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Introduction

A conservation law in one spatial dimension is a first-order partial differential

equation of the form

%u(w,t) + %f (u(z,t)) =0, (x,t) eR x [0,00), u € R™, f:R"™ — R™.
While some conservation laws are elliptic, those arising from the classical problems
in continuum physics (and most importantly gas or fluid dynamics) are typically
hyperbolic. This characterisation is associated with a finite speed of propagation.
The second outstanding feature of nonlinear hyperbolic conservation laws is that,
even for arbitrarily smooth initial data, classical solutions may break down in finite
time and shocks develop spontaneously. It is therefore mandatory to work with
weak solutions and the lack of regularity renders many tools from modern analysis
inapplicable. Studying hyperbolic conservation laws thus often requires the use of
highly technical and very specialized methods.

Conservation laws arise in many applications, ranging form areas as elasticity
or multi-component chromatography to the simulation of traffic low or tsunami
waves. To solve real-world problems, there is a growing demand for high order
accurate numerical methods that are capable of capturing shocks. Questions of
efficient implementation, parallelization and grid-adaptivity are becoming more
and more important but still there comes a great benefit for numerical tools from
a rigorous study of the underlying analytical problems, and vice versa. This is
especially true in the field of hyperbolic conservation laws, where the connection
between classical analysis and numerical methods is even closer than in other areas.
Indeed, Glimm’s celebrated existence result [35] is based on the convergence of an
approximation method that can be implemented as a useful numerical scheme.

A fundamental building block in both the analytical and the numerical treat-



Introduction

ment of hyperbolic conservation laws is the Riemann problem, which is a Cauchy
problem with piecewise constant but discontinuous initial data. Modern results
concerning existence, uniqueness and continuous dependence on the initial data for
nonlinear systems of hyperbolic conservation laws rely on front tracking approx-
imations, which need to solve local Riemann problems. In his ground breaking
work, Godunov [36] proposed to solve conservation laws numerically by approxi-
mating the solution by a piecewise constant function and then solving the resulting
local Riemann problems exactly. The natural extension of this approach is the use
of piecewise smooth approximations instead of piecewise constant functions. The
resulting initial value problem with piecewise smooth but discontinuous initial data
is called the generalized Riemann problem.

A state of the art variant of this generalized Godunov approach is the ADER
(Arbitrary DERivatives) scheme. Since the generalized Riemann problem usually
cannot be solved analytically, Toro and Titarev [98] proposed to approximate
the solution by a Taylor series expansion and compute the coefficients in that
expansion by solving a sequence of classical Riemann problems. This method
(which we call the Toro-Titarev solver) has performed very well in a wide range of
applications, but very few rigorous analysis of this technique has been reported so
far. Moreover, it was reported that while ADER schemes do achieve the designed
order of accuracy in regions where the solution is smooth, the Toro-Titarev solver
encounters severe difficulties when dealing with large jumps in the initial data ([19],
[65]). Currently there seems to be no explanation for this effect. It is this need for
a better analytical understanding of the Toro-Titarev solver that has motivated
this thesis.

Our main tool for analysing the Toro-Titarev solver is a comparison with an
asymptotic expansion for the solution of a generalized Riemann problem that was
constructed by LeFloch and Raviart [56]. This expansion, when truncated, coin-
cides with a local Taylor series approximation. Coefficients in this expansion are
computed through the Rankine-Hugoniot conditions.

We show that both the LeFloch-Raviart expansion and the Toro-Titarev solver
formally construct the same truncated Taylor series expansion. The only difference
is the way spatial derivatives at the origin are found. It turns out that the way

those derivatives are computed is the same in both methods when they are ap-

vi



plied to scalar problems. For nonlinear systems the two methods no longer produce
the same results. While the Toro-Titarev solver uses linear Riemann problems to
compute spatial derivatives at the origin, in the LeFloch-Raviart expansion those
derivatives are found by solving a linear system of algebraic equations obtained
through the Rankine-Hugoniot conditions. These problems do not have the same
solution. We show, however, that their distance is small when the jump in the
initial states is small. This explains for the first time why the Toro-Titarev solver
produces very good results in regions where the solution is smooth but has diffi-
culties in the presence of large shocks.

In Chapter 1 we give the necessary definitions of entropy weak solutions and give
a rough overview of existence, uniqueness and regularity results. We review the
classical theory of Riemann problems and discuss the local properties of generalized
Riemann problems. In Chapter 2 we present the basic framework for generalized
Godunov schemes and the ADER scheme with the Toro-Titarev solver in partic-
ular. We give a detailed review of the LeFloch-Raviart expansion in Chapter 3.
For illustration we provide the full analysis for 2 x 2 systems of conservation laws
up to quadratic terms, which seems like it has not been available in the literature
so far.

The main results of this thesis are contained in Chapter 4. We first show that
the LeFloch-Raviart expansion and the Toro-Titarev solver both formally con-
struct the same Taylor approximation, the only difference being the way spatial
derivatives are found. Theorem 4.2 states that both methods agree for scalar
problems. We then use this new insight that the ADER numerical flux is indeed
a truncated Taylor expansion to extend a stability result that previously required
an exact solution of the generalized Riemann problem (Theorem 4.5). Finally, we
show that the Toro-Titarev solver no longer reproduces the Taylor approximation
in the case of systems (Theorem 4.6). We explain why this error is small when the
jump in the initial data is small.

In Chapter 5 we illustrate our results by providing theoretical examples (for
Burgers equation and a system from two component chromatography) as well as
numerical test cases (for shallow water equations and for an Aw-Rascle type model
for traffic flow). We summarize our work and give an outlook on open problems
in Chapter 6.
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1 Preliminaries

1.1 Analytical framework

In this chapter we set the analytical framework for our study of generalized Rie-
mann problems and give the necessary definition of entropy weak solutions. We
understand solutions to the Cauchy problem (i.e., the initial value problem with
data on the whole real line) for nonlinear hyperbolic conservation laws as limits
obtained by a front tracking approximation (see below) in the space BV of func-
tions with bounded variation. We present the basic results concerning existence,
uniqueness and continuous dependence on the initial data. Since front tracking
and the numerical schemes to be discussed in later chapters rely on the solution of
Riemann problems, we present the classical theory of Riemann problems in some
detail. Moreover, it turns out that the solution of a generalized Riemann problem
has a wave structure that is similar to that of an underlying classical Riemann
problem. We discuss this local structural stability.

There are many texts that cover the basic theory of hyperbolic conservation
laws, our main sources for this chapter being the monographs by Bressan [14],
LeFloch [55] and Serre 75|, where the notation mostly follows [55]. Another rich
source for examples, applications and references is the book by Dafermos [29].

Out of a long list of references concerning the numerical treatment of hyperbolic
conservation laws, we mention the books by LeVeque [58] and Toro [91], the lecture

notes by Tadmor [82] and the review article by Morton and Sonar [66].

1.1.1 Functions of bounded variation

The space BV of functions with bounded variation plays an important role in the

theory of hyperbolic conservation laws. Though L] _ is the natural space to look
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for solutions and a fine L!- and L*-theory has been developed for scalar problems,
existence, uniqueness and continuous dependence on the initial data for systems of
hyperbolic conservation laws have thus far been proven in the space BV with small
BV initial data. For a detailed discussion of BV functions and their properties
we refer to the monographs by Ziemer [108] and Evans and Gariepy [33]. The
major contribution to the treatment of conservation laws in the space BV is due
to Volpert [101].

Recall that a function w : D — R™, where D C R?, is said to have bounded
variation if its distributional derivatives are Radon measures. In the case D =

(a,b) C R, where (a,b) may be unbounded, this can be expressed as the condition

n—1
TV (u;(a,b)) = Sl(lp) {Z [u(wit1) — U(sz)‘} < 00,
Dy, (a,b i=1
neN

where the supremum is taken over all sets D, (a,b) = {x1,x2,...,2,} such that

a<x <Ty<---<x,<b Then, for smooth u we have
TV (u; (a,b)) = |0aull 1 (a)mm)
and if v has bounded variation, we get

1
TV (u; (a,0)) = sup o [[u(- + h) = u()|| L1 ((@pymm)
>0 I
The space BV ((a,b); R™) of all functions with bounded variation equipped with

the norm

1wl BV ((ab)irm) = Ul Lo ((apyimmy + TV (w5 (a, b))

is a Banach space.

Although the existence of distributional derivatives as Radon measures is the
weakest differentiability condition in a measure theoretical context, it turns out
that BV functions have a fine geometrical structure. The following regularity
result is essential to establish many desired properties of solutions of conservation

laws.
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Theorem 1.1. Given a function u € BV (R x (0,T),R™), there exists a represen-
tative of w, which differs from u only on a set of Lebesque measure zero and is still

denoted by u, together with a decomposition
R x (0,7)=C(u) UJ(u) UZ(u)
such that:

1. C(u) is the set of points of approzimate L'-continuity (z,t) in the sense that

for a ball B.(z,t) of radius r centred at (x,t) we have

1
lim —/ lu(y, s) — u(z,t)| dyds = 0.
By (z,t)

r—0 T’2

2. J(u) is the set of points of approrimate jump discontinuity (x,t), which
means that at those points there exists a propagation speed \*(x,t) and left-

and right approximate limits u_(z,t), uy(x,t), respectively, such that
1
lim — lu(y, s) — ug(x,t)| dyds =0,

where
BE(2,t) = B (w,1) N {£(y — \"(z,1)s) > 0}.

Moreover, the set J(u) is the union of at most countable arcs in the plane,

/ luy —u_| dHy < oo,
J(u)

where Hy denotes the one-dimensional Hausdorff measure.

and we have

3. Finally, the set of interaction points Z(u) has one-dimensional Hausdorff

measure zero:

Hi (Z(u)) = 0.

See [33, Chapter 5.9] and [108, Chapter 5.9] for a proof.
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We will see in Theorem 1.15 that we can even improve on this when u is a solution
(in a suitable sense) of a hyperbolic conservation law instead of an arbitrary BV
function. As for compactness in the space BV, we have the following famous

result:

Theorem 1.2 (Helly’s compactness theorem in BV). Let uy, : (a,b) x[0,00) — R™

be a sequence of Lebesque measurable functions such that

lun (-, t)|| oo ((ap);rmy + TV (un (-, t); (a, b)) < C, t >0,
un (-, t1) — un(- )| L1 (0 p)rmy < Cltr — o, t1,t2 > 0,

for some constant C' > 0.
Then there exists a subsequence, still labelled uy, and a function
u: (a,b) x [0,00) = R™ with:

up(x,t) — u(z,t) for a.e. (x,t) € (a,b) x [0, 00),
up(-,t) = u(-,t) in L,

loc*

Furthermore, we have

Hu('7t)”L°°((a7b);Rm) + TV(U(~,t); (CL, b)) < Cv t > 07
u(- 1) — ul-, t2) || L1 ((apymrmy < Clty — o], ty,t2 > 0.

A proof of Helly’s Theorem can be found in [14, Theorem 2.3|. Helly’s theorem
is, of course, an important ingredient in the convergence analysis for numerical
schemes. Even more, results on existence of solutions are based on the construc-
tion of approximate solutions and Helly’s theorem is the usual way to establish
convergence of these approximations. Typically, establishing the bounds on the
total variation is the hard part.

Note that because of to the nonlinearity of the flux, constructing a weakly-x
convergent sequence of approximate solutions (say, by uniform L*°-bounds and
Alaoglu’s theorem, see [103]) is not enough. In that case the limit will, in general,

not be a solution of the differential equation. For more on the troubles caused by a
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lack of strong convergence, see [32]. Another approach to circumvent this problem
without relying on 7'V bounds is the concept of measure-valued solutions, due to
DiPerna [31]. For a detailed introduction to this subject, see the monograph [62].
Convergence of numerical schemes in the context of measure-valued solutions is
discussed in [25, 50, 81].

1.1.2 Weak solutions and entropy

Let 4 C R™ be an open and convex subset, f : U4 — R™ a smooth function and

@ : R — U. We consider the Cauchy problem:

0 0
§u+a—xf(u)—0, zeR, t>0. (1.1)
u(z,0) = u(x), r€eR, t=0. (1.2)

It is well known that even for smooth initial data 4, classical (that is, C')
solutions to (1.1), (1.2) may break down in finite time. See the classical results by
John [45]. Therefore, we have to work with weak solutions. Denote the space of all

C°°-functions with compact support contained inside R x [0, c0) by C§°(Rx [0, 00)).

Definition 1.3. Let u € L=®(R,U). Then a measurable function
u: R x[0,00) = U is a distributional solution to the Cauchy problem (1.1),(1.2),

if we have
//OO ug + f(u)2 dtdx+/ (,0)a dx =0
& Jo 8tw axw Rgp ) -

for every test function ¢ € CP(R x [0,00)). Moreover, if u is a distributional
solution such that the mapping t — u(-,t) is continuous from [0,00) — L1, we

say that u is a weak solution.

Weak solutions are, in general, not unique. To overcome this problem, additional
admissibility conditions are required. We first note that every classical solution
satisfies an additional accompanying conservation law: If Q) : U — Rand F': U —
R are smooth functions such that VF(u)T = VQ(u)T Df(u), then every classical
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solution satisfies
_8 (u)+_8 F(u)=0
ot -

Ox
This motivates the following definition:

Definition 1.4 (Entropy condition). Let Q : U — R be continuously differentiable.
Then @Q is called an entropy for the system (1.1) with entropy flux F : U — R, if

VEu)" =vQu)" Df(u), u€elU.

We say that a weak solution of (1.1) satisfies the entropy condition, if the inequal-
ity
0 0
9 ZFu) < 1.
Q)+ F(u) <0 (13)

holds in the distributional sense for every convex entropy () with corresponding

entropy fluz F. That is, for every test function ¢ € C5°(R™ x [0,00)) with ¢ > 0,

/m /OOO (Q(U)%s@ + F(u)%gp) dtdz > 0.

We refer to a weak solution that satisfies the entropy condition as an entropy

we have

weak solution.

We can interpret the entropy condition as a generalization of L? energy estimates
that we encounter frequently for linear problems. For the role of entropy conditions
in the stability analysis for numerical methods, see the survey article by Tadmor

[83] and references therein.

1.1.3 Theory for scalar problems

For scalar problems one may use the famous one-parameter family of entropy-

entropy flux pairs of Kruzkov [51]:

Definition 1.5 (Entropy for scalar problems). Let u : R x [0,00) = U C R be a
weak solution to the scalar problem (1.1). Then u satisfies the entropy condition, if

for every constant k € R and every test function ¢ € C§°(R x [0, 00)) with ¢ > 0,
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the following holds:

/R/OOO sen(u — k) ((u — k)%p + (f(u) — f(k)) %gp) dtdz > 0.

Weaker than the Kruzkov entropy condition, but still a very useful admissibility
criterion to work with are the Laz shock inequalities: Assume that a weak solution
to (1.1) is piecewise constant, taking values u_ and u,, respectively, in two regions
separated by a curve x = 7(t) with speed §(t) = o(t). Then it follows from the
entropy condition that

Fus) = o(t) > /(). (14)

Note that for a strictly convex flux f, condition (1.4) reduces to u_ > u,. More-
over, it is well know that such a function u is a weak solution if and only if it

satisfies the Rankine-Hugoniot conditions:

Flug) = Flus) = 6(8) (us —u_).

We then have the following result:

Theorem 1.6. Let f € C'(R) (not necessarily convex) and i € L>®(R). Then
(1.1),(1.2) has a unique entropy weak solution defined for all (x,t) € R x [0,00).

The solution has the properties:

1. (Maz-Min-Principle) For every t > 0,

#) < sup inf u(z,t) > inf @(z);
ilelgu(x, )_ilelgu(x), inf u(z,t) > inf a(z);

2. (L} -continuity) For every compact set @ C R, the mapping t — u(-,t) is

loc

continuous from [0,00) — L*(Q). Further,

/|u(:p,t)—ﬂ(x)| dr =0, ast—0;
Q

3. (L'-contraction) If 4,0 € L' (R)NL>*(R) and u, v are the corresponding weak
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solutions, then, for everyt > 0,
/\u(:c,t) (@ t)] dr < / li(z) — i(z)| da.
R R

For a proof of these statements, see [43]. If, in addition, f is strictly convex,
we get some sharper results. The following Theorem summarizes the well known
results of Lax [53], Oleinik [68] and Dafermos [28].

Theorem 1.7. Let f be strictly convex in [a,b] (where we allow a = —o0 or

b= 00) and 4 be measurable and bounded with a < 4 <b. Let

z—f"(u)t
Lo tiu) =t (0 = f)+ [ atw) dy

Then the function G(x,t) = min,ep 5 L(z,t;u) exists and has the following prop-
erties:

1. G is continuous on R x [0, 00);

2. 0G(x,t)/0x = u(x,t) exists on R x [0,00) except for some set T, which is

the union of an at most countable set of Lipschitz continuous curves;
3. 0G(z,t)/0t = —f'(u(z,t)) for all (x,t) € (R x [0,00)) \ T';

4. The function u given by 0G(z,t)/0x = u(x,t) is the unique weak solution to
(1.1), (1.2) that satisfies the Lax shock inequalities;

5. u(x=E,t) exists for all t > 0;

6. For any fixed point (xq,ty) with to > 0, we have for all 0 < t < to :
u(zok, to) = u(wo — f'(u(zk, to))(to — 1), 1);

7. w is locally Lipschitz continuous on (R x [0,00)) \ T;

8. If G is piecewise monotone, so is u(-,t).

Here, u(z+,t) denotes the limit lim, ,, ,~, u(y,t).
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1.1.4 The Riemann problem

The Riemann problem is the Cauchy problem with piecewise constant initial data,

say

- - = R 1.
8tu+8xf<u) 0, reRt>0, (1.5)
I <0
u(z,0) = { B T (1.6)
UR, x>0,

where i, ur € U. First formulated and solved by Riemann for problems of lin-
earised gas dynamics [72], it is the building block of many numerical methods,
starting with the classic Godunov scheme [36], as well as an important ingredient
in several theoretical results, such as Glimm’s existence and uniqueness theorem
for small BV data, which will be discussed in the next section. See [92] for an

overview of the history of the Riemann problem in computational science.

We describe the solution of the Riemann problem by means of composite wave
mappings, in the framework considered by Lax [53]. While Lax’ assumptions
(given in the following definitions) in his ground breaking work still form the basis
for many advanced results today, Riemann problems have been solved under a
variety of weaker assumptions on the conservation law. See [29, Chapter 9] for an

extensive list of references concerning Riemann problems under different settings.

Definition 1.8. The conservation law (1.1) is called strictly hyperbolic if the

Jacobian A(u) = D f(u) has m distinct real eigenvalues

A(u) < Ag(u) < -+ < Ap(u)  forallu eU. (1.7)

We choose bases of left eigenvectors, {¢1(u), ..., ¢, (u)}, and right eigenvectors,
{ri(u),...,rm(u)}. So for all u € U we have

A(u)ri(w) = N(u)ri(u), L) A(w) = N(w)b), i=1,...,m.
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We normalize the eigenvectors to

L i=y,

7 foralluel. (1.8)
0, ©#7.

ri(u)| =1, 4;(u) - ri(u) = {
We assume f to be a smooth function and thereby all \;,r;,¢; have the same

regularity.

Definition 1.9. We say that the ith characteristic field vs genuinely nonlinear if
VAi(u)-ri(u) #0 foralluel, (1.9)

or linearly degenerate if
Vi(u) - ri(u) = 0. (1.10)

Note that in the scalar case, f : Y — R, this corresponds to f being strictly
convex, f” > 0 (or strictly concave, f” < 0), or f being linear, f(u) = au, a =
const., respectively.

It is worth noting that the Riemann problem is invariant under the transforma-
tion (x,t) — (ax,at), a > 0. Thus, we naturally look for self-similar solutions of
the form wu(z,t) = q(§), where £ = x/t. Then it is easy to see that such a solution
of the Riemann problem must satisfy the following boundary value problem for an

ordinary differential equation:

d
d¢

We proceed by giving more precise results on simple wave solutions, that is on

—&d%ﬁ f@)=0, g-o0)=d5 q+oo)=dm  (L11)

shock waves, rarefaction waves and contact discontinuities. For the rest of this
section let V' C U denote an open subset.
Shock waves. Shock waves are solutions that consist of only two constant

states u_,uy € V and have the form

-, < ot,
u(:c,t):{u r<o

Ug, T > ot.

Then o is called the shock speed and it is well known that a shock wave is a weak

10
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solution if and only if it satisfies the Rankine-Hugoniot condition

fluy) = flus) = o(uy —u-). (1.12)

For a fixed u_ € V the set of all states u, € V that satisfy (1.12) for some o
is called the Hugoniot set of u_. For a proof of the following Theorem, see [55,
Chapter 4, Theorem 1.1].

Theorem 1.10. There exists an open subset W C V and a s > 0 such that for
every u_ € W, the Hugoniot set can be decomposed into m curves € — S;(e)(u_),
i=1,...,m fore € (—=s,s). These curves depend smoothly on ¢ and u_. More-

over, we have
Si(e)(u_) = u_ +eri(u_) + O(?). (1.13)

The shock speed o; satisfies

i = Mlu_) + g(wi ) (us) + O2).

The Lax shock inequalities in this case become
)\Z(u,) > g; > )\Z<u+>

Moreover, the shock speed o; is the ith eigenvalue of the averaged Jacobian of the

flux. That is, o; is the i¢th eigenvalue of
1
/ A(Ou, + (1— 6)u_) do.
0

Rarefaction waves. A rarefaction wave is a smooth and self-similar solution
of (1.1), so a solution u(z,t) = q(x/t) that satisfies

11



1.1 Analytical framework

This means that when d%q # 0 there exists a scalar k() such that

d
d—gq(ﬁ) =r(Qri (¢(€), &= (&),
for some 7 € {1,...,m}. This allows us to define an integral curve R; by

%R@(q) =1 (Ri(e)(@),  Ri(0)(q) = qo.

Theorem 1.11. There exists and open subset W C V and a s > 0 such that for
every u_ € W the following holds. For each i =1,...,m the curve e — R;(¢)(u_)
is defined for e € (—s,s) and depends smoothly on € and u_. It satisfies

Ri(e)(u-) = u_ + eri(u-) + O(e?)

and

See [55, Chapter 4, Theorem 1.2| for a proof. An i-rarefaction wave connecting

u_ and uy is a solution that has the form

u_, x/t < Ni(u_),
u(x,t) = ¢ Ri(e)(u), =zt € N(u_), N(uy)], =/t =N(Ri(e)(ur)), (1.14)
Uy, x/t > Ni(uy).

The mapping ¢ = €(&) can be defined only in the case that VA; - r; # 0 and when
VA -r; > 0, only the part of the integral curve with ¢ > 0 can be used in the
rarefaction wave. When \;(u_) < 0 < A;(uy ), we say that an i-rarefaction wave is
a transonic wave.

Contact discontinuities. Shock waves associated with linearly degenerate

fields are called contact discontinuities.

Theorem 1.12. There exists an open subset W C V and a s > 0 such that for
every u_ € W the following holds. Suppose that the ith characteristic field is

12



1 Preliminaries

linearly degenerate,
VA -ri=0.

Then the i-Hugoniot curve and the i-integral curve coincide. That s, for
e € (—s,s) we have

Si(e)(u-) = Ri(e)(u-).

Moreover, along that curve the shock speed and the characteristic speed coincide.

A proof is given in [55, Chapter 4, Theorem 1.3]. If two states u_, u, are

connected by a i-contact discontinuity the shock speed o; satisfies
g; = )\Z(U_) = )\Z(U+)

Finally, we can construct a solution for the Riemann problem by means of com-

posite wave mappings (see |55, Chapter 4, Theorem 1.6]):

Theorem 1.13. Assume that in U the system (1.1) is strictly hyperbolic and that
all characteristic fields are either genuwinely nonlinear or linearly degenerate. Then
there exist 6 > 0 and s > 0 such that for a ball V. C U with radius & > 0 the
following holds. For any u_ € V and any v = 1,...,m, we can define a map

Vi (—=s,8) x V= R™ by

(1.15)

Then for any Gy, ur € V, the Riemann problem (1.5),(1.6) admits a unique self-

similar solution that consists of m + 1 constant states
Ur, = U, Ur, ..., Uy =1UR
separated by simple waves. The intermediate states satisfy

u; = Pi(gs) (ui1)

13



1.1 Analytical framework

for some g; € (—s,s). If the i-th field is linearly degenerated, w; 1 and w; are
connected by a contact discontinuity. FElse, if ¢; > 0, by a rarefaction wave and
if €5 < 0 by a shock wave that satisfies the entropy condition and the Lax shock

inequalities. [ |

o1 g2

Ui

Figure 1.1: Typical solution of the Riemann problem for a 2 x 2 system.
Left: Waves and states. Right: Hugoniot curves and integral curves.

Actually computing the solution of the Riemann problem for a nonlinear system
of hyperbolic conservation laws, however, can still be a very difficult task. But
for many system of practical interest, exact Riemann solvers are available. See,
e.g., [80, Chapter 18] for a complete explicit solution of the Riemann problem for
the Euler equation of gas dynamics (with ideal gas or polytropic gas equations of
state), [63] for shallow water equations, [74] for a Bear-Nunziato-type model for

two-face flow and [34] for relativistic magnetohydrodynamics.

1.1.5 Theory for systems

For systems of conservation laws, existence theory generally is developed along
two different lines of strategy. The first is the vanishing viscosity method, where
solutions of the hyperbolic problem are understood as limits of a parabolic problem,

say u = lim,_,o u*, where u* is the solution of

0 0
n ny — p
ol + 8xf<u ) = pAut.

14



1 Preliminaries

We refer to [16] for a survey on this approach.

The second route to existence results is the study of piecewise constant approxi-
mations to the exact solution. This is the approach taken by Glimm in his seminal
work [35]. His method relies on the exact solutions of Riemann problems and a
random restarting procedure. Later, a deterministic version of the method was
presented by Liu [60]. A detailed description of the Glimm scheme can be found
in the textbook by Smoller [80, Chapter 19]. It is hardly surprising that Glimm’s
method, being somewhat similar to the Godunov scheme, can be turned into a
numerical tool. In this case, it is usually called the random choice method (RCM).
See [22] and [23] for early work in this direction and [91, Chapter 7| for a descrip-
tion of the numerical details and further references. We will use the RCM method

in Chapter 5 to compute numerical reference solutions for various test problems.

In the last 15 years tremendous advances in the theory of nonlinear systems
of conservation laws in one spatial dimension were made employing a wave front
tracking approach. Roughly speaking, wave front tracking works as follows: Solu-
tions are approximated by a piecewise constant function, that function is evolved
in time by solving Riemann problems until waves emerging at the jumps interact.
Since the interaction of rarefaction waves are quite complicated to resolve, sim-
plified Riemann problems with only shocks as solutions are considered. Showing
that this approximation actually converges requires some very delicate wave inter-
action estimates. We refer to [14, 15] and [41] for a detailed explanation of the

used techniques.

Theorem 1.14. Consider the Cauchy problem (1.1), (1.2) for a strictly hyperbolic
system with smooth flux. Assume that each characteristic field is either genuinely
nonlinear or linearly degenerate. Then for 6 > 0 sufficiently small, the following

holds. For every initial condition u(x,0) = u(x) with
TV (i) <0,  [lflL~ <4,

the Cauchy problem has a weak solution, defined for all times t > 0, obtained as

limit of front tracking approrimations.

Moreover, the solution is unique and satisfies the Lax shock inequalities. Adopt-

15



1.1 Analytical framework

ng a semigroup notation, this solution can be written as
u(z,t) = E(t)u(z).

The semigroup € : [0,00) X U — U can be defined on a closed domain U C L*
containing all functions with sufficiently small total variation. It is uniformly

Lipschitz continuous w.r.t. both time and the initial data:
|ty — ()l < Llli— ol + Mt — .

Since the semigroup & is constructed by solving Riemann problems, it is often
called the standard Riemann semigroup. Finally, we give a result by Bressan
and LeFloch [18] which establishes that admissible BV solutions possess better
regularity properties than general BV functions. See [14] for a detailed explanation

of the underlying approach:

Theorem 1.15. Let u be the solution of the Cauchy problem (1.1), (1.2), obtained
by the front tracking algorithm. Then R x [0, 00) can be partitioned into the union
R X% [0,00) = C(u) U J(u) UZ(u), such that:

(i) w is continuous at each point (x,t) € C(u);
(11) Z(u) is (at most) countable;

(111) J(u) is the union of (at most) countably many Lipschitz arcs

{(z.t) [t € (az,b), z=1)}, j=1,2,....

Whenever xy = ~,(to) and (zo,to) ¢ Z(u), then u is continuous at (zo,to)
relative to {(z,t) | t € (a;,b;), x < v;(t)} and also relative to {(z,t) | t €
(a;j,bj), © > v;(t)}, with corresponding distinct limits u_ and uy. Further-
more, 7y; is differentiable at ty with derivative o = 4;(to) and u_,uy and o

satisfy the Rankine-Hugoniot condition.

16



1 Preliminaries

This is a crucial result for us, since we are going to discuss numerical methods
relying on point values of the solution. Solutions merely lying in BV or some L?

space without these further continuity properties would not allow this.

1.2 The generalized Riemann problem

In this section we discuss the Cauchy problem for (1.1) with initial data

~

) ag(r), =<0,
u(z,0) = { tnlz). >0, (1.16)

Assume 1y, ug : R — U to be smooth but that (1.16) is discontinuous at x = 0.
The Cauchy problem (1.1), (1.16) is called the generalized Riemann problem. We
let

@ =a,(0) and  @% = ag(0).

We assume the system (1.1) to be strictly hyperbolic such that every characteristic
field is either genuinely nonlinear or linearly degenerate. Then it is well-known
(see [59, 84]) that for sufficiently small |49 —a%| > 0, there exists a neighbourhood
around the origin in which (1.1), (1.16) has a unique entropy weak solution.
Moreover, for sufficiently small T > 0, the strip R x [0,7") can be partitioned
into m 4+ 1 open domains of smoothness ®;, i = 0,...,m, separated by smooth
curves ;(t) passing through the origin, or by rarefaction zones with boundaries
7, (t), 7,(t), where 7, (t), 7,(t) are smooth characteristic curves passing through

the origin. More precisely: We have curves v;(t) and rarefaction zones R;:

R, = {(x,t) eR % [0,7) ‘ 7,(t) <o < @(t)}.

For ;(t), we let 7, (t) =7,;(t) = v;(t) for all t € [0,T). Then we can write

Do ={(z.H) eRx[0,T) | v <, (D)},
D, = {(x,t) R % [0,7) | 7,(t) <x<1m(t)}, i=1,...,m—1,
D, = {(2,8) e R x [0,T) | 7,.(t) < z}.

17



1.2 The generalized Riemann problem

xr =01t t T = o9t
U1 Us T = O'3t
x =01t
Upg = ﬁ% us = ﬂ%
T
r =71(t) ¢ z = 72(t)
R
ol z = 3(t)
Tr = ﬂ(t) D,
Do D3
T

Figure 1.2: Corresponding wave patterns for a classical and a generalized Riemann
problem.

The solution u is smooth inside each domain ©; and inside each rarefaction zone
MR;. Moreover, u has a shock or contact discontinuity across each curve x = ~;(¢)

and is continuous across the characteristic curves = = 7, (t), x =7;(t).

The solution of the generalized Riemann problem and the solution of the cor-
responding classical Riemann problem with the initial states 49 = 4(0) and
4% = 1ir(0) have a similar wave structure, at least for small time ¢ > 0. That is,
if the j-wave in the solution of the classical Riemann problem is a shock wave, a
contact discontinuity or a rarefaction wave, the corresponding j-wave in the gener-
alized Riemann problem is of the same respective family. A typical configuration
of corresponding wave patterns for a 3 x 3 system is shown in Figure 1.2. More
precisely: Denote the constant states in the solution of the Riemann problem with
initial data @y, 4% by uf, i = 0,...,m, and the wave speeds by 03,7} j = 1,...,m,

0

where we set g? =0, = a? if the j-wave is a shock wave or a contact discontinuity.
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1 Preliminaries

Then the curves o 7, satisfy for j =1,...,m:

(0) = %‘(O) =0 lim4 (t) = ﬁo, limﬁj(t) = 5?’

t—0—J t—0

The solution u of the generalized Riemann problem satisfies within each domain
of smoothness 3, :
lim wu(r,t) =u)

t—0 v
(xvt)egi

1=0,...,m.

The generalized Riemann problem has been the subject of ongoing research.
Special emphasis has been put on the question of global existence and structural
stability of self-similar solutions. We refer to [20, 21, 48, 49, 76] and references
therein for an up to date account on the generalized Riemann problem. However,
for the analysis of the numerical schemes under consideration in this thesis, we
can work with results on local existence and local structural stability.

The generalized Riemann problem is highly complicated so we should not expect
to solve it exactly. Several approaches towards constructing a solution by means of
asymptotic series expansion have been reported. The main source for our work is
the expansion constructed by LeFloch and Raviart [56]. We discuss this methods in
great detail in Chapter 3. See [13] for an application of this technique to the Euler
equations of gas dynamics and [42] for its use in building a version of Glimm’s
method using piecewise linear data. Related approaches are also discussed in
[37] and [57]. Another somewhat different approach to asymptotic expansion for
the Euler equations was given by Men’shov [64] and an approach via Riemann

invariants is due to Ben-Artzi and Li [10].
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2 Generalized Godunov schemes

In this chapter we discuss the basic ideas for constructing high order accurate finite
volume schemes, based on a generalisation of the Godunov scheme. In Section 2.1
we outline the general framework and in Section 2.2 we review the basics of the
ADER (Arbitrary DERivatives) scheme, where we focus on the Toro-Titarev solver
for the generalized Riemann problem.

Generalized Godunov schemes contain a reconstruction step at each time level, in
which a high order accurate piecewise smooth approximation to the exact solution
is computed from the cell averages. Although high order reconstruction is an
important research topic that has received a lot of attention lately, a detailed
treatment of this topic is out of the scope of this thesis. We refer to [79] for a
survey of WENO (weighted essentially non-oscillatory) reconstruction and, e.g.,
[105, 106, 107| for recent results concerning the trade-off between maintaining
high accuracy near smooth extrema and achieving a TVD-property or maximum-

principle.

2.1 Reconstruct - Evolve - Average

To solve the Cauchy problem

0 0
u(z,0) = u(x), reR, t=0 (2.2)

numerically, we want to extend the ideas of the classic Godunov finite volume

scheme [36]. Starting with the pioneering work of Kolgan [47] and van Leer [99],
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2.1 Reconstruct - Evolve - Average

piecewise linear reconstruction in space has become a commonly used tool for
improving accuracy over the Godunov scheme. An early example for the use
of higher order polynomials is the piecewise parabolic method (PPM) of Colella
and Woodward [24] and indeed, the numerical flux originally proposed by Harten,
Engquist, Osher and Chakravarthy in their seminal work on ENO methods [39]
can be interpreted in a generalized Godunov framework. However, the scheme
that has the most in common from a conceptual point of view with what we are
going to discuss in this thesis is the Generalized Riemann Problem (GRP) scheme
of Ben-Artzi and Falcovitz [7, 8]. See [9] and [11, 102] for recent developments on
the GRP scheme.

We work on a grid

1
Ty = 1AT,  Tipip = (z + 5) Ax, 1€7Z, t" =nAt, neN,

with Az, At > 0 and consider the cells (control volumes)
1 x [tnatnﬂ], T = [®i—1/2, Tit12], i€ Z, neN.

For the sake of simplicity we assume uniform grids.
A generalized Godunov scheme consists of the following steps (compare Figure

2.1): Start with cell averages

1
Then for any time step n =0,1,..., given the values {4 };cz, do the following:

e Construct a piecewise constant function

W'(z) =) uixz, (), (2.4)

icZ
where yz, denotes the characteristic function of the ith cell.

e Find a piecewise smooth reconstruction with the help of a nonlinear conser-

vative reconstruction operator R : Li. — Ll .. That is, compute a function
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2 Generalized Godunov schemes

g" = Ru" such that for all i € Z we have:

1
g = g"|z, is smooth and — 9" (x) dx = u}. (2.5)
AZL' Z

e Use the function ¢" as initial data, i.e. pose the Cauchy problem

0 0

— — =0 R, t>0
6tu+0xf<u) : reR, t>0,
u(z,0) = gj'(z), T € [Tim1j2, Tivarya), 1 € L.

Solve this problem exactly and evolve the data for one time step. Denote the
exact entropy evolution operator associated with (2.1) (that is, the semigroup

introduced in Theorem 1.14) by £ and define a function "' by
"t = E(At-)g", (2.6)

where At— = limy s ag 1<y t.

e Update the cell averages by

it = At (2.7)

2

Where .
Aiu = A—x/Il u(z) dz

denotes the cell-averaging operator of the ith cell.

Remark. (a) Note that both R and & are nonlinear operators. However, by a
slight abuse of notation, we simply write Ru" and £(7)Ru". We avoid ’'Godunov’s
accuracy barrier’ [36] by using nonlinear reconstruction.

(b) From a computational point of view, the definition of the piecewise constant
function «™ is not necessary. We might as well consider a reconstruction operator
R acting on discrete values rather than on L functions and arrive at exactly the
same scheme. In that case, we only need three steps: Reconstruction, evolution

and averaging. Thus, generalized Godunov schemes fall into LeVeque’s notion of
REA-schemes [58].
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am t= nAt+
I .

I
I
I I
] ]
I I
I Tj-1 I Lj I Tj+1
Tj_3/2 Tj_1/2 Tjt+1/2 Tjr3/2

(a) Piecewise constant data.

| Ti—1 | z; I Ti+1 I
Ti—3/2 Ti—1/2 Tiy1/2 Tit3/2

(b) Piecewise smooth reconstruction.

E(AL)Ru™ t=(n+1)At_

Lj I Tj+1 I
Lj-3/2 Tj—1/2 Ljt1/2 Tjr3/2

(c) Ezxact evolution.

antl t=(n+1)Aty

| | | |
L o 1 | |
| | |

*

Lj-1 I ZLj I Tj+1 I

Tj—3/2 Tj—1/2 Tj+1/2 Tj+3/2

(d) New cell averages.

Figure 2.1: Steps in a generalized Godunov scheme
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However, we do include the definition of a piecewise constant function in our
scheme for purposes of convergence analysis. When talking about the convergence
of a scheme, we mean the convergence of the function " as Az — 0 in the strong

L. topology.

(c¢) If we consider averaging and construction of a piecewise constant function

as one step, we can define an operator

Put = -3 () /I SR (r) da

1€EZ
Clearly, P is a projection onto the space of piecewise constant functions.

In a finite volume framework we can accomplish the evolution and averaging at
once by using the update

At o, n
;= - Ar ( i+1/2 fzf1/2) . (2.8)

Here, [}, /o 18 the exact averaged flux through the cell interface z;,1/, during one

time step:

- 1 A
bp= | EOR @) (2.9

and 7 =t — t" is the local time.

A vast list of literature on generalized Godunov schemes is available. See |26,
52, 67, 70, 100, 105] for studies on stability and convergence and [106, 107| for
schemes satisfying a maximum principle. We remark that the usual way of deriving
desired properties is tuning the reconstruction step (say, by applying suitable slope
limiters) and then choosing a numerical flux that keeps the desired properties. In
many cases this means assuming that the generalized Riemann problem can indeed
be solved exactly (in a pointwise sense or in an averaged flux sense as in (2.9)). This
is, however, only possible in some special cases. The effects of using approximate
solutions of the generalized Riemann problem in schemes for which qualities such
as entropy stability or a TVD property can be proven in the case of exact solvers
for the generalized Riemann problem, seem to be largely unexplored territory. We

give an example of analysis in this direction in section 4.2.
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2.2 The ADER scheme and the Toro-Titarev solver

2.2 The ADER scheme and the Toro-Titarev solver

A state of the art variant of the generalized Godunov approach is the ADER scheme
[87, 95]. In order to solve the generalized Riemann problems numerically, Toro
and Titarev [98] proposed to build a Taylor approximation of the solution whose
coefficients are computed by solving a sequence of classical Riemann problems.

We focus on hyperbolic systems in conservation form in one spatial dimension,
but the ADER approach can be extended to a much broader set of problems, see
e.g. |1, 40, 46, 73, 88, 94, 96]. Stability and the order of accuracy can be verified
numerically, see [89] and references therein. Questions of efficient implementation
are discussed in [4, 5].

However, it was reported by Castro and Toro [19] that the solver of Toro and
Titarev encounters some difficulties for nonlinear systems when dealing with large
jumps in the initial data. For more on this problem, as well as alternative ap-
proaches for solving the generalized Riemann problem numerically, see also [65].
As we are going to see later on, this phenomenon can be explained by Theorem
4.6. We provide several related theoretical and numerical examples in Chapter 5.

To define a numerical flux we follow a state expansion approach. That is, we use

a Taylor expansion in time of the solution around ¢ = 0 right at the cell-interface

Tit1/2: X
— 0"u Tk
U(.Ti+1/2, T) =~ U(.Ti+1/2, 0"—) + Z %(%H/Q’ O—F)y (210)
k=1 ’

Here, r > 1 is a given integer and u(%;41/2,0+) denotes the value of the solution

of the generalized Riemann problem

0 0
§u+a—xf(u):(), reR,t>0,
(. 0) = { ar(r) = gi'(z), iz <1y,

() = gy (2), if > 2.

right at the cell-interface for time ¢ = 0+4. The functions gj*, g¢i,; are smooth
functions in cell Z; (left of x;41/2) and Z;;; (right of z;41/2) .
Note that although the solution v may be discontinuous, the function w(x;1/2, -)

for a fixed point in space as a function of the time variable will be smooth, provided
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2 Generalized Godunov schemes

t > 0 is small enough. So the Taylor expansion (2.10) is well defined only for small
7 > 0. That means we have to restrict the time step At, to make sure that no other
waves issuing from other cell-boundaries z;,/, reach the line x = x;,,/, within one
time step. This can be guaranteed by imposing the usual CFL-Condition (from
Courant-Friedrichs-Lewy [27])

AtSmax < Az,

where Spax is the maximal wave-speed. However, for non-linear f new shocks
might be formed during one time step. Moreover, in the solution of a generalized
Riemann problem, a curve of discontinuity can change its direction and pass the
line x = x;11/o for some 7 > 0. We hence assume further that At is sufficiently
small, such that no shock wave crosses the line x = ;45 for 0 < 7 < At.

If we can solve the generalized Riemann problem and give a meaning to the time
derivatives in (2.10), the easiest way to define a numerical flux is to approximate

the time-integral in (2.9) by a Gaussian quadrature:

N
ir-L|—1/2 = waf(u(%ﬂ/% 7)), (2.11)
y=1

where w,, 7, are suitable weights and nodes and NV is the number of nodes, which
is chosen according to the desired accuracy. The values w(x;11/2,7,) are computed
by (2.10). For a discussion of different numerical fluxes in the ADER context, see
[91, 97].

The ADER-approach now consists of the following steps:

e Find a piecewise polynomial reconstruction ¢g" from the cell-averages with
possible discontinuities at the points x;,;/. In each cell Z;, the function
9" = g"|z, is a polynomial of degree r — 1, where r > 1 is a given integer.
Usually this is done by a WENO-reconstruction [6, 44, 61, 77, 79|;

e Use the piecewise smooth function from the reconstruction step to set up

generalized Riemann problems at the cell-interfaces. Solve these problems

approximately, using the GRP-solver described below;
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2.2 The ADER scheme and the Toro-Titarev solver

e Use the solution of these generalized Riemann problems to compute the
inter-cell flux and update the cell-averages via (2.8),(2.10), (2.11).

We now describe how to compute the coefficients in (2.10), according to Toro
and Titarev [98]. The key idea is to reduce the solution of the generalized Rie-
mann problem to a sequence of classical Riemann problems. To find the value

u(xiy1/2,0+4) we take the extrapolated values

N . ~ N . ~
W=, @, k=l i)
and solve a classical Riemann problem
0 0
— — =0 R, t>0 2.12
cut o fw) =0, TER 130, (2.12)
W9 ifx< x; ,
u(z,0)= ¢ b 172 (2.13)
up it x> x40

This problem has a similarity solution that we denote by ¢°((x — x;41/2)/t). The
leading term of the expansion (2.10) is then given by w(z;11/2,0+) = ¢°(0). We
call this the Godunov state of (2.12), (2.13). For nonlinear systems of conservation
laws, computing the complete solution of the Riemann problem can be a quite
difficult task, so we might need to employ a numerical (approximative) Riemann
solver (see [91]) to compute the leading term. However, for the moment we are
mainly interested in the analytical aspects of the scheme, so we assume that all
states and wave speeds in the solution of the Riemann problem (2.12), (2.13) can
be computed exactly.

For higher order terms we perform a Cauchy-Kovalevskaya-type procedure to
express each time derivative of order £ > 1 as a function of the spatial derivatives

up to order k. That is, we find a recursive mapping

OFu _ ot < ou OFu

g cu gu _ _ 00, —
ik u’aﬁ"’aﬂ)’ k=0,...,r—1. C’(u) = u.

Roughly, the Cauchy-Kovalevskaya theorem states that if flux and initial data are

analytic, then there exists (locally) a unique analytical solution. See [104] for an
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overview on the subject and [78| for a proof of the Cauchy-Kovalevskaya theorem.

For illustration of the Cauchy-Kovalevskaya procedure consider a scalar problem
with a smooth solution, so that we have 0,u = — f’(u)0,u. Differentiating this with

respect to t yields
0?u Ou Ou o 0

— = —f"(u) == — f(u)==u.
ot? F )0t ox ( )8158:6
Now interchange differentiation with respect to time and space and use the differ-

ential equation again to obtain

0*u " ,, ou\ou , .0 ,, Ou
=@ (~rwit) 5 - sy (1w
ou\?
=20 (G5 + ) s
ou 0%u
— (2 - 7=
=C (u, oz’ 83:2) '
Note however, that while the Cauchy-Kovalevskaya procedure does not involve any
sophisticated techniques (in fact, we only need differentiation using the chain rule),

it still involves a heavy load of symbolic manipulation. While this can be done

using computer algebra systems, the terms can quickly become rather cumbersome.

Lax and Wendroff [54] used a similar idea to express spatial derivatives as func-
tions of time derivatives to solve boundary-value problems (in which case time
derivatives at the boundary are known) and so this strategy is sometimes called

Lax-Wendroff procedure.

Clearly, for only piecewise smooth initial data the classic Cauchy-Kovalevskaya
theorem does not apply. To make the formal derivation of the equations for the
spatial derivatives rigorous will take some effort. But to illustrate the basic ideas,
assume u was smooth. In that case, the equations in the following can be obtained

by simple manipulations of derivatives.

With the help of the map C*, we can compute the expansion (2.10) provided we
can find the spatial derivatives

8k

By 1 u
¢°(0) =, Jim (=)
t—04
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To do so, we use the one-sided derivatives

~k . ak'&L ~k . 8kﬂR
u; = lim —(2), up = lim p
TTi41/2,— or T=Ti41/2,+ or

().

These values are then used as initial conditions for classical Riemann problems.

For the evolution equations for the spatial derivatives we have the following lemma.

Lemma 2.1. Let f be a smooth function and let u be a smooth solution of (2.1).
For k > 1, denote the kth spatial derivative of u by ¢*. Then all ¢* satisfy a

semalinear hyperbolic equation of the form

0 0
0"+ Aw) 50t = S, 6, (2.14)

where A(u) = D f(u) is the Jacobian of the flur and the function S* depends only
on @¥, ..., oF.

A

Proof. We only prove the scalar case. Denoting ¢* = 5.¢ we proceed in

Cauchy-Kovalevskaya fashion:

0, 00w O [ ., ou
a® " oo~ aak (‘f <“>a—x)
o1 " ou\> ,,, 0%
- e (1w (5) —f(U)@>

o2 ou\’ Ou 0 0
= 5o (—f’"(u) (a—“) 3" (u) 5 o~ f(U)a—;§>

ou\" Ou 0 s
=1 (5] = - ST — S
And so we have
0 0
a0+ fw) 5o = —f0(0%) (6°)" - = 17(8°)0%" = 55", o).
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2 Generalized Godunov schemes

Moreover, we see that in the linear case (i.e. A(u) = A = const. matrix), the
function S* vanishes identically.

It is important to stress that while we can derive (2.14) wherever the solution
is smooth, we do not have a rigorous analysis whether these equations also can be
used for discontinuous solutions yet.

Toro and Titarev then suggested to simplify the problem (2.14) in two ways:

Firstly, neglect the source terms and secondly, linearise the equations. We solve:

B 0
50+ Ars-0f =0, z€R t>0, (2.15)
/\k .f )
N R S (2.16)
iy, if x> x4

Here Argr = A(u(xit12,04)). Then the self-similar solutions ¢* of these linear
problems can be easily computed. Note that for all £ we have the same Apg.

Finally, approximate the solution u along the t-axis by the truncated Taylor

expansion
r—1 k
-
U(Tit1/2,7) <Z5O(O) + ch (¢07 ¢17 R ¢k) (O)H
k=1 '

These simplifications seem natural and have been used in practical applications.
However, to our best knowledge, no theoretical justification of the simplifying steps
has been reported so far. In Chapter 4 we will see that for a scalar problem with
strictly convex flux this method of solution indeed reproduces the first r terms
from a truncated Taylor series expansion, see Theorem 4.2. Using characteristic
decomposition it is straightforward to show that (2.14), (2.16) and (2.15), (2.16)
have the same Godunov state. However, it turns out that in the case of nonlinear
systems Riemann problems are not suitable for describing the behaviour of spatial
derivatives across discontinuities of the solution. This result is formulated more

precisely in Theorem 4.6.
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3 The LeFloch-Raviart expansion

Because there are, in general, no exact solutions available for the generalized Rie-
mann problem, we turn our attention to approximate solutions based on asymp-
totic expansion. LeFloch and Raviart [56] have shown that a local asymptotic
series expansion (which, if truncated, agrees with a local Taylor approximation)
for the solution of generalized Riemann problem can be constructed. We present
the key steps in the construction in Section 3.1. The main Theorem in [56] states
that all coefficients in this series expansion can be found explicitly by solving linear
systems of algebraic equations. We review how to compute these coefficients in
Section 3.2.

We illustrate this technique by providing the full detail for scalar problems and
for systems of two equations up to quadratic terms. First order terms were pre-
sented in [13] for the Euler equations, but there seems to be no explicit computation

of higher order terms available in the literature.

3.1 Asymptotic expansion of the solution to the

generalized Riemann problem

3.1.1 Basics
We construct a local series expansion for the solution of the generalized Riemann
problem
2ungf(u)—O reR, t>0 (3.1)
ot ox o ’ ’ '

) ag(z), 2 <0,
u(z,0) = { inlz), >0, (3.2)
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3.1 Asymptotic expansion

closely following the lines of [56].

As described in Section 1.2, the Cauchy problem (3.1), (3.2) permits a unique
entropy weak solution. The solution is piecewise smooth in (at most) m + 1 open
domains ®;, 0 < i < m. These domains of smoothness are either, in the case of
shock waves or contact discontinuities, separated by smooth curves x = ~,(¢), or
by rarefaction zones JR; with smooth boundaries lj(t),% (1), 1<j<m.

We want to find an asymptotic expansion of the form

u(e,t) = 3¢ (€) (3.3)

k>0

with & = x/t. This is possible in any domain of smoothness ©;, by simply taking
a Taylor expansion. So every ¢* is a polynomial of degree k. We return to this at
the beginning of Chapter 4.

Inside a rarefaction zone R the solution u is singular at the origin. However,
such a series expansion can also be constructed inside a rarefaction zone, see |56,
Lemma 7).

Roughly speaking, the construction can be summarized as follows: Take a Taylor
expansion wherever the solution u is smooth and then carefully investigate the

jump conditions at the boundaries of the domains of smoothness.

For a 2 x 2 system of conservation laws,

u:<v>€I/{CR2, FiU— R f<u):(fl(l),u;))7

we denote the expansion by

ole,t) =Y tNE),  w(et) =D w9, g€ = ( , (€)> ) .

k>0 k>0

As we are looking for an expansion in terms of self-similar functions, it is useful
to change the variables and work with £ = x/t. We set u(&,t) = u(t, t) and check
that

0 10 Ju Ou £0u

oc 196 o o toc &
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3 The LeFloch-Raviart expansion

3.1.2 Step I: Derivation of the differential equations

To derive an explicit construction of the functions ¢* in (3.3), we will first derive
a series of ordinary differential equations satisfied by these functions. Using (3.4),

the conservation law becomes

0 . 0
(i~ et (D) =0

Observe that the expansion
= k()
k>0

gives
ou (’3u B &

Inserting this expansion into the flux function f leads to

(e, n) = f(g°) + Y_t* (Ad)u* + F1(Q*) - (3.6)
k>1
Here, the function f* depends only on the previous terms Q%! = (¢°,...,¢*1).

We get f* by a Taylor expansion of the flux in powers of ¢, such that f* accounts
for all terms in that expansion belonging to t* that do not depend on ¢*, i.e., all
but A(¢q°)q¢*. This will be our standard trick in the following analysis, so we discuss

the method in more detail.

At first, consider the expansion of the flux around ¢ = 0 for the scalar case:

f (Z t’“ff(é))

= f(¢" +t— (Zt“ )

k>0
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3.1 Asymptotic expansion

We compute

f <Z t"“f]’““(f))

¢) +tf (Z t’“f]’““(é)) <Z kt’““f]’“(f))

+ % {f” <Z t%’f(&)) (Z kt“q%))

e (gero)|

(Zk tk 2 k f))

k>0

t=0

FE0) = 1) 410 @)+ 2 { PP+ 36O |+ O

So we have

as t — 0, and we see that
1
@) =0, " q") = 5f(¢")a)*

For a 2 x 2 system, we have for p =1, 2:

62 fp 82 fp 0 a fp 82 fp 0
at§U) — ( av(2q () +2 aE; L2 ava(gn)vlwl
82 p 0 8 p
+ gufg ) (w1)2+2 fai} )IUQ),

and thus

ot? ov? Ovow
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3 The LeFloch-Raviart expansion

So we can write
flu(z, 1) = f(¢°) + tA(")q" + 2 {A(")d* + (", ¢") } + OF),

as t — 0, with

f2(q0,q1) _ (3 fp(qo) (01)2 + QM(qo)vlwl + 9 fp(qo) (w1)2) i (3.7)

ov? Ovow Oow?

where H, = D?f, denotes the Hessian matrix of f,, p=1,2.

By this Taylor expansion of f in powers of ¢ it is also easy to check that if every
q° is a polynomial (in &) of degree at most s, 0 < s < k—1, then f* is a polynomial

of degree at most k.

Next, we combine (3.5) and (3.6) to find

A d e on ddt d -
G+ )+ 2 (1 € + g (At + 7)) =0

So we have for k =0 :

—&‘i—q; + ) =0, (3.8)
and for k > 1:
kq* — g‘;—f + d% (A(")u" + f*) =o0.
Setting
BE) =~ ()
this becomes .
kq* — 5% + d%(A(uO)qk) = h*. (3.9)

We emphasize that in (3.9) the coefficient A(q°) depends on ¢°, but not on ¢.
Thus, (3.9) is a semi-linear equation. Moreover, recall that f* is a polynomial in

¢ of degree at most k, so h* is a polynomial of degree at most k — 1.
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3.1 Asymptotic expansion

3.1.3 Step II: Jump conditions

The above construction is valid wherever u is smooth. So next we need to in-
vestigate the jump conditions satisfied by ¢* at the boundaries of the domains of
smoothness. So take a curve z = 7(t) that separates two domains of smoothness

of u. Because these curves are all smooth, we can use a Taylor expansion to write
Y(t) =0t + ot o (3.10)

It follows in (3.3) that

u(y(t),t) = Ztqu (@) = Ztqu (Z tgaé) )

k>0 k>0 >0

In fact, the solution u is smooth, not only in ®;, but also in the closure D;, see
[59]. So we can use, again, a Taylor expansion in powers of ¢ around the origin to

obtain

d 0

u(y(t),t) = ¢°(6°) + Ztk <qk(ao) + akd—qg(ao)) + Ztkzk(Zk’l, Q" 1Y). (3.11)
k>1 k>0

Similar to the f* in (3.6), the functions 2* depend only on X1 = (¢0,... oF~1)

and Q*~!. Again, we plug all higher order terms in an Taylor expansion into this

2%, In particular, 2! = 0 and

1 1\2
5(0)

d2q0

e 144"
de?

(%) + 0" e

23 QY = (o). (3.12)

We denote the jump of a function ¢ at a point &, by

[lq]] (o) = w(éo+) — 2(&0—),

so that in the case where u is continuous across the curve x = 7(t) we simply get
from (3.11) for k =0

[1¢°]] (¢°) =0, (3.13)
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3 The LeFloch-Raviart expansion

and for £k > 1

qu + a’f‘fi—q; + 2R (SR Q’“)H () = 0. (3.14)

So we see that ¢° is continuous at the point ¢°, whereas ¢* will in general be
discontinuous at this point for & > 1. Recall that ¢° is the point we get if we look
at € = y(t)/t and then let ¢t — 0.

Now let w have a jump across the curve z = ~(t). Then, by the Rankine-

Hugoniot conditions, we have

To derive the correct jump conditions satisfied by the functions ¢*, we will take a
Taylor expansion for f(u) and for 4u along x = ~y(t), respectively. We start with

the flux along that curve of discontinuity: By a Taylor expansion around ¢t = 0 we

get
S (u(y( (;tk{q +0’“%( 0)+Z’“(2’”,Q“)}>
— 1) + 14 (P 0") (#0%) + 00
+ 12 {A (¢°(0")) (qQ(UO) +02‘2—C§(a°)) +a2(21,Q1)} +...
+tk{A(q0(ao)) <qk( 0 4 o* %( 0)) +ak(2k_1,Qk_1)} +...,

where for the 2 x 2 system we can give a? explicitly:

24,01 = 3 (Lo {10 S5 00 + o e}

dg
ofyp

+ ot {0 P o)+ o o0
P (o GO} + SR (e + ot o))
22 o (e st e 0 2e)) e
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3.1 Asymptotic expansion

Further, we have

F(uly(),1)

= 0%°(0°) + ¢ {00 <q1(00) + ald—qo(ao)) + 201610(00)}

dg
+ 12 {cro <q2(00) + 022—(20(00)) +30%¢°(c?) + (=, Ql)} +..
+ t* {00 (qk(oo) + a’“cil—?(ao)) + (k4 1)o*q"(0°) + bF (2F Q’H)} +...
with
V(2 QY = 20t <q1(a°) + al‘;—q;(ao)) + 0222, QY. (3.16)

In summary, at £ = ¢° the jump conditions are for k = 0:

o’lld’] = [[f(¢")]] at o, (3.17)

—oF [[(k+1)¢°]] + Hckﬂ =0 ato”, (3.18)
with a function
Ck(zk_l Qk—l) — ak(zk—l Qk—l) _ bk(Zk_l Qk—l).

Finally, we remark that for |£| large enough, say [£| > &,

(€)= { i £> & (3.19)

lAL%, g < _50'

We now can summarize the above construction:
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3 The LeFloch-Raviart expansion

Lemma 3.1. The function q° satisfies the relations (3.8),(3.13), (3.17) and (3.19),
which characterize the piecewise continuous self-similar entropy solution ¢°(x,t) =
q°(€) of the Riemann problem for (3.1) with initial data 9, 0%. O

Therefore, the Toro-Titarev solver indeed sets up ’'the right problem’ for com-

puting the leading term of the expansion.

3.1.4 Step III: Higher order terms

Recall that the solution ¢" of the classical Riemann problem for the leading term

has the form

q8 = ﬁ%v 5 € (—OO,Q?),
q0<§): qzo7 SG(E?>Q?+1)7 Zzlaam_la
gy =g, €€ (T),,00).

O_EO_

Where in the case of an i-shock we have ¢ = 70 = ¢? and

and for an i-contact discontinuity

o) = M) = Mglyy)-

Now consider the domains in which ¢° takes the constant value ¢?,

D) ={¢eR|a)<&<Ty,},  i=0,...,m.
As a convention, we let o) = —oc0, 74,,; = +00. Then equation (3.9) in DY
becomes J
kq* + (Alg)) =€) d—qu = h. (3.20)

Recall that h* is a polynomial of degree at most k& — 1. It is then straightforward
to show (see Lemma 2 in [56]) that the general solution of (3.20) is given by

¢"(€) = (€ — Ag))" ¢ + pk(e), (3.21)
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3.1 Asymptotic expansion

t i (t) t i (t)
Qi—l qg—l
1

q; 1

Di 4t Yir1(t)

@, q
Dir1 / 0o 1
Qit15 91
T — T

Figure 3.1: Domains of smoothness and corresponding coefficients

where ¢F € R™ is an arbitrary vector and p¥ : R — R™ is a polynomial of degree
at most k — 1 with coefficients that depend only on ¢°,. .., ¢*"!. Compare Figure
3.1.

More precisely, (€ — A(q?)*qF is a solution of the homogeneous part of (3.20) and
p¥ is a particular solution of (3.20). Since f! = 0, we have h! = 0, and therefore,

p' = 0. For the 2 x 2 system, this means that
Of1(,0

( Ug(f) ) _ < fqz'l,l - W(Qi)qz‘lg - %(%)%{2 )
w} (€) §aty — ()l — (D)l )

)

where we denote ¢/ = (¢}, ¢},)". Then we get

2 ¢y 1 o, oy 1 Pfy oy
hi(€§) = —v; (§) (W(ql )Qi,l + dvow (4 )Qi72)g172

92 f 52 f
! P (9! 2 ()}
w; (é) <8v@w (%, )QZ,I + awg <QZ )QZ,2>

=12

We rewrite the above expression as

2o o 4 (Hi(a)g)) (A(g?)ai) - (Hi(q))a;)
)= ( - (Hal)a) ) * ( (A)aD) - (Hale?)a)) ) '
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3 The LeFloch-Raviart expansion

In general, writing
k-1 k—1
= 8¢ and  pl©) =) 0,
=0 =0

the coefficients 6¢ of the polynomial p¥ can be obtained as follows (see Lemma 2

in [56)):

ot =8, (3.22)
C+DAET + (k=000 =8, 0<l<k-—2. (3.23)

The fact that the function ¢° is piecewise constant allows us to simplify some of

the above expressions. Let u have a jump across the curve z = 7;(t), then we have

P =d Pt = Lot = Lot~
and thus, using the solution formula (3.21), we get from (3.12) for the 2 x 2 system
(L QY61 = ol 2 (0") = ol
2(51,Q1)(00-) = algl,. (3.24)

This gives

By (3.21), we have

¢'(o)+) = (o) — Ala)) @}, ¢'(0Y=) = (o) — A())) ai_1,
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3.1 Asymptotic expansion

and therefore

b5, Q) (0 +) = oi (307 — Ad))) @i
b*(%5, Q1) (0} =) = o7 (307 — A1) ¢is-

Moreover (3.15), reduces to

A0 = 3 (o { BP0 G (0 + SN o0

+ B 0009) (H0°)° + T 2(600) (0(0)

Fg 2 0o o ()

p=1,2

And thus we can write

aX(SH Q) (of+) = <01A<q0)q1 + ( ¢'(00+) - (Hi(qf)q" (o9+)) ))
v ! ! v q (0’0+ . 0 - ’

AL g+ [ € (Hhlal)e (0)-) ))
( Al ( ¢ (07=) - (Ha(q}1)q (o7 —))

DO | —

N | —

a*(%;, Q") (07 —) =

Now assume that the solution ¢° contains an i-rarefaction wave. This case is
slightly more complicated because the function ¢° is no longer constant inside a

rarefaction zone. The speeds ¢?, &7 are given by

o) = N\ilgi_y), 7 = \i(q)).

Moreover, for & € RY = (a?,37Y), we have

d

d—gqo(f) = "f(f)ﬁ(qo)a (3.25)

E/
A
(S
o
—~
A2}
SN—
SN—

=<,

with a scalar k(£). We determine the function ¢* inside R? through the functions
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3 The LeFloch-Raviart expansion

of, j=1,...,m, with
¢"(€) =Y af(&)r; (¢°(9) - (3.26)
Then (3.9) becomes
kiafw@% -2 (fj afrj<q0>> e (fj Aj<q°>a§rj<q0>> i @)

For the 2 x 2 system, the function h? inside SR? can be obtained from (3.7):

d
h(¢° q") = —d—fQ(qo,ql)

§
1 P fo(d°) dv® P f,(q°) dw® P?fp(q°) dv!
T2 <{ ovd  de T ovow d—é} (V)" +2 a2 | de (3.28)

3£ (20V 70 93 F (0Y J1,0 24 (0 1 1
o {OH D) L) dw? v GOS0 [ adwt v
ov2ow d¢ Ovow? d€ Jvow d§ d§
3£ (20Y 7,0 3£ (0 7,10 24 (.0 1
i {8 fp(q°) dv n & fo(¢°) dw }<w1)2_'_28 fola )wldw ) .
p=1,2

wPw  dE ow3  d§ ow? d§
(3.29)
We have
d m m dak dqo
d_f <Z &frj (q0)> = Z {d—g,r] (qo) + &fDT] <q0) dg }
k=1 j=1
and
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3.2 Finding the unknown coefficients in the LeFloch-Raviart expansion

so after introducing the notation
k0 0w d o\ 0
= ri(@). and Dry(a”)7zd® = D wirla).
: 3
J=1 p=1
and multiplying (3.27) by £;(¢°), 1 < j < m we find:

(0 i (0 i 0 k
()\J(q ) — 5) dgaj + <k+v>\](q ) dfq ) Q;
+ Z §)) wipjork = pik. (3.30)
p#l

In particular, this gives for i = j:

(zs VM) - d%q) o+ Y ple) — ) ek = . (3.3)
p=1
D1

Note that A;(¢°) — & # 0 for all j # i. Then (3.30) is uniquely solvable, provided

we can give meaningful initial data.

3.2 Finding the unknown coefficients in the

LeFloch-Raviart expansion

With the construction from the previous section we can build an approximation
to the exact solution, provided we can find the unknown coefficients ¢F in (3.21)
and equip (3.30) with suitable initial data. To determine the vectors ¢F, we first
describe ¢f and ¢*. Using the notation from section 2.2, we can write for the

initial data

k
UR &
!

>
=
=
I
>
=~
+
bl
l
=&
8
. ol
>
=
=
I
>
:UO
+
Bl
&M L
>
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3 The LeFloch-Raviart expansion

In D}, the solution is given by the functions
¢" (&) = (& — Alw))" a0 + o ().

Since pk is a polynomial of degree at most k — 1, we find
tht (f) — bk

lim
t—0
(z,t)EDo
Hence, it follows that
r—1
_ T _ 0 k., k
u(z,0) = 12% u(z,t) = qp + Zqox .
(z,t)EDo k=1
Therefore, for all £ > 1 we have

~k ok

ur, k _ 4r
and I = 7

where the second statement is derived analogously. To find the remaining ¢¥ we

write each coefficient ¢F in the form
m
k k.. (0
4 = Z aijrj(Qi ).
j=1

Note that the coefficients oz’g,j ,aﬁm, 7 =1,...,m are known from the initial data.
1 =1,...,m — 1, we consider the case of a

To characterize the coefficients ozfj,

jump in the solution first.

Lemma 3.2 (Lemma 4 in [56]). Assume that the ith wave is a shock wave or a
contact discontinuity. Then for all k > 1, there exists a s¥ = sF(XF1 QF1) € R™,

such that
k k
(A(?) — o) gF = (A(gl,) — 0?) gk
+ (=D*k + Dol (q) — qfy) + st (3.32)
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3.2 Finding the unknown coefficients in the LeFloch-Raviart expansion

More precisely, (3.32) holds with

sy = (=1 ((Alg)) — o) (o)) — (Alg)y) — 07) P} 1 (7))

(3.33)

Lemma 3.3 (Corollary from Theorem 1 in [56]). Assume the ith wave is a shock

wave or a contact discontinuity. Then we have for i # j:

m

k+1 k+1
(@) — a2 0500 ) - (@)l — (g2 y) — o) k=

i—1,j
G@) (@ —a)) [ &
Ci(af-y) - (@) — a)-) | 4

p=1

(@) = o) () (@)l (3.34)

=1

7"

k+1
- ()\i(qio—l) - Uz‘o) i af—l,i - Ei(q?_l) ) Sf} + Ej(‘]?—l) s

Moreover,

This gives m — 1 linear algebraic equations for every shock or contact disconti-
nuity in the solution. Note that by Theorem 1.10 we have

@y = ¢ +eri(q)) + O(e?)

and so we have

i(qy) - (%QH - CJZQ) £ 0.
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3 The LeFloch-Raviart expansion

Both (3.32) and (3.33) follow from the jump relation (3.18), by noting that

d
P00 = (0% ) =, d—gq%?i) =0

and using the solution formula (3.21):

k
— A(d)))" ¢ + pi(o)+),

o
k
O-ZQ - A(CJ?A)) qgil JFP?A(U?_)-

If the solution contains an i-rarefaction wave, we get by the condition (3.14):

dq’

[ +o? | S]] < [ =0 e

and
k o [[dd’ —k —0
a1 +77 | |5 | | T [FE] =0 ata,
dg
where z¥, z¥ depend only on Q*~! and £¥ = (¢?,...,0%) or = = (7,...,5%),
respectively.

Lemma 3.4 (Lemma 5 in [56]). Assume that ¢° contains an i-rarefaction wave.
Then for allk > 1, there exist vectors s¥ = sF(QF 1, XF1) and ¥ = 5?(@’“*1,2?71)
such that

d k
q"(o)+) +Q§d—§q°(g?+) = (o} = A(¢)-)))" qy + s, (3.36)
_ _ _ k o d oo,
@) +55 = (o) — Al))) " af — U?d—gqo( 7-). (3.37)

More precisely, (3.36) and (3.37) hold with

st =pi () = [[2}]] ()

and
5 = —pi(@) = [[Z]] @),

respectively. ]
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3.2 Finding the unknown coefficients in the LeFloch-Raviart expansion

Recall that for ¢ € (¢¥,7Y) we have

=1 1

d%q%a — (E)rs ((6)

with as scalar £(£). So by multiplying (3.36) by ¢;(¢)_1)", 1 < j < m we find

of (c+) + r(a))at = ti(g]) - 55, (3.38)

and for j #

k
af(ad+) = (af = Ni(ai-1)) iy +45(a0)" st (3.39)
Similarly, we have

af (@7 -) + w(@)7; = lila)) - 57, (3.40)

and for j #
af(@)-) = (37 — \y(a)" ol — () - 5. (3.41)

Note that for ¢ # j, we always have 77 # X\;(¢)). So by (3.41) we get explicitly :

i

w Q@) () w5

a;; = — 3.42
(@ — Ai(a?)" 342

To find the value o(7)—), we solve the ordinary differential equation (3.30) with
initial data given by (3.39) and evaluate the solution at °. When we have found
all o, j # i, we get af by (3.31) and g}, @} are obtained through (3.38) and

(3.40), respectively.
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4 Connecting the Toro-Titarev
solver and the LeFloch-Raviart

expansion

With the help of the asymptotic expansion constructed in Chapter 3, we now have
all the tools we need to analyse the Toro-Titarev solver. It turns out that both
the LeFloch-Raviart expansion and the approximation built with the Toro-Titarev
solver formally construct the same truncated Taylor series expansion. The only
possible difference is the way spatial derivatives at the origin are found. This is
the same in both methods for scalar problems (see Theorem 4.2). In Section 4.2
we use this result to extend a recent stability result for a numerical scheme with
exact flux computation to the case of the ADER flux. In Section 4.3 we show (see

Theorem 4.6), that both methods no longer agree in the case of nonlinear systems.

4.1 Formal comparison of the resulting

approximations

Let us take a look at the Taylor expansion that we used to define the functions ¢*:

We consider the domains

@i:{geR'%_Tl(t)<§<%T(t)}.

Since we have v;(0) = 0,%;(0) = ¢ the domains remain close to the domains ®? in
which 1 is constant, for small ¢ > 0. Although the Toro-Titarev solver only builds

an approximation to the exact solution along the line-segment {z = 0} x [0, At],
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4.1 Formal comparison of the resulting approximations

it provides all the information that we need to construct a Taylor approximation
in space and time. Moreover, if we do not consider only the Godunov state in
the leading term Riemann problem, but all states in that Riemann problem, we
can construct such a Taylor expansion in each domain of smoothness. It is then a
simple observation that the Toro-Titarev solver and the LeFloch-Raviart expansion

formally construct the same approximation.

Lemma 4.1. Let r > 1 be a given integer and consider the functions ¢*, k =
0,...,7 — 1 in the LeFloch-Raviart expansion. Then the coefficients qF in (3.21)
are given by

1 0Fu

li ——(x,t
@ (m,t)g(%,oﬂ k! Oxk (z,1)
(z,t)€D;

fori=0,....mandk=0,...,r—1.

Proof. In every domain of smoothness ©; we can take some (zg, t) close to the

origin and write

u(x,t) = u(xg, to) + Z Z ﬁa__gu(xm t) (- Z(]()k (f ;)fo) - .

We may take the limit (z¢,%y) — (0,0, ) inside ©; and thus the Taylor expansion

around the origin gives

%) k
0t Ot w(0,0+) [a\*
_ 0 k )
ulz,t) =, +th £ 9t Ot Ok — 0)] (?) '
-1 —0

This means that the function ¢* in the LeFloch-Raviart expansion is given by

o
oAt O]

£=0

Thus, the values of ¢¥ in (3.21), which gives the leading coefficient of this polyno-
mial, is given by the value 9%u(0,0+)/k!. O
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4 Connecting the Toro-Titarev solver and the LeFloch-Raviart expansion

Given that in both the Toro-Titarev solver and the LeFloch-Raviart expansion
we formally compute the same truncated Taylor expansion, the only difference can
lie in the way spatial derivatives at the origin are found. To illustrate this, we
check that for a scalar problem both methods formally construct the expansion
up to quadratic terms. Assume that o) < 0 < o, and consider the Taylor

approximation inside ®;:

u(z,t) ~ u(070+)+t{wf + M}

ox t ot
o [10%u(0,04+) rz\2 | 0Pu(0,04) ray | 10%u(0,04)
i {2 o (1) e @) e

where function evaluations and derivatives at (0,0+4) are considered as limits

(x,t) € D, (x,t) — (0,04). The Cauchy-Kovalevskaya procedure now gives:

ou ., ou
FT —f (U)%,
0u " ou\> ., 0%
b =" (5) -~ rws
o? ou\? o?
G =2 () - 0wy gL

Inserting this into our Taylor approximation yields

u(z,t) = u(0,04) +t { (% — f(u(0, 0*))) %(07 0+)}

2 10%

2 {(% —  ((0,04))) 555 (0,04) = " (u(0,0+)) <%(0,0+))2 (5)

+f" (u(0,04)) f" (u(0,0+)) <%(0,0+)) } . (4.1)

Now let us compute us the terms up to ¢* in the LeFloch-Raviart expansion. We
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4.1 Formal comparison of the resulting approximations

have
4 (&)= (- @) q-

For ¢%, we first compute

d 1d
W) = 26 (60, 4}(©) = —5 ¢ (/")) (6 ©))")
= —f"(¢9) (€= F1(@) (¢7)" = Ble + Y,
where
Br=—f") (@), B2 = @)@ (¢)
Writing
pi(&) =0}6+ 67,
we get

o =81 00 == (8= F(46)) = @) () (a)*

N | —

Thus, we have

€)= (6= (@) @ — (@) (¢ e+ (@) () (4)°

Recall that ¢f = 9%u(0,0+)/k! and thus ¢° + t¢* + t?¢* agrees with (4.1). For the

scalar case, this immediately leads to the following result.

Theorem 4.2 (Main result for scalar problems). Consider the generalized Rie-

mann problem for a scalar, nonlinear hyperbolic conservation law in one spatial

dimension with strictly convex flux. Let the initial data consist of piecewise poly-

nomials of degree r — 1. Assume the solution does not contain a transonic wave.

Then the Toro-Titarev solver and the LeFloch-Raviart expansion yield the same

truncated Taylor expansion in time at x = 0,

ick (¢°,.... %) (0)% -y ¢ (0)7% = £(1)@(0) + O(AL")
k=0 ) k=0

for 0 <1 < At as At — 0+.
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4 Connecting the Toro-Titarev solver and the LeFloch-Raviart expansion

t t t t t
(a) (b) (c) () (e)

Figure 4.1: Domains of smoothness for scalar problems

Proof. For a strictly convex flux, f” > 0, we only have two domains of
smoothness, compare Figure 4.1. In that case, all coefficients ¢¥,i = 0,1, and
k=1,...,r — 1 are uniquely determined by the initial data and its derivatives.
Assuming that there is no transonic wave (i.e., case (e) in Figure 4.1 does not
occur), solving linear Riemann problems merely means picking the left or the right
side, depending on the sign of the coefficient in the evolution equation. Thus,
to build the expansion, we first have to solve one nonlinear Riemann problem
to determine which domain of smoothness contains the line segment {x = 0} x
[0, At]. Then only use the data from that side, which is equivalent to solving linear
Riemann problems. So the solver of Toro and Titarev reproduces the first r terms
of the expansion of LeFloch and Raviart exactly.

0

4.2 Application of Theorem 4.2: A TVD-result

Theorem 4.2 has some very pleasant implications. It helps us to extend results
concerning exact GRP solvers to the ADER case. We demonstrate this for a recent
stability result developed in [52].

We denote the normalized convolution of a function w with the characteristic
function of an interval [—4/2, /2] by [uls,

(0ot * XaramO)e) = 5 [ ule DX apasra(e =) do

x+6/2
/ u(y,t) dy.

—5/2

[u]s (2, 1) =

Sl = 9| =
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4.2 Application of Theorem 4.2: A TVD-result

Let uw € L>(R x [0,00)) be the unique entropy solution to (3.1) with initial data
€ L®(R). Wet set ¢; = infer f'(U(z)), ca = sup,er f/(4(x)) and denote the
domain of dependence of a point (x,t) € R x [0,00) by

Dy(z,t) =[x — cot, x — 1t].

Given a 6 > 0, the following minimum-maximum principle for convoluted solutions
holds:

Theorem 4.3 (Lagoutiére [52, Theorem 2.1|). The convoluted entropy solution

[uls satisfies:

min [u]s(y,0) < [u]s(z,t) < max [u]s(y,0) for all (x,t) € R x [0, 00).
yEDy (x,t) yEDy(z,t)

Moreover, for every (x,t) € R x RT, there exists a y = y(x,t) € Dy(x,t), such
that

[u]é(xv t) = [u]é(y(xa t)v O)
|

Recall that a numerical scheme is said to be TVD (total variation diminishing)

if for each n € N the values u] satisfy

S lartt —art <> jar —a |,
€L 1€Z

and it is L*°-decreasing if for each n € N we have

sup [a; | < sup [a7].

1€EZ 1€EZ

By a classical argument of Harten [38], a sufficient condition for a scheme to be
TVD and L*-decreasing is that for each ¢ € Z, n € N we have
min<a?—17 ﬂ?) S a?+1 S maXOj?—la ﬂn)

i

Let ¢"(x) = Ru™ be a piecewise polynomial function that is reconstructed from

o6



4 Connecting the Toro-Titarev solver and the LeFloch-Raviart expansion

the cell averages {u};cz such that

1 Tit1/2

o g"(x) de = u?, and therefore /Rg”(:c)d:v = Az Z .

Ti—1/2 1€EZ

Theorem 4.4 (Lagoutiére [52, Proposition 3.2|). Consider a generalized Godunov

scheme with exact numerical flux

B | A
fifaye = E/o F(E(T)g"(@ir2)) dr,

and a suitable CFL-condition. Assume that f' > 0. Then the scheme is TVD and
L*>®-decreasing (and thus convergent), if the following holds for everyi € Z, n € N :

min (] 4, ;) < [¢"]ax((i — 0)Az) < max(u) |, ul) forall 0 €]0,1]. (4.2)

i—17 7 i—17 7

Proof (Asin [52]). Assume that condition (4.2) holds. Note that there are no
transonic waves, since we assumed f’(u) > 0. Conservativity of the reconstruction

implies that for all © € Z, n € N, we have

up = [R ({t)}jez)]ae(®:) = [9"] aal@i)-

In that case, condition (4.2) reads

min ([9"]ae(zi1), [9"]ae(2:)) < [9"]aa(2: — 0AL))
< max ([¢"az(Ti1), [¢"]az(T:)) for all 6 € [0, 1].

Under the CFL-condition, the domain of dependence of the point (z,t) = (x;, At)
is included in the interval [x;_i, z;]. We can view this interval as the set of convex
combinations of z;_; and z;, so the maximum principle for convoluted solutions

gives

Juin [9") a0 (071 + (1 = O)z;) < [E(A)g"|ax(:)

< " i 1— ).
< max[g"]as(0r 1 + (1= 0))
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4.2 Application of Theorem 4.2: A TVD-result

So, by condition (4.2), we get

n
71—

min (@}, @) < [E(A)g"|ax(2i) < max(u’y, @7).

Finally, we note that

[E(A)g") an(2:) = A;E(AL)g" (z;) = ui™,
and thus

min (], u;) < ﬂ?“ < max(u;_;,ul).

O
What is remarkable about condition (4.2) is that it imposes a restriction on the
total variation of the sliding averages of the reconstruction,

Tiy1/2—0AT

9" asle — 080) = g(@) dr, 6 0,1]
@i _1/2—0Ax
rather than on the total variation of the reconstruction itself.
A crucial ingredient in the line of reasoning in the above proof is that the new
cell-averages are computed as ezxact averages of the evolved initial data. Equiva-
lently, this requires that the numerical flux

1 At

fie = A, fE(T)g" (wit1/2)) dr

can be computed ezxactly. However, this usually is not the case. Instead we assume

that the numerical Aux fﬁl /

, satisfies
|fiae = il = O(ALT), At =0, ic€Z, neN.

As we have seen, the ADER flux has this property. As an extension of Lagoutiére’s

Theorem, we state the following stability result for ADER schemes:
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4 Connecting the Toro-Titarev solver and the LeFloch-Raviart expansion

Theorem 4.5. Let the assumptions of Lagoutiére’s Theorem 4.4 be satisfied but
instead of the exact averaged flux consider the ADER numerical flurz. Assume

further that the reconstruction has the property for all i € Z:

n

sgn(u;_; — uy') = sgn(g"(zi—1/2) — 9" (Tit1/2))- (4.3)

Then, for At sufficiently small, the ADER scheme is TVD and L*-decreasing.

Proof. We note that in the case of exact flux computation, the condition

min(a] {,uy) < [E(A)g" ] az(z;) < max(u) |, ul).

i—17 P4 i—10

may equivalently be expressed as

At rn rm -n -n
Ar ( i+1/2 fi71/2) < max(u;y, 4;').

—n
7

min<a?flv ﬂ?) S U

Now let J:={k,k+1,...,k+(} CZ, { > 2 for some k € Z be an index set such
that

ro<al <aly, E+1<i<k+/(-—1

The following holds analogously if we alter all the inequalities. We have the con-
dition

=N =N =N At rn rm =N

We want to analyse whether such an estimate still holds if we replace the exact

flux f;n+1 /2 by the ADER flux fﬁ;’f/l;ER. We have to check four cases:

a) Both inequalities in (4.4) hold with equality. In this case, the condition
a1 = 9" ae(x; — 0AZ) = al, for all 6 € [0, 1]

leads to g™ = 4}’ on [x;_3/2,Tj11/2) and thus

fn,ADER _ fmADER _
Jj+1/2 Jj—1/2 e
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4.2 Application of Theorem 4.2: A TVD-result

b) Both inequalities in (4.4) hold strictly. We get the condition

At
—n n,ADER n,ADER _n
i—1 Suz _A—x (fj+1/2 _fj71/2 ) SU,‘,

I~
3

which can be written as

=1 =" At n rn r ="
Uiy < U — Ar ( i12 = Jitie + O(AL ) < af, (4.5)

and since both inequalities in (4.4) hold strictly, (4.5) holds for At sufficiently
small.
c) The left inequality in (4.4) holds with equality. We have

_ _ At - 5 _
Ui = Uy — Ar ( e — fz‘nf1/2) <y,

which implies f7}; 5 — fi; 5 > 0, but small. Then (4.5) holds if

f;;f/gER _ f;g;‘;;” > 0 but small. Recall that the ADER flux is given by

ADER 12 «— 9 u T
fitie = At ), [ w(@ipiye, nAty) + Z W(%’H/z, nAtJr)H dr.
k=1
By a Taylor expansion of f we see that for sufficiently small At the condition

n,ADER n,ADER
f¢+1/2 _fzf1/2 >0

is satisfied, provided we have f(u(xit1/2,nAty)) > f(u(wi_1/2,nAt)). Since we

assumed f’ > 0, this reduces to
U(I‘H_l/g, TLAt_,_) Z u(l‘i_l/g, TLAt_,_)

Recall that the value u(z;41/2, nAt,) is given by the Godunov state of the associ-
ated classical Riemann problem with initial data from the extrapolated boundary
values of the reconstruction. Denote the reconstruction in the cell [z;_; /25 Tig1 /2]

by ¢7. Since f’ > 0, the Godunov states are given by

w(Tiz12, nAtL) = g (Tiv12), @i, ndtL) = gt (Tic1y2)-
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4 Connecting the Toro-Titarev solver and the LeFloch-Raviart expansion

Thus, a sufficient condition for (4.5) is

n

9; (Tiv1y2) = 911 (Tiz1/2).

d) The right inequality in (4.4) holds with equality. The condition

) / . i}
Uiy < up— Ar ( e — ff71/2) =uy

implies [, jo— iy o= 0. However, we only need

fﬁ’f/l;ER — [if};ER > 0, but small,
to get
n At (W ADER  m ADER _n
Uy < Uy — Az (fi+1/2 —Jic1y2 ) < Uy
Again, this only requires g7 | (2;_1/2) < g]'(%i41/2) and At small. O

There seems to be no numerical scheme available that uses a high order recon-
struction method which satisfies (4.2) and (4.3). A good starting point could be
data-bounded ENO interpolation (BENO), as developed in [12]. But whether fur-
ther slope-limiting to enforce conditions (4.2) and (4.3) leads to a loss of accuracy,

still needs to be analysed and tested numerically.

4.3 Systems

Naturally, the question arises whether the result of Theorem 4.2 can be extended
to the case of systems. What we have to compare are the coefficient ¢¥ and the
Godunov state for the kth spatial derivative in the Toro-Titarev solver. It turns out

that for nonlinear systems the two methods do not yield the same approximation:

Theorem 4.6 (Main result for systems). Consider the generalized Riemann prob-
lem for a strictly hyperbolic m x m system of conservation laws, such that every
characteristic field is either genuinely nonlinear or linearly degenerate. Let the
initial data consist of polynomials Uy, ,ug of degree r — 1 with |ty (0) — ag(0)| > 0
sufficiently small. Assume that the solution contains only shock waves and contact

discontinuities.
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4.3 Systems

Then for k > 1 the coefficients qF in the LeFloch-Raviart expansion and the

states u¥ in the linear Riemann problems of the Toro-Titarev solver satisfy the
relation

k_ Lok , :

G = Ui fori =0 and fori=m.

This does, in general, not hold for 1 < <m — 1.

Proof. The statement that

1 1
k k k k k=1,...

dy = k|u07 Am = Eunw

was already shown at the beginning of Section 3.1.4. Now take (3.18) for k = 1,

in which case we have ¢! =0 and s} = 0, so (3.18) becomes

d , ol | _ 0
dfq QqH—O at 0. (4.6)

We note that
0)=)=a-,  lo+) =4,
and by (3.21)
¢ (o)) = (Alg)) — o)) 4. q'(0]—) = (Algi1) — o7) 4y
Thus, the jump condition (4.6) becomes
(Ag)) = 09) al = (A(g)y) —0)) gl y — 20} (¢ = gf-)) =0.  (47)

Now consider the Toro-Titarev solver. We denote the solution of the linearised
Riemann problem (2.16) by ¢* and let ¢¥, i = 0,...,m be the constant states
in that solution. If ¢?, is the Godunov state for ¢°, then solving the Riemann

problems linearised around ¢, is equivalent to imposing the jump conditions

(A(d5) = Ai(uil) (65 — dj1) =0, i=1,...,m. (4.8)
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4 Connecting the Toro-Titarev solver and the LeFloch-Raviart expansion

Clearly, (4.7) and (4.8) do not have the same solution. An analogous argument
holds in the case k > 1. U

We remark, however, that when all states ¢ are close, the solutions of (4.7) and
(4.8) are close. This depends only on the leading term ¢°, but not on higher order
terms. Thus, when the jump in the initial data [0 — 4% is small we expect (4.8)
to give a good approximation to (4.7). This explains why the ADER method does
achieve the designed order of accuracy in regions where the solution is smooth,
since in those regions the WENO reconstruction leads to initial data with only

very small jumps.
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5 Examples and applications

To illustrate the rather technical results form the previous chapters, we provide
several examples. Firstn we solve the generalized Riemann problem for Burgers
equation with piecewise quadratic initial data. In this case the exact solution can
be computed by the method of characteristics and we see that both the Toro-
Titarev solver and the LeFloch-Raviart expansion reproduce the quadratic Taylor
approximation around the origin. Next, we study a system that is inspired by
a model for two component-chromatography. Due to the special eigenstructure
of the system, we can carry out all the computations for first order terms in the
LeFloch-Raviart expansion explicitly. The next two examples are less theoretically
motivated and show that the LeFloch-Raviart expansion can be used in actual nu-
merical computations. We first present numerical tests for shallow water equations
and finally, we study a system from the modelling of traffic low which has only

linearly degenerate characteristic fields.

5.1 Burgers equation

Consider Burgers equation,

with initial data

(xz,t) € Rx[0,00), wu(x,t)€R.

~

(£.0) tr(x) = 2% + 2z + 1, z <0,
u x" =
tgr(z) =222 —4x+2, = >0.
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5.1 Burgers equation

u(z,0) t t
N1
(1)
@0 :Dl

(a) (b) ()

Figure 5.1: (a): Initial data, (b) characteristics, (c) domains of smoothness

We have @) = 1 < 2 = 4%. Therefore, the classical Riemann problem for the
leading term contains a rarefaction wave. The solution of the generalized Riemann

problem thus is

uo(x,t), z/t < y(t)/t,
u(z,t) = x/t, YO/t <z/t <FH()/t
uy(x,t), F(t)/t < z/t.

Using the method of characteristics, we can explicitly compute

2(x+1)+1—/4At(x +1)+1
2t2 ’

dt(r—1)+1—/8t(x—1)+1
4¢2 '

uo(z,t) =

uy(z,t) =
The boundaries of the rarefaction zone are given by the head-characteristic 7(t) =
2t and the tail-characteristic y(t) = t.

The deceasing initial data ug will lead to the formation of a new shock. It
can be easily checked that characteristics cross for time larger than ¢z = 1/4. For

sufficiently small time ¢ > 0 we approximate the solution along the t-axis by
(0,t) ~ u(0,0+) + 0 (0,0+)t + > (0 0+)t2

U A~ —u —u —.

’ ’ ot o 2

Note that the t-axis is contained in the domain ®g, so in the subsequent analysis
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5 Examples and applications

we only need to concern the function uy. We have

1—tx+1) (—3+\/4t(x+1)+1)—\/4t(:70+1)+1

—uglz, 1) = )
g o(®: ) B3y/A(x+ 1)+ 1
from which we get
lim 2 (z,t) = —2(x + 1) 9 (0,0+) = —2 (5.1)
t—1>r0I}|— 8tu0 z, - T ) atuo ) - ) .
and
2
@uo(x,t) =
22z + 1)2 (4 M@+l +1- 15) + 2tz + 1) (7 M@+ 1) +1- 10)
t4(4t(x + 1) + 1)3/2
3( 4t(x+1)+1—1)
- t4(4t(x + 1) + 1)3/2
Therefore
tLH(Er wuo(ﬂf,t) =10(z +1)7, wuo(0,0—l—) = 10. (5.2)

Thus, the Taylor expansion of the exact solution gives
u(0,t) ~ 1 — 2t + 5t°.

We now compute the terms of the LeFloch-Raviart expansion up to the function

¢*(€). So we construct the approximation

0 0
u(z,t) ~u(0,0+) + ¢ <§u(0, 0+) + %U(O, 0+) (

2 (L% » v
i <Qat2u(o,0+)+ u(0,0+) (7) +

Then, ¢° is the solution of the Riemann problem

0 0 ((qo)2

0
_ _'__
¢ 2

=0 R, t>0
ot oz ) e =0
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5.1 Burgers equation

1 z <0
01’70: b b
¢ (2,0) 2, x>0,

in which case ¢°(§) = 1 for all £ € Dy. The function ¢* satisfies the ordinary

differential equation
d

and the solution consistent with the initial data is

g0(§) =2(6 - 1).
Therefore, we have

_d (%)

) = (e -,

i (E) =

The inhomogeneous equation for ¢2,

d
248+ (1~ ) 3 = —4(6 — 1),

has the solution ¢2(¢) = (£ — 1)? — 4(£ — 1). Thus,

q(&:t) = 1+2(6 =1t +((€—1)° —4(¢ - 1),
q(z,t) ~ 2%+ 2w —6xt + 52 — 2t +1,

and in particular
q(0,t) = 1 — 2t + 52

Now we use the solver of Toro and Titarev, where we find the leading term
u(0, 0+) by solving

9 o, 0 (877 _
atgb +8x< 5 =0 forzxeR, t>0,

1, x <0,
2, x>0,
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5 Examples and applications

This gives ¢°(0,0+) = 1. Next, the Cauchy-Kovalevskaya procedure leads to

+uz—

ou  Ou 0%u 5 (8u)2 J%u

ot u%, ot or ox?’
o [ou ou\?  u
5 ()= (5) 5 (53)
O (Pu\ _ 0udu  Pu
at\or) ” oz o “om

For ¢! = O,u and ¢* = 9?u, we have the evolution equations

8¢1 oa¢1 1\2
o TP % =~ (¢)
and 3¢2 962
[ 099" _ 34142
o 7 o ¢
with the initial conditions
il =2 x <0
Yz,0) = Yo == ’ 5.4
¢ (@,0) iy = —4, x>0, (5.4)
and
02 =2 0
P e,0)={ LTS TS (5.5)
up =4 x>0.

We drop the source terms and linearise around ¢°(0,0+) = 1, so that we have
4" =0 fork=1,2,

together with the initial conditions (5.4) and (5.5), respectively. These linear

problems are readily solved, where we find the Godunov states

¢'(0,04) =2 and ¢*(0,0+) = 2.
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5.2 'Two-component chromatography

By the Cauchy-Kovalevskaya procedure (5.3) we get

%(0,0+> = —¢"(0,0+)¢"(0,0+) = -2,

0%u

52 (0,00) = 2(6'(0,0,))" +¢°(0,0,)¢%(0,0,) = 10,

and thus again we find
u(0,t) =~ 1 — 2t + 5t2.

5.2 Two-component chromatography

Consider the system

2<U>+3<U(Hv+w)1):0, vw >0 (5.6)
ot \ w Or \ w(l+v+w)™!

and denote u = (v,w)?, u € U = (0,00) x (0,00) C R?. It is inspired by the
analysis of two-component chromatography, as described by Temple [86]. Note
that the chromatography system contains a constant x € (0,1) in the second
equation. Since we are more interested in the analysis and less in the modelling,
we have set kK = 1 to simplify matters without changing the structure of the
solution. The solution of the Riemann problem for (5.6) can be found in [14], a
thorough discussion of mathematical models for chromatography is presented in
[71]. This system has a very nice eigenstructure that allows us to carry out all
the computations we need to determine ¢* explicitly. We demonstrate analytically
that the difference between ¢! and ¢! only depends on the size of the jump in the

initial states, not on the size of the jump in the derivatives of the initial data.

The Jacobian of the flux is given by
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5 Examples and applications

and it has the eigenvalues and (normalized) eigenvectors

1 () =

\ - s -
1(u) (14+v+w)? v2 4+ w?

M) = T rafu) = % ( y

The left eigenvectors, normalized to ¢;(v, w) - rj(v, w) = §;;, are

El(v,w):—M<1>, lr(v,w) = — V2 <_w>.

V4w 1 v+ w v

Since we have

2 v+ w
Vi +w? (1+v+w)?
V() - ra(u) =0,

VA (u)-ri(u) =

> 0,

the first characteristic field is genuinely nonlinear and the second characteristic

field is linearly degenerate.

For this system, shock and rarefaction curves coincide in the sense that each
point in the i-Hugoniot set (i = 1,2) of a given point u_ lies on the integral curve
of r; through u_. Due to the simple nature of the eigenvectors, the integral curves

here are straight lines in the space of conserved variables. We can directly compute
Ry(e)(u) = u+er(u), Ry(e)(u) = u+ ery(u). (5.7)

Both properties - coinciding shock and rarefaction curves and straight line integral
curves - are of particular interest in the analysis of nonlinear hyperbolic systems,
because the simplified structure of the solution allows answers to questions still
open for general hyperbolic system. See the work of Temple [85, 86] for a discussion
of coinciding shock and rarefaction curves. For systems with straight line curves,
Arora and Roe [2]| observed only small postshock oscillations in numerical schemes
and conjectured that for system that do not have the straight line property, Go-

dunov and Roe schemes will produce postshock oscillations. Somewhat similar,
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5.2 'Two-component chromatography

2

Figure 5.2: Integral curves for a system from chromatography

though more theoretically motivated, is a result by Bressan and Jenssen [17] who
were able to use the straight line property do establish BV bounds necessary to

prove convergence for the Godunov scheme.

Now consider the Riemann problem with initial data uy = (vp,wr)?, ug =

(vr,wr)T. Then the Riemann solution contains an intermediate state u, = (v, w,),

such that
Vy vr, &1 —Uy,
= +— , 0.8
<w*> (w) v%w%(—m) o
B 1
Wp Wy 2\ -1

Because the second field is linearly degenerate, we have As(us) = Ao(ugr) and

for some &1, 5.

therefore
Uy + Wy = Up + Wg. (5.10)

Further, it follows from (5.8) that

VW, = VW], (5.11)
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and that

1= V()2 + (wr)? — V/(ve)? + (w.)?.

Combing the two conditions (5.10) and (5.11), we can explicitly compute

_ v (vg + wg) _ wr(vg + wg)

vr, + wp, vr, + wp,

Therefore, the wave strength e, is

2 2
VH +w

com (1= B
UL_'_wL

Recall that the type of wave associated with the first characteristic family depends
on the sign of €1: We get a 1-shock for e < 0 and a 1-rarefaction for e; > 0 (the

second wave is always a contact discontinuity, independent of the sign of &3).

Thus, if v4 +w% < v} +w?, the solution contains a 1-shock, a 2-contact discon-

tinuity and is given by

ur, x/t < oy,
U(l’,t) = Us, o1 < x‘/t < 03,
UgR, oy < x/t,

where g9 = A\g(u.) = Ay(ug) and the shock speed o; can be computed from the

Rankine-Hugoniot conditions:

1
(1 +vp+wp)(1+ v +w,)

1
0'1:/ )\1(0’&*+(1—0)UL) df =
0

Now consider the generalized Riemann problem with piecewise linear initial data:

u(w,0) = i(e) = { (o), w>0,

UR<5U>, T < 07

i (x) = ( ZLL((Z)) ) - ( :j}g% ) ta ( ji ) , (5.12)
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5.2 'Two-component chromatography

() = ( ;’;((”?) ) - ( Z}%% ) ta ( Z}’l}z ) . (5.13)

k

a’

L,R, k= 0,1 and let ¢° be the solution of the classical Riemann problem for (5.6)

with initial data 4%, 4%. Denote the intermediate state in that solution by ¢?.

Note that A;(u) > 0, so the Godunov state is a}.

and

Assume that the solution contains a l-shock. Denote a% = (v*, wk)T for a =

The simplified problem in the Toro-Titarev solver for the spatial derivatives is

then given by
0 0
— App=—0o¢' = R, t
atgb + LRabe 0, reR, t>0,

e il oz <o,
¢1 (ZE, O) — A( ) — Af
w(z) Up, x> 0.
Here, A g = A(49). This linear problem has the solution
@' (z,t) = 0 (x — M(@))t) ri(a]) + @ (x — Aa(@) )t) ro(a}).
We express the vectors 4}, @k in terms of the basis {r;(a?),r2(a2)}, i.e.
ﬂi = O‘i,ﬂ“l(a%) + ai,27ﬂ2(aOL)a ai = O‘}%,lrl (ﬂ%) + O‘}%QTQ(@%)-
We have
(07)% + (@})?
0p 4w}
0

. A w A
ol , =v3 ((v; S L w;) |

A0 ~0
vp + Wy,

ol = (oL +b)

)

Then the intermediate state ¢! can be computed as

¢>1k = O‘i,l"’l (ﬁ%) + a}%,z"?(ﬁ%)

~1 ~1 )Y ~1 ~1 D9 ~1
(0 + 10k — 0, — W}) gk + WL

74
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Now we compare ¢! with the vector ¢i, which the defines the function ¢'(¢) in

the LeFloch-Raviart approximation

u(z,t) = ¢"(€) +tg' (&) + ... .

As above, we find ¢° by solving the classical Riemann problem with initial states

@9, 4% and we denote the constant states in that solution by @9 = ¢J, ¢?, ¢% = 1a%.

The function ¢'(£) is given in each domain DY by

') =(E-A) g, 0<i<2,

where we express the unknown vectors ¢ as
1_ 1 0 1 0
q; = ai,lrl(qi ) + ai,QTQ(Qi )-

The coefficients ag ;, ag; for j = 1,2 are determined by the initial data @7, and
i}, respectively, while the remaining coefficients ail, aig are found by solving
a linear 2-by-2 system of algebraic equations that can be derived from the jump

conditions. We arrive at the system (see Lemma 3.3))
2 2
(M(q)) = o?) " la(ap) - (D) ey + (Mald)) — b)) Lalgn) - ra(@))ar o
2
— ()\2(98) - 0?) 0‘52

_ Lo(ap) - (4 — ap) 0 — 692 2,(60) - 71 (q)
- 61((18)'((1?—98){()\1@1) 1) hle) - mladons

+ (a(@)) — o)) 41(d) - ralad)aty, + (M(gl) — o) o, } (5.15)
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5.2 'Two-component chromatography

+ (Malgd) — 09)* () - ra(g9) ey + (Na(al) — 09) at, } (5.16)

Now recall that ¢, ¢?,¢9 are the constant states in the solution of a classical
Riemann problem. Then, by the relations (5.8), (5.9) for the intermediate state

¢, we find

@ —q0=c1m(q), & —q) =eara(q)).

Therefore, by the orthonormality of the eigenvectors, we get

) €1<q8) ’ (q? - qg) =&,

;o ba(q)) - (@) — q)) = e

Oo(q)) - (a0 — af)
0(q?) - (a8 — a))

0
0

Noting further that Ay(q?) = A2(q3) = 09 and that £ - ro = 0, the system (5.15),
(5.16) reduces to

2 2

(M(q)) — 7)) " la(q) - () aty + (Ma(a)) — 0f) lalqq) - m2(a?) oy 5
— (M) — 09 ab, =0 (5.17)
2 2

(M(g3) — 09) li(q)) - (@) az, — (M(q)) —09) ap; =0 (5.18)

Using condition (5.10), v? + w? = v§ + w9y, we have

and thus we get from (5.18) that

(v9)2 + (wf)?
08 + w) )

any = 0(q) - ri(dh)an, = — (v3 + wy) (5.19)
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Also, we can see that by (5.11), we have

\/§ 0,0 0,,0

wWav; — w-vn) = 0.
(0§ + w) <v?>2+<w9>2< o1 ~ Vi)

lo(go) - 1 (dh) = —

Moreover, it is straightforward to show that

0 0 0 0 0 0
A2 (qp) — 03 Ut wy Uy Wy
0 0~ .0 0 .0 0°
A2(q)) — of Vot Wy vyt Wy

Finally, this yields

0 0\ 2 0 0\ 2 0
al, = (02+w2> aé72:\/§<vé+w%) ((vé+wé) Yo O—wé). (5.20)

: 0 0 0
vy + Wy vy + Wy vy + Wy

Thus, the coefficient ¢ is given by

CJ% = O‘ilrl(Q?) + O‘%,QTQ(Q?)

1 1y v vJ4wl 2 1 1\ wd 1
(vy + w;) Wrad T\ o0l (vg + wyp) W] — Wo

0 0 0 0
1 1 Vo . Vo +Wq 1 1 wy _ 1
(0 + ) iy = (550) (008 +wd) iy —wi)

(5.21)

Comparing (5.14) and (5.21), we see that the only difference is the factor

(Ug +w3)2 _ (W%\l)Q
vg + wp iyl )

whose size depends on the size of the jump in the initial data, but not on higher

order terms.
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5.3 Shallow water equations

5.3 Shallow water equations

A widely used model for many environmental and engineering problems are the

shallow water equations, which we present here in their simplest one-dimensional

0 h N 0 hu _9
ot \ hu dr \ hu?+ igh? )

Here h denotes the water hight, u the velocity and ¢ is the gravitational constant.

form:

There is an immense list of literature on shallow water equations, we merely men-
tion [58, Chapter 13| for a discussion of the Riemann problem and [90, 93] for an

overview on numerical techniques.

Using the notation from above and introducing v = h, w = wuh, this can be

o [ v +8 w _0
ot w ox %2+%g1)2 -

Note that v denotes the water height, not the velocity. This deviation from stan-

written as

dard notation might be slightly inconvenient, but we are trying to be consistent

with the notation introduced in Chapter 3.
The Jacobian of the flux is

0 1 0 1
A(’U,U}) = w2 w = 2 )
— (g) +gv 2T —u®+gh 2u

with eigenvalues
A =u—+/gh, Ay = u+ +/gh,

and corresponding eigenvectors

1 1
“‘(u—ﬂﬁ) “‘(u+ﬂﬁ)'

Left eigenvectors, normalized to ¢; - r; = d;;, are

R

g_L utVgh g__L u=+gh
1_2\/g_h 1 ; 2 = .
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We consider the generalized Riemann problem with initial data hy = iLR =1
and

~

ar(r) = apz® + brx + g, ip(z) = agz® + brx + cg.

When cr < 0 < ¢, this data leads to a solution with two shock waves.

We compare the resulting approximations up to quadratic terms obtained by
the LeFloch-Raviart expansion and the Toro-Titarev solver, respectively. Refer-
ence solutions are obtained by a random choice method (RCM) on a very fine grid
using an exact Riemann solver and van der Corput pseudo random numbers (see

[91, Chapter 7]). We perform three series of tests:

(i) Large jumps in the initial data, fixed derivatives. We fix
ar, = 0.02,ar = —0.01 and b;, = 0.4, bg = —0.2. We solve the GRP for cg = —1
and c;, = 2, 4, 6, respectively. Results are shown in Figure 5.3. Denoting v = h
and w = hu, the plots show the reference solution (thick black line), the LeFloch-
Raviart approximation (blue circles) and the Toro-Titarev approximation (red
crosses) along the line £ = 0 for times 0 < ¢ < 0.05. The difference in the two
approximations increases with the size of the jump. We observe that the LeFloch-

Raviart approximation is almost identical to the reference solution.

(ii) Large jumps in first derivatives, fixed jump in states. We fix a; =
0.02, ar = —0.01 and ¢, = 0.2, cg = —0.1, so we have a fixed jump |09 —a%| = 0.3.
We let bp = —1 and test for by, = 2, 4, 6, see Figure 5.4. For all test cases both

approximations are very close to the reference solution.

(iii) Large jumps in second derivatives, fixed jump in states. We take
b, = 0.4, bg = 0.1 and ¢, = 0.2, cg = —0.1. We choose ar = —1 and solve for
ar, = 2, 4, 6, respectively. Results are shown in figure 5.5. Again, for all test cases
both approximations are very close to the reference solution.

Let us compare the resulting L; errors, compared to the reference solution (see
Table 5.3, Table 5.3 shows the relative L'-errors):

For large jumps in the initial states we note that the Toro-Titarev approximation
has a L'-error that is two orders larger than the L!-error of the LeFloch-Raviart

approximation. If the jump in the initial states is small, the order of the size of
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~
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Figure 5.3: Two-shock solution for 1-d shallow water: Jumps in the initial states
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i (x) = 0.022% + brz + 0.2,
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Figure 5.4: Two-shock solution for 1-d shallow water: Jumps in first derivatives
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~

tr(z) = apz? + 0.4x + 0.2, tgr(r) = —12? — 0.2 — 0.1
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Figure 5.5: Two-shock solution for 1-d shallow water: Jumps in second derivatives
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lv—verrlr |lw—wrpelli | lv—vrrli  [Jlw—wrr|h
[[ﬁo]] =31 1.893x10°% 7.709 x 1076 | 1.144 x 10~* 1.095 x 1073
[[120]] =51 2380 x107% 1.967 x 107° || 3.059 x 10~* 2.703 x 1073
[[120]] =71 5.061x107% 4.920x 107° || 5.818 x 10™* 5.340 x 1073
[[1}1]] =3(5935x107°% 2493 x10™° || 1.362 x 10™® 2.923 x 1074
[[121]] =5 1.347x 1075 1.073 x107* | 3.136 x 107® 1.795 x 1074
[[121]] =716.397 x 1075 4.727 x 107* | 8.043 x 10~® 1.995 x 10~*
[[122]] =3 1670 x107% 2333 x107° || 7.824 x 107° 7.538 x 10~°
[[1}2]] =5 2169 x 1076 1.395 x 10~® || 2.005 x 10~¢ 3.314 x 107°
[[ﬁQ]] =71 1.012x 107® 1.987 x 107° || 3.882 x 10™® 4.919 x 107°

Table 5.1: L'-errors for two shock shallow water
lv—vrrrll1 lw—wrrrlh lv—vrrll1 lw—wrrlh
llvllx lwllx lvllx [lwllx

[[110]] =312499 x 107° 2.180 x 10~* || 1.509 x 102 3.097 x 1072
[[@°]] = 5 || 2.507 x 1075 1.421 x 10™* | 3.221 x 1072 1.953 x 1072
[[ﬂo]] =71 4404 x 107° 1.749 x 107 || 5.062 x 1072 1.898 x 1072
[[a']] =3 | 1.150 x 107 6.077 x 1073 || 2.639 x 107*  7.123 x 1072
[[ﬂl]] =51 2.663x 107* 1.467 x 1072 || 6.201 x 107* 2.454 x 1072
[[ﬂl]] =7 1292 x 1073 4.627 x 1072 || 1.624 x 102 1.953 x 1072
[[ﬂ2]] =36225x 10" 1.054 x 1071 [[ 2.280 x 10~* 1.417 x 107!
[[ﬂ2]] =519.696 x 107° 7471 x 1072 || 4.529 x 10~* 8.483 x 1072
[[’&2]] =719.665x 10" 5911 x 1072 4.514 x 107* 6.712 x 1072

Table 5.2: Relative L!-errors for two shock shallow water
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Figure 5.6: Two-shock solution for 1-d shallow water: Mixed example

the error is the same for both methods.

Now consider an example with large jumps in the states, as well as in first
and second derivatives ( see Figure 5.3). Take 1 (z) = 22° + 6x + 2, dg(z) =
—2? — 2 — 1. We can see that the behaviour we observed for large jumps in the
initial states dominates the behaviour for the approximate solution. The LeFloch-
Raviart approximation is more accurate, although the is a clearly visible error for

larger output times.

Next we turn to a generalized dam-break problem, in which the 1-wave is a
rarefaction wave. Denote the by ¢) = (v, wj) the left state in the solution of the

classical Riemann problem for the leading term and let
Uy = — ap = 1/ gvg.

Then solution of the classical Riemann problem inside the 1-rarefaction wave is

given by

o[ 0 1 (uo + 2ap — £)°
e ( w () ) 9 < § (0 + 2a0 + 26) (o + 200 — £)’ ) |
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For ¢ € (a9,3)) we have £ = A1 (¢°(€)) and so it follows that

d 2 1
d_£q0<£) — _%OLO +ap — f) ( z:(;)((gg)) . gv0(£> )
= _%Wo + 2a9 — &)r1 (qo(f)) .
Next we can compute
dg°(§) _ 1 gv°(§)
Vi (¢°(6)) - & @(Uo + 2a9 — f)w-

Moreover, we get

dg"(¢
Dry (@) "5 = -2 g+ 200 - D0 (@) m (4°66)
1 0
= 9_g(u0 + 2a0 — 5) 900 (€)
v9(€)
Thus, writing
d 0
Dry (¢°(¢)) qdéf) = w1,2,171 (qo(f)) + wigora (¢°())
we first see that wy 21 = —w1 22 and we compute
ug + 2ag — §
= — > .22

W1,2,2 18g00(€) (5.22)

From (3.30) we get
3k +2 %

«
uy + 2a¢ — &) 2

iak‘ = uk _ k+ V)\l(qo) ' %
dg§ ? ? )\2((]0) - f)

+ W1,2,2> of = ps — o

For k = 1 we have u} = 0 and with initial data given by (3.39) the ordinary
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5.3 Shallow water equations

differential equation for o can be solved exactly:

Ug + 2(1,0 — g 5/2
3&0 .

03() = (% — dalqd)) by (

From (3.31) we get

Aa(g°) — €
al() = ——2 =8 1),
and we first compute
dq® NG
0
—_ = 2a0 — .
Vai(g) i 3g(uo+ ap — &)~

Next, recall that for & € RY we have & = w®/v® — \/gv® and thus

X2(q°) — € =2/ g0°.

Using the fact that w21 = —wi 22 we find by (5.22):

_ u0+2a0—§ Ogl<£)
9/ gv° + 3(ug + 2ag — &) 2

ai(§)
Finally, note that inside R} we get

G0(0) = 5 (o + 200~ §)

and thus .

ak(€) = ak(©)

For the quadratic terms, we first note that for f;(v,w) = w all second or higher
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order derivatives of f; vanish. Then we get by (3.29) that u} = —u2 and

w3 (¢°q")
_ 1 P fo(q°) dv® D3 fo(q") duw® Lo 0% fo(qY) (dvt
~ 7 U0 oot a2 @

vz © d§
3£ ( 0V 7010 93 £ (0) (a0 2 (0 1 1
+2{8 f2<(1)dia fo(¢°) dw }vllerZa f2<(1){v1dw +wldv }

20w d¢ Ovow? d§ Ovow d& d—§

3 fo(q°) dv® 3 fa(q°) duw® Qyﬁwﬁlmf)

2
{ ovd?w d—f ow3 d—é}(w) + w? d§

Again, we run three test cases with large jump in the initial states, first derivatives
and second derivatives, respectively. In all three cases we take u; = g = 0 and
solve the generalized Riemann problem for different piecewise quadratic h. The
ordinary differential equation for o is solved numerically, using a classical fourth
order Runge-Kutta method. Results are shown in Figures 5.7-5.9 and the resulting

L'-errors are documented in Tables 5.3 and 5.4.
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~
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Figure 5.7: Generalized dam-break problem: Jumps in the initial states
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Figure 5.8: Generalized dam-break problem: Jumps in first derivatives
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5.3 Shallow water equations
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5 Examples and applications

) lv—vrprlli flw —wirrly || [lv—=vrrli  flw — werlh
[[A°]] =1 | 1.640 x 107° 5.962 x 107° || 8.152 x 1075 4.197 x 104
[[R°]] =2 || 3.479 x 107°  2.256 x 10~* || 2.909 x 10~* 2.098 x 103
[[°)] = 3 || 4.685 x 107  4.590 x 10* || 4.617 x 10~* 4.431 x 103
([RY]=1]6.352x 1075 2.338 x 1075 || 1.118 x 10~* 3.359 x 10~*
([A']] =2 | 1.189 x 10™* 4.043 x 10~* || 3.292 x 10~* 7.958 x 10~*
([AY]] =3 1.841 x 10™* 1.077x 1073 || 6.072 x 10™* 1.122 x 1073
([R2)] =1 1.370 x 1075 4.299 x 1075 | 2.208 x 10~° 1.028 x 10~*
[[R2)] =2 || 2.963 x 107  3.071 x 10~ | 2.484 x 10™° 2.456 x 10~*
(2] =3 || 8847 x 1077  7.332x 107* || 8.216 x 10° 6.776 x 10~*

Table 5.3: L'-errors for the generalized dam-break problem

||U—|1|)LHFR||1 Hw_HwIﬂFRHl ”vﬂvﬁTHl ”wﬂwl\TTlll
vl w1 vl w1
[[ﬁo]] =32284x107* 6410 x 107* | 1.135 x 10™% 4.513 x 1073
[[ﬁo]] =513179 x 107* 6.424 x 107 || 2.658 x 10™3 5.947 x 1073
[[ﬂo]] =713.306x107* 6.818 x 107* || 3.258 x 10™3 6.583 x 1073
[[ﬁl]] =3 | 4570 x 107* 5.943 x 10~* || 8.042 x 10~* 8.538 x 1073
[[ﬂl]] =5 8752 x107* 1.813x 1072 | 2.424 x 102 3.569 x 1072
[[ﬂl]] =71 1386 x 10™® 7.217 x 1072 || 4.571 x 1073 7.515 x 1072
[[ﬂz]] =3[9.701 x107° 1.042 x 1073 || 1.563 x 10~* 2.534 x 1073
[[ﬂz]] =5 2088 x 107* 6.927 x 1072 || 1.750 x 10~* 5.539 x 1073
[[ﬁz]] =713273x107* 2.027 x 107! | 3.298 x 1073 2.040 x 107!

Table 5.4: Relative L!-errors for the generalized dam-break problem

We observe the same qualitative behaviour as before: When there is a large
jump in the initial data, the Toro-Titarev solver leads to an error which grows
as the jump in the data increases and this error is larger than the error of the
LeFloch-Raviart expansion. If the jump in the initial states is small, the two

approximation methods lead to an error of the same order of magnitude.
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5.4 A system from traffic flow

5.4 A system from traffic flow

The following system arises in a macroscopic model of traffic flow that was proposed
by Aw and Rascle [3]. It was designed to cure some of the major flaws that previous
models suffered from when attempting to introduce ideas from fluid dynamics to
the world of traffic modelling, see [30]. A detail introduction to conservation law
models in macroscopic traffic flow and further references are found in [69]. We

consider the system

%p + %(w) =0 (5.23)
9 ) -
O (54 pl0) + 55+ plp) = 0.

Here, p is the density of cars, s the velocity. The function p acts like a pressure term
in fluid dynamics, but is understood as an ’anticipation factor’. Global existence
and smoothness of the solution to a generalized Riemann problem for (5.23) are
discussed in [84]. We assume p > 0 (although the case p = 0 can be handled) and

we also assume p'(p) > 0, where the specific choice of p will be discussed later.

We can write the system in quasi-linear form,

gz + A(z)%z =0,

where z = (p, s)T and

Alz) = o p )
% <0 s—pp/(p)>

To derive the correct shock-conditions, we need to rewrite the system in conserva-

tive form. Setting

w = p(s +p(p)),
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5 Examples and applications

the system can be written as

o 0
=P+ 7-(ps) =0,

ot Ox
0 0
pris %(ws) =0.

Noting that s = w/p — p(p) we let u = (p, w)? and arrive at

0 0

w — pp(p)
at g (W =0, f(U):( )

w?/p —wp(p)

Thus, we have

Df(u) = < ~(p) = pp'(0) ! )
—(w/p)* —wp'(p) 2w/p—p(p).

Then the eigenvalues and eigenvectors are
w , 1
Mlpsw) = =plp) =p(p)s nilpw) =1y |
p

Na(pw) == —plp) =5,  ra(p,w) = ( ! ) -

p 2+ o0 (p)

After normalizing to I;(p,w) - rj(p, w) = J;;, the left eigenvectors are

K

_ 1 [ 24p) SRR S
El(p’w)_pp’(p)< ~1 ) bl )_pp’(p)< 1 )

It is easy to see that the second field is always linearly degenerate, while the first

field is linearly degenerate, if and only if

b
p(p):a_;7 a7b>0-

Under this assumption, both waves are contact discontinuities. For actually mod-
elling traffic flow, one usually takes p in the form p(p) = p”, v > 0. However, for

purposes of analysis and less of modelling, we are interested in a nonlinear system
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5.4 A system from traffic flow

for which all fields are linearly degenerate. With this choice of p we get

w w+b
Al(paw) = — —a >‘2(p7w) =— —a
p p

and

1 w+b 1
El(pvw) = E ( ) ) EQ(paw) = g

The value of w is given by

w=(a+s)p—0.

Since both waves are contact discontinuities, we can compute the Godunov state

from the conditions

(@) = (), Aald)) = Xa(ad),

po %
q? = é = po(szfgo)*b ) (524)

Next, we present some numerical results considering the generalized Riemann

which gives

problem with piecewise constant density p, and pr, and piecewise quadratic ve-
locity. We fix a = 0.5, b= 1.

As in the previous section, we compare the resulting approximations up to
quadratic terms obtained by the LeFloch-Raviart expansion and the Toro-Titarev
solve, respectively. Reference solutions are, again, obtained by a random choice
method (RCM) on a very fine grid using an exact Riemann solver and van der

Corput pseudo random numbers. We perform three series of tests:

(i) Large jumps in the initial data, fixed derivatives. We take
pr(e) =08, pr(z) =06

and solve the generalized Riemann problem for different choices of 5;, 5z. Results
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5 Examples and applications

along the line £ =0 for 0 <t < 0.01 are shown in Figure 5.10.

(ii) Large jumps in first derivatives, fixed jump in states Again we take
pr(z) = 0.62, pr(z) = 0.6 and choose different $;, $g such that we have small
jumps in the initial states and large jumps in first derivatives, see Figure 5.11.

(iii) Large jumps in second derivatives, fixed jump in states. We fix
pr(z) = 0.62, pr(z) = 0.6 and solve the generalized Riemann problem with dif-
ferent §;, and Si such that increasing jumps in second derivatives. The results are
shown in Figures and 5.12.

Tables 5.5 and 5.6 show the L' -errors and relative L' -errors, respectively. Note
that the errors are measured on the interval [0, 0.01], whereas we took [0, 0.05] for
the shallow water case. Further numerical experiments indicate that the Toro-
Titarev approximation quickly becomes less accurate for larger output times.
Moreover, we need a jump in the initial states of size in the order of 0.01 to
observe the same behaviour as before. If we choose a jump of size 0.1 (as we did in
the shallow water examples), the Toro-Titarev approximations produce an error
two orders larger than the error for the LeFloch-Raviart approximation. We ob-
serve that the accuracy of the Toro-Titarev approximation is very sensitive towards
jumps in the initial data. On the other hand, the LeFloch-Raviart approximations
are in all cases very accurate. This can be explained by the special nature of
the system: Both characteristic fields are linearly degenerated, so the problem is
in some sense "almost linear". Therefore, piecewise quadratic data leads to an
"almost quadratic" solutions and a quadratic Taylor approximation is very accu-
rate. But it is still a nonlinear system, so the Toro-Titarev approximation is not
a Taylor approximation. There are no compression phenomena (as would be the
case for shock waves), and the lack of this stabilizing effect explains the sensitivity

problems.
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5.4 A system from traffic flow

[v —vrrrlli [[w —wrrslly | [[v—vrrli [Jw —wrrll
al] = 4.822 x 1072 5.965 x 107% || 2.921 x 107¢ 1.961 x 107>
0] = 2.846 x 1079 3.922 x 107® | 3.191 x 1078 3.202 x 10~°
°]] = 1.739 x 1072 3.921 x 1078 || 3.274 x 107% 4.378 x 107°

1411 x 107 8.004 x 107 || 1.319 x 10 2.597 x 106
1.881 x 107% 4.712x 1077 || 1.713 x 10°¢ 2.936 x 1076
2.866 x 1076 4.271 x 1077 | 2.187 x 107% 3.286 x 10~
1.710 x 1077 2.266 x 107 | 2.057 x 10~7 4.839 x 107”7
8510 x 107® 1.291 x 1077 || 1.823 x 1077 4.045 x 1077
6.574 x 1078 9.976 x 107% || 1.618 x 10~7 3.737 x 1077

=g}

>

————— ————
. S | S — | ——
>
=
PR U U PO o ot P S e
] P u—] bo————
J Ot W|J Ot W|J Ot W

S
I

>

Table 5.5: L'-errors for traffic flow

lv—vrrrll lw—wrrrll1 lv—vrr|h lw—wrr|1
llvllx llwllx llvllx llwllx

3.038 x 1075 1.500 x 10~* || 1.840 x 10=3 4.930 x 102
2.741 x 1079 1.507 x 10~* || 3.074 x 103 1.230 x 107!
2254 x 1076 2.028 x 107* || 4.244 x 1073 2.264 x 107!
2.400 x 107* 4.658 x 1072 || 2.243 x 10~* 1.511 x 107!
3.176 x 107* 2.747 x 1072 || 2.891 x 107* 1.712 x 107!
4.810 x 107* 2.474 x 1072 || 3.670 x 10~* 1.903 x 107!
2914 x 107° 6.927 x 1072 || 3.505 x 10™° 1.479 x 107!
1.448 x 107° 3.959 x 1072 || 3.103 x 10~°> 1.240 x 107!
1.119 x 1075 3.058 x 1072 || 2.752 x 10~° 1.146 x 107!

.—ﬁﬁ.—ﬁﬁﬁﬁﬁ
e s s} s s e | s s
< 2
it
R DL | Pt O PO
e e e ===
- Ot W|J Ot W3 Tt w

Table 5.6: Relative L!-errors for traffic low

From what we have a seen for all three examples (shallow water with two shocks
and shallow water with rarefaction and shock, traffic flow with two contact discon-
tinuities) we conclude that the size of the error in the Toro-Titarev approximation
depends mainly on the jump in the initial states. This is consistent with our

analytical results, see the remark after Theorem 4.6.
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Figure 5.10: Jumps in the states
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Figure 5.11: Jumps in first derivatives
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Figure 5.12: Jumps in second derivatives
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6 Conclusion and outlook

We have shown that the Toro-Titarev solver computes a truncated Taylor-Series
expansion when applied to a scalar problem. We used this insight to extend a
stability result that used exact flux computation to the case of the ADER numerical
flux. It seems likely that more results in this direction are possible. Moreover, if
we take any entropy - entropy flux pair (), F' and define a numerical entropy flux
by Fii1/2 = fOAtF (u(xiy1/2,t)) dt, this approximation result could play a mayor
role in proving entropy stability of the numerical scheme.

For nonlinear systems we have shown that the Toro-Titarev solver does not
compute a Taylor expansion. The resulting approximation does, in general, not
satisfy the Rankine-Hugoniot conditions. However, the error is small, provided the
jump in the initial states is small. Whether the LeFloch-Raviart expansion, which
gives more accurate approximations in the case of large jumps, could be used with
higher orders at a competitive computational cost, remains to be tested.

We based our analysis on the assumption that the system is strictly hyperbolic
with only genuinely nonlinear or linearly degenerate characteristic fields. While
this assumption does cover many systems of practical interest, it leaves out a broad
set of problems. The Riemann problem can be solved for a lot of systems that are
not strictly hyperbolic or for which some characteristic fields are neither genuinely
nonlinear nor linearly degenerate. If we view the generalized Riemann problem
locally as a perturbation of a classical Riemann problem, it seems reasonable that
the generalized Riemann problem should also have a solution in these cases and a
similar asymptotic analysis as in our case is possible. However, if we want to do
this there is still a large amount of highly technical work ahead of us.

We did not analyse the effects of using approximate Riemann solvers for the
leading term Riemann problem. It is one of the advantages of the Toro-Titarev

solver that an approximate solution of the generalized Riemann problem can be
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computed once the (approximate) Godunov state of the leading term Riemann
problem is known. On the other hand, the LeFloch-Raviart expansion requires a
full Riemann solver. Approximate solutions of the leading term Riemann problem
could be used, but the method needs all intermediate states and all waves speeds
in the classical Riemann problem.

Problems in several spatial dimensions are most important in applications but
extremely hard to analyse. Local generalised Riemann problems at the cell-
boundaries are essentially one-dimensional and can be handled using the approach
described by Harabetian [37]. However, at the corners of the cells, where more
than two cells meet, a very rich variety of wave interactions is to be expected.
This is already true for the classical Riemann in two dimension and it seems like

there are no results on the piecewise smooth case available yet.
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Zusammenfassung

Wir untersuchen die analytischen Eigenschaften von Methoden zur ndherungswei-
sen Losung von verallgemeinerten Riemann-Problemen. Dabei konzentrieren wir
uns auf den Toro-Titarev-Loser [98], der den zentralen Baustein zur Flussberech-
nung in ADER Finite Volumen Methoden zur numerischen Lésung von hyperboli-
schen Erhaltungsgleichungen darstellt. Toro und Titarev schlagen vor, die Losung
des verallgemeinerten Riemann-Problems durch eine Taylor-Reihe zu approximie-
ren. Die Koeffizienten der Taylor-Polynome werden in der Methode von Toro und
Titarev mit Hilfe einer Cauchy-Kowalewskaya-Prozedur und einer Folge von klas-
sischen Riemann-Problemen berechnet.

Diese Strategie zur Berechnung von Naherungslosungen fiir verallgemeinerte
Riemann-Probleme erzielt in einer Vielzahl von Anwendungen sehr gute nume-
rische Resultate, eine griindliche analytische Untersuchung des Verfahrens steht
allerdings noch aus. Insbesondere wurde beobachtet, dass ADER-Verfahren fiir
glatte Losungen die erwartete Genauigkeitsordnug erreichen, bei grofsen Spriingen
in den Anfangsdaten aber auf Probleme stoften [19, 65]. Dieses Phédnomen konnte
bisher nicht erklart werden.

Wir untersuchen den Toro-Titarev-Loser, indem wir ihn mit einer asymptoti-
schen Reihenentwicklung fiir die Losung des verallgemeinerten Riemann-Problems
vergleichen, die von LeFloch und Raviart konstruiert wurde [56]. Es stellt sich
heraus, dass beide Methoden formell die selbe Taylor-Approximation konstruieren
und sich nur in der Berechnung der Ortsableitungen im Ursprung unterscheiden.

Wir zeigen, dass beide Methoden fiir skalare 1D Probleme zur selben Néaherungs-
16sung fithren. Fiir nichtlineare Systeme von hyperbolischen Erhaltungsgleichungen
ergibt sich ein Unterschied. Wir zeigen analytisch, dass dieser Unterschied direkt
von der Grofe des Sprungs in den Anfangsdaten abhéngt und dass der Unterschied
klein ist, wenn der Sprung in den Anfangsdaten klein ist.

Wir illustrieren diesen Sachverhalt, indem wir analytische Resultate fiir Burgers
Gleichung und fiir ein System aus der Zwei-Komponenten Chromatographie be-
reitstellen. Weitere numerische Resultate fiir Flachwassergleichungen und fiir ein
System aus der Verkehrsflussmodellierung bestétigen die analytischen Resultate.



Abstract

We study the analytical properties of approximate solvers for the generalized Rie-
mann problem. We focus on the Toro-Titarev solver [98], which is the heart of
the flux computation in ADER finite volume methods for solving hyperbolic con-
servation laws. Toro and Titarev suggested to approximate the solution of the
generalized Riemann problem by a truncated Taylor series expansion. Coefficients
in this expansion are found using a Cauchy-Kovalevskaya procedure and a sequence
of classical Riemann problems.

This method for approximately solving the generalized Riemann problem has
been applied successfully to a wide range of problems, but few rigorous analysis
of this strategy has been reported so far. It was observed that the ADER scheme
achieves the designed order of accuracy in regions where the solution is smooth,
but can encounter difficulties if the initial data contains large jumps [19, 65]. This
phenomenon has thus far not been explained.

We study the solver of Toro and Titarev by comparing it to a local asymptotic
series expansion for the solution of the generalized Riemann problem that was
constructed by LeFloch and Raviart [56]. It turns out that both methods formally
construct the same truncated Taylor series expansion. The only difference is the
way spatial derivatives at the origin are found.

We show that both methods lead to the same truncated Taylor series expansion
when they are applied to scalar problems. For systems of hyperbolic conservation
laws, there is a difference. We show that this difference can be clearly traced back
to the jump in the initial data. Moreover, we show that when the jump in the
initial data is small, the two resulting approximations are close.

We illustrate this by giving analytical results for Burgers equation and a sys-
tem from two-component chromatography. Numerical results for shallow water
equations and for a system from traffic flow further support the analytical results.
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