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1. Introduction

This first chapter introduces relevant definitions related to diffusion processes in R%
and notions from nonparametric statistics and empirical process theory. For Section
1.1, the main references are Stroock and Varadhan (1979), Revuz and Yor (1999),
Ledoux (2000) and Bakry (2008). Main sources for Section 1.4.1 are Tsybakov (1998),
Nussbaum (2006) and Tsybakov (2009), and for Section 1.4.2, we refer to Chapter 14
in Ledoux and Talagrand (1991) and the books of van der Vaart and Wellner (1996)
and Dudley (1999), respectively.

1.1. Diffusion processes

Diffusions present a particularly important class of stochastic processes. There is a long standing
theoretical interest in these processes as illustrated, for example, by the seminal books by Ito
and McKean (1965) and Stroock and Varadhan (1979). In addition, diffusions are of substantial
practical importance as they can be used to model many natural phenomena arising in biology,
physics, or mathematical finance. Loosely speaking, a diffusion is a continuous Markov process
which is characterized by its local infinitesimal drift b and variance a. At a more rigorous level,
assume that a : R — S; and b : R — R? are Borel measurable maps, with S; denoting the
set of symmetric non-negative definite d x d real matrices. Let A be the following second-order
differential operator associated with (a,b),

1 & ’
D) Z:: x’@a:ﬂ Zb 8 Oz’ (1.11)

where, for any g : R — R? g7 denotes the j-th component, j € {1,...,d}. Let C:°(R?) denote
the class of all infinitely differentiable functions on R% with compact support.

Definition 1.1.1 (Revuz and Yor (1999), Definition VII.2.1). A Markov process X, defined on
a filtered probability space (Q, %, (%)i>0, Px), with state space R? is called a diffusion process
with generator A if it has continuous paths and if, for any z € R? and any f € C(RY),

Bef (X0 = 1) + B ([ Af (o) u)

where E, denotes expectation under the initial value z at time ¢ = 0. The diffusion X thus
defined has diffusion coefficient a and drift b.

Diffusions appear in many different situations, and depending on the context, it might be con-
venient to emphasize different aspects. Classically, a diffusion is described as a strong Markov
process associated with a Markov semigroup with a specific infinitesimal generator. The It6
approach is to view it as a strong solution of an (Itd) stochastic differential equation (SDE),
and Stroock and Varadhan advocate the approach to diffusions as solutions of the corresponding
martingale problem. The topic of this thesis are two specific questions related to nonparametric
estimation theory and weak convergence properties of diffusion processes in R%, namely

« sharp adaptive estimation of the drift of a diffusion process, given as a solution of an Itd
SDE, from continuous-time observations, and
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o the formulation of (necessary and sufficient) conditions for uniform central limit theorems
for ergodic diffusions, thus providing an extension of the classical central limit theorem for
additive functionals of continuous Markov processes.

While the first question is concerned with diffusions arising as solution of some It6 SDE, the
second question will be dealt with by means of Markovian semigroup theory. Before we turn to
some further explanation of the two questions, let us briefly introduce the respective frameworks
and some basic assumptions.

1.1.1. Diffusions and It6 processes

It is beyond the scope of this thesis to treat multidimensional diffusion processes in full genera-
lity, and it is also common practice to restrict attention to the class of diffusion processes which
can be described by stochastic differential equations. In the sequel, we will deal exclusively with
homogeneous diffusions.

Definition 1.1.2 (Stroock and Varadhan (1979), Section 4.3). Let (Q,.%,(Z)t>0,P) be a
filtered probability space, and let X : Q@ — R%, a: Q — Sy and b : Q — R? be locally bounded
progressively measurable functions. If, for each (t,q) € [0,00) x  and any f € C2°(R?),

FO0) = [ (Af) ()

is a martingale relative to (2,.%,.%;,P) for t > 0, then X is called an homogeneous [td process
on (Q,.Z, (F)i>0,P) with covariance a and drift b, and we write X ~ Z(a,b).

Itd processes can be expressed as stochastic integrals. Let W be an (.%;)-Brownian motion,
defined on a probability space (Q, 7, (Z)i>0,P), and let o : @ — R4 and b : Q — R be
locally bounded progressively measurable functions. Any process X satisfying

t t
Xt—X():/ J(Xu)qu+/ (X)) du,  t>0, (1.1.2)
0 0

is an It6 process with covariance a(-) = oo?(+) and drift b(-); cf., e.g., Theorem 4.3.8 in Stroock
and Varadhan (1979) or Proposition VII.2.6 in Revuz and Yor (1999). Conversely, if X ~
F(a,b) on (Q, 7, %, P), then there exist a predictable process o and a Brownian motion W,
possibly on an enlargement of the probability space, such that (1.1.2) holds (see Theorems 4.5.1
and 4.5.2 in Stroock and Varadhan (1979) or Theorem VII.2.7 in Revuz and Yor (1999)).

1.1.2. Diffusions and Markovian semigroups

Let (E,%(E)), E C R? be a Borel measurable space, and let X = (Xt);> be an E-valued
Markov process with invariant probability measure p. Its transition semigroup is denoted
(Pt)tZO’ acting on the bounded measurable functions f on E by

Pi@ = [ @y, aeb, (1.1.3)

where py(-,-) are the corresponding transition densities. Denote the center of the semigroup by
By, that is,
By := {f € CoRY) : [|Pf — flloo — O a5 t = 0},

where Co(R?) is the space of continuous functions f : R? — R with f(z) — 0 as x approaches
the boundary of . The domain Dy4 of the infinitesimal generator A of (P),s is defined as the
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set
Bf—rf

{fEBoz‘ t

—gH — 0 for some g € By, ast—>()},

o0

and the infinitesimal generator Ais given by
‘1] lim ! (1 J f)
t1—>0 t ! '

It will be assumed throughout that the transition probabilities p:(-,-) admit an invariant pro-
bability measure . In this case, (P;) defines a contraction semigroup on L2(E,u) =: L?(p)
(cf. Bhattacharya (1982)). Slightly abusing notation, the infinitesimal generator of (P;) will
also be denoted by A (although it is actually an extension of A on L?(u)), with corresponding
domain Dy C L?(p). It can be equipped with the topology given by

19 = 11220 + IAF L2200, (1.1.4)

The generator A and its domain D4 completely determine (F;),~, that is, there exists a unique
semigroup (), of bounded operators on L?(u) satisfying (1.1.3) for all functions of the domain

Dy4. Conversely, if P; is a Feller semigroup on R? and the corresponding process has continuous
paths, then its infinitesimal generator on C?(R%) is given by (1.1.1) (cf. Theorem VII.1.13 and
the subsequent remark in Revuz and Yor (1999)). We shall not deepen the presentation of
Markov semigroups at this point but will introduce further details when needed.

1.1.3. Basic assumptions

Throughout, we consider some diffusion process X with invariant measure p, given as a solution
of (1.1.2) or described by the associated transition semigroup (#%),~,. The measure p is related
to (P;);>o by different properties. Since p is supposed to be invariant with respect to (P;);~,

it holds for any f € L'(u),
[ Pirdn= [ ran.

Furthermore, it will be assumed throughout that (F;),~ is ergodic with respect to p in the sense
that -

lim P f = /fd,u [-a.e.
t—o0

Here and throughout the sequel, P,(-) := [ P,(-)u(dz), such that ((X;)i>0,P,) is a stationary
ergodic process.

We now list some additional conditions on p and (the transition semigroup (Pt)t20 associated
with) X which will be important in our investigation.

(D1) (Symmetry.) The measure p is said to be reversible with respect to (Ft),sq, or (Pr)ysq is
symmetric with respect to p, if for every f,g € L?(p),

/fPtgdu = /gPtfdﬂ.

The generator A of a symmetric diffusion is self-adjoint, and it holds [ fAfdu < 0.

(D2) (Poincaré’s inequality.) There exists some constant cp such that, for any smooth enough
function f : R — R,

Var,(f) := /de,u - </ fd,u)2 < c}l/]Vde,u. (PI)
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For symmetric diffusions, Poincaré’s inequality is commonly referred to as spectral gap
inequality since (PI) is then equivalent to the existence of a spectral gap,

1
AMi=sup{A\>0:Ey,—Ey=0}=— >0,
cp

where — [7° X dE) denotes the spectral decomposition of A, and ¢ = cp appears to be
the smallest possible constant in (PI). Furthermore, (PI) is equivalent to the exponential
decay of P; to the invariant measure p in L?(u) (see, e.g., Theorem 1.3 in Bakry et al.
(2008)),

Ve L2 (n), Var, (P;f) < exp <c21i> Var,(f).

(D3) (Bound on the transition densities.) There exists some Cjy > 0 such that, for any u > ¢ > 0
and for any pair of points z,y € R? satisfying ||z — y||? < u, we have

pe(a,y) < Co(t™¥% +ud¥?). (1.1.5)
(D4) (Uniform ellipticity.) There exists some positive constant 0 < a. < oo such that the
diffusion matrix a satisfies the uniform ellipticity condition,

Cta(y)¢ > ay|¢]? for all ¢ € R?\ {0} and for all y € R%.

(D5) (Boundedness of the invariant density.) The invariant measure p is Lebesgue continuous
with density p which is bounded away from zero and uniformly bounded in 2 € R%.

At times, we require the following more specific upper bound on the invariant density.

(D6) (Ezponential decay of the invariant density.) The invariant measure p is Lebesgue conti-
nuous with density p which satisfies for some positive constants C, Co,

p(x) < Ciexp (—CQHIE||2) , x € R%

We shall comment on the above assumptions in the sequel. For the moment, we merely note
that — although the theory for multidimensional diffusion processes in general is less satisfactory
than for scalar diffusions, — the above conditions equip us with tools powerful enough to carry
out an in-depth analysis. We proceed by describing an important class of diffusion processes
satisfying the above conditions.

Example: Kolmogorov diffusions with at most linear growth of the drift
Let V € C%(R%), and consider the so-called Kolmogorov process
t
X, :Xo—/ YV (Xy) du + Wi, (1.1.6)
0

where W is a d-dimensional Brownian motion and the initial value Xy is independent of W. If
there exist constants K1, Ko € R such that

Vlall €RY (VV(2),2) > —Killz]? - Ko,

then the equation (1.1.6) has a unique continuous solution ¢ — X;(w) defined on Ry (Theorem
2.2.29 in Royer (2007)). If V is such that e 2" € L!(R?), then the probability measure y defined
by du(z) = p(z)dx with

p(x) :=c (V) exp (—2V(z)), for ¢(V) := /]Rd e 2V dy < oo, (1.1.7)
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is an invariant measure for X. In addition, u is reversible for X (see, e.g., Lemma 2.2.3 in Royer
(2007)). Denoting by N; the semigroup which acts on the bounded measurable functions f on
R? as

Nif(@) = Eof (X0) = [ pia.w)f ().
where X is the solution of (1.1.6), this can also be stated by saying that N; induces a strongly

continuous semigroup of self-adjoint operators on L?(p). Poincaré’s inequality holds whenever
there exist constants K3, K4 such that

Vel = Ks,  (VV(2),2) > Kyflz| (K1)
(cf. Bakry et al. (2008), p. 747). If there exists some constant K5 > 0 such that, for any z € RY,
()]} < K5 (1 + [|2[]) (K2)

then Theorem 3.2 in Qian and Zheng (2004) entails that (1.1.5) holds.

1.2. Adaptive estimation

The minimax theory of adaptive estimation of functions in various statistical models has been
studied intensively in the last decades. For setting the scene, consider the Gaussian white noise
model

dY (t) = f(t)dt + e dW (¢), t € [0,1], (1.2.1)

where W (-) is a standard Wiener process and 0 < ¢ < 1 is the noise level. A classical issue in
nonparametric statistics is to estimate the function f on the interval [0, 1] from the observation
(Y'())1epo,1)> assuming that f belongs to F,, where {F,,v € N} is a collection of functional
classes. To evaluate the quality of an estimator f, introduce its maximal risk for a given loss
function I(-,-) as

Re(Fo00) = sup Ep (v, 7() P(f, 1)), p>0 fixed,
feF,

where E; denotes expectation with respect to the distribution IP; of the observation satisfying
(1.2.1), and v, (¢) is a normalizing factor satisfying v, (¢) > 0 and 1, () —-—0 0 for every v.
For the case of the L? loss, one obtains the mean-integrated squared error

1
= 7 2
BT~ oy =B [ (Flo) = f(a)az, (122
and the goal is to understand the asymptotics as € — 0 of the minimax risk

. ~2(y |17 — £
nf sup By (42 17~ Tl

the infimum being taken over all estimators f of f. Typically, F, is given as

Fo=A{f: 101 =R:mg(f) <Ly,  v=(61L),

where n3(-) is a given functional (e.g., a seminorm), 5 > 0 is some smoothness parameter, and
L > 0 is the radius of the ball F,. If v is known, the functional class F, is fixed, and in many
situations one can construct an estimator f,, which achieves the optimal asymptotic minimazx rate
of convergence on F,, that is, there exist some normalizing factor ¢ (¢) and positive constants
¢, C such that
¢ < lim inf igf%e,l,(]?, Yy) < lim supc@al,(fy, YPr) < C.
=0 f e—0
Denote the set of all optimal rates of convergence 7 (-) for fixed v by {¢5(-)}.

Two obvious severe obstacles have stipulated research in nonparametric estimation theory.
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(I) Results on the convergence rate have only a limited significance and do not provide further
insight into the specific nature of the estimation problem at hand. Furthermore, exact
results are of avail in order to be able to compare estimators on the level of constants. The
interest therefore is in finding an estimator ﬁ, satisfying the equality

lim 1r}1vf%57,,( Frby) = i R (fu,40y).

(IT) The parameter v is usually unknown, and due to dependence of the estimator on the
parameter, the minimax approach is of limited use in practice. The next step is to construct
optimally rate adaptive estimators on N, that is, estimators f* which do not depend on v
and which achieve the optimal rate uniformly over v € N/,

lim sup sup Z-, (f*,¥,) < C,
e—=0 veN

where U, (¢) = 9} (e) is any optimal rate of convergence on F, for the loss [, and C is a
positive constant. A priori, it is not clear whether such estimators exist or whether one
can only achieve a rate slower than the optimal one when the parameter v is not known.
In cases where rate optimal estimators exist, it is moreover of interest whether there is
a loss of efficiency under adaptation which is reflected in a worsening of the asymptotic
constant.

As concerns (I), the pioneering result in nonparametric estimation theory on ezact minimax
asymptotics is due to Pinsker (1980) who considers filtering problems over ellipsoids in Hilbert
space with respect to mean-integrated squared error criteria. There exists a canonical map of
the sequence model considered in Pinsker (1980) to the Gaussian white noise model (1.2.1).
Given m € N and M > 0, denote by sz(M ) the periodic L?-Sobolev class of order m and
radius M on [0, 1], that is,

S (k)™ (63, + 6314 ) < M},
k=1

W)= { £ £ =380,
j=1

where (¢;);, is the trigonometric orthonormal basis in L?[0,1], and 0; :== [ ¢;(t)f(t)dt, j > 1,
are the Fourier coefficients of f. Pinsker’s theorem states that

1m e m+1 111 sup — = m m+1 —_— . N
e—0 f fef‘/f/m,Z(M) f Lz(Rd) ﬂ-(m + 1)

The minimax linear filtering estimate constructed in Pinsker (1980) which attains the exact
bound depends on the ellipsoid via the set of the coefficients describing it. Efroimovich and
Pinsker (1984) give an algorithm of adaptive estimation which allows to attain the exact bound
for periodic Sobolev classes by an estimator which does not depend on the degree of smoothness
m and on the bound M. As concerns item (II), it thus has been shown that optimal rate adaptive
estimators exist and that there is no loss of efficiency in the “Pinsker case,” that is, in the setting
of nonparametric function estimation in the Gaussian white noise model over the scale of L?
Sobolev classes with respect to mean-integrated squared error criteria. Put differently, this
means that asymptotically exact adaptive estimators on the Sobolev scale for the L? risk exist,
in the sense of the following

Definition 1.2.1 (Tsybakov (1998), Definition 1). An optimal rate adaptive estimator fZ is
called asymptotically exact adaptive on the scale of classes (Fy)yeN for the loss [ if it satisfies

lim inf sup %57,,(]7, U,) = lim sup Z- . (f;,¥,), (1.2.4)
e—0 f veN e=0 e N

where W, (g) € {¢}(-)} for every fixed v.
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One further crucial result on exact asymptotics is due to Korostelev (1993) who studies the
behavior of the minimax risk in Gaussian nonparametric regression. Instead of Sobolev-type
smoothness assumptions, he considers estimation over the scales of Holder classes H(/3, L), given
as

HB.L) = {f:1f@) ~ fW) < Lz o’ zye 0.1}, pe©1], L>0,

and the squared L? loss in (1.2.2) is substituted with the sup-norm loss. Donoho (1992) extends
the result to signal estimation in Gaussian white noise and establishes a relation to the optimal
recovery problem. Lepski (1992) shows that adaptive minimax estimators do not exist in the
“Korostelev case,” that is, for nonparametric estimation over the scale of Hélder classes of
smoothness 8 € (0,1) with respect to sup-norm loss. The loss of efficiency, defined as the
maximal over v € N ratio of the risk of the best adaptive estimator to the minimax nonadaptive
risk, is asymptotically strictly greater than one.

Instead of using the L? risk defined in (1.2.2) or sup-norm losses, one might be interested in
nonparametric estimation of f in some fixed point z € [0,1], and in this case accuracy of an
estimator f is conveniently measured by the mean-squared error

Ef|f(z) — f(a)*.

The investigation of the problem of pointwise adaptive estimation in the minimax framework
was pioneered by Lepski (1991). In particular, it is shown that there are no optimal rate adaptive
estimators on the scale of Holder classes. The best adaptive estimators are proven to achieve
only a rate which is slower than the optimal one in a logarithmic factor. To distinguish them
from optimal rate adaptive estimators, such estimators are called rate adaptive.

Definition 1.2.2 (Tsybakov (1998), Definition 3). The sequence V¥, (¢) is an adaptive rate of
convergence on the scale of classes <]:V)ue/\f for the loss 1 if the following two conditions are
satisfied:

e There exists an estimator f* which is optimal rate adaptive on (]:”)ue A that is, for
U, (e) = ¢}(e), it holds
lim sup sup Z-,(f*,¥,) < C,

e—0 veN

where () is any optimal rate of convergence on F, for the loss [;

o if the rate of convergence S, (¢) > 0 satisfies for some estimator f**

lim sup sup Z. . (f**,5,) < C
e—=0 veN

and if, in addition, there exists some v/ € N such that S,/ (g)/¥,/(¢) — 0 as ¢ — 0, then
there exists " € N such that

Sy (5)
\I’I/l(s) ‘ N (5)

—re—0 1+00.

For the scale of Holder classes and under the pointwise risk, Lepski and Spokoiny (1997) find
the best among all rate adaptive estimators in the sense of exact risk asymptotics. The exact
asymptotics of minimax adaptive risks on the scale of L? Sobolev classes for estimation under
the sup-norm risk and for pointwise estimation are studied in Tsybakov (1998). In both works,
the Gaussian white noise model is considered. Further references will be given in the sequel.

There exists indeed a large variety of situations of nonparametric estimation in between and
beyond the classical “Pinsker case” and the “Korostelev case” mentioned above. Typical situa-
tions are smoothness assumptions of Holder, Besov or Sobolev type, combined with pointwise,
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uniform or LP risk criteria. We already noted that the results may differ substantially when
passing from one risk criterion to another, and a similar remark holds, e.g., for the case of point-
wise estimation over Holder classes as compared to pointwise estimation over Sobolev classes.
As concerns the choice of the statistical model, it is folklore that estimators proposed for one
specific model usually can be modified for other types of observations. It has become accepted to
develop results first in a Gaussian white noise model in the spirit of (1.2.1) as it “approximates”
common models with discrete observations such as nonparametric regression or nonparametric
density estimation. Arguments based on the concept of asymptotic statistical equivalence al-
low to extend results on exact estimation which are available for one specific model to another
equivalent model.

Asymptotic statistical equivalence for the drift estimation experiment. Dalalyan and
Reif} (2007) develop asymptotic equivalence of experiments in the Le Cam sense for inference
on the drift in multidimensional ergodic Kolmogorov diffusions, given as a strong solution of the
SDE

dX; = b(X)dt +dW,,  Xg=¢, t€[0,T]. (1.2.5)

Denote by X (M, M) the set of all functions b = —VV : R? — R? satisfying for all z,y € R?
the following conditions,

[b(@)l| < My (L+lzl]),  (b(z) = b(y), 2 —y) < =Mzl —yl|.

The main result of Dalalyan and Reifl (2007) establishes local equivalence of the diffusion ex-
periment with an accompanying Gaussian shift experiment. It is instructive to consider the
corresponding models in detail.

Definition 1.2.3. (i) (Diffusion experiment) Let ¥g(L, K) be the set of functions b € ¥(K)
such that all d components b’ of b belong to the isotropic Holder smoothness class of
regularity 8 > 0 and radius L > 0. Given some fixed by € ¥3(L, K), let

% (b, £,m, A) = {b € S(L, K) : [b(x) — bo(2)| < & La(a), = € RY, (1.2.6)
[b(@) = poo ()] < 1 iy (), @ € A}

Suppose ¥ C X(K) for some K > 0. For any T" > 0, let E(X,T) be the statistical
experiment of observing the diffusion defined by (1.2.5) with b € X.

(ii) (Gaussian shift model) For b € L*(u,), denote by Qpr the Gaussian measure on the
measurable space (C(R%R?), Z(C(R%R?))), induced by the d-dimensional process Z sa-
tisfying

1
dZ(z) = b(x r) dz + —= dB(z), Z(0) =0, z € RY,
() = b(2)/ oy () Nis () (0)
where B(z) = (Bl(x), e Bd(x)) and B'(z),..., B%(z) are independent d-variate Brow-

nian sheets.

Following the methodology developed by Nussbaum (1996), one may determine exact asymptotic
constants for the case of bounded loss functions, but this approach is of limited use in our setting.
One limitation is due to the fact that the main local equivalence result of Dalalyan and Reif}
(2007) on equivalence with the Gaussian shift model holds for regularity

B>(d—1+\/m>/2~<;+\}§>d, as d — oo,
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while asymptotic equivalence with heteroskedastic Gaussian regression is established for

2

ﬁ>max{ci—1,(d—2+ (d—2)2+4d2>/4}.

As mentioned by the authors, it is not clear whether for Holder classes of smaller regularity
asymptotic equivalence holds or not. Even if equivalence would fail, the minimax risk asymp-
totics could possibly still hold in the diffusion model for substantially smaller smoothness index
5. This conjecture is supported by the work of Korostelev and Nussbaum on the exact constant
of the risk asymptotics in the sup-norm for density estimation. The constant for nonparametric
regression (the “Korostolev case”) and for signal estimation in Gaussian white noise (Donoho
(1992)) was already known before, and a concise argument based on asymptotic equivalence in
the Le Cam sense allows to derive the exact constant for density estimation under the additional
assumption that the densities are uniformly bounded away from zero and that the smoothness
index 8 > 1/2 (cf. Korostelev and Nussbaum (1995)). This last restriction is due to the fact that
asymptotic equivalence is known to fail for Holder smoothness § < 1/2. The direct approach
in Korostelev and Nussbaum (1999) gives the sup-norm constant for density estimation for all
B > 0 and without any further conditions on the density. The asymptotic equivalence approach
to determine exact risk bounds thus clearly has its limitations. We prefer the approach to prove
results in the spirit of (1.2.4) by verifying an upper bound and the corresponding lower bound
on the risk directly.

1.2.1. Lower bounds

A convenient strategy to prove lower bounds for the maximum risk over a functional class
(}-”)ue/\/ of the form

lim inf inf sup sup Ef (4,7 (e) P(f, ) > 1, p >0, (1.2.7)
e=0 ¥ veN feF,

consists in bounding it from below by
o the Bayes risk over a parametric subfamily indexed by a continuous parameter, or
e the maximum or the average risk over a finite family of members of the class.

In the sequel, we shall briefly introduce two useful auxiliary results related to these ideas. A
concise introduction, many concrete devices for proving lower bounds and references to the
literature are given in Chapter 2 of Tsybakov (2009).

Van Trees’ inequality. As noted in Tsybakov (2009), van Trees’ inequality applies only to
squared loss functions, but in this setting, it can lead in some cases to asymptotically exact
lower bounds. Gill and Levit (1995) were apparently the first to use a version of van Trees’
inequality for estimation of functionals, and Belitser and Levit (1995) show that the inequality
can be applied for deriving the Pinsker constant. The general version below is given in Tsybakov
(2009), Section 2.7.3. Let T := [t1,t2] C R such that —co < t; <ty < 400, and let (P), . be
a family of probability measures on some measurable space (X, 7). Assume that there exists a
o-finite measure v on (X, .o7) such that P, < v for all t € T', introduce a probability distribution
with Lebesgue density p(-) on T, and, given any estimator t, consider the Bayes risk with respect
to p, defined by

" (1) ::/TEt(tA—t)Zu(t)dt.
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Assume that the density p(z,t) is measurable in (z,¢) and absolutely continuous in ¢ for almost
all  with respect to v, and that the prior density u < N on T and such that u(t1) = p(t2) = 0.
Introduce the Fisher informations

1) = | (p/(x’t))2p<x,t>v<dx>, = [ WOy,

p(x,t) u(t)

and assume that Z(t) < oo forall t € T, [Z(t)dt < oo and J (1) < co. In this set-up, van Trees’
inequality states that, for any estimator #(X),

1
JIOpt)dt + T ()

/TEt (#x) - t)Qu(t)dt >

Another important auxiliary result. Another tool which will be notedly useful in the
sequel was developed by Tsybakov (1998) for proving lower bounds in the Gaussian white noise
model (1.2.1). It has been used, e.g., in Butucea (2001), Klemeld and Tsybakov (2001) and
Klemeld and Tsybakov (2004) for proving exact lower bounds on the pointwise risk. In order to
prove a (sharp) lower bound for estimating functions f € F, at some fixed zo € (0,1), v € N
is some smoothness parameter, consider two hypotheses f = fy and f = f1. Denote by Py, the
distribution of observations satisfying (1.2.1) for the hypothesis f = f;, and denote by Ey, the
expectation with respect to Py,, i = 0,1. Then, if fy € F,, and fi € F,, for some vy, € N, it
holds for any p > 0

inf sup sup Ef (¢, |f z0) — f(z0)|")
f veN feF,
2 inf max {Efo (W () |F(@0) = fol@o)|")s Ep (7 (e) |F(zo) = filzo)]") }-

For suitably chosen hypothesis fy and f1, this last term is bounded from below by

inf max {Qp EfODp(f, 0), Elep(fa 1)}’
f

where, for any fixed 6 € (0,1/2), D(u,v) := (1 —0)|u — v|, u,v € R, and Q = ¥y, /ty,. If
Py, < Py, and, for fixed 7 > 0 and o € (0, 1),

Py, Py >rl>1-aq,
d]P’f1

then, for any p > 0, Theorem 6(i) in Tsybakov (1998) states that

. P 1283 D(F (1 —a)7(Q)P(1 —25)P
1r}1jmax{Q EsDP(f,0),Ep DP(f, 1)} = (1—-20)P +7(QO)P

(1.2.8)

If § can be chosen such that the right-hand side of (1.2.8) tends to 1 (for € — 0), then a result
in the spirit of (1.2.7) follows.

1.2.2. Upper bounds

There exists a large variety of methods to construct adaptive estimators, and the principle of
unbiased risk estimation is at the bottom of many of them. A different idea is due to Oleg
Lepski and is based on implicit bias-variance comparison schemes. For further information, see
Tsybakov (2009).
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1.3. Weak convergence and empirical processes

In the classical theory of empirical processes based on independent observations, one considers
extensions of classical limit results such as law of large numbers, central limit theorem or law
of the iterated logarithm. Let Xi,...,X, be independent and identically distributed (i.i.d.)
random variables, defined on some probability space (€2, <7, P) and taking values in some space
S. Denote the corresponding empirical measure by

ZéXi(W)’ we n>1.

Let F be a countable class of functions on (S, #(95)) such that sup;c z | f(z)| < oo for all z € S.
The empirical process (Gn(f)) e x based on P and indexed by F C LY(P) is defined as

Gu(f) = vn (:LG:f(Xi) - /fd]P’) ., feF n>1 (1.3.1)
i=1

The object of empirical process theory is to study the properties of the approximation of the
expectation of functions by their empirical measures, uniformly in F. A class F is said to be a
(strong) Glivenko—Cantelli class for P if, a.s.,

lim sup

/f (dP,, — dP)’ = lim sup

1 n

L3 —/deP’| 0.

iz

F is called a Donsker class for P, or IP is said to satisfy a CLT uniformly over F, if
Gp=vn(P,—P)~G in 0°°(F), (1.3.2)

where the limit G is a tight, Borel measurable element in ¢>°(F). Here and in what follows, ~~
denotes convergence in law of random elements in the generalized sense of Hoffmann-Jgrgensen
(cf. Dudley (1999), Chapter 3). By the finite-dimensional CLT, the limit process (G(f))cr
must be a centered Gaussian process with covariance given by

EG(f)G(g) =P (f —Pf) (9 —Pg) =P(fg) —PfPyg.

It is well-known that the limit exists as tight map into £>°(F) if and only if (G(f)) s admits
a version with bounded sample paths which are continuous on F with respect to the intrinsic
semimetric induced by the limiting process G, given by

@(f,9) = I(f =PF) = (9 =Pl oy,  fr9€F.

A class F of measurable functions is called P-pregaussian if the tight limit process in (1.3.2)
exists. While a P-Donsker class is necessarily P-pregaussian, the reverse assertion does not hold.
The first example of a pregaussian class which is not Donsker is attributed to Strassen and
Dudley (1969). A class F is a P-Donsker class if and only if the empirical processes G, satisfy
an asymptotic equicontinuity criterion.

1.4. The problems

1.4.1. Sharp adaptive drift estimation for ergodic diffusions in higher dimension
In the first part of the thesis, we are concerned with nonparametric estimation of the drift of

an ergodic stationary diffusion X with invariant measure p. We study the problem under the
following assumptions:

11
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o (stationarity) X is strictly stationary, that is, Xo ~ pu.

o (continuous observations) A continuous record of observations X7 := (X;)y, < is availa-

ble.
o (long-time asymptotics) The process X is observed over [0,7], and T — oc.

Subject to these constraints, we obtain a framework which presents a suitable starting point for
providing as precise understanding of the drift estimation problem as possible. In particular,
it allows to prove exact results which can be considered as a benchmark, e.g., for the case of
discrete observations or finite-sample results.

Global drift estimation

For ease of presentation, let us restrict attention to the case of Kolmogorov diffusions introduced
in Section 1.1.3. The relation

b(x) = (2p(x)) "' V() (1.4.1)

suggests to decompose the drift estimation problem by estimating the invariant density p and its
gradient separately. The same approach has been used by Dalalyan and Kutoyants (2002) who
consider the problem of nonparametric estimation of the derivative of the invariant density and
of the drift coefficient for scalar ergodic diffusion processes over weighted L? Sobolev classes. The
construction of the asymptotically efficient estimator in Dalalyan and Kutoyants (2002) requires
the knowledge of the smoothness and the radius of these weighted Sobolev balls. On the basis
of these results, Dalalyan (2005) develops an adaptive procedure which does not depend on the
characteristics of the Sobolev ball and which is asymptotically minimax simultaneously over a
broad scale of Sobolev classes. The adaptive procedure relies on the principle of unbiased risk
estimation and is inspired by Cavalier et al. (2002). We already mentioned that a real satisfactory
theory only for one-dimensional diffusion processes is available, and the same assertion holds
true for the statistical theory. The concept of local time and related tools such as the occupation
times formula are frequently used in the works of Dalalyan and Kutoyants (2002) and Dalalyan
(2005). One task to be solved in the sequel therefore consists in extending these results to the
multidimensional setting and to identify a class of diffusion processes for which exact asymptotics
can be described.

Pointwise drift estimation

To the best of our knowledge, exact results for pointwise drift estimation are not available. To
construct an adaptive estimator of the drift at some fixed point 2y € R%, we again use the relation
(1.4.1) and decompose the problem into the separate questions of estimating the invariant density
and its gradient. Klemeld and Tsybakov (2001) consider the problem of estimating a linear
functional T'(f), where f is an unknown function observed in the multidimensional Gaussian
white noise model

dY (t) = f(t)dt + ¢ dB(t), tecR? (1.4.2)

where B denotes the standard Brownian sheet in R? and & € (0,1). A connection between sharp
adaptation and optimal recovery is established, and asymptotically sharp adaptive estimators
on various scales of smoothness classes are proposed. As an application, Klemeld and Tsybakov
(2001) consider the problem of estimating the partial derivatives of f under Sobolev smoothness
assumptions. In their follow-up article Klemel& and Tsybakov (2004), nonparametric estimation
of a multivariate function and its partial derivatives at a fixed point for observations of the
Riesz transform in Gaussian white noise is investigated. The Lepski-type adaptation procedure
proposed there serves as a source for our drift estimation scheme. One further reference is

12
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Butucea (2001) who considers the problem of exact adaptive estimation of a density f at a fixed
point g € R on the Sobolev classes. In the density model, the value of the unknown density
at the estimation point appears in the exact normalization. This requires to use a preliminary
estimator of f (x), and the same is to be expected in the adaptive drift estimation procedure.

1.4.2. Donsker theorems for multidimensional diffusions

The second part of the thesis is devoted to the investigation of infinite-dimensional extensions of
the CLT for additive functionals, that is, the investigation of so-called Donsker theorems. The
chapter is based on the preprint “Uniform central limit theorems for multidimensional diffusions”
which is a joint work with Angelika Rohde. All results which are taken from the preprint into
this chapter are marked.

Let (Xt);>o be an ergodic diffusion process on £ C R? with invariant measure p. A strong law
of large numbers for additive functionals of (X¢);5 is available. Precisely, if Xo ~ p, then it
holds for any f € L'(u), a.s. and in L,

s (5 [ 7)) = [ san

Assume that Xo ~ p, and consider 0 # f € L?(u) with [ fdu = 0. The additive functional
(f3 f(Xy)du) 1> 18 said to satisfy a central limit theorem (CLT) if

\}i /Ot £ (Xy)du = N(0,1). (1.4.3)

Such limit results can be proven under mild assumptions; we refer to Chapter VII in Jacod and
Shiryaev (2002) and to Cattiaux et al. (2012) for an account of situations where the CLT for
additive functionals of ergodic diffusions holds. The goal in the sequel is to find uniform versions
of (1.4.3). Results of Glivenko—Cantelli or Donsker type for one-dimensional diffusions are given,
e.g., in van Zanten (2003) and van der Vaart and van Zanten (2005), respectively. Precisely, van
Zanten (2003) considers a regular scalar diffusion process X with finite speed measure m and
invariant measure p. The uniform law of large numbers

t
lim sup ‘1/ f(Xu)du—/fd,u’ =0
t—o0 feF t Jo

is shown to hold for any class F which either has an p-integrable envelope function or which is
bounded in LP(u) for some p > 1. The main result of van der Vaart and van Zanten (2005) is
that, whenever the limit G exists as a tight, Borel measurable map, it holds G; = G in *°(F).
In contrast with uniform laws of large numbers and uniform CLTs for i.i.d. random variables, no
conditions on the “size” of the function class F in terms of bracketing or covering numbers are
required. The results on empirical processes of one-dimensional diffusions are a consequence of
a number of asymptotic properties of diffusion local time and therefore restricted to the scalar
case.

For some countable function class F C L?(u) of measurable functions, define the empirical
diffusion process in analogy to (1.3.1) as

Gulf) == Vi C /Otf(Xu)du— /Efdu> . feF t>0. (1.4.4)

The motivation for investigating empirical diffusion processes as in (1.4.4) is two-fold. First, we
aim at contributing to the theory of empirical processes of multidimensional diffusions. Various
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methods have been developed to prove Donsker properties, for example, bracketing conditions,
arguments from probability in Banach spaces, Vapnik—Chervonenkis type arguments or random
entropy criteria. With a view towards statistical applications, it is of interest to learn which
of the classical techniques and tools work well and can be used for establishing Donsker-type
theorems in the context of empirical diffusion processes. On a more abstract level, the goal is
to establish uniform CLTs (or modified versions thereof) for multidimensional diffusions under
necessary and sufficient conditions.

1.5. Outline of the thesis

As measured by their substantial importance and in view of the well-developed statistical theory
for scalar diffusions, only few theoretical results on multidimensional diffusions are available.
This is at least partially due to the lack of local time in the multidimensional framework. Both
the work of Dalalyan (2005) on sharp adaptive drift estimation and the result of van der Vaart
and van Zanten (2005) on Donsker theorems for scalar regular diffusions rely on the concept of
local time.

The goal of the first part of the thesis (Chapter 2) is to investigate the exact asymptotics of
minimax adaptive risks under reasonable smoothness assumptions on the drift and to construct
sharp adaptive estimators, that is, adaptive estimators which do not only achieve the best
possible rate of convergence but the best asymptotic constant associated to it. Two situations
will be considered, namely

o global estimation, that is, estimation with respect to some global distance measure, and
e pointwise estimation, that is, estimation of b in some fixed zo € R%.

From the outset, it is neither clear whether optimal rate adaptive estimators exist nor how the
exact constants look like. We further have to carve out “reasonable” smoothness assumptions on
the drift, taking care of its implications on the existence of a solution of the associated 1t6 SDE,
existence of the invariant measure and regularity properties of its invariant density. Dalalyan
and Kutoyants (2002) and Dalalyan (2005) advocate the use of a local minimax approach for
global estimation of the drift of scalar diffusion processes. We shall explore the implications of
this approach in the multidimensional diffusion framework. One reference point is the work of
Dalalyan and Reifl (2007) who establish asymptotic statistical equivalence between the diffusion
experiment and the Gaussian shift model. Their results hold for Kolmogorov diffusions under
rather restrictive Holder smoothness assumptions on the drift. Exact asymptotic findings for
smoothness classes of smaller regularity could serve as an indication that statistical equivalence,
at least in some reduced sense, still holds. Leaving aside the case of Kolmogorov diffusions, it is in
particular interesting to describe the influence of the diffusion coefficient on the drift estimation
problem. We assume that a continuous record of observations (X;)yc;«p =: X is available,
and this implies that the diffusion coefficient oo’ can be identified using the semimartingale
quadratic variation of the diffusion X. Although it is identifiable at any point visited by X7, it
is to be expected that the diffusion coefficient still influences the drift estimation procedure.

In the second part of this work (Chapter 3), Donsker-type theorems for empirical processes of
multidimensional diffusions are studied. The proof of such results requires verifying asymptotic
tightness and convergence of the marginal distributions. We will use results in the spirit of
the (functional) CLT due to Bhattacharya (1982) for establishing marginal convergence. Ex-
plicit criteria which ensure asymptotic tightness will be given. The results of van der Vaart and
van Zanten (2005) reflect the fact that the empirical measure of scalar diffusions is substan-
tially smoother than the empirical measure based on i.i.d. observations. Such a phenomenon
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is known in a less distinctive degree for multidimensional diffusions which satisfy suitable func-
tional inequalities. In order to establish increased regularity, we study smoothed versions of the
empirical diffusion process. This allows in particular to establish uniform CLTs for smoothed
empirical processes of Kolmogorov diffusions with very fast bandwidths under only pregaussian
conditions, thus verifying the exceptional regularity of empirical processes of multidimensional
ergodic diffusions.

A short selective overview of central results obtained in the thesis is given in Chapter 4. In
addition, we sketch possible extensions and questions which might be tackled in the future. For
the convenience of the reader, some of the auxiliary results which were used in Chapters 2 and
3 are summarized in the Appendix.
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2. Sharp adaptive drift estimation for ergodic diffusions in
higher dimension

Let X be an ergodic multidimensional diffusion process with drift function b. We
consider the problem of adaptive estimation of b. Exact data-driven procedures both
for global and pointwise estimation are proposed, attaining the optimal constant
under natural smoothness conditions on the drift. Both a connection to the classical
Pinsker result on estimation with respect to L? risk over Sobolev classes and to the
problem of optimal recovery are established. The sharp results in particular allow
to evaluate the influence of the diffusion matrix.

2.1. Introduction and overview of the results

The setting. Consider the diffusion process X which is given as a strong solution of the
stochastic differential equation

dX; = b(Xt)dt + O’(Xt) dWrs, Xog=¢&, >0, (211)

where b : R? — R? and o : RY — R?*? are the unknown characteristics, W = (W;);>¢ is a
d-dimensional Brownian motion and the initial vector ¢ € R? is independent of W. Given a
continuous record of observations (X;)o<i<r =: X1, T > 0, the aim is to estimate the drift
vector b. We restrict attention to ergodic diffusions with unique invariant probability measure
w which is absolutely continuous with respect to Lebesgue measure. Denote by p the invariant
density of p. The initial value £ is assumed to follow the invariant law such that the process X
is strictly stationary. Throughout, we consider the case of continuous-time observations of the
diffusion process, thus laying the foundation and providing benchmarks for the more involved
setting of (possibly low-frequency) discrete-time data. In the continuous-time framework, the
diffusion matrix a := oo' is identifiable by means of the semimartingale quadratic variation,
and the problem of its estimation does not arise. Nevertheless, it is to be expected that the
characteristics of the diffusion coefficient have an impact on the drift estimation problem, and
one focus in the sequel will be on identifying the influence of the diffusion matrix.

The estimators. Let K : R — R be a fixed function satisfying [ps K(z)dz = 1. Given a
bandwidth h > 0, the invariant density p can be estimated by a kernel estimator of the form

1

R T X, —x 1 (T d
pr(x) == T—hd/o K( - )du = T/o Kp (X, — x)du, x € RY, (2.1.2)

where Kj(-) := h™@K(-/h). There exist several approaches to motivate drift estimators. A
kernel estimator of b which is suggested by analogy to the model of regression with random
design is given by .
-1
br(z) == T fE Kn( X = x)dX“, z € RY, (2.1.3)
pr(z) V ps(z)

for some a priori lower bound p.(x) > 0 on p(x). If such a lower bound p, is not available, an
additional carefully chosen term may be included in the denominator for ensuring that it does
not vanish too rapidly.
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Alternatively, one may use an analytical approach for suggesting a drift estimator. Under specific
smoothness conditions on the coefficients of the diffusion X, the j-th component b’ of the drift
vector b can be expressed as follows,

d
V(x) = (2p(x))"" Z O (ajk(z)p(x)), je{l,...,d}, z € R, (2.1.4)
k=1
where a := oo’ is the diffusion matrix with entries (a;j;). This suggests the following kernel
estimator for the drift vector b(-),
~ T h4 [T a(X,) VKR (X, —z)d
br(z) = Jo a(Xu)VEWXy —2)du g (2.1.5)

2(pr(z) V ps(z))
Further details on the definition of drift estimators are given in Section 2.2.3.

The problem. The central problem in any kernel-based estimation procedure is the selection
of an appropriate bandwidth. Two different approaches to the question of bandwidth selection
will be considered, depending on the concrete statement of the problem. First, the drift function
b is estimated globally, and the goal is to find estimators br which are optimal with respect to
the weighted L? risk

Rglob(gTvb) = Epo /Rd HET(l') — b(x)||; p*(x)dz, (2.1.6)

where Ey, is the expectation with respect to the invariant measure associated with the coeffi-
cients b and o, and || - ||, denotes the p-norm,

d 1/p
[@]]p == (Zlfmlp> , p>1, zeRe
=1

The use of the squared density as a weight function presents one difference to the definition of
the mean integrated squared error commonly employed in the classical statistical models. In
combination with growth conditions on the drift coefficient, it allows to formulate clear results for
drift estimation on R?. As an alternative to global criteria, one might be interested in estimating
the drift in some fixed 29 € R? in which case the quality of an estimator by is measured by its
pointwise risk,
=~ Y 2
Rpoint (bT7 b) = Eb,UHbT(xO) - b(xO)HQ

The goal in both settings is to define minimax adaptive estimators b7, b7 satisfying

Ralob (b7, b) = inf sup Rgon (b7, b) and Rpoint (b7, b) = inf sup Rpoint (b, b),

by beB by bEB
respectively. The infimum is taken over all estimators br of the drift b, and the supremum
extends over a given class of functions B. Typically, B is a class of smooth functions, for
example of Sobolev type. In practice, the smoothness parameters usually are unknown, and
this necessitates the usage of data-driven estimation procedures. This chapter is devoted to the
development of such procedures for estimating the drift vector of SDEs in the It6 sense. Let us
point out the following:

« We propose exact adaptive procedures for global and pointwise estimation of the compo-
nents of the drift vector over L? Sobolev classes, and we provide Pinsker-type results and
findings on the relation between optimal recovery and nonparametric pointwise estimation
in the diffusion framework.

e The exact results apply to a broad class of ergodic reversible diffusion processes which
satisfy the Poincaré hypothesis. We do not explicitly use mixing properties by referring
to decoupling results but rely on analytical tools related to the Markovian semigroup
character of the diffusion.
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The agenda. Recall that b : R — R? denotes the drift vector with components &, j €
{1,...,d}, and a := oo’ is the diffusion matrix with entries a;;, 4,7 € {1,...,d}. Provided
that (2.1.4) is satisfied, both numerators of (2.1.3) and (2.1.5) can be considered as consistent
estimators of the vector

=1 O (arkp)

div(ap) = :
i1 Ok (aarp)

The estimators defined in (2.1.3) and (2.1.5), respectively, thus suggest to decompose the pro-
blem of drift estimation into the separate questions of estimating the invariant density p and the
divergence div(ap). In many cases, the invariant density of the diffusion can be estimated faster
than the numerators in (2.1.3) and (2.1.5), so the main focus is on finding exact asymptotics for
estimating div(ap).

There is a substantial difference between the problem of minimax adaptive estimation with
respect to L? risk on the one hand and with respect to pointwise loss on the other hand. The
classical result on nonparametric function estimation in the Gaussian white noise model for L?
risk is due to Efroimovich and Pinsker (1984) who have shown that there is no loss of efficiency for
adaptation over the scale of L? Sobolev classes. Concerning the question of pointwise adaptive
estimation on the scale of L? Sobolev classes, Tsybakov (1998) proves that optimal rate adaptive
estimators do not exist but that there is a loss of efficiency under adaptation. We recover
the same situation for estimating the components of the vector div(ap) under reasonably mild
conditions on the diffusion.

(i) As will be explained in Section 2.3.1, the asymptotically efficient divergence estimator in
the global minimax sense does not fit well to the problem of drift estimation. We therefore
adopt the local minimax approach considered in Dalalyan (2005). Fix j € {1,...,d}. Given
some fixed (sufficiently regular) central function by : R — R?, some set ¥7(3) C C#(R?),
B €N, and 0 > 0, define the neighborhood

Ug (bo) == {b ‘RT 5 R b€ XI(B); Yk € {1,...,d}, sup |[pF(x) - bf(z)| < 5} . (2.1.7)
z€R4

Under the assumption that div(ajp) belongs to the intersection Eg of Ug (bp) and an
(isotropic) Sobolev ball of unknown integer regularity § > 1 with radius L > 0, we find
the constant P} (o, 3, L) such that

28 )

liminfliminfinf sup  T'25+d Eb/ |G (x) — div(ajp)(:v)‘2dx = Pi(o,B,L), (2.1.8)
60 T—oo oI divias J Rd

T div(a;p)€X;

the infimum being taken over all estimators ’g\% of div(a;p). The adaptive estimator defined
in (2.3.72) in Section 2.3 asymptotically attains the infimum in (2.1.8).

(ii) In the pointwise adaptive procedure, we consider the scale (8, L) € B, Br] X [L«, L*] of
Sobolev classes S(3, L), for fixed positive numbers (., L, L*, and some sequence 7 — o0
slowly enough. We find the normalizing factor (3, L; p, o) which cannot be improved
in the rate and in the constant, and we construct an adaptive estimator g7 (cf. (2.5.22))
satisfying this upper bound.

The proof of the results stated in (i) and (ii) mainly relies on developing analogues of classical
statistical procedures in the diffusion setting. Due to the complexity of the diffusion model, the
extension is not always straightforward. Let us briefly sketch central points of the proof of lower
bounds and the construction of adaptive procedures for estimation of the components of the
vector div(ap) in the respective settings. For ease of presentation, it is assumed in the sequel
that a is constant.
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Lower bounds. In the global setting, we reduce the proof of the lower bound for estimating
the components div(a;jp) = Zzzl ajr Okp, j € {1,...,d}, to proving a lower bound for the
Bayes risk over some conveniently chosen parametric subfamily. The Bayes risk is dealt with
by means of van Trees’ inequality which was already introduced in Section 1.2.1. The idea is
classical and has been used before, e.g., in Golubev and Levit (1996) who consider the problem of
distribution function estimation from i.i.d. observations. Dalalyan and Kutoyants (2002) modify
the approach for proving a lower bound for estimating the derivative of the invariant density
of scalar ergodic diffusions. In particular, they exploit the fact that the relation between the
invariant density of scalar ergodic diffusions and the drift coefficient is explicit. We start the
proof of the lower bound for estimating div(a;p) by defining a parametric family of invariant
densities pyp, motivated by the respective definitions in Golubev and Levit (1996). The drift
function is then suitably defined to ensure that div(a;pg) = 2 py.

The proof of the lower bound for pointwise estimation of div(a;p) relies on suitable modifications
of the proof of lower bounds in Tsybakov (1998), Butucea (2001), Klemeld and Tsybakov (2001)
and Klemeld and Tsybakov (2004). The basic idea is to reduce the proof of a lower bound over
Sobolev-type smoothness classes to verifying a lower bound for the risk of two suitably chosen
hypotheses. Our definition of the invariant density hypotheses pg and p; is motivated by the
choice of Butucea (2001) who considers pointwise density estimation over Sobolev classes from
i.i.d. observations. The drift vector and the divergence are then defined such that div(a;p;) =

207 i, i € {1,2}.

The adaptive estimation procedures. In the global framework, we suggest a multidimensional
version of the approach proposed in Dalalyan (2005) for estimating div(ap). It relies on the
empirical risk minimization method. The local time techniques used at several places in the
scalar case do not extend to the multivariate setting. Assuming that Poincaré’s inequality holds,
sharp adaptivity can be proven with alternative tools. The adaptive procedure for estimating
the components of div(ap)(z¢) pointwise is inspired by the schemes in Klemeld and Tsybakov
(2001) and Klemeld and Tsybakov (2004) who use a version of Lepski’s method. In contrast
to the Gaussian white noise setting considered in these works, the complexity of the diffusion
model requires uniform exponential inequalities. These can be proven by chaining techniques,
starting, e.g., from a Bernstein-type deviation inequality for reversible Markov processes.

We will see below that — under mild auxiliary conditions — the results on exact adaptive es-
timation of div(ajp) in (i) and (ii) allow to derive results on exact adaptive component-wise
estimation of the drift vector, both in the L? risk and in the pointwise case.

Outlook and one first resume. We will establish minimax results for estimating the drift
for a class of multidimensional ergodic diffusion processes. Having regard to the fact that the
actual smoothness of the drift coefficient is typically unknown, adaptive estimation procedures
are proposed. In particular, these schemes are asymptotically exact, that is, they attain the
lower bounds and converge with the best possible rate to the best possible constant.

In correspondence to the use of the weighted L? risk criterion in (2.1.6) for quantifying the
global risk of drift estimators, it appears appropriate to consider adaptation over weighted
Sobolev balls of order 3 € N. The global adaptive rate of convergence is given as T~ 28/(26+d),
Denoting by Sy := 27%2/T'(d/2) the surface of the unit sphere in R, where I'(-) is the Gamma
function, the asymptotically exact constant for estimating one component of the drift of some
Kolmogorov diffusion with ¢ = Id x4 is identified as

(L(28 + d))7F+a ( B Sq

_2B8
28+d

20



2.2. Preliminaries

For d = 1, the constant in (2.1.9) coincides with Pinsker’s constant (see, e.g., Tsybakov (2009),
p. 138), and, for d > 1, it equals the constant obtained in Rigollet and Tsybakov (2007).

For pointwise adaptive estimation of the components of the drift vector, we consider some scale
of Sobolev classes (I1(S, L))(B,L)GBT’ where, for 5, > d/2 and 0 < L, < L* < o0,

BT = {(67[/) :/3* < /6 < 5Ta L,<L< L*}a BT - (10g10gT>5, o€ (07 1) fixed.

The exact constant for estimating one component of the drift of Kolmogorov diffusions with
respect to the pointwise mean-squared error is given as
B—d/2

28 d
] Is, 6> 5 L>0. (2.1.10)

L% 23 ( d p(xv)

p(zo) d \B(2B—d

Here, with B(-,-) denoting the Beta function,

4 AN, e 1 A%
B (1 o5t 26) (@2m) "8 = Grya /]R (1+ [M]25)2 ©

For d = 1, the expression in (2.1.10) coincides with the constant obtained by Butucea (2001)
for exact adaptive estimation of some density p at the point zg € R under Sobolev smoothness
assumptions from i.i.d. observations. In dimension d > 1, (2.1.10) equals the constant for
(classical) estimation of some density p which is to be conjectured from the results obtained in
Klemeld and Tsybakov (2004).

1
2 .= —
B 283

The accordance of the constants in the exact asymptotics mentioned above reflects the statistical
folklore that different statistical models such as Gaussian white noise, nonparametric regression
or density estimation show similar behavior, at least from an asymptotic point of view. Dalalyan
and Reil (2007) prove asymptotic statistical equivalence in the sense of Le Cam for inference
on the drift in multidimensional ergodic (Kolmogorov) diffusions. Their results hold only for
large enough Holder smoothness of the drift coefficient which is substantially larger than the
lower bound of d/2 which would correspond to the results of Brown and Zhang (1998). Our
exact asymptotic results on drift estimation indicate that asymptotic equivalence — at least in
some reduced sense — also holds under smoothness assumptions less severe than those imposed
in Dalalyan and Rei8 (2007).

Outline of the chapter. Basic assumptions on the diffusion processes are summarized in
Section 2.2. We further recall essential ideas for nonparametric estimation of the drift coefficient
and the invariant density of diffusions. The exact adaptive estimation procedures are described
in Section 2.3 (global case) and Section 2.5 (pointwise setting). The proofs of lower and of the
upper bounds for the adaptive estimation procedure are deferred to Section 2.4 (global setting)
and Section 2.6 (pointwise case), respectively.

2.2. Preliminaries

This section subsumes preliminaries and general material from nonparametric statistics for dif-
fusion processes which are needed in the sequel.

2.2.1. General definitions and notation

For g : R — R? denote by ¢/ its j-th component. For a smooth function f : R¢ — R, let
0jf = 0f/0x7, 8jzkf = 02f/(02792%), and denote its gradient by Vf = (9;f);. For smooth
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

g: R4 — R? denote by divg = 2 8jgj its divergence. The map a : R — R? ® R? is viewed as
d x d matrices whose rows are denoted by a;, and diva denotes the vector (diva;);. Let ¢ be
the Fourier transform of f € L2(R%), that is,

dr(N) = /Rd f(x) exp(i)\tx)dx, A € R%

For f € LP(pu) := LP(R%, ), p > 1, set || fllro(u) = (Jra |fIPdp)Y?. The Euclidean norm for
x € R? is denoted by ||z||2 =: ||z||, and |a] is the largest integer strictly smaller than a € R. For
any multi-index a € N¢ and € R?, set |a| := 3% | ay, 2% := [[4; 2™, and

olel f
DOf = g e ol (rY).
! ozt ... 0zl ! (R%)
For 8, L > 0, the isotropic Holder class H (S, L) is defined as

{f BRI R:|f(2) - f()] < Lo —y)°}, B<1,

{feclI®y: 1) - PO )| < Lie—yl*}, 5>1, (2.2.1)

H(B, L) := {

where Plgf ) is the Taylor polynomial of f at the point y up to order |3]. The isotropic Sobolev
class S(5, L) is given as

S0y = {re 1@ : g [N lor (P ax < 22, (2.2.2)

R4

For integer 8 > 0, it holds
S(B,L) = {f e’ (RY): Y / |DYf|? < LQ},
jaj<p /B
where

D f(z) = il /]R NG e N, zeRY

More generally, for p,r € N, denote by W?7(R?) the Sobolev class of functions that belong to
LP(RY), together with their partial weak derivatives up to order r. For integer [ > 1, a function

K : R? — R will be called kernel of order [ if the functions u + (u’)’ K(u), j = 0,1,...,1,
i=1,...,d, are integrable and satisfy [ps K(u)du =1 and

/d(ui)jK(u)dUZ(), i=1,...,d, j=1,...,1L
R

2.2.2. Diffusion processes: Notation and basic assumptions

Basic assumptions on diffusion processes which allow for an in-depth analysis were already
introduced in Section 1.1.3. Some care is required indeed in order to define a class of diffusion
processes as broad as possible for which results on exact adaptive estimation of the drift function
can be derived.

Remark 2.2.1 (The one-dimensional case). Properties of scalar diffusions are often verified
straightforwardly. Indeed, consider some one-dimensional diffusion process satisfying the SDE

dXt = b(Xt)dt + O'(Xt) th, X() = f, t Z 0,
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2.2. Preliminaries

where W, is a standard Wiener process on a probability space (£2,.4,P) and the initial value
¢ € R is independent of W. If

|xl|igloo /Ox :2(?;) dy=o00 and N(b):= /O:O o %(z) exp <2 /050 sz((yy)) dy) dz < o0,

then the diffusion X is positive recurrent (cf. Chapter IV.2 in Mandl (1968)), and the invariant

density is given as
o (@"*ex (2/76 b(y)d> (2.2.3)
P N2 (@) TP\ o2 -

It is immediately verified that

(P@m@) = 1 {5 e (2 i) } =2,

that is, (2.1.4) holds.

We proceed with introducing a set of assumptions which will play an important role in our
subsequent investigation in the multidimensional framework. For fixed j € {1,...,d} and given
some 3 € N, denote by 37 (3) the set of drift functions satisfying assumptions (Co’ )—(C3) below.

(Co?) The SDE

where b € C#(R?) and o : R? — R is non-degenerate, admits a strong solution with
Lebesgue continuous invariant measure du(z) = p(x)dz which satisfies the relation

d
2V p = div(ajp) = Z aji Okp. (2.2.5)
k=1

Here and throughout the sequel, a = oo’ denotes the diffusion matrix associated to the
dispersion coeflicient o.

(Cq) For some ¢; € (0, 00], it holds

lim sup <b(x) a > = —c. (2.2.6)

[z —o00 xl?

(C3) For some constant ca > 0, it holds ||b(x)|| < c2(1 + ||z||) for all z € RY,

Some comments on the above conditions are in order. The assumption of ergodicity of the
diffusion in (Co?) is crucial for our analysis. Classical conditions for ensuring the existence of
invariant measures are due to Khasminskii and involve Lyapunov-type functions for the gene-
rator of the diffusion. For a concise general treatment of the question of existence of invariant
measures, we refer to Section 8.1 in Lorenzi and Bertoldi (2007). The condition (Cy) is related
to the existence of Lyapunov functions and ensures integrability of functions with respect to
the invariant measure. Together with the growth condition on the drift term in (Cz), it further
entails exponential bounds on the invariant density. The following result due to Metafune et al.
(2005) will be used frequently in the sequel.

Lemma 2.2.2 (Metafune et al. (2005)). Assume that the diffusion X is ergodic with Lebesgue
continuous invariant measure du(x) = p(z)dz, and suppose that X satisfies conditions (C1) and
(Ca). Then there exist positive constants C1,Cy such that the invariant density p satisfies the
following upper bound,

p(z) < Crexp (~Cofle|?), =R (2.2.7)
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Proof. The lemma is an immediate consequence of the results of Metafune et al. (2005) who
study global regularity properties of invariant measures of divergence-form operators. Their
results also hold in our specific framework since we restrict attention to the case of constant,
uniformly elliptic diffusion part. Denote by Amax the largest eigenvalue of a. Due to Corollary
2.5 in Metafune et al. (2005), (C1) implies that exp (n]|z||?) € L' (1) for < ¢1 (2Amax) " Since
Ib(x)]| < ea(1+ ||z|]) < exp(]|z]]), Theorem 6.1 in Metafune et al. (2005) applies and yields the
assertion. Here and subsequently, < means less or equal up to some constant which does not

~

depend on the variable parameters in the expression. ]

Throughout this chapter, E, (Var,,) denotes expectation (variance) with respect to the in-
variant measure p related to the diffusion process solution of (2.2.4). For constant o, we write
E;, = E;, and Var, = Var,,. Analogue to the introductory remarks in Section 1.1.3, denote by
(P)¢>0 the transition semigroup of the diffusion (X;)¢>0 on L2(u), that is,

Ptf(x) = Eb,cr (f(Xt)|X0 = .CC) ’ f € LQ(:U’)

Denote by A the infinitesimal generator associated with the diffusion process satisfying (2.2.4),
for every C? function f on R? defined by

d d
Af(x) =S V@0 ) + 5 D andf(a). (2.25)
=1 k=1

The above conditions are similar to the conditions which are typically imposed for estimating the
drift of scalar diffusions; compare in particular assumptions C1 and C2 in Dalalyan (2005). We
already noted that the investigation of multidimensional processes is substantially more involved
and thus often requires to formulate additional assumptions. This remark applies in particular
to the relation (2.2.5).

Remark 2.2.3. The validity of the relation (2.2.5) is related to the reversibility property of
diffusion processes. For ease of presentation, we restrict attention to the case of constant diffusion
matrix a, but the following exposition extends to the general case of non-constant diffusion
part; cf. Section 6.2 in Bovier (2012). Consider some Lebesgue continuous reversible measure,
p(dx) = exp(F(x))dx =: p(x)dz, say. The formal adjoint of A in (2.2.8) is given by

d d
A*g(x) = — Zaj (M(z)g(x)) + % Z ajka]zkg(x).
=)

Jk=1

The reversibility property of p implies that

A*(gexp(F))(z) = exp(F(x))Ag(x). (2.2.9)
On the other hand, straightforward algebra gives

A (50" ) @) = "5 S aole) + o T asdsa )k )
J J
N eF@% zk: a9 (x) (03, F (x) + 0 F (x)9F (x)) g ()
J
=YV () (0 F (w)g(x) + 9i9(x)) — ") 30050 (2)g(w).
J J
(2.2.9) thus only holds true if, for any j € {1,...,d},

d
20 (z)p(x) = Z a;jkOkp(T),
k=1

that is, (2.2.5) is satisfied.
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2.2.3. Estimation and regularity properties of the drift coefficient

We turn to the question of asymptotically exact adaptive drift estimation in Sections 2.3 and
2.5. Before doing so, we briefly recall essential ideas for constructing a non-adaptive rate-
optimal estimator of the drift of multidimensional ergodic diffusions under Holder smoothness
assumptions.

Motivation of drift estimators. Consider the SDE (2.2.4), and suppose we are interested
in estimating b(x) in some fixed € R, We first deliver justifications of the form of the two
kernel estimators suggested in Section 2.1.

The estimator by in (2.1.3) is motivated by the regression type-structure of the drift in Section
4.2.3 in Prakasa Rao (1999), and the basic idea is as follows: Assume that the diffusion process
solution of (2.2.4) is stationary, and consider fixed A > 0. Introduce the discrete drift and
diffusion coefficients ba and da, satisfying for any ¢ > 0,

Xeva =E(Xppn | Xy =2) + (Jeov (Xppa | Xy = ) er4a
= X; + bA(Xy) + da(Xy) €rqn,

where E (e44a| X5, <t) =0 and E <£t+A£§+A\XS, 5 < t) = Idjxq. If the discrete drift coeffi-
cient ba is constant in some neighborhood U of z, then, for any j € N such that X;A € U,

Xjnra — Xja = ba(x) + da(Xja) €jasa-

Letting
IT:={j:XjaclUl1<j<n},

a natural estimator of ba is given by

1 Yy (Xjaga — Xja) 1{X;a €U}
Y (Xjata —Xja) = n :
card 7 e >j=11 {Xja €U}
For non-constant ba (-), one considers a shrinking neighborhood

U=U,={y:(y—x)/hn € B(0)},

where B(0) is some neighborhood of 0 and h,, 0. Denoting K (-) := 1{- € U}, this yields the
estimator

n Xin—x
Yot (Xjaga — Xja) K (%)

oy k(5T

BA,n (.CU) =

The passage to the case of continuous-time observations is obvious and explains the form of the
estimator defined in (2.1.3).

An alternative interpretation of this estimator as an approximated MLE is sketched in Section
4.3 in Dalalyan and Kutoyants (2002). For the sake of completeness, we also repeat their
arguments. Consider the SDEs

dXt = b(Xt)dt + O'(Xt) th, dY;g == bQ(Yt)dt + U(}/t) th,

and assume that the law of the initial values is independent of the respective drift coefficients.
Similarly to (A.1.3), one obtains the following expression for the log-likelihood ratio under the
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

measure P, associated with the drift coefficient b,

dp{")
dP(T)

T
log b (XT) = / (b—bo)!(Xu)(00") ™ (X,)dX, (2.2.10)
0
e t t—
~3 ), (b —bo)"(Xu)(00") ™ (Xu) (b + bo) (Xy)du
(cf. pp. 296-297 in Liptser and Shiryaev (2001)). To extend the maximum likelihood approach
to the nonparametric framework, one might use local approximations of the log-likelihood ratio
in (2.2.10) by polynomials of order n € N. For ease of presentation, we consider the case d = 1.
The arguments extend to the multidimensional framework with d > 2 with only formal changes.
Given two sufficiently regular kernel functions @, P € L%*(R) and some bandwidth sequence
hrt =T 0, such an approximation is given by

approx T Tn 1 r X
LPP%(0, 2, X / -z)'Q ; dX,
T

" 2@ / (Ze >2P<XhT £)du

The maximum likelihood approach then suggests to estimate the value b(x) by the first coordi-
nate of 6%, where

0* = arg maxgegpn LY (0, 2, X7T). (2.2.11)

To shorten notation, for r € {0,1,2}, let
Xu
P d
> ( hr ) "

+(h, T, x) T/(
(b, T, 2) T/( )@(XhT )dX

For n = 1, the ML approach gives an estimator of the same form as in (2.1.3), namely

~ vo(h,T,z) fOT (Xu_m) dXy
"~ po(h, Tox) JiP (;;—T) du

r € R%

Spokoiny (2000) suggests local linear smoothers for pointwise estimation of the drift. Estimators
of this form arise as the solution of the maximization problem (2.2.11) for n = 2 and can be
written as

V()(h, T, x):UQ(hy T, I’) — Vl(h7 T, l’)Ml (hv T, :E) (2 9 12)

NO(h7T7m)M2(h7T7x) _M%(thvx) ‘ o

The alternate estimator by defined in (2.1.5) is a multidimensional analogue of the drift esti-

mator pioneered by Banon (1978). The author studies real-valued diffusion processes satisfying
the It6 SDE

dX; = b(Xt)dt + O'(Xt) dW4, (2213)

for uniformly Lipschitzian coefficients b and o which grow at most linearly. The basic assump-
tion is that the unique solution of (2.2.13) admits a stationary transition density pyx,|x,—q Which
fulfills Kolmogorov’s forward equation and which tends to a limiting density p. Banon (1978)
proposes a nonparametric procedure for pointwise estimation of b(-). The central idea for es-
timating the drift is to construct estimators of p(-) and its derivative p’(-) and to exploit the
relation

1
E(Uzp/) — p. (2.2.14)
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The estimator by in (2.1.5) is based on the relation (2.1.4) which can be viewed as a multi-
dimensional generalization of (2.2.14). Given some compactly supported, symmetric kernel K
satisfying [ps K (x)dz = 1, denote

. Xy —z
g%h = Thd/ Z ajr(Xy) (OxK) ( . > du. (2.2.15)
Integration by parts gives
Eighy(e) =h~" [ Y anlw) ok (52 oty
’ RYE21 h
_ x
=it [ K () S onanu)ow)y
k

= oo K(v)div(ajp)(z — hv)dv. (2.2.16)

(The boundary terms vanish since K has compact support.) Provided the relation (2.1.4) is
valid, it holds

lim Bugh, (@) = Jim [ K () div(a;p)(z —ho)dv = div(age)(e) “2 26 @)p(a).

Consequently, given some consistent estimator pr of the invariant density p, the estimator br
as defined in (2.1.3) is a reasonable estimator of the drift vector.

The agenda. We work under the standing assumption that the relation (2.1.4) is satisfied.
The strategy for analyzing the drift estimation problem is

(i) to derive asymptotic results for estimating 2/ p = div(a;p), and
(ii) to transfer these results to the problem of drift estimation.

At this point, we shall briefly highlight particular challenges to be tackled in the sequel, on the
one hand due to the dependence structure of the data, and, secondly, due to our wish to identify
the optimal constant appearing in the normalizing factor.

Exemplarily, consider the estimator by defined in (2.1.3), and denote

(@) T/<ml w—o)dX),  je{l,....d), z€R%
The j-th component of the estimator by defined in (2.1.3) can then be written as

§jf7h($)
2(pr(z) V pu(@))’

(Recall that pp is an estimator of the invariant density p and p, > 0 denotes some a priori lower
bound such that p(z) > p.(x), z € R%)

Vp(z) = by (z) = jefl,...,d}, z € R% (2.2.17)

In order to analyze the mean-squared error of g7 ,, we use the classical bias-variance decompo-
sition, that is,

B[ () — diviasp) (@) = [Bygh(2) — div(aso)(@) +Var (7, (). (22.18)

If
bp e CP(RY), BeN, (2.2.19)
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

the bias of g%'ﬂ 5, is shown to be of the order h? in the standard way by choosing a smooth kernel
K :R?Y — R of order B — 1 satisfying [pa | K (u)||u]|’du < co. Indeed, it holds

[Eugh () - 2 (@hp(a)| = |2 [ K@~ ub)p(o — uh) ~ b (w)p(a))du

< 2h5/ (w)[||u]|Pdu < 1P (2.2.20)

The investigation of the variance term differs from the case of independent data as there appear
additional covariances in the dependent case. Under suitable conditions on the precise depen-
dence mechanism governing the observations however, one can show that there exists some
positive constant C' such that

Var, (/ F(X du) < CT/ P)duly),  fe LX), T >0. (2.2.21)

In this case, a rough upper bound on the variance term in (2.2.18) is given by
4 8 T ,
Vary, (g7, (2)) < T2 Var, /0 Kp(Xy, — )V (Xy,)du

8 T d .
+7g Vary ( /0 Kn(Xy — ) Zl ajrdwu>
8 g : 8a; 2
= — Vary / Kp(Xy, — )V (Xy)du | + —= Kj(y — x)p(y)dy
T2 0 T R4

< / K3y = )(C)w) + a)p(0)7ly

= KQ( )(C(H)*(z + hv) + aj;) p(z + hv)dv ~

Thd (2.2.22)

b
Thd’
In view of (2.2.18), this allows to deduce the rate of convergence of estimators of div(a;p).

As concerns item (ii) in our above agenda, that is, the question of transferring the results to the
original question of drift estimation, note that

=i
s gTh .
5 (2:2.17) ‘ I, —bj‘
’ Th — | 2(pT\/P*)

B ‘(g%,h—2bjp)p+2bjp(p—ﬁT\/p*)

2(pr V pe)p
111 ; 1/~
< ! (’QQJT,h - b’p’ + \lﬁp* Y(or — ) D (2.2.23)

The above steps have certain shortcomings in view of the goal of extending the results on exact
estimation in the classical statistical models to the drift estimation problem. Precisely, they
raise the following new issues:

1. The smoothness assumption in (2.2.19) refers to b/ p = div(a;p)/2 and appears as a natural
starting point for estimating div(a;jp). For the original goal, that is, for nonparametric
estimation of the drift coefficient, it is desirable to formulate a result under regularity
assumptions on the drift coefficient itself. Weighted Sobolev smoothness conditions turn
out to give an adequate description of the regularity of the drift.
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2. It remains to specify preferably general assumptions on the dependence structure of the
data which guarantee that (2.2.21) is satisfied. Given any ergodic stationary diffusion X
with invariant measure p, the study of the variance of integral functionals of X of the form

Var, (/OT f(Xu)du> . felXw),

requires to study covariances of the form E; (f(X,)f(X,)), u,v € [0,00). Using stationa-
rity and the Cauchy—Schwarz inequality, one obtains

Ey (f(Xu)F(X0)) = Ep (£(X0) F(Xjuu)))

= E; (f(X0) By (£(Xju—u)|X0) ) =B (£(X0) Py f(Xo0))

< (B2(x0) " (BB $)?(X0) (22.24)

In the scalar diffusion framework, Banon (1978) uses the “condition G2” to evaluate the
second term in the last display. Dalalyan and Reif8 (2007) consider multidimensional Kol-
mogorov diffusions, and they bound this quantity by means of the spectral gap inequality.

3. The decomposition in (2.2.23) is too crude in view of the wish to identify exact constants
for drift estimation. It involves the inverse of the lower bound which typically is such that
p' > 1. A more careful decomposition will be shown to give exact results.

2.2.4. Estimation of the invariant density

The previous section clearly shows that the investigation of the drift estimators suggested there
involves us in an analysis of invariant density estimators. It is worth recalling that, in contrast
to the classical setting of nonparametric density estimation based on i.i.d. observations, there
is a gap between the minimax optimal rates occurring in the scalar and the multidimensional
case, respectively. If the invariant density p € C#(R) is continuous in z, the so-called local-time
estimator pY(x) achieves the parametric rate T—1/2 for pointwise estimation. It is defined as

1 T | X7 — x| — | X0 — 7|
~)
== — X, )dX, ,
pT(fL’) Uz(x)T/() Sgn(x ) + O—Z(x)T

and the naming is due to the following representation of pF,

o= 225

Here, {7 (z) is the local time of the diffusion process X at time 7" and point = (see, e.g., Section
3.7 in Karatzas and Shreve (1988)). The phenomenon of nonparametric estimation with a
parametric rate of convergence is related to the existence of local time and does not transfer to
dimension d > 2.

Note that the drift b appears in the invariant density p, (2.2.3) in an integrated form. In
particular, this implies some “increase of regularity” of the invariant density estimation problem
as compared to the classical i.i.d. setting. Roughly speaking, the problem of estimating the
invariant density of an ergodic diffusion as in (2.2.3) is to be compared with the problem of
nonparametric estimation of a distribution function from i.i.d. observations. In turn, the drift
estimation problem is similar to nonparametric density estimation in the classical setting.

We now formulate the first auxiliary result in this section. Later on, we shall investigate drift
estimators by of the form

T B e
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

where gy and pr are estimators of div(ap)/2 = bp and the invariant density p, respectively. The
additional term ¢p is included in order to prevent the denominator of by from vanishing. For
transferring the results on estimation of div(ap) to the problem of drift estimation, we require
exponential inequalities for the risk of pr in order to guarantee integrability of certain functions.
Such estimates are given in the following

Lemma 2.2.4. Consider some ergodic diffusion process X with Lebesgue-continuous invariant
measure du(z) = p(x)dx, and assume that X fulfills conditions (C1), (C2) and the relation
(2.2.21).

1) If pe H(B+ 1,L), for some € N and L > 0, then there exist positive constants K1, Ko
and some invariant density estimator pr 1 satisfying, for any ¢ > 1,

2q

_ _2q(B+1)
Ey|pr(x) — p(@)[*? < Ky T7 250+ exp (—Kaq|lz), z eR% (2.2.25)

2) If pe S(B+1,L"), for some ' > d/2 and L' > 0, then there exist positive constants
K, K3 and some invariant density estimator pro such that, for any ¢ > 1,

_aB'+1-d/2)

~ 2 R
Ey|pra(e) — p(a)| <KL T7 74 exp (=Kigllzl),  zeR% (2.2.26)

The above remark on the formal correspondence between the problems of estimating the in-
variant density and the classical distribution function applies to scalar diffusions. For multi-
dimensional diffusions which satisfy the relation 2bp = div(ap), a similar formal analogy holds
true. This explains in particular the setting considered in Lemma 2.2.4: Later on, we will impose

smoothness assumptions of order 8 on the drift function b, and thus it is of interest to investigate
the case p € CATL(RY).

Proof of Lemma 2.2.4. Let K : R* — R be some kernel and h = hy \, 0 be some bandwidth,
both to be specified later, and define

. 1 T X, —z ,
prala) = TTd/o K ( . ) du,  ic{1,2}. (2.2.27)
We use the classical decomposition
p1,i(x) — p(x)| < [Bypri(z) — p(x)| + |pri(2) — Evpr(2)], ie{1,2}
For bounding the stochastic error, note that, for i € {1,2},
. . 2 1 T X, —x
Ey|pri(z) — Eypr,i(z)] = T2p2d Vary, (/0 K( uh )du)

(2221) (O S (y—a
< W/RdK < h )P(y)dy-

We now apply the multidimensional version of Theorem 1A in Parzen (1962) (cf. Lemma A.1.4
in the appendix with m = 1). Assume that sup,cpa |K(2)| < oo, [ K?(z)dz < oo and that
limyy o0 (1] K2 (2)) = 0. Then

hld/Rd K (y;:ﬁ) p(y)dy’

1 Yy—x
2 L1 (5 sy = @) K ey

5 s (@) [ ey

—d
[[w]|>6h,

K2(y)dy + |p(@)|| K |32 g,

<

+ (@) | K132 e

< — K|?
_mﬁslp(uﬁv) p(u) || K72 gay +

+lp(@)| »
lyll>3hz
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Consequently, for i € {1, 2},

~ N 2 C
Ey|pri(x) = Bopri(2)]” < g p (@) K[ ay (1 + or(1)-

It remains to treat the bias term.

Case 1). Assume that K is of order 3 and satisfies [ga [|y[|*T!|K (y)|dy < co. Denote by p

the Taylor polynomial of p at the point z up to order 3, and let Rg(fg)/ = p(y) — P;,Ep) (y) be the
corresponding remainder term. Since

By, (z) — p()| = ‘ /Rd (p(y) — p(z)) K (ygﬁ) dy’

— it [ (00 - st 1) 1 ()

and K is of order f, it follows

[Bypra(x) — pla)| = b / RP>K< >d‘

The smoothness assumption on p entails by the definition of the Holder class H(S + 1,L)
(cf. (2.2.1)) that

sup|RY)| = sup [P (y) - plo)| < L,
le—yll<h llz—yll<h

Balancing the upper bounds on the bias and the stochastic error suggests to select a bandwidth

1
Cp(x)\ 2E+D+d
h=hp~ .
! ( LT )
In combination with the exponential upper bound from Lemma 2.2.2, (2.2.25) follows.
Case 2). Define pr2 according to (2.2.27), for the kernel K = Ky with Fourier transform

B Ny e _ 1 d

Thus, using Cauchy—Schwarz,

x) p(y)dy — p(z)

|Evpra(z) — p(z)] = ‘hd /Rd Kgiiq (y

= (2m)~° /Rd 6p(N) (61,0, (hA) = 1) e—i)\txd)\‘
(L2 e |

1+ [hA2E+D)

= (2m) ¢

[ 00N

1/2

/ , /
<h 1 (2m [ jop 0 A Dar)
2(8'+1) 1/2
% (27_‘_)7(1/ ||h>‘” Qd)\
Rt (L+ AP +D)

dy dy 1/2
< IRPA2 (o) =d/2 (/ 4y +/ /)
i<t (L4 [[9l125)2  Jjy>1 lyl|?

< L/1h5’+1—d/2
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

for some positive constant L”. Specifying

Cp(z) \ 2+
h = h‘T ~ ((L//)2T>

and using again the upper bound from Lemma 2.2.2, we obtain (2.2.26). O

Remark 2.2.5. The rate of convergence for the pointwise mean-squared error (MSE) in Lemma
2.2.4 corresponds to the results for nonparametric density estimation from i.i.d. observations over
Holder classes. For multidimensional Kolmogorov diffusions, Dalalyan and Rei8 (2007) prove
a substantially better convergence rate for the pointwise MSE, assuming Holder smoothness
of p. The improvement is due to a smaller bound on the variance term in the bias-variance
decomposition of the MSE of the invariant density estimator pr,

Ey [pr(x) — p(z)” = Var, (pr(2)) + |Eppr(z) — p(z)[*.

The smaller bound on the variance term is obtained by applying the spectral gap inequality
(SG). For the purpose of transferring results on invariant density estimation to the question of
estimating the drift coefficient, the result in (2.2.25) suffices.

2.3. Global sharp adaptive estimation on L? Sobolev classes

For some sufficiently regular b : R? — R?, consider the diffusion process which is given as a
solution of the SDE
dXt = b(Xt)dt +o th,

where o : R — R9? is some constant, non-degenerate dispersion matrix. Given a continuous
record of observations X7 = (Xt)o<t<r, T > 0, the aim is to estimate the drift function b and
to quantify the quality of an estimator by with respect to the weighted global L? risk

E, /]Rd ‘EZ[(QL’) - bj(x)|2,02(x)dx, je{l,...,d}.

The drift estimation problem is a classical issue in statistics of stochastic processes. For an
account on this question, we refer to Chapter 4.5 in Kutoyants (2004) and references to the
literature therein. The closest points of reference for our investigation of drift estimation with
respect to global risk criteria are Dalalyan and Kutoyants (2002) and Dalalyan (2005). Like a
majority of the literature on nonparametric statistics of diffusion processes, these works con-
sider the case of scalar diffusions. Since local time techniques and specific properties of one-
dimensional diffusions are heavily used, the results do not admit a straightforward extension to
the multidimensional setting.

The section is organized as follows. We start by introducing the local minimax framework.
Section 2.3.2 contains a lower bound for estimating the components of the vector div(ap) which
readily entails a lower bound for estimating the drift function. In part (I) of Section 2.3.3, we
construct an asymptotically efficient estimator of div(a;p), j € {1, ..., d} fixed, which attains the
lower bound for the minimax risk. This estimator can be used for defining an asymptotically
efficient estimator of the j-th component of the drift vector. We translate the smoothness
conditions on div(a;p) into conditions on the weighted Sobolev regularity of the drift coefficient b.
This in particular yields Corollary 2.3.12 which presents the most convenient formulation of our
result on asymptotically efficient global drift estimation. The explicit form of the optimal kernel
and the optimal bandwidth of the asymptotically efficient estimator of div(a;p) are obtained by
minimizing the maximum of the asymptotically exact upper risk bound over the Sobolev ball of
(known) smoothness 8 and (known) radius L. The optimal kernel and the optimal bandwidth
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2.3. Global sharp adaptive estimation on L? Sobolev classes

thus depend on  and L. In part (II) of Section 2.3.3, we consider the important special case
of Kolmogorov diffusions, and we propose an adaptive estimator of the entire vector Vp which
relies on data-driven approximations of the parameters.

2.3.1. The local minimax setting

Recall the definition of ¥7(3) introduced in Section 2.2.2, fix some by € ¥7(3), and denote by
po the invariant density of the diffusion process solution of the SDE

dX; = bo(Xt)dt + o dW;. (231)
Consider the neighborhood Ug(bo) as defined in (2.1.7), that is,
Ul (bo) := {b R? — R :be XI(B); Vk € {1,...,d}, sup |[b"(z) —bE(z)| < 5} .
zER?

We require some additional smoothness of the central function by and some bound on the tran-
sition densities pX(-,-) of the diffusion process solution of the SDE (2.3.1), namely:

(C3) There exists some 7 > 0 such that [pa [|[A|2#+27F2]¢(A)[2dA < oo, where ¢y is the Fourier
transform of py;

(C4) there exist some £ > 0 and some g > 1 such that

q
sup Ep, | sup (pﬁo (Xt_n,y)) ‘ < 00.
t>kK ye]Rd

The above conditions present multidimensional analogues of conditions C3 and C4 in Dalalyan
(2005). Condition (Cs) is satisfied whenever the central function by is chosen a bit more regular
than the other drift functions in its neighborhood. Sufficient criteria which ensure that (the one-
dimensional version of) condition (Cy) is satisfied are given in Section 4.4 in Dalalyan (2005).

For fixed j € {1,...,d}, define 3} = ¥2(3, L; by, 7) as

236 = {b € Uj (bo) : Z / * (div(ajp) — div(a;jpo)) |2 < 4L}. (2.3.2)
|a|<p

For the problem of nonparametric drift estimation, it is natural to impose smoothness conditions
on the components b’ of the drift vector, while the results on exact adaptive estimation of the
sums div(a;jp) rely on smoothness conditions on div(a;pp) = 267 pp. The local minimax approach
allows to formulate results under more natural smoothness conditions imposed on the drift
coefficient itself.

Proposition 2.3.1. Fiz by € ¥7(B3), B € N, and consider the neighborhood
T3 (bo) = {b:Rd —RI:beYI(B);VE e {1,...,d}, a € N with |a| < -1,

sup | D (z) — Do‘bg)(:):)\ < 5}.
z€RY

Define the Sobolev ball if; = ig(B,L; by, o) as

= {beU(;(bg) > / 1Dt — b)) |* o} } (2.3.3)

aeN:|a|<pB
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Assume that the central function by(-) satisfies for some positive constants M,k and for all
z € RY,

a DY < M (14 ||2]|%). 2.3.4
aeég:|§|§5| o(@)] < M (14 ||z]) (2.3.4)

Then, for any B € N, L >0 and § > 0, it holds
558, Libo, 0) € T3(B, L+ 05(1); 0o, 0).

Proof. To shorten notation, denote Db = D'/, D?h = D*(D7b¥), i,5 k € {1,...,d}, and so
forth. For any 8 € N, D?b thus denotes partial derivatives of the components of b of order f3.
Taking into account the form of the invariant density p = pp associated with b € Uf;(bo), one
might verify that, for any multi-index o € N¢ of order |a| = 3 € N,

D%py(z) = P(b,Db,...,DP71b) py(z), B eEN, zeRY,
where P(xzg,x1,...,23-1) is some real-valued polynomial. For any j € {1,...,d} and any multi-
index a € N¢ of order |a| < f3, it thus holds
[ D% (div(a;pe) — div(a;po)) || L2 gay
=2|[D py, + b D% py, — DBypo — bpo|l 12 gy
= 2||Da(bj - b%)PbHLz(Rd) + QHDab%(Pb - PO)HLZ(Rd) (2.3.5)
+2|| (P(b, Db, .., D*~'b) = P(bo, Dbo, .-, D b0) ) py| 12 e
+2||P(bo, Dbo, ..., D"~ 'bo) (o — p0) | 12 -

The pointwise upper bound on the invariant density p, associated to b in (2.2.7) implies that,
for any ' > 0,

lim su / 2|12 (pp — de:c:O;
i sup [l (oo = po) (=)

this can be shown analogously to the proof of Theorem 4 in Dalalyan and Kutoyants (2002). In
view of condition (2.3.4) and the decomposition (2.3.5), the assertion follows. O

2.3.2. Lower risk bound for global drift estimation

The lower bound in the following Theorem is proven by a version of van Trees’ inequality which
was introduced in its general form in Section 1.2.1. It has been applied for proving asymptotically
exact lower bounds in different statistical models. Belitser and Levit (1995) study the filtration
problem of estimating the mean 6 of an observed infinite-dimensional Gaussian vector with
independent components. They consider the model

Y, =0 + € o &, k=1,2,...,

where the values o > 0 are given, & are independent standard Gaussian random variables,
and € > 0 is a small noise parameter. The unknown infinite-dimensional parameter of interest,
0 = (01,62,...), is assumed to belong to some ellipsoid

0 =0(Q, (aken) = {0: > at} <Q},  @>0,
k=1

where (ay)ren is a nonnegative sequence tending to infinity. Belitser and Levit (1995) enhance
the approach of Pinsker (1980) by describing the second-order behavior of the minimax esti-
mators and the quadratic minimax risk for the filtration problem in Gaussian noise. Similarly,
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2.3. Global sharp adaptive estimation on L? Sobolev classes

Golubev and Levit (1996) study the problem of second-order minimax estimation of distribution
functions over R. This question is more involved than the classical first-order minimax density-
type estimation problems. The authors give the exact asympotics of the properly normalized
second-order minimax risk over Sobolev balls in the class of distribution functions. Dalalyan
and Kutoyants (2002) use the scheme of the proof of the lower bound in Golubev and Levit
(1996) for proving lower bounds for the problem of estimating the derivative pj of the invariant
density pp of a scalar ergodic diffusion with drift b. For proving a lower bound on the minimax
risk

inf sup Eb/ (gr(z) — p;,(x))2 dz, (2.3.6)

gr bex R
where ¥ is a Sobolev-type ellipsoid, Dalalyan and Kutoyants (2003) first minorate the minimax
risk in (2.3.6) by the minimax risk over a properly chosen parametric family. As the scheme
of the proof, the parametrization is inspired by the proof of Golubev and Levit (1996). The
constrained minimax risk is then bounded from below by the Bayesian risk plus an additional
term which can be shown to be small in order. The next step is to find a lower bound for
the Bayesian risk corresponding to a prior distribution, and this is where van Trees’ inequality
comes in. An appropriate choice of the prior then yields the lower bound.

Our proof of the lower bound in the multidimensional diffusion framework follows the same
scheme. In particular, it heavily relies upon the application of some multivariate extension of
the van Trees inequality due to Gill and Levit (1995). For any j € {1,...,d}, define

|  (L@B+d)TFF [ a;BS, |\
Pj(o,B8,L) == g ((27r)j;(6+ d)) ,  B,L>0. (2.3.7)

Theorem 2.3.2. For any N> > 1 and j € {1,...,d}, it holds

28 .
lim inf lim inf 7°25+4 inf sup Eb/ (G (z) — div(ajp)(:r))de >4 Pj(0,f,L). (2.3.8)
0—0 T—oo ’g“gp beEg R4

For any drift function b € %7(f3), (2.3.8) readily entails a lower bound for the drift estimation
problem.

Theorem 2.3.3. For any N> > 1 and fized j € {1,...,d}, it holds

28 ~; .
lim inf lim inf 726+4 inf sup Eb/ b (z) — N(:U)‘ZpQ(x)d:U > Pj(o,,L).
0—=0 T—o0 EZ[ beEg Rd

The proofs of Theorem 2.3.2 and Theorem 2.3.3 are deferred to Section 2.4.

2.3.3. Upper risk bounds for global drift estimation

The importance of specific conditions on the precise dependence mechanism governing the dif-
fusion process was already mentioned in the introductory remarks in Section 2.2.3. From a
statistical point of view, it is particularly interesting to derive lower bounds under comparably
strong assumptions on the dependence of the data as such results show whether prior infor-
mation on the underlying dependence structure allows to improve the quality of estimation as
compared to the case of independent observations. As concerns the proof of upper risk bounds,
the principal goal is to establish results under preferably general assumptions. It is however be-
yond the scope of the present work to identify the most general framework possible for proving
exact upper risk bounds. Instead, we will impose the following condition,
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Assumption (SG). The carré du champs associated with the infinitesimal genera-
tor of the diffusion satisfies the spectral gap inequality, that is, for some constant cp
and any f € L?(u),

|Pir = [ au],, <ol e, (SG)

L2(p)

In this case, for any f € L?(u) and T > 0, there exists some constant Cp > 0 such

that . )
Ey [(/0 f(Xu)dU>

The proof of (SG’) is straightforward. Arguing as in Section 2.2.3 and analogous to the proof
of Proposition 1 in Dalalyan and Reifl (2007) (also see the proof of Lemma 2.8 in Cattiaux et al.
(2012)), it holds

Eb[( /OTf<Xu>du)2] = 2 [ ["B ()00 du do

T (v

_ 2/0 /0 Ey(f(X0)Ep (f(Xo_u)|Xo0) )du dov
T rv

= 2/0 A <f, P,Ufuf>L2(M) du dv
T (v

_ 2/0 /0 (F, Puf) 2 du do

T
= 2 [ (T =) (£ Puf) gy

< CPT | fIl72 (- (SG)

IN

T
2T/0 <f, ow>L2(H) dw.

The last term is upper-bounded by applying the Cauchy—Schwarz and the spectral gap inequality
such that

T 2 T
EbK/O f(Xu)du>] < 2T/0 1£ 1l 220 || P f 1| 2y A

T
< 2y [ e ordw
= 2epT (1= e 7P) | fl72()-

Dalalyan and Rei8 (2007) prove asymptotic statistical equivalence for Kolmogorov diffusions
under the following enhanced condition.

Assumption (SG+). The carré du champs associated with the infinitesimal gene-
rator of the diffusion satisfies (SG), and there exists some Cy > 0 such that, for any
u >t >0 and for any pair of points z,y € R? satisfying ||z — y||?> < u, it holds

pe(z,y) < Co(t™Y? 4 u®Y?). (2.3.9)

Under Assumption (SG+), Proposition 1 in Dalalyan and Reifl (2007) provides an upper bound
on the variance of additive functionals of multidimensional diffusions. This bound in particular
allows to prove convergence rates for the pointwise risk of invariant density estimators for d-
dimensional ergodic diffusions which are considerably smaller as the standard convergence rates
for density estimation based on i.i.d. observations; see also Remark 2.2.5. For the proof of exact
results for drift estimation, we require the following slightly modified version of their result.
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2.3. Global sharp adaptive estimation on L? Sobolev classes

Lemma 2.3.4 (Proposition 1 in Dalalyan and Reif (2007)). Grant Assumption (SG+), and let
G :R? = R be a compactly supported kernel function. Given any bandwidth h = hr > 0, denote
Gn(") := h=?G(-/h). Then there exists some positive constant C' such that, for any y € R?,

a2 _
Var, </OT (X y)du> <CT sip o) x {max {1, (log(h™%)) } , d=2,

z€[y—h,y+h] h2_d, d> 3.

Proof. Analogue to the proof of Proposition 1 in Dalalyan and Reif§ (2007), taking into account
the shift of the kernel function. O

In view of the results of Dalalyan and Reifl (2007) on asymptotic statistical equivalence for the
drift estimation problem mentioned in Section 1.2, it is to be expected (and will be shown in the
sequel) that upper risk bounds analogue to those in the case of independent observations can
be established under the conditions imposed in Lemma 2.3.4. Note however that the results of
Dalalyan and Reif8 (2007) are established under rather restrictive (H6lder) smoothness assump-
tions. Precisely, the critical regularity for proving asymptotic equivalence with the Gaussian
shift model grows like (1/2 + 1/v/2)d as d — co. The authors refer to the question whether for
Holder classes of smaller regularity asymptotic equivalence fails as “a challenging open problem.”
The upper risk bounds in this section will be derived for (Sobolev-type) smoothness 5 > 1 which
suggests that asymptotic equivalence (at least in a reduced sense) still holds beyond the critical
bounds of Dalalyan and Reif§ (2007).

(I) Asymptotically efficient global drift estimation: The non-adaptive set-up

For constructing the drift estimator, we proceed stepwise and, similarly to the proof of the
lower bound, we start again with considering the question of estimating (the components of)
div(ap). A lower bound for this problem has been stated in Theorem 2.3.2, and the next step
is to propose an estimator attaining this lower bound. It is instructive to assume first that
div(ajp) € X§(8, L; by, o) for known values f > 0 and L > 0.

(A) Component-wise estimation of div(ap). To construct an estimator of the j-th com-
ponent

div(a;p) = Z a0k p, je{l,...,d} fixed,
consider the following estimator,
Fr(z) = g () : T/ Kp(z — X,)dXi,  zeR? (2.3.10)
where the kernel Kr(-) is chosen such that its Fourier transform ¢, is given as
drcr (A / Kr(z)e™*de = (1 - Homnﬁﬂ)+ . XeRY (2.3.11)

for some Ry > a = ar — 0 and 7 = vr := (loglogT)~!. The inverse Fourier transform can be
applied to define the kernel K.

Remark 2.3.5 (Choice of the kernel). The kernel Kp defined via (2.3.11) belongs to the family
of Pinsker kernels. Dalalyan and Kutoyants (2002) use the following one-dimensional version of
Kt for defining asymptotically efficient estimators of the drift of scalar ergodic diffusions,

1 1
Kp(z) = 7/0 (1 - u5+7) cos(ux)du, z eR.

s
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Multidimensional Pinsker kernels are used in Rigollet and Tsybakov (2007) for proving sharp
optimality properties of aggregate density estimators over scales of Sobolev classes of densities.

The aim in the sequel is to derive an upper bound on the mean-integrated squared error of the
estimator g7, and this will be done by means of Fourier methods. Using Fubini’s theorem for
stochastic integrals, the formula for the Fourier transform of a convolution entails for any A € R¢
that

2 (T N
) — “ _ VPR
¢§]T()\) /Rd T/o Kp(r — X,)dX] " *dx
2 (T i X, j ity
:T/o N X X7 /RdKT(y)e dy (2.3.12)

such that the Fourier transform of gjf can be written as (z7§j = 2$§¢ K, Where
T

_ 1T
Br(\) = T/ NXudx,, AeRL (2.3.13)
0

The expectation of the stochastic integral vanishes such that, for any A € R?,

R4

T ., ¢
2Eyp7()) = 2B, (; / e X“b(Xu)dU> =2 | "Ub(y)p(y)dy
0
= [, divian) )y = Gaivian (V).

In view of the above relations, Plancherel’s theorem implies that
_j o 2
B, [ [gh(x) - div(a;p)(a) da
= 1) By [ 105 () = butvtasn (V0N
= ) By [ 205, ()37 = dais(a,n V)X
= (27T)_d E, /Rd |2¢KT ()‘) (5%1()\) - Ebgé“()‘)) + ¢div(ajp)( )(QSKT - 1)} dA
= (2m)™° /Rd (4]6 107 (V[ Vary (82 (N) + 61, (A) — 1|2|¢div(ajp)(x)|2)dx (2.3.14)

Let . -
er(\) = 7/ Mg qW,,  AeRL T 0.
VT Jo

The following lemma provides an upper bound on the first part of the integrand appearing in
(2.3.14).

Lemma 2.3.6. Suppose that the diffusion X satisfies Assumption (SG+), and consider the
function ¢p(-) defined in (2.3.13). Then, for any function hr : R — R satisfying |hT| <1,

T2 _ ra 2672 _
|Arlf32ga) = O(T75)  and IR (AN = O(T), (2.3.15)

it holds
/ h2Z(\) Vary, (¢5(A)dA < ;/ R2(N)dA (aj; + or(1)). (2.3.16)
Rd Rd

The assertion is a multidimensional analogue of the statement in Lemma 1 in Dalalyan and Ku-
toyants (2002). Their proof uses the occupation times formula and the martingale representation
of local time and is therefore restricted to the scalar setting.
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2.3. Global sharp adaptive estimation on L? Sobolev classes

Proof. Throughout the proof, C1, Cs, ... denote positive constants. The basic idea in our set-up
is to regularize by convolution with some compactly supported kernel. Precisely, consider some
symmetric kernel G of order § — 1 with compact support, satisfying

/Rd 12118G(2)dz < oo (2.3.17)

and [za G(2)dz = 1. Denote Gy () := h~2G(-/h) for some bandwidth h = hy \, 0 to be specified
later. Fix j € {1,...,d}. The definition of ¢, entails that, for any T > 0, A € R¢,

ajf(k) - Ebajf(k)
T, A N
= [ e [ i)y
T ., . SNt
- L [{% [Ny xaan VT [ wi)oman)

LT ex, o
i \/T/o XY agmd W

m=1
= = (M X + ). (23.18)
where
mp(\, XT) = \/1T /OT eiAtX“bj(Xu)du — \/T/Rd ei’\tybj(y)ﬂ(y)dy-

For A € R?, T > 0, write
mp(A, XT) = mi(A, XT) + ma(A, XT) + ma(A, X7),

where
mi(\, XT) = 1/T N Xu —/ MNYGL (X, — y)dy ) b (X,)du
1 9 . \/T 0 ]Rd h u y y u 9
., T . .
mg(/\,XT) =T Ny (1/ Gn( Xy, — y)V (Xy)du —/ b (2)Gr(z — y)p(z)dz) dy,
Rd T Jo R

ms(\, XT) := VT » (/R

Due to Assumption (SG) (precisely, its consequence (SG’)), and by means of Cauchy—Schwarz,
it holds

ei’\tyGh(z —y)dy — ei’\tz) V(2)p(z)dz.

d

/ Byl (A XT3 (A)dA
R

< 1" -l

< Cpl¥l; W[ G-y B (2.319)
>~ up LA () R [§] Rde Yy y LA T . R

.z (A)dA
2

In order to evaluate the integrand in (2.3.19), note first that, for any A, z € R,

_ ‘hd /Rd (ei,\ty _ ei,\tz> a (y ; Z> dy‘

/d (ei/\t(erhu) _ ei/\tz) G(u)du )
R

‘/d ei)\tyGh(y — 2)dy — ei)\tz
R
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Using a Taylor expansion of the characteristic function e, z € R, up to order 8 — 1 with
remainder term around a € R, one obtains

B-=1 ia T
iz _ _ia e Nk  \B—1 it
e’ =e —i—kE:l 1 (i(zx —a))* + (ﬂ—l)!/a (x — )77 e"dt.

Furthermore, for x > a,

< G- / (2 — £)7] |e|dt

1 z _ r—a)l
S(ﬁ—l)!/a (x —t)? 1dt:(ﬁ!).

Consequently, since G is of order 8 — 1 and satisfies (2.3.17), there exists some positive constant
(1 such that

.ﬁ T
|(61—1)'/ (ZL'—t)’B_l eitdt

/d ei)\ty Gh(y _ Z)dy _ ei)\tz
R

1)\z

/}Rdi (i ()" G(u)du

iB At (z+hu) ; -1 4
*/Rd ol e )T Gl

At (hu))?
< /Rd (ﬁ') G(u)du < C1||A||Ph°. (2.3.20)

Taking into account (2.3.19) and since

16711y = (/Rd (bj>4 (37)/3(96)@196>1/2 < Oy,

we obtain
/Rd Ey|[mi (A, XT)*h3(\)dA < C3h? /Rd IAPPR2.(A)dX < Csh?O(T). (A)
We turn to the second term. Denoting
T/ Gr(X ¥ (Xy)du =: F(XT,y), T >0, yeR
it holds (since |hr| < 1 and by Plancherel’s formula)

/d Ey[ma(A, XT)|*h3(A\)dA
R

2
<T | E / MV (F(XT,y) — ByF(XT,y)) dy| dA
R4 R4
2
=T [ BJF(XTy) - BF(XT ) dy.
Lemma 2.3.4 then entails that
/ Ey|[ma(\, XT)?h23(A)dA < Cyh?~4 / sup  p(z)dy = Csh2~4. (B)

Re R? 2€[y—hy+h]
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2.3. Global sharp adaptive estimation on L? Sobolev classes
It remains to consider

~ A\t ~ . 2~
L Ealmsu XOPRE NN =T [ | [ NP0 (2)p(2)a2| (0N
R R

Rd

where

ﬁ()x, z) = /Rd ei’\t(y_z)Gh(z —y)dy — 1, Az e RY

The upper bound (2.3.20) implies that, for any A, z € RY,

I _ |p—d iX(z—y) _ Y 818
[F(x,2)| = /Rd (e 1)G< - )dy‘ < Cy||A||PRP.
Consequently, for any A € R¢,

2
< Ceh* i (M IAIIPP.

/ CNF( 2 (2)p(2)dz
R

Recall that ¥/ p = div(ajp)/2 € Ss5(8, L; by, o). Thus,
[ EalmaO XTIPEE ) < TR [ 6 (DIA7dA < €T, (©)

Balancing the upper bounds in (A), (B) and (C) suggests to select a bandwidth h = hp ~
T~ @B-1)+d) and this choice entails

V272 R 2=
/d Ey|me(\, XT)[*h3(\)dA S TT007 = o( 7577, te{1,2,3}. (2.3.21)
R

To complete the proof of (2.3.16), note that

—j 2.3.18) 1 . 2
vary (5p00) P2V By (ma0, XT) + GOV)
1 2
= T Eb|mb()\,XT)| + (Ijj)
< lE 423:‘711 @) XT)‘Z—i—a--
> T b et L\, 37 ) -

The last line relies on the rough upper bound (a + b+ ¢)? < 4(a® + b? + ¢?). Thus,

) N 3
/RdE?F(A)Varb (Fr() dx < ;/Rdh%()\) E, (4Zym£(A,XT),2+ajj> dA,

(=1

and since HTLTH%Q(Rd) = O(TZE%), the assertion follows from (2.3.21). O

Remark 2.3.7 (Comparison to classical nonparametric density estimation). The approach to
use Fourier analysis for investigating the MISE of kernel estimators is classical; see Section 1.3
in Tsybakov (2009). For pointing out the subtlety arising in the multidimensional diffusion
framework, let us consider the problem of estimating a probability density p € L?(R%) from
i.i.d. R%valued observations Xi,..., X,. Given some symmetric kernel K € L2(R?), define the
kernel density estimator

~ 1 L SC—Xi
pn(x)::nhdZK( . ), h>0,n>1.
i=1
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Let ¢n(N) = 1 ) M X5\ € R be the (classical) empirical characteristic function, and
denote by E, expectation with respect to p. Analogue to the proof of Theorem 1.4 in Tsybakov
(2009), the following exact expression of the MISE of p,, can be derived,

B, [, (u(a) — pla))*do
= 2n) B, [ 165,00 = 60/ *dA
= @0 By [ 1600k (13) - 6,(3)
= 20 By [ 16a () — 600k (0A) — (1= Grc(hN) (N[N
=0 [ (1 NE3a0) = 6, + 1= 6xc(hN) P, (V[ )

Since
E,|6n(A) = 6p(W[* = Ep|dn(N)]” = [6p(N)]* = Ep(dn(Nbn (=) — |6p(V)[*
=By~ Y ep (N(X;— Xi) + -~ [0
J,k:k#j

-1 1 2 1 2
A A+ - - AN T=—-(1- A1),
— (N8N + = = 8,V = (1 =16, W[)
one obtains in the i.i.d. setting the following exact expression for the MISE,
1

@) /Rd (IaﬁK(hA) ’ % (1= lopI?) + 1 = 6 (h)]? |¢,,(A)\2) dA. (2.3.22)

n

While the computation of (2.3.14) in the multidimensional diffusion framework is analogue to
the i.i.d. case, the manipulation of this relation to derive an analogue of (2.3.22) is more involved
due to dependence of the data.

Letting hyp = @K, we obviously have
ke (V)] = (1= flar|"™), <1.

Assume for the moment that « is such that the conditions in (2.3.15) are satisfied. In this case,
Lemma 2.3.6 can be applied. Plugging (2.3.16) into (2.3.14) then gives

Ep /Rd |G () — div(a;p) ()| dw < (27r1)dT Ad(a, 8) (14 or(1)), (2.3.23)
where
Al(a, B) = aj; /]R ore N ar+T /R k() = 11 butie(ay (V)] AN (2.3.24)

We continue with deriving an upper bound on the second term appearing on the RHS of (2.3.24).
Note first that, for the kernel K defined via (2.3.11), it holds

2 2
1916000 = 16, (X) — sty (V1N
2
:/ |¢div(ajp)()\) - ¢div(ajp0)(A)| dA (2325)
IA>a-1
2
N /A||< PP Baivia; ) (V) = Pativiaz o) V] [l@A*VdA

2
< [ @7 I 60,0 () = B (V)0
< (2m)4 4L o*F.
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2.3. Global sharp adaptive estimation on L? Sobolev classes

The last line follows from the assumption that the components of the vector div (ap — apo)
belong to the Sobolev ball ¥s of regularity 8 with radius 4L (see the definition in (2.3.2)) such
that

2
[Rd ||/\||2ﬂ|¢div(a]-p) ()‘) - gbdiv(ajpo)()‘)’ dA < 4L (27T)d'

Using the same decomposition as in (2.3.25), it can be shown that, for sufficiently large 7', there
exists some positive constant C' such that

/Rd ’¢KT ()‘) - 1’2‘¢div(a]‘po)(A)‘2dA S /Rd ||O‘)‘H2(/B+,Y)‘gbdiV(ajPO)(A)‘sz

2 2 T 2
< a2 [N |Gy oy ) (VN
< COé?(/B‘f"Y),

where the last line follows from condition (C3). Summing up, A%.(«, 8) as defined in (2.3.24) is
bounded from above by

{&”jéé(l—HaAWﬁidA%—lT@wYﬁxfﬂ}(14—K137% (2.3.26)

K some positive constant. Later on, o will be chosen such that a®’ = or(1). The expression in
braced brackets is minimized by the bandwidth o satisfying

ayy [, INP (= [ohAl") A = (o) T (2m) "L
and plugging this relation into (2.3.26) gives
Mo 8) < dagy [ (1= opAl®) {1 = A", + oA pa (23.27)
Recall that Sg = 27%2/I'(d/2) denotes the surface of the unit sphere in R?. Since
[ IAIP( o), a0 = a0 [ (1 A1)

1
= q~(B+d) / P (1 —7P)rd=1S,dr
0

B-+d) BSd
(B+d)(26+d)’

= ai(

straightforward algebra yields

i Ba;jSa 7
“r = (T(%)dw +d)(26 + d)) '

(2.3.28)

In particular, the specific choice a = a{'p implies that there exist positive constants C'1, Cy such
that

2 j 2
L I 0 Fax = [N (1 = oAl dx

i\ —26—d 2
= (o) [P )

< Cl (Oé%«) —2p—d = CQT.
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

. Clod
Consequently, Lemma 2.3.6 is applicable indeed. Denote by (grzp)>k = yf_,:(aT’ﬁ)

defined via (2.3.11) and (2.3.28). In view of (2.3.23) and (2.3.27), it holds

E, /Rd (95)" () — div(ap)(x)| dz
4ajj

= )T Ja
_ ey ETPVIE 0

_ (QMJ:)dT /R (1= [AIF)AN (1 + op(1))

B <§§S>ZT | 1 =) (1+ 0r(1)

— 4P;(0, B, L) T~ 1. (2.3.29)

the estimator

(1= Nl AI) (1= [l AIP) | + [ A7) dA (1 + or(1))

(B) Estimation of the vector div(ap). As an alternative to component-wise estimation of
div(ap), consider the following vector-valued estimator,

gr(z) = gy’ () : T/ Kr(z — Xy)d X, z € RY,
where the kernel K7 is defined via its Fourier transform
drr(N) = (1= [laX|”7) . XeR? yp = (loglogT) ™", (2.3.30)
Denote
={be ﬂ UL (by) : Z 3 / D (div(axp) — div(axpo)) |* < 4Ld}. (2.3.31)
k=1 |a|<B
In contrast to the estimators g, ... ,ng whose respective bandwidths are chosen individually,

the sequence Ry > o = ap — 0 for estimating the components of div(ap) is now always the
same. To derive an upper bound on the MISE of g7, note that (2.3.23) implies that

1 -~
E g —di 2 <—A 1 1
o [ o) = aiv(ap) I A < (5 Al 8) (1 4or (1),
where, with ||o||s, denoting the Frobenius norm of the matrix o,

Ar(e,8) = 4o, [ 1oxrWPA+T [ (610 (0) = 1 uap W] PN

vec

It is straightforward to show that the optimal bandwidth o’ is characterized by the equation

o3, [ IAI7 (1 = llofex?)  a = (a3)° T(2m)"Ld,
and, similarly to (2.3.27), one obtains

A vec 2 | vecy ||B vec y (18 vecy (|8
Br(ay=,5) < alolf, [, (1= laial)  { (1= laioal?)  + ajeal” f ax

The optimal bandwidth o7 is thus identified as

vee _ Blloll%,Sq 27
o= (T(Qw)de(ﬁ +d)(26 + d)) : (2.3.32)

Denote by g7 = gp the estimator defined via (2.3.30) and (2.3.32). Taking into account
Theorem 2.3.2, the above reasoning gives

T’ﬁ
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2.3. Global sharp adaptive estimation on L? Sobolev classes

Theorem 2.3.8. Suppose that Assumption (SG+) is satisfied.
(A) The estimator (g})" defined via (2.3.11) and (2.3.28) satisfies, for any N3 > 1,

) . 28 i . 2
lim 1 T2+ E 7)) (2) — div(a; dz =4 P; L).
5I—>I%Tgréo:;% b/Rd |(g7)" (x) — div(a;p)(z)| dx (0,8, L)

(B) For any 5 € N, the estimator ¢ defined via (2.3.11) and (2.3.32) satisfies
lim lim sup T Eb/ |77 () — div(ap)( || dz <4 P(o,5,L),
0—=0T—00 pey;s d

where

28
2 S 2B8+d
lollS,8 Sa )) . (2.3.33)

P(,8. L) 1= (L(2B + d)) 55 (W(ﬁﬂl

Remark 2.3.9. Part (A) of Theorem 2.3.8 in particular implies that

d

lim Z sup T7a Eb/ |(g%)" (z) — div(a;p)(z)] dx<4ZP o,5,L).
T=o0 i bexd

Jensen’s inequality entails that

_28

zd: a2[3+d

Jj=1

B Sq )Z’L"Qid
(2m)4(B + d)

&.\H

- d
> Pi(0,B,L) = (L(28 + d)) 7+ <

Jj=1

2B
25+d

. o d
< (L(2B + d))z#+a <(27T)§(§‘d+d)) ’ (;;aﬂ) = P(0, 8, L).

Notably, this shows that the approach of component-wise estimation is to be preferred to im-
plementing a vector-wise estimator of div(ap). Comparison of the quantities

28

d _28

Z zﬁid and <||U‘%2>2B+d
d

further allows to assess the difference between estimating the drift vector component-wise or by
one single (vector-valued) function.

Two steps in our development of an asymptotically efficient global non-adaptive drift estimator
still have to be carried out, namely

(i) the definition of an asymptotically efficient estimator of the drift vector (which will rely
on the asymptotically efficient estimator of div(ap)), and

(ii) the translation of the smoothness assumption on div(ap) into (weighted) Sobolev smooth-
ness of the drift vector b.

As concerns item (i), note that the estimators (2.1.3) and (2.1.5) suggested in the introduction
involve an a priori lower bound p,(x) > 0 on the invariant density p. In the current framework,
we are interested in estimating the drift of diffusions with exponentially fast decreasing invariant
density over the entire R¢. The invariant density thus is not bounded away from zero. For
defining a reasonable drift estimator in such situations where no lower bound is available, one
may replace the denominator pr(z) V p«(x) by the expression pr(z)+ cr(x), for some additional
term cp(z) included in order to prevent the denominator of the drift estimator from vanishing.
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

The idea is classical and has been used in the scalar setting, e.g., in Banon (1978), Dalalyan
and Kutoyants (2002) and Dalalyan (2005). We restrict attention to the multidimensional case
d> 2.

Theorem 2.3.10. In the setting of Theorem 2.3.8, define an invariant density estimator pr
according to Lemma 2.2.4, and let

2

__ B+l
cp(x) =T 2GF¥D+d ep(x), forep(x):=exp (\/logT - loggj) , z € R%

Define the estimator (gJT)* according to (2.5.11) and (2.3.28), and set

()" ()

x d‘ J.
2 (pra(z) + c(x))’ €R (2.3.34)

(V)" () =

Then

. . 2B i\ * 2
lim 1 T2+ a - 2 =P; : 3.
lim lim_ 561121:% Ey /Rd |(b7)" (z) = b(2)|"p*(2)dw = Pj(0, B, L) (2.3.35)

Remark 2.3.11 (Comparison to classical nonparametric density estimation). In the classical
i.i.d. framework, Rigollet and Tsybakov (2007) consider the problem of nonparametric density
estimation over Sobolev classes of densities p on R%, satisfying the smoothness condition

LINZg0Ea<e. Q=0 50

Recall that our smoothness assumption for component-wise estimation reads

> /R (D (¥ p = bhoo)|” = (2m) /R NP0y, 40, (NN < L. (2.3.36)

la|<p

Replacing ) in the definition of the optimal constant for nonparametric density estimation
obtained in Rigollet and Tsybakov (2007) with (27)?L yields the constant

(L(28 + d)) 57 5S4

( P(Idgxa, 5, L)
d 2m)a(3 +d '

d

2
2B+d
)) — Py(Idgsa, B, L) =

We now turn to formulating the result under conditions on the weighted Sobolev regularity of
b, that is, we replace (2.3.36) with the criterion in Proposition 2.3.1, namely,

> /Rd D (¥ (@) = by (@)) | pi(x)da < L. (2.3.37)

aeNd:|al<p
Combining Proposition 2.3.1 and Theorem 2.3.10, we finally obtain

Corollary 2.3.12. Assume that by satisfies (2.3.4). Then, in the setting of Theorem 2.3.10, it
holds

8 o
lim lim sup T+ Eb/ |(b)) (z) — b(x)|2p2(:v)dx = Pj(o, 3, L).
0—0T—00 beff;' R4

The inclusion 3%(3, L; by, o) C Eg(ﬁ, L+o05(1); bo, o) which is proven in Proposition 2.3.1 actually
presents an important motivation for considering a local minimax framework and for analyzing
the behavior of the drift estimator over a shrinking neighborhood of the central function by. In
the classical statistical models of signal recovery in Gaussian white noise, density or regression
function estimation from i.i.d. observations, the Pinsker-type bounds are obtained for Sobolev

46



2.3. Global sharp adaptive estimation on L? Sobolev classes

balls centered at the origin, that is, for some centering function fy = 0. The choice by = 0 however
is not appropriate in our setup. Even in the one-dimensional setting, additional conditions
are needed in order to ensure ergodicity of the associated process. The case of null-recurrent
diffusions has to be excluded since the rates of convergence for drift estimation are significantly
worse than for ergodic processes; see Section 4.3 in Dalalyan (2005) for further explanation.
The situation in higher dimension is even more difficult as the d-dimensional Brownian motion
is known to be transient in dimension d > 3.

(IT) Asymptotically efficient global drift estimation: The sharp adaptive procedure

The estimators described in Theorem 2.3.8 depend on the smoothness parameter 3 and the radius
L of the Sobolev ball which are usually not available, and the question considered now is how
to choose the parameters optimally in a completely data-driven way. Given the observations
X7 = (Xt)o<t<T, the aim is to select the real parameters o and  such that the associated
estimator of div(ap) has asymptotically minimax risk. For ease of presentation, we restrict
attention to the case of Kolmogorov diffusions, that is, we consider the case o = Idgxg. In this
case, it means no loss of generality to restrict attention to the approach of estimating the entire
drift vector by selecting one common bandwidth.

Dalalyan (2005) investigates the global estimation problem of the drift function for a class of
scalar ergodic diffusion processes. The unknown drift is supposed to belong to a nonparametric
class of smooth functions of unknown order 8 > 1. The author proves adaptivity of the procedure
up to an optimal (Pinsker) constant, for the integrated squared error criterion, weighted by the
square of the invariant density. The proposed data-driven procedure of estimating the drift
function relies on the estimated risk minimization method as it is developed in Cavalier et al.
(2002). As explained in Dalalyan (2005), it is not desirable in the adaptive setup to use an
estimator which involves a stochastic integral such that an estimator of the form of g defined
in the previous section (cf. (2.3.10)) is not convenient. The reason is that one obtains an
anticipative stochastic integral if the bandwidth is chosen in a data-driven way such that it
depends on the observations X7 = (Xt)o<t<r- The manipulation of such integrals is rather
involved. To circumvent this obstacle, the adaptive estimator of Vp will have the following
form,

1 T
Gr(x) = T/o VKi(z — Xo)du, T >0, zcRY,

for some Pinsker kernel K7 : R? — R. This alternative type of kernel estimator of Vp has been
motivated already in Section 2.2.3; see in particular (2.2.15). Following Cavalier et al. (2002)
and Dalalyan (2005), the parameters which characterize the Fourier transform ¢, of K7 (and
thus K7) will be chosen now according to the principle of unbiased risk estimation. A heuristic
motivation of Mallows’ C), criterion is given in Cavalier et al. (2002) (pp. 846-847). In the
current context, the basic idea can be explained as follows.

Similarly to (2.3.24), it will be shown that

By [ [r(@) = Vp(a) [ de < o Ar(1 sy 65) (1+0r(1),

1
(2m)dT
where, for some positive parameter o € R and some function h,

Ar(a,h, ¢,) = T/Rd 11— h(aN)]? [low,(A)||” dX + 4d /Rd |h(a))|?dA. (2.3.38)

If the function h is parametrized by some 8 € R, the optimal choice of the parameters (o, 3) are
the values (a*, 8*) which minimize the functional Az (o, hg, ¢p). The basic idea of the method
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

of adaptation via unbiased risk estimation is to replace Ar(w, h, ¢,) (whose minimizers depend

on the unknown drift function b) by some good estimator AT(h) = AT(h,X Y. To minimize
Arp(a, hg, ¢,), or, equivalently,

Ar(ashs6) =T [ v, (W]*dA

=7 [ (B3 = 2hs(a0)) lowpIPdr+4d [ Ihg(an)ax

with respect to a and 3, we thus replace Hgbvp||2 by some suitable estimator. A classical strategy
in such situations is to resort to the “plug-in approach,” that is, to estimate Az (o, h, ¢,) by

replacing ¢,(A) with o1 (N), where
LT oex d
dr()) i= f/ M Xudy A e R (2.3.39)
0

denotes the empirical characteristic function. It was noted by Dalalyan (2005) in the scalar
setting that it is not convenient to use the plug-in approach in the given framework since plug-
in estimators of quadratic functionals are heavily biased. Since the same remark applies in the
multidimensional situation, we introduce the functional

Ar(h) =T [ (R2(N) = 2h(N) {|Pér(|* = 447} dr+4d | h2(x)dA (2.3.40)
R4 Ré

> 2
=7, (2N = 20(N)) [AST(V)[*dA + 8d /Rd h(\)dA

which depends only on the observed path X7. The definition of Ag is formally justified as
follows. Similarly to (2.3.12), one obtains, for any A € RY,

o~

gr

1 (T .
() = / 2z / VEp(z — Xo)du éNde
rd T Jo
e iAtX it
:—/ et tudu VEKr(y)e™ Ydy
T Jo e
= (=) A¢r(N) Pk (N), (2.3.41)
where we used that

[ TR vy = =i [ ey Xy = ()20m, 0
R4 Rd

Furthermore, by Plancherel’s formula,
. 2
B, [ 1) - Vot)do
_ 2
= OB [ o5, () — dwa]Far

(@) By [ INGr(N)oe () — 6,(0) [Fdn
= 0B [ Mok N (Er = )N — 6,0 (1 - baer (W)} PN (2:3.42)

(2.3.41)

Comparing this last display to the expression of the MISE of the estimator

1 rT
gr(a) = 7 [ Krle = X)dx,

investigated in Section 2.3.3, two substantial differences appear, namely,
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2.3. Global sharp adaptive estimation on L? Sobolev classes

. the function ¢ (\) = T—1 f M Xud X, is replaced by the product Agp(A), where ¢p(A) =
-1 fo e Xudy is the emplrlcal characteristic function, and

o the Fourier transform ¢, of the kernel K7 is random due to the adaptive choice of the
bandwidth.

The following lemma shows that these differences do not entail substantial modifications in
the subsequent analysis. It can be viewed as some multidimensional analogue of Lemma 1 in
Dalalyan (2005). Slightly abusing notation, let

1 T ixtxX
¢r(A) :_\/T/o e trdWy. (2.3.43)

Lemma 2.3.13. Assume that b € ¥s(83, L; bo,Idgxq), and consider the function QZT() defined
in (2.8.39). Then, for any random bounded function hy : R* = R satisfying

r| <1 as., and /d IM2P EghZ(\)dA = O(T), (2.3.44)
R

it holds, for any \ € RY,

iIA(Gr(A) — gp(N) = \/1:7 (ms(X, XT) = 2¢r (), (2.3.45)

where my(X\, XT) is a measurable C*-valued function, satisfying

/ Ey||ms (A XT) hp(V)|PdN = O(T23+d) (2.3.46)

We start with sketching the basic idea of the proof. An important role in the investigation of the
asymptotically exact behavior of the drift estimators for scalar diffusions considered in Dalalyan
(2005) is taken on by the martingale representation of the local time estimator developed in
Kutoyants (1999). Let X be a scalar ergodic diffusion solving the SDE

dX, = b(X,)dt + dW,

and denote its invariant density by p. The occupation times formula implies that

1 /T, - vy (1
7/ elAXudu—/e“yp(y)dyZ / e < (7 (y) —p(y)> dy, M€ER, (2.3.47)
T Jo R R T

where (7 (z) is the local time of X at € R and time 7. Tanaka’s formula states that
T
Or(x) = | X7 — 2| + | Xo — 2 — / sen(Xs — 2)dXs, T >0 (2.3.48)
0

(see, e.g., pp. 428-429 in Kallenberg (2002)). In particular, (2.3.48) allows to prove a represen-
tation of 7 as a sum of the local martingale 7! fOT e?XudI¥, and an asymptotically negligible
integral with respect to time.

In the proof of Lemma 2.3.13, we consider an auxiliary estimator which admits a similar repre-
sentation as the local time ¢7(x) in (2.3.48). The basic idea in the multidimensional framework
is to approximate the empirical characteristic function ¢ by an auxiliary estimator ¢, of the
form

drn(N) : / / MYG(Xy —y)dy du,  h,T >0, A€ R%
T R
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

where Gj, = h:dG(- /h) for some radially symmetric kernel G : R? — R. The approximation
error between ¢ and ¢r, vanishes for suitably chosen bandwidths A ™\, 0, while the difference
o1, — ¢p admits a representation similar to (2.3.47), namely

FraN) =0, = [ e G / " Ga(X — y)du - p(y)) dy, AeR%

In order to obtain a representation involving an integral of the form given in (2.3.43), the next
step is to express fOT Gp(Xy — y)du via the Newtonian potential. Throughout the sequel, the
Newtonian potential is denoted by N, that is,

2m)~ 11 ., d=2,
N(z) = ( 771) 08 II;JId z € R\ {0}. (2.3.49)
a=as; lzI77¢ d=3,

The Newtonian potential is the fundamental solution of the Laplace equation (see (2.3.52) be-
low). For

Np(z) := Gp, % (2N)(z) = 2 » N(z — y)Gp(y)dy, z e RY, (2.3.50)

it thus holds
AN}L =A (Gh * (QN)) = Gh * 2AN = 2Gh.

Furthermore, since Ny, € Cboo(Rd), Ito’s formula gives for € RY, T > 0,
N _ T, _ . T
Na(Xr — ) = Np(Xo — ) + / (VAL(X, —2)) X, + / Cu(Xy —)du.  (2.3.51)
0 0

This last equation in particular allows to derive a decomposition as in (2.3.45).

To verify (2.3.46), results from classical potential theory prove useful. We now briefly collect
some of them. For any d > 2, the Newtonian potential N is locally integrable over R%, that is,
[ |N(z)|dz < oo for any compact K C R?. Furthermore,

VN (z) and AN(z) =0 for z € R\ {0}. (2.3.52)

_ s
Sallz||4

Given any compactly supported f € C%(R?), the function
ule) = (N« H@) = [ N =y)f @)y

defines a C? function satisfying the Poisson equation Au = f in R? (see, e.g., Theorem 2.2.1 in
Evans (2010)). For later purposes, we note that, for any j, k € {1,...,d} and = € R%\ {0},

0N (2)| < O]9, (2.3.53)
|05, N ()| < Clla]| 4. (2.3.54)

The estimate in (2.3.53) in particular implies the absolute convergence of the integral

1
/ |0;N (z)|dz < C/ |2||*~4da = C”/ ridrd=ldr < oo
B(0,1) B(0,1) 0

The second derivatives 332kN , J,k € {1,...,d}, are not integrable over the unit ball B(0,1). The
following result helps to circumvent this obstacle.

50



2.3. Global sharp adaptive estimation on L? Sobolev classes

Lemma 2.3.14 (Theorem 1.I1.7 in Doob (2001)). Let G : R — R be a radially symmetric,
Lipschitz-continuous bounded kernel function with compact support, and define Ny, according to
(2.8.50). Then, for any j,k € {1,...,d}, x € R%, h >0, it holds

0,Nn(x) =2 [ ;N (@~ )Galw)dy, (2.3.55)

05 Niy () =2 /Rd 05N (z —y) (Gr(y) — G(x)) dy — 264G (x). (2.3.56)

Proof. Under the given assumptions, the assertions follow immediately from Theorem 1.1.7
(pp. 8-10) in Doob (2001). O

Note in particular that (2.3.54) and the Lipschitz property of the kernel G imply that the
integrand in (2.3.56) for = in a neighborhood of y is majorized by ||z — y||'~¢ such that the
integral converges absolutely.

Proof of Lemma 2.5.13. Throughout the proof, C1,Cs, ... denote positive constants. For fixed
j€{1,...,d}, we aim at a representation

Lo~ 1 2 T ., .
N (Br(\) = b)) = —— [ my(r, XT) — 7/ NMXuqd ) A eRY 2.3.57
1 (¢T( ) ¢p( )) \/T (mb( ) \/T 0 e u ( )
where the remainder term my(-,-) satisfies
/ Ey|[my(A, XT) hp(V)]2d = o(Tw+d) (2.3.58)

We carry out the idea sketched above and derive (2.3.57) by means of approximation with
suitable convolutions (which provide a solution of the Poisson equation) and Itd’s formula. To
account for the factor i\ appearing on the LHS of (2.3.57), the definition of the convolution
differs from (2.3.50).

Let G : R? — R, be a kernel of order 38— 1 with compact support, satisfying [pa [|2]°|G(2)|dz <
oo and [pa G(2)dz = 1. For h = hy = coT 1/ CB=D+d) ") some positive constant, define
Gu(z) := h™%G(z/h) and

Ni(2) = 9;G * (2N)(z) = 2/ 0,Galy) N(z — y)dy, (2.3.59)

where N denotes the Newtonian potential introduced in (2.3.49). Write

IN (G7(N) = 0p(N) = 1IN (d7(N) — dru(N) + 1N (dr(N) — Bp(N)),
where

Or.n(A T/ an(\, X)du,

for
gn(Av) = /d ei’\tyGh(v —y)dy, \veRL h>o0.
R

Integration by parts gives
iMgn(\,v)
- L
= /Rd_l eAVGL (v —y)dyt .. dyd T T dyd

lyi|—o0 /Rd Y0; (Gn(v —y)) dy

__ /R N0, (G0~ y)) dy. (2:3.60)
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Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Applying Itd’s formula to Nj, € CZ(R?), we obtain

T 1 T
No(Xr — 2) = N (Xo — ) + / (VW) (X, = 2)dX, + / ANW(Xy — 2)du.  (2.3.61)
0 0
It then follows

VTN (140 - 6,(V))

1 T o
\/T/o i)\Jgh()\,Xu)du—\/TiAj/del)‘typ(y)d?/

2 _\/T/OT/Rd eV, (Gh(Xy — y)) dy du—i—\ﬁ/ N0;p(y)dy

2.3.61 1 i
B [N (X ) = Nu(Xo = )y

(D
P / ! (VN (Xy — y)dX, dy +2VT | Vb d I1
T L [ TN (K ) dy + T [ ). (D

The treatment of the term in (II) turns out to be the central part of the proof. Lemma 2.3.14
implies that

T T .
/ ath<Xu - y)dthf / 8l%jNh(Xu - y)dlef
0 0

T
2/ ON(Xy —y — 2) (Gi(2) — Gu(Xy — y)) dz dX
0 R

T ,
2 2(j =k} [ Gu(X, — g,

Therefore, we may write

(IT) = (II,) + (IL,) + (I13) — \%(%()\),
for

(ILy) := 2\7 N (

—*/ Gr(X V(X )du> dy,
(ILp) := \/QT (/0 eiAqudeL- _ /Rd eikty/o Gh(X

T d
I13) / / 92N (X,
(I13) " VT Jre 0 kz::l Rd " (

In particular, (2.3.57) holds for

—y)dW] dy) ,

—2) (Gh(2) — Gp(Xy —y)) dz AXF dy.

mp(\, XT) i= (1) + (I0) + (ILz) + (IT3) + VTiN (61(N) — dra(N).-

We turn to verifying (2.3.58). Note first that the assumption that ]?LT| < 1, Plancherel’s formula
and stationarity of X entail that

[ Bl

/ Ey (N (X7 — 1) — Na(Xo — 1) 2dy

»PH\

2
< = o (N(Xo — 1)) dy.
<5 n(Xo —y)) dy
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2.3. Global sharp adaptive estimation on L? Sobolev classes

Since N}, as defined in (2.3.59) can be rewritten as Ny, = 0;(Gj, * 2N) = 8j]\~/'h, Lemma 2.3.14
implies that, for any y € R?,

By (Ni(Xo—9) = [ (98n(z=1) p(a)dz
(2.3.55)

2
4 s < - OiN(z —y — x)Gh(:L“)dx) p(z)dz

2
= 4 ( O;N(w — x)Gh(m)dm> p(w + y)dw
R4 Rd

IN

2
: _ =[lwl? =llyll?
4 Rd< - ;N (w .’L’)Gh(ﬂ?)dl‘) e dw e .
Cauchy—Schwarz and the inequality (2.3.53) entail that

(/Rd ;N (w — :c)Gh(x)dx>2 < /Rd (O:N(w — )2 da /Rd &2 ()

C’lh_d/d lw — z]>~4da.
R

IN

Consequently,
E; (Ni(Xo —y))* < 4C'1h7d/ / ||w — xHQ*ddxe*Hszdw el
Rd JRd
and
[ Bl e Pax < 4Cohir ! [ e ilay
R4 Rd
_ 2081 _d
~ T 20-D+d = 0(T2ﬁ+d). (A)

We turn to (II;). Letting

1 /T .
griy) = = / Ch (X — )b (Xo)du, T>0, yecRY (2.3.62)
0

the condition that ]ET| < 1, Plancherel’s formula and the usual bias-variance decomposition
imply that

/ E,|(I1;) ﬁT(A)FdAg/ E,|(I1;)[dA
R R4
=47 [ By (VW) 1)) dy
R4
a7 ([ (P wely) - Bigirw)dy + [ Var, Griw) dy )

The integrated bias is treated as in the case of independent observations. Using Plancherel’s
formula, one obtains

L, @ wolw) ~ Egir)*dy = @20) | (94,0 = dg,5, (V) A
= @0 [ w0 (1= da(hn) ax
< @n) [ Jow, ([ InAan

<y [ ([@a%) ~ d0,m [ +[dam )] ) AN
< C4h26.
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

For the integrated variance term, Lemma 2.3.4 gives
/ | Van, (gr(y)) dy < CsT 1A%
R
Thus,
/ E|(IL) hr(V)[PaX < GT (12 + T 1)
R
d—2 d
~ T2F-17d :0<Tm)_ (B)

We turn to the term involving (IIy). It follows from Cauchy-Schwarz that

/Rd Ey|(I15) hr(M)[*dA < /Rd (Ep| (L) [1) 2 (Byhr (W)Y /2d. (2.3.63)

Using the Burkholder—Davis—Gundy and the Cauchy—Schwarz inequality, we obtain

T/, oy A
(/ <el)\ Xu _ / MY Gy(X, — y)dy) de) ]
0 Rd

T _ 2 \?
< C’7T—2 Eb (/ (el)\tXu _ /d el)\ty Gh(Xu _ y)dy) du>
0 R

4
<Cr By [(ev\txo — /d Y G (X — y)dy) 1 :
R

16

E,|(Iy)|* = 75 E,

Arguing as in the proof of (2.3.20), it can be shown that, for any \, z € R?,

B [ oo (s - y)dy‘ < Cs|IAIPR.

Thus,

1/

2
(Bl (TL)[*) ™ < Col NP,

and plugging this into (2.3.63), we obtain
P 2 26 P 4 26
<
/Rd Ey|(IL) Trr(V)[?dA < cg/Rd INZE /Byl (V)[4 B
= o(Tizw‘iQ)w) - 0<Tﬁid>, (C)
As concerns (II3), note that, using once again the estimate |hp| < 1 and Plancherel’s formula,

[, Bal(11) )y
R4
4 T d 2
— 2 o B _ &
gT/RdEb</O kzzjl [ OGN (X =y = 2) (Ga(z) = Gu(X, y))ddeu> dy
2

d
: 8/]Rd o <,§1 /Rd 0N (Xo =y = 2) (Ga(2) = Ga(Xo —y)) dz bk(Xo)> dy

d 2
+8/de§:1Eb (/RdE);%jN(Xo—y—z) (Gr(z) — Gr(Xo —y))dz) dy.
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2.3. Global sharp adaptive estimation on L? Sobolev classes

The first term in the last sum satisfies, for any y € R%,
d 2 )
LAY [ otNG =y =2 (Gue) ~ Galo =) dz | (@) pla)da
Rd \ i1 /Re
2

d
= R (g:l /]Rd 8]%jN(U) — 2) (Gp(2) — Gp(w)) dz> (bk(w I y))Qp(w y)dw
< Cho /]Rd (1 + ||w + y||)2 exp (—”w + y”2) dw < CHHy”e,Hy”z’

where the last line follows from (Csz) and (2.2.7). Analogous arguments show that

- 2
/d Z Eb (/d 8133N(X0 -y — Z) (Gh(z) — Gh(XO _ y)) dz> dy S ClQG_HyHQ,
R4 R
Thus,

[ Blms) B Fan< i [ ylle "y < O (D)

We finally consider the term

VTiN (dr(N) — dra(N) = \%W’ ( /0 ' (é”u - /R ) MG (X, — y)dy) du) .

First, the Cauchy—Schwarz inequality yields

/Rd Ep|hr(\) iN (¢r(\) — $T,h(k)|2d)\

= /]Rd (Eb’ET(A)’4)1/2 (Eb|i)\j (r(\) — $T,h(k))‘4)1/2 dA.
1

T : 5\ i\t 4
— / i\ <elA Ko _ / ANYGH (X, — y)dy> du ]
T Jo Rd

i (ei’\tXO - /Rd AYG (X — y)dy>

Holder’s inequality implies that

E,

4
<E, < 015H>\h||4(6_1),

where the last estimate follows from arguments similar to those in the derivation of (2.3.20).
Summing up,

/Rd Ep|hir()) N (pr(N) — QgT,h()\)|2d)\

< Cig [ I B O0)ax 027 = o7,
R
In view of (A), (B), (C) and (D), this last assertion completes the proof of (2.3.58). O

Remark 2.3.15 (Comparison to the one-dimensional case). Consider an ergodic scalar diffusion
solving the SDE dX; = b(X;)dt 4+ dW;, denote by p(!) its invariant density, and let

AV = 1 /T e udy, Al = L /T Mudw,, AeR.
T 0 \/T 0
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension
Lemma 1 in Dalalyan (2005) states that, for any A € R,

AQ%pQ)—¢WKM>:N%(%épr+mgk&XTD, (2.3.64)

for some measurable function mgl)(z\, XT) satisfying
(1) Ty |2
/EW%(xX)MM<C. (2.3.65)
R

The above estimate is obviously stronger than the upper bound in (2.3.46). The crux about
(2.3.65) however is that it allows to conclude that, under appropriate conditions on the random
function hr,

o~

o Eo [ P[00 = 6,0 00N = g0 () (1 = ()
~ % Eb/R 272G () hr(A) + Ad,m () (1= hr(N) ‘2 d,

where ap ~ bp means that the ratio ap/bpr —7_ 1, uniformly in all parameters which are
involved in the definitions of these functions. For the purpose of deriving an equivalent relation
in the multidimensional framework, the assertion proven in Lemma 2.3.13 suffices.

Similarly to the non-adaptive set-up (cf. (2.3.11)), the optimal estimator is defined via some
function
h:xw— hgazx) = (1— \|aaz\|3)+, z e R%

For hg(o -) thus defined, it obviously holds 0 < hg(ax) < 1. Furthermore, for any 8 > d/2,
there exist positive constants K7 and K», independent of 5, such that

Kia™ < ||hg(a)|[12ge) < Kaa™. (2.3.66)

Indeed, it holds
9 2
a(e) fageay = [, (1= llaAl”) dx

_ —d/ 8)?
=« 1—|wl”) dw
lwl[<1 ( )

=a %S, /01 (1 — uﬂ>2ud*1du

1 2 1
_odg (1 2.3.
@ Sd(d ﬁ+d+25+d>’ (2.3.67)

and, for any 8 > d/2,

2 1
+ <

1 1
<= - -,
=d B+d 28+d—d

1
6d
Since
2812 _ 28 (1 _ )2
LI ydn = [ A1 (1= lax]) ax
2
—a [l (1= ) do
flwll<1
1 2
= 28 Sd/ u?? (1—u5) uw Ty
0

1 2 1
— 7257dS .
« d<2ﬂ+d 35+d+4,6’+d>’
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2.3. Global sharp adaptive estimation on L? Sobolev classes

there also exists some positive constant K3, not depending on 3, such that

/d IMPPRG (aX)dA < Ko~ 24, (2.3.68)
R

Let us summarize the adaptive procedure for estimating Vp. Consider the set
Hr = {h GO ||owg||ﬂ)+ tae |17, (logT)™!], 8 > d/2} . (2.3.69)

Direct numerical minimization over the entire set H7 is time consuming such that it is convenient
to restrict attention to a finite subset Y)¥ , approximating well the weights in $7. For this
purpose, we require another auxiliary result which is due to Cavalier et al. (2002). In this article,
the authors consider a sequence space model of statistical linear inverse problems, and the aim
is to estimate a function f from indirect noisy observations. They provide a nonasymptotic,
asymptotically exact oracle inequality which can be applied to obtain sharp minimax adaptive
results. Similarly to our framework, the inequality is then used to prove that minimax adaptation
on ellipsoids (even in the multivariate anisotropic case) can be achieved by minimization of
an unbiased risk estimator without any loss of efficiency with respect to optimal nonadaptive
procedures. The arguments of the proof of Lemma 5 in Cavalier et al. (2002) imply that, for
any h € 97, there exists some he ﬁ¥ such that

Ap(h) < (1+46x) Ap(h),

for 05 not depending on h, hand b€ s with dy = N0 0. (For the sake of completeness, we
include a rephrased version of their result in Section 2.4.2.)

The adaptive procedure for estimating Vp starts by considering discrete values «;, 5; € 5’J¥ and
selecting
hp = arg min Ap(h). (2.3.70)
hehd
Denote the values of a; and 3; corresponding to hr by ar and BT, respectively. The kernel Kr
is chosen such that

0,0 =hr () = (1= Jarafr) (2.3.71)

and the adaptive estimator of Vp finally is defined as

1 /T _~
gr(z) = T/o VKr(z — X,)du. (2.3.72)

Theorem 2.3.16. Assume that by satisfies, for any j € {1,...,d}, the conditions (Co?) —(Cy).
Then, for any > d/2 and the set X5 introduced in (2.3.31), it holds

26
lim sup sup 7'2F+d Eb/ llgr(z) — Vp(:n)”zdx <4 P(Idgxq, 5, L).
T—oo beXs Rd

The principle idea for implementing a sharp adaptive estimator of the drift vector is the same
as in the non-adaptive setup. In order to obtain a data-driven correspondent of (2.3.34), the
estimators g7, pp and the sequence ¢} need to be replaced by data-dependent counterparts.
Since it does not contribute to the understanding of the drift estimation problem, we do not
deepen the question of how to estimate p and its smoothness in order to obtain a data-driven
truncation sequence cy. The results on adaptive estimation of the derivatives indicate that
existing adaptive methods can be suitably modified without any substantial problems under the
given assumptions. Let us emphasize that we do not need an estimator of p which is efficient
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

up to the constant to define an exact estimator of the drift. Note further that the problem
of bandwidth selection for invariant density estimators does not arise in the one-dimensional
setting, since the invariant density can be estimated with the rate v/T by kernel estimators with
a “universal” bandwidth hy ~ T—1/2.

As concerns the definition of the term cp(-), the basic idea is to define it in such a way that it
converges faster than the numerator (which achieves the classical nonparametric rate 77/ (28+d))
but not faster than the invariant density estimator pp and that it is, in addition, bounded away
from zero.

2.4. Proofs for Section 2.3

2.4.1. Proof of lower bounds

Proof of Theorem 2.3.2. Preliminaries: A modified version of van Trees’ inequality.
There exist different versions of the van Trees inequality; cf. Section 1.2.1. Below we state a
multivariate extension due to Gill and Levit (1995), tailored to our diffusion setting. It will be
applied for estimating a real-valued function of a vector parameter.

The multidimensional diffusion framework is as follows: Define the drift vector bg(z) as a function
of z € R? and 6 € ©, © some D-dimensional rectangle, D > 1. For any value of the unknown
parameter 6, the functions by(-) are such that there exists an ergodic solution of the SDE

dX; = bg(Xt)dt + o dW; (241)

which admits a Lebesgue continuous invariant measure with density pp, =: pg.

Assume that some prior distribution of the form dA(6) = p(#)dM is defined on ©, denote by Py
(Eg) the distribution (expectation) of a continuous record X7 = (X;)o<;<7 of observations of
X solving (2.4.1), and denote by E expectation with respect to dPg(X7T) x dA(6). Suppose we
are interested in estimating some R®-valued functional (), s € N. Later on, we will specify
to the case s = 1. Partial derivatives with respect to the components of 8 are arranged in rows
such that 0v¢/00 =: 0p1p is an s x D matrix. In the formulation of the lemma, a “smooth”
real-valued function r(#) is assumed to be absolutely continuous in #/ for almost all values of
the other components of 6, and its partial derivatives 0y;r are supposed to be measurable in 6.

Lemma 2.4.1 (van Trees inequality; cf. Theorem 1 in Gill and Levit (1995)). In the above
framework, assume that the following conditions are satisfied:

(a) The Radon—Nikodym density L(0,00; XT) of Py with respect to Py,, 0y € © some fived
value, is smooth;

(b) the Fisher information matriz
) T
1(0) = By <(6910gL(9,90;X )" (9og L6, 0; X ))) 6eo, (2.4.2)

exists and /diag(I(0)) is locally integrable in 0;
(c) the prior density p is smooth, positive on the interior of © and zero on its boundary;

(d) the components of the functional (0) are smooth.
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Under the above conditions, it holds for any estimator TZJ\T = @ZT(XT) and any constant s X d
matriz C,

_ - _ (Jo tr (C(290(6))") p(8)d6)*
Bl —v @) = [ Bollir —u@)'p000 = e ey (249)
where tr(a) = ¢, app denotes the trace of the matriz a and
1
/ b (lzklagk Corp(8)) Dy (cﬂp(e)))p(e) dao. (2.4.4)

Proof. We include the short and elementary proof which is analogue to the proof of Theorem 1
in Gill and Levit (1995). Let U := ¢ — ¢(0) and

s i (L(0,00; XT)p(0))
Vi : ZCU L0009 XT)p(0)

i=1,....d

Integrating by parts, we obtain

d s
= / \ / Z(%—W(@) ZCikaek(L(e,Ho;XT)p(Q))dO dz
_/ /Rdzzaew Ca L (8, 60; X7 )p(0)da dGz/@tr (C (o)) o)

=1 k=1

Furthermore, since Eg0p (log L(0,6p; XT)> =0,

Cik p aekL + L 89kp) le<p 891L + L agzp)

EZZ

1,j=1k,l=1 p Lp
d
=K Z Z Ci(Ogr log L + Ogi. log p) x Cj1(9gi log L + Ogi log p)
ij=1k,l=1

_ / tr (CI0)C") p(0)d0 = T (p).
S}
Finally, by Cauchy—Schwarz,

R (BE(UV))?
E(U'U) = E|jdr — $(0)|° > BV

O]

Outline of the proof. We proceed analogously to the proof of the lower bound for estimating
the derivative of the invariant density of a scalar ergodic diffusion in the local minimax setting
in Theorem 1 in Dalalyan and Kutoyants (2002). The scheme of the proof is originally due to
Golubev and Levit (1996). In our framework, the essential steps are as follows:

« Restriction to the problem of estimating div(a;p), j € {1,...,d} fixed, for b belonging to
some properly chosen parametric family essentially concentrated on the set ¥} defined in
(2.3.31), with dimension increasing to infinity as T' — oo;

e minorization of the minimax risk by the Bayesian risk with respect to any prior distribution
plus an asymptotically negligible term:;
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

e determination of the least favorable prior and evaluation of the corresponding minimax
risk.

Main part of the proof. The first step is to approximate the infinite-dimensional classes
¥} of components of the drift of unbounded support by appropriately chosen finite-dimensional
subclasses with bounded support. To do so, fix some interval [— A, A], with A = Ap = log(T'+1),

and define .

28 +d

ap :==2rAT™7, re€Z, where~y:=

Let
M= Mp:=max{re€Z: [a, — AT, a, + AT7"] C [-A4, A]},

and subdivide the interval [—A, A] into closed intervals by considering the partition points

a_py— AT " <a_y+AT "=a_p1 — AT 7T < -+
e <ay1+AT V" =apy - ATV <apy + AT,

Given any multi-index m = (my, ..., mg) with components
mj € {~M,~M +1,....M—1,M}, j=1,....d
denote by A,, the sub-cube centered at the vector a,, := (am,, - - - ,amd)t, that is,
A, = X?Zl [amj —AT™7, am; + AT_“’} .
Denote by P the set of all sub-cubes A,, = A,,, . m,, and note that
P C Xl [-A Al = A.
(I) THE PARAMETRIC SUBFAMILY AND ITS PROPERTIES. Let ¢y(z) := exp(rwi(z,¥)), for { =

(1,...,¢4) € N% be the trigonometric basis on [—1,1]¢, and consider the following scaled and
shifted versions of the trigonometric basis functions,

b1 (0) = TA (1747 = ) TT (A= oy =, 7).
J=1

where the function U is (8 + 1)-times differentiable, increasing and satisfies U(z) = 0 for x <0
and U(x) =1 for x > 1.

Thus, H;l:l U(A — |zj — an,,|T7) is a smooth approximation of 1{z € A,,}. For fixed positive

integers M and R which are to be specified later, consider the parametrization

_nd
po(x) := po(x) exp ( > @AT) > /01 bem ()07 adt — n(9)>,
R

mimens N Polam) g

where

e pp is the invariant density associated with the diffusion process solution of the SDE dY; =
bo(Y;)dt + o dW; and, in addition, satisfying by = aV log po,

o the R%valued parameters 0¢.m are to be specified later, and

o n(0) is a normalizing factor.
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2.4. Proofs for Section 2.3

Let
bg(x) := bo(x) + ab, (x), (2.4.5)

where, for [ € {1,...,d},

) (@)= 3 AT (2.4.6)

Imloo <M Po(am)
X Opm | Gem(@) = | dem(y)dy ) - 1{l = j},
1§£|Zo.;§R § ( é /Rd e >

and define

d
gb(x) =23 asdpe(a) - 1{1 = j}. (2.4.7)
k=1

The functions by defined in (2.4.5) are [-times continuously differentiable and coincide with b
outside of the cube A. In addition, they satisfy conditions (Co’) —(Cs). This implies in particular
that the SDE (2.4.1) associated with by admits a strong solution which is ergodic with invariant
density pg.

Define the parametric space FZ_'F as containing all finite R%-valued sequences

(Oe,m) 1<)t <R, |mloo<M

such that, for any multi-indices £ and m,

07l < GV (),

; ; ai(1—e))’
400 = 2(9) = Gy (< o )> _1> |
+

1/(28+4d)
o oq LB+ DB+ d)
ﬂajde(27T)25

where

for

)

qg ‘=0and R= R’ := [aj]. The positive numbers G, € are to be defined later.

The following lemma describes properties of the parametrized densities pg. In particular, it gives
an upper bound on the Fisher information associated with the likelihood ratio L(6, 6y; X™), for
by defined in (2.4.5). Denote

t .
Ipm(6) := By ((aee,m log (0, 60; X™)) (0, , log L(0, 0o; XT))) . 0eTi.
Plugging in the explicit formula for the likelihood ratio given in (A.1.3), we obtain
2
Eq [(agj log L(6, 6o; XT)> ]
l,m

T
_ B, [(a@ log po(Xo) + 3y ( /0 bg(Xu)ta_lqu) (2.4.8)

_ % O /OT (Bo(X) 0 "by( X)) du) 21.
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

The dependence on the parameter 6 in the definition of by is linear such that the differential
operator 89k and the stochastic integral with respect to X in (2.4.8) may be interchanged.

Consequently, for any k € {1,...,d},

O (/OTbg( Yo ldX > _7/ Oy (bo(Xu)'a 1hy(X,)) du
_ / O (bo(Xu)'a™") (bo(Xu)du + o AWV,

-3 /0 <09k (bo(x)") a_lba(Xu)+b9(Xu)ta_189£mb9(Xu)> du

1 T
_ 7/ Oy (bo(X)") 4 Mhy(X du+/ o (bo(x)') (o) aw,
—f/ bo(Xu)'a~ 89k b (Xy)du
(245) % / Oy (b (X)!) bo(X)du + / o (b7 (X))o W,
- / bo(X,)' 0y by (Xu)du

/0 o (b5 (X)) 7 dW,

Denote

; T _ t 2
17,,(0) =By (0, log py(Xo) + /0 0y (b (X)) o aw,)"

Lemma 2.4.2. (a) For any € Ay, po(z) = polam)(1 + or(1)), and, for any x € R? and
0 € T, po(x) = po(z)(1 + or(1)), where op(1) is uniform in x and 6.

(b) For any 0, € F]f, it holds
17, (0) < (24)*T*Ma;; (1+ op(1)), (2.4.9)
where op(1) again is uniform in 6.

Proof. Taking into account that by = aV log pg, the first assertion in (a) follows immediately
from the continuity (and thus boundedness) of bp on the subcube A,,. The dimension of the

space I'). increases with speed (ApT 7) as T — oo such that only CT7Ar components of the
parameter vector 6 € F]T do not vanish. The second assertion in (a) thus holds since each of the
non-vanishing components is smaller than CT‘ﬁVAg.

We proceed with proving (b). The triangular inequality implies that

2 1/2

,.(0) < (Eg (aei,m log pg(X0)>2>1/2 + (Eg( /0 ! O (b5 (X)) o qu) ) . (2.4.10)

Plugging in the definition of b, (-) and using Fubini’s theorem and stationarity of X, one obtains

mo( [ oy (o X))todwuf:m [ s B0 (7,,0)) du

2AT
_(Po(am Ta”/ ¢em z)pg(v)dw

= (2A4)4T? a5 (14 op(1)).
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2.4. Proofs for Section 2.3

The definition of py implies that there exists some positive constant C' such that
9y (logpp(x)) < C.
Consequently, (2.4.10) gives
j dr2pry 1/2
17,,(0) < C+ ((24)"T*Pa;(1 + or(1)))
and, since T%%7 — oo and for large enough T, (2.4.9) follows. O]

(IT) BAYESIAN FRAMEWORK. Define
Wi, = {gT . B, /Rd () — div(azpo) (@) da < 1}.

Theorem 2.3.8 guarantees that there exists an asymptotically efficient estimator @]T)* of
div(ajpg) such that WY is not empty. For proving the lower bound, it suffices to restrict
attention to the set Wi..

The minimax risk is bounded from below by the Bayesian risk. Given any probability distribution
A with density p on I'},, denote by R;(A) the Bayes risk with respect to the prior distribution
A for the problem of estimating div(ajpp) on the parameter set '/, that is,

Rj(A) == inf E [ |gr(z)— div(ajpe)(z)]* dz
greWs, R4

=l [ [ Belar(e) - diviajon) @) do aAQ)
QT

For any prior A on ', it holds

inf sup By [ [Gr(e) - diviazp)(a) do
gr€Wrpes) /R

> il sup By [ [Gr() - diviap) (@) do
97EWT bes;NTY, R4

inf /F /\gT ) — div(azpp) (x)[* dz dA(B) — RE(A)

QTEWJ
= R;(A) — RE(A), (2.4.11)
where
RE(A) = sup / j Gr(2) — div(a;pp)(2)|? dz dA(B). (2.4.12)
Grews I‘T\E(; Rd

(III) REDUCTION TO FUNCTIONAL ESTIMATION. As in Golubev and Levit (1996) and Dalalyan
and Kutoyants (2002), the proof of the lower bound is now further reduced to that of estimating
a sequence of linear functionals. For bounding the Bayesian risk R;(A) from below, consider
the orthonormal sequence

eom(r) = VTOA=d o) (TT"A (2 — ap)) 1{z € A},

and let

wimﬂ ::/A gg(aﬁ)e&m(x)dx and @,m,T ::/[A gr(x)epm(x)de (2.4.13)

m
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

be the Fourier coefficients of gg and the estimator gr with respect to ey ,, respectively. By
means of Parseval’s formula, it follows

Rj(A) =infE | |gr(x) — div(a;p)(z)| dz
gr R4

>inf E [ [gr(z) - diviajpo) (@) da
gr A

> lllf Z Z E‘wé,m,T - wé,m,e‘ :

IT |m|oo<M 1<|€|ec<R

We now apply the version of van Trees’ inequality in (2.4.3), letting C' the transposed j-th
unit vector, that is, C = (0,...,0,1,0,...,0) € R*? where all entries apart from the j-th
component vanish. It then follows that

2

(frj 89; wf,m,ep(e)d9>
RN = > > = - :
mloe<tr 1<)tm< i Jr3. Lom (O)P(0)d0 + J7,(dA)

where Jy,,(dA) is the Fisher information matrix of the prior density p (cf. (2.4.4)). Lemma
2.4.2 yields an upper bound on [.; I7,,(0)p(0)df. For evaluating the numerator appearing on
T

the right-hand side of (2.4.14), we use the following

(2.4.14)

Lemma 2.4.3. For the Fourier coefficients wﬁme defined in (2.4.13), it holds

8027n¢§,m,6’ = 2aj; \/(QATﬂ)dpo(am) (1+or(1)), (2.4.15)
where op(1) goes to zero uniformly in £,m and 0 € F{f.

Proof. Note first that, for any = € R¢,

d d
2p9(2)by(x) = 2p6(x) > a;x0k (log pp(x)) =2 ajdepe(x) = gj(x)
k=1 k=1
such that . ' ‘
39%‘”92;(96) = 2pg(x) 392mb§(96) + 20%‘%[79(90) by ().

Exploiting the definition of py, it can be shown that

| 7\2 ) (%Z}(fc) %mpe(w)) = A7 op(1).

Thus,
. d !
Oy 99(@) =23 andy (b)) (@)po(w) + A or(1)
o =1 "

(2AT )"

1/2
o (@m) ) <¢€,m($)_/Rd ¢é,m(y)00(y)dy) (1 + op(1)),

= 2a;;pp() <
and it holds

Oejm@bg’mﬁ = //A 89%' mgg(:v)e&m(:n)dx (14 or(1))

—pyd /2
=20 [ (o) (%) e (@) (1+ or(1)).

In view of Lemma 2.4.2 and since [, ezm(x)dx = 1, the assertion follows. O

64



2.4. Proofs for Section 2.3

(IV) LEAST FAVORABLE PRIORS. The estimates (2.4.14), (2.4.9) and (2.4.15) and entail that
there exists some Ty = Tp(e) € Ry such that, for any T' > Ty,

4a%; (2AT )" po(am)

b= ; 1+or(1
a mOCZSM 1§|§§R (1 +5)(2AT*7)dajjT+ Jim(dA) ( + or( ))
—d
= ¥ 3 daj; (2AT=7)" po(am) (1 + or(1)) 2416)

mienr 1< <r (1) (2A)T?7 + I} n(dA)az!

Proceeding analogue to Golubev and Levit (1996) and Dalalyan and Kutoyants (2002), we now
consider the “asymptotically least favorable prior distribution”: The choice of the prior A is
motivated by the attempt to maximize the Bayesian risk asymptotically. Furthermore, it should
be essentially concentrated on the set {9 el by(-) € Ef;}. Consider i.i.d. random vectors &
with common density f(x) satisfying

—_ 2 f— _1 '
/Rd 2f (2)de = 0, /Rd Pfadr=ail,  max 6] <G

and
[, @ulog f(@))* dz = (1+ )y,

In particular, the above definitions entail that € vanishes as G tends to infinity. Define the prior
distribution A as the product measure

@)= I I Hem(0em) dbem,
Moo <M 1<]€|0o <R

where

Ao (1) = M) = ()72 (e) f(u/y/<l ().
ngm(dA) then satisfies
(1 +e)ay;

T(dd) = =53
4

(2.4.17)

Convergence of the Riemann sums implies that
—nd
Z (2AT™)" po(am) :/ po(z)dz (14 or(1)) =1+ op(1),
A
Mmoo <M

and plugging this last relation and (2.4.17) into (2.4.16), one obtains

da. gj(g)
Rj(A) > —L - s (1+or(1))
’ Lo iZ<r QA)THIG(e) + 1

4&"
T+ e)(ﬂ)dT?Bv 2 (1 -

1<|f[<R

gt
al(l—eg)

B
) (1+o7(1))

A
al(l—e)

dajj g
= (1 +0)(24)7T25 /A (1 - ’ ) dr (1+or(1)

4a,jj aj d 1—¢ d
e +(E)()2f<1)dT2ﬁ)7 /A (1= llwl?) deo 1+ 0r(1)

4a;;Sq(ad) (1 —e)d 1
N (ij—i—ds()(;A;dT%v) /0 7 (1=r%) dr (14 0r(1))

> daj(o?) (1~ S)dHSd(?A)dde(ﬁad)

=41 — &)™ T2 Pi(0, 3, L) (14 op(1)).

(14 o0r(1))
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Combining (2.4.11) and the last display gives

inf sup By [ [gr(a) — div(azo)(w)*do
gr beEX; Rd

> 4(1 — o)/ Py B L) (1+ or(1)) — RS(A). (2.4.18)

(V) EVALUATION OF Rf(A) AND CONCLUSION OF THE PROOF. To conclude the proof, it needs
to be shown that

Ri(A) = swp [ By [ [gr(@) — div(agpn) (@) dz dA(D)
Grewd JTR\S; Rd

tends to zero faster than the first term appearing in (2.4.18). To do so, it is shown first that
¢h={0er) ViO) <L -e)} < {0:b e %]},
for

VA(O) = a2, QAT ) 3" polam) S 1007 (xTATH g,
oo <M 1<l o <R

Since Cgr - FZ;F, it only needs to be verified that

sup /]Rd Z |Da(g§(x) - gg(az))|2dx < 4L.

In view of the relations gg = 2b§p9 and gg = Zb%po and exploiting the definitions of by and by,
it is shown analogously to the proof of Proposition 2.3.1 (also cf. the arguments used in the
respective scalar setting on pp. 99-100 in Dalalyan and Kutoyants (2003) and p. 10 in Dalalyan
and Kutoyants (2002)) that, for any multi-index o € N of order |a| = 3 € N,

o , 9 o . 9
10 (6h@) = gi(@)) dw = 4 [ |D*(E@)pal@) = by(w)po(a) ()i
_4/ |D* (b} () — b)(2))| PR (2)dz + or(1).
Note that .
. . ik o
by — b= au(by)” = aj; (by)"
k=1
Since all derivatives of U up to order  are bounded and vanish for = ¢ A,,, it holds, for any
ke{l,...,d},
0% (by )’ 2AT)" :
( 9) éx) _ Z ( ) Z 0%7m (iﬂ_T'YA—l)ﬁ (fk)ﬁ.
0(a*) s V- P0Lam) G g

Consequently, it can be shown that

3 [P (64) = )

d
(2AT—) .9 Y
Sdafy 30 ms 3 Ll GTTATY P pan) (14 or(1)

Mmoo <M M/ 1<l <R

= 4VZ(0) (1 + or(1)).
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Thus, for any 0 € C%,

> / |D%(g}(x) — gh(x))[*de < 4L(1 —¢) < AL.

|o|<p
To shorten notation, denote a. := (1 —¢). The definition of V.(-) entails that, for any 8 € I'J,,

EyVA(0) = a2, (24T Z polam) > atel (e) (WTVA*1)2B||€H2’B

oy 73
Imfoo <M 1<l <R

T)w > ;d((ﬁ])ﬁ—l) (1 +or(1)

1<[¢|w<R (24)

) 2B+ . <Ra;d (@)25 ((fg‘])ﬁ B 1) (14 op(1))

(
¢

= aj; (Z) ;ZHZ /1 rd=1 (7“6 - r2ﬁ> dr (14 or(1))
(

2w)25 (2A4)25+4 (B + d)(28 + d) Sq

= ajj

= ajj

=% \51 (2A) 8 a;;jSq(2m)? (B +d)(26 + d) (1- 8)2,8+d(1 +or(1))

= L(1—)**(1 + or(1)).

Hoeffding’s inequality implies that, for some positive constant C,

; i ; L2e2(1 — ¢)?
A(9 ¢ CT) < A(VT(H) - EbVT(Q) > Le(1 - 5)) < exp T o287 |

that is, '
A0 ¢C)) =o(T7H).

Since

R5(A) < (8 sup /Rd ]gé(:r)ﬁdx + 2) A(bg ¢ X5)

0T

and [ra |g5(x | dz is bounded uniformly for 6 € I'., we obtain RS(A) < o(T™'). Plugging the
upper bound on R§(A) into (2.4.18), we obtain

inf sup Ey /d |gr(z) — div(ajp)(x)ﬁdx > 4(1 — )28/t pi(5. B, L) (1 + or(1))
g1 pex) IR

such that

lim inf lim inf 72572 inf sup Eb/ ’fq'%(x) - div(ajp)(x)‘zdx > 4P;j(0, 8, L) (1 — )4t
6—0 T—o0 gT bGE] R4

Since € > 0 can be chosen arbitrarily small, the assertion follows.

O

Proof of Theorem 2.3.3. Under the given assumptions, it holds 2b/p = dlv(aj p). For any es-
timator bJ of the j-th component of the drift b € Us(by), denote g gT = Qb{ppT 1, where the
invariant den81ty estimator pr1(-) is defined according to Lemma 2.2.4 and satisfies

__2(B+1)
Ey |pra(z) — p(a)|” < Ky T 200+ exp (—Kal|z|), z e R%
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

The inverse triangle inequality then entails that

-, | Wf(x)p(:c)—5%<x>ﬁT<x>+1§€;<> 5 div(an)(a)fda

2
> (\/leEb/R I ( ) — div(a;jp)(z)| dx—\/Eb/ |b] —pra(x ))2d33> :

The growth condition on the drift term in (Cs) implies that, for any z € R? and T large enough,

sup |/ (2)] < ea(1 + ||z]) < log T exp < =] )
beUs (bo) gT
If the estimator IAﬂT satisfies
b(2)] <logT =l ) e R? 2.4.19
@] <logTesn (o). weR 2:419)

the risk of b}, A log T exp (||z]|/log T) is smaller than the risk of &} such that the lower bound

needs to be proven only for estimators bJ fulfilling (2.4.19). In this case, there exists some
positive constant C' such that

2]

Ey /Rd |B%(m)‘2 (p(x) - ﬁT(x»Z dr < Ky /]Rd(lOgT)2 exp (logT —

2(B+1)

< C(logT)* T 2B+

__2(B+1)
KQHJ;H) dx T 20B+1)+d

Consequently,

B —~ , 1/2
lim inf T'Z# 72 <1Anf sup Eb/d b (z) — b7(x)|2p2(x)dx>

T—o00 J bezj

> lim 1nf (T2B+d inf sup Eb/ |§]T(w) - div(ajp)(x)ﬁdm/él
= 9 bexd R

. d o \1/2
—C(logT)* T (2<ﬁ+1)+d>2(5+1))

>/ Pj(o,8,L),

where the last line follows from Theorem 2.3.2. OJ

2.4.2. Proof of upper bounds
Proof of Theorem 2.3.10. We now show that

NG
(Pr1(z) + cp(x))’

xeRd,

(07) (@) = 5

is an asymptotically efficient estimator of the j-th component of the drift vector. Throughout
the proof, C7,Cs, ... denote positive constants. Recall that

___B+1
cp(x) =T 26+0+d gp(x), for ep(x) := exp (\/logT — lﬂgg) , z € RY,
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2.4. Proofs for Section 2.3

and consider the event

To(e) i= {w: p(a) — pra(a) < (@)} = {w: pla) <pr@)}, = €RY

where pr := pr1 + ¢}. Recall once again that Lemma 2.2.4 implies that the invariant density
estimator pr(-) satisfies, for any ¢ > 1,

2q(B+1

)
By [pra () — @) < Ky T 0850 exp (~Foglel), = € RY (2.4.20)
Chebychev’s inequality entails that, for T large enough,
| Po(Ti@)da = [ Pi(oe) = prafe) = cia))da
R4 R4
< [ (@) Balpra(e) - pla) da
2q(8+1) 5 _ 2q(8+1)
< Ky T20+0+d /daT U(z) exp (—Kaql|z||) dow T 2G+D+d
R
< Cy exp (—2¢\/logT).
Thus,
LB (103) @ =V (@) P @ (T (@)}) da
<2 m (!(bﬂf)*mﬁp?(x)ﬂ (TE@)) de 42 [ W@)P) Py(TEE) e
. 1/2 . 1/2
< 2/Rd (Eb|(lﬂf) (x)|4> pQ(x)(Pb(TT(:E))) dz + Cy exp (—Qq\/logT). (2.4.21)

Recall that (g},)"(z) = 27~ fOT Ki(z — X,)dX], where K2 is defined via (2.3.11) and (2.3.32).
Since (a + b)* < 8a* + 8b*, it holds for the fourth moment of @JT)*,

; T . 4
Ey|(7) ()" < 128T’4Eb‘/ Kf(x = X,)b (X,)du|
0
T d 4
1287 B / K — Xu) 3 opdWl|
0 k=1
As concerns the first summand, Hoélder’s inequality implies that
—4 T * j 4 * 4,4 4
TR /0 K — X)W (X,)du| < By (K — X0))'[p(X0)[").

The second term is upper-bounded by means of the Burkholder-Davis—Gundy inequality and
Cauchy—Schwarz such that

T
Eb‘/o Ki(z — X

2
4 T
< oy By (/ aj; |Kp(z — Xu)]2du> (2.4.22)
0
< Cy oy Ty ((Ki(x — X0))").
The Fourier inversion formula entails that

K <C/ 1— [la][PT7) dx
sup [Kr(y)] < 3 ), (1= leAl™)

2
< C4a_d/ (1 - ||wHB+7) dw < Csa™
Rd +
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Thus,
sup |Ki(y)| < Cg T 2044, (2.4.23)
yER4
Taking into account (2.4.23) and since the moments of & are uniformly bounded on E‘g (recall
the at-most-linear growth of b), it holds for any 2 € R? and any b € X7,
4d
28 +d’

Eb‘(yjf)*(x)rl <C;T", fork:=

Consequently,
1/2

L, (m(b%f)*(@) Y e (Pb (T;@-») d
< Cy T2 /]Rd (¢r(x)) 2 p(z)dz exp (— g\/logT)

< Cy Tﬁ/2+2(25(ﬁ)14)rd exp (— gy/logT). (2.4.24)
Choosing ( )
(K 26+1
¢= (2+2w+1)+d+1) Viog T,
it follows from (2.4.21) and (2.4.24) that
LB (103) @ =V @) @ {Tr@)) <G T
On the event 77, it holds p < pp, and, using relation (2.1.4), one obtains
LB (160" @) =¥ @) P (Tr()}) do (2.4.25)
. . 1/2
<{( /R B (l(bfT)*m ~ ¥ (@)p(o)/pr(@) L (Tr()}) do
1/2y2
+ (/ By (¥ (2)p(o) pr(e) — ¥ (@) P2 { T ()} d:c) |
2
< {\/ RdEb _ div(ap)(z dx+\/Eb/ 10 (2)2 (p(z) — Pl ))de}
= (VT + \/T7) .

(2.4.20) entails that
_ 2 N 2 «
Ey|p(z) — (@) < 2By|ra(w) — plo) 2z + 2 (5 (x))?

241 2||
< 2K\ T~ 2+D+d {eXp (—Kollz|) +exp (2\/10? ] T)} ’
0og

and in view of the growth condition on the drift term, it follows that, for any b € Eg,

2(8+1)

Ty < T 26+D+d exp (21/logT).

Thus, for any 6 > 0,
lim sup T Eb/ |(bzf)*(m) - b7(:c)]2 P (x)dz
T=00 s Re

2 . 1/2 2
< Jim_sup {Tﬁ (3B [, 160" @ - divlasp) o)z +oT<1>}

T bexd

Pj(07ﬂ7L)7
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that is, the upper bound part of relation (2.3.35) holds true. O

Proof of Theorem 2.3.16. The principle scheme of the proof of Theorem 2.3.16 is analogue to the
proof of Theorem 1 in Dalalyan (2005). For the sake of completeness and since not all arguments
carry over unmodified, we explicate the complete proof in the multidimensional framework.
Before coming to the details, let us briefly sketch the basic idea for verifying sharp adaptivity
of the estimator gr defined in (2.3.72).

In the proof below, we refer to the result on asymptotically efficient estimation of div(ap). It
was shown in Section 2.3.3 that the asymptotically efficient estimator g7 of Vp satisfies

B, [, o (@) = Vola)|Pde < o Arla 8) (1-+0r(1)
(cf. (2.3.23)), where

Br(ei8) =T [ (1=K [owpWIPdA+4d | (p(0)* A

for o, defined in (2.3.28) and
hr() = (1- Ha})\Hﬂ>+. (2.4.26)

Recall the definition of the functionals A7 and AT in Section 2.3.3,

Ar(a,h,¢,) = T/Rd 1= A(aN)? [[¢op(NII* dX + 4d/Rd |h(aX)]?dA,

~

-~ 2
Ap(h) =T [ (h*(0) = 20(N) [AdrN)[ dr+8d [ h(x)ax,
R4 R4

and note that

Ar(L ki dp) =T [ 1=Ky 6w, dA+4d [ 32,

= Ar(ai, B). (2.4.27)

The basic idea for the proof of Theorem 2.3.16 is to show that gr as defined in (2.3.72) satisfies

E, /[R Ngr(a) - Vo) de < mlw EyAr(1,hr,¢,) (14 07(1)) (2.4.28)

1 .
= W EbAT(hT) (1 + OT(I)) .
Provided that
EyAr(hr) < EpAr(h}),

(2.4.28) implies in particular that

B, [ [or@) - Vo@lfdr < g Ar(Lhing) (1+or(D)
(2427 ml)dT Ar(e,B) (1+o0r(1)).

The asymptotic behavior of the supremum of (a suitably normalized version of) ET (e, B) over
the Sobolev ball X5 has been analyzed already in Section 2.3.3.
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Preliminaries. We start with giving two auxiliary results which will be important in the
sequel. The first lemma contains multidimensional analogues of Lemma 2 and Lemma 3 in
Dalalyan (2005) and will be useful later for verifying (2.4.28). In particular, the upper bounds
in (2.4.29) and (2.4.31) allow to eliminate the dependence on the random term

o) = = / Xy
4 B \/T 0 “
(cf. the expression obtained in Lemma 2.3.13).

Lemma 2.4.4. (a) Let f be some random bounded R%-valued function, taking values in some
finite set {f1(-), ..., fn()} of functions f; : R* — R%. Then there exists some constant C,
depending only on 8, L, by, such that

.| [ i < o (we, [ Fofa) (2.4.29

(b) Assume that h is some random real-valued function, taking values in the finite set of

functions {h1(-),...,hn(-)}. If
lhillFo@ay <T,  i=1,...,N, (2.4.30)

then, for ep = TY/V18T and some constant C' = C(B,L,bo),

~ _ 1/2
bseuzpé E, /Rd h(X) (HCT(A)H2 - |ya||§2) d\<C (NeTEb /Rd hQ()\)d)\) : (2.4.31)

Proof. Throughout the proof, C, C’, C" denote positive constants whose value may change from
line to line. Part (a) is proven analogously to Lemma 2 in Dalalyan (2005), p. 254. First note
that, for

B ~ —-1/2 R
spim ([IFOPR) [ GoyFan
it holds by Cauchy—Schwarz

/Rd <tT()\)f()\)d)\’ ~E, <</Rd Hf(A)HQd)\)l/Q ‘zﬂ)
< (Eb /Rd ||J'E(A)||20M>1/2 (jg:lEb|ij|2)l/2. (2.4.32)

Recall that ¢7()\) = T—1/2 fOT e\ XudqW,,. Thus, for any j € {1,...,N},

E,

2

2 T
E, =71 Eb‘ / , £ / N Xud W, dA
R 0

T
/ / MK LA AW,
0 R4

L 0
Rd

2
=T 'E,

‘2

d
-3 m
k=1

XX ok
/R X ()

2 d
=> E, ‘¢fjlv(X0)
k=1

2
JNOIRE

d
< sup sup py(x) Z/d
k=1"R

beXs xR

= sup sup pole) [ 0] AN
beXs xcR4 R4
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2.4. Proofs for Section 2.3

Consequently, for C' := supyey, Sup,egrd po(z) and for any j € {1,..., N},

-1
Bl <o [In0IRR) [ inoiEa=c.

In view of (2.4.32), the assertion (2.4.29) follows.

As regards the proof of part (b), the main idea in the scalar setting is to express the square of
the scalar analogue of {1 via some linear stochastic integral and to apply the same method as in
the proof of (a). The strategy also works in the multidimensional framework as will be sketched
in the sequel. Define the R%valued martingales

M, (\) = /0 " cos (A'x,) dw, Nu()\) = /0 " sin (Mx)dWs, w>0, (2.4.33)

such that, for any u > 0, A € R%,
1
Vu

Applying Itd’s formula to the martingales M and N and the function f(z) := ||z]|? = 2¢_, (z%)2,
it follows

Cul) = \}a [N, = = (ML) + N, ).

d d
M) = M) + 302 [ MM+ [ a0 ), M ().
=1 70 =170

=92 /OT coSs ()\tXu> M, (\)dW,, + d/OT cos? ()\tXu) du

and
9 T T
INFOV|? = 2 / sin (A X, ) Ny (\)d Wy, + d / sin? ("X, ) du.
0 0
Consequently,
2 1 2 2 2 T
I (V)| =T(IIMT(A)H + [Nz (V)] ) :T/ Yo (A AW, + d, (2.4.34)
0
where
Y., (\) = cos (A X, /ucos AX, ) dW, + sin (AEX, /usin X ) dW
(V) = cos (N Xu) [ cos (A%, (N ) sin (V)
= ReeXu / e N X qW, = Re e Xuy/uc, (N).
0
Thus,
~ 9 2 2431y 4 ~ T 2
Byf [ RO (IeeP =) PEY Dm0y [ v, da
Rd T Rd 0
4 T - 2
= 5B /0 [ YaR()ax 4w,
4 T -~ 2
_ ﬁEb/0 /RdYu(A)h()\)d)\ du
= 4U,(h), (2.4.35)
where
T 1 T iAtX T 2
Uy (%) ::TQ/O u By /Rde RN du.

73



2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

For
o= ([ 70an) " [ ) (el - a) ax

Cauchy—Schwarz implies that

Eb /]Rd EO‘) (HCT()\)HQ — d) d\ = E, <</Rd EQ(A)dA) 1/2 Zﬁ)

1/2 , N
(o) (£
i=1

Since the above estimates hold uniformly in b € X5, (2.4.31) is proven once we have shown that,
for any b € 35 and i € {1,..., N},

1/2

—1
Ey|op, |2 @£ 4( /R ) h?()\)d)\) Uy(hi) < C'er. (2.4.36)

The subsequent manipulations are nearly analogue to the steps in the proof of Lemma 3 in

Dalalyan (2005). For the sake of completeness, we sketch the entire line of reasoning. We will
repeatedly use the estimate

(2360 2 (2.4.30)
o2 Y (/Rdh?()\)d)\> = lhilltagay, < lhilZegeaT-

Denote by ~ the constant introduced in condition (Cy), and assume that T is large enough to
ensure T > x V k2. Given any h; € ﬁ% write

Ub(hi)zji(/oﬁ—F/:)UEb

Note that, for any k € {1,...,d},

K
/uEb
0

2
du.

/ N X, (AR (A)dA
]Rd

2
du

S ()ax
Rd

_[" e N (Xut Xs) k
_/0 u By \/E/o /Rde hi(A)dA dW!

< K2 (/Rd hi()\)d/\>2 = K? (/ma;d hi()\)d/\>2

< Cr?a;* < C'R?||hil| 2 gy T

2
du

and

2
du

T
/. ®
K

/ N Xun()) / N XedWl dA
R

U—~K
T
< / E,
K

2
N XsqWk d)| du
INI<a;? Ju—r ’

< Ca; kT < C'/@||hi||%2(Rd)T.

Thus,

17 ; 2
Ub(hi) = 75 /O u E, /R delAtXugu()\)hi(/\)d)\ du (2.4.37)

< Ohill3 2 gay + T~2Ts (i),
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2.4. Proofs for Section 2.3

for
T

O = | E,
Plugging (2.4.37) into (2.4.36) yields

2
du.

/ N Xup()\) / N X, d
R4 0

2 _ ~
Byl < il 3o gy (ClIRal32 ey + T7200(ha))
and the proof of (2.4.36) is reduced to verifying that there exists some constant C' such that
Up(hi) < CerT?||hill3 2 gay- (2.4.38)

Taking into account (C4) and denoting
(X5, N) = / AN Xeqyy, AeR?
0

QY™ y) = | [ (X RN,y e
R

it can be shown that

- [n
)

2

/ ) NV (XU A) g (A)dA
R

P (Xu—n, ) dy) du

< [ (Datw) + T2(Dau)) 2
< 1(u) + (D2 (u)) du,
where
2
Dy (u) == erEy (suppZO(Xu_R,y) /R , /R LeNYR () (X, A A dy)
and

Dofu) =B [ QX 5ok (Xm0} )
For D1, Parseval’s identity and Hoélder’s inequality imply that
Dy (u) = (27)%erEy (Sup PR (Xu—ry) /R R (=, AdA[” d>\>
1
< Cep(T — k) (Eb (supp,‘;0 (Xu_,.i,y))q) /q/ hZ(N)dA
R4
For Ds, it holds by means of the same arguments as in the scalar setting
Da(u) < Ollhillbagarai ™ < 'l Sz, < O il e gy

such that (2.4.38) is satisfied. O

The second auxiliary result is due to Cavalier et al. (2002) and was already mentioned in Section
2.3.3. It allows to restrict attention to minimizing the functional Ap(-) over a finite-dimensional
subset .6¥ C 9.

Lemma 2.4.5. For $ defined in (2.3.69), there exists a finite set 5 C 91 of cardinality N
such that, for any h € Hr, there exists a filter h' € HY such that

Ar(h) < (14 6y) Ap(h),

where O — N_o00 0 and does not depend on h,h',b € Xs.
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Main part of the proof. Note first that, for any § > d/2 and T sufficiently large,

. (2.3.68) _ B+d
LR )N "< Ky 0 O < Ky TRNT <Ky T

Thus, Lemma 2.3.13 applies and gives

R o .
ANGTON) = 35() = Z=Cr(d) = =m0, XT),
where my(\, XT) satisfies
/ By [lmy(\, X) hr (V)| PdA = o(T75).

Taking into account (2.3.42), it thus follows

B, [ 1) - Vo) do

= 2n) By [ M) (@r(3) = ,00) = 6,01 — Br())) | x
= (27) " ’E, /R ) ;CT(A)ET(A) - \/iTmb(A,XT)fAzT()\) — (1= hr (M)A, (N) sz
= m8, [ || 2 he ) — (1 Rr )]
27r1)dT / (3 XT) B ()]
Q:)dT / 12¢E(NREN) (1 = hp(A)ms(X, XTIAG,(A)[dA
= (2736@ E, /Rd ()\)hT()\)H dX + (27) K, /Rd (1= hr() )\qbp()\)HQd)\
- m;i\/f E, /Rd ‘ET(A) (1= Rhr () CtT()\))\qﬁp(/\)‘ dA + o(T*w%)
such that
B, [ gr(x) - Vo) *de
= (27r1)dT (BoAr (1,1, 8,) + A1 — Tm Ay + o(T*w%), (2.4.39)

where

Avi=1B, [ 350 (6] = d) da
Ay = 4VTE, /Rd hr () (1=hr()) Ch(A) Adp(A)dA.
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2.4. Proofs for Section 2.3

The definition of Ag (cf. (2.3.40)) entails that

-~

Ar(h) = 8d /Rd R + T/Rd (h2(\) — 2h(N)) A,V |2 dX

+7 [ (1200 = 2000) [AGr () = 6,00 ax

27 [ (B0) = 2000) [N26,(0) (Br () — 8, (V)] A
= Ar(Lh o) =T [ ow,(0)] A

i

+T (hg(/\)—2h(>\))HjiT§T(>\)— mb(A,XT)d)\Hd)\

Rd VT
+orT /Rd (R2(\) = 2h(N)) [ (N) <51T§T()\) — \/ITmb()\,XT)) ‘ .

Define

Ay i= AVTE, [ (B30 = 2hr (V) 65(~NEh()AA

R
— A/TE, /R (1B ) @y (-NCh M)A, (2.4.40)
Avi= 1B, [ (130) =2 () (IO = d) dx
~ 2 d . 2
— 4E, /Rd (1=hr(V) (Z G| - d) ), (2.4.41)
j=1

where the representations in (2.4.40) and (2.4.41) hold since, for any k € {1,...,d},

B, (¢F(V) =0 and By (JerW)]* ~d) =o0.

Consequently,

ByAr(hr) = Ealr (L 6,) =T [ o,V A

+1m Ag + Ay + o T ). (2.4.42)

The terms A; to A4 are now shown to be asymptotically smaller than E,Ap(1, iAzT, ¢p). Indeed,
by means of Lemma 2.4.4(a), one obtains

=R 2 1/2
AV A3 < OWT (NEb /]R (1 =Rz 1A, dA)
~ 1/2
< CoVN (BpAr (1, hr,6p))
Part (b) of Lemma 2.4.4 implies for ey := T/V1°8T that
AV Ay <48y [ () (ler ()] - d) dy
- 1/2
< Cy (NsTEb / d h2T()\)d>\>
R

- 1/2
< Cyer (EbAT(l, hr, ¢p)) :
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

The relation (2.4.39) can thus be rewritten for some constant C' > 0 as

. 2 1 ~ 1/2 2 _ 28
Eo /Rd |97 (2) — Vp(2)|"dz < @m)T ((EbAT<17hT7¢p)) - CaT) +0(T 26+d).

The value hp minimizes the functional Ap(-) over HN such that, by means of Lemma 2.4.5,

EbAT(ET) = min EbAT(h) < (1 + 5N) min EbﬁT(h) < (1 + (SN)EbAT(h?),
heﬁqf\l heHT

where h7, is defined as in (2.4.26). Consequently,

- 5 ~ 1/2 2 .
EyAr (hr) +T/Rd léw,(V)1*dX > ((EbAT(l,hT,qbp)) —05T> + o(T75)

and

Br(hi) +T [ lowaWIPar < ((ar(1Fr,0.) " + osT)Q +o(T75).

Summing up,

%T ((AT(I’ hr, ¢p>>1/2 + C€T)2 + 0(T7252%),

By [ r (o)~ Vo) e < oy

In particular,
26 R 5 \1/2
(175 B, [ 9r(0) - V(o) az)

is asymptotically bounded by the square-root of the following expression,

@2m) TV CHD AL(1, i, 6,) BET (2m) AT @B+ R 1 (o, B), (2.4.43)

plus residual terms of order T/V108T—d/(48+2d) and o1 (1). It was already shown in Section 2.3.3
that the supremum of (2.4.43) over the Sobolev ball ¥s defined in (2.3.31) tends to the constant
4P(o, 3, L) (see in particular (2.3.23) and (2.3.29)). This observation completes the proof. [

2.5. Pointwise sharp adaptive estimation on L? Sobolev balls

Our aim in the sequel is to analyze the asymptotically exact behavior of the pointwise risk
for estimating the drift of a diffusion which is given as a solution of the stochastic differential
equation

dX; = b(X;)dt + o AW, Xo=¢, t 0,7, (2.5.1)

where W is a d-dimensional standard Wiener process and the initial value ¢ € R? is independent
of W. Analogous to the investigation of the global drift estimation problem, we exploit the
representation of the drift at a point zg as an algebraic function of the diffusion matrix a = oo,

the invariant density p and its partial derivatives, for j € {1,...,d} given as

o div(agp)(zo) Yoy ajkdkp(xo)
e = e T g

The remaining section is organized as follows: Section 2.5.1 introduces the framework and basic
assumptions and contains a short review of articles which are directly related to our investigation
of pointwise drift estimation: Spokoiny (2000) considers pointwise estimation of the drift of
scalar diffusions and suggests a locally linear smoother with data-driven bandwidth choice. His

zo € R% (2.5.2)

78



2.5. Pointwise sharp adaptive estimation on L? Sobolev balls

procedure is based on Lepski’s method and provides a conditional non-asymptotic result. We
suggest asymptotically exact adaptive drift estimators, and the adaptation scheme we propose is
inspired by the procedures in Klemeld and Tsybakov (2001) and Klemeld and Tsybakov (2004)
who modify Lepski’s approach in order to perform exact adaptive estimation of linear functionals
over L? Sobolev classes.

As done in the previous section, we start with considering estimation of 2b/p = div(a;p), j €
{1,...,d}, assuming that div(a;p) belongs to some Sobolev class of regularity § € Z, 7 some
given interval of the form [A., 87|, where the upper bound Sr depends on T and satisfies
Br —T—00 00 (slowly enough). Similar arguments as in the global framework allow to infer
results for estimating the components of the drift vector. Section 2.5.2 contains lower bounds
for pointwise estimation of div(a;p) and &/, and an adaptive procedure for estimating div(a;p)
which asymptotically attains the respective infimum is introduced in Section 2.5.3. Section 2.5.4
addresses the approach of vector-wise estimation of div(ap), that is, all components div(a;p) are
estimated with one common bandwidth. Some short discussion of our findings and central
auxiliary results for the proof of upper and lower bounds are given in Section 2.5.5. The great
majority of the proofs is deferred to Section 2.6.

2.5.1. Introduction and motivation

The problem of pointwise drift estimation is interesting both from the practical and the theo-
retical point of view. In view of the interpretation of the drift function as the instantaneous
mean of the diffusion (cf. Section 2.2.3), the value of b(x), given the observation (X)o<i<7,
can be taken as the value of b at time T + ¢, for 6 > 0 small. As concerns the theoretical
problem of pointwise adaptive drift estimation, it is to be expected from the results on pointwise
adaptation in the classical models that the results on the speed of convergence in the adaptive
case differ significantly from the global estimation setup investigated in the previous section.
It is well-known for the classical statistical models and has been verified for drift estimation
in multidimensional ergodic diffusion models in Section 2.3 that adaptive estimation of some
unknown function for integrated losses is possible without loss in the rate of convergence and
without loss of efficiency. In other settings however, estimation without payment for adaptation
is not possible. One typical example is the problem of estimating a function f at a given point
zo. It was shown in Lepski (1990) that adaptive pointwise estimation leads to a nearly minimax
rate, which is worse than a minimax one within an extra logarithmic factor. Lepski (1990) in-
vestigates the classical Gaussian white noise model, and subsequently similar results have been
obtained in other classical statistical models.

In direct relation to the present work, Spokoiny (2000) considers the problem of pointwise adap-
tive drift estimation and develops a locally linear smoother with data-driven bandwidth choice.
The use of local polynomial smoothing methods in nonparametric statistics is classical and goes
back to Katkovnik (1985) and Tsybakov (1986). The form of the locally linear smoothers sug-
gested in Spokoiny (2000) was already motivated in Section 2.2.3 (cf. (2.2.12)). His method
is derived in a scalar setting but generalizes to the multidimensional framework. The focus of
Spokoiny (2000) clearly differs from ours. He provides nonasymptotic results which do not re-
quire stationarity, ergodicity or mixing properties of the observed diffusion process. His adaptive
procedure is based on some deviation inequality which describes the behavior of an estimator
Eh(-), h some bandwidth, restricted to some random set Ap. In principle, an unconditional
asymptotic risk bound for the risk of the estimators gh() can be derived from this deviation
inequality; cf. Remark 3.4 in Spokoiny (2000). Theorem 4.1 in Spokoiny (2000) describes pro-
perties of the adaptive estimator 5(:0), restricted to the set A* = [, Ap, for a fixed family
J€ of bandwidths h. Assuming that the drift is twice continuously differentiable, the proposed
method is fully adaptive and rate optimal up to a loglog factor. The logarithmic payment
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

for adaptation — which has been shown to be inevitable for the case of power loss functions
l(x) = |z|P, p > 0, in the classical statistical models such as Gaussian white noise, density
estimation or nonparametric regression — is reduced to a loglog factor. This improvement is due
to the fact that the adaptive choice of the bandwidth A is restricted to those h for which the
observed path (X;)o<:<7 belongs to the random set Aj;. As a consequence, the cardinality H of
the collection of estimators the adaptive estimator is chosen from satisfies H ~ logT', and the
adaptive choice of the bandwidth then leads to a worsening in the accuracy by factor log H at
some power.

We have already seen in Section 2.3 that the definition of asymptotically sharp adaptive esti-
mators does not only require a data-dependent choice of the smoothing parameter but also a
data-driven selection of the kernel. Klemeld and Tsybakov (2001) (subsequently, abbreviated as
[KT01]) show that exact adaptive estimators of linear functionals can be constructed by means
of a Lepski-type selection procedure over families of estimators with optimal recovery kernels.
They consider the Gaussian white noise model

dY.(z) = f(z)dz + ¢ dB(z), r € RY (2.5.3)

where f : R — R is an unknown function to be estimated, B is the standard Brownian sheet
in R and 0 < £ < 1 is a small noise parameter. [KT01] suggest sharp adaptive estimators of f
and its partial derivatives on scales of Sobolev classes.

The framework for pointwise estimation of the components of the drift vector is similar to the
global setting. Let 8 > d/2, and define the Sobolev seminorm 73(-) by

1/2
w0 = (g [ INPI6sO0PA) . re 2@, (25.4)

The following condition is central for our subsequent investigation.

(¢o”) The SDE
dXt = b(Xt)dt +o0o th,

where o : R — R%? is a constant non-degenerate dispersion matrix, admits a strong
solution with Lebesgue continuous measure du(z) = p(z)dz. The invariant density p
satisfies the relation

d
2V p = div(a;p) = Z a0k p-
k=1
Furthermore, for some 3 > d/2 and some L' > 0, it holds 77%+1(P) < (L')2.

Denote by I/ (3) the set of measurable drift functions b : R¢ — R? satisfying (éoj) and conditions
(C1) and (Cz) introduced in Section 2.2.2. Given any 8 > d/2 and L > 0, let

IV(B,L) =T0L(8, L; p,0) := {b e IV (B) : n(div(a;p)) < 2L, plxo) > e}, (2.5.5)

where € > 0 is an a priori lower bound on p(xp).

Remark 2.5.1. The explicit knowledge of an a priori lower bound is not necessarily required
for defining an exact adaptive estimator of div(ajp). As noted by Butucea (2001), one should
exclude the case of an invariant density p with p(xg) — 0 too fast as T — oo. To do so,
one may assume that p(xg) > pi, where ph is a sequence of positive real numbers such that
im0 pp = 0 and liminfr_,o (pplogT) > 0. Using the same arguments as Butucea (2001),
our results can be transferred to this setting where one considers estimation over classes of the
form

{beW(8) : ns(divia;p)) < 2L, p(wo) > pt}-
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2.5. Pointwise sharp adaptive estimation on L? Sobolev balls

Remark 2.5.2. In order to get a rough idea of how to define an asymptotically exact procedure
for estimating the drift coefficient, one might exploit the fact that different statistical models
often exhibit a comparable asymptotic behavior. Spokoiny (2000) remarks that his results on
pointwise drift estimation are similar to those that can be obtained in the regression context.
[KTO01] consider the Gaussian white noise model (2.5.3), but they also indicate extensions of
their procedure to other types of observations, and they conjecture that the modified estimators
have sharp optimality properties. In dimension d = 1, Butucea (2001) investigates the problem
of estimating a density f from i.i.d. observations at a fixed point xg on Sobolev classes and thus
extends the pointwise adaptive result of Tsybakov (1998) for the Gaussian white noise model to
the problem of density estimation. The exact asymptotical constant for the minimax adaptive
risk is identified as

B—1/2
5 flwo) N u? 1
L23 (28) (/3(%— 1)> 277/1@ 0 ‘u|25)2 du, 8> 5 L >0, (2.5.6)

and it is noted that this constant is “obviously similar” to the constant found in the Gaussian
white noise model in Tsybakov (1998). (In fact, one obtains the constant for the Gaussian white
noise model by multiplying the expression in (2.5.6) with 2(6=1/2/28) This similarity can be
explained by means of the results of Nussbaum (1996) who establishes asymptotic equivalence
of the experiments given by the observations

v, t=1,...,n, i.i.d. with density f,

and, for some standard Wiener process W; on the unit interval,

dy(t) = /1 () dt + 2% awi,  telo].

It is mentioned in Klemel& and Tsybakov (2004) (subsequently, abbreviated as [KT04]), too, that
the proposed adaptive procedure for estimating a multivariate function whose Riesz transform
is observed in Gaussian white noise can be adapted to the (classical) nonparametric density
or regression estimation problem (see their Remark 4 on p. 450). We shall transform this
procedure for the purpose of adaptive drift estimation. The results of Dalalyan and Reif3 (2007)
on asymptotic statistical equivalence mentioned in Section 1.2 give a description about the
relation between the Gaussian shift model and the drift estimation problem. Loosely speaking,
the transfer of the procedures due to Klemeld and Tsybakov to the problem of estimating the
j-th component of the drift requires to define estimators pr of the invariant density p and to
implement their procedure with appropriately modified noise level.

2.5.2. Lower bound for pointwise estimation

It has been shown by Lepski (1990) and Brown and Low (1996) that estimators which are
optimally rate adaptive with respect to the pointwise risk over the scale of Holder classes do
not exist. Tsybakov (1998) proves an analogous result for adaptation over the scale of Sobolev
classes. The above articles consider the Gaussian white noise model. Although our findings
are to some extend analogous and the principle ideas of the proof basically rely on techniques
developed in the classical framework, the analysis involves some subtleties. It therefore appears
instructive to start with considering the bare problem of finding a lower bound on the pointwise
rate of convergence for estimating the function div(a;p), j € {1,...,d} fixed, assuming that
bell¥(B, L), for some 8> d/2, L > 0.
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Lemma 2.5.3. Fizj € {1,...,d}. For any 8 > d/2, L > 0, there exists some positive constant
¢ < oo such that, for any xo € R? fized,

e B-d/2 ~ . 2
liminfinf sup T 7 Ey|gr(zo) — div(a;p)(zo)|” > ¢, (2.5.7)
T—=00 gr bemi(,L)

where the infimum is taken over all estimators gr of div(a;p) = Z%:l a;,Op.
The proof of Lemma 2.5.3 is given in Section 2.6.

Remark 2.5.4 (The renormalization argument). The role of the notion of renormalization for
determining optimal rates of convergence for estimating functionals over various smoothness
classes has been investigated in Donoho and Low (1992). Precisely, they consider the problem
of recovering a linear functional of an unknown function f : R — R, assuming that f belongs
to a certain convex class of functions. In order to calculate optimal rates of convergence, they
suggest a procedure which consists in identifying the renormalization exponent s in relations
of the form J(af(b -)) = ab®J(f(-)), for three homogeneous functionals .J associated with the
estimation problem at hand. The rate of convergence is then obtained as a combination of the
three exponents.

Note that the Fourier transform ¢y is a homogeneous functional satisfying, for a,b > 0,

Gar )(N) = /Rd Mo f(br)dr = ab*d/Rd M) dy = ab Gp(b7N), A e R

This implies in particular that
; ) ) 1/2
mp(af (b)) = ((2m)7 [ 1IN J6ase o))

1/2
_ _ 2 _
= ((m a2 [ NP 0PN ) = a0 (),
that is, the Sobolev seminorm 7 is homogeneous with dilation exponent s = 8 — d/2.

The renormalization argument implies that the optimal pointwise rate for estimating a density
f:RY — R from n ii.d. observations is given by n~(#=4/2)/28) provided that f satisfies, for
fixed B > d/2 and L > 0, the smoothness assumption 7g(f) < L. Very likely, the result for
pointwise estimation of div(a;p) stated in Lemma 2.5.3 can also be proven by renormalization
arguments in the spirit of Donoho and Low (1992). Instead, we decided to include a much longer,
constructive proof of the lower bound which is based on Theorem 2.2 in Tsybakov (2009). A
suitable modification of the hypotheses defined in the proof will be applied later for verifying the
exact adaptive lower bound. For what it’s worth, a comparison of both proofs nicely illustrates
the additional efforts required to prove exact results.

We now state the exact lower bound for estimating div(a;p) adaptively, assuming that b €
IV (B, L) for some 3 € [B«,00) and L € [Ly, L*]. Here, 3, € (d/2,00) and 0 < L, < L* < oo are
fixed values. For any 8 > d/2, L > 0, let

B4 log T\ *9)
k= K(B) = 2ﬂ2’ Vg = ( T ) : (2.5.8)
Theorem 2.5.5. Fiz . > d/2 and 6 € (0,1), denote
Br := [Bs, Br] X [Lx, L*],  for B := (loglog T)°, (2.5.9)
and let
s 26 (Pagplae)) P
4 2B (d*ajjp(xo
. . — 5
Cy(B, Lip,0) = 2L% = <,6’(2B 7 T. (2.5.10)
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2.5. Pointwise sharp adaptive estimation on L? Sobolev balls

Then, for any xo € R? and j € {1,...,d} fized,

liminfinf sup sup (Y5 Cj(B, L;p,a)) > Eb|§%(x0) - div(ajp)(x0)|2 >1, (2.5.11)
7700 g (B,1)€Br bell (,L)

where the infimum is taken over all estimators @fp of div(a;p).

Remark 2.5.6. Theorem 2.5.5 implies that there exists no smaller constant than C;(3, L; p, o)
when the rate of convergence is chosen equal to ¥ 3. To complete the lower bound, it still has
to be shown that 17 g is the adaptive rate of convergence on the scale of Sobolev classes in the
sense of Definition 3 in Tsybakov (1998) (see Definition 1.2.2 in Section 1.2). A more complete
result, showing that the normalization cannot be improved in the rate (and, by the above result,
not even in the constant), is stated in Theorem 2.5.10 below.

The basic (and classical) idea of the proof of Theorem 2.5.5 is to reduce the proof of the lower
bound in (2.5.11) to proving a lower bound on the risk of two hypotheses which are chosen to
be distant enough. A lower bound on the latter risk is deduced by means of Theorem 6(i) in
Tsybakov (1998) as it was also done by Butucea (2001), [KT01] and [KT04]. The verification
of the conditions of Tsybakov (1998)’s result in the current diffusion framework requires tools
which differ from those used in the references mentioned above. Denoting by Py and Py the
probability measures associated to the two different hypotheses, it needs to be shown that, for
some fixed 7 and for any « € (0,1/2),

Py (jﬁ? > 7') >1—-o. (2.5.12)
In the Gaussian white noise framework considered in [KTO01] and [KT04], (2.5.12) is verified
directly for suitably chosen hypotheses due to the Gaussian nature of the model. For nonpara-
metric density estimation from i.i.d. observations, Butucea (2001) uses Lyapunov’s CLT. The
lower bound in (2.5.11) is proven by defining distant enough hypotheses gg, g1, motivated by
the proof of the lower bound for classical density estimation in Butucea (2001). In particular,
the hypotheses are chosen such that the Radon—Nikodym density of the associated diffusion
processes is well-defined. The condition (2.5.12) is then verified by means of the martingale
CLT.

Theorem 2.5.7 (Exact constant for pointwise adaptive estimation of the components of the
drift vector: Lower bound). Define By as in Theorem 2.5.5, let

L% 28 (d2a;; i
B( CLJJP(»TO)> Iy

p(zo) d \ (28— d)

Then, for any xo € R? and j € {1,...,d} fized,

Ci(B, Lip, o) ==

minfinf sup  sup (drp Ci(B. Lip, )" By[bh(zo) — b (wo)|” 2 1,
T—o0 %) (8,L)EBr belli(B,L)

where the infimum is taken over all estimators BJT of the j-th component b of the drift vector.
The proofs of Theorem 2.5.5 and Theorem 2.5.7 are deferred to Section 2.6.
2.5.3. Construction of sharp adaptive estimators

To define an asymptotically exact adaptive estimator of the drift coefficient, the estimation
problem is again decomposed into estimating the divergences div(a;jp) and the invariant density
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

p appearing in the denominator (cf. (2.5.2)) separately. We will use a two-staged procedure
in the spirit of Lepski’s method, constructing first a collection of admissible estimators and
selecting then an estimator with minimal variance among them.

Many of the procedures proposed in the literature deal with scalar estimation problems. The
extension of (Lepski-type) methods based on bias-variance comparison schemes to a higher-
dimensional setting may cause some difficulties since monotonicity of the bias and variance with
respect to the bandwidth do not hold in general in the multidimensional case. Throughout this
section, we restrict attention to an isotropic framework where this problem does not arise.

To define adaptive estimators of the components of div(ap)(zp), we act similar to [KT04]. The
advantage of their estimation scheme as compared to the one proposed in the preceding work
[KTO01] is that it allows for a wider range of values of the smoothness parameter 5. While
[KT01] work under the assumption that 8 € [B., 5*] for some known fized $*, this condition
is dropped in [KT04] by replacing f* with an upper bound Sp, with S — oo slowly enough.
The construction of the estimator thus does not depend on the upper bound Sr, and the upper
bound does not appear in the expression for the exact asymptotic constant.

We proceed by introducing another central assumption on the diffusion process X which is
required for proving sharp adaptivity of the proposed estimation scheme.

Assumption (BI). Consider the ergodic diffusion process solution of the SDE

and denote the invariant measure by pu. Then, for any bounded measurable function
f € L?(u) and for any »,T > 0 and j € {1,...,d} fixed, there exists some positive
constant C'g such that

m(]; [ s [ @ e > ) (BD)

T2
< 2ex —
==° p( 2cB(<<f>+r||f||oo>>’

where

.1 T

¢%(g) := lim — Varp, (/ g(Xu)du> . g€ Lp),
T—oo T 0

denotes the asymptotic variance appearing in the CLT.

The Bernstein-type deviation inequality (BI) in particular allows to prove uniform deviation
inequalities which are crucial tools for verifying sharp upper bounds on the pointwise squared
risk of the adaptive estimators. For a more detailed discussion of the importance of the above
assumption, we refer to Section 2.5.5. Notably, we state sufficient conditions on the diffusion
X for Assumption (BI) to hold, and we derive a uniform exponential inequality from (BI)
(cf. Lemma 2.5.13).

For implementing the adaptive procedure, consider a sufficiently fine grid G = Gr on the interval
[Bs, Br], with Bp — oco. It is defined as

g:gT = {Blv"'vﬁm}’
where 8, < 81 < ... < By = PBr. Assume that there exist ko > k1 > 0 and d; > § > 1 such that
kl(logT)_(Sl < 6i+1 - BZ < kQ(logT)_57 L= 07 17 sy — 17 (2514)

and set By 1= fx — d/2.
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2.5. Pointwise sharp adaptive estimation on L? Sobolev balls

As in the case of density estimation (cf. Butucea (2001)), the optimal bandwidth for estimating
div(ajp) (which is not available in practice) involves the unknown value of the invariant density
p at zg € RY. The adaptive procedure for estimating div(a;p) therefore starts with a preliminary
estimator or(xo) of the value p(zo).

(0) Definition of the preliminary density estimator. Define

~ 1 T Xu — X
or(z0) = Thé’p/o 0 (hT> du, (2.5.15)

where @ is a bounded positive kernel satisfying [pa [|u|||Q(u)|du < oo, and the bandwidth hz > 0
is such that

lim hy =0,  lim Th} =00, lim Th¥(logT)™® = oo,

T—o00 T—o0 T—o0

and, for some ag € (0,1/2), limsupy_, o, h4T < oo. Recall that ¢ denotes an a priori lower
bound on p(zg), and let

pr(zo) := max {or(zo), €} (2.5.16)

(I) Main part of the procedure: Adaptive estimation of div(ajp). For fixed j €
{1,...,d}, we now describe the procedure for defining an adaptive estimator of the j-th com-
ponent of the vector div(ap). Recall that o : R? — R?*? is the dispersion matrix and a = oo
denotes the associated diffusion coefficient. The adaptive estimator will be selected among the
family of estimators fq\% 5(20), defined as

; 2 T Xy — o ;
~7 . u ]
T(h{w) 0 h{w
where 1/26)
W g = (4de(m°)ajj logT) . (2.5.18)
6T

Remark 2.5.8. The integral in (2.5.17) can be interpreted as a stochastic integral of some measu-
rable function of the path X7 = (Xs)o<s<T and some fixed value h such that we consider some
function G(X™, h). Inserting any choice of h (in particular, E‘gp 5 as defined in (2.5.18)), we obtain
a well-defined measurable object. The technical difficulties in the analysis of the stochastic
integral due to the adaptive choice of the bandwidth iAz{F 5 are circumvented by investigating

estimators of the form - ¥
2 w— ;1;'0) .
— Kg| — ) dX!?
Thd /0 8 ( h w

where h is deterministic and belongs to some specified set of bandwidths which are in certain
sense “close” to the original random bandwidth.

As in [KTO01], the kernel K3 is obtained as a renormalized version of the basic kernel
~ -1
Ks(z) = (2m) 4 / (1IN expinta)d (2.5.19)
R
o0 td/2
= (2m) a2 |
0

1+¢28
where J,, denotes the ordinary Bessel function of order n, that is,

1 /7 1
In(z) = —/0 cos(nA — zsin \)d\ = by

™

J(a—1)/2(tl|z[)dt,
/ e—i(n)\—x sin A)d)\, x € R.
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Define 1/(28)
26 —d
b= b(3) = ( ﬁd ) , (2.5.20)
and let .
Kps(z) := b?Kz(bx). (2.5.21)
Finally, introduce the thresholding sequence
B—d/2
_j 4dﬁT(x0)ajj logT 28
g = BT K3 L2 (ma)-
The adaptive estimator §% is defined as
g7 (x0) = G755 (a0), (2.5.22)
where
A = max {ﬁ € Gr + G (x0) = G 5(0)| <7y, ¥ ¥ €Gr, 7 < ,3}. (2.5.23)

We continue with the main result on adaptive pointwise estimation of

d
div(ajp) =Y apdpp, je{1,....d}.
k=1

Recall the definition of the constant C;(3, L; p, o) in (2.5.10).

Theorem 2.5.9. Grant Assumptions (BI) and (SG+). Then, for fized B > d/2, 0 < L, <
L* < o0, 62 € (0,1) and for

BT = [ﬁ*yBT] X [L*)L*] ) where ﬁT = (IOg log T)62’

the adaptive estimator ng defined according to (2.5.22) satisfies, for any xo € R?,

limsup sup sup (¢Yrp C’j(ﬂ,L;p,a))_2 Ep |7 (20) — div(ajp)(ajo)|2 <1. (2.5.24)
T—oo (B,L)EBr belli(8,L)

One obtains an adaptive drift estimator by defining a suitable invariant density estimator pr
and setting s2(z0)
7 gr\To
br(zo) = 2 (5r(x0) V )
where € > 0 is the a priori lower bound on p(z¢). Similarly to the proof of Theorem 2.3.10, the
exact constant appearing in the upper bound for the pointwise squared risk of b%.(z¢), assuming
that b € ﬁj(ﬁ, L), is identified as

C;i(B,L;p,0)
2p(z0)

xo € Rd,

= Cj(B,L;p,0).

We now specialize to the important case of Kolmogorov diffusions. Taking into account Lemma
2.5.3, Theorem 2.5.5 and Theorem 2.5.9, we are ready to prove a result on sharp adaptive
estimation of the j-th partial derivative of the invariant density, j € {1,...,d} fixed, at a fixed
point. To enlighten notation, let

2 23
Cico(8. L p) = O (8. Li . M) = 217 20 (‘“’“”) I (25.25)
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2.5. Pointwise sharp adaptive estimation on L? Sobolev balls

where § > d/2, L > 0 and z¢ € R?. We further introduce the maximal risk of an estimator §r
of djp, for B> d/2, L >0, T > 0 and fixed 7o € R? defined as

v v 2
Arpr(jr) = sup Eyp|g7(z0) — 8jp(x0)|".
benz(/&L,P,Iddxd)

Theorem 2.5.10. Consider the SDE
dX; = b(Xy)dt + dWy,

and assume that Assumptions (BI) and (SG+) are satisfied. Fix 5. > d/2, d2 € (0,1), denote
Br = (loglog T)%, and let By := [Bs, Br| X [Ls, L*]. Then the following holds true:

(a) For any z¢ € RY and for Cxo(B, L; p) defined in (2.5.25), the estimator g; defined accor-
ding to (2.5.22) is sharp adaptive.

(b) If there exists an estimator gr such that, for some [y > fx, L >0,

h;ﬂ sup (Y15, Ckol(Bo. Li p)) > Rrpo,r(97) < 1, (2.5.26)
—00

then there exists By > Bo such that

: (2.5.27)

where Wp —p_ o 00. In particular, for any fized 8 > B, L >0,

limsup (1,5 Cxol (8, L3 p)) > %r,p,1. (G (20)) = 1.

T—o0

The statement in part (b) is to be interpreted in the sense that, whenever there exists an
estimator gr which performs better than the estimator gJ. at least for one smoothness degree
Bo, there exists another smoothness factor ) for which there is much greater loss of gr. The
assertion (and its respective proof) are to be compared with Theorem 2 in [KT04].

2.5.4. Extension: Estimation of div(ap) with common bandwidth choice for all
components

The bandwidth hzf and the threshold 7 nT B8 which are used for defining the adaptive estimators
of div(a;p) 1ntroduced in the previous section depend on specific entries of the diffusion matrix
a and need to be chosen individually for any j € {1,...,d}.

Similarly to the global setting, we shall now briefly address the question of vector-wise estimation
of the divergences (as a pre-stage for estimation of the drift vector). Given any vector-valued
function f : R? — R? with components f7 € L?(R%), j € {1,...,d}, and 8 > d/2, denote

. J 1/2
islf) = ((27r)d /Rd ||)‘H2ﬂj§|¢fﬂ'@)|2dA) - (2.5.28)

Recall the definition of the sets II*(3) of measurable drift functions b: R* — R, k € {1,...,d},
as they were introduced in Section 2.5.1. For any 8 > d/2 and L > 0, define

d
(3, L) = T0(8, L; p,0) = {b € () T*(8) : R3(div(ap)) < 4Ld, p(xo) > e}.
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

We proceed with describing the announced adaptive procedure for estimating the entire vector
div(ap) at once. As in the case of component-wise estimation, the scheme starts with defining
a preliminary density estimator pr according to (2.5.15) and (2.5.16). The adaptive estimator
of div(ap)(zo) is selected among the family of estimators gr g(z¢), defined as

~ 2 T Xu—JUo
rot = i | o (5o
where

e the kernel

)

28 — d)l/(25)
d

coincides with the kernel which is used for constructing the estimators of the components
of div(ap),

Kps(z) := bd%ﬁ(ba:), for b=b(p):= <

e the bandwidth }AlTﬁ is defined as

—~ 1/(2
o (4Pr(xo)lolls, log T /29
T8 -— 6T ;

and

« the thresholding sequence 77 g is taken as
ir,s = g 1K 2wy,
The adaptive estimator gr of div(ap) is finally defined as
gr(xg) := EA]T,Z?\T (z0), (2.5.29)
where
Br = max {/3 € Gr : |grn(z0) — Grp(xo)| < Vd iy ¥y € Gr, 7 < 5}- (2.5.30)

A slight modification of the proof of Theorem 2.5.9 allows to formulate an upper bound on the
mean-squared error of the adaptive estimator gr. For any 8 > d/2, L > 0, denote

l-}_
2 ~33
C(B,L;p,0) = 2Ld/(2m\2/% (W) B I. (2.5.31)

Theorem 2.5.11. Grant Assumptions (BI) and (SG+). Then, for fized 5, > d/2, 0 < L, <
L* < o0, 83 € (0,1) and for

Br := [Bs, Br] X [Lx, L],  where By := (loglog T)%2,
the adaptive estimator gy defined according to (2.5.29) satisfies, for any xo € RY,

limsup sup  sup (¢Yrg C(B,L;p, a))f2 Ey||gr(z0) — div(ap)(x0)|‘2 <1. (2.5.32)
T—o0 (B,L)EBr bell(B,L)

For the proof of Theorem 2.5.11, we refer to Section 2.6.2.
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2.5. Pointwise sharp adaptive estimation on L? Sobolev balls

2.5.5. Discussion and central ingredients of the proof of Theorem 2.5.9

Let us first arrange the constants identified in the previous sections and relate it to known
results on asymptotically exact adaptive estimation with respect to pointwise risk over the
scale of Sobolev classes. Tsybakov (1998) considers the problem of nonparametric function
estimation in the Gaussian white noise model (in the one-dimensional case), assuming that
the unknown function belongs to some Sobolev class with unknown regularity parameter. The
question of density estimation at a fixed point xy € R is investigated by Butucea (2001). Since
the variance of the proposed kernel estimator is proportional to the value of the unknown density
f at xg, the value f(x() appears in the exact normalization. [KT04] deal with nonparametric
estimation of a multivariate function and its partial derivatives at a fixed point when the Riesz
transform is observed in Gaussian white noise. In particular, [KT04] find the exact constant
for nonparametric estimation of a function f : R — R, observed in Gaussian white noise and
satisfying 17%( f) < L% In combination with the results of Butucea (2001) on classical density
estimation (in dimension d = 1), the exact constant involving the value of the unknown density
f(zo) to be estimated is then identified as

B—d/2

4 d? 28
L26 % (M) Ig. (2.5.33)

For the case of Kolmogorov diffusions (¢ = Idgxq), éj(ﬁ , L; p,Id g« q) coincides with the constant
in (2.5.33). The more general problem of estimating div(a;p), j € {1,...,d}, further depends
on the form of the diffusion coefficient. This dependence is reflected by the appearance of the
j-th diagonal entry of the diffusion matrix a = oo! in the optimal constants C~'j(ﬁ ,L;p,0) (for
estimation of the drift component /) and C;;(3, L; p, o) (for estimating div(a;p)). Comparing the
latter value to the constant appearing in the upper bound which is found for the vector-valued
adaptive estimator gr defined in Section 2.5.4, we obtain by means of Jensen’s inequality

B—d/2 2
d 2 3B d p—d/2
2 4B [ Ppxo) \ ¥ R
jzlcj</87 7p70) d 6(25_d) B djzlajj
4B ( d*p(xo) AN 1 ¢ e
d P Zo 2
< |rw 22 220 T =S ay; = OB, L: p, o).
d (6(25_d)> B dj:1 37 ( p )

This again shows that the approach of component-wise estimation in principle is to be preferred
to implementing one single vector-valued estimator.

The above estimation procedure is inspired by the method of [KT01] and [KT04], and the problem
of pointwise drift estimation considered in this section was investigated before by Spokoiny
(2000). We shall now briefly point out differences to these works, and we will introduce some
important auxiliary results required for the proof of the upper bounds in (2.5.24) and (2.5.32).

The optimal recovery kernel and some of its properties. Spokoiny (2000) suggests a
data-driven choice of the bandwidth for defining estimators of the drift of a diffusion at some
fixed point x¢p € R. His non-asymptotic results apply to arbitrary smooth, nonnegative kernel
functions which are bounded by 1 and vanish outside of [—1, 1]. In contrast, the asymptotically
exact procedures suggested in Butucea (2001), [KT01] and [KT04] specify the type of kernel
involved in the definition of the estimators. It is conjectured by [KTO01] (see their Remark 3)
that, for attaining optimal estimators, not only the smoothing parameter but also the kernel
function should be chosen in a data-driven way.
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

The kernel Kg which is used for defining the estimators hZ]% 5 (see (2.5.17)) is given as a solution
of an optimal recovery problem. Let us briefly recall the general framework. Consider some
functional T" which is assumed to be linear on

DC{f:R* =R, {3(f) < oo},
where (g(-) denotes a seminorm, and suppose that there exists some r > 0 such that
YVa>0,b>0, feD, T(af(b-))=ab"T(f(-)).

In addition, the modulus of continuity is supposed to be well-defined, that is, for all 8 > r,
L>0,e>0,

@) =swp {70 [ Pa)an@) <e Gl <L) <o
Under the given assumptions on the functional T, there exist

« a function gg 1, . such that
T (9p,Le) = ws,L(€), (2.5.34)

and

o some function Kz € L?(R?), solving the optimal recovery problem

Kgg—T(f)‘ = inf sup

Kg- T(f)] — B(8)

sup
¢a(N<L, R? ¢a(<1, R4
Ilf_gHL2<Rd)§1 Ilf_gHLQ(Rd)Sl
and, at the same time, satisfying
B(B)=T(a10) = swp | [ Kof =T(H)| + IKolliazay:  (25.39)
Ca(f)<1 /R

For the corresponding references, we refer to [KT01], p. 1571. For the Sobolev seminorm, the
extremal function gg;; in dimension d = 1 is given in Taikov (1968). We use results of [KT01]
who consider the multidimensional case d > 1.

Lemma 2.5.12. Let 8 > d/2, and, for /I‘(/ﬂ() and b = b(p) defined according to (2.5.19) and
(2.5.20), respectively, let

Kj(x) == 15"b" 712 Ky(ba) (2.5.36)
_ (1 da, d ag \ P pra 7
= <25 B<1+2IB,1 2B> (2m) Sd> b Kg(bx)

(a) (cf. Proposition 1 in [KT01]) Consider the Sobolev seminorm ng defined in (2.5.4). For the
functional T(f) = f(0), the extremal function gg 1,1 is given as gg11 = Kj. Furthermore,

—~ -1 2
K5(0) = (27r)*d/ (1+IA177)  dx= By (2.5.37)
R4 d
and, for Kg(x) = bdﬁg(bx),
B+d/2
26 —d\ 28
L e I (2.5.38)
In particular,
gﬁ,l,l(o) = HKﬁ||L2(Rd) + bﬁ,ﬂa (2539)

where

N 28 1/2
bra= BT (Qﬂd f Jﬂnw(ﬂ) |
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b) For fixred § € (0,1), there exists some compactly supported modification Kg of K% which
B B
enjoys the following properties,

(kl) ||F,3|’L2(Rd) <1- 6/27
(k2) 776(?/3) <1- 5/2, and
(k3) (1—8/2)K3(0) < K3(0) < K3(0).

Proof. For the proof, we refer to the proofs of Proposition 1 in [KT01] and of Lemma 10 Tsybakov
(1998). O

The relation (2.5.35) is crucial for the proof of the upper bound of the adaptive procedures in
[KT01] and [KT04]. In particular, it allows to prove a decomposition of the normalizing factor
into its bias and variance components (cf. Lemma 2(ii) in [KT01] and Section 4.1.2 in [KT04]).
A respective decomposition of the normalizing factor ¢y g C;(8, L; p, o) which appears in the
upper bound (2.5.24) in Theorem 2.5.9 is given in Lemma 2.6.6 below.

Exponential bounds for the stochastic error. It was already noted in connection with
the proof of the lower bound for pointwise estimation of the components of div(ap) that the
complexity of the ergodic diffusion model requires a rather involved analysis. The same remark
applies to the proof of exact adaptivity of the procedure for which exponential bounds on the
stochastic error are needed. In the Gaussian white noise framework, the derivation of such
exponential bounds is straightforward due to the Gaussian nature of the model. Indeed, letting
Kgp = h~@Kp(-/h) and denoting by Zg := € [za K()dB(z) the stochastic part of the kernel
estimator T3, = [pa Kpgp(x)dYz(z) in the Gaussian white noise model (2.5.3) considered in
[KT04], it holds for any u > 0,

u2
B2 12 2 ) <2063 +42) exp (305

where o4 is the standard deviation of the linear estimator T ..

An additional complication arises in the (classical) pointwise density estimation problem con-
sidered in Butucea (2001). The value of the unknown density f at the estimation point z
appears in the exact constant since the variance is proportional to f(z¢), and the optimal
density estimators involve an estimator of this value. Consequently, one has to bound uniform
risks of the adaptive estimator. To do so, Butucea (2001) uses the classical Bernstein inequality
and a uniform exponential inequality due to van de Geer (2000). The Bernstein inequality for
sequences of i.i.d. random variables (cf., e.g., Lemma 2.2.9 in van der Vaart and Wellner (1996))
is of substantial importance in probability theory and its applications. In particular, it provides
a description of the tail behavior of stochastic processes which can be used to initiate chaining
procedures and to extend deviation inequalities to uniform deviation inequalities.

Similarly to the pointwise density estimation problem, the bandwidths used for defining the
estimators in our selection procedure for estimating div(a;p) involve an estimator pr(xg) of the
(unknown) value of the invariant density at xz¢. The basic idea is to consider random events on
which the bandwidths E% 5. J €{1,...,d}, as defined in (2.5.18) are close to their deterministic
counterparts

) 1/(28)
<4dp(xg)ajj logT) 7 jed{l,...,d},
BT

and to show that the probability of the complement of these events is asymptotically negligi-
ble. Consequently, one also has to derive risk bounds which hold uniformly over deterministic
counterparts of the above random events.
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

The stochastic error of the estimators in the diffusion model involves a stochastic integral which
requires a slightly different approach for proving uniform exponential inequalities. We shall
decompose the stochastic integral into the sum of an additive functional of the diffusion and a
continuous martingale. Diverse works on generalizations of the classical Bernstein inequality to
(additive functionals of) Markov processes or to the case of weakly dependent observations exist.
For a recent account on this question, we refer to Section 1.1 in Gao et al. (2010). Combined with
chaining arguments and conditions on the size of function classes in terms of bracketing numbers,
(BI), together with Bernstein’s inequality for continuous martingales, allows to derive a uniform
exponential inequality which is comparable to Theorem 5.11 in van de Geer (2000). Denote by

il e, F, L% @) the e-entropy with bracketing, that is, the smallest number of e-brackets (in

Wthh are required to cover F (cf. van der Vaart and Wellner (1996), Definition 2.1.6).

Lemma 2.5.13. (a) Consider the ergodic diffusion process solution of the SDE (2.5.13), as-
sume that X is symmetric with respect to p, and suppose that the associated carré du
champs satisfies Poincaré’s inequality. Let f € L*(u) be some bounded measurable func-

tion, fir j € {1,...,d}, and assume that there exists some positive constant B such that
max{ sup |6/ (z)], sup |b](a:)|2} < B. (2.5.40)
z€supp(f) z€supp(f?)

Then Assumption (BI) is satisfied. Furthermore, it holds, for any T,r > 0,

( / F(Xu)b? (Xu)du — /Rdf(y)bj(y)du(y)‘ > r)

< 2exp T min r -
X — ’ :
< 1Bep By Tl

(b) Let F C L?(p) be some class of measurable functions f : R® — R, and assume that, for
some positive constants K and M, it holds

sup || flloo < K, sup || fllz2(u) < M.
feFr feFr

Grant Assumptions (BI) and (SG). Then, for arbitrary T > 0 and any positive r satisfy-
ing, for some positive constants K1 and Ko,

Ky ! 5 Ky M?
77 b max{\/logN[](e,]:,L (,u)),l}de <r < 7

there exist some positive constants Ci1 and Co such that

(igg [ soxoaxi - [ df(y)bﬂ'<y>du<y>\>r>sclexp (—Cj\}”f). (BLt)

The proof of Lemma 2.5.13 is given in Section 2.6.2.

Remark 2.5.14 (Exponential inequalities for the Euclidean norm of vector-valued additive func-
tionals). For the proof of the upper bound in Theorem 2.5.11, we require exponential inequali-
ties for the Euclidean norm of the stochastic error of vector-valued estimators. In the setting of
Lemma 2.5.13, such inequalities follow immediately by applying (BI) component-wise. Grant
Assumptions (BI) and (SG). Given any F C L?(u) satisfying the assumptions of Lemma
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2.5.13(b), it holds for any fixed r,T" > 0 and some positive constants Cg(k), k =1,...,d,

Pb<H; [ seeopeeaan= [ spwan)]| > )

1
d
1 K u k r
S;PbOT/ JEPH(X)du = | F(y)b (y)du(y)’ > ﬁ>
- Tr?/d . Tr?
< Q;GXP <_QCB(I<:)(CPM2 +Kr/\/&)> = 2d exp <_C'jg(]\/[2—i—f(7")> ,

for some positive constant C; depending only on B, o, cp and d.

2.6. Proofs for Section 2.5

2.6.1. Proof of lower bounds

Proof of Lemma 2.5.3. The lower bound in (2.5.7) is proven by bounding it from below by the
average error by means of (the Kullback version of) Theorem 2.2 in Tsybakov (2009). For
xo € R? fixed and functions f,g : RY — R, set d(f,g) := |f(z0) — g(z0)|. Fix 8 > d/2, L > 0,
and denote

_ B—d/2 d 12
Ypgi=T 25, o= (Z a?k> .
k=1

Using the standard general reduction scheme (cf. pp. 79-80 in Tsybakov (2009)), the proof of
the lower bound in (2.5.7) reduces to verifying that

inf max P,(|gr(zo) — g(xo)| > A ¥ >cd >0,
or 9€{g0.91} g(|gT( ) ~9(@0)] 2 wTﬂ) -

where
o the infimum extends over all estimators gr of g € II(3, L),

« the hypotheses gg, g1 satisfy for some positive constant A the relation

d(QOagl) Z 24 ET,ﬁa (261)

« P, ,P, are the probability measures associated with go and g1, respectively, and
o ( is independent of T.

(I) CONSTRUCTION OF THE HYPOTHESES. Consider some positive density function
peCCRYNS(B+1,L/a). (2.6.2)

For small § € (0,1/2) fixed, define

po(z) := §1/(B+3/2) ($51/(5+3/2)> : (2.6.3)
d
g0(x) =2 ajudkpo(). (2.6.4)
k=1
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Let K : R? — [0,00) be some compactly supported kernel function satisfying ng+1(K) < a™t

For hrg = coTY/28) where ¢y is some positive constant to be specified later, set
grp(z) == (1-06) L it~ K (f”h_xo> . (2.6.5)
T?B
Define
pi(z) = pra(z) := po() (1 - /Rd gT,a(y)dy) +975(2),

and consider the hypothesis

g1(z) = gra(x) =2 Z ajk Okp1() (2.6.6)
d
- (1 - /Rd g1.5(y ) 22 ajkOppo(x) + ka:la]kakgTﬁ( z)
= <1 - /Rd gm(y)dy> go(z) + 2};%1931@916(90)- (2.6.7)

Define the vector-valued functions bg, b1 as

by := aV log po, by =br1 :=aVlogpr,. (2.6.8)

(IT) PROPERTIES OF THE HYPOTHESES. By the very definition of the respective quantities, it

holds
d d

ngpi =2 Z ajkﬁk(logpi)pi =2 Z ajké?kpi = Gi, 1€ {0, 1}.
k=1 k=1

The Fourier transform of pg at the point A € R? is given by
Bpo(A) = / N po(w)da = / exp (iIX'ya = /) p(y)dy
Rd Rd
= g, (A7) (2.6.9)

and, using integration by parts, one obtains

Pgo(N) =2 Z a]k/ @ Opo(x)de = —2i Z a]k/ N\ po(z)d

= _szajk)\kqspo()\)_ (2.6.10)
k=1

Thus, applying Cauchy—Schwarz,

mlo) C2 @m0
PE aemy [N éam(ﬁm(wdx
< an et [N, (/) a
= 46%*@2n)7? /Rd IAI2EHD]6,(A)|2dA
(25.4)

(2.6.2)
462 o® i1 (p) < A(LS)* <AL (2.6.11)
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2.6. Proofs for Section 2.5

Furthermore,

dy=L(1-6 h’””’”/ K([YZ%0 g
/R ,9r8(y)dy = L (1 —06) hy g R el B

=L (1-08) Wy | K(uydu=o0(T"
R4

B+1+d/2
T ). (2.6.12)

For any \ € R, the Fourier transform of Y-¢_; a;10,97,5 can be written as
d t
= . iXa
¢Ezz1ajkak9T,3 (A) = k;%k /]Rd e “Okgr p(z) du
d %4
=—i > ajdn /d N grg(z) da
k=1

=—iL (1— hﬁ—H d/2 Za]kAk/ N (x — 1»0) e

hr,p

= —iL (1 - 0) Ay Y7 N0 Z aji A /R ) AT [ (2)d 2

d
= —iL (1 -19) h?}Hd/Q eiN'eo Z ajk M@K (hr g A)
k=1

such that

d
- 2
”%(ZajkakgT,z%) = (2m) d/Rd ||)‘H2ﬁ|¢2221ajkakgT,B(/\)’ dA

k=1

d
= (2m)™ /R CINPPSE (1= 8) W TN T ST A (b, A PN
k=1

<12 (=07 a? @0 [ INEEHD [ (VP dn
< L? (1-6)% o® mj (K) < L? (1-6)%

Thus,

d
ng(gr1) < (1 - /d gT,ﬁ(y)dy) ns(g0) + 21 < > ajkakgT,ﬁ>
k=1
< 2L +2L(1 — 6) = 2L. (2.6.13)
Furthermore,

d (90, 97,1) = |go(x0) — gr,1(x0)|
d d
> “2 > a;kOkpolzo) /Rd QT,B(y>dy‘ — ‘2 > ajkakgT,B(xO)H-
=1 k=1

In view of (2.6.12) and since

d
> akOkgrp(zo) = L (1 06) B d/2 Z ajr K (0) = C1 ¢r 5,
k=1 k=1

for Cy := Co —2 L (1-08)X% 1 ajx OLK(0), it follows that there exists some positive constant
A such that (2.6.1) is satisfied.
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

(IIT) APPLICATION OF THEOREM 2.2 IN TSYBAKOV (2009). For by, br,; defined in (2.6.8),
consider the SDEs

dX; = bo(Xy)dt + o AWy, dY; = br1(Yy)dt + o dW,
and assume that the initial values X, Yy follow the respective invariant measures dug := pod R
and dur1 := pr1dA. Denote by E; = E;, expectation under the measure P; = Py, associated
with the hypothesis b = b;, i € {0,1}. Letting X7 := (Xt)geseqs> the log-likelihood ratio
log (dPo/dP1) (XT) under Py is given by

1 / " (bo — br) (Xu)a~ (bo — br.1)(Xa)du
0

2
4 / Hbo — b)) (X,)AW, +log (;21()(00

such that the Kullback—Leibler divergence KL(Pg, P1) between the probability measures Py and
P, associated to by and br 1, respectively, can be written as

APy
KL(Pg,P;) := Eq <10g 1B, (XT)>

B0 (o8 22 00)) + 5 Bolr 0= 00
=E, <10g ppT?l(Xo)> +g EoHatV (log (Xo ) H

The assertion (2.5.7) will be proven by means of the following

Lemma 2.6.1 (Theorem 2.2 in Tsybakov (2009), p. 90). Let Po, Py be two probability measures
on some measurable space (X, o). If Py < Py and

L(Py, Py) /lo —dP0<Oz<oo

then

inf max P;(¥ # j) >max{ _O‘/Q,(I—M)/2}.

v je{0,1}

Plugging in the specific definitions of py and p7 1, it follows

log o log <1 - gTﬁ) —log (1 - / QT,B(y)d?J)- (2.6.14)
PT1 PT,1 R4

Note that, for any k € {1,...,d},
pr.1 Ok9T,8 — 97,8 OKPT 1

Oglog [ 1— 9T, =
pT1 PT1 (PT,l - QT,B)
po Okgr.3 — 91,8 Ok PO

= (1 - gm(”dy) o110 (L~ Jt 075 (1))

_ |9kg1.8 — 91,8 Ok (10g o)
pT,1 '

(2.6.15)
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2.6. Proofs for Section 2.5

Consequently,

E()H tVIOg P10 (X(])H2
PT,1

el e L)
() (£ el 20

d
1 m
(2.6.15) lo|2,E0 3 <9T,38 m (log pro) O .‘]TB)

(2.6.14)

<

.

m=1 PT1 PT,1
7 2
gr, (Xo 9 IV g7.5(X0)|
< 2”0-||%2 {EO (m”v(long,O)(XO)H ) + Eg (/%f(m .

The definition of g7 3 entails that

IV gr,5(Xo)l? _ 2 PT o(y)
E, <p%,1<xo> ) = [ Vsl RO
d 2
(2.6.5) 2 ,B+1 —d ' Y — o po(y)
- a /Rdzl< K( hr,p )) p%,l(y)dy
d
= DP9 hngt / Z (0K ( hT,BO> pgof?;)dy
(A.L4)

L2 (1—5) h2,6 Poxo /}RdZaK y)dy (14 or(1))

< LP(1-6%7 hTﬁ Po (370) HVKHB(Rd) (1+or(1)), (26.16)

where we used a modification of Bochner’s lemma (Lemma A.1.4 in Section A.1). (2.6.16) follows
from the fact that, for T large enough,

po(7o) po(Zo)
pra(@o) = po@e) (L — fou grpl)dy) = V1T

It is shown by similar arguments that

Eo MHV(I%PO)(XO)HQ = / 91.5(0) Edj Im(log po(y))*po(y)dy = O <h2ﬁ+2> :
P31 (Xo) e 7 (y) 2 op

This implies that there exists some positive constant a such that

o Po T -1 2
KL(Py,P1) = EologE(X0)+§E0Ha (bo—bT,l)(Xo)H

IA

oaTh2TBB:oz<oo.

Lemma 2.6.1 then gives

inf sup Py (|§T($o) —g(zo)| > A @Tﬁ) > i}lf?f_l%}% P, <|§T($0) —ge(zo)| > A ET,B)
gr *—

97 belli (B,L)
> max {6—0/4, (1- \/(%)/2} .

This yields the assertion. O
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Proof of Theorem 2.5.5. The proof is similar to the preceding proof of Lemma 2.5.3 but relies on
an application of Theorem 6.1 in Tsybakov (1998) instead of Theorem 2.2 in Tsybakov (2009).
To shorten notation, let @Dé’L =718 Cj(B,L; p,0), for 1 g and C;(B, L; p, o) defined in (2.5.8)
and (2.5.10), respectively.

1/2
(I) CONSTRUCTION OF THE HYPOTHESES. Denote o := (zgzl a§k> . Let L € [Ly, L*],
consider some positive density function

p€CCRNNS(Br+1,2L/a;) NS(Be + 1,L/aj), (2.6.17)
fix 6 € (0,1/2), and assume that p is such that the function
PTO(CU) = 51/(5*+3/2) p (x(sl/(ﬁ*Jr?)/Q)) , T € ]Rd7
satisfies pro(xo) > €, and, for
bro(x) := a/2Vlog pro(z), z eR?,

the SDE dX; = by o(X;)dt + odW;, t > 0, admits a strong solution with Lebesgue continuous
invariant measure and invariant density pro. Define further

Trolx Z%kzakPTo( )-
k=1

For 8 > d/2, consider Kﬁ and b = b(3) as defined in (2.5.19) and (2.5.20), respectively, and let
Kj(x) == 15"b"#T42 Ky(ba). (2.6.18)

Lemma 2.5.12 implies that

B—d/2

K5(0) =I5 Lp=A+d/2 K4(0) = 25 (25d—d> * Ig (2.6.19)

and o
K5 o (ray = T3 b~ P42 (/Rd Kg(bx)dx> =1.

Denote by f/g the compactly supported modification of K; from Lemma 2.5.12 satisfying (k1),
(k2), and (k3). Define the function gr s, : RY — R such that, for any k € {1,...,d},

— j «—d/2 == r—X .
Orgrs. (@) = 2Las (W )" Kp | =0 | 1k =}, (2.6.20)
hT7B*
where 126
log T .
W5 = (d””(mo)a“ o8 ) . (2.6.21)
. B,L2T
Let

pra(z) = pro(7) (1 - /]R L 976, (y)dy) +9rp.(2),

and consider the hypothesis ggp 1, defined as

d
gpq(x) = Zajk Opri(x (2.6.22)
d

_ ( ~ [ ora.ty )dy) Fro@) + S aj0hgr,s. ().

k=1
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2.6. Proofs for Section 2.5

The function by : R? — R? is taken as

bra(z) :=a/2 V(log pra(z)). (2.6.23)

(IT) PROPERTIES OF THE HYPOTHESES. First of all, the above definitions of the hypotheses
imply that

Zb%’7ipTz Z Cl]kak; log pTz PT,i = Z a]kakaz = '71' (AS {07 1}'
k=1 k=1

Furthermore, for T large enough,

pr0(x0) pro(x0)
pri(zo) ~ pro(zo) (1 — [ga 97,6, (y)dy)

<144/2. (2.6.24)

Similarly to the proof of Lemma 2.5.3, it holds

; (2.5.4) _ 2
walohe) "2 ent [N, P

d 2
=0 [N apdden, (V] X
k=1

2
< of (2m)7? /]R LIAPPT D ¢p(A5—1/<5+3/2>)‘ A

= ad e [P, ()

(2.6.17)
= 04? &2 77?-3T+1(P) < (2L 5)27

such that g%o € S(Br,2L). Analogously,

2 (g) )< a2 62 p? el L5)? 2.6.25
775*(9:&0)—%‘ 775*+1(P) < (Ld)". (2.6.25)

For any A € R?, the Fourier transform of Zzzl a;10j9r,p, is given by

¢ZZ:1 a;19597, . () = (bajjang,B*(/\)

_ J Bx—d/2 iz Tm T — X0
= QL(hT,ﬁ*) /Rde Kp, (hj )dx

T,Bx
i \Be—d/2 ixtg ;
= 2L(W )" PN G (W M)

Consequently, taking into account property (k2),

d
(S antgrs.) = @t [P

k=1

2
Pa;;097.5. (A) ’ dA

IN

2(1.7 2B+«+d —d 285 | 4
AL( )™ ) [N o, (s 0PN

< (2L (1-6/2))%. (2.6.26)

For 9%,1’ it thus follows from (2.6.25) and (2.6.26),

(2.6.22)

d
mg.(911) < (1 - /R 978, (y)dy) 18, (97,0) + 718. <2 Z%‘Mwm*>

k=1
< Lo+2L(1-06/2) =

99



2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

(IIT) A VERSION OF THEOREM 6(i) IN TSYBAKOV (1998). The central ingredient of the proof is
a special case of Theorem 6(i) in Tsybakov (1998) whose original formulation is given in Section
1.2.1. It will be applied in the following situation: Denote by E; = E;, expectation under the
measure P; = Py, associated with the hypothesis b = br;, i € {0,1}, and note that

. 1 —2 ~7 . 2
inf sup  sup (¢ ;) " Ep|gp(zo) — div(a;p)(wo)l
9% (B,L)eBr belld (B,L)

> inf max{ sup (U, 1) Bu[gh(20) — div(a;p)(x0)[”,
[ belly (Br,L)

sup (v, ;)77 Byl (x0) — diV(ajp)(xo)|2}

belld (B«,L)
. L . ) o, . )
> inf max {Bo (¥,.0) 7" [(20) = gho(@o))  Ba (5, 1) " [ (x0) — g (20)[*) |
91
= infmax {Eo|Q T ", Ba| T — 0]} (2.6.27)
T
where
. . - N L .
Qr =v5, (Uhr) T = (W), 1) (Fr(20) = ho(w0)) (2.6.28)
and
‘ L .
01 = (Y5.0)  (97.1(20) = g10(20)) (2.6.29)
. _1 d
= Wh ) D a (3k9T,5* (o) — Okpr.0(0) /R 9T, (y)dy>.
k=1

Lemma 2.6.2 (Theorem 6(i) in Tsybakov (1998)). Consider Qéﬂ, f% and 0{ defined in (2.6.28)
and (2.6.29), respectively, and assume that 6] € R satisfies

67 >1—6. (A1)

If Py, Py are such that Py < Py and, for 7 >0 and o € (0,1) fized,

dPy
P > >1— A2
! (dP1 = T) =T (A2)

then

L P 1—a)r(1 — 26)2(Q%6)°
inf max { Eo| Q] 17", Bx [T — 64|} > (1= o ) (.QTQ)
i (1—26)2+ 7(Q7%9)

where the infimum is taken over all f% as defined in (2.6.28).

Proof. The proof is completely along the lines of the proof of Theorem 6(i) in Tsybakov (1998).
O
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We proceed with verifying (A1) and (A2). Note first that

d
‘Z%‘kakgm* (wo)‘ = 2Lhﬁ* d/QKﬂ* (0)
k=1

> 2Lk (1-6/2) K3.(0)

Bx—d/2
(2.5.37) d2ajjpT0(:Eo) logT 2B+ 234
= 1-0/2)2L : I
22 (0) il 23 log T 2522
_d_ a;iPT.0\L0 * * og 2B
= 1—4§/2)2L%x | L= I ( )
o (6*(26*—60 ) @ \T

= (1-0/2) Cj(Bs, L pro,0) Y18, = (1 —6/2) %*,L-

Since, for T' large enough,

[\CRS)

(@Z’fi,L)_l /Rd 91,6, (y)dy <

this implies
. L .
67] = (@%* ) |9]T1 (z0) — 9%‘0(1‘0)’
> (% Z ajk (3kgT 5. (w0) — Okpr.o(0 / 971,6.(y )dy>

> \
>1-34. (2.6.30)

In order to verify (A2), note that the specifications on pp. 296-297 in Liptser and Shiryaev
(2001) (also see Remark A.1.2 in Section A.1) imply that the likelihood ratio under Py is given
by

dP 1 (T _
dP(l) (YT) Z;?(YO) exp ( 5 /0 (bT70 — bT,l)t(YU)a 1(bT,0 + bT,l)(Yu)du

T
+/ (bT70 — bTJ)t(Yu)aldYu)
0

_ PT,0 1 r t —1
=—(Yp)exp| — = (bro — br1)" (Yu)a™  (bro — bra)(Yy)du (2.6.31)
PT1 2 Jo
t
+/ bTO —br 1)) (Y,)dW,, |.
To proceed, set
M, = /0 (07" (bro —br)) (Y)W, 120,
denote
g(x) = (bT70 — bT71)t(I’) a_l (bT,O — bTJ)(.CE), T € Rd,

and consider the following stationary sequence of random variables,

kt
Zy = / g(Yy,)du, kE>1.
(k—1)t
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Since g € L'(Py), it follows from the ergodic theorem (see, e.g., Theorem 59.1 in Gnedenko
(1968)) that, for any ¢t > 0,

1 & 1 nt 1 s
- Z Zk = */ g(Yu)du = *<M>nt —n—oo tC,
n i n Jo n
where
2
c:=E ((bT,o —br1)'(Yo)a™ (bro — bT,l)(YO)) =E Hafl(bT,o - bT,l)(YO)H : (2.6.32)

In particular, this implies by means of the martingale CLT (Lemma A.1.3 in Section A.1) that,
for some standard Brownian motion W,

Mnt

vn
Denoting by [s] the integer part of s and considering an arbitrary sequence y(s) —s—00 0, it
holds

e Ve W (2.6.33)

7(5)/[ g9(Yy)du i>s_>oo 0.

s

Choosing ¢t = 1 in (2.6.33) and passing to the continuous-time case, we obtain

Mr p
= =700 Z ~N(0,0).
Similarly to (2.6.15), the definition of the hypotheses by and by ; entails that
1 1
o (bro —bra) = o'V (logPl) = C (1 I8 sty (g ITA
2 pT1 2 pT pT,1

91,8.0'V pr1 — pr10'Var s,
2p71 (pT1 — 91,8.)
(1 = Jpa 978, (¥)dy) g1.5.0'Vor0 + (97,8, — p1,1) 0" VT,
2p71 (pr1 — 91,8.)
91,8.0'Vpr0 + proo'Vorg,
2p1,10T,0
= (2pr1)"" (91,5.0'V (log pro) + 0'Var,s,).

The definition of gr g, further implies that

2 2
p (0o t) Vol
4,0%,1(%) R? 4pr1(y)
8975, (4))°
_ / Qigra. )",
re  4dpri(y)
(26200 19 2,3*—(1/ =2 [y —xo dy
7 ( T’B*) Re P ( hiﬂﬁ* ) dpr1(y)

(A14) 4.5 25*/ —2 (1+o7(1))
= a-+L* (h K dy ———=
73 ( T,ﬂ*) Rd 5, (y)dy pra (o)

28, (14 or(1)) '

< (1-6/2)%a;;'L* (W 4) e (@)
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2.6. Proofs for Section 2.5

Thus, plugging in the definition of h%“ﬁ* (see (2.6.21)),

ty Yo)|I? log TN (1 1
E1 ||U 9576*( 0)” S (1 - 5/2)2 L2 <de,0('r0)C2L]J og ) ( +OT( ))
4PT,1<Y0) B LT aj;pr,1(zo)
(2.6.24) 2d logT

< (1—52/4> 5T (1+ or(1)).

It can be shown by analogous arguments that the terms

B 97 5. (Y0) o'V (log pr,0) (Yo) |I?
4P?F,1(YO)

and

E (gT,,B* (Yo) (V(log pr,0)(Y))' aVgrs, (Yo) )
' 2P%F,1 (Yo)

are asymptotically negligible. Thus, for ¢ defined in (2.6.32) and whenever § is small and T is

large enough,
2,2 d logT
c< (1-46%/4) 5 (+or().

Consequently, for

- exp ( (1—6%/4) dlogT) ’

204
it holds a.s.
log 7 — log pro(Yo) +log pr1 (Vo) + 5 (M)r _ 6% [dlogT +or(l) = —oo
\/ZTC - 8 /8* '

The verification of (A2) is accomplished by means of a tightness argument. Consider some
sequence of probability measures (P,),>1 on some measurable space, converging weakly to
some probability measure P. Tightness of P,, implies that, for any sequence -, — —o0,

lim max {P ((—00,Ym)) ,sup Py, ((—oo,*ym))} = 0.

Thus, limy,, 00 Sup,cy Pn ((—00,7m)) = 0 and limy, o infpeny Py, ((—00,9m)) = 1. In parti-
cular, lim;, o0 Py ((9m,00)) = 1. In the current framework, this last assertion implies that,

for
log T — log p1,0(Yo) + log pr,1(Yo) + 5(M)r
VT = — —09,
VTc
it holds
) dPy (26.31) . PT,0 1
| Pi|— > = 1 P, | —— (Y, My — —(M >
Jim P (Gpr 2 7) fim P (o 00) e (i — 5 (M) = 7
. Mt
= — > = 1.
AP (ﬁ 2or) =1

For large enough 7" and fixed 7 > 0 (where § € (0,1) can be chosen arbitrarily small), we thus
obtain

dPy
P (—> >1—4. 2.6.34
1<dP1—T>— (26.34)
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

(VI) COMPLETION OF THE PROOF. In view of (2.6.30) and (2.6.34), Lemma 2.6.2 gives

inf sup sup Eb@%(wo) — diV(ajP)(xO)IQ(z/’é,L)iQ
9% (B,L)EBr belli (B,L)

(2.6.27) Ny . 4
> inf o {Bol Q7% Ba |74 - 6%}
TJ

T

L (L= 8)r(1 - 20)%(Q76)°
T (1202 +7(Q)8)°

Since, for C; := C;(B«, L; pr0,0)/C;(Br, L; pr0, 0),

' d
T = @Dg:i = Cjexp ( 15,57 (Bx — Br) (logT — loglogT)> ,
we have
2 _ o2 (1—0%/4)d _d(B. - fr) d (8. — Br)
7(Q7)” = C; exp((— 25, BTN >logT> xexp( 255y loglogT)
2 d (6°Br/4 — B:) d (B« — Br)
= C5exp ( 5. 5r log T) X exp (25*57“ log log T) .

As T — o, 7'(@‘%)2 — 00. Choosing 0 > 1/A for A large enough to ensure § < 1/2, it holds

(1—6)7(1—26)2(Q40)°  (1—6)(1 — 26)262 1 )
(1—26)% + 7(Q40)” (71&6))22 R o )

Taking now A — oo, the assertion follows. O

Proof of Theorem 2.5.7. The lower bound for estimating the j-th component of the drift is

derived from the lower bound on estimating div(a;p) similarly to the proof of Theorem 2.3.3.
For any estimator b7, of the j-th component of the drift b € II/(3, L), j € {1,...,d} fixed, denote

g = 25le pr,2, where the invariant density estimator pr is defined according to Lemma 2.2.4
and satisfies

~ 2 ) . Btl=d/2 ,
Ey|pr2(x0) — p(zo)|” < K T™ 77 exp (—Ksllzol) -

The inverse triangle inequality entails that

(wT,,B %) Ey| b (z0) — lﬂ(:co)|2

= 4(¢rp C5(B, Lip,o)
< By (o) (o) — Bp(o)pra(wo) + 7 (x0) — 5 div(azp)zo)|”

2
> 4(vrg C(8, L p, o))
2

(5t — antaso oo - o (B o) oten) - o))

As in the proof of Theorem 2.3.3, we may assume without loss of generality that

7 ol
b (20)| < log T exp (logT :
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Consequently,
~ 2 N 9 2 x _ B41-d/2
By ([P w0) (o) — proln))?) < KiClog T exp (20— gy} 75582,
ogT
o g Bt1-d/2
Since 3 T ##1 — 0 and in view of (2.5.11), the assertion follows. O

2.6.2. Proof of upper bounds

Proof of Lemma 2.5.13. (a) Letting, for r,T > 0,

p(r) = m(\; [ (saw o) - [ s aut)) du

> r), (2.6.35)

Theorem 1.1 in Lezaud (2001) (also see Proposition 2.5 in Gao et al. (2010)) implies that

Tr?
p(r) < 2exp <—2 @)+ CP|fbj||oo7“)> . (2.6.36)

Using the spectral gap assumption, we get, for any T > 0, g € L?(u),

Varp, </ 9(X du) < 2/ (Pig,g),dt < 2lg/l7: u)/ e /P dt < cplglliz
Consequently, in view of (2.5.40),
C(F) < epll V20 < crBIf g

and [|fb||oo < Bl f]lco- Plugging these estimates into (2.6.36), and considering separately the
cases

HfH%Q(N) Hf”L?(M
r< ———" and r >
[ flloo [ flloe
we obtain
Tr?
p(r) <2exp | —
( 2cpB ([ + Hfum)

<2ex ( T { ” d })
- P 4 pB HfHLQ(u HfHOO .

(b) Under the given assumptions, Bernstein’s inequality for continuous martingales can be used
to show that there exists some constant Cp such that, for any r,7 > 0,

) = Pb<\; [ oo [ i) > ) (26.57)

<9 Tr?
<2exp | —— 5 .
265 (17122, + I/11)

To see this, write q(r) < p(r/2) + p’(r/2), for p(-) introduced in (2.6.35) and

—Pb<‘/ fX ) r> 0.

105



2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Letting
/ f(X Z o AWE, >0, (2.6.38)

and denoting by (M). the quadratic variation of the martingale M, Bernstein’s inequality for
continuous martingales (see p. 154 in Revuz and Yor (1999)) gives

o'(r/2) = Py (|Mr(f)| > Tr/2:(M(£)yr < Tr| fllso/2) + Py (M7 > Tl fllc/2)

Tr
< 2exp (_4HfHoo) + P, ( / FA(Xy)du > aj, 7'Hf||oo/2> (2.6.39)

=:p’

Theorem 1.1 in Lezaud (2001) then can be used to show that

p// < exp Tr?
— X - ’
8cpajj(ajj [1£1172(, + 1flle0/2)

The inequality (2.6.37) now follows for Cp = 4max {2¢cpB, QCpa?j, cpaj;, 1}. In view of (2.6.37),
a uniform exponential inequality in the spirit of Theorem 5.11 in van de Geer (2000) is available.
Indeed, Theorem 5.11 in van de Geer (2000) appears as a special case of the uniform inequality for
martingales in Theorem 8.13, and the proof of Theorem 8.13 continues to hold in the diffusion
setting if the Bernstein inequality for martingales in Corollary 8.10 in van de Geer (2000) is
replaced with the Bernstein-type deviation inequality (BI). O

Proof of Theorem 2.5.9. The basic idea of the proof is the same as in the classical article of
Lepski (1990). The main difficulties arising in the current diffusion framework were already
mentioned in Section 2.5.5. In order to deal with the specific problem due to the fact that
the variance of the estimators considered in the procedure is proportional to the value of the
unknown density at the point zy, we apply the same strategy as in Butucea (2001).

Let 8 € (B, Br], L € [Li, L*], ' € (d/2,8], and fix j € {1,...,d}. Denote by vp;, i € N,
functions of T" such that limp_,o y7; = 0. For ¢ g and C;(B, L; p, o) introduced in (2.5.8) and
(2.5.10), respectively, recall that wé’L =Yg C;(B, L; p,o). Denote by fj(ﬁ) the effective noise
level under adaptation, defined as

4dp(zo)aj;log T) 1/2
pT '

Recall the definitions of the bandwidth TL% 5 and the thresholding sequence ﬁJT 5, namely

7i(9) = (

4dpr(xo)a;jlogT 1/28'
i = ( T ) : (2.6.40)
ddpr(zo)a; log TN "5
~j PT\X0)a44 10g 2B
T = (“TEEGEED) Ko ey
and consider their deterministic counterparts
- 4dp(zo)ajjlogT 1/28 . 1/8'
i = ( BT ) = (1V(8)) (2.6.41)
and
sdp(o)ay; log T "5
i plxo)a;; log C2pl . 5'—d/2
= ( T ) 156l 2 ray = (1) 15 2 gy
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2.6. Proofs for Section 2.5

Set, ,
33 F+g fg<p<5+9,
526(6,6’):{ Y gB g
B, ifs+¢<p <B.
Define 61 := (log T)*l, and introduce the random event
' =j i \B'—d/2 -
Ap = {‘(hJT,B’/hJT,ﬁ/)ﬁ /2 - 1‘ < 5T} (2.6.42)

and the associated deterministic set
. i \B'—d/2 <
Note that there exists a positive constant cg such that
H%—u’ﬁ/ g {h . '(h/h%—v#g/) - 1‘ S CO(;T} = H’%,ﬁ"

Denote the kernel estimator of div(a;p)(x¢) with deterministic bandwidth h € ’H?p, 5 by

i 2 T Xu — X0 ;
and set ' ' 4
91,5 (@0) = g7 (20, W ). (2.6.44)
Define
) a2 | p(xo)ag;
SJT(B) = 2(h2[,5) / TM ||K/3HL2(]R‘1)’
and let

dr(B) = ,/dl%gT (2.6.45)

such that s%ﬂ(ﬁ)d;p(ﬁ) = ngp’ 5- For B’ < f3, introduce the auxiliary sequence

' ] o 1/4
H(8) = 4(8) ( G - &0+ (o) ) .

Auxiliary results. The first auxiliary result concerns the performance of the preliminary
density estimator pr(zg) which is contained in the adaptive bandwidth (see (2.6.40)). The
following lemma states that weak regularity conditions on the bandwidth and the kernel used
for defining pp(zg) ensure that the usage of a random bandwidth does not substantially affect
the estimation procedure.

Lemma 2.6.3. Consider the estimator op(xg) defined in (2.5.15), assume that the bandwidth

hr is such that
2d

T . d o
im =00 and limsup h7T? < oo,
T—oo (logT)3 T—>oop T

for some fired ag € (0,1/2), and that the kernel @Q is bounded, positive and such that

Jra l|ul|Q(u)|du < co. Then, for any B' € (d/2,5] and some sufficiently small constant o > 0
fized,

T((1- a)thSTe)z
2/|QlI%

Pb((A%ﬁ,)C) < 2exp = or(1).
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Proof. The proof is analogue to the proof of Lemma 3.2 in Butucea (2001). For the sake
of completeness, we include a brief sketch. Recall that 07 = (logT)~! such that the above
conditions imply that limp_, e Th%dgiﬂ(log T)™! = 0o and lzifidrl*d/2 (ST)_1 — 0. For a := (5’ -
d/2)/(26') < 1, it holds, for any z,y > 0, [#* — 1| < |z — 1| and |z Ve —y V€| < |x — y|. Thus,
since p(zp) > ¢,

j c (2.6.42) 77 j ~’7al 2 N
Py ((4h,)) X Py (| /0 1| > B )

< P, ( ﬁT(mO) — 1‘ > (ST>
< Pb(|AT(:L’0) Ve— p(:L’o) vV 6’ > STG)
< Pb(!@T(fEO) — Eyor(20)| + |Epor(zo) — p(ao)| > 5T6>-

With arguments similar to those used in the proof of case 2) of Lemma 2.2.4, it can be shown
that there exists some positive constant C' such that

[Eyor(z0) — plao)| < Chi =% = o(3r).
Consequently, for small o > 0 fixed,
Py ((47,5)) < Py(|or(wo) — Bydr(zo)| > (1 - a)dre).

The Hoeffding-type specification of the Bernstein-type inequality (BI) entails, for any r > 0,

Th2dy?
Py(|or(w0) — Epor(zo)| > 1) < 2exp (-T
( =) QI
For r = (1 — a)dre and since T(thgT)2 — T 00 00, the assertion follows. O

Lemma 2.6.4 (Bound on the bias). Consider the estimator g%ﬁ, (0, h) defined in (2.6.43), and
let

1
e 1 1
i B )\||4[3 —2p 2 26/ —d\ 28
bgg = (b)2 P | (2 d/ H—d)\ , where b’ :=b(pB :( ) .
o (( S Yee YR i d

For any Hr g > h >0,

sup ‘Ebg%ﬂ, (xo,h) — div(aj,o)(xo)’ < 2Lhﬂ_d/2b5,5/. (2.6.46)
belli (B,L)
Furthermore,
su b li m <1
p 8,8 <00, limsup sup <1. (2.6.47)
d/2< ' <p<o0 6—0  B.5'€[Ba.c0):|8-p'|<5 DS

Proof. 1t follows from the definition of the estimators that
Bugh (w0, 1) = div(asp) (@0)| = [2 [ Koy = 20)¥) (0)p(w)dy — div(a;p) (o)

= Ko div(azp) (x0) — div(azp) (o)

108
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The Fourier inversion formula implies that
. _ —i t
div(a;jp)(y) = (2m) ™7 /]R | Pdivia;p(Ne M ¥dA, y €RY (2.6.48)

Thus, applying (2.6.48) and the Fourier inversion formula to the convolution Kg p, * div(a;p),
one obtains

’K@/,h x div(a;p)(xo) — div(ajp)(xo)‘
— (27T)—d /Rd ¢div(a]-p)()\) <¢K,B/,h(>\) _ 1)e_i>‘tm0d)\’
- (27T)—d /Rd ¢div(ajp)()‘)<(1 + ||h)\/b/||2/5")—1 _ 1)6_1)\%0(1)\’

= )| [ GO A1 (14 )
< (207 [ w0 0700) () (2.6.49)

' o 1/2
1468’ —28
X (27T)_d/ ||h)\/b H 2 y 2d)\
Re (14 [|[hA/|%)

< 2Lbg g hP4/2, (2.6.50)

Here we used the scaling properties of Fourier transforms for evaluating qbKﬁ, . (A) and Cauchy—
Schwarz to obtain (2.6.49). The remaining assertions are Lemma 1(ii), (iii) in [KT04]. O

The principal importance of exponential bounds on the stochastic error of estimators consi-
dered in the adaptive procedure was already indicated in Section 2.5.5. The Bernstein-type
deviation inequality (BI) and its implication, the basic uniform exponential inequality stated
in Lemma 2.5.13, will be applied now to derive more specific bounds on the stochastic error
of the estimators gf_p, 3 defined according to (2.6.43). The following function classes are defined
analogously to Butucea (2001),

K1 = {Koa) i= WKy (= o)) s h e )},
Ko = {Kﬁ’,h = Kp by he H%ﬁ’} '

Note first that there exists some positive constant K.y such that, for any 5 > d/2,

_ dy
K :sup|K(:U)|§(27r)d<1+/ )SK x < 00.
155 vekt | loli>1 1+ [lyl*? .
Consequently,
P\ —d i \—d
sup [|Kpnllo, < (W) "1Kpll, < (h75) " Kmax- (2.6.51)
heH’Tﬁ,
Bochner’s lemma implies that
j —d 2
sup /Rd K w()du(y) = (W) (K|l 2 gy p(z0) (1+ 07 (1)), (2.6.52)
heHT,B,
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

where op(1) — 0 uniformly in 8, 8’. For hy # hs € H% it further holds

B

||K/3’,h1 - KﬁﬁthL?(”) < ||K5’,h1 - K,B’,thL2(Rd)
= (2m)" " |l bk, (h1 ) — bxc,, (o M 2 ey

, /9 , 1/2
a2 57 — B3 |yl
S (27T) 287\2 287\2 dy
B (14 [[hayl22)? (1 + [|hay27)

/ 1/2
Sh§5’11—<hl/hz>2ﬁ’|<<2w>d Lo dy>

1+ [lhoy| 2
B ) \ 48 1/2
= hy ?[1 = (h/h2)?| (27r)7d/ L dA
Re (1 + [|A[127)

o ,
<0(1) (hy4) P11~ (h/h2)?,

where the last line follows from assertion (2.6.47) in Lemma 2.6.4. As concerns K, note that

sup HKﬂ’,h — Kﬁ’

; 7hT,B’ o)
heH;. ,,
< sup sup (2m) %2

L (00 = 6x,,, ) 0

heH;B, AERE
’ 1 23’ ’
(02— (W )™ | Ny

N2 ] N 2

T (L4 [1hyl12)" (1 + [Py gy l[*)

< sup (2m) % /
heH? R

T,ﬁ’

o o
< O() (W) ™ [1 = (h/0F )|
< 0(1) (W 5) ™" Bror

and

o\ —d/2 P28
sup | Kp p— Kﬁ/yhTﬁ,HLQ(M) <O(1) sup (thﬂ,) / ’1 — (h/h]Tﬁ,) d ‘

hEH%,B’ heH;"ﬁ'
< O(1) (W 5) ™" Bror. (2.6.53)

In particular, for ¢ € {1, 2},

1
/ max {\/logN[ (e, KCi, L2 (1), 1} de < logT.
0
For h € Hj. 5, let
Zj, 5(h) == g 5(w0, h) — Eygi 4(0, h) (2.6.54)
2 (T . '
= 2 [ Kaa(X)dXi = [ Kan(y) diviag) ).
0 R4

Lemma 2.6.5. Grant Assumptions (BI) and (SG+). For any ' > d/2, the stochastic error
zZ, 5 (*) defined according to (2.6.54) has the following properties:

(a) For any

u e [7h(8), R sh(B")logT], Ry > 0 an absolute constant, (2.6.55)
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there exist some sufficiently small v, independent of ', and some universal constant ¢c; > 0

such that
: 1/ u(l—9)\?
Pb< sup | Zz 5 (h)| > u> < ¢y exp (—(M) ) +o(T™H). (2.6.56)
heH;ﬂ, 7 2 sp(8')
(b) For any '
u € [Ry s(B')\1og T, Ra], R1, Ry > 0 absolute constants,
it holds, for some constants co,c3 > 0,
. u 2
Pb< sup | Z7, g (h)| > u) < cpexp (—03( 5 ) ) . (2.6.57)
heH? ’ sp(B')

.5

(¢) Assume that 3’ < 3. Then, uniformly in 8 € Br,

2
B'EB, B'<B  belli(B,L) heH, o

X 11{ sup |25 5 (h)| > #(5’)}) -0,

J
heH3, .,

2
sup m sup (d’,JB,L)i2 Eb(( sup \ZJT”B/(h)D

p'eB, p'<B  belli(B,L) heH), p
X ]1{ sup ]ngﬁ/(hﬂ >/ S5 (8)) @%L}> — 0.
hEH;—’ Bl b b

Proof. The assertions are analogue to the statements in Lemma 4.3, Lemma 4.5 and Theorem
4.6 in Butucea (2001). The inequalities in (a) and (b) follow from the Bernstein-type deviation
inequality (BI) and its implication (BI+) stated in Lemma 2.5.13. For deriving the inequality
(2.6.56) with the specific factor 1/2 in the exponent, we however have to go into greater detail.

We start with proving (2.6.56). Throughout the proof, Dj, D, ... denote positive constants.
For fixed ¢ € (0,1) and arbitrary u,T > 0, write

Pb<jZ;ﬁ,(h§ﬁ/) > u) <ttt

for

=P[5 [ (2K V00— [ Ky ) dv(agn)w)dy)du] > ),
and, denoting M;(K) := 2 [J K(X,) X% o AW, t > 0,
ty 1= Pb(\MT(Kﬁ,%ﬁl)\ > (1- 5)u). (2.6.58)
For any u < Ry s]f(ﬁ’)\/lo?, we have
UKy oo <l )™ s < By sp(8) ()~ V0BT Ko

; 2 i\ —d/2+8
< Di(sp(8) T(th,ﬁ’) / 7
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

such that, since 5’ > d/2,
ul Kg.nlloo

(h(8))° T

Furthermore, the enhanced spectral gap assumption (SG+) gives

= OT(l).

j 2—d
(2K, ) < Da(hg )

) Tvﬁl

Thus, for T sufficiently large,
Cp(s(2K ;. du || K, < (sh(8))" T
B(sCK ) +0u Ky ) < (7(8)
The Bernstein-type deviation inequality (BI) therefore implies that

T6%u2

5%u?
t1 <2exp | — <2exp|——].
2(s(2K u | K 2(s.(8))
(<( 5,}#’16,) + du || 57%,;3/”‘”) T

In view of (2.6.52), there exists some sufficiently small dr¢ > 0 such that

i a2
a3 123l = SEED
Consequently, Bernstein’s inequality for continuous martingales gives, for any h > 0,
Py (|Mr(Kg )| > T(1=8)us (M (K p))y < Tagep' <(2Kpn))
T(1 —0)%u?
2aj; ”zKﬁ’,hHQLQ(u))
(1—0)%u? (1 - 5T0)>
2(s7(8")* '

< 2exp (—

< 2exp <—
For any h > 0, (BI) entails that
Pb(<M(K5/,h)>T > Tajjcp' §(2Kﬂ/,h))
= PbG /OT K p(Xy)du > ¢! q(Kﬁl,h)>

T cp’(Kpn)
203 (g(Kg/7h) + C;>1|’K2/7h||oo g(Kﬁ’,h))

<exp | -

Plugging in the specific choice h = h?n g 1t follows

Pb(<M(Kﬂ',h;ﬁ,

)>T > Tajj01_31 §(2Kﬁ,7hj )) = O(Til),

B’

(2.6.59)

(2.6.60)

(2.6.61)

using again that ' > d/2. Adding the upper bounds (2.6.59), (2.6.60) and (2.6.61), we obtain,

for some small v > 0,

> u) < 2exp (—M) -+ o(T_l).

j J
Pb<‘ZT7B’(hT,ﬁ’) Q(ST(ﬁl))

Consider the sequence

71 = Brory/logT = (loglogT)51 (logT)*l/z -0,
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> u5T1>

> u(l — 5T1)> .

and note that, for any u > 0,

Py| sup |Z]T (h)| >u | <Py| sup Z% ,(h)—Z% ,(hjf /)
; B B B B

J J
heHy, heH), ,,

+ Pb<\zgpﬁ,(h;ﬁ,)

Since u(1 — 1) <u < Ry s%ﬂ(ﬁ’)\/log T, (2.6.62) gives an upper bound on the latter summand.
For T large enough, it further holds

j j 61+/logT
[Tiyr(ﬁl)fsﬂ, Ridisp(B') VlOgT} c or Tj gd/27 Br T]
VT (b 5)
Taking into account (2.6.53) and since
1 or+/log T
/ max{\/logNH(a,ng,L%,u),l}dES 5TjT 3%2 ,
0 (F70)

the uniform exponential inequality (BI+) implies that

Pb< sup ‘Z;ﬁ,(h)—z%ﬁ,(h;ﬁ,)

J
heH), .,

Summing the upper bounds due to (2.6.62) and (2.6.63), we obtain (2.6.56).

> U5T1> <Ci exp (—

The inequality stated in (b) follows as an application of (BI4) with

d

K = () ™ Ko and M2 = (. 50) | K[ gy plao).

Part (c) is proven similarly to Theorem 4.6 in Butucea (2001) by noting that there exists some

positive constant R3 such that
. .4
sup | Zz 5 (h)| < Ra(hy 1)

J
heH), .,

and decomposing

2
Eb<< sup ]ZJT75,(h)|> ]1{ sup |Z%,5,(h)|>r%(6')}>§1'1+1'2+1'3,

J J
hGHT,/al heHT,ﬁ,

for

Ris)(8')VIog T , )
I ::/ Pyl sup [Z7 5 (h)| > u|du?,

7(8) heH), .,

Ry )
Iy = / , Pb< sup |Z3, B,(h)] > u) du?,
Rish(8/)y/log T heH? ’

T.p

Rs(n. )" A
T3 ::/ s Pb< sup |Z%”B,(h)}>u>du2.

e heHy, ,,

This decomposition provides sufficiently tight upper bounds on the terms Z; to Z3 by exploiting
the interplay of the interval length and uniform exponential bounds on the integrands as they
follow from parts (a) and (b) proven above. O
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

The next lemma contains a decomposition of the normalizing factor 1/)% ;, and some relations

which are needed later in the proof. For h]f 5 defined according to (2.6.41), denote

j i \B—d/2
b} = 2L by g (W 5)" "%, (2.6.64)

Lemma 2.6.6. Let € [d/2,00), L € [L., L*], and denote v = (8, L). It then holds

, ; P \B—d/2
vl = L)Y (n] s+ (W,5)" " b)) (2.6.65)
Furthermore, there exist positive constants D1, ..., D5, depending only on By, Ly, L*,d and o,
such that o
Dy <4 /ng 5 < Do, (2.6.66)

and, for 8 € [d/2,), ' < B,

Ds <1OgT>N(B’)—H(B) - ng,jL
Br\ T -

< DyTHB) =B (2.6.67)

14

and
(b 5)° + (7(8))
(W)

< Dslog T T2#(#)=2x(8") (2.6.68)

Proof. Recall that the extremal function gg 1 . as introduced in Section 2.5.5 satisfies

(2.5.34)

95.0600) “E sup {£(0): [ P@)in@) <2 nB0) < L = wpile)
for f:=div(a;jp). It follows from renormalization arguments that, for any x € R,
95,%@(5)(3?) = a19p,1,1(b17),
where by = (2L/T7(5))"/? and

a; = 2Lb‘11/2—ﬁ _ (QL)d/(w) (fj(ﬁ))lfd/(w) _ (2L)d/(2,8)(h%1”8),37d/2.

Since
5. ~ 5. 2
9571,1(0) (2 5:36) HEI b_6+d/2Kﬁ(0) (2 5:37) ]Iﬁ b—ﬂ-‘rd/Q FB, (2669)
this implies that
5 1—d/(2 _ 2/
99,21,/ (0) = QL)Y OO (T (5) 5 b2 2 (2.6.70)
p=d/2 _ B—d/2
= (2L)%CP) <4dp(ﬂfo)ajj log T ) & <2ﬁ - d) P, 2y
8T d ba "

The relation gg1,1(0) = || Kl L2(ray + bp,s from Lemma 2.5.12 thus yields the decomposition

. (2.6.70) (2.6.69)
wi = 9672L7fj(/3) (O) = algﬁ,l,l(o)

(2.5.39) ; j —d/2
= an (1K sl ey + bas) = QLYY (5 + (1) b5 5).

Assertions (2.6.66) and (2.6.67) follow analogously to the proof of the relations (44)—(46) in
Lemma 4 in [KT04] (pp. 453-454). Finally, for the proof of (2.6.68), we refer to the proof of
Lemma 3.5 in Butucea (2001).

O]
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2.6. Proofs for Section 2.5

Main part of the proof of the upper bound. Define = = 7 (f) by

L (2.6.71)
’ logT"’ e

where B := (loglog T')%, for some 63 € (Ja,1). We follow the standard approach and decompose
the risk successively. Let v = (3, L), and set

RE, ()= sup (1) By ([ (w0) — diviazp) (o) 1{B} > 87}),
belli (B,L)

Riy(j) = sup (1/15)72 E, (@%(xo — div(a;p) ac()] 11{6] < B~ })
belli (B,L)

(I) We first consider the case B‘% > B, and we show that
limsup sup R+ L) < 1. (2.6.72)

T—00 VGBT

Define 3 = B(83) via the equation

()™ ()™
Let BT € G be the largest grid point < 3, and assume that T is large enough for ensuring
ﬁ‘=5‘ﬁ§r: -“%ﬁ59%<5f (26.74)
Denote
G =Gi(8)={8eg:p <p <p}, (2.6.75)
G2 = G2(8):= {8 €G: 8 < 8 < Br}, (2.6.76)

and rewrite

R, ()= sup () By (| (x0) — diviazp)(ao)|* 1{F} > 57})
belli(B,L)

= sup (@bi)_Q E, (!ﬁ%(xo — div(a;p)(zo | ]1{BT egG U g2})
belld (B,L)

Let 8 € Gy = G1(B) and b € II7 (8, L), and assume that 7" is so large that 3(3,3') = 8. It holds

sup  |Epgi: g (20, h) — div(a;p)(z0)]
heHZF o
< sup (2Lhﬁid/2 bﬂ,ﬁ’)

heHJT o

< 2L(h} )" by (1+67)

B—d/2
_of (4d,0(:):0)ajj log T> 25’
p'T
4d —d/2
To)a 2/3’ 5 -
ZL( p( 0 ]J) ( > 26 bﬁﬂl (1+5T)
4dp(zo)a logT -
2L( IO 0 ]J) < LgQT) bﬁ’ﬁl (1+6T)
. d _
= A(B, ﬂ)(2L)d/ 2 (1, )" bg a0 (14 37),

bss (14 67)

log

IA
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

where
B8—d/2 B—d/2 B—d/2 B—d/2

A(B. ) 1= (ddplao)ayy) = % (8) 5

We used Lemma 2.6.4, the facts that 7—[ .5 C HT B that 3’ < 8 and the definition of 3 to arrive
at the above upper bound.

We now argue analogously to the proof of the upper bound in [KT04] (see pp. 461-463). For
any ' € Gy, there exists some positive constant C' such that

18— 5| < CBf(logT)™". (2.6.77)

Since A(S, ") is uniformly continuous in 3, 8" € [Bs, 00), this implies that A(S, ") < 1+ y71.
Furthermore, for any ' € Gi, B € [B«, Br], it holds bg g < bg 3 (1+~72). Consequently, for any
ﬁ/ S gl? b S HJ(ﬁ?-L)a

sup |Ebg%’5,(:bo,h) div(a;p)(z0)| < (2L d/(%)(h )ﬂ 4/2 bgs (14 vr3).

3
heM,

Similar arguments (also see the derivation of line (54) on p. 1591 in [KT01]) yield

. gt —da/2
T
g = (T(8) 7 ||Kg+||Lz -
4dp( — loe T —d/2
1'0(1 og 2B
= < ]J) ( T ) [ K+l L2 @ay (1+vr4)
at_
4dp on Jaj;\ 28 logT 1/2 log T —d/(4B)
B ( ) ( T AL2T [ K+ |l 2(may (1 +74)
4dp( logT M
xoa og
= ( “ ) ||K6||L2(Rd)(2L)d/(25) (14 775)

= (2L)d/(25)77%,@ (1+75)- (2.6.78)

Recall the definition of the stochastic error Z% 5(+), for any h € ng 5 given as

Z}, 5(h) = g 5(x0, h) — Eygy 5(wo, h).

Whenever BJ = ' € G; and the event AT ¥ holds, the above arguments imply that

|3 (w0) — div(a;p)(zo)]
= |97 5 (w0) — div(a;jp)(zo)]
< sup |g7 g (2o, k) — div(ajp)(zo)]

< sup {’9T5/ 0, h) — EbgT,B’ o, h)| + |Eb9T,3/(9507h) —diV(ajP)($0)|}

j j —d/2
< swp |Z4 5 (B)] + L)Y (1) )7 b (14 yrs) (2.6.79)

J
heH,

< sup [ Zg e ()] + 0 (1+713). (2.6.80)

J
heH), .,

The last line holds true since Hr g C Hr g and in view of the decomposition of the normalizing

factor 1) according to (2.6.65). If B% > BT, the definition of the estimator 8% according to
(2.5.23) implies that

|9Tﬂ] 0) = Gy g+ (20)] < Tl 51 (2.6.81)
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2.6. Proofs for Section 2.5

Therefore, if 3 = 8 € Go, it holds on AT g+

[ (0) — div(a;p) (x0)|
(lgm 70) = G g1 (20)] + G 51 (20) — div(a;p) (o))

IN

< Nipgr + (97 5+ (w0) — div(a;p)(zo)|

. .\ B—d/2 . .
sup g (/1) a4 0o h) = Bugh (a0 )

J
heH)

IN

HEBug (a0, )~ diviao) o)}

(26.79) - : o \A—d/2
< e (L407)+ sup [Z7 5. (h)| + (2L)%0) (h]T,,B)B Pbas (1+77s)
heH?
T,8+

(2.6.78) . .
< sup | Z ()] + (D)Y@ o (1+ 1)

J
heH), .,

B j B—d/2
+(2L)C )(th,,B) / bss (14 YT3)>'
In view Of the deCOInpOSitiOl’l (2665) thlS last line lmphes that

#h(x0) — div(a;p) (2)|1{Fh = 7 € Go} 1{A] 5} < sup [ Zh 5o ()] +f (14yrr). (2.6.82)

heH), .,

Thus, using (2.6.80) and (2.6.82),

(¢Z)_2 Eb(!ﬁ%(wo —div(a;jp)(zo ’ ﬂ{ﬁT €egiu gz})

< ZEb<(1+vT3+(¢,Z)‘1 sup |25 4 (h) I) ll{BT—ﬁ}ll{Am/}>

J
heHT Y

Py Eb(< 1) |7 (o) — div(asp) o) 143 = 7} n{<Afm>C})

> Eb((1+m+<w£>‘1 wp 170, 0)) 143 = ) 1 {41 W})

J
B'€Ga2 hEHT B+

Py Eb(wz)”@( o) — div(aye)(eo) P {3 = 5} 1{(4 W)C})
B'€Ga

= 3 (p18) +0h(3)) + X (A(8) +p4(8") . say. (2:6.83)

B'eG1 B'€Ga

The terms pjli(-)7 ce pi(‘) are now considered separately. Note first that, for any ' € Gy,

o1(9) < (1L rms + SR W) ) Po(B = )

+ Eyp ((1 +73 + (WL)*I sup ‘Z%,5/<h)’)2 (2.6.84)

J
heH, .,

Xﬂ{hslgp |2 ()] > sjf(ﬁ’)zﬂi})

T.p

117



2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Since (2.6.77) holds for any 8’ € Gy, (2.6.67) implies that

p—d/2  p'—d/2
L, ¥, <Dy T % 2 < Dyexp (CBF).

Together with (2.6.66), this yields
Whg < Dyt Wl < Dr'Dy exp (CB)W.
Consequently,
sp(8) _ Di'Da exp (CBF) sp(8) _ Di'Da exp (CH7)
v g B dr(Br)

Br
logT

=: Arp.

<Dy Dy exp (CBF)

The summand in (2.6.84) is bounded from above by the sum of the terms

2 (14 773)° Pb( sup |24, 5, (h)| > S]f(ﬁ’)iﬁZ)

J
heH;.

(2.6.56)

j 2
< ' 2¢ (1 + ’7T3)2 exp <_M>

257.(8')
and

2
2(7,/%)72 E, ( sup ]ngﬁ,(h)o ]1{ sup \Z%ﬁ,(h)]> SJT(B’)w,],} )
hEH%»ﬁ' hEH;« 8

Part (c) of Lemma 2.6.5 entails that the latter term tends to zero, uniformly in ' € G;.
Therefore,

) . _ 2
PI(8) < (1+ 973+ VAD)® Py(Bh = 8') + O(1) exp (—%) +or(D).

Recall that the cardinality m of the grid G satisfies
m < ki Br(log )% = k7' (log T)° (log log )%

By construction, T € Gy, such that pg(ﬁ’ ) is upper-bounded analogously. Consequently,

> pl () + > p}(B ( + max {yr3, 77} + ﬁ) Pb(g% € g1 Ug2)

B'eG1 B'€Ga

<1+or(1).
For p}(-) and any ' € Gy, there exists some constant ¢q such that
p2(8") < () By (|} (w0) — div(ap) (w0)|” 1{(47.)})
< @) (B (185 (0) — divasn)@o) ) (Po((475)))

< cp (Pb((AfB') ))1/2

1/2
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2.6. Proofs for Section 2.5

Lemma 2.6.3 then implies that pg (8') is exponentially small, for any 8’ € Gy, such that
> ph(B) =0
B'€G1
Analogously, it follows that 3 s g, pi(ﬁ’ ) — 0, completing finally the verification of (2.6.72).

(IT) It is proven now that
lim sup Ry, (j) = 0. (2.6.85)

T—00 veBy
Recall that the estimators g%’ (0, h) and gT7 (o) are defined as
2 T X — X9 . . . .
W/o Kp <uh) dXxj, QJTﬁ(xO) = 9%’75@07 h]T,g)-

Let 8 € Gr, and assume that the event A]f g holds. In view of the definition of the stochastic
error Z% g in (2.6.54) and taking into account Lemma 2.6.4, it holds, whenever b € I17(3, L),

g%7ﬁ(x07 h) =

|37 5 (20) — div(a;p)(zo)|
= | g (w0, 1 5) — div(a;p)(a0)|

< sup |gh g (@0, h) — div(a;p)(wo)]

J
heHs, .

N
w
=1
o

{fgm/ (w0, h) — Bogp g (20, h)| + [Bog] g (w0, h) — diV(ajp)(xo)!}

é sup {|Z%7B,(h)’ + 2th_d/2bﬁﬁ/} .

J
e, ,,

Then, using the definition of bT g in (2.6.64),

sup (9]) % By (|(w0) — div(azp) (o) 1{5) = 5} 1{4},.})
8eg,p<p- bEV (B.L)

IN

L . _ . 2 ~:
sup (1)) m((b%,g/(l +0r)+ sup | Z4,(h)]) 1{B} = 6’})
B'€G,B'< B~ bells (ﬂ,L) hGH;, ¥

2 (1+67)> > sup (wi)fz(b{nﬁ,)Q Pb< = ﬁ’)

B'€G.B <B~ belli (B,L)

3\ —2 7 2 27 /
+2 Y sup  (¢)) " Eyp ( sup |ZT,5/(h)\) {pr = 7'}
preg.p/<p- bEWV (L) heHz o

IA

IN

2 Y swp (D)7 (050 400 + (80 o (B = #)
preg,pr<p= bEI(B.L)
+2 Y sup ()
preg,p<p- VIV (A1)
j 2 j icg
be(( sup ‘ZT,ﬁ/(h)D ]1{ sup ’ZT,gl(h)|>TT(5)}>
hGH;,ﬁ, heH%B/

= g](v) + (V). (2.6.86)

The term 91( v) is bounded from above by exploiting the fact that the probability to underesti-
mate the value of S by BT substantially is small, whenever b € II/(3, L). Recall that m is the
cardinality of the grid G.
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Lemma 2.6.7 (Probability of undershooting). Let § € [8:,), 8’ € G, B’ < ~, L € [Ly, L*],
and v = (B, L). Then there exists some constant K such that

sup  Py(B =) < K m (T7V@) 4 o(T7h)). (2.6.87)
belli (B,L)

Proof. Throughout the proof, C,C’, Cy,Cs, ... denote positive constants which can depend only
on By, Ly, L*,d and 0. We first proceed analogously to the proof of Lemma 4.8 in Butucea
(2001).

Denote by B, = B’(B’ ) the smallest element of the grid G which is greater than B'. Tt follows from
the definition of 37 in (2.5.23) that, whenever 3. = /3, there exists at least one 3", " < ' < B,
for which

’g 7/ .T()) §%75//($0)’ > ﬁ%’ﬁn.

Consequently, and since G has cardlnahty m,

sip Py(Bp=f)< Y sw P, (|g L (0) = G g (0)| >ﬁﬂm,,)
belli (B,L) B"€G.B<pB! belld (B,L)
S sup Pb< */ .’EO 7 n(To)| > W //>
81l 3r<p belli (B,L) ]g ) = Ir50(20)| > 71,

<m  max  sup  (q](8") +a3(8")),

BeG,B"<p’ beTli (5 L)

where

al (") == Pb<{|9 = (o) — @{nﬂ”(?ﬁoﬂ > ﬁ%’,ﬂ//} N {A Ak ATB”})
a3 (8") := Pb<{]g L (@0) = T g (20)] > g () { (A7 ) U (A )})
.8 T,B T8 T,8
The definition of the event Aji 5 according to (2.6.42) entails that, whenever A]i v holds,

)ﬁd/z

hir = by (W )~ 2 0 = 50)

which yields
ai(8") < Py ({ 88, 5 (20) = g (w0)| > 0 (1 = 31) f {A] 5 0 AJ‘T,B,,})

SPb< sup |g;5/(xo,h) — div(a;p)(zo)|
heH]TE, ’

+sup ] g0, h) = div(azp) (wo)| > (1 - 6T>>.

hEH]T,a”

Furthermore, Lemma 2.6.4 gives

sup |97 (w0, h) — div(azp)(zo)| + sup g gu(z0,h) — div(ap)(o)|

hE’HJ ,, T.p hEH;ﬂﬂ//
(2.6.46) , ~ N ~
< L ((h] - )P Y23+ (W) d/zbm,,> (1+937) (2.6.88)
+ sup ‘Z;,/(h)| + sup |Z%’5,,(h)‘.
heH’ _, B heH], .
T,8 B8
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2.6. Proofs for Section 2.5

We continue with deriving an upper bound on the first summands in (2.6.88) in terms of the
threshold 7, gr» using arguments as in the proof of Lemma 5 in [KT04]. It can be seen from the
definition of the respective quantities that

wé”,L = wT’BN Cj(/BaL7P7 0—) > (fj(ﬁ//))lfd/(QB )’

and therefore

) o) =5 gy S b g
(Whon) " (W)™ 2 < CTHTI(E") 7 = T 57 d(8")
B_BH
2[-}//

= Cyexp (— (logT — C3loglog T)) . (2.6.89)

Since, as on p. 457 in [KT04],
B—p">min{p—p",d/2} >min {8 — B, d/2} > B} (logT) ",
(2.6.89) in particular gives, for some positive constants K, K»,
()™ < 0U(T)Wh , where 61(T) == Ky exp (—KaB7' 57) — 0.

The same method as in (2.6.89) can be used for showing that

(W)~ (1 )" < Can(T).

Consequently,
i \B—d/2 i \B—d/2 -
L (15" by + ()" Pbsr) (14 51)
< Cs %, 61(T)(1 = o)
(2.6.66) :

< Csnpgn 01(T)(1 = or). (2.6.90)

Combining (2.6.88) and (2.6.90), we thus obtain

(6" Spb( sup |24 () >ng;ﬁ,,u_gcﬁal(T))a—5T))

+ Pb( sup \Z;B/(h)! > 175, 5 Ce01 (T) (1 — 5T))

For some large enough constant Rj, it holds
; ; log T\ /4
#ww«%m%MWﬂ+(;) )
< 0 g (1 — 2C601(T)) (1 = 57) < Rysh(B")y/log T.
(2.6.56) in Lemma 2.6.5(a) then gives

" (ngfﬁ”)z 2 2 i 1
J crexp | ———22 (1 — — — 0
q1,(8") < e p( 2 6”))2(1 2C661(T))*(L = o7)*(L —=~r) | +o(T7)
< cpexp (_ dzT(Qﬁ’/) (1 — 4Cgb; (T))) +o(T™hy <o) T o +o(T7)
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

For the second term, Lemma 2.6.5(b) entails

ay(8") < caexp (=3 g /5(F))*C3 3 (1) (1 = 5r)*(1 = 7r)?) (2.6.91)

Note that

. 2 . . —d
(nﬁp,ﬁﬁ) _ (sJT(ﬁff)dT(,Bf')>2 _ (hﬂm/) 131172 205,

s (3) s (3) W) T e

We now argue similarly to the proof of Lemma 5 in [KT04]. Since 3 > 8", the definition of
the grid according to (2.5.14) implies that only two cases are of interest, namely (i) B —p" >
(logT)~Y/2 and (ii) k1 (logT)™® < B — 8" < (logT)~'/2. In case (i), one obtains

h']T B ¢ ||KE/ ||%2 (Rd) 2 Cg
, < Cr B3 oxp [~ 72 Viog T | |
T

Wy ) WK iage) ’

and in case (ii), it holds hgwﬁ,,/h;ﬁ, < O(1) and

K- K- — Kgn
I liwy Wy ~Karliown oo
[1Kprllzemay = sl p2may N

(For details, see [KT04], pp. 458-459.) Summing up,

, d
g\ 157 172 (RY) 2 Cy 1/2 “1/2
7 5 < Djimax{ frexp | ——5(logT) , C5(logT) +1
hT,B’ 1557 112 @y Pr

< 6(T)+1

for 62(T") := max {ﬁ% exp (—C’4ﬁ7?2(10g T)1/2) , C5(log T)_l/z}. Thus,

. 2
% & (8") ,
(52_/1(5,)> > 52&) +1 > dle“(ﬁ )(1 - 52(T))7

such that (2.6.91) gives

ql,(8") < 2exp (— Drd(8)83(T)(1 — 82(T))(1 — 77).- (2.6.92)

In view of the definitions of §;(T") and d2(T), this last expression tends to zero faster than
T=4(F) . Since Lemma 2.6.3 entails

; ; ; T((1 — a)hdd7pt)?
aB(8") < Py((47 _)) + Py ( (AT 5,)°) < dexp (- (Chl) z )" (2.6.93)
the same remark applies to q%(ﬁ” ), completing the verification of (2.6.87). O

Let 8 € [Bs, Br], 8/ € G, L € [Ly,L*], v = (8, L). By means of Lemma 2.6.7 and using relation
(2.6.68) in Lemma 2.6.6, we obtain

dw)=2 > s (@) (b)) (1+00)" + (7(8)°) Po(Bh = )
B'EG,B'<B~ belli (B,L)
<2Ds Km Y. logT T-Y/CO+d/@8) (p=d/C@8) 4 o(1y),
B'EG,B'<B~
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2.6. Proofs for Section 2.5

The grid G = Gr is defined such that
card(G) = m < Brky (log T)*' = ki Y(log T)% (log log T)°
Consequently,

lim sup g (v) =0,

T—00 VGBT

and the first assertion in Lemma 2.6.5(c) immediately gives

lim sup g3(v) = 0.

T—o00 veBy

Note finally that, for any 8’ € G, there exists some constant ¢, such that

sup ()" By (|95 (20) — div(azp)(wo)|* 1{B} = 8} 1{(4}5)°})

belli(B,L)

< sup ()7 (B, (18 @0) — divia)@o)])) " (Po((475))) "

belld (B,L)
< (Pb((Af ) ))1/2 .

Lemma 2.6.3 shows that the last term is exponentially small and independent both of 5 and 3’
such that

sup (47) " By (| (w0) — div(azp)(ao)[* 1{B} = 8} 1{(A4],5)°}) = or(1),
B'EG,B'<B~ belli (B,L)

thus completing the proof of (2.6.85). O

Proof of Theorem 2.5.10. It remains to verify (2.5.27). The proof of part (b) actually is along
the lines of the proof of Theorem 2 in [KT04]. For the sake of completeness, it is given here
at full length. For any § > d/2 and L > 0, denote 1,/}?%1 = Y1 Cxol(B, L; p), for ¢ g and
Ckol(B, L; p) defined in (2.5.8) and (2.5.25), respectively.

By assumption (2.5.26), there exists some § € (0,1/2) such that, for T" large enough,
(WE) ™ R g, 1. (5 (20)) < (1 — 26)°.

Fix 81 € (Bo, Br]. If the definitions of p (cf. (2.6.17)) and ggp,l (cf. (2.6.22)) are suitably modified,
it is shown as in the proof of Theorem 2.5.5 that, for any 3 € (51, Ar],

inf max { (VL) ™ Zrgy 1.(Gr(20)), (W5L) " Br,0,1 (G (w0)) }
ar
> inf max {Eo ((45°%) ™ [gr(w0) — gh0(20)[*)
gr
ol \—2 [~ j 2
By (L) ™ [gr(w0) — g (20)[*) }

> (1-10)3

For sufficiently large T, it thus holds, for any estimator gr of 9;p,
max { (5) 7 Pr gy 1 (Gr(20), (1 20)°)

> max { (W5°L) " B gy (Gr(w0)), (WEL) " Brpo,r(Gr(wo) } = (1-6)°.
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Consequently, for T' large enough,

~ 3 (,,Kol \2
Rr,p,0(Gr(70)) > (1= 0)" (571)"
Lemma 2.5.3 (resp. its proof) implies that there exists some constant ¢’ > 0 such that
Bo—d/2

inf Zr gy, (Gr(20)) > T Po

gr

Summing up, for any f; > 1 and some positive constant ¢”,

Br.g,0(G7(20)) Brgo.1(Gr(x0)) _ (1= 8)> (L) (c’Tﬁof*om)

Ay gy, (Gr(20)) #r,80,1.(97(20)) — (wgé‘le) (L)
logT 41 Bo—d/2
7 _ Bo—
> ¢ (Oi) 26081 (log T) Bo g 0O.

O]

Proof of Theorem 2.5.11. The proof is similar to the proof of Theorem 2.5.9 as will be sketched in
the sequel. Let 8 € [Bs, Br], L € [L«, L*], and 8" € (d/2, 3]. Denote again by vyr;, i € N, functions
of T such that limy_,ooyri = 0. Let ¢g 1 = Yrg C(B,L;p,0), for Y7z and C(B, L;p,0)
introduced in (2.5.8) and (2.5.31), respectively. Denote

1/2 9
F(8) i (o@0lol, og T P (feao)lo]3, log TN VY
' BT ’ T AT )
d 2
nr.p = h / ||KﬁHL2 (R4)>

and define B , Ar g, Hr 3 and Hr g analogue to the proof of Theorem 2.5.9 as

if4<p <544
ff3+ d<p<p,

- 1‘ < 5T},

Iy d

B=B(8.8) = {“2’
ATB/ 2—{ hTﬁ’/h’Tﬁ d
,HT,g {h h/th B d/2—1‘<(5T}

HT”g {h h/th — 1‘ < CoéT}

for some positive constant ¢y and d7 := (logT)~!. Given h € Hr g, let

2 7T X, — xo
gTﬁ(a:g,h) = W/o Kg (h) qu,

gr,3(x0) := gr,8(T0, h1,3), s7(B) := 2h,, d/Q\/ || |55 \KgHLQ(Rd
nr.,3 logT
d = = .
r(6) sr(B) B

define

and

124



2.6. Proofs for Section 2.5

Finally, let

mr(8") = sr(8) ((d%<6’> ) (loﬁgTT)l/Lj .

Most of the auxiliary results which were used for proving Theorem 2.5.9 admit (more or less)
straightforward extensions to the present setting. In particular, the following analogue of Lemma
2.6.5 holds true.

Lemma 2.6.8. Grant Assumptions (BI) and (SG+). Let 8 > d/2, and denote
Zrg(h) := grs(x0, h) — Epgr g(xo, h), h € Hrpg. (2.6.94)
Then, for any ' > d/2, it holds:
(a) For any
u € [rr(8), Ry sr(8)v1ogT], R} > 0 an absolute constant,

there exist some sufficiently small ', independent of ', and some universal constant
¢, > 0 such that

2 11—~
Pb< sup || Zrg ()] > u) < ¢ exp (—M> +o(T7h).
T

EHp g

(b) For any
u € [Ry sp(B8)V0ogT, R, 1, RS > 0 absolute constants,

it holds, for some constants ch,ch > 0,

/2
Pb< sup ||Zrp (h)|| > u) < cyexp (— ggul ) : (2.6.95)
S 7.8 ST(ﬂ)

(c) Assume that B < B. Then, uniformly in 3 € Br,

2
sup  m osup (Y1) Eb(( sup ||ZT,6'(h)H>
BEB, B<p  bell(,L) heHr 5

y 11{ sup [ Zrp ()] > m,@/)}) 0,

S T,B/

2
sup  m osup  (Ypr) Eb(( sup ||ZT,6’(h)H>
BEB, B<p  bell(,L) heHr 5

X ]].{ . sup HZTﬁ/(h)H > ST(,B/) 7/’6,L}> — 0.

.5

Proof. The assertions follow from slight modifications of the proof of Lemma 2.6.5, taking into
account Remark 2.5.14. O

For v = (B, L) € Br, define 3~ and 3] as before as

B
logT"’

B~ =3 Br = (loglog T)%,  for 3 € (da,1).
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Set
RE, =, s By (l[gr (o) — div(ap) (wo)||* 1{Br > B7}),
ell(v
Ry, =1;> R (l[gr (o) — div(ap)(wo)||* 1{Br < B7}).
ell(v

(I) Some rather straightforward modifications of the proof of part (I) of Theorem 2.5.9 yield

lim sup sup T\’,;V <1 (2.6.96)

T—o00 I/EBT

Indeed, analogously to the proof of (2.6.65) in Lemma 2.6.6, it is shown that
—d
vy = 20OV (nrs + hT 5" by ). (2.6.97)

As in (2.6.73), define B = B(j) via the equation

log T\ 1/(28) log T\ /(2P
(ez)  =0F)

Let 8 € G be the largest grid point < B, and assume that T is large enough to ensure that
B~ < BT and that 8 = 3. Consider the sets G; = G1(3) and Gy = Go(/3) as defined in (2.6.75)
and (2.6.76), respectively. Since 7j5(div(ap)) < 2LV/d, the same steps as in the proof of Lemma
2.6.4 imply that

|Esgr,p: (20, h) — div(ap)(zo)||

= (QW)_d /Rd ¢div(ap) ()\) (QSKB/JL ()\) - 1)e_i>\txod)\H

< (2 [ Joun ] 125r) (B

R (14 [[RA/D*)

< 2LVd bg g hP~Y2, (2.6.98)

Therefore, whenever the event A7 g holds,

sup  ||Eygr g (20, h) — div(ap)(zo)|

hEHT,ﬁ,
< 2LVd bg g  sup RA=4/?
heHp g1
b—dj2 B—d/2
dp(zo)llolls,\ > (logT\ 25 _

Arguing as in the derivation of (2.6.80) and (2.6.78), we obtain, for any ' € Gy,

sup |Esgrpr (w0, h) = div(ap)(wo)|| < L)YV g 5055 (1+1)
€M g/

(2.6.97)
< Yy (1+771)

and
nr g+ < (2L)Y®nrg (1+ yra).
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2.6. Proofs for Section 2.5

Thus, whenever BT = [’ € G and the event A7 g holds, one has

g7 (20) — div(ap)(zo)|| < sup [ Zpg(h)]| + vy (1+71).
hE’HTﬁ/

Similarly, if BT = ' € Go and the event A g+ holds,

|97 (20) — div(ap)(zo)||
< 19,3, (@0) = gr,5+ (@o)[| + [[g7,5+ (0) — div(ap)(zo)]|

~ d
g\/Enmwh sup || Zg g+ (h)|| + (2L)Y @A) Vd h /bw (14 y71)

€Hrpt

—d
< sw 1 Zrge (W) + LYV (W55 s (14 9m) + i (14 919))
7,81

< , Sup | Z7,+ (R)|| + 4w (14 14).

€Hyp gt

Decomposing analogously to (2.6.83), it follows
¢;2 Eb<"§T(xo) le(ap X0 H ]]-{BT € G U QQ})

<> Eb<(1+m T, sup HZT,,B’(h)||)2 1{pr =0} ll{Amf}>

B

=:p(B’)

+ Z E, (1/)1,2 HgT(JI()) le(ap) xo H ]].{BT = ﬁ} ]]-{ATﬁ/}>
B'e€G1

- S m((orct i s 1) 1B = 7 1)

B'€Ga €Hr g+

s Eb@;z [52(z0) — diviap)(eo) [ 1{Fr = ) ﬂ{ATﬁ+}>

B'€Ga

Exemplarily, we consider the term p(-). For any 8’ € Gy, it holds

p(f) < (1 + 71 + ST(ﬁ’WJl)Q P, (BT = 5/)

+2 (14 ym)° P,,( sup 27,5 (B)]| > \Jsr(8)0) (2.6.99)
T,B’
+202 B ((sw |ZegM) 1 sw | Zra)] > @) 26100
hGHT,ﬁl hGHTyﬂ/

Lemma 2.6.8(b) entails that the term in (2.6.99) is bounded from above by some constant
multiple of

2 Y, Y1 — 'YT))
2 (1 + /YTI) exXp < C3 ST(B/) :
Note that
nrp < Loexp(CBF )y
such that
sr(B') _ Laexp(CBf)sr(B') . [ B /
< =1L C — = A,
(L nr.g 2exp(CPr) log T T
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Lemma 2.6.8(c) implies that the term in (2.6.100) tends to zero, uniformly in 8’ € G;. Similar
arguments yield upper bounds on the remaining parts of the above decomposition (also cf. the
conclusion of the proof of part (I) of Theorem 2.5.9). Summing up, we get

2
Ri, < (1 + 72 + \/A’T) Py(Br € G1 UGs) + Cmexp (— 2471) + op(1).

Inserting the definition of A/, and m, we obtain (2.6.96).

(IT) We now show that
lim sup Ry, =0. (2.6.101)

T— o0 vEBT

Let B € [Bs,Br], B €G, B <B~=B—pB4/logT, L € [Ly,L*]. Let b € II(3,L), v = (B, L). It
was already noted that a straightforward modification of Lemma 2.6.4 implies that

300 [Bugr, (0, h) = div(ap)ao)| < 2LV by 177
ell(v

such that, for any T large enough,

sup  (|[Bygr,p(wo, h) — div(ap) (zo) | 1{Ar,})

GHT,B’

<2LVdbsy sup (W2 1{Ary))
h

.5

<brg (1+dr),
B—d/2
where by g := 2LVd bs s hT7 g Consequently,

1976/ (x0) — div(ap)(zo)|| L{ A1}
< sup ([Bogrp(wo,h) — diviap)(zo)|| 1{Arp} + || Zr s (h)])

hGHT’ﬂ/

S bT,,B’ (1 +3T) + sup HZTwB/(h)H’
hGHTﬂ/

where the stochastic error Z7 g/(-) is defined according to (2.6.94). Notably, we get

_ ~ . 2
sup 02 By [, (z0) ~ diviap) ao)|
B'€G.B'<B~ bell(v)

< L{fr = 8} Arp}) < 00) + 920)
for
av) =2 > sup v, ” (b%ﬁ/(l +o7)° + T%(Bl)) Py (Gr = ),
B'€G.B <P~ bell(v)

g2(v):i=2 Y sup ¢°
B'€G.B <P~ bell(v)

2
< By(( sw [Zea) 1 swp |Zrp)] > mr(3)}).
heHT,B’ heHT,ﬁ’
As in the proof of the upper bound for component-wise estimation of div(ap), we proceed by
exploiting that the “probability of undershooting,” that is, the probability of underestimating

the value of the true smoothness parameter S by the estimator Sr, is small, uniformly over
bell(v).
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2.6. Proofs for Section 2.5

Lemma 2.6.9. Let 8 € [fs,0), B’ € G, 8 < 87, L € [L,L*], and v = (8,L). Then, for
m = card(G), there exists some constant K such that

sup Pb(BT = B’) <Km T2,
bell(v)

Proof. The proof is similar to the proof of Lemma 2.6.7. Note first that the definition of BT
according to (2.5.30) implies that

sup Py(Br=0)< Y sup Py ([[d5(w0) — Grpr(wo)| > Ve i)

bell(v) B"eG,B"<p! bell(v)
< P — 0 1" > d n 17
- mﬂ/'eg B<p bEll_Il?) b (H B ( 0) gT,,B (:EO)H \/> 77T”3 )
<m sup (41 +q2), (2.6.102)

B//Eg B"<Bl bEH( )
where

a1 = (8. 8") =Py ({[[g, 5 (w0) — drs0(@0)| > Vd o} {4z N A} )

a2 = a2(8',8") := Py ({1377 (w0) — G0 (20) | > Vd Ayrgn} (V{45 5 U AG 0} )
Consider the sequence

1-6
o3 = exp <_k:2(logT)> — 0.

83

Plugging in the definition of the respective quantities, we obtain

—d/2
bT7B// thé{ 6// bﬁ7ﬂ” /8//

5T377T76" 5T35T,ﬁ” IOg T
(1 Vﬁmé@zﬁ Ryt
ks(log T 8" — ") 1og T
(1)v/Br exp <2Og) _ B ﬁ)0g>=0(1).

S/BT 26T
Furthermore,
/3 —d/2)
bry  _ Ly by [ /B hTﬁ” 673 = o(1).
6T377T,6” (STgsT“g// lOgT o TB T3 =

Consequently, there exists some positive constant L3 such that, for T" large enough,

(bT,E, + bTﬁN) (1 + gq‘) < Lg\/g 5T377T,B” (1 — ST)
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2. Sharp adaptive drift estimation for ergodic diffusions in higher dimension

Therefore,

ar <Py sup g (a0, ) — divlap)(ao)|
hEHT,E/ ’

+ sup |lgrg(z0,h) — div(ap)(zo)| > Vd nren (1 — 5T)>
hG'HTﬁ//

< Pb<(bT,6/ + bT,,B”) (1 + ST)

T sup HZT,E’(h)H + , sup || Zr,p0 (h)| > Vd nr g (1 —5T)>

7.5 €Hr g
= Pb<heS;Il£B, 1275 (W] + heSUTI?BH | Zz gn (B)|| > (1 = Ladrz)Vd nrgn(1 — 5T)>
< d1a + q1;

where

A1 = q1a(8") :=Pb( sup || Zr,a0 (h)]| > (1 — 2Lsdrs) Ve np e (1—5T>),

EHT,,B”
aw = au (8, 8") = Pb(h sup[|Zp (k)| > Ladrsvd nrgr (1 5T))-
S T ’
Part (a) of Lemma 2.6.8 implies that

(1 —2L3073)* d 17 gn (1 —07)* (1 —7)
25%(5")
(]. - L5 6T3) legT) < L6 T*d/(26//)'
28" =

Lemma 2.6.8(b) entails that there exist some positive constants c, ¢4 such that

= o

< ¢jexp (—

/ / 5%377% B (1 - ST)zT
dib < ¢y exp | —c3 = )
s7(6)
Since
—d/2
orsnr,pr _ Orsst(B”) \/@ S 5T3hT,5/~ | Kpr || L2may  [log T
2N = = —dj/2
st(6) st(8) " hT,B/’ 1K 1 L2 (ra) A
logT

> O(673) TY48")=d/(45)

— 400,

/B//

the upper bound on qqp is asymptotically negligible as compared to T~ (257, Summing up,
q1 < O(1)T~%38) . Lemma 2.6.3 entails that gy is also asymptotically negligible, and in view

of (2.6.102), we obtain the assertion.

Let 8 € By, Br], 8/ € G, L € [Ly, L*], v = (B, L). The very same arguments as in the conclusion

of the proof of part (II) of Theorem 2.5.9 entail that

lim sup ¢gi1(r) =0 and lim sup g2(v)=0.

T—00 ycBy T—00 yeBy

In combination with another application of Lemma 2.6.3, we obtain (2.6.101).
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3. Donsker theorems for multidimensional ergodic diffusions

We study weak convergence of empirical processes of multidimensional ergodic dif-
fusions under the basic assumption that the underlying invariant measure satisfies
Poincaré’s inequality. Results from classical empirical process theory such as Os-
siander’s bracketing CLT and the Giné—Zinn CLT are revisited. We further prove
increased regularity for diffusions with finite invariant measure by investigating
smoothed versions of the empirical diffusion process.

3.1. Introduction

Let (X¢)¢>0 be an ergodic diffusion process on £ C R? with unique invariant probability measure
p. Denote its infinitesimal generator on L?(E,pu) =: L?(u) by A, assume that Xy ~ u, and
consider 0 # f € L3(u1). Recall that the additive functional

(/Ot f(Xu)du>t20 (3.1.1)

of the diffusion (X;),5 is said to satisfy a central limit theorem (CLT) if

;% /Ot F(Xu)du =00 Z ~ N(0,1). (3.1.2)

Functional central limit theorems provide an extension of the CLT. For instance, the functional
CLT due to Bhattacharya (1982) states that, for any fixed ¢ > 0 and any fixed function f of the
form f = AF,
! " Xy)d W, 3.1.3
i = 1.
2= ([ reaan) s (o, (313)
where 02(f) := =2 [5 F(x) f(z)p(dz) and W = (W;)s>0 is a standard Brownian motion. The
passage to a continuous-time result is obvious and allows to recover a CLT, namely

\}E /Ot F(Xu)du =100 Z ~ N (0,6%(f)) - (3.1.4)

The Cramér—Wold device immediately gives a multidimensional extension of (3.1.4). Given any
finite set of functions f1, ..., f;, of the form f; = AF;, i =1,...,m, the law of the m-dimensional
process with components

1 ot
— fZ(Xu)du, 1= 1,...,m,
\/ff/o

converges weakly to an m-dimensional centered Gaussian distribution with asymptotic covari-
ances given by

- [ i@af@u) - [ Af@5@0d), 15 =1.m.
The aim in the sequel is to provide an extension of the CLT mentioned above in a different

direction and to describe classes of functions on which limit results in the spirit of (3.1.4) hold
uniformly. This question is the central issue of empirical process theory. Given i.i.d. random
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3. Donsker theorems for multidimensional ergodic diffusions

variables X1, ..., X, ~ P and a class of functions 7 C L?(P), the empirical process indexed by
F is given as

1 n
(Gn(N)per = | —= D (F(Xi) —Ef(X1)) - (3.1.5)
vn =1 feF

Lindeberg’s CLT gives convergence of the finite-dimensional marginals whenever the variance of
f(X71) is finite. In order to extend this result to a CLT in the space ¢°°(F) of uniformly bounded
functions z : F — R, the existence of a tight version of the limiting Gaussian process does not
suffice. Rather one has to verify additional side conditions related to the random geometry of
F in order to get a uniform CLT or so-called Donsker theorem.

For ergodic diffusion processes, one standard strategy for proving a (finite-dimensional) CLT
similar to (3.1.4) is to use a martingale representation and to decompose the additive functional
(3.1.1) into the sum of an L? martingale and a remainder term which vanishes in the limit.
The proof of the CLT is then reduced to a CLT for martingales. The same strategy has been
applied by van der Vaart and van Zanten (2005) for proving their Donsker theorems for scalar
ergodic diffusions with finite speed measure. In particular, it is shown in their article that the
empirical process of a regular scalar diffusion on an interval I C R with finite speed measure
behaves substantially different as compared to the classical empirical process (3.1.5). In fact,
weak convergence of the empirical process takes place in £°°(F) if and only if the limit exists as a
tight, Borel measurable map. Contrary to the situation for i.i.d. random elements, no additional
(entropy) conditions restricting the size of the class F are required. The proof of this result
is heavily based on an analysis of diffusion local time and relies on the fact that the empirical
measure of a univariate regular diffusion is continuous with respect to Lebesgue measure. For
dimension d > 2, diffusion local time does not exist. In particular, the empirical measure of
a multivariate diffusion is no longer Lebesgue-continuous. While some relation between the
empirical process of the diffusion to a family of local martingales can be established in the
multidimensional case, too, it is however not clear whether necessary and sufficient conditions
can be obtained in this way. There exist different possible origins for the formulation of Donsker
theorems:

(a) CLT via Poisson equation in L?;
(b) CLT from the existence of asymptotic variance in the reversible case.

The strategy in (a) starts by solving the Poisson equation for some fixed 0 # f € L3(u). If
AF = f admits some regular enough solution F, It6’s formula implies that, for every ¢ > 0 and
e>0,

-1

[ = P (X)) — P (o) = M,

where (Mf), is a local martingale. The functional CLT for L? local martingales due to Re-
bolledo (1980) may then be applied to obtain convergence of the finite-dimensional marginal
laws. In the reversible setting, a similar approach allows to prove finite-dimensional weak con-
vergence whenever the Kipnis—Varadhan condition is satisfied (see Section 3.2.2 below). We first
show that Poincaré’s inequality can be used to verify an increment condition on the empirical
process of X and allows to state sufficient criteria for Donsker theorems. Furthermore, (PI)
implies a Bernstein-type deviation inequality which holds for any p-integrable bounded function
h with p(h) = 0, namely, for any ¢, > 0,

1 rt 2 T
P, (= [ h(x,)d < exp | —tmi : 3.1.6
g (t /0 (Ku) du > T) = xp ( mm{&;p Var,(h)’ 2¢p [[hlloc }) (8.1.6)

(cf. Proposition 1.2 in Cattiaux and Guillin (2008); also see Theorem 3.1 in Guillin et al. (2009)).
Bernstein-type inequalities in this spirit are perfectly tailored to the application of techniques
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from empirical process theory. In particular, (3.1.6) allows to state a sufficient condition for
Donsker theorems in terms of bracketing metric entropy. The sharp Bernstein-type deviation in-
equality due to Lezaud (2001) applies to symmetric Markov processes, still under the assumption
that Poincaré’s inequality is satisfied. It replaces the variance term on the right-hand side of
(3.1.6) with the asymptotic variance of h appearing in the CLT, given as

thm Varp < / h(X >,

and allows for a more refined analysis. In general, Bernstein-type deviation inequalities provide
some control of the Orlicz norm, and standard chaining techniques can be applied to derive
conditions for asymptotic equicontinuity. One obstacle is that both (3.1.6) and the inequality
due to Lezaud (2001) are restricted to bounded functions, and the question arises how unbounded
function classes might be treated in the highest possible generality. Bernstein’s inequality for
continuous martingales is one resort. The approach is conceptually different and relies on the idea
of martingale approximation as it is also used for proving finite-dimensional weak convergence.
Given any continuous local martingale M vanishing at 0, Bernstein’s inequality for continuous
martingales (see, e.g., Revuz and Yor (1999), p. 153) states that

2
Vit,r>D0, P, (sup Ms > rt; (M, M), < ct) < exp (—;) , (3.1.7)
c

s<t

thus giving a subgaussian bound whenever some control of the form
1
S(M M), < c (3.1.8)

for all ¢ is available. Here, (M, M); denotes the martingale quadratic variation of M at time ¢.
While (3.1.7) is not restricted to bounded functions, it however requires verifying a condition in
the spirit of (3.1.8). We shall investigate the different approaches in more detail in the sequel.

3.2. Preliminaries

3.2.1. Notation and definitions

Let (Xt)i>0 be an ergodic Markov process on a Borel measurable space (E, %(E)), E C R,
with invariant measure p as introduced in Section 1.1.2. Define the associated Markov semigroup
(Pr)y>o by (P f) (x) := E, (f (X¢) | Xo = x), and denote by A the infinitesimal generator of ()
with domain D4 in L?(y). Usually, only a dense subset of the domain D4 is known, and so it is
convenient to assume that there exists an algebra 4 of bounded functions on E which is dense
in D4 and in all LP(u) spaces and stable by A (cf. Ledoux (2000) and Bakry (2008)). The carré
du champ operator I' is defined by

I'(f,9) = A(fg) — fAg — gAf, fge A
In the current diffusion framework, where A is a second order differential operator (cf. (1.1.1)),
it holds
() (@) :=T(f, f)(x) = (a(x)V f(2), Vf(2)), feA
Let A= — f0+°° AE) be the spectral decomposition of A on L?(j). The Dirichlet form £(f, g)
is defined by

“+oo

Dg:DF:{hGLQ(M):/O )\d<EAh,h)u<+oo},

+o0
5(f7g):<mf’mg>u:/o )‘d<E>\f7g>u’ f?geDg'
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3. Donsker theorems for multidimensional ergodic diffusions

Inequalities which connect the LP(u) norms of some function f to LY norms of the gradient
VI'(f) will prove useful in the sequel. Recall that u satisfies a Poincaré inequality if there exists
some constant cp such that

VIEA  Van(f)i= [ fdu- ( / fdu>2 < cp€(f.f) = [ T(f. S (P1)

3.2.2. Finite-dimensional weak convergence
Let F C L3(u). It was already mentioned that convergence of the marginals of (G.(f)) fer can
be established in different situations and under different assumptions on F.
Case 1. Uniform CLT via Poisson equation in L?. Assume that F C D4-1 such that, for any
f € F, there exists F' € Dy with AF = f. By Dynkin’s formula, (Mtf)tzo, defined by
t
M} = F(X;) — F (Xo) — /0 (AF) (X,) du,

is a locally square-integrable martingale relative to P, and if I’ 2 € Dy, it holds

¢

(MFy, = / [(F, F)(X,)du.
0

Letting Mf;’t .= M/, /\/n, it follows from the law of large numbers that

(M] ), =noo /F(F, F)dy.

Since, for any fixed ¢t > 0, F' (X,t) /v/1 —n—oo 0 in probability, it follows from the martingale
CLT that (3.1.3) and (3.1.4) hold. In the case of an infinite-dimensional extension of a CLT
which is obtained via the Poisson equation in L?, the limiting process G in a Donsker theorem
must be centered Gaussian with covariance function

B.G(NG(9) = [ 147 f, A )
- —/ ([a'f]g+[ag) f)dn.  faerF. (3.2.1)

The pseudo-metric induced by G on F is given by
d&(f,9) = /F(A’l(f —9))dpu
= —2/(f —9) [ATN(f —9)] du, fgeF. (3.2.2)

Remark 3.2.1. The CLT for Markov processes via solution of the Poisson equation related to
the infinitesimal generator has been studied amply in the literature; cf. Section VIIIL.3f in Jacod
and Shiryaev (2002). One classical reference for continuous Markov processes is Bhattacharya
(1982). More recently, the approach has been extended to obtain CLTSs for the Euler scheme with
decreasing step of Brownian diffusions (see Lamberton and Pages (2002)) and for Lévy-driven
SDEs (Panloup (2008)).

Remark 3.2.2. It follows from results on the Poisson equation in a bounded domain that the
equation AF = f on R? has a solution when f is compactly supported and the diffusion X
is uniformly elliptic. In the general case, Pardoux and Veretennikov (2001) solve the problem
under ellipticity conditions in specific Sobolev spaces and give upper bounds for F' and its first
derivatives. Further explicit criteria for solving the Poisson equation in L? are given in Cattiaux
et al. (2012).
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Case 2. Rewversible setting: Uniform CLT from the existence of asymptotic variance. For
reversible 1, a CLT holds even if the Poisson equation cannot be solved. Given f € L3(u), the
Kipnis—Varadhan condition is satisfied if

V= /OOO (/(Psf)Qdu> ds < oo. (3.2.3)

In this case, the CLT holds under P, with Var,(G;) ~;—c 4V. Let F C L3(p) be such that
any f € F satisfies (3.2.3). It follows from the above that the pseudo-metric induced by the
limiting Gaussian process G on F reads

d&(f,9) = /0 (/(Ps(f - g))zdu> ds, figeF. (3.2.4)
For functions f, g € D4-1, the expressions in (3.2.2) and (3.2.4) coincide.

3.2.3. Weak convergence of the empirical diffusion process

The classes of functions on F to be considered in the sequel will be countable families F of
(real-valued) measurable functions f on (E, B(E)) such that || f(x)|| 7 := supser |f(2)] < oo for
all z € E. By restricting attention to countable classes, we circumvent the various measura-
bility questions that the study of empirical processes raises. A convenient condition however is
admissibility or, more precisely, Dudley’s notion of Suslin admissible classes; see Dudley (1999),
Chapter 5.

Definition 3.2.3. Let F C L{(p) be a countable class of measurable functions, and define for
any t > 0 the random map

Gi(f) == \}i/otf(Xu)du, fer

We say that F is a Donsker class (for p) if G¢(f) ~ ¢ (7) G, where G is a tight, Borel measurable
element of (*°(F).

Weak convergence in £>°(F) to a tight Borel measurable limit is equivalent to finite-dimensional
weak convergence and (i) asymptotic tightness, or, equivalently, (ii) equicontinuity with respect
to a semimetric d such that (F,d) is totally bounded.

By definition, F can be Donsker only if there exists a version of the Gaussian process G which
is a tight Borel measurable map into ¢°°(F). Tightness of the Gaussian process G indexed by F
is equivalent to saying that F is pregaussian when we consider this term in the diffusion context
in accord with classical empirical process usage.

Definition 3.2.4. (i) We call F C L?(u) pregaussian (for p) if the centered Gaussian process
G appearing in the CLT admits a version with almost all sample paths bounded and
continuous on F with respect to the metric d(f, g) := ¢*(f — g), where

. . Lot
S3(f) = tlggo Var, (G¢(f)) = tlggo Var, <\/£/0 f(Xu)du) (3.2.5)

is the asymptotic variance appearing in the CLT.

(ii) Given a separable, infinite-dimensional Hilbert space H, a set C C H is called a GC-set
if the restriction of the isonormal Gaussian process I on H can be chosen such that its
sample functions are uniformly continuous on C'.
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A set
G L2(P) = {feﬁQ(P):/fdP—O}

is pregaussian if and only if the corresponding set in L3(P) is a GC-set; here, as usual, LZ(P)
denotes the set of all equivalence classes of elements of LZ(P) for P-a.s. equality. In order to
make this definition useful in the current framework, we consider Case 1. Assume that the finite-
dimensional distributions (fidis) of the random maps G; converge weakly to those of a centered
Gaussian random map G with covariance structure cov(G(f),G(g)) = [T(A71f, A=tg)du. De-
fine the norm || - ||p, on the domain of A as in (1.1.4), and assume that the carré du champ
associated with A satisfies Poincaré’s inequality. Then the couple (D4, || - ||p,) defines a sepa-
rable Hilbert space (see Lemma A.2.1 in the Appendix). This observation enables one to use
classical results on the continuity of Gaussian processes in order to verify pregaussianness as
defined above.

3.3. Approaches to uniform CLTs

Weak convergence in °°(F) is equivalent to finite-dimensional weak convergence and asymptotic
uniform equicontinuity. The question of convergence of the fidis was briefly discussed in Section
3.2.2. In particular, it was pointed out that CLTs can be obtained via the Poisson equation
and, for reversible u, from the existence of the asymptotic variance. There exists a wealth
of extensions and alternative approaches to proving CLTs for ergodic Markov processes. We
shall not further deepen this question but refer to Cattiaux et al. (2012) for a comprehensive
recent review of situations where finite-dimensional convergence can be established. For proving
uniform CLTs, asymptotic equicontinuity remains to be verified, and this is where the empirical
process machinery comes into play. In this section, we shall focus on the approach via solving
the Poisson equation in L? such that the latter task reduces to showing that, for every e,1 > 0,
there exists some d > 0 such that

1imsupPM< sup |Gt<f>—@t<g>r>e><n, f9€F Dy,

t—00 dg(f,9)<6

where dg is given by (3.2.2).

3.3.1. Poincaré’s inequality and an Ossiander-type bracketing CLT

The first result is convenient for statistical applications as it permits to use known results on
bracketing numbers. Recall that Njj (e, F, L?(u)) denotes the e-entropy with bracketing.

Proposition 3.3.1 (Rohde and Strauch (2010), Theorem 3.2). Let X be an ergodic stationary
diffusion process satisfying condition (D2), and let F C Dy-1 be a countable class of bounded
functions. If F satisfies

/OOO V108 N (e, F. L2 (1) )de < o, (3.3.1)

then F is Donsker.

Proof. It remains to prove asymptotic equicontinuity. Ossiander’s result is about L2-bracketing.
The proof of this classical bracketing CLT as it is given in Dudley (1999), pp. 239-244, is
based on chaining arguments which are also valid when the pseudo-metric dg is used. The only
ingredient of the proof which does not apply in the diffusion context is the classical Bernstein-
inequality which can be replaced with the Bernstein-type inequality (3.1.6). Furthermore, by
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Cauchy—Schwarz and Poincaré’s inequality,
Var, (Gi(Ag)) = (9, Ag),, < lgll L2l Agll L2y S 114117205

hence dg(A~1f,A='h) < ||f — hl[2(u), so the bracketing entropy numbers with respect to dg
can be upper-bounded by L?(j1)-bracketing. O

3.3.2. Applications of the sharp Bernstein-type inequality for symmetric Markov
processes

In this section, we require a sharper version of (3.1.6) due to Lezaud (2001). Using Kato’s
perturbation theory, he proved that for any h € L§(u), it holds

tr?
> T) < 2exp (2 (@) +cp 7“||h||oo)> , (3.3.2)

where ¢2(h) is the asymptotic variance appearing in the CLT (cf. (3.2.5)). If ¢2(h) < ||h|%
for all h as above, then the Bernstein-type concentration inequality (3.3.2) implies the Poincaré
inequality (PI) (cf. the comment below Theorem 1.2 in Gao et al. (2010) and the subsequent
remark), and (PI) can be seen as some kind of minimal assumption for (3.3.2) to hold for all
bounded functions h.

1t
vt,r > 0, P, <’t/ h(Xy)du
0

A sufficient condition for asymptotic tightness

We first consider the more general framework described in Theorem 1.2.7 in Talagrand (2005).
Definitions and relevant properties of the -, functionals are given in Appendix A.3. Let T be
a set equipped with two distances w;, @y, and consider a process (Z;)ier with EZ; = 0 which
satisfies the following increment condition,

2
u u
Pr(|Zs — Z¢| > u) <2 — mi tel.
r (| Zs | >u) < exp( mln{wl(s,t)’wg(s,t)2}>’ s,t €

Then, for all u,d > 0, k € N, the following inequality holds,

E sup |Z:s—Z <L (inf sup Z 2"A1(A,(t)) + inf sup Z 22 No(An(t)) + 522k) , (3.3.3)
w2 (s,t)<d teT |5k teT >k

where the infimum is always taken over all admissible sequences (A,,) of partitions of T'. For
the proof, define the functionals

¢1(k) := inf sup Z 2"A1(Ap(2)), C2(k) = inf sup Z 22 Ny(An(t)), keN.

teT 20, teT >k

Fix k > 0. Theorem 1.3.6 in Talagrand (2005) states that v, (7',d) < L(«)supv4(F,d), where
the supremum is taken over all finite F' C T. Thus, it is no loss of generality to assume that T’
is finite. Inspection of the proof of Theorem 1.2.7 in Talagrand (2005) yields

Esup|Z — Zo,| < Lsup Y (2"@1(ma(t), muo1(1) + 2" 2@a(ma (1), mu 1 (1)) )
teT teT ;S

L(Ci(k) + (k)

IN
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3. Donsker theorems for multidimensional ergodic diffusions

where 7, (t) denotes the point in A, (¢) which is closest to ¢ (in terms of the respective metric).
The remainder of the proof is along the lines of the proof of Theorem 11.14 in Ledoux and
Talagrand (1991). For the sake of completeness, we sketch the remaining steps here. Define

U:={(z,y) € A x Ay : Ju,v € T such that wy(u,v) < 0, 7 (u) = z, 7(v) =y} .

For (z,y) € U, fix ugy,Vsy such that mp(ugy) = @, mp(vey) = v, and wa(ug,y, Voy) < 6. By
Lemma 11.3 in Ledoux and Talagrand (1991), it holds

E sup |Z,,, | < 6vcardU < 22°6.

vz y
z,yclU

Consider arbitrary s,t € T' with wa(s,t) < 6, and let © = mi(s), y = mx(¢). It then follows that
(x,y) € U and, since my(uzy) = mi(s) =z, mp(vzy) = m(t) =y,

2~ 2 < swp |2, - vly|+4sup\zt )]
7y€

This proves (3.3.3). Returning to the case of a symmetric Markov process (X;),~, whose carré du
champ satisfies (3.3.2), let F C L{(p) be a class of bounded functions. Consider the collection
(Ge(f)) jer of functionals G;(f) := t=Y/2 [§ f(Xu)du, t > 0, indexed by F. Then the above
reasoning implies that, for all u,t,§ > 0, k € N,

L
P, ( sup [Gi(f —g)] > u) < Z(infsup 3 2V2A(An(f)) (3.3.4)
f.9€F:dg(f.9)<6 u feF 0=k

1 k
inf sup 2" Ao (An(f)) + 0277,
2 (1) +82%)

where the infimum again is taken over all admissible sequences of partitions of F.

Proposition 3.3.2. Assume that p satisfies (3.3.2). If F is pregaussian and if there exists an
admissible sequence (Ay,)n>0 of partitions of F such that

Jim. ;1612 Z 2"Aoo(An(f)) = op(1), (3.3.5)

then (Gt(f))fef 1s asymptotically dg-equicontinuous.

Proof. Since F is pregaussian, Theorem A.3.3 implies that there exists an admissible sequence
of partitions (A )n>0 of F such that

lim sup Z 22 Ny (An(f)) = 0. (3.3.6)

k—o0 feF

Given n > 0, it follows from (3.3.4), the above condition (3.3.5) and (3.3.6) that 6 > 0 can be
chosen such that
> 5) <.

Remark 3.3.3. Assume that h1, ooy hy, € L(p) satisfy the increment condition (3.3.2), and that
max;—1,..m Var, (Gt (h;)) < ¢ and max;—1,...m ||hill .o < M. Analogous to the proof of Lemma
2.2.10 in van der Vaart and Wellner (1996), 1t can be shown that, for any p > 1,

lim P, ( sup (f —g)(Xs)ds

t—0o0 d@ fg <5 \[

O

log(1 4+ m) <§ + ? log(1 + m)) (3.3.7)

\[

Lp(u)
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The chaining method provides extensions of bounds on finite suprema as in (3.3.7) to the infinite-
dimensional case. For a class F C Lj(u) of functions satisfying (3.3.2), the generic chaining
technique immediately gives an upper bound of the form

o [ pxau )
0

Vi

E, sup S 7 (F,dg) +

fer

Excursion: The effect of pregaussianness on the asymptotic equicontinuity
criterion

We now state a result similar in spirit to Theorem 3.2 in Giné and Zinn (1984) which describes
how pregaussianness bears on the equicontinuity condition. Their theorem states that a class F
of uniformly bounded functions on (S, %(S),P) is P-Donsker if and only if it is P-pregaussian
and it holds for any (or all) n > 0

1 & _ n
sup{\/ﬁ;&(f —9)(Xi): frg € Fof —gllew) < } —n—oo 0

Vn
in probability, where (¢;) denotes a Rademacher (randomizing) sequence. Symmetrization plays
a central role in the proof of this result (cf. also Ledoux and Talagrand (1991), pp. 405-407) which
essentially consists of applying Sudakov’s minoration principle and real exponential bounds
which follow from comparison of Rademacher averages to Gaussian averages. Since the sym-
metrization device is not directly applicable in the diffusion framework, we use a different idea
and decompose the function class F. The Bernstein-type inequality (3.3.2) shows that the
empirical process G; exhibits a tail behaviour which is a mixture of a subexponential and a
sub-Gaussian part. The sub-Gaussian part is controlled by the pregaussian hypothesis while
the subexponential part can be dealt with by means of Sudakov’s minoration. Given a function
class F and any 0 > 0, let

f(S::{f_g:fage]:vdG(fag)<5}' (338)

Note that, while the original result due to Giné and Zinn (1984) is formulated in terms of the
L?(P) norm, Fs in (3.3.9) is defined via dg rather than L?(u).

Proposition 3.3.4 (Rohde and Strauch (2010), Theorem 3.1). Let F C L{(u) be a counta-
ble class of uniformly bounded functions. The empirical process (Gt(f))fef s asymptotically
equicontinuous if and only if F is pregaussian and it holds for any n > 0,

\}E/Otf(Xu)ds

Proof. 1t is clear that the conditions on F are necessary for asymptotic equicontinuity of F. The
first part of the proof of sufficiency is along the lines of the proof of Theorem 3.2 in Giné and
Zinn (1984). Let > 0 be fixed, and set &; := (n/vt)"/?, ms := N(6;/2,dg, F). Pregaussianness
of F implies by Sudakov’s minoration (cf., e.g., Corollary 3.18 in Ledoux and Talagrand (1991))
that

E,

100 0. (3.3.9)

‘7:(”/\/;)1/2

lim &¢+/logm; = 0. (3.3.10)
t—00

Furthermore, there exists a finite set G := G(n,t) = {g1,...,9m,} maximal in F such that

dg(gi, g5) > 6 for all 1 <7 < j < my. Since G forms a d;-covering of F with respect to dg, the

triangle inequality yields |G|z, < (|Gt £, + IGtllg, - In view of (3.3.9), it remains to bound
t
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3. Donsker theorems for multidimensional ergodic diffusions

E, HGtHg,, from above. This is done by means of a slight modification of Lemma A.1 in van der

Vaart (1996). For any f € (F — F), let a? = E,I(f), ¢y := supyep |f(2)], and consider the
decomposition

0'2 0'2
IGe(f)| = [Ge(f)] -1 {|Gt(f) < cj:\/i} +[Ge(f)]- 1 {|Gt(f) > cj:\/i} . (3.3.11)

2exp —2> 5
4o

. i

Py (rGt<f>|‘n{\Gt<f>r>qﬁ}ﬂ) < Zewp (‘W)

This implies (cf. the proof of Lemma A.1 in van der Vaart (1996)) that

The sharp Bernstein-type inequality (3.3.2) then gives

IN

0_2
P, (IGt(f)l 1 {\Gtmr < J{ﬁ} > )

s> it
<

G {1 < Zvi}
) <1
KCf/\/E n

KJf -

E,uwl Eﬂwz

where K is a sufficiently large (universal) constant, not depending on ¢y and oy, and v, are the
Young functions ¥4 (x) := exp (z%) — 1, @ = 1, 2. Inequality (2.10) in Arcones and Giné (1993)
then gives for ¢’ := supc ¢y,

C/

Vit

For estimating the first term in (3.3.11), we use the generic chaining bound in Theorem 1.2.6 in
Talagrand (2005) to obtain

5
E, max [G(fi— f;)|1 {|Gt(fi — fi)l > Jf_f]\/i} < log(my)

1<i<j<my cfz‘*f;

2
E, max [Gy(f; - f;)|1 {mt(ﬂ- — )l < "ffﬂ} S92 (G, des)

H1<i<i<m Chimy,
Pregaussianness implies that lim, .o y2 (5, dg) = 0, and combined with (3.3.10) this completes
the verification of the asymptotic equicontinuity condition. O

Remark 3.3.5. An alternative result on the influence of pregaussianness on the Donsker proper-
ty can be derived from Theorem 2.6.2 in Talagrand (2005). Loosely speaking, it asserts that a
countable class F C L?(P) is P-Donsker if it can be decomposed into the sum of one class F; for

which the random distances (37 n ™! f(X;)|?) Y2 are controlled by the pregaussian hypothesis
and another class F» for which small L!(P,,) perturbations have their L?(P,,) distances bounded
by a fixed Gaussian distance.

The importance of the above results on the effect of pregaussianness is that they can be used
to formulate simplified conditions for asymptotic equicontinuity. In particular, they provide
a starting point for deriving (modified versions of) uniform CLTs under minimal conditions
(in the best case, reduced to pregaussianness). Versions of the Giné-Zinn result have been
applied in Giné and Nickl (2008) and Radulovi¢ and Wegkamp (2009) for proving Donsker-
type theorems for smoothed empirical processes under only pregaussian conditions; a detailed
discussion of their results will be given in Section 3.6. Mendelson and Zinn (2006) use the
alternative characterization sketched above (also cf. Theorem 1 in Talagrand (1987a), Theorem
3.1.3 in Giné and Zinn (1986), Corollary 14.9 in Ledoux and Talagrand (1991)) to construct a
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3.3. Approaches to uniform CLTs

modified empirical process which converges under only pregaussian conditions. Their approach
is based on the generic chaining technique which is applied to build a modified empirical process
for which only the existence of the limiting Gaussian process is required to obtain both tail
estimates and the CLT for the modified process. The variant of the empirical process they
consider is based on almost admissible sequences and therefore only of limited use in practice.
Note however that, replacing Bernstein’s inequality for independent random variables with the
sharp Bernstein-type deviation inequality (3.3.2), the proof of Theorem 2.7 in Mendelson and
Zinn (2006) can be modified to construct a respective variant of the empirical diffusion process.

Beyond Poincaré’s inequality

Empirical process theory has matured over the last decades, and the theory now provides tools
for proving results known from the classical setting also in more general situations without too
much effort. Giné (2007) points out strategies to prove CLTs for classical empirical processes in
the following order,

(1) arguments from probability of Banach spaces,
(2) VC-type arguments,

(3) bracketing results, and

(4) conditions in terms of random entropies.

A bracketing result has already been stated in Section 3.3.1, and (1) and (4) will be investigated
in this section. As concerns (2), we merely note that it is possible to discretize the empirical pro-
cess and to work with the discretized version, exploiting some mixing properties. In particular,
the symmetrization device can be applied after suitable decoupling to the discretized version,
such that sufficient conditions ensuring asymptotic equicontinuity (such as Vapnik—Chervonenkis
type conditions) can be derived. We do not pursue this strategy here but refer the reader to
Rio (2000) for further results in this spirit.

Random entropy criteria

The proof of the result of van der Vaart and van Zanten (2005) on scalar empirical diffusion
processes comprises the following steps:

(1) Reduction to the natural scale case such that it suffices to prove the theorem for diffusions
X for which the identity is a scale function;

(2) asymptotic equivalence with uniform weak convergence of continuous local martingales;

(3) proof of convergence of the finite-dimensional marginals of the approximating martingales
by means of the martingale CLT};

verification of asymptotic equicontinuity by means of a limi eorem for diffusion loca
4 ificati f toti icontinuity b f a limit th for diffusion local
time.

While (2) and (3) have their counterparts in our previous analysis of weak convergence proper-
ties of the empirical processes of multidimensional diffusions, item (4) remains open. The first
part of the proof of asymptotic equicontinuity in the scalar diffusion case consists in applying
Bernstein’s inequality for continuous martingales, and this can be done in the multidimensional
setting, too. The approach gives a criterion for asymptotic tightness which does not rely on
Poincaré’s inequality.
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3. Donsker theorems for multidimensional ergodic diffusions

Proposition 3.3.6. Assume that p is reversible, and define the pseudo-metric dg as in (3.2.4).
If F is pregaussian, if any f € F satisfies the Kipnis—Varadhan condition (3.2.3), and if

HIS S (P(f — 9)*(Xy)duds
S R R - g ds oW (3:3.12)

dG(fvg)>O

then
(Ge(f) per o7y (G(f)) e,

where G is a centered Gaussian process with covariance structure
o0
EMG(f)G(g) = 4/0 /PSfPsngdS.

Proof. Pregaussianness of F implies that (F,dg) is totally bounded. For fixed ¢ > 0 and f € F,
define the resolvent

o
ge := R f ::/ e “°Psfds. (3.3.13)
0

Thus, g. € D4, eg- — Ag. = f, and

[ Fu)du = Mige) + ¢ [ 0o+ 90(Xo) = (X0,
0 0

where

Milge) = 0.0 = (%) — [ (4g)(X)u

is a martingale. Since £||g:||* —-—0 0 by (3.2.3), the finite-dimensional marginals of (G(f))er
converge by means of the martingale CLT. Given f, f' € F and any fixed ¢ > 0, define g., g.
according to (3.3.13). By the preceding, it suffices to prove asymptotic equicontinuity of the
approximating martingales M;(-). Bernstein’s inequality for continuous martingales (cf. (3.1.7))
implies that, for any n > 0 and all ¢ > 0,

2

1 / 1 ! !
Pu (g IMulae —a0)| > s p(M 0. = o) < KB (5.1 < 2050 <2K2dgﬂf>> |

that is, f — t /2 M;(g.) - 1{t (M (g.))s < K? [(Psf)?du} is subgaussian with respect to Kdg.
Since F is pregaussian, there exists an admissible sequence (A, )n>0 of partitions of F such that

lim sup 22N (An(f)) = 0.
Jim sy 32228 (40(1)

Now, for any ¢ > 0, there exists § > 0 such that, uniformly in ¢,

E, sup [My(g: —gl)| - 1{t" (M(g — g1))e < K*d3(f. )} < C. (3.3.14)
de(f,f")<6
Combining (3.3.12) and (3.3.14) then gives the assertion. O

3.4. Smoothed empirical diffusion processes: Introduction and motivation

The aim is to obtain Donsker-type theorems under necessary and sufficient conditions, and the
strategy in the sequel is to study some modified version of the empirical diffusion process, the
smoothed empirical diffusion process. All of the above considerations are based on the preprint
Rohde and Strauch (2010) which arose in joint work with Angelika Rohde.
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When estimating a linear functional or a collection of linear functionals of the form [ fdu,
given a continuous record (Xy)y<,<; of observations of X up to time ¢ > 0, a natural estimator

is based on the empirical measure p; = t~1 fg 0x, du, namely

[Efdm = 1/0tf(Xu) du. (3.4.1)

If the invariant measure p admits a Lebesgue density p, a competing estimator is found by
constructing a kernel estimator py j of p and applying the plug-in rule. This approach yields the

estimator
/f )P (x dx_/f <thd/ (x_hX“>du)dx, (3.4.2)

where K : RY — R is some sufficiently smooth kernel and h = h; denotes the bandwidth. It is
a priori not clear whether one estimator dominates the other in some aspects or whether they
show different behavior when a large class of linear functionals is considered simultaneously.

In the sequel, we study the smoothed empirical diffusion process related to (3.4.2), for any
f € LY(u) defined as

Se(f) 1= Vi | @) (ala) = pl@) d
:\/Z/Ef ( /Kh W) du — p(z )) MW(dz) (3.4.3)

:\}E/Ot <f*Kh(Xu)—/Efdu>dUa

where Kj(r) = h~%K (h~1x) and N\ denotes Lebesgue measure. The mean-squared error for
the estimation of a d-dimensional density at a fixed point in a Holder ball with parameter 8 > 0
is known to be of order n=A/(28+d) being the number of i.i.d. observations. In contrast,
Corollary 1 in Dalalyan and Reif§ (2007) states that the convergence rate for the mean-squared
pointwise risk of an estimator p; for the invariant density p of a diffusion X, based on the
observation (X,)g<,<;» can be upper-bounded by ¢~/2(logt)? for d = 2 and ¢~(A+1)/(25+d) for
d > 3, respectively. As will be shown subsequently, this effect gets visible when studying the
smoothed version of the empirical diffusion process related to (3.4.2), based on some kernel
estimator py ;, of the invariant density p.

The form of the smoothed empirical diffusion process in (3.4.3) is similar to a representation
of empirical processes of scalar diffusions which is obtained by means of the occupation times
formula. Indeed, let X be a one-dimensional diffusion on an open interval I C R with speed
measure m which is assumed to be finite, m(I) < oo. The diffusion thus defined is ergodic, and
its invariant measure is given by p :=m/m(I). The occupation times formula implies that one

may write
\}i/ot<f(Xu)—/Ifdu)du /zt m(de) \//f‘TI dz)
N /1 f(x)( t —1> m(dz), (3.4.4)

m(I)

where [;(x) denotes diffusion local time of X at time ¢ in the point € I. In view of the obvious
similarity of (3.4.3) and (3.4.4) and the results of Dalalyan and Reifl (2007), the hope is that one
can also establish increased regularity for the smoothed empirical diffusion process in (3.4.3).
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3. Donsker theorems for multidimensional ergodic diffusions
3.5. Modified empirical CLTs for Donsker classes and beyond

Assume that F C Dy-1 such that any f € F can be written as f = AF for some F € Dy,
and let G :== A~!'F. Without further mentioning, F and G will be assumed to be countable
classes of functions. The decomposition of the smoothed empirical process S; ;, into the centered
smoothed empirical process and the (inevitable) bias term reads

t
0

Slh) =i (7 [ (Fem) () du— [(FeKndu) + i [(ag i), @5.)

where Kj(z) := h~¢K(x/h) for some compactly supported kernel K on R? with [ KdW = 1.
Alternatively, one might decompose as follows,

Sun(f) = \}i /Ot (Ag+ Ky — Ag  Kp)) (Xa) du + \}i /Ot A(g * Kp)(Xo)du. (3.5.2)

The idea based on (3.5.2) is to prove asymptotic equicontinuity of the “intermediary process”

1 gt
H, 1 (g) = Gy (A (g % Kp)) = 7/0 A(g * K3) (Xo)du, (3.5.3)
and to show that, uniformly over g € G,

Hy 1(9) = St,n(Ag) +op(1).

This approach will be investigated in detail in the next section. The process H , is well-defined
on any subspace of the domain D4 which is locally translation-invariant; cf. Proposition A.2.2
in Appendix A.2.

The “standard” decomposition in (3.5.1) allows to state sufficient conditions for weak conver-
gence. In particular, an analogue of the theorem in van der Vaart (1994) on weak convergence
of smoothed empirical processes holds whenever the carré du champ of the diffusion X satisfies
Poincaré’s inequality.

Proposition 3.5.1. Let F C D -1 be a translation-invariant countable Donsker class of measur-
able functions, and assume that p satisfies (PI). Further assume that, for everyt, F C L'(Jmy])
and [ga || f(- = y)ll2,ud|me|(y) < oo for all f € F. If the following hypotheses hold,

2
sup B ([ (149 = DB )Y) = SupBu(f 5 K, = 1) = O (1)
fer E fer
sup v/t Eu/ (f(+y)— f)Kht(y)dy‘ = sup v/t [Eu(f % Kny = )| =00 0, (H2)
fer E fer

then S p(f) ~¢oo(r) G, where G is the centered Gaussian random map with covariance structure
given by (3.2.1).

Proof. The proof is along the lines of the proof of the Theorem in van der Vaart (1994), taking
into account the slight correction due to Giné and Nickl (2008) and incorporating the modifi-
cations necessary due to the divergence from the i.i.d. setting. Precisely, let M be a collection
of signed measures of finite variation such that sup,,c v ||m|/Tv < co. By assumption, the func-
tions y > f(z —y) and y — [|f(- — y)|l2,p are in L!(|m|) for all x € RY. Since (Da, | - ||Ip,) is
a separable Hilbert space (cf. Lemma A.2.1), one may extend Theorem 5.3 in Dudley and show
that the closure in || - ||p, for the coarsest topology of the symmetric convex hull of any Donsker
class is again Donsker; cf. the proof of Lemma 2 in Giné and Nickl (2008). It then follows
from Proposition A.2.2 in the Appendix that the class {f xm : f € F,m € M} is Donsker. The
remainder parts of the proof can be taken verbatim from the proof of the Theorem in van der
Vaart (1994). O
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3.5. Modified empirical CLT5s for Donsker classes and beyond

Entropy conditions and conditions on the order of the kernel K may be used for verifying (H1)
and (H2).

Lemma 3.5.2 (cf. Theorem 6.2 in Rohde and Strauch (2010)). Let 8 > d/2, and assume that
the invariant density p € CPTYRY). If th®® — 0 and, in addition,
(a) K is a kernel of order |, then
Jim VE[E, (f + Kp)| = 0;

(b) the diffusion coefficient a(z) = a is constant, G C C*(R?Y) and
{0°9: g € G, lal <1,a € {0,1}"} c O (RY),

then, for any kernel K of order 2| 3] — 1,

t

lim E, sup — ( (9% Kn) — (Ag) * Kp) (Xy) du| = 0.

t—o0 geg \[

Proof.  (a) Taylor expansion of p(y) and p(x) up to the order |3] gives the upper bound
VA« i)l = VE| [ 1) ([ (0(a) = pu) Ko = y)de ) dy| £ ViR = o(0).

(b) Denote by P, P *) and Q 9" the Taylor expansion of b’ of order | 3] at # € R? and the Taylor
expansion of (Vg)! of order | 3] —1 at z € RY, respectively. Since K is of order 28] — 1, it

holds for the remainder terms R&,y) = bi(y) — P )( ) and R;(p,y 9= (Vg)i(y) — ;yg) (y),
JAGOREE >) Ki(a = 9)(Vo)'(y)dy

= [ (P®w) = ¥(@) + BE)) Kilw— y) (@5 () + R ) dy
= [ r)K >(Q<V9 (v) + R ) dy
+ / ~ b (@) Kno — ) R dy.
Holder continuity of b and Vg implies that
sup ’R(7 < h?, sup ]R;?ygy < nPL.

z,y€Ce:||z—y||<h z,y€Cs:[|z—y||<h

The Taylor approximation Qévg)l(y) depends continuously on z,y and all partial deriva-
tives up to order || — 1 which are uniformly bounded in absolute value. Thus,

sup sup ‘Q Vo)’ )‘ < 0.
9€9 w,yECs

It remains to note that sup, yec.:|jz—y|<n Pw(bl)(y) - bz(x)‘ < h. Summarizing, we obtain

t

Msup\[ ((Ag) x Kp, — A(g* Kp)) (Xy) du
geg
< Vi [ sup] [ (o) = o)) Tugw) (o~ )y du(o) 5 ViR
E geg

O]

Assumption (H1) may be verified similarly to the i.i.d. setting. We will not deepen this question
but refer to Giné and Nickl (2008) for further results on this issue.
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3. Donsker theorems for multidimensional ergodic diffusions
3.6. Analyzing the smoothed empirical diffusion process

Our interest is in deriving uniform CLTs under minimal assumptions. The snag of Proposition
3.5.1 is that it only gives Donsker-type theorems for Donsker classes. It was however pointed
out by Radulovi¢ and Wegkamp (2000) in the i.i.d. setting that some smoothed version of the
empirical process may — in some cases — converge in law in £°°(F) to a tight limit if F itself is
not Donsker, under only the pregaussian hypothesis on F.

In the classical i.i.d. framework, uniform CLTSs for smoothed empirical processes indexed by pre-
gaussian function classes were proven recently by Giné and Nickl (2008) (subsequently, [GNOS],
for short) and Radulovi¢ and Wegkamp (2009) [RW09]. Let X1,..., X, P for some law P
on R? satisfying dP(z) = po(x)dN(z). The smoothed empirical process H,, and the centered

smoothed empirical process HY are defined as

H,(f) = Vi (; >0 K )%~ [ fdP) ,

iz
and .
HY(f) :==V/n (Tll S O(f * Kp, ) (Xi) — /(f * Khn)dP> 7
=1

respectively, where Kj,(z) := h™?K((z — -)/h) for some kernel K : RY — R. Both [GNO08] and
[RW09] adapt Theorem 3.2 in Giné and Zinn (1984) which characterizes the impact of pregaus-
sianness on the asymptotic equicontinuity criterion in order to prove uniform CLTs under only
pregaussian conditions. Theorem 3 in [GNOS§] finally reduces the problem of proving asymptotic
equicontinuity of the smoothed empirical process to verifying that, in outer probability,

:0’

1 n
lim ||[— ) & f(X;)
n—)ooH\/’Tl; ‘ ! 2 s

where

Hsi={ [ (7 = )@Knly ~ 2y f.g € 7. |1f =~ gluace) < 6

and (g;);2, denotes a Rademacher sequence. This condition is still difficult to verify in general,
and [GNO8|] suggest to use either uniform entropy bounds or bracketing entropy bounds for H.
They prove that smoothed empirical processes indexed by some specific subset of the Besov space
$1(R), s < 1 — which is known to be P-pregaussian but not P-Donsker — satisfies a uniform
CLT. The proof uses the suggested bracketing entropy bound which results in the condition that
hpn(2s—D/@s(s=1)) 5 o0, [RW09] take a slightly different approach. Their general condition
implying asymptotic equicontinuity of the centered smoothed empirical process H" reads

E sup ’H?L(f)’—>0.
Pf2<n/vn

In the sequel, [RW09] use the decomposition by the Cauchy—Schwarz inequality,

E* swp |V / (@) (Pu(@) — B (x)) du
Pf2<n/\/n
. =\ ([ (@) — Bpu(2)?  \"°
=F PPs;%)/ﬁ( nPf2) </ p(z) dx)

(v Vet

146



3.6. Analyzing the smoothed empirical diffusion process

This approach is not suitable for investigating the smoothed empirical diffusion process. Propo-
sition 3.3.4 is analogue to Giné and Zinn (1984)’s Theorem 3.2 in that it also characterizes the
impact of pregaussianness on the asymptotic equicontinuity criterion, but the constrained set
Fs is defined in terms of dg, and Poincaré’s inequality only gives an upper bound of the form
|A -2 on this metric. Moreover, the above approach needs that the variance decreases to zero
slightly faster than 1/y/n. Our proof for the smoothed empirical diffusion process is conceptually
different.

3.6.1. The empirical diffusion process indexed by smoothed functions

Throughout this section, ((X;),P,) is assumed to be a stationary ergodic diffusion, taking
values in some set £ C RY with non-void interior E \ OF, which satisfies the basic conditions
(D1)-(D5) introduced in Section 1.1.3. Assume that F C Dy-1 is pregaussian and such that
G := A7'F c W?2%(u). Furthermore, suppose that G possesses an envelope G € L!(u) with
compact support C C E \ OE. If not explicitly stated otherwise, K € C?(R?%) denotes some
kernel which admits the representation Kj, ,(z) = h=9K (||x — z||/h). Without loss of generality,
we assume that the support of K is the closed d-dimensional unit ball By(1). Subsequently,
(G(f)) jer denotes a centered Gaussian process with covariance structure as defined in (3.2.1).

Convergence of the marginals. Let G := A™'F C D4. Since (P;) is a strongly continuous
semigroup, we have C? C D4 such that, by Proposition A.2.2, g * Kj, € Dy for any g € G and
h sufficiently small. In particular, E,A (g * K3) = E,Ag = 0. Dynkin’s formula implies that
(MF),, with M := g (X;) — g (Xo) — [¢(Ag) (X,) du is a martingale, and letting

t
MY, = g+ K (X) — g K, (Xo) —/0 Al Kp) (X,) du,

the collection (t_l/ MY ht(8)>0< - is a triangular array of martingales.
b 757

Let g1,...,gm be any finite set of functions from G, and let € > 0 be fixed. Note that

P, <max ‘\[ iy \/thi>5)
1 )
< m, max P, (‘\[Miqzht %Mi‘h > 5)
2
i 9i  __ Gi
< e B, (01f), - 07
2m ¢
= _?2  hax /(gz gi * Kn,)" A(gi — gi * K,) dpe (3.6.1)
- ?2 imTom /V — gi % Kn,)' (0)a(y)V (9: — gi * Kn,) (y)du(y)
m
= 5 x| (Tugi = (Tugi) = Kn)! (o) (Vugi = (Tugi) * Kn,) (0)pl0)dy
=o(1)
as t — oo, since (Kj,) is a Dirac sequence and sup,cc [|a(y)p(y)|s, is bounded. Here, || - ||s,

denotes the Frobenius norm. The expression for the variance in (3.6.1) is deduced from Bhat-
tacharya (1982), and we then used subsequently Lemmata A.2.3 and A.2.4 from the Appendix.
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3. Donsker theorems for multidimensional ergodic diffusions

Furthermore,

1
E, sup |H —M?!
Mgep tht() Vi t,ht

1
= \/i uzlelp ‘g * Kp, (Xt) —g* Kp, (XO)’
2
< —=Eysup (g * [Kp,| (Xo))
geg

Vi
<= [ [ 10wl dudn(z) 51 0.

and therefore, as t — oo and for h = hy 0,

1 [t 1 . )
ﬁ/o A(gi * Kp,)(Xy)du = WMtgl +op(1), i=1,...,m. (3.6.2)

Convergence of the finite-dimensional distributions now follows from the martingale CLT for
triangular arrays.

Asymptotic equicontinuity. It follows from (3.6.2) that it suffices to prove asymptotic
equicontinuity of the triangular array of approximating martingales (t‘l/ thg ht) o Define
g

\/(M-gh —M.g;/l)t'

)0 )

[ M pillde == sup
o 9,9'€G:dg(g,9')>0 dc(9,9')

For any fixed K > 0, € > 0,

/

limsup P sup ‘ M, | >e
t—00 . <d(g,(g g')<é \[ tht
<limsupP, sup ‘M tht > e[| M|, < K (3.6.3)
t—00 ds(g,9)<6 Vi ©

+limsup Py (| My, > K).

For the first term, it follows from Bernstein’s inequality for continuous local martingales (3.1.7)
that

2
g g ; -

1
P (G
that is, the random map

1 Aflf

M 1Mo, < K}

is sub-Gaussian with respect to Kdg. Thus, by pregaussianness, the first term on the right-hand
side of (3.6.3) vanishes as § N\, 0. It remains to be shown that the second term in (3.6.3) vanishes
asymptotically. It&’s formula yields the following expression for the quadratic variation,

f—

T8, = 3 [ () B () (3X0) (Fug) i, (X0)

- // (Y) Kn, (y = Xu))' @ (Xu) (Vug) (4) Kn, (y — Xu) dudy.

By Hoélder’s inequality, the last expression can be bounded from above by some constant multiple
of

700w (3 [ @) 1Kl (v~ Xa)du) (Fug) ).

t
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3.6. Analyzing the smoothed empirical diffusion process

Hence, using the definition of dg, in order to prove asymptotic equicontinuity, we are left with
the task of showing that

Jo (V9)' () (3 J3 a(Xu) 1K, | (y = Xo) du) (Vug) (n)dy
g fE Y aVady el

The last equation is true whenever

1t
sup H/ a(Xy) | Kn,| (y — Xy,) du (3.6.4)
yeo It Jo S

<sup | [a(2) 1| (v - 2)o(e)d

yeC So
1t
wsup | [ a0 Kl (0= X du— [ a(a) K (v~ 2hp(2)dz
yec It Jo So
=Op(1).
Let z1,..., 2N, be an hs-net of C' with respect to the Euclidean distance. Since C is compact,

it holds Ny, ~ h;%. The first term on the right-hand side of (3.6.4) can be bounded from above
by

—d
<Supll W)l s.hs
So yeC

sup | [ a(hi ML, on (v ~ 2ol
yeC

and it only remains to treat the second term. This will be done by applying the bound on the
variance of integral functionals of diffusion processes due to Dalalyan and Reifl (2007) which
was already employed in Chapter 2. It will be used now in the following version.

(Dalalyan and Reif (2007), Proposition 1) Let C C E C R? be bounded and assume
that p < kM on C for some positive constant x. Then, for some constant ¢ depending
only on cp, Cy, d and k,

Var, (\}5 [ M6 (Xu)du ) < 057N (B,(6)* GG N BL(5).

with
max {1,log(1/x))?}, ifd=2,
Ca(z) = {a}l/dl/Q, if d > 3.
We first note that
CaON(Be (7)) 5 Ca (B]) - (3:6.5)

For fixed i,j € {1,...,d}, define for x € C and t,h > 0,

Zh, =t (715 /Ot aij (Xu) by g, on,) (Xu) du — Epag; (Xo) hy g, on,) (Xo)> :
Plugging (3.6.5) into the above variance inequality gives for any = € C' and ¢t > 0
Var, (734) < suplaig(2)* i (hf) .
With

o) = Jim Vare, (Z1,) 5 suplasi()[* GG (1)

zeC

and

Coo,h, = SUP

aij ()DL, oy (2)| S sup lagg ()| b7,
zeC zeC
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3. Donsker theorems for multidimensional ergodic diffusions

Lezaud’s Bernstein-type inequality (3.3.2) yields the exponential tail bounds

u? /2
P, (|24] > u) < 2exp (- e
1 (‘ z,t| ) = p ( nght (l‘) + CPCoo,htu/\/Z

By means of Pisier’s maximal inequality (cf. (3.3.7)), it follows

log (eh; !
E, sup ! |tht| Nsup]aw( )| \/{g Cd( ) Oiglf(\;t ) log (ehﬂ),

k:l,...,Nht

We have proved

Theorem 3.6.1 (Rohde and Strauch (2010), Theorem 4.3). Let ((X;),P,) be a stationary,
ergodic, strongly continuous diffusion in E C R? with non-void interior E \ OF, satisfying the
conditions (D1)-(D5) in Section 1.1.8. Assume that A~1F is a countable subset of measurable

functions in W22(p), with compact support C in the interior of E, and let h(d) =¢~1/d log(et).
If F is pregaussian, then

(\[/ Ay *Kht)(Xu)du) s (G(f)) ey in (F),

ferF

provided that hy = hgd) N\ 0 and Eid) = O(hgd))'

3.6.2. Example

Theorem 3.6.1 gives uniform CLTs for Kolmogorov processes as introduced in Section 1.1.3. For
any convex set I C RY, let H (3, L;I) denote the isotropic Holder smoothness class, defined in
analogy to the isotropic Holder balls H(8, L) = H (3, L; R?) introduced in (2.2.1), that is,

o {r o R f@) - Fw) < Ll - yl®} B<1,
B = {}f e ) [f(a) - P@)| < Lle <y} B> 1,

Theorem 3.6.2 (Rohde and Strauch (2010), Corollary 6.1). Let V € H(S+1, L) for some L > 0,
B> d/2. Suppose b= —VV satisfies the at-most-linear-growth condition, expo(—2V) € L*(R%)
and

max ~max [9°b;(0)] < 3.6.6
i=1,....d o:|a|<| 5] | ( )| vy ( )

for some v > 0. Assume that G = A7}
C C E is conver, G C C*(R?Y) and

INAAD.A F satisfies the requirement of Theorem 3.6.1, where

(0% : g€ G,la|=1,a€{0,1}%} c H(B—1,L;C)
for B> d/2. Let hgd) .=t~ Y4log(et). Then

Sen(Nier ~ (G jer i 7(F),

provided that the involved kernel K is of order 2|3 — 1.
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3.6. Analyzing the smoothed empirical diffusion process

Proof. 1t follows from the arguments in Section 1.1.3 that conditions (D1)-(D5) are satisfied. In
view of Theorem 3.6.1, it suffices to prove that

(Hon (9)) g = (St (49)) g + 0p(1):

The assumption that V' € H(S + 1, L) and (3.6.6) together imply that p is Holder continuous of
order 3 + 1 on every bounded set D C R%. Lemma 3.5.2 then gives vt |E, (f * Kp,)| —t—00 0
and .

tllgloE zlellg)\/ (A(g* Kp) — (Ag) * Kp,) (X,) du| = 0.
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4. Extensions, concluding remarks and outlook

Two classical questions concerning nonparametric estimation theory and weak con-
vergence properties of diffusion processes in R% were investigated in the present work.
We identified classes of ergodic diffusion processes for which results similar profound
as in the classical i.i.d. framework or for scalar diffusions can be obtained. To con-
clude, we give a selective overview of results obtained in the previous two chapters.
Furthermore, we sketch possible extensions.

4.1. Sharp adaptive estimation for ergodic diffusion processes

The problem of estimating the drift of a multidimensional diffusion process is somewhat com-
plex. A common approach to estimate the drift of scalar ergodic diffusions is to exploit the
representation of the drift via the invariant density of the diffusion and its derivative. We opted
for a similar strategy which in particular led us to restricting attention to ergodic diffusion
process solutions of the SDE dX; = b(X;)dt + o dW; whose invariant density p satisfies the
relation

d
k=1

Under reasonable assumptions, the invariant density p can be estimated faster than the diver-
gences div(a;p). The main part of our investigation of the drift estimation problem thus focuses
on analyzing the performance of kernel estimators of the divergences div(a;jp). Sharp results for
estimating the components of the vector div(ap) are obtained under general assumptions such
as ergodicity, stationarity, and the condition that the carré du champs of the diffusion satisfies
Poincaré’s inequality. At a later stage, conditions on the growth of the drift coefficient and on
its radial behavior (which in particular imply exponential bounds on the invariant density of
the associated diffusion process) allow to transfer the results on estimating the components of
div(ap) to the original drift estimation problem.

From a practical point of view, the results on exact asymptotics allow to distinguish between
competing estimators. The drift estimators studied in the literature typically attain the minimax
optimal rate but, at least for moderate sample size T', the influence of the constant may be
substantial. The results also deliver insight into the matter of the problem of drift estimation.
Recall that Sg = 27%2/T'(d/2) denotes the surface of the unit sphere in R?. Theorem 2.3.3
and Theorem 2.3.10 state that the asymptotically exact constant for the (adequately weighted)
global L? risk for estimating the j-th drift component over (weighted) L? Sobolev classes with
integer smoothness index § > 1 and radius L > 0 is given by

(L(QB + d))ﬁ ( ajjﬁ Sd )2/325—(1
d (2m)4(B + d) ‘

As compared to the optimal constant for density estimation from i.i.d. observations which is

developed in Rigollet and Tsybakov (2007), the constant also depends on the j-th diagonal

entry a;; = S0, szk, of the diffusion matrix a = oo?.

For pointwise adaptive estimation of the j-th drift component of ergodic diffusions with non-
degenerate diffusion coefficient over L? Sobolev classes of smoothness 3 > d/2 with radius L > 0,
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4. Extensions, concluding remarks and outlook

the asymptotically exact constant for the squared pointwise risk is identified as

L% 28 [ d2a;; i
B( “JJP($0)> Iy

p(xo) d \ B(26 —d)

where

1 d d Sq
Ig:=y/—=B|ll+—=,1—-— | —.
’ \/w (14351~ 35) oy
As in the white noise setting, the constant involves the value of an optimal recovery problem.
Additionally, the value of the invariant density p(-) at the point z9 € R? and the j-th diagonal
entry of the diffusion matrix appear. Taking into account the shift in the smoothness assumption,

the dependence on the diffusion matrix appears to be of the same form as for estimation with
respect to the integrated L? risk.

The results on exact drift estimation hold for integer Sobolev smoothness § > 1 (global setting)
and (possibly noninteger) Sobolev smoothness 5 > d/2 (pointwise case). This finding admits
different interpretations. On the one hand, it suggests that asymptotic equivalence of the drift
estimation problem for ergodic Kolmogorov diffusions may hold for smaller regularity than
considered in Dalalyan and Reif§ (2007). The authors do not provide a counterexample to show
that asymptotic equivalence fails below the critical regularity they identified (which is of order
(1/2 +1/4/2)d for d > 2). Rather they describe the question whether for (Hélder) smoothness
classes of smaller regularity asymptotic equivalence fails as a “challenging open problem.” The
accordance of the exact asymptotic behavior for substantially smaller smoothness indices as
obtained in Dalalyan and Reif8 (2007) can however also be seen as an indication of the limits of
the asymptotic equivalence approach. This last interpretation was suggested in Korostelev and
Nussbaum (1999) who study the exact constant of the risk asymptotics in the uniform norm
for density estimation from i.i.d. observations. They consider estimation over Holder classes of
arbitrary smoothness index 5 > 0 on the unit interval, and they explicitly prove upper and
lower asymptotic risk bounds. It is noted that a more concise argument based on asymptotic
equivalence of experiments in the Le Cam sense works only in the case § > 1/2, and under
the additional assumption that the densities are uniformly bounded away from 0. Asymptotic
equivalence between density estimation and continuous regression is known to fail for g < 1/2,
but the minimax risk asymptotics hold for any S > 0 in the density model and for continuous
regression. Korostelev and Nussbaum (1999) establish from this gap the need to deepen the
study of reduced equivalence.

The precise form of the risk function for global drift estimation differs from those commonly
considered in the framework of density or regression function estimation from independent ob-
servations. Instead of investigating the classical mean-integrated squared error of an estimator
fof some density f, say, and considering

ry 2
By [ 1Fe) - £(2)dz,
we analyze for global estimation of the drift b : R* — R? the weighted L? risk

~ 2 5
E, /Rd [Br(2) — b(2) | p?(2)dz.
The weighting by the squared invariant density p? ensures integrability of the drift vector b. This
allows to describe the exact asymptotics for drift estimation over R?, imposing merely growth
conditions on the drift function. In particular, we do not restrict attention to estimation on
compact sets or under boundedness assumptions on the drift.
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4.1. Sharp adaptive estimation for ergodic diffusion processes

The problem of drift estimation for ergodic non-degenerate diffusions, assuming isotropic Sobolev
smoothness of the drift function, is classical in some sense. Results on exact adaptive drift esti-
mation with respect to local minimax weighted L? risk criteria and on sharp adaptive pointwise
estimation mark the beginning of a deeper nonparametric estimation theory for multidimensional
ergodic diffusion processes. Of natural interest are the questions of

extending the multidimensional estimation procedures to anisotropic situations;
 adaptation to unknown smoothness/ unknown dimension under structural assumptions;
e investigating exact asymptotics for drift estimation of discretely observed diffusions;

o identifying exact asymptotics for more general stochastic processes (degenerate diffusions,
processes with jump),

to mention just a few. In the sequel, we shall briefly comment on some of these issues.

Alternative smoothness assumptions and complementary lower bound results. It
was explicitly noted that the approach of component-wise estimation of div(ap) is to be pre-
ferred to estimating the complete vector div(ap) in one step (which is more convenient from the
practical point of view). Notably, the component-wise access also allows to consider estimation
under inhomogeneous regularity assumptions on the components of the drift vector. Indeed, the
upper bounds in Theorem 2.3.8(B) and Theorem 2.5.11 assume isotropic homogeneous Sobolev
smoothness of div(ap), namely

d
Z Z /d | D (div(agp) — div(agpo)) |2 <4L d, BeN, L>0,
R

k=1lal<p
and ;
Z(Qw)_d/d NP baivia (WPdA < 4L2d, B >dj2, L>0. (4.1.1)
k=1 R

The above smoothness conditions may prove arbitrarily rough, and thus it appears more appro-
priate to estimate the vector component by component, replacing, e.g., the Sobolev constraint
(4.1.1) with the assumption that, for some values 8; > d/2 and L; > 0,

1/2
ng,(div(aip)):((zw)‘d /]R dHA\Zﬁfl%w(aip)@)ﬁdx) <2Li, i=1,...d (412

An interesting open question is to establish lower bounds for estimating the vector div(ap)
under some component-wise smoothness constraint in the spirit of (4.1.2), assuming that the
drift vector b and the invariant density p satisfy for any j € {1,...,d} the relation

d
2V p = div(a;p) = Z Ok (ajkp) . (4.1.3)
k=1

Both the minimax lower bound in Theorem 2.3.2 (global case) and the lower bound in Theorem
2.5.5 (pointwise setting) consider the case where the relation (4.1.3) holds for one fixed j €
{1,...,d}. Inspection of the respective proofs shows that the hypotheses constructed therein
indeed satisfy (4.1.3) for precisely one j € {1,...,d}. We conjecture however that suitable
modifications of the hypotheses defined in the proofs of Theorem 2.3.2 and Theorem 2.5.5 allow
to extend the results to this situation. Precisely, for the case of pointwise estimation and any
i € {1,...,d}, define the sets I1*(-) and Br according to (2.5.5) and (2.5.9), respectively. Given
any values 8; > d/2, L; >0,i=1,...,d, denote
Bi—d/2

(B L oy d/28)28 [ d aii p(xzo) |
C’L(BzuLlupa U) T 2Lz d (/BZ(2/BZ o d) ]167,7
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and
d
Hi(ﬁi, Li) = Hz(/Bw Li;p,O') = {b S n Hk(j_nllind,@j) : ngi(div(aip)) < QLZ}.
k=1 =t
We conjecture that the vector of data-driven estimators 57}, . j% defined according to (2.5.22)

is sharp adaptive and satisfies, for any zg € R?,

d

limsup | sup sup (U1 Ci(Bi Lisp, )~ Bo|gir(wo) — div(aip)(xo)|” < 1
T—oo 521 (Bi,Li)€Br pelli(8;,Ly)

and

d

. . —2 ; . 2
llj{n inf Z inf  sup _sup (wT,B Ci(Bi, Li; p, U)) Eb|§zT(a:0) — dlv(aip)(x0)| > 1,
o i21 9r (BiLi)EBT pelli(8;,Ly)

where infgiT denotes the infimum over all estimators of div(a;p).

One further step would be to assume anisotropic smoothness of the components of div(ap) and
to work under the condition that, for some values S;1, ..., B;q > d/2 and L; > 0,

d 1/2
<<2w>—d /R > |A’ﬂ|2ﬁ“vwdiV(W)(A)FdA) <L, i=1l...d
k=1

The problem of nonparametric estimation becomes rather delicate when functions with anisotropic
regularities are considered. Even results on minimax rates of convergence in the classical sta-
tistical models are relatively scarce; cf. the references on pp. 137-138 in Kerkyacharian et al.
(2001). For the moment, we merely note that the generalization of the Lepski-type procedure
as used in Section 2.5 to an anisotropic setting is a non-trivial task due to the lack of natural
ordering of the bandwidths.

The degenerate case. It was assumed throughout that the diffusion matrix a = oo? is

uniformly elliptic. The sharp results on adaptive estimation over isotropic Sobolev classes in
Chapter 2 reveal that the geometry of non-degenerate diffusion matrices does not change the
rate of convergence but is only reflected in the constant. (Of course, the geometry and smooth-
ness properties of ¢ affect the rate of convergence in an indirect manner by determining the
smoothness properties of the invariant density.) No attempts have been made to derive lower
bounds under Sobolev smoothness assumptions for the degenerate case. The reason for this is
that we are interested in formulating results on exact drift estimation under smoothness condi-
tions on the drift, and in the degenerate case it seems appropriate - instead of assuming that the
invariant density belongs to some finite smoothness class such as those of Hoélder, Sobolev, or
Besov type - to focus on estimating the drift of diffusion processes under the basic assumption
that the parabolic Hérmander condition is satisfied. For such processes the invariant density p
belongs to C*(RY).

The exact adaptive results on pointwise estimation of functions f € C*°(R), observed in Gaussian
white noise of small intensity ¢, in Lepski and Levit (1998) may serve as a motivation for deve-
loping exact estimation procedures in this framework. To quantify the difficulty of estimating
C°(R) functions, the authors introduce a scale of functional classes A which represents a large
portion of C*°(R), in terms of the rate of decrease of the corresponding Fourier transforms. An
essential feature of their model is that the rate of convergence in estimating f(z), for ¢ — 0, may
vary, over the whole scale Ay, from extremely fast to extremely slow, up to situations where
no consistent estimation is possible. Their follow-up paper Lepski and Levit (1999) provides
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4.1. Sharp adaptive estimation for ergodic diffusion processes

a multivariate generalization and studies adaptive pointwise estimation of smooth functions
f : R — R, corrupted by white Gaussian noise. The functional classes considered in the
multivariate setting are narrower than in Lepski and Levit (1998) in that the assumption of
a rapidly vanishing Fourier transform ¢; is replaced by an exponential decline of ¢y. The L
norm oracle inequalities obtained in this work allow to derive minimax results on (anisotropic
versions of) such functional spaces but do not lead to sharp adaptive findings.

Estimation in structural models. Little surprisingly, the result on nonparametric estima-
tion of the drift under Sobolev smoothness assumptions is subject to the curse of dimensionality.
This is reflected in the fact that the accuracy of estimators, even for moderate dimension d, is very
poor unless for unreasonably large sample size T'. If the d-dimensional drift function b however
has a simple structure such that it is effectively m-dimensional with m < d, the dimensionality
reduction principle due to Stone asserts that the quality of estimation should correspond to the
effective dimensionality m.

One important feature for nonparametric estimation of It6 processes is the fact that regularity
assumptions enter the scene just in order to ensure existence of a (strong) solution of the associ-
ated SDE. This observation may affect the estimation philosophy. For example, there exist cases
where it is more appropriate to adapt to the unknown effective dimension instead of adapting to
the unknown smoothness. Samarov and Tsybakov (2007) consider the problem of nonparametric
density estimation from i.i.d. observations in a modification of the projection pursuit density
estimation model. Precisely, they assume that the unknown density p has the form

p(z) = q(z) g(B'z), z € RY, (4.1.4)

where B in an unknown d x m matrix with orthonormal columns, g : R™ — [0, 00) is an unknown
function such that, for all z € R™, max {g(z),|Vg(2)|,[|V2g(2)||} < L, and ¢4(-) is the standard
d-variate normal density. The authors propose an aggregate estimator which adapts to the
unknown index space of unknown dimension m. For the suggested aggregate estimator, they
show that the MISE is of order n=%/("+4) In the context of drift estimation, it is reasonable to
assume minimal Holder smoothness of order 8 = 2. Using an adaptation scheme which adapts
to the unknown smoothness, the MISE rate T—26/(26+d) can be attained. In comparison to the
rate T~ (3+m) which is attainable for 8 = 2 and adaptation to the effective dimension m, it
thus appears more appropriate to adapt to m whenever the drift vector has intrinsic dimension
m < 2d/(. Tt is therefore of interest to develop alternative adaptive procedures under reasonable
structural assumptions in the spirit of (4.1.4) which adapt to the unknown effective dimension
of the drift vector.

A central question in this connection is to identify “reasonable structural assumptions” on the
drift coefficient. In search of a general structural model which does not lead to inadequate
modeling but still allows to weaken the curse of dimensionality, Goldenshluger and Lepski (2009)
advocate the use of an additive multi-index model which includes as special cases the more
classical models of single-index, additive, projection pursuit and multi-index structure. They
study the problem of minimax adaptive estimation of an unknown function f : R — R in the
multidimensional Gaussian white noise model

AV (t) = f(t)dt +e AW(t),  t=(t1,...,ts) €D,

for an open interval D D [~1/2,1/2]¢, the standard Brownian sheet W in R? and noise level
e € (0,1). LP-norm oracle inequalities which allow to derive minimax adaptive results are
established. The proposed estimation procedure is based on the same rule for selection of
estimators from a large parametrized collection as in Goldenshluger and Lepski (2008). In the
latter article, a pointwise adaptive estimation procedure in the single index model is proposed.
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The selection rule presents one possible blueprint for an adaptive estimation scheme of the drift
function in structural models.

Density estimation and study of plug-in properties. The question of estimating the in-
variant density of a diffusion was only addressed on the side. Proposition 1 in Dalalyan and Reif3
(2007) shows that the invariant density of ergodic diffusions in certain cases can be estimated
considerably faster with respect to pointwise squared error criteria than in the classical statis-
tical models based on independent observations. Their result is based on Assumption (SG+)
and involves in particular the spectral gap assumption. To the best of our knowledge, exact
results on invariant density estimation for diffusions satisfying specific functional inequalities do
not exist.

One possibility to extend the L? framework in Dalalyan and Reif (2007) is to quantify accuracy
of an invariant density estimator pr in terms of the L*-risk,
1/s

Re(pr.p) = [Bu( [ o) - p@))] . sefnioo).

Generalizations of Poincaré’s inequality are available and might serve as tools for bounding the
stochastic error. In particular, Theorem 11 in Roberto and Zegarlinski (2007) states conditions
which ensure that the Orlicz—Sobolev inequalities introduced there imply an exponential decay
to the associated semigroup. This is a generalization of the well-known equivalence of Poincaré’s
inequality and spectral gap inequality.

In connection with invariant density estimation, it is of interest to know whether there exist
cases where an invariant density estimator pr achieves the optimal MISE and L! error, and, at
the same time, satisfies

VTwpr@%ﬁ@Mm—/f@M@Mx

fer

= Op(1)

for certain classes of functions F C L!(x). This question is related to the work of Bickel and
Ritov (2003) who introduce the notion of the “plug-in property” (PIP) and consider different
perspectives thereof. Given i.i.d. observations X1, Xo,...,X,, X; ~ Py, 0 € O, a subset of a
linear space of functions, assume that r,,; ! is the stochastic minimax rate for estimating 6 € ©.
An estimator 8, of 6 is called a weak plug-in estimator (PIE) for a set T of functionals if

supsup By (1, [0 — 0]> + n(7(0) — 7(0))°) < 0.
0ce T

It is shown in Bickel and Ritov (2003) for the Gaussian white noise model that the concept of
weak PIE and minimaxity in this sense are not compatible for very large 7 and nonparametric ©.
For other sets such as indicators of all quadrants (that is, distribution functions), appropriate
constructions of efficient estimators exist. The study of the PIP of various types of density
estimators has been continued by Nickl (2007) (for the nonparametric MLE), Giné and Nickl
(2008) (kernel density estimators) or Giné and Nickl (2009) (wavelet density estimators), to
mention just a few. All of these results are obtained in the classical i.i.d. framework. It is
indicated to accomplish a systematic study of the invariant density estimation problem for
ergodic diffusions with an investigation of the PIP. We shall come back to this question in
Section 4.2 below.

4.2. Uniform CLTs for multidimensional diffusions

Infinite-dimensional extensions of the classical (functional) CLT for ergodic continuous Markov
processes due to Bhattacharya (1982) and under the Kipnis—Varadhan condition were studied in
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4.2. Uniform CLTs for multidimensional diffusions

the second part of the work. We found different explicit criteria for establishing uniform CLTs
for multidimensional ergodic diffusions satisfying functional inequalities such as the Poincaré hy-
pothesis. In principle, there exist different approaches to deal with empirical diffusion processes.

With a view towards statistical applications, it is often convenient to exploit mixing properties of
the diffusion such that results from the well-investigated setting of empirical processes based on
independent observations are available. Various parallels between classical empirical processes
and empirical processes of ergodic diffusions which satisfy Poincaré’s inequality were already
depicted. Results in this spirit can also be deduced from the mixing properties of the diffusion.
Proposition 3.4 in Cattiaux and Guillin (2008) states that, whenever the semigroup P; satisfies

2
)
o)

Var, (Pif) < n(e) [ 1 = [ s

the stationary process is strongly mixing with mixing coefficient a(t) < /n(t). We found it
convenient to use Poincaré’s inequality rather than working with mixing coefficients as this allows
to use fine results from Markovian semigroup theory. One such example is the sharp Bernstein-
type deviation inequality (3.3.2) due to Lezaud (2001). For recent results on Bernstein-type
deviation inequalities under mixing conditions, we refer to Merlevede et al. (2009), Merlevede
et al. (2011) and references therein.

From the theoretical point of view, it is of interest to scrape out differences in the behavior of
empirical processes based on diffusions and independent observations, respectively. One motiva-
tion for our investigation indeed was the Gaussian characterization of the Donsker property of
scalar regular diffusions with finite speed measure due to van der Vaart and van Zanten (2005).
Their result reflects regularity properties specific to scalar diffusions, and their proof is heavily
based on local time techniques. We took an alternative approach. In order to formulate uni-
form CLTs under minimal assumptions, we studied smoothed versions of the empirical diffusion
process. The idea was to establish exceptional regularity of the modified empirical diffusion
process by stating Donsker theorems under pregaussian conditions and minimal assumptions on
the bandwidth involved in the smoothed empirical diffusion process

Sunlh) = V([ 1) @unte) = pla))a) (1:2.1)

One such result is given in Theorem 3.6.2, and the proof of the preceding Theorem 3.6.1 differs
from the classical i.i.d. case. In particular, we do not use explicitly closeness of p;; to the
Lebesgue density p of the invariant measure in a mean squared sense. The arguments instead
are based on martingale approximation and theory of Markovian semigroups, carried out for
some auxiliary intermediary process. The analysis requires the combination of different types of
tail estimates for additive functionals under the Poincaré hypothesis as well as sharp variance
bounds of Dalalyan and Reifl (2007). Notably, the bandwidths h involved are too small for
ensuring consistency of the kernel estimator p; j for the invariant density p.

We turn to sketching some potential further developments.

Characterization of uniform Donsker classes. In statistical applications, the underlying
probability measure v usually is unknown, and therefore it is of interest to know which classes
are Glivenko—Cantelli or Donsker for every v. A function class F which is Donsker for any
probability measure v is called universal Donsker, and for many universal Donsker classes, the
CLT holds even uniformly in v. There exist different formal definitions of so-called uniform
Donsker classes. We follow Giné and Zinn (1991). Let

Bﬁ=mMWGW=%IWﬂ%RWNMSﬂSW mm—mmg%.
z,y€l>(F) Hx - yH}—
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4. Extensions, concluding remarks and outlook

For measures P, QQ, defined on sub-sigma algebras of the Borel sets of £>°(F), let

dpr, (P, Q) := sup
gGBLlf

[oar-0).

It is well-known that dpy, metrizes weak convergence in R?, and it can be shown as in the
classical setting that F is Donsker (in the sense of Definition 3.2.3) if and only if both F is
pregaussian (in the sense of Definition 3.2.4) and

tlggo dpr, (Z,7(Gy), Z7(Gy)) =0,

where .Z), 7(G;) denotes the law of the empirical process G; indexed by F under P,,. Similarly,
Zr is the law of the limiting Gaussian process G, indexed by F. As argued by Giné and Zinn
(1991), uniformity in all probability measures is useful only in combination with uniformity
of G,, and therefore one considers uniformly pregaussian classes of functions. We adopt the
terminology from the classical framework.

Definition 4.2.1. Let (E, #(E)) be a measurable space, let Z2(E) be the set of all probability
measures on (F, #(FE)), and let F be a collection of real-valued measurable functions on E.

o F is called uniformly pregaussian if both sup,c »g) E||G, |7 < oo and

lim sup E sup IGu(f—9)| =0, (4.2.2)
020 ue2(B)  f.9€F: dg,, (f,9)<6

where G, is a centered Gaussian process indexed by F with covariance structure deter-
mined by the finite-dimensional CLT (cf. Section 3.2.2), and dg, is the intrinsic metric on
F induced by G,,.

e Fis called a uniform Donsker class if both F is uniformly pregaussian and

lim sup dpr,(Z,7(Ge), LF(G,)) = 0.
t—o0 ,U,ng(E)

Theorem 2.3 in Giné and Zinn (1991) gives a sharp characterization of the uniform Donsker
property for classical empirical processes based on independent observations and states that
F is uniform Donsker if and only if F is uniformly pregaussian. The proof of their Theorem
comprises several steps and uses symmetrization at crucial points, but we conjecture that the
connection between uniform pregaussianness and the uniform Donsker property still holds in
the diffusion framework. It remains to work out minimal assumptions on the diffusion processes
which are required to establish this relation.

Verifying pregaussianness. Seen individually, results on Donsker properties under pregaus-
sian conditions in the spirit of Theorem 3.6.1 are of certain interest from a theoretical point of
view, but they still leave one with the task of verifying that the function class F is pregaussian.
Let us consider the approach to uniform CLTs via solution of the Poisson equation. In this case,
the pseudo-metric induced by the limiting Gaussian process G appearing in the CLT is given by

dg(f,9) = -2 /(f —g) (AN -9)]du,  fgeFCDy
Cauchy—Schwarz and Poincaré’s inequality imply that

~2(£ A7) <2 flu2ll A Flluz S 1F

29 (4.2.3)

160



4.2. Uniform CLTs for multidimensional diffusions

The above straightforward estimate was already used for establishing the bracketing result in
Section 3.3.1. The idea of bracketing is easily proved and understood, with the obstacle that
the condition is nowhere close to being necessary. By contrast, the entropy estimates considered
first by Vapnik and Chervonenkis are known to be essential in determining whether a class of
functions is a (uniform) Glivenko-Cantelli or Donsker class (in the classical sense). Under the
Poincaré hypothesis, it is straightforward to state a condition for (uniform) pregaussianness in
terms of the combinatorial dimension. This approach again makes (implicit) use of the mixing
properties of the diffusion. More interesting results are to be expected when the form of the
limiting Gaussian process G appearing in the CLT can be exploited more directly, but this issue
is open for further investigation.

Study of plug-in properties (ctd.). Our focus in the study of the smoothed empirical diffu-
sion process S¢ p, (cf. (4.2.1)) was on stating minimal assumptions on the bandwidth A in order to
scrape out remarkable regularity properties of (the modified version of) the empirical diffusion
process. When investigating the problem of invariant density estimation for multidimensional
ergodic diffusions (assuming, e.g., the availability of certain functional inequalities) and with a
view towards statistical applications, it is certainly also of interest to address the PIP, a question
which is different in spirit. The statistically most relevant version of the PIP is the so-called
efficient PIP. Adapted to our framework and using the usual quadratic loss function notions, a
formal definition might be stated as follows.

Definition 4.2.2 (cf. Definition 4.1 in Bickel and Ritov (2003)). Let H,T)T—p”2 = Op(r%), where
rr is the (stochastic) minimax rate of convergence for estimating p € P. For each 7 € T, T a

set of functionals, let 77 be an efficient estimator of 7 (in the sense of Definition 5.2.7 in Bickel
et al. (1998)). An estimator pr is called an efficient PIE if

|67 — pll” = Op(+%)

and

\/Tsug_‘T(ﬁT) — 7| = op(1).
TE

As pointed out by Giné and Nickl (2008), the proof of the PIP consists of two parts, namely the
use of the right uniform CLT for the variance term, and, more severely, the treatment of the bias
term. While Theorem 3.6.1 allows for very fast bandwidths h; \, 0 with O(h;) = t~1/¢log(et),
Lemma 3.5.2 which is used for proving that, uniformly in g € G,

51(40) ~ Hun(0)] = o] [ (4050  (49) » ) () ] = p),

requires that th?® — 0. In particular, this excludes the use of the choice h ~ ¢~/ (28+d) which
gives the optimal rate of the MSE (cf. Corollary 1 in Dalalyan and Reif} (2007)). In the classical
i.i.d. framework, Giné and Nickl (2008) suggest to combine the information on the underlying
density and on the function class. Similar ideas may be suitable for obtaining sharper bounds on
St n(Ag) —H; 1 (g), but this still has to be investigated in more detail. Let us finally remark that
explicit regularity conditions on the local characteristics of the SDE associated to the diffusion
might be formulated for bounding the approximation error.

Uniform CLTs for ergodic diffusions observed along Euler schemes. In order to con-
tribute to the theory of empirical processes of multivariate ergodic diffusions, we studied the
empirical diffusion process G; and the smoothed empirical diffusion process S; j, based on the
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empirical measure and some weighted empirical measure related to some kernel density esti-
mator, respectively. The investigation can be extended in a different direction by considering
(weighted) empirical measures based on approximation schemes for SDEs.

This problem is interesting both from the theoretical and the practical point of view. Consider
the SDE

where b : R — R?, ¢ : R — R4 are continuous mappings, W is a g-dimensional standard
Brownian motion, and assume that the diffusion process solution X of (4.2.4) is stationary and
ergodic with invariant measure p. In typical applications, the coefficients b are o are given by
some physical model, and the interest is, e.g., in computing [ fdu for some given f € L'(u). To
do so, one may use numerical approximation schemes or, alternatively, PDE methods for solving
the stationary Fokker-Planck equation. It is however known (cf. Pages and Panloup (2009))
that probabilistic methods are superior in terms of efficiency in higher-dimensional settings
(dimension d > 3) or in degenerate cases.

The problem of approximation of the invariant distribution for Brownian diffusions by means of
an adapted Euler scheme with decreasing step (7;), has been addressed, e.g., by Lamberton and
Pages (2002) and Pages and Panloup (2009). Lamberton and Pages (2002) suggest to compute
the Euler discretization of (4.2.4), given as

Xn+1 =X, + '7n+lb( ) + \/'7n+1(7( n) n+1, n > 07

where (Uy),,»; is an R9-valued white noise defined on a probability space (€2, o7, P), independent
of Xg € L°(Q, o7, P), and ~ := (Yn),,>1 is a step sequence vanishing to 0. In a second step, a
weighted empirical measure v is formed, using a weight sequence 7 := (7,),,>0;

V) (w,dz) == anéxk ) we, n>1.

Zkl

Under certain Lyapunov-type stability assumptions and under conditions on the step sequence
7, it is shown in Theorem 9 in Lamberton and Pages (2002) that, for every C? function F with
D?F bounded and Lipschitz, the following CLT holds

n

3" v VI(AF) = Z ~ N(0,0%), (4.2.5)

where 0% := [pa|0'VF()|? u(dz). The result in (4.2.5) is similar to the CLT in (3.1.4) which
was a starting point for our umform CLTs in Chapter 3. More recently, Pages and Panloup
(2012) obtained results in the spirit of (3.1.4) for the case of functionals of the path process and
its associated Euler scheme with decreasing step. With a view toward applications, it is certainly
of interest to establish uniform CLTs for ergodic diffusions observed along Euler schemes and
for functionals of the entire path process. Finite-dimensional results as in (4.2.5) may provide
an origin for the investigation.
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A.1. Auxiliary results from nonparametric statistics and statistics of random
processes

This section summarizes different auxiliary results which were used in the proof of the upper and
lower bounds presented in Chapter 2. We start with stating results on the question of absolute
continuity of probability measures induced by different diffusion processes. Recall that we had
to deal with this question for proving lower bounds in the diffusion model (see, e.g., Lemma
2.6.2 in Section 2.6.1). For the proof of the following result and many more related material, we
refer to Chapter 7 of Liptser and Shiryaev (2001).

Theorem A.1.1 (Liptser and Shiryaev (2001), Section 7.6.4, pp. 296-297). Let by, by : R — R?
and o : R — R¥>" d,r € N, be such that the SDEs

dX; = bo(Xp)dt + o(Xy) AW, X, =z, (A.1.1)
dY; = by (Y)dt + o(Y;) dWs, Yy =y, (A.1.2)

admit a unique strong solution. Assume further that the system of equations

o(z)a(x) = bi(z) — ba(z)

has a solution for any x € R%, and denote by a~ the pseudo-inverse of the matriz a = oot.

Consider the laws induced by the solutions of (A.1.1) and (A.1.2), and denote their restrictions
to (C[0,T], 2(C[0,T))) by P and P\Y)

xz,bo z,by”’

respectively. If x =y and

P( /oT (B4 (e (Xa)br () + B (X (X)ba(X,) ) du < +oo) _ 1,

then Pf’;}l < IP’g)L, and the Radon—Nikodym density of ]P’g(cg)1 with respect to Pg% s given by
T
dpi(137b)1 YT _ T t Y — Y Y
(T) ( )—exp (bl _b2) ( u)a ( u)d u
dP, ,, 0

1 (T
=5 | b (Y () b+ b (Yi)du ).
0

If, in addition,

P(/OT (b (YVa)a™ (Ya)br (Ya) + Bh(Ya)a™ (Ya)ba(Ya) ) du < +°O) -

then Pg;)l ~ chj,;))g and
ap!’) g
fi;?)Q (XT) = exp (/ (by — bZ)t(XU)a_(Xu)dX“
ey, 0

+ % /OT(bl — b)) (Xu)a™ (X)) (b1 + ba)( Xu)du>_
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Remark A.1.2. Assume now that the diffusion process solutions X and Y of (A.1.1) and (A.1.2),
respectively, are ergodic and admit invariant measures with Lebesgue density p1 = ps 3, and pa =
Po.by > Tespectively. Suppose that the initial values x and y follow the respective invariant measure
such that the processes X and Y are strictly stationary. Consider the laws induced by the
stationary solutions of (A.1.1) and (A.1.2), and denote their restrictions to (C[0, T, Z(C[0,T7))

7)

by ]P’g) and IP’Z()2 , respectively. It then follows from Theorem A.1.1 that

dpy" ) . o
d[pl(;f) (v7T) = ;;(YO) exp </0 (b1 — b2)" (Yy)a™ (Y,,)dYy, (A13)
_ ;/T(ln —b2)"(Yu)a™ (Ya,) (b1 + 52)(Yu)du>

For proving the lower bound for pointwise estimation of the components of the divergence
vector (precisely, for verifying the conditions of Lemma 2.6.2 in Section 2.6.1), we also require
the following result.

Lemma A.1.3 (martingale CLT; Theorem VIII.3.11 in Jacod and Shiryaev (2002)). Assume
that X is a continuous Gaussian martingale with characteristics (0,C,0), and that each X™ is a
local continuous martingale. If D is a dense subset of Ry, then it holds X, = X if and only if

(X XY, L Cij(t)  forallt e D.

The next lemma proves useful in deriving upper bounds on the L? risk of pointwise kernel
estimators. It is a modification of Theorem 1A in Parzen (1962) who contributes the result to
Bochner.

Lemma A.1.4 (Bochner; Parzen (1962)). Let K; : R?* - R, i = 1,...,m, m € N, be kernel
functions which satisfy the following conditions,

sup |Ki(a)| <00, [ K@)dr<oo,  lm {la|K3@)} =0,
R

z€Rd ||z||—o0

and assume that g : RY — R satisfies [pa |g(x)|dz < 0o. For hy \, 0 and

1 U Yy—x
= | S K? () dy,
gr() B /R AT 9(y)dy

it holds at every continuity point xo of g(-),
m
: — 2
i gr(ao) = gto) [ 3 K2 (A1)

Proof. The proof is brief and along the lines of the proof of Theorem 1A in Parzen (1962). By
definition, it holds

@) —ota) [ S a2t = [ S5nt w2 () (ol 2) — glana
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Consequently,

\g7 (o) iL‘o/ ZKQ )dy|

< max |g(u+ zo) — g(z0)| K?(y)dy
lull<é IyH<5hT i—1
|g(u + 20)| HUIl 2( ) a2 (U
+/ e K du + |g(xo)| h K; () du
fi>s— lull Z hull>s ; hr
< max |g(u+ o) — g(zo / K?ydy
max | ()‘wZ; v)
1 m m
e {uun S w2} [t ool [ S Ky
(]| >8hs¢ i=1 R lyli>shy? i
Letting T'— oo and then § — 0, the assertion follows. O

A.2. Auxiliary results for Chapter 3

All of the following results are taken from the preprint Rohde and Strauch (2010).

Lemma A.2.1 (Rohde and Strauch (2010), Lemma 4.2). Let A satisfy the Poincaré inequality.
Then (Da, || - lp,) is a separable Hilbert space.

Proof. 1t is clear that (D4, | - |lp,) is pre-Hilbert. In order to prove completeness, let (gn),cx
be a Cauchy sequence in (D4, | - |p,). Then (gn),cy and (Agn),cn are Cauchy sequences
with respect to || - [|f2(,). Completeness of L?(p) implies that there exist some g such that
19 = gnll12() — 0 and some G such that |G — Agnll2(,) — 0. Since A is closed, it follows
G = Ag, and, in particular, g € D4. It remains to prove separability. Note that Z4 C L?(u) is
separable as a subset of a separable metric space. Let (fy),cn be a dense subset of %4, and let
(gn)nGN be a dense subset in D4 N N4, where N4 denotes the null-space of A which is a closed
subset of L?(j), since A is closed. For any set S C D4, let Ajg denote the restriction of A to S.
Then the set

( \NlmD (fn)) U (gn)nen

neN

is countably dense in (D4, || - [|p, ). For the proof, let g € D4 be arbitrary. Such g can be written
as g = g+~ + go for some gt € Dy N N4 and some gy € Na. It holds ||AgLHL2(H) = [|Agll 2 ()
Now let

ot < {Aks o, (f) i e N

with || A(gi- — QL)HL?(M) — 0. Poincaré’s inequality then gives ||gi — QLHLQ(;L) — 0. Further-

more, let g) C {gn:n € N} such that |g? _90||L2(u) — 0. Thus, (gkL +gg) is the desired
approximation. ]

Proposition A.2.2 (Rohde and Strauch (2010), Proposition 4.1). Assume that g(- +uh) € D4
for h € [0,ho], u € S4L, such that ||g(- + uh)|p, is uniformly bounded in h < hg, u € S41.
Then g * K, € Dy for h € [0, ho], and the convolution is contained in the || - ||p,-closure of
|K||Tv times the symmetric convex hull of {g(- —y) : ||lyll2 < ho}.
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Proof. By Lemma A.2.1, (D, || - ||p,) is a separable Hilbert space. This implies in particular
that D4 is closed under finite convex combinations. The arguments given in the proof of Lemma
1 in Giné and Nickl (2008) show that g K}, is contained in the closure in || ||p, of || K||rv times

the symmetric convex hull of {g( —y):y € Rd}. Since (D4, | - |p,) is complete, the above
closure in || - [|p, is again contained in D 4. O

Lemma A.2.3 (cf. the proof of Theorem 4.3 in Rohde and Strauch (2010)). For all g € W%2(p)
of compact support in E\ OF, it holds

—Z/QAgdu Z/(ng)ta(-)vwgdu. (A.2.1)

Proof. Let g € W22(p) of compact support in the interior of E. We regularize g by convolution
in a standard way. Denote by ¢p(-) := h=%¢(-/h) a Dirac sequence, where ¢ € C>°(R%). Thus,
for sufficiently small h, g, € C2(R?), and (A.2.1) holds for g*¢y,. Since the diffusion coefficient
a is locally bounded, the coordinate of a are uniformly bounded on compacts. Thus,

[ (Vulg =950 a(Vu (g =g n) do

= [ (Vug = (Vug) = n)' (@)al@) (Vg = (Tug) 5 1) (@)de
=o(1) as h \, 0,

since ¢y, is a Dirac sequence. O

Lemma A.2.4 (Rohde and Strauch (2010), Lemma A.1). Assume that g € Wh2(u) and K, is
symmetric. Then it holds p-a.s.

% (g Kp) = (0%) * Kp,  for all a € {0,1}¢ with o] = 1.
Proof. By definition of the weak derivative, it holds for all ¢ € C%¢,

[0 Ky@o@ane) = = [ (g+Kn) @0°0(@)dh@)
=~ [[ swEi@ — y)dy 07 p(@)AN@)
=[] 0@ Kl ~ y)de g@)ANw)
= —/(3“¢*Kh) ¥)g(y)dA(y)
- - / 0" (6 K1) (1)g(w)AMy) (422)
= [ 99 (6 Kn) 1)Nw)

= [@59) « Kn(@)o()anw),

where the identity 0%(¢ * Kp,) = (0%¢) x K}, in (A.2.2) is proved, for instance, in Lemma 5 a) in
Giné and Nickl (2008). O

Lemma A.2.5 (Rohde and Strauch (2010), Lemma A.2). Let A be the generator of an Ito-
Feller diffusion in E C R% with continuous drift and diffusion coefficient, b and o, respectively.
Then any g € W22(u) of compact support in E\ OF belongs to Dy, and

2
O +Zb

wa:z@wxg

1

:522:

U]a:.’b
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Proof. Let g € W22(u) be of compact support in E\ 0F. Let ¢p,(-) = h=%(-/h) be a Dirac
sequence with some twice continuously differentiable, symmetric kernel ¢. Then g * ¢y, is twice
continuously differentiable and of compact support, hence g x ¢, € D4 for sufficiently small A,
and it holds by Lemma A.2.4 that

9%(g* ¢n) = (0%) * ¢y, for all multi-indices o € {0,1,2}% with |a| < 2.

Therefore,

Owa:iawxj Ow;

d 2 d
i,j=1 i=

Since ¢y, defines a Dirac sequence, g — g * @nl| 12,y — 0 as h 0 (cf. Theorem 8.14 in Folland
(1999)). Let

6 = 13 @B+ 3 h( 2L ()
o 2ij:1 * 8w:ci8wa:j i—1 ! 8wa;i ’
Denote the union of the supports of g and g * ¢ by Cj. Then
4% 60) — Gllizgy < & 3 laisLoy g | o200 sy — 88 _
g h L2(M) - 2. P GECn sup 8w$7;8w56j h 8w.7jiawl‘j 2
4,7=1 L2(p)
d
Owg Owg
§ b1 — -
! =1 166 sy Owi *on Owi || L2 (u)

— Oas h 0,

because (¢y,) is a Dirac sequence, g € W22(u) and a(-) and b(+) are continuous, hence uniformly
bounded on a decreasing sequence of compacts. But this implies G = Ag, since A is closed. [

A.3. Continuity and boundedness of Gaussian processes

This section contains a brief summary of results on continuity and boundedness of Gaussian
processes. Further references may be found, e.g., in Chapter 2 of Dudley (1999) or Chapter
6 of Marcus and Rosen (2006) The importance of this question is based on the fact that the
existence of a bounded and dg-uniformly continuous version of the Gaussian limit G is necessary
for F to be Donsker. Throughout the sequel, denote by (14)icr a centered Gaussian process,
and endow T with the L? metric given by the covariance structure of the process, denoted by d.
Two stochastic processes X; and Y;, defined on the same probability space with the same index
set T', are said to be modifications of each other if, for each ¢, X; = Y, with probability 1. The
well-known metric entropy criterion due to Dudley states that there exists a modification v/ of
v with bounded, uniformly continuous sample paths on (7, d) if

diam(7T")
/ \09og N (,T,d)de < 0. (A.3.1)
0

The entropy condition in (A.3.1) is only necessary for boundedness and continuity of Gaussian
processes with stationary increments; it is not necessary in general. Sharp characterizations of
centered Gaussian processes having sample-bounded modifications may be expressed via ma-
jorizing measures and the ~y, functionals.
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Definition A.3.1 (Dudley (1999), p. 59). Let (T d) be a metric space and Z(T') the set of all
Borel probability measures on T'. For m € Z(T), let

= sup /
zeT

where By (r) :={y : d(z,y) < r} is the open ball of center z and radius r. If ~,,(T") < oo, then
m is called a majorizing measure for (T,d). Let v(T) := (T, d) := inf {7, (T) : m € 2(T)}.

It then holds (T, d) < oo if and only if there exists a majorizing measure on (7', d). Corollary
2.7.30 in Dudley (1999) gives a sufficient condition for the GC property of sets C C H, H a
Hilbert space. Namely, if there exists a probability measure g on C' such that

li / " h L
11m Ssu og ————Ar =
N0 et & 1 (Ba(1)

The generic chaining method due to Talagrand gives an alternative characterization which is
conceptually less difficult than the majorizing measures approach. In addition, it is closer related
to the facts based on metric entropy numbers.

then C is a GC-set in H.

Definition A.3.2 (Definitions 1.2.3 and 1.2.5 in Talagrand (2005)). For a metric space (T, d),
an admissible sequence of T' is an increasing sequence (\A,,) of partitions of 7" such that, for every
n > 1, cardA,, < 2%" and cardAy = 1. Denote by A, (t) the unique element of A, that contains
t. For a > 0, the v, functional is defined as

Ya(T, d) := inf sup Z md (t, Ay),
teT n>0

where the infimum is taken with respect to all admissible sequences of T' and d (¢, A,) =
inf,eq, d(t,u).

A very concise summary of relevant properties and their importance is given in Section 2 in
Mendelson (2011). The following result is crucial.

Theorem A.3.3 (Theorem 1.3 in Talagrand (2005)). Under measurability conditions, the fol-
lowing are equivalent:

1. The map t — v (w) is uniformly continuous on T with probability 1.
2. lims—0 Esupg(y 4y<s [vu — | = 0.
3. There exists an admissible sequence of T such that

[e.9]

lim sup Z 2/2d(t, wy(t)) = 0.

S0—00 teT s=s0

The above is an analogue of Theorem 1.3 in Talagrand (2005) which is only formulated but not
proven there. As Mendelson (2011) notes, the continuity theorem from Talagrand (1987b) can
be converted to obtain Theorem 1.3. This proof is carried out on pp. 31-35 in Kuelbs et al.
(2013).
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Zusammenfassung

In dieser Dissertation werden zwei Problemkreise fiir multivariate ergodische Diffusionsprozesse
betrachtet.

Zunéchst untersuchen wir die Frage der scharf adaptiven Schétzung der Driftfunktion einer Dif-
fusion, die als starke Losung einer stochastischen Differentialgleichung gegeben ist. Auf der
Grundlage einer stetigen Aufzeichnung von Beobachtungen werden exakte, datenbasierte Ver-
fahren fiir die globale und fiir die punktweise Schéitzung vorgeschlagen, die die optimale Grenz-
konstante unter natiirlichen Glattheitsannahmen an den Driftkoeffizienten erreichen. Es wird
sowohl eine Verbindung zum klassischen Resultat von Pinsker zur Schitzung {iber Sobolev-Klas-
sen beziiglich des L2-Risikos als auch zum “optimal recovery”-Problem hergestellt. Die exakten
Ergebnisse ermoglichen insbesondere eine Abschitzung des Einflusses der Diffusionsmatrix auf
das Problem der Driftschéitzung.

Im zweiten Teil der Promotionsschrift studieren wir unendlichdimensionale Erweiterungen des
zentralen Grenzwertsatzes fiir additive Funktionale ergodischer Diffusionen. Zunéchst werden
die Begriffe der Donsker-Klasse und der pra-Gauf3’schen Eigenschaft im Diffusionskontext einge-
fiihrt, um dann klassische Resultate aus der Theorie empirischer Prozesse aufzugreifen. Ver-
schiedene Parallelen zum klassischen, auf unabhangigen und identisch verteilten Beobachtungen
beruhenden empirischen Prozess werden fiir Diffusionen, die einer Poincaré-Ungleichung genii-
gen, aufgezeigt. Ferner wird eine gesteigerte Regularitit fiir multivariate ergodische Diffusionen
mit endlichem invarianten Mafl nachgewiesen. Dieser Effekt wird durch die Untersuchung geglét-
teter Versionen des empirischen Diffusionsprozesses aufgedeckt.
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