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Chapter

Introduction

The development of modern quantum mechanics started with the gieering work on optical
spectroscopy of atoms. The pursuit of an explanation for a speetn composed of discrete
lines inspired Bohr to formulate a theory in terms of discrete energigvels of individual
atoms. The typical setup for optical spectroscopy comprisesdHight beams, one shining
on an ensemble of identical atoms and another one which probes g@ectrum absorbed
by the ensemble. The incident light can be absorbed only if its frequeyn matches the
di erence of energy between two levels of a single atom. Thus, thegition of the absorption
lines generated by the whole ensemble was predicted based the prtips of an individual
atom.[1] In other words, an experiment on the macroscopic scale alkal to indirectly
deduce important properties {in this case the energy spectrum{f@ quantum system on a
microscopic scale not directly accessible in the experiments.

However, addressing an ensemble of identical quantum systemdeasl of a single quan-
tum system yields certain limitations. For instance, an atom in an exad electronic state
will decay to a less excited electronic level (a process named quantjump). The quan-
tum jump is accompanied by the emission of a photon which can be detied by a photon
detector.[2] When the light beam shines on a macroscopic number ¢bras, random pho-
ton absorption induces excitation of many atoms. The subsequegtiantum jumps are also
random processes. However, the overall signal, i.e., the emitted ligfom a macroscopic
number of random transitions, is very smooth without any signatwe of quantum jump
processes. Thus, in order to observe quantum jumps and othetdresting quantum e ects,
one should be able to address individual atoms. Alternatively one calesign experiments
which probe a single macroscopic quantum variable, i. e., a single quamt coherent degree
of freedom of a many-body system.

One of the greatest achievements of the last decades has beenabcess to single atomic
systems or a single macroscopic quantum variable, starting in the7Zk® with traps for single



neutral atoms[3] and ions.[4] Additionally, in present days, fascinaig progress has been
made downsizing arti cially made condensed-matter devices like nambectromechanical
systems[5{8] and quantum electrodynamics circuits[9] among otisemacroscopic devices,
which start revealing quantum mechanical properties. On the otlhehand, the observa-

tion of quantum processes is not limited to the isolation and con nenm¢ of single atomic

systems. Various quantum phenomena, such as macroscopic quantunneling and res-

onant tunneling have been observed in capacitance Josephsonegion circuits, where the

relevant degrees of freedom studied were the phase di erencetlod superconducting or-

der parameter across a junction or the ux in a superconducting ugntum interference

device (SQUID) ring geometry,[9] one of the most interesting applitan of these devices
implementing quantum bits.[9, 10]

Accessing single quantum systems allows to address very fundataeissues like quan-
tum measurement processes and entangled states.[11] Moregthere are several important
applications ranging from sensitive detectors[12] to quantum infioration processing.[11] In
particular, one can describe the measurement process asvave function collapse? i.e.,
as a non-unitary projection which reduces the quantum state ohé system to one of the
possible eigenstates of the observed quantity with state-depeard probabilities. However,
in reality any measurement is performed by a device, suitably coupldéd the measured
guantum system via a macroscopic readout variable. Its presenda general, disturbs
any possible quantum manipulations performed on the system.[9] Tieéore the dissipative
processes which accompany the measurement should be switchedoonly when needed.
Sometimes, it is more convenient to amplify the state of the quanturaystem before its
detection, in order to control the induced measurement noise. fat scheme, the mea-
sured quantum system is coupled with the ampli er by conducting chranels (channels of
exchange of information). Depending on the dynamics of the amplrehe noise induced
into the measured system can be optimized.

Driving the ampli er out of its equilibrium state, e.g., by applying an extenal har-
monic modulation, allows to optimize the measurement process,[13]@nthe energy scale
is detuned by the external modulation and so are its noise propersie This yields very
rich physics, where the time reversal symmetry is broken and thethiled balance principle
is not valid.[14] In other words, an elementary process in the driverystem is in general
not equilibrated by its reverse process. Thereby, it is possible toria the asymmetry in
frequency of the noise in the quantum ampli er.[15] This asymmetrya feature in quantum
systems due to the uncertainty principle, measures the ability of hampli er to absorb or
emit energy from or into the measured system.[13, 15, 16]

Usually, the quantum system is coupled parametrically to the ampli erthus one can in-
fer on the state of the quantum system through a classical measment of the parameters of
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the ampli er. In general, nonlinear oscillators are naturally used asdsic elements for quan-
tum state ampli cations. Examples of those are the Josephson biftation ampli er[17{22]
and the cavity bifurcation ampli er.[17, 23] In addition, the ampli er can operate simulta-
neously at high frequencies and at low temperatures, entering thegime where}! >k gT,
with I being the proper frequency of the oscillator and its temperature. As such, quan-
tum zero-point uctuations will play a more dominant role in determining their behaviour
than the more familiar thermal uctuations. Taking into account the relation between
guantum noise and quantum measurement one is forced to think aliadhe noise proper-
ties of driven nonlinear resonators, and their behaviour as quamtuampli ers in the deep
quantum regime.

Given the above, we will focus in the rst part of this Thesis on the nise properties
of modulated nonlinear resonators in the deep quantum regime. Alet simplest example,
we consider a monostable anharmonic oscillator which has a quarticntioearity (the well
known Du ng oscillator). The second scope of this Thesis is to conséd such a device as
a quantum ampli er of the state of a qubit. In this setup, we introdiwce a combination of
both strategies in measurement theory, bifurcation and dispersipand propose a nonlinear
detector scheme.

Another important issue in fundamental physics related to quantln measurement pro-
cesses are quantum jumps being observed in single atomic systema single macroscopic
quantum variable. One of the techniques to reveal this quantum baviour so far address the
linear response in form of the amplitude of the transverse vibratignn a nanobeam doubly
clamped to conducting leads. The goal is to excite only a few energyanpta in a resonator
held at low temperature. To measure the response, the ultimate gjoof the experiments is
to increase the resolution of the position measurement to the quam limit.[24{27] As the
response of a damped linear quantum oscillator has the same simpledmzian shape as its
classical counterpart,[28] a unique identi cation of the \quantummess" of a nhanoresonator
in the linear regime can sometimes be di cult.

Since transport setups in experimental physics have the advagg that the current-
voltage characteristics are rather easily accessible, it is an intetiag question to search for
nonlinear molecular features there. Therefore as the nal scopéthis Thesis, we address to
the problem of detecting quantum e ects, such as quantum jumpshrough current-voltage
characteristics. To do so, we consider the doubly clamped nanobem its nonlinear regime.
With an ac bias voltage applied to the leads, the current mimics the haronic driving in
the nonlinear de ection of the nanobeam.



Outlook

In order to study the quantum and thermal noise properties of dven quantum nonlin-
ear resonators, we introduce in Chapter 2 the theory of quanturdissipation based on
the system-bath-model with special regard to nonequilibrium stas. The regime of weak
system-bath coupling and weak external modulation are investigad. Invoking the Born-
Markov and the rotating wave approximations, the dissipative dynaics of the driven sys-
tem is governed by the Lindblad master equation. In the second gasf this chapter, using
the formal solution of the master equation we show how to comput®rrelation functions
by applying the regression theorem.

We study the power spectrum of the photon number uctuations irthe quantum Du ng
oscillator in Chapter 3, starting with a review on the coherent dynams of the quantum
Du ng oscillator, and concluding with the analysis of di erent characteristics of the photon
noise, including the second order of coherence function.

In Chapter 4, a measurement scheme is proposed. We introduceexperimental imple-
mentation based on a ux qubit inductively coupled to a driven SQUID.Introducing the
equivalence of the driven SQUID to the Du ng oscillator, and the qult-SQUID coupling
term, an analysis based on the optimal point of work is presentedyg@ranteeing the validity
of the approximations. Di erent characteristics of the ampli cation process are calculated
and discussed, such as the discrimination power of the detectohet back-action on the
dynamics of the quantum two level system, and the e ciency of theneasurement.

For the nal scope of the Thesis, we introduce in Chapter 5 the thary of nonequilibrium
guantum transport in nanoscale systems. Introducing zero- armhe-dimensional electron
gases, we present a general Hamiltonian model involving time-degent bias voltages ap-
plied to the conducting leads. We present a general quantum trgmart theory based on
a real-time diagrammatic approach. Invoking the high-frequencyparoximation, a master
equation is presented with time-independent transition rates (seéinergies). The extension
to the harmonically driven case is presented with the de nition of thd=eynman rules for
the self-energies. As an example, the special case of a quanturhvdith one single-particle
state is presented at the end of the Chapter.

In Chapter 6, we study nonlinear signatures of the de ections of @anobeam in the cur-
rent characteristics. We introduce the induced electron-phonatoupling by the application
of an electric and a magnetic eld. For the sake of simplicity, we consed only the in uence
of the magnetic eld. In the regime of the rotating-wave approximaon, the amplitude of
the alternating current and the amplitude of the nonlinear respors of the de ections in
the nanobeam are calculated and discussed.

We summarize in Chapter 7 the main results.



Chapter

Dissipation and noise In driven quantum
systems

One of the most challenging questions faced by the founding fatBesf quantum mechanics
concerns the emergence of a macroscopic classical reality fromieascopic quantum world.
A closely related problem is a self-consistent description of a quanmumeasurement which
does not rely on a classical characterization of the measuremepparatus, see also Chapter
4. A milestone route of a full understanding of these phenomena iset modern theory
of dissipative dynamics in open quantum systems. In this framewqrklissipation and
decoherence are a natural consequence of the coupling of tharqum system of interest to
a noisy environment which consists of an ensemble of many quanturmagdees of freedom.

In the rst section, we give a brief introduction with special regardto systems out
of equilibrium. In addition, in the second section, we introduce the geession theorem
to calculate the induced uctuations in the system by its contact wih the environment.
As a rst step, we shall describe the phenomenological model foamping introduced in
classical mechanics and its description in the quantum regime. UsirgetFloquet formalism
we present the master equation for a periodically driven state. Irhé regime of a weak
modulation amplitude, we show how the Floquet master equation redes to the standard
Lindblad master equation. Finally, using the formal solution of the mster equation we
show how to compute the induced uctuations in the system by appigig the regression
theorem.
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2.1 Dissipation in quantum physics

2.1.1 The classical Langevin equation

In a classical framework, one may often describe dissipation by assng a homogeneous
environment surrounding the system of interest (central syste). The homogeneity implies
that the dynamics does not depend on the relative position of the sgm in the environment.
Therefore, only a velocity proportional term (viscous force) is imbduced in its equation
of motion to model damping e ects. For instance, in a damped harnmec oscillator { like
in Fig. 2.1(a), a spring-mass system in a viscous medium { the equatiof motion for its
position x including the aforementioned dissipative term characterized by theonstant
is given by

X+ x+!5x=0; (2.1)

where! g is the proper frequency of the oscillator (linear resonator).

In his experiments with pollen grains in water,[29] the botanist RobemBrown observed
that a viscous force is not su cient to model the dissipative dynamis of the pollen grains.
In fact, a pollen jiggles about its position. The jiggling motion (called Bownian motion)
was later attributed to random collisions of the pollen grains with smalfeparticles (which
constitute the noisy environment).[30, 31] The Brownian motion caibe described by in-
cluding a uctuating force (t) on the right-hand-side of Eq. (2.1). Thus, one arrives at the
so-called Langevin equation which not only describes the damped @age motion but also
the uctuations around it.[31] In many cases of practical interestthe random force can be
assumed to satisfy the two conditions, that i) the procesg(t) is a Gaussian process and is
therefore fully characterized by the mean and the variance, and ii)s correlation time is
in nitely short ( -correlated), namely

h()i=0;h() t% 2C (t t9; (2.2)

where C is a constant. The above delta correlated function describes a meryless envi-
ronment.

Sometimes, the environment is a source of noise with a nite memorynte. Then, the
dynamics must be described by a generalized Langevin equation withtimme-dependent
damping kernel, ! (1)

Z t
X + dt® (t tOx(tY+ 12x= (1) : (2.3)
1
The lower limit in the integral describes the uncoupled system-bathoa guration in the
in nity distant past.
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Figure 2.1: (%) Horizontal spring-mass system in a viscous medium. Herthe proper frequency is
givenby! o= =m, with m being the mass at the end of the spring, and the spring constant.
(b) Circuit consisting of a resistor (R), an inductor (L), and a capacitor (C), connected in series
{ RLC series circuit. Both systems are modelled by the Eq.(21).

Since the random and the viscous forces are two di erent manifestons of the same
interaction with the environment (the random collisions with water mdecules in the case
of the Brownian motion of pollen grains), their intensities are not indeendent. More
speci cally, the Fourier-Laplace transform of (t) is connected with the correlation function
h (t) (t9i by the classical uctuation-dissipation theorem[28]

Zl
m (! =kBiTO dh() @iexp[ iI ]; (2.4)
which impliesh (1) (! 9i = kB—Tm () (+19:

A well known example of damped oscillator with such equation descr#also a RLC circuit.
There, the chargeq plays the role of the position, the oscillator eigenfrequency Isy =
(LC) 1, and the damping is = R=L [cf. Fig.2.1(b)]. There, thermal uctuations in the
resistor induce noise into the resonator. Therefore, one shouldtonly consider a resistance
but also a noise generator, as the uctuating force(t) in the mechanical analogue. These
thermal uctuations are connected with damping by Eq. (2.4), andhis is known as the
Nyquist theorem in resistor circuits.

2.1.2 The gquantum model for loss mechanisms

The Hamiltonian for a generic linear quantum oscillator reads as
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with p and x as the momentum and position operators, respectively. Usually inder to
avoid to directly solve the Schredinger equation in the coordinateepresentation for the
wave function (x) in the energy stateE , (}?=2m)@ + (m! 2=2)x?> (x) = E (x), one
can introduce the ladder operator& and @ de ned as

_mly . p .
m! g . P
y— 0 _F .
a 7 X Im! - (2.6)

where their commutator p; @] = 1 is xed by the Heisenberg indetermination principle.
For a conservative system, the Heisenberg equation of motion fbe operators ,dO=dt =
(i=})[H; O] with O as an operator, are formally equivalent to the Hamilton equation. Fo
the ladder operators we haveY(t) = a¥ expli! ot] and a(t) = aexp[ i! ot].
A naive attempt to incorporate the environmental in uence at thequantum level could
be to include the damping directly in the Heisenberg equation of motidn the spirit of the
correspondence principle. The operators would then have the dpad solutions

a'(t)= a’expll! ot t=2]; a(t) = aexp[ (i! ot + t=2)]; (2.7)

Then, the commutators for equal time would decay according ta(t); @(t)] =exp[ t]in
violation of the Heisenberg principle.

As it happens in the analogous classical model for damping [cf. Eqg.XH, the drawback
of this naive approach lies in the fact that it does not incorporate t& in uence of external
uctuating elds. In the classical case, this is not necessary at vg¢ low temperatures
when thermal uctuations vanish according to the classical uctation dissipation theorem.
On the other hand, in the quantum regime, zero-point uctuationsare present even at
the absolute zero. These uctuations are responsible for prewery the violation of the
uncertainty principle. Therefore it is necessary to incorporate aaimse generator in the
model, which has su cient output even at absolute zero to preseesthe commutation
relation [a(t); @(t)] = 1. Thus, the ladder operators should have the structure’(t) =
ay(t)+ aY(t) and a(t) = ap(t)+ a(t), where a(t) represents quantum uctuations operators,
which follow the commutation rule [a(t); a¥(t9] = 1. There, hay(t)i = ha(t)i, and ha(t)i =
ha¥(t)i. For the determination of the dynamics of the quantum uctuatiors operators, we
shall consider a microscopic model for the environment.

The most successful and rather general approach, is based ba toncept of a reservoir
or bath consisting in a large collection of systems with many degreeffoeedom.[32{37]
The simplest model for a bath corresponds to a collection of harmionoscillators with
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Hamiltonian X
Hg = JY A (2.8)

k
where the b, and b satisfy the commutation rule p; b)) = o. Examples range from
the quantized modes of the radiation eld (photons), to the quanzed modes of elastic
vibrations in a solid (phonons). Taking into account the foregoing disission, we consider a
bilinear coupling between the bath and the oscillator. In terms of theorresponding ladder
operators it reads X
Hi=} @+ a)t+h): (2.9)

k

The Heisenberg equation of motion for the ladder operator of theth oscillator in the bath,

IS given by
Bo(t) = it b (t) + o a'(t) + a(t) (2.10)
The second term on the right-hand-side of the above equation cesponds to the forcing
term due to the motion of the resonator displacement.
The solution of Eqg. (2.10) reads

t
Q(t) — b<e it + G dtoe i(lx o)t t9 a(t%ei! o(t% t) +
Z, 0
C  dtle ICkrtoXt 1) gyQe ot 1) . (2.11)
0

Noticing that the terms in square brackets are slowly varying funains oft®, and that the last
integral on the right hand side involves a fast oscillating terms (expi(! «+ ! o)(t  t9]) in
comparison with the rst one that involves slow oscillating terms{ expi(! « ! o)(t t9]),
we can approximate the above solution as

VA t
bo(t) be "+ g dt% kot ) gt9g! ot B - (2.12)
0
On the other hand, the equation of motion for the resonator modesads
X
at) = ieat)+ o B+ h(t)
X |
itoa(t) +  ad(t)e "+
z, °
G di% ¢k ot ) Yl o® O (2.13)
k 0

The decay rate of the resonator from the single phonon excitedagt n = 1 to the ground
state n = 0 would be given by the Fermi Golden Rule expression

X
t)=2 G (o 'W: (2.14)
k
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From this we get to a useful relation to solve the integral in Eqg. (2.33
Z1 g . X .
— (lo+1)e "= el ot . (2.15)
2
1 k
: : P . .
In the strict Ohmic case, (!)= ,and ,cexp[ i('x 'o)(t t9= (t t9. With
this, the Eq. (2.13) becomes

a(t) i oa(t) a(t)=2 (1); (2.16)
with  (t) = P « G exp[ 1! t]hb. Therefore, the uctuation operator a reads
yA t
a(t) = dt® (tYexp[ (il o+ =2)(t 9] (2.17)

0

Now, we can identify the external uctuating force (t) with (t) = Y(t)+ (t). It has a
Gaussian statistics

h (t)i =0; h(t) (0)i = C (t); (2.18)
with second momentC (t) given by
X
C ()= Gn}le " +[1+n3le" " ; (2.19)
k
wheren(}! ) = hbi = expf!v ] 1 ' is the boson occupation number, with =

1=kz T as the inverse temperature.
Introducing the spectral density of the interaction with the bath
X
J(')= Y R (R I I (2.20)
k

which is proportional to the frequency for the Ohmic bath J(! ) / ! ), one can rewrite the
above correlation function as

Z
C (t)= P did (1) n(d! e <t +[1+ n(3!)]e "< (2.21)

0
With this the power spectrum of the uctuation force (the Fouriertransform of Eqg. (2.21))
reads
C [']=}coth[ }!1=2]3(): (2.22)

From Eq.(2.14), one notices that the spectral density also deteines the damping of the
system; in the Ohmic case byI(! ) = m! . Thus Eq. (2.22) is a version of the quantum-
mechanical uctuation-dissipation theorem. We have consideredhé¢ bath as a collection of
harmonic oscillators, and from the discussion foregoing the bath islg of indirect interest,
and its properties need only to be speci ed in very general terms,ge by the temperature
and the spectral density.[38]
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2.1.3 Thein uence functional and the Born-Markov master eq ua-
tion

The system-bath model presented in the previous section des@#bdissipation and a source
of quantum noise for the central system. The integration of thegeiations of motion in the
Heisenberg picture appears quite simple, but it is limited to the very ra cases where the
equations can be solved directly. For a more general scenario, vehthe direct integration is
not possible, a more convenient strategy consists in tracing outdtbath degrees of freedom
and studying the dynamics of the reduced density operator, Trg[W], with W being
the full density operator and Trg[:::] the partial trace over the bath variables.

Since the full knowledge of the whole system state at some speciime is incomplete,
we should appeal to a statistical description, where the system israpletely characterized
by the density operator X
W)= pd «(®)ih ()] ; (2.23)

k
wherepy is the probability of the whole system to be in the stat¢ «(t)i. The time evolution
of the density operator is governed by the von-Neumann equation
d [
GV = T
whereH (t) = Ho(t) + Hsg + Hg, wherein Hy(t) is the Hamiltonian of the central system,
Hsg the bilinear bath-system interaction, andHg the bath Hamiltonian. The evolution
operator of the system statdJ(t; tg), de ned by j (t)i = U(t;to)] «(to)i, follows the same
equation, i.e.,@U(t) = i[H (t); U(t)]=}.

We have to perform now the trace over the degrees of freedomtioé bath in order to
study the dynamics of the system. To this end, the path-integralormulation of quantum
mechanics has proved to be more convenient than the operatortaition.[39] We start with
the integration of the von Neumann equation (2.24),

[Ht);W()] ; (2.24)

W(t) = U(t;to) W(to) U *(t;to) ; (2.25)

R
where U(t;tg) = T exp[ | tto dsH(s)=}] is the time evolution operator, with T being the
time-ordering operator. In the position representation, the sotion Eq. (2.25) reads

W (X5;X2t) hzxfjW(t)jxfOi

= dXedXJU(Xs;t; Xoit)) WX, X to) U (X2t X S to) & (2.26)

where we have used the shorthand notatiod = f x; X1; X»; ; Xn g for the resonator coor-
dinatesx and for the bath oscillator coordinates<i; X»; :Xn . Here we have considered



2.1 Dissipation in quantum physics 13

a nite and large number of subsystems in the bath. Furthermorehereafter the inde nite
igfelgral over coordinates variables denotes implicitly the integratioover all the space, i.e.
1
In Eq. (2.26) the evolution operator (propagator) in the path-inegral formulation is
given by[39]
Zy (t)= X;
U(X1;t Xoito) = DX () exp (S + Se[X D3] ; (2.27)
X (to)= Xo
which represents the sum over all possible paths (s) in cfgordinate space fromX, to
ﬁf of the functional exp [(S[x]+ Sg[X])=}], where S[x] = tz dsL(x;x;s) and Sg[X] =
i, dsLe(X;X;s) are the classical actions calculated from the Lagragiais(x; x;s) and
Le(X; X;s), corresponding to the central system and the bath plus systebath coupling
respectively, along the trajectoryX (s).
We assume as the initial preparation of the whole system, &t t, that the bath is not
correlated with the system and it is canonically distributed with respe to the free bath
Hamiltonian, i.e., the initial preparation of the density operatorW reads as

Wi(to) = (to) s ;with g= expl_H e]

" Trefexpl Hall (2.29)

Plugging this initial preparation into Eq. (2.26) and tracing out the bdh variables by

integrating over all the bath coordinatesxs; X»; XN, We obtain the reduced density
operator
Z
(x¢;x2;t) = dxidx;  dxn hX ¢ jW(1)jX i
Z
= dxodx§Ge (Xr;XP5t; X0 X3 ta) (Xo; X9; to) ; (2.29)
where,
z x(t)= Xs z x9(t)= x?
G (X1;xXP;t;x0; x5 tg) = Dx Dx%exp[i(S[x] S[XxY)=}]
X(to)= Xo x%to)= x§
expl e [Xx%F] (2.30)

is the e ective propagator for the reduced d%}sity operator. Irthe second line of Eq.
(2.29) we have used the completeness propertydxjxihxj = | for X, and x3, with | being
the identity operator. Furthermore, the last term on the right hand side is the Feynman-
Vernon in uence functional which represents the in uence of théath. The in uence phase
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rv [X; X9 is given by[28]

Z., Zo
Ref rv[x;x%g = di®  dt®x(t) x99 RefC (t° t%g x(t°% xYt% y(2.31)
© 72" Ze
Imf v x99 = % dt®  dtPx(t)  xqt) (1 %) x(t% + xqt%
Ztot to
% d® x(1) XYY (1Y x(to) + Xqto) (2.32)

to

The real part is responsible for the loss of coherence since it presdrandom pumping of
energy back and forth between system and bath. Addiionally, thenaginary part brings

friction into the system as it provides the damping forcett0 dt® (t  t99 x(t°9+ xqt°Y .[28]

The last term on the right hand side in the imaginary part gives the initidslip, since it

can be added to the stochastic force in the equation of motion fané positionx(t), and it

is omitted in the following.[28]

2.1.3.1 Quantum master equation

In the weak coupling limit, where the damping constant is the smallest frequency scale
in the system, f kgT=};!o;! exg, We can then expand the in uence functional up to
rst order in its phase, which is proportional to [cf. Egs. (2.31) and (2.22)]. Thus,
exp[ w[X X931 1 e/ [xx95},[40] and the reduced density operator reads
VA
(XesxPst) = dxodXg Go(Xs ; X75 t; Xo; X35 to) (Xo; X to)
(2 Zo Z
Z dt®  dt® dxgodx% dxgeodXh
} to to
G o(X ;X2 t; %0 X% 19 (X0 X&) Go(Xeo; X%; 1% Xq00; X b, 1%
h [
Ref C (to toﬂg (Xto0 X?oo) I% (to tos (X0 )&?o) (Xto0; X?oo; '[09 ;

(2.33)
where Gy(x; ; x0; t; Xo; X3; to) is the free propagator for the central system, given by
Go(Xt ; X7 t; Xo3 X903 to) = Un(Xt ; t; Xo; to) Up (X7 t; X5; to) ; (2.34)

with 7
X(t)= Xt
Uo (Xt ; t; Xo; to) = Dxexp [S[x]=}]:

X(to)= Xo
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Above we have assumed that the path integration commutes with ¢hintegrals overt®

and t° Up to zeroth order in , we express (t% in terms of (t) as follows
Z

(X005, X% 1% = dxdx®Up(Xqo0; 190 %; t) Uy (x%g t29%xE 1) (x; X% 1): (2.35)

Inserting this into Eq.(2.33), and di erentiating with respect to t, one can obtain the master
equation

Z Z
: 17t
(x5t =i Hs(xe;t)  Hs(xP5t)  (xg;xP;1) - d  dxoodxedx dx®
ﬁo(xf;X?;t;xtoo; Xpot ) (X X{) Go(Xeor] >i<?oo;t ;X x5 t)
RFC ()g (xeo  X%) i% () (o X% (x%t): (2.36)
Here, we have substituted the integration variablée®by =t t% The above master

equation describes the evolution of the system state independgnbn its past (Makovian
characteristics), since (t) depends only on (t). The master equation (2.36) can be written
in @ more convenient form as
1
(t)= T Hs(t); (1) + L(t) (1); (2.37)
where the rst term on the right hand side represents the cohenéevolution, and the second
one the in uence of the bath. The latter is given by

L(t) (t)= }EX: Q)+ iP(M=2 (1) () Q) iP(MH=2 ; (2.38)

with the correlations functiorzls
P({) = 1 d ()Uy(t ;t)pUe(t ;t) and (2.39)

ZO1
Q) = d RefC ()gUp(t t)xU(t ;t): (2.40)

0
Furthermore, we have assumed that the integration kernel R€ (t)g and (t) practically
vanish after a nite time g = }=kgT and then the upper integration limit in Eqgs. (2.39)
and (2.40) are extended to in nity, therefore one can implicit consigr the elapsed timet
from the preparation to be much larger than .

2.1.4 Master equation in the Lindblad form for harmonically
driven systems

So far, we have introduced a method for the study of the dynamias a system weakly
coupled to a dissipative environment in the spirit of the Caidera-Le@gt model.[37] Now,
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we shall focus on a speci ¢ case of time-periodic driven systems,am the evolution of the
system is split into a transient and a steady state dynamics. In thefmer, the system is in
an unstable state. From there, the system eventually reaches alance between pumping
and dissipation turning the system into an steady state.

2.1.4.1 Floquet formalism

Di erential equations involving operators, like Eq. (2.37), must be mjected onto a de-
termined set of states for their solution. The choice of this set otates determines, in
some cases, the di culty of the problem. In a stationary system, & might use the eigen-
states of the system Hamiltonian directly, but for harmonically driva systems we can take
the advantage of the induced periodicity and use Floquet modes. &H-loquet modes are
the time-periodic analogy of the Bloch vectors in solid state physicdn the following we
introduce the Floquet formalism in quantum systems.

In harmonically driven systems, according with the Floquet theorenthe solution of the
Schredinger equationj ( t)i, Hs(t) i}@ j( t)i =0, can be determined by the ansatz
j k()i =exp i"kt=} j k(t)i [see Ref. 41 for a complete review on the Floquet formalism].
Wherej (t)i is periodic in time, i.e., it is a Floquet mode obeyingj (t)i = j (t+2 =! &)i.
Here"y is a real parameter, being unigue up to multiples df! . It is termed the Floquet
characteristic exponent or the quasienergy.[42{44] Replacing théorementioned ansatz into
the Schredinger equation, one obtains the eigenvalue equatiorr the quasienergy'y. With
the Hermitian operatorHg. = Hg(t) 1} @, so-called Floquet Hamiltonian, one nds that

Hell «(i = " «(B)i: (2.41)

The Floquet modeg o(t)i = exp[in! «t]j «(t)i j nk ()i, with n being an integer number,
yields the identical solution describing the same physical situation,ub with a shifted
quasienergy'x ! "ko= "k + n}! . Therefore, the indexk corresponds to the whole family
of solutions indexed byk®= (k;n), n 2 Z. The eigenvalued " g hence can be mapped into
a rst Brillouin zone obeying }!ex<"< }! e

For the Floquet Hermitian operator it is convenient to introduce thecomposite Hilbert
spaceR T made up of the original Hilbert spaceR and spaceT of functions which are
periodic in time with period 2=! ,.[45] The temporal part of this new Hilbert space is
spanned by the orthonormal set of Fourier vectortnjti  exp[ in! «t], n 2 Z , and the
inner product in T reads as

Z,

- ex

(m;n) = Izﬂ . dtexp[ i(n mM)! t]= nm: (2.42)

Thus, the eigenvectors oHg, obey the orthogonality condition in the composite Hilbert
spaceR T, i.e. hhyo(t)] o(t)ii = gkqo= « nm, and form a complete set iR T, i.e.



2.1 Dissipation in quantum physics 17

n ) onk(ih g (1)j = Ir (Ir is the unitary matrix in the original Hilblgrt space R). The
Floquet modes of the same Brillouin zone form a complete setiy i.e. | j (t)ih (t)j =

Ir.

2.1.4.2 Master equation projected onto Floquet modes

Here, we shall combine the Born-Markov master equation with theléquet formalism.[46]
We start projecting the reduced density operator onto a seleateset of Floquet modes,
such that  (t) = h (t)] (t)j (t)i, and we describe the evolution of the state by its time
derivative

w() = h k(t)Jﬁ Hs(t); (1) + L(t) (O (i + ho ()] (1)) ()i + h «(t)] (©)] ()i

1 X o
Y oM w®F ha@iL)j ()1 A (t): (2.43)
r

For the calculation of the matrix elements of the dissipative part oftte master equation
B k(DL (t)j ((t)i, we need to consider the Fourier expansion of the Floquet modesg(t)i =

n2z €Xp[ in! o t]j Ri. Thus, the projection of an arbitrary operatorO onto the selected

set of Floquet modes, i.e. the matrix element®,, (t) = h «(t)jOj (t)i may be written as
X _ X
O (t) = e ™ =tOp; with Of = h Rjoj ™ "i: (2.44)
n2z m2Z7Z
With this, we can calculate the projection of the correlations Egs.2(39) and (2.40). Thus,
the matrix elementsPy (t) = h ((t)jP ()] 1(t)i and Qy (t) = h (1)jQ(t)] (t)i are given by

Z,
Pa(t) = ) d ()h@®jUg(t t)pl(t ;t)j ((t)i and
Z
= d ()expl i("« ") =}hwt jp (t )i
: 7,
= 5y " "1 id=dt d ()exp i("« ")=} xu( ) (2.45)
vl 0
Qu(t) = ) d RefC ()gh «(1)jUs(t t)x Ut t)j ((b)i
Z7
= . d RefC ( )gexp[ i("« ™) =}Ixu( ), (2.46)

P
herex(t )=, exp[ in! «t]xy. Furthermore, above we have usedy(t ;t)=
eXplk =] w(t )ih «(t)j, and p=m = i[Hg_;X]=}. With this, we can determine
the matrix elements forQ(t) iP (t)=2 [cf. Eqg. (2.38)],

X
Q) iPM=2,= e™ =N nXp; (2.47)

n2z
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whereNy., are de ned as
Nin = N("« "1+ n}le); with N(") = J("j=H)In("D+ ("I (2.48)

in terms of the spectral densityJ("=}) (= m "=} in the strict Ohmic case), the bosonic
thermal occupation numbern(") = (exp[" ] 1) %, and the Heaviside function (x).

We have calculated the matrix elements of the dissipative part of theaster equation,
h «(t)jL ()] ((t)i, in terms of Fourier modesky, (which depend on the central system), and
bath parameters as temperaturd and spectral densityJ(! ). Then, the master equation
reads[46{48]

1 1] 1] X H
w() = 7ok (1) exp i(n+ n9! gt Nikon + Nijo; no Xgo kao(t) Xyono
kA%nnO
0 0 0
N|oko;n0XE|oX|noko k0|(t) Nk0|0; no k|0(t)X|nokoXEo| (249)

2.1.4.3 Rotating wave approximation

The coe cients of the dissipative part are periodic in time, with frequency (1+ n9! .. In the
weak coupling regime characterized by ! o, and an external driving close to resonance
to the central system {! o !&j !o), the dissipative e ects are relevant only on a time
scale much larger than the period of the driving, due tog > 2 =! .[46] Therefore one
can neglect fast oscillating terms in Eq. (2.49) by averaging over operiod of the driving,
yielding the following master equation with time-independent dissipate transition rates

1 X
w®= =" " W)+ Ltkao koo(t) ; (2.50)
i}
K90
with
X
Lyikoo = (Niko, n + Nijo. n)XggoXjo'
n2z X
ko Nkogo, X g00goq
xkoo
o Njogo nX, 00K joge0 (2.51)

|00

This approximation was introduced by Ref. 46 under the name of themoderate rotating
wave approximation Further approximations can be applied when we consider the regiroé
weak driving strength. There, we can approximate the Floquet m@&d by rotated stateg' i,

j k()i RY()]" i, wherein R(t) = exp[ia¥a! «t]. The rotated statesj' (i are eigenstates
of the Hamiltonian in the full rotating wave approximation, where onlypropagating terms



2.1 Dissipation in quantum physics 19

are considered. We shall apply this approximation in the case of theulhg oscillator in
the next chapter. Using this approximation we can calculate the Foier modesxy,. Since
the position operator in the rotated frame has two Fourier modes,

il il pP_
X(t) = Xzpr (e " ext 4 gVl ext): 2

itis clear that xi{, =xzpF = ak|=p§ h' ja' |i:p§,xk|1:xzpp = a rk|=p§ h'jaj' |i:p 2,
and xy, = 0 for the remaining values of the integen. This approximation restricts the sum
on the Fourier modes in Eq. (2.51) ton = 1. On the other hand, for the Brillouin
zone chosen for the sefj (ig the quasienergies follow"x " }! ex, and therefore
the dependence of the Planck number., on Floquet modes can be neglected. Thus,
N1 J('e)N(}!ex) @and Ny 1 J(! ex)(N(}! ex) + 1). This means that for n = 1 the
transition rates (2.51) describe an absorption process of one gtiam (photon/phonon)
from the bath, whereasn = 1 describe an emission process of one quantum into the bath.
In the operator notation the dissipative transition rates then tun out as

L ()= [n(G!e)+1]D[a] ()+ n(!e)Dla] (1) (2.52)
with D[O] being the Lindblad superoperator de ned as
D[O] (t)= O (1);0Y + 0O; (1)O¥ = (2.53)

where O is an arbitrary operator of the central system. In Eq. (2.52) we d&ve used the
de nition of the spectral density for the strict Ohmic caseJ(! )= m! .

In the following we shall use this simpli ed version of the transition ra¢s to solve the
master equation. This form has the advantage of conserving thegitivity of the density
operator. Additionally, it allows a fully analytical treatment to take into account the
in uence of the thermal bath on the system.

2.1.4.4 Transient and steady state

In the operator notation the master equation EQ.(2.50) is given by(t) = M (t) =
[19; (1)]=} + L (t), therein B is the Hamiltonian in the full rotating wave approximation.
The solution is given by

M=exp M (t to) (t=to): (2.54)

In principle the superoperatorM projected onto the set of rotated state§j ' «ig is complex

and nonsymmetric, meaning it is in principle nondiagonalizable. Howevethere is a way

to solve the master equation using the right and left eigenoperatopofM , denote as " and
n respectively, de ned as[49]

M "=( a+i )" 'M=(p,+i,)n; N2N: (2.55)
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The real part of the eigenvalues are always negative numbers, < 0, describing the time
scale of relaxation and decoherent processes. On the other hatige imaginary part
determines the timescale of coherent processes. The eigendpesa , and ' constitute
a set of biorthogonal operators, i.e. Tr[, '] = . Therefore, we can expand the initial
state (to) in terms of right eigenoperators, (to) = ., Tr[ ¢ (to)] ¥, and hence write
the solution (2.54) as

X

M= T Y (to)] “expl( k+i &) (t t]+ *: (2.56)
k2N

Thus, the transient and the steady dynamics of the system can ldetermined solving (2.55).
The last term on the right hand side corresponds to the eigenopéoa with eigenvalue
zero, which describes the dynamics of the system at long times. Thi&enoperator !
is not orthogonal to its counterpart, the left eigenoperator ; , and therefore it is given
explicitly gm Eq. (2.56). To proof this, Bonsider th% conEervation ofHe probability, that
Establish , n(t) = 1. Thus, the sum | (1) = ql | M kao kao(t) = 0, meaning
M 00 = 0. Therefore, the superoperatoM has one left eigenoperator with eigenvalue
zero, which is the unitary operator 1 4 = . In addition, all of the right eigenoperators
in Eq. (2.56) decay apart from the steady state! . Therefore Tr[ * ] = 1, since the trace
of the density operator must be unitary any time. With this one can xpect that for any
tht eigenoperator Tr[ K] = 0 for k 6 \ 1 ". Using again the conservation of probability,
M 00 = 0, we can calculate the trace of Kfork6\ 1" as
" #
X X X
(k+i w = M ka0 Koo = 0: (2.57)
I k00 |

P
This implies that eitherk =\'1 "or , [ =0.

2.2 Quantum noise

In the previous section we described the e ects of the environnteructuations in the
system dynamics by mean of the master equation formulation. Nowevshall describe the
uctuations in the system due to its interaction with a dissipative enwonment. We start
with a discussion of some characteristics of noise in driven quantugstems, and its relation
with correlation functions. With the regression theorem and the fonalism employed in the
previous section for the solution of the master equation, we presea method to compute
correlation functions and power spectra of system operators.
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2.2.1 Noise in nonequilibrium states

Classical noise arises from uctuations in the motion of particles anth the number of
particles within a given volume. Thermal noise and shot noise are twxamples. In the
guantum regime, noise arises from the uncertainty concerning tip@sition and momentum
of quantum mechanical objects. For example, consider the positicoise of the linear
resonator considered in the previous section. The position autorecelation function is
given by

Cu (1) = IX(1)x(0)i

X2pr MY(0)a(0)i€' o' + ha(0)a’(O)ie " o' =2
Xzpe N o)e o +[n(}!o)+1]e "ot =2; (2.58)

where we have considered the description of the correlation furost in terms of the lad-
der operator introduced in the last section, where(t) = Xzpe (&Y(t) + a(t))= 2, and
ha(0)a(0)i = ha¥(0)a¥(0)i = 0. The above auto-correlation function has a complex nature,
due to the commutation rule f; @] = 1, which is a consequence of the uncertainty principle
between position and momentum,X; p] = i}=2. Furthermore, it re ects the fact that the
position operatorx does not commute with itself at di erent times.

The intensity of the noise is characterized by the spectral densityr power spectrum,
and it is directly related with the auto-correlation function through the Fourier transform.
Therefore the power spectrum of the position operatot reads as[13]

Z +1 )
dte" hx(t)x(0)i

Sw (1)

1
XZpe N(Glo) (P +1o)+[n(Glo)+1] (! o) ; (2.59)

where the two Dirac -functions are localized in the negative and positive frequency re-
gion of the spectrum. The rst Dirac -function describes emission and the second one
absorption processes. They have di erent weights for low tempaures as a consequence of
the non-commutativity of the position operator with itself at di erent times. In the high-
temperature limit, the weights in Eq.(2.59) become equal and a syminie power spectrum
results.

In driven quantum systems, since time translation symmetry is brah, the power spec-
trum is determined by the Fourier transform of the time averagedwto-correlation function.
The average is taken over the characteristic time of the systerm addition, when the driv-
ing is periodic in time, the energy scale of the system is modi ed and tleeherent dynamics
can be described in terms of the quasi-energy spectrum. The sahwtds for noise proper-
ties. For instance, in a driven cavity which is modelled by a driven harnmic oscillator, the
guasienergy spectrum describes states of a particle in a harmonitgntial for a positive
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detuning, or concave harmonic potential for a negative detuningln the former, at very
low temperatures, the noise has only positive frequencies, that ibe system is only able to
absorb energy. For the latter case, the noise has only negativeduencies and the system
is only able to emit energy. For temperatures, where excited stat@are also occupied, both
positive and negative frequencies will appear in the spectrum. Thushen the cavity inter-
acts with another quantum system by means of the photon numbéparametric coupling),
the cavity can either amplify the information on the other system foa positive detuning,
or de-amplify it for a negative detuning. The equidistant structureof quasi-energy levels
in the driven cavity de nes a structural noise at a single frequencgnly, which corresponds
to the proper frequency of the cavity detuned by the external odulation.[15]

2.2.2 The regression theorem in a non-stationary state

For stationary systems the power spectrum is just the Fourier &imsform of the correlation
function [cf. Egs. (2.58) and (2.59)], due to their time translationalnvariance property.
[13] However, in driven systems this property is missing, and the $gms noise varies in
time.[50, 51] By the quantum correspondence principle the aboveragation function can be
de ned for operators, with a non-symmetric behaviour of the pogr spectrum appearing due
to the noncommuting algebra for the operators. To compute thisocrelation function, and
higher correlation function as well, Lax [51] has proposed a methodih has been called
quantum regression theoremin the following, we shall brie y derive the Lax formula, which
describe the cross correlation function of arbitrary operator$ag (t; ) = PA(t + )B(b)i,
as a mean value. We start with the cross correlation function of opsors A and B in the
Heisenberg picture

Cas (t; )=Trs g W(O)A(t+ )B(t) ; (2.60)

where Trs g[ ] denotes the trace over the degrees of freedom of the wholeesygs system
plus bath. One can reorganize the time evolution in the trace using itsyclic property,
yielding

Cas(t; )=Trs s gW(t+ )A(Q) ; (2.61)

wheregW(t+ ) = U(t+ ;t)[BO)W(t)]JU¥(t + ;t). There, the correlation betweenA
and B has the structure of a mean value withs W (t) in the role of an e ective density
operator. This arti cial density operator follows the same dynamis asW, but without
its probabilistic interpretation, i.e. Trs g[gW] 6 1. Hence, it follows the von-Neumann
equation

d

Tow(ts )= ;—[H(t+ YeW(t+ ) (2.62)
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with the separable initial state gW(t) = B(0)W(t) (B(0) (1) s, because in the
regime of weak coupling to the bathV (t) should only show deviations of the order of the
interaction term, Hsg, from an uncorrelated state.

If we are to eliminate explicit reference to the environment in (2.61) @need to evaluate
the environment trace overg W(t + ) to obtain the reduced operatorg ( + t), where
g (t) = B(0) (t). Thus, following the same procedure as in Sec. 2.1.3, the virtualdueced
density operator after time is given by

X
s (t+ )= T ¥B(O) ()] “expl( k+i «) I (2.63)
k2N
Considering an initial time in the steady state regime, i.e., (t) ! 1| the correlation
function reads
X 1 k H
Cas( )= T YB(0) *ITHA(0) “Jexp[( «+i 1) ]; (2.64)
k2N

and therefore X , . )
Tr[ +B(0) * ]Tr[A(0) *] «.
k k(! N : (2.65)

The sum extends over those eigenoperatorswhich belong to non-zero eigenvalues. Thereby,
we have not included the elastic peakAihBi (! ) which trivially comes from the stationary
state .

Sas(t)=2




Chapter

Noise properties of the guantum Du ng
oscillator

In recent years, considerable interest has developed in driven tinaar quantum resonators
due to the tremendous progress in fabricating and thus controllinigdividual macroscopic
quantum systems operating on the nanoscale. This includes supmrducting Josephson
junctions [17, 52{54] in dierent variants and also nanomechanicatlevices which have
successfully been realized in the deep quantum regime only recen{y5{57] In addition,
guantum transport devices on the basis of molecular junctions habeen realized where the
interplay of charge transport and vibrational properties of the ralecular bridge has been
studied.[58, 59] An important aspect common to all these approaes lies in the fact that
the nonlinear response and the noise propertiessifigle macroscopic quantum systems can
be addressed instead of measuring an ensemble of resonatorgevhdditional averaging is
intrinsically involved.

Coupling a driven quantum mechanical oscillator to environmental atuations allows
the resonator dynamics to reach a stationary state. In the stainary state, energy is
coherently absorbed from the pump and leaks into the environmenia random dissipa-
tive transitions, which inevitably induce noise in the resonator. This @curs even at zero
temperature where only environmental zero-point quantum uatations (quantum noise)
exist. The qguantum noise properties of a nonlinear oscillator deterne many fundamental
nonequilibrium phenomena such as quantum heating [60{62] and quam activation.[63]

In general, nonlinear oscillators are naturally used as basic elemefis quantum state
detection or ampli cation. Examples of those are the Josephson bitation ampli er [17{
22] and the cavity bifurcation ampli er.[17, 23] In this context, thenoise properties of the
resonator, which is used as detector or ampli er, determine the bkaction of the measure-
ment or ampli cation on the system itself.[9, 13, 64] Clearly, it is desitae to keep the
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backaction as weak as possible, while on the other hand, a signi cactupling of the am-
pli cation or measurement device to the system is useful in order tachieve a su ciently
strong detection or ampli cation e ciency. A fundamental lower limit for the disturbance
introduced by the noisy detector into the qubit to be detected, heever, will be set by
the quantum noise acting in the detector. Hence, in order to desigmseful concepts for
quantum state detection based on nonlinear resonators in the geguantum regime, their
guantum noise properties have to be addressed.

The Josephson bifurcation ampli er [17{22] takes advantage of éhdynamically induced
bistability due to the intrinsic nonlinearity of the resonator. The eigastates of the qubit
whose state has to be measured are mapped onto the coexistingbs states of forced
vibrations of the resonator, which have di erent amplitudes and pase relations relative to
the phase set by the external drive. Hence, they allow for a largesdrimination power.
Up to present, these amplifying devices mostly operate in the semigtical regime where
many guanta in the resonator are excited. This implies that pure quéum uctuations
are typically small on average. Nevertheless, some experimentvédeen realized at low
temperature where the relevant uctuations are quantum mechacal in nature.[17, 22] The
regime of weak uctuations has been the subject of intense theical investigation.[60{
62, 64{69] It has been shown,[60{62] that a stationary distributio over the quasienergy
states of the driven oscillator at zero temperature can be reachevhich has the form of
an e ective Boltzman distribution with an associated nonzero e egve temperature even
when the statistical temperature is set to zero. Since only the zepoint uctuations of the
vacuum are responsible for this stationary distribution, this has k@ denoted agguantum
heating.[62] This stationary state is reached via activation-type transitios between discrete
quasienergy states of forced vibrations which are induced by zdsmnperature quantum
noise [60{62] and are therefore calleguantum activation transitions.[63]

Signatures of the onset of quantum uctuations can be seen in thielative intensities of
the lines of the resonator noise spectrum [62, 65{68] and in the aggrance of a ne structure
in the spectral lines of resonators with comparatively large nonlingées and large quality
factors.[62, 67] Most importantly, it has been shown that the spgal ne structure of the
noise power spectrum of a parametrically modulated oscillator yieldsethiled information
on the population of the quasienergy states of the resonator in it$ationary state.[62, 67]
Since the noise power spectrum is in principle experimentally accessilmae can directly
deduce the stationary nonequilibrium occupation distribution fromliis measurement signal.
No other means is so far available to achieve this. Below, we also nd pestral ne
structure in the noise power spectrum of the quantum Du ng oscilléor which possesses a
similar topology as the parametric oscillator.

In this chapter, we investigate the quantum noise properties of rdalated nonlinear
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oscillators in the deep quantum regime. As the simplest example, wens@er a monos-
table anharmonic oscillator which has a quartic nonlinearity (quantunbu ng oscillator).
Such a device can be parametrically coupled to a qubit [69] and thuss iphoton noise
characteristics is of relevance when used as a parametric detectBelow, we analyse the
power spectrum of the photon number uctuations in the quantumDu ng oscillator. In
the underdamped regime, we identify Lorentzian peaks in the powspectrum of the photon
number noise which are associated to the multiphoton transitions irhé quantum Du ng
oscillator. Their intensities are determined by the stationary occuggion probabilities of the
quasienergy states. The latter is directly connected to the e este quantum temperature
which can be identi ed in the stationary state and which is intimately canected to the
quantum squeezing of the quasienergy states. Hence, measuting power spectrum of
the photon number uctuations provides a direct and elegant wayd determine the sta-
tionary occupation probabilities of the quasienergy states and tlsuthe e ective quantum
temperature.

A weakly nonlinear Du ng oscillator has a remarkable symmetry: its eergy levelsE,
with n N are pairwise resonant for the same driving frequendy,, En n  En = (N
2n)}! o«. An example of the energy spectrum for the cad¢ = 3 is sketched in Fig. 3.1(a).
After preparing the oscillator in its n-th excited staten N, it displays periodic quantum
oscillations between then-th and the N  n-th excited states. During these oscillations,
JN  2nj photons are being exchanged between the oscillator and the modida eld. The
oscillations of the photon numbemn”are usually referred to as multiphoton Rabi oscillations.
Their characteristic frequency, the Rabi frequency ..y, depends on the intensity of the
driving eld and on the number of photons exchanged. The Rabi fogiency o for the N -
photon oscillations is the smallest Rabi frequency. The multiphoton &bi oscillations with
N n photons involved are underdamped if their Rabi frequency,.y exceeds the dissipative
rate of photon leaking into the environment. The latter is the oscilladr relaxation rate
For on all the Rabi oscillations are in general underdamped. The periodicaliiriven
resonator reaches its stationary state on the time-scale .

In the stationary state, quantum noise induces { even at zero tgperature { uctuations
in the photon numberr®. The dynamics of these uctuations is characterized by multiphoto
oscillations which manifest themselves as peaks in the noise spectr8(h) of A, located at
plus/minus the Rabi frequencies .y . In the underdamped regime, the dissipative dynam-
ics of the driven oscillator is most appropriately described in terms edndom transitions
between the oscillator quasienergy states. When the driving is resmt, the pairs of oscil-
lator Fock states withn- and N n-photons are resonantly superposed. The corresponding
oscillator quasienergy states are a symmetric and an antisymmetrstiperposition of the
two Fock states. Their splitting in quasienergy is given by the Rabi équency ... The
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corresponding peak in the noise spectrum at ( ,n IS due to random transitions from
the state with (highest) lowest to that with the (lowest) highest quasienergy of the doublet.
The peak intensity is proportional to the stationary occupation pobability of the initial
quasienergy state. Therefore, the noise spectrum o ers a cemvent way to directly probe
the stationary nonthermal distribution over all the quasienergy tates. Moreover, for weak
driving and exactly zero detuning from the multiphoton resonancethe noise spectrum
of the n-photon transition is symmetric, i.e.,S(! ) = S( !) and two inelastic peaks are
signatures of an oscillatory decay of the uctuations towards thetationary state. States
belonging to a multiphoton doublet then have the same stationary capation probabilities.
For a weakly detuned modulation or a stronger driving, the spectrn becomes asymmet-
ric. Besides, an additional quasielastic peak appears at zero freqguy which represents
incoherent relaxation of the uctuations towards the stationarystate. These features have
some analogy in the spectral correlation function of a (static) quum mechanical two-
level system weakly coupled to a dissipative harmonic bath.[28] Thet&e spin correlation
function is a sum of three Lorentzian peaks. The two inelastic peakse symmetrically
located at nite frequencies and their width determines the inversef the dephasing time.
In addition, the quasielastic peak at zero frequency representscoherent relaxation with
the inverse relaxation time given by its width. In the driven system, lie appearance of a
quasielastic peak depends on the intriguing interplay between the mimearity, the driving
strength and the dissipation strength. The contents of this Chapr have been published
in Ref. 70.

3.1 Coherent dynamics

3.1.1 Induced multiphoton Rabi oscillations in the Du ng os cil-
lator

We consider a periodically modulated Du ng oscillator with masan, eigenfrequency o and
a quartic (Kerr) nonlinearity characterized by the strength , described by the Hamiltonian

1 1 1
H(t) = %p2+ ém! 2% + 2X 4+ Fx cos( ext): (3.1)

The modulation amplitude F is assumed to be su ciently small that it induces only weakly
nonlinear vibrations. This is guaranteed by the conditionA 2 m! 3, with A(F) being
the typical amplitude of the nonlinear vibrations. The modulation freuency! ¢ is chosen
to be close to the oscillator eigenfrequendy, such that the detuning ! is small, i.e.,

! "o ! o e (32)
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The theory presented here applies to hard as well as to soft nonlargies 7 0, but for
concreteness we will focus on the case of a hard nonlinearity, 0.

The quantum dynamics of the weakly detuned and weakly nonlinear iglen oscillator
is most conveniently described in terms of the oscillator ladder opéoas a and &, in a
rotating frame determined by the unitary transformation

R(t) = exp[ i @'at]: (3.3)

In the rotating frame, the typical time scale of the resonator dyamics is given by! 1, so
that terms oscillating with frequencies 2! o, and 4! ¢, average out and can be neglected
in the transformed Hamiltonian R(t) H (t) RY(t) i} R(t) R¥(t). Thereby, we obtain the
RWA Hamiltonian

B=1!1nA+ AN+1)=2+f(a'+ a)=2; (3.4)

whererft  aa is the photon number operator, and f are the frequencies associated
with the Kerr nonlinearity and the external eld amplitude at the quantum scalexzpg =

}=mlg, i.e., =3 x %4} andf = Fxzpe= 2}. In order to keep the notation compact
we have se} = 1in Eq. (3.4) and in the remainder of the paper. The oscillator quasiergies
", and quasienergy state$ ,i are the eigenvalues and eigenvectors of the rotating wave
Hamiltonian, 1&j i = ",j ni.

A key property in the dynamics of the Du ng oscillator is its nonlinearity, which gen-
erates multiphoton transitions at frequencie$ ¢, close to the fundamental frequency . In
order to see this, one can consider the undriven nonlinear oscillatswitching o adiabati-
cally the external modulation. There the Floquet state$ ,i become oscillator Fock states
jni, yielding the following quasienergy spectrum

n=In + n(n+1)=2 forf ! O (3.5)

Thus, in the undriven scenario the quasienergies depend linearly attexnal frequency
so that at some frequency values di erent quasienergy levels intercept, such as", and
"N n for N >n, when the detuning follows

I = (N+1)=2 ! : (3.6)

This resonance condition sets the amount of the external frequey to be a factor of the
di erence of energy levels of the nonlinear oscillator in the static frmeEyn , En [cf. Fig.
3.1a],

EN n En (N 2n)' ex: (3.7)
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Figure 3.1: Multiphoton Rabi transitions around the N = 3-photon resonance ! = ! 3. In

panel (a) we depict a sketch of the driving-induced resonanB-photon transitions (red arrows) in
the nonlinear oscillator. Likewise, the blue arrows indicde the noise-induced relaxation process.
In panel (b), we show the underlying quasienergy spectrum aa function of the external frequency
together with two zooms to the avoided crossings for the 2 and 3 photon Rabi transitions for

=10 3lgandf = =10. In panel (c), we schematically indicate of the coherent raltiphoton
Rabi transitions (red arrow) and the dissipative transitions (blue arrows) on the quasienergy
surface which results from a semiclassical approach, seexte The upper gure shows the less
tited case whenf = =10, while for the lower gure f = . We emphasize that relaxational
transitions at zero temperature typically occur in both dir ections, i.e., downwardsand upwards
along the quasienergy surface, which is in striking contrasto dissipative transitions in static
potential surfaces, where only \downward relaxation" is possible. An escape due to \upward
relaxation" is known as quantum activation [63].

For a nite driving ( f 6 0), the driving term [cf. Eq.(3.4)] mixes the degenerate levels,
jni and jN  ni. According to the von-Neumann-Wigner theorem (level repulsion}hese
quasienergy levels will no longer cross. In other words, the degexy is lifted and avoided
quasienergy level crossing form, which is a signature of discreteltiple multiphoton tran-
sitions [cf. Fig. 3.1b]. There, up to leading order in the driving, the Flogget statesj ,i for
n N 6 N=2 are a resonant admixture of the paifni andjN  ni,

i s Grii N ni)= 2 (3.8)

We choose the signs and + for n < N=2 andN=2 < n N, respectively. The states
j ni which are not involved in a multiphoton transition (n > N and n = N=2 for N even)
can be approximated as the corresponding Fock state,i j ni. Therefore, if the system
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is prepared initially in the state jni (n <N ) in the presence of a driving eld at resonance
with the N th multiphoton transition ( ! = ! ), it switches continuously between the pair
of statesjni andjN ni. The time scale of these virtual processes is set by the splitting in
the corresponding avoided quasienergy level crossing, "~ nj, Which is di erent from
zero for nite driving. This energy splitting, as well called the Rabi fequency, of the
multiphoton oscillations is given by

(N =2
n=(N 2n 1)2°

an =0 Mnoaj=f(F= )N A (3.9)
The resonant condition in Eq. (3.6) is not renormalized by a nite drivig (within the RWA)
but for a comparatively larger driving f I, the multiphoton transitions have to be
reinterpreted as tunneling transitions between semiclassical stat

As we shall detail in Section 3.3, the multiphoton Rabi oscillations ind&c peaks in
the spectral densities of oscillator observables only when the Rdbequency o for the
multiphoton transition from the zero-photon ground state is largethan the noise-indcued
level broadening of the relevant quasienergy levelg and "y . In the next section, we will
pave the wave for the calculation of the noise spectrum in this regiméy formulating
the master equation for a weakly nonlinear oscillator and by evaluatinthe stationary
occupation populations of the quasienergy states.

3.2 Stationary dissipative dynamics in the deep quan-
tum regime

In the presence of a weak bilinear coupling to the uctuations of a Isonic bath, the
assumptions of small detuning and weak nonlinearity that under thRWA naturally lead
to a Liouville-von Neuman master equation in the Lindblad form, discis&d in Section 2.1.4,
for the density matrix of the weakly damped oscillator in the rotating frame.[47, 48]

3.2.1 The stationary distribution
For long times, the density matrix in the rotating frame relaxes to a stationary state !,
satisfying

M 1 =0: (3.10)

When the oscillator decay rate is larger than the driving, f, the width of the
resonant quasienergy levels, induced by the bath uctuations are larger than the corre-
sponding Rabi frequency ,n , oOf the multiphoton transitions. Then, the multiphoton



3.2 Stationary dissipative dynamics in the deep quantum reg ime 31

resonances are smeared out and the coherent e ects assodatgth multiphoton oscilla-
tions are strongly suppressed. Hence, dissipation sets a lower linait the driving strength,

f . On the other hand, for comparatively larger drivingf guantum uctuations
become small and the oscillator is latched to a classical attractorrfa time much longer
than the typical time scale of relaxation, ®. In this regime, the (quasi)stationary distri-
bution over the quasienergy states is of Boltzman type. Here, westrict our analysis to
the deep quantum regime where the driving is larger than the dampirgut smaller than
the nonlinearity, f . Thereby we have implicitly assumed a comparatively large
nonlinearity

Underdamped regime:

We start our discussion assuming that all Rabi oscillations are undiamped. Put di er-
ently, we assume that the smallest Rabi frequencyoy is larger than the relevant level
width. We refer to this regime as the fully underdamped regime. In #n fully under-
damped regime, the o -diagonal matrix elements of the density mek ! projected onto
the quasienergy basi$ |i are negligible and we can set them to zero (secular approxima-
tion), i.e.,

Loh jtj«i=0 for | 6 k : (3.12)

Then, a balance equation for the stationary occupation probabilitee | follows from Egs.

(2.52) and (3.10) according to

X
| |]|' W|;k &k:O: (312)
16 k

Here, W« is the transition rate from statej i to statej i given by
Wi (1+ n)jh jaj 1ij*+ njh jaj 1ij* ; (3.13)

and | is the linewidth of quasienergy level'|, w1 Wi We can now formulate
more precisely the condition for underdamped Rabi oscillations ofémarrowest resonance,
O;N 0-
The solution for stationary occupation probabilities up to leading ordr in the small
parametersf= andn is given in Ref. 47. The pair of multiphoton state$ ,i andj n i in
Eq. (3.8) have equal stationary occupation,}, = & .y .- The smallest pair of occupation

probabilities is §, = §y - The occupation probability grows algebraically as

1 N n,

n+l n+l — m nn for n<N=2: (314)

The statesj i with | >N have vanishing occupation probability, i = 0. The degeneracy
S0 = nn is approximate and is lifted for higher orders irf= .
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Quasienergy distribution close to a multiphoton resonance

One can easily generalize the above expressions to the case whieeedietuning ! does
not exactly match the resonance condition,! 6 ! . Since the Rabi frequencies for the
di erent pairs of resonance transitions in Eq. (3.9) are exponentilg di erent, we can choose
j! I N 1N 1, SO that all the pairs of Fock stategni andjN  ni with 1 <n<N=2
are still resonantly superposed, except for

J ol =COS§jOI sméle ; and | ni=sin EJOI +COS§jNI ; (3.15)

with  =tan I on=N(! I nv)]- The corresponding solution for the stationary density
matrix close to resonance is [cf. App. B]

Nn = gotan” 5 1= goN tan’ 5
N n
e = T Lo for 1 n<N=2: (3.16)

Partially underdamped regime

Next we consider a comparatively large relaxation rate, so that the narrowest Rabi reso-
nance is overdamped but the remaining resonances are still undemped, oy N

1N 1. We refer to this regime as the partially underdamped regime. Thempcoherent
multiphoton transitions from the ground statej0i to state jNi with a small rate 2, =(N )
and the subsequent emission of excitations into the bath determmea small but nite oc-
cupation of the resonant states® , n 1. Formally, the stationary distribution * can be
obtained by setting all the o -diagonal elements of . to zero except for {, and §y and
solving Eqg. (3.10). Thereby, we nd

j tjoi 1 hNj 1 jNi Sn=(NZ ?)
1= on=(N %  for Sn=(N 2 expl ! ox(ksT)]
1 N n,

n+l n+l — m nn for 1 n<N=2: (317)

The crossover between this solution and the fully underdamped sban Eq. (3.14) is given
in 47. Both distributions are determined by quantum uctuations ard are very di erent
from the Boltzman-type distribution for a driven resonator latchel to a classical attractor.

3.2.2 The nonlinear response of the oscillator

In the stationary limit t 1, the oscillator state is described by the time-independent
density matrix ; and the oscillator dynamics is embedded in the time-dependent frame
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of referenceR(t) [cf. Eq. (3.3)]. The mean value of an observabl® is
hO(t)i 4 tI'ilm hO(t)i = Tr h * RY(t)OR(t)i : (3.18)

In the RWA, the stationary vibrations hx(t)i; are sinusoidal,

X
hx(t)i, = pixzpp COS( et + ' )jhaiy j; hai, = hoja i (3.19)
Ik
It has been shown that the nonlinear response of the oscillator afuaction of the driving ! ¢
shows resonances and antiresonances in the deep quantum red#ie48, 71] The response
is proportional to the transmitted amplitude in a heterodyne measement scheme and it
has already been measured for a weakly nonlinear oscillator.[72] Hexe would only like
to remark that this kind of measurement, or any measurement whicprobes the stationary
mean values as opposed to correlation functions does not allow todagks the di erent
degenerate resonances separately, and to access the stafipuisstribution | directly. In
the next section, we will show that this can be achieved by measuritige power spectrum
of the photon number noise.

3.3 Photon noise in the deep quantum regime

In this section, we are speci cally interested in the noise spectru(! ) of the autocorrelator
of the photon numberrfy M(t + t)A(t)i, . From Eq. (2.61), we nd

M+ t)At)i, =Tr AexpM t AL (3.20)

Here, M is the Liouville superoperator, de ned in Eq. (2.54). Since this cortaor does
not depend on the initial timet as a consequence of the RWA, we can de ne the noise
spectrum in terms of a single average over quantum uctuations ecrding to
Z 1
S(!)=2Re  dte" M)n(0)iy : (3.21)
0
It is useful to separate the contributions toS(! ) into those coming from the expectation
value ofrl, and those from its uctuations, i.e.,

S() = hﬁiiz(!)+ S(),
1

S(1) 2Re  dte" hnA(t) A(0)i; : (3.22)
0

Here, f is the operator for the photon number uctuations, i.e.,n =H h fAi, .
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Our path to compute the noise spectrum consists in three steps: We express the
virtual preparation fi * in terms of right eigenvectors of the superoperatdvl . ii) We plug
the resulting decomposition into Eq. (3.20). Then, each term decayexponentially with a
di erent exponent which is given by the corresponding eigenvalue & . iii) We compute
the Fourier integral in Eg. (3.21), which thereby yields a sum over (@rlapping) Lorentzian
peaks.

3.3.1 Noise spectrum in the underdamped regime

When all the multiphoton Rabi oscillations are underdamped, o.n N, the coherences
j N nih pjandj ,ih § ,j are approximate eigenvectors of the LiouvilliamM . Then,

Mj nih N o] = (n 1 nn n)i nih Ny o for n<N=2;
Mj N nith o] = (n*1 N n)] N nih pj for n<N=2; (3.23)

with the level widths being givenas , = = (n+1=2)N+ nforn< (N 1)=2. ForN
odd, (v 1= = (1+2n)(5N +1)=8+ n. Up to leading order inf= , the decomposition of
the virtual preparation A 1 in terms of right eigenvectors oM has the simple expression

X
ht (N=2)* (N=2 n) 5, (i nih N nj+] ~ aih g)): (3.24)

n<N= 2

Clearly, each term of the above decomposition yields a Lorentziangkein the noise spec-
trum S(!'). The rst term yields the contribution to S(! ) from the expectation value of
A, (N=2)2 (! ). The remaining terms yield inelastic peaks associated to random trsi-
tions between quasienergy states belonging to the same multiphotdoublet. Since the
populations ! and [ ., , are approximately equal, peaks at opposite frequency have

approximately equal intensity. By putting together Egs. (3.20), 8.21), (3.23), and (3.24),
we nd S(!)=(N=2)? (! )+ S(!) with

X
S() Sn(l)+ Sy n(h); (3.25)
n<N= 2
1 — 2
Sn(!)= Sy n( )= (!2 - (:l\' n2)2+n)%: (3.26)

Hence, the Lorentzian peaks are centred at the multiphoton Raliequencies ,n , and
have a resonance width of ,. The factor (N 2n)?=4 is the leading order expression for
the squared matrix elementh ,jAj n nij2. Remarkably, the line intensities depend only
weakly on the drivingf and on the temperature through the stationary distribution ? .

Up to leading order, the drivingf enters only in the splitting of the lines through the Rabi
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Figure 3.2: Photon noise spectrum at theN = 2- and the N = 3-photon resonance are shown
in panel (a) and (b) respectively for =10 3o, f = =10, = (»=10in (@) and = 3=10

in (b). Shown are the approximate results obtained with Eq. (3.25) (dashed green lines), and
the results from a full numerical solution of the general expession for the spectrum derived in
2.2(orange solid lines). The gray lines in panel (a) mark a zom to the subleading o -resonant

transitions.
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frequencies. Notice that Eq. (3.25) is valid only in the vicinity of a multiioton peak since
terms of order are not taken into account. In order to evaluate the tails of the paks more
precisely, one has to take into account the contribution stemmingdm all eigenvectors of
M.

In the top and bottom panels of Fig. 3.2, we show the noise spectrusf! ) for the cases
N =2 and N = 3, respectively. The noise spectrum foN =2 shows a pair of symmetric
peaks which correspond to the transitiong o $] ,i. Likewise, the noise spectrum for
N = 3 displays two pairs of symmetric peaks corresponding to the traitionsj o $j i
andj 1i$j »i. The green dashed lines mark the results from our approximate dytical
formula in Eq. (3.25) while the yellow solid lines show the data obtained byumerically
evaluating the expression in Eq. (2.65). An excellent agreement isufal.

In Fig. 3.2(a), additional smaller side peaks of the order ¢ are also visible, see the
black-dashed lines representing a ten-fold zoom. They are not asisited to any resonant
transition between multiphoton states and are thus not capturediy the leading order
expression given in Eq. (3.25). The particular subleading peaks in Figi2(a) belong to the
transitionsj oi $j 1i.

These features have a direct analogy in the spectral correlatiamiction of a static quan-
tum mechanical two-level system which is weakly coupled to a dissijpa harmonic bath.[28]
For a general biased two-state system with anticrossing energyeéés, the pair correlation
function is a sum of three Lorentzian peaks. The two inelastic peakse symmetrically
located at nite frequencies and their width determines the inversef the dephasing time.
For a biased static two-level system away from resonance, an #dxhal quasielastic peak at
zero frequency appears which represents incoherent relaxatiith the inverse relaxation
time given by its width. Since we consider here the case strictly at @sance (in the RWA),
no zero-frequency peak is present.

3.3.2 Photon antibunching

In general, the photon emission characteristics of a quantum mexatical resonator can show
peculiar nonclassical features. For instance, counterintuitive gelation phenomena such
as photon antibunching can occur, where the photon number cetation function for short
delay times is smaller than the one for classical, uncorrelated photnThis implies that the
probability for photons to arrive in pairs is suppressed.[2] Our appaeh provides a natural
framework to investigate a possible non-Poissonian statistics ofehmultiphoton events in
the nonlinear resonator. Therefore, we consider the normalizetigion number correlation
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function or second-order coherence function de ned as[2]

he'(ha’(t+ Ja(t+ Ja(t)i.
hav(t)a(t)i; hav(t + )a(t+ )iy °
For long delay times , the counts of two photons with a delay time are statistically
independent eventsg®( !'1 )= 1. For vanishing delay times, we have
M2i; hnNniz hAip

hni? '

Photon antibunching corresponds to the casg®( = 0) < 1 [cf. App. A]. For the fully
underdamped case, we nd the expression

I::'Nl
ON(N 1)+4 Y 'nn N) . 1

@( =0)= _q, 1.
g?( =0) E 15 (3.29)

which represents the known result of the second-order corratat function of the electro-
magnetic eld [2]. Hence, the oscillator displays photon antibunchingase to a multiphoton
transition. The second-order coherence of the stationary seabf the quantum Du ng oscil-
lator at the N -th multiphoton resonance has the same value as the second ordeherence
for an oscillator prepared in the single Fock statgNi, in spite of its uctuations over the
guasienergy states.

g?( )=

(3.27)

g?( ! 0)=1+

(3.28)

3.3.3 Lineshape of the noise spectrum close to a multiphoton
resonance

In presence of a small detuning from the multiphoton resonance, I'N on, the

statesj oi andj yi are no longer a resonant superposition of the Fock statgs and jNi.

Hence, the corresponding stationary occupation probabilities,g and yn, given in Eq.

(3.16), become signi cantly di erent. In turn, the pair of peaksSy(! ) and Sy (! ), which are
associated to the transitiong i $j ni, become asymmetric such thaBy(! ) 6 Sy( !).

This behavior is shown in shown in Fig. 3.4(a) for the case around thepBoton resonance.
The peak lineshapes can readily been evaluated and we nd

2 o 3N2(sin cos )? 2 N iy N2Z(sin cos )2
So)= S ¢ 7s % S = S f.N)“ ﬁ) L (330
Their distance increases with the quasienergy splittingyy "o = sgn('! D) G t
N?2j! I vj?)¥?, whereas the peak width does not change close to the multiphotoesr
onance, ! I'N on- The asymmetry is determined by the stationary occupation
probabilities 3, and %, . From Eq. (3.16), we nd
4
SO) - o =cottz= — N ; (3.31)

S(CY) i 2 "~ "o N(! ''n)
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This expression is valid for! close to the center of the largest peak, "N "o, and
j! I nj not too large such thatS( !)

In addition to the peaks at nite frequencies (which induce decayingoherent multi-
photon Rabi oscillations), also a zero frequency peak appears. iFlguasielastic peak is
associated to incoherent relaxational decay of the multiphoton Raoscillations and is also
known for the noise correlation function of a static biased quanturtwo level system [28].

In Fig. 3.3(b), we show the logarithm of the asymmetry ratio given in §. (3.31). The

asymmetry shows a clear maximum at approximatelys; "o.

To further illustrate the asymmetry in the peak heights, we show in ig. 3.3(c) the
peak maxima associated to the transitiong oi !'j 3 andj 3i!j oi. At the 3-photon
resonance (black dashed vertical line), both peaks are equal inigie¢ (symmetric noise
spectrum). Away from the resonance, the low (high) frequencydnch aquires more spectral
weight for negative (positive) detuning.

3.3.4 Photon noise at zero frequency

Fluctuations of an oscillator (quasi)energy induce a broad (with widit/ ) zero frequency
peak in the noise spectrum of an observable whose mean value dejseon the (quasi)energy
[73]. For weak drivingf and at a resonancq ! PN on, the quasienergy
states of the Du ng oscillator have large uctuations as several gasienergy states have
comparable occupation probabilities even al = 0. However, the mean value oh’becomes
independent from the quasienergyh ,jhj i N=2 forn N. As a consequence, the
contribution to the noise spectrum ofn*coming from uctuations S (! ) does not have a
peak at zero frequency sinceS(0) / . Close to resonance, whep! PN ON 5
two dynamical e ects compete: on one hand, the quasienergy tu@tions quickly decrease
for increasing detuning, i.e., moving away from resonance as the @gation probability of
the state oi approaches one. On the other hand, the mean value mfb®comes strongly
dependent on the quasienergy. As a result of this competition, thatensity of the zero
frequency noise plotted as a function of has two maxima at the two opposite sides of the
resonant value! . In Fig. 3.4, we show the zero frequency noise for the special chise 2.
The yellow solid line represents the intensity at zero frequency conmed numerically, while
the green dashed line is the leading order contribution (ifF )

S(! =0) sin’(2 )= (3.32)
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Figure 3.3: (a) Asymmetric structure of the photon noise spectrum at frequency ! = ! 3+

i.e., out of resonance for a detuning =1:6 10 4 for the same parameters used in Fig. 3.2(b)
(orange solid line). In addition, we show in the background he symmetric photon noise at the
resonant frequency ! 3 (grey shadowed area). Moreover, we depict the inverted case ! ,

which shows a symmetric behavior under the re ection! ! I (green solid line). (b) Noise
asymmetry via the logarithm of Eq. (3.31) for the same paraméers as in (a). (c) Height of the

photon noise peak for the transitionj ¢i!j 3i (orange solid line), andj 3i!j ol (green solid
line) as a function of the external frequency. The peak maximam is located at ! 3
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Figure 3.4. Photon noise at zero probe frequency as a function of the exiral frequency for
the parameter set used in Fig. 3.2(a) evaluated around the s®mnd multiphoton resonance, !

3=2. Shown is the comparison of the approach Eq. (3.32) as a gmneedashed line with the
numerical simulation as an orange solid line.

3.3.5 Noise spectrum towards the semiclassical regime

Next, we investigate the noise spectrum for larger driving strenigs, f . . In order to

illustrate how the noise spectrum changes for increasing driving, \8aow the intensities of
the brightest peaks as a function of the driving strength for thé&l = 5-photon resonance in
Fig. 3.5(a). In Fig. 3.5(b), we also show the quasienergy spectruamd the noise spectrum

for a comparatively large value of the driving amplitudéd = is shown in Fig. 3.5(c). A
peak in the noise spectrum at frequency = ", "¢ is associated to a single transition
j ki'j 1 andis given by
X 1 : PRV -9 2 + +
S ) = 2 jhja¥a wiif( (& @)+ i+ ). (3.33)

T2 (@ &)t gt W)

Hence, the relative intensities of a pair of peaks at opposite frequeges is still related to the
occupation probability of the corresponding initial states vie&s(";, "k)=S("k ") = = 1-
For weak driving, we have three pairs of approximately symmetric p&s as described
by Eq. (3.25). Each peak corresponds to a transition between tvatates belonging to a
multiphoton doublet of quasidegenerate stateg: ¢i $] si,j 11$] 4i,andj L $j ai.
For increasing driving, the spectrum becomes increasingly asymmet For moderate values
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Figure 3.5: (a) Height of the photon noise peaks corresponding to the trasitions within the pair
j ni®] mi as afunction of the driving strength f . Each pair is marked by a solid and a dashed
line in the same color. In addition, we depict the rise of the ero frequency peak (black solid
line) as the driving strength increases. The black horizonal lines indicate the expected values
of the noise level evaluated up to leading order iff= by using Eq. (3.25). The parameters are
=10 31y, ! = 1 5 Inpanel (b), we show for the same parameters the quasieneygspectrum
as a function of the driving strength f . In panel (c), the photon noise spectrum as a function of
the probe frequency! is shown for a large driving strengthf =
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of the driving, the noise spectrum undergoes two major qualitativehanges: i) the peak at
zero frequency becomes clearly visible; ii) a pair of peaks correspiog to the transitions
j 11 $ ) i acquires a signi cant intensity. For f , the peak associated with the
transition j 3i!j ;i is even the second brightest peak.

These qualitative changes can be explained in terms of a semiclassdedcription valid
beyond the weak driving limit. The RWA Hamiltonian in EqQ. (3.4) can be rewitten in terms
of rotating quadratures, and interpreted as a quasienergy sade in phase space [74, 75]. It
has the shape of a tilted Mexican hat and is sketched in Fig. 3.1(c) ftwo values off . The
larger f is, the stronger is the induced tilt. The local maximum and the minimum fthe
guasienergy surface are the classical attractors. In the staframe, they describe stationary
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oscillations with a small and a large amplitude, respectively. In the vicity of the attractors
the vibration amplitude and the slow part of the oscillation phase dispilaslow vibrations
with frequency/ ! . In absence of resonant transitions, each quasienergy statendae
associated to a quantized quasiclassical orbit which lies on the intatrsurface around the
local maximum, on the external surface, or along the quasienerggll around the minimum.
For very weak driving, f =" 2(N +1), the quantum mechanical Fock stategni with
n < N=2 are associated to quasiclassical trajectories on the internalfsice around the local
maximum, whereas the Fock states with photon numben larger than N=2 are associated
to semiclassical orbits on the external surface. Within this represtation, the multiphoton
transitions can then be reinterpreted as tunneling transitions beteen the internal and
the external parts of the surface [74, 75]. For comparatively lagg driving, the zero-point
guasienergy associated to the slow vibrations around the minimurh (! ) becomes smaller
than the dynamical barrier height. Then, quasienergy states apgar which are localized
in the quasienergy well. In turn, the noise spectrum becomes quatiteely di erent from
the one for weak driving. The small quantum uctuations around tle minimum of the
quasienergy surface can be described in terms of an e ective auxyji@scillator with ladder
operatorsb and bV and are given by [cf. App. C]

a= ap + bcoshr, b'sinhr,: (3.34)

Here, a, is the amplitude of the stationary oscillations rescaled b)l? 2Xzpe [67, 68].
They can be mimicked by a local e ective quantum temperaturd, = (2kg Incothr,) *
which depends on the squeezing factoy, [60, 61, 67, 68]. Fof = , the statesj ,i, ] si,
andj ;i can be identi ed with the groundstate and rst two excited statesof the auxiliary
oscillator (but in the remainder of this discussion we keep the same kb for the states as
in the weak driving limit). The level spacing”; ", is of the order of the frequency of the
slow classical oscillations of the amplitude and slow part of the phase.

Such oscillations appear in the noise spectral density of a classicatitlator as a pair
of peaks. In a nonlinear quantum oscillator whose quasienergy levale not equidistant
and their distance exceeds the damping strength, the classicalaie have a \quantum"
ne structure [62]. In the present case of the Du ng oscillator, the classical noise peak is
splitted into two peaks associated to the nearest neighbor tranghs between the ground
state and the rst excited state, and the rst and the second egited state,j i $j i
andj si $ ] i, respectively. Their peak height is proportional to the square ofhe
rescaled vibration amplitudea, and to the occupation of the initial state },. The latter,
in particular, is governed by the quantum temperaturdél. For the ratio of the peak heights,
we nd [62]
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SCa ") 22 oppy, 3 S0 '), (3.35)

S ") L LooS(s 1)

Next nearest neighbor transitions can also yield peaks in the noiseesfra of a Du ng
oscillator [68]. In the present case, the transitions ,i $] ;i yield a pair of dimmer peaks,
however, located at frequencies outside the frequency rang®wsh in Fig. 3.5.

In the weak damping, weak driving regime discussed so far, the gigaeergy well around
the minimum is still very shallow, and the oscillator can escape from themall amplitude
attractor via tunneling. Therefore, the oscillator is not latched toany of the attractors
and the noise spectral density has also peaks which are associdtedtrawell transitions.
In particular, the pair of peaks with the smallest splitting describes aherent tunneling
oscillations between the internal and the external part of the quenergy surface (coherent
dynamical tunneling or multiphoton Rabi oscillations).

Before closing this section, we mention that for the stronger drivipnf = , also a zero
frequency peak appears in the noise spectrum, see Fig. 3.5(c)haligh the frequency
detuning has been xed to the 5-photon resonancé = ! 5. However, as discussed above,
this resonance condition is only valid for smalf , Which is obviously not full lled.
So the larger driving induces an e ective small detuning away from #h exact avoided
quasienergy level crossing and generates an e ective bias. Tharrglaxation pole appears
in the relevant self energy [28] which corresponds to a quasielastitaxation peak at zero
frequency.

3.3.6 Dependence of the noise spectrum on damping and tem-
perature

So far, we have analyzed the case of zero temperature and smalinging, n 1 and

n - In this section, we brie y address how the noise spectrum is modidefor larger
damping and nite temperature by presenting numerical results ahe spectrum in a broad
parameter range.

In Fig. 3.6(a), we showS(! ) for dierent values of the damping for the 3 photon
resonance where! = | ;. As expected, the peaks in the noise spectrum get broader
for increasing damping. Outside the fully underdamped regime, thevd peaks of the pair
associated with the transitionsj o $ ) 3i start to overlap and eventually merge into a
single peak at zero frequency. Thereby, the zero frequency mois no longer suppressed
St 0)/ 1, since incoherent relaxation prevails over coherent decay for largamping.
The peaks associated with the underdamped transitionjs,i $j i are still described by
Eq. (3.25), even when the spectrum has a peak at zero frequentie decrease in the peak
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Figure 3.6: Photon noise at the 3-photon resonance,! = ! 3, as a function of the probe
frequency. In panel (a), we show the behavior when going fronthe coherent to the incoherent
regime by increasing the damping constant from g 03to 3= o3 (a T =0). In panel
(b), we x the damping constantto = .3=10 and show the noise temperatures increasing from
zero (T =0) up to nite temperatures ( T ! o). The remaining parameters are =10 3! 5 and

f = =10.
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intensities re ects the decrease of the populations); and 3, in the partially underdamped
regime.

The dependence of the noise spectrum on temperature is shown iig.F3.6(b) and
behaves qualitatively similarly. For small temperaturesr 1, the spectrum is described
by Eq. (3.25). The temperature dependence enters in the line widthof the quasienergy
levels as well as in the stationary distribution },. For larger temperatures, the two low-
frequency peaks merge into a single peak at zero frequency ane gide peaks becomes
increasing broader as expected.

3.4 Conclusions

In recent years, the rich phenomenology of driven and damped fimear quantum oscil-
lators has been impressively consolidated, including their nonlinearsponse behavior in
form of resonant and antiresonant ampli cation, quantum coher& multiphoton Rabi oscil-
lations, quantum activation and quantum heating. Gradually, the natrivial e ects visible
in noise correlation functions have also moved to the focus of intste Those become rel-
evant whenever a nonlinear quantum oscillator is used as a centrégraent in an ampli er
or quantum measurement device. In this Chapter, we have analykéhe noise properties of
the quantum Du ng oscillator in the regime when only few quanta are gcited. Then, the
nonlinear response shows pronounced multiphoton peaks which associated to resonant
multiphoton Rabi oscillations. The noise properties of these multiphion transitions show
a rich phenomenology. To obtain the noise spectrum by analytical raes, we invoke the
Lax formula for the autocorrelation function of the photon numbe at di erent times and
calculate its Fourier transform. Exactly at a multiphoton resonane, the noise spectrum
consists of a collection of pairs of related resonances which are tedaat opposite frequen-
cies and which are equal in height. Each pair is associated to a multigbo doublet. In
spite of large uctuations over the oscillator quasienergy, no quiggastic peak occurs at zero
frequency. This is a consequence of a special symmetry of the mjuan Du ng oscillator:
all quasienergy states which are associated to a multiphoton doubleave the same mean
value of the photon numbem?

Slightly away from a multiphoton resonance, the noise spectrum bmoes asymmetric
and the two resonances are no longer equal in height. In additions ¢he mean values of
A become dierent for quasienergy states with comparable occupaits, the quasielastic
peak emerges. Since the quasienergy uctuations are suppresaway from a multiphoton
resonance, the intensity of the quasielastic peak as a function dfet detuning displays a
maximum at the two opposite sides of the resonant valué .

Our approach also allows us to evaluate the transition to the semicksal regime by
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increasing the photon number by a larger driving amplitude. Then, augsiclassical quasipo-
tential landscape in phase space is a convenient tool to understiatine stationary nonequi-
librium dynamics. This view directly leads to quantum mechanical squeed states which
exist close to the local minimum of the quasienergy landscape. A hasnic expansion al-
lows us to characterize the quantum uctuations via an e ective gqantum temperature. At
larger (real) temperature and damping strengths, all these quamimm coherent features are
washed out.

Although the time-resolved detection of noise properties of quamnh observables of
driven resonators requires considerably more experimental etprwe are con dent that
future experiments will soon elucidate the importance of quantumaise in these nonequi-
librium systems.



Chapter

Qubit state detection using the quantum
Du ng oscillator

The e cient and reliable detection of the quantum mechanical statef a nanoscale system is
a key component of all present designs of quantum circuits.[13] Onendestructive readout
scheme currently in use for the important class of superconducginux qubits is based on
a heterodyne detection of the dynamic response of a dc supemocting quantum interfer-
ence device (dc-SQUID) detector which is inductively coupled to theubit.[76, 77] Thereby,
the dc-SQUID is operated in its linear regime as a shunted variable inchor in a resonant
circuit. In this set-up, its resonance frequency depends on theagnetic ux generated by
the qubit being in the ground or excited state. Hence, measuring ehimpedance of the
resonant circuit as a function of an externally applied bias currentiglds two characteris-
tic Lorentzian resonances at two di erent resonance frequensiewhich depend on the two
qubit states. This detection scheme, hence, allows us to infer thieate of the qubit from
the resonant response of the detector in the nanocircuit. In oed that a reliable discrimi-
nation of the two qubit states becomes possible in this continuouspg of readout design,
the probability distributions for the readout values have to be only wakly overlapping.
Due to thermal and quantum uctuations, the readout naturally isa random process,[77]
and the noise properties of the nanocircuit around the detectoesonances determine the
discrimination power of the set-up.

An alternative readout scheme is the Josephson bifurcation amplrgl7, 18] It is based
on a classical driven nonlinear resonator and exploits the classicafubcation point of
the dynamically induced bistability with a small- and a large-oscillation sti.[78] The
response (or output) of the nonlinear resonator around the bifcation point is very sensitive
to small changes in the circuit parameters. This is an ideal prereqiiés for a sensitive
detector. Depending on the state of the qubit to be sensed, thesonator bifurcation point
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is shifted to a dierent frequency, allowing for large discrimination paers between the
large- and small-oscillation detector state of up to 98%.[79] Nevedtess, since the detector
is a classical macroscopic device, it introduces considerable depigsand relaxation to
the qubit state, yielding a reduced contrast of the qubit Rabi oscillions of less than
90%.[79] This implies that the thermal noise properties of the nonlinedetector (together
with semiclassical corrections due to quantum uctuations) arouhthe classical bifurcation
point determine the discrimination power between the two states de to the classical
bifurcation point.[63, 74, 80, 81] Hence, it would be desirable to comk the advantage of
a large discrimination power of a nonlinear detector with the reduceabise sensitivity of a
nanocircuit operated close to the quantum regime.

An experimental realization of a driven nonlinear resonator in its feyghoton quan-
tum regime is in principle possible with present set-ups and technologyln a recent
experiment,[82] a nanoscale superconducting microwave resomdtas been driven to its
nonlinear regime by fast frequency-chirped voltage pulses. At lomaugh temperature,
the regime of quantum noise has been reached. In this experimetiie applied driving
strength has been rather large, which corresponds to a large ptwo number transferred
to the resonator. No particular few-photon resonances have érerevealed and the non-
linear response is similar to previous schemes on classical bifurcatoetectors using a
time-dependent driving frequency.[83] However, the route to thiew-photon regime seems
to be clear.

In this chapter, we introduce a combination of both strategiedifurcation and disper-
sivereadout, and propose a nonlinear detector scheme in the form ohanlinear resonator
with an amplitude modulated drive in its few-photon deep quantum rage. In particular,
in this regime, we shall exploit sharp multiphoton resonances in the nkinear resonator,
[47, 48, 71] which are induced by the external driving eld close to ¢hfundamental res-
onator frequency [cf. Chapter 3]. They can be used for the detiem of the states of
the qubit and o er the advantage of being rather sharp and exteally tunable by vary-
ing the parameters of the external drive. The concept is an extsion of the case of a
linear resonator, where the fundamental resonance frequensyshifted depending on the
gubit state. However, the multiphoton resonances in the nonlineatetector close to the
detector's fundamental frequency show very small line widths. Ehwidth of the N -photon
resonance is determined by the correspondiidl-photon Rabi frequency, which decreases
with increasing photon number. The sharp resonance lines, in turim,er the advantage
that only a few measurement cycles are necessary to ensure adaggscrimination power.
To understand the back action of the nonlinear multiphoton detear on the qubit state,
we determine the relaxation rate of the qubit due to the coupling tohte driven dissipa-
tive nonlinear oscillator around a multiphoton resonance. Notably,hie back action of the
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resonator on the qubit is su ciently weak, yielding to a good qubit-sate measurement
delity. Furthermore, we show that the discrimination power of theset-up is rather large
and beyond 98% for our choice of realistic parameters of a ux qubdircuit. In fact, it

gives rise to an enhanced measurement delity as compared to thedar parametric os-
cillator. Furthermore, we show that the nonlinear multiphoton detetor does not have a
worse measurement e ciency as compared to the linear detectocteme. We determine
the measurement e ciency of the set-up via the ratio of the time it akes to collect enough
information on the qubit state (measurement time) and the relaxabn time. It turns out

that the measurement e ciency does not considerably decreass aompared to the linear
case. Hence, the detection scheme indeed has the advantagerobwerall reduced back
action in combination with an enhanced discrimination power, togetmewvith a su ciently

large measurement e ciency. The contents of this Chapter haveden published in Ref. 69.

4.1 Persistent current qubit

We consider the experimental set-up used in Ref. 84 for the qubitpnsisting of a supercon-
ducting loop interrupted by three Josephson junctions, two of wbh have equal Josephson
energies, while the coupling energy of the third is smaller, in order taeyd a double-well
potential con guration. In this low-inductance circuit, the ux th rough the loop remains
close to the externally applied value . When the latter is close to ( + 1=2) ,, where
n2Zand g isthe ux quantum, the device is described by the Hamiltonian in term®f
the Pauli matrices ., as

Hp = =2 x=2; (4.1)

with the two eigenstatesj"i and j#i of , corresponding to the two persistent current

states |,. The minimal energy level splitting and the current |, are determined by the

charging and Josephson energies of the Josephson junctions.e BHsymmetry is given by
=21p( o 0=2). In the energy eigenbasis, the Hamiltonian follows as

qu =1 ab =2, (4.2)

where! g, = P is the proper frequency of the qubit, and, = , cos «sin the

corresponding Pauli matrix with tan = =. The detection of the qubit state essentially
involves the measurement of the magnetic ux produced by the pgstent current states.
To this end, one can use the driven SQUID as a sensitive magnetoeret{76] operating in
its nonlinear region. Below, we will restrict to the few-photon deepu@antum regime.
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4.2 Driven SQUID as a nonlinear quantum detector

We consider the standard setup of a dc-SQUID formed by two Jgdeson junctions in a
superconducting loop, but subject to a time-dependent exterhhias current.[17] Moreover,
we assume a negligible ring inductander of the SQUID (low-inductance approximation).
[85] In this con guration, the superconducting phase di erenceat each junction, ; and

2, play the role of dynamical variables with a constraint given by the & quantization,
ie., 1 5 = sg= 0 2' o, Where 4, is the external magnetic ux piercing the
superconducting loopand o = (=2 . Note that within the low-inductance approximation,
Lrloc ' o with the critical current 1o of the SQUID. Thus, the system is described by
the generalized coordinate . =( 1+ 2)=2, with the e ective Lagrangian [86]

I—sq( )= SCO _-12- + Ejcos(’ ex)cos(+) olu(t) +; (4.3)

where we have assumed a symmetric loop, with; = ' ¢l o as the Josephson energy, and
Co as the capacitance of each junction. Moreover, we include a timespdic ac current
Ip(t) = locos( t) with frequency! o, and amplitudel injected \into" the loop. The above
Lagrangian describes an e ective superconducting loop (with a negble ring inductance)
with a single Josephson junction [77] with a tunable Josephson engiif); cos(' ), critical
current 1. = 21 COS' ¢, Cross-junction phase di erence ., and capacitanceC = 2C,.
In order to tune the resonance frequency, the SQUID is shuntdd7] with a capacitance
Cs C. Next, we shall establish the optimal working point of the qubit-detctor system,
where the dissipative in uence entering via the detector is minimal.

4.2.1 Qubit-detector interaction

The qubit and the SQUID are coupled by means of their mutual indueince M .[9, 77]
Thereby, the SQUID induces the uxMI in the qubit loop, wherel is the circulating
current in the SQUID. The latter can be determined by using currénconservation in the
loop and the Josephson relations for the two junctions in the SQUIOFor the symmetric
SQUID,[77] it follows that | (t) = IoSin(" ex)cos( +(t)). Thus, the total magnetic ux

in the qubit is a ected by its coupling with the SQUID, and it is composedof the external
ux and the SQUID-generated contribution, i.e., ¢ ! ¢ + MI (t). This implies that
the energy bias of the qubit acquires a contribution that dependsdhe circulating current
in the SQUID, leading to the e ective asymmetry 1 = ( o)+ (I (1)), where (I (t))=

2M1 1 (1).

Therefore, two sources of noise can a ect the qubit dynamics, i.ehe uctuations

from the external ux o and from the bias currentl,(t) in the SQUID,[87] which is
related to . by the Josephson equatiomy(t) = I Sin( +(t)). By tuning the bias current
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to the critical value I, characterized by @ =dlp);,=;, = 0, the inuence from current
uctuations in the SQUID can be minimized [87] and the optimal workingpoint is reached.
For a nonsymmetric SQUID, the lowest-order contribution is linear in,,[86, 87] while in
the symmetric case this lowest-order contribution vanishes, whidmplies that around the
optimal working point the phase . is very small, . 0. In the following, we consider a
setup close to the optimal point, where we can expand the expressfor | up to second
order in ., yielding the interaction term

qu sq: 9 3 s (4-4)

with the coupling constantg = 21l ocM sin(" ex).

4.2.2 SQUID modelled as a Du ng oscillator

As we operate the detector in its nonlinear regime, we expand the teatial term in Eq.
(4.3) around the optimal point up to fourth order in .

V()= E;cos( e)cos(+)' Vo+mi3 22 e ?; (4.5)

where m = ' 2Cs is the e ective mass,! o = (I.=' 0Cs)* the corresponding frequency,
and e = m! 2=4 the strength of the nonlinearity. We switch to a description_in terrs
of creatign and annihilation operatorsa and &', dened by . = o(a+ &)= 2 with

zpe = 1=(m! ) being the zero-point uctuations of the phase .. Adding the time-
dependent driving term yields us to the Hamiltonian of the driven SQUD described by the
guantum Du ng oscillator model

Heq=!o@a (a+ &)*=12+f(a+ @) cos(l et); (4.6)

: . . . . P~
with nonlinearity and driving strength given by =31, o 3pr =4 andf = 1o' ¢ zpr= 2,
respectively. Similarly, the interaction Hamiltonian in terms of ladder perators reads

qu sq = g(a+ ay)2 Z=2; with g=9 %PF (47)

Notice that gand depend on the external ux' ¢, i.e., they are tunable in a limited regime
with respect to the desired oscillator frequency o, where the coupling term is considered
as a perturbation to the SQUID @ < ), in order to keep the dynamics of the oscillator to
dominate. The dependence of the dimensionless ratied o and g=!g is shown in Fig. 4.1.
We restrict to parameters of the external magnetic ux in the SQUD loop, which generate
a weak nonlinearity and a weak qubit-detector coupling strengthf ;gg I, ie., for
"ex 0. A typical dependence of both parameters for typical experimel parameters
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Pex

Figure 4.1: Dependence of the dimensionless ratios=! o and g=!g on the external ux ' ¢ in
the SQUID. The parameters of the SQUID are chosen a€s = 7:65 pF, I = 200 nA, I, = 300
nA, and M =40 pH. [77]

is shown in Fig. 4.1. Both cases af > andg < can be achieved. For our purpose
of a qubit-detector setup, the qubit-resonator coupling typicallywill be required as small
enough in order to ensure a minimal back action. On the other hanthe qubit-detector
coupling should be large enough so that an e cient detection of theulpit state becomes
possible. As is shown in Fig. 4.1 and will be quantitatively discussed in tlsequel of this
Chapter, this can indeed be achieved for realistic parameters. Mwmver, the choice of the
parameter regime also justi es us to restrict the in uence of theasonator coupling on the
e ective qubit bias to lowest order in . only. Eventually, the total system is described by
the Hamiltonian H(t) = Hgp + Hgp sq+ Hsq().

4.3 Coherent dynamics and rotating-wave approxima-
tion

Before we address the dynamics of the detection scheme basedh@nnonlinear response
of the Du ng oscillator to the applied periodic driving in the stationary regime, we discuss
the coherent dynamics generated bk (t), which is periodic in time.

Here, we are interested in exploiting few-photon transitions in theedector around the
fundamental detector frequency 5. Hence, higher harmonics have a small amplitude and
can e ectively be neglected. Furthermore, we focus on the reginoé weak nonlinearity,
weak driving, and weak qubit-detector coupling as characterizedyld ;f;g g Io. The
proposed mechanism of detection is most conveniently discussedhe simplest case, when
the dynamics occurs close to the fundamental oscillator resonante, I'o I gp=2.
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Then, the rotating-wave approximation (RWA) can be invoked in or@r to obtain a simple
interpretation in terms of few-photon transitions. In passing, wenote that we have also
performed a complete analysis in terms of full Floquet theory, theby avoiding the RWA.
For all cases shown below, both approaches yield coinciding results.

We switch to the rotating reference frame by the transformatiorR(t) = expfi(a¥a +
2)! extg. Then, the RWA eliminates the fast oscillating terms from the transfrmed Hamil-
tonian H = R(t)H (t)RY(t) iR (t)RY(t) and the time-independent Schredinger equation in

the rotating frame Hj' i =" j' i follows, with the RWA Hamiltonian given by
H= qu+ qu sqt qu; (4.8)
with
1
qu = > ! gb zs
g

qu sq = gCOs a’a Z+§sin (aY2 + 32 +);
f
Hsq= !a Ya anaaa%/+ E(a+ ) :

The detuning frequencies followad =145 !eand ! gp="1gp 2 e, and =( «

i y)=2. The quasienergies and the RWA eigenstates' i result from a straightforward
numerical diagonalization ofH. In the static frame, an orthogonal (at equal times) set
fi 'e (t)ig of an approximate solution of the Schredinger equation follows as

t

je®i' e (i=e" @ et i (4.9)

Here, the quasienergy stateg (t)i e @a 2)'etj' | gre time periodic with period

2 =! o and form a complete basis that will be used below for the descriptior the dissipa-

tive dynamics. We note that an analytic expression for the multi-phmn resonances would
follow from a Van-Vleck perturbative approach in a similar manner a®f the pure quantum

Du ng oscillator.[47, 48] However, the resulting expression will be aubersome and not
further illuminating for the present purpose. We note, furthermee, that the qubit-detector

interaction occurs via a parametric couplinggcos aYa ,, and via a two-photon coupling
gsin (a¥? + a2 *)=2.

4.4 Detection in the few photon regime

4.5 Dissipative dynamics

The electronic nanocircuit is embedded in a dissipative environment.n Iparticular, the
SQUID is shunted with an Ohmic resistor, which yields dissipative uctations (t).[28]
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We focus to the case of an underdamped SQUID, where the shuasistance is large, [9, 17]
and use the standard harmonic bath in order to model the uctuabns, which are rooted in
current uctuations and can be encoded in the Ohmic spectral dsity J(! ) = ! .[28] They
couple to the resonator's dipole operator, i.eHH = . (t). Thus, the time evolution of
the reduced density operator (t) is described in terms of the master equation Eq. (2.50).
We note that, in the same way, the direct coupling of the qubit to theelectromagnetic
uctuations could be included. However, we have checked [60] th&dr a related set-up of
a ux qubit coupled to a harmonic oscillator, such a direct dissipation fothe qubit yields
only minor quantitative corrections, which should be included in a quditative description
of an experiment,[87] but do not add qualitatively new physics.

In order to measure the dynamic response of the resonator toettexternal drive at
asymptotically long times, a heterodyne detection scheme such aslaf. 72 can be used,[77]
where the coupled qubit-oscillator system approaches the steagtate ! . In this regime, we
compute the nonlinear response of the detector, characterizbg the mean valueh . i, (t)
at asymptotic times (whereh i; = Tr[( ) !]). As we restrict the discussion to the
regime close to the rst harmonic (small detuning), higher harmongcan be neglected and
we immediately obtain

X
h ,ip (t) = Hoal explll ext] + a expl il et] : (4.10)
I
As the system is driven with frequency ¢, h .1, (t) also oscillates with time. Its amplitude
IS given by X

A= w (@) + aK): (4.11)
K

Correspondingly, we evaluate the population di erencén ,i, (t) of the qubit states and
obtain

X X
h,ii (t) = sin % (1 exp[A! ext] + | exp[ 2il t]) + cos Lk (412)
ki kl
where § = Hj ' «i and |, = H ] ' «i. The population dierence oscillates, with a
maximal value given by X
P, = Kk xCOS + sin (4.13)
ki

4.5.1 Detector response for weak coupling to the qubit

Consider a nite coupling of the detector to the qubit whose state ito be sensed, i.eg 6 0.
The coupling inevitably induces relaxation and decoherence in the qubcharacterized by
the relaxation and dephasing rate, and 4, respectively. Typically, the detector couples
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only weakly to the system, i.e.g ! . Then, the associated relaxation and dephasing

times (T; and T,, respectively) are still much larger than the corresponding relakan time

scale for the detector given by % . In passing, we note that the corresponding relaxation

time around aresonantmultiphoton transition (in the underdamped case) has been shown

in Refs. 71,48 to be comparable to. Moreover, we bias the qubit with a large asymmetry,
in order to \gauge" the detector response.

For a rough evaluation of the order of magnitude of the involved timscales, we may
neglect the nonlinearity of the detector ( = 0) for the moment and estimate the e ective
relaxation rate for the qubit coupled to an Ohmically damped harmonioscillator.[88] This
model can be mapped to a qubit coupled to a structured harmonic\dronment with an ef-
fective (dimensionless) coupling constante = 8 g2=!2. For the realistic parameters used
in Fig. 4.1 andg=1:2 10 3, we ndthat . ' 10 19 giving rise to an estimated re-
laxation rate [28, 88] pam ' (=2)siP( ) . ' 10 3, (evaluated at low temperature).
Hence, this illustrates that we can easily achieve the situation wherg,am required
for this detection scheme. Then, for a waiting time (after which wetart the measurement)
much longer than the relaxation time ! of the nonlinear oscillator, but still smaller than

1, the oscillator is able to reliably detect the qubit state. In fact, unér these conditions,
the state of the qubit, apart from the inevitable dephasing, remag una ected in a time
window before it reaches its global stationary state and an e ectevshift of the oscillator's
eigenfrequency arises due to the parametric coupling termgcos n , in Eg. (4.8). Treat-
ing the qubit-detector interaction term in Eq. (4.7) perturbatively to lowest order ing, the
eigenfrequency shift follows straightforwardly as

Tol 1o+ gh zi :
Thus, the nonlinear response is shifted by g (+ g) if the qubit is prepared in the state
h,i = 1(h, =+1). This is illustrated in Fig. 4.2, in which we show the nonlinear

response of the resonator for the uncoupled (blue dashed linedahe coupled (black solid
line) case. For a xed value ofg, the shift between the two cases of the opposite qubit
states is given by the frequency gap ' 2g. Figure 4.3(a) shows the nonlinear response
of the detector for the two cases when the qubit is prepared in omé its eigenstates:j"i
(orange solid line) andi#i (black dashed line).

An important feature of a detection scheme is that it is e cient in disgiminating the
states to be detected. This can be quanti ed by the discrimination @wer of the detector,
which can be de ned for our case as[76]

D(!ex) = Aji (! ex) Ajsi (Mex) - (4.14)

The result for D(! &) is shown in Fig. 4.3 (b). The discrimination power shows a rich
structure of local maxima and minima, which indicates that it can be toed directly by
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Figure 4.2: Nonlinear responseA of the detector as a function of the external driving frequercy

I ex IN the presence of a nite couplingg = 0:0012! ¢ to the qubit (black solid line). The blue

dashed line indicates the response of the isolated detector The parameters are = 0:01 g,

f =0:008 g, T=0:008 3, =1:6 10 4y and =2:21gand =0 :05 g, in correspondence
to realistic experimental parameters [77].

tuning the driving frequency. It is moreover important to realize tlat the discrimination
power can be optimized by tuningg. In the optimized case, a local maximum of the
multiphoton resonance for one qubit state can be made to coincidethva local minimum
of the response for the opposite qubit state yielding to a maximal dismination power.
An example where the discrimination power has been optimized with psct to the three-
photon resonance is shown in Fig. 4.3 (b).

4.6 Backaction in the qubit

Another important prerequisite for a useful detection scheme ihat the coupling of the
qubit to the detector around a multiphoton resonance does not gerate a destructive back
action on the qubit dynamics. In this section, we show that the backction in this design
is surprisingly small for a realistic choice of parameters.

The back action of the detector on the qubit arises in the form of tav contributions
from the coupling. First, this coupling has a parametric componenH; = gcos n ,
which commutes with the Hamiltonian. Thus, in the presence of a colipg of the oscillator
to the bath, this term only produces dephasing and no relaxation,sait is, for instance,
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Figure 4.3: (Color online) (a) Nonlinear responseA of the detector coupled to the qubit prepared
in its ground state j#i (orange solid line) and in its excited statej"i (black dashed line) for the
same parameters as in Fig. 4.2. The quadratic qubit-detectocoupling induces a global frequency
shift of the response by ! ¢ = 2g. (b) Discrimination power D (! ¢) of the detector coupled to
the qubit for the same parameters as in (a).

required for a quantum non-demolition measurement. This part guantees an e cient
detection of the qubit state. The second componeri, = gsin (a¥> + a *)=2 in the
coupling term yields transitions in the qubit when two-photon proceses are induced in the
detector by the external driving and/or by dissipative transition. Since, at low temperature,
dissipation is dominated by photon leaking and the driving is very weakhe decay rate
of the qubit from its excited state to its ground state accompanietly the emission of two
oscillator photons, largely exceeds the excitation rate from the gund state to the excited
state accompanied by the absorption of two photons originally congrfrom the bath or the
driving. On the other hand, when the e ective oscillator frequencys close to a multiphoton
resonance, photon absorption in the coupled system is enhanceud dhus the asymptotic
qubit population might be reduced.

Thus, for a large asymmetryj j , peaks and dips in the qubit population di erence
P, are expected when multiphoton transitions in the detector are indied. This is what is
shown in Fig. 3.4(a), whereP; is shown for several values df. For an easier orientation,
we show in addition the corresponding stationary nonlinear respansf the detector in Fig.
3.4(b). For increasing driving, the deviation from the expected vakiP; = 1 becomes
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Figure 4.4: (Color online) (a) Asymptotic population di erence P1 of the qubit states, and (b)

the corresponding detector responsé\ as a function of the external frequency! ¢ for the same
parameters as in Fig. 4.2.

=
0.97

more pronounced for larger photon numberbl and larger driving f . The reason is that,
for increasing driving, a larger Rabi frequency for the correspdimg transition results [cf.

Eq. (3.9)]. From Fig. 3.4, it follows that when the qubit is prepared in itsground state
j'i (we consider ) the back action is very small. The impact is less than 2% for the
considered realistic parameters, yielding to a readout contrast ofore than 98%. This has
to be compared with presently achievable readout contrasts of gethan 90%, [79] which
results from an architecture with a classical Josephson bifurcaticampli er. In passing,

we note that the detector response can also be calculated fronetktationary solution of
the master equation (2.52), but for the parameters considerecete (in particular because
of the large qubit bias), this coincides with the shifted one.

Moreover, we note that the component$i; and H, can be tuned by and . There-
fore, gsin can in principle be eliminated by setting = 0, which would imply that the
measurement scheme keeps the state of the qubit without any reddion but only pure
dephasing (ideal quantum nondemolition measurement). Howeveurning o the splitting
implies a major change in the experimental design of the sample, sirtbés parameter is
determined by the Josephson energy in the junctions of the supenducting ux qubit and,
thus, may not be easy to be realized.

The back action of the detector on the qubit should be small not onlwhen the qubit
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Is in its ground state but also when it is in its excited state. We therefe address next the
relaxation rate of the qubit. Energy relaxation in the qubit induced ly the measurement
process will be proportional to the uctuations of the square oftte phase operator .
induced by the detector's environment.[13, 76] This relaxation press is characterized by
the transition rate [13, 76]

'gesi® Sa( ) (4.15)
which has been computed perturbatively to lowest order ig. Here,
I Zoa o L1 _
S:[1] = =& dt de" hf 2( +1); 2(t)gi
’ 4 1

(4.16)

is the symmetrized power spectrum of? averaged over the period of the external driving
[cf. Sec. 2.2], withf;g indicating the anticommutator. The fact that information on
the qubit state is acquired in the detector via the same channel byhich dissipation is
introduced is nicely re ected in the expression of the relaxation ratin Eq. (4.15). In Fig.
3.5(a), the relaxation rate is shown for a large negative asymmejrin the qubit. The
relaxation rate is strongly peaked around the multiphoton transitias. There, the noise
from the detector absorbs more energy from the qubit around ¢hmultiphoton transition
(O; N) since the parametric component ; of the coupling becomes negligible, leading to a
dominant relaxation process induced by .

We emphasize that although the relaxation is maximally enhanced at auttiphoton
resonance, the absolute value of is still very small in comparison tihe damping constant,
e.g., = 10 ©. Thus, we can infer the qubit state with su cient precision by operaing
the detector in its steady state regime as it has been assumed in t8ec4.5.1.

4.7 E ciency of the measurement

The measurement of the qubit state requires a coupling to the outgvorld, which clearly
introduces noise to the qubit. In turn, the noisy detector yields mesurement results, which
are statistically distributed. This implies that several measuremesthave to be performed
to obtain a reliable statistics. Hence, the relaxation time of the qubistate should not
only exceed the typical relaxation time of the detector but also théme it takes to acquire
su cient information to infer the qubit state (the measurement time Teas). Hence, for a
good measurement delity, Teas Should be smaller than the characteristic time ! given
by EQ. (4.15), Of, meas= 1.

The measurement time can be formalized [9, 13, 76] as the ratio oketkymmetrized
power spectrumS , of the phase operator . (evaluated at zero frequency) and the square
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of the di erence between the two expectation values of. when the qubit is in the two
opposite states, i.e., with Eq. (4.14),

S

Treas = m : (4.17)

The result for Theas @s a function of! o, is shown in Fig. 3.5 (b) for the parameter set used
above, for which the discrimination poweiD (! ¢«) around the 3-photon resonance has been
maximized. In correspondence with this is the relative minimum of ¢35 around the 3-
photon resonance, see Fig. 3.5 (b). Interestingly enough, the #nscale of the measurement
time around this resonance iSTmeas 102 2=! ,. Considering realistic numbers of
a typical experimental set-up [77], wheré ¢ is in the regime of a few GHz, we obtain a
time scale ofTeas 100 ps for the nonlinear quantum detection scheme. This should be
contrasted to the measurement time of,eas 300 ns obtained in Ref. 77. In between the
multiphoton resonances, the dependence ®f,cas ON ! ¢x Shows a rich structure including
several singularities, which are simply due to the several crossingsthe two nonlinear
response curves shown in Fig. 3.3 (a), whei2(! o) becomes zero, implying insu cient
discrimination of the two qubit states.

With this, we can evaluate the measurement e ciency, de ned by tle ratio eas=,
With  meas = Tmews: This quantity sets the probability to infer the qubit state, based o the
nonlinear response of the detector. We show the result for the eiency of the measurement
in Fig. 3.5(c). Related to the multiphoton resonances in the deteatothe e ciency also
shows local maxima. For the discrimination power being optimized araod the three-photon
resonance, the measurement e ciency displays a clear local maximycf. Fig. 3.5(c)]. Due
to the small size of the relaxation rate of the detector, the oveaall measurement e ciency
is rather large in comparison to the detection set-up with a linear regator, [77] ensuring

meas— 1.

4.8 Conclusions

To conclude, we have in this Chapter introduced a scheme for quanh state detection on
the basis of a nonlinear detector which is operated in the regime ofsomant few-photon
transitions. Discrete multiphoton resonances in the detector cdme used to infer the state
of the parametrically coupled qubit via a state-dependent frequew shift of the detector's
nonlinear response function. The multiphoton resonances are wadparated in the spectrum
and sharp enough to allow for a good resolution of the qubit state.

By analyzing key quantities of the detector, we have shown that th nonlinear few-
photon detector can be operated e ciently, reliably, and with su ciently weak back action.
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Figure 4.5: (Color online) (a) Relaxation rate of the nonlinear quantu m detector, (b) the
measurement timeTeas, @and (C) the measurement e ciency meas= as a function of the external
frequency! . The parameters are the same as in Fig. 4.2.

In fact, it can be e ciently tuned by tuning the amplitude of the ac bias current of the
SQUID. Furthermore, we have shown that the sharpness of theuttiphoton resonances can
be used to obtain an increased discrimination power as compared teetlinear parametric
detection scheme. Clearly, the relaxation rate at a multiphoton resmance for the qubit
becomes maximal, but in general remains very small. The measuremnéme around a
multiphoton resonance can be tuned such that it becomes minimal. fFeealistic experi-
mental parameters, we nd surprisingly small measurement timesllowing in principle for
fast measurements. Moreover, the e ciency of the measuremenvhich takes the time to
acquire enough information to infer the qubit state into account, lao assumes large values,
thus allowing for a reliable and highly e cient measurement of the qubitstate.

We have chosen realistic values for the involved model parametetgls that an exper-
imental realization of this quantum measurement scheme should loete possible in the
near future. The nonlinear detection scheme in the deep few-plotquantum regime o ers
thus the advantage of an increased discrimination power of moreath 98% (for our choice
of realistic parameters), as compared to previous classical deiec schemes based on the
Josephson bifurcation ampli er.

A possible setup in order to realize the nonlinear few-photon detect could be the
architecture used in a recent experiment.[82] The low-temperatiregime, where quantum
noise e ects are important, has already been reached. In ordey bperate in the regime of
only few photons in the resonator, the sensitivity and stability of tle devices might have
still to be further increased. However, no principle obstacles ar@arent.



Chapter

Nonequilibrium quantum transport in
nanoscale systems

In Chapter 2 we introduced the model for the dissipation mechanisnim the quantum
regime. We reviewed the most successful model, the system-bathdel, where the system
is bilinearly coupled to an environment composed of noninteracting traonic oscillators
(bosonic bath). In this chapter, we shall consider the interactionf two out-of equilibrium
environments yielding a charge and thus a particle current. The nequilibrium condition in
this context refers to either a di erence between the temperates of both environments or
a di erence in their chemical potential. The former would produce adat current whereas
the latter induces a ow of electric charges. The owing current ishe manifestation of the
total system reaching a nonthermal statistical state.

Besides currents between two environments, we are most ofteciwally interested in
the behaviour of technical components placed in between the ermments, like transis-
tors or molecular junctions. Thus, we name the two environmentst @i erent tempera-
ture/electrochemical potential in the following as leads and as ceal system we describe
any possible component between them.

In this chapter we consider nonequilibrium quantum transport in nanscale systems.
We start with a brief introduction of single-electronic devices, folloed by the discussion
of dimensionality of the central system. We restrict ourselves tohé cases of zero and
one dimensional gases. Finally, we present a diagrammatic method floe solution of the
master equation for the reduced density operator.
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Figure 5.1: Equivalent circuit of a single-electron transistor, which can be controlled by a gate
voltage Vs and a source-drain voltage (bias voltage)vV = V, V. Due to the small capacitance
of the dot, the electric charge is well de ned.

5.1 Single-electron devices

A single electron device is a mesoscopic structure whose transpumperties are dominated
by single-electron tunneling. Owing to the similarity to real transistos, most of these
devices are calleakingle-electron transistors The prototype device, an equivalent circuit
is shown in Fig. 5.1, consist of a central island which is connected todvelectrodes via
tunnel junctions, and a plunger gate with voltagev,. Each of the three components has a
capacitance and a voltage which controls its electrochemical potah. The capacitance in
mesoscopic structures can be su ciently low, such that the eneygo charge the device with
one electron becomes the largest energy scale, nowadays of tidemof or even larger than
the room temperature. Consequently electronic transport bestes sequential, i.e. electron
are transferred across the system one by one. This is the reginfisiagle-electron tunneling,
which is studied throughout this part of the thesis.

5.2 Electron gases in zero and one dimension

In this section we discuss possible experimental implementations dfet aforementioned
devices. We restrict ourselves to only a few possible realizations, es the carriers are
con ned in a potential such that their motion in two or three directions is restricted and
thus is quantized, i.e., one (carbon nanotubes) or zero (quantunots) dimensional con ned
electron gases.
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Quantum dotsare small islands where the energy of the capacitive electrons is guzed
due to the small dimensions (compare to the Fermi wavelength), s showing a discrete
spectrum. Semiconducting systems show energy quantization aldy at system sizes of
order 100 nm[89] which is quite large compared to metallic systems whimuch higher
density of states. Due to the resemblance to atoms and moleculesti® level structure
quantum dots are often called arti cial atoms. Just as real atomsquantum dots can be
brought together to form arti cial molecules. Double quantum do$ which are connected in
series can form bonding and anti-bonding states. However, quant dots can also be purely
Coulomb-coupled,[90] without particle exchange, allowing new appli¢ahs and interesting
physics, such as charge measurements with single charge acgyratich can be used as
read-out devices for qubits.[10] Large molecules likesdocan be either used as a precursor
in order to synthesize quantum dots on a ruthenium surface[91] be placed in the gap
between two electrodes, and thus play the role of quantum dots.h€& latter[92] can also be
realized by contacting the molecule with a scanning tunneling microgoe tip from above.
A metallic layer below the substrate can act as a gate in the two electle case, while the
control knob for a scanning tunneling microscope setup can be liead by changing the tip-
to-molecule distance, i.e., by the voltage applied to the tip's Piezo eleme Contacting a
molecule between two electrodes which are about 1 nm apart is extrely di cult. Today's
standard approach is to form the electrode by a break-junctiorethnique and to place the
molecules by spilling a solution with the molecules over the junction. Dgte the lack of
accuracy concerning the number of molecule in the junction, the medemonstration of
feasibility can be considered a major achievement.

Single wall carbon nanotubeSWNT) constitute molecular wires (quasi-one dimensional
electron gas) with remarkable electronic properties and perhapbe best possibility for
studying quantum electromechanical phenomena. A carbon namite can be viewed as a
normal graphite sheet rolled up into a cylinder with a radiusRg < 5nm [93, 94] and a
length L more than a thousand timesR,. [see Fig. 5.2] Rigorously, a SWNT is an ideal one
dimensional system since its Fermi wavelengthe is shorter than the longitudinal SWNT
length L. The typical wavelength of electrons in the SWNT around the Fermlievel, where
the majority of the charge carriers is located, is about 0.8 nm.[95] Buch low-dimensional
systems, subtle and sophisticated features appear which are jplgerooted in quantum
mechanics and tightly associated with many-body interactions.[967P

5.3 Hamiltonian model

The single-electron transistor is modelled by the standard HamiltonmaH (t) = Ho(t) + H,
in which Hq(t) describes the decoupled system ardi; the tunneling between the leads and
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Figure 5.2: Single wall carbon nanotube of radiusRg, and length | Ro (not shown in the
sketch).

the island. The decoupled system consists of noninteracting elewts (fermion bath) in the
left and right lead, and a system in the gap region between leads,

Ho(t) = Hc+ Hy(t) + H (1); (5.1)

where H. describes the Hamiltonian for the central system, an#i, (t) the Hamiltonian
for the left/right ( I=r) lead. In addition, we consider a time-dependent bias voltagé(t)
between leads yielding an accumulation or depletion of charge nearetlarriers. The
unscreened Coulomb interaction between the net excess chargguite strong, and hence the
bias across a tunneling structure is cause by a relatively small exsebarge in accumulation
and depletion layers. The formation of these layers then causesigid shift of the bottom
of the conduction band deeper in the leads, which is the origin of thegid shift of energy
levels.[98] Thus, the resulting electrostatic potential di erence ni@s the single-particle
energies in each lead time-dependent according to

kil=r = (k); I=r I=r ! k;l=r (t) = (k); I=r €= (t) ; with €= (t) = e Tt e\4=r (t) ; (5-2)

where -, and Vi (t) are a static electrochemical potential and the time-dependentids
voltage applied on the left/right lead, respectively. The bias voltageV,, (t) follow the con-
straint Vi(t) Vi (t) = V(t), whereV (t) is the time-dependent drop across the central region.
Despite the time-dependent modulation in the bias voltages, the ageation of each statek
in the left/right lead remains unchanged. The occupation, for eacbontact, is determined
by an equilibrium distribution function established in the distant past,without considering
time dependent potentials or tunneling events between system ahehds. Therefore, the

lead Hamiltonian reads
X
Hp(t) = ep &) oG with p=1r (5.3)
k
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There C}:;I=r (c.1=x ) creates (destroys) an electron irk-th state (including spin) in the
left/right lead.

Next, we assume bilinear coupling between the leads and the centsgstem describing
the tunneling of one electron from the leads to central system andce-versa. Thus, the
tunneling part is given by

Hr = Hyy + Hyy; with Hyyo = X Tiil=r dci;lzr + hic:: (5.4)
k
Here d¥ (d) creates (destroys) an electron in the central region, andl.-, denotes the
tunneling matrix elements for the left/right lead.

The tunnel coupling leads to a nite lifetime of the states in the central system and
therefore to an intrinsic level broadening = }= . This broadening is related to the
tunnel rates 2 _ (}!) = = (}!)f ., (}!) into/out-of (+ = ) the central system through
the left/right barri%, obtained from simple Golden-Rule argumentsby = ,+ | and

=) =@ =) ((Tkierd® G ). Hereafterf (31)= exp[ 3! =)]+1 °
denotes the Fermi distribution in the left/right lead with electrochemical potential |-,
whereasf _ (}!)=1 fL(}!).

Furthermore, we assume the standard wide-band limit approximatip where the tun-
neling matrix elements are independent on the energy of states, i.&=r ! T. This
means that the density of states in the leadB( ;) is approximately constant around the
respective lead Fermi energy and, therefore, the level broadeym from each lead becomes
constant = = (2 =})jTi=j°D( ).

For later purposes it is convenient to switch into a frame of referee where the tunneling
is driven by the time-dependent bias voltage. ;’o do this, we use theanhsformation

X Z
Wt =exp i(e3) ) a+(1! r) ; with ()= dsMx(s): (5.5)

k to
In this frame of reference the transformed Hamiltonian reads as:

Hy (t) = U7 (H (U (1) i} WG () Uy (1):

Above, the rst term rescales the creation and destruction opators in the leads,
Ceizr ! Cei=r €Xp i€ | (t)=} , and the secor}g term reproduces the time-dependent part
of the leads Hamiltonian,i } U (t) Uy (t) = e, cq + (1! r) . Thus, the time
dependence is translated to the tunneling term. There one can ngerthe rescaling factor
of the creation and destruction operators, exp i(e3) = (t) with the tunneling matrix
elementsT,., into

Fr (1) = T exp[ ie ()] (5.6)
yielding time dependent tunneling matrix elements.
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5.4 Real-time transport theory

In this section we review a general transport theory based on aatdime diagrammatic
approach. This theory[99, 100] is closely related to the path-intey method formulated in
Chapter 2. Similarly, the basic idea is to integrate out all reservoir dgees of freedom and
thus end up with a formally exact kinetic equation for the reduced dwsity matrix of the
central system.

In the following, we consider the system in a frame of reference misformed by Uy, (t)
[cf. Eg. (5.5)], i.e., where the leads and the central are static but ¢htunneling matrix
elements. In analogy with the bosonic case, we assume that the inlitédensity matrix for
the total system (leads + central system) factorizes into part$or the central system ()
and the leads (=), i.e.,

W(to) = (to) 1 (5.7)
The leads are treated as large equilibrium reservoirs at temperat with xed electro-
chemical potentials -, = e\. The electron distribution is therefore given by Fermi
functions f Z (! ) and the density operator reads
P
ex 1= = = Ck; = .
_ = p[ Pk( k;l=r | I’)(ij r | r] with - 1=|(BT : (5.8)
Tr exp[ (k= t=r ) Gy 1=y Gk 1=r |

The time evolution of the density operatorW (t) in the interaction picture is given by
W' (t) = U'(t t)) W (to)[U' (& to)]” (5.9)

where U' (t;to) = Texp[ i ( t;to)], therein ( t;tg) = R:to dsHL(s)=} and T is the time
ordering operator. The superscripi denotes the interaction picture.
In the superoperator notation, Eq. (5.9) can be written a®V' (t) = T exp[ i (t;to)]
W (to), where (t;to) W(tg) =[( t;to); W(to)]. Thus, the density operator at an arbitrary
time W'(t) can be written as a deviation of the initial preparation in a transcedental
equation, i.e. W'(t) = W(ty) i (t;tg) W'(t). This structure allows to expand the time
evolution of the density operatorW in orders in the tunneling coupling. Furthermore, we
can write the reduced density operator, after tracing over theetjrees of freedom of the
leads, as . Z,
") =Tr W ()] = (to) + H t
0
where Tr., denotes the trace over the degrees of freedom of the right anét lead. Di er-
entiating with respect tot, we obtain the master equation for the reduced density operator
d 1 Z
at 't = 7oL dty Tri;e [Hr(0);[Hy(t); W' (t2)]] ; (5.11)

dt Tri; [Hr (t); W (t)] 5 (5.10)
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where, for simplicity, we have eliminated the term (i})Tr ., [H+(t); W'(to)] with the
assumption Ti., HI(t) | + = 0. This is equivalent to consider . diagonal in
energy basis, in other words, it is equivalent to the assumption thahe leads are at their
respective equilibrium.

We have stated thatW' factorizes att = t,. At later times correlations between leads
and the central system may arise due to the tunneling terrhl+. However, for a very weak
coupling, at all times W (t) should only show deviations of ordeH from an uncorrelated
state. Thereby, taking into account that the leads are considedleas very large whose state
should be virtually una ected, we can estimate the total state as

Wi@= "(t) 1+ +O(Hr): (5.12)

We now make our rst major approximation, aBorn approximation by neglecting terms
higher than second order irHt in (5.11). Thus, making an iterating procedure plugging
Egs. (5.10) and (5.12) into the equation of motion Eq. (5.11), we catetermine the e ects
of the leads on the central system in many orders in the tunnelingr@ H (t). In doing

so, we can write down the master equation as

d 1 i
5 0= THG O+ du (tt) () (5.13)

i} to

In order to describe the coherent dynamics separately from thasdipative one we have
switched to the Schedinger picture. Thus, the rst term on the ight hand side governs
the dynamics of the close central system, whereas the secondrteencloses all the e ects
of the fermionic bath covered by (t;t,), i.e., self-energies which are induced by the leads
in arbitrary orders in the tunneling. In the diagrammatic expansion bEq. (5.13), the self
energy (t;t,) encloses only irreducible terms.

The dissipative part of the master equation (5.13) depends on thegadution of (t) from
the initial time t, to the evaluation time t, including memory e ects in the dynamics. In
the weak level broadening limit, we can invoke the Markovian approxiation neglecting the
memory e ects (replacing (t;) by (t) in the second term on the right hand side in Eq.

(5.13)), yielding a deterministic equation of motion for (t), a Markov master equation, as
t

=T O1F  du(tt) 514)
i} to
In order to calculate the self-energies {;t,), the trace over the degrees of freedom of
the leads has to be performed. Here, the corresponding sum otleg leads' states can be
replaced by integrals ove[;_)the energy spectrum using the Qensilﬁ/smates inthe leadD( ) in
the wide-band-limit, i.e., ,! ;" dxD(=) D (¢) ,  d . Forthe calculation of
the resulting integrals, introducing diagrams on the Keldysh contawsimpli es the notation.

We refer to Refs. 99 and 100 for a detailed description.
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5.4.1 Calculation of the self energy to rst order in

The lowest order term of the expansion in the self-energies copesads to the rst iteration
of Egs. (5.12), (5.10), and (5.11). The diagrams represent theadwtion of the system
in real time. The lowest order diagrams carry a factojT,-,j?> due to the conservation of
the number of particles. Since the integrations associated with ayfman diagram run
only over the loop energy, it is convenient to introduce a reduced @jeam which represents
precisely the loop integrations by removing all external lines. In adlibn, they are the
smallest nontrivial Feynman diagrams which form the basic building bl&s of all diagrams.
To calculate these irreducible diagrams, it is convenient to split the titneling term H into
two parts, describing the creation (+) and destruction () of an electron in the central
system,

Hi(t) = Hi(t)+ Ho (1) (5.15)

whereH (t) = [H7 (1)), and
X
Hi(t)= H7,(1)+ H{, (1); with H(t)= B (1) (1) e (1) - (5.16)
k
In order to simplify the notation we omit the superscript for the inteaction picture for
creation and annihilation operators. It is implicitly assumed unless stad otherwise.
The lowest order of the expansion of can be written as

Z t
du (tt)) (1) = (1) (V)
to Z
= }%TK dty HE(OH.(t) '(© , + H OH7 () '),
K
+ TOH7(t)HL (), + T(OH (t)HT )
Hi(t) '(OH(t) |, + He (D) "(OHT(t)
Hi(t) '(OH (1) |, + He(t) 'OHFE) ,
(5.17)
whereh iy =Tr . [( ) | ], K denotes the closed Keldysh contour which runs from

to to t on the real axis and then back again fronh to tg, and Tx the corresponding time
ordering operator on the Keldysh contour.

In the next chapter we shall stick to the lowest order only. This giv&insight into the
sequential tunneling regime, when the time an electron spends onretlzentral system is
much larger than all coherence times.
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5.4.2 Extension to the harmonically driven case

Since the inuence of the driving eld in the dynamics of the leads coesponds to a
shift in their energy levels, i.e., = ! «i=r €M (t), for a harmonic driving Vi (t) =
Vo=2 cos( «t), the corresponding lead eigenstates evolve as[101{104]

, , [ eV . L
jKizr(1)i = exp = kit Yr SiN(! ext) jKi=ri
} H ex
Xt eV- i L
= JIm n r exp (k= ¥ M)t jKii (5.18)
m= 1 } = ex }

Therefore, each state in the left/right lead contains sidebands waise energies are shifted by
multiplies of }! ¢«. Above, Vi, = Vi (t = 0) and J,,(x) are the ordinary Bessel functions
of the rst kind.

In the stationary case, the electron tunnels from the statgk,-,i on left(right) lead into
the state jk, i on the right(left) one through the quantum dot. In the wide band limit,
the tunneling matrix elements do not depend on the state of the lead However, in the
driven case, the sidebands gk, (t)i are involved in the tunneling process and sideband
dependent tunneling matrix elements arise[101] according to

Tlfr (t) = Ti=rIm

S explim! et] : (5.19)
}! ex

This expression is directly derived from Eq. (5.6), whﬁre in the casé lmarmonic driving
the accumulated phase by the driving eld, ;- (t) = Cfds\/|:r (s), can be expanded in
terms of the Bessel functions. Thusf (t) = ,, TT (t). We have assumed without loss
of generalityty = 0 in the calculation of the accumulated phase | ().

Therefore, taking into account the contribution of the sidebands the tunneling process,
the rst integral on the right hand side in Eq. (5.17),

Z Z

1 N 1 X
}—2TK Kdt1 Hi  (OHp () '), = }—2TK Kdt1 TE (1) TE (1)
kk©
d(t)d(ts) Gy (D= (t2) o, ' (D)
(5.20)
projected onto the eigenstates of the system Hamiltoniani, Hj i = j i ( is the

corresponding eigenenergy), yields
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X1
0 0 .
A ORI Lo (e €™ with (5.21)
m=1
1
L@ g o _ e X g
2 l=rm ( ex) 9 - 2 2 l=rk;m ( ex) 97
k=1 5
X fier ()
(I i LT my 0 : I=r :
; I=r;k;m ( eX) (2J (1) Tk ( eX) 0 2 8 l!lrr01+ d |( o 2)+ |( kl ex)+ ’

and > T (! ex) = Jkem €Mz =t ex Jk M=}l e N &)de 1ih ojdj gi- The states in

the tunneling tensor ! T, (! &) g are linked by a forward propagation ; ! 9 and
backward propagation 9 on the Keldysh contour. The superscript in (5.21) stands
for the ordering in the diagrams, it is not related with the order of tle perturbation theory.

For periodic voltages it is more convenient to study the kinetic equetn and the tun-
neling current in Fourier-Laplace space. Therefore, in the followingve shall set up the
diagrammatic rules to calculate directly the Fourier-Laplace transfrmation of the rates.
The Fourier-Laplace transformation for Eq. (5.21) is given by

NO RO

0 IS . . 0
DEm@ o= g A demed o Ret )y 622)
.
= }2|—r ! |(=lr>;k;m (2) g; with
k=1 Z
X fier O)
(1) § 1 Tmy 0 I=r :
: terkm (2) g - ?T" (e o o3 d i( o J+i( +z Kkl

0
The relevant rules[99, 100] in energy space for the auxiliary rateg,..,, are:

1 Draw all topologically di erent diagrams with xed ordering of the vertices along real
axis, i.e., irrespective on which branch they are in the Keldysh contauThe vertices
are connected by tunneling lines. Assign a lead indeXx=() and the mode of the
corresponding sideband to each tunneling line. The external vertis are connected
by virtual lines with energiesm! .

2 For each vertical cut between vertex 1 and vertexi we obtain a resolvent ¥(x; +
li! e&x + Z), wherein x; is the di erence of the leftgoing minus the rightgoing energies
(including the energies of sidebands of the left/right lead, and dot les), andl; is the
sum over all Fourier indices of left/right lead lines which are cut by thevertical line
or lie right of it.
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: (@) (k)l/r
+ hI } :
(1) VXD l/r
Xa [Zl/r,m(z = i0 )}x; = Ton L (k+m)yy
k:—OO X2 | X,2

Figure 5.3: First order diagram for tunneling between the central systen and driven leads. The
subscript 1 (2) in the states denotes the upper (lower) branch of the contour. At the resevoir
line we have indicated which sideband of the reservoir statds involved. In the tunneling event
holes are symbolized by open circles and electrons/parties by full circles.

3 Each vertex containing a central system operato© gives rise to matrix elements
h «jOj si, wherej (=i is the state of the central system leaving/entering the vertex
on the Keldysh contour.

4 Each directed tunneling line from the left/right lead gives rise to a faor
( 1)V |:r;m(! e)dkem M= =} ex Jk €M =} ex

if it is going forward/backward (+ = ) with respect to the closed time path. Herey is
the number of electron operators (due to external vertices) dhe part of the Keldysh
contour fromt°to t. The function _™(! &) is given by

|:f;m(! ex) = fI:r(E + m}! ex) I=r =2

5 Each diagram carries a prefactor (i)"( 1)¢, whereinn is the total number of internal
vertices andc the number of crossings of tunneling lines. There may be another mag
sign appearing due to the order of fermionic operators im jOj .

6 Integrate over the energies of the tunneling lines and sum over theads state and
spin indices (if relevant).

In the sequential tunneling regime, where the time an electron spason the central
system is much larger than all coherence times, and under the reaace conditionj!
'exi !0, the transport e ects are relevant only on a time scale much largéhan the period
of the driving, i.e., < }! . Therefore, we can invoke the high frequency approximation, as
in Sec. 2.1.4.3, averaging over one period of the driving. Up to the trBourier component
in Eq. (5.21) this yields
Xl

| (2) — At
; I=r;k; 0 z=10 )
k=1

= §T£(! ex) Z 28( i)|+;|=r( 2 ); (5.23)

0
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1 @ (t)

2 I=r
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NO RO
|



5.4 Real-time transport theory 73

where
: 1 1 i 1 i
| il=r ( ) = i f I:r( ) é é + 2_( I:r) + é 2_( I:r)
I
In 2 ©  with =+:; (5.24)

Above, the cut-o frequency! . is considered very large compared to the characteristic fre-
quency of the system. The details of the relationship between theegral in Eq. (5.21) and
the digamma function (x) are presented in App. D together with the results for the other
self-energies in a diagrammatic representation. In Fig. 5.3 we shometdiagrammatic rep-
resentation of the rate ! ,(iz (z=10) g in the energy space, following the aforementioned
rules.

We can see that, under the high frequency approximation, the dgmics of the reduced
density operator is determined by time-independent rates, s'Egcen@time can be xed at
zero and the Laplace transformation becomes-.x.m =1im ;| ¢ g dt® em (it 9. Thus,
we can replace the kernel by the self-energy calculated in energpase. In order to solve
the Markov master equation we are left with the eigenvalue problem

L () HeEi}+lim (z=i) (©=_(1); with Heo ()= Hg () ; (5.25)

where

X
t = et @©@= T | (0) e ¥, (5.26)
k

with L K= ¥ and L = . Therein, ¥ ( ) are the right (left) eigenoperators
of L with eigenvalue . They have been introduced in Chapter 2. The time derivative in
Eq. (5.26) vanishes when the steady state is reached and the stas determined by the
right eigenoperator ¥° 1 with the eigenvalue o= 0.

54.3 Current

We now use this description to derive an expression for the curremawing out of the
right/left lead. I§y de nition, the current is given by the time derivat ive of the particle
number Nio, = c{;lzr Ccl=r » I-€., by

L= (1) = e N (t) = H(t); Ni= (1)

i &
}
Hem () (5.27)

= iZ Hi_(@®ih
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(a) o (k)i o (k)17
tyra = =item T3 (,ﬁr - >X )
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€

Figure 5.4: Diagrams describing (a) the components of the stationary cuent |-, and (b) the

components of the alternating currentl .. ;. The internal vertices are not shown.
In leading order of , the current is determined by the componentsf the self energy, I(fr:”g),
which describe tunneling processes between leads [cf. App. D] as
X .
L= (t) = lierm €M &t with (5.28)
m. el ) ®) (6) @) =
lerm = I}_ I=r;m ("ex) + I=r;m (! ex) I=r;m (! ex) I=r;m (Yex)

We symmetrize with respect to the leads, such that we compute trearrent | (t) = 1,(t)
[, (t). Note however that we are rr]ginly interested in the stationary andhe alternating
current, Is = 1o lroandlqg(t) = - (Iim l.m )€™ et respectively, with

_ -eD(S) — (®) — it (6) . ) _ = :
l=rm = |}— e (2=10 )+ 2 (z2=107) =rm (2 =107) e (2 =10) L
wherehz:i, =Tr[:: 1]

The stationary and alternating currents describe di erent tunnéing processes, which
are explained as follows. We denote bi,,0 the process of tunneling of an electron from
the n-th sideband on the lead into the system, accompanied by the cosponding tunneling
of a hole from the system into then®th sideband on the lead. The current -, describing
the transport of an electron from the lead into the system, sub#cting the transport of the
corresponding hole which is created in the lead, without asking wheththe electron has
started and the hole has nished =nth sideband respectively), is given by the sum over
all the currents corresponding to each proce®s,o, fn;n% 2 Z. The current corresponding
to all Pyho such thatn  n°= m is xed, de nes the harmonic componentl-.,. The
stationary current is the special casen = n® This component describes the creation of
a particle (lled circle in Fig. 5.4(a)) in the central system and a hole (pen circle in
Fig. 5.4(a)) in the left/right lead conserving the sideband energy. @ the other hand,



5.5 Driven transport through a single level quantum dot 75

this conservation is not ful lled for the alternating current (n 6 n%. The diagrams which
represent the alternating current for the combinatiom n°= 1 are shown in Fig. 5.4(b).

5.5 Driven transport through a single level quantum
dot

As an example, we consider the special case of a quantum dot witremingle-particle state
coupled to conducting leads. The Hamiltonian is given by

H(t) = Eqd’d+ Ht + H(t) + H(t); (5.29)

whereEy is the energy of the single level in the quantum dot, witld® and d as the creation
and annihilation operator for electrons on the dot. Hy describes the standard bilinear
coupling between the leads and the quantum dot given by Eqg. (5.4)nd H(t) is the
Hamiltonian of the leads driven by an ac-voltage [cf. Eq. (5.3)]. Undéhe transformation
(5.5), the system is described by static leads and tunneling rpeatrix ehents involving the
phase accumulated by the time-dependent bias voltage;, (t) = tto ds\- (s) [cf. Eq. (5.6)].

The nonequilibrium problem treated in this section has been solved etly by many au-
thors using the Landauer-Buttiker formalism,[105{107] Keldyshdrmalism,[108{111] equa-
tion of motion methods,[112] and Golden-Rule approach with Lorentn broadening of the
energy conservation.[113] Here, we shall rederive the solution lpjving the rate equation
(5.26).

We denote the empty and singly occupied state bydi and j1i, respectively. The tun-
neling tensor is given by !T g‘f = h jdj ih jdj 9i = 1 ,1 90 g0 and, therefore,
the nonvanishing tensor elements of the rates are

. m=1
. m=1 ’
gh gg;o'i - i}2|=r . ‘}9}4 ) f(Ba mbl o) (5.32)
. m= 1 ’
ih |(§2;0I z = i}2|:r Xl 'Jm ;Y:; 2 I |=r (Ed + m}l ex) (533)
m=1

Plugging these rates into Eq. (5.28), and taking into account thah 1j ;1] - = , ,=2,
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Figure 5.5: (@) Stationary current as a function of the inverse externalfrequency, with two zooms
to the dips in the current for ! ox = Eq=2 and E4=3. Here the energy is measured from the right
lead electrochemical potential , and} and e are set to 1. The parameters used in this simulation
are: Vi = V, = Vp=2=0:2E4, | =10Eq, ksT =5 10 3Eg,and ;= = =5 10 2Ey4. The
insets depict the value for the currentJy [Eqg. (5.35)], blue dashed line. It is in good agreement
with numerical result for the the stationary current at ! ¢x = Eq4. In panel (b), we depict a sketch
of the system, a quantum dot coupled to conducting leads, andhe sidebands ofik% including the
state at resonance with the single level in the quantum dot. The widths of the sketched sidebands
indicate their weights given by the m-th Bessel function.
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we get to a simple expression for the stationary current

I=r Xl J e\A:r 2
" e

le=1 1 with I =e f_ (Eq+ M} o) : (5.34)

m=1

We see that the quantum transport mechanism for nonequilibrium ates in the leads
involves all the sidebands of the statg?, i at resonance with the single level in the quantum

dot. Settingup |, > E4 > |, and considering a weak modulation in the bias voltage
e\s }!o, the current owing out of the left lead is mainly described by the rg sideband,
ie. I 1Jo(eM=}! ex)?=2 =2 [m = 0 term in Eq. (5.34)]. For the current from the

right lead, only sidebands with energies below the Fermi level play alean the transport,
i.e. the sidebands with modesn wheref ,(Eq4 m}! &) 6 0. When the external frequency
matches the resonance conditiohey = (Eg ()=N} Iy, N =1;23;::, the energy of
the N -th sideband is on the top of the Fermi sea of the right lead and theurent is mainly
generated by the sideband and, = ,J n(eVi=}! n)2=4 [see the sketch in Fig. 5.5(b)].
Thus, we can estimate the stationary current at ¢x = ! y as

|

e\
I e— e—J I :
st ¥ 47N g, N

(5.35)

Out of resonance, only higher orders in the sidebands' distributioof the state jk%(t)i
are relevant in the tunneling process of electrons from/into the rig lead, thus producing
a signi cant decrease in the current,. In Fig. 5.5(a) we show the current as a function of
the inverse of the external frequency. We observe dips in the cant corresponding to the
process described above.



Chapter 6

Signatures of nonlinearity in driven
nanomechanical quantum transport

Fascinating progress has been achieved in downsizing arti cially madendensed-matter de-
vices and micromechanical systems are today evolving into nano#&leasmechanical systems
(NEMS).[5{8] Thereby, the fundamental physical limits set by the las of quantum me-
chanics are rapidly approached. The ultimate potential for nanoetromechanical devices
is governed by the ability to detect NEMS motional response to vans external stimuli.
To realize them in form of transversely vibrating beams, lithographaly patterned dou-
bly clamped suspended beams [24, 25, 114{122] are also designésb suspended doubly
clamped carbon nanotubes display mechanical vibrations [123, 12Beyond applications as
electrometers,[114, 115, 117] for detecting ultrasmall forcesdattisplacements,[24, 25] radio-
frequency signal processing,[116] as chemical sensors,[125, d26]trasmall devices used
for signal ampli cation,[127, 128] or for spin detection purpose, [92the nhanomechanical
devices also allow to investigate fundamental physical phenomersee, for instance, Refs.
96 and 97.

In particular, due to their small size, the crossover from the clasal to the quantum
regime is of interest, where quantum uctuations in the transvess direction may drasti-
cally in uence the dynamics.[130{132] The quantum behaviour arisekie to a macroscopic
number of particles whose coherence is disturbed by the interactiavith the environment
causing damping and decoherence. Important key experiments twe way to this goal have
already been reported in literature.[7, 8, 24{27, 97, 114{124, ¥335]

Most techniques to reveal the quantum behaviour so far addresise linear response
in form of the amplitude of the transverse vibrations of the nanolzen around its eigen-
frequency. The goal is to excite only a few energy quanta in a resdor held at low
temperature. To measure the response, the ultimate goal of tlexperiments is to increase
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the resolution of the position measurement to the quantum limit.[24{2] As the response of
a damped linear quantum oscillator has the same simple Lorentzian gleaas its classical
counterpart,[28] a unique identi cation of the \quantumness" of ananoresonator in the
linear regime can sometimes be di cult.

As transport setups in experimental physics have the advantagjeat the current-voltage
characteristics is rather easily accessible, it is an interesting quiest to search for nonlinear
molecular features here. An important aspect of quantum trangpt through moleculescon-
cerns vibrational e ects,[136{140] e.g., phonon-assisted transp or nonlinear vibrations.
Several works on this topic have appeared in literature. For a comghensive review of
vibrational e ects in molecular transport, see Ref. 139. Cizek, Toss, and Domcke [141]
treat the inelastic regime by an electron-molecule scattering theor Vibrational e ects
in molecular transistors have also been investigated in a series of pegpby the group of
Flensberg,[142{145] primarily within the sequential tunneling picture In Ref. 142, a vi-
brational mode has been investigated under the assumption of aatg electron-phonon
coupling, and rather strong tunneling broadening of the vibrationasidebands has been
found. Subsequent work [143] included additional damping of the vétional mode. The
vibrational mode associated with the center-of-mass motion of ¢hmolecule was found to
couple strongly to the environment and is thus exposed to an e gge damping mechanism.
In Ref. 144, electrostatic aspects were clari ed. Finally, in Ref. B the Josephson cur-
rent through a single level between two superconducting leads withbosonic environment
has been calculated for very weak transmission. A suppression lbé tsupercurrent due to
the combined e ects of the Coulomb interaction and the environmeal uctuations was
reported.

Current-induced nonequilibrium vibrations in single-molecule devicesate been inves-
tigated in Ref. 146, again in the incoherent regime. The role of lightduced e ects on
electronic transport has been studied by Hanggi and coworkefE01] Based on an extension
to nonequilibrium situations, semiclassical expansions about the nreaeld solutions for
the equilibrium case have been used to study transport through @&sonant level strongly
coupled to a local phonon under nonequilibrium conditions (nonequilitrm local polaron
problem).[147] Recently, normal [148] and superconducting [14€4msport through a vibrat-
ing molecule have already been studied by Keldysh Green's functiorhemes perturbative
in the electron-phonon coupling. Nonequilibrium phonon dynamics in nabeams and the
related phonon-assisted losses have been investigated in Ref.. 150

In this Chapter we address the problem of detecting quantum cotemt multiphonon
transitions through current characteristics. We consider a nat@am in its nonlinear regime
clamped to two conducting leads [cf. Fig. 6.1]. For an ac bias voltagemied in the leads,
the current mimics a harmonic driving in the nonlinear de ection of thenanobeam, in-
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ducing coherent multiphonon transitions. Besides, the electronidases in the leads are
split into sidebands de ning several tunneling paths for an electrofrom the left(right) to
the right(left) lead. The alternating current requires a di erencebetween the mode of the
sidebands involved in the tunneling processes of an electron frontorthe left(right) lead.
Therefore, the excitation of the mechanical motion of the nanoben, due to this tunnel-
ing process, suppresses the alternating current. Thus, the cet exhibits antiresonance
behaviour as a consequence of multiphonon transitions in the naream.

6.1 Hamiltonian model

We consider a free hanging nanobeam of lengitidoubly clamped to two externally driven
metallic leads. The leads are at dierent electrochemical potentials ducing a charge
current through the nanobeam. In order to couple the mechanicanotion with the electronic
transport, a magnetic as well as an electric eld are applied. In adddn, we allow for a
mechanical forceF > 0 to compress the beam in longitudinal direction [see Fig. 6.1(a)].
Here, for simplicity we assume a su ciently strong magnetic eld in orer to consider
spinless dynamics only.
The Hamiltonian model is given by

H({t)= He+ Hy,+ Hi(t)+ H,(t) + Ht ; (6.1)

where H¢ is the Hamiltonian of the electron dynamics in the beam, andi,, describes
the mechanical part,H, is the Hamiltonian of the left/right lead [see Eq. (5.3)], and
Ht = Hy,+ Ht. describes the electron tunneling between the leads and the beawnifrinto
the left (Ht,) and right (H+.) lead [see Eq. (5.4)]. The electromechanical coupling is not
written explicitly in Eq. (6.1). Below, in the description of the electronc dynamics, we
shall present this coupling in detail. In the coordinate system intragced in Fig. 6.1
the equilibrium position of the nanobeam is along the-axis. The external longitudinal
compression forc& induces a de ectionu(x) in direction of the y-axis from the nanobeam's
equilibrium position. Because of the external magnetic eld and thet®ng con nement
to the beam's reference frame, the kinetic momentum(r) = eA(r)=cis evaluated only
on the position of the beamr, = (x;u(x);0), P(r) I P(ry). In the kinetic momentum,
e is the electronic chargegc the speed of light, andA the vector potential, B = r  A.
Thereby, the electronic part of the Hamiltonian beam reads in secdrguantization form
ass " 4

Z } 2

He= d°r % Y(r) i—rr+P(ru) (r) (6.2)
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Figure 6.1: (a) Sketch of a free hanging nanobeam of length clamped to two metallic leads.
(b) Description of the beam in point dynamics.

The eld operators Y(r), (r) create or annihilate an electron atr = (x;y; z), respectively,
and follow the anti-commutation relation  Y(r); (r% = (r r9. For simplicity, we
assume a magnetic eld aligned with the-axis, yielding the Landau gaugé\ (r) = Bye,,
with jBj = B and e, =(1;0;0).

The mechanical part of the Hamiltonian model describes bending ardmpression mod-
elled by[132, 151]

z
Hm = Idx 1 2(x) + Euo‘(x)2 P 1 u(x)?2 1 ; (6.3)
0 2y 2 2

where (x) is the momentum density operator, the conjugate generalized @alinate of the
de ection u(x). By the correspondence principle (x) and u(x) turn into eld operators
following the commutation rule p(x); (x9] =i} (x x9. In Eq. (6.3) , is the linear
mass density of the beaml, the area momentum of inertia, ancE the Young's modulus.

We consider the modulationV, to be su ciently strong such that it induces weakly
nonlinear de ections in the nanobeam. Thus, the mechanical partf éhe nanobeam is well
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described by an expansion up to the fourth order imYx) in the third term on the right
hand side in Eq. (6.3),i.e. 1 u9x)2 1+ uYx)?+ uYx)*=4. Moreover, we consider the
mechanical dynamics close to the Euler instability, settingf ! F. = EI ( =I)?, and model

the vibrational motion by a single nonlinear mode.

6.1.1 Magneto-elastic coupling

The nanobeam, called the resonator hereafter, induces electimiransport between the
conducting leads. Due to the the strong con nement potential, anperturbation in the
dynamics of the electrons involved in this process a ects directly ghmechanical motion
(de ections) of the resonator. The introduction of a magnetic ad/or electric eld therefore
leads to electron-phonon interactions. We start in this section by iroducing the e ects on
the dynamics caused by an external magnetic eld. We treat the imjgations related to
the electric eld in the next section.[96]

In the presence of a magnetic eld, and for a nite potential di erence between the
leads, i.e. leads at di erent electrochemical potential, the electrerare subject to a Lorentz
force which depends on the induced de ectioni(x) [see Eq. (6.2)], due to the strong
con nement potential. In order to describe explicitly the inducedelectron-phononcoupling
by the external magnetic eld, the so called magneto-elastic intecsion, we resort to the
following unitary transformation[96]

.eB Z x
Uy(r) = exp |}—C ) dsu(s) Y(r) (r) ; (6.4)
which changes the frame of reference of the electronic degreés$r@edom incorporating
the e ect of mechanical de ections. The aim is to get a model that escribes electron
propagation through a double barrier system coupled to conductineads, where the in u-
ence of mechanical de ections is governed by the tunneling Hamiltiam. The transformed
Hamiltonian HYt) U (r)H(t)UY(r) = HZ+ HY + HY._ + H(t) + H,(t) is given by

y2 £
0 _— 2 .
He = om dr Y(r)r ¢ (r); (6.5)
Z, 2
_ 1 eB
Ho = . dx 2. (X) T( x) Y(r) (r)
+%u°fx) % uqx)? + uqx)*=4 ; (6.6)
0 _ .eBZ' X z 3 Cee
H? o exp I}_c i ds u(s) &rTie (r) o, + hics; (6.7)

k
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with (' x) being the Heaviside function.

In order to keep the model simple, we make some approximations. $tirwe consider
the limit of weak coupling to the leads, where the spacing of energiessaciated with the
motion of electrons along the beam ' }vg=2l (V¢ being the electrons' Fermi velocity),
is much larger than the level broadening due to the coupling to the rducting leads. In
addition, in this limit only the rst longitudinal state Egq is relevant, yielding the single
level Hamiltonian,

HY' Eqd¥d (6.8)

for the electronic part of the beam. Aboved® (d) creates (destroys) an electron in the
resonator.

Further simpli cations arise if one restricts the mechanical dynamgto the fundamental
bending mode, which expresses the de ection eld operator as

U(X) = Youo(x=l)(b + = 2 6.9)

where ug(Xx) is the normalized prole of the fundamental mode bending modeY, =
312%F= (F. F) oEl "'=2 is he amplitude of zero point uctuation in the funda-
mental mode, andl’, b are the creation and annihilation boson operators, respectively.
Thus, the mechanical part of the Hamiltonian is given by a quantum hanonic oscillator
model with a Kerr nonlinearity

HO =} obb+}? (b + b*=12: (6.10)

In addition to this term, there are constant contributions from the electronic occupation
of the leads and the single electronic level of the resonator, whicancbe systematically
rescaled and therefore excluded in the nal result [96, 152]. In E¢6.10)
2 EIl F, F ¥ 4. F R

— and =
I 3 Fe IEl v F. F

(6.11)

are the fundamental frequency of the bending mode and the Keamonlinearity, respectively.
The tunneling terms [Eq. (6.7)], which includes the magnetic-elastic apling, read

Z
. X . eB Yol ~ !
H'IQ;|=r = eXp[' mag(by+ b)] T|:|— dci;lzr + h:c: ; with mag = __ 0

— ds uy(s) :
k 1cPs 98 W)

(6.12)

6.1.2 Polaron coupling

So far, we have treated the nanobeam in presence of an extenmagnetic eld transversally
applied to its plane of vibration. In this section we introduce the implicaons of the external
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electric eld in the mechanical dynamics of the resonator. We congd an electric eld in
the same direction of the nanobeam de ections, i.e., in the directiorf g-axis in Fig. 6.1.
In the following we consider the derivation presented in Ref. 152.

For the creation of an external electric eld, we consider an antera with a gate voltage
Vy, placed at a certain distanceh from the nanobeam. The electric eld can therefore be
tuned by h and V. The electric eld causes negative charges to collect on the nanaib@and
positive charges on the antenna forming a capacitor of capacitanCy (gate capacitance).

When the nanobeam is de ected from its equilibrium position by the exrnal force
F, the geometry of the capacitor changes, thus inducing a variatioim the capacitance
Cy = Cgylu(x)]. That is why the storage energy in the capacitor depends on theathanical
dynamics. This e ect is described quantitatively by the electrostat Hamiltonian[153]

2
Heee = % VN ; (6.13)

whereN is the operator for the total number of electrons in the beam. Sieave assume that
only a single electronic level contributes to transport, it is possibleotwrite N = Ng + d¥d,
whereNy  CyVy=eis the number of the excess electrons in the lled levels ardid the
number of electrons in the relevant level.

For small de ections of the beam we can express;[u(x)] in terms of (' + b) as

Colu(x)] Cgl0] 1 ao(l'+ 1) ; (6.14)
where v | 1 @c
— Jo - -
Q= ﬂg_i ) ds C@][0]@][0] Uo(s=l) : (6.15)

Plugging Eq. (6.14) into Eq. (6.13) one obtains

Hoeo= a0l + )+ (e eW)dd+ Hio; (6.16)
whereU; = €#=Cy[0], e= U; (No +1=2), and

Hoot = elec(0’ + D dd;  with  gec = ace: (6.17)

The rst term in Eq. (6.16) gives a shift in the equilibrium position of the resonator and
can be discarded. Furthermore, we assuniy to be the largest energy scale of the system,
allowing to neglect the contribution of the double occupancy stateThe second term can
be included in the de nition of E4 leading to a renormalization of the level energy. The
last term, de ned in Eq. (6.17), is a polaron-like coupling, which modelthe interaction
between the oscillations and the charge uctuations in the dot.
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The expression for the polaronic coupling constantge. can be calculated by using a
model of distributed capacitance[153, 154]

CaluON= IS h T @Ry

(6.18)

where h is the distance of the nanobeam from the antenn&, is the nanobeam radius,
and o is the vacuum permittivity. Plugging Eq. (6.18) in the de nition of the coupling
strength ¢iec [S€€ EQ. (6.17)] one obtains, faR,  h,

4
eng [0} Vgi Yo !

22 o o ds u(s); for Cy[0lv, e: (6.19)

elec

Thus, the total Hamiltonian including the electrostatic contribution, reads
HYt)+ Heee Eqdd+ H2 + Hpo + Hi(t)+ H (1) + H2; with Eq= +e eV,: (6.20)

In the absence of magneto-elastic coupling, the Hamiltonian (6.20pwintroduced in Refs.
155 and 156 to describe transport through a quantum dot in the psence of a local electron-
phonon coupling and later studied by several authors.[143, 157{16

In the linear case, =0 in Eq. (6.10), the Hamiltonian is diagonalized by the polaron
transformation U,q = exp  eec(?  b) dPd=!( . By using the transformation Uy, we shift
the bosonic eldsband ¥ by  ¢ec=!0, I.€. Uyot bUpg = b gec=2! 0. In the regime of
very weak nonlinearity and weak polaronic couplingf =! o; ejecO 1, the transformed
mechanical part of the Hamiltonian (6.20),U,q Hy, Uy, can be approximated by

HO= U HO USy  }1obb+}? (P + %12 e+ B (6.20)

The third term on the right hand side in Eq. (6.21) vanishes with the plaronic coupling
Hpo term of the Hamiltonian (6.20). In addition, as a consequence of tieansformation
Usol, the single level energy on the dot is modied byES = Eq4 2. o, the charging
energy by U? = U, 2 elec! 0, and the fermion operators byd ! dexp[ eec(b )]
The U,y transformation translates the polaronic coupling to the tunneling érm in the
Hamiltonian. In this way one can combine the electrostatic and magtie e ects in the the
electron-phonon dynamics in the tunneling term. Using the Bakerd&iisdor formula, the
transformed tunneling part of the Hamiltonian reads

X
HYo U po Hipor Uy =exp b b T2dd,., + hc; (6.22)
k

WhereT,gr = Ti=r exp[ i elec mag] are the normalized tunneling matrix elements, and =
elec t 1 mag IS the complex electron-phonon coupling.
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Finally, one gets the following Hamiltonian model
H%t) = Eqd¥d+ HY + Hi(t) + H.(t) + HY; (6.23)

where the electron-phonon interaction, induced by external magtic and electric elds, is
enclosed in the tunneling termH$[Eq. (6.22)]. The Hamiltonian (6.23) is limited to the
special case where the polaron coupling de nes a time regime largean the decay time of
the electrons in the single level, i.e., ¢ ¢ec 1=} . This is a signi cant restriction for
the size of the external electric eld. In order to keep the systems simple as possible and to
give a straightforward interpretation of the results, we shall cagider only a magneto-elastic
coupling between the electron and phonons.

6.2 Current driving the mechanical motion

In this section we consider a time-periodic bias voltage in the leads aefuency! ¢ with

amplitude Vi-; = V,p=2. In analogy with Sec. 5.4.2, it is more convenient to change to the
reference frame of time independent bias voltages by using thensformation [cf. (5.5)]
. . ey X
Uy(t) =exp[i (()+(11 nl;  with (1) = X sin( ext) ¢y Gt (6.24)
= ex K

In doing so, the tunneling matrix elementd,-, in the tunneling term become time-dependent
involving the phase accumulated by the modulation - (t), i.e., T2 (t) = Ty expli 1= (t)].
This yields the tunneling Hamiltonian

Hr=(t) =exp i (b'+ b * T2 (t)d%:r + hic:: (6.25)
k
The Hamiltonian of the leads thereby becomes time-independent, i.él;= (t) ! Hy. In
Eq. (6.25), we drop out the primes symbols and rede ne the magreelastic coupling as
mag iN order to simplify the notation. The other elements in (6.23)EJd"d and H?,
are invariant under Uy (t).

We are interested in studying coherent few-phonon transitions imé nanobeam when the
external frequency is close to the fundamental frequenty, ! o. Furthermore, we focus on
the regime of weak nonlinearity and weak driving, characterized iy} 2 =! o;e\p=!¢; ¢
1. In this limit, it is more convenient to switch to the rotating frameR(t) = exp[ i}! ex(b'bt
dd) t], and eliminate the fast oscillating terms in a rotating wave approximaon. Thus we
get to the following tunneling term

X X eV,

Hri = € 2T Brdim 37
k m=1 e

dg,., + hc:; (6.26)
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where B, is a Franck-Condon operator de ned by[157, 162]

B.ini = X M(@')Hmﬁvni
miht = iy (K MK J
=jmj S . ‘
— (I )jmj (n J mj[ m])!Ln+jmj[ m]( 2)jn+ ml, (627)

(n+jmj[ mpt =™

wherel’ni = njni, ( x) is the Heaviside function, and.}, (x) are the generalized Laguerre
polynomials. The Bessel functions in (6.27) provide extra driving-ingted weights in the
expansion, making the rst termsm = 0;1 in Eg. (6.26) dominant. To proof this, we
consider the upper limit ofin+ mjB( 2)Jm 1(M==}! ex)jni A 1+ mn in order to compare
the di erent matrix elements of H+.=,, and then determine the dominant elements in Eq.

(6.26). ForVz, !¢ this is given by[163]
S
A m (imL m) [nem@e [ mleP(=2)" *
O S T A GRS R T R

where, (x) is the Gamma function. Even for = 0:1,[152]jA nsmniTAns1nj 1 for
m 6 f0; 1g. The relative contribution of the m-th (m 6 0; 1) term in (6.26) in the energy in
perturbation theory is even smaller, meaning that the tunneling casafely be approximated

by

X eV, .
Hrjer = +ibY dg,. + hc; (6.29)
K 2}! ex '
using the approximationsJo(x) 1, Ji(X) x=2 for x 1, andBy I, By =ib? for

1. Under these approximations, the resulting RWA Hamiltonian reads

H=Hy + Hg (6.30)
where
" ! #
2 X
Hw = } 'bYb+ 7(b‘/b+ 1) bb +i b’ Tidg, hwc: +(I! r) ;(6.31)
k
and .
#
He = dYd+ H,+ H, + Z}fﬂdq‘ﬁ;ﬁh:c: +(1 ) ; (6.32)
K = ex
with} ! =3}('o 'e)and = EJ !¢ being the characteristic energy of the mechanical

and electronic dynamics detuned by the external driving, respeetly. As in Chapters 3
and 4 the external modulation, in this case the operatarT |dq,,, , lifts the degeneracies
at ! = I y= (N+1)=2,N 2 Z, inducing coherent multiphonon transitions between
statesjni andjN ni in the resonator.
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6.2.1 Nonlinear signatures in the current characteristics

The nonequidistant structure of the energy spectrum of the ndinear resonator de nes
several resonant frequencies. Its energy levélg with n N are pairwise resonant for the
same driving frequency «, En n  En =(N 2n)}! .. After preparing the resonator in
its n-th excited staten N, it displays periodic quantum oscillations between the-th

and the N-th excited states. These oscillations may be referred to as multiphon Rabi
oscillations.

Close to theresonancé = ! y, the relevant states in the dynamics of the resonator are
those involved in the multiphonon transitions,jni and jN  ni. The matrix representation
of the Hamiltonian can be written in terms of 2 2 blocks corresponding to the subspaces
formed by jni and jJN ni, 0 < n < N=2. In the (n + 1)-th block, 0 < n < N= 2,
corresponding to theN n multiphonon transition, the degeneracy is lifted at ordeN 2n
in perturbation theory in T .= . Therefore the diagrammatic expansion in leading order
of , developed in Chap. 5 for driven systems, is su cient to descrile only one phonon
transitions, i.e. forN  2n = 1, which implies only transitions for oddN .

In Fig. 6.2(a), the amplitude of the nonlinear response exhibits antesonances at

I = 1 for odd N, indicating single phonon transitions. In contrast, the amplitude of
the alternating current, Fig. 6.2(b) exhibits anti-resonance behadour at ! \ for every N.
Since the amplitude of the alternating current vanishes when the nbnear oscillator gets
excited, the backaction on the nanobeam leads to a decrease in ttumlinear response [see
the zoom for the 3-phonon resonance in the upper panel of Fig. @3.

The nonequilibrium behaviour of the nonlinear resonator is best degwed by the am-
plitude of the alternating current. The current calculated using te Hamiltonian in the
RWA [Eq. (6.30)] is composed of a direct current and an alternatingucrent. We can
identify a part of the direct component from the electronic part ofthe Hamiltonian, Eq.
(6.32), which is just the current from the rst sideband owing through the quantum dot.
From Eq. (5.34) we can estimate this part as$yc 1J1(eM=}! &)%=2. In Fig. (6.2)(b)
we have subtracted this dc component from the total current d¢eulated using (6.30). The
remaining part corresponds entirely to the dynamics of the couplesly/stem. In doing so,
we can estimate the current around théN -th multiphonon resonance. Taking into account
only the relevant statesjni and jJN  ni, 0 < n < N= 2, and the renormalization of the
tunneling matrix elements, see Eq. (6.32), yielding -, ! = (e\b=4}! )2, we calculate
the self energies [ + &)1, and therefore the current around theN -th multiphonon

I=r I=r

resonance [using Eq. (5.29)] and nd

2928 X
e L 1N ) e = (6.33)

4 | ns;ns
} ex n=0 s=0;1

IN
ac
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where 1. are the diagonal elements of the reduced density operator in theeady state
regime. In this regimen refers to the mechanical states to the electronic state, andN

is the number of e ective states considered in the simulations, whiatorresponds to the
number of states enclosed in the di erence of the electrochemigabtentials in the leads,
e, N = Dbj | j7!ec Additionally, we have used { s ms = nsnse [N the
lower panel of Fig. 6.2(c) we show the approximation (6.33) by the hik solid line and the
current calculated using the full numerical method (red solid line). Agood agreement is

found.

6.3 Conclusions

To conclude, we have investigated nonlinear mechanical featuredlie current characteris-
tics of a doubly-clamped nanobeam in its nonlinear regime connectexfermionic reservoirs.
We have considered the special case of a nanobeam in the presehea external magnetic
eld. In leading order of the magneto-elastic coupling, the currentowing through the
nanobeam mimics a harmonic driving in its nonlinear de ections. In theegime of reso-
nant few-phonon transitions (deep quantum regime), discrete riphonon resonances in
the resonator can be identi ed as anti-resonances in the alterriay current amplitude.

The nonlinear response calculated by means of second order in therteling coupling in
the diagrammatic expansion, only describes single-phonon transiig In order to connect
the nonlinear response to multiphonon transition, we have to congdhigher terms in the
diagrammatic expansion. On the other hand, in the alternating cuent amplitude the
second order in diagrammatic expansion in the tunneling coupling is saient to describe
all the multiphonon transitions and the antiresonant lineshape is a &e signature of the
nonlinearity in the nanobeam.
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Figure 6.2: (a) Amplitude of the nonlinear response of the vibrational mode to the external
current (driving) as a function of the external frequency. (b) Alternating current as a function of
the external frequency. (c) Zoom of the nonlinear responseufpper plot), and the amplitude of the
alternating current (lower plot) at the 3-phonon transitio n. (d) Sketch of the energy spectrum of

the system and the sidebands ojkl":ri on the left/right lead, for ! = 1 3. There, we compare
the approximation described in Eq. (6.33) (black solid lin@ with the full numerical result (red
solid line). The parameters used are: =10 8, =10 21y, ;= ,= =5 10 21,

Vo=4 10 Y4, Eq=3190=2,kgT =5 10 3, ;=10!p, and ; =0.



Chapter

Summary

In this thesis the quantum noise properties of the driven nonlineasoillators under nonequi-
librium conditions is studied in di erent physical situations.

We rst consider a Du ng oscillator in the deep quantum regime being amonostable
anharmonic oscillator which has a Kerr nonlinearity. In this system, & analyse the power
spectrum of the photon number uctuations induced by the couplig of the system to a dis-
sipative environment. In the weak coupling regime of the environmgra weak Kerr nonlin-
earity, a weak amplitude modulation, and close to resonance we rddo the rotating wave
approximation to solve the dissipative dynamics by solving the Lindblaquantum master
equation and thereafter calculating the noise by means of the regsion theorem. Both
analytical and numerical calculations are presented, revealing altiphenomenology. Most
interestingly, we nd that the dynamics of the photon number uctuations is characterized
by multiphoton oscillations which manifest themselves as peaks in th@ise spectrumS(! )
of photon number. The peak intensity is proportional to the statioary occupation prob-
ability of the initial quasienergy state. Therefore, the noise spatim o ers a convenient
way to directly probe the stationary distribution over all the quasi@ergy states. Exactly
at a multiphoton resonance, the noise spectrum consists in a coliect of pairs of related
resonances which are located at opposite frequencies and which aqual in height. Each
pair is associated to a multiphoton doublet. In spite of large uctuabns over the oscillator
quasienergy, no quasielastic peak occurs at zero frequency. Hindor a weakly detuned
modulation or a stronger driving, the spectrum becomes asymmigtr Besides, an addi-
tional quasielastic peak appears at zero frequency which repnaseincoherent relaxation
of the uctuations towards the stationary state. The two inelasic peaks are symmetrically
located at nite frequencies and their width determines the inversef the dephasing time.
In addition, the quasielastic peak at zero frequency representscoherent relaxation with
the inverse relaxation time given by its width. In the driven system, te appearance of a
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quasielastic peak depends on the intriguing interplay between the mimearity, the driving
strength and the dissipation strength characterizing a full nonegjibrium situation.

In the aforementioned regime, we use the Du ng oscillator as ampli eof the quantum
state of a qubit. There, we exploit sharp multiphoton resonances the nonlinear oscillator
in the detection/ampli cation of the states of the qubit. This concept is an extension of the
case of a linear resonator. We nd that the sharp resonant lines er the advantage that
only a few measurement cycles are necessary to ensure a largeidigtation power of the
measurement. Moreover, we calculate the relaxation rate of theilgjt due to the coupling
with the Du ng oscillator around a multiphoton resonance. Notably, the back-action of
the resonator on the qubit is su ciently weak, yielding to a good qubitstate measurement
delity.

Finally, in the pursuit of a detection scheme for the multiphoton(phaon) transitions
in the Du ng oscillator, we study the electric charge current owing through a nanobeam,
in its nonlinear regime, clamped to conducting leads. We start with thealculation of
the electron-phonon interaction, considering the general caseaonanobeam in presence of
an electric and magnetic eld. For the sake of simplicity, we consideh& magnetic eld
case, taking into account that the contribution from the electric eld is just an imaginary
part in the coupling constant. We nd that in the driven case, for acbias voltages in
the leads, and in leading order in the coupling constant, the currerdrives directly the
de ection of the nanobeam. In order to compute observables oftémest we apply a real-
time diagrammatic expansion in the tunneling coupling, leading to mastequation for the
reduced density matrix. In the high frequency approximation, andombining this with the
rotating wave approximation, we calculate the current owing thraigh the nanobeam. The
ac part shows characteristic antiresonant behaviour as a consegce of the multiphonon
transition transition in the nanobeam.
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Second-order coherence function

Intensity-correlation experiments have provided powerful toolespecially in astronomy,
since they allow the determination of the angular diameter of distanstars.[164, 165] The
rst experiment was conducted by Hanbury-Brown and Twiss.[166The measured quantity
is the joint probability of counting a photon at time t and another att+ . This probability
is, according to Glauber,[167] proportional to the normal-orderecorrelation function

GP(:t)= hant+ ):i; (A.1)

wheren(t) = a¥(t)a(t) is the number operator at timet, and the double dots describe normal
ordering in the ladder operatorsa(t) and a¥(t). In a stationary situation, the G@ function
depends only on the delay time . On the other hand, for nonequilibrium states, since
the lack of the translational time invariance in the dynamics theG® function, therefore,
depends on the initial timet.[51] In the steady state regime, for long times, the state of the
system does not depend on its initial preparation, and 8@ (;t 11 )= G@( ). In the
following we consider this regime.
The second order of coherence function is de ned as[2]

g?( )= GO )=mi? (A2)

This quantity describes whether the photons in the beam tend to gup together or stay
apart. If g@( ) = 1, the probability of joint detection coincides with the probability of
independent detection. This should be the case whenl 1 |, since then the memory of the
rst photodetection dies out. If g@( ) > g@(0), the probability of detecting the second
photon increases with the time delay, which is characteristic of antilmching.

For a single-mode photon eld, one has

g@(0) = wa¥a ai; =Yai? : (A.3)
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If the mode is in a coherent state, we havg® (0) = 1. On the other hand, for a Fock
state jni, in which a¥ajni = njni, one has

g®©)=1 1=n; (A.4)

while forn =0 or n =1, one nds trivially that g (0) = 0.

For classical light elds, applying the Schwarz inequality in the classitacorrelation
function corresponding to Eqg. (A.2) shows that one should alwaysatre g@( ) 6 g@(0).
Additionally for these elds we haveg®(0) > 1, so that classical elds are never anti-
bunched. Therefore, the two propertiegy® < 1 and g@( ) > g®@(0) are characteristic
of nonclassical light [an example of the rst property is provided by & (A.4)]. Since
g?()! 1when !1 |, the property g?(0) < 1 always implies that there is antibunch-
ing for some range of values of; unlessg®( ) is independent of .

The relation between antibunching and sub-Poissonian statistics issabtle one .[168,
169] In fact, from Eqg. (A.3), one can show the following relation befen the second order
of coherence and the photon number variance:

h/\nil h ﬁll
mi?

g?0)=1+ (A.5)

Therefore, in this case sub-Poissonian statistics implig& (0) < 1, which, unlessg®( )
does not depend on, implies antibunching for some range of. On the other hand, one
cannot state in general that antibunching leads to sub-Poissoniatatistics, sinceg®( ) >
g® (0) does not necessarily implg® (0) < 1.[170] In fact, for a stationary eld the variance
of the number of photons measured can be expressed in termsy8f( ) in the following
way[169, 170]

4
h°1|1 *

h~n%i; hfi; = TOl (T i Dg®() 1: (A.6)

.
If g@( ) < 1 forall ,the eld will exhibit sub-Poissonian statistics. One could have,
however,g® ( ) > g®@(0), while still having super-Poissonian statistics for some time in-
terval. Furthermore, for a single monochromatic modeg® ( ) does not depend on , and
coincides with the value for = 0. In this case, g?(0) < 1 does no imply antibunching
for any counting interval, since neither short or long time intervals btween photons are
favoured.[170]



Appendix B

Density matrix of the steady state around
resonance

In this appendix we compute the stationary solution of the quantunmaster equation (2.50)
following Ref. 47. Using the balance equation (3.12), and the genlkeoader solution for the
guasienergies states given in (3.15). The expressions for the satead

W1 = Won 1= =COF =
0;1 ON 1 2 2
Wy1 = Wyn 1= =SiP=
N;1 N;N 1 2 2

Wl;O = Wy 1.0 = =N SinZ—

2 2

Wiy = Wy 1n = 5N cos = B.1

LN N LN 5 co 5 (B.1)

with  =tan [ on=N(! I' n)]- With these elements, the master equation becomes
0 = Nsin2é 30+c052é L

0= N co§§ LN +sin2§ 1 (B.2)

Thereby, the stationary solution reads
1 4
= tan® —
NN 00 2

1 — 1 2 .

With these matrix elements one can calculate!, for 1 n < N=2. Plugging the quasiener-
gies states (3.8) into the expression for the transition rates in E¢(3.13), one nds that
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most of the transition rates between two di erent states belongig to two di erent resonant
pairs are zero, except for

Whn+t = Whn n = WN nn+t =WN an o0 2 = Z(n'*'l)

Whstn = Whaan n = WNnon n = WN o0 1N 0 = Z(N n) : (B.3)
The driving eld excites the transition from jOi to jNi while the bath generates transitions
between the Fock states towards lower energies accordingjddi ' j N 1! !
jOi when only spontaneous emission is considered. Thereby, the ratiminthe occupation

numbers of two states belonging to two neighbouring resonant paiis simply given by the
ration of the corresponding transition rates according to

1 — 1

nn N nN n
! Wi+ n+1
o= o © for 1 n<N=2; (B.4)
n+1;n+1 Wh+1:n N n

with this one can calculate all the matrix elements of ! , starting with 1, and %, , in
terms of J,.



Appendix C

Semiclassical approximation in the Du ng
oscillator dynamics

The Hamiltonian of the Du ng oscillator in the rotating wave approximation is given by
f
= 1A+ éh(h +1)+ E(a+ a): (C.1)

There, ! describes the frequency detuned by the external driving, the nonlinearity
parameter,f the driving strength, a and &' the ladder operators withri*= a’a.

In order to obtain a semiclassical treatment following Ref. 75, we idduce the rescaled
coordinate and momentum of the oscillator in the rotating frame (gadratures in the static

frame) as r r

X = an+a;P=i an a; (C.2)
with the commutator X;P = 1 ,with = =2! Dbeing an e ective Planck constant.
By substituting Eq. (C.2) into the Hamiltonian Eq. (C.1) one obtains

2172 1
H = Q(X;P) 1 8 (C.3)
with
Q(X;P)=%X2+ P2 1%+ X (C.4)

as the quasienergy surface, which depends only on the parameter f2 =41 3. The
quasienergy surface has the shape of a tilted Mexican hat [cf. Fig.1C Next, we look for
the stationary points which obey the conditions,

@Q _ 2, p2 1=2 _ (-

— = Xe(XZ2+ P2 1)+ =0 ; C.5
&y, ( ) (C.5)
@Q = Pe(XZ2+PZ 1)=0; (C.6)

@) Xe;Pe
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Q(X,P)

[ Y

/—P

Figure C.1: Quasienergy potential for the driven nonlinear oscillator corresponding to =
10 315, f = =10,and ! = 2 . The surface is divided into an internal and an external dome

corresponding toP, = 0 and X2 X o+ ™2 =0. For0 < < 4=27, this equation has
three solutions associated to a minimume(= m), a maximum (e = M), and a saddle
point (e = s). They are given byX,, = cos 3 sin ,Xy = cos 3+sin and

Xs=2cos  3with =( arctan 4=27 1 3). Inthisinterval, 0 < < 4=27, the

Hamiltonian is bistable, i.e., in a certain range of quasienergies thereeawo trajectories

corresponding to the same quasienergy, one on the internal pat the surface and the
other on the external part. When the motion is quantized, the gusiclassical trajectories
are associated to quantum levels. In order to compute the energjieand the squeezing
factors of the solutions close to the extremal pointse(= n;M), we apply a harmonic
expansion of the quasienergy surface around these points as

1

P?; 7
e (C.7)

QO@ + Xm=m ;P) I Q(Xm:M ;O) :—Zme:M ! 623)@2

with X = X X =v. The frequency! ,-v and the mass termm.., are related to
curvaturta of the surface,@Q=@? = Mp=w ! 2., and j@Q=@? = 1=my_y . Thereby,
lmew = 3X& 4X2

m=M

+1and mp-y =1 jX2,, 1. The corresponding energies are

212 !

Em=m = Q(Xm=m ; 0) E! m=M T ? 53 (C.8)
For the squeezing factor ,[2] we use the de nition exp[2] = P= ». With this
1 1 3X2 1
Fooy = = IN[Mpe ! mem 1= SN0 (C.9)

n——5——-:
2 47 Xz, 1
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Thus, the ladder operatorsa and & can be described in terms of the ladder operatobs
and b’ of the e ective auxiliary oscillator (characterized by the massn,,-y and frequency
! m=M) as

a= am=w *+ bcoshr._, b'sinhr ., ; (C.10)

wheream=y = Xm=m P 2 andb=i(P  iMm=y! m=m )@):p 2MmM mem ! mem -



Appendix D

Lowest-order expansion in self energies

To facilitate the understanding and to simplify the notation of the rdes
Z
X f. ()

0@ L= T el e d e @
e @ 2 = Xo 2T (! ] o 122 d T O)f':ir(() T KI) /(D.2)
e = X et e 0 e
P @ b= Xo ST o] § zgz ¢ i z)f':if(() oy 04
C 0@ § o= mre ex)]§Z d 2)'};(()” ao @9
O @ ; = %[Té“(! )] ’ d T z)f;;E) ZTKT) (D.6)
0@ s jmea e ey ©D
C 0@ § = e ex)]?§z fr) (D.8)

YTy 1 vk

we introduce diagrams on the Keldysh contour. Each auxiliary ratedems from each term
on the right hand side in Eq. (5.17). We refer to the rules in Sec. 5.4.» draw the
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oy X1 S
RN Gt
3 : (k + m)/l/r X2 : X/2
e k), !
X1 i :Xﬁ (k)l/ro : /
' (]C + m)l/r X1 X1
(C.3) = & (C.4) =
X2 i X5 (K +m)yy
' < ' /
I 0] I
- OE)y A X2
: (k)l/ro :
X1 | X1 X1 | X1
|(k—|—m)l/r I(k+m)l/r
X2~ i X3 X2~ i X5
I (@) I
' (k)l/r |
| o(k)i/r |
X1 | X X1 | X1
(C.7) = ; (k+m)ir | (C.8) = (ke +m)yy
X2 i X5 X2 i X5
I (@) I
I (k)l/r !

Figure D.1: Feynman for the transition rates in rst order in .
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corresponding diagrams, see Fig. D.1.

D.1 Explicit calculation of the rates

The calculation of the rates (D.1){(D.8) in the high frequency appmimation involves
mainly the calculation of energy integrals of the type
| ()=IimZdEﬂ' with =+: (D.9)
il=r 1o E+i

The above in nite integral denotes an integral over the whole spgam, i.e., Il dE. In
order to ensure the convergence of the above integral, Pene calmd[guce a Lorentzian cut-o
weight function D\, (E) = E2=(E )2+ E2,ie., dE! dED\(E) whereE is
the cut-o energy.

The integral (D.9) can be solved by means of residues of a contouteigration along
a path describing a half circle with radiusR ! 1 either in the lower or upper complex
plane [cf. Fig. D.2]. To this end, we have to nd the poles in the complexlane of the
function in the integral (D.9) (including the weight function), i.e., the poles off (z) =
Di=(2)f_ (2= z+i ), z2 C. The cut-o weight function D, (z) contributes with

polesatz = | IE, the Fermifunctionf _ (z) with poles atz, =i 2m+1)= + o,
m 2 N, and the denominator with the polezo = + i . Now, we average over the upper
and lower contour, overC,; and C, respectively,

1 Z Z

... () = Ilim = f(z2)dz+ f(2)dz
=r RIL 2 e & '
X X
= Re,-, f (2) Re:=zf (2) (D.10)
k ko

Above, z, and z. are the poles enclosed by the patle; and C,, respectively. With this,
the integral (D.9) reads

. - 1 .
| () = D () flzr()+TIr stanh i E =2
C
X 1 1
iD |=r( ) !
m=0 Zm l=r T Zm
. 1 1
iD |- - - D.11
! r( ) m=0 Zm I=r |Ec Zm l=r + |Ec ( )

For a very large cut-of E)nergyEC, Di= () 1 and using the property of the digamma
functions (zy) (z2)= ;zo [I=(m+ z,) 1=(m + z)], the Eqg. (D.11) might be written
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Figure D.2: Integration contour in the complex plane.

as

O it () e G T G

Ec
2

NI

In

(D.12)

With this result, the calculation of the rates (D.1)-(D.8) and their numerical implementation
is straightforward.
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