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Chapter

Introduction

The development of modern quantum mechanics started with the pioneering work on optical
spectroscopy of atoms. The pursuit of an explanation for a spectrum composed of discrete
lines inspired Bohr to formulate a theory in terms of discrete energy levels of individual
atoms. The typical setup for optical spectroscopy comprises the light beams, one shining
on an ensemble of identical atoms and another one which probes the spectrum absorbed
by the ensemble. The incident light can be absorbed only if its frequency matches the
difference of energy between two levels of a single atom. Thus, the position of the absorption
lines generated by the whole ensemble was predicted based the properties of an individual
atom.[1] In other words, an experiment on the macroscopic scale allowed to indirectly
deduce important properties —in this case the energy spectrum-— of a quantum system on a
microscopic scale not directly accessible in the experiments.

However, addressing an ensemble of identical quantum systems instead of a single quan-
tum system yields certain limitations. For instance, an atom in an excited electronic state
will decay to a less excited electronic level (a process named quantum jump). The quan-
tum jump is accompanied by the emission of a photon which can be detected by a photon
detector.[2] When the light beam shines on a macroscopic number of atoms, random pho-
ton absorption induces excitation of many atoms. The subsequent quantum jumps are also
random processes. However, the overall signal, i.e., the emitted light from a macroscopic
number of random transitions, is very smooth without any signature of quantum jump
processes. Thus, in order to observe quantum jumps and other interesting quantum effects,
one should be able to address individual atoms. Alternatively one can design experiments
which probe a single macroscopic quantum variable, i. e., a single quantum coherent degree
of freedom of a many-body system.

One of the greatest achievements of the last decades has been the access to single atomic
systems or a single macroscopic quantum variable, starting in the 1970s with traps for single



neutral atoms[3] and ions.[4] Additionally, in present days, fascinating progress has been
made downsizing artificially made condensed-matter devices like nano-electromechanical
systems[5-8] and quantum electrodynamics circuits[9] among others macroscopic devices,
which start revealing quantum mechanical properties. On the other hand, the observa-
tion of quantum processes is not limited to the isolation and confinement of single atomic
systems. Various quantum phenomena, such as macroscopic quantum tunneling and res-
onant tunneling have been observed in capacitance Josephson-junction circuits, where the
relevant degrees of freedom studied were the phase difference of the superconducting or-
der parameter across a junction or the flux in a superconducting quantum interference
device (SQUID) ring geometry,[9] one of the most interesting application of these devices
implementing quantum bits.[9, 10]

Accessing single quantum systems allows to address very fundamental issues like quan-
tum measurement processes and entangled states.[11] Moreover, there are several important
applications ranging from sensitive detectors[12] to quantum information processing.[11] In
particular, one can describe the measurement process as a “wave function collapse”; i.e.,
as a non-unitary projection which reduces the quantum state of the system to one of the
possible eigenstates of the observed quantity with state-dependent probabilities. However,
in reality any measurement is performed by a device, suitably coupled to the measured
quantum system via a macroscopic readout variable. Its presence, in general, disturbs
any possible quantum manipulations performed on the system.[9] Therefore the dissipative
processes which accompany the measurement should be switched on only when needed.
Sometimes, it is more convenient to amplify the state of the quantum system before its
detection, in order to control the induced measurement noise. In that scheme, the mea-
sured quantum system is coupled with the amplifier by conducting channels (channels of
exchange of information). Depending on the dynamics of the amplifier the noise induced
into the measured system can be optimized.

Driving the amplifier out of its equilibrium state, e.g., by applying an external har-
monic modulation, allows to optimize the measurement process,[13] since the energy scale
is detuned by the external modulation and so are its noise properties. This yields very
rich physics, where the time reversal symmetry is broken and the detailed balance principle
is not valid.[14] In other words, an elementary process in the driven system is in general
not equilibrated by its reverse process. Thereby, it is possible to tune the asymmetry in
frequency of the noise in the quantum amplifier.[15] This asymmetry, a feature in quantum
systems due to the uncertainty principle, measures the ability of the amplifier to absorb or
emit energy from or into the measured system.[13, 15, 16]

Usually, the quantum system is coupled parametrically to the amplifier, thus one can in-
fer on the state of the quantum system through a classical measurement of the parameters of



4 Introduction

the amplifier. In general, nonlinear oscillators are naturally used as basic elements for quan-
tum state amplifications. Examples of those are the Josephson bifurcation amplifier[17-22]
and the cavity bifurcation amplifier.[17, 23] In addition, the amplifier can operate simulta-
neously at high frequencies and at low temperatures, entering the regime where hw > kg7,
with w being the proper frequency of the oscillator and T its temperature. As such, quan-
tum zero-point fluctuations will play a more dominant role in determining their behaviour
than the more familiar thermal fluctuations. Taking into account the relation between
quantum noise and quantum measurement one is forced to think about the noise proper-
ties of driven nonlinear resonators, and their behaviour as quantum amplifiers in the deep

quantum regime.

Given the above, we will focus in the first part of this Thesis on the noise properties
of modulated nonlinear resonators in the deep quantum regime. As the simplest example,
we consider a monostable anharmonic oscillator which has a quartic nonlinearity (the well
known Duffing oscillator). The second scope of this Thesis is to consider such a device as
a quantum amplifier of the state of a qubit. In this setup, we introduce a combination of
both strategies in measurement theory, bifurcation and dispersion, and propose a nonlinear
detector scheme.

Another important issue in fundamental physics related to quantum measurement pro-
cesses are quantum jumps being observed in single atomic systems or a single macroscopic
quantum variable. One of the techniques to reveal this quantum behaviour so far address the
linear response in form of the amplitude of the transverse vibrations in a nanobeam doubly
clamped to conducting leads. The goal is to excite only a few energy quanta in a resonator
held at low temperature. To measure the response, the ultimate goal of the experiments is
to increase the resolution of the position measurement to the quantum limit.[24-27] As the
response of a damped linear quantum oscillator has the same simple Lorentzian shape as its
classical counterpart,[28] a unique identification of the “quantumness” of a nanoresonator
in the linear regime can sometimes be difficult.

Since transport setups in experimental physics have the advantage that the current-
voltage characteristics are rather easily accessible, it is an interesting question to search for
nonlinear molecular features there. Therefore as the final scope of this Thesis, we address to
the problem of detecting quantum effects, such as quantum jumps, through current-voltage
characteristics. To do so, we consider the doubly clamped nanobeam in its nonlinear regime.
With an ac bias voltage applied to the leads, the current mimics the harmonic driving in
the nonlinear deflection of the nanobeam.
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In order to study the quantum and thermal noise properties of driven quantum nonlin-
ear resonators, we introduce in Chapter 2 the theory of quantum dissipation based on
the system-bath-model with special regard to nonequilibrium states. The regime of weak
system-bath coupling and weak external modulation are investigated. Invoking the Born-
Markov and the rotating wave approximations, the dissipative dynamics of the driven sys-
tem is governed by the Lindblad master equation. In the second part of this chapter, using
the formal solution of the master equation we show how to compute correlation functions
by applying the regression theorem.

We study the power spectrum of the photon number fluctuations in the quantum Duffing
oscillator in Chapter 3, starting with a review on the coherent dynamics of the quantum
Duffing oscillator, and concluding with the analysis of different characteristics of the photon
noise, including the second order of coherence function.

In Chapter 4, a measurement scheme is proposed. We introduce an experimental imple-
mentation based on a flux qubit inductively coupled to a driven SQUID. Introducing the
equivalence of the driven SQUID to the Duffing oscillator, and the qubit-SQUID coupling
term, an analysis based on the optimal point of work is presented, guaranteeing the validity
of the approximations. Different characteristics of the amplification process are calculated
and discussed, such as the discrimination power of the detector, the back-action on the
dynamics of the quantum two level system, and the efficiency of the measurement.

For the final scope of the Thesis, we introduce in Chapter 5 the theory of nonequilibrium
quantum transport in nanoscale systems. Introducing zero- and one-dimensional electron
gases, we present a general Hamiltonian model involving time-dependent bias voltages ap-
plied to the conducting leads. We present a general quantum transport theory based on
a real-time diagrammatic approach. Invoking the high-frequency approximation, a master
equation is presented with time-independent transition rates (self-energies). The extension
to the harmonically driven case is presented with the definition of the Feynman rules for
the self-energies. As an example, the special case of a quantum dot with one single-particle
state is presented at the end of the Chapter.

In Chapter 6, we study nonlinear signatures of the deflections of a nanobeam in the cur-
rent characteristics. We introduce the induced electron-phonon coupling by the application
of an electric and a magnetic field. For the sake of simplicity, we consider only the influence
of the magnetic field. In the regime of the rotating-wave approximation, the amplitude of
the alternating current and the amplitude of the nonlinear response of the deflections in
the nanobeam are calculated and discussed.

We summarize in Chapter 7 the main results.



Chapter

Dissipation and noise in driven quantum
systems

One of the most challenging questions faced by the founding fathers of quantum mechanics
concerns the emergence of a macroscopic classical reality from a microscopic quantum world.
A closely related problem is a self-consistent description of a quantum measurement which
does not rely on a classical characterization of the measurement apparatus, see also Chapter
4. A milestone route of a full understanding of these phenomena is the modern theory
of dissipative dynamics in open quantum systems. In this framework, dissipation and
decoherence are a natural consequence of the coupling of the quantum system of interest to
a noisy environment which consists of an ensemble of many quantum degrees of freedom.

In the first section, we give a brief introduction with special regard to systems out
of equilibrium. In addition, in the second section, we introduce the regression theorem
to calculate the induced fluctuations in the system by its contact with the environment.
As a first step, we shall describe the phenomenological model for damping introduced in
classical mechanics and its description in the quantum regime. Using the Floquet formalism
we present the master equation for a periodically driven state. In the regime of a weak
modulation amplitude, we show how the Floquet master equation reduces to the standard
Lindblad master equation. Finally, using the formal solution of the master equation we
show how to compute the induced fluctuations in the system by applying the regression
theorem.
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2.1 Dissipation in quantum physics

2.1.1 The classical Langevin equation

In a classical framework, one may often describe dissipation by assuming a homogeneous
environment surrounding the system of interest (central system). The homogeneity implies
that the dynamics does not depend on the relative position of the system in the environment.
Therefore, only a velocity proportional term (viscous force) is introduced in its equation
of motion to model damping effects. For instance, in a damped harmonic oscillator — like
in Fig. 2.1(a), a spring-mass system in a viscous medium — the equation of motion for its
position z including the aforementioned dissipative term characterized by the constant ~,
is given by

i+yi+wir =0, (2.1)

where wy is the proper frequency of the oscillator (linear resonator).

In his experiments with pollen grains in water,[29] the botanist Robert Brown observed
that a viscous force is not sufficient to model the dissipative dynamics of the pollen grains.
In fact, a pollen jiggles about its position. The jiggling motion (called Brownian motion)
was later attributed to random collisions of the pollen grains with smaller particles (which
constitute the noisy environment).[30, 31] The Brownian motion can be described by in-
cluding a fluctuating force £(t) on the right-hand-side of Eq. (2.1). Thus, one arrives at the
so-called Langevin equation which not only describes the damped average motion but also
the fluctuations around it.[31] In many cases of practical interest, the random force can be
assumed to satisfy the two conditions, that i) the process £(t) is a Gaussian process and is
therefore fully characterized by the mean and the variance, and ii) its correlation time is

infinitely short (d-correlated), namely

(€(1)) =0, {(1)§(t) = 2mCed(t —1'), (2.2)

where C¢ is a constant. The above delta correlated function describes a memoryless envi-
ronment.

Sometimes, the environment is a source of noise with a finite memory time. Then, the
dynamics must be described by a generalized Langevin equation with a time-dependent
damping kernel, v — ~(t)

T+ /_t dt'y(t —t)i(t') + wor = £(2) . (2.3)

The lower limit in the integral describes the uncoupled system-bath configuration in the

infinity distant past.
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Figure 2.1: (a) Horizontal spring-mass system in a viscous medium. Here the proper frequency is
given by wg = \/k/m, with m being the mass at the end of the spring, and  the spring constant.
(b) Circuit consisting of a resistor (R), an inductor (L), and a capacitor (C), connected in series
— RLC series circuit. Both systems are modelled by the Eq.(2.1).

Since the random and the viscous forces are two different manifestations of the same
interaction with the environment (the random collisions with water molecules in the case
of the Brownian motion of pollen grains), their intensities are not independent. More
specifically, the Fourier-Laplace transform of ~(t) is connected with the correlation function
(€(t)E(t')) by the classical fluctuation-dissipation theorem|28]

— 7 [ ey expl-ior]. (24)

which implies (£(w)é(W')) = kBTva(w)é(w + ).

mry(w)

A well known example of damped oscillator with such equation describes also a RLC circuit.
There, the charge ¢ plays the role of the position, the oscillator eigenfrequency is wy =
(LC)™', and the damping is v = R/L [cf. Fig.2.1(b)]. There, thermal fluctuations in the
resistor induce noise into the resonator. Therefore, one should not only consider a resistance
but also a noise generator, as the fluctuating force £(¢) in the mechanical analogue. These
thermal fluctuations are connected with damping by Eq. (2.4), and this is known as the
Nyquist theorem in resistor circuits.

2.1.2 The quantum model for loss mechanisms

The Hamiltonian for a generic linear quantum oscillator reads as

1 mw?
H:_2 0_2
ol T
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with p and x as the momentum and position operators, respectively. Usually in order to
avoid to directly solve the Schrédinger equation in the coordinate representation for the
wave function ¢(z) in the energy state £, (—(h?/2m)9d? + (mwi/2)2?)¢(z) = E¢(x), one
can introduce the ladder operators a and a' defined as

_ /M . P

a= ”—2)‘1 (x—l—zmwo) , (2.5)
[ L (P

a 5% <x meo) , (2.6)

where their commutator [a,a] = 1 is fixed by the Heisenberg indetermination principle.

For a conservative system, the Heisenberg equation of motion for the operators , dO/dt =
(i/h)[H, O] with O as an operator, are formally equivalent to the Hamilton equation. For
the ladder operators we have a'(t) = a' expliwgt] and a(t) = a exp[—iwpt].

A naive attempt to incorporate the environmental influence at the quantum level could
be to include the damping directly in the Heisenberg equation of motion in the spirit of the
correspondence principle. The operators would then have the damped solutions

a'(t) = a' expliwot — t/2] , a(t) = aexp|—(iwet +7t/2)] , (2.7)

Then, the commutators for equal time would decay according to [a(t), a'(t)] = exp[—~t] in
violation of the Heisenberg principle.

As it happens in the analogous classical model for damping [cf. Eq. (2.1)], the drawback
of this naive approach lies in the fact that it does not incorporate the influence of external
fluctuating fields. In the classical case, this is not necessary at very low temperatures
when thermal fluctuations vanish according to the classical fluctuation dissipation theorem.
On the other hand, in the quantum regime, zero-point fluctuations are present even at
the absolute zero. These fluctuations are responsible for preventing the violation of the
uncertainty principle. Therefore it is necessary to incorporate a noise generator in the
model, which has sufficient output even at absolute zero to preserve the commutation
relation [a(t),af(t)] = 1. Thus, the ladder operators should have the structure a'(t) =
al (t)+0a' (t) and a(t) = ao(t)+da(t), where da(t) represents quantum fluctuations operators,
which follow the commutation rule [§a(t), da’(#')] = 1. There, (ag(t)) = (a(t)), and (a}(t)) =
{a'(t)). For the determination of the dynamics of the quantum fluctuations operators, we
shall consider a microscopic model for the environment.

The most successful and rather general approach, is based on the concept of a reservoir
or bath consisting in a large collection of systems with many degrees of freedom.[32-37]
The simplest model for a bath corresponds to a collection of harmonic oscillators with
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Hamiltonian

Hp =Y hw bl by (2.8)
k

where the b, and bL satisfy the commutation rule [bk,bz,] = Opr. Examples range from
the quantized modes of the radiation field (photons), to the quantized modes of elastic
vibrations in a solid (phonons). Taking into account the foregoing discussion, we consider a
bilinear coupling between the bath and the oscillator. In terms of the corresponding ladder
operators it reads

ﬁch +a) (bl + bg) (2.9)

The Heisenberg equation of motion for the ladder operator of the k-th oscillator in the bath,
is given by

b(t) = —iwpby(t) + e [al (t) + a(t)] (2.10)
The second term on the right-hand-side of the above equation corresponds to the forcing

term due to the motion of the resonator displacement.
The solution of Eq. (2.10) reads

t
bk(t) — bke_iwkt—f—ck/ dte 1(wg—wo) (t—t") [a(t/)eiwo(t’—t)] +
0

t
Ch / dt' e~ 0= [gf (¢) gm0 (2.11)
0

Noticing that the terms in square brackets are slowly varying functions of ¢/, and that the last
integral on the right hand side involves a fast oscillating terms (o< expli(wy, +wp)(t —t')]) in
comparison with the first one that involves slow oscillating terms (o< exp|i(wy —wo)(t—1)]),
we can approximate the above solution as

t
bi(t) = bre ™ 4 ¢, / dt' e rmwo) (= [q (¢ gleo(t=0] (2.12)
0

On the other hand, the equation of motion for the resonator mode reads

alt) = —iwpalt +ch [bL(8) + bi(1)]

t
Zcz / dt e~ r—w0) =) [ (1) i@ 0] (2.13)
k 0

The decay rate of the resonator from the single phonon excited state n = 1 to the ground
state n = 0 would be given by the Fermi Golden Rule expression

v(wo) = 27 Z c6(wo — wy) (2.14)



2.1 Dissipation in quantum physics 11

From this we get to a useful relation to solve the integral in Eq. (2.13),
d,
/_Oo 2—”7(% +w) 202 milwr—wo)(t=t) (2.15)

In the strict Ohmic case, y(w) =7, and >, ¢ exp[—i(wy — wo)(t — ¢')] = (¢t — t'). With
this, the Eq. (2.13) becomes

a(t) = —iwoa(t) —ya(t)/2 = n(t), (2.16)
with 7(t) = >, cx exp[—iwyt] by. Therefore, the fluctuation operator da reads
t
da(t) = —/ dt'n(t") exp|—(iwo + 7/2)(t — t')]. (2.17)
0

Now, we can identify the external fluctuating force £(t) with £(t) = nf(t) +n(t). It has a
Gaussian statistics

(€(1)) = 0, (€(1)€(0)) = Cee(t), (2.18)
with second moment Cee(t) given by
Cee(t) = Z i [ Tuog) €™t + [1 4+ n(hwg)]e ], (2.19)

where 7i(fiwy) = (bjbe) = (explhiwsf] — 1)_1 is the boson occupation number, with 3 =
1/kgT as the inverse temperature.
Introducing the spectral density of the interaction with the bath

- % N 6w —wi) (2.20)

which is proportional to the frequency for the Ohmic bath (J(w) o w), one can rewrite the
above correlation function as

Cee(t) = Z/OOO dw J (w) [T )™+ + [1 + n(hwy)]e” ] . (2.21)

With this the power spectrum of the fluctuation force (the Fourier transform of Eq. (2.21))

reads
Cee|w] = hcoth [fhw/2] J(w). (2.22)

From Eq.(2.14), one notices that the spectral density also determines the damping of the
system; in the Ohmic case by J(w) = mw~y. Thus Eq. (2.22) is a version of the quantum-
mechanical fluctuation-dissipation theorem. We have considered the bath as a collection of
harmonic oscillators, and from the discussion foregoing the bath is only of indirect interest,
and its properties need only to be specified in very general terms, e.g., by the temperature
and the spectral density.[38]
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2.1.3 The influence functional and the Born-Markov master equa-
tion

The system-bath model presented in the previous section describes dissipation and a source
of quantum noise for the central system. The integration of the equations of motion in the
Heisenberg picture appears quite simple, but it is limited to the very rare cases where the
equations can be solved directly. For a more general scenario, where the direct integration is
not possible, a more convenient strategy consists in tracing out the bath degrees of freedom
and studying the dynamics of the reduced density operator p, p = Trg[W], with W being
the full density operator and Trg[...] the partial trace over the bath variables.

Since the full knowledge of the whole system state at some specific time is incomplete,
we should appeal to a statistical description, where the system is completely characterized
by the density operator

W) = > prltw(t)) (e (D)] (2.23)
k

where py, is the probability of the whole system to be in the state |¢x(t)). The time evolution
of the density operator is governed by the von-Neumann equation

d i

SW(H) = 2[H(), W) (2.24)
where H(t) = Hy(t) + Hsp + Hgp, wherein Hy(t) is the Hamiltonian of the central system,
Hgg the bilinear bath-system interaction, and Hg the bath Hamiltonian. The evolution
operator of the system state U(t, o), defined by |¢x(t)) = U(t, to)| Yk (to)), follows the same
equation, i.e., O, U(t) = i[H(t),U(t)]/h.

We have to perform now the trace over the degrees of freedom of the bath in order to
study the dynamics of the system. To this end, the path-integral formulation of quantum
mechanics has proved to be more convenient than the operator notation.[39] We start with
the integration of the von Neumann equation (2.24),

W(t) = U(L, to) W(to) Ut ty) , (2.25)

where U(t,ty) = T exp[—i fti dsH(s)/h| is the time evolution operator, with 7 being the
time-ordering operator. In the position representation, the solution Eq. (2.25) reads

W(Xy, Xiit) = (X W)X}
_ / AXodXOU(X .t Xo, o) W(Xo, Xo to) U (X £ X0 1) . (2.26)

where we have used the shorthand notation X = {x, %, Zs, -+, Ty} for the resonator coor-
dinates x and for the bath oscillator coordinates Z1, Zs, - - - , Zn. Here we have considered N
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a finite and large number of subsystems in the bath. Furthermore, hereafter the indefinite
integral over coordinates variables denotes implicitly the integration over all the space, i.e.
I
In Eq. (2.26) the evolution operator (propagator) in the path-integral formulation is
given by[39]
X(t):Xf
U(X )t Xooto) — / DX (s) exp [i(S[] + Su[X])/A] | (2.27)
X (to)=Xo
which represents the sum over all possible paths X(s) in coordinate space from X, to
th of the .functional exp [i(S]x] + Sg[X])/h], where S[x] = ft'; ds L(&,x,s) and Sp[X]| =
fto ds Lg(X, X, s) are the classical actions calculated from the Lagragians L(&,z,s) and
Ly (X , X, s), corresponding to the central system and the bath plus system-bath coupling
respectively, along the trajectory X(s).
We assume as the initial preparation of the whole system, at ¢ = t;, that the bath is not
correlated with the system and it is canonically distributed with respect to the free bath
Hamiltonian, i.e., the initial preparation of the density operator W reads as

exp|—FHg|
Trp [exp[—GHg]|

W (to) = p(to) ® pp , with pp = (2.28)

Plugging this initial preparation into Eq. (2.26) and tracing out the bath variables by
integrating over all the bath coordinates Zi,Zs,---,Zy, we obtain the reduced density
operator

plep,dyit) = /di1d£2~-~di(Xf\W(t)|X}>
= /d:)sodxg Gert (5, 7', 5 20, 70, to) p(20, 203 to) (2.29)

where,

z(t)=xy¢ o' (t)==';
Qeﬁ(xf,x},t;xo,xg,to) = / Dx/ Da" exp [i(S[z] — S[2'])/A] x

(to)=m0 '(to)=w(

exp|—o¢pv |z, 2] /] (2.30)

is the effective propagator for the reduced density operator. In the second line of Eq.
(2.29) we have used the completeness property [ dz|z)(x| =1 for zo and zf, with I being
the identity operator. Furthermore, the last term on the right hand side is the Feynman-
Vernon influence functional which represents the influence of the bath. The influence phase
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¢pv |z, 2] is given by[28]

Re{(bpv[l‘,x/]} = /; dt//; dt” (l’(t/) - l’/(t/))Re{Cg(t/ — t//)}(x(t”) . I/(t//)) 7(231)
miorle. 7} = =3 [a [ (e) 2 @) - 1)) + )
-3 /t dt’ (a(t') =2/ (1)1 (#) ((to) + (1)) - (2.32)

The real part is responsible for the loss of coherence since it provides random pumping of
energy back and forth between system and bath. Additionally, the imaginary part brings
friction into the system as it provides the damping force ft’; dt"y(t — ") (2(t") + &' (t")).[28]
The last term on the right hand side in the imaginary part gives the initial slip, since it
can be added to the stochastic force in the equation of motion for the position z(t), and it
is omitted in the following.[28]

2.1.3.1 Quantum master equation

In the weak coupling limit, where the damping constant v is the smallest frequency scale
in the system, v < {kgT'/h,wo, wex }, we can then expand the influence functional up to
first order in its phase, which is proportional to v [cf. Egs. (2.31) and (2.22)]. Thus,
exp|—o¢rv[z, 2’| /h] = 1 — ¢pv|z, 2] /h,[40] and the reduced density operator reads

p(zfa x/f7 t) = /dl’odl'/o go(l'f, z;% tv Zo, l{)? tO)P(l'm l{)ﬂ tO)

1 t t
~% /t dt’ /t dt” / dzy dxy, dx da,

x Go(xy, @y, tyw, w, t') - (wp — ay) - Go(@y, Tho, s 2y, 2p, 1) X

[Re{Ce(t — )} (oor — ) = i = 2) - (e = 1) plar 2 t")
(2.33)

where Go(zy, 'y, t; o, T, to) is the free propagator for the central system, given by
Golwy, o'y, t; 20, 1, to) = Uo (2, t; 0, to) Uy (2, 15 7, o) (2.34)

with
z(t)=xy
Uo(ay, ts 70, o) — / Dar exp [iS[z] /1]

x(to ) =x0
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Above we have assumed that the path integration commutes with the integrals over ¢
and t”. Up to zeroth order in ~y, we express p(t”) in terms of p(t) as follows

p(pm, xh 1) = /dmdm’ug(xtu,t”;x,t) U (o 875 2! ) p(x, 2 t). (2.35)

Inserting this into Eq.(2.33), and differentiating with respect to ¢, one can obtain the master
equation

plg,a’st) = —i[Hg(xy,t) — Hg(as,t)] p(xy, s, 1) / dT/dLL’tH dxy, dx dx' x
to
Go( s, &'s, t; wpr, T, t = 7) - (w0 — 2) - Go(@pr, Ty, t — 750,27, 1) X

[Re{Ce(r)} - (wr — ) = iTy(7) - (v — )| pl, ! ). (2.36)

Here, we have substituted the integration variable t” by 7 = ¢t — t”. The above master
equation describes the evolution of the system state independently on its past (Makovian
characteristics), since p(t) depends only on p(t). The master equation (2.36) can be written

in a more convenient form as
(1) = = [Hs(0). p(0)] + L(D)o(0) (2.37)

1
where the first term on the right hand side represents the coherent evolution, and the second

one the influence of the bath. The latter is given by
1

L()p(t) = — [2. (QU) +iP(1)/2)p(t) — p(1) (Q(1) — iP(1)/2)], (2.38)

with the correlations functions
P(t) = /OO dry(T)US(t — 7,t) pUp(t — 7,t) and (2.39)
Q) = /000 dr Re{Ce(T) U (t — 7,t) cUp(t — T, 1). (2.40)

Furthermore, we have assumed that the integration kernel Re{C¢(¢)} and v(t) practically
vanish after a finite time 75 = A/kgT and then the upper integration limit in Eqs. (2.39)
and (2.40) are extended to infinity, therefore one can implicit consider the elapsed time t
from the preparation to be much larger than 7.

2.1.4 Master equation in the Lindblad form for harmonically
driven systems

So far, we have introduced a method for the study of the dynamics of a system weakly
coupled to a dissipative environment in the spirit of the Caidera-Leggett model.[37] Now,
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we shall focus on a specific case of time-periodic driven systems, where the evolution of the
system is split into a transient and a steady state dynamics. In the former, the system is in
an unstable state. From there, the system eventually reaches a balance between pumping
and dissipation turning the system into an steady state.

2.1.4.1 Floquet formalism

Differential equations involving operators, like Eq. (2.37), must be projected onto a de-
termined set of states for their solution. The choice of this set of states determines, in
some cases, the difficulty of the problem. In a stationary system, we might use the eigen-
states of the system Hamiltonian directly, but for harmonically driven systems we can take
the advantage of the induced periodicity and use Floquet modes. The Floquet modes are
the time-periodic analogy of the Bloch vectors in solid state physics. In the following we
introduce the Floquet formalism in quantum systems.

In harmonically driven systems, according with the Floquet theorem, the solution of the
Schrodinger equation |W(t)), (Hs(t) — ihd,)|¥(t)) = 0, can be determined by the ansatz
|Uk(t)) = exp[—iext/h]|¢gr(t)) [see Ref. 41 for a complete review on the Floquet formalism].
Where |¢(t)) is periodic in time, i.e., it is a Floquet mode obeying: |¢(t)) = |d(t + 27 /wey))-
Here ¢4, is a real parameter, being unique up to multiples of Aw.,. It is termed the Floquet
characteristic exponent or the quasienergy.[42—-44] Replacing the aforementioned ansatz into
the Schrodinger equation, one obtains the eigenvalue equation for the quasienergy ;. With
the Hermitian operator Hp, = Hg(t) — ihd,, so-called Floquet Hamiltonian, one finds that

Hpi|¢k(t)) = exlon(t))- (2.41)

The Floquet modes |¢x(t)) = explinwext]|pr(t)) = |dnk(t)), with n being an integer number,
yields the identical solution describing the same physical situation, but with a shifted
quasienergy €, — € = € + nhwey. Therefore, the index k corresponds to the whole family
of solutions indexed by k' = (k,n), n € Z. The eigenvalues {g;} hence can be mapped into
a first Brillouin zone obeying —hwe, < € < Awey.

For the Floquet Hermitian operator it is convenient to introduce the composite Hilbert
space R ® T made up of the original Hilbert space R and space T of functions which are
periodic in time with period 27 /wey.[45] The temporal part of this new Hilbert space is
spanned by the orthonormal set of Fourier vectors (n|t) = exp[—inwet], n € Z , and the
inner product in T reads as

wex

27 wex
(m,n) = / dt expl—i(n — m)wect] = Gpm. (2.42)
0

2

Thus, the eigenvectors of Hry obey the orthogonality condition in the composite Hilbert
space R ® T, i.e. ((¢w(t)|or(t))) = dxr = SkiOnm, and form a complete set in R ® T, i.e.
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Y e | Pk (1)) (Dni(t)| = Ir (Ig is the unitary matrix in the original Hilbert space R). The
Floquet modes of the same Brillouin zone form a complete set in R, i.e. >, |¢x(£)) (¢ (t)| =

Ig.

2.1.4.2 Master equation projected onto Floquet modes

Here, we shall combine the Born-Markov master equation with the Floquet formalism.[46]
We start projecting the reduced density operator onto a selected set of Floquet modes,
such that pg(t) = (ox(t)|p(t)|#i(t)), and we describe the evolution of the state by its time

derivative

u(®) = (Gult)| 75 [Hs(0). p)] + LOPOI(0) + GulDlpB]6(6) + (6ot ()
= (e 2)ould) + S {GOIEOIon )pa(t) (2:43)

For the calculation of the matrix elements of the dissipative part of the master equation
(Pr(t)|L(t)|pr(t)), we need to consider the Fourier expansion of the Floquet modes |¢x(t)) =
Y nez €Xpl—inwet]|¢)). Thus, the projection of an arbitrary operator O onto the selected
set of Floquet modes, i.e. the matrix elements Oy (t) = (¢ (t)|O|¢i(t)) may be written as

Ou(t) =Y _ e ™0y, with O = > (7'O]é]™). (2.44)

nez meZ

With this, we can calculate the projection of the correlations Eqs. (2.39) and (2.40). Thus,
the matrix elements Py (t) = (¢x(t)|P(t)|di(t)) and Qi (t) = (o (t)|Q(t)|¢i(t)) are given by

Palt) = / " dr(r) (O (¢ — 7. 8) pUlo(t — 7. D](1)) and

= /000 dr (1) exp[—i(ex, — €1)7/h) (Dr(t — 7)|p|di(t — 7))

ih
Qu(t) = /OoodTRe{Cg(T)}<¢k(t)|U§(t—ﬂt)IUo(t—T,t)I@(t»

(e, — & — id/dt) /000 drvy(7) exp[—i(e, — e)7/R)apu(t — 1) (2.45)

= /000 dr Re{C¢(7)} exp[—i(ex — )7 /hlxp(t —7) , (2.46)

where xy(t —7) = >, o, exp[—inwet|z;. Furthermore, above we have used Uy(t — 7,t) =
Yopexplieyt/hl|ok(t — 7)) (dr(t)|, and p/m = —i[Hpr, x]/h. With this, we can determine
the matrix elements for Q(t) £iP(t)/2 [cf. Eq. (2.38)],

(Q) £iP(1)/2),, = Y e Nugn 2l (2.47)

nez
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where Ny, are defined as
Nyin = N(ek, — &1 + nhwey), with N(e) = J(|e|/h)[n(le]) + O(—¢)] /R, (2.48)

in terms of the spectral density J(e/h) (= mye/h in the strict Ohmic case), the bosonic
thermal occupation number 7i(g) = (exple3] — 1)!, and the Heaviside function ©(x).

We have calculated the matrix elements of the dissipative part of the master equation,
(Pr(t)|L(t)|pr(t)), in terms of Fourier modes z}, (which depend on the central system), and
bath parameters as temperature 7' and spectral density J(w). Then, the master equation
reads[46-48]

1
pru(t) = 7 (e, — &) pa(t) Z expli(n + n)wext] - { (N + Nuv,—nt) Tiir prow (8) T

k'l mn’/

—Nivkr T e proa(t) — Niwr —r prar (8) 952/1} (2.49)

2.1.4.3 Rotating wave approximation

The coefficients of the dissipative part are periodic in time, with frequency (n+n’)we,. In the
weak coupling regime characterized by 7 < wy, and an external driving close to resonance
to the central system (|wy — wex| < wp), the dissipative effects are relevant only on a time
scale much larger than the period of the driving, due to 75 > 27 /wey.[46] Therefore one
can neglect fast oscillating terms in Eq. (2.49) by averaging over one period of the driving,
yielding the following master equation with time-independent dissipative transition rates

. 1
pra(t) = ﬁi(&c — &) pu(t) + Z Lt g pr (t) (2.50)

k'l

with

E n ..—n
‘Ckl,k’l’ = [(Nkk’,—n + Nll/,—n)zkk’xl’l

nez
_5kk’ E Nk”l’,—nIlTIZ/xZ"l
k//
_5”’ E Nl”k’,—nx];ﬁx?/k/}- (251)

l//

This approximation was introduced by Ref. 46 under the name of the moderate rotating
wave approrimation. Further approximations can be applied when we consider the regime of
weak driving strength. There, we can approximate the Floquet modes by rotated states |¢x),
|px(t)) ~ RY(t)|¢x), wherein R(t) = explia’awet]. The rotated states ;) are eigenstates
of the Hamiltonian in the full rotating wave approximation, where only propagating terms



2.1 Dissipation in quantum physics 19

are considered. We shall apply this approximation in the case of the Duffing oscillator in
the next chapter. Using this approximation we can calculate the Fourier modes x},;. Since
the position operator in the rotated frame has two Fourier modes,

2(t) = vgpplae™™> + aleet) /\/2 |

it is clear that =}, /2 zpr = an/V2 = (rlalpl) /V2 , v /v zpr = a*ri/V2 = (pilat]) /V2,
and z};, = 0 for the remaining values of the integer n. This approximation restricts the sum
on the Fourier modes in Eq. (2.51) to n = £1. On the other hand, for the Brillouin
zone chosen for the set {|¢x)} the quasienergies follow | — €| < hwey, and therefore
the dependence of the Planck numbers Ny, on Floquet modes can be neglected. Thus,
N1 = J(Wex)n(hwex) and Ny 1 & J(wex)(M(Awex) + 1). This means that for n = 1 the
transition rates (2.51) describe an absorption process of one quantum (photon/phonon)
from the bath, whereas n = —1 describe an emission process of one quantum into the bath.
In the operator notation the dissipative transition rates then turn out as

£0(t) = [7(Fisrer) + 1D[alp(t) + 7 7 (Fissex) Dl (1 (2.52)
with D[O] being the Lindblad superoperator defined as
D[O)p(t) = ([Op(t), O] + [0, p(t)OT]) /2, (2.53)

where O is an arbitrary operator of the central system. In Eq. (2.52) we have used the
definition of the spectral density for the strict Ohmic case, J(w) = myw.

In the following we shall use this simplified version of the transition rates to solve the
master equation. This form has the advantage of conserving the positivity of the density
operator. Additionally, it allows a fully analytical treatment to take into account the
influence of the thermal bath on the system.

2.1.4.4 Transient and steady state

In the operator notation the master equation Eq.(2.50) is given by p(t) = Mp(t) =
[H, p(t)]/h+ Lp(t), therein H is the Hamiltonian in the full rotating wave approximation.
The solution is given by

p(t) = exp[M - (t — to)] plt = to) . (2.54)

In principle the superoperator M projected onto the set of rotated states {|py)} is complex
and nonsymmetric, meaning it is in principle nondiagonalizable. However, there is a way
to solve the master equation using the right and left eigenoperators of M, denote as p" and
pn respectively, defined as[49]

Mp" = (T, +12,)p", puM = (T, +i2,)p,, n € N. (2.55)
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The real part of the eigenvalues are always negative numbers, I',, < 0, describing the time
scale of relaxation and decoherent processes. On the other hand, the imaginary part €,
determines the timescale of coherent processes. The eigenoperators p, and p' constitute
a set of biorthogonal operators, i.e. Tr[p,ipl] = 0;;. Therefore, we can expand the initial
state p(to) in terms of right eigenoperators, p(ty) = >,y Tr[plp(to)] ¥, and hence write
the solution (2.54) as

p(t) = Trlplp(te)] o exp[(Tk + i) - (t = to)] + p™. (2.56)

keN

Thus, the transient and the steady dynamics of the system can be determined solving (2.55).
The last term on the right hand side corresponds to the eigenoperator with eigenvalue
zero, which describes the dynamics of the system at long times. The eigenoperator p*>
is not orthogonal to its counterpart, the left eigenoperator p.,, and therefore it is given
explicitly in Eq. (2.56). To proof this, consider the conservation of the probability, that
establish >, pu(t) = 1. Thus, the sum >, pu(t) = >, Do, Muwr]per(t) = 0, meaning
> i Muwr = 0. Therefore, the superoperator M has one left eigenoperator with eigenvalue
zero, which is the unitary operator ps x = 0. In addition, all of the right eigenoperators
in Eq. (2.56) decay apart from the steady state p>°. Therefore Tr[p>] = 1, since the trace
of the density operator must be unitary any time. With this one can expect that for any
right eigenoperator Tr[p*] = 0 for k # “00”. Using again the conservation of probability,
> Muwr =0, we can calculate the trace of Pk for k # “o00”, as

(T + i) sz = Z [Z Mll,k’l’] pizl/ = 0. (2.57)
1

k'l l

This implies that either k = “c0” or Y, pk = 0.

2.2 Quantum noise

In the previous section we described the effects of the environment fluctuations in the
system dynamics by mean of the master equation formulation. Now we shall describe the
fluctuations in the system due to its interaction with a dissipative environment. We start
with a discussion of some characteristics of noise in driven quantum systems, and its relation
with correlation functions. With the regression theorem and the formalism employed in the
previous section for the solution of the master equation, we present a method to compute
correlation functions and power spectra of system operators.
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2.2.1 Noise in nonequilibrium states

Classical noise arises from fluctuations in the motion of particles and in the number of
particles within a given volume. Thermal noise and shot noise are two examples. In the
quantum regime, noise arises from the uncertainty concerning the position and momentum
of quantum mechanical objects. For example, consider the position noise of the linear
resonator considered in the previous section. The position auto-correlation function is
given by

Caa(t) = (2(D)2(0)) = 2%5pp((a’(0)a(0))e™*" + (a(0)a’(0))e~*") /2
= 2% pp(A(fiwe)e™ + [A(fiwg) + 1]e01) /2 | (2.58)

where we have considered the description of the correlation function in terms of the lad-
der operator introduced in the last section, where x(t) = zzpp(al(t) + a(t))/v/2, and
(a(0)a(0)) = (a'(0)a’(0)) = 0. The above auto-correlation function has a complex nature,
due to the commutation rule [a, a'] = 1, which is a consequence of the uncertainty principle
between position and momentum, [x,p|] = ih/2. Furthermore, it reflects the fact that the
position operator x does not commute with itself at different times.

The intensity of the noise is characterized by the spectral density or power spectrum,
and it is directly related with the auto-correlation function through the Fourier transform.
Therefore the power spectrum of the position operator z reads as[13]

See(w) = /_Oodtei“t(x(t)x(O))

[e.e]

= 72 pp(R(fwe)d(w + wo) + [i(fwy) + 1]6(w — wo)), (2.59)

where the two Dirac d-functions are localized in the negative and positive frequency re-
gion of the spectrum. The first Dirac d-function describes emission and the second one
absorption processes. They have different weights for low temperatures as a consequence of
the non-commutativity of the position operator with itself at different times. In the high-
temperature limit, the weights in Eq.(2.59) become equal and a symmetric power spectrum
results.

In driven quantum systems, since time translation symmetry is broken, the power spec-
trum is determined by the Fourier transform of the time averaged auto-correlation function.
The average is taken over the characteristic time of the system. In addition, when the driv-
ing is periodic in time, the energy scale of the system is modified and the coherent dynamics
can be described in terms of the quasi-energy spectrum. The same holds for noise proper-
ties. For instance, in a driven cavity which is modelled by a driven harmonic oscillator, the
quasienergy spectrum describes states of a particle in a harmonic potential for a positive



22 Dissipation and noise in driven quantum systems

detuning, or concave harmonic potential for a negative detuning. In the former, at very
low temperatures, the noise has only positive frequencies, that is, the system is only able to
absorb energy. For the latter case, the noise has only negative frequencies and the system
is only able to emit energy. For temperatures, where excited states are also occupied, both
positive and negative frequencies will appear in the spectrum. Thus, when the cavity inter-
acts with another quantum system by means of the photon number (parametric coupling),
the cavity can either amplify the information on the other system for a positive detuning,
or de-amplify it for a negative detuning. The equidistant structure of quasi-energy levels
in the driven cavity defines a structural noise at a single frequency only, which corresponds
to the proper frequency of the cavity detuned by the external modulation.[15]

2.2.2 The regression theorem in a non-stationary state

For stationary systems the power spectrum is just the Fourier transform of the correlation
function [cf. Egs. (2.58) and (2.59)], due to their time translational invariance property.
[13] However, in driven systems this property is missing, and the system noise varies in
time.[50, 51] By the quantum correspondence principle the above correlation function can be
defined for operators, with a non-symmetric behaviour of the power spectrum appearing due
to the noncommuting algebra for the operators. To compute this correlation function, and
higher correlation function as well, Lax [51] has proposed a method which has been called
quantum regression theorem. In the following, we shall briefly derive the Lax formula, which
describe the cross correlation function of arbitrary operators, Cap(t,7) = (A(t + 7)B(t)),
as a mean value. We start with the cross correlation function of operators A and B in the
Heisenberg picture

Cup(t,7) = Trsep [W(0)A(t + 7)B(1)]. (2.60)

where Trggp|- - - | denotes the trace over the degrees of freedom of the whole system, system
plus bath. One can reorganize the time evolution in the trace using its cyclic property,
yielding

Cap(t,7) = Trses [ ,W(t + 7)A(0)], (2.61)

where W (t + 7) = U(t + 7,t)[BO)W ()JUT(t + 7,t). There, the correlation between A
and B has the structure of a mean value with gW () in the role of an effective density
operator. This artificial density operator follows the same dynamics as W, but without
its probabilistic interpretation, i.e. Trggp[pW] # 1. Hence, it follows the von-Neumann

equation
d i

W) =S [H(t+7), sW(t+7)], (2.62)
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with the separable initial state gW(t) = B(0)W(t) ~ (B(0)p(t)) ® pg, because in the
regime of weak coupling to the bath W (t) should only show deviations of the order of the
interaction term, Hgp, from an uncorrelated state.

If we are to eliminate explicit reference to the environment in (2.61) we need to evaluate
the environment trace over gW (t + 7) to obtain the reduced operator gp(T + t), where
p(t) = B(0)p(t). Thus, following the same procedure as in Sec. 2.1.3, the virtual reduced
density operator after time 7 is given by

p(t+7)=> Tr[pfB(0)p(t)]p" exp|(Ty + i)7]. (2.63)
keN

Considering an initial time in the steady state regime, i.e., p(t) — p*°, the correlation
function reads

Cap(T) = Z Tr[pLB(O)poo]Tr[A(O)pk] exp|(Ty + Q) 7] , (2.64)
and therefore

[pf B(0)p™]Tr[A(0)p*])T
Sap(w) = Xk: 1tlp (w_pgi) erp]) iy (2.65)

The sum extends over those eigenoperators p* which belong to non-zero eigenvalues. Thereby,

we have not included the elastic peak (A)(B)d(w) which trivially comes from the stationary
state p™.



Chapter

Noise properties of the quantum Duffing
oscillator

In recent years, considerable interest has developed in driven nonlinear quantum resonators
due to the tremendous progress in fabricating and thus controlling individual macroscopic
quantum systems operating on the nanoscale. This includes superconducting Josephson
junctions [17, 52-54] in different variants and also nanomechanical devices which have
successfully been realized in the deep quantum regime only recently. [55-57] In addition,
quantum transport devices on the basis of molecular junctions have been realized where the
interplay of charge transport and vibrational properties of the molecular bridge has been
studied.[58, 59] An important aspect common to all these approaches lies in the fact that
the nonlinear response and the noise properties of single macroscopic quantum systems can
be addressed instead of measuring an ensemble of resonators where additional averaging is

intrinsically involved.

Coupling a driven quantum mechanical oscillator to environmental fluctuations allows
the resonator dynamics to reach a stationary state. In the stationary state, energy is
coherently absorbed from the pump and leaks into the environment via random dissipa-
tive transitions, which inevitably induce noise in the resonator. This occurs even at zero
temperature where only environmental zero-point quantum fluctuations (quantum noise)
exist. The quantum noise properties of a nonlinear oscillator determine many fundamental
nonequilibrium phenomena such as quantum heating [60-62] and quantum activation.[63]

In general, nonlinear oscillators are naturally used as basic elements for quantum state
detection or amplification. Examples of those are the Josephson bifurcation amplifier [17—
22] and the cavity bifurcation amplifier.[17, 23] In this context, the noise properties of the
resonator, which is used as detector or amplifier, determine the backaction of the measure-
ment or amplification on the system itself.[9, 13, 64] Clearly, it is desirable to keep the
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backaction as weak as possible, while on the other hand, a significant coupling of the am-
plification or measurement device to the system is useful in order to achieve a sufficiently
strong detection or amplification efficiency. A fundamental lower limit for the disturbance
introduced by the noisy detector into the qubit to be detected, however, will be set by
the quantum noise acting in the detector. Hence, in order to design useful concepts for
quantum state detection based on nonlinear resonators in the deep quantum regime, their
quantum noise properties have to be addressed.

The Josephson bifurcation amplifier [17-22] takes advantage of the dynamically induced
bistability due to the intrinsic nonlinearity of the resonator. The eigenstates of the qubit
whose state has to be measured are mapped onto the coexisting stable states of forced
vibrations of the resonator, which have different amplitudes and phase relations relative to
the phase set by the external drive. Hence, they allow for a large discrimination power.
Up to present, these amplifying devices mostly operate in the semiclassical regime where
many quanta in the resonator are excited. This implies that pure quantum fluctuations
are typically small on average. Nevertheless, some experiments have been realized at low
temperature where the relevant fluctuations are quantum mechanical in nature.[17, 22] The
regime of weak fluctuations has been the subject of intense theoretical investigation.|[60—
62, 64-69] It has been shown,[60-62] that a stationary distribution over the quasienergy
states of the driven oscillator at zero temperature can be reached which has the form of
an effective Boltzman distribution with an associated nonzero effective temperature even
when the statistical temperature is set to zero. Since only the zero-point fluctuations of the
vacuum are responsible for this stationary distribution, this has been denoted as quantum
heating.[62] This stationary state is reached via activation-type transitions between discrete
quasienergy states of forced vibrations which are induced by zero-temperature quantum
noise [60-62] and are therefore called quantum activation transitions.[63]

Signatures of the onset of quantum fluctuations can be seen in the relative intensities of
the lines of the resonator noise spectrum [62, 65-68] and in the appearance of a fine structure
in the spectral lines of resonators with comparatively large nonlinearities and large quality
factors.[62, 67] Most importantly, it has been shown that the spectral fine structure of the
noise power spectrum of a parametrically modulated oscillator yields detailed information
on the population of the quasienergy states of the resonator in its stationary state.[62, 67]
Since the noise power spectrum is in principle experimentally accessible, one can directly
deduce the stationary nonequilibrium occupation distribution from this measurement signal.
No other means is so far available to achieve this. Below, we also find a spectral fine
structure in the noise power spectrum of the quantum Duffing oscillator which possesses a
similar topology as the parametric oscillator.

In this chapter, we investigate the quantum noise properties of modulated nonlinear
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oscillators in the deep quantum regime. As the simplest example, we consider a monos-
table anharmonic oscillator which has a quartic nonlinearity (quantum Duffing oscillator).
Such a device can be parametrically coupled to a qubit [69] and thus, its photon noise
characteristics is of relevance when used as a parametric detector. Below, we analyse the
power spectrum of the photon number fluctuations in the quantum Duffing oscillator. In
the underdamped regime, we identify Lorentzian peaks in the power spectrum of the photon
number noise which are associated to the multiphoton transitions in the quantum Duffing
oscillator. Their intensities are determined by the stationary occupation probabilities of the
quasienergy states. The latter is directly connected to the effective quantum temperature
which can be identified in the stationary state and which is intimately connected to the
quantum squeezing of the quasienergy states. Hence, measuring the power spectrum of
the photon number fluctuations provides a direct and elegant way to determine the sta-
tionary occupation probabilities of the quasienergy states and thus the effective quantum
temperature.

A weakly nonlinear Duffing oscillator has a remarkable symmetry: its energy levels FE,
with n < N are pairwise resonant for the same driving frequency wey, Exn_pn — E, = (N —
2n)hwex. An example of the energy spectrum for the case N = 3 is sketched in Fig. 3.1(a).
After preparing the oscillator in its n-th excited state n < N, it displays periodic quantum
oscillations between the n-th and the N — n-th excited states. During these oscillations,
| N —2n| photons are being exchanged between the oscillator and the modulation field. The
oscillations of the photon number 7 are usually referred to as multiphoton Rabi oscillations.
Their characteristic frequency, the Rabi frequency €2, n, depends on the intensity of the
driving field and on the number of photons exchanged. The Rabi frequency € x for the N-
photon oscillations is the smallest Rabi frequency. The multiphoton Rabi oscillations with
N —n photons involved are underdamped if their Rabi frequency €2, x exceeds the dissipative
rate of photon leaking into the environment. The latter is the oscillator relaxation rate ~.
For v < Qp n all the Rabi oscillations are in general underdamped. The periodically driven
resonator reaches its stationary state on the time-scale y~!.

In the stationary state, quantum noise induces — even at zero temperature — fluctuations
in the photon number n. The dynamics of these fluctuations is characterized by multiphoton
oscillations which manifest themselves as peaks in the noise spectrum S(w) of 7, located at
plus/minus the Rabi frequencies €, y. In the underdamped regime, the dissipative dynam-
ics of the driven oscillator is most appropriately described in terms of random transitions
between the oscillator quasienergy states. When the driving is resonant, the pairs of oscil-
lator Fock states with n- and N —n-photons are resonantly superposed. The corresponding
oscillator quasienergy states are a symmetric and an antisymmetric superposition of the
two Fock states. Their splitting in quasienergy is given by the Rabi frequency €2, x. The
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corresponding peak in the noise spectrum at (—)$, n is due to random transitions from
the state with (highest) lowest to that with the (lowest) highest quasienergy of the doublet.
The peak intensity is proportional to the stationary occupation probability of the initial
quasienergy state. Therefore, the noise spectrum offers a convenient way to directly probe
the stationary nonthermal distribution over all the quasienergy states. Moreover, for weak
driving and exactly zero detuning from the multiphoton resonance, the noise spectrum
of the n-photon transition is symmetric, i.e., S(w) = S(—w) and two inelastic peaks are
signatures of an oscillatory decay of the fluctuations towards the stationary state. States
belonging to a multiphoton doublet then have the same stationary occupation probabilities.
For a weakly detuned modulation or a stronger driving, the spectrum becomes asymmet-
ric. Besides, an additional quasielastic peak appears at zero frequency which represents
incoherent relaxation of the fluctuations towards the stationary state. These features have
some analogy in the spectral correlation function of a (static) quantum mechanical two-
level system weakly coupled to a dissipative harmonic bath.[28] There, the spin correlation
function is a sum of three Lorentzian peaks. The two inelastic peaks are symmetrically
located at finite frequencies and their width determines the inverse of the dephasing time.
In addition, the quasielastic peak at zero frequency represents incoherent relaxation with
the inverse relaxation time given by its width. In the driven system, the appearance of a
quasielastic peak depends on the intriguing interplay between the nonlinearity, the driving
strength and the dissipation strength. The contents of this Chapter have been published
in Ref. 70.

3.1 Coherent dynamics

3.1.1 Induced multiphoton Rabi oscillations in the Duffing oscil-
lator

We consider a periodically modulated Duffing oscillator with mass m, eigenfrequency wy and
a quartic (Kerr) nonlinearity characterized by the strength «, described by the Hamiltonian
1 1,

1
H(t) = %pz + imwoxz + Zom:A‘ + Fx cos(wext). (3.1)

The modulation amplitude F' is assumed to be sufficiently small that it induces only weakly
nonlinear vibrations. This is guaranteed by the condition aA? < mw?, with A(F) being
the typical amplitude of the nonlinear vibrations. The modulation frequency we, is chosen
to be close to the oscillator eigenfrequency wp such that the detuning dw is small, i.e.,

ow < wy, 0w = Wy — Wex- (3.2)
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The theory presented here applies to hard as well as to soft nonlinearities a < 0, but for
concreteness we will focus on the case of a hard nonlinearity, a > 0.

The quantum dynamics of the weakly detuned and weakly nonlinear driven oscillator
is most conveniently described in terms of the oscillator ladder operators a and af, in a
rotating frame determined by the unitary transformation

R(t) = exp[—iwea'at] . (3.3)

In the rotating frame, the typical time scale of the resonator dynamics is given by dw™*, so
that terms oscillating with frequencies +2w., and +4w,, average out and can be neglected
in the transformed Hamiltonian R(t) H(t) RT(t) — i AR(t) RT(t). Thereby, we obtain the
RWA Hamiltonian

H=6dwn+vi(i+1)/2+ fla' +a)/2, (3.4)

where 7 = a'a is the photon number operator, v and f are the frequencies associated
with the Kerr nonlinearity and the external field amplitude at the quantum scale xzpp =
\/W, ie., v=3ar,pp/4hand f = szpp/\/?ﬁ. In order to keep the notation compact
we have set h = 1 in Eq. (3.4) and in the remainder of the paper. The oscillator quasienergies
e, and quasienergy states |1,,) are the eigenvalues and eigenvectors of the rotating wave
Hamiltonian, H|1,) = &, 1)

A key property in the dynamics of the Duffing oscillator is its nonlinearity, which gen-
erates multiphoton transitions at frequencies wey close to the fundamental frequency wy. In
order to see this, one can consider the undriven nonlinear oscillator, switching off adiabati-
cally the external modulation. There the Floquet states |1,,) become oscillator Fock states
|n), yielding the following quasienergy spectrum

en = dwn +vn(n+1)/2, for f — 0. (3.5)

Thus, in the undriven scenario the quasienergies depend linearly on external frequency
so that at some frequency values different quasienergy levels e, intercept, such as ¢, and
en_n for N > n, when the detuning follows

dw=v(N+1)/2 = dwy. (3.6)

This resonance condition sets the amount of the external frequency to be a factor of the
difference of energy levels of the nonlinear oscillator in the static frame Ey_,, — E, [cf. Fig.
3.1al,

En_n— E, ~ (N — 2n)wey. (3.7)
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Figure 3.1: Multiphoton Rabi transitions around the N = 3-photon resonance dw = dws3. In
panel (a) we depict a sketch of the driving-induced resonant 3-photon transitions (red arrows) in
the nonlinear oscillator. Likewise, the blue arrows indicate the noise-induced relaxation process.
In panel (b), we show the underlying quasienergy spectrum as a function of the external frequency
together with two zooms to the avoided crossings for the 2— and 3—photon Rabi transitions for
v = 1073wg and f = v/10. In panel (c), we schematically indicate of the coherent multiphoton
Rabi transitions (red arrow) and the dissipative transitions (blue arrows) on the quasienergy
surface which results from a semiclassical approach, see text. The upper figure shows the less
tilted case when f = v/10, while for the lower figure f = v. We emphasize that relaxational
transitions at zero temperature typically occur in both directions, i.e., downwards and upwards
along the quasienergy surface, which is in striking contrast to dissipative transitions in static
potential surfaces, where only “downward relaxation” is possible. An escape due to “upward
relaxation” is known as quantum activation [63].

For a finite driving (f # 0), the driving term [cf. Eq.(3.4)] mixes the degenerate levels,
|n) and [N — n). According to the von-Neumann-Wigner theorem (level repulsion), these
quasienergy levels will no longer cross. In other words, the degeneracy is lifted and avoided
quasienergy level crossing form, which is a signature of discrete multiple multiphoton tran-
sitions [cf. Fig. 3.1b]. There, up to leading order in the driving, the Floquet states |¢,,) for
n < N # N/2 are a resonant admixture of the pair [n) and [N — n),

() = (In) £ [N —n)) /V2. (3.8)

We choose the signs — and + for n < N/2 and N/2 < n < N, respectively. The states
|¢,) which are not involved in a multiphoton transition (n > N and n = N/2 for N even)
can be approximated as the corresponding Fock state [1,) ~ |n). Therefore, if the system
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is prepared initially in the state |n) (n < N) in the presence of a driving field at resonance
with the Nth multiphoton transition (dw = dwy), it switches continuously between the pair
of states [n) and |N —n). The time scale of these virtual processes is set by the splitting in
the corresponding avoided quasienergy level crossing, |&, — en_y|, which is different from
zero for finite driving. This energy splitting, as well called the Rabi frequency, of the
multiphoton oscillations is given by

(N —n)!/2
n1/2(N —2n —1)12°

QuN-n=len—ennl=f (f/V)N_2n_1 (3.9)
The resonant condition in Eq. (3.6) is not renormalized by a finite driving (within the RWA)
but for a comparatively larger driving f ~ v < wy, the multiphoton transitions have to be
reinterpreted as tunneling transitions between semiclassical states.

As we shall detail in Section 3.3, the multiphoton Rabi oscillations induce peaks in
the spectral densities of oscillator observables only when the Rabi frequency Qg n for the
multiphoton transition from the zero-photon ground state is larger than the noise-indcued
level broadening of the relevant quasienergy levels £y and ey. In the next section, we will
pave the wave for the calculation of the noise spectrum in this regime, by formulating
the master equation for a weakly nonlinear oscillator and by evaluating the stationary
occupation populations of the quasienergy states.

3.2 Stationary dissipative dynamics in the deep quan-
tum regime

In the presence of a weak bilinear coupling to the fluctuations of a bosonic bath, the
assumptions of small detuning and weak nonlinearity that under the RWA naturally lead
to a Liouville-von Neuman master equation in the Lindblad form, discussed in Section 2.1.4,
for the density matrix p of the weakly damped oscillator in the rotating frame.[47, 48]

3.2.1 The stationary distribution
For long times, the density matrix in the rotating frame p relaxes to a stationary state p*,
satisfying

Mp™ = 0. (3.10)

When the oscillator decay rate ~ is larger than the driving, v > f, the width of the
resonant quasienergy levels g, induced by the bath fluctuations are larger than the corre-
sponding Rabi frequency €2, ny_, of the multiphoton transitions. Then, the multiphoton
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resonances are smeared out and the coherent effects associated with multiphoton oscilla-
tions are strongly suppressed. Hence, dissipation sets a lower limit for the driving strength,
f > ~. On the other hand, for comparatively larger driving f ~ v quantum fluctuations
become small and the oscillator is latched to a classical attractor for a time much longer
than the typical time scale of relaxation, y~1. In this regime, the (quasi)stationary distri-
bution over the quasienergy states is of Boltzman type. Here, we restrict our analysis to
the deep quantum regime where the driving is larger than the damping but smaller than
the nonlinearity, v < f < v. Thereby we have implicitly assumed a comparatively large
nonlinearity v > ~.

Underdamped regime:

We start our discussion assuming that all Rabi oscillations are underdamped. Put differ-
ently, we assume that the smallest Rabi frequency )y is larger than the relevant level
width. We refer to this regime as the fully underdamped regime. In the fully under-
damped regime, the off-diagonal matrix elements of the density matrix p™ projected onto
the quasienergy basis |¢;) are negligible and we can set them to zero (secular approxima-
tion), i.e.,

o= (Wlp ) =0 for LAk (3.11)
Then, a balance equation for the stationary occupation probabilities pj° follows from Eqs.
(2.52) and (3.10) according to

Vo = Wik, =0. (3.12)
1£k

Here, W, is the transition rate from state |¢;) to state |1)y) given by

Wia =7 (1 + 1) (Welalgn) [* + allela’|e) ?) (3.13)

and 7, is the linewidth of quasienergy level ¢, 3 = >, 41 Wii. We can now formulate
more precisely the condition for underdamped Rabi oscillations of the narrowest resonance,
Qo.n > Y0

The solution for stationary occupation probabilities up to leading order in the small
parameters f/v and 7 is given in Ref. 47. The pair of multiphoton states |¢,) and |¢y_,) in
Eq. (3.8) have equal stationary occupation, pS° = p¥_,, y_,- LThe smallest pair of occupation
probabilities is pgg = pXy- The occupation probability grows algebraically as

e N—n e
Prtintl = mpnn for n < N/2 : (314>

The states |¢;) with [ > N have vanishing occupation probability, pj° = 0. The degeneracy
pe5 = Py is approximate and is lifted for higher orders in f/v.
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Quasienergy distribution close to a multiphoton resonance:

One can easily generalize the above expressions to the case where the detuning dw does
not exactly match the resonance condition, dw # dwy. Since the Rabi frequencies for the
different pairs of resonance transitions in Eq. (3.9) are exponentially different, we can choose
|0w — dwy| < 4 y_1, so that all the pairs of Fock states |n) and |[N —n) with 1 <n < N/2
are still resonantly superposed, except for

0 0 0 0
[to) = cos§|0) — sin§|N> , and |Yy) = sin§\0> + cos§|N> : (3.15)

with § = tan™'[Qo n /N (6w — dwy)]. The corresponding solution for the stationary density
matrix close to resonance is [cf. App. B|

o0 (e} (e.9] (e.9] 9
pRin = Pao tan’ Py = poV tan? 5

57
- N—-n _
Pniint1 = mpnn for 1 <n< N/2 : (316>

Partially underdamped regime

Next we consider a comparatively large relaxation rate 7, so that the narrowest Rabi reso-
nance is overdamped but the remaining resonances are still underdamped, Qp v < Ny <
1 ny—1. We refer to this regime as the partially underdamped regime. Then, incoherent
multiphoton transitions from the ground state |0) to state | N') with a small rate € /(Nv)
and the subsequent emission of excitations into the bath determines a small but finite oc-
cupation of the resonant states pi°, n > 1. Formally, the stationary distribution p> can be
obtained by setting all the off-diagonal elements of pj}; to zero except for p%, and pi} and
solving Eq. (3.10). Thereby, we find

(0p<|0) = 1, (N|p™|N) ~ Qf x/(N*7)

P =L/ (N for QF v /(NY?) > exp[—wo/(ksT)]
e N—n e
Prtint1l = mpnn for I<n< N/2 : (317>

The crossover between this solution and the fully underdamped solution Eq. (3.14) is given
in 47. Both distributions are determined by quantum fluctuations and are very different
from the Boltzman-type distribution for a driven resonator latched to a classical attractor.

3.2.2 The nonlinear response of the oscillator

In the stationary limit ¢ > v~ !, the oscillator state is described by the time-independent
density matrix p,, and the oscillator dynamics is embedded in the time-dependent frame
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of reference R(t) [cf. Eq. (3.3)]. The mean value of an observable O is

(O(t)) oo = lim (O(t)) = Tr(p™ R (t)OR(t)) . (3.18)

t—o00

In the RWA, the stationary vibrations (x(t)). are sinusoidal,

(2(t))oo = V2 azpr 8 (et + 9)[(@)cl, (@)oo = D ol (Wrlaliin) - (3.19)

It has been shown that the nonlinear response of the oscillator as a function of the driving wey
shows resonances and antiresonances in the deep quantum regime.[47, 48, 71] The response
is proportional to the transmitted amplitude in a heterodyne measurement scheme and it
has already been measured for a weakly nonlinear oscillator.[72] Here, we would only like
to remark that this kind of measurement, or any measurement which probes the stationary
mean values as opposed to correlation functions does not allow to address the different
degenerate resonances separately, and to access the stationary distribution p;° directly. In
the next section, we will show that this can be achieved by measuring the power spectrum
of the photon number noise.

3.3 Photon noise in the deep quantum regime

In this section, we are specifically interested in the noise spectrum S(w) of the autocorrelator
of the photon number 7, (n(t + 6t)n(t)). From Eq. (2.61), we find

(At + 6t)A(t))oo = Tr [ exp [ M6t]Ap™] . (3.20)

Here, M is the Liouville superoperator, defined in Eq. (2.54). Since this correlator does
not depend on the initial time ¢ as a consequence of the RWA, we can define the noise
spectrum in terms of a single average over quantum fluctuations according to

S(w) = 2Re / it e A (1)7(0)) . (3.21)

0

It is useful to separate the contributions to S(w) into those coming from the expectation
value of n, and those from its fluctuations, i.e.,

Sw) = <ﬁ>io<5<t)o)+55(w),
§S(w) 2 Re / dt e (5n(t)57(0)) oo (3.22)

Here, 0n is the operator for the photon number fluctuations, i.e., dn =n — (1) .
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Our path to compute the noise spectrum consists in three steps: i) We express the
virtual preparation np> in terms of right eigenvectors of the superoperator M. ii) We plug
the resulting decomposition into Eq. (3.20). Then, each term decays exponentially with a
different exponent which is given by the corresponding eigenvalue of M. iii) We compute
the Fourier integral in Eq. (3.21), which thereby yields a sum over (overlapping) Lorentzian
peaks.

3.3.1 Noise spectrum in the underdamped regime

When all the multiphoton Rabi oscillations are underdamped, €2y 5 > I'y, the coherences
[N —n) (¥n| and |, ) (¥ n_y| are approximate eigenvectors of the Liouvillian M. Then,

M|¢”><¢N—n| = _(Fn - iQn,N—n)|¢n><¢N_n| for n< N/Q,
MYN-n) (W] = —(Tn +iQnN-n)|¥n-n)(¥n| for n<N/2, (3.23)

with the level widths being given as I';, = v, = v(n+1/2)N +~n for n < (N —1)/2. For N
odd, I'(y—1)/2 = 7(1427) (5N +1) /8 +~n. Up to leading order in f /v, the decomposition of
the virtual preparation np> in terms of right eigenvectors of M has the simple expression

™~ (N/2) p™ = Y (N/2 =), ([Yn) (Unnl + [on ) (nl) - (3.24)

n<N/2

Clearly, each term of the above decomposition yields a Lorentzian peak in the noise spec-
trum S(w). The first term yields the contribution to S(w) from the expectation value of
f, (N/2)?6(w). The remaining terms yield inelastic peaks associated to random transi-
tions between quasienergy states belonging to the same multiphoton doublet. Since the
populations p° and pX_, v_, are approximately equal, peaks at opposite frequency have
approximately equal intensity. By putting together Eqgs. (3.20), (3.21), (3.23), and (3.24),
we find S(w) = (N/2)?6(w) + 6S(w) with

3S(w) ~ > Sulw) + Sn—n(w), (3.25)

n<N/2
O, (N/2 — n)?

Sp(w) = Sy_n(~w) = (w — QN )2 412

(3.26)

Hence, the Lorentzian peaks are centred at the multiphoton Rabi frequencies €2, y_,, and
have a resonance width of T',,. The factor (N — 2n)?/4 is the leading order expression for
the squared matrix element |(1,|7|¢y_,)|?. Remarkably, the line intensities depend only
weakly on the driving f and on the temperature through the stationary distribution p0° .

Up to leading order, the driving f enters only in the splitting of the lines through the Rabi
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Figure 3.2: Photon noise spectrum at the N = 2- and the N = 3-photon resonance are shown
in panel (a) and (b) respectively for v = 1073w, f = /10, v = Q02/10 in (a) and v = Qo 3/10
in (b). Shown are the approximate results obtained with Eq. (3.25) (dashed green lines), and
the results from a full numerical solution of the general expression for the spectrum derived in
2.2(orange solid lines). The gray lines in panel (a) mark a zoom to the subleading off-resonant

transitions.
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frequencies. Notice that Eq. (3.25) is valid only in the vicinity of a multiphoton peak since
terms of order v are not taken into account. In order to evaluate the tails of the peaks more
precisely, one has to take into account the contribution stemming from all eigenvectors of

M.

In the top and bottom panels of Fig. 3.2, we show the noise spectrum S(w) for the cases
N =2 and N = 3, respectively. The noise spectrum for N = 2 shows a pair of symmetric
peaks which correspond to the transitions |¢g) <> |1)2). Likewise, the noise spectrum for
N = 3 displays two pairs of symmetric peaks corresponding to the transitions |¢g) <> [13)
and [11) <> [102). The green dashed lines mark the results from our approximate analytical
formula in Eq. (3.25) while the yellow solid lines show the data obtained by numerically
evaluating the expression in Eq. (2.65). An excellent agreement is found.

In Fig. 3.2(a), additional smaller side peaks of the order of f/v are also visible, see the
black-dashed lines representing a ten-fold zoom. They are not associated to any resonant
transition between multiphoton states and are thus not captured by the leading order
expression given in Eq. (3.25). The particular subleading peaks in Fig. 3.2(a) belong to the
transitions |¢g) <> [1).

These features have a direct analogy in the spectral correlation function of a static quan-
tum mechanical two-level system which is weakly coupled to a dissipative harmonic bath.[28]
For a general biased two-state system with anticrossing energy levels, the pair correlation
function is a sum of three Lorentzian peaks. The two inelastic peaks are symmetrically
located at finite frequencies and their width determines the inverse of the dephasing time.
For a biased static two-level system away from resonance, an additional quasielastic peak at
zero frequency appears which represents incoherent relaxation with the inverse relaxation
time given by its width. Since we consider here the case strictly at resonance (in the RWA),

no zero-frequency peak is present.

3.3.2 Photon antibunching

In general, the photon emission characteristics of a quantum mechanical resonator can show
peculiar nonclassical features. For instance, counterintuitive correlation phenomena such
as photon antibunching can occur, where the photon number correlation function for short
delay times is smaller than the one for classical, uncorrelated photons. This implies that the
probability for photons to arrive in pairs is suppressed.[2] Our approach provides a natural
framework to investigate a possible non-Poissonian statistics of the multiphoton events in

the nonlinear resonator. Therefore, we consider the normalized photon number correlation
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function or second-order coherence function defined as|2]

S0y — Ol Talt - 7)a(D)
(at(t)a(t))oolat(t + T)a(t + 7))oo

For long delay times 7, the counts of two photons with a delay time 7 are statistically

(3.27)

independent events, g (7 — oo) = 1. For vanishing delay times, we have

()0 = (1)3, — (A)oc
()%

Photon antibunching corresponds to the case ¢ (7 = 0) < 1 [c¢f. App. A]. For the fully

02— 0) =1+ (3.28)

underdamped case, we find the expression

IN(N — 1) + 45 N1 — N, 1
N2 N

which represents the known result of the second-order correlation function of the electro-

g?(r=0) =

magnetic field [2]. Hence, the oscillator displays photon antibunching close to a multiphoton
transition. The second-order coherence of the stationary state of the quantum Duffing oscil-
lator at the N-th multiphoton resonance has the same value as the second order coherence
for an oscillator prepared in the single Fock state |N), in spite of its fluctuations over the

quasienergy states.

3.3.3 Lineshape of the noise spectrum close to a multiphoton
resonance

In presence of a small detuning from the multiphoton resonance, dw — dwy ~ oy, the
states [¢p) and [¢y) are no longer a resonant superposition of the Fock states |0) and |V).
Hence, the corresponding stationary occupation probabilities pgg and pyn, given in Eq.
(3.16), become significantly different. In turn, the pair of peaks Sy(w) and Sy (w), which are
associated to the transitions |1g) <+ [¢n), become asymmetric such that Sp(w) # Sy(—w).
This behavior is shown in shown in Fig. 3.4(a) for the case around the 3-photon resonance.
The peak lineshapes can readily been evaluated and we find

_ 2TopgeN?(sin 6 cos 0)? 20N pR Ny N?(sin 6 cos 6)?
- (W—ente)?+TE ]  (w—eot+en)2+T%

So(w) S (w) (3.30)

Their distance increases with the quasienergy splitting, ey — €9 = sgn(dw — 5wN)(Qa N T
N?|0w — dwy|?)'/?, whereas the peak width does not change close to the multiphoton res-
onance, dw — dwy ~ 2o n. The asymmetry is determined by the stationary occupation
probabilities pfg and p¥y. From Eq. (3.16), we find

Sw s b 0y :
S(—w) PN 2 len — o] = N(dw — dwy)

(3.31)



38 Noise properties of the quantum Duffing oscillator

This expression is valid for w close to the center of the largest peak, w ~ ey — €9, and
|dw — dwy | not too large such that S(+w) > ~.

In addition to the peaks at finite frequencies (which induce decaying coherent multi-
photon Rabi oscillations), also a zero frequency peak appears. This quasielastic peak is
associated to incoherent relaxational decay of the multiphoton Rabi oscillations and is also
known for the noise correlation function of a static biased quantum two level system [28].

In Fig. 3.3(b), we show the logarithm of the asymmetry ratio given in Eq. (3.31). The

asymmetry shows a clear maximum at approximately €3 — gg.

To further illustrate the asymmetry in the peak heights, we show in Fig. 3.3(c) the
peak maxima associated to the transitions |1y) — |¢3) and |i)3) — |¢). At the 3-photon
resonance (black dashed vertical line), both peaks are equal in height (symmetric noise
spectrum). Away from the resonance, the low (high) frequency branch aquires more spectral

weight for negative (positive) detuning.

3.3.4 Photon noise at zero frequency

Fluctuations of an oscillator (quasi)energy induce a broad (with width o ) zero frequency
peak in the noise spectrum of an observable whose mean value depends on the (quasi)energy
[73]. For weak driving f < v and at a resonance |dw — dwn| < Qo , the quasienergy
states of the Duffing oscillator have large fluctuations as several quasienergy states have
comparable occupation probabilities even at T = (0. However, the mean value of n becomes
independent from the quasienergy, (¢,|nl,) =~ N/2 for n < N. As a consequence, the
contribution to the noise spectrum of n coming from fluctuations §S(w) does not have a
peak at zero frequency since dS(0) o< . Close to resonance, when |[dw — dwy| ~ Qo n,
two dynamical effects compete: on one hand, the quasienergy fluctuations quickly decrease
for increasing detuning, i.e., moving away from resonance as the occupation probability of
the state [19) approaches one. On the other hand, the mean value of 7 becomes strongly
dependent on the quasienergy. As a result of this competition, the intensity of the zero
frequency noise plotted as a function of dw has two maxima at the two opposite sides of the
resonant value dwy. In Fig. 3.4, we show the zero frequency noise for the special case N = 2.
The yellow solid line represents the intensity at zero frequency computed numerically, while
the green dashed line is the leading order contribution (in f/v)

§S(w = 0) ~ sin?(26) /4y (3.32)
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Figure 3.3: (a) Asymmetric structure of the photon noise spectrum at frequency dw = dws + 9,
i.e., out of resonance for a detuning § = 1.6 x 10~*v for the same parameters used in Fig. 3.2(b)
(orange solid line). In addition, we show in the background the symmetric photon noise at the
resonant frequency dws (grey shadowed area). Moreover, we depict the inverted case 6 — —d,
which shows a symmetric behavior under the reflection w — —w (green solid line). (b) Noise
asymmetry via the logarithm of Eq. (3.31) for the same parameters as in (a). (c) Height of the
photon noise peak for the transition |1)y) — [13) (orange solid line), and |¢3) — [1)g) (green solid
line) as a function of the external frequency. The peak maximum is located at dws + 4.
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Figure 3.4: Photon noise at zero probe frequency as a function of the external frequency for
the parameter set used in Fig. 3.2(a) evaluated around the second multiphoton resonance, dw ~
—3v/2. Shown is the comparison of the approach Eq. (3.32) as a green dashed line with the
numerical simulation as an orange solid line.

3.3.5 Noise spectrum towards the semiclassical regime

Next, we investigate the noise spectrum for larger driving strengths, f < v. In order to
illustrate how the noise spectrum changes for increasing driving, we show the intensities of
the brightest peaks as a function of the driving strength for the N = 5-photon resonance in
Fig. 3.5(a). In Fig. 3.5(b), we also show the quasienergy spectrum, and the noise spectrum
for a comparatively large value of the driving amplitude f = v is shown in Fig. 3.5(c). A
peak in the noise spectrum at frequency w = ¢; — ¢ is associated to a single transition
|tr) — |¢r) and is given by

S(w) = 3° 2Ll P = ) + Ty + T)

. 3.33
(w+5l—5k)2+(7(al—ak)2+1“l+1“k)2 ( )

1k
Hence, the relative intensities of a pair of peaks at opposite frequencies is still related to the
occupation probability of the corresponding initial states via S(e;—¢e)/S(ex —€1) = prr/pu-
For weak driving, we have three pairs of approximately symmetric peaks as described
by Eq. (3.25). Each peak corresponds to a transition between two states belonging to a
multiphoton doublet of quasidegenerate states: |¢g) <> |[15), |t1) <> [14), and [1hs) <> [1)3).

For increasing driving, the spectrum becomes increasingly asymmetric. For moderate values
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Figure 3.5: (a) Height of the photon noise peaks corresponding to the transitions within the pair
|thn) <> |¥m) as a function of the driving strength f. Each pair is marked by a solid and a dashed
line in the same color. In addition, we depict the rise of the zero frequency peak (black solid
line) as the driving strength increases. The black horizontal lines indicate the expected values
of the noise level evaluated up to leading order in f/v by using Eq. (3.25). The parameters are
v = 1073wy, dw = dws. In panel (b), we show for the same parameters the quasienergy spectrum
as a function of the driving strength f. In panel (c¢), the photon noise spectrum as a function of
the probe frequency w is shown for a large driving strength f = v.

of the driving, the noise spectrum undergoes two major qualitative changes: i) the peak at
zero frequency becomes clearly visible; ii) a pair of peaks corresponding to the transitions
|t1) <> |13) acquires a significant intensity. For f = v, the peak associated with the
transition |¢)3) — |¢1) is even the second brightest peak.

These qualitative changes can be explained in terms of a semiclassical description valid
beyond the weak driving limit. The RWA Hamiltonian in Eq. (3.4) can be rewritten in terms
of rotating quadratures, and interpreted as a quasienergy surface in phase space [74, 75]. It
has the shape of a tilted Mexican hat and is sketched in Fig. 3.1(c) for two values of f. The
larger f is, the stronger is the induced tilt. The local maximum and the minimum of the
quasienergy surface are the classical attractors. In the static frame, they describe stationary
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oscillations with a small and a large amplitude, respectively. In the vicinity of the attractors
the vibration amplitude and the slow part of the oscillation phase display slow vibrations
with frequency o« dw. In absence of resonant transitions, each quasienergy state can be
associated to a quantized quasiclassical orbit which lies on the internal surface around the
local maximum, on the external surface, or along the quasienergy well around the minimum.
For very weak driving, f < v/4/2(N + 1), the quantum mechanical Fock states |n) with
n < N/2 are associated to quasiclassical trajectories on the internal surface around the local
maximum, whereas the Fock states with photon number n larger than N/2 are associated
to semiclassical orbits on the external surface. Within this representation, the multiphoton
transitions can then be reinterpreted as tunneling transitions between the internal and
the external parts of the surface [74, 75]. For comparatively larger driving, the zero-point
quasienergy associated to the slow vibrations around the minimum (o dw) becomes smaller
than the dynamical barrier height. Then, quasienergy states appear which are localized
in the quasienergy well. In turn, the noise spectrum becomes qualitatively different from
the one for weak driving. The small quantum fluctuations around the minimum of the
quasienergy surface can be described in terms of an effective auxiliary oscillator with ladder
operators b and b' and are given by [cf. App. C]

a = ay + beoshr; — bl sinh 7} . (3.34)

Here, a;, is the amplitude of the stationary oscillations rescaled by v/2xzpr [67, 68].
They can be mimicked by a local effective quantum temperature T, = (2kpIncothr;)™!
which depends on the squeezing factor r; [60, 61, 67, 68]. For f = v, the states |iq), |¢3),
and |11) can be identified with the groundstate and first two excited states of the auxiliary
oscillator (but in the remainder of this discussion we keep the same labels for the states as
in the weak driving limit). The level spacing €3 — €5 is of the order of the frequency of the
slow classical oscillations of the amplitude and slow part of the phase.

Such oscillations appear in the noise spectral density of a classical oscillator as a pair
of peaks. In a nonlinear quantum oscillator whose quasienergy levels are not equidistant
and their distance exceeds the damping strength, the classical peaks have a “quantum”
fine structure [62]. In the present case of the Duffing oscillator, the classical noise peak is
splitted into two peaks associated to the nearest neighbor transitions between the ground
state and the first excited state, and the first and the second excited state, |¢) > [13)
and |¢3) <> |11), respectively. Their peak height is proportional to the square of the
rescaled vibration amplitude a;, and to the occupation of the initial state p2°. The latter,
in particular, is governed by the quantum temperature 7,. For the ratio of the peak heights,
we find [62]



3.3 Photon noise in the deep quantum regime 43

75(63 ) ~ P ~ coth? 7} ~ £ ~ 75(61 ),

. 3.35
S(ea —e2) P Py S(es—e1) (3.35)

Next nearest neighbor transitions can also yield peaks in the noise spectra of a Duffing
oscillator [68]. In the present case, the transitions |1)9) <> |t)1) yield a pair of dimmer peaks,
however, located at frequencies outside the frequency range shown in Fig. 3.5.

In the weak damping, weak driving regime discussed so far, the quasienergy well around
the minimum is still very shallow, and the oscillator can escape from the small amplitude
attractor via tunneling. Therefore, the oscillator is not latched to any of the attractors
and the noise spectral density has also peaks which are associated to intrawell transitions.
In particular, the pair of peaks with the smallest splitting describes coherent tunneling
oscillations between the internal and the external part of the quasienergy surface (coherent
dynamical tunneling or multiphoton Rabi oscillations).

Before closing this section, we mention that for the stronger driving f = v, also a zero
frequency peak appears in the noise spectrum, see Fig. 3.5(c), although the frequency
detuning has been fixed to the 5-photon resonance dw = dws. However, as discussed above,
this resonance condition is only valid for small f < v, which is obviously not fullfilled.
So the larger driving induces an effective small detuning away from the exact avoided
quasienergy level crossing and generates an effective bias. Then, a relaxation pole appears
in the relevant self energy [28] which corresponds to a quasielastic relaxation peak at zero
frequency.

3.3.6 Dependence of the noise spectrum on damping and tem-
perature

So far, we have analyzed the case of zero temperature and small damping, n < 1 and
v < Qo n. In this section, we briefly address how the noise spectrum is modified for larger
damping and finite temperature by presenting numerical results of the spectrum in a broad
parameter range.

In Fig. 3.6(a), we show S(w) for different values of the damping for the 3—photon
resonance where dw = Jdws. As expected, the peaks in the noise spectrum get broader
for increasing damping. Outside the fully underdamped regime, the two peaks of the pair
associated with the transitions [ig) <> [1)3) start to overlap and eventually merge into a
single peak at zero frequency. Thereby, the zero frequency noise is no longer suppressed
S(w = 0) oc v, since incoherent relaxation prevails over coherent decay for large damping.
The peaks associated with the underdamped transitions [i1) <> |i)9) are still described by
Eq. (3.25), even when the spectrum has a peak at zero frequency. The decrease in the peak
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Figure 3.6: Photon noise at the 3-photon resonance, dw = dws, as a function of the probe
frequency. In panel (a), we show the behavior when going from the coherent to the incoherent
regime by increasing the damping constant from vy < Qo3 to 73 = Qo3 (at T' = 0). In panel
(b), we fix the damping constant to v = € 3/10 and show the noise temperatures increasing from
zero (T = 0) up to finite temperatures (T > wp). The remaining parameters are v = 103wy and
f=v/10.
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intensities reflects the decrease of the populations p3§ and p35 in the partially underdamped
regime.

The dependence of the noise spectrum on temperature is shown in Fig. 3.6(b) and
behaves qualitatively similarly. For small temperatures n < 1, the spectrum is described
by Eq. (3.25). The temperature dependence enters in the line widths of the quasienergy
levels as well as in the stationary distribution p)° . For larger temperatures, the two low-
frequency peaks merge into a single peak at zero frequency and the side peaks becomes
increasing broader as expected.

3.4 Conclusions

In recent years, the rich phenomenology of driven and damped nonlinear quantum oscil-
lators has been impressively consolidated, including their nonlinear response behavior in
form of resonant and antiresonant amplification, quantum coherent multiphoton Rabi oscil-
lations, quantum activation and quantum heating. Gradually, the nontrivial effects visible
in noise correlation functions have also moved to the focus of interest. Those become rel-
evant whenever a nonlinear quantum oscillator is used as a central element in an amplifier
or quantum measurement device. In this Chapter, we have analyzed the noise properties of
the quantum Duffing oscillator in the regime when only few quanta are excited. Then, the
nonlinear response shows pronounced multiphoton peaks which are associated to resonant
multiphoton Rabi oscillations. The noise properties of these multiphoton transitions show
a rich phenomenology. To obtain the noise spectrum by analytical means, we invoke the
Lax formula for the autocorrelation function of the photon number at different times and
calculate its Fourier transform. Exactly at a multiphoton resonance, the noise spectrum
consists of a collection of pairs of related resonances which are located at opposite frequen-
cies and which are equal in height. Each pair is associated to a multiphoton doublet. In
spite of large fluctuations over the oscillator quasienergy, no quasielastic peak occurs at zero
frequency. This is a consequence of a special symmetry of the quantum Duffing oscillator:
all quasienergy states which are associated to a multiphoton doublet have the same mean
value of the photon number 7.

Slightly away from a multiphoton resonance, the noise spectrum becomes asymmetric
and the two resonances are no longer equal in height. In addition, as the mean values of
n become different for quasienergy states with comparable occupations, the quasielastic
peak emerges. Since the quasienergy fluctuations are suppressed away from a multiphoton
resonance, the intensity of the quasielastic peak as a function of the detuning displays a
maximum at the two opposite sides of the resonant value dwy.

Our approach also allows us to evaluate the transition to the semiclassical regime by
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increasing the photon number by a larger driving amplitude. Then, a quasiclassical quasipo-
tential landscape in phase space is a convenient tool to understand the stationary nonequi-
librium dynamics. This view directly leads to quantum mechanical squeezed states which
exist close to the local minimum of the quasienergy landscape. A harmonic expansion al-
lows us to characterize the quantum fluctuations via an effective quantum temperature. At
larger (real) temperature and damping strengths, all these quantum coherent features are
washed out.

Although the time-resolved detection of noise properties of quantum observables of
driven resonators requires considerably more experimental effort, we are confident that
future experiments will soon elucidate the importance of quantum noise in these nonequi-
librium systems.



Chapter

Qubit state detection using the quantum
Duffing oscillator

The efficient and reliable detection of the quantum mechanical state of a nanoscale system is
a key component of all present designs of quantum circuits.[13] One nondestructive readout
scheme currently in use for the important class of superconducting flux qubits is based on
a heterodyne detection of the dynamic response of a dc superconducting quantum interfer-
ence device (de-SQUID) detector which is inductively coupled to the qubit.[76, 77] Thereby,
the de-SQUID is operated in its linear regime as a shunted variable inductor in a resonant
circuit. In this set-up, its resonance frequency depends on the magnetic flux generated by
the qubit being in the ground or excited state. Hence, measuring the impedance of the
resonant circuit as a function of an externally applied bias current yields two characteris-
tic Lorentzian resonances at two different resonance frequencies, which depend on the two
qubit states. This detection scheme, hence, allows us to infer the state of the qubit from
the resonant response of the detector in the nanocircuit. In order that a reliable discrimi-
nation of the two qubit states becomes possible in this continuous type of readout design,
the probability distributions for the readout values have to be only weakly overlapping.
Due to thermal and quantum fluctuations, the readout naturally is a random process,[77]
and the noise properties of the nanocircuit around the detector resonances determine the
discrimination power of the set-up.

An alternative readout scheme is the Josephson bifurcation amplifier.[17, 18] It is based
on a classical driven nonlinear resonator and exploits the classical bifurcation point of
the dynamically induced bistability with a small- and a large-oscillation state.[78] The
response (or output) of the nonlinear resonator around the bifurcation point is very sensitive
to small changes in the circuit parameters. This is an ideal prerequisite for a sensitive
detector. Depending on the state of the qubit to be sensed, the resonator bifurcation point
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is shifted to a different frequency, allowing for large discrimination powers between the
large- and small-oscillation detector state of up to 98%.[79] Nevertheless, since the detector
is a classical macroscopic device, it introduces considerable dephasing and relaxation to
the qubit state, yielding a reduced contrast of the qubit Rabi oscillations of less than
90%.[79] This implies that the thermal noise properties of the nonlinear detector (together
with semiclassical corrections due to quantum fluctuations) around the classical bifurcation
point determine the discrimination power between the two states close to the classical
bifurcation point.[63, 74, 80, 81] Hence, it would be desirable to combine the advantage of
a large discrimination power of a nonlinear detector with the reduced noise sensitivity of a
nanocircuit operated close to the quantum regime.

An experimental realization of a driven nonlinear resonator in its few-photon quan-
tum regime is in principle possible with present set-ups and technology. In a recent
experiment,[82] a nanoscale superconducting microwave resonator has been driven to its
nonlinear regime by fast frequency-chirped voltage pulses. At low enough temperature,
the regime of quantum noise has been reached. In this experiment, the applied driving
strength has been rather large, which corresponds to a large photon number transferred
to the resonator. No particular few-photon resonances have been revealed and the non-
linear response is similar to previous schemes on classical bifurcation detectors using a
time-dependent driving frequency.[83] However, the route to the few-photon regime seems
to be clear.

In this chapter, we introduce a combination of both strategies, bifurcation and disper-
sive readout, and propose a nonlinear detector scheme in the form of a nonlinear resonator
with an amplitude modulated drive in its few-photon deep quantum regime. In particular,
in this regime, we shall exploit sharp multiphoton resonances in the nonlinear resonator,
[47, 48, 71] which are induced by the external driving field close to the fundamental res-
onator frequency [cf. Chapter 3]. They can be used for the detection of the states of
the qubit and offer the advantage of being rather sharp and externally tunable by vary-
ing the parameters of the external drive. The concept is an extension of the case of a
linear resonator, where the fundamental resonance frequency is shifted depending on the
qubit state. However, the multiphoton resonances in the nonlinear detector close to the
detector’s fundamental frequency show very small line widths. The width of the N-photon
resonance is determined by the corresponding N-photon Rabi frequency, which decreases
with increasing photon number. The sharp resonance lines, in turn, offer the advantage
that only a few measurement cycles are necessary to ensure a large discrimination power.
To understand the back action of the nonlinear multiphoton detector on the qubit state,
we determine the relaxation rate of the qubit due to the coupling to the driven dissipa-
tive nonlinear oscillator around a multiphoton resonance. Notably, the back action of the
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resonator on the qubit is sufficiently weak, yielding to a good qubit-state measurement
fidelity. Furthermore, we show that the discrimination power of the set-up is rather large
and beyond 98% for our choice of realistic parameters of a flux qubit circuit. In fact, it
gives rise to an enhanced measurement fidelity as compared to the linear parametric os-
cillator. Furthermore, we show that the nonlinear multiphoton detector does not have a
worse measurement efficiency as compared to the linear detector scheme. We determine
the measurement efficiency of the set-up via the ratio of the time it takes to collect enough
information on the qubit state (measurement time) and the relaxation time. It turns out
that the measurement efficiency does not considerably decrease as compared to the linear
case. Hence, the detection scheme indeed has the advantage of an overall reduced back
action in combination with an enhanced discrimination power, together with a sufficiently
large measurement efficiency. The contents of this Chapter have been published in Ref. 69.

4.1 Persistent current qubit

We consider the experimental set-up used in Ref. 84 for the qubit, consisting of a supercon-
ducting loop interrupted by three Josephson junctions, two of which have equal Josephson
energies, while the coupling energy of the third is smaller, in order to yield a double-well
potential configuration. In this low-inductance circuit, the flux through the loop remains
close to the externally applied value ®.,. When the latter is close to (n + 1/2)®,, where
n € Z and P is the flux quantum, the device is described by the Hamiltonian in terms of
the Pauli matrices o, , as

Hyp=c¢€0,/2—AN0o,/2, (4.1)

with the two eigenstates |1) and |]) of o, corresponding to the two persistent current
states £1,. The minimal energy level splitting A and the current I, are determined by the
charging and Josephson energies of the Josephson junctions. The asymmetry is given by
€ = 20,(Py, — Po/2). In the energy eigenbasis, the Hamiltonian follows as

Hap = wapT=/2 (4.2)

where wq, = V€2 + A? is the proper frequency of the qubit, and 7, = o, cos§ — o, sin 6 the
corresponding Pauli matrix with tanf = A/e. The detection of the qubit state essentially
involves the measurement of the magnetic flux produced by the persistent current states.
To this end, one can use the driven SQUID as a sensitive magnetometer, [76] operating in
its nonlinear region. Below, we will restrict to the few-photon deep quantum regime.
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4.2 Driven SQUID as a nonlinear quantum detector

We consider the standard setup of a de-SQUID formed by two Josephson junctions in a
superconducting loop, but subject to a time-dependent external bias current.[17] Moreover,
we assume a negligible ring inductance Ly of the SQUID (low-inductance approximation).
[85] In this configuration, the superconducting phase differences at each junction, x; and
X2, play the role of dynamical variables with a constraint given by the flux quantization,
Le, x1 — X2 = —Psq/00 = —2TPex, Where Dy is the external magnetic flux piercing the
superconducting loop and ¢y = ®q/27. Note that within the low-inductance approximation,
Lrly. < g with the critical current I, of the SQUID. Thus, the system is described by
the generalized coordinate x4 = (x1 + X2)/2, with the effective Lagrangian [86]

Lo (X4 X1+ 1) = 05 Co X2 + Ej cos (Tpex) cos(x+) — volb(t) X+, (4.3)

where we have assumed a symmetric loop, with £; = pglj. as the Josephson energy, and
Cy as the capacitance of each junction. Moreover, we include a time-periodic ac current
I, (t) = Iy cos(wext) with frequency weyx and amplitude I injected “into” the loop. The above
Lagrangian describes an effective superconducting loop (with a negligible ring inductance)
with a single Josephson junction [77] with a tunable Josephson energy E; cos(m¢ey), critical
current I, = 2[o.| cos Tpex|, cross-junction phase difference y ., and capacitance C' = 2Cj.
In order to tune the resonance frequency, the SQUID is shunted [17] with a capacitance
Cs > (. Next, we shall establish the optimal working point of the qubit-detector system,
where the dissipative influence entering via the detector is minimal.

4.2.1 Qubit-detector interaction

The qubit and the SQUID are coupled by means of their mutual inductance M.[9, 77]
Thereby, the SQUID induces the flux M in the qubit loop, where 5 is the circulating
current in the SQUID. The latter can be determined by using current conservation in the
loop and the Josephson relations for the two junctions in the SQUID. For the symmetric
SQUID,[77] it follows that [(t) = I sin(mpe) cos(x+(t)). Thus, the total magnetic flux
in the qubit is affected by its coupling with the SQUID, and it is composed of the external
flux and the SQUID-generated contribution, i.e., ®q, — P, + MI(¢). This implies that
the energy bias of the qubit acquires a contribution that depends on the circulating current
in the SQUID, leading to the effective asymmetry e; = €(Pqp) + B(L5(t)), where B(I(t)) =
2M 1,15(t).

Therefore, two sources of noise can affect the qubit dynamics, i.e., the fluctuations
from the external flux ®4, and from the bias current I,(¢) in the SQUID,[87] which is
related to x. by the Josephson equation I,(t) = I.osin(x(t)). By tuning the bias current
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to the critical value I} characterized by (dB/dl,)r=rz = 0, the influence from current
fluctuations in the SQUID can be minimized [87] and the optimal working point is reached.
For a nonsymmetric SQUID, the lowest-order contribution is linear in I3,[86, 87] while in
the symmetric case this lowest-order contribution vanishes, which implies that around the
optimal working point the phase y is very small, xy; ~ 0. In the following, we consider a
setup close to the optimal point, where we can expand the expression for I up to second
order in x, yielding the interaction term

Hyp—sq = GX2.0, (4.4)

with the coupling constant g = 21,1 M sin(mpey).

4.2.2 SQUID modelled as a Duffing oscillator

As we operate the detector in its nonlinear regime, we expand the potential term in Eq.
(4.3) around the optimal point up to fourth order in x,

V(x+) = —Ejcos (mpe) cos(xy) = Vo + mwixt/2 — axh (4.5)

where m = @2C; is the effective mass, wy = (I./ ngC's)l/ ? the corresponding frequency,
and & = mw?/4 the strength of the nonlinearity. We switch to a description in terms
of creation and annihilation operators a and af, defined by x, = xo(a + a')/v/2 with
XzPF = \/W being the zero-point fluctuations of the phase y.. Adding the time-
dependent driving term yields us to the Hamiltonian of the driven SQUID described by the
quantum Duffing oscillator model

Hy = woa'a —v(a+a)*/12 4+ f(a + a') cos (wet) , (4.6)

with nonlinearity and driving strength given by v = 310Xy pp/4 and f = Iopoxzpr/V?2,
respectively. Similarly, the interaction Hamiltonian in terms of ladder operators reads

Hypsq = g(a + aT)20z/2 , with g = §X2ZPF (4-7)

Notice that g and v depend on the external flux .y, i.e., they are tunable in a limited regime
with respect to the desired oscillator frequency wg, where the coupling term is considered
as a perturbation to the SQUID (g < v), in order to keep the dynamics of the oscillator to
dominate. The dependence of the dimensionless ratios v/wg and g/wq is shown in Fig. 4.1.
We restrict to parameters of the external magnetic flux in the SQUID loop, which generate
a weak nonlinearity and a weak qubit-detector coupling strength, {v,¢} < wy, i.e., for
Yex ~ 0. A typical dependence of both parameters for typical experimental parameters
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Figure 4.1: Dependence of the dimensionless ratios v/wy and g/wg on the external flux ey in
the SQUID. The parameters of the SQUID are chosen as Cs = 7.65 pF, I.o = 200 nA, I, = 300
nA, and M = 40 pH. [77]

is shown in Fig. 4.1. Both cases of ¢ > v and g < v can be achieved. For our purpose
of a qubit-detector setup, the qubit-resonator coupling typically will be required as small
enough in order to ensure a minimal back action. On the other hand, the qubit-detector
coupling should be large enough so that an efficient detection of the qubit state becomes
possible. As is shown in Fig. 4.1 and will be quantitatively discussed in the sequel of this
Chapter, this can indeed be achieved for realistic parameters. Moreover, the choice of the
parameter regime also justifies us to restrict the influence of the resonator coupling on the
effective qubit bias to lowest order in x, only. Eventually, the total system is described by
the Hamiltonian H(t) = Hqp, + Hop—sq + Hsq(t)-

4.3 Coherent dynamics and rotating-wave approxima-
tion

Before we address the dynamics of the detection scheme based on the nonlinear response
of the Duffing oscillator to the applied periodic driving in the stationary regime, we discuss
the coherent dynamics generated by H(t), which is periodic in time.

Here, we are interested in exploiting few-photon transitions in the detector around the
fundamental detector frequency wy. Hence, higher harmonics have a small amplitude and
can effectively be neglected. Furthermore, we focus on the regime of weak nonlinearity,
weak driving, and weak qubit-detector coupling as characterized by {v, f,g} < wp. The
proposed mechanism of detection is most conveniently discussed in the simplest case, when
the dynamics occurs close to the fundamental oscillator resonance wex ~ wo ~ wWqp/2.
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Then, the rotating-wave approximation (RWA) can be invoked in order to obtain a simple
interpretation in terms of few-photon transitions. In passing, we note that we have also
performed a complete analysis in terms of full Floquet theory, thereby avoiding the RWA.
For all cases shown below, both approaches yield coinciding results.

We switch to the rotating reference frame by the transformation R(t) = exp{i(a'a +
T, )wext }. Then, the RWA eliminates the fast oscillating terms from the transformed Hamil-
tonian H = R(t)H (t)R'(t) — iR(t)R'(t) and the time-independent Schrédinger equation in
the rotating frame H|p,) = €4|pq) follows, with the RWA Hamiltonian given by

H = qu + qu_sq + qu , (4.8)
with

1
qu = 5 5qu7—z )

Hap—sq = gcosl alat, + % sinf (a' 7™ +a?r"),

Heq = dwala — %aTaaaT + g(a +al).
The detuning frequencies follow as dw = wy — wex and dwgp = Wqp — 2wex, and 7 = (1, &
it,)/2. The quasienergies ¢, and the RWA eigenstates |¢,) result from a straightforward
numerical diagonalization of H. In the static frame, an orthogonal (at equal times) set
{|@a(t))} of an approximate solution of the Schrodinger equation follows as

~ —i€q __—ieqlt _—1 ata Tz )Wex
|Palt)) = e gy (1)) = e~ atemH et It ), (4.9)

Here, the quasienergy states |¢q(t)) = e~i@'atmlwet|, ) are time periodic with period
27 /wex and form a complete basis that will be used below for the description of the dissipa-
tive dynamics. We note that an analytic expression for the multi-photon resonances would
follow from a Van-Vleck perturbative approach in a similar manner as for the pure quantum
Duffing oscillator.[47, 48] However, the resulting expression will be cumbersome and not
further illuminating for the present purpose. We note, furthermore, that the qubit-detector

interaction occurs via a parametric coupling g cosf a'ar,, and via a two-photon coupling
gsinf (a7~ +a®77)/2.

4.4 Detection in the few photon regime

4.5 Dissipative dynamics

The electronic nanocircuit is embedded in a dissipative environment. In particular, the
SQUID is shunted with an Ohmic resistor, which yields dissipative fluctuations &(t).[28§]
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We focus to the case of an underdamped SQUID, where the shunt resistance is large, [9, 17]
and use the standard harmonic bath in order to model the fluctuations, which are rooted in
current fluctuations and can be encoded in the Ohmic spectral density J(w) = yw.[28] They
couple to the resonator’s dipole operator, i.e., He = x4+&(t). Thus, the time evolution of
the reduced density operator p(t) is described in terms of the master equation Eq. (2.50).
We note that, in the same way, the direct coupling of the qubit to the electromagnetic
fluctuations could be included. However, we have checked [60] that for a related set-up of
a flux qubit coupled to a harmonic oscillator, such a direct dissipation of the qubit yields
only minor quantitative corrections, which should be included in a quantitative description
of an experiment,[87] but do not add qualitatively new physics.

In order to measure the dynamic response of the resonator to the external drive at
asymptotically long times, a heterodyne detection scheme such as in Ref. 72 can be used,[77]
where the coupled qubit-oscillator system approaches the steady state p>°. In this regime, we
compute the nonlinear response of the detector, characterized by the mean value (. )oo(t)
at asymptotic times (where (---)o = Tr[(---)p™]). As we restrict the discussion to the
regime close to the first harmonic (small detuning), higher harmonics can be neglected and
we immediately obtain

(Xt )oo(t) = pi7 (af, expliwext] + a exp[—iwext]) . (4.10)
kl
As the system is driven with frequency wey, (X+)oo(t) also oscillates with time. Its amplitude
is given by

A= Z pkl(alTk + Cle) . (411)

Kl
Correspondingly, we evaluate the population difference (0,)o(t) of the qubit states and
obtain

(0.)00(t) = sind Z o (111 exp[2iwext] + T, €xp[—2iwet]) + cos Z Pri T s (4.12)
kl Kl
where 77, = {(¢|7.|¢r) and 75 = (@] |¢r). The population difference oscillates, with a
maximal value given by

P, = Z prt (75, cos 0 + 7, sin §) . (4.13)
kl

4.5.1 Detector response for weak coupling to the qubit

Consider a finite coupling of the detector to the qubit whose state is to be sensed, i.e., g # 0.
The coupling inevitably induces relaxation and decoherence in the qubit, characterized by
the relaxation and dephasing rate, I' and 'y, respectively. Typically, the detector couples
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only weakly to the system, i.e., g < wq,. Then, the associated relaxation and dephasing
times (7 and T5, respectively) are still much larger than the corresponding relaxation time
scale for the detector given by 1/+. In passing, we note that the corresponding relaxation
time around a resonant multiphoton transition (in the underdamped case) has been shown
in Refs. 71,48 to be comparable to 7. Moreover, we bias the qubit with a large asymmetry,
e > A in order to “gauge” the detector response.

For a rough evaluation of the order of magnitude of the involved time scales, we may
neglect the nonlinearity of the detector (¥ = 0) for the moment and estimate the effective
relaxation rate for the qubit coupled to an Ohmically damped harmonic oscillator.[88] This
model can be mapped to a qubit coupled to a structured harmonic environment with an ef-
fective (dimensionless) coupling constant kg = 8vg?/wd. For the realistic parameters used
in Fig. 4.1 and g = 1.2 x 1073wy, we find that kg ~ 1071, giving rise to an estimated re-
laxation rate [28, 88] Tharm =~ (7/2) sin*(0) keg € ~ 1073w, (evaluated at low temperature).
Hence, this illustrates that we can easily achieve the situation where I'y,,., < v required
for this detection scheme. Then, for a waiting time (after which we start the measurement)
much longer than the relaxation time y~! of the nonlinear oscillator, but still smaller than
I'~!, the oscillator is able to reliably detect the qubit state. In fact, under these conditions,
the state of the qubit, apart from the inevitable dephasing, remains unaffected in a time
window before it reaches its global stationary state and an effective shift of the oscillator’s
eigenfrequency arises due to the parametric coupling term ~ gcosfn 7, in Eq. (4.8). Treat-
ing the qubit-detector interaction term in Eq. (4.7) perturbatively to lowest order in g, the
eigenfrequency shift follows straightforwardly as

wo = wo + g (0z) -

Thus, the nonlinear response is shifted by —g (4g¢) if the qubit is prepared in the state
(0,) = —1 ({0,) = +1). This is illustrated in Fig. 4.2, in which we show the nonlinear
response of the resonator for the uncoupled (blue dashed line) and the coupled (black solid
line) case. For a fixed value of g, the shift between the two cases of the opposite qubit
states is given by the frequency gap dwe, ~ 2 ¢g. Figure 4.3(a) shows the nonlinear response
of the detector for the two cases when the qubit is prepared in one of its eigenstates: |71)
(orange solid line) and |}) (black dashed line).

An important feature of a detection scheme is that it is efficient in discriminating the
states to be detected. This can be quantified by the discrimination power of the detector,
which can be defined for our case as|76]

D(wex)) = | Appy (wes) — Apyy (wesd)| - (4.14)

The result for D(wey) is shown in Fig. 4.3 (b). The discrimination power shows a rich
structure of local maxima and minima, which indicates that it can be tuned directly by
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Figure 4.2: Nonlinear response A of the detector as a function of the external driving frequency
wex In the presence of a finite coupling g = 0.0012wy to the qubit (black solid line). The blue
dashed line indicates the response of the isolated detector. The parameters are v = 0.01wy,
f = 0.006wy, T = 0.006wg, v = 1.6 x 1074wy, and € = 2.2wy and A = 0.05wy, in correspondence
to realistic experimental parameters [77].

tuning the driving frequency. It is moreover important to realize that the discrimination
power can be optimized by tuning ¢g. In the optimized case, a local maximum of the
multiphoton resonance for one qubit state can be made to coincide with a local minimum
of the response for the opposite qubit state yielding to a maximal discrimination power.
An example where the discrimination power has been optimized with respect to the three-
photon resonance is shown in Fig. 4.3 (b).

4.6 Backaction in the qubit

Another important prerequisite for a useful detection scheme is that the coupling of the
qubit to the detector around a multiphoton resonance does not generate a destructive back
action on the qubit dynamics. In this section, we show that the back action in this design
is surprisingly small for a realistic choice of parameters.

The back action of the detector on the qubit arises in the form of two contributions
from the coupling. First, this coupling has a parametric component H; = gcosfn,,
which commutes with the Hamiltonian. Thus, in the presence of a coupling of the oscillator
to the bath, this term only produces dephasing and no relaxation, as it is, for instance,
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Figure 4.3: (Color online) (a) Nonlinear response A of the detector coupled to the qubit prepared
in its ground state |]) (orange solid line) and in its excited state |1) (black dashed line) for the
same parameters as in Fig. 4.2. The quadratic qubit-detector coupling induces a global frequency
shift of the response by dwex = 2g. (b) Discrimination power D(wey) of the detector coupled to
the qubit for the same parameters as in (a).

required for a quantum non-demolition measurement. This part guarantees an efficient
detection of the qubit state. The second component Hy = gsinf(a'?7~ + a®>77)/2 in the
coupling term yields transitions in the qubit when two-photon processes are induced in the
detector by the external driving and/or by dissipative transition. Since, at low temperature,
dissipation is dominated by photon leaking and the driving is very weak, the decay rate
of the qubit from its excited state to its ground state accompanied by the emission of two
oscillator photons, largely exceeds the excitation rate from the ground state to the excited
state accompanied by the absorption of two photons originally coming from the bath or the
driving. On the other hand, when the effective oscillator frequency is close to a multiphoton
resonance, photon absorption in the coupled system is enhanced and thus the asymptotic
qubit population might be reduced.

Thus, for a large asymmetry €| > A, peaks and dips in the qubit population difference
P, are expected when multiphoton transitions in the detector are induced. This is what is
shown in Fig. 3.4(a), where P, is shown for several values of f. For an easier orientation,
we show in addition the corresponding stationary nonlinear response of the detector in Fig.
3.4(b). For increasing driving, the deviation from the expected value P,, = —1 becomes



58 Qubit state detection using the quantum Duffing oscillator

-0.985 —(a>' P I o o e -
i : f=10"2wy 1
2 -0.99 - ++++ =8 X 10_3000 _

-0.995

A/Xo

A R P P P
0.975 0.98 0.985 0.99 0.995
wex/ wo

=
0.97

Figure 4.4: (Color online) (a) Asymptotic population difference Py, of the qubit states, and (b)
the corresponding detector response A as a function of the external frequency wey for the same
parameters as in Fig. 4.2.

more pronounced for larger photon numbers N and larger driving f. The reason is that,
for increasing driving, a larger Rabi frequency for the corresponding transition results [cf.
Eq. (3.9)]. From Fig. 3.4, it follows that when the qubit is prepared in its ground state
[T} (we consider € > A) the back action is very small. The impact is less than 2% for the
considered realistic parameters, yielding to a readout contrast of more than 98%. This has
to be compared with presently achievable readout contrasts of less than 90%, [79] which
results from an architecture with a classical Josephson bifurcation amplifier. In passing,
we note that the detector response can also be calculated from the stationary solution of
the master equation (2.52), but for the parameters considered here (in particular because
of the large qubit bias), this coincides with the shifted one.

Moreover, we note that the components H; and H, can be tuned by € and A. There-
fore, gsinf can in principle be eliminated by setting A = 0, which would imply that the
measurement scheme keeps the state of the qubit without any relaxation but only pure
dephasing (ideal quantum nondemolition measurement). However, turning off the splitting
implies a major change in the experimental design of the sample, since this parameter is
determined by the Josephson energy in the junctions of the superconducting flux qubit and,
thus, may not be easy to be realized.

The back action of the detector on the qubit should be small not only when the qubit
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is in its ground state but also when it is in its excited state. We therefore address next the
relaxation rate of the qubit. Energy relaxation in the qubit induced by the measurement
process will be proportional to the fluctuations of the square of the phase operator y.
induced by the detector’s environment.[13, 76] This relaxation process is characterized by
the transition rate [13, 76]

[~ g sin® 0 S,z (—wqp), (4.15)

which has been computed perturbatively to lowest order in g. Here,

sabd = 5= [0 [Crenae ooy

(4.16)

is the symmetrized power spectrum of x% averaged over the period of the external driving
[cf. Sec. 2.2], with {,} indicating the anticommutator. The fact that information on
the qubit state is acquired in the detector via the same channel by which dissipation is
introduced is nicely reflected in the expression of the relaxation rate in Eq. (4.15). In Fig.
3.5(a), the relaxation rate I' is shown for a large negative asymmetry in the qubit. The
relaxation rate is strongly peaked around the multiphoton transitions. There, the noise
from the detector absorbs more energy from the qubit around the multiphoton transition
(0, N) since the parametric component #; of the coupling becomes negligible, leading to a
dominant relaxation process induced by Hs.

We emphasize that although the relaxation is maximally enhanced at a multiphoton
resonance, the absolute value of I' is still very small in comparison to the damping constant,
e.g., ['/y ~ 1075, Thus, we can infer the qubit state with sufficient precision by operating
the detector in its steady state regime as it has been assumed in Section 4.5.1.

4.7 Efficiency of the measurement

The measurement of the qubit state requires a coupling to the outer world, which clearly
introduces noise to the qubit. In turn, the noisy detector yields measurement results, which
are statistically distributed. This implies that several measurements have to be performed
to obtain a reliable statistics. Hence, the relaxation time of the qubit state should not
only exceed the typical relaxation time of the detector but also the time it takes to acquire
sufficient information to infer the qubit state (the measurement time T},..s). Hence, for a
good measurement fidelity, Ticas should be smaller than the characteristic time I'"! given
by Eq. (4.15), or, Timeas/I’ > 1.

The measurement time can be formalized [9, 13, 76] as the ratio of the symmetrized
power spectrum S, , of the phase operator x4 (evaluated at zero frequency) and the square
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of the difference between the two expectation values of x, when the qubit is in the two
opposite states, i.e., with Eq. (4.14),

St : (4.17)

Fmees = 1D (P

The result for Tieas as a function of wey is shown in Fig. 3.5 (b) for the parameter set used
above, for which the discrimination power D(wey) around the 3-photon resonance has been
maximized. In correspondence with this is the relative minimum of T,,..s around the 3-
photon resonance, see Fig. 3.5 (b). Interestingly enough, the time scale of the measurement
time around this resonance is Tieas ~ 1072 X 27 /wy. Considering realistic numbers of
a typical experimental set-up [77], where wy is in the regime of a few GHz, we obtain a
time scale of Tieas =~ 100 ps for the nonlinear quantum detection scheme. This should be
contrasted to the measurement time of T,,..s =~ 300 ns obtained in Ref. 77. In between the
multiphoton resonances, the dependence of Tj,c.s 0n wex shows a rich structure including
several singularities, which are simply due to the several crossings of the two nonlinear
response curves shown in Fig. 3.3 (a), where D(wey) becomes zero, implying insufficient
discrimination of the two qubit states.

With this, we can evaluate the measurement efficiency, defined by the ratio I'yeas/T,
with Tieas = Tipaas- This quantity sets the probability to infer the qubit state, based on the
nonlinear response of the detector. We show the result for the efficiency of the measurement
in Fig. 3.5(c). Related to the multiphoton resonances in the detector, the efficiency also
shows local maxima. For the discrimination power being optimized around the three-photon
resonance, the measurement efficiency displays a clear local maximum [cf. Fig. 3.5(c)]. Due
to the small size of the relaxation rate I' of the detector, the overall measurement efficiency
is rather large in comparison to the detection set-up with a linear resonator, [77] ensuring

1—‘meaus/r > 1.

4.8 Conclusions

To conclude, we have in this Chapter introduced a scheme for quantum state detection on
the basis of a nonlinear detector which is operated in the regime of resonant few-photon
transitions. Discrete multiphoton resonances in the detector can be used to infer the state
of the parametrically coupled qubit via a state-dependent frequency shift of the detector’s
nonlinear response function. The multiphoton resonances are well separated in the spectrum
and sharp enough to allow for a good resolution of the qubit state.

By analyzing key quantities of the detector, we have shown that the nonlinear few-
photon detector can be operated efficiently, reliably, and with sufficiently weak back action.
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Figure 4.5: (Color online) (a) Relaxation rate I' of the nonlinear quantum detector, (b) the
measurement time Tipeas, and (c) the measurement efficiency I'yeas/T" as a function of the external
frequency weyx. The parameters are the same as in Fig. 4.2.

In fact, it can be efficiently tuned by tuning the amplitude of the ac bias current of the
SQUID. Furthermore, we have shown that the sharpness of the multiphoton resonances can
be used to obtain an increased discrimination power as compared to the linear parametric
detection scheme. Clearly, the relaxation rate at a multiphoton resonance for the qubit
becomes maximal, but in general remains very small. The measurement time around a
multiphoton resonance can be tuned such that it becomes minimal. For realistic experi-
mental parameters, we find surprisingly small measurement times, allowing in principle for
fast measurements. Moreover, the efficiency of the measurement, which takes the time to
acquire enough information to infer the qubit state into account, also assumes large values,
thus allowing for a reliable and highly efficient measurement of the qubit state.

We have chosen realistic values for the involved model parameters such that an exper-
imental realization of this quantum measurement scheme should become possible in the
near future. The nonlinear detection scheme in the deep few-photon quantum regime offers
thus the advantage of an increased discrimination power of more than 98% (for our choice
of realistic parameters), as compared to previous classical detection schemes based on the
Josephson bifurcation amplifier.

A possible setup in order to realize the nonlinear few-photon detector could be the
architecture used in a recent experiment.[82] The low-temperature regime, where quantum
noise effects are important, has already been reached. In order to operate in the regime of
only few photons in the resonator, the sensitivity and stability of the devices might have
still to be further increased. However, no principle obstacles are apparent.



Chapter

Nonequilibrium quantum transport in
nanoscale systems

In Chapter 2 we introduced the model for the dissipation mechanism in the quantum
regime. We reviewed the most successful model, the system-bath-model, where the system
is bilinearly coupled to an environment composed of noninteracting harmonic oscillators
(bosonic bath). In this chapter, we shall consider the interaction of two out-of equilibrium
environments yielding a charge and thus a particle current. The nonequilibrium condition in
this context refers to either a difference between the temperatures of both environments or
a difference in their chemical potential. The former would produce a heat current whereas
the latter induces a flow of electric charges. The flowing current is the manifestation of the

total system reaching a nonthermal statistical state.

Besides currents between two environments, we are most often actually interested in
the behaviour of technical components placed in between the environments, like transis-
tors or molecular junctions. Thus, we name the two environments at different tempera-
ture/electrochemical potential in the following as leads and as central system we describe
any possible component between them.

In this chapter we consider nonequilibrium quantum transport in nanoscale systems.
We start with a brief introduction of single-electronic devices, followed by the discussion
of dimensionality of the central system. We restrict ourselves to the cases of zero and
one dimensional gases. Finally, we present a diagrammatic method for the solution of the
master equation for the reduced density operator.
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Figure 5.1: Equivalent circuit of a single-electron transistor, which can be controlled by a gate

voltage Viz and a source-drain voltage (bias voltage) V = V; — V,.. Due to the small capacitance
of the dot, the electric charge is well defined.

5.1 Single-electron devices

A single electron device is a mesoscopic structure whose transport properties are dominated
by single-electron tunneling. Owing to the similarity to real transistors, most of these
devices are called single-electron transistors. The prototype device, an equivalent circuit
is shown in Fig. 5.1, consist of a central island which is connected to two electrodes via
tunnel junctions, and a plunger gate with voltage V;. Each of the three components has a
capacitance and a voltage which controls its electrochemical potential. The capacitance in
mesoscopic structures can be sufficiently low, such that the energy to charge the device with
one electron becomes the largest energy scale, nowadays of the order of or even larger than
the room temperature. Consequently electronic transport becomes sequential, i.e. electron
are transferred across the system one by one. This is the regime of single-electron tunneling,
which is studied throughout this part of the thesis.

5.2 Electron gases in zero and one dimension

In this section we discuss possible experimental implementations of the aforementioned
devices. We restrict ourselves to only a few possible realizations, where the carriers are
confined in a potential such that their motion in two or three directions is restricted and
thus is quantized, i.e., one (carbon nanotubes) or zero (quantum dots) dimensional confined
electron gases.
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Quantum dots are small islands where the energy of the capacitive electrons is quantized
due to the small dimensions (compare to the Fermi wavelength), thus showing a discrete
spectrum. Semiconducting systems show energy quantization already at system sizes of
order 100 nm[89] which is quite large compared to metallic systems which much higher
density of states. Due to the resemblance to atoms and molecules in the level structure
quantum dots are often called artificial atoms. Just as real atoms, quantum dots can be
brought together to form artificial molecules. Double quantum dots which are connected in
series can form bonding and anti-bonding states. However, quantum dots can also be purely
Coulomb-coupled,[90] without particle exchange, allowing new applications and interesting
physics, such as charge measurements with single charge accuracy, which can be used as
read-out devices for qubits.[10] Large molecules like Cgy can be either used as a precursor
in order to synthesize quantum dots on a ruthenium surface[91] or be placed in the gap
between two electrodes, and thus play the role of quantum dots. The latter[92] can also be
realized by contacting the molecule with a scanning tunneling microscope tip from above.
A metallic layer below the substrate can act as a gate in the two electrode case, while the
control knob for a scanning tunneling microscope setup can be realized by changing the tip-
to-molecule distance, i.e., by the voltage applied to the tip’s Piezo element. Contacting a
molecule between two electrodes which are about 1 nm apart is extremely difficult. Today’s
standard approach is to form the electrode by a break-junction technique and to place the
molecules by spilling a solution with the molecules over the junction. Despite the lack of
accuracy concerning the number of molecule in the junction, the mere demonstration of
feasibility can be considered a major achievement.

Single wall carbon nanotubes (SWNT) constitute molecular wires (quasi-one dimensional
electron gas) with remarkable electronic properties and perhaps the best possibility for
studying quantum electromechanical phenomena. A carbon nanotube can be viewed as a
normal graphite sheet rolled up into a cylinder with a radius Ry < 5nm [93, 94] and a
length L more than a thousand times Ry. [see Fig. 5.2] Rigorously, a SWNT is an ideal one
dimensional system since its Fermi wavelength Ag is shorter than the longitudinal SWNT
length L. The typical wavelength of electrons in the SWNT around the Fermi level, where
the majority of the charge carriers is located, is about 0.8 nm.[95] In such low-dimensional
systems, subtle and sophisticated features appear which are deeply rooted in quantum
mechanics and tightly associated with many-body interactions.[96, 97]

5.3 Hamiltonian model

The single-electron transistor is modelled by the standard Hamiltonian H(t) = Hy(t) + Hr,
in which Hy(t) describes the decoupled system and Hr the tunneling between the leads and
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Figure 5.2: Single wall carbon nanotube of radius Ry, and length I > Ry (not shown in the
sketch).

the island. The decoupled system consists of noninteracting electrons (fermion bath) in the
left and right lead, and a system in the gap region between leads,

Ho(t) = H, + Hy(t) + H,(t), (5.1)

where H, describes the Hamiltonian for the central system, and H;/,(t) the Hamiltonian
for the left/right (I/r) lead. In addition, we consider a time-dependent bias voltage V()
between leads yielding an accumulation or depletion of charge near the barriers. The
unscreened Coulomb interaction between the net excess charge is quite strong, and hence the
bias across a tunneling structure is cause by a relatively small excess charge in accumulation
and depletion layers. The formation of these layers then causes a rigid shift of the bottom
of the conduction band deeper in the leads, which is the origin of the rigid shift of energy
levels.[98] Thus, the resulting electrostatic potential difference makes the single-particle
energies in each lead time-dependent according to

€k 1fr = €pipe = Hijr = ki (t) = €y — (), with  fie(t) = puye +eVipe(t) . (5:2)

where (1, and V; /T(t) are a static electrochemical potential and the time-dependent bias
voltage applied on the left /right lead, respectively. The bias voltages V;,(t) follow the con-
straint V() —V,.(t) = V (), where V(t) is the time-dependent drop across the central region.
Despite the time-dependent modulation in the bias voltages, the occupation of each state k
in the left /right lead remains unchanged. The occupation, for each contact, is determined
by an equilibrium distribution function established in the distant past, without considering
time dependent potentials or tunneling events between system and leads. Therefore, the
lead Hamiltonian reads

H,(t) = Z[egyp — Ip(1)] CL’pck,p , with p=1, (5.3)
k
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There CL ir (Chyk) creates (destroys) an electron in k-th state (including spin) in the
left /right lead.

Next, we assume bilinear coupling between the leads and the central system describing
the tunneling of one electron from the leads to central system and vice-versa. Thus, the
tunneling part is given by

Hr = HTJ + HT,r, with HT,l/r = Z Tk,l/r dClT»c,l/r + h.c. . (5.4)
k

Here d' (d) creates (destroys) an electron in the central region, and T}/ denotes the
tunneling matrix elements for the left /right lead.

The tunnel coupling leads to a finite lifetime 7 of the states in the central system and
therefore to an intrinsic level broadening I' = A/7. This broadening is related to the
tunnel rates 2fylj/Er(hw) = Fl/r(ﬁw)flj;r(hw) into/out-of (+/—) the central system through
the left /right barrier, obtained from simple Golden-Rule arguments, by I' = I'; + I, and
Lyyp(hw) = (27 /R) 305 | T2 [?0 (hew — €x,1r). Hereafter f), (hw) = (exp[B(hw — pyr)] + 1)_1
denotes the Fermi distribution in the left/right lead with electrochemical potential p/,,
whereas f,, (iw) =1 — f;/’r(ﬁw).

Furthermore, we assume the standard wide-band limit approximation, where the tun-
neling matrix elements are independent on the energy of states, i.e., Ty i/, — 1;/.. This
means that the density of states in the leads D(¢;/,) is approximately constant around the
respective lead Fermi energy and, therefore, the level broadening from each lead becomes
constant I'y, = (27/k)|T}/,|*D(ep).

For later purposes it is convenient to switch into a frame of reference where the tunneling
is driven by the time-dependent bias voltage. To do this, we use the transformation

Uy (t) = exp i(e/ﬁ)z¢l(t) Cch,zCk,l + (=), with ¢y.(t) :/t dsVie(s) . (5.5)

0

In this frame of reference the transformed Hamiltonian reads as:

Hy (t) = Ul (t) H (t)Uy (1) — ihiUf () Uy ().

Above, the first term rescales the creation and destruction operators in the leads,
Chi/r — Chl/r €XD [—ie bue(t)/ h], and the second term reproduces the time-dependent part
of the leads Hamiltonian, i AU (t) Uy (t) = -3 ﬁl(t)c;lck,l + (I = r)). Thus, the time
dependence is translated to the tunneling term. There one can merge the rescaling factor
of the creation and destruction operators, exp[+i(e/h)¢y,(t)] with the tunneling matrix
elements T;/, into

Tl/r(t) = Tl/r exp [_Z.e ¢l(t)/ﬁ] ) (56)

yielding time dependent tunneling matrix elements.



5.4 Real-time transport theory 67

5.4 Real-time transport theory

In this section we review a general transport theory based on a real-time diagrammatic
approach. This theory[99, 100] is closely related to the path-integral method formulated in
Chapter 2. Similarly, the basic idea is to integrate out all reservoir degrees of freedom and
thus end up with a formally exact kinetic equation for the reduced density matrix of the
central system.

In the following, we consider the system in a frame of reference transformed by Uy (t)
[cf. Eq. (5.5)], i.e., where the leads and the central are static but the tunneling matrix
elements. In analogy with the bosonic case, we assume that the initial density matrix for
the total system (leads + central system) factorizes into parts for the central system (p)
and the leads (p;/r), i.e.,

W (to) = p(to) ® pr @ py - (5.7)

The leads are treated as large equilibrium reservoirs at temperature 1" with fixed electro-
chemical potentials pi/, = —eVj/.. The electron distribution is therefore given by Fermi

functions f;/rr(w) and the density operator reads

exp=8 2y (en,ipr = pjr)eh 1h ]

with 3 =1/ksT . (5.8)
Tr [exp[—ﬁ Zk(ek,l/r - Mz/r)cz,z/r%l/r]}

Piyr =

The time evolution of the density operator W (t) in the interaction picture is given by
W) = U (t,to)W (to) U (1, 10)]" (5.9)

where U'(t,tg) = T exp[—i ®(t, to)], therein ®(t,t5) = fti dsHZL(s)/h and T is the time
ordering operator. The superscript I denotes the interaction picture.

In the superoperator notation, Eq. (5.9) can be written as W (t) = T exp[—i®(¢t, )] -
W (to), where ®(t,to) - W(to) = [®(t,t0), W(to)]. Thus, the density operator at an arbitrary
time W1(t) can be written as a deviation of the initial preparation in a transcendental
equation, i.e. WI(t) = W (ty) — i®(t,t) - W(¢). This structure allows to expand the time
evolution of the density operator W in orders in the tunneling coupling. Furthermore, we
can write the reduced density operator, after tracing over the degrees of freedom of the

leads, as
t

p'(t) = Tuy W (t)] = plto) + %/ dtyTry  [HE (), W (t)] (5.10)

to
where Tr; , denotes the trace over the degrees of freedom of the right and left lead. Differ-
entiating with respect to ¢, we obtain the master equation for the reduced density operator,

00 = = [ ey T () ()W (0] (5.11)

to
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where, for simplicity, we have eliminated the term (1/if) Ty, [[HE(t), W!(t)]] with the
assumption Trl,T[H%(t)pl ® pr] = 0. This is equivalent to consider p; ® p, diagonal in
energy basis, in other words, it is equivalent to the assumption that the leads are at their
respective equilibrium.

We have stated that W/ factorizes at t = t,. At later times correlations between leads
and the central system may arise due to the tunneling term Hp. However, for a very weak
coupling, at all times W (t) should only show deviations of order Hy from an uncorrelated
state. Thereby, taking into account that the leads are considered as very large whose state
should be virtually unaffected, we can estimate the total state as

Wit)=p'(t) @ g @ pr + O(Hy) . (5.12)

We now make our first major approximation, a Born approximation by neglecting terms
higher than second order in Hp in (5.11). Thus, making an iterating procedure plugging
Egs. (5.10) and (5.12) into the equation of motion Eq. (5.11), we can determine the effects
of the leads on the central system in many orders in the tunneling term HZ1(t). In doing
so, we can write down the master equation as

t
Colt) = [Hep(0)] + / a1 1) - plh) (5.13)
In order to describe the coherent dynamics separately from the dissipative one we have
switched to the Schodinger picture. Thus, the first term on the right hand side governs
the dynamics of the close central system, whereas the second term encloses all the effects
of the fermionic bath covered by ¥(¢,t1), i.e., self-energies which are induced by the leads
in arbitrary orders in the tunneling. In the diagrammatic expansion of Eq. (5.13), the self
energy Y(t,t1) encloses only irreducible terms.

The dissipative part of the master equation (5.13) depends on the evolution of p(t) from
the initial time ¢y to the evaluation time ¢, including memory effects in the dynamics. In
the weak level broadening limit, we can invoke the Markovian approximation neglecting the
memory effects (replacing p(t1) by p(t) in the second term on the right hand side in Eq.
(5.13)), yielding a deterministic equation of motion for p(t), a Markov master equation, as

Loty = - [He.pft)] + ( / dtlza,tl)) o) (5.14)

to
In order to calculate the self-energies ¥(¢,¢1), the trace over the degrees of freedom of
the leads has to be performed. Here, the corresponding sum over the leads’ states can be
replaced by integrals over the energy spectrum using the density of states in the leads D(e) in
the wide-band-limit, i.e., >, — fj;o der)yD(eryr) =~ Der) f_Jr;o deyy,. For the calculation of
the resulting integrals, introducing diagrams on the Keldysh contour simplifies the notation.
We refer to Refs. 99 and 100 for a detailed description.



5.4 Real-time transport theory 69

5.4.1 Calculation of the self energy X to first order in I

The lowest order term of the expansion in the self-energies corresponds to the first iteration
of Egs. (5.12), (5.10), and (5.11). The diagrams represent the evolution of the system
in real time. The lowest order diagrams carry a factor |7;/,|*> due to the conservation of
the number of particles. Since the integrations associated with a Feynman diagram run
only over the loop energy, it is convenient to introduce a reduced diagram which represents
precisely the loop integrations by removing all external lines. In addition, they are the
smallest nontrivial Feynman diagrams which form the basic building blocks of all diagrams.
To calculate these irreducible diagrams, it is convenient to split the tunneling term Hr into
two parts, describing the creation (+) and destruction (—) of an electron in the central
system,

HA(t) = Hf (1) + Hr (1) (5.15)

where H (t) = [H}(t)]T, and

HY(t) = Hf,(t) + Hi (1), with  HJ (1) = Zfl/r(t) d'(t) ep e (t) - (5.16)

In order to simplify the notation we omit the superscript for the interaction picture for
creation and annihilation operators. It is implicitly assumed unless stated otherwise.

The lowest order of the expansion of ¥ can be written as

[ sy -o0 = 5000

to
1 _ _
= T [ dn (HFOH; () 50, + (OB )6 1),
+ (o' (O HF () Hp (1), + (o () Hp (0) HE (1)),
= (Hi (0)p" () Hp (1)), + (Hp (0" (1) Hi (1)),
= (Hy ()" (0) Hy (1)), + (Hyp ()" (O HE (1)),,)
(5.17)
where (- ), = Try . [(-- - )t @ pr], K denotes the closed Keldysh contour which runs from
to to t on the real axis and then back again from ¢ to ¢y, and Tx the corresponding time
ordering operator on the Keldysh contour.
In the next chapter we shall stick to the lowest order only. This gives insight into the

sequential tunneling regime, when the time an electron spends on the central system is
much larger than all coherence times.
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5.4.2 Extension to the harmonically driven case

Since the influence of the driving field in the dynamics of the leads corresponds to a
shift in their energy levels, i.e., €y, — €gi/r — €Vyyr(t), for a harmonic driving V/,(t) =
+V5/2 cos(wext), the corresponding lead eigenstates evolve as[101-104]

ey
Vi '
= Z I (6 l/ )exp [—%(Ek7l/r+mﬁwex)t} |kl/r> . (5.18)

m=—0oQ

{ Vi .
\kip(t)) = exp |:_ﬁ€k,l/rt+l i sm(wext)] /)

Therefore, each state in the left /right lead contains sidebands whose energies are shifted by
multiplies of fiwe. Above, Vi), = V/.(t = 0) and J,,,(z) are the ordinary Bessel functions
of the first kind.

In the stationary case, the electron tunnels from the state |k;/) on left(right) lead into
the state |k, ;) on the right(left) one through the quantum dot. In the wide band limit,
the tunneling matrix elements do not depend on the state of the leads. However, in the
driven case, the sidebands of |k;/,(t)) are involved in the tunneling process and sideband
dependent tunneling matrix elements arise[101] according to

Vir
T[;;(t) =T1/rIm (jiwl/ ) explimweyt]| . (5.19)

This expression is directly derived from Eq. (5. 6) where in the case of harmonic driving
the accumulated phase by the drlvmg field, ¢, /T fo ds'V, /T s), can be expanded in
terms of the Bessel functions. Thus, 7 () =2, /T,( ). We have assumed without loss
of generality o = 0 in the calculation of the accumulated phase ¢, ().

Therefore, taking into account the contribution of the sidebands in the tunneling process,
the first integral on the right hand side in Eq. (5.17),

1 1
_ETK/dtK Tl/r HTl/r ty) p >lr - _ETK/dtlle/r Tz/r tl)}

kk’
XdT tl <Ckl/r Cr.l/r tl >l/r
(5.20)

projected onto the eigenstates of the system Hamiltonian |x), H.|x) = €,|x) (&, is the
corresponding eigenenergy), yields
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+oo
1 1 1 { 1M Wex .
ié [Zl(/v)ﬂ(t)}ié = Z i; [Zl(/q)gm(wex)}zée ¢ ) with (521)
x1 [y (1) X1 ALy — Y11 X}
X2 [El/r,m(wex)}xg - Tor Z X2 hl/nk,m(wex)} Xy
x1 [~ (1) X1 X1 [m X' o fl77,(€)
X2 hl/"’kvm(%xﬂx’z o Z,x’l [7; (WOXﬂx' 5X2X2 nli%i de i(exf — exg) +i(e — kwe) + 1’

X
and {} [ﬁm(wex)]zi = Jiim (eVl/T/thX) gy, (e‘/}/r/ﬁwex) (X 1dIx1) {xz2|d|xh). The states in
the tunneling tensor X} [ﬁm(wex)]zi are linked by a forward propagation y; — X} and
backward propagation ys < x5 on the Keldysh contour. The superscript in (5.21) stands
for the ordering in the diagrams, it is not related with the order of the perturbation theory.

For periodic voltages it is more convenient to study the kinetic equation and the tun-
neling current in Fourier-Laplace space. Therefore, in the following, we shall set up the
diagrammatic rules to calculate directly the Fourier-Laplace transformation of the rates.
The Fourier-Laplace transformation for Eq. (5.21) is given by

27 [ Wex 00
alsl)l ) = 2= Mt [ dremimateion (20t t — )] (5.22)
x2 L=l /rm Xh o 0 0 x2 [“1r\b X .

fLFl/T = 1 / .
= S 2 Bhin @y, with

k=—o0
x1 [~ Xi X1 [m X , i, (€)
X2 hl/rvkvm(zﬂx’z B in T (We")}x’ Oxa /d6 i(ey — €xy) i€+ 2 —hwex)

X

The relevant rules[99, 100] in energy space for the auxiliary rates 7/, n are:

(D Draw all topologically different diagrams with fixed ordering of the vertices along real
axis, i.e., irrespective on which branch they are in the Keldysh contour. The vertices
are connected by tunneling lines. Assign a lead index (I/r) and the mode of the
corresponding sideband to each tunneling line. The external vertices are connected
by virtual lines with energies mwey.

@ For each vertical cut between vertex ¢ — 1 and vertex i we obtain a resolvent 1/(x; +
liwex + z), wherein z; is the difference of the leftgoing minus the rightgoing energies
(including the energies of sidebands of the left /right lead, and dot lines), and I; is the
sum over all Fourier indices of left /right lead lines which are cut by the vertical line
or lie right of it.
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: (@) (k)l/r
+ hI } :
(1) VXD l/r
Xa [Zl/r,m(z = i0 )}x; = Ton L (k+m)yy
kj:—OO X2 | X,2

Figure 5.3: First order diagram for tunneling between the central system and driven leads. The
subscript 1 (2) in the states x denotes the upper (lower) branch of the contour. At the reservoir
line we have indicated which sideband of the reservoir state is involved. In the tunneling event
holes are symbolized by open circles and electrons/particles by full circles.

® Each vertex containing a central system operator O gives rise to matrix elements
k s), where |¢r/,) is the state of the central system leaving/entering the vertex
0|0\ h ®r/s) is the state of th tral system leavi tering th t
on the Keldysh contour.

@ Each directed tunneling line from the left /right lead gives rise to a factor
(= 1) 25" (@ex) Tietm (€Vir/Tiwes) Ji (€Vigr/Fieves)

if it is going forward /backward (+/—) with respect to the closed time path. Here v is
the number of electron operators (due to external vertices) on the part of the Keldysh
contour from t' to t. The function vlj;;,m(wex) is given by

Vi (Wex) = fi5 (B + miiweg) Ty /27

(® Each diagram carries a prefactor (—i)"(—1)¢, wherein n is the total number of internal
vertices and ¢ the number of crossings of tunneling lines. There may be another minus
sign appearing due to the order of fermionic operators in (¢x|O|ds).

® Integrate over the energies of the tunneling lines and sum over the leads state and
spin indices (if relevant).

In the sequential tunneling regime, where the time an electron spends on the central
system is much larger than all coherence times, and under the resonance condition |wy —
Wex| € wp, the transport effects are relevant only on a time scale much larger than the period
of the driving, i.e., I' < Awe,. Therefore, we can invoke the high frequency approximation, as
in Sec. 2.1.4.3, averaging over one period of the driving. Up to the first Fourier component
in Eq. (5.21) this yields

l

, 71 A ,
1 X l 1 . X .
e [Zl(/z(t)}xé ~ o Z a [%(/27,670(2 = ZO+)]X; . with

i; [71(/17)»,1@70(2 = ZO+>K; = Z i’i [TIS(WOX)] i’ 5xzx’2(_i) I;z/r(exz — €y, (5.23)

X/
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where
T = miofi (0% 5 [v (54 gote—mn ) + v (5 - ote—mn) | £
In {52‘;] with o=+, — . (5.24)

Above, the cut-off frequency w, is considered very large compared to the characteristic fre-
quency of the system. The details of the relationship between the integral in Eq. (5.21) and
the digamma function ¢ (z) are presented in App. D together with the results for the other
self-energies in a diagrammatic representation. In Fig. 5.3 we show the diagrammatic rep-
resentation of the rate X2 [El( /2( =0~ )} 2 in the energy space, following the aforementioned
rules.

We can see that, under the high frequency approximation, the dynamics of the reduced
density operator is determined by time-independent rates, since one time can be fixed at
zero and the Laplace transformation becomes v/, 1, = lim,_o fi)oo dt', /r,k,m(inv t'). Thus,
we can replace the kernel by the self-energy calculated in energy space. In order to solve
the Markov master equation we are left with the eigenvalue problem

L-p(t) = |H/ih+ 7171_>n% Y(z= zn)} p(t)=pt), with H.-p(t) = [H.p(t)] , (5.25)
where

p(t) = €“'p(0) =) Tr[pl - p(0)] " p* (5.26)

with £ - p* = I'yp*, and py - £ = Typp. Therein, p* (pg) are the right (left) eigenoperators
of £ with eigenvalue I'y,. They have been introduced in Chapter 2. The time derivative in
Eq. (5.26) vanishes when the steady state is reached and the state is determined by the
right eigenoperator p* = p™ with the eigenvalue I'yy = 0.

5.4.3 Current
We now use this description to derive an expression for the current flowing out of the
right /left lead. By definition, the current is given by the time derivative of the particle
number Ny, =, CL L Chd /s i.e., by
e
Ly, (t) = —6— (Niye(t > = —iz ([H(#), Nyr (0)])

- (< Tl/T’ HTl/r(t)>> . (5.27)
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(a) o (k)i o (k)17
Lo = —i(e/h) EX:];OO( (ﬁ/r X — o >X )
(0) o (k)i/x o (k+ 1),

L1 =—1(e/h) ZX:;W( ) (kil)l/jx N (k‘)l/?”—>x )

Figure 5.4: Diagrams describing (a) the components of the stationary current [;/, o, and (b) the
components of the alternating current [;/, +;. The internal vertices are not shown.

In leading order of I', the current is determined by the components of the self energy, 21( In 8),
which describe tunneling processes between leads [cf. App. D] as

Ly(t) = > Ljpme™ " with (5.28)
.€ 8 6 7
Iy = =15 (S (o) + B0 () = 247 (0e) = ] (wr))

We symmetrize with respect to the leads, such that we compute the current I(t) = [;(t) —
I.(t). Note however that we are mainly interested in the stationary and the alternating
current, Iy = Ig — Lo and Lc(t) =, o (Lm — Lpm)e™ =" respectively, with

Iy = =iz (e = i07) + 50 (z = i0%) = 2{7) (2 = i0%) = 5], (= i07))
where (...)s = Tr[...p%].

The stationary and alternating currents describe different tunneling processes, which
are explained as follows. We denote by P, the process of tunneling of an electron from
the n-th sideband on the lead into the system, accompanied by the corresponding tunneling
of a hole from the system into the n'-th sideband on the lead. The current I;/, describing
the transport of an electron from the lead into the system, subtracting the transport of the
corresponding hole which is created in the lead, without asking whether the electron has
started and the hole has finished (n/n’-th sideband respectively), is given by the sum over
all the currents corresponding to each process P/, {n,n'} € Z. The current corresponding
to all P,, such that n —n’ = m is fixed, defines the harmonic component I; /rm- The
stationary current is the special case n = n/. This component describes the creation of
a particle (filled circle in Fig. 5.4(a)) in the central system and a hole (open circle in
Fig. 5.4(a)) in the left/right lead conserving the sideband energy. On the other hand,
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this conservation is not fulfilled for the alternating current (n # n’). The diagrams which
represent the alternating current for the combination n —n’ = £1 are shown in Fig. 5.4(b).

5.5 Driven transport through a single level quantum
dot

As an example, we consider the special case of a quantum dot with one single-particle state
coupled to conducting leads. The Hamiltonian is given by

H(t) = Eqd'd + Hr + Hy(t) + H,(t), (5.29)

where Ej is the energy of the single level in the quantum dot, with df and d as the creation
and annihilation operator for electrons on the dot. Hp describes the standard bilinear
coupling between the leads and the quantum dot given by Eq. (5.4), and H;/,(t) is the
Hamiltonian of the leads driven by an ac-voltage [cf. Eq. (5.3)]. Under the transformation
(5.5), the system is described by static leads and tunneling matrix elements involving the
phase accumulated by the time-dependent bias voltage ¢/, (t) = fti dsVy(s) [cf. Eq. (5.6)].

The nonequilibrium problem treated in this section has been solved exactly by many au-
thors using the Landauer-Biittiker formalism,[105-107] Keldysh formalism,[108-111] equa-
tion of motion methods,[112] and Golden-Rule approach with Lorentzian broadening of the
energy conservation.[113] Here, we shall rederive the solution by solving the rate equation
(5.26).

We denote the empty and singly occupied state by |0) and |1), respectively. The tun-
neling tensor is given by 1T = (XA ldIxa) (xaldT|x5) = Oy,10x0,10x1 00x,,0 and, therefore,

X2~ X5
the nonvanishing tensor elements of the rates are

1:21(?370:2 - Zﬁg—;/ § I <%)2I;J/T(Ed+mhwex) (5.30)
821(?7)”01 - _i% if_i I <§’L‘w/l::>21:l/r(Ed—mﬁwex) (5.31)
s = e S (M) e G
[y = 5 8 () Tt G

Plugging these rates into Eq. (5.28), and taking into account that (X1|peo|X2) = dyixa/2:
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Figure 5.5: (a) Stationary current as a function of the inverse external frequency, with two zooms
to the dips in the current for wex = E4/2 and E;/3. Here the energy is measured from the right
lead electrochemical potential u, and A and e are set to 1. The parameters used in this simulation
are: V=V, =Vy/2 =0.2Ey, iy = 10Ey, kT =5 x1073Ey, and I, =T, =T = 5 x 1072E;. The
insets depict the value for the current Jy [Eq. (5.35)], blue dashed line. It is in good agreement
with numerical result for the the stationary current at wexy = Ey4. In panel (b), we depict a sketch
of the system, a quantum dot coupled to conducting leads, and the sidebands of |k/.) including the
state at resonance with the single level in the quantum dot. The widths of the sketched sidebands
indicate their weights given by the m-th Bessel function.
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we get to a simple expression for the stationary current

. 1—Wl/v" < e‘/l/r 2 _
Ist = [l — Ir, Wlth Il/r =€ 5 m;w Jm (Wex fl/r(Ed + mﬁwex) . (534)

We see that the quantum transport mechanism for nonequilibrium states in the leads
involves all the sidebands of the state |] /T,) at resonance with the single level in the quantum
dot. Setting up p; > E4 > ., and considering a weak modulation in the bias voltage
eVy < hwy, the current flowing out of the left lead is mainly described by the first sideband,
ie. [} = TyJo(eVi/fiwe)?/2 ~ T1/2 [m = 0 term in Eq. (5.34)]. For the current from the
right lead, only sidebands with energies below the Fermi level play a role in the transport,
i.e. the sidebands with modes m where f,.(E; — mhwe) # 0. When the external frequency
matches the resonance condition we, = (Fgq — ) /Nh = wy, N = 1,2,3, ..., the energy of
the N-th sideband is on the top of the Fermi sea of the right lead and the current is mainly
generated by the sideband and I, = T',.J_n(eV,/hwy)?/4 [see the sketch in Fig. 5.5(b)].
Thus, we can estimate the stationary current at we, = wy as

r, T, eVo \°
Ist ~ 65 — ezj_N <2ﬁwex> = [N . (535)

Out of resonance, only higher orders in the sidebands’ distribution of the state |k.(¢))
are relevant in the tunneling process of electrons from/into the right lead, thus producing
a significant decrease in the current 7. In Fig. 5.5(a) we show the current as a function of
the inverse of the external frequency. We observe dips in the current corresponding to the
process described above.



Chapter

Signatures of nonlinearity in driven
nanomechanical quantum transport

Fascinating progress has been achieved in downsizing artificially made condensed-matter de-
vices and micromechanical systems are today evolving into nanoelectrcomechanical systems
(NEMS).[5-8] Thereby, the fundamental physical limits set by the laws of quantum me-
chanics are rapidly approached. The ultimate potential for nanoelectromechanical devices
is governed by the ability to detect NEMS motional response to various external stimuli.
To realize them in form of transversely vibrating beams, lithographically patterned dou-
bly clamped suspended beams [24, 25, 114-122] are also designed. Also suspended doubly
clamped carbon nanotubes display mechanical vibrations [123, 124]. Beyond applications as
electrometers,[114, 115, 117] for detecting ultrasmall forces and displacements,[24, 25] radio-
frequency signal processing,[116] as chemical sensors,[125, 126] as ultrasmall devices used
for signal amplification,[127, 128] or for spin detection purpose, [129] the nanomechanical
devices also allow to investigate fundamental physical phenomena, see, for instance, Refs.
96 and 97.

In particular, due to their small size, the crossover from the classical to the quantum
regime is of interest, where quantum fluctuations in the transverse direction may drasti-
cally influence the dynamics.[130-132] The quantum behaviour arises due to a macroscopic
number of particles whose coherence is disturbed by the interaction with the environment
causing damping and decoherence. Important key experiments on the way to this goal have
already been reported in literature.[7, 8, 24-27, 97, 114-124, 133-135]

Most techniques to reveal the quantum behaviour so far address the linear response
in form of the amplitude of the transverse vibrations of the nanobeam around its eigen-
frequency. The goal is to excite only a few energy quanta in a resonator held at low
temperature. To measure the response, the ultimate goal of the experiments is to increase
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the resolution of the position measurement to the quantum limit.[24-27] As the response of
a damped linear quantum oscillator has the same simple Lorentzian shape as its classical
counterpart,[28] a unique identification of the “quantumness” of a nanoresonator in the
linear regime can sometimes be difficult.

As transport setups in experimental physics have the advantage that the current-voltage
characteristics is rather easily accessible, it is an interesting question to search for nonlinear
molecular features here. An important aspect of quantum transport through molecules con-
cerns vibrational effects,[136-140] e.g., phonon-assisted transport or nonlinear vibrations.
Several works on this topic have appeared in literature. For a comprehensive review of
vibrational effects in molecular transport, see Ref. 139. Cizek, Thoss, and Domcke [141]
treat the inelastic regime by an electron-molecule scattering theory. Vibrational effects
in molecular transistors have also been investigated in a series of papers by the group of
Flensberg,[142-145] primarily within the sequential tunneling picture. In Ref. 142, a vi-
brational mode has been investigated under the assumption of a strong electron-phonon
coupling, and rather strong tunneling broadening of the vibrational sidebands has been
found. Subsequent work [143] included additional damping of the vibrational mode. The
vibrational mode associated with the center-of-mass motion of the molecule was found to
couple strongly to the environment and is thus exposed to an effective damping mechanism.
In Ref. 144, electrostatic aspects were clarified. Finally, in Ref. 145, the Josephson cur-
rent through a single level between two superconducting leads with a bosonic environment
has been calculated for very weak transmission. A suppression of the supercurrent due to
the combined effects of the Coulomb interaction and the environmental fluctuations was
reported.

Current-induced nonequilibrium vibrations in single-molecule devices have been inves-
tigated in Ref. 146, again in the incoherent regime. The role of light-induced effects on
electronic transport has been studied by Hénggi and coworkers.[101] Based on an extension
to nonequilibrium situations, semiclassical expansions about the mean-field solutions for
the equilibrium case have been used to study transport through a resonant level strongly
coupled to a local phonon under nonequilibrium conditions (nonequilibrium local polaron
problem).[147] Recently, normal [148] and superconducting [149] transport through a vibrat-
ing molecule have already been studied by Keldysh Green’s function schemes perturbative
in the electron-phonon coupling. Nonequilibrium phonon dynamics in nanobeams and the
related phonon-assisted losses have been investigated in Ref. 150.

In this Chapter we address the problem of detecting quantum coherent multiphonon
transitions through current characteristics. We consider a nanobeam in its nonlinear regime
clamped to two conducting leads [cf. Fig. 6.1]. For an ac bias voltage applied in the leads,

the current mimics a harmonic driving in the nonlinear deflection of the nanobeam, in-
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ducing coherent multiphonon transitions. Besides, the electronic states in the leads are
split into sidebands defining several tunneling paths for an electron from the left(right) to
the right(left) lead. The alternating current requires a difference between the mode of the
sidebands involved in the tunneling processes of an electron from/into the left(right) lead.
Therefore, the excitation of the mechanical motion of the nanobeam, due to this tunnel-
ing process, suppresses the alternating current. Thus, the current exhibits antiresonance

behaviour as a consequence of multiphonon transitions in the nanobeam.

6.1 Hamiltonian model

We consider a free hanging nanobeam of length [ doubly clamped to two externally driven
metallic leads. The leads are at different electrochemical potentials inducing a charge
current through the nanobeam. In order to couple the mechanical motion with the electronic
transport, a magnetic as well as an electric field are applied. In addition, we allow for a
mechanical force F' > 0 to compress the beam in longitudinal direction [see Fig. 6.1(a)].
Here, for simplicity we assume a sufficiently strong magnetic field in order to consider
spinless dynamics only.

The Hamiltonian model is given by
H(t)=H.+H,+ H/(t)+ H,(t)+ Hr , (6.1)

where H. is the Hamiltonian of the electron dynamics in the beam, and H,, describes
the mechanical part, Hj/ is the Hamiltonian of the left/right lead [see Eq. (5.3)], and
Hp = Hrp,+ Hr, describes the electron tunneling between the leads and the beam from/into
the left (Hp,;) and right (Hr,) lead [see Eq. (5.4)]. The electromechanical coupling is not
written explicitly in Eq. (6.1). Below, in the description of the electronic dynamics, we
shall present this coupling in detail. In the coordinate system introduced in Fig. 6.1
the equilibrium position of the nanobeam is along the z-axis. The external longitudinal
compression force F' induces a deflection u(x) in direction of the y-axis from the nanobeam’s
equilibrium position. Because of the external magnetic field and the strong confinement
to the beam’s reference frame, the kinetic momentum P(r) = —eA(r)/c is evaluated only
on the position of the beam r, = (z,u(z),0), P(r) — P(r,). In the kinetic momentum,
e is the electronic charge, ¢ the speed of light, and A the vector potential, B = V x A.
Thereby, the electronic part of the Hamiltonian beam reads in second quantization form
ass

H= [ [ﬁwa (§Vr+P<ru>)2w<r>] . (6.2
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Figure 6.1: (a) Sketch of a free hanging nanobeam of length [ clamped to two metallic leads.
(b) Description of the beam in point dynamics.

The field operators 1f(r), ¥(r) create or annihilate an electron at r = (z,y, 2), respectively,
and follow the anti-commutation relation {¢(r),¢(r')} = 6(r —r’). For simplicity, we
assume a magnetic field aligned with the z-axis, yielding the Landau gauge A (r) = —Bye,,
with |B| = B and e, = (1,0,0).

The mechanical part of the Hamiltonian model describes bending and compression mod-
elled by[132, 151]

H,, = /l dx {iﬁ(x) - E—Iu”(x)2 £ <\/1 —u'(x)? — 1)] : (6.3)
0 2pp 2 2

where 7(z) is the momentum density operator, the conjugate generalized coordinate of the

deflection u(z). By the correspondence principle 7(z) and w(z) turn into field operators

following the commutation rule [u(z),m(2')] = ihd(x — 2’). In Eq. (6.3) pp is the linear

mass density of the beam, [ the area momentum of inertia, and F the Young’s modulus.
We consider the modulation V; to be sufficiently strong such that it induces weakly

nonlinear deflections in the nanobeam. Thus, the mechanical part of the nanobeam is well
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described by an expansion up to the fourth order in «/(x) in the third term on the right
hand side in Eq. (6.3), i.e. /1 —u/(z)? &= 1+ u/(x)*+ u/(x)*/4. Moreover, we consider the
mechanical dynamics close to the Euler instability, setting ' — F. = EI(w/l)?, and model
the vibrational motion by a single nonlinear mode.

6.1.1 Magneto-elastic coupling

The nanobeam, called the resonator hereafter, induces electronic transport between the
conducting leads. Due to the the strong confinement potential, any perturbation in the
dynamics of the electrons involved in this process affects directly the mechanical motion
(deflections) of the resonator. The introduction of a magnetic and/or electric field therefore
leads to electron-phonon interactions. We start in this section by introducing the effects on
the dynamics caused by an external magnetic field. We treat the implications related to
the electric field in the next section.[96]

In the presence of a magnetic field, and for a finite potential difference between the
leads, i.e. leads at different electrochemical potential, the electrons are subject to a Lorentz
force which depends on the induced deflection u(x) [see Eq. (6.2)], due to the strong
confinement potential. In order to describe explicitly the induced electron-phonon coupling
by the external magnetic field, the so called magneto-elastic interaction, we resort to the
following unitary transformation[96]

() = exp [i50 ([ s ute)) vl (6.4

which changes the frame of reference of the electronic degrees of freedom incorporating
the effect of mechanical deflections. The aim is to get a model that describes electron
propagation through a double barrier system coupled to conducting leads, where the influ-
ence of mechanical deflections is governed by the tunneling Hamiltonian. The transformed
Hamiltonian H'(t) = Uy (r)H (U (r) = H. + H!, + Hrpy) + Hi(t) + H, (1) is given by

ﬁ2

He = dr 1 (r) V3 y(r) | (6.5)

() o)) (6.6)

, eB (!
T = €Xp [z%/() ds u(s)} Z/d3rﬂ/r¢(r) cLl/r + h.c., (6.7)
k
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with O(z) being the Heaviside function.

In order to keep the model simple, we make some approximations. First, we consider
the limit of weak coupling to the leads, where the spacing of energies associated with the
motion of electrons along the beam de ~ whvr /2l (vr being the electrons’ Fermi velocity),
is much larger than the level broadening due to the coupling to the conducting leads. In
addition, in this limit only the first longitudinal state Ej is relevant, yielding the single
level Hamiltonian,

H ~E;dd (6.8)

for the electronic part of the beam. Above, d' (d) creates (destroys) an electron in the
resonator.

Further simplifications arise if one restricts the mechanical dynamics to the fundamental
bending mode, which expresses the deflection field operator as

u(@) = Youo(z/1) (6" +0)/V2 (6.9)

where wug(x) is the normalized profile of the fundamental mode bending mode, Y, =
(3R*12F./ ((F. — F)prI))1/4/27r is he amplitude of zero point fluctuation in the funda-
mental mode, and b, b are the creation and annihilation boson operators, respectively.
Thus, the mechanical part of the Hamiltonian is given by a quantum harmonic oscillator
model with a Kerr nonlinearity

H!, = hwob' b+ R?v(b' +b)*/12 . (6.10)

In addition to this term, there are constant contributions from the electronic occupation
of the leads and the single electronic level of the resonator, which can be systematically
rescaled and therefore excluded in the final result [96, 152]. In Eq. (6.10)

pr Fc

™2 [ElI F,— F]Y? AF,— F L,
w0:4(> . and v =

i : 6.11
IElp, F,—F (6.11)

l

are the fundamental frequency of the bending mode and the Kerr nonlinearity, respectively.
The tunneling terms [Eq. (6.7)], which includes the magnetic-elastic coupling, read

BY,l (!
Hiy )y = explidmag(b +0)] > Tiyrdc ) +he., with Apag = 2—0% s w(s)
k

(6.12)
6.1.2 Polaron coupling

So far, we have treated the nanobeam in presence of an external magnetic field transversally
applied to its plane of vibration. In this section we introduce the implications of the external
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electric field in the mechanical dynamics of the resonator. We consider an electric field in
the same direction of the nanobeam deflections, i.e., in the direction of y-axis in Fig. 6.1.
In the following we consider the derivation presented in Ref. 152.

For the creation of an external electric field, we consider an antenna with a gate voltage
Vy, placed at a certain distance i from the nanobeam. The electric field can therefore be
tuned by h and V;,. The electric field causes negative charges to collect on the nanobeam and
positive charges on the antenna forming a capacitor of capacitance C, (gate capacitance).

When the nanobeam is deflected from its equilibrium position by the external force
F, the geometry of the capacitor changes, thus inducing a variation in the capacitance
Cy, = Cylu(z)]. That is why the storage energy in the capacitor depends on the mechanical
dynamics. This effect is described quantitatively by the electrostatic Hamiltonian[153]

2 \2
Huee = ﬁsz —eV,N (6.13)

where N is the operator for the total number of electrons in the beam. Since we assume that
only a single electronic level contributes to transport, it is possible to write N = Ny + d'd,
where Ny &~ C,V, /e is the number of the excess electrons in the filled levels and d'd the
number of electrons in the relevant level.

For small deflections of the beam we can express Cy[u(z)] in terms of (bf + b) as
Cylu(z)] = Cyl0] (1 — ag(b' + 1)) , (6.14)

where
Yo [ 1 ac,

Plugging Eq. (6.14) into Eq. (6.13) one obtains

(%)

Uso -
Helec = TQO(b]L + b) + (6 — 6‘/;])de + Hpgl, (616)

where Uy, = €2/C,[0], € = Uy (Ng + 1/2), and
Hyol = Aetee(b' +0)d'd,  with  Agee = age . (6.17)

The first term in Eq. (6.16) gives a shift in the equilibrium position of the resonator and
can be discarded. Furthermore, we assume U, to be the largest energy scale of the system,
allowing to neglect the contribution of the double occupancy state. The second term can
be included in the definition of F; leading to a renormalization of the level energy. The
last term, defined in Eq. (6.17), is a polaron-like coupling, which models the interaction
between the oscillations and the charge fluctuations in the dot.
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The expression for the polaronic coupling constant \,.. can be calculated by using a
model of distributed capacitance[153, 154]

2meg

Coluls)] = /0 dscosh_l([h —u(s)]/Ro)

where h is the distance of the nanobeam from the antenna, Ry is the nanobeam radius,

(6.18)

and ¢ is the vacuum permittivity. Plugging Eq. (6.18) in the definition of the coupling
strength Agec [see Eq. (6.17)] one obtains, for Ry < h,

eCy 0]V [ Yo

)\C ec %
2 2meoh I3

1
/ ds uo(s), for Cy[0]V, > e. (6.19)
0

Thus, the total Hamiltonian including the electrostatic contribution, reads
H'(t) 4+ Hoee = Egd'd+ H), + Hpo + Hi(t) + H.(t) + H, with FE;=e+e—eV, . (6.20)

In the absence of magneto-elastic coupling, the Hamiltonian (6.20) was introduced in Refs.
155 and 156 to describe transport through a quantum dot in the presence of a local electron-
phonon coupling and later studied by several authors.[143, 157-161]

In the linear case, v = 0 in Eq. (6.10), the Hamiltonian is diagonalized by the polaron
transformation U, = exp [Adoc(bT —b)d'd/wo ] By using the transformation U, we shift
the bosonic fields b and b by —Agec/wo, i€ Upol b Upol = b — Atec/2wo. In the regime of
very weak nonlinearity and weak polaronic coupling, {v/wo, Adec} < 1, the transformed
mechanical part of the Hamiltonian (6.20), Upe H), ul

Lo1» Can be approximated by

H))y = Upor H)) U ~ Busgbth + B0 (b1 + 5)*/12 = Aaec (b + b) d'd (6:21)

The third term on the right hand side in Eq. (6.21) vanishes with the polaronic coupling
H,q term of the Hamiltonian (6.20). In addition, as a consequence of the transformation
wy, the charging

U,o1, the single level energy on the dot is modified by Ej = E; — M\,
energy by U/ = U, — 2\gecwo, and the fermion operators by d — dexp[Agec(b — b')].
The U, transformation translates the polaronic coupling to the tunneling term in the
Hamiltonian. In this way one can combine the electrostatic and magnetic effects in the the
electron-phonon dynamics in the tunneling term. Using the Baker-Hausdorff formula, the

transformed tunneling part of the Hamiltonian reads

T1jr = Upol Hp ), Z/{gol = exp [ab — a*bq Z T),.d CLI/T + h.c., (6.22)
k

where T} = Ty, exp[—iAclec Amag] are the normalized tunneling matrix elements, and o =
Aelec + “Amag 18 the complex electron-phonon coupling.
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Finally, one gets the following Hamiltonian model
H'(t) = E}d'd+ H, + H,(t) + H.(t) + H} (6.23)

where the electron-phonon interaction, induced by external magnetic and electric fields, is
enclosed in the tunneling term HY [Eq. (6.22)]. The Hamiltonian (6.23) is limited to the
special case where the polaron coupling defines a time regime larger than the decay time of
the electrons in the single level, i.e., 1/woAeee > 1/RI". This is a significant restriction for
the size of the external electric field. In order to keep the system as simple as possible and to
give a straightforward interpretation of the results, we shall consider only a magneto-elastic
coupling between the electron and phonons.

6.2 Current driving the mechanical motion

In this section we consider a time-periodic bias voltage in the leads at frequency we, with
amplitude V;,, = £V;/2. In analogy with Sec. 5.4.2, it is more convenient to change to the
reference frame of time independent bias voltages by using the transformation [cf. (5.5)]

eV

Uy(t) = explion(t) + (L= )], with gup(t) = =

Z sin(wext) cLl Ch - (6.24)
k

In doing so, the tunneling matrix elements 7}/, in the tunneling term become time-dependent
involving the phase accumulated by the modulation ¢/, (), i.e., T},.(t) = Tj/» explicy-(t)].
This yields the tunneling Hamiltonian

Hyype(t) = exp [IA(VT +0)] T}, () def ), + hec. . (6.25)
k

The Hamiltonian of the leads thereby becomes time-independent, i.e., H; /r(t) — Hyjp. In
Eq. (6.25), we drop out the primes symbols and redefine the magneto-elastic coupling as
A = Aag in order to simplify the notation. The other elements in (6.23), £, d'd and H},
are invariant under Uy ().

We are interested in studying coherent few-phonon transitions in the nanobeam when the
external frequency is close to the fundamental frequency we, ~ wy. Furthermore, we focus on
the regime of weak nonlinearity and weak driving, characterized by {#%v/wy, eVy/wo, A} <
1. In this limit, it is more convenient to switch to the rotating frame R(t) = exp|—ifiwe, (bTb+
d'd) t], and eliminate the fast oscillating terms in a rotating wave approximation. Thus we
get to the following tunneling term

> eV
Hr = PT0Y S Budin (mf/ )chl/ﬂLh.c. , (6.26)

k m=—oo
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where B,, is a Franck-Condon operator defined by[157, 162]

I > (i)\)m+2k N
Bl kzmze[_m} G mym 0
— o [ O BOL e, (o

where b'b|n) = n|n), O(z) is the Heaviside function, and L" (z) are the generalized Laguerre
polynomials. The Bessel functions in (6.27) provide extra driving-induced weights in the
expansion, making the first terms m = 0,1 in Eq. (6.26) dominant. To proof this, we
consider the upper limit of (n+m|By,(A?)Jm—1(Vi/r/iwex)|n) = Apim,n in order to compare
the different matrix elements of Hr/,., and then determine the dominant elements in Eq.
(6.26). For V;;, < wy this is given by[163]

I _ A2/2 m—1
’ (n+ |m|@[ ])' m!I'[n + mO[—m]] T'[m)]
where, I'(x) is the Gamma function. Even for A = 0.1,[152] |A,tmnl/|Ant1a] < 1 for
m # {0,1}. The relative contribution of the m-th (m # 0,1) term in (6.26) in the energy in

perturbation theory is even smaller, meaning that the tunneling can safely be approximated
by

Visr
Hryyr = Z (;ﬁl/ + )\bT) dck 1 T hee, (6.29)
k ex

using the approximations Jy(z) ~ 1, Ji(z) ~ /2 for x < 1, and By =~ I, By = iA\b' for
A < 1. Under these approximations, the resulting RWA Hamiltonian reads

H=Hy+HEg (6.30)

where

f ﬁ2’/T t »
Hy = howblb+——(b'b+1)b'b + i)

(b* > Tidd, - h.c.) + (1= r)] ,(6.31)

and

Hp = ded'd+ H, + H, + : (6.32)

Vi
Z<2ﬁ OXTldckl+hC)+(l—>r)

with hdw = hA(wp —wex) and de = E); — we, being the characteristic energy of the mechanical

and electronic dynamics detuned by the external driving, respectively. As in Chapters 3
and 4 the external modulation, in this case the operator z')\Tldc;l . lifts the degeneracies
at ow = dwy = V(N +1)/2, N € Z, inducing coherent multiphonon transitions between
states |n) and |N — n) in the resonator.
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6.2.1 Nonlinear signatures in the current characteristics

The nonequidistant structure of the energy spectrum of the nonlinear resonator defines
several resonant frequencies. Its energy levels E,, with n < N are pairwise resonant for the
same driving frequency wey, En_n — B = (N — 2n)hwe. After preparing the resonator in
its n-th excited state n < N, it displays periodic quantum oscillations between the n-th
and the N-th excited states. These oscillations may be referred to as multiphonon Rabi
oscillations.

Close to the resonance dw = dwy, the relevant states in the dynamics of the resonator are
those involved in the multiphonon transitions, |n) and |N —n). The matrix representation
of the Hamiltonian can be written in terms of 2 x 2 blocks corresponding to the subspaces
formed by |n) and [N —n), 0 < n < N/2. In the (n + 1)-th block, 0 < n < N/2,
corresponding to the N —n multiphonon transition, the degeneracy is lifted at order N —2n
in perturbation theory in A7j,,/v. Therefore the diagrammatic expansion in leading order
of I'; developed in Chap. 5 for driven systems, is sufficient to describe only one phonon
transitions, i.e. for N — 2n = 1, which implies only transitions for odd N.

In Fig. 6.2(a), the amplitude of the nonlinear response exhibits anti-resonances at
dw = dwy for odd N, indicating single phonon transitions. In contrast, the amplitude of
the alternating current, Fig. 6.2(b) exhibits anti-resonance behaviour at dwy for every N.
Since the amplitude of the alternating current vanishes when the nonlinear oscillator gets
excited, the backaction on the nanobeam leads to a decrease in the nonlinear response [see
the zoom for the 3-phonon resonance in the upper panel of Fig. 6.2(c)].

The nonequilibrium behaviour of the nonlinear resonator is best described by the am-
plitude of the alternating current. The current calculated using the Hamiltonian in the
RWA [Eq. (6.30)] is composed of a direct current and an alternating current. We can
identify a part of the direct component from the electronic part of the Hamiltonian, Eq.
(6.32), which is just the current from the first sideband flowing through the quantum dot.
From Eq. (5.34) we can estimate this part as Iy ~ ['}Ji(eVi/fwe)?/2. In Fig. (6.2)(b)
we have subtracted this dc component from the total current calculated using (6.30). The
remaining part corresponds entirely to the dynamics of the coupled system. In doing so,
we can estimate the current around the N-th multiphonon resonance. Taking into account
only the relevant states |n) and |[N —n), 0 < n < N/2, and the renormalization of the
tunneling matrix elements, see Eq. (6.32), yielding I’/ — I’/ (eVo/4hwex)?, we calculate
the self energies [21(5’7{6) + Zz(?r/ "], and therefore the current around the N-th multiphonon
resonance [using Eq. (5.29)] and find

DD (Pans—1/2N7), Ty =T, (6.33)

n=0 s=0,1

Vi )2 [N/2]
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where p . are the diagonal elements of the reduced density operator in the steady state
regime. In this regime n refers to the mechanical state, s to the electronic state, and N*
is the number of effective states considered in the simulations, which corresponds to the
number of states enclosed in the difference of the electrochemical potentials in the leads,
Le, N* = [|m — p|/hwe]. Additionally, we have used p{i_,)s (v_n)s = Phans- 1D the
lower panel of Fig. 6.2(c) we show the approximation (6.33) by the black solid line and the
current calculated using the full numerical method (red solid line). A good agreement is

found.

6.3 Conclusions

To conclude, we have investigated nonlinear mechanical features in the current characteris-
tics of a doubly-clamped nanobeam in its nonlinear regime connected to fermionic reservoirs.
We have considered the special case of a nanobeam in the presence of an external magnetic
field. In leading order of the magneto-elastic coupling, the current flowing through the
nanobeam mimics a harmonic driving in its nonlinear deflections. In the regime of reso-
nant few-phonon transitions (deep quantum regime), discrete multiphonon resonances in
the resonator can be identified as anti-resonances in the alternating current amplitude.
The nonlinear response calculated by means of second order in the tunneling coupling in
the diagrammatic expansion, only describes single-phonon transitions. In order to connect
the nonlinear response to multiphonon transition, we have to consider higher terms in the
diagrammatic expansion. On the other hand, in the alternating current amplitude the
second order in diagrammatic expansion in the tunneling coupling is sufficient to describe
all the multiphonon transitions and the antiresonant lineshape is a clear signature of the

nonlinearity in the nanobeam.
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Chapter

Summary

In this thesis the quantum noise properties of the driven nonlinear oscillators under nonequi-
librium conditions is studied in different physical situations.

We first consider a Duffing oscillator in the deep quantum regime being a monostable
anharmonic oscillator which has a Kerr nonlinearity. In this system, we analyse the power
spectrum of the photon number fluctuations induced by the coupling of the system to a dis-
sipative environment. In the weak coupling regime of the environment, a weak Kerr nonlin-
earity, a weak amplitude modulation, and close to resonance we resort to the rotating wave
approximation to solve the dissipative dynamics by solving the Lindblad quantum master
equation and thereafter calculating the noise by means of the regression theorem. Both
analytical and numerical calculations are presented, revealing a rich phenomenology. Most
interestingly, we find that the dynamics of the photon number fluctuations is characterized
by multiphoton oscillations which manifest themselves as peaks in the noise spectrum S(w)
of photon number. The peak intensity is proportional to the stationary occupation prob-
ability of the initial quasienergy state. Therefore, the noise spectrum offers a convenient
way to directly probe the stationary distribution over all the quasienergy states. Exactly
at a multiphoton resonance, the noise spectrum consists in a collection of pairs of related
resonances which are located at opposite frequencies and which are equal in height. Each
pair is associated to a multiphoton doublet. In spite of large fluctuations over the oscillator
quasienergy, no quasielastic peak occurs at zero frequency. Finally, for a weakly detuned
modulation or a stronger driving, the spectrum becomes asymmetric. Besides, an addi-
tional quasielastic peak appears at zero frequency which represents incoherent relaxation
of the fluctuations towards the stationary state. The two inelastic peaks are symmetrically
located at finite frequencies and their width determines the inverse of the dephasing time.
In addition, the quasielastic peak at zero frequency represents incoherent relaxation with
the inverse relaxation time given by its width. In the driven system, the appearance of a
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quasielastic peak depends on the intriguing interplay between the nonlinearity, the driving
strength and the dissipation strength characterizing a full nonequilibrium situation.

In the aforementioned regime, we use the Duffing oscillator as amplifier of the quantum
state of a qubit. There, we exploit sharp multiphoton resonances in the nonlinear oscillator
in the detection/amplification of the states of the qubit. This concept is an extension of the
case of a linear resonator. We find that the sharp resonant lines offer the advantage that
only a few measurement cycles are necessary to ensure a large discrimination power of the
measurement. Moreover, we calculate the relaxation rate of the qubit due to the coupling
with the Duffing oscillator around a multiphoton resonance. Notably, the back-action of
the resonator on the qubit is sufficiently weak, yielding to a good qubit-state measurement
fidelity.

Finally, in the pursuit of a detection scheme for the multiphoton(phonon) transitions
in the Duffing oscillator, we study the electric charge current flowing through a nanobeam,
in its nonlinear regime, clamped to conducting leads. We start with the calculation of
the electron-phonon interaction, considering the general case of a nanobeam in presence of
an electric and magnetic field. For the sake of simplicity, we consider the magnetic field
case, taking into account that the contribution from the electric field is just an imaginary
part in the coupling constant. We find that in the driven case, for ac bias voltages in
the leads, and in leading order in the coupling constant, the current drives directly the
deflection of the nanobeam. In order to compute observables of interest we apply a real-
time diagrammatic expansion in the tunneling coupling, leading to master equation for the
reduced density matrix. In the high frequency approximation, and combining this with the
rotating wave approximation, we calculate the current flowing through the nanobeam. The
ac part shows characteristic antiresonant behaviour as a consequence of the multiphonon
transition transition in the nanobeam.



Appendix

Second-order coherence function

Intensity-correlation experiments have provided powerful tools especially in astronomy,
since they allow the determination of the angular diameter of distant stars.[164, 165] The
first experiment was conducted by Hanbury-Brown and Twiss.[166] The measured quantity
is the joint probability of counting a photon at time ¢ and another at t+ 7. This probability
is, according to Glauber,[167] proportional to the normal-ordered correlation function

GA(r,t) = nt)a(t + 1) 2), (A.1)

where n(t) = a'(t)a(t) is the number operator at time ¢, and the double dots describe normal
ordering in the ladder operators a(t) and af(t). In a stationary situation, the G® function
depends only on the delay time 7. On the other hand, for nonequilibrium states, since
the lack of the translational time invariance in the dynamics the G® function, therefore,
depends on the initial time ¢.[51] In the steady state regime, for long times, the state of the
system does not depend on its initial preparation, and so G (7,t — 0o) = G@ (7). In the
following we consider this regime.

The second order of coherence function is defined as[2]
g? (1) = G () /()% . (A-2)

This quantity describes whether the photons in the beam tend to group together or stay
apart. If g®(7) = 1, the probability of joint detection coincides with the probability of
independent detection. This should be the case when 7 — oo, since then the memory of the
first photodetection dies out. If g (7) > ¢®(0), the probability of detecting the second
photon increases with the time delay, which is characteristic of antibunching.

For a single-mode photon field, one has

dP(0) = (a'a'a a)oo/(a’a)? . (A.3)

oo
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If the mode is in a coherent state, we have ¢®?(0) = 1. On the other hand, for a Fock
state |n), in which afa|n) = n|n), one has

g?0)=1-1/n, (A.4)

while for n = 0 or n = 1, one finds trivially that ¢®(0) = 0.

For classical light fields, applying the Schwarz inequality in the classical correlation
function corresponding to Eq. (A.2) shows that one should always have ¢ (1) < ¢(®(0).
Additionally for these fields we have ¢®(0) > 1, so that classical fields are never anti-
bunched. Therefore, the two properties ¢ < 1 and ¢g®(7) > ¢ (0) are characteristic
of nonclassical light [an example of the first property is provided by Eq. (A.4)]. Since
g (1) — 1 when 7 — oo, the property ¢ (0) < 1 always implies that there is antibunch-
ing for some range of values of 7; unless ¢®(7) is independent of 7.

The relation between antibunching and sub-Poissonian statistics is a subtle one .[168,
169] In fact, from Eq. (A.3), one can show the following relation between the second order
of coherence and the photon number variance:

(Aft)os = (M)oo

()%

Therefore, in this case sub-Poissonian statistics implies ¢® (0) < 1, which, unless ¢® (1)

gP0) =1+ (A.5)

does not depend on 7, implies antibunching for some range of 7. On the other hand, one
cannot state in general that antibunching leads to sub-Poissonian statistics, since ¢(®(7) >
g®(0) does not necessarily imply ¢(®(0) < 1.[170] In fact, for a stationary field the variance
of the number of photons measured can be expressed in terms of ¢®(7) in the following
way[169, 170]

(8 = (i) = 02 [ (7~ 1))~ 1 A
o= [ ¢ (r) 1] (A.6)
If g®(7) < 1 for all 7, the field will exhibit sub-Poissonian statistics. One could have,
however, ¢ (1) > ¢®(0), while still having super-Poissonian statistics for some time in-
terval. Furthermore, for a single monochromatic mode, ¢ (1) does not depend on 7, and
coincides with the value for 7 = 0. In this case, g®?(0) < 1 does no imply antibunching
for any counting interval, since neither short or long time intervals between photons are
favoured.[170]



Appendix B

Density matrix of the steady state around

resollalce

In this appendix we compute the stationary solution of the quantum master equation (2.50)
following Ref. 47. Using the balance equation (3.12), and the general order solution for the
quasienergies states given in (3.15). The expressions for the rates read

WO,l -
Wni =
WI,O —

Win =

Won-1= %0052 g

Wy N-1 = %sin2 g

Wn_10 = %N sin? g

Wyoin = %N cos? g (B.1)

with 8 = tan™'[Qo n /N (6w — dwy)]. With these elements, the master equation becomes

6 0
0 = —Nsin2§p88+coszip<f‘f
29 00 : 29 00
0 = —Ncos ipNNjLsm 5P (B.2)

Thereby, the stationary solution reads

o0
PNN

o0
P11

0
= potant -
2

0
= pooN tan® 7

With these matrix elements one can calculate p>° for 1 < n < N/2. Plugging the quasiener-
gies states (3.8) into the expression for the transition rates in Eq. (3.13), one finds that
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most of the transition rates between two different states belonging to two different resonant

pairs are zero, except for

Wn,n+1 - Wn,N—n - WN—n,n—H = WN—n,N—n—l = %(n + 1)
Wn+1,n = Wn+1,N—n = WN—n—l,n = WN—n—l,N—n = %(N - n) . (BB)

The driving field excites the transition from |0) to |N) while the bath generates transitions
between the Fock states towards lower energies according to |[N) — |[N —1) — -+ —
|0) when only spontaneous emission is considered. Thereby, the ration of the occupation
numbers of two states belonging to two neighbouring resonant pairs is simply given by the
ration of the corresponding transition rates according to

Pf; = p%—n,N—n
Oopi — o+l _ T , for 1<n< N/2, (B.4)
Prniin+1 Witin N -—n

with this one can calculate all the matrix elements of p>, starting with p3 and p¥y, in
terms of pgg.



Appendix C

Semiclassical approximation in the Dufling
oscillator dynamics

The Hamiltonian of the Duffing oscillator in the rotating wave approximation is given by

. v, .
Hzéwn+§n(n+1)+g( +al). (C.1)
There, dw describes the frequency detuned by the external driving, v the nonlinearity
parameter, f the driving strength, a and a' the ladder operators with 7 = afa.
In order to obtain a semiclassical treatment following Ref. 75, we introduce the rescaled

coordinate and momentum of the oscillator in the rotating frame (quadratures in the static

X:\/é(a“ra), P:i\/g(cﬁ—a), (C.2)

with the commutator [X,P} = —i\, with A = /20w being an effective Planck constant.
By substituting Eq. (C.2) into the Hamiltonian Eq. (C.1) one obtains

H = (25:”2) (Q(X,P) - i - g) (C.3)

QX,P) = i (X2 +P?—1)" + 8x (C.4)

as the quasienergy surface, which depends only on the parameter § = f?v/46w?. The

frame) as

with

quasienergy surface has the shape of a tilted Mexican hat [cf. Fig. C.1]. Next, we look for
the stationary points which obey the conditions,

9Q

— = X(X2+P>-1)+pYV2= :
5% |y 1, (XS +P;—=1)+p 0, (C.5)
9Q 2 | 2

—= = P(XZ+P2-1)=0, C.6
Py p. (AT +P;—1) (C.6)
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/

Figure C.1: Quasienergy potential for the driven nonlinear oscillator corresponding to v =
1073wy, f = v/10, and dw = —2v. The surface is divided into an internal and an external dome.

corresponding to P, = 0 and X% — X, + 82 = 0. For 0 < 3 < 4/27, this equation has
three solutions associated to a minimum (e = m), a maximum (e = M), and a saddle
point (e = s). They are given by X, = —cosf/v/3 —sinf, Xyy = —cos0/+/3 + sin6 and
X, = 2cos0/+/3 with @ = (7 — arctan \/4/273 — 1/3). In this interval, 0 < 8 < 4/27, the
Hamiltonian is bistable, i.e., in a certain range of quasienergies there are two trajectories
corresponding to the same quasienergy, one on the internal part of the surface and the
other on the external part. When the motion is quantized, the quasiclassical trajectories
are associated to quantum levels. In order to compute the energies, and the squeezing
factors of the solutions close to the extremal points (e = n, M), we apply a harmonic

expansion of the quasienergy surface around these points as

LPQ, (C.7)

~ 1 ~
QX + Xount, P) = Q(Xouyar, 0) £~ w2 £

with X = X — X The frequency wy,/y and the mass term m,, s are related to
curvature of the surface, 9*Q/0P? = mymwy, 5, and [0°Q/0X?| = 1/my, . Thereby,

Win/M = \/32\?64 — 4X7721/M + 1 and My, = 1/|X7721/M — 1|. The corresponding energies are

20w?

ow v
Epp = (Q(Xm/M> 0) + —wm/M) + 535 (C.8)

For the squeezing factor 7*,[2] we use the definition exp[2r] = AP/AX. With this

. 1 1 3X%/M -1

(C.9)
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Thus, the ladder operators a and a' can be described in terms of the ladder operators b
and b of the effective auxiliary oscillator (characterized by the mass m,, s and frequency
Win/M) 8S

a = amn +bcoshry, —bf sinhry, 5 (C.10)

where @,/ = X/ V2 and b = i(P — imm/Mwm/M/i;)/\/Q)\mm/Mwm/M.




Appendix D

Lowest-order expansion in self energies

To facilitate the understanding and to simplify the notation of the rates

SPRO = DY Il do [ by Y]
X2 [%(/?km( )]2 = ;iﬁ% [Tkm(wex)]i: 5x1x'1/d6 R P—— jj?f;((:)—z—i—kwox) ,(D.2)
EDlan = SVl bt [ tei— 0y
O] ; T e Oy / i —em)%(f)—w ro (O
BBl = el [ e f”’”éz)ﬂ_mx), D.5)
A = 2 I wel / p— fJ;((:)_H oo (00
Sl = e [ dei(%_EX/2>T;§Z)+Z_I€%X), 7
Sl = 5 I el / dGz‘(em—exg)%S)—kaeX)’ (D.8)

we introduce diagrams on the Keldysh contour. Each auxiliary rate stems from each term
on the right hand side in Eq. (5.17). We refer to the rules in Sec. 5.4.2 to draw the



101

oy X1 S
RN Gt
3 : (k + m)/l/r X2 : X/2
e k), !
X1 i :Xﬁ (k)l/ro : /
' (]C + m)l/r X1 X1
(C.3) = & (C.4) =
X2 i X5 (K +m)yy
' < ' /
I 0] I
- OE)y A X2
: (k)l/ro :
X1 | X1 X1 | X1
|(k—|—m)l/r I(k+m)l/r
X2~ i X3 X2~ i X5
I (@) I
' (k)l/r |
| o(k)i/r |
X1 | X X1 | X1
(C.7) = ; (k+m)ir | (C.8) = (ke +m)yy
X2 i X5 X2 i X5
I (@) I
I (k)l/r !

Figure D.1: Feynman for the transition rates in first order in I'.
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corresponding diagrams, see Fig. D.1.

D.1 Explicit calculation of the rates

The calculation of the rates (D.1)—(D.8) in the high frequency approximation involves
mainly the calculation of energy integrals of the type

T (E)
+ T /r . _ B
Z,yp(€) = 7171_1% dEe “Etion’ with o=+4.— . (D.9)

The above infinite integral denotes an integral over the whole spectrum, i.e., fj;o dE. In
order to ensure the convergence of the above integral, one can introduce a Lorentzian cut-off
weight function Dy, (E) = E?/[(E — wy.)? + E?], ie., [dE — [dED,;.(E) where E, is
the cut-off energy.

The integral (D.9) can be solved by means of residues of a contour integration along
a path describing a half circle with radius R — oo either in the lower or upper complex
plane [cf. Fig. D.2]. To this end, we have to find the poles in the complex plane of the
function in the integral (D.9) (including the weight function), i.e., the poles of f(z) =
Dl/r(z)fﬂ/ﬁr(z)/(e — z+1ion), z € C. The cut-off weight function D;/,(2) contributes with
poles at 24 = i, = 1FE,, the Fermi function fir(z) with poles at z,, = im(2m+1)/8 + pu/r,
m € N, and the denominator with the pole zy = € + ion. Now, we average over the upper
and lower contour, over C; and C5 respectively,

Ijrfl/r(e) = lim 1( f(z)dz + f(z)dz)
Cy Ca

— i (Z Re.—., f(2) = > Re._., f(z)) . (D.10)

Above, z; and z;,, are the poles enclosed by the path C; and Cs, respectively. With this,
the integral (D.9) reads

; € — Hi/r 1 .
Ioi’m(E) = wiDy,(€) (—O' lj/ET(e)—k 2Z’El/ :Fitanh[zﬁEc/ﬂ)

) . (D.11)

Zm — Mi/r — ZEc a Zm — Mi/r + ZEc

For a very large cut-of energy E., D;/(¢) ~ 1 and using the property of the digamma
functions ¢ (z1)—¢(z2) = > o [1/(m + z2) — 1/(m + z1)], the Eq. (D.11) might be written
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Figure D.2: Integration contour in the complex plane.

as

I:l/r(e) ~ —maflj/tr(e) ¥ 1 {w (1 + é(e — Mlh«)) + 1 (% — %(e — Mzﬁ))} +

In PE . D.12
] (.12)

With this result, the calculation of the rates (D.1)-(D.8) and their numerical implementation
is straightforward.
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