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Introduction

Motivation

This' thesis contributes to the field of queueing networks (i.e., stochastic networks).

"Queueing networks have obtained their place in both theory and practice.
New technological developments such as the Internet and wireless communi-
cations, but also advancements in existing applications such as manufacturing
and production systems, public transportation, logistics, and health care, have
triggered many theoretical and practical results." [BD11, p. v|

Queueing networks have been standard models in the field of telecommunication networks
since the very beginning of mathematically based planning of telephone networks. In
early days, such networks were decomposed into single node components (e.g., M/M/s/0,
M/M/s/o0) for which results on their performance already existed. A heuristically mo-
tivated composition of the results for these single node components has been successfully
used to assess the expected performance of these networks. The idea behind this was
the existence of a globally stable network, which was thought to be a system in a steady
state.

The steady state analysis for such stochastic networks experienced a breakthrough when
J.R. Jackson [Jac57] and W.J. Gordon and G.F. Newell [GN67] found their celebrated
steady state results. At least since the publication of [Kle64], these models are well
established in the area of performance analysis of communication and computer networks.
As can be seen for example in [BGMT98|, it is common practice now to use the results
of Jackson or Gordon and Newell and the algorithms derived on the base of the explicit
steady state probabilities for network analysis and planning. A consequence of this
traditional approach is that strict requirements for the existence of a steady state in such
networks need to hold. [MD11, pp.99-100]

The motivation for this thesis is - in contrary of the steady state situation - the following:
In large and complex networks one may often observe that unstable subnetworks occur
due to local overload (i.e., the nodes experience a higher input rate than their service
capacity) or due to temporary non-availability of nodes. Nevertheless, at the same time
one may observe that co-existing regions seem in an obvious way to stabilize locally in
the long run. [MDO09, p.1249] [MD11, p.100]

"Parts of this motivation cite the introductions of our papers [MD09| (pp.1249-1251) and [MD11] (pp.99-
100). The corresponding parts will be shortly marked at the end of their paragraphs.
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2 Introduction

As it is common practice in performance analysis, [BGMT98|, we describe the evolution
of such networks over time by a Markov process. Within the framework of Markov
process theory, such a Markovian description of the state evolution cannot lead to settling
down in an equilibrium, if the network is not globally stable. In technical terms we will
say that the Markov process is not ergodic. [MD11, p.100]

Best to our knowledge, models for globally unstable networks were successfully in-
vestigated the first time by J.B. Goodman and W.A. Massey in [GM84|. From the
parameter settings of such a network only, they precisely identified the regions of
instability. Moreover, they proved that in these unstable regions the local queue lengths
"degenerate" out of the state space in the long run, i.e., the state distribution of unstable
nodes converges in a precise meaning to a one-point distribution concentrated at infinity.
For the regions of stability, they proved that the joint marginal queue lengths converge to
a classical proper product form distribution. This means that the limiting queue lengths
of stable nodes stay finite with probability one. [MD09, p.1250] [MD11, p.100]

This thesis is concerned with the combination of two topics:

1. the investigation of globally unstable networks with unreliable nodes, i.e., with
breakdowns of nodes, and the analysis of their long-time behavior towards a lo-
cal stabilization and

2. the analysis of the local stabilization of globally unstable networks.

Ad 1. The analysis of globally unstable networks with breakdowns of nodes can be
motivated the following way:

There are many problems that require an integrated model to study the interplay of
performance and availability. FExamples are network control and routing protocols in
case of link failures in IP networks, [MKCO03], [NSB*03|, the handling of catastrophic
events in mobile cellular networks, [KN03|, or the investigation of unreliable machines in
flexible manufacturing systems (FMS) and the evaluation of system availability, [BSY94].
Most recent applications where nodes or links may be not available for some time are
mobile and ad-hoc networks or sensor networks. [MDO09, pp.1249-1250]

As an example, wireless ad-hoc networks are built of varying sets of mobile users with
wireless communication capabilities without relying on a pre-existing infrastructure. The
emergence of wireless ad-hoc networks introduces problems concerning the availability
of transmission nodes next to a user. Furthermore, in such networks, overload arises
from too many users entering a region and applying for transmission. Thus, in these
networks, the required high quality of service for speech and data transmission has to be
guaranteed on the basis of not necessarily reliable network nodes. [SV03|

For a survey on analytical models for sensor networks see [WDWO07|. A non-stationary
framework in wireless sensor networks which will lead in analytical studies to evanescent
networks is investigated in [WPTGG10].

Performability Theory was developed over twenty years to answer questions that arise
with respect to combined reliability and performance assessment which was motivated
by the needs of fault tolerant computer and communication systems, see [HMRTO1].
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Our aim is to contribute to performability modeling and evaluation in the framework
of generalized Jackson networks, with an emphasis on situations where the global
network is not stable in the classical sense. We study the interaction of reliability
and performance in these networks and contribute to a better understanding of the be-
havior of networks that cannot settle down in a classical equilibrium state. [MDO09, p.1250]

Classical product form theory for stochastic networks is concerned with stations (nodes)
which have completely reliable servers. Usually, when unreliable nodes were to be consid-
ered, the method of adjusted service rates was used:

(i) The reliability of the nodes was computed using reliability theoretical methods and
yielded the percentage of time the nodes are broken down.

(ii) The service speeds of the nodes were then decreased by this factor and the perfor-
mance evaluation methods for product form networks could be applied, see [CM96].

The disadvantage of this method is that the interaction of performance and reliability
cannot be studied in a unified model. The predominant methods developed to study the
interaction of reliability and performance of complex systems in integrated models are
simulation and numerical evaluation. Many different models and methods for integrated
investigation of reliability and performance of systems are collected under the heading of
performability in the survey [HMRTO01|. [MDO09, p.1250]

Our approach is different from these methods: We start from results by C. Sauer and
H. Daduna in [SD03] on Jackson networks with unreliable nodes which have product form
equilibrium. But we do not assume that the global network is stable, which may be due to
breakdowns or overload of nodes. We describe the evolution of the network over time by a
Markov process. The states of this Markov process encompass the necessary information
about the availability of the nodes (up or down) and the queue lengths at the nodes. If
the network is not globally stable, its Markov process is not ergodic. We continue the
investigation of Goodman and Massey in [GM84| in the framework of Jackson networks
with unreliable nodes. Our main result is similar to that of Goodman and Massey:

(i) Their method applies in our framework including unreliability of (all) nodes as well
and allows to determine the regions of stability and instability.

(ii) The queue-length distributions of unstable nodes degenerate in the long run to one-
point distributions concentrated at infinity.

(iii) In stability regions, the marginal distributions converge to a product form distri-
bution. The limiting product form distribution is a product with respect to the
availability component and the queue-length vector. Furthermore, the queue-length
vector exhibits internal product form over the nodes as classical Jackson networks
do.

Although we have obtained the limiting availability queue-length distribution (for the
general case that all nodes may be unreliable), no stationary distribution for the network
exists. Therefore, classical steady-state availability and performance evaluation, even for
the stable subnetwork is not possible. The results obtained suggest to assess the quality
of service inside the stabilizing part of the network in the long run by using the limiting
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distributions. We discuss this in detail for the limiting throughput, but a generalization
to other performance measures is obvious. Additionally, we prove that time averages
of cumulative rewards associated to the queue-length process of the stable subnetwork
can be approximated by state-space averages. In globally stable networks the evolution
of which is described by a Markov process, this is an immediate consequence of the
ergodic theorem for Markov processes. In the framework of our non-ergodic (not even
Markovian) process, we have to prove this from scratch. [MDO09, p.1250]

Fortunately enough, this can be derived directly from the proofs of the main theorems in
Chapter 5. The results presented in this thesis provide performance indices in explicit
form for non-ergodic networks which look exactly like those derived by classical product
form steady-state distributions.

The product form steady states and the algorithms derived from them have been proven
to be an indispensable tool set for performance evaluation. Two procedures relying on
product form calculus are standard:

e If the necessary modeling assumptions for product form models can be validated,
the performance indices are directly obtained;

e if the necessary assumptions for product form models are violated, the algorithms
are used to obtain quick answers about main performance characteristics like the
throughput via approximation in a decomposition-aggregation procedure.

More details are given in [BGMT98, Chapter 7 and 8] for the case of exact models and in
[BGMT98, Chapter 10| for the case of approximating non-product form models by product
form algorithms. Nevertheless, there are many situations and models where additionally
(or instead) simulations or straight forward numerical algorithms have to be used.

It is common practice first to obtain some raw performance indices from (approximative)
product form algorithms and then additionally to perform fine tuning via simulation
studies. [MD09, pp.1250-1251]

We expect that our results open a path to justifying similar methods for our class of
models: Either using the results directly when the assumptions of exponential times and
sufficient independence properties can be verified from the model description, or using
the results in approximation procedures for decomposition-aggregation algorithms when
we cannot justify such assumptions but need raw results. [MDO09, p.1251]

At least in the steady-state situation, the product form results turned out to be
astonishingly robust and insensitive to violations of the assumptions, as shown in the
recent paper [MAGO6] where the steady-state results of [SD03] are used to analyze the
performance of a wireless sensor network.

Ad 2. The analysis of the local stabilization is motivated as follows:

As shown in [MDO09]| and in this thesis, assessment of the quality of service inside the
stabilizing part of a non-ergodic network can be done by using the obtained limiting
(product form) distributions, e.g., the limiting throughput as a performance index in the
long run. The asymptotic local performance indices for non-ergodic Jackson networks
look exactly like the steady-state performance indices obtained from the classical product
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form distributions as in |Kle76] or [BGMT98|. In the classical framework of ergodic
network processes these product form steady states and the algorithms derived from
them have been proven to be an indispensable tool set for performance evaluation, see
[BGMT98, Chapter 7 and 8|.

The observed structural similarities of the asymptotic results for ergodic network
processes and for non-ergodic network processes (on the stable parts) naturally pose the
question whether there exist similar features for the stable subnetwork of the globally
unstable network which resemble the steady state properties of the ergodic network
processes which are expressed as product form calculus. [MD11, p.100]

In this context, we will analyze a possible invariance of the marginal probabilities of
the stable subnetwork process in finite time. We do this with different approaches
such as considering the classical invariance of the queue length probabilities of the
stable subnetwork over time (which will not succeed for more than one time step) and
analyzing some kind of quasi-stationary behavior of the stable part of the network process.

The term quasi-stationarity refers to properties and tools from epidemic models, which
describe in Markovian settings the evolution of, e.g., an epidemic development of
infectious disease [Bai75]. Such a disease is known to die out with probability one,
but in many cases seems to settle down in a state which strongly resembles stationary
behavior, because the time to extinction is of a much greater order of magnitude than
the observation horizon. We will reinterpret the definitions of quasi-stationarity used in
the literature to fit to our model. [MD11, p.100]

We will extend the analysis of the conditional probabilities by the use of stopping times.
At the end of the analysis, we will introduce an invariance-type called "stochastically
sub-invariant distribution" to describe the behavior of the marginal distribution of the
stable subnetwork process in finite time.

Outline

This thesis has the following structure:

First of all, we define the classical Jackson network, which is the basis of our research, in
Chapter 1. The Jackson network considered here has single servers at each node. The
well known steady state results of Jackson [Jach7] are reproduced and the asymptotics
for non-ergodic Jackson networks proved by Goodman and Massey [GM84| are delivered.
The therefore needed standard traffic equations as well as the general traffic equations are
deduced and an intuitive interpretation of their solutions as input rates in the systems
is given. For applications, we present an algorithm to decide which traffic equation is
appropriate to calculate the input rates in a system.

In Section 1.4, we try to obtain assumptions for the non-ergodic Jackson network to
classify its states. We do this in a framework of a two-nodes system. In the first approach
we show how matrix geometrical methods may be used to obtain interesting facts about
the behavior of non-ergodic Jackson networks. For the second approach martingale
methods are used which yield assumptions in concrete terms for the non-ergodic network
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to be transient.

In Chapter 2, Jackson networks are generalized by incorporating breakdowns of nodes.
The model description follows [SD03|. The steady state results known from [SD03| are
of product form.

Chapter 3 deals with stabilization or destabilization of the network process due to
breakdowns. The results show that there is a need for side constraints in order to
maintain the stability situation in a network with breakdowns. A possible stabilization
of a globally unstable network by removing even stable nodes is discussed.

Chapter 4 is devoted to the study of Jackson network with buffers of an infinite amount
of jobs at some nodes, as defined in [Wei05]. We prove steady-state results in case of
ergodic network processes and analyze the structure of these results. Then we state
and prove the asymptotics as well as partly steady-state results in case of non-ergodic
network processes. After incorporating breakdowns of nodes in an integrated model, we
prove similar results. The performance of such networks is presented.

In Chapter 5, we use the results of Chapter 2 and the previously worked out results of
Chapter 4 to prove the asymptotics of non-ergodic Jackson networks with breakdowns of
nodes. Since steady-state performance measures may not be used in such networks, an
alternative method using limiting performance measurements is presented and proved.

After comparing the similar asymptotics for ergodic and for non-ergodic Jackson network
processes on the stable parts, we analyze the local stability in finite time in Chapter 6.
We analyze the non-ergodic network process by proceeding to its uniformization.
Different possible invariance types of the marginal distribution for the stable subnetwork
(and methods to obtain them) are discussed and shown for one step. Difficulties in deriving
invariance of the stable marginal distributions for more than one step are described and we
point out open questions for possible further research. We conclude with a geometrically
distributed upper bound for the process of the stable subnetwork of an overall unstable
Jackson network established in two different ways in Section 6.5 and, in this context,
describe the resulting behavior of the marginal distribution calling it "stochastically sub-
invariant distribution".

Notation

Throughout this thesis the following notation is used:

All random variables and stochastic processes are defined on an underlying probability
space (2,4, P). We denote all stochastic processes X by (X (¢) : ¢ > 0). Unless otherwise
expressly agreed all processes are defined on a continuous-time scale.

We assume all homogeneous Markov processes to be regular jump processes which means:

e the row sums of their ()-matrices is zero,

e all diagonal entries of their ()-matrices are finite,
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e the processes are non-explosive (the sequence of jump times diverges almost surely),
and therefore

e they have cadlag (French "continue & droite, limitée a gauche") paths, i.e., each
path of a process is right-continuous and has left limits everywhere.

We denote by N :={0,1,2,...} the set of all non-negative integers. We set N, := N\ {0}
for all positive integers. The set of all real numbers is R, we write Ry := [0, 00) for all
non-negative real numbers.

3 stands for "(there) exist(s)", 3! means "(there) exists exactly one".

The Kronecker Delta 0, is defined by

1 ifx=y,
6:cy = .
0 ifx#uy,

and with a set A the indicator function 14(+) is defined by

1 fzeA
1 = ’
A(@) {0 ifod A

Empty sums are 0, empty products are 1. inf () = co and sup() = —oo.

The notation C between sets stands for "subset or equal”, C means "proper subset". For a
set A we denote by P(A) the set of all subsets of A and by |A| the number of elements in A.

The matrix I denotes the identity matrix of appropriate size, i.e., a square matrix with
ones on the main diagonal and zeros elsewhere. The vector e is a column vector of
appropriate size with all its components equal to one.

For a vector z = (z; : i € C'), C C N, and a subset A C C we define x4 := (x; : i € A)
as restriction of the vector z to components from the set A. The components of x4
are ordered in the corresponding natural linear order. Similarly for subsets A, B C C,
Xap = (2(i,7) : 1 € A,j € B) is a restriction of the matrix X = (2(i,j) : 4,j € C) to the
components of A x B.

Applying the operator A on vectors w,z € N7 yields the component-wise minimum of
these vectors.
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Chapter 1

Classical Jackson networks

1.1 Introduction

Jackson networks were introduced by J.R. Jackson (|Jac57]) and are now well established
in the literature on queueing systems, e.g., in [Kle76|, [Kel79], [Ser99], [CYO01], [BBO05],
[BD11]. We consider only Jackson networks with single-server stations, i.e., at each
service station there is one server.

Jackson networks are a special class of open stochastic networks.

Stochastic networks or networks of queues consist of a finite number of nodes which are
service stations. These service stations are models for machines, workers, or computing
servers. Customers which may be, e.g., individuals, machines, data, messages, or orders,
move between those nodes. A customer who arrives at some node, waits there until he
gets service at that station and after some random service time he leaves the node and
randomly chooses where to go next.

A stochastic network is open, if customers enter the network from a source outside of
the network and after being served in the network they leave the network to a sink with
positive probability.

Definition 1.1 (Jackson network). [Jac57] A Jackson network with J nodes, numbered
je{1,2,....J} = J, is an open stochastic network with J -/M/1/0o nodes, i.e., for each
node j we have

e an external Poisson();)-arrival stream (3,50 = A >0),
o a single server with exponential(y;) distributed service time,
e an infinite waiting room,

e the first-come-first-served regime.

Customers are indistinguishable. All interarrival and service times constitute a set of
independent random variables.

Routing is Markovian: Given the departure node i the selection of the next node is inde-
pendent of the previous history. A customer departing from node i immediately proceeds

9



10 1 Classical Jackson networks

to node j with probability r(i,j) > 0 and departs from the network with probability r(i,0).
The artificial node 0 represents the outside, source and sink, of the network, r(0,0) := 0,
r(0,7) := N;/A. The routing matrix R = (r(i,7) : 4,7 € {0,1,...,J}) is stochastic and
wrreducible.

Let X;(t) be a random variable which indicates that X;(t) customers are present at node
J at time t, either in service or waiting. Then X (t) = (Xi(t),..., X (t)) is the vector of
queue lengths in the network at time t and X = (X(t) : t € Ry) the corresponding vector
process called queue length process. Because of the assumptions put on the system X is
a continuous-time homogeneous strong Markov process on (2, A, P) with discrete state
space (N7, P(N)) and with transition rates matriz Q = (q(z,2') : z,2' € N7) defined by:
Vi,jed, i

q(n1, ey Ny ey gy, ey + 1, ny) = Ay,

q(na, sy gy, o ng — 1 ng) = (i, 0) I, (n),

q(na, o, ng, oy ng, ongyng, ang — 1 ong + 1, ng) = wr(i, ) s, (ng),
(

q(ny,...,npng,...,ng) = — Z/\i - Zui(l - T(i7i))1N+(ni)u
i€ =
and q(z,2') = 0 otherwise.

The following lemma holds for the routing matrix R of Jackson networks as defined in
Definition 1.1.

1

Lemma 1.2. For any subset K C J the inverse (I — Ry )~ exists and is positive.

Proof. For the existence of (I — Rxx)~! it is sufficient to show that the spectral radius
of Rk is less than one: If o(Ry) < 1 holds, then the Neumann series Y~ R¥ . with
RY i := I converges component-wise to (I — Rxx)~' (see [Heu06, Satz 12.4 and p.127]).
From the definition of the routing matrix we have > > R¥. . > 0 component-wise, so if
the inverse exists, it is positive.

Since the routing matrix R is stochastic (so o(R) = 1), Rk is a (sub-)stochastic matrix
and therefore for the spectral radius holds o(Rkx) < 1, see [Bre99, p.198|.

To show o(Rkk) < 1, suppose that o(Rkr) = 1. Then Rik has the maximal eigenvalue
1. From the Perron-Frobenius theorem (see [Sen81, Theorem 1.1, p.3]) it is known, that
for this eigenvalue 1 there are positive left and right eigenvectors which are unique to
constant multiples. Denote by L C K the indices where the left eigenvector x has non-
zero, positive entries. Then Ry is stochastic, because

TR =vzwithv=1 = zR;p,=2; & inr(i,j):ijjEL

ieL
= Zinr(i,j) = ij & Zmin(i,j) = ij,
jeL i€l jeL ieL  jeL jeL

which yields > . ; r(i,j) = 1 for all i € L. But if Ry is stochastic and L C K C J,

the routing matrix R is not irreducible because even in the case where L = K = J, the
source and sink denoted by the node 0 is not accessible from nodes in L. R not being
irreducible is a contradiction to Definition 1.1 of a Jackson network, so o(Rxk) < 1 holds
for all K C J. O
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1.2 The ergodic case

A Markov process, as it is the queue lengths process X, may - under certain conditions
- settle down in an equilibrium state. In this context, two terms to be considered are
limiting distributions and stationary distributions.

Definition 1.3. Let X be a homogeneous Markov process with discrete state space E. X
has a limiting distribution if

lim P(X(t) = 1) exists for alli € E

t—o0
and ), plimy o P(X(t) =1) = 1.

A stationary process is sometimes said to be a process in equilibrium. [Ser09, p.34| The
process is stationary, if the initial distribution is a stationary (also called: steady-state)
distribution. If the process is started with this distribution, it remains the same over
time.

Definition and Remark 1.4. (e.g., [Bre99, pp.342-343|)

o A homogeneous Markov process X = (X(t) : t € Ry) on (2, A, P) with discrete
state space E is stationary, of for allm e N, 0 <t <ty < ... <tn, t; € Ry, and
for all states iy, ...,1,, holds

P(X(t1) = i1, oo, X(tm) = i) = P(X(t1 + 8) = i1, 0, X(tm + ) = i) Vs > 0,

i.e., (X(t):t € Ry) and its time-shifted version (X (t + s) : t € Ry) have the same
distribution.

e A non-negative vector m = (m(i) : i € F) is an invariant measure for the continuous-
time X with transition matriz function p® = (p®(i,7) 4,5 € E), t € Ry, if

7T:7T'p(t) Vvt > 0.

e If an invariant measure is a probability measure, then it is called a stationary dis-
tribution for X. If there exists a stationary distribution m for X and if the process
is started with this distribution PX° = 1, then X is stationary.

e Fuvery stationary distribution w for X is an asymptotic distribution for X conditional
on PXo =,

To avoid the computational effort of solving infinitely many equations 7 = 7 - p® (for all
t € R,) to derive a stationary distribution, one may skip to an alternative formulation
with the Q-matrix if the Q-matrix exists: (Recall that all homogeneous Markov processes
in this thesis are assumed to be regular jump processes.)

Lemma 1.5. [Asm03, Theorems 4.2 and 4.3, pp.51-52] Let X = (X(t) : t € R) be
a homogeneous Markov process on a discrete state space E with transition rates matrix
Q = (q(i,j) : i,j € E) which is irreducible and positive recurrent, i.e., ergodic. A
probability measure m is a stationary distribution for X if and only if it solves the global
balance equation

m-Q=0.
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If a Markov process is ergodic, then its stationary distribution is the limiting distribution,
which is positive. (e.g., [Ser09, p.40])

In this section, conditions for the process X of a Jackson network as in Definition 1.1
being ergodic are given. Before doing this, the traffic equations the solution of which is
utilized for Jackson’s theorem later on must be defined first.

1.2.1 The traffic equations

Definition 1.6. [Jacb7]| The traffic equations of a Jackson network are defined as

J
n=XN+ > mr(i,j), JjeJ. (1.1)
=1

The classical traffic equations of a Jackson network were derived by the global balance
equation of its (discrete-time) routing chain which is

J
n-R=n & n=Y nr(ji) Vi=01.,./ (1.2)
§=0

Because of the irreducibility of the routing matrix R, (1.2) have a solution n = (g, ...,7,)
which is unique up to a factor. After normalizing the solution n = (1o, ...,ns), it is a
stochastic vector where 7; is the probability of a customer being located at station ¢, if
the routing process is in equilibrium.

Prescribing
7o 322)\i:>\
ied
in (1.2), we get
=n7(0,0) + ir(1,0) = i = ir(7,0 1.3
W= mg0,0)+ S nri.0) = N = S nr(i0 13)
=0 ieJ ieJ ieJ
and
i = Ar(0,4) + ir(g,7) Vi=1,..,J
i = Ar(0,)+ > mr(j. i)

=X\ jeJ

Because of the irreducibility of R, for the immediate feedback at nodes i € J holds
r(i,4) < 1, so these remaining equations have a unique solution determined by

=N+ 3 wrG)) (=) Vi1 (1.4)
jeI\{i}
In general, n = (11, ...,ns) given by (1.4) is not a stochastic vector.
Remark 1.7. Summing (1.1) on both sides over all j € J yields
o= N+ > rid) & D> N=> nr0)
jeJ jeJ ieJ  jed jeJ jeJ

which coincides with (1.3).
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Definition 1.8 (Overall arrival rate). [Ser99, p.136] Denote by N;(t) the number of ar-
rivals at node i € J in the time interval [0,t], then t"'N;(t) is the average number of
arrivals per time unit in the time interval [0,t] at node i. Letting t tend to infinity yields
limy oo 71 N;(2), the asymptotical average number of arrivals per time unit at node i which
is also called the (asymptotical) overall arrival rate at that node.

The overall arrival rate at a node i € J can be calculated from the sum of its external
arrival rate and of the expected number of arrivals coming from the other nodes. The
following remark shows when the traffic equations (1.1) can be used to calculate the overall
arrival rates in the network.

Remark 1.9. In Theorem 1.10, we will see, that ergodicity of the queue length process X
depends on the solution of the traffic equations (1.1): X is ergodic if and only if n; <
holds for all nodes i € J. The intuition behind (1.1) under equilibrium conditions of X
is a rate balancing argument: n; is in equilibrium the overall arrival rate at station j as
well as the overall departure rate there, [Ser99, Remark 1.16, p.16].

Note that due to R being irreducible, the traffic equations have a unique solution indepen-
dent of whether X is ergodic or not.

1.2.2 Steady-state results

The following theorem was proved by J.R. Jackson (1957).

Theorem 1.10 (Jackson’s theorem). [Jac57| If X from Definition 1.1 is ergodic, then
the unique stationary and limiting distribution © on N7 is

7(nn,oyny) = lim P(X;(t) =n; :j € J) = f[ (1 - ﬁ) (ﬁ>nj . (1.5)

X s ergodic if and only if n; < p; holds for all j € J, where n=(m:j€ j) 15 the
solution of (1.1).

Remark 1.11. The stationary distribution (1.5) is a so-called product form distribution,
which means that the joint distribution for the network process m(ny,...,ny) is a product
of all one-dimensional marginal distributions

mi(ni) = Z w(ny,...,ny).

(nj:jed\{i})eN/—1

This product structure implies that the one-dimensional marginals of X in time have
independent coordinates in space. But, of course, the queue lengths at the nodes cannot be
independent of each other, since the queue lengths rely on the customers moving between
those nodes.

The product form also suggests that, in equilibrium, at a given fized time the network
states behave like J independent (M/M/1/00)-systems with Poisson(n;) arrival streams
and exponential(u;) service times which have the (geometric) distribution

i i

as stationary distribution of the queue length process at node i. But the suggestion of
Poisson streams between the nodes is, in general, not true, as can be seen in [Mel79q].
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Such a product form of the stationary distribution is clearly desirable because common
performance measures of the network are then easy to compute, as can be seen in the
following subsection.

1.2.3 Performance measures

Definition 1.12. Consider an ergodic Jackson network. Then the stationary throughput
TH; of a node is

TH; = Z m(na, s ng) - - Ing (1),

(n1,...,ny)EN

and the stationary throughput T H of the network is

TH = Z nl,..., Z].NJr TL] s ], ZTHT .]7

(n1,...,ny)EN ]GJ ]EJ
The followingg result is obtained by direct computations.

Proposition 1.13. Consider an ergodic Jackson network. Then the stationary node-j
throughput is TH; = n;, and the stationary throughput of the network is TH = .

This result shows that, in equilibrium, the performance of Jackson networks is maximal:
At any time, the departure rate of the network to the sink equals the external arrival
rate into the network. Loosely speaking, what comes in comes out in average at a time
unit if the system is in equilibrium.

The next theorem exploits when empirical time averages converge to space averages under
the stationary and limiting distribution .

Theorem 1.14 (Ergodic theorem). (e.g., [Bre99, Theorem 6.2]) Let X = (X(t) : t € R;)
be an ergodic homogeneous Markov process (with state space (E,P(E))) with stationary
distribution 7, and let f : E — R be such that ), | f(i)|7(i) < co. Then for any initial
distribution P(XO =: po holds P,

nml FX()dt =) fli)r

i€E

Thus using the ergodic theorem, it is possible to estimate time averages of rewards or
costs.

Example 1.15. Let g : N/ — R denote a non-decreasing cost function which determines
costs associated with queue lengths. To assess the quality of a system it is often desirable
to predict the average accumulated cost over a time horizon [0,T],

Note, that this is an empirical measure which depends on the realized path of the system.
If X is ergodic with stationary distribution 7 as in Jackson’s theorem (see Theorem 1.10)



1.3 The non-ergodic case 15

and if 3, e jyens 19(ns ong)|m(na, .. my) < 0o, then the ergodic theorem (see Theorem
1.14) yields that for any initial distribution PX) holds Ppx ) -a.s.

lim l/o g(X1(t), ..., X (t))dt = Z g(ny,...ny)m(ng,...,ny).

(ni:eJ)eN

This means that the path-wise evaluated time average converges to the state space average,
so path-wise evaluated time averages for a time horizon [0, T| with large T can be estimated
by state space averages in ergodic Jackson networks:

1 /7 J _ N\ "
5 [ e xsoies S gt I (1-2) ()
0 (nizieJ)eN J=1 Hi Hi

1.3 The non-ergodic case

In this section, Jackson networks are considered the state process of which is not ergodic.
This means that the ergodicity condition n; < p; Vi € J (see Theorem 1.10) is not fulfilled.
The asymptotic results of J.B. Goodman and W.A. Massey (|[GM84]) will be presented
for which traffic equations different to those in Section 1.2 are valid.

1.3.1 The traffic equations
Definition 1.16. [GM84|

J
nj = )\j + me(nu /Lz)r(lv,])a j € J7 (16)

i=1
are the general traffic equations for Jackson networks.

These general traffic equations are necessary to obtain the asymptotic results of Goodman
and Massey on non-ergodic Jackson networks which will be presented in the following
subsection. Similar to the interpretation of the solution of (1.1) as overall arrival rates,
an intuitive explanation of (1.6) can be given the following way:

The general traffic equation arises from a more careful examination of Burke’s theorem
for the M/M/1 system without immediate feedback (which means that the probability
to directly leave the system after service to the sink is 1) in [Bur56]: When the external
arrival rate A is greater or equal to the service rate p at the station, then the output of
the system is still Poisson for large time, not with rate A (as in the ergodic case) but with
rate . To make an unconditional statement, the output process of an M/M/1 system
for large time is Poisson with rate min(\, u). [GM84, p.861]

Whenever the ergodicity condition is not fullfilled, the network is said to have unstable
nodes.

Definition 1.17. A node i is said to be stable if n; determined by (1.6) is strictly less
than p;, otherwise the node is called unstable.
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For unstable nodes j the input rate is different from the output rate which can be at
most ;. So if there is at least one unstable node in the network, in determining the
input rates we are no longer allowed to insert the same quantities in the traffic equations
(1.1) on the right-hand side as on the left-hand side, the traffic equations need to be
reformulated to (1.6).

Whenever there is more than one node for which n; < p; does not hold (where 7; is deter-
mined by the classical traffic equation (1.1)), this does not mean, that all of these nodes
where the condition does not hold are actually unstable. This is due to the interaction
of those nodes and the fact that too large departure rates were taken into account by
deriving the 7;’s by (1.1). So the analysis of the stability of nodes is more complicated
and consists, in general, of more than just one step. This will be seen in the following
algorithms.

Algorithm 1.18. [GM84| To determine for a Jackson network with J nodes which nodes
are stable and which are unstable in the sense of Definition 1.17.

(i) Assume that all nodes are unstable. )
Based on this assumption, let (n;(1) : i € J) be the first estimate for the solution
(m; 21 € J) of (1.6), i.e., (n:(1) : i € J) is the solution of the traffic equations:

J
D =X+ Y wr(j,i) Viel, (1.7)

which trivially exists and is unique, because all parameters at the right-hand side of
the equations are given. Comparing (1.6) and (1.7) and noticing min(n;, p;) < p;
implies n;(1) > n; Vi € J.

o Ifn;(1) > i holds for alli € J, all nodes are unstable and for the first estimate
holds n; = n;(1) Vi € J. Stop here.

o If for at least one node i, € J holds m;, (1) < ps,, then p;. > m;. holds due
to mi(1) > m; Vi € J, so this node i, is stable. But since n;, (1) is derived
under the assumption that all nodes are unstable, it holds n;, (1) > n;,. Set
S(1) :=={i:m(1) < wu;} and proceed to the next step.

(ii) All nodesi € S(1) will be eventually stable. Assume that all other nodes i € J\ S(1)
are unstable.

Based on this assumption, let (1n;(2

i

(i€ J) of (1.6), i.e., (m;(2):

m(2) =N+ > wr(o+ Y m2)r(id) Vield, (1.8)
jeJ\S(1) Jjes()

)i € J) be the second estimate for the solution
€ J) is the solution of the traffic equations

which ezists and is unique, see Lemma 1.19. Again, comparing (1.6) and (1.8) and
noticing min(n;, ;) < p; tmplies 1;(2) > n; Vi € J, but the assumptions are more
conservative than those for (ni(1),....,n;(1)). It holds: m; < n;(2) < (1) Vi € J
and n;(2) < p; Vi€ S(1).
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o IfS(1) = S5(2) := {i: n:(2) < i}, then n;(2) = m; holds ¥ i € J. Stop here.
o If S(1) # S(2), then S(1) C S(2). In this case n;,(2) > n;, holds for at least

one node i, € J. Iterate the second step with S(2) as new set of stable nodes.

Lemma 1.19. [GMS84] The general traffic equations (1.6) have a unique solution which
we denote by n = (n; : j € J).

Proof. The proof consists of three steps: First it is shown that the traffic equations
(1.6) are solved by an algorithm which recursively builds a sequence of vectors n(n) =
(m(n), ...,ns(n)), n € Ny, together with a sequence of sets S(n) := {i € J : n;(n) < u;}
for which holds:

N+ 1)sm) = As@m) + 10+ 1)sm)yRsm)sm) + tom)yRum)sm), (1.9)
n(n+Dom) = Avw +1(n+1)s n)Rs n) 1) BUm)um), (1.10)

where U(n) := J\ S(n) and S(n) is the detected set of stable nodes in the nth step
of the algorithm.

It is shown that the sequence of vectors n(n), n € Ny, of such an algorithm converges
to the unique solution of the traffic equations (1.6) in at most J iterations, if a unique
solution exists.

In the second step, the existence of a solution of the general traffic equations is shown.
This is strongly related to the before mentioned algorithm: It has to be shown that for
every n € J the S(n)-partition of the traffic equations, (1.9) and (1.10), has a solution.
Transforming (1.9) into

nn+ 1)sm) = Asm) + b Bumsem)) I — Rsmysm) ™"

vields a solution of (1.9) and inserting this solution into (1.10) yields the solution of the
latter equation, but the transformation is only possible, if (I — Rs(n)s(n))_l exists and is
positive. Because of the irreducibility of R, (I — Rg(n)sm)) " exists and is positive for all
n e j, see Lemma 1.2.

In the third step the uniqueness of a solution of (1.6) is proven straight forward. For more
details see the proof of Lemma 4.10 with V = (), pp.56-59. n

Whenever a Jackson network is to be analyzed, it is important to know which nodes are
stable and which are unstable and therefore which traffic equations are appropriate. The
following algorithm avoids the computational effort of Algorithm 1.18 which arises if there
is no or only one unstable node in the network. These two cases will be detected after one
step already. For all other cases, the following algorithm refers to Algorithm 1.18 which
is then worth the effort.
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Algorithm 1.20. To determine the set of stable nodes in a Jackson network.
(i) Solve the standard traffic equations (1.1). Check if n; < pi; holds for all nodes i € J.

e [f the condition holds for all nodes, then all nodes are stable and (1.1) are the
appropriate traffic equations. Stop here.

e If there is only one node, 1., for which the condition does not hold, then this
node is the only unstable node and the appropriate traffic equations are

nj:/\j+ Z 77{/’(2,])4’/14*7‘(1*;])7 je J.
ieJ\{ix}
Stop here.

e [f there are at least two nodes for which the condition does not hold, proceed to
the following step.

(i4) Run Algorithm 1.18 to solve the general traffic equations (1.6). With the detected set
S:={i:n; < p;} of stable nodes and U := J \ S of unstable nodes the appropriate
traffic equations are then

77;:)‘J+anr(@a])+2ﬁbzr(2,])a jEj

€S icU

Remark 1.21. Let = (n; : j € J) be the unique solution of (1.6). Nodes in S := {i €
J:mi < i}y are stable, U = J \ S is the set of unstable nodes. Summing (1.6) on both
sides over all j € J yields

Zﬁj = Z Aj+ Z Zmin(ni,m)r(i,j)

jeJ jeJ jeJ =1

e S =Y N3 i)+ 3D wir(,j)
jeJ jed jed €S jeJ €U

S > N =D mr(i,0)+ Y (= pi(1=7(j,0)))
jed jes JjeU

p=— Z /\j = an’l"(j, O) + Zﬂjr(ja 0) + Z(n]
jed jes Jjevu Jjeu

= Z /\j = Zmin(nﬁﬂj)r(j? 0) + Z<Tb
jeg jeg JEU

so the sum of the departure rates of the system into the sink is smaller than the external
arrival rate X into the system if not all unstable nodes operate at full capacity (n; = p;),
but at least one unstable node is overloaded (n; > ;). This reflects that the mazimal
departure rate at each node s limited by the maximal capacity of its server.
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1.3.2 Long-time behavior

In the following theorem we assume that the ergodicity condition from Jackson’s theorem
(Theorem 1.10) does not hold which means that there is at least one node which is
unstable. Although we know that the network process X will not settle down in an
equilibrium, Goodman and Massey showed that parts of the network process - on the
subset of stable nodes - do stabilize asymptotically.

Theorem 1.22. [GM84] Let X = (X(¢t) : t € Ry) denote the queue length process of a
Jackson network. X is a Markov process with state space N’. Let n = (n; : j € j) be the
unique solution of the general traffic equations (1.6). Denote by S = {i : ;i < i} € J
the set of stable nodes in the network and by U = j\ S the set of unstable nodes in the
network.

Then we have independent of the initial distribution for all n; € N:

lim P(X;(t) =n;:je8)=]] (1 - ﬁ) (ﬁ)nj , (1.11)

t—00 ; ;
j€S M M

t—o00

The proof of Theorem 1.22 is left out here because it is a simplified version (D = 0)) of
the proof of Theorem 5.10 in Chapter 5.

Remark 1.23. It is noteworthy that the marginal probability (1.11) has the same structure
as (1.5), but the marginal process on S is not Markovian. Also one should notice that
here the vector n = (n, ...,my) solves equations which are different to those in the previous
section, (1.1), if there is at least one unstable node in the network.

Moreover, the limiting joint marginal distribution (1.11) of the queue lengths process on
the subnetwork S is of classical product form as it already occurred in Jackson’s theorem.
This means that the limiting joint marginal distribution on S is the product of all limiting
one-dimensional marginal distributions of the nodes in S':

lim P(X;(t) = nj) = (1 - ﬁ) (ﬂ)nj VjeS.

The limiting marginal queue length probability (1.12) being zero for all states implies that
the limiting queue length distribution for every unstable node is the degenerated one-point
distribution at {oo}. The result (1.12) also implies

lim P(X;(t)=n;,j €U)=0 Vn; €N,

t—o00

which can be proved similarly as (1.12), but this is a weaker result.

The asymptotic product form result (1.11) on S makes it easier to compute performance
measures, at least for the stable parts of the network, when one cannot take the classical
way and access steady state probabilities. This will be shown in Chapter 5, Section 5.4,
with D = () for the classical Jackson network considered here.
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1.4 Classification of states

In Section 1.2.2, conditions for the queue length process of a Jackson network to be ergodic
were presented: A Jackson network process is ergodic if and only if all of its nodes are
stable. If this ergodicity condition is not fulfilled for at least one node, the global network
process is not ergodic and the according Jackson network is called non-ergodic, too.
Ergodicity of a network process is strongly related to the classification of its states.

Definition 1.24 (Classification of states). [Chu67, pp.12-21, pp.182-187] Let X = (X (¢) :
t € T) be a homogeneous Markov process with discrete state space E and time parameter
set T C R.

e Stale j € E is accessible from state i € E if p®)(i,§) > 0 for some t > 0.
e State j € E/ communicates with state i € E if 7 is accessible from ¢ and vice versa.

e A state i € F is transient, if
P(X(t) =i for some ¢t > 0|X(0) =1) < 1,

i.e., the probability to return to the state in finite time is less than one. Otherwise
1 4§ recurrent.

o A recurrent state i € F is positive recurrent, if the mean time to return to state i
for the first time is finite. Otherwise ¢ is null-recurrent.

A homogeneous Markov process is called irreducible if all states of its state space com-
municate with each other. If state ¢ is recurrent and another state j is accessible from 1,
then j is recurrent as well. So if a process is irreducible and its state ¢ is recurrent, then
all other states of the state space are recurrent and the process is called recurrent. The
same holds for transience, positive recurrence, and null-recurrence.

Definition 1.25. (e.g., [Ser09, p.259|) A discrete-time homogeneous Markov process is
ergodic if and only if it is irreducible, positive recurrent, and aperiodic.

A continuous-time homogeneous Markov process is ergodic if and only if it is irreducible
and positive recurrent.

The queue length process X of a Jackson network is an irreducible continuous-time
homogeneous Markov process. Thus, X is ergodic if and only if all states are positive
recurrent. Whenever X is not ergodic, the process cannot be positive recurrent. As a
consequence the non-ergodic queue length process of a Jackson network must be either
null-recurrent or transient.

In the literature, a non-ergodic network process is often called transient (see, e.g.,
|[Wei05]), this does not automatically mean that the process actually is transient
according to the above definition. Best to our knowledge it is still an open question
under which conditions, in case of non-ergodic Jackson networks, the network process is
transient or null-recurrent.

Throughout this chapter we will refer to a two nodes system which is defined as follows.
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Definition 1.26 (The two-node model). Consider a Jackson network with two nodes
where node 1 is stable and node 2 is unstable in the sense of Definition 1.17. Denote by
n = (n1,m2) the unique solution of the general traffic equations (1.6) which in this case
are

m =X +mr(1,1) 4+ per(2,1),

n2 = A2 +mr(1,2) + par(2,2).
Denote by X = (X(t) = (X1(t), Xa(t)) : t > 0) the queue length process of the network on
the state space N2.

1.4.1 Matrix-geometrical approach

Matrix-geometric methods (see [Neu81|) are useful to analyze each level of a state space.
The set of {(i,n2) : i € N} is called level ny of a two-dimensional state space. Clearly,
considering the queue length process of a Jackson network as in Definition 1.26, it is only
possible to move from some state (i,n) to some state (j,ns + k) of the state space N?
(—ny < k < 00) by visiting all intermediate levels at least once. This property is also
referred to as skipfree to the left and to the right (|[Kei65]) for levels. Within a level, this
property also holds in a Jackson network.

We consider the two-node model from Definition 1.26. The generator Q for level n, is
then given by

0| B Ay, 0 0
1 1Ay Ay Ay O

210 Ay Ay A

This tridiagonal matrix has the structure of an infinitesimal generator of a quasi-birth-
death process, see [Neu81, p.82|, because state changes occur only between adjacent levels.
Q is level independent because the rates at which transitions occur do not depend on the
level. An overview on level-independent quasi-birth-death process is given in |[Lat10].
The difference to the process presented in [Neu81| is that our process X has the state space
N2, so the square matrices B, Ag, A1, and A, have infinitely many rows and columns:

(0,0) (1,0) (2,0)
0,00 =X\ — A N\ 0
B= (LO)| mr(1,0) =X — Ay — (1 —r(1,1)) A1 ’
(2,0) 0 wir(1,0) A1 — A — (1 —r(1,1))

(0,n2—|—1) (1,n2+1) (2,n2+1)
(O,TLQ) )\2 0 0

AO — (1,712) er(l,z) )\2 O
@m)| 0 w12
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(0,%2 — ]_) (]_,TZQ — ]_) (2,712 — 1) (3,712 - 1)

(0,712) ILLQT(270) ,U/QT(27 1) 0 0
A, = (1,m2) 0 por(2,0)  per(2,1) 0

(2,712) 0 0 M2T<2a0) /LQT(Zv 1)

and, with v := po(1 —r(2,2)) + Ay + Ao, matrix A, is

(

O,TLQ) (1,712) (2,7’12) (3,%2)

(07712) - )\1 0 0
(L,mg) | pr(1,0) —pg (1 —7r(1,1)) — v A 0

0 par(1,0) —p(l=r(1) =7 A

To analyze the process related to the generator Q, the matrix A is defined by the sum of
the describing matrices A;, A := Ag + A1 + Az, which is with v := \; + por(2,1):

0 —V v 0 0
A= 1 m(=r1,1) —m—r(l,1) v v 0
2 0 m(l=r(L1)  —p=r(1)~v v

The row sum of A is zero, so A is conservative.

An interpretation of A can be given the following way: A is the transition rates matrix
of a birth-death process where a birth means an increase of the queue length at node 1
and a death means a decrease of the queue length at node 1 regardlessly whether the
transition changes the queue length at node 2 (and therefore the level) or not. That is

why A is also called the inter-level generator matriz.

With n; = Ay +mir(1,1) + por(2,1) it holds A =

— (1= r(1,1)) m(1—r(1,1)) 0
m=r(,1) (L= r(11) —m( - r(1,1) m(l-r(1,1))

0 (1 —r(1,1)) —p (1 =r(1,1)) —m (1l —r(1,1))

m(l—r(1,1))

A is the @-matrix of a birth-death process with birth rates 7;(1—r(1,1)) and death rates

p1(1 —r(1,1)). Because 1y < p, the stationary distribution of this process is

o= (-2) (2

It is striking that the stationary distribution related to A is the same as the marginal

limiting distribution (1.11) for the stable node related to the @-matrix of X.
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If A is in equilibrium, 7 - Ag - € is the rate for a transition from some state (i,n5) to the
higher level ny + 1 which is given by

e BB () S 1) () s
- Z <1 - _> (ﬂ) (A2 + mr(1,2)))

K1
=T — ,LLQT(Q, 2)

Analogously, if A is in equilibrium, 7 - A - e is the rate for a transition from some state
(i,m2) to the lower level ng — 1 (for ny > 0) which is

W-Az-e_i@—ﬂ) (ﬂ) 127(2,0) +i<1——> (%) _1/@7‘(2,1)

o H1 M1
B (1 _ :7_) (%) a1 7(2,2)

= pa(1—7(2,2)).

The birth and death rates of the process generated by A are strictly positive because
r(1,1) < 1 is implied by the irreducibility of the routing process, therefore the birth and
death process is irreducible.

In case that the matrices A; would have a finite amount of rows and columns, with the
irreducibility of A we would know from [Neu81, Theorem 1.7.1, p.32] that the process
generated by Q is positive recurrent if and only if

T-Ayre>m-Ag-e & p(l1—r(2,2) > —puer(2,2) & pg>n,  (1.13)

which would be a contradiction to the assumption that node 2 is unstable in the two-node
model. Unfortunately enough, in our setting the matrices A; have infinitely many rows
and columns. According to G. Latouche and V. Ramaswami the "situation is more
involved, and not satisfactorily settled yet, if [the number of rows and columns of the
matrices A; is| m = co"[LR99, p.147]. An approach for the case m = oo is given with
[LR99, Theorem 16.2.2, p.310] which is based on [Twe82, Theorem 5|: If A is irreducible
and if B = A; + A holds, then (1.13) is a sufficient condition for the process generated
by Q being positive recurrent. Unfortunately B = A; + A, does not hold in our setting.
Anyways, the process generated by Q is not positive recurrent for the following reason:
Notice that the generator Q is build only by restructuring the ()-matrix of the queue
length process X of the two-node model which is done only by structuring its state space
by the use of levels. But from the Definition 1.26 of the two-node model we know that
its queue length process X is non-ergodic and therefore it is not positive recurrent.

Concluding this analysis via matrix-geometrical methods, there are interesting and strik-
ing remarks concerning analogies to our queue length process X:
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e The generator Q is build only by restructuring the @Q-matrix of X using levels.

e Although X is not ergodic and therefore does not have a stationary distribution, we
get a stationary distribution for the N-valued Markov process generated by A, the
inter-level generator matrix.

e This stationary distribution for the Markov process generated by A, which is a lim-
iting distribution for that process as well, equals the marginal limiting distribution
(1.11) for the stable part of non-ergodic networks and, even more, the stationary
distribution is obtained despite the assumption that node 2 is unstable. This is
remarkable and we do not know yet what it means.

1.4.2 Analysis via martingale criteria

Foster’s theorem gives a sufficient condition with Lyapunov functions h for a homogeneous
Markov chain to be positive recurrent:

Theorem 1.27 (Foster’s theorem). [Bre99, Chapter 5, Theorem 1.1| Let the transition
probability matriz P := (p(i,7) : i,j € E) on the countable state space E be irreducible
and suppose that there exists a function h : E — R such that inf; h(i) > —oo and for
some finite set F C F

> " pli, k)h(k) < oo for alli € F,
keE

S " p(i, k)h(k) < h(i) —¢ foralli ¢ F,

keE

for some € > 0. Then the corresponding time-homogeneous Markov chain is positive
recurrent.

Similar criteria can be given for transience and null-recurrence. All of the following criteria
are referred to as martingale criteria, because they are proved with martingale theory, see
[Bre99, Chapter 5, Section 3.2]. Note that Y, . p(i, k)h(k) = E(h(X(n + 1))| X (n) =1).

Theorem 1.28. [Bre99, Chapter 5, Theorem 3.4] A necessary and sufficient condition
for an irreducible time-homogeneous Markov chain to be transient is the existence of some
state conventionally called O and of a bounded function h : E — R, not identically null
and satisfying

h(j) =D p(j. K)h(k) for all j #0.
k0

If we consider a non-ergodic Jackson network, the following recurrence criterion can be
used as a criterion for null-recurrence:

Theorem 1.29. [Bre99, Chapter 5, Theorem 3.5| Let the time-homogeneous Markov
chain with transition probability matrixz P be irreducible, and suppose that there exists a
function h : E — R such that {i : h(i) < K} is finite for all finite K, and such that

N " pli.k)h(k) < h(i) for all i ¢ F,

keE

for some finite subset ' C E. Then the process is recurrent.
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The following theorem is an alternative to Theorem 1.28 as a criterion for transience.

Theorem 1.30. [Bre99, Chapter 5, Theorem 3.6| Let the time-homogeneous Markov
chain with transition probability matriz P be irreducible and let h : E — R be a bounded
function such that

> " p(i,k)h(k) < h(i) for all i ¢ F, (1.14)

keE

for some subset F' C E, not necessarily finite. Suppose, moreover, that there exists i ¢ F
such that

h(i) < h(j) for all j € F. (1.15)
Then the process is transient.

All these criteria are for Markov chains, i.e., discrete-time Markov processes, while our
queue length process is a continuous-time Markov process. This inconformity can be
remedied by the method of uniformization, as defined in, e.g., [Kij97, p.195].

Definition 1.31 (The two-node model with uniformized queue length process). Consider
the two-node model from Definition 1.26. Since all entries in the main diagonal of the Q-
matriz are bounded, the queue length process X is uniformizable with some uniformization
constant £ > sup, —q(z,2), 2 € N2, With

2
§> Z(Az + 1)
i—1

as the uniformization constant, a Poisson-clock with intensity & generates the jump times
of the uniformized process. The jump kernel of the uniformization is then given by

p' =1+ L Q.
£
The relationship of the original continuous-time process and the process after uniformiza-
tion can be expressed as follows: Let (N¢(t) : ¢ > 0) denote a Poisson process with rate
&, then the processes (X"(Ng(t)) :t > 0) and (X(¢) : t > 0) are equal in distribution, see
[Kij97, Theorem 4.19]. The advantage of the uniformization is that an analysis of the
continuous-time process X is possible with discrete time techniques. Thus, we can check
whether one of the above discrete-time criteria for recurrence or transience applies for
the non-ergodic X or not.

The following proposition shows how the criteria can be used to establish conditions under
which the non-ergodic process is - in this case - transient. Other conditions obtained in
the same manner are conceivable.

Proposition 1.32. Consider the two-node model with uniformized queue length process
X on the state space N and jump kernel p* from Definition 1.31. Let for the parameters
of the unstable node 2 hold

pa(1—7(2,2)) < = - X, (1.16)

W

then the Markov chain is transient.
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Proof. We define the function h : N> — R by

h(nl,ng) = 11 n2.

h is bounded, because for all possible states (ni,n,) € N? holds 0 < h(ny,ny) < 1.
Furthermore we define F' := N x {0} and show that with these definitions the require-
ments (1.14) and (1.15) of Theorem 1.30 are fulfilled:

For all (i1,i2) € Ny x Ny C F* holds

Z P (11,923 k1, ko) h(ki, ko) = ZZP 21,12,k1,k2) k

(k‘l,kg)ENQ k1=0 ko=0
i1+1 io+1 1

Z Z Zl,lz,kl,kz)

k1=i1—1 ko=i2—1 +

1+ k&
L (r20) | mr2) N r(1,2)
‘1+z’2—1( e T« ) 1+12+1 (s* € )+

1 _(ﬁ“m( 0)  E=M=do—m=r(1) = (1= (2,2)>)

2

L+i \ & § §
_ 1 ' ug(l—?”(Q,Q)) I 1 ) )\2+M1T(1,2)+
1+iy—1 ¢ 1+iy+1 ¢
1 ( M tur(L2) (1 —r(2 2)))
+—F- 11
1 +22 5 f
1 +)\2—{—[1,1T(1,2)( 11 )+ﬂ2(1—r(2,2)) (l_ 1 )
141 § 241 1+ 3 19 141
ol Dt mr(1,2) 14is—2—dy (1 -7(2,2)) 14is—is
T 1+, 3 (1 +142)(2 + i) ¢ g (1 + i)
1 N pa(l —r(2,2) 1 Mt mr(l,2) 1
1+ 1y 3 in(1 + ig) ¢ (1 +1i2)(2 + 1)
1 iz’z * §¢2(11+ i) (“2(1 —r(22) = e+ ur(1,2)) - 3 fu)
(Lig) 1 1 1 i
S Thh T \(?2 — Qetynr(1,2)) - 577 m)/
<0, since 2326[5,1]

1
1+,

< = h(iy,12).
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For all (0,42) € {0} x N C F* holds

Z Pu(07i2§k1,k‘2 khk’z Z ZP“ 0 Z2,k1,k2 k:
(k1, k:Q)EN2 k1=0 ko=0
i2+4+1 1
_Z Z OZ27k17k2>
1+ ko
k1=0 ko=io—1
(e ey, L
Cl4dp—1 3 3 I4+i+1 &
1 _(ﬁJr&—Al—Ag—ug(l—T(?ﬂ)))
1419 & £
1 m(l-r(2,2) LA, 1 _(1_g_u2<1—r<2,2>>)
1+i—1 & 1+4+1 & 14149 & &
1 +ﬁ( 11 )+/L2(1—7’(2,2))(l_;>
14y €\ 2414y 141, £ io 141
B 1 +,u2(1—r(2,2)) 1 _& 1
TR £ in(141d2) & (1+19)(2+1i2)

1 1 19
L4y &ia(1+ o) <,u2( r2,2)) 279 + 22)

(ri6) 1 1 1
< —+ = . <—)\2—)\2' Z2.>
1—|—ZQ 522(14-22)\3 2—|—22/
<0, since:ize[%,l}
1
< — 10, iy).
1+ ( ZQ)

Thus (1.14) is valid. It remains to show (1.15): For all (i1,i5) € F© =N x N, holds

h(il,’ig) = — < l=— = h(]l,O) = h(jl,j2> \V/(jl,jg) € F'=Nx {0}
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Chapter 2

Jackson networks with breakdowns:
The ergodic case

2.1 Introduction

In? complex networks, nodes may be not accessible for some time because, e.g.,

e the server is broken down and under repair,

e the (mobile) station has left the network and is replaced sometime later by some
other station,

e the server is serving customers from another network, etc.

Such nodes are called unreliable. The theory of such networks with unreliable nodes
is part of performability theory which provides us with a tool set of well established
methods and algorithms for an integrated approach to performance analysis and reli-
ability with availability. For an overview see [HMRTO01]. Our description here is with
reliability arguments: We describe an integrated model for performance analysis and
reliability /availability of Jackson networks with unreliable nodes, the description follows
[SDO03], more details can be found in [Sau06]. |[MDO09, p.1252]

We start from a classical Jackson network as described in Definition 1.1. We supplement
the state space N7 for the joint queue lengths by an additional coordinate which describes
the availability of the stations. If stations in D C J can break down, the availability

information is of a generic form

ICDCJ
which indicates that the stations in I are not available (under repair), while stations in
J \ I are available and can serve customers. The joint queue-lengths vector combined with
this knowledge will provide us with sufficient information for a Markovian description of
the system. Let P(D) denote the set of all subsets of D C .J. Then the states of our
Markov process are of the form

(I;n1,n9,...,ny5) € P(D) X I\

2Section 2.1 with its subsections 2.1.1-2.1.2 quote the pages 1252-1254 of our paper [MD09] which will be
shortly marked after the corresponding paragraphs. The only difference to the paper is the definition of
the set D of unreliable nodes.

29
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and P(D) x N7 will serve as state space for the joint availability—queue-length process
(Y, X). The process Y on P(D) indicates the availability status of the network and X on
N’ the queue lengths in the network. [MD09, p.1252]

Remark 2.1. Unlike the description in, e.g., [SD03] where all nodes may be unreliable,
we denote the set of unreliable nodes by D which may be also equal to the node set J. For
this chapter it does not make any difference but in the following Chapters 4 and 5 this
definition of the set D of unreliable nodes in the network enables us to be more precise
with side constraints which, as can be seen later on, must hold for unreliable nodes only.

2.1.1 Breakdown and repair rates

Incorporating the availability status of the network into the Markovian description we
have to specify transition rates for jumps of Y out of a state I into a successor state I’.
Two cases have to be considered for generic transitions I — I’ :

e [ increases by breakdown of nodes outside of I, and
e [ decreases by successful repair of nodes inside of I.

Increase and decrease of I are with respect to set-inclusion. In general, the transition
rates for increase and decrease of I will depend on the load (= queue lengths) of the
nodes in I, possibly even of neighboring nodes.

As an introductory example we describe a rather general situation where breakdown and
repair are independent of the load. A first approach to specify the rates for the set-valued
process Y is suggested by noticing that we can encode the sets I € P(D) by vectors from
{0,1}P. The bijection is given by

[(z;:7€D)e{0,1}’ &€ P(D) = [z,=1=icl|.

Having this in mind we can represent the process Y as a multi-dimensional birth-and-death
process on {0,1}” with concurrent births and concurrent deaths. The theory of multi-
dimensional birth-and-death processes will provide us with intensities for changing the
I-coordinate of the network process. Because we are interested in closed-form solutions
for the equilibrium probabilities, we seek for birth and death intensities with steady
states that can be given in closed form. An astonishing simple recipe from birth-and-
death processes (transformed to our situation) can be described in terms of the set-valued
process Y as follows. [MDO09, pp.1252-1253]

Example 2.2. [SD03, Example 8(a)| Take any pair of non-negative functions
A:P(D)—[0,00) and B : P(D) — [0, 00),
subject to A(0) =1 and B(0) =1 and for all K € D C J (recall 0/0 =0)

AKUG) B B(K)

With these functions we can define breakdown rates (death rates) a(-,-) and repair rates
(birth rates) B(-,-) as follows:
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For all subsets of down nodes K C D we set

AKUG)

a(K,KUG) = AK)

. KNnG=10, and B(K,K\H)—%, HCK.

By inspection we see that

= (W(K) = %, K e P(D))

fulfills
m(K) oK, KUG)=n(KUG) - -B(KUG,K)

for all K,G € P(D) which implies that, after normalization, 7 is the steady state of the
breakdown and repair process. Even more, we have proved that the process Y is reversible.
A statistical procedure to derive the rates «o(-,+), 5(-, ) and to verify whether they are of
the functional form is as follows:

a(+), B(+) are intensities for the process Y which is in this form a Markov process for its
own. Therefore we can estimate the rates with standard methods of statistics for stochastic
processes.

By estimating for any K C D

we obtain the candidates for the functions A(-), B(:), and are then in a position by
estimating the intensities o( K, K UG) and (K, K \ H) for all combinations K,G, H to
test whether the functional form of this example is relevant for the system under investiga-
tion. (A similar approach is possible for the more complicated functions of Definition 2.5.)

Note that the (simple) structure of the intensities in this example already allows very
general correlations between nodes in the breakdown and repair process.

Further special intensities for multi-dimensional birth-and-death processes are provided
by Serfozo [Ser93, Table 1]. These can be incorporated into our breakdown and repair
processes in a similar procedure.

Breakdown and repair intensities in Example 2.2 may depend on the interaction of nodes
but not on their load.

Breakdown and repair rates which depend on the load of the nodes can be constructed
following the advice given by the recipe which is behind Example 2.2 in [SD03].

Definition 2.3. Assume that stations in the set K € P(D) are down and under repair.
Then the breakdown intensity (rate) of a non-void subset G C D\ K is

AKUG,n; 1€ KUQG)
A(K,TLZZEK) ’

K, KUG,n;:ie€J):=

In the same availability status K of the network the repair intensity of a non-void subset
HCK s
.= B(K,n;:i € K)
K, K\ H,n,: J) = . .
BU KN Honi 20 €)= g e K\
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Here A and B are non-negative functions

A, B: [ J{I} x N — [0, 00),

with A(Q,n; 21 €0):=B,n;:i€P):=1. )
We require all intensities o(K, K UG,n;:i € J) and f(K,K \ H,n; :i € J) to be finite.

Some further special cases:

Example 2.4 (Locally determined breakdown and repair rates). [SD03, Example 7| This
15 an example where breakdowns and repairs are locally determined and the local intensities
depend on the local queue length of a station only.

For any node i € J we specify non-negative functions

a; : N — [0,00) and b; : N — [0, 00).

We assume intensities are of product form and set for all combinations of nodes K C
DCJ

a(K,KUG,ni:z'Ej):Hai(ni), KQG:(Z),GQD,
i€G
BK,K\Hmn;:iclJ)=]]bi(n:), HCK.

In the setting of Definition 2.3 we take

A(L;ng,...,ny) :Hai(ni) and B(I;ny,...,ny) :Hbi(ni),

el i€l

which leads to the given af-,-) and B(-,-). The necessary restrictions are automatically

fulfilled.

Example 2.5 (Vacation system). [SD03, Example 8(b)| A breakdown at a station only
occurs if the node is empty, i.e., there is no customer waiting or in service at this station.

The breakdown and repair rates in such so-called vacation systems are for all G, K C D,
KNG=0and HCK

= AKUG) T, Son.
oK, KUG,n;:ieJ)= ieRuG
( )= T A e oo

B(K> HieK 507%
(K \ H) [Lieg s Oon:

BK,K\H,n;:i€J)= =

2.1.2 Rerouting in case of breakdowns

In case of broken down nodes we have to impose additional regulations on the movement
of customers. We assume that at down nodes

e no service is provided,
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e customers which are present at a node when this node breaks down are frozen and
stay there, waiting for service until the node is repaired,

e no new customers are admitted, customers who want to visit a down node are
rerouted according to one of the following rules,

e when a broken down node is repaired, service of the first customer in line is resumed
with the residual service time the customer had reached when being interrupted.

Definition 2.6 (Stalling). [SD03, p.180] Whenever a node breaks down the system is
frozen, i.e., all arrival processes are interrupted and the service anywhere in the network
is stopped. Thus every movement of customers inside the network and arrivals to the
network from the outside are stopped until all broken down nodes are repaired again, i.e.,
if nodes in I # 0 are broken down then for all i € J holds M =pul =0. We assume that
the stopped nodes which are in up status are waiting in warm standby, i.e., they can break
down although they are stalled.

Stalling as a reaction on detected failure is implemented in many complex production
systems to guarantee high quality of production, e.g., in automotive industry. A successful
adaption of the stalling regime in case of failures can be found in the Toyota Production
System where workers on the assembly line are able to interrupt the whole production
process whenever a defective or low-quality product is found, see [Shi89, p.74|.

Definition 2.7 (Skipping). [SD03, p.183] Customers are not allowed to enter down nodes
and have to skip these nodes. I.e., if the next destination of a customer is a down node,
the customer jumps to this node spending no time there and immediately performs the
next jump according to his routing regime until he arrives at a node in up status or leaves
the network. Whenever a breakdown of a subset I C D occurs, customers are rerouted
according to the following routing matriz R = (r!(i,7) 4,5 € {0} U J\ I):

r'(j, k) =r(j,k +er, ) for k,j e {0}UJ\I (2.1)
el
with
(i, k) —rzk:—kz i, Dr ) foriel ke {0}UuJ\I. (2.2)
lel

The external arrival rates during a breakdown of I are

A= X+ Nirl(i,4) for je T\ (2.3)
iel
and \L. =0 for k € I. The service intensities are

Iu,[:{'ui, ZEj\],

0, otherwise.

Skipping is a typical reaction in routing processes on graphs when a vertex has disap-
peared. In Markov chain theory it emerges when taboo sets occur in the state space of
the chain. [MDO09, p.1254]
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Definition 2.8 (Blocking rs-rd). |[SD03, p.176] Broken down stations are blocked. A
customer whose next destination s a down node stays at his present node to obtain another
service there. After the repeated service (rs) the customer chooses his next destination
anew according to his routing matriz (random destination (rd)). Whenever a breakdown
of a subset I C D occurs, customers are rerouted according to the following routing matrix

R = (r1(i,5) 4,5 € {0}y U J\ I) with

Tli N — T<i7j)> 2736{0}9‘}\[7@#]7
(8,9) {r(i,j)+zk€]r(i,k), i€ {0yUJ\I, i=j. 24

The external arrival rates during a breakdown of I are )\]I- =)\ forj e j\ I and /\JI- =0
otherwise as well as the service intensities are

I {Mz, Zej\],

i = 0, otherwise.

Repeated service in case of a blocked departure from some node due to full buffer at the
destination node is used in models for telecommunications systems. There are several
other blocking regimes in the literature like rejection blocking, retransmission, repeat
blocking. More details can be found in [BDOO01, Section 2.2].

When blocking rs-rd was used in modeling a protocol for resolving blocking, it was ob-
served that in the Jackson networks under consideration the routing had to be reversible
when a product form modeling was required. The same structural requirement turned out
to be essential in the investigations of unreliable Jackson networks described in [SD03].
[MDO09, p.1254]

2.1.3 The model

Definition 2.9 (Jackson network with unreliable nodes). Consider a Jackson network
with node set J ={1,...,J}, i.e., for each node j we have

e esternal Poisson(\;)-arrival streams (3,50 = A >0),

o single servers with exponential(p;) distributed service time,
e infinite waiting room,

o first-come-first-served regime.

Customers are indistinguishable. All interarrival and service times constitute a set of in-
dependent random variables.

Routing is Markovian: Given the departure node i the selection of the next node is inde-
pendent of the previous history. A customer departing from node © immediately proceeds
to node j with probability r(i,j) > 0 and departs from the network with probability r(i,0)
(the artificial node O represents the outside, source and sink, of the network, r(0,0) := 0,
r(0,7) := X\i/A\). The routing matriz R = (r(i,j) : 1,7 € {0,1,...,J}) is stochastic and
wrreducible.

Nodes from the set D C J are unreliable and break down randomly with intensities pre-
seribed by Definition 2.3 and are repaired with the intensities defined there. Customers
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are rerouted according to either stalling, skipping, or blocking rs-rd as in Definitions 2.6
- 2.8.
Then the joint availability-queue lengths process is described by the Markov process

(Y, X) = (Y(t); Xi(t), ..., Xs(t)) : t € R,) on the state space P(D) x N’

with transition rates matriz Q = (q(z,2') : z,2" € P(D) x N7) which is defined in depen-
dence on the according rerouting regime by:
Foralli,j € J,i #j:

q (Danlv ceey T,y '“7nJ;®an17 ey T 17 "'7nJ) = Aia

(
q0,na, iy g Ong,ng — 1, ny) = wir(4,0)In, (1),
g0, ny,.ongycmy, g O,ng,ong — 1y + 1,00 ny) = (4, 5) Ing (),
Q(®7n17 cens T3 ®7n17 "'7nJ) = - Z)\Z - Zﬂz(l - T(Z7Z>)1N+(nl)
ieJ ieJ
— Zoz((Z),nl,...,nJ;I,nl,...,nJ),
ICD

Q((b?nlv "'7nJ;Ian17 "'7nJ) = a(@ynla "'777’];[777‘1’ "'7nJ)a I g D7
and for all 0 #1 C D,i,j e J\1,i#j:

, Y
q(I,ny, . ong,ong Iong, o+ 1, 0ng) = A,
, N
q(I,na, ..ong, ongs Iong,ong — 1, nyg) = g (4,0) 1y, (ny),

(
(
q(I,nayecngy oy, ngy Ling,n, — 1, ong+ 1, ,ny) = ufr](i,j)lN+(ni),
q(I,ny,..,ng; Ing, . ony) = — Z M Z i (1 —r'(i,1)1n, (ns)

ieJ\I i€ J\I

— E all,ny,...ny; Hong,....,ny)
ICHCD

- § B(Ivnla-"anJ;K7n17"'7nJ)a
KcCICD

q(I,ny,...,ng; Hong,o.oong) = a(l,ng, ....ong; Hng,...,ny), I CHCD,
q(,ny,..ong;; Kong,oonyg) = B(I,ng, ...,ng; Kong,oony), K CICD,

and q(z,2") = 0 otherwise.

2.2 The traffic equations

Definition 2.10. The traffic equations for unreliable Jackson networks are:

e In case of stalling:

mi =N+ Y (i), i€, (2.5)

jed

as long as all nodes are in up status (I = 0). Otherwise n! =0 for all i € J. (Note
that (2.5) equals (1.1).)
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e In case of rerouting according to blocking rs-rd or skipping:

=M+ > '), ie J\I, (2.6)

jeJ\I
for all I C D. If I =0 the traffic equations (2.6) are equal to (1.1).

In general, a solution of such traffic equations, if it exists, does not reveal the overall
arrival rates in the system since the traffic equations for some [ remain in force only
as long as the availability status is unchanged. Whenever the availability status of the
system changes, the traffic equations are adapted according to the new set of broken down
nodes. Thus each traffic equation (2.6) may have different solutions for different /. The
following two lemmata show when the solution of the traffic equation (2.6) remains the
same for all 7 C D.

Lemma 2.11. [SD03, Proof of Theorem 5.2, p.179] Consider a Jackson network where
nodes in D C J are unreliable. Let for all nodes hold n; < p; where (n; : i € J) is the
unique solution of (1.1). In case of breakdowns of nodes we assume that customers are

rerouted according to the blocking rs-rd regime. If the following reversibility constraints
hold:

mir(i, ) = nyr(j,i) Vi, j € J, (2.7)

then for all nodes i € J\ I holds that the solution n! of the traffic equation (2.6) for all
I C D, I+#0, equals n;.

Proof. We make the ansatz 1, = n/ for alli € J\ I and all I C D in (2.6). We then
obtain with the solution n; of the traffic equations (1.1) for any I C D: Vi € J\ I

=N D0 G B A (r )+ Yo r@R) Y wr()

jeJ\I kel jeJ\I j#i
—)\—l—Zm (i, k) —|—an r(J, 1) —A+Zm r(j,i) = (1.1).
kel (2 7 o JeNI jeJ
= 77k-7“(k’72)

]

Remark 2.12. The reversibility constraints (2.7) are the local balance equations of the
routing process.

Lemma 2.13. [SD03, Proof of Theorem 6.4, p.184| Consider a Jackson network where
nodes in D C J are unreliable. Let for all nodes i € J hold n; < p; where (m; =1 € j) 08
the unique solution of (1.1). In case of breakdowns of nodes we assume that customers
are rerouted according to the skipping regime. Then for all nodes i € J \ I holds that
the solution n! of the traffic equation (2.6) for all I C D, I # 0, equals n;.

Proof. We make the ansatz 7; = n! for all i € J\ I and all I C D in (2.6). We then
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obtain with the solution 7; of the traffic equations (1.1) for any I C D: Vi € J\ I

M+ Z nir’ (5,4) (DeL. 20 /\ +Z)\kr (k,7) + Z nj<r(j,i)+27“(j, k‘)r[(k,i))

jeJ\I kel je\I kel
=i+ > G+ Y lm(MJer r(j, ))
jeJ\I kel jeJ\I
= e mir (i) =% crmir (k)
:nz—znﬂ(]az)‘f'ZWkrl(k,l)_ZT k7l anr(jak)
jel kel kel jel
Zm( r(G, i)+ Y r(k ) > ! (ki) = ns.
jel kel kel
(2.1) B

2.3 Steady-state results

Theorem 2.14. [SD03, Theorems 5.2, 5.5, and 6.4| Consider a Jackson network with
unreliable nodes as in Definition 2.9, where the set with unreliable nodes is denoted by
D CJ. Let n= (1, ...,ny) be the solution of the traffic equation (1.1).

In case of breakdown of nodes we assume either that stalling is applied or that the skipping
regime 1s in force or that the blocking rs-rd regime is in force. In case of blocking rs-rd,
we require that routing fulfills the reversibility condition (2.7).

If the availability—queue-lengths process (Y, X) is ergodic, it has a unique stationary and
limiting distribution:

For all (I;ny,....,ny) € P(D) x N’

A(l,n; i €l) ! n;
I = . J ) 2.
7T< ;N 771]) C B(I n; lEI 1;[( > ( 8)

(Y, X) is ergodic if and only if for the normalization constant holds

(I,n;:iel
¢= Z (H<,uj> ZBIni:iEI;) <o (2:9)

(n1,...,ny)ENY ICD

Remark 2.15. The stationary distribution (2.8) is of product form similar to the classical

Jackson’s result. This is even more explicit for load-independent breakdown and repair
rates as in Example 2.2: For all I C D and (ny,...,n;) € N’ holds

7(l;ny,...,ng) =7(I)-7(ny,....,ng) =7(I) - Hm(nz),

where with a little abuse of notation (w has different meanings which are clear from the

context)
AR\ AU
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and

where

mn) =Y Y alling,..ng) = (1 . 1) (’7)”

TED (njije \{i})eN’ =1 .

Hence the components for the performance and the reliability factorize and, even more,
the queue-lengths distribution is of the well known Jackson network structure.

It should be noted that, in general, neither X nor Y is Markovian for its own. This is
because, in general, the breakdown and repair rates depend on the load (queue length) of
the nodes, and service to customers can be delivered only when a node is up.

Definition 2.16. The condition n; < u; is called local stability criterion for node j.

2.4 Computation of availability and performance mea-
sures

When the breakdown and repair rates depend on the interaction of nodes but not on their
load, as in Example 2.2, the availability process Y is an ergodic Markov process for its
own, which has the unique limiting and stationary distribution

m(I) = (};) %) .% VI C D, (2.10)

see Example 2.2.

Remark 2.17. As mentioned after Definition 2.10, the determination of the overall ar-
rival rates in a system with breakdowns is slightly different to an ergodic system without
breakdowns (see Remark 1.9). Assuming load-independent breakdown and repair rates as
in BExample 2.2 we provide the following approach:

If nodes in I were not available and never be repaired and if no more nodes were unreli-
able, then we would have an ergodic Jackson network process with J — |I| nodes and from
[Ser99, Remark 1.16, p.16] the solutions (n! : i € J\I) of the traffic equations (2.6) would
be the overall arrival rates in the system in equilibrium. Since the process in Theorem 2.1
jumps from one availability status to another, we need to consider the probability to be in
each availability status to calculate the overall arrival rate.

e The rerouting regimes skipping and blocking rs-rd lead to an identical result, if we
require the reversibility constraint (2.7) to hold in case of blocking rs-rd. If the
system is in equilibrium, the overall arrival rate at a node j s with the solution 77][
of the traffic equation (2.6) and with w(I) from (2.10)

oo w=mn- Y w(I) <,

ICD,j¢1 i ICD,j¢1

=n;
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where (x) holds with Lemma 2.11 in case of blocking rs-rd and Lemma 2.13 in case
of skipping. Note that for all i ¢ D the overall arrival rate is

Z\UL'W(I) =1 - Z?T(I) = ;.

ICD ) ICD

e In case of stalling, the overall arrival rate at a node j is with the solution n; of the
traffic equation (2.5) and with w(I) from (2.10)

nj-ﬂ(@)=nj< %)

if the system is in equilibrium, because customers arrive at a node only if all nodes
are in up status. Thus in case of the stalling regime, the overall arrival rates are for
all nodes less than in a reliable ergodic system which is intuitively obvious.

The following proposition shows how the point availability of a Jackson network with
unreliable nodes may be computed:

Proposition 2.18. [SD03, p.185| Consider a Jackson network with unreliable nodes as in
Theorem 2.14 with load-independent breakdown and repair rates as in Fxample 2.2. Then
the stationary joint point availability at time t > 0 for the subnetwork H C D s

PA)(®) = Y (),
KCD\H

where 7(I) is the probability that exactly the nodes in set I C D are under repair, given
by (2.10).

The following example shows how the stationary distribution of the availability process
may be used to estimate costs involved with breakdowns of nodes.

Example 2.19. Let
f:P(D)—=R

denote a cost function which determines costs associated with shortages in service due to
breakdown and with repair. To assess the quality of a system with unreliable components
one often uses the time average of the accumulated cost over a time horizon [0, 7]

oT) = 7 / () dt

Note, that this is an empirical measure which depends on the realized path of the system.
Since Y is an ergodic Markov process of its own, we can apply the ergodic theorem for
Markov processes (see Theorem 1.14) to approxzimate for large T

()~ Y 1(0) 7D = X (1) (Z %) .

ICD ICD

This approzimation holds almost surely for any path of the system.
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The probably most important performance measure for open networks is the throughput.
The throughput of a network is the effective departure rate to the sink. The performance
of a network - with fixed parameters - is maximal if the throughput equals the external
arrival rate from the source into the network, as in case of ergodic Jackson networks with
completely reliable nodes, see Proposition 1.13.

Definition 2.20. Consider an ergodic Jackson network with unreliable nodes as in Def-
inition 2.9, where the set with unreliable nodes is denoted by D C J. If nodes in
I C D are broken down, let ujl» denote the service rate at nodes j € J\ I and let
Rl = (r!(i,5) : i,5 € {0} U J\ I) be the rerouting matriz which are determined by
some rerouting strateqy to be specified.

Then the stationary throughput TH; of a node j € J is

TH; = Z m(I;ny,...,ny) 'M§ A, (ny) - 1J\I(j)7 (2.11)
(In,...;n )€P(D)xN
and the stationary throughput TH of the network is

TH = > a(Liny, ong) - Y dng (ny)ufr! (4,0)

(I)ni,....,n;)EP(D)x N/ jeJ\I
= > TH;-r'(j,0). (2.12)
jeJ\I

Proposition 2.21. [SD03, Proposition 7.3, p.189] Consider an ergodic Jackson network
with unreliable nodes as in Definition 2.9, where the set with unreliable nodes is denoted
by D C J and the breakdown and repair rates are load-independent as in Example 2.2.

(i) If the rerouting regime stalling is in force, the stationary throughput at a node j is
TH; =n;-n(0) and the stationary throughput of the network is TH = 7 (0) - A.

(ii) If the rerouting is according to blocking rs-rd and the reversibility constraints (2.7)
hold, the stationary throughput at a node j is TH; = n; - ZIQD,J’§ZI7T(I) and the
stationary throughput of the network is

TH=>Y =n(I)- > .

IcD jeJ\I

(i1i) If the rerouting is according to skipping, the stationary throughput at a node j is
TH; =n;- ZIQD’ﬁH?T(I) and the stationary throughput of the network is

TH=> =(I)-A>_ 0,

ICD jed\I

Example 2.22. Let
g: N SR,
denote a non-decreasing cost function which determines costs associated with storage. To

assess the quality of a system with unreliable components it is often desirable to predict
the average accumulated cost over a time horizon [0,T],
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Note, that this is an empirical measure which depends on the realized path of the system.
Since X is not a Markov process of its own, we cannot apply the ergodic theorem for
Markov processes (see Theorem 1.14) directly.

Now consider a cost function

g:P(D)xN =R
Then for T — oo from the ergodic theorem for Markov processes follows for (Y, X)

e . 8 N
?/ g(Y (1), X;(t) :i e J) dt — > g(I,n; i€ Nr(I,n;:iel).
0 (I,n;e)eP(D)xNJ

This holds almost surely for all paths of the process. So we have for almost all paths of
(Y, X) for large T

%/0 g(Y(t), Xi(t):ie J) dt = Z g([,ni:iEJ)ﬂ'(I,ni:iEJ).

(I,n;:i€d)eP(D)xNJ

This means that we can estimate the path-wise evaluated time average d(T) by a state-
space average (the phase-space average) for almost all paths.
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Chapter 3

Change of the stability behavior due to
breakdowns

3.1 Introduction

This chapter is dedicated to the study of the stability in networks with breakdowns.
Starting with an ergodic system of reliable nodes (no breakdown and repair) we investigate
the problem of maintaining stability when (some of) the nodes become unreliable and have
to be repaired. First we analyze the ergodicity criterion (2.9) presented in Theorem 2.14.
In a system which would be ergodic in case that all nodes are reliable, we answer the
question whether the ergodicity criterion (2.9) may be not fulfilled in a system where all
nodes are locally stable according to Definition 2.16, which means they experience a traffic
intensity less than one. While the results in Section 3.2 deal with the form and structure
of breakdown and repair intensities, we study possible changes of traffic intensities at
nodes due to rerouting in Section 3.3.

3.2 Destabilization of the network process due to
breakdown and repair

For® classical Jackson networks the ergodicity criterion n; < p; Vj € J has a rate in-
terpretation which guarantees the normalization constant of the stationary distribution
to be finite. The refinement by Goodman and Massey, Theorem 1.22, towards stabiliza-
tion criteria for subnets in non-ergodic networks exploits again a locally determined rate
criterion. Such a local interpretation is, in general, no longer possible for the ergodicity
condition (2.9) in networks with unreliable stations. Due to the rather general model
structure in Theorem 2.14 a direct simple ergodicity criterion seems to be out of reach.
Intuition, nevertheless, suggests that a stable Jackson network may lose stability if some
nodes become unreliable. We describe an example. [MD09, p.1255]

Proposition 3.1. [MD09, Proposition 12, p.1255] Consider an ergodic Jackson network
of reliable nodes with n = (01, ...,ny) as the solution of the standard traffic equation (1.1)
such that n; < p; holds for all j. Assume that the reliable stations become unreliable with

3This section covers parts of our paper [MD09, p.1255].

43



44 3 Change of the stability behavior due to breakdowns

locally determined breakdown and repair rates according to Example 2.4. The rerouting
regime follows one of the requirements in Theorem 2.14.

Then the network process (Y, X) is ergodic if and only if in the original network with
reliable stations for all j € J the stationary mean value of the function

fi N —=10,00), nHZ?EZ?,

s finite, i.e., for all j =1,...,J holds

i (1 - Z—j) (Z—j)nfj(n) < co. (3.1)

n=0

Proof. The joint availability—queue-length process is ergodic if C' < oo, see (2.9). We have

- s () ()

(nomyent \j=1 “Hi i=1
and this is finite, if and only if (3.1) holds for all j € J. O

-T2 Psii)

j=1 \n=0

Note that in the situation of Proposition 3.1 the availability process Y is a Markov process
for its own, but X is not Markovian.

Example 3.2. [MD09, Example 13, p.1255] Under the conditions of Proposition 3.1 let
for some node i and a;,b; > 0 the function f; be

filn) =5 neN.
Then (3.1) holds if and only if n;-a; < p;-b;, which seems to be a natural condition, because
the factors a; and b; scale the arriwval rate and the service rate in a way that the arriving
load n; - (a;/(a; +b;)) at node i remains below the mazimal service capacity p; - (b;/(a; +b;))
delivered by that node.

Adding random noise to systems may stabilize the system under certain conditions. An
example from population dynamics is discussed in [MMRO02|. It is therefore an interesting
question whether under special parameter choices for the breakdown and repair rates
a non-ergodic network may become ergodic. The reason would be that the additional
randomness due to breakdown and repair can smooth the system’s behavior. The answer
to this question is still open. But in the situation of Proposition 3.1, it is visible that the
answer is negative, because, e.g., for n; > p; and any choice of the a;(n),b;j(n) > 0 the

2 G) il

n=0

diverges. [MD09, p.1255]

In Chapter 4 and Chapter 5, we shall utilize the following fact: Load-independent break-
down and repair rates cannot destabilize a stable network. This becomes clear by the
following
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Example 3.3. [MD09, Example 14, p.1255| Consider an unreliable Jackson network with
stable nodes according to Definition 1.17 and load-independent breakdown and repair rates
as in Example 2.2. The ergodicity criterion for the joint availability—queue-length process
18

j A(I
C:(n .A;ENJ]]:!(U ) §%< .

C' is finite irrespectively of the choice of the breakdown and repair rate parameters, as long
as the associated network with reliable nodes is ergodic.

It is remarkable that convergence of the normalization constant C'in (3.2) does not depend
on the breakdown and repair rates: For unstable nodes ¢ with n; > p; their instability
cannot be compensated by such random smoothing. [MDO09, p.1255]

3.3 Possible stabilization and destabilization of nodes
due to rerouting

The? following proposition shows that a stable node may become unstable if some other
node breaks down and is never repaired and if rerouting is according to the blocking rs-rd
regime.

Proposition 3.4. [Myl08, pp.54-55| Consider a reliable Jackson network with two nodes
where node 2 is stable in the sense of Definition 1.17. Assume that node 1 may break down.
Once broken down it will never be repaired, i.e., the repair time is infinite. Rerouting is
according to blocking rs-rd.

Ifr(2,0) > 0 and

Ao > por(2,0), (3.3)

then for node 2 holds
Y > .

This result holds independent of node 1 being stable or unstable.

Proof. When node 1 breaks down, i.e., I = {1}, routing of customers is as follows:
TI(()? 2) = 7“(0, 2)7 TI(27 O) = 7“(2, O), rl(27 2) = 7“(2, 2) + ’I“(Q, 1)’ TI(Ov 1) =0,

and all other routing probabilities inside of the network equal zero. Thus the standard
traffic equation is

m = Ay +mrt(2,2) = A+ 03 (r(2,2) + r(2,1)),

which has the solution

1M
=@ 0)

4This section covers parts of the author’s diploma thesis [Myl08, Chapter 5, Section 5.2].
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According to Algorithm 1.20(i), we have to check whether ni < uy holds:
m < py & Ay < por(2,0).

This contradicts assumption (3.3). The general traffic equation (1.6) reduces in the present
situation to:

my = Ay + par’(2,2) = X+ a(r(2,2) +7(2, 1)),
and it holds n > yu,, because
Ao+ 12(r(2,2) +7(2,1)) > pa < Ao > por(2,0).
O

A breakdown of some node may also lead to a stabilization of an unstable node, if rerouting
is according to the blocking rs-rd regime:

Proposition 3.5. [Myl08, pp.51-53| Consider a reliable Jackson network with two nodes
where node 2 is unstable in the sense of Definition 1.17. Assume that node 1 may break
down. Once broken down it will never be repaired, i.e., the repair time s infinite. Rerout-
g s according to blocking rs-rd.
If r(2,0) > 0 and

Aoy < ugr(2,0),

then for node 2 holds

1
7); J < 2.

This result holds independent of node 1 being stable or unstable.
Proof. When node 1 breaks down, i.e., I = {1}, routing of customers is as follows:
r'(0,2) =7(0,2), r(2,0)=7r(2,0), r(2,2)=7r(2,2)+7r(2,1), 7(0,1)=0,

and all other routing probabilities inside of the network equal zero. Thus the standard
traffic equation is

m = Ay +mr'(2,2) = A + 05 (r(2,2) + r(2,1)),

which has the solution

According to Algorithm 1.20(i) applied to the network after breakdown of node 1, we
need to check whether nl < uy holds:

nh < pp Ny < par(2,0),

which was assumed. O
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Remark 3.6. Consider the framework of Proposition 3.4. In the situation that both nodes
are stable in a reliable network, we have the traffic equations

m = A +mr(1,1) +nar(2,1),
2 = A+ mr(1,2) + nar(2,2),
which have the unique solutions (recall \; = Ar(0,1)):
_) r(2,1) +r(2,0)r(0,1)
T 0)r(2,0) + (2, )] + 7(1,2)r(2,0)°
r(

r(1,2) +r(1,0)r(0,2)
r(1,0)[r(2,0) + r(2,1)] + r(1,2)r(2,0)

Ny = A

Equation (3.4) with 1o < us and the assumption Ay > por(2,0) yield

r(0,2) r(1,2) + r(1,0)r(0,2)
A0y =T MR 0) 1@, D] + r(1L2)r (2 0)
r(0,2) r(1,2) +r(1,0)r(0,2)

Tr2.0)

<
—~
—_
(=)
~—

3
—~

2,0) + r(2, 1)] +7(1,2)r(2,0)

r(2,1)]+7(0,2)r(1,2)r(2,0) > r(1,2)r(2,0)+r(1,0)r(0,2)r(2,0)
(1 —7(0,2))r(1,2)r(2,0)
r(0,2)r(2,1)r(1,0),

e., the probability of a customer route from the outside entering node 2, transition to
node 1 and leaving the network thereafter must be greater than the route the other way
around.

In case of Proposition 3.5, the assumption Ay < por(2,0) yields with similar computations
the opposite inequality:

r(0,1)r(1,2)r(2,0) > r(0,2)r(2,1)r(1,0).

More details concerning these implications can be found in [Myl08, Chapter 5].
One should note, that

r(0,1)r(1,2)r(2,0) = r(0,2)r(2,1)r(1,0)
means that the routing process is reversible.

Proposition 3.5 offers ways to optimize networks by removing nodes causing global insta-
bility. In the light of Proposition 3.5, it might be profitable to remove a node, even a
stable one, in order to obtain a globally stable network, if customers are rerouted then
according to the blocking rs-rd regime.

A similar result of a stabilization of an unstable node due to a breakdown and rerouting
according to the skipping regime is not possible.

Proposition 3.7. [Myl08, pp.59-61| Consider a reliable Jackson network with two nodes
where node 2 is unstable in the sense of Definition 1.17. Assume that node 1 may break
down. Once broken down it will never be repaired, i.e., the repair time s infinite. Rerout-
ing 1s according to skipping. Then it holds

1
77; ! > 2.
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This result holds independent of node 1 being stable or unstable.

Proof. 1f node 1 is unstable, we know that

/Ll(l — 7’(1, 1)) — )\1
r(2,1)
>\21+_,ljn—1(2(127)2) 2 2 (3.6)

=M+ (L 1) + per(2,1) > = g > (3.5)

ne =X+ pr(1,2) + por(2,2) > py =

(3.5) with (3.6) yields

Ar(0.2) + nr(L.2) (L= r(1,1)) = Ar(0,1)
1—-7r(2,2) - r(2,1)

& Ar(0,2)7(2,1) + par(1,2)7(2,1) > (1 —r(1,1))(1 = r(2,2)) — Ar(0,1)(1 —7(2,2))

e AF0,2)r(2,1) + 70, (1 — #(2,2))) > (1 — #(1, D)1 — 1(2,2)) — r(1,2)r(2,1))
A (= (L)1 = r(2,2) — (1, 2)r(2, 1)

S ST 0 ) 01— r22) (8:7)

If node 1 is stable, we have

>\1 + ,U/2r(27 1)

m = )\1 + 7717”(1a 1) + MZT(Z 1) <~ m = T(ll)’ (38)
= Ao +mr(1,2) + per(2, 2) /\2 + %{1{2{;)7’(1, 2) + por(2,2) > o
= ar(0:2) + AT W’fﬁfﬁ’j’ > a1 — 1(2,2))
r(0,2)(1 —r(1,1)) + r(0,1)r(1,2) (1—-7r(2,2)(1—r(1,1)) —r(2,1)r(1,2)
e A 1—r(1,1) = Ha 1—r(1,1)
o ) r(0,2)r(1,0) +r(1,2) > o, (3.9)

r(2,0)r(1,0) +7(2,0)r(1,2) +r(2,1)r(1,0)

When node 1 breaks down, i.e., I = {1}, routing of customers is as follows:
r(0,1)r(1,2) r(2,1)r(1,0)

1—r(1,1)° 1—r(1,1) "’
r(2,1)r(1,2)

1—r(1,1)
and all other routing probabilities inside of the network equal zero. Thus the standard
traffic equation is given by

r1(0,2) = r(0,2) + r1(2,0) = r(2,0) +

r1(2,2) =r(2,2) +

=\ +mr'(2,2)

:AO@’) mﬂkf?» nxmzm+“1”“L”)

which has the solution

I 7"(0, 2)(1 — T(l, 1)) + (0, 1)7“(1, 2)
= AT @2 2)(1 = (L 1)) = (2, 1)r(1,2) (3.10)
_ r(0,2)r(1,0) +r(1,2)
~ Tr(2,0)7(1,0) +r(2,0)r(1,2) + (2, 1)r(1,0)
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Supposing 7 < po leads to an obvious contradiction to (3.9). Assumption (3.6) and
(3.10) with nf < po yield:

A2 + pr(1,2) r(0,2)(1 —r(1,1)) + (0,
1-7(2,2) (1—7(2,2))(1 —r(
Ar(0,2) + puyr(1,2) r(0,2)(1 —r(1,1
1-7r(2,2) (1—7r(2,2)(1 —r(1,

& (Ar(0.2) + pr(1,2)) (1= r(2,2)(1 = r(11
> A(r(o, ﬂl—dlD)+NQDML%>ﬂ—T@2»
Smr(1,2)((1=r(2,2)(1 = r(1,1)) = (2, 1)r(1,2)) >
> A((r(0,2)(1 = r(1,1) 4+ (0, 1)r(1,2))(1 = 7(2,2))
= 7(0,2)((1 = 7(2,2))(1 = r(1,1)) = (2, 1)r(1,2)))

e ((1-7(2,2)(1 = r(1,1) - MZUMLm>>A(( 1)(1=7(2,2)) +7(0,2)r(2,1))
(1= 7(2,2)(1 = r(1,1) = r(2,1)r(1,2) _
r(0,1)(1 —7r(2,2)) +r(0,2)r(2,1) ul

> g > A

~— =
~— >
+
/\|
=

(3.11)

~— =

which is a contradiction to (3.7). Thus, whether node 1 is stable or unstable, it holds
I
Ny = Ha. O

Destabilization of a stable node due to a breakdown and rerouting according to skipping
is not possible, if the traffic intensity at the unreliable node is less than or equal to one.

Proposition 3.8. [Myl08, pp.62-63| Consider a reliable Jackson network with two nodes
where node 1 is either stable, i.e., my < py, or unstable with n, = py, and node 2 is stable,
i.e., M2 < Ho.

Assume that the network is modified by node 1 being unreliable. Once broken down it

will never be repaired, i.e., the repair time s infinite. Rerouting is according to skipping.
Then it holds

{1}

Ny~ < M.
Proof. In case that node 1 is stable which means that both nodes are stable, n{ b < Lho
follows from Lemma 2.13.
If node 1 is unstable, we know that
m=M+ur(1,1)+nr(2,1) > = ml—r(1,1) <A\ +n2r(2,1) (3.12)
Ao + py7(1,2
e =X+ pur(L,2) +12r(2,2) < pp & 1o = bt (3.13)

1—17(2,2)
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(3.13) in (3.12) yields
Ar(0,2) + par(1,2)
1—r(2,2)

@uﬂl—dLUX1—dzm)gAO@Jﬂl—NZ%)+MQQMZU)+MMOQV@J)

@u(u—raﬂpa—r@@»—Mmezn)gAQwa1—mzmy+mammzn>

(1 B T(L 1))(1 - 7“(2, 2)) B 7“(1, 2)7"(2, 1) < i

T(071)(1 —7”(2,2)) +T(072)7ﬂ(271) - ,Ul‘

Note that equality in (3.14) holds if and only if equality holds in (3.12), i.e., 7y = 1.
When node 1 breaks down, i.e., I = {1}, routing of customers is as follows:

r(0,1)r(1,2) r(2,1)r(1,0)

pi(1—r(1,1)) < Mr(0,1) + r(2,1)

(3.14)

r1(0,2) = r(0,2) + r1(2,0) = r(2,0) +

1= r(1,1) 1= (1,1)
I _ T(27 1)T<172>
r'(2,2) _T(2’2)+T(1,1)’

and all other routing probabilities inside of the network equal zero. Thus the standard
traffic equation is

=\ 4+ nirl(2,2)

which has the solution

r oy r(0,2)(1 = r(1,1)) +7(0, 1)r(1,2)
2 (1—7(2,2)(1 —r(1,1)) —r(2,1)r(1,2) (3.15)
_ r(0,2)r(1,0) 4+ 7(1,2)
r(2,0)r(1,0) +r(2,0)r(1,2) + r(2,1)r(1,0)

Assumption (3.13) and (3.15) with nl > s yield

T(072)(1 —7‘(1,1)) +T(O,1)T(1,2) )‘2 +lu1/r(1a2)
(1 —7’(272))(1 —7’(1,1)) —7"(2,1)7"(1,2) 1 _T(2a2)
which is (3.11) with an opposite inequality. The same transformations as done for (3.11)
yield

(1-7r(2,2)1—7r(1,1)) —r(2,1)r(1,2) _A
r(0,1)(1 —r(2,2)) +7(0,2)r(2,1) 1
which is a contradiction to (3.14) if n; = u. O

As a consequence of the proof of Proposition 3.8, it follows directly

Proposition 3.9. [Myl08, p.62| Consider a reliable Jackson network with two nodes where
node 1 is unstable with 1 > p1, and node 2 is stable, i.e., Ny < po.

Assume that node 1 may break down. Once broken down it will never be repaired, i.e.,
the repair time is infinite. Rerouting is according to skipping. Then node 2 may become
unstable in the sense of

1
77; J > 2.
The results concerning rerouting according to the skipping regime show that this rerouting
concept may cause a destabilization but not a stabilization of nodes.



Chapter 4

Jackson networks with infinite supply

4.1 Introduction

Jackson networks with infinite supply of work as defined by G. Weiss in [Wei05] are a
special class of multi-class queueing networks with virtual infinite buffers, introduced
in [KW02] and [AWO06]. A multi-class queueing network consists of K classes of jobs
(customers) and J stations. Jobs of class k& € {1,..., K} queue up in buffer k£ and are
served by a server si(i) at station i € {1,...,J}. In general, a station can serve several
classes of jobs that is why such networks are called multi-class networks.

For Jackson networks with infinite supply only jobs of two classes, a class of lower priority
and a class of higher priority jobs, are considered and there is only one server at each
station which can serve both classes of jobs. Jobs moving between the stations are of one
class (higher priority), the infinite buffer at some stations is filled only with jobs of lower
priority, the other class of jobs. Once completely served at their first station the lower
priority jobs turn into higher priority jobs on their path through the network.

The idea of an infinite supply of lower-priority work is used frequently, e.g., in [LY75] in
an (M/G/1) queueing system to utilize idle times. Recent works using this concept of
infinite supply are, e.g., [Guo08| where generalized Jackson networks are considered or
[KNWO09| where a push-pull network is provided with infinite supply.

Implementing an infinite supply at some nodes has the aim to utilize capacities to the
fullest, avoid idle times completely and therefore enhance productivity.

The principle of an infinite supply of work at a node is the following:

e Whenever all jobs queued at the node have departed and the node is idle, a job from
the infinite supply depot is served there. After completed service, the job departs
and is routed according to the routing matrix of the network.

e If during the service of a job from the infinite supply a regular job (not coming
directly from the infinite supply depot) arrives at that node, this new job has pre-
emptive priority and the job from the infinite supply depot is sent back to the depot
immediately.

ol
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e Thus jobs from the infinite supply storage have lower priority. But after its initial
service, a low priority job turns into a high priority job as all others in the system.

e Nodes with infinite supply are busy all the time, hence their service capacity is fully
utilized.

e As long as a job has low priority, it is not counted in the state space as a queued
job, so the state description of the node does not change with its arrival.

The principle of not counting the extra arrivals (here from the infinite supply) at some
node i to its state but the arrivals of these at (other) nodes after departing from i is also
used in [CHTO1].

The terms "preemptive" /"high" and "low" priority indicate possible utilization of a net-
work with infinite supply to model for example communication networks where messages
in transit have preemptive priority over newly generated messages at a station: If only
messages in transit are counted as congestion, this model fits. A particular computer com-
munication system that works in this way is MAN (metropolitan area network) Ethernet
RPR (resilient packet ring), in which ring traffic has priority over the traffic generated at
nodes, [Wei05].

Definition 4.1 (Jackson network with infinite supply). [Wei05] Consider a Jackson net-
work with node set J = {1, ..., J}, i.e., for each node j we have
Aj=A>0),

e external Poisson()\;)-arrival streams (3. ;

o single servers with exponential(;) distributed service time,
e infinite waiting room,

o first-come-first-served (FCFS) regime.

Customers (jobs) are indistinguishable. All interarrival and service times constitute a set
of independent random variables.
Routing is Markovian: Given the departure node i the selection of the next node is inde-
pendent of the previous history. A customer departing from node 1 immediately proceeds
to node j with probability r(i,j) > 0 and departs from the network with probability r(i,0)
(the artificial node O represents the outside, source and sink, of the network, r(0,0) := 0,
r(0,7) :== \;/A). The routing matrizc R = (r(i,j) : i,j € {0,1,..., J}) is stochastic and
wrreducible.
Let V.= {i e J i has infinite supply} denote the subset of nodes with an infinite supply
of work and W .= j\ V' the subset of nodes without an infinite supply of work.

Then the queue length process X = ((X1(t),..., X (1)) : t € Ry) is a Markov process on
N7 with transition rates matriz Q = (q(z,2') : z,2" € N7) which is defined by:
Foralli,je J,ij:

q(n1y s Ny ey gy, oy + 1, ng) = A + Z,ujr(j, i) 1101(n;),

jev
q(ny, oy Ny o,y na, ng — 1, ong) = par (i, 0)Ing (ns),
g1,y ey Ny ooy My, nJ;nl,...,ni—l ong 41 ng) = pir(i, j)lm(ni)

q(ni,...,nz;ny, .., n Z)\ —Zz,u] (7,1 1{0} n;) ZN’ (4,%))1n, (14),

ieJ ieJ JEV ied
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and q(z,2") = 0 otherwise.

Remark 4.2. Since the routing matriz R in Definition 4.1 is stochastic and irreducible
as in Definition 1.1, Lemma 1.2 applies here as well.

Theorem 4.3. [Wei05, Proposition 1(iii)] Consider a Jackson network where nodes in
V C J have an infinite supply of work. Then the departure streams from nodes j € V with
infinite supply are independent Poisson streams with rates p; and therefore the departure
stream, from j € V to i € J is Poisson with rate wir(g,4).

Proof. All departure times from node j € V
e are independent of the state of the node due to the infinite supply,

e and therefore the independent times are identically exponentially distributed with
rate j1; like the service times of the node.

Thus, the departure stream of node j € V' is a Poisson process with rate ;. Hence for node
i € J, the arrival stream from node j € V is a Poisson process with rate 1,7(j,7), because
a portion of r(j,4) of the departure stream is directed to node i € J (decomposition of a
Poisson process by some probability independent of the process and of its times of events,
see [Ser(9, Proposition 41, p.197]). ]

4.2 The traffic equations

Definition 4.4. |Wei05| The traffic equations of a Jackson network with infinite supply
as defined in Definition 4.1 are
mi= XN+ Y mr(i ) + Y ur(i), i€l (4.1)

JEW JeEV

This definition is different from the classical Definition 1.6 due to the infinite supply: A
node 7 € V has an infinite supply of work which is activated whenever this node is empty.
The additional customers from the infinite supply depot are not counted in the state
space as regular customers to the queue length until they leave the node after completed
service. Assuming that, on average, all nodes are neither fully loaded nor overloaded, the
input rate of high priority customers at a node with infinite supply is less than its output
rate of high priority customers. From Theorem 4.3 we know that node ¢ € V' with infinite
supply generates a Poisson departure stream with rate p;. Therefore the output rate in
the traffic equation (4.1) has to be p; for all nodes with infinite supply instead of 7; which
in this case is the input rate.

Remark 4.5. Summing (4.1) on both sides over all i € J yields:

Dom=) N+ > G+ Y (i)

ieJ ieJ ieJ JEW icJ JEV

o Z \ = Z nir(i,0) + Z pir(i,0) + Z(m — 1),

i iew icV eV
———
()
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so the sum of the departure rates to the sink is greater than the sum of the external arrival
rates, A, if > ;o (i — ps) < 0 which holds for example if n; < p; ¥ i € V. This reflects
the additional customer input from the infinite supply depot. Note, that in (x) customers
from the infinite supply which immediately depart after completed service are counted as
proper customers.

Lemma 4.6. [Wei05] The traffic equations (4.1) have a unique solution n = (11, ...,17).

Proof. In order to solve (4.1), consider the traffic equations in matrix notation partitioned
according to the sets V' and W:

nw = Aw + nwBww + pv Ryw, (4.2)
Ny = Av + nwRwv + py Ryy.

Because of the irreducibility of R, (I — Ryw) ™' exists and is positive (see Lemma 1.2).
Therefore (4.2) may be transformed into

mw = (Aw + pv Ryw)(I = Rww) ™", (4.4)

which is the unique solution of (4.2) and yields after inserting into (4.3) the unique solution
of this equation, too. O

As in the classical Jackson network, we need to define general traffic equations for the
case that there are nodes which, on average, are fully loaded or overloaded due to the
arrival intensity of high priority customers.

Definition 4.7.
U /\z + Z min(ﬁj»/ﬁj)r(jﬁ) + Z/’Ljr(ja Z)a 1€ ja (45)

jEW jEV
are the general traffic equations for Jackson networks with infinite supply.
These traffic equations are motivated as follows:

Definition 4.8. Consider a Jackson network with infinite supply. A node i is stable if n;
determined by (4.5) is strictly less than its service rate p;, otherwise the node is unstable.

For a node j € V with infinite supply the input rate is already different from its output
rate: The low priority customers arriving from the infinite supply depot are not counted
as arriving customers at that node but they lead to an output rate of proper customers
equal to the service rate there. Thus, if only nodes with infinite supply are unstable, the
input rates are still determined by (4.1). The only difference is, that an unstable node
with infinite supply is less often feeded with low priority customers (from the infinite
supply depot) than if it is stable.

For an unstable node j € W without infinite supply the input rate 7; is different from its
overall maximal departure rate which can be at most ;. So in determining the input rates
we are no longer allowed to insert the same quantities in the traffic equations (4.1) on the
right-hand side as on the left-hand side, the traffic equations need to be reformulated to

(4.5).
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Remark 4.9. Let S = {i € J : n; < p;} denote the set of stable nodes and U := J \ S
the set of unstable nodes according to Definition 4.8. Summing (4.5) on both sides over
all i € J yields:

Yom= Y AE >y min(n (i) + Y Y pr(hi)

icd ied ieJ JEW icj jEV
S Y A=) min(,p)r(i,0) + Y pr(i0)+ Y (),
ieJ iEW =% ieUuv

so the sum of the departure rates to the sink is less than the sum of the external arrival
rates A, if all nodes with infinite supply (in V') are unstable. Otherwise the sum of the
departure rates to the sink may be also equal to or even greater than \, depending on the
sizes of m; and p; of nodes v € U UV. This reflects the additional customer input from
the infinite supply depot as well as the bottlenecks arising at unstable nodes.

Lemma 4.10. The general traffic equations (4.5) have a unique solution which we denote
by n= (7]17 ) T]J)

In the proof of Lemma 4.10, the main argument is the existence of an algorithm with
which the unique solution of (4.5) may be determined in at most .J steps. This algorithm
is presented here:

Algorithm 4.11. Consider a Jackson network with J nodes where nodes in V' have an
infinite supply of work. Nodes in W := J\'V work without infinite supply. It is not known
which nodes are stable and which are unstable.

(i) Assume that all nodes are unstable.
Based on this assumption, let (n;(1) : i € J) be the first estimate for the solution
(n; 11 € J) of the traffic equations (4.5), d.e., (m(1) 2 i € j) is the solution of the
traffic equations:

J
m(1) =X+ wr(ji) Vield,
j=1

which trivially exists and is unique, because all parameters at the right-hand side of
the equations are given. Since the departure rate at each node v € W without infinite
supply is min(n;, p;), the estimate n;(1) is at most overestimated, so n;(1) > n; holds
forallie J.

o Ifn;(1) > p; holds for alli € J, all nodes are unstable and for the first estimate
holds n; =n;(1) Vi € J. Stop here.

o Ifn;(1) > p; holds for alli € W, then all nodes in W are unstable. If n; (1) <
(i, holds for some nodes i, € V, then y;, > n;. holds due to n;(1) > n; Vi € J,
so these nodes 1, are stable. But due to the wnfinite supply at these nodes,
the traffic equations do not change with this information, so n; = n;(1) holds
Vi € J and the set of stable nodes is identified as S(1) := {i : n;(1) < i} C V.
Stop here.
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o If for at least one node i, € W holds n;, (1) < p;,, then p;, > n;, holds due
to n;(1) > m; Y i € J, so this node i, is stable. But since n;, (1) is derived
under the assumption that all nodes are unstable, it holds n; (1) > n,;,. Set
S(1) :={i:mi(1) < i} and proceed to the next step.

(ii) All nodes i € S(1) will eventually be stable. Assume that all other nodes i € J\ S(1)
are unstable.
Based on this assumption, let (1;(2) : i € J) be the second estimate for (1; i € J),
i.e., (i(2) i € J) is the solution of the traffic equations (with U(1) = J\ S(1)):

W2 =Mt Y Gt Y p@rGi) Vield

JeU)UV jes)Nw

which ezists and is unique, see Proof of Lemma 4.10. Again, (m(2),...,ns(2)) is at
most an overestimation, but the assumptions are more conservatie than those for
(mi(1) :d € J). It holds: m; <mi(2) < mi(1)Vie J and n;(2) < p; VieS(1).

o IfS(1)=S5(2) :={i:n:(2) < s}, then n;(2) = n; holds ¥ i € J. Stop here.
0

o If S(1) #5(2) (so S(1) € §(2)) and (S(2) \ S(1)) "W =0, then 1:(2) = n;
holds ¥ i € J, but S(2) is the true set of stable nodes. Stop here.

o IfS(1) # 5(2) (so S(1) € 5(2)) and (S(2)\ S(1)) "W # 0, then ;. (2) > s,
holds for at least one node i, € J. Iterate (ii) with S(2) as new set of stable
nodes.

Remark 4.12. Setting V = () in Algorithm 4.11 yields Algorithm 1.18.

Proof of Lemma 4.10. The traffic equations (4.5) are solved by an algorithm which re-
cursively builds a sequence of vectors n(n) = (n1(n),...,ns(n)), n € N, together with a
sequence of sets S(n) := {i : 7;(n) < w;} of nodes, which are detected within the first n
steps as being stable, for which holds:

(i) S(0):=10,
) S(n—1) CS(n) Vn > 1,
(iii) A0 <n*<J: Sh*—1)cCSn*)=SMn"+1),
) n(n—+ 1) solves the following S(n) N W-partition of traffic equations (recall U(n) :=

J\ S(n)

n(n + 1) smynw =As@nw + 11 + 1) smynw Rsmynw smnw + 1o mov Rumov smynw
(4.6)

n(n + Dumuv =Avmuv + 11+ 1) seynw Rsmynw vmyov + bomov Rumov vmov-
(4.7)

We show that the sequence n(n) delivered by that algorithm converges to the unique
solution 7 of the traffic equations (4.5) in at most J iterations, if a unique solution exists
(which will be shown in this proof later on):
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If S(n) € S(n + 1) holds for all n € .J, then there exists n* < .J with S(n*) = S(n* + 1),
so the set of stable nodes will be found in at most J iterations and n(n*) = n will be the
solution of the traffic equations.

We therefore show:
a) Yn e N: my(n) >mi(n+1) ViedJ = S(n)CSn+1),
b) mi(n) > n;(n+1) holds for all i € J,n € N_.

Proof of a): For all i € S(n) holds by definition 7;(n) < u;. From p; > n;(n) > n;(n+ 1)
follows i € S(n + 1) and therefore S(n) C S(n + 1) holds for all n € N.

Proof of b): By induction over n.
1. Basis (n = 1):

n(l) =A+puRz; = A+ Hs(1) mWR naw J T HU UVRU(1 uv Js (4.8)
1(2) = A+ n(2)s( vew Bsynw 7+ Homuv Byayov 7
(

so (1) > n(2) (component-wise) is equivalent to

tsyew Bsayow 7= 1(2)synw Rsynw 7-

Note that if S(1) = () then n(1) = n(2) follows directly. We therefore consider S(1) # ()
for the remainder of the induction basis.
With (4.8) and (4.9) we have

n(1) =n(2) + psyw Rsyow 7= 1(2)smnw Rsqyow j

and from definition pg1y > 7(1)g(1) holds component-wise, so jsynw > 1(1)sa)w and

psmynw > 1(2)s@ynw + psoynw Rs@ynw synw — 1(2) s@ynw Rsaynw s@ynw
& pusaynw (I = Rs@ynw saynw) > 1(2) sy (I — Rsynw s@ynw)

Multiplying both sides of the last inequality from the right side with (I—Rgxynw saynw)
(which exists and is positive, see Lemma 1.2) yields

psmow > N(2)swaw = tsnw Bsayaw 7 = 12)swnw Bsynw J-

2. Inductive step (n ~n + 1):

Induction hypothesis: For some n € N holds n(n — 1) > n(n) (= S(n — 1) C S(n)).
We show that n(n) > n(n + 1) holds under the induction hypothesis.

With S := S(n) \ S(n — 1) we have

n(n) = A+ n(n)sm—1yow Rsponyow 7+ Hum-—1uv Ryg_iov j

= A+ 0(n)sm-1nw RBg_nyaw 7+ Hsow Renw 7+ Homov Ry myov J (4.10)

nn+1) = A+ n(n+ 1)swrw Rsmyow 7+ bumuv Bygov 7

=A+n(n+1)sm-1 W B n_1yow J T+ nn+ Dsow Renw j+ b (myuv iy (uv 3
4.11
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so n(n) > n(n + 1) (component-wise) is equivalent to

1) sem-vow Rsg-nyew 7+ tsow Reqw 72 10+ 1)smynw Rsgyaw J- (4.12)

Note that if S" = () (ie., S(n — 1) = S(n)) then n(n) = n(n + 1) follows directly. We
therefore consider the case S’ # () for the remainder of the induction step.
From (4.10) we have

N(n)sn-1nw = Asm-vrw + 17(1)stm-1)nw Rs(n-1)nw smn-1)nw+
+ psiow Rsiaw s(n—1)nw + Hum)ov Rumyov S(n—1)nw

and

n(n)sow = Asiow + 1(n) st—1)nw Rsm-1)nw srow+

+ psnw Rsiow siow + pomyov Rumyuv sinw
& psaw = Asiaw + 17(0) sm—1)nw R
),

+ psiew Rsinw sinw + Humyov Rumyov sinw + psinw — n(n)sow.

n—1)nw s'nw+

With 9*(n)smnw = (0(1n)s(n-1)rw, itsnw) and
Sy = (Asm-nnw, Asrow + psiow — 1(n)sow)
we have
0" (n)smnw = Agmyaw + 1" (1) smynw Rsmyrw smynw + pumov Rumyov: smnw
and with the existence and positivity of (I — Rgmynw smynw) * (see Lemma 1.2) we get
1 (n)seyrw = Nspaw T Homuv Rumuoy senw) I — Rsmyaw s@nw)

Similarly we get the solution of

(4.11)
N+ 1)smynw Asmynw + 11+ 1) semynw Rsmynw smynw + Lo myov Rumyov s@mnw

as

nn+ Dsmow = Asmyew + bomov Rumov smyow )T — Rsmyow smow) ™

From definition it holds ps > n(n)s/, so psrw > n(n)saw and therefore )‘g(n)mw >
As(mynw holds. Thus

(n)smynw = n(n+ 1) s@ynw

n(n)sm-vrw, tsiow) = (N(n+ 1) s@m-1)nw, n(n + 1)sow)
(n)sm-1yow =N+ Dsm-naw A psow > n(n+1)gaw
(n)s(nfl)ﬁWRS(nfl)ﬂW j=nln+ 1)5(”*1)0WRS(1171)QW J

A psaw Rgow 72 1+ 1) sow Reqw 7

which yields (4.12).
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Existence of a solution of (4.5):

For the existence of a solution of the general traffic equations we need to show for all
n € J that the S(n) N W-partition of the traffic equations, (4.6) and (4.7), has a solution.
Transforming (4.6) into

n(n+ 1) swrw = Aserw + Lomov Rumov smyaw) I — Rsmew smow) ™

yields the unique solution of (4.6) and inserting this solution into equation (4.7)
yields the unique solution of (4.7), but the transformation is possible if and only
if (I — Rgmynw smrw) * exists and is positive. Because of the irreducibility of R,
(I — Rgmynw S(n)ﬂW)_l exists and is positive for all n € j, see Lemma, 1.2.

Uniqueness of a solution of (4.5): .
Suppose 1 and 7 are both solutions of (4.5). Then for all nodes i € J holds

N — 1 =X — A + Z(min(ﬁj,ﬂj) — min(7;, 17))7(Jj, ) + Z(Mﬂ’(]} i) — pyr(d, 7))
jew jev

= | — 0| =

Z(min(m, pj) — min(7;, p15))r (4, 4)

Summing over all ¢ € W yields:

Z|Th—ﬁi|zz

> " (min(ny, p17) — min(iy, 1;))r (4, )

iew iEW |jew
(+1) . A .
< O (min(ny, py) — min(iy, )| - [7(5.9)]
iEeW jew
=Y [(min(n;, @) — min(iy, ) - > [r(.9)]
JjEW 1EW

=1*T(j:0)*ZiEV 7(3,0)

< > l(min(n;, pi5) — min(iy, 1))|

JEW
< -yl (113
JjeEW

where (x1) holds because of the triangle inequality. (4.13) yields

> i — il = |(min(n;, ;) — min(, )|

iew iew

because in any case |n; — ;| > |(min(n;, ;) — min(7;, ;)| Vi € W.

So{i e W :m <}t ={ieW: 0 <} = SNW and therefore n and 7 are the
solutions of the same SN WW-partition of the traffic equation (which has a unique solution,
see above), which means n = 7). O

Whenever analyzing a Jackson network with infinite supply, it is important to know
which nodes are stable and which are unstable and therefore which traffic equations are
appropriate.
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Algorithm 4.13. To determine which nodes are stable and which nodes are unstable and
the appropriate traffic equations in a Jackson network with infinite supply at nodes in V.
Let W := J\ 'V denote the set of nodes without infinite supply.

(i) Solve the standard traffic equations (4.1). Check if n; < p; holds for all nodesi € J.

o Ifn; < p; holds for all nodes i € J, then all nodes are stable and (4.1) are the
appropriate traffic equations.

e If the condition holds for all nodes in W and if the condition does not hold
for at least one node with infinite supply (€ V), then all nodes in W are
stable, but those nodes in V' for which the condition does not hold are unstable.
Nevertheless (4.1) are the appropriate traffic equations.

o [f there is only one node in W, say i., for which the condition does not hold,
this node 1s unstable and the appropriate traffic equations are given by:

n; = )‘j + Z 77z7‘(2>]) + Z ,LLZT’(Z,]), .] € J.
€W\ {ix} 1€VU{i«}

o [f there is more than only one node in W for which the condition does not hold,
proceed to the following step.

(ii) Run Algorithm 4.11 to solve the general traffic equations (4.5). With the detected set
S :={i:n; <} of stable nodes and U := J\ S of unstable nodes the appropriate
traffic equations are then given by

n; = )\j + Z nZT(Z,]) + Z MzT(ZaJ)7 j €J.

ieSNW eUuUV

Remark 4.14. If the network is expected to be on average overloaded at almost all nodes,
one may skip the first task of Algorithm 4.13 and start with Algorithm 4.11 right away. But
in general, Algorithm 4.13 reduces the computational effort to determine the appropriate
traffic equation, because in many cases running Algorithm 4.11 is avoided.

4.3 The ergodic case

Main parts of the next theorem were proved in [Wei05| for ergodic Jackson networks with
infinite supply where nodes show no immediate feedback. The proof is sketched there
only. To fit to our later needs, we generalize and prove similar statements for Jackson
networks with possible immediate feedback at all nodes.

Theorem 4.15. Consider a Jackson network where nodes in V. C J have an infinite
supply of work as in Definition 4.1. Nodes in W := j\ V' operate without infinite supply.
Assume that 1; < ji; holds for all nodes i € J where n = (M, ...,my) is the unique solution
of the traffic equations (4.1). Denote by X = ((Xi(t),..., Xs(t)) : t > 0) the queue-length
process on N,
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(i) For nodes without infinite supply, the joint marginal limiting distribution is of prod-
uct form:

lim P(Xi(t) = n; i€ W) =[] ( - %) (%)n (4.14)

ieW

for all (n; :i € W) € NWI and this is a stationary distribution for the subset W as
well.

(11) If the system is started with an initial distribution which has (4.14) as marginal
joint queue lengths distribution on W, the arrival stream at i € V from j € W is a
Poisson stream with rate n;r(j,1).

(117) If the system is started with an initial distribution which has (4.14) as marginal
joint queue lengths distribution on W, then the marginal limiting distribution for a
node i € V' with infinite supply which has no immediate feedback, i.e., r(i,i) =0, is

lim P(X;(t) = n;) = (1 - ﬁ) ("—)n , (4.15)

for all n; € N and this is a one-dimensional stationary distribution as well.

Remark 4.16. The main difference of Theorem 4.15 to Proposition 1 of Weiss in [Wei05]
15 the explicite condition "If the system is started with an initial distribution which has
(4.14) as marginal joint queue lengths distribution on W " which is needed in (ii) as well
as in (i1). Weiss implicitly uses this condition in his sketch of the proof. The point is
that without this assumption customer streams from the subset W into the subset V, in
general, are not Poisson. This will be evident in the following proof.

Proof of Theorem 4.15. (i): Consider the subset W of nodes without infinite supply. We
have the following information about the subnetwork W:

e All service times are exponentially distributed and the service discipline at all nodes
is FCFS.

e Routing of customers is Markovian: A customer completing service at node i € W
will either move to some node j € W with probability r(i, j) or leave the subnetwork
with probability 1 — 3, (i, ), which is non-zero for at least one i € W because

of the routing matrix being irreducible for the global network on J.

e At each node ¢ € W, we have external Poisson arrival streams with rate \; > 0.

Furthermore all streams from nodes j € V with infinite supply into nodes : €¢ W
are Poisson streams with rate p;7(j,4), see Theorem 4.3.
All (inter-)arrival times from the source and from nodes in V into node i € W
constitute a set of independent random variables. Thus all arrival streams from the
outside of the subnetwork W into each node ¢ € W constitute independent Poisson
processes with rate A\; + .y p;7(5, ).

e All service and inter-arrival times constitute a set of independent random variables.
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All these properties guarantee that the subnetwork W develops as a Jackson network with
|W| nodes where the source and sink is represented by {0} UV, see Definition 1.1.
The corresponding queueing process

X = ((Xi(t):ieW):teR,)

is a Markov process of its own. The traffic equations of the described subnetwork W are
given by

=X+ mr(ii), ieWw,

JjeEWwW

where

A=A+ Z (4, 1),

JjeEV

so 1; = 73; holds for all 1 € W.

According to Jackson’s theorem (see Theorem 1.10), X has the unique stationary and
limiting distribution (4.14) because n; < u; for all i € W holds by assumption.

Thus, even if the subnetwork V' of nodes with infinite supply is not in equilibrium, the
equilibrium on the subnetwork W of nodes without infinite supply is preserved, if the
initial distribution has the joint marginal (4.14).

An interesting alternative way to prove (i) is as follows: If the network process is ergodic,
there is a unique solution of the global balance equations 7Q = 0, i.e., V(ny,...,ns) € N7 :

(N1, ...,ny) - (Z \; + Zz,ujr(j,i) - Loy (nj) + Zuir(i,O) Iy, (n)+

ieJ ieJ JEV ieJ

+ Z Z Nz‘r(ivj) ) 1N+(ni)>

ieJ jeJ\{i}

=3 7,y = 1emy) ()\i 5 (i) - 1{0}(nj)) Ay, () +

iEW jev
+ Zﬂ(nl, won; — 1, ny)
eV
: <)\i + Z 17 (7, 4) - Loy (ng) + par (4,4) Loy (ni — 1)) Ay (ni)+
JeVA\{i}
Y et L) (i 0)
icJ

+3N " w1y — 1ng) - (i) - I (ny) (4.16)
ieJ jeJ\{i}
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Summing over all (ny : k € V) € NVl yields:

Z 7T(Tl1, "'7nJ) : (Z Ai + ZZN’J‘TUJ) ’ 1{0}<nj) + Z/Lﬂ’(i,@) ’ 1N+<ni)+

(ng:keV)eNIVI icJ ieJ JEV icJ

+ Z Z ,uﬂ“(i,j) ) 1N+(ni)>

ied jeJ\{i}

= S S wlmen— Loony) - <)\i +5 " (i) - 1{0}(nj)) A, () +

(ng:k€V)ENIVI ieW JeEV

+ Z Zﬂ(nl,...,ni—l,...,nj) : </\z+ Z /Jﬂ"(],@)l{o}(nj)> -1N+(n¢)+
(ng:k€V)ENIVI i€V JeV{i}

+ Z Zﬂ(nl,---,nz‘—l,--wnﬂ'Mﬂ“(i,i)' Loy(ni = 1) -1y, () +
(ng:keV)eNIVI i€V e

=li1ynng (na)=1q1y (ne) =110} (ni—1)

+ Z Zﬂ-(nlv“wni—i_la“wnJ) ,ulr(z,())—i—

(ng:keV)ENIVI e

+ Z Z Z T(ny,....n; +1,..,n5 — 1, ng) - w2, ) - In, (ny)

(ni:keV)ENIVI e j je\{i}

e D wlen) (A4 2D (i) - L)+

(ng:keV)eNIVI ied icJ JEV
£ (,0) L, (n) + >0 DT par(ind) - L, ()
ieJ ied jeJ\{i}
= > = Leng) - (A D () Ty () - T )+
(ng:keV)eNIVIieW jeV
> S A na) - (A Y () - Ly () )+
(ng:keV)eNIVI i€V JeVA\{i}
+ Z Tr(nlw"?ni?"‘anJ) /Jﬂ"(l,l) ’ 1{0}<nz)+
(ny:keV)eNIVI ieV
+ Z 7T(TL1,...,7’L7;—|—1,...,7’LJ)'Mir(i,0)+
(ng:keV)eNIVIieW
+ Z ﬂ-(nla"wn’iw'wnJ) er(z70) ’ 1N+<nz)+
(ng:keV)eNIVI i€V
+ Z m(ny,...,n, +1,..,n; — 1, onyg) - (i, j) - Ing (ng)+

+ Z Zﬂ'(nl,...,ni,...,nj—1,...,”])'ﬂir(i,j)'1N+<nj)‘1N+<ni)+

+ (N5 oy My ooy My ey g) - it (3, 5) - Ingy (125)
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& Z w(ng,...,ny)

(ng:keV)eNIVI

(Z <)\z’ + Zuﬂ“(]’, i) 1{0}(”j)) - Z()\z + > (i) 1{0}(”j)>+

ieJ eV JjEV

+ > ar (i 0) - I (m) = Y par (i, 0) - L, (o) +

ieJ 1S%
+ Z Z H”L Z ] 1N+ n’L Z Z IU“L Z ] 1N+ (nl)>
ieJ jed\{i} i€V jeV\{i}
= Z Zﬁ(nl,...,ni—l,...,nJ)- ()\i—l—Zujr(j,i)i{o}(nj)) Iy, (n)+
(ng:keV)eNIVIieW JjeV

+ Z Zﬂ(nl,...,niJrl,...,nJ) - (3, 0)+

(nx:keV)eNIVI ieW

+ Z Z Z (i, ...,n, +1,..,n; — 1, ong) - per (i, j) - Ing (ng)+

(ng:keV)eNIVIieW jeWw\{i}

+ Z ZZW(nl,...7ni+1,...7nj,...,nj)'/LiT(i,j)+

(ng:k€V)ENIVIieW jeV

+ Z ZZW(nl,...,ni,...7nj—1,...771])‘/J/Z'T(Z.,j)‘1N+<nj)‘1N+(ni)

(ng:k€V)eNIVI i€V jeW

& Z (N1, ..., ny)

(ng:keV)eNIVI
(Z AﬁZZW(J} - Loy (n5) +ZZ“’ 6,9) v, (ni) +
i€eW €W jev i€V jew
_Ziew Zjev pir(350)

£ (i, 0) T, () + >0 D (i) T (1))

ieW €W jeJ\{i}

(.

=S sew (i) 1, (n)

=Y Y A= L) (A ) - ()

€W (ny:keV)eNIV] JjEV
—1—2 Z (g, .oni+1,..,ny) p < (2,0) —1—2 zg)
€W (ny:keV)eNIV] JjeEV

=1- Z]’ew r(4,5)

+Z Z Z w(ny,....n; +1,..,n; — 1, ny) - pr (i, ) - In, (ny)

€W jeW\{i} (ny:keV)eNIVI

With mw(ng : k € W) := 3, revyenvi T(n, ..., ny), these equations are equivalent to:
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Y(n; :i € W) e NWI
w(ng ke Ww)- (Z ()\Z» + Zujr(j,i)) - Z,ui(l —r(i,d)) - 1N+(m)>

ieW
= mwlng ke W {itm; — 1) (Ai +3 (i, z’)) Ay, (n)+
iEW JEV
+ > mwlu ke WA {ihn+ 1) (1= r(0,5))+
iew JjeW
+ Z Z 71-I/V(nk: ke W\{Zaj}ynz + ]-anj - 1) ' /LZT’(Z,j) ' 1N+(nj)'
iEW jeW\{i}

These equations are the global balance equations of a Jackson network with |[I¥/] stable
nodes and with the following characteristics: External arrival streams at nodes 1 € W
are Poisson processes with rate \; :== \; + ZjeV pir(7,1) and the service times at nodes
i € W are exponentially distributed with rate p;. All inter-arrival and service times
constitute a set of independent random variables. The routing matrix is the same as
the original one where transitions to the subset V' are handled as transitions to the
sink. In this situation these equations are known to have a unique probability solution,
which is the stationary distribution (4.14). So if the global network process is started
with its stationary distribution, its marginal distribution can only be (4.14) which is the
stationary distribution of the subnet on W.

(ii): It is well known that ergodic Jackson networks with Poisson arrival streams from
the source to node i with rate \; have, in equilibrium, Poisson departure streams from
node ¢ to the sink with some rate 7;7(¢,0), see [Mel79b, Example 7.1]. From the proof of
(i), we know that the subset W behaves like an ergodic Jackson network for its own with

)\i = )\z + ZjGV ,Uj?"(j, Z) and

i (5,0) = mi (1= 3 (i, )) =m(r(i,0) + Y- r(i.)).
JEW jev
Hence, if the global network process is started with an initial distribution which has the

marginal (4.14) on W, departures to the sink from nodes i € W are Poisson streams

with rate 7;7(¢,0) and departures to any node j € V are also Poisson streams with
A CN))

r(5,0)+2 ey 7(6:4)

node ¢ € W is directed to j € V. This holds even if the subnetwork V' is not in equilibrium.

rate 7;7(i,j), because a portion of the departure stream 7),7(7,0) from

(iii): Consider a node ¢ € V with infinite supply and without immediate feedback (i.e.,
r(i,i) = 0):
e The node has exponential-y; distributed service, the service discipline is FCFS.
e Routing of customers is Markovian: A customer arriving at node ¢, waits in the line
until he gets service, after the service he proceeds to another node j € J\ {i} with

probability 7 (i, j) or leaves the network with probability r(i,0). Thus, the customer
leaves node i after service is completed with probability

r(i,00+ Y (i) =1-r(ii) =1

jeq\{i}
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e The external arrival stream is Poisson with rate A; > 0. From (ii) it follows directly
that, if the global network process is started with an initial distribution which has
the marginal (4.14) on W, the arrival streams at node ¢ € V from nodes j €
W are Poisson with rate n;r(j,7). Arrival streams from nodes j € V' \ {i} are
Poisson streams with rate p;r(j,4), see Theorem 4.3. All these Poisson streams are
independent of each other. Thus the arrival stream at node ¢ € V is a Poisson
process with rate

A=\ + Z nr(g, i) + Z (4, 1).

JEW JEVA\L{i}

e All service and inter-arrival times constitute a set of independent random variables.

Thus, if the subnetwork W is in equilibrium and if r(¢,7) = 0 holds, node i € V' behaves as
an (M/M/1)— system of its own. The corresponding queue length process X is a Markov
process on the state space N. Customers who arrive from the infinite supply storage of
this node are not counted as waiting customers. The traffic equation is then given by

ffh. = 5\1 = )\z —+ Z 7’]j7’<j, Z) + Z ,ujr(ja Z)a
jew jev\{i}

thus 7; = n; holds, see (4.1) with r(i,7) = 0.
If the balance equations of X have a probability solution, then this solution is the unique
stationary and limiting distribution of X. The balance equations are for all n € N
mi(n)(\i + pily, (n) = mi(n — DAy, (n) + m(n + 1),
& mi(n)(m + piln, (n)) = mi(n = Dnidn, () + mi(n + 1w,

77) . Normalizing the solution to

1

- (-2)(2)

yields a probability measure if and only if 7; < u; holds, which was assumed. O]

which are solved by m;(n) = (

The proof of Theorem 4.15(i) verifies the following

Corollary 4.17. In the setting of Theorem 4.15, the process Xw = (X; :i € W) is an
ergodic homogeneous Markov process of its own.

Remark 4.18. Note that in Theorem 4.15 in (i) and (ii) immediate feedback is allowed
at all nodes. Only in (i) we required that nodes with infinite supply have no immediate
feedback. This is due to the arising balance equations, as can be seen as follows:

Consider a node i € V as in Theorem 4.15, but allow immediate feedback at all nodes.

Then all facts of the proof of (iii) hold except for:

o [fthe subnetwork W is in equilibrium, node i € V' behaves as an (M/M/1)— system
with infinite supply and with immediate feedback of its own.
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o The traffic equation is then given by

ﬁi - )\z + Z T]jr(jv Z) =+ Zlujr(jv Z)? (417)

jew jev
thus 1; = n; holds, see (4.1).

e The balance equations ofX are for alln € N

W (Nt Do mr(ii) + 3 wr (i) + (i) Loy () + (1= 7 0) 1, ()

jeEW JjeV\{i}
—m(n = 1) (N Do mrGo) D w0 I, (n)+
JjEW jeVA{i}
+mi(n = Dpir(i,9) 1y (n) + m(n + 1)p(1 —r(4,17)). (4.18)

Plugging (4.17) into (4.18) yields

ma(n) (= pir(2.3) + g (3, Loy (n) + (1 = 2(0,3)) I, ()
= mi(n = 1) — par( ) . () + mi(n = Vg (i, ) (n) + 7+ Dpa(L = 76, 1),

With m;(n) = (ﬂ—) this is equivalent to

i = pir (i, 1) + pir (i, 8) Loy (n) + g (1 = 7(0,0)) L, ()
= %(m — par(1,9)) I, (n) + %uﬂ’(z?z)l{l}(n) - %Ui(l —r(i,4))

< —Mﬂ”(i,i) —|—Mﬂ‘(i,i)1{0}( ) i ( >1N+( )

= —%Mﬂ“(i, i)1N+ (n) + %Mﬂ“(i, 2)1{1} <n) B T]iT(i, Z)

1

.. .. 127 j2% ..
& (n; — pi)r(i, i) + un(z,z)(l{o}(n) — ;1{1}(71)) — (1 - ;)mr(z, i)y, (n).
With r(i,7) > 0 the last equation holds if and only if
Hi Hi

= ot (Lo () = 2y m) = (1= ), (), (4.19)
e In case of n =0 equation (4.19) is reduced to n; — p; +p; =0 < n; = 0.
o In case of n = 1 equation (4.19) reduces to n; — p; — ul“’ = <1 — %)m & on = 24
e In case of n > 2 equation (4.19) is reduced to n; — pu; = (1 — %)pl S N =

Thus, equation (4.19) holds if and only if p; = 0 holds for i € V' which is a contradiction
to the assumptions in Definition 4.1 of a Jackson network with infinite supply.
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Remark 4.19. In general, except for a special network described below in Corollary 4.20,
an ergodic Jackson network with infinite supply of work (without immediate feedback at
nodes with infinite supply) does not have a stationary distribution of product form.
This means that in general, in equilibrium, the queue lengths of the nodes with an infinite
supply of work (i € V) are at a fized time instant neither independent of each other
nor independent of the queue lengths of the nodes without infinite supply, although all
flows between the nodes with infinite supply are Poisson. In contrast, the product form
of (4.14) implies that in equilibrium the queue length processes of the subnetwork W at a
fized time instant are independent of each other, although the flows between these nodes
are, in general, not Poisson.

The statement of Remark 4.19 can be seen by plugging
7r(n1, ...,nJ) H (1 — &) (&>
Py H Hi

into the global balance equations (4.16) of the network process with r(i,i) = 0 Vi € V|
which yields:

Z)\ +ZZMJ r(7,4) 10y (n;) +Z“Z (4,4))1n, (1)

icJ icJ JEV icd
= 3 e S ) s )+ 3 e 0+
ieJ Jjev zEJ
i
+Z Z _]_/Ll Z]>1N+(n3)
ieJ jed\{i }

<:>Z)\ +Zz,u] r(J,1) 1101 (n;) +Z“Z r(i,4)) 1, (1)

ieJ ieJ JE€V icJ
Hi . ,
—Z (A + > (i) () + D njr(]7@)>1N+(m)+Zmr(z,0)
il ! eV je\{i} icJ

i (1=1(10) -5 e G, () 4T ey 1 (510)

S ) NI wrli i)y (ny)

= ieJ JEV
Hi .
= Z > (= il (), () + Y mir (i, 0), (4.20)
icd " Jev icd

where (%2) holds because of (4.1) and r(i,i) = 0 Vi € V. With

i iew eV eV
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(see Remark 4.5), (4.20) is equivalent to

Z Mir(i7 0) + Z(Th - ,ui) + Z Z ,uﬂ’(j, i>1{0}(nj)

eV 2% ieJ JEV
= 2 200 = gl () () + 3 (0,0)
iej eV eV
& N — ) (1= r(.0) + 3 (i) Loy (ny)

4 ————— — <
v =S,eprGa) €I

=S BN G oy — st ()1, ()

e j i jev
& 30—t (00) X2 r6) = 30 B S i) — st (), ()
& = it () 166 (1= Bt ) =0,
eV jeJ J

The last equation is valid only if (i, j) = 0 holds for all i € V and j € J. This justifies
the following

Corollary 4.20. The only class of Jackson networks with infinite supply where the sta-
tionary queue lengths distribution is of product form is characterized by the following
property: Customers departing from a node i € V' with infinite supply leave the network
directly to the sink with probability 1, i.e., r(i,0) =1Vi e V.

In other words, independence of the queue lengths in the system at a fixed time instant
in equilibrium is maintained only if the nodes with infinite supply do not interact with
each other at all and if there are only streams from the subset W without infinite supply
to nodes in V' with infinite supply but not the other way around. It is intriguing that
all these interrupted departures from nodes with infinite supply are Poisson streams
and exactly these seem to be the source of the dependence structure in equilibrium.
The low priority customers from the infinite supply depot are then directed to the sink
immediately after their first service and therefore they do not influence any arrival rate
in the network.

The loss of independence due to the interaction of nodes with infinite supply can be
observed in the following example analyzed by 1.J.B.F. Adan and G. Weiss in [AWO05]:

Example 4.21. [AWO05]| Consider a two-node Jackson network with infinite supply as in
Definition 4.1. Let W = (), so both nodes have infinite supply. Furthermore let r(i,1) = 0
for i = 1,2 hold, thus there is no immediate feedback in the system. Now - unlike a
Jackson network - assume that there is no exogeneous input, i.e., X = 0. The traffic
equations are then given by

m = N2r(27 1)7
n2 = mr(1,2).
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If n; < p; holds for i = 1,2, then the queue length process X = ((Xi1(t), Xa(t)) : t € Ry)
on the state space N? has the unique stationary and limiting distribution

m(n1,ma) = Y (=) (1 = ap)oay (1= Bra) B2y + (1 — axsn)ajly (1= B) 53]
k=1
where for k> 1
-1 H1 + 2 B r(2,0) 4 Mmitpe o,y r(1,0)
U T (2, 1)B’f Gt r21) DT a9 T Ay

with inttially oy = Bo =1, aq = %7 fr=2
The joint stationary distribution is not of product form, it holds

m(n1,ng) # mi(ny) - ma(ny) V(ny, ny) € N2,

where mi(n;) = (1 — 2)()™, i =1,2.
Moreover, Adan and Weiss proved that there is a negative correlation between the queue
lengths at the nodes, if n; < p; holds for 1 = 1,2, so even if the system is in equilibrium:

Corr(Xy, X3) < 0.

In the following example of a two-node Jackson network with infinite supply of the general
type, the events {X;(t) = 0} and {X5(t) = n} with any n € N are, in equilibrium, at all
times ¢ > 0 independent of each other, if the first coordinate represents the queue length
of a node without infinite supply and the second is the queue length of a node with infinite

supply.

Example 4.22. Consider a Jackson network of two nodes, where node 2 has infinite
supply but no immediate feedback. Let r(1,2) > 0 and r(2,1) > 0, so we do not have a
product form network with infinite supply from Corollary 4.20. Then the traffic equations
are given by

T = )\1 + 7717"<17 1) + N27”(27 1) (421)
e = Ao +mr(1,2). (4.22)

Let n; < p; hold for i =1,2. The queue length process X = ((X1(t), Xa(t)) :t € Ry) is a
Markov process on the state space N2. From Theorem 4.15 we know that for all n, € N
holds

mi(n) =Y wlng,ng) = (1 - ﬂ) (ﬂ)m , (4.23)

N H1 H1

we additionally assume that we start the system with an initial distribution which has
the marginal (4.23), so for all ny € N holds under this condition for the limiting and
stationary distribution

mo(ne) = Y w(ni,ng) = (1 . @> (@)n (4.24)

mieN H2 H2
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The global balance equations are ¥(ni,ny) € N?:

m(n1,m2) - (A + A2 + p2r(2, 1)1joy (n2) 4 pa (1 — 7(1, 1)1, (1) + 2l (n2))
=m(n1 —1,n9) - (A1 + por(2, 1) 10y (n2)) In, (n1) + m(n1, no — 1) - Aoln, (n2)+
+7m(ny 4+ 1,n2) - puar(1,0) + m(ng,ne + 1) - per(2,0)+
+m(ng + 1,00 — 1) - pyr(1,2) 1y, (n2) + 7(ng — Ling + 1) - por(2, 1)1y, (n4).

Summing over all ny € N on both sides yields

D w(na,na) - (A1 + Ao+ par(2, ) 1oy (n2) + (1= (1, 1))y, (m1) + ol (n2))

n1 €N
=D wlna,ne) - (A + par(2, 1)1y (n2)) + Y w(nayma — 1) - Aol (n2)+
ni1EN n1€EN
+ Z m(n1,n2) - par(1,0)1n, (na) + Z m(n1, e + 1) - par(2,0)+
n1 €N n1 €N
+ Y w(na,ng — 1) - (L 2) 1y (1) 1y, (n2) + Y @(na,mo +1) - por(2,1)
n1 €N n1 €N

& Y w(na,no) (e + r(1,2) + palu, (n2)) — m(0, n2)par(1,2)

ni1 €N
= Y w(na,ne — DA+ mr(1,2) 1w, (n2) + > w(na,ms + Do
ni1EN n1€EN

—m(0,n9 — 1)pyr(1,2) 1y, (n2)

& mo(n2)(Aa + a7 (1, 2) + poly, (n2)) — m(0, n2)par(1, 2)
= 7a(ng — 1) (A2 + 17 (1,2))1n, (n2) + ma(ng + D)pg — (0,19 — 1)par (1, 2)1n, (n2)

4.24
= ma(na) (A2 + (L 2) + polu, (n2) — %(Ag + mir(1,2)) 1y, (n2) — %m)
2 2

= 7(0,n9)pr(1,2) — m(0,n9 — 1)par(1,2)1n, (n2)

2
< 7T2(n2)< Ao — 1 +pr(1,2) + palng (n2) — E( A2 +M17‘(172))1N+(”2)>
U2 nir(1,2) “2 i -mr(1,2)

=7m(0,n2)1r(1,2) — 7(0,n9 — 1)p17(1,2) 1, (n2)

g 772(”2) <—’I717"(1, 2) + MIT(L 2) - %<_7]1T(17 2) + /~L1T<17 2))1N+ (n2)>

= 7(0,n9)pr(1,2) — m(0,n9 — 1)par(1,2)1n, (n2)

(4':2>3) T (n2) (7T1(0)M1T(1, 2) - %7?1(0)”17"(1, 2)1n, (m))

= 7(0,n9)pr(1,2) — m(0,ng — 1)par(1,2)1n, (n2)
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& 7a(na)m1 (0) (1 - %m (nQ)) = 7(0,n5) — 7(0,n5 — Vg, (n2).  (4.25)
2
It follows directly from (4.25) that w(0,0) = m1(0) - mo(0) holds and, since (4.25) is a
recursive equation, by induction

m(0,m2) = m(0) - mo(n2) Vne € N.

Thus, in equilibrium, the events {X(t) = 0} and {Xs(t) = na} are independent of each
other for all no € N.

This examples motivates:

Proposition 4.23. Consider a Jackson network where nodes in V- C J have an infinite
supply of work as in Definition 4.1. Nodes in W := j\ V' operate without infinite supply.
Let |W| =1, so there is only one node, say node 1, without infinite supply. We assume
that there is no immediate feedback at nodes with infinite supply, i.e., r(i,i) = 0 for all
i € V, and that all nodes are immediately accessible, i.e., r(i,7) > 0 for all i # j. Lel
n; < p; hold for all nodes i € J where n = (M1, .., 1) 1s the unique solution of the traffic
equations (4.1):

=N+ mr(Ld) + > pr(i i), i€ J. (4.26)

jev

Denote by X = ((Xi(t),...,Xs(t)) : t > 0) the queue-length process on N’ and by
w(ny,...,ny) the stationary distribution of X. If the system is started with an initial
distribution which has the marginal

PX1(0) = ny) == m (1) = (1 - %) (%)n Vn, € N, (4.27)

then for the joint marginal w1 3.(0,n:) 2= 32, re i fripens—2 T(0, o, 1, ...y ng) of the sta-
tionary distribution of X holds

’/T{l,i}(o, le) = ’/Tl(O) . ’/Tz(nl) VZ € V Vnz € N, (428)

where m;(n;) is the one-dimensional marginal queue length distribution for node i € V

mi(ng) = (1 - ﬁ) (”—) " vneN. (4.29)

M M

Proposition 4.23 states that there is a class of Jackson networks with infinite supply and
with an arbitrary finite number, say J, of nodes for which, in equilibrium, the following
events are independent of each other:

e The sole node without infinite supply (i € W) is empty at time ¢.

e A node with infinite supply (j € V) has a queue length n at time ¢.
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Proof of Proposition 4.23. From Theorem 4.15 we know that if we start the system with
an initial distribution which has the marginal (4.27), the marginal for any node i € V' is
(4.29). The global balance equations of X are for all (ny,...,n;) € N7:

m(ny,..,n <Z)\ +ZZ“J 7(7,7) 10y (n;) —i—z,uzl—rzz 1N+(nl))

ieJ ieJ JEV ieJ

= Zw(nl, wong—1, .., ny) - ()\i + Zujr(j,i)l{g}(nj)> Iy, ()

ieJ jev
+ Zw(nl, woni+ 1, nyg) - pwir(i,0)
ied

—1—2 Z T(na,....ny — 1, on; + 1, ng)pr(d, 1) Ing ().

ied jeJ\{i}

Summing over all ny € N yields (recall J = {1} U V)

> w(na,..ny) - (Al + > N+ D G DL () + ) e i)y (ny)+

n1€N eV Jjev i€V jev
+ (1= (1, 1)1y, () + Z Ni1N+(ni))
2%
= Z m(ny —1,n2,...,ny) - <>\1 + Zﬂﬂ“(j, 1)1{0}(”j)) - Ing (1)
ni1 €N jeV
+ Z Zﬂ'(nl, ey Ny — 1, ...77ZJ) : ()\Z + ZM]T’(],Z)l{O}(TLJ)> . 1N+(ni)
ni€N i€V jev
+ Z 7T(n1 —+ 1,712, ...,77,]) . ulr(l,O)
n1 €N
+ Z Zﬂ(nl, woni+ 1, nyg) - wir(i,0)
n1eN eV
YO w1y + 1) (i, D ()
n1€N jev
o3 S w4 L — L)L), ()
n1€EN eV

+ Z Z Z T(ny,....,n; — 1, ..on; + 1, ong)ur(d, 1) In, ()

n1eEN eV jeV\{i}
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> wlng,.ny)- ()\1 A D (Do (ng) + Y > () Loy (ny)+

ni €N eV jev i€V jev
(1= (1L, 1) D, () + D gl (1))
iev
= Z (ny,...,n <>\1+Zﬂj r(J; )1{0}(72]))
n1€N JEV
+ Z Zﬂ-(nla ceey Ty — 1a ...,TLJ) ’ (>\7, + Z/’L]r(jvl)l{o}(n])> ' 1N+(ni)
n1€N i€V jeV
+ Z m(n1, ey mg) - par(1,0)In, (n1)
ni1€N
+ Z Zﬁ(nl, woni+ 1, nyg) - (i, 0)
n1€EN eV
+ Z Zﬁ(nl, cang+ 1 ng)pr(d, 1)
n1€N jeVv
+ Z Zﬂ(nl, oy — 1 ng)par(1,9) 1y, (n)1n, (1)
n1€EN eV

+ ZZ Z w(ny,....,n; — 1, .,on; + 1, ng)ur (4, 1) In, ()

n1EN €V jeV\{i}

Z w(ng,...,n (Z)\ +ZZ#J 7(7,1) 110 (n5)+

n1 €N % €V jev
o (L= r(1,1) = r(1,0)) I, (m) + > il (ni)>
G eV
*Zz‘evr(l:l)

= Z Zw(nl, wong—1,..ny):

n1€N eV
: (/\i + > (G )y (ny) + er(lai)lm(”l)) Ty ()
jev
+ Z Zﬂ(nl, coni+ 1, nyg) - i (r(4,0) + (i, 1))

ni1 €N eV

+ 33N wng e = 1+ 1 g pgr(5 ) 1, (na). (4.30)

n1EN i€V jeV\{i}

Summing over all (ny,...,n;_1) € N/72 yields for fixed n; € N:
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> .. (AJ+ZA+ZMJ (i, Doy () + Y D wir(G. i) Loy (ny)

(M1yeensmy1)ENI—1 ieV\{J} eV ieV\{J} jeV
+ Z r(1,i)In, (na) + par (L, J)Ing (na) + psln, () Z piln, (n )
iEV\{J} iEV\{J}
= > w(ng,..ongg,mg = 1) <)\J + ) (D) ey (ng) + par (1, J)1N+(n1)>’1N+<nJ>
(N1 yeey anl)ENJ 1 jev

+ Z Z m(ny,...,n; —1,....,ny)-

(n1,...,ns-1)ENI~1ieV\{J}

: <>\i + > (G ) Loy (ng) + pr (L) Iy (”1)> Ty (1)

jev
+ Z w(ny,...ng_1,ny+ 1) py(r(J,0)+r(J, 1))
+ > > w(ngni+ 1 nyg) - p(r(i,0) + r(i, 1)
(7’L1 ..... TLJ,l)ENJfl ZEV\{J}
+ Z Z m(ni...,nj+1,..,ny — pr(j, J)In, (ng)
+ Z Z w(na,...,n; —1,.,ng + Dpyr(J, 5)In, (n;)

+ Z Z Z m(na,.,ny — 1, ong + 1, ng) (4, 6) Ing (1)

(n1,...,ny—1)eENT—LieV\{J} jeV\{J,i}

= Z w(ni,..,ny)- |:/\J+Z,uj r(7,J 1{0} TL] Z (/\ —f—z,uj r(J,t 1{0} n])>

(n1,...,ng_1)EN -1 Jjev zEV\{J} JjEV
+ Z r(1,4)1n, (n1) + par (L, )y, (ma) + pln, (ng) Z piln, (1) }
ieV\{J} ZEV\{J}
= > w(ningong — 1) (AJ +3 (G T) oy (ng) + par(L, J)1N+(n1)> I, (ny)
(n1 ..... TLJ_1)€NJ—1 JeV
+ Z Z W(nl,...,nj) : (/\Z+Zﬂjr(j,2)1{o}(nj) +M1T(1,i)1N+<7’L1))
(n1,...,ng—1)EN/ =1 ieV\{J} JjeEV

+ Z w(ny,..,ng_1,ny+ 1) py(r(J,0)+r(J, 1))
+ > > w(na,eng) - pa(r(i,0) 4+ (i, 1) 1y, (n)

(n1,...ng—1)ENI -1 ieV\{J}

+ Z Z m(na,...,ng — Dpr(j, J)In, (ng)1n, (7))

(M1 yeeey njfl)eNJil JEVA{J}

+ Z Z w(nl,...,nj+1)uj7“(a]>j)
+ Z Z Z 7T<n1,..-,nj>ﬂjr(j> i)1N+<nj)

(n1,..mg—1)ENT=LieVA{ T} jeVA{Jyi}
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o Z w(ny,...,ny)

<>\J+ZNJ r(j, J) Lop(ng) + par(L, ), (na) + poln, (o) + D pilw, (na)
JjeEV ieV\{J}

— Z pi(r(i,0) + (4, 1)) In, (1) Z Z 17 (7, 1N+(n])>

ieV\{J} iE€V\{J} jeV\{J,i}

=— ZieV\{J} ,ul(lfr(z,J))leL (n4), since r(i,5)=0 for i€V.

= Z W(nl,...,nJ,l,nJ—l)-

(A D s, D)+ (L D () - T, ()

jev

+ Y w(nl,...,nJ_l,nJH)-MJ<T(J,0)+7~(J,1)+ 3 T(J,j))

(n1,emy_1)ENI 1 Jjev\{J}

N

-~

=1, since r(J,J)=0.

A Z 7T(Tl1, ) nJ) ’ </\J + Z/sz?"(j, J>1{0}(nj) + Z ,uﬂ“(i, J)1N+ (nl) +

(n1 ,,,,, TLJ_l)ENJ_l Jjev 7'G‘/\{J}’

s

P
=>jev KyiT(d,J), since r(J,J)=0.

+ par (L, Iy (1) + o lny (nJ))

= Z W(nl,...,nj_l,nj_l)'

: (AJ + 3 pr (G ) + (L, )1, (n1)> 1y, (ny)

JeEV

+ Z (N1, g1,y + 1) - g

e X wlmeeny) (At X mr() + ar(L )+ i ()

(TLl ..... njfl)eNJil jev

- Z W(Oan27"'7nJ)M1r(17‘])
= Z W(nla J_1 <)\J+ZHJ] ], +,U17“(1,J)> '1N+(77,J)
(n1,...,ng_1)ENT—1 JjeV

- Z W(O,ng,...,nj—1)M1T(1,J)1N+(7’LJ)

+ Z ﬂ'(nla"'?nJ—i_l)'/JJJ'
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Ty(ng) =D 1y yeni—1 T(n1, ..., ny) this is equivalent to

my(ny) - ()\J + Z 7 (g, J) +par (1, J) + NJ1N+(nJ)> — 7, (0,ng)par (1, J)
jev

J/

~~

4.26
( = )77]_7717'(1’])

=my(ny—1)- ()\J + Zuﬂ’(j, J) + par(l, J)) g (ng) +my(ng +1) - g

— 1,0 (0,ny — Dpar(1, J) 1y, (ng).
(4.29) implies

ma(ng) - (nr = mr(, ) + mr(L, J) + pain, (ng)

HJ g
(= mr () e () )1 () = )

= ﬂ{LJ}(O, ny)ur(l,J) — W{LJ}(O,nJ — Dr(1, J)1y, (ng)

& my(ng) - (= m)r(,0) = 22 = m)r(L )i, ()

= <7T{1,J}<0> nJ) - W{lyj}(()? ny— 1)1N+ (nJ>>:LL1T(17 J)

o my(ny) - (1 - % ) (1 _ %m (nJ)>mr(1, J)

20 0)
= (m,03(0,n) = 71,3 (0,ny — Dy, (ng))par (1, J).

Since r(1,J) > 0 is assumed, it remains
75(ny) - m1(0) (1 - %h\u (nJ)) = 7 (0.n5) = 7 0,0y — Dy, (ny).  (4.31)
J

The solution of the recursion (4.31) is
m1,(0,ny) = m(0) - w;(nys) Vns €N, (4.32)

as proved by induction over n;: The basis (n; = 0) is trivial.
Induction hypothesis (IH): (4.32) is true for some (n; — 1) € N,. For the inductive step
we have to show that (4.32) also holds for n;.

(4.31) = 7T{1’J}(0,TLJ> = WJ(nJ) . 7T1(O) (1 — %1N+(nj)> +ZT{1”]}(0,71J — 1) 1N+(nJ)
(IE>7T M

1(0)-my(ny—1)
= 75(ny) - 71 (0) (1 _ &1N+(nJ>) +m(0) - 7y (ny — 1) 1y, (ny)
ny ———
201 (o)
nJy
= W](nj) . 7T1(O).

For deriving (4.32), J € V was selected for easy notation. The proof for arbitrary i € V
is similar. Hence (4.28) follows. O
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The following example shows that independence of events similar to Proposition 4.23 is
not possible in general, if [W| > 1, i.e., there are several nodes without infinite supply.

Example 4.24. Consider a Jackson network of three nodes, where W = {1,2} and node
3 has infinite supply but no immediate feedback. Let r(3,0) < 1, so we are not in the
framework of Corollary 4.20. Then the traffic equations are

2
mi=X+ Y mr(ii) +psr(3,4), i=1,2, (4.33)
j=1
2
N3 = A3+ Z nir(J, i) (4.34)

Let n; < p; hold for i = 1,2,3. For the queue length process X = ((X1(t), Xa(t), X5(¢)) :
t € Ry) we know from Theorem 4.15 that for all ny,ne € N holds

mw(nn,nz) = Y wlng, ng,ng) = f[l (1 - ﬁ) <"—>n . (4.35)

naeN Hi Hi

We start the system with an initial distribution which has the marginal (4.35), so for all
ng € N holds

73(n3) - S wnn,naing) = (1— @> <E) . (4.36)

M3 M3

The global balance equations are V(ni,ny,n3) € N3:

2
m(ny,na,n3) (Z)\ + Zugr (3,9) 10y (ng) + Z,ui(l —r(i,4))1n, (ns) + M31N+(n3))

1=1

= Zﬂ(nk cke WA {i},ng — 1,n3) - (N + psr(3,4) 10y (n3)) Iy, () +

+ 7'('(71/ Nog, N3 — 1) . )\31N+(n3)—|—

+) wl ke {1,2,33\ {i} s + 1) - par(i, 0)+

ny+1,np — 1,n3) - par(1,2)In, (n2) +7(ny — 1,m2 + 1,n3) - por(2, 1) In, (n1)+
n+1,n9,n3 — 1) - (1, 3)1n, (n3) + (1 — 1,09, n3 + 1) - pgr(3, 1)1y, (n1)+
ni, Na + 1,713 — 1) . ,u27’(2, 3)1N+(n3) + W(nl,ng — 1,”3 + 1) . /L37’<3, 2)1N+(7’L2).

+ + +
N



4.3 The ergodic case

79

Summing over all (ny,ny) € N? on both sides and shifting indices yields for fized ny € N

Z 7T(nlan27n’3)'

(n1,mn2)€N?
2 2
. (Z Nt > (3,0 Loy (ng) + 3 a1 — (6, 0) L (ma) + sl (n3)>
=1 =1 =1
2
= Z 71'(711, Nna, 723) . ()\1 + ,ug’f’(?), Z)l{g}(ﬂ;g))‘i‘

(n1,n2)eEN? =1

+ Z m(ni,ng,ng — 1) - A3l (n3)+

(n1,n2)€EN?

2
+ Z anl,ng,ng - (i, 0) Iy, (n)+
(

ny n2)€N2 i=1

+ Z m(ny,ng,ng + 1) - usr(3,0)+
( n2)6N2

+ Z 7T(?”L1,n2,n3)'/~L17’(172)1N+(n1>+
(n1,n2)EN?

+ Z 7(n1,n2,n3) - pror(2, 1)1N+ (n2)+

(n1,n2)€EN?

m(ny,ng,n3 — 1) - (1, 3) Ing (n3) Ing (1) +

+
(]

3

(n1,n2)eN?

ﬂ-(nla na, N3 + ]') ' M3T(37 1)+

+
<[]

s
S
3
<
m
Z
&)

+ Z 7T(7’Ll, No, Ny — 1) . /LQT(Q, 3) 1N+ (n3)1N+ (n2)+

+ ﬂ-(nla Ng, N3 + 1) ' /’L3T(37 2)

Z m(n1,n2,n3) - <>\3 + Z:U’ir(iv 3y, (n) + paly, (”3)>

(n1,n2)€EN?
2
= Z W(nl,ng,ng — 1) . <)\3 + Z/JJZT(Z,3)1N+<n1))1N+(TL3)+
(n1,n2)€EN? i=1
+ m(ny,ne,n3 +1) - i3

(n1,n2)€EN?
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2
= Z 7T(77/17 na, n3) ' <)\3 + Z /’L’L'T(i? 3) + IU31N+ (773))
=1

(n1,m2)eN?
=m3(n3)
- Z 7T(07 na, n3),u1r(17 3) - Z W(nb 07 77;3),&27’(2, 3)
no €N n1 €N
2
— Y w(minang—1) ~(>\3 + Z,uir(i,?)))lm(ng)—i-
(n1,n2)eN? i=1
:Wsz?g—l)
= > w(0,m9,m5 — Dpar(1,3) 1y, (ng) = D w(na, 0,5 — Dpar(2,3) 1y, (ng)
na2€N niEN
+ Z n17n27n3+1) 3.
(n1,n2)€EN? )
=W3?7:?>+1)

With m13y(0,n3) = D2 y7(0,m9,m3) and T(23(0,n3) = >, y7(n1,0,n3) this is
equivalent to

2
m3(ns) - ()\3 + Z par (i, 3) + N31N+<n3>> — m,33(0, n3)par (1, 3) — 72,3y (0, m3) par (2, 3)
i=1

2
=m3(ns — 1) - <>\3 + Zuﬂ”(i, 3))1N+(n3) +m3(ns +1) - ps
i=1
— 7T{1’3}(0, ng — 1)M1T<1, 3)1N+ (’I’L3) — 7T{273}(0, ns — ].)[1,27"(2, 3)11\]Jr (ng)
Plugging in (4.36) yields

m3(n3) - ( M > wir(i,3) + psl, (ns)

=32 mir(i3) )

—@/L:s—— ()\34—2/% Z3>1N+(n3>)

= /147’(1, 3)(7’(’{173}(07 TL3> — 7'('{173}(0, ng — 1)1N+ (ng))+
+ par (2, 3) (2,3 (0, n3) — 72,310, n3 — 1)1n, (n3))

2 2

e my(ms) - (D00 = m)ri8) = 22D (0s — (i, 3)1a, ()
= ,ulr(l, 3 (7T{173}(0,n3) — 7T{173}(0,n3 — ].)1N+ (N3))+

+ p127(2, 3) (72,3 (0,n3) — T(2,31(0,n3 — 1)1y, (n3))



4.3 The ergodic case 81

<:>7Tg(n3)~<1——1N+ m,)i(l——) r(i,3)

——
=m;(0)

= (1, 3)(m,33(0,m3) — 7(133(0, 3 — 1)1n, (n3))+
+ por(2, 3)(71'{273}(0, n3) — 7T{273}(0, ng — 1)1n, (n3))

& mang) - (1= 20, (1)) (ma(O)par(1,3) + ma(0)or (2, 3)
= M17"(17 3) <7T{173}(O, ng) — 7T{173}(O, ns — 1)1N+ (TLg))‘i‘
+ ,MQT(Q, 3) (7'('{273} (0, n3) — T{2,3} (0, ng — 1)]_[\]Jr (ng)) (437)

Consider the case ny = 0, then (4.37) reduces to

73(0) - (w1 (0)prr(1L,3) + ma0)par(2,3)) = purr(L,3)m(1.(0,0) + prar(2, 32,0, 0),

and this equation is valid if w(; 33(0,0) = 7;(0) - w3(0) fori=1,2.
If r(i,3) = 0 holds for one node i € {1,2}, node 3 with infinite supply is only directly
accessible from W over node 3 — 1 and it follows analogously as in Example 4.22 that

T(3-i31(0,n) = m3-4(0) - m3(n)
holds for all n € N.
This example motivates:

Proposition 4.25. Consider a Jackson network where nodes in V- C J have an infinite
supply of work as in Definition 4.1. Nodes in W := j\ V' operate without infinite supply.
Let the subset V' be directly accessible from the subset W only via one node, say node
LeW, so ) icyr(L,7) >0 and r(i,j) = 0 for alli € W\ {1} and j € V. We assume
that there is no immediate feedback at nodes with infinite supply, i.e., r(i,i) = 0 for all
i €'V, and that all nodes are immediately accessible from nodes in i €'V, i.e. ,r(i,7) >0
for all j € J. Let n; < w; hold for all nodes i € J where n = (M1, ...,mg) is the unique
solution of the traffic equations (4.1):

mi= i+ Y mr(i ) + Y ur(i), i€ (4.38)
JEW JeEV

Denote by X = ((Xi(t),...,Xs(t)) : t > 0) the queue-length process on N’ and by
w(ny,...,ny) the stationary distribution of X. If the system is started with an initial
distribution which has the marginal

PXi(0)=n; i€ W) :=myw(ni i e W) =[] (1 - @> <”—>n V(n; :i € W) eNW,

iew Mg 9%
(4.39)

then for the joint marginal 71,0, n) == 37, 1c 7\ (1yens—2 T(n, ..., g) of the stationary
distribution of X holds

7'('{1’1‘}(0, nl) = 7T1(O) : m(nz) VieV an € N, (440)
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where m;(n;) is the one-dimensional marginal queue length distribution for node i € V

mi(ni) = <1 - @) (”—) " neN. (4.41)

K K

Proof. From Theorem 4.15 we know that if we start the system with an initial distribution
which has the marginal (4.39), the marginal for any node i € V is (4.41). The global
balance equations of X are for all (ny,...,n;) € N7:

w(msng) - (304 D0 (i) Loy (ny) + 3 (1 = (i, )1, ()

icJ ieJ JEV icJ
S i = L) (A + 3 5r Gy () - L, ()
ieJ jev
+ Zﬁ(nl, wong+ 1, nyg) - uir(i,0)

+Z Z m(na,.,n — 1, oy + 1, ng) (g, 1) Ing ().
ied jeJ\{i}

Summing over all (n; : i € W) € NWI yields

S wlnn) s (oA DD (i)l (n) + D (1= 1)1, ()

(n;€W)ENIWI ieJ ieJ JEV ieJ
= > Sl ni— Leng) s (A D (Lo (1)) - T ()
(niieW)eNIWl jeJ jev

+ Z Zﬂ'(nl,...,ni—i‘l,---,nJ)',uir(iao)

(ngieW)eNIWl je j

+ Z Z Z w(ny,....n; — 1, .,n; + 1, ong)pr(d,6)1n, (n,)

(nii€W)eNWI ieJ jed\{i}
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=

Z m(ni,...,n (ZA +Zz\ +ZZM3 r(J,4) 101 (ny)+

(nii€W)eNIVI ieW eV €W jev
+ Z Z/’I/J r(J,t 1{0} n] + Z ,uz Z Z 1N+ nz + Zﬂle_,_ nz))
i€V jev ieW %
= > YA ming) s (A S () 10y (1))
(ni:ieW)eNIWlieW Jjev
+ Z Zﬂ-(nla“'vni_la“-anu])' ()‘z—i_zujr(jvz)l{()}(n])) '1N+(ni)
(ng:i€W)ENIWI i€V JjeVv

+ Z Zﬂ(nl,...,ni,...,nj) - (i, 0) 1wy, ()

(ni:ieW)eNIWIieW

+ Z Zﬂ'(nl,...,ni—Fl,---,nJ)'Uir<i70)

(n€W)ENIWI 1€V

+ Z Z Z TNy ooy My ooy My ooy ) 17(5,9) 1y, (12)

(ni:ieW)eNIWIieW jeW\{i}

4 Z ZZ?T (N1, ey ooy + 1, ) (7, 4)

(n;i€W)ENIWIieW jeV

+ Z ZZﬂ(nl,...,ni—1,...,nj,...,nJ)ujr(j,Z')lNJr(ni)lNJr(nj)

(ni:i€W)eNIWI i€V jeW

+ Z Z Z nl,..., 1,...,nj+1,...,nj>,LLj (], )1N+(nz)

(ngieW)eNIWI i€V jeV\{i}

Z s nl,..., (Z)\ +ZZM] ]a 1{0} n]>+

(ni:i€W)eNIWI eV i€V jev
+ Z’UZZ (i ] 1N+ nz + Z,uzll\h_ nz))
ieW Jjev 2%

_ Z Zw(nl,...,ni—l,-.-,nj)'

(ni:i€W)eENIW i€V

()\Z + Zujr(j, ’i)l{o}(nj) + Z Mjr<ja Z-)1N+ (n])> ’ 1N+ (n1>

JjeV JjeEW
+ Y Zﬂ(nl,...,ni+1,...,nj)-ui<1—2r(i,j)>
(ni#€W)eNIWI i€V jeEV

4 Z Z Z T(ny,....n; — 1, ong + 1, ng)pr(d,0) Ing (ns).

(niHeW)eNIWI i€V jeV\{i}

Now we select one node in V, fix its state, and sum over all possible states of the remaining
nodes in V. Let for readability node J have infinite supply, i.e

., J € V. Summing over
all (n;:j € V\{J}) € NVI=! yields for fixed n; € N:
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Z T(ny,...,ny)-

(ngieJ\{J})eNT -1

<>\J+ ST+ Do)+ Y D> pwr(d i) Loy (ng)+

ieV\{J} JjeEV ieV\{J} jeVv

+Z,uz Z J 1N+ n; +Z,uz Z Z ])1N+<nz)+uJ1N+ n] Z ,ule+ nz)

iceW €W jeV\{J} 1eV\{J}

— Z m(ny, .,ng1,my — 1)

(niieJ\{J})eN’ 1

</\J + ) (G Dy (ng) + > e (G e, (W)) I ()
jev jew

+ Z Z (ny,.,m; — 1, ...,my)-

(nizie J\{J})eN -1 i€V\{J}

: <)\i + (D) Loy () + Y e (7, ) 1n, (nj)) g ()

jev jEW

- Z ﬂ(nl,...,nj_l,nj—i-l)-uJ(l—Zr(J,j))
(nieJ\{J})eNI 1 jev

+ Z Z n177nz+177nJ):ul<1_Zr(27])>
(ngsieJ\{J})eNI -1 ieV\{J} jev

+ Z Z ﬂ—(nlv"')nj_{—]-?'“?n«]_1)lujr(j7 J)1N+(nj)

(ngzieJ\{J})eNd1 JEV\{J}

+ Z Z nla"'v ) 17"'7nJ+1>/JJJT(J7i)1N+(ni)

(nizie J\{J})eNi1 i€V \{J}

+ Z Z Z nl,..., 1,...,nj+1,...,nJ),ujr(j,i)1N+(ni)

(nieJ\{J})eN1 ieV\{J} jeV\{4,J}
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& Z m(ny,...,ny)-

(nizie J\{J})eN—1

(vt X A G D)+ Y S (i Ly (n)+

ieV\{J} A% ieV\{J} jeV

+Z,u1 Z J 1N+ n; +Z,uz Z Z j)1N+<nz)+,uJ1N+ n] Z ,uzll\h_ nz)

icW €W jeV\{J} ieV\{J}

= Z Tr(nlv"wnJ—lanJ_l)'

(nizieJ\{J})eN’ 1

()\J + > (i Doy (ng) + D e (G )y (nj)) Ay ()
jev jew
S S S

(niieJ\{J})eN/ -1 i€V\{J}

' (Ai + D () Loy () + D e (G i)lm("ﬂ‘))

jev jew

+ Z W(nl,...,nj_l,nj+1)-uj<1—ZT(J,j)>
(niieJ\{J})eNI 1 jeV

+ Z Z nla--',nj)'ﬂi<1_ZT(iaj)) A, ()
(ngieJ\{J})eNI-1ieV\{J} jev

+ Z Z m(n,....,ng — Dpr(g, J)In, (ns)1n, (n;)

(ngeJ\{J})eN -1 jeV\{J}

+ Z Z nla"wnJ_'—l):qu(J?i)

(nizieJ\{J})eNI -1 i€V\{J}

+ Z Z Z m(na, s )y (7,9 Iny ()

(nieJ\{J})eNT -1 ieV\{J} jeV\{i,J}

> m(n1, .o my) - <)\J + > (D) + D (i Dl () + gl (W))

(nizi€J\{J})eNT—1 JEV iew

— Z W(nl,...,nj_17nj_]->'

(nﬁiGJ\{J})GNJfl

: ()\J + Zlujr(jv J) + Z ,uﬂ’(j, J)1N+ (7%)) ’ 1N+ (nJ)

JjEV JEW

+ Z m(na,...,ng_1,ny + 1) py.
(ngeJ\{J})eNT—1
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Tj(n5) = D (nsici\(j})ens—1 TN, ..., ny) this is equivalent to

(AJ 3 (G D)+ (i, J) + MJ1N+(nJ)) =S o (0, e (i, J)

Jjev ieW ieW

-~

(4.38) .
== jew nir(d:J)

ma(ng = 1) (At DG ) + D ur (o)) - T () + mamg 1) - 1

JjeV JEW

=Y iy (0, = Dpgr(G, J) - 1, (ng).

JjeEW

(4.41) implies

no) - (= Do miria ) + Y pr, J) + ol (ng)

jEW €W
) Ui
[m = () + > e, J)} Iy, (ng) = —J/w>
JEW JEW ta
—Zﬂ{lJ}OnJ i ( ZW{U}OTLJ Dpjr(g, J) - In, (ng)
ieW JjeEW
&
n) (= Y G D) + Y (G
jGW JeEW
: [ > ol )+ el J)} -1N+(m))
JEW JEW
= Z?T{z 7310, ) pur (i Z 7,0y (0, — Dpgr (g, J) - Ing (n)
ieW JjeEW
&

milng) - (1= 55 1 () D (s = m)r G )

"y jew

= (mny(0,n) = 7y (0,m = 1) - I, (n) e (G, ).
ieW

With the assumptions r(1,.J) > 0 and EjeW\{l} r(j,J) = 0, it follows directly

mr(ng) - (1 - % 1N+(7”LJ)>(M1 —m)r(1L,J)

= (m,3(0,n5) = 7,1 (0,5 — 1) - Ing (ng)) par (1, J)

<~ 7TJ(’I”LJ) : <1 — % : 1N+(7’LJ)) <1 — %) = 7T{L]}<O,”J) —W{LJ}(O,TLJ — 1) : 1N+(nJ).
J 1
(4.39)

T (0)

The solution of the recursion is

1,0 (0,ny) = m(0) - 75(ny) Vns €N, (4.42)
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as proved by induction over n, see the end of Proof of Proposition 4.23, p.77. For deriving
(4.42), J € V was selected for easy notation. The proof for arbitrary j € V is similar.
Hence (4.40) follows. O

The analysis of the structure of the stationary and limiting distribution which in general
is not of product form led to the following observation on independence in space:
Whenever a Jackson network with infinite supply features a subset of nodes without
infinite supply where there is only one node, say node i,, from which customers are
transfered directly to the subset V' of nodes with infinite supply (which have no immediate
feedback) with positive probability, then in equilibrium the two events

e node i, is empty at a time t,
e node j € V has a queue length of n customers at time t,

are independent of each other, although it holds for the routing probability r(j,7.) > 0
for all j € V.

We do not know whether this observation is an artifact only but it is striking that in case
of a product form stationary and limiting distribution the independence of these events
is part of the independence structure in space at a given fixed time instant.

4.4 The non-ergodic case

It is known from Chapter 1 that classical Jackson networks which have at least one unsta-
ble node cannot be ergodic, so there cannot exist a steady-state distribution for the global
network process. The next theorem shows that under certain conditions, the marginal
limiting distribution for the stable nodes is a stationary distribution.

Theorem 4.26. Consider a Jackson network where nodes in V. C J have an infinite
supply of work as in Definition 4.1. Nodes in W := j\ V' operate without infinite supply.
Denote by n = (01, ...,ny) the unique solution of the traffic equations (4.5).
S:={ieJ:n <} is the set of stable nodes, nodes in U := J\ S are unstable. We
assume that all nodes without infinite supply of work are stable, i.e., W NU = (. In this
situation the traffic equations (4.5) reduce to

=\ + Z nir(j,1) + Zujr(j, D), ielJ. (4.43)
jew jev
Denote by X = ((X1(t),..., X;(t)) : t > 0) the queue-length process on N7,

(i) For nodes without infinite supply, the joint marginal limiting distribution is of prod-
uct form:

lim P(X(t) =n;:ie W) =[] (1 - ﬁ) (1) , (4.44)
t=re0 oW i i

for all (n;,;i e W) € NWI and this is a one-dimensional stationary distribution on
W as well.
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(i1) If the system is started with an initial distribution which has (4.44) as marginal
joint queue lengths distribution on W, the arrival stream from 7 € W toi € V is
Poisson with rate n;r(j,1). All these Poisson streams are independent.

(111) If the system is started with an initial distribution which has (4.44) as marginal joint
queue lengths distribution on W, then for a stable node i € VN.S with infinite supply
and without immediate feedback (i.e., r(i,i) = 0) the marginal limiting distribution
18

lim P(X;(t) = n;) = (1 - @> (ﬁ)m , (4.45)

t—o00 ILLZ ILLZ

for all n; € N, and this is a one-dimensional stationary distribution as well.

(iv) If the system is started with an initial distribution which has (4.44) as marginal
joint queue lengths distribution on W, then for unstable nodes with infinite supply,
1€ U CV, and without immediate feedback the limit of the marginal queue length
probability is

t—o00

for all n; € N.

Proof. (i): Consider the subset W of nodes without infinite supply. We have the following
information about the subnetwork:

e All service times are exponentially distributed and the service discipline at all nodes
is FCFS.

e Routing of customers is Markovian: A customer completing service at node i € W
will either move to some node j € W with probability r(, j) or leave the subnetwork
with probability 1—3 ;- r(i, j) =: 7(i, 0), which is non-zero for some i € W because
of the routing matrix being irreducible for the global network on J.

e At each node i € W, we have an external Poisson arrival stream from the source
with rate \; > 0. Furthermore all streams from nodes j € V with infinite supply into
nodes ¢ € W are Poisson streams with rate y;r(7,17), see Theorem 4.3. All (inter-)
arrival times from the source and from nodes in V' into node i € W constitute a
set of independent random variables. So these Poisson processes are independent
of each other. Thus all arrival streams from the outside of the subnetwork into
each node ¢« € W are a Poisson process with rate \; 4 Zje\/ wir(j,7), and these
superpositions are independent over ¢ € W.

e All service and inter-arrival times constitute a set of independent random variables.

All these properties guarantee that the subnetwork W acts as a Jackson network with
|W| nodes where the source and sink is denoted by {0} UV, see Definition 1.1. The
corresponding queueing process X := ((X;(t) :i € W) : t € R,) is a Markov process of
its own. The traffic equations of the described subnetwork W are given by

=N+ Y (i), iew,

JEW
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where \; == \; + > jev 17 (4, 7), so m; = 17); holds for all i € W, see (4.43). According
to Jackson’s theorem (see Theorem 1.10), X has the unique stationary and limiting
distribution (4.44) if and only if 7; < u; holds for all ¢ € W. This condition is equivalent
to n; < p; for all ¢ € W which was assumed.

So the subnetwork on W is in equilibrium, if and only if the global network process on J
is started with an initial distribution which has the marginal (4.44).

(ii): It is well known that ergodic Jackson networks with Poisson arrival streams from the
source to node i with some rate \; have, in equilibrium, Poisson departure streams from
node ¢ to the sink with some rate 7;7(¢,0), see [Mel79b, Example 7.1]. From the proof of
(i), we know that the subset W behaves like an ergodic Jackson network of its own with

)\i = )\Z + ZjGV ,Uj?"(j, Z) and

Air(5,0) = mi(1= Y r(ig)) = mi(r(6.0) + 3 r(0.))-

JEW jev

Hence, if the subnetwork W is in equilibrium, departures to the sink from node ¢ € W

are a Poisson stream with rate 7;7(¢,0) and departures to any node j € V are also a

TS o ) of the departure
b JE 9

Poisson stream with rate 7;7(i,7), because a portion

stream 7;7(7,0) from node ¢ € W is directed to j € V.

(iii)-(iv): Consider some fixed node ¢ € V with infinite supply and without immediate
feedback, i.e., r(i,i) = 0:

e The node has exponential-y; distributed service, the service discipline is FCFS.

e Routing of customers is Markovian: A customer arriving at node 4, waits in the line
until he gets service, after the service he proceeds to another node j € J\ {i} with
probability (4, j) or leaves the network with probability r(i,0). Thus, the customer
leaves node i after complete service with probability

r(i,0)+ > r(ij) =1-r@,i)=1.

je\{i}

e The external arrival stream is Poisson with rate \; > 0. From (ii) it follows directly
that, if the global network process is started with an initial distribution which has
the marginal (4.44) on W, the arrival streams at node ¢ € V' from nodes j € W
are Poisson streams with rate n;r(j,4). Arrival streams from nodes j € V' \ {i} are
Poisson streams with rate p;r(j,7), see Theorem 4.3. All these Poisson streams are
independent from each other. Thus the arrival stream at node ¢ € V is a Poisson
process with rate

A=A+ Z nyr(J,4) + Z 17 (5 1)

JEW JjeV\{i}

e All service and inter-arrival times constitute a set of independent random variables.
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Thus, if the subnetwork W is in equilibrium and if 7(7,7) = 0 holds for all ¢ € V', node
i € V behaves like an (M/M/1)— system of its own. The corresponding queue length
process X is a Markov process on the state space N. Customers who arrive from the
infinite supply storage of this node are not counted as waiting customers. The traffic
equation is then given by

Bi=N= X+ Y mr(id)+ D wr(i),
jeEW JjeV\{i}
thus 7; = n; holds (see (4.43) with r(i,i) =0 Vi € V).

If the balance equations of X have a probability solution, then this solution is the unique
stationary and limiting distribution of X. The balance equations are for all n € N

mi(n) (A + piln, (n)) = mi(n — DALy, (n) + mi(n + p,
< mi(n)(mi + piln, (n)) = mi(n — Dmily, (n) + m(n + 1w,

which are solved by m;(n) = (%) . Normalizing the solution to

o (-2) )

yields a probability measure if and only if 7, < p; holds. If this condition does not hold,
the node is unstable and the according network process of the (M/M/1)— system is not
ergodic, so the limit of the queue length probabilities are zero for all states in N and
therefore the limiting queue length distribution degenerates to a one-point distribution in
0. [

With the proof of Theorem 4.26(i) the following corollary is verified:

Corollary 4.27. In the setting of Theorem 4.26, the process Xw = (X; :i € W) is an
ergodic homogeneous Markov process of its own.

Theorem 4.28. Consider a Jackson network where nodes in V' have an infinite supply
of work as in Definition 4.1. Nodes in W := J \ V' operate without infinite supply.
Denote by n = (1, ...,ns) the unique solution of the traffic equations (4.5).
S:={ieJ:n <} is the set of stable nodes, nodes in U := J\ S are unstable. Denote
by X = ((X1(t),..., X;(t)) : t > 0) the queue-length process on N7,

Then we have independent of the initial distribution for all n; € N:

lim P(X;(t) =n;:ie SNW)= ] (1 - ﬂ) (1) , (4.47)
€ESNW
lim P(X,(t) =n) =0 Vie UNW. (4.48)
—00
Proof. Consider the subset W of nodes without infinite supply. We have the following
information about the subnetwork:

e All service times are exponentially distributed and the service discipline at all nodes
is FCFS.
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e Routing of customers is Markovian: A customer completing service at node i € W
will either move to some node j € W with probability r(i, j) or leave the subnetwork
with probability 1 — 3,y (4, j), which is non-zero for some subset of W because

of the routing matrix being irreducible for the global network on J.

e At each node ¢ € W, we have external arrival streams from the source which are
Poisson streams with rate A\; > 0. Furthermore all streams from nodes j € V
with infinite supply into nodes i € W are Poisson streams with rate p;r(j,1), see
Theorem 4.3. All (inter-)arrival times from the source and from nodes in V' into node
1 € W constitute a set of independent random variables. So the Poisson processes
are independent of each other. Thus all arrival streams from the outside of the
subnetwork into each node i € W are a Poisson process with rate Ai+3 oy p;7(J, 1)

e All service and inter-arrival times at each node are independent of each other.

All these properties guarantee that the subnetwork W acts as a Jackson network with
|W| nodes where the source and sink is denoted by {0} UV, see Definition 1.1. The
corresponding queueing process X := ((X;(t) :i € W) : t € R,) is a Markov process of
its own. The traffic equations of the described subnetwork W are given by

=X+ Y min(iy, w)r(j.i), i€W,
jew
where X\; == \; + > jev 137 (d:4), so m; = 7j; holds for all i € W, see (4.5). According

to Theorem 1.22, X has the limiting marginal joint queue length distribution (4.47) on
SNW and the limiting marginal queue length probabilities (4.48) for nodes in UNW. O

Remark 4.29. In the general situation of Theorem /.28 we cannot prove a statement
about the marginal limiting distribution like (4.45) for stable nodes with infinite supply
(e SNV). If UNW # 0 holds, the queue length process of the subnetwork W is not
ergodic, so the argument of Poisson departure streams from W into nodes in V' does not
apply. If UNW = 0 holds, Theorem .26 applies.

4.5 Performance measures

The computation of the throughput is a little bit different compared to Chapter 1, Section
1.2.3, due to the infinite supply.

Definition 4.30. Consider an ergodic Jackson network with infinite supply. The station-
ary throughput T H; of a node i € W without infinite supply is

jj[’]'z = Z 7T<n17 "'7nz]):ui1N+(ni)’

(n1,...,n7)ENT

the stationary throughput TH; of a node j € V with infinite supply is

THj: Z W(nl,...,TLJ)[I,j.

(nl,..‘,n‘])GNJ
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The stationary throughput TH of the network is

TH =Y TH(i,0)+ » TH;(j0).

iew jev

Proposition 4.31. Consider a Jackson network where nodes in V C J have an infinite
supply of work as in Definition 4.1. Nodes in W := j\ V' operate without infinite supply.
Let for all nodes i € J hold n; < W where n = (n,...,ny) is the unique solution of the
traffic equations (4.1).

Then the stationary throughput of nodes 1 € W without infinite supply is TH; = n;. Let
r(j,7) = 0 hold for all j € V', then the stationary throughput of nodes j € V' with infinite
supply is TH; = p; and the stationary throughput of the system is

TH=X—3"(n—p) > A

eV

Proof. The proof uses the results of Theorem 4.15. For ¢« € W we get

THZ' = Z W(nl,...,nj)uilNJr(ni) = Z [,l,le+(TLZ) Z W(nl,...,nJ)

(n1,...,ny)ENY (nj:jeW)eNIWI (nj:jeV)eNlVI
—mw (nyigEW)
Mk Mk " i i "
B2 () B () ) e
(n;:j€W)eNIV| keW Hi H n;EN Hi Hi
ez 1
. 1 Uz i * -
= i - Hi = i,
n; EN 'LL% 'ul
and for j € V:
TH; = Z T(Ny ey M) = [ Z m(ny,...,ng) = pj.
(n1,...,ny)eN Snl ..... ny)eN’ |

=2 njenTj(n5)=1

The throughput of the system is

TH =Y THr(j,0)= Y TH;r(j0)+ Y TH;r(j,0)

jeg jEW Jjev
. . Remark 4.5
= (G0 + D> pr(5,0) TTETIN =N (g — ) > A
JjeEW JjeEV JjeVv

<1
[

Example 4.32. Let g : N/ — R denote a non-decreasing cost function which determines
costs associated with queue lengths. The quality of a system is often measured by the
average accumulated cost over a time horizon [0,T],



4.5 Performance measures 93

Note, that this is an empirical measure which depends on the realized path of the system.
If X 1is ergodic with stationary distribution w as in Corollary 4.20 and if

Z |g(n1,...,nJ)|7T(n1,...,nJ) < o0,
(nizieJ)eN

then the ergodic theorem (see Theorem 1.14) yields that for any initial distribution PX©)
holds Ppx)-a.s.

lim%/o G0, Xy D) = S g, ) ().

(ni:ieJ)eN’

This means that the path-wise evaluated time average converges to the state space average
in equilibrium, so path-wise evaluated time averages for a time horizon [0,T]| with large T
can be estimated by state space averages in ergodic Jackson networks:

%/OTg<Xl(t>,...,XJ<t))dm 3 g<n1,...,nJ>f[ (1—@) <@>nj.

(niieJ)eN Jj=1 Hi M

But also if the Jackson network with infinite supply has no product form stationary queue
length distribution, one may predict the average accumulated cost over a time horizon.

Example 4.33. Let

denote a non-decreasing cost function which determines costs associated with a queue
length at some node i € V' with infinite supply and

denote a non-decreasing cost function which determines costs associated with a queue
length at nodes v € W without infinite supply. The average accumulated cost of the
system over a time horizon [0,T] is

d(T):Z%/O 9:(Xi(1)) dt+%/0 gw(Xi(t) 1 € W) dt.

eV

If n; < p; holds for all i € J and if > (miewyeniwt [gw(ni 21 € W)lmw(n; - i € W) < oo,
then the ergodic theorem (see Theorem 1.14) yields that almost surely holds under any
wnitial distribution

1 /T
lim —/ gw (X;(t) 1 i€ W)dt = Z gw(ni i€ W)mw(n; i e W).
0

T—oo T
(ni:i€W)ENIW]

If mi < p; holds for all i € J and r(i,i) = 0 for alli € V, and if > men 1gi (1) mi(ni) < oo
for all i € V', then the ergodic theorem yields that almost surely holds under any initial

distribution
1 T
lim —/ Gi(Xi(1) dt = 3 guln)milng) Vi € V.
0

T—oo T
n; €N
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So the path-wise evaluated time averages for a time horizon [0,T] with large T can be
estimated by state space averages in ergodic Jackson networks with infinite supply:

g ()X il 2)2)"

i€V n;eN (nisi€W)ENIW| iew Hi 7\ Hi

For non-ergodic Jackson networks with infinite supply, we use the properties described in
Theorem 4.26 and Corollary 4.27 to define the stationary throughput the following way:

Definition 4.34. Consider a Jackson network with infinite supply where nodes without
infinite supply are stable. The stationary throughput T H; of a node i € W without infinite

supply s

TH; = Z Tw(n; 7 € W)niln, (1),

(nj:jeW)eNIWI

the stationary throughput TH; of a stable node j € V' with infinite supply is

TH; = mi(ng)u;

TLjEN

The stationary throughput T Hg of the subnetwork of stable nodes is

THg =Y THr(i,0)+ > TH;r(j,0)

iew jevns

Proposition 4.35. Consider a Jackson network where nodes in V. C J have an infinite
supply of work as in Definition 4.1. Nodes in W := j\ V' operate without infinite supply.
Denote by n = (1, ...,n) the unique solution of the traffic equations (4.5).
S:={ieJ:m <} is the set of stable nodes, nodes in U := J\ S are unstable. We
assume that all nodes without infinite supply of work are stable, i.e., W NU = (. In this
situation the traffic equations (4.5) reduce to (4.1).

Then the stationary throughput of nodes i € W without infinite supply is TH; = n;.

Let r(j,7) = 0 hold for all j € VNS, then the stationary throughput of nodes j € VNS
with infinite supply is TH; = p; and the throughput of the stable subnetwork s

THs=X— Z(m — i) — Z 17(7,0)
i€V jEVNU

Proof. The proof uses the results of Theorem 4.26. For ¢« € W we get

THi= Y wwlnycj e Wy, () = > mlng) il (n)
(nj:j€W)eNIWI ni€N
i\ ("
=~ = [CYANT

and for j e VN S:

TH; =Y m(nj)p

TL]'EN
—_——
=1
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The throughput of the subnetwork S is

THs =Y THr(i,0)+ Y THir(j,00=> nr(i,00+ Y  pur(5,0)

iew jevns iew jevns

Remark 4.5 .
NS ) = Y mr(4,0).

JeEV JEVNU

Example 4.36. Let

denote a non-decreasing cost function which determines costs associated with a queue
length at nodes i € W without infinite supply. In case of non-ergodic Jackson networks
with infinite supply we cannot apply the ergodic theorem to assess average costs in general.
In case W NU = (), at least the average accumulated costs of the subsystem W over a
time horizon [0,T] may be predicted:

d(T) = l/OTgW()Q-(z&) i e W) dt.

T
If - iewyenwi lgw(ni = @ € Wlmw(n; : @ € W) < oo, then the ergodic theorem (see
Theorem 1.14) yields for the ergodic homogeneous Markov process Xy, (see Corollary
4.27) that almost surely holds

A
lim —/ gw (X;(t) 11 € W)dt = Z gw(ni i€ W)rw(n; i€ W).
0

T—oo [’
(n;eW)eNIWI

So, even in non-ergodic Jackson networks with infinite supply, the path-wise evaluated
time averages on the subnet W for a time horizon [0, T| with large T can be estimated by
state space averages:

ATy~ Y gW(ni:iEW)H<1—ﬂ>(ﬁ>ni.

(ni:ieW)eNIWI ieWw Hi Hi

4.6 Breakdowns of nodes

4.6.1 Introduction

In this section, we consider Jackson networks with infinite supply of work at some nodes
where some nodes break down randomly and are repaired thereafter. Breakdowns of
nodes without infinite supply of work were already investigated in Chapter 2 and parts
of the techniques are adapted here. It turns out that breakdowns of nodes with infinite
supply require a more specific regime to control breakdown and repair behavior.

A breakdown of a node with infinite supply is handled as follows:

Whenever a node with infinite supply breaks down, the server of this node is broken
down and does not serve any customers. This means that this station serves neither
customers queued in the line, nor low priority customers from the storage of the infinite
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supply of work (which only appear if the node is empty). Thus as already defined in
Chapter 2, there are no departures from broken down nodes. Since an infinite supply
is unambiguously allocated to a node, the low priority customers are not subject to
rerouting if the according node breaks down.

So, all together, in case of broken down stations we assume that at down nodes
e no service is provided,

e customers which are present at a station when this station breaks down are frozen
and stay there, waiting for service until the station is repaired,

e no new customers are admitted, customers who want to visit a down node are
rerouted according to the already defined rules: stalling (see Definition 2.6), skipping
(see Definition 2.7) or blocking rs-rd (see Definition 2.8),

e low priority customers from an infinite supply at a down node ¢ € V N I (if nodes
in I are broken down) are also frozen and wait until the station is repaired, so they
are not subject to rerouting.

Breakdown and repair intensities are defined as in Example 2.2, so the breakdown and
repair rates may depend on the interaction of nodes but not on their queue length nor on
the infinite supply. Since the low priority customers from the infinite supply at a node
do not count as queued customers - even if one of them is in service -, they would not
directly influence load-dependent breakdown and repair intensities.

Definition 4.37 (Jackson network with unreliable nodes and infinite supply). Consider
a Jackson network with unreliable nodes with node set J = {1,...,J}. Denote by D C J
the subset of unreliable nodes. V C J is the set of nodes with an infinite supply of work,
nodes in W = j\ V' operate without infinite supply.

The breakdown and repair intensities may depend on the interaction of nodes but not on
their load, as in Erample 2.2. Rerouting regime s either stalling, skipping, or blocking
rs-rd according to the Definitions 2.6 - 2.8.

Then the joint availability-queue length process is described by the Markov process (Y, X) =
(Y(t); X1(t), ..., X5(t)) : t € Ry) on the state space P(D)x N’ with transition rates matriz
Q= (q(z,2') : 2,2 € P(D) x N’) given by:

Foralli,je J,ij:

Q((Z)anla vy Moy ooy TV Q)anlv N 17 "'7nJ) = Al + Zukr(k7l)]‘{0}(nk)7
keV

Q(Qanla ooy Mgy ooy LTS (Danla ey T — 17 -"7nJ) = ﬂir(i70)1N+<ni)7

g0, nq,.ongycny, g Oona,ong — 1y + 1,00 ny) = (e, 7)) Ing (),
q@,ny,...,ns;; Hyng,...ong) =a(d,H) = A(H),0 C HC D,

Q(q)unla s TS (Z)vnh "‘7nJ) = - Z)‘Z - ZZ/’LkT(kJZ)l{O}(nk>

ieJ ieJ keV

- Z:ui(l - T(Li))ll\u(ni) - Z a((ba H)’

ieJ GCHCD
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and for all I C D, 1 #0,i,5€ J\1,i+#j:

Q(Ianb -ees Mg,y “'7nJ;]an17 ey M 17 "')nJ) = A{ + Z Mérl(kvwl{()}(nk)u
keV\I

q(I,ny,csnycng Iong, ong — 1, ny) = /Ll-lrl(i,O)lN+(ni),

q(I,n, ey iy sy g Lonay gy — 1y + 1,0 myg) = e (i, §) 1, (n0),

q(I,TLb...,nJ;H,nl,...,nj)zoz(I,H):L I CHCD,

A(I)’
B(I
q(I,ny,...ong;; Kong,..ony) = B, K) = %, KcIlCD,
q(l,ny,..onp;Iing, ...ny) = — Z M — Z Z pprt (ki) 10y (ng,)
icI\I ieJ\I keV\I
=Y =) () = Y all,H) = Y B K),
iej\[ ICHCD KcICD

and q(z,2") = 0 otherwise.

Theorem 4.38. Consider a Jackson network with unreliable nodes where nodes in V' have
an infinite supply of work as in Definition 4.37. Nodes in W = J \ V' operate without
infinite supply. If at time t all nodes are in up-status, i.e., Y(t) = 0, then the departure
streams from node 7 € V' which has an infinite supply of work is a Poisson process with
rate (1. Thus the departure stream from j €V to i € J is Poisson with rate wir (g, ).
Whenever nodes in I # 0 are broken down and either skipping or blocking rs-rd is in
force, the departure stream of node j € V '\ I with infinite supply in up-status is Poisson
with rate p;. The departure stream from j € V\ I to i € J\ I is Poisson with rate
wr!(4,4), where v1(j,4) is determined by the rerouting regime in force. If a node k € V
with wnfinite supply is broken down, i.e., k € V NI, the Poisson departure stream of this
node is interrupted until its server is repaired.

In case of stalling, all Poisson arrival streams stop whenever a breakdown occurs (I #10),
and the Poisson streams are reactivated when all nodes recur to the up-status.

Proof. Consider the network in its different availability states of nodes:
e If all nodes are in up-status (I = ), all departure times from node j € V'

— are independent of the state of the node due to the infinite supply,

— and therefore have independent and identically exponentially distributed in-
terdeparture times with rate p;, the service rate of the node.

Thus, the departure stream of node j € V' is a Poisson process with rate ;. Hence
for node ¢ € J, the arrival stream from node j € V is a Poisson process with rate
wir(j, i), because a portion of r(j,i) of the departure stream is directed to node
ieJ (decomposition of a Poisson process by some probability independent of the
process and of its times of events).

e If nodes in I # () are broken down and rerouting is according to blocking rs-rd or
skipping, all departure times from node j € V' \ [
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— are independent of the state of the node due to the infinite supply,

— and therefore have independent and identically exponentially distributed in-
terdeparture times with rate j;, the service rate of the node.

Therefore the departure stream of node j € V is a Poisson process with rate p;.
Thus, for node i € J \ I, the arrival stream from node j € V \ I is a Poisson
process with rate u;r7(4,4), because a portion of r’(j,7) of the departure stream is
directed to node i € J \ I (decomposition of a Poisson process by some probability
independent of all the process and of its times of events). This holds for all states
I C D of the availability process Y which means that whenever a node with infinite
supply breaks down, its Poisson departure stream is interrupted until the node is
repaired.

e Ifnodes in I # () are broken down and stalling occurs, all network processes - except
for the breakdown and repair processes - are frozen, i.e., no service is provided in
the network and there is no arrival stream. Thus, as long as not all nodes are in up
status, there are no arrival streams in the network.

O

4.6.2 The traffic equations

For the results on the long-time behavior of such networks, the following traffic equations
are needed. The definition of the appropriate traffic equations is established analogously
to Definition 4.4.

Definition 4.39. The traffic equations for unreliable Jackson networks with infinite sup-
ply are:

e In case of stalling:

ni = )\z + Z T]jr(j7 Z) + Zﬂjr(j7 1)7 { € ja (449)

JEW jev

as long as all nodes are in up status (I =0). Otherwise n/ =0 for alli € J. (Note
that (4.49) equals (4.1).)

e In case of rerouting according to blocking rs-rd or skipping:

nf =M+ Y G+ D (i), ie I\ (4.50)
FEWNI JEVAI

for all 1 C D. If I =0 the traffic equations (4.50) are equal to (4.1).

The traffic equations for some I C D remain valid only as long as the availability status is
unchanged. Whenever the availability status of the system changes, the traffic equations
are adapted according to the new set of broken down nodes. Thus each traffic equation
(4.50) may have different solutions for different /. The following two lemmata show under
which constraints the solution of the traffic equation (4.50) remains the same for all / C D.
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Lemma 4.40. Consider a Jackson network where nodes in D C J are unreliable and
nodes in V. C J have an infinite supply of work. W = j\ V' is the set of nodes without
infinite supply. Let for all nodes 1 € W without infinite supply hold n; < p; where
(i = i € J) is the unique solution of (4.1). In case of breakdowns of nodes we assume
that customers are rerouted according to the blocking rs-rd regime.

(1) If the following reversibility constraints hold:

nir(i,j) = n;r(j,i) Vi,j € W, (4.51)
nir(i,7) = pr(j,i) Vie W,j eV, (4.52)

then for all nodes i € W \ I holds that the solution n} of the traffic equation (4.50)
for all I C D, I # 0, equals n;.

(ii) Let (4.51) and (4.52) hold. If we additionally require the reversibility constraint
pir(i,3) = wyr(isi) Vij €V, (4.53)
then for the solution of (4.50) holds nf = n; for alli € V\I and all I C D, as well.

Proof. (i): We make the ansatz n; = n! for all i € W \ I and all I C D. We then obtain
with the solution n; of the traffic equations (4.1) for any I C D: Vi € W\ I

mi= M4 D> G+ > ' (.4)

JEWNT JEV\I
D f 2.8 . . .o ..
TN+ (7 9) +Zr<z,k>) + > G+ Y wr(id)
kel JEWNI i JEV\I
- /\ + Z 771 Z 7717“(2,@ + Z T}]TOJ)—’_ Z M]T(.]7Z)
keInWw (451) KEINV (, oy v JEWNI jeV\I
= "nrr(k,) = "pgr(k,)
=X+ Y (i) + Y pr(d) = (4.1).
JjewW Jjev

(ii): For any I € D holds Vi € V'\ I:

DN Y 77] G+ Y ' (,4)

JEW\I JjeEVA\I
Def. 2.8 .o .o . ..
Ry njr(J,@)ﬂLui(r(z,Z)+ZT(%J€)) + Y (i)
JEWNT kel JEV\Lji
=N+ Y o)+ Y (k) + Y (i k) + Y (i)
JEWNI KeInW o v KEINV o™ jeV\I
= "ngr(k,i) =" pgr (ki)
(4.1)
=N+ > () + > e i) o
JEW JEV
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Remark 4.41. The reversibility constraints (4.51), (4.52) and (4.53) are different from
the classical reversibility constraints (2.7) which are the local balance equations of the
routing process. But the interpretation of (4.51), (4.52) and (4.53) is the same as for
(2.7): The departure rate from one node multiplied with the routing probability to another
node has to be equal to the according flow rate of the opposite direction.

In the following example the reversibility constraints (4.51), (4.52) and (4.53) are com-
patible with the definition of a Jackson network with infinite supply.

Example 4.42. Consider a Jackson network with two nodes where node 2 has an infinite
supply of work. Both nodes may break down. Let ny < uy hold. Then the traffic equations
in case of all nodes in up status are
m =M +mr(1,1)+ pr(2,1) (4.54)
e = Ao +mr(1,2) + per(2,2). (4.55)
Since 1 —r(1,1) > 0 equation (4.54) is equivalent to
>\1 + M?r(27 1)
=—" 4.56
=TT ) (4.56)

Let the following reversibility constraint
mr(1,2) = uer(2,1) (4.57)
hold. This constraint leads to the following structural consequences for the Jackson net-
work:
o [fr(2,1) =0 then either r(1,2) =0 or \y =0, i.e., if r(2,1) = 0 holds then either
the two nodes must be two separate M/M/1/oc systems (where one has infinite
supply) or node 1 has no input at all.

o Ifr(1,2) =0 then r(2,1) = 0, i.e., if r(1,2) = 0 holds then the two nodes must be
two separate M/M/1/oco systems (where one has infinite supply).

e [t remains to analyze the case r(1,2) # 0 # r(2,1). Then the constraint (4.57) is
equivalent to

At —l—,u27’(2, ]-) _
1— T(]_, 1) T(L 2) - /'LQT(27 1)

< Mr(1,2) 4 por(2, D)r(1,2) = per(2,1)(1 —r(1,1))
———
=r(1,0)4r(1,2)
< Ar(1,2) = por(2,1)r(1,0).
Thus, r(1,0) = 0 if and only if \y = 0. Let r(1,0) > 0 then we get
r(1,2) r(1,2)
2,1) =\ =\ .
pr D =) < e = MG

Plugging this information into (4.56) yields
MR N \r(0.1)
1—r(1,1)  r(1,0)  “r(1,0)

So if r(1,2) #0 # r(2,1) and r(1,0) > 0, then Ay > 0. Thus constraint (4.57) has
influence on the parameters of the network, but it does not lead to contradictions.

> 0.

=
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Lemma 4.43. Consider a Jackson network where nodes in D C J are unreliable and
nodes in V. C J have an infinite supply of work. W = j\ V' is the set of nodes without
infinite supply. Let for all nodes 1 € W without infinite supply hold n; < p; where
(i = i € J) is the unique solution of (4.1). In case of breakdowns of nodes we assume
that customers are rerouted according to the skipping regime. Let the following side
constraint hold:

Then for all nodes i € J\ I holds that the solution n! of the traffic equation (4.50) for all
I CD,I#0, equals ;.

Proof. We make the ansatz n; = n! for all i € W\ I and all I C D. We then obtain with
the solution n; of the traffic equations (4.1) for any I C D: Vi € W\ I

M4 DT G+ D ' (,4)

JEWNI jEV\I
(Def. 2.7) Ai + Z Nerd (K, 4) + Z ur (7’(], i) + ZT(], k)r](k;,z)>+
kel JEWNI kel
+ > u]( r(j, i)+ > r(jik )
JEVAI kel
:)\Z—F Z U]T(j,l)—i— Z /L](T(j,l)+
JEWNT jeV\I

(4.1) . .
= anjemw an(Jvl)*Zjemv pir(350)

+Z <)\k+ Z njr(jv k>+ Z Mjr(j, k))
kel JEWNI JjeVAI

-~

J/

(4.1)
="M= jernw MiT(0E) =2 je v 1T (5:K)

=ni— Y (i) — > pr(i)

jeInw jernv
2 (ki) = 3 ki) 3 mr(k) = 3 (k) D (i k
kel kel jeInw kel jeInv
- 3 {0 St o)
JEINW kel ,
D14
> et ki) = D (G + DGR (D))
kel jeinv . kel .
@2) 1
=ni+ > o' (ki)— Y G+ > mer (ki) — Y (4,
kelnW JeEINW kelnV Jeinv
=1+ Z nk—uk Tk, i) = mi. (4.59)
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Since 7] = n; holds for all j € W\ I and all I C D, it follows for all i € V\ I and I C D:

=N+ D ' Go)+ Y ' (5)

jeEWNI JEVNI
=N+ > G+ > wr'(.6)
FEWNI JEVNI

which is the very left side of (4.59) with i € V'\ I. The above computations in (4.59) are
valid for all i € J \ I, hence it follows n! =n; for alli € V \ I and I C D, too. O

Remark 4.44. The constraint (4.58) means that nodes with infinite supply which may
break down, on average, are fully loaded by customers of preemptive priority. So there are

less low priority customers from the infinite supply served at that node than if n, <
holds for this node k € V N D.

In the following example it can be seen that constraint (4.58) is compatible with the
definition of a Jackson network with infinite supply.

Example 4.45. Consider a Jackson network with two nodes where node 2 has an infinite
supply of work. Both nodes may break down. Let ny < py and ny = po hold. Then the
traffic equations in case of all nodes in up status are

= )\1 + 7717“(1> 1) + M?r(2> 1) (460)
Ny = Ao +mr(1,2) + par(2,2). (4.61)

Since 1 —r(1,1) > 0 equation (4.60) is equivalent to

o )\1 + ,U27“(27 1)
T

Plugging this into (4.61) yields

>\1 + N?r(27 1)

=TT

r(1,2) + (2, 2).

With ne = ps we get

)\1 + IMQT(27 1)

— A
o= et A

& pe(l—7r(2,2) = Ao+
r(2,1)r(1,2)\
b= —11>) =t

@m( (0= r(L D)1 —r(2,2) —r(2 V0
=r(1,0)(1-r(2, 2))+’r‘(1 2)r(2,0)>0
< po(r(2,0)(1 —r(1,1)) + r(2,1)r(1,0)) = A2(1 — r(1,1)) + A7 (1, 2).

)\17’(
< 2 1— (1,1
2) Ao(1 = 7(1,1)) + \r(1,2)




4.6 Breakdowns of nodes 103

So if we require m, < py and 1y = ps to hold, g s

_ 1—r(1,1) r(1,2)
H2 = /\23“(2, 0)(1 — r(1,1)) + r(2, 1)r(1, 0)J+A1f(2, 0)(1—r(1,1)) +r(2, )r(1,0)

Because of the irreducibility of the routing process, A; > 0 holds for at least one node,
so the right-hand side of the equation is greater than zero. Thus constraint (4.58) is
compatible with the definition of a two-node Jackson network with infinite supply.

4.6.3 Long-time behavior

Theorem 4.46. Consider a Jackson network with unreliable nodes where nodes in V. C J
have an infinite supply of work as described in Definition 4.87. Nodes in W = J \V
operate without infinite supply. Nodes in S are stable, U = J \ S is the set of unstable
nodes. Let W NU = (), so all nodes without infinite supply are stable. Denote by n =

(1, -

., M.1) the unique solution of the traffic equations (4.1).

Nodes of the set D C J may break down. In case of breakdowns customers are rerouted
according to the stalling regime. The availability-queue lengths process (Y, X) is the
global network process.

(i) For nodes without infinite supply, the joint marginal limiting distribution is:

(ii)

(iii)

tlim PY(@#t)=ILX;(t)=n;:1€W) =
—00

(Za0) sme-ne) e

KCD €W

for all I € D and all (n; : i € W) € NWI and this is a stationary distribution on
W as well.

If the global network process is started with an initial distribution which has the
marginal (4.62) on W, the arrival stream from i € W to j € V is Poisson with rate
nir(i,7) whenever all nodes are in up status. And these streams are independent
given the nodes are up.

If the global network process is started with an initial distribution which has the
marginal (4.62) on W, then the marginal limiting distribution for a stable node
i € V' with infinite supply and without immediate feedback (i.e., r(i,i) = 0) is:

Jim P(Y(8) = 1 X, = i) = (Z 22@) o (=) (Z) e

KCD 2% 2%

for all I C D and all n; € N, if and only if n; < p;, and this is a one-dimensional
stationary distribution as well.
If n; > p; holds for this node i € V', then for its limiting probability holds for all
I CD and all n; € N:
tlim P(Y(t)=1;X;(t) =n;) =0, (4.64)
—00

if the global network process is started with an initial distribution which has the
marginal (4.62) on W.
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In the following proof of Proposition 4.46(iii), showing the limiting probability (4.64) for
unstable nodes with infinite supply is skipped, because it will be validated (implicitly) by
the proof of Theorem 5.10 later on in Chapter 5, see p.121 for the theorem and pp.127-131
for its proof.

Proof of Proposition 4.46. (i): Consider the subset W of nodes without infinite supply.
As long as all nodes are in up status (I = @), we have the following information about
the subnetwork:

e All service times are exponentially distributed and the service discipline at all nodes
is FCFS.

e Routing of customers is Markovian: A customer completing service at node i € W
will either move to some node j € W with probability r(i, j) or leave the subnetwork
with probability 1 — 3", (i, ), which is non-zero for some i € W because of the

routing matrix being irreducible for the global network on J.

e At each node ¢ € W, we have external arrivals from the source which is a Poisson
stream with rate \; > 0. Furthermore all arrivals from nodes j € V with infinite
supply into nodes i € W are a Poisson stream with rate p;r(j,4), see Theorem 4.3.
The sum of independent Poisson streams is a Poisson stream, hence all arrivals from
the outside of the subset W into each node ¢ € W are a Poisson arrival stream with

rate A; + >y 157 (7, 0)-
e All service and inter-arrival times at all nodes are independent of each other.

All these properties guarantee that the subnetwork W acts as a Jackson network with
|W| nodes where the source and sink is denoted by {0} UV, see Definition 1.1. The
queue length process for the subnetwork W is denoted by X. This queue length process is
coupled with an availability process Y which only depends on the interaction of the nodes
in D C J but not on their load. Whenever a node in D breaks down, stalling occurs, so
all nodes go into a warm standby and all arrivals and services are interrupted until all
nodes recur to the up status.

The network process (Y, X) is a Markov process on the state space P(D) x NIWI. The
balance equations for the subnetwork W are given by

7(0,ny : ke W) Z(Ai+2uﬂ“(j, > Z,ul (4,7))1In, () + Z a((, I)

eW jev eWw 0AICD

—Z D,ng - ke WA\ {i},n; — 1) - <)\ +ZMJ r(j,1 )-1N+(ni)+

eW JjeVv
+ > w0k e WA {ibm+ 1) (1= Y (i) +

iew jeEW
+3° > w@ome e WA {igtme+ 1y — 1) - pr(i,5) - I (ng)

ieW jew\{i}
+ > w(Ing ke W) B(I,0) (4.65)

0£1CD
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for all (0, ny, : k € W) € {0} x NWI and

Tl keW) [ Y al,H)+ Y BUK)

ICHCD P£KCI
= Y w(EnpkeW) oK )+ Y w(Hmng:keW)-B(H,I) (4.66)
0£KCI ICHCD

for all (I,ny : k € W) € P(D) x NWI with I # 0.

We have to show, that (4.62) solves these equations. In the following we denote
A(I) mi\ "
a(l,ng ke W):=—= (—)
B(I) zg,[v Hi
for all (I,ny, : k € W) € P(D) x NWI which is (4.62) before normalization, and plug it

into the above balance equations for w(I,n; : k € W).

In the first equation (4.65) the term
70, np: k€ Wa(0, 1) = #(0,ny : k € WYA() = #(I,ny, - k € W)B(I)

on the left-hand side is equal to the term (I, ng : k € W)B(I,0) = 7(I,ny : k € W)B(I)
on the right-hand side for each () # I C D. The remainder of (4.65) is the global balance
equation of a classical Jackson network which has the solution

7Dng:keW):=a(ng: ke W)= H (ﬂ) ’
iew \Hi

see Theorem 1.10.

Consider the second equation (4.66) for some fixed I # (). For any K C I, K # (), the
term

- . _ A . B(I) . . A(l)
ﬂ([,nk ke W)ﬁ(],K) —W(I,nk : kGW)% —W(@,nk ke W)m
on the left-hand side is equal to the term on the right-hand side
. ' i _ A(l) . . A(l)
T(K,ng ke W)a(K,I) =7(K,ni : k € W)m =7(0,ny : k € W)m
Moreover, for any I C H C D the term
. . _ . . A(H) . . A(H)
W(],nk ke W)OZ(I,H) —W(I,nk : ]{TGW)A—]) —W(@,nk ke W)B—])
on the left-hand side is equal to the term
B(H A(H
n(H,ng: ke W)B(H,I)=n(H,ny : k € W)% =7(0,ny : k € W)B(—]))
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on the right-hand side.

The last step of the proof of (i) is done by defining the normalizing constant as

(Zaw) 2 06

KCD niieW)eNwliew N

which is finite, because 7; < u; holds for all 1 € W.

(ii): It is well known that ergodic Jackson networks have, in equilibrium, Poisson departure
streams from node ¢ to the sink with some rate 7;7(i,0), see [Mel79b, Example 7.1]. From
the proof of (i), we know that the subset W behaves like an ergodic Jackson network with
unreliable nodes of its own with \; := \; + > ey M7 (4, 7) and

A(i,0) = (1= D r(0.9) = m(r(@.0) + Y r(i.)).

JEW

Hence, if the subnetwork W is in equilibrium, as long as all nodes are in up status,
departures to the sink from nodes ¢ € W are Poisson streams with rate 7;r(i,0) and
departures from i € W to any node j € V are also Poisson streams with rate n;r(z, 5),

because a portion of o 7(i,5)

0TS ey ) of the departure stream from node ¢ € W is directed
tojeV.

(iii): Consider some fixed node i € V with infinite supply and without immediate feedback
(i.e., 7(i,3) = 0). As long as all nodes j € J are in up status, we have the following
information about the node:

e Service times are exponentially distributed with rate pu;, the service discipline is
FCFS.

e Routing of customers is Markovian: A customer arriving at node 4, waits in the line
until he gets service, after the service he proceeds to another node j € J \ {i} with
probability r(i, j) or leaves the network with probability r(7,0). Thus, the customer
leaves node ¢ after completed service with probability

r(i,0)+ Y (i) =1-r(ii) =1

je\{i}

e External arrivals (from the artificial node 0) are Poisson with rate A; > 0. From
(ii) it follows directly that, if the global network process is started with an initial
distribution which has the marginal (4.62) on W, the arrival streams at node i € V
from nodes j € W are Poisson with rate n;7(j,7). Arrival streams from nodes
j € V\ {i} are Poisson streams with rate p;r(j,7), see Theorem 4.38. All these
Poisson streams are independent from each other, so the arrival stream at node
1 € V is a Poisson process with rate

5\1‘ = )\z + Z 7737’(],2) + Z ,Uj'f’(j,i).

JEW FEV\{i}
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e All service and inter-arrival times constitute a set of independent random variables.

Thus, if the global network process is started with an initial distribution which has the
marginal (4.14) on W, node i € V is an (M/M/1)— system of its own. Let X denote the
queue length process of i € V. Then the traffic equation is

JEW JeVA\{i}

so 1; = n; holds, see (4.1) with r(¢,7) = 0. The queue length process is coupled with
an availability process Y on P(D), D C J, where breakdown and repair of nodes only
depend on the interaction of the nodes but not on their queue length. Whenever a node
in D breaks down, stalling occurs, so all nodes go into a warm standby and all arrivals
and services are interrupted until all nodes recur to the up status.

The network process (Y, X) is a Markov process on the state space P(D) x N. The balance
equations are

mi(0, n;) (5\1 + piln, (nq) + Z (0, I))

PAICD

=mi(0,m; — 1) N+ Iy () + m(@ni + 1) -+ Y wilI,na) - BT 0) (4.67)
PAICD

for all (0,n;) € {0} x N and

m(],m)( S ol H)+ Y B(I,K))

ICHCD 0AKCI
= > m(Kn) oK 1)+ > m(Hmn) B(HI) (4.68)
P£AKCI ICHCD

for all (I,n;) € P(D) x N with I # 0.

We have to show, that (4.63) solves these equations. In the following we set

#i(I,ng) == % (Z_)n

for all (I,n;) € P(D) x N as the nonnormalized proposed solution density.
In the first equation (4.67) the term
7i(0, )0, 1) = 7:(0, i) A(I) = 7:(1, i) B(1)

on the left-hand side is equal to the term 7;(1,n;)3(I,0) = ;(I,n;)B(I) on the right-hand
side for each () # I C D. The remainder of (4.67) is the global balance equation of an
(M/M/1) system which has the solution

since 5\2 = 1; holds.
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Consider the second equation (4.68) for some fixed I # (). For any K C I, K # (), the
term

#(Ln) BT K) = 7(1 i) BK)

on the left-hand side is equal to the term on the right-hand side

A . A

—~~
~
S—

Moreover, for any I C H C D the term

on the left-hand side is equal to the term

on the right-hand side.

The last step of the proof of (iii) is done by defining the normalizing constant as

[z = ()

KCD neN
then the solution is a probability measure, if and only if 7; < u; holds. O

Theorem 4.47. Consider a Jackson network with unreliable nodes where nodes in V. C J
have an infinite supply of work as described in Definition 4.37. Nodes in W = J \V
operate without infinite supply. Nodes in S are stable, U = J \ S is the set of unstable
nodes. Let W NU = (), so all nodes without infinite supply are stable. Denote by n =
(M1, ...,mg) the unique solution of the traffic equations (4.1).

Nodes of the set D C J may break down. In case of breakdowns customers are rerouted
according to the blocking rs-rd regime or the skipping regime. If blocking rs-rd is in
force we require the reversibility-constraints (4.51) and (4.52). If skipping is in force, let
(4.58) hold.

The availability-queue lengths process (Y, X) is the global network process. For nodes
without infinite supply, the joint marginal limiting distribution is:

lim P(Y(t) =L, X;(t) =n; :i € W) =

t—o00

(Zam) seme-n e e

KCD €W

for all I € D and all (n; : i € W) € NWI and this is a stationary distribution on W as
well.



4.6 Breakdowns of nodes 109

Proof. Consider the subset W of nodes without infinite supply. For any subset I C D
of broken down nodes, we have the following facts for the subset W \ I which remain in
force as long as [ is unchanged:

e All service times of all up-nodes are exponentially distributed and the service disci-
pline at all nodes is FCF'S.

e Routing of customers is Markovian: A customer completing service at node i € W\ [
will either move to some node j € W \ I with probability (i, j) or leave the
subnetwork with probability 1 — 7, ;77 (4, j).

e At each node 1 € W\ I, we have external arrivals from the source which are in-
dependent Poisson streams with rate Af > (. Furthermore all arrivals from nodes
j € V\ I with infinite supply into nodes ¢ € W\ I are independent Poisson streams
at rate p;77(j,4), see Theorem 4.38. The sum of independent Poisson streams is a
Poisson stream, hence the arrival stream from the outside of the subset W \ I into
each node i € W\ I is a Poisson process with rate A] + >, i\ 1177 (4, 9)-

e All service times and all interarrival times are independent of each other.

Let X := (Xi(t):i € W\ I):t € R,) be the queueing process of this subnetwork. The
process is supplemented with a Markov process Y = (Y (¢) : ¢t € R,) which describes the
availability status of the nodes and therefore gives information on how long the network
process on the subnet W \ I lives until it jumps to the next Markov process on some
randomly chosen subnet W \ K, K C D. Rerouting is according to the blocking rs-rd
regime (skipping, resp.).

The joint availability-queue length process (Y, X; : ¢ € W) has the balance equations

r(Lckew)- (3 (M4 D wrlG)+

iEWNT JjeV\I

+ 3 =6 )) )+ Y alH) + Y 6([,[())
ieW\I ICHCD KCICD

= 3 Ak e W\ {ikmi— 1) - (A + 30 (i) L, ()
ieW\I JEVAI

+Z (I,ng: ke W\ {i},n;+1)- ,LLZ<1—ZT zy)—i—
ieW\I JEWNI

+ Z Z m(I,ng: k€ W\ {i,5},ni +1,n; — 1) - ' (i, 5) - 1, (n)
1€WNI jeWN\I,j#i

+ Y w(EngkeW) oK)
KcCICD

+ > w(Hn ke W) B(H,T) (4.70)
ICHCD

for all (I,n;:i € W) € P(D) x NI,
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We have to show that the distribution given by (4.69) solves equation (4.70) for all (n; :
i € W) e NWlandall I C D. In the following we set

Iy ke W)= %L{V (”—)n

Mg

for all (n; : i € W) € NWland all I C D, and consider equation (4.70) for some fixed
I1CD.

For any K C I, K # (), the term

B{I) _ . A(l)
a(l,ng ke W)B(I,K)=a(I,ng: k€ W)—~4 =7(0,ng : k € W)—+~
B(K) B(K)
on the left-hand side is equal to the term on the right-hand side
. . A(I) . A(I)
7(K,ng: ke W)a(K,I)=n(K,ng : ke W)—% =7(0,ng : k € W)—-~
A(K) B(K)
Moreover, for any I C H C D the term
A(H) . A(H)
1, I,H)=n(I, — = : e S
a(l,ng ke W)a(l,H) =7(1,ny : keW)A(I) 7 (0, ny, k‘GW)B[)
on the left-hand side is equal to the term
. . B(H) _ . A(H)
H : HI)=n(H : = :
7(H,n,: k€ W)B(H,I)=a(H,ng keW)B(I) (0, ng kEW)BI)

on the right-hand side. The remainder of (4.70) is

ke W) (30 (M4 X wrG0) + D w1l =r(00) - 1w, ()

iEWNT JEV\I iEW\I
= Y ALk e W\ b= 1) (A + Y ujrl(j,i)>-1N+(ni)+
i€W\I JjeV\I
+ 3 A ke W\ {ihm+ 1) u(1- 3 #160)+
PEWN\T JEWNI
+ 3> wUmec ke W\ {iy e+ Ly — 1) e’ (6,5) - Ing (ng). (4.71)

1€WNI jeWN\I,j#i

With nf = N + 37 nir7(5,4) + 30 e 11577 (5,4) (see (4.50)) this is equivalent to

AL kew)- (3 (= 3 ' Gi) + > ui(l—rl(i,i))-lm(ni))

ieW\I JEWNI ieW\I
= Y AL ke W {idn — 1) ( N (i ) I, (n)+
PEWN\I JEWNI
£ A ke W\ fikn ) (1- Y rf<z',j))+
ieW\I JEWNI

+ Z Z F(Lng k€ WA\ {i,j},mi + 1,n; — 1) - ur'(4,5) - 1n, (n)).
1€WNI jeWN\I,j#i



4.6 Breakdowns of nodes 111

Under the required condition of either (4.51) and (4.52) in case of blocking rs-rd or (4.58)
in case of skipping holds n; = n! for all i € W \ I and all I C D for the respective
reduced traffic equations. Therefore from Lemma 4.40 or Lemma 4.43 respectively this is
equivalent to

ALk e W) (3 (m= 3 ') + D0 1= (60) -, ()

iEW\I JEWNI iEW\I
= > w(lng ke W\ {i},n;—1)- (m -y njfl(j,i)) A, () +
ieW\I JEWNI
+ Z (I,ng: ke W\ {i},n;+1)- Nz’(l— Z "’I(iaj)>+
ieW\I JEWNI
+ Z Z T(Lng k€ WA\ {i,5},ni+1,ny — 1) - i’ (i, ) - 1, (ny).

1€WNI jeWN\I,j#i

Plugging in (I, n, : k€ W) = A(I) HZGW ( )n yields

S (= X ' Gi) + 0 w1 = (0) - T ()

i€W\I JEWNI i€W\T
Hi .. 771 ..
2: Oh— > %f%ﬁl) An, () + }: ( > “@hﬂ>+
zEW\I JEWNI zeW\I JjeWNI

+ Z Z &ﬂuz 7]) ’ 1N+(nj)

i€WNI jeW\I,j#i Hi 1j

Z qu Z 77j7”I(J} Z) ’ 1N+(ni) + Z Z ﬁnirl(i’j) ’ 1N+(nj)'

zEW\I FEWNI ji iEWN\I jJeEW\T j#i 7
Thus
A(I) (77)”
Ing:keW)=—= —
" )= B(I) Zl;,[[, Hi
solves the balance equations (4.70). The last step of proving (i) is by defining the nor-

malizing constant as
A(K) i)
So X II(E)

KCD ( ) (ni:ieW)eNIWIieW

which makes the solution a probability solution because 7; < p; holds for all i € W. [0
The proofs of Theorem 4.46(i) and Theorem 4.47 justify the following
Corollary 4.48. In the settings of Theorem 4.46 and Theorem 4.47, the process

(Y, Xw) = (Y, X;:i € W)

15 an ergodic homogeneous Markov process of its own.
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Remark 4.49. In the setting of Theorem 4.47 a statement as in Theorem 4.46(iii) cannot
be proved. This is due to the definitions of rerouting according to skipping and blocking rs-
rd (Definition 2.7 and 2.8). Whenever nodes in I # () are broken down, immediate feedback
may emerge at nodes with infinite supply (where r(i,i) = 0) because of the rerouting
regime, i.e., v’'(i,4) > 0 at nodes i € V \ I, if r(i,5) > 0 for at least one j € I. But
immediate feedback at nodes with infinite supply leads to a situation discussed in Remark

4.18.

4.6.4 Computation of availability and performance measures

Due to the load-independent breakdown and repair rates as in Example 2.2, the avail-
ability process Y in Theorem 4.46 and Theorem 4.47 is an ergodic Markov process of its
own, which has the unique limiting and stationary distribution (2.10), as it was already
shown in Chapter 2, Section 2.4. Here Proposition 2.18 applies to compute stationary
point-availability and Example 2.19 to estimate costs involved with breakdowns of nodes,
as well.

The computation of the throughput is a little bit different compared to the Chapter 2,
Section 2.4, due to the infinite supply. We therefore define the stationary throughput of
a subnetwork.

Definition 4.50. Consider a Jackson network with infinite supply where nodes without
infinite supply are stable and nodes in D C J are unreliable. The stationary throughput
TH; of a node i € W without infinite supply is

THZ = Z Ww(],nj j c W)M{1N+<nL)7
(I,n;:j€W)EP(D)xNIWI

the stationary throughput TH; of a stable node j € V' with infinite supply is

(I,n;)eP(D)xN

The stationary throughput T Hy of the subnetwork of nodes without infinite supply is

THy =Y Y THg'(i,0)

ICD ieW\I

and the stationary throughput T Hg of the subnetwork of stable nodes is

THy=THyw+»_ >  THy'(50).

ICD je(VNS)\I

Proposition 4.51. Consider a Jackson network where nodes in V- C J have an infinite
supply of work and where nodes in D C J are unreliable as in Def. 4.837. Denote by
n = (m,....,n;) the unique solution of the traffic equations (4.5). S = {i € J :m; < u;}
is the set of stable nodes, nodes in U := J \ S are unstable. We assume that all nodes
without infinite supply of work are stable, i.e., W NU = (. So in this situation the traffic
equations (4.5) reduce to (4.1).
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In case of breakdowns stalling occurs according to Definition 2.6. Then the stationary
throughput at nodes i € W without infinite supply is TH; = n; - w(0). Let r(i,7) = 0 hold
for all i € VNS then the stationary throughput at stable nodes i € V NS with infinite
supply is TH; = p; - w(0) and the throughput of the stable subnetwork is

THg=m(0)- <>\ — Z(Th — i) — Z 17 (7 0))
iev jevau

Proof. The proof uses the results of Theorem 4.46. For ¢« € W we get

TH, = > mw(lngj €W) ol In, () = Y w0, ma)pilw, (n;)
(I,n;:jeW)eP(D)xNIWI :m@ n; EN
. . ni+1
= % w0+ D= 3 10) (1= Z)(E) = w0)
niEN n,eN Hi J \ Hi

and for j € VN S:

THy= » m(Ln) \Milz = > m(0ny) i = i - w ().
(I,n;)EP(D)xN —oif 129 9N
——
—n(0)

The throughput of the stable subnetwork is

i€S ieW JjeVvNS

(Remark 4.5) <)\ - 2(771 — i) — Z a7 (J; 0)> ().

=% JEVNU
O

Proposition 4.52. Consider a Jackson network where nodes in V. C J have an infinite
supply of work and where nodes in D C J are unreliable as in Def. 4.87. Denote by
n = (m,....,n;) the unique solution of the traffic equations (4.5). S = {i € J :n; < u;}
15 the set of stable nodes, nodes in U = J \ S are unstable. We assume that all nodes
without infinite supply of work are stable, i.e., W NU = 0. So in this situation (4.5)
reduces to (4.1).

(i) If the rerouting is according to blocking rs-rd and if (4.51), (4.52) and (4.53)
hold, the stationary throughput at a node j € W is TH; = n; - Z@Dﬁg (1) and
the stationary throughput of the subnetwork W is

THy =Y w(I)- (Z A= S w0 = Y —ui)).

ICD ieJ\I 1€V\I 1€V\I

(i1) If the rerouting is according to skipping and if (4.58) holds, the stationary through-
put at a node j € W is TH; = n; - ZIQD,]’¢I7T([) and the stationary throughput of
the subnetwork W 1s

THy =Y n(I)- (A(l —r1(0,00) = Y (1,0) = Y (s - m))-

ICD 1€V\I ieV\I
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Proof. The proof uses the results of Theorem 4.47. For nodes i € W we get

TH;, = Z mw(l,n;:j€ W)Miflm(”i)

(I,n;:5eW)eP(D)xNIWI

= Z mi(L,n;) \,U/ZI/ In, (n;) = Z Zm([,ni—i—l)m

(I,n)€P(D)xN s g ICDi¢I n;eN
n; n; n;+1
- X (-5 E) e X e,
ICDi¢I n;€N Hi Hi ICD,i¢I

The throughput of the subnetwork W is

THy =) > THy'(i,0)=>Y =(I) Y  nr'(i,0).

ICD ieW\I ICD iEW\I

Since 7; = 5! holds for all i € J\ I and I C D (see Lemma 4.40 or Lemma 4.43 resp.), 7;

solves
mi= M+ > G+ > gt (,4).

JEWNT JEVAI

Summing over all i € J \ I on both sides yields

Z N, = Z >‘zl+ Z Z njrl(jui)—i_ Z Z :Lbjrl(jvro

ieJ\I ieJ\I ieJ\I JEWNI ieJ\I JEV\I

e Y M= @0+ > w100+ > (i — )
ie\I i€EW\I ieV\I i€V\I

e Y ' (1,0) =Y N = Y ! (1,0) = D (s — ). (4.72)
i€eW\I ieJ\I ieV\I ieV\I

In case of (i) equation (4.72) is equivalent to

Z nirl(i,O) = Z Ai — Z pir (i, 0) — Z (0 — pi)-

1€eW\I ieJ\I 1€eV\I 1eV\I

In case of (ii) equation (4.72) is equivalent to

o600 =2 0,0 = D> (1,00 = > (- ).

i€eW\I ieJ\I i€eV\I i€eV\I
N————
=(1-r1(0,0))



Chapter 5

Jackson networks with breakdowns:
The non-ergodic case

5.1 Introduction

Our aim is to study Jackson networks with unreliable stations which are not ergodic due
to overload at some stations: Is it possible that in such a network subnetworks stabilize?
We shall prove that the answer is positive.

Our setting is described in Definition 2.9. We here assume that the network process
(Y, X) is not ergodic and that instability of nodes results from overload as described and
investigated in Section 1.3 in the sense of [GM84].

For maintaining tractability of the model we additionally assume that breakdown and
repair rates are load-independent. Although it would be desirable to weaken this assump-
tion we note that there is a great variety of correlation structures for the breakdown and
repair process included in this class of transition rates.

5.2 The traffic equations

As in the previous chapters we have to define the general traffic equations for each avail-
ability status of the availability—queue-length process first. The following definition is
established analogously to (1.6).

Definition 5.1. The general traffic equations for Jackson networks with unreliable nodes
as in Definition 2.9 are:

o In case of stalling according to Definition 2.6:

n, = /\z + Zmin(njmuj)r(j:i)a (S j7 (51)

jeJ

as long as all nodes are in up status (I = 0). Otherwise n! =0 for all i € J. (Note
that (5.1) is (1.6) but is valid only when no repair is ongoing.)

115
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e In case of rerouting according to skipping as in Definition 2.7 or to blocking rs-rd
as in Definition 2.8:

=M+ min(n!, ph)r! (j,i), i€ T\ I, (5.2)
jeJ\I

for all I C D. If no node is under repair, i.e., [ =, the traffic equations (5.2) are
(1.6).

The traffic equations for some I C D remain valid only as long as the availability status is
unchanged. Whenever the availability status of the system changes, the traffic equations
are adapted according to the new set of broken down nodes. Thus each traffic equation
(5.2) may have different solutions for different /. The following two lemmata show under
which constraints the solution of the traffic equation (5.2) remains the same for all I C D.
Lemma 5.2 and Lemma 5.5 resemble Lemma 4.40 and Lemma 4.43 for Jackson networks
with infinite supply, this is due to the similarity of the traffic equations. Therefore the
lemmata can be proved nearly the same way.

Lemma 5.2. Consider a Jackson network where nodes in D C J are unreliable. Let
n=(m;:J€ J) be the unique solution of the general traffic equations (1 6). Denote by
S={i:n <} C J the set of stable nodes in the network and U = J \ S the set of
unstable nodes in the network.

In case of breakdowns of nodes we assume that customers are rerouted according to the
blocking rs-rd regime. If the following reversibility constraints hold:

mir(i,3) = nyr(j,i) Vi, j €S, (5.3)
77171(27‘7) = Mﬂ”(],l) Vi € Svj € U7
M1T<Z7.]) = II"L]T(]7Z) VZ,] S Ua (55)

then for the solution n' := (n! i € J\ 1) of (5.2) holds n! = n; for all i € J\ I and all
I1CD.

Proof. (i): We make the ansatz n; = n! foralli € S\ [ and all I C D in (5.2). We then
obtain with the solution 7; of the traffic equations (1.6) for any I C D: Vi€ S\ I

n =\ + Z min(n;, u;)r’ (4, 9)

jeJ\I
=M+ D) G+ > ' (5.)
JES\T JEUNI
Def. 2.8 . : - .
¢ Y —i—m( i z)+2r(z,k)) + Z nr(g, i) + Z wir(j,1)
kel FES\I jii jEUNT
=N+ Y (i k) + Y nir (i, k) + oG+ Y i)
keIns . keInU JES\T JEUNT

5.4
Uw(kz i)

ki)
=\ +Zm r(j i)+ > (i) = (1.6).

J€eS jeu
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(ii): For any I € D holds Vi € U \ I:

(5.2) . .
mi =N+ DY 0l G+ D ()
JjES\I (Vi) JEUNI
=nj
Def. 2.8 .. .. . ..
TN Y G+ (r ) + 3o R) D (i)
JES\I kel JEUNI,j#i
jeS\I keINS ;4 7 kelnU ;. JEUNI
D (k) A
. L (1.6)
=N+ > mr(i i) + Y e i) = i
jes jeu

]

Remark 5.3. The reversibility constraints (5.3), (5.4) and (5.5) are different to the
classical reversibility constraints (2.7) which are the local balance equations of the routing
process. But the interpretation of (5.3), (5.4) and (5.5) is the same as for (2.7): The
departure rate from one node multiplied with the routing probability to another node has
to be equal to the according flow rate of the opposite direction.

The following example shows that the reversibility constraints (5.3), (5.4) and (5.5) are
compatible with the definition of a Jackson network. Clearly, these reversibility analogues
put structural restrictions on the network. But these do not lead to contradictions.

Example 5.4. Consider a Jackson network with two nodes. Both nodes may break down.

Let 1 < py and ns > po hold. Then the traffic equations in case of all nodes in up status
are

h = )‘1 + 7717”(1, 1) + M2r(27 1)7
e = )\2 + an(L 2) + :uQr(27 2)

Since routing is irreducible, r(1,1) < 1 holds and therefore 1 — r(1,1) > 0. Thus the first
equation is equivalent to

o )\1 + M27°(2> 1)

== ~(1,1) (5.6)
Let the reversibility constraint (5.4) hold which is
mr(1,2) = uer(2,1). (5.7)

This constraint leads to the following structural consequences for the Jackson network:

o Ifr(2,1) = 0 then either r(1,2) =0 or A\ =0, i.e., if 7(2,1) = 0 holds then either
the two nodes must be two separate M/M/1/o0o systems or node 1 has no input at

all.

o Ifr(1,2) =0 thenr(2,1) =0, i.e., r(1,2) = 0 holds then the two nodes must be two
separate M /M /1/oo systems.
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e [t remains to analyze the case r(1,2) # 0 # r(2,1). Then the required constraint
(5.7) is with (5.6) equivalent to

/\1 +M2T<27 1)
—r(1,2) = 2,1

< Ar(1,2) + per(2,D)r(1,2) = per(2,1)(1 —r(1,1))
—_——
=r(1,0)+7(1,2)

= )\1T(1, 2) = IMQ’I”(Q, 1)7“(1, 0)
Thus, 7(1,0) = 0 if and only if \y = 0. Let r(1,0) > 0 hold, then we get

r(1,2)

2,1)=A
arB = A

& =N\
,

Plugging this information into (5.6) yields

r(1,2)
m:AﬂL+mm): A\ r(0.1)

= o) oy

So if r(1,2) # 0 # r(2,1) and r(1,0) > 0, then A\ > 0. Thus constraint (5.7) has
influence on the parameters of the network, but it does not lead to contradictions.

Lemma 5.5. Consider a Jackson network where nodes in D C J are unreliable. Let
n=(m:j€ j) be the unique solution of the general traffic equations (1.6). Denote by
S ={i:n <} CJ the set of stable nodes in the network and by U := J\ S the set of
unstable nodes in the network.

In case of breakdowns of nodes we assume that customers are rerouted according to the
skipping regime. Let the following side constraint hold:

Then for all nodes i € J \ I holds that the solution n! of the traffic equation (5.2) for all
I C D, I+#0, equals n;.

Proof. We make the ansatz n; = n/ for all i € S\ I and all I C D in (5.2). We then
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obtain with the solution 7; of the traffic equations (1.6) for any I C D: Vie S\ I

)‘zI+ Z njrl(jai) + Z /Lj?"l(j,’i)

jes\I jEUNI
(Def. 2.7) Ai + Z Nerd (K, i) + Z ur <’f’(], i) + Z (g, k)r! (k, 2))—1—
kel JjeS\I kel
+ ) m( r(, )+ Y (i k )
JEUNI kel
= )\z+ Z njr(ja Z 12218 .]7
jES\T JEUNT

(1.6) . .
= Mi— Zjems n;7(J Z)_ZjeIﬁU wir(3:1)

+Z kz()\k—i—ZT]J r(j, k —i—Zujr(j,k:))

kel jeS\I JeU\I

J

~
(1.6) .
= Nk— ZJEIQS n;7(dk)— Z_je[r‘]U i (d:k)

- Z 77j7’ jal - Z 5T ]7Z)+

jeins jeinu
+ Y et (ki) =Y v (ki) D (k) =Y k) Y (k)
kel kel jeins kel JeInu
= 77@ - Z < .]7 + Zr ]7 )
jelns kel B
é):u,i)
>t i) = Y i (rGA) + Dok (ki)
kel JjelnUu o kel .
(2*1):(] 1)
:77@+ Z nkrl(kai) - Z 77j7’1(]al + Z nkTI(kﬂi) - Z IMJTI(]7Z)
kelIns jelns keInU jelnU
=ni+ Y (e — ) (ki) = ns. (5.9)
kelnU (5.8)
=0

Since 77][ =1); holds for all j € S\ I and all I C D, it follows for all : € U \ [ and I C D:

=M+ D) 0l G+ Y ' (,4)

jeS\I JjeU\I
=N+ D G+ Y ' ()
jes\I JjeUNI

which is the very left side of (5.9) with 7 € U \ I. The above computations in (5.9) are
valid for all i € J \ I, hence it follows ! = n; for alli € U\ I and I C D, too. O

Remark 5.6. The constraint (5.8) means that unstable nodes which may break down, on
average, are fully loaded but not overloaded.
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In the following example it can be seen that constraint (5.8) is compatible with the
definition of a Jackson network.

Example 5.7. Consider a Jackson network with two nodes. Both nodes may break down.
Let my < py and ne = ps hold. Then the traffic equations in case of all nodes in up status
are

m= )\1 + 7717”(1> 1) + MQT(Qv 1)7
ne = Ao+ mr(1,2) + uar(2,2). (5.10)

Since routing is irreducible, r(1,1) < 1 holds and therefore 1 —r(1,1) > 0. Thus the first
equation is equivalent to

)\1 + ,UQT(2> 1)

T )

Plugging this into (5.10) yields

>\l + /Lg?"(2, 1)

=\
2T )

r(1,2) + par(2,2).

With ny = ps we get

)\1 + ,UQT(2> 1)

T () per(2.2)

po = A +

& pe(l1—=7r(2,2) = Ao+

1
Ao(1—7(1,1)) + \ir(1,2)

<:>,u2(1 1—7’(
@M2(

(1—r(1,1))(1—7(2,2) — r(2,1)r(1, 2))
=r(1,0)(1— 7“(2,2;§+r(1,2)r(2,0)>0
< pe(r(2,0)(1 —r(1,1)) + r(2,1)r(1,0)) = Ao (1 —r(1,1)) + A\r(1,2).

So if we require n; < py and ne = ps to hold, sy s

- 1—7(1,1) r(1,2)
2 = Ao 7(2,0)(1 — r(L, 1)) + r(2, (L, 0)1—1_)\1\7“(2, 0)(1—7(1,1)) +7(2,1)r(1,0)

Because of the irreducibility of the routing process, A; > 0 holds for at least one node,
so the right-hand side of the last equation is greater than zero. Thus constraint (5.8) is
compatible with the definition of a Jackson network with two nodes.

5.3 Asymptotic results

In the theorems of this section the essential result is that the non-ergodic state process
(Y, X) on P(D)xN” has - under certain conditions - a product form limiting joint marginal
distribution on the stable subnetwork and limiting marginal queue length probabilities for
each unstable node which represent the degenerated one-point distribution at infinity.
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Definition 5.8 (Framework for Chapter 5.3). Consider a Jackson network with unreliable
nodes according to Definition 2.9. Nodes in D C J are unreliabe and breakdowns and
repairs of the nodes are controlled by load-independent breakdown and repair intensities
as in Example 2.2. Let n = (n1,...,n;) denote the unique solution of the general traffic
equations (1.6). Denote by S = {i : m; < p;} C J the set of stable nodes in the network,
nodes in U = j\S are unstable. In case of broken down nodes rerouting follows one of
the regimes stalling, blocking rs-rd, or skipping. Let (Y, X) denote the availability-queue
lengths process (which is a Markov process) on the state space P(D) x N7 with Q-matriz
gwen in Definition 2.9.

For the process (Y, X) we will prove in the framework of Definition 5.8 that the following
limiting probabilities occur:

ggHY@=IMMU=m%€5%=<XJ§§D é%IIO—ZﬂG%)imn)

KCD i€s

for (I,n; i € S) € P(D) x N8l and for (I,n;) € P(D) x N:
lim P(Y(t) = I; X;(t) =n;) =0 Vj € U. (5.12)

t—o0
Remark 5.9. Whenever U is not empty, then the network process (Y, X) is not ergodic.
Nevertheless the limiting joint marginal process of the queue lengths in S is of product
form as it already occurred in Theorem 2.1} (see Remark 2.15).
(5.12) implies that the limiting marginal distribution for each unstable node is the degen-
erated one-point distribution at co. It also follows directly (and by the proof later on) that
for all states (I,n; : j € U) € P(D) x NI holds

tlim PY({t)=1;X;(t)=n;:5€U)=0. (5.13)

—00

On the other hand, the availability process Y is an ergodic Markov process of its own and
its state distribution converges to its unique steady-state distribution.

The following theorems are extensions of the results in [MDO09]. The limiting probabili-
ties (5.11) and (5.12) are proved in [MDO09] under the restriction that only stable nodes
are unreliable. This restriction is removed here, which obviously covers more realistic
situations. We summarize the results.

Theorem 5.10. Consider a Jackson network with unreliable stations with non-ergodic
state process (Y, X) as described in Definition 5.8. We assume that nodes in D C J are
unreliable. In case of breakdown stalling is applied according to Definition 2.6 (note that
servers are under warm stand-by, i.e., they can still break down and may be repaired).
Then the Markov process (Y, X) has the marginal limiting probabilities (5.11) and (5.12).

Theorem 5.11. Consider a Jackson network with unreliable stations with non-ergodic
state process (Y, X) as described in Definition 5.8. We assume that nodes in D C J are
unreliable. In case of breakdown customers are rerouted according to the skipping regime
as in Definition 2.7. Let (5.8) hold:

i =u;, YieUnND.
Then the Markov process (Y, X) has the marginal limiting probabilities (5.11) and (5.12).
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Theorem 5.12. Consider a Jackson network with unreliable stations with non-ergodic
state process (Y, X) as described in Definition 5.8. We assume that only nodes in D C J
are unreliable. In case of breakdown customers are rerouted according to the blocking
rs-rd regime as in Definition 2.8. Let the reversibility constraints (5.3), (5.4) and (5.5)
hold:

UzT(Z»]) - UJT(JJ) VZ,] € Sa
mir(i, j) = wr(j,i) Vi€ S, jeU,
/Lﬂ“(i,j) = /’L]/r(]?Z) VZ,j cU.
Then the Markov process (Y, X) has the marginal limiting probabilities (5.11) and (5.12).

5.3.1 Idea and outline of the proofs

Because the proofs of the three theorems are rather long, but have the same structure,
the idea and the layout used will be described first.

The problem of proving the marginal limiting probabilities is that we cannot apply
Theorem 2.14 to compute the limiting probabilities of (Y, Xg), because the marginal
process (Y, Xg) on P(D) x N¥l is not Markov.

Our approach to prove (5.11) (and (5.12) as well) follows the principles used by Goodman
and Massey |GM84] in case of reliable nodes. We additionally have to incorporate
breakdown and repair which makes the constructions much more complicated.

The idea is to use an upper bound and sequences of lower bounds for (Y, X) in the
sense of stochastic ordering and to show that these bounds converge. The bounding
processes will represent ergodic Jackson network processes with unreliable nodes and
Jackson networks with infinite supply at the unstable nodes and with unreliable nodes,
so Theorem 2.14 and Theorem 4.46 or Theorem 4.47 (respective the considered rerouting
regime) will apply to the processes and generate limiting product form distributions. This
guarantees that on the subnetwork S a product form limiting distribution is established.

The order structure on P(D) x NI*l is the product of the ordered spaces (P(D), C) (the
inclusion order) and (N!SI <I8!) (the natural coordinate-wise order on NII). We shall
denote this order by

<= (C x <P,

and the associated integral stochastic order on the set of probability measures on P(D) x
NS by
<t -

The construction of the bounding processes will accomplish the following:

e For all bounding processes we take the breakdown and repair intensities as prescribed
by the original network. Recall that the availability process Y is Markov of its own.

e The sequence of network processes that serve as lower bounds is denoted by

(Y, X () : e = 0)
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and represents a sequence of Jackson networks with unreliable nodes.

e As upper bound we use a network process (Y, X™) which represents a Jackson
network with infinite supply at the unstable nodes in U and with unreliable nodes.

e The construction will guarantee that at any time ¢ > 0 and for all £ > 0 we have
for the availability status of the network and the queue lengths in the subnet S

(Y(t); X; (e)(t) :i € S)
<ot (Y(t); Xi(t) 11 € 5)
< (Y(); X, (t) i€ 9), (5.14)

as well as for the availability status of the network and the queue lengths in the
subnet U

(Y(); X, (e)(t) i€ U) < (Y(2); Xs(t) : i € U). (5.15)

Outline of the proofs: We will perform the following tasks under the respective ad-
ditional assumptions of the theorems:

1. Construct the upper bound process (Y, X™).

2. Prove that (Y, XJ) := (Y, X" : i € 9) is an ergodic Markov process of its own:
Show that for the solution n;” of the traffic equations of (¥, X™) holds
° N =i,
e 0" < pf and
o = 77:“] (in case of skipping and blocking rs-rd),
forall i € S\ I and I C D, where n; is the solution of the traffic equations of (Y, X).

Then with Corollary 4.48 it follows directly that (Y, XJ) is an ergodic homogeneous
Markov process of its own.

3. Construct the lower bound processes (Y, X~ (¢)), ¢ > 0.

4. Prove that (Y, X~ (

g)) is ergodic: Show that for the solution 7, (¢) of the traffic
equations of (Y, X~ (e

)) holds

o 7; (e) < py (e),

e 77 (¢) =n;"'() (in case of skipping and blocking rs-rd) and

o lim.,on; (€) =i
for all i € J and I C D, where 7, is the solution of the traffic equations of (Y, X).
Moreover, it will hold lim. o it; (¢) = p; Vi € S and lim. o p; (e) =m; Vi€ U.

5. Show the stochastic order (5.14) and (5.15) of the processes:
Construct ((Y, X (g)), (Y, X), (Y, X™)) for any € > 0 on a common probability
space such that if the processes are started w-wise ordered

(Y, X7 ()(0,w) < (Y, X)(0,w) < (Y, XT)(0,w),
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then over the time horizon [0, 00) the paths of the three processes fulfill
(Y, X (e))(t,w) < (V, X)(t,w) < (Y, XT)(t,w) for all t.

Thus, these versions of the processes are (path-wise) ordered on the path space of
right continuous functions with left-hand limits. From Strassen’s theorem follows
that the complete process distributions are stochastically ordered with respect to
the stochastic integral order generated by the product order <> on the space of
functions (P (D) x NI¥1)[0:°) (restricted to the subspace of the right continuous func-
tions with left-hand limits), see [MS02, Theorem 2.6.3] or [KKO77|. This trivially
implies (5.14) and (5.15).

Remark 5.13. An intuitive explanation for the stochastic comparison of the processes
(Y, X) and (Y, X™) can be visualized by coloring

e all jobs in (Y, X) blue,

e all (high priority) jobs which originate from the external Poissonian arrival streams
in (Y, X™T) blue as well, and

e all additional (low priority turning into high priority) jobs (from the infinite supply)
in (Y, X) red.

Letting the processes run one may observe the following: In both processes the queue
lengths at each node will have the same amount of blue jobs, but in case of (Y, XT) we
will additionally have red jobs in the queue lengths as well.

These tasks build the structure of the proofs. If all these tasks are done, then it follows
directly:

6. Consequences for the limiting probabilities:

Recall that (Y, X ) represents an unreliable Jackson network with infinite supply at the
nodes in U which has according to Theorem 4.46 or Theorem 4.47, resp., a uniquely
defined limiting distribution in product form on the subnet W (= S by definition),
independent of the initial distribution. Also recall that all the (Y, X (¢)), ¢ > 0,
are ergodic Jackson network processes with unreliable nodes which have according to
Theorem 2.14 a uniquely defined limiting distribution in product form, independent of
the initial distribution. Then the proof will be finished by the observation that for ¢ — 0
the limiting marginal distributions of ((Y, X4 (¢))(t) : t > 0) converge to the limiting
marginal distributions of (Y, XJ)(t) : ¢ > 0).

For all n; € Nand I C D holds in case of stalling with Theorem 4.46(i), in case of skipping
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or blocking rs-rd with Theorem 4.47 by stochastic ordering:
ligninf PY(t)=1I1;X;(t) <n; :i €5)
—00
> liminf P(Y(t) = I; X;"(t) <n; :i € 9)

= tgrgl:op(y(t) =L X(t)<n;:1€8)
— Z tlggop(y()—l X t)=s;:i€8)

((4,i€5):0<8;<n; Vi€S)

o W(zéiﬁi)é&ﬁ%g(%f(l—%)

((8i,3€85):0<s;<n;VieS) \KCD

For all e > 0 and n; € N and I C D holds with Theorem 2.14:
limsup P(Y(t) = I; X;(t) <n;:i € 5)

t—o00

<limsup P(Y(t) = ; X; (e)(t) <m;:1€S)

t—o00

= tlggo PY(@t)=I1X,(e)(t)<n;:i€S)

= S Im P = LX) =50 €5)
((s4,1€5):0<s;<n;VieS) e

Bl Z0) SHOCER) (-5

-\ E
((84,3€9):0<s;<n;VieS) \KCD €S i ( )

Letting € go zero yields from Esi
limsup P(Y(t) = I; X;(t) <n; : i € S)

t—o00

< s (s () ()

((84,6€9):0<s;<n;VieS) \KCD

"2 WES

Thus, for all n; e Nand I C D

o x (za) e (en)
)

< li{nian(Y(t) =LX(t)<n;:i€08)
—00
<limsup P(Y(t) = I; X;(t) <mn;:i € 5)

t—o00

< > () () (- )

((s4,i€85):0<s;<n;VieS) \KCD

So (5.11) is proved by
lim P(Y(t) = I; X;(t) <n; :i €9)

t—o00

s () () (%)

((81,3€85):0<s;<n;VieS) \KCD
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Finally, Theorem 2.14 implies for + € U and for all n, € N and I C D:

limsup P(Y(t) = I; X;(t) <n;:i€U)

t—o00

<limsup P(Y(t) = I; X; (e)(t) <n;:i€U)

t—00

- AK)\ AL (@O ()
-2 (Z B(K)) B<1>H(u;<e>) (1 u;<e>)'

((Si,iGU)ZOSSi<niViEU) KCD €U

With lim.\ o Z:—g = % =1V e U it follows directly for all I C D and n; € N:

lim P(Y(t) = I; X;(t) <n; :i € U) =0,

t—o0

hence (5.13) is valid. Even more, Theorem 2.14 also implies for ¢ € U and for all n, € N
and I C D:

limsup P(Y'(t) = I; X;(t) < ny)

< limsup P(Y (1) = I X7 (2)(1) < n)
- AE)\ T AD ( @\, ne)
‘(Ogm)QéB(K)) a0 Geg) (1 0e0):

With lim. o 2:8 = =1VieU it follows directly for all I C D and n; € N:

lim P(Y(t) = I; X;(t) <n;) =0,

t—o00

i € U, hence (5.12) is valid.

Remark 5.14. As mentioned before, the result in [GM84] considers reliable non-ergodic
networks only, while the results in our paper [MDO09] cover the case that stable nodes are
unreliable but all unstable nodes are reliable. Still the lower process networks in case that
all nodes are in up status are constructed the same way in the proofs of the Theorems
5.10-5.12 as in [MD09] and in [GM84] as well. The structure of the proofs of the Theo-
rems 5.10-5.12 resembles the structure of the proof of Theorem 15 in our paper [MD0Y].
Apart from other differences to the proof in [MDO09] in the details, the generalization in
Theorems 5.10-5.12 that all nodes may be unreliable requires the use of a different up-
per bound process and therefore the theory of Jackson networks with infinite supply, see
Chapter 4. Furthermore, especially in case of rerouting according to skipping, some more
technical computations are necessary here in order to proof the stochastic order of the
three processes.

5.3.2 Proofs

All proofs in this section will use the idea and layout described in the previous Section
5.3.1. For readability some arguments will be recapitulated.
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Proof of Theorem 5.10 (Rerouting according to stalling)

1. Construction of the upper bound: We derive (Y, XT) from (Y, X) as follows:
e The breakdown and repair processes are (stochastically) identical;
e the service rates at all nodes are the same as in the original network;

e all nodes in U are supplemented by an infinite supply of work, this leads to Poisso-
nian departure processes from those nodes (see Theorem 4.3 and Theorem 4.38);

e the rerouting regime is selected as stalling, so whenever nodes of I C D break down,
the transition intensities are as in Definition 4.37 with Definition 2.6.

2. (Y, X{) is an ergodic homogeneous Markov process of its own: (Y, XT) is the
Markov state process of a Jackson network with unreliable nodes where the nodes in U
have an infinite supply of work, as in Definition 4.37 with U =V and S = W. (5 :i € J)
is the unique solution of the traffic equations (4.1):

n= XA D nfrGa) + > i)

jew jev
=\ + Zn}r(j,i) + Zujr(j,z’), Vi€ J,
jes jeu

thus (" : i € J) solves the traffic equations (1.6) of (Y, X). Therefore n;” = #; for all
i € J. Recalling S = {i : n; < p;}, it follows directly that n;” < u; holds for all 7 € S. In
case of stalling it is trivial that this local stability criterion for nodes in S holds in any

availability status.

Since UNW = () and rerouting is according to stalling, Theorem 4.46 applies and provides
us with a product form stationary and limiting distribution for (Y, XJ) := (Y, X;" : i € 9)
which is the restriction of the process (Y, X*) on the stable subnetwork. From Corollary
4.48 we know that (Y, X3) is an ergodic homogeneous Markov process independent of the
behavior of the remaining nodes in the network. The last step of the argument is that
under load-independent breakdown and repair rates, an ergodic Jackson network remains
ergodic, see Example 3.3.

3. Construction of the lower bounds: We derive (Y, X (¢)) from (Y, X) for e > 0
as follows:

e The breakdown and repair processes are (stochastically) identical;
e the external arrival rates at all nodes are identical to those in the original network;

e the service rates at nodes in .S are the same as in the original network, the service
rates at nodes in U are increased from p; to n; + ¢:

— His (&S Sv
i () = .
ni+¢e, €U,

which guarantees that all nodes in the network are stable now, as will be shown in
the next step (4.) of the proof;
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e this generates additional customer flows (at least) out of the nodes in U; this addi-
tional load on the network is then reduced by increasing the probability for customers
to leave nodes in U directly to the external sink; we prescribe

r(nMdz{@j> e

i y y
T (1,7), 1€Uj€J,

r(i,0), i €5,
T (i7 0) (6) = { i (4,0)+ni —pite ;

e the combination of adjusted service rates and new routing probabilities yields the
desired reproduction of flows on S with

W@ (0, 4)(E) = par(isg) Vg€ T,
i (&) (5, 0)(e) = {“< 0) i€5, (5.16)

pir(3,0) +m; — pi + e, i € U;

e in case that nodes break down, the stalling regime according to Definition 2.6 is in
force.

4. (Y, X (¢)), € >0, is ergodic: Consider the network described above by the process
(Y, X~ (¢)), € > 0, with completely reliable nodes, which is just a classical Jackson network
with queue-length process X~ (¢) and traffic equations

0y (€) = A7 (e) + ) min(y; (), 15 (e)r™(j,i)(e) Vi € J

& 0 (e) = A (&) + (n (&) A (e)) Rjj(e).

e For the solution 7; of the traffic equation (1.6) holds Vi € .J

mi=X+ Y i)+ Y pr(hi)

jES Jjeu
+ Z n;r (7, + Z n;r (7,0
JjES jeu
+ Z 773 7
JEJ

thus n = (1; : i € J) solves the traffic equation for the process (Y, X~(0)) (in matrix
notation)

1 (0) = A7(0) + 717 (0) R ;(0).

n (0
For all i € S it holds n; (0) =n; < p; = ( 0) and for all i € U we have n; (0) =
n; = n; + 0 = u; (0). Therefore n = (n; : i € J) also solves the traffic equation (in
matrix notation)

1 (0) = A7(0) + (0 (0) A ™ (0)) R5(0).
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e Now we show that 7, (¢) < s; () holds for all i € J:

n(e)=A+

and furthermore 7;,(0) = p;(0) < py(e) and ng(0) = ng < ps = pg(e) holds
component-wise for € > 0. So n~(¢) < p~ (¢) holds component-wise for all € > 0
where 17 (¢) is determined by

(@) = A (1-R550)

hence X~ (¢) is ergodic. In case of stalling it is trivial that the local stability criterion
n; (€) < py () Vi € J holds in any availability status and, under load-independent
breakdown and repair rates, an ergodic Jackson network remains ergodic, see Ex-
ample 3.3.

e It remains to show that lim._,7; (¢) = ; holds for all i € .J. Since ~(0) = 7, we will
show that lim. o7~ (¢) = n7(0). Recalling that X ~(¢) is ergodic, |n~(e)|1 < |u~(e)|lx
holds for all € > 0, so there is €’ < 0o such that {n~(¢) : 0 < e < &'} is a bounded
set of vectors in R7. Hence there is a convergent subsequence (n™(g;) : I > 0) for
lim;_., &, = 0. Furthermore, it holds component-wise

lim R7(e1) = R;;(0)

l—o0 JJ

and the traffic equations of X~ (g;) are
N (&) = A0 (2)R;5(e) = limp~(e) = lim ()\ 4+ ()R gl))
l—o0 l—00
IKonOL P43] 15y n (g) = lim A + <hm n- )(hm R (& )
l—o0 l—00

& limy~(e) = A+ (llggo 77‘(&)) R7;(0),
which is the traffic equation of X ~(0), so lim; .7 (g;) = 7~ (0) holds for all con-
vergent subsequences (7~ (g;) : [ > 0). Thus lim.,on~(¢) = n~(0) is valid.

5. Stochastic ordering of the processes: The joint construction of the processes
is a standard coupling construction and utilizes ideas of Goodman and Massey [GM84].
The special issue is to handle the breakdown and repair processes. We shall perform a
sequence of successive constructions each for a random time during which the availability
status of the networks stays invariant. Whenever the availability status of the networks
changes we switch to a new, suitably adapted, construction scheme. The construction
ensures that switching the construction mode for all involved processes happens at
exactly the same times.
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From the definition of the processes it will be immediately seen that all the Q-matrices
have bounded diagonals and therefore are uniformizable, i.e., they have a compound
Poisson representation: Let 0 < ¢ < oo be an upper bound of the modulus of the
diagonal entries of all three processes to be compared. Then in a standard coupling the
processes are driven by a Poisson-( process, which determines the common jump times,
and three (different) Markov chain jump matrices, which are coupled and determine the
direction of the jumps.

Our plan is not to use a single Poisson process to determine the common jump times,
but to use Poisson processes of different intensities over random time intervals, and then
similarly different jump matrices.

To start the system we assume that initially all networks are empty and all nodes are up.
Let us assume that at some (random) time 7 a change of the availability status has
happened such that nodes in I are under repair and assume that (w-wise)

(Y, X7 (e))(r) < (Y, X)(7) < (Y, X7)(7)

holds. Now we describe the development of the processes until the next availability change
occurs at some (random) time 7. We run a Poisson process with rate

C) =Y Nty i+ > m—m)+elUl+ > al,IUK)+ > B(II\H),

ieJ ieJ = 0#£KCD\I 0£AHCI

which generates the jump instants for the processes.

At each jump instant we select according to some probability law (to be specified below)
an activity from the following set, which is performed for all the three processes jointly
unless otherwise indicated:

[A;] Add a customer to node i.

[Bi] Delete a customer from node 7 if the queue length at 7 is positive,
otherwise do nothing.

1Ci] Transfer a customer from ¢ to j if the queue length at ¢ is positive,
otherwise do nothing.

[D] Do nothing.

[E(MuK)] 7" occurs, deactivate nodes of the non-void subset K C D\ I, stop
the running Poisson process and start an independent new Poisson-
((I UK) process.

[E(M\H)} 7/ occurs, reactivate nodes of the non-void subset H C I, stop the
running Poisson process and start an independent new Poisson-

¢(I'\ H) process.

The breakdown and repair activities are selected for all processes the same way according
to the following rules:

e With probability a(Z,1 U K)/{(I) select [E(IJuK)};

e with probability 3(1,1\ H)/¢(I) select [Enm]-
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Note, that by these activities a <-order of the processes is maintained.

To perform the selection of queue-length activities only the case that all nodes are in
up status is interesting, because if at least one node is broken down all nodes are stalled
according to Definition 2.6, which means that in any other availability status than I = () no
queue-length activities may be selected with positive probability. That is why we assume
Y (7) = () and recall that the processes have cadlag paths, so the transition intensities are
fixed on [1,7"). Whenever the Poisson process indicates a jump and no availability change
was selected by the randomization procedure, we utilize the intensities to select changes
in the queue lengths:

e For all i € J select with probability );/¢():
[4;] = Add a customer to node i;

e for all i € J with probability p(i,0)/¢(0) select:
[B;] = Delete a customer from node i if the queue length at i is positive, otherwise
do nothing;

o forallie S, je.J,j#i, select with probability ju;r(i,7)/C(0):
[Ci;] = Transfer a customer from ¢ to j if the queue length at ¢ is positive, otherwise
do nothing;

e foralli e U j €S, j+#1i, with probability u;r(i,7)/C(0) select
o for (Y, X*): [A;] = Add a customer at node j if the queue length at ¢ is zero,
o for (Y, X) and (Y, X (¢)): [D] = Do nothing if the queue length at 7 is zero,
o for (Y, X1), (Y, X), and (Y, X (¢)): [Cj;] = Transfer a customer from i to j if the
queue length at ¢ is positive;
(This reflects the infinite supply at the nodes in U in (Y, X™T).)

e for all 7 € U select with probability (n; — u; +¢€)/¢(0):
o for (Y, X (¢)): [B;] = Delete a customer from node i if the queue length at 7 is
positive, otherwise do nothing;
o for (Y, X) and (Y, X*): [D] = Do nothing.
(This reflects the additional departure rates of (Y, X (€)) which compensate the
additional flows generated by making the nodes in U stable, see (5.16).)

e For all i € J select with probability g7 (i, )/ (0):
[D] = Do nothing.

Note, that by these activities a <-order of the processes is maintained.

We conclude that by starting the processes < -ordered with the same I C D this order
will be maintained over time, so the equilibria of the bounding processes will still be
ordered and they bound the limiting distribution of the process (Y, X).

The last step of the proof is demonstrated by the consequences for the limiting probabil-
ities of (Y, X) which can be found in the outline of the proofs numbered as 6th task on
pages 124-126. [
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Remark 5.15. As mentioned before in Chapter 4, the limiting probability (4.64) for un-
stable nodes with infinite supply in Proposition 4.46(iii) follows from the proof of Theorem
5.10: If the global state process of the Jackson network with infinite supply is started with
an initial distribution which has the marginal (4.62) on the subset W of nodes without
infinite supply, then the availability—queue lengths process for each node i € V' (with infi-
nite supply) is a Markov process on its own (see the proof of Proposition 4.46) for which
a similar lower bound process (Y, X ™) may be constructed as in the proof above.

Remark 5.16. With D = (), the proof of Theorem 5.10 serves as a proof for Theorem
1.22. Comparing the proof of Theorem 1.22 given by Goodman and Massey in [GM84]
with this one, our version is shorter, because the Jackson network with infinite supply for
the upper bound is less complicated than Goodman and Massey’s construction of an upper
bound process.

Proof of Theorem 5.11 (Rerouting according to skipping)

1. Construction of the upper bound: We derive (Y, XT) from (Y, X) as follows:
e The breakdown and repair processes are (stochastically) identical;
e the service rates at all nodes are the same as in the original network;

e all nodes in U are supplemented by an infinite supply of work, this leads to Poisso-
nian departure processes from those nodes (see Theorem 4.3 and Theorem 4.38);

e the rerouting regime is selected as skipping, so whenever nodes of I C D break
down, the transition intensities are as in Definition 4.37 with Definition 2.7.

2. (Y, X{) is an ergodic homogeneous Markov process of its own: (Y, X™) is the
Markov state process of a Jackson network with unreliable nodes where the nodes in U
have an infinite supply of work, as in Definition 4.37 with U = V and S = W. (n;" : i € J)
is the unique solution of the traffic equations (4.1)

n=XA D> i)+ i)

jeW JjeEV
=N+ Y nfr(i) + > wr(id), Viel,
jes jeu

so n;- = n; for all i € J. Recalling S = {i : n; < p;}, it follows directly that 5" < j; holds
for all ¢ € S. This local stability criterion holds in any availability status, i.e., 7]1-1 < ut
Vi e S\ I,I C J, because with (5.8) (which yields 5" = pu; Vi € V N D) the solution of
the standard traffic equations remains the same for nodes in up status, as can be seen in
Lemma 4.43.

Since W N U = (), rerouting is according to skipping, and (5.8) yields " = u; Vi €
VN D, Theorem 4.47 applies and provides us with a product form stationary and limiting
distribution for the process (Y, XJ) := (Y, X;" : i € S). From Corollary 4.48 we know that
(Y, X&) is ergodic independent of the behavior of the remaining nodes in the network.
The last step of the argument is that under load-independent breakdown and repair rates,
an ergodic Jackson network remains ergodic, see Fixample 3.3.
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3. Construction of the lower bounds: We derive (Y, X (¢)) from (Y, X) for e > 0
as follows:

e The breakdown and repair processes are (stochastically) identical;
e the external arrival rates at all nodes are identical to those in the original network;

e the service rates at nodes in .S are the same as in the original network, the service
rates at nodes in J \ S are increased from p; to

- i i €8,
py (€) = .
i + g 1 € U7

which guarantees that all nodes in the network are stable now, as will be shown in
the next step (4.) of the proof;

e this generates additional customer flows (at least) out of the nodes in U; this addi-
tional load on the network is then reduced by increasing the probability for customers
to leave nodes in U directly to the external sink; we prescribe

Lo G, icS,jeld
" (Z’])(E)_{ r(i,j), i€U,jel,

77+8

. T(Zv 0)7 IS S’
T (7/> 0) (5) = { pir(4,0)+ni—pite ;

e the combination of adjusted service rates and new routing probabilities yields the
desired reproduction of flows on S with

pi (i, 4)(e) = ur(i,j) Vijed,

i (€ (6,0)(e) = {“L( 0) tes, (5.17)

pir(i,0) +m; — i +¢, i€ U;

e the rerouting regime is selected as skipping, so whenever nodes in I C D break
down, the parameters are constructed in the standard way according to Definition
2.7 (so 71~ (¢) exists and is unique):

(7(i.3) + Dper (i k)" (k, ) (e), ieS\IjeJ\I,
r (1, 9)(€) = Q742 (76, 5) + Xger (@ k)t (ki g)(e)), i€ UNLjeJ\],
L0, else,
(7(6,0) + X per (6, k)r = (K, 0)(e), i€ S\,
b7 (i,0)(e) = § rtbbnmte g s SR e (i, k)t (R, 0)(), i€ U\,
0, i€,
(ﬂh [AS S\[7
pr(e)=Qqmi+e, i€U\I,
0, i€l

\
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and the transition intensities of the network process (Y, X~ (¢)) are

A () = {Ai + Y wer et (ki) (e), e J\I,

0, i€,
u{’i(é)TIﬁ(i,j)(E) — {lgj (T(Z,j) + ZkeIT@v k>70 ’_<k7j)(€>) ) Z?lieje J \ [7
i (r(2,0) + > v (i, k)r(k,0)(e)) ieS\I,
pi ()" (6,0)() = Qi (r(0.0) + ey (i, K)r = (k,0)(0) + i — pi e, i € UN L
0, i€l

4. (Y, X (g)), € >0, is ergodic: Consider the network described above by the process
(Y, X (¢)), € > 0, with completely reliable nodes, which is just a classical Jacksonian
network with queue-length process X ~(¢) and traffic equations

n; () = Ai (e) + Zmin(n] (&), 15 ()~ (j.i)(e) Vi€ J

& 0 (e) = A (&) + (n (&) A (e))Rjy(e).

e For the solution 7; of the traffic equation (1.6) holds Vi € .J

mi= N+ (i) + Y ur(hi)

jES Jjeu
+ Z n;r (7, + Z nir (7,0
JES jeu
+ Z 77] 7
JEJ

thus n = (n; : 7 € J) solves the traffic equation for the process (Y, X~(0)) (in matrix

notation)
n=(0) = A7(0) +n~ (0)R;5(0).
For all i € S it holds n; (0) = n; < p; = ( 0) and for all i € U we have n; (0) =
n; = n; + 0 = u; (0). Therefore n = (n; : i € J) also solves the traffic equation (in

matrix notation)

1 (0) = A7(0) + (0 (0) A = (0)) R 35(0).
e Now we show that 7, (¢) < j; () holds for all i € J:

n(e)=A+(n (e
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and furthermore 7;,(0) = p;(0) < py(e) and ng(0) = ng < ps = pg(e) holds
component-wise for ¢ > 0. So n~(¢) < p~ (¢) holds component-wise for all € > 0
where 17 (¢) is determined by

@)= (1-R5E)

hence X~ (¢) is ergodic. The local stability criterion holds in any availability status,
ie.,n " (e) < pul(e)Vie J\I,I C D, see Lemma 2.13, and under load-independent
breakdown and repair rates, an ergodic Jackson network remains ergodic, see Ex-
ample 3.3.

e It remains to show that lim._,7; (¢) = 5, holds for all i € J. Since 5~ (0) = 7, we will
show that lim. o7~ (¢) = n~(0). Recalling that X ~(¢) is ergodic, |n~ ()1 < |u~ (€)1
holds for all € > 0, so there is &’ < 0o such that {n~(g) : 0 < e < ¢’} is a bounded
set of vectors in R”. Hence there is a convergent subsequence (n~(g;) : [ > 0) with
lim;_,, &, = 0. Then it holds component-wise

lim R5 (1) = B3, (0)
and the traffic equations of X~ (g;) are
0 (&) = A+ (&) Ry (e) = limn” (=) = Jim (A4 07 (e) R, (e0) )
[K6n01, p.43] ;. _ T . _ . _
< }g}}oﬁ (&) = lllgo At <lli>rilon (q))(lli}rgo ij(gl))
& limy~(e) = A+ (llggo 77’(&)) R7;(0),

which is the traffic equation of X~ (0), so lim;_,.. 7~ (g;) = n~(0) holds for all con-
vergent subsequences (n~(g;) : { > 0). Thus lim.,on~ (¢) = n~(0) is valid.

The following lemma will be used in the following task of showing the stochastic ordering
of the three processes.

Lemma 5.17. Consider the framework of the proof of Theorem 5.11.
(i) If nodes in I # O are broken down and INU =0 (i.e., I CS), then the vectors

(r'(k,5) ke I,je{0yUuJ\I), (" (k,j): kel je{o}u\I),
and (r"=(k,j)(e) ke I,j e {0y UJ\I)

are component-wise equal.
(i) If for the set I of broken down nodes holds I NU # 0, only the vectors

(ri(k,j) : keI, je{0yUuJ\I) and (r'"*(k,j) kel je{0}uJ\I)
are equal. For all k € I holds:

rl(k,5) Vi€ J\1,e >0, (5.18)
r!(k,0) Ve > 0. (5.19)

<
~
|
—~
™
.
~— ~—
—~
™
~—

In case € = 0 the parameters are equal.
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The proof of this lemma is rather technical and not essential for the further understanding
of the proof. For readability one may skip the proof of Lemma 5.17 and proceed to task
5.

Proof of Lemma 5.17. (i) If INU = @ (I C S) then the vectors (r'(k,j) : k € I,j €
[OYUJIND), (15 (k) ke 1,5 € {0y UJ\T), and (r=(k, j)(e) < k € 1,5 € {0} UT\ 1)
are the unique solution of the equations

(k) = r(k,g) + > r(k,Or'*(1,5), kel je\I, (5.20)
lel

P (k,0) = r(k,0) + > r(k,)r'*(1,0), kel (5.21)
lel

where r1* is a representative for 7/, r©" and 71~ (¢), for all ¢ > 0, so the vectors are
component-wise equal.

(it) I INU # 0, only (r!(k,j) : k € I,j € {0YUJ\I) and (r!*(k,j) : k € I,j € {0}UJ\I)
are the unique solutions of (5.20) and (5.21), so they are equal. In contrast, the vector
(r'=(k,j)(e) : k € I,j € {0} U J\ I) is the unique solution of the equations, where we
utilize (5.8) which is n;, = p; Vi€ UN D,

Dok, ) () = vk, ) + > r(k, e (Lj)(e), ke INS,je J\1, (5.22)
r (k, j)(e) = ( (k. ) +Z (6, D' (1L)(e)), kEINU,jE NI, (523)
1 (k,0)(e) = r(k,0) + Y _r(k,)r"=(1,0)(e), k€ INS, (5.24)
I— O
r (k,O)(s)—ukig(MkJrrkO +IGZI P Dr=(1L0)(E)), ke INT, (5.25)

for all £ > 0. In matrix notation we have:

(5.20) = R} ;=R j;+ RuRj 5, (5.26)
(5.21) = R oy = Rs oy + RisR] (3, (5.27)
(5.22) & Ry ;,(6) = Ry jyy + Rins 1), (€)

= Ryng ju + Bins 1ns Ry g 5,(6) + Rins v Ry 5,(6), (5.28)
(5.23) & Rj, () = C() (RmU A+ Ricw IR;;\[(g)), (5.29)
(5.24) & Ri%g 0y(6) = Rins (0 + Rins 1R} ()

= Rins {0y + Rins nsRig 0y(8) + Rins mu Ry p(6), (5:30)

(5.25) & Rﬁﬁ_U {o}( e) =C(e) (d(E)T + Rinv {0y + Rinv IR?EO}(ED , (5.31)

where C(e) := (657 - i,j € INU) and d(e) := (5 : @ € INU). And more detailed it
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holds:
(526) = RﬁﬁS J\I - les j\[ + R]ms ]R§ j\[’
I I
Riu N = Ry g+ Riov 11 J\I’
(5.27) = RIQS {0}y = = Rins {0} + Rins [R% {0}
Riny 1 = Binv {0} + Rinw 1R {0}

Transforming and multiplying with the existing and positive inverse (I— Rins rns) " (see
Lemma 1.2) yields

(5.28) & R o (6) = (1~ Rins 1ns) ™ (Rms 7z + Rins muR' j\I(€)> . (5.36)
(530) & Riy )& = (1= Rins 1) (Rins 0y + Bins o Ry (@) (5.37)
( 2) ~ Ré—mS ]\I (I - RIﬂS IﬂS)_l (les j\[ + RIQS IOUR;’WU j\1> 5 (538)
(5.34) & Ring 0y = (I = Rins 1ns) ™" (Rins (03 + Rins 1ruRiny (0)) - (5.39)

Plugging these solutions into (5.29), (5.31), (5.33) and (5.35) implies:

(5.36) in (5.29) = RﬁmU J\I(E) =C(e) (RmU ar+ Binv IOUR?m—U f\]<€)+

+ Rirv 1ns(I— Rins 1ns) ™" [Rms 7+ Rins 1n0 Ry 7 1(5)] >,
(5.40)
(5.37) in (5.31) = R}, (&) =C(e) <d(e€)T + Rinw oy + Rirv inv Ry 0y (E)+

+ Rirv 1ns(I = Rins 1ns) ™" [Rms ) + Rins o RY, (0} (5)] >,
(5.41)
(5.38) in (5.33) = Ry, 5, = Brw s + Biow v Ry o+
+ Rirw 1ns(T— Rins 1ns) " <Rms i+ Rins v Ry, j\1>, (5.42)
(5.39) in (5.35) = Riy 10y = Riow 0 + Rirwr 100 Ry 1oy +
+ Rinv 1ns(I = Rins 1ns) ™" <Rms (0} + Rins invRiqy {0})- (5.43)
Transforming these equations yields
(5.40) < (I — C(e)[Rinv 10 + Rinv 1ns(I — Rins 1ns) *Rins ImU]) R%_U j\l(€) =
=C(e) (RmU s+ Ricv s = Rins 1ns) ™ Ring j\I) (5.44)
(5.41) & (I — C(g)[Rinv v + Rirw 1ns(I — Rins 10s) " Rins 1w RIm_U () =
=C(e) (d(E)T + Rinv 0y + Rinv 1ns(I — Rins ins) ' Rins {o}) , (5.45)
(5.42) & (I—[Rirv 1r0 + Rino 1ns(X— Rins mns) ' Rins mul) Rl AT
= Riny s+ Biov ns(T— Rins ins) Ry Ve (5.46)

(5.43) & (I—[Rirv 10 + Ricw 1ns(X — Rins 1ns)” Rins 100]) Rinw ) =
= Rirw (0} + Rinv 1ns(T— Rins 1ns) ' Rins fo3- (5.47)
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After multiplying from the left with C'(¢)~! on both sides of equation (5.44) and comparing
this with (5.46) yields

C(e)™ (I= C(&)[Rirw 1nv + Ricw 1ns(X— Runs 1ns) ™ Rins 1n0]) By e =
= (I — [Rirnw 100 + Rinw 1ns(X — Rins 1ns)” ' Rins mUD RfﬁU Ly,
& (I-CE[Rirv 1w + Ricw 1ns(T = Ring 1ns) " Rins mw]) By, ule) =
= (0(5)1 — C()[Rinw 100 + Rirv 1ns(I — Rins 1ns) ' Rins mU]) R%U Y,

- _ pl
< By J\I(g) =Ryt
_ -1
+ \(I — C(e)[Rirw 1nv + Rirw 1ns(X— Rins 1ns) ™ Rins 1nv)) J\(C(é?)l - 1) R, ., e
) <0
>0
thus RQ:U j\l(s) < R%U N, holds component-wise for all € > 0 and therefore (5.18) is

valid for all k € I.
Analogously, it follows by comparison of (5.45) and (5.47):
(I-C©)|Rinw 1rv + Rirv 1ns(X = Rins 1ns) ' Rins mv)) Ri5y oy (€) = Cle)d(e)" =
=C(e) (I — [Rinv 1nv + Rirw 10s(I = Rins 1ms) ™ Rins mU]) Rﬁmy {0}
=
(I—-C©)|Rinv 1nv + Rinv 1ns(I = Rins 1ns) ' Rins 1nv]) R’ (&) =
= (C(e)I = C(e)[Rrrw 1w + Rirw 1ns(I = Rins 1n8) ' Rins 1n0]) Riqu oy T Cle)d(e)"
54
R?ﬁ_U (€)= Riny oyt
+ (I—C(e)[Rinw v + Rinw ins(T = Rins mns) ™ Rins mU])_1 (C(e)I=T)Riy ot

+ (I — C(&)[Rinw 1nv + Rinv 1ns(I — Rins 1ns) ' Rins IﬂU])il C’(ﬁ)d(@T
-~

R%_U (0} () = Riny oy T (I — C(&)[Rirv 10 + Rinv 1ns(I = Rins 1ns)” ' Rins IﬂU])il :

(®)
>0

(C)(Riny o +d(e)") = Rinw 10));

hence for all k € I holds (5.19) for € > 0 because C(e)(R], oy T d(e)") — R, oy >0
as can be seen component-wise for all 2 € I N U:

ai (r(i,()) + 3) —r(i,0) =

i+ € Fi

1L; + g(ﬂir(L 0) +e—- ,uir(iv O) - €T(i, 0))

1 .
= te e (1—=r(i,0)) >0.
~—— 20

>0

>0

[t remains to show (#): More precisely, we have to show that the inverse

(I — C(e)[Rirv 1rnv + Rinw 1ns(I— Rins ms)flRmS IﬂU])_l
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exists and is entry-wise non-negative for every ¢ > 0. Recall that C;;(e) € (0,1) for all
e >0 and all entries 4, j € INU and lim._,, C(¢) =
We will therefore show that

5 ._ -1
Rinv 1nv = Rinv v + Rirv 1ns(I — Rins 1ns)” Rins 1nu

is a substochastic routing matrix because then C(s)RmU v a fortiori is a strict
substochastic matrix, so its spectral radius is less than one (see [Bre99, p.198]). It follows
directly that the Neumann series ZZC;O(C(@)RIQU o)k with (C(e)RmU o)’ =1
converges component-wise to (I — C(e)R;ny 1nv) " (see [Heu06, Satz 12.4 and p.127]).

Ry 1nu has the structure of a routing matrix according to skipping, if exactly the nodes
in I NS are broken down, see Definition 2.7, and the sub-matrix on INU x I NU is
considered. Since it is a routing matrix, R;ny o can be either stochastic or substochastic.

Suppose that RmU 1nu is stochastic. Then each row of the matrix sums to 1, i.e
> jermu T(4,j) = 1 holds for all i € I N U. This implies that 7(i,j) = 0 for alli € INU

and all j € {0} UJ\ I, so INU is a closed set whenever nodes in I N S are broken down
and rerouting is according to skipping. But I N U being a closed set is a contradiction to

the new routing matrix R (after rerouting if nodes in I N S are broken down) being ir-
reducible on {O}UJ\ (INS), see [Sau06, Remark 1.2.18]. Thus Rinu 1w is substochastic.

Since RmU 1nv 1s a matrix of routing probabilities, all entries are non- negative, hence
C(e )RmU nv s also entry-wise non-negative for every e > 0, s0 Y ;- (C(e )RmU nu)F >
0 holds which implies that the inverse

(I — C(e)[Rinv 1w + Rinw ins(T = Rins 1ns) " Rins mU])_1

is entry-wise non-negative, too. O

5. Stochastic ordering of the processes: The joint construction of the processes
is a standard coupling construction and utilizes ideas of Goodman and Massey [GM84].
Again, the special issue is to handle the breakdown and repair processes. We shall
perform a sequence of successive constructions each for a random time during which the
availability status of the networks stays invariant. Whenever the availability status of
the networks changes we switch to a new, suitably adapted, construction scheme. The
construction ensures that switching the construction mode for all processes happens at
exactly the same times.

From the construction of the processes it will be immediately seen that all the Q-matrices
have bounded diagonals and therefore are uniformizable, i.e., they have a compound
Poisson representation: Tet 0 < ( < oo be an upper bound of the modulus of the
diagonal entries of all three processes to be compared. Then in a standard coupling the
processes are driven by a Poisson-( process, which determines the common jump times,
and three (different) Markov chain jump matrices, which are coupled and determine the
direction of the jumps.
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Our plan is not to use a single Poisson process to determine the common jump times,
but to use Poisson processes of different intensities over random time intervals, and then
similarly different jump matrices.

To start the system we assume that initially all networks are empty and all nodes are up.
Let us assume that at some (random) time 7 a change of the availability status has
happened such that nodes in I are under repair and assume that (w-wise)

(Y, X7 (e))(r) < (Y, X)(7) < (¥, X7)(7)

holds. Now we describe the development of the processes until the next availability change
occurs at some (random) time 7/. We run a Poisson process with rate

=Y N+ Y it > (=) +elUNT+

ieJ ieJ\I JeUNI

+ > al,LIUK)+ > B(II\H)

0#KCD\I 0AHCT

which generates the jump instants for the processes. At each jump instant we select
according to some probability law (to be specified below) an activity from the following
set, which is performed for all the three processes jointly unless otherwise indicated:

[A;] Add a customer to node i.

[B;] Delete a customer from node 7 if the queue length at ¢ is positive,
otherwise do nothing.

Cij] Transfer a customer from ¢ to j if the queue length at 7 is positive,
otherwise do nothing.

[D] Do nothing.

[E(I,IuK)] 7" occurs, deactivate nodes of the non-void subset K C D\ I, stop
the running Poisson process and start an independent new Poisson-
((I U K) process.

[E(M\H)} 7/ occurs, reactivate nodes of the non-void subset H C I, stop the
running Poisson process and start an independent new Poisson-

C(I'\ H) process.

The breakdown and repair activities are selected for all processes the same way according
to the following rules:

e With probability (I, U K)/{(I) select [E(IJuK)};
e with probability 3(1,1\ H)/((I) select [E( . m]-

Note, that by these activities a <-order of the processes is maintained.

To perform the selection of queue-length activities under the skipping regime the transition
intensities after rerouting are utilized. Whenever nodes in I # () are down, transition
intensities for (Y, X) are as in Definition 2.7, for the bounding processes as defined above
in the construction. These intensities are fixed on [7, 7).

Whenever the Poisson process indicates a jump and no availability change was selected
by the randomization procedure, we utilize the intensities to select changes in the queue
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lengths:
If nodes in I C D are broken down and I NU = (), Lemma 5.17(i) applies:

e For all i € J\ I select with probability (\; + >wer Mert(k, 1)) /C(D):
[A;] = Add a customer to node i;

o for all i € J\ I with probability p;(r(i,0) + >, (4, k)r!(k,0))/¢(1):
[B;] = Delete a customer from node i if the queue length at i is positive, otherwise
do nothing;

o foralli € J\I,j € J\I,j # i, with probability p;(r(i, j)+> e, 7(i, k)r' (k, 5))/¢(1):
[Ci;] = Transfer a customer from ¢ to j if the queue length at 7 is positive, otherwise
do nothing;

o foralli € U,j € J\ I, select with probability j;(r(i, 7) + > e, 7(i, K)rl (k, 5))/¢(D),
if the queue length at 7 is zero:
o for (Y, X*): [4;] = Add a customer to node j,
o for (Y, X) and (Y, X (¢)): [D] = Do nothing;
(This reflects the infinite supply at nodes in U in (Y, X1).)

e for all i € U with probability (n; — u; + €)/C(I) select
o for (Y, X (¢)): [B;] = Delete a customer from node i if the queue length at 7 is
positive, otherwise do nothing;
o for (Y, X) and (Y, X™): [D] = Do nothing.
(This reflects the additional departure rates of (Y, X (€)) which compensate the
additional flows generated by making the nodes in U stable, see (5.17).)

e For all i € J\ I select with probability s (r(i,7) + Sower T ket (k, 1)) /C(D):
[D] = Do nothing.

If nodes in I C D are broken down and I N U # 0, for (Y, X) and (Y, X™) all proba-
bilities for the selection of activities are as above, whereas the rerouting probabilities for
(Y, X~ (¢)) are now not the same as for the other processes, if ¢ > 0, because Lemma
5.17(ii) applies:

e For all i € J\ I select with probability (\; + > ,c; Mer'™ (k,4))/¢(1):
[4;] = Add a customer to node i;

o for all i € J\ I select with probability ", _,; \e(r! (ki) — r'=(k,1)(e))/¢(I):
o for (Y, X) and (Y, X1): [4;] = Add a customer to node i;
o for (Y, X (¢)): [D] = Do nothing.
(Note that ' (k, i) — 1~ (k,i)(g) > 0 holds for allk € I, i € J\I, € > 0, see Lemma
5.17(ii).)

e For all i € J\ I with probability j;(r(i,0) + "o, 7(i, k)r! (k,0))/¢(1):
[B;] = Delete a customer from node i if the queue length at i is positive, otherwise
do nothing;

e forall i € J\ I with probability p > wer (6 k) (rh (K, 0)(e) — r! (K, 0))/¢(D):
o for (Y, X (¢)): [B;] = Delete a customer from node i if the queue length at i is
positive, otherwise do nothing;



142 5 Jackson networks with breakdowns: The non-ergodic case

o for (Y, X) and (Y, X™): [D] = Do nothing.
(Note that r'~(k,0)(e)—71(k,0) > 0 holds for allk € I, ¢ > 0, see Lemma 5.17(ii).)

o Forallie J\1,j e J\I,j# i, with probability
(10, 5) + Yeer 10, K (K, 1)) /C(1):
[C;;] = Transfer a customer from ¢ to j if the queue length at i is positive, otherwise
do nothing;

o forallie J\I,je J\I,j+#i,select with probability
i e () ) — 1 (K, §)(2)) /€T
o for (Y, X) and (Y, XT): [C};] = Transfer a customer from i to j if the queue length
at ¢ is positive, otherwise do nothing;
o for (Y, X~ (¢)): [D] = Do nothing.
(Note that r'(k,j) — r'=(k,j)(e) > 0 holds for all k € I, j € J\ I, ¢ > 0, see
Lemma 5.17(ii). This implies that the probability for a transition inside the network
including immediate feedback at up nodes is smaller for (Y, X ™) than for (Y, X) and
(Y, X1 (or equal):

.. . 1,— . 1 .o . T . 1
pi (i) + >l (k.3)(6)) 775 < 1 (r(i.d) + > by 59

holds for all i,j € J\ I (for i # j as well as for i =j).)

e Forallie U,je J\I,select with probability p;(r (i, 7) + 3w (@, k)l (k, 5)) /¢ (T),
if the queue length at ¢ is zero:
o for (Y, XT): [A;] = Add a customer to node j;
o for (Y, X) and (Y, X~ (¢)): [D] = Do nothing.
(This reflects the infinite supply at nodes in U in (Y, XT1).)

e For all 4 € U with probability (n; — p; +¢€)/C(I) select
o for (Y, X (¢)): [B;] = Delete a customer from node i if the queue length at 7 is
positive, otherwise do nothing;
o for (Y, X) and (Y, X*): [D] = Do nothing.
(This reflects the additional departure rates of (Y, X (€)) which compensate the
additional flows generated by making the nodes in U stable, see (5.17).)

Note, that by these activities a <-order of the processes is maintained.

We conclude that by starting the processes < -ordered with the same I C D this order
will be maintained over time, so the equilibria of the bounding processes will still be
ordered and they bound the limiting distribution of the process (Y, X).

The last step of the proof is the conclusion of the limiting probabilities of (Y, X') which
can be found in the outline of the proofs numbered as 6th task on pages 124-126. O

Proof of Theorem 5.12 (Rerouting according to blocking rs-rd)
1. Construction of the upper bound: We derive (Y, X*) from (Y, X) as follows:

e The breakdown and repair processes are (stochastically) identical;
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e the service rates at all nodes are the same as in the original network;

e all nodes in U are supplemented by an infinite supply of work, this leads to Poisso-
nian departure processes from those nodes (see Theorem 4.3 and Theorem 4.38);

e the rerouting regime is selected as blocking rs-rd, so whenever nodes of I C D break
down, the transition intensities are as in Definition 4.37 with Definition 2.8.

2. (Y,X{) is an ergodic homogeneous Markov process of its own: (Y, XT)
represents a Jackson network with unreliable nodes where the nodes in U have an infinite
supply of work, as in Definition 4.37 with U =V and S = W. (5 :i € J) is the unique
solution of the traffic equations (4.1)

n= XA > nfrGd) + > i)

jew jev
=\ + an’r(j, i) + Zuj'r(j,z’), Vi € J,
jes jeu

so n;- = n; for all i € J. Recalling S = {i : n; < p;}, it follows directly that 5 < j; holds
for all 7 € S. This local stability criterion holds in any availability status, because with
(5.3), (5.4) and (5.5) the solution of the standard traffic equations remains the same for
nodes in up status, as can be seen in Lemma 4.40.

Since W NU = (), rerouting is according to blocking rs-rd and the reversibility contraints
(5.3), (5.4) and (5.5) hold, Theorem 4.47 applies and provides us with a product form
limiting distribution for the process (Y, X3d) := (Y, X" : i € S). From Corollary 4.48
we know that (Y, XJ) is ergodic independent of the behavior of the remaining nodes in
the network. And again, the last step of the argument is that under load-independent
breakdown and repair rates, an ergodic Jackson network remains ergodic, see Example
3.3.

3. Construction of the lower bounds: We derive (Y, X (¢)) from (Y, X) for e > 0
as follows:

e The breakdown and repair processes are (stochastically) identical;
e the external arrival rates at all nodes are identical to those in the original network;

e the service rates at nodes in .S are the same as in the original network, the service
rates at nodes in U are increased from p; to n; + ¢:

_ L, 1€ S,
py (€)= )
ni+e, 1€U,

which guarantees that all nodes in the network are stable now, as will be shown in
the next step (4.) of the proof;
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e this generates additional customer flows (at least) out of the nodes in U; this addi-
tional load on the network is then reduced by increasing the probability for customers
to leave nodes in U directly to the external sink; we prescribe

- (.5)) r(i, j), i€S,jel,
r(i,7)(e) = . o . .=
Lor@,g), ieUjel,
o r(i,0), i€ S,
r (Z7O)(€) = { iT’(’L' 0)+ i —Ui+E .
AL R mfs Lte e U,

e the combination of adjusted service rates and new routing probabilities yields the
desired reproduction of flows on S with

pi (@i, g)(e) = ar(i,j) Vijed,

_ . iTi,O, iGS,
i (€ (6, 0)(e) = 170 €5, (515
Mir(l70)+ni_ﬂi+€7 (S Ua

e the rerouting regime is selected as blocking rs-rd, so whenever nodes in I C D break
down and because blocking rs-rd is in force, the parameters are

r(i, ), i€ {0}US\I,jeJ\I,i#j,
r(i,0) + D pes (0, k), ie{0}US\I,i=j,
r7 (0, 5)(e) = § (i, ), ieUNIjeJ\I,i#j
e (r(i,0) + e (k) i€ UNTi=j,
L0, else,
(r(i,0), ieS\I,
rl7(i,0)(e) = § wribte - e U\ T,
L0, iel,
(11, ieS\I,
pi(e) = mite, i€UN\I
0, iel,

\

and the transition intensities of (Y, X~ (g)) for changes in the queue lengths are

Ny i€ J\I,
M<@:{ e

0, 1€l
(i (i, ) LjE€JNLi#]
@@ 5) () = i (r(i, ) + gy (@ K)) GG €T\Li=j
L0, else,
(117(i,0), ieS\I,
ul (@) (0,0)() = § par(i,0) 4o — e, i€ UL,
0, else.

\
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4. (Y, X (g)), € >0, is ergodic: Consider the network described above by the process
(Y, X (¢)), € > 0, with completely reliable nodes, which is just a classical Jacksonian
network with queue-length process X~ (¢) and traffic equations

ny (€)= A7 (e) + Y _min(; (e), 115 ()™ (j, i) (e) Vi€ J
jeJ

& 0 (€)= A" () +(n () Ap(e)) R;(e).

e For the solution 7; of the traffic equation (1.6) holds Vi € .J

mi= X+ > (i) + Y pr(hi)

jES Jjeu
+ Z n;r (7, + Z nir(J,0
JES jeu
+ Z 773 7
JEJ

thus n = (1; : i € J) solves the traffic equation for the process (Y, X~(0)) (in matrix

notation)

n(0) = A7(0) + 1 (0)R7;(0).
For all i € S it holds ; (0) = n; < p; = ( 0) and for all i € U we have n; (0) =
n; = n; +0 = p; (0). Therefore n = (n; : i € J) also solves the traffic equation (in

matrix notation)

1 (0) = A7(0) + (07 (0) A (0)) B3 5(0).
e Now we show that 7, (¢) < s () holds for all i € J:

n(e)=A+(n (e

and furthermore 7;,(0) = p;(0) < py(e) and ng(0) = ng < ps = pg(e) holds
component-wise for ¢ > 0. So 7 (¢) < p~ (¢) holds component-wise for all ¢ > 0
where 1~ (¢) is determined by

@) =2 (1-R5)

hence X~ (¢) is ergodic. With (5.3), (5.4) and (5.5), which yields the reversibility
constraint

ni ()~ (,4)(e) =5 ()~ (G4)(e) Wi,j €,
the local stability criterion holds in any availability status, i.e., /" () < pl” ()

Vi € j\I, I C D, see Lemma 2.11. Furthermore under load-independent breakdown
and repair rates, an ergodic Jackson network remains ergodic, see Example 3.3.
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e Tt remains to show that lim._,o7; () = 7; holds for all i € .J. Since 5~ (0) = 7, we will
show that lim. o1~ () = n~(0). Recalling that X~ (¢) is ergodic, [n~ ()1 < |1~ (e)|1
holds for all € > 0, so there is €’ < oo such that {n~(¢) : 0 < e < &'} is a bounded
set of vectors in R”. Hence there is a convergent subsequence (n~(g;) : | > 0) with
lim; ., &, = 0. Then it holds component-wise

lim R (1) = R5;(0)

oo JJ

and the traffic equations of X~ (g;) are

0(e) = A+ ()R () = Jimn(e) = lim (A+07 (=) R (e0)

[K&n01

ta hmn (e1) = hm A+ <hmn £1) )(hm R 5(a1) >

@>ggfk0=k+(ggn(m>35®,

which is the traffic equation of X~ (0), so lim;_,., 7~ (g;) = n~(0) holds for all con-
vergent subsequences (n~(g;) : { > 0). Thus lim._,on~ (¢) = n~(0) is valid.

5. Stochastic ordering of the processes: The joint construction of the processes
is a standard coupling construction and utilizes ideas of Goodman and Massey [GM84].
Again, the special issue is to handle the breakdown and repair processes. We shall
perform a sequence of successive constructions each for a random time during which the
availability status of the networks stays invariant. Whenever the availability status of
the networks changes we switch to a new, suitably adapted, construction scheme. The
construction ensures that switching the construction mode for all processes happens at
exactly the same times.

From the definition of the processes it is immediately seen that all the Q-matrices have
bounded diagonals and therefore are uniformizable, i.e., they have a compound Poisson
representation: Let 0 < ( < oo be an upper bound of the modulus of the diagonal entries
of all three processes to be compared. Then in a standard coupling the processes are driven
by a Poisson-( process, which determines the common jump times, and three (different)
Markov chain jump matrices, which are coupled and determine the direction of the jumps.

Our plan is not to use a single Poisson process to determine the common jump times,
but to use Poisson processes of different intensities over random time intervals, and then
similarly different jump matrices.

To start the system we assume that initially all networks are empty and all nodes are up.

Let us assume that at some (random) time 7 a change of the availability status has
happened such that nodes in I are under repair and assume that

(Y, X7 (e)(r) < (Y, X)(7) < (Y, XT)(7)

holds. Now we describe the development of the processes until the next availability change
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occurs at some (random) time 7/. We run a Poisson process with rate

= N+ Y it > (=) +elUN I+

icJ ieJ\I JeUNI

+ > al,LIUK)+ > B(II\H)

P£KCD\I PALHCI

which generates the jump instants for the processes.

At each jump instant we select according to some probability law (to be specified below)
an activity from the following set, which is performed for all the three processes jointly
unless otherwise indicated:

[A;] Add a customer to node i.

[Bi] Delete a customer from node 7 if the queue length at 7 is positive,
otherwise do nothing.

[Cij] Transfer a customer from ¢ to j if the queue length at 7 is positive,
otherwise do nothing.

(D] Do nothing.

[E(MU[()] 7" occurs, deactivate nodes of the non-void subset K C D\ I, stop
the running Poisson process and start an independent new Poisson-
((I UK) process.

[E(M\H)} 7' occurs, reactivate nodes of the non-void subset H C I, stop the
running Poisson process and start an independent new Poisson-
((I\ H) process.

The breakdown and repair activities are selected for all processes the same way according
to the following rules:

e With probability a(Z,1 U K)/¢(I) select [E(rur);
e with probability B(I,1\ H)/¢(I) select [Eq nm)]-

Note, that by these activities a <-order of the processes is maintained.

To perform the selection of queue-length activities under the blocking rs-rd regime the
transition intensities after rerouting are utilized. These intensities are fixed on [7, 7).
Whenever the Poisson process indicates a jump and no availability change was selected
by the randomization procedure, we utilize the intensities to select changes in the queue
lengths:

e For all i € J\ I with probability \;/¢(I):
[A;] = Add a customer to node i;

e for all i € J\ I with probability pr(i,0)/¢(I):
[B;] = Delete a customer from node i if the queue length at i is positive, otherwise
do nothing;

o forallie J\I,je J\I,j#1i,select with probability ju;7(i, 7)/¢(I):
[C;;] = Transfer a customer from ¢ to j if the queue length at i is positive, otherwise
do nothing;
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o forallic U\1,j € J\I,select with probability ;7! (i, 7)/¢(I) if the queue length
at 7 is zero:
o for (Y, X™*): [A4;] = Add a customer at node j,
o for (Y, X), and (Y, X~ (¢)): [D] = Do nothing;
(This reflects the infinite supply at the nodes in U in (Y, XT).)

e for all i € U\ I with probability (n; — p; +¢€)/C(I) select
o for (Y, X (¢)): [B;] = Delete a customer from node i if the queue length at 7 is
positive, otherwise do nothing;
o for (Y, X) and (Y, X™): [D] = Do nothing.
(This reflects the additional departure rates of (Y, X (€)) which compensate the
additional flows generated by making the nodes in U stable, see (5.48).)

e For all i € J\ I select with probability p;(r(i,i) + 3., 7(i, k))/¢(1):
[D] = Do nothing.

Note, that by these activities a <-order of the processes is maintained.

We conclude that by starting the processes < -ordered with the same I C D this order
will be maintained over time, so the equilibria of the bounding processes will still be
ordered and they bound the limiting distribution of the process (Y, X).

The last step of the proof is the conclusion of the limiting probabilities of (Y, X) which
can be found in the outline of the proofs numbered as 6th task on pages 124-126. O

5.4 Computation of availability and performance mea-
sures

Computing availability and performance measures of systems with non-stationary
processes is often an extremely difficult task. Usually steady-state availability and
performance measures are computed to assess the quality of service in such complex
systems. This is not possible for networks with unstable nodes, because no steady
state exists for the globally unstable system. Our results suggest to apply instead of
steady-state analysis a limiting analysis - at least for those parts of the network process
which stabilize over time towards a limiting distribution. [MDO09, pp.1259-1260|
Theorem 5.10, Theorem 5.11 and Theorem 5.12 provide us with the required limiting
marginal distributions for the queue lengths of the stable subnetwork S and for availabil-
ities in a non-ergodic unreliable Jackson network.

Recall that under the conditions of Theorems 5.10-5.12 the availability process Y is an
ergodic Markov process of its own, which has a unique limiting and stationary distribution.
[t is easy to see that the availability component Y of (Y, X') must converge to this steady-
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state distribution, which is

a(l):=lm P(Y(t)=1)= Y lim P(Y(t) = I; {X; = n, i € 5})

t—o00
(ni:i€S)€ENIS

AR\ A
B (Z B(K)) B(I)’ reb,

KCD

where D C J is the set of unreliable nodes. Consequently, we can even start the network
process (Y, X) with the availability component Y in its steady state, and we can then
consider the availability process as a stable environment process for the globally unstable
network process.

In this situation, we can compute steady-state point-availability to find at time ¢ exactly
the nodes in the set K functioning. Exactly the nodes in D\ K are down in steady-state
with probability

AN\ AD\K)
PR = (ZD B(I)) B(D\K)

so this is the required probability for exactly the nodes in K being up at any time ¢, see
[MDO09].

Remark 5.18. It is remarkable that, although the global network process is not ergodic,
we can compute the stationary point-availability to find exactly the nodes in K functioning
at some time t the same way as in the ergodic case, see Proposition 2.18. Example 2.19
applies here as well.

Computing a stationary throughput is not possible, if there is no stationary distribu-
tion. The following definition and theorem propose a possible approach to compute the
throughput of at least the stable subnetwork of a globally non-ergodic Jackson network
with unreliable nodes.

Definition 5.19. Consider a Jackson network where nodes in D are unreliable. Let
S :={i:n; < p;} denote the set of stable nodes and the breakdown and repair intensities
be load-independent as in Fxample 2.2.

The time-dependent throughput at time t for the stable subnetwork is

THs(t) = >, P(Y(t) = I;{X(t) =ni:i€S}) > I, (na)ufr' (4,0).
(I;ni:i€S)EP(D)xNIS| JES\I
Letting t — oo yields the limiting throughput lim,_,. THg(t) of the stable subnetwork.

Theorem 5.20. Consider a Jackson network where nodes in D are unreliable. Let n =
(M1, ..., 5) be the unique solution of the general traffic equations (1.6). Let S :={i:n; <
Wi} denote the set of stable nodes, nodes in U := J \ S are unstable. Letl the breakdown
and repair intensities be load-independent as in Fxample 2.2.

(i) In case of stalling, the limiting throughput equals

lim THg(t) = 7(0) (Z A=Y o r(5,0) = (- uy))-

jeJ Jjeu Jjeu
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(11) If skipping is in force and (5.8) holds, the limiting throughput is

lim THs(1) = 3 w(D)(A 3 r'0.) = > wr' G0+ Y (=),

ICD jeNI JEUNT JjEU\D

(ii1) If rerouting is according to blocking rs-rd and if (5.3), (5.4), and (5.5) hold, the

limiting throughput is
i T = () Y,

ICD jeS\I
Proof. (i): With Theorem 5.10, we have
t—»00
1 : : ,
NE) 3 lim P(Y(t) = L;{X(t) =n;:i€S}) > In.(ny)  pir'(j,0)
(I'm;:i€S)eP(D)xNISI JeS\I Def. 2.6

=""pr(5,0) 119y (1)

> <z o)) o L0 5) () e oomrtio

(Imi:iGS)e{(Z)}xN\SI KCD oY

(S s s (-2 () v

. KCD jES (n; ZeS)eN\SI €S
—n(0) -1
. 1.2
= (Z)\ = ur(5,0) = > (n; —Mj))-

]GJ jeUu jeUu

Here ‘2 follows from the fact that the convergence in (5.11) is weak convergence and that
the throughput functions

(anES\ 21N+nz aO)

JES\I

are bounded.

(ii)-(iii): With Theorem 5.11 and 5.12, resp., we have

lim THS(t) =

t—o0

(12) . .

12 > lim P(Y(t) = {X(t) =n; :i € 5}) > I, (ny)udr' (5,0)
(I';n;:i€S)eP(D)xNISI JES\I

T S (-2) () 5 e

(I;n;:ieS)eP(D )XN|S\ KCD i jesu

S e T 2) (2) e

ICD KCD ¢

-~ . 7

=n(I) =1
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Here again ) follows from the fact that the convergence in (5.11) is weak convergence
and that the throughput functions

(n;:1€S\1I) '—>21N+nz r(5,0)

jeS\I

are bounded.

In case of skipping, it holds:

Som= > NADY D )+ > D ' (i)

jeJ\I je\I jeJ\I1€S\I jeJ\I €U\
S IL(ED ST ED SEED SPRD Bl SITE(e)
JeS\I ieJ\I JEUNI jeJ\I jeJ\Ii€U\I
—1(3,0)
g Z Ujrl(ﬂ 0) = A Z TI(Omj) - Z Mjrl(ju 0) + Z (:uj _77]) ;
JES\I JENI JEUNI JEUNI

(5.8)
=2, EU\D(/”‘J ;)

thus (ii) follows.

In case of blocking rs-rd, for all j € J \ I, I € D, holds r(4,0) = r(4,0) and for all
j €S\ I holds:

773‘ - /\5 + Z UzTI(ZJ) + ZMZTI(Zuj)

ieS\I iU
Def. 2.8
A+Zmu +> myr(j,i +me
zES\I iel zEU
(i) (1)
= Aj + (1 =7(5,0)),
hence (iii) is valid. O

Remark 5.21. It is noteworthy that, in the situation of load-independent breakdown
and repair rates, the limiting throughput of the stable subnet of the non-ergodic Jackson
network with unreliable nodes is under the blocking rs-rd regime the same as the steady-

state throughput of an ergodic Jackson network with unreliable nodes, see Proposition
2.21.

To compare the limiting throughput according to the three rerouting regimes, we require
the same constraints for all considered rerouting regimes:

Corollary 5.22. Consider a Jackson network with unreliable nodes. Let n = (01, ...,17)
be the unique solution of the general traffic equations (1.6). Let S := {i : n; < p;} denote
the set of stable nodes, nodes in U := J \ S are unstable. Let the breakdown and repair
intensities be load-independent as in Example 2.2. Let the reversibility contraints (5.3),
(5.4), and (5.5) hold, and let n; = p; hold for all i € U.

Then the limiting throughput limy_,., THg(t) of the stable subnetwork is
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(i) In case of stalling:

lim THg(t) = =(0) (ZA > w5r(3,0).

jeJ Jjeu

(ii) in case of skipping:

lim TH(t) = > (1) ()\ > orl05) = > uﬂ”l(j,o)),

1cD je JEUNT

(11i) in case of blocking rs-rd:

hm THs(t) Z Z Aj.

ICD jeS\I

Example 5.23. The problem of estimating time averages of rewards or costs, determined
by a non-decreasing cost function
g: NS SR,

associated with the development of the queue lengths in the stable subnetwork over time
horizon [0,T],

ar) = / g(Xi(t).i € S dt,

15 more complicated because we have no ergodicity, in fact not even the Markov property
for (X;(t) :i€S):t>0). So we cannot apply the ergodic theorem for Markov processes
to solve the problem. Because of the lack of stationarity, Birkhoff’s ergodic theorem (e.q.,
[Bre92, Th. 6.21]) is neither applicable.
The solution to the problem follows from the path-wise construction in the proof of Theo-
rem 5.10, Theorem 5.11 or Theorem 5.12, see Section 5.5.2.
We consider g as a function
g:P(D) x N¥I & R,

Then for T — oo from the ergodic theorem for Markov processes follows for the upper
bound Markov process (Y, X ™)

1

7 /Tg(Y(t),Xf(t) e S)dt — (5.49)

B i (B ) T2 G)

(I,n;i€S)eP(D)xNISI 1€S

Similarly we conclude that for T — oo for the lower bound Markov processes (Y, X~ (¢))
holds (for all e > 0)

%/OTQ(Y(t),Xi_(a)(t):ieS) dt — (5.50)

- > g(Lm:ieS).%(Z%>

(I,n;:€S)€P(D)xNIS|

=0, Z g(I,ni:iES)-% Ié%)

(I,n;:i€S)eP(D)xNIS|
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We note that (5.49) and (5.50) hold almost surely for all paths of the upper bound process
and lower bound processes. From the coupling construction in the proof of Theorem 5.10,

Theorem 5.11 or Theorem 5.12, resp., and the non-decreasing property of g we see that
almost surely holds

—/ tt):ieS)dt
>—/ ), X;(t):i€S) dt

So we have for almost all paths of (Y, X) for large T
—/ Xi(t):ie€S) dt ~ (5.51)
| Al AK)\ N\ ™
~ S g(],ni:zeS)-% (KEC:D%) H(l—n_) <77_> . (5.52)

(In;:ieS)eP(D)xNIS| ics Hi/ \Hi

This means that even in the case of the non-stationary process (Y (t), X;(t) : i € S) :
t > 0) on the state space P(D) x NI¥|, which is not a Markov process, we can estimate
the path-wise evaluated time average d(T) in (5.51) by the state-space average (5.52)

(the phase-space average) for almost all paths. This is the meaning of classical ergodic
theorems, see, e.g., [Bre92, pp.113-115].
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Chapter 6

Non-ergodic Jackson networks:
Analysis of the local stabilization

6.1 Introduction

The analysis in this chapter is motivated by a comparison of the long-time behavior of
ergodic and non-ergodic Jackson networks presented in Chapter 1.

From Theorem 1.22 on non-ergodic Jackson networks, the asymptotic joint distribution
(1.11) for the subset S of stable nodes is

freo jes Hj Hj

whereas from Jackson’s theorem (Theorem 1.10) on ergodic Jackson networks we have
the asymptotic joint distribution (1.5) for the set J (of stable nodes only!)

J n
tli)riloP(Xj(t) =nj:jeJ)= ]1_[1 (1 - Z—Z) <Z—JJ> :
There are several similarities of those asymptotic distributions:
e Both asymptotic joint distributions are of product form;
e all marginals are geometric distributions with parameter 1 — Z—j,

e the only information needed to calculate the distributions is the traffic intensity
n;/ 1, at each stable node j.

These obvious similarities motivated us to analyze possible further similarities which
might be in behind this first observation.

Indeed, one may only speak of similarities of the asymptotics presented above, because
N4, ] € J, is determined differently in those two cases:

In Jackson’s theorem all nodes are stable, thus (n; : j € j) is the unique solution of the
(classical) traffic equations (1.1). Whereas in the situation of Theorem 1.22, if at least

155



156 6 Non-ergodic Jackson networks: Analysis of the local stabilization

one node is unstable, (n; : j € J ) is the unique solution of the general traffic equations
(1.6).

The main difference between the two results is that - contrary to the non-ergodic case
- the asymptotic distribution (1.5) for ergodic networks is a stationary distribution
as well. This information features that if the process is started with the asymptotic
distribution as initial distribution it remains invariant over time (see Definition and
Remark 1.4).

The intuitive question arising is whether, starting a non-ergodic network process (S C J )
with an initial distribution which has the marginal (1.11), this marginal stays invariant
over time as in the ergodic case. Being more specific, are there conditions on how the
initial distribution must look like in order to obtain such an invariance of the stable
marginals?

We start our investigation with non-ergodic Jackson networks with only two nodes where
one of the nodes is stable and the other one is unstable in the sense of Definition 1.17.

Throughout this chapter we will refer to the following two-nodes system for readability
and give the according results for networks of an arbitrary number of nodes if these are
at hand. As in Chapter 1, Section 1.4, we will consider a uniformization of the network
process.

Definition 6.1 (The two-node model with uniformized queue length process). Consider
a Jackson network with two nodes where node 1 is stable and node 2 1s unstable in the
sense of Definition 1.17. Denote by n = (n1,m2) the unique solution of the general traffic
equations (1.6) which in this case reduce to

m = )\1 + 7]17“(1, 1) + ,11,27“(2, 1), (61)

N2 = )\2 + 7717"(1, 2) + ,LLQT(Q, 2) (62)
Denote by X = (X(t) = (X1(t), Xa(t)) : t > 0) the queue length process of the network on
the state space N? and denote by

P(Xl(o)’X2(0)) = P(X(O) = (n17n2> . (nl,ng) € NQ)

the initial distribution.
Consider the uniformization of the queue length process: Since all entries in the main
diagonal of the QQ-matriz are bounded, X is uniformizable. With

2
§2> Z(Az + 1)
i—1

as the uniformization constant, a Poisson-clock with intensity & generates the jump times
of the uniformized process. The jump kernel of the uniformization is then given by

p“:I+%~Q.

As the continuous-time process, the uniformized process has cadlag paths.

As mentioned in Section 1.4.2, the advantage of the uniformization is that an analysis of
the continuous-time process X is possible with discrete time techniques.
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6.2 One-step invariance of the marginal distribution

We? start the non-ergodic network process of the two-node model with an initial distri-
bution such that the following holds:

e the unstable node 2 is busy (not idle) at time 0,

e the marginal probability for the stable node 1 is according to (1.11) for all n; € N

P(X,(0) = ny) = lim P(X,(t) = ny) = <1 - ﬂ) <ﬂ)n . (6.3)

t—o00 /~'L1 ,[,Ll

The aim is to clarify whether the marginal distribution (6.3) can remain invariant over
time. Unfortunately enough, it turned out that this is in general (seemingly) not possible.
[MD11, p.103]

In course of the computations yielding this negative result we came across the following
observation: As long as we can guarantee that the unstable node 2 is not idle at the
beginning of the observation period, the desired invariance at the stable node 1 is main-
tained even right after the first jump. The astonishing fact is that this is independent of
the form of the initial distribution as long as the two requirements above are valid. This
leads to the following proposition. [MD11, p.103]

Proposition 6.2. [MD11, Proposition 7| Consider the two-node model of Definition 6.1.
Assume that the initial distribution fulfills the following conditions:
e the marginal for the stable part is the limiting probability (1.11) of Theorem 1.22, i.e.,

H1 H1

P(X,(0) =) = <1 - ﬂ) (ﬂ>n , meN, (6.4)

e the marginal for the unstable part is busy with probability 1, but carries no further
restriction, 1.e.,

P(X5(0) = 0) = 0. (6.5)

Denote by ty the (random) time of the first jump of the uniformized process X. Then for

all ny € N holds
T T "
P(Xi(ti))=ny)=(1— — — . 6.6
(i) 2 ( Ml) (#1> (6:6)

Proof. Denote by p* the jump kernel of the uniformization with Poisson-¢ clock, where
&> Z?Zl(/\,- + 113), and compute directly for all (ny,ny) € N

5Since parts of this section are published in our paper [MD11] (pp.103-104), its introduction and some of
the comments cite the paper which is shortly marked at the end of the concerning paragraphs.
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P(X(t1) = (nm1,n2)) =
— Z P(X(0) = (my,ma)) - p“(my, ma;ny, n2)

(m1,m2)eEN2
= PX(O) = (1~ L) 3 L m) + PUX(0) = (maymz = 1) 32+ L (na)
+ POX(O) = (01 Lona)) - 78 4 POX(0) = (g 1) 22720
£ PXO) = (my + Lmg — 1)) P02y
+ P(X(0) = (n1 — L,ny + 1)) - ,u27‘(£27 2 Ly, (n)+
+ P(X(0) = (m.m)) - ¢

(€= M = do — (1 — (1, D), () — a1l = 7(2,2)) 1, (n2))
Summing over all ny, € N yields
P(Xi(t) =m) =Y _ P(X(t) = (n1,np)) =
no €N

= 3 PX(O0) = (m — Lma)) - 5 - Ty )+ 3 PX(O) = (mym)) -

no €N no €N
£ 3 PO = o+ 1) D ST P (0) = () - 222D
+ 37 P(X(0) = (m1 + 1,m0)) ‘“r(;’z)Jr

no €N
+ 37 P(X(0) = (m1 — 1,m5)) W(;’ D 1, o)+
+ 37 PX(0) = (m,m2))

1

' (€=M = A — (1 =7(1, 1)1y, (n1) — p2(1 = 7(2,2)) In, (n2)).
(65,
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)\1 4+ [1,27“(2, ]_)

- %P(X(o) = (n1 —1,ns)) - : Ay, () +
+ ZX:NP(X(O) — (4 Ly - 12U _g(l’ D),
+ %P(X(O) = (n1,n2)) - % A(E =M = (1= (1, 1)) 1n, (n1) — par(2,1))
6 ml —£(1 D) 1, MZENP (n1 — 1,n2))+
(1= r(l, 1) ZP — (ny + 1,m9))+
naeN
—{—E~(5—)\1—u1(1—r(1,1))1N+(n1 — 1127(2,1)) Y | P(X(0) = (n1,m2)).

no €N

Filling in (6.4) yields

P(X\(t) = ny) = MU _£<1’ D) 1 () - (1 - ;7711) (%)nl +

(6= — (1 — (L, 1>>1N+<m>—u27“<2’”>'(“ﬂ) (n_)

% . H1 M1
<1 - —) (E) g (e m = L) )

= Qa2 )+ (= (L) () + (1= r(1,1)))

(6:%1(1— (1,1))

BE"

In proving the proposition we observe that the product form structure at the stable node
1 holds also at the time when the unstable node becomes idle for the first time after
starting the process. Since we assume cadlag paths this property is also true at the time
right after the jump of X into the state (ny,0), and until just before the next jump at
time o, say. [MD11, p.104]

]

Even more, Proposition 6.2 implies that if we know of at least K > 0 customers waiting
at the unstable node 2 at the beginning (¢ = 0), then for K — 1 jumps we can guarantee
that the assumption (6.5) still holds. Therefore after XK' — 1 jumps the result of the
proposition applies and for at least K jumps the product form for the stable node 1 is
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maintained. If at time t = 0 a number of K customers are present at node 2, it follows
from the non-idling property of the service discipline that these customers are served
after an Erlang distributed time with K phases and shape parameter pp. [MD11, p.104]

The following proposition is a generalization of Proposition 6.2: Even in Jackson networks
with J nodes which may be unreliable, the marginal distribution for the stable subnetwork
reproduces after one step as long as all unstable nodes are almost surely not empty at the
beginning.

Proposition 6.3. Consider a Jackson network with J nodes. Denote by n = (m,...,my)
the unique solution of the general traffic equations

=N+ > min(ng, p)ri,  i,§ € J. (6.7)
jeJ

Nodes of the subset S := {i : m; < u;} are stable and nodes of the subset U := J \ S are
unstable.
Assume that all nodes are unreliable (D = J). Breakdowns and repairs of the nodes are
controlled by load-independent breakdown and repair intensities as in Frample 2.2. In
case of breakdowns, customers are rerouted according to the stalling regime, the skipping
regime or the blocking rs-rd regime. If skipping is in force, we assume

In case of the blocking rs-rd regime assume that the following reversibility constraints hold:
nir(i,j) = pr(4,1) Vie S,jeU, (6.10)
wir(i, j) = pr(y,2) Vi, jeU. (6.11)

Denote by (Y, X) the Markovian availability-queue lengths process on the state space
P(J) x N’ and assume that the initial distribution

pYOX0-Xs0) .= P((Y, X)(0) = (I,n1,...,ng) s (I,n1,...,ny) € P(J) x N7)
ulfills the following conditions:
f g

P(Y(0)=1,X,(0)=n;:i€S)= (Z ggg) 28 H (1 _ 77_) (77_)” (6.12)

KCJ

for alln; e N, I C J, and
P(X;(0)=0)=0 VjeU. (6.13)

Consider the umformization of (Y, X) with Poisson-clock with intensity

5>Z>‘+“l+z Y al,LIUK)+Y > B(UI\K),

IcJ @#KCJ\I ICJ0#KCI

and denote by t, the (random) time of the first jump of the uniformized process X. Then
for all n; € N and all I C J holds

P(Y(t)) =1,Xi(t)) =n;:i€8) ( Bg ) 1A8 I1 (1 — ﬂ) <T7_>n (6.14)

i€s Hi Hi
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Proof. Consider the process uniformized with uniformization constant &, i.e., jumps of the
process are controlled with a Poisson-§ clock. Denote by p* :=1+ %Q the jump kernel,
i.e., the entries of the kernel are the probabilities of a jump. We consider the rerouting
according to skipping and blocking rs-rd together, the case of stalling is a simplification

of the following proof by setting I = ().
For all I C J holds:

PY(t) =1,X(t1) = (nl, ...,nJ)) =

= ) > P(0)=HX(0) = (m,..,my)) - p"

(m1,....m)ENT HCJ

= S PY(0) = HX(0) = (n1,.cny)) - p"(H, s o

HCJ H#I

(H,mq,...myzI,ny,...,ny)

ny; Ia”l? "'anJ)+

+ P(Y(O) = ]7X(0) = (n17 "'7”])) 'pu(]anla "'7nJ;Ian17 ...,TLJ)+

+ Z P(Y(0)=1,X(0) = (n1,...n; — 1,...,ny))
jeJ\I

p“(Ln,..on; — 1, ng Long, g, . nyg) - Iy, (nj)+

+ Y PY(0)=1,X(0) = (ny,....n; +1,....,ny))-
jeJ\I
p“(I,ny,..onj+ 1, ngl,ng, . ng, ... ng)+
+ > > PY(0)=I1,X(0) = (ny,....ni + 1,
i€ J\I jeJ\I,j#i

U .
p“(Iyng,.oni+ 1, n; — 1, ong Ling, n, ..

n; — 1, ...,TLJ))'

My g) - Ing ()

=Y " P(Y(0) = H X(0) = (n,..,ns) - @+
+ P<Y(0>=K,X<o>:<nl,...,n(,>>.Wz”+
ICKCJ
+P(Y(0)=1,X(0) = (n1,...,n)) - %
(e X S e S a0 Y m)
ieJ\I i€J\I ICKCJ HCI
57 PY(0) = 1, X(0) = (1, omy — 1,0 ) - % e ()4
FIBAV
+ Y PY(0) = 1, X(0) = (ny,.ymy + 1 ))‘,ujl.r[gj;())_‘_
jeJ\I

T Z Z PY(0)=1,X(0) = (n1,....,n; + 1,...,m;

i€ J\I jeJ\I,j#i

)

Summing over all (n : k € U) € NIY! yields
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PY(t)=1,Xi(t;)=n;:1€85)=
— PY(t))=1,X(t;) = (n1,....,ny)) =

(n:keU)eNIUI

- ™ POY(0) = H,X(0) = (1, ) - D
(ng:k€U)eNIUl HCI 3
(ng:keU)eNIVI [cKCJ 3

T Z P(Y(0) =1,X(0) = (n,...,ny)):

(ng:k€U)ENIUI
2 (6= 2= X =) L ()
ieJ\I ie\I
= Y Al K) = Y AU H))+
ICKCJ HCI

+ Y D) PY(0)=1,X(0) = (ng,.ony — 1, .ny)) - =2 Ly, (ny)+

(ni:k€U)ENIVI je \T

+ Z Z P(Y(O):I,X(O):(nl,,n]—l—l,,nj))—

(ni:k€U)eNIVI je J\1
+ > > Y PY(0)=LX(0) = (i, cni+ 1Ly — 1, my)-
(ng:k€U)eNIVI e J\T jeJ\I,j#i

LLE R
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= Y Y P0)= H.X0) = () - 2
(ng:keU)eNIVI HCI
B(K, )

+

D > PY(0) =K, X(0) = (n,...,ny)) -

(n:keU)eNIUl [cKC.J

> PY(0)=1,X(0) = (n, ...

(ng:keU)eNIUI

+

1
;1)) - €

(6= N =Y WG ) = > all,K) = Y (L H))+

i€ J\I i€ J\I ICKCJ HcI
M
Y X PYO)=LX0) = (g = 1mg)) - ()
JES\I (ny:keU)eNIUl
M
2 > PO =LXO) = (mnyny) 2
JEUNI (ny:keU)eNIUI
Lrl(4,0
£ PO = LX) = (11, 1)) - f ),
JES\I (ny:keU)eNIUI
157" (5,0)
+ > Y PY(0)=1,X(0) = (n1, ... nj, img)) - : A, (n))+
JEUNI (ny:kelU)eNIUl
+> ) > PY(0)=1,X(0) = (1, .oni+ 1,y — 1, my))-

i€S\I j€S\I,j#i (ny:kelU)eNIUl

I I . .
:uir (Zaj)
= I, ()

§
AP IDIEEDY
1€S\I JEUNI (ny:keU)eNIUI

pir'(ig)

3
+Y Y Y Py()=I1X

(0) = (nl, N .,nj 1,. ,TLJ))
i€UNI jES\I (ny:keU)eNIUI
I I . .
w;r (Zaj>
T Iy () - 1wy (ms)
+ Z Z Z P(Y(O):I7X(O>_(nl7 , N, 7nj7 ,TLJ))‘

i€UNI jEU\I, j#i (ny,:kelU)eNIU|
pir' (i, 5)
§

) 1N+ (nl)
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S PY(t)=1,Xi(ty) =n;:i€85) =
= 2 P(Y(O)ZH,X(O):(7~L1,...,n‘,))A()EJr

HCI (n:keU)eNIUl

-~

=2 (Y (0)=1,X(0)=(n1,..n.1)) 5L,

Z(nk kev)enlUl P

+ > > PY(0)=K,X(0) = (ni,....,ny))

ICKC.J (ny:keU)eNIUI

(6.12)
= Z(nk revyenlv| P (0)=L.X(0)=(n1....,n5)) F 75

+ > PY(0)=1,X(0) = (ny,....ny)) -

(ng:keU)eNIUI

(6= N = =) ) = DD b (6,9) - 1, (00)

i€S\I i€eS\I i€eUN\I jeS\I o1m
=1
= Y el K) = > B0 H))+
ICKCJ HCI
1
+> > PY(0)=1,X(0) = (nl,...,nj—1,...,nj))-g
JES\I (ny:keU)eNIUI
(6.12) e B B j
25 wpnernyenttl P O=LX(©0)=(n1,n)) 41
(M X ) I () I )+
; —
1€eU\I (6;3)1
1
+> > PY(0)=1,X(0) = (nl,...,nj+1,...,m)>z.

JES\I (ny:keU)eNIVI

(6.12) ;
=8 keyentv] PO O=LXO)=(n1,mm)) 3

1} (71G.0) + DT TG+
i€U\T

+Y > Y PY(0)=1,X(0) = (ni,.oni+ 1, omy — 1, .my) -

1€S\I je€S\I,j#i (ng:keU)eNIV!

(6. 12) n g
=% ke entvl PO O=LX(0)=(n1,...n)) 45 2

LT R
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54
P(Y(t) =1, Xi(th) =n;:i€5) =
= 2 P(Y(U)ZI,X(O):(nl,.._,nJ))%.

(ng:keU)eNIUI

Je= TN = 3 =) b ) = 33wl

i€S\I i€S\I i€U\I jeS\I

— Y aLK)=) BILH) +> BLH+ Y al K+

ICKCJ HCI HcCI ICKCJ

1 n; . .

F N Yl G) )+ 3 B (G0 + 3 G )+

jES\I M i€UNI jeS\I Hi i€eUNI

ni g i (3, 5)

+ Z Z — ¢ 1N+(n3)}

1€S\I jeS\I,j#i Hi 1l

ng:k€U)eNIU|
D IR ST Ea (R) IRENCO R S STl )
€S\ €S\ 1€UN\I jeS\I
1271 .. n ..
+Z#W+ZM%meJZ)%( 0+ > o))+
jes\i MV i€UNI jeS\I Hj i€UNI
(2 7 Z
+ Z Z 77 MJM é& ]) 11\@(”3)}
i€S\I jeS\I,ji Hi 1;

In case of skipping and blocking rs-rd u! = pi holds for all ¢ € J \ I and with Lemma 5.2
and Lemma 5.5 we have n! =, for all i € J\ I. This yields
1
= > PY(0)=1,X(0)=(n,..,ny))- 3

(ng:keU)eNIUI

.[5_2)\{—2/4(1—7’[(@'2 Iy (ng) — Z Z,u

ieS\T ieS\T i€U\I jeS\I
K .
+ Z J</\I+Z,u >'1N+(nj)+ an(l—Zr%y,z))—f—
jesw ! €U\ jeS\I ieS\T

J/

©7) g -
= =iesna it (i)
Lkl

FY Y AU )

1€S\I jeS\I,j#i
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PY(t) =1 Xi(t)=ni:i€8)=

_ POY(0) = I, X(0) = (ny, ....ny)) - ~
(ng:k€U)eNIV f

.[g_Z)\iI—Zuf(l—rl(iz Iy, (ng) — Z Z,u

ieS\I ieS\I ieU\I jeS\I
" .
I UIEICRIEEDS n{rfu,y))-lwm
JeS\I i€S\Ii#j
pi it (i, 5)
I CED LD R DD D= i, ()]
jES\I i€eS\I i€eS\I jeS\I, J;Az

= Y POY(0) = 1,X(0) = (n,esm)) - 1

(ng:k€U)eNIV f

.[5—2)\{—2#{(1—7“[(@'2 g () = Y Y !

ieS\I ieS\I i€UNI jeS\T
+ Y L Inj (L =7"(j,4) - In. (ny) + an(l— Zrl(j,i))}
jesv ' jeS\I ieS\I

= ). PO =1X(0)= (1, i) - -
(n:keU)eNIVI &
fer o= (DM 2 3w+ 3 3 air' )]

jeS\I ieS\I i€UNI jeS\I FES\IieS\I

-~

(6.7)
- Z2165\1 771

— Z P(Y(0)=1,X(0) = (ny,...,ny)).

(ng:keU)eNIUI

In case of stalling, setting I = () in the beginning of the proof yields the same result. For
I # () we have:

PY(t) =1,X(t1) = (n1,...,ny5)) =

- Z P(Y(O) = H7X<O) = (nl, -..,TLJ)) . Oé(f_g[’ [)_|_
+ Y P(0) = K. X(0) = (n1,.,m) Wg%
+ P(Y(0) = I, X(0) = (n1, ., ns)) %.(5_ S ot - Y A1),
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Summing over all (n; : k € U) € NIVl yields

=3 Y PY(O) = H X(0) = (m..ni)) Wéf’ n,
HCI (ny,:keU)eNIUI
B(K, 1)

+ > ) PY(0)=K,X(0) = (n,...,ny)) -

ICKCJ (ny:keU)eNIUl

LS PY(O) = 1L,X(0) = (my.n)) % (e= X a.m) - Y o m)

(ng:k€U)eNIUI ICKCJ HCI

(612) ~ (1) X0 =i e gy, AH) BU)
= HXC:] ; .P(Y(0)=1,X:(0) =n; :i € 9) A0 B+

BK, T _ e sy AE) BU)
+§ PY(0) = 1,X(0) =i i € 8) - G gt
+ P(Y(0) = I,X,(0) =n; :i € 5) % (6= X atr.&)= > p0.m)

1 A(K) B(I)

= P(Y(0) =1, X(0) =mi i €5) ¢ (¢- ICKZQW - HXC:IW+

A(I) A(H) B() B(K) A(K) B(I)

£ AU A(I) BUH) 4= B(I) A() B(K))

= P(Y(0) =1, X,(0) =n; : i € S).
O

The statement of Proposition 6.2 and its proof strongly relies on observing the uni-
formized process until just after the unstable node is empty the first time. The same
holds for Proposition 6.3 where there can be more than one unstable node. In case
of an ergodic network process, idling of nodes occurs as recurrent events and does
not disturb the equilibrium state of the system. In the setting of Theorem 1.22 this
seems to be different. Our preliminary explanation is that, in the framework of our
two-node model, in the general traffic equations (6.1) and (6.2) node 2 functions as a
Poisson-1i5 source, similar to the Poisson-\; sources, as long as it is not idle. [MD11, p.104]

This intuitive explanation by Poisson-sources coming from other nodes strongly reminds
of Jackson networks with infinite supply defined previously in Chapter 4. The following
proposition shows that with Poisson departure streams from unstable nodes the stable
marginals are indeed reproduced for all jump times.

Proposition 6.4. Consider a Jackson network with J nodes where nodes in 'V C J have
an infinite supply of work as in Definition 4.1. Nodes in W := J \ V' operate without
infinite supply. Denote by n = (m1,...,ns) the unique solution of the traffic equations
(4.5). S:={ie J:n; <} is the set of stable nodes, nodes in U := J\ S are unstable.
We assume that all unstable nodes have an infinite supply of work, i.e., U CV C J. In
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this situation the traffic equations (4.5) reduce to

mi= i+ Y mr(i )+ Y ur(i), i€l (6.15)

JjeEwW Jjev

Denote by (X (t) = (X1(t),..., X;(t)) : t > 0) the queue length process of the network and
assume that the initial distribution

PE1 X O) . — P(X(0) = (ny,...,n5) : (n4,...,ny) € N’)

fulfills the following marginal product form property for the stable part without infinite
supply:

PX,(0)=n;:iew) =] (1 - @) (”—)n n; € N. (6.16)

iew M M

Consider the uniformization of X with Poisson-clock with intensity
J
E2) (Ni+m),
i=1

and denote by t,, the (random) time of the nth jump of the uniformized process X. Then
for all n; € N holds for alln € N

P(Xi(t)=ni:ie W) =[] (1 - @) (”-)n (6.17)

iew i i

Before proving Proposition 6.4, it should be pointed out that the resulting reproduction
of the marginal distribution on the stable part of the network is exactly what we tried
to achieve for non-ergodic Jackson networks without infinite supply. In contrary to non-
ergodic Jackson networks without infinite supply, here the reproduction for more than one
step holds without any further side constraints to be fulfilled. Indeed, the reproduction of
the marginal product form property (for the uniformized process) implies that stationarity
can be achieved at least on the stable part of the globally non-ergodic network process,
see Theorem 4.26.

Proof of Proposition 6.4. The proof consists of showing the reproduction of the marginal
after one jump (the first jump time will be denoted by ¢;), i.e., (6.17) with ¢, = ¢;. Since
the marginal distribution (6.16) is the only assumption on the initial distribution to hold,
the reproduction of this marginal distribution after one time step is sufficient for iterated
reproduction in the same manner, hence a reproduction after n jumps for any ¢, will be
proved.

Consider the process uniformized with uniformization constant £ > Zijzl()\i + ;) ie.,
jumps of the process are controlled by a Poisson-¢ clock. Denote by p* := I + %Q the
jump kernel, i.e., the entries of the kernel are the probabilities of a jump, and denote by
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t; the time of the first jump. Recall that we assume that X has cadlag paths.

P(X(t;) = (n1,...,ny)) = Z P(X(0) = (mq,....my)) - p“(my,....myp;ny,...,ny)

= P(X(0) = (n1,....,ny)) - p" (N1, .cc,ng;ny, ooyng)+
+ ZP(X(O) = (n1,..,n; —1,...,ny)) - p“(n1,..,n; — 1, ...,ngna, ., ng, g ) - In, (n)

jeJ

+ ZP(X(O) =(n1,...,n;+1,..,ny) - p“(n1,...,n; + 1, ...,np5n, ., nj, oy ny)
jeJ

+Z Z P(X(O)_(nla 7n1+17 , 1y 17 7”]))
ieJ jed,j#i

p(na,en + 1 0n — 1L ngng, N, 1y, ) - Iy ().
Plugging in the probabilities of the jump kernel yields

P(X(tl) = (nl, ...,nJ)) =
= PX(O) = () - (£ = S0 0= 30 3 i)+

icJ ieJ JEV
= wir(i,0) Ty () = 30T par(is ), () )+
ieJ ieJ jeJ\{i}
+ Z P(X(O) = (nh sy Mg — L, ...,TLJ)) : % : </\J + Zﬂir(i7j)1{0}(ni)> : 1N+(nj)+
jeW eV
+3 P(X(0) = (n4,...on; — 1, ny))
jev
(X el () Gy = 1)) - )+
i€V\{j}
+ 3 P(X(0) = (01, oy + 1,y 1g)) - w+
jeJ

+3° 3 P(X(0) = (s oy + Ly oy — 1y ng)) - W(;’j) x, (n)).

ieJ jeJ\{i}

Summing over all (ng : k € V) € NV yields
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P(Xi(t1)=n;:ieW)=
_ Z P(X(t1) = (ng,...,ny)) =

(ng:keV)eNIVI

_ P(X(0) = (n1,...,ny))-

% < =D A=) (G i)y (ng)

ieJ ieJ JEV
- Zuir(i, 0) - In, (n;) — Z Z Mir<i7j)1N+(ni)>+
ieJ ieJ jeJ\{i}

+ Z ZP nl,...,nj—l,...,nJ))'

(ng:keV)eNIVI jeW
1 o
Co </\j + E MiT(ZJ)l{O}(nz‘)) -1, (ny)+

¢ v

+ Z ZP nl,...,nj—l,---an))'

(ng:keV)eNIV] JEV

M+ D2 arlid) Loy (n) + e (G D)oy (s = 1)) - e, () +
eV}

E

) 1,...,n3+ ,...,TLJ)) —5 +
eJ
2

(ng:keV)ENIVI
3T Z','
Z =(ny,...,n;+1,..,n;,—1,..,ny)) - par(i, ) -1y, (nj)

+Z~~

(ni:keV)ENIVI e je\{
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& P(Xi(t) =ni:i e W) =
_ Z P(X(0) = (ny,....,ny))-

(nk:kEV)ENW'

1
' ( = A=) () (ny)
ie ieJ JEV
_Z,uz Z O 1N+ nz Z Z i Z j 1N+ nl))
icJ ieJ jeJ\{i}

+ Z ZP nl,...,nj—l,...,nj))'

(ng:keV)eNIVI jeW
1
- = ()\j + Zui'f’z’jl{o}(ni)) ) 1N+<”j)

§ iev
i Z ZP = (N1, ey Ny ooy g))-

(ny:k€V)ENIVI jEV

- % ' (Aj + Y (i g) - 1{0}(”z‘)>

eV

(7,0
+ Z ZP nl;-'anj+17~"anJ))'M

(ny:k€V)ENIVI jJEW

+ Z ZP nl, .,nj,...,nj))‘M'lNJr(nj)

(ng:keV)eNIVI jeV
- Z Z Z =(ny,...,n;+1,...,n;—1,...,ny)):
(ng:keV)eNIVIiEW jeW\{i}

. MZT(é_Z’j) . 1N+(n])

+ Z ZZP(X<O):(nl,---,ni+1,...,nj,.,,,nj)).W

(np:keV)eNIVIieW jeV

+ Z Z ZP nh ey Mgy eeey Thj — 17""”‘])).

(ng:keV)eNIVI i€V jeW

Nz(])
§

+ Y Y P(X(O):(nl,...,ni,...,nj,...,nj))-uﬁ(g’j)-1N+(ni)

(np:keV)eNIVI i€V jeV\{i}

Any () - Iy (n4)




172 6 Non-ergodic Jackson networks: Analysis of the local stabilization

& P(Xi(t)) =n;:i e W) =
_ Z P(X(0) = (nq,...,ny))-

(nk:kGV)ENW'

( =Y N =)D (G ) oy ()

= ieJ J€V

_Zﬂ’z ZO 1N+ nz Z Z Wi ZleJr nl))

ieJ i€ jeJ\{i}

+> > PX(0) = (ng,.my — 1, my))-

JEW (ny:keV)eNIVI

% (Aj + Zuir(i,j)l{o}(m)) 1y (ny)
eV
+ ) P(X(0) = (ng,....ny Z(A + > prlisg) - 1oy nz)>
(ni:keV)eNVI jev eV

+Z Z P<X(O>:(nly---,nj-i-l,...,nj)).M

JEW (ny:keV)eNIVI ¢

+ Y PIXO) = (- Z“ﬂ ) ()

(ng:k€V)eNIV] jev

+Z Z Z P(X(0) = (n1,.c,ni + 1,005n; — 1, ..,ny))-

1E€W jeWN\{i} (ny:keV)eNIVI

Nz(])

5 1N+ (n])
+Z Z P(X(O) - (nlv"‘ani+17‘ il (527]
€W (ny:keV)eNIVI ]EV
pir (i, J)
+ Z Z P(X(O) - (nh —y 1 Z g 1N+ n]) 1N+(ni>
JEW (ny:keV)eNIVI i€V

+ Y PX(O0) = () Y Y ALY ” A, (n4)

(ng:keV)eNlV i€V jev\{i}
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- P(X(0) = (n1, ..., 7))
(ng:keV)ENIVI
1 .
& (6 (0 + 2 partisi) g (m)) = 302 = 30D war (G )y ns) +
jEV eV ieJ ieJ JEV

==2iew Ni—2iew 2jev T (1) 10y (n5)

+5ST prl  () = 30 ST (i), () +

i€V jev\{i} iceJ jeJ\{i}

-~

:_Ziew Zjej\{} HiT(ZJ)IN+( 2)—Ziev Z;‘EW ﬂzT(ZJ)ll\u_(”z)
+ 3 1r(3 )y (mg) = Y par (i, 0) I, ( ”z)>+
jev ieJ
= Yiew mir(i0) 1, (n1)

+> > PX(0) = (ng,.my — 1, my))-

JEW (ny:keV)eNIVI

£ (y D) b+
Yy p(x(0>:(nl,...,nj+1,...,nj)).2 (j, + ) +

JEW (ny:keV)eNIVI pad
=1-3 2w (1)

+Z Z Z P(X(0)=(ny,...,n; +1,...,n; —1,...,ny))

€W jeW\{i} (nj:keV)eNIV

(g’j) In, (n;)

— Z P(X(0) = (nq,...,nz))-

(Mge: keV)eN\Vl

( =D N =D iy (ng) = Y > (i, ), ()

iEW €W jev i€V jew

TV
== 2iew 2jev #iT(:0)

—Z,ul 201N+ n;) Z Z wir Z]1N+ nz))

J/

ieW ZEWJEJ\{}
Z ()\ +3 zy) () Y P(X(0) = (mseeyny — 1o+
JEW N eV (nk:k:GV)ENW'

(6.15) N

== ew mir(i,)

+Z£ MJ(1—Zr(j,¢)) S P(X(0) = (nuy ey + Loy my))

jew iew (ni:keV)eNIVI

> ” ) DD POX(0) = (i Ly = Leny))

€W jeWw\{i} (ng:k€V)eNIVI
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(tl):nZZGW):

S R SR I
EW €W jev

-

—2iew Mt iew 2jew 1Tt

_Z,uz 201N+ nz Z Z HiT 1]1N+ nl))

ieW €W jeJ\{i}

N

(6.15)

- ZieW“l(l r(z,z))lNJr(nz)
Z P(X(()) = (nl,...,nJ))+

(TLk kEV)GN‘V‘

+ Z (77j — Zmr(i,j)) 1y, (n;) Z P(X(0) = (ny,....,n; —1,...,ny))+

JGW W (ng:keV)eNIV
+Z M3<1—Z (J, )) S PX(0) = (nyy ey + L my))

JEW icW (ng:keV)eNIVI

i Z

+y Yy A J A (ny) Y PX(0) = (ng, ey + 1oy — 1 eoimy))

ieW ]GW\{ } (ni:keV)eNIVI
616 ..

( Zm+22m r(1) = S0 (L= (i, ), (1))
€W €W jeWw ieW

H(—) ()

Tt - 3wt e 21 (- ) ()
il 2 (-2 ()

o5 3 e T (1) ()

=11

(H)(%)"é-

keW
iew iEW jEW JEW €W
+ > i (L=r(,4)) - Iy (ng) = Y (L = 7 (i, 1))y, (ns)
JEW iEW
Ty
+Z Z nir ZJ 1N+nJ __Z Z mr Z] 1N+(”J) _j
€W jeW\{i} JEW ieW\{5} i

SUEHIE
W HE ok
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A statement similar to Proposition 6.4 can be proven for Jackson networks with infinite
supply and with unreliable nodes. Note that Proposition 6.4 where all nodes are reliable
is a special case of the following proposition.

Proposition 6.5. Consider a Jackson network with J nodes where nodes in 'V C J have
an infinite supply of work as in Definition 4.1. Nodes in W := J \ V' operate without
infinite supply. Denote by n = (m,...,n;) the unique solution of the traffic equations
(4.5). S:={ie J:n; <} is the set of stable nodes, nodes in U := J\ S are unstable.
We assume that all unstable nodes have an infinite supply of work, i.e., U CV C J. In
this situation the traffic equations (4.5) reduce to

jew jev

Assume that all nodes are unreliable. Breakdowns and repairs of the nodes are controlled
by load-independent breakdown and repair intensities as in Example 2.2. In case of break-
downs, customers are rerouted according to the stalling regime, the skipping regime or the
blocking rs-rd regime. If skipping is in force, we assume

In case of the blocking rs-rd regime assume that the following reversibility constraints hold:

mir(i,j) =nyr(j, i) Vi,jeW, (6.20)
nir(i, j) = pgr(j,i) Vie W,j eV, (6.21)
wir(i, j) = pr(y,4) Vi,je V. (6.22)

Denote by (Y, X) the Markovian availability-queue lengths process on the state space
P(J) x N’ and assume that the initial distribution

pYOXO-XO) = P((Y, X)(0) = (1,01, ..,n9) : (I, ing) € P(J) x N)
fulfills the marginal product form property for the stable part without infinite supply:

PY () =1,X;(0)=n;:ieW)= (Z ggg) gg; 11 (1 _ &) (n_)" (6.23)

KcJ iew i i

for alln; e N, I C J.

Consider the uniformization of (Y, X) with Poisson-clock with intensity

5>ZA+M+Z Y alLIUK)+Y > BUI\K),

ICJT 0£AKCJ\I ICJ0#KCI

and denote by t, the (mndgm) time of the nth jump of the uniformized process X. Then
for alln; e N and all I C J holds for alln € N

v =150 =niew) - (S A00) MG T (1) ()"

KeJ iew i i

(6.24)
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Proof. The proof consists of showing the reproduction of the marginal after one jump
(the first jump time will be denoted by t¢;), i.e., (6.24) with ¢,, = t;.

Since the marginal distribution (6.23) is the only assumption on the initial distribution
to hold, the reproduction of this marginal distribution after one time step is sufficient for
iterated reproduction in the same manner, hence a reproduction after n jumps for any t,
is proven.

Consider the process uniformized with uniformization constant &, i.e., jumps of the process
are controlled by a Poisson-¢ clock. Denote by p* := I + %Q the jump kernel, i.e., the
entries of the kernel are the probabilities of a jump, and denote by ¢; the time of the first
jump.

We consider the rerouting according to skipping and blocking rs-rd together, the case of
stalling is a simplification of the following proof by setting I = ().

Recall that we assume that X has cadlag paths.

For all I C J holds:

P(Y(t1> = I7X(t1> = <n17 ...,TLJ>> =
= Z ZP(Y(O):H,X(O):(ml,...,mj))'p“(H,ml,...,mJ;],nl,...,nJ)
(m1,....,my)eEN HCJ
= Y PY(0)=H X(0)=(n,...,ny)) - p“(H,n1,cyng; I,na, ong)+
HCJ,H#I
+P(Y(0)=1,X(0) = (n1,...,n5)) - p"(L,n1, ...ong; [,ng, ..,ng)+
+ ) PY(0) =1,X(0) = (n1,....n; — 1, ....,ny))-
jeJ\I
p(Iny,amy =1, ong Ling, ng, ang) - Ing (ng)+
+ ) P(Y(0) = 1,X(0) = (1, .,y + 1, .., m))-
jeJ\I
ptLna,n+ 1, ong Ling, g, ng )+
+3° > PY(0)=1,X(0) = (ng,ccomy + 1, ooy — 1, .. nyg))-
i€ J\I jeJ\I,j#i

U .
ptUna,ani+ 1 ny =1 g Ling, g, g, ) - Iy ().

Plugging in the probabilities of the jump kernel yields
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P(Y(t)) =1, X(t)) = (ny,...,n5)) =

=Y P(Y(0) = H,X(0) = (n,....,ny)) ol 1),
HCI 5
+ > P(Y(O):K,X(O):(nl,...,nj))~5<[§’I)+
ICKCJ
+P(Y(0)=1,X(0) = (n1,....,ny)) - %
(g— Z M Z Z ,uj L4, )10y () Z pirl(i,0) ) vy (14)
ieJ\I zeJ\IJGV\I ieJ\I
— Z Z T, )1, (ng) — Z a([,K)—ZB([,H))—i—
i€J\I jeJ\I,j#i ICKCJ HCI
+ Y P(Y(0)=1,X(0) = (ng,...n; — 1,...,nz)):
jeW\I
( Z pir! (i, 5) 10y nz)) - Ing (ng)+
1€V\I
+ Z P(Y(0)=1,X(0) = (n1,...,n; — 1,....n)))-
jeV\I
( > (@) oy (na) + pir! (7, ) Loy (ny — 1)> Ay (n)+
1€V\I,i#j
I1,.1(;
+ 3 PY(0) = 1,X(0) = (n1,comj + 1, 0m))) - w0,
jeJ\I 3
+ > Y PY(0)=1,X(0) = (n,ni + 1, ony — 1, my)):
i€J\I jeJ\I,j#i
D) 4

Summing over all (ng : k € V) € NV yields
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P(Y(ty) =1, Xi(t1) =n;:i € W) =
= Y PY(t)=LX(t)=(n,...,n;)) =

= P(Y(0) = H,X(0) = (n1, .., ny)) - aﬁzv%
(ng:ke€V)eNIVI HCI
+ > PY(0) = K. X(0) = (1, o) - 20

(ng:keV)eNIV]

-(S—ZAI SO Gy (ng) = D pdr!(3,0) - 1y, (ns)

i€ J\I zeJ\UeV\I i€ J\I
=Y G ) — D all K) = Y AL )+
i€J\I jEJ\I j#i ICKCJ HcCI

+ ) Y PY(0)=1,X(0) = (n1,.my — 1, my))-

(ng: k;eV)eN\V\ JEWNI

£ (N X G ) -1, )+
1€V\I

+ Z Z P(Y(0)=1,X(0) = (n1,....,n; — 1,...,ny))-

(ng:k€V)ENIVI jeVAT

1 . .
(W X MG )+ Gy (s = 1) < Ta () +
i€V\I,i#j

Y Y PO = LX) = sy 1y P00

(ni:k€V)ENIVI je J\I
+ 0> Y D) PY(0)=1X(0)= (n1,..oni + L, .ny — 1, ny))-
(n:keV)ENIVIie J\T jeJ\I,j#i

1.0 -
-%@’j)-lm(nj)
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& PY(th)=1LX(t)=n;:i e W) =
=Y S PY(0) = HX(O) = (1, ) - )

(nk:keV)eENIVI HCI

+ ) Y PY(0) =K, X(0) = (ny,...,ny)) -

(np:keV)eNIVI [c K CJ

+ Z P(Y(0)=1,X(0) = (n1,....,ny)) -

(ng:keV)eNIV]

(= N S WG — X s 0) 1, ()

I =

i€J\I zeJ\IJEV\I ieJ\I
=3 > G ) D el K) = Y BULH) )+
i€ J\I jeJ\I,j#i ICKCJ HCI

+ > > PY(0)=1,X(0) = (n1,.ony — 1, .imy))-

(ng: keV)eN\V\ JEWNI

( + Y (i) 1oy m)) In, () +

1€V\I

4 Z Z (Y(0) =1,X(0) = (n1,..cs Ny ooy g))-

(ng: keV)eN\V\ JEVAI

< Z it (i, §) 1oy nz))

1eV\I

) ) PYO=1X(0)= (oo + 1,y - 0

(np:k€V)ENIVI jeWN\T

+ Y ZP(Y(O):I,X(O):(nl,...,nj,...,nJ))-L(j’())-1N+(nj)—|—

(ng:keV)eNIVI jeVA\T

+ ) D> Y PY(0)=1,X(0) = (ng,omi+ 1 my — 1, ny)-

(ni:keV)ENIVI i€W\T jEW\T,j#i

II(;
R

+ Z Z Z P(Y(0)=1,X(0)=(ng,...n+1,....,n5,....,n5))
(np:keV)ENIVIieW\T jeV\I

pirt (i )

3
+ > YD PY(0)=1,X(0) = (n1, ey s oy my — 1,y my)):

(ni:keV)ENIVIieV\I jeW\I

I
. %(Z’j) g () - T ()

+ Y Y P(Y(O):J,X(O):(nl,...,nj))-M.1N+<m)

(np:k€V)ENIVI €V jEV\Lj#i
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& PY(th)=1LX(t)=n;:i e W) =
=Y S PY(0) = HX(O) = (1, ) - )

(nk:keV)eENIVI HCI

+ )Y PY(0)=H,X(0) = (n1,....,ny)) -

(np:keV)eNIVI [c K CJ

+ Z P(Y(0)=1,X(0) = (n1,...,ny)) -

(ng:k€V)eNIV]

(= SN Y MG~ YD s 6.0 1, )

I =

ieW\I 1EW\I JEVAI ieW\I
-2 2 G ) = > Y ) (n)
P€EWNI jeJ\I j#i 1€V\I jeWN\I
-y a(LK)—Zﬁ(LH))+
ICKCJ HCI

+ Z Z P(Y(0)=1,X(0) = (n1,....,n; — 1,...,ny))-

(ng: keV)eNW\ JEWNI

( + D pir ) A, () +

1€V\I

- Z Y PY(0) = 1,X(0) = (ng, e,y + 1,00, y))-

(ng:keV)eNIVI jeWN\IT

%.MJI.. ("G + > rGi)+

ieV\I

+ ) ) P(0)=1,X(0)=(ng,oni+1,.m; — 1, ny)):
(ng:keV)ENIVIieWNT jeWN\T,j#i
' (i, )
3

) 1N+ (n])
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& PY () =1Xi(t)=n; i eW)=
=Y. >, PY(0)=HX(0)= (n,..ny))- yitH %Jr

HCI (ny:kcV)eNIVI

(6.23)
= Z(nk revyenvl P (0)=LX(0)=(n1,...n1)) Bra

+ > P(Y(O):K,X(U)Z(nl,...,nj))-B—I).%+

ICKC.J (ny:keV)eNIV
A g

'

(6.23)
205 weryent vl PO O=LX(O=(n1,.n))

* Z P(Y(O) :[vX(O):(nl,...,nJ))-g.

(ng:keV)eNIV]

(=T N- 2 X i Gotmn) = 3 w00 L (n)

ieW\I zGW\I jeV\I ieW\I
-2 2w = D Y (i), ()
1€WNI jeJ\I,j#i 1€V\I jeWN\I
-3 a(I,K)—Zﬁ(LH)>+
ICKCJ HcCI
+ 3 Y PY(0)=1,X(0) = (n1, .oy — 1, .0,ng)) -
JEWNI (ny:keV)eNIVI

(6. 23) ;
= zmk revyenlvl PO O=1X(0)=(n1,...m)) 5

( + Y mir ) g (ny)+

1€V\I

4 Z Z PY(0)=1,X(0) = (n1,...n; +1,...,n))-

JEWNI (ny:keV)eNIVI

(623) ;
S g kevyentvl PO O=LX0)=(n1,0m)) 5

-l-uj (rf(j,o)+ > r’(j,i)>+

3 i€V\I
+ Y > > PY(0)=1,X(0) = (ng,.oni+ 1, n; — 1, my))
i€WNI jJEWNI,j#i (n),:keV)eNIV|

(6.23) .
= Z("k keV)ENlV‘ P(Y(O):LX(O):(nl 77777 n‘]))f‘izﬁ

pir'(ig)
§

1wy (n;)
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& PY(th)=1Xi(t1)=n;:ieW) =
1

(ng:keV)eNIVI

: [5— A — Z Z 15" (7,4) Loy (ny) Z pir’(4,0) - 1y, (n;)

iEWNT zEW\I jev\I i€EW\I
=D 2 ) = Y D (@) ()
1€WNI jeJ\I,j#i 1€V\I jeWN\I
— Y o, K)=> BUH)+> BUH)+ Y ol K)+
ICKCJ HcCI HcCI ICKCJ
LD Dl G SYTIL ) R RGN
16W\I i€EV\I
n; . .
+ Z = -u§~ (TI(J,0)+ > TI(]J))"‘
]EW\I 1€VA\I
i Hy
+ 3> R G) ()],
PEWNI jEWNI,j#i Hi Tb

In case of skipping and blocking rs-rd u! = pi holds for all ¢ € J \ / and with Lemma 4.40
and Lemma 4.43 we have n/ = n; for all i € J\ I. This yields

PY(t1) =1, Xi(t) =ni:i € W) =
= > PI(0)=I1X(0)=(n,..,n,))-

(ng:k€V)eNIV]

[5_ Z N Z Z ,ujfrl( Z pirt (i, 0) - 1y, ()

|

1€W\I €W\ jeV\I 1€WN\I
I
15 ) .
=3 Y W)+ > Sl (G0 + Y G+
i€WNI jeJ\I,j#i JEWNI Hj ieV\I

C e T ) )+ XY ) )

jemg 'l i€V\I JEWNT JEW\I,j#i Hi 77]
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=

P(Y(t1) =1,Xi(t1) =n;:ieW) =
_ P(Y(0)=1,X(0) = (ng,...,nz)) -

Je= 3 (N X ')
(ng:k€V)ENIV] i€eW\I JEV\I
(Gés)nf _ZjEW\I 7731'7"1 (4:%)

N =

/

= > =G A )+ Y w1 Y G

iEWNI JEWNI i€EWN\I
I
/J/ ] N . . .
+ Y B G Sl 6)) ()]
JEWNI 1 ieV\I €W\ i#j

6.18 ..
62 )TIJI-(l—TI(]»J))

— Z PY(0) =1,X(0) = (n1,...,nz)).

(ng:keV)ENIVI

In case of stalling, setting I = () in the beginning of the proof yields the same result. For

I # () we have:

+ Y P(Y(0) = K,X(0) = (n1,...,n))) et
FP(Y(0) = 1,X(0) = (m, ) - (€ (1K)~ Y (.1)).
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Summing over all (ny : k € V) € NV yields
PY(t1)=1,Xi(t1) =n;:i € W) =
=S Y PO = X0 = )

HCI (ny:keV)eNIVI

2 D PO = KX(O) = () - S

ICKCJ (ny:keV)eNIV]

LS PY(0) = LX(0) = (n1, ) % (e X oK)= Y p0.m)

(ng:keV)eNIV] ICKCJ HCI
029§ UL p o AGD B
= HZCI ; CP(Y(0)=1,X;(0)=mn; i € W) AT B<H)+
+ > 5K P(Y(0) = I, X;(0) = n; zeW)-i(—[I())%%—
ICKCJ
+P(Y(0) =1, X:(0) =n; :i € W) % (5 SDIUSSEDY 5(1,H))
1 A(K) B(I)
:P(Y(O):I,XZ(O):HZ ZGW) g <§—IC§QJW—HZCIW+
A(I) A(H) B(I) B(K) A(K) B(I))
A(H) A(I) B(H) _B(I) A(I) B(K)

=PY(0)=1,X;,(0)=n;:i€W).

6.3 One-step quasi-stationary marginal distribution

The® observation of the previous section suggests that, in the two-node model, the time
instance right after the unstable node 2 becomes idle the first time is the critical time
point, and, saying it the other way round, the event that node 2 becomes idle is a critical
event for the system. In an obvious sense this event resembles the event of absorption in
the theory of quasi-stationary distributions of absorbing Markov processes:

An absorbing Markov process is a Markov process with at least one absorbing state.
A state ¢ is absorbing if, once entered state ¢, remaining in state ¢ has probability one.
Quasi-stationary distributions are distributions for absorbing processes which remain
invariant over time given that the process is not absorbed yet. [MD11, p.104]

Quasi-stationary distributions were introduced by M.S. Bartlett [Bar57]|, more informa-
tion is given in the book [Sen81| of E. Seneta. The following definition refers to a paper
of J.N. Darroch and E. Seneta in 1967.

6Since parts of this section are published in our paper [MD11](pp.104-106), its introduction and some of
the comments cite the paper which is shortly marked at the end of the concerning paragraphs.
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Definition 6.6. [DS67| Let Z = (Z(t) : t > 0) be an absorbing Markov process on a finite
state space E = {0,1,...,n} where 0 is the sole absorbing state.
Denote by

P(Z(t) = i)

dilt) = 1= P(Z(t) = 0)

= P(Z(t) = i|Z(t) #0)

the probability for the process to be in state i € E\ {0} at time t under the condition that
the process is not absorbed yet.
If

d;(t) = d; VYt >0
for all non-absorbing states i € E \ {0} holds, then d = (d; : i € E '\ {0}) is called a
quasi-stationary distribution for Z.

Of course, the queue length process X of our two-node model is not an absorbing process.
Our intention is to construct an analogue to this quasi-stationary distribution for the
marginal process on the stable part of the network as long as the critical event {X5(¢) = 0}
does not occur. That is, starting the network with the relevant limiting distribution for
the stable node 1 we search for conditions which guarantee that this initial distribution
is maintained over time. A first attempt is the following proposition. [MD11, p.104]

Proposition 6.7. [MD11, Proposition 9| Consider the two-node model of Definition 6.1
with 7(2,0) > 0 and puir(2,1) < mr(2,0).
Assume that the initial distribution fulfills the following conditions:

e the marginal for the stable part is the limiting probability (1.11) of Theorem 1.22,
1.€.,

P(X,(0) =ny) = (1 - ﬂ) (ﬂ)m . meN; (6.25)

M1 M1

e the marginal for the unstable part is busy with probability 1, but carries no further
restriction, i.e.,

P(X5(0) = 0) = 0; (6.26)

e the covariance structure of PG1O):X20) fuifills for all ny € N
P(X(0) = (n1,1)) =

= POG(0) =m) - POG(0) =1)- BB ST (LB ()

Denote by ty the (random) time of the first jump of the uniformized process X. Then for
all ny € N holds

i P(X(t) = (n1,m2)| Xa(t1) # 0) = (1 - %) (%)n . (6.28)

no=1



186 6 Non-ergodic Jackson networks: Analysis of the local stabilization

Proof. Denote by p* the jump kernel of the uniformization with Poisson-¢ clock, where
€>3"2 (N + p). The left side of (6.28) is

Z P(X (n1,n2)| X2(t1) # 0) =
_ Z ”hnz) Xo(t1) #0) _ Do P(X (1) = (na,n2))
=1 Xo(t1) #0) P(Xy(t1) #0)
_ Do P(X( ) (n1,m2)) — P(X(t1) = (n1,0))
P(Xy(t1) #0)
1

T P(X(t) =0) (P 0) = ma) = [ POX(O0) = (ma, 1)) (1, i, 0

1, () - PX(0) = (m = 1,1)) - p(m = 1,131,0)])

T 1- P(Xi(tl) =0) ' (P(X1(t1) = nl) —[P(X(O) = (n1,1)) - MQTS,O)_’_
(66)P(X1(0) n1)
por(2,1)
+ i, (m) - PX(0) = (m = 1,1)) - 222 )

20— P(Xi(m) —0) (PX1(0) = m1) = [P(X1(0) = m) - P(X5(0) = 1)

' 1—-17(2,2) ' i (_,ulr((Q, 1))k ' p2r(2,0) 4 1N+(n1) -P(X,(0) =ny — 1)
k=0

T(270) mr 270) &
‘ 1=, [ mr(2,1) b r(2,1)
PO =170 ) ;( mr(2,0>) =)

— — (P(Xl(()) =n,) — P(X5(0) =1) - pa(1 —57’(2,2)).
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The proof is completed by observing
(6.26)
Z Z mlvl))'pu(mbl;nl?())

n1ENm1EN
r(2,0) r(2,1

= 3" P(X(0) = (ny,1)) - 2 +Z — (n1—1,1)) - %

ni1 €N n1 €Ny

ugr (2,0) par(2,1)

TLlGN , 111€N+ ,
—P(X5(0)=1) —P(X2(0)=1)
1—r(2,2
= Py(0) = 1) - 2 g( -2) (6.29)
and from (6.25). O

Remark 6.8. [MD11, p.105]

o The result is not obvious, because from assuming cadlag paths we observe with
X(t1) = (n1,n2) the state of the system after the jump. Clearly, until just before
the second jump the property derived here is maintained.

o The side constraints on the initial distribution are seemingly rather weak. Neverthe-
less, it can be shown that for ny € N the probabilities P(X (t1) = (n1,1)|Xa(t1) # 0)
do not fulfill the correlation property (6.27) without additional requirements for the
wnitial distribution.

o The marginal initial probability for the unstable node is restricted only by the re-
quirement that the node is busy with probability 1.
If P(X5(0) = 1) =0, the requirement (6.27) is always fulfilled for any joint distri-
bution PX10):X200) " §o (similar to Proposition 6.2) if we know of at least K > 0
customers waiting at node 2 at the beginning (t = 0), then for K — 2 jumps we
can guarantee (6.27) still to hold. Thus after K — 2 jumps the result of Proposi-
tion 6.7 applies and for at least K — 1 jumps the product form (6.28) for node 1 is
maintained.

Remark 6.9. [MD11, p.105| The correlation property (6.27) can be given an appealing
interpretation resembling the concept of the squared coefficient of variation of some non-
negative random variable X with E(X) > 0:

Var(X)
(E(X))>

Consider a two-dimensional random vector (X,Y) with values in R and with

C% =

E(X)-E(Y) > 0.

Then the analogue is

Cov(X,Y) E(X-Y)
E(X)-E(Y) E(X) -E(Y)
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If we apply this to the random vectors

(Xa Y):= (1{n1}<X1(0))7 1{1}(X2(0)))7

we obtain

Cov(X,Y) _ 1-7(2,2) « (_M)k -1
E(X)-E(Y)  r(2,0) & |

The following example considers the special network class of tandems, where two nodes
are connected in series and there is only one way to pass through the network.

Example 6.10. Consider a tandem Jackson network without immediate feedback, i.e.,
r(0,1) = r(1,2) = r(2,0) = 1. Let node 1 be stable and node 2 be unstable, then n =
Ny = X and X\ > . Let X be the queue length process on N2. Consider the uniformization
of X with uniformization constant & > X+ puy + po.

(a) Assume that the initial distribution fulfills

Denote by t; the (random) time of the first jump of the uniformized process X. Then for
all n1 € N holds
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P(Xl tl = n1 Z P n17n2))

no €N

=Y D P(X(0) = (ma1,ma))p*(mr, ma; na, o)

no€N (m1 m2)6N2

P n17n2)>pu(n17n2;n17n2>+
TLQEN

P(X(0) = (n1 — 1,n92))p"(n1 — 1,n9; 11, n2) In, (n1)+
P(X(0) = (n1 4+ 1,n2 — 1))p"“(n1 + 1,n9 — 1;n1,n2) Iy, (n2)+
(

P(X(0) = (n1,n2 + 1))p“(n1,ng + 1;”1,”2))

= 3 (PUX0) = (1, ma)) 6 = A= pls, (1) = sl () +
+ PLX(0) = (11 = L) Lo, () +
+ P(X(0) = (ny +1,m3 — 1))%1N+(n2) + P(X(0) = (n1,na + 1))‘?)
= 3 (POX(O) = () (€ = A= . (m) = o)+
+ P(X(0) = (m — 1,m2)) g1, ()
FP(X(0) = (m+ 1))+ PIX(0) = (1))
+P(X(0) = (m, 0) 2 = P(X(0) = (m,0)
= H;\IP(X(O) = (7117712))% (5 — A=l () — p2 + %)\11\@(”1) + %Ml + M2>
= > P(X(0) = (n1,n2)) (5 A= palng (1) — po + padng (na) + A +M2>

Iterating these computations leads to a reproduction of the marginal for all jump times
of the Poisson-§ process. In this special case node 1 acts as an M/M/1/oco system for
its own, where node 2 is defined as the sink. With this approach it is easy to see that
the marginal limiting distribution for the first and stable node is stationary even in
continuous time.

(b) Assume that the initial distribution fulfills the following conditions:

P(X,(0) = ny) = (1 - ﬂ) (%)n , m €N,
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and that the covariance structure of PX1(0-X20) fyifills (6.27) for all ny € N, i.e., from
r(2,1) =7(2,2) = 0 we have

P(X(0) = (m1,1)) = P(X,(0) = ny) - P(X5(0) = 1), (6.31)

which means that the events {X1(0) = ni} and {X2(0) = 1} are independent of each
other.

Denote by t; the (random) time of the first jump of the uniformized process X. Then for
all ny € N holds by Proposition 6.7

P<X1<t1) = Tll) — P(X tl) = (nl,O))

D P(X(t) = (n1,m2)| Xa(tr) #0) =

no=1

C2D pix,(0) = m).

In the next example, a stability situation the other way around than in Example 6.10 is
considered. The first node is unstable and the second is stable. The first node has only
external Poisson input and from this node’s point of view, again, the second node can be
regarded as the sink already. But for the second node, assumed to be stable, the queue
length distribution strongly depends on what is happening at the first node. Therefore
stationarity of the marginal for the stable node, as in the previous example, cannot be
expected in general.

Example 6.11. Consider a tandem Jackson network without immediate feedback, i.e.,
r(0,1) = r(1,2) = r(2,0) = 1. Let node 1 be unstable and node 2 be stable, then
m = A 2>y and 1y = puy < pe. Note that with these assumptions together with the
routing probabilities the assumptions of Proposition 6.7 are not fullfilled.

Let X be the queue length process on N2. Consider the uniformization of X with uni-
formization constant € > X\ + py + po.

Assume that the initial distribution fulfills the following conditions:

P(X(0) = ny) = (1 - @) (@Y . my€eN,

o) 2

and
P(X(0) =0) =0.

(a) Denote by ty the (random) time of the first jump of the uniformized process X. Then
it follows directly from Proposition 6.2 that for all no € N holds

(b) Assume that furthermore for all no € N holds

P(X(0) = (1,n2 = 1)) - Iy, (n2) = P(X1(0) = 1) - P(X2(0) = na), (6.33)
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i.e., by case differentiation it holds for all ny > 0
P(X(0) = (L,nz — 1)) = P(Xy1(0) = 1) - P(X5(0) = ny)

and for ng =0

0= P(X,(0) = 1) - P(Xa(0) = 0) = P(X1(0) = 1) (1 - ”—)
— P(X1(0) = 1) = 0.

Denote by ty the time of the first jump of the uniformized process X. Then for all ny € N
holds

> P(X(t) = (n1,m2)| X (t1) # 0)

_P(X2<t1) = TLQ) — P(X t1> = (O,ng))
1 — P(X,(t) = 0)

(6.29)(6.32) P(X3(0) = ng) — P(X(0) = (1,2 — 1)) - % ) 1N+(n2)

B 1-P(X;(0)=1) -4

C2 p(X5(0) = na).
Both examples are extreme cases of possible non-ergodic Jackson networks with two nodes
where one may be interested in the marginal limiting distribution of the stable part of
the network. In both special cases we obtain (under certain assumptions) the expected
results, as proven before for the general non-ergodic case, the two-node model.
In case of Example 6.10 we even get more than a one-step invariance of the marginal
distribution, the desired stationarity of the marginal is achieved. This is due to the first
and stable node acting like an ergodic M /M /1/o0 system of its own.
In terms of the one-step quasi-stationary marginal distribution, again a covariance prop-
erty is required to be fulfilled. But the assumed covariance property (6.27) in Proposition
6.7 looks slightly different to the properties assumed in (b) of both examples. This is due
to the specific structure of the routing matrix in a tandem network.

6.4 One-step invariance of the marginal distribution
before and after stopping times

The following approach to the problem of local stationarity is motivated by a paper of
S.D. Jacka and G.O. Roberts, [JR95], where continuous-time Markov chains on a count-
able state space conditioned on not to hit an absorbing barrier before time 7" are analyzed
with regard to weak convergence as T' tends to oc.

Of course, our queue length process of the two-node model is not an absorbing process,
but the idea of using stopping times will be incorporated into our analysis as well.

Definition 6.12. Let Y = (Y (n) : n € N) be a discrete-time homogeneous Markov process
on a discrete state space E. Denote by F' a subset of the state space. Then

T:=inf{n >0:Y(n) € F}
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s the time of the first entrance of Y into F' and
o:=sup{n>0:Y(n) € F}
is the time of its last exit out of F into F©:= E\ F.

As already mentioned, the critical event for not reproducing the marginal product form
distribution for the stable node (node 1) of the two-node model seems to be that the
unstable node (node 2) runs idle.

The aim of this section is to analyze whether there is an invariance of the uniformized
process X (of the two-node model) conditioned on node 2 was not idle for some time or
will never become idle again.

We will therefore denote the "bad" subset of the state space by F' := N x {0} and the
"good" subset by F¢:=N x N.

6.4.1 Technical lemmata and corollaries

The following lemmata and corollaries which are proved in the setting of Definition 6.12
are technical and will be needed to prove the subsequent results.

Lemma 6.13. [JR95, p.903| Let Y be a discrete-time homogeneous Markov process with
discrete state space E. Denote by F a non-empty subset of E, F # E, and by F° its
complement, F©:= E\ F # (. Assume that Y is irreducible and transient and that

P(Y(m)=yj,7>T)>0
holds for all m < T and all j € F¢. Then for all 0 < m <n <T and all j,k € F° holds
PY(n)=klY(m)=4,7>T)=
P(r>T —n|Y(0)=k)

= Plr>T—my(0) =J) -P(Y(n—m)=k,7>n—m|Y(0) =j).

The proof presented in [JR95, p.903] is done for an absorbing process in continuous time,
however the steps of the proof are similar for Lemma 6.13. Lemma 6.14 will be proved
likewise.

Lemma 6.14. Let Y be a discrete-time homogeneous Markov process with discrete state
space E. Denote by F a non-empty subset of E, F # E, and by F° its complement,
Fe:=E\F #0. Assume that Y is irreducible and transient and that

P(Y(m)=j,0<T)>0
holds for all m > T and all j € F¢. Then for all 0 <T <m <n and all j,k € F° holds

PY(n)=klY(m)=j0<T)=
_ PY(r) € Fer >0V (0) = k)
~ P(Y(r) € Fe,r > 0|Y(0) = j)

7 P(Y(n—m)=k,m>n—m|Y(0)=j).
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Proof. For all 0 <T <m < n and all j,k € F° holds

=j,0<T)=
Y(m )—J,0<T)
P(Y(m): ,o<T)
Y(m) = j,Y(r) € Fo,r > T)
P(Y( ):j,Y( yEe Fe,r>1T)
@y PY(r) € FSr>nlY(n)=kY(m)=jY(r) € F$,T<r<n)
P(Y(r)e Fe,r >m|Y(m)=4,Y(r) € Fe,T <r <m)
PY(n)=FkY(m)=3Y(r)e F©, T <r<n)
 PY(m)=jY(r) € ST <r<m)
03 PY(

<

)EFer>nlY(n)=k)

P(Y(r) € Fe,r > m|Y(m) = j)

PY(n)=FkY(m)=34Y(r)e F©, T <r <n)
P(Y(m)=73Y(r)e Fe,T <r <m)

(1) P (r) € F°r>nlY(n) =k)

(Y(r) € Fe,r > ml|Y (m) = j)

PY(n)=kY(r) e m<r<nY(m)=jY(r) e T<r<m)

-

r)eFem<r<n|Y(m)=j)

)

e
~

(03)(()19

Y(
P(Y(r) € F*,r > 0[Y(0) = k)
J

Y P e P S V0 =)
P(Y(n—m)=kY(r)e F,0<r<n—m|Y(0)=j)

(©5) )y P(Y(r) € Fé,r > 0|Y(0) = k) - B
PY e Fersoy@) =y Y n=m=kr>n=m(0)=7)

where (@b is the definition of conditional probability, (©2) is explained by
{wiow)<T}={w:sup{n>0:Y(n)(w) e F} <T} ={w:Y(r)(w) € FS,r > T},

=" holds due to the Markov property and (e is valid because Y is homogeneous, and

finally (©2) is explained by
{witT(w)>T={w:inf{n>0:Y(n)(w) e F} >T}={w:Y(r)(w) € F©,0<r <T}
[l

Lemma 6.15. Let Y be a discrete-time homogeneous Markov process with discrete state
space E. Denote by F a non-empty subset of E and by F€ its complement set, F¢ =
E\NF#0. For0<T <n < oo and all j € F¢ holds

Plo <T[Y(n) =j) = P(Y(r) ¢ F,r >0Y(0) =j)- P(Y(r) ¢ F,n>r =TV (n) = j).
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Proof. For 0 <T <n < oo and all j € F° holds

Plo <T|Y(n) =j) =
oy Plo <T,Y(n) =J)

P(Y(n) = j)
w2 PY(r) ¢ F,r 2 T,Y(n) = j)
P(Y(n) = j)

="PY(r)¢ For>n|lY(n)=4Y(r)¢ FFn>r>T)-P(Y(r)¢ F,n>r >T|Y(n) = j)
= PY(r)¢ For>nlY(n)=j) - P(Y(r)¢ F,n>r > T|Y(n) =)
PY(r) ¢ F,r>0[Y(0)=j) - P(Y(r) ¢ F,;n>r >T[Y(n) =),

3
2

where (again) (@b is valid due to the definition of conditional probability, @2 holds due to

the Markov property, (e8) is valid because Y is homogeneous, and finally 2 is explained
by

{w:ow)<T}={w:sup{n>0:Y(n)(w) e F} <T} ={w:Y(r)(w) ¢ F,r >T}.
0

The following Corollary is a direct application of Lemma 6.14 and Lemma 6.15 for our
uniformized process X:

Corollary 6.16. Let X be the uniformized process from the two-node model (see Defini-
tion 6.1) on the state space N%. Denote by p* the jump kernel of the uniformization. Lel
F :=Nx {0} and F°:=N x N,. Denote by t; jump times of the uniformized process X
and let t;11 denote the next jump time after t;.

Assume that for all t, > tr and j € F°

P(X(ty) = j,0 <tr) > 0.
Then it holds for all j,k € F° and 0 < tp <ty < tpiq

P(X(t,) € F°,t, > 01X(0) =k) .
P(X(t,) € Fo.t, > 0[X(0) = ) * (. k),

and for 0 <ty <t < oo and all j € F° holds

P(X(ths1) = k| X (t) = j,0 < tr) =

Plo <tr|X(th) = Jj) =

= P(X(t,) ¢ F.t, > 0]X(0) = j) - P(X(t,) & F,tp > tr = tr|X(tn) = j).
Lemma 6.17. Let X be the uniformized process from the two-node model (see Definition
6.1) on the state space N%. Denote by p“ the jump kernel of the uniformization. Let
F:=Nx {0} and F°:= N x N,. Denote by t; jump times of the uniformized process X
and let t;11 denote the next jump time after t;.
Then for all k € F° and 0 < tp <t < tpo1 holds

P(X(th-l-l) = kvX(tr> S Fcath—l-l >t > tT) =
= > P(X(tn) = j, X () € F%, 15, > t, > tr) - p"(j k).

jEF®
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Proof. For all k € F¢and 0 <ty < t, <ty holds with X being homogeneous:
P(X(th+1> - k X( ) S FC th+1 2 tr 2 tT) -
=D P(X(tha) = k. X(ta) = 4, X(4:) € F,tn > t, > tr)
jJEFC

=Y P(X(ty) =4, X(t) € F* 1), > t, > tr)-
jEF*C

F(X(th+1) = k:|X<th) = ]7X(tr) € Fcath >t > tT)
—P(X(tns1) =X (t1) =)

= 3 P(X(t) = , X(8) € FS,th > 1, > tr) - p“(j ).

JEF*©

6.4.2 Results

The first result is for the uniformized process X conditioned on not having been idle on
the second component since some time - not necessarily from the start at time 0 - until
some jump time ¢,. Recall ' =N x {0}, F* =N x N,.

Proposition 6.18. Consider the two-node model from Definition 6.1 with r(2,0) > 0 and
wir(2,1) < mr(2,0). Assume that the following conditions are fulfilled for all ky € N and
0 <tr <ty <ty (wherety 1 is the next jump time after ty):

S P(X(th) = (ki k)| X (1) € Fotr < t, < 1) = (1 - —) (ﬂ) ,(6.34)

k2€N\{0} AN
and
P(X(ty) = (k1, )| X (t,) € FCtr <t,. <ty)- w _
(1 - ﬂ) <ﬂ)’“ P(X(th1) € FIX(t) € Fotr <t, < ty,) - i (—M)l
251 251 YT Sl S 2 r(2.0)
6.35)

which is a correlation property.
Then for all k1 € N holds

k1
Z P(X(tysr) = (k1 k)| X (8,) € FC tp < t, < tyy) = (1 - ﬂ) (ﬂ) . (6.36)
ko1 H1 H1

Proof. Denote by p* the jump kernel of the uniformization with Poisson-¢ clock. For all
ki1 € N holds due to Lemma 6.17

Z P(X(ths1) = (k1 k2), X(t,) € FC tyyy > t, > tp) =

ko=1

_ZZP th —jaX(tT)ch7chtrZtT)'pu<j;k17k2)7

ko= ljch
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with the definition of the conditional probability this is equivalent to

Z P(X (th1) = (k1, k2)| X (t,) € FC tppr > t, > tp) - P(X(t,) € F tpp >t > tr) =

ko=1

—ZZP (tw) = JIX (t:) € FC by > t, > tr)-

ko=1jeFe°

- P(X(t,) € F ), > t, > tp) - p"(4; k1, ka).

Deviding both sides of the equation by P(X(t,) € F¢ t, > t, > tr) yields

P(X(t Fct >t>t
(X(t,) € h+1 TZP

(t ki, k)| X (t,) € FC tpor >ty > tr) =
POX(L) € Footy > L > Iy) he1) = (ki k)| X (t) Bl T)

=) P(X(ty) = (j1,72)| X (t,) € F ty > t, > t7) - p“(j1, jo; kr, ko)

ko=1
+ P(X(tn) = (k1 k2 — 1)|X(t,) € F 6 >t > tr) - p*(k1, ko — 1 ko, ko)1, (B2 — 1)
+P(X(t) = (k1 ks + D)X (6) € F€ ty > £, > tr) - p (v, ks + 1 b, ko)
+ P(X(th) = (k1 — L k2)|X(t,) € F ty = b 2 tp) - p*(k1 — 1, ko3 ks ko) 1w, (Kn)
+ P(X(tp) = (k1 + 1, ko) | X (t,) € FC tp, >t > tp) - p“(k1 + 1, ko3 k, ko)
+ P(X(tp) = (k1 + 1, ko — 1)| X (t,) € F ty, > t,. > t7)-

PU(ky + 1Ky — L5k, ko) g, (K2 — 1)
—I—P(X(th) = (k‘l — 1,k2 + 1)’X(t7n) S Fc,th >t > tT>'

pu(kl — 1, k‘z + 1; ]{31, k2)1N+(/€1)>.

Plugging in the jump probabilities yields (recall k; > 0 is fixed)
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P(X(t,) € FC tpy1 >t > tr) ZP
P(X(T)EFC,chtTZtT P!

6= — (1= (L ) (B) = (1= 7(2.2)

(the1) = (b1, k)| X (tr) € F tppr >t > tp) =

3
ZP = (k1, k2)| X (t,) € F, 1), > t, > t7)
ko=1
ZP k’1,k’2—1)|X( )GFC,chtTZtT)'1N+(k’2—1)—|—
ko=1
:zz; | POX(th)=(k1 h2) X (6)EF< >t 2t1)
r(2,0
+% S PX(t) = (b ke 4 DIX() € Forty 26,2 1)+
52 ! J/
=Ei‘; 1 P(X(tn)=(k1, k2)|X(tr)ch:thzt:gtT)*P(X(th)Z(kl,1)\X(tr)EFc,chtrth)
—1N+ (k1) Z P(X(ty) = (ky — 1, k)| X (t,) € FC by > t, > tr)+
k:Q 1
/Jﬂ’(l, O c
: ZP = (k1 + L ko) | X (t,) € FO ty > t, > tr)+
k2 1
ulr(l, 2) ¢
. ZP = (ks + 1, kg — D)|X(t,) € FC ty, >t > tp) 1y, (ke — 1) +
ko=1 )
=0y P(X ()= (k141 ka) X (4)EF® >t >07)
r(2,1 = .
+ %1&(1@1) > P(X(ty) = (k1 — Lka + 1)[X(t,) € F* 1y, > t, > tr).

ko=1

J/

TV
2223:1 P(X (tn)=(k1—1,k2)| X (tr)EFC tp >t >tp)—P(X (th)=(k1—1,1)| X (tr)EFC tp >t >tr)

With (6.34) this is equivalent to

o0

P(X( )GFC the1 = 1y >tT Z
P(X(T)EFcachtthT

X(th1) = (k1. ko)| X (t,) € F tper >t > tp) =

2:

(Y (™) e Qo) - ) ()

I E L+ mr(2 1) 1y, (k1) + Zim(l —r(1, 1))>

(6—1)771(1 —r(1,1))

MQT(SQ P(X(tn) = (k1, 1)[X(t,) € F tp > 1, > tr)
MQT(§27 2 Iy, (k) P(X(th) = (ks — L1)|X(E:) € F tp 2 b 2 Tr)
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=

P(X(tr) € F thr >t > Ur) ZP

(t ki, k)| X (t,) € FC  tpyp1 > t, > tp) =
P(X(t,) € Fe ty, > t, > tr) (thi1) = (K1, k) [ X (2,) ht1 T)

ko=1

N Ui Ui . ,u2r(2,0) _ c
(1 Ml) (m) ~ BRSSP (1) = (ka, DIX (1) € F 2 6 2 1)

_ —Mzr(;’ D In, (k1) P(X(tn) = (k1 — 1,1)| X (t,) € FC tp, > t, > tr).

(6.35) yields

P(X(t) € F*thr 2, 2 1) ZP

(t ki k)| X (L) € FC thay >, > tr) =
PX(h) € Feoty > 6 > tr) 1) = (k1, k)| X (2) € hi1 2t > tr)

k1
T T [ c
L= (T) 11— P(X(thy) € FIX(L) € FCoty >t > ty) - ————
(-2 () (Xltus) € FIX () € Fta 2 002 ) b

(Mﬂ(zao)i (_wjé))) + zluzr(2 D1y, (k1) - k;;: <_l;i:((§:é§)z)]

k1
= (1—E) il |:1—P(X(th+1)€F|X(tr)€Fc,chtTZtT)'

M1 H1
(3 () o X (5

H1 H1
g 17"( ) ‘ k1 17"( : i
o T R )
< i P(X(thi1) = (K1, k)| X (tr) € F tpp >t > tp) =

(- ()

. P(X(tthl) S FC|X<tT> e Fet,>t, > tT>

N

P(X(t,) € Fe ty, > t, > 17)
P(X(tr> € Fcuth—l—l Z tr Z tT) .

-~

=1
[

Remark 6.19. An analogical result for the conditional probabilities P(X (ty) = k|T > t3),
k € F¢, can be deduced from Proposition 6.18 as a special case where tp = 0:
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Consider the two-node model from Definition 6.1 with pyr(2,1) < mr(2,0) andr(2,0) > 0.
Assume that the following conditions are fulfilled for all ky € N and 0 < t;, <ty 1 where
tni1 denotes the next jump time of X after ty:

N PX(th) = (ki ko)l > th) = (1 - ﬂ) (ﬂy , (6.37)

ks €N\ {0} M1 M1

and

P(X(t) = (k. D)7 > 1) - 120 20)

k1 k1 i
Uit i (2, 1))
1—— ) — - P(X(t e Flr >1t,)- ——— . 6.38
( ul) (m) (X (fnsa) € F7 > ta) z_: ( mr(2,0) (6:38)
Then for all k1 € N holds

Z P(X(tnrr) = (b1, k)7 > the) = <1 - ﬂ) (ﬂ)k . (6.39)

- 241 241

Remark 6.20. Although it is not obvious in the general case, there are similarities of
the formulas in Proposition 6.7 and in Proposition 6.18 which become visible when setting
tr =t =to = 0 wn Proposition 6.18:

Consider the two-node model from Definition 6.1 with pyr(2,1) < mr(2,0) and r(2,0) > 0.
We have from Proposition 6.18 (and Remark 6.19) that if for all k1 € N holds

k2§\{0}P(X(0) = (ky, k2)| X (0) ¢ F) = (1 _ %> (%>

and

PX(0) = (ky, 1)) - 22720 _

(-2 ()" reroen-§ (555

then for the uniformized process X holds for all ki € N

k1
> POX(t) = (kXG0 ¢ FX0) ¢ 1) = (1-2) (2
o1 H1 M1
2=
While Proposition 6.7 states that if for all ki € N holds

k1

> PO = (k) = (1-22) (2)
k2€N\{0} fi/ A\

and P(X(0) ¢ F) =1 and if furthermore

p<x<o>:<k1,1>>-@=(1—ﬂ> (?7_) X(h) € F)- Z( (2 )

U1 251 o mr(2
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(note that P(X(t1) € F) = P(X(0) = 1) - 22022 holds due to P(X3(0) = 0) = 0),
then for the uniformized process X holds for all ky € N

Z P(X(t1) = (kn, ko)X (1) ¢ F) = (1 - _> (ﬂ)

- 241 M1

We here have analyzed the queue length probabilities of the stable node 1 conditioned
on the unstable node 2 was not idle for some time.

It is also interesting to analyze the process after the last exit of the process out of the
"bad" subset F' = N x {0} of the state space.

Such an analysis is motivated the following way: The queue length at node 2 will
eventually diverge out of the state space to infinity - at least in the limit, so one may
think of a time of a last exit of the queue length process out of ' = N x {0}. If the event
that node 2 runs idle is a critical event for a reproduction of queue length probabilities,
then the reproduction of at least the marginal queue length probabilities of the stable
node 1 for the jump times after the last exit out of this critical event could succeed.

Let us assume that for the uniformized queue length process X of the two-node model
(see Definition 6.1) holds
Plo<ty)>0

for 0 < tr < oo, where t7 is a jump time. We then are interested whether the probability
P(X(tp) = k|o < tr)

or

> P(X(ty) = (ki ka)lo < tr),

koeNL
where k € ' = N x N, , somehow remains invariant for all jump times t;, > t7.
For 0 <tr < t, < tpy1, where t; is the next jump time after ¢;, holds for all k € F*:
P(X(t}H_l) = k?|0' < tT) =

Vl
TN P(X(ths1) = kX (8) = jlo < tr)

Jjere
Z P th+1 = k’X(th) = j,O’ < tT) P(X(th) :]|U < tT)
JeFe

(V3) P(X(t,) € F°,t. > 0|X(0)
P(X(ty) = <t
2 PX(t) =jlo <tr)- P(X(t,) € Fe,t, > 0]X(0)

p*(J, k),

k)

jeFe j)
(V1) . .- (V2) . . . .. ..

where =" is the 1avv of total probability, '=" is valid with the definition of conditional

probability and holds due to Corollary 6.16.

The equation

P(X (ths1) = klo < tr) =

) P(X(t,) € F*.t, > 01X(0) = k)
=Y P(X(ty) = jlo < tr)- P(X(t,) € Fe.t, > 0|X(0) = j

jeFe
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which holds for 0 < t7 < t, < tp41 (where t;4; is the next jump time after ¢,) and for all
k € F°, strongly reminds of the definition of y-invariant measures.

Definition 6.21. [CSP99, p.84| Let Y be a discrete-time homogeneous Markov process
on the state space E with one-step transition probability matriz p = (p(i,j) : 1,5 € E). A
collection of non-negative numbers m = (m(i) : i € E) with m # 0 satisfying

7Y m(i) - pi,j) =m(j), jEF,

i€E
15 called a vy-invariant measure for p on E.
In [CSDO06] a v-invariant measure is defined for absorbing Markov chains:

Definition 6.22. [CSDO06, p.451] Let Z be an absorbing Markov chain on the state space
E with absorbing state § € E and with transition probability matriz p = (p(i,j) : 1,5 € E).
A collection m := (m(j) : j € E\{0}) of non-negative numbers such that m is non-trivial
(m #0) is called y-invariant measure for p on E\ {0} if

v > mli)p(i,5) =m(j), jeE\{s}

1€E\{d}

Furthermore, a quasi-stationary distribution for such a chain Z is a proper probability
distribution m = (m(j) : j € E\ {d}) satisfying

P,(Z(n)=jlt >n)=m(j), je€E\{d},
for all n € N where 7 is the time to absorption in 9.

Remark 6.23. In [CSD06] m of Definition 6.22 would be called 1/~v-invariant. We
reformulated this for readability and comparison reasons.

Remark 6.24. Definition 6.22 strongly resembles Definition 6.6 where E = {0,1,2,...}
and 0 = 0.

Remark 6.25. The paper [CSDO06] of P. Coolen-Schrijner and E. A. van Doorn as well
as the articles [DS67] and [JR95] deal with discrete-time absorbing Markov chains.
Most of the theory on quasi-stationary distributions is based on absorbing processes.
However, there are surveys on other classes of processes, e.g., in the paper [CSP99]
of P. Coolen-Schrijner and P. Pollett discrete-time Markov chains with linear, one-
dimensional state space and with almost sure drift to infinity (i.e., they are transient) are
analyzed with respect to quasi-stationarity. It is remarkable that the results in [CSP99]
are proved by showing that the state probabilities of the original chain conditioned on not
having left state O for the last time are equal to the state probabilities of its dual absorbing
Markov chain conditioned on non-absorption.

Our approach here is different from Definition 6.22: We are interested in the time after the
last exit out of N x {0} which is not a matter in the theory of absorbing processes. (Once
absorbed, the process will stay in this state with probability one, thus there is no way out
of it and a further analysis of the behavior of the process after absorption can be omitted.)
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In (6.40) we do not consider all states in F = N? but only the states in F* since it holds
from the definition of o:

That is why we can use Definition 6.21:

If both of the following properties hold:

(i) the fraction
P(X(t,) € F°,t, > 0|X(0) = k)
P(X(t,) € Fe,t, > 0|X(0) = j)
exists and is equal to some 7y € (0,00) for all j, k € F° for which p“(j, k) > 0,

(ii) for all k € F t, >tr,h €N
P(X(thi1) = klo < tr) = P(X(ty) = klo < tr) =: m(k), (6.42)
and there is at least one state 7 € F° for which m(j) # 0,
then (6.40) implies that m = (m(k) : k € N?) is a y-invariant measure for p“.
If additionally
Zm( ZP th+1 —/{Z|O'<tT ZP th+1 —]i?|0'<tT)—1
keN?2 keN? keFe
e, (P(X(thy1) = klo < tr) : k € N?) is a proper probability distribution, then it is

called a y-invariant probability distribution for p“.

First of all, it should be answered whether property (i) can be verified. The end of this
section will consist of an analysis of the fraction to be considered:
P(X(t,) € Fe,t, > 0|X(0) = k)
P(X(t,) € Fe,t, > 0]X(0) = j)

.k € Fe. (6.43)

Remark 6.26. About the numerator and the denominator of the fraction (6.43) we can
say the following:
For all k € F* holds

P(X(r) € F,r > 0]X(0) = k) AI)ZP r) € Fr 20X =dX(0) =4
3T P(X() € Fer 2 01X(1) = i, X(0) = B) - p (K, 1)
= Z P(X(r) € F¢,r > 0]X(0) = i) - p"(k, 1),

where (2! holds with the law of total probability, (22) 18 valid with the definition of condi-

tional probability and 29) holds because X 1s homogeneous and Markovian.
The equation

P(X(r) € F¢,r > 0|X(0) =Y P(X(r) € F*,r > 01X(0) = 1) - p"(k, i)

ke
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for all k € F°¢ implies that the function
P(X(r)e F,r >0/X(0) =e): F°— [0,1]

is a harmonic function (|Bre99, Definition 2.1, p.179]) on F° for (p"(j, k) : j, k € F°).
The substochastic matriz (p“(j, k) : j,k € F°) is a one-step (taboo) probability matriz as
defined in [Chu67, Part I, §9, p.45]. The n-step taboo probability matriz with the taboo
set F'in the sense of [Chu67] is given by (P(X(t,) = k,7 > t,]X(0) = j) : j,k € F°)
which is substochastic as well and has the semigroup property, [Chu67, p.54].

Clearly, if P(X(0) = k) > 0 Vk € F° (which we assume), it holds
P(X(r)e F°r>0|X(0)=k) € [0,1]

for all k£ € F° due to the definition of a probability.
Moreover, for all £ € F° holds

P(X(r)e F°r>0/X(0)=k)= lim P(r > s|X(0) = k),

S5—00

because

{w: X(r)(w) ¢ FVr>0} = {w: X(r)(w) € F}

= {w: X(Nw) € F*0<r < s} = fw:7(w) > 5).

s=0
For the existence of the fraction (6.43) it is important to know whether
P(X(r)e F°,r >0/X(0)=75)>0 VjeFe
If there exists a state j € F'° for which p*“(j,k) > 0 for k € F° and
P(X(r)e F°,r>0/X(0)=34)=0

holds, then the process cannot be y-invariant for p*, see equation (6.40). That is why we
assume (for a first approach) that for all j € F© holds

P(X(r) € F°,r > 0|X(0) = j) > 0 (6.44)
if p*(4,k) > 0 holds for k € F°. Then for all these j € F° with (6.44) the fraction (6.43)
exists and the equation
P(X(r) € Fe,r > 01X(0)=k) . P(r>s|X(0) = k)
= lim
P(X(r) e Fe,r >0[X(0) =7) s=o00 P(1 > s|X(0) =)

(k € F°) is valid, see |[K6n01, Regel I ¢), p.43|. The question of interest is whether this
fraction lies in the interval (0, c0) and is invariant for all j, & € F or not.

Lemma 6.27. Consider the two-node model from Definition 6.1 with uniformized queue
length process X on the state space N? and with jump kernel p*. Let F := N x {0} and
F¢ := N x N,. Denote by t; jump times of the uniformized process X. Assume that
P(1 > t,]X(0) = j) > 0 holds for all j € F*° and all jump times ts. Then for all j,k € F°
holds

P(r >t/ X(0) k:) < 1 4 Vs € N.

P(r > | X(0) = j) = p*“(4, ) - p*(J, k)

pU(k,j) <
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Proof. We have

P(T>ts|X<O) k) P(T>ts|X(0): ) P(T>ts—1|X<O):j)

~ —. 6.45
P(t>t]X(0)=j) P(r>t,1|X(0)=3) P(r>t]X(0) =) (6.45)
Similar to the proof of Lemma 2.3 in [JR95], it holds for all j, k € F*©
P(T > t,1]X(0) = k) > P(7 > t,|X(0) = k)
=) P(r>t, X(t) = i|X(0) = k)
i€Fe
=Y P(7 > 4| X(tr) =4, X(0) = k) - p" (k. 1)
i€Fe
=) P(r > | X(0) = 4) - p"(k, 1)
icFe
> P(r > 11| X(0) = j) - p“(k, j)- (6.46)

(6.46) implies with & = j and p“(j, j) > 0 for the second factor on the right-hand side of
(6.45)

P(r > t,1]X(0) = §) 1
PR TPE S X0 =) S G

and for the first factor on the right-hand side of (6.45)

., . P(r > t,|X(0) = k)

Pk D) S S X0 = )
P(r > 1] X(0) = k)

— P(1 > ts0|X(0) = k) -

=k)-p(j,k)
. Pr>t[X(0) =k 1
= P(r > t|X(0) = k) - pe(j, k) pt(j k)

Even if one could prove that the sequences

(P(T > 1,/ X(0)

k)
P(r > £X(0) = j ”EN)

)

are unequal for different j, & € F°, this does not imply that the limit of the sequences
will be different.

As shown in the above analysis there are certain difficulties to figure out whether there
may be some kind of invariance of the probability P(X () = k|o < tr), where k € F°, or
P(X1(ty) = ki|lo < tr), where ky € N, for all jump times ¢, > tr as well as for only one
step. The problem is the existence of the fraction (6.43) and its equality for all states.
This question remains unanswered in the present thesis and may be an interesting topic
for further research.



6.5 Upper bound for the process of the stable subnetwork 205

6.5 Upper bound for the process of the stable subnet-
work

In this section we will give an upper bound, which is geometrically distributed at all times,
for the process of the stable part of the overall non-ergodic Jackson network.

One way to obtain this upper bound is by the pathwise coupling X <, Xt where X+
is the process of the Jackson network with infinite supply at the unstable nodes, as done
in the proof of Theorem 5.10 with D = (). Jackson networks with infinite supply where
all nodes ¢ € W without infinite supply are stable (i.e., W NU = @) have an ergodic
homogeneous Markov process X3}, (see Corollary 4.27), so from Theorem 4.26 X, has a
stationary and limiting distribution of the well known product form. Thus with S = W
and

Xg=(X;:i€8) <y X&

X& = X}, already is the desired upper bound for Xg proved by pathwise coupling.

Another way which does not need a pathwise coupling to obtain the geometrically
distributed upper bound for Xg where X is non-ergodic will be presented below. We
will start with the two-node model, but the results are similarly obtained for Jackson
networks with J nodes, 0 < J < oo.

The first result for the two-node model with uniformized queue length process is summa-
rized in the following proposition:

Proposition 6.28. Consider the two-node model, i.e., a Jackson network with two nodes
where node 1 is stable and node 2 is unstable. Denote by X the uniformized queue length
process, where the uniformization constant is £ > Z-Zle(Ai—i-m), on the partially ordered
state space (B, <) = (N?,<?). Let p* denote the kernel of the uniformization. Assume
that the initial distribution PX©) is such that for its marginal holds

P(X,(0) =ny) = (1 - @) (ﬂ>m , mieN (6.47)

M1 M1

Then for any (random) jump time t, of the process PX(tn) = pPX©O) . (p)* and for the
stable marginal holds

pXaltn) <gt geoo (1 — ﬂ) .
K1

Before proving Proposition 6.28, some preliminary information may be in order:

Definition 6.29. |[KKO77, p.899| Let (E, <) be a partially ordered space.
A set A C FE is increasing (= isotone = nondecreasing) if for x,y € E holds:

(xeAandz<y) = yecA

A function f: E — R is increasing (= isotone = nondecreasing) if for x,y € E holds:

<y = flz)=<fy).



206 6 Non-ergodic Jackson networks: Analysis of the local stabilization

Lemma 6.30. A Jackson network process X with non-decreasing service rates (which
we do have here) is stochastically (strongly) monotone, [Mas87, p.366]. This means that
the family of transition kernels is stochastically monotone with respect to <”, i.e., for all

states x,y € E = N’ with v <y coordinate-wise and all increasing sets A C E = N7 such
that either x € A ory ¢ A holds:

q(z, A) < q(y, A)

where q(x, A) :== ., q(x,2), [Mas87, Theorem 5.2, p.859].
Consider the uniformization of X with uniformization constant

§ > 2-sup(—q(z, 2)),
z€lR

then the uniformized process is stochastically monotone as well, i.e., the family of the one-
step transition kernels p* of the uniformization is stochastically monotone with respect to
<.

Proof. We will show that the monotonicity of the Jackson network process X in continuous
time implies the monotonicity of the one-step transition kernel of the uniformization of
this process:

We have to show that, if the states x,y are ordered z < y coordinate-wise and A is an
increasing set such that either x € A or y ¢ A, then it follows for the one-step transition
kernel p*:

p“(z, A) < p“(y, A).

Let © < y hold. According to [Mas87, p.360] we need to check only the following three
cases:

o Forz,y ¢ A:

—~

P A) =" "’(2’ 2 %Q(I,A) <

zEA z€EA

~

gy, A) =) Q(yg’ %) _ iy, 4)

where (%) holds because of the monotonicity of the continuous-time X.

e For x,y € A:
u _ q(z, 2) B gz, w)\ _ o a2
Pz, A) = ) ; +<1 3 : >_1 3 :
zeA\{z} weE\{z} z€A€
= 1= gl )

analogously it holds p“(y,A) = 1 — %q(y,Ac). With the monotonicity of the
continuous-time X it holds for all z,y € A:

q(z, A%) > q(y, A°)

which implies p*(z, A) < p*(y, A).
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e Forz ¢ A ye A

P =3 12 L),
P A= Y q(yéZ) - q(yéw)> S q(yéZ)
z€A\{y} weE\{y} zEAC
1
=1 — Zg(y, A°
5‘1(9’ ),

thus p“(x, A) < p“(y, A) is equivalent to g(z, A) + q(y, A°) < £ which holds if
€ >2-sup,cp(—q(z,2)), because:

q(z, A) +qy, A°) < q(x, E\{z}) + q(y, E\ {y}) = —q(z,2) — q(y, )

< 2. sup(—q(2. 2)).
zeE

O

Lemma 6.31. (i) For a real-valued random variable X it holds with the usual stochastic
order ([MS02, Definition 1.2.1, p.2]) X <4 X + 1. [MS02, Property (T), pp.73-7}]

(ii) The projection pri : R — R, pri(z1,...,x5) = 1, is increasing with respect to <7.

(i1i) Denote by Tr the one-step transition operator for a uniformized process, which
means for a uniformized process X where ty is the next jump lime after 0 we have
Tr(X(0)) = X(t1). If X and X have the same transition operator Tr and are

stochastically monotone, then
X(0) < X(0) = Tr(X(0) = X(t1) <4 X(t1) = Tr(X(0)),
see [MS02, Corollary 5.2.12, p.186].

Proof of Proposition 6.28. Consider a non-ergodic Jackson network with two nodes as
in the two-node model, so node 1 is stable and node 2 is unstable. Denote by X the
uniformized queue length process, where the uniformization constant is

2
€22 (Ni+m),
=1

on the state space £ = N2. Thus X is stochastically monotone, see Lemma 6.30.
It follows from Lemma 6.31(3)
(X1(0), X2(0)) <g (X1(0), X2(0) + 1). (6.48)

Let PX1(0:X200) he an initial distribution which fulfills (6.47) which is

P(X,(0) =n,) = (1 - ﬂ) (ﬂ)n . m €N

H1 H1
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Then it holds for PX1(0).X2(0)+1)

I
WE

i P(Xl(O) = nl,Xg(O) + 1= ng)

no=0

P(Xl(O) = ’I’Ll,Xz(O) + 1= 7l2>

3

¥
Il
—_

[
WE

P(Xl(O) = Tll,XQ(O) = No — 1)

3

¥
Il
—_

[
WE

P(Xl(O) = Tll,XQ(O) = ng)

3

[ V]
Il
o

s

Xl(O) = nl)

e e

With (6.47) and (6.49) both vectors of random variables in (6.48) fulfill that the marginal
distribution for the first coordinate (node 1) is the geometric distribution with rate (1 —

/).
With the stochastic monotonicity of Jackson network processes and with Lemma 6.31(iii)

(6.48) implies

Tr(X,(0), X2(0)) <ue Tr(Xa(0), Xa(0) + 1), (6.:50)

' ~\~

:(Xl(tl),XQ(h)) :Z(X{I)(tl),Xél)(tl))
where Tr(X1(0), X2(0) + 1) fulfills (6.47) because Proposition 6.2 applies here, together
with Lemma 6.31(ii) this implies

pry(Xa(t), Xa(t1)) <ur pr (X0 (1), X (02)) ~ geo (1 - Z—) (65

Again, with Lemma 6.31(i) it holds

(X1(t2), Xa(t1)) <o (X317 (0), X3 (1)) < (X7 (1), X57(0) + 1), (6.52)
Since (X (t1), X{V(t,)) fulfills (6.47), the same computations as in (6.49) imply that
(X (), XSV (t1) + 1) fulfills (6.47) as well, ie.,

pri(X (), XSV (1) + 1) ~ geo (1 - %) . (6.53)
1

We notate (X7 (1), X3V (1) + 1) = (X (0), X$2(0)). With monotonicity it holds

(X1 (ta), Xa(t2)) <t Tr(X{"(11), X§" (1)) <a Tr(X17(0), X§(0)), (6.54)

=(x®(t1),x2 (11))

where (X1(2) (t1), XéQ)(tl)) fulfills (6.47) because Proposition 6.2 applies here, together with
Lemma 6.31(ii) this implies

pri(Xi(ts), Xa(ta)) <o pri(X12 (1), X327 (1)) ~ ged (1 - ﬂ) ' (6.55)
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This method goes on such that by induction we get for all n € N

PrriXai(tn). Xaltn)) — pXil) <, geo (1 _ ﬂ) . (6.56)
B M1

]

The result (6.56) resembles the result given with the process of a Jackson network where
node 2 has an infinite supply of work as upper bound which is ergodic:

Xl(tn) <st Xfr(tn) ~ geOO (1 - ﬂ) : (657)
H1
The difference between these two results is that (6.56) is obtained by analytical methods
only, while (6.57) is proved by pathwise coupling of the processes.

Proposition 6.28 establishes the following result for the continuous-time queue length
process X of the two-node model:

Theorem 6.32. Consider the two-node model, i.e., a Jackson network with two nodes
where node 1 is stable and node 2 is unstable. Denote by X the (continuous-time) queue
length process on the state space E = N?. Assume that the initial distribution PX© s
such that for its marginal holds

PprloX(O) _ geoD (1 _ ﬂ)

M1
Then for the stable marginal holds for all timest > 0
PrrieX®) < geo” (1 . ﬂ) . (6.58)
251

Proof. From Proposition 6.28 we have that
PprloX(t,L) — <Px(tn)>o pr1 _ (PX(O) . (pU)n>O pri <., gGOO (1 _ ﬂ) .
N H1

Since with the uniformization kernel p* and uniformization constant & it holds for the
transition kernel p(t) of the continuous-time process X:

(t) _ Z e~ ¢t (5;;) ( u)n
n=0 ’
We have:
PX(t) _ PX(O) -p(t) _ PX(O) . Ze—ft%(pu)n _ Ze—gt(gnﬁ(PX(O) . (pu)n).
n=0 ’ n=0 ’

Applying the first projection implies:

(0) 5l (0 ™ g (1)
n! M1

n=

(+) "
Lraer (1-22)

where (%) holds with & > 2-372 | (\; + ), sce Proposition 6.28, and (¥x) holds with the
mixture property of <y, see [MS02, Property (MI), p.74]. ]
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The distribution geo® (1 — %) in Theorem 6.32 is an upper bound for the marginal

distribution of the queue length process X, if the process is started with a distribution
which has this geometrical distribution as marginal.

If the mean values of the marginal processes (from (6.58)) were equal or if there was
equality in (6.58), we would call it a (stochastically) invariant marginal distribution. The
mean values of the marginal processes at each time are not equal in general, as can be
seen in the following proposition.

Proposition 6.33. Consider the framework of Proposition 6.28.  Assume that
POX200) fifills (6.47). From the proof of Proposition 6.28 we know that

(X1(0), X2(0)) <ut (X1(0), X2(0) +1) =: (X{V(0), X3"(0))
implies for the first jump time t4

(Xi (1), Xa(tr)) <a (X (81), X5V (11)),

where pri (X{" (1), X{7 (1)) ~ geo® (1 2).

w1
If neither r(2,1) = 0 (which would mean that node 1 is an ergodic M /M/1 system) nor

P(X5(0) =0) =0 (which would yield the framework of Proposition 6.2) holds, then
B ()] < BIX{ ()]

Proof. The mean value of Xfl)(tl) is

B ()) = 3 m - PG () =n) = 3 m (1 B ﬂ) (ﬂ)

n1 €N n1 €N H1 H1

For the mean value of X(¢;) we have to derive P(X;(t;) = ny) for all ny € N first:

P(X1 tl = n1 Z P nl,ng))
= 3 P(X(0) = (n1,m2)) - %(5 A= Ag — (1 — (1, D)Ly, (m1)

— po(1 — (2, 2))1N+ <n2))

+ ) P(X(0) = (g — L,my)) - ﬁlM(nl) + Y P(X(0) = (ng,m2 — 1)) - %M(nz)

n2€N § n2€N 3
+7%P(X(O) = (n1+1,ny)) - @ +7§P(X(O) = (n1,ng + 1)) - w
+ ZNP(X(O) (ny + 1,m5 — 1)) ’“‘17”21’2) 1, (n2)

+ 3 PX(0) = (n1 — L,ns + 1)) “ﬂf’ D I, (ny)
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= 3 PX(0) = (moma)) - (€= Ar = par( Dl () = (1 = (1, D)1, (m))

+ Z P(X(O) = (n1 — 1,712)) : )\1+/L+T<2’1) : 1N+(7’L1)
+ ) P(X(0) = (n1 + 1,n,)) 1 _g(l’ D)
— P(X(0) = (n; — 1,0)) - ugr(;» : Ly, (1)

1
= 3 POX(©) = (myma)) - ¢ (€ - & +(uz7“((2; )1>> (1= (L 1), ()
+ 37 PX(0) = (m— 1,ma)) - éw_ +(u27"((2,))1)) i, (1)

£ 37 P(X(0) = (m + 1,ma)) - 2! ‘{“’ 1)
n2€N

+ [P(X(0) = (n1,0)) — P(X(0) = (n1 — 1,0) - 1n, (1)) - M27"(§27 1)

o (1= 1) (%) 2 (£ m =) = L= (D)L )

+ B (1= r(1, 1)1y, () + %ul(l — (L, 1))>

m
+ [P(X(0) = (n1,0)) — P(X(0) = (ny — 1,0) - 1y, (n1)] - uzr(;, 1)
~
P () =m) = (6.59)
M m\"™ B B (e . 2 par(2,1)
(1 — E) (E) + [P(X(0) = (n1,0)) — P(X(0) = (n1 — 1,0) - 1, (n1)] o
With (6.59) the mean value of X;(¢1) is
E[X1(t1)] Z ny - P(X1(t) = ny)
= E[X{V(t)] + > ny - P(X(0) = (n1,0)) - W”(;a 1)
_ Z ny - P(X(O) — (nl _ 1’0)) X 1N+<n1) ) ,U27"(§2, 1)
ZE[X{”( B M27" (2,1) ZP . 0). .
0if r(2,1)> on16N ~- %

=P(X2(0)=0)
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Since <y holds in (6.58) and the mean values of the marginal processes are not equal at
all times in general, we call the resulting upper bound distribution in Theorem 6.32 a
stochastically sub-invariant distribution.

Proposition 6.28 (and therefore Theorem 6.32) only uses Proposition 6.2 which is a result
for the two-node model, all other techniques hold for non-ergodic Jackson networks with
an arbitrary finite number of nodes, too. Referencing Proposition 6.3 with D = () yields
with similar computations the same result for the marginals of the stable subnetwork in
a non-ergodic Jackson network with J nodes, 0 < J < oo.

A similar result can be obtained for non-ergodic Jackson networks with unreliable nodes
as well, because

(Y, X) <o (Y, X +1)

holds where Y can be considered as availability process and one may refer to Proposition
6.3 with D # (.
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Abstract

This thesis contributes to a better understanding of the behavior of queueing networks
that cannot approach a classical equilibrium state.

We consider Jackson networks with unreliable nodes which randomly break down and
are under repair for a random time. Our networks are described by Markov processes
the states of which incorporate the availability status and the queue-lengths vector.
For Jackson networks with unreliable nodes, it is known that, under ergodicity condi-
tions, the Markovian availability—queue-lengths process has a stationary product-form
distribution. Ergodicity conditions can be expressed as local rate conditions: The total
arrival rate at each node has to be strictly less than its maximal service rate. If for
some nodes the ergodicity condition is violated, the network process is not ergodic
and there cannot exist a stationary distribution. Nevertheless, we are able to obtain
the complete asymptotics for non-ergodic Jackson networks with unreliable nodes and
show that the state distribution of the stable subnetworks, i.e., the set of nodes where
the local rate condition is fulfilled, converges to a Jackson-type product-form distribution.

The characterization of the asymptotic behavior of non-ergodic Jackson networks with
unreliable nodes strongly relies on a detailed investigation of another class of generalized
Jackson networks, which is of interest for its own. In these networks some stations
may have an additional buffer with an infinite supply of lower priority jobs (customers)
served at that station whenever the station runs out of standard customers. Networks
incorporating such buffers are called Jackson networks with infinite supply. We analyze
the stationary and limiting behavior of these networks with reliable nodes as well as with
unreliable nodes.

Our results offer a new way to measure and assess the performance of non-ergodic
Jackson networks with unreliable nodes where steady-state methods cannot be applied
because no steady state exists. Using the obtained limiting distributions we are able
to compute long-time averages of the standard performance and availability metrics
explicitly.

The limiting distribution of the stable subnetworks of a non-ergodic network process has a
product form which resembles the product-form limiting and stationary distribution of an
ergodic network process. The observed structural similarities of the asymptotic results for
ergodic network processes and non-ergodic network processes on the stable subnetworks
pose the following question: Assume that the non-ergodic network is started with an
initial distribution which has the marginal limiting product-form distribution. Will this
distribution be preserved over time? It turns out that the answer is in general negative.
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However, there are subtleties which turn the question into the challenging problem to find
conditions which transform the limiting product-form distribution into a quasi-stationary
one, similar to those which occur when studying absorbing Markov processes. We prove
several results which contribute to a better understanding of the principles behind such
quasi-stationary behavior.



Zusammenfassung

Diese Arbeit liefert einen Beitrag zum besseren Verstidndnis des Verhaltens von
Warteschlangennetzen, welche sich nicht in ein klassisches Gleichgewicht einschwingen
konnen.

Es werden Jackson-Netzwerke mit unzuverldssigen Knoten, welche zufallsbeeinflusst
ausfallen und daraufthin fiir eine zufillige Zeit repariert werden, betrachtet. Diese Netze
werden durch Markov-Prozesse beschrieben, welche die zeitliche Entwicklung sowohl des
Verfiigbarkeitsstatus der Knoten im Netz als auch der vorliegenden Schlangenléngen
je Knoten im System abbilden. Fiir Jackson-Netze mit unzuverldssigen Knoten ist
bekannt, dass unter Ergodizititsbedingungen der zugehorige Markovsche Verfiigbarkeits-
und Schlangenlédngenprozess eine stationdre Verteilung in Produktform besitzt. Die
Ergodizitdtsbedingungen konnen als lokale Ratenbedingungen ausgedriickt werden: Die
Gesamtankunftsrate an jedem Knoten muss strikt kleiner sein als dessen maximale
Bedienrate (Kapazitdt). Ist fiir mindestens einen Knoten die Ergodizitatbedingung
verletzt, so ist der Markov-Prozess nicht ergodisch und kann keine stationare Verteilung
besitzen. Dennoch kann die exakte Asymptotik fiir nicht-ergodische Jackson-Netze
mit unzuverldssigen Knoten bewiesen werden und die Zustandsverteilung der stabilen
Teilnetze (d.h. die Menge der Knoten, fiir welche die lokale Ratenbedingung erfiillt ist)
konvergiert gegen eine Verteilung in Produktform.

Die Charakterisierung der Asymptotik nicht-ergodischer Jackson-Netze mit unzuver-
lassigen Knoten beruht auf einer detaillierten Untersuchung einer weiteren Klasse
verallgemeinerter Jackson-Netze, die auch fiir sich genommen von Interesse ist. In
diesen Netzen konnen einige Bedienstationen zusdtzlich ausgestattet sein mit einem
Puffer mit einem unbegrenzten Angebot an Auftriagen geringerer Prioritit, welche immer
dann abgearbeitet werden, wenn kein Standard-Auftrag aus dem Netz an dieser Station
wartet. Netze mit solchen Puffern werden Jackson-Netze mit "infinite supply" genannt.
Das stationdre und Grenz-Verhalten dieser Netzwerke mit zuverldssigen aber auch mit
unzuverlassigen Knoten wird analysiert.

Die bewiesenen Ergebnisse ermdoglichen es neue Methoden zu konstruieren zur Leistungs-
analyse und -bewertung nicht-ergodischer Jackson-Netze mit unzuverldssigen Knoten,
fiir welche stationdre Methoden nicht angewendet werden konnen, da keine stationére
Verteilung existiert. Die erhaltenen Grenzverteilungen nutzend, konnen Langzeitmittel-
werte der Standardmafse fiir Leistungs- und Verfiigbarkeitsanalysen explizit berechnet
werden.

Die asymptotische Verteilung fiir stabile Teilnetze eines nicht-ergodischen Netzwerk-
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prozesses hat eine Produktform, welche der Produktform der stationdren und asympto-
tischen Verteilung in einem ergodischen Netzwerk stark dhnelt. Die beobachteten struk-
turellen Ahnlichkeiten der asymptotischen Ergebnisse fiir ergodische Netzwerkprozesse
und fiir nicht-ergodische Netzwerkprozesse (auf den stabilen Teilen) werfen die folgende
Frage auf: Angenommen das nicht-ergodische Netzwerk wird mit einer Verteilung ge-
startet, welche marginal (fiir das stabile Teilnetz) die Produktform besitzt. Wird diese
marginale Produktform-Verteilung mit Verlauf der Zeit bestehen bleiben? Es stellt sich
heraus, dass die Antwort im Allgemeinen negativ ist. Eine genauere Analyse fiihrt dazu,
die Fragestellung in das sich als schwer zu bewiltigend herausstellende Problem zu trans-
formieren, Bedingungen zu finden, wodurch die Grenzverteilung eine quasi-stationére
Verteilung wird, dhnlich wie jene quasi-stationdren Verteilungen, die auftreten, wenn ab-
sorbierende Markov-Prozesse analysiert werden. Es werden Ergebnisse bewiesen, welche
dazu beitragen, die hinter solch quasi-stationdrem Verhalten der betrachteten Systeme
stehenden Prinzipien zu verstehen.
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