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Abstract

Re�ected and di�racted waves have di�erent nature and role in the applied seismics. Moreover,
di�ractions itself can be classi�ed in both real seismic di�ractions and hypothetical seismic
di�ractions. The real seismic di�ractions are seismic waves which are scattered on small
heterogeneities in the subsurface or di�racted at the edges and tips, and recorded as the di�racted
part of the whole wave�eld. The hypothetical di�ractions are mathematical constructions resulting
from Huygens principle which helps to correctly image re�ected events. These Huygens di�ractions
build a kernel of seismic re�ection imaging, particularly, time migration applies to hyperbolas.
The di�raction response in terms of a true Greens' function of the subsurface is good for depth
imaging too. The time-migrated data represent pure re�ected data with a higher resolution because
real seismic di�racted events are collapsed, triplications unfolded and, thus, do not interfere with
re�ected events.

I present an approach to build the 'partly' time-migrated data. A partly time-migrated gather
represents the energy of a hypothetical di�ractor collected from several neighboring common-
midpoint (CMP) gathers and spread in a considered output gather. The gather has a hyperbolic
moveout and is known as the common scatterpoint (CSP) gather. A key concept of the method
to generate CSP gathers is a new parametrization of the double square root (DSR) operator with
the common-o�set apex time. The stacking of the CMP data with the parametrized DSR operator
represents a partial time migration by a direct mapping of summed amplitudes into the common-
o�set operator apex.

The traveltimes of time-migrated re�ections can be expressed in terms of the ray propagation in
the vicinity of the central image ray. This allows to establish a multiparameter stacking operator
to produce time-migrated stacked sections. The multiparameter stacking operator depends on the
model-based kinematic wave�eld attributes.

Since time-migrated re�ections can be obtained by tracing of the image rays down in the subsurface,
their kinematic attributes can be used to build smoothed velocity models. Moreover, estimation
of kinematic attributes based on the coherence measure is preferable in the time domain due to
absence of di�ractions and triplications and regularity of the time-migrated gathers.

Although hypothetical di�raction gathers are very preferable to build seismic images, they are
not suitable for high-resolution structural imaging. To image objects beyond the classical Rayleigh
limit, it is indispensable to use real seismic di�ractions. However, the imaging of seismic di�ractions
is a great challenge in seismic processing because they have weaker amplitudes compared to
dominant re�ected events. Separation of di�racted from re�ected events is frequently used to
enhance images of di�ractions, and thus to achieve a super-resolution image. I present a method
to e�ectively separate and image di�racted events in the time domain. The approach comprises
two steps: attenuation of re�ected events by a simultaneous application of the common-re�ection-
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surface-based di�raction operator and a di�raction �lter followed by a subsequent velocity analysis
in both time and depth domain.
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Chapter 1

Introduction

An explosive point source or a vibration source transmits seismic waves in all directions. During
propagation in the subsurface, seismic waves encounter heterogeneities where they may be re�ected,
refracted, converted or scattered. Re�ected or scattered seismic waves propagate back to the surface
where they are recorded as seismograms. Seismic processing and imaging is applied to recorded
wave�elds to create an image of subsurface heterogeneities representing the geological features in
the earth. The heterogeneities with the dimensions far above the size of the prevailing wavelength
in a seismic signal are referred to as re�ectors while the heterogeneities of a size comparable to the
prevailing wavelength in the seismic signal are referred to as di�ractors. The re�ected waves are the
kernel of seismic imaging. All conventional processing techniques are tuned to enhance specular
re�ections. However, re�ected waves are not suitable for high-resolution structural imaging, i.e.,
imaging of features beyond the classical Rayleigh limit of half a seismic wavelength. Typical
examples are small-size scattering objects, pinch-outs, fracture corridors, and karst structures.
Therefore, a contradiction is given in seismic processing. On the one hand, the di�ractions
contaminate the data and need to be attenuated to improve re�ection imaging. On the other
hand, the di�ractions are indispensable for high-resolution structural imaging. Therefore, I present
two di�erent approaches in this thesis: one technique to attenuate the real seismic di�raction in
the prestack data using hypothetical Huygens di�ractions and another technique to improve real
seismic di�ractions. The �nal aim is an optimal image of the subsurface.

As mentioned above re�ection imaging, including the common-re�ection-surface (CRS) method,
su�ers due to the presence of non-specular events in seismic data. Especially when di�ractions or
triplications are located close to re�ections. In such regions the quality of the estimated kinematic
wave�eld attributes is not su�cient, which a�ects further seismic applications. For instance, the
CRS method provides a smeared stacked section or the velocity model building with Normal
Incident Point (NIP) wave tomography may provide an erroneous velocity model. In this context,
it is reasonable to extract the kinematic wave�eld attributes in the time-migrated domain that
contains pure re�ections (Tygel et al., 2009). I propose to use CSP gathers which are 'partly' time-
migrated data with a hyperbolic moveout based on the distances from the scatterpoint location to
a collocated source and receiver. The moveout is dip independent, thus, there is no re�ection point
smearing in the CSP gathers. The CSP gathers are generated from the CMP gathers by the CSP
data mapping (Dell et al., 2012a). The CSP data mapping is based on a new parametrization of the
DSR operator for the common o�set (CO) operator apex. The parametrized migration operator
assigns stacked amplitudes directly into its CO apex while the conventionally migration operator
assigns the stacked amplitudes into its ZO apex. The CSP gathers are stacked by an application
of a CRS-like stack. The multiparameter stacking technique applied to the time-migrated data not
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CHAPTER 1. INTRODUCTION

only focuses the time-migrated re�ections at zero-o�set but also provides a parameter set. The
multiparameter stacking operator is based on a hyperbolic approximation of rays propagating in
the vicinity of the central image ray which hits the re�ector at the Image Incident Point (IIP).
Since the multiparameter operator approximates a response of the time-migrated re�ector element
centered around the IIP, it is called Common-Migrated-Re�ector-Element (CMRE) operator.

The CMRE method in the time-migrated domain provides model-based kinematic wave�eld
attributes while the conventional CRS method determines these attributes on the surface. These
model-based parameter can be described in terms of re�ector dip and re�ector curvature (see e.g.
Tygel et al., 2009) as well as the wavefront curvature of the image ray (Dell and Gajewski, 2011).
The CMRE stack comprises an automatic CSP stack which represents the high-density velocity
analysis and provides an updated time-migration velocity model with improved vertical and lateral
resolution. Moreover, the CMRE stack accounts for the neighboring CSPs so that more traces can
be involved in the stacking resulting in an enhanced signal-to-noise ratio. Because of an increased
re�ector resolution and the absence of di�ractions, the CMRE stack provides an improved time
migration velocity model and hence a highly focused time image.

The propagation of the image ray is determined in terms of the second-order derivative of time-
migrated traveltimes with respect to the o�set. The image-ray propagation can be described in
terms of a hypothetical IIP-wave. The IIP-wave is the wave which starts to propagate in a medium
with e�ective homogeneous properties when a point source explodes at the IIP. Curvatures of IIP-
waves can be used to reconstruct a depth velocity model. The velocity model is said to be consistent
with the data if all considered IIP-waves focus at zero traveltimes when propagated back into the
subsurface. The data vector for the inversion contains curvatures of the IIP-waves which we directly
extract from the prestack CSP gathers. The model vector is calculated by dynamic ray-tracing
along central image rays. Although the inversion problem is nonlinear and, thus, requires a solution
of global nonlinear optimization problem, it is solved iteratively by computing the least-squares
solution to the locally linearized problem. The required Fréchet derivatives for the tomographic
matrix are calculated with ray perturbation theory.

As mentioned above, re�ected waves are not suitable for high-resolution structural imaging, i.e.,
imaging of features beyond the classical Rayleigh limit of half a seismic wavelength (Khaidukov
et al., 2004; Moser and Howard, 2008). Typical examples are small-size scattering objects, pinch-
outs, fracture corridors, and karst structures. Imaging and monitoring of these features can be
essential for the geological interpretation. The di�racted waves allow us to distinctly detect such
local heterogeneities and image them (Landa et al., 1987; Landa and Keydar, 1997). Also di�racted
waves indicate the presence of faults and are essential in their investigations (Krey, 1952; Kunz,
1960). Moreover, di�ractions can serve as quality control for velocity models in migration methods.
Conventional migration methods use only re�ections. The velocity model is consistent with the
data if seismic events in common-image-gathers (CIG) are �at. However, a velocity model is also
consistent with the data if the primary di�ractions are focused to points. Velocity analysis based on
di�raction focusing may be used to determine migration velocities instead of CIG �atness analysis
(Sava et al., 2005). The re�ection imaging may also pro�t from proper imaging of di�ractions.
Moreover this analysis is performed in the poststack domain with its superior S/N ratio and reduced
data volume compared to analysis in the prestack domain.

I introduce an approach for di�raction imaging which combines re�ection attenuation and coherent
summation of di�racted events (Dell, 2011). The method uses the CRS technique (Tygel et al.,
1997). For 2-D media the traveltime t of re�ection events is described by three stacking parameters
which are commonly referred to as kinematic wave�eld attributes: the angle of emergence β0 of the
zero-o�set (ZO) ray, the radius of curvature of the normal (N) wave RN and the radius of curvature
of the normal-incidence-point (NIP) wave RNIP . I show that the kinematic wave�eld attributes
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CHAPTER 1. INTRODUCTION

allow to separate re�ected and di�racted events in the poststack domain into di�raction-only data.
I then perform poststack time-migration velocity analysis on the di�raction-only data. I use the
semblance norm as a criterion for optimum migration velocity. The determined velocity model
can be used for the update of time-migration velocities as well as for the time-migration of the
di�raction-only data. Finally, I image di�raction-only data using the determined velocity model.

The thesis is structured as follows:

A short introduction to the re�ection seismic imaging with Huygens's di�raction trajectories as
well as the imaging of real seismic di�ractions is given in this chapter.

In Chapter 2, basics of the Kirchho� prestack time-migration approach are reviewed and the
Common Scatter Point data mapping is introduced. Also an application of the method to synthetic
data is shown.

In Chapter 3, the basics of hyperbolic traveltime approximation are presented and as an example,
the CRS approximation, is brie�y reviewed. Also the CMRE stack is introduced. The CMRE
represents a new multiparameter stacking operator in the time-migrated domain. It focuses time-
migrated re�ections at zero-o�set. Applications of CRS and CMRE stacking techniques to synthetic
data are shown as well.

Chapter 4 reviews the tomographic inversion problem based on the kinematics of re�ections,
the NIP-wave tomography. The NIP wave tomography is based on the wavefront curvatures of
the normal ray. Also I review the image-ray concept and introduce a method to build smoothed
depth-migration velocity models based on the wavefront curvature of the image ray, the image ray
tomography. The application of the image ray tomography �nalizes this chapter.

In Chapter 5, I review main properties of di�racted and scattered waves and introduce a technique
to image real seismic di�ractions in time and depth domain, respectively. The velocity model
building uses a semblance based analysis of di�raction traveltimes. Numerical tests show an
application of the technique to synthetic data.

In Chapter 6, the application of the new imaging approaches to marine �eld data is presented.

Chapter 7 summaries the results of the thesis.

In Chapter 8 I present an outlook of the presented work, namely, extensions of the developed
techniques to anisotropic media.
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Chapter 2

Common Scatterpoint Data Mapping

Prestack time migration (PreSTM) still represents the majority of seismic imaging activities in
the industry. The reason for this is the speed and robustness of time imaging and its ability to
focus seismic events for most geological settings. One of the preferred PreSTM methods is the
common o�set (CO) Kirchho� di�raction stack where wave�eld imaging is steered by a migration
operator based on the double-square-root (DSR) equation. For every CO section, amplitudes are
stacked along CO di�raction traveltimes and assigned to the zero o�set (ZO) apex time of the
migration operator. If the velocity model is correct, the PreSTM leads to �at common-image
gathers. Although the PreSTM provides an enhanced re�ection resolution in comparison to the
raw data, time-migrated seismic data are not suitable for the further applications like stacking
velocity analysis or multiparameter stack. Therefore, several methods have been developed to
generate 'partly' time-migrated data that are well suitable for further seismic processing.

The frequently used approach in the industry is a CO migration followed by restoration of inverse
normal moveout (NMO). The obtained data contain time-migrated re�ections with a hyperbolic
moveout and are suitable for further applications. Ferber (1994) proposed a migration to multiple
o�set which presents data with high-fold, bin-centered adjusted, common-midpoint gathers (Ferber,
1994). Bancroft et al. (1998) expanded the method of migration to multiple o�set to the equivalent
o�set method and gave a theoretical explanation for generated gathers (Bancroft et al., 1998). He
called these new 'partly' time-migrated gathers common scatterpoint (CSP) gathers. A CSP
gather is similar to a CMP gather, however the moveout is based on the distance from the sources
and receiver to the scatter point location. The CSP gather is focused to zero-o�set by a NMO-
like stacking completes prestack time migration. The above mentioned methods are based on
a reformulation of the DSR operator into a single square root. The single square root uses an
equivalent o�set representing the surface distance from the scatterpoint to a collocated source and
receiver.

However, an output CSP gather contains all traces within an aperture which may lead to a
signi�cant increase of the data, especially in the 3D case. For instance, starting from an original fold
of 102 traces for every CMP, the fold in a CSP gather may achieve 107 traces using a large midpoint
aperture (Ferber, 1994). Moreover, the transformation with the equivalent-o�set method uses the
RMS velocity determined for the zero-o�set stationary point of the time-migration operator and
does not take into account the velocity variation, e.g., the o�set variation due to non-hyperbolic
moveout.
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CHAPTER 2. COMMON SCATTERPOINT DATA MAPPING

I propose a new technique to generate CSP gathers by a direct mapping of the summed amplitude
into the CO apex of the migration operator. The method is based on a new parametrization of the
DSR equation with the CO apex time and subsequent stacking with the parametrized operator.
The main di�erence to the above-mentioned methods for CSP data generation is that the output
traces in a CSP gather are generated exactly at the locations of the input traces in the CMP gather.
That means, the method does not lead to a signi�cant increase of traces in the data making it more
suitable for applications in the 3D case. Also the migration velocity is recalculated for every CO
sample so that deviations of the velocity determined at ZO are modi�ed to better �t the traveltime.

The main application of the CSP data is time-migration velocity analysis. Because of the increased
re�ection resolution and absence of di�ractions and triplications, the velocity analysis provides
an update of migration velocities. However, the CSP gathers can be used for many other
complementary applications, e.g., for an attenuation of di�racted multiples or depth-velocity model
building with image-ray tomography (see chapter 4).

2.1 Kirchho� Di�raction Stack

For re�ections from continuous interfaces, the physical principle justifying the Kirchho� di�raction
stack states that a re�ector can be composed of an su�ciently dense set of point di�ractors.
The re�ective response is the superposition of elementary di�ractions from these points and the
re�ection traveltime surface is the envelope of the elementary di�raction traveltime surfaces. In
this case, the elementary di�ractions are merely mathematical idealizations, destined to interfere
constructively along re�ectors and destructively elsewhere due to Huygens's principle. They are
abstractions and cannot be observed independently. A real scatter or di�ractor is usually a small
object in comparison to the dominant wavelength which can be understood as a small re�ector with
an in�nite curvature and an unde�ned orientation. The characteristic of such a di�ractor is that
it scatters an elastic wave in all directions. Chapter 5 will be dealing with imaging of real seismic
di�ractions. In the next two chapters, I assume a point di�ractor which is the above-mentioned
mathematical idealization.

In a homogeneous model rays are assumed to be straight lines, therefore, the response of a point
di�ractor can be simply obtained by the application of Pythagoras theorem (Figure 2.1a). I consider
a midpoint with coordinates m = (m1,m2). Then the source and receiver have coordinates

S = (m1 − h cosβ,m2 − h sinβ) and R = (m1 + h cosβ,m2 + h sinβ) ,

where h is the half-o�set and β is the azimuth that is measured with respect to the X axis. The
di�raction traveltime tD associated with the raypath SDR is composed of two branches: the
traveltime along the raypath SD and the traveltime along the raypath DR. The distance along
the raypath SD from the source to the scatterer in the subsurface is then given by

SD =
√

(m1 − h cosβ)2 + (m2 − h sinβ)2 + z2. (2.1)

The distance along the raypath DR from the scatterer to the receiver in the subsurface after
applying some algebra is given by

DR =
√

(m1 + h cosβ)2 + (m2 + h sinβ)2 + z2. (2.2)

The traveltime tD is the sum of Equations 2.1 and 2.2

tD =
1
v

[√
(m1 − h cosβ)2 + (m2 − h sinβ)2 + z2 +

√
(m1 + h cosβ)2 + (m2 + h sinβ)2 + z2

]
,

(2.3)

6



where v is the constant velocity. Considering the traveltime z/v to be a half zero-o�set traveltime
t0/2 and inserting it in Equation 2.3 leads to

tD =

√
t20
4

+
(m1 − h cosβ)2 + (m2 − h sinβ)2

v2
+

√
t20
4

+
(m1 + h cosβ)2 + (m2 + h sinβ)2

v2
. (2.4)

Equation 2.4 is the well known DSR equation which describes kinematics of the impulse response
of a 3D nonzero-o�set migration operator applied to 3D prestack data.
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Figure 2.1: Sketch of the 3D geometry (a). Time-migration operator (b). The migration operator is
usually parametrized in terms of midpoint coordinates m, Euclidean o�set 2h and o�set azimuth
β measured with respect to the X axis. Time migration operator depicted for the zero-o�set
situation. Due to its characteristic shape, the operator is known as Cheops pyramid.

In a homogeneous model, the di�raction response of the point di�ractor is a hyperboloid of
revolution ( Figure 2.1b) while in an heterogeneous anisotropic medium, the di�raction response
becomes a hyperboloid-like complex and multivalued surface.

The kinematic re�ection response of the re�ector given by the traveltime surface t = (m,h) can
be reconstructed from the di�raction traveltime surface by computing the envelope surface of all
isochrons. For a given source and receiver location, the locus of all possible re�ector locations,
which satis�es a constant traveltime, is commonly referred to as an isochron surface. For each
re�ection element in the 3D prestack data there is an isochrone surface which is described by the
DSR equation. For convenience, I consider the 3D recording parallel to the inline direction X with
zero source-receiver azimuth: cosβ = 1 , sinβ = 0. Then, after applying some algebra Equation
2.4 can be transformed to

m2
1

(vt/2)2
+

m2
2

(vt/2)2 − h2
+

z2

(vt/2)2 − h2
= 1. (2.5)

Equation 2.5 describes all isochrons which are a family of ellipsoids. One of the di�culties is
to identify correct re�ection events which belong corresponding isochrone. An approach to solve
this problem is to take one location in the subsurface and determine corresponding traveltimes in
the data space. Obviously, these are the same traveltimes as found from the subset of isochrons.
In the data space, the surface of these traveltimes is called a di�raction surface. Unfortunately,
the di�raction surface tends to cross most re�ection events and, if tangent to a re�ection event,
has a higher curvature. A satisfying solution was proposed by Hagedoorn (1954) who at �rst
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CHAPTER 2. COMMON SCATTERPOINT DATA MAPPING

stated a relationship between isochrone curves and di�raction curves (Figure 2.2). Instead of
reconstructing the re�ector at a single output location, Hagedoorn (1954) suggested that the
envelope of isochrone surfaces from a re�ection event would reconstruct the re�ector surface.
This statement is the well known Hagedoorn's imaging condition. For a medium with constant
velocity the di�raction traveltime surface or Huygens surface tD of an actual re�ection point
MR and the re�ection traveltime surface tR are tangent in the time domain at the stationary
point NR (Figure 2.2). In the same way, the isochrone of a re�ection event NR and the re�ector
are tangent at MR in the depth domain. Although the KDS operator is derived using the

t

k

T

t
D

R
t

N
R

R
M

X

X

Z

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 4.5

 0  50  100  150  200  250  300  350  400  450  500

T
im

e 
[s

]

CMP

Figure 2.2: Hagedoorn's imaging condition. (a) The Huygens curve tD(MR) of a point on the
re�ector MR is tangent to the re�ection traveltime curve tR(NR) at point NR in the time domain.
(b) The re�ection traveltime curve (green line) perfectly coincides with the envelope (blue line) of
di�raction curves (red lines). The re�ector is inclined.

straight-ray assumption, it can be generalized to a hyperbolic relationship by a Taylor series
expansion for an arbitrary medium (Geiger, 2001). The Taylor series expansion assumes the
local smoothness of traveltime perturbation in the vicinity of the source and receiver location, but
no other assumption about the subsurface. An inhomogeneous isotropic medium is considered
so that traveltime variations by perturbing the source and receiver locations are locally smooth.
Now we consider that the perturbed source position vector xS = (xS1 , xS2 , xS3)t and receiver
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Figure 2.3: A generalized isotropic medium with only one additional assumption that traveltime
variations by perturbing the source and receiver locations are locally smooth. The image ray starts
normally to the acquisition surface and hits the re�ector element at the IIP, denoted by P, which
coincides with the location of the point di�ractor.

position vector xR = (xR1 , xR2 , xR3)t can be expressed in term of variations ∆xS and ∆xR in
the unperturbed source and receiver positions as xS = xS0 + ∆xS and xR = xR0 + ∆xR. The
total traveltime from the source to the point-di�ractor location to the receiver is comprises two
components. The square of the traveltime from the source to a �xed di�ractor location can be
expressed as the hyperbolic traveltime expansion about perturbations in the source and receiver
location (see Vanelle and Gajewski, 2002).

t2(xD,xS) =
(
t0SD

− pS0
∆xtS

)2 − t0SD
∆xSS0∆xtS +O(3) (2.6)

where t0SD
is the traveltime from S0 to the di�ractor, pS0

is the slowness vector at the unperturbed
source position xS0 de�ned as

pS0i = − ∂t

∂xSi

∣∣∣∣
R0,S0

(2.7)

and S0 is second-order derivative matrix at the unperturbed source position xS0 de�ned as

Sij = NR
S =

(
∂2t

∂(xS)i∂(xS)j

)
i,j=1,2

∣∣∣∣∣
R0,S0

(2.8)

The square of the traveltime from the �xed di�ractor location to the receiver also can be expressed
as the hyperbolic traveltime

t2(xR,xD) =
(
t0DR

+ pR0
∆xtR

)2 + t0DR
∆xRR0∆xtR +O(3) (2.9)

with the traveltime t0DR
from the di�ractor to R0, the slowness vector where pR0

at the
unperturbed receiver position xR0 de�ned as

pRi
=

∂t

∂xRi

∣∣∣∣
R0,S0

(2.10)
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CHAPTER 2. COMMON SCATTERPOINT DATA MAPPING

and the second derivative matrix R0 at the unperturbed receiver position xR0 de�ned as

Rij = NS
R =

(
∂2t

∂(xR)i∂(xR)j

)
i,j=1,2

∣∣∣∣∣
R0,S0

(2.11)

The sum of these component traveltimes yields the total di�raction traveltime

t(xR,xS) = t(xD,xS) + t(xR,xD) (2.12)

which can be expressed as a generalized DSR equation (Geiger, 2001).

t(xR,xS) =
√(

t0SD
− pS0

∆xtS
)2 − t0SD

∆xSS0∆xtS +

+
√(

t0DR
+ pR0

∆xtR
)2 + t0DR

∆xRR0∆xtR +O(3)

(2.13)

The slownesses and the second-order derivatives are the inverses of the apparent velocity and the
curvature of the wavefront at the unperturbed source and receiver locations.

The point di�ractor lies in the plane x3 = 0 (see Figure 2.3). The distances to the source and
receiver are measured from the origin, and the midpoint vector and o�set vector are half the
sum and half of the di�erence of these distances, respectively. For an arbitrary zero-o�set ray
emerging at the origin xS0 = xR0 = (0, 0, 0), the zero-o�set apparent slowness vectors are equal
pR0

= −pS0
= p0 and the zero-o�set apparent curvature R0 = −S0 = P0 with P011 = P022 = P

and P012 = P021 = 0, tD = t(xR,xS), and t/2 = t0DR
= t0SD

. Inserting these into Equation 2.13
yields

tD =

√(
t0
2

+ p [m1 +m2 − h(cosβ + sinβ)]
)2

+
t0
2
P [(m1 − h cosβ)2 + (m2 − h sinβ)2] +

+

√(
t0
2

+ p [m1 +m2 + h(cosβ + sinβ)]
)2

+
t0
2
P [(m1 + h cosβ)2 + (m2 + h sinβ)2]

(2.14)

When one considers the expansion point to be the emergence location of the image ray, then the
horizontal projection of the slowness vector is zero, i.e., p = 0. The image ray is a propagation
path of the energy from the point di�ractor location to the apex of the migration operator Hubral
(1977). In this case Equation 2.14 simpli�es to

tD =

√
t20
4

+
(m1 − h cosβ)2 + (m2 − h sinβ)2

v2
mig

+

√
t20
4

+
(m1 + h cosβ)2 + (m2 + h sinβ)2

v2
mig

(2.15)

with

vmig =
√

2
t0P

. (2.16)

The parameter vmig is a �tting parameter commonly referred to as time-migration velocity. vmig
depends on the wavefront-curvature of the image ray .

Equation 2.15 is a generalized di�raction traveltime expression for an arbitrary inhomogeneous
isotropic medium (Geiger, 2001). The hyperbolic traveltime expression is expanded in the vicinity
of the zero-o�set image ray, i.e., traveltime t0 is measured along this ray. The traveltime is also
described by a single parameter that corresponds to the wavefront curvature at the image ray
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emerged at the location m0, h = 0 and with traveltime t0/2. The extraction of this parameter
is usually complicated since the exact solution requires the constant velocity medium near the
image ray location. However, a good initial solution is possible in a layer cake medium near the
image ray location. For such media, root-mean-square (RMS) velocities can be used instead of
time-migration velocities (Dix, 1955). For 1D media the RMS velocity is given by

v2
rms =

1
t0

∫ t0

0

v2(t)dt (2.17)

and it equals the normal moveout (NMO) velocity. It is a common approach to use NMO velocities
instead of RMS velocities for time migration. The velocity v(t) represents the subsurface velocity
along the normal ray. Thus, the NMO velocity in 1D media constitutes an integral velocity of the
overburden of the re�ection point. In general, the quantity of the second-order expansion, vNMO,
cannot be determined exactly from the data by a single coherence analysis as this yields a best
�t quantity vstack, stacking velocity. The stacking velocity is attached to the stationary point of
the migration operator in contrast to the migration velocity which is de�ned at the apex of the
time-migration operator. In case of horizontally layered medium, the stacking velocities coincides
with the time-migration velocities.

However, the real subsurface exhibits very complex velocity distributions and it is often desired to
migrate far o�sets. In this case, RMS velocities should be replaced with time-migration velocities
determined at the apex time of the time-migration operator. The time-migration velocities control
the time-migration operator providing its best-�t to the data. Within the hyperbolic assumption we
can consider the CMP stacking velocities to be a very good �rst approximation of time-migration
velocities. For complex media, time-migration velocities usually deviate from the stacking velocities
leading to an unfocused time image. Therefore in the industry a velocity update is frequently
applied to correct the initial migration velocities. The conventional time-migration velocity update
can be carried out as an iterative approach based on residual moveout analysis, a scanning routine,
or inverse NMO route (see, e.g., in Robein, 2010). The RMO routine and the inverse NMO
route usually start with an initial velocity �eld using the stacking velocities determined by means
of a conventional stacking velocity analysis. Then, selected image gathers are constructed using
prestack time migration which usually show residual moveout. Afterward, the residual moveout
can be parametrized by a function of one or two parameters in order to �t the residual non-�atness
of the image gathers. The search procedure is based on a coherence measure and is usually strongly
controlled by the user. Finally, the image gathers are stacked for the time-migrated section. In
the inverse NMO route, an inverse NMO correction is applied to selected image gathers using
the initial velocities. Here, the assumption is made that the inverse NMO correction returns the
image gathers back to the situation before the prestack time migration. However, this assumption
is valid only for horizontally layered media. Both techniques are usually carried out on a rather
coarse grid, i.e., the time-migration velocities have to be interpolated on the migration grid. The
scanning approach tests for a set of velocities or velocity functions at the same time. The best result
is determined on the basis of image-gather �atness and interpretative criteria. The approach is
rather compute-intensive as several full prestack time migrations have to be performed. In the next
section I will present another approach to estimate time-migration velocities using CSP gathers.

Let me sum up main ideas of Kirchho� di�raction stacking. Each point of a su�ciently dense grid
in the target area is considered to be a potential point di�ractor. The di�raction traveltime surface
is calculated independently for any of these points with the time-migration operator given by the
DSR equation (Equation 2.4). The amplitudes are stacked along the di�raction traveltime surface
and the migration output is assigned to the ZO apex of the migration operator. In the next section
I will describe a time-migration like method where stacked amplitudes assigned to the CO apex of
the migration operator.
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CHAPTER 2. COMMON SCATTERPOINT DATA MAPPING

2.2 Common Scatterpoint Data Mapping

Common Scatterpoint Data Mapping is a time-migration like method without the collapsing
scattered energy in the o�set direction. For the sake of simplicity, I �rstly consider the 2-D
case. The 3-D case will be generalized on the end of this section. The traveltime surface of a single
scatter point at (m0, t0) is given by the 2-D DSR equation

tD =

√
t20
4

+
(m− h)2

v2
mig

+

√
t20
4

+
(m+ h)2

v2
mig

(2.18)

and is known as the Cheops pyramid. The goal of the CSP data mapping is to generate 'partly'
time-migrated gathers that are suitable for further seismic processing. The CSP gather building
process can be de�ned as a collection of energy along a di�raction traveltime surface in 3-D space
of midpoint, o�set and time (m,h, t) (Figure 2.4a) and the scattering of this energy in a 2-D space
of o�set and time (h, t) along a hyperbolic path (Figure 2.4b). The hyperbolic path also represents
the CO apexes of the time-migration operator and reads as

tapex =

√
t20 +

4h2

v2
, (2.19)

where t0 is the image time that corresponds to the ZO operator apex, h is half source-receiver o�set
and v is the migration velocity. A CMP gather that is located at the scatter point (m0) intersects
the Cheops pyramid on a hyperbolic path, which coincides with the apexes of the traveltime
surface (Figure 2.4). For this CMP all the scattered energy will be focused along the hyperbolic
path (Figure 2.4b). The intersections of all other CMP gathers have non-hyperbolic paths. For
these CMPs all the scattered energy will be mispositioned.

To assign the migration output to the CO apex of the migration operator we propose parametrize
the DSR equation with its CO apex time as followed:

t =

√
t20
4

+
m2 − 2mh+ h2

v2
+

√
t20
4

+
m2 + 2mh+ h2

v2

t =

√
t20
4

+
h2

v2
+
m2 − 2mh

v2
+

√
t20
4

+
h2

v2
+
m2 + 2mh

v2

t =

√
1
4

(
t20 +

4h2

v2

)
+
m(m− 2h)

v2
+

√
1
4

(
t20 +

4h2

v2

)
+
m(m+ 2h)

v2
.

With equation 2.19 one obtains:

t =

√
t2apex

4
+
m(m− 2h)

v2
+

√
t2apex

4
+
m(m+ 2h)

v2
. (2.20)

Please note, that the velocity in the latter equation is parametrized for the CO apex time tapex
but belongs to ZO apex time of the migration operator t0. Thus, the parametrized DSR equation
is �nally given by

t =

√
t2apex

4
+
m(m− 2h)
v(t0)2

+

√
t2apex

4
+
m(m+ 2h)
v(t0)2

. (2.21)

To �nd the velocity v(t0), which corresponds to tapex a search procedure is performed (Figure 2.5).
A similar procedure is also applied for the generation of CRS supergather (Baykulov and Gajewski,
2009). All t0 traveltimes within the time window [0; t] and a range of velocities [vmin, vmax] are
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Figure 2.4: (a) The none-zero traveltime surface t(xm, h) for a single scatter point. The traveltime
surface is known as the Cheops pyramid. (b) The CSP gather. The CSP gather formed by
collapsing the Cheops pyramid to a hyperbola in the xm = 0 plane. The apex of the hyperbola is
at (xm = 0, h = 0). The line coincides with summations trajectories for the CSP operator.
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Figure 2.5: Testing traveltime curves to �nd the best-�t hyperbola for the sample A(tA, hA). The
sample A(tA, hA) corresponds to an apex of the CO migration operator. All t0 traveltimes within
the time window [0; t] and a range of velocities are tested. The time t′0 corresponds to the minimum
deviation between the computed and the actual time for sample A(tA, hA). This time is assumed
to be the searched for ZO apex time. The velocity corresponding to this time is then assumed to
be the searched for v(t0) velocity. The tick interval of the time axis corresponds to the time sample
rate of the data. This �gure is kindly provided by Dr. Mikhail Baykulov.

tested for an event A(tA, hA) to determine the best �tting hyperbola. The hyperbolas are computed
using Equation 2.19. After the time t′0 which corresponds to the minimum deviation between the
computed and the actual time for sample A(tA, hA) is found, velocity which belongs to t0 is
determined.

Figure 2.6 compares the principle of the time migration and the data mapping.

The CSP data mapping forms the CSP gathers directly from the input CMP gathers with initial
time-migration velocities. As initial time-migration velocities I use the stacking velocities that are
obtained as a byproduct after an automatic CMP stack of the CMP gathers. The whole process
is performed automatically and does not require any manual picking of the velocities. CSP data
represent 'partly' time-migrated data since the scattered energy is not focused to zero o�set. An
application of NMO-like stacks to the CSP data leads to the time-migrated image.

Now I am going to show, that the stacking parameters extracted from single CSP gathers are related
to migration velocities. Since the CSP gathers represent time-migrated data, we can expand the
time-migrated traveltimes in the vicinity of the image ray

T (h)2 = (T0)2 +
T0

2
∂2T

∂h2
h2 , (2.22)

where h is the half-o�set. The equation above I rewrite as

T (h)2 = (T0)2 +
h2

v2
, (2.23)

where

v2 =
2

T0
∂2T
∂h2

. (2.24)
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Figure 2.6: The �gure compares the principle of time migration and data mapping for a
homogeneous model with a dipping re�ector. The re�ection response is depicted in blue. The
migration operator for CMP 250 is depicted in cyan. The migration output is assigned to the
ZO operator apex for every CO section (black line). The mapped output is assigned to the CO
operator apex for every CO section (red line).

Taking into account that the derivative ∂2T/∂h2 describes the wavefront curvature of the image
ray and the expression for time-migration velocity given by Equation 2.16 provides

v =

√
2

T0
∂2T
∂h2

≡
√

2
t0P

= vmig . (2.25)

The time-migration velocities can be estimated from CSP gathers by conventional stacking velocity
analysis.

Now I generalize the CSP data mapping to the 3-D case. The 3-D time-migration operator is given
by Equation 2.15. This operator de�nes a 5-D subsurface. However, we aim to �nd the minimum
of this subsurface with respect to the o�set vector h. For this purpose, we calculate the �rst
derivatives of the traveltime subsurface with respect to o�set vector h = (hx, hy) and set it equal
to zero. After applying some algebra, we obtain for the 3-D case the expression for the minimum
of the traveltime subsurface

tapex(hx, hy) =

√
t20 +

4(h2
x + h2

y)
v2

. (2.26)

Inserting this equation into Equation for the 3-D migration operator given by Equation 2.15
provides eventually the 3-D CSP mapping operator. The operator reads as

t =

√
t2apex

4
+
mx(mx − 2hx) +my(my − 2hy)

v(t0)2
+

√
t2apex

4
+
mx(mx + 2hx) +my(my + 2hy)

v(t0)2
,

(2.27)
where tapex does not de�ne the hyperbolic path any more but a hyperbolic surface.

15



CHAPTER 2. COMMON SCATTERPOINT DATA MAPPING

2.3 Synthetic example

In order to verify the proposed method, it was applied to a simple synthetic model. Figure 5.7a
displays a stacked section of a synthetic model containing �ve layers and four small lenses which
simulate di�ractors. The velocity within the layers is constant. The velocity in the �rst layer is
1500 m/s, in the second layer 1580 m/s, in the third layer 1690 m/s, in the fourth layer 1825 m/s
and in the �fth layer 2000m/s. Four small lenses with a lateral extension of 200 meters in the
fourth layer produce di�ractions. I used Seismic Un*x to generate synthetic seismograms with the
Gaussian beam method. A Ricker-wavelet with a prevailing frequency of 25 Hz was used. Random
noise with a S/N of 20 was added to the synthetic data. Figure 2.7 shows the model and the
corresponding CRS stacked section.

Figure 2.8 shows CMP and CSP gathers. Di�ractions are indicated with red arrows. The CMP
gather (a) and CSP gather (b) are located at 1500 m directly above the di�raction apex. Here,
the di�raction is present because of the constructively interference (see Figure 2.4). The CMP
gather (c) and CSP gather (d) are located at 1800 m, o�set to the di�raction apex. In the CSP
gather located o�set with respect to the apex time di�ractions are absent because of destructive
interference. The moveout in the CSP gathers seems to coincide with the moveout in the CMP
gathers. However, the moveout in the CSP gathers is based on the distances from a collocated
source and receiver to a scatter point location while the moveout in the CMP gather is based on
the o�sets which are distances from a collocated source and receiver to a re�ection point. The
similarity is caused by a relative �at character of re�ecting interfaces where the re�ection point is
similar for all o�set and also coincide with the scatter point location. For more curved or dipping
re�ectors the moveout in the CSP gathers can considerably deviate from the moveout in the CMP
gathers.

Figure 2.9 shows velocity spectra extracted from CMP and CSP gathers. In the CMP-based
velocity spectra, the di�ractions provide well focused events. These events are marked by white
arrows. The contribution of di�racted events a�ects the velocity determination for re�ections. On
the contrary, the velocity spectra estimated from the CSP gathers are not contaminated through
such type of events resulting in a better determination of time-migration velocities.
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Figure 2.7: (a) The geological model contains �ve layers and four small lenses which simulate
di�ractors. (b) CRS stack of CMP gathers. The CRS stacked section shows both re�ected and
di�racted events. The latter ones generate con�icting dip situations with the last re�ection.
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Figure 2.8: CMP (left side) and CSP (right side) gathers. Di�ractions are indicated with red
arrows. The CMP gather (a) and CSP gather (b) are located at 1500 m directly above the
di�raction apex. Here, the di�raction is present because of the constructively interference. The
CMP gather (c) and CSP gather (d) are located at 1800 m, o�set to the di�raction apex. In
the CSP gather located o�set with respect to the apex time di�ractions are absent because of
destructive interference.
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Figure 2.9: The corresponding velocity spectra for CMP (left side) and CSP (right side) gathers
displayed in Figure 2.8. In CMP-based velocity spectra, di�ractions provide well focused events.
These events are marked by white arrows. The contribution of di�racted events a�ects the
velocity determination for re�ections. The velocity spectra estimated from the CSP gathers are not
contaminated through such type of events resulting in a better determination of time-migration
velocities.
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2.4 Concluding remarks

I have developed a new method that allows to map the CMP gathers into CSP gathers. A 2-D
CSP gather collects all scattered energy from a 3-D data volume (m,h,t) within an aperture and
redistributes this energy onto a 2-D data volume (h,t) along a hyperbolic path. If a scatter point
is exactly at the considered input CMP location, its scattered energy is constructively stacked
along this hyperbolic path. Energy from scatter points o�set to this CMP location is canceled by
destructive interference. The method is based on the principles of Kirchho� prestack time migration
and uses a new parametrization of the DSR equation with CO apex time. The main advantage
of the presented method in comparison to other present method is that the summed amplitude is
directly mapped into the CO apex of the mapping operator. The time domain formulation of the
data mapping allows CSP gathers to be formed at arbitrary locations, i.e, data can be regularized.
Also the CSP gathers are very suitable for many complementary applications, e.g., time-migration
velocity model building, image-ray tomography, and multiple attenuation.

In the next chapter, I discuss how to approximate the 'partly' time-migrated traveltimes. At the
begin of the section, I review basics of the hyperbolic traveltime approximation with emphasize
on the CRS approximation. Then I introduce the CMRE approximation which represents a CRS-
like approximation of the time-migrated re�ections and show an application to a synthetic data
example.
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Chapter 3

Traveltimes in the unmigrated and

time-migrated domain

In the previous chapter I have presented a method to produce time-migrated data, CSP gathers.
Since the CSP data represent 'partly' time-migrated data, they should be stacked to zero-o�set.
For this purpose, it is necessary to establish a stacking operator. In general, the stacking operator
may depend on a single stacking parameter as in the conventional NMO stack (Mayne, 1962) or
several stacking parameter as in the CRS stack (Jäger et al., 2001). The CRS operator depends on
three stacking parameters and is based on the traveltime expansion in the vicinity of the normal ray.
I suggest to use a CRS-like stacking operator to focus time-migrated re�ections to zero-o�set. The
new operator also depends on three stacking parameters and is based on the traveltime expansion
in the vicinity of the image ray. Since the new operator approximates the response of a whole
migrated-re�ector element, I call it Common-Migrated-Re�ector-Element operator.

3.1 Hyperbolic traveltime approximation

The CRS method applied to the unmigrated data approximates re�ection traveltime in the vicinity
of the central normal ray. The traveltime approximation in the vicinity of the central ray is based
on paraxial ray theory (�ervený, 2001). It describes the 3D traveltime perturbation of nearly
rays. This perturbation is expressed in terms of three-component dislocation vectors for the start
point and end point of the nearly rays. The traveltime of these rays is given by a parabolic
expression. However it can be formulated as a hyperbolic expression (Ursin, 1982). Another
parabolic formulation of the traveltime for an arbitrary layered medium with costant velocity
was established by Bortfeld (1989) and extended by Hubral et al. (1992) to variable velocity
within the layers. The perturbed ray endpoints are in both cases con�ned to curved surfaces
and are described by two-components vectors. The hyperbolic traveltime approximation based
on Bortfeld's formalism can also be derived and expanded for an arbitrary ray (Schleicher et al.,
1993). In the following an arbitrary �xed ray connecting a source at point S and a receiver at
point R in a 3D inhomogeneous medium is considered (Figure 3.1).

This ray is referred to as central ray. The initial point S and end point R of a paraxial ray in the
close vicinity of the central ray S0(R0) lie on the anterior and posterior surfaces. Following the
formalism of Bortfeld tailored to three-dimensional propagation, the 4 × 4 propagator matrix T,
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Figure 3.1: De�nition of the endpoint coordinate system after Bortfeld (1989). The vector xS(xR)
is the projection of the paraxial point S(R) on the tangent plane to the anterior (posterior) surface
at S0(R0)

given as

T(R,S) =
(
A B

C D

)
describes a �rst-order relationship{

xR = AxS + BpS ,
pR − pR0

= CxS + D
(
pS − pS0

)
,

(3.1)

where A, B, C, D denote constant 2× 2 sub-matrices which characterize the central ray

Aij =
∂xR
∂xS

∣∣∣∣
R0,S0

, Bij =
∂xR
∂pS

∣∣∣∣
R0,S0

, (3.2)

Cij =
∂pR
∂xS

∣∣∣∣
R0,S0

, Dij =
∂pR
∂pS

∣∣∣∣
R0,S0

. (3.3)

xS and xR are the dislocation vectors of the paraxial ray with respect to the central ray and pS
and pR denote the corresponding deviations of the slowness vectors. The parabolic traveltime for
a ray SR paraxial to a given central ray S0(R0) can be expressed as a function of its coordinates
at the anterior (xS) and posterior surface (xR), respectively, in a second-order approximation by

tpar(xS ,xR) = t0 + pTR xR − pTS xS − xTS B
−1 xTS +

1
2
xS B

−1AxS +
1
2
xTRDB−1 xR , (3.4)

where t0 is the traveltime along the central ray. The parabolic traveltime approximation can be
interpreted as the second-order expansion of the exact two-point traveltime between S and R, i.e.,
Equation 3.4 can be expressed in terms of traveltime derivatives of �rst and second order with
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respect to the displacement vectors xS and xR. Introducing the 2 × 2 second-derivative matrices
(see, e.g., Schleicher et al., 1993).

NR
S =

(
∂2t

∂(xS)i∂(xS)j

)
i,j=1,2

= B−1A , (3.5)

NS
R =

(
∂2t

∂(xR)i∂(xR)j

)
i,j=1,2

= DB−1 , (3.6)

NSR =
(

∂2t

∂(xS)i∂(xR)j

)
i,j=1,2

= B−1 . (3.7)

Equation 3.4 can be rewritten in the form

tpar(xS ,xR) = t0 + pTR xR − pTS xS − xTS NSR x
T
S +

1
2
xSN

R
S xS +

1
2
xTRN

S
R xR (3.8)

Here, the subscript S and R means derivative with respect to shot and receiver coordinate while
superscript stands for constant shot and receiver coordinate. Note that the matrices NR

S and NS
R

are symmetric whereas NSR is not. Although the Equation 3.8 is of fundamental importance,
this parabolic travel time is not the best existing second-order approximation. It is generally
known that in simply layered media, seismic near-vertical re�ections are better approximated by
hyperbolic rather than by parabolic traveltime curves (see, e.g., Ursin, 1982; Vanelle, 2002).
Squaring Equation 3.8 and retaining only terms up to second order in xS and xR the hyperbolic
traveltime approximation is given by

t2hyp(xS ,xR) =
(
t0 + pTR xR − pTS xS

)2
+ t0

(
xSN

R
S xS − 2xTS NSR x

T
S + xTRN

S
R xR

)
. (3.9)

In the next section, I will show an example of the hyperbolic traveltime approximation, namely,
common-re�ection-surface stacking operator.

3.2 Common-re�ection-surface stack

The general idea of the CRS technique is to describe a re�ection event in the vicinity of a ZO sample
by means of a second-order traveltime approximation given by Equation 3.9. The subsequent
considerations are based on this hyperbolic traveltime representation given in midpoint and half-
o�set coordinates. If a source and a receiver with coordinates xS and xR are given, midpoint and
half-o�set coordinates are provided by the relations

m =
1
2

(xS + xR) , h =
1
2

(xS − xR) (3.10)

For midpoint and half-o�set displacement vectors ∆m and ∆h Equation s 3.10 can be extended to

∆m = m− x0 =
1
2

(xS + xR) , ∆h = h− h0 =
1
2

(xS − xR) . (3.11)

Here x0 and h0 refer to the central ray.

From the above equation source and receiver coordinates can be expressed as

xS = ∆m−∆h , xR = ∆m+ ∆h (3.12)
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Figure 3.2: Physical meaning of the CRS parameters, β0, KNIP and KN , for a simple 2D example.

Substituting the expression for source and receiver coordinates in Equation 3.9 yields the �nite-
o�set hyperbolic traveltime approximation in midpoint and half-o�set coordinates (see, e.g.,
Spinner, 2007)

t(m,h)2 =
(
t0 + ∆mT (pR − pS) + ∆hT (pR − pS)

)2

+ (3.13)

t0

(
∆mTMH

M∆m+ 2∆mTMMH∆h+ ∆hTMM
H ∆h

)
,

where t0 = t(m0,h0) and

MH
M =

(
∂2t

∂(m)i∂(m)j

)
i,j=1,2

= NR
S +NS

R +NSR +NT
SR , (3.14)

MM
H =

(
∂2t

∂(m)i∂(m)j

)
i,j=1,2

= NR
S +NS

R −NSR −NT
SR ,

MMH =
(

∂2t

∂hi∂hj

)
i,j=1,2

= −NR
S +NS

R +NSR −NT
SR .

In order to �nd the zero-o�set hyperbolic traveltime approximation, one can consider only rays
which are normal to the re�ector in the so-called normal-incidence point (NIP). For these rays, the
up- and down-going ray paths coincide, therefore h0 = 0 and ∆h = h. Consequently, the mixed
second derivatives MMH is zero. Moreover, the slowness at the receiver pR equals the one of the
source, −pS , and the following relation holds

pm =
(

∂t

∂(m)i
(x0,h0)

)
= pR − pS . (3.15)

The zero-o�set hyperbolic traveltime approximation in midpoint and half-o�set coordinates is then

t(m,h)2 =
(
t0 + 2 ∆mTpm

)2
+ t0

(
∆mTMH

M∆m+ hTMM
H h
)
. (3.16)

The stacking parameters pm,M
H
M , andMM

H contain information on the kinematics of the recorded
wave�eld. Physically, these parameters can be interpreted as attributes of two hypothetical
wavefronts emerging at the measurement surface location m0 (Hubral, 1983). The parameter
pm de�nes the horizontal component of the slowness vector of the zero-o�set normal ray emerging
at m0. It is related to the emergence angle, β0, and the azimuth of the emerging ray measured
versus the x-axis, φ:

pm =
1
v0

(
cosφ sinβ0

sinφ cosβ0

)
(3.17)
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where v0 is the near-surface velocity.

The parameter MM
H is related to the curvature of a wavefront emerging at m0 when a point source

is placed at the Normal-Incident-Point (NIP) of the re�ector. The associated wave is called the
NIP-wave. For the sake of simplicity, I will denote this parameter as MNIP . The expression for
MNIP reads as

MNIP =
2
v0
HKNIPH

T , (3.18)

where H is the upper 2× 2 sub-matrix of the transformation from ray-centered coordinate to the
global coordinate system (Spinner, 2007) and KNIP is the matrix of wavefront curvatures of the
NIP-wave (Figure 3.2b).

The parameter MH
M is related to the curvature of a wavefront emerging at m0 from an exploding

re�ector element, the CRS element, centered at the NIP. Since all rays associated with this wave
are locally normal to the re�ector element in the subsurface, it is called the normal wave. For the
sake of simplicity, I again will denote this parameter as MN . The expression for MN reads as

MN =
2
v0
HKNH

T , (3.19)

where H again stands for the transformation matrix and KN is the wavefront curvature of the
normal wave (Figure 3.2c).

The kinematic wave�eld attributes may be used for a number of applications, including the
calculation of geometrical spreading (Hubral, 1983), the determination of the approximated
projected Fresnel zones (Mann, 2002), depth velocity model building with NIP-wave tomography
(Duveneck, 2004), limited-aperture depth migration (Jäger, 2004), generalized Dix-type inversion
(Müller, 2007), CRS-based time migration (Spinner, 2007), prestack data regularization and
enhancement (Baykulov and Gajewski, 2009), or multiple suppression (Dümmong, 2010).

The 2D common-re�ection-surface stack

In case of a 2D acquisition geometry, the seismic data is recorded along a single line which is usually
de�ned as the x-axis of the global Cartesian coordinate system. This direction is commonly referred
to as in-plane or inline direction whereas the y-coordinate de�nes the out-of-plane or cross-line
direction. If the properties of the subsurface do not vary in the cross-line direction, all rays remain
within the vertical observation plane de�ned by the acquisition line. In 2D, the midpoint and
half-o�set coordinates reduce to scalars and the traveltime approximation 3.16 can be expressed
in terms of �rst and second traveltime derivatives:

t2hyp(∆m,h) =
(
t0 +

∂t

∂m
∆m

)2

+ t0

(
1
2
∂2t

∂2m
∆m2 +

1
2
∂2t

∂2h
∆h2

)
. (3.20)

In the same way as in the 3D case, the traveltime derivatives can be related to physical properties
of the subsurface using Equation s 3.17, 3.18, and 3.19. Due to the invariance of the model in
y-direction, the azimuth φ equals zero. The �rst derivative of the traveltime with respect to the
midpoint reduces to

∂t

∂m
=

2 sinβ0

v0
(3.21)

and second derivatives of the traveltime with respect to the midpoint and o�set coordinate are
given by

∂2t

∂2m
=

2 cosβ0

v0
KN and (3.22)
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Figure 3.3: CRS stacking operator and CRP trajectory in the 2D time-midpoint-o�set volume.
The blue curves in the upper part of the pictures represent re�ection traveltime curves for �xed
source-receiver o�sets for the dome-like re�ector in the lower part. The green lines indicate the
CRS stacking operator for the ZO sample P0 which approximates the re�ection response of the
red re�ector segment around the Common-Re�ection-Point (here set up by means of neighboring
CRP trajectories).

∂2t

∂2h
=

2 cosβ0

v0
KNIP (3.23)

With Equation 3.21, 3.22, and 3.23, the �nal form of the 2D CRS operator yields

t2hyp(∆m,h) =
(
t0 +

2 sinβ0

v0
∆m

)2

+
2 t0 cos2 β0

v0

(
KN∆m2 +KNIP∆h2

)
(3.24)

The main advantage of the CRS operator is the use of an entire stacking surface in the time-
midpoint-half-o�set space while NMO approach uses a trajectory in time-half-o�set plane. This
implies that the considered re�ection events are continuous over several neighboring midpoint
gathers. This overcomes the problem that a CMP gather may contain information from more than
one re�ection point in depth, i.e., the CRS operator inherently accounts for the re�ection point
dispersal, i.e., the main part of the CRS trajectory, which belongs to a speci�c ZO sample, lies
within the corresponding stacking surface. In Figure 3.3 the CRS stacking operator is depicted for
a simple 2D model.

In this section, I have described a multiparameter stacking operator, the CRS operator, based
on the hyperbolic traveltime expression of re�ections. Although the stacked section provided
by the CRS method exhibits an improved S/N, it still may be contaminated by triplications
and di�ractions which may lead to con�icting dip situations and thus complicate the proper
determination of kinematic wave�eld parameters. To properly determine kinematic wave�eld
attributes the data may be transformed into another domain where these undesired e�ects vanish.
In this context, it is reasonable to transform data in time-magrated domain. One of the suitable
techniques to produce time-migrated data is the CSP data mapping (see Chapter 2 for detailed
description of the CSP data mapping). Since the CSP data represent 'partly' time-migrated data
which should be focused at zero-o�set they are very suitable to estimate kinematic wave�eld
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parameters in the time-migrated domain. In the next section, I will present a multiparameter
stacking technique based on the hyperbolic traveltime expression of time-migrated re�ections.

3.3 Common-migrated-re�ector-element stack

In this section, I am going to present a new multiparameter stacking technique, the common-
migrated-re�ector-element (CMRE) stack, which is described by three stacking parameters. These
parameters are like CRS parameters. For CMP data they apply to the NIP-ray. For CSP data they
apply to the image ray. They represent spatial traveltime derivatives of the �rst- and second-order
for the time-migrated re�ections. The �rst-order derivative contains information on the time-
migrated re�ector. The second-order derivative with respect to the scatter point displacement
contains information on the curvature of the time-migrated re�ector (Tygel et al., 2010). The
second-order derivative with respect to o�set contains information on the wavefront curvature of
the image ray (Dell et al., 2010). The CMRE stack applied to the CSP gathers generates the
time-migrated image. The CMRE stack comprises three automatic searches and represents a high-
density velocity analysis. The �rst search determines best-�t stacking parameter in o�set direction.
The remaining searches determine best-�t stacking parameters in midpoint direction. Thus, the
CMRE stack provides an updated time-migration velocity model with improved vertical and lateral
resolution. Also the CMRE stack accounts for the neighboring CSPs so that more traces can be
involved in the stacking resulting in an enhanced signal-to-noise ratio of the time-migrated section.

Similarly to the CRS approach, we can expand the traveltime of time-migrated re�ections as a
Taylor series up to second order and then square it. However, instead of expanding the traveltime
for the normal ray, we now expand the traveltime in the vicinity of the image ray. The image
ray intersects the re�ector at the Image-Incident-Point (IIP) (Tygel et al., 2009). Furthermore,
we consider a continuous re�ector segment centered at the IIP. This re�ector segment we call a
migrated re�ector element (see Figure 3.4). The paraxial image rays, which are re�ected on the
migrated re�ector element, build its seismic response in the prestack domain of time-migrated
re�ections. The new operator approximates the response of a whole migrated-re�ector element
and focuses time-migrated re�ections at zero-o�set.

The traveltime surface of the migrated re�ector element is given in terms of image point coordinates
(x,hs, TM ) and reads as

TM (x,hs)2 =
(
TM0 +

∂TM

∂xi
xT
)2

+ 2TM0

(
xT

∂2TM

∂xi∂xj
x+ hTs

∂2TM

∂(hs)i∂(hs)j
hs

)
, (3.25)

where x now speci�es the scatterpoint displacement vector with respect to the considered CSP, hs
now is the scatterpoint o�set vector which is a half of the distances from the scatterpoint location
to the collocated source and receiver, and TM0 is twice the traveltime along the central image ray
from the reference point to the IIP. The �rst-order derivatives ∂TM/∂xi are related to the dip
pM of the time-migrated re�ector. The second-order derivatives with respect to the scatterpoint
displacement ∂2TM/∂(x)i∂(x)j is related to the curvature of the time-migrated re�ector element,
MM

xx (Tygel et al., 2010). The second-order derivative with respect to the scatterpoint o�set
∂2TM/∂(hs)i∂(hs)j are related to the wavefront curvature of the image ray, MM

hshs
(Dell et al.,

2010).

Substituting the formulas for the derivatives, i.e.,

pM =
1
2

(
∂TM

∂(x)i

)
, MM

xx =
1
2

(
∂2TM

∂xi∂xj

)
MM

hshs
=

1
2

(
∂2TM

∂(hs)i∂(hs)j

)
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in Equation 3.25 yields

TM (x,hs)2 =
(
TM0 + 2pMxT

)2
+ 2TM0

(
xTMM

xxx+ hTsM
M
hshs

hs

)
. (3.26)

The above expression looks formally similar to the conventional CRS operator. However, CMRE-
stacking parameters are model-based while the CRS stacking parameter are surface-related.

To allow for better interpretation of the stacking parameters I will split the CMRE operator. For
the zero-o�set the CMRE operator simpli�es to the following expression

TM (x,hs)2 =
(
TM0 + 2pMxT

)2
+ 2TM0 xTMM

xxx . (3.27)

Also I make use of ray-propagator matrices. In this way, one can introduce the 4 × 4 surface-to-
surface propagator matrix of the central downgoing image ray (Tygel et al., 2009)

T(R,S) =
(
A B

C D ,

)
which connects the anterior surface to the posterior surface (Figure 3.1). The initial and end
points of the central image ray are speci�ed by the coordinates S0 and R0, respectively. With the
above considerations, the one-way traveltime of a paraxial image ray S0(R0) can be expressed as a
function of its coordinates at the anterior surface (xS) and the posterior surface (xR), respectively,
by a second-order approximation which reads as

tpar(xS ,xR) = t0 + pTR xR − pTS xS − xTS B
−1 xTS +

1
2
xS B

−1AxS +
1
2
xTRDB−1 xR . (3.28)

The quantity pT (R0) is the projection of the slowness vector of the central ray on the tangent plane
to the posterior surface at its end point. Taking into account that for an image ray the slowness
projection, pT (S0), on the tangent plane to the anterior surface at its initial point vanishes, and
the case of zero-o�set ray, the expression above simpli�es to

tpar(xS ,xR) = t0 + pTR xR − xTS B
−1 xTS +

1
2
xS B

−1AxS +
1
2
xTRDB−1 xR . (3.29)

The coordinates S0 and R0, which refer to the initial and endpoints of a speci�ed paraxial image
ray, are connected. To �nd the connection, we investigate the case and recall the properties of the
propagator matrix to write

∆xR = AxS +B∆pS = AxS . (3.30)

Expressing ∆xR as a second-order expansion of ∆xS provides (see Tygel et al., 2010):

∆xkR =
∂xkR
∂xjS

∆xjS +
1
2

∂2xkR
∂xiS∂x

j
S

∆xiS∆xjS , (3.31)

where upper indices are the summation indices. One can recognize that the �rst derivative in this
equation equals the matrix element Akj , while the second derivative equals ∂Akj/∂mi (Tygel et al.,
2010). Making use of the relation

ATD−CTB = I (3.32)

results in
tpar(xS ,xR) = t0 + xTSA

TpR +
1
2
xS

(
E+CTA

)
xS , (3.33)

where the elements of matrix E are given by

Eij =
∂2xkR
∂xiS∂x

j
S

pkR =
∂Akj
∂mi

pkR . (3.34)
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IIP IIP

Figure 3.5: The ray trajectories associated with a hypothetical wave due to a point source at
the IIP (IIP wave). Geometrically, the CSP ray segments build the IIP wave (a). In a consistent
velocity model, IIP waves focus at the IIP at zero traveltime, when they are propagated back in
the time-migrated domain (b).

Squaring Equation 3.29 and retaining only terms up to second order in xS and xR the hyperbolic
traveltime approximation is the given by (Tygel et al., 2010)

t2hyp(xS ,xR) =
(
t0 + xTSA

TpR

)2

+ t0x
T
S

(
E+CTA

)
xTS . (3.35)

Considering the observed two-way traveltime parameters are consistent with the one-way traveltime
parameters simulated by paraxial image rays (Tygel et al., 2010), i.e., comparing Equations 3.27
and 3.35, yields

TM0 = 2t(S0;R0) , (3.36)

pM = 2ATpR , (3.37)

MM
xx = 2(E+CTA) . (3.38)

One can conclude that the parameter MM
xx can be realted to the curvature of the unmigrated

re�ector and parameter pM to the re�ector dip.

Now I investigate the case when x = 0 in order to �nd a physical interpretation of parameter
MM

hshs
. The expression for the CRME operator for time-migrated re�ections given by Equation

3.26 becomes
t(hs)2 = t20 + 2t0 hTsM

M
hshs

hs . (3.39)

Comparing this Equation with the traveltime approximation for paraxial rays given by Equation
4.18, we see that the matrix MM

hshs
is linked to the wavefront curvature of the IIP-wave, i.e., the

wavefront corresponding to the image ray.

Similar to the NIP-wave experiment (Chernyak and Gritsenko, 1979; Hubral and Krey, 1980), we
can consider an IIP-wave experiment. For the sake of simplicity, I consider the 2D case only. The
experiment can be carried out by placing a point source in the IIP of the central image ray. The
wave propagates along a central image ray to the measurement surface (Figure 3.5). Note that
for an image ray the slowness projection on the tangent plane to the emergence location at its
initial point vanishes. Therefore, at the emergence location (x = 0, hs) the central image ray is
determined in terms of the curvature of the IIP-wave, i.e., KIIP .

The expression given in Equation 3.26 represents the CMRE operator approximates the traveltime
of a time-migrated re�ector element centered around the IIP. Application of the CMRE operator
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to CSP data focuses scattered energy to zero-o�set and completes prestack time migration in this
work�ow. The �rst step in the CMRE stack is the automatic CSP stack which is similar to an
automatic CMP stack. The automatic CSP stack provides the stacking parameters. The parameter
searches are carried out individually by using a coherence measure which is calculated for a number
of test parameters. The parameter leading to the highest coherence value and stack amplitude, is
considered to be the searched-for parameter. The searches are applied without any user interaction
only guided by a coherence section. To increase the reliability of the parameters, the search process
is �nalized by a subsequent local simultaneous optimization of all parameters using the previously
determined initial values (Hertweck et al., 2007) and an event-consistent smoothing (Mann and
Duveneck, 2004). The event-consistent smoothing is based on a combination of median �ltering
and averaging.

3.4 Synthetic data example

In this section I apply the formally presented traveltime approximations to a synthetic example.
Figure 3.6a displays a simple synthetic model with an anticline in the middle. The model consists
of 3 layers. The velocity in the �rst layer is 1500 m/s, in the second layer 2300 m/s, and in the
third layer 2700 m/s. The synthetic seismograms were generated by a ray tracer package kindly
provided by NORSAR Innovation AS. I used a Ricker-wavelet with a prevailing frequency of 25
Hz. The sampling interval is 2 ms and the used recording time is 2.4 s. Gaussian noise was added
to the prestack data. The signal-to-noise ratio is 20. CMP gathers are displayed in Figure 3.6b.
The CRS stacked section displays triplications caused by the anticline structure (see Figure 3.7a).

Firstly, the automatic CMP stack was applied to prestack gathers to determine stacking velocities.
The stacking velocities then served as initial time-migration velocities to generate CSP gathers (see
Figure 3.6c). Afterwards, the CMRE stack was applied to CSP gathers to extract curvatures of
the IIP-waves. Figure 3.7 shows the CRS and CMRE stacked sections. Triplications are unfolded
in the CMRE stack section while they are present in the CRS stacked section. The high focusing
of the triplications indicates that time-migration velocities were correctly determined. Also, the
CMRE stack provides a higher coherence section (Figure 3.8).

Especially for the top of the anticline, we observe a signi�cant rise of the coherence value in
comparison to the coherence section provided by the CRS stack. The coherence value is crucial for
the automatic picking of data vector components in an inversion process which will be proposed
in the next section. The high coherence value con�rms the reliability of the kinematic wave�eld
attributes and allows to prove whether the pick location under consideration is actually part of
a re�ection event. Also, the low coherence value lead to a decrease of the searched-for coherence
maxima and, therefore, an increased number of picks which causes higher computational costs.

Figure 3.9 illustrates the dip angle sections for migrated (a) and unmigrated re�ections (b). In the
unmigrated dip section, we observe con�icting dips when triplications are close to the re�ection
while no con�icting dips are present in the migrated dip section. The same kinematic wave�eld
attributes behavior is observable in the RN and the RMRE sections (Figure 3.10). In the RN
section, we observe the ambiguity of the wave�eld attribute determination close to triplications.
In contrast, the determination of RMRE results in unique values.
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Figure 3.6: A simple synthetic model with an anticline in the middle. The model consists of 3
layers. The velocity in the �rst layer is 1500 m/s, in the second layer 2300 m/s, in the third
layer 2700 m/s. (b) CMP gathers. Note that because of higher noise level in the data the second
re�ections is not observerable in the CMP gather. (c) CSP gathers. Because of the improved S/N
the second re�ection is now visible.
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Figure 3.8: Coherency sections obtained by the CRS stack (a) and the CMRE stack (b). In the
latter one, we observe higher coherence values for the second re�ection. The high coherence value
is crucial for picking of events in tomographic methods.

34



0

1

2

T
im

e 
(s

)

2000 3000 4000 5000 6000 7000 8000
Distance (m)

-20

-15

-10

-5

0

5

10

15

20

A
ng

le
, (

G
ra

d)

(a)

0

1

2

T
im

e 
(s

)

2000 3000 4000 5000 6000 7000 8000
Distance (m)

-20

-15

-10

-5

0

5

10

15

20

A
ng

le
, (

G
ra

d)

(b)
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Figure 3.10: RN section (a) and RMRE section (b). In the RN section, we observe the ambiguity of
the wave�eld attribute determination close to triplications. In the RMRE section the determination
of the wave�eld attribute is unique.
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3.5 Concluding remarks

In this chapter, I among other have presented a new method to approximate the re�ection
response in the time-migrated domain. The new approximation is referred to as the Common-
Migrated-Re�ection-Element (CMRE) stack. The CMRE stack represents a multiparameter
stacking technique based on the Taylor expansion of time-migrated traveltimes in the vicinity
of the central image ray. To generate time-migrated re�ections I applied the CSP data mapping to
prestack data. The application of the CMRE stack to prestack-time migrated data provides a time-
migrated section. The CMRE stack belongs to high-density velocity analysis tools with a minimal
user interaction. Migration velocities estimated during the CMRE stack have a high horizontal and
vertical resolution. Also the automatic CMRE stack considers neighboring CSP gathers, hence, an
increased number of traces is stacked. Due to the improved time-migration velocities and stacking
of more traces, the CMRE stack of CSP data provides eventually an enhanced and highly-focused
time-migrated image in an automated manner.
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Chapter 4

Image ray tomography

The construction of velocity models is an important task for seismic depth imaging. Over
the past decades many techniques have been developed based upon di�erent approaches, e.g.,
methods based on migration velocity analysis or traveltime inversion. The main advantage of
the re�ection tomography based on traveltime inversion is that only locally coherent events are
required to reconstruct the velocity distribution and no repetitive depth migration processes
are involved. Re�ection-tomography methods use kinematic information of traveltimes, such as
dips in stereotomography (see, e.g., Billette and Lambaré, 1998) or wavefront curvatures and
emergence angles in NIP wave tomography (see, e.g., Duveneck, 2004). However, the kinematic
attributes are extracted either from prestack or CMP stacked data that are usually contaminated
by di�ractions and triplications. The reliable determination of kinematic attributes of re�ections
close to triplications and di�ractions is very complicated. The potential biasing of attributes a�ects
the inversion process resulting very often in erroneous velocity models and, subsequently, smeared
depth images. To overcome these limitations, we propose to extract the kinematic attributes
in the time-migrated domain. Time-migrated re�ections represent 'purer' re�ection data, since
di�ractions are collapsed and triplications unfolded. Therefore, kinematic attributes estimated
from the time-migrated re�ections domain are expected to bear a higher quality and easier picking.

The time-migrated re�ections are related to image rays in a similar way as normal incidence rays
relate to primary re�ections. The time-migrated primary re�ections can be obtained by tracing
image rays vertically down from the surface to the desired re�ector in depth (Hubral, 1977). The
image ray is normal to the acquisition surface and, when propagating down, intersects the re�ector
at the Image Incident Point (IIP) (Tygel et al., 2009). Due to the increase in re�ector resolution
in the time domain, it is preferable to use image rays for the velocity model building (Cameron
et al., 2007; Iversen and Tygel, 2008). The concept of image rays has been limited to the poststack
domain up to now. The kinematic and dynamic attributes of image rays are computed using ray
tracing which is very sensitive to the initial time-migration velocity model. Moreover, the time-
migrated velocities are frequently transformed in time-interval velocities by Dix inversion, which
further contributes to distortion of the time-migration velocities. The above mentioned aspects
make the velocity model building based on the poststack image-ray tracing ine�cient in many
cases.

I propose to use the wavefront curvatures of the image rays to construct velocity models in a
tomographic manner. We assume also that curvature parameters of the image rays are already
available. Furthermore, we describe the propagation of the image rays in terms of a hypothetical
IIP-wave. The IIP-wave is a wave which propagates in a hypothetical homogeneous model when

39



CHAPTER 4. IMAGE RAY TOMOGRAPHY

a point source explodes at the IIP. The velocity model is said to be consistent with the data if
wavefront curvatures of the IIP-waves after propagating into the subsurface become vanishingly
small at all considered IIP's. Since the phase slownesses of image rays are normal to the acquisition
surface, we only have to worry about their wavefront curvatures. The model parameters are
calculated by dynamic ray-tracing along central image rays. As a common practice in tomographic
processes, the non-linear inversion problem is solved iteratively by using the least-squares solutions
to locally linearized problems. The required model parameter (Fréchet) derivatives for the
tomographic matrix are calculated using ray perturbation theory.

4.1 NIP-wave tomographic inversion

Before formulating the image-ray tomography problem, I will brie�y review general principles of
the NIP-wave tomography. The NIP-wave tomography represents an inversion method based on
the kinematic of re�ection traveltimes. The basic idea is to describe the CMP re�ection traveltimes
in terms of the propagation of a hypothetical NIP-wave. This representation requires the NIP-wave
theorem to be valid (Chernyak and Gritsenko, 1979; Hubral, 1983). The theorem states that the
CMP specular re�ection traveltime along the ray is, up to second-order in half-o�set, equal to the
traveltime along a non-specular ray from a source via the NIP to a receiver. That means that each
paraxial ray of a CMP ray family can be viewed as passing through the common NIP instead of
the o�set-dependent real re�ection point (Schleicher et al., 2007). The theorem is illustrated in
Figure 4.1. Traveltimes along specular rays connecting sources and receivers on the measurement
surface and re�ected at a re�ector segment (black lines) in the subsurface coincide with traveltimes
along paraxial rays in the vicinity of a central normal ray re�ected at the NIP (blue lines). These
paraxial rays represent ray trajectories associated with a hypothetical emerging wave due to a point
source at the NIP (Figure 4.1b). If re�ection traveltimes in the seismic data can be interpreted
in terms of the NIP wave, the focusing of this wave at zero traveltime at the NIP is equivalent to
focusing CMP-traveltimes at real o�set-dependent re�ection points when propagated back into the
subsurface. Thus, a model in which all NIP waves focus at zero traveltime is consistent with the
data. Although the equivalence of traveltimes guaranteed by the NIP-wave theorem is valid only
in a certain region centered at the CMP, i.e., small o�sets, it can be generalized to an extended
NIP-wave theorem valid for larger o�sets (Schleicher et al., 2007).

Mathematically, the NIP-wave theorem represents the following equality

tCMP (h) = t0 +
1
2
hT

∂2t

∂h2
h = t0 +M

(x0)
NIPh

2 = tNIP (h, x0) (4.1)

where h is the half-o�set, x0 is the central midpoint coordinate, M (x0)
NIP is determined as M (x0)

NIP =
2
v0
KNIP , where KNIP is the curvature of the NIP wave emerging at x0 and v0 is the near-surface

velocity. We will formulate the inversion problem for the 2-D case, however, an extension to 3-D
is straightforward. The data vector is unambiguously determined by the normal ray traveltime t0,
the �rst-order spatial traveltime derivative p(x), and the second-order spatial traveltime derivative
MNIP at the respective normal ray emergence location x0. These parameters can be extracted
from the seismic prestack data by, e.g., applying conventional stacking velocity analysis and a local
zero-o�set dip search.

The data vector is then given as

d = (t0,MNIP , p, x)i, i = 1, ..., n (4.2)

where n is the number of picked data points. Each of these data points is associated with a NIP
in the subsurface, characterized by its spatial location (x, z)(NIP ).
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Figure 4.1: Illustration of the NIP theorem. (a) The traveltime along specular rays connecting
sources and receivers on the measurement surface for a central midpoint re�ected at a re�ector
segment (black lines) in the subsurface coincide with traveltimes along paraxial rays in the vicinity
of a central normal ray re�ected at the NIP. (b) The paraxial-ray trajectories are associated with
a hypothetical wave due to a point source at the NIP. This wave is referred to as NIP wave.

The 2-D velocity model is described by two-dimensional B-splines

v(x, z) =
nx∑
j=1

nz∑
k=1

mjkβj(x)βk(z) (4.3)

where mjk are B-spline coe�cients representing the velocity model on a rectangular grid, nx and
nz are the numbers of grid points in the horizontal and vertical directions.

The model vector contains the calculated position of the NIP in the subsurface, (x, z)(NIP ),
computed values of velocity coe�cients, mjk, j = 1, ..., nx, k = 1, ..., nz, and calculated wavefront
curvatures of the normal rays and its horizontal slowness projection for all data points

dmod = (t0,M, p, x)modi , i = 1, ..., n . (4.4)

The model parameter M = MNIP can be calculated for the point-source initial condition as (see,
e.g., in �ervený, 2001; Popov, 2002)

M = P2Q
−1
2 . (4.5)

where P2 and Q2 are matrices represent a solution of the dynamic ray-tracing system for point-
source initial conditions (see equation 4.9). The inverse problem to be solved is to minimize the
energy function between the data vector d and the corresponding model vector dmod .

The generalized algorithm for NIP-wave tomography contains the following steps (see, e.g., in
Duveneck, 2004):

1. The initial velocity model is set up using an initial velocity gradient.

2. The data points d are traced into the model until the traveltime t0 is encountered. This
provides NIP locations and normal ray directions in depth.

3. Dynamic ray tracing is used to forward model the vector dmod and the Fréchet derivatives
F used for the model update.
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4. The energy function is evaluated from d and dmod.

5. An updated model is calculated. Within this model ray tracing is performed to obtain a new
vector dmod.

6. The energy function is evaluated with the newly obtained dmod.

7. If the energy function has increased, the model update is rejected and the last two steps are
repeated until the energy function decreases.

8. If the energy function has decreased, the updated model is used in the next iteration starting
with step 3. The process is repeated until a maximum number of iterations is reached or the
energy function falls below a threshold. In this case, the updated model is assumed to be
the �nal inversion result.

4.2 Review of the image ray concept

In this section, I will review Hubral's image-ray concept. To determine the depth-migrated position
of the focused energy, (Hubral, 1977) introduced the concept of the image ray. The image ray
connects a depth point with the surface position of its image, i.e., it is the propagation path of the
energy in the signal to the apex position of the migration operator. As di�raction surfaces have
zero time-slope at their apex positions, all image rays hit the acquisition surface vertically (Figure
4.2). The image rays are naturally vertical only in media with constant velocity. In media with
lateral velocity variations they propagate in a similar way as normal incident rays. The image rays
relate to migrated re�ections in a similar way as normal incidence rays relate to stacked primary
re�ections. Migrated primary re�ections can be obtained by tracing rays vertically down from the
free surface to the desired re�ector at depth (Hubral, 1977). Thus, kinematic attributes of the
image rays can be used to reconstruct velocity models similar to the kinematic attributes of the
normal rays.

Similar to the normal rays, the kinematic ray tracing for image rays in 3D media with a smooth
velocity can be formulated by the ordinary di�erential equations (see, e.g., �ervený, 2001).

∂x

∂τ
= v2p , (4.6)

∂p

∂τ
= v∇1

v
,

with the initial conditions x = (x1, x2, x3) = x0 and p = 0. The parameter τ is the parameter
along the rays. In 3D media the system may be parametrized by two parameters α1 and α2

which represent ray coordinates. Furthermore, we consider the natural orthogonal basis de�ned as
followed

~e1 = p
1
| p |

,

d~er
dτ

= −v
(
∂p

∂τ
· ~er
)
~e1 (r = 2, 3) .

(4.7)
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Figure 4.2: 2-D subsurface iso-velocity layer model of a re�ector and its re�ection response
(depicted in blue) and time-migrated response (depicted in red), respectively. The image ray
connects a depth point with the surface position of its image. Image rays relate to migrated
re�ections in a similar way as a normal incidence rays relate to stacked primary re�ections.
Migrated primary re�ection can be obtained by tracing rays vertically down from the free surface
till the image time tI is used.

Because of the de�nition of the coordinate system, the derivatives ∂τ/∂αr,s , (r, s = 2, 3) are equal
to zero. Thus, we can establish the following relation:

(
p,

∂x

∂αr,s

)
= 0 . (4.8)

Now, we can introduce two matrices Q and P such that

∂x

∂αr
= Qsr~es (r, s = 2, 3) ,

∂p

∂αr
= Psr~es +

(
∂p

∂αr
· ~e1
)
~e1 (r, s = 2, 3) .

(4.9)

Let us look at the derivatives of Q and P with respect to the ray parameter τ :

dQ

dτ
=

d

dτ

(
∂xi
∂αr

(~es)i

)
=

d

dτ

(
∂xi
∂αr

)
(~es)i +

+
∂xi
∂αr

d(~es)i
dτ

= v2 ∂pi
∂αr

(~es)i = v2P

(4.10)
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and

dP

dτ
=

d

dτ

(
∂pi
∂αr

(~es)i

)
=

d

dτ

(
∂pi
∂αr

)
(~es)i +

+
∂pi
∂αr

d(~es)i
dτ

= −1
v

∂2v

∂xm∂xi

∂xm
∂αr

(~es)i =

−1
v

∂2v

∂xm∂xi
Qpr(~es)i(~ep)m ≡ VspQpr = VQ ,

(4.11)

with the matrix V

V = −1
v

∂2v

∂xm∂xi
(~es)i(~ep)m . (4.12)

Using matrices Q and P, the 2 × 2 matrix M of second derivatives of traveltime with respect to
spacial coordinates xi can be determined.

M =
∂2τ

∂xm∂xi
(~er)i(~es)m = PQ−1 (4.13)

Finally, we obtain the fundamental matrix for dynamic ray tracing system for the image rays which
reads as

d

dτ

(
P

Q

)
=
(

0 v2I

V 0

)(
P

Q

)
= S

(
P

Q

)
(4.14)

This fundamental matrix is a matrix of special solutions for particular initial conditions. In our
case, the slowness is known and the rays are in the origin. Therefore, we need normalized point-
source initial condition. These initial conditions correspond to solutions of the dynamic ray-tracing
system for initial condition as follows(

P(0)
Q(0)

)
=
(
0

I

)
⇒
(
P2(τ)
Q2(τ)

)
(4.15)

The second derivatives of the traveltime �eld corresponding to a point source are given by

M = P2Q
−1
2 (4.16)

This allows us to approximate second-order traveltimes of a speci�ed wave at arbitrary points near
a reference ray by dynamic ray-tracing along that ray. If a point on the reference image ray is
speci�ed by x = xi, i = 1, 2, the second-order traveltime approximation at point x+∆x is available
and given by

t(x+ ∆x) = t(x) + p∆x+
1
2

∆xTM∆x , (4.17)

where M
(
Mij = ∂2t/∂xi∂xj , i, j = 1, 2

)
. If we square this expression, keep only the terms up to

second order in x, and take into account the initial conditions for image rays, we �nally obtain the
traveltime approximation for paraxial image rays in the vicinity of the central image ray as read

t2 = t(x)2 + t(x) ∆xTM∆x . (4.18)

So far we assumed that the kinematic attributes of image rays are available. Now I will brie�y
discuss how the attributes can be extracted from the data.

To obtain image-ray wavefront curvatures, we propose to use CSP gathers (see chapter 2). In the
single CSP gather, the following hyperbolic traveltime approximation is valid (see Equation 3.39):

tM (h)2 = (tM0 )2 +Mhhh
2 . (4.19)
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Comparing this equation with the traveltime approximation for paraxial image-rays given by
Equation 4.18, we see that the matrix Mhh is linked to the wavefront curvature of the image-
rays

M = P2Q
−1
2 =

1
t0
Mhh , (4.20)

where we consider time t0 to be the two-way traveltime along the central image ray.

In the next section, I will present a technique to construct smoothed velocity models based on the
curvature of the image rays.

4.3 Methodology of Image Ray Tomography

In this section, we will consider the 2-D case. The propagation of the paraxial rays in the vicinity
of the central image ray can be associated with a hypothetical wave due to a point source at the
IIP. This wave is referred to as Image Incident Point (IIP) wave. The focusing of this wave at zero
traveltime at the IIP is equivalent to focusing time-migrated re�ection traveltimes at IIP's. Note
that in contrast to the CMP traveltimes time-migrated re�ection traveltimes are dip independent,
thus, can be exactly described in terms of the IIP wave. A model is consistent with the data
if all IIP waves focus at zero traveltime when propagated back into the subsurface. Figure 4.3b
compares data vectors for NIP and image-ray tomography, respectively. In contrast to the NIP-
wave tomography, the �rst-order traveltime derivatives are not required to construct the data
vector since the phase slownesses of image rays are normal to the acquisition line. The image ray
is solely determined by its wavefront curvature at the acquisition line.

The data vector required for the inversion consist of one-way zero-o�set traveltimes TM0 along the
central image ray and the second spatial traveltime derivatives Mh at the respective image ray
emergence location x0

(TM ,Mh, x0)i, i = 1, ..., n . (4.21)

The data are extracted from the stacked CSP data at n-data pick locations by an automatic picking
procedure (Klüver and Mann, 2005). Each of these data points is associated with a corresponding
IIP in the subsurface, characterized by its spatial location (x, z)(IIP ).

The 2-D velocity model is described by two-dimensional B-splines

v(x, z) =
nx∑
j=1

nz∑
k=1

mjkβj(x)βk(z) , (4.22)

where mjk are B-spline coe�cients representing the velocity model on a rectangular grid nx and
nz are the chosen numbers of grid points in the horizontal and vertical directions. For the 2-D
tomographic inversion, the model is therefore de�ned by the model parameters

(x, z)(IIP )
i , i = 1, ..., ndata

vjk j = 1, ..., nx; k = 1, ..., nz
(4.23)

The forward modeling of the quantities

(TM ,MIIP , x)modi , i = 1, ..., n (4.24)
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Figure 4.3: (a) The propagation of the paraxial rays in the vicinity of the central image ray
can be associated with a hypothetical wave due to a point source at the IIP. This wave is
referred to as Image Incident Point (IIP) wave. (b) De�nition of data-vector components for
2-D NIP-wave and image-ray inversion. The data vector for NIP-wave tomography describes
the second-order traveltime curve associated with an emerging wavefront of the normal ray and
contains (T,MNIP , p, x). The data vector for image ray tomography describes the second-order
traveltime curve associated with an emerging wavefront of the image ray and consists of a data
triple (tM ,MIIP , x). The model components are the spatial location of the depth point P and
the B-spline coe�cients of the velocity �eld v(x, z). The depth point is commonly referred to as
the NIP point in the NIP-wave tomography or the IIP point in the image-ray tomography. X
represents CMP location where the NIP-wave is measured. The XI represents the CSP location
where the IIP-wave is measured.
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during the inversion process is performed by applying 2-D kinematic and dynamic ray tracing.
Using kinematic ray tracing yields the emergence location ξ0 of the image ray, while integration of
equation 4.7 along the image ray yields the traveltime TM0 .

It has been shown above that the parameters describing a second-order approximation of the
traveltimes of emerging IIP wavefronts can be extracted from the CSP data. The kinematic
wave�eld attributes of time-migrated re�ections describe the emerging hypothetical IIP wavefront
in terms of second-order traveltime derivatives. In 2-D orthonormal coordinates, the second spatial
derivative of the IIP-wave traveltime on the central image ray is given as,

MIIP = P2Q
−1
2 .

The inverse problem can be formulated as follows: a model vector m, consisting of velocity model
parameters mjk, j = 1, ..., nx, k = 1, ..., nz and image ray starting parameters at IIP, (x, z)i, i =
1, ..., n, is sought, that minimizes the mis�t between a data vector d, containing the picked values,
and the corresponding modeled values dmod = f(m). The operator f symbolizes the dynamic ray
tracing. The least-square norm is used as a measure of mis�t (Tarantola, 1987). The modeling
operator f is non-linear. Instead of solving a global nonlinear optimization problem the inverse
problem is solved in an iterative way by locally linearising f and applying linear minimization
during each iteration. The required Fréchet derivatives of f at the current model

∂
(
TM ,Mh, x

)
∂ (x, z, v)

are calculated during ray tracing by applying ray perturbation theory (Farra and Madariaga, 1987;
�ervený, 2001).

4.4 Synthetic example

As a �rst test, the image-ray based tomographic algorithm was applied to a synthetic example.
For this purpose I used the same data as in the previous chapter (see Figure 3.6a which displays
a simple synthetic model with an anticline in the middle.)

After the application of the CMRE stack, 592 data points (TM ,MM , x) were picked in the resulting
simulated ZO time-migrated section and the section containts wavefront curvature of the image
rays. These served as input for the inversion. The velocity model consists of 104 B-spline knots:
8 knots in the x-direction with a spacing of 1000m and 13 knots in the z-direction with a spacing
of 200m. The starting model was chosen to consist of a near-surface velocity of 1500 m/s and a
vertical velocity gradient of 0.6 s−1. To �nd the initial ray starting positions of the image ray in
the subsurface, rays corresponding to locations of all data points were simply traced downward in
the initial model normal to the acquisition line until the one-way traveltime TM was reached.

The inversion result after 11 iteration is shown in the Figure 4.4a. The calculated image rays are
also depicted. One can observe that the image rays are normal to the surface. Note that the
model obtained as a result of the tomographic inversion is described by smooth spline functions,
while the true model is blocky. The resolution of the obtained model depends on the grid spacing.
However, the inversion result should be kinematically equivalent to the true model for all re�ection
events in the data. Figure 4.4a shows that the reconstructed model resembles a smoothed version
of the true velocity distribution. The resulting smooth velocity model was �nally used to perform
prestack depth migration to investigate whether re�ectors in the model are correctly imaged. For
that purpose, a Kirchho� migration algorithm based on eikonal traveltimes was used.

47



CHAPTER 4. IMAGE RAY TOMOGRAPHY

0

500

1000

1500

2000

2500

D
ep

th
 (

m
)

3000 4000 5000 6000 7000 8000
Distance (m)

1400

1600

1800

2000

2200

2400

2600

2800

3000

V
el

oc
ity

 (
m

/s
)

(a)

0.5

1.0

1.5

2.0

2.5

D
ep

th
 (

km
)

2000 3000 4000 5000 6000 7000 8000
Distance (m)

(b)

Figure 4.4: (a) Inversion result of the image-ray tomography. The reconstructed velocity model
is displayed with some image rays. The input data for the inversion were picked from the CMRE
stacked section and associated CMRE-attribute sections. (b) The depth-migrated section of CMP
data using the estimated tomographic model.

Figure 4.4b shows a stack of all common-o�set migrations between 0 and 2000 m o�set. Before the
stacking, the Common Image Gathers (CIG) were muted according to Figure 3.6b. As expected
from the results of Figure 4.5, all re�ectors in the migrated image are correctly positioned. The
bow-tie events in the seismic data due to the anticline structure were correctly unfolded.

Figure 4.5 shows some CIGs at regularly spaced image locations with a separation of 1000 m. Each
CIG represents the migration result at the respective image location as a function of o�set. The
o�sets displayed in the CIGs in Figure 4.5 range from 0 to 2000 m. At shallow depths and large
o�sets, a mute has been applied to remove events with excessive wavelet stretch.

The velocity model is consistent with the seismic data if the results of prestack depth migration are
kinematically independent of o�set. The events in the CIGs displayed in Figure 4.5 are almost �at.
This con�rms that the model obtained with the proposed tomographic inversion is kinematically
correct and suitable for further velocity model building techniques like migration velocity analysis.

The synthetic data example presented in this section shows that the concept of using the wavefront
curvatures of the image rays for the construction of smooth, laterally inhomogeneous velocity
model leads to a velocity model that is consistent with the data. The applicability of the presented
method is limited since input data for the inversion are model-based. The inversion depends on
the accuracy of the time-migration velocities used for the generation of CSP data. In case of strong
lateral velocity variations, it is limited by the size of the o�set aperture and by the strength of the
velocity variation. Good result are achieved only if the hyperbolic assumption is applicable, i.e.,
for moderate lateral velocity variation in the seismic data.

Similar restrictions apply to the NIP-wave tomography. The major advantage of the image-ray
tomography against the NIP-wave tomography is the unfolded wave�eld in the input data and the
focused di�ractions which allow an easier and more reliable picking of the input data for inversion.

48



0.5

1.0

1.5

2.0

2.5

D
ep

th
 (

km
)

2000 3000 4000 5000 6000 7000 8000 9000
Distance (m)

Figure 4.5: CIGs after prestack depth migration.The o�sets displayed in the CIGs range from 0
to 2000 m. At shallow depths and large o�sets, a mute has been applied to remove events with
excessive wavelet stretch. The events in the CIGs are almost �at.

4.5 Concluding remarks

I have presented a new tomographic method for building smooth velocity models for depth imaging
based on the wavefront curvature of the image rays. The image-ray propagation can be described
in terms of a hypothetical IIP-wave. The IIP-wave is a wave which starts to propagate in the
subsurface when a point source explodes at the IIP and arrive normally at the surface. Curvatures
of the IIP waves can be directly extracted from common scatterpoint gathers by NMO like stacking
procedure. The common scatterpoint gathers are prestack time-migrated data with a hyperbolic
moveout which is based on the surface distance from a scatterpoint location to a collocated source
and receiver. One of the advantages of CSP data is the absence of di�ractions and triplications.
Therefore, the estimation of attributes in the time-migrated domain might be more reliable than
in the prestack CMP data.

The method can be seen as an additional tool to provide constraints for kinematic velocity model
building. It is particularly useful in the areas where di�ractions and triplications, which are located
close to re�ections, generate con�icting dip situation.
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Chapter 5

Imaging of seismic di�ractions

In previous chapters, I have described several methods how to enhance re�ection imaging based on
Huygens hypothetical di�ractions since conventional seismic processing is still tuned to image
re�ected waves. Recorded di�racted waves are lost by application of the proposed methods.
However, most recently the seismic comunity has recognized the importance of the di�racted waves
in seismic imaging. Only di�ractions can provide reliable information on geological discontinuities
like small-size objects, faults, rifts, zones of structural dislocations, fronts of metamorphism,
or fracture corridors. They also can serve as quality control for velocity models in migration
methods. Unfortunately, di�raction imaging is a big challenge because di�ractions have much
weaker amplitudes than re�ections and often are masked behind the re�ections. In order to
improve the imaging of di�ractions, several approaches have been developed over the last decade.
The separation of the seismic data into di�raction-only data is the �rst step. These data can be
used for velocity model building since a propper imaging of di�ractions also strongly depends on
the quality of the velocity model.

I propose an approach based on the Common-Re�ection-Surface method to e�ectively separate
re�ection and di�raction events. The separation method is based on the stack of the coherent
events using the Common-Re�ection-Surface di�raction operator and applying a di�raction-�lter
during the generation of the stacked section. The di�raction-�lter is based on the kinematic
wave�eld attributes which are obtained by the pragmatic search strategy. After separating seismic
events I introduce a technique for migration velocity analysis using di�raction-only data based on
the measure of the coherency along di�raction traveltimes in both time and depth domain. I also
show an example illustrating the ability of the velocities extracted from di�ractions to focus main
re�ections.

5.1 The main properties of di�racted waves

There are several approaches to de�ne a real di�raction response since di�racted waves themselves
di�er in the nature. Commonly, a real di�raction response can be divided into two groups. The
�rst group builds di�ractions produced when the incident wave�eld hits the edges, corners or
vertexes of boundary surfaces. This responce is commonly referred to as di�racted waves. The
second group builds di�ractions produced when the incident wave�eld passes objects or velocity
perturbation about the characteristic size of the Fresnel zone, i.e., their size, d, is comparable
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to the apparent wavelength, λ, or with the Fresnel zone radius Rf , so the relations d ∼ λ, or
d ∼ Rf hold. Usually this response is referred to as scattered waves. Actually, depending on the
seismic data, e.g., laboratory, re�ection seismic, global seismology, the size d may vary from several
millimeters to tens of kilometers. For the sake of simplicity, I will referr to both groups as di�racted
waves. These structural objects mainly generating di�racted waves are illustrated in Figure 5.1.
Figure 5.1a shows a single point-like di�ractor in a homogeneous background. The single di�ractor
represents a point-like high-velocity inclusion. This geological object produces di�racted waves
only if its dimension is comparable to the prevailing wavelength in the signal. Figure 5.1b shows
an edge-like di�ractor delineating a lateral sharp discontinuity in velocity. Figure 5.1c shows a
single triangle structure simulating a cone-like di�ractor. The process of seismic wave propagation
in a general medium may be investigated with the help of the ordinary ray method (�ervený, 2001).
The theoretical consideration of the process of di�racted wave is a rather complicated problem. For
its solution the diverse methods of theoretical and mathematical physics is utilized. The methods
used in these problems can be treated from di�erent points of view. An excellent overview of the
methods can be found in (Gelchinsky, 1982). All methods can be divided into the following groups:

The �rst traditional group is formed by the analytically exact methods of solutions of the problems
of scattering by the bodies of regular shape. The method of separation of variables lies in the basis
of this group of methods. The obtained solutions are investigated analytically and numerically in
order to receive the quantitative and qualitative consequences (Aki and Richards, 1980).

The second type of solutions can be called the integral equation method, because in the constructing
of the solution the principal role is played by the integral equations appearing in it. Usually, the
formulas of the Green-Kirchho� type or of the �eld expansion into a complete or into a quasi-
complete set of functions, taken from the problems with separable variables, lie in the basis of
the methods of this group. To solve the integral equations it is suggested to use a set of various,
often rather clever and elegant methods. The Wiener-Hopf technique, the matrix method and the
method of optimal truncation are included in this group (Waterman, 1976). It is important to
note that these are the numerical methods, because their physical and applied results are obtained
after the realization of numerical iteration processes. These methods are especially convenient for
low frequencies.

The solutions obtained with the help of perturbation theory are the third group of methods. The
necessary condition of the constructive application of these methods is that the deviation of the
scattering object parameters from the corresponding characteristics of the surrounding medium is
small. The physical consequences are obtained from the qualitative and quantitative investigations
of the constructed solutions (Aki and Richards, 1980).

The approximate local methods form the fourth group. Ray considerations and some locality
principles lie in the basis of all modi�cations of these methods. The concept of a ray is generalized
in these methods rather widely, (see, e.g., Keller, 1962; Berryhill, 1977; Kravtsov and Ning, 2010).
The wave�eld is presented as a asymptotic series constructed along the rays. In the range of
validity the leading part of the �eld is determined by the �rst term of the series which have a clear
physical meaning.

In general, assuming that the subsurface behaves as an acoustic medium, leads to the following
summary concerning di�ractions:

1. Di�raction amplitudes are frequency-dependent. High-frequency pulses excite less di�raction
response than low-frequency pulses. Also, the waveform changes along the di�raction
hyperbola because high-frequency components absorb �rst.
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Figure 5.1: Three geological models mainly generate di�racted waves. (a) The single (point)
di�ractor in a homogeneous background. The velocity in the background is 1500 m/s. The
single di�ractor represents a high-velocity intrusion, 2000 m/s, with 20 meter lateral and 10 meter
vertical extension. This geological object produces di�racted waves only if its dimensions are is
comparable to the apparent wavelength in the signal. (b) The edge di�ractor delineates a lateral
sharp discontinuity in the velocity. The velocity in the step-like structure is 2000 m/s. The
velocity above and beside the step is 1500 m/s. (c) The single cone-like structure simulates cone-
like di�ractor. The velocity in the structure is 2000 m/s. The velocity above and beside is 1500
m/s.
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Figure 5.2: Seismograms generated for an edge-di�ractor model. As predicted one can observe the
phase reversal for the edge di�fraction and also very low amplitudes compared to the re�ection.
Note that a gain was applied to emphasize di�raction amplitudes.

2. The maximum amplitude of an edge di�raction can attain one-half that of the associated
re�ection, and the di�racted waveform is identical to the re�ected one. The maximum
amplitude occurs on a seismic stacked section where the di�raction meets the re�ection.
This happens not at the apex of the di�raction hyperbola if the re�ector is dipping.

3. The amplitude decrease is similar to the spherical divergence.

4. At the edge, the di�ractions undergo a phase change of 180 degrees compared to re�ections.
This implies, the di�raction hyperbolas are divided into two regions in which the algebraic
signs of the amplitudes are opposite. The part of the hyperbola o�-end from the associated
re�ection has the same polarity as the re�ection, while the part beneath the re�ection has
the opposite polarity.

5. Stacking velocities estimated to properly stack re�ections, do not necessarily stack di�ractions
properly. This may be signi�cant in the asymptotic region of a di�raction hyperbola, where
the stacking velocities estimated for re�ections are too high.

The above-mentioned conclusions are also visible from Figure 5.2.

In this section, I brie�y reviewed mainly aspects of di�racted waves emphasizing the di�erent
behavior of them in amplitudes as well as kinematics in comparison to re�ections. In the next
section I will present a method how to describe the di�raction response and discuss several potential
applications of di�raction in seismic processing.

5.2 Extraction of di�racted events

As discussed in the introduction to the chapter, di�racted waves, allow to reliably image small-size
subsurface features beyond the classical Rayleigh limit. Typical examples are small-size scattering
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objects, pinch-outs, fracture corridors, and karsts. Imaging of these features can be essential for the
geological interpretation, e.g., in carbonate or salt environments (Krey, 1952; Kunz, 1960; Landa
and Keydar, 1997; Kanasewich and Phadke, 1988).

Di�ractions can also serve as quality control for velocity models in migration methods. A velocity
model is assumed to be consistent with the data, if the di�ractions are focused after migration.
Moreover, instead using criterion of �atness of migrated common-image gathers commonly used in
migration velocity analysis, it is possible to determine migration velocities with di�raction-focusing
velocity analysis (Sava et al., 2005).

Di�raction imaging underwent a signi�cant development in last decades. In the 70th and 80th
of the last century the objective was the detection of di�racted waves in recorded data (Landa
et al., 1987), or the determination of the di�ractor location (Hubral, 1975). Nowadays, it is
becoming an independent part of seismic processing and is aimed to correctly image the di�ractions
separately from the re�ections (Moser and Howard, 2008). The separation is frequently based on
the attenuation of the specular re�ections in the recorded wave�eld.

Fomel et al. (2006) separated di�ractions in stacked sections using plane-wave destruction �lters.
The �lters are prediction-error �lters based on an implicit �nite-di�erence scheme for the local
plane-wave equation (Harlan et al., 1984). The criterion for separating di�racted and re�ected
events is the smoothness and continuity of local event slopes that correspond to re�ection events.
Khaidukov et al. (2004) proposed re�ection-stack type of migration on prestack shot-gathers to
focus re�ections to a point and smearing di�ractions over a large area. Muting the re�ection
focus and de-focusing the residual wave�eld results in a shot gather that contains predominantly
di�ractions. Kozlov et al. (2004) proposed to image di�ractions using the migration operator
modi�ed by an inclusion of a weight function which is constructed to suppress specular re�ections.
Their weight function is based on the anti-stationary phase �lter. The migration using this �lter
uses only non-specular responses from the re�ector outside the Fresnel zone. Reshef and Landa
(2009) used the dip-angle domain to extract and analyze di�ractions. The method is based on the
construction of the dip-angle common-image gather. In this gather, after migration with the correct
velocity, re�ections appear as concave-shaped events while di�ractions are �at. The di�erent shape
of the seismic events allows to separate them using a hybrid radon transform (Klokov et al., 2010).
However, these methods are based only on the suppression of the considered re�ections, and the
assumption that residual seismic events are di�ractions.

Berkovitch et al. (2009) proposed an other method for di�raction imaging. The method is based on
an optimal summation of the di�racted events. Their method utilizes the di�raction multifocusing
stack which uses a local-time-correction formula with two stacking parameters: the emergence
angle and the radius of the curvature of the di�racted wavefront. The di�raction multifocusing
stack separates di�racted and re�ected energy in the stacked section by focusing di�ractions to the
di�raction locations and smearing the re�ection energy over a large area.

I introduce an approach for di�raction imaging which combines the re�ection attenuation and the
coherent summation of di�racted events. The method uses the CRS technique (see chapter 3).
According to the CRS theory, a di�ractor is associated with a re�ector segment with an in�nite
curvature and an unde�ned orientation (Mann, 2002). A re�ector segment with in�nite curvature
implies that RN = RNIP or MN = MNIP , respectively. This principle is illustarted in Figure
5.3. From the �gure is it obvious that with decreasing re�ector curvature the radii RN and RNIP
become closer. As opposed to re�ections, for di�ractions any direction describes a possible zero-
o�set ray along which the NIP-wave and N-wave can be considered. For a di�ractor every emerging
ray is a 'normal' ray (Figure 5.3)
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Figure 5.3: Illustration of the CRS approach for di�raced events. Red lines delineate normal wave,
blue lines delineate NIP-wave. From the �gure is it obvious that with decreasing re�ector curvature
the radii RN and RNIP become closer. As opposed to re�ections, for di�ractions any direction
describes a possible zero-o�set ray along which the NIP-wave and N-wave can be considered. For
a di�ractor every emerging ray is a 'normal' ray.
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Figure 5.4: Traveltime-error plots for a 2D homogeneous model containing a single di�ractor with
an extension of 100 m at a depth of 1 km for the CRSD (a) and DSR operator (b), respectively
(see Figure 5.5a). The velocity is 1500 m/s. The CRSD traveltime errors are negligible for short
o�sets and the plane de�ned by m = 0. For near o�sets and large midpoint aperture the CRSD
operator �ts the di�raction response better than the DSR operator because the point-di�ractor
condition is not ful�lled here.

If the kinematic wave�eld attributes for an arbitrary point in the data are known, an approximation
of the prestack di�raction response is available by simply substituting RNIP for RN or vise versa
in the conventional 2D CRS operator given by equation 3.24, i.e.,

t2 =
[
t0 +

2 sinβ0m

v0

]2
+

2 t0 cos2 β0

v0RNIP

[
m2 + h2

]
. (5.1)

Equation 5.1 represents the CRS-based di�raction (CRSD) operator which approximates the
di�raction response up to second order. The CRSD traveltime surface is a hyperboloid in (t,m, h)
space which is obtained by rotating a hyperbola around its semi-minor axis. The CRSD operator
assigns the stacked result to the stationary point of the traveltime surface with respect to (m,h),
which coincides with the ZO time t0 of the 'normal' ray. The DSR operator assigns the stacked
result to the operator apex which coincides with the ZO time of the image ray. The CRSD
operator does not focus the di�ractions to their apex but represents a �t to the traveltime based
on a coherence criterion.

The CRSD operator is a single-square root operator thus an approximation valid for short o�sets
even in homogeneous media. Figure 5.4 shows traveltime-error plots for a 2D homogeneous model
with a single di�ractor at a depth of 1 km for the CRSD and DSR operator, respectively. The
velocity is 1500 m/s. As I can observe in Figure 5.4a, the CRSD traveltime errors are negligible
for the short o�sets and the plane de�ned by m = 0. The larger the o�set, the more the traveltime
error increases. The traveltime-error plot for DSR operator is shown in Figure 5.4b. We also
observe, for the near o�sets and large midpoint aperture the CRSD operator �ts the di�raction
response better than DSR operator. For heterogeneous media, both operators are valid in the
hyperbolic assumption. It cannot be quanti�ed which operator may �t the data better because it
is model/data dependent. To keep the o�set small will improve the �t for both operators though.

It was mentioned above that the radii of curvature of the NIP-wave, RNIP , and normal wave, RN ,
coincide for di�ractions. Thus, the ratio of RNIP and RN can be used to identify di�racted events
(Mann, 2002). In the ideal case, a di�ractor should yield a ratio of RNIP /RN equal to one. Strictly
speaking, this applies within the high frequency limit since the operators are kinematic. Seismic
data are always band limited and do not allow such simple distinction. Moreover, RNIP and RN

57



CHAPTER 5. IMAGING OF SEISMIC DIFFRACTIONS

0

0.5

1.0

1.5

2.0

2.5

T
im

e 
(s

ec
)

1000 2000 3000 4000
Distance (m)

(a)

0

0.5

1.0

1.5

2.0

2.5
T

im
e 

(s
ec

)

1000 2000 3000 4000
Distance (m)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

R
ni

p/
R

n

(b)

Figure 5.5: 2D homogeneous model with a small lens acting like di�ractor at a depth of 1 km. The
velocity is 1500 m/s. (a) The CRS stacked section of the model. (b) The ratio of radii RNIP /RN .
I observe a decrease of the ratio with rising distance from the di�raction apex.

are determined from data using an approximation to the real traveltime and it is not possible to
determine di�ractions in a binary way, i.e., RN = RNIP is a di�raction and RN 6= RNIP is a
re�ection. The ratio RNIP /RN for a simple homogeneous model is illustrated in Figure 5.5b.

The model containts of a small lens with lateral extension of 150 m simulating di�raction response.
The velocity is 1500 m/s. I observe an increase of the ratio with rising distance from the di�raction
apex. Since the radii of curvature slightly di�er, a soft transition is required which can be achieved
by thresholding. This transition should display a smooth and fast decay in order to su�ciently
separate di�ractions from re�ections. I suggest the following function which serves as a guide for
thresholding:

TF (m0, t0) = e
− |RN−RNIP |
|RN +RNIP | . (5.2)

This function is about one for RNIP close to RN and rather small if RNIP and RN di�er. I weight
the stacked result with one if the function TF (m0, t0) is above the threshold and with zero in the
opposite case. The choice of the threshold depends on the complexity of the subsurface and the
spectral content of the data. The lower the threshold, the more residual re�ections will remain
in the data. The application of the designed �lter to poststack sections will not include re�ected
events in the stack because they have a lower value of TF (m0, t0). Di�racted events will remain in
the stack because they have a higher value of TF (m0, t0). The resulting stacked section will then
contain predominantly di�raction energy.

Subsurface structures with small radii of curvature with respect to the prevailing wavelength in
the signal may appear very similar to di�raction events. Events from these structures will pass the
�ltering process and interfere with di�ractions. In con�icting dip situations, re�ected and di�racted
events contribute to the same ZO location while they have di�erent kinematic wave�eld attributes.
The kinematic wave�eld attributes of both events should be considered to properly separate the
seismic events. I propose to use an extended CRS stack strategy as described by Mann (2002) to
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avoid this potential problem. The strategy allows us to detect con�icting dip situations estimating
kinematic wave�eld attributes separately. All attributes are then used for the �ltering process.

Depending on the value of the threshold, residual re�ections may be present in the resulting stack.
These re�ections may still have greater amplitudes than di�ractions and the di�raction amplitudes
may be distorted by the �ltering process in con�icting dip situations. To enhance the di�raction
amplitudes and suppress the residual re�ections, I apply the CRSD operator to the poststack
section utilizing the partial CRS stack (Baykulov and Gajewski, 2009). For a sample with a
certain CMP and time coordinate, I calculate the di�raction traveltime curve using the poststack
CRSD stack operator given by

t2 =
[
t0 +

2 sinβ0

v0
m

]2
+

2 t0 cos2 β0

v0RNIP
m2, (5.3)

and stack the amplitudes within a large midpoint aperture. For a point belonging to the residual
re�ected event, the poststack CRSD operator will stack the amplitudes coherently only along the
segment of the residual re�ection. Thus, stacking along a large di�raction trajectory will sum
up both coherent and incoherent events. The residual re�ected events will be further suppressed
because of the destructive interference. For a point belonging to the di�racted event, the CRSD
operator stacks the amplitudes coherently along the whole di�raction trajectory. The di�racted
event will be enhanced because of constructive interference (see Figure 5.7).

5.3 Velocity model building using di�ractions

After separating di�ractions from re�ections, I use the di�raction-only data for poststack velocity
analysis. The conventional stacking velocity analysis is tuned to re�ections which have another
amplitude decay and waveform as di�ractions. For the sake of simplicity, let us assume edge
di�ractions. The di�racted waveform coincides with the re�ected waveform only exact above the
edge and the di�raction amplitude is half of the re�ection one. The amplitude decay cannot
be explained by geometrical spreading. Therefore, the o�set aperture within we usually apply
the stacking velocity analysis is not suitable for di�ractions. In the separated section, we have
predominantly di�racted energy, therefore, the velocity analysis can be tuned to di�ractions.

How can we use the separated di�ractions for velocity model building? We know, e.g., that
poststack time migration focuses di�ractions to their apex if the velocity model is correct. Poststack
velocity model building for di�ractions based on the focusing criterion is described, e.g., in Harlan
et al. (1984) and Fomel et al. (2006). Their methods incorporate repeated migrations of the data
using di�erent migration velocities and subsequent determination of the best velocity by a focusing
analysis.

I introduce another technique to build a time-migration velocity model based on a coherence
analysis for di�raction curves. As a measure of the coherency I use the semblance norm but others
are also possible.

Poststack time migration velocity analysis

The di�raction traveltime curves are determined by the DSR operator given by Equation ??. For
the poststack section, the half-o�set is equal zero, i.e., h = 0. Thus, the DSR operator simpli�es
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to the hyperbola

tD =

√
t20 +

4m2

v2
(5.4)

where v is the time-migration velocity, m is the midpoint displacement with respect to the
considered CMP position, t0 corresponds to the ZO two-way traveltime. The DSR operator �ts the
di�racted event in case the time-migration velocity is correct. The coherence analysis will provide
a high semblance value in this case. For each sample in the stacked section, I perform a velocity
scan from low to high velocities, i.e., for each velocity I compute the di�raction curve using the
poststack DSR operator given by Equation 5.4, stack the amplitudes along this traveltime curve,
and determine the semblance value. The output is a migration-velocity panel that is suitable for
picking time-migration velocities. The velocity with the highest semblance value will be considered
as the sought migration velocity.

Since the DSR operator is de�ned at its apex time, the coherence analysis will provide the highest
semblance value for the correct migration velocity and for the apex location of the di�raction
traveltime. This additional information can be used in the stacking procedure. The CRS approach
assumes the continuous surface around the NIP. That means that for the NIP located in the nearest
vicinity of the fault, edge, or truncations, the CRS approach may results in a smeared image. The
stacking aperture for a Common-Re�ector-Surface element should either start or terminate at the
di�racting element, i.e., faults, edge, or pinch out. In the velocity analysis of the di�raction-only
data, I identify the apex position of the di�racting subsurface feature that allows us to apply
optimized CRS apertures which will exclude these regions.

Poststack depth migration velocity analysis

For the determination of a depth-velocity model, I propose a velocity scan based on the semblance
analysis for the di�raction traveltimes. The traveltimes are usually calculated by ray tracing.
However, for simpler types of media, there is an analytical expression given by the Kirchho�
approach. For some speci�c velocity distributions, e.g., constant velocity, constant velocity
gradient, fully analytical solution of the Kirchho� integral can be derived. If the velocity
distribution in the true earth model can be reasonably well represented by one of the above-
considered situations, a fast velocity analysis can be performed.

The traveltime from one depth point under consideration to a receiver or source in an
inhomogeneous medium, i.e., the velocity is a function of depth only, v = v(z), can be computed
by means of the sum of the traveltimes along the ray segments SD and DR (see Figure 5.6). For
the sake of simplicity the 2D case is illustrated in the Figure 5.6.

In the general 3D case, the traveltime along the in-plane ray SDR is the integral (Martins et al.,
1997)

tD(ξ;x, z) =
1
v0

∫ z

0

n2(z′)dz′√
n2(z′)− sin2 αS

+
∫ z

0

n2(z′)dz′√
n2(z′)− sin2 αR

 (5.5)

The unknown starting angles αS and αR in the above integral can be eliminated from the
integration result by inverting the following integral for the horizontal distance between point
S or R and D,

x− xi = sinαD
∫ z

0

dz′√
n2(z′)− sin2 αi

(i = S,R)
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Figure 5.6: 2D cartoon illustrates traveltimes along the ray segments for a di�ractor embedded in
a medium with constant velocity.

Using Snell's law for di�racted rays (see e.g., (Keller, 1962)) as well as combining both equations
above it is possible to establish the following formula

cosαD =

√
1− v(D)2

(
x− xi
σi

)2

(i = S,R) ,

where σi is a parameter describing out-of-plane e�ects. It reads

σi = V0

∫ z

0

dz′√
n2(z′)− sin2 αi

(i = S,R) (5.6)

Now we can consider two cases: the case of a constant velocity and the case of constant velocity
gradient.

Constant velocity

The ray segment SD and DR are straight lines. Denoting their respective length by lS and lG, i.e.,

li =
√

(x− xi)2 + z2 (i = S,R) (5.7)

integral 5.6 is solved yielding the result σi = v0li (i = S,R) The traveltime is the well known DSR
equation, i.e.,

t(x, z) =
1
v0

(√
(x− xS)2 + z2 +

√
(x− xR)2 + z2

)
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or in midpoint coordinates

t(x, z) =
1
v0

(√
(x− h)2 + z2 +

√
(x+ h)2 + z2

)
(5.8)

Constant vertical gradient of velocity

Now the velocity distribution is controlled by the following law:

v(z) = v + γz , (5.9)

where γ can be considered as an inhomogeneity factor. Using this velocity distribution in integrals
5.5 and 5.6, it is possible to express the parameters σS and σR as

σi =
li
2

√
γ2l2i + 4vv0 (i = S,R),

where v is the velocity at D and lS and lG being the distances from S and R to D as de�ned in
equation 5.7. Once the depth point is speci�ed, all quantities are known to calculate the traveltime.
Substituting the velocity distribution 5.9 into integral 5.5 yields (Martins et al., 1997)

t(x, z) =
1
γ

ln (BSBR) , (5.10)

where

Bi = 1 +
γ2l2i + 2γσi

2vv0
(i = S,R),

Similarly to the time-domain, we perform a gradient scan from low to high gradients. This
means, for every depth point we compute di�raction traveltimes using Equation 5.10 evaluating the
semblance value for di�erent gradient values. The output is a gradient panel suitable for picking.
The picked gradients can be used to calculate the velocity distribution according to Equation
5.10. The calculated velocities represent smoothed interval velocities which are suitable as initial
velocities for the tomographic inversion or depth migration.

5.4 Synthetic example

Figure 5.7a displays a stacked section of a synthetic model containing �ve layers and four small
lenses which simulate di�ractors. The velocity within the layers is constant. The velocity in the
�rst layer is 1500 m/s, in the second layer 1580 m/s, in the third layer 1690 m/s, in the fourth layer
1825 m/s and in the �fth layer 2000m/s. Four small lenses with a lateral extension of 200 meters
in the fourth layer produce di�ractions. I used Seismic Un*x to generate synthetic seismograms
with the Gaussian beam method. I used a Ricker-wavelet with a prevailing frequency of 25 Hz.

The following processing steps are performed: (1) the pragmatic search strategy to estimate the
CRS attributes (Mann, 2002); (2) stacking of the prestack data using the CRSD operator to
emphasize di�ractions; (3) application of the di�raction �lter to the stacked section to further
suppress re�ected events; (4) partial CRS stack with the poststack CRSD operator to enhance
di�raction amplitudes and attenuate residual re�ected events. After these steps, we obtain
di�raction-only data, i.e., a stacked section that contains predominantly di�raction energy (Figure
5.7b). We used 0.9 as threshold for the �lter. This threshold corresponds to RNIP ≈ 0.8RN . As
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Figure 5.7: Synthetic example with four small lenses of 200 m lateral extension simulating
di�ractions. Stacked section of the whole recorded wave�eld (a) and di�raction-only data (b).
Lateral extension of the whole seismic line is 6250 m. Good separation of seismic events has been
achieved. Con�icting dips are preserved.
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Figure 5.8: Results for the synthetic model with four small lenses. (a) velocity spectrum after
poststack time-migration velocity analysis of a CMP located directly above one of the di�ractors.
Red color indicates high semblance. The corresponding distribution of the coherence as function
of velocity for the same CMP is illustrated in (b). We observe a sharp and narrow maximum for
the di�raction apex allowing easy picking of velocities.

can be observed in Figure 5.7b, the di�racted events are well separated from the re�ected events,
even in the areas of con�icting dips.

The di�raction-only data we use for poststack time-migration velocity analysis. We applied
coherence analysis based on the semblance norm for each sample in the poststack section. Figure
5.8a illustrates a migration-velocity panel for a CMP location directly above one of the di�ractors.
Figure 5.8b shows the coherence values as a function of velocity and CMP position. I observe
a sharp and narrow maximum for the apex of the di�raction. The time was manually picked
and corresponds to the maximum of the coherence value. Figure 5.11a shows the time-migration
velocity model obtained by spline interpolation between picked locations.

Also, the di�raction-only data, Figure 5.7, are used for the depth-migration velocity analysis.
Figure 5.9 shows a gradient panel for a CMP which is located directly above one of the di�raction
apexes. Figure 5.11b shows the depth-migration velocity model obtained by spline interpolation
between calculated velocities. The velocities are previously computed for the whole trace where
the gradient has the maximum value of semblance.

Figure 5.10 shows the time-migrated sections obtained by Kirchho� poststack time-migration
using the RMS velocities (a) and the time migration velocities estimated from the di�raction-only
data (b). The RMS velocities are obtained using conventional velocity analysis for the recorded
wave�eld. The di�ractions are focused at the lenses in both cases. However, in the section obtained
with the velocity model estimated from the di�raction-only data the di�raction energy is better
focused, indicating a better velocity model.
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Figure 5.9: Results for the synthetic model with four small lenses. (a) velocity spectrum after
poststack depth-migration velocity analysis using an average velocity. (b) velocity spectrum
after poststack depth-migration velocity analysis using a gradient scan. Red color indicates high
semblance.

Applicability of velocities extracted from di�ractions to focus re�ections

Although the velocities estimated using di�raction-only data are used to focus di�ractions, they
also can be used to focus main re�ections. This model was used for Kirchho� prestack time
migration of the whole recorded data. Several Common-Image-Gathers corresponding to the apex
positions of di�ractions are shown in Figure 5.12a. The di�racted events are almost perfectly
�at. Re�ections from layers that are above the layer containing di�ractors exhibit strong residual
moveouts. However, the re�ection from the layer containing di�ractions displays horizontal
moveout, particularly for near o�sets. The �nal prestack time-migrated section is shown in Figure
5.12b. As expected from the CIGs, the �rst three re�ections are distorted. The focusing of the
last re�ection and di�ractions is better. This velocity model is used for Kirchho� prestack depth
migration of the whole recorded data. Several Common-Image-Gathers corresponding to the apex
positions of di�ractions are dispayed in Figure 5.13. The di�racted events are almost perfectly
�at. With respect to re�ections, I observe the same trend as in the time domain. Re�ections
from layers that are above the layer containing di�ractors exhibit strong residual moveouts. The
re�ected event from the layer containing di�ractions is almost �at, particularly for near o�sets.
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Figure 5.10: Imaging of the synthetic example with four small lenses. Lateral extension of the
seismic line is 6250 m. Poststack time-migration of the di�raction-only data. Time-migrated
sections: (a) obtained with the estimated RMS velocities and (b) obtained with the velocities
estimated from the di�raction-only data. In the latter section the di�ractions are better focused
and their lateral extension is about 200 m as in the model.
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Figure 5.11: Results for the synthetic model with four small lenses. (a) Time-migration velocity
model obtained by spline interpolation between picked locations. (b) Depth migration velocity
model is obtained by spline interpolation between calculated velocities.
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Figure 5.12: Imaging of the synthetic example with four small lenses. Common-Image-Gathers
after prestack time migration for locations corresponding to the apex positions of di�ractions.
Time migration of the data was performed with velocities estimated from the di�ractions.
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Figure 5.13: Imaging of the synthetic example with four small lenses. Common-Image-Gathers
after prestack depth migration for locations corresponding to the apex positions of di�ractions.
Depth migration of the data was conducted with velocities estimated from the di�ractions.
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5.5 Concluding remarks

I have proposed a new method to image di�racted events. The method is based on the separation
re�ections and di�ractions using CRS attributes. The process consists of stacking of the coherent
events with a CRS-based di�raction operator followed by attenuation of re�ected events in the
poststack domain with a new type of �lter. This �lter is based on CRS attributes which are
determined by the CRS approach. No additional analysis or search is required. In a post processing
step, the di�raction amplitudes are enhanced using partial CRSD stacks. A subsequent time
migration velocity analysis on the di�raction-only data provides time migration velocities which
are then used for Kirchho� poststack time migration.

The radii of the normal and NIP-wave allow to identify seismic events. For di�ractions, both radii
should coincide, i.e., their ratio is close to one. I used an exponential threshold function instead of
the simple ratio to stabilize the �lter process and to allow for a smooth transition from di�ractions
to re�ections. The choice of the threshold controls the separation of seismic events and depends
on the complexity of the subsurface as well as on the frequency content of the data. The lower
the threshold, the more residual re�ections will remain in the di�raction-only data. Because of
possible distortion of the di�raction amplitudes in con�icting dip areas during the �ltering, I apply
a partial CRS stack for an enhancement of the di�ractions.

Applications of the method to synthetic data con�rm a good separation of seismic events followed by
the presented method. The developed �lter is not limited to stacking trajectories. The application
to prestack data is also possible. Moreover, the extension of the method to 3D is straightforward
(Dell and Gajewski, 2012).

The di�raction-only data can be used for a poststack migration velocity analysis. In the poststack
domain, the data are reduced and a good S/N ratio is present. This allows fast time- and
depth migration velocity analysis. The time-migration velocity analysis consists of a velocity
scan for each sample in the stacked section and the evaluation of the semblance norm. The depth-
migration velocity analysis utilizes a gradient scan for each sample and also the evaluation of the
corresponding semblance norm. Applications of the method to synthetic data demonstrate that
the determined velocities provide images with well focused di�racted events.

The migration velocities extracted from the di�racted events can also be used to image re�ected
events. The synthetic data application shows good focusing of the re�ections from the layer
containing di�ractions. Focusing re�ections is not su�cient if no di�ractions are present in the
corresponding layer. However, the �eld data usually contain a great deal of di�ractions randomly
distributed along the seismic pro�le. The velocity information extracted by the presented method
from these di�ractions can surely be used as an initial velocity model for further velocity analysis
using the prestack data-volume.
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Chapter 6

Application to �eld data

In this chapter, I demonstrate the application of the developed imaging techniques to a marine
�eld data example from the Eastern Mediterranean. The dataset was kindly provided by TGS. The
data were chosen to obtain velocity information contributing to an elaboration of the respective
geologic setting.

6.1 Study area, acquisition geometry and preprocessing

The data were collected in the central Levante Basin, located in the Eastern Mediterranean (see
Figure 6.1), which is bounded to the South by the Egyptian and to the East by the Levante coast
and reaches to the Cyprus Arc and the Eratosthenes Seamount in the North and West, respectively.
The data cover the so-called Messinian Evaporites, i.e., relatively young salt formations. These
Evaporites precipitated during the Messinian Salinity Crisis when the interaction of plate tectonics
and eustatic sea level fall led to the closure of the gateway, strait of Gibraltar, between the
Mediterranean and the Atlantic. In the Levante Basin, they reach a maximum thickness of about
2 km.(Netzeband et al., 2006b).

Recent publications show a complex seismic stratigraphy of the evaporite sequence (see e.,g.,
(Netzeband et al., 2006b; Cartwright and Jackson, 2008)), and several units can be traced
throughout the entire basin. The deformation pattern of the intra-evaporite sequences including
folds and thrust faulting gives evidence for extensive salt tectonics during the depositional phase.
However, two di�erent mechanisms can be also considered, i.e., lateral creep of the evaporites which
means basically gravity gliding, and plate tectonics.

It is commonly accepted that the load of the Nile Deep Sea Fan pushes the entire evaporite
layer in a NNE direction parallel to the bathymetric gradient. In front of the lower fan as
well as beneath the sediment prism o� the Levante margin, the top of the evaporites declines
towards the underlying conformity. This rollback results not only from the lateral creep of the salt
but also from di�erential subsidence caused by the laterally varying thickness of the overburden
(Netzeband et al., 2006a). Backstripping analysis showed that o� the Southern Levante coast the
(apparent) rollback structure vanishes after the sediment unload. However, the presence of salt
rollers indicates that some extensional tectonics occurred (Gradmann et al., 2005; Hübscher and
Netzeband, 2007). However the Messinian Evaporites may also be overprinted by plate tectonics
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Figure 6.1: Map of the Levante Basin. The white line shows the location of the whole cross-
section. A part of the section covering 2000 CMP locations was processed (see Figure 6.2). The
Eratosthenes Seamount is denoted by ES.
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(Neev, 1977; Neev et al., 1976; Neev, 1975). The recent activity and their impact on the structural
evolution of the Levante margin is still a matter of debate. Usually, time-migrated seismic sections
are used for structural interpretation. Owing to the high interval velocity of the Messinian layer,
lateral thickness variations may pretend deep-rooted folds or faults. From time-migrated sections
it is almost impossible to infer whether the lower boundary of the evaporites is an undisturbed
detachment surface or whether it is dissected and o�set by faults (Netzeband et al., 2006a).

In order to better understand the deformation pattern present in the Levante Basin and to elucidate
the origin of the identi�ed evaporitic facies of the intra-evaporitic sequences an optimum image in
time and depth, respectively, is crucial. A velocity model suitable for depth imaging processes is
required for this purpose. However, velocity model building and depth migration in salt bearing
basins is a challenge for several reasons. The velocity contrast between the Messinian Evaporites
and the overburden is larger than 2 km/s since interval velocities of 4.3 - 4.4 km/s were calculated
for the evaporites and 1.7 - 2.1 km/s for the overburden, respectively (Netzeband et al., 2006a). In
the depth migration, this strong velocity contrast leads to smearing e�ects as it cannot be included
correctly by the required smooth description of the velocity �eld.

The data example covers 2000 CMP locations and was acquired in a 2D manner. The total line
length is ∼ 25 km. The record length is 8 s with 4 ms sample rate and shot and receiver spacing is
25 m. 576 channels were employed yielding a maximum o�set of 7325 m. For the purpose of data
reduction two adjacent channels were stacked during conventional preprocessing. The acquisition
parameters are also listed below.

Line length ∼25 km Acquisition type end-on
Recording time 8 s Time sample rate 4 ms

Maximum CMP fold 280 Source-receiver o�set range [0 m � 7325 m]
Number of CMPs 2000 CMP spacing 12.5 m

The associated CRS stacked section is displayed in 6.2. The section shows salt roller structures
and the Messinian Evaporites, which are folded, causing strong lateral velocity contrasts at their
top. Thus, these data are suitable to investigate both developed methods.

6.2 Re�ection imaging

Time imaging

In this section, I demonstrate the applicability of the developed re�ection-imaging work�ow for
the time imaging which includes an automatic update of time migration velocities. In the �rst
step, we perform an automatic CMP stack of the data to estimate the stacking velocities. In the
second step, we conduct a CSP data mapping, described in chapter 2, with the estimated stacking
velocities. In the third step, we apply an automatic CMRE stack to the CSP gathers.

The �rst item in the work�ow is to obtain reliable stacking velocities. We make use of the automatic
CMP stack which belongs to tools of the high-density stacking velocity analysis (Mann, 2002). The
high-density velocity analysis provides more detailed information about the seismic re�ection data
compared to the conventional approach with smoothed stacking-velocity models based on selected
CMP locations and re�ection events. Also, the high-density velocity analysis automatically avoids
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Figure 6.2: Marine data from the Levantine Basin, the automatic CRS stacked section.

the undesirable stretch e�ects that are present in the conventional NMO approach (Perroud and
Tygel, 2004). To remove possible �uctuations and outliers, we apply event-consistent smoothing
based on a combination of median �ltering and averaging (Mann and Duveneck, 2004).

The second step in the work�ow is the transformation of CMP gathers into CSP gathers (see chapter
2 for more details). In the third step, we apply an automatic Common-Migrated-Re�ection-Element
stack to the CSP gathers. The CMRE stack applied to the CSP data approximates the zero-o�set
re�ection traveltime with a second-order Taylor expansion in the vicinity of the image ray (see
chapter 3 for more details). The image ray is a ray which starts normal to the measurements
surface and travels down to hit the re�ector at the image-incident-point (Tygel et al., 2009). There
is no directional dependency in the traveltime and, therefore, no re�ection point smearing for the
dipping re�ector in the CSP data. Due to increased re�ector resolution of the CSP gathers and
the absence of di�ractions, application of our work�ow to the CSP data provides an improved
time-migration velocity model with an enhanced vertical resolution.

Figures 6.3 and 6.4 show a CMP gather (6.3a), the corresponding CSP gather (6.3b) and their
velocity spectra (6.4c,d). As mapping velocities I used stacking velocities obtained by the automatic
CMP stack during the �rst step of the time-imaging work�ow. The CSP data mapping as well
as the time migration were performed with the same velocity model. For the CSP gathers, an
automatic CMRE stack was performed. Figure 6.5 shows the prestack time migrated section from
CMP data (a) and the CMRE stack (b). The re�ections appear more continuous, top of salt
and base of salt appear a lot more focused in the CMRE-stacked section in comparison to the
conventional prestack time migrated section.
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Figure 6.3: Marine data from the Levantine Basin. CMP gather (a) and corresponding CSP gather
(b).
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Figure 6.4: Marine data from the Levantine Basin. Velocity spectra of the CMP gather (a) and of
the CSP gather (b). The latter has a higher semblance value for prominent events.
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Figure 6.5: Marine data from the Levantine Basin. Prestack time migrated section (a) and
automatic CMRE stack of the CSP gathers (b). Re�ections appear more continuous, and top
of salt and base of salt are imaged a lot more focused in the CMRE stack section in comparison
to the conventional time-migrated section.
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Depth imaging

Beside of providing the time-migrated section the CSP data may also be used for several
applications. One of the potential applications is velocity model building based on the image
ray tomography (see chapter 4). As the time image reveals (Figure 6.5b), the top of salt is visible
at 2.6 s, the base of salt is at 3.3 s. The velocity in the sediments is about 2000 m/s and in the
salt it is about 4000 m/s. Di�racted events, that occur along the top of salt, indicate a fractured
structure of the top of salt and mask the faults. Due to the signi�cant velocity contrast between
the sediments and the salt and a complex stratigraphy it is a challenge to reconstruct a detailed
velocity distribution for the base of salt. Figure 6.6a illustrates the section of the radii of NIP-
wave. Note, this section is weighted with a coherence value of 0.4. The coherence value is of great
importance in the re�ection tomography because the picking of traveltime information is carried
out for events with a determined coherence value. We usually consider that a prominent re�ection
event has a high coherence value. Especially automatic methods for event picking solely rely on the
coherence value and it is often abandoned to the contractor to control the picking. Choosing the
coherence value quite high reduces the number of events while the usage of lower values runs the
risk to pick non-physical events. We see in Figure 6.6a that we were not able to pick a signi�cant
amount of reliable attributes. Therefore, this section is not suitable to provide a reliable data
vector for NIP-wave tomography in an automatic manner.

Figure 6.6b shows the section related to the wavefront radii of the image-rays. The section is
also weighted with a coherence value of 0.4. We can observe that much more attributes can be
involved in the image ray tomography in comparison to the section to the NIP-wave tomography,
especially from the part containing the salt. 935 data points (tM ,MIIP , x) extracted from CSP
gathers serve as the input for the presented inversion method. The velocity model consists of 651
B-spline knots: 31 knots in the x-direction with a spacing of 1000m and 21 knots in the z-direction
with a spacing of 250m. The initial model is built using a near-surface velocity of 1500 m/s and a
vertical velocity gradient of 0.5 s−1. Also, the constraint for a minimum deviation of the velocity
was used because of the presence of salt layers in the data. Figure 6.7b shows the result of the
image-ray tomography. The base of salt is well resolved. Compared to the result of the NIP wave
tomography, the image-ray tomography produces a smoothed velocity model.

The smooth velocity model obtained with the image-ray tomography was used to perform a prestack
depth migration. We used a Kirchho� migration algorithm based on eikonal traveltimes. A number
of common-image gathers at selected image locations with a regular separation of 2 km along the
section are shown in Figure 6.8a. The displayed o�sets range from 0 to 3000 m. Most events in
the CIGs are �at indicating that the determined velocity model agrees with the data fairly well.
Some residual moveout is visible in the stack of internal salt re�ectors around 2 � 4 km depth. The
deep re�ectors below the base of salt are, however, perfectly �at.

Figure 6.8b shows a stack of prestack depth migration for the o�set range between 0 and 3000 m.
We observe that the top of salt at ∼ 2 km is well resolved. As expected In contrast and really
unexpected, the base of salt and a number of steep faults bellow are well resolved. Those parts of
the subsurface below ∼ 4 km depth correspond to regions of low coherence in the section containing
the NIP-wave attributes (Figure 6.6). Es expected NIP-based velocity model should have a very low
resolution for the region. In the salt body re�ectors exhibit stronger amplitudes, i.e., strong acoustic
impedance contrast, which obviously acts as a barrier for seismic waves traveling downwards.
Beneath salt formations we can observe a horst and graben with step faulting. Disturbance shallow
salt level strata caused by faulting can also be interpreted. This disturbance is also validated by
the presence of many di�ractions in the shallow part of the unmigrated seismic section. Salt is
clearly seen above the basement rocks which disturb the strata like a bulge. The image of the
re�ectors beneath the salt body is very crucial for seismic exploration.
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Figure 6.6: Marine �eld data example. (a) The parameter MNIP , contains information on NIP-
wave radii. The parameterMIIP contains information on the wavefront curvature radii of the image
rays. The sections are weighted with a coherence value of 0.4. In comparison to theMNIP -section,
more picks from the MIIP -section can be involved in the tomographic inversion.
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Figure 6.7: Results of a tomographic inversion with NIP-wave and IIP-waves curvature. The
NIP-wave inversion was kindly provided by Stefan Dümmong (University of Hamburg, now at
Statoil).
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Figure 6.8: (a) Common Image Gather distributed along the whole pro�le. The re�ected events
are almost �at which indicates a good determination of migration velocities. The result of the
proposed inversion method can be indeed used as an initial model for migration velocity analysis.
(b) Depth migrated section. We can observe a horst and graben along with step faulting can
be recognized. Disturbing shallow level strata caused by faulting can be also interpreted. This
disturbing is also validated by the presence of many di�ractions in the shallow part of the seismic
unmigrated section.
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We can observe in general that base of salt bottom is very well imaged and also some re�ectors
below the salt are visible. We can also claim that small thickness undulations of the evaporite unit
represent indeed faults and are not apparent velocity pull-ups/-downs. These regions are indicated
with white arrow in Figure 6.2.

6.3 Di�raction imaging

In this section, I demonstrate the applicability of the developed di�raction-imaging work�ow. The
work�ow includes an automatic velocity analysis using separated di�ractions. The CRS stacked
section of the whole recorded data is shown in Figure 6.2a. Di�racted events that occur along
the top of salt con�rm its fractured structure. Figure 6.9a shows the stacked section after the
di�raction separation. Because of the complexity of the data, we used a low threshold of 0.7
during the �ltering. Consequently, more residual re�ections are present in the stacked section in
comparison to the synthetic examples shown before. However, the re�ection events between the
sea�oor and top of salt are strongly attenuated, leaving well-imaged di�raction events from the
top of salt.

The �eld data example showed higher residual re�ected energy compared to the synthetic 2D
examples. This may well be a 3D e�ect of di�ractors located transverse to the pro�le line. Another
possible explanation of this observation could be the frequency content of the data. The �eld data
example contains considerably higher frequencies in the signal spectrum than the synthetic data.
Di�raction imaging, particularly the separation re�ections and di�ractions, is frequency dependent.
What might appear as a point di�ractor to a low frequency signal may well be a �re�ecting horizon�
for a high frequency signal. The corresponding Fresnel volume de�nes the limits of resolution
here. The frequency content of the data thus highly in�uences the �lter performance. The same
threshold in the �lter process will not provide the same performance with respect to the separation
of di�raction and re�ection events if the frequency content of the data di�ers.

I applied time-migration velocity analysis on the di�raction-only data (Figure 6.10). I then
performed poststack Kirchho� time migration with the estimated velocity model. Figure 6.9b
shows the time-migrated image of the di�raction-only data. The di�ractions are focused and
indicate the rugged structure of the salt.

Combining both time images improves the overall image of the subsurface.

On the �nal migrated sections we can observe that the Messinian Evaporites are overprinted by
plate tectonics. The presence of many di�ractions produced by the top of salt indicates the gravity
gliding. Also, the presence of the internal layers in the salt and bulge-like disturbance of the strata
by the basement rocks point out the salt tectonics. To sum up, I conclude all three mechanisms,
i.e., salt tectonics, gravity gliding, and plate tectonics should be considered for correct formation
analysis of the Messinian Evaporites.
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Figure 6.9: Marine data from the Levantine Basin. (a) CRSD stacked section of di�raction-
only data. Re�ections are still present in (b), because of the lower threshold we have chosen for
the threshold function. (b) Time-migrated section obtained with the velocities estimated from
di�ractions. The di�ractions are focused and indicate the rough topography of the top of salt.
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Figure 6.10: Marine data from the Levantine Basin. (a) Velocity spectrum after poststack time
migration velocity analysis of a CMP located at 3400 m directly above the di�ractor. (b) Coherence
of this CMP where the time was manually picked and corresponds to the maximum of the coherence
value at 2.87 s in (a). The semblance is considerably smaller compared to the synthetic examples.
A distinct maximum can be still identi�ed.
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Chapter 7

Conclusions

In the scope of this thesis, I have studied transformations of seismic data from one domain into
another one according to the type of the recorded wave�eld. I have focused on two major
types: re�ection and di�raction events of the recorder wave�eld. Since the central step in
the seismic imaging still represents re�ection imaging, the main part of the thesis is dedicated
to the transformation of the seismic data into re�ection-only data. For this purpose, I have
developed a method that maps the prestack seismic data into 'partly' prestack time-migrated
data by exploitation of Kirchho�'s di�raction approach. The developed method generates common
scatterpoint, CSP, gathers which maintain the moveout. A CSP gather collects all scattered energy
from a 3-D data volume (m,h,t) within the migration aperture and redistributes this energy into
a 2-D data volume (h,t) along a hyperbolic path. If a scatter point is exactly at the output
location of a CSP gather, the scattered energy will be stacked constructively. Energy from scatter
points o�set from the output location is canceled through destructive interference. The CSP data
mapping uses the parametrization of the DSR equation with the apex time. The summed amplitude
is directly mapped into the CO apex of the migration operator. The time domain formulation of
the data mapping allows CSP gathers to be formed at arbitrary locations, i.e., a regularized gather
is obtained. The stacking in this process provides an improved S/N ratio in the CSP gathers
compared to the CMP data.

Since the CSP data represent 'pure' re�ections, these data are most suitable for conventional
processing steps like stacking or velocity analysis. I have applied a multiparameter stacking method
to CSP data. The method is based on the automatic common-migrated-re�ector-element, CMRE,
stack. The CMRE stack is based on the Taylor expansion of time-migrated traveltimes in the
vicinity of the central image ray and its application focuses CSP traveltimes at zero-o�set. Since
the CSP data mapping requires initial migration velocities, which might be incorrect, the velocity
updates are a very important step in the whole procedure. During the CSP data mapping we
recalculate the time-migration velocity for every sample, i.e., every CMP coordinate, and every
o�set, in order to �nd the one which best �ts the traveltime. Therefore, the CSP data mapping
contains an integrated velocity update which is the �rst update. Then, after CSP gathers are
generated, I apply the CMRE stack. The CMRE stack belongs to the high-density velocity analysis
tools including automatic searches for three stacking parameters. The �rst search is the automatic
CSP stacking. During this search we determine a best-�t stacking parameter which represents the
updated time-migration velocity. This search is the second update. During the CMRE stack we
also determine best-�t stacking parameters in the midpoint direction. This allows us to account for
lateral velocity changes. The application of a subsequent simultaneous parameters optimization
provides the �nal update of time-migration velocities. However, if the initial migration velocity for

85



CHAPTER 7. CONCLUSIONS

computing the CSP data is substantially wrong, the CMRE stacking procedure will only improve
focusing of the time-migrated re�ections similar to the RMO analysis. The CMRE stacking cannot
correct a potential damage of a CSP gather and put re�ections at their correct positions. Therefore
the limitations of the method are related to complex velocity models with strong lateral velocity
variations.

CSP gathers can be used for complementary applications, e.g., for multiple suppression or velocity
model building. I have also investigated its ability to build smooth velocity models for depth
imaging using the wavefront curvature of the image ray. I have proposed to extract these curvatures
from the time-migrated re�ections since they are related to image rays in a similar way as normal
incidence rays relate to primary re�ections. The time-migrated primary re�ections can be obtained
by tracing image rays vertically down from the surface to the considered re�ector in depth. The
distinct advantage of using kinematic information extracted from the time-migrated re�ections lies
in the fact that the time-migrated data are free from di�ractions and triplications. The other
advantage is that the time-migrated data exhibit an improved signal-to-noise ratio. This allows us
to determine the kinematic information from the data even in the presence of a low signal-to-noise
ratio and con�icting dip situations in the unmigrated data, where identifying re�ection events
becomes more di�cult. I have proposed to build velocity models in a tomographic fashion. The
data vector for the inversion contains wavefront curvatures of the image ray. The model vector
is calculated by dynamic ray-tracing along central image rays. The inversion problem is solved
iteratively by computing the least-squares solution to the locally linearized problem. The Fréchet
derivatives required for the tomographic matrix are calculated with ray perturbation theory.

The other major part of the seismic data is represented by di�ractions. Di�ractions are still seen as
the step child of the seismic processing. However, they carry detailed information on the subsurface
in regions of high importance for the reservoir characterization and exploitation. They provide a
naturally and physically justi�ed way to the high-resolution image beyond the classical Rayleigh
limit. Moreover, the di�racted wave�eld is determined solely by properties of the medium in a
small neighborhood of the scatterer. Therefore, di�ractions can be used to extract detailed velocity
information in the nearest vicinity of the scatterer providing an illumination usually superior to
re�ections. I have proposed a new method to image seismic di�ractions using kinematic wave�eld
attributes. The radii of the normal wave and NIP wave allow to identify seismic events. For
di�ractions both radii should coincide, i.e., their ratio is close to one which allows to isolate
them from re�ections. The imaging consists of stacking of the coherent events with a CRS-based
di�raction operator, followed by attenuation of re�ected events in the poststack domain with a
new type of �lter. Finally, the di�racted events are enhanced using partial CRSD stacks. Time-
migration velocity analysis of the di�raction-only data followed by Kirchho� time-migration of the
di�ractions completes the di�raction imaging.

In the poststack domain, the data are reduced and a good S/N ratio is present. Both facts lead to
a reliable and fast time-migration velocity analysis. The developed velocity analysis consists of a
velocity scan and the evaluation of the corresponding semblance norm. Applications of the method
to synthetic and �eld data data demonstrate that time-migration velocities estimated from the
di�raction-only data lead to a better focused time-migrated image compared to a time migration
with RMS velocities. The developed method therefore represents a fast, robust and stable technique
for poststack time-migration velocity analysis. I have also investigated in what way di�raction-only
data can be used to extract time-migration velocities for re�ections. The synthetic data application
shows good focusing of the re�ections from the layer containing di�ractions. Focusing re�ections
is not su�cient if no di�ractions are present in the corresponding layer. However, the �eld data
usually contain a great deal of di�ractions randomly distributed along the seismic pro�le. The
velocity information extracted by the presented method from these di�ractions can surely be used
as an initial velocity model for further velocity analysis using the prestack data-volume.
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In general, I do not consider re�ection and di�raction imaging as competitors. The transformation
of the data into re�ection-only or di�raction-only data allows us to adjust seismic-processing tools
for particular needs depending on the interpreter's goal and the geological interpretation. The
combination of images produced by both techniques will improve the �nal image.

Suggestions concerning the extensions of the presented methods to anisotropic media are outlined
in the following �Outlook� chapter.
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Chapter 8

Outlook

This thesis has introduced techniques for seismic imaging based on di�ractions. However,
applications of the techniques have been limited to isotropic media since the mathematical
framework to describe the di�raction response is valid only for the isotropic case. The major
issue for the future will be the extension of the presented techniques to anisotropic media. The
last section gives some thoughts on how this could be achieved.

The most frequently used approximation for di�raction traveltimes was derived by Alkhalifah and
Tsvankin (1995) and represents an extension of the conventional double-square-root (DSR) equation
with a fourth-order term. This term depends on a single additional parameter, η, which steers the
non-hyperbolicity of the moveout. The authors assume weak VTI anisotropy. This simpli�cation
implies that the vertical time is the fastest one and the traveltime equation is symmetrical with
respect to the vertical axes. Unfortunately, this simpli�cation often fails for many cases. Figure
8.1 shows a di�raction traveltime curve for a homogeneous VTI anisotropic medium. The ratio
Vp(0)/Vp(90) is equal to two. It is apparent from Figure 8.1 that the fastest time from the di�ractor
to the surface does not coincide with the vertical time. The fastest ray arrives the measurement
surface with an angle of 35 degree. This implies that the apex of the di�raction traveltime curve
is laterally shifted with respect to the di�ractor location. To properly describe the di�raction
response, this shift should be considered. In heterogeneous isotropic media we also observe a shift
which need to be considered.

We propose to parametrize the di�raction response with four parameters, the emergence angle of
the fastest ray emitted from the di�ractor, the ray velocity along this ray and �rst and second-
order derivatives of the ray velocity with respect to the angle. These four independent parameter
are solely required to describe the prestack di�raction response in an arbitrary anisotropic
heterogeneous medium (Dell et al., 2012b).

Also we show that the proposed method provides slowness or phase velocity, respectively, for every
point under consideration. The information on the ray and phase velocity can be further used
for stacking or an inversion of estimated e�ective anisotropy parameters into interval anisotropic
parameters, in order to apply them, e.g., in lithology discrimination, fracture detection and time-
lapse seismic.
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Figure 8.1: The traveltime plot for a point di�ractor located in a homogeneous strongly anisotropic
VTI medium. The fastest time from the di�ractor to the surface does not coincide with the vertical
time. The fastest ray arrives at the measurement surface with an angle of about 35 degree. This
implies that the apex of the di�raction traveltime curve is shifted with respect to the vertical axis.
To properly describe the di�raction response, this shift should be considered.

Theory

We consider an arbitrary anisotropic inhomogeneous medium with the scheme of observation given
in Figure 8.2 where 	x and 	z determine the position of a di�ractor in the subsurface, x is the
surface projection of the di�ractor position, x0 is a point on the measurement surface belonging
to the ray emitted from the di�ractor and arriving with the fastest time. x1, x2 are coordinates of
the collocated source and receiver.
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Figure 8.2: Scheme of observation. The travel path is the sum of two legs: (x1, 0), (	x,	z) and
(	x,	z), (x2, 0). The traveltime can be easily computed using Pythagoras theorem.

The traveltime for a collocated source and receiver, i.e., from (x1, z = 0) via (	x,	z) to (x2, z = 0) is

t =
1

ξ(ϕ1)

√
(x− x1)2 + 	z2 +

1
ξ(ϕ2)

√
(x2 − x)2 + 	z2 , (8.1)
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where we have introduced angles as shown in Figure 8.2, and ξ represents ray velocity.

Now we expand the ray velocity into a Taylor series in the vicinity of the fastest ray with respect
to the angle. For velocities along both branches we obtain

ξ(ϕ1) ≈ ξ0 +
∂ξ

∂ϕ

∣∣∣∣
ϕ0

(ϕ1 − ϕ0) +
1
2
∂2ξ

∂ϕ2

∣∣∣∣
ϕ0

(ϕ1 − ϕ0)2 ,

ξ(ϕ2) ≈ ξ0 +
∂ξ

∂ϕ

∣∣∣∣
ϕ0

(ϕ2 − ϕ0) +
1
2
∂2ξ

∂ϕ2

∣∣∣∣
ϕ0

(ϕ2 − ϕ0)2 . (8.2)

Denoting

A =
1
ξ0

∂ξ

∂ϕ

∣∣∣∣
ϕ0

and B =
1

2ξ0
∂2ξ

∂ϕ2

∣∣∣∣
ϕ0

,

we obtain the following expressions for the ray velocities

ξ(ϕ1) ≈ ξ0
(

1 +A(ϕ1 − ϕ0) +B(ϕ1 − ϕ0)2
)
,

ξ(ϕ2) ≈ ξ0
(

1 +A(ϕ2 − ϕ0) +B(ϕ2 − ϕ0)2
)
, (8.3)

which we substitute then into equation 8.1

t =

√
(x− x1)2 + 	z2

ξ0

(
1 +A(ϕ1 − ϕ0) +B(ϕ1 − ϕ0)2

) +

√
(x2 − x)2 + 	z2

ξ0

(
1 +A(ϕ2 − ϕ0) +B(ϕ2 − ϕ0)2

) . (8.4)

Our approximation depends on the coordinate of the di�ractor in the subsurface (	x,	z), the
coordinates of the collocated source and receiver, (x1, z = 0) (x2, z = 0), �rst-order and second-
order derivatives of the ray velocity with respect to the ray angle, A and B, angle variations,
ϕ−ϕ0, and the ray velocity along the fastest ray, ξ0. The approximation is not easy to implement
in the seismic processing. Therefore, we will establish in the next two sections a time-driven and
depth-driven approach to approximate the di�raction response.

Time-driven approximation of the di�raction response

To obtain a time-driven approximation of the di�raction response, we express the x, z coordinate by
the fastest time. We calculate the fastest traveltime by simply application of Pythagoras theorem,

t0 =
2
ξ0

√
(x− x0)2 + 	z2 =

2
ξ0

√
δx2 + 	z2 , (8.5)

where ξ0 = ξ(ϕ0) is the ray velocity along the fastest ray (red line in Figure 8.2). We can also
express the δx in terms of angles. Making use of the sine law yields

δx = t0ξ0 sinϕ0 . (8.6)

We expand terms (x− x1) and (x2 − x) in Equation 8.1 as followed

t =
1

ξ(ϕ1)

√
(x0 − x1)2 − 2(x0 − x1)δx+ δx2 + 	z2 +

1
ξ(ϕ2)

√
(x2 − x0)2 + 2(x2 − x0)δx+ δx2 + 	z2 , (8.7)
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and make use of equation 8.5. We obtain

t =
1

ξ(ϕ1)

√
(x0 − x1)2 − 2(x0 − x1)δx+

t20ξ(ϕ0)2

4
+

1
ξ(ϕ2)

√
(x2 − x0)2 + 2(x2 − x0)δx+

t20ξ(ϕ0)2

4
. (8.8)

Extracting ξ(ϕ0) leads to

t =
ξ(ϕ0)
ξ(ϕ1)

√
t20
4

+
(x0 − x1)2

ξ(ϕ0)2
− 2(x0 − x1)δx

ξ(ϕ0)2
+

ξ(ϕ0)
ξ(ϕ2)

√
t20
4

+
(x2 − x0)2

ξ(ϕ0)2
+

2(x2 − x0)δx
ξ(ϕ0)2

. (8.9)

We can invert equations given by Formula 8.3 as

1
ξ(ϕ1)

≈ 1
ξ0

(
1−A(ϕ1 − ϕ0) + (A2 −B)(ϕ1 − ϕ0)2

)
,

1
ξ(ϕ2)

≈ 1
ξ0

(
1−A(ϕ2 − ϕ0) + (A2 −B)(ϕ2 − ϕ0)2

)
. (8.10)

and substitute them into Equation 8.9. This provides

t ≈

√
t20
4

+
(x0 − x1)2

ξ(ϕ0)2
− 2(x0 − x1)δx

ξ(ϕ0)2
×(

1−A(ϕ1 − ϕ0) + (A2 −B)(ϕ1 − ϕ0)2
)

+√
t20
4

+
(x2 − x0)2

ξ(ϕ0)2
+

2(x2 − x0)δx
ξ(ϕ0)2

×(
1−A(ϕ2 − ϕ0) + (A2 −B)(ϕ2 − ϕ0)2

)
. (8.11)

We can relate angle and displacement using trigonometrical formulas, i.e.,

tanϕ1 =
x1 − x

	z
,

tanϕ2 =
x2 − x

	z
,

tanϕ0 =
x− x0

	z
. (8.12)

Furthermore, we will use an approximation of the tangent up to the second order, i.e.,

tan y ≈ y +
1
3
y3 .

Figure 8.3 shows an error plot between tangents function and its arguments.

For small angles, the tangent is approximately equal to its argument, i.e., tan y ≈ y . Therefore we
can establish the following equalities

ϕ1 − ϕ0 ≈
x1 − x0

	z
,

ϕ2 − ϕ0 ≈
x2 − x0

	z
. (8.13)
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Figure 8.3: Error plot for tangents approximation of the angle, i.e., tan y ≈ y. For small angles,
tangents function is approximately equal to its argument.

The tangents approximation is a limitation in the formula. The approximation is best for small
angles/o�sets. To avoid this limitation, Dell et al. (2012b) have recently proposed to replace the
tangent approximation with a sine-based approximation for the ray-angle di�erence.

Also we can express the shift δx and the depth 	z by the angle of emergence, i.e.,

δx = t0ξ0 sinϕ0 ,

z = t0ξ0 cosϕ0 . (8.14)

Substituting equalities given by Equation 8.13 and 8.14, and denoting that x0 − x1 = xm − h
and x2 − x0 = xm + h yields an expression which represents the traveltime approximation of the
di�raction response for an arbitrary inhomogeneous anisotropic medium. The equation reads

t =

√
t20
4

+
(xm − h)2

ξ(ϕ0)2
− 2(xm − h)t0 sinϕ0

ξ(ϕ0)
(
1− C(xm − h) +D(xm − h)2

)
+√

t20
4

+
(xm + h)2

ξ(ϕ0)2
+

2(xm + h)t0 sinϕ0

ξ(ϕ0)
(
1− C(xm + h) +D(xm + h)2

)
, (8.15)

where h is the half o�set, and xm is the midpoint coordinate of the fastest ray, and C and D are
determined as

C =
A

t0ξ0 cosϕ0
=

1
t0ξ20 cosϕ0

∂ξ

∂ϕ
,

D =
A2 −B

t20ξ
2
0 cos2 ϕ0

=

(
∂ξ
∂ϕ

)2

− ξ0
2
∂2ξ
∂ϕ2

t20ξ
4
0 cos2 ϕ0

. (8.16)

Inspecting this formula we see that it depends on four parameters. The parameter D contains
information on the wavefront curvature. To show this, we reformulate parameter D as

D =
D′

t20ξ
4
0 cos2 ϕ0

. (8.17)

The curvature of the wavefront of the fastest ray at the point x0 is given as

k =
ξ20 + 2

(
∂ξ
∂ϕ

)2

− ξ0 ∂
2ξ

∂ϕ2[√
ξ20 +

(
∂ξ
∂ϕ

)2
]3 =

ξ20 + 2D′[√
ξ20 +

(
∂ξ
∂ϕ

)2
]3 .
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From here

D′ =
k

2

√ξ20 +
(
∂ξ

∂ϕ

)2
3

− ξ20
2
. (8.18)

Substituting Equation 8.18 in Equation 8.17 leads to

D =

k
2

[√
ξ20 +

(
∂ξ
∂ϕ

)2
]3

− ξ20
2

t20ξ
4
0 cos2 ϕ0

. (8.19)

Equation 8.19 shows that the anisotropic stacking parameter D is directly related to the curvature
of the wavefront measured at the acquisition surface.

The new traveltime approximation given by Equation 8.15 is valid for both heterogeneous and
anisotropic media. Now we investigate several special cases:

Isotropic homogeneous media:

For an isotropic homogeneous medium, the �rst and second-order derivatives are equal zero and
the ray velocity coincides with the phase velocity. Also the fastest ray coincides with the vertical
ray so that the angle of emergence, ϕ0, is zero degree. In this case, our traveltime approximation
given by Equation 8.15 simpli�es to

t =

√
t20
4

+
(xm − h)2

v2
+

√
t20
4

+
(xm + h)2

v2
, (8.20)

where v is now the phase velocity. The traveltime depends on one stacking parameter, the phase
velocity v. The given expression is identical to the conventional DSR operator.

Isotropic heterogeneous media:

In such media, the �rst and second-order derivatives are equal to zero and the ray velocity coincides
with the phase velocity. However, the fastest ray may not coincide with the vertical ray because
of inhomogeneities. The traveltime approximation, Equation 8.15, simpli�es to

t =

√
t20
4

+
(xm − h)2

v2
− 2(xm − h)t0 sinϕ0

v
+√

t20
4

+
(xm + h)2

v2
+

2(xm + h)t0 sinϕ0

v
. (8.21)

The traveltime depends on two stacking parameters, the phase velocity, v, and the angle of emitting,
ϕ0. The inhomogeneity is hidden in the third term of the roots which can be interpreted as a lateral
shift of the di�raction apex with respect to the di�ractor location.
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Weakly anisotropic VTI media:

In the case of weak VTI anisotropy, the fastest ray coincides with the vertical ray, i.e., ϕ0 = 0.
Also the �rst derivative of the ray velocity with respect to the ray angle is equal to zero (Tsvankin,
2001). The traveltime approximation, Equation 8.15, simpli�es

t =

√
t20
4

+
(xm − h)2

ξ(ϕ0)2
(
1 +D(xm − h)2

)
+

√
t20
4

+
(xm + h)2

ξ(ϕ0)2
(
1 +D(xm + h)2

)
. (8.22)

The traveltime depends on two stacking parameters, ray velocity ξ, and the parameter D. It can
be shown that for weak VTI D ≈ −δ. Note, δ is here the Thomsen parameter. The present
approximation of the di�raction response depends also on two parameters: vertical P-velocity Vp0
and a combined parameter η (Alkhalifah, 2000).

Estimation of the slowness/phase velocity

The fastest ray arrives at the measurement surface at point x0 with a ray angle equal to ϕ0 and the
ray velocity ξ. Since the traveltime of the fastest ray should be minimum, the horizontal projection
of the slowness vector px equals zero, i.e.,

∂t

∂x

∣∣∣∣
x0

= 0 .

This also implies that the phase angle θ equals zero degree. The 2-D Eikonal equation

(ξ,p) = ξxpx + ξzpz = 1 ,

simpli�es to
ξzpz = 1 ,

leading to

pz =
1
ξz
.

Thus if for every point (x0, t0) the vertical component of the ray velocity ξz is determined, the
vertical component of the phase velocity is also determined.

Depth-driven approximation of the di�raction response

For some applications, e.g., localization of passive seismic events, the time-driven approximation of
the di�raction response is not su�cient. In this section we will derive a depth-driven approximation
of di�raction response. For this purpose, we directly substitute Equations 8.13 in Equation 8.4.
The traveltime approximation reads

t =
	z2

ξ0

√
	z2 + (xm − h)2 − 2δx(xm − h) + δx2

	z2 +A	z(xm − h) +B(xm − h)2
+

	z2

ξ0

√
	z2 + (xm + h)2 + 2δx(xm + h) + δx2

	z2 +A	z(xm + h) +B(xm + h)2
. (8.23)
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Figure 8.4: A cartoon illustrates how to estimate the slowness/phase velocity.

We see the depth-driven approximation depends on the same parameters as the time-driven
approximation.

For the VTI media we obtain after some simpli�cations the following equation

t =
1
ξ0

√
	z2 + x2

1
1 +Ax

	z
+B x2

	z2

. (8.24)

We see that the anisotropy is hidden in the fraction term. The term will become less than one with
an increasing distance to the di�ractor. This leads that the traveltime correction will converge
to the isotropic case for x � z. This corresponds to horizontal propagation, i.e only horizontal
velocity need to be considered. This conclusion coincides with general observations (Tsvankin,
2001).

For weak VTI equation 8.24 simpli�es to

t =
1
ξ0

√
	z2 + x2

1
1 + δ x

2

	z2

, (8.25)

where δ is the Thomsen parameter (Thomsen, 1986).
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Used software

In the course of this thesis several computers running the free Debian GNU/Linux operation system
were used.

The di�raction separation method is based on the 2D ZO CRS stack code as implemented by Jurgen
Mann (2002) in case of 2D di�raction separation and 3D ZO CRS stack code as implemented by
Alex Müller (2007) in case of 3D di�raction separation.

The CSP data mapping is based on the CO prestack time migration code as implemented by
Miriam Spinner (2008).

Image ray tomography is based on the 3D NIP-wave code as implemented by Eric Duveneck (2004).

The velocity model building developed in this thesis is based on a code written in C++ and
supporting MPI.

For simple processing and visualisation of the data, the free Seismic Un*x (Colorado School of
Mine) package was used. Additional �gures were generated using gnuplot, x�g, and inkscape.
Poststack and prestack depth migrations were performed using ProMAX of Halliburton.

Modelling of synthetic seismogramm was performed with Seismic Un*x, and a ray tracer package
provided by NORSAR Innovation AS in 2D case.

The Wave Inversion Technology (WIT) consortium provided further software for the CRS/CSP
processing:

1. 3D ZO CRS stack (by Alex Müller)

2. Automatic picking of input data for tomographic inversion (by Tilman Klüver)

3. 3D NIP-wave tomography (by Eric Duveneck)

4. 2D NIP-wave tomography (by Tilman Klüver)

The thesis itself was written on a PC with the free operating system Debian GNU/Linux with the
typesetting system LATEX.
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