Control-constrained parabolic optimal control problems on
evolving surfaces — theory and variational discretization

Dissertation
zur Erlangung des Doktorgrades
der Fakultat fiir Mathematik, Informatik
und Naturwissenschaften

der Universitdt Hamburg

vorgelegt im Fachbereich Mathematik

von
Morten Vierling
aus Hamburg

Hamburg
Juli 2013



Als Dissertation angenommen vom Fachbereich
Mathematik der Universitat Hamburg

auf Grund der Gutachten von Prof. Dr. Michael Hinze
und Prof. Dr. Harald Garcke

Hamburg den 11.07.2013

Prof. Dr. Ulf Kihn
Leiter des Fachbereichs Mathematik



I would like to thank Prof. M. Hinze for his advise and support in crucial situations.
This work would not have been possible without him.

There has been an awful lot of people who helped me in the creation of this thesis, be
it through their own work, like Prof. G. Dziuk, their advocacy, like Prof. J. Struck-
meier, or their encouragement. For the latter my foremost thanks go to my companion
Christine and to my mother Brigitte who have always been there for me.

Finally, I want to thank Prof. H. Garcke who greatly helped to improve the presentation
of the material.






Contents

Introduction|

l1 Some facts on compact embedded hypersurfaces|

[1.1 ~Signed distance tunction and projection| . . .

1.2 Time dependent signed distance function and projection| . . . . . . . . . . ..

[1.3  Sobolev spaces on manifolds|. . . . . . .. ..

[1.3.1  Manitolds with boundary and Stokes’ formulal. . . . . . ... .. ...

[L.A~ The parabolic tube I' X [0, T]| . . ... ...

[1.B Uniform stability of elliptic problems on a mov

ing surface| . . . ... ... ..

3.3 Thespace Wp|. . . ... ... ... ......
I;i. l &!!:“ll; :i!)l!lli!!l“!l .................

[3.5  Triangulation of the moving surface| . . . . .

[3.6  Finite element discretization in space]. . . . .

[3.6.1  Convergence results| . ... ... ...

[3.7 Implicit Euler dG discretization in time| . . .

3.7.1 Convergence results| . . .. ... ...

Parabolic optimal control on moving surfaces|

|4.1  Control constrained optimal control problems|

4.3  Numerical examples] . . ... ... ... ...

iii

N W N =

11
14
14
16

19
20
23
25
31
34

39
41
42
45
49
o1
o6
60
65
67

75
75
7






Introduction

We investigate linear-quadratic parabolic optimal control problems on evolving material hy-
persurfaces in R"™!, n € N. In addition, we consider elliptic state equations on stationary
surfaces. The state equations can be seen as models for diffusion-driven processes taking place
on surfaces, such as evolving bio-membranes. Primarily however, they are but academic ex-
amples, employed in order to investigate the changes an optimal control problem undergoes
as we substitute its stationary euclidean domain by a curved and moving one.

Following [DEO7|, we consider parabolic state equations in their weak form

d .
— [ yedl(t)+ [ VryVre+byedl(t) = /wdf(t)Jr/wdF(t), y(0) = vo,
(t)

dt

INO) r INO) r(t)

where I' = {I’(t)}te[o’T] is a family of C?-smooth, compact n-dimensional surfaces in R"*1,
evolving smoothly in time with velocity V', and ¢ = 0,p+V V¢ denotes the material derivative
of a smooth test function ¢. We define unique weak solutions for the state equation under low
regularity assumptions on the data u, yo. In particular we allow for yg € L*(I'(0)). The idea
is to introduce distributional material derivatives in the sense of [LM68] and a W (0, T')-like
solution space.

The stationary diffusion equation on a fixed surface I' reads

/Vrprgo—i-cycde‘:/u(de,V(pEHl(I‘).
r r

Both in the stationary and the instationary case each surface is approximated by a triangula-
tion I'" on which a finite element scheme for the state equation is formulated along the lines of
[Dzi88] and [DE07], respectively. Here we assume n = 1,2, 3 in order that the interpolation be
well defined. The approximation error of this discretization of the state equation decomposes
into a finite element error, arising from the projection onto a finite dimensional Ansatz space,
and a geometrical part which is due to the approximation of I by I'. We prove convergence
results for the parabolic equations under weak regularity assumptions.

The state equations define linear control-to-state operators. Using these, we formulate control
constrained optimal control problems along with their necessary optimality conditions where
the adjoint state equations appear. The optimal control problems are subjected to variational
discretization, see |Hin05|, by replacing I and the state equation by their finite dimensional
approximations. The variationally discretized problems are amenable to an implementable
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semismooth Newton algorithm. In both cases we prove convergence of the discretized optimal
controls.

In the elliptic case we also discuss in some detail the implementation of a globalized semi-
smooth Newton algorithm for the control problem, involving a new merit function. In the
parabolic setting a suitable scalar product is formulated in order to arrive at an easily com-
putable discrete adjoint scheme.

Our analytical findings are complemented with numerical examples.

This work is structured as follows. We begin with a very short introduction into the setting in
Chapter[I] introducing some basic concepts for hypersurfaces such as signed distance functions
and Sobolev spaces. We then investigate elliptic optimal control problems on stationary
hypersurfaces in Chapter [2] along with their numerical treatment rounding up the chapter
with some numerical examples.

It follows a detailed study of the properties of the parabolic equation in Chapter [3| In order
to formulate well posed optimal control problems, we proof the existence of an appropriate
weak solution in Section complementing the existence results from [DEO07]. Afterwards,
we examine the space- and time-discretization of the state equation in Sections and
and prove optimal L?-error bounds.

Finally, Chapter [] is devoted to parabolic optimal control. Using the results from Section
-4 we formulate control constrained optimal control problems. We then apply variational
discretization in the sense of [Hin05] to achieve fully implementable optimization algorithms
and end the work with some numerical examples.



Chapter 1

Some facts on compact embedded
hypersurfaces

The purpose of this chapter is to collect a number of results that are used in later chapters.
Among other things, the existence of sufficiently smooth distance functions will be proved
and we investigate properties of piecewise smooth functions.

Consider a connected compact n-dimensional abstract manifold M of class C*, k > 2. Sup-
pose now that M is embedded into R™*!, i.e., it exists an injective C*-map f : M — R*H1
such that its differential Dagfm @ TmM — R™F1 is injective for all m € M. Its image
I' = f(M) is then a compact hypersurface in R**1.

What is more, the hypersurface I' is closed and connected and by the Jordan-Brouwer sepa-
ration theorem it divides R"*1\ I' in exactly two open connected components. Those are the
bounded interior  of ' and its unbounded exterior R**1\ Q. Hence the exterior unit normal
vector field v : I' — R™*! induces a natural orientation on T.

A proof of the Jordan-Brouwer theorem that extends to the C?-case can be found in [Lim8§];
there it is assumed that M is orientable which is true for any such surface, compare [Bre97,
Ch. VI, Cor. 8.9]. Also [Bre97, Ch. VI, Cor. 8.8] ,while being more difficult to read, includes
a stronger, purely topological version of the Jordan-Brouwer theorem.

Throughout this work we regard the tangential spaces T, I" as subsets of R e,

Tf(m)F = DMfm(TmM) :

The surrounding space R™! determines a Riemannian metric on M via the identity
g(-,) = (Dmf(), Dmf())grn+1. Instead of (T, (-, -)gn+1) we simply write I'. For notational
convenience we often write

v1vy instead of (vi,va)gn+1 and |lvg| instead of ||vi||gn+r, Voi,ve € T,T. (1.0.1)

In Section we introduce the signed distance function d : R*™! — R for T, as well as the
projection IIr : R — T" onto I' and investigate their regularity.

In Section we do the same for a family of surfaces I'(t) = ®9(I'g) evolving from an initial
surface I'g under a flow ®.
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Section [I.3]is devoted to Sobolev spaces on manifolds. Finally, a loose collection of results that
are more or less linked to Sobolev spaces, such as uniform elliptic H?(I')-stability estimates,
can be found in the Appendices The notation in Section[I.3]and the Appendices
differs slightly from that in the rest of the work, as it is only here that local representations
and maps are explicitly used.

1.1 Signed distance function and projection

The distance of a point z € R"*! to the surface I'

distr : R""' 5 R, distr(z) = inf ||y — 2|
vel

is Lipschitz continuous with Lipschitz constant 1. This fact, which holds true for any subset
A C R™"! s easily shown using minimizing sequences.

Nevertheless, in order to analyze the quality of approximations of I'; it will turn out to be
more convenient to work with a signed version of distr, the so-called signed distance function

—distr(z), ifzxeQ
d p—
(z) { distr(z), ifz ¢ 0

with €2 as above. The function d exhibits additional regularity in a tubular neighborhood of
I" with radius € > 0
Ne={z e R"™ ||d(z)| <€} .

Closely linked to d are the unique projection onto I'

I : Ne = ', z— argmin|y — x|,
yel’

and the exterior unit normal field.

Definition 1.1.1. An exterior unit normal vector or outwards-pointing unit normal vector
of the CF-surface I' ¢ R™*! k > 1, at v € T is the uniquely defined unit vector v € R**!
which is perpendicular to T,I" and for which there exists § > 0 such that for t € (0, )

y+tv e R"T\Q
y—tre Q.

The exterior normal field of I is the map v : I' — R"*! that associates each point v € I" with

its respective exterior unit normal direction.

The regularity of d, v and Il as well as the well-definedness of the latter are the subject of
the current section.

Using the defining properties of v, i.e., the orthogonality relation and ||v|| = 1, one can
conclude by the implicit function theorem that v € C*~1(T).

Regarding Ilp, observe that from standard optimization theory it follows that for

€ argmin ||y — x
y gverH’Y |
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the vector x — y is perpendicular to the tangent space T,I". Hence we have

r=y+vle -yl =y+viydx). (1.1.1)
Also, since I' is compact, the set arg min,cr ||y — x| is not empty.

Theorem 1.1.2 ([DZ94, Thm. 5.6]). Let T' denote the C*-smooth boundary of a bounded
domain Q in R" 1 k > 2. Then there exists € > 0 such that d € C*(N.) and for x € N the
set argminger ||y — x| is a singleton. Further one has Ilr € C*~Y(N,T).

Proof. By |DZ94, Thm. 5.6] there exists a ball B(7), €(y) > 0 for each v € I" such that
the assertions of the theorem hold inside B(,)(7). One can assume w.lo.g. that the radii
e(y) € (0,00] are maximized, i.e., one of the three properties stated in the theorem does
not hold on Bs(7y) if § > €(y). Now, I' being closed and bounded, a common compactness
argument proves that the ¢(y) are bounded away from zero, thus establishing the theorem:

Assume €(7y), v € I' are not bounded away from 0. Then there exists a convergent sequence
Yk — 7, such that () — 0. But for some k € N the ball B,(,,)(7x) lies entirely in B%e(’y) ¥),
contradicting the maximality of e(vg). |

Inside N, the distance d has the important property
Vd(z) = v(IIp(x)) . (1.1.2)

This relation, apart from complying with intuition, is also easy to prove. For z € N, (1.1.1)
reads
x = Ip(z) + v(Ip(z))d(z),

which we can derive for x to obtain
idgn+1 = DIIp(z) + d(z)Dry(Ilp(z)) DIIp(z) 4+ v(Ip(z))Vd(z)T .

Multiply by v(IIr(z))” from the left to get (1.1.2). Observe that v(IIp(x)) is orthogonal on
the columns of DIIr(z), and that v(y)T Dryv(y) = %%HV(’Y)’P =0.

1.2 Time dependent signed distance function and projection

In the context of evolving surfaces we require signed distance functions that also exhibit a
certain time regularity as well as tubular neighborhoods N, whose radius € does not depend
on the time variable ¢t € [0,7], T > 0.

We will consider hypersurfaces I'(t) that evolve from an initial connected compact hyper-
surface without boundary I'(0) = Ty of class C*, k > 2. To this end consider an open set
U C R and a velocity field V € C*(U x R,R"*1). Let further Uy C U denote an open,
bounded, and connected neighborhood of I'y. Then by compactness of Uy there exists some
T, > 0 such that the initial value problems

y(0;0,z0) =x0 €Uy, Vte (=6,T+56): (t;0,20) = V(y(t;0,20),1)

d
a?
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admit unique solutions y( -; 0, zg), compare [Wal98| §12, Thm. VI]. Hence for all initial times
s € (—=0,T + 0) the problems

y(s;s,x5) =xs EUs, YVt (=0,T+9): %y(t; s,xs) = V(y(t; s, zs),t)
with U = y(s;0,Up) are uniquely solvable for y(¢; s, z). The map
O:D =R, (t,s,x5) — P (xs) = y(t; s, x5)
which acts on the open domain

D=(-6,T+6)x |J {s}xtscR"
s€(—6,T+96)

satisfies ® € C*¥(D, R"*!), compare [Wal98, §12, Cor. XI] and is called the flow of the vector
field V.. Moreover, by definition of the maps @7 : U; — U; there holds

5o ®" = &}, and P! = idy, ,

in particular all ®; are C*-diffeomorphisms. Now I'(t) = ®(I') is the translation of I'y along
the velocity field V', and by ®§ we synonymously denote the restriction ®F : I'(s) — I'(¢).
For all t € [0,T] the surface I'(¢) is closed and divides R"*! \ I'(¢) into two open connected
sets, again by the Jordan-Brouwer separation theorem. Those are the bounded interior €2; of
['(t) and its unbounded exterior R**1\ ;. Because ®* is a homotopy between the surfaces
I'(s) and I'(¢) it seems natural that ®; maps the interior Qs of I's to the interior € of T;.

Lemma 1.2.1. For all s,t € [0,T] there holds ®;(2s NUs) = QU N U;.

Proof. We show that the property holds in a small environment around any fixed s € [0, 7]
and thus globally.

Because I'(s) is compact, there exists x5 € Us such that [|zs| > max cp(s [|7[]. In particular
the half-line ¥ = {tx, | t € [1,00)} lies entirely in R**1\ Qg, which is the unbounded one of
the two connected components of R**1\I'(s). Now choose €5 > 0 such that for t € (s—eg, s+¢)
both x5 € Uy and [|xs| > max,cp() [|7]| holds. Hence £ also lies entirely in the unbounded
component R™ \ ;. Because there are only two connected components, one concludes

q)f(Qs OZ/lS) =Q:NU; .

Suppose the property does not hold globally. Then there exists ¢ € [0,7] such that ¢ =
inf {7 € [0,T] ‘ ®%(Q NUy) # Qr NU- ;. Apply the local result at ¢ to get a contradiction.
|

As a consequence one gets the following Lemma.

Lemma 1.2.2. Assume s,t € [0,T] and x € Qs NUs such that x € R" 1\ Q, NU;. Then for
some 0 € (min(s,t), max(s,t)) one has x € I'().
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Proof. By Lemma we can rewrite the relation x € R\ Q; Nl as ®L(x) € R\
Qs NUs. The curve ®!(x) is a path connecting x = ®!(x) and ®(z) which hits I'(s) because
those points are lying in different connected components. |

Next let us mention that we can express the outer unit normal field v of I'(t) through that
of I'(0).

Lemma 1.2.3. Let vy denote the outer unit normal field of Ty. Then fort € [0,T], v € Ty
the outer unit normal field of T'(t) at ®Y(y) is given by

v (90(7)) = e C* Yy x [0,T],R™1).

Note that at this point we do not prove that v; continues to point outwards throughout the
interval [0, T]. This is done in the proof of Theorem [1.2.4]

Proof. The image of D®Y(7))T,I'(0) is the tangential space of I'(t) and since
(D2 (7)) v0(7), DY (7))v)gn+r = 10(7)T (DR (7)) T DR} (7))v = 0
for all tangential vectors v € T,I'(0) of I'g we conclude the orthogonality of 14 on Ty, N

We can now proceed to prove the main result of this section, the smoothness of the signed
distance function of T'(¢)

—distpy (x), ifz ey
d(z,t) = . 1.2.1
(x’ ) { diStF(t) ($), if ¢ Qt ( )

Theorem 1.2.4. There exists € > 0 such that the signed distance function
d:R"™ % [0,T] = R

is C*-smooth in the space-time domain

Ne = {(2,t) € R"™! x [0,T] | distpy (z) < €}
and Iy () € CF 1N, R,
Parts of the proof have been inspired by that of [BG88, Thm. 2.7.12].
Proof. Consider the Riemannian C*¥-manifold N' = T'o x R x (=8, T+6) and the C*~'-mapping

E:N =R (y,dt) = (D{(7) + (@} (v)d, 1),
which has the following two important properties:
1. E(-,0,-): Tg x [0,T] — R"*2 is injective,

2. Dy E is invertible everywhere on Ty x {0} x [0,T] C V.
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The first follows immediately from our assumptions on ®Y; in order to perceive the second
property we compute the differential of E

Dry®(7) n(®Y(7)) 0 )

DNE(v,0,t) = ( 0 0 )

which is a surjective mapping due to the orthogonality of 14 on the image of Dr,®Y. Hence,
because of dim(N) = dim(R"*2), it is also bijective.

Thus we have that E is a local diffeomorphism at each point of I'g x {0} x [0,T], and Dy E
is invertible on some tube 'y x (—¢,€) x [0,T]. By compactness we now can argue that for
some 0 < e < € the map E constitutes a diffeomorphism between I'g x (—¢,€) x [0,7T] and its
image N.:

Assume that there exist two sequences (v, dg,tx), (&k,a?k,tk) € I'p x R x [0,7] such that
dy., d — 0 while E(vg, di, tr) = E(3x, dy, tr). Then we can extract subsequences converging
towards (v,0,¢) and (7,0,t) and by continuity of E we get E(v,0,t) = E(7,0,t). But by
property 1. the map FE is injective on I'g x {0} x [0,7]. Thus v = 4 contradicting F being a
local diffeomorphism around (v, 0,1).

Now we know that for any (z,t) € N, the pre-image (yo(z,t),d'(z,t),t) is a singleton, and
the component functions

Yo(z,t) : Ny = Tg, dYx,t): N. = (—€,€), as well as H%(t)(x,t) =3V ong: N, = T(1)

are C*~1-smooth.
Next we show the identities d' = d and H%(,) = lp() on Ne. Observe that as in the argument
preceding (L.1.1)) the necessary optimality conditions for y € arg min,cp(y) distp)(z) are

x—y=A(y) forsome A €R.

But since E is bijective on I'g x (—¢,€) x [0,T], the only (y,A) € I'(t) x (—¢,€) that satisfies
this condition is (H%(t) (z),d (z,t)). Because of |A| = ||z — y|| all y that might satisfy this
relation for larger A ¢ (—¢,¢) clearly do not lie in arg min,ep) distp() (). Hence we proved
H%(t) (z) = Mp(x) for (z,t) € N

Also we immediately get that

either d'(z,t) = d(z,t) or d'(z,t) = —d(z,1). (1.2.2)

Now we show that v (Ilp4)(z)) remains an outward-pointing vector for all ¢ € [0, T. It suffices
to prove that for any fixed s € [0, T] there exists some €5 > 0 such that v;(Ilp)(z)) does not
change its orientation on (s — €, s + €). Pick any (z,s) € N with d(x,s) = §. There exists
€s such that the § < d(z,-) < eon [s— €, 54 ¢€]. Since by Lemmathe only way for x to
pass from the inside to the outside or vice versa is by the surface I'; passing through it, i.e.,
d(x,t) = 0 for some ¢, the point = remains on the same side of I'; for all t € (s — €5, 5 + €5).
As a consequence, choosing 0 < § < ¢ in Definition ,we see that the vector

T — Hr(t)(f’f)

vi(Hpy (2)) = d(z,t)
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retains its orientation throughout (s — €5, s + €5).

Considering it follows that d! is the restriction to A, of the signed distance function
d from .

The additional regularity of d follows from the identities Vad(z,t) = vy (Il (2)) € CFHN),

compare ([1.1.2)), and
Od(z,t) = (v (I (), 0 ®Y (10(x, 1)) € CFHNL). (1.2.3)
The second relation is proved similarly to the first one. Starting with

z = rg)(z) + d(z, )i (Upe () ,
we differentiate for ¢ and multiply by v(Ilp ()T to derive (1.2.3)) using

1d
ve(Ip sy (2))" Dry @Y (vo (2, t))0ry0(x, 1) = 0, d(%tb@”%(ﬂr(t)(ﬂf))HZ =0,

in the process, i.e., the orthogonality relation and the fact that v is normalized. |

Remark 1.2.5. All results of this section also generalize to the case of a Holder continuously
differentiable flow ® € C*7(D,R™*!), k > 2 and a compact, closed C*7-hypersurface Tg.
One then gets d € C*7(NV,R) and IIp(y(-) € CF1Y (N, R,

1.3 Sobolev spaces on manifolds

The standard way to introduce Sobolev spaces on an abstract manifold is by completion of
the C*-functions with respect to the respective Sobolev norm. This may also be the reason
for that the W*>-spaces are usually omitted since they cannot be constructed in this way.
We follow this approach and in addition give a definition for W*> on an n-dimensional
Riemannian manifold (M, g) of class C¥ | k < K.

Through the Riemannian metric tensor g we can define the length of curves and the dis-
tance dist(+, -) of two points of M, turning (M, dist) into a metric space that is topologically
equivalent to M.

The notation in this section differs from that in the rest of this work. This is because,
excepting the Appendices this is the only section where we actually work with local
charts. Apart from naming these charts we need to label the components of tensors such as
the metric tensor. From the viewpoint of later chapters these local objects are not visible;
the metric then arises from the embedding of T}, M into R™*! and is just referred to as -
or as (-, -)gn+1. Also, the definition of Sobolev spaces of course does not rely on M being a
hypersurface in an euclidean space. Hence, a more general notation seems appropriate.

The Riemannian structure of (M, g) gives rise to the kth covariant Levi-Civita derivative
VFu of a function u € C*(M). The derivative V*u is then a tensor field of type (k,0), i.e.,
k-times covariant and O-times contravariant. Following [Heb00] let us define the norm of a
(k,0)-tensor T'

2

n n

i1.ip=1j1...5,=1
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o) o)
axil""’axik

and T in local coordinates 8%1-7 and ¢% are chosen such that Z;‘Zl gijgjk = 0ik, where 6;;

Where g,L] = g(%’ %) and z_’lllk = T(

) are the components of the tensors g

denotes Kronecker’s delta. In other words the matrix (¢*/) is the inverse of the matrix (g;;).
In particular for the gradient Vu of a function u one has

1
IVullg = (9(Vu, Vu))2 = [V,

because in local coordinates it’s components read (Vu); = > 1, g (V'u);. Remember that
the gradient is defined through the relation

0
’ al‘z

0

g(Vu oz,

) = V'u(

), i=1,...,n.

Now for 1 < p < oo the W¥P-norm of some smooth function u € C¥(M) is

P

k
=3 / Vil du(g) |

i:OM

lu

where v(g) = /det(g)dzi A- - - Adzy, is the volume form associated with g. Observe that while
det(g) = det(g;;) does depend on the local basis the 1-form v(g) does not. Let us mention
that in later parts of this work, where we deal with hypersurfaces on which metric tensor and
volume form are prescribed by the surrounding space, we will just denote integrals as [ dT.

r
Now for £ < K let
*v = {ue CH(M) | [lulip is finite |

Let us define Sobolev spaces and state some fundamental properties, compare [Heb00, Prop.
2.1-2.3].

Lemma and Definition 1.3.1. Let 0 < k < K and 1 < p < co. By WFP(M) C LP(M) we
denote the completion of C*P with respect to the norm || - ||kp. W*P(M) is a Banach space.
On compact manifolds the W¥*P-spaces do not depend on the metric g.

Let further p € (1,00), then W*P(M) is reflexive. The spaces W*2(M) are Hilbert spaces
and often are referred to as H*(M). By H™¥(M) we denote the completion of L*(M) with
respect to the dual norm of HF(M).

One has the usual compact embeddings, see [Heb00, Thm 2.9].

Lemma 1.3.2. Let M be compact. For integers k > 0 and l > 1, such that k+1 < K, and
real numbers p,q > 1 with p < ng/(n — 1q) the embedding W*+4(M) € WFP(M) is compact.
For ¢ > n the space WY9(M) is a compact subspace of the space of Hélder continuous
functions C%Y (M) for any Hélder exponent v € (0,1) such that (1 —)q > n.

While it is possible to define a scalar product on (k, 0)-tensors, that induces the norm |-| from
(1.3.1)), we content ourselves with pointing out that for £ = 1 the scalar product associated
with the Wh2-norm can be written as

(u, w12 = /uw dv(g) +/g(Vu, Vw)du(g) .

M M
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In order to facilitate some of the following proofs we make some technical assumptions on
(M, g), which are met in many practical cases, among those all surfaces considered in this
work.

Assumption 1.3.3. For (M, g) there exists an atlas (U;, ¢;)icr with subordinate partition
of unity {n;}ier, such that the pullbacks of g via gi)_l are uniformly positive definite and
bounded, i.e., for any tangential vector v =Y " | v;5—- 8 - there holds

QZ’U > Z V;igijv; > = Zv (1.3.2)

i,j=1

Observe that for the inverse matrix (g%) Equation (1.3.2]) implies also

2Zv > Z viglv; > = Z 2 (1.3.3)
1,j=1
In particular Assumption is satisfied for all compact Riemannian manifolds (M, g), as
can be seen by choosing normal coordinates at every point m € M in a sufficiently small
neighborhood U,,, and then passing to finitely many U, covering M.
We are now going to make use of these assumptions in order to interpret the concept of weak
derivatives on manifolds. Unlike in a vector space, here the partial derivatives of a function

as well as the components of tensors are local objects.

Lemma and Definition 1.3.4. Let Assumption hold for (M,g). An element u €
WHkP(M) possesses weak covariant derivatives Viu, I = 1...k. In a local chart (U, ¢;), i € I,
the components of Viu are the LP(U;)-limits of the components of Vi,, where {@o,}ren C
CkP(M) tends to u in the W*P-norm. For a.e. m € M the object V'u(m) is an (1,0)-tensor.
Also there exist weak partial derivatives 0;, ;u € LP(U;), | < k, that are the LP-limits of

Oiy..i)Pr-

Proof. Consider a WP Cauchy sequence {¢,}ren C C¥P(M) converging by definition to-
wards its W*P-limit u € W*P(M). Let (U, ¢) denote a local chart as by Assumption m
ir

Using the Cholesky decomposition g% = Yo c ¢J” we can rewrite the tensor norm from

(1.3.1) as
T = Z Z g“]lTll?”z TkTJU“z T (1.3.4)

11j1=1r2...1x=1
with Ti17’2~~7‘k = Zgzkzl ci2r2 o %TkTle Zk
Now one can apply (1.3.3)) to the expression . Iterating this argument over the indices
71 ...4, and ji ...Jji one proves the estimate

n

1
IV (or — ps)|* > o > IV e = s)inil (1.3.5)

iy.d=1

The components of Vig,, | < k, are thus LP(U;) Cauchy sequences converging to a limit
denoted (Vlu)il_”il € LP(U;).
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For a.e. m € M the (Vlu);, ; are the components of a (I,0)-tensor, because the transfor-

mation rule for coordinate changes (VlcpT)ilmil — (Vi) g 1S a linear mapping and thus
holds a.e. after passing to the LP-limit.

By the definition of the covariant derivative one has

0

l n
87(Vl§0r)i1‘..il = (V"0 )aiy..i, + Z ngim(leOr)il...im_l Bim1.mit 1 (1.3.6)
(e

m=1g=1

the n?® Christoffel symbols I‘;’»k being CK functions. In view of the LP(U;)-convergence
of the covariant derivatives of ¢, implies LP(U;)-convergence of the partial derivatives
%(Vlcpr)ilmil in LP(U;), given that | + 1 < k. Successively differentiating with
respect to «s...ag_1, one shows by induction over the number of partial derivatives that
Oy (VD)iy iyu € LP(U;) for | + s < k. Hence the weak partial derivatives exist. [ |

Next, we also want to properly define W% (M).

Lemma and Definition 1.3.5. Let Assumption hold for (M, g), and additionally

assume [ dv(g) < co. Equipped with the norm
M

lelloe = max [Vl (a1 )

the space
W (M) = {u € WE | J|uflg.00 s ﬁnite}

is a Banach space.

Proof. A WH>_Cauchy sequence {(; }icn possesses a W1 limit ¢ € WhL(M, g).

Now let 0 <1 < k. Since countable unions of null sets are again of measure 0, there exists a
set N of v(g)-measure 0 which does not depend on [, such that for all m € M \ N we have
(Vipi(m) — Vip;(m)| < € for i,5 > c, independent of m. Since the space of (I,0) tensors is
complete we obtain the pointwise limit Vip;(m) — T'(m) with

T oo () < MV Peclll oo (at,g) + e

Note that |T!| is measurable since it is the pointwise a.e. limit of measurable functions.

Finally the uniform bound

Vipi(m) = T'(m)| = lim |V'p;(m) — Vig;(m)| <

j—00

implies uniform convergence on M \ N. In particular |||Vigp; — Tl|||Loc(M’g) — 0 implies
Vip =T and thus p € WE*(M) and ||¢; — ¢|/k.c0 — 0. [
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1.3.1 Manifolds with boundary and Stokes’ formula

In order to work with partitions of smooth surfaces that arise from finite element methods it
is useful to consider manifolds with boundary. Since the patches those partitions consist of
usually exhibit a certain lack of regularity at the boundary let us also allow for corners.

Definition 1.3.6. An n-dimensional manifold with boundary is a Hausdorff space M that is
locally homeomorph to the half space {x € R™ | 1 > 0}. The set of points that are mapped
onto {x € R" | x; = 0} are called the boundary OM of M.

An n-dimensional C?-smooth manifold with corners M is locally diffeomorph to sets

Hi={zeR"|2; >0, for1<j<n—i}, 0<i<n.
More precisely M is a manifold with boundary such that

1. for every m € M there exists a neighborhood U,,, C M and a homeomorphism
m :Z,{m—>HimﬂVm,
with ¢,,(m) = 0 and V,,, an R"™-neighborhood of 0.

2. the changes of coordinates ¢, o go;n; are C2-diffeomorphisms wherever Uy, MU, # 0.

Each point m € M is then called a corner of dimension i,,, and the boundary is characterized
by OM = {m € M | dimension of m is not n}. Note that because of the second condition
the dimension i, does not depend on the choice of the chart ¢,.

Note that since the boundary of a Riemannian manifold has v(g)-measure 0 its presence does
not change the preceding definitions of an lemmata on Sobolev spaces.
On manifolds with corners Stokes’ formula holds, compare [Tay11, Ch. 1,Prop. 13.4].

Theorem 1.3.7 (Stokes’ formula). On an oriented C*-manifold M of dimension n with

corners, whose boundary OM is equipped with its natural orientation, there holds

/Mdﬂ_ amﬁ

for every compactly supported n-form of class C*.

A consequence of this is the divergence theorem for vector fields. The divergence of a differ-
entiable vector field F'

div F = det(g )

a5

is a measure of the change of a volume under the flow of F'.

Theorem 1.3.8 (Divergence theorem). If (M,g) is a compact oriented Riemannian C?-
manifold with corners and F a C'-vector field, then

/divMde(g)Z /g(F,u)dva(g),
M oM

where p is the outward pointing normal to OM, and vy(g) denotes the volume induced by g

on OM.
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Proof. The proof preceding |[Tay1l, Ch. 2, Thm. 2.1] applies. |

For u € C?(M) the Laplace-Beltrami operator is defined as
Apu = divpVau.

as a consequence of the divergence theorem one has

/ o(— M) do(g) = / 9(V 0, V aqs) du(g) — / 9(V pt, 1) dva (g) (13.7)

M M oM

for a smooth test function ¢ € C'(M), which gives rise to the weak formulation of elliptic
problems.

The main result of this section is fairly easy to prove in euclidean space, whereas on a manifold
M its proof is rather technical. It says that a piecewise smooth, globally continuous function
on M is an element of W1°°(M) and Lipschitz continuous.

Lemma 1.3.9. Consider a compact n-dimensional orientable C?-manifold M = Ujes M;
with or without boundary. OM is assumed to be C?-smooth.

The partition {M;};er, J finite, consists of n-dimensional orientable compact C?-manifolds
M; with corners such that

M;NM; COM;NOM; & i # 7,

and the exterior normals p; of M; and p; of Mj, i # j satisfy p; = —p; a.e. on the
submanifold OM; N OM;. In particular OM; N OM; N OMy, for pair-wise distinct indices
i, 7,k is a set of OM; N OM j-measure zero.

A function u € C(M,R) that is piecewise smooth (u € C1(M;,R), j € J) lies in WH*°(M)

and is Lipschitz continuous.

Proof. Because M is compact, Assumption holds with a finite index set I, and we have
a uniformly positive definite atlas (U, ¢;)ier with subordinate partition of unity {n; };c7. We
show that n;u is in W1 (M) and Lipschitz; this proves the assertion since [ is finite.

We proceed by showing the existence of weak partial derivatives of @ = (n;u\/det g) o ¢; ' in
L>*({x € R" |z1 >0}). Let ¢ € C*°(R") with compact support in {z € R” | z; > 0} and
denote ¢ = po ¢, 1 Then one applies Theorem and makes use of the assumptions on
the partition {M;};es to get

Z / Oalitp + U0 p dx = Z / div (apey) dx
I€ 4 Ui M;) I€J 4 (Ui M)

—Z/leM (mwaa > v(g)

JGJ

=2 / W‘PQ 0 aug)dv() /mus59(ail7ﬂ)dv(g):0.

I€IoMm; M
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~ 1,00 n ] -1 . 1 1
Hence @ € WH*({x € R" | 1 > 0}). But then (nu) o ¢; " is, too, because T op; " €

Cl({z € R" | 21 > 0}). Observe that since the boundary {z € R" | z; = 0} of the domain of
(niu) o gf);l is smooth this also implies Lipschitz continuity

(niu)o ;' € C¥' ({w € R™ [ 21 > 0}).

First let us argue the W1 *>-smoothness of n;u. By convolution with smoothing functions one
obtains a sequence (¢y)gen in C2(¢;(U;)) approximating (n;u) o ¢; ' in the Whlnorm. By
Assumption m this implies convergence of ¢y o ¢; towards n;u in the W (M)-norm. We
already proved the boundedness of the weak gradient of (n;u) o (j)i_l; boundedness of the weak
gradient V(n;u) hence follows again by Assumption m

As to the Lipschitz continuity of n;u note that for my, mo ¢ supp(n;u) the relation

Iniu(m1) — niu(mz)| < d(mi, ma)

holds trivially. Hence let us consider m; € supp(n;u) and mg € U;. Observe that a shortest
path connecting m; with mgy or, more general, connecting paths may leave the set U;. We
make use of the fact that the support of 7; is a compact set. Hence let § > 0 denote its
distance from the boundary of U;. Then the length of each path between m; and my that
leaves U; is bounded from below by §.

On the other hand there holds , and thus the lengths of all paths not leaving U; are
bounded from below by 3| ¢;(m1) — ¢;(m2)|. Using the Lipschitz constant L; of (n;u) o o7t

one obtains 1
min(d, E!nm(mn — niu(mz)]) < d(ma, ma).
7

Now |n;u| < C for some bound C > 0 which finally leads to

o 1
[miu(ma) — niu(ms)| min(%: E) < d(m1,m2),
yielding the possibly quite large Lipschitz constant (min(%, 2%1,))*1 for n;u. |

The Lipschitz constants constructed in the proof of Lemma [1.3.9] are by no means optimal.
In many situations one obtains better results by using local convexity results, that facilitate
the previous proof. As a drawback their standard form requires a little more regularity.

Lemma 1.3.10 (Local convexity). Consider a manifold without boundary M of class
C3.  Then for each m € M there exists 6 > 0 such that the geodesic ball Bs(m) =
{m e M | dist(m,m) < d} is convez, i.e., that every two points in Bs(m) can be joined by a
shortest path that lies entirely in Bs(m).

Proof. A proof that generalizes to our case can be found in [Aub82, Thm. 1.36]. n
Corollary 1.3.11. Consider a compact manifold without boundary M of class C3. Then

Assumption [1.3.5 holds with the additional property that the index set I is finite and that all
U;, 1 € I are conver.

Another possibility to improve the estimates on the Lipschitz constants consists in the appli-
cation of [MMV9S], the assumptions of which are a bit harder to check, in particular in the
setting with boundary.
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1.A The parabolic tube T' x [0, T]

In this appendix we investigate the practically relevant case where (M, g) is a hypersurface
of R"*2 namely the product M = T x [0,T] of a compact hypersurface of R"*!1 without
boundary and the compact interval [0,T], T > 0, equipped with the R"*2 scalar product
g(,) = (s Jgrnse.

Let us verify that Assumption holds with finite index set I and thus prove the following
corollary to Lemma [1.3.9

Corollary 1.A.1. On the parabolic tube (I' x [0, T, (-, -)gn+2) any continuous function that is
piecewise smooth on a partition that satisfies the prerequisites of Lemma lies in W1°°(I" x
[0,T]) and is Lipschitz continuous.

The Corollary is due to the fact that starting from an atlas (U;, ¢;);c; for I' one obtains a
canonical one for I' x [0, T], namely (U; x [0, T, (¢i,idRr))icr. If (Ui, ¢i)ier fulfills the require-
ments of Assumption so does (U; x [0, T, (¢i,idRr))icr-

Let g'(-,-) = (-,-)gn+1 denote the Riemannian tensor on I'. Condition holds for the
metric tensor g

(1.A1)

) iy ifi=n4+lorj=n+1
TI=Y g 1<ij<n+1

because it does for girj:

n+1 n+1 n 1 n+1
2 v? > Vigijv; = Vi + Vigrv; > — 2
i = i9ijVj = Unt1 94V = 5 Ui .

i=1 i,j=1 i,j=1 i=1

Using the structure of the components of g one can show that the geodesics on I"x [0, T']
decompose into (ac(t), 5t), a, f € R, where ¢(t) is a geodesic in I'. Hence if the U; are convex
then the sets U; x [0,T] are convex, too. We have thus the following variant of Corollary
allowing for better Lipschitz constants in Lemma [1.3.9

Corollary 1.A.2. Consider a compact hypersurface without boundary T of class C3. Then
Assumption holds for the tube I' x [0, T] with the additional property that the index set
1 is finite and that allU;, i € I are conver.

1.B Uniform stability of elliptic problems on a moving surface

In the situation of Section we will require interior regularity estimates for the following
elliptic state equation. For y € L2(I'(¢)) find z € H'(T'(t)) such that

/ g(sz, VFSO) + pzp dF(t) = (y, 90>L2(1"(t)) ,V(p S H1 (F(t)) . (1.B.1)
I'(t)
where € CY(I'(t)) and p > 1. Here, the metric g is given by the R"*! scalar product.

Problem ([I.B.1)) admits a unique solution and it is easy to see that || z| g1 )y < |ylla-10))-
But, as shows the next Lemma, the solution z even lies in H2(I'(t)).
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Lemma 1.B.1. Let T'(t) = ®)(I'g) as in Section [1.4. For the solution z of (L.B.1) there
holds

21l z2(ry) < Cllivllize)
and C' does not depend on t € [0,T7].

Observe that the lemma easily adapts to the case p = 0. The estimate then reads

12l 20 yy < Clyllzoey) + 112l @)
and the solution z of ((1.B.1]) is not unique.

Proof. For T'g there exists a finite atlas (U;, ¢;)ier, I finite, with subordinate partition of
unity {n;}ier as in Assumption m Hence (®9(U;), ¢; o ®f)ier is an atlas for I'(¢) with
subordinate partition of unity (n; o ®));c;r. Now choose ; C ¢;(U;) compact, such that the
support QY = supp(7;) of the pulled-back function 7j; = n; o gb;l lies in the interior of ;.
Due to the smoothness of the flow ® the components g;;(z,t) of the metric of I'(t) are C?-
smooth. Because [0, T], the unit sphere in R, and the ; are compact sets there exist bounds
¢, ¢ € R such that

0<c< det Z v i (x, t)vy, Z vig¥ (x,t)v (1.B.2)
7.] 1 ,] 1

for all x € Q;, t € [0,7] and v € R™ with |Jv||[gn = 1. For every H!(Q)-function ¢ with
support in ; the variational problem (1.B.1)) can be rewritten as

/ (Vin3(2)G(2, 1) Vanp(x) + iz ) V/det(g(x, 1)) dz = (§, ) 12(p, 1))
#i(Us)
Here G denotes the matrix with entries g;; and
~:zo(gi)l-oq)g)_l, [L:uo(gbio@é)_l, g:yo(¢io<1)6)_1

Because of ([1.B.2)) we are in the position to apply an interior regularity estimate like |[GT98|,
Thm 8.8] and exploit u > 1 to get

N

112 (0) < ellgllL2() » (1.B.3)

with C independent of ¢ € [0,T]. Now we use again to bound the right hand side of
through

Velllzz@y < 1yllze @9y -
A short computation yields HﬁiZHHQ(Q?) < ClZ] r2(qo)- 1t remains to show that Mzl 20y <
Cli7iZ|| zr2(qoy- Using convolution, 7;Z can be approximated in the H2(QY)-norm by C?%(£2;)-
functions (¢ )ken, that vanish outside ;. Now let » € C?(¢;(U;)) whose support lies inside
Q; and ¢ = ¢ o ¢; 0 ®f € C*(T'(t)). One has

9?2 -
~ m
e i

2 €T;

(Vlgfﬁ)il =

g . N
i1is = 7 @A — . 1.B4
e (V=@)iris Jun O, — ( )
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: Fod ~ = FoL _
Because of ([1.B.2]) we can estimate Hmwﬂp(p(t)) <+e HmtpHLz(Qi) forl =0,1,2.
The Christoffel symbols I'}f"; € C'(I'(t)) are uniformly bounded with respect to ¢ € [0,T7].

Hence, due to (1.B.4)), the components of the covariant derivative can be estimated through
the partial derivatives.
We used the Cholesky decomposition of (%) to prove (1.3.5). A similar argument, involving

(1.B.2)) instead of (1.3.3)), yields
n
Viel? <@ Y Vil

ip.dg=1
and ends up with
1
3

/ VigRdr() | <e(lelaz@ + i Clelaen) -
r(t)

2
121l 20y =
1=0

Hence, ¢y being a Cauchy sequence in H?(;), the pulled-back functions @, form a Cauchy
sequence in H?(I'(t)) whose limit is 7,z (because its L?(T'(t))-limit is 7;z), and we have

1752 20y < ClliZl o) < CVENY 20 -

Summing up over ¢ € I we obtain the desired estimate. |

1.C Semismoothness on manifolds

Let us make sure that the Newton methods applied in later chapters do converge locally
superlinearly. In the situation of Section [1.1] assume that we want to compute the solution
u of the equation

G(u) =u— Py (Qu)) =0e€ L*(T), (1.C.1)

where Py, is the point-wise projection onto the interval [a,b] and Q : L*(I') — HY(I') a
continuous linear operator.
For the fast local convergence of Newton’s method in L?(T") we require that

sup  [|G(u+ bu) — G(u) — Moul| 2y = o([|dullz2ry)  as [[dufz2qr) — 0,
MedG (i+6u)

for some set-valued mapping 0G : I' = L(L*(T), L*(T')). An operator G : L*(T') — L*(T")
with this property is called semismooth at w with generalized derivative 0G if in addition it
is continuous at @ and JG is non-empty in a neighborhood of @, compare [Ulb11, Def 3.1].
If G is semismooth, a Newton algorithm for ((1.C.1)) converges locally superlinearly if there
exists C' > 0 such that in a neighborhood of the solution u each set G contains at least one
element M with ||M71”£(L2(1"),L2(1")) <C.

One way to prove semismoothness of is now to prove a generalization of [Ulb11, Thm.
3.49] on compact surfaces. This, while being more time consuming, will in general lead to
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better constants than the following approach. Here we satisfy ourselves with a short argument
using local charts.

One has [|v|[ 1oy < Cl|v]| g1y With p > 2 depending on n, see Lemma In order to apply
results known for Euclidean space, one locally prolongates the operator G via pull-backs onto

L?(¢i(Uy)), i € I, using a finite atlas as in Assumption As a consequence of ([1.3.2]) one
has equivalence of the norms

Sllvllzesany) < lvo dillrwy) < Spllvlliegienyy, P> 2,

and thus the pull-back ¢f : LP(¢;(U;)) — LP(U;), v +— v o ¢; is a linear homeomorphism with
inverse

O; =0 LPU) = LP(¢i(Uh), v wo gt

Consider further the linear continuous restriction operator

v: LP(D) — LP(U;), v

U;

and its LP-L%-adjoint p = v* : LY(U;) — L4(T") which is the prolongation by zero. Note that
we can consider p a continuous operator from LP(U;) into LP(T").

Now the operator
Gi=¢; " ovoG: L (D) = L(¢i(h)), urs &7 e(w) — Pogy (07 v(Q(w)))

is semismooth everywhere, because the operator gzﬁi_l* oto @ maps L?(I') continuously into
LP(¢i(U;)) for some p > 2, compare [Ulb1l, Thm. 3.49], and one has

9Gi(u) = ¢; " ot — 0Py (Q(u)) 0 ¢, 0r0Q.

The pull-back ¢7, the prolongation p and the point-wise multiplication with the smooth func-
tion 7; from the partition of unity are linear continuous operators and do not affect semis-
moothness. Hence n,G = mp@‘gbi_l*t(}’ = (p o¢fo @Z> : L*(T') — L3(T) is semismooth.
Finally, the sum G = }..; ;G of semismooth operators is again semismooth.

The generalized differential 9Py, (Q(u)) consists of point-wise multiplications with L>-
functions, among those the indicator function of the inactive set, compare Section Since
it is a point-wise operation one has

0G(u) =Y mip¢;0Gi(u) = idr2(r) — 0P (Qu)) 0 Q.

el






Chapter 2

Elliptic optimal control on
stationary surfaces

The following chapter is devoted to the numerical treatment of the following linear-quadratic
optimal control problem on a n-dimensional, sufficiently smooth compact hypersurface with-
out boundary I' € R**!, n =1,2,3.

. 1 ) Qi
ueL2(FI§1,1yn€H1(F) O(u’ y) - 5”3/ - yd||L2(F) + §||u||L2(F)
subject to wu € U,q and ®)
/Vryvrtp—l—cygo dl' = /Uide,V(p c Hl(p)
r T

with Uyg = {v € L*(T) [a<v<b}, a < b € R . For simplicity we will assume I' to be
compact without boundary and ¢ = 1. In Section we briefly investigate the case ¢ = 0, in
Section we give an example on a surface with boundary.

It follows by standard arguments that admits a unique solution u € U,y with unique
associated state y = y(u) € H*(T).

Our numerical approach uses variational discretization applied to , see [Hin05] and
[HPUUO09], on a discrete surface I'"" approximating I. A globalized semismooth Newton
strategy is proposed, inspired by results from |[Gra08]; [GK09], compare also [HV12b].

The discretization of the state equation in is achieved by the finite element method
developed in [Dzi88|, where a priori error estimates for finite element approximations of the
Poisson problem for the Laplace-Beltrami operator are provided. Let us mention that uniform
estimates are presented in [Dem09], and steps towards a posteriori error control for elliptic
PDEs on surfaces are taken by Demlow and Dziuk in [DDO07].

For alternative approaches for the discretization of the state equation by finite elements see,
e.g., the work of Burger |[Bur08] and the references therein.

We assume that I is of class C2. The surface I' C R"*!| as a compact hypersurface without
boundary, is orientable with an exterior unit normal field ¥ and hence the zero level set of a

19
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signed distance function d such that |d(x)| = dist(z,I") and v(x) = ”ggig;“ for x € I', compare

Chapter |1} Further, there exists an neighborhood A/ C R™*! of T, such that d is also of class
C?3 on N and the projection

Ip : N =T, Ip(x)=2z—d(z)Vd(x) (2.0.1)

is unique, see Theorem Note also that Vd(x) = v(IIr(z)).

Asin we denote the metric tensor simply as vivg, for vy, ve € T,I", considering T',I" a
subset of R"+1.

We use the Laplace-Beltrami operator —Ar = —divprVr, compare , in its weak form
ie. —Ar: HY(T) — HYTI)*

Y — /Vrer(')dF (S Hl(F)*.
I

Let S denote the prolongated, restricted solution operator of the state equation
S:L*T) = L*(T), ury —Ary+cy=u,

which is compact and for ¢ = 1 constitutes a linear homeomorphism onto H?(I'), compare

Appendix
By standard arguments we get the following necessary (and here also sufficient) conditions
for optimality of u € Uyq

(VuO(u,y(u)),v —u)r2ry = (@u + S*(Su — ya),v —u)r2ry 2 0, Vv € Usa (2.0.2)

We rewrite (2.0.2)) as
1
u=Pu,, (<18 Su-u)) (203

denoting by Py, the L?-orthogonal projection onto Upg.

2.1 Discretization

We now discretize by use of polyhedral approximations I'* for I". Following Dziuk, we
consider surfaces I'" = Uie I, T,i consisting of triangles T,ﬁ with corners on I' whose maximum
diameter is denoted by h. With finite element error bounds in mind we assume the family of
triangulations I'* to be regular in the usual sense that the angles of all triangles are bounded
away from zero uniformly in hA.

In the following we assume h > 0 sufficiently small such that I'* ¢ N. In addition we assume
that IIp from constitutes a homeomorphism between I'” and T'. In order to compare
functions defined on T with functions on " we use Il to lift a function y € L2(I'*) to T'

' (Ilr(2)) = y(z) Vael”,
and for y € L?(I") we define the inverse lift

yi(x) = y(Up(z)) Yz elh.
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The lift operation (-); : L?(T') — L?(T'*) then defines a linear homeomorphism with inverse
(\)!. Moreover, there exists ci,; > 0 such that

1 — cinth® < H(')l||%:(L2(F),L2(Fh))’ ”(')IH%(LQ(W),L?(F)) < 1+ emh”s (2.1.1)
as shows the following lemma.

Lemma and Definition 2.1.1. Denote by 6, the Jacobian of IIp|ps : T — T which is defined

in the relative interior of each triangle. One has 0, = % = |det(M)| where M € R™"

represents the Derivative DIIp(7y) : T,YI‘h — Trp (I with respect to arbitrary orthonormal
bases of the respective tangential space. For small h > 0 there holds

sup [1 — dp| < Cinth? .
T

Now (5;1 = |det(M~Y)|, and by the change of variable formula we have

/vldfh—/vdf = /v5h1 —odl'| < Cinth2HU||L1(r)-

h T r

Proof. see [DEQ7, Lemma 5.1] [

Problem is approximated by the following sequence of optimal control problems

. 1 9 Qo
ueLQ(Hl“lf{ierh O(Ua y) - §Hy - (yd)l”L2(Fh) + §||u||L2(Fh)
subject to u € de and (Pn)

y = Spu,

with the admissible set U", = {v € L*(I"") | a < v < b} and the discretized state space
Y, = {go e o (rh) ‘ Vi€ ly: ply € Pl(Tg)}

of piecewise linear, globally continuous functions on I'". Let us avoid the issue of defining
H'(T') on the non-smooth surface I'" and instead endow Y}, with the norm

h
ol = [ VeneTrp + oPart,
Th
Problem (P)) may be regarded as the extension of variational discretization introduced in
[HinO05| to optimal control problems on surfaces.

In [Dzi88] it is explained, how to implement a discrete solution operator Sy, : L2(I'*) — L2(I'"),
mapping L?(I'*) onto Y}, such that

1()"Sh() = Sllezamy 2wy < Creh?, (2.1.2)
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which we will use throughout this chapter. See in particular [Dzi88, Equation (6)] and [Dzi88)
7. Lemma]. The method works as follows. Let u € L?(T'), and solve

/VrhyhvrhSO + eyppdl” = /wso dr', Ve ey,
Th Th

for y, € Y}, in order to compute y} = (-)'.Sy(-)1u .

We choose L?(I'*) as control space, because in general we cannot evaluate Jvdl' exactly,
r

whereas the expression [ v dI'" for piecewise polynomials v; can be computed up to machine
Th
accuracy. Also, the operator Sy, is self-adjoint, while ((-)!Sx(-);)* = (-)I*Sh(-)l* is not. The

adjoint operators of (-); and (-)! have the shapes
Yo € AT . (())v =26, ", YoeL*T): () =du, (2.1.3)

hence evaluating (-);* and (-)"" requires knowledge of the Jacobians &} ' and &), which may
not be known analytically.
Similar to , problem ([Pp)) possesses a unique solution uy, € U gd which satisfies

up = Pyn, <_;ph(uh)> : (2.1.4)

Here PU(}Zd : L2(I'") — UM, is the L?(T'")-orthogonal projection onto U, and for v € L*(T")
the adjoint state is py(v) = S} (Shv — (ya)i) € Y.
Observe that the projections Py, , and PUhd coincide with the pointwise projection Py, ;) on

I' and T, respectively, and hence

(Pys, () =Pu, (v) (2.1.5)

for any v € L*(T).
Let us now investigate the relation between the optimal control problems and (Pp)).

Theorem 2.1.2 (Order of Convergence). Let u € L2(T'), uj, € L2(T") be the solutions of
and , respectively. Then for sufficiently small h > 0 there holds
1 2 1 2 1+ Cinth2
alfun = ull oy + 190 = 9llramy < 7= |

— . 2
1= cinth (2.1.6)

(ersien-57) -

2
L2(T) > ’

The following proof along the lines of [HPUU09, Thm. 3.4] can be found in [HV12a].

;(r) + H <(')l5h(')l B S) u’

with y = Su and yp = Spup.

Proof. From (22.1.5)) it follows that the projection of — (ép(u))l onto UM, is u,

1
up = PUgd <—ap(u)l> .



2.2. IMPLEMENTATION 23

We insert uy into the corresponding variational inequality to obtain

1
(== p(u) =, up —w)raeny < 0.

On the other hand one plugs u; into the variational inequality corresponding to (2.1.4)) and
gets

<_éph(uh) — up, g — up) parny < 0.
Adding these inequalities yields
allug = up | ony <((on(un) = p(u)i)  w — wn) p2on)
= (pn(un) — Sp(Y — ya)i, w — un)p2rny + (Sp(y — ya)i — p(w)i, w — un) 2oy -
The first addend is estimated via
(pn(un) — Sp(y — Ya)i, W — wn) L2(ory = (Yn — Yoo Sn — Yn) L2 (rm)

= —|lyn — ylHQLQ(ph) + (Yn — yu, Snr — Y1) p2(rmy
<~ llon = wlZaqeny + 51800 — e,

The second addend satisfies

| .
lue = unZ2ony + 25 19y = ya) — Pl Zpny -

| R

(Sp(y = ya)i — p(w)i, wg — un) p2(rny <
Together this yields
1 *
a”“l - Uh||%2(rh) + ||3/h - ?/1H%2(rh) < a”sh(y - yd)l - P(U)lniz(rh) + HShUl - yluiz(rh)
The claim follows using (2.1.1]) for sufficiently small h > 0. [

Because both S and S}, are self-adjoint, quadratic convergence follows directly from (2.1.6)).
For operators that are not self-adjoint one can use

1) Sh()Y = 8%l czary.c2ry < Creh?. (2.1.7)

which is a consequence of (2.1.2). Equation (2.1.3) and Lemma imply
1D = Ol ezewmy,caay < anh®, I1OD* = Oillgery,zemy < anh®. (2.1.8)
Combine (2.1.6) with (2.1.7) and (2.1.8)) to prove quadratic convergence for arbitrary linear

elliptic state equations.
2.2 Implementation

In order to solve (2.1.4) numerically, we proceed as in [Hin05| using the finite element tech-
niques for PDEs on surfaces developed in [Dzi88] combined with the semismooth Newton
techniques from [HIKO03] and [Ulb03] applied to the equation

Gr(up) = up — P[a,b] <—;ph(uh)> =0. (2.2.1)

Since the operator pj, continuously maps v € L*(T'") into Y},, Equation (2.2.1]) is semismooth
and thus is amenable to the Newton method that converges locally superlinearly.
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Remark 2.2.1. Although the considerations of Appendix do not apply directly they
show that the operator (-)! o G}, o (+); is semismooth; use (2.1.1)) for the L2-stability of (-);
and Lemma [3.6.5(1.) for the H!-stability of (-)! on Y. The semismoothness of G}, is then a

consequence of (2.1.1)).

A representative of the generalized derivative 0G}, of Gy, at v € L?(I'") is given by

]lZ(p’,i)
o

DGy(v) = <I+ S;Sh> .

Here and in the following let Lz : I’ — {0,1} denote the indicator function of the inactive

1
()
«

which — in an abuse of notation — we will refer to as Z(pj}) most of the time. Thus

set
o< -Lmwhl < b} ,

0 elsewhere on T ’

1 on Z(—L1py(v)) cTh
Lz =

although the endomorphism of L?(I'*) defined through the pointwise multiplication with the
function 1z(,w) will also be denoted as Lz(y) : L2(Th) — L2(Th).
A semismooth Newton step for (2.2.1) at v € L?(I'") reads

Lz
o

DG(v)dv = <I + s;’;sh) §o= v+ Py <;ph(v)) — _Galv).  (222)

Reformulating the equation by means of the next iterate v™ = v + v

Tz 1 Lz
<I + I(ph)S?{Sh> v" =Py <_aph(v)> + 55, (2:2.3)

(67 o

we see that v lies in the following finite dimensional subspace of L?(I'")

+ ) .
Y," = {]lz(p;;)‘»@l + ]lA(pii)w + ]lA(pZ)SDS | p1,02,3 € Yh} 5

with the indicator functions of the active sets

AWh) = {7 €T | (~puln@)) 1] < o)} and A@}) = {7 € T"| (—pu(m ()] > b))}

One can represent the T-functions in a computer program by resolving the borders of the
inactive set Z(pj), which are level sets of piecewise linear functions. Hence, although the
algorithm operates in L?(T'") the iterates v can be represented with about constant effort.
The Newton algorithm applied to Equation now reads

1. Choose a starting point v € L2(I'?) that lies sufficiently close

to the solution uy of (2.2.1)).
2. Do until convergence: Solve (2.2.3)) for v*; set v :=v™.
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Here Equation (2.2.3)) is solved for the next iterate v+ by performing three steps

_ + .
1. Set ]lA( )v a and ]lA(

+ _
P}, ;)Y =0
2. Solve

]lI(PZ) * * +
22 (st 5isn (1) + Lag) )

Lzpyy .
(I + ah ShSh) ]II(pZ)’[)"" g

for Tz¢nyv™ by CG iteration over L*(Z(p})).

3. Set vt = ]11—(1,2)1)+ + ﬂfl(p )’U+ + ﬂfi(p’é)v+ .

v
h

Observe that step 2. is possible since <I + é]lz(pz )S,*;Sh> ﬂz(pz) constitutes a positive definite

endomorphism of L*(Z(p})). Note also that all parts of the preceding algorithm can be
implemented; in order to do so one has to keep track of the active and inactive sets. Details
can be found in [HV11] and [HV12b] .

Remark 2.2.2. Considering how we solved ([2.2.3)), i.e., step 1. and 2., we conclude

AT
IDG )l cqwaqry,pary < 14+ —— 0w e 1(D).

2.3 Globalization

In order to formulate a globally convergent algorithm, we want to apply inexact Armijo
line-search along the lines of [HV12b]. For this purpose we construct in the present section
a sufficiently smooth merit function which is inspired by [GraO8]; |[GK09|. There, a merit
function was proposed in a finite dimensional setting, relying on S~! rather than S, which
turned out to be an obstacle when trying to carry over the results to an infinite dimensional
setting, compare |Gra08, Rem. 3].

In addition we want the algorithm to be mesh-independent in so far as the number of Newton
steps does not increase if h — 0. Mesh-independent behavior of the algorithm can only be
expected if already the operator G}, is mesh-independently semismooth. Here, we make a
slightly stronger but nevertheless reasonable assumption in order to ensure fast local con-
vergence of the algorithm. The W1*-convergence estimates from [Dem09, Thm. 3.2] can
be used to prove mesh independent differentiability as in Assumption [2.3.I] under additional
reasonable assumptions on the adjoint state p(u). Those are

e p(u) € C*(T) and
e Vrp(u) # 0 along the set {y € I' | p(u)[y] = a Vp(u)[y] =b}.

For a proof on open sets 2 € R? see [HV12b).
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Assumption 2.3.1. There exists hg,n > 0, such that for 0 < h < hg the operator
Gy L*(T") — L2(T") is uniformly strictly Fréchet differentiable with %—Hélder continu-
ous derivative on the L?(T'")-ball B, (uy), i.e., there exists C' > 0, independent of h, such that
for uy,up € Byy(up)

3
1Gh(ur) = Gu(uz) = DGh(uz)(u1 — ug)l2ony < Cllua = uall 72 pny » (2.3.1)

and
1
I1DGr(u1) = DGr(uz)|l pip2ony p2ny) < ClISk(ur — ua)ll 72 pn) (2.3.2)

To begin with, following [Gri08]; [GK09], we introduce a multiplier w € L?(I'*) associated
with the equality constraints and formulate a damping strategy by means of the Lagrange
dual function ¢, : L?(I'") — R, which will serve as the merit function

. 1 «
i) == int (= s 5 e + v, (0) — (w0 = Swadzaen )
L(uy,w)

where y” is the L?(I'")-orthogonal projection of y4 onto Yj. By

0 on Ugd
XU}L ==
ad oo on L2(Th)\ UM,

we denote the characteristic function of the set U fd in the sense of convex analysis.
It turns out that ¢, is differentiable with Lipschitz continuous derivative and strongly convex.
Note that all results from this section hold for h > 0 with

M=r, Sy=5:L*T) = L* ), U =U.y,

a
except that, in general, Algorithm cannot be implemented for h = 0.

Lemma 2.3.2 (Lagrange dual function). The function £, : L*(T") — R is strongly convex
and Fréchet differentiable with Lipschitz continuous L*(T'")-gradient

Vi (w) = y(w) — Spu(w) ,
where y(w) = w + yg and uw(w) = Py (—éS;‘;w) are the unique minimizers of the Lagrange
function L(u,y,w) for any given w € L*(T").

Proof. The proof is inspired by the one given in |[GK09, Thm. 2.1], compare also [HV12b)
Lem. 4.1] . First we note that the minimization problem in the definition of ¢,(w) can be
rewritten as

) 1
b (w) = —yerlgl(l%h) <2Hy - ygﬂiz(rh) - <w7y>L2(Fh)>

. «
= i (e X, 00 + (0 Stz
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with unique minimizers u(w) and y(w), respectively. For y(w) this is obvious. The necessary
condition for the problem in u

(au(w) + Spw, v —u(w))r2rny >0, Vo € ur,

1
a

looks very much like (2.0.2) and likewise guarantees a unique solution u(w) = Py (—1Srw).
Note that from the viewpoint of convex analysis this condition reads

—au(w) — Spw € 8XU(’;d (u(w)), (2.3.3)

because the subdifferential Othd is the Fréchet normal cone of the convex set U C}fd.
As to the smoothness of ¢;, observe

1 * *
lh(w) = —§||U)H%2(rh) + (w,w + yg) 2y + 97 (= Shw)

Y* : L2(T'") — L?(I'") being the polar function of the convex functional v : L?(I'*) — L?(I'"),
Y(u) = %||u||%2(rh) + Xde(u) defined as

W)= swp (s — V() -

u€L2(Th)

Since 9 is convex and lower semicontinuous we have the property v € 9y (u) < u € 0¢*(v),
see [ET99, Cor. 5.2]. Just like (2.3.3) the equation

v € au(w) + 8Xde (u(w))

admits a unique solution u = Pw,](év) for any v € L?(T'") and we conclude that 9¢*(v) is
single valued, thus ¢* is Gateaux differentiable, compare [ET99, Prop. 5.3]. Since 9¢*(v) =
Py (év) the function ¥* is even Lipschitz continuously Fréchet differentiable. Hence

1., \
Dty () = G-+ o o)z + (Pl (- 2550 ) (500 ) —
L?(T

and the formula for the gradient follows.
The strong convexity now is a consequence of the monotonicity of the derivative

<th(w1) — th(wg),uq — w2>L2(Fh) = ||w1 — w2||%2(rh) .

1 1
+<P[a,b] <—5}§w1> —Play) <—5}§w2> , —Sh(wy — w2)> (2.3.4)
@ @ LA

> ||w1 - w2||%2(1"h)

which again follows by a short computation from the definition of the orthogonal projection
Py = Pde' [

The gradient V¢, is semismooth, compare Remark and we are now in the position to
apply a semismooth Newton strategy to the dual problem

in_ 0(w). P,
i () (P)
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Due to strong convexity problem admits a unique solution w* satisfying V¢, (w*) = 0.
Hence u(w*) solves ([2.1.4]) and thus also (P4)), compare Lemma there is no duality gap.
A semismooth Newton step for reads

| |
(I + ashnsin@ dw = —(w + Y1) + ShPay (—as;;w> — Yl (w). (2.3.5)

Equation ([2.3.5)) can be obtained by applying Sy to both sides of Equation ([2.2.2)), if we think
of w as a function of the iterate v, i.e.

w=w(v) = S -y (v-w)

and take into account that Sj;yq = S Zyg. Thus both Newton iterations are equivalent because
the next iterate v in only depends on the adjoint state py(yn(v)) = Spw(v).

Step is implementable since beginning with the first iteration there holds w* € Y.
Observe also that the generalized Hessian on the left hand side of is a self-adjoint and
positive definite endomorphism of L?(I'*). Finally, ¢}, is easy to evaluate since by Lemma

2.3.2] we have
1 Q
000) = 510Ny = 5100 sy + (w5 = Syau(w)) 2o
Thus ¢}, is a suitable as merit function for a globalized Newton algorithm.

Algorithm 2.3.3 (Damped Newton-Algorithm). w := wg € L?(T'?), 3 € (0,1) given.
Do until convergence

i) Solve Equation ([2.3.5)) for dw. Set A := 1.
i) If 0 (w + Adw) > ly(w) + 2N (VL (w), dw) r2(rny, set A := B A and return to ii).

<0 by (£33)
ili) Set w := w + Adw. Return to i).

As mentioned above, in the sense of we can interpret Algorithm as a Newton
algorithm with respect to v, but working exclusively on w(v).

Since ¢, is sufficiently smooth the number of damping steps in the line search algorithm is
bounded, and Algorithm converges for any initial value wy.

Lemma 2.3.4 (Global convergence). Let L =1+ % denote the Lipschitz constant of Vi,
and 8 € (0,1) as in Algorithm . Let up, and w* denote the solutions of and ,

respectively. Then we have

i) A step with damping parameter A < BELB) 4 always accepted, where

K(L,§) = log(2)1;gl;g(3L) ‘

ii) Hence Algorithm E converges for arbitrary initial data wy € L*(T"), in the sense
that w — w*, u(w) — up, and v — uy, in L*(T").
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iii) The stopping criterion ||V €y (w)| r2ny < Tol is reasonable since
Ve (W)l z2rny = lw — w2y -

Proof. i) By the mean value theorem one has © € (0,1) such that
éh(w + )\(5111) = Kh(w) + A(Vﬁh(w + OA 5w), (5w)L2(Fh)
< 0u(w) + A (Ve (), 0w) paony + AL|Ow]3ap) ) -

Using (2.3.5)), standard arguments deliver that sufficient descent is achieved for L < 2.
ii)+iii) Denoting by A; the damping parameter generated in step ii) of Algorithm with
associated iterates wy the descend condition reads

1
—g)\k(v&(wk), 5’U)k>L2(Fh) S éh(wk) - eh(warl)

Because ¢}, is bounded from below by ¢;,(w*), summation over k yields

fh(wo) — Eh( ) > Kh(wo) — llén meh wk Z ?k th wk 5wk>L2(ph)
k=1

> Z 97||5wk||%2(rh) )
k=1

where we again use in the last estimate. Hence dwy — 0 and thus V¢, (wy) — 0.
Inserting V/,(w*) = 0 into the strong convexity relation we arrive at the estimate
Ve (w)ll 2qny > llw — w*[|p2rry and thus finally at w — w*. u(w) — w, follows by
continuity and the fact that up = u(w*).
Finally, because pp,(v) = S;w — py(up) and Spév = dw — 0, we conclude from that
vT — wy,. Since in addition 1 > \ > %, the damped sequence v also converges towards uy,.
|

(2.3.6)

Remark 2.3.5. One can continue the estimate (2.3.6) by

o0

26
eh(wo — €h > Z 9L3 vah ’wk HLQ Fh) 2 kz gﬁuwk - w*||2L2(Fh) )
=1
the left-hand side of which is bounded independently of h. As an immediate consequence we
can bound the number of steps ending outside of any ball B.(w*) by %(E(wo) —L(w*)).

Until now we made no use of Assumption Its purpose is to ensure that the damping
steps generated by Algorithm do not affect the fast local convergence of the Newton
iteration.

Lemma 2.3.6 (Transition to fast local convergence). Let (P) satisfy Assumption and
denote the solution of (Py) by up. Given 5 € (0,1) there exists 7 > 0, independent of h > 0,
such that the Algorithm upon reaching the ball Bs(up) C L*(T"), proceeds with full
Newton steps, i.e. with A = 1.
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Proof. As a consequence of (2.3.1) and the boundedness of DG,:I, see Remark there
holds

3
" — uhHLQ(Fh) < ONewt v — uh”i?(ph)

for v € By (up).
Upon reaching a ball Bj(up,), 7 < min(n, C%), there holds [[v* —up |l r2rny < [[v—upll p2(rn)
and thus e

[0v][z2ory < 2[lv = unllp2(rny » (2.3.7)

and the undamped Newton iteration hence converges %—superlinearly.

Lemma [2.3.4] ensures that this happens after finitely many steps, compare Remark [2.3.5
The function v — £ (w(v)) is C22-smooth in the ball B (up) from Assumption [2.3.1, Hence,

using Taylor expansion and (2.3.5)) together with the improved Holder continuity from (2.3.2))
we get

Ch(Sh(v+ 0v)) = Lh(Spv) + (VL (Shv), Sh5U>L2(Fh) .

(
1 1 .
+ §<Sh511, I+ &Sh]lph(v-i-@&v)sh Sh6U>L2(Fh)

1 1 . 5
< a(Shv) = 5 {Shdv, <I + aSh]lz(pg)Sh> Sn0v) p2(rry + CllShOv] 2y -
decrease 77 > 0 if necessary such that by (2.3.7]) dv becomes sufficiently small to conclude

1
Ch(Sh(v+ dv)) < lh(Sh(v)) (Spov, <I + aSh]lI(pv}Jl)S;;) Sh(5U>L2(Fh) .

1
3
|

If, after sufficiently many iterations, the choice A = 1 is always accepted, locally super-linear
convergence occurs with respect to both v and w = w(v).

Note that one could compute the next full-step iterate v = v + dv following a full step from
w by solving at any time during the iteration, whereas v+ Adv, A # 1 is not so readily
accessible.

Another possible globalization for our semismooth Newton method was described in [Ulb11},
Alg. 7.27]. The trust-region algorithm proposed there uses a merit function based either on a
Fisher-Burmeister function or on the objective O itself. For a number of other trust-region
approaches that are not directly linked to our method we refer to the references in [Ulb11].

It is not difficult to see, that the fixed-point equation for problem (Py,)

1
up, = Pay) <_QSZ(Shuh - yd))

can be solved by fixed-point iteration that converges globally for @ > ||Sh||i( L2(Th),L2(Th))

see |HinO3|; [Hin05]. A similar global convergence result holds for the undamped Newton
algorithm.
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Lemma 2.3.7. Consider Algorithm without damping, i.e., X\ :== 1 in every step. The
undamped algorithm converges globally if h > 0 is sufficiently small and

4
o> 2SIz wam) 2y -
Proof. See [Vie07]. )

Similar results have been published in [BIK99].

2.4 The case c =0

In this section we investigate the case ¢ = 0 which corresponds to a stationary, purely
diffusion-driven process. Since I' has no boundary, in this case total mass must be con-
served, i.e., the state equation admits a solution only for controls with mean value zero. For
such a control the state is uniquely determined up to a constant. Thus the admissible set U,q
has to be changed to

Uws = {v € L*(T) |a<v<b}NL{T), where L§(T') := v € L*(I) /vdF—O :
r

and a < 0 < b. Problem then admits a unique solution (u,y) and there holds [ydl' =
r

J yadl'. W.lo.g we assume [ y4dI’ = 0 and therefore only need to consider states with mean
r r

value zero. The state equation now reads y = Su with the solution operator S : LAT) —
L3(T) of the equation —Ary = u, [ydl =0.

r
Using the injection L3(T') = L*(T"), S is prolongated as an operator S : L*(I") — L*(T) by
S = 151", The adjoint 2* : L*(T') — LZ(T) of 4 is the L?*-orthogonal projection onto LZ(T).

The unique solution of @ is again characterized by (2.0.3), where the orthogonal projection
now takes the form

PUad (U) = P[a,b] (U + m)
with m € R such that

/P[a,b] (’U + m) dI'=0.
r

If for v € L*(T) the inactive set Z(v +m) = {y €T | a < v[y] + m < b} is non-empty, the
constant m = m(v) is uniquely determined by v € L?(T'). Hence, the solution u € Uy satisfies

w= Py (—;pm) rm (—ipw))) ,

with p(u) = S*(Su — v*yq) € H?*(T') denoting the adjoint state and m(—L1p(u)) € R is
implicitly given by [wdl' = 0. Note that ¢*2 is the identity on L(T).
r
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In we now replace U, by U, = {v € L*(I'") | a < v < b}NLE(T"). Similar as in (2.1.4),
the unique solution wuj, then satisfies

up =Py, <_;ph(uh)> =Py <_;ph(uh) +mp (—im(%))) ; (2.4.1)

with pn(vn) = Si(Shon — 1} (ya)) € Yy and mu(—Lpp(up)) € R the unique — excepting

the cases A(py) = T and A(p)) = I — constant such that [ w,dI™ = 0. Note that
Th

mp (—éph(uh)) is semismooth with respect to uj and thus Equation is amenable

to a semismooth Newton method.

The discretization error between the problems and @ now decomposes into two com-

ponents, one introduced by the discretization of U,q through the discretization of the surface,

the other by discretization of S.

For the first error component we need to investigate the relation between Pde (u;) and

Py,, (u), which is now slightly more involved than Equation .

Lemma 2.4.1. There exists a constant Cy, > 0 depending only on ', |a| and |b| such that
for all v € L*(T) with i dl' > 0, and for 0 < h < h, sufficiently small, the value of

Z(v+m(v))
mp(vy) is unique and
(1) = m(u)] < — ",
Z(v+m(v))

where h, > 0 depends on v.

Proof. For v € L?(T'), € > 0 choose § > 0 and h > 0 so small that the set
70 = {werh la+0 < uy) +mv) Sb—&}

satisfies [ dr'h(1 4 ¢€) > i dI'. Decreasing h further if necessary ensures

s L(v4m())
Ch? Ch?
— < (1 — <99
fdrh—(“) [ ar ="
s Z(v+m(v))

with C' = cine max(|al, b]) [ dT. Because of [ dI'* > 0, the monotonous function M/ : R — R
r s

M)(x) = /P[a,b] (v + ) I,
Th

is strictly monotonous near m(v). Since [P,y (v 4 m(v)) dI' = 0, Lemma [2.1.1] yields
r

M (m(0))] < Cintl|Ppap) (v +m(v)) || L1 ryh® < Ch?.
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Let us assume w.l.o.g. —Ch? < M (m(v)) < 0. Due to (strict) monotonicity of M (-) this
implies m(v) < my(v;) where, for the time being, we consider my(v;) a set-valued function.
Then again, since fCTh;h < 6, we conclude

3
h Ch‘2 h Ch’2 h h 2
M} | m(v) + W > M, (m(v)) + Far dI' = M, (m(v)) + Ch* >0,
75 I 18

and again by strict monotonicity of M/(-) it follows my,(v;) < m(v) + fcglih.

Altogether we
3
get 0 < my(v) —m(v) < fcg;h < (}ﬂ)cdr h?. This proves the claim.
3 T(o+m(v))

Finally, my,(v;) is single-valued since the inactive set Z(v; 4+ my(v;)) contains Z2 and is thus

of positive measure. [

Because l
(Pus, () = Puipy (v) = Plagy (v + ma (1)) = Playy (v +m(v) ,

we get the following corollary.
Corollary 2.4.2. Let v € L*(T) with i dI' > 0. With C,, and h, > 0 as in Lemma

Z(v+m(v))
there holds for 0 < h < hy

<Chp-—tT— Vfrdl—‘hz .

l
P h (’Ul) — PUa (U)
H ( Uad ) d L2 (F) fI('U—‘rm(”U)) dF

Note that since for u € L*(T") the adjoint p(u) is a continuous function on T, the corollary is
applicable for v = —ép(u).
The following theorem can be proved along the lines of Theorem [2.1.2

Theorem 2.4.3. Let u € L2(T), uy € L2(T") be the solutions of and (Ph), respectively,
!
in the case ¢ = 0. Let U, = (PUhd (—ép(u)l)) . Then there holds for e >0 and 0 < h < h,

1 2
all, = ey + ok = ey < 1+ O (5| (S0 = 57) - -

2
LA(T) ) '
Using Corollary 2.4.2] we conclude from the theorem
+ [ (s — ) ul
ry Vo

2
1S £(z2(ry, L2 () Crmy/ Jp dTh
4 (14 — .
va = L pymi=Lpauy))

+ | s — )

L2(1)

o, sc(; (ersion-s) )
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the latter part of which is the error introduced by the discretization of U,y. Hence one has
h2-convergence of the optimal controls.

Equation is amenable to a semismooth Newton method as described in Section
The algorithm however needs to take the scalar quantity my (—éph(v)) into account for
each iterate v € L?(I'"). The functional my, (—éph(')) can be shown to be semismooth with

. . Tzpy . .
generalized derivative T ﬂz(;v) 5 [ Zw S} Sh dI'* and is evaluated by performing a Newton
rh h Th

1
/P[a,b] (—aph(v) + mh> dr=o.
Fh

2.5 Numerical examples

algorithm on

The figures show some selected Newton steps v™. Note that jumps of the color-coded function
values are well observable along the border between active and inactive set. For all examples
Newton’s method is initialized with ug = 0.

The meshes are generated from a macro triangulation through congruent refinement, new
nodes are projected onto the surface I'. The maximal edge length h in the triangulation is
not exactly halved in each refinement, but up to an error of order O(h?). Therefore we just
compute our estimated order of convergence (EOC) according to

In Huhz‘q - ul”L2(rhz‘—1) —In ||uhz - ul”LQ(th‘)
In(2) '

For different refinement levels, the tables show relative errors, measured in L?- and L*-norms,

EOC; =

and the corresponding EOCs along with the number of Newton iterations before the desired
accuracy of 10™? with respect to w is reached.

The stopping criterion is that of Lemma (iii).

The theoretical findings from Section are confirmed by our examples that exhibit mesh-
independent behavior in terms of Newton steps.

We had showed that there is a mesh-independent upper bound to the number of Newton
iterations before the desired accuracy is reached, compare Remark Under certain
conditions on the adjoint state p(u) the behavior of the damped Newton algorithm is also
mesh-independent in the sense that it transitions into the undamped iteration and converges
superlinearly towards the solution uy, of (P), see Lemma These assumptions are met by
all our examples, since the surface gradient of the (here) smooth function —2p(u) is bounded
away from zero along the border of the inactive set.

Accordingly for all examples the damping is not active during the last few Newton steps.

Example 2.5.1 (Sphere I). We consider the problem

werp @ ) Ol y) subject to —Ary +y =u-—r, -lsusl (2.5.1)

with ' the unit sphere in R® and o = 10~7. We choose yq = 52ax3(x? — 23) , to obtain the
solution
u=r =min (1, max ( — 1, 4z3(x? — x%)))
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Step 1 Step 2 Step 4 Step 10

Figure 2.1: Selected full Steps v+ computed for Example on the twice refined sphere.

reg. refs. 0 1 2 3 4 5
L2-error | 2.3789¢-01  5.1804e-02 1.2326e-02 2.9491e-03  7.0647e-04 1.7358¢-04
L?-EOC - 2.38 2.11 2.07 2.06 2.03

L*>-error | 3.4918e-01 9.2848e-02 2.6760e-02 1.1637e-02 2.3391e-03 5.0757e-04

L>*-EOC - 2.06 1.83 1.21 2.32 2.21
# Steps 5 18 16 13 14 14

Table 2.1: L?-error, EOC and number of iterations for Example m

of (2.5.1)).

The presented theory can be extended to include surfaces with boundary, [Dzi88| §6], given
that the boundary is piecewise C'-smooth and IIp|ps : T? — T is surjective. Both conditions
are satisfied in the following example; in particular there holds T = or.

Example 2.5.2. Let I' = {(xl,xQ,azg)T € R3 | 23 = 2129 and 1, 22 € (0, 1)} and o = 1076.
For

min O(u,y) subject to —Ary=u—7r, y=00ondl' —05<u<0.5,
ueL?(T),yecH(T)

by proper choice of y, (via symbolic differentiation), we get the unique solution

u =r = max ( — 0.5, min (0.5, sin(7rz;) sin(rz3))) .

reg. refs. 0 1 2 3 4 5
L2-error | 4.2746e-01 7.9834e-02 1.9234e-02 4.3798e-03 1.0638e-03 2.6082e-04
EOC - 2.42 2.05 2.13 2.04 2.03
L*>-error | 5.0171e-01 1.8055e-01 4.1925e-02 1.1035e-02 2.8747e-03 7.1757e-04
L>®-EOC - 1.47 2.11 1.93 1.94 2.00
# Steps 7 7 7 8 8 8

Table 2.2: L?-error, EOC and number of iterations for Example
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Step 1 Step 2 Step 3 Step 5

Figure 2.2: Selected full Steps v computed for Example on the thrice refined grid.

Step 1 Step 2 Step 3 Step 4

Figure 2.3: First four full Steps v computed for Example with o = 1072 on once refined
sphere.

Example although ¢ = 0, is also covered by the theory in Sections [2.1H2.3] as by the
Dirichlet boundary conditions the state equation remains uniquely solvable for v € L*(T'). In
the last two examples we apply the variational discretization to optimization problems, that
involve zero-mean-value constraints as in Section [2.4

Example 2.5.3 (Sphere II). We consider

min O(u,y) subject to —Ary=u, —-1<u<l, /ydI‘z/uszO,
ueLl?(T),yecH(T)
r r

reg. refs. 1 2 3 4 ) 6
L?-error | 1.2035e-02 3.0743e-03  7.7422e-04 1.9401e-04 4.8531e-05 1.1441e-05
EOC - 2.01 2.00 2.00 2.00 2.08

# Steps 2 2 2 2 2 2
L2-error | 2.0121e-01  5.7649¢-02 1.5928e-02 4.2907e-03 1.1039e-03  2.6252e-04
EOC - 1.84 1.86 1.89 1.96 2.07

# Steps 16 16 15 16 15 16

Table 2.3: L?-error, EOC and number of iterations for Example first for a = 10, second
for o = 107°.
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Step 1 Step 11 Step 20 Step 36

Figure 2.4: Selected full Steps v computed for Example on the once refined torus.

reg. refs. 0 1 2 3 4 5
L2-error | 1.7903e-01  5.2558e-02 1.4498e-02 3.7472e-03 9.4760e-04 2.3754e-04
EOC - 1.90 1.96 1.98 1.99 2.00

# Steps 6 6 5 2 2 2
L2-error | 1.2100e-01  3.2415e-02  7.6855e-03 1.8145e-03 4.4676e-04 1.0955e-04
EOC - 2.04 2.20 2.11 2.03 2.03

# Steps 66 62 45 27 22 18

Table 2.4: L?-error, EOC and number of iterations for Example first for o = 1, second
for & = 1076,
with I' the unit sphere in R3. Set av = 10,107° and

In(zzs+1)+C, if 0.5 <3
ya(r1, To, 3) = daxws + . w3 — %arctanh(arg) , if —05<z23<05 ,
—C —1In(1 —z3), if x3 < —0.5

where C' is chosen for y, to be continuous. The solution according to these parameters is
% = min (1, max ( -1, 2333)) .

Example 2.5.4 (Torus). Let a = 1,107¢ and

2
1
I'= (1‘1,x2,x3)T€R3 \/m§+<\/x%+x%—1) =§

the 2-torus embedded in R3. By symbolic differentiation we compute 34, such that

min O(u,y) subject to —Apy=u—r, —-1<u<l1, /de:/udF:O
ueL?(T),yeH(T)
r r

is solved by
U =7 = max ( — 1, min (1, 5:1:13:2x3)) .

As the presented tables clearly demonstrate, the examples show the expected convergence
behavior.






Chapter 3

Parabolic equations on moving
surfaces

In this chapter parabolic state equations on evolving hypersurfaces in R**! are investigated.
In order to formulate well-posed optimal control problems in the next chapter, we prove
existence and uniqueness of weak solutions for the state equation, in the sense of vector-
valued distributions. In the process, dealing with time-varying domains and function spaces,
we introduce spaces that are simple cases of measurable Hilbertian sums.

The state equation is then discretized in space using the surface finite element method pro-
posed in [DE07]. The time discretization is carried out through a discontinuous Galerkin
scheme. In order to obtain a scheme the adjoint of which is computable, we provide the
control space with an equivalent norm that can be evaluated using only a finite number of
surfaces (I'(t,,,))M_,.
We prove convergence of both the spatial and the time-discretization under weak regularity
assumptions. In particular we allow for initial data yo € L*(T'(T)).

Following [DEO7], we consider the state equation in its weak form

d

T ygodl“(t)—i—/Vryvrgo—i-bycpdf‘(t): /ygbdF(t)+/ug0dF(t), (3.0.1)

r(t) NG r(t) NG
with y(0) = yo. Here, I' = {F(t)}te[O’T]
surfaces in R"*!, evolving smoothly in time with velocity V, as described in Section

is a family of C?-smooth, compact n-dimensional

Further assume u sufficiently smooth and let ¢ = 0;¢ + V'V denote the material derivative
of a smooth test function ¢.

We start by defining unique weak solutions for the state equation. The idea is to to introduce
distributional material derivatives in the sense of [LM72] and a W (0, T)-like solution space.
As a consequence, a large part of the theory developed around W(0,7) for fixed domains
applies, compare for example [LM6§|, [LM72], and |Lio71]. In order to define integrability
and (weak) differentiability we use the flow ® of the velocity field V' to pull back functions
from the varying domain I'(¢), t € [0, 7] onto a fixed surface I'(s).

39
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The reason for our interest in W (0, T')-like spaces is that W (0,7T) and more regular variants,
such as H'((0,T), H*()), have long since been recognized as the suitable framework for
optimal control, compare for example [Tr605, Thm. 3.10] and preceding commentary.

An alternative approach to prove existence of weak solutions along the lines of [LSU68| is
taken in [Sch10], that entirely avoids the notion of vector-valued distributions. As a result
this approach does not yield weak time-derivatives nor a bijective state-to-control mapping.
It is also harder to prove uniqueness of the solutions and useful embedding theorems such as
[LM72, Thm. 3.1] are not accessible.

In the second part of this chapter we assume n = 1,2, 3 and prove optimal L?-error bounds for
a discretization of . For the spacial discretization we apply the surface finite element
approach from [DEOQ7] . The time-discretization is achieved through a discontinuous Galerkin
finite element approach.

Recent works also deal with the discretization of , both in space, compare [DE10], and
time, see [DLM11] and [DE11]. A finite volume method for evolving surfaces was introduced
in [LNR11].

In [DE10] order-optimal error bounds in terms of the norm sup,co7y || - l2(r(r)) are derived
for the discretization of the state equation, assuming a slightly higher regularity of the state

1
than we require in Section and where we derive ( fOT |- HQLQ(F(t))dt> *_like bounds.

A class of Runge-Kutta methods to tackle the space-discretized problem is investigated in
[DLM11], assuming among other things that one can evaluate f in a point-wise fashion, i.e.
that f(t) € L?(I'(t)) is well defined. For a fully discrete approach and the according error
bounds see [DE11]. There a backwards Euler method is considered for time discretization
whose implementation resembles our discontinuous Galerkin approach in Section [3.7 Yet
while the approach in [DE11] ultimately leads to supcpo ry || - |2(r())-convergence, we allow
for non-smooth right-hand sides and thus cannot expect to obtain such strong convergence
estimates.

This chapter is structured as follows. After giving a brief overview of the setting we start
with a very short introduction into vector-valued distributions. We then prepare in Section
and the setting in which to look for a solution of .

The proof of existence of an appropriate weak solution is conducted in Section (3.4}, comple-
menting the existence results from [DEO07] and [Sch10].

In Sections and we examine the space- and time-discretization of the state equation.

Before we can properly formulate (3.0.1]), let us summarize the results of Section and our

assumptions regarding the family {I'(¢)} te0.7]"

Assumption 3.0.5. The hypersurface I'g = I'(0) € R"*! is C%2-smooth and compact without
boundary. I' evolves along a C2-smooth velocity field V : R+ x [0,T] — R™*! with flow
@ : R*! x [0, 7] — R™*!, such that its restriction ®§(-) : T'(s) — I'(¢) is a diffeomorphism
for every s,t € [0,T].

The assumption gives rise to a second representation of I'(t) as the level set

T(t) = {z € R™ | d(z,t) =0} ,
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of a continuous signed distance function d : R"** — R with |d(x,t)| = dist(z, ['(t)).

Also I'(t) is orientable with a smooth unit normal field v(-,t).

Further, we have d(-) € C?(N;) for some neighborhood N of Usepo,r T'(#) x {t} in R™+2 as
defined in Theorem there holds Vd(v,t) = v(y,t) for v € T'(t).

Using d we can define the projection

M) {z e R | dist(z, T'(t)) < e} = T(), Hpy(z) = — d(z,t)Vd(x,t) . (3.0.2)

We consider the surface gradient an element of R"*! and denote the metric tensor like in
(1.0.1). In the following we will write Vr instead of V() wherever it is clear which surface
['(t) the gradient relates to.

3.1 Vector-valued distributions

We are going to exploit results on vector-valued distributions, which we recall here for
completeness. In order to define weak derivatives consider D((0,7")), the space of real
valued C*°-smooth functions with compact support in (0,7). Fix s € [0,7]. Each
y € L*((0,T),H*(T'(s))) defines a vector-valued distribution 7, : D((0,T)) — H(I'(s))
through the H'(I'(s))-valued integral [ y(t)p(t)dt.
[0,7]

Its distributional derivative is said to lie in L2((0,T), H1(I'(s))) iff it can be represented by
w e L?((0,T), H(I'(s))) in the following sense

T,(p) = /y(t)sol(t)dtz— / w(t)p(t)dt € H'(I(s)), Vo€ D((0,T)), (3.1.1)
[0,7] [0,7]

and we write 3/ = w. Note that by H~! we denote the representation of the dual (H*)* which
arises from L? D H' by completion.

Lemma and Definition 3.1.1. For s € [0,T], the space
W(0,T) = {v € L*((0,T), H'(T(s))) | v € L*((0,T), H'(I'(s))) }
with scalar product fOT(-, Ve + ()5 ()Y a-1rsydt is a Hilbert space.

1. W4(0,T) is compactly embedded into C([0,T], L*(I'(s))), the space of continuous L>-
valued functions.

2. Denote by D([0,T], HY(T'(s))) the space of C>-smooth H(T(s))-valued test functions
on [0,T). The inclusion D([0,T], HY(T'(s))) C Ws(0,T) is dense.

8. For two functions v, w € Ws(0,T) the product (v(t), w(t)) L2(r(s)) s absolutely continuous
with respect to t € [0,T] and

4
dt
I'(s)

v(t)w(t) dT(s) = (V', w) g-1(res)),m1 (0 (s)) + (0 W) L0 (s)), H-1(D(s)) »
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a.e. in (0,T), and as a consequence there holds the integration by parts formula

/ (o w) g1 g dr = (0(), w(8)) g2y — (00, 0()) 120y — / (0,0 g1 g dr

[r¢] [rt]

For a proof of the lemma, see [LM68, Ch. I, Thms. 3.1 and 2.1]. Assertion 3. follows from
2. by approximation with smooth functions. One can also use the integration by parts
formular to prove the embedding into C((0,7), L*(T'(s))), see [Eva98, Ch. 5 Thm. 3]. For
further references see [Tro05, Thm. 3.10].

Our approach to weak material derivatives relies on the following equivalent formulation of

condition
Vo € D((0,T), HY(T(s))) :
[0,7]

which defines the weak derivative 3 = w of a function y € L?((0,7), H'(I'(s))) via its
L?((0,T), L?(T'(s)))-scalar product with elements of D((0,T), H(T'(s))).

The identity follows from by Lemma [3.1.1[5.]. On the other hand is
a consequence of (3.1.2). To see this, test with v € D((0,T), H'(I'(s))), where
v € D((0,T)) and v € HY(I'(s)).

3.2 Preliminaries

The scope of this section is to provide the technical background for the definitions in the
following section.

We start by defining the strong material derivative for smooth functions f € C*(R"*! x[0,T)),
namely the derivative

% F(@(@),5) = V [z, )V (2, t) + 0 f(x.1) (3.2.1)

s=t

f(.%’,t) =

along trajectories of the velocity field V. The material derivative has the following properties.
Lemma 3.2.1. Let f be sufficiently smooth. Then
/de /f+fd1erdF()
F(lﬁ L)

and

d : .

& [ INerEara) = [ 29eiVef - 2Ves (D) Ves + Ve | diveVar().

() L)

with div )V = szll Vip(t)Vi and (Dry)V)ij = V T(t )V The components Vr(t) denote the

components of the gradient as a vector in R conforming to our notation.
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A proof and details can be found in the Appendix of [DE07]. Note that the surface divergence
div p(;) from the Lemma generalizes the one introduced in Section which only applied
to tangential vector fields.

Lemma and Definition 3.2.2. Denote by J;(-) = det Dp(,®;(-) the Jacobian determinant
of the restricted flow ®; : I'(s) — I'(t), meaning that Ji(-) is the determinant of the matrix
representation of D]_"(S)(I);?< -) with respect to orthonormal bases of the respective tangent space.
By Assumption Jg € CYH[0,T) x T'(s)) and there exists C; > 0, such that for all
s,t €10,T]

1
— < min J, < max J; <(Cj.
o < 8, fi0) < mme i) < G

Given Assumption consider the family {L*(T Then for v € L*(T'(t)) we

))}te[O,T]'
introduce the pull-back

g = v(®5(-)) € I3(T(s),
which is a linear homeomorphism from L*(T'(t)) into L*(I'(s)) for any s,t € [0,T]. Moreover
®; is a linear homeomorphism from HY(I'(t)) into H (I'(s)). Thus finally the adjoint oper-
ator, ¢3* : H-Y(T'(s)) — H~Y(I'(t)) is also a linear homeomorphism. There exist constants
Cr2ry, Ch(ry independent of s,t, such that for all v € L2(T(t)), orv € HY(T(t)) respectively,
and for all s,t € [0,T)

otvlla (resy) < Crnyllvllaeey > 108l < Cremllvllizee) »

and thus finally |97 || o1 (o)), a1 (0))) < Crry-
Furthermore there holds 0y J7 = ¢i( div pyV')J¢.

Proof. As to the smoothness of J; it is a consequence of

det(g;;)
Jp = e

det(gfj)

where g7; = (%, a%j)RnH and gj; = (D®} 82 ,DCI’S )Rn+1denote the metric tensors in
corresponding local charts.
For s,t € [0,T] we have

/ V2 dD(t) = / (¢50)2J2 dT(s)

T'(¢) I'(s)
1
and thus [|¢{v|[z2res)) < Cramyllvllz ), with Cray = C3.
For H' equlvalence consider ¢ € H(T'(t)). Now
[ Trevredr) = [ (Vroio) T DB (DO Viotes; dr(s).
I(t) I'(s)

Because D®; is regular one has vI D®§(D®$)Tv > 0 for all s,t € [0,T] and v € R**1\ {0},
and a compactness argument yields o7 D®;(D®5)"v > Cps||v||3.+1 > 0. Thus there holds

loFell i) < Crrmyllell e - (3.2.2)
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with Cgiry = | /max{Cy, C } By a density argument one proves that - ) holds for all
o € HY(T(t)): an HY(T'(t)) Cauchy sequence {py hren translates into an H'(I'(s)) Cauchy
sequence ¢;py and one easily shows for their limits.

Now || - | (r(ey) and |65 (- )|l g r(s)) are two equivalent norms on H'(T'(£)). Hence also their

dual norms are equivalent. The norm of f € H~1(I'(s)) can now be expressed by means of
HY([(t)) as

sup o w) 1) @) _ sup (D" f0) 10 (y), 1 (P (1)) | (3.2.3)
weH (I(s)) ||7«U||H1 (I'(s)) ve HL(T (1)) 920l 1 sy
and the bound on the norm of ¢;* follows from the equivalence of said H!-norms.
The last assertion is a by-product of the proof of Lemma compare [DEQT7]. [

We need to state one more Lemma concerning continuous time-dependence of the previously
defined norms.

Lemma 3.2.3. Let s € [0,T]. For v; € HY(T(s)), va € L?(I'(s)), v3 € H YI'(s)) the
following expressions are continuous with respect to t € [0,T]

osorll ey s Nobvallzey s 168 vallm-1 ) -

Proof. By the change of variables formula we have
||qbl;vl||12ql(p(t)) / (VF’Ul(DF( )‘P ) (DF( ) ) VF’Ul + Ul) Jt dF( ) (3.2.4)
I'(s)

which is a continuous function due to the regularity of ® stated in Assumption[3.0.5] Similarly
we conclude the continuity of the L?-norm.

Moreover, since (Dp(g)®3) ™ (Drs @) ™" = idyr(s), J5 = 1, and @f_)(-) € C%(T(s) x [0,T))
Equation yields

lesorllr ey — Il gyl < CIE = sllvallfp ey, -

for all v € H'(I'(s)). Regarding ([3.2.3)) this allows us to estimate

1 1
—————luslla1 o)) < N6 vsllg— ——
(14 Cls—¢)s O =0 BUITREO) = o1 _ )

IN

vl -1 (r(s)) -

The results from Lemma [3.2.2 and [3.2.3| can be extended to apply for H*(T'(t)) given that
both I'y and the flow ® are of class C*t1.
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3.3 The space Wt

In this section a weak material derivative is proposed that is appropriate for the Equation
. Also, function spaces are formulated in order to prove the existence of unique weak
solutions of for quite weak right-hand sides u in the next section.

As far as Lemma is concerned, for a family of functions {y(t)}icjo,r), y(t) : I'(t) — R,
one can define 7 at v = ®Y7 simply by

0] = 65 (Hu(t) o 1) = b6 (1) @P0)]. (3:3.1)

If {y(t)} can be smoothly extended, this is equivalent to (3.2.1). However, observe that for
functions whose derivatives lie in L? Equation (3.3.1) may be rewritten as

i) = " (5 0t0)) (332

which, as opposed to (3.3.1]), we can hope to generalize to H ~!-derivatives.
The following lemmas lead to the definition of a weak material derivative of y that translates
into a weak derivative of the pull-back ¢Yy(t).

Lemma and Definition 3.3.1. Consider the vector bundle Brz = Uepom L3(T'(t)) x {t}.
The set of sectionsy : [0,T] — Brz, t — (v,t) inherits a canonical vector space structure from
the spaces L*(T'(t)) (addition and multiplications with scalars). Given Assumptz’on for
s € 10,T] we define

Liary :={0:[0,T] = Bpa, t = (v, 1) | ¢fv, € L*((0,T), L*(T(s))) } -

Abusing notation, now and in the following we identify v(t) = (v, t) € L%Q(F) with v(t) = vy.
Endowed with the scalar product

(v, w>LiQ(r) = / (v, wt)LQ(F(t)) dt.
(0,77

L%Q(F) becomes a Hilbert space.

In the same manner we define the space L%ﬁ(r)' For L?—I—I(I‘) use ¢L* instead of ¢§. All three
spaces do not depend on s.

For ¢ € ¢{)D((0,T), H{(T'(s))) = {cp € L2,y | 83 € D((0,T), HY(I(s)) } it is clear how
to interpret ¢, namely ¢ = ¢L(dip) € HY(T'(t)). We say that y € L%ﬂ(r) has weak material
derivative y(t) € L12L171(F) iff there holds

/<y'790>H1(F(t)),H1(1"(t))dt__ /<y,¢)L2(r(t))dt— / /W divpVdl'(¢)dt  (3.3.3)
0.7] 0.7] 0.7 T(t)

forall p € gbg')D((O,T), HY(T'(s))), and the definition does not depend on s.
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Proof. In order to define the scalar product of LL2(F), we must ensure measurability of
(v, W) r2(ry) ¢ [0,7] — R. Since (v,w) = 2(|lv + wl* = [lv]|* = Jw||?) it suffices to show
measurability of ||v]|? T2(0(1)) for all v € LLQ(F) By definition of the set LLQ(F) we have
;v € L%([0,T],L*(I'(s))). Hence, there exists a sequence of measurable simple functions
¥; that converge pointwise a.e. to ¢fv in L?(I'(s)). Each @; is the finite sum of measur-
able single-valued functions, i.e. 0; = Z;VI1 vij1p,, M; € N, v;; € L*(T'(s)), on measurable
disjoint sets B; C [0,7T]. By Lemma [3.2.3] “ 3| the function

M;
I858ill 2oy = D 16w gll 2y e

j=1
is the finite sum of measurable functions and thus measurable. Using the continuity of the
operator ¢!, as stated in Lemma one infers pointwise convergence a.e. of ||¢.%;|| L2(T(¢))
towards [|v]| L2 (pe)) Wthh in turn 1mphes measurability of [[v][z2r))-
Again by Lemma we now conclude integrability of [|v|[z2r()) and at the same time
equivalence of the norms

[ Wt | | ] ol a

0,7] 0,7]

|
N

Completeness of LL2 r) follows, since LL2(F) and L%((0,T), L*(I'(s))) are isomorph. Again be-
cause of Lemma 2l ¢3vy € L2((0,T), L3(T'(s))) is equivalent to ¢fv; € L2((0,T), L*(T'(r))),
thus the definition does not depend on the choice of s. For L%ﬂ ) and L%{fl(r) we proceed
similarly.

We show that the definition of the weak material derivative does not depend on s € [0, 7.

On I'(s) Equation (3.3.3) reads
/ (B9, @) -1 (1 (s))11.(0(s)) At =
(0,71

- / / (6553 (1) + 8% (y div oy V) @) Jp dT(s) dt

[0, T]T'(s)

(3.3.4)

for all ¢ € D([0,T], H*(T'(s))). For r € [0, T], we now transform the relation into one on I'(r),
using g, (¢7)" and ¢ = ¢ o ¢

/<¢t Uy Q@) H—1(0(r)), H (D(r)) At =

[0,7]
/ / ) + ¢p (y div ryV) ¢L@) Ji dl(r) dt,
[0,7] T(r
and because ¢ : H'(I'(s)) — H'(I'(r)) is a linear homeomorphism, it also defines an isomor-

phism between D([0, T], H*(T'(s))) and D([0, T], H(T'(r))). [
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Remark 3.3.2. Strictly speaking the elements of L_2X(F) are equivalence classes of sections
coinciding a.e. in [0, 7], just like the elements of L2((0,T), X (T'(s))).

The definition of the weak derivative of y € L%‘II(F) in (3.3.3) translates into weak derivatives

of the pullback ¢fy. In order to make the connection between the two, we state the following

Lemma 3.3.3. Let w € W(0,T) and f € C1([0,T] x T'(s)). Then fw also lies in W4(0,T)
and
(fw) = O fw +fuw',
—~—~
€L?([0,T],L*(T'(s)))
where fw' is to be understood as (fw', @) g—1(r(s)),m1(0(s)) = (W' fO)5-1(0(s)),H (T(s))-
Proof. We show that for ¢ € D((0,T'), H'(I'(s))) the function f¢ lies in W,(0,T). The claim
then follows by integration by parts in Wy(0,T).
1. Because f € C([0,T]xT(s)) and the strong surface gradient Vs f € (C([0,T] x I(s)))" !
are continuous and thus uniformly continuous on the compact set [0,7] x I'(s), we infer
f € C(j0,T],CYI(s))). Note that dist((¢,7), (t + k,7)) = k in the metric of [0,T] x T'(s),
compare Appendix Let € > 0, then for sufficiently small k. > k& > 0 one has

n+1
£t +Fy ) = (Moo + D IV FE+E, ) = Vi () loo < €.
i=1

2. As to the distributional derivative of fy, we show that f € C1([0,T],C(T(s))). Observe
that the uniform continuity of the strong derivative 9, f on [0, 7] x I'(s) allows us to estimate

1t +F, ) = f(t-) = Oef(t,)klloo = Ik / Opf(t+ 7k, ) — 0pf(t,) drloc < ke
[0,1]

for ke > k > 0 sufficiently small. Again by uniform continuity of 0;f we conclude 0;f €
C(]0,T],C(I'(s))). All told, taking into account the continuity of the pointwise multiplication
between the respective spaces, we showed

fe € C([0,T], H'(L(s))) N CH([0, T], L*(T(s))) € Wi(0, 7).

3. Consider now an arbitrary w € Ws(0,T). Since fo € W,(0,T), by integration by parts as

in Lemma [3.1.1[3.] it follows

/ (W', fo) =1(r(s)), 11 (P (t))s At = — / (w, (f0)) 1 (r(ey)ys, -1 (r(s)) At

0.7] 0.7]
=— /<w7atf90>L2(F(s)) dt — /<waf90,>L2(F(s)) dt.
0.7] 0.7]

Reordering gives

/ (fw, @) r2r(s)) dt = — / (O fw + fw', @) g-1(0(s)), 11 (0(1))s A
(0,71 0.7]
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for any ¢ € D((0,T), H (I'(s))). Hence condition holds for fw. Using the den-
sity property stated in Lemma [2], we can approximate w and thus fw by continuous
HY(T'(s))-valued functions and infer fw € L?((0,T), H*(I'(s))). The same argument yields
O fw + fw' € L2((0,T), H (T (s))). [ |

Finally we can define our solution space.

Lemma and Definition 3.3.4. The solution space Wr is defined as follows
We={ve L |v€ L} -

Wr is Hilbert with the canonical scalar product fg(-, VHY(T@) T (), (:)>H—1(F(t))dt. Alsoy €
Wr iff ¢iy € Ws(0,T) for (every) s € [0,T]. In particular one has ¢y € C([0,T], L*(I'(s))).
For all $ € D((0,T), H'(I'(s))) there holds

/<¢§*Z),s5>Hl(r(s)),Hl(r(s)) dt = /<((¢fy)/7‘]f¢>H1(F(s)),H1(1"(s)) dt. (3.3.5)
0.7 0.7

One has
ew l|diyllw, 0.1y < lYllwe < Cwlloiylw,o,r) >

and cy,Cyw > 0 do not depend on s € [0,T].
Proof. For y € Wr, observe that Ji¢fy € L([0,T], H*(T'(s)) and rewrite (3.3.4) as
/ (1Y, &) 2 (r(ey At = — /(éf)i*?), @) H-1(0(s)),H (T(s)) At - - -
[0,7] [0,T7]

_ / (OnT 639, B) ey
(0,17

(3.3.6)

for ¢ € D((0,T), HY(T(s))). Hence Ji¢iy € W,(0,T), and from Lemma it fol-
lows that also ¢jy € Ws(0,7), because Ji; € CY[0,T] x I'(s)). Note that we used
oJi = ¢i( div pyV)Ji, see Lemma On the other hand, for any § € Ws(0,T) one
has Jij € Wg(0,T) and thus y = ¢'§ € Wr. Hence (b?) constitutes an isomorphism between
Wr and W,(0,T).

Apply Lemma a second time to obtain (J7@) = 0,J7@ + J{@' and because of B(0) =
@(T) =0 € H'(I'(s)) by integration by parts there follows from

/<¢§*y,<ﬁ>ﬂ1(r(s)),H1(r(s))dt= /<((¢>fy)'7Jf<ﬁ>H1(r(s)),H1(r(s)) dt,
0.7] 0.7]

compare Lemma [3.1.1[3.]. This proves the second claim.
The claim of Wr being Hilbert now follows. Observe that point-wise multiplication with J;
constitutes a linear homeomorphism in H'(I'(s)) whose inverse is the multiplication by Jits
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One easily checks || 7l r < el i oyl el < Cllell ). This together
with Lemma yields the equlvalence of the two norms on Wr

Wiy + 190yt and [ 16801 o + 1680 By .
[0,77] [0,7]
Completeness of W(0,T") then implies completeness of Wr. |
Remark 3.3.5. Formula (3.3.5) can be seen as a generalization of the following relation.
Assume ¢y € D((0,T), H(T'(s))). Then
/ (8875, B) 1. (0(s)), 11 (0 (s)) AE = / (5, 0-@) r2(r(sy) dt = / (D5y), JE@) 12(r(s)) At
[0,T] [0,7] [0,7]
which is the situation indicated in (3.3.2]).

Using Lemma and it is now easy to proof

Lemma 3.3.6. For two functions v,w € Wr the expression <7}t7wt>L2(I‘(t)) is absolutely con-
tinuous with respect to t € [0,T] and

1 .
T / vwdl'(t) =(0, w) g-1(0(y), 11 (T (1) +

<U,w>H1(F(t)),H—1(p(t)) + / vw div F(t)V dr(t),
I'(t)

a.e. in (0,T), and there holds the integration by parts formula

/(®,w>H1(r(T)),H1(F(T)) d7 =(v, w) r2(rr)) — (U, W) L2(1(s)) - - -
[5,¢]

— / [(U,w>H1(F(7))7H71(F(7)) + / vw divpV AL (1) | dr.
[s.t] I(r)

3.4 Weak solutions
We can now give a weak formulation of (3.0.1). Let
b=¢b, beC([0,T]xTy).

We look for solutions y € Wr that satisfy y(0) = yo € L?(Tg) and for u € L%{—l(r)

ypdl(t / VryVre + bye dl(t) = (@, ) m-1(0@), 11 (0(0)) - - -
ri) r{) (3.4.1)

+(us @) 510 (1)), H (T(8)) 5

dt
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for all ¢ € Wr and a.e. t € (0,T). One may equivalently write (3.4.1]) as
g+ Argyy +y (divpyV +b) =u in HHI(1))

for a.e. t € (0,7). We apply known existence and uniqueness results for the pulled-back
equation to prove

Theorem 3.4.1. Let u € L%,l(r), yo € L?(Tg). There exists a unique y € Wr, such that
(13.4.1) is fulfilled for all ¢ € Wr and a.e. t € (0,T). There holds

ol < € (Ilany + lulz ) -
Proof. Let us relate equation (3.4.1]) to the fixed domain I'(s) via

G Ar(s) + [ (VedDrio @) (Dr®) Ve + bip) Jf dI(s)..
I'(s) I'(s)

dt

= (& TG m-1.v (), 11 (0(s)) (s JEB) -1 (0(5)), 111 (s) »

with § = ¢fy, b = ¢fb, and @ = J%qb’;*u € L?((0,T), H Y(T(s)) and for all ¢5p = ¢ €
W,(0,T). This again is equivalent to

(T, I7) H-1(1(s)), 11 (0 (s)) + / gp (¢f(din(t)V) + B) JidT(s) +
I'(s)
/ Vri(Drs)®5) ™ (Drsy®5) " Vr@Jf dU(s) = (@, J5E) —1.(0(s)), 11 (1 (s)) -
I'(s)
With ¢ = J7@ one gets for all » € W,(0,T)

(T, 0) =10 (s)), B ((s)) T+ s (T, V3 1) = (T ) g-1(1(s)), HL(T(5)) » (3.4.2)

with a bilinear form
a.(Git) = [ Vea(Dr®) " Dreo @) TVev dr(s). .

I'(s)
+/ <¢t(d1VF(t)V)+b)¢dF /pr Drs)®;) ™ (Dr(s)®7)~ TVrJtﬁdT()

I'(s) I'(s)

By Assumption the bilinear form (Drp(s)®;) " [v](Dres®;) T [4] is positive definite on
the tangential space T,I'(s) uniformly in s,t € [0,7] and v € I‘( ). Thus, there exists ¢ > 0
such that for some ko > 0 one has as(¢,v;t) + kol L2(rsy) = cll¥llarres))- We are now
in the position to apply for example [Lio71, Ch. III, Thm. 1.2], to obtain a unique solution
g € W5(0,T) to equation for initial data ¢Syo € L*(I'(s)). Moreover the solution map
is continuous

191w, 0,0y < C (lall 2oy, -1 (r(s))) + 166w0ll L2(0(s)))
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Note again that |||l z2¢0,7),7-1(0(s)) < CHuHLiI—I(r)’ since the multiplication with J; is a

globally bounded linear homeomorphism in H!(T'(s)), as stated in the proof os Lemmam
The transformation of (3.4.1)) into (3.4.2)) works both ways, hence the uniqueness of y € Wr.

The norms can be estimated as in Lemma [3.2.2] and Lemma [3.3.4] and the theorem follows.
[ |

With regard to order-optimal convergence estimates, sometimes a slightly higher regularity
than y € Wr is required. Assuming u € L%z(r), yo € H'(Ty), and both 'y and ® of class
C3, one can apply a Galerkin approximation argument, see [DE07, Thms. 4.4 and 4.5] for
manifolds or [Eva9d8] for open sets, to obtain

112 2 2 2 2
HyHL2L2(F)+t€S[%%] Vel gy + / 1Yl oy At < € (HZ/’Hl(r(O)) + HuHLiQ(F)) - (3.4.3)
(0,77

Note that from [LM68, Ch. I, Thm. 3.1] it then follows that ¢y € C([0,T], H'(T'(s))).

3.5 Triangulation of the moving surface

We now discretize I'' using an approximation I‘g of 'y which is globally of class C%! just like
in Chapter [2 For the sake of convenience let us assume n = 2, i.e. I'(¢) is a hypersurface in
R3. Nevertheless, our results hold for n = 1,2, 3.

Following [Dzi88] and [DEO07], we consider T = ;¢
corners on I'g, whose maximum diameter is denoted by h. With FEM error bounds in mind

TZ consisting of triangles T}i with

we assume the family of triangulations {Fg}h>0 to be regular in the usual sense that the
angles of all triangles are bounded away from zero uniformly in hA.

As detailed in [DE10] and [DE07] an evolving triangulation T"(¢) of I'(t) is obtained by
subjecting the vertices of '} to the flow ®. Hence, the nodes of I'*(¢) reside on I'(¢) for all
times ¢ € [0, 7], the triangles 7} being deformed into triangles T} () by the movement of the
vertices. Let my, denote the number of vertices {XJQ}?Z‘I in I'. Now X (t) solves

50 =V(X;(#),1), X;(0) = X9 (3.5.1)

Consider the finite element space

Yy (t) = {go e LXT"(t) |pe CTMt)) and Vi e I, : ¢ Ti) € Hl(T,i(t))}

of piecewise linear, globally continuous functions on T'"(¢), and its nodal basis functions
{e;(t)}72, that are one at exactly one vertex X;(t) of I'"(t) and zero at all others. While
on T"(t) the notion of the space H' is a little bit more involved than in the smooth case,
compare Chapter [2| we can still provide Y}, (¢) with an appropriate norm, i.e., for ¢ € Y3(¢)
let

ol = [ VreTme+ o).
rh(t)
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For the finite element approach, it is crucial for the triangles Tf;(t) not to degenerate while
I'"(t) evolves, which leads us to the following assumption.

Assumption 3.5.1. The angles of the triangles T,ﬁ (t) are bounded away from zero, uniformly
w.r.t. h,iand t. Also assume Iy (T (t)) = T'(t), with the restriction of ) to I'"(t) being
a homeomorphism between I'*(t) and T'(t). Denote by

h = hmaz = di TE(t d hoppin, = i di TE (¢
i, diam (T(0) an e, diam (7))

the largest and the smallest diameter of all faces of the I'*. There holds % < CandC > 0.

In order to ensure optimal approximation properties of the discretization of the surface, we
require some additional regularity for d.

Assumption 3.5.2. d € C3(N,). Let h > 0 sufficiently small such that one has T'*(t) C N,
for all ¢ € [0,T].

This can be achieved if ® and Ty are of class C3. For the rest of this chapter we assume that

Assumption and hold.

Let us summarize some basic properties of the family {Fh(t)}te[07T}.

Lemma and Definition 3.5.3. Let ®7) : I'"(s) x [0,T] — R? denote the flow of T", i.e. the
unique continuous map, such that q)f’h(Té(s)) =Ti(t) and @3, is affine linear on each Ti(s).
There holds @y, = @7, o @7, and thus <I>ts’h o @), =idpn(y). The velocity Vi, = 8t<1>gh is the
piecewise linear interpolant of V. on each triangle T} (t).

As in Lemma we define the pull-back ¢¢, : L>(T"(t)) — L*(I"*(s)), ¢5,v =vo ®! .
The piecewise constant Jacobian i of i h satisfies for all s,t € [0, T

1
— < min J; < max J; <ch, 3.5.2
o < min i) < max Ji () < ) 3.52)

for some constant C’? > 0 that does not depend on h > 0.

Moreover Ji;, and Dpn( @i, : TT"(s) — TT"(t) C R? are differentiable with respect to time
in the interior of each Tj,(s).

The nodal basis functions have the transport property

. d :
i = ¢6,h&¢?,hsoi =0, 1<i<my. (3.5.3)

Let v"(t) denote the normals of T"(t), defined on each T}(t).

Proof. Consider a Triangle T} (s), s € [0,7]. W.lo.g. let Xi(s), Xa(s), X3(s) denote its
vertices. Then, using matrices X*(t) = (X2(t) — X1(t), X3(t) — X1(t)), we can write v € T} (s)
in reduced barycentric coordinates as A\, (s) = (X'(s)T X(s)) 71X (s)T (v — X1(s)). On T} (s)
the transformation ®;, is uniquely defined by )“I’f,;ﬂ(t) = A, (s) and thus

in(1) = XX ()T X ()7 X (s) (v = Xa(s)) + Xa (1)
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In the relative interior of T} (s) the map ®F), Ti(s) — T} (t) is differentiable and its derivative
Drpiy®i), - R3 O TTi(s) — TTi(t) C R® can be represented in terms of the standard basis
of R? by the matrix D, = X*(£)(X"(s)" X"(s)) 1 X"(s)T.

A short computation shows that the angle condition in Assumption [3.5.1]ensures the existence
of ¢ > 0 such that

NX(5)TX ()M > e min(]| Xa(s) = X1(s)|%, [ X3(s) = Xa(s)IP)AII?,

for all A € R2, s € [0, 7.
Hepce, ||(Xi(s)TXi(s))_1H2 < (c min(||X2(s) — X1(s)|?, [ X3(s) — X1(5)||2))_1, and since
X3, 1X7 ()13 < 2max o, ry([X2(7) — Xa(7)I%, [ X3(7) — X (7)]|?) we get

S hma
1D73 () Pepll2 < €

min

Using again Assumption [3.5.1] one concludes that the quotient of edge lengths is uniformly
bounded.
Also, one easily verifies for r, ¢ € [0,T]

O}y = (D7), 0 D¢ )y and ‘I’é,hq)f,h = idpas) - (3.5.4)

We have Ji h

Tico) = \/det (%(S)TDT}i(S)®§’h)TDT£(S)®f’h%(s)> on the triangle T} (s), where

the derivative is represented with respect to an orthonormal basis B(s) of TT}(s). As per
above considerations the spectral radius of DTZ (s) P, 1s uniformly bounded. Hence, there
exists C”% > 0 such that J, < C". Because we can switch s and ¢ and since by (3.5.4) we
have ((IJ;h)_l = @’;h and thus ﬁ = J;h < C" we conclude

Vs, t € [0,T]: Yy eI (;}; < Ji(y) < Ch.
The trajectories @;h’y, v € T"(s), the Jacobians th, and the entries of DT (S)<I>§7h are differ-
entiable for t, because the trajectories X;(t), 1 < j < my, are, compare (3.5.1). Hence also
Drn(5)®; ), is differentiable as a map into R3. The velocity Vi, (v, s) = 0¢®7 ;v equals V' at the
vertices and depends linearly on the coordinates A,. As for the transport property , it is
a consequence of the piecewise linear transformations of the piecewise linear Ansatz functions
¢; which implies qb?’hgoi(t) = ;(0), compare |DE07, Prop. 5.4]. [

In order to compare functions defined on T'"(¢) with functions on T'(t), for sufficiently small
h > 0 we proceed like in Chapter The projection Iy from (3.0.2) allow us to lift a
function y € L2(T'"(t)) to I'(t)

y (T (2)) = y(x) Vo e (),
and for y € L?(I'(t)) we define the inverse lift

yi(z) = y(Ilpy (7)) Vo € I(t).
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For small mesh parameters h the lift operation (-); : L(I'(t)) — L*(T") defines a linear
homeomorphism with inverse (-)!. Moreover, there exists cp; > 0 such that

1-— Cinth2 < H(')lH%(LQ(F(t)),L?(Fh(t)))’ ||(')ZH%(L2(F%L( 0),L2(T(1))) <1+ Clnth (3.5.5)
as shows the following lemma which generalizes Lemma

Lemma and Definition 3.5.4. The restriction of Iy to I"(t) is a pz’ecewz’se diffeomor-
phism. Denote by 6y, the Jacobian of pg)|rn : Ih(t) = I'(t), ie. 6 = th = |det(M)|
where M € R?*? represents the Derwatwe DH]_“(t) (y) : T,T™(t) — Tty ()L () with respect
to arbitrary orthonormal bases of the respective tangential space. For small h > 0 there holds

sup sup |1 — &y < Ch?.
t€[0,T] T'(t)

In particular Ilp)|pny is a diffeomorphism on each triangle Ti(t). Now i = % =

|det(M 1), so that by the change of variable formula

/ v A () — /vdf(t) = /v(sll—vdf(t) §cinth2||vHL1(p)

(e i) w "
Also there exist constants C > 0, independent of t € [0,T], such that

1. supsefo 7 ]]5h(t)|]Loo(Fh(t)) < Ch?, where the material derivative is to be understood in
the sense of (I)gh and

2. supyepo. 7] IP(I — RE)Pllpoo(rey) < Ch?, where

Ry = (1 d’Hd) ph (1 d’Hd)

5l

n+1

with the Hessian 7—[ = Ox,a;d, and the orthogonal projection P = {d;; — v;v; ij=1 and

= {0i; — v; V]h n+11 onto the respective tangential space.
The property from Lemma, M[Q] is important when it comes to comparing H'-norms on
['(t) and T"(¢).

Proof. We summarize the proof given in [DE07, Lemma 5.1] to extend it for the 1. assertion.
A similar proof can be found in [DE10, Lemma 5.4]. Following [DEO7], we use local coordinates
on a triangle e := T} (s) . W.Lo.g. one can assume e € R? x {0}. Since both d and d = %¢f,hd
equal zero at the corners, the linear interpolates Ij,d, Id vanish on e thus, using standard
finite element approximation results, we get

ldll oo (e) = lld = Indll oo () < ch?[|d]l 2o (ey < ch®lldllcraenr
and similarly ||d||Lm(e) < ch2\|d||cz,1(/\/e). Also one has

100,dll ) < chlldll s ngy and [0yl o) < chlld] s (3.5.6)
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for i = 1,2 at any point (x1,x9,0) € e.
Consider the basis B(t) = {0,,®$,, 05, ®5,,v"(t)} of R3, whose first two members span the
tangential space of T} (t). Let (I/ly(t),llg(t)’, v3(t))T represent v(t) = Vd(-,t) with respect to
B(t). We have

(1 (8), (1)) = MM (D(ay ) ®35) VA,

with the uniformly positive definite matrix My = (D (g, 4,)®} h)TD(m,arz)q)fh' Using this
relation and the estimates from (3.5.6)) we deduce

d

7 d s s d s s
O(h) = D($17$2)d = D(El,m)aqst,hd :aD(m,xz)d)t,hd = E(qbt,thTD(m,mz) t,h)

d

. d
:a(d);h(ylv va)My) = (01, 9) My + (v1,v2) — My,
—_— ——

dt
O(h)

because v;(7, s) = Og,d(7, s). We subsume

[Vill oo eys 1Pl oo ey < chlldll 2y -

One has
DIy =1d — Vd(Vd)" — dV?*d

and with Vd(-,s) = (v1(s), va(s), 3(s))T we compute (see [DE07])
On = |0z, gy X Oy Ip(y ||

= |v3| + dR(V, Oy, v, Opyv) = /1 — V2 — 13 + dR(v, Oy, v, Orv) = 1 + O(h?)

with some smooth remainder function R and thus, using |d|, ]d| < Ch? and |y, |s] < Ch,
1= 1,2 one gets

: —Vlﬂl — I/QDQ
H(ShHLoo(e) = H \/1272 + O(hQ) < Ch27
- Vl - VZ Loo(e)
For a proof of 2. see [DE07, Lemma 5.1]. [ |

The next Lemma concerns the continuity of the lift operations between L%Q(Fh) and L%Q ()

Lemma and Definition 3.5.5. Using the pull-back qb;;h we can define L%Q(Fh

3.3.1. For sufficiently small h > 0 the lift operation (-)! constitutes a continuous isomorphism
between L%Q(F) and L%Q(Fh) with inverse (+);. There holds

) as m Lemma

— < Teingh? :
<Ulv wl>L2L2(Fh) <U7 w>Li2(r) < Teinth ‘ <1), w>L2LQ(F) |
Proof. Let L%Q(Ti), according to the flow @}, as defined in Lemma|3.3.1, We define L%Q(Fh) =

Uier, L%Z(T,ﬁ) with the scalar product f0T<-, )2 (rh() dt.
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Let Uy = ®f o pg 0 <I>?h denote the mapping between 1"6‘ and I'g induced by the projection
Hpy. By Assumptionand by the construction of ®Y and @g’ ,, is follows that Wy : Fg — Ty
is a diffeomorphism on each triangle Tg(O) and by Assumption it is also globally one-
to-one and onto. Also ¥, and its spatial derivatives are continuous w.r.t. time ¢.

We will show that ¥ : TEx[0,T] — Tox[0,T], (7,t) = (¥;(7), 1) is a piecewise diffeomorphism
whose Jacobian is bounded away from zero. We already have that ¥ is globally one-to-one
because W, is. Together this implies that the pull-back with ¥ constitutes an isomorphism
between L2(T'g x [0,T]) and L*(T% x [0,77]). This again means that

$tnu € L*([0,T], L*(I'5)) & ¢fv € L*([0,T], L*(To)) .
As to U being al local diffeomorphism, the sets T} = Urepo, T} (t) are a partition of I} x [0, 7.

In the interior of each Té the map ¥ is a diffeomorphism. In fact, let v € int(7, ,2) for some
1 <i < my. Compute

= DrnWi(y)  0r¥y(y)
Draior¥(v) = ( FOO 1 )

in an appropriate (orthogonal) basis. We have DFh\Ilt Dr)® Pl o Dy Hpey o DFh<I>t h Its
Jacobian is the product of the Jacoblans JO, O, and Jt h that are each bounded away from
zero, uniformly in v and ¢, compare (3.5.2), and the Lemmas [3.5.4) and [3.2.2] Hence the
Jacobian of ¥ is bounded away from zero.

As to continuity of (+);, by Lemma we have that

// dT(t) dt| < Temh®|(v,w) 2] .

(wowngz, =Wz,

|
3.6 Finite element discretization in space
Now, instead of dealing with Problem (3.4.1)) directly, w.l.o.g. we consider the equation
g | vedi®) /VrereruysodF() (@, ¥)r2ray) + (W, ©)r2r) » (3.6.1)
T'(¢) I'(t)

with 1 € R large enough to ensure y := b + i > 1. Note that y solves iff efty solves
with right-hand side e”'u. The restriction on p is a technical one. All results of this
section and the next apply for u € R as shows Remark

In order to formulate the space-discretization of , consider the trial space

Hy, = {Z Yh(t)@i(t) € Leairny | i € Hl([ovT])} ~ H'([0,T])™"

The following definition of weak material derivatives for functions in H%,h exploits the fact
that H)l, is isomorph to H!([0,T])™". It thus avoids the issue of extending the theory from
Section [3.4] for the smooth surfaces I'(t) to our Lipschitz approximations T ().
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Lemma and Definition 3.6.1. The weak material derivative of v = >"."" ;(t)p;(t) € H;,h
is v = gbg’h(qﬁghv)/ = > U(t)pi(t). Let further w € H}lfh, then (v, w) r2(rny) s absolutely
continuous and

% / vw AT (t) = / dw 4 vib + vw divp, Vi, AT (2) .
rh(t) Th(t)
Proof. Observe o = ¢f (67 ,0) = ¢, 7 5:(H)9i(0)) = of, (1 () i(0)) because

(82n(£)'(7) = i(0)(7) = 0 for all y € TG, as in (B.5.3).
Apply Lemma on each triangle to see that (p;(t), p;(t))L2(rn(y) is smooth and

d .
GO0 = [ ey diveVidr' ).
Th(t)
Now
my,
(0,w) paqrny = Y Bi(t)w; (£){@i(t), 05(t)) p2(rn sy
ij=1
and the second assertion follows, since v;,w; € H*([0,T]), 1 < i,j < my,. |

We approximate (3.6.1)) by the following semi-discrete Problem. Consider a piecewise smooth,
globally Lipschitz approximation up of y;, such that pup > 1. Find y € H%/h such that for all
p € Hy,

d .
x| we dr’ () + / VinynVn@ + pnyne A0 (8) =(2, Yn) L2 (rn 2y - -
Th(2) T (t) (3.6.2)

+ (U, ) L2(rn (1)) -

and yp,(0) =y € ¥},(0). One possible choice would be pj, = p, up = w; and yb = PP{((yo);)
with PP the L?(T'})-orthogonal projection onto Y7, (0).
First of all let us state that (3.6.2]) admits a unique solution in Hil/h' This is because for y;, =
ot yt; we can rewrite ([3.6.2) as a smooth linear ODE with non-smooth inhomogeneity
for the coefficient vector yy, = {y;}"% € H'([0,T])™"

d
FTa

with smooth mass and stifflness matrices

M()yn(t) + (A, (0)ya(t) =U®),  ya(0) =yg (3.6.3)

mp

M(t) = {{@i, ¢5) 2rr) i ger  and Auh(t):{ / VFhWith‘Pj+Mh90i90jdfh<t)}ij:17
o)

and right-hand side U(t) = {(u, vi)r2rn) iy € L%([0,T],R™"), compare also |[DE0T].
Observe that we used the continuity of the coefficients yi € H'([0,7]) as well as ¢; = 0.
Existence of a solution y;, € H([0,7])™" of can be argued by variation of constants
or, more generally, one can apply an existence result by Carathéodory, compare [CL55, Thms.
1.1+41.3]. Uniqueness of yp, is a consequence of the following lemma.
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Lemma 3.6.2 (Stability). Let yg € L?(I'g) and u € L%Q(F), and let yp, solve (3.6.2)) with
Yt € Y,(0) and up, = w. There exists C > 0, such that for sufficiently small h > 0 the
solution satisfies

T
lynll 72 on ) +/0 / (Venyn)® + pnys AT (8)dt < C(IIySIIiZ(F8)+ Hulliim) ;
T (1)

as well as
) 2
linl,  +ess s [ (o + s a0 < © (10 + ol )
L2(rh) te[0,7) o L2(T)
Th(t

Proof. From the definition of M and A, using Lemma on each triangle T} (t) there
follows M'(t) ={ [ i divpngy Vi dT(t)}", and

i,7=1
0 ’
d . .
(aAﬂh)ij = ~Vrni (DpuVi, + Dpa V') Vg + tin@ies + - -
ri(e)

+(Vrrei Ve + pnpie;) diveaVy, th(t) .
Multiply (3.6.3) by y}, to obtain

g 2
”yh“LQ(Fh(t))

1d 1
YiMYh 453 OnAwyn) = —yiaM'yn + 5yndy, yu + Uy

L.
< C( lynllr re)) +||ul||%2(1"h(t))> + §||th%2(Fh(t)) :
N—_———
<ynAu,¥n

and a Gronwall argument yields the second estimate. Multiply (3.6.3)) by y; and proceed
similarly to prove the first. |

Obviously the material derivative depends on the evolution of the surface, i.e. different
derivatives arise according to whether ¢; or qbf’ ,, is applied to pull back a function to a fixed

domain. In order to compare 2} with (25)" we need the following lemma.

Lemma 3.6.3. Lety = Y /"yl o; € H%,h. The lift y' lies in W with ' € L2,
a.e. t € [0,T] there holds

()’ and for

’yl - (?J)l’ < CB?|| V@ y' o
a.e. on I'(t).

Proof. We start by computing the material derivatives of @;(z,t) : N — R, @;(z,t) =
goé(Hp(t) (x),t), i.e. the constant extension of the trial function ¢;, 1 < i < my, along the
normal field of T'(¢), compare the proof of [DE07, Thm. 6.2]. Observe that ¢! is not smooth
along the edges of patches Ilp) (T}]L(t)) However, ¢l is smooth in the (relative) interior of all

I (Tj (¢)) -



3.6. FINITE ELEMENT DISCRETIZATION IN SPACE 59
Differentiate @; at v € relint(T}{(t)) to obtain

V@i(v,t) = V@i(Ilpwy (), t) (Idgasr — Vd(y,t)Vd(y, 1) — d(v,1)V?d(v, 1)) (3.6.4)
Opi(7,t) = 0rp(Ilpy(7), 1) + Vi) (), ) (=0:d(7, ) Vd(7, 1) — d(, )9 Vd(v,1))

By construction of ¢; we have V@;(Ilp) (7)) Vd(v,t) = VFQDé(HF(t)(”y))l/(HF(t)(’)/),t) =0
since @; is constant along orthogonal lines through T'. Also, from d(®Y(v),t) = 0 it follows
Od = —VdV. The (strong) material derivatives do not depend on the extension @;, but only
on the values on I' and I'?, respectively. One gets

‘pi (HF(t) (’7)’ t) = at@l (HF(t) ('7)7 t) + V@l (HF(t) (7)7 t)V(HF(t) (7)a t)
Sbi(fyr t) = 8%51 (77 t) + v@l(’}/a t)Vh(’Ya t) )

which together with (3.6.4]) leads us to
7= (@) + (V= Va + d(V*d)Vh + 0,V ) Vit (3.6.5)

in the relative interior of the patches Ilp (T,z (), j € Ip.

In order to prove that the pull-back @ := ¢! lies in C1([0, 7], L?(T'9)) N C([0, T], H(Ty))
for all 1 <7 < my, we proceed in four steps.

1. We show that ¢ is globally Lipschitz on I'g x [0,7]. Observe, that implies that all
derivatives of ¢ exist and are bounded on the interior of patches Pj(t) = ®f (Il (T} (t))).
Since ¥; = ®f o Hpy o (I)?,h : I"g x [0,T] — Tg smoothly maps the edges of Fg into I'gy
the domains [J;epo Pi(t) x {t} C Ty x [0,7] have piecewise C*-boundaries and fulfill the
assumptions on the partition in Lemmal[I.3.9] Also, ¢ is continuous and we are in the situation
to apply Corollary to obtain ¢ € WH>°(Ty x [0,T]) and ¢ € C%1(Ty x [0, T)).

2. Now as to the time derivative, fix € > 0 and ¢ € (0,7). Let L > 0 denote the global
Lipschitz constant of ¢ on I'g x [0,7] and choose n > 0 sufficiently small such that

> meas(Pi(t) \ Pj,(t) < €/8L7,

iely

where Pfim(t) = {v € Pi(t) | By(7) C Pi(t) }, the balls By(7) being taken with respect to the
metric of I'y. Now, as stated above, the patches P (t) = ¥(¢)(7}) move continuously across
Iy, and we can choose K sufficiently small such that for all i € I}, and k € (=K, K) we have
Pém(t) C Pj(t+ k). The derivative 0;3(7,t) = ¢t which is defined a.e. on I'g x [0,77] then

is continuous on the compact set K, = U, P} () x [t = K,t + K] and we have

LGk - ) - apmaro = - 5 ([ (@t + k) - 3(t) - aa(t)k) T
k k
To i€l P]im
+ / (Bt + k) — B(t) — Dp(1)k)? dro)
PP,
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Substituting @(v,t+ k) — @(v,t) = Op(y, )k + fol (Orp(y,t +7k) — O p(y,t))kdT on Plin like
in the proof of Lemma we choose k small enough for

€2

sup [|9yp(t + 7k) — 0 p(t) |3 <

—_— 3.6.6
r€(0,1] 2meas(I'o) (36.6)

which is possible by uniform continuity of 9;¢ on K,. Estimating the second addend by
(2Lk)? 3¢, meas(Py \ Pi ) < e*k?/2 yields

. L, . - -
limsup —[|5(t + k) — &(t) — 0p(t)kl L2 (ry) < €.
k—0 k

for every € > 0. Hence ¢ is differentiable into L?(Tg) with derivative 9;{.

3. Thus in order to show ¢ € C1([0,T], L?(T)) it remains to prove that 8y : [0, T] — L*(Ty)
is continuous. By O is essentially bounded on I'g x [0, T]. Let M = |[0:@|| Loo (1 x[0,77)-
For € > 0 choose > 0 sufficiently small such that >, ;. meas(Pf;\Pf;m) < €e?/8M?2. As above,
choose K > 0 and K, accordingly. Now, choosing k > 0 small enough such that holds

one arrives at

Jox e+ ) - 020y = 3 ([ @eote-+ 1) = (e ar...

i€y, P}i
)1

+ / <at¢<t+k>—at¢<t>>2dro)ga
Pﬁ\Pﬁm

4. Continuity of @ : [0,T] — H'(Ty) follows similarly. In fact, the spatial partial derivatives
of ¢ exhibit the same piecewise smooth structure as 0.

Finally, ¢ = ¢4l € C1([0,T7, L*(T'o)) N C([0, T, H*(T'9)) implies yi ¢l € Wy(0,T), and we
conclude 3 € Wr as well as g € L%Q (r): The estimate now is a consequence of (3.6.5)). |

3.6.1 Convergence results

Before we proceed to the main result of this section, let us summarize some properties of the
approximation of elliptic equations on T'(t) by finite elements on T'*(¢). The discretization of
the elliptic problem was investigated in detail in [Dzi88|. There, the following interpolation
estimate for continuous functions was proved for the H'-norm; a slight modification also
yields an estimate on the approximation error in the L?-norm.

Lemma and Definition 3.6.4 (Interpolation, [Dzi88, Lem. 5]). Let I;, : C(T'(t)) — (Y5 (t))!
denote the nodal interpolation. For a continuous function f € C(T'(t)) the interpolant Iy, f is
uniquely defined by I f(X;(t)) = f(X;(t)), for 1 < j < my, and f; € Yy (t). There holds

1Inf = Fllzaey) + RIIRS = flla ey < CR2f Lz -

This is where the restriction to n = 1,2, 3 arises in order to ensure the embedding H?(I'(t)) C
C(I'(t)). Also, hidden in the proof of the Interpolation Lemma there lies the reason for
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our regularity Assumption [3.5.2] since a uniform bound for the third spatial derivatives of d
is used.

The next Lemma is a refined version of the convergence estimate which, in particular,
states that the approximation is uniform with respect to time. It was proved in [Dzi88]. We
included a version of the proof which emphasizes the time-independence of the constants.

Lemma 3.6.5. Fort € [0,T] andy € L*(T(t)), yn € L*(T"(t)) consider
a(z,p;t) := / VrzVre + pzedl(t) = (y, @) 2@y, Ve € H'(D(1)) (3.6.7)
(1)
and
an(2n, p;t) = / VrnznVene + uzae AT (8) = (Yn, @) r2rnry) Vo € Ya(t)  (3.6.8)
i (¢)

with unique solutions z € Hl( ( )) and zy, € Yy,(t). The solution operators S(t) : L*(T'(t)) —
L2(T(t), y = z and Sp(t) : L2T"¢t)) — Vi € L2(T"(t)), yn = 2 are self-adjoint. There
exists C independent of t € [0,T] such that

1. ¥, € Ya(t) : [, ) mray) — (0 0)viny | < CRAE N an rap 190 i reyy < o0 as well
as

2. | () S = Sl gerary.r2way)) < Ch? and

3. 1C)Sh) () = SO 2wy, ) < Ch.

Proof. The operators being well-defined and self-adjoint follows by standard arguments. Since

¢! and ¢! are continuous and piecewise smooth on T'(t) and thus lie in H'(T'(t)) (compare

Lemma with
1
an(p, P;t) = a(¢', 1) /er —Id) V! + g (57 — 1)t dr(t). (3.6.9)

Assertion 1. now follows from Lemma [3.5.4[2.] and by setting x = 1. In order to prove 3.
consider the intermediate quantity z, € (Y5(t))! € H(I'(t)) which is the unique solution of

a(Zn, ¢'5t) = (y, )12y, Vo € Yalt), (3.6.10)

which in [DE10] is referred to as Riesz projection of z. We split the error into two components,
the dominant part ||Z, — || g1(r)) and the asymptotically minor |2 — zn|| HI(T())-

For ) there holds Cea’s Lemma, and using the interpolation Lemma and the
umform stablhty Lemma we get

Héh - ZH%II(F(t)) < a(ih — 2, Zp — z;t) = a(gh —z, Iz — Z;t)

< ChliZn = 2lmr eyl 2l m2 o)) < CRIZn — 2l 5 0ep |yl L2 o)
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Now set yp, = py = (-)! *y and test 3.6.10)) and (3.6.8) with (Z3); — z,. Subtract both to get
a(Zn — 24, Zn — 243 t) + alzh, 2 — 243t) — an(zn, ()1 — 2n3t) =0
which in view of (3.6.9) and Lemma [1.B.1] gives

21 = Znll e ey < CRAlIzl ey < CR2 I Il2rg)-

Assertion 2. is proved by a duality argument. For this let w € H?(T'(t)) solve

a(@vwvt) = <Z;’L — 2 90>L2(F(t)) ) VSO € Hl(r(t)) >
and estimate

25 = 21720y = alzh — 2, wit) = alz), — z,w;t) + a(z, Daw; t) — ap(zn, (hw)ist)
= a(z}l — z,w — Ipw;t) + a(zfl, Inyw;t) — ap(zn, (Tpw)i; t)
< Cllzh, — 2l g ey lw — Inwll gy + Ch2 1241 ey I nwll o)

< CR |2l w2 lwll g2 oy + CRP2h )l o 1wz )

Finally, using Lemma again we end up with |[w| g2y < Cllzt — 2|l 2(ro ) and

2l 20y < Cllyllpzrey)- Also one has |[zn|ly;, ) < llynll2on@y) = [19llz2 ). Using (3
again we conclude Hzlem(p(t)) < Cllyll2(r(r)) and the Lemma is proved. I

Theorem 3.6.6. Let Assumption [3.0.5, [3.5.1 and |3.5.9 hold and let y € Wr solve (3.6.1])

for some u € L%Q(F), yo € HY(Tg), such that (3.4.3)) holds. Let y;, solve (3.6.2)) with u, = 1y
and up, = w; and some approximation y{)’ of (yo);. There exists C > 0 independent of y and h

such that

I 2 I 2 4 2 dlk :
Ik =l < € (15H00) ~ vy 45 (ool + Wl + ol ))

Proof. Define z = S(t) (y}, — ) and zp, = Si(t) (0, (yn, — 1)) with S(¢) and Sy () as in Lemma
3.6.50 Now &y, (yn — u1) = ()" ( — y) and hence it follows from Lemma [2] that

125 — 2l 2y = 1) SO = S)wh = W2y < CR2llyL — yllz2@e)) » (3.6.11)
Observe now for z, = > /*" Zjp; using Lemma we get
Y = {{yh —y. o) 2oy iy € HY([0, 7)™, and thus 2 = (4,,) 'Y € H'([0,T])™" .
Hence zj, € Hil’h and again by Lemma one has 2t € Wr as well as 2. (t) € L2(T'(t)).

We can now test (3.6.1]) with z!, using (3:6.7) in the process, to obtain

d .
&@, 2 2) + W Vh — W2y = (Zhe Y2 + (W 2h) ) - - - (3.6.12)

H(=Ary + 1y, 2 — 23) 12(0(0)) »

and testing (3.6.2) with zj gives

d .
e ) 2 (0n e)) Why Uh — W) L2y = G Un) r2(on ey + (U 20) L2(rn () - (3.6.13)
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Now, since the strong material derivative ), exists and is continuous on each triangle Tf; (1),
the scalar products (p;, cpjéh>L2(Fh(t)), 1 < 1,7 < my, are differentiable with

d
dt(goz, ©j0n) L2(0h (1)) / dnpip; divpaVy + 5hgolg0] dr’(t)
Th(t)
and we have
d d
T —(Yh 2h) L2(0(1) = s 200} L2 (0 )

d - .
=37 Whs 2n) 2 (on(ey) + Whs 20(0n = 1)) p2qon(ey) + (Yhs 200R) L2(0n () - - -

+ (U, 20(0n — 1)) 2(rn )y + Yy 20 div o Vi(On — 1)) p2one)) -
Hence, we can rewrite (3.6.13)) by means of the L?(I'(t))

d .
@@fw 22 T Who Uh — W 2wy = (G uh) r2aw) + (W 2h) ey + R, (3.6.14)

with
R" =(yp, Zh5h>L2(1"h(t)) + (Un, 21 (0n — 1)>L2(Fh(t)) + (yn, zn, div pa Vi (6 — 1)>L2(Fh(t)) .
+ (uty 2n(1 = 0n)) L2(rh 1)) -

Subtracting (3.6.12)) from (3.6.14)) yields

d ) ) .
a(yi — 4, 22w + 19 — vl Ze oy = (Gr)' = 2 w) 2wy + Gao (un — 90)0n) 2o - - -
+R" + (= Ary + 1y, 25, — 2) 12(00) -
From we know (Zh, 0n(Yn — Y1) L2(0n (1)) = 2 Apnzh = 14(zp, Ay, 21) — %zhALh (t)zp, in
the notation of (3.6.3). Now, using (3.6.11)) and
|R"| < Ch?||2n| 2o sy (Hthm(rh(t)) + 19nll 2 on @y + HUZHL2(Fh(t))>

we can estimate
1d

5= A, O7) + 15 = 0130y <C(R2Nllaen Vo llzan iy -

+wwn@+thm@ g = will ey ) + IR

S*Hyh - ylH%Q(Fh(t)) + C(ZhAMh (t)Zh

+h4(||yh||%2(rh(t)) + ||y'h||%,2(rh(t)) + Hul||%2(rh(t)) + ||3/H%{2(r(t))>> .

We can now apply Gronwall’s lemma for

mAMw%£+/w% Y220y

o1 (3.6.15)

< on' / Hyh”%z(rh(t)) + “yh”2L2(rh(t)) + Hul|’%2(rh(t)) + HyH%p(r(t)) dt,
(0,77
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and with the stability estimate (3.4.3) and the Lemmas and we finally arrive at

= <yé (0)*3/(0)’Z§1>L2 (Tg)

A\

2
/ Hyé - yllig(r(t)) de SC(/ (Vrgzh> + Mhz}QL dFQ .
(0,71 Tk (3.6.16)

+ bt (HyOH?{l(Fo) + 116115, 0) + Hunii?(r)) ) .

Apply again (3.6.11)) to prove the lemma. |

Remark 3.6.7. Depending on the regularity of yo, possible choices of y2 yielding O(h?)-
convergence of yfl comprehend the interpolation (Iryo);, the Ritz projection or either the
L%(T'h)-orthogonal or the L?(I'g)-orthogonal projection of (yo); onto Y3(0). For the latter, the
term involving zj in vanishes completely, but it’s H!(I'g)-stability requires further
investigation.

The order of convergence is lower, if the solution of (3.6.1) does not satisfy the additional
regularity estimate (3.4.3]).

Theorem 3.6.8. Let Assumption |3.0.5, |3.5.1 and |3.5.2 hold and let y € Wr solve (3.6.1))
for u =0, and yo € L?(Ty). There exists C > 0 independent of y and h such that for the

solution yp, of (3.6.2)) with yb = P! ((yo):) and u, =0 there holds

! 2 2 ! 2 2
Y, — Y <C|h*+ sup |pn — pll7 Yo .
1i73 HLiz(p) ( o | 7 (F(t))) 190l 72 (ry)

Proof. We proceed as in the proof of Theorem up to (3.6.12)) which now reads

d .
W Zh)r2rw) + W Uh — W iawe) = (2 W aw) + (—ArY + 1Y, 2 — 24) g-1r), 1L T E)

Analogously to (3.6.11]) we can apply Lemma m[f}] and estimate the last term through
[(—=Ary + py, 2, — 2) -1y, m @yl < = Ay + pyll g- ey 125 = 2l m ey -
< |l = Ary + wyll -1 e Chllvh = vllz2rq)) -

On the other hand (3.6.14)) becomes
4
dt

Continue as in the proof of Theorem to finally arrive at the analogue of (3.6.15)

(Why 2h) L2y + Who Uh — W2y = () vh) 2wy + (= #a)Yns 20) 2on () + R

n s 2y + [ 15k = ey e <CH [ By + 12l .-
[0,77] [0,77]

+C(h + sup_ ! = pll o rey) / 12 20 ey 4t
te[0,7 07
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Note that due to Lemma [3.5.4]

=0 since y€=P§((y0)l)
2(0) 43, (0)2(0)] = |h0) = 1(0). ) 121y < T (0) = (020 ey |-+ CR g

2

LQ(Fh(t))dt. Again thanks to Lemma

In view of Lemma [3.6.2] it remains to bound fOT R2 ||y

[3.6.2] we have

T
Anm@mw&SW%&m-

But an inverse estimate, compare for example |CL91, Thm. 17.2], yields HySLHYh(O) <
%Hygﬂp(pg), and because of the continuity of the lift (-); and of the L?-projection P} the
theorem follows. [

3.7 Implicit Euler dG discretization in time

In order to solve (3.4.1) we apply a vertical method of lines. Accordingly, having discretized
the space-dependency we now further discretize the semi-discrete scheme ([3.6.2)) with respect

to time. For the time-discretization we choose a discontinuous Galerkin (dG) - implicit Euler

approach in L%z (-

Consider an equidistant partition I, = (tm—1,tm], 1 <m < M, of (0,7] with M € N, k = %,
and t,,, = mk. The trial space for the discontinuous Galerkin method is the space of functions
that are piecewise constant in the following sense

W[f = {v € L%Q(Fh) ’ Vi<m<M: " eV(ty): v= ¢§m7hvm on Im} .

In the following we will omit the operators ¢; , when dealing with functions w € W,? Also,
to further simplify notation let again

ahp (wa 2 t) = / vrhvah(P + ,Uzhng th(t)
T (1)

as well as (-, )m = (-, ) L2(0h (1)
To motivate the dG method insert the Ansatz

M
Ynk(t) = Z O; wuna s, € Wy
m=1
with y; € Y3, (L) into (3.6.2)).
If one understands the time-derivative in (3.6.2)) in a distributional sense, integration over
time formally yields

w&—ﬁﬁwm4+/%wmww+@m&mﬂ%@wmwwzjwmwmmmw,
Im Im
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for smooth test functions . Instead, apply test functions ¢ € W,? and use g™ = @™ =0 to
obtain

/(ym div pr Vi, @) 2 on ey dt = (™, 0™ )m — (Y™ 0" m—1 -
Im
Finally, to arrive at a computable scheme, lump the Integral over a(-,-;t) and replace the

right-hand side appropriately. For arbitrary parameters y(’)‘ € Y,(0) and uy € L%Z(Fh) we

rewrite the scheme for y, 1, € chl as
yg,k:y(})l, Voe WP, 1<m< M :
Yk @™ ym — (yﬁglwm)m_l + kam (Ypy, ¢ = /<¢t " @ At (3.7.1)
Im

where yg, up, and pp, are the same as in (3.6.2)). For the approximation of the integral a,,
we assume a,, (¥, p) = ah(di";bl/), ¢§’71<p; tm) + tm (¥, ), with a remainder term

[tm (¥, 0) < Gkl |y, b 121 1) - (3.7.2)

One possible choice is v, =0 for 1 < m < M, but we will want to choose t more freely, see
Remark B.7.100
In order to proof convergence of the scheme in L? T2(rn) We make use of stability prop-

erties of the adjoint scheme for z € W,?
ML= o V<,0€W,€L, 1<m<M:
(& = (4 b ) = [ (@, (BT
Im

with vy, € LL2(Fh) zp € Yu(T). In Section it will be important that given snapshots

{T"(t,n)}M_, of the surface both (3.7.1)) and (3.7.3) can be evaluated without any further
discretization errors for certain right-hand sides u;, and vy, e.g. v, € W,?

Let us introduce the mean value of a function y € L? ) over an interval I,,,.

L2(Th
Lemma and Definition 3.7.1. Let gbfh denote the pullback operator associated with the
flow ®F, as in Lemma n and let s € [0,T]. The mean value of a function y € LLQ(Fh) 18

defined as §™(s) = % f @i pydt for s € In,

The mean value y™ does not depend on s € I, in the sense that

y™ (s) :/d%f,hydt: /¢f«,h¢£hi’4dt: i,h/¢;,hydt: mny"(r)
Im Im I,

Similarly one could define the mean value of y € L%Q(F) if one were to investigate a horizontal
method-of-lines approach.
Now for yg = 0, zp = 0 the schemes are adjoint in the sense

M M
k Z <a;1n> Z(Uh)>m =k Z <fDiTv yh,k(uh)>m
m=1 m=1
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i.e., the discrete solution operators uj — yu(up) and vy, — 2z(vp) are adjoint as operators

from (L2

s (5 i) into itself, where L2, is equipped with the scalar product
L2(Th) ; L

(™)

(v, w)pr =k Z / (¢im W), thw)> dt. (3.7.4)

m= 1Im

The discretization of the scalar product is important as to the implementable adjoint scheme
(3.7.3). The adjoint with respect to the L%Q (F)—scalar product looks like (3.7.3)) but with the
slightly different right-hand side [’ I, (vp, ™) r2(r(r))dt which is not, in general, computable
even for very simple functions v, such as vy, € W,? .

3.7.1 Convergence results

We now proceed to prove convergence of the scheme (3.7.1). First of all, let us check the
consistency of the discretized scalar product from (3.7.4)).

Lemma and Definition 3. 7 2. Let || - ||k denote the norm induced by (-,-)p . The norms

I llz2, , and|-

2 ) LQ(Fh) are equivalent and there holds

<Ck

(v, w) 2

(v, W)pk — (v, W) 2 .

L2(Th)

Proof. The result follows from the identity

/ /vwth t)dt = Z / / (B 0)(@ymw) JE AT (t) dt,

[0,T] Tk (¢) M=l (e
and J{™ being Lipschitz with J;™ , = 1. |

Note also that for z € W,i‘, since 2™ = 0 on I,,, we can apply the mean value theorem to
obtain for some t € I,

2™ 22y = 2™ 2] = R (=™ div pge,,) Vi 2™ p2(om(@n] < VR 2arnonyy  (3-75)
(I (¢)) T"(Om))

with ©,, € (t,ty) and

V = sup || div puiry Vallpoo(rn(ry) -
T€[0,T)

Apply (B.7.5) to itself to obtain for some ©,, € (O, tm)

2™ Banyy = 1= 10 < VE (12712 + (12" Baqon o, = 12713))

< Vk (|\zm||3n+vz<:|yz (3.7.6)

m||2
||L2(Fh(ém))>
< VI (14 Cpaqeny VE) 2713,

A similar continuity assertion holds for the Y} (¢)-norm, as shows the following lemma.
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Lemma 3.7.3. Lety,z € H)lfh, fin € C(TH(s) x [0,T)), and pj, = gb;h;[h. There exists C > 0
such that for every s € I,

] [ et sipzisia - [ ah<y,z;t>dt\<0k [ tetawllistaclvit,

i.e. forz € W,? we have

k(5" "5) ~ [ ah<y,z;t>dt]sck [ 16t =" e

In particular with up, = 1 the estimates hold for ap (@, ¢;t) = HgoH%,h(t).

Proof. We abbreviate A(s, ) = Dyn(y®; ;, (Dra(yy®;5 )7 J5 . We have
[ otz [ anly. = ..
| [ [ st (B6s5)  Bsit)) Verotas + miunzn — Jpn)of (o).
T (s)

(s

The lemma follows from the fact that ®;, it linear on each T}(s) and globally Lipschitz in
time, as by Lemma [3.5.3 |

In the process of proving stability estimates we will need the following useful discrete Gronwall
inequality, compare [Bee85].

Lemma 3.7.4 (Discrete Gronwall). Consider sequences {am tmen, {¢m }men C R and a non-
negative sequence {by, }men C Ra“. The inequality

m—1
Cm <y + Z bincm
=1
implies the estimate
m—1 m—1 m—1 .
em < am+ Y _abi [[ 140) <am+ D aibs eXg=i1%
i=1 j=it+1 i=1

The lower of the two bounds is sharp.
Let us now formulate a crucial stability assertion for the adjoint scheme (|3.7.3]).

Lemma 3.7.5 (Adjoint stability). Let z € W,? solve (3.7.3|) with right-hand side v € L%Q(Fh)
and final state zM*1 = 0. For sufficiently small k > 0 there exists C > 0, depending only on

I', such that

1 & =
D =2 A Y 2 e < ol
m=1

m=1

|
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Proof. Apply (3.7.3) to z™ to obtain

(2™ — 2T MY 4 kag, (2™ 2™) = /(d)t P, 2" ) dt.
Im
This leads to

1
5 (1224 274 = 22— ) o+ b (27, 2™) = / (@0, ) dt

Im
2
kV

1
< [ izl delzmln < g | [ Itmollmde |+ 512
Im m

Sum up, omitting the |2+ — 2™||?, term, and use (3.7.6) on ||2™]2, — ||z™||?,_; to obtain

1 1
(1= 55 ) 1z + 5 (Vi (14 5Cuan Vi) 117 + ka1 < sloli s

l=m+1

3 L2(Th)
3.7.4 with ¢; = 3| 2M T3, _, and get

such that for 0 < k < min <25, Vo 2 ,\1,> we can apply the discrete Gronwall Lemma

M
1 14+4VT
§||Z1H%sTeMHvuik—kzah<zm,zm;t )+t (2,2

m=1

And because pp, > 1, compare , we conclude
1 + 4VT
,k Z 1213, 1,0y < VT ol2 (3.7.7)

Now we test (3.7.3) with 2™ — 2™+ to get

k
mo_ M2 = (am (2™, 2™) + A (2™ — 2™ MLy o, (2 zmH)) =

E .
2
1 1
= [t6tgweam = e nde < o { [ ool | + 5l e,
Im, m

Summing up and using Lemma on a as well as the estimate on t we arrive at

k
5%(2 z't) ZHzmH 2

IN

1 k
§k||vH%7k + 5 Z ap(z2™, 2™ tm—1) — ap(2™, 2™ b)) F tm—1 (27, 2™) — (2™ 2
o

IN

M
1 k m m
M+ 5 S Ok (17, ) + 12" By )
m=2

Combine with (3.7.7) to conclude the lemma. [
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The following Lemma shows, that it is sufficient to bound the approximation error at the

points t,,, 1 < m < M to prove convergence in LLQ(Fh) Note that H([0,T],H) c C([0,T],H)

for any Hilbert space H, compare [LM68, Thm. 3.1].

Lemma 3.7.6. Letr € H'([0,T],H), H a separable Hilbert space, then there holds for T € I,
I7 = (D) lz2(r ) < KT 221021 -
In our situation this implies for r € H}l/h that
L M) =P gy S OF S I

2. andlf |r(t) — 7 HLz Fh())dt<0k2 f (|7 ||L2(Fh(t) dt.

1
Proof. For the fist assertion approximate r by r; € D([0,T],H) such that r; HOIH o

1 — 00. Use

dt

|7 — Ti(T)”m(Im,H) =

1
2

[+ [l a0at) < kirlieg 0
m Im

IN

and the fact that H'([0,7],H) compactly embeds into C([0,T],H). Hence the first part of
the lemma follows by passing to the limit.
In our situation, because of ¢7 ,r(t) € H'([0,T], (7)), this implies

1 2 2
—_m 2 _ T _ _ —_
7™ = () ooy = | / Sar ) = v, <a 0 =) ooy 9
Im
< k/H(qﬁlhr(t))'lliz(rh(f)) dt < kC?/W?m(rh(t)) de.
This proves 1., in order to get 2. integrate over I,,. |

We are now prepared to prove the main result of this section.

Theorem 3.7.7. Let u € L%2(F), and let y, and yp i, solve (3.6.2) and (3.7.1)), respectively,
with y} € L2(TR) and uy, = ;. There exists a constant C' > 0 independent of h,k > 0 and of
w and yl such that

. h
Jon < 0k (inlsz, , + iz, + 1y ) -

2
L (rh)
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Proof. The proof is inspired by [SD05, Thm. 5.2], compare also [VieO7, Thm 1.2.5] and
[MV08a, Thm 5.1]. As a first step, test (3.6.2) with the constant function qbim’hgp € H)l/h,
where ¢ € Y}, (t,,). Integrate over I, to obtain

(Yn(tm), )m — Yn(tm=1); @) m—1 + /ah(yh,sﬂ; t)dt = /<ul790>L2(Fh(t)) dt. (3.7.8)

Im I,

Next, solve the adjoint equation (3.7.3) for z with right-hand side v = >>M_ (5™ — Y11,

m=1
M+1

and final value z = 0. Apply the test function ¢ = v to get

/ 155" = Ykl dt = (2" = 2" LG5 — Y + kam (G — vk, 2™ - (3.7.9)
I

Subtract (3.7.8]) from (3.7.1]). Tested with z this yields
m—1

<y}Tlg = Yn(tm), 2™ )m — <yh,l~c = Yn(tm-1), 2" )m-1 + kam(ygfk —Yp, 2" =

= /ah(yh, Zm; t) dt — kam(gj}?, Zm) + k<ﬂ;n, Zm>m — /(’LLZ, Zm>L2(Fh(t)) dt
Im Im

Let 4, = Z%zl gply, . Add (3.7.9) and sum up over 1 < m < M to get

M
(wr, 2 = (w, 2) 2+ / 1Gh — Yn |7, At + /ah(ymzm;t) dt — kan (', 2" tm) =
L2(rh) m=1
=rs

Im

M
Z ke (U 2™) + (O — yn(tm), 2™ )m — <?JZ:L1;1 = yn(tm—1), 2" -1 — (L G - Yhok)m
m=1

M
= 37 (G ™)+ G ynltm), 2™ = 2

where we used zM*1 =0 and Y9 . — yn(to) = 0 to cast the sum in its final shape.

Finally, bringing to bear the estimates from Lemma for a, the one from Lemma [3.7.2]
for the L2-norms, and the bound on t from (3.7.2)), we arrive at

M P/ M >
hi < (k >l - yh(tm)||72n) <k >l Z’”“II%) +o

m=1 m=1

| Gn—yn k|

1
2\ 2 1
2

M M
tm m||2 l
0 (B | [ 1ot (kZHz Hyh(tm)> + Oz, 120z,
m=1 - m=1 N——
<Cllzlln,k

Hence using Lemma on z we can divide by ||gn — yn kl|n,k. Thanks to the stability of the
space discretization (Lemma [3.6.2) we can estimate the Y}, (¢)-term, to finally arrive at

VI

Un — yn.k

2
LL2(rh)

M
—m 2 h
<C (kalHyh _yh(tm)”m> +hllullee, kYol | - (3:710)
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We now apply Lemma m[,?] to the error e, = yp, 1, —y, and the averaged error €, = yp, 1. — U
< C’k||y'h||L22 .- Combine with (3.7.10) and 3.7.6[1.]
) L2(rh)

and sum up to obtain |leg — ék||L22
L

@h

to estimate

. _ . h
lenliz, < Chlinliz, , +Iekliz, 0 < Ok (Wl + iz, |+ Isblliaay) -
u

In view of the stability assertions from ({3.4.3) and Lemma and together with Theorem
3.6.6| we get the following Corollary.

Corollary 3.7.8. In the situation of Theorem let in addition py = py and yo € H?(Io),
and choose y(}} as the piecewise linear interpolation of (yo);. There exists a constant C > 0
independent of h,k > 0 and of u and yy such that

[ 2
Iohse = wlzz,,, < 2+ (Ionllse + iz, ) -
As addressed in Remark it is possible to relax the condition on ¥y into yo € H*(I'g)
using an L?- or Ritz-like projection onto Y3 (o).
Even in the case of low regularity we still get a uniform estimate.

Corollary 3.7.9. In the situation of Theorem let only yo € L*(Tg) hold while u = 0.
Let further yl' = PI((yo)1). There exists a constant C > 0 independent of h,k > 0 and of yo
such that

k
I < I . i
Hyh,k Z/||L2LZ(F> <C (h + tes[%%} ln' — pll (@) + h) HZJOHL?(FO) .

Proof. Regarding Theorem [3.6.8 and [3.7.7| it remains to bound ||| r2, - Like in the
L2(rh)
proof of Theorem [3.6.8] using Lemma [3.6.2] and an inverse estimate, we arrive at the desired

estimate. [ |

In particular, for £ > 0, choose k = xkh? and jy, such that SUDP¢c0,7] [l n! — tll Loy < Ch
to get an O(h)-convergent scheme.
The restriction u = 0 is one of notational convenience. It is easy to allow for u € L%,,l(r).

Remark 3.7.10. Note that our freedom in the choice of t now allows us to finally drop

the conditions on up and p, respectively, in (3.6.1) and (3.6.2). Let us assume we want to
approximate the solution y of (3.4.1) with, for instance, b =0, yo =0, and u € L%Q ()"
Now e #rty solves

d, _ _ _ _
(7 Y) + Al My) + ey = e u € Liz(ry

and choosing pp = p = 1 puts us into the situation of (3.6.1]).
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The approximation yj € W,f of y is the solution of
y%k:y[’}, chEW,?, 1<m<M:

Wi Pm — (Whe ' ©ymo1 + k / V() Vs Vrn e, © AT (tn) = k(U5 0)m |
Th(ty,)

which is equivalent to yp k., = Z%zl

e‘“htmygfk]l I, € W,? solving
0 h h
Yndeyn = Y0 Vo €Wy, 1<m< M :

— h
(Yeun> P)m = U s @1 + K / V(1) Ykt VI (1) @ T BRYR ki, @ AT () - - -
Th(tm)

+ kti (Yn'y s 0) = B(eTHP LG o),
with
ket (¥, @) = ("% — 1 — puk) (1, @)m + k(e!F — 1) / V(1) V1 1) @ AT (E0)
Th(ty)
Taking into account that

M
—ppt _ —pptm—
le™#ntuy — > " e7hn lnlmutHLiQ(F) < C’kHuHLiZ(F), (3.7.11)

m=1

we apply Corollary [3.7.8 to yp k., and infer ”yﬁm% —eHrlylle < C(h* + k)HUHL?Q( .
vy, L 1"

L2(T)

Apply the argument (3.7.11]) again, this time to yy, 1, to conclude

[ T (1,2
_ < T k ‘
[ yHLQLQ(F) < Cett(h? + )||UHL2LQ(F)






Chapter 4

Parabolic optimal control on
moving surfaces

We consider control-constrained linear-quadratic optimal control problems on evolving hy-
persurfaces in R"T!. The results from Section and Section allow us to formulate
well-posed optimal control problems in Section We then carry out and prove conver-
gence of the variational discretization of distributed optimal control problems in Section 4.2
It turns out that, due to the time-dependency of the involved norms, discretizing Equation
and taking the adjoint do not commute. We close this work with some numerical
examples in Section

Basic facts on control constrained parabolic optimal control problems and their discretization
can be found for example in [Tro05] and [MVO08b], respectively.

4.1 Control constrained optimal control problems

Using the existence result from Section we can now formulate all kinds of control-

constrained optimal control problems known for stationary domains, see for example [Tr605|.
2

As a first example, given an evolving surface as in Assumption let Sp : LLQ(F) —
L?(I'(T)) denote the solution operator u ++ y(T'), where y satisfies for a.e. ¢t € [0, T
d ,
q | vedt®+ | VeyVredl®) = (v nwam ) + ez, (4.1.1)
I(t) r'(t)

for all ¢ € Wr, and with y(0) = 0 € L?(Ty). We know, that every function y € Wr has
a representation in C([0,7],L?(I'(s))) for any s € [0,T], compare Lemma and the
inclusion ¢f)Wr = Ws(0,T) c C([0,T], L*(T(s))) is continuous (in fact compact). Thus Sy
is a continuous linear operator. Consider the Control problem

. 1 — yr? & lull?
) mingepz, O(u) := 3157 (w) = yrll72 i) + 3 HUHLiQ(F)
st.afu< ba

75
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with a,a,b € R, a < b, a > 0, and yp € L?(I'(T)). This is now a well posed problem. By
standard arguments, see for example [Tr605, Thm. 3.15], using the weak lower semicontinuity
of the objective function O(-), one can conclude the existence of a unique solution u € L%Q(F).
For another example let the linear continuous solution operator Sy : L%Q T~ LQL2 ry U Y,
where y solves , and consider the problem

i O(u) := 1|8 — yql|? 2 ||ul|?
() mmueLiQ(F) (u) 2” a(u) deLiQ(F) +3 HuHL2L2(r)
st.a<u<b,

with «, a, b as above and yg4 € L2L2 o Again there exists a unique solution, see [Tr605, Thm.
3.16].
The first order necessary optimality condition for (P;) reads (compare also (2.0.2))

(VuO(u),v —u)r2. = (oau+ S;(Squ—yq),v—u)r2. >0, Yve& Uy (4.1.2)
L2(T) L2(T)
with Uyq = {U e LQLQ(F) la<wv< b}. The adjoint operator S : L%Q(F) — L%2(F) maps
v E L%Q(F) onto the solution p € Wr C L%Q(F) of
— D PYH-1 (0 ), B (D) T / VpVredl'(t) = (v, 9)L2r@)) » (4.1.3)

()

for all ¢ € Wr, and p(T) = 0 € L*((T)). This follows if one tests (4.1.1) with p and
(4.1.3) with y. Integrate over [0,7] and use y(0) = 0 and p(T") = 0 to arrive at (v,y) 2

2wy
(pyu);2 , foru,v € L%Q [ arbitrary.
L2(F) ( )
Note that via the time transform ¢ = T — ¢ Equation (4.1.3)) converts into equation (3.4.1)
with by = divpy)V and that therefore the existence result from Section |3.4|applies to (4.1.3)).
In order to see this consider the following reformulation of (4.1.3))
d . .
—q P elway t | VepVretpe diveg VL) = = (p, @) a e, a1 0w) + (0, 9) 2 »
I(t)

the material derivatives then change sign under the time transform.

The necessary condition (4.1.2)) characterizes the optimum u as the orthogonal projection of
—éS;(Sdu —1y4) onto the admissible set U,q. In our situation this is the pointwise application
of the projection Py : R — [a, b].

Lemma 4.1.1. Let Py,, denote the L%Q(F)—orthogonal projection onto Uyq, which is defined
by
(u— Py (u),v— Py, (u))2 : <0 Vv €Uy- (4.1.4)

L2(r

Then for u € L%Q(F) one has for a.e. t € [0,T]

Py, (ur) = P[a,b] (ug) -
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Proof. The pointwise projection P, ) is a continuous, bounded operator on L?*(I'(s)) and we
have

% Pla) (u) = Pla g (67u) € L*([0,T], L*(T(s))).

Let C = {t € [0,T] | Py, (u) # Py (ur) } and assume meas(C) > 0. Now test (4.1.4) with
vg = Plap)(ut) to arrive at

[ 0= Py () P () = Py ) z2qeco at 0. (4.1.5)
[0,7]

But now for a.e. t € [0,7] and a.e. v € I'(¢) one has

(we[y) = Puy (ue)[V]) (Prap) (we) 7] = Pu,g (u)[y]) >0,

because Py, (u)[7] € [a,b]. Moreover for t € C we have

(ue[y] = Pug (ue) 7)) (Plagy () 0] = Po,q(w)h]) > 0,
on a set of positive measure. Since meas(C) > 0 this contradicts (4.1.5]). [

Introducing the adjoint state pg(u) = S5 (Squ — ya), let us now rewrite (4.1.2)) as

=Py <—ipd(u)> . (4.1.6)

Similarly the unique solution u of (IPr) is characterized by u = Py (=Lpr(u)), with pr(u) =
Si(Stu—yr). Note that however the adjoint state pr in general is less smooth than pg. This
is because the adjoint equation, i.e. the equation describing S% : L*(T(T)) — L%Q(F), v p,
reads
—(D, P) -1 (0, (T () T / VrpVredl'(t) =0,
I'(t)

for all p € Wr and with p(T) = v € L3(T(T)). While Theorem applies, this is not the
case for the smoothness assertion (3.4.3), as long as yq € L*(I(T)) \ H'(I'(T)).

4.2 Variational discretization

We now return to problem (P;) which has the advantage over (Pr), that its adjoint equation
satisfies the regularity estimate (3.4.3). For (IPz) this is not the case iff yr € L2(I'(T)) \
HY(T(T)). In the spirit of [Hin05], let us approximate (P;) by

ey [ s, O = HISH) — Wl + i
d st.a<u<b,

with {Fh(t)}te[oyT] as in Section and S(’; : (L%Z’(Fh)? (s k) — (L%Q(Fh), (s Vhk)s Uh = Ynk
is defined through the scheme with p;, = 0 and y2 = 0. We choose the scalar product
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(-, )h i defined in (3.7.4) in order to obtain a computable scheme to evaluate Sg*, namely
(3.7-3) with zM*! = 0. Given snapshots {I"*(¢,,)}}_,, the product (-, can be evaluated

m=0>

exactly for functions ¢, € W} as well as for Play(on)-

Let U;Ld = {v € L%Q (T la<wv< b}. As in (4.1.2) the first order necessary optimality con-

dition for an optimum wuy, of (P%) is
(aup, + ST (Shup — (Ya)1), v — updpr >0, Yo € Upg. (4.2.1)

First, note that like in the continuous case the (-, -)}, p-orthogonal projection onto U, ;’d coincides
with the pointwise projection P, (v). Similar to (4.1.6) we get

wn = Py (~ 2]« phtw) = 51 (Sl () (4:22)

Equation (4.2.2)) is amenable to a semismooth Newton method that, while still being im-

plementable, operates entirely in L%Q (- The implementation requires one to resolve the

boundary between the inactive set Z,(tp) = {7 € T(tm) | a < —1ph(u)[y] < b} and the ac-
tive set Ay (tm) = I (ty) \ Zu(tm) for 1 < m < M. For details on the implementation see
[Vie07], where the parabolic equations on fixed domains are discussed, or Chapter 2, [HV12a],
and [HV11] for elliptic problems. Note that in order to implement Sg and S&L* according to

(3-71) and (3.7.3) for right-hand sides in W}, again one only needs to know the snapshots
{T"(t,,)}M_,. The solution of (P?) converges towards that of (P;) and the order of conver-
gence is optimal in the sense that it is the same as the order of convergence of the operators
Sh and Sh".

Theorem 4.2.1 (Order of Convergence for (P})). Denote by u € L%Q(F) and up, € L%Z(Fh)

the solutions of (Py) and (IP’Z’), respectively. Let C > 1. Then for sufficiently small h,k > 0
there holds

2ajuh, —ull7 vk - vlze, < C(20(ONSE (= Si) (= ya)w— uh) s
L2(I) L2(D)

0 L
2 )

5 )
LLQ(F)

Proof. The proof is a modification of the one from [HPUU09, Thm. 3.4], compare also the
proof of Theorem Let PUQd (-) denote the (-, ), p-orthogonal projection onto U;Ld. We

have
1 1 1
W= P[a,b] (_Oépd(u)>l = P[a,b] <_apd(u)l> = PU;LCI <—apd(u)l> .

Since up, € U£d7 from the characterization of PUhd (+) it follows

S [CEACIEEN

with y = Squ and yp = Sguh.

1
<—5Pd(u)l —up,up —upk < 0.
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On the other hand we can plug u; into (4.2.1]) and get
(o, + plj(un ), ur — un)pi > 0.
Adding these inequalities yields
aflug — uplj g <( (pZ(uh) —pd(u)l) , Uy — uh>h’,§
=l (un) — S (y — ya)i, wr — un)ng + (S5 (y — ya)i — pa(w)i, up — updn g -
The first addend is estimated via
®l(un) — (S (y — ya)i, w — wndnge = (Yn — v, S — yn)nk
= —llyn — willhr + (wn — v, Shw — w)ne

1 1
< —EHyh - yl”%,k + §HS§‘uz - yl”%,k'
This yields
2al|u; — unllf x + lyn = willi e < 200SE () = (S = ya)s w — un)nk + |SGw = willf z -
The claim follows for sufficiently small h, k > 0, using the equivalence of the involved scalar
products stated in Lemma [3.7.2] [ |
For the problem
: .— 1l|lqoh _ 2 [} 2
iy [ e, 000 = HISHW — Gy + S0l
s.t.a<u<b,

one can prove a similar result. Here the operator Sf; is the map uy — y%k, according to the
scheme (3.7.1)) with uj, = 0.
Theorem 4.2.2 (Order of Convergence for (P2)). Denote by u € L%Q(F) and up, € L%Q(Fh)

the solutions of (Pr) and (PR), respectively. Let C > 1. Then for sufficiently small h,k > 0
there holds

206“'&2 — uHiQLZ(F) + ||y;l - yHiQ(F(T)) S C<2< (()ZS%*()Z - S’;) (y - yT)7u - u§7,>L2Lz<F) e

+ [ (S = 5r) o

2

L2<F<T>>> ’

with y = Stu and yp, = S%uh.

Now as to the convergence of ((-)ZSQL*(-)l - S;), note that taking the adjoint does not com-

mute with the discretization. Indeed, apply the scheme (3.7.1]) to the adjoint equation (4.1.3)),
ie. pp = (div I‘(t)V)l to get

ML —0, YoeW!, 1<m<M: (4.2.3)
/< 0 @ m dt =(2", @™ ) — (2, 0™ ) — /W” div pagy Vi, 2™ p2on ey dE - -
Inm Im

+k / Vrh(tm)gomVFh(tm)Zm + ( div p(tm)V)l(pmzm th(tm) >
I (tm)
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instead of (3.7.3)).
In the situation of (Pfi‘) however, this discrepancy can be remedied by Lemma which

implies

16) = O Nl ze

L2y Fr2 )’ |

() - (M2 12, ) S Ch?,

L2(rh)y " L2(r)

compare also (2.1.3) and (2.1.8]), and due to Lemma which allows us to conclude

1) = O ez, e mans 1O = Ol g2 L2 g ) S C(h*+k), (4.24)

L2y’ L2(rhy’ L2(Thy’

if we interpret (-);, (-)! as operators into or on (L%Q(Fh), (-, *)n.k), respectively.
Hence we get the estimate

|t e =si <l = s el + [ orsi =)+ [ rsiTor - s

[[(-)18% (=S|

< C(k+ h?),

in the E(L%Q(F), Lig(r))—operator norm.
As opposed to problem (P%), in the case of (Pr) it is easier to proof the convergence of
Sr_}ﬁ* than that of S’éﬁ itself. In the sense of , consider the discretization of the adjoint
operator S

St LAIM(T)) 3 20 = 2 € W C (Liapnys () nk)

according to the primal scheme after the time-transform ¢ =T — ¢ as in (4.2.3))
ML — o V(pEW]?, 1<m<M:
R AN PR

+ k / th(tm)vaFh(tm)(Pm + div Fh(tm)thm(’Dm th(tm) =0.

T (tm)

Corollary [3.7.9) applies an yields ||(-)'S%"(-); — STl ez ey 12, 0) < C(h+§).
LT
Now in addition to (4.2.4) we have (by Lemma [2.1.1)

1) = (')l*”L(L2(F(T)),L2(Fh(T))) < Ch*,

We conclude . .
s e -sr, o iy SO )
Hence, the operator Séi = Séi** : (L%Q(Fh)’ (oY) — L2(T™(T))) is a discretization of St.
Also, the mapping S% : uy, ~ yp, 1 (T) is implemented by the scheme
V=0, YoeWl, 1<m<M:

m—1

W™ "y = Y0

+ k / th(tm)yvah(tm)(,Dm + ( div Fh(tm)Vh)lymgpm th(tm) = k{up', " )m ,
Th(tm)

as shows summation over 1 < m < M.
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time=0.22 time=0.44 time=0.66 time=1

mos

1 2R ‘ 3 1 2> 1 D
N \
Py M { ‘

N O NO N O AN\ NO

\@V N
1 1 1 W 1
1 ! 1 ! 1 ! 1
0 0 0
0 ’ 0 4 0 4 0

Figure 4.1: Selected time snapshots of u, computed for Example on the sphere after
four refinements.

Remark 4.2.3. It is also possible to prove convergence of the scheme (3.7.3)) towards S7.
One way to achieve this is to rewrite Section [3.7] with the roles of the primal and dual schemes
reversed. An other involves the remainder

(1, p) = /(W div pr ey Vi, ©) 2o )y At — k(e div e, ) Vi, ) p2(0ne,)) 5
In

as well as slight generalizations of Corollary [3.7.9] and Lemma

If y7 is more regular, such as yr € H'(I'(T)), then one might want to apply results from
IDE11] that state h?-convergence of the discretization SZ, yet not in the £(L2 L3(T(T)))-

L2(T)°
norm. In order to do so, it remains to ensure the regularity assumptions of [DE11, Thm. 4.4]
to be met by the optimal control w.

4.3 Numerical examples

Provided the results from [HIK03] and [Ulb03] hold on moving surfaces, compare also Ap-
pendix Equation (4.2.2)) is semismooth due to the smoothing properties of Sg*. These
are due to the stability ensured by Lemma [3.7.5| which a priori holds only in the case pup > 1,
but can easily be extended for arbitrary up, v for example by rescaling, see Remark [3.7.10
By Lemma [3.7.5 the operator qﬁith* continuously maps (L%Q(Fh)7 (-, )nk) into

L>([0,T], H'(T"(s))) € LP([0,T], LP(T"(s))) =~ LP([0,T] x T"(s))
for every 2 < p < co. This would imply semismoothness of the operator
1 S
P (—a@,h (vl ( z,h<->))> : L2([0,7) x T(s)) = L2(0,7) x T"(s).
compare [Ulb11l, Thm. 3.49], and thus of equation (4.2.2)).

We implemented a semismooth Newton Algorithm for (4.2.2), along the lines of [Vie07].

Example 4.3.1 (High Regularity: Sphere). Consider problem (P;) with a = 1, a = —1

2
b= %, T =1, and I'y C R? the unit sphere.
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R | ERR;: FEOC;: ERR. FEOCyx |R | ERR;2 FEOC2 FERR, FOC

0 | 1.68e-01 - 8.71e-01 - 516.78-03 215 1.08-01  2.01

1| 5.40e-02 - 7.88e-01 - 6 | 3.15e-03  2.09  5.0le-02  1.97

21 413e-02 245 53201  0.86 7| 1.72e-03  2.03  2.80e-02  1.99

3 | 2.60e-02 1.78 3.78e-01 1.79 8 | 7.92e-04 2.02 1.31e-02 1.97

4 | 1.24e-02 2.21 1.82e-01 1.97

Table 4.1: L?-error, L>-error and the corresponding EOCs for Example
Let T'(t) = ®iTy with ®f(z1,22,23) = (71,72, 73/p1)" and p; = ™5™ . In coordinates
(71,22, 23) of R3 let
u=P_ 1 %](xg sin(27t))
and yq := Squ — Jq where §q = (S3)lzzsin(2mt) = — (3 sin(27t)) — Apassin(2t), i.e
in(2mt)p7
Jqg = —T3 <<7T sin(27t) — 277) cos(27t) + % < +1-— ppt>> .
2 x1+x2+px3 +x2+ptx3

Then u solves (Pg).

Note that the construction of the desired state y4 in Example is facilitated by the fact
that the adjoint equation in its strong form lacks the div pV-term. The same holds for
Example

In order to compute the solution wuj; of (IP’Z) we construct triangulations of I'g from our
macro-triangulation R8. In the case of the sphere R8 is a cube whose nodes reside on I'y
triangulated into 12 rectangular triangles. We generate Ré‘H from RY through longest edge
refinement followed by projecting the inserted vertices onto I'y.

Table shows the relative error in the LiQ(Fh)—norm ERRZ‘L2 and the relative L*°-error

_ 925 un — )|l oo (o rpxrn(s))

ERR!,

)

167 ]l oo (jo,77x 07 (s))

on the ith refinement of the macro-triangulation as well as the corresponding experimental

orders of convergence

) EU%Ri ) -1 ) i ) -1
EOC},=1In L? <ln H; > , EOC! =In ERR{O <ln i ) :
ERR;T\ Hi ERRGY \  Hi

1=q 1=q

where H; denotes the maximal edge length of R}, see Table Throughout this section we
chose ¢ = 2 for both EOC}2 and EOC, and the time step length is k; = 2%Hz2
Note that the L*°-error is estimated by the maximal error at the nodes of the triangulations

I'(t,,). Since Example [4.3.1 and |4.3.2] admit smooth solutions this procedure is correct of

order O(h?). The L2-errors are computed by triangle-wise Gaussian quadrature of order
O(h3) combined with Gaussian quadrature in time of order O(k?).

Figure shows the solution of (P%) at different points in time. Note that the white lines
mark the borders between active and inactive sets. On the active parts, the optimal control
assumes the value a or b, respectively.
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time=0 time=0.07 time=0.14 time=0.21
2 2 2
7 =
2 N 2 2
3 i
2 2 2
0 2 0 2 0 2 0 2
0 - 0 0 0
2 2 2 2 2 2 2 2
x y x y x y x y
time=0.29 time=0.36 time=0.43 time=0.5
HO 25
2 2 2 2
n 0 ~ 0 n 0 ~n O
2 2 2 2 { ’ A AN Iy N O
- - - - SR
2 2 2 2
0 2 0 2 0 2 0 2
0 0 0 0 025
2 2 2 2 2 2 2 2
X y X y x y X y

Figure 4.2: Selected time snapshots of u; computed for Example on the four times
refined torus.

For another Example consider the oscillating torus

cos(p) ] cos (1) cos(p)
I'(t) = Im sin(p) | + (1 + 3 sin(27t) cos(2g0)) cos(t) sin(yp) , (4.3.1)
0 sin(1))

with coordinates ¢, € [0, 27).

Example 4.3.2 (High Regularity: Torus). Consider problem (Py) with o = 100, a = —1

49
b=1 T=1,and I'(t) as in ([{3.1).
Let

u= P[_%’%] (% sin(27t) cos(2<p))

and the desired state yq = (—0; — Ar)3 sin(2nt) cos(2¢p) + Squ.
Then u solves (Pg).

Table 1.2 and Figure [£.2] illustrate the behavior of the discretization of Example [4.3.2]
Finally, let us conclude with an example for (IP’:’}) with a desired state yr that just barely lies
in L2(T(T)). In this situation we can only expect O(h)-convergence.

Example 4.3.3 (Low Regularity). Consider problem (Pr) with a = 1, a = —o0, b = o0,
T =1 and I'(t) as in Example Let ypr = W.

Since we do not know the exact solution of Example we estimate the relative error by

. l .
ERR', ~ |ju" — ui+2“LQLZ(ph,i+2)/’|Ui+2HL2LZ(Fh,i+2)7 where u; denotes the solution of (P%) on
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R| H FERR;» FEOC;2 FRRy, FOCs |R| H FERR;» FOC;2 FERR, FOCy
0] 244 0.3202 - 1.2962 - 51 0.83 0.0157 3.4 0.1425 2.9
11207 0.2335 - 1.2904 - 6 | 0.61 0.0089 2.1 0.0748 2.0
211.60 0.1093 2.6 0.8107 1.1 71 0.52 0.0065 1.8 0.0542 2.0
31 1.12 0.0451 2.7 0.3525 2.1 81 0.46 0.0051 2.0 0.0429 2.0
41 1.00 0.0252 3.1 0.2035 2.9
Table 4.2: L2—err0r, L*-error and the corresponding EOCs for Example m
time=0 time=0.75 time=0.875 time=1
4
1 . 1 TS 1 T 1 §
A HARRY, i NN piz SnN
DU == A < A (= A ¢ A |
-1 NS A -1 S -1 GV -1 L
S 1 Lo 1 1. 1 Lo 1 1, 1 Lo 1 T 1 L 1 o
X y x y X y X y

Figure 4.3: Selected time snapshots of up computed for Example on the sphere after

four refinements.

R 1 2 3 4 ) 6 7 8 9
ERR;» | 0.1899 0.1444 0.1140 0.0701 0.0484 0.0306 0.0215 0.0147 0.0104
EOC): - - 1.2414 1.3272 1.3709 1.2617 1.2030 1.0781 1.0520

H | 1.1547 09194 0.7654 0.5333 0.4099 0.2769 0.2085 0.1398 0.1047

Table 4.3: L?-error and the corresponding EOC for Example H is the maximal edge
length of T% (both examples).

the ith refinement {Fhvi(t)}te[o’ﬂ of {Fh(t)}te[o’T]. The lift (-)"» is taken perpendicular to
the smooth surface I'(¢). Table shows the estimated L2-errors and corresponding EOCs.
We computed the L?(T'"(T)))-projection Pk(yr); analytically. Otherwise one would need to
take measures to prevent the error introduced by the numerical integration of the non-smooth
function yr from dominating the overall numerical error. It helps that all our triangulations
resolve the plane {z +y = 0}.
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Summary

We investigate linear-quadratic parabolic optimal control problems on evolving material hy-
persurfaces in R"*!, n € N. In addition, we present a globalized Newton method for elliptic
optimal control problems on stationary surfaces.

Following [DEO07], we consider parabolic state equations in their weak form

G [vedt®+ [ Vryviobyedr® = [ypdr@+ [ updr@), v(o) =,

ING) (t) r(t) I(t)

where I' = {F(t)}te[O’T] is a family of C2-smooth, compact n-dimensional surfaces in R™**1,
evolving smoothly in time with velocity V', and ¢ = 0;¢0+V Vi denotes the material derivative
of a smooth test function ¢. We define unique weak solutions for the state equation under low
regularity assumptions on the data u, yo. In particular we allow for yg € L?(I'(0)). The idea
is to introduce distributional material derivatives in the sense of |[LM68| and a W (0,T)-like
solution space.

The stationary diffusion equation on a fixed surface I" reads

/prVpgo—i-cycde:/mde,VapEHl(F).
r r

Both in the stationary and the instationary case each surface is approximated by a trian-
gulation I'" on which a finite element scheme for the state equation is formulated along the
lines of [Dzi88] and [DEO07], respectively. The approximation error of this discretization of
the state equation decomposes into a finite element error, arising from the projection onto a
finite dimensional Ansatz space, and a geometrical part which is due to the approximation
of I' by I"*. We prove convergence results for the parabolic equations under weak regularity
assumptions.

The state equations define linear control-to-state operators. Using these, we formulate control
constrained optimal control problems along with their necessary optimality conditions where
the adjoint state equations appear. The optimal control problems are subjected to variational
discretization, see [Hin05], by replacing I and the state equation by their finite dimensional
approximations. The variationally discretized problems are amenable to an implementable
semismooth Newton algorithm. In both cases we prove convergence of the discretized optimal
controls.

In the elliptic case we also discuss in some detail the implementation of a globalized semi-
smooth Newton algorithm for the control problem, involving a new merit function. In the
parabolic setting a suitable scalar product is formulated in order to arrive at an easily com-
putable discrete adjoint scheme.

Our analytical findings are complemented with numerical examples.



Zusammenfassung

Wir untersuchen linear-quadratische Optimalsteuerungsprobleme auf sich bewegenden
Flichen in R™*!, n € N. Zusiitzlich geben wir ein globalisiertes semiglattes Newtonverfahren
fiir elliptische Optimalsteuerungsprobleme auf stationéren Flachen an.

Wie in [DEQ7] betrachten wir eine parabolische Zustandsgleichung in schwacher Form

G [vedt®+ [ Vryviobyedr® = [ypdr@+ [ updr@), v(o) =,

ING) (t) r(t) I(t)

wobei I' = {F(t)}te[O’T] eine Familie von C?-glatten, kompakten n-dimensionalen Flichen in
R"™*! bezeichnet, die sich gemif des Geschwindigkeitsfeldes V' verformen; der Ausdruck ¢ =
Oyp+ V'V steht hier fiir die Materialableitung einer hinreichend glatten Testfunktion ¢. Wir
definieren eindeutige Losungen der Zustandsgleichung unter geringen Regularitdtsannahmen
an die Daten u, 3g. Insbesondere beriicksichtigen wir Anfangswerte mit niedriger Regularitét
yo € L?(I'(0)). Hierzu werden schwache Materialableitungen im Sinne von [LM68] und ein
W (0, T)-artiger Losungsraum eingefiihrt.

Im elliptischen Fall beschreibt die Zustandsgleichung Diffusion auf einer kompakten Hy-
perfliche I’

/Vryvrgo—i-cycpdf = /Wdr,\ﬂp € HY(I).

r r
Sowohl im parabolischen als auch im elliptischen Fall wird die Zustandsgleichung mittels
cines Finite-Element Ansatzes auf Triangulierungen I'* der Flichen T' diskretisiert, siche
[Dzi88] und [DEO7]. Der damit verbundene Approximationsfehler zerféllt in einen Finite-
Element Anteil, der aus der Projektion auf einen endlichdimensionalen Ansatzraum resultiert,
und einen geometrischen Anteil, der der Diskretisierung von I' durch I Rechnung trigt.
Wir beweisen Konvergenzaussagen fiir die Diskretisierung der parabolischen Gleichung unter
schwachen Regularitdtsannahmen.
Mit den Zustandsgleichungen lassen sich kontrollbeschrinkte Optimalsteuerungsprobleme for-
mulieren. Diese diskretisieren wir variationell, vergleiche [Hin05|, indem wir I" und die Zu-
standsgleichung durch ihre jeweiligen diskreten Approximationen ersetzen. Das variationell
diskretisierte Problem kann dann mittels eines semiglatten Newtonalgorithmus gelost werden.
In beiden Fillen werden optimale Konvergenzordnung fiir die Kontrollen bewiesen.
Im elliptischen Fall geben wir zudem eine Globalisierung des Newtonverfahrens an, die auf
einer neuen Bewertungsfunktion beruht. Im parabolischen Fall wird das L?-Skalarprodukt in
geeigneter Weise diskretisiert, um einen implementierbaren adjungierten Losungsoperator zu
erhalten.
Die analytischen Betrachtungen werden durch numerische Beispiele ergéanzt.
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