaches like KANBAN, OPT or priorities on the vari-
ous planning stages or areas. The focus is on a multi-stage, multi-product production system
which is the underlying concept in most production planning and scheduling systems pre-
vailing in practice. The planning process is executed in a decentralized manner with two
planning levels: one central, over arching planning unit, called “production unit control” as
well as decentralized production units, called “goods flow control” by Bertrand and Wijn-
gaard (1986).

The production control unit defines the sequence of jobs and their due dates and the
moment at which the material flow control is passed on the decentralized goods flow units
(order release process). In order to supervise and regulate the actual production situation at
the operating level of the production process, measures like due date fulfillment, lead times,
WIP, utilization levels etc. are reported from the goods flow control to the central production
unit control. The organizational type of the goods flow control, i.e., if it is an internal de-
partment or a supplier, is of secondary importance so that the concept is also applicable and
extendable to supply chain networks. Therefore, in order to control the production system
status of the goods flow units it is necessary for the production unit control to rely on infor-
mation about the characteristics and system dynamics inside and between the decentralized
goods flow units and also on information about the functional dynamics of the control mea-
sures like, e.g., the relationship between lead times, WIP and capacity. These relationships
and dynamics specify the system states that can be reached. Furthermore, they are easily
depicted graphically and used as a basis for models trying to anticipate future system states
from current states. Nevertheless, it is even more important to understand the structure and
order of decision events at the central planning stage, the production unit control.

Missbauer (1998) distinguishes four different hierarchical planning levels, namely the
aggregate production planning level, the master production schedule, the planning of the
material flow between the decentralized goods flow units (determination of lot sizes, due
dates, safety inventory and buffer times) and the order release control level. In order to
achieve coordination, the models of the upper planning stages take into account the dynam-
ics of the subordinate planning models. Moreover, a capacity oriented planning approach
is used which, in contrast to the product oriented approach, does not plan on the basis of
the specific product parts, but considers aggregate product units as capacity units. This is
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because in the long run of the planning horizon, i.e., after a completed production cycle, the
stored capacity is relevant for the planning process whereas it is less important which and
how many specific parts are at stock. This becomes important in the short horizon, detailed
production planning stage. The capacity oriented planning approach divides the order re-
lease process into two decision problems: assuming a certain value of the aggregate demand
on end products (expressed in capacity units), the first decision problem concerns the time
to release jobs (expressed in quantity of working hours per period or capacity units) in order
to achieve and maintain a certain system state including further decisions about the system
performance as well as aggregate FGI inventories. This determines the budget of capac-
ity (expressed in working hours). The second decision problem is about choosing specific
orders and their release times based on product oriented criteria. In doing so the capacity
oriented approach is very useful, because it eliminates the difficulties arising from uncertain
demand estimates for specific products underlying the product oriented approach. It only
needs information about demand estimates aggregated across all products and their capac-
ity utilization in order to plan capacity utilization in the long run. The detailed scheduling
for specific products takes place on subsequent production planning stages which not only
reduces the information requirements but also the complexity of the decision models.

Missbauer (1998) further distinguishes between models of aggregate production (and
release) planning with constant or variable planned workload (non-stationary system be-
havior). Because we are interested in considerations of LDLT in the aggregate production
planning process and the effects on them caused by demand peaks or machine breakdowns,
we will concentrate on models with variable (planned) workload. The model of Missbauer
(1998) presented here is based on a job shop production system which depicts the material
flow as a continuous or fluid flow. The planning problem is further divided into two partial
problems where first the material flow between the production unit and the goods flow units
is modeled and secondly the flow of jobs (work) between the single goods flow units.

The partial formulation of the problem of the material flow between the decentralized
production units mainly consists of the inventory equation which defines the WIP inventory
level at the production units as well as the FGI inventory level. Furthermore, the dependen-
cies of these inventory levels on the demand quantity of products, on the performance of the
system in one period and on the order release quantities are modeled. The basic assumptions
are that the production system consists ofN production units (j = 1, . . . ,N ; index v denotes
the preceding production units) with M products to be manufactured (i = 1, . . . ,M). More-
over, each product i contains K(i) operations (production processes with k = 1, . . . ,K(i))
where the technical machine sequence as well as the jobs and completion due dates for each
product are given. In addition, the demand for product i in period t is measured in work
hours and denoted by Dit . Jobs are arbitrarily divisible and setup times proportional so that
any job of any product can be processed at any time. This is a critical assumption, because
it does not reflect reality and leads to impractical anticipated system states. We will refer to
that later on.

In front of each production unit there is a stock of WIP which is measured in work hours
or capacity units. The WIP inventory equation has the following form:

Wijt =Wij,t−1 +
N∑
v=1

K(i)∑
k=2

δijkδiv,k−1Xivt
pij

piv
+Ritδij1

pij

pi
−Xijt ∀i, j, t

where Wijt denotes the WIP of product i at production unit j at the end of period t and δijk
is a Boolean variable which is 1 if operation k of product i is executed at production unit j
and 0 otherwise. δiv,k−1 is a Boolean variable denoting if a preceding operation k − 1 has
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been executed at production unit v. By Xijt we can denote the throughput of item i in
workstation j during period t . With thisXivt may represent the performance of the preceding
production unit v in period t attributable to product i. pij denotes the processing time of
a job of product i at production unit j and pi the aggregation across all production units j .
Additionally, Rit is the order release quantity of product i in period t . The second term of
the equation reflects an increase of WIP from all predecessors v. The third term represents
an increase of WIP at the production system starting point or after order release and the
fourth one is the work performed on product i which can be considered as the cleared WIP
of product i at production unit j . The FGI inventory equation has the following form:

Iit = Ii,t−1 +
N∑
j=1

δij,K(i)Xijt
pij

pi
−Dit ∀i, t

where Iit (FGI inventory) consists of the FGI inventory of the previous period, the increase
added in period t (measured at the end of period t where δij,K(i) denotes the last operation
of product i if K(i) is executed on production unit j ) reduced by the demand for product i
in period t . This formulation specifies that the increase from the previous production units
in period t only depends on the performance of these production units in this period and
consequently does not assume a production rhythm. Instead, it only supposes a movement
at the transition times from one period to another, which implies that release jobs could pass
an infinite number of production units and which is similar to overlapping production with
infinite small transfer lot sizes. It means that the delay caused by processing times of jobs is
not yet modeled. Missbauer (1998) states that this feature is easily added.

It is important to note that the model overestimates the system performance due to its
underlying assumptions, especially when direct inventory levels are small. This is due to the
assumption that jobs are infinitely divisible and setups are independent. So system perfor-
mance quantities Xijt depend on the progress of production and thus on the course of in-
ventory levels or system workload on time, assuming given order release, and consequently
on the utilization function or clearing function. The determination of the clearing function
is part of the formulation of the second partial problem. The second partial problem high-
lights the relationship between the performance quantities Xijt and the clearing function.
Moreover, in order to achieve good production system state predictions and therefore real-
istic system performance, the influence of the discontinuities of material workflow due to
non-divisible jobs needs to be reflected, assuming the estimated arriving work or WIP as
the maximal performance in one period which can be distributed to specific products. The
clearing function is given as f (Ŵij t ) where the term Ŵij t denotes the estimated inflow of
products i at production unit j in period t and is comprised of the estimated WIP level
of products i at the beginning of period t (Ŵij,t−1) and the estimated increase (X̂ij t ), so
that Ŵij t is given by

Ŵij t = Ŵij,t−1 + X̂ij t .

An M|M|1 model is used to derive the form of the clearing function. In the steady state
the average performance in one period t equals the average increase of work ρ which is the
degree of utilization (“traffic intensity”) of one production unit, so that Ŵij t = ρj τt where τt
denotes the length of period t . The average utilization or workload Wijt is the sum of the
average inventory represented by I ij t = I = ρ

1−ρ and of the average performanceXijt with I
denoting the average number of jobs in the queue:

Wijt = ρ

1 − ρ
+Xijt .
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The clearing function (in disaggregated form) then has the following form:

f (Ŵij t )= 1

2

(
1 + Ŵij t + τt −

√
1 + 2Ŵij t + (Ŵij t )2 + 2τt − 2Ŵij t τt + τ 2

t

)
.

The performance in one period t can be represented as a function of the utilization or work-
load in one period by generalizing the above stated formulation for which the statement
Xijt = βjWijt/(W ijt + αj ) is valid with αj giving the slope of the utilization function and
βj being a parameter to be estimated. We define the utilization or workload for the stationary
case as Wijt =Wijt +Xijt :

f (Wijt )= 1

2

[
βj + αj +Wijt −

√
β2
j + 2βjαj + α2

j − 2βjWijt + 2αjWijt + (Wijt )2
]

where the parameters βj and αj need to be estimated. It should be mentioned that the
functional relationship between the performance in one period and the utilization of one
period further depends on the composition of the expected workload, i.e., new work ar-
rivals and workload that remain in the production system for a longer time. The clearing
function makes implicit assumptions on this relationship that may not be valid in case of
non-stationary systems. Therefore, this procedure is only an approximation. The entire dis-
aggregated model now has the following form:

min
M∑
i=1

T∑
t=1

(
N∑
j=1

ωijtWijt + πit Iit

)

subject to:

Wijt =Wij,t−1 +
N∑
v=1

K(i)∑
k=2

δijkδiv,k−1Xivt
pij

piv
+Ritδij1

pij

pi
−Xijt ∀i, j, t,

Iit = Ii,t−1 +
N∑
j=1

δij,K(i)Xijt
pij

pi
−Dit ∀i, t,

M∑
i=1

Xijt ≤ αcj + βcj

M∑
i=1

(Wijt +Xijt ) ∀t, j, c,

Xijt , Iit ,Rit ,Wijt ≥ 0.

The objective function specifies minimization of the costs for inventory of WIP and FGI.
The clearing function is given by the third restriction with αcj and βcj representing the po-
sition of the clearing function and the c’s denoting the degree of linearization. As a result,
the model determines the flow of jobs (materials) through the production system and, conse-
quently, the order release Rit . Furthermore, it decides which jobs of the waiting Wijt are to
be processed next and therefore determines the production schedule for each workstation j .
The order release priority rule is not explicitly taken into account, but would be determined
implicitly by the objective function where adherence to due dates (delivery dates) would be
the restriction.

In order to reduce the size of the optimization problem it is possible to aggregate over
products and capacity which means that products with a similar machine (processing) se-
quence and similar processing times pij can be grouped in product families and production
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units can be aggregated with the requirement that the dynamic behavior is not distorted. For
more details see Missbauer (1998).

It is important to note that the question how far to aggregate the products and which prod-
ucts to group is very difficult and widely discussed in the literature without an unambiguous
answer. On the one hand aggregation leads to reduction of complexity and model size, but
on the other, it can impede the achievement of optimal results. Besides this, the time delays
caused by the transition from production units j to N are defined for product i, resulting in
a time delay function.

Additionally, the problem of the delay caused by the fact that jobs are not arbitrarily di-
visible is integrated in the model in order to arrive at the final formulation which is a network
model of bottlenecks. The advantages of the final model are that the clearing function and
the delay function between the production units give a good description of the characteristics
of real production using parameters which are directly observable and therefore empirically
determinable. Nevertheless, the clearing function used here is derived from characteristics
of the stationary system case. Missbauer (1998) reveals that an analysis of non-stationary
behavior of queuing systems and their integration in the models of the production units can
be an improvement and, consequently, represents an objective for further research. This is
pursued by Missbauer (2006a) and Missbauer (2006b) which is discussed in the following.

Moreover, Missbauer (1998) states that it would be interesting to know if the use of non-
linear programming could be a better representation of the system behavior, especially for
considering the relationship between lead times and workload. Besides this, the represen-
tation of the production system structure as one bottleneck with the other production units
being modeled as delaying functions is interesting, because it would lead to a great reduc-
tion of complexity concentrating on only a small number of production units and aggregated
products. This is especially interesting in production planning where multiple production
units and stages have to be considered simultaneously.

Missbauer (2006b) examines these two research topics suggesting a model structure as
described above. He presents the production system structure as a bottleneck with the other
workstations being modeled as delaying functions. In this regard, the WIP inventory equa-
tion and the FGI inventory equation are reformulated as follows:

Wijt =Wi,j,t−1 +
N∑
v=1

∞∑
τ=0

Xiv,t−τXijvξijvτ +
∞∑
τ=0

Ri,t−τXi0j ξi0jτ −Xijt ∀i, j, t,

Iit = Ii,t−1 +
N∑
j=1

∞∑
τ=0

Xij,t−τXij0ξij0τ −Dit ∀i, t.

The WIP and FGI level equations are expressed through the bottleneck in relation to the
precedent workstations v where τ represents the time which is needed by the output of
workstation v to arrive at workstation j . The parameter Xijv denotes the average amount
of work of product group i arriving at workstation j from workstation v. ξijvτ denotes the
proportion of output of product group i from workstation v to workstation j that arrives
at j τ periods after completion at v. The input sources of the bottleneck station are now
the output of the other workstations and the releases of orders. An index v = 0 indicates
order releases. On the other hand, an index j = 0 indicates final products as given in the
FGI inventory equation.

The amount of available work is used as the WIP measure. It represents the load of the
workstation v in period t denoted by

Ŵvt = Ŵv,t−1 + X̂vt
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where the load is defined as the sum of WIP at the beginning of period t and the planned
input in period t .

The formulation of the clearing function is nearly the same as in the approach of Miss-
bauer (1998) for an M/G/1 model in equilibrium and denotes as follows:

X̂t = 1

2
(β + α + Ŵt )−

√
β2 + 2βα− α2 − 2βŴt + 2αŴt + Ŵ 2

t .

However, Missbauer (2006b) shows that the functional relationship between the expected
load and the expected output of the system exists only if the system is in steady state.
Changes in the relationship happen if the system is in a phase of transient state which gives
rise to a further planning circularity: clearing functions are based on assumptions about the
dynamic behavior of the system. Order releases are based on clearing functions, but di-
rectly determine system behavior. Thus they are based on assumptions which they directly
influence. Furthermore, clearing function approaches assume that the shape of the clearing
function does not change over time which need not be true in transient or stationary phases
during the planning horizon. As stated by Missbauer (2006b), Lautenschläger (1999) and
Karmarkar et al. (1993b) optimization models including clearing functions “get nervous”
if steady state properties are assumed for short planning periods. This nervousness can be
shown from optimization results for one workstation (see, e.g., Missbauer 2006b): demand
varies between some values below the maximum capacity. The variations of planned output
are lower than those of demand due to the nonlinear increase in WIP. Nevertheless, order re-
leases exaggerate the demand variations. Consequently, clearing function models cannot be
optimal at first sight, because they need to incorporate the characteristics of transient states
in order to be optimal. Therefore, Missbauer (2006b) presents an extension of the clearing
function employing a theory that describes the material flow through a workstation at an
abstract level which is the theory of transient queuing networks. Thus he reformulates the
clearing function as follows:

Xijt = fij (X̂ijτ ,Xijτ [τ = 1, . . . , t − 1]; X̂ij t )
where X̂ijτ is the estimated increase (or planned) work input of product group i at worksta-
tion j in period τ . As stated above, the expected output of product group i of workstation j
in period t is a function of the (expected) inputs and (expected) outputs of the previous pe-
riods. As this function is difficult to estimate, Missbauer (2006b) searches for the factors
which mainly influence the Xijt -variables and, hence, should be included in the model by
analyzing the transient behavior of single-stage systems.

He bases the extended clearing function model on two insights on transient behavior of
single-stage queuing systems, namely, that overloaded systems can be approximated by fluid
models and that the transition of workstations from one stationary state to another seems to
follow an exponential function. The first insight suggests that stochastic effects become less
important if the input per period is significantly higher than capacity. This is supported by
Bertsimas and Sethuraman (2002) who state that the optimality loss for fluid relaxations de-
creases as the number of jobs in the system increases. This is also experienced by Stahlman
and Cochran (1998) and Riaño et al. (2006) where the latter get slightly better approxima-
tions when the utilization values are high. Furthermore, their approximations perform less
well for decreasing input functions when the system starts to empty due to the problem of
transition stated by Missbauer (2006b). However, Missbauer (2006b) argues that the WIP
level in the clearing function model is a decision variable that cannot be assumed to be
generally high.
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The second insight is supported by the analytical work of Odoni and Roth (1983). They
reveal for a M/M/1 system that if a stationary state exists, requiring that the arrival rate is
smaller than the departure rate, then the expected number of customers (or product groups)
in the queue at time t , denoted by Ŵit , converges to the stationary value Wi . This process
follows approximately an exponential function if t is sufficiently large:

Ŵt = Ŵ (1 − e−t/β) ∀t ≥ 0

where Ŵ and β can be determined by analytical methods or empirically. This is also experi-
enced by Lin and Cochran (1990) and Stahlman and Cochran (1998). The latter describe the
transition of a workstation from one state to another and back due to a provisional decrease
in capacity. Following this, Missbauer (2006b) formulates the equation for the expected (or
planned) input to workstation j assuming only one product group and a single workstation
as follows:

X̂jt =
N∑
j=1

∞∑
τ=0

Xv,t−τXvj ξvjτ +
∞∑
τ=0

Rt−τX0j ξ0jτ .

This equation denotes the output of the previous workstations and releases, thus the expected
input for workstation j which are delayed by the non-bottleneck workstations. Assuming to
know the functional relationship between average input/output and average WIP at work-
station j for the stationary state (denoted by Ŵ X̂jt ), the average convergence level of Wjt is
also known if an input rate of X̂jt is maintained in the long run. Further assuming that the
input rate X̂jt leads to an increase in the WIP level, Missbauer (2006b) derives the following
equation for the WIP level of workstation j in time t :

Wjt =Wj,t−1 + (Ŵ X̂jt −Wj,t−1)(1 − e−t/βd )

where βd denotes the time constant for the transient behavior from the first state to the
second state. Substituting this for Wjt in the balance equation and solving for Xjt yields:

Xjt = X̂jt − (Ŵ X̂jt −Wj,t−1)(1 − e−t/βd ).

Numerical experiments show that for some values of βd the transient behavior of X̂jt is
not realistic immediately after the input change. Moreover, βd depends on the workstation
utilization and approaches infinity as the utilization reaches 100%. With the above equation
the clearing function model becomes nonlinear.

This is the first attempt to account for the transient behavior of clearing function ap-
proaches. Nevertheless, this model is complex and solving it remains difficult. However,
Missbauer (2006b) notes that the other clearing function models have to be regarded as
approximations based on steady state assumptions.

3.7 The planning model with forward shifting preparation times by Lautenschläger

Lautenschläger (1999) integrates workload dependent forward shifting production times in a
multi-level capacity oriented production planning model with and without lot sizing. In con-
trast to approaches in the literature which use constant minimum forward shifting production
times he considers these times to be dependent on the utilization of resources (workstations
or production units) in a capacity oriented production planning model. Therefore, he uses
a functional relationship that specifies the portion of the production volume that is to be



332 Ann Oper Res (2007) 153: 297–345

shifted forward in time due to (and dependent on) resource utilization. Extensions of the
basic model contain linear as well as nonlinear forward shifting functions, the integration
of overtime or complete preliminary production and effects of shifting production before
the beginning of the planning horizon or planning period. Finally, procedures for smoothing
resource utilization are proposed that use ideas from digital control engineering and a filter
accounting for utilization levels of resources.

Simulation experiments demonstrate that part of the production volume is shifted for-
ward in time due to the utilization level assumed and varied in the planning model. He also
shows that employing the same forward shifting production function and varying only the
utilization levels of the resources leads to increases in parts of the production volume that
is shifted forward. Moreover, integrating forward shifting times reduces the occurrence of
backorders independent of production system design which is also due to smoothing utiliza-
tion levels in the production planning process as well as to the coordination of production
segments and finally leads to a reduction of lead times and inventory without an increase of
backorders. The basic model is a multi-item, multi-level capacitated lot sizing problem (ML-
CLSP) which includes detailed lot sizing and resource deployment planning assuming the
data to be deterministic within a finite planning horizon which is divided into T sub-periods
of equal length. Furthermore, demand may vary from period to period, but backorders are
not allowed. Inventory costs are proportional to the inventory stock at the end of a period
and, because production and material costs per unit are assumed to be constant, they are not
relevant for the planning decision. There are K operations represented in the model with
multi-level product structure where every operation k is assigned to a resource and is only
carried out once in a period causing setup costs and times. There is no restriction concerning
the number of operations executed in one period, but the production system consists of N
different resources (j = 1, . . . ,N ) subject to capacity restrictions which can be extended by
overtime.

The objective is the minimization of setup, inventory and overtime costs with the com-
plete model as follows:

min
K∑
k=1

T∑
t=1

[πk · Ikt + ζk · Skt ] +
N∑
j=1

T∑
t=1

oj ·Ojt

subject to:

Ik,t−1 +Xk,t−lk = PDkt +
K∑
k̂=1

d
(k)

j k̂
·Xk̂t + Ikt ∀k, j, t,

K∑
k=1

(ξjk ·Xkt + ζjk · Skt )≤ κjt +Ojt ∀j, t,

Xkt ≤ TOP · Skt ∀k, t,
Ikt ,Ojt ,Xkt ≥ 0 ∀k, j, t,
Skt ∈ {0,1} ∀k, t

where the objective function has three terms representing the inventory costs, the setup costs
and the overtime costs and the index k standing for one operation, j denoting a resource (or
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workstation or production unit, respectively) and t representing the period. The first con-
straint is the inventory balance equation stating that the sum of inventory stock of the previ-
ous period (Ik,t−1) and the production volume in period t , reduced by the constant minimal
preliminary shift of operation k (Xk,t−lk )must equal the sum of primary part demand (PDkt ),
the secondary part demand (

∑K

k̂=1 d
(k)

j k̂
·Xk̂t with d(k)

j k̂
denoting the direct requirement coeffi-

cient from the preceding to the subsequent operation) and inventory holding Ikt at the end of
period t . This means that the processing of operation k must be initialized not later than lk
and finished before use of resource j . The constant minimal preliminary shift of operation k
contains times for transfer, drying, etc., but does not take into account waiting times in front
of resources due to occupation by other operations. The second restriction represents the ca-
pacity constraint stating that the sum of resource utilization for production (

∑K

k=1 ξjk ·Xkt )
and the resource utilization for setups (

∑K

k=1 ζjk · Skt ) must be smaller or equal to the sum
of capacity and overtime of resource j in period t (κjt +Ojt ). The third constraint denotes
the linkage of the production volume to the setup variables in order to take account of the
fact that production only takes place after a setup (with TOP denoting a big number). The
remaining constraints are the usual non-negativity restrictions and the definition of Skt as
a Boolean variable where Skt = 1 indicates a setup for operation k in period t .

In order to balance the preliminary shifts with the smallest possible lead times for tactical
production planning it is advisable to determine preliminary shifts dynamically and depen-
dent on the production program. As a result, production process dependent waiting times are
included in preliminary shifting times. Moreover, they need not be set for production plan-
ning, but result from the plan, so that one main source of inaccuracy (planning circularity)
of production planning, i.e., the use of predetermined and estimated planned lead times in
mrp systems, is eliminated. Consequently, the model is modified accordingly by redefining
the variable for the production volume: Two modes for the production volume are defined
which distinguish between production and availability of the product. That is, mode 1 repre-
sents an operation k which is produced as well as available in period t and mode 2 denotes
an operation k produced in period t − 1 and available in period t . So the selection of the
production mode determines whether there has to be one period in between two operations
or not. The production volume produced in mode m is then denoted as Xm

kt and the total
production volume is defined as

Xtotal
kt =X1

kt +X2
k,t+1 ∀k, t

which is the sum of the production volume produced in period t for period t (mode 1)
and the production volume produced in period t for period t + 1 (mode 2). The position
of the forward shifting production function is defined by two parameters bj and ej which
are related to the part of production which had to be shifted forward in the previous pe-
riod. Here bj states the utilization level from which shifting production forward becomes
necessary and ej denotes the part of production volume which needs to be shifted forward
at a utilization level of 100%. The production volume that can be produced in mode 1 de-
pends on the capacity not used for production, namely κjt = ∑K

k=1 ξjkX
total
kt . This constraint

is adapted to the forward shifting production function by means of the parameters αj and βj
which depend on bj and ej and modeled for each single resource:

K∑
k=1

ξjkX
1
kt ≤ αjκjt − βj

K∑
k=1

ξjkX
total
kt ∀j, t.
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The parameters αj and βj have to be determined in order to derive the forward shifting
production function for each resource. They depend on the before mentioned parameters bj
and ej as follows (for more details see Lautenschläger 1999): αj = ej bj

1−bj and βj = ej+bj−1
1−bj .

Subsequently, these extensions are integrated in the MLCLSP by inserting the new function
and by modifying the inventory balance equation:

min
K∑
k=1

[
T πkIk0 +

T∑
t=1

((T − t + 1) · (lkXtotal
kt − πkPDkt )+ ζkSkt )

]

subject to:

Xtotal
kt =

Mod∑
m=1

Xm
kt ∀k, t,

Ik,t−1 +
Mod∑
m=1

Xm
kt = PDkt +

K∑
k̂=1

d
(k)

j k̂
·Xtotal

k̂t
+ Ikt ∀k, t,

K∑
k=1

ξjkX
total
kt ≤ κjt ∀j, t,

K∑
k=1

ξjkX
1
kt ≤ αjκjt − βj

K∑
k=1

ξjkX
total
kt ∀j, t,

Xtotal
kt ≤ TOP · Skt ∀k, t,

Ikt,X
m
kt ,X

total
kt ≥ 0 ∀k, t,m,

Skt ∈ {0,1} ∀k, t.
The objective function now aims at minimizing the sum of inventory and setup costs includ-
ing lk which is the echelon inventory cost coefficient for the increase of inventory due to
operation k. Overtime is not modeled here. Furthermore, in this model the forward shifting
production function is supposed to be a linear constraint for each resource.

The nonlinear relationship between the forward shifting volume and capacity utilization
can perhaps be modeled by a linear approximation similar to the method described by As-
mundsson et al. (2002, 2006a) or else by the description of a nonlinear constraint. Finally, in
order to smooth variation of utilization rates of resources to account for the relationship be-
tween utilization and lead times, a controller from digital engineering is combined with the
forward shifting production function. For further reading see Lautenschläger and Stadtler
(1998), Lautenschläger (1999).

3.8 The supply chain coordination-model by Caramanis and Anli

Caramanis and Anli (1999a) examine the potential value of integrating variable lead time re-
lationship information and information sharing between plant level and cell decision nodes
in the supply chain coordination process of a multiple part production facility which is ex-
pected to consist of decreased inventory and backlog costs. For that purpose they propose
a master problem algorithm for vertical supply chain coordination of planning and opera-
tional decision making for manufacturing cells with concave as well as convex (nonlinear)
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lead time relationships. Horizontal coordination constraints like safety stocks and KANBAN
levels are not considered. Furthermore, they evaluate the problem of generating the required
information through calculation of the sub-problems at each production cell modeled as
small networks of queues which are communicated to a master problem solving coordinator
and they examine the numerical problems associated with system complexity. The objective
of Caramanis and Anli (1999a) is to determine optimal and consistent (achievable) produc-
tion targets (plans) for each production cell during a time period aiming at reducing WIP,
FGI and backlog costs across the supply chain for a given demand forecast and to compare
the benefits of employing higher complexity issues to classical methods of supply chain
coordination. Plan consistency refers to adherence to horizontal operational production con-
straints such as capacity, lead time and safety stocks.

A production planning model for an assembly production system is defined as consisting
of three production cells with the objective to minimize the WIP and FGI (surplus or back-
log) costs over the planning horizon. The relevant optimization problem takes the following
form:

min
M∑
i=1

C∑
c=1

T∑
t=1

[ωitWict + πit Îict + ϑitBict ]

where ωitWict are the costs of WIP of part type i in cell c at the end of period t with ωit
representing the cost factor and with Wict = ∑N

j=1 qijct , i.e., the WIP of part type i in cell c
at the end of period t is equal to the sum of all buffers qict across all workstations j =
1,2, . . . ,N . Based on the inventory positions Iict , πit Îict denotes the costs of the positive
FGI at the end of period t with Îict = max{0, Iict } and ϑitBict represents the costs of the
backlogged demand at the end of period t with Bict = max{0,−Iict }. The objective function
is restricted by the following constraints enforced for t ∈ {1, . . . , T }:

Wict =Wic,t−1 +Rict −Xict ∀i, c, t,
Iict = Iic,t−1 +Xict −Ri3t ∀i, t, c= 1,2,

Iict = Iic,t−1 +Xict −Dit ∀i, t, c= 3,

M∑
i=1

ξicj tXict ≤ ρcjt ∀c, j, t,

t∗∑
t=1

Rict + Ẇic,t+1 ≥
t∗∑
t=1

Xict +
T∑

t=t∗+1

Xict1{t −Lict ≤ t∗} ∀i, c,

W ict = αWic,t−1 + (1 − α)Wict ,

Wict ,Xict , Ẇict ,W ict ,Rict ≥ 0 ∀i, c, t,
Iict ≥ 0 ∀i, t, c= 1,2,

Iict unrestricted in sign c= 3

where the first three constraints denote the material flow relations with Rict being the re-
lease rate of part type i during period t into cell c and Xict stating the production target
of part i by cell c during period t . The fourth restriction is the capacity constraint where
the sum of the expected time needed by machine j at cell c to produce one part of type i
during time period t multiplied by the production target of part i by cell c during period t
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(
∑M

i=1 ξicj tXict ) is forced to be smaller or equal to the maximum allowed utilization of ma-
chine j in cell c during time period t . The fifth restriction represents the lead time constraint
where Ẇict is the WIP of part type i in cell c at the end of period t0, hence available at the
beginning of period t1. An indicator function is represented by 1{·} which equals 1 if {·}
is true and 0 otherwise. Furthermore, an equality constraint is given by the sixth restriction
which denotes the weighted average WIP of part i in cell c during period t , which is given
by 0 ≤ α ≤ 1. The last two constraints are the usual non-negativity restrictions. The system
is modeled as a Markovian closed queuing network with exponential processing times, vari-
able probabilistic routing, multiple part types and multiple machines (resources). Lead time
estimates for each production cell are determined by Mean Value Analysis (MVA; see, e.g.,
Suri and Hildenbrant 1984) and, assuming that the production period is long enough to lead
to a steady state, rewritten by employing Little’s Law:

Xict ≤ Wict

Lict
.

Since Lict is a function of all lead time requirements the constraint is rewritten as follows:

Xict ≤ gic(W ict ,Xict ,Xi∗ct , ∀i∗ �= i)

where gic is a nonlinear function which represents the lead time in the production system for
each production cell modeled as a function of the specific workload of a cell in a considered
time period. In order to analyze algorithms which are able to coordinate effectively the sup-
ply chain under complicating factors, Caramanis and Anli (1999a) concentrate on concave
as well as convex lead time constraints.

In the case of concave lead time restrictions linearization is achieved by decentralized cal-
culations at appropriately selected points of the production system generated by the iterative
generalized Benders’ master problem algorithm which handles the information exchange
transactions between the sub-problem decision making including information feedback de-
termination and the master problem coordinator. In the case of convex lead time restrictions
a modified generalized Benders’ master algorithm is used. The iterative algorithm generates
tentative sets of production targets for each production cell and then examines their feasi-
bility assuming the feasibility of the targets of all other cells. Subsequently, the production
targets are converted in the planning horizon to a point on the lead time constraint surface by
adjustingWict orXict as implied by the master problem iteration and returning the linearized
constraint with the following form:

Xict ≤ g̃ + δg

δWict

(Wict − W̃ n
ict )+

∑
i∗ �=i

δg

δXi∗ct
(Xi∗ct − X̃n

i∗ct )

with (̃·) indicating initialization values. A feasible starting point on the surface of gict is
obtained by using the tentative solution of iteration n:

[W̃ n
ict , X̃

n
ict , X̃

n
i∗ct ,∀i∗ �= i].

Since the cell sub-problems use stochastic dynamic models with finer time scales than the
master problem, a sensitivity analysis is performed and time averaged in order to be consis-
tent with the master problem. Learning effects about the nonlinear lead time constraints are
obtained after each iteration possibly leading to an optimal and consistent production plan.
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As a result the complex issue of nonlinear lead time constraints is solved using LP which is
similar to the solution of Asmundsson et al. (2003).

Caramanis and Anli (1999a) analyze three different types of lead time constraints,
namely an unambiguous concave gict -function at all cells c and for all part types i, a medium
non-concave function, and a severely non-concave function due to FCFS queue policy and
significant different part type processing times with the result that the implemented algo-
rithm leads to an effective coordination even with the existence of complicating factors
like severely non-concave lead time constraints. Furthermore, in order to deal with combi-
natorial problems arising with production system size and therefore complexity issues of
sub-problems at the cell level, ongoing advances with controlled queuing networks in com-
bination with concurrent simulation and neurodynamic programming can be further research
directions.

3.9 The production planning model with transient Little’s Law by Riaño

In his thesis Riaño (2002) develops a transient Little’s Law which is the time-dependent
analogue of Little’s Law and denotes the expected queue length in a general input/output
model in terms of transient Palm probabilities (see, e.g., Baccelli and Bremaud 1987, Riaño
et al. 2003b) of the waiting time and of the expected value of the input process. He uses
the transient Little’s Law to create an integro-differential equation for the expected WIP
and develops an approximation method to solve it numerically. An optimization based pro-
duction planning model is presented which establishes the optimal release of the material
into the system in order to closely match the defined requirements, e.g., capacity constraints
for a finite planning horizon. In doing so he can approximate the transient behavior of gen-
eral multi-class queuing networks such as supply chains including random lead times and
time-dependent WIP. Randomness can be due to material entering the production system
and coming out in several periods according to some weights wi(s, t) which indicate the
proportion of input of product i during period s that leaves the production system by pe-
riod t . These weights implicitly contain information about the lead time distributions of the
production system, i.e., they are a function of the system load with two properties: First,
they represent how the lead times depend on the load of the system and, second, how the
lead times are affected by the randomness inherent in the production system. This is also
done by Riaño et al. (2003a). The numerical method presented for transient analysis gives
an approximation solution to the expected value of the WIP in the system as a function of
time, calculating the weights for the lead time distribution. In case of known weights the
nonlinear optimization problem is reduced to an LP solvable with standard LP methods.
Here we describe the basic production planning model of Riaño (2002) in order to show
how he integrates LDLT in production planning.

The model is defined as a production network for producing several products. The model
has the objective of determining an optimal release point for raw material into the sys-
tem in order to meet some predefined requirements which are assumed to be determin-
istic (this is relaxed later). The products move through the system according to specific
routes which may also be random, and feedback (rerouting) is allowed. The input of the
production system X̂qt (the cumulative expected quantity of items that enter the buffer q
at time t (X̂ = {X̂qt : t > 0, q ∈ B}) is transformed into the output (X = {Xqt : t > 0,
q ∈ B}) through a function f stated as follows:

X = fqt (X̂,W)
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with W denoting the load on all buffers in the system and f denoting a function describing
how the items are delayed due to queuing and processing times. The complete production
model is stated as follows:

min
T∑
t=1

∑
q∈O(q)

[φqt (Xqt −Rqt )
+ + ϑqt (Xqt −Rqt )

−] +
T∑
t=1

∑
q∈B

ωqtWqt

subject to:

Xqt = fqt (X̂,W) q ∈ B, ∀t,
Zqut = αquX̂ut q ∈ �(u), u ∈ B \ �, ∀t,
Zqut = βquXqt u ∈O(q), q ∈ B \O, ∀t,
X̂qt =Wqt +Xqt q ∈ B, ∀t,
X̂,X,W,Z ≥ 0

with φqt denoting the holding costs for final products in the output buffer q ∈O during pe-
riod t , Xqt representing the cumulative output from buffer q ∈ B (with B(s) being buffers
whose items are processed at station s ∈ S) being the cumulative requirements of final prod-
uct in buffer q ∈O up to time t . The parameter Rqt denotes the cumulative requirements (or
releases) of the final product i ∈O up to time t . Thus terms (·)+ and (·)− in the objective
function state that the objective function minimizes production costs (φqt (Xqt − Rqt )

+) if
(Xqt − Rqt )

+ is positive or backorder costs (ϑqt (Xqt − Rqt )
−) if (Xqt − Rqt )

+ is negative.
The variable Zqut is the cumulative flow from buffer q ∈ B \O to buffer u ∈ B \�. X̂qt rep-
resents the cumulative input to buffer q ∈ B and, finally, αqu and βqu denote the quantity of
flow Zqut needed to make one unit of input to buffer q .

The objective function minimizes all relevant costs. The first constraint describes the
load dependent transformation of input into output. The following two equations describe
the transfer of material between the buffers, and the fourth equation gives the conservation
of material flow. The load-dependent function X̂qt = fqt (X,W) is nonlinear, includes the
above mentioned weights which embody stochastic queuing and service and describes the
expected cumulative output Xqt in terms of input X̂ as a function of the load in the system.
After a transformation (see Riaño 2002 for more details) we obtain for the cumulative output
from buffer q ∈ B:

Xqt =
t∑
s=1

xqswq(s, t)

where xqt = X̂qt − X̂q,t−1 is the marginal amount of input to buffer q during period t and
wq(s, t) are the weights that tell what fraction of items that entered buffer q during period s
(between s − 1 and s) has come out of the system by time t .

Riaño (2002) includes in his model further stochastic issues like random demand and
random output and formulates an optimization algorithm in order to find a feasible solu-
tion based on the computed weights which are consistent with the load of the system which
means that planned production schedules will also be feasible. So, the model is able to
schedule later releases in certain situations, e.g., if requirements of the production changes
during the production horizon, and consequently reducing FGI while still satisfying produc-
tion requirements.
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Algorithms for approximating time-varying performance parameters for Gt/G/c queu-
ing systems with transient Little Law and integrals of non-stationary Palm distributions of
Sojourn times are developed by Riaño et al. (2006).

3.10 Supply chain operations planning of Selcuk, Fransoo and De Kok

Selcuk et al. (2005) represent a hierarchical framework for supply chain operations plan-
ning including decisions on capacity loading which are decomposed from order releases so
that throughput during planned lead times can be determined in order to meet the planned
delivery schedule. The throughput is defined as a random variable with its probability dis-
tribution being based on the available WIP during a time period and the short-term prob-
abilistic behavior of the shop floor. In order to plan throughput a clearing function is used
that anticipates the short term (operational) dynamic performance of the shop floor. It is a
mathematical representation of the relation between WIP and throughput of the production
process. This is different from other clearing function models that are based on long-term
relationships and stationary conditions as, e.g., Karmarkar (1987) or Hopp and Spearman
(2001). The clearing function of Selcuk et al. (2005) is based on short term operational sys-
tem behavior, because they argue that such a formulation explicitly accounts for the interac-
tion between timing and size of release decisions and operational execution. Consequently, it
includes the consequences on system performance. The periodic performance is anticipated
at the aggregate level of order release decisions in terms of capacity loading, throughput and
flow times, thus through the clearing function.

They consider a single item multi-period order release and scheduling problem in a two-
level decision hierarchy. The delivery schedule is derived using planned lead times. The
system is periodically updated by information of the system state, available capacity and
safety stocks. Backorders are allowed and the method of rolling schedules is employed. The
supply chain structure contains a manufacturer and a warehouse. Nevertheless, the planning
and control of material flows is executed in a centralized manner. Planned lead times are
defined as an integer number of time periods after which a (at the start of a time period)
released order is expected to arrive at the warehouse. Furthermore, it is assumed that the
system does not run short of raw material and transportation times are negligible. Conse-
quently, the aim of the model can be described by determining the throughput levels in
order to satisfy planned order releases such that forecasted demand is met by holding the
minimum amount of material at the manufacturer as well as at the warehouse.

The hierarchical planning model is derived as an LP formulation. The i-index indicating
the part types is omitted for reason of clarity. All constants and variables are assumed to be
non-negative.

min
T∑
s=1

πIt+s +
T−1∑
s=1

(wWt+s +wfW
f
t+s)+

T−1∑
s=0

ϑIN−
t+s

subject to:

It+s+1 −Bt+s+1 = It+s −Bt+s +Qt+s−L +Q
open
t+s −Dt+s , s = 0,1, . . . , T − 1,

Wt+s+1 =Wt+s +Rt+s −Xt+s , s = 0,1, . . . , T − 2,

Xt+s ≤ f c(Wt+s +Rt+s), s = 0,1, . . . , T − 2, c= 1, . . . ,C,

W
f

t+s+1 =W
f
t+s +Xt+s −Qt+s+1−L −Q

open
t+s+1, s = 0,1, . . . , T − 2,

IN+
t+s − IN−

t+s = It+s+1 −Bt+s+1 − I s, s = 0,1, . . . , T − 1.
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The objective function minimizes the costs of holding inventory, WIP, and backorders
where wfWf

t+s denotes the costs of finished WIP at the manufacturer at the start of pe-
riod t + s just after the order scheduled for period t + s is sent to the warehouse. ϑ is a cost
factor for backorders, and π denotes the inventory cost factor.

The variable B denotes the backorders and IN+ or IN− the net inventory level over and
under the safety stock I s at the warehouse at the end of period t + s, respectively.

The first constraint is the inventory balance at the warehouse between the consecutive
planning periods using information on the actual schedule. The variable Qt+s−L denotes the
order size to be released at the start of period t + s as decided at the start of period t with
s = 0,1, . . . , T − 1 where the L-index denotes the planned order time. Furthermore, Qopen

t+s
is the total quantity among the actually open orders that are scheduled for receipt at the start
of period t + s as given at the start of period t with s = 1, . . . , T .

The second constraint denotes the WIP balance where WIP increases with the new re-
leases and decreases with throughput. The third constraint gives the relationship between
throughput and capacity loading according to a piecewise-linear and concave clearing func-
tion where c= 1, . . . ,C denote the individual lines of the linearization of the clearing func-
tion, thus referring to the c-th linear part. As the decision variable for raw materials Rt+s
determines the range in which Xt+s can be anticipated, it can be noted that decisions on ca-
pacity loading are restricted by the desired level of throughput. The desired level of through-
put is decided such that:

Xt+s = min
c=1,...,C

(f c(Wt+s +Rt+s)), t = 0,1, . . . , T − 2.

Moreover, the fourth constraint implies that each order must be finished and delivered to the
warehouse within the planned lead time and the fifth constraint determines the variables in
relation to the net inventory and the safety stock I s . Selcuk et al. (2005) study different types
of clearing functions as shown in Fig. 1. Here we concentrate on the short term nonlinear
clearing function.

In order to derive the probability that all items are cleared in a single time period, Selcuk
et al. (2005) assume a given available WIP level W and exponential processing times. The
probability is then formulated as follows:

Pr{XW =W } = 1 −
W−1∑
k=0

e−p p
k

k!

whereXW is the random variable for the throughput level in the regarded time period and the
index k denotes the WIP items (with k = 1, . . . ,W ). Consequently, the expected throughput
in a time period with a WIP level W is

X̂ =
W∑
k=1

kPr{XW = k}.

If the available WIP level approaches infinity, the throughput becomes a Poisson with a mean
p, thus the short term nonlinear clearing function approaches the (nominal) production rate.
After some reformulation the short term clearing function can be shown as follows:

f (W)=
W∑
k=1

Pr{Xk = k}.
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Employing this clearing function and using simulation Selcuk et al. (2005) reveal that it
performs best in terms of average periodic costs and robustness of the system. A coordinated
material flow in the supply chain is realized for both manufacturer and warehouse.

4 Conclusions

We have seen that although considerations about load dependent lead times are rare in the
literature to date, there are some very interesting aggregate planning models that take them
into account. This is particularly noteworthy, because lead times are of critical importance
with respect to the global competitiveness of firms. Furthermore, we have discussed the
importance of accounting for the nonlinear relationship between lead times and workload of
production systems as well as other factors such as, e.g., product mix, scheduling policies,
batching or lot sizing, variable demand patterns, etc. Queuing models highlight the evidence
that lead times increase nonlinearly long before resource utilization reaches 100% which is
only included in few mathematical planning models. Additionally, there is a lack of models
that analyze LDLT in the context of stochastic demand and other uncertainties evidently
prevailing in practice.

The approach of modeling clearing functions in order to account for LDLT is considered
very promising and should be implemented in a stochastic framework by using queuing
models with the purpose to integrate the problem of variable demand patterns and to analyze
the behavior of LDLT as proposed by Buzacott and Shantikumar (1993). This could be used
as a starting point for additional modeling of production systems. It is evident that not all
concepts and methods are well suited for each type of production system (job shop, flexible
manufacturing system, etc.) with one or more production stages or products (one level–multi
level production systems, one item–multi items or products), respectively. In case of LDLT
and their integration into mathematical programming models for the aggregate production
planning process it is wise to begin with the simplest production system and then proceed to
more complex systems and situations in order to arrive at overall supply networks with the
aim of finding general principles of modeling and accounting for LDLT.

For future research we also need some careful consideration of the interaction between
planning and scheduling. For a better understanding of the factors that determine the perfor-
mance of a supply chain or a supply network, it is necessary to create formal and structured
approaches and then incorporate the resulting knowledge and findings in software programs
which can help to support planning decisions about the production system and help to find
optimal decisions with respect to the complexities, mutual dependencies inherent in the sys-
tem. The increasing level of automation, especially at the operational level, not only aims
at improving the physical flow of materials through the supply network, but also tries to
combine the understanding of system behavior with information and computational support
in order to explore different courses of action and find optimal production plans.
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Abstract 
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consequently, the production output. The consideration of product characteristics, e.g., fixed or uncertain 
lifetimes, is vital to production systems dealing with products that deteriorate over time. Products that pass 
their useful lifetime can impose high costs due to inventory loss or rework of items. This paper surveys the 
recent trends in modeling deterioration in the various fields of production planning and gives an extensive 
overview of the subject. 
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1 INTRODUCTION 

Constraints on the lifetime of items force organizations to 
carefully plan their production in cooperation with their 
supply chain partners up- and downstream along the 
chain. This is important, because waiting times due to 
suboptimal planning give rise to increasing lead times and, 
consequently, to decreasing quality of items so that, in the 
worst case, they cannot be used. This has important 
consequences with increased costs as one concern. 
Another more troubling aspect is unsatisfied customers 
waiting for their products.  

Deterioration has a great influence not only on inventory 
management, but on every area of production where items 
are stocked or forced to wait due to technical matters, 
variabilities or disruptions / stochastic influences in the 
production process. Not surprisingly, scrap is one of the 
major causes of inventory loss regardless of the types of 
industries or products. 

The aspect of deterioration and perishability of items came 
to prominence with the modeling of inventory in blood 
bank management and the disruption of blood from 
transfusion centers to hospitals. Later, the interest shifted 
to other products as well, e.g., chemicals, food, various 
drugs, fashion clothes, technical components, newspapers 
etc. In accordance, the attention changed to a more 
general view on how to include deterioration and 
perishability constraints into mathematical models for the 
various perspectives of production planning, e.g., order / 
replenishment and inventory management, lot sizing, 
aggregate production planning, and rework. Rework 
encompasses all actions required to transform products 
that do no meet a pre-specified quality standard (anymore) 
into such that fulfill the quality requirements. 

The deterioration of goods is regarded as the process of 
decay, damage or spoilage of items in such a way that 
they can no longer be used for their original purpose, i.e., 
they go through a change in storage and lose their utility 
partially or completely. This is a continuous process so 
that such items have a stochastic lifetime in contrast to 
perishable goods that are considered as items with a fixed, 
maximum lifetime. Such products become obsolete at 
some fixed point of time because of various reasons, e.g., 
external regulations for pharmaceuticals that predetermine 
their shelf-life. In order to make a clear distinction, the 
term “perishability” is used for items that cannot be 
employed anymore and lose all their utility at once after a 
certain point of time whereas “deterioration” is employed 
for items that lose their utility gradually. This is somewhat 

a fuzzy definition, because it depends on the physical 
status (fitness) and behavior of these items over time and 
on the production planner or quality controller who has to 
decide whether to still employ items or components having 
passed a certain age. 

Older excellent and comprehensive surveys in this area 
seem to be outdated (see, e.g., [1], [2], [3], [4], [5], [6]) 
because this field has seen increasing interest especially 
in the last decade. This paper reviews the problem areas 
regarding production planning and supply chain planning 
with deterioration constraints and gives an overview of the 
work already done on this subject. The approaches in the 
literature are classified along the supply chain, viz. starting 
with order and replenishment management, inventory 
control, aggregate production planning and lot sizing, 
inventory management and delivery as well as external / 
internal reverse logistics including rework. 

The remainder of this paper is organized as follows. In 
Section 2 we give a classification of deterioration including 
its characterization as well as a classification of 
approaches that include deterioration constraints. Section 
3 provides a comprehensive overview of the problem of 
deterioration in the supply chain with emphasize on the 
production process. The various manufacturing segments 
(functions) are considered from order management 
through aggregate production planning and lot sizing to 
inventory management and delivery. Furthermore, rework 
is regarded as part of the internal and external reverse 
logistics system. The paper concludes with some future 
research directions. 

2 CLASSIFICATION OF DETERIORATION 

Deteriorating items came into prominence in the 1970’s 
where the prevailing concern of modeling deterioration, 
and more specifically perishability, was in the field of blood 
bank management where a large amount of work exists; 
see, e.g., [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], 
[17], [18], and [19]. Comprehensive overviews on the early 
approaches are given by [5] and [6]. A more recent 
summary on blood bank management is provided by [20]. 
More general reviews on deterioration and its effects 
especially in regard of inventory management are provided 
by [3], [1] and [2]. Additionally, an overview of models 
considering rework of items is presented by [21] which is a 
related subject. 

2.1 Characterization of deterioration 

Deterioration and perishability of an item can be 
characterized regarding different aspects, e.g., its lifetime, 



its physical depletion or decay, its value or utility loss. The 
lifetime of an item can be fixed (time-independent) or 
random (time-dependent) where the first case indicates 
that the product’s lifetime or period of usage is pre-
specified and independent of, e.g., environmental factors. 
The utility of these products is given during a specific time. 
Thereafter their value perishes completely. In the second 
case, there exists no specific lifetime of a product. For 
instance, food items are, among others, dependent on the 
season of the year and on the environmental conditions, 
e.g., hot or cold, long or short summer / winter periods. In 

the literature, approaches can be found including time-
dependent deterioration or lifetime probabilities as, e.g., 
gamma distributions, Weibull, two-parameter Weibull, or 
exponential distributions. The value or utility loss of items 
is emphasized by [2], [3], [22], and [4] who further 
distinguish between the deterioration of the actual 
functionality of items (e.g. fruits, vegetables, milk) and the 
customers’ perceived utility loss where the actual 
functionality remains intact (e.g., fashion clothes, high 
technology products, newspapers). 

Figure 1: Material flow along the supply network, modified from [28] 

2.2 Classification of approaches with deterioration 

Frequently constraints are integrated into the 
mathematical models with the aim of rendering them more 
realistic. Consequently, models can be classified using the 
following list of several criteria (see [25]): 

− Fixed or random lifetimes, 

− Constant / varying deterioration rate, 

− Deterministic / probabilistic and constant / time-
varying demand, 

− Single / multiple items, 

− Single / multiple time periods, 

− Shortages / no shortages with complete / partially 
backlogging, 

− Economic models including price discounts, 
permissible delay in payments, inflation and the 
like, 

− Queuing models, 

− Purchase / manufacturing models 

− Supply chain models (integrated setting, multi-
stage models). 

Additionally, demand plays a very important role in 
modeling deterioration. Thus different types of demand 
patterns can be found in the literature, i.e., constant or 
time-varying demand where the latter is frequently used to 

describe demand or sales in different product life cycle 
phases in the market (see [26] and [27]), e.g., 
deterministic demand together with time-dependent, stock-
dependent, or price-dependent demand, or stochastic 
demand with known probability distributions or arbitrary 
probability distributions. 

3 MODELING DETERIORATION 

In order to describe the problem of deterioration and its 
impact on the various segments of manufacturing, Figure 
1 shows the material flows along the supply network 
highlighting the interdependencies of the different 
manufacturing segments. 

3.1 Ordering, replenishment and inventory control 

The production process starts with the need for raw 
materials and, consequently, with the supplier (vendor) 
who interfaces with the order management of a 
manufacturer. The order management (“inbound logistics”) 
has the assignment to provide the sufficient amount of raw 
materials of the desired quality for production at the right 
time at minimal ordering costs. This includes the 
avoidance of waste or the need to rework deteriorating 
items, if possible. Here, lot sizing already plays an 
important role, because raw materials are generally 
ordered in batches in order to take advantage of price and 
volume discounts and to minimize transportation costs. 
This might not hold for order contracts on a just in time 
basis or if the manufacturer has agreed on a vendor 
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managed inventory concept where the supplier is 
responsible for the inventory level and, consequently, for 
the replenishment batches of the manufacturer. This 
stream of literature is dominated by economic order 
models emphasizing the financial aspect that integrate 
different demand, pricing, payment and inflation scenarios 
and constraints, e.g., announced price increases / 
decreases or (volume) discounts, permissible delay in 
payments (see [29], [30], [31], [32], [33], [34], [35], [36], 
[37], [38], [39], [40], [41], [42], [43], [44], [45]), inflation (see 
[46],) or, more generally, time value of money (see [47], 
[48], [49], [50], [51], [52], [53], [54], [55], [56]). Further 
constraints are included that aim at rendering the models 
more realistic, e.g., non-zero order lead times; see [56]. 
Other approaches with non-zero lead times model perisha-
bility; see [57], [58], [59], or [60] just to mention a few. 

Deterioration complicates the replenishment process, 
especially if demand of finished good inventories (FGI) 
and raw material is uncertain or random. Items that have 
to wait too long for processing must be discarded or, if 
technically possible, reworked. Hence, deteriorated items 
are passed to the internal reverse logistic system which 
decides to rework or dispose them. Items can be reworked 
either on machines of the regular production system or on 
other machines parallel to the production system. These 
different approaches are discussed in Section 3.5. 

Ordering decisions are highly dependent on the demand 
for FGI of the manufacturer and consequently on the 
decisions taken in aggregate production planning and 
forecasting. As a result, models exist that integrate the 
perspective of a vendor together with the perspective of a 
buyer show that significant cost reductions can be 
achieved by cooperative policies that determine, e.g., the 
optimal number of deliveries; see the approaches of [61], 
[62], [63], and [64]. 

3.2 Aggregate and operational production planning 

Aggregate and operational production planning spans 
strategic, tactic and operational decisions of production 
planning whereas strategic questions deal with long-term 
decisions, e.g., in which markets to compete with which 
products and with which resources. This includes 
questions about the vertical integration (lean production, 
outsourcing, etc.). Tactical questions concern the 
implementation of the decisions from the strategic 
planning level and regard mid-range decisions, e.g., 
production network design and layout, arrangement and 
number of machines, and production mix. Finally, 
operational questions concern implementation of tactical 
decisions. Here we include scheduling and sequencing of 
orders on the machines and adjustments in case of 
disturbances and disruptive events, e.g., machine 
breakdowns, idleness due to missing raw material or work 
in process (WIP) due to moving bottlenecks. 

The optimization of layouts and operations of an 
inspection system used for detecting malfunctioning 
processors in a multi-stage production system for 
deteriorating items is studied by [65]. They define a 
deteriorating item as one that has acquired a defect due to 
a malfunctioning machine. However, emphasis is on the 
planning of the overall inspection capacity, the assignment 
of operational tasks to the inspectors, and the scheduling 
of the tasks in order to avoid deterioration of items. 
Correspondingly, the deteriorating of capacity, viz. the 
physical deterioration of resources is studied by [66] 
including frequent machine breakdowns and downtimes 
due to the age of the resource. Deterioration affects 
capacity which is lost due to increased repair and, thus, 
downtimes. This further increases production (operating) 
costs due to maintenance actions and shortfalls of 
available production time to produce items that are 
incorporated in the objective function of the model. The 

combination of deteriorating items and processes is 
analyzed by [67]. They develop an integrated model for the 
joint determination of production quantity, inspection 
schedules, and quality control for an imperfect production 
process with deteriorating items. Similarly, optimal 
inspection policies for a (serial) production system 
including combinations of rework, repair, replacement, and 
disposal are proposed by [68]. 

Deterioration is especially important regarding the tactical 
and operational level of production. Scheduling and 
sequencing become more complex due to deterioration 
constraints that set limits on the time items can wait in 
front of a machine in order to be processed. A model that 
integrates production planning and inventory management 
in regard of deterioration with special emphasize on 
forecasting is proposed by [69]. He considers a production 
environment for cottage cheese subject to hardly 
predictable and highly influenced variable demand with 
peaks and lows as a result of, e.g., seasonal or customer 
fluctuations. Production planning is complex due to 
machine breakdowns or personnel illness and an 
increased deterioration rate. Therefore, production must 
closely follow variable demand leading to hectic production 
processes in peak situations and idle times in low demand 
situations. This leads to high personnel costs and over 
capacity that must be held in order to guarantee 
satisfactory service levels. Production quantities have to 
be decided on a daily basis following uncertain demand. 
As a result, forecasting is very important. Accordingly, they 
develop a computer software package that determines 
forecasts on daily demands and computes optimal 
decision rules for the short-term tuning of the daily 
production rate. 

3.3 Lot Sizing 

Lot sizing is a very important determinant of lead times 
and, therefore, of the quality of items, because decisions 
on lot sizes determine the frequency of setup times 
necessary to switch from the production of one product to 
the production of another and in some cases the time that 
items wait for lot completion before moving. Consequently, 
capacity is increasingly consumed that, otherwise, would 
be available for production. Accordingly, setup times 
caused by lot sizing decisions affect lead times of products 
due to induced waiting times. Lead times increase with the 
number (and duration) of setups and so does the number 
of products that deteriorate while waiting in line to be 
processed. Therefore, lot sizing decisions must be made 
taking into consideration deteriorating rates as well as the 
age of inventories. 

In general, lot sizing decisions are integrated into 
production-inventory models. For instance, the economic 
production quantity model regards inventory control and 
determines the lot sizes of a single product that is 
produced on a single machine so as to meet its 
deterministic demand over an infinite planning horizon 
(see [70]). Hence, the objective is to determine a 
production schedule that minimizes the total costs and 
time of inventory holding, production, and setups. 

A model that spans lot sizing, production, inventory and 
the customer perspective is presented by [71] including 
deterioration considerations and imperfect quality. Since 
collaboration of firms is vital in order to reduce overall 
supply chain costs, joint strategies are emphasized. In 
case of production-inventory management this can be 
achieved by, e.g., joint economic lot size models that 
decrease total relevant inventory costs for the supply chain 
generating overall benefits that can be shared by all 
supply chain partners. In addition to deterioration, 
shortages, and partial backlogging, imperfect quality is 
considered that is independent of deterioration. The 
supplier’s perspective is integrated by [72]. Their 



integrated (single-item multi-echelon) supply chain 
includes a single supplier, producer, and customer. The 
model aims at deriving the optimal number of deliveries 
and order lot sizes while minimizing the joint total costs. In 
contrast to [71], shortages or backlogging is not allowed. 
This is relaxed in [73] considering shortage effects on the 
downstream supply chain partners. In contrast with other 
models, the approach of [72] considers different 
deterioration rates of the specific supply chain partners. 

3.4 Inventory management and delivery 

The main objective of inventory management for 
deteriorating items is to obtain optimal returns during the 
useful shelf-life of the product. This leads to mainly three 
issues: determining reasonable and appropriate methods 
for issuing inventory, replenishing inventory, and allocating 
inventory. 

A single-item production-inventory model that considers 
stopping and restarting times of production is presented by 
[74]. This model generally treats the interface between 
production and inventory management, but can also be 
employed to model the situation between two machines in 
a production system with buffer inventory (see Figure 1). In 
general, certain courses of inventory are assumed. 
Therefore, inventory intervals are assumed to start with 
positive, negative or zero inventory. In the model of [74], 
inventory builds continuously up in the second interval until 
stopping of production. Thereafter, inventory begins to 
decrease until the occurrence of shortages. This indicates 
the third interval. In the fourth interval, production restarts. 
The model is extended by [75] considering a time-
dependent backlogging rate. 

Besides, there is a body of literature that addresses the 
situation of multiple inventory locations. For instance, a 
situation of price discounts for high volume (bulk) 
purchases is studied by [46]. Since the capacity of the 
decision maker’s own warehouse is limited, additional 
items have to be stored in a rented warehouse subject to 
extra costs. Thus, the advantage of price discounts has to 
be weighed against the extra (and higher than the owned 
warehouse’s) costs for a rented warehouse. In addition, 
the deterioration rate of the rented warehouse is superior 
to the own warehouse’s rate. Shortages are allowed and 
completely backlogged. The assumption that unit costs of 
rented warehouses are higher than these of owned 
warehouses is relaxed by [76]. He argues that unit costs of 
rented warehouses are more realistically assumed to be 
lower than own warehouse’s costs as a result of optimized 
warehouse operations, specialized personnel, state of the 
art equipment, learning effects and economies of scale 
resulting from higher volumes. Besides, he studies a FIFO 
policy and finds out that FIFO is a better policy than LIFO 
especially in regard of deterioration of items. The main 
objective of his model is to determine optimal cycle times 
in a two warehouse setting. A similar model is proposed by 
[36] especially regarding permissible delay in payments. 
Shortages are not allowed, replenishment lead times and 
transportation costs are assumed to be zero and 
deterioration follows an exponential distribution. 

A more strategic perspective is employed by [77] who 
proposes a stochastic set-covering location model with 
deterioration as well as amelioration of items with the aim 
of deriving the minimum necessary number of storage 
facilities so that the probability of covering all customers is 
not less than a critical value. Therefore, he assumes a 
supply chain setting with supply centers and retailers. 

3.5 Rework 

As mentioned before, an important aspect of deterioration 
is the required additional resource utilization caused by 
reworking the deteriorated parts and items. The increased 
utilization of production capacity leads to increased lead 

times, because lead times are dependent on the load of a 
facility or production machine. This phenomenon is 
extensively reviewed in [78]. Consequently, if the load 
increases due to additional machine utilization caused by 
rework, lead times increase and with them the number of 
items that have to be reworked, because they passed a 
certain threshold of their shelf-life. Therefore, it is 
mandatory to consider this vicious cycle in aggregate 
production planning and to develop mathematical models 
taking these complications into consideration. 

As mentioned in Section 3.1, items can be reworked either 
on machines of the regular production system or on other 
machines parallel to the production system. In the first 
case approaches exist to optimally plan regular production 
and rework on the same machines (see, e.g. [68], [79], 
[80], or [81]). A survey on rework in planning and control of 
process industries is given by [21]. 

4 CONCLUSIONS AND FUTURE RESEARCH 

We have seen that the consideration of deterioration is 
widely applied in various fields of production planning such 
as, e.g., ordering and replenishment policies, inventory 
management, lot sizing and rework management. We 
have provided an extensive review of the incorporation of 
deterioration in the various aspects of production planning. 
There exist only a few approaches of aggregate production 
planning taking these production item characteristics into 
account, which makes it ripe for further research. 
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Abstract. Constraints on the lifetime of items force organizations to
carefully plan their production in cooperation with their supply chain
partners up- and downstream along the chain. This is important be-
cause waiting times due to suboptimal planning give rise to increasing
lead times and, consequently, to deterioration and thus decreasing qual-
ity of items so that, in the worst case, they cannot be used. Increased
costs, delivery delays, quality decreases and unsatisfied customers are
negative effects that can be avoided by accounting for product deprecia-
tion in the production process. We highlight the importance of including
deterioration and perishability in planning decisions and present well-
known discrete lot-sizing and scheduling models extended in this regard.
The effects on plans derived by these models including depreciation is
shown using a numerical example.

Keywords: Production Planning, Lot-Sizing, Scheduling, Deterioration,
Perishability.

1 Introduction

Deterioration has a great influence not only on inventory management, but on
every area of production where items are stocked or forced to wait due to un-
certain demand, technical matters, variabilities or disruptions of the production
process. Not surprisingly, scrap is one of the major causes of inventory loss re-
gardless of the types of industries or products.

The aspect of deterioration and perishability of items came to prominence
with the modeling of inventory in blood bank management and the distribution
of blood from transfusion centers to hospitals. Later, the interest shifted also
to other products, e.g., chemicals, food, various drugs, fashion clothes, technical
components, newspapers etc. In accordance, the attention changed to a more
general view on how to include deterioration and perishability constraints into
mathematical models for production planning in different settings, e.g., regarding
multiple facilities, warehouses, as well as supply chain perspectives.

In this paper we propose discrete lot-sizing and scheduling models account-
ing for depreciation effects of products in the production process. While de-
preciation effects are widely regarded in the area of stochastic and continuous
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inventory management, only very few models have been proposed for the deter-
ministic, discrete case. Nevertheless, it may be useful to examine depreciation
effects in non-complex, straightforward settings in order to develop a better un-
derstanding for more complex situations. Therefore, we analyze the capacitated
lot-sizing problem (CLSP) extending it to deterioration and perishability effects.
Furthermore, scheduling decisions are taken into consideration, too. The effects
of depreciation are emphasized using a numerical example which is certainly not
representable for practical cases due to its small size, but very useful regarding
the effects on planning decisions.

The remainder of the paper is organized as follows. In Section 2 we give a
review on the related literature on depreciation of products (Section 2.1) and
lot-sizing and scheduling models (Section 2.2). In Section 3 we present the CLSP
with perishability and deterioration further extending it to scheduling decisions.
Section 4 provides a numerical example used to highlight computational results
for two of the proposed scheduling models and Section 5 concludes with ideas
for future research.

2 Literature Review

Depreciation effects are especially interesting in situations where items are forced
to wait in the production process. The task of lot-sizing is to plan quantities
of items produced together so as to minimize certain cost factors such as or-
der or setup costs and inventory holding costs. For instance, the importance of
accurately accounting for setup times and costs and their effects on capacity
utilization has been highlighted by the discussion of just-in-time manufacturing
[1] which requires small and frequent batch sizes in order to decrease WIP inven-
tory. This influences capacity utilization, because setup times decrease machine
capacity utilization and represent idle times.

Scheduling decisions play an important role regarding overall processing or
lead times of items. If products are subject to enhanced deterioration or per-
ishability it may be preferable to schedule them so that they do not spend much
time waiting in inventory. This is even more true for multi-level situations regard-
ing multiple (sequenced) machines. Consequently, when regarding depreciation
effects scheduling decisions should be taken into account.

2.1 Depreciation of Parts and Products

All products deteriorate sooner or later depending on the considered time hori-
zon. If the time horizon is chosen to be sufficiently short there may be no need to
consider such product characteristics. Nevertheless, in practice and depending
on the product, the time horizon for tactical and even operational planning is
long enough, so that the influence of deterioration and perishability tends to
play an important role.

Deterioration or perishability of goods is regarded as the process of decay,
damage or spoilage of items such that they can no longer be used for their orig-
inal purpose, i.e., they go through a change while stored and lose their utility
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partially or completely [2,3,4,5,6]. Deterioration is a continuous process so that
items have a stochastic lifetime in contrast to perishable goods which are con-
sidered as items with a fixed, maximum lifetime [7]. This is true for products
that become obsolete at some fixed point in time, due to various reasons or
external factors, e.g., change in style, technological developments, outdates or
external regulations (e.g. pharmaceuticals) that predetermine their shelf-lifes.
Consequently, deterioration or perishability can be characterized by different as-
pects. [4] give three characteristics of decay of goods: direct spoilage (e.g. fresh
food, vegetables), physical depletion (e.g. gasoline, alcohol), or the loss of effi-
cacy in inventory (e.g. electronic components, medicine). A detailed discussion
of a classification of deterioration and perishability is given in [8].

The lifetime of products can be regarded fixed or random: the first case implies
that the products’ lifetime is pre-specified and time-independent of deterioration
factors. The utility of these products is given during a specific time period. When
the products pass their lifetime, they perish completely. In the second case there
is no specific lifetime for the products, instead there is depreciation over time.
For instance, the lifetime of food items can be seasonal as, e.g., vegetables deteri-
orate faster in summer time. This kind of deterioration is called time-dependent.
In the literature we find the integration of lifetime probabilities as, e.g., gamma
distributions, Weibull, two-parameter Weibull, or exponential distributions. An
alternative basis for classification is the value loss of the goods; see [9]. [10]
emphasize the related utility loss and distinguishes products whose actual func-
tionality deteriorates over time, e.g., fruits, vegetables, or milk, and those whose
functionality does not degrade, but customers’ perceived utility deteriorates over
time which can be true for, e.g., fashion clothes, high technology products with
a short life cycle, or items whose information content deteriorates, e.g., news-
papers. For instance, [11] prove empirically that the willingness to pay for a
product continuously decreases with its perceived actuality or utility; see also
[12]. So this is somewhat fuzzy, as it clearly depends on customer preferences
if a good still has some value, viz. if a customer still regards it as valuable or
useful. A multitude of authors in the field of deterioration and perishability use
the words interchangeably.

We make a clear distinction between perishable goods that cannot be used
anymore and lose all their utility at once after a certain point in time whereas
items that lose their utility gradually are regarded as being subject to continuous
deterioration. For instance, Figure 1 depicts three functional relationships of the
value of items in time where the first graph shows the course of perishability, the
second the discrete and variational course of deterioration and the third three
possible courses of continuous deterioration as defined above.

2.2 Simultaneous Lot-Sizing and Scheduling

Lot-sizing and scheduling decisions are generally considered in tactical and op-
erational production planning. Often, these planning steps are executed sequen-
tially which can transform formally feasible (tactical) lot-size plans to infeasible
plans due to subsequent scheduling decisions that violate capacity constraints.



348 J. Pahl and S. Voß

Value of items i

t0

Value of items i

t0

Value of items i

t0

Perishability (Discrete) Deterioration
Continuous 
Deterioration

4 4

8 8

4

8

12 12 12

a)
b)

c)

Fig. 1. Three examples for perishability and deterioration rates

Consequently, iterations of planning decisions and information are needed or,
better, their simultaneous consideration. The classification of such models dif-
ferentiates between single or multiple resources, single or multi-level structures of
products, finite or infinite planning horizon, discrete or continuous time, and/or
deterministic or stochastic input data. In this paper we concentrate on the de-
terministic, discrete single resource single structure case with finite planning
horizon.

Discrete dynamic modeling assumes that the time dimension can be divided
into “time buckets” that can be further segregated into “big bucket” and “small
bucket” models. Big bucket models contain long time periods in which several
different products can be set up and produced unlike small bucket models where
time periods are rather short, so that startups, switch-offs and/or change-overs
are modeled. Small bucket models can be further divided into those that allow
at most one setup per period and those allowing more than one setup [13].
Simultaneous lot-sizing and scheduling models have been subject to extensive
research for many decades. Consequently, we refer the reader to excellent surveys
and reviews on (multi-level) lot-sizing and scheduling provided by [14], [15], [16],
[17]. Nevertheless, discrete lot-sizing and scheduling decision models including
deterioration and perishability constraints are rare. A short review on these
models is given in the subsequent section.

2.3 Models Including Depreciation Constraints

Economic lot-sizing models (ELSP) including deterioration and perishability
constraints are provided, e.g., by [18,19,20], where deterioration rates of inven-
tory are dependent on the age of products. This is also true for the replenishment
model of [21] where the shelf-life of items is constrained by two periods. [19] shows
that the ELSP with perishability constraints is equivalent to a minimum cost
network flow problem with flow loss. He analyzes special structural properties of
the optimal solution in order to develop a dynamic programming algorithm able
to solve the problem in polynomial time. Shortages and complete backorders are
added to the model by [20]. [18] employ a Cobb-Douglas cost function in order
to integrate effects of economies of scale.
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Optimal utilization policies of time-varying deteriorating items are studied by
[22] in the field of blood bank management. They define diverse age categories
of items due to the fact that, in general, requested but unused blood preserves
are returned to the blood bank after one or two days. Consequently, they do
not begin to deteriorate in stock, but enter already aged. [23] studies the par-
allel machine scheduling problem with deteriorating jobs where the objective is
to minimize the total completion time of jobs or total machine workload. Algo-
rithms to solve the scheduling problem base on steepest descent search heuristics.
[24] provides an economic order quantity (EOQ) model with deteriorating items
and time proportional demand.

Our approach described in the next section integrates perishability that con-
strains the time items can be held in inventory. Thus, the inventory balance
equation is subject to modifications. Furthermore, disposal costs are regarded in
the objective function.

In order to consider deterioration and perishability constraints, we begin with
the CLSP. We will extend it step by step in the course of our discussion consider-
ing the above mentioned aspects of lot-sizing and scheduling including sequence-
dependent setup times and costs with depreciation.

3 Model Formulations

The CLSP presents a standard model for discrete, dynamic, capacitated multi-
product lot-sizing where multiple products are planned on one machine or
resource subject to finite capacity. Demand is deterministic and known in ad-
vance for each period t. Backlogging is not allowed and first-in-first-out (FIFO)
is assumed regarding the stock outflow process. The objective is to find op-
timal production lot-sizes that minimize inventory and setup costs. Regard-
ing perishability, we include the minimization of costs for disposal of perished
items.

Given the variables, parameters, and indices in Table 1 that is valid for all pre-
sented models, the CLSP with perishability constraints (CLSP-P) is formulated
as follows:

min
M
∑

i=1

T
∑

t=1

(

Ks
i δit + πiIit + φD

i ID
it

)

(1)

subject to:

Iit = Ii,t−1 + Xit − Dit − ID
it ∀ i, t (2)

ID
it ≥

t−Θi
∑

τ=0

Xi,τ −
t

∑

τ=0

Diτ −
t−1
∑

τ=0

ID
iτ ∀ i, t ≥ Θi (3)
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Table 1. Variables, parameters and indices used in the models

Parameters
Ks

i setup costs of product i
φD

i waste disposal cost factor for product i
πi inventory holding cost factor for product i
Dit demand of product i in period t
ξi resource consumption factor or production coefficient of product i
ϑi setup time for product i

Capt capacity that is available in period t
αΘ

i deterioration rate of product i
V big number

Variables
Xit production of product i in period t
Iit inventory holding of product i in period t
ID

it perished inventory of product i in period t
δit setup indicator denoting if a product i is set up in period t
δs

is setup state variable denoting if product i is set up at the end of
period s (δs

is = 1) or not (δs
is = 0) used in scheduling models

Indices
i product with i = 1, . . . , M
j subset of products with j ∈ M, i �= j
t time period with t = 1, . . . , T
τ subset of periods
Θi shelf-life of product i
s micro-periods with s = 1, . . . , S used in scheduling models
u subset of micro-periods used in scheduling models

M
∑

i=1

ξiXit +
M
∑

i=1

ϑiδit ≤ Capt ∀t (4)

Xit ≤ V δit ∀ i, t (5)
Ii0 = IiT = 0 ∀ i (6)

Xit, Iit, I
D
it ≥ 0 ∀ i, t (7)
δit ∈ {0, 1} ∀ i, t (8)

The objective function (1) minimizes the sum of costs of setting up for product
i in period t, inventory holding costs, and disposal costs of perished products.
Equation (2) describes the inventory balance equation where inventory of pro-
duct i in period t is composed by inventory of the previous period t − 1 and
production less products that are used to satisfy demand in that period and
less the products that are deteriorated in that period. Inequality (3) presents
items that need to be disposed in period t. These are calculated by the sum of
produced items in the interval [0, t − Θi], thus production from the beginning
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of the planning horizon until period t deduced by the shelf-life of items, less
those items that are used to satisfy demand until period t and items that have
been already disposed in the previous period t − 1. In order to incorporate de-
terioration effects in the model, the parameter Θi is modified to Θit, so that
changing deterioration rates over time are captured. Thus, the course of deteri-
oration for items is defined via input data. This is valid also for the subsequent
models. In our model formulation, we limit the mathematical presentation to
the perishability case. Inequality (4) requires production and setup times to
be smaller or equal available capacity in period t. Constraint (5) entails the
machine to be set up for item i when production of that item takes place
where V is a large number that needs to be chosen in a way that the produc-
tion amount is not restricted. This constraint is also frequently formulated as
follows:

Xit ≤ Capt

ξi
δit ∀ i, t (9)

linking continuous variables Xit to the binary variables δit ensuring that when-
ever product i is produced in period t, thus Xit > 0, the related setup indicator
δit is set, accordingly. Equality (6) denotes that initial and final inventory is zero.
Non-negativity on the variables and the definition for the binary setup variable
δit are given by (7) and (8), respectively.

Inequality (3) might be reformulated assuming that a certain amount of items
in stock perish/deteriorate in a time period t independent of their age and how
long they have been in stock. The inventory balance equation is reformulated,
accordingly:

Iit = (1 − αΘ
i )Ii,t−1 + Xit − Dit ∀ i, t (10)

where αΘ
i denotes the deterioration rate of product i. A certain percentage of

inventory of the previous period t−1 perishes in stock and need to be subtracted
from the inventory balance. For instance, this formulation is used by [19,20].

The CLSP is a “big bucket” model and, consequently, scheduling decisions are
not included. Additionally, setup states are not carried over from one period to
the next, thus, regardless if a product i is planned on the machine in period t−1
and period t, the model induces two setups. Moreover, a lot-size cannot be split
and produced in two consecutive periods, but has to be produced in one period.
Neither is it possible to setup the machine twice for the same product. In other
words, a product i can be produced only once in a period t which constrains
the maximal possible number of setups to the number of products (types) i.
Additionally, lot-sizes Xit are constrained by Capt/ξi.

In order to include scheduling decisions, the CLSP-P is modified to a discrete
lot-sizing and scheduling problem with perishability (DLSP-P). It inherits the
assumptions from the CLSP despite that the macro-periods of the CLSP are
subdivided into micro-periods denoted by s = 1, . . . , S. The DLSP-P further
assumes that at most one product type i is produced in a period s, so that
full capacity is utilized for that product. This is denoted as the all-or-nothing
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assumption. Consequently, the capacity restriction of the CLSP, inequality (4),
is reformulated considering micro-periods:

Xis =
(Caps − ϑi)

ξi
δs
is ∀ i, s (11)

where δs
is is a setup state variable denoting that, e.g., no setup is required if

the machine was left set up in the previous period for product i, thus δs
is = 0.

Consequently, the inventory balance equation is modified as (13) below. The
setup state variables δs

is are linked to the setup costs Ks
i δis in the objective

function by δis ≥ δs
is − δs

i,s−1 ∀ i, s denoting that if a setup in two consecutive
periods takes place, a setup operation δis must have occurred. The complete
DLSP-P is stated as follows:

min
M
∑

i=1

S
∑

s=1

(

Ks
i δis + πiIis + φD

isI
D
is

)

(12)

subject to

Iis = Ii,s−1 +
(Caps − ϑi)

ξi
δs
is − Dis − ID

is ∀ i, s (13)

ID
is ≥

s−Θi
∑

u=0

(

Caps−Θi
− ϑi

)

ξi
δs
iu −

s
∑

u=0

Diu −
s−1
∑

u=0

ID
iu ∀ i, s ≥ Θi (14)

S
∑

s=1

δs
is ≤ 1 ∀ s (15)

δis ≥ δs
is − δs

i,s−1 ∀ i, s (16)

Ii0 = IiS = 0 ∀ i (17)

Iis, I
D
is ≥ 0 ∀ i, s (18)

δs
is ∈ {0, 1} ∀ i, s (19)

The preservation of setup states across periods gives a certain kind of conti-
nuity [25]. Nevertheless, still the all-or-nothing assumption underlies the model
restricting lot-sizes to be produced within one period and not exceeding this
period. This can be interpreted as a minimum lot size or batch. In practice,
this might be required, e.g., due to technical issues in the production process.
In fact, minimal lot sizes are the very hard constraints that lead to disposals,
because enforcing production higher than demand due to capacity leading to
increased inventory can cause disposals. Otherwise, disposals are always avoided
independently how high setup costs might be due to the fact that these costs
are due anyway within the production horizon in order to switch to production
of another product type. Thus, producing at most the required demands is cost
optimal. This is also highlighted in Section 4.

The problem of spoilage due to minimal lot sizes implied by the all-or-nothing
assumption may be remedied by allowing production lot-sizes to take any value
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up to the capacity limit [26] further carrying over setup states without incurring
additional setup costs [27]. Consequently, the inventory balance equation (13) is
changed as follows:

Iis = Ii,s−1 + Xis − Dis − ID
is ∀ i, s (20)

with the production lot-size being constrained as in (11). Such model formu-
lation is denoted continuous setup lot-sizing problem (CSLP) in the literature,
although without perishability constraints. Still, in the CSLP with perishability
(CSLP-P) production capacity may be lost due to the constraint that only one
product type i can be produced per period which is given by inequality (11).
This problem is readdressed by the proportional lot-sizing and scheduling prob-
lem with perishability (PLSP-P). Therefore, the production constraints (11) and
capacity constraints are reformulated:

Xis ≤ (Capi − ϑi)
ξi

(

δs
is + δs

i,s−1

) ∀ i, s (21)

M
∑

i=1

ξiXis +
M
∑

i=1

ϑiδis ≤ Caps ∀ s (22)

where the remainder of the CSLP-P remains unaltered.

4 Numerical Results

In this section we highlight the effects of the all-or-nothing assumption calcu-
lating the DLSP-P, and the PLSP-P using exemplified data sets. We consider
four types of products and a planning horizon of 10 periods. The capacity of
one machine is 70 units per period. The data sets used are rather small, because
the aim is to provide some insights regarding the mechanisms and hard con-
straints of minimum lot sizes that lead to disposals. Applying larger data sets to
the models leads to increased computational calculation times as variables and
constraints increase exponentially. This is straightforward and experienced by
extending the data set to 7 products and 50 periods.

The models are implemented in AMPL/CPLEX and are calculated on a com-
puter with an Intel Core(R) Pentium(R) 4 CPU processor with 2.42 GHz and 1
GB RAM.

Due to the relative small numerical example the calculating time for finding
the optimal solution is negligible. When extending the example to seven products
and 20 time periods and thus dealing with 550 variables and 423 constraints the
optimal solution is still found within seconds, but time begins to be relevant.
The optimal solution for the DLSP-P is found with the production/inventory
plan as given in Table 3 resulting in total costs of 6.440. The calculation employs
289 MIP simplex iterations including one branch-and-bound node.

The PLSP-P gives a plan that does not generate disposals. Therefore, dispos-
als that are zero for all products in all periods are not included in Table 4. For
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Table 2. Demand data for the small numerical example

Cost Factors Demand in Periods
Products Ks

i πi φD
i ϑi Θi ξi 1 2 3 4 5 6 7 8 9 10

A 400 2 10 10 2 1 10 10 − − − 40 − − − 60

B 400 1.5 10 10 2 1 − − − 5 30 30 − − 40 −
C 400 0.5 10 10 2 1 − − 10 − 10 − 10 − 10 −
D 400 0.5 10 10 2 1 − − − − 10 20 30 − − 60

Table 3. Results of the DLSP-P model

Periods
1 2 3 4 5 6 7 8 9 10

Production A 60 - - - - 60 - - - 60
B - 60 - 60 - - - - 60 -
C - - 60 - - - 60 - - -
D - - - - 60 - - 60 - -

Inventory A 10 - - - - - - - - -
B - 5 5 60 30 - - - - -
C - - 10 10 - - 10 10 - -
D - - - - 50 30 - 60 60 -

Disposal A 40 - - - - 20 - - - -
B - 55 - - - - - - 20 -
C - - 40 - - - 40 - - -
D - - - - - - - - - -

the PLSP-P, the optimal solution results in 3.740 total costs. CPLEX employed
16.879 MIP simplex iterations in order to find the optimal solution including
1.187 branch-and-bound nodes. This is due to the fact that the DLSP-P con-
tains the all-or-nothing assumption which leads to full utilization of capacities
even if demands are not equally high. Therefore, inventory does not decrease
due to demand, so that items perish after their lifetime and need to be disposed.
This is not true for the PLSP-P where production utilization is as high as the
demand, so that items do not wait in inventory and the risk of perishability
is rather low. When comparing the results for the PLSP-P to the PLSP with-
out perishability we see that the number of setups in the PLSP are relatively
small, inventory higher and, therefore, total costs smaller than in the PLSP-P.
This is due to the fact that products not subject to perishability can be hold
longer in inventory than perishable items which is straightforward. Furthermore,
when less capacity is available for production, inventory increases. This behavior
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Table 4. Results of the PLSP-P model

Periods
1 2 3 4 5 6 7 8 9 10

Production A 10 10 - - - 40 - - 60
B - - - 5 60 - - - 40 -
C - - 20 - - - - 20 - -
D - - - 30 - - 30 40 20 -

Inventory A - - - - - - - - - -
B - - - - 30 - - - - -
C - 10 10 10 - - - 10 - -
D - - - 30 20 - - 40 60 -

is true for all presented models except the DLSP-P where the number of products
in inventory for all periods remains the same, but spoilage decreases. This is
reasonable, because less capacity decreases minimum lot sizes implied by the
all-or-nothing constraint.

5 Conclusion

Aspects of deterioration and perishability are important for tactical and opera-
tional production planning, because such effects might generate increased costs
if not considered in production plans. We have integrated such effects in well
known discrete lot-sizing models and compared resulting plans using a numerical
example. The DLSP turns out to be not suited to problems where products are
subject to deterioration and perishability due to the all-or-nothing-assumption
which implies minimal lot sizes, because it enforces full utilization of capacities
disregarding periodic demand rates and, thus, causing spoilage and related costs.
Further research will be in the direction of sequence-dependent setup times and
multiple levels including diverse product structures where items depend on each
other further considering rework, thus the possibility to rework items that need
perish during the production process.
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Discrete Lot-Sizing and Scheduling with Sequence-Dependent Setup
Times and Costs including Deterioration and Perishability Constraints

Julia Pahl, Stefan Voß, David L. Woodruff

Abstract— Deterioration and perishability constraints force
organizations to carefully plan their production in cooperation
with their supply chain partners up- and downstream. This is
important because waiting times due to suboptimal planning
give rise to increasing lead times and, consequently, to depreci-
ation of parts and products while waiting and, thus, decreasing
quality of items, so that, in the worst case, they cannot be used.
Increased costs are only one problem. A more troubling aspect
is unsatisfied customers waiting for their products or being
concerned about quality. It is well known that reducing lot
sizes leads to lower inventory holding costs, but also to increased
setup costs. Therefore, lot size planning seeks to weigh the trade-
off of setup costs and costs of inventory holding. The limits
of lifetimes of parts and products in the production process
increase the complexity of planning, especially if setup times
and costs are dependent on the sequence of items. We analyze
lot sizing models with sequence-dependent setup times and costs
extending them to depreciation effects.

I. INTRODUCTION

The consideration of sequence-dependent (sd) setup times
and costs is important in many production settings where
significant setup times influence capacities and thus lead
times. Sd-setup times and costs are not uncommon. For
instance, it is more time consuming and expensive to clean
a coating facility from dark colors to light colors, so that
it is more convenient to begin with light colors passing
continuously to darker ones. The same is valid for cake mix
manufacturing passing from chocolate to any other taste mix.
Models that ignore such times and related costs may lead to
non-optimal plans with longer lead times and higher idle
times due to more frequent setups. If parts and products are
subject to depreciation effects, so that the time they can spend
while waiting in the production process or being stored as
final products is limited, the objectives of shorter lead times
and reduced waiting times gain importance.

In the early days, research on depreciation effects and their
inclusion into models for inventory management focused on
blood bank management and the distribution of blood from
transfusion centers to hospitals. Later, other products, e.g.,
chemicals, food, drugs, fashion clothes, technical compo-
nents, and newspapers were considered with an attention
that shifted to a more general view on how to include
deterioration and perishability constraints into mathematical
models for aggregate production planning with different
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settings and assumptions, e.g., including multiple facilities
and warehouses with diverse characteristics as well as supply
chain perspectives; see [29], [32].

We note that including perishability in a planning model
might imply just a few modifications to models created
under some strong assumptions. Consider, e.g., the simple
Wagner Whitin problem as a special case of the capacitated
lot sizing problem (CLSP). Once perishability constraints are
considered, the classical rolling horizon approach for solving
the problem actually does not change much: edges that go
beyond the time point for perishing are not considered. In
that sense, problems tend to become a little “easier.” Also
for a mathematical programming formulation of the CLSP,
adding perishability just reduces the number of variables.

In this paper we concentrate on discrete dynamic lot
sizing and scheduling integrating deterioration and perisha-
bility constraints together with sd-setup costs and times.
We consider the capacitated lot sizing problem with linked
lot sizes and sd-setup costs and times (CLSD) and the
general lot sizing and scheduling problem (GLSP) partly
derived or, better, extended from the CLSP in order to further
extend them to deterioration and perishability constraints.
Accordingly, we study the effects of such constraints on the
behavior/mechanisms and solutions of regarded models. To
the best of our knowledge, no work integrating and studying
these two important aspects has been done so far.

The remainder of the paper is organized as follows: In
Section II we review the relevant literature on deteriora-
tion/perishability (Section II-A) and lot sizing with sd-setup
times and costs (Section II-B). Based on these models,
Section III represents their extensions. A numerical study
is given in Section IV and Section V gives conclusions and
further research ideas.

II. LITERATURE REVIEW

Depreciation effects come into play especially in situa-
tions where items are forced to wait. This might be due
to technical matters of the production process, variabilities
in, e.g., demand, disturbances of the production process or
waiting times induced by the plan. The task of lot sizing is to
plan quantities of items produced together so as to minimize
certain cost factors such as setup costs and inventory holding
costs. For instance, the importance of accurately accounting
for setup times and costs and their effects on capacity
utilization has been highlighted by the discussion of just-in-
time manufacturing; see [23], [45]. Small and frequent batch
sizes are preferred in order to decrease work in process (WIP)
inventories, but frequent setups negatively influence capacity



utilization, because they represent idle times of machines.
This is a trade-off that has to be considered and is highly
influenced by related cost factors that express priorities of
planning objectives. For instance, if lead time reduction is a
prime goal, setups and thus idle times are minimized leading
to increased WIP inventories. On the other hand, if high
inventory holding costs are prevalent, the main objective is
to reduce WIP (waiting times) and final product inventory
holding at the expense of capacity utilization degraded by
frequent setups. Consequently, scheduling information of
jobs especially when subject to depreciation is important
already on a tactical (lot sizing) basis, so that orders/items
are planned in a way that minimizes their overall waiting
times.

A. Depreciation of Products

Deterioration and perishability of products imply the loss
of value or function, so that items cannot be used for their
original purpose anymore, which can be evoked by damage,
spoilage, or decay of items in a continuous process or
a specific point in time; see [32], [29]. Fixed, maximum
lifetimes that we define as perishability may be due to exter-
nal factors, e.g., regulations (pharmaceuticals), technological
developments, or change in style. As such they might be
deterministic or stochastic. In contrast to that, deterioration
is defined as a gradual or variable process of utility loss.
For instance, lifetimes of food items are generally seasonal
and vegetables mature/deteriorate faster in summer times
with elevated temperatures than in winter times. Thus, de-
terioration is time-dependent and integrated in mathematical
planning models by different probability distributions such
as Gamma distributions, Weibull, two-parameter Weibull, or
exponential distributions. An increasing number of papers
assume Weibull distributions for the deterioration rate which
is also supported empirically by fitting real/practical data to
mathematical distributions. This is true for items such as
frozen food, roasted coffee, breakfast cerials, cottage cheese,
ice cream, pasteurized milk, or corn seeds; see [1].

The examples given so far illustrate cases where the
functional capabilities of the items deteriorate. Nevertheless,
items might lose their value in the eyes of the customer
while their functional quality remains the same. This is
especially true for fashion clothes, high technology products
or newspapers whose information content deteriorates and
perishes at the end of the day. For instance, see [46] for
an empirical study of the willingness of customers to pay
for a product subject to continuously decreasing desirability
and/or utility.

Figure 1 depicts three functional relationships of the value
of items over time where the first graph shows the course of
perishability, the second the discrete and variational course
of deterioration and the third three possible courses of
continuous/gradual deterioration. This is where we draw a
clear distinction between perishable goods that cannot be
used after a certain point in time and, thus, lose their utility
at once and deteriorating items that lose their utility/value
gradually; see also [29]. It should be mentioned that many
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Fig. 1. Three examples for perishability and deterioration rates, see [29].

authors in the field of deterioration and perishability use the
words interchangeably.

A great body of literature exists that incorporates deterio-
ration and perishability into models considering different per-
spectives of production planning, e.g., order/replenishment
and inventory management, lot sizing, aggregate production
planning, rework, remanufacturing, or recycling where the
latter refer to closed-loop supply chain management, which
is part of the currently upcoming and promising research area
named green supply chain management. For an overview
of the literature in this field we refer to [32]. The major
part of work done to integrate depreciation effects into
mathematical models is in the continuous case in the field
of inventory management. Models are extended by additional
assumptions, e.g., shortages together with partial or complete
backordering, lost sales independent or dependent on the
waiting time of the customer. Very little work is provided
regarding discrete dynamic modeling; see [29] for a short
review and models including deterioration and perishability
constraints. For an extensive review see [34].

B. Integration of Sequence-Dependent Setup Times and
Costs into Lot Sizing Models

Setup times are often implicitely assumed to be zero in
the literature. This might be due to complexity reduction
of models (see [12]), so that they are applicable to real
world problems which might be a good compromise because
of insignificant setup times and costs and/or due to the
application of static models, such as the economic order
quantity formula. Relaxing the assumption of zero setup
times and costs in (aggregate) lot sizing models implies
scheduling decisions where a great body of work exists even
for the static case, e.g., the economic lot scheduling problem;
see, e.g., [9], [13], [15], [26], [42], [48], [53].

Assuming a (discrete) dynamic setting for integrated lot
sizing and scheduling, we deal with big bucket and small
bucket models where big bucket models contain rather long
time (or macro) periods in which several different products
can be set up and produced unlike small bucket models
where time periods are rather short (micro periods), so that
startups, switch-offs and/or change-overs can be modeled.
Thus, small bucket models are particularly used to integrate
more detailed information about the shop floor in order to
determine accurate and feasible plans. Nevertheless, we are
not on an operational level with “real” scheduling calcu-
lating due dates, machine utilization etc., but on a meta
level between aggregate and operational planning. This is



important when translating plans determined on an aggregate
level into detailed operational processes and schedules. For
instance, planned lead times are considered on a tactical
planning level. Therefore, buffer times used not only to hedge
against uncertain events are included to surely meet due
dates. However, this may increase inventory stocks or WIP
further increasing realized lead times. This vicious cycle is
named lead time syndrome in the literature; see [33], [43],
[51], [50]. Problems may further occur if items/products
are subject to deterioration or perishability. Consequently,
including scheduling decisions already on a tactical level can
prevent time-consuming iterations to determine viable plans;
see also [10].

The integration of big and small bucket periods in order to
provide planning together with some scheduling information
is presented as hybrid models in the literature. They allow
the production of multiple products per time period while
preserving setup states across periods by carrying over setup
states to one or more periods and, consequently, providing
sequencing information of (ordered) items. Such models
are the subject of extensive research; for more details see
[6], [12], [18], [19], [22], [23], [25], [35], [38], [40], [44].
For excellent reviews on scheduling with lot-sizing and/or
sequence-(in)dependent setup times and costs see [2], [7],
[14], [36], or [47]. A more recent survey is presented by
[52].

The consideration of lot sizing together with scheduling
results from interdependencies of planning aspects that may
be cyclic in nature. For instance, [30], [31] discuss lead times
dependent on WIP inventories and capacity utilization. In
this regard, [12] emphasize the cyclic nature of lot sizing,
scheduling, and sd-setup costs: in order to determine optimal
lot sizes, sd-setup times and costs are needed which, on the
other hand, depend on the scheduling solution. However, the
determination of the schedule needs information concerning
types and amounts of items planned in all periods. A method
to estimate initial setup costs that can be used in joint lot
sizing and scheduling is proposed by [12] which shows the
effects of such estimated costs on the solution.

The CLSD with zero setup times is studied by [22] allow-
ing for continuous lot sizes and preservation of setup states
over idle times. This paper provides a local search heuristic
including priority rules. A branch-and-bound method with
rescheduling possibilities for the CLSD with positive setup
times is proposed by [23] and tested using a practical
example. A heuristic method for the CLSP with positive
setup times and costs on a rolling horizon basis is proposed
by [20] which performs best in case that the number of
product types is superior to considered planning periods. A
relax-and-fix heuristic (see also [47]) for the GLSP on a
rolling horizon basis is provided by [10] further allowing for
backlogs in their model.

The GLSP is studied by, e.g., [14], [8], [16], and [27].
An asymmetric travelling salesman problem formulation
together with an iterative solution procedure based on sub-
tour elimination and patching is proposed by [8]. A dual
reoptimization algorithm combined with local search heuris-

tics, i.e., threshold accepting and simulated annealing are
presented by [27].

There are some lot sizing and scheduling models that
include multiple machines; see, e.g., [3], [4], [28], [49]
for scheduling with sd-setup times including parallel ma-
chines. In fact, such an extension is interesting in terms
of capacity increases or reduction of lead times. Therefore,
capacity could be extended by buying another machine
or outside capacity. This might not be desired, because
additional machines may be expensive and/or know-how on
the production process should remain company-intern; see
[23] for a practical example. We consider the CLSD and
the GLSP without capacity extensions. Nevertheless, it can
be interesting for future work especially when regarding
deterioration and perishability with rework options.

III. MODEL FORMULATIONS AND SHORT
DISCUSSION

For our model extension we consider the CLSD and the
GLSP that assume multiple items manufactured on a single
machine subject to sd-setup times and costs. Inventory costs
occur for items that are produced in advance of their demands
that need to be satisfied. Neither shortages nor backlogging
is allowed. We assume first-in-first-out (FIFO) for inventory
holding. Furthermore, items are subject to deterioration or
perishability, thus the periods they can be left in inventory
are limited. The objective is to minimize the sum of sd-setup
costs, inventory holding costs and costs for disposal of items
regarding capacity constraints. Disposal costs of items are
assumed to be relatively higher than inventory holding costs,
e.g., due to environmental reasons. For instance, if spoilage is
not penalized, the model produces more items than demand
and throws away items not requested. Thus, spoilage costs
are important to be considered in the objective function
symbolizing opportunity costs of production that are, a priori,
not considered in the classical GLSP. Nevertheless, in the
case of spoilage costs that are linear with respect to time,
they need not be included in the objective function, because
they can simply be added to inventory holding costs.

Arguing that depreciation constraints are not necessary in
lot sizing models, because such models plan inventory as
late as possible, is not true, because constraints on lifetimes
of items are hard constraints further limiting the solution
space. Models without such constraints plan production and
inventory as late as possible regarding demand and capacity
resources, but allow for long(er) inventory holding than
models including limited lifetimes of items. We come back
to this in Section (IV) in more detail. Spoilage happens only
if minimum lot sizes on a macro period level are imposed.
These might be necessary due to technical matters, so that
machines require to produce an amount of items in a batch
that is superior to demand. For instance, this is accounted
for in the discrete lot sizing and scheduling problem (DLSP)
with perishability constraints; see [29] where the all-or-
nothing constraint regarding capacity utilization holds. That
is, if an item is produced in one period, it is required to
utilize full available machine capacity regardless of item



demand in that period in order to avoid idle times; see also
[22]. A similar model to the DLSP with sd-setup costs is
given in [11]. The problem regarding the all-or-nothing
constraint is remedied by the proportional lot sizing and
scheduling problem (PLSP) with perishability constraints
allowing for more than one setup in a period, so that idle
times can be used for the production of another item; see
[21] for the PLSP without perishability constraints. We use
the following notations for our models: Parameters:
Ksd

ij sd-setup cost factor setting up
from product i to product j.

πi inventory holding cost factor of item i.
Dit demand of product i in period t.
Θi lifetime of product i.
V a big number.
Capt available capacity in period t.
ξi resource consumption factor of product i.
ϑij sd-setup time setting up

from product i to product j.
Xmin

s minimum lot size for a micro period s.

Variables:
δsd
ijt ≥ 0 sd-setup variable setting up

from product i to product j in period t.
Iit ≥ 0 inventory holding of product i in period t.
Xit ≥ 0 production amount of product i in period t.
ID
it ≥ 0 amount of spoiled items of product i

in period t.
δit ∈ {0, 1} setup state variable for item i in period t.
zit ≥ 0 position of product i in period t.

Indices:
i, j, k ∈ M indices denoting products.
t = 1, . . . , T macro periods.
s ∈ St micro periods.
sf

t first micro period.
sl

t last micro period.

A. CLSD with Depreciation

The CLSD is an extension of the CLSP where the latter
includes the following assumptions:

• production takes place on a single machine restricted in
its capacity,

• multiple items are produced,
• the planning cycle contains T discrete time periods,
• orders to produce Xit items of i in t are given in the

beginning of a period t,
• products are delivered at the beginning of period t in

lots Xit,
• initial and ending inventory of the planning horizon are

assumed to be zero.

Consequently, the CLSD inherits all assumptions of the
CLSP further requiring that the triangle inequalities must
be fulfiled. These conditions originate from graph/network
theory and state that it is not more expensive and time
consuming to setup directly from product i to product j
than setting up from product i to product j via product k

independently of the time period t. This is stated as follows:

δsd
ijt ≤ δsd

ikt + δsd
kjt ∀ j, i, k, t ∈ M (1)

Ksd
ij ≤ Ksd

ik + Ksd
kj ∀ j, i, k ∈ M (2)

In case that the triangle inequalities are not required, cleaning
effects of products might occur, thus setting up from product
i to product j via product k is less expensive due to cleaning
characteristics of product k.

We state the capacitated lot sizing problem with linked lot
sizes and sd-setup costs and times with perishability (CLSD-
P) implementing a perishability constraint with a lifetime
limit denoted by Θi. In order to incorporate deterioration,
this factor is changed to a time-dependent factor Θit. Thus
the course of deterioration is defined via the input data.
Furthermore, regarding perishability, we define that Θi = 0
means that items cannot be stored in inventory whereas Θi =
1 implies the possible storage of one period after production
in the previous period. Thus, the period of production is,
anyhow, “gratis” in terms of spoilage effects and costs. This
is valid for the CLSD as well as the GLSP.

The complete CLSD-P is stated as follows:

min
M
∑

i,j=1

T
∑

t=1

Ksd
ijδ

sd
ijt +

M
∑

i=1

T
∑

t=1

πiIit +
M
∑

i=1

T
∑

t=1

φiI
D
it (3)

subject to:

Iit = Ii,t−1 + Xit − Dit − ID
it ∀ i, t (4)

ID
it ≥

t−θi
∑

τ=1

Xiτ −
t

∑

τ=1

Diτ −
t−1
∑

τ=1

ID
iτ ∀ i, t ≥ Θi (5)

Xit ≤ V · (δsd
ijt + δi,t−1

) ∀ i, j, t (6)

M
∑

i=1

T
∑

t=1

ξiXit +
M
∑

j=1

ϑjiδ
sd
jit ≤ Capt ∀ i, t (7)

M
∑

i=1

δit = 1 ∀ t (8)

M
∑

j∈M

(

δsd
jkt + δk,t−1

)

=
M
∑

i∈M

(

δsd
kit + δkt

) ∀ k, t (9)

zjt + 1 − M · (1 − δsd
ijt

) ≤ zit ∀ i, j, t (10)

Ii0 = IiT = 0 ∀ i (11)

The objective function of the CLSD minimizes overall sd-
setup costs, the inventory holding costs and costs for spoiled
items in the planning horizon. The inventory balance equa-
tion is given in (4) stating that actual inventory is composed
by the inventory of the previous period t − 1 plus produced
items in period t subtracted by demand Dit in that period
and spoilage of items denoted by ID

it . The amount of spoiled
items in a period t is given in Inequalities (5). These are
calculated by the sum of produced items in the interval
[0, t−Θi], thus production from the beginning of the planning
horizon until period t deduced by the perishability factor
or liefetime of items Θi, less those items that are used to



satisfy demand until period t and items that have already
been disposed in the previous periods t − 1.

Inequalities (6) constrain the production quantity Xit by
allowing production of item i in period t only if a setup
operation from any product j to product i is executed in
period t, so that

∑M
j∈M δsd

jit = 1, ∀ i, t, or if the setup state
for product i is carried over from period t − 1 to period
t, thus δi,t−1 = 1. The big number V needs to be chosen
in a way that the production amount is limited, too. This
is frequently reformulated using capacity utilization, thus
Xit ≤ Capt/ξiδit(δsd

jit+δi,t−1),∀ i, j, t. Inequalities (7) state
that available capacity Capt must not be exceeded by the sum
of production of items i in period t and the sum of sd-setup
times. Furthermore, Equations (8) require that the machine
at the end of period t and, consequently, at the beginning of
the next period t + 1 is set up for a product i. The setup
flow condition is presented in Equation (9). For instance, if
a setup operation is performed from product j to product k,
thus

∑

j∈M δsd
jkt = 1, ∀ k, t, or the setup state for product

k is carried over in period t, i.e., δk,t−1 = 1, then the setup
state for product k is carried to period t + 1, i.e., δkt = 1
or a setup from product k to a product j is done in period
t, i.e.,

∑

i∈M δsd
kit = 1 ∀ k, t. In other words, if the machine

is set up for product k in period t, then product k is the
last product scheduled in period t (δkt = 1) or an additional
setup operation from product k to product j is performed;
see, e.g., [22].

In order to avoid subtours, a variable zit is defined in (10)
which represents a kind of position, e.g., the higher the values
for zit, the later product j is scheduled. For example, if we
assume the partial setup sequence (. . . , j, i, k, . . .) of period
t, thus δsd

jit = δsd
ikt = 1 and it follows from Inequalities (10):

zit ≥ zjt + 1
zkt ≥ zit + 1
zkt ≥ zjt + 2

Consequently, no subtour is possible due to j �= i, i �= k, j �=
k. Equation (11) of the CLSD require initial and ending
inventory to be zero.

B. GLSP with Depreciation

The GLSP encompasses all features of the capacitated
lot sizing problem with linked lot sizes (CLSPL) and the
CLSD, so that they become special cases of the GLSP. For
that reason, the GLSP is denoted general, because other
presented models differ only regarding additional constraints
for the time structure; see [16]: the GLSP divides a macro
period t into sets of non-overlapping micro periods s ∈ St of
variable length. Therefore, micro period lengths might also
be decision variables that are determined by the production
quantities produced within. Frequently, the number of micro
time periods within a macro period is defined in advance,
so that it can be used in mixed integer programming (MIP)
models. Consequently, a lot contains a production amount
of the same item to which a sequence of micro periods is
assigned that may continue over macro periods, too. There

are two variations of the GLSP available in the literature,
i.e., a version where setup states are preserved (GLSP-CS)
and a version where they are lost (GLSP-LS); see, e.g., [16],
[41]. Here, we consider setup carry overs and thus the first
mentioned version of the GLSP.

The two-level time structure was first introduced by [37]
for modeling dynamic production systems. External (envi-
ronmental) dynamics influencing the production system are
determined by the discrete macro time grid, defined by, e.g.,
demand data or holding cost data. Internal system dynamics
are presented by system state variables dependent on pro-
duction decisions that can occur anytime and independently
of external dynamics, but at the beginning or end of the
micro periods. Thus, the inventory balance equation (4) is
reformulated as follows:

Iit = Ii,t−1 +
∑

s∈St

Xis − Dit − ID
it ∀ i, t (12)

The all-or-nothing assumption constraining Xis is valid for
micro periods as in the DLSP. In case that micro periods are
of variable length, they do not impose minimal lot sizes that
could cause spoilage at this stage. Nevertheless, we fix micro
periods here in order to use them in MIPs and implement
them in standard optimization software.

Production quantities are constrained as follows, so that
idle times are possible:

Xis ≤ Capt

ξi
δis ∀ i, s, t (13)

with the restriction that production of product i in period s
only takes place if the machine is set up, respectively, thus:

M
∑

i=1

δis = 1 ∀ s (14)

Besides, the link between setup states δis and the changeover
indicators δsd

ijs are determined by the following equation:

δsd
ijs ≥ δi,s−1 + δjs − 1 ∀ i, j, s (15)

The changeover variable δsd
ijs is not defined as binary, but

takes values of 0, 1, respectively, in an optimal solution.
Nevertheless, [16] argues that such formulation gives rise to
redundancies if, e.g., a sequence of micro periods is assigned
to the same product i and, consequently, its production
amounts are arbitrarily distributed among them although not
changing schedules nor the objective function value. Changes
in inequality (13) and (15) remedy that effect forcing idle
periods to be placed at the end of macro periods; for more
details see [16].

The lifetime of items is assumed to be related to the macro
period level. Consequently, the perishability constraint (5) is
only changed in regard of the production variables defined
on a micro period level:

ID
it ≥

t−θi
∑

τ=1

∑

s∈Sτ

Xiτ −
t

∑

τ=1

Diτ −
t−1
∑

τ=1

ID
iτ , ∀ i, t ≥ Θi (16)

Capacity consumption of Xis determines the length of micro
periods s, so that micro periods of zero length are allowed;



see also [16]. A mimimum lot size condition is defined in
case that the triangle inequalities (1)-(2) do not hold for
certain setup times and costs matrices. For instance, this
might be true for products that can have a cleaning character
such that a direct setup from product i to product j may be
more cost and time intensive than the detour via product
k which can be the case in chemical industries; see [16].
Therefore, a minimum lot size of product i is defined that
has to be produced, so that direct setup changes from product
i to product k instead of product i via product j to product
k are avoided; see also [8]:

Xis ≥ Xmin
i

(

δs
is − δs

i,s−1

) ∀ i, s (17)

Nevertheless, the definition of minimum lot sizes may lead
to non-zero final inventories and thus related costs as well
as spoilage due to perishability. Inequalities (17) require
production on a micro period level to be at least as large as
the minimum lot size. This formulation admits overlapping
of micro and macro periods due to setup state carryovers.

The capacity constraint of the capacitated lot sizing prob-
lem with perishability constraints (CLSP-P) (7) is reformu-
lated regarding micro periods:

M
∑

i=1

∑

s∈St

ξiXis +
M
∑

i,j=1

ϑsd
ijδ

sd
ijs ≤ Capt ∀ s (18)

The complete general lot sizing and scheduling problem
with perishability constraint (GLSP-P) is given as follows:

min
M
∑

i,j=1

S
∑

s=1

Ksd
ji δsd

jis +
M
∑

i=1

T
∑

t=1

πitIit +
M
∑

i=1

T
∑

t=1

φiI
D
it

subject to:

Iit = Ii,t−1 +
∑

s∈St

Xis − Dit − ID
it ∀ i, t

ID
it ≥

t−θi
∑

τ=1

Xiτ −
t

∑

τ=1

Diτ −
t−1
∑

τ=1

ID
iτ ∀ i, t ≥ Θi

Xis ≤ Capt

ξi
δis ∀ i, t, s

Xis ≥ Xmin
i (δis − δi,s−1) ∀ i, s

Capt ≥
M
∑

i=1

∑

s∈St

ξiXis +
M
∑

i,j=1

ϑsd
ijδ

sd
ijs ∀ t

M
∑

i=1

δis = 1 ∀ s

δsd
ijs ≥ δi,s−1 + δis − 1 ∀ i, j, s

Ii0 = 0 ∀ i

δi0 = 0 ∀ i

where the last two equations denote initial inventory and
setup states, respectively. As has been stated in [16], the

GLSP can be reduced or traced back to the CLSP using the
GLSP-LS version adding

δsd
i0sf

t

≤ δsd
iisf

t

∀ i, t (19)

so that setup states are lost and fixing |St| = M + 1. In
a similar way, the DLSP can be derived by reformulating
(13) applying the all-or-nothing assumption regarding macro
periods, thus Xis = Capt/ξiδis, further setting |St| = 1
and thus allowing only one micro period per macro period;
see [16]. The same is valid for the continuous setup and
lot sizing problem with perishability constraints (CSLP-P).
For the proportional lot sizing and scheduling problem with
perishability constraints (PLSP-P) that allows at most the
production of two products per macro period, micro periods
are fixed to |St| = 2 and at least two changeovers are allowed
by adding the following constraint:

∑

i,j∈M

∑

s∈St

δsd
ijs ≤ 1 (20)

IV. NUMERICAL STUDY

In order to present and analyze mathematical lot sizing
models including sd-setup costs and times especially explor-
ing and visualizing their planning mechanisms, we use in
a first step a small numerical example and implement the
GLSP-P in XPress-IVE calculating it on a computer with an
Intel Core(TM) 2 Duo CPU processor with 1.60 GHz and
1,6 GB RAM. This is done in order to test our extension in
a proof-of-concept-sense and because of the combinatorial
nature of the proposed models that are at least as difficult
as the CLSP which is already proved to be NP-hard (see,
e.g., [5], [17]; the same is valid for the CLSP with positive
setup times; see [24]). In a second step, we calculate 135
test instances in order to study effects of perishability.

Larger problem instances increase computational calcula-
tion time exponentially, so that exact optimization methods
become impractical for use in practice. Therefore, heurstic
methods are proposed by many authors; see Section II-B
for related references. Nevertheless, test instance sizes with
less than 10 items, but up to 20 periods might already be of
practical relevance as argued by different empirical studies;
see [23].

A. A First Small Numerical Example

For the small example, we consider three types of products
and a planning horizon of 10 macro periods and related
three equal micro periods within each. The capacity of one
machine is 100 units per macro period and minimum lot
sizes are fixed for each product to 30 units per micro period,
thus Xmin

is = 30. Overlapping of micro periods regarding
minimal lot sizes is addmitted, thus if in micro period
s = 15 an amount of 30 items of a product is produced,
the production of 10 further products in s = 16 is allowed,
so that in total a lot of 40 items is produced within a setup
and minimal lot sizes are respected. Extending data sets
leads to the foreseen effect of increased computation times
as variables and constraints increase exponentially. This is



TABLE I

COST FACTORS FOR THE SMALL NUMERICAL EXAMPLE

Cost Factors

Products πi φD
i Θi ξi

A 1 2πA 0 − 3 1

B 1 2πB 0 − 3 1

C 1 2πC 0 − 3 1

TABLE II

SD-COSTS AND TIMES FOR REGARDED PRODUCTS

Products j
Products i A B C

Ksd
Ai ϑsd

Ai Ksd
Bi ϑsd

Bi Ksd
Ci ϑsd

Ci

A 0 0 20 1 40 2

B 10 1 0 0 50 1

C 40 2 30 1 0 0

straightforward and experienced by extending the data set to
7 products and 50 periods.

Table I states the cost factors of the model and lifetimes
of items. We defined disposal costs in relation to inventory
holding costs, so that disposal costs are always superior to
inventory holding, here twice as large. The lifetime of items
is varied for each product from zero to two macro periods
where zero lifetime means that items cannot be stocked.
Additionally, we regard sd-setup costs and times as stated
in Table II where the first value denotes sd-setup costs and
the second value denotes sd-setup times. Demand data are
stated in Table III. We ran the calculation for the GLSP until
the maximum clock time of 1000 seconds without finishing
the search. At least one optimal solution was found. The
calculation results varying Θi from 1 − 3 for all products
is given in Table IV. The related resulting plans displaying
inventory, production and spoilage are given in Table V, VI,
and VII. In case that disposal costs are assumed to be zero,
the model starts to produce and dispose a higher number of
items than necessary. This is shown in Table VIII. Therefore,
the consideration of penalty costs for spoilage has to be
included into the objective function.

The mechanisms of the GLSP shows that the incorpora-
tion of deterioration and perishability constraints is a hard
constraint rendering the finding of a solution very difficult
especially in case of relevant sd-times and costs. We checked
the model varying the data regarding different lifetimes of
items. For instance, when regarding lifetimes of one macro
period for each item thus prohibiting inventory holding, the
model produces items that are required due to demand.
Nevertheless, due to implied minimal lot sizes in order to
restrict setups on a micro period basis, disposals occur.

TABLE III

DEMAND DATA FOR THE SMALL NUMERICAL EXAMPLE

Demand in Periods
Products 1 2 3 4 5 6 7 8 9 10

A 12 13 9 7 10 11 10 12 12 10

B 21 24 25 19 17 20 22 23 23 18

C 29 31 30 33 34 31 27 28 25 21

TABLE IV

ANALYSIS REGARDING THE VARIATION OF Θi

Variation Lifetime Optimality
Gap in %

Best So-
lution

Best
Bound

Θi = 0 38, 98 976 595, 6

Θi = 1 49, 15 606 308, 1

Θi = 2 22, 15 439 341, 8

Θi = 3 39, 76 537 323, 5

B. Numerical Study Including Test Instance Sets

We generated 135 test instances for the GLSP-P combin-
ing the different parameter profiles and variations using the
test data instance generator described in [39].

We generate the following parameters:

• demand time series Dit: the mean demand time series
are generated according to a Gamma distribution. A
standardized normal distribution is not used due to
the fact that such a distribution may generate negative
demand. We assumed for the demand time series a
rather low variability, so that no problems regarding
capacity generation and production lifetime are created,
because the first priority in generating the data sets is
to create solvable test instances.

• machine capacity Capt: the machine capacity is fixed to
1.000 units per time. Coming from this fixed parameter,
diverse load profiles are given in order to calculate
the production coefficients and sd-setup times for all
products. Available capacity is calculated regarding the
selected load/utilization profiles,

• setup times ϑij : these are randomly generated numbers
regarding the product combinations and maximal setup
times checked with the available capacity, so that the
maximal setup times do not exceed available capacity.

• production coefficients ξi: for each setup coefficient
ξi a random number is generated. All coefficients are
summed and checked with the capacity utilization less
the setup times from the available capacity utilization,
so that a multiplicator is generated that corrects the
production rate in a way not exceeding the capacity
limit.

• time between orders (TBO) : mean time between orders
profiles are generated using the classical economic



TABLE V

PLAN FOR THE GLSP AND THE NUMERICAL EXAMPLE WITH Θi = 2

Macro periods
Products 1 2 3 4 5 6 7 8 9 10

IA 22 9 − 21 11 − 24 12 − 20

IB 9 15 2 17 − 10 − 7 − −
IC 1 30 − − − − 5 46 21 −

ID
A − − − 2 − − − − − −

ID
B − − − − − − − − − −

ID
C − − − − − − − − − −

TABLE VI

PLAN FOR THE GLSP AND THE NUMERICAL EXAMPLE WITH Θi = 1

Macro periods
Products 1 2 3 4 5 6 7 8 9 10

IA 18 9 − 13 3 22 12 − 18 8

IB 9 15 − − 20 − 8 4 18 −
IC 1 30 − − − − 28 − 5 −

ID(A) − − − 10 − − − − − −
ID(B) − − − − − − − − − −
ID(C) − − − − − − − − − −

order quantity (EOQ) formula, thus
√

2Ks
ijs · D/πi. We

assume the inventory holding cost factor πi to remain
constant thus varying demand according to the demand
profiles and setup costs.

We generated 135 test instances varying the perishability
rate, generating fife demand profiles, assuming different
machine load profiles, and varying the TBO, thus 3 ·5 ·3 ·3 =
135 test instances considering

• lifetime Θi := 1, 2, 3 macro periods,
• fife different demand profiles assuming a Gamma dis-

tribution,
• machine loads := 0, 75; 0, 8; 0, 9,
• TBO profiles := 3, 4, 5 where it is important to choose

these profiles longer than perishability. If the lifetime of
items would be longer than the TBOs, the perishability
constraint would not constraint the solution space.

Considering a lifetime factor of one macro periods, thus
Θi = 1, we expect the model to create a lot-for-lot plan, i. e.
lot sizes that match orders/demand of products in that period.
In that way, inventory is not build, the machine has to be set
up every time and orders are not aggregated in lot sizes. A
lifetime factor Θi = 2 is expected to give different lot sizing
possibilities to the model leading to longer calculation times
or a larger gap to optimality due to the fixed calculation time
limit. Thus, the model/solver initiates to evaluate the various
aggregations of lot sizes building up inventory for the sake
to diminishing setup costs. Spoilage due to perishability is

TABLE VII

PLAN FOR THE GLSP ASSUMING Θi = 0

Macro periods
Products 1 2 3 4 5 6 7 8 9 10

IA − − − − − − − − − −
IB − − − − − − − − − −
IC − − − − − − − − − −

ID(A) 18 17 − 23 − 19 − 18 18 20

ID(B) 9 6 5 11 13 10 8 7 − 12

ID(C) 1 − − − − − 3 − 5 −

TABLE VIII

PLAN FOR THE GLSP ASSUMING ZERO SPOILAGE COSTS

Macro periods
Products 1 2 3 4 5 6 7 8 9 10

IA 13 − 7 − 21 10 − 12 − −
IB − − − 4 20 − − − − −
IC − − − 1 − − − − 21 −

ID(A) 5 − 14 − − − − 6 − 71

ID(B) 9 6 − 10 − − 8 − 7 −
ID(C) 1 − − − − − − 2 − −

expected not to occur regarding a lifetime near the TBO
length.

We tested the calculation results of the 135 test instances
with a Wilcoxon signed rank test (W-SRT) for matched pairs
in order to compare the difficulty to find a solution regarding
lifetime constraints, the TBOs, and the machine loading;
see Tables IX, X, XI, XII, XIII, and XIV. The tables give
the p-value of the W-SRT which gives the probability to
observe the test sample or an even rarer test sample under
consideration of the null hypothesis. In other words, the p-
value gives the smallest test level where the test sample is
just significant. If the p-value is smaller or equal the α-value
denoting the error to reject the null hypothesis although it
is true, the null hypothesis is rejected. In case that the p-
value is greater than α, the null hypothesis is not rejected.
Values that greater than an α-value of 0, 05 are highlighted.
They signify that the null hypothesis is not rejected and thus
the distribution is not shifted regarding an amount μ = 0.
The tables are symmetric due to the matching of the lifetime
factors and their corresponding optimality gaps.

For instance, Table IX shows that Θi = 1 and Θi = 3
have a p-value of 0, 6905, thus the median of the dis-
tribution of the optimality gap is not significant. In con-
trast, the p-values of Θi = 2 and Θi = 1 are smaller
the α-value of 0, 05 and thus the median of the distribu-
tion of gap-values ist not equal. This is true when hav-
ing a look in the statistics of the optimality gaps of the
135 test instances that solving the model with a lifetime



TABLE IX

WILCOXON RST, TBO = 3, LOAD = 0, 75

p Θi = 1 Θi = 2 Θi = 3

Θi = 1 0, 0000 0, 0079 0,6905
Θi = 2 0, 0079 0, 0000 0, 0079

Θi = 3 0,6905 0, 0079 0, 0000

TABLE X

WILCOXON RST, TBO = 3, LOAD = 0, 9

p Θi = 1 Θi = 2 Θi = 3

Θi = 1 0, 0000 0,8413 0,6905
Θi = 2 0,8413 0, 0000 1,0000
Θi = 3 0,6905 1,0000 0, 0000

factor Θ = 2 gives higher optimality gaps. Test statis-
tics and test instances are available at http://iwi.econ.uni-
hamburg.de/IWIWeb/Default.aspx?tabid=174.

Nevertheless, we have to note that the sample of 135
test instances is rather small. We expect that extending test
instances, especially increasing TBO values to six or more
profiles and also increasing values for Θi, the tendency
proceeds that with decreased values of Θi, test instances
become easier to solve due to the fact that with less flexibility
to store products, the model tends to employ a lot-for-lot
policy.

V. CONCLUSION

Deterioration and perishability constraints of items are
important to be considered in aggregate planning especially
regarding sd-setup times and costs, because avoidance of
waiting times is mandatory if parts and products are subject
to depreciation effects. We integrated deterioration and per-
ishability effects in hybrid lot sizing and scheduling models
with sd-setup times and costs such as the CLSD and the
GLSP and highlighted their effects on the resulting plan.

The inclusion of lifetime limits of items is also interesting
in a mathematical sense as it reduces setup variables of
items for periods exceeding their maximal lifetimes. This
might render classical lot sizing models as the CLSP easier
to solve in a mathematical sense. Further research leads in
the direction of extending models to multiple levels such
as complex production structures as well as multiple ma-
chines. Moreover, we are interested in the reformulation of
general lot sizing and scheduling models with deterioration
and perishability constraints into network flow problems
considering hop constraints in order to model depreciation.
As we discussed earlier, depreciation may occur due to
waiting in the production process where lead times are load-
dependent. If items can be reworked, increased utilization
further increases lead times and WIP, thus waiting times.
This vicious cycle and its consideration in planning models

TABLE XI

WILCOXON RST, TBO = 4, LOAD = 0, 75

p Θi = 1 Θi = 2 Θi = 3

Θi = 1 0, 0000 0,2222 0, 0317

Θi = 2 0,2222 0, 0000 0, 0159

Θi = 3 0, 0317 0, 0159 0, 0000

TABLE XII

WILCOXON RST, TBO = 4, LOAD = 0, 9

p Θi = 1 Θi = 2 Θi = 3

Θi = 1 0, 0000 0,6905 0,3095
Θi = 2 0,6905 0, 0000 0,5476
Θi = 3 0,3095 0,5476 0, 0000

are very interesting, so that we extend our research to this
interesting topic in the future.
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Integrating Deterioration and Lifetime Constraints in Production
and Supply Chain Planning: A Survey

Julia Pahl

Abstract

Items with short life cycles that are subject to deterioration are a major part of products traded
in our business world. Research has a long tradition in integrating deterioration and value loss
effects into mathematical models for inventory planning and control where such effects are un-
derstood as a general loss or shrinkage of inventory. Only a few work has been done in modeling
lifetime restrictions of items to prevent wastage and disposal especially in a dynamic planning
context. Recent trends extend the consideration of single companies to whole supply chains
exploring their increased coordination and information needs. This is important as planning de-
cisions impact lead times and thus the quality of items in thewhole supply chain. Products
that pass their useful lifetime can impose high costs due to inventory loss or the need to rework
them which implies enhanced utilization of (scarce) resources, e.g., machine time, (noble) met-
als, and/or energy increasingCO2-levels. We give an overview on the state-of-the-art regarding
depreciation effects and lifetime constraints in planning and provide a classification of models
along business planning functions of the value chain.

Keywords: Review, Deterioration, Perishability, Lifetime Constraints, Classification,
Production Planning, (Green) Supply Chain Management
2000 MSC:46N10, 90B30, 90C90

1. Introduction

Constraints on the lifetime of items force organizations tocarefully plan their production in
cooperation with their supply chain partners. This gains importance because waiting times imply
increasedwork in process(WIP) inventories that might lead to longer lead times and thus increase
the possibility of depreciation of items. In the worst case,they cannot be used for their original
purpose and have to be disposed. This is notably disquieting, e.g., in the food industry where
significant losses occur during handling, processing, and their distribution [1]. Results of a study
conducted for the International Congress “Save Food!” state that 1.3 billion tons of food per year
are wasted at a global scale which is around one-third of foodproduced worldwide for human
consumption [1]. This is particularly valid for developingcountries where more than 40% of
food losses are due to processing whereas total losses in industrialized countries are as high, but
with more than 40% mainly occurring at the retailer and consumer level [1]. Increased supply
chain costs are only one problem. A more troubling aspect areenhanced losses of resources,
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increased energy consumption and related emission ofCO2. Certainly, unsatisfied customers
waiting for their products or being concerned about qualityis mainly a problem in industrialized
countries.

Deterioration has a great influence not only on inventory management, but on every area of the
production process where items are stocked or forced to waitdue to uncertain demand, technical
matters, variabilities, or disruptions of the production process. We explore the integration of
deterioration effects and lifetime constraints along different business functions (see Figure 1, [2])
that are closley related, but not limited to inventory management in order complement reviews
available on deterioration in inventory management [3, 4] and extended settings [5]. Regarding
food production the question is how to prevent losses due to spillage or degradation of items in the
(industrial) handling process. Apart from engineering issues to enhance the production process,
related coordinated planning throughout the supply chain is a starting point to this problem.
Despite a long tradition in the operations research area to integrate deterioration effects in models
for planning, there are only a few models that integrate lifetime contraints.

The paper is organized as follows: In Section 2 we provide some general thoughts on the clas-
sification of models including depreciation effects and lifetime constraints. We present math-
ematical formulations that are frequently used and discussthe role of demand in such models.
Section 3 reviews the literature regarding important business (planning) functions and highlights
issues where further research is needed. In that sense, Figure 1 serves as an orientation.
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Figure 1: Material flow along the internal and external supply network; modified from [6]

Accordingly, Section 3.1 reviews procurement/replenishment models including marketing issues
and inventory control whereas Section 3.2 discusses aggregate production-inventory planning.
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Section 3.3 presents the current research concerning inventory of final goods and their delivery
to customers which is complemented by Section 3.4 that evaluates the use of multiple ware-
houses. Until this point, it is assumed that deteriorated items cannot be reworked and need to be
disposed which is relaxed in Section 3.5 examining rework options. Section 3.6 analyzes current
research of deterioration effects and lifetime constraints in supply chains. Section 4 resumes
major findings.

2. Classification

Interests of the operations research community regarding deterioration of items came to promi-
nance with the modeling of inventory in blood bank management and the distribution of blood
from transfusion centers to hospitals. Later, the researchfocus shifted also to other products,
e.g., chemicals, food, fashion clothes, technical components, newspapers etc. In accordance,
the attention changed to a more general view on how to includedeterioration effects and life-
time constraints into models for inventory management. Themajor part of approaches consider
deterioration as a kind of general shrinkage of inventory. We first discuss characteristics of dete-
rioration, perishability, and the integration of lifetimerestrictions providing definitions followed
by mathematical formulations.

2.1. Discussion on Depreciation

Most products deteriorate within a certain interval. If theobserved time horizon is chosen to
be sufficiently short there may be no need to consider such product characteristics. Nevertheless,
in practice and depending on the product, the time horizon for aggregate planning is long enough,
so that the influence of deterioration starts to play an important role. Deterioration and lifetime
restrictions render the planning process complex due to hard constraints on inventory holding.
Therefore, restrictions are imposed to produce ahead of demand and sales realizations in order
to hedge against uncertainties, e.g., employing over-production, exploit volume-discounts, or
own production setup-sequence advantages. For instance, in some business fields, make-to-order
approaches are not applicable, because replenishment leadtimes are significantly shorter than
production manufacturing lead times [7], so that production plans rely on demand forecasts.

Deterioration of goods might be regarded as the process of decay, damage or spoilage of items
in such a way that they can no longer be used for their originalpurpose, i.e., they go through a
change while stored and continuously lose their utility [7–10]. Perishable goods are considered
as items with fixed, maximum lifetimes [11]. This is true for products that become obsolete at
some point in time, because of various reasons or external factors, e.g., laws and regulations that
predetermine their shelflives [12]. Therefore, a classification basis is theutility of the item. In this
regard, two subcategories can be distinguished: the first includes products whose functionalities
deteriorate over time, e.g., fruits, vegetables or milk. The second encompasses those products
whose functionality does not degrade, but customers’ perceived utility and thus their demand
deteriorates over time, e.g., fashion clothes, high technology products with a short life cycle, or
items whose information content deteriorates, e.g., newspapers. For example, it is empirically
shown that the willingness to pay for a product continuouslydecreases with its perceived ac-
tuality that is similar to defining deterioration as a process of continuously reduced usefulness
of the comodity to the customer [13]. Other products encounter value loss related perishability
induced by demand that drops when a new version or generationis introduced accompanied by
significant downmarks [14]. This is valid, e.g., for computers, mobile phones, high fashion wear,
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Christmas gifts, or calendars. Such value loss is indirectly integrated into mathematical models
by making assumptions on products’ demand patterns, e.g., time-dependent demand that is used
to describe sales in different product lifetime phases in the market [15]. The examination of
effects of stochastic demand rates on deterioration includes stochastic processes that may have
independent increments, e.g., compound Poisson processes, or not, e.g., compound renewal pro-
cesses, known or arbitrary probability distributions. As aresult, we can characterize depreciation
regarding different aspects: 1. physical degradation or depletion (e.g.,fresh food, gasoline), 2.
loss of efficacy or functional loss (e.g., medicine), and 3. perceived value loss (e.g., fashion
clothes, high technology) where the first two are difficult to be exactly distinguished.

A further distinction can be made by the products’ lifetime that can betime-independentor
time-dependent. The first case implies a pre-specified lifetime. The utilityof these products is
given during a specific time period. The second case expresses deterioration over time, e.g., to
model seasonality. The majority of authors working in the field of deterioration and perishability
use the words interchangeably.

We make a clear distinction between perishable goods that cannot be used anymore and lose
all their utility at once after a certain point in time whereas items that lose their utility gradually
are regarded as being subject to deterioration.
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Figure 2: Courses of perishability and deterioration

Figure 2 depicts three functional relationships of item quality where the first graph shows the
course of perishability, the second discrete and variational courses of deterioration and the third
possible courses of continuous deterioration. The fourth graph gives three possible time intervals
regarding the quality decrease of items that can be reworked: the first interval presents regular
quality of items until the phase where items can be reworked,and the phase where items have
passed their lifetime and might be sold on a secondary marketor need to be disposed.

The definitions of deterioration, perishability, and lifetime constraints remain somewhat fuzzy
as it clearly depends on the physical state/fitness, behavior of items over time, and on the produc-
tion planner or the quality controller who has to decide whether to employ items or components
having passed a certain age. In this paper, we focus on the integration of functional deterioration,
perishability, and lifetime constraints in contrast to value loss due to customer demand variations
that is expressed via demand patterns.
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2.2. Mathematical Formulations of Deterioration and Lifetime Constraints of Items

Generally, there are different methods to integrate deterioration/perishability effects and life-
time constraints into mathematical models depending on themodel type (deterministic or
stochastic) and the considered time horizon (infinite or finite). One method that is frequently
employed assumes the loss of a certainfractionor part of inventory stated as follows:

dI(t)
dt
= −ΘI (t) − D(t) t j ≤ t ≤ T j (1)

whereΘ is the shrinkage factor due to perishability,I (t) the inventory holding in timet, and
D(t) is the time-dependent demand defined for a time interval (t j ,T j). Models integrating this
formulation assume exponential shrinkage of inventory which becomes clear when regarding the
solution of Equation (1):

I (t) = −e−Θt
∫ T j

t
eΘuD(u)du tj ≤ t ≤ T j (2)

Such formulation is mainly used in infinite time deterministic and/or stochastic settings for re-
plenishment and inventory control. For use in (discrete) dynamic deterministic settings, the
following formulation might be employed:

(1− αΘ)It ∀ t = 1, · · · ,T (3)

whereαΘ is the percentage of inventory that is lost due to perishability. For the remainder of
this paper, we adress these modeling approaches asfraction formulation(FF). They are mainly
used in optimization models with the aim to derive optimal replenishment quantities and time
lengths between orders assuming that all products in inventory undergo the same transformation
independent of their age or their production period. This might be a good approximation in case
of general deterioration studies [16]. Anyhow, the assumption of general inventory shrinkage
is limiting if we want to create models for planning that are supposed to avoid deterioration
in the first place. Therefore, we need formulations that restrict products’ lifetimes. Items that
lose their functional characteristics and quality in inventory cannot (or should not) be kept in
inventory due to various reasons. For instance, food that deteriorates and develops biological
toxines should be separated from fresh inventory and disposed immediately whereas items that
lose their customers’ perceived utility can be kept in inventory without such problems in order
to be sold on a secondary market. It becomes clear that functional deterioration and depreciation
due to value loss pertain to the same problem, but require different consequences or actions.
The modeling of limited shelflives can be integrated by, e.g., modifying the inventory balance
equation of related optimization models by subtracting items that passed their useful lifetime
denoted byI D

t and calculated as follows:

I D
t ≥

t−ΘL
t∑

τ=1

Xτ −
t∑
τ=1

Dτ −
t−1∑
τ=1

I D
τ
, ∀ t ≥ ΘL

t (4)

whereI D
t is the amount of items that deteriorate in a time periodt that is calculated by the sum of

produced itemsXτ in the time interval (τ, t − ΘL
t ), thus the production from the beginning of the

planning horizon until periodt reduced by the length of item lifetimeΘL
t , less those items that

are used to satisfy demand until periodt and items that have already been disposed in previous
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periodst − 1. Contraint (4) can be used in all classical discrete deterministic lot sizing (and
scheduling) models that are formulated asinventory and lot size models(I&L; see [17]) further
including minimal lot size constraints [18, 19], so that we refer to this method asI&L formulation.
However, these models become quickly computational intractable regarding practical input data
sets. For example, thecapacitated lot sizing model(CLSP) is proofed to be NP-hard [20, 21]
and so are its extensions. Therefore, a third formulation isproposed in the literature that is
mainly used in network flow formulations and integrated intothe production constraint of related
models:

t∑
τ=1

Xτ ≤
t+ΘL

t∑
τ=1

Dτ ∀ t = 1, · · · ,T − ΘL
t (5)

which states that the sum of production until time periodt must be smaller or equal the sum of
demands that do not exceed time periodt and the length of the variable lifetime of the product
ΘL

t . We name this methodindex transformation(IT) as it restricts the considered time periods by
the lifetime of items. Network flow formulations are efficient in terms of calculation time to find
the optimal solution, because they approximately describethe convex hull of the solution space.
Nevertheless, the formulation given in Constraint (5) doesnot allow for minimal lot sizes.

Another type of index transformation is adopted especiallyfor use in stochastic models to
integrate lifetime restrictions. This type considers the periods of lifetimes from the time period
an item is produced until its lifetime elapses:

TΘL − (n− 1)t ≥ TΘE or n ≤
TΘL − TΘE

t
+ 1 (6)

whereTΘL denotes the lifetime of an item,TΘE the estimated or expected lifetime of an item,n
an integer variable denoting the frequency of product shipments in a period, andt the current
time period. Such formulations are adopted, e.g., by [22]. In the subsequent, we also refer to
them as IT formulations. Further stochastic methods to integrate inventory shrinkage assume
that the age of ordered items arriving in inventory are givenby a vector of age classes of items
[23] and defined to beindependent and identically distributed(i.i.d.) random variables. Besides,
the shrinkage of inventory might be assumed as a virtual outdating process similar to the virtual
waiting time process in queuing theory [24].

The most frequent formulation used to integrate deterioration is FF mainly employed in infi-
nite time horizon models where effects ofs demand patterns are added to study the influence of
deterioration. The I&L formulation is recently developed and used by [18, 19] for discrete dy-
namic deterministic settings whereas IT-integrated lifetime constraints are mainly encountered in
deterministic settings within approaches formulated as network flow models; see, e.g., [25, 26].

2.2.1. Model Extensions and Further Assumptions
Frequently, additional constraints or features are integrated into mathematical models with the

aim of rendering them more realistic and applicable to real world problems. Situations might
include the planning of multiple resources with or without capacity constraints that produce(s)
a single or multiple product(s) adhering to multi-level product structures. In case of multiple
products, setup times and costs that may be sequence-dependent play an important role espe-
cially regarding capacity utilization. Moreover, positive lead times might be included that can
either be assumed for replenishment or inter-production processes treated as exogenious or en-
dogenious input data. We find positive replenishment lead times mainly in stochastic dynamic
replenishment models. The major part of reviewed references assume lead times to be negligible.
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Besides, recent trends examine the possibilities and willingness of customers to wait for their or-
dered products. Early work includes the integration of complete backlogging which is extended
to partial backlogging thus assuming that a certain number of customers is impatient which is
further fine-tuned considering partial backlogging decreasing with the length of the waiting time.
We highlight such extensions in the following sections. Dueto limited space, we give extensions
in the provided tables, but might not refer to them in the text.

3. The Consideration of Depreciation

The presentation of models incorporating functional depreciation is in line with Figure 1 con-
sidering the different areas of planning and extended perspectives. We divide approaches by their
assumption on (un)certainty in deterministic and stochastic models. These categories are further
separated in infinite time horizon and finite time horizon approaches.

3.1. Procurement, Replenishment, and Inventory Control

The production process is initialized by the need for raw materials calculated depending on the
forecasted demand for finished goods. The aim is to obtain a sufficient amount of raw materials of
the desired quality for production at the right time at minimal ordering costs. Marketing issues
like discounting, allowances of credits, and lot sizing gain an increasing importance, because
raw materials are generally ordered in batches taking advantages of price and volume discounts
further minimizing transportation costs. Nevertheless, large order batches give rise to increased
inventory costs and risks of deterioration. In case of ordercontracts likevendor management
inventory(VMI) or just in time(JIT) agreements, such problems are avoided for the manufacturer
and passed to suppliers who are responsible for the contractual partner’s inventory level and thus
the planning of replenishment batches. A review on dynamic pricing and inventory management
is given in [27]. Models considering JIT logistics in supplychain planning are, e.g., considered in
[28–34]. Additionally, the consideration of inflation and time value of money plays an important
role in inventory control as risks of financial losses might increase with inventory levels. We refer
to these as marketing issues, as well, because they are frequently considered with questions on
pricing, replenishment, and inventory control. Besides, some approaches takediscounted cash
flows(DCF) into account, e.g., [35–38].

3.1.1. Deterministic Replenishment Approaches
This stream of literature is dominated byeconomic order quantity(EOQ) andeconomic pro-

duction quantity(EPQ) models emphasizing marketing aspects like pricing/discounting, payment
delays, inflation scenarios or time value of money, and studying different demand patterns; see
Table 1 and Figure 3. Additional considered issues are mainly shortages and/or complete or par-
tial backlogging of demand. Deterioration and perishability are integrated using FF in the infinite
time case. Multiple products in this context are studied in [22, 39].

Infinite Time Replenishment Approaches.EOQ models integrating deterioration frequently as-
sumed as Weibull functions prevail over EPQ models in this section. Table 1 gives approaches
sorted by their consideration of marketing issues, demand patterns, and incorporation of dete-
rioration/perishability whereas Table 2 resumes references emphasizing on other aspects. All
listed approaches integrate general shrinkage of inventory employing FF given in Equation (1).
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Table 1: Details on Deterministic Infinite Time Replenishment Models with Depreciation Regarding Marketing Issues

Marketing Issue Demand DT References Further Specifications
MF S BL Comments

Pricing/ c Wbd [9] EOQ - -
Discounts c per [40] EOQ - - p-dep oq

l-i per [41] EOQ yes com cap restr
p-d t-v [35] EOQ yes - DCF
p-d t-v [42] EOQ yes p joint pricing
s-d per [43] EOQ yes p
t-v Wdb [44] EOQ yes p bdw
p-d t-v [45] EOQ yes p two shops
p-d/s-d Wbd [46] EOQ yes p bdw, pos TC,

cap restr
Time value of t-v t-v [47, 48] EPQ yes p
money t-v t-v, [36] EOQ yes p DFC

s-d tw-p Wbd [49] EPQ yes p
p-d t-v, [50] EOQ yes p pricing
p-d per [51] EOQ - - pricing, pos LT

Permissible delay c per [52–54] EOQ - - pricing
in payments c twp-p Wbd [55] EOQ yes p bdw

l-i twp-p Wbd [56] EOQ - - -
l-i twp-p Wbd [57] EOQ - -
p-d per [58] EOQ - - pricing
t-v t-v [59, 60] EPQ yes p mp, tvm,

bdw
Abbreviations in columns
Column names DT= depreciation type, MF=model formulation, S= shortages, BL= backlogging

Demand c= constant, l-i= linear-increasing, p-d= price-dependent, s-d= stock-dependent, t-v= time-varying,

DT Wbd=Weibull, per= perishability, t-v= time-varying, tw-p Wbd= two-parameter Weibull,

BL com= completely, p= partially

Comments p-dep oq= price dep on order quantity, cap restr= capacity restrictions, bdw= backlog dependent on

waiting length, pos TC/LT = positive transportation costs/lead times, mp=multiple products,

tvm = time value of money

Frequently, we find models studying effects of shortages that are partially backlogged as an ex-
tension in marketing focused approaches [36, 42–45, 47–50]whereas partial backlogging depen-
dent on the waiting time is included rather into replenishment models without marketing issues
[46, 61–69]; see Table 2. An EOQ setting together with a two-parameter Weibull distribution
for the deterioration rate is introduced in [9] exploring effects of temporary price discounts on
inventory and deterioration. Advantages of price discounts ordering large quantities while en-
countering increased inventory holding costs and risks of deterioration versus ordering smaller
amounts thus not benefiting from discounts are analyzed. In fact, their results reveal that under
these assumptions the model is sensitive to discounts as well as the deterioration rate. An inte-
grated EOQ-EPQ model considering multiple items, viz. raw materials and final products linked
via their bill of materials, together with considerations on permissible delay in payments, effects
of inflation, and partial backlogging dependent on their waiting time is given by [59, 60]. The
latter further considers variable cost parameters.
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Table 2: Details on Deterministic Infinite Time Replenishment Models with Depreciation

Demand DT References Further Specifications
MF S BL Comment

p-d l-i [70] EOQ yes com
p-d decr [62] EOQ yes p bdw
r-t t-p Wbd [71] EOQ yes com
r-t per, Wbd [72, 73] EOQ yes p
r-t t-v [74] EOQ - -
s-d per [75, 76] EPQ - -
s-d per [61, 63] EOQ yes p bdw
t-v t-v, tw-p Wbd [77, 78] EOQ yes com
t-v Wbd [64–66] EOQ yes p bdw
t-v per [67, 68] EOQ yes p bdw, exp bdw
t-v per [79] EOQ yes com postponement
t-v t-v [69] EOQ yes p bdw
c per [39] EOQ - - cap restr, mp
Abbreviations in columns
Column names DT= depreciation type, MF=model formulation, S= shortages, BL= backlogging

Demand p-d= price-dependent, r-t= ramp type, s-d= stock-dependent, t-v= time-varying, c= constant

DT l-i = linear-increasing, decr= decreasing, t-v= time-varying, two-p Wbd= two-parameter Weibull

BL com= completely, p= partially

Comment bdw= backlogging dependent on waiting time, exp bdw= exponential bdw, mp= multiple products

An exact formulation for overall inventory costs and mathematical methods to find the opti-
mal solution for production of final products are proposed. Impatient customers together with
permissible delay in payments are also considered in [55, 56]. In [56], the authors show that in-
creasing permissible delays in payments result in significant decreases of average inventory costs
per unit time. Demand increasing with a quadratic time-varying rate and complete backlogging
is assumed in [77, 78] and ramp-type demand together with Weibull distributions for the dete-
rioration rate considered in [71–74]. Effects of price-dependent demand functions are studied,
e.g., in [35, 42, 45, 46, 50, 51, 58, 62, 70] where strategies of selling age-advanced items in a
secondary shop at a lower price in order to maximize profits are analyzed in [45]. Positive trans-
portation costs and capacity restrictions as well as stock and price-dependent demand influenced
by show room advertisement are covered in [46]. Positive replenishment lead times are regarded
in [51]. Otherwise, capacity restrictions are added in [39,41, 46]. The impact of deterioration on
postponement strategies in a replenishment scenario without marketing issues is studied in [79].
Postponement is defined as the possibility of a retailer to order either finished perishable products
or product parts, so that the final product is assembled lateraccording to customer requirements
or a combination of both finished and unfinished products. Results show that in case of small
perishability rates the postponement strategy gives decreased overall average costs. The major
part of approaches assumes single products and thus abstracts from (sequence-dependent) setup
times and costs, or multi-level product structures.

Finite Time Replenishment Approaches.Models might be extended to a dynamic setting by
replicating the assumed procurement-inventory cyclesn times. We name these models, e.g.,
EOQ/EPQ-based approaches.
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Table 3: Details on Deterministic Finite Time Horizon Replenishment Models with Depreciation Regarding Marketing
Issues

Marketing Issue Demand DT References Further Specifications
MF S BL Comment

Pricing/Discounts p-d t-v [80] PR yes com discounts
Time value of money c per [81] EOQ-b yes com

c two-p Wbd [37] EOQ-b - - DCF
s-d per [82] EOQ-b yes p
s-d per [38] EOQ-b yes com cap res, DCF
t-v t-v [83] EOQ-b yes p bdw

Permissible delay in s-d per [84] EOQ-b - - discounts
payments l-i t-v [85] EOQ-b yes p

c per [86] EOQ-b - -
Abbreviations in columns
Column names DT= depreciation type, MF= model formulation, S= shortages, BL= backlogging

Demand p-d= price-dependent, c= constant, s-d= stock-dependent, t-v= time-varying, l-i= linear-increasing,

DT t-v = time-varying, per= perishability, two-p Wbd= two-parameter Weibull distribution

MF PR= periodic review, EOQ-b= EOQ-based,

BL com= completely, p= partially

Comment cap res= capacity restrictions, bdw= backlogging dependent on the waiting time

The references in this section mainly employ FF in order to include shrinkage of inventory.
Marketing issues in dynamic settings with their extensionsare shown in Table 3. Finite time re-
plenishment approaches emphasizing other aspects are listed in Table 4. For instance, a dynamic
periodic review(PR) replenishment model with price-dependent demand for atime-varying dete-
rioration rate including complete backlogging is proposedin [80] with the objective to determine
periodic prices and replenishment lot sizes that maximize profits. A EOQ-based model with
constant demand studying the effects of time value of money, perishability according to FF, and
permissible delay in payments is proposed in [81]. DCF methods to derive optimal solution val-
ues for the net present value of total production costs regarding a two-parameter Weibull distri-
bution for deteriorating items also subject to constant demand are examined in [37]. Approaches
including stock-dependent demand are given in [38, 82] where the latter further restricts pro-
duction capacity. Time-varying demand and deterioration rates are studied in [83] together with
partial backlogging dependent on the waiting time. We find EOQ-based models including per-
missible delays in payments for demand being stock-dependent, linear-increasing, and constant
in [84–86]. Models concentrating on the analysis of different demand patterns for deterioration
and perishability are listed in Table 4 mainly presenting EOQ-based settings [10, 15, 87–91] or
economic lot size(ELS) formulations [92–94] using FF to integrate shrinkagedue to deterio-
ration and/or perishability. Age-dependent inventory and partial backorders also dependent on
their age are formulated in [92] using a slightly modified FF as given in Equation (3) where
the age-dependent shrinkage of inventory is expressed as the difference between production in
periodτ and time until the current periodt, viz.

Iτt = (1− ατ,t−1)Iτ,t−1 − Xτt ∀ 1 ≤ τ < t ≤ T (7)

Equation (7) is also used in [94] considering economies of scale cost functions. Complete back-
logging is added in [15, 93].
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Table 4: Details on Deterministic Finite Time Replenishment Models with Depreciation

Demand DT References Further Specifications
MF S BL Comment

c two-p Wbd [10] EOQ-b yes p
c per [91] EPQ-b - - multiple markets
t-v per [87] EOQ-b yes p
t-v per [88, 89] EOQ-b yes p bdw
t-v per [90] DP, EOQ-b - -
t-v t-v [92] ELS yes p
t-v t-v [93] ELS yes com eos
t-v t-v [94] ELS - - eos
l-i per [15] EOQ-b yes com
Abbreviations in columns
Demand c= constant, t-v= time-varying, l-i= linear-increasing

MF DP= dynamic programming, ELS= economic lot size model

Comment minlot= minimum lot-sizes, bdw= backlogging dependent on waiting length, eos= economies of scale

3.1.2. Stochastic Replenishment Approaches
Replenishment approaches found in the literature considering deteriorating items are stochas-

tic EOQ formulations that frequently serve as a starting point for more complex formulations.
We find different integration methods for deterioration and perishability in stochastic infinite time
approaches. There is less recent work on marketing issues inthis section than in the deterministic
case, but more frequent use of positive order lead times in infinite time models [95–98] and in
finite time cases [97, 99–101].

Stochastic Infinite Time Formulations.In this category we find different marketing issues such
as permissible delays of payments [102] and discounting [103, 104].

In [102], demand is assumed to be fuzzy whereas demand following a Poisson distribution or
assumed as a Markovian arrival process is modeled in [95–97,99, 100, 105]. Acontinuous re-
view(CR) model including shrinkage due to perishability and defective items, so that the number
of items in good conditions is a random number, further assuming demand as a Poisson process is
given in [105]. Negative demand on backlogs may occur, so that the assumption of full backlog-
ging might change to partial backlogging. Positive replenishment lead times following a phase
type distribution are considered in a similar setting with demand assumed as aMarkov arrival
process(MAP). A Markov renewal process for demand for a similar setting is studied in [96].
Impatient customers assumed as negative demand are considered in [97, 105]. A queuing-based
perishable inventory model is proposed by [24] featuring a virtual outdating process similar to a
virtual waiting time process of traditional queuing theory; see also Section 2.2. Outdates takes
place after one period.

PR models are proposed in [23, 98, 106, 107]. The value of information regarding the age of
ordered items used in replenishment decision-making is analyzed in [23] where the lifetime of
an item is fixed, but the age upon arrival is uncertain. The benefit of information sharing seems
highest in case that the variability of demand is significant, products’ lifetimes are short, and
products’ prices elevated. These benefits are not necessarily shared with upstream supply chain
partners. Investments in equipment to maintain or extend the quality/freshness of items and thus
increase products’ lifetimes are compared to the benefits ofinformation sharing.
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Table 5: Details on Infinite Time Stochastic Replenishment Models with Depreciation

Demand DT DC References Further Specifications
MF S BL Comment

fuzzy per FF [102] EOQ - - pdp
MAP/Poisson per FF [99, 100] CR - - positiv LT
MAP per FF [95–97] CR yes com/p positive LT
Poisson per FF [105] CR yes com/p
stochastic per VOP [24] QM - -
stochastic t-v a-d v [23] PR yes -
stochastic per IT [98] PR yes - positive LT
stochastic t-v IT [106] PR yes com substitution
stochastic t-v IT [107] PR - - kind of substitution
stochastic t-v IT [101] CR yes com positive LT

substitution
stochastic t-v IT [108] M yes com
s-d per FF [103] EOQ yes p discounts
s/p-d per FF [104] EOQ - - discounts
t-v t-v IT [109] QM yes - priority demands
Abbreviations in columns
Demand MAP= Markovian arrival process,

DC VOP= virtual outdating process, a-d v= age-dependent vector

MF QM = queuing model, M= Markov model,

Comment pdp= permissible delay in payments, cap res= capacity restriction, LT= lead time,

Results show that lifetime-enhancing investments mostly outperform information sharing for
certain lifetimes. Lifetime extensions are also obtained for blood products [109] determining
optimal policies for priority demand levels.

Substitution of aged items with new products to satisfy random demand in a PR setting where
items have a lifetime of two periods is studied by [106]. Demand for an item of a specific
age can only be satisfied with items of that characteristic, so that no substitution is allowed, or
excess demand for old items can be satisfied with new items (downward substitution), or excess
demand for new item can be satisfied with old items (upward substitution). A forth setting allows
downward as well as upward substitution. The remaining lifetime of items is included via IT.
A infinite and finite time model for a seasonable good with similar characteristics as in [106] is
proposed by [107]. Positive replenishment lead times are added to a similar approach in [101].
Moreover, positive replenishment lead times for a perishable product with a fixed lifetime in a
PR model are considered in [98]. Perishability is integrated using IT denoting the amount of
outdates at the end of the period. The consideration of random lifetimes of items in a discrete
time Markov model is proposed by [108] where demand follows adiscrete phase type renewal
process and lifetimes a discrete phase type distribution.

Stochastic Finite Time Formulations.Marketing issues such as pricing, time value of money or
inflation in EOQ-based approaches are covered in [110–113] where multiple items are considered
in [111]. Stochastic demand with unknown distribution parameters that are periodically updated
using a Bayesian approach relying on historical data finds integration in [114]; see Table 6.
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Table 6: Details on Finite Time Stochastic Replenishment Models with Depreciation

Demand DT DC References Further Specifications
MF S BL Comment

BM per portion [110] EOQ-b yes - pricing
c per FF [111] EOQ-b - - MC, tvm, multi items

discounts, inflation
stochastic per indirect [114] PR - - Baysian update (demand)
s-d t-v IT [115] PR - - positive LT, RFID
p-d per IT [112] PR yes - pricing, RFID
p-d per FF [113] EOQ-b - - pricing, RFID
stochastic per IT [116] PR yes - positive LT
Abbreviations in columns
Demand BM= Brownian Motion, MAP= Markovian arrival process,

MF PR= Periodic review, EOQ-b= EOQ-based

Comment MC=multi-criteria objective, tvm= time value of money, LT= lead time,

Recent literature in stochastic finite time approaches often takes the use ofradio frequency
identificationRFID technology into consideration in order to keep track ofthe age of inventory
to enhance the quality of input data; see, e.g., [112, 113, 115]. In fact, traceability of items, es-
pecially food, and related systems can be regarded as a highly important operations management
function [22]. However, in past years, item traceability has been considered rather separately
from supply chain management(SCM) strategies as stated in [22]. There is a visible trend to
consider traceability and thus better information on inventory. RFID controlled inventory sub-
ject to stochastic, seasonal demand in a PR model is studied in [115] where demand depend
on remaining lifetimes and thus freshness of items as described in [114]. Dynamic pricing for
deteriorating (food) products subject to price- and freshness-dependent demand is examined by
[113]. Price adjustments based on demand forecasting gained via RFID technology enable, e.g.,
supermarkets to automatically mark down items near their expiration date in order to stimulate
demand. Results of the optimal pricing and ordering strategy show that the deterioration rate has
a significant influence on pricing as well as the order quantity.

3.2. Tactical and Operational Production Planning with LotSizing and Scheduling

Tactical production planning deals with questions concerning the implementation of decisions
from the strategic level that are translated in mid-range decisions regarding, e.g., the production
network design and layout, arrangement and number of machines, and the product mix. Lot siz-
ing is an important determinant of lead times and, consequently, the quality of items especially in
case of multiple products enforcing setups. This is becauselot sizing decisions determine the fre-
quency of setup times necessary to switch from the production of one product to the production
of another and, in some cases, the time that items wait for lotcompletion before moving. Ca-
pacity is increasingly consumed that, otherwise, would be available for production. Accordingly,
setup times affect lead times of products due to induced waiting times. Leadtimes increase with
the number (and duration) of setups and so does the number of products that deteriorate while
waiting in line to be processed. This might be significantly aggravated in case that setup times
and costs are sequence-dependent, so that some scheduling information should be considered
already at this planning stage.
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3.2.1. Deterministic Production-Inventory Models
In general, lot sizing is regarded in aggregate production-inventory. In case that marketing

issues prevail as important factors of examination, we relate approaches to Section 3.1. Here,
other aspects are of major interest such as the possibility of adapting production rates to various
situations, e.g., increased demand rates including ad hoc priority orders. Production rates might
be regulated regarding previous or subsequent production processes where items frequently have
to wait because of bottleneck machines.

Infinite Time Production-Inventory Approaches.Traceability of items subject to temporary price
discounts in an EPQ approach is studied in [22]. Perishability is integrated via IT as given in
Equation (6); see Table 7. Simulation results emphasize thebenefits of traceability systems
despite investment costs for system components, barcode systems, wireless scanners, etc.

Table 7: Details on Infinite Time Deterministic Production-Inventory Models with Depreciation

Demand DT DC References Further Specifications
MF S BL Comment

c per FF [117] ELSP/EPQ - - multiple products
c per IT [22] EPQ - - discounts, traceability
t-v t-v FF [118] EPQ yes p bdw
t-v t-v FF [119, 120] EPQ yes p learning
t-v t-v FF [121] EPQ - - (learning/forgetting)
t-v t-v FF [122] EPQ - - var prod rates
s-d per FF [123] EPQ - - var prod rates
p-d per FF [124] EPQ yes p bdw
r-t t-v FF [125] EPQ yes com
Abbreviations in columns
Comment var prod rates= variable production rates

Multiple products thus setup times and costs are consideredby the authors in [117] assuming
different perishability and demand rates. Production-inventory models for single items subject
to perishability with and without shortages and partial backlogging dependent on the waiting
time are examined in [118, 124]. Time-varying demand in suchsetting finds consideration in
[119, 120] where the latter analyzes effects of learning on the optimal production lot size. Learn-
ing as well as forgetting influencing the production rate complicates decision making in [121].
Variable production rates are as well decision variables in[122, 123]. The latter assumes produc-
tion rate-dependent production costs which is further donein [125] considering a deteriorating
item subject to ramp-type demand. Complete backlogging of demand is considered in a second
modeling step.

Discrete Dynamic Approaches Regarding Lot Sizing.As stated before, models assuming a finite
planning horizon which is divided inton cycles of equal duration are considered as dynamic
in nature. Such EPQ-based approach is considered in [126] regarding perishability of an item
subject to time-varying demand that can be completely backlogged. Pricing of a deteriorating
item a similar EPQ-based model together with capacity restrictions is presented in [127].Mixed-
integer programming(MIP) models are frequently formulated for discrete dynamic production-
inventory systems.
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Table 8: Details on Finite Time Deterministic Production-Inventory Models with Depreciation and Lifetime Constraints

Demand DT DC References Further Specifications
MF S BL Comment

t-v per FF [126] EPQ-b yes com
p-d t-v FF [127] EPQ-b - - pricing
c per FF [128] MIP - -
t-v t-v IT [25] MIP, NF - - minlot, sd-st/sc, mp
t-v t-v IT [129] MIP - - pricing, minlot, mp
t-v per I&L [18, 19] CLSP, GLSP minlot
t-v per IT [130] GLSP-PL minlot, multi-crit
Abbreviations in columns
MF MPSSP= multi-period single-sourcing problem, TSP= Travelling Salesman Problem

Comment minlot=minimum lot-sizes, sd-st/sc= sequence-dependent setup times and costs, mp=multiple products

We find an early reference considering a MIP formulation assuming that a part of produced items
is lost due to deterioration in each time period (FF, see Equation (3)) by [128]. A CLSP formu-
lated as a network flow model including lifetime constraints(IT) of perishable products, minimal
lot size constraints, and sequence-dependent setup times and costs is presented in [25]. The work
of [129] proposes block planning with the aim at determiningthe optimal profit maximization
and thus pricing strategy dependent on the item quality at the sales day. A block is defined as the
production of products based on the same bill of materials. Capacity restrictions and minimum
batch sizes add complexity. Multiple products are considered, but only products of different
blocks require setups operations of the production resource.

A study on integrating lifetime constraints in classical lot sizing models is given by [18]. They
develop an I&L formulation to restrict products’ lifetimesaccording to Equation (4). Hybrid lot
sizing models including a micro-marco period structure considering sequence-dependent setup
times and costs together with lifetime constraints are studied by [19]. Results show that their
inclusion limits the solution space, so that models become more difficult to be solved in case
that lifetime constraints are greater than one time period.For instance, if the lifetime of items
is exactly one period, the model employs alot-for-lot policy, i.e., lot sizes match demands of
products in that period, so that no inventory is build up, themachine is set up to every requested
product in that period, and no aggregation of lot sizes takesplace. If lifetimes are greater than
one period, evaluation of different lot sizing possibilities starts leading to longer calculation
times or larger optimality gaps if calculation time is limited [19]. A multi-criteria lot sizing and
scheduling model for an example in the food industry is proposed by [130] incorporating IT.

3.2.2. Stochastic Production-Inventory Models
In general, stochastic production-inventory control models can be divided into CR and PR

models. In PR systems inventory levels are measured and adjusted only at specific points in time
whereas in CR systems the monitoring is continuous, so that exact inventory levels are known at
every point in time.

Infinite Time Horizon Approaches.Recent infinite as well as finite time stochastic models for
production and inventory are proposed by [131, 132]. Periodic as well as continuous stochastic
review EPQ models are formulated by [131] including a two-parameter Weibull distributions for
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the deterioration rate which is modeled as shrinkage thus using FF. Inventory levels are regarded
as the state variable and the production rate as the control variable. The Weibull distribution
function includes some probability for deviations or expected values. The models becomes de-
terministic assuming fixed parameters for the Weibull distribution regarding discrete time points.
A stochastic EPQ formulation reflecting an unreliable production system that might produce
defective items subject to perishability in inventory is proposed in [132]. The production sys-
tem shifts from an in-control state to an out-of-control state where defective items are produced
characterized by fuzzy numbers or random variables that follow an exponential distribution with
fuzzy parameters. Inventory shrinkage due to perishability is expressed via FF.

Finite Time Horizon Approaches.We find finite time horizon stochastic approaches in [133–
135] formulated as continuous as well as periodic models with perishability. Variable produc-
tion rates are studied in [133]. The work in [134] includes uncertain production preparation
times modeled as fuzzy numbers as well as related setup costs. Cost minimization as well as
a multi-objective functions including marketing investments to enhance demand are examined.
The authors in [135] present a simulation study regarding a two-stage production planning and
scheduling system including capacity and lifetime restrictions of items in intermediate storage
thus WIP. They define different performance criteria, i.e., flow times, makespan, unfinished or-
ders, and the amount of waste where the latter restricts WIP lifetimes via IT.

3.3. Final Inventory Management and Delivery

The final assembly of orders/jobs, their packaging, distribution or transportation to different
warehouses is the task of theoutbound logistics system; see Figure 1. The physical distribution to
distribution centers, wholesalers, or customers is a complex problem spanning all planning levels
from strategic to operational planning with decisions ranging from where to place warehouses to
transshipments in order to satisfy ad hoc demand. In case of multiple shops, transshipments of
items subject to perishability can be effective to avoid shortages as well as outdating. Deprecia-
tion and thus disposals might be reduced by one shop maintaining a good inventory level while
preventing shortages in another shop. Additionally, if transportation of transshipments are inte-
grated in regular deliveries, no increased transportationcosts occur. Related problems are, e.g.,
due to excess inventories, flawed inventory transshipments, shortages due to incorrect inventory
data, and/or ad hoc priority orders. Technologies like RFID may support the monitoring problem
providing real-time data of inventories [136]. Therefore,distribution logistic involving inventory
management is closely related to the consideration of multiple warehouses, supply chain design,
and settings. Issues of managing the distribution of deteriorating items such as food regarding
safety, quality, and sustainability are highlighted in [137]. Integrated planning of production
and distribution is considered by [138]. The examination ofJIT deliveries are mainly studied in
supply chain contexts and thus are discussed in Section 3.6.However there are only a few ap-
proaches considering positive logistic times and costs together with deterioration, perishability
or lifetime constraints. The next section regarding multiple warehouses might be considered a
part of final inventory, assembly, and delivery. For sake of clear arrangement, we dedicate an
own section to it.

3.4. Multiple Warehouses

Final assembly and delivery become more complex in case of more than one storage facility
with different environmental conditions, e.g., diverse depreciation rates and/or inventory holding
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costs. In the literature, prevailing practice is to consider two warehouses, theown warehouse
(OW) with limited capacity and arented warehouse(RW) that generally charges higher inventory
costs. Items are first stored at the OW. Overflows go to the RW where they are retrieved with
priority in order to keep renting costs reduced. Generally,no fixed renting costs are assumed, but
a unit rent cost for each batch of items stored. On the other hand, different assumptions might
be true in practice. For instance, RWs with specialized services could achieve and offer lower
inventory charges due to learning effects of trained personnel and economies of scale deriving
from high volumes or high(er) overall competition in the market. The integration of positive
logistic times and costs are rare in recent model approachesconsidered in this section.

3.4.1. Deterministic Cases
Generally, models including two warehouses assume that theRW is used in case that items

exceed the maximum capacity of the OW. Discounting and time value of money considered
in a two warehouse setting are important, because they influence replenishment from partners
downward the supply chain and, therefore, might contributeto the bullwhip effect. However,
depreciation might degrade related price advantages, so that ordering increased quantities to
ensure discounts cease to be attractive.

Infinite Time Approaches Regarding Two Warehouses.A two warehouse setting considering the
net present value and effects of discounting is examined by [139] including completebacklog-
ging. Different perishability rates or major rates for the RW are assumed. Partial backlogging
dependent on the waiting time finds its consideration in [140]. LIFO and FIFO policies of a two
warehouse setting with deterioration are studied by [141].Results show that FIFO is less ex-
pensive than LIFO provided that the deterioration rate is the same for both warehouses and that
holding costs at the RW are less than in the OW. Exponentiallydistributed deterioration rates as
well as permissible delay in payments are assumed by [142].

Finite Time Approaches With Two Warehouses.A dynamic setting with shortages that are com-
pletely backlogged is proposed by [143] assuming that each cycle begins with, but ends without
shortages further regarding effects of inflation and superior inventory costs in the RW than in the
OW. The model operates in a less expensive way if the inflationrate is greater than zero. Partial
backlogging allowed in all cycles is included by [144]. Theyfurther consider positive transporta-
tion costs of items from the RW to the OW. Nevertheless, transportation times are assumed to be
negligible.

3.4.2. Stochastic Cases
We found one recent approach considering a stochastic two warehouse approach given by a

set-covering location model for a deteriorating as well as an ameliorating item including positiv
transportation costs [145]. The aim of the model is to determine the number of warehouses, so
that the probability that each customer is covered is below acertain value.

3.5. Rework and Remanufacturing

All work reviewed so far abstract from the possibility that spoiled items can be repaired in-
stead of being disposed. In many situations, it is economically reasonable to rework deteriorated
products in order to reuse them for production, e.g., if rework times are significantly smaller
than regular production times or raw materials are rather expensive. Moreover, many companies
are concerned about their responsibilities with respect tosustainability driven by many factors,
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e.g., reactive regulatory reasons and/or proactive strategic and competitive advantage aspects.
Besides, legislation in an increasing number of countries places the responsibility for environ-
mentally safe disposal of end-of-life products primary on the producer. Governments tend to
increase taxes on raw materials in order to motivate companies to enhance recycling activities.

We distinguish between external and internal reverse logistics (see also Figure 1): the external
reverse logistics system deals with used items returning from external resources, thus customers
or retailers whereas the internal reverse logistics systemtreats parts and products that deteriorate
while waiting and thus need rework. Items can be reworked either on machines of the regular
production system which is namedin-line processingor on other machines parallel to the pro-
duction system namedoff-line processing. The major part of models in the literature including
deterioration or perishability assume in-line processingtogether with aone-by-onepolicy where
a batch of regular production follows a batch of rework. For areview on rework see [146]. An
overview on recent research on green supply chain management is provided in [147].

3.5.1. Some Useful Definitions
All actions encompassing rework and remanufacturing pertain to the broad field ofreverse

logistics. The termrework includes all recovery actions required to transform products that do
not meet a pre-specified quality standards (anymore) in a waythat they fulfill the quality require-
ments. Authors using rework in that sense are, e.g., [148, 149]. In general, rework activities
take place before items are distributed to the customer due to encountered problems. Reasons for
rework include unreliable production processes, e.g.,out-of-controlproduction systems produc-
ing defective items [146]. Besides, the termremanufacturingencompasses industrial processes
where worn out products that are returned from the customer are restored tolike-newconditions
through a series of actions, e.g., disassembly, clearing, refurbishing etc. [150, 151]. In contrast
to this, the termrecyclingis used for the recovery of (raw) materials of used products,e.g., the
copper of electronic parts. For that purpose, returned products are disassembled in order to re-
gain useful materials. Hence, recycling and remanufacturing pertain rather to the external reverse
logistics system whereas we define rework as a company internal process. External reverse lo-
gistic models are extensively studied in the literature andare worth a separate treatment. Thus,
we refer the interested reader to [152–154].

We focus on the work that assumes deterioration on waiting items that might, but need not
acquire a defect in the production system due to an out-of-control situation. While waiting in
rework inventory, they are subject to deterioration.

3.5.2. Deterministic Rework
Generally, it is assumed that a constant fraction of items ina production batch acquire a defect

that can be adjusted by rework. After rework, items are assumed to regain anas-good-as-new
quality, so that demand may generally be satisfied either by newly produced or reworked items.
Extensions to the classical EOQ model in regard of remanufacturing and rework are provided by
several authors. We consider remanufacturing to the extentthat an assumption is made of a flow
of returned items that may be worth reworking or have to be disposed, but in any case increasing
the storage of reworkable items that are subject to deterioration. Assumptions considering the
point of origin of reworkables raises the complexity of the system, especially when amounts of
return flows are unpredictable or subject to uncertainty. Ifthey are assumed to be deterministic,
the issue is less critical. Besides, returns may increase inventory costs and machine utilization,
but decreases replenishment of new items and thus might be a desirable strategy.
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Infinite Time Rework Systems.Defectives due to an unreliable production process that aresub-
ject to perishability of reworkable items of a batch are modeled by [148, 155] in an EPQ ap-
proach. They employ an average waiting time approach which is frequently used to avoid the
consideration and monitoring of individual items resulting in less complex formulations and
solution approaches. Defective items occuring uniformly with the same percentage in each pro-
duction lot size are subject to perishability thus increasing rework times and costs because of the
increasing amount of items waiting to be reworked. The option of disposing itmes is not allowed,
thus all defective or deteriorated items have to be reworked. Therefore, the lifetime of items is
not restricted in a sense that after passing a certain amountof time, deteriorated items cannot be
reworked anymore and have to be disposed as depicted, e.g., in the fourth graph of Figure 2. This
assumption is relaxed in [156]. Multiple products are discussed in [155] and multiple parallel
machines in [157].

3.5.3. Stochastic Rework Approaches
Recent models regarding stochastic rework approaches withdepreciation are rare. To our

knowledge, the most recent work is provided by [149, 158]. A stochastic EPQ approach with
similar assumptions as in [148, 155], but assuming probabilities for the occurrence of defectives
and stochastic times and cost values, is proposed in [149]. The system is triggered by the neces-
sity to rework items rather than by demand functions. Production batches are assumed to be of a
fixed size, so that the aim is to find the optimal production-rework switching policy and optimal
rework batch sizes, so that average profits are maximized. Disposal of non-reworkable items is
allowed. They derive the closed-form expression for expected profits in order to calculate the op-
timal rework batches. Recycling in a stochastic EPQ approach where recycled materials are used
as raw materials subject to a random lifetime expressed by a Weibull deterioration rate is studied
in [158]. Recycled materials are assumed to arrive at a constant rate and is used according to
LIFO policy. The authors state that deriving the inventory levels assuming a Weibull deteriora-
tion rate is rather complicating due to the dependence of deterioration on the age of each items.
Thus, despite numerical analysis, they use an approximation formulations based on perturbation
technique.

3.6. Integrated Approaches: Supply Chain Settings

The management of supply chains especially regarding theirorder management is an important
topic that becomes more apparent with the shortening of product life cycles and inherent risks for
supply partners, e.g., regarding their replenishment policies, specifically for upstream partners.
The objective of SCM is the effective and efficient coordination of information, material, and
financial flows so as to minimize overall system costs or maximizing overall profits in terms of
reactivity, flexibility, time constraints, and quality with the aim of satisfying final customers. We
define a supply chain as a relation of at least two companies orlegally independent actors that
exchange materials, information and financial goods in order to add value to a product or service.

3.6.1. Deterministic Approaches for Supply Chain Settings
Since collaboration of supply chain partners is vital in order to reduce overall supply chain

costs, joint strategies are increasingly studied. Integrated production-inventory models consid-
ering the perspective of suppliers, producers and buyers show that reduced joint costs can be
obtained. Nevertheless, it frequently occurs that the costs of one supply chain partner are higher
than those of another. Consequently, incentives must be incorporated into the system to share
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benefits of collaborative planning. The role of revenue-sharing contracts in supply chains is dis-
cussed in [159] analyzing dynamic settings especially regarding downstream competition. In
recent literature, the prevailing part of approaches extend or link EOQ and EPQ approaches, ac-
cordingly. We refer to such integrated models asrelated EOQor related EPQmodels; see, e.g.,
Tables 9 and 10.

Infinite Time Horizon Supply Chain Approaches.Recent supply chain approaches consider
mainly shrinkage of inventoried items due to deteriorationor perishability employing FF; see
Table 9.

Table 9: Details on Demand Rates in Deterministic Infinite Time Horizon Supply Chain Models with Deterioration and
Perishability

TH Demand DT DC References Further Specifications
MF S BL Comment

stat c per FF [28] rel EPQ - - JIT, p-b (1:n)
stat c per FF [160] rel EPQ - - s-p-b (1:1:1)
stat c per FF [29] rel EPQ yes - JIT, p-b (1:n)
stat c per FF [30] rel EPQ yes - JIT, s-p-b (1:1:1)
stat decr, t-v t-v FF [161] rel EPQ yes p p-b (1:1)
stat t-v per FF [162] rel EOQ - - mp, cap restr,

p-b (1:1), pricing
stat c per FF [163] rel EPQ yes com p-b (1:1)
stat c per FF [164] EPQ yes p/com bdw, p-b (1:1)
stat c per FF [31] rel EPQ - - JIT, p-b (1:1)

positiv tc and ic
stat s-d per FF [165] rel EPQ - - p-b (1:1)
stat c per FF [166] rel EOQ - - pdp, p-b (1:1)
stat c per FF [33] rel EPQ - - JIT, prod design,

p-b (1:1),
dyn t-v per IT [167] MPSS,NF - - p-b (n:n)
dyn t-v per IT [26] MPSS,NF - - p-b (n:n)
dyn c per IT [34] MIP yes com p-w-b (n:n:n)
Abbreviations in columns
TH TH = time horizon, stat= static, dyn= dynamic

Comments tc and ic= transportation costs and inspection costs, NF= network flow model,

s-p-b= supplier-producer-buyer relation, p-w-b=producer-warehouse-buyer relation

Different supply chain settings are studied, e.g., 1) single suppliers and producers or single
producers and buyers [31, 33, 161–166], 2) single supplierswith multiple buyers [28, 29], 3)
multiple producers and buyers [26, 167], or three parties [34, 160]. As shown in Table 9, the
most frequent setting contains two parties: a producer and abuyer.

Integrated and non-integrated approaches are studied in [164] considering a single-producer
single-buyer supply chain where the buyer decides upon the number of replenishment quantitites,
so that his average replenishment costs are minimized whichneed not lead to vendors’ optimal
average production costs. The objective is formulated regarding multiple objectives. Minimum
average overall costs are obtained in the integrated approach. Nevertheless, pareto-optimal so-
lutions do not necessarily give minimum costs for both the customer and the manufacturer as in
the separated case. The supplier’s perspective in an infinite time horizon setting is integrated by
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[160]. The model aims at deriving the optimal number of predetermined amount deliveries and
order lot sizes while minimizing joint total costs. However, lead times are assumed to be negligi-
ble as well as transportation lead times and costs. JIT lot splitting in an related EPQ-supply chain
model is examined by [28] deriving from the idea to split a single order into multiple deliveries.
The number of deliveries is inversely proportional to the lot size. Results show that the delivery
quantity increases when the perishability rate decreases;see also [29]. The cost of perishabil-
ity is assumed to be constant but varies for raw material and FGI. Shortages are not allowed,
but considered together with JIT deliveries and backlogging effects on downstream members of
the supply chain by [30]; see also [29, 161, 163] for the integration of shortages and partial or
complete backlogging.

Green component-value design and remanufacturing optionstogether with associated costs in
an related EPQ approach with JIT deliveries are proposed by [33]. Multiple products subject to
perishability, quantity discounts, and increasing demandare studied in [162]. Major and minor
setup costs in a production/ordering cycle are examined where the latter can be interpreted as,
e.g., fixed freight fees. The authors study different replenishment situations with and without
coordination.
Results show that a centralized policy together with joint replenishment is always better than
any decentralized or individual policy. Effects of supply chain coordination for stock-dependent
demand rates of a deteriorating item are examined by [165]. Acentralized supply chain policy
is shown to be superior to decentralized planning in terms ofincreased profit which seems to be
especially true for highly significant deterioration rates. A similar model with permissible delay
in payments is provided in [166]. Quality control inspections for final products that are delivered
assuming JIT and positive transportation costs are covert in [31]. As shown in Table 9, all cited
references assume perishability modeled as shrinkage except for [161].

Finite Time Multi-Stage Supply Chain Setting.We find three recent deterministic, dynamic ap-
proaches including supply chain settings; see Table 9. Integrated distribution management on a
tactical as well as an operative level of production is presented by [167]. The authors assume
a multi-stage supply chain for a perishable product integrated by IT (Equation (5)) produced
at multiple facilities; see also [26] for a similar approach. Facilities have the same production
capabilities, but different time-variable setup, production, inventory holding, and transportation
costs. Transshipments of products between facilities/vendors or inventory holding at the retailer
are not allowed which is a typical restriction in food industries where retailers are supermarkets
or restaurants with limited storage space. The problem is formulated first as a MIP assuming
demand to be known and, second, as a network flow model based onthe multi-period single
source assignment property. Small test instances are solved using CPLEX. For large test in-
stances, A primal-dual algorithm is proposed to solve this NP-hard problem considering large
test instances. Three levels of a supply chain including multiple producers, warehouses, and
buyers in a dynamic setting is proposed in [34]. Further features considered in the approach are
JIT deliveries executed by different transportation means and related costs as well as pricing of
a perishable item with a restricted lifetime. Transportation times are assumed negligible. As in
[26], small test instances are solved using CPLEX and large sets by genetic algorithms.

3.6.2. Stochastic Supply Chain Settings
When demand flows are uncertain, the challenge of supply chainpartners is to determine

replenishment order so as to minimize excess inventory while avoiding shortages. In this section,
single-producer single-buyer supply chains are prevailing [11, 32, 168–170].
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Table 10: Details on Demand Rates in Stochastic Infinite/Finite Time Horizon Supply Chain Models with Deterioration
and Perishability

TH Demand DT DC References Further Specifications
MF S BL Comment

stat c per FF [170] MONLP - - mc, pricing,
cap restr, faGP,
p-b (1:1)

stat p-d/s-d per IT [169] PR - - pricing,
p-b (1:1)

stat stochastic per IT [11] PR yes - VMI, pos LT,
p-b (1:1)

stat c per FF [32] rel EPQ yes p/com defectives, JIT,
p-b (1:1)

stat stochastic per FF [168] rel EOQ yes - p-b (1:1), CPFR
Abbreviations in columns
Comment mc= multi-criteria, faGP= fuzzy additive goal programming,

Fuzzy inventory control formulated as amulti-objective nonlinear problem(MONLP) is ex-
amined by [170] analyzing the effects of encouraging buyers via price discounts on item perisha-
bilty. Uncertainties in the multi-objective function are expressed using fuzzy linear membership
functions. Stock-dependent as well as price-dependent demand for a lifetime restricted item is
investigated in [169]. The value of information sharing in supply chains examining centralized
and decentralized control is studied by [11] assuming fixed replenishment lot sizes for a item
with lifetime constraints modeled via IT. Results show thatsupply chains have greatest benefit
from centralized control or information sharing if productlifetimes are short, batch sizes large,
demand uncertainty rather high, and penalty costs for deviations in demand and supply increased.
Perishability considerations together with imperfect quality expressed via defectives are given in
[32] using an infinite time model approach that spans lot sizing, production, inventory, JIT de-
livery, and the customer perspective. The probability of a percentage of items acquiring a defect
in a production run is assumed to be uniformly distributed. Perishability is integrated by FF as
described in Equation (1). The authors of [168] cover considerations ofcollaborative planning,
forecasting and replenishment(CPFR) in a single supplier single buyer supply chain. Replen-
ishment lead times are assumed to be positive. They provide mathematical formulations for the
optimal replenishment policy that minimizes total costs.

4. Conclusions and Further Research

In this paper, we provided an extensive discussion on depreciation effects and lifetime con-
straints including a classification scheme of approaches that grouped mathematical models re-
garding the quality of information and with respect to the assumed time horizon. We considered
relevant company and supply chain functions. Further interest was directed to rework or re-
manufacturing of items that might aquire a defect in production and deteriorate over time while
waiting to be reworked. We extended the view to strategies for supply chain planning in regard
of deterioration, perishability, and lifetime constraints of items.

We note that there is little research on multiple items considering setup times and costs that
might be sequence-dependent especially in dynamic settings. The major part of the considered
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literature integrates shrinkage due to deterioration or perishability into their models. Lifetime
constraints are rarely incorporated.

The number of references is steadily decreasing going alongthe business functions except for
supply chain approaches as shown in Figure 3 that build the structure of the paper. We see that
deterministic models prevail over stochastic as well as static over dynamic approaches. Some dis-
crete dynamic model approaches incorporating depreciation by integrating lifetime constraints
exist, but such approaches are not extensively explored. Webelieve that these models are impor-
tant, because they allow for determining plans for production as well as SCM aiming at avoiding
deterioration and perishability in the first place. Due to discrete dynamic time structures they
might be integrated in frequently applied planning software such as enterprise resource planning
and solved using exact or heuristic algorithms.
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Figure 3: Overview on references in related planning functions

We visualized the number of recent approaches in Figure 3 that clearly shows research gaps
regarding recent approaches, e.g., deterministic finite aswell as stochastic infinite and finite fi-
nal inventory and distribution management, deterministicor stochastic finite rework, stochastic
finite approaches considering multiple warehouses, or stochastic finite supply chain approaches.
Furthermore, we found only few models considering positivereplenishment lead times. In this
regard, most references provide stochastic infinite as wellas finite time approaches. Surpris-
ingly, positive lead times due to waiting in the production process are not examined. Queuing
theory providing formulations for situations with more than on production resource might be
employed, accordingly. We find approaches determining optimal production rates for perishable
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or deteriorating items incorporated via FF in infinite time settings. Nevertheless, it might be
useful to consider production rates that are adjusted in case of high workloads (due to demand
or bottlenecks) or short product lifetimes in dynamic settings in order to avoid disposals. Re-
cent references on such considerations are not available (yet). Besides, only a few references
are available that regard multiple products and related setup times and costs. This might be due
to enhanced complexity especially in dynamic settings. As such situations prevail in practice,
future research should include multiple items and related problems such as sequence-dependent
setup times and costs, and/or multi-level production structures.

Research on supply chains shows enhanced attention including a variety of settings regarding
multiple up- and downstream partners. EOQ and EPQ-related approaches mainly examine dif-
ferent joint replenishment policies employing effects of pricing or JIT. Dynamic approaches are
further available formulated as network flow or MPSS problems. Also in these cases, positive
lead times are not considered which is a simplifying assumption. Anyhow, collaborative and joint
supply chain planning regarding global partners and thus locations might include such important
issues on timing in order to enhance plans and avoid wastagesdue to deterioraion, perishability,
and lifetime constraints on items.
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[136] M. Kärkkäinen, Increasing efficiency in the supply chain for short schelf life goods using RFID tagging, Interna-
tional Journal of Retail & Distribution Management 31 (10) (2003) 529–536.

[137] R. Akkerman, P. Farahani, M. Grunow, Quality, safety and sustainability in food distribution: a review of quanti-
tative operations management approaches and challenges, OR Spectrum 32 (4) (2010) 863–904.

[138] B. Bilgen, H.-O. G̈unther, Integrated production and distribution planning in the fast moving consumer goods
industry: a block planning application, OR Spectrum 32 (4) (2010) 927–955.

[139] T.-P. Hsieh, C.-Y. Dye, L.-Y. Ouyang, Determining optimal lot size for a two-warehouse system with deterioration
and shortages using net present value, European Journal of Operational Research 191 (1) (2008) 182–192.

[140] C.-Y. Dye, L.-Y. Ouyang, T.-P. Hsieh, Deterministic inventory model for deteriorating items with capacity con-
straint and time-proportional backlogging rate, European Journal of Operational Research 178 (2007) 789–807.

[141] C.-C. Lee, Two-warehouse inventory model with deterioration under FIFO dispatching policy, European Journal
of Operational Research 174 (2) (2006) 861–873.

[142] K.-J. Chung, T.-S. Huang, The optimal cycle time for deteriorating items with limited storage capacity under
permissible delay in payments, Asia Pacific Journal of Operational Research 23 (3) (2006) 347–370.

[143] H.-L. Yang, Two-warehouse inventory models for deteriorating items with shortages under inflation, European
Journal of Operational Research 157 (2) (2004) 344–356.

[144] P. Pal, C. B. Das, A. Panda, A. K. Bhunia, An applicationof real-coded genetic algorithm (for mixed integer
non-linear programming in an optimal two-warehouse inventorypolicy for deteriorating items with a linear trend
in demand and a fixed planning horizon), International Journal of Computer Mathematics 82 (2005) 163–175.

[145] H.-S. Hwang, A stochastic set-covering location modelfor both ameliorating and deteriorating items, Computers
& Industrial Engineering 46 (2) (2004) 313–319.

[146] S. D. P. Flapper, J. C. Fransoo, R. A. C. M. Broekmeulen, K. Inderfurth, Planning and control of rework in the
process industries: a review, Production Planning & Control 13 (2002) 26–34.

29



[147] S. K. Srivastava, Green supply-chain management: A state-of-the-art literature review, International Journal of
Management Reviews 9 (1) (2007) 53–80.

[148] K. Inderfurth, G. Lindner, N. P. Rachaniotis, Lot sizing in a production system with rework and production
deterioration, International Journal of Production Research 43 (7) (2005) 1355–1374.

[149] R. H. Teunter, S. D. P. Flapper, Lot-sizing for a single-stage single-product production system with rework of
perishable product defectives, OR Spectrum 25 (1) (2003) 85–96.

[150] A. J. Clegg, D. J. Williams, R. Uzsoy, Production planning for companies with remanufacturing capability, Pro-
ceedings of the 1995 IEEE International Symposium onElectronics and the Environment (ISEE) (1995) 186–191.

[151] D. R. Guide, M. S. Spencer, Rough-cut capacity planning for remanufacturing firms, Production Planning &
Control 8 (3) (1997) 237–244.

[152] R. Dekker, K. Inderfurth, L. N. van Wassenhove, M. Fleischmann, Reverse Logistics: A Quantitative Approach,
1st Edition, Springer, 2004.

[153] G. Fandel, J. Reese, Reverse Logistics, no. 3 in Zeitschrift f ür Betriebswirtschaftslehre, Special Issue, Gabler,
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Chapter 1

Introduction and Outline

1.1 Introduction

Dynamics and globalization of markets intensify the pressure on companies’ performances
in terms of price, costs and time based factors such as flexibility or responsiveness to cus-
tomers especially in case of variable demand patterns. Charney (1991) observed that “how
to do more” was the question in the 1960ies. “How to do it cheaper” became central in the
1970ies. In the 1990ies importance rose on “how to do it quicker.” This has induced con-
siderable interest in understanding lead times and their role in production planning as well
as supply chains until present. An increasing consciousness for the environment and quality
of products give us reason to pursuit sustainability not only regarding products and related
(raw) materials, but also and especially regarding overall business processes as a main goal
of nowadays. While the focus of managing supply chains has undergonea drastic change
as a result of improvedinformation technology (IT), integrated and coordinated production
planning remains a critical issue.

Constraints on lifetimes of products force organizations to carefully plan their produc-
tion in cooperation with their supply chain partners in order to prevent decreased quality or
wastages of production parts and products. This gains importance, because waiting times
imply longer lead times charging increasingly the system withwork in process(work in pro-
cess (WIP)). Longer waiting/lead times lead to increased quality loss due to depreciation.
In the worst case, parts and products cannot be used for their original purpose, anymore,
and have to be discarded or reworked if technically possible. This is notably disquieting
in the food industry where significant losses occur during handling, processing, and their
distribution; see Gustavsson et al. (2011). Results of a study conductedfor the International
Congress “Save Food!” state that 1.3 billion tons of food per year are wasted at a global
scale which is around one-third of food produced worldwide for human consumption. This
is particularly valid for developing countries where more than 40% of food losses are due to
processing whereas total losses in industrialized countries are as high, but with more than
40% mainly occurring at the retailer and consumer level; see Gustavsson etal. (2011). De-
spite increased supply chain costs due to losses in terms of depreciated goods, increased
energy consumption and related emissions ofCO2, and other forms of pollution are a trou-
bling aspect. Certainly, unsatisfied customers waiting for their products or being concerned
about quality is mainly a problem in industrialized countries.

Classical planning models treat lead times as static, exogenous input data, but in most
situations the output of a planning model implies capacity utilization which, in turn, influ-
ences lead times. It has been shown empirically that lead times increase exponentially with
the workload measured by WIP as well as resource utilization long before 100% is reached.
This can be a reason for significant differences in planned and realized lead times. Abstrac-

2
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tion from such nonlinearities frequently takes place mainly in favour of complexity reduc-
tion for models that might be used in practice by implementing them into standard software
such asadvanced planning system (APS)or enterprise resource planning (ERP)-systems.
As a consequence, variabilities in lead times may become significant with increasing WIP
and system utilization. Thus, the frequently employed target to maximize system utiliza-
tion should be critically reviewed. Additionally, empirical evidence shows that“flustering”
due to the load of a production entity takes place, so that outputs are not produced at a
specific, constant rate, but at a fraction of this rate that decreases withincreasing WIP; see
Elmaghraby (2011).

There are only a few models that respect lead times dependent on resource utilization
(load-dependent lead times (LDLTs)) as endogenous to the model, so that lead times are a
result of the plan. The same is valid for models linking order releases, planning and capacity
decisions to lead times taking into account the system workload, batching/lot sizing and se-
quencing decisions. Therefore, one important goal of this work is to formulate optimization
models for aggregate production planning especially focussing on lot sizing decisions that
account for capacity utilization. Reducing lot sizes leads to lower inventoryholding costs,
but also to increased setup costs together with increased capacity occupation due to setups.
On the other hand, increasing lot sizes force items to wait which increases WIP. In case
that items have limited lifetimes and their quality degrades while waiting, items might pass
their valuable lifetime and need to be discarded or reworked. In case that rework is executed
on production resources employed for regular manufacturing, resource utilization is further
raised due to setups and processing of rework batches, so that a negative process (down-
ward spiral) on lead times and item quality might take place. “Variations in production mix
play havoc with the utilization of the available capacity of individual shops” asElmaghraby
(2011) states in his analysis on production capacity and its measurement(s).Limits of life-
times of parts and products in the production process increase the complexityof planning
which is especially true in case that setup times and costs are sequence dependent and re-
work processing becomes longer with increased waiting times. Scheduling decisions can
be further important regarding lead times, system workload, and depreciation, so that some
scheduling information are already regarded on the tactical planning level.

Aspects of sustainability encompass every action from wastage/disposal reduction also
in terms of energy usage that implies reductions of CO2-levels to long-term recovery ac-
tions of exploited lands and environments. Reductions of CO2-levels can be achieved by
adapting means and/or frequencies of shipments, “greening” transportation technologies,
e.g., the implementation of filters for carbon dioxides in vehicles/motors. Decreasing trans-
portation distances may decrease lead times and risks of congestion on the way. Reducing
wastages is further possible by choosing packaging of items in relation to the transporta-
tion mode or vehicle while maintaining high quality of products. For instance, the quality
of chilled food meals can be enhanced or maintained by transportation in less environmen-
tally friendly polystyrene boxes while shipping, because they maintain low temperatures
and thus freshness of food better than, e.g., cardboards; see, e.g., Akkerman et al. (2009).
Consequently, decreasing transportation distances (also named “food miles”; see van der
Vorst et al. (2009)) and times render the use of environmentally friendly cardboards practi-
cable while maintaining quality. Besides, delivery planning and thus batching/lot sizing of
finished goods inventory (FGI)transportation has the same trade-offs as aggregated produc-
tion planning: the reduction of shipment frequences and thus planning greater transporta-
tion lot sizesforce final products to wait for transportation which increases lead times while
quality decreases. Jaegler and Burlat (2012) state that transport andstorage of items cause
50% of environmental impacts; see also Cholette and Venkat (2009) for ananalysis of wine
distribution and Rizet and Keïta (2005) for a study on yoghurt and jeans.Further greening
actions include the minimization of usage/wastage regarding raw/supporting materials in
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the production process, e.g., water. The substitution of environmental unfriendly materials
or pollutive wastages that are by-products of the production process,is another important
aspect of sustainability.

In this work, discrete dynamic models are developed and analyzed that areformulated
asmixed integer programs (MIPs)for production planning including LDLTs together with
lifetime constraints on products, and rework options of items that have passed their life-
time limits. The concentration is on classicalinventory and lot size model (I&L)also named
production-performance model (PP)formulations. Aspects of sustainability are integrated,
such as minimization of wastage or disposals as well as in-line rework of internally passed
as well as externally returned items. It is shown that lifetime constraints are hard constraints
of models. Furthermore, overtime and minimal lot sizes constraints are integrated. The de-
veloped models aim at avoiding disposals of passed items in the first place. Asshown else-
where, passed items in such models are mainly due to minimal lot size constraints that
require to produce more than a certain number of items in each regarded period than de-
mand might be, so that items that can only be stored for a short time interval or not at all
cannot be used for demand satisfaction and are immediately discarded. Therefore, minimal
lot size constraints are added in order to study internally passed items, their rework, and
their influence on LDLT.

1.2 Outline

This study is organized as follows: in Part 2 basic concepts on the treated subject and defi-
nitions are provided. Chapter 3 gives an overview on production and supply chain planning
with special attention to mathematical modeling. Depreciation effects of parts andproducts
are discussed in Chapter 4 that further gives definitions as well as an overview on mathe-
matical modeling methods. Lead time and capacity management are discussed in Chapter
5 providing some thoughts on planning circularities, lead time considerations together with
capacity and utilization management lead time LDLT and their determination and implica-
tions to (production) planning. In Chapter 6, the literature regardinggreen supply chain man-
agement (GSCM)and sustainability is reviewed as well as rework and closed-loopsupply
chain management (SCM). Mathematical models including LDLT are discussed in Chapter
7. Models of the PP type are analyzed in this regard as well aswork-in-process(WIP)-based
or release and production models (RPs)in order to compare their application to further ex-
tensions regarding lifetime constraints, rework, and other sustainability-related issues. Part
II contains the development of modeling approaches that include discussed aspects. PP-
based models are developed and explored. General extensions include, e.g., minimal lot
sizes, overtime, production smoothing to account for LDLT issues, and setup carry overs.
Models are tested extensively in Chapter 10. In Part III, conclusions are drawn and ideas for
further research proposed.
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Basic Concepts and Definitions
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Chapter 3

Production and Supply Chain
Planning

The framework of the analysis is presented in the following chapters. definitions on planning
regarding production and supply chains are provided. Special attentionis on organizational
issues of production planning including time horizons, hierarchical organization of planning,
and mathematical issues of optimization models.

3.1 Production Planning

The framework for production is generally given by product designs and their physical
production process from an engineering point of view. Planning is the anticipation and eval-
uation of alternatives for future actions. It provides answers on whatto do and when to
do it in order to achieve a desired result expressed by, prevalently, economical objectives.
The latter are frequently formulated include high service levels, short leadtimes, high ca-
pacity utilization, low inventory levels, and/or a high flexibility to changes; see Hopp and
Spearman (2001), Monden (2011). Here, planning is defined as the anticipation of future
alternatives; see Domschke et al. (1997). These are evaluated by means of their contribution
to the achievement of predefined targets. As such, planning includes the preparation and
support of decision making using abstraction as a method to analyze and understand a given
(more or less) complex problem. Figure 3.3 shows the plan as the outcome of theplanning
process that defines input information for more detailed planning on hierarchically lower
levels. While executing the plan, continuous monitoring and re-evaluation takes place em-
ploying deviation analysis, so that corrective actions can be undertakenif deviations exceed
a certain corridor.

Production is the creation of products or services that satisfy human/social needs and
supports the quality of human life. Therefore, it contains the combination of elemental pro-
duction factors such as work, (raw) materials, and production resources including planning
and organization as dispositive factors in order to add value and satisfy demand. Garetti and
Taisch (2012) distinguish between manufacturing and production where the latter is limited
to “the process of making goods.” Instead, manufacturing comprises all industrial activities
from the supplier via the manufacturer to the customer. They further dividemanufacturing
into discrete manufacturing, process industries, and services. In this work, the terms is used
synonymously regarding all activities including supportive actions as manufacturing or pro-
duction. Additionally,supply chain management(SCM) is refered to when regarding two
or more companies although abstraction is often made to denote SCM regardingthe plan-
ning, control, and coordination of multiple production entities that might also be multiple
department or, more generally, “planning functions” of the same company.

6
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Figure 3.1: Interaction of management and performance systems as a regulating system; see
Reusch (2006) and Zäpfel (1989).

Different activities in the production process are necessary that contain direct or support-
ive functions depicted in Figure 3.1 where, e.g., themanagement systemincludes the top
management that provides visions and missions of the overall company. Theorganization
function defines hierarchies, processes, and, in general, the structure of work including IT.
Theplanning and controlfunction provides guideline information to the performance sys-
tem. Theperformance systemis composed by the procurement of input factors such as raw
materials or work, the physical production process, and the distribution ofFGI. Theinternal
reverse logisticsystem deals with rework of internally passed or damaged parts and prod-
ucts whereas the externalreverse logistic systemregards recycling/remanufacturing flows
from external customers. All these parts of the performance system arehighly dynamic re-
search fields on their own. Here, the focus is on the planning function of the management
system regarding the physical production process and the internal reverse logistics system
especially emphasizing on lead time and workload management.

3.1.1 Organizational Issues

Lead times and the routing of products within the production system are highly depen-
dent on the design and organization of the production process that, in turn, depend on the
related industry. Process designs/organizations range from completely automated systems
to job shops. Classification schemes and their categorization have been proposed, e.g., by
Adam (1998), Domschke et al. (1997) including the degree of automation and repetition, the
organizational form and arrangement of production facilities, the type ofproduction struc-
ture and/or requirement explosion, and market-driven characteristics.The degree of repe-
tition in manufacturing implies job shop, serial or batch production, and mass production.
For instance,make-to-orderandmake-to-stockproductions are characteristical types that
are usually attributed to market-driven characteristics. Mass production isan example for
standardization where highly standardized products are made on a “make-to-stock” basis.
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Economies of scale and learning effects permit to produce on an efficientbasis. Significant
automation through conveyor belts speeds up production. Generally, such production sys-
tems are precision-synchronized, so that disruptions stop the whole manufacturing process.
Besides, this type of production is capital intensive, especially regardingprocess or prod-
uct changes and flexibility requirements. This is a problem not only due to intensification
of customer needs for individual or tailored products require differentiation and customiza-
tion of products and services. The concept of mass customization tries to circumvent these
problems: it combines the production of standardized products and postponed individual-
ization to final assembly through modularization. In other words: standardized products
are customized in the end of the assembly by combining them regarding customerrequire-
ments and present orders; see also Caridi and Cavalieri (2004). Thisis somewhat a fictitious
individualization, because products are customized within the limits of standardized parts.
Nevertheless, it is a solution and a compromise to decrease coordination, related complexity
and to mitigate effects of demand variabilities.

Organizational forms have their strengths and weaknesses. For instance, flow shops al-
low for advantages like short lead times, small transportation distances, andconstant capac-
ity utilization due to assembly lines with conveyor belts, predefined processes, and frequen-
cies for product transportation. Drawbacks of such designs include high investment costs
and capital commitment in equipment, little flexibility to changes in products or processes
and high susceptibility to disturbances. This is not the case with job shops thatallow for
flexible reaction to changes and disturbances by variable machine setups or routings. Nev-
ertheless, they are prevalent to longer transportation times and distances,higher inventory,
and variable or unbalanced resource utilization that influence lead times dueto the lack of
fixed production processes and routines. Pure versions of these organizational forms exist,
but their combinations to hybrid forms are more often applied to exploit their advantages
and reduce their shortcomings.

3.1.2 Time Horizons and Hierarchical Planning

The planning and control function that has been introduced in Section 3.1.1can be seg-
regated intostrategic, tactical, andoperationaltime levels; see Figure 3.2. Some authors
abstract from the tactical level allocating its tasks to the operational level; see, e.g., Gün-
ther and Tempelmeier (2000). These planning levels are discussed in more details in the
following.

Planning time point time

Control

Pla
nnin

g

strategic level

tactical level

operational level short term

medium term

1/2 - 2 years

long term

2 - 10 years

< 1/2 years

Figure 3.2: Time horizons of planning; see Domschke et al. (1997).
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3.1.2.1 Strategic Planning Level

Thestrategic planning levelincludes long term decisions for, among others, the production
program and allocation of resources to production. These decisions involve the top manage-
ment level of a company. Key performance indicators include the rentability or the return
on investment (ROI); see also Figure 3.3. Questions that are to be answered at this level are
mainly what to produce, where to produce, and how to produce. The resulting production
program includes an approximate idea of production amounts that encompasses the choice
of production resources and technologies together with the selection of manufacturing and
warehouse locations. Possibilities of recycling and remanufacturing are also determined on
this level, because certain product structures, designs and materials facilitate the recycling
process in terms of time and costs. For that reason, facilities for disassemblyare regarded
on this planning level. Remanufacturing and rework decisions imply choices on in-line ver-
susoff-line remanufacturing/rework where in-line remanufacturing describes rework on the
same production entities as regular production and off-line rework the useof different pro-
duction entities; see also Section 6.3 for more details. As depicted in Figure 3.2,the horizon
regarding strategic decisions ranges from two up to ten years.

Decisions are significantly influenced by company politics and markets. Classical rough
strategic company objectives includecost or price leadershipor differentiation; see Porter
(1985, 1986) for a detailed discussion on company strategies. Key performance indicators
on this level are rentabilities, e.g., ROI. Further activities assigned to different functions
include, e.g., forecasts on product life cycles and market analysis for current or planned
products.
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Figure 3.3: Time horizons, planning tasks and company functions including remanufactur-
ing/recycling; modified from Schneeweiß (1999).

3.1.2.2 Tactical Planning Level

The medium or tactical levelembraces decisions with a time range from half a year up
to two years; see Figure 3.2. On this level, plans are made to implement decisionstaken
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on the strategic level, which means that a detailed medium term production program in-
cluding product types, amounts and qualities based on strategic assessments is established.
This process might include capacity decisions and/or potential adjustments examining the
profitability of in-house production or external procurement, namedmake-or-buy-decisions
or vertical integration. Some authors assume resource capacity to be fixed at the tactical
level; see, e.g., Woodruff and Voß (2004), so that the objective of tactical planning is to best
use limited resources and inventory. In case that make-or-buy decisionsare included on the
tactical level, the determination of global raw material supplies would be included here. In
case that demand requires higher capacities than those given by the regular amount, a dif-
ference is made between fixed company-internal capacities, namedovertime, and externally
procured capacity extensions, namedsubcontractingor external procurement. Monthly fore-
casts support related decision making also regarding recycling and remanufacturing flows.
Key performance indicators for the middle management/tactical level are profitabilities, e.g.,
contributions of products to overall rentability or margins. At this level, products and pro-
duction resources (synonymworkstations) are aggregated regarding similar characteristics
to product or workstation types or families/groups; see also Missbauer and Uzsoy (2011).
Further decisions regard the time horizon and related time units. The outcome ofthese plan-
ning steps is themaster planning schedule (MPS)which encompasses lot sizing, due dates,
lead times, production mix, and capacity decisions. This is also referred to asaggregate
production planningin the literature. Frequently, the goal of aggregate production planning
is the minimization of total production costs encompassing inventory holding costs,fixed
and variable production costs, overtime, and backlogging. A review of these models with
special emphasis on depreciation is given in Pahl (2011) or Pahl and Voß (2011). Details on
necessary raw material supplies is given bymaterial requirements planning (mrp)1 where
supplies are based on the quantities established in the MPS and determined by their bill
of materials (BOM)which is the composition list of raw materials and parts together with
the quantities that are needed to produce one final product; see, e.g., Hopp and Spearman
(2001). Literature on planning tools and methods like mrp,manufacturing resources plan-
ning (MRP II), ERP, APS etc. is substantial; see, e.g., Stadtler et al. (2008) for an overview
and research directions. McKay (2011) and Ovacik (2011) provide recent thoughts on his-
torical evolution and future developments of such tools.

3.1.2.3 Operational Planning Level

Theoperational levelimplements the plan of the higher planning levels. Its assignment com-
prises the planning and execution of the most efficient deployment of production resources
regarding the objectives defined on the strategic and tactical level. Production scheduling
takes place in the middle between production planning and real-time dispatching including
product or job assembly; see Maimon et al. (1998). In fact, the decision horizon includes
daily and/or weekly planning of production amounts and short term procurement of materi-
als as well as the production control. The latter encompasses detailed scheduling, sequenc-
ing and order releases, monitoring, validation, and feedback of production tasks regarding
demand and due dates, quality and costs. Ascheduleis defined according to Pinedo (2002)
as a set of start and end times for setup operations and production of jobsor item. A se-
quenceis denoted as an ordering of jobs. Missbauer and Uzsoy (2011) go further and state
that the link oressential interfacebetween the tactical and operational level is provided by
order releases. Assumptions on lead times regarding the operational execution of production
are taken on the tactical level to determine production plans. This implies assumptions on
order releases frequently using the concept of constant lead times; seeMissbauer and Uzsoy

1See Voß and Woodruff (2006) for definitions and abbreviation issues.
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(2011). The constant lead time based on an order release plan must reflect and anticipate the
behavior and possible events on the operational level in order to predictand account for its
consequences already on the tactical level. There exist a great body of literature regarding
workload control and performance efficiency through better order release mechanisms; see,
e.g., Missbauer and Uzsoy (2011), Pahl et al. (2007a) and the references therein. Problems
arising from using estimates or fixed lead times are subject to an in-depth discussion on lead
times and planning circularities in Section 5.

Key performance indicators on the operational stage contain technical criteria providing
data on times, quality, and quantity. The use ofradio frequency identification (RFID)can
give valuable support providing current (practical) data on inventorylevels, delivery times,
or whereabouts of items in transit or transportation. This can increase the product visibil-
ity, process transparency, and opportunities for integrated and automated data capture; see
Chande et al. (2005), Liu et al. (2008).

3.1.3 The Modeling of Time

Continuous modeling of production planning decisions allows to study complex planning
situations including uncertainties. If changing input parameters are regarded, modeling ex-
tends to continuous dynamic settings mainly by iteration methods to determine changes
in plans in the long run; see Pahl and Voß (2011). Related classical modelsespecially re-
garding lot sizing and production decisions on an aggregated basis are,e.g., theeconomic
order quantity (EOQ), economic lot scheduling problems (ELSP), or, in the stochastic case,
the multi-period newsvendor (flowergirl) problem; see, e.g., Pahl and Voß (2011) for an
overview of static/dynamic continuous/discrete modeling including depreciation.

Dynamic processes in mathematical models are frequently reflected by a discrete repre-
sentation of time: the time horizon is divided into a number of time intervals of – generally
but not necessarily – uniform length, also named “time buckets.” Planning decisions are
associated to these intervals or time blocks; see Figure 3.4. Such a presentation of the time

t
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t

0 1 2 TT-1

Discrete time representation

Continuous time representation

...........................................................

..............................................

Figure 3.4: Discrete and continuous representations of time.

horizon bears some drawbacks, especially when dealing with practical problems of consid-
erable size, because an increased number of time buckets may lead to large combinatorial
problems implying increased complexity requiring significant computational calculation
times. This is surely one of the reasons why related discrete dynamic models formulated
as MIPs have limited practical application and research concentrates on thedevelopment
of efficient (meta) heuristics; see also Floudas and Lin (2005). Nevertheless, commercial
solvers2 for optimization problems together with enhanced computational power regarding

2For instance, Xpress-IVETM , ILOG/CPLEXTM , or GurobiTMare frequently employed solvers.
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processor performance and memory evolve fast, so that larger and moredifficult test in-
stances are solvable in more and more acceptable calculation times. As a result,decision
regarding the right planning horizon and number of observed time periodsis important, but
not only from a computational point of view. Activities need to be placed at aspecific in-
stance of these time intervals that can be crucial for the resulting plan in terms of accuracy
and costs. For instance, a rough presentation of time might lead to undesiredeffects on
decision variables such as increased production and inventory holding.On the other hand,
attributing rather short time intervals to time buckets significantly increases their number
and thus complexity. Besides, the decision of the granularity of the time scale has impli-
cations on the regarded events. If a short time horizon and related shorttime buckets are
assumed, products’ lifetimes may be longer and thus do not have an effect.Consequently, a
model including deterioration and/or perishability should have a time horizon that is greater
than the lifetimes of items, so that depreciation becomes an issue and, consequently, a bind-
ing constraint; see also Pahl and Voß (2011). On the other hand, the decision on the planning
horizon should be chosen according to the assumed demand forecast accuracy and quality
that may decrease the farther future periods are taken into account; seeSilver et al. (1998).

Discrete dynamic time models are generally divided intobig bucketandsmall bucket
models where big bucket models contain rather long time periods also namedmacroperiods
in which several different products can be set up for or produced.Small bucket models have
rather short time periods (micro periods), so that startups, switch-offs and/or change-overs
can be taken into account. Micro periods are generally used to integrate detailed information
about the shop floor in order to determine accurate and feasible plans. A further distinction
can be made for small bucket models that allow for one setup per period andthose allow-
ing for more than one; see, e.g., Staggemeier and Clark (2001). Models exist that integrate
macro as well as micro periods. In aggregated production and lot sizing planning these aim
at including some scheduling information in order to provide more consistent plans to the
operational level. Such models are namedhybrid models presenting a meta level between
aggregated and operational planning. For instance, Figure 3.5 describes time structures and
related “positions” of lot sizes: they can be fixed on the outer grid or macroperiods which
is true for big bucket models. Small bucket models divide macro periods in micro periods
and, consequently, lot sizes are fixed according to the micro period time grid. They may also
be freely determined in the third case disregarding macro as well as micro period grid lim-
its; see, e.g., Fleischmann and Meyr (1997), Meyr (1999). Detailed scheduling information
determining due dates applying priority orders on jobs are regarded at later planning steps.
Hybrid models are subject to dynamic research activities, see, e.g., Briskorn (2006), Haase
and Kimms (2000), Karimi et al. (2006), Porkka et al. (2003), Quadt and Kuhn (2009),
Tempelmeier and Buschkühl (2009).

3.2 Supply Chain Management

Extending the perspective to multiple companies leads to issues of SCM. Networks of com-
panies that are linked to each other through up- and/or downstream flowsof materials, fi-
nancial resources, and information with the aim of producing value-added products and
services for final customers are considered assupply chains (SCs).

SCM emerged from business practice mainly focussing on logistics two decades ago and
still is one of the global operations strategies for achieving organizationalcompetitiveness
in the 21st century; see Gunasekaran and Ngai (2004), Li and Wang(2007). Due to its
emergence, SCM encompass various aspects and business functions (see Ayers (2000)) that
is reflected in heterogenious definitions. For instance, Simchi-Levi et al. (2002) define SCM
as “a set of approaches utilized to efficiently integrate suppliers, manufacturers, warehouses,
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Figure 3.5: Decisions regarding timely position of lot sizes; see also Meyr (1999).

and stores, so that merchandise is produced and distributed at the right quantities, to the right
locations at the right time in order to minimize system wide costs while satisfying service
level requirements.” Gunasekaran and Ngai (2004) put it succinctly by stating that “SCM is
based on the integration of all activities that add value to customers starting from product
design to delivery" or “from the source of supply to the point of consumption” (see also
Li and Wang (2007)). As a result, SCM is a broad topic not easy to grasp. It has a wide
range of influence that extends from organizational structures, e.g., cooperations, over IT
questions to selections and implementations of software applications. The perspective on
multiple companies can be relaxed in order to regard different departments of the same
company that act sometimes with different objectives that may be conflicting. The focus
here is on production planning that assumes deterministic demand thus involvingmore than
one department, i.e., marketing and sales and production planning. Striktly speaking, this
relates to pure production planning, but in the relaxed sense involves concepts of SCM.



Chapter 4

Depreciation and Lifetime
Constraints

The interest regarding deterioration and perishability comes into prominance with the mod-
eling of inventor in blood bank management and the distribution of blood from transfu-
sion centers to hospitals where a decent amount of literature exists; see, e.g., Pierskalla
and Roach (1972), Jennings (1973), Frankfurter et al. (1974), Chazan and Gal (1977), Du-
mas and Rabinowitz (1977), Cohen and Pekelman (1978), Brodheim and Prastacos (1979),
Kaspi and Perry (1984), Perry (1999), Perry and Stadje (1999, 2001), Deniz et al. (2004).
Overviews on the subject are provided by Naddor (1966), Prastacos(1984), Pierskalla
(2004). Later, the research focus shifted also to other products, e.g.,chemicals, fashion
clothes, technical components, newspapers, or food. In accordance, the attention changed to
a more general view on how to include deterioration, perishability, and lifetime constraints
into models for inventory management. The major part of approaches treat deterioration
and perishability as a kind of general shrinkage of inventory that happens independently of
planning or demand functions. Furthermore, most mathematical approachesincorporating
deterioration or perishability effects are time-independent (static) deterministic inventory
control models studying replenishment strategies and extending them to take into account
marketing related issues, e.g., pricing/discounting, time value of money/inflation,permis-
sible delay in payments. An in-depth discussion on depreciation is given in Pahl (2011),
Pahl and Voß (2011). For the sake of self-completeness, important results are presented
regarding characteristics of depreciation and product lifetimes focussing on deterministic
modeling due to the focus of this work.

4.1 Characteristics and Definition

Most products deteriorate within a certain interval. If the observed time horizon is chosen
to be sufficiently short, there may be no need to regard such product characteristics, be-
cause values loss does not take place; see also Section 3.1.3. Nevertheless, in practice and
dependening on the product, the time horizon for aggregated planning is long enough, so
that the influence of deterioration starts to play an important role. Deterioration and life-
time restrictions are hard constraints on inventory holding that render the planning process
complicated. Restrictions are imposed to produce ahead of demand and salesrealizations
in order to hedge against uncertainties, e.g., employing over-production,exploit volume-
discounts, or own production setup sequence advantages. For instance, in case that manu-
facturing lead times are significantly longer than replenishment lead times,make-to-order
(MtO) manufacturing is not applicable, so that production plans rely on demand forecasts;
see, e.g., Darlington and Rahimifard (2006).

14
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4.1.1 Discussion on Depreciation Characteristics

Deterioration of products includes the process of decay, damage, or spoilage of items due
to various reasons, so that they cannot be employed for their original purpose. Generally,
they go through a change, physically or due to demand, so that they use their utility while
stored; see Darlington and Rahimifard (2006), Ferguson and Koenigsberg (2007), Shah et al.
(2005), Zhao (2007), Pahl (2011).

Perishable goods are regarded as items with fixed, maximum lifetimes, that are named
best-before datein practice. This applies for products that become obsolete at some point
in time, because of various reasons or external factors, e.g., laws and regulations that pre-
determine their shelflives; see Boukas and Liu (2001). Products including services as a
main component incur similar problems, e.g., airline seats or hotel rooms, because they are
subject to highly price-dependent demand; see Ferguson et al. (2007). Companies selling
these kinds of products set multiple prices and related quantities on the time before their
expiration. After expiration they receive zero revenue; for references on revenue or yield
management see Cattani et al. (2007), Chiang et al. (2007), Petrick et al. (2010). Therefore,
a classification basis is theutility of the item.

Two sub categories are distinguished where the first includes products whosefunctional-
ities deteriorate over time, e.g., fruits, vegetables or milk. A flight seat or hotel room might
be considered in this category as the service cannot be provided anymore after a certain time,
e.g., the airplane lifts off or the hotel room is taken. The second encompasses those prod-
ucts whose functionality does not degrade, butcustomers’ perceived utilityand thus their
demand deteriorates over time, e.g., fashion clothes, high technology products with a short
life cycle, or items whose information content deteriorates, e.g., newspapers. For example,
it is empirically shown that the willingness to pay for a product continuously decreases with
its perceived actuality that is similar to defining deterioration as a process of continuously
reduced usefulness of the comodity to the customer; see Tsiros and Heilman (2005). Other
products encounter value loss related perishability induced by demand thatdrops when a
new version or generation is introduced accompanied by significant downmarks; see Leung
and Ng (2007). This is valid, e.g., for computers, mobile phones, high fashion wear, Christ-
mas gifts, or calendars. Such value loss is indirectly integrated into mathematical models
by making assumptions on products’ demand patterns, e.g., time-dependent demand that
is used to describe sales in different product lifetime phases in the market; see Mehta and
Shah (2005). For example, newly introduced products generally have an increasing demand
rate at the beginning of their product life cycle which comes along with a growing market.
Decreasing demand rates are usually a sign of a product at the end of its life cycle. Expo-
nential decreasing demand is experienced by products where a new version or competitive
product comes into the market or a change in customer’s preferences takes place; see Su
and Lin (2001), Chu and Chen (2002), Lin et al. (2000). Moreover,ramp type demand rates
are regarded for new brands of consumer goods coming in the market; see, e.g., Giri et al.
(2003), Manna and Chaudhuri (2006). As a result, depreciation is characterized regarding
different aspects:

1. physical degradation or depletion (e.g., fresh food, gasoline),

2. loss of efficacy or functional loss (e.g., medicine), and

3. perceived value loss (e.g., fashion clothes, high technology)

where the first two are difficult to be exactly distinguished. A further distinction can be
made by the products’ lifetime that can betime-independentor time-dependent. The first
case implies a pre-specified lifetime. The utility of these products is given during a specific
time period. The second case expresses deterioration over time, e.g., to model seasonality.
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The majority of authors working in the field of deterioration and perishability use the words
interchangeably; see Pahl (2011).

4.1.2 Definitions of Depreciation

A clear distinction is made between perishable goods that cannot be used anymore and
lose all their utility at once after a certain point in time whereas items that lose their utility
gradually are regarded as being subject to deterioration; see Pahl (2011).
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Figure 4.1: Courses of perishability and deterioration; see Pahl (2011).

Figure 4.1 depicts three functional relationships of item quality where the graph (a) shows
the course of perishability, (b) the discrete and variational courses of deterioration and (c)
possible courses of continuous deterioration where i) is nonlinear decreasing, ii) linear de-
creasing, and iii) arbitrary decreasing. The graph in (d) gives three possible time intervals
regarding the quality decrease of items that can be reworked: the first interval presents regu-
lar quality of items until the phase where items can be reworked, and the phasewhere items
have passed their lifetime and might be sold on a secondary market or need tobe disposed;
see Pahl (2011).

The definitions of deterioration, perishability, and lifetime constraints remain somewhat
fuzzy as it clearly depends on the physical state/fitness, behavior of itemsover time, and
on the production planner or the quality controller who has to decide whetherto employ
items or components having passed a certain age. Here, the focus is on the integration of
functional deterioration, perishability, and lifetime constraints in contrast to value loss due
to customer demand variations that is expressed via demand patterns.

4.2 Mathematical Issues

Generally, there are different methods to integrate deterioration, perishability, and lifetime
constraints into mathematical models depending on the one hand on the intention ofthe
model approach, e.g., general study of depreciation effects on replenishment policies or
avoidance of wastages thus integration of lifetime constraints. On the other hand, their inte-
gration depends on the model type including the treatment of uncertainty, i.e., deterministic
or stochastic input data and processes, and regarded time horizons, i.e.,time-independent
(static) or time-dependent (dynamic); see Pahl (2011).

Studies on depreciation effects frequently assume a general loss or shrinkage of inven-
tory stated as follows:

dI(t)
dt

=−ΘI(t)−D(t) t j ≤ t ≤ Tj (4.1)

whereΘ is the shrinkage factor expressing to perishability,I(t) the inventory holding in time
periodt, andD(t) is the time-dependent demand defined for a time interval(t j ,Tj) used in
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static model approaches. Models integrating this formulation assume exponential shrinkage
of inventory which becomes clear when regarding the solution of Equation (4.1):

I(t) =−e−Θt
∫ Tj

t
eΘuD(u) du tj ≤ t ≤ Tj . (4.2)

Such formulation is mainly used in infinite time deterministic and/or stochastic settings for
replenishment and inventory control. The formulation given in (4.3) might beemployed for
use in (discrete) dynamic deterministic settings whereαΘ is the percentage of inventory
that is lost due to perishability.

(1−αΘ
) It ∀ t = 1, · · · ,T (4.3)

Pahl (2011) refers to these methods as fraction formulations. They are mainly used in opti-
mization models with the aim to derive optimal replenishment quantities and time lengths
(intervals) between orders assuming that all products in inventory undergo the same trans-
formation independent of their age or their production period. As stated before, this can be
a good approximation in case of general studies on depreciation effecs;see Waterer (2007).

The assumption of general shrinkage of inventory is limiting if the objective is tocreate
plans that avoid deterioration and related wastages in the first place. To achieve this, life-
time restrictions of products are integrated. Items that lose their functional chracteristics
and quality in inventory cannot (should not) be kept in inventory due to various reasons
which is, e.g., obvious in case of food that develops biological toxins while deteriorating
after a certain time. Consequently, separation from fresh products is necessary to avoid con-
tamination and respect hygiene standards. On the contrary, items that lose their customer’s
perceived utility can be kept in inventory without such problems in order to be sold on a sec-
ondary market. It becomes clear that functional deterioration and depreciation due to value
loss pertain to the same problem, but require different consequences oractions.

The modeling of limited shelflives can be integrated, e.g., by modifying the inventory
balance equation of discrete dynamic production-inventory or lot sizing optimization mod-
els formulated as I&L formulation (see Stadtler (1996)), by subtracting items that pased
their useful lifetime calculated as follows:

ID
t ≥

t−ΘL
t

∑
u=1

xu−
t

∑
u=1

Du−
t−1

∑
u=1

ID
u , ∀ t ≥ ΘL

t (4.4)

whereID
t is the amount of items that deteriorate in a time periodt that is calculated by

the sum of produced itemsxu in the time interval(u, t −ΘL
t ), thus the production from the

beginning of the planning horizon until periodt reduced by the length of item lifetimeΘL
t ,

less those items that are used to satisfy demand until periodt and items that have already
been disposed in previous periodst − 1. Spoilage costs need to be added in the objective
function if no production costs are regarded which is mostly the case in classical discrete
deterministic lot sizing models. If neither production costs or spoilage costs are taken into
account, the model might produce items and immediately dispose them to prevent inventory
costs; see Pahl et al. (2011).

Constraint (4.4) can be used in all classical discrete deterministic lot sizing (and schedul-
ing) approaches that are formulated asinventory and lot size models(I&L; see Stadtler
(1996)); see Pahl and Voß (2010), Pahl et al. (2011). However,these models become quickly
computational intractable regarding practical input data sets; see also Section 3.1.3. For ex-
ample, thecapacitated lot sizing model(CLSP) is proofed to be NP-hard (see Bitran et al.
(1982), Florian et al. (1980)) which is also true for its extensions. Therefore, a third for-
mulation is proposed in the literature that is mainly used in network flow formulationsand
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integrated into the production constraint:

t

∑
t=1

xt ≤
t+ΘL

t

∑
u=1

Du ∀ t = 1, · · · ,T −ΘL
t (4.5)

of related models which states that the sum of production until time periodt must be smaller
or equal the sum of demands that do not exceed time periodt and the length of the variable
lifetime of the productΘL

t . This method is namedindex transformationas it restricts the
regarded time periods by the lifetime of items; see Pahl (2011). Network flow formulations
are efficient in terms of calculation time to find the optimal solution, because they approx-
imately describe the convex hull of the solution space. Nevertheless, the formulation given
in Constraint (4.5) does not allow for minimal lot sizes and needs modification that can be
done with the following restriction:

T

∑
t=1

(

xt + ID
t

)

≤
t+ΘL

∑
u=t

Du ∀ t = 1, . . . ,T −ΘL (4.6)

The variable denoting perished products is added toxt , so that minimal lot size values that
are higher than demand until that period and cannot be used to satisfy demand are immedi-
ately discarded. Otherwise, the right hand side of Inequality (4.6) might beviolated without
variableID

t . This can be easily modified to integrate rework actions, so that item disposal
need not be the only option. Minimal lot size requirements can be due to the physical char-
acteristics of a production resource that can or should always produce a certain number of
items in a batch. Examples might be the filling of pallets to transport parts or products to the
next production step or packing a certain amount of items together in a package. A cutting
machine might be required to always cut the maximal possible number of parts tominimize
raw material wastage or WIP. Minimal lot sizes are also named technical lot sizes in the
literature; see Flapper et al. (2002). There is a difference to require always exactly the same
batch or lot size or to constrain production batches or lot sizes to be equalor higher a certain
amount. Technical reasons constraining lot sizes might be, e.g., a machine that is set up to a
product cannot technically produce less than a certain amount, but any other quantity above
this limit whereas in other settings the exact amount of party and products is binding, e.g.,
packaging or pallets.

The most frequent formulations used to integrate deterioration found in the literature are
Constraints (4.1) and (4.3) that assume a general shrinkage. These are mainly employed
in infinite time horizon models where effects ofs demand patterns are added to study the
influence of deterioration. The I&L formulation is recently developed and used by Pahl and
Voß (2010), Pahl et al. (2011) for discrete dynamic deterministic settings whereas the use of
index transformation to limite items’ lifetimes are mainly encountered in deterministic set-
tings within approaches formulated as network flow models; see, e.g., Förster et al. (2006),
Ahuja et al. (2007).



Chapter 5

Lead Times and Capacity
Management

In this chapter, the understanding of lead times are discussed (Section 5.1), planning cir-
cularities (Section 5.2), and capacity management emphasizing on the relation of WIP and
resource utilization (Section 5.3) leading to lead times that are load-dependent (Section 5.4).

5.1 Lead Time Definitions and Related Considerations

Various forms and definitions of lead times and capacity definitions exist and are used in
literature frequently describing different issues or perspectives. They range fromminimal,
worst case, planned, actual or realizedto effectuationlead times where the latter encom-
passes the time length where a decision is made until the time the consequences ofthis
decision can be observed throughout the supply chain; see de Kok andFransoo (2003). Be-
sides, a minimal orbest caselead time might express the shortest possible time a job needs
from an initial point in production passing a certain routing until a specific end (inventory)
point provided that no unforseen disruptive events or waiting induced additional times take
place by, e.g., setups. The opposite is denoted as worst case lead times. Iforder lead times
are regarded, planned minimal lead times may differ by planning induced waitingtimes,
e.g., setups due to the production of multiple products that further increase ifsetup times
are sequence-dependent. In semiconductor manufacturing and assembly line balancing, the
term cycle timeis frequently used to denote lead times; see Hopp and Spearman (2001),
Domschke et al. (1997). This might be regarded as an expression of realized lead times
that may differ from planned lead times due to various reasons, often beingof stochastic
nature. Additionally, Missbauer and Uzsoy (2011) refer toproduction lead timesas cycle or
flow times whereflow timespresent the time span of the (actual) manufacturing perspective,
i.e., processing of items, that can be interpreted as realized lead times. On the other hand,
lead timesreflect the planning perspective; see Missbauer and Uzsoy (2011).Besides vari-
ous forms of lead times, there is a great number of terms expressing inclusionsof various
process steps where subsets of process steps may have further denominations as well; see
Figure 5.1 for an overview. Yücesan and de Groote (2000) regard lead times as the time
between the authorization of production to the completion of processing where material is
available to fill a customer order. As a result, lead times include queuing time, processing
time, lot sizing or batching time, transportation and handling time. This is referredto as
flow timeby Hung and Hou (2001). Similarily, Pahl et al. (2005, 2007a) define lead times
as the time between the release of an order to the shop floor or to a supplier and the receipt
of the items. This definition of lead times is equal to thetotal order lead timein Figure 5.1
including all process step times from replenishment of related (raw) materialsuntil the final
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delivery of the order. Hopp and Spearman (2001) define the lead time “ofa given routing
as the anticipated or maximal time allotted for production of a part on that routing given
a certain service level. As such, it is a management constant” whereas the cycle time is re-
garded as its random version. Note that an anticipated or maximal time value is also named
nominal. Depending on the definition of the end of routing, the definition of lead time and
cycle time according to Hopp and Spearman (2001) are similar to the definition of theman-
ufacturing lead timeor cycle/throughput timein Figure 5.1. The authors further distinguish
customerandmanufacturing lead timeswhere the first denotes the time that is allowed to
satisfy a customer order from order acceptance to delivery at the customer where different
routings can be regarded whereas manufacturing lead times regard a specific routing. In
different production environments such as MtO,make-to-stock (MtS), or assemble to order
(AtO), lead times may be quite different and their variations can have impacts. In a MtSsys-
tem, customer lead times defined as by Hopp and Spearman (2001) are zero,because items
are on stock or not whereas in MtO, lead times encompass ordering, manufacturing, and
processing, so that variabilities might take place and average cycle times mustbe smaller
than lead times in order to guarantee a certain service level, i.e.

service level= P(cycle time≤ lead time)

whereP(·) denotes the probability value; see Hopp and Spearman (2001). Reductions of
variations help to improve estimates of lead times in order to guarantee service levels. Other
options to reduce customer lead times is the application of mixed MtO-MtS systems, also
named AtO systems, where certain parts of products are produced on stock, so that customer
orders are assembled on a MtO basis. MtS systems are also denotedpush systems, because
items are produced on ajust in case-basis whereas MtO systems produce on ajust-in-time
(JIT)-basis or, in other words, when required by, e.g., demand, so that FGI/WIP invento-
ries are minimized. Hopp and Spearman (2001) define these systems differently due to the
change in perspectives: push systems release jobs in the system based on demand (forecasts)
whereas pull systems release jobs due to a signal comes from within/inside thesystem de-
pendent on its status. Here, the first definition is applied that pull systems are triggered by
company-external demand. Classical lot sizing models pertain mainly to MtO or pull sys-
tems. Nevertheless and as in practice, hybrid forms are prevailing with both push and pull
components. For instance, the mechanism of mrp or MRP II that are pull systems releases
jobs due to demand. If production smoothing is regarded so as to keep resource utilization
at a certain limit (see also Section 8.4) in order to reduce lead times, jobs might berelease
in previous periods which denotes a kind of forward shifting (see also Section 7.1.1), so that
items are produced on stock which gives a hybrid system.

In this analysis, the definition given by Pahl et al. (2007a) is used wherethe lead time is
the time that elapses between the release of an order to the shop floor or to a supplier starting
from replenishment and ending at the receipt of the items. This is consistentto the definition
of total order lead times in Figure 5.1. Note that in classical lot sizing models, demand is
given as the required amounts per product, so that generally no specificorders are taken into
account. Therefore, items are not labeled individually and/or explicitely attributed to orders.
Consequently, lead times of FGI are regarded abstracting from specific orders including
different amounts of multiple orders.

5.2 Planning Circularities

Interdependencies in complex production situations render planning a cumbersome task.
Assumptions to reduce complexity abstract from interdependencies, but might lead to infea-
sible or simply wrong plans. Some of those planning circularities that influencelead times
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Figure 5.1: Different process times and denotation of compositions regarding lead times and other process time related terms; based on Obenauf (2011)
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and thus should be accounted for are discussed in the next sections. First, planning circular-
ities regarding lead times, utilization, and WIP are examined in Section 5.2.1. Afterwards,
problems due to the consideration of multiple products are taken into account inSection
5.2.2. Influences of depreciation on LDLT are highlighted in Section 5.2.3.

5.2.1 Fixed Planned Lead Times

Most models for aggregate (production) planning treat lead times as static, fixed input pa-
rameters that are estimated upon experience or fixed with a rule of thumb. In most situations,
the output of a planning model determines planned capacity utilization which, in turn, in-
fluences planned lead times; see Pahl et al. (2005, 2007a) and the references therein. For
instance,worst caselead times might be used in order to have enough “buffer time” to ful-
fill accepted orders regarding a certain time interval and thus satisfy demand in time; see,
e.g., Enns (2001), Enns and Suwanruji (2004). Besides, orders maybe released earlier into
the system than necessary to ensure delivery due dates, so that WIP builds up way ahead
and resource utilization increases. Items are forced to wait, so that lead timesincrease, too,
compromising the initial idea to assure due dates and service levels. This over-reaction that
corrupts lead times leading to high variabilities becomes a self-fulfilling prophecy and is
adressed in the literature as thelead time syndrome. It shows the results if the relations
between average lead times, WIP, workload, are ignored; see Tatsiopoulos and Kingsman
(1983), Zäpfel and Missbauer (1993a,b), Teo et al. (2011) and Selcuk et al. (2006, 2009)
for extensive studies. Lead times should be a result of planning than inputdata. In fact, they
depend on the overall available capacity and workload of the system that can vary signifi-
cantly over time not only according to demand requirements; see, e.g., Karmarkar (1993).
This is not reflected in common planning models like mrp or MRP II systems that treat lead
times as attributes of parts; see, e.g., Dauzère-Pérès and Lasserre (2002) or Pahl et al. (2005,
2007a).

In the literature, various researchers concentrate on the estimation of planned lead times
(see, e.g., Hackman and Leachman (1989), Vepsalainen and Morton (1988), Lu et al. (1994),
Hung and Hou (2001)), so that lead times are unrelated to system workload, but system uti-
lization is indirectly regarded by, e.g., testing and iterating estimated lead times regarding
their influence on the system using simulation studies. However, the relationship between
system workload, resource utilization, and lead time(s) (distributions) is nottaken into ac-
count. Teo et al. (2011) argue that not much work is provided that analyze planned lead
time and workload in MtO environments subject to highly varying demands. Theystudy
related production smoothing methods with the aim to reduce subcontracting andovertime
as options to deal with demand peaks and variabilities. They propose smoothing strategies
on the MPS and planned lead time control at multiple workstations. Decisions focus on
the optimal planning windows of the planning horizon and optimal planned lead times that
minimize subcontracting and overtime costs. Rao et al. (2005) propose a model including
maximum lead time guarantees for a MtO production system as a tool to hedge against
overall supply chain risks. They further highlight the impact on customer demand and pro-
duction planning. Customers are attracted by short lead times that increase profits of firms.
On the other hand, short(er) lead times imply more complex coordination of production and
its planning including tight production plans deprived of buffer times. The authors show in
a stochastic setting that the optimal lead time is similar to a newsvendor structure with a
closed form solution; see Rao et al. (2005) for more details. Other authors incorporate the
relation between lead times and production (system) workload in their optimization models
linearizing the resulting nonlinear relationship, so that WIP-related exponential increasing
lead times are captured; see, e.g., Asmundsson et al. (2003, 2006a,b), Missbauer (1999,
2002, 2006b,a), Missbauer and Uzsoy (2011), Yano (1987), Zijm and Buitenhek (1996).
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For more details on such models see Section 7.

5.2.2 Issues Regarding Production Mix

Lead times are lengthened through setup times in case of multiple products. The number
of setups are an output of the planning function dependent on the requested production
mix which generally varies in dynamic planning settings. Setups consume capacity that
is not available for processing. Consequently, an increased number ofsetups leads to an
increment of resource utilization and a decrease of available capacity worsening or leading
to infeasible plans in case that setups are sequence-dependent (sequence-dependent setup
time (SDST)) in times and costs and not accounted for in planning, accordingly; see Pahl
et al. (2011). Large lot sizes decrease the number of setups, but leadto increases in WIP/FGI
further implying additional waiting times for or after processing. Consequently, lead times
do not only depend on the workload and utilization of the production system, but also on
the work assignments of resources that are, in turn, determined by the planning function.
Besides, the determination of optimal lot sizes requires SDST and costs that, inturn, depend
on the scheduling solution; see Dilts and Ramsing (1989). On the other hand,information
concerning types and amounts of products in every period is necessaryfor the determination
of the optimal schedule. Dilts and Ramsing (1989) propose a method to estimate initial setup
costs employable in lot sizing and scheduling models and analyzes the effectsof estimated
costs on the solution.

5.2.3 Issues Regarding Depreciation

Limited lifetimes of products and related quality decreases aggravate the problems regard-
ing LDLT, because their increases can lead to significant quality losses ofitems until they
pass their useful lifetime. Related rework actions further occupy resource capacities en-
hancing workload, utilization, and thus lead times; see also Figure 5.2. Certainly, this is
less problematic if passed products are scraped, sold on a secondary market, or reworked
in an off-line manner, i.e., employing production resources different to regular production.
Anyhow, the solution to scrap items is environmentally undesirable and off-linerework re-
quires investments in additional capacity leading to enhanced maintenance andoperational
costs. Rework actions need to be included into planning, because they consume capacity.
Thus, lot sizing and sequencing needs to be adapted, accordingly. In case that depreciation-
dependent rework is prevalent and items continue to depreciate while waitingfor rework,
actions become even more time and resource-consuming. Related mathematical modeling
is addressed in Section 9.2.

5.3 Capacity Management and Utilization

Definitions of capacity and measurements are numerous. Terms to describe capacity range
from designcapacity,theoretical maximumcapacity,potentialcapacity totrue, actual, effec-
tivecapacity; see, e.g., Elmaghraby (2011). He states that, frequently, the term “capacity” is
used in the sense ofcapabilitywhich is associated toperformanceor outputof production
entities. In fact, in classical lot sizing, the capacity input parameter denotesthe maximum
time units a production resource is available. A resource consumption parameter attributed
to each product denotes how many capacity units the production of a single product employs.
Consequently, the capacity parameter denotes capacity as capability of the production re-
source to produce a certain number of output of the regarded products. Resource capacity is
greatly influenced by many factors. Fowler and Robinson (1995) analyze such influencing
factors that are grouped the following way:
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Figure 5.2: Extended planning circularities and lead time syndrome.

• Technically required and process-related (waiting) times; e.g., tool dedication, hot
lots, time bound sequences,

• Maintenance-related processes, e.g., regular inspections, operator cross-training,

• Planning-related (waiting) times, e.g., production mix-related batching/lot sizing, dis-
patching/sequencing, setups, rework,

• Unforseen events, e.g., breakdowns, unplanned inspection and maintenance due to
yields/disruptions,

• Human factors, e.g., end-of-shift effects, operator availability.

Certainly, these factors might also be classified in a different way regarding the causality
of appearance. Note that rework is assigned to planning-related (waiting) times, because
rework options for items that passed their lifetime limits are regarded and thus need to be
reworked in order to gain required quality standards for re-used in production. In case of
defectives and their rework, this influencing factor would be classified as unforeseen events.

For the measurement of capacity, Elmaghraby (2011) proposes four forms of capacity,
i.e.,nominal, operational, planned, andutilized capacity; see also Figure 5.3. Thenominal
capacitydenotes a theoretical, maximal capacity of a production facility, thus the capability
of a productive entity in regard of a single standard product or process assuming perfect
support activities including optimal maintenance or overhaul actions. Suchanticipatedand
unavoidablechange-over losses of productivity are dependent on the general (physical) state
of the regarded production entity. Other change-over losses, e.g., those due to the production
mix, decrease the nominal capacity to the operational capacity. As already stated elsewhere,
the determination of theoperational capacitydepends, on the one hand, on the performance
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Figure 5.3: Visualization of the different capacity definitions in a sense of capability.

of the production scheduling function to calculate optimal setups in case of multiple prod-
ucts and, on the other hand, on the standard (average) rate of rejects,i.e., defectives or
waste. Benchmarks regarding related or similar industries might further helpto determine
operational capacity or reasons for deviations; see Elmaghraby (2011). For instance, idle
times due to poor performance of support activities, e.g., labor absenteeism, shortages of
equipment, raw materials, or electricity blackouts etc., can or should be included into the
determination of operational capacity.

In order to give an example regarding this issue from a different, but similar field of ap-
plication, project management is regarded: it is common practice to use average operational
capacities and resources utilization of project workforces with ca. 80% utilization.1 This is
straightforward, because people need personal time to concentrate, re-issue, arrange work,
and take pauses. Personal leave due to holidays and other allowances are assumed to be
already subtracted from nominal capacity. Furthermore, illnesses might take place, so that
these capacity variabilities need to be taken into account as well, so that unforeseen events
do not compromize projects. One might argue that this is not the same with machines in
manufacturing. But similarities can be drawn: machines might need time to power up in
case that they are not operated on a non-stop basis, so that end-of-shift or begin-of-shift ef-
fects exist. Besides, machines need regular maintainance, so that their effective employable
time or operational capacity is neither 100%. Disruptive events of the production process
such as machine breakdowns or externally induced waiting times increase variabilities in ca-
pacities, so that calculating plans assuming 100% resource utilization is hazardous in terms
of securing plan fulfillments. Applying this logic, theplanned capacity utilizationdenotes
a portion of the operational capacity over a planning horizon. This might not be equal to the
operational capacity due to a variety of reasons, e.g., a lack of demand in relation to nominal

1Operational capacity in sense of capability; see also the proposed methodof Elmaghraby (2011).
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capacity in the planning horizon (planned under-utilization), or bottlenecksregarding other
process-dependent production entities etc.; see Figure 5.3. Planned over-utilization realiz-
able by overtime or adjustments of work paces (or production rate) might takeplace in case
of foreseen peaks in seasonal demands.

For the remainder, the term “capacity” is used to express capacity in a sense of capability
of the regarded production entity. If not differently stated, Here, capacity is refered to as the
nominal capacity which is decreased, among others, through the planning function regard-
ing lot sizing and related setups to operational capacity. Because deterministic optimization
models for planning are analyzed with the output being a plan, realized formsof capacity
or lead times are not stated as this can only be measured ex post and would take place on
the execution level of production that is not subject to this analysis.

5.4 Load Dependent Lead Times

System workload, i.e., WIP, increases in a nonlinear fashion with capacity utilization long
before the capacity is reached which implies lead times dependent on the workload of the
system, named LDLT. The workload measured by WIP inventory and its relation to resource
utilization can be depicted as in Figure 5.4.
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Figure 5.4: Relation between WIP and resource utilization and its integration in clearing
functions; see Pahl et al. (2005).

This relationship is supported by empirical evidence that suggests an exponential increase in
lead times with the utilization of the production system; Riaño (2002), Elmaghraby (2011).
This can be also mathematically shown using queuing theory, especially applying Little’s
law which constitutes a fundamental law in production; see Hopp and Spearman (2001). It
derives from queuing theory and states that the WIP of a production entity(see Figure 5.5)
is determined by the arrival rate of jobs and the average processing or residence time of jobs
within that production entity.

In the steady state, the input into a system (synonym:server) must equal its output. If the
processing of a job consumes on average a processing time denoted by ¯p stated in TU and
the number of jobs arrive with a rateλ [QU/TU], the length of the queue can be expressed
via the average number of jobs waiting denoted byW as follows:

W [QU] = λ [QU/TU] · p̄ [TU] (5.1)

This relation is named Little’s law; see Hopp and Spearman (2001), Buzacottand Shan-
tikumar (1993), Elmaghraby (2011). Buzacott and Shantikumar (1993) derive Little’s Law
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Figure 5.5: Simple queuing model with one workstation (server); modified from Hopp and
Spearman (2001).

assuming that the number of arriving jobs in any finite time interval is uniformly finite. The
number of jobs arriving and departing from the system is given byAn andDn, respectively.
The number of jobs arrived in a time interval(0, t] is given, accordingly:

A(t) = sup{n : An ≤ t,n= 0,1, . . .} (5.2)

with A0 = 0. The number of jobs departed during time period(0, t] is given by

d(t) = sup{n : dn ≤ t,n= 0,1, . . .} (5.3)

whered0 is set tod0 = 0 andD(t) includes all jobs that might depart at timet. The num-
ber of jobs in the system is given by the following equation at timet (see Buzacott and
Shantikumar (1993)) as follows:

W(t) =W(0)+A(t)−d(t), t ≥ 0 (5.4)

Assuming that the job arrival rate is uniform as the number of time periods approach infinity,
i.e.:

A(t)
t

→ λ uniformly ast → ∞ (5.5)

as well as the job departure rate denoted byδ :

δ = lim
t→∞

d(t)
t

, (5.6)

these two ratesλ and δ are the same in case that the number of jobs in the system is
uniformly finite for all time t ≥ 0. This might imply that also the number of jobs in the
system need to be uniformly finite, i.e., limt→∞W(t) = 0; see Buzacott and Shantikumar
(1993). Nevertheless, they show thatW(t)→ ∞ ast → ∞. The sufficient condition to this is
the following inequality

λ ≤ cw ·µ (5.7)

wherecw is the number of workstations in the system and 1/µ is the average service rate
described as follows:

1
k

k

∑
n=1

Sn →
1
µ

uniformly ask→ ∞ (5.8)

If the timep= dK(n)−An that thenth job stays in the system is given and supposing that the
average time the job spend in the system is determined by the difference in time of departure
and arrival rate, i.e.

p= lim
t→∞

1
k

k

∑
n=1

(

dK(n)−An
)

(5.9)



5.4. LOAD DEPENDENT LEAD TIMES 28

further assuming that the average number of jobs in the system exists:

W = lim
t→∞

1
t

∫ t

0
W(τ)dτ (5.10)

Little’s Law can be derived as given in (5.1):

W = λ · p. (5.11)

The average capacity utilization is stated, accordingly (see also Woodruffand Voß (2004)):

ρ =
λ
µ

(5.12)

whereλ denotes an average job arrival rate and 1/µ the average service rate or level. As
Woodruff and Voß (2004) state,µ might be assumed as fixed in order to determineλ by
planning decisions that is proportional to the utilization denoted byρ in tactical planning.
The capacity of the system is determined by Cap= w ·µ, so that any arrival rate below the
capacity can be handled in a way that the number of jobs in the system is always finite. Due
to the fact that this capacity is related to the average service time, it is assumed that this
presents the operational capacity which is straightforward, because thiscapacity definition
is not the same as a maximum rate at which jobs can depart from the system; seeBuzacott
and Shantikumar (1993). In case that the arrival rate is higher than capacity, thusλ > w ·µ,
an infinite number of jobs might be allowed in the system, so that also lead times would
approach infinity; see Buzacott and Shantikumar (1993). Finally, the average lead time can
be expressed by the following equation assuming a constant average WIPin the steady state
(see Elmaghraby (2011)):

L =
p ·W

2
. (5.13)

If release rates determining job arrivals are assumed to be decided externally which is
the case assuming deterministic demand in production and lot sizing models, methodsto
reduce WIP include, e.g., an increase in capacity through quantitative or intensity adjust-
ments of production entities which implies an increase of the number of production entities
(workers or machines) or an increase of the processing rate (speed up work); see Adam
(1998). Elmaghraby (2011) argues that empirical evidence shows somekind of “flustering”
of production resources at high loads, so that they cease to clear an average of 1/p jobs
assuming that there is enough WIP to keep the production resource occupied. Consequently,
approaching a certain workload leads to significant decreases in productivity of the produc-
tion resource. As a consequence, it might be a misbelief to think that increasing average
intensities, i.e., the average processing rate, might decrease WIP and therefore, lead times.
On the other hand, there is psychological proof that work intensities are intensified if a sig-
nificant amount of work/jobs awaits for processing. But this intensificationmay come with
an increased amount of errors, so that rework needs to be performedand lead times become
longer on average even though an increased processing rate has been employed. Such inten-
sification option might lead to enhancements of lead times in the short run. This might not
be true in the long run.



Chapter 6

Green Operations Management and
Sustainability

Greening the supply chain in terms of reducing waste of various forms and emissions of en-
vironmentally harmful materials along the whole supply chain to protect our living place for
us and future generations is adressed by GSCM. This is an urging objective when thinking
of globalization and the dynamics of competition required to deliver less costly products
in a fast and flexible way to continuously decreasing cost requirements. Shorter product
life cycles as well as increased rates of depreciation not only due to perceived reduced cus-
tomer value add to this dynamism; see Garetti and Taisch (2012), Jaber and Rosen (2008).
The pressure to offer products at minimal costs in order to remain competitiveincreases,
so that companies are forced to search for alternative ways that might come at the expense
of the environment. For instance, it may be economically reasonable to relocate production
to countries with low wage structures despite higher transportation costs of materials and
products. Increased transportation rise emissions of carbon dioxides and other harmful gases
damaging the environment. Consequently, actions to avoid or minimize increasedemissions
range from rethinking production/storage locations to minimize the necessity oftransporta-
tion to rendering transportation and vehicles less pollutive by, e.g., employingother sources
of energy than fuel or implementing appropriate filters. The action plan for energy effi-
ciency of the European Council (2011) states that energy efficiency intransportation has
the second largest potential regarding energy saving. Buildings have the largest energy sav-
ing potential; see European Council (2011). The third largest energy saving potential lies in
industrial production processes that causes 20% of the primary energyconsumption of the
European Union whereas transportation accounts for 32%; see European Council (2011).

Another target of GSCM regards the preservation of slowly or non-regenerative re-
sources. In case of destructive exploitation, such resources do notregenerate and disappear
forever, e.g., the rainforest or natural oil wells. Consequently, the development of alternative
resources, technologies, and related strategies is mandatory in order to secure availability
and use of resources in an intelligent way. However, the problem of carbon dioxides is
not only due to transportation requirements, but also present in diverseparts of the sup-
ply chain such as manufacturing. Therefore, requirements to use renewable energy in the
production process become a central interest of law making of many countries also due to
consumer pressure as one of the main drivers of GSCM; see Ho et al. (2009), Srivastava
(2007). As stated by the European Council (2011) in their energy efficiency plan, progress
in terms of energy efficiency has been greatest in the industrial production sector with 30%
improvement over the past 20 years. Further improvements are targeted byeliminating ob-
stacles, e.g., lack of information, insufficient access to financial resources for energy saving
investments especially for small and medium enterprises and short term pressures of busi-
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ness environments; see European Council (2011). Moreover, the European Council (2011)
anounces the definition of strategies to enhance the transportation concept in all its facets by
introducing an advanced traffic management system as well as an infrastructure investment
plan to create a “Single European Transport Area.” This includessmart pricing, efficiency
standards for all vehicles and measures to enhance innovations regarding vehicle technolo-
gies; see European Council (2011).

6.1 Strategies and Main Areas of Green Supply Chain Manage-
ment

The strategies of GSCM range from reactive monitoring of general environmental programs
mainly required by law to proactive environmental management including active avoidance
of pollution, wastages, over-utilization of scarce or long-term regenerative resources, re-
work, recycling, as well as remanufacturing of used items. These strategies can be divided
into different fields as depicted in Figure 6.1.

Green Supply Chain Management (GSCM)
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Figure 6.1: Fields of green supply chain management; modified from Klütsch (2009), based
on Srivastava (2007).

For instance,green (eco) designcomprises the development and configuration of (new)
products and related production processes taking into account ecological criteria ranging
from the selection of appropriate (raw) materials to the configuration of low energy pro-
duction processes; see Nikbakhsh (2009), Srivastava (2007). Related analysis regarding
lifecycles of products to reveal aspects of ecological improvement are presented ineco-
balance-sheetsand published on a regular basis by companies in order to document related
efforts. The integration of such documentation intoenergy management systemsaccording
to EN 16001 norms1 might be worth a thought that includes reviewing and auditing and
may become mandatory for larger companies in the future; see European Council (2011).

1These are the norms regarding energy management systems that areoriented on ISO 14001 norms. The
latter mentioned cover all aspects regarding waste/disposals, effluents,emissions, and energy. EN 16001 con-
centrate on energy management; see http://www.iso.org/iso/home.html.
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Green purchasingcomprises all actions of replenishment concentrating on the selection
of suppliers according to diverse environmental factors, e.g., locations/transportation, qual-
ity and usage of materials. Naturally, green purchasing is closely related to green design
which defines, but also constrains the usage of materials. Additionally, green purchasing is
also closely related to disassembly and recycling issues. For instance, strategies of green de-
sign might lead to the production of a few congenerous product families to reduce product
and production process complexity. The usage of a few standardized recyclable materials
further decreases replenishment and transportation costs also due to thepossibility to exploit
quantity discounts.

Green operationspertain together withreverse logisticsto closed-loop manufacturing
and contain the whole set of actions regarding green production, eco-marketing, trans-
portation, packaging, disposal management, and rework. Besides, reverse logistics include
recycling from company-external sources, disassembly, and remanufacturing of recycled
products. Recycling issues are very important regarding transportationcosts due to the fact
that logistics represent up to 95% of total costs; see Srivastava (2007). Rogers and Tibben-
Lembke (2001) state that reverse logistics activities and related costs are difficult to deter-
mine, because such activities are not tracked. Nevertheless, reverselogistics of studied firms
accounted for approximately 4% of total logistics costs. A great body of work exist in the
field of reverse logistics; see, e.g., Fleischmann et al. (1997), Angell and Klassen (1999),
Dekker et al. (2004), Inderfurth et al. (2006) or Fleischmann (2001), Flapper et al. (2002)
for reviews. Rogers and Tibben-Lembke (2001) examine reverse logistics and highlight sim-
ilarities and differences to green logistics. They define reverse logistics as the “process of
eficiently and effectively planning, implementing, and controlling the flow of raw materials,
WIP, FGI, and related information from the point of consumption to the point of origin in
order to recapture or recreate value or to properly dispose products.” Activities may pertain
to both reverse and green logistics, such as the usage of recyclable packaging to avoid one-
way cardboards whereas package reduction activities are rather distributable to green than
reverse logistics; see Figure 6.2.

- Product returns

- Marketing returns

- Secondary markets

- Recycling

- Remanufacturing

- Reusable packaging

- Packaging reductions

- Air & noise emissions

- Enviromental impact of

  transportation mode selection

Figure 6.2: Comparison of reverse logistics and green logistic; see Rogers and Tibben-
Lembke (2001).

Whitin the focus on depreciation effects of parts and products in tactical and operational
production and inventory management, rework and remanufacturing issues are taken into
account in the production planning process. Theinternal rework system(see also Figure
6.3) and theexternal recycling systemare studied where the latter assumes external returns
and their in-line remanufacturing/rework for reuse in regular demand satisfaction.

6.2 Sustainability

The term “sustainability”can be widely understood as the “quality that permits topreserve,
to keep, to maintain something;” see Duque Ciceri et al. (2010). Therefore, “if something



6.2. SUSTAINABILITY 32

new

components

and parts

recycled,

remanu-

factured 

materials

storagevendor

internal 

transportation

PURCHASING,

 MATERIALS MANAGEMENT,

INBOUND LOGISTICS

deterioration?

(closed-loop) manufacturing, 

rework

production network

inflows

inflows

inflows

through-

put

workstation

workstation

workstation

workstation

4

A53642 B94853 C23094

D59485 D98246

E30009

2 3 1

2 2

product assembly

PRODUCTION
deterioration?

WIP

deterioration?

storage
order 

assembly, 

distribution

inventory management,

warehousing, assembly,

transportation, packaging

customer

recyclable,

reusable

materials

and parts

reu-

sable?

remanufact-

able?

recycle
DISTRIBUTION;

OUTBOUND LOGISTICS

EXTERNAL REVERSE

LOGISTICS

deterioration?

INTERNAL REVERSE LOGISTICS

rework

disposal

disposal

external

transportation

outflows

Inventory control, ordering 

policies/ replenishment
Inventory management

Aggregate and operational 

production (planning)/ lot sizing

no

deterio-

rating

materials

and parts

reusable?

disposal

no

rework

in

production

system

yes yes

Figure 6.3: Production system with deterioration and rework; based on Sarkis et al. (2004),
Hervani et al. (2005); see also Pahl et al. (2007b).

is sustainable, it is able to be kept;” see Garetti and Taisch (2012). The World Commission
on Environment and Development (WCED) defines sustainability as “using resources to
meet the present needs without compromising the ability of future generationsto meet their
own needs;” see World Commission on Environment and Development (WCED)(1987).
Chaabane et al. (2011) put it simple and state that sustainability implies to avoid permanent
environmental damage. For an overview of sustainability in supply chains werefer to Linton
et al. (2007).

environmental economic

social

bearable equitable

sustainable

viable

Figure 6.4: Three pillars of sustainability; see Garetti and Taisch (2012).

Production impact all pillars of sustainability; see Figure 6.4. This becomes clear when
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regarding its impact on global warming, waste generation, toxic releases and water/air emis-
sions, floating plastic and product end-of-life issues; see Ho et al. (2009). Technology is
stated to be one critical factor in environmental preservation, especially regarding sustain-
able design of manufacturing processes as well as information and communication tech-
nologies that might help to change work and life concepts, accordingly, which certainly
goes along with an corresponding education in sustainability and economicalimplications
(see Garetti and Taisch (2012)) influencing the customer-supplier relations; see Hall (2000).
As shown by Beamon (1999), 75% of consumers stated that they were influenced by the
environmental reputation of firms and 80% of them are willing to encounter higher prices
for environmentally friendly products. In fact, Hall (2000) reveals thatfirms modify their
approaches to sustainability according to preassure from various groups.

6.2.1 Strategies for Sustainability

Different strategies for sustainability/environmentally friendly practices for internal opera-
tions have been developed by, e.g., Vachon and Klassen (2006) that include, e.g., the im-
plementation of anenvironmental management system (EMS)2. These might have a positive
impact on the operations performance of companies especially in case that they are certified,
e.g., according to ISO 14001 standards. Certified companies have a process-related working
basis that helps to concentrate on the analysis of creation, management, andelimination of
pollution or waste instead of purely measuring output; see Melnyk et al. (2003) and the ref-
erences therein. Positive impact that comes along with waste and pollution reduction may
further enhance key performance indicators such as quality, cost factors, and lead times.
EMSs have an impact on every area of GSCM shown in Figure 6.1 by evaluation and au-
dit on the organizational level as well as on product life cycle and process level. Positive
impacts can be spread to the whole supply chain by motivating or require contractors and
suppliers to establish their own EMS. Environmental performance indicatorsto evaluate
sustainability performance of activities, processes, etc. are found in theISO 140313 guide-
lines specific to environmental performance evaluation; see Hervani et al. (2005). Cagno
et al. (2012) propose environmental costing methods for measuring eco-efficiency sustain-
able production based on activity-based costing methods. Tarí and Molina-Azorín (2009)
draw similarities to the model of theEuropean Foundation of Quality Management (EFQM).
Other strategies incorporate lean management principals together with pollutionpreventing
technologies, andproduct stewardshipwhich includes activities such as reverse logistics,
product recovery, and remanufacturing; see Vachon and Klassen (2006). Kyrö et al. (2011)
study similarities between lean management principals and energy management especially
regarding building management whereas King and Lenox (2001) examine the relationship
between lean production and environmental performance based on empirical data of U.S.
manufacturers. They reveal a linkage between the adoption of ISO 9000standards4 and
the likelihood to adopt ISO 14000 environmental quality management standards5. Conse-
quently, there is a positive correlation between lean production principles and the aim to

2An EMS is defined as a formal system that documents processes and procedures to summarize, control,
report, and train personnel regarding environmental performancefor internal and external use. The internal
use regards the minimization or avoidance of waste and pollution based on (process) design, training, and
reporting to the management who sets goals that might concentrate on compliance meaning to avoid sanctions
by maintaining the minimal legally accepted pollution standards or waste reduction. The latter encompasses all
activities to maximize reductions of negative environmental impacts; see Melnyk et al. (2003). The external use
includes reporting to stakeholders and shareholders in order to enhance the company image; see Melnyk et al.
(2003).

3See http://www.iso.org/iso/home.html.
4See ibidem.
5See ibidem.
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avoid/reduce overall wastages and pollution; see also Simpson and Power(2005).

6.2.2 The Formulation of Sustainability Objectives

Economic objectives are dominant in practice that are often contrary/detrimental to sustain-
ability and environmental considerations. Conventional economic objectives regard profits
and costs of economic activities omitting social and environmental effects frequently owed
to competitive preassure; see Ho et al. (2009). Objectives of companiesneed to be analyzed
and reformulated according to sustainability and environmental aspects, sothat trade-offs
are taken into account and eliminated or equilibrated; see also Figure 6.5. Asstated by Ho

Product quality

E!ciency/gains 

Environment (planet) Social aspects

- max freshness/min product LT

- increase lifetime (best-before date)

- min energy usage,

- min wastages/disposals

- min transportation/CO2, i.e. 

  min frequency of shipments,   

  min transportation lengths, 

- use recyclable (environm.-friendly)

   packaging materials

- min sulfur containing materials

- health & safety (of people)

C
o

n
!

ic
t/

Tr
a

d
e

-o
"

#xed input factor for

production planning

- min setup times and costs

- min inventory costs

- min transportation costs

- min wastage/disposal

- min packaging (materials) costs

- max margins/pro#ts

C
o

n
!

ic
t/

Tr
a

d
e

-o
"

Caption:

con!ict/trade-o"

synergies/positive correlation

C
o

n
!

ic
t/

Tr
a

d
e

-o
"

C
o

n
!

ic
t/

Tr
a

d
e

-o
"

 (
?)

Figure 6.5: Trade-offs and synergies regarding different production and delivery options;
modified from Akkerman et al. (2009).

et al. (2009), innovations and optimal planning of the green supply chain may close the gap
regarding higher manufacturing costs of green supply chains in comparison to conventional
supply chains.

Objectives to greening the supply chain are closely related to lean management princi-
ples emphasizing the elimiation of every kind of waste (see also Melnyk et al. (2003), Ho
et al. (2009)). They further include

• Substitutionimplying the replacement of environmental harmful materials with un-
problematic ones (see also Ho et al. (2009)),

• Internal consumptionincluding, e.g., the use of returned packaging and wood pallets
employed in shipping to attain energy or to reuse them in regular production; see also
Golany et al. (2001), Despeisse et al. (2011). This includes enhancing the relation
of resource utilization and their productivity including preferences to consume less
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materials in manufacturing by increasing productivity of materials and energyand
the reduction of unwanted outputs as well as the employment of the restant asinputs
which implies recycling in every production area.

• Waste minimizationincluding energy savings, water savings, minimization of
CO2-levels, minimization of every kind of pollution (water, air), process-related
waste/disposal of materials; see also Ho et al. (2009), Jaegler and Burlat (2012).

• Supplier selectionaccording to ecological criteria; see Ho et al. (2009),

• Development of innovative productsthat employ environmentally friendly materials
and allow for a resource conserving production process; see also Beamon (1999).

Simpson and Power (2005) confirm the positive influence regarding the application of lean
principles and pollution prevention actions. Packaging and related transportation are impor-
tant aspects to promote sustainability, because it significantly influences the distribution of
products regarding quality and loading patterns that give possibilities to reduce material us-
age optimizing transportation space utilization of warehouses and transportation vehicles as
well as handling; see Ho et al. (2009), Sarkis (1999, 2003).

Akkerman et al. (2009) develop a MIP formulation to plan the production anddistri-
bution of prepared meals in the catering sector with the objective to maintain high quality
of products while improving environmental aspects, e.g., regarding packaging and trans-
portation, see also Figure 6.5 depicting possible conflicts or trade-offs regarding the en-
vironment, social aspects such as health and safety, and efficiency thatis comparable to
Figure 6.4. Akkerman et al. (2009) focus on the distributioncold supply chain including
packaging decisions to ensure a constant temperature of meals. Energy usage and waste
in the production process are further taken into account. Social aspects, e.g., health safety
are indirectly regarded by providing high quality meals. As shown in Figure 6.5, there ex-
ist various trade-offs in objectives regarding sustainability and efficiency as already stated
before. For instance, the quality of items may be increased by enhancing thefrequency of
shipments leading to decreased overall lead times, because products do not need to wait for
shipping. This increases transportation frequencies and, consequently, CO2-levels. It further
increases setup times and costs and thus overall lead times, so that waiting times are shifted
forward from the FGI to the production process. Packaging of items, especially chilled ones,
is important regarding the time between FGI and distribution to customers after thechill-
ing process, because it slows down the defrosting process (see Akkerman et al. (2009))
where polystyrene boxes permit better temperature retention than cardboxes, but at an ex-
pense of packaging costs and sustainability. Akkerman et al. (2009) propose a mathematical
model for production and distribution planning that take into account delivery structures,
packaging decisions as well as production costs where the latter are constrained by qual-
ity requirements including the maintenance of a certain temperature level of chilled prod-
ucts. Customer demand is presented by requested amounts as well as distribution network
information that denote the frequency of deliveries that are chosen from several possible
delivery structures. The objective function is reformulated in a second step to account for
environmental aspects such as the production of an item with a certain temperature level, its
shipping from the production facility via the distribution center to the customer, and its pack-
aging. These aspects are measured in kgCO2-consumption. Both objective functions might
be combined to denote costs as well asCO2-levels. However,CO2-consumption must be
translated into costs in order to combine them. Jaegler and Burlat (2012) develop a discrete
event simulation model to examine supply chains and theirCO2 emissions thus determining
carbon footprints for various scenarios with the aim of evaluating best practice methods to
align sustainability/green performance and efficiency objectives. For measuring and control-
ling the carbon footprint of products across supply chains see also Sundarakani et al. (2010).
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Wang et al. (2009) propose an optimization model for production planning regarding food
safety risks. They integrate a risk factor related to recalls of products which requires the
quantification of related risks for every production part in order to givesupport at critical
control stages of the production process and related supplier selection.Wang et al. (2011)
study a food safety risk assessment model using fuzzy set theory. A discrete event simula-
tion environment is developed by van der Vorst et al. (2009) to study food quality changes
with the aim to redesign supply chains according to increasing sustainability requirements.

Digiesi et al. (2012) present an EOQ model including the selection of transportation
means that minimizes logistic and environmental costs by calculating them as a function of
a loss factorthat denotes the energy consumption related to the chosen transportation mode
which is defined as the ratio of work required to overcome the frictional resistance during
transport and the weight multiplied by the transportation distance. Using a numerical exam-
ple, they reveal that optimal decisions on transportation means and order quantities depend
on the reorder level for short transportation distances. For long distances, reorder levels
affect solely optimal reorder quantities. Chaabane et al. (2011) present a methodology for
designing sustainable supply chains including carbon emissions trading as regulatory con-
straints within classical economic objectives. They further take into account decisions on
supplier and sub-contractor selections, technology investments, and transportation modes
and present a MIP approach. Two objective functions are regardedwhere one includes
classical economic objectives, i.e., the minimization of transportation costs of theoverall
supply chain and the minimization of overall carbon emissions. They are combined leading
to a multi-objective optimization model. Abdallah et al. (21012) propose an EOQ model in-
cluding shipping costs, inventory management, and reverse logistics. Swenseth and Godfrey
(2002) study an EOQ with the inclusion of a cost function of shipping.

6.3 Rework and Closed-Loop Supply Chain Management

Items that passed their lifetime in the production process due to various reasons might be
subject to rework actions in order to re-use them in the production process. Rework pertains
to the field of GSCM and present a sustainability option. It includes all recovery actions
required to transform products that do not meet pre-specified quality (anymore) in a way
that they regain quality standards; see, e.g., Guide et al. (1997), Teunter and Flapper (2001),
Flapper et al. (2002), Teunter and Flapper (2003), Inderfurth et al. (2005).

6.3.1 Classification and Organization

Generally, rework actions might be due to company-internal problems in production, e.g.,
unplanned waiting times or out-of-control production systems leading to defective items.
Rework takes place before items are distributed to the customer in contrast to recycling or
remanufacturing; see Flapper et al. (2002) or Pahl (2011). Besides, remanufacturingencom-
passes industrial processes where worn out products that are returned from the customer are
restored tolike-new conditionsthrough a series of actions, e.g., disassembly, clearing, re-
furbishing etc.; see Clegg et al. (1995), Guide and Spencer (1997), Savaskan (2004), Zhao
(2011). In contrast to this, the termrecyclingis used for the recovery of (raw) materials of
used products, e.g., the copper of electronic parts. For that purpose,returned products are
disassembled. Recycling and remanufacturing pertain rather to the external reverse logistics
system whereas rework is related to company internal actions or processes; see also Figure
6.3 for a graphical presentation of system components. Lund (1983) provides criteria and
classification for remanufacturing options regarding products; see alsoTeunter et al. (2006).
For reviews on production planning and control for remanufacturing, the reader is refered
to Guide (2000), Junior and Filho (2011).
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In order to study depreciation effects and rework,in-line is differentiated fromoff-line
andsingle-stageversusmulti-stagerework; see Pahl (2011). Off-line production employs
different production resources. Moreover, in a single-stage production-rework system, de-
fectives or reworkables become available for rework after passing therestant production
process. In a multi-stage production-rework system, items may be available after passing
only a part of the production process and thus might need to revisit just some parts of the
production process; see Flapper et al. (2002).

6.3.2 Literature Review of Related Models

Rework and remanufacturing issues are often approached using continuous time formula-
tions such as EOQ/economic production quantity (EPQ)and its stochastic version where
it is assumed that a constant fraction of production batches acquire a defect that can be
adjusted reworking the items of that batch; see Pahl and Voß (2011). Deterioration may
increase while parts and products wait for their turn to be reworked whichincreases costs,
accordingly; see Teunter and Flapper (2003). Priority rules regarding reworking and regular
production are developed for production planning and control; see Srivastava (2007).

Discrete dynamic models for production-inventory planning including lot sizing deci-
sions and remanufacturing or rework options are very scarce to date; see also Teunter et al.
(2006). There is an increasing number of models for reverse logistics that are formulated as
network flow problems; see Srivastava (2007) as well as Fleischmann etal. (1997), Guide
(2000), Dekker et al. (2004) for overviews.

Dekker et al. (2004) provide a review on reverse logistics and Flapperet al. (2002) on
planning and control of rework in the process industry. Optimal replenishment and disposal
policies for product recovery including lead time considerations are presented by Inderfurth
(1997). Studies on stochastic effects on remanufacturing are providedby Inderfurth (2005).
Moreover, Zargar (1995) develop queuing models to study the effect of rework policies on
the cycle time. In general, rework increases cycle times and processing costs, but decreases
wastages. He uses simulation to analyze the effectiveness of their proposed policies. His
simulation study shows that for a facility with three (re-) workstations that work at a 85% uti-
lization level decisions on rework may increase the cycle time by 10%. Therefore, policies
that aim at minimizing variability and the variance resulting from different rework policies
are the most effective. The planning problem of regular production lot sizes and rework lot
sizes is studied by Inderfurth et al. (2005) proposing an EOQ formulationincluding deterio-
ration of reworkables whereas Inderfurth et al. (2006) regard scheduling decisions implying
operative (short term) planning and control rather than the tactical planning level. The same
is valid for Inderfurth et al. (2007). The problem of setting inventory holding cost rates in
a production environment with reverse logistics that accounts for average costs is examined
by Teunter et al. (2000). Forcasting issues regarding reverse logistics are discussed in Toktay
et al. (2003). A discrete dynamic and deterministic mathematical model including reman-
ufacturing is presented by van den Heuvel (2004) extending the classical Wagner-Whitin
(WW)model, accordingly, so that demand can also be satisfied by remanufactured returned
items that have the same quality after remanufacturing. The amount of returned items that
need remanufacturing is known in advance. He shows that already this problem is generally
NP-hard.

Clegg et al. (1995) present a discrete-dynamic linear programming model including pro-
cesses of 1) assembling new products with new parts, 2) partial disassembling and reuse
returned/recycled parts of products, 3) remanufacturing including partial disassembly of re-
turned/recycled products and replacement with new parts which may include“upgrading”
remanufactured products for new functionalities and disposing replacedparts, and 4) com-
plete disassembly for reuse or disposal of parts. The model includes the various inventory
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balance equations and capacity contraints for regular production, disassembly, disposal, and
assembly. Besides, the objective function regard the maximization of profits including sales
revenues and total costs for overall inventory holding, disposal, partial/complete disassem-
bly, assembly, and raw material procurement. The model allows for an analysis regarding
the effects of demand variabilities, cost structures, and their changes withrespect to legisla-
tion concerning remanufacturing, recycling, and disposal schemes in order to develop and
implement efficient remanufacturing strategies.

A network flow formulation for a production and remanufacturing model is proposed
by Golany et al. (2001). The assumed situation includes deterministic demand that can be
satisfied by regular or remanufactured products in a finite macro period time horizon where
three options for returned items are available, i.e., 1) remanufacture items of the returned
item storage, 2) keep returned items in returned item storage, or 3) disposereturned items.
The first option might require actions of inspection/testing, cleaning, disassembly, replace-
ment of parts, reassembly to regain “as good as new” conditions of remanufactured products,
and associated costs. The second option entails costs regarding transportation in/out storage
spaces, special requirements for inventory holding (cooling, etc.), control/monitoring of
items etc. whereas disposal causes transportation out the storage spaceto collection stations
or landfills, disassembly of hazardous materials and distinct disposal etc. Revenues need to
be regarded in case that disposed items are sold on a secondary market; see Golany et al.
(2001). Deterioration or perishability effects are not included, so that returned items can be
hold in inventory to an unlimited extend and used as many times as necessary or desirable.

Corominas et al. (2012) present a single product dynamic production and off-line reman-
ufacturing planning model further regarding lost demands, overtime within certain limits,
and limited storage capacities. They account for transportation costs, end-of-lifetime for es-
timating returns and condition-dependent remanufacturing. Credits are taken into account,
too, so that the objective is to maximize net earnings where nonlinear relationsare regarded
between returned items and their prices. The latter is linearized using a piecewise linear
function.

6.3.3 Mathematical Issues Regarding Rework and Remanufacturing

Extensions to the classical EOQ model in regard of remanufacturing and rework are pro-
vided by several authors. Remanufacturing is accounted for to the extent that the assump-
tion is made of a flow of returned items that may be worth reworking or must be disposed,
in some way increasing the storage of reworkable items. This is depicted in Figure 6.6.
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Figure 6.6: In-Line production and rework system including external returns; see, e.g., Yum
and McDowell (1987), Richter and Sombrutzki (2000), Richter and Weber (2001) for simi-
lar illustrations.
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The storage of reworkables is filled with items that acquire a defect in production or deterio-
rate while waiting and handled within the production system together with external returns
of used items that might be reworked or have to be finally disposed. For thatreason, a point
is introduced where decisions regarding rework or final disposal of returned items are taken.
Assumptions on the point of origin of reworkables raises the complexity of thesystem, es-
pecially when amounts of return flows are unpredictable or uncertain. If they are assumed to
be deterministic, the issue is less critical, but still needs to be integrated in production plan-
ning. Besides, returns may increase inventory costs and machine utilization,but decreases
replenishment of new items and, therefore, is a strategy not only in line with sustainability,
but also regarding increases in profits due to decreases of procurement costs.

A discrete-dynamic and deterministic situation assuming that items are returned exter-
nally and remanufactured on the same single workstation is studied by van denHeuvel
(2004) who proposes the following model formulation. The model assumes asingle pro-
duction workstation that produces a single product regarding a planninghorizon divided
into discrete macro periods. Backordering is not allowed and initial and ending inventory is
assumed to be zero.
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The model is stated as follows:

min
T

∑
t=1

(sc·yt + pc·xt +h· It + rsc·yr
t + pcr ·xr

t +h· I r
t ) (6.1)
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r
t ≥ 0 ∀ t = 1, . . . ,T (6.7)

yt ,y
r
t ∈ {0,1} ∀ t = 1, . . . ,T (6.8)

wherepcdenotes the processing cost factor for regular production,rsc the rework setup cost
factor, pcr the processing cost factor for rework processing,yr

t states the setup variable for
rework lot sizes in periodt, andI r

t the inventory holding cost factor of rework or returned
items in periodt.

The objective function (6.1) minimizes total costs for setups for regular production, pro-
cessing, and inventory holding as well as the same total costs for returns and their remanu-
facturing. Equations (6.2) give the inventory balance stating that inventory in periodt must
be equal inventory holding from previous periods plus production in period t and remanu-
factured items denoted byxr

t in that period less those items that are taken for demand sat-
isfactiondt . Equations (6.3) state the inventory balance regarding rework/remanufacturing
requiring that inventory holding of reworked items in periodt denoted byI r

t is equal to inven-
tory holding of reworked items in previous periodst −1 plus those items that are returned
from an external source, e.g., customers or other supply chain partners, denoted byGt less
those items that are reworked (xr

t ) in periodt. A setup is required if regular production or
rework processing takes place that is invoked by Constraints (6.4) and (6.5), respectively.
Initial and ending inventories of regular and reworked items are requiredto be zero by
Equation (6.6) whereas non-negativity restrictions and definitions of binary variables are
provided by Constraints (6.7) and (6.8), respectively. The model is an extension of the WW
model, consequently, no capacity restrictions are included; see also Richter and Sombrutzki
(2000), Richter and Weber (2001) for WW formulations with remanufacturing options. A
similar model is proposed by Golany et al. (2001) for remanufacturing. They propose the
employment of the following relation to demand for a single product with a fixedτ-period
cycle of utilization and a fixed non-usability fractionαΘ:

Gt = (1−αΘ
) ·Dt ∀ t = 1, . . . ,T (6.9)

The advantage lies in the substitution of input parameters to the model. Furthermore, choos-
ing carefully the relation between demand and return flows can lead to realisticpractical
situations, so that the model might be employed; see Golany et al. (2001). Estimates for
return flow are determined in practice by using forcasting techniques that are implemented
in APS and MRP II software solutions; see also Guide and van Wassenhove (2009). Zhao
(2011) use forcasting techniques based on regression analysis of historical data in their
stochastic dynamic model. Yang et al. (2005) give a proof that the model is NP-hard in case
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of all cost factors being stationary. They propose a heuristic for the problem with minimum
concave costs.

Teunter et al. (2006) study a joint setup cost model for regular production and remanufac-
turing as well as a separate cost model for both production types abstracting from capacity
restrictions. Their second model is equal to the model of van den Heuvel (2004). They pro-
pose modified heuristics regardingSilver-Meal, Least Unit Cost, andPart Period Balancing
and compare their performance. They further mention that a disposal option for returned
items might not lead to decreased costs if the return rate is not significantly highin relation
to the demand rate, i.e., over 90% while the demand rate is rather low.



Chapter 7

Models Incorporating
Load-Dependent Lead-Times

There are various models accounting for the nonlinear relationship between lead times and
utilization or workload of production systems. Performance-related models also named
production-performance models (PP)1 take this relationship into account by determining
lead times according to the workload of the system; see, e.g., the models of Lautenschläger
(1999), Voß and Woodruff (2006); see Section 7.1.

Another branch of models differentiate between WIP and FGI that explicitelyrepresent
WIP flows through a production resource, so that output is related to somemeasure of WIP
levels within the planning period. The nonlinear relationship between these decision vari-
ables that might be subject to congestion is captured by related constraints inthe models.
We refer to these models asrelease-production(RP) models. They useclearing functions
(CFs) to integrate the relation between WIP, lead times, and FGI (system output); see Miss-
bauer and Uzsoy (2011). These models are discussed in Section 7.2. Anevaluation of all
presented approaches is given in Section 7.3.

7.1 Production-Performance Models

Classical discrete dynamic production and lot sizing models that pertain to PP models are
triggered by known (deterministic) demand in discrete time periods that must be fulfilled.
That means that products must be produced in time, but as late as possible to avoid in-
creasing inventory holding costs. In case of complex BOM structures or limited nominal
capacity, parts may be produced ahead. They are produced as late as possible to prevent
higher inventory holding costs, as well. Such systems are also referred toas pull systems;
see Section 5.2 which is valid for MtO environments. Consequently, order releases are trig-
gered by externally given demand, so that they are not decision variables. This directly
influences capacity utilization/workload and thus lead times. Utilization of capacities may
be, to a limited extend, subject to management decisions, so that mathematical models may
contain some constraint to limit high resource utilization; see, e.g., Section 8.4. Besides, ca-
pacity constraints are modeled as dependent on the workload, so that production is limited,
accordingly.

7.1.1 The Model of Lautenschläger

The PP model of Lautenschläger (1999) restricts production regardingincreased utilization,
so that the amount of production that can be produced in a period is limited according to

1The name has been proposed by Lautenschläger (1999).
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resource utilization. Increasing utilization permits the production of a decreasing amount
of products in a period, so that a specific amount is shifted forward to previous periods. At
100% utilization, a predefined maximal amount of products is shifted foreward; see Lauten-
schläger (1999). Lautenschläger (1999) distinguish WIP/FGI regarding physical production
and theavailability of products where physical production takes place in previous periods,
so that items are available only in subsequent periods. This can be compared with “inven-
tory reservation” where parts are “booked” or assigned to FGI orders. The resulting plan
of the model of Lautenschläger (1999) gives inventory holding as a consequence of system
utilization, workload, or performance that becomes the evaluation variable of the system. In
the following, the model of Lautenschläger (1999) is examined in more details.

7.1.1.1 Assumptions of the Basic Model of Lautenschläger

The model of Lautenschläger (1999) is based on the classical assumptions of themulti-
level capacitated lot sizing model (MLCLSP)that are modified and extended to incorporate
capacity-related forward shifting (see also Derstroff (1995)) that are stated as follows:

1. A discrete dynamic model is developed subject to deterministic data within a finite
planning horizon that is divided inT discrete time periods of equal length (“time
buckets;” see Suerie and Stadtler (2003), Suerie (2005));

2. Multiple productsi with i = 1, . . . ,N that might be linked via a BOM given by a matrix
of predecessor/successor and denoted byai j are produced on production resources
w with w = 1, . . . ,W subject to capacity constraints given by parameter Capwt for
production resourcew in periodt;

3. Customer demandDit for FGI of producti in periodt is deterministic and varies from
period to period;

4. Backlogging is not allowed;

5. Initial and ending inventory holding can be pre-defined and need notnecessarily be
zero; see also Stadtler (1996);

6. Inventory holding costs are proportional to inventory holding at the end of the re-
garded time period;

7. A difference is made between parts and products in the production system that are
phyically produced and their “disposition;” see also Figure 7.4 on Page 51.This is
expressed and modeled by different production modes denotedm= 1,2 wherem= 1
denotes both production and disposition in periodt. The second modem= 2 denotes
pre-production in periodt −1 for disposition and demand satisfaction in periodt or
subsequent periods. Due to the distinction of physical and “disponible” WIP inven-
tory, the inventory holding costs are attributed to physical inventory using an echelon
inventory holding cost factor.

8. Variable per unit production and (raw) material costs a assumed to be constant;

9. Every producti can be produced in every time periodt;

10. Setup costs and times take place in periodt if product i is produced. Setup states are
not carried over to the next period.

11. The objective of the basic model is to minimize inventory holding and setup costs;

12. The capacity constraint, also named FS-curve, defines the relation between produc-
tion and utilization of a production resourcew is assumed to be linear.
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7.1.1.2 Mathematical Formulation

Based on the above stated assumptions, themulti-level capacitated lot sizing model with
forward shifting times (MLCLSP-FS)of Lautenschläger (1999) is stated as follows:

min
N

∑
i=1

T

∑
t=1

sci ·yit +

N

∑
i=1

T ·hi · Ii0+
N

∑
i=1

T

∑
t=1

(T − t +1) ·
[

he
i ·x

total
it −hi ·Dit

]

(7.1)

subject to

xtotal
it = xm=1

it +xm=2
i,t+1 ∀ i, t (7.2)

Iit = Ii,t−1+

M

∑
m=1

xm
it −

N

∑
j=1

ai j ·x
total
jt −Dit ∀ i, t (7.3)

N

∑
i=1

ξiw ·xtotal
it ≤ Capwt ∀ w, t (7.4)

N

∑
i=1

ξiw ·xm=1
it ≤ αw ·Capwt −βw ·

N

∑
i=1

ξiw ·xtotal
it ∀ w, t (7.5)

xtotal
it ≤V ·yit ∀ i, t (7.6)

xit ,x
total
it ,xm

it ≥ 0 ∀ i, t (7.7)

yit ∈ {0,1} ∀ i, t (7.8)

The objective function (7.1) minimizes the costs for setups, initial (physical) inventory
holding at the beginning of the time horizon, echelon inventory holding costs due to produc-
tion of (physical) items (xtotal

it ) less inventory due to customer demandDit . Equations (7.2)
state the total disponible production quantity of producti in periodt which is composed by
the sum of produced items in periodt for disposition and demand satisfaction in periodt
(modem= 1) and the amount of items produced in periodt for use in periodt +1 (mode
m= 2) thus produced in advance in periodt. The inventory balance equations presented
by (7.3) state that inventory of producti in periodt is composed by inventory of product
i of the previous periodt − 1 plus the sum of produced itemsi in period t less the sum
of items i required to produce (immediate successor) itemj in periodt and less customer
demand of itemi in period t. Inequalities (7.4) require that the capacity used to produce
the sum of itemsi in period t is less or equal operational capacities Capwt of production
resourcew in periodt.2 Inequalities (7.5) restrict production amounts of itemi in periodt
produced in modem= 1 whereαw andβw are the shape and the slope of the FS curve for
production resourcew, respectively. In other words, production in modem= 1 is restricted
by the operational capacity that is not used by production and setups. Lautenschläger (1999)
assumes that operational production int is already consumed by “booked” production, thus
production in modem= 2 that is shifted forward int −1. Therefore, production in mode
m= 2 can be interpreted as WIP where releases take place already int −1 as in the mod-
els of Asmundsson et al. (2002, 2006a); see also Missbauer and Uzsoy (2011). The total
amount of production is linked to setups via Inequalities (7.6). Inequalities (7.7) denote the
non-negativity constraints and Constraints (7.8) require the setup variable yit to be binary.
In the following, we examine in more details the FS capacity constraint.

7.1.1.3 Determination of Parameters for the Production Forward-Shifting Curve

Lautenschläger (1999) determines the course of the FS curve by two unitless parameters
bw andew wherebw denotes the utilization of a workstationw when forward shifting of

2The termoperational capacityis discussed and defined in Section 5.3.
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production tot − 1 starts. The parameterew gives the part of production that is shifted
forward at 100% utilization; see Figure 7.1.
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Figure 7.1: Example of a forward shifting curve; modified from Lautenschläger (1999).

These parameters serve to determine an appropriate or assumed FS function with parameters
αw andβw that limit production in modem= 1, thus production in periodt available int
given in Inequalities (7.5). Parameterbw is defined for an interval]0,1[ and parameterew

for an interval]0,1]; see Lautenschläger (1999). In order to determine parametersbw and
ew, Inequalities (7.5) are simplified assuming a single product, time period and workstation:

ξxm=1 ≤ α ·Cap−β ·ξxtotal (7.9)

The capacity utilization of a production resource is given by

ρ =
ξ ·xtotal

Cap
,

so that the shifting forward constraint (7.9) can be reformulated as

xm=1 ≤
Cap
ξ

[α −β ·ρ] .

As stated in Equation (7.2), the overall sum of production is composed by theproduction
of items manufactured in modem= 1 thus without being shifted forward and items shifted
forward and thus produced in modem= 2. Consequently, the part of items that need to be
shifted forward due to a certain level of utilization is given by

partFS
=

xm=2

xtotal = 1−
xm=1

xtotal

→
xm=2

xtotal = 1−
α
ρ
+β (7.10)

and the part of production that is produced in modem= 1 is reduced, accordingly

xm=1

xtotal =
α ·Cap
xtotal −β (7.11)

where these parts follow a nonlinear function. This becomes clear as shown in the upper
graph in Figure 7.2.
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Figure 7.2: Parts and amounts of production in modem= 1 andm= 2 in % for α = 1,2
andβ = 1,0 with parameterse= 0,8 andb= 0,6 for utilization values 30−100%.

Assuming that at 100% utilization the part of items that are shifted forward is denoted by
e (see also Figure 7.1) and that the shifting forward of items begins at an utilization given
by b, the following two inequalities can be formulated:

xm=2

xtotal (b) = 0 ⇒ 1+β −
α
b
≤ 0

xm=2

xtotal (1) = e ⇒ 1+β −α ≤ e

Hence, the parameters of the FS curve are calculated with

α =
e·b

1−b
∀ b≥ ρ;providedb 6= 1 (7.12)

β =
e+b−1

1−b
∀ b≥ ρ;providedb 6= 1. (7.13)
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Nevertheless, as the parameterb denotes the utilization when forward shifting of production
begins, the parameters and thus the FS curve are defined begining at an utilization denoted
by b. Therefore, the amounts of production in modem= 1 andm= 2 are determined for
each utilization value

xm=1
=

Cap
ξ

[α −β ·ρ] (7.14)

xm=2
= xtotal−xm=1 (7.15)

where the amount ofxm=2 increases linearly with an increasing utilization andxm=1 de-
creases, accordingly. These definition of the parametersα andβ present a linear FS graph;
see also Figure 7.2. Table 7.1 gives parameter combinations on whichα andβ are calcu-
lated.

Table 7.1: Parameter combinations to determine FS curves
evalues

b values FS values 0.6 0.8 1.0

α 0.26 0.34 0.43
0.3

β −0.14 0.14 0.43

α 0.90 1.20 1.50
0.6

β 0.50 1.00 1.50

α 2.40 3.20 4.00
0.8

β 2.00 3.00 4.00

The restrictions regarding production in modem= 1 might lead to problems finding
a solution for data sets, especially those with an increased demand in initial periods. The
model of Lautenschläger (1999) shifts forward production in relation to resource utilization.
However, it does not prevent high utilization in any time period as forward shifting of pro-
duction leads to high utilization up to 100% in previous periods. Therefore, itaddresses
the problem, but does not really solve it; see also Section 8 for a more detailedanalysis on
forward shifting and production modes.

7.1.1.4 Integration of Overtime

The integration of overtime allows for flexibility in case of high utilization of production
resources. Lautenschläger (1999) integrates overtime by modifying the capacity restriction
given in (7.5) as follows:

N

∑
i=1

ξiw ·xm=1
it ≤ Capwt +Owt ∀ w, t (7.16)

whereOwt is the overtime of production resourcew in periodt. The objective function pre-
sented in (7.1) is extended, accordingly, to account for increased costs due to overproduction
by the term∑W

w=1 ∑T
t=1ocwOwt, ∀ w, t. Figure 7.3 depicts the case that 70% of products are

shifted forward in case that utilization increases by 40% to 140%.
In order to capture the additional amount of items that are produced, a newproduction

modem= 3 is defined that is positive in case that the FS curve would restrict an increase
over 100% utilization. Thus, the increase of the amount of produced items due to overtime
is given byxm=3

it and added to the overall production amount given in (7.2) as follows

x̌total
it = xm=1

it +xm=2
i,t+1+xm=3

i,t+1 ∀ i, t. (7.17)
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Figure 7.3: Extension of the FS curve to overtime.

The inventory balance equation presented in (7.3) is modified including the additional pro-
duction amount:

Iit = Ii,t−1+

M

∑
m=1

xm
it +xm=3

it −
N

∑
j=1

ai j x̌
total
it −Dit ∀ i, t (7.18)

The nonlinear FS curve is employed that can be approximated by usingn straight lines and,
consequently, breakpoints to define the FS curve presented as follows:

N

∑
i=1

ξiwxm=1 ≤ αwn ·Capwt −
N

∑
i=1

βwn ·ξiwxtotal
it ∀ w,n, t (7.19)

Additional items due to overtime that are shifted forward need to be stocked and thus cause
additional inventory holding costs, so that the model should prefer for anoptimal solution
to increase the amount of items produced in modem= 1 in order to avoid inventory costs.

7.1.2 LDLT by Voß and Woodruff (2004)

Woodruff and Voß (2004) regard LDLT together with routing alternatives in an aggregate
planning model. Routing alternatives and choices regarding subcontractors are defined for
each part, also denotedstock keeping unit(SKU), via input data denoting related substitutes
for items. Alternatives are grouped according to the master SKU which is the only FGI item
subject to external demand. Estimates of lead times are integrated using piecewise estimates
of utilization, so that the differences in lead times from one breakpoint of thispiecewise
function to the next is one macro period; see Woodruff and Voß (2004).They discretize
the utilization-lead time curve using integer variables to formulate constraints thatdenote
which segment or breakpoint of the curve is active in a time period. Estimated lead times
are integrated in the model using the following terms:

Lt =

R

∑
r=1

pirt ·Lir with
R

∑
r=1

pirt = 1 ∀ i, t (7.20)

The Equations (7.20) denote active lead time variablesLir for a SKU i at breakpointr
where the selection variablepirt sums up to one modeled asspecial ordered set type 1
(SOS1)-variables. Furthermore, Woodruff and Voß (2004) add the constraint

R

∑
r=1

BPir · pirt ≥ ρit (x) ∀ i, t = 1, . . . ,T (7.21)
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whereBPir is the set of utilization breakpoints for SKUi and lead time breakpointsr. The
approximation to resource utilizationρit (x) is stated with

ρit (x)≡
N

∑
i=1

(ξiwi xit +stiwi yit ) ∀ i, t = 1, . . . ,T (7.22)

where the variableρit (x) denoted resource utilization by Woodruff and Voß (2004) gives
the planned used capacity resources. In the following, the term “utilization”is rather used as
the planned employed resource time divided nominal capacity in a time period. Inequalities
(7.21) require that the lead time selection takes place according to the workload. The index
wi denotes the bottleneck of the production system dependent on SKUi. Finally, lead times
are prevented to be longer than one time period by

R

∑
r=1

pir,t+1 ·Lir −
R

∑
r=1

pirt ·Lir ≤ 1 ∀ t = 1, . . . ,T −1 (7.23)

This constraint prevent that production in a period could be modeled as being completed
after job releases in the next period; see Woodruff and Voß (2004). The complete model is
stated as follows:

min
T

∑
t=1

N

∑
i=1

[

sciyit +

(

hwi ·
R

∑
r=1

pirt +aci

)

·xit +hi I
+

it +bci · I
−
it

]

(7.24)

subject to

Iirt (x,y)+
t

∑
u=1

d(i,u)≥ (pirt −1) ·V ∀ i, r, t (7.25)

N

∑
i=1

(ξi j xit +sti j yit )≤ 1 ∀ t, j (7.26)

yit ≥
xit

V
∀ i, t (7.27)

R

∑
r=1

pirt = 1 ∀ i, t (7.28)

R

∑
r=1

BPir · pirt ≤ ρit (x) ∀ i, t (7.29)

R

∑
r=1

pirt ·Lir ≥
R

∑
r=1

pir,t+1 ·Lir −1 ∀ t = 1, . . . ,T −1 (7.30)

pirt SOS1 acrossr ∀ i, t (7.31)

I+a,t = 0 ∀ t,a∈ Ai (7.32)

I−a,t = 0 ∀ t,a∈ Ai (7.33)

I+it − I−it − Iit (x,y)≥ (1− pirt ) ·V ∀ i, r, t (7.34)

I+it − I−it − Iit (x,y)≤ (pirt −1) ·V ∀ i, r, t (7.35)

yit ∈ {0,1} ∀ i, t (7.36)

I+it , I
−
it ≥ 0 ∀ t,a 6= A (7.37)

where inventoriesIit (x,y) for SKUs i employed in Inequalities (7.25) are determined pro-
vided thatAi 6= 0

Iit (x,y)≡
t

∑
u=1

∑
a∈Ai

xa,t−La + Ii,0−
t

∑
u=1

(

diu +

N

∑
j=1

ai j ·x ju

)

∀ i, t = 1, . . . ,T (7.38)
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The objective function (7.24) minimizes the sum of setup costs, WIP holding costs, FGI or
master SKU holding costs, and backordering costs. The latter also expresses tardiness costs,
so that waiting time-independent backordering is allowed. WIP holding costsare enhanced
by marginal costsaci using an alternative SKUi. The objective function includes WIP
holding costs based on Little’s Law extracted as follows:

T

∑
t=1

N

∑
i=1

(

hwi ·
R

∑
r=1

pirt ·Lir

)

·xit (7.39)

Inequalities (7.25) require that inventory and the sum of external demands are greater
than the decision variablespirt −1 multiplied by a big number, so that related lead times
are prevented from jumping down more than one period. Inequalities (7.26)force the sum
of processing and setup times for SKUi in periodt to be smaller or equal 100% ressource
utilization. Inequalities (7.27) require binary (see (7.36)) setup variablesto be greater than
zero in case of production, thusxit ≥ 0. Inequalities (7.28), (7.29), and (7.30) state the
constraints regarding LDLT that prevents the lead time from being longer than one time
period. This would lead to passing of jobs, so that production of a SKU in one time period
could be modeled as completed after its release in the next period; see Woodruff and Voß
(2004). Equalities (7.32) and (7.33) require zero production for masterSKUs that is given
for each substitution group through related input data. Inequalities (7.34)and (7.35) restrict
backorders and inventory holding, respectively. They form togetherwith Statement (7.38)
an inventory balance. Inventory for SKUi in period t is given by the sum of production
of SKU-alternativea in time periodt −La whereLa denotes the estimated lead time of a
SKU-alternativea, initial inventories of SKUi in time periodt = 0 less external demand for
SKU i up to periodu= 1, . . . , t and SKUsi that are needed to build one unit of SKUj. In-
equalities (7.37) and (7.36) give non-negativity constraints on inventoryand setup variables,
respectively.

In classical LP-formulations, it is frequently assumed that production equals releases of
periodt−Li , thusxit = Ri,t−Li whereLi denotes some fixed lead time (Missbauer and Uzsoy
(2011)) integrated using index transformation. The objective function ofWoodruff and Voß
(2004) becomes nonlinear due topirt ·xit wherepirt are decision variables modeled as SOS1,
so that the model becomes hard to be computationally solved; see also Missbauer and Uzsoy
(2011).

7.2 Release-Production Models

Replease-production(RP) models also denoted WIP-based models (see Missbauer and Uz-
soy (2011)) differentiate between production of parts that are in the system as WIP and FGI
that are available for demand satisfaction. These are captured by different inventory balance
equations in mathematical model formulations. While FGI is subject to planning andthe
output of the planning process, WIP depends on releases and is significantly influenced by
the realized lead times; see Section 5.1 and the (throughput) performance ofthe production
resource; see Missbauer and Uzsoy (2011). Note that Missbauer and Uzsoy (2011) refer to
this as theflow time. These models relate resource output in a planning period to some mea-
sure of WIP levels at the resource during this time period. For instance, Figure 7.4 depicts an
order release of 20 units of product A in periodt = 0 of a discrete time scale (“time bucket”;
see Suerie and Stadtler (2003)). In periodt = 4, 60 units WIP of product B are released, so
that a total of 80 units of parts for products are present in the productionsystem. Physical
production starts in periodt = 9 producing 20 units of product A and, in periodt = 15, 60
units of product B that are put in stock to serve demand in a later period. Inperiodt = 20,
15 units of product A are taken from FGI inventory to satisfy demand. In periodt = 25, the
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remainder of FGI of product A and B satisfy demand, so that the production system includ-
ing inventory is emptied. The amount of WIP inventory or “released orders” in the system
waiting for production is thedescriptive or evaluation variableof system performance; see
Lautenschläger (1999).
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Figure 7.4: Course of WIP and FGI inventory.

CFs present the expected output of a production resource or, in caseof aggregate pro-
duction resources, workcenters, as a function of a suitable measure ofaggregate WIP of
all regarded products, e.g., the average WIP over a period, two or moreperiods, or total
available WIP or load meaning the sum of initial WIP of the planning horizon andWIP
resulting in that period; see Missbauer and Uzsoy (2011). For instance, Asmundsson et al.
(2002, 2006a) use a kind of average production quantity to get some WIPmeasure, i.e.,
1/2(xit + xi,t−1). LDLT are taken into account by the nonlinear clearing function and are
calculated using Little’s Law, but not explicitely modeled, so that the problem of assum-
ing some fixed lead time for use in, e.g., index transformations, is avoided. Missbauer and
Uzsoy (2011) note that CFs resemble some concepts given in dynamic traffic assignment
literature that is interesting when thinking of lot sizing models formulated asnetwork flow
problem (NFP); see also Carey and Subrahmanian (2000), Carey (2001), Nahapetyan and
Lawphongpanich (2007).

7.2.1 The Concept of Clearing Functions

The concept of clearing functions has been introduced by Graves (1986) using a constant
proportional factor to denote the clearing of WIP of a production resource in relation to its
utilization. Graves (1986) uses a linearly increasing relation that allows forunlimited capac-
ity. This concept is modified by Karmarkar (1989) and Srinivasan et al. (1988) who regards
the nonlinear relation between lead times and workload/utilization employing “clearing fac-
tors” α(W) that are nonlinear functions of WIP yielding the following form:

Capacity= α(W) ·W = f (W) (7.40)
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where f (·) denotes the clearing function that can be derived using a variety of functional
forms or relations, e.g.:

g1(W) =
k1 ·W
k2+W

(7.41)

g2(W) = k2(1−e−k2·W). (7.42)

The first functional form has been proposed by Karmarkar (1989) and the second form by
Srinivasan et al. (1988) wherek1 denotes maximum capacity andk2 gives the slope of the
curve, i.e. the degradation of productivity; see Figure 5.4 for a presentation of a clearing
function. Smaller values ofk2 lead to steeper curves; see Figures 7.5 and 7.6.
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Figure 7.5: Clearing function of Karmarkar (1989) for differentk2-values.

Elmaghraby (2011) proposes another functional form in order to mitigate the effect that
capacity utilization approaches 100% only in case of an infinite WIP, or, in other words, a
significantly high amount of WIP in the system

g3(W) = k1W
ae−bW with a,b> 0, 0≤W ≤W < ∞ (7.43)

whereW denotes a finite upport bound on WIP, thusWopt
= a/b, so that a maximum value

is reached and does not increase infinitely high while approaching operational capacity.
Various researchers integrate this concept in their optimization models, e.g., Asmundsson
et al. (2002, 2003, 2006b), Hwang and Uzsoy (2004), Kim and Uzsoy (2006), Missbauer
(1998, 2006b), Caramanis and Anli (1999), Orcun et al. (2007), Riaño (2002), Selcuk et al.
(2008).

7.2.2 Lot Sizing Model of Karmarkar (1989)

Karmarkar (1989) uses a nonlinear clearing function to represent the output as a function
of the average WIP in the production system. As pointed out by Karmarkar (1989), the
form of the curve is also valid for synchronous deterministic flow lines with batched flows.
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Figure 7.6: Clearing function of Srinivasan et al. (1988) for different k2-values.

Assuming production of a single product on a single production resourceand abstracting
from multiple periods, he proposes the following function for the actual oroperational
production ratep:

p=
x
C

(7.44)

Karmarkar (1989) defines the cycle timeC as the sum of setup times and production pro-
cessing times regarding production amountx divided by the nominal production processing
rate, thus

C=
st+x

ṗ
(7.45)

whereṗ denotes the nominal processing rate in a sense of maximal or best processing rate
that does not include stochastic negative influences and states the rate atwhich a machine
operates at its less resource-consuming level, e.g., regarding energy and other auxiliary
production means. Moreover, Karmarkar (1989) substitutes lot sizesx in terms of WIP over
all workstations thus usingx=W/N whereN the sum of workstations. The formulation for
the operational production ratep is given by

p=
ṗ·W

N · ṗ·st+W
. (7.46)

The utilization for aM/M/1 queuing system is stated as follows (see also Buzacott and
Shantikumar (1993), Karmarkar (1989), Zijm and Buitenhek (1996)):

ρ = λ p=
p
ṗ
+

p·st
x

(7.47)

Therefore, the average lead timeL can be formulated with

L =

st+ x
p̂

1− p
p̂ −

p·st
x

(7.48)
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abstracting from setup timesst to keep things simple for deriving the CF, writing total WIP
asW = Lp, and substitutingL =W/p results in

p=
p·W
x+W

. (7.49)

This CF can be depicted as shown in Figure (7.5) assuming the form given in(7.41). Kar-
markar (1989) implements the CF given in (7.49) in a discrete dynamic optimization model
assuming a single product. The model is stated with

min
T

∑
t=1

(hw·Wt +h· It + pc·xt +ϑ ·Bt + rc ·Rt) (7.50)

subject to

Wt =Wt−1+Rt −xt ∀ t (7.51)

It = It−1+xt +Bt−1−dt ∀ t (7.52)

xt ≤ f (Wt−1,Rt , pt) ∀ t (7.53)

xt ,Rt ,Wt , It ,Bt ≥ 0 ∀ t (7.54)

where the objective function given in (7.50) minimizes the sum of costs for WIP inventory
holding, FGI inventory holding, production of amountxt in period t, backordering, and
releases. Release costs encompass, e.g., costs for raw materials. Equations (7.51) denote
the WIP balance equation and (7.52) the FGI inventory balance equation regarding FGIs.
Inequalities (7.53) denote the CF that is dependent on the WIP of previousperiodst − 1,
releases int, and the processing rate in periodt. Inequalities (7.54) state the usual non-
negativity constraints on decision variables. Missbauer and Uzsoy (2011) propose the use
of the following CF form in such a deterministic model

T

∑
t=1

ξtxt ≤ ft

(

T

∑
t=1

ξtŴt

)

∀ t (7.55)

whereŴt denotes a WIP measure given, e.g., asŴt = Wt−1+Rt that might be expressed
by time units or workload. If multiple products are modeled, setup times and costs need to
be integrated into the model and the CF modified, accordingly. A multi-product model is
provided by Asmundsson et al. (2003, 2006a, 2009), abstracting from setup times and costs
assuming them as negligible.

7.2.3 Model of Asmundsson et al. (2003)

Asmundsson et al. (2006a, 2009) employs a clearing function to determine the nonlinear
relationship between lead times and workload as Karmarkar (1989). They use a G/G/1 queu-
ing model for derivation of WIP and resource utilization and special properties of the CF
to formulate alinear programming (LP)model, so that the model remains computational
tractable. In the literature, there are two methods available for the determinationof the CF.
The first is the analytical derivation from queuing network models and the second is the em-
pirical approximation using functional forms that can be fitted to empirical data. Because
of the size of practical systems the complete identification of the clearing function is an
endeavour, approximations are used; see Asmundsson et al. (2006a,2009).

Asmundsson et al. (2006a, 2009) integrate the estimated clearing function ina math-
ematical programming model where the framework is based on the production model of
Hackman and Leachman (1989) with an objective function that minimizes the overall costs.
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It is assumed that backorders do not occur and that all demand must be met on time. One
may assume a representation as a graph withN nodes referring to the workstations and a set
A of transportation arcs between these nodes. Predecessors of workstations are indicated by
AI and successors byAO, respectively.

The multi-product multi-stage model of Asmundsson et al. (2002, 2006a) is given differ-
ently with

min
N

∑
i=1

T

∑
t=1

[

W

∑
w=1

(hwiwtWiwt +hiwt Iiwt + pciwtxiwt + rciwtRiwt)+

Γ

∑
γ∈A

tciγtΓiγt

]

(7.56)

subject to

Wiwt =Wiw,t−1+
1
2
(xiwt +xiw,t−1+Riwt)+

Γ

∑
γ∈AI (p,s)

∀ i,w, t (7.57)

Iiwt = Iiw,t−1+
1
2
(xiwt +xiw,t−1)−diwt −

Γ

∑
γ∈AO(p,s)

∀ i,w, t (7.58)

ξiwtx·wt ≤ αc
wtξiwtWiwt +Ziwtβ c

wt ∀ i,w, t,c (7.59)
N

∑
i=1

Ziwt = 1 ∀ w, t (7.60)

xiwt ,Wiwt , Iiwt ,Riwt ,Γiγt ≥ 0 ∀ i,w, t,γ (7.61)

where the objective function (7.56) minimizes the sum of overall costs. Equations (7.57) and
(7.58) state the workload and inventory balance equation. Inequalities (7.59) give the CF for
multiple products and machines, so that a variableZiwt is introduced defining the partitions
of utilization for the products that have to sum up to 1 which is required in Equation (7.60).
Inequalities (7.61) denote the usual non-negativity constraints.

Missbauer and Uzsoy (2011) present the model of Asmundsson et al. (2006a, 2009) in a
more compact form with

min
T

∑
t=1

N

∑
i=1

(hwiWit +hi Iit + pcixit + rciRit ) (7.62)

subject to

Wit =Wi,t−1−xit +Rit ∀ i, t (7.63)

Iit = Ii,t−1+xit −dit ∀ i, t (7.64)

ξit xit ≤ Zit ft

(

ξitŴit

Zit

)

∀ i, t (7.65)

N

∑
i=1

Zit = 1 ∀ t (7.66)

xit ,Wit , Iit ,Rit ,Zit ≥ 0 ∀ i, t (7.67)

whereŴit is defined as in the model of Karmarkar (1989). The objective function (7.62)
minimizes the sum of WIP holding costs, FGI holding costs, processing costs,and release
costs over the planning horizont = 1, . . . ,T. Note that Asmundsson et al. (2009), Missbauer
and Uzsoy (2011) do not sum over all productsN in the objectiv function. Furthermore, no
setups are included despite the consideration of multiple products.
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7.3 Discussion on Presented Approaches

Previously, various discrete deterministic model approaches are presented that account for
LDLT. They have some advantages and disadvantages that are discussed in this section
starting from RP models.

LDLT are due to high utilization of production resources that can be also measured by
resulting WIP/workload in the system. RP models incorporate the relationship between lead
times and workload by the use of CFs using analytically derived functional forms or approx-
imations using empirical data or simulation. Consequently, the CF reflects systembehavior,
so that the planning model releases orders/jobs in the production system withthe aim to
reduce overall system costs. As a result, due dates are known for specific demand that are
assumed to be fixed in adcance, so that a possibility to decrease the utilization of production
resources is to release jobs earlier in the system. LDLT are indirectly incorporated using
queuing models to determine input data regarding the nonlinear relationship between sys-
tem workload and lead times. The queue length in such approaches is fixed and a certain
system performance is reached. WIP builds up due to the difference in order releases and
production periods. Lot sizing decisions are assumed to be made on a previous planning
step, so that setup and batching plans are fixed input data to the RP model. This is different
to the PP approach of Lautenschläger (1999) that takes into account lotsizing decisions and
their influence on system utilization, inventories, and waiting times.

On the other hand, PP models that assume estimates of lead times, so that lead times
become an input parameter to the optimization model (see, e.g., the model of Woodruff and
Voß (2004)), approach the problem of modeling the behavior of the production resource
by computing lead time distributions. This is integrated into the model by constraint sets
accounting for lead time distributions across different time periods; see alsoMissbauer and
Uzsoy (2011). The model of Woodruff and Voß (2004) further assume routings of items
as input data to the system. Such data is frequently unavailable for production systems.
Furthermore, a large matrix of routing decisions is build up for the solution process that is
likely to decrease the solution finding process.

The PP model of Lautenschläger (1999) takes into account capacity decisions due to the
production mix thus addressing another planning circularity; see Section 5.2.2. Workload
due to WIP in the system and their processing including required setup times is modeled
differentiating between physical and available production which is a kind ofreservation of
pre-produced items. They can be regarded as being an equal idea to distinguish between
releases (Rit ), WIP (Wit ), and production (xit ): Missbauer and Uzsoy (2011) state that in lot
sizing, production and WIP have the relation

xit = Ri,t−Li (7.68)

so that releases take placeLi periods before production. In the model of Lautenschläger
(1999), the release timeLi = 1 is assumed if we draw the analogy to the regarded produc-
tion modem= 2, so that we may state the following:xm=2

it = Ri,t−Li . Nevertheless, Lauten-
schläger (1999) abstract from setup times in the load-dependent capacity restrictions.

The parameters involved in establishing the FS curve in the model of Lautenschläger
(1999) need to be set very carefully, because it is easy to highly restrict production in mode
m= 1, so that high amounts of production need to be shifted forward causing increased
inventory costs. Moreover, production in modem= 2 thus forward shifting is limited by a
classical LP upper bound, so that the capacity constraint is not load-dependent and permits
high utilization up to 100%.

In the subsequent, capacity management and LDLT are combined further accounting
for effects of the production mix with sustainability aspects like wastage avoidance and
rework. Therefore, basic ideas from the model of Lautenschläger (1999) are regarded and
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extensions integrated until reaching an overall model including LDLT in form of production
smoothing and sustainability options such as limited lifetimes of items, rework of passed
items, and remanufacturing of returned items. This is due to the objective to minimizethe
number of fixed input parameters to the model and to apply data from classical lot sizing
models.



Part II

Combining LDLT and Lot Sizing
with Sustainability Aspects
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Chapter 8

Production Performance Models with
Perishability

This analysis concentrates on discrete parts production and dynamic planning where a finite
time horizon is modeled according to the concept of its division into time buckets. It is
assumed that overtime takes place, but capacity expansion and, consequently, investment
in new production entities are not regarded as such decisions are attributed to the strategic
planning level; see Section 3.1.2.

PP formulations are developed that integrate various features regardingLDLT and as-
pects of sustainability as presented in Sections 4 and 6. Proposed models are analyzed re-
garding their behaviour and resulting plans, their complexity and thus their applicability in
practice.

8.1 CLSP with Lifetimes and Load-Dependent Capacity Con-
straint

We adopt basic ideas of Lautenschläger (1999) to model load-dependent capacity con-
straints using different production modes and the concept of available/disponible inven-
tory containing WIP/releases in form of pre-ordered items and physical produced inventory.
Therefore, the basic model assumptions of Lautenschläger (1999) arestill valid despite the
assumption of items being connected via BOMs, so that the single stage case is regarded
adding the following assumptions:

13. Items have a limited lifetimeΘL
i . If items pass their lifetimes, they are discarded at

a disposal costφi . This assumption is relaxed in Section 9.2 that extends models to
account for rework options;

14. The storage space of the production system is not restricted;

15. The order in which products are processed follows thefirst-in-first-out (FIFO)rule.

The basic model is based on the classicalcapacitated lot sizing problem with perishabil-
ity constraints (CLSP-P)(see Pahl and Voß (2010)) and the ideas of Lautenschläger (1999)
regarding production modes named CLSP-P-LDCap-1 and can be stated as follows:

59
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CLSP-P-LDCap-1

min
N

∑
i=1

T

∑
t=1

(

sciyit +hiPit +φi · I
D
it

)

(8.1)

subject to

xdispo
it = xm=1

it − ID
it ∀ i, t = 1 (8.2)

xdispo
it = xm=1

it +xm=2
i,t−1 ∀ i, t = 2, . . . ,T (8.3)

Pit = Pi,t−1+

M

∑
m=1

xm
it −dit − ID

it ∀ i, t = 1, . . . ,T (8.4)

Iit = Ii,t−1+xdispo
it −dit ∀ i, t = 1, . . . ,T (8.5)

ID
it ≥

M

∑
m=1

t−ΘL
i

∑
u=1

xm
iu −

t

∑
u=1

diu −
t−1

∑
u=1

ID
iu ∀ i, t ≥ ΘL

i (8.6)

M

∑
m=1

N

∑
i=1

(ξix
m
it +stiyit )≤ Capt ∀ t = 1, . . . ,T (8.7)

N

∑
i=1

(

ξix
m=1
it +stiyit

)

≤ α ·Capt −β
M

∑
m=1

N

∑
i=1

(ξix
m
it +stiyit ) ∀ t = 1, . . . ,T (8.8)

M

∑
m=1

xm
it ≤V ·yit ∀ i, t = 1, . . . ,T (8.9)

I j0 = I jT = 0 ∀ j (8.10)

yit ∈ {0,1} ∀ i, t (8.11)

Iit ,Pit ,x
m
it ≥ 0 ∀ m, j, t (8.12)

The objective function given in (8.1) minimizes overall costs for setups, (physical) in-
ventory holding, and disposals. Equations (8.2) define available/disponible products (xdispo

it )
for the first period which is limited to production modem= 1, because forward shifting
(modem= 2) to previous periods cannot take place due to the start of the planning horizon
at t = 1. If this is not ascertained for the first period, the model would be allowedto take
products “out of nowhere” to fill inventory at the expense of inventoryholding costs that
are lower than other regarded cost factors. Moreover, disposals might be necessary if there
is no demand for products int = 1, so thatID

it is added. Equation (8.3) determines available
production in periodt: this can be achieved by production in modem= 1, so that items
are produced and available for demand satisfaction int, or by modem= 2 that produce
items int −1 for use int. Equations (8.4) and (8.5) give the inventory balance equations
for available inventory and physical inventory, respectively. These two equations are nec-
essary for inventory to restrict and calculate the amounts of production and inventory at
the correct time period given by the production mode definitions. Available inventory and
physical inventory differ exactly by those products that are shifted forward in time tot −1
(production modem= 2). Inequalities (8.6) determine disposals due to passed lifetimesΘL

i ;
see also Pahl and Voß (2010) or Section 4.2. Restrictions (8.7) limit the sum of production
and setups in both modes in periodt to the maximal nominal capacity. This is necessary,
because the load-dependent capacity restrictions presented in Inequalities (8.8) restrict only
production in modem= 1. Applying an LP upper bound is somewhat inconsequent as the
stated requirements for models accounting for LDLT are to limit production in accordance
to WIP inventories to minimize lead times. Therefore, LDLT are only regarded indirectly via
production modem= 1. This is modified in Section 8.4. Inequalities (8.8) restrict produc-
tion in production modem= 1 by the resting operational capacity available for production,
i.e., Capt multiplied with α less the already used capacity in periodt regarding processing
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and setup times, i.e.,β ·∑M
m=1 ∑N

i=1(ξixm
it +stiyit ). Inequalities (8.9) set the setup variables

according to production of items in all modesM. Consequently, products that are shifted
forward are allowed to be batched in order to produce them together and the machine is
set up, accordingly. The classical assumptions of thecapacitated lot sizing problem (CLSP)
include assumptions on inital and ending inventory required to be zero given in Equalities
(8.10). This can be changed assuming initial positive inventories also with different initial
ages; see Pahl and Seipl (2011) for I&L as well asnetwork flow problem(NFP) formula-
tions. Constraints (8.11) define setup variables as binary and Inequalities(8.12) state the
usual non-negativity requirements on decision variables.

The load-dependent capacity constraint restricting production in modem= 1 stated in
(8.8) calculates how much nominal capacity is available for production in modem= 1 in
periodt which is limited by planned operational capacity for overall production in period
t. Production of items triggered by demand requirements that are higher than allowed by
load-dependent capacity restrictions (8.8) are shifted forward which islikewise restricted
by an LP upper bound given in (8.7), so that high utilization in a periodt up to 100% is not
avoided. It could be required that the forward shifting of a maximal amounte before 100%
utilization is reached, so that the determination ofα andβ are modified as follows:

α =
v·e·g
v−g

(8.13)

β =
v· (e+g−1)

v−g
(8.14)

wherev denotes the parameter at which utilization level the maximal amounte is shifted
forward. The resulting production smoothing is studied employing the followingsmall test
example: a planning horizon is assumed that hasT = 10 time periods. Nominal capacity
is 100 TU. A single productA is taken into account that has the characteristics regarding
processing and costs given in Table 8.1.

Table 8.1: List of time-infinite parameters
Product sci sti hi φi ξi ΘL

i

A 1 0 1 10 1 10

Forward shifting is assumed to begin at an utilization of 70%, i.e.,g= 0.7 and that, at 100%
utilization (v = 1.0), 80% of jobs is shifted forward, i.e.,e= 0.8. Varying this parameter
gives adjustment flexibility regarding production modem= 1. For instance, assuminge=
0.0 eliminates the load-dependent capacity limit of production modem= 1, so that the
LP upper bound on all production modes is the next bound that applies. Besides, Varying
v-values are applied to demonstrate their effects on capacity loading and forward shifting.
Demand is assumed to be zero despite the last periodt = 10 that has a high value, so that
shifting forward of production is necessary. Lower values for demandthat exceed period
capacity show the same forward shifting behavior. Higher values of demand, e.g.,dA,10 =

1200 require overtime that is discussed in Section 8.2.
Table 8.2 shows results of planning in the two production modes for a single productA.

The values forX1At andX2At define the “position” on the FS curve in relation to the planned
workload whereX1At = Capt ·(α −β ·ρt) andX2At = ∑M

m=1 ∑N
i=1xm

it −Capt ·(α −β ·ρt). In
other words,X1At that are used as statistical values present planned production in mode
m= 1 that are restricted by the load-dependent capacity constraints given in(8.8) andX2At

denote resting capacity of items that can be employed to produce items in modem= 2.
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Table 8.2: Numerical example to show load effects for varyingv-values
Data and Time periods

v-values PI† 1 2 3 4 5 6 7 8 9 10

dAt 0 0 0 0 0 0 0 0 0 300

v= 1 xm=1
At 0 0 0 0 0 0 0 0 0 70

xm=2
At 0 0 0 0 0 0 30 100 100 0

ρt 0.0 0.0 0.0 0.0 0.0 0.0 0.3 1.0 1.0 0.7

X1At 187 187 187 187 187 187 137 20 20 70

X2At −187 −187 −187 −187 −187 −187 −107 80 80 0

dAt 0 0 0 0 0 0 0 0 0 900

v= 1 xm=1
At 0 0 0 0 0 0 0 0 0 70

xm=2
At 30 100 100 100 100 100 100 100 100 0

ρt 0.3 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 0.7

X1At 137 20 20 20 20 20 20 20 20 70

X2At −107 80 80 80 80 80 80 80 80 0

dAt 0 0 0 0 0 0 0 0 0 900

v= 0.8 xm=1
At 0 0 0 0 0 0 0 0 0 90

xm=2
At 10 100 100 100 100 100 100 100 100 0

ρt 0.1 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 0.9

X1At 406 48 48 48 48 48 48 48 48 90

X2At −396 52 52 52 52 52 52 52 52 0

dAt 0 0 0 0 0 0 0 0 0 900

v= 1.4 xm=1
At 0 0 0 0 0 0 0 0 0 56

xm=2
At 44 100 100 100 100 100 100 100 100 0

ρt 0.4 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 0.6

X1At 68 12 12 12 12 12 12 12 12 56

X2At −24 88 88 88 88 88 88 88 88 0

† PI: performance indicators

These values become negative if planned utilization is low. In case of demandpeaks imply-
ing high or full utilization, the position ofX2At gives the capacity limit for production in
modem= 2 as shown, e.g., in Table 8.2, row forv= 1 and demanddA,10 = 900, position
valuesX1A,1 = 20 andX2A,1 = 80. Note that the higher the value ofv, the higher the amount
of items shifted forward from the “beginning” period to previous periods.Capacity utiliza-
tion in periods where forward shifting takes place is at 100% which is due to the LP upper
bound limit an all production modes; see Table 8.2. Production in modem= 1 is given only
in theparentperiodt = 10 and forward shifting tochild periodst−1 fully occupies nominal
capacity. This is not satisfying regarding the goal to minimize LDLT. Moreover, problem
instances that assume that products cannot be stored which implies a lifetime ofΘL

i = 0
and high workload due to demand data are frequently infeasible, becauseforward shifting,
i.e., processing in modem= 2 is not allowed. Moreover, demand peaks require short term
capacity extensions, e.g., overtime or subcontracting that can be interpreted as some kind
of production outsourcing. This is discussed in more details in Section 8.2. Therefore, we
integrate overtime into the model to diminish these drawbacks. Moreover, different formu-
lations are investigated that may help to limit high utilizations dependent on the (planned)
workload of the system which is some kind of production smoothing; see Section 8.4.
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8.2 Including Overtime and Minimal Lot Sizes

Overtime options can be interpreted as additional working hours in a periodt needed to ex-
tend the nominal capacity of that period. Subcontracting is another option to deal with high
demand in peak situations that imply production outsourcing of processing that pertains to
procurement actions. Job outsourcing is only feasible if a supply chain partner exists that
can provide required quality and amounts of parts or services. This frequently is not true for
specific parts and products where a company and its customers have special quality require-
ments. Therefore, job outsourcing might only be possible for standardized products. Teo
et al. (2011) discuss the options of overtime and subcontracting in case ofpeak demand and
variabilities in order to keep promised delivery dates which is similar to the work of Rao
et al. (2005) and an extension to the work of Graves (1986). They combine two time scales
which might be similar to hybrid lot sizing models, e.g.,general lot sizing and scheduling
problem (GLSP)where micro periods allow for multiple item movements within that mi-
cro period. The proposed stochastic optimization model includes an objective function that
concentrates on minimizing expected total subcontracting costs.

In order to integrate overtime, it would be straightforward to extend the load-dependent
capacity constraints (8.7) as follows:

N

∑
i=1

(

ξix
m=1
it +stiyit

)

≤ α · (Capt +Ot)−β
M

∑
m=1

N

∑
i=1

(ξix
m
it +stiyit ) ∀ t = 1, . . . ,T (8.15)

whereOt is the decision variable regarding overtime, so that the overall capacityKt is ex-
tended by overtime. However, in case that the lifetime of items isΘL

i is zero, these con-
straints lead to infeasibility, because the use of production in modem= 2 is not possible
and m= 1 is restricted. Furthermore, due to theα and β -values, the use of overtime is
over-proportional, e.g., in order to produce 1.000 entities of productA in periodt = 10, an
overtime of 1.329 is employed. To remedy these effects, a third production mode is intro-
duced that denotes overtime. Therefore, Equations (8.2) and (8.3) thatdetermine disponible
inventory have to be extended with the third production mode as shown in (8.16) and (8.17),
accordingly. The LP upper bound on capacity adds overtime given in (8.18).

xdispo
it = xm=1

it +xm=3
it − ID

it ∀ i, t = 1 (8.16)

xdispo
it = xm=1

it +xm=2
i,t−1+xm=3

it − ID
it ∀ i, t = 2, . . . ,T (8.17)

M

∑
m=1

N

∑
i=1

(ξix
m
it +stiyit )≤ Capt +Ot ∀ t = 1, . . . ,T (8.18)

Moreover, production modem= 3 is defined as overtime, accordingly, in (8.19).
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(
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it +sti ·yit

)

= Ot ∀ 1= 1, . . . ,T (8.19)

Furthermore, the constraints on minimal lot sizes are added givne in (8.20).

M

∑
m=1

xm
it ≥ xmin

i ·yit ∀ i, t (8.20)

This equals the requirements for setups presented in Inequalities (8.9) where products pro-
cessed in the same production mode are regarded together in order to build lot sizes for
equal product types. In other words, if items are shifted forward and these items are also
produced in modem= 1, the machine should be set up only once for that product even if
they are produced in two different modes. Besides, the setup constraintspresented in (8.9)
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need some modification, because an upper bound given by a big numberV which is also
frequently substituted by(Capt −stj)/ξi can be limiting especially in case of integrated
overtimes, so that the solution process becomes awkward or the constraintscause infeasibil-
ity. An upper bound on production as proposed by Wagner and Whitin (1958), but slightly
modified is given with

M

∑
m=1

xm
it ≤

(

dk
+Capt

)

·yit ∀ i, t = 1, . . . ,T (8.21)

wheredk presents the cumulative demand over all productsi and periodst. Constraints
(8.21) require that production is always less than or equal the sum of cumulative demand
and nominal period capacity. Finally, the objective function is extended regarding overtime,
so that the complete model is stated as follows:

CLSP-P-LDCap-2
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Here, overtime is interpreted as an additional shift, so that utilizationρt can get values
aboveρt ≥ 1.0 that is shown, e.g., in Figure 8.3. In doing so and to be consistent with the
interpretation, overtime should be limited to two or three times of the regular capacity. This
constraint can be easily added to allow for, e.g., at most three shifts:

Ot ≤ 3·Capt ∀ t (8.23)
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For the sake of always ensuring feasibility, overtime is not restricted. Subsequently, these
extensions are tested using the small test example introduced in the previous Section 8.1
to the overtime cost parameter. Because overtime should be the last option in planning,
overtime is assumed to be highly expensive in comparison to the other cost factors, thus
oct = 100.

Table 8.3: Numerical example to show load effects including overtime
Data and Time periods

v-values PI† 1 2 3 4 5 6 7 8 9 10

dAt 0 0 0 0 0 0 0 0 0 1200

v= 1 xm=1
At 0 0 0 0 0 0 0 0 0 70

xm=2
At 100 100 100 100 100 100 100 100 100 0

xm=3
At 0 0 0 0 0 0 0 0 0 230

ρt 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 3.0

X1At 20 20 20 20 20 20 20 20 20 −313

X2At 80 80 80 80 80 80 80 80 80 613

† PI: performance indicators

Table 8.3 shows the effects of demand peaks on load-dependent capacity restrictions and
overtime that is used as late as possible, i.e., in periodt = 9, 230 units of productA are pro-
duced using overtime for demand satisfaction in periodt = 10 and 100 items are shifted for-
ward fromt = 10. PositionsX1At andX2At are moved, accordingly. The difference between
these positions denote the amount of items that is shifted forward. For instance,X1At = 187
andX2At =−187 with∆= 0 shows that no forward shifting takes place whereasX1At = 137
andX2At =−107 with∆ = 30 presents a forward shifting of 30 items. The model behaves
well when varying the lifetime factorΘL

i = 10 untilΘL
i = 0 limiting more and more the pos-

sibility to produce in modem= 2 that implies inventory holding until lifetime of items is
zero. In this case, 70 units are still produced in production modem= 1 and the resting 1.130
units are produced in overtime in the same period. Table 8.4 presents the effects of varying
lifetimes of items on the production modes and, therefore, overall production. A v-value of
v= 1.0 and a single productA are assumed for this example which is restricted to productA
for ease of presentation. It is easy to see that in case of overall capacity exceeding demand
(dAt = 1.200 over∑T

t=1Capt = 1.000), production modem= 1 produces maximal amounts
allowed by the load-dependent capacity constraint (xm=1

A,10 = 70) and the exceeding amounts
are shifted forward viz. produced in production modem= 2. Production modem= 2 is
restricted by the LP upper bound, so that amounts up to the nominal capacity are produced.
This is possible as setup times are assumed to be zero for this small testing examplealso for
ease of presentation.

8.3 Liberate Resource Capacity: Inclusion of Setup Carry
Overs

Setting up the machine anew every period even though the same product is produced sub-
sequently may have its reasons if, e.g., maintenance actions such as cleaningneed to be
performed after every period. In case that such maintenance actions are rather short and the
machine can be assumed to remain set up for a specific product, we account for setup carry
overs to the next period in order to avoid unnecessary costs and resource utilization. Setup
carry overs are also named linked lot sizes. These are subject to dynamicresearch, see, e.g.,
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Table 8.4: Numerical example to show load effects including overtime and variations of
product lifetimes employing CLSP-P-LDCap-2

Data and Time periods

ΘA-values PI 1 2 3 4 5 6 7 8 9 10

dAt 0 0 0 0 0 0 0 0 0 1200

ΘA = 10 xm=1
At 0 0 0 0 0 0 0 0 0 70

xm=2
At 100 100 100 100 100 100 100 100 100 0

xm=3
At 0 0 0 0 0 0 0 0 0 230

ρt 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 3.0

X1At 20 20 20 20 20 20 20 20 20 −313

X2At 80 80 80 80 80 80 80 80 80 613

ΘA = 5 xm=1
At 0 0 0 0 0 0 0 0 0 70

xm=2
At 0 0 0 0 100 100 100 100 100 0

xm=3
At 0 0 0 0 0 0 0 0 0 630

ρt 0.0 0.0 0.0 0.0 1.0 1.0 1.0 1.0 1.0 7.0

X1At 187 187 187 187 20 20 20 20 20 −980

X2At −187 −187 −187 −187 80 80 80 80 80 1680

ΘA = 1 xm=1
At 0 0 0 0 0 0 0 0 0 70

xm=2
At 0 0 0 0 0 0 0 0 100 0

xm=3
At 0 0 0 0 0 0 0 0 0 1030

ρt 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 1.0 11.0

X1At 187 187 187 187 187 187 187 187 20−1647

X2At −187 −187 −187 −187 −187 −187 −187 −187 80 2747

ΘA = 0 xm=1
At 0 0 0 0 0 0 0 0 0 70

xm=2
At 0 0 0 0 0 0 0 0 0 0

xm=3
At 0 0 0 0 0 0 0 0 0 1130

ρt 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 1.0 11.0

X1At 187 187 187 187 187 187 187 187 187−1813

X2At −187 −187 −187 −187 −187 −187 −187 −187 −187 3013

Gopalakrishnan et al. (1995), Sox and Gao (1999), Gopalakrishnanet al. (2001), Porkka
et al. (2003), Suerie and Stadtler (2003), Briskorn (2006), Karimi etal. (2006), Quadt and
Kuhn (2008, 2009).

For the integration of setup carry overs, we orientate the mathematical formulation on the
continuous setup and lot sizing problem (CSLP)andproportional lot sizing and scheduling
problem (PLSP)including perishability/lifetime constraints while regarding macro periods
instead of micro periods although we are aware that the CSLP and the PLSP are micro
period (small bucket) models that are intended for use in short term planning; see also Drexl
and Haase (1995), Kimms (1996), Marinelli et al. (2007) for the mathematical formulation
or Pahl and Voß (2010) for a CSLP and PLSP including lifetime constraints.

Setup carry overs are modeled by the introduction of binary setup state variableszit ∈
{0,1} linking the setup variables as follows (see Buschkühl et al. (2010)):

M

∑
m=1

xm
it ·ξi ≤

(

dk
+Capt

)

· (yit +zit ) ∀ i, t = 1, . . . ,T (8.24)

N

∑
i=1

zit ≤ 1 ∀ t = 1, . . . ,T (8.25)

zit ≤ yi,t−1 ∀ i, t = 1, . . . ,T (8.26)
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Inequalities (8.24) ensure that production of an itemi takes place in periodt only if the
production resource is set up for itemi in this period, i.e.,yit = 1, or if the production
is already in the right setup state for the item, i.e.,zit = 1. The resource can only be in
one setup state of a specific itemi in a periodt which is enforced by Inequalities (8.25).
Inequalities (8.26) denotes that setup states for an itemi can only be carried over int if the
corresponding setup has been performed int −1; see Tempelmeier and Buschkühl (2009).
This implies that the setup state is “lost” or “forgotten” in the subsequent period t +1 and
an additional setup needs to be performed even if the machine has been setup to the related
product. We may interprete that also as some cleaning, maintenance, or re-powering up if
the machine has not been used for some time, i.e., one period. If the retention of a setup
state for more than one period is desirable, Inequalities (8.25) are modified as follows (see
also Porkka et al. (2003) to

zit ≤ yi,t−1+zi,t−1 ∀ i, t = 1, . . . ,T (8.27)

If a setup has been performed int −1 (yi,t−1 = 0), then the setup state has been set, accord-
ingly, in t −1 (zi,t−1 = 1) or is carried over tot (zit = 1). Besides, the constraints (8.25) are
required to be∑N

i=1zit = 1,∀ t = 1, . . . ,T in the literature; see, e.g., Drexl and Haase (1995),
Kimms (1996) which enforces a setup state. We prefer not to enforce a setup state and as-
sume that the production resource in the beginning of the planning horizon isnot set up to a
specific product, but has to be prepared which is decided by a plan, so thatzi0 = 0,∀ i, t = 0
is assumed that may be interpreted as some general warming up of the machine or a setup
after maintenance actions.
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The complete model including load-dependent capacity constraints is stated as follows:

CLSP-P-LDCap-3
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8.4 Load-Dependent Capacity Restrictions and Production
Smoothing

Inventory holding is one of the classical tools to smooth production or, in other words, to
buffer manufacturing against demand peaks; see, e.g., Allen (1999). If products have limited
lifetimes, inventory holding is limited and buffer options to smooth production non-optimal
if accounting for quality issues. Smoothing resource utilization of bottleneck machines im-
ply inventory holding, but the focus is on workload that may be penalized bythe objective
function using, e.g., a piecewise linear function on workload costs. This is afrequently de-
scribed method in the production smoothing literature; see Yavuz and Akçali (2007), Kubiak
and Yavuz (2008).
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The lead time syndrome states that releasing jobs earlier increases in the system WIP and
thus lead times. Consequently, production smoothing should have a negativeeffect on lead
times. On the other hand, lead times rise exponentially with resource utilization. Asshown
by queuing models and also confirmed in practice (see Schulte (2012)), there is a desirable
operation sectorof utilization regarding the load-dependent capacity constraint (operation
curveor “Kennlinie” in German; see Nyhuis (1991), Breithaupt et al. (2002))of produc-
tion resources where slight reductions of utilization levels can lead to greatreductions in
lead times. This does not say much on WIP, but if workload measured in WIP isanother
performance indicator of utilization, then lead times can be reduced by holdingthe same
amount/level of WIP. Therefore, these levels or this operation sector should be targeted by
production smoothing actions.

8.4.1 Literature Review on Production Smoothing

Classical lot sizing models are triggered by demand and thus pertain to pull systems as pro-
duction, lot sizing, and setups are invoked due to demand. Such pull systems might apply
MtO and JIT principles in order to minimize WIP/FGI inventories and to maintain quality
standards by reducing overall sojourn or lead times and thus maximizing freshness (mini-
mizing ages) of items. These ideas and principles are subsumed tolean management. The
application of JIT principles requires a smooth production plan that implies no significant
variations in demands in order to maintain a certain performance level of the production sys-
tem where many methods or tools exist; see, e.g., Hopp and Spearman (2001), Özkavukcu
and Durmuşŏglu (2010), Monden (2011). For instance, the Toyota production system is the
famous example of the application of the JIT philosophy together with lean manufacturing
principles; see, e.g., Yavuz and Akçali (2007), Kubiak and Yavuz (2008), Monden (2011).
These concepts advice employ pull-oriented production control systems that are triggered
by demand (see, e.g., Yavuz and Akçali (2007)) which is the same for classical lot sizing
approaches. In this context, production smoothing at the tactical planning level may aim at
reducing the production’s (consumption, i.e. demand) rate variability at the final manufac-
turing stage in order to determine a robust/stable demand flow from previous manufacturing
stages that is necessary for a JIT system; see Yavuz and Akçali (2007). This becomes more
complicating with the increase of production mix and related product varieties required by
customers.

Production smoothing has mainly been taken into account in synchronized assembly line
systems; see, e.g., Yavuz and Akçali (2007), Kubiak and Yavuz (2008) and the references
therein. In this context, analysis concentrates, on the one hand, on the output rate of FGI
at the final assembly stage workstations also namedoutput rate variation (OVR)and, on
the other hand, on theproduct rate variation (PRV)which refers to the pull rate of WIP or
sub-assembly parts. Yavuz and Akçali (2007) state that the major part ofresearch is on the
PRV, possibly due to raised complexity regarding the settings and planning problem where
OVR is relevant. Setup times are frequently assumed as negligible in these production envi-
ronments and processing times allow to produce exactly one unit in a time period;see also
Yavuz and Akçali (2007), Kubiak and Yavuz (2008). Furthermore, multi-product schedul-
ing with the aim of smoothing workload in job shops has not been studies so faralthough
there is a great scheduling literature examining various manufacturing environments also
including identical parallel machines.

Yavuz and Tufekçi (2004) regard the PRV approach in a single (finalstage) workstation
system. Setup and processing time requirements are assumed to be arbitrary and time buck-
ets to be of equal length. Time buckets can be used for setups or processing of multiple
units of final products, or left idle. A two phase solution method is applied thatdetermines,
in the first phase, setups, batch sizes, and the lengths of time buckets and,in the second
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phase, sequences of end products. The authors report that the first phase is NP-hard and
the second phase relatively easy to solve due to its structure of discrete time periods that
allows for solving it as an assignemt problem; see Yavuz and Akçali (2007). They further
report that the solution process of large test instances applying exact optimization is very
time consuming, so that heuristics are proposed by, e.g., Yavuz et al. (2006). Kubiak and
Yavuz (2008) adopt the two phase methodology of Yavuz and Tufekçi (2004) and apply it
to JIT manufacturing for multiple products with a single bottleneck machine.

Production smoothing is frequently integrated in mathematical models by modifying the
objective function according to some criterion. Monden (2011) emphasizeon two issues re-
garding production smoothing: the first is namedusage goaland take into account the devia-
tion of theactualamount of cumulative production and consumption of production parts that
are assembled to the final product and the pre-specified orideal production/consumption
amounts; see also Yavuz and Akçali (2007). The second issue regards theloading goalof
a production system that emphasize on the deviation between actual workload of a produc-
tion resource and its ideal or predefined workload. These deviations are integrated into the
objective function of related optimization models, e.g., usingabsoluteof squaredvalues for
the deviation that can take positive or negative values; see, e.g., Figure 8.1 for a presentation
of ideal and cumulative production quantities in a discrete time horizon. As shown in Figure
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Figure 8.1: Ideal and actual cumulative production quantities; see Yavuzand Akçali (2007).

8.1, demand is assumed to be uniformly distributed over the regarded planninghorizon, so
that production smoothing implies the evenly partition of production in order to minimize
FGI; see Kubiak and Yavuz (2008). Deviations from the ideal cumulativeproduction quan-
tities and demand such as inventory holding and shortages are included into the objective
function and thus subject to minimization.

Decision regarding the integration of production smoothing criteria into the objective
function remains arbitrary according to Kubiak and Yavuz (2008) as there does not seem
to be any criterion superior over another. In fact, they include four decision criteria into the
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objective function in their study, i.e., the minimization of total production rate variations,
WIP, the maximization of system utilization, and responsiveness. Accordingto our analysis
so far, the two goals “minimization of WIP” and the “maximization of system utilization”
are conflicting. The goal “maximization of responsiveness” entails the minimization of av-
erage times of idle time periods, so that these might serve as buffer time that canbe used
for unexpected events, maintenance, and the like. The multi-objective problem is solved ap-
plying Pareto optimization; see Kubiak and Yavuz (2008). The authors define inequalities
regarding the time buckets that must be sufficiently long to allow for setting up thework-
station for the respective product and processing of the items, so that theavailable capacity
is not exceeded. Setup and processing times are assumed to be sequence-independent. The
inequalities that must be satisfied by the time bucket lengths are nonlinear and solved via
enumeration by Kubiak and Yavuz (2008). The goal of this model is to determine the opti-
mal length of time buckets regarding multiple criteria integrated in the objective function.

In classical lot sizing, the lengths of time buckets are assumed to be fixed andnot sub-
ject to decisions. The integration of a piecewise linear term in the objective function that
penalize high workloads or, in other words, the deviation from an ideal workload that allows
for significant lead time reductions while slightly reducing utilization, seems a promising
direction that we further proceed.

8.4.2 Integration of Production Smoothing via PSCU

The literature on production smoothing emphasizes production smoothing issues in the ob-
jective function. We follow this path and define a term that determines plannedoccupied
capacity named PSCU which is used in the objective function together with its cost factor
and assumed to be quadratic. We use the CLSP-P-LDCap-3 for implementationthat uses
setup carry overs:
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2 (8.28)

In case that overtime is interpreted as an extra shift thus an extension to regular production,
it should be included into the PSCU as follows:

PSCUt =

(

M

∑
m=1

N

∑
i=1

(ξi ·xit +sti ·yit )+Ot

)2

∀ t (8.29)

If overtime is interpreted rather as subcontracting where orders/jobs andrelated production
are outsourced, the component should not be included in the PSCU. The objective function
given in (8.22) is modified as follows:
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where the parameterpsct denotes the cost factor of planned smoothed capacity utilization
named PSCU, so that the costs attributed to processing, setups, and overtimeare equal. In
practice, overtime is more costly than regular production due to night shifts. Furthermore,
overtime should be the last option for production, so that we integrate additional overtime
costs in the objective function expressing the overtime (tarif) rate:
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The complete CLSP-P-LDCap-4 is given as follows:
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Table 8.5 presents the effect of the PSCU on the utilization. We use the model CLSP-P-
LDCap-4 and the example stated in Section 8.2 using cost parameters stated in Table 8.1 on
Page 63 assuming a time horizon ofT = 8.

As Table 8.5 shows, utilizationρt is relatively evenly distributed and so is production
over both production modes. Setups and related costs are not relevant inthis example as the
machine is set up once for productA, thus relevant costs are processing costs and inventory
holding costs where processing costs have a high relevance due to the quadratic term in the
objective function.

Production smoothing integrated via the quadratic term in the objective functional-
ways takes place, so that even if utilization is not significantly high, production is dis-
tributed/disseminated evenly on other time periods. High utilizations should be penalized
differently, e.g., beginning at 75% where lead times begin to increase significantly, in a
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Table 8.5: Numerical example to show load effects employing PSCU in Model CLSP-P-
LDCap-4

Data and Time periods

ΘA-values PI 1 2 3 4 5 6 7 8 9 10

dAt 0 0 0 0 0 0 0 0 0 300

ΘA = 10 xm=1
At 13 8 12 14 14 14 15 15 16 32

xm=2
At 14 20 16 16 16 16 16 16 16 0

xm=3
At 0 0 0 0 0 0 0 0 0 0

ρt 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3

X1At 140 140 139 138 137 136 135 135 134 133

X2At −113 −111 −110 −109 −107 −106 −105 −103 −102 −101

dAt 0 0 0 0 0 0 0 0 0 900

ΘA = 10 xm=1
At 19 16 10 9 10 10 12 13 13 70

xm=2
At 71 75 81 83 82 83 81 81 81 0

xm=3
At 0 0 0 0 0 0 0 0 0 0

ρt 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.7

X1At 36 35 35 34 33 32 31 30 30 70

X2At 54 55 57 58 59 61 62 63 65 0

dAt 0 0 0 0 0 0 0 0 0 1200

ΘA = 10 xm=1
At 9 10 6 7 7 8 9 9 10 70

xm=2
At 91 90 94 93 93 92 91 91 90 0

xm=3
At 21 21 21 21 21 22 22 22 22 37

ρt 1.2 1.2 1.2 1.2 1.2 1.2 1.2 1.2 1.2 1.1

X1At −15 −15 −15 −16 −16 −16 −16 −16 −17 8

X2At 136 136 137 137 137 138 138 138 139 99

ΘA = 5 xm=1
At 0 0 0 0 12 11 12 13 8 70

xm=2
At 0 0 0 0 88 89 88 87 92 0

xm=3
At 0 0 0 0 102 102 102 103 103 118

ρt 0.0 0.0 0.0 0.0 2.0 2.0 2.0 2.0 2.0 1.9

X1At 187 187 187 187 −150 −151 −151 −151 −151 −126

X2At −187 −187 −187 −187 353 353 353 354 354 314

ΘA = 1 xm=1
At 0 0 0 0 0 0 0 0 12 70

xm=2
At 0 0 0 0 0 0 0 0 88 0

xm=3
At 0 0 0 0 0 0 0 0 507 523

ρt 0.0 0.0 0.0 0.0 0.0 0.0 0.0 2.0 6.1 5.9

X1At 187 187 187 187 187 187 187 187−826 −801

X2At −187 −187 −187 −187 −187 −187 −187 −187 1433 1394

ΘA = 0 xm=1
At 0 0 0 0 0 0 0 0 0 70

xm=2
At 0 0 0 0 0 0 0 0 0 0

xm=3
At 0 0 0 0 0 0 0 0 0 1130

ρt 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 12.0

X1At 187 187 187 187 187 187 187 187 187−1813

X2At −187 −187 −187 −187 −187 −187 −187 −187 −187 3013
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Table 8.6: Numerical example to show load effects employing PSCU in Model CLSP-P-
LDCap-4 and varyingv-values

Data and Time periods

ΘA-values PI 1 2 3 4 5 6 7 8 9 10
v-values

dAt 0 0 0 0 0 0 0 0 0 900

ΘA = 10 xm=1
At 19 16 10 9 10 10 12 13 13 70

v= 1.0 xm=2
At 71 75 81 83 82 83 81 81 81 0

xm=3
At 0 0 0 0 0 0 0 0 0 0

ρt 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.7

X1At 36 35 35 34 33 32 31 30 30 70

X2At 54 55 57 58 59 61 62 63 65 0

ΘA = 10 xm=1
At 23 19 24 28 34 32 29 28 28 90

v= 0.8 xm=2
At 65 69 65 62 56 59 62 63 64 0

xm=3
At 0 0 0 0 0 0 0 0 0 0

ρt 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9

X1At 96 94 92 90 88 86 84 82 80 90

X2At −8 −5 −3 0 2 5 7 10 12 0

ΘA = 10 xm=1
At 12 7 9 8 7 5 8 8 8 56

v= 1.4 xm=2
At 80 85 84 85 87 89 87 87 88 0

xm=3
At 0 0 0 0 0 0 0 0 0 0

ρt 0.9 0.9 0.9 0.9 0.9 0.9 0.9 1.0 1.0 0.6

X1At 20 20 19 19 18 18 17 17 16 56

X2At 72 73 74 75 76 77 78 79 80 0

ΘA = 5 xm=1
At 0 0 0 0 6 6 4 4 6 56

v= 1.4 xm=2
At 0 0 0 0 94 94 96 96 94 0

xm=3
At 0 0 0 0 53 53 54 54 54 76

ρt 0.0 0.0 0.0 0.0 1.5 1.5 1.5 1.5 1.5 1.3

X1At 112 112 112 112 −41 −41 −42 −42 −42 −20

X2At −112 −112 −112 −112 195 195 195 195 196 152

ΘA = 1 xm=1
At 0 0 0 0 0 0 0 0 6 56

v= 1.4 xm=2
At 0 0 0 0 0 0 0 0 94 0

xm=3
At 0 0 0 0 0 0 0 0 361 383

ρt 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 4.6 4.4

X1At 112 112 112 112 112 112 112 112−349 −327

X2At −112 −112 −112 −112 −112 −112 −112 −112 810 766

ΘA = 0 xm=1
At 0 0 0 0 0 0 0 0 0 56

v= 1.4 xm=2
At 0 0 0 0 0 0 0 0 0 0

xm=3
At 0 0 0 0 0 0 0 0 0 844

ρt 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 9.0

X1At 112 112 112 112 112 112 112 112 112−788

X2At −112 −112 −112 −112 −112 −112 −112 −112 −112 1688
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harder way than distribute low capacity utilization. Therefore, we change the quadratic
PSCU to a piecewise linear functional term in the objective function.

8.4.3 Production Smoothing via Targeting Utilization Sectors

The PSCU smoothed production evenly on periods disregarding its utilization levels. There
is an operative utilization sector where utilization is relatively high, but lead timesrelatively
short that is reported to be around 85% of utilization; see also Section 5.4 and Figure 5.4 on
Page 26 or Figure 8.2. Therefore, it is desirable to smooth production or capacity utilization
around this value avoiding higher values as well as lower values.
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Figure 8.2: Approximation of load-dependent resource utilization costs for use in piecewise
linear cost function term in objective function.

The integration of a piecewise linear cost term that is used to motivate plannedcapacity
utilization to be in the described sector, i.e. between 70−85% might be done via the inser-
tion of SOS1, but we model the interval selection according to planned capacity utilization
employing binary variables, denoted byybt ∈ {0,1}. The breakpoints give the interval bor-
ders regarding the utilization sectors where, depending on the planned processing and setup
times, cost terms are selected, accordingly; see also Figure 8.2. In orderto correctly model
the cost terms, we differentiate between fixed utilization costs when a subsequent interval
(or sector) is reached and variable costs according to the planned utilizedcapacity units. In
each time periodt, an interval/sector according to the planned capacity utilization needs to
be selected:

B

∑
b=1

ybt = 1 ∀ t = 1, . . . ,T (8.32)

The planned capacity utilizataion in a time periodt is attributed to the load-dependent cost
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term as follows:
N

∑
i=1

3

∑
m=1

(ξi ·x
m
it +sti ·yit ) =

B

∑
b=1

pscubt ∀ t (8.33)

where the parameter pscubt denotes the planned smoothed capacity utilization attributed to
breakpointb in time periodt. Moreover, we define the intervals as follows:

pscubt ≤ ybt ·bB ∀ b= 1, . . . ,B, t = 1, . . . ,T (8.34)

pscubt ≥ bb ·ybt ∀ b= 1, . . . ,B, t = 1, . . . ,T (8.35)

pscubt ≤ bb+1 ·ybt ∀ b= 1, . . . ,B−1, t = 1, . . . ,T (8.36)

Inequalitites (8.34) gives the border of the last interval denoted by breakpointB. Inequalities
(8.35) denotes the lower limit of pscubt and (8.36) gives the upper limit. The borders of
the intervals/sectorsbb are parameters and thus input data. In order to integrate the load-
dependent processing and setup costs into the objective function, we define a fixed cost term
pcuf

b and a variable cost termpcuv
b, so that the objective function is modified as follows:

min
N

∑
i=1

T

∑
t=1

(

hiPit +φi · I
D
it +

[

B

∑
b=1

pcuf
b ·ybt +pscubt − pcuv

b ·ybt ·bb

]

+oci ·Ot

)

(8.37)

The load-dependent capacity utilization costs are chosen according to thebinary variable
ybt that becomes 1 if the utilization is in a certain interval. We attribute fixed costs for an
utilization intervalpcuf

b and variable costspscvb that give additional costs according to the
amount of items that utilize capacity.
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The complete CLSP-P-LDCap-5 is stated as follows:

CLSP-P-LDCap-5

min
N

∑
i=1

T

∑
t=1

(

hiPit +φi · I
D
it +

[

B

∑
b=1

pcuf
b ·ybt +pscubt − pcuv

b ·ybt ·bb

]

+oci ·Ot

)

subject to

xdispo
it = xm=1

it +xm=3
it − ID

it ∀ i, t = 1

xdispo
it = xm=1

it +xm=2
i,t−1+xm=3

it − ID
it ∀ i, t = 2, . . . ,T

Pit = Pi,t−1+

M

∑
m=1

xm
it −dit − ID

it ∀ i, t = 1, . . . ,T

Iit = Ii,t−1+xdispo
it −dit ∀ i, t = 1, . . . ,T

ID
it ≥

M

∑
m=1

t−ΘL
i

∑
u=1

xm
iu −

t

∑
u=1

diu −
t−1

∑
u=1

ID
iu ∀ i, t ≥ ΘL

i

M

∑
m=1

N

∑
i=1

(ξix
m
it +stiyit )≤ Capt +Ot ∀ t = 1, . . . ,T

N

∑
i=1

(

ξix
m=1
it +stiyit

)

≤ α ·Capt −β
2

∑
m=1

N

∑
i=1

(ξix
m
it +stiyit ) ∀ t = 1, . . . ,T

N

∑
i=t

(

ξi ·x
m=3
it +sti ·yit

)

= Ot ∀ t = 1, . . . ,T

M

∑
m=1

xm
it ≤

(

dk
+Capt

)

· (yit +zi,t) ∀ i, t = 1, . . . ,T

N

∑
i=1

zit ≤ 1 ∀ t = 1, . . . ,T

zit ≤ yi,t−1+zi,t−1 ∀ i, t = 1, . . . ,T
M

∑
m=1

xm
it ≥ xmin

i · (yit +zit ) ∀ i, t = 1, . . . ,T

B

∑
b=1

ybt = 1 ∀ t = 1, . . . ,T

pscubt ≤ ybt ·bB ∀ b= 1, . . . ,B, t = 1, . . . ,T

pscubt ≥ bb ·ybt ∀ b= 1, . . . ,B, t = 1, . . . ,T

pscubt ≤ bb+1 ·ybt ∀ b= 1, . . . ,B−1, t = 1, . . . ,T

Ii0 = Pi0 = IiT = PiT = 0 ∀ i

yit ∈ {0,1} ∀ i, t = 1, . . . ,T

Iit ,Pit ,x
m
it ≥ 0 ∀ m, i, t = 1, . . . ,T

with ∑N
i=1 ∑3

m=1(ξi ·xm
it +sti ·yit ) = ∑B

b=1pscubt ∀ t = 1, . . . ,T. In order to show the resulting
production smoothing, we use the example given in Table 8.1. We further assume a capacity
of Capt = 100 TU and that at 70%, forward shifting beginns (g= 0,7). Moreover, at 100%,
80% are shifted forward (e= 0,8) andv= 1.0.
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Table 8.7: Numerical example to show load effects including overtime and variations of
product lifetimes employing CLSP-P-LDCap-5

Data and Time periods

ΘA-values PI 1 2 3 4 5 6 7 8 9 10

dAt 0 0 0 0 0 0 0 0 0 500

ΘA = 10 xm=1
At 0 0 0 0 0 0 0 0 0 70

xm=2
At 0 0 0 35 70 70 85 85 85 0

xm=3
At 0 0 0 0 0 0 0 0 0 0

ρt 0.0 0.0 0.0 0.4 0.7 0.7 0.8 0.8 0.8 0.7

X1At 187 187 187 128 70 70 45 45 45 70

X2At −187 −187 −187 −93 0 0 40 40 40 0

ΘA = 5 xm=1
At 0 0 0 0 0 0 45 0 0 70

xm=2
At 0 0 0 0 85 85 40 85 90 0

xm=3
At 0 0 0 0 0 0 0 0 0 0

ρt 0.0 0.0 0.0 0.0 0.8 0.8 0.8 0.8 0.9 0.7

X1At 187 187 187 187 45 45 45 45 37 70

X2At −187 −187 −187 −187 40 40 40 40 53 0

ΘA = 3 xm=1
At 0 0 0 0 0 0 0 0 0 70

xm=2
At 0 0 0 0 0 0 0 100 100 0

xm=3
At 0 0 0 0 0 0 0 0 0 130

ρt 0.0 0.0 0.0 0.0 0.0 0.0 0.0 1.0 1.0 2.0

X1At 187 187 187 187 187 187 20 20 20−147

X2At −187 −187 −187 −187 −187 −187 80 80 80 347

As shown in Table 8.7, the capacity utilization is allocated, so that the target sectors for
production are met whose costs are lower than those of the higher utilizations. The lifetime
of itemA forces production and utilization to take place in the useful lifetime periods.

The forward shifting and thus the restriction on the first production mode including pro-
duction in periodt is limiting. Similarities to the CLSP-P regarding production in the previ-
ous period if capacity utilization in the current periodt is higher than nominal capacity are
clear, so that we compare the behavior and results of the CLSP-P-LDCap-5 to a CLSP-P
with the same extensions, i.e., overtime, minimal lot size requirements, setup carryovers,
and production smoothing given by the piecewise linear objective function term on capacity
utilization.

8.5 Some Excursion: Forward Shifting or Extended CLSP-P

The CLSP-P-LDCap-5 includes a hard constrain on production modem= 1 that restricts
production in this mode according to the load in the system. The forward shiftingparameters
can be adjusted regarding a specific production system, so that the load-dependent capacity
restriction becomes less restrictive as in the previous examples assuming a high forward
shifting with parametere= 0.8, so that 80% of items are shifted at 100% and only 20% can
be produced in the regarded period which is very restrictive. The CLSPshifts production
forward in case that the LP upper bound on capacity is reached, so thatLDLT are not
taken into account. This is changed using the target utilization sector approach including a
piecewise linear cost term on utizilization. As a consequence, restrictions on production in
periodt need not be restrictive as in the CLSP-P-LDCap-5. In the following, we state the
CLSP-P-5 and compare behavior and results of some numerical example withthose of the
CLSP-P-LDCap-5 given on Page 77. The extended CLSP-P-5 is statedas follows:
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CLSP-P-5

min
N

∑
i=1

T

∑
t=1

(

hiPit +φi · I
D
it +

[

B

∑
b=1

pcuf
b ·ybt +pscubt − pcuv

b ·ybt ·bb

]

+oci ·Ot

)

(8.38)

subject to

Iit = Ii,t−1+xit −dit − ID
it ∀ i, t = 1, . . . ,T (8.39)

ID
it ≥

t−ΘL
i

∑
u=1

xiu −
t

∑
u=1

diu −
t−1

∑
u=1

ID
iu ∀ i, t = 1, . . . ,T (8.40)

N

∑
i=1

(ξi ·xit +sti ·yit )≤ Capi +Ot ∀ i, t = 1, . . . ,T (8.41)

zit ≤ yi,t−1+zi,t−1 ∀ i, t = 1, . . . ,T (8.42)
N

∑
i=1

zit ≤ 1 ∀ i, t = 1, . . . ,T (8.43)

xit ≤ (dk
+Capt) · (yit +zit ) ∀ i, t = 1, . . . ,T (8.44)

xit ≥ xmin
i ≥ (yit +zit ) ∀ i, t = 1, . . . ,T (8.45)

pscubt ≤ ybt ·bB ∀ b= 1, . . . ,B, t = 1, . . . ,T (8.46)

pscubt ≥ bb ·ybt ∀ b= 1, . . . ,B, t = 1, . . . ,T (8.47)

pscubt ≤ bb+1 ·ybt ∀ b= 1, . . . ,B−1, t = 1, . . . ,T (8.48)

with pscubt = ∑N
i=1(ξi ·xit +sti ·yit ) ∀t = 1, . . . ,T.

In order to analyze/study the formulations, we take an example includingi = 5 products,
T = 10 macro periods, minimal lot sizesxmin

i = 20, and varying lifetimes 1)Θi = 10, 2)
Θi = 10, 3)Θi = 3, 4) Θi = 2, and 5)Θi = 1. The demand data is given in Table 12.1 in
the Appendice, Page VII where we take demand data of the first five products. Nominal
capacity is assumed to be Capt = 250,φi = 12, andoci = 10. Moreover, cost parameters as
given in Table 8.8 are used.

Table 8.8: List of time-infinite parameters for the comparison of CLSP-P-LDCap-5 and
CLSP-P-5

Product ξi sci hi sti

A 0.282 4.201 1.887 0.944

B 0.942 7.340 5.169 0.241

C 0.491 8.267 0.553 0.471

D 0.213 5.189 0.250 0.241

E 0.232 7.809 2.872 0.701

F 0.981 4.201 6.798 0.344

G 0.951 7.340 2.661 0.196

H 0.741 8.267 4.740 0.767

I 0.324 5.189 5.628 0.342

J 0.543 7.809 4.669 0.931

Furthermore, the costs of utilization for the utilization intervals are stated in Table8.9.
For the load-dependent capacicty constraint, we use parameterse= 0.4,g= 0.7,v= 1.0.

Table 8.11 presents total costs of the objective for all six cases regarding lifetimes of
items. The relatively high overall costs for the CLSP-P-LDCap-5 are mainly caused by the
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Table 8.9: Cost parameters of utilization intervals
Cost factor interval bordersb

0 175 213 225 2000

pcuf
b 1 42 83 238 523

pcuv
b 1 8 17 48 65

use of overtime due to the restrictions in production modesm= 1 andm= 2. Moreover,
inventory costs are higher for the CLSP-P-LDCap-5 in relation to those ofthe CLSP-P-5.
The same is valid for setups and their costs. The utilization costs of both models is the same
due to the same amount of items produced or disposed.

Table 8.10: Differences of overall costs comparing the CLSP-P-LDCap-5 and the CLSP-P-5

Lifetimes

Differences Θi = 10 Θi = 5 Θi = 3 Θi = 2 Θi = 1

Objective 3.419 3.419 3.421 3.431 3.460
Inventory costs 506 506 406 502 364

Setup costs −36 −36 −20 −33 −8
Disposal costs 0 0 0 0 −34
Overtime costs 3.156 3.156 3.240 3.160 3.289

Utilization costs −208 −208 −205 −197 −149

CLSP-P-LDCap-5

0

500

1.000

1.500

2.000

2.500

3.000

3.500

Lifetimes of items

C
o

s
ts

Total inventory costs

Total setup costs

Total disposal costs

Total overtime costs

Total utilization costs

Θ =10 Θ =5 Θ =3 Θ =2 Θ =1

Figure 8.3: Total costs of the CLSP-P-LDCap-5.

Figure 8.5 highlights the cost differences of the results of both models. Thus, positive
values show higher costs of the CLSP-P-LDCap-5 and negative valuesimply less costs. It
clearly shows that the CLSP-P-LDCap-5 results in significantly higher overtime costs due to
restrictions on production modem= 1. Moreover, the CLSP-P-LDCap-5 has slightly lower
setup costs and less disposal costs, but higher inventory holding costs.

The CLSP-P-LDCap-5 has three dimensions for production where the classical CLSP
needs two. This rises complexity and slows down the solution process.
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Figure 8.4: Total costs of the CLSP-P-5.

Cost differences CLSP-P-LDCap-5 versus CLSP-P-5

-500

0

500

1.000

1.500

2.000

2.500

3.000

3.500

Lifetimes of items

C
o

s
ts

Total inventory costs

Total setup costs

Total disposal costs

Total overtime costs

Total utilization costs

Θ =10 Θ =5 Θ =3 Θ =2 Θ =1

Figure 8.5: Differences in total costs of the CLSP-P-5 versus the CLSP-P-5 for the 5-product
case.
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Table 8.11: Comparison of results of the CLSP-P-LDCap-5 and the CLSP-P-5 regarding their overall costs withsti = 0

Lifetimes Lifetimes

Total costs Θi = 10 Θi = 5 Θi = 3 Θi = 2 Θi = 1 Θi = 10 Θi = 5 Θi = 3 Θi = 2 Θi = 1

Objective 5.524 5.524 5.527 5.578 5.786 2.106 2.106 2.106 2.147 2.326
Inventory costs 1.110 1.110 1.010 1.149 1.191 604 604 604 647 827

Setup costs 447 446.53 462.60 446.53 466.10 482 482 482 480 475
Disposal costs 0 0 0 0 0 0 0 0 0 34
Overtime costs 3.156 3.156 3.240 3.160 3.289 0 0 0 0 0

Utilization costs 812 812 815 822 841 1.020 1.020 1.020 1.020 990



Chapter 9

Remanufacturing and Rework

In this section, we introduce rework and remanufacturing of externally returned items and
internally passed items. Therefore, in Section 9.1, we develop models that take into account
remanufacturing and modify them to include rework of internally passed items inSection
9.2.

9.1 Remanufacturing of Returns

Remanufacturing is the disassembly, restoring/refurbishing of worn out products that are
returned from the customer. Therefore, returned itemsGit from customers are regarded as
the source of items that need to be reworked. Remanufacturing is integratedinto the plan-
ning and scheduling of regular products. A fourth production modem= 4 is defined that
represents remanufacturing, i.e., the rework of externally returned items.The following as-
sumptions are added to those stated previously:

16. Returns presented by parameterGit are externally given and push returned items in
the system requiring production modem= 4 to process or discard them, accordingly;

17. remanufactured items reacquire an “as-good-as-new” quality, so that their lifetime
fully restored or, in other words, reset to zero;

18. The remanufacturing rate of items is given in relation to regular processing, i.e.,ξi/r.
We assume that the remanufacturing is smaller or equal regular production,so that
r ≤ ξi with r > 0. This is done in order to favor in-line rework. Certainly, it gives
flexibility also to define rework more time-consuming than regular processing.Values
higher thanr = 1 express that rework employs more time than regular production.
This assumption should be proofed or discarded by empirical data.

19. Neither regular storage space of FGI or returned items are restricted;

20. Returned items that may not serve for demand satisfaction are discarded immediately,
so that the pull character of the system is still prevalent. A setup is enforced in case of
positive returns even if disposal for all returned items in that period takesplace. This
might be interpreted as some fixed cost encountered due to handling of returns.

21. Returned items can be processed together with other production modes regarding the
same producti, so that no additional setup for remanufacturing is necessary.

We integrate remanufacturing in the CLSP-P-LDCap-5 that name CLSP-P-LDCap-R1.
The CLSP-P-LDCap-R1 is stated as follows:
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CLSP-P-LDCap-R1

min
N

∑
i=1

T

∑
t=1

(

hiPit +φi · I
D
it +

[

B

∑
b=1

pcuf
b ·ybt +pscubt − pcuv

b ·ybt ·bb

]

+oci ·Ot

)

(9.1)

subject to

xdispo
it = xm=1

it +xm=3
+xm=4− ID

it ∀ i, t = 1 (9.2)

xdispo
it = xm=1

it +xm=2
i,t−1+xm=3

it +xm=4
it − ID

it ∀ i, t = 2, . . . ,T (9.3)

Pit = Pi,t−1+

M

∑
m=1

xm
it −dit − ID

it ∀ i, t = 1, . . . ,T (9.4)

Iit = Ii,t−1+xdispo
it −dit ∀ i, t = 1, . . . ,T (9.5)

ID
it ≥

M

∑
m=1

t−ΘL
i

∑
u=1

xm
iu −

t

∑
u=1

diu −
t−1

∑
u=1

ID
iu ∀ i, t ≥ ΘL

i (9.6)

M

∑
m=1

N

∑
i=1

(ξix
m
it +stiyit )≤ Capt +Ot ∀ t = 1, . . . ,T (9.7)

N

∑
i=1

(

ξix
m=1
it +stiyit

)

≤ α ·Capt −β
3

∑
m=1

N

∑
i=1

(ξix
m
it +stiyit ) ∀ t = 1, . . . ,T (9.8)

Git = ξi ·x
m=4
it ∀ i, t = 1, . . . ,T (9.9)

N

∑
i=t

ξi ·x
m=3
it = Ot ∀ t = 1, . . . ,T (9.10)

M

∑
m=1

xm
it ≤

(

dk
+Capt

)

· (yit +zi,t) ∀ i, t = 1, . . . ,T (9.11)

N

∑
i=1

zit ≤ 1 ∀ t = 1, . . . ,T (9.12)

zit ≤ yi,t−1 ∀ i, t = 1, . . . ,T (9.13)
M

∑
m=1

xm
it ≥ xmin

i · (yit +zit ) ∀ i, t = 1, . . . ,T (9.14)

Ii0 = IiT = 0 ∀ i (9.15)

yit ∈ {0,1} ∀ i, t = 1, . . . ,T (9.16)

Iit ,Pit ,x
m
it ≥ 0 ∀ m, i, t = 1, . . . ,T (9.17)

Inequalities (9.9) and (9.10) do not contain setup times, because these areaccounted for
in (9.7) and (9.8). Modifications are performed in Equalities (9.2) and (9.3)that adds pro-
duction modem= 4. This formulation has several drawbacks additionally to the complexity
of the model that is further increased.

• Returns of items are not allowed to be higher than nominal capacity in a time period
Capt . We might argue that allowing for returns higher than available capacity is not
reasonable if no additional capacity for remanufacturing is available,

• No other production modes may be used for remanufacturing, because production
modem= 4 for remanufacturing is an input parameter, so that returns are forcedto
be reworked in the period they arrive or discarded.
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Due to these additional drawbacks, we try a more flexible formulation regarding the
processing of returned items. Furthermore, we adopt the CLSP-P for extension regarding
remanufacturing and rework. Therefore, we subsequently distinguishbetween setup and re-
manufacturing of returned items and regular/overtime production and integrate remanufac-
tured items in the inventory balance equations while adding an inventory balance equation
for remanufactured/returned items according to van den Heuvel (2004).

We add the following assumptions for the remanufacturing approach that wename
CLSP-P-R-6 which is based on the CLSP-P-5 given in Section 8.5 on Page79.

22. remanufacturing/rework of items is faster than regular processing assuming that
passed products do not have to return to every step of the production process;

23. Reworking items and setting up for them is less costly and time consuming than for
regular production;

24. The machine is either set up for regular production or for reworking. These setup
states are carried over or changed, accordingly;

25. The machine can only be in one setup state, thus either producing regular products or
reworking passed/returned items. In other words, parallel processingis not allowed;

26. Setting up for rework and reworking increases machine utilization, so that these costs
are added in the utilization cost term in the objective function;

27. Minimal lot sizes do not apply for rework batches because they should be reworked
immediately when returned, so that they do not need to wait before enough items are
returned and their quality decreases further while waiting;

28. Returned or passed items may waitΘr
i TU in rework inventory. If this time elapses

or returned/passed items are not in time to serve for demand satisfaction, theyare
discarded;

29. Returns are assumed to be a fraction of demanded items.

The relation of returns to demand is given using the following form to calculatethem:

Git = (1−αR
i ) ·dit (9.18)

In practice, forecasts of returns apply that are rather difficult to be established; see Toktay
et al. (2003).

The underlying decision process of the model is depicted in Figure 9.1: returned items
that are a percentage of items previously demanded and stated in (9.18) arecollected in the
rework inventory. Dependening on the deterministic demand that triggers thesystem and,
consequently, returned items, it is decided whether to rework or dispose returned items in a
first step.
The constraint regarding disposed returned items is given as follows:

IDr
it ≥

t−Θr
i

∑
u=1

xr
iu −

t

∑
u=1

Giu −
t−1

∑
u=1

IDr
iu ∀ i, t = 1, . . . ,T (9.19)

The possibility to rework items is restricted by the returned item lifetimeΘr
i as shown in

the first term of (9.19). We further integrate a rework/remanufacturing inventory balance
equation to characterize the flow of remanufacutring stated as follows:

I r
it = I r

i,t−1+Gt −xr
it − IDr

it ∀ i, t = 1, . . . ,T (9.20)
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Figure 9.1: Depiction of the remanufacturing/rework/production processapplied on the
CLSP-P-R-6.

The returned items/rework inventory balance is given by returned items thatwere already
in inventory since previous periodst −1, by new external returnsGit less those items that
are reworked/remanufactured to serve for demand satisfaction and those that are discarded,
because there is no demand in the range of their lifetime restrictions. After remanufactur-
ing of items, they regain full quality standards, so that they are indistinguishable of regular
produced products and enter FGI. Rework/remanufacturing of returned items is further re-
stricted by the amount of returns:

xr
it ≤ Git ∀ i, t = 1, . . . ,T (9.21)

Constraint (9.21) prevents fromphantomreworked items are taken from “out of nowhere”
from the model and might further serve as a cutting plane to speed up the solution find-
ing process. Reworked/remanufactured items either serve to satisfy demand dit in period
t or they enter regular inventoryIit until they are used for demand together with regularly
produced itemsxit stated in the following constraint:

Iit = Ii,t−1+xit +xr
it −dit − ID

it ∀ i, t = 1, . . . ,T (9.22)

Disposals at this stage are due to minimal lot size constraints on regular production, because
these models avoid wastage in the first place as shown before; see also Pahl and Voß (2010),
Pahl et al. (2011). As stated elsewhere, we solely constrain regular production to comply
to a specific minimal lot size. Disposals of regular and/or reworked items on that stage are
determined as follows:

ID
it ≥

t−Θi

∑
u=1

(xiu +xr
it )−

t

∑
u=1

d ju −
t−1

∑
u=1

ID
iu ∀ i, t = 1, . . . ,T (9.23)

The modification to the disposal constraint is done in the first term where reworked items
that are now as good as new are restricted by the regular lifetime of itemi.
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The complete extended CLSP-P-R-6 is stated as follows:

CLSP-P-R-6

N

∑
i=1

T

∑
t=1

(

sci ·yit + rsci ·y
r
it +hi · Iit +hr

i · I
r
it +φi · I

D
it +φ r

i · I
Dr
it

)

(9.24)

+

N

∑
i=1

T

∑
t=1

[

B

∑
b=1

pcuf
b ·ybt +pscubt − pcuv

b ·ybt ·bb

]

+oci ·Ot

subject to

Iit = Ii,t−1+xit +xr
it −dit − ID

it ∀ i, t = 1, . . . ,T (9.25)

I r
it = I r

i,t−1+Gt −xr
it − IDr

it ∀ i, t = 1, . . . ,T (9.26)

xr
it ≤ Git ∀ i, t = 1, . . . ,T

ID
it ≥

t−Θi

∑
u=1

(xiu +xr
it )−

t

∑
u=1

diu −
t−1

∑
u=1

ID
iu ∀ i, t = 1, . . . ,T

IDr
it ≥

t−Θr
i

∑
u=1

xr
iu −

t

∑
u=1

Giu −
t−1

∑
u=1

IDr
iu ∀ i, t = 1, . . . ,T

Capt +Ot ≥
N

∑
i=1

(ξi ·xit +sti ·yit + t ·ξ r
i ·x

r
it + rst ·yr

it ) ∀ t = 1, . . . ,T (9.27)

xit ≤
(

dk
+Capt

)
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Ii0 = IiT = 0 ∀ i (9.34)
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pscubt ≤ ybt ·bB ∀ b= 1, . . . ,B, t = 1, . . . ,T

pscubt ≥ bb ·ybt ∀ b= 1, . . . ,B, t = 1, . . . ,T

pscubt ≤ bb+1 ·ybt ∀ b= 1, . . . ,B−1, t = 1, . . . ,T
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Dr
it ,Ot ≥ 0 ∀ i, t = 1, . . . ,T (9.37)

The objective function minimizes total costs of regular production and rework setups,
inventory and rework inventory holding where the latter is less costly, disposal of regularly
produced items and returned items, load-dependent utilization costs, and overtime. Setup
costs are taken into account additionally to the unit times of nominal capacity included in
the utilization term, so that setup variables are set correctly. Constraints (9.25) denote the
inventory balance equation of regular production with the modification of the rework of re-
turned itemsi that are available for demand satisfaction in periodt. Constraints (9.26) state
the returned items inventory balance equation that is composed by returned itemst that were



9.2. INTEGRATION OF IN-LINE REWORK 88

in inventory in previous periodst −1, returned itemsGit , less those items that are reworked
xr

it and disposal of returned itemsIDr
it . Constraints (9.18) require that the amount of reworked

items can never be greater than returns. Inequalities (9.23) and (9.19) determine the items
that are dispose due to lifetime restriction of regular or returned items and according to
demand requirements. Returned items can stay in returned inventory until theirrework life-
timegiven byΘr

i expires; see also Figure 4.1 in Section 4.1.2 on Page 16. Constraints (9.27)
present the regular capacity restriction including capacity consumption dueto rework and
rework setups. These are stated as LP upper bounds as in the classicalCLSP. LDLT are
accounted for regarding the utilization term in the objective function that is penalized by
load-dependent costs. Constraints (9.28) and (9.29) give the setups for regular or rework
batches that can be carried over from/to the next period in both cases. Nevertheless, the ma-
chine state requires being set up exactly for one product of regular production of rework or
not at all which is presented by Constraints (9.30). Inequalities (9.31) and (9.32) determine
the setup carry over of machine stateszit . Inequalities (9.33) present the minimal lot size
requirements that are required only for regular production. This can beeasily modified for
the specific practical case.

In case that rework/remanufacturing of returned items is waiting dependent, the capacity
restriction can be modified as follows:

Capt +Ot ≥
N

∑
i=1

(ξi ·xit +sti ·yit + t ·ξ r
i ·x

r
it + rst ·yr

it ) ∀ t = 1, . . . ,T (9.38)

so that rework/remanufacturing processing times become longer the more returns stay in
rework inventory.

The resting Inequalities (9.34), (9.35), (9.36), and (9.37) denote initial and ending inven-
tory levels, binary variables regarding setups, and non-negativity constraints.

9.2 Integration of In-Line Rework

Parts and products in the production system might be required to be reworked due to mis-
conform to production or quality standards, if technically possible.

The following rework model includes returned items (recycling) as well as rework of
passed items (interally passed). Therefore, assumptions are modified or added as follows:

30. Items that pass their useful (quality) lifetime while being in stock before theserve
for demand satisfaction are passed to the internal rework system to regainquality
standards;

31. Passed items need not necessarily be rework if there is not enough demand, so that
such items are disposed immediately. Rework in that sense is some kind of virtual
prolungation of lifetime.

Rework of internally passed items make sense in case that there is a demand in the near
future for these items and rework is less costly than regular production or,in our case as this
is included, remanufacturing of externally returned items.

The complete extended CLSP-P with minimal lot sizes, setup carry overs, production
smoothing (CLSP-P-5) and remanufacturing/rework of returned items andinternally passed
items is stated as follows:
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CLSP-P-R-7
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Chapter 10

Numerical Study and Results

In order to analyze the behavior of the CLSP-P-R-7, the model is implemented1 in Xpress-
IVE calculating test instances on a computer with an Intel Core(TM) 2 Duo CPU processor
with 1.60 GHz and 1.6 GB RAM. Relatively large test instances are calculated employing
20 products and 50 time periods. As stated by Haase and Kimms (2000), test instance sizes
with less than 10 items and up to 20 periods may already be of practical relevance.

In Table 10.1 parameters are stated that are equal to all test instances mainlydefining
relations of parameters of returns. Returns are calculated as in Equation (9.18) where a
fraction ofαR

i = 0.06 is assumed, so that the return rates are high with 94%. Return rates
for fashion clothes at catalogue retailers may be less high, but in comparison to other prod-
ucts still high (de Koster et al. (2002)) with around 60%. Other authors report return rates
from customers to be approximately 6%, but such rates significantly vary byindustries; see
Rogers and Tibben-Lembke (2001). Therefore, we study two cases employing very high
returns rates of 94% and very low rates of 6%.

Table 10.1: List of time-infinite remanufacturing/rework parameters for all productsi
Product rsci rpci rhi φ r

i ξ r
i Θr

i

i sci/10 pci/100 hi φi ξi/10 4

The intervals/borders and costs for utilization are given in Table 10.2. Theborders need
to be modified according to capacity and expected use of overtime.

Table 10.2: Cost parameters of utilization intervals
Cost factor Interval bordersb

0 700 850 900 5000

pcuf
b 1 42 83 238 523

pcuv
b 1 8 17 48 65

A number of 6· 4 · 4 · 4 · 5 = 1.920 test instances were generated combining different
parameter profiles and variations using the test data generator describedin Seipl (2009); see
also Pahl et al. (2011) for a study with SDST and costs. Lifetimes are assumed to be equal
for all products. They are varied assuming different parameter values. Other variations are
executed for machine load profiles,time between orderss (TBOs), minimal lot sizes, and
demand profiles as follows:

1This is valid for all presented models.
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• number of products := 20,

• number of periods := 50,

• five different demand profiles assuming a Gamma distribution,

• lifetimesΘL
i := 0,1,2,3,5,10,

• machine loads := 0.75,0.8,0.9,1.0,

• TBO profiles := 1,2,3,4,

• minimal lot sizes := 0,20,50,100,

The distribution of demand profiles on products is assumed to be rather low in order to cre-
ate solvable test instances and in regard of the assumptions on used item returns. Nominal
capacities are fixed to 1.000 TU that are used by the generator to calculate product coeffi-
cients and setup times for all products. Setup times are randomly generated numbers that
take into account available capacity that is not exceeded in order to generate solvable test
instances. The same is valid for the generation of production coefficients that checks ca-
pacity utilization in order to create multiplicators that correct processing rates, accordingly.
The mean TBO is further determined using the classical EOQ formula. It expresses the fre-
quency of demands for specific products. For instance, theTBO= 1 denotes that the related
product is demanded in every time period.

The maximum solving time for each test instance is fixed to 60 seconds, so that optimal-
ity gaps are prevalent. The optimality gap denotes the differences between the best bound
and the best incumbent solution.2 Additionally, all test instance are feasible and at least one
solution is found.

Calculation results are further tested with theWilcoxon signed rank test (W-SRT)for
matched pairs to compare, e.g., the diffculty to find a solution regarding a certain charac-
teristic. The W-SRT is a statistical test that abstracts from a specific distribution for its test
samples. It gives information if the location parameters of the distribution of twosamples
are shifted regarding a certain value generally denoted byµ. The formulation of the null
hypothesis assumes that distributions are equal, i.e.,µ = 0. The test statistic and an er-
ror probabilityα give information if the null hypothesis (“the medians of the distributions
are equal”) can be rejected. The W-SRT is employed regarding single characteristics, e.g.,
TBO, item lifetimes, minimal lot sizes, loads, as well as matched pairs of liftimes/minimal
lot sizes, TBO/lifetimesΘL

i , TBO/minimal lot sizes, and loads/minimial lot sizes. The ta-
bles show the resultingp-values of the W-SRT. These denote the probability that a certain
test sample or an even rarer test sample is observed under the consideration of the null
hypothesis. In other words, thep-value states the smallest test level where the regarded
sample is still significant. Consequently, if thep-value is smaller or equal a chosenα-value
that gives the error to reject the null hypothesis although it is true, the nullhypothesis is
rejected; see Duller (2008). If thep-value is greater than theα-value, the null hypothesis is
not rejected implying that the distribution is not shifted. Values smaller than anα-value of
0.05 are highlighted. Thisα-value is employed for all tables and interpretations. The tables
are symmetric due to the matching of characterizations and their correspondingoptimality
gaps.

2See also http://www.gams.com/dd/docs/solvers/xpress.pdf.
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10.1 Analysis of Resulting Costs and Optimality Gaps

In a first study, the resulting costs of the test instances are analyzed thatpermit conclusions
on the optimal plans and their characteristics. Therefore, test instances with solutions im-
plying overall costs that are lowest are compared with those who result in highest costs are
analyzed regarding their underlying parameter combinations. We expect test instances with
lowest costs to be those with no minimal lot size constraints, long lifetimes of items, low
loads, and high values of TBOs.

10.1.1 Test Instances with Return Rates of 94%

Table 10.3 confirms the expectations for load values and TBOs, but surprisingly not for
lifetimes that are rather arbitrary with values ranging fromΘL

i = 2 to ΘL
i = 5. Furthermore,

test instances 1010−1014 and 1510−1514 have minimal lot size constraints ofxmin
i = 20.

The number of rework setups is significantly high over those of regular production which is
due to the high return rates of 94% and the preference on rework implied bycost parameters.

Table 10.3: Test instances with lowest costs and return rates of 94%
Nr. of optimality Nr. of Nr. of rework
test instance gap in % ΘL

i TBO load xmin
i objective setups setups

1010-1014 6.03 3 3 0.75 20 9.788.120 92 444
1510-1514 6.47 5 4 0.75 20 9.799.570 69 452
1495-1499 6.27 3 4 0.75 0 9.801.950 96 457
1478 7.11 2 4 0.75 0 9.803.960 124 464
1475-1479 7.39 2 4 0.75 0 9.803.960 124 464
1035-1039 6.55 5 3 0.75 0 9.807.570 98 444

On the other hand, it is expected that test instances with highest costs are those that in-
clude lifetimes ofΘL

i = 0 which implies alot-for-lot policy and minimal lot size constraints
with high values which is confirmed by results given in Table 10.4. A lot-for-lot policy is re-
quired due to zero lifetimes of items resulting in a storage inflexibility. It denotes aplan that
includes lot sizes that match demand of products in the regarded period, sothat inventory
is not build up and the machine has to be set up every time. Lot sizes are not aggregated.
The model does not need to evaluate various aggregations of lot sizes and inventory combi-
nations neither for regular production nor for rework, so that these test instances are solved
rather fast and close to optimality, but to the expense of highly increased costs. A zero life-
time is included in this study to demonstrate the well behavior of the model. Nevertheless,
a lifetime ofΘi = 0 is rarely of practical relevance and there is no need for a mathematical
model to find a solution.

Table 10.4: Test instances with highest costs and return rates of 94%
Nr. of optimality Nr. of Nr. of rework
test instance gap in % ΘL

i TBO load xmin
i objective setups setups

222-224 35.28 0 1 0.8 100 16.305.400 244 453
220-221 35.29 0 1 0.8 100 16.305.400 244 453
1420-1424 9.42 0 3 1 100 17.105.500 257 441
940-944 10.03 0 2 1 100 17.218.800 256 438
460-464 13.37 0 4 1 100 17.717.300 254 433

Results regarding TBOs are arbitrary with values ranging fromTBO= 1 to TBO=

4. Test instances with highest costs show mainly highest loads except fortest instances
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Figure 10.1: Lowest overall costs regarding test instances with return rates of 94%.

222−224 and 220−221 with loads of 0.8%. Related detailed costs are depicted in Figures
10.1 and 10.2 and their values given in Tables 10.5 and 10.6.

Table 10.6 shows that inventory holding is not permitted for intances with zerolifetimes
regarding regular production. Minimal lot size constraints with valuexmin

i = 100 character-
izing test instances with highest costs cause increased processing costsin contrast to those
with lowest costs that are not subject to such constraints or that contain rather low require-
ments. High values for minimal lot size constraints further lead to enhanced disposal costs
which is also valid for rework disposals in comparison to test instances with lowest overall
costs. Overtime costs are superior for test instances with highest overallcosts than for those
with lowest overall costs that might also be due to minimal lot size constraints. Utilization
costs for test instances with both lowest and highest costs are significantlyincreased for
some test instances with aTBO= 4 except for test instances 1478 and 1475-1479.

Figures 10.1 and 10.2 demonstrates that the significantly highest cost categories for test
instances with both lowest and highest overall costs are the same, e.g., processing and over-
time costs. Nevertheless, this might be also due to cost parameters assumed for the numeri-
cal study, so this has to be relativized.

The influences of parameters and thus test instance combinations on the solution process
expressed by the optimality gap due to solution time restrictions are analyzed subsequently.
Test instances that experience lowest and highest optimality gaps have characteristics as
shown in Tables 10.7 and 10.8.

Test instances with lowest optimality gaps are those that have a zero lifetime withΘL
i = 0

and zero minimal lot size constraints. In fact, we expect the minimal lot size to have a high
impact on the solution process that has been already experienced while testing the model
behavior with small numerical examples. Although the load of test instances resulting in
lowest overall costs is highest with 1.0%, it does not have a great influence the solution
process. This is confirmed by the W-SRT in Section 10.4.

Test instances with highest optimality gaps are those that have rather high values of
minimal lot size constraints. However, characteristics regarding lifetimes, loads, and TBOs
are arbitrary ranging fromΘL

i = 0 toΘL
i = 10,TBO= 1 toTBO= 4, loads of 0.750.9% and

minimal lot sizes fromxmin
i = 20 toxmin

i = 100. High values for minimal lot size constraints
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Table 10.5: Test instances with lowest overall costs with detailed cost categories for test instances with return rates of 94%

Costs regarding
Nr. of optimality rework rework rework
test instance gap in % ΘL

i TBO load xmin
i objective processing processing inventory inventory disposal disposal overtime utilization

1010-1014 6.03 3 3 0.75 20 9.788.120 4.126.300 478.724 71.331 4.108 9.523 149.731 4.136.650 811.751
1510-1514 6.47 5 4 0.75 20 9.799.570 3.917.110 482.036 54.870 1.871 33.923 104.651 4.163.740 1.041.370
1495-1499 6.27 3 4 0.75 0 9.801.950 3.918.760 481.837 53.254 1.870 30.273 105.024 4.170.480 1.040.460
1478 7.11 2 4 0.75 0 9.803.960 4.075.520 481.314 30.642 2.46851.155 110.799 4.302.120 749.943
1475-1479 7.39 2 4 0.75 0 9.803.960 4.075.520 481.314 30.642 2.468 51.155 110.799 4.302.120 749.943
1035-1039 6.55 5 3 0.75 0 9.807.570 4.122.190 478.960 67.325 3.807 13.411 148.865 4.149.370 823.644

Table 10.6: Test instances with highest overall costs with detailed cost categories for test instances with return rates of 94%

Costs regarding
Nr. of optimality rework rework rework
test instance gap in % ΘL

i TBO load xmin
i objective processing processing inventory inventory disposal disposal overtime utilization

222-224 35.28 0 1 0.8 100 16.305.400 7.014.760 480.220 0 35.722 617.122 522.488 7.456.730 178.314
220-221 35.29 0 1 0.8 100 16.305.400 7.014.760 480.220 0 35.722 617.122 522.488 7.456.730 178.314
1420-1424 9.42 0 3 1 100 17.105.500 8.608.960 448.999 0 14.726 311.547 576.057 6.445.420 699.820
940-944 10.03 0 2 1 100 17.218.800 8.960.950 441.603 0 27.111234.033 628.141 5.934.740 992.207
460-464 13.37 0 4 1 100 17.717.300 9.110.410 439.109 0 10.480214.049 629.947 6.210.230 1.103.090
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Figure 10.2: Highest overall costs regarding test instances with return rates of 94%.

Table 10.7: Test instances with lowest optimality gaps and return rates of 94%
Nr. of optimality Nr. of Nr. of rework
test instance gap in % ΘL

i TBO load xmin
i objective setups setups

1919 0.15 0 4 1 0 15.928.300 412 421
1435-1439 0.71 0 3 1 0 15.933.700 418 422
1916-1918 0.81 0 4 1 0 15.928.300 412 421
475 0.83 0 1 1 0 16.014.300 412 423
1915 0.84 0 4 1 0 15.928.300 412 421
476-479 0.86 0 1 1 0 16.019.000 418 425
955 0.99 0 2 1 0 15.944.600 421 422
956-959 1.02 0 2 1 0 15.944.600 421 422
355-359 1.45 0 1 0.9 0 13.666.100 437 441

Table 10.8: Test instances with highest optimality gaps and return rates of 94%
Nr. of optimality Nr. of Nr. of rework
test instance gap in % ΘL

i TBO load xmin
i objective setups setups

222-224 35.28 0 1 0.8 100 16.305.400 244 453
220-221 35.29 0 1 0.8 100 16.305.400 244 453
1765-1769 35.99 10 4 0.9 50 12.260.900 36 411
1540 40.94 0 4 0.75 100 16.007.800 278 421
810-814 41.06 10 2 0.9 20 12.362.700 90 423
1541-1544 41.32 0 4 0.75 100 16.007.800 278 421
1290-1294 41.38 10 3 0.9 20 12.400.100 43 423
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are expected to cause significant optimality gaps, but short lifetimes andTBOs= 3,4 are
expected to facilitate the solution process. Detailed analysis is provided subsequently.

10.1.2 Test Instances with Return Rates of 6%

The test instances that experience return rate of 6% demonstrate optimality gaps of 0% as
shown in the following tables. Overall costs are significantly higher than those for return
rates of 94%, because regular production is more expensive than rework of returned items
or internally passed products.

Table 10.9: Test instances with lowest costs and return rates of 6%
Nr. of optimality Nr. of Nr. of rework
test instance gap in % ΘL

i TBO load xmin
i objective setups setups

0 0.02 1 1 0.75 100 48.617.600 491 467
1465-1469 0 2 4 0.75 50 48.875.200 490 482
1480-1484 0 3 4 0.75 100 48.875.300 493 481
970-973 0 1 3 0.75 20 48.875.300 489 481
1475-1479 0 2 4 0.75 0 48.875.400 493 470
1485-1488 0 3 4 0.75 50 48.875.400 491 473

These results are similar to those for return rate of 94%. Nevertheless, theminimal lot
sizes show higher values and the number of setups for regular production are enhanced due
to an increased regular production, because returns are lower. Surprisingly, test instances
with ΘL

i = 1 pertain to those with the lowest overall costs which is unexpected.

Table 10.10: Test instances with highest costs and return rates of 6%
Nr. of optimality Nr. of Nr. of rework
test instance gap in % ΘL

i TBO load xmin
i objective setups setups

940-944 0 0 2 1 100 49.787.600 491 442
469-467 0 0 1 1 50 49.787.700 491 443
471-473 0 0 1 1 50 49.787.800 491 443
476-477 0 0 1 1 50 49.788.000 491 443
460-463 0 0 1 1 50 49.788.300 491 445

Table 10.10 presents a similar picture regarding the test instances with highest resulting
costs including return rates of 94%. Highest costs of test instances are caused by a lot-for-lot
policy due to zero lifetimes. Furthermore, loads are highest. Surprisingly, minimal lot sizes
are not necessarily at the highest value which is true only for some test instances. However,
the resting value are high withxmini = 50.

Table 10.11 gives the results of those test instances that demonstrate highest optimality
gaps. In comparison to those test instances with return rates of 94%, optimalitygaps are
very low which is due to the return rate of 6%. Consequently, the return ratehas a great
influence on the solution process.

Table 10.12 and Table 10.13 show detailed costs of the test instances that result in plans
with lowest and highest costs. The processing costs are the greatest part of overall costs
that are higher than for those test instances with 94% return rates. This is due to enhanced
regular production due to low return rates of 6%. Disposals and rework disposals are for all
test instances near to zero despite for test instance 0 and 970−973. No overtime takes place
for those test instances with lowest overall costs that might be due to a rather low load of
75%.
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Table 10.11: Test instances with highest optimality gap and return rates of 6%
Nr. of optimality Nr. of Nr. of rework
test instance gap in % ΘL

i TBO load xmin
i objective setups setups

1856-1859 0.53 3 4 1 0 49.650.900 373 441
842 0.54 1 2 1 100 49.684.400 403 455
1810-1814 0.54 1 4 1 20 49.656.300 447 443
840-844 0.56 1 2 1 100 49.692.300 456 441
856-859 0.56 1 2 1 0 49.694.900 381 423
850-853 0.57 1 2 1 20 49.684.900 478 445
855-858 0.57 1 2 1 0 49.697.400 453 442
1320-1324 0.58 1 3 1 100 49.688.200 422 441

10.2 Influences of Lifetime Constraints

The lifetime is expected to have a significant influence on the solution processand thus on
the optimality gap. Surprisingly, results shown in Table 10.14 reveal that the mean optimal-
ity gap is rather small for test instances with a lifetime ofΘL

i = 2 andΘL
i = 3 which was not

expected. Test instances with lifetimes ofΘL
i = 0 have a rather high mean optimality gap.

The same is valid for test instances withΘL
i = 10 lifetimes.

Table 10.15 shows another picture regarding the influence of lifetimes of theoptimality
gap where, e.g., test instances withΘL

i = 0 experience optimality gaps between 0.15−
41.32%, so that it might be a reasonable assumption that another parameter may cause
these significant differences which is expected to be the minimal lot size. Therefore, further
analysis including a pairwise W-SRT regarding lifetimes and minimal lot sizes is executed
and results are given in Tables 13.1 and 13.2 in the appendices.

The p-values determined by executing the W-SRT regarding the influence of lifetimes
on the optimality gap are given in Table 10.16 revealing that the median of distributions
is not equal for lifetimesΘL

i = 2 andΘL
i = 5 as well as forΘL

i = 1 andΘL
i = 10. This is

also confirmed by some results given in Table 10.15. These show great differences between
resulting optimality gaps for test instances with lifetimesΘL

i = 5,10, but also forΘL
i = 0

which is not confirmed by thep-values in Table 10.16.
Results in Table 10.16 further show that the medians of distributions forΘL

i = 2 and
ΘL

i = 3 are not significantly shifted, so that the probability to observe a certain test sample
or an even rarer one is rather high with 88.7%. The same is valid forΘL

i = 0 andΘL
i = 2,

but only with a probability of 48.9%.
Table 10.17 presents thep-values regarding the lifetime of test instances with 6% return

rate which gives a different picture of the influence of the lifetime on the solution process
where thep-values are significantly smaller than the error probability ofα = 0.05 for test
instances withΘL

i = 1 and all other lifetimes despiteΘL
i = 0. For lifetimesΘL

i = 2 and
ΘL

i = 3, the p-values are high both for return rate 6% as well as 94% with 88.7% and
99.2%, respectively.

The W-SRT on pairwise parameters regarding lifetime and minimal lot sizes given in
Tables 13.1 and 13.2. Despite some exceptions, it is observable that the differences in the
medians of the distributions regarding the test instances are significant forlifetimesΘL

i = 1
andΘL

i = 10 versusΘL
i = 2 andΘL

i = 3, but regarding all minimal lot sizes values, so that
this characteristic seems not be responsible for the differences regarding the optimality gap
for test instances with the same lifetime. Nevertheless, while closer examining thecharacter-
istics of test instances with return rates of 94% and their mean optimality gaps, it becomes
obvious that high mean optimality gaps are due to a high value of the minimal lot size con-
straints independent of the other characteristics such as the load or the TBO as shown in
Table 10.18. Values greater than 10% are highlighted. The complete Tables 13.3 and 13.4
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Table 10.12: Test instances with lowest overall costs with detailed cost categories for test instances with return rates of 6%

Costs regarding
Nr. of optimality rework rework rework
test instance gap in % ΘL

i TBO load xmin
i objective processing processing inventory inventory disposal disposal overtime utilization

0 0.02 1 1 0.75 100 48.617.600 48.566.500 31.001 7.617 1 29 0 0 12.404
1465-1469 0 2 4 0.75 50 48.875.200 48.834.000 31.171 3.840 17 0 0 0 6.150
1480-1484 0 3 4 0.75 100 48.875.300 48.834.000 31.171 3.499 9 0 0 0 6.615
970-973 0 1 3 0.75 20 48.875.300 48.834.000 31.180 3.675 19 188 0 0 6.180
1475-1479 0 2 4 0.75 0 48.875.400 48.834.000 31.171 3.345 13 0 0 0 6.789
1485-1488 0 3 4 0.75 50 48.875.400 48.834.000 31.171 4.181 61 0 0 0 5.914

Table 10.13: Test instances with highest overall costs with detailed cost categories for test instances with return rates of 6%

Costs regarding
Nr. of optimality rework rework rework
test instance gap in % ΘL

i TBO load xmin
i objective processing processing inventory inventory disposal disposal overtime utilization

940-944 0 0 2 1 100 49.787.600 48.834.000 31.171 0 273 0 0 365.474 556.601
469-467 0 0 1 1 50 49.787.700 48.834.000 31.171 0 518 0 0 365.412 556.541
471-473 0 0 1 1 50 49.787.800 48.834.000 31.171 0 547 0 0 365.461 556.589
476-477 0 0 1 1 50 49.788.000 48.834.000 31.171 0 586 0 0 365.537 556.661
460-463 0 0 1 1 50 49.788.300 48.834.000 31.171 0 480 0 0 365.771 556.886
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Table 10.14: Mean optimality gap of different lifetimes for test instances with return rates
of 94%

Mean optimality Mean
gap in % Lifetime best solution

5.84 ΘL
i = 2 11.989.084

5.91 ΘL
i = 3 11.904.251

6.95 ΘL
i = 5 11.833.043

6.99 ΘL
i = 1 12.271.117

8.01 ΘL
i = 0 13.413.630

11.12 ΘL
i = 10 11.849.873

Table 10.15: Analysis regarding the variations of lifetimes regarding test instances with
return rates of 94%

Lifetime Optimality gap in % Best solution
lowest highest lowest highest

ΘL
i = 0 0.15 41.32 15.928.290 16.007.751

ΘL
i = 1 3.48 17.55 15.169.797 11.066.587

ΘL
i = 2 3.03 9.34 14.792.317 9.979.803

ΘL
i = 3 1.92 11.25 14.573.429 10.310.650

ΘL
i = 5 2.44 29.25 14.405.461 14.436.627

ΘL
i = 10 2.33 41.38 14.411.491 12.400.745

Table 10.16: W-SRT regarding Lifetimes and their influence on the optimality gapfor test
instances with return rates of 94%

ΘL
i = 0 ΘL

i = 1 ΘL
i = 10 ΘL

i = 2 ΘL
i = 3 ΘL

i = 5

ΘL
i = 0 0.00000 0.00000 0.00000 0.48957 0.23532 0.00642

ΘL
i = 1 0.00000 0.00000 0.00140 0.00000 0.00000 0.00000

ΘL
i = 10 0.00000 0.00140 0.00000 0.00000 0.00000 0.00000
ΘL

i = 2 0.48957 0.00000 0.00000 0.00000 0.88728 0.17042
ΘL

i = 3 0.23532 0.00000 0.00000 0.88728 0.00000 0.08047
ΘL

i = 5 0.00642 0.00000 0.00000 0.17042 0.08047 0.00000

Table 10.17: W-SRT regarding Lifetimes and their influence on the optimality gapfor test
instances with return rates of 6%

ΘL
i = 0 ΘL

i = 1 ΘL
i = 10 ΘL

i = 2 ΘL
i = 3 ΘL

i = 5

ΘL
i = 0 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

ΘL
i = 1 0.00000 0.00000 0.01318 0.00528 0.01171 0.00030

ΘL
i = 10 0.00000 0.01318 0.00000 0.87080 0.79250 0.30999
ΘL

i = 2 0.00000 0.00528 0.87080 0.00000 0.99241 0.21444
ΘL

i = 3 0.00000 0.01171 0.79250 0.99241 0.00000 0.19892
ΘL

i = 5 0.00000 0.00030 0.30999 0.21444 0.19892 0.00000
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including all minimal lot size constraints is given in the Apendice.
The p-values for test instances with return rates of 6% demonstrate different results; see

Table 14.1 and 14.2 in the Appendice. For instance, thep-value regardingΘL
i = 0 and all

values of minimal lot sizes for all other pairs regarding lifetimes are significantly lower than
the error probability assumed withα = 0.05, despite pairs (5;50) versus (0;100), (0;20),
and (0;50), but these have a rather low probability to observe such sampleor an even rarer
sample ranging from 58% to 9.24%. Therefore, there is a great influence regarding a zero
lifetime on the solution process. Another observation that can be made regards the return
rates that cause very different results. Consequently, return rates are important aspects of
the model leading to very different results and inexpected behaviors.

Table 10.18: Average gap in % regarding lifetimes of test instances with return rates of 94%
and minimal lot sizesxmin

i = 50 andxmin
i = 100

Lifetimes
xmin

i Load TBO ΘL
i = 0 ΘL

i = 1 ΘL
i = 2 ΘL

i = 3 ΘL
i = 5 ΘL

i = 10

100 0.75 1 22.81 9.64 7.77 11.25 9.91 10.78
2 17.86 10.27 8.88 8.04 7.72 9.25
3 20.89 8.75 7.51 7.34 7.76 8.19
4 41.24 10.03 7.21 7.52 8.39 7.48

0.8 1 35.28 8.09 7.51 7.48 7.21 10.01
2 16.86 7.15 5.65 5.81 6.82 6.10
3 17.35 8.11 7.66 5.65 6.24 8.11
4 30.39 8.60 6.77 6.22 6.59 6.93

0.9 1 15.39 5.98 6.47 5.21 4.62 5.44
2 13.45 5.54 3.91 4.64 4.75 5.09
3 13.64 4.98 4.00 5.23 5.33 28.74
4 13.39 6.03 5.96 5.73 5.58 6.22

1.0 1 10.03 3.48 3.94 2.11 2.44 2.33
2 10.03 3.80 3.03 3.77 4.59 24.69
3 9.42 4.19 3.36 3.49 4.76 22.00
4 13.37 4.48 3.06 4.09 4.50 5.53

10.3 Influence of Minimal Lot Size Constraints

As already reviously examined and confirmed, minimal lot size constraints significantly
influence the solution process, so that test instances with rather high minimal lot sizes have
a higher optimality gap which is already demonstrated regarding lifetime constraints in
Section 10.2. Table 10.19 presents the mean optimality gaps and mean best solutions of
the objective regarding the minimal lot size constraints for test instances with return rates
of 94%. The mean optimality gap is smallest for test instances that have a minimal lot
size constraint ofxmin

i = 0 and highest for test instances withxmin
i = 100. Nevertheless,

optimality gaps vary between 0.15−29.22% forxmin
i = 0 and 1.92−41.32% forxmin

i = 100
as shown in Table 10.20 which is not surprising due to previous analysis.

Mean optimality gaps for minimal lot size constraints ofxmin
i = 20 andxmin

i = 50 are
rather close that is also shown in Table 10.20 and Table 10.21 where the latterpresents
the p-values of the related W-SRT. Thep-values given in Table 10.21 confirm no signif-
icant differences for these minimal lot size pairs. However,p-values of minimal lot sizes
xmin

i = 20 andxmin
i = 0, xmin

i = 50 andxmin
i = 0 as well asxmin

i = 50 andxmin
i = 100 de-

note significant differences in the medians of the distributions regarding test instances with
such characteristics. Moreover, specific optimality gaps of test instanceswith these charac-
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Table 10.19: Mean optimality gap of different minimal lot sizes for test instances with return
rates of 94%

Mean optimality Minimal Mean
gap in % lot size best solution

6.56 xmin
i = 0 12.103.680

7.11 xmin
i = 50 12.154.666

7.25 xmin
i = 20 12.112.402

8.97 xmin
i = 100 12.469.918

teristics significantly vary as shown in Table 10.20, so further analysis on their underlying
characteristics is provided in Table 10.23.

Table 10.20: Analysis regarding the variations of minimal lot sizes for test instances with
return rates of 94%

Minimal lot size Optimality gap in % Best solution
lowest highest lowest highest

xmin
i = 0 0.15 29.22 15.928.290 9.952.864

xmin
i = 20 2.33 41.38 15.930.762 12.400.745

xmin
i = 50 2.44 35.99 15.977.751 12.260.896

xmin
i = 100 1.92 41.32 14.573.429 16.007.751

Table 10.21: W-SRT analyzing the influences of the minimal lot size constrainton the opti-
mality gap retarding test intances with 94% return rates

xmin
i = 0 xmin

i = 100 xmin
i = 20 xmin

i = 50

xmin
i = 0 0.00000 0.00000 0.04069 0.00012

xmin
i = 100 0.00000 0.00000 0.00000 0.00003
xmin

i = 20 0.04069 0.00000 0.00000 0.10581
xmin

i = 50 0.00012 0.00003 0.10581 0.00000

In contrast to Table 10.21, Table 10.22 presenting thep-values for test instances with
return rates of 6% show no significant differences between the medians of the distributions
regarding the difficulty to find the optimality gap. Nevertheless, probabilities to observe the
same or an even rarer test sample are with 11.7% forxmin

i = 100 versusxmin
i = 0 and 28.46%

for xmin
i = 50 versusxmin

i = 0.
Table 10.18 also provides information on the influence of the minimal lot size andlife-

times on the mean optimality gap of test instances with return rates of 94%.
Table 10.23 demonstrates that for a lifetimeΘL

i = 0, a minimal lot size constraintxmin
i =

100, and all load-values, the mean optimality gap is higher than 10%. Mean optimality gaps
greater than 10% are highlighted in the table revealing high values forΘL

i = 10,xmin
i = 100,

and loads 0.9−1.0 as well asΘL
i = 10 and load 1.0 for all minimal lot size parameters.

10.4 Influences of the Load on the Optimality Gap

The load profiles are taken in order to calculate the production coefficientsand setup times.
They might have an influence on the optimality gap which is examined using the W-SRT.
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Table 10.22: W-SRT analyzing the influences of the minimal lot size constrainton the opti-
mality gap retarding test intances with 6% return rates

xmin
i = 0 xmin

i = 100 xmin
i = 20 xmin

i = 50

xmin
i = 0 0.00000 0.11744 0.44639 0.28465

xmin
i = 100 0.11744 0.00000 0.43796 0.64644
xmin

i = 20 0.44639 0.43796 0.00000 0.78432
xmin

i = 50 0.28465 0.64644 0.78432 0.00000

Table 10.23: Average gap in % regarding test instances with return rates of 94% sorted by
minimal lot sizes, lifetimes and loads

Minimal lot sizes
ΘL

i Load xmin
i = 0 xmin

i = 20 xmin
i = 50 xmin

i = 100

0 0.75 5.46 4.22 7.37 25.70
0.8 4.78 6.00 7.09 24.97
0.9 2.03 4.23 4.32 13.97

1 0.82 2.93 3.51 10.71
1 0.75 8.38 9.09 11.04 9.67

0.8 7.46 7.86 7.94 7.99
0.9 6.44 6.17 7.10 5.63

1 4.62 4.43 4.04 3.99
2 0.75 7.62 8.17 7.80 7.85

0.8 6.21 7.20 7.49 6.90
0.9 4.64 4.72 5.13 5.09

1 4.12 3.73 3.46 3.35
3 0.75 7.26 7.79 8.13 8.54

0.8 6.84 7.16 6.13 6.29
0.9 4.54 5.51 6.55 5.20

1 3.86 3.81 3.67 3.37
5 0.75 12.27 7.48 7.65 8.44

0.8 6.54 6.66 6.69 6.71
0.9 5.36 5.06 4.96 5.07

1 9.61 4.36 10.31 4.07
10 0.75 7.75 14.65 8.64 8.92

0.8 6.05 7.36 6.87 7.79
0.9 4.83 23.20 13.24 11.37

1 19.93 12.15 11.47 13.64
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However, the resultingp-values are given in Table 10.24 and show that the load profiles
have no influence on the optimality gap.

Table 10.24: Influences of the load on the optimality gap retarding test intances with 94%
return rates

(0.75) (0.8) (0.9) (1.0)

(0.75) 0.00000 0.00000 0.00000 0.00000
(0.8) 0.00000 0.00000 0.00000 0.00000
(0.9) 0.00000 0.00000 0.00000 0.00000
(1.0) 0.00000 0.00000 0.00000 0.00000

Table 10.25: Influences of the load on the optimality gap retarding test intances with 6%
return rates

(0.75) (0.8) (0.9) (1.0)

(0.75) 0.00000 0.00000 0.00000 0.00000
(0.8) 0.00000 0.00000 0.75125 0.00000
(0.9) 0.00000 0.75125 0.00000 0.00000
(1.0) 0.00000 0.00000 0.00000 0.00000

Resultingp-values in Table 10.25 for return rates of 6% denote a probability to observe
the same or an even rarer sample with 75.12% for loads 0.9 and 0.8.

10.5 Influences of the TBO

The mean time between orders (TBO) is calculated by the EOQ formula. Table 10.26
presents the mean optimality gaps and mean best solutions of test instances with the same
TBO-values. A TBO-value of 1 results in lowest mean optimality gaps which is also con-
firmed by Table 10.27. Nevertheless, optimality gaps vary for this TBO-valuebetween
0.83−35.29%. Differences between the lowest and highest optimality gap are largest for
TBO= 4 which might be due to minimal lot size constraints.

Table 10.26: Analysis regarding the variations ofTBOfor test instances with return rates of
94%

Mean optimality Mean
TBO gap in % best solution

TBO= 1 6.81 12.297.877
TBO= 3 7.67 12.150.428
TBO= 2 7.69 12.204.705
TBO= 4 7.72 12.187.655

The resultingp-values for the W-SRT on the influence of the TBOs on the optimality
gap is given in Table 10.28. They are above the error probabilityα = 0.05, so that there is
no significant differences between the medians of the distributions regarding the optimality
gap of related test instances. Nevertheless, for TBO-pairs (2;1) and (4;1), the probabilities
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Table 10.27: Analysis regarding the variations of TBOs for test instanceswith return rates
of 94%

TBO Optimality gap in % Best solution
lowest highest lowest highest

TBO=1 0.83 35.29 16.014.317 16.305.356
TBO=2 0.99 41.06 15.944.802 12.364.183
TBO=3 0.71 41.38 15.933.709 12.400.745
TBO=4 0.15 41.32 15.928.290 16.007.751

Table 10.28: Influences of the TBO on the optimality gap retarding test intances with 94%
return rates

TBO=1 TBO=2 TBO=3 TBO=4

TBO=1 0.00000 0.11776 0.60146 0.26619
TBO=2 0.11776 0.00000 0.60568 0.94673
TBO=3 0.60146 0.60568 0.00000 0.53889
TBO=4 0.26619 0.94673 0.53889 0.00000

to observe a certain test sample or an even rarer one are 11% and 26%, respectively. The
differences in the optimality gaps presented in Table 10.27 are examined more closely in
Table 10.30.

In contrast to this, thep-values for test instances with a return rate of 6% given in Table
10.29 demonstrate significant differences in the medians of distributions regarding TBOs.
This is rather surprising as greater differences with greater TBO-differences are expected.

Table 10.29: Influences of the TBO on the optimality gap retarding test intances with 6%
return rates

TBO=1 TBO=2 TBO=3 TBO=4

TBO=1 0.00000 0.00625 0.00000 0.00000
TBO=2 0.00625 0.00000 0.00162 0.00001
TBO=3 0.00000 0.00162 0.00000 0.17445
TBO=4 0.00000 0.00001 0.17445 0.00000

The results given in Table 10.30 reveal that the differences of optimality gaps presented
in Table 10.27 result mainly from minimal lot size constraints, especially from a value
xmin

i = 100 for all TBO-values where the optimality gap is highest forTBO= 4 and load
0.75% with 24.6%. Furthermore, mean optimality gaps are larger than 10% for test in-
stances with lifetimeΘL

i = 10 and TBO-values 2−4. The test instances withΘL
i = 10 and

TBO= 3 resulting in a mean optimality gap of 25.97% have additional characteristics, i.e.
a minimal lot size constraint ofxmin

i = 20, load of either 0.75 or 0.9 that give highest opti-
mality gaps of 41.38% and 33.88% which is rather unexpected regarding the minimal lot
size value.

10.6 W-SRT Regarding for Pairwise Parameter Combinations

The influence of the combination regarding lifetime and minimal lot sizes are already stud-
ied in Section 10.2. In the following, the combined influences of the TBO/lifetime, the
load/minimal lot size, and the TBO/minimal lot size are examined. Related tables are given
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Table 10.30: Average gap in % regarding test instances with return rates of 94% sorted by
TBOs, lifetimes and minimal lot sizes

Mean time between orders (TBO)
ΘL

i xmin
i TBO=1 TBO=2 TBO=3 TBO=4

0 0 2.95 4.04 2.94 3.16
20 4.57 4.67 3.83 4.31
50 5.92 5.81 5.82 4.75

100 20.88 14.55 15.33 24.60
1 0 6.43 6.97 6.79 6.69

20 6.49 6.87 7.52 6.65
50 6.86 8.41 7.26 7.59

100 6.80 6.69 6.51 7.29
2 0 5.72 5.64 5.36 5.88

20 5.99 5.86 5.95 6.01
50 6.10 6.49 5.33 5.95

100 6.42 5.37 5.63 5.75
3 0 5.59 5.70 5.48 5.73

20 6.31 5.89 5.68 6.39
50 6.11 5.99 5.75 6.63

100 6.51 5.57 5.43 5.89
5 0 10.22 5.74 5.57 12.25

20 5.89 5.78 5.99 5.90
50 6.17 11.68 5.98 5.78

100 6.04 5.97 6.02 6.26
10 0 5.67 10.93 10.54 11.42

20 6.30 19.03 25.97 6.06
50 6.28 10.27 6.65 17.01

100 7.14 11.28 16.76 6.54

in the Appendice. An error probability ofα = 0.1 is regarded andp-values highlighted,
accordingly.

Tables 13.5 presents thep-values regarding the pairwise tested TBO and lifetime and
their influence on the optimality gap. Significant differences in the means of thedistribu-
tions regarding the test instances exist, e.g., for pairs (2;1) and (1;0) withp-value 6%. The
same is valid for (2;10) and (1;0) with 0.001%. Moreover, (4;1) and (4;10) versus (1;0)
demonstrate significantly different medians given by lowp-values, i.e., 4.88% and 0.12$.
Thep-values regarding pair (3;1) and all other pairs show also significant differences despite
pair (2;1), (4;1), and (4;10); see row of (3;1) in Table 13.5. The latter is not surprising, be-
cause the lifetimes are equal despite for (4;10). Furthermore, the pairs (1;1) and all pairs for
the lifetimes andTBO= 2 despiteΘL

i = 1 as well as all liftimes andTBO= 3 show signifi-
cant differences. The same is valid for pairs (4;0) and (1;1) with ap-value of 0.76% or pair
(4;10) versus all pairs (1;all) despite lifetimeΘL

i = 10, so that the differences in the medians
regarding the distributions of the test instances might derive from the different TBO-values.
Surprisingly, the differences are not significant for lifetimesΘL

i = 1 versusΘL
i = 10. We

expect these lifetimes to create significant differences. This migh derive from a rework life-
time Θr

i = 4, but further test are needed on this issue. Regarding the pairs (4;1) versus pairs
with TBO= 2 including all lifetimes despiteΘL

i = 1, thep-values are also very low ranging
from 0.003% to 0.499%. The same is valid for pairs (4;10) despite pair (2;3) withp-values
ranging from 0.013% to 4.96%. Therefore,TBO= 2 andTBO= 4 demonstate differences.
Surprisingly, the same is valid for (1;1) versus pair withTBO= 2 andTBO= 3 including
all liftime values despite (2;1) that has probability of 76.4% to observe a certain or even
lower sample, so that alsoTBO= 1, TBO= 2, andTBO= 3 have significant differences
including nearly all lifetimes which is not expected. Tables 14.1 and 14.2 presents different
results where clear differences exist betweenTBO= 1 and all other TBO-values including
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all liftime values despiteΘL
i = 0.

Table 13.7 give thep-values for pairs regarding the TBO and minimal lot sizes. Also
here, the influence of the minimal lot size seem prevalent, e.g., regarding pairs (2;100) ver-
sus (1;20), (1;50), and (2;0). For instance, pairs (2;100) and (1;100) with 51.8% have a
higher probability to observe this or an even rarer sample, so that the minimal lot size might
have a higher influence on the solution process than the TBO. The same is valid for pairs
(3;0) versus (2;100), (2;20), and (2;50) where pairs (3;0) and (2;0)have a probability of
12.98% which is rather low. Additionally, this pattern is repeated for pairs (3;20)and (3;50)
versus (3;0) as well as (3;100) clearly demonstrating lowp-values. Wherep-values for 94%
return rates do not show a clear picture, Table 14.5 denoting results for 6% return rates con-
firms the expectance that higher and lower TBO-values show significant differences in their
medians of distributions. For instance,TBO= 3 andTBO= 4 demonstrate lowp-values in
comparison toTBO= 1 including all minimal lot sizes, so that the latter do not influence
the solution process. The same is valid regardingTBO= 2 versusTBO= 4.

Tables 13.8 and 13.9 present thep-values for pairs of loads and minimal lot sizes re-
garding their influence on the solution process. It shows that significantdifferences in the
medians exist for pairs (0.75;50) and (0.75;0) as well as (0.75;50) and (0.75;100), so that
it seems that these differences derive rather from the minimal lot size constraints clearly
demonstrating differences forxmin

i = 0, xmin
i = 50, andxmin

i = 100. This is also true regard-
ing thep-values for loads of 0.9 where significant differenes exist for these pairs regarding
xmin

i = 0-xmin
i = 20,xmin

i = 0-xmin
i = 50, andxmin

i = 20-xmin
i = 100, andxmin

i = 50-xmin
i = 100.

Nevertheless, significant differences are also shown by pairs (0.8;20) and (0.75;20), so that
these differenes derive from the different loads.
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Chapter 11

Conclusions and Further Research
Directions

In this work, we developed optimization models for aggregate production planning based
on classical lot sizing models that take into account the problem of lead times that are depen-
dent on the workload of production systems. This phenomenon is prevailing inpractice and
should be regarded in planning. Classical methods like mrp, MRP II that areimplemented
in ERP systems do not provide related tools or planning methods. An increaseof workload
in the system leads to increases of lead times, so that items have to wait at various steps of
the production system. There is empirical evidence that lead times increase exponentially
with the workload long before 100% resource utilization is reached, so thatplanned and
realized lead times vary significantly. Additionally empirical evidence shows that flustering
due to the workload of a production resource takes place, so that outputsare not produced
at a specific constant production rate, but at a fraction of the original rate, so that planned
outputs are not realized. There are few model approaches accountingfor the link between
order releases, planning and capacity decisions to lead times taking into account the sys-
tem workload as well as lot sizing and sequencing decisions. We studied different model
formulations that directly approach the problem with lead times that are load dependent us-
ing diverse methods. These have their advantages and disadvantages.Therefore, the choice
was made to pursuit with the proposed approach that account for lot sizing decisions in
order to directly capture the planning circularity regarding lot sizes, setups, and capacity
utilization. We developed different formulations for production smoothing for the tactical
planning level. Up to date, production smoothing is rather accounted for the operational
planning level regarding scheduling decisions mainly in the environment of synchronized
assembly line systems. No model approaches have been proposed for thetactical planning
level regarding lot sizing, so far. Our production smoothing approaches distribute produc-
tion jobs evenly or in a way that a certain target utilization sector is achieved, so that LDLT
are avoided.

Besides, a major objective of this work is to regard effects of LDLT on the quality of
items. If items have a certain lifetime, i.e., time interval in which they are useful for further
employment in production or consumption, lead times that are load-dependentmight lead to
enhanced quality losses of waiting items. In the worst case, they cannot beused for demand
satisfaction and need to be discarded or reworked if technically possible.The consideration
of limited lifetimes is a hard constraint on inventory management and its integration into
mathematical models for lot sizing, production, and inventory management an important
issue. One may argue that longer storage times are avoided by mathematical models by ac-
counting for inventory holding costs in the objective function. This is true, but there is a
difference between being able to store products for long time periods and not being able
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due to lifetime constraints. In this regard, we further regarded aspects ofsustainability such
as avoidance of disposals caused by limited lifetimes of items, rework and remanufactur-
ing issues. We proposed related models further including features, e.g., overtime, minimal
lot size constraints, and setup carry overs in order to minimize their effects on resource
utilization thus already taking into account some scheduling at this stage. Two models are
developed based on the CLSP-P that include possibilities of remanufacturing of externally
returned items and rework of internally passed items that is waiting dependent.An exten-
sive numerical study on this model is executed analyzing functionality and characteristics
regarding complexity and its implications on the solution finding process. The influence of
constraints, e.g., minimal lot size constraints, lifetimes, workloads, etc. are studied. Two dif-
ferent returns rates of items were assumed that significantly influenced results, so that return
rates turn out to be a very important input factor to the model which confirms conclusions
from other authors that the return or recycling rates significantly influences the planning pro-
cess. Besides, minimal lot size constraints are a complicating factor of planning, not only
regarding lifetime constraints, but the overall planning process. Therefore, more research is
needed on this influencing factor.

Further research directions that are pursuited are the development of network flow for-
mulations for proposed models and their comparison regarding complexity andefficiency of
solution finding. Besides, we are interested in integrating FGI distribution decisions to the
customer accounting for aspects of packaging and decision making on transportation modes
in order to maintain quality while minimizing negative influences on the environment. This
includes the reformulation of different objectives in the objective functionof mathematical
models that are dominated by profit maximization or cost minimization up to date. Addition-
ally, stochastic influences are prevalent regarding LDLT, so that another research direction
is to study the influence of stochastic events on the model behavior and the resulting plan
using szenario techniques and deterministic/stochastic decomposition approaches. With the
introduction of the GSCM and related research, a change is perceptible in the research liter-
ature. We pursuit this important topic by enhancing consciousness and sensitivity regarding
sustainability in the production (planning) process.
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Chapter 12

Data for Testing Behavior and
Mechanisms of Models: Results

The example to show the load effects is taken from Table 8.1 on Page 61 with thefollowing
demand fori = 10 products.

Table 12.1: Numerical example to show load effects: demand data
Data and performance Time periods

indicators 1 2 3 4 5 6 7 8 9 10

DemanddAt 79 74 72 48 16 72 19 73 73 52

DemanddBt 47 7 85 72 85 55 32 14 65 70

DemanddCt 11 58 85 12 7 42 50 33 80 47

DemanddDt 9 60 61 90 30 59 73 69 72 24

DemanddEt 81 85 39 54 20 70 96 1 83 21

DemanddFt 64 74 56 29 66 87 65 60 90 76

DemanddGt 99 3 82 31 53 66 33 53 89 20

DemanddHt 61 33 33 80 80 54 70 60 99 67

DemanddIt 50 95 82 99 64 93 49 30 30 11

DemanddJt 0 0 13 25 42 87 15 54 41 30
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Table 13.1: W-SRT on pairwise lifetime and minimal lot sizes and their influence onthe optimality gap for test instances with return rates of 94% forp-values
until pair (10;50)

(0;0) (0;100) (0;20) (0;50) (1;0) (1;100) (1;20) (1;50) (10;0) (10;100) (10;20) (10;50)

(0;0) 0.00000 0.00000 0.00122 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(0;100) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(0;20) 0.00122 0.00000 0.00000 0.00027 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(0;50) 0.00000 0.00000 0.00027 0.00000 0.00011 0.00008 0.00001 0.00001 0.00262 0.00000 0.00000 0.00001
(1;0) 0.00000 0.00000 0.00000 0.00011 0.00000 0.74699 0.74440 0.19511 0.96324 0.00239 0.00171 0.11671
(1;100) 0.00000 0.00000 0.000000.00008 0.74699 0.00000 0.91842 0.39244 0.89273 0.00515 0.00634 0.09137
(1;20) 0.00000 0.00000 0.000000.00001 0.74440 0.91842 0.00000 0.38022 0.94149 0.01857 0.00747 0.16883
(1;50) 0.00000 0.00000 0.000000.00001 0.19511 0.39244 0.38022 0.00000 0.47445 0.09468 0.05186 0.29067
(10;0) 0.00000 0.00000 0.000000.00262 0.96324 0.89273 0.94149 0.47445 0.00000 0.02227 0.00328 0.08499
(10;100) 0.00000 0.00000 0.00000 0.000000.00239 0.00515 0.01857 0.09468 0.02227 0.00000 0.53437 0.50667
(10;20) 0.00000 0.00000 0.00000 0.000000.00171 0.00634 0.00747 0.05186 0.00328 0.53437 0.00000 0.09951
(10;50) 0.00000 0.00000 0.000000.00001 0.11671 0.09137 0.16883 0.29067 0.08499 0.50667 0.09951 0.00000
(2;0) 0.00000 0.00000 0.00000 0.81641 0.00002 0.00040 0.00001 0.00003 0.00306 0.00000 0.00000 0.00000
(2;100) 0.00000 0.00000 0.00004 0.81109 0.00078 0.00231 0.00020 0.00008 0.03161 0.00001 0.00000 0.00006
(2;20) 0.00000 0.00000 0.000000.28911 0.00475 0.00711 0.00118 0.00046 0.01647 0.00000 0.00000 0.00067
(2;50) 0.00000 0.00000 0.000000.40371 0.00861 0.00951 0.00778 0.00028 0.07064 0.00003 0.00000 0.00088
(3;0) 0.00000 0.00000 0.00000 0.74695 0.00001 0.00129 0.00010 0.00003 0.00105 0.00000 0.00000 0.00000
(3;100) 0.00000 0.00000 0.000000.48933 0.00063 0.00685 0.00015 0.00014 0.01050 0.00000 0.00000 0.00000
(3;20) 0.00000 0.00000 0.000000.06132 0.01472 0.06984 0.01158 0.00126 0.06549 0.00001 0.00000 0.00015
(3;50) 0.00000 0.00000 0.000000.24365 0.01175 0.04637 0.00670 0.00434 0.06600 0.00002 0.00000 0.00005
(5;0) 0.00000 0.00000 0.00000 0.05698 0.13798 0.47237 0.11911 0.03871 0.52208 0.00109 0.00006 0.00385
(5;100) 0.00000 0.00000 0.000000.10263 0.01276 0.06426 0.01444 0.00434 0.04883 0.00000 0.00000 0.00016
(5;20) 0.00000 0.00000 0.000000.39713 0.00091 0.01733 0.00131 0.00031 0.01486 0.00000 0.00000 0.00000
(5;50) 0.00000 0.00000 0.000000.15703 0.00836 0.15212 0.03030 0.01130 0.14257 0.00016 0.00000 0.00038
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Table 13.2: W-SRT on pairwise lifetime and minimal lot sizes and their influence onthe optimality gap for test instances with return rates of 94% forp-values
from pair (10;50)

(2;0) (2;100) (2;20) (2;50) (3;0) (3;100) (3;20) (3;50) (5;0) (5;100) (5;20) (5;50)

(0;0) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(0;100) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(0;20) 0.00000 0.00004 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(0;50) 0.81641 0.81109 0.28911 0.40371 0.74695 0.48933 0.06132 0.24365 0.05698 0.10263 0.39713 0.15703
(1;0) 0.00002 0.00078 0.00475 0.00861 0.00001 0.00063 0.01472 0.01175 0.13798 0.01276 0.00091 0.00836
(1;100) 0.00040 0.00231 0.00711 0.00951 0.00129 0.00685 0.06984 0.04637 0.47237 0.06426 0.01733 0.15212
(1;20) 0.00001 0.00020 0.00118 0.00778 0.00010 0.00015 0.01158 0.00670 0.11911 0.01444 0.00131 0.03030
(1;50) 0.00003 0.00008 0.00046 0.00028 0.00003 0.00014 0.00126 0.00434 0.03871 0.00434 0.00031 0.01130
(10;0) 0.00306 0.03161 0.01647 0.07064 0.00105 0.01050 0.06549 0.06600 0.52208 0.04883 0.01486 0.14257
(10;100) 0.00000 0.00001 0.00000 0.00003 0.00000 0.000000.00001 0.00002 0.00109 0.00000 0.00000 0.00016
(10;20) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00006 0.00000 0.00000 0.00000
(10;50) 0.00000 0.00006 0.00067 0.00088 0.00000 0.000000.00015 0.00005 0.00385 0.00016 0.00000 0.00038
(2;0) 0.00000 0.80318 0.38213 0.30251 0.99319 0.66585 0.06305 0.25634 0.02393 0.13351 0.33226 0.17696
(2;100) 0.80318 0.00000 0.31058 0.26415 0.76641 0.76641 0.44949 0.49795 0.23948 0.39429 0.96732 0.27157
(2;20) 0.38213 0.31058 0.00000 0.78607 0.26423 0.64611 0.63025 0.87926 0.25207 0.71363 0.52656 0.82307
(2;50) 0.30251 0.26415 0.78607 0.00000 0.18075 0.31055 0.90624 0.96052 0.57438 0.73408 0.69585 0.94692
(3;0) 0.99319 0.76641 0.26423 0.18075 0.00000 0.71488 0.10896 0.28296 0.03455 0.09071 0.24432 0.13798
(3;100) 0.66585 0.76641 0.64611 0.31055 0.71488 0.00000 0.24642 0.24641 0.05064 0.36470 0.70093 0.12914
(3;20) 0.06305 0.44949 0.63025 0.90624 0.10896 0.24642 0.00000 0.86581 0.42336 0.93334 0.80716 0.56282
(3;50) 0.25634 0.49795 0.87926 0.96052 0.28296 0.24641 0.86581 0.00000 0.42830 0.72383 0.80188 0.54226
(5;0) 0.02393 0.23948 0.25207 0.57438 0.03455 0.05064 0.42336 0.42830 0.00000 0.40773 0.26939 0.82838
(5;100) 0.13351 0.39429 0.71363 0.73408 0.09071 0.36470 0.93334 0.72383 0.40773 0.00000 0.72511 0.89677
(5;20) 0.33226 0.96732 0.52656 0.69585 0.24432 0.70093 0.80716 0.80188 0.26939 0.72511 0.00000 0.47134
(5;50) 0.17696 0.27157 0.82307 0.94692 0.13798 0.12914 0.56282 0.54226 0.82838 0.89677 0.47134 0.00000
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Table 13.3: Average gap in % regarding lifetimes of test instances with returnrates of 94%
and minimal lot sizesxmin

i = 0 andxmin
i = 20

Lifetimes
xmin

i Load TBO ΘL
i = 0 ΘL

i = 1 ΘL
i = 2 ΘL

i = 3 ΘL
i = 5 ΘL

i = 10

0 0.75 1 5.21 7.88 7.91 8.18 25.34 8.53
2 5.94 8.65 7.54 7.22 9.21 8.56
3 5.72 8.46 7.69 7.36 6.55 6.59
4 4.95 8.52 7.33 6.27 7.97 7.33

0.8 1 4.27 8.10 6.99 7.66 7.70 7.24
2 6.89 7.37 6.60 6.57 6.10 5.30
3 3.68 7.67 5.46 5.82 5.82 5.25
4 4.30 6.70 5.80 7.31 6.54 6.40

0.9 1 1.45 5.30 4.51 3.91 5.26 4.41
2 2.31 7.15 4.63 4.65 4.69 4.75
3 1.63 6.24 4.02 4.72 5.42 5.32
4 2.71 7.05 5.40 4.86 6.07 4.83

1.0 1 0.85 4.45 3.46 2.62 2.58 2.52
2 1.01 4.72 3.79 4.34 2.96 25.12
3 0.71 4.81 4.26 4.01 4.49 24.98
4 0.68 4.48 4.98 4.46 28.42 27.11

20 0.75 1 4.62 8.12 8.78 9.42 8.97 8.56
2 4.43 9.62 8.33 8.30 7.73 8.08
3 3.98 10.13 7.62 6.03 6.75 34.88
4 3.84 8.48 7.93 7.41 6.47 7.08

0.8 1 6.75 7.16 6.84 8.11 6.71 8.40
2 6.09 8.23 7.10 6.14 6.24 7.76
3 4.63 8.09 7.59 6.38 7.22 6.81
4 6.52 7.94 7.27 8.01 6.47 6.47

0.9 1 4.36 6.41 3.95 4.74 4.56 4.98
2 4.14 5.67 4.65 5.60 4.88 41.06
3 3.92 6.61 5.03 6.06 5.00 41.38
4 4.50 5.97 5.24 5.62 5.79 5.36

1.0 1 2.56 4.28 4.39 2.95 3.31 3.25
2 4.02 3.95 3.37 3.52 4.28 19.23
3 2.78 5.27 3.57 4.25 4.98 20.80
4 2.36 4.21 3.58 4.51 4.85 5.32
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Table 13.4: Average gap in % regarding lifetimes of test instances with returnrates of 94%
and minimal lot sizesxmin

i = 50 andxmin
i = 100

Lifetimes
xmin

i Load TBO ΘL
i = 0 ΘL

i = 1 ΘL
i = 2 ΘL

i = 3 ΘL
i = 5 ΘL

i = 10

50 0.75 1 7.88 8.23 7.61 9.36 9.51 9.60
2 7.80 17.55 8.68 9.03 7.62 9.62
3 7.29 9.27 6.62 6.55 6.51 7.59
4 6.52 9.12 8.28 7.58 6.95 7.75

0.8 1 7.80 8.70 7.07 7.05 7.61 7.35
2 7.19 6.92 7.80 5.27 5.84 6.74
3 8.01 8.50 7.57 6.27 6.79 6.79
4 5.35 7.64 7.52 5.92 6.52 6.58

0.9 1 4.56 6.68 5.38 4.66 4.61 5.71
2 3.70 5.51 6.43 5.94 4.00 4.26
3 5.52 6.66 4.01 5.97 6.28 6.99
4 3.48 9.53 4.70 9.62 4.95 35.99

1.0 1 3.42 3.83 4.35 3.36 2.94 2.45
2 4.53 3.67 3.06 3.73 29.25 20.47
3 2.44 4.60 3.12 4.19 4.33 5.23
4 3.65 4.08 3.29 3.40 4.71 17.72

100 0.75 1 22.81 9.64 7.77 11.25 9.91 10.78
2 17.86 10.27 8.88 8.04 7.72 9.25
3 20.89 8.75 7.51 7.34 7.76 8.19
4 41.24 10.03 7.21 7.52 8.39 7.48

0.8 1 35.28 8.09 7.51 7.48 7.21 10.01
2 16.86 7.15 5.65 5.81 6.82 6.10
3 17.35 8.11 7.66 5.65 6.24 8.11
4 30.39 8.60 6.77 6.22 6.59 6.93

0.9 1 15.39 5.98 6.47 5.21 4.62 5.44
2 13.45 5.54 3.91 4.64 4.75 5.09
3 13.64 4.98 4.00 5.23 5.33 28.74
4 13.39 6.03 5.96 5.73 5.58 6.22

1.0 1 10.03 3.48 3.94 2.11 2.44 2.33
2 10.03 3.80 3.03 3.77 4.59 24.69
3 9.42 4.19 3.36 3.49 4.76 22.00
4 13.37 4.48 3.06 4.09 4.50 5.53
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Table 13.5: W-SRT on pairwise TBO and lifetime and their influence on the optimalitygap for test instances with return rates of 94% until (2;5)

(1;0) (1;1) (1;10) (1;2) (1;3) (1;5) (2;0) (2;1) (2;10) (2;2) (2;3) (2;5)

(1;0) 0.00000 0.09604 0.55136 0.77299 0.88464 0.80846 0.89812 0.06066 0.00001 0.94556 0.76256 0.42538
(1;1) 0.09604 0.00000 0.74957 0.02414 0.16942 0.21336 0.19512 0.76643 0.00013 0.01181 0.00441 0.03745
(1;10) 0.55136 0.74957 0.00000 0.27538 0.49152 0.72383 0.87925 0.29068 0.00004 0.29853 0.18360 0.58961
(1;2) 0.77299 0.02414 0.27538 0.00000 0.79134 0.88060 0.95508 0.04415 0.00000 0.35842 0.39435 0.88464
(1;3) 0.88464 0.16942 0.49152 0.79134 0.00000 0.94420 0.69336 0.07843 0.00000 0.51988 0.59080 0.84438
(1;5) 0.80846 0.21336 0.72383 0.88060 0.94420 0.00000 0.95236 0.07756 0.00000 0.65101 0.61218 0.72384
(2;0) 0.89812 0.19512 0.87925 0.95508 0.69336 0.95236 0.00000 0.26794 0.00000 0.40865 0.46084 0.76255
(2;1) 0.06066 0.76643 0.29068 0.04415 0.07843 0.07756 0.26794 0.00000 0.00040 0.00971 0.00545 0.12915
(2;10) 0.00001 0.00013 0.00004 0.00000 0.00000 0.00000 0.000000.00040 0.00000 0.00000 0.00000 0.00000
(2;2) 0.94556 0.01181 0.29853 0.35842 0.51988 0.65101 0.40865 0.00971 0.00000 0.000000.96188 0.42338
(2;3) 0.76256 0.00441 0.18360 0.39435 0.59080 0.61218 0.46084 0.00545 0.00000 0.96188 0.00000 0.27840
(2;5) 0.42538 0.03745 0.58961 0.88464 0.84438 0.72384 0.76255 0.12915 0.00000 0.42338 0.27840 0.00000
(3;0) 0.46401 0.02330 0.33142 0.25776 0.54455 0.32713 0.24368 0.01472 0.00000 0.62058 0.32635 0.05974
(3;1) 0.00819 0.18077 0.21336 0.00031 0.01000 0.02902 0.02007 0.47026 0.00192 0.00023 0.00002 0.00092
(3;10) 0.00000 0.00009 0.00004 0.00000 0.00000 0.00000 0.000000.00032 0.28294 0.00000 0.00000 0.00000
(3;2) 0.21083 0.00003 0.07472 0.08013 0.26716 0.18814 0.12405 0.00353 0.00000 0.55590 0.30816 0.04962
(3;3) 0.70853 0.00003 0.10523 0.02227 0.25347 0.23279 0.35752 0.00190 0.00000 0.43829 0.91977 0.11279
(3;5) 0.39907 0.00299 0.18138 0.34000 0.59790 0.73153 0.91166 0.00981 0.00000 0.84705 0.24294 0.96052
(4;0) 0.47239 0.00759 0.32719 0.03109 0.45367 0.30819 0.17696 0.00316 0.00000 0.33141 0.13754 0.03444
(4;1) 0.04884 0.11279 0.10522 0.00029 0.01884 0.05723 0.03531 0.34869 0.00098 0.00028 0.00003 0.00499
(4;10) 0.00119 0.47656 0.06676 0.00952 0.01306 0.00924 0.00222 0.24093 0.04964 0.00098 0.00000 0.00063
(4;2) 0.56281 0.00514 0.26352 0.69587 0.74052 0.93334 0.75994 0.01579 0.00000 0.82170 0.56281 0.85240
(4;3) 0.46397 0.02900 0.78606 0.75994 0.87252 0.82571 0.75994 0.24987 0.00000 0.41352 0.13795 0.81244
(4;5) 0.05248 0.26351 0.96052 0.38574 0.42535 0.41452 0.20347 0.30492 0.00003 0.11276 0.00852 0.12487
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Table 13.6: W-SRT on pairwise TBO and lifetime and their influence on the optimalitygap for test instances with return rates of 94% from (2;4)

(3;0) (3;1) (3;10) (3;2) (3;3) (3;5) (4;0) (4;1) (4;10) (4;2) (4;3) (4;5)

(1;0) 0.46401 0.00819 0.00000 0.21083 0.70853 0.39907 0.47239 0.04884 0.00119 0.56281 0.46397 0.05248
(1;1) 0.02330 0.18077 0.00009 0.00003 0.00003 0.00299 0.00759 0.11279 0.47656 0.00514 0.02900 0.26351
(1;10) 0.33142 0.21336 0.00004 0.07472 0.10523 0.18138 0.32719 0.10522 0.06676 0.26352 0.78606 0.96052
(1;2) 0.25776 0.00031 0.00000 0.08013 0.02227 0.34000 0.03109 0.00029 0.00952 0.69587 0.75994 0.38574
(1;3) 0.54455 0.01000 0.00000 0.26716 0.25347 0.59790 0.45367 0.01884 0.01306 0.74052 0.87252 0.42535
(1;5) 0.32713 0.02902 0.00000 0.18814 0.23279 0.73153 0.30819 0.05723 0.00924 0.93334 0.82571 0.41452
(2;0) 0.24368 0.02007 0.00000 0.12405 0.35752 0.91166 0.17696 0.03531 0.00222 0.75994 0.75994 0.20347
(2;1) 0.01472 0.47026 0.00032 0.00353 0.00190 0.00981 0.00316 0.34869 0.24093 0.01579 0.24987 0.30492
(2;10) 0.00000 0.00192 0.28294 0.00000 0.00000 0.00000 0.000000.00098 0.04964 0.00000 0.000000.00003
(2;2) 0.62058 0.00023 0.00000 0.55590 0.43829 0.84705 0.33141 0.00028 0.00098 0.82170 0.41352 0.11276
(2;3) 0.32635 0.00002 0.00000 0.30816 0.91977 0.24294 0.13754 0.00003 0.00000 0.56281 0.13795 0.00852
(2;5) 0.05974 0.00092 0.00000 0.04962 0.11279 0.96052 0.03444 0.00499 0.00063 0.85240 0.81244 0.12487
(3;0) 0.00000 0.00237 0.00000 0.75994 0.30249 0.11673 0.95780 0.00237 0.00013 0.28603 0.06930 0.00836
(3;1) 0.00237 0.00000 0.00069 0.00000 0.000000.00007 0.00047 0.89273 0.84705 0.00015 0.00062 0.01789
(3;10) 0.00000 0.00069 0.00000 0.00000 0.00000 0.00000 0.000000.00262 0.00349 0.00000 0.00000 0.00000
(3;2) 0.75994 0.00000 0.00000 0.000000.92655 0.24923 0.44953 0.00000 0.00034 0.53997 0.07897 0.00818
(3;3) 0.30249 0.00000 0.000000.92655 0.00000 0.07114 0.14727 0.00000 0.000000.17802 0.03744 0.00034
(3;5) 0.11673 0.00007 0.00000 0.24923 0.07114 0.00000 0.00767 0.00019 0.00000 0.46399 0.44543 0.08908
(4;0) 0.95780 0.00047 0.00000 0.44953 0.14727 0.00767 0.00000 0.00083 0.00000 0.07065 0.02227 0.00062
(4;1) 0.00237 0.89273 0.00262 0.00000 0.000000.00019 0.00083 0.00000 0.97413 0.00009 0.00213 0.03162
(4;10) 0.00013 0.84705 0.00349 0.00034 0.00000 0.00000 0.000000.97413 0.00000 0.00119 0.00353 0.00794
(4;2) 0.28603 0.00015 0.00000 0.53997 0.17802 0.46399 0.07065 0.00009 0.00119 0.00000 0.38953 0.28289
(4;3) 0.06930 0.00062 0.00000 0.07897 0.03744 0.44543 0.02227 0.00213 0.00353 0.38953 0.00000 0.28291
(4;5) 0.00836 0.01789 0.00000 0.00818 0.00034 0.08908 0.00062 0.03162 0.00794 0.28289 0.28291 0.00000
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Table 13.7: W-SRT on pairwise TBO and minimal lot size and their influence on the optimality gap for test instances with return rates of 94%

(1;0) (1;100) (1;20) (1;50) (2;0) (2;100) (2;20) (2;50) (3;0) (3;100) (3;20) (3;50) (4;0) (4;100) (4;20) (4;50)

(1;0) 0.00000 0.00004 0.15696 0.03090 0.25579 0.00007 0.00606 0.00403 0.83571 0.00000 0.02962 0.15911 0.06848 0.00001 0.20066 0.00430
(1;100) 0.00004 0.00000 0.00025 0.00360 0.00030 0.51808 0.04418 0.12288 0.00001 0.73849 0.05377 0.00112 0.00216 0.68650 0.00009 0.10188
(1;20) 0.15696 0.00025 0.00000 0.32382 0.71962 0.00107 0.24243 0.04408 0.30240 0.00005 0.14764 0.67491 0.34858 0.00051 0.92960 0.03004
(1;50) 0.03090 0.00360 0.32382 0.00000 0.25464 0.02425 0.54925 0.29372 0.02281 0.00143 0.80895 0.22348 0.48728 0.03734 0.16334 0.28405
(2;0) 0.25579 0.00030 0.71962 0.25464 0.00000 0.00563 0.28570 0.04994 0.12980 0.00004 0.21033 0.50490 0.49901 0.00108 0.89862 0.03959
(2;100) 0.00007 0.51808 0.00107 0.02425 0.00563 0.00000 0.19295 0.43910 0.00064 0.27656 0.30855 0.04253 0.08419 0.44076 0.00551 0.26927
(2;20) 0.00606 0.04418 0.24243 0.54925 0.28570 0.19295 0.00000 0.70713 0.01781 0.01715 0.93256 0.70782 0.79672 0.02581 0.23102 0.63663
(2;50) 0.00403 0.12288 0.04408 0.29372 0.04994 0.43910 0.70713 0.00000 0.00162 0.06081 0.60317 0.22701 0.24280 0.14581 0.05105 0.93330
(3;0) 0.83571 0.00001 0.30240 0.02281 0.12980 0.00064 0.01781 0.00162 0.00000 0.00000 0.01423 0.00209 0.02125 0.00000 0.07314 0.00176
(3;100) 0.00000 0.73849 0.00005 0.00143 0.00004 0.27656 0.01715 0.06081 0.00000 0.00000 0.01217 0.00035 0.00077 0.55049 0.00004 0.03827
(3;20) 0.02962 0.05377 0.14764 0.80895 0.21033 0.30855 0.93256 0.60317 0.01423 0.01217 0.00000 0.81471 0.61294 0.04617 0.23356 0.60708
(3;50) 0.15911 0.00112 0.67491 0.22348 0.50490 0.04253 0.70782 0.22701 0.00209 0.00035 0.81471 0.00000 0.55359 0.01689 0.15608 0.14710
(4;0) 0.06848 0.00216 0.34858 0.48728 0.49901 0.08419 0.79672 0.24280 0.02125 0.00077 0.61294 0.55359 0.00000 0.00355 0.56612 0.13171
(4;100) 0.00001 0.68650 0.00051 0.03734 0.00108 0.44076 0.02581 0.14581 0.00000 0.55049 0.04617 0.01689 0.00355 0.00000 0.00012 0.21822
(4;20) 0.20066 0.00009 0.92960 0.16334 0.89862 0.00551 0.23102 0.05105 0.07314 0.00004 0.23356 0.15608 0.56612 0.00012 0.00000 0.03321
(4;50) 0.00430 0.10188 0.03004 0.28405 0.03959 0.26927 0.63663 0.93330 0.00176 0.03827 0.60708 0.14710 0.13171 0.21822 0.03321 0.00000
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Table 13.8: W-SRT on pairwise Load and minimal lot size and their influence onthe optimality gap for test instances with return rates of 94% until values
(0.8;50)

(0.75;0) (0.75;100) (0.75;20) (0.75;50) (0.8;0) (0.8;100) (0.8;20) (0.8;50)

(0.75;0) 0.00000 0.00000 0.21856 0.00040 0.00000 0.81832 0.00061 0.00040
(0.75;100) 0.00000 0.00000 0.000000.00001 0.00000 0.00000 0.00000 0.00000
(0.75;20) 0.21856 0.00000 0.00000 0.11712 0.00000 0.38355 0.00003 0.00003
(0.75;50) 0.00040 0.00001 0.11712 0.00000 0.00000 0.00147 0.00000 0.00000
(0.8;0) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(0.8;100) 0.81832 0.00000 0.38355 0.00147 0.00000 0.000000.02253 0.01697
(0.8;20) 0.00061 0.00000 0.00003 0.00000 0.00000 0.02253 0.00000 0.94069
(0.8;50) 0.00040 0.00000 0.00003 0.00000 0.00000 0.01697 0.94069 0.00000
(0.9;0) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(0.9;100) 0.00000 0.00000 0.00000 0.000000.00121 0.00000 0.00000 0.00000
(0.9;20) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(0.9;50) 0.00000 0.00000 0.00000 0.00000 0.00002 0.00000 0.00000 0.00000
(1.0;0) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(1.0;100) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(1.0;20) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(1.0;50) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
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Table 13.9: W-SRT on pairwise Load and minimal lot size and their influence onthe optimality gap for test instances with return rates of 94% from values
(0.8;50)

(0.9;0) (0.9;100) (0.9;20) (0.9;50) (1.0;0) (1.0;100) (1.0;20) (1.0;50)

(0.75;0) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(0.75;100) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(0.75;20) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(0.75;50) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(0.8;0) 0.00000 0.00121 0.00000 0.00002 0.00000 0.00000 0.00000 0.00000
(0.8;100) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(0.8;20) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(0.8;50) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(0.9;0) 0.00000 0.00000 0.00047 0.00007 0.00010 0.11136 0.00003 0.00001
(0.9;100) 0.00000 0.000000.00937 0.08723 0.00000 0.00000 0.00000 0.00000
(0.9;20) 0.00047 0.00937 0.00000 0.42062 0.00000 0.00000 0.00000 0.00000
(0.9;50) 0.00007 0.08723 0.42062 0.00000 0.00000 0.00001 0.00000 0.00000
(1.0;0) 0.00010 0.00000 0.00000 0.00000 0.000000.29033 0.92960 0.80462
(1.0;100) 0.11136 0.00000 0.000000.00001 0.29033 0.00000 0.23172 0.15995
(1.0;20) 0.00003 0.00000 0.00000 0.000000.92960 0.23172 0.00000 0.47626
(1.0;50) 0.00001 0.00000 0.00000 0.000000.80462 0.15995 0.47626 0.00000
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Table 14.1: W-SRT on pairwise Lifetime and minimal lot size and their influence onthe optimality gap for test instances with return rates of 6%

(0;0) (0;100) (0;20) (0;50) (1;0) (1;100) (1;20) (1;50) (10;0) (10;100) (10;20) (10;50)

(0;0) 0.00000 0.04243 0.04124 0.02842 0.00000 0.00000 0.00000 0.00000 0.00007 0.00000 0.00000 0.00000
(0;100) 0.04243 0.00000 0.91766 0.782350.00070 0.00005 0.00001 0.00001 0.01600 0.00027 0.00321 0.00233
(0;20) 0.04124 0.91766 0.00000 0.789160.00116 0.00009 0.00002 0.00002 0.01843 0.00044 0.00461 0.00304
(0;50) 0.02842 0.78235 0.78916 0.000000.00438 0.00048 0.00011 0.00021 0.02956 0.00119 0.01367 0.00653
(1;0) 0.00000 0.00070 0.00116 0.00438 0.00000 0.39484 0.31578 0.34246 0.23906 0.96486 0.55999 0.54712
(1;100) 0.00000 0.00005 0.00009 0.00048 0.39484 0.00000 0.86430 0.974190.06907 0.46881 0.16359 0.20643
(1;20) 0.00000 0.00001 0.00002 0.00011 0.31578 0.86430 0.00000 0.80764 0.04134 0.31639 0.09669 0.12675
(1;50) 0.00000 0.00001 0.00002 0.00021 0.34246 0.97419 0.80764 0.000000.03808 0.29991 0.14321 0.14269
(10;0) 0.00007 0.01600 0.01843 0.02956 0.23906 0.06907 0.04134 0.03808 0.00000 0.27022 0.54782 0.59871
(10;100) 0.00000 0.00027 0.00044 0.00119 0.96486 0.46881 0.31639 0.29991 0.27022 0.00000 0.69181 0.66417
(10;20) 0.00000 0.00321 0.00461 0.01367 0.55999 0.16359 0.09669 0.14321 0.54782 0.69181 0.00000 0.93407
(10;50) 0.00000 0.00233 0.00304 0.00653 0.54712 0.20643 0.12675 0.14269 0.59871 0.66417 0.93407 0.00000
(2;0) 0.00000 0.00342 0.00459 0.00881 0.42967 0.13932 0.10168 0.10627 0.53354 0.61066 0.98648 0.93684
(2;100) 0.00000 0.00143 0.00192 0.00472 0.69847 0.24822 0.19371 0.23677 0.28148 0.97196 0.74696 0.57561
(2;20) 0.00005 0.01566 0.01892 0.02878 0.20889 0.04895 0.03344 0.03723 0.84806 0.38907 0.60486 0.70468
(2;50) 0.00000 0.00342 0.00460 0.00882 0.48605 0.13934 0.10957 0.13934 0.42628 0.73243 0.94894 0.80042
(3;0) 0.00000 0.00217 0.00285 0.00652 0.67709 0.24109 0.17797 0.27060 0.41761 0.87614 0.72229 0.74435
(3;100) 0.00001 0.00328 0.00418 0.00895 0.53362 0.16972 0.11618 0.16587 0.44157 0.77871 0.96837 0.78532
(3;20) 0.00007 0.01511 0.01742 0.02925 0.27880 0.06907 0.04801 0.06393 0.68874 0.49628 0.65417 0.81177
(3;50) 0.00000 0.00143 0.00192 0.00472 0.69166 0.24828 0.17393 0.14553 0.34468 0.76580 0.94472 0.79401
(5;0) 0.00007 0.01511 0.01742 0.02925 0.24360 0.06907 0.04781 0.05289 0.84280 0.34505 0.59986 0.75279
(5;100) 0.00001 0.00328 0.00418 0.00896 0.47424 0.16976 0.10400 0.09710 0.65874 0.54040 0.86223 0.90364
(5;20) 0.00007 0.01511 0.01742 0.02925 0.24283 0.06907 0.04865 0.03808 0.83053 0.30078 0.53518 0.70944
(5;50) 0.00033 0.05799 0.06702 0.09238 0.076900.01423 0.00768 0.00815 0.62824 0.14375 0.23007 0.29875



Table 14.2: W-SRT on pairwise Lifetime and minimal lot size and their influence onthe optimality gap for test instances with return rates of 6%

(2;0) (2;100) (2;20) (2;50) (3;0) (3;100) (3;20) (3;50) (5;0) (5;100) (5;20) (5;50)

(0;0) 0.00000 0.00000 0.00005 0.00000 0.000000.00001 0.00007 0.00000 0.00007 0.00001 0.00007 0.00033
(0;100) 0.00342 0.00143 0.01566 0.00342 0.00217 0.00328 0.01511 0.00143 0.01511 0.00328 0.01511 0.05799
(0;20) 0.00459 0.00192 0.01892 0.00460 0.00285 0.00418 0.01742 0.00192 0.01742 0.00418 0.01742 0.06702
(0;50) 0.00881 0.00472 0.02878 0.00882 0.00652 0.00895 0.02925 0.00472 0.02925 0.00896 0.02925 0.09238
(1;0) 0.42967 0.69847 0.20889 0.48605 0.67709 0.53362 0.27880 0.69166 0.24360 0.47424 0.24283 0.07690
(1;100) 0.13932 0.24822 0.04895 0.13934 0.24109 0.16972 0.06907 0.24828 0.06907 0.16976 0.06907 0.01423
(1;20) 0.10168 0.19371 0.03344 0.10957 0.17797 0.116180.04801 0.17393 0.04781 0.104000.04865 0.00768
(1;50) 0.10627 0.23677 0.03723 0.13934 0.27060 0.16587 0.06393 0.14553 0.05289 0.09710 0.03808 0.00815
(10;0) 0.53354 0.28148 0.84806 0.42628 0.41761 0.44157 0.68874 0.34468 0.84280 0.65874 0.83053 0.62824
(10;100) 0.61066 0.97196 0.38907 0.73243 0.87614 0.77871 0.49628 0.76580 0.34505 0.54040 0.30078 0.14375
(10;20) 0.98648 0.74696 0.60486 0.94894 0.72229 0.96837 0.65417 0.94472 0.59986 0.86223 0.53518 0.23007
(10;50) 0.93684 0.57561 0.70468 0.80042 0.74435 0.78532 0.81177 0.79401 0.75279 0.90364 0.70944 0.29875
(2;0) 0.00000 0.61689 0.60055 0.90971 0.82669 0.96376 0.67528 0.79524 0.67247 0.91857 0.68372 0.21206
(2;100) 0.61689 0.00000 0.30830 0.80097 0.96254 0.76418 0.40091 0.78025 0.36947 0.49861 0.33493 0.10570
(2;20) 0.60055 0.30830 0.00000 0.53456 0.43927 0.57190 0.99376 0.53668 0.99220 0.73085 0.93145 0.44680
(2;50) 0.90971 0.80097 0.53456 0.00000 0.85176 0.89602 0.55909 1.00000 0.49022 0.72760 0.47472 0.19401
(3;0) 0.82669 0.96254 0.43927 0.85176 0.00000 0.77803 0.51622 0.93860 0.45847 0.67178 0.46314 0.17461
(3;100) 0.96376 0.76418 0.57190 0.89602 0.77803 0.00000 0.61053 0.99398 0.56925 0.71974 0.52571 0.22207
(3;20) 0.67528 0.40091 0.99376 0.55909 0.51622 0.61053 0.00000 0.69498 0.93583 0.95540 0.82441 0.44027
(3;50) 0.79524 0.78025 0.53668 1.00000 0.93860 0.99398 0.69498 0.00000 0.50688 0.63212 0.43397 0.20741
(5;0) 0.67247 0.36947 0.99220 0.49022 0.45847 0.56925 0.93583 0.50688 0.00000 0.81849 0.98590 0.55041
(5;100) 0.91857 0.49861 0.73085 0.72760 0.67178 0.71974 0.95540 0.63212 0.81849 0.00000 0.80352 0.36326
(5;20) 0.68372 0.33493 0.93145 0.47472 0.46314 0.52571 0.82441 0.43397 0.98590 0.80352 0.00000 0.61572
(5;50) 0.21206 0.10570 0.44680 0.19401 0.17461 0.22207 0.44027 0.20741 0.55041 0.36326 0.61572 0.00000



Table 14.3: W-SRT on pairwise TBO and Lifetime and their influence on the optimality gap for test instances with return rates of 6%

(1;0) (1;1) (1;10) (1;2) (1;3) (1;5) (2;0) (2;1) (2;10) (2;2) (2;3) (2;5)

(1;0) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.75328 0.00000 0.00038 0.00003 0.00005 0.00002
(1;1) 0.00000 0.00000 0.80079 0.38300 0.41961 0.12695 0.00000 0.33648 0.00075 0.00540 0.00318 0.01909
(1;10) 0.00000 0.80079 0.00000 0.98873 0.34528 0.53899 0.00000 0.19990 0.02729 0.13020 0.06603 0.11853
(1;2) 0.00000 0.38300 0.98873 0.00000 0.75372 0.26229 0.00000 0.07164 0.00677 0.03750 0.02161 0.04537
(1;3) 0.00000 0.41961 0.34528 0.75372 0.00000 0.16912 0.00000 0.30440 0.00276 0.01132 0.00724 0.01609
(1;5) 0.00000 0.12695 0.53899 0.26229 0.16912 0.00000 0.00002 0.01186 0.09047 0.25264 0.19435 0.28559
(2;0) 0.75328 0.00000 0.00000 0.00000 0.000000.00002 0.00000 0.00000 0.00050 0.00006 0.00009 0.00007
(2;1) 0.00000 0.33648 0.19990 0.07164 0.304400.01186 0.00000 0.00000 0.00020 0.00107 0.00078 0.00246
(2;10) 0.00038 0.00075 0.02729 0.00677 0.00276 0.09047 0.00050 0.00020 0.00000 0.22651 0.44426 0.73121
(2;2) 0.00003 0.00540 0.13020 0.037500.01132 0.25264 0.00006 0.00107 0.22651 0.00000 0.51350 0.53882
(2;3) 0.00005 0.00318 0.06603 0.02161 0.00724 0.19435 0.00009 0.00078 0.44426 0.51350 0.00000 0.76634
(2;5) 0.00002 0.01909 0.11853 0.04537 0.01609 0.28559 0.00007 0.00246 0.73121 0.53882 0.76634 0.00000
(3;0) 0.30467 0.00000 0.00000 0.00000 0.000000.00013 0.63003 0.00000 0.00555 0.00083 0.00123 0.00073
(3;1) 0.07303 0.00000 0.00764 0.00862 0.01005 0.09264 0.055310.00003 0.44933 0.18576 0.22558 0.21852
(3;10) 0.00061 0.00088 0.09766 0.09901 0.05909 0.493230.00076 0.00033 0.52028 0.95681 0.85290 0.95677
(3;2) 0.02610 0.00002 0.01247 0.00800 0.00697 0.08766 0.02146 0.00002 0.69549 0.24101 0.39618 0.37032
(3;3) 0.02618 0.00002 0.01615 0.02147 0.01994 0.17213 0.02153 0.00003 0.69561 0.33701 0.39637 0.37051
(3;5) 0.13575 0.00000 0.00444 0.00357 0.00614 0.05539 0.09911 0.00000 0.31430 0.11632 0.14440 0.14464
(4;0) 0.43987 0.00000 0.00000 0.00000 0.000000.00004 0.56200 0.00000 0.00217 0.00023 0.00037 0.00027
(4;1) 0.02620 0.00002 0.01616 0.02075 0.01994 0.16861 0.02154 0.00003 0.69564 0.33705 0.39640 0.37055
(4;2) 0.13574 0.00000 0.00444 0.00165 0.00259 0.03322 0.09910 0.00000 0.31429 0.11180 0.14440 0.14463
(4;2) 0.13568 0.00000 0.00372 0.00220 0.00302 0.03521 0.09905 0.00000 0.31424 0.08903 0.14435 0.14459
(4;3) 0.13574 0.00000 0.00444 0.00441 0.00614 0.05790 0.09910 0.00000 0.31429 0.11631 0.14440 0.14463
(4;5) 0.13574 0.00000 0.00195 0.00019 0.00048 0.00897 0.09910 0.00000 0.268070.04015 0.09537 0.13148



Table 14.4: W-SRT on pairwise TBO and Lifetime and their influence on the optimality gap for test instances with return rates of 6%

(3;0) (3;1) (3;10) (3;2) (3;3) (3;5) (4;0) (4;1) (4;10) (4;2) (4;3) (4;5)

(1;0) 0.30467 0.07303 0.00061 0.02610 0.02618 0.13575 0.439870.02620 0.13574 0.13568 0.13574 0.13574
(1;1) 0.00000 0.00000 0.00088 0.00002 0.00002 0.00000 0.000000.00002 0.00000 0.00000 0.00000 0.00000
(1;10) 0.00000 0.00764 0.09766 0.01247 0.01615 0.00444 0.00000 0.01616 0.00444 0.00372 0.00444 0.00195
(1;2) 0.00000 0.00862 0.09901 0.00800 0.02147 0.00357 0.00000 0.02075 0.00165 0.00220 0.00441 0.00019
(1;3) 0.00000 0.01005 0.05909 0.00697 0.01994 0.00614 0.00000 0.01994 0.00259 0.00302 0.00614 0.00048
(1;5) 0.00013 0.09264 0.49323 0.08766 0.17213 0.055390.00004 0.16861 0.03322 0.03521 0.05790 0.00897
(2;0) 0.63003 0.05531 0.00076 0.02146 0.02153 0.09911 0.562000.02154 0.09910 0.09905 0.09910 0.09910
(2;1) 0.00000 0.00003 0.00033 0.00002 0.00003 0.00000 0.000000.00003 0.00000 0.00000 0.00000 0.00000
(2;10) 0.00555 0.44933 0.52028 0.69549 0.69561 0.314300.00217 0.69564 0.31429 0.31424 0.31429 0.26807
(2;2) 0.00083 0.18576 0.95681 0.24101 0.33701 0.116320.00023 0.33705 0.11180 0.08903 0.116310.04015
(2;3) 0.00123 0.22558 0.85290 0.39618 0.39637 0.144400.00037 0.39640 0.14440 0.14435 0.14440 0.09537
(2;5) 0.00073 0.21852 0.95677 0.37032 0.37051 0.144640.00027 0.37055 0.14463 0.14459 0.14463 0.13148
(3;0) 0.00000 0.24298 0.00791 0.11883 0.11901 0.37041 0.97468 0.11905 0.37040 0.37034 0.37040 0.37040
(3;1) 0.24298 0.00000 0.52220 0.64197 0.75973 0.25211 0.18234 0.98475 0.25210 0.41436 0.32676 0.25210
(3;10) 0.00791 0.52220 0.00000 0.41304 0.61304 0.142110.00329 0.53516 0.12879 0.21760 0.236360.03344
(3;2) 0.11883 0.64197 0.41304 0.00000 0.86114 0.36075 0.07895 0.71737 0.36074 0.76442 0.55477 0.23706
(3;3) 0.11901 0.75973 0.61304 0.86114 0.00000 0.27779 0.07910 0.87775 0.29730 0.62935 0.49206 0.14676
(3;5) 0.37041 0.25211 0.14211 0.36075 0.27779 0.00000 0.29837 0.26388 1.00000 0.63089 0.69609 0.46024
(4;0) 0.97468 0.18234 0.00329 0.07895 0.07910 0.29837 0.000000.07913 0.29836 0.29829 0.29836 0.29836
(4;1) 0.11905 0.98475 0.53516 0.71737 0.87775 0.263880.07913 0.00000 0.25931 0.45867 0.39625 0.16244
(4;10) 0.37040 0.25210 0.12879 0.36074 0.29730 1.00000 0.29836 0.25931 0.00000 0.63089 0.78073 0.50214
(4;2) 0.37034 0.41436 0.21760 0.76442 0.62935 0.63089 0.29829 0.45867 0.63089 0.00000 0.79789 0.48789
(4;3) 0.37040 0.32676 0.23636 0.55477 0.49206 0.69609 0.29836 0.39625 0.78073 0.79789 0.00000 0.37048
(4;5) 0.37040 0.25210 0.03344 0.23706 0.14676 0.46024 0.29836 0.16244 0.50214 0.48789 0.37048 0.00000



Table 14.5: W-SRT on pairwise TBO and minimal lot size and their influence on the optimality gap for test instances with return rates of 6%

(1;0) (1;100) (1;20) (1;50) (2;0) (2;100) (2;20) (2;50) (3;0) (3;100) (3;20) (3;50) (4;0) (4;100) (4;20) (4;50)

(1;0) 0.00000 0.27075 1.00000 0.60925 0.06378 0.25047 0.30312 0.43504 0.00100 0.04503 0.00532 0.00957 0.00025 0.00103 0.00224 0.00097
(1;100) 0.27075 0.00000 0.35485 0.530930.01307 0.06197 0.09313 0.15487 0.00023 0.00664 0.00082 0.00138 0.00003 0.00025 0.00030 0.00023
(1;20) 1.00000 0.35485 0.00000 0.69361 0.13173 0.40202 0.50108 0.62004 0.00798 0.10748 0.02171 0.03217 0.00205 0.00918 0.01162 0.00800
(1;50) 0.60925 0.53093 0.69361 0.000000.03106 0.13682 0.17808 0.278860.00048 0.01652 0.00209 0.00367 0.00008 0.00050 0.00076 0.00044
(2;0) 0.06378 0.01307 0.13173 0.03106 0.00000 0.51299 0.34833 0.35823 0.11183 0.82537 0.23330 0.36382 0.06439 0.11564 0.21048 0.09760
(2;100) 0.25047 0.06197 0.40202 0.13682 0.51299 0.00000 0.79390 0.772620.01781 0.32593 0.05314 0.101340.00922 0.01943 0.04309 0.01771
(2;20) 0.30312 0.09313 0.50108 0.17808 0.34833 0.79390 0.00000 0.94815 0.01403 0.28412 0.04460 0.083180.00714 0.01603 0.03681 0.01043
(2;50) 0.43504 0.15487 0.62004 0.27886 0.35823 0.77262 0.94815 0.00000 0.01968 0.25356 0.05064 0.084310.00694 0.02144 0.04075 0.01778
(3;0) 0.00100 0.00023 0.00798 0.00048 0.11183 0.01781 0.01403 0.01968 0.00000 0.11314 0.69409 0.51472 0.81602 1.00000 0.61850 0.92788
(3;100) 0.04503 0.00664 0.10748 0.01652 0.82537 0.32593 0.28412 0.25356 0.11314 0.00000 0.29950 0.39406 0.04725 0.12374 0.24920 0.11060
(3;20) 0.00532 0.00082 0.02171 0.00209 0.23330 0.05314 0.04460 0.05064 0.69409 0.29950 0.00000 0.89997 0.45324 0.61214 0.92208 0.55486
(3;50) 0.00957 0.00138 0.03217 0.00367 0.36382 0.10134 0.08318 0.08431 0.51472 0.39406 0.89997 0.00000 0.32704 0.51472 0.79271 0.47755
(4;0) 0.00025 0.00003 0.00205 0.00008 0.06439 0.00922 0.00714 0.00694 0.81602 0.04725 0.45324 0.32704 0.00000 0.86417 0.40689 0.86417
(4;100) 0.00103 0.00025 0.00918 0.00050 0.11564 0.01943 0.01603 0.02144 1.00000 0.12374 0.61214 0.51472 0.86417 0.00000 0.64810 0.87944
(4;20) 0.00224 0.00030 0.01162 0.00076 0.21048 0.04309 0.03681 0.04075 0.61850 0.24920 0.92208 0.79271 0.40689 0.64810 0.00000 0.60188
(4;50) 0.00097 0.00023 0.00800 0.00044 0.09760 0.01771 0.01043 0.01778 0.92788 0.11060 0.55486 0.47755 0.86417 0.87944 0.60188 0.00000
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