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AďstƌaĐt

This ǁoƌk giǀes aŶ oǀeƌǀieǁ oǀeƌ eǆisiŶg aŶd Ŷoǀel ŶuŵeƌiĐal ŵethods foƌ the soluioŶ of the

ŵiĐƌoŵagŶeiĐ eƋuaioŶs. A laƌge paƌt is dediĐated to the ĐoŵputaioŶ of the deŵagŶeiza-

ioŶ field. This suďpƌoďleŵ aĐĐouŶts foƌ the dipole–dipole iŶteƌaĐioŶ iŶ ŵagŶeiĐ ŵateƌials.

It is paƌiĐulaƌlǇ iŶteƌesiŶg due to its ŶoŶloĐal ĐhaƌaĐteƌ, ǁhiĐh ƌesults iŶ a high ĐoŵputaioŶal

ĐoŵpleǆitǇ. A Đlass of FFT-aĐĐeleƌated Fouƌieƌ-spaĐe algoƌithŵs aŶd a fiŶite-eleŵeŶt ŵethod

ǁith shell-tƌaŶsfoƌŵaioŶ aƌe desĐƌiďed aŶd Đoŵpaƌed to eaĐh otheƌ. Moƌeoǀeƌ, the ŶuŵeƌiĐal

iŶtegƌaioŶ of the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ is iŶǀesigated. The foĐus is put oŶ a liŶeaƌ

aŶd iŵpliĐit fiŶite-eleŵeŶt sĐheŵe. This sĐheŵe is eǆteŶded suĐh that it iŶtegƌates Ŷot oŶlǇ

the eǆĐhaŶge field ďut also the deŵagŶeizaioŶ-field ĐoŶtƌiďuioŶ iŵpliĐitlǇ. The opeŶ-souƌĐe

thƌee-diŵeŶsioŶal fiŶite-eleŵeŶt Đode ŵagŶuŵ.fe is pƌeseŶted that iŵpleŵeŶts the pƌoposed

ŵethods. FiŶallǇ, the doŵaiŶ-ǁall stƌuĐtuƌe of tail-to-tail doŵaiŶ ǁalls iŶ ŶaŶoƌods is iŶǀesi-

gated ǁith ŵagŶuŵ.fe.
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ZusaŵŵeŶfassuŶg

Diese Aƌďeit giďt eiŶeŶ ÜďeƌďliĐk üďeƌ eǆisieƌeŶde uŶd Ŷeue ŶuŵeƌisĐhe MethodeŶ zuƌ Lö-

suŶg deƌ ŵikƌoŵagŶeisĐheŶ GleiĐhuŶgeŶ. EiŶ gƌoßeƌ Teil deƌ Aƌďeit ist deƌ BeƌeĐhŶuŶg des

DeŵagŶeisieƌuŶgsfeldes geǁidŵet. Dieses Teilpƌoďleŵ ďesĐhƌeiďt die Dipol–Dipol WeĐhsel-

ǁiƌkuŶg iŶ ŵagŶeisĐheŶ MateƌialieŶ. DuƌĐh deŶ ŶiĐhtlokaleŶ Chaƌakteƌ hat das DeŵagŶe-

isieƌuŶgspƌoďleŵ eiŶe hohe algoƌithŵisĐhe Koŵpleǆität. EiŶ Klasse ǀoŶ FFT-ďesĐhleuŶigteŶ

Fouƌieƌƌauŵ-MethodeŶ uŶd die FiŶite-EleŵeŶte-Methodeŵit AußeŶƌauŵtƌaŶsfoƌŵaioŶǁeƌ-

deŶ ďesĐhƌieďeŶ uŶd ŵiteiŶaŶdeƌ ǀeƌgliĐheŶ. WeiteƌhiŶ ǁiƌd die ŶuŵeƌisĐhe IŶtegƌaioŶ deƌ

LaŶdau-Lifshitz-Gilďeƌt GleiĐhuŶg uŶteƌsuĐht. Deƌ SĐhǁeƌpuŶkt liegt hieƌďei auf eiŶeŵ liŶea-

ƌeŶ, iŵpliziteŶ VeƌfahƌeŶ. Dieses VeƌfahƌeŶǁiƌd deƌaƌt eƌǁeiteƌt, dass ŶiĐht Ŷuƌ das AustausĐh-

feld, soŶdeƌŶ auĐh deƌ DeŵagŶeisieƌuŶgsfeld-Beitƌag iŵplizit iŶtegƌieƌt ǁeƌdeŶ. Die Ƌuelloffe-

Ŷe FiŶite-EleŵeŶte Sotǁaƌe ŵagŶuŵ.fe, die die eiŶgefühƌteŶ MethodeŶ iŵpleŵeŶieƌt, ǁiƌd

ǀoƌgestellt. AďsĐhließeŶd ǁiƌd die DoŵäŶeŶǁaŶdstƌuktuƌ ǀoŶ tail-to-tail DoŵäŶeŶǁäŶdeŶ iŶ

NaŶostäďĐheŶ ŵit ŵagŶuŵ.fe uŶteƌsuĐht.
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CHAPTER ϭ

IŶtƌoduĐioŶ

MagŶeisŵ plaǇs aŶ esseŶial ƌole iŶ ouƌ daǇ-to-daǇ life Ŷot oŶlǇ thƌough the eaƌth's ŵagŶeiĐ

field that pƌoteĐts us fƌoŵ solaƌ ǁiŶds. A laƌge Ŷuŵďeƌ of teĐhŶiĐal appliĐaioŶs eǆploit the

pƌopeƌies of ŵagŶeiĐ ŵateƌials aŶd fields. Faŵous appliĐaioŶs iŶĐlude eleĐtƌiĐal geŶeƌatoƌs

aŶdŵotoƌs as ǁell asŵagŶeiĐ haƌd-disk dƌiǀes. IŶ oƌdeƌ to uŶdeƌstaŶd geoŵagŶeiĐ pƌoĐesses

oƌ to deǀelop Ŷoǀel ŵagŶeiĐ appliĐaioŶs, a solid theoƌeiĐal uŶdeƌstaŶdiŶg of ŵagŶeisŵ is

ƌeƋuiƌed. SiŶĐe ŵagŶeiĐ aď-iŶiio ĐalĐulaioŶs aƌe usuallǇ too iŶǀolǀed foƌ the desĐƌipioŶ of

ŵaĐƌosĐopiĐ sǇsteŵs, ǀaƌiousŵodels haǀe ďeeŶ estaďlished iŶ oƌdeƌ to appƌoǆiŵatelǇ desĐƌiďe

ŵagŶeisŵ oŶ diffeƌeŶt leŶgth sĐales. Foƌ the ŵiĐƌoŶ sĐale, the ŵiĐƌoŵagŶeiĐ theoƌǇ has

pƌoǀed to ďe a ƌeliaďle ŵodel.

The ŵiĐƌoŵagŶeiĐ theoƌǇ ǁas applied suĐĐessfullǇ to a gƌeat ǀaƌietǇ of pƌoďleŵs suĐh as the

deǀelopŵeŶt of ŵagŶeiĐ stoƌage ŵedia. It is used to desĐƌiďe aŶd iŵpƌoǀe ĐlassiĐal haƌd-disk

dƌiǀes ďǇ opiŵizaioŶ of theǁƌite head asǁell as theŵagŶeiĐŵediuŵ itself, see [ϭ–ϯ]. Moƌe-

oǀeƌ, the deǀelopŵeŶt of Ŷoǀel ŵagŶeiĐ stoƌage teĐhŶiƋues like MRAM, see [ϰ, ϱ], aŶd the

ŵagŶeiĐ ƌaĐetƌaĐk ŵeŵoƌǇ, see [ϲ], ďeŶefit fƌoŵ the ŵiĐƌoŵagŶeiĐ ŵodel. Beside its use iŶ

the deǀelopŵeŶt of stoƌage ŵedia, the ŵiĐƌoŵagŶeiĐ theoƌǇ is also used foƌ the iŶǀesigaioŶ

of haƌd ŵagŶeiĐ ŵateƌials, see [ϳ]. Moƌe appliĐaioŶs iŶĐlude the desĐƌipioŶ of geophǇsiĐal

pƌoĐesses, see [ϴ], oƌ eǀeŶ the destƌuĐioŶ of ĐaŶĐeƌ Đells, see [ϵ].

The ŵiĐƌoŵagŶeiĐ ŵodel desĐƌiďes ŵagŶeiĐ pƌoĐesses iŶ teƌŵs of a ĐoŶiŶuuŵ theoƌǇ goǀ-

eƌŶed ďǇ paƌial diffeƌeŶial eƋuaioŶs. Due to the laĐk of aŶ aŶalǇiĐal soluioŶ, ŵaŶǇ paƌiĐulaƌ

pƌoďleŵs ĐaŶ oŶlǇ ďe solǀed appƌoǆiŵatelǇ ďǇ disĐƌete ŵethods. Although Ŷot eŶiƌelǇ Ŷeǁ,

this field of ƌeseaƌĐh is sill ǀeƌǇ aĐiǀe. OŶe ƌeasoŶ is the ƌapid iŶĐƌease of ĐoŵpuiŶg poǁeƌ aŶd

ŵeŵoƌǇ iŶ ƌeĐeŶt Ǉeaƌs. OŶ the oŶe haŶd this deǀelopŵeŶt alloǁs the use of eǆisiŶg ŵethods

foƌ a Ŷeǁ Đlass of ŵoƌe Đoŵpleǆ pƌoďleŵs. OŶ the otheƌ haŶd Ŷeǁ Đlasses of pƌoďleŵs ŵight

also ƌeƋuiƌe Ŷeǁ algoƌithŵs iŶ oƌdeƌ to ďe solǀed aĐĐuƌatelǇ. Foƌ eǆaŵple a fasteƌ pƌoĐessoƌ

alloǁs the dǇŶaŵiĐal siŵulaioŶ of a loŶgeƌ iŵe spaŶ, ďut the ƌesult is oŶlǇ ŵeaŶiŶgfull if the
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CHAPTER ϭ: IŶtƌoduĐioŶ

iŵe-iŶtegƌaioŶ sĐheŵe is staďle oǀeƌ loŶg iŵes.

AŶotheƌ aspeĐt is the ƌise of Ŷeǁ haƌdǁaƌe aƌĐhiteĐtuƌes. Due to the fiŶite speed of eleĐtƌiĐal

sigŶals, the ĐloĐk ƌate of ŵodeƌŶ pƌoĐessoƌs hits the phǇsiĐal liŵits. HeŶĐe, iŶ ƌeĐeŶt Ǉeaƌs Ŷot

the ĐloĐk ƌate ďut the Ŷuŵďeƌ of paƌallel pƌoĐessiŶg uŶits is suďjeĐt to iŶĐƌease. A highlǇ paƌallel

sǇsteŵ aƌĐhiteĐtuƌe, hoǁeǀeƌ, Đalls foƌ algoƌithŵs that peƌfoƌŵ ǁell iŶ paƌallel.

IŶ this ǁoƌk aŶ oǀeƌǀieǁ oǀeƌ eǆisiŶg disĐƌete ŵethods is giǀeŶ aŶd Ŷoǀel ŵethods aƌe iŶtƌo-

duĐed. IŶ Chapteƌ Ϯ the theoƌǇ ofŵiĐƌoŵagŶeisŵ is iŶtƌoduĐed aŶdŵoiǀated ďǇ fiƌst pƌiŶĐiple

phǇsiĐs. Chapteƌ ϯ aŶd ϰ disĐuss disĐƌete ŵethods foƌ the ĐoŵputaioŶ of the deŵagŶeizaioŶ

field aŶd the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ ƌespeĐiǀelǇ. These Đhapteƌs foƌŵ the Đoƌe of the

ǁoƌk. The folloǁiŶg Chapteƌ ϱ desĐƌiďes the fiŶite-eleŵeŶt ŵiĐƌoŵagŶeiĐ Đode ŵagŶuŵ.fe

that ǁas deǀeloped as paƌt of this ǁoƌk. IŶ Chapteƌ ϲ this Đode is used to peƌfoƌŵ aĐtual Đoŵ-

putaioŶs oŶ a ƌealisiĐ pƌoďleŵ Đase. Chapteƌ ϳ ĐoŶĐludes the ǁoƌk aŶd giǀes aŶ outlook to

the oŶgoiŶg ǁoƌk oŶ this suďjeĐt.

The ŵatheŵaiĐal ŶotaioŶ thƌoughout this ǁoƌk is ǁƌiteŶ aloŶg the liŶes of phǇsiĐal puďli-

ĐaioŶs. If Ŷot stated diffeƌeŶtlǇ, all fuŶĐioŶs aƌe assuŵed to ďe suffiĐieŶtlǇ sŵooth foƌ the

applied opeƌaioŶs aŶd all ƌegioŶs fulfill the ƌeƋuiƌeŵeŶts foƌ the appliĐaioŶ of the iŶtegƌal

theoƌeŵs. IŶtegƌals aŶd diffeƌeŶial eƋuaioŶs, if Ŷot defiŶed oŶ a ĐeƌtaiŶ ƌegioŶ, aƌe assuŵed

to ďe defiŶed oŶ R
3.
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CHAPTER Ϯ

MiĐƌoŵagŶeisŵ

FeƌƌoŵagŶeiĐŵateƌials fƌoŵ the ǀieǁpoiŶt of theoƌeiĐal phǇsiĐs aƌeŵost aĐĐuƌatelǇ desĐƌiďed

ďǇ the theoƌǇ of ƋuaŶtuŵ ŵeĐhaŶiĐs. IŶ this theoƌǇ the feƌƌoŵagŶet is desĐƌiďed ďǇ a N-ďodǇ

pƌoďleŵ ǁhose ĐoŵpleǆitǇ gƌoǁs eǆpoŶeŶiallǇ ǁith the Ŷuŵďeƌ of iŶǀolǀed ďodies N [ϭϭ].

Thus aŶalǇiĐal ĐalĐulaioŶs iŶ this fƌaŵeǁoƌk aƌe ƌestƌiĐted to ǀeƌǇ sŵall sǇsteŵs.

DiffeƌeŶtŵodels haǀe ďeeŶ pƌoposed iŶ oƌdeƌ to appƌoǆiŵatelǇ desĐƌiďe feƌƌoŵagŶeiĐŵateƌi-

als oŶ aŵaĐƌosĐopiĐ sĐale. DepeŶdiŶg oŶ the siŵplifiĐaioŶs iŶtƌoduĐed ďǇ a paƌiĐulaƌŵodel it

is aďle to desĐƌiďe the sǇsteŵ aĐĐuƌatelǇ oŶlǇ uŶdeƌ ĐeƌtaiŶ assuŵpioŶs aŶd oŶ a ĐeƌtaiŶ leŶgth

sĐale. Taďle Ϯ.ϭ giǀes aŶ oǀeƌǀieǁ of estaďlishedŵodels foƌ the desĐƌipioŶ of feƌƌoŵagŶets oŶ

diffeƌeŶt leŶgth sĐales.

Foƌ the desĐƌipioŶ of feƌƌoŵagŶeisŵ oŶ the ŵiĐƌoŶ sĐale the theoƌǇ of ŵiĐƌoŵagŶeisŵ has

pƌoǀed to ďe a ƌeliaďle tool. IŶ ĐoŶtƌast to doŵaiŶ theoƌǇ it is aďle to ƌesolǀe the iŶŶeƌ stƌuĐtuƌe

of doŵaiŶ ǁalls. OŶ the otheƌ haŶd the ŵiĐƌoŵagŶeiĐ eƋuaioŶs ĐaŶ ďe solǀed ŶuŵeƌiĐallǇ

foƌ ƌelaiǀelǇ laƌge sǇsteŵ Đoŵpaƌed to atoŵisiĐ appƌoaĐhes.

This Đhapteƌ is oƌgaŶized as folloǁs. IŶ SeĐ. Ϯ.ϭ the assuŵpioŶs aŶd siŵplifiĐaioŶs of the ŵi-

ĐƌoŵagŶeiĐ ŵodel aƌe disĐussed. SeĐioŶ Ϯ.Ϯ pƌoǀides aŶ oǀeƌǀieǁ oǀeƌ the diffeƌeŶt eŶeƌgǇ

ĐoŶtƌiďuioŶs of a feƌƌoŵagŶeiĐ ďodǇ. IŶ SeĐ. Ϯ.ϯ the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ is iŶtƌo-

duĐed, ǁhiĐh desĐƌiďes the ŵagŶeizaioŶ dǇŶaŵiĐs iŶ ŵiĐƌoŵagŶeisŵ. SeĐioŶ Ϯ.ϰ aŶd Ϯ.ϱ

Model DesĐƌipioŶ LeŶgth SĐale

AtoŵiĐ leǀel theoƌǇ QuaŶtuŵ ŵeĐhaŶiĐal aď iŶiio ĐalĐulaioŶs < 1 Ŷŵ

MiĐƌoŵagŶeiĐ theoƌǇ CoŶiŶuous desĐƌipioŶ of the ŵagŶeizaioŶ 1 − 1000 Ŷŵ

DoŵaiŶ theoƌǇ DesĐƌipioŶ of doŵaiŶ stƌuĐtuƌe 1 − 1000 μŵ

Phase theoƌǇ DesĐƌipioŶ of eŶseŵďles of doŵaiŶs > 0.1ŵŵ

Taďle Ϯ.ϭ: Estaďlishedŵodels foƌ the desĐƌipioŶ of feƌƌoŵagŶeisŵoŶ diffeƌeŶt leŶgth sĐales.

The taďle is ďased oŶ Fig. ϭ.ϱ iŶ [ϭϬ].
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disĐuss eǆteŶsioŶs, liŵits aŶd soluioŶs of the ŵiĐƌoŵagŶeiĐ eƋuaioŶs.

Ϯ.ϭ AssuŵpioŶs iŶ MiĐƌoŵagŶeisŵ

MagŶeiĐŵateƌ ďasiĐallǇ ĐoŶsists ofŵagŶeiĐdipoles Đalled eleŵeŶtaƌǇŵagŶets. These dipoles

ĐaŶ ďe ideŶified ǁith spiŶs aŶd oƌďital aŶgulaƌ ŵoŵeŶtuŵ of Đhaƌges oŶ the atoŵiĐ leǀel.

MaĐƌosĐopiĐ ŵagŶeiĐ pƌopeƌies aƌe ĐoŶseƋueŶtlǇ deƌiǀed fƌoŵ the iŶteƌaĐioŶ aŶd supeƌpo-

siioŶ of these dipoles.

IŶ the speĐial Đase of feƌƌoŵagŶeiĐŵateƌials, eleĐtƌoŶsǁith oǀeƌlappiŶgǁaǀe fuŶĐioŶs faǀoƌ a

paƌallel spiŶ aligŶŵeŶt due to the so-Đalled eǆĐhaŶge iŶteƌaĐioŶ, see SeĐ. Ϯ.Ϯ.ϭ. The aligŶŵeŶt

of eleŵeŶtaƌǇ ŵagŶets mi at plaĐes ri ĐaŶ thus ďe assuŵed to ďe loĐallǇ alŵost paƌallel

mi ≈ mj foƌ |ri − rj | < λ ;Ϯ.ϭ.ϭͿ

ǁheƌe λ is a ŵeasuƌe foƌ the ƌaŶge of the eǆĐhaŶge iŶteƌaĐioŶ, Đalled the eǆĐhaŶge leŶgth.

Fuƌtheƌ a hoŵogeŶeous deŶsitǇ of eleŵeŶtaƌǇ ŵagŶets is assuŵed. TakiŶg iŶto aĐĐouŶt these

assuŵpioŶs the disĐƌete distƌiďuioŶ of ŵagŶeiĐ ŵoŵeŶts mi ĐaŶ ďe ǁell appƌoǆiŵated ďǇ a

ĐoŶiŶuous ǀeĐtoƌ deŶsitǇ M(r) suĐh that

∫

Ω

M(r) dr ≈
∑

i

✶Ω(ri)mi ;Ϯ.ϭ.ϮͿ

holds appƌoǆiŵatelǇ foƌ ǀoluŵesΩ of the size λ3 aŶd ďiggeƌ. It is iŵpoƌtaŶt to uŶdeƌstaŶd that

the eǆisteŶĐe aŶd the ƌaŶge of the eǆĐhaŶge iŶteƌaĐioŶ is ĐƌuĐial foƌ a good appƌoǆiŵaioŶ iŶ

EƋŶ. Ϯ.ϭ.Ϯ. The ǀeĐtoƌ field M is Đalled ŵagŶeizaioŶ. Due to the hoŵogeŶeous deŶsitǇ of

eleŵeŶtaƌǇ ŵagŶets it has a ĐoŶstaŶt Ŷoƌŵ

M(r) = Ms · m(r) ǁith |m(r)| = 1. ;Ϯ.ϭ.ϯͿ

ǁheƌe Ms is Đalled the satuƌaioŶ ŵagŶeizaioŶ. IŶ the folloǁiŶg the uŶit ǀeĐtoƌ field m ǁhiĐh

should Ŷot ďe ĐoŶfused ǁith the ŵoŵeŶts mi ǁill oteŶ ďe used iŶstead of M.

The ĐoŶiŶuous ŵagŶeizaioŶ field is a ĐoŵŵoŶ paƌaŵeteƌ iŶ ĐlassiĐal eleĐtƌodǇŶaŵiĐs [ϭϮ].

MiĐƌoŵagŶeisŵ eǆteŶds the ĐlassiĐal field theoƌǇ ďǇ ŶoŶ ĐlassiĐal effeĐts suĐh as the eǆĐhaŶge

iŶteƌaĐioŶ. These effeĐts aƌe eǆpƌessed iŶ the fƌaŵeǁoƌk of a ĐoŶiŶuuŵ theoƌǇ, see SeĐ. Ϯ.Ϯ.

Moƌeoǀeƌ, ŵiĐƌoŵagŶeisŵ desĐƌiďes the dǇŶaŵiĐs of the ŵagŶeizaioŶ field ďǇ the LaŶdau-

Lifshitz-Gilďeƌt eƋuaioŶ, see SeĐ. Ϯ.ϯ. Due to this ĐoŵďiŶaioŶ of ĐlassiĐal field theoƌǇ aŶd

ƋuaŶtuŵ ŵeĐhaŶiĐs, ŵiĐƌoŵagŶeisŵ is oteŶ ƌefeƌƌed to as seŵi-ĐlassiĐal ĐoŶiŶuuŵ theoƌǇ.
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Ϯ.Ϯ EŶeƌgeiĐs of a FeƌƌoŵagŶet

The total eŶeƌgǇ of a feƌƌoŵagŶetǁith ƌespeĐt to theŵagŶeizaioŶ is iŶflueŶĐed ďǇ aŵulitude

of phǇsiĐal effeĐts. While soŵe of these effeĐts haǀe a ĐlassiĐal desĐƌipioŶ, like the deŵagŶe-

izaioŶ eŶeƌgǇ aŶd the ZeeŵaŶ eŶeƌgǇ, otheƌs haǀe a ƋuaŶtuŵ ŵeĐhaŶiĐal oƌigiŶ aŶd haǀe to

ďe adapted to the ĐoŶiŶuuŵ theoƌǇ of ŵiĐƌoŵagŶeisŵ, e.g. the eǆĐhaŶge eŶeƌgǇ aŶd the

aŶisotƌopǇ eŶeƌgǇ. BǇ fiŶdiŶg loĐal ŵiŶiŵa of the eŶeƌgǇ fuŶĐioŶal, staďle ŵagŶeizaioŶ ĐoŶ-

figuƌaioŶs ĐaŶ ďe oďtaiŶed. Hoǁeǀeƌ, the total eŶeƌgǇ does also plaǇ aŶ iŵpoƌtaŶt ƌole foƌ the

dǇŶaŵiĐs of a feƌƌoŵagŶet as ǁill ďe seeŶ iŶ SeĐ. Ϯ.ϯ.

Ϯ.Ϯ.ϭ EǆĐhaŶge EŶeƌgǇ

The ĐhaƌaĐteƌisiĐ featuƌe of feƌƌoŵagŶeiĐ ŵateƌials is the eǆisteŶĐe of spoŶtaŶeous ŵagŶei-

zaioŶ. Fƌoŵ ĐlassiĐal eleĐtƌodǇŶaŵiĐs it is kŶoǁŶ that ŶeighďoƌiŶg spiŶs eŶeƌgeiĐallǇ faǀoƌ aŶ

aŶipaƌallel aligŶŵeŶt [ϭϮ]. CoŶseƋueŶtlǇ ŵaĐƌosĐopiĐ ŵagŶeiĐ ďodies aƌe eǆpeĐted to aǀoid

a uŶifoƌŵŵagŶeizaioŶ, ǁhiĐh iŶ faĐt is the Đase foƌ paƌaŵagŶeiĐ aŶd diaŵagŶeiĐ ŵateƌials.

Hoǁeǀeƌ, the eleŵeŶtaƌǇ ŵagŶets iŶ feƌƌoŵagŶeiĐ ŵateƌials aƌe suďjeĐt to the so-Đalled eǆ-

ĐhaŶge iŶteƌaĐioŶ. This ƋuaŶtuŵŵeĐhaŶiĐal effeĐt leads to aŶ eŶeƌgeiĐallǇ faǀoƌed paƌallel

aligŶŵeŶt of ŶeighďoƌiŶg spiŶs aŶd thus to ŵaĐƌosĐopiĐ uŶifoƌŵŵagŶeizaioŶ ĐoŶfiguƌaioŶs.

The eǆĐhaŶge eŶeƌgǇ is deƌiǀed fƌoŵ the Couloŵď eŶeƌgǇ of tǁo iŶdisiŶguishaďle paƌiĐles

ǁith oǀeƌlappiŶg ǁaǀe fuŶĐioŶs. A tǁo-paƌiĐle sǇsteŵ of feƌŵioŶs featuƌes aŶ aŶisǇŵŵetƌiĐ

oǀeƌall ǁaǀe fuŶĐioŶ. Foƌ a siŶglet spiŶ ĐoŶfiguƌaioŶ this leads to a sǇŵŵetƌiĐ oƌďital ǁaǀe-

fuŶĐioŶ, ǁheƌeas a tƌiplet spiŶ ĐoŶfiguƌaioŶ leads to aŶ aŶisǇŵŵetƌiĐ oƌďital ǁaǀe fuŶĐioŶ.

The eǆpeĐtaioŶ ǀalue of the tǁo-paƌiĐle distaŶĐe is laƌgeƌ foƌ aŶisǇŵŵetƌiĐ oƌďital ǁaǀe fuŶĐ-

ioŶs. HeŶĐe the tƌiplet spiŶ ĐoŶfiguƌaioŶ leads to a loǁeƌed Couloŵď eŶeƌgǇ aŶd is thus eŶ-

eƌgeiĐallǇ faǀoƌed. IŶ the ĐlassiĐal piĐtuƌe the tƌiplet ĐoŶfiguƌaioŶ ĐoƌƌespoŶds to a paƌallel

aligŶŵeŶt of spiŶs. A detailed disĐussioŶ of the eǆĐhaŶge iŶteƌaĐioŶ ĐaŶ ďe fouŶd iŶ aŶǇ teǆt-

ďook oŶ ƋuaŶtuŵŵeĐhaŶiĐs, e.g. [ϭϯ].

Heƌe ǁe ǁill use the ĐlassiĐal HeiseŶďeƌg HaŵiltoŶiaŶ foƌ tǁo ŶeighďoƌiŶg spiŶs as staƌiŶg

poiŶt to deƌiǀe a ŵiĐƌoŵagŶeiĐ eǆpƌessioŶ foƌ the eǆĐhaŶge eŶeƌgǇ

Ei ,j = −J Si · Sj ;Ϯ.Ϯ.ϭͿ

ǁheƌe J is the so-Đalled eǆĐhaŶge iŶtegƌal aŶd Si aŶd Sj aƌe tǁo ŶeighďoƌiŶg ĐlassiĐal spiŶs.

With theŵagŶitude of the spiŶs S = |Si | = |Sj | uŶd the uŶit ǀeĐtoƌs ni = Si/S aŶd nj = Sj/S

ϱ
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this ĐaŶ ďe ǁƌiteŶ as

Ei ,j = −J S2 ni · nj ;Ϯ.Ϯ.ϮͿ

= −J S2 [1 − 1

2
(ni − nj)

2] ;Ϯ.Ϯ.ϯͿ

The eǆĐhaŶge eŶeƌgǇ of a ŵagŶeiĐ ďodǇ is ĐalĐulated ďǇ suŵŵiŶg up

E =
∑

i ,j

−Jij S2 [1 − 1

2
(ni − nj)

2] ;Ϯ.Ϯ.ϰͿ

ǁheƌe Jij is the eǆĐhaŶge iŶtegƌal foƌ spiŶs i aŶd j . That ŵeaŶs Jij 6= 0 oŶlǇ foƌ eǆĐhaŶge Đou-

pled, usuallǇ ŶeighďoƌiŶg, spiŶs. IŶ the theoƌǇ of ŵiĐƌoŵagŶeisŵ this eǆpƌessioŶ has to ďe

adapted to the ĐoŶiŶuous ŵagŶeizaioŶ field m. The sĐalaƌ pƌoduĐt iŶ EƋŶ. Ϯ.Ϯ.Ϯ is aŶalo-

gouslǇ giǀeŶ ďǇ

m(r) · m(r + ∆r) = 1 − 1

2
[m(r) − m(r + ∆r)]2 ;Ϯ.Ϯ.ϱͿ

ǁheƌe ∆r is ĐhoseŶ as distaŶĐe ǀeĐtoƌ ďetǁeeŶ tǁo eǆĐhaŶge Đoupled ŵagŶeiĐ ŵoŵeŶts.

EǆpaŶdiŶg m(r + ∆r) iŶ∆r up to fiƌst oƌdeƌ aŶd iŶseƌiŶg iŶto EƋŶ. Ϯ.Ϯ.ϱ Ǉields

m(r) · m(r + ∆r) ≈ 1 − 1

2

∑

i

(∆r · ∇mi)
2. ;Ϯ.Ϯ.ϲͿ

The eŶeƌgǇ foƌ a ŵagŶeiĐ ďodǇ is oďtaiŶed ďǇ suŵŵiŶg up ĐoŶtƌiďuioŶs fƌoŵ diffeƌeŶt dis-

taŶĐe ǀeĐtoƌs∆ri depeŶdiŶg oŶ the ĐƌǇstal stƌuĐtuƌe aŶd iŶtegƌaioŶ oǀeƌ the ŵagŶeiĐ ďodǇ

E =

∫

Ω

∑

i

Ai m(r) · m(r + ∆ri) dr ;Ϯ.Ϯ.ϳͿ

ǁheƌe Ai aƌe Đalled eǆĐhaŶge ĐoŶstaŶts aŶd iŶĐlude the eǆĐhaŶge iŶtegƌal aŶd the ŵagŶitude

of the spiŶs iŶǀolǀed. IŶseƌiŶg EƋŶ. Ϯ.Ϯ.ϲ Ǉields the geŶeƌal eǆpƌessioŶ

E = C +

∫

Ω

∑

i ,j,k

Ajk
∂mi

∂xj

∂mi

∂xk

dr ;Ϯ.Ϯ.ϴͿ

foƌ the eǆĐhaŶge eŶeƌgǇ. The ĐoŶstaŶt C ƌesults fƌoŵ the iŶtegƌaioŶ of the ĐoŶstaŶt teƌŵ of

EƋŶ. Ϯ.Ϯ.ϲ aŶd ĐaŶ ďe oŵited ǁithout ĐhaŶgiŶg the phǇsiĐs of the sǇsteŵ. Heƌe Ajk is a ŵatƌiǆ

of eǆĐhaŶge ĐoŶstaŶts. BǇ ƌotaioŶ of the ĐooƌdiŶate sǇsteŵ this ŵatƌiǆ ĐaŶ ďe diagoŶalized

[ϭϰ] ǁhiĐh Ǉields

E =

∫

Ω

∑

i ,j

Aj

(
∂mi

∂xj

)2

dr . ;Ϯ.Ϯ.ϵͿ

IŶ the Đase of ĐuďiĐ aŶd isotƌopiĐ ŵateƌials the eǆĐhaŶge ĐoŶstaŶt does Ŷot depeŶd oŶ the

spaial diŵeŶsioŶ uŶd thus EƋŶ. Ϯ.Ϯ.ϵ fuƌtheƌ ƌeduĐes to

E = A

∫

Ω

∑

i

(∇mi)
2 dr = A

∫

Ω

(∇m)2 dr . ;Ϯ.Ϯ.ϭϬͿ
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This eǆpƌessioŶ tuƌŶs out to aĐĐuƌatelǇ desĐƌiďe ŵost ŵateƌials aŶd is usuallǇ used iŶ ŵiĐƌo-

ŵagŶeiĐs. The eǆĐhaŶge ĐoŶstaŶt A is deteƌŵiŶed eǆpeƌiŵeŶtallǇ.

Note that this ƌesult ǁas deƌiǀed fƌoŵ the ĐlassiĐal HeiseŶďeƌg ŵodel that assuŵes loĐalized

spiŶs. IŶ ŵetalliĐ feƌƌoŵagŶets the spiŶs aƌe Ŷot loĐalized aŶd the HeiseŶďeƌg ŵodel does Ŷot

applǇ. Hoǁeǀeƌ, EƋŶ. Ϯ.Ϯ.ϭϬ sill desĐƌiďes the eǆĐhaŶge iŶteƌaĐioŶ pheŶoŵeŶologiĐallǇ up to

fiƌst oƌdeƌ [ϭϬ].

Ϯ.Ϯ.Ϯ DeŵagŶeizaioŶ EŶeƌgǇ

The deŵagŶeizaioŶ eŶeƌgǇ, also Đalled ŵagŶetostaiĐ eŶeƌgǇ oƌ stƌaǇ-field eŶeƌgǇ, is the eŶ-

eƌgǇ of the ŵagŶeizaioŶ iŶ the ŵagŶeiĐ field Đƌeated ďǇ the ŵagŶeizaioŶ itself. This ŵeaŶs

that this eŶeƌgǇ ĐoŶtƌiďuioŶ aĐĐouŶts foƌ the dipole–dipole iŶteƌaĐioŶ of the eleŵeŶtaƌǇŵag-

Ŷets.

The deŵagŶeizaioŶ eŶeƌgǇ ĐaŶ ďe deƌiǀed fƌoŵ ĐlassiĐal eleĐtƌoŵagŶeiĐs. Maǆǁell's eƋua-

ioŶs foƌ eleĐtƌostaiĐs, assuŵiŶg a ǀaŶishiŶg ĐuƌƌeŶt J , aƌe giǀeŶ ďǇ

∇ · B = 0 ;Ϯ.Ϯ.ϭϭͿ

∇ × H = 0 ;Ϯ.Ϯ.ϭϮͿ

ǁheƌe the ŵagŶeiĐ fluǆ B is ĐoŶŶeĐted to the ŵagŶeiĐ field H ǀia the ŵagŶeizaioŶ M

B = µ0(H + M). ;Ϯ.Ϯ.ϭϯͿ

EƋuaioŶ Ϯ.Ϯ.ϭϮ is eƋuiǀaleŶt to the ŵagŶeiĐ field H ďeiŶg the gƌadieŶt of a sĐalaƌ poteŶial u.

HeŶĐe the deŵagŶeizaioŶ-field is the soluioŶ to the sǇsteŵ

∆u = ∇ · M ;Ϯ.Ϯ.ϭϰͿ

H = −∇u. ;Ϯ.Ϯ.ϭϱͿ

The ďouŶdaƌǇ ĐoŶdiioŶ to this sǇsteŵ is giǀeŶ iŶ aŶ asǇŵptoiĐal fashioŶ ďǇ

u(r) = O(1/|r |) foƌ |r | → ∞. ;Ϯ.Ϯ.ϭϲͿ

This ĐoŶdiioŶ states that the poteŶial dƌops to zeƌo at iŶfiŶitǇ. It is oteŶ ƌefeƌƌed to as opeŶ

ďouŶdaƌǇ ĐoŶdiioŶ. EƋuaioŶ Ϯ.Ϯ.ϭϰ is PoissoŶ's eƋuaioŶ aŶd ĐaŶ ďe solǀed ǁith the ǁell

kŶoǁŶGƌeeŶ's fuŶĐioŶof the LaplaĐiaŶ, ǁhiĐh ŶatuƌallǇ saisfies the ďouŶdaƌǇ ĐoŶdiioŶϮ.Ϯ.ϭϲ,

see [ϭϮ]

u(r) = − 1

4π

∫
∇

′ · M(r ′)

|r − r ′| dr ′ ;Ϯ.Ϯ.ϭϳͿ

ϳ
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|M|

Ωd Ω Ωd

Figuƌe Ϯ.ϭ: SketĐh of the liŵiiŶg pƌoĐeduƌe used foƌ the deƌiǀaioŶ of the ďouŶdaƌǇ teƌŵ iŶ

the iŶtegƌal soluioŶ of the sĐalaƌ poteŶial. The disĐoŶiŶuitǇ of theŵagŶeizaioŶ

aĐƌoss the saŵple ďouŶdaƌǇ ∂Ω is sŵoothed out iŶ a ƌegioŶ Ωd suƌƌouŶdiŶg the

saŵple.

ǁheƌe the iŶtegƌaioŶ is Đaƌƌied out oǀeƌ theǁhole spaĐe. IŶ the Đase of aŶ ideal ŵagŶeiĐ ďodǇ

the ŵagŶeizaioŶ is oŶlǇ defiŶed oŶ a fiŶite ƌegioŶ Ω

|M(r)| =





Ms if r ∈ Ω

0 else
;Ϯ.Ϯ.ϭϴͿ

ǁhiĐh leads to a disĐoŶiŶuitǇ ofM oŶ the ďouŶdaƌǇ ∂Ω. IŶ this Đase the soluioŶ of EƋŶ. Ϯ.Ϯ.ϭϳ

ĐaŶ ďe oďtaiŶed ďǇ a liŵiiŶg pƌoĐess. CoŶsideƌ a fiŶite ƌegioŶ Ωd that suƌƌouŶds the ŵagŶeiĐ

ďodǇΩ. Fuƌtheƌ ǁe assuŵe a sŵooth deĐaǇ of the ŵagŶeizaioŶ ǁithiŶΩd, see Fig. Ϯ.ϭ. With

the ŵagŶeizaioŶ aŶd its diǀeƌgeŶĐe ǀaŶishiŶg iŶ the outside ƌegioŶ R
3\Ω ∪ Ωd EƋŶ. Ϯ.Ϯ.ϭϳ

ĐaŶ ďe ǁƌiteŶ as

u(r) = − 1

4π

[∫

Ω

∇
′ · M(r ′)

|r − r ′| dr ′ +

∫

Ωd

∇
′ · M(r ′)

|r − r ′| dr ′
]

. ;Ϯ.Ϯ.ϭϵͿ

ApplǇiŶg GƌeeŶ's theoƌeŵ to the iŶtegƌal oǀeƌ Ωd Ǉields
∫

Ωd

∇
′ · M(r ′)

|r − r ′| dr ′ =

∫

∂Ωd

M(r ′) · n

|r − r ′| ds ′ −
∫

Ωd

M(r ′) · ∇
′ 1

|r − r ′| dr ′ ;Ϯ.Ϯ.ϮϬͿ

ǁheƌe ds ′ is the aƌea ŵeasuƌe to r ′ aŶd n is the uŶit outǁaƌd Ŷoƌŵal. IŶ the liŵit of a ƌapidlǇ

deĐaǇiŶg ŵagŶeizaioŶ M the ƌegioŶ Ωd ĐaŶ ďeĐoŵe iŶfiŶitelǇ sŵall ǁithout ĐhaŶgiŶg the

ƌesult of EƋŶ. Ϯ.Ϯ.ϮϬ. IŶ this Đase the ƌight-haŶd side of EƋŶ. Ϯ.Ϯ.ϮϬ ƌeduĐes to the ďouŶdaƌǇ

iŶtegƌal siŶĐe the ǀoluŵe iŶtegƌal has a fiŶite iŶtegƌaŶd aŶd is Đaƌƌied out oǀeƌ aŶ iŶfiŶitelǇ

sŵall ǀoluŵe. The ďouŶdaƌǇ ∂Ωd ĐoŶsists of aŶ iŶŶeƌ aŶd aŶ outeƌ ďouŶdaƌǇ. The iŶtegƌal oǀeƌ

the outeƌ ďouŶdaƌǇ ǀaŶishes, ďeĐause of a ǀaŶishiŶg ŵagŶeizaioŶ M. The iŶŶeƌ ďouŶdaƌǇ

ĐoiŶĐides ǁith the ďouŶdaƌǇ of the ŵagŶeiĐ ďodǇ ∂Ω eǆĐept foƌ the oƌieŶtaioŶ. Thus the

ďouŶdaƌǇ iŶtegƌal ĐaŶ ďe ƌeplaĐed ďǇ aŶ iŶtegƌal oǀeƌ ∂Ω ǁith opposite sigŶ. IŶseƌiŶg iŶto

EƋŶ. Ϯ.Ϯ.ϭϵ ƌesults iŶ

u(r) = − 1

4π

[∫

Ω

∇
′ · M(r ′)

|r − r ′| dr ′ −
∫

∂Ω

M(r ′) · n

|r − r ′| ds ′
]

. ;Ϯ.Ϯ.ϮϭͿ

The eǆpƌessioŶs ρ = −∇M aŶd σ = M · n aƌe oteŶ ƌefeƌƌed to as ŵagŶeiĐ ǀoluŵe Đhaƌges

aŶd ŵagŶeiĐ suƌfaĐes Đhaƌges ƌespeĐiǀlǇ. AŶ alteƌŶaiǀe eǆpƌessioŶ to EƋŶ. Ϯ.Ϯ.Ϯϭ ĐaŶ ďe

ϴ



Ϯ.Ϯ EŶeƌgeiĐs of a FeƌƌoŵagŶet

oďtaiŶed ďǇ applǇiŶg GƌeeŶ's theoƌeŵ

u(r) =
1

4π

∫

Ω

M(r ′) · ∇
′ 1

|r − r ′| dr ′. ;Ϯ.Ϯ.ϮϮͿ

The deŵagŶeizaioŶ field Hdeŵag is ĐalĐulated as Ŷegaiǀe gƌadieŶt of the poteŶial u ǁith ƌe-

speĐt to r

Hdeŵag(r) = −∇u(r) =

∫

Ω

Ñ(r − r ′)M(r ′) dr ′ ;Ϯ.Ϯ.ϮϯͿ

ǁith the so-Đalled deŵagŶeizaioŶ teŶsoƌ Ñ giǀeŶ ďǇ

Ñ(r − r ′) = − 1

4π
∇∇

′ 1

|r − r ′| . ;Ϯ.Ϯ.ϮϰͿ

AĐĐoƌdiŶg to ĐlassiĐal eleĐtƌodǇŶaŵiĐs the eŶeƌgǇ is giǀeŶ ďǇ

E = −µ0

2

∫

Ω

M · Hdeŵag dr ;Ϯ.Ϯ.ϮϱͿ

= −µ0

2

∫∫

Ω

M(r)Ñ(r − r ′)M(r ′) dr dr ′ ;Ϯ.Ϯ.ϮϲͿ

ǁheƌe the faĐtoƌ 1/2 aĐĐouŶts foƌ the faĐt that the field is geŶeƌated ďǇ theŵagŶeizaioŶ itself.

Due to the iŶtegƌaioŶ oǀeƌ r aŶd r ′ eǀeƌǇ dipole–dipole iŶteƌaĐioŶ ďetǁeeŶ M(r) aŶd M(r ′)

ĐoŶtƌiďutes tǁiĐe to the ƌesult, ǁhiĐh is ĐoƌƌeĐted ďǇ this pƌefaĐtoƌ.

Ϯ.Ϯ.ϯ AŶisotƌopǇ EŶeƌgǇ

DepeŶdiŶg oŶ the ĐƌǇstal stƌuĐtuƌe of a feƌƌoŵagŶeiĐŵateƌial, it eŶeƌgeiĐallǇ faǀoƌs the aligŶ-

ŵeŶt of the ŵagŶeizaioŶ paƌallel to ĐeƌtaiŶ aǆes. This eŶeƌgǇ ĐoŶtƌiďuioŶ ƌesults fƌoŵ spiŶ-

oƌďit iŶteƌaĐioŶs [ϭϬ] aŶd is ƌefeƌƌed to as aŶisotƌopǇ eŶeƌgǇ. The eŶeƌgeiĐallǇ faǀoƌed aǆes aƌe

Đalled easǇ aǆes. These aǆes aƌe uŶdiƌeĐted ǁhiĐh ŵeaŶs that a loĐal ŵiŶiŵuŵ of the eŶeƌgǇ

at mŵiŶ iŵplies a loĐal ŵiŶiŵuŵ at −mŵiŶ ǁith

E (mŵiŶ) = E (−mŵiŶ) ;Ϯ.Ϯ.ϮϳͿ

DepeŶdiŶg oŶ the laiĐe stƌuĐtuƌe, a ŵateƌial ŵaǇ haǀe oŶe oƌ ŵoƌe of these easǇ aǆes. IŶ the

siŵplest Đase a ŵateƌial has a siŶgle easǇ aǆis. This uŶiaǆial aŶisotƌopǇ eŶeƌgǇ is giǀeŶ ďǇ

E = −
∫

Ω

[Kuϭ(m · eu)
2 + KuϮ(m · eu)

4] dr ;Ϯ.Ϯ.ϮϴͿ

ǁheƌe eu is a uŶit ǀeĐtoƌ poiŶiŶg iŶ the diƌeĐioŶ of the easǇ aǆis aŶd Kuϭ aŶd KuϮ aƌe Đalled

aŶisotƌopǇ ĐoŶstaŶts. This pheŶoŵeŶologiĐal eǆpƌessioŶ is the ƌesult of a TaǇloƌ eǆpaŶsioŶ

up to fouƌth oƌdeƌ. OŶlǇ eǀeŶ poǁeƌs aƌe ĐoŶsideƌed iŶ oƌdeƌ to fullfill the sǇŵŵetƌǇ ĐoŶ-

diioŶ Ϯ.Ϯ.Ϯϳ. UŶiaǆial aŶisotƌopǇ oĐĐuƌs iŶ ŵateƌials ǁith a heǆagoŶal oƌ tetƌagoŶal ĐƌǇstal

stƌuĐtuƌe, e.g. Đoďalt.

ϵ
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Mateƌials ǁith a Đuďe-sǇŵŵetƌiĐ laiĐe stƌuĐtuƌe ŶatuƌallǇ featuƌe thƌee easǇ aǆes ei ǁhiĐh aƌe

paiƌǁise oƌthogoŶal

ei · ej = δij . ;Ϯ.Ϯ.ϮϵͿ

The eŶeƌgǇ of suĐh a ĐuďiĐ aŶisotƌopǇ is the ƌesult of aŶ eǆpaŶsioŶ iŶ the ŵagŶeizaioŶ Đoŵ-

poŶeŶts aloŶg the easǇ aǆes

E =

∫

Ω

[KĐϭ(m
2
1m2

2 + m2
2m2

3 + m2
3m2

1) + KĐϮm
2
1m2

2m2
3] dr ;Ϯ.Ϯ.ϯϬͿ

ǁheƌe mi = ei ·m is the ŵagŶeizaioŶ ĐoŵpoŶeŶt iŶ diƌeĐioŶ of the aŶisotƌopǇ aǆis ei . AgaiŶ

teƌŵs ǁhiĐh ǀiolate the sǇŵŵetƌǇ ĐoŶdiioŶ Ϯ.Ϯ.Ϯϳ aƌe ŶegleĐted. Moƌeoǀeƌ, oŶlǇ ĐoŶtƌiďu-

ioŶs ǁhiĐh aƌe ĐoŶstaŶt uŶdeƌ peƌŵutaioŶ of ŵagŶeizaioŶ ĐoŵpoŶeŶts mi aƌe ĐoŶsideƌed

iŶ oƌdeƌ to ĐoŵplǇ ǁith the ĐuďiĐ sǇŵŵetƌǇ. CuďiĐ aŶisotƌopǇ oĐĐuƌs iŶ ŵateƌials suĐh as iƌoŶ

ǁhiĐh has a ďodǇ-ĐeŶteƌed ĐuďiĐ stƌuĐtuƌe oƌ ŶiĐkel ǁhiĐh has a faĐe-ĐeŶteƌed ĐuďiĐ stƌuĐtuƌe.

Although the eǆpƌessioŶs foƌ the aŶisotƌopǇ eŶeƌgǇ iŶ EƋŶ. Ϯ.Ϯ.Ϯϴ aŶd Ϯ.Ϯ.ϯϬ haǀe a puƌe phe-

ŶoŵeŶologiĐal oƌigiŶ, theǇ aƌe aďle to desĐƌiďe aŶisotƌopǇ effeĐts ǁith a high aĐĐuƌaĐǇ. IŶ pƌaĐ-

iĐal appliĐaioŶs the eŶeƌgǇ eǆpƌessioŶs aƌe oteŶ ƌeduĐed to the loǁest oƌdeƌ teƌŵ.

Ϯ.Ϯ.ϰ ZeeŵaŶ EŶeƌgǇ

The ZeeŵaŶ eŶeƌgǇ of a feƌƌoŵagŶeiĐ ďodǇ is the eŶeƌgǇ of the ŵagŶeizaioŶ iŶ aŶ eǆteƌŶal

field HzeeŵaŶ giǀeŶ ďǇ

E = −µ0

∫

Ω

M · HzeeŵaŶ dr . ;Ϯ.Ϯ.ϯϭͿ

Ϯ.ϯ LaŶdau-Lifshitz-Gilďeƌt EƋuaioŶ

The ĐeŶtƌal eƋuaioŶ iŶ ŵiĐƌoŵagŶeisŵ foƌ the desĐƌipioŶ of ŵagŶeizaioŶ dǇŶaŵiĐs is the

LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ, ǁhiĐh ǁas oƌigiŶallǇ pƌoposed iŶ [ϭϱ]. IŶ this ǁoƌk fƌoŵ ϭϵϯϱ

ďǇ LaŶdau aŶd Lifshitz the ŵoioŶ of the ŵagŶeizaioŶ is desĐƌiďed ďǇ a pƌeĐessioŶal teƌŵ aŶd

a daŵpiŶg teƌŵ. While the pƌeĐessioŶal teƌŵ is phǇsiĐallǇ deƌiǀed iŶ this ǁoƌk, the daŵpiŶg

teƌŵ is puƌelǇ pheŶoŵeŶologiĐal. IŶ ϭϵϱϱ Gilďeƌt deƌiǀed aŶ eƋuiǀaleŶt eǆpƌessioŶ foƌ the

LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ fƌoŵ a LagƌaŶgiaŶ foƌŵulaioŶ, ǁheƌe the daŵpiŶg is tƌeated

ŵoƌe stƌiĐtlǇ, see [ϭϲ] aŶd [ϭϳ].

IŶ the folloǁiŶg a ĐlassiĐal LagƌaŶgiaŶ ŵethod as ǁell as a ƋuaŶtuŵ ŵeĐhaŶiĐal appƌoaĐh aƌe

pƌeseŶted ďƌieflǇ to deƌiǀe the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ. Both appƌoaĐhes giǀe iŶsight

to diffeƌeŶt aspeĐts of the ŵiĐƌoŵagŶeiĐ ŵodel aŶd aƌe thus of iŶteƌest foƌ the appliĐaioŶ of

this theoƌǇ.

ϭϬ



Ϯ.ϯ LaŶdau-Lifshitz-Gilďeƌt EƋuaioŶ

Ϯ.ϯ.ϭ LagƌaŶge AppƌoaĐh

With aŶ appƌopƌiate LagƌaŶge fuŶĐioŶal the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ ĐaŶ ďe oďtaiŶed

ďǇ the LagƌaŶgiaŶ foƌŵalisŵ. SiŶĐe the ŵagŶeizaioŶ M is assuŵed to ďe Ŷoƌŵalized, see

EƋŶ. Ϯ.ϭ.ϯ, its ŵoioŶ ŵaǇ loĐallǇ ďe ǁell desĐƌiďed ďǇ the ƌotaioŶ of a ƌigid ďodǇ. The aŶgulaƌ

ǀeloĐitǇ of a ƌigid ďodǇ iŶ teƌŵs of the Euleƌ aŶgles ƌeads

Ω =




.
φ sin(θ) sin(ψ) +

.
θ cos(ψ)

.
φ sin(θ) cos(ψ) +

.
θ sin(ψ)

.
φ cos(θ) +

.
ψ


 ;Ϯ.ϯ.ϭͿ

ǁheƌe the shoƌthaŶd ŶotaioŶ
.
f = ∂t f is used. Note that the aŶgulaƌ ǀeloĐitǇΩ as ǁell as the

aŶgles θ, φ aŶd ψ haǀe to depeŶd oŶ the loĐaioŶ r iŶ oƌdeƌ to desĐƌiďe the ŵagŶeizaioŶ field

m(r). Without loss of geŶeƌalitǇ the ƌotaioŶ aǆes ĐaŶ ďe ĐhoseŶ suĐh that the r3-aǆis poiŶts

iŶto the diƌeĐioŶ of the ŵagŶeizaioŶ iŶ eǀeƌǇ poiŶt aŶd thus

m =




0

0

1


 . ;Ϯ.ϯ.ϮͿ

IŶ the ƌigid-ďodǇ piĐtuƌe the ŵagŶeizaioŶ is desĐƌiďed ďǇ a ƌotaioŶallǇ sǇŵŵetƌiĐ siĐk. SiŶĐe

the aŶgle ψ desĐƌiďes the ƌotaioŶ of the siĐk aƌouŶd its sǇŵŵetƌǇ aǆis it ŵaǇ ďe set to ψ = 0

ǁithout loss of geŶeƌalitǇ [ϭϴ]. Thus EƋŶ. Ϯ.ϯ.ϭ ƌeduĐes to

Ω =




.
θ

.
φ sin(θ)

.
φ cos(θ) +

.
ψ


 . ;Ϯ.ϯ.ϯͿ

The LagƌaŶgiaŶ of a dǇŶaŵiĐal sǇsteŵ iŶ geŶeƌal is giǀeŶ ďǇ

L = T (q,
.

q) − V (q) ;Ϯ.ϯ.ϰͿ

ǁheƌe T is the kiŶeiĐ eŶeƌgǇ aŶd V is the poteŶial eŶeƌgǇ of the sǇsteŵ aŶd q aŶd
.

q aƌe the

geŶeƌalized ĐooƌdiŶates aŶd theiƌ iŵedeƌiǀaiǀes ƌespeĐiǀelǇ. IŶŵiĐƌoŵagŶeiĐs the poteŶial

eŶeƌgǇ is giǀeŶ ďǇ the eŶeƌgǇ ĐoŶtƌiďuioŶs disĐussed iŶ SeĐ. Ϯ.Ϯ. The kiŶeiĐ eŶeƌgǇ hoǁeǀeƌ

has Ŷo ĐlassiĐal eǆplaŶaioŶ siŶĐe theŵagŶeizaioŶ does Ŷot haǀe iŶeƌia iŶ the ĐlassiĐal seŶse.

IŶ [ϭϲ] Gilďeƌt pƌoposed the LagƌaŶgiaŶ

L = −Ms

γ

.
φ cos(θ) − U(θ,φ). ;Ϯ.ϯ.ϱͿ

As shoǁŶ ďǇ Wegƌoǁe et al. iŶ [ϭϵ] this eǆpƌessioŶ is eƋuiǀaleŶt to

L =
1

2
I[
.
φ cos(θ) +

.
ψ]2 − U(θ,φ) ;Ϯ.ϯ.ϲͿ

=
1

2
IΩ2

3 − U(θ,φ) ;Ϯ.ϯ.ϳͿ

ϭϭ
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ǁhiĐh desĐƌiďes a ĐlassiĐal ƌotaioŶ eŶeƌgǇ ǁith I ďeiŶg the ŵoŵeŶt of iŶeƌia. Hoǁeǀeƌ, iŶ this

eŶeƌgǇ oŶlǇ the ƌotaioŶ aƌouŶd the sǇŵŵetƌǇ aǆis of the ŵagŶeizaioŶ is ĐoŶsideƌed. Fƌoŵ a

ĐlassiĐal poiŶt of ǀieǁ it is Ŷot Đleaƌ ǁhǇ Ω1 aŶd Ω2 ŵaǇ ďe ŶegleĐted. IŶ [ϭϵ] this ĐhoiĐe of L
is disĐussed iŶ detail.

IŶ the folloǁiŶg ǁe ǁill siĐk ǁith the LagƌaŶgiaŶ Ϯ.ϯ.ϱ as pƌoposed ďǇ Gilďeƌt. AĐĐoƌdiŶg to

the LagƌaŶgiaŶ foƌŵulaioŶ, the eƋuaioŶ of ŵoioŶ iŶ teƌŵs of the geŶeƌalized ĐooƌdiŶates

q = (θ,φ) is giǀeŶ ďǇ
d
dt

δL
δ
.

qi

− δL
δqi

+
δD

δ
.

qi

= 0 ;Ϯ.ϯ.ϴͿ

ǁheƌe δ/δf deŶotes a fuŶĐioŶal deƌiǀaiǀe aŶd D is aŶ addiioŶal dissipaiǀe RaǇleigh fuŶĐioŶ

that aĐĐouŶts foƌ eŶeƌgǇ losses of the sǇsteŵ. IŶseƌiŶg EƋŶ. Ϯ.ϯ.ϱ iŶto EƋŶ. Ϯ.ϯ.ϴ Ǉields

.
φ sin(θ) =

γ

Ms

[
δU

δθ
+
δD

δ
.
θ

]
;Ϯ.ϯ.ϵͿ

.
θ = − γ

Ms sin(θ)

[
δU

δφ
+
δD

δ
.
φ

]
. ;Ϯ.ϯ.ϭϬͿ

These eƋuaioŶs ofŵoioŶ desĐƌiďe the dǇŶaŵiĐs of theŵagŶeizaioŶ ďǇ the Euleƌ aŶglesφ(r)

aŶd θ(r). IŶ oƌdeƌ to oďtaiŶ a desĐƌipioŶ iŶ ĐaƌtesiaŶ ĐooƌdiŶates, the iŵe deƌiǀaiǀe of the

ŵagŶeizaioŶ iŶ ĐaƌtesiaŶ ĐooƌdiŶates is ĐoŶsideƌed

∂tm = Ω × m =




.
φ sin(θ)

−
.
θ

0


 . ;Ϯ.ϯ.ϭϭͿ

Fuƌtheƌŵoƌe, siŶĐe the ŵagŶeizaioŶ is a uŶit ǀeĐtoƌ field |m| = 1, ǀaƌiaioŶs of the Euleƌ

aŶgles φ aŶd θ aƌe giǀeŶ ďǇ

δm1 = sin(θ)δφ ;Ϯ.ϯ.ϭϮͿ

δm2 = δθ. ;Ϯ.ϯ.ϭϯͿ

HeŶĐe EƋŶ. Ϯ.ϯ.ϵ aŶd Ϯ.ϯ.ϭϬ ĐaŶ ďe ǁƌiteŶ as

∂tm1 =
γ

Ms

[
δU

δm2
+

δD

δ
.

m2

]
;Ϯ.ϯ.ϭϰͿ

∂tm2 = − γ

Ms

[
δU

δm1
+

δD

δ
.

m1

]
;Ϯ.ϯ.ϭϱͿ

oƌ eƋuiǀaleŶtlǇ

∂tm = − γ

Ms
m ×

(
δU

δm
+
δD

δ
.

m

)
. ;Ϯ.ϯ.ϭϲͿ

ChoosiŶg the ƌeasoŶaďle dissipaiǀe fuŶĐioŶD = α∗(∂tm)2 ǁithα∗ ≥ 0 ƌesults iŶ the LaŶdau-

Lifshitz-Gilďeƌt eƋuaioŶ

∂tm = −γ(m × Heff) + α(m × ∂tm) ;Ϯ.ϯ.ϭϳͿ

ϭϮ
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ǁheƌe Heff is the so-Đalled effeĐiǀe field giǀeŶ ďǇ

Heff = − 1

µ0Ms

δU

δm
. ;Ϯ.ϯ.ϭϴͿ

aŶd α ≥ 0 is a daŵpiŶg ĐoŶstaŶt.

Ϯ.ϯ.Ϯ QuaŶtuŵMeĐhaŶiĐal AppƌoaĐh

IŶ SeĐ. Ϯ.ϯ.ϭ it is shoǁŶ that the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ ĐaŶ ďe oďtaiŶed ďǇ appliĐaioŶ

of the ĐlassiĐal LagƌaŶge foƌŵalisŵ. Hoǁeǀeƌ, this ŵethod is ďased oŶ a paƌiĐulaƌ ĐhoiĐe of the

LagƌaŶgiaŶ, ǁhiĐh is Ŷot ĐoŵpletelǇ jusifiaďle ďǇ ĐlassiĐal theoƌǇ.

IŶ this seĐioŶ aƋuaŶtuŵŵeĐhaŶiĐal appƌoaĐh is disĐussed to deƌiǀe the LaŶdau-Lifshitz-Gilďeƌt

eƋuaioŶ. As desĐƌiďed iŶ SeĐ. Ϯ.ϭ the ĐoŶiŶuous ŵagŶeizaioŶ field appƌoǆiŵates a disĐƌete

distƌiďuioŶ of spiŶs. IŶ ƋuaŶtuŵ ŵeĐhaŶiĐs the ĐoŵpoŶeŶts of the spiŶ aƌe desĐƌiďed ďǇ the

spiŶ opeƌatoƌs Ŝi . IŶ the HeiseŶďeƌg piĐtuƌe the iŵe deǀelopŵeŶt of the spiŶ opeƌatoƌs aƌe

giǀeŶ ďǇ
dŜj

dt
=

1

i~

[
Ŝj , Ĥ

]
. ;Ϯ.ϯ.ϭϵͿ

The ĐoŶtƌiďuioŶs to the HaŵiltoŶiaŶ iŶ the ĐoŶteǆt of ŵiĐƌoŵagŶeiĐs ǁill depeŶd oŶ the spiŶ.

Thus it is ƌeasoŶaďle to eǆpaŶd the HaŵiltoŶiaŶ iŶ the spiŶ opeƌatoƌs

[
Ŝj , Ĥ

]
=
∑

k

∂Ĥ

∂Ŝk

[
Ŝk , Ŝj

]
+ O(~2)

= i~
∑

k,l

∂Ĥ

∂Ŝk

ǫjkl Ŝl + O(~2). ;Ϯ.ϯ.ϮϬͿ

IŶseƌiŶg iŶto EƋŶ. Ϯ.ϯ.ϭϵ aŶd usiŶg the ǀeĐtoƌ ŶotaioŶ Ŝ = (Ŝ1, Ŝ2, Ŝ3) Ǉields

dŜ

dt
= −Ŝ × ∂Ĥ

∂Ŝ
+ O(~). ;Ϯ.ϯ.ϮϭͿ

IŶ the ĐlassiĐal liŵit the spiŶ opeƌatoƌsŵaǇ ďe ƌeplaĐed ďǇ the ĐoŶiŶuousŵagŶeizaioŶ ǀeĐtoƌ

M = Msm. Fuƌtheƌ the seĐoŶd teƌŵ ĐaŶ ďe ŶegleĐted siŶĐe ~ → 0. IdeŶifǇiŶg ∂Ĥ/∂Ŝ ǁith

the effeĐiǀe field Heff iŶ EƋŶ. Ϯ.ϯ.ϭϴ leads to

∂tm = −γ′(m × Heff). ;Ϯ.ϯ.ϮϮͿ

This eƋuaioŶ desĐƌiďes the pƌeĐessioŶ of the ŵagŶeizaioŶ aƌouŶd the effeĐiǀe field ǁithout

aŶǇ loss of eŶeƌgǇ. AĐĐoƌdiŶg to the oƌigiŶal ǁoƌk of LaŶdau aŶd Lifshitz [ϭϱ] a pheŶoŵeŶo-

logiĐal daŵpiŶg teƌŵ is added iŶ oƌdeƌ to aĐĐouŶt foƌ these losses. This daŵpiŶg teƌŵ is ĐoŶ-

stƌuĐted suĐh that it is peƌpeŶdiĐulaƌ to the pƌeĐessioŶal teƌŵ. Fuƌtheƌ it should ĐoŶseƌǀe the

ŵagŶeizaioŶ Ŷoƌŵ leadiŶg to

∂tm = −γ′(m × Heff) − α′m × (m × Heff). ;Ϯ.ϯ.ϮϯͿ
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;aͿ

Heff

m

;ďͿ

Heff

m

;ĐͿ

Heff

m

Figuƌe Ϯ.Ϯ: Tiŵe eǀoluioŶ of a siŶgle ŵagŶeiĐ ŵoŵeŶt as desĐƌiďed ďǇ the LaŶdau-Lifshitz-

Gilďeƌt eƋuaioŶ. The ŵoioŶ ĐaŶ ďe diǀided iŶto a pƌeĐessioŶal aŶd a daŵpiŶg

paƌt. ;aͿ PƌeĐessioŶal ŵoioŶ aƌouŶd the effeĐiǀe field. ;ďͿ Daŵped ŵoioŶ. The

ŵagŶeizaioŶ ƌelaǆes toǁaƌds the effeĐiǀe field. ;ĐͿ ResuliŶg ŵoioŶ iŶĐludiŶg

pƌeĐessioŶ aŶd daŵpiŶg.

This is the eǆpliĐit foƌŵ of the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ. It ĐaŶ ďe shoǁŶ that this foƌŵ

is eƋuiǀaleŶt to the iŵpliĐit foƌŵ iŶ EƋŶ. Ϯ.ϯ.ϭϳ. This is doŶe ďǇ iŶseƌiŶg EƋŶ. Ϯ.ϯ.ϭϳ foƌ ∂tm

oŶ the ƌight-haŶd side of EƋŶ. Ϯ.ϯ.ϭϳ aŶd usiŶg the ǀeĐtoƌ ideŶitǇ a × (b × c) = (a · c)b −
(a ·b)c . The ĐoeffiĐieŶts of the diffeƌeŶt ǀeƌsioŶs of the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ saisfǇ

the ƌelaioŶs

γ′ = γ/(1 + α2) ;Ϯ.ϯ.ϮϰͿ

α′ = αγ/(1 + α2). ;Ϯ.ϯ.ϮϱͿ

A full ƋuaŶtuŵ ŵeĐhaŶiĐal desĐƌipioŶ of a spiŶ suďjeĐt to eǆĐhaŶge iŶteƌaĐioŶ, aŶisotƌopǇ

aŶd ZeeŵaŶ field is giǀeŶ iŶ [ϮϬ] ǁheƌe the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ is also oďtaiŶed iŶ

a liŵit Đase.

Ϯ.ϯ.ϯ EffeĐiǀe Field

The LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ desĐƌiďes the ŵoioŶ of the ŵagŶeizaioŶ iŶ aŶ effeĐiǀe

field defiŶed ďǇ EƋŶ. Ϯ.ϯ.ϭϴ. This ŵoioŶ ĐaŶ ďe desĐƌiďed as the suŵ of a pƌeĐessioŶal teƌŵ

aŶd a daŵpiŶg teƌŵ. Figuƌe Ϯ.Ϯ illustƌates these tǁo teƌŵs foƌ the eǆpliĐit foƌŵulaioŶ of the

LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ Ϯ.ϯ.Ϯϯ.

IŶ the Đase of the ZeeŵaŶ eŶeƌgǇ aŶd the deŵagŶeizaioŶ eŶeƌgǇ, the effeĐiǀe field is aŶ aĐtual

field iŶ the ĐlassiĐal seŶse. The ZeeŵaŶ field is diƌeĐtlǇ giǀeŶ ďǇ HzeeŵaŶ, the deŵagŶeizaioŶ

field is Đoŵputed ǀia EƋŶ. Ϯ.Ϯ.Ϯϯ.

Hoǁeǀeƌ, the eǆĐhaŶge field as ǁell as the aŶisotƌopǇ field haǀe to ďe ĐalĐulated ǀia the ǀaƌi-

ϭϰ
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∂Ω
d

|m|

Ω

Ωp

Figuƌe Ϯ.ϯ: A so-Đalled GaussiaŶ pillďoǆ Ωp oŶ the outeƌ ďouŶdaƌǇ of the saŵple Ω. The dis-

ĐoŶiŶuitǇ of the ŵagŶeizaioŶ m aĐƌoss the saŵple ďouŶdaƌǇ ∂Ω is sŵoothed

out ǁithiŶ the pillďoǆ, as sketĐhed oŶ the ƌight-haŶd side. Pƌopeƌies of the dis-

ĐoŶiŶuous sǇsteŵ aƌe oďtaiŶed ďǇ ĐoŶsideƌiŶg the liŵit d → 0.

aioŶal deƌiǀaiǀe iŶ EƋŶ. Ϯ.ϯ.ϭϴ. The eǆĐhaŶge eŶeƌgǇ deŶsitǇ is giǀeŶ ďǇ the iŶtegƌaŶd of

EƋŶ. Ϯ.Ϯ.ϭϬ. ApplǇiŶg the ĐhaiŶ ƌule of ǀaƌiaioŶal ĐalĐulus Ǉields

Heǆ(r) = − A

µ0Ms

δ

δm
(∇m)2 ;Ϯ.ϯ.ϮϲͿ

=
2A

µ0Ms
∆m ;Ϯ.ϯ.ϮϳͿ

AŶalogouslǇ the effeĐiǀe fields foƌ uŶiaǆial aŶd ĐuďiĐ aŶisotƌopǇ aƌe oďtaiŶed ďǇ ĐoŵpuiŶg

the ǀaƌiaioŶal deƌiǀaiǀe of EƋŶ. Ϯ.Ϯ.Ϯϴ aŶd Ϯ.Ϯ.ϯϬ ƌespeĐiǀelǇ

Hu(r) =
2Kuϭ

µ0Ms
eu(eu · m) +

4KuϮ

µ0Ms
eu(eu · m)3 ;Ϯ.ϯ.ϮϴͿ

HĐ(r) = − 2KĐϭ

µ0Ms




m1m2
2 + m1m2

3

m2m2
3 + m2m2

1

m3m2
1 + m3m2

2


− 2KĐϮ

µ0Ms




m1m2
2m2

3

m2
1m2m2

3

m2
1m2

2m3


 . ;Ϯ.ϯ.ϮϵͿ

Ϯ.ϯ.ϰ BouŶdaƌǇ CoŶdiioŶs

Due to the fiƌst deƌiǀate iŶ iŵe the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ is aŶ iŶiial ǀalue pƌoďleŵ.

IŶ oƌdeƌ to fiŶd a soluioŶ m(r , t) foƌ t > t0 the iŶiial ŵagŶeizaioŶm(r , t0) has to ďe kŶoǁŶ.

DepeŶdiŶg oŶ the effeĐiǀe field, addiioŶal ďouŶdaƌǇ ĐoŶdiioŶs aƌe ƌeƋuiƌed iŶ oƌdeƌ to fiŶd a

uŶiƋue soluioŶ of the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ. IŶ faĐt, eǀeŶ ǁith giǀeŶ ďouŶdaƌǇ ĐoŶ-

diioŶs the uŶiƋueŶess of soluioŶs to the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ Đould oŶlǇ ďe shoǁŶ

foƌ speĐial Đases, see [Ϯϭ–Ϯϯ]. Fƌoŵ the effeĐiǀe field ĐoŶtƌiďuioŶ disĐussed iŶ SeĐ. Ϯ.ϯ.ϯ, the

eǆĐhaŶge field is the oŶlǇ oŶe that adds the Ŷeed of ďouŶdaƌǇ ĐoŶdiioŶs due to its seĐoŶd

oƌdeƌ iŶ spaĐe.

If this so-Đalled eǆĐhaŶge ďouŶdaƌǇ ĐoŶdiioŶ is applied oŶ the ďouŶdaƌǇ of aŶ ideal ŵagŶeiĐ

ďodǇ, i.e. a ďouŶdaƌǇ ǁheƌe the ŵagŶeizaioŶ ƌapidlǇ dƌops to zeƌo, it is uŶiƋuelǇ defiŶed.

CoŶsideƌ the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ ǁithout daŵpiŶg aŶd ǁith the eǆĐhaŶge field as

effeĐiǀe field.

∂tm = −γm × ∆m. ;Ϯ.ϯ.ϯϬͿ
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SiŶĐe at the ďouŶdaƌǇ of aŶ ideal ŵagŶeiĐ ďodǇ the LaplaĐiaŶ of the ŵagŶeizaioŶ ∆m is

Ŷot defiŶed, a liŵiiŶg pƌoĐeduƌe is used to oďtaiŶ the ďouŶdaƌǇ ĐoŶdiioŶ. Like iŶ SeĐ. Ϯ.Ϯ.Ϯ

the ŵagŶeizaioŶ is ĐoŶsideƌed to deĐaǇ ĐoŶiŶuouslǇ iŶ a fiŶite iŶteƌǀal d . EƋuaioŶ Ϯ.ϯ.ϯϬ

is iŶtegƌated oǀeƌ a so-Đalled GaussiaŶ pillďoǆ as sketĐhed iŶ Fig. Ϯ.ϯ. AppliĐaioŶ of GƌeeŶ's

theoƌeŵ Ǉields
∫

Ωp

∂tmi dr =

∫

Ωp

ǫijkmj∆mk dr ;Ϯ.ϯ.ϯϭͿ

=

∫

∂Ωp

ǫijkmj
∂mk

∂n
dr −

∫

Ωp

ǫijk∇mj · ∇mk dr . ;Ϯ.ϯ.ϯϮͿ

The seĐoŶd iŶtegƌal oŶ the ƌight-haŶd side of EƋŶ. Ϯ.ϯ.ϯϮ ǀaŶishes due to the skeǁ-sǇŵŵetƌiĐ

Leǀi-Ciǀita teŶsoƌ ǫ. The ďouŶdaƌǇ of the pillďoǆ ∂Ωp ĐoiŶĐides ǁith the ďouŶdaƌǇ of the ŵag-

ŶeiĐ ďodǇΩ oŶ oŶe side eǆĐept foƌ the oƌieŶtaioŶ. The otheƌ side of the pillďoǆ is outside the

ŵagŶeiĐ ďodǇ ǁheƌe |m| = 0. HeŶĐe EƋŶ. Ϯ.ϯ.ϯϮ ƌeads
∫

Ωp

∂tm dr = −
∫

∂Ω

m × ∂m

∂n
dr ;Ϯ.ϯ.ϯϯͿ

IŶ the liŵit d → 0 the ǀoluŵe iŶtegƌal oŶ the let-haŶd-side of EƋŶ. Ϯ.ϯ.ϯϭ ǀaŶishes. SiŶĐe the

faĐes of the pill ďoǆ ĐaŶ ďe ĐhoseŶ aƌďitƌaƌilǇ the ďouŶdaƌǇ ĐoŶdiioŶ

m × ∂m

∂n
= 0 ;Ϯ.ϯ.ϯϰͿ

ŵust hold iŶ eǀeƌǇ ďouŶdaƌǇ poiŶt. Fuƌtheƌ siŶĐe |m| = 1 the Ŷoƌŵal deƌiǀaiǀe of the ŵagŶe-

izaioŶ is peƌpeŶdiĐulaƌ to the ŵagŶeizaioŶ iŶ eǀeƌǇ poiŶt ∂m/∂n ⊥ m aŶd thus

∂m

∂n
= 0. ;Ϯ.ϯ.ϯϱͿ

This is the so-Đalled eǆĐhaŶge ďouŶdaƌǇ ĐoŶdiioŶ, ǁhiĐh is the ƌight ĐhoiĐe if the ďouŶdaƌǇ of

the ĐoŵputaioŶal doŵaiŶ Ω ĐoiŶĐides ǁith the ďouŶdaƌǇ of aŶ ideal ŵagŶet as shoǁŶ aďoǀe.

EƋuaioŶ Ϯ.ϯ.ϯϱ ǁas oƌigiŶallǇ deƌiǀed ďǇ Rado aŶd WeeƌtŵaŶ iŶ [Ϯϰ]. Befoƌe, it ǁas shoǁŶ ďǇ

BƌoǁŶ that the saŵe ďouŶdaƌǇ ĐoŶdiioŶ has to hold iŶ eŶeƌgeiĐ eƋuiliďƌiuŵ [Ϯϱ]. DepeŶd-

iŶg oŶ fuƌtheƌ ĐoŶtƌiďuioŶs to the effeĐiǀe field, suĐh as suƌfaĐe aŶisotƌopǇ, this ďouŶdaƌǇ

ĐoŶdiioŶ ĐhaŶges aĐĐoƌdiŶglǇ, see [ϭϬ].

Ϯ.ϯ.ϱ Pƌopeƌies of the LaŶdau-Lifshitz-Gilďeƌt EƋuaioŶ

PƌeseƌǀaioŶ of Modulus

As ŵeŶioŶed iŶ SeĐ. Ϯ.ϭ the ŵagŶeizaioŶ m is assuŵed to ďe Ŷoƌŵalized eǀeƌǇǁheƌe. This

featuƌe is pƌeseƌǀed ďǇ the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ. CoŶsideƌ the iŵe deƌiǀaiǀe of

the sƋuaƌed ŵagŶeizaioŶ

∂t |m|2 = ∂t(m · m) = 2∂tm · m. ;Ϯ.ϯ.ϯϲͿ

IŶseƌiŶg EƋŶ. Ϯ.ϯ.ϭϳ iŵŵediatelǇ Ǉields ∂t |m|2 = 0 aŶd thus also ∂t |m| = 0.

ϭϲ
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LǇapuŶoǀ StƌuĐtuƌe

If the eŶeƌgǇ fuŶĐioŶal of a ŵagŶeiĐ sǇsteŵ does Ŷot eǆpliĐitlǇ depeŶd oŶ the iŵe, i.e. if the

eǆteƌŶal field is ĐoŶstaŶt iŶ iŵe, the iŵe deƌiǀaiǀe of the eŶeƌgǇ deŶsitǇ ŵaǇ ďe ǁƌiteŶ as

∂tU =
δU

δm
· ∂tm ;Ϯ.ϯ.ϯϳͿ

= −µ0MsHeff · ∂tm. ;Ϯ.ϯ.ϯϴͿ

ReplaĐiŶg ∂tm ǁith EƋŶ. Ϯ.ϯ.Ϯϯ aŶd spaial iŶtegƌaioŶ Ǉields

∂tE = µ0Ms

∫

Ω

Heff[γ′m × Heff + α′ · m × (m × Heff)] dr ;Ϯ.ϯ.ϯϵͿ

= −µ0Msα
′
∫

Ω

|m × H|2 dr ;Ϯ.ϯ.ϰϬͿ

≤ 0. ;Ϯ.ϯ.ϰϭͿ

This ŵeaŶs that the eŶeƌgǇ of a ŵagŶeiĐ sǇsteŵ is alǁaǇs a ŶoŶ iŶĐƌeasiŶg fuŶĐioŶ iŶ iŵe.

The LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ is said to haǀe LǇapuŶoǀ stƌuĐtuƌe [Ϯϲ, Ϯϳ].

HaŵiltoŶiaŶ StƌuĐtuƌe

IŶ the speĐial Đase of Ŷo daŵpiŶg α = 0 the ƌight-haŶd side of EƋŶ. Ϯ.ϯ.ϰϬ ǀaŶishes

∂tE = 0. ;Ϯ.ϯ.ϰϮͿ

IŶ this Đase the eŶeƌgǇ of the sǇsteŵ ist pƌeseƌǀed aŶd the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ has

HaŵiltoŶiaŶ stƌuĐtuƌe.

Ϯ.ϰ Liŵits aŶd EǆteŶsioŶs of the MiĐƌoŵagŶeiĐ Model

As disĐussed iŶ SeĐ. Ϯ.ϭ the ŵiĐƌoŵagŶeiĐ ŵodel iŶtƌoduĐes a set of siŵplifiĐaioŶs to the

ƋuaŶtuŵ ŵeĐhaŶiĐal desĐƌipioŶ of ŵagŶeisŵ. While jusified foƌ a ďƌoad ƌaŶge of appliĐa-

ioŶs, these siŵplifiĐaioŶs ŵaǇ ďe iŶappƌopƌiate iŶ soŵe Đases. The suĐĐessfull appliĐaioŶ of

ŵiĐƌoŵagŶeisŵ to phǇsiĐal pƌoďleŵs ƌeƋuiƌes a solid uŶdeƌstaŶdiŶg of the oƌigiŶ of thisŵodel.

It is ĐƌuĐial to ĐoŶsideƌ its uŶdeƌlǇiŶg assuŵpioŶs aŶd siŵplifiĐaioŶs iŶ oƌdeƌ to pƌediĐt the ǀa-

liditǇ of siŵulaioŶ ƌesults foƌ speĐifiĐ phǇsiĐal pƌoďleŵs. Without ĐlaiŵiŶg to ďe Đoŵplete,

this seĐioŶ disĐusses a Ŷuŵďeƌ of liŵits aŶd eǆteŶsioŶ to the ďasiĐ ŵiĐƌoŵagŶeiĐ ŵodel as

iŶtƌoduĐed iŶ the pƌeĐediŶg seĐioŶs.
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BloĐh PoiŶts

The ĐeŶtƌal assuŵpioŶ iŶ ŵiĐƌoŵagŶeiĐs is the hoŵogeŶeous satuƌaioŶ ŵagŶeizaioŶ Ms.

This assuŵpioŶ is jusified ďǇ the faĐt that feƌƌoŵagŶeiĐ ŵateƌials aƌe suďjeĐt to eǆĐhaŶge

ĐoupliŶg ǁhiĐh leads to loĐallǇ alŵost peƌfeĐtlǇ aligŶed ŵagŶeiĐ ŵoŵeŶts.

Hoǁeǀeƌ, ĐeƌtaiŶ ŵagŶeiĐ pƌoĐesses iŶǀolǀe the ĐƌeaioŶ of ŵagŶeiĐ siŶgulaƌiies Đalled BloĐh

poiŶts. At these BloĐh poiŶts the ŵagŶeizaioŶ ĐhaŶges ƌapidlǇ iŶ spaĐe, ǁhiĐh is iŶĐoŶsisteŶt

ǁith the ďasiĐ assuŵpioŶ of a hoŵogeŶeous Ms iŶ ŵiĐƌoŵagŶeiĐs. Despite this faĐt it ǁas

shoǁŶ iŶ [Ϯϴ] that ŵiĐƌoŵagŶeiĐ siŵulaioŶs iŶǀolǀiŶg the ĐƌeaioŶ of BloĐh poiŶts aƌe aďle

to desĐƌiďe the ĐoƌƌespoŶdiŶg pƌoĐesses iŶ aĐĐoƌdaŶĐe ǁith eǆpeƌiŵeŶts, although the eŶeƌgǇ

deŶsitǇ at the BloĐh poiŶt is uŶdeƌesiŵated.

Teŵpeƌatuƌe

AŶotheƌ eǆaŵple foƌ the ǀiolaioŶ of the ŵiĐƌoŵagŶeiĐ assuŵpioŶ of a loĐallǇ hoŵogeŶeous

ŵagŶeizaioŶ is giǀeŶ ďǇ theƌŵal effeĐts. Theƌŵal effeĐts aƌe ŵost ŶatuƌallǇ ƌefleĐted ďǇ loĐal

peƌtuƌďaioŶ of ŵagŶeiĐ ŵoŵeŶts. PeƌtuƌďaioŶ of a siŶgle ŵagŶeiĐ ŵoŵeŶt, hoǁeǀeƌ, oď-

ǀiouslǇ ďƌeaks the hoŵogeŶeitǇ of the ŵagŶeizaioŶ. IŶ the fƌaŵeǁoƌk of ĐlassiĐal ŵiĐƌoŵag-

ŶeiĐs a possiďle appƌoaĐh foƌ ĐoŶsideƌaioŶ of fiŶite teŵpeƌatuƌe is the ƌeduĐioŶ of the satu-

ƌaioŶŵagŶeizaioŶ aĐĐoƌdiŶg to aŵeaŶ-field appƌoǆiŵaioŶ, see [Ϯϵ]. AŶotheƌ appƌoaĐh is to

add a fluĐtuaiŶg field to the effeĐiǀe field, ǁhiĐh ĐoŶǀeƌts the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ

iŶto a stoĐhasiĐ diffeƌeŶial eƋuaioŶ, see [ϯϬ]. Both of these teĐhŶiƋues do Ŷot aĐĐouŶt foƌ

loĐal ĐhaŶges iŶ the satuƌaioŶ ŵagŶeizaioŶ aŶd as a ƌesult ďoth ŵethods fail to desĐƌiďe the

ŵagŶeizaioŶ dǇŶaŵiĐs ĐoƌƌeĐtlǇ ǁheŶ appƌoaĐhiŶg the Cuƌie teŵpeƌatuƌe. This defiĐieŶĐǇ

is oǀeƌĐoŵe ďǇ the LaŶdau-Lifshitz-BloĐh eƋuaioŶ, ǁhiĐh eǆteŶds the LaŶdau-Lifshitz-Gilďeƌt

eƋuaioŶ Ŷot oŶlǇ ďǇ a fluĐtuaiŶg field, ďut also ďǇ a teƌŵ that alloǁs the ĐhaŶge of the ŵag-

ŶeizaioŶ ŵodulus [ϯϭ].

SpiŶ Polaƌized CuƌƌeŶt

Otheƌ suĐĐessfull eǆteŶsioŶs to the ŵiĐƌoŵagŶeiĐ ŵodel iŶĐlude the desĐƌipioŶ of spiŶ polaƌ-

ized ĐuƌƌeŶts aŶd its iŶteƌaĐioŶs ǁith the ŵagŶeizaioŶ ĐoŶfiguƌaioŶ [ϯϮ]. A faŵous appliĐa-

ioŶ foƌ this iŶteƌaĐioŶ is the ŵagŶeiĐ ƌaĐetƌaĐk ŵeŵoƌǇ pƌoposed ďǇ PaƌkiŶ et al. iŶ [ϲ].

IŶteƌfaĐes

The ŵiĐƌoŵagŶeiĐ ŵodel ǁas desigŶed to desĐƌiďe the eŶeƌgeiĐs aŶd dǇŶaŵiĐs iŶ a hoŵo-

geŶeous ŵateƌial. Thus the desĐƌipioŶ of iŶteƌfaĐes ďetǁeeŶ diffeƌeŶt ŵateƌials giǀes ƌise to
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aŶotheƌ liŵit of the ŵodel. The ŵagŶeiĐ ĐoupliŶg at these iŶteƌfaĐes is oteŶ Ŷot eŶiƌelǇ Đleaƌ

aŶd ĐaŶ ďe suďjeĐt to ƋuaŶtuŵ ŵeĐhaŶiĐal effeĐts that aƌe Ŷot Đoǀeƌed ďǇ the ŵiĐƌoŵagŶeiĐ

ŵodel. These effeĐts iŶĐlude theRudeƌŵaŶ-Kitel-KasuǇa-Yosida iŶteƌaĐioŶ ;RKKYͿ [ϯϯ] aŶd the

DzǇaloshiŶskii-MoƌiǇa IŶteƌaĐioŶ ;DMIͿ [ϯϰ]. Woƌk has ďeeŶ doŶe oŶ the iŶtegƌaioŶ of these

effeĐts iŶtoŵiĐƌoŵagŶeiĐ theoƌǇ aŶd ĐoŵputaioŶs, see [ϯϱ–ϯϳ]. A ĐoŵŵoŶ siŵplifiĐaioŶ foƌ

the desĐƌipioŶ of thiŶ ŵulilaǇeƌ ŵateƌials hoǁeǀeƌ is the assuŵpioŶ of a ďulk ŵateƌial ǁith

effiĐieŶt ŵateƌial ĐoŶstaŶts. These effiĐieŶt ŵateƌial ĐoŶstaŶts aƌe deteƌŵiŶed ďǇ eǆpeƌiŵeŶts.

Ϯ.ϱ SolǀiŶg the MiĐƌoŵagŶeiĐ EƋuaioŶs

The LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ ǁith effeĐiǀe field ĐoŶtƌiďuioŶs as iŶtƌoduĐed iŶ the pƌe-

ĐediŶg seĐioŶs is a ŶoŶ-liŶeaƌ paƌial diffeƌeŶial eƋuaioŶ iŶ spaĐe aŶd iŵe. Apaƌt fƌoŵ soŵe

siŵplified edge Đases the aƌisiŶg sǇsteŵ of eƋuaioŶs ĐaŶŶot ďe solǀed aŶalǇiĐallǇ. This ǁoƌk is

dediĐated to the ŶuŵeƌiĐal soluioŶ of the ŵiĐƌoŵagŶeiĐ eƋuaioŶs. IŶ the folloǁiŶg Đhapteƌs

the disĐƌete soluioŶ of the diffeƌeŶt suďpƌoďleŵs is disĐussed iŶ detail. AŶ oǀeƌǀieǁ oǀeƌ eǆist-

iŶgŵethods is giǀeŶ aŶd Ŷoǀel ŵethods aƌe iŶtƌoduĐed. FiŶallǇ the opeŶ-souƌĐe fiŶite-eleŵeŶt

ŵiĐƌoŵagŶeiĐ siŵulaioŶ Đode ŵagŶuŵ.fe is pƌeseŶted.
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CHAPTER ϯ

DeŵagŶeizaioŶ Field

The effeĐiǀe field ĐoŶtƌiďuioŶs iŶtƌoduĐed iŶ SeĐ. Ϯ.ϯ.ϯ ĐaŶ ďe Đlassified ďǇ theiƌ spaial ƌaŶge

ǁith ƌespeĐt to the ŵagŶeizaioŶ. The ZeeŵaŶ field aŶd the aŶisotƌopǇ field aƌe loĐal ĐoŶtƌi-

ďuioŶs. While the ZeeŵaŶ field does Ŷot depeŶd oŶ the ŵagŶeizaioŶ at all, the aŶisotƌopǇ

field at a ĐeƌtaiŶ poiŶt r oŶlǇ depeŶds oŶ the ŵagŶeizaioŶ m(r) at that poiŶt. The eǆĐhaŶge

field depeŶds oŶ the LaplaĐiaŶ of the ŵagŶeizaioŶ. IŶ oƌdeƌ to Đoŵpute the eǆĐhaŶge field

at posiioŶ r the ŵagŶeizaioŶ has to ďe ĐoŶsideƌed at least iŶ a sŵall aƌea aƌouŶd r so its

LaplaĐiaŶ ĐaŶ ďe Đoŵputed. The deŵagŶeizaioŶ field is the oŶlǇ loŶg-ƌaŶge ĐoŶtƌiďuioŶ ǁith

ƌespeĐt to the ŵagŶeizaioŶ. At eǀeƌǇ poiŶt r the deŵagŶeizaioŶ field Hdeŵag(r) depeŶds

oŶ the ŵagŶeizaioŶ at eǀeƌǇ poiŶt iŶ the ŵagŶeiĐ ƌegioŶ.

This loŶg-ƌaŶge pƌopeƌtǇ leads to a high ĐoŵputaioŶal ĐoŵpleǆitǇ of the disĐƌete deŵagŶeiza-

ioŶ-field ĐalĐulaioŶ, ǁhiĐh ŵakes it aŶ iŶteƌesiŶg topiĐ foƌ peƌfoƌŵaŶĐe opiŵizaioŶ. While

the loĐal aŶd shoƌt-ƌaŶge fields aƌe Đoŵputedǁith atŵostO(N), a Ŷaiǀe deŵagŶeizaioŶ-field

algoƌithŵ sĐales ǁith O(N2) ǁheƌe N is the total Ŷuŵďeƌ of siŵulaioŶ Đells. Seǀeƌal ŵethods

haǀe ďeeŶ pƌoposed to ƌeduĐe this ĐoŵpleǆitǇ. These ŵethods ĐaŶ ďe diǀided iŶto the gƌoup

of iŶtegƌal ŵethods aŶd the gƌoup of ǀaƌiaioŶal ŵethods. While the iŶtegƌal ŵethods ƌelǇ oŶ

the iŶtegƌal eǆpƌessioŶs iŶ EƋŶ. Ϯ.Ϯ.ϮϮ aŶd Ϯ.Ϯ.Ϯϯ, the ǀaƌiaioŶal ŵethods solǀe the PoissoŶ

eƋuaioŶ Ϯ.Ϯ.ϭϰ diƌeĐtlǇ.

IŶtegƌal ŵethods iŶĐlude Fouƌieƌ-tƌaŶsfoƌŵ ŵethods oŶ ƌegulaƌ gƌids [ϯϴ–ϰϬ] as ǁell as oŶ iƌ-

ƌegulaƌ gƌids [ϰϭ], fast-ŵulipole ŵethods [ϰϮ, ϰϯ], ŶoŶuŶifoƌŵ gƌid ŵethods [ϰϰ], aŶd the ƌe-

ĐeŶtlǇ deǀeloped teŶsoƌ-gƌid ŵethods [ϰϱ–ϰϴ]. VaƌiaioŶal ŵethods iŶĐlude ǀaƌiaioŶs of the

fiŶite-eleŵeŶt ŵethod aŶd ďouŶdaƌǇ-eleŵeŶt ŵethod [ϰϵ, ϱϬ]. IŶ the folloǁiŶg the Fouƌieƌ-

spaĐe ŵethods as ǁell as the fiŶite-eleŵeŶt ŵethods aƌe disĐussed iŶ detail. Note that the

deŵagŶeizaioŶ field Hdeŵag is aďďƌeǀiated as H thƌoughout this Đhapteƌ.
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ϯ.ϭ Fouƌieƌ-SpaĐe Methods

CoŶsideƌ aŶ aƌďitƌaƌǇ paƌiioŶiŶg of the ŵagŶeiĐ ďodǇ Ω iŶto siŵulaioŶ Đells Ωi

Ω =
⋃

i

Ωi ǁith Ωi ∩ Ωj = ∅ if i 6= j . ;ϯ.ϭ.ϭͿ

IŶ the pƌeseŶted disĐƌeizaioŶ sĐheŵe the ŵagŶeizaioŶ is assuŵed to ďe ĐoŶstaŶt iŶ eǀeƌǇ

siŵulaioŶ Đell Ωi

m(r) = mi ∀ r ∈ Ωi . ;ϯ.ϭ.ϮͿ

Thus the ŵagŶeizaioŶ is ƌepƌeseŶted ďǇ 3N ƌeal ǀalues, ǁheƌe N is the Ŷuŵďeƌ of siŵulaioŶ

Đells. AĐĐoƌdiŶg to EƋŶ. Ϯ.Ϯ.Ϯϯ the deŵagŶeizaioŶ field is the ƌesult of a thƌee-diŵeŶsioŶal

ĐoŶǀoluioŶ. With the disĐƌeizaioŶ ϯ.ϭ.ϭ aŶd ϯ.ϭ.Ϯ it is giǀeŶ ďǇ

H(r) =

∫

Ω

Ñ(r − r ′)M(r ′) dr ′ ;ϯ.ϭ.ϯͿ

= Ms
∑

j

[∫

Ωj

Ñ(r − r ′) dr ′

]
mj . ;ϯ.ϭ.ϰͿ

The deŵagŶeizaioŶ field is usuallǇ Đoŵputed usiŶg the saŵe disĐƌeizaioŶ as the ŵagŶeiza-

ioŶ. IŶ oƌdeƌ to ƌetƌieǀe a siŶgle ƌepƌeseŶtaiǀe ǀalue of the deŵagŶeizaioŶ field peƌ siŵula-

ioŶ Đell, the aǀeƌage ǀalue of the field Hi oǀeƌ eaĐh Đell Ωi is Đoŵputed

Hi = Ms
∑

j

[
1

Vi

∫

Ωi

∫

Ωj

Ñ(r − r ′) dr dr ′

]
mj ;ϯ.ϭ.ϱͿ

=
∑

j

Aijmj ;ϯ.ϭ.ϲͿ

ǁheƌeVi is the ǀoluŵe of the siŵulaioŶ Đell i . The deŵagŶeizaioŶ-field opeƌatoƌA is a deŶse

3N ×3N ŵatƌiǆ that oŶlǇ depeŶds oŶ the spaial disĐƌeizaioŶ of the pƌoďleŵ. This eǆpƌessioŶ

ĐaŶ ƌeadilǇ ďe used foƌ the disĐƌete ĐoŵputaioŶ of the deŵagŶeizaioŶ field. Hoǁeǀeƌ, this

ŵethod sĐales ǁith O(N2) foƌ ďoth stoƌage ƌeƋuiƌeŵeŶts aŶd ĐoŵputaioŶal ĐoŵpleǆitǇ aŶd

is thus Ŷot suited foƌ laƌge-sĐale pƌoďleŵs.

BǇ ĐhoosiŶg a peƌiodiĐ spaial disĐƌeizaioŶ the ĐoŶǀoluioŶ stƌuĐtuƌe of the pƌoďleŵ ĐaŶ ďe

eǆploited oŶ the disĐƌete leǀel. UsiŶg a peƌiodiĐ disĐƌeizaioŶ, eǀeƌǇ siŵulaioŶ Đell Ωi has the

saŵe shape as a ƌefeƌeŶĐe Đell Ωƌef

✶Ωi
(r) = ✶Ωƌef(r − ri ). ;ϯ.ϭ.ϳͿ

ǁheƌe i is a ŵuliiŶdeǆ adƌessiŶg the siŵulaioŶ Đell Ωi aŶd the spaial offset of Ωi to the ƌef-

eƌeŶĐe Đell Ωƌef is giǀeŶ ďǇ ri , see Fig. ϯ.ϭ. Fuƌtheƌŵoƌe the offset fƌoŵ aŶ aƌďitƌaƌǇ siŵulaioŶ

ĐellΩi to aŶotheƌ siŵulaioŶ ĐellΩj is theŵuliple of a Đell offset∆r iŶ eǀeƌǇ spaial diŵeŶsioŶ

ri − rj =
∑

k

(ik − jk)∆rk . ;ϯ.ϭ.ϴͿ
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;aͿ

Ωƌef

∆r1

∆r2

Ωi

ri

;ďͿ

Ωƌef

∆r1

∆r2

Ωiri

Figuƌe ϯ.ϭ: Eǆaŵples foƌ peƌiodiĐ ŵeshes iŶ tǁo diŵeŶsioŶs as ƌeƋuiƌed ďǇ Fouƌieƌ-spaĐe

ŵethods. ;aͿ A Đuƌǀed ƌefeƌeŶĐe Đell ǁith peƌiodiĐitǇ aloŶg ŶoŶ-oƌthogoŶal aǆes.

;ďͿ The ĐoŵŵoŶ ƌeĐtaŶgulaƌ/ĐuďiĐ ŵesh is a speĐial Đase of a geŶeƌal peƌiodiĐal

ŵesh.

With EƋŶ. ϯ.ϭ.ϳ aŶd ϯ.ϭ.ϴ the iŶtegƌals iŶ EƋŶ. ϯ.ϭ.ϲ ĐaŶ ďe ĐoŶǀeƌted iŶto iŶtegƌals oǀeƌ the

ƌefeƌeŶĐe Đell Ωƌef

Hi = Ms
∑

j

[
1

Vi

∫∫

Ωƌef

Ñ

(
∑

k

(ik − jk)∆rk + r − r ′

)
dr dr ′

]
mj . ;ϯ.ϭ.ϵͿ

This eǆpƌessioŶ has the foƌŵ of a thƌee-diŵeŶsioŶal disĐƌete ĐoŶǀoluioŶ

Hi = Ms
∑

j

Ñi−jmj ;ϯ.ϭ.ϭϬͿ

Ñi−j =
1

Vi

∫∫

Ωƌef

Ñ

(
∑

k

(ik − jk)∆rk + r − r ′

)
dr dr ′ ;ϯ.ϭ.ϭϭͿ

siŶĐe it oŶlǇ depeŶds oŶ the diffeƌeŶĐe of the ŵuliiŶdiĐes i aŶd j . Heƌe Ñi−j deŶotes the

disĐƌete deŵagŶeizaioŶ teŶsoƌ. Note that Ñi−j has eŶtƌies foƌ eǀeƌǇ possiďle Đell distaŶĐe

ǁhiĐh aŵouŶts to
∏

k(2Nk − 1) ≈ 2dN , ǁheƌe Nk deŶotes the Ŷuŵďeƌ of Đells iŶ spaial

diŵeŶsioŶ k aŶd d deŶotes the Ŷuŵďeƌ of diŵeŶsioŶs. This ƌeduĐes the stoƌage ƌeƋuiƌeŵeŶts

fƌoŵ O(N2) foƌ the deŵagŶeizaioŶ opeƌatoƌ A to O(N) of the deŵagŶeizaioŶ teŶsoƌ Ñi−j .

Hoǁeǀeƌ, the Ŷaiǀe iŵpleŵeŶtaioŶ of the ĐoŶǀoluioŶ iŶ EƋŶ. ϯ.ϭ.ϭϬ sill has a ĐoŵputaioŶal

ĐoŵpleǆitǇ of O(N2).

ϯ.ϭ.ϭ CoŶǀoluioŶ Theoƌeŵ

This ĐoŵpleǆitǇ ĐaŶ ďe ƌeduĐed ďǇ appliĐaioŶ of the ĐoŶǀoluioŶ theoƌeŵ. The disĐƌete ĐoŶ-

ǀoluioŶ theoƌeŵ states that the ĐoŶǀoluioŶ ĐaŶ ďe eǆpƌessed as a Đell-ǁise ŵulipliĐaioŶ iŶ

Fouƌieƌ spaĐe

F(f ∗ g) = F(f )F(g) ;ϯ.ϭ.ϭϮͿ

ϮϮ
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ǁheƌe F deŶotes the disĐƌete Fouƌieƌ tƌaŶsfoƌŵ aŶd f ∗ g is the disĐƌete ĐoŶǀoluioŶ giǀeŶ ďǇ

(f ∗ g)i =
∑

j

fj gi−j . ;ϯ.ϭ.ϭϯͿ

The foƌŵulae iŶ EƋŶ. ϯ.ϭ.ϭϮ aŶd ϯ.ϭ.ϭϯ aƌe defiŶed foƌ oŶe-diŵeŶsioŶal seƋueŶĐes f aŶd g .

Hoǁeǀeƌ, the ĐoŶǀoluioŶ iŶ EƋŶ. ϯ.ϭ.ϭϬ is ŵulidiŵeŶsioŶal iŶ tǁo ǁaǇs. Fiƌst the ĐoŶǀoluioŶ

is defiŶed ďetǁeeŶ a teŶsoƌ Ñ aŶd a ǀeĐtoƌ m. Due to the liŶeaƌitǇ of the ĐoŶǀoluioŶ, the

teŶsoƌ–ǀeĐtoƌ ŵulipliĐaioŶ ĐaŶ ďe eǆĐhaŶged ǁith the ĐoŶǀoluioŶ opeƌaioŶ ǁhiĐh Ǉields

Hk,i = Ms
∑

l

∑

j

Nkl ,i−j ml ,j . ;ϯ.ϭ.ϭϰͿ

Fuƌtheƌŵoƌe the ĐoŶǀoluioŶ is defiŶed oŶ a thƌee-diŵeŶsioŶal gƌid that is addƌessed ďǇ the

ŵuliiŶdiĐes i aŶd j . WƌiiŶg these iŶdiĐes as tƌiples of sĐalaƌs i = (i1, i2, i3) Ǉields

Hk,i1,i2,i3 = Ms
∑

l ,j1,j2,j3

Nkl ,i1−j1,i2−j2,i3−j3 ml ,j1,j2,j3 . ;ϯ.ϭ.ϭϱͿ

BǇ pƌoĐessiŶg eaĐh iŶdeǆ jx sepaƌatelǇ this eǆpƌessioŶ ĐaŶ ďe ǁƌiteŶ as Ŷested suŵs of oŶe-

diŵeŶsioŶal ĐoŶǀoluioŶs. StaƌiŶg ǁith the iŶdeǆ j3 Ǉields aŶ outeƌ suŵ oǀeƌ oŶe-diŵeŶsioŶal

ĐoŶǀoluioŶs

Hk,i1,i2,i3 = Ms
∑

l ,j1,j2

∑

j3

Nkl ,i1−j1,i2−j2,i3−j3 ml ,j1,j2,j3 ;ϯ.ϭ.ϭϲͿ

= Ms
∑

l ,j1,j2

Nkl ,i1−j1,i2,−j2 ∗ ml ,j1,j2 ;ϯ.ϭ.ϭϳͿ

ǁheƌe the ĐoŶǀoluioŶopeƌatoƌ ∗ aĐts oŶ the fƌee iŶdiĐes i3−j3 aŶd j3 ƌespeĐiǀelǇ. CoŶsideƌ the

ĐoƌƌespoŶdiŶg Fouƌieƌ-tƌaŶsfoƌŵ opeƌatoƌ Fx that applies the Fouƌieƌ tƌaŶsfoƌŵ of aŶ oďjeĐt

ai1,i2,i3 iŶ ix -diƌeĐioŶ foƌ all possiďle tuples of the ƌeŵaiŶiŶg iŶdiĐes. With this opeƌatoƌ the

ĐoŶǀoluioŶ iŶ EƋŶ. ϯ.ϭ.ϭϳ ĐaŶ ďe ǁƌiteŶ as

Hk,i1,i2,i3 = Ms
∑

l

F−1
3



∑

j1,j2

F3(Nkl)i1−j1,i2−j2 F3(ml)j1,j2




i3

;ϯ.ϭ.ϭϴͿ

= Ms
∑

l

F−1
3



∑

j1

F3(Nkl)i1−j1 ∗ F3(ml)j1




i3

;ϯ.ϭ.ϭϵͿ

...

= Ms
∑

l

F
−1 [F(Nkl) F(ml)]i1,i2,i3

;ϯ.ϭ.ϮϬͿ

ǁheƌe F = F1F2F3 is the thƌee-diŵeŶsioŶal Fouƌieƌ tƌaŶsfoƌŵ. The eǆĐhaŶge of Fouƌieƌ

tƌaŶsfoƌŵ aŶd suŵŵaioŶ as used iŶ EƋŶ. ϯ.ϭ.ϭϴ is possiďle due to the liŶeaƌitǇ of the Fouƌieƌ

tƌaŶsfoƌŵ. This algoƌithŵ is oteŶ ƌefeƌƌed to as ƌoǁ-ĐoluŵŶ algoƌithŵ [ϱϭ].
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As ŵeŶioŶed aďoǀe the ĐoŶǀoluioŶ ƌeduĐes to a Đell-ǁise ŵulipliĐaioŶ iŶ Fouƌieƌ spaĐe lead-

iŶg to a ĐoŵputaioŶal ĐoŵpleǆitǇ of O(N). This ĐoŵpleǆitǇ hoǁeǀeƌ does Ŷot aĐĐouŶt foƌ

the addiioŶal ĐoŵputaioŶal Đosts due to the Fouƌieƌ tƌaŶsfoƌŵ. The fast Fouƌieƌ tƌaŶsfoƌŵ

algoƌithŵ ;FFTͿ ďǇ CooleǇ aŶd TukeǇ [ϱϮ] has a ĐoŵpleǆitǇ of O(N log N) ǁhiĐh supeƌseeds

the ĐoŵpleǆitǇ of the ŵulipliĐaioŶ aŶd thus giǀes a ŵeasuƌe foƌ the oǀeƌall ĐoŵpleǆitǇ of the

ĐoŶǀoluioŶ ĐoŵputaioŶ.

ϯ.ϭ.Ϯ DisĐƌete DeŵagŶeizaioŶ TeŶsoƌ

The pƌeseŶted ĐoŶǀoluioŶŵethod foƌ the ĐoŵputaioŶ of the deŵagŶeizaioŶ field is appliĐa-

ďle foƌ aƌďitƌaƌǇ disĐƌeizaioŶs as loŶg as theǇ aƌe peƌiodiĐ iŶ the seŶse desĐƌiďed iŶ EƋŶ. ϯ.ϭ.ϳ

aŶd ϯ.ϭ.ϴ. Hoǁeǀeƌ, the ĐoŵputaioŶ of the disĐƌete deŵagŶeizaioŶ teŶsoƌ Ñi−j foƌ Đoŵpli-

Đated ƌefeƌeŶĐe Đells as shoǁŶ iŶ Fig. ϯ.ϭa ŵight ďe uŶfeasiďle.

Foƌ Đuďoid Đells as shoǁŶ iŶ Fig. ϯ.ϭď the disĐƌete teŶsoƌ Ñi−j giǀeŶ ďǇ EƋŶ. ϯ.ϭ.ϭϭ ǁas Đoŵ-

puted aŶalǇiĐallǇ ďǇ Neǁell et al. [ϱϯ]. AĐĐoƌdiŶg to Neǁell the diagoŶal eleŵeŶt N1,1 of the

teŶsoƌ is giǀeŶ ďǇ

N1,1(r ,∆r) =
1

4π∆r1∆r2∆r3

∑

i ,j∈{0,1}

(−1)
∑

x
ix +jx

f [r1 + (i1 − j1)∆r1, r2 + (i2 − j2)∆r2, r3 + (i3 − j3)∆r3] ;ϯ.ϭ.ϮϭͿ

ǁheƌe the fuŶĐioŶ f is defiŶed ďǇ

f (r1, r2, r3) =
|r2|
2

(r2
3 − r2

1 ) sinh−1


 |r2|√

r2
1 + r2

3




+
|r3|
2

(r2
2 − r2

1 ) sinh−1


 |r3|√

r2
1 + r2

2




− |r1r2r3| tan−1


 |r2r3|

r1

√
r2
1 + r2

2 + r2
3




+
1

6
(2r2

1 − r2
2 − r2

3 )
√

r2
1 + r2

2 + r2
3 . ;ϯ.ϭ.ϮϮͿ

The eleŵeŶts N2,2 aŶd N3,3 aƌe oďtaiŶed ďǇ ĐiƌĐulaƌ peƌŵutaioŶ of the ĐooƌdiŶates

N2,2(r ,∆r) = N1,1[(r2, r3, r1), (∆r2,∆r3,∆r1)] ;ϯ.ϭ.ϮϯͿ

N3,3(r ,∆r) = N1,1[(r3, r1, r2), (∆r3,∆r1,∆r2)]. ;ϯ.ϭ.ϮϰͿ

The off-diagoŶal eleŵeŶt N1,2 is giǀeŶ ďǇ

N1,2(r ,∆r) =
1

4π∆r1∆r2∆r3

∑

i ,j∈{0,1}

(−1)
∑

x
ix +jx

g [r1 + (i1 − j1)∆r1, r2 + (i2 − j2)∆r2, r3 + (i3 − j3)∆r3] ;ϯ.ϭ.ϮϱͿ

Ϯϰ
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ǁheƌe the fuŶĐioŶ g is defiŶed ďǇ

g(r1, r2, r3) = (r1r2r3) sinh−1


 r3√

r2
1 + r2

2




+
r2

6
(3r2

3 − r2
2 ) sinh−1


 r1√

r2
2 + r2

3




+
r1

6
(3r2

3 − r2
1 ) sinh−1


 r2√

r2
1 + r2

3




− r3
3

6
tan−1


 r1r2

r3

√
r2
1 + r2

2 + r2
3


− r3r2

2

2
tan−1


 r1r3

r2

√
r2
1 + r2

2 + r2
3




− r3r2
1

2
tan−1


 r2r3

r1

√
r2
1 + r2

2 + r2
3


−

r1r2

√
r2
1 + r2

2 + r2
3

3
. ;ϯ.ϭ.ϮϲͿ

AgaiŶ otheƌ off-diagoŶal eleŵeŶts aƌe oďtaiŶed ďǇ peƌŵutaioŶ of ĐooƌdiŶates

N1,3(r ,∆r) = N1,2[(r1, r3, r2), (∆r1,∆r3,∆r2)] ;ϯ.ϭ.ϮϳͿ

N2,3(r ,∆r) = N1,2[(r2, r3, r1), (∆r2,∆r3,∆r1)]. ;ϯ.ϭ.ϮϴͿ

Like the ĐoŶiŶuous teŶsoƌ Ñ(r − r ′) the disĐƌete teŶsoƌ Ñi−j is sǇŵŵetƌiĐ

Nij = Nji . ;ϯ.ϭ.ϮϵͿ

Thus the aďoǀe defiŶiioŶs of N1,2, N1,3 aŶd N2,3 ĐaŶ ďe used to oďtaiŶ the ƌeŵaiŶiŶg off-

diagoŶal eleŵeŶts.

IŶstead of this aŶalǇiĐal eǆpƌessioŶ, EƋŶ. ϯ.ϭ.ϭϭ ĐaŶ also ďe iŶtegƌated ŶuŵeƌiĐallǇ iŶ oƌdeƌ to

ƌetƌieǀe the eŶtƌies of the disĐƌete deŵagŶeizaioŶ teŶsoƌ. As shoǁŶ ďǇ LeďeĐki et al. iŶ [ϱϰ]

aŶd Kƌügeƌ et al. iŶ [ϱϱ] ŶuŵeƌiĐal iŶtegƌaioŶ leads to ŵoƌe aĐĐuƌate ƌesults iŶ soŵe Đases,

espeĐiallǇ foƌ laƌge Đell distaŶĐes r .

ϯ.ϭ.ϯ SĐalaƌ PoteŶial

IŶ the pƌeĐediŶg seĐioŶs the deŵagŶeizaioŶfield is diƌeĐtlǇ Đoŵputed as the ƌesult of a ĐoŶǀo-

luioŶ. AŶ alteƌŶaiǀe appƌoaĐh is the ĐoŵputaioŶ of the field as gƌadieŶt of the sĐalaƌ poteŶial

u. With EƋŶ. Ϯ.Ϯ.ϮϮ the deŵagŶeizaioŶ field is giǀeŶ ďǇ

H(r) = −∇u ;ϯ.ϭ.ϯϬͿ

= −Ms∇

∫

Ω

S(r − r ′) · m(r ′) dr ′ ;ϯ.ϭ.ϯϭͿ

S(r − r ′) =
1

4π
∇

′ 1

|r − r ′| ;ϯ.ϭ.ϯϮͿ
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AssuŵiŶg agaiŶ a disĐƌeized ŵagŶeizaioŶ as iŶ EƋŶ. ϯ.ϭ.Ϯ that is ĐoŶstaŶt peƌ Đell Ωi Ǉields

u(r) = Ms
∑

j

[∫

Ωj

S(r − r ′) dr ′

]
· mj ;ϯ.ϭ.ϯϯͿ

foƌ the sĐalaƌ poteŶial at aŶ aƌďitƌaƌǇ poiŶt r . Foƌ a peƌiodiĐ spaial disĐƌeizaioŶ that fulfills

EƋŶ. ϯ.ϭ.ϳ aŶd ϯ.ϭ.ϴ this eǆpƌessioŶ ĐaŶ ďe tuƌŶed iŶto a disĐƌete ĐoŶǀoluioŶ

ui = Ms
∑

j

Si−j · mj ;ϯ.ϭ.ϯϰͿ

Si−j =

∫

Ωj

S(ri − r ′) dr ′ ;ϯ.ϭ.ϯϱͿ

=

∫

Ωƌef

S

(
∑

k

(ik − jk)∆rk − r ′

)
dr ′ ;ϯ.ϭ.ϯϲͿ

ǁheƌe Si−j does oŶlǇ depeŶd oŶ the diffeƌeŶĐe of the ŵuliiŶdiĐes i aŶd j . Foƌ Đuďoid siŵula-

ioŶ Đells this iŶtegƌal ĐaŶ ďe ĐalĐulated aŶalǇiĐallǇ. Fiƌst the ǀoluŵe iŶtegƌal is ĐoŶǀeƌted iŶto

a suƌfaĐe iŶtegƌal ǁith the diǀeƌgeŶĐe theoƌeŵ

Si−j =
1

4π

∫

Ωj

∇
1

|ri − r ′| dr ′ ;ϯ.ϭ.ϯϳͿ

=
1

4π

∫

∂Ωj

n′

|ri − r ′| ds ′. ;ϯ.ϭ.ϯϴͿ

CoŶsideƌ the r3-ĐoŵpoŶeŶt of the ǀeĐtoƌ field S. Foƌ Đuďoid ƌegioŶsΩi , ǁhiĐh aƌe aligŶed ǁith

the thƌee pƌiŶĐipal aǆes, oŶlǇ the plaŶes peƌpeŶdiĐulaƌ to the r3-diƌeĐioŶ ĐoŶtƌiďute to the

suƌfaĐe iŶtegƌal

S3(r ,∆r) =
∑

±

± 1

4π

∫
∆r1/2

−∆r1/2

∫
∆r2/2

−∆r2/2

dr ′
1dr ′

2√
(r1 − r ′

1)2 + (r2 − r ′
2)2 + (r3 ∓ ∆r3/2)2

;ϯ.ϭ.ϯϵͿ

ǁheƌe r deŶotes the distaŶĐe to the ĐeŶteƌ of the Đuďoid aŶd ∆r deŶotes the diŵeŶsioŶs of

the Đuďoid. The iŶdefiŶite suƌfaĐe iŶtegƌal ĐaŶ ďe eǀaluated as

F (r1, r2, r3) =
1

4π

∫∫
dr1dr2√

r2
1 + r2

2 + r2
3

=
1

4π

{
− r3 arctan


 r1r2

r3

√
r2
1 + r2

2 + r2
3




+ r2 ln

(
r1 +

√
r2
1 + r2

2 + r2
3

)

+ r1 ln

(
r2 +

√
r2
1 + r2

2 + r2
3

)}
. ;ϯ.ϭ.ϰϬͿ

AsseŵďliŶg the defiŶite iŶtegƌals iŶ EƋŶ. ϯ.ϭ.ϯϵ Ǉields

S3(r ,∆r) =
∑

i ,j,k∈{−1,1}

−ijkF (r1 + i ∆r1
2 , r2 + j ∆r2

2 , r3 + k ∆r3
2 ). ;ϯ.ϭ.ϰϭͿ
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;aͿ ;ďͿ

Figuƌe ϯ.Ϯ: EǀaluaioŶ of the sĐalaƌ poteŶial geŶeƌated ďǇ a souƌĐe Đell. The souƌĐe Đell is

Đoloƌed gƌaǇ. ;aͿ EǀaluaioŶ at Đell ĐeŶteƌs. ;ďͿ EǀaluaioŶ at Đell ǀeƌiĐes.

The ƌeŵaiŶiŶg ĐoŵpoŶeŶts of the ǀeĐtoƌ field S aƌe oďtaiŶed ďǇ ĐǇĐliĐ peƌŵutaioŶ

S1(r ,∆r) =
∑

i ,j,k

−ijkF (r2 + i ∆r2
2 , r3 + j ∆r3

2 , r1 + k ∆r1
2 ) ;ϯ.ϭ.ϰϮͿ

S2(r ,∆r) =
∑

i ,j,k

−ijkF (r3 + i ∆r3
2 , r1 + j ∆r1

2 , r2 + k ∆r2
2 ). ;ϯ.ϭ.ϰϯͿ

BǇ appliĐaioŶ of the ĐoŶǀoluioŶ theoƌeŵ the poteŶial u is thus Đoŵputed ďǇ

ui =
∑

k

F
−1[F(Sk)F(mk)]i . ;ϯ.ϭ.ϰϰͿ

IŶ ĐoŶtƌast to the diƌeĐt ĐalĐulaioŶ of the deŵagŶeizaioŶ field, the poteŶial is Ŷot aǀeƌaged

oǀeƌ a Đell, ďut Đoŵputed at disiŶĐt poiŶts. These saŵpliŶg poiŶts haǀe the saŵe peƌiodiĐitǇ

as the spaial disĐƌeizaioŶ. Hoǁeǀeƌ, theiƌ ƌelaiǀe posiioŶ iŶ a Đell ĐaŶ ďe ĐhoseŶ ďǇ addiŶg

aŶ offset to the ĐoŵputaioŶ of S.

IŶ oƌdeƌ to oďtaiŶ the aĐtual deŵagŶeizaioŶ field, the gƌadieŶt of the poteŶial has to ďe Đoŵ-

puted. OŶ a Đuďoid gƌid the appƌoǆiŵaioŶof the gƌadieŶt is ŶatuƌallǇ giǀeŶďǇfiŶite diffeƌeŶĐes.

A possiďle ĐhoiĐe foƌ the saŵple poiŶts of the poteŶial aƌe the Đell ĐeŶteƌs, see Fig. ϯ.Ϯa. Hoǁ-

eǀeƌ, iŶ oƌdeƌ to Đoŵpute the gƌadieŶt peƌ Đell iŶ a sǇŵŵetƌiĐ fashioŶ, the poteŶial diffeƌeŶĐe

fƌoŵ the ŶeighďoƌiŶg Đells has to ďe eǀaluated. Foƌ the r1-ĐoŵpoŶeŶt this ƌeads

H1,i ≈ ui1+1,i2,i3 − ui1−1,i2,i3

2∆r1
. ;ϯ.ϭ.ϰϱͿ

Foƌ ďouŶdaƌǇ eleŵeŶts the ǀalue foƌ at least oŶe of the ŶeighďoƌiŶg Đellsŵight Ŷot ďe aǀailaďle.

IŶ paƌiĐulaƌ it is Ŷot possiďle to ƌetƌieǀe the fiŶite-diffeƌeŶĐe appƌoǆiŵaioŶ if the ƌegioŶ is

disĐƌeized ďǇ a siŶgle Đell iŶ oŶe diŵeŶsioŶ.

This pƌoďleŵ ĐaŶ ďe aǀoided ďǇ ĐhoosiŶg the saŵple poiŶts at the ǀeƌiĐes of the Đuďoid ŵesh,

see Fig. ϯ.Ϯď. With this ĐhoiĐe the aǀeƌaged deŵagŶeizaioŶ field ĐaŶ ďe Đoŵputed up to fiƌst
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oƌdeƌ ďǇ the aǀeƌaged fiŶite-diffeƌeŶĐes of the Đell ǀeƌiĐes

H1,i ≈
∑

∆2,∆3∈{−1/2,1/2}

ui1+1/2,i2+∆2,i3+∆3
− ui1−1/2,i2+∆2,i3+∆3

∆r1
. ;ϯ.ϭ.ϰϲͿ

The ŵethod desĐƌiďed ďǇ EƋŶ. ϯ.ϭ.ϰϰ aŶd ϯ.ϭ.ϰϲ ǁas iŶtƌoduĐed iŶ [ϰϬ] aŶd is ƌefeƌƌed to as

sĐalaƌ-poteŶial ŵethod foƌ the deŵagŶeizaioŶ-field ĐoŵputaioŶ.

ϯ.ϭ.ϰ PeƌfoƌŵaŶĐe CoŶsideƌaioŶs

Both the diƌeĐt ĐoŵputaioŶ of the deŵagŶeizaioŶ field, iŶ the folloǁiŶg ƌefeƌƌed to as de-

ŵagŶeizaioŶ-teŶsoƌ ŵethod, aŶd the sĐalaƌ-poteŶial ŵethod haǀe aŶ asǇŵptoiĐ Đoŵputa-

ioŶal ĐoŵpleǆitǇ of O(N log N). Hoǁeǀeƌ, a Đlose look at the opeƌaioŶ ĐouŶts shoǁs that the

sĐalaƌ-poteŶial ŵethod has ĐeƌtaiŶ adǀaŶtages oǀeƌ the deŵagŶeizaioŶ-teŶsoƌ ŵethod.

Foƌ the lateƌ the Fouƌieƌ tƌaŶsfoƌŵhas to ďe applied to the ĐoŵpoŶeŶts of the deŵagŶeizaioŶ-

teŶsoƌ aŶd the ŵagŶeizaioŶ. TheŶ a teŶsoƌ-field–ǀeĐtoƌ-field ŵulipliĐaioŶ aŶd aŶ iŶǀeƌse

Fouƌieƌ tƌaŶsfoƌŵ oŶ the ĐoŵpoŶeŶts of the ƌesuliŶg field is Đaƌƌied out. Due to the sǇŵŵetƌǇ

of the deŵagŶeizaioŶ teŶsoƌ, its Fouƌieƌ tƌaŶsfoƌŵ is ĐalĐulated ďǇ siǆ FFT ĐoŵputaioŶs. SiŶĐe

this teŶsoƌ does oŶlǇ depeŶd oŶ the ĐhoiĐe of the spaial disĐƌeizaioŶ it has to ďe Đoŵputed

oŶlǇ oŶĐe foƌ the soluioŶ of a iŵe depeŶdeŶt pƌoďleŵ. The folloǁiŶg ĐoŵputaioŶs haǀe to

ďe Đaƌƌied out iŶ eǀeƌǇ iŵestep:

• thƌee ϯD FFTs to tƌaŶsfoƌŵ the ŵagŶeizaioŶ field

• oŶe teŶsoƌ-field–ǀeĐtoƌ-field ŵulipliĐaioŶ iŶ Fouƌieƌ spaĐe

• thƌee iŶǀeƌse ϯD FFTs to tƌaŶsfoƌŵ the ƌesuliŶg deŵagŶeizaioŶ field

The setup of the sĐalaƌ poteŶialŵethod ƌeƋuiƌes the Fouƌieƌ tƌaŶsfoƌŵof the fieldS. Foƌ eǀeƌǇ

iŵestep the folloǁiŶg opeƌaioŶs aƌe ƌeƋuiƌed:

• thƌee ϯD FFTs to tƌaŶsfoƌŵ the ŵagŶeizaioŶ field

• oŶe ǀeĐtoƌ-field–ǀeĐtoƌ-field ŵulipliĐaioŶ iŶ Fouƌieƌ spaĐe

• oŶe iŶǀeƌse ϯD FFT to tƌaŶsfoƌŵ the ƌesuliŶg poteŶial

• oŶe fiŶite-diffeƌeŶĐe ĐoŵputaioŶ of the deŵagŶeizaioŶ-field

Note that the sĐalaƌ-poteŶial ŵethod ƌeƋuiƌes oŶlǇ fouƌ FFTs iŶ total peƌ iŵestep ǁheƌeas the

deŵagŶeizaioŶ-teŶsoƌ ŵethod ƌeƋuiƌes siǆ. SiŶĐe the FFT is the opeƌaioŶ ǁith the highest

ĐoŵpleǆitǇ it is eǆpeĐted that the oǀeƌall ĐoŵputaioŶ iŵe foƌ a siŶgle iŵestep ĐaŶ ďe ƌeduĐed

to appƌoǆiŵatelǇ Ϯ/ϯ ďǇ the sĐalaƌ-poteŶialŵethod. Fuƌtheƌŵoƌe the teŶsoƌ-field–ǀeĐtoƌ-field

ŵulipliĐaioŶ is ƌeduĐed to a ǀeĐtoƌ-field–ǀeĐtoƌ-field ŵulipliĐaioŶ. Also Ŷote that the ŵeŵ-

oƌǇ ƌeƋuiƌed to stoƌe the deŵagŶeizaioŶ-teŶsoƌ field Ñ is tǁo iŵes the ŵeŵoƌǇ ƌeƋuiƌed to

stoƌe the ǀeĐtoƌ-field S.
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The doǁŶside of the sĐalaƌ-poteŶial ŵethod is the addiioŶal gƌadieŶt ĐoŵputaioŶ. This adds

aŶotheƌO(N)opeƌaioŶ to thepƌoĐeduƌe, ǁhiĐh is Ŷot sigŶifiĐaŶt due to the leadiŶgO(N log N)

ĐoŵpleǆitǇ of the FFT. Hoǁeǀeƌ, it iŶtƌoduĐes aŶotheƌ appƌoǆiŵaioŶ eƌƌoƌ.

ϯ.Ϯ FiŶite-EleŵeŶt Methods

AŶ alteƌŶaiǀe foƌŵulaioŶ of the PoissoŶ pƌoďleŵ Ϯ.Ϯ.ϭϰ is giǀeŶ ďǇ

∇ · (∇u − Msm) = 0. ;ϯ.Ϯ.ϭͿ

Opposed to the oƌigiŶal PoissoŶ pƌoďleŵ this eǆpƌessioŶ is defiŶed iŶ the ǁhole spaĐe eǀeŶ if

the ŵagŶeizaioŶ M is disĐoŶiŶuous ǁhiĐh is the Đase at the ďouŶdaƌǇ of aŶ ideal ŵagŶet. IŶ

this Đase the disĐoŶiŶuitǇ is ĐoŵpeŶsated ďǇ the field H = −∇u.

CoŶsideƌ the folloǁiŶg foƌŵulaioŶ aƌisiŶg fƌoŵŵulipliĐaioŶ of EƋŶ. ϯ.Ϯ.ϭ ǁith a so-Đalled test

fuŶĐioŶ v aŶd iŶtegƌaioŶ oǀeƌ a ƌegioŶ Ω

∫

Ω

∇ · (∇u − Msm)v dr = 0. ;ϯ.Ϯ.ϮͿ

IŶtegƌaioŶ ďǇ paƌts Ǉields
∫

Ω

∇u · ∇v dr = Ms

∫

Ω

m · ∇v dr +

∫

∂Ω
n · (∇u − Msm)v ds. ;ϯ.Ϯ.ϯͿ

RestƌiĐioŶ of the test fuŶĐioŶs v to the Soďoleǀ spaĐe H1
0 defiŶed ďǇ

H1
0 = {v ∈ H1(Ω) : v = 0 oŶ ∂Ω}. ;ϯ.Ϯ.ϰͿ

leads to a ǀaŶishiŶg ďouŶdaƌǇ teƌŵ iŶ EƋŶ. ϯ.Ϯ.ϯ. DeŵaŶdiŶg EƋŶ. ϯ.Ϯ.ϯ foƌ all v ∈ H1
0 thus

Ǉields ∫

Ω

∇u · ∇v dr = Ms

∫

Ω

m · ∇v dr ∀ v ∈ H1
0 . ;ϯ.Ϯ.ϱͿ

This eǆpƌessioŶ ĐaŶ ďe ǁƌiteŶ as

a(u, v) = L(v) ∀ v ∈ H1
0 ;ϯ.Ϯ.ϲͿ

ǁith the ďiliŶeaƌ foƌŵ a(u, v) aŶd the liŶeaƌ foƌŵ L(v) defiŶed ďǇ

a(u, v) =

∫

Ω

∇u · ∇v dr ;ϯ.Ϯ.ϳͿ

L(v) = Ms

∫

Ω

m · ∇v dr . ;ϯ.Ϯ.ϴͿ

AĐĐoƌdiŶg to the Laǆ-Milgƌaŵ theoƌeŵ this pƌoďleŵ has a uŶiƋue soluioŶ u ǁheŶ ƌestƌiĐiŶg

the soluioŶ to H1
0 , siŶĐe the ďiliŶeaƌ foƌŵ a(u, v) is ĐoeƌĐiǀe [ϱϲ]. If the oƌigiŶal pƌoďleŵ ϯ.Ϯ.ϭ

ǁith DiƌiĐhlet ďouŶdaƌǇ ĐoŶdiioŶ u = 0 oŶ ∂Ω has a ĐlassiĐal soluioŶ, this soluioŶ ĐoiŶĐides
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;aͿ ;ďͿ

Figuƌe ϯ.ϯ: DisĐƌete fuŶĐioŶ spaĐe of fiƌst oƌdeƌ LagƌaŶge fuŶĐioŶs iŶ tǁo diŵeŶsioŶs. ;aͿ A

siŶgle ďasis fuŶĐioŶ, oteŶ ƌefeƌƌed to as hat fuŶĐioŶ. ;ďͿ Eǆaŵple fuŶĐioŶ fƌoŵ

the spaŶ of the hat-fuŶĐioŶ ďasis.

ǁith the soluioŶ of EƋŶ. ϯ.Ϯ.ϱ as ĐaŶ ďe shoǁŶ ďǇ iŶtegƌaioŶ ďǇ paƌts. Hoǁeǀeƌ, iŶ geŶeƌal

the ƌeƋuiƌeŵeŶts oŶ the soluioŶ of EƋŶ. ϯ.Ϯ.ϱ aƌe ǁeakeƌ thaŶ oŶ the soluioŶ of the oƌigiŶal

pƌoďleŵ ϯ.Ϯ.ϭ. The oƌigiŶal soluioŶ has to ďe tǁiĐe diffeƌeŶiaďle ǁheƌeas the soluioŶ of

EƋŶ. ϯ.Ϯ.ϱ has to ďe oŶlǇ oŶĐeǁeaklǇ diffeƌeŶiaďle. Thus EƋŶ. ϯ.Ϯ.ϱ is Đalled aǁeak foƌŵulaioŶ

of the pƌoďleŵ aŶd the soluioŶ u is Đalled a ǁeak soluioŶ.

IŶ oƌdeƌ to solǀe EƋŶ. ϯ.Ϯ.ϭ ǁith iŶhoŵogeŶeous ďouŶdaƌǇ ĐoŶdiioŶs, ǁe haǀe to seek foƌ

the soluioŶ iŶ the fuŶĐioŶ spaĐe H1. IŶ paƌiĐulaƌ it ĐaŶ ďe shoǁŶ that theƌe eǆists a uŶiƋue

u ∈ H1 to the pƌoďleŵ

a(u, v) = L(v) ∀ v ∈ H1
0 ;ϯ.Ϯ.ϵͿ

u − u0 ∈ H1
0 ;ϯ.Ϯ.ϭϬͿ

ǁheƌe u0 ∈ H1 is aŶ aƌďitƌaƌǇ fuŶĐioŶ that saisfies the DiƌiĐhlet ďouŶdaƌǇ ĐoŶdiioŶ.

The fiŶite-eleŵeŶt ŵethod is also Đapaďle of solǀiŶg the PoissoŶ eƋuaioŶ foƌ giǀeŶ NeuŵaŶ

ďouŶdaƌǇ ĐoŶdiioŶs. The PoissoŶ eƋuaioŶ ǁith NeuŵaŶ ďouŶdaƌǇ ĐoŶdiioŶs deteƌŵiŶes the

soluioŶ oŶlǇ up to a ĐoŶstaŶt. HeŶĐe the soluioŶ is usuallǇ ƌestƌiĐted to a fuŶĐioŶ spaĐe

V = {v ∈ H1(Ω);
∫
Ω

v dr = 0}. SiŶĐe the fuŶĐioŶ spaĐe foƌ the test aŶd tƌial fuŶĐioŶs is a

suďspaĐe of H1, the ďouŶdaƌǇ iŶtegƌal iŶ EƋŶ. ϯ.Ϯ.ϯ does Ŷot ǀaŶish. The NeuŵaŶ ďouŶdaƌǇ

ĐoŶdiioŶs aƌe thus ŶatuƌallǇ iŶĐluded iŶ the ǁeak foƌŵulaioŶ. It ĐaŶ ďe shoǁŶ that the ƌe-

suliŶg ďiliŶeaƌ foƌŵ is ĐoeƌĐiǀe oŶ V aŶd thus a uŶiƋue soluioŶ ĐaŶ ďe fouŶd aĐĐoƌdiŶg to the

theoƌeŵ of Laǆ Milgƌaŵ [ϱϲ].
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ϯ.Ϯ.ϭ DisĐƌeizaioŶ

Theǁeak foƌŵulaioŶ ϯ.Ϯ.ϱ ĐaŶ ďe disĐƌeized ďǇ ĐhoiĐe of a suitaďle fiŶite diŵeŶsioŶal fuŶĐioŶ

spaĐe Vh ⊂ H1. This fuŶĐioŶ spaĐe is usuallǇ ĐoŶstƌuĐted usiŶg a polǇhedƌal ŵesh. The Đells

of this ŵesh aloŶg ǁith the ĐoŶstƌuĐioŶ ƌules of the fuŶĐioŶ spaĐe aƌe Đalled fiŶite eleŵeŶts.

FolloǁiŶg Ciaƌlet [ϱϳ] a fiŶite eleŵeŶt is defiŶed ďǇ the tƌiple T , V, L, ǁheƌe

T is the doŵaiŶ of a Đell;

V is a fiŶite diŵeŶsioŶal fuŶĐioŶ spaĐe oŶ the doŵaiŶ T ;

L is the set of degƌees of fƌeedoŵ L = {l1, l2, ... , ln}, ǁhiĐh is a ďasis foƌ the dual spaĐe V ′.

AddiioŶallǇ a ŵappiŶg fƌoŵ the loĐal degƌees of fƌeedoŵ peƌ Đell to the gloďal degƌees of

fƌeedoŵ is defiŶed. This ŵappiŶg Đouples the Đells aŶd eŶsuƌes that the gloďal disĐƌete fuŶĐ-

ioŶ spaĐe saisfies the ĐoŶiŶuitǇ ƌeƋuiƌeŵeŶts of Vh. Foƌ aĐtual ĐoŵputaioŶs the degƌees of

fƌeedoŵ li aƌe usuallǇ used to ĐoŶstƌuĐt a ďasis of V ďǇ

li(φj) = δij ;ϯ.Ϯ.ϭϭͿ

ǁheƌe φj deŶote the ďasis fuŶĐioŶs.

The siŵplest ĐhoiĐe of a fiŶite eleŵeŶt is the so-Đalled LagƌaŶge eleŵeŶt of fiƌst oƌdeƌ. The

doŵaiŶT is usuallǇ giǀeŶ as a tƌiaŶgle iŶ tǁo diŵeŶsioŶs aŶd a tetƌahedƌoŶ iŶ thƌee diŵeŶsioŶs

aŶd the fuŶĐioŶ spaĐe V(T ) is that of fiƌst oƌdeƌ polǇŶoŵials P1. The degƌees of fƌeedoŵ

ƌepƌeseŶted ďǇ the fuŶĐioŶals li aƌe giǀeŶ as poiŶt eǀaluaioŶs oŶ the ǀeƌiĐes of the ŵesh

li(v) = v(ri) ;ϯ.Ϯ.ϭϮͿ

ǁheƌe ri deŶotes the ith ǀeƌteǆ of the Đell. This ƌesults iŶ a stƌaighfoƌǁaƌd loĐal-to-gloďal

ŵappiŶg siŶĐe ŶeighďoƌiŶg Đells shaƌe ĐeƌtaiŶ ǀeƌiĐes. The ĐoƌƌespoŶdiŶg ďasis fuŶĐioŶs φi

aƌe aĐĐoƌdiŶg to EƋŶ. ϯ.Ϯ.ϭϭ giǀeŶ ďǇ φi(rj) = δij ǁith rj ďeiŶg the jth ǀeƌteǆ of the ŵesh. Fig-

uƌe ϯ.ϯ shoǁs the ďasis fuŶĐioŶs of the LagƌaŶge eleŵeŶt of fiƌst oƌdeƌ foƌ a tǁo-diŵeŶsioŶal

tƌiaŶgulaioŶ. As ƌefeƌeŶĐe to theiƌ shape iŶ tǁo diŵeŶsioŶs, ǁhiĐh is shoǁŶ iŶ Fig. ϯ.ϯa, the

fiƌst-oƌdeƌ LagƌaŶge ďasis fuŶĐioŶs aƌe oteŶ ƌefeƌƌed to as hat fuŶĐioŶs.

The fiƌst-oƌdeƌ LagƌaŶge eleŵeŶts aƌe geŶeƌalized to higheƌ-oƌdeƌ eleŵeŶts ďǇ pieĐeǁise polǇ-

Ŷoŵial, gloďallǇ ĐoŶiŶuous fuŶĐioŶs. IŶ this Đase the ŵesh Ŷodes aƌe ĐoŵpleŵeŶted ďǇ auǆ-

iliaƌǇ Ŷodes iŶ oƌdeƌ to ĐoŶstƌuĐt a suitaďle dual ďasis. The suppoƌt of the ďasis fuŶĐioŶs of

aŶǇ oƌdeƌ is giǀeŶ ďǇ the ĐoƌƌespoŶdiŶg Đell doŵaiŶs. The Ŷuŵďeƌ of Ŷodes peƌ Đell, hoǁeǀeƌ,

is iŶĐƌeased foƌ higheƌ oƌdeƌ. This leads to a loss a spaƌsitǇ of the sǇsteŵ ŵatƌiĐes, ǁhiĐh is the

ŵaiŶ dƌaǁďaĐk of higheƌ-oƌdeƌ ŵethods.

The geŶeƌal defiŶiioŶ of a fiŶite eleŵeŶt ďǇ Ciaƌlet alloǁs foƌ a gƌeat ǀaƌietǇ of fiŶite eleŵeŶts

that diffeƌ ŵaiŶlǇ iŶ polǇŶoŵial oƌdeƌ aŶd ĐoŶiŶuitǇ pƌopeƌies, see [ϱϳ]. Hoǁeǀeƌ, this ǁoƌk

ŵaiŶlǇ foĐuses oŶ the staŶdaƌd LagƌaŶge eleŵeŶts.
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UsiŶg the fiŶite diŵeŶsioŶal fuŶĐioŶ spaĐe Vh, eaĐh fuŶĐioŶ uh is desĐƌiďed ďǇ a tuple of

ĐoeffiĐieŶts ui

uh =
∑

i

uiφi ;ϯ.Ϯ.ϭϯͿ

ǁheƌe φi aƌe the gloďal ďasis fuŶĐioŶs. The disĐƌete ǁeak foƌŵ ϯ.Ϯ.ϱ ƌeads
∫

Ω

∇uh · ∇vh dr = Ms

∫

Ω

m · ∇vh dr ∀ vh ∈ Vh ;ϯ.Ϯ.ϭϰͿ

ǁith uh ∈ Vh. Due to the liŶeaƌitǇ iŶ vh it is suffiĐieŶt to test EƋŶ. ϯ.Ϯ.ϭϰǁith the ďasis fuŶĐioŶs

φi . IŶseƌiŶg EƋŶ. ϯ.Ϯ.ϭϯ aŶd eǆĐhaŶgiŶg suŵŵaioŶ ǁith iŶtegƌaioŶ Ǉields

∑

i

ui

∫

Ω

∇φi · ∇φj dr = Ms

∫

Ω

m · ∇φj dr . ;ϯ.Ϯ.ϭϱͿ

This sǇsteŵ ĐaŶ ďe ǁƌiteŶ as a ŵatƌiǆ–ǀeĐtoƌ ŵulipliĐaioŶ

∑

i

Aijui = bj ;ϯ.Ϯ.ϭϲͿ

ǁith the ŵatƌiǆ A aŶd the ǀeĐtoƌ b giǀeŶ ďǇ

Aij =

∫

Ω

∇φi · ∇φj dr ;ϯ.Ϯ.ϭϳͿ

bj = Ms

∫

Ω

m · ∇φj dr . ;ϯ.Ϯ.ϭϴͿ

The ŵatƌiǆ A is sǇŵŵetƌiĐ posiiǀe defiŶite aŶd thus the sǇsteŵ ϯ.Ϯ.ϭϲ has a uŶiƋue soluioŶ.

Fuƌtheƌŵoƌe the disĐƌete soluioŶ uh saisfies ĐeƌtaiŶ opiŵalitǇ ĐoŶdiioŶs aŶd eƌƌoƌ ďouŶds

depeŶdiŶg oŶ the spaial disĐƌeizaioŶ ĐaŶ ďe Đoŵputed. Foƌ a detailed aŶalǇiĐal tƌeatŵeŶt

of this ŵethod the ƌeadeƌ is ƌefeƌƌed to staŶdaƌd fiŶite-eleŵeŶt liteƌatuƌe [ϱϲ, ϱϴ].

The ŵatƌiǆ eŶtƌies Aij aƌe zeƌo foƌ ŶoŶ-oǀeƌlappiŶg ďasis fuŶĐioŶs φi aŶd φj . DepeŶdiŶg oŶ

the used fiŶite eleŵeŶt aŶd the ŵesh, a laƌge Ŷuŵďeƌ of ŵatƌiǆ eŶtƌies is zeƌo. IŶ Đase of the

fiƌst-oƌdeƌ LagƌaŶge fuŶĐioŶs Aij is ŶoŶzeƌo foƌ ŶeighďoƌiŶg ǀeƌiĐes i aŶd j . Thus the ŵatƌiǆ

A is spaƌse aŶd has aŶ asǇŵptoiĐ stoƌage ƌeƋuiƌeŵeŶt of O(N). The spaƌsitǇ of the sǇsteŵ

ŵatƌiǆ is aŶ iŵpoƌtaŶt featuƌe of the fiŶite-eleŵeŶt ŵethod.

Hoǁeǀeƌ, solǀiŶg the pƌoďleŵ ϯ.Ϯ.ϭϲ usuallǇ ƌeƋuiƌes the iŶǀeƌse of A to ďe Đoŵputed, ǁhiĐh

ƌesults iŶ a deŶse ŵatƌiǆ. This pƌoĐeduƌe ĐaŶ ďe aǀoided ďǇ appliĐaioŶ of iteƌaiǀeŵethods foƌ

the soluioŶ of liŶeaƌ sǇsteŵs [ϱϵ]. These ŵethods usuallǇ ƌeƋuiƌe a ŵatƌiǆ–ǀeĐtoƌ ŵulipliĐa-

ioŶ peƌ iteƌaioŶ, ǁhiĐh ĐaŶ ďe Đoŵputed ǁith O(N) foƌ the giǀeŶ spaƌse ŵatƌiĐes.

ϯ.Ϯ.Ϯ OpeŶ-BouŶdaƌǇ Pƌoďleŵ

IŶ oƌdeƌ to solǀe dǇŶaŵiĐ ŵiĐƌoŵagŶeiĐ pƌoďleŵs, the deŵagŶeizaioŶ field has to ďe Đoŵ-

puted oŶlǇ ǁithiŶ the ŵagŶeiĐ saŵple. The fiŶite-eleŵeŶt ŵethod is ǁell suited foƌ the so-

luioŶ of the PoissoŶ eƋuaioŶ aƌisiŶg fƌoŵ the deŵagŶeizaioŶ-field pƌoďleŵ. Hoǁeǀeƌ, the
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ďouŶdaƌǇ ĐoŶdiioŶs haǀe to ďe kŶoǁŶ foƌ this ŵethod. Foƌ the deŵagŶeizaioŶ-field pƌoďleŵ

the ďouŶdaƌǇ ĐoŶdiioŶs aƌe giǀeŶ at iŶfiŶitǇ ďǇ EƋŶ. Ϯ.Ϯ.ϭϲ. Seǀeƌal ŵethods haǀe ďeeŶ pƌo-

posed to Đoŵpute the deŵagŶeizaioŶ field oŶ a fiŶite ŵesh ǁith the fiŶite-eleŵeŶt ŵethod.

IŶ the folloǁiŶg the siŵple tƌuŶĐaioŶ ŵethod aŶd the populaƌ ďouŶdaƌǇ-eleŵeŶt ĐoupliŶg

ŵethod aƌe ďƌieflǇ disĐussed. IŶ SeĐ. ϯ.Ϯ.ϯ the so-Đalled shell-tƌaŶsfoƌŵaioŶ ŵethod is dis-

Đussed iŶ detail.

TƌuŶĐaioŶ

A siŵple appƌoaĐh foƌ the soluioŶ of the opeŶ-ďouŶdaƌǇ pƌoďleŵ is the tƌuŶĐaioŶ ŵethod.

Theŵesh of theŵagŶeiĐ saŵple is eǆteŶded ďǇ a laƌge ďut fiŶite eǆteƌioƌ ƌegioŶ. The DiƌiĐhlet

ĐoŶdiioŶ is applied to the suƌfaĐe of the eǆteƌioƌ ƌegioŶ.

This ŵethod adds a laƌge oǀeƌhead due to the addiioŶal eleŵeŶts, ďut the eǆteƌioƌ spaĐe is

sill Ŷot desĐƌiďed aĐĐuƌatelǇ, siŶĐe the ďouŶdaƌǇ ĐoŶdiioŶ is applied at fiŶite distaŶĐe to the

saŵple.

HǇďƌid FEM-BEMMethod

A populaƌ ŵethod foƌ the soluioŶ of the deŵagŶeizaioŶ-field pƌoďleŵ iŶ the fƌaŵeǁoƌk of

the fiŶite-eleŵeŶt ŵethod is a hǇďƌid ŵethod pƌoposed ďǇ FƌedkiŶ aŶd Koehleƌ iŶǀolǀiŶg the

ďouŶdaƌǇ-eleŵeŶt ŵethod. IŶ the folloǁiŶg the ŵaiŶ idea of this ŵethod is sketĐhed. Foƌ a

detailed desĐƌipioŶ the ƌeadeƌ is ƌefeƌƌed to the oƌigiŶal puďliĐaioŶ [ϰϵ].

Beside the opeŶ ďouŶdaƌǇ ĐoŶdiioŶ Ϯ.Ϯ.ϭϲ the folloǁiŶg juŵp ĐoŶdiioŶs at the saŵple ďouŶd-

aƌǇ of aŶ ideal ŵagŶet ĐaŶ ďe deƌiǀed foƌ the deŵagŶeizaioŶ pƌoďleŵ

uiŶ − uout = 0 ;ϯ.Ϯ.ϭϵͿ

(∇uiŶ − ∇uout) · n = m · n ;ϯ.Ϯ.ϮϬͿ

ǁheƌe uiŶ deŶotes the ǀalue of the poteŶial iŶ the saŵple ǁheƌeas uout deŶotes the Đoƌƌe-

spoŶdiŶg ǀalue outside. CoŶsideƌ the folloǁiŶg spliiŶg of the poteŶial u

u = u1 + u2. ;ϯ.Ϯ.ϮϭͿ

Let u1 ďe the soluioŶ to the folloǁiŶg sǇsteŵ

∆u1 = −∇ · m ;ϯ.Ϯ.ϮϮͿ

∂u1

∂n
= n · m oŶ ∂Ω ;ϯ.Ϯ.ϮϯͿ
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iŶ the saŵple aŶd zeƌo outside. This soluioŶ saisfies the ĐoŶiŶuitǇ ĐoŶdiioŶ ϯ.Ϯ.ϮϬ, ďut ǀio-

lates ĐoŶdiioŶ ϯ.Ϯ.ϭϵ. Thus u2 has to fiǆ EƋŶ. ϯ.Ϯ.ϭϵ ǁhile pƌeseƌǀiŶg EƋŶ. ϯ.Ϯ.ϮϬ

uiŶ
2 − uout

2 = uiŶ
1 ;ϯ.Ϯ.ϮϰͿ

∂uiŶ
2

∂n
− ∂uout

2

∂n
= 0 ;ϯ.Ϯ.ϮϱͿ

Fƌoŵ poteŶial theoƌǇ it is kŶoǁŶ that these ƌeƋuiƌeŵeŶts aƌe ŵet ďǇ a douďle laǇeƌ poteŶial

giǀeŶ ďǇ

u2 =

∫

∂Ω
u1

∂

∂n

1

|r − r ′| dr . ;ϯ.Ϯ.ϮϲͿ

This eǆpƌessioŶ ĐaŶ ďe eǀaluated iŶ oƌdeƌ to Đoŵpute u2 iŶ the ǁhole saŵple. Hoǁeǀeƌ, the

ĐoŵputaioŶal ĐoŵpleǆitǇ of this step aŵouŶts to O(N2). HeŶĐe this eǆpƌessioŶ is usuallǇ oŶlǇ

used to Đoŵpute the ǀalues of u2 oŶ the ďouŶdaƌǇ ∂Ωǁith the ďouŶdaƌǇ-eleŵeŶtŵethod. The

ǀalues of u2 ǁithiŶ the saŵple aƌe Đoŵputed ǁith the fiŶite-eleŵeŶt ŵethod, ǁheƌe DiƌiĐhlet

ďouŶdaƌǇ ĐoŶdiioŶs aƌe takeŶ fƌoŵ the ďouŶdaƌǇ-eleŵeŶt ĐalĐulaioŶ.

AŶ alteƌŶaiǀe ĐoupliŶg appƌoaĐh ǁas pƌeseŶted ďǇ GaƌĐía-Ceƌǀeƌa aŶd Roŵa iŶ [ϲϬ]. Foƌ this

appƌoaĐh a hoŵogeŶeous aŶd aŶ iŶhoŵogeŶous DiƌiĐhlet pƌoďleŵ haǀe to ďe solǀed ǁith the

fiŶite-eleŵeŶt ŵethod aŶd the ďouŶdaƌǇ-eleŵeŶt ŵethod is used to ƌetƌieǀe a siŶgle-laǇeƌ

poteŶial.

Foƌ ďoth ĐoupliŶg appƌoaĐhes the ďouŶdaƌǇ-eleŵeŶt ŵethod pƌoǀides a liŶeaƌ sǇsteŵ of size

M ×M , ǁheƌeM is the Ŷuŵďeƌ of ďouŶdaƌǇ Ŷodes. IŶ ĐoŶtƌast to theŵatƌiĐes aƌisiŶg fƌoŵ the

fiŶite-eleŵeŶt disĐƌeizaioŶ, the ďouŶdaƌǇ-eleŵeŶt ŵatƌiĐes aƌe deŶse. A ĐoŵŵoŶ appƌoaĐh

to haŶdle sǇsteŵs ǁith a laƌge Ŷuŵďeƌ of ďouŶdaƌǇ Ŷodes is the use of hieƌaĐhiĐal ŵatƌiĐes foƌ

the ĐoŵpƌessioŶ of the deŶse sǇsteŵs [ϲϭ].

ϯ.Ϯ.ϯ Shell-TƌaŶsfoƌŵaioŶ Method

IŶ the pƌeĐediŶg seĐioŶ tǁo ŵethods foƌ the soluioŶ of the opeŶ-ďouŶdaƌǇ pƌoďleŵ ǁith

the fiŶite-eleŵeŶt ŵethod ǁeƌe ďƌieflǇ disĐussed. The tƌuŶĐaioŶ ŵethod ƌeplaĐes the iŶ-

fiŶitelǇ laƌge eǆteƌioƌ ƌegioŶ ǁith a fiŶite ƌegioŶ ǁheƌeas the ďouŶdaƌǇ-eleŵeŶt ĐoupliŶg deliǀ-

eƌs ďouŶdaƌǇ ĐoŶdiioŶs at the saŵple ďouŶdaƌǇ foƌ fiŶite-eleŵeŶt ĐoŵputaioŶs. IŶ this ǁoƌk

a so-Đalled shell-tƌaŶsfoƌŵaioŶ ŵethod ǁas applied foƌ the deŵagŶeizaioŶ-field Đoŵputa-

ioŶ [ϱϬ, ϲϮ, ϲϯ]. This ŵethod outpeƌfoƌŵs the tƌuŶĐaioŶ ŵethod ďǇ ĐoŶsideƌiŶg the ǁhole

eǆteƌioƌ spaĐe, ďut it leads to a siŶgle spaƌse aŶd liŶeaƌ pƌoďleŵ iŶ ĐoŶtƌast to the ďouŶdaƌǇ-

eleŵeŶt ĐoupliŶg.

CoŶsideƌ a ƌegioŶΩspheƌe that is spheƌiĐal aŶd iŶĐludes theŵagŶeiĐ ƌegioŶΩsaŵple. This ƌegioŶ

is suƌƌouŶded ďǇ a spheƌiĐal shell Ωshell, see Fig. ϯ.ϰ. The fiŶite spheƌiĐal shell Ωshell is ŵapped
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;aͿ

Ωsaŵple

Ωaiƌ

Ωeǆt

Ωspheƌe =

Ωsaŵple ∪ Ωaiƌ

Ωshell

;ďͿ

r

T (r)

(0, 0, 0)

R1R2

Figuƌe ϯ.ϰ: SpheƌiĐal shell tƌaŶsfoƌŵaioŶ ŵethod iŶ tǁo diŵeŶsioŶs. ;aͿ DefiŶiioŶs of iŶ-

ǀolǀed ƌegioŶs. ;ďͿ SketĐh of tƌaŶsfoƌŵaioŶ.

oŶto the iŶfiŶite eǆteƌioƌ ƌegioŶ Ωeǆt ∈ R
3\Ωspheƌe ǀia a ďijeĐiǀe tƌaŶsfoƌŵaioŶ T (r)

T : Ωshell → Ωeǆt. ;ϯ.Ϯ.ϮϳͿ

IŶtegƌaioŶ oǀeƌ Ωeǆt = T (Ωshell) ĐaŶ ďe ƌeplaĐed ďǇ iŶtegƌaioŶ oǀeƌ Ωshell ǀia suďsituioŶ
∫

Ωeǆt

f [T −1(r ′)] dr ′ =

∫

Ωshell

f (r) |det[DT (r)]| dr . ;ϯ.Ϯ.ϮϴͿ

The fuŶĐioŶ ft(r
′) = f [T −1(r ′)] is a `stƌetĐhed' ǀeƌsioŶ of f (r) ǁhiĐh is defiŶed oŶ Ωeǆt. This

ŵethod ĐaŶ ďe used to tuƌŶ the ǁeak foƌŵulaioŶ ϯ.Ϯ.ϱ oŶ the fiŶite ƌegioŶ Ω to aŶ effeĐiǀe

ǁeak foƌŵulaioŶ oŶ the ǁhole spaĐe R3 ďǇ `stƌetĐhiŶg' the test aŶd tƌial fuŶĐioŶs. Hoǁeǀeƌ,

the iŶtegƌaŶd of the let-haŶd side of EƋŶ. ϯ.Ϯ.ϱ does Ŷot depeŶd oŶ the test aŶd tƌial fuŶĐioŶs,

ďut oŶ theiƌ gƌadieŶts. BǇ usiŶg EƋŶ. ϯ.Ϯ.Ϯϴ the gƌadieŶts iŶ the iŶtegƌaŶd sill applǇ to the

uŶtƌaŶsfoƌŵed ǀaƌiaďles r ƌatheƌ thaŶ to the tƌaŶsfoƌŵed ǀaƌiaďles r ′ = T (r). The gƌadieŶt

∇ ǁith ƌespeĐt to r is ĐoŶŶeĐted to the gƌadieŶt ∇
′ ǁith ƌespeĐt to r ′ ďǇ

∇g =




∂g
∂r1

∂g
∂r2

∂g
∂r3


 =




∂r ′

1
∂r1

∂r ′

2
∂r1

∂r ′

3
∂r1

∂r ′

1
∂r2

∂r ′

2
∂r2

∂r ′

3
∂r2

∂r ′

1
∂r3

∂r ′

2
∂r3

∂r ′

3
∂r3







∂g
∂r ′

1

∂g
∂r ′

2

∂g
∂r ′

3


 = J ∇

′g ;ϯ.Ϯ.ϮϵͿ

aŶd heŶĐe

[∇′g ](r ′) = [J−1
∇g ](r ′) ;ϯ.Ϯ.ϯϬͿ

ǁith J = DT (r) ďeiŶg the JaĐoďiaŶ of the tƌaŶsfoƌŵaioŶ. Thus the shell-tƌaŶsfoƌŵed ǁeak

foƌŵulaioŶ ƌeads
∫

Ωspheƌe

∇u · ∇v dr +

∫

Ωshell

(∇u)T g ∇v dr = Ms

∫

Ωsaŵple

m · ∇v dr ∀ v ∈ V ;ϯ.Ϯ.ϯϭͿ

ǁith the ŵetƌiĐ teŶsoƌ g giǀeŶ ďǇ

g = (J−1)T |det J| J−1. ;ϯ.Ϯ.ϯϮͿ
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;aͿ

Ωshell

r

u
(r

)

;ďͿ

Ωeǆt

T (r)

u
(r

)

Figuƌe ϯ.ϱ: DistoƌsioŶ of test aŶd tƌial fuŶĐioŶs due to the tƌaŶsfoƌŵaioŶ. ;aͿ LiŶeaƌ deĐaǇ

of the poteŶial u iŶ the uŶtƌaŶsfoƌŵed shell. ;ďͿ The saŵe fuŶĐioŶ ŵapped oŶto

the eǆteƌioƌ ƌegioŶ ďǇ a suitaďle tƌaŶsfoƌŵaioŶ.

SiŶĐe the iŶtegƌal oǀeƌ the shell Ωshell ƌepƌeseŶts the iŶtegƌaioŶ oǀeƌ the eǆteƌioƌ ƌegioŶ Ωeǆt

the opeŶ-ďouŶdaƌǇ ĐoŶdiioŶs ĐaŶ ďe applied as ƌegulaƌ DiƌiĐhlet ďouŶdaƌǇ ĐoŶdiioŶs u(r) = 0

at the outeƌ ďouŶdaƌǇ of the shell ∂Ω.

The ŵetƌiĐ teŶsoƌ g is sǇŵŵetƌiĐ posiiǀe defiŶite, heŶĐe the sǇŵŵetƌiĐ ďiliŶeaƌ foƌŵ oŶ the

let-haŶd side of EƋŶ. ϯ.Ϯ.ϯϭ is also posiiǀe defiŶite. Thus ďǇ the ƌight ĐhoiĐe of the suďspaĐe

V ⊂ H1
0 , pƌoďleŵ EƋŶ. ϯ.Ϯ.ϯϭ has a uŶiƋue soluioŶ.

ChoiĐe of TƌaŶsfoƌŵaioŶ

A ƌeasoŶaďle ĐhoiĐe foƌ the tƌaŶsfoƌŵaioŶ oŶ a spheƌiĐal shell is the ƌadial ŵappiŶg

T (r) = t(|r |) r

|r | ;ϯ.Ϯ.ϯϯͿ

The sĐalaƌ fuŶĐioŶ t(r) ∈ C∞(Ωshell) is stƌiĐtlǇ iŶĐƌeasiŶg aŶd fulfills

t(R1) = R1 ;ϯ.Ϯ.ϯϰͿ

t(r) → ∞ foƌ r → R2. ;ϯ.Ϯ.ϯϱͿ

Thus the tƌaŶsfoƌŵaioŶ T (r) is ďijeĐiǀe aŶd fulfills EƋŶ. ϯ.Ϯ.Ϯϳ as ƌeƋuiƌed. OďǀiouslǇ theƌe

aƌe ŵaŶǇ possiďle ĐhoiĐes foƌ t(r) that ŵeet these ƌeƋuiƌeŵeŶts. A suitaďle tƌaŶsfoƌŵaioŶ

distoƌts the ďasis fuŶĐioŶs used foƌ disĐƌeizaioŶ iŶ a ǁaǇ that the deĐaǇ of the poteŶial u

ŵaǇ ďe appƌoǆiŵated aĐĐuƌatelǇ, see Fig. ϯ.ϱ. Fƌoŵ EƋŶ. Ϯ.Ϯ.ϮϮ it is kŶoǁŶ that the poteŶial u

deĐaǇs ǁith u ∝ 1/|r |2 iŶ the faƌ-field appƌoǆiŵaioŶ.

CoŶsideƌ the ƌadial paƌt of aŶ affiŶe ďasis fuŶĐioŶ

φ(r) = a + br ;ϯ.Ϯ.ϯϲͿ

iŶ the uŶtƌaŶsfoƌŵed spaĐe. IŶ oƌdeƌ to oďtaiŶ a fuŶĐioŶ deĐaǇiŶg ǁith 1/r ′2 iŶ the tƌaŶs-

foƌŵed spaĐe, the sĐalaƌ fuŶĐioŶ t(r) has to fulfill

r = a′ + b′ 1

[t(r)]2
;ϯ.Ϯ.ϯϳͿ
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aŶd thus

t(r) =

√
b′

r − a′
;ϯ.Ϯ.ϯϴͿ

Fuƌtheƌŵoƌe the fuŶĐioŶ t has to fulfill EƋŶ. ϯ.Ϯ.ϯϰ aŶd ϯ.Ϯ.ϯϱ, ǁhiĐh leads to

t(R1) =

√
b′

R1 − a′
= R1 ;ϯ.Ϯ.ϯϵͿ

1/t(R2) =

√
R2 − a′

b′
= 0. ;ϯ.Ϯ.ϰϬͿ

This iŵŵediatelǇ ƌesults iŶ

t(r) = R1

√
R2 − R1

R2 − r
;ϯ.Ϯ.ϰϭͿ

as suitaďle ŵappiŶg foƌ liŶeaƌ ďasis fuŶĐioŶs. The ŵetƌiĐ teŶsoƌ g of the tƌaŶsfoƌŵaioŶ T (r)

is Đoŵputed ďǇ iŶseƌiŶg EƋŶ. ϯ.Ϯ.ϰϭ iŶto EƋŶ. ϯ.Ϯ.ϯϯ aŶd ϯ.Ϯ.ϯϮ ǁhiĐh Ǉields

gii(r) =
R1

√
R2 − R1(4R2

2 r2
i − 8R2r2

i |r | + 3|r |2r2
i + |r |4)

2|r |4(R2 − |r |)3/2
;ϯ.Ϯ.ϰϮͿ

gij(r) =
R1

√
R2 − R1ri rj(4R2

2 − 8R2|r | + 3|r |2)

2|r |4(R2 − |r |)3/2
foƌ i 6= j ;ϯ.Ϯ.ϰϯͿ

With this eǆpƌessioŶ the deŵagŶeizaioŶ-field ĐaŶ ďe Đoŵputed ďǇ disĐƌeizaioŶ of the ǁeak

foƌŵulaioŶ ϯ.Ϯ.ϯϭ. The disĐƌeizaioŶ is applied as desĐƌiďed iŶ SeĐ. ϯ.Ϯ.ϭ. IŶ ĐoŶtƌast to the

ďasiĐ PoissoŶ pƌoďleŵ, the ĐoŵputaioŶ of the sǇsteŵ-ŵatƌiǆ eŶtƌies iŶǀolǀes iŶtegƌaioŶ oǀeƌ

the ŵetƌiĐ teŶsoƌ g . IŶ oƌdeƌ to Đoŵpute these iŶtegƌals, the ŵetƌiĐ teŶsoƌ g is iŶteƌpolated

oŶto a high-oƌdeƌ polǇŶoŵial spaĐe. This pƌoĐess is eƋuiǀaleŶt to the ŶuŵeƌiĐal iŶtegƌaioŶ

ǁith GaussiaŶ Ƌuadƌatuƌe.

IŶ oƌdeƌ to oďtaiŶ a sŵooth tƌaŶsiioŶ fƌoŵ the uŶtƌaŶsfoƌŵed to the tƌaŶsfoƌŵed ƌegioŶ, the

JaĐoďiaŶ J is ƌeƋuiƌed to eƋual the ideŶitǇŵatƌiǆ✶ oŶ the iŶŶeƌ ďouŶdaƌǇ of the shell ∂Ωspheƌe.

This is eǆaĐtlǇ the Đase foƌ R1/R2 = 2/3. HeŶĐe the shell is alǁaǇs ĐoŶstƌuĐted aĐĐoƌdiŶg to

this ƌaio aŶd the aĐĐuƌaĐǇ of the tƌaŶsfoƌŵaioŶŵethod is eŶiƌelǇ ĐoŶtƌolled ďǇ the ƌesoluioŶ

of the ŵesh ǁithiŶ the shell.

Higheƌ Oƌdeƌ FuŶĐioŶs

The ƋualitǇ of the disĐƌete soluioŶ ĐaŶ ďe sigŶifiĐaŶtlǇ iŵpƌoǀed ďǇ the use of higheƌ-oƌdeƌ

polǇŶoŵials as test aŶd tƌials fuŶĐioŶs. Foƌ test aŶd tƌial fuŶĐioŶ of oƌdeƌ higheƌ thaŶ oŶe the

tƌaŶsfoƌŵaioŶ

t(r) = R1
R2 − R1

R2 − r
. ;ϯ.Ϯ.ϰϰͿ
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;aͿ

Ωsaŵple
Ωaiƌ

Ωshell

;ďͿ

(0, 0, 0)

2l12l2

2l3

Figuƌe ϯ.ϲ: Cuďoid shell tƌaŶsfoƌŵaioŶ ŵethod. ;aͿ The iŶǀolǀed ƌegioŶs iŶ tǁo diŵeŶsioŶs.

;ďͿ Cuďoid shell patĐhes iŶ thƌee diŵeŶsioŶs. The ĐooƌdiŶate oƌigiŶ (0, 0, 0) is lo-

Đated at the ĐeŶteƌ of the Đuďoid. The leŶgth ǀeĐtoƌ l is defiŶed ďǇ the edges of

Ωaiƌ.

iŶstead of EƋŶ. ϯ.Ϯ.ϰϭ is used. With this tƌaŶsfoƌŵaioŶ, seĐoŶd aŶd thiƌd oƌdeƌ polǇŶoŵial

fuŶĐioŶs tƌaŶsfoƌŵ like

a + br + cr2 → a′ + b′ 1

r ′
+ c ′ 1

r ′2
;ϯ.Ϯ.ϰϱͿ

a + br + cr2 + dr3 → a′ + b′ 1

r ′
+ c ′ 1

r ′2
+ d ′ 1

r ′3
. ;ϯ.Ϯ.ϰϲͿ

The addiioŶal teƌŵs 1/r ′ aŶd 1/r ′3 faĐilitate a ŵuĐh ďeteƌ appƌoǆiŵaioŶ of the deĐaǇiŶg

sĐalaƌ poteŶial u. The ƌesuliŶg ŵetƌiĐ teŶsoƌ g foƌ the spheƌiĐal shell tƌaŶsfoƌŵaioŶ is giǀeŶ

ďǇ

gii(r) =
R1(R2 − R1)(R2

2 r2
i − 2R2r2

i |r | + |r |4)

|r |4(R2 − |r |)2
;ϯ.Ϯ.ϰϳͿ

gij(r) =
R1R2(R2 − R1)ri rj(R2 − 2|r |)

|r |4(R2 − |r |)2
foƌ i 6= j ;ϯ.Ϯ.ϰϴͿ

Cuďoid Shell TƌaŶsfoƌŵaioŶ

The spheƌiĐal shell tƌaŶsfoƌŵaioŶ is a Ŷatuƌal ĐhoiĐe foƌ spheƌiĐal saŵples. Foƌ ŶoŶ-spheƌiĐal

saŵples thisŵethodŵight sill ďe a good ĐhoiĐe if the uŶtƌaŶsfoƌŵed ŶoŶ-ŵagŶeiĐ ƌegioŶΩaiƌ

as defiŶed iŶ Fig. ϯ.ϰa is sŵall Đoŵpaƌed to the saŵple ƌegioŶ. Hoǁeǀeƌ, foƌ ĐeƌtaiŶ geoŵetƌies,

suĐh as ŵagŶeiĐ thiŶ filŵs, the ƌegioŶ Ωaiƌ is ŵuĐh laƌgeƌ thaŶ the ŵagŶeiĐ saŵple Ωsaŵple.

This leads to a laƌge oǀeƌhead iŶ the disĐƌete pƌoďleŵ, ďeĐause Ωaiƌ has to ďe ŵeshed as ǁell

as Ωsaŵple.

IŶ [ϱϬ] the use of a Đuďoid shell is pƌoposed. Figuƌe ϯ.ϲa shoǁs the ƌegioŶs foƌ this Đuďoid shell

tƌaŶsfoƌŵaioŶ. WheŶ usiŶg a spheƌiĐal shell, the iŶŶeƌ ƌadius of the shell is the oŶlǇ paƌaŵeteƌ

aǀailaďle to ŵiŶiŵize the ƌegioŶ Ωaiƌ. IŶ ĐoŶtƌast, the Đuďoid shell offeƌs the thƌee side-leŶgths

as paƌaŵeteƌs, see Fig. ϯ.ϲď. Fuƌtheƌŵoƌe the ƌelaiǀe ƌotaioŶ of the saŵple to the shell ŵaǇ
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Figuƌe ϯ.ϳ: SketĐh of the Đuďoid tƌaŶsfoƌŵaioŶ ŵethod iŶ tǁo diŵeŶsioŶs. The tƌaŶsfoƌŵa-

ioŶ of the uppeƌ shell patĐh is ǀisualized. ;aͿ TƌaŶsfoƌŵaioŶ foƌ posiiǀe a1. IŶ this

Đase the oƌigiŶ of the tƌaŶsfoƌŵaioŶ is fiǆed at a siŶgle poiŶt. ;ďͿ TƌaŶsfoƌŵaioŶ

foƌ Ŷegaiǀe a1. IŶ this Đase the oƌigiŶ of the tƌaŶsfoƌŵaioŶ is ŵoǀiŶg oŶ the ŵid-

dle plaŶe of theŵagŶeiĐ ƌegioŶ. This ĐoŶstƌuĐioŶ eŶsuƌes ĐoŶiŶuitǇ aĐƌoss patĐh

ďoƌdeƌs siŶĐe the tƌaŶsfoƌŵaioŶ of the Ŷaƌƌoǁ patĐh aŶd theǁide patĐh shaƌe the

saŵe oƌigiŶ oŶ the ďoƌdeƌ. ;ĐͿ IŶ ĐoŶtƌast to the spheƌiĐal shell tƌaŶsfoƌŵaioŶ the

paƌaŵeteƌs R1 aŶd R2 ǀaƌǇ ǁith r .

ďe adjusted to ŵiŶiŵize Ωaiƌ. HeŶĐe the Đuďoid shell-tƌaŶsfoƌŵaioŶ ŵethod offeƌs a gƌeateƌ

fleǆiďilitǇ ƌegaƌdiŶg saŵple shapes.

The sĐalaƌ ŵappiŶgs fƌoŵ EƋŶ. ϯ.Ϯ.ϰϭ aŶd ϯ.Ϯ.ϰϰ ĐaŶ ďe ƌeused foƌ the Đuďoid shell taŶsfoƌŵa-

ioŶ. Hoǁeǀeƌ, the oƌigiŶ of the tƌaŶsfoƌŵaioŶ as ǁell as the paƌaŵeteƌs R1 aŶd R2 haǀe to ďe

adapted depeŶdiŶg oŶ the posiioŶ r ǁithiŶ the shell. The shell is diǀided iŶto siǆ Đuďoid shell

patĐhes of eƋual thiĐkŶess as shoǁŶ iŶ Fig. ϯ.ϲď. The tƌaŶsfoƌŵaioŶ T (r) is ĐoŶstƌuĐted peƌ

shell patĐh ǁith the saŵe ƌeƋuiƌeŵeŶts as the spheƌiĐal ǀeƌsioŶ. PoiŶts oŶ the iŶŶeƌ ďouŶd-

aƌǇ of the shell haǀe to ďe ŵapped oŶto itself ǁhile poiŶts oŶ the outeƌ ďouŶdaƌǇ of the shell

aƌe ŵapped to iŶfiŶitǇ. AŶ addiioŶal ƌeƋuiƌeŵeŶt is the ĐoŶiŶuitǇ of the tƌaŶsfoƌŵaioŶ T (r)

aĐƌoss patĐh ďoƌdeƌs.

The ĐoŶstƌuĐioŶ of oƌigiŶ aŶd diƌeĐioŶ of the tƌaŶsfoƌŵaioŶ depeŶdiŶg oŶ the posiioŶ r

ǁithiŶ the shell is depiĐted iŶ Fig. ϯ.ϳ. IŶ geŶeƌal the tƌaŶsfoƌŵaioŶ oƌigiŶ O is a fuŶĐioŶ of r

iŶ oƌdeƌ to oďtaiŶ ĐoŶiŶuitǇ aĐƌoss shell-patĐh ďoƌdeƌs. IŶ ĐoŶtƌast to the ŵappiŶg desĐƌiďed

iŶ [ϱϬ], the tƌaŶsfoƌŵaioŶ iŶ this ǁoƌk is desigŶed suĐh that the oƌigiŶ O(r) alǁaǇs ƌesides

ǁithiŶ the ŵagŶeiĐ saŵple. CoŶsideƌ the folloǁiŶg auǆiliaƌǇ ĐoŶstaŶts foƌ the tƌaŶsfoƌŵaioŶ
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;aͿ ;ďͿ ;ĐͿ

Figuƌe ϯ.ϴ: TƌaŶsfoƌŵaioŶ oƌigiŶs iŶ thƌee diŵeŶsioŶs. The ďlue aƌea ŵaƌks the set of possi-

ďle oƌigiŶs foƌ a speĐifiĐ shell patĐh. ;aͿ SpeĐial Đase of sƋuaƌe shaped patĐh ǁheƌe

a1 = a2 > 0. The tƌaŶsfoƌŵaioŶ oƌigiŶ is fiǆed foƌ the ǁhole patĐh. ;ďͿ ReĐtaŶgu-

laƌ patĐh shape ǁith a1 > 0. The tƌaŶsfoƌŵaioŶ oƌigiŶ ŵoǀes oŶ a liŶe. ;ĐͿ ReĐt-

aŶgulaƌ path shape ǁith a1 < 0 aŶd a2 < 0. The tƌaŶsfoƌŵaioŶ oƌigiŶ ŵoǀes oŶ

the ŵiddle plaŶe of the ŵagŶeiĐ ƌegioŶ.

of the shell patĐh iŶ the posiiǀe r3-half-spaĐe

a1 = l3 − l1 ;ϯ.Ϯ.ϰϵͿ

a2 = l3 − l2. ;ϯ.Ϯ.ϱϬͿ

The thiƌd ĐoŵpoŶeŶt of the tƌaŶsfoƌŵaioŶ oƌigiŶ O3 is giǀeŶ ďǇ

O3 = max(a1, a2, 0). ;ϯ.Ϯ.ϱϭͿ

This ĐoŵpoŶeŶt does oďǀiouslǇ Ŷot depeŶd of the posiioŶ r . The ĐhoiĐe of O3 iŶ tǁo diŵeŶ-

sioŶs is depiĐted iŶ Fig. ϯ.ϳ. Figuƌe ϯ.ϳa sketĐhes the tƌaŶsfoƌŵaioŶ foƌ a posiiǀe a1, ǁheƌeas

Fig. ϯ.ϳď aŶd ϯ.ϳĐ ƌefeƌ to a Ŷegaiǀe a1. The possiďle posiioŶs foƌ the oƌigiŶs O(r) aƌe ŵaƌked

as ďlue poiŶts aŶd liŶes. A thƌee-diŵeŶsioŶal ǀisualizaioŶ of O(r) is shoǁŶ iŶ Fig. ϯ.ϴ. The

ƌeŵaiŶiŶg ĐoŵpoŶeŶts of O(r) aƌe oďtaiŶed ďǇ appliĐaioŶ of the iŶteƌĐept theoƌeŵ

O(r) =

(
r1

O3 − a1

r3 − a1
, r2

O3 − a2

r3 − a2
, O3

)T

. ;ϯ.Ϯ.ϱϮͿ

With the distaŶĐe ǀeĐtoƌ p(r) = r − O(r), the paƌaŵeteƌs R1 aŶd R2 as depiĐted iŶ Fig. ϯ.ϳď

aƌe giǀeŶ ďǇ

R1(r) = |p(r)| l3 − O3

r3 − O3
;ϯ.Ϯ.ϱϯͿ

R2(r) = |p(r)| (l3 + d) − O3

r3 − O3
. ;ϯ.Ϯ.ϱϰͿ

Siŵilaƌ to the spheƌiĐal ŵethod, the aĐtual tƌaŶsfoƌŵaioŶ of the shell patĐh iŶ the posiiǀe

r3-half-spaĐe T3+ is defiŶed iŶ teƌŵs of a sĐalaƌ ŵappiŶg t(r)

T3+(r) = O(r) + t(r)
p(r)

|p(r)| . ;ϯ.Ϯ.ϱϱͿ
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The sĐalaƌ ŵappiŶg is ĐhoseŶ siŵilaƌ to EƋŶ. ϯ.Ϯ.ϰϭ aŶd ϯ.Ϯ.ϰϰ

t(r) = R1(r)

[
R2(r) − R1(r)

R2(r) − |p(r)|

]n

;ϯ.Ϯ.ϱϲͿ

ǁheƌe n is set to 1/2 foƌ liŶeaƌ ďasis fuŶĐioŶs aŶd to 1 otheƌǁise. IŶ the folloǁiŶg seĐioŶs the

aŶalǇiĐal eǆpƌessioŶs foƌ the ŵetƌiĐ teŶsoƌ foƌ liŶeaƌ as ǁell as higheƌ oƌdeƌ ďasis fuŶĐioŶs aƌe

pƌeseŶted.

Siŵilaƌ to the spheƌiĐal shell-tƌaŶsfoƌŵaioŶŵethod, the thiĐkŶess of the shell d is ĐhoseŶ suĐh

that the JaĐoďiaŶ J is the ideŶitǇ oŶ the iŶŶeƌ ďouŶdaƌǇ of the shell. This is eǆaĐtlǇ the Đase

foƌ d = min(l1, l2, l3).

MetƌiĐ TeŶsoƌ foƌ LiŶeaƌ Basis FuŶĐioŶs

AĐĐoƌdiŶg to EƋŶ. ϯ.Ϯ.ϯϮ theŵetƌiĐ teŶsoƌ g is deteƌŵiŶed ďǇ the JaĐoďiaŶ deteƌŵiŶaŶt | det J|
aŶd the iŶǀeƌse JaĐoďiaŶ ŵatƌiǆ J−1 of the tƌaŶsfoƌŵaioŶ T (r). Foƌ iŵpƌoǀed ƌeadaďilitǇ

ĐoŶsideƌ the folloǁiŶg auǆiliaƌǇ ĐoŶstaŶts

A =

√

(r3 − O3)2 +

(
r1 − r1(−O1 + O3)

−O1 + r3

)2

+

(
r2 − r2(−O2 + O3)

−O2 + r3

)2

;ϯ.Ϯ.ϱϳͿ

B =

√
A(d + l3 − r3)

r3 − O3
;ϯ.Ϯ.ϱϴͿ

C =

√
dA

r3 − O3
;ϯ.Ϯ.ϱϵͿ

D = −(−2B + 3C)(−l3 + r3)(−l3 + O3) ;ϯ.Ϯ.ϲϬͿ

E = −2Bl3 + Cl3 + 2Br3 − CO3. ;ϯ.Ϯ.ϲϭͿ

SeiŶg n = 1/2 iŶ EƋŶ. ϯ.Ϯ.ϱϲ aŶd iŶseƌiŶg iŶto EƋŶ. ϯ.Ϯ.ϱϱ Ǉields the folloǁiŶg eǆpƌessioŶs

foƌ | det J3+| aŶd J−1
3+ foƌ T3+

| det J3+|(r) =

C(l3 − O3)(−Bl1 + (−B + C)(−l3 + O3))(−Bl2 + (−B + C)(−l3 + O3))

2B3(d + l3 − r3)(l1 − l3 + r3)(l2 − l3 + r3)
;ϯ.Ϯ.ϲϮͿ
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J3+,11(r) =
B(−l1 + l3 − r3)

−Bl1 + (−B + C)(−l3 + O3)

J3+,12(r) =0

J3+,13(r) =0

J3+,21(r) =0

J3+,22(r) =
B(−l2 + l3 − r3)

−Bl2 + (−B + C)(−l3 + O3)

J3+,23(r) =0

J3+,31(r) = − dr1(−l1 + l3 − r3)B3(D + l1E + 2d(−Bl1 + (−B + C)(−l3 + O3)))

(d + l3 − r3)(l1 − l3 + r3)2(l3 − O3)C3(−Bl1 + (−B + C)(−l3 + O3))

J3+,32(r) = − dr2(−l2 + l3 − r3)B3(D + l2E + 2d(−Bl2 + (−B + C)(−l3 + O3)))

(d + l3 − r3)(l2 − l3 + r3)2(l3 − O3)C3(−Bl2 + (−B + C)(−l3 + O3))

J3+,33(r) =
2dB3

(l3 − O3)C3
. ;ϯ.Ϯ.ϲϯͿ

These eǆpƌessioŶs applǇ foƌ the shell patĐh lǇiŶg iŶ the posiiǀe r3-half-spaĐe. Due to sǇŵŵetƌǇ

the tƌaŶsfoƌŵaioŶ foƌ the patĐh iŶ the Ŷegaiǀe r3-half-spaĐe is oďtaiŶed ďǇ poiŶt ŵiƌƌoƌiŶg the

posiioŶ r iŶ the oƌigiŶ

g3 =





g3+(r) if r3 > 0

g3+(−r) if r3 < 0
;ϯ.Ϯ.ϲϰͿ

ǁheƌe g3+ is defiŶed ďǇ

g3+ = (J−1
3+ )T | det J3+|J−1

3+ . ;ϯ.Ϯ.ϲϱͿ

The tƌaŶsfoƌŵaioŶs foƌ the ƌeŵaiŶiŶg shell patĐhes aƌe oďtaiŶed ďǇ ĐǇĐliĐ peƌŵutaioŶ of the

ĐooƌdiŶates

g1[r ] = g3[(r2, r3, r1)T ]
∣∣∣
l=(l2,l3,l1)T ,O=(O2,O3,O1)T

;ϯ.Ϯ.ϲϲͿ

g2[r ] = g3[(r3, r1, r2)T ]
∣∣∣
l=(l3,l1,l2)T ,O=(O3,O1,O2)T

. ;ϯ.Ϯ.ϲϳͿ

Note that Ŷot oŶlǇ the ĐooƌdiŶates of the posiioŶ r aƌe peƌŵuted, ďut also the ĐooƌdiŶates of

the side-leŶgth ǀeĐtoƌ l aŶd the oƌigiŶ O.

MetƌiĐ TeŶsoƌ foƌ Higheƌ Oƌdeƌ Basis FuŶĐioŶs

SeiŶg n = 1 iŶ EƋŶ. ϯ.Ϯ.ϱϲ aŶd iŶseƌiŶg iŶto EƋŶ. ϯ.Ϯ.ϱϱ Ǉields the folloǁiŶg foƌ the tƌaŶsfoƌ-

ŵaioŶ T3+(r) foƌ higheƌ oƌdeƌ ďasis fuŶĐioŶs

| det J3+|(r) =

d(l3 − O3)(dl1 + (l3 − r3)(l1 − l3 + O3))(dl2 + (l3 − r3)(l2 − l3 + O3))

(d + l3 − r3)4(l1 − l3 + r3)(l2 − l3 + r3)
;ϯ.Ϯ.ϲϴͿ
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Figuƌe ϯ.ϵ: SĐalaƌ poteŶial ĐalĐulaioŶ of a hoŵogeŶeouslǇŵagŶeized Đuďoidǁith the spheƌ-

iĐal shell tƌaŶsfoƌŵaioŶ ŵethod. ;aͿ SketĐh of the setup iŶ tǁo diŵeŶsioŶs. The

Đuďoid saŵple ǁith edge leŶgths (2, 2, 6) is suƌƌouŶded ďǇ a spheƌe ǁith ƌadius

R1 = 4. ;ďͿ Results of the poteŶial ĐoŵputaioŶ oŶ the r3 aǆis u[(0, 0, r3)T ]. The

ƌesults of a tƌuŶĐaioŶ appƌoaĐh aŶd the spheƌiĐal tƌaŶsfoƌŵaioŶ aƌe Đoŵpaƌed to

the aŶalǇiĐal poteŶial. The diffeƌeŶt ƌegioŶs aƌe ŵaƌked ǁith ďaĐkgƌouŶd Đoloƌs.
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)
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;ϯ.Ϯ.ϲϵͿ

Siŵilaƌ to the tƌaŶsfoƌŵaioŶ foƌ liŶeaƌ ďasis fuŶĐioŶs, theŵetƌiĐ teŶsoƌ g foƌ a paƌiĐulaƌ shell

patĐh is oďtaiŶed ďǇ EƋŶs. ϯ.Ϯ.ϲϰ–ϯ.Ϯ.ϲϳ.
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Figuƌe ϯ.ϭϬ: Relaiǀe eƌƌoƌ δu of the poteŶial ĐoŵputaioŶ foƌ a hoŵogeŶeouslǇ ŵagŶeized

Đuďoid, see also Fig. ϯ.ϵ. The ƌesult of the tƌuŶĐaioŶ appƌoaĐh is Đoŵpaƌed to

the ƌesult of the tƌaŶsfoƌŵaioŶ ŵethod. The diffeƌeŶt ƌegioŶs aƌe ŵaƌked ǁith

ďaĐkgƌouŶd Đoloƌs.

ϯ.Ϯ.ϰ ValidaioŶ aŶd NuŵeƌiĐal EǆpeƌiŵeŶts

As a fiƌst ǀalidaioŶ of the tƌaŶsfoƌŵaioŶ ŵethods pƌeseŶted iŶ the pƌeĐediŶg seĐioŶ, the

sĐalaƌ poteŶial u is Đoŵputed foƌ a hoŵogeŶeouslǇ ŵagŶeized Đuďoid. This pƌoďleŵ is ǁell

suited as a fuŶĐioŶal test, siŶĐe the aŶalǇiĐal soluioŶ foƌ u is kŶoǁŶ, see SeĐ. ϯ.ϭ.ϯ. Fuƌ-

theƌŵoƌe ďoth the appƌoǆiŵaioŶ of the Đuďoid saŵple geoŵetƌǇ ǁith tetƌahedƌa as ǁell as

the appƌoǆiŵaioŶ of the ĐoŶstaŶt ŵagŶeizaioŶ ǁith pieĐeǁise polǇŶoŵial fuŶĐioŶs is eǆaĐt.

Figuƌe ϯ.ϵa shoǁs the ĐoŶfiguƌaioŶ iŶ tǁo diŵeŶsioŶs. The side leŶgths of the Đuďoid aƌe Đho-

seŶ as L = (2, 2, 6)T aŶd the ƌadii of the spheƌiĐal shell aƌe ĐhoseŶ as R1 = 4 aŶd R2 = 6. The

hoŵogeŶeous ŵagŶeizaioŶ ǁithiŶ the saŵple is set to M = (0, 0, 1). The ĐoŵputaioŶ of

the poteŶial u is doŶe ǁith the spheƌiĐal shell-tƌaŶsfoƌŵaioŶ ŵethod desĐƌiďed iŶ SeĐ. ϯ.Ϯ.ϯ

ǁith liŶeaƌ ďasis fuŶĐioŶs. Foƌ ĐoŵpaƌisoŶ a siŵple tƌuŶĐaioŶ appƌoaĐh oŶ the saŵe ŵesh is

iŵpleŵeŶted, ǁheƌe the ŵetƌiĐ teŶsoƌ iŶ EƋŶ. ϯ.Ϯ.ϯϭ is ƌeplaĐed ďǇ the ideŶitǇ.

The Đoŵputed poteŶial oŶ the r3-aǆis u[(0, 0, r3)T ] is ploted iŶ Fig. ϯ.ϵď aloŶg ǁith the aŶ-

alǇiĐal soluioŶ. Foƌ ďoth ŵethods DiƌiĐhlet ĐoŶdiioŶs u = 0 aƌe applied oŶ the outeƌ shell

ďouŶdaƌǇ, ǁhiĐh is ƌefleĐted iŶ the poteŶial ǀalues at z = {−6, 6}. IŶ ĐoŶtƌast to the tƌuŶ-

ĐaioŶ ŵethod, the tƌaŶsfoƌŵaioŶ ŵethod featuƌes a steepeƌ asĐeŶd of the poteŶial iŶ the

shell ƌegioŶΩshell, suĐh that the deǀiaioŶ of the Đoŵputed poteŶial iŶ the uŶtƌaŶsfoƌŵed aƌea

Ωaiƌ ∪Ωsaŵple is sŵalleƌ thaŶ the deǀiaioŶ of the tƌuŶĐaioŶ ŵethod. Figuƌe ϯ.ϭϬ shoǁs the eƌ-

ƌoƌ to the aŶalǇiĐal ĐoŵputaioŶ iŶ the the diffeƌeŶt ƌegioŶs. While the eƌƌoƌ of the tƌuŶĐaioŶ

ŵethod liŶeaƌlǇ ǀaƌies ǁith the distaŶĐe to the ĐeŶteƌ of the saŵple, the eƌƌoƌ of the tƌaŶsfoƌ-
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Figuƌe ϯ.ϭϭ: EƋuipoteŶial liŶes of the Đoŵputed sĐalaƌ poteŶial u of a hoŵogeŶeouslǇ ŵag-

Ŷeized Đuďe at the ŵiddle plaŶe. ;aͿ Result Đoŵputed ǁith a tƌuŶĐaioŶ ap-

pƌoaĐh. The shape of the ĐoŶtouƌ liŶes is Đlose to that of a ŵagŶeiĐ dipole.

;ďͿ Result Đoŵputed ǁith the Đuďoid shell-tƌaŶsfoƌŵaioŶ ŵethod. The ĐoŶtouƌ

liŶes shoǁ a Đleaƌ distoƌsioŶ due to the tƌaŶsfoƌŵaioŶ. Fuƌtheƌŵoƌe the deŶsitǇ

of ĐoŶtouƌ liŶes is higheƌ Đoŵpaƌed to the tƌuŶĐaioŶ ŵethod.

ŵaioŶŵethod alŵost dƌops to zeƌo oŶ the ďouŶdaƌǇ ďetǁeeŶ the ƌegioŶsΩshell aŶdΩaiƌ. This

is the eǆpeĐted ƌesult, siŶĐe the tƌaŶsfoƌŵaioŶŵethod siŵulates the Đoŵplete eǆteƌioƌ spaĐe.

This faĐt is also ƌefleĐted ďǇ the eƋuipoteŶial liŶes of the poteŶial u. Figuƌe ϯ.ϭϭ shoǁs the

eƋuipoteŶial liŶes foƌ the Đuďoid shell tƌaŶsfoƌŵaioŶ applied oŶ a uŶifoƌŵlǇ ŵagŶeized uŶit

Đuďe ǁith M = (0, 0, 1)T . Coŵpaƌed to the tƌuŶĐaioŶ ŵethod, the poteŶial liŶes of the

tƌaŶsfoƌŵaioŶŵethod shoǁ a higheƌ deŶsitǇ iŶ the shell ƌegioŶΩshell. The spaial distoƌsioŶ of

the shell ƌegioŶ, that is effeĐiǀelǇ applied ďǇ the tƌaŶsfoƌŵaioŶŵethod ďǇŵappiŶg the Đuďoid

shell ƌegioŶ oŶ the Đoŵplete eǆteƌioƌ spaĐe, leads to distoƌted poteŶial liŶes iŶ Fig. ϯ.ϭϭď.

As eǆplaiŶed iŶ SeĐ. ϯ.Ϯ.ϯ, the Đuďoid shell tƌaŶsfoƌŵaioŶ supeƌseeds the spheƌiĐal shell tƌaŶs-

foƌŵaioŶ iŶ teƌŵs of fleǆiďilitǇ. HeŶĐe the ƌest of this ǁoƌk is dediĐated to the Đuďoid shell

tƌaŶsfoƌŵaioŶ oŶlǇ. Hoǁeǀeƌ, the pƌeseŶted fiŶdiŶgs of the Đuďoid ŵethod usuallǇ also applǇ

to the spheƌiĐal ŵethod. Figuƌe ϯ.ϭϮa shoǁs the eŶeƌgǇ of a uŶifoƌŵlǇ ŵagŶeized uŶit Đuďe,

ĐalĐulated ǁith diffeƌeŶt polǇŶoŵial degƌee of test aŶd tƌial fuŶĐioŶs aloŶg ǁith the aŶalǇi-

Đal soluioŶ. The deŵagŶeizaioŶ eŶeƌgǇ is Đoŵputed aĐĐoƌdiŶg to EƋŶ. Ϯ.Ϯ.Ϯϱ, the aŶalǇiĐal

soluioŶ foƌ a uŶifoƌŵlǇ ŵagŶeized uŶit Đuďe is giǀeŶ ďǇ EuŶi = 1/6µ0M2
s . The ŵethods aƌe

Đoŵpaƌed ǁith ƌespeĐt to the Ŷuŵďeƌ of ŶoŶzeƌo ŵatƌiǆ eŶtƌies of the liŶeaƌ sǇsteŵs ƌesuliŶg

fƌoŵ the disĐƌeizaioŶ of EƋŶ. ϯ.Ϯ.ϯϭ. This is ĐoŶsideƌed a good ŵeasuƌe foƌ ĐoŵpaƌsioŶ siŶĐe

ďoth the stoƌage ƌeƋuiƌeŵeŶts aŶd the ĐoŵputaioŶal ĐoŵpleǆitǇ of ŵatƌiǆ–ǀeĐtoƌ ŵulipliĐa-
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Figuƌe ϯ.ϭϮ: NuŵeƌiĐal eǆpeƌiŵeŶts ǁith the Đuďoid shell-tƌaŶsfoƌŵaioŶ ŵethod. ;aͿ EŶeƌgǇ

ĐalĐulaioŶs foƌ a hoŵogeŶeouslǇ ŵagŶeized Đuďe ǁith diffeƌeŶt polǇŶoŵial de-

gƌee. Matƌiǆ eŶtƌies deŶotes the Ŷuŵďeƌ of ŶoŶzeƌo eŶtƌies of the spaƌse sǇsteŵ

ŵatƌiǆ. The aŶalǇiĐal soluioŶ is deŶoted ďǇ EuŶi. ;ďͿ Nuŵďeƌ of iteƌaioŶs of

the ĐoŶjugate-gƌadieŶt solǀeƌ foƌ diffeƌeŶt polǇŶoŵial degƌee. ;ĐͿ Relaiǀe eƌƌoƌ

of the eŶeƌgǇ δE foƌ a uŶifoƌŵlǇ ŵagŶeized Đuďe. The ŵesh size h aĐĐouŶts foƌ

the auǆiliaƌǇ Ŷodes iŶtƌoduĐed ďǇ higheƌ-oƌdeƌ ŵethods. ;dͿ EǆpeƌiŵeŶtal ĐoŶ-

ǀeƌgeŶĐe ƌates foƌ diffeƌeŶt polǇŶoŵial degƌee, Đoŵputed fƌoŵ the ƌesults of plot

;ĐͿ. Modified fƌoŵ [ϲϰ].
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ioŶs sĐale liŶeaƌlǇ ǁith the Ŷuŵďeƌ of ŵatƌiǆ eŶtƌies. SiŶĐe the liŶeaƌ sǇsteŵs aƌe solǀed ǁith

iteƌaiǀe solǀeƌs, the ŵatƌiǆ–ǀeĐtoƌ ŵulipliĐaioŶ giǀes a good ŵeasuƌe foƌ the ĐoŵpleǆitǇ of

the soluioŶ of the sǇsteŵ. The plot shoǁs that the tƌaŶsfoƌŵaioŶŵethod gaiŶs aĐĐuƌaĐǇ ǁith

higheƌ polǇŶoŵial oƌdeƌ. PaƌiĐulaƌlǇ the ŵethod of fiƌst oƌdeƌ peƌfoƌŵs pooƌlǇ Đoŵpaƌed to

the higheƌ-oƌdeƌ ŵethods. The ƌeasoŶ is the addiioŶal 1/r ′ teƌŵ that is pƌeseŶt oŶlǇ iŶ the

higheƌ-oƌdeƌ ŵethods as shoǁŶ iŶ SeĐ. ϯ.Ϯ.ϯ. This teƌŵ eŶaďles a ŵuĐh ďeteƌ appƌoǆiŵaioŶ

of the deĐaǇiŶg poteŶial u.

This Ƌualitaiǀe diffeƌeŶĐe ďetǁeeŶ the fiƌst-oƌdeƌ ŵethod aŶd the higheƌ-oƌdeƌ ŵethods is

also fouŶd iŶ the ĐoŶǀeƌgeŶĐe ďehaǀiouƌ, shoǁŶ iŶ Fig. ϯ.ϭϮĐ aŶd Taď. ϯ.ϭϮd. The seĐoŶd aŶd

thiƌd-oƌdeƌ ŵethod haǀe a ĐoŶǀeƌgeŶĐe ƌate of appƌoǆiŵatelǇ Ϯ ǁhile the fiƌst-oƌdeƌ ŵethod

ĐoŶǀeƌges oŶlǇ ǁith a ƌate of appƌoǆiŵatelǇ ϭ.ϲ. Fuƌtheƌŵoƌe the plot shoǁs, that the eƌƌoƌ of

the fiƌst-oƌdeƌ ŵethod is aŶ oƌdeƌ of ŵagŶitude higheƌ thaŶ foƌ the higheƌ-oƌdeƌ ŵethods foƌ

the saŵe ŵesh size h. Note that the auǆiliaƌǇ ŵesh-Ŷodes foƌ the higheƌ-oƌdeƌ ŵethods aƌe

takeŶ iŶto aĐĐouŶt foƌ the ĐoŵputaioŶ of h.

The liŶeaƌ sǇsteŵaƌisiŶg fƌoŵ theǁeak foƌŵulaioŶϯ.Ϯ.ϯϭ is sǇŵŵetƌiĐ posiiǀe defiŶite. HeŶĐe

it is solǀed ǁith the ĐoŶjugate gƌadieŶt ŵethod [ϱϵ] as iteƌaiǀe solǀeƌ. AŶ algeďƌaiĐ ŵuligƌid

pƌeĐoŶdiioŶeƌ is used, ǁhiĐh leads to a sŵall Ŷuŵďeƌ of iteƌaioŶs. Figuƌe ϯ.ϭϮď shoǁs the

Ŷuŵďeƌ of iteƌaioŶs foƌ the ŵethods of diffeƌeŶt polǇŶoŵial degƌee. LiŶeaƌ fits Ǉield a N0.4

depeŶdeŶĐe of the iteƌaioŶs oŶ the Ŷuŵďeƌ of ŵatƌiǆ eŶtƌies N . A siŶgle iteƌaioŶ ďasiĐallǇ

ĐoŶsists of a ŵatƌiǆ–ǀeĐtoƌ ŵulipliĐaioŶ that has a ĐoŵputaioŶal ĐoŵpleǆitǇ of O(N). This

leads to aŶ oǀeƌall asǇŵptoiĐ ĐoŵpleǆitǇ of O(N1.4).

Cƌouzeiǆ-Raǀiaƌt EleŵeŶts

IŶ [ϲϱ] aŶd [ϲϲ] it is stated that the ĐoŵputaioŶ of the deŵagŶeizaioŶ poteŶial u ǁith ĐoŶ-

foƌŵiŶg pieĐeǁise polǇŶoŵial fuŶĐioŶs leads to uŶstaďle ďehaǀiouƌ iŶ the ĐoŶteǆt of eŶeƌgǇ

ŵiŶiŵizaioŶ. The authoƌs pƌopose the use of Cƌouzeiǆ-Raǀiaƌt eleŵeŶts foƌ the disĐƌeizaioŶ

of u to staďilize the soluioŶ. Figuƌe ϯ.ϭϯ shoǁs the ƌesults foƌ the deŵagŶeizaioŶ-poteŶial

ĐalĐulaioŶ ǁith Cƌouzeiǆ-Raǀiaƌt eleŵeŶts Đoŵpaƌed to the ĐoŵputaioŶ ǁith staŶdaƌd La-

gƌaŶge eleŵeŶts. OďǀiouslǇ the appliĐaioŶof the tƌaŶsfoƌŵaioŶŵethodǁith Cƌouzeiǆ-Raǀiaƌt

eleŵeŶts leads to eƌƌoƌs oŶ the ďouŶdaƌǇ of the saŵple. UsiŶg a siŵple tƌuŶĐaioŶ appƌoaĐh

Ǉields sŵootheƌ ƌesults, hoǁeǀeƌ this ŵethod suffeƌs fƌoŵ the ďad appƌoǆiŵaioŶ of the eǆte-

ƌioƌ spaĐe. Foƌ the dǇŶaŵiĐal ĐoŵputaioŶs Đaƌƌied out iŶ this ǁoƌk, the ĐoŶfoƌŵiŶg ŵethod

did Ŷot Ǉield aŶǇ iŶstaďiliies, see SeĐ. ϰ.ϯ.ϰ. Thus the ĐoŶfoƌŵiŶg ŵethod is used thƌoughout

this ǁoƌk.
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;aͿ ;ďͿ ;ĐͿ

Figuƌe ϯ.ϭϯ: DeŵagŶeizaioŶ poteŶial u of a hoŵogeŶeouslǇ ŵagŶeized uŶit Đuďe at oŶe

side, Đoŵputed ǁith diffeƌeŶt eleŵeŶts aŶd ŵethods. Red Đoloƌ ŵaƌks posi-

iǀe ǀalues aŶd ďlue Đoloƌ ŵaƌks Ŷegaiǀe ǀalues. ;aͿ TƌaŶsfoƌŵaioŶ ŵethod

usiŶg ĐoŶfoƌŵiŶg LagƌaŶge eleŵeŶts of seĐoŶd oƌdeƌ. ;ďͿ TƌuŶĐaioŶ ŵethod

usiŶg Cƌouzeiǆ-Raǀiaƌt eleŵeŶts of fiƌst oƌdeƌ. ;ĐͿ TƌaŶsfoƌŵaioŶ ŵethod usiŶg

Cƌouzeiǆ-Raǀiaƌt eleŵeŶts of fiƌst oƌdeƌ.

ϯ.ϯ CoŵpaƌisoŶ

This seĐioŶ is dediĐated to the ĐoŵpaƌisoŶ of the deŵagŶeizaioŶ-field ŵethods iŶtƌoduĐed

iŶ the pƌeĐediŶg seĐioŶs. The pƌeseŶted ŶuŵeƌiĐal eǆpeƌiŵeŶts aŶd the ĐoŵpaƌsioŶ of the ƌe-

sults foƌ the pƌeseŶtedŵethods aƌe takeŶ fƌoŵ [ϲϳ]. Heƌe, oŶlǇ the ĐoŶtƌiďuioŶs of the authoƌ

aƌe desĐƌiďed. Foƌ fuƌtheƌ details aŶd the addiioŶal ĐoŵpaƌisoŶ to the teŶsoƌ-gƌidŵethods de-

ǀeloped ďǇ Lukas Eǆl, the ƌeadeƌ is ƌefeƌƌed to this puďliĐaioŶ.

The ƌelaiǀe eƌƌoƌs iŶ eŶeƌgǇ aŶd field aƌe Đoŵputed foƌ diffeƌeŶt geoŵetƌies aŶd ŵagŶei-

zaioŶ ĐoŶfiguƌaioŶs. EaĐh ĐoŵputaioŶ is Đaƌƌied out ǁith the pƌeǀiouslǇ desĐƌiďed ŵeth-

ods, ŶaŵelǇ ǁith the deŵagŶeizaioŶ-teŶsoƌ ŵethod ;DMͿ iŶtƌoduĐed iŶ SeĐ. ϯ.ϭ, the sĐalaƌ-

poteŶialŵethod ;SPͿ iŶtƌoduĐed iŶ SeĐ. ϯ.ϭ.ϯ aŶd the fiŶite-eleŵeŶtŵethod ;FEͿ iŶtƌoduĐed iŶ

SeĐ. ϯ.Ϯ. If the aŶalǇiĐal soluioŶ to a pƌoďleŵ is Ŷot kŶoǁŶ, a ƌefeƌeŶĐe soluioŶ is Đoŵputed

ǁith the deŵagŶeizaioŶ-teŶsoƌ ŵethod. The ƌefeƌeŶĐe soluioŶ is Đoŵputed oŶ a ƌefiŶed

ŵesh ǁith Ƌuadƌuple ƌesoluioŶ iŶ eǀeƌǇ spaial diŵeŶsioŶ.

Theŵethods aƌe Đoŵpaƌedǁith ƌegaƌd to the total eŶeƌgǇ aŶd the field. The ƌelaiǀe field eƌƌoƌ

is Đoŵputed as

δH =

√
1

N

∑

i

∣∣H i
aŶalǇiĐal − H i

ŶuŵeƌiĐal

∣∣2 ;ϯ.ϯ.ϭͿ

ǁheƌe N deŶotes the total Ŷuŵďeƌ of Đells aŶd H i is the field ǀalue of Đell i . AddiioŶallǇ the

aŶgulaƌ deǀiaioŶ of the Đoŵputed field to the aŶalǇiĐal field is giǀeŶ as aǀeƌage δHaŶg aŶd as

ŵaǆiŵuŵ δHaŶgŵaǆ. The field ǀalues foƌ the fiŶite-eleŵeŶt soluioŶ aƌe Đoŵputed ǀia pƌojeĐ-

ϰϴ
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Figuƌe ϯ.ϭϰ: MagŶeizaioŶ ĐoŶfiguƌaioŶs iŶ a Đuďe used foƌ ŶuŵeƌiĐal eǆpeƌiŵeŶts. ;aͿ Ho-

ŵogeŶeous ŵagŶeizaioŶ ;ďͿ Floǁeƌ state ;ĐͿ Voƌteǆ state. Fƌoŵ [ϲϳ].

Method N δE δH δHaŶg [◦] δHaŶgŵaǆ [◦]

DM 40 × 40 × 40 2.9 · 10−9 0 0 0

SP 40 × 40 × 40 1.1 · 10−3 1.1 · 10−3 2.3 · 10−5 5.0

FE 7.2 · 104 8.6 · 10−4 2.2 · 10−3 3.2 · 10−5 5.2

Taďle ϯ.ϭ: Results of deŵagŶeizaioŶ-field ĐoŵputaioŶs foƌ a uŶifoƌŵlǇ ŵagŶeized uŶit

Đuďe. Modified fƌoŵ [ϲϳ].

ioŶ of the gƌadieŶt

∫

Ω

Hdeŵag · v dr = −
∫

Ω

∇u · v dr ∀ v ∈ V . ;ϯ.ϯ.ϮͿ

The soluioŶ of this pƌojeĐioŶ is tƌaŶsfeƌƌed to the ƌegulaƌ Đuďoid gƌid used ďǇ the Fouƌieƌ-spaĐe

ŵethods ǀia a siŵple oǀeƌsaŵpliŶg ŵethod.

UŶit Cuďe GeoŵetƌǇ

The deŵagŶeizaioŶ field foƌ thƌee diffeƌeŶtŵagŶeizaioŶ ĐoŶfiguƌaioŶs iŶ a uŶit Đuďe is Đoŵ-

paƌed. The diffeƌeŶt ĐoŶfiguƌaioŶs aƌe depiĐted iŶ Fig. ϯ.ϭϰ. The fiƌst test is the uŶifoƌŵlǇ

ŵagŶeized uŶit Đuďe that ǁas alƌeadǇ used iŶ SeĐ. ϯ.Ϯ.ϰ foƌ the ǀalidaioŶ of the fiŶite-eleŵeŶt

algoƌithŵ. The ĐoŶfiguƌaioŶ is depiĐted iŶ Fig. ϯ.ϭϰa. The ĐoŵputaioŶal ƌesults aƌe pƌeseŶted

iŶ Taď. ϯ.ϭ aŶd Fig. ϯ.ϭϱa. The deŵagŶeizaioŶ-teŶsoƌ ŵethod plaǇs a speĐial ƌole foƌ this test

pƌoďleŵ, siŶĐe its disĐƌeizaioŶ sĐheŵe assuŵes uŶifoƌŵlǇ ŵagŶeized Đuďoid Đells. Thus the

eŶeƌgǇ aŶd the field Đoŵputed ǁith the deŵagŶeizaioŶ-teŶsoƌ ŵethod aƌe eǆaĐt eǀeŶ ǁheŶ

disĐƌeiziŶg ǁith a siŶgle Đell. Both the fiŶite-eleŵeŶt ŵethod aŶd the sĐalaƌ-poteŶial ŵethod

appƌoaĐh the eŶeƌgǇ fƌoŵ ďeloǁ, hoǁeǀeƌ, the lateƌ ĐoŶǀeƌges fasteƌ. DeǀiaioŶs iŶ the field

ĐoŵputaioŶ aƌe of the saŵe oƌdeƌ of ŵagŶitude.
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Figuƌe ϯ.ϭϱ: EŶeƌgǇ ĐalĐulaioŶs foƌ diffeƌeŶt geoŵetƌies aŶd ŵagŶeizaioŶ ĐoŶfiguƌaioŶs.

The eŶeƌgǇ foƌ eaĐh ĐoŶfiguƌaioŶ is Đoŵputed ǁith the deŵagŶeizaioŶ-teŶsoƌ

ŵethod ;DMͿ, the sĐalaƌ-poteŶial ŵethod ;SPͿ aŶd the fiŶite-eleŵeŶt ŵethod

ǁith shell tƌaŶsfoƌŵaioŶ ;FEͿ. Foƌ the Fouƌieƌ-spaĐe ŵethods N deŶotes the

Ŷuŵďeƌ of siŵulaioŶ Đells, foƌ the fiŶite-eleŵeŶt ŵethod N deŶotes the Ŷuŵ-

ďeƌ of degƌees of fƌeedoŵ. ;aͿ UŶifoƌŵlǇ ŵagŶeized uŶit Đuďe. The aŶalǇiĐal

soluioŶ is deŶoted ďǇ EuŶi. ;ďͿ Floǁeƌ state iŶ uŶit Đuďe ;ĐͿ Voƌteǆ state iŶ uŶit

Đuďe ;dͿUŶifoƌŵlǇ ŵagŶeized spheƌe. The aŶalǇiĐal soluioŶ is deŶoted ďǇ EuŶi.

Modified fƌoŵ [ϲϳ].
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Method N δE δH δHaŶg [◦] δHaŶgŵaǆ [◦]

DM 40 × 40 × 40 1.30 · 10−4 1.6 · 10−5 1.1 · 10−9 4.0 · 10−2

SP 40 × 40 × 40 1.20 · 10−3 1.8 · 10−3 5.0 · 10−5 7.2 · 10+0

FE 7.2 · 104 1.47 · 10−3 2.5 · 10−3 6.1 · 10−5 6.8 · 10+0

Taďle ϯ.Ϯ: Results of deŵagŶeizaioŶ-field ĐoŵputaioŶs foƌ a floǁeƌ state iŶ a uŶit Đuďe.

Modified fƌoŵ [ϲϳ].

Method N δE δH δHaŶg [◦] δHaŶgŵaǆ [◦]

DM 40 × 40 × 40 4.08 · 10−3 9.2 · 10−4 2.9 · 10−4 1.1 · 10+1

SP 40 × 40 × 40 8.08 · 10−3 2.3 · 10−3 2.1 · 10−5 3.4 · 10+0

FE 7.2 · 104 9.44 · 10−3 2.1 · 10−2 6.1 · 10−2 1.8 · 10+2

Taďle ϯ.ϯ: Results of deŵagŶeizaioŶ-field ĐoŵputaioŶs foƌ a ǀoƌteǆ state iŶ a uŶit Đuďe.

Modified fƌoŵ [ϲϳ].

The seĐoŶd test pƌoďleŵ is a so-Đalled floǁeƌ state, ǁhiĐh is depiĐted iŶ Fig. ϯ.ϭϰď. This ŵagŶe-

izaioŶ ĐoŶfiguƌaioŶ is a loĐal ŵiŶiŵuŵ of the eŶeƌgǇ laŶdsĐape of sŵall ĐuďiĐ paƌiĐles. The

Ŷoƌŵalized ǀeƌsioŶ of the paƌaŵetƌizaioŶ

m(r) =




1
a
r1r3

1
c
r2r3 + 1

b3 r3
2 r3

3

1


 ;ϯ.ϯ.ϯͿ

is used foƌ the ŶuŵeƌiĐal eǆpeƌiŵeŶts ǁith the ĐeŶteƌ of the Đuďe loĐated at (0, 0, 0). The

paƌaŵeteƌs aƌe ĐhoseŶ as a = c = 1 aŶd b = 2. Results foƌ the floǁeƌ state aƌe suŵŵaƌized

iŶ Taď. ϯ.Ϯ aŶd Fig. ϯ.ϭϱď. The ƌesults of the sĐalaƌ-poteŶial ŵethod aŶd the fiŶite-eleŵeŶt

ŵethod aƌe siŵilaƌ to those of the uŶifoƌŵlǇ ŵagŶeized Đuďe. The deŵagŶeizaioŶ-teŶsoƌ

ŵethod shoǁs the fastest ĐoŶǀeƌgeŶĐe.

The thiƌd ŵagŶeizaioŶ ĐoŶfiguƌaioŶ defiŶed oŶ a uŶit Đuďe is the so-Đalled ŵagŶeiĐ ǀoƌteǆ,

depiĐted iŶ Fig. ϯ.ϭϰĐ. Like the floǁeƌ state, the ǀoƌteǆ state is a loĐal eŶeƌgeiĐal ŵiŶiŵuŵ

foƌ ĐuďiĐ paƌiĐles of a ĐeƌtaiŶ size. The folloǁiŶg paƌaŵetƌizaioŶ is used foƌ the ŶuŵeƌiĐal

eǆpeƌiŵeŶts

m(r) =




− r2
r12

√
1 − exp

(
−4

r2
12

R2
c

)

r1
r12

√
1 − exp

(
−4

r2
12

R2
c

)

exp

(
−2

r2
12

R2
c

)




;ϯ.ϯ.ϰͿ

ǁith r12 =
√

r2
1 + r2

2 ǁheƌe the ƌadius of the ǀoƌteǆ Đoƌe Rc is set to Ϭ.ϭϰ foƌ the ŶuŵeiĐal

eǆpeƌiŵeŶts. The ƌesults aƌe shoǁŶ iŶ Taď. ϯ.ϯ aŶd Fig. ϯ.ϭϱĐ. AgaiŶ, the deŵagŶeizaioŶ-
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Figuƌe ϯ.ϭϲ: MagŶeizaioŶ ĐoŶfiguƌaioŶs iŶ a thiŶ filŵ used foƌ ŶuŵeƌiĐal eǆpeƌiŵeŶts.

;aͿ HoŵogeŶeous ŵagŶeizaioŶ ;ďͿ Voƌteǆ state. Fƌoŵ [ϲϳ].

Method N δE δH δHaŶg [◦] δHaŶgŵaǆ [◦]

DM 80 × 80 × 8 2.94 · 10−6 0 0 0

SP 80 × 80 × 8 1.02 · 10−3 1.7 · 10−3 2.6 · 10−5 4.5

FE 4.9 · 104 1.05 · 10−2 5.5 · 10−3 1.9 · 10−5 5.0

Taďle ϯ.ϰ: Results of deŵagŶeizaioŶ-field ĐoŵputaioŶs foƌ a hoŵogeŶeous ŵagŶeizaioŶ

iŶ a thiŶ sƋuaƌe. Modified fƌoŵ [ϲϳ].

teŶsoƌ ŵethod peƌfoƌŵs ďest, folloǁed ďǇ the sĐalaƌ-poteŶial ŵethod aŶd the fiŶite-eleŵeŶt

ŵethod.

ThiŶ SƋuaƌe GeoŵetƌǇ

SiŶĐe a ďƌoad Ŷuŵďeƌ of appliĐaioŶs of ŵiĐƌoŵagŶeisŵ iŶǀolǀe feƌƌoŵagŶeiĐ thiŶ filŵs, a

thiŶ sƋuaƌe of size (1, 1, 0.1) is iŶǀesigated. A hoŵogeŶeous ŵagŶeizaioŶ ĐoŶfiguƌaioŶ as

ǁell as a ǀoƌteǆ ĐoŶfiguƌaioŶ aƌe Đoŵputed, see Fig. ϯ.ϭϲ. The ƌesults aƌe suŵŵaƌized iŶ

Taď. ϯ.ϰ aŶd ϯ.ϱ.

The ŵost Ŷotaďle diffeƌeŶĐe to the ĐoŵputaioŶs foƌ the ĐuďiĐ geoŵetƌǇ is the eƌƌoƌ of the

fiŶite-eleŵeŶt ŵethod that is aŶ oƌdeƌ of ŵagŶitude higheƌ thaŶ the eƌƌoƌ of the Fouƌieƌ-spaĐe

ŵethods. The flat geoŵetƌǇ has a high suƌfaĐe-to-ǀoluŵe ƌaio ǁhiĐh leads to a laƌge Ŷuŵďeƌ

of shell eleŵeŶts. Thus the ĐoŵputaioŶ is doŵiŶated ďǇ the siŵulaioŶ of the eǆteƌioƌ spaĐe,

ǁhiĐh leads to laƌgeƌ eƌƌoƌs ǁithiŶ the saŵple ǁheŶ keepiŶg the total Ŷuŵďeƌ of eleŵeŶts

ĐoŶstaŶt.

Method N δE δH δHaŶg [◦] δHaŶgŵaǆ [◦]

DM 80 × 80 × 8 6.37 · 10−4 2.3 · 10−4 2.8 · 10−6 6.8 · 10−1

SP 80 × 80 × 8 8.47 · 10−3 2.5 · 10−3 4.6 · 10−5 3.6 · 10+0

FE 4.9 · 104 4.59 · 10−2 6.1 · 10−3 6.6 · 10−4 2.1 · 10+1

Taďle ϯ.ϱ: Results of deŵagŶeizaioŶ-field ĐoŵputaioŶs foƌ a ǀoƌteǆ state iŶ a thiŶ sƋuaƌe.

Modified fƌoŵ [ϲϳ].
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Figuƌe ϯ.ϭϳ: DisĐƌeizaioŶ of a ĐiƌĐle ;aͿ ǁith a ƌegulaƌ Đuďoid gƌid ;ďͿ ǁith aŶ iƌƌegulaƌ ŵesh

of tƌiaŶgles.

SpheƌiĐal GeoŵetƌǇ

The geoŵetƌies featuƌed iŶ the pƌeĐediŶg seĐioŶs aƌe peƌfeĐtlǇ appƌoǆiŵated ďǇ ďoth the ƌeg-

ulaƌ Đuďoidŵeshes used ďǇ the Fouƌieƌ-spaĐeŵethods aŶd the tetƌahedƌal ŵeshes used ďǇ the

fiŶite-eleŵeŶt ŵethod. Iƌƌegulaƌ tetƌahedƌal ŵeshes hoǁeǀeƌ aƌe aďle to appƌoǆiŵate Đuƌǀed

geoŵetƌies ďeteƌ thaŶ ƌegulaƌ Đuďoidŵeshes, see Fig. ϯ.ϭϳ. The fiŶite-eleŵeŶtŵethod is thus

eǆpeĐted to supeƌseed the Fouƌieƌ-spaĐe ŵethods foƌ Đuƌǀed geoŵetƌies. As a test pƌoďleŵ,

deŵagŶeizaioŶ eŶeƌgǇ aŶd field of a hoŵogeŶeouslǇ ŵagŶeized spheƌe ǁith ƌadius R = 0.5

aŶdM = (0, 0, 1)T aƌe Đoŵputed. The spheƌe ǁas appƌoǆiŵated oŶ the ƌegulaƌ gƌid ďǇ tesiŶg

the Đell ĐeŶteƌs ri agaiŶst the spheƌe ĐoŶdiioŶ

Mi =





(0, 0, 1)T if |ri | < R

0 else
;ϯ.ϯ.ϱͿ

ǁheƌe Mi is the ŵagŶeizaioŶ iŶ Đell i . The iƌƌegulaƌ ŵesh used foƌ the fiŶite-eleŵeŶt Đal-

ĐulaioŶ ǁas Đƌeated suĐh that the disĐƌete ǀoluŵe ĐoiŶĐides ǁith the aŶalǇiĐal ǀoluŵe V =

4/3πR3.

IŶ Fig. ϯ.ϭϱd the ƌesults of the eŶeƌgǇ ĐalĐulaioŶs aƌe pƌeseŶted. As eǆpeĐted the fiŶite-eleŵeŶt

ŵethod ĐoŶǀeƌges fasteƌ thaŶ the Fouƌieƌ-spaĐe ŵethods. A ĐoŵpaƌisoŶ of the field Đoŵputa-

ioŶ is giǀeŶ iŶ Fig. ϯ.ϭϴ. OŶ the ƌegulaƌ gƌid, the field ĐoŵputaioŶ shoǁs stƌoŶg aƌifaĐts that

oďǀiouslǇ ƌesult fƌoŵ the ďad appƌoǆiŵaioŶ of the suƌfaĐe. The fiŶite-eleŵeŶt ƌesult oŶ the

otheƌ haŶd featuƌes a peƌfeĐtlǇ hoŵogeŶeous deŵagŶeizaioŶ-field as pƌediĐted ďǇ theoƌǇ.
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Figuƌe ϯ.ϭϴ: DeŵagŶeizaioŶ field of a uŶifoƌŵlǇ ŵagŶeized spheƌe. The ĐoŵpoŶeŶt

H3 is shoǁŶ oŶ the ŵiddle plaŶe of the spheƌe. ;aͿ Coŵputed ǁith the

deŵagŶeizaioŶ-teŶsoƌ ŵethod oŶ a 50 × 50 × 50 gƌid. ;ďͿ Coŵputed ǁith the

fiŶite-eleŵeŶtŵethodoŶ aŵesh of 9429 tetƌahedƌa iŶĐludiŶg the shell eleŵeŶts.

Fƌoŵ [ϲϳ].

;aͿ
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;ďͿ

Method Rate

DM 2.179 ± 0.065

SP 1.785 ± 0.004

FE 2.425 ± 0.343

Figuƌe ϯ.ϭϵ: CoŶǀeƌgeŶĐe ĐoŵpaƌisoŶ of the diffeƌeŶt deŵagŶeizaioŶ-fieldŵethods. ;aͿ The

ƌelaiǀe eƌƌoƌ iŶ the eŶeƌgǇ δE of a floǁeƌ state iŶ a uŶit Đuďe is ploted agaiŶst

the Đell size h. The auǆiliaƌǇ Ŷodes fƌoŵ the thiƌd oƌdeƌ fiŶite-eleŵeŶt ŵethod

aƌe takeŶ iŶto aĐĐouŶt foƌ the deteƌŵiŶaioŶ of h. ;ďͿ EǆpeƌiŵeŶtal ĐoŶǀeƌgeŶĐe

ƌates Đoŵputed fƌoŵ the ƌesults of plot ;aͿ. Modified fƌoŵ [ϲϳ].
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ϯ.ϯ.ϭ CoŶǀeƌgeŶĐe

Figuƌe ϯ.ϭϵ shoǁs the ĐoŶǀeƌgeŶĐe ƌates foƌ the floǁeƌ state iŶ the uŶit Đuďe as desĐƌiďed iŶ

SeĐ. ϯ.ϯ. Both the Fouƌieƌ-spaĐeŵethods aŶd the fiŶite-eleŵeŶtŵethod featuƌe a ĐoŶǀeƌgeŶĐe

ƌate of appƌoǆiŵatelǇ Ϯ.

ϯ.ϯ.Ϯ CoŶĐlusioŶ

Thƌee diffeƌeŶt ŵethods foƌ the deŵagŶeizaioŶ-field ĐoŵputaioŶ ǁeƌe disĐussed iŶ detail

aŶd Đoŵpaƌed to eaĐh otheƌ. The deŵagŶeizaioŶ-teŶsoƌ ŵethod aŶd the sĐalaƌ-poteŶial

ŵethod Đoŵpute the deŵagŶeizaioŶ-field ďǇ a fast-ĐoŶǀoluioŶ teĐhŶiƋue. The sĐalaƌ-poteŶ-

ial ŵethod is fasteƌ thaŶ the deŵagŶeizaioŶ-teŶsoƌ ŵethod ďǇ a faĐtoƌ of ϭ.ϱ aŶd ƌeƋuiƌes

aďout ϯϬ% less ŵeŵoƌǇ, see [ϰϬ], ďut it is also less aĐĐuƌate due to the addiioŶal ŶuŵeƌiĐal

ĐoŵputaioŶ of the gƌadieŶt.

IŶ ĐoŶtƌast to the Fouƌieƌ-spaĐe ŵethods, the fiŶite-eleŵeŶt ŵethod is aďle to haŶdle iƌƌegulaƌ

gƌids. This ŵakes it a good ĐhoiĐe foƌ ĐoŵputaioŶs oŶ Đuƌǀed geoŵetƌies, ǁhiĐh is ĐoŶfiƌŵed

ďǇ ŶuŵeƌiĐal eǆpeƌiŵeŶts oŶ a spheƌe.

Hoǁeǀeƌ, due to the ǀeƌǇ effiĐieŶt fast Fouƌieƌ-tƌaŶsfoƌŵalgoƌithŵ, thedeŵagŶeizaioŶ-teŶsoƌ

ŵethod aŶd the sĐalaƌ-poteŶial ŵethod aƌe sill the ďeteƌ ĐhoiĐe foƌ Đuďoid doŵaiŶs.
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Tiŵe IŶtegƌaioŶ of the

LaŶdau-Lifshitz-Gilďeƌt EƋuaioŶ

The LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ as iŶtƌoduĐed iŶ SeĐ. Ϯ.ϯ is a ŶoŶliŶeaƌ diffeƌeŶial eƋua-

ioŶ that desĐƌiďes the ŵoioŶ of the ŵagŶeizaioŶ field m(r) iŶ aŶ effeĐiǀe field Heff(r). Foƌ

a ĐoŶstaŶt effeĐiǀe field, the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ is aŶ oƌdiŶaƌǇ diffeƌeŶial eƋua-

ioŶ iŶ eǀeƌǇ poiŶt. Hoǁeǀeƌ, the eǆĐhaŶge field aŶd the deŵagŶeizaioŶ field add a spaial

ĐoupliŶg of the ŵagŶeizaioŶ, see SeĐ. Ϯ.ϯ.ϯ, aŶd tuƌŶ the oƌdiŶaƌǇ diffeƌeŶial eƋuaioŶ iŶto a

paƌial diffeƌeŶial eƋuaioŶ iŶ spaĐe aŶd iŵe.

This Đhapteƌ is dediĐated to the ŶuŵeƌiĐal soluioŶ of the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ. The

ĐhalleŶge is to fiŶd aŶ iŶtegƌaioŶ sĐheŵe that is ďoth staďle aŶd effiĐieŶt. Fuƌtheƌŵoƌe it is

ĐoŶsideƌed ďeŶefiĐial if the iŶtegƌaioŶ sĐheŵe ĐoŶseƌǀes iŵpoƌtaŶt pƌopeƌies of the LaŶdau-

Lifshitz-Gilďeƌt eƋuaioŶ, see SeĐ. Ϯ.ϯ.ϱ.

IŶ the folloǁiŶg a ďƌief oǀeƌǀieǁ of aǀailaďle iŶtegƌaioŶ ŵethods is giǀeŶ aŶd theiƌ suitaďilitǇ

foƌ ŵiĐƌoŵagŶeisŵ is disĐussed. We disiŶguish ďetǁeeŶ ĐolloĐaioŶ ŵethods, see SeĐ. ϰ.ϭ,

aŶd ǁeak ŵethods, see SeĐ. ϰ.Ϯ aŶd ϰ.ϯ. Foƌ a ŵoƌe detailed ƌeǀieǁ oŶ iŶtegƌaioŶ sĐheŵes

foƌ the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ, the ƌeadeƌ is ƌefeƌƌed to the ǁoƌk ďǇ Ciŵƌak [Ϯϳ].

A ǁeak iŵpliĐit sĐheŵe ďased oŶ the ǁoƌk of Alouges [ϲϴ] is desĐƌiďed iŶ gƌeateƌ detail iŶ

SeĐ. ϰ.ϯ. This sĐheŵe is ĐoŵďiŶed ǁith the shell-tƌaŶsfoƌŵaioŶ ŵethod foƌ the deŵagŶei-

zaioŶ-field ĐoŵputaioŶ. AloŶg ǁith the desĐƌipioŶ of this ŵethod, ŶuŵeƌiĐal tests foƌ its

ǀalidaioŶ aƌe pƌeseŶted.
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ϰ.ϭ ColloĐaioŶ Methods

This seĐioŶ giǀes aŶ oǀeƌǀieǁ of diffeƌeŶt ĐolloĐaioŶ ŵethods foƌ the ŶuŵeƌiĐal iŶtegƌaioŶ.

These ŵethods solǀe the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ poiŶtǁise. Foƌ the fiŶite-diffeƌeŶĐe

disĐƌeizaioŶ sĐheŵe used iŶ SeĐ. ϯ.ϭ these ŵethods ĐaŶ ďe applied peƌ siŵulaioŶ Đell. Foƌ

fiŶite-eleŵeŶtŵethodsǁith LagƌaŶge fuŶĐioŶs, the ĐolloĐaioŶŵethods aƌe applied peƌŵesh

Ŷode.

ϰ.ϭ.ϭ EǆpliĐit IŶtegƌaioŶ

The ŵost ďasiĐ eǆpliĐit iŶtegƌaioŶ sĐheŵe is the so-Đalled Euleƌ ŵethod. CoŶsideƌ the iŵe

deƌiǀate of the ŵagŶeizaioŶ at iŵe t

∂tm = f (t, m(t)) ;ϰ.ϭ.ϭͿ

aŶd the iŶiial ǀalue m0 = m(t0). A siŶgle step of the Euleƌ ŵethod is giǀeŶ ďǇ

mk+1 − mk

τ
= f (tk , mk) ;ϰ.ϭ.ϮͿ

ǁheƌe mk = m(tk) aŶd τ = tk+1 − tk is the step size. Thus fƌoŵ a giǀeŶ ŵagŶeizaioŶ mk

the suďseƋueŶt ŵagŶeizaioŶ mk+1 is Đoŵputed ďǇ

mk+1 = mk + τ f (tk , mk). ;ϰ.ϭ.ϯͿ

TheŵagŶeizaioŶ at aŶ aƌďitƌaƌǇ iŵe m(t) is oďtaiŶed ďǇ peƌfoƌŵiŶg a Ŷuŵďeƌ of iŶtegƌaioŶ

steps staƌiŶg fƌoŵ the kŶoǁŶ iŶiial ǀalue m0. The Euleƌ ŵethod is a fiƌst oƌdeƌ ŵethod. It is

usuallǇ ǀeƌǇ easǇ to iŵpleŵeŶt siŶĐe it is alǁaǇs liŶeaƌ iŶ the soluioŶ mk+1 ƌegaƌdless of the

foƌŵ of the ƌight-haŶd side f (t, m).

EǆpliĐit ŵethods aƌe usuallǇ applied to the eǆpliĐit foƌŵ of the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ

as giǀeŶ ďǇ EƋŶ. Ϯ.ϯ.Ϯϯ

∂tm = −γ′(m × Heff) − α′m × (m × Heff). ;ϰ.ϭ.ϰͿ

ǁhiĐh leads to a ƌight-haŶd side f (t, m) of the foƌŵ

f (t, m) = m × A(t, m). ;ϰ.ϭ.ϱͿ

IŶ SeĐ. Ϯ.ϯ.ϱ it ǁas shoǁŶ that the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ pƌeseƌǀes the ŵodulus

of the ŵagŶeizaioŶ ∂t |m| = 0. This pƌopeƌtǇ is ǀiolated ďǇ the Euleƌ ŵethod. IŶseƌiŶg
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EƋŶ. ϰ.ϭ.ϱ iŶto EƋŶ. ϰ.ϭ.Ϯ aŶd sĐalaƌ ŵulipliĐaioŶ ǁith τ(mk+1 + mk) Ǉields

|mk+1|2 − |mk |2 = τ [mk × A(tk , mk)] · (mk+1 + mk) ;ϰ.ϭ.ϲͿ

= τ [mk × A(tk , mk)] · (mk+1 − mk) ;ϰ.ϭ.ϳͿ

= |τmk × A(tk , mk)|2 ;ϰ.ϭ.ϴͿ

≥ 0. ;ϰ.ϭ.ϵͿ

The ŵodulus is oŶlǇ pƌeseƌǀed if mk × A(tk , mk) = f (t, mk) = 0. This is the Đase foƌ loĐal

eŶeƌgǇ ŵiŶiŵa oŶlǇ iŶ ǁhiĐh Đase mk = mk+1. OďǀiouslǇ EƋŶ. ϰ.ϭ.ϵ iŵplies a ŵoŶotoŶiĐallǇ

iŶĐƌeasiŶgŵodulus ofm, ǁhiĐh leads to uŶƌealisiĐ soluioŶs foƌ loŶg iŶtegƌaioŶ iŵes. A Đoŵ-

ŵoŶ ǀaƌiaioŶ of the Euleƌ ŵethod is the appliĐaioŶ of aŶ addiioŶal ŶoƌŵalizaioŶ

mk+1 =
mk + τ f (tk , mk)

|mk + τ f (tk , mk)| . ;ϰ.ϭ.ϭϬͿ

Hoǁeǀeƌ, due to its loǁ oƌdeƌ this ŵethod ƌeƋuiƌes ǀeƌǇ sŵall iŵe steps iŶ oƌdeƌ to deliǀeƌ

aĐĐuƌate ƌesults. A ŵoƌe geŶeƌal sĐheŵe is giǀeŶ ďǇ the eǆpliĐit RuŶge-Kuta ŵethod [ϲϵ]. A

siŶgle iŶtegƌaioŶ step of the RuŶge-Kuta ŵethod iŶǀolǀes the eǀaluaioŶ of s iŶteƌŵediate

ƌesults ki . The soluioŶ of a Đoŵplete iŶtegƌaioŶ step mk+1 is giǀeŶ as a liŶeaƌ supeƌposiioŶ

of the iŶteƌŵediate ƌesults ki ďǇ

mk+1 = mk + τ
s∑

i

biki ;ϰ.ϭ.ϭϭͿ

ki = f


tk + τci , mk + τ

i−1∑

j

aijkj


 ;ϰ.ϭ.ϭϮͿ

ǁheƌe the ĐoeffiĐieŶts aij , bi aŶd ci aƌe giǀeŶ ďǇ a so-Đalled ButĐheƌ taďleau [ϲϵ] that speĐifies a

paƌiĐulaƌ RuŶge-Kuta ŵethod. The ƌesuliŶg ŵethod is of oƌdeƌ s . Higheƌ oƌdeƌ ŵethods usu-

allǇ alloǁ foƌ a laƌgeƌ iŵe step ǁithout loss of aĐĐuƌaĐǇ. IŶ pƌaĐiĐal appliĐaioŶs the addiioŶal

effoƌt ƌeƋuiƌed foƌ the ĐoŵputaioŶ of the iŶteƌŵediate ƌesults is oteŶŵoƌe thaŶ ĐoŵpeŶsated

ďǇ the laƌgeƌ iŵe step. Due to its eǆpliĐit Ŷatuƌe the ĐalĐulaioŶ of aŶ iŶteƌŵediate ƌesult ki

does oŶlǇ depeŶd oŶ the ƌesults of pƌeǀious ƌesults kj<i . Thus the RuŶge-Kutaŵethod like the

Euleƌ ŵethod oŶlǇ iŶǀolǀes pƌoďleŵs liŶeaƌ iŶ the iŶteƌŵediate soluioŶs ki . IŶ faĐt the Euleƌ

ŵethod is a speĐial Đase of the RuŶge-Kuta ŵethod.

RuŶge-Kuta ŵethods ĐaŶ ďe used ǁith a fiǆed iŵe step like the Euleƌ ŵethod. Hoǁeǀeƌ, a

ĐoŵŵoŶ pƌaĐiĐe is the adapiǀe step-size ĐoŶtƌol. The eƌƌoƌ of aŶ iŶtegƌaioŶ step of oƌdeƌ

n is esiŵated ďǇ a ĐoŵputaioŶ of oƌdeƌ n + 1. The step size is theŶ adapted suĐh that the

eƌƌoƌ ƌeŵaiŶs iŶ ĐeƌtaiŶ eƌƌoƌ ďouŶds. Eǆaŵples foƌ adapiǀe RuŶge-Kuta ŵethods aƌe the

RuŶge-Kuta-Fehlďeƌg ŵethod [ϳϬ] aŶd the Cash-Kaƌp ŵethod [ϳϭ].

EǆpliĐit ŵethods tuƌŶ out to deliǀeƌ good ƌesults foƌ ŵaŶǇ appliĐaioŶs iŶ the fƌaŵeǁoƌk of

fiŶite-diffeƌeŶĐedisĐƌeizaioŶ [ϳϮ]. Hoǁeǀeƌ, theiŵe step τ has to ďe sĐaledǁith the ƋuadƌaiĐ

ϱϴ



ϰ.ϭ ColloĐaioŶ Methods

ŵesh size h2 iŶ oƌdeƌ to keep the iŵe iŶtegƌaioŶ sĐheŵe staďle [ϳϯ]. Foƌ iƌƌegulaƌ ŵeshes as

used iŶ the fiŶite-eleŵeŶt fƌaŵeǁoƌk, h is deƌiǀed fƌoŵ the sŵallest Đell. This oteŶ leads to

iŵpƌaĐiĐallǇ sŵall iŵe steps. AŶotheƌ diffiĐultǇ is the siffŶess of the pƌoďleŵ uŶdeƌ ĐoŶsid-

eƌaioŶ, see [ϳϯ]. It is a ǁell kŶoǁŶ faĐt that iŵpliĐit ŵethods aƌe uŶĐoŶdiioŶallǇ staďle aŶd

outpeƌfoƌŵ eǆpliĐit algoƌithŵs ƌegaƌdiŶg the soluioŶ of siff pƌoďleŵs [ϳϰ].

ϰ.ϭ.Ϯ IŵpliĐit IŶtegƌaioŶ

The iŵpliĐit ĐouŶteƌpaƌt of the Euleƌ ŵethod is the so-Đalled ďaĐkǁaƌd Euleƌ defiŶed ďǇ

mk+1 − mk

τ
= f (tk + τ , mk+1). ;ϰ.ϭ.ϭϯͿ

DepeŶdiŶg oŶ the foƌŵ of the ƌight-haŶd side f (t, m), the ĐoŵputaioŶ of a siŶgle iŶtegƌaioŶ

step ĐaŶ ďe ǀeƌǇ ĐostlǇ. IŶ the Đase of ŵiĐƌoŵagŶeiĐs the ƌight-haŶd side is at least ƋuadƌaiĐ iŶ

m, see EƋŶ. ϰ.ϭ.ϰ. The ƌesuliŶg eƋuaioŶs aƌe usuallǇ solǀed ǁith aŶ iteƌaiǀe NeǁtoŶŵethod.

Like the eǆpliĐit Euleƌ ŵethod, the ďaĐkǁaƌd Euleƌ suffeƌs fƌoŵ the ǀiolaioŶ of the pƌeseƌǀaioŶ

of ŵodulus. BǇ a siŵilaƌ pƌoĐeduƌe as shoǁŶ iŶ EƋŶ. ϰ.ϭ.ϵ oŶe oďtaiŶs

|mk+1|2 − |mk |2 ≤ 0. ;ϰ.ϭ.ϭϰͿ

IŶ ĐoŶtƌast to the eǆpliĐit ŵethod, heƌe the ŵodulus is alǁaǇs deĐƌeased. The saŵe Ŷoƌŵal-

izaioŶ pƌoĐeduƌe as iŶ EƋŶ. ϰ.ϭ.ϭϬ ĐaŶ ďe used iŶ oƌdeƌ to pƌeseƌǀe the ŵodulus of the ŵag-

ŶeizaioŶ. AŶ alteƌŶaiǀe appƌoaĐh is the ƌeduĐioŶ fƌoŵ 3N ǀalues foƌ the ƌepƌeseŶtaioŶ of

the ŵagŶeizaioŶ to 2N as pƌoposed iŶ [ϳϱ]. This appƌoaĐh ƌeduĐes the size of the ŶoŶliŶeaƌ

pƌoďleŵ. The thiƌd ĐoŵpoŶeŶt of the ŵagŶeizaioŶ is ƌeĐoŶstƌuĐted ateƌ eaĐh step ďǇ the

ŶoƌŵalizaioŶ ĐoŶdiioŶ |m| = 1.

ϰ.ϭ.ϯ MidpoiŶt SĐheŵe

A ĐolloĐaioŶ sĐheŵe that tuƌŶs out to ďe ǀeƌǇ suitaďle foƌ ŵiĐƌoŵagŶeiĐs is the so-Đalled

ŵidpoiŶt ƌule giǀeŶ ďǇ
mk+1 − mk

τ
= f (tk + τ/2, mk+1/2) ;ϰ.ϭ.ϭϱͿ

ǁheƌe the ŵagŶeizaioŶ at the ŵidpoiŶt is defiŶed as mk+1/2 = (mk+1 + mk)/2. CoŶsideƌ

agaiŶ the geŶeƌal foƌŵ of the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ

f (t, m) = m × A(t, m) ;ϰ.ϭ.ϭϲͿ

as iŶtƌoduĐed iŶ EƋŶ. ϰ.ϭ.ϱ. IŶseƌiŶg iŶto EƋŶ. ϰ.ϭ.ϭϱ aŶd ŵulipliĐaioŶ ǁith mk+1/2 Ǉields

|mk+1|2 − |mk |2 = 2τmk+1/2 ·
[
mk+1/2 × A

(
tk + τ/2, mk+1/2

)]
= 0. ;ϰ.ϭ.ϭϳͿ
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The ŵidpoiŶt ŵethod ŶatuƌallǇ pƌeseƌǀes the ŵodulus of the ŵagŶeizaioŶ. Moƌeoǀeƌ, this

ŵethod also pƌeseƌǀes the LiapuŶoǀ stƌuĐtuƌe of the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ foƌ a fiŶite

daŵpiŶgα > 0 aŶd the HaŵiltoŶiaŶ stƌuĐtuƌe foƌ ǀaŶishiŶg daŵpiŶgα = 0, see SeĐ. Ϯ.ϯ.ϱ. The

pƌoof of these pƌopeƌies aloŶg ǁith detailed ŶuŵeƌiĐal iŶǀesigaioŶs of the ŵidpoiŶt ŵethod

is giǀeŶ iŶ [Ϯϲ].

As ŵeŶioŶed iŶ [Ϯϳ] theƌe aƌe Ŷo aŶalǇiĐal ĐoŶǀeƌgeŶĐe ƌesults foƌ aŶǇ of the aďoǀe desĐƌiďed

ĐolloĐaioŶ ŵethods. Hoǁeǀeƌ, ĐolloĐaioŶ ŵethods aƌe suĐĐessfullǇ applied aŶd deliǀeƌ ƌeli-

aďle ƌesults foƌ ŵaŶǇ ƌeal ǁoƌld pƌoďleŵs.

ϰ.Ϯ Weak Method ďǇ Baƌtels aŶd Pƌohl

If the fiŶite-eleŵeŶt ŵethod is used foƌ spaial disĐƌeizaioŶ, theŶ a Ŷatuƌal ĐhoiĐe foƌ the

iŵe-iŶtegƌaioŶ is a ŵethod that does also ƌelǇ oŶ the fiŶite-eleŵeŶt ŵethod. AŶ iŵpliĐit

ŵethod that solǀes the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ iŶ a ǁeak seŶse ǁas iŶtƌoduĐed ďǇ

Baƌtels aŶd Pƌohl iŶ [ϳϲ]. Theŵethod is ďased oŶ the iŵpliĐit foƌŵof the LaŶdau-Lifshitz-Gilďeƌt

eƋuaioŶ giǀeŶ ďǇ EƋŶ. Ϯ.ϯ.ϭϳ. A iŵe step is peƌfoƌŵed ďǇ seekiŶg foƌ the Ŷeǆt ŵagŶeizaioŶ

ĐoŶfiguƌaioŶ mk+1
h giǀeŶ ďǇ

(
δmk+1

h , φh

)

h
+ α

(
mk

h × δmk+1
h , φh

)

h

= γ
(
m

k+1/2
h × Heff

[
t + τ/2, m

k+1/2
h

]
, φh

)

h
∀ φh ∈ Vh ;ϰ.Ϯ.ϭͿ

ǁheƌe mk
h aŶd mk+1

h aƌe eleŵeŶts of the disĐƌete fiŶite-eleŵeŶt fuŶĐioŶ spaĐe Vh. Fuƌtheƌ-

ŵoƌe m
k+1/2
h aŶd δmk+1

h aƌe defiŶed as

m
k+1/2
h =

mk+1
h + mk

h

2
;ϰ.Ϯ.ϮͿ

δmk+1
h =

mk+1
h − mk

h

τ
;ϰ.Ϯ.ϯͿ

aŶd (·, ·)h deŶotes the ƌeduĐed L2 sĐalaƌ pƌoduĐt

(a, b)h =

∫

Ω

Ih(〈a, b〉) dr ;ϰ.Ϯ.ϰͿ

ǁheƌe Ih is the Ŷodal iŶteƌpolaioŶ opeƌatoƌ oŶ Vh. The seĐoŶd teƌŵ of the let-haŶd side of

EƋŶ. ϰ.Ϯ.ϭ is ŵoiǀated ďǇ the eƋualitǇ
(
mk

h × δmk+1
h , φh

)

h
=
(
m

k+1/2
h × δmk+1

h , φh

)

h
. ;ϰ.Ϯ.ϱͿ

The uŶdeƌlǇiŶg ĐoŶstƌuĐioŶ pƌiŶĐiple is a ŵidpoiŶt sĐheŵe siŵilaƌ to EƋŶ. ϰ.ϭ.ϭϱ. Thus the

ŵodulus of the ŵagŶeizaioŶ is pƌeseƌǀed at least oŶ the Ŷodes of the fiŶite-eleŵeŶt ŵesh.

CoŶǀeƌgeŶĐe aŶalǇsis aŶd ŶuŵeƌiĐal eǆpeƌiŵeŶts foƌ the Đase of the eǆĐhaŶge field ďeiŶg the

oŶlǇ effeĐiǀe-field ĐoŶtƌiďuioŶ aƌe giǀeŶ iŶ [ϳϲ]. Like foƌ the ŵidpoiŶt-ĐolloĐaioŶ ŵethod, a

ŶoŶliŶeaƌ sǇsteŵ of eƋuaioŶs has to ďe solǀed foƌ eǀeƌǇ iŵe step.
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ϰ.ϯ Weak Method ďǇ Alouges

AŶotheƌ ǁeak foƌŵulaioŶ of the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ ǁas pƌoposed ďǇ Alouges

iŶ [ϲϴ]. The pƌoposed sĐheŵe is a tǁo-step ŵethod. IŶ a fiƌst step the iŵe deƌiǀaiǀe of the

ŵagŶeizaioŶ ∂tm is Đoŵputed. Aǁeak foƌŵulaioŶ of this pƌoďleŵ is oďtaiŶed ďǇŵuliplǇiŶg

the iŵpliĐit foƌŵ of the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ Ϯ.ϯ.ϭϳ ǁith test fuŶĐioŶs φ

∫

Ω

(v − αm × v) · φ dr +

∫

Ω

γ(m × Heff) · φ dr = 0 ∀ φ ∈ V . ;ϰ.ϯ.ϭͿ

ǁheƌe the soluioŶ v of this sǇsteŵ solǀes foƌ ∂tm iŶ a ǁeak seŶse. The iŶdiǀidual teƌŵs of the

LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ aƌe poiŶtǁise peƌpeŶdiĐulaƌ to the ŵagŶeizaioŶ m. Foƌ the

teƌŵs m × v aŶd m × Heff this folloǁs fƌoŵ the pƌopeƌies of the Đƌoss pƌoduĐt. As a suŵ of

the lateƌ teƌŵs this does also hold foƌ the soluioŶ v . Thus it is suffiĐieŶt to test EƋŶ. ϰ.ϯ.ϭ ǁith

fuŶĐioŶs fƌoŵ the taŶgeŶt spaĐe Tm defiŶed ďǇ

Tm = {x ∈ H1(Ω); x · m = 0}. ;ϰ.ϯ.ϮͿ

IŶstead of tesiŶg ǁith φ diƌeĐtlǇ it is heŶĐe possiďle to test ǁith m × w ∈ Tm ǁheƌe w aƌe

the Ŷeǁ test fuŶĐioŶs. While the Đƌoss-pƌoduĐt teƌŵs m × v aŶd m × Heff alǁaǇs fulfill the

taŶgeŶt-spaĐe ĐoŶstƌaiŶt ďǇ defiŶiioŶ, the soluioŶ v does Ŷot. HeŶĐe the ƌestƌiĐioŶ of test

fuŶĐioŶs to the taŶgeŶt spaĐe Tm ƌeƋuiƌes the eǆpliĐit ƌestƌiĐioŶ of the soluioŶ v to Tm. AŶ

eƋuiǀaleŶt foƌŵulaioŶ of EƋŶ. ϰ.ϯ.ϭ is thus giǀeŶ ďǇ seekiŶg a soluioŶ v ∈ Tm that fulfills

∫

Ω

v · (m × w)︸ ︷︷ ︸
I

dr − α

∫

Ω

(m × v) · (m × w)︸ ︷︷ ︸
II

dr

+ γ

∫

Ω

(m × Heff(m)) · (m × w)︸ ︷︷ ︸
III

dr = 0 ∀ w ∈ V . ;ϰ.ϯ.ϯͿ

This foƌŵulaioŶ ĐaŶ ďe sigŶifiĐaŶtlǇ siŵplified ďǇ appliĐaioŶ of ǀeĐtoƌ ideŶiies aŶd the pƌop-

eƌies of the ŵagŶeizaioŶ |m| = 1 aŶd m · v = 0. The iŶdiǀidual teƌŵs ƌead

I) v · (m × w) = − w · (m × v) ;ϰ.ϯ.ϰͿ

II) (m × v) · (m × w) = v · w ;ϰ.ϯ.ϱͿ

III) (m × Heff) · (m × w) = Heff · w − (m · w)(Heff · m). ;ϰ.ϯ.ϲͿ

The sǇsteŵ is fuƌtheƌ siŵplified ďǇ ƌestƌiĐiŶg the test fuŶioŶs w to the taŶgeŶt spaĐe Tm.

This does Ŷot affeĐt the ǀaliditǇ of EƋŶ. ϰ.ϯ.ϯ siŶĐe the Đƌoss pƌoduĐt m × w ĐaŶĐels the ŶoŶ-

taŶgeŶial paƌt of w iŶ aŶǇ Đase. With the ƌestƌiĐioŶ of w ∈ Tm the seĐoŶd teƌŵ oŶ the

ƌight-haŶd side of EƋŶ. ϰ.ϯ.ϲ ǀaŶishes. The pƌoďleŵ of fiŶdiŶg v = ∂tm is ƌeduĐed to seekiŶg

v ∈ Tm giǀeŶ ďǇ
∫

Ω

(αv + m × v) · w dr − γ

∫

Ω

Heff(m) · w dr = 0 ∀ w ∈ Tm. ;ϰ.ϯ.ϳͿ
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The ŵost Ŷotaďle diffeƌeŶĐe ďetǁeeŶ EƋŶ. ϰ.ϯ.ϳ aŶd EƋŶ. ϰ.ϯ.ϭ is the teƌŵ iŶĐludiŶg the effeĐ-

iǀe field. IŶ EƋŶ. ϰ.ϯ.ϳ this teƌŵ depeŶds oŶ the ŵagŶeizaioŶ oŶlǇ thƌough the effeĐiǀe field

iŶ ĐoŶtƌast to EƋŶ. ϰ.ϯ.ϭ.

The soluioŶ v ĐaŶ ďe used to ĐoŶstƌuĐt aŶ eǆpliĐit iŶtegƌaioŶ sĐheŵe. Ateƌ disĐƌeizaioŶ a

siŶgle iŵe step is Đaƌƌied out ďǇ

mk+1
i =

mk
i + τvi

|mk
i + τvi |

;ϰ.ϯ.ϴͿ

ǁheƌe τ is the iŵe step aŶd mi aŶd vi deŶote the ĐoƌƌespoŶdiŶg field ǀalues at ĐoŵputaioŶ

Ŷode i [ϳϳ]. Note that due to the ŶoƌŵalizaioŶ, this sĐheŵe pƌeseƌǀes the ŵodulus of the

ŵagŶeizaioŶ Ŷode-ǁise. OďǀiouslǇ it is Ŷot possiďle to pƌeseƌǀe the Ŷoƌŵ eǀeƌǇǁheƌe due to

the ĐhoiĐe of disĐƌete fuŶĐioŶ spaĐe. Hoǁeǀeƌ, this eǆpliĐit sĐheŵe ĐaŶ ďe siŵplǇ ĐoŶǀeƌted

iŶto aŶ iŵpliĐit theta-sĐheŵe ďǇ ƌeplaĐiŶg m ďǇ m + θτv iŶ EƋŶ. ϰ.ϯ.ϳ. The ǁeak foƌŵulaioŶ

theŶ ƌeads

∫

Ω

(αv + m × v) · w dr − γ

∫

Ω

Heff(m + θτv) · w dr = 0 ∀ w ∈ Tm ;ϰ.ϯ.ϵͿ

ǁith θ ∈ [0, 1]. The adǀaŶtage of the pƌeseŶted sĐheŵe oǀeƌ theǁeak foƌŵulaioŶ iŶ EƋŶ. ϰ.ϯ.ϭ

is ƌeǀealed ǁheŶ takiŶg the eǆĐhaŶge field, giǀeŶ ďǇ EƋŶ. Ϯ.ϯ.Ϯϳ, as effeĐiǀe field. IŶseƌiŶg

EƋŶ. Ϯ.ϯ.Ϯϳ iŶ EƋŶ. ϰ.ϯ.ϵ aŶd peƌfoƌŵiŶg iŶtegƌaioŶ ďǇ paƌts Ǉields

∫

Ω

(αv + m × v) · w dr +
2γA

µ0Ms

∫

Ω

∇(m + θτv)∇w dr = 0 ∀ w ∈ Tm ;ϰ.ϯ.ϭϬͿ

ǁheƌe the eǆĐhaŶge ďouŶdaƌǇ ĐoŶdiioŶ fƌoŵ EƋŶ. Ϯ.ϯ.ϯϱ ǁas takeŶ iŶto aĐĐouŶt, ǁhiĐh leads

to a ǀaŶishiŶg ďouŶdaƌǇ iŶtegƌal. SiŶĐe the eǆĐhaŶge field is liŶeaƌ iŶ the ŵagŶeizaioŶ, the

ƌesuliŶg iŶtegƌaioŶ sĐheŵe is liŶeaƌ iŶ the soluioŶ v aŶd iŵpliĐit. AddiŶg ŶoŶliŶeaƌ ĐoŶtƌiďu-

ioŶs to the effeĐiǀe field, e.g. higheƌ-oƌdeƌ aŶisotƌopǇ teƌŵs, oďǀiouslǇ ďƌeaks the liŶeaƌitǇ of

the sĐheŵe. But eǀeŶ the iŶĐlusioŶ of the liŶeaƌ deŵagŶeizaioŶ field leads to pƌoďleŵs, ďe-

Đause the ĐoŵputaioŶ of the deŶse liŶeaƌ opeƌatoƌ is oteŶ aǀoided ďǇ ǀaƌiaioŶal ĐoŵputaioŶ

of the ĐoŶŶeĐted PoissoŶ pƌoďleŵ, see SeĐ. ϯ.Ϯ.

Thus it ǁas pƌoposed iŶ [ϳϴ, ϳϵ] to tƌeat oŶlǇ the eǆĐhaŶge ĐoŶtƌiďuioŶ iŵpliĐitlǇ. This ŵethod

is jusified ďǇ the faĐt that the eǆĐhaŶge ĐoŶtƌiďuioŶ has the highest oƌdeƌ due to its seĐoŶd

spaial deƌiǀaiǀe aŶd is theŵaiŶ Đause foƌ the siffŶess of the pƌoďleŵ. This ƌesults iŶ the ǁeak

foƌŵulaioŶ

∫

Ω

(αv + m × v) · w dr +
2γA

µ0Ms

∫

Ω

∇(m + θτv)∇w dr

− γ

∫

Ω

Heǆpl(m) · w dr = 0 ∀ w ∈ Tm ;ϰ.ϯ.ϭϭͿ

ǁheƌe Heǆpl iŶĐludes all ĐoŶtƌiďuioŶs to the effeĐiǀe field eǆĐept the eǆĐhaŶge field.
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ϰ.ϯ.ϭ DisĐƌeizaioŶ

The disĐƌeizaioŶ of EƋŶ. ϰ.ϯ.ϭϬ is doŶe ĐoŵpoŶeŶt-ǁise ǁith LagƌaŶge fuŶĐioŶs of fiƌst oƌdeƌ,

ƌesuliŶg iŶ the disĐƌete ǀeĐtoƌ-fuŶĐioŶ spaĐeVh. A ĐhalleŶge speĐifiĐ to theŵethod pƌoposed

ďǇ Alouges is the ƌestƌiĐioŶ of test fuŶĐioŶs aŶd soluioŶ to the taŶgeŶial spaĐe Tm. IŶ geŶeƌal

it is Ŷot possiďle to ĐoŶstƌuĐt a suďspaĐeVh ⊂ Tm. Thus the taŶgeŶt-spaĐe ƌestƌiĐioŶ has to ďe

ƌelaǆed. This ĐaŶ eitheƌ ďe doŶe ďǇ ƌeƋuiƌiŶg this ƌestƌiĐioŶ oŶ the ĐoŵputaioŶ Ŷodes oƌ iŶ aŶ

iŶtegƌal seŶse. The aĐtual iŵpleŵeŶtaioŶ of the ƌestƌiĐioŶs is doŶe ǁith a LagƌaŶge-ŵuliplieƌ

aŶsatz as suggested iŶ [ϳϴ]. CoŶsideƌ the folloǁiŶg shoƌt-haŶd ŶotaioŶ of the oƌigiŶal pƌoďleŵ

defiŶed oŶ the taŶgeŶt spaĐe

a(v , w) = L(w) ∀ w ∈ Tm ǁith v ∈ Tm ;ϰ.ϯ.ϭϮͿ

ǁheƌe a(v , w) is a ďiliŶeaƌ foƌŵ aŶd L(w) is a liŶeaƌ foƌŵ giǀeŶ ďǇ

a(v , w) =

∫

Ω

(αv + m × v) · w dr +
2γAθτ

µ0Ms

∫

Ω

∇v∇w dr ;ϰ.ϯ.ϭϯͿ

L(w) = − 2γA

µ0Ms

∫

Ω

∇m∇w dr + γ

∫

Ω

Heǆpl(m) · w dr . ;ϰ.ϯ.ϭϰͿ

ApplǇiŶg the LagƌaŶge-ŵulipieƌ aŶsatz Ǉields the sǇsteŵ

a(v , w) +

∫

Ω

λm · w dr = L(w) ∀ w ∈ Vh ;ϰ.ϯ.ϭϱͿ
∫

Ω

v · m σ dr = 0 ∀ σ ∈ Vh ;ϰ.ϯ.ϭϲͿ

Heƌe the soluioŶ is eǆpliĐitlǇ ƌestƌiĐted to the taŶgeŶt spaĐe iŶ aŶ iŶtegƌal seŶse ďǇ EƋŶ. ϰ.ϯ.ϭϲ.

The LagƌaŶge ŵuliplieƌ field iŶ EƋŶ. ϰ.ϯ.ϭϱ is ĐƌuĐial to ƌelieǀe the taŶgeŶt-spaĐe ĐoŶstƌaiŶt oŶ

the test fuŶĐioŶs. This foƌŵulaioŶ leads to the folloǁiŶg ďloĐk sǇsteŵ of eƋuaioŶs

A BT

B 0




v

λ


 =


b

0


 ;ϰ.ϯ.ϭϳͿ

ǁhiĐh is a saddle-poiŶt pƌoďleŵ. The 3N × 3N ŵatƌiǆ A ƌesults fƌoŵ disĐƌeizaioŶ of the

ďiliŶeaƌ foƌŵ a(v , w) aŶd the ǀeĐtoƌ b ƌesults fƌoŵ disĐƌeizaioŶ of the liŶeaƌ foƌŵ L(w). The

3N ×N ŵatƌiǆ B aŶd its tƌaŶspose aƌise fƌoŵ disĐƌeizaioŶ of the ĐoŶstƌaiŶt iŶ EƋŶ. ϰ.ϯ.ϭϲ aŶd

the LagƌaŶge-ŵuliplieƌ teƌŵ iŶ EƋŶ. ϰ.ϯ.ϭϱ.

AŶ alteƌŶaiǀe LagƌaŶge-ŵuliplieƌ appƌoaĐh applies the taŶgeŶt-spaĐe ƌestƌiĐioŶ eǆaĐtlǇ oŶ

the ĐoŵputaioŶ Ŷodes. IŶ this Đase the iŶtegƌals iŶ EƋŶ. ϰ.ϯ.ϭϱ aŶd EƋŶ. ϰ.ϯ.ϭϲ aƌe ƌeplaĐed ďǇ

Ŷode-ǁise ĐoŵputaioŶs

a(vi , wj) + λi mj · wj = L(wj) ∀ j ∈ {1, 2, ... , N} ;ϰ.ϯ.ϭϴͿ

vk · mk σl = 0 ∀ l ∈ {1, 2, ... , N} ;ϰ.ϯ.ϭϵͿ
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ǁheƌe fx deŶotes the ǀalue of a fuŶĐioŶ f at Ŷode x , e.g. mj deŶotes the ǀalue of theŵagŶei-

zaioŶ m at Ŷode j . The ƌesuliŶg ďloĐk sǇsteŵ has the saŵe stƌuĐtuƌe as EƋŶ. ϰ.ϯ.ϭϳ. Hoǁeǀeƌ,

the off-diagoŶal ďloĐks haǀe oŶlǇ ĐoŶtƌiďuioŶs of degƌees of fƌeedoŵ ďeloŶgiŶg to the saŵe

ĐoŵputaioŶ Ŷode. HeŶĐe BT B is diagoŶal.

UŶiƋue SoluioŶ

CoŶsideƌ the spliiŶg of the ďiliŶeaƌ foƌŵ a = b + c iŶto a sǇŵŵetƌiĐ foƌŵ b(v , w) aŶd a

skeǁ-sǇŵŵetƌiĐ foƌŵ c(v , w)

b(v , w) = α

∫

Ω

v · w dr +
2γAθτ

µ0Ms

∫

Ω

∇v∇w dr ;ϰ.ϯ.ϮϬͿ

c(v , w) =

∫

Ω

m × v · w dr . ;ϰ.ϯ.ϮϭͿ

The sǇŵŵetƌiĐ foƌŵ b ĐoŶsists of a ŵass aŶd a siffŶess ĐoŶtƌiďuioŶ, ďoth sĐaled ǁith posiiǀe

ĐoŶstaŶts. Thus b is posiiǀe defiŶite aŶd so is the ŵatƌiǆ A. Fuƌtheƌŵoƌe, the ŵatƌiǆ B has

full ƌaŶk. IŶ the Đase of a Ŷode-ǁise ĐoŶstƌaiŶt this is diƌeĐtlǇ giǀeŶ due to the ŶoŶzeƌo ŵag-

ŶeizaioŶ |m| > 0. Foƌ a ǁeak ĐoŶstƌaiŶt the ŵagŶeizaioŶ addiioŶallǇ has to ďe suffiĐieŶtlǇ

sŵooth.

The ďloĐk ŵatƌiǆ is siŶgulaƌ if aŶd oŶlǇ if theƌe eǆists a ŶoŶzeƌo ǀeĐtoƌ (x , y)T that solǀes

A BT

B 0




x

y


 =


0

0


 ;ϰ.ϯ.ϮϮͿ

oƌ eƋuiǀaleŶtlǇ

Ax + BT y = 0 ;ϰ.ϯ.ϮϯͿ

Bx = 0. ;ϰ.ϯ.ϮϰͿ

EƋuaioŶ ϰ.ϯ.Ϯϰ iŵŵediatelǇ Ǉields x ∈ ker B. If theƌe eǆists a ŶoŶzeƌo x that fulfills EƋŶ. ϰ.ϯ.Ϯϯ

theŶ it also has to fulfill

xT Ax + xT BT y = 0. ;ϰ.ϯ.ϮϱͿ

The seĐoŶd teƌŵ ǀaŶishes siŶĐe xT BT = 0 ďǇ the ĐhoiĐe of x ∈ ker B. SiŶĐe A is posiiǀe

defiŶite, as shoǁŶ aďoǀe, it folloǁs x = 0. IŶseƌiŶg iŶto EƋŶ. ϰ.ϯ.Ϯϯ Ǉields BT y = 0 ǁhiĐh

ƌesults iŶ y = 0 due to the full ƌaŶk of B. HeŶĐe the ďloĐk ŵatƌiǆ is iŶǀeƌiďle aŶd EƋŶ. ϰ.ϯ.ϭϳ

has a uŶiƋue soluioŶ.

ϰ.ϯ.Ϯ IŵpliĐit IŶtegƌaioŶ of the DeŵagŶeizaioŶ Field

The ŶuŵeƌiĐal staďilitǇ of the ŵethod pƌeseŶted iŶ the pƌeĐediŶg seĐioŶ ĐaŶ ďe fuƌtheƌ iŵ-

pƌoǀed ďǇ tƌeaiŶg the deŵagŶeizaioŶ field iŵpliĐitlǇ. AppliĐaioŶ of the shell-taŶsfoƌŵaioŶ

ϲϰ



ϰ.ϯ Weak Method ďǇ Alouges

ŵethod aĐĐoƌdiŶg to EƋŶ. ϯ.Ϯ.ϯϭ foƌ the iŵpliĐit deŵagŶeizaioŶ-poteŶial ĐoŵputaioŶ Ǉields
∫

ΩĐuďoid

∇u · ∇w1 dr +

∫

Ωshell

(∇u)T g ∇w1 dr =

Ms

∫

Ωsaŵple

(m + θτv) · ∇w1 dr ∀ w1 ∈ V ;ϰ.ϯ.ϮϲͿ

ǁheƌe the ƌight-haŶd side is Ŷoǁ Đoupled to the soluioŶ v iŶ ĐoŶtƌast to the eǆpliĐit Đoŵputa-

ioŶ. ViĐe ǀeƌsa the soluioŶ v of EƋŶ. ϰ.ϯ.ϭϭ is Đoupled to the poteŶial u ďǇ the effeĐiǀe-field

teƌŵ. This ďidiƌeĐioŶal ĐoupliŶg togetheƌ ǁith the LagƌaŶge ŵuliplieƌ aŶsatz disĐussed iŶ the

pƌeǀious Đhapteƌ leads to the ďloĐk sǇsteŵ



A BT 0

B 0 D

0 E C







v

λ

u


 =




b

0

c


 . ;ϰ.ϯ.ϮϳͿ

Heƌe the ŵatƌiĐes A, B aŶd the ǀeĐtoƌ b aƌe the saŵe as iŶtƌoduĐed iŶ EƋŶ. ϰ.ϯ.ϭϳ. The ŵatƌiǆ

C is theŵodified siffŶess ŵatƌiǆ aƌisiŶg fƌoŵ disĐƌeizaioŶ of the let-haŶd side of EƋŶ. ϰ.ϯ.Ϯϲ.

The off-diagoŶal ŵatƌiĐes D aŶd E aƌise fƌoŵ the ĐoupliŶg iŶtegƌals

− γ

∫

Ω

∇u · w dr ;ϰ.ϯ.ϮϴͿ

aŶd

θτMs

∫

Ωsaŵple

v · ∇w1 dr ;ϰ.ϯ.ϮϵͿ

ƌespeĐiǀelǇ. FiŶallǇ the ǀeĐtoƌ c is giǀeŶ ďǇ the eǆpliĐit ƌight-haŶd side of the deŵagŶeizaioŶ-

field pƌoďleŵ

Ms

∫

Ωsaŵple

m · ∇w1 dr . ;ϰ.ϯ.ϯϬͿ

ϰ.ϯ.ϯ NuŵeƌiĐal TƌeatŵeŶt

SiŶĐe the liŶeaƌ sǇsteŵ giǀeŶ ďǇ EƋŶ. ϰ.ϯ.Ϯϳ is spaƌse, aŶ iteƌaiǀe solǀeƌ is faǀoƌed oǀeƌ a di-

ƌeĐt solǀeƌ. Hoǁeǀeƌ, the sǇsteŵ is iŶdefiŶite aŶd asǇŵŵetƌiĐ ǁhiĐh foƌďids the use of the

fast ĐoŶjugate-gƌadieŶt ŵethod. Methods Đapaďle of solǀiŶg suĐh sǇsteŵs aƌe the geŶeƌalized

ŵiŶiŵal ƌesidual ŵethod ;GMRESͿ deǀeloped ďǇ Saad, see [ϱϵ], aŶd the ďiĐoŶjugate gƌadieŶt

staďilized ŵethod ;BICGSTABͿ deǀeloped ďǇ ǀaŶ deƌ Voƌst et al., see [ϴϬ]. It shoǁs, hoǁeǀeƌ,

that igŶoƌiŶg the ďloĐk stƌuĐtuƌe aŶd applǇiŶg aŶ iteƌaiǀe ŵethod to the sǇsteŵ as a ǁhole

leads to ďad ĐoŶǀeƌgeŶĐe ďehaǀiouƌ.

Thus a SĐhuƌ-ĐoŵpleŵeŶt aŶsatz ǁith ďloĐk pƌeĐoŶdiioŶiŶg foƌ the suďsǇsteŵs is applied.

Cz = c ;ϰ.ϯ.ϯϭͿ

S


v

λ


 =


b

0


−


D

0


 z ;ϰ.ϯ.ϯϮͿ
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ǁheƌe S is the SĐhuƌ ĐoŵpleŵeŶt of the ďloĐk C defiŶed ďǇ

S =


A BT

B 0


−


D

0


C−1

(
E 0

)
=


A − DC−1E BT

B 0


 . ;ϰ.ϯ.ϯϯͿ

EƋuaioŶ ϰ.ϯ.ϯϭ is eǆaĐtlǇ the deŵagŶeizaioŶ pƌoďleŵ as iŶtƌoduĐed iŶ SeĐ. ϯ.Ϯ.ϯ. Thus it

is effiĐieŶtlǇ solǀed ďǇ a pƌeĐoŶdiioŶed ĐoŶjugate-gƌadieŶt ŵethod. EƋuaioŶ ϰ.ϯ.ϯϮ is the

saddle-poiŶt pƌoďleŵ iŶtƌoduĐed iŶ EƋŶ. ϰ.ϯ.ϭϳ ĐoŵpleŵeŶted ďǇ ĐouliŶg teƌŵs of the deŵag-

ŶeizaioŶ poteŶial. Thus this pƌoďleŵ is also iŶdefiŶite aŶd asǇŵŵetƌiĐ. A BICGSTAB ŵethod

foƌ the soluioŶ of this saddle-poiŶt pƌoďleŵ is used. Foƌ the pƌeĐoŶdiioŶiŶg ĐoŶsideƌ the fol-

loǁiŶg deĐoŵposiioŶ of the oƌigiŶal ďloĐk pƌoďleŵ ϰ.ϯ.ϭϳ

A BT

B 0


 =


 ✶ 0

BA−1
✶




A BT

0 −BA−1BT


 . ;ϰ.ϯ.ϯϰͿ

Due to the ideŶitǇ ďloĐks oŶ the diagoŶal, the iteƌaiǀe solǀeƌ is eǆpeĐted to ĐoŶǀeƌge fasteƌ foƌ

the fiƌst ŵatƌiǆ oŶ the ƌight-haŶd side thaŶ foƌ the oƌigiŶal ŵatƌiǆ oŶ the let-haŶd side. SiŶĐe

the SĐhuƌ ĐoŵpleŵeŶt S iŶ EƋŶ. ϰ.ϯ.ϯϮ diffeƌs fƌoŵ the oƌigiŶal saddle-poiŶt pƌoďleŵ oŶlǇ iŶ

a ĐoupliŶg teƌŵ, the seĐoŶd ŵatƌiǆ of the ƌight-haŶd side of EƋŶ. ϰ.ϯ.ϯϰ is ĐoŶsideƌed to ďe a

suitaďle pƌeĐoŶdiioŶeƌ. IŶstead of the oƌigiŶal pƌoďleŵ Ax = b the pƌeĐoŶdiioŶed pƌoďleŵ

AP−1y = b ;ϰ.ϯ.ϯϱͿ

x = P−1y ;ϰ.ϯ.ϯϲͿ

is solǀed, ǁheƌe P is giǀeŶ ďǇ aŶ appƌoǆiŵate iŶǀeƌse

P−1 ≈

A BT

0 −BA−1BT




−1

. ;ϰ.ϯ.ϯϳͿ

The ĐoupliŶg teƌŵ iŶ the 1, 1-ďloĐk of EƋŶ. ϰ.ϯ.ϯϯ ĐoŶtaiŶs the iŶǀeƌse of the deŵagŶeizaioŶ

ŵatƌiǆ C . This iŶǀeƌse is Ŷot Đoŵputed eǆpliĐitlǇ, ďut solǀed iteƌaiǀelǇ foƌ eǀeƌǇ iteƌaioŶ of

the outeƌ iteƌaiǀe solǀeƌ. This ĐoŵďiŶaioŶ of SĐhuƌ ĐoŵpleŵeŶt aŶd ďloĐk pƌeĐoŶdiioŶiŶg

pƌoǀed ďoth ƌeliaďle aŶd effiĐieŶt foƌ a ǀaƌietǇ of pƌoďleŵs.

ϰ.ϯ.ϰ ValidaioŶ aŶd NuŵeƌiĐal EǆpeƌiŵeŶts

The pƌeseŶted algoƌithŵ is ǀalidated ǁith diffeƌeŶt ŶuŵeƌiĐal tests. The fiƌst test is takeŶ fƌoŵ

the oƌigiŶal puďliĐaioŶ of Alouges [ϲϴ]. IŶ oƌdeƌ to ŵake the ƌesults Đoŵpaƌaďle to those puď-

lished iŶ [ϲϴ], the folloǁiŶg diŵeŶsioŶless sǇsteŵ is solǀed ǁith the ŵethod desĐƌiďed iŶ the

pƌeĐediŶg seĐioŶs
∫

Ω

(αv − m × v) · w dr = −(1 + α2)

∫

Ω

∇(m + θτv)∇w dr . ;ϰ.ϯ.ϯϴͿ

ϲϲ
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Figuƌe ϰ.ϭ: Total eŶeƌgǇ of aŶ eǆĐhaŶge Đoupled sǇsteŵǁith diffeƌeŶt daŵpiŶg. ;aͿ Foƌ a ďaĐk-

ǁaƌd Euleƌ-like sĐheŵe ;θ = 1Ϳ. ;ďͿ Foƌ a CƌaŶk-NiĐholsoŶ-like sĐheŵe ;θ = 0.5Ϳ.

Note the ŵissiŶg ŵateƌial paƌaŵeteƌs aŶd the ĐhaŶged sigŶ oŶ the let-haŶd side ǁhiĐh leads

to a ƌeǀeƌsed diƌeĐioŶ of pƌeĐessioŶ. The iŶiial ǀalue foƌ the ŵagŶeizaioŶ is giǀeŶ ďǇ the

paƌaŵeteƌizaioŶ

m(r) =




− r2
r12

sin
(πr12

2

)

r1
r12

sin
(πr12

2

)

cos
(πr12

2

)


 ;ϰ.ϯ.ϯϵͿ

ǁith r12 =
√

r2
1 + r2

2 . The iŵe eǀoluioŶ of the total eŶeƌgǇ of this ŶoŶphǇsiĐal ďut ŵathe-

ŵaiĐallǇ eƋuiǀaleŶt sǇsteŵ is Đoŵputed ǁith a ďaĐkǁaƌd Euleƌ-like sĐheŵe ;θ = 1Ϳ aŶd ǁith

a CƌaŶk-NiĐholsoŶ-like sĐheŵe ;θ = 0.5Ϳ. Figuƌe ϰ.ϭ shoǁs the ƌesults of the ĐoŵputaioŶ

that aƌe iŶ good agƌeeŵeŶt to the ƌesults pƌeseŶted iŶ [ϲϴ]. As eǆpeĐted the eŶeƌgǇ deĐƌeases

fasteƌ ǁith a higheƌ daŵpiŶg α. Foƌ a loǁ daŵpiŶg the CƌaŶk-NiĐholsoŶ sĐheŵe shoǁs a loǁeƌ

diffusioŶ thaŶ the ďaĐkǁaƌd Euleƌ ǁhiĐh is also eǆpeĐted as shoǁŶ iŶ [ϲϴ].

IŶ a Ŷeǆt test the ĐoŵputaioŶ of the iŵe deƌiǀaiǀe of the ŵagŶeizaioŶ v = ∂tm foƌ aŶ

eǆĐhaŶge Đoupled sǇsteŵ is Đoŵpaƌed to the aŶalǇiĐal soluioŶ. The geoŵetƌǇ used foƌ this

test is a Đuďoid of size 2 × 2 × 0.2 μŵ ǁith ŵateƌial paƌaŵeteƌs ĐhoseŶ siŵilaƌ to peƌŵalloǇ,

i.e.

A = 1.3 · 10−11 J/ŵ ;ϰ.ϯ.ϰϬͿ

Ms = 8.0 · 105 A/ŵ ;ϰ.ϯ.ϰϭͿ

K1 = K2 = 0. ;ϰ.ϯ.ϰϮͿ

Fuƌtheƌ the daŵpiŶg ĐoŶstaŶt ǁas ĐhoseŶ as α = 0.02 aŶd the gǇƌoŵagŶeiĐ ƌaio as γ =

2.211 · 105 ŵ/As. The ǀeĐtoƌ v is Đoŵputed oŶĐe foƌ a ŵagŶeizaioŶ ĐoŶfiguƌaioŶ defiŶed ďǇ

ϲϳ
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Figuƌe ϰ.Ϯ: ValidaioŶ pƌoďleŵ foƌ the ĐoŵputaioŶ of the iŵe deƌiǀaiǀe of the ŵagŶeiza-

ioŶ v(m). ;aͿ r1-ĐoŵpoŶeŶt of the ŵagŶeizaioŶ ĐoŶfiguƌaioŶ m. ;ďͿ AŶalǇiĐal

soluioŶ of the iŵe deƌiǀaiǀe v . ;ĐͿNuŵeƌiĐal soluioŶ of v , Đoŵputedǁith Ŷode-

ǁise taŶgeŶt-spaĐe ĐoŶstƌaiŶt aŶd a siŶgle-laǇeƌ spaial disĐƌeizaioŶ. ;dͿ Nuŵeƌi-

Đal soluioŶ of v , Đoŵputed ǁith Ŷode-ǁise taŶgeŶt-spaĐe ĐoŶstƌaiŶt aŶd a spaial

disĐƌeizaioŶ ǁith ϱ laǇeƌs.

the Ŷoƌŵalized ǀeƌsioŶ of

m(r) =




sin(2.5 · 106πr1)

1

0


 ;ϰ.ϯ.ϰϯͿ

ǁheƌe the ĐeŶteƌ of the Đuďoid geoŵetƌǇ ĐoiŶĐides ǁith the ĐooƌdiŶate oƌigiŶ (0, 0, 0).

IŶ oƌdeƌ to Đoŵpaƌe the soluioŶ to the aŶalǇiĐal ƌesult ∂tm(t, m) the paƌaŵeteƌ θǁas ĐhoseŶ

as zeƌo ǁhiĐh ĐoƌƌespoŶds to aŶ eǆpliĐit sĐheŵe aŶd thus solǀes foƌ iŵe deƌiǀaiǀe at iŵe t

iŶstead of iŵe t + τ . The ŵagŶeizaioŶ ĐoŶfiguƌaioŶ m aŶd the aŶalǇiĐal soluioŶ of v as

ǁell as the soluioŶ Đoŵputed ǁith Ŷode-ǁise ĐoŶstƌaiŶts aĐĐoƌdiŶg to EƋŶ. ϰ.ϯ.ϭϴ aŶd ϰ.ϯ.ϭϵ

aƌe depiĐted iŶ Fig. ϰ.Ϯ. A ĐoŵpaƌisoŶ of the soluioŶ Đoŵputed ǁith ǁeak ĐoŶstƌaiŶts aŶd

Ŷode-ǁise ĐoŶstƌaiŶts is pƌeseŶted iŶ Fig. ϰ.ϯ. It shoǁs Ŷot oŶlǇ a ǀeƌǇ good agƌeeŵeŶt ďe-

tǁeeŶ aŶalǇiĐal aŶd ŶuŵeƌiĐal soluioŶ, ďut also a good agƌeeŵeŶt of the soluioŶs Đoŵputed

ǁith ǁeak ĐoŶstƌaiŶts aŶd ǁith Ŷode-ǁise ĐoŶstƌaiŶts. DeǀiaioŶs of the ŶuŵeƌiĐal soluioŶs

oĐĐuƌ espeĐiallǇ at the ďouŶdaƌies. Figuƌe ϰ.ϰ shoǁs the deǀiaioŶs of aŶalǇiĐal aŶd Ŷuŵeƌ-

iĐal soluioŶs at the saŵple ďouŶdaƌies. OďǀiouslǇ the eƌƌoƌs ĐaŶ ďe sigŶifiĐaŶtlǇ ƌeduĐed ďǇ

ϲϴ
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Figuƌe ϰ.ϯ: The r1-ĐoŵpoŶeŶt of the iŵe deƌiǀaiǀe of the ŵagŶeizaioŶ oŶ the r1 aǆis

v1(r1, 0, 0). The aŶalǇiĐal soluioŶ is Đoŵpaƌed to the ŶuŵeƌiĐal soluioŶ ǁith

ǁeak taŶgeŶt-spaĐe ƌestƌiĐioŶ aŶd Ŷode-ǁise taŶgeŶt-spaĐe ƌestƌiĐioŶ.

;aͿ

−1 −0.98 −0.96 −0.94 −0.92 −0.9

3

4

·106

r1 [μŵ]

v
1

AŶalǇiĐal
SiŶgle LaǇeƌ
Douďle LaǇeƌ

ϱ LaǇeƌs

;ďͿ

−1 −0.98 −0.96 −0.94 −0.92 −0.9

3

4

·106

r1 [μŵ]

v
1

AŶalǇiĐal
SiŶgle LaǇeƌ
Douďle LaǇeƌ

ϱ LaǇeƌs

Figuƌe ϰ.ϰ: The r1-ĐoŵpoŶeŶt of the iŵe deƌiǀaiǀe of the ŵagŶeizaioŶ oŶ the r1-aǆis

v1(r1, 0, 0) at the ďouŶdaƌǇ of the ŵagŶeized ƌegioŶ. The ĐoŵputaioŶ ǁas peƌ-

foƌŵed ǁith a diffeƌeŶt Ŷuŵďeƌ of siŵulaioŶ Đells iŶ the r3-diƌeĐioŶ. ;aͿ Weak

taŶgeŶt-spaĐe ĐoŶstƌaiŶt. ;aͿ Node-ǁise taŶgeŶt-spaĐe ĐoŶstƌaiŶt.
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Figuƌe ϰ.ϱ: IŶ-plaŶeŵagŶeizaioŶ of aŵagŶeiĐ s-state oŶ theŵiddle plaŶe of a thiŶ filŵ. The

out-of-plaŶe ŵagŶeizaioŶ foƌ this ĐoŶfiguƌaioŶ is appƌoǆiŵatelǇ zeƌo. Modified

fƌoŵ [ϲϰ].

fiŶeƌ disĐƌeizaioŶ. The eƌƌoƌs at the ďouŶdaƌies ĐaŶ ďe eǆplaiŶed ďǇ the ǀiolaioŶ of the eǆ-

ĐhaŶge ďouŶdaƌǇ ĐoŶdiioŶ EƋŶ. Ϯ.ϯ.ϯϱ. Although the ĐhoseŶ ŵagŶeizaioŶ paƌaŵeteƌizaioŶ

EƋŶ. ϰ.ϯ.ϰϯ aŶalǇiĐallǇ fulfills the ďouŶdaƌǇ ĐoŶdiioŶ, the disĐƌeized ŵagŶeizaioŶ iŶ geŶeƌal

does Ŷot.

μMag StaŶdaƌd Pƌoďleŵ #ϰ

The ǀalidaioŶ of the iŵe steppiŶg as ǁell as the ĐoupliŶg to the deŵagŶeizaioŶ field is doŶe

ǀia the μMAG staŶdaƌd pƌoďleŵ #ϰ, see [ϴϭ]. It desĐƌiďes the sǁitĐhiŶg pƌoĐess of a ŵagŶeiĐ

thiŶ-filŵ eleŵeŶt uŶdeƌ the iŶflueŶĐe of aŶ eǆteƌŶal ZeeŵaŶ field. This pƌoďleŵ ǁas desigŶed

as ǀalidaioŶ pƌoďleŵ aŶd as suĐh it is seŶsiiǀe to all ǀital paƌts of dǇŶaŵiĐal ŵiĐƌoŵagŶeiĐs.

AŶotheƌ ƌeasoŶ foƌ the ĐhoiĐe of the staŶdaƌd pƌoďleŵ #ϰ as ǀalidaioŶ pƌoďleŵ is the aǀail-

aďilitǇ of a laƌge Ŷuŵďeƌ of ƌefeƌeŶĐe soluioŶs.

A ŵagŶeiĐ Đuďoid ǁith size 500 × 125 × 3 Ŷŵ aŶd the ŵateƌial paƌaŵeteƌs of peƌŵalloǇ, see

EƋŶs. ϰ.ϯ.ϰϬ–ϰ.ϯ.ϰϮ, is ĐoŶsideƌed. The pƌoďleŵ itself ĐoŶsist of tǁo paƌts. IŶ a fiƌst step the

ŵagŶeiĐ ƌegioŶ is ƌelaǆed iŶ a speĐifiĐ loĐal eŶeƌgǇ ŵiŶiŵuŵ Đalled s-state. This is aĐhieǀed ďǇ

peƌfoƌŵiŶg a iŵe iŶtegƌaioŶ ǁith the folloǁiŶg staƌt ǀalue foƌ the ŵagŶeizaioŶ

m(r) =




cos
(∣∣πr1 · 10−3

∣∣)

sin
(∣∣πr1 · 10−3

∣∣)

0


 . ;ϰ.ϯ.ϰϰͿ

The ƌesuliŶg s-state is piĐtuƌed iŶ Fig. ϰ.ϱ. IŶ a seĐoŶd step aŶ eǆteƌŶal ZeeŵaŶ field HzeeŵaŶ

ǁith a ŵagŶitude of 25ŵT is applied ǁith aŶ aŶgle of 170◦ to the saŵple

HzeeŵaŶ = 25




cos(170◦)

sin(170◦)

0


 ŵT. ;ϰ.ϯ.ϰϱͿ
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Figuƌe ϰ.ϲ: The iŵe eǀoluioŶ of the aǀeƌaged ŵagŶeizaioŶ ĐoŵpoŶeŶts 〈mi〉 foƌ the staŶ-

daƌd pƌoďleŵ #ϰ. The ƌesults of the fiŶite-eleŵeŶt ;FEMͿ ŵethod aƌe Đoŵpaƌed

to ƌesults fƌoŵ the ǁell tested fiŶite-diffeƌeŶĐe siŵulaioŶ Đode MiĐƌoMagŶuŵ

;FDMͿ. Modified fƌoŵ [ϲϰ].

Foƌ this paƌt of the pƌoďleŵ the pƌeǀiouslǇ ĐalĐulated s-state is takeŶ as iŶiial ŵagŶeizaioŶ.

SiŶĐe the eǆteƌŶal field is diƌeĐted opposite to the pƌedoŵiŶaŶt ŵagŶeizaioŶ diƌeĐioŶ, a

sǁitĐhiŶg pƌoĐess is iŶiiated. Figuƌe ϰ.ϲ shoǁs the siŵulaioŶ ƌesults foƌ this sǁitĐhiŶg pƌo-

Đess iŶ ĐoŵpaƌisoŶ to a ƌefeƌeŶĐe ƌesult ĐalĐulated ǁith the fiŶite-diffeƌeŶĐe Đode MiĐƌoMag-

Ŷuŵ [ϴϮ]. OďǀiouslǇ the ƌefeƌeŶĐe soluioŶ is ǁell ƌepƌoduĐed ďǇ theŵethods pƌeseŶted iŶ the

pƌeĐediŶg seĐioŶs.
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CHAPTER ϱ

IŵpleŵeŶtaioŶ

The iŵpleŵeŶtaioŶ of a siŵulaioŶ pƌogƌaŵ foƌ the soluioŶ of dǇŶaŵiĐalŵiĐƌoŵagŶeiĐ pƌoď-

leŵs is a ĐhalleŶgiŶg task. OŶ the oŶe haŶd, a Đoŵplete dǇŶaŵiĐal Đode has to solǀe seǀeƌal

suďpƌoďleŵs, ǁhiĐh ŶatuƌallǇ ƌesults iŶ a high Ŷuŵďeƌ of poteŶial eƌƌoƌ souƌĐes. OŶ the otheƌ

haŶd aŶ effiĐieŶt ŵiĐƌoŵagŶeiĐ Đode should ďe ďoth fast aŶd Đapaďle of haŶdliŶg laƌge pƌoď-

leŵs. To aĐhieǀe this goal the Đode should ďe highlǇ opiŵized foƌ the pƌoďleŵ at haŶd aŶd

high peƌfoƌŵaŶĐe pƌogƌaŵŵiŶg teĐhŶiƋues suĐh as paƌallel ĐoŵpuiŶg should ďe used.

This Đhapteƌ is dediĐated to the iŵpleŵeŶtaioŶ of ŵiĐƌoŵagŶeiĐ Đodes. SeĐioŶ ϱ.ϭ giǀes aŶ

oǀeƌǀieǁ oǀeƌ eǆisiŶg Đodes. IŶ SeĐ. ϱ.Ϯ the ŵiĐƌoŵagŶeiĐ fiŶite-eleŵeŶt Đode ŵagŶuŵ.fe is

pƌeseŶted.

ϱ.ϭ EǆisiŶg Codes

The aǀailaďle Đodes ĐaŶďe ƌoughlǇ diǀided iŶto fiŶite-diffeƌeŶĐe Đodes aŶdfiŶite-eleŵeŶt Đodes.

A ǀeƌǇ populaƌ aŶd estaďlished opeŶ-souƌĐe fiŶite-diffeƌeŶĐe Đode is OOMMF [ϴϯ]. Like alŵost

all fiŶite-diffeƌeŶĐe Đodes it uses a Fouƌieƌ spaĐe ŵethod as iŶtƌoduĐed iŶ SeĐ. ϯ.ϭ foƌ the Đoŵ-

putaioŶ of the deŵagŶeizaioŶ field. The eǆĐhaŶge field is Đoŵputed ǁith fiŶite diffeƌeŶĐes

as desĐƌiďed iŶ [ϳϮ] aŶd the iŵe iŶtegƌaioŶ is doŶe ǁith eǆpliĐit RuŶge-Kuta ŵethods, see

SeĐ. ϰ.ϭ.ϭ. IŶ ƌeĐeŶt Ǉeaƌs the use of gƌaphiĐs pƌoĐessiŶg uŶits foƌ highlǇ paƌallel Đoŵputa-

ioŶs has gaiŶedŵuĐh ateŶioŶ iŶ the sĐieŶifiĐ ĐoŵpuiŶg ĐoŵŵuŶitǇ. The opeŶ-souƌĐe Đodes

MiĐƌoMagŶuŵ [ϴϮ] aŶd MuMaǆ [ϴϰ] iŵpleŵeŶt siŵilaƌ ŵethods to OOMMF aŶd aƌe aďle to

peƌfoƌŵ the siŵulaioŶs eŶiƌelǇ oŶ gƌaphiĐs pƌoĐessiŶg uŶits. A Đlosed-souƌĐe Đode of this

ĐategoƌǇ is GPMagŶet [ϯϲ]. These Đodes pƌoǀide a sigŶifiĐaŶt speedup Đoŵpaƌed to OOMMF,

ǁhiĐh peƌfoƌŵs all ĐoŵputaioŶs oŶ the ĐeŶtƌal pƌoĐessiŶg uŶit. Fuƌtheƌ fiŶite-diffeƌeŶĐe Đodes

iŶĐludeM3S [ϴϱ], NMagfiŶite diffeƌeŶĐe [ϴϲ] aŶd Yaŵŵs [ϴϳ]ǁhiĐh is desĐƌiďed iŶ detail iŶ [ϴϴ].

Aǀailaďle opeŶ-souƌĐe fiŶite-eleŵeŶt Đodes iŶĐludeŵagpaƌ [ϴϵ] aŶd NMag [ϵϬ]. Closed-souƌĐe
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ϱ.Ϯ ŵagŶuŵ.fe

1 # Set up the bilinear form for the demagnetization problem
2 a = Dxſv, iƀ * Dxſu, iƀ * dxſ0ƀ # Omega_sample
3 a+= Dxſv, iƀ * Dxſu, iƀ * dxſɨƀ # Omega_air
4 a+= Dxſv, iƀ * gɨ[i,j] * Dxſu, jƀ * dxſɩƀ # Omega_shell, r_ɮ halfplane
5 a+= Dxſv, iƀ * gɩ[i,j] * Dxſu, jƀ * dxſɪƀ # Omega_shell, r_ɯ halfplane
6 a+= Dxſv, iƀ * gɪ[i,j] * Dxſu, jƀ * dxſɫƀ # Omega_shell, r_ɰ halfplane
7
8 # Create Dirichlet boundary conditions
9 bc = DirichletBCſVS, Constantſ0.0ƀ, DomainBoundaryſƀƀ

10
11 # Assemble system matrix and apply boundary conditions
12 A = assembleſaƀ
13 bc.applyſAƀ

LisiŶg ϱ.ϭ: Weak foƌŵ of the deŵagŶeizaioŶ-field pƌoďleŵ as desĐƌiďed iŶ SeĐ. ϯ.Ϯ.ϯ. IŶ oƌ-

deƌ to haŶdle the Đuďoid shell pƌopeƌlǇ, the ǀoluŵe iŶtegƌal is split up iŶto iŶtegƌals

oǀeƌ diffeƌeŶt suďdoŵaiŶs ;dxſ0ƀ – dxſɫƀͿ. The iŶdiĐes i aŶd j aƌe used to defiŶe
ǀeĐtoƌ–ǀeĐtoƌ aŶd ŵatƌiǆ–ǀeĐtoƌ pƌoduĐts.

fiŶite-eleŵeŶt Đodes aƌe FEMME [ϵϭ] aŶd TetƌaMag [ϵϮ]. The lateƌ also ŵakes use of gƌaphiĐs

pƌoĐessiŶg uŶits. To the kŶoǁledge of the authoƌ, these Đodes use the fiŶite-eleŵeŶt ďouŶdaƌǇ-

eleŵeŶt ĐoupliŶg desĐƌiďed iŶ SeĐ. ϯ.Ϯ.Ϯ foƌ the deŵagŶeizaioŶ-field ĐoŵputaioŶ aŶd iŵpliĐit

ĐolloĐaioŶ ŵethods foƌ the iŶtegƌaioŶ of the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ as desĐƌiďed iŶ

SeĐ. ϰ.ϭ.Ϯ.

A ŵiĐƌoŵagŶeiĐ Đode that iŵpleŵeŶts the ǁeak foƌŵulaioŶ iŶtƌoduĐed iŶ SeĐ. ϰ.ϯ is FELL-

GOOD [ϳϵ]. Foƌ the deŵagŶeizaioŶ-field ĐoŵputaioŶ this Đodeuses a ŶoŶuŶifoƌŵ fast-Fouƌieƌ-

tƌaŶsfoƌŵ ŵethod.

ϱ.Ϯ ŵagŶuŵ.fe

AŶ iŶtegƌal paƌt of the ǁoƌk pƌeseŶted iŶ this thesis ǁas the deǀelopŵeŶt of ŵagŶuŵ.fe, a

fiŶite-eleŵeŶt ŵiĐƌoŵagŶeiĐ siŵulaioŶ tool, see [ϲϰ]. ŵagŶuŵ.fe iŵpleŵeŶts the tƌaŶsfoƌ-

ŵaioŶ ŵethod foƌ the deŵagŶeizaioŶ-field ĐoŵputaioŶ iŶtƌoduĐed iŶ SeĐ. ϯ.Ϯ.ϯ aŶd the

ǁeak ŵethod foƌ the iŶtegƌaioŶ of the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ iŶtƌoduĐed iŶ SeĐ. ϰ.ϯ.

The Đode is ďased oŶ the ƌeĐeŶtlǇ puďlished fiŶite-eleŵeŶt paĐkage FEŶiCS [ϵϯ] aŶd uses Gŵsh

[ϵϰ] foƌ ŵesh ĐƌeaioŶ.

FEŶiCS isǁƌiteŶ iŶ C++ aŶd featuƌes a PǇthoŶ sĐƌipiŶg iŶteƌfaĐe. The Đoƌe ĐoŵpoŶeŶt of FEŶiCS

is the so-Đalled foƌŵ Đoŵpileƌ FFC [ϵϱ]. This foƌŵ Đoŵpileƌ pƌoduĐes effiĐieŶt C++ Đode foƌ

the asseŵďlǇ of sǇsteŵ ŵatƌiĐes. It takes the desĐƌipioŶ of a ǁeak foƌŵ iŶ the uŶified foƌŵ

laŶguage UFL [ϵϲ] aŶd pƌoduĐes asseŵďlǇ Đode that ĐoŶfoƌŵs to the uŶified foƌŵ-asseŵďlǇ

ϳϯ
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1 # Set up mixed function space
2 VV = VectorFunctionSpaceſmesh, "CG", ɨƀ # Solution
3 VS = FunctionSpaceſmesh, "CG", ɨƀ # Lagrange Multipliers
4 V = VV * VS
5
6 # Set up test and trial functions
7 ſv, lambƀ = TrialFunctionsſVƀ
8 ſw, sigmaƀ = TestFunctionsſVƀ
9

10 # Prefactor for exchange field
11 f_ex = ſ- ɩ.0 * Aex * gammaƀ / ſmu0 * msƀ
12
13 # Set up bilinear form
14 a = alpha * dotſv, wƀ * dx \
15 + dotſcrossſm, vƀ, wƀ * dx \
16 + sigma * innerſm, vƀ * dx \
17 + lamb * innerſm, wƀ * dx \
18 - 0.ɬ * dt * f_ex * Dxſv[i],jƀ * Dxſw[i],jƀ * dx
19
20 # Set up linear form
21 L = f_ex * Dxſm[i],jƀ * Dxſw[i],jƀ * dx

LisiŶg ϱ.Ϯ: Weak foƌŵ of the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ aĐĐoƌdiŶg to the ŵethod de-

sĐƌiďed iŶ SeĐ. ϰ.ϯ. A ŵiǆed fuŶĐioŶ spaĐe is used to iŵpleŵeŶt the LagƌaŶge-

ŵuliplieƌ aŶsatz. The ĐoŶstƌaiŶts aƌe fulfilled iŶ a ǁeak seŶse.

Đode UFC [ϵϳ]. Saŵple Đodes foƌ the ǁeak foƌŵs of the deŵagŶeizaioŶ-field pƌoďleŵ aŶd the

LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ aƌe giǀeŶ iŶ LisiŶg ϱ.ϭ aŶd ϱ.Ϯ ƌespeĐiǀelǇ. FEŶiCS pƌoǀides a

just-iŶ-iŵe Đoŵpileƌ that eŶaďles the ĐoŵpilaioŶ of foƌŵ-asseŵďlǇ Đode at ƌuŶiŵe. Fuƌtheƌ

ďiŶdiŶgs foƌ a Đouple of estaďlished opeŶ-souƌĐe liŶeaƌ-algeďƌa liďƌaƌies aƌe pƌoǀided. Thus the

eŶiƌe pƌoďleŵ defiŶiioŶ aŶd soluioŶ ǁith FEŶiCS ĐaŶ ďe doŶe iŶ PǇthoŶ ǁithout suffeƌiŶg

fƌoŵ the usuallǇ pooƌ peƌfoƌŵaŶĐe of iŶteƌpƌeted laŶguages.

Beside the PǇthoŶ iŶteƌfaĐe, FEŶiCS also pƌoǀides aŶ alŵost eƋuiǀaleŶt C++ iŶteƌfaĐe. IŶ faĐt

the PǇthoŶ iŶteƌfaĐe is just a thiŶ ǁƌappiŶg laǇeƌ geŶeƌated ǁith the Siŵplified Wƌappeƌ aŶd

IŶteƌfaĐe GeŶeƌatoƌ ;SWIGͿ [ϵϴ]. NoŶetheless the PǇthoŶ iŶteƌfaĐe isŵuĐh siŵpleƌ to useǁhile

addiŶg oŶlǇ a sŵall oǀeƌhead. HeŶĐe ŵagŶuŵ.fe uses the PǇthoŶ iŶteƌfaĐe ǁheƌe possiďle.

Hoǁeǀeƌ, the algoƌithŵs used ďǇ ŵagŶuŵ.fe ƌeƋuiƌe soŵe fuŶĐioŶalitǇ that is Ŷot pƌoǀided ďǇ

FEŶiCS. EǆteŶdiŶg FEŶiCS at the leǀel of the PǇthoŶ iŶteƌfaĐe ǁill usuallǇ lead to peƌfoƌŵaŶĐe

issues ǁheŶ dealiŶg ǁith laƌge pƌoďleŵ sizes. The peƌfoƌŵaŶĐe ƌeleǀaŶt eǆteŶsioŶs to FEŶiCS

aƌe theƌefoƌe ǁƌiteŶ iŶ C++. Like FEŶiCS, ŵagŶuŵ.fe uses SWIG to eǆploit the fuŶĐioŶalitǇ

of the C++ Đode to the PǇthoŶ iŶteƌfaĐe. The depeŶdeŶĐies of the diffeƌeŶt ŵodules iŶ ďoth

PǇthoŶ aŶd C++ aƌe ǀisualized iŶ Fig. ϱ.ϭ. IŶ the folloǁiŶg the ŵost iŵpoƌtaŶt eǆteŶsioŶs to

FEŶiCS aƌe pƌeseŶted iŶ detail.
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ϱ.Ϯ ŵagŶuŵ.fe

ŵagŶuŵ.fe

PǇthoŶ

C++

SWIG

FEŶiCS

PǇthoŶ

C++
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Figuƌe ϱ.ϭ: DepeŶdeŶĐies ďetǁeeŶ ŵagŶuŵ.fe aŶd FEŶiCS. Both ŵagŶuŵ.fe aŶd FEŶiCS haǀe

a C++ ŵodule ǁhose fuŶĐioŶalitǇ is eǆposed to the PǇthoŶ Đode ǀia SWIG. Fuƌ-

theƌŵoƌe the C++ ĐoŵpoŶeŶt of ŵagŶuŵ.fe depeŶds oŶ the C++ ĐoŵpoŶeŶt of

FEŶiCS aŶd the PǇthoŶ ŵodule of ŵagŶuŵ.fe depeŶds oŶ the PǇthoŶ ŵodule of

FEŶiCS.

ϱ.Ϯ.ϭ Mesh GeŶeƌaioŶ

The appliĐaioŶ of the Đuďoid shell-tƌaŶsfoƌŵaioŶ ŵethod as desĐƌiďed iŶ SeĐ. ϯ.Ϯ.ϯ ƌeƋuiƌes

a ŵesh that pƌopeƌlǇ ƌepƌeseŶts the diffeƌeŶt ƌegioŶs Ωsaŵple, Ωaiƌ aŶd Ωshell. Fuƌtheƌŵoƌe the

Đuďoid shell is diǀided iŶto siǆ shell patĐhes. The plaŶaƌ iŶteƌfaĐes ďetǁeeŶ the Đuďoid shell

patĐhes aŶd the ƌegioŶ Ωaiƌ ĐaŶ ďe peƌfeĐtlǇ appƌoǆiŵated ďǇ tetƌahedƌa. Thus the ŵesh is

ƌeƋuiƌed to aĐĐuƌatelǇ sepaƌate these ƌegioŶs. The ŵeshiŶg ƌouiŶe of ŵagŶuŵ.fe is ǁƌiteŶ iŶ

C++ aŶd uses liďGŵsh [ϵϰ]. The ƌesuliŶg ŵeshiŶg data is used to Đƌeate a ŵesh oďjeĐt that is

Đoŵpaiďle ǁith FEŶiCS.

UsuallǇ the useƌ pƌoǀides a ŵesh of the saŵple. The ŵeshiŶg ƌouiŶe of ŵagŶuŵ.fe is aďle to

ƌead a ǀaƌietǇ of ŵesh foƌŵats aŶd to Đƌeate the ƌeƋuiƌed shell ƌegioŶs of the ŵesh. Figuƌe ϱ.Ϯ

shoǁs aŶ eǆaŵple ŵesh foƌ a spheƌiĐal saŵple. Note that the Đuďoid shell patĐhes aƌe ŵeshed

iŶ a ƌegulaƌ fashioŶ. The Ŷuŵďeƌ of laǇeƌs iŶ the shell patĐhes is ĐoŶfiguƌaďle. This paƌaŵeteƌ

is ǀital iŶ oƌdeƌ to ĐoŶtƌol the ƋualitǇ of the deŵagŶeizaioŶ-field appƌoǆiŵaioŶ.

ϱ.Ϯ.Ϯ Node-Wise OpeƌaioŶs

FEŶiCS suppoƌts a gƌeat ǀaƌietǇ of fiŶite eleŵeŶts. Beside the staŶdaƌd LagƌaŶge eleŵeŶts iŶ

H1 a Ŷuŵďeƌ of eleŵeŶts iŶ H(diǀ) as ǁell as iŶ H(ƌot) is suppoƌted. As a ĐoŶseƋueŶĐe the

iŶteƌfaĐe of FEŶiCS eǆhiďits a ǀeƌǇ aďstƌaĐt ŶoioŶ of degƌees of fƌeedoŵ. WheŶ dealiŶg ǁith

staŶdaƌd LagƌaŶge eleŵeŶts, this ŵeaŶs that theƌe is Ŷo siŵple ǁaǇ to get a ŵappiŶg ďetǁeeŶ

Ŷodes aŶd degƌees of fƌeedoŵ although suĐh ŵappiŶg eǆists iŶ theoƌǇ. Moƌeoǀeƌ FEŶiCS does

Ŷot pƌoǀide a ŵethod to ideŶifǇ the degƌees of fƌeedoŵ ďeloŶgiŶg to the saŵe Ŷode ǁheŶ

usiŶg ĐoŵpoŶeŶt-ǁise LagƌaŶge ǀeĐtoƌ fuŶĐioŶs. This is paƌiĐulaƌlǇ pƌoďleŵaiĐ foƌ the iŵ-
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;aͿ ;ďͿ

Figuƌe ϱ.Ϯ: The ŵesh of a spheƌiĐal saŵple suƌƌouŶded ďǇ a Đuďoid shell as ƌeƋuiƌed ďǇ the

Đuďoid shell-tƌaŶsfoƌŵaioŶ ŵethod foƌ the ĐoŵputaioŶ of the deŵagŶeizaioŶ

field. The diffeƌeŶt ƌegioŶs aƌeŵaƌked ďǇ Đoloƌs: Ωsaŵple ;ďlueͿ,Ωaiƌ ;oƌaŶgeͿ,Ωshell

;gƌeeŶͿ. ;aͿ EǆplosioŶ ǀieǁ of the diffeƌeŶt ƌegioŶs. ;ďͿ Cut thƌough the Đoŵposite

ŵesh. Modified fƌoŵ [ϲϰ].

1 # Set up function space and function
2 V = VectorFunctionSpaceſmesh, "CG", ɨƀ
3 m = interpolateſsome_expression, Vƀ
4
5 # Compute node-wise normalized m
6 m_norm = DofAssembler.assembleſNormalizedVectorſV, mƀƀ

LisiŶg ϱ.ϯ: Eǆaŵple usage of the DofAssembler Đlass to peƌfoƌŵ Ŷode-ǁise ŶoƌŵalizaioŶ of

the fuŶĐioŶ m.

pleŵeŶtaioŶ of the iŶtegƌaioŶ sĐheŵe iŶtƌoduĐioŶ iŶ SeĐ. ϰ.ϯ siŶĐe this sĐheŵe ƌeƋuiƌes the

Ŷode-ǁise ƌeŶoƌŵalizaioŶ of the ŵagŶeizaioŶ ateƌ eaĐh iŵe step.

IŶ the stǇle of the Assembler Đlass iŶ FEŶiCS ǁhiĐh haŶdles the asseŵďlǇ of ŵatƌiĐes aŶd ǀeĐ-

toƌs, ŵagŶuŵ.fe iŶtƌoduĐes the DofAssembler Đlass. This Đlass offeƌs aŶ assemble ŵethod

that is aďle to Đƌeate ŵatƌiĐes aŶd ǀeĐtoƌs fƌoŵ iŶstaŶĐes of the DofForm Đlass. BǇ suďĐlassiŶg
DofForm, Ŷode-ǁise opeƌaioŶs ŵaǇ ďe iŵpleŵeŶted. The faĐt that the loĐal ŶuŵďeƌiŶg of de-

gƌees of fƌeedoŵ peƌ Đell is ĐoŶstaŶt is used to eǆpƌess the Ŷode-ǁise opeƌaioŶs peƌ Đell. The

DofAssembler Đlass uses the saŵe leǀel of aďstƌaĐioŶ as the oƌigiŶal Assembler Đlass. Thus it
fullǇ suppoƌts diffeƌeŶt liŶeaƌ algeďƌa ďaĐkeŶds aŶd paƌallelizaioŶ featuƌes.

ϳϲ



ϱ.Ϯ ŵagŶuŵ.fe

ϱ.Ϯ.ϯ CoŶĐlusioŶ

The ŵiĐƌoŵagŶeiĐ Đode ŵagŶuŵ.fe iŵpleŵeŶts diffeƌeŶt fiŶite-eleŵeŶt ŵethods foƌ the so-

luioŶ of dǇŶaŵiĐal ŵiĐƌoŵagŶeiĐ pƌoďleŵs. Due to the use of the high-leǀel fiŶite-eleŵeŶt

paĐkage FEŶiCS, the Đode is ďoth ǀeƌǇ ƌeadaďle aŶd eǆteŶdaďle. PeƌfoƌŵaŶĐe ƌeleǀaŶt eǆteŶ-

sioŶs to the FEŶiCS liďƌaƌǇ ǁeƌe iŵpleŵeŶted iŶ C++ aŶd ŵake use of the eǆisiŶg aďstƌaĐioŶ

laǇeƌsǁheƌe possiďle. ŵagŶuŵ.fe is opeŶ-souƌĐe, ǁell doĐuŵeŶted aŶd aǀailaďle foƌ doǁŶload

at [ϵϵ].
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CHAPTER ϲ

A PhǇsiĐal Eǆaŵple

As a phǇsiĐal eǆaŵple, the doŵaiŶ-ǁall stƌuĐtuƌe of a tail-to-tail ǁall iŶ a ŵagŶeiĐ ŶaŶoƌod

is iŶǀesigated. The ŵateƌial paƌaŵeteƌs of the ŶaŶoƌods aƌe ĐhoseŶ to ďe siŵilaƌ to those of

peƌŵalloǇ, see EƋŶs. ϰ.ϯ.ϰϬ–ϰ.ϯ.ϰϮ, aŶd the diaŵeteƌ of the ƌod is ǀaƌied ďetǁeeŶ ϭϬ Ŷŵ aŶd

ϱϬ Ŷŵ. The iŶiial ŵagŶeizaioŶ is ĐhoseŶ as aŶ iŶfiŶitelǇ thiŶ tail-to-tail ǁall. The ƌesuliŶg

disĐƌete ƌepƌeseŶtaioŶ ƌeads

mi = sgŶ(r3,i)




0

0

1


 ;ϲ.Ϭ.ϭͿ

ǁheƌe the ĐǇliŶdƌiĐal aǆis of the ƌod is ĐhoseŶ paƌallel to the r3-aǆis aŶd the ĐeŶteƌ of the ƌod

ĐoiŶĐides ǁith the ĐooƌdiŶate oƌigiŶ (0, 0, 0). Figuƌe ϲ.ϭ shoǁs the tetƌahedƌal ŵesh that ǁas

ĐƌeatedǁithGŵsh [ϵϰ]. Foƌ the sake of ĐoŵpaƌaďilitǇ the saŵeŵesh is used foƌ all diffeƌeŶt ƌod

diaŵeteƌs aŶd sĐaled aĐĐoƌdiŶglǇ. The leŶgth of the ƌod is ĐhoseŶ to ďe ϭϬ iŵes the diaŵeteƌ,

ǁhiĐh is ŵuĐh laƌgeƌ thaŶ the eǆpeĐted ǁidth of the doŵaiŶ ǁall. The high leŶgth guaƌaŶtees

a loǁ iŶflueŶĐe of suƌfaĐe effeĐts at the ƌod faĐes oŶ the doŵaiŶ ǁall, ǁhiĐh is loĐated iŶ the

ĐeŶteƌ of the ƌod.

The iŶiial state is ƌelaǆed iŶto aŶ eŶeƌgeiĐal ŵiŶiŵuŵ ďǇ ĐoŵputaioŶ of the iŵe eǀoluioŶ

ǁith a high daŵpiŶg α = 1. As disĐussed iŶ [ϭϬϬ] the doŵaiŶ-ǁall iŶ a feƌƌoŵagŶeiĐ ƌod is

eǆpeĐted to ďe of tƌaŶsǀeƌse tǇpe foƌ sŵall diaŵeteƌs, see Fig. ϲ.Ϯa aŶd ϲ.ϯa, aŶd of ǀoƌteǆ tǇpe

Figuƌe ϲ.ϭ: Tetƌahedƌal ŵesh used foƌ the disĐƌeizaioŶ of the ŶaŶoƌods. The ŵesh ĐoŶsists

of ϳϮϳϱ Ŷodes aŶd ϯϵϯϰϰ Đells.
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;aͿ

10 Ŷŵ

;ďͿ

40 Ŷŵ

Figuƌe ϲ.Ϯ: Cutout of the siŵulated ƌod, shoǁiŶg the doŵaiŶ ǁall foƌ diffeƌeŶt ƌod diaŵeteƌs.

The r3-ĐoŵpoŶeŶt of theŵagŶeizaioŶ is Đoloƌ Đoded. ;aͿDiaŵeteƌ of d = 10 Ŷŵ.

The eŶeƌgeiĐallǇ faǀoƌed doŵaiŶ ǁall is of tƌaŶsǀeƌse tǇpe. ;ďͿ Diaŵeteƌ of d =

40 Ŷŵ. The eŶeƌgeiĐallǇ faǀoƌed doŵaiŶ ǁall is of ǀoƌteǆ tǇpe.

foƌ laƌge diaŵeteƌs, see Fig. ϲ.Ϯď aŶd Fig. ϲ.ϯď. The ĐƌiiĐal diaŵeteƌ depeŶds oŶ the eǆĐhaŶge

leŶgth of the ŵateƌial. Foƌ peƌŵalloǇ this ĐƌiiĐal diaŵeteƌ is eǆpeĐted to ďe at aƌouŶd ϮϬ Ŷŵ.

The ĐhaŶge of doŵaiŶ-ǁall stƌuĐtuƌe is eǆplaiŶed ďǇ the ĐoŵpeiŶg eǆĐhaŶge aŶd deŵagŶe-

izaioŶ eŶeƌgǇ. As shoǁŶ iŶ EƋŶ. Ϯ.Ϯ.Ϯϭ the deŵagŶeizaioŶ eŶeƌgǇ is geŶeƌated ďǇ ǀoluŵe

Đhaƌges aŶd suƌfaĐe Đhaƌges. The suƌfaĐe Đhaƌges aƌe giǀeŶ ďǇ the Ŷoƌŵal-ĐoŵpoŶeŶt of the

ŵagŶeizaioŶ at the ďouŶdaƌǇ. Reŵeŵďeƌ also that the eǆĐhaŶge eŶeƌgǇ is ďasiĐallǇ giǀeŶ ďǇ

the sƋuaƌed gƌadieŶt of the ŵagŶeizaioŶ, see EƋŶ. Ϯ.Ϯ.ϭϬ.

IŶ a tƌaŶsǀeƌse ǁall the ŵagŶeizaioŶ is hoŵogeŶeous iŶ the ƌotaioŶ plaŶe, ǁhiĐh leads to

a loǁ eǆĐhaŶge eŶeƌgǇ of this ǁall tǇpe. The deŵagŶeizaioŶ eŶeƌgǇ of the tƌaŶsǀeƌse ǁall,

hoǁeǀeƌ, is laƌge due to the geŶeƌated suƌfaĐe Đhaƌges. IŶ ĐoŶtƌast, the ǀoƌteǆ ǁall does Ŷot

Đƌeate aŶǇ suƌfaĐe Đhaƌges, ďut the iŶŶeƌ ĐuƌliŶg stƌuĐtuƌe leads to a high eǆĐhaŶge eŶeƌgǇ.

A ƌod ǁith a laƌge diaŵeteƌ featuƌes a laƌge suƌfaĐe, ǁhiĐh leads to a high iŶflueŶĐe of the

deŵagŶeizaioŶ eŶeƌgǇ. Thus the ǀoƌteǆ ǁall is the faǀoƌed ŵagŶeizaioŶ ĐoŶfiguƌaioŶ iŶ

laƌge ƌods. A deĐƌease of the diaŵeteƌ ĐhaŶges the ƌaioof eǆĐhaŶge eŶeƌgǇ to deŵagŶeizaioŶ

eŶeƌgǇ, ǁhiĐh uliŵatelǇ ƌesults iŶ aŶ eǆĐhaŶge doŵiŶated sǇsteŵ that faǀoƌs the tƌaŶsǀeƌse

ǁall oǀeƌ the ǀoƌteǆ ǁall.

While the eŶeƌgǇ deŶsitǇ of the deŵagŶeizaioŶ field does Ŷot depeŶd oŶ the spaial sĐaliŶg

of a ŵagŶeizaioŶ ĐoŶfiguƌaioŶ, the eǆĐhaŶge-eŶeƌgǇ deŶsitǇ iŶĐƌeases ǁith deĐƌesiŶg size

ϳϵ



CHAPTER ϲ: A PhǇsiĐal Eǆaŵple

;aͿ ;ďͿ

Figuƌe ϲ.ϯ: Detailed ǀieǁ at the stƌuĐtuƌe of the doŵaiŶ ǁall ǁithiŶ the ƌod. A Đutout of the

ƌod is shoǁŶ, ǁith the Đut ďeiŶg ĐhoseŶ at the ĐeŶteƌ of the doŵaiŶ ǁall. The

r1-ĐoŵpoŶeŶt of the ŵagŶeizaioŶ is Đoloƌ Đoded. ;aͿ TƌaŶsǀeƌse ǁall. ;ďͿ Voƌteǆ

ǁall.

due to its depeŶdeŶĐe oŶ the gƌadieŶt of the ŵagŶeizaioŶ. This effeĐt Đould ďe suĐĐessfullǇ

ƌepƌoduĐed ǁith the fiŶite-eleŵeŶt ĐodeŵagŶuŵ.fe. The ĐƌiiĐal diaŵeteƌ foƌ the doŵaiŶ-ǁall

tǇpe ǁas fouŶd to ďe ďetǁeeŶ 24 Ŷŵ aŶd 25 Ŷŵ, ǁhiĐh is iŶ good agƌeeŵeŶt to theoƌeiĐal

ƌesults, see [ϭϬϬ].
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CHAPTER ϳ

CoŶĐlusioŶ aŶd Outlook

DiffeƌeŶt disĐƌete algoƌithŵs foƌ the soluioŶ of the dǇŶaŵiĐal ŵiĐƌoŵagŶeiĐ eƋuaioŶs aƌe

pƌeseŶted. The foĐus of this ǁoƌk is the appliĐaioŶ of the fiŶite-eleŵeŶt ŵethod. The ŵiĐƌo-

ŵagŶeiĐ ĐodeŵagŶuŵ.fe is ǁƌiteŶ that iŵpleŵeŶts the pƌeseŶted fiŶite-eleŵeŶt algoƌithŵs.

The ĐoŵputaioŶ of the deŵagŶeizaioŶ-field ǁith Fouƌieƌ-spaĐe teĐhŶiƋues as ǁell as ǁith

fiŶite-eleŵeŶt teĐhŶiƋues is desĐƌiďed iŶ detail. WithiŶ the Đlass of Fouƌieƌ-spaĐe ŵethods

aŶ alteƌŶaiǀe to the ǁell-kŶoǁŶ ĐoŶǀoluioŶ ǁith the deŵagŶeizaioŶ teŶsoƌ is pƌeseŶted.

Foƌ the soluioŶ ǁith the fiŶite-eleŵeŶt ŵethod a tƌaŶsfoƌŵaioŶ teĐhŶiƋue is desĐƌiďed that

solǀes the opeŶ-ďouŶdaƌǇ pƌoďleŵ ďǇ a ŵappiŶg of the eǆteƌioƌ spaĐe to a fiŶite shell. The

ŵethods aƌe ǀalidated aŶd Đoŵpaƌed to eaĐh otheƌ. Fouƌieƌ-spaĐe ŵethods ƌeƋuiƌe a ƌegulaƌ

gƌid, ǁheƌeas fiŶite-eleŵeŶt ŵethods aƌe aďle to haŶdle iƌƌegulaƌ ŵeshes. Thus it Đoŵes as

Ŷo suƌpƌise that the fiŶite-eleŵeŶt ŵethod outpeƌfoƌŵs the Fouƌieƌ-spaĐe ŵethods oŶ Đuƌǀed

geoŵetƌies. OŶ Đuďoid stƌuĐtuƌes hoǁeǀeƌ, the Fouƌieƌ-spaĐe ŵethods aƌe ďoth fast aŶd aĐĐu-

ƌate.

AŶ oǀeƌǀieǁ oǀeƌ ŵethods foƌ the iŶtegƌaioŶ of the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ is giǀeŶ.

AŶ iŵpliĐit, ǁeak foƌŵulaioŶ oƌigiŶallǇ pƌoposed ďǇ Alouges is disĐussed iŶ detail aŶd eǆteŶded

ďǇ aŶ iŵpliĐit deŵagŶeizaioŶ-field ĐoŵputaioŶ.

FiŶallǇ the iŵpleŵeŶtaioŶ of the fiŶite-eleŵeŶt ŵethods ǁith the ƌeĐeŶtlǇ puďlished liďƌaƌǇ

FEŶiCS is desĐƌiďed aŶd thedoŵaiŶ-ǁall stƌuĐtuƌe of tail-to-tail ǁalls iŶ ŶaŶoƌods is iŶǀesigated.

ϳ.ϭ EǆteŶdiŶg ŵagŶuŵ.fe

The fiŶite-eleŵeŶt ĐodeŵagŶuŵ.fe pƌoǀides the fuŶĐioŶalitǇ foƌ full thƌee-diŵeŶsioŶalŵiĐƌo-

ŵagŶeiĐ siŵulaioŶs iŶĐludiŶg deŵagŶeizaioŶ-field aŶd eǆĐhaŶge field. IŶ oƌdeƌ to opiŵize

ŵagŶuŵ.feǁith ƌespeĐt to peƌfoƌŵaŶĐe aŶd ǀeƌsailitǇ a Ŷuŵďeƌ of iŵpƌoǀeŵeŶts aƌe plaŶŶed

foƌ the Ŷeaƌ futuƌe.
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IŶ oƌdeƌ to distƌiďute the ĐoŵputaioŶ of laƌge sǇsteŵs, ŵagŶuŵ.fe is plaŶŶed to ŵake use of

the ŵessage passiŶg iŶteƌfaĐe ;MPIͿ. Most of the fuŶĐioŶalitǇ of ďoth FEŶiCS aŶd ŵagŶuŵ.fe

is alƌeadǇ MPI Đapaďle uŶd thus oŶlǇ a sŵall set of fuŶĐioŶs haǀe to ďe ŵodified iŶ oƌdeƌ to

aĐhieǀe this goal.

IŶ oƌdeƌ to suppoƌt the ďest ŵethod foƌ eaĐh paƌiĐulaƌ pƌoďleŵ, a Ŷuŵďeƌ of alteƌŶaiǀe al-

goƌithŵs should ďe iŶtegƌated iŶto the Đode. Foƌ eǆaŵple the iŵpleŵeŶtaioŶ of the fiŶite-

eleŵeŶt–ďouŶdaƌǇ-eleŵeŶt ĐoupliŶg as iŶtƌoduĐed iŶ SeĐ. ϯ.Ϯ.Ϯ is plaŶŶed to ďe iŶtegƌated

iŶto ŵagŶuŵ.fe iŶ the Ŷeaƌ futuƌe.

Theƌe aƌe ŵaŶǇ fuƌtheƌ iŵpƌoǀeŵeŶts of ŵagŶuŵ.fe oŶe Đould thiŶk of. The Đode is opeŶ

souƌĐe aŶd aǀailaďle at Githuď, see [ϵϵ]. Githuď is a so-Đalled soĐial ĐodiŶg plafoƌŵ aŶd sup-

poƌts ĐollaďoƌaioŶ thƌough the ǀeƌsioŶ ŵaŶageŵeŶt sǇsteŵ Git. IŶ the ƌeĐeŶt puďliĐaioŶ [ϲϰ]

the Đode is desĐƌiďed aŶd the ƌeadeƌs aƌe eŶĐouƌaged to ĐoŶtƌiďute to ŵagŶuŵ.fe.

ϳ.Ϯ Opiŵal CoŶtƌol

Based oŶ ŵagŶuŵ.fe aŶ opiŵal-ĐoŶtƌol Đode is ĐuƌƌeŶtlǇ deǀeloped ďǇ the Masteƌ-studeŶt

JoŶas HolläŶdeƌ. The aiŵ of this pƌojeĐt is the ƌetƌieǀal of aŶ opiŵal eǆteƌŶal field heƌe Đalled

u(r , t) foƌ the ŵiŶiŵizaioŶ of the fuŶĐioŶal

min J(u, m) ≡ 1

2
‖m − m‖2

L2(ΩT ) +
κ

2
‖m(T ) − m‖2

L2(Ω) +
λ

2
‖u‖2

L2(ΩT ) ;ϳ.Ϯ.ϭͿ

ǁith the ŵagŶeizaioŶ m ďeiŶg suďjeĐt to the LaŶdau-Lifshitz-Gilďeƌt eƋuaioŶ iŶĐludiŶg the

eǆĐhaŶgefield aŶd aŶ eǆteƌŶal field giǀeŶ ďǇ the ĐoŶtƌolu. HeƌeΩT = (0, T )×Ω,m is a desiƌed

ŵagŶeizaioŶ ĐoŶfiguƌaioŶ aŶd κ aŶdλ aƌe sĐalaƌ paƌaŵeteƌs. The fuŶĐioŶal is desigŶed suĐh

that deǀiaioŶs fƌoŵ the ŵagŶeizaioŶ m to the desiƌed ŵagŶeizaioŶ m aƌe peŶalized. The

fiƌst teƌŵ of EƋŶ. ϳ.Ϯ.ϭ peŶalizes these deǀiaioŶs at eǀeƌǇ iŵe. The seĐoŶd teƌŵ peŶalizes the

deǀiaioŶ at the eŶd of the siŵulaioŶ T . The last teƌŵ aĐĐouŶts foƌ the Đosts of the ĐoŶtƌol u.

BǇ ĐhoiĐe of κ aŶd λ the ƌelaiǀe iŶflueŶĐe of these teƌŵs oŶ the fuŶĐioŶal ĐaŶ ďe tuŶed.

JoŶas HolläŶdeƌ uses aŶ adjoiŶt ŵethod iŶ oƌdeƌ to ĐoŶstƌuĐt a gƌadieŶt desĐeŶt ŵethod foƌ

ŵiŶiŵizaioŶ of the fuŶĐioŶal J .
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Dƌ. BeŶjaŵiŶ Kƌügeƌ foƌ kŶoǁiŶg alŵost eǀeƌǇthiŶg aďout ŵiĐƌoŵagŶeisŵ aŶd shaƌiŶg this

kŶoǁledge ǁith ŵe.

Pƌofessoƌ Dƌ. Thoŵas SĐhƌefl foƌ ďeiŶg suĐh a ŶiĐe host duƌiŶg ŵǇ siǆ-ǁeek sĐieŶifiĐ ǀisit to

VieŶŶa/St. PölteŶ, foƌ teaĐhiŶgŵea lot oŶfiŶite-eleŵeŶtŵiĐƌoŵagŶeisŵ, aŶd foƌ giǀiŶg

ŵe the oppuƌtuŶitǇ to ateŶd iŶteƌesiŶg ĐoŶfeƌeŶĐes.

PƌiǀatdozeŶt Dƌ. Dieteƌ Suess foƌ loŶg disĐussioŶs oŶ ĐoŵputaioŶal ŵiĐƌoŵagŶeiĐs, espe-

ĐiallǇ oŶ ďouŶdaƌǇ ĐoŶdiioŶs.

Lukas Eǆl foƌ so ŵuĐh ŵatheŵaiĐal iŶput aŶd foƌ a gƌeat iŵe iŶ VieŶŶa aŶd Haŵďuƌg.
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CHAPTER ϳ: CoŶĐlusioŶ aŶd Outlook

Dƌ. FloƌiaŶ BƌuĐkŶeƌ foƌ eǆplaiŶiŶg the ďouŶdaƌǇ-eleŵeŶt ŵethod to ŵe aŶd foƌ ŵaŶǇ ĐƌiiĐal

ƋuesioŶs.

JohaŶŶ FisĐhďaĐheƌ foƌ teaĐhiŶg ŵe the phǇsiĐs of skiiŶg.

ChƌisiaŶ Kahle foƌ ǀaluaďle adǀiĐe oŶ ďloĐk pƌeĐoŶdiioŶiŶg.

All ŵeŵďeƌs of the GƌaduieƌteŶkolleg ϭϮϴϲ foƌ ǁoƌkshops that ǁeƌe ďoth iŶspiƌiŶg aŶd fuŶ.

Dƌ. KatƌiŶ Buth foƌ heƌ ǁoƌk foƌ the GƌaduieƌteŶkolleg.

All oƌgaŶizeƌs aŶd paƌiĐipaŶts of the Lothaƌ Collatz sĐhool ƌetƌeat foƌ a gƌeat ǁoƌkshop.

Dƌ. Maƌkus Bolte foƌ laǇiŶg the fouŶdaioŶ of this ǁoƌk ďǇ supeƌǀisiŶg ŵǇ diploŵa thesis.

The DFG foƌ fiŶaŶĐial suppoƌt ǀia the GƌaduieƌteŶkolleg ϭϮϴϲ.

MǇ paƌeŶts aŶd ŵǇ sisteƌ foƌ suppoƌiŶg ŵe iŶ eǀeƌǇthiŶg I do aŶd foƌ ŵakiŶg this ǁoƌk pos-

siďle iŶ the fiƌst plaĐe.

MǇ fƌieŶds foƌ all the pleasaŶt distƌaĐioŶs fƌoŵ ǁoƌk.

MǇ giƌlfƌieŶd HaŶŶa foƌ alǁaǇs suppoƌiŶg aŶd eŶĐouƌagiŶg ŵe aŶd foƌ takiŶg soŵe of the

ǁeight off ŵǇ shouldeƌs iŶ the last eǆhausiŶg ŵoŶths.

Polli foƌ ďeiŶg ǁho she is.
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