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Chapter 1

Introduction

Even if there is no clear experimental signature of supersymmetric theories at the
present day [1], supersymmetry is still a central concept in modern theoretical
physics. As the only possible loophole to the Coleman-Mandula theorem [2], it
provides a unique extension of the Poincaré symmetry while being both physic-
ally and mathematically rich. The best candidate for a theory-of-everything,
string theory, is supersymmetric at the core, and advances in several mathemat-
ical areas were triggered or inspired by supersymmetry. Supergravity as well,
nowadays seen as a low-energy limit of a more fundamental theory such as
string theory, arises from the attempt to build a supersymmetric version of
general relativity, or - viewed from the supersymmetric side - to promote global
supersymmetry to a local symmetry, and yields new geometrical structures in
the process. But how much supersymmetry can we have and do we need? The
most common choice for phenomenological purposes is N = 1 (four scalar
supersymmetric charges), which helps realizing the grand-unification of the
Standard Model gauge couplings, can offer stable candidates for the dark mat-
ter particles and alleviates the hierarchy problem. Increasing the number of
supersymmetries the resulting theories become more mathematically constrained
and in general less attractive from a phenomenological point of view, since they
do mnot contain chiral matter. Starting from the maximum number of
supersymmetries, one can construct N = 8 maximal supergravities in four di-
mensions, which have 32 supersymmetries (and can also exist in at most eleven
dimensions with (10, 1) Lorentzian signature). These theories, however, do not
possess matter multiplets!, and all the geometric properties are completely de-
termined once the space-time dimension is fixed. On the other hand, matter
multiplets become possible if the number of supersymmetries is limited to 16,
e.g. N = 4 in four dimensions, and in this case the geometry is determined

'Here with "matter multiplets" we mean both vector and hypermultiplets.
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by the number of vector multiplets coupled to supergravity. When the number
of supersymmetries is eight (i.e. N = 2 supersymmetry), the geometry becomes
more flexible and in the vector multiplet sector, for instance, it can be related to
holomorphic functions called prepotentials. In N = 1 supersymmetry the set of
possible geometries is even larger: e.g, in four dimensions we deal with general
Kahler manifolds, but in the N = 2 vector multiplet sector this class is restricted
to the “special Kéahler manifolds”, entirely determined by the prepotential. In this
perspective, N = 2 theories hold a special place, since they can be regarded as the
maximal supersymmetric theories whose geometry is not fully constrained by the

number of matter superfields.

In any case, since superpartners are not observed at the current energy reach of
particle collider experiments, even the minimum amount of supersymmetry - if it
is realized in nature - must be broken. Thus one might be seduced by the idea that
at very high energies a large amount of symmetry becomes manifest and in par-
ticular an extended supersymmetry is realized and then broken at lower energies.
Nevertheless, breaking completely, for instance, N = 2 supersymmetry to N = 0 is
not eligible from a phenomenological point of view since the breaking of N = 2 by
itself does not provide chiral matter. One possibility is to consider an extended su-
persymmetry only in a gauge sub-sector and insist on N = 1 for the chiral matter
sector [3]. Furthermore, a supersymmetry cascade as N =2 - N =1— N =0,
where the supersymmetries are broken at two different energy scales, was proposed
in [4]. With this strategy, the hope is that chirality might be restored at low ener-
gies via some mechanism (e.g. [5]). While the step from N =1 to N = 0 is widely
explored in the literature, that from N = 2 to N = 1, albeit already extensively
studied, might be relevant as well and deserves further investigations. Trying to
construct models of spontaneously broken extended supersymmetry in a Lorentz
invariant background usually leads to theories in which the supersymmetries are
completely broken. The discussion on the possibility of partial N =2 — N =1
spontaneous supersymmetry breaking in four space-time dimensions was triggered
at the beginning by string theory [6, 7], but at that time also heavily discouraged
by a no-go theorem [8, 9] that forbids the partial breaking for purely electric gaug-
ings. Therefore, counterexamples have been found only several years later: in [10]
it was shown that any N = 1 matter can be made N = 2 supersymmetric with the
help of the Goldstone multiplet of a partially broken N = 2 theory, while in [11] it
was found that a magnetic Fayet-Iliopoulos term triggers a partial N =2 — N =1
breaking. Extensions to special classes of gauged supergravity were presented in
[12-14], where the no-go theorem was avoided choosing a particular basis for the

vector multiplet scalars. The first attempt to draw a general picture was [15], for
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three dimensions, while a four-dimensional systematic analysis was finally given
in [16, 17].

In general it was shown that in order to avoid the no-go theorem forbidding partial
spontaneous N = 2 SUSY breaking one has to consider special frames (as we shall
see later) or introduce magnetic charges in the theory. The most suited formalism
to deal with both electric and magnetic charged fields is the embedding tensor
formalism introduced in [18, 19]. The general solution for the embedding tensor
inducing a consistent partial breaking in a Minkowski or AdS vacuum was found
in [16], and in [17] was derived the effective N = 1 lagrangian integrating out all

the fields becoming massive after the breaking.

The goal of this thesis is different. In the same spirit of [20], which performed a
model-independent analysis of the SUSY-breaking terms (free of quadratic ultra-
violet divergences, usually referred as soft terms) in N = 1 supergravity, we aim to
derive the general form of the soft terms that explicitly break a generic global N =
2 supersymmetric theory to N = 1, by performing the global limit of an arbitrary
spontaneously broken N = 2 supergravity. In fact, our starting point will be
the scalar potential of a general N = 2 gauged supergravity in a four-dimensional
N =1 Minkowski vacuum provided by the solutions for the embedding tensor [16],
and instead of integrating out all the massive fields as in [17], we retain all of them
and evaluate the rigid limit by taking the Planck mass Mp, to infinity. However, the
most direct global limit of an arbitrary N = 2 supergravity (consisting of taking
only Mp) to infinity) merely leads to the global N = 2 supersymmetric counterpart
even if we start from an N = 1 vacuum. In order to get a softly-broken N = 2
global theory, then, we need to perform the limit keeping an intermediate scale
fixed, namely the mass scale of the gravitino related to the broken supersymmetry,
which becomes massive in the partial breaking. In this way we are able to reach
a N = 2 rigid theory explicitly broken by soft terms whose form is entirely
determined by the original N = 2 supergravity. Another crucial ingredient in
our work, inspired by string theory, is the separation of the fields in two distinct
sectors: an hidden sector, which contain all the gravitational interactions and
whose scalars can have a background value of the order of the Planck mass Mp;,
and a visible sector, which encodes all the non-trivial gauge dynamics and whose
scalar backgrounds are much smaller than the Planck mass. Even if this distinction
can in general only be made locally, in the partial breaking scenario we are merely
interested in a small region of the moduli space where we have an N = 1 vacuum
and the breaking occurs. This separation in two sectors helps elucidating the rigid
limit procedure in general, but is also essential in our derivation of the N = 2 soft

terms: indeed, in order to keep the gravitino mass fixed in the limit, we assume
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that the gauge group of the hidden sector has a gauge coupling ¢’ whose limit

g — 0 compensates that on the Planck mass (Mp, — 00).2

The results we get
for the N = 2 soft terms resemble those of [20], with some important distinctions
due to the different geometries, the presence of the hypermultiplets and the fact
that our explicitly broken scalar potential must be N = 1 supersymmetric and it

should be possible to reorganize it in terms of a standard N = 1 form.
This thesis is organized as follows:

In Chapter 2 we review some general topics related to global N = 2 supersymmetry
and N = 2 supergravity, with a main focus on the bosonic lagrangians and on the
geometries involved in the scalar sectors: the special Kahler manifolds and the
quaternionic Kahler manifolds. Then we summarize the structure of the gauged

N = 2 supergravity and the embedding tensor formalism.

In Chapter 3 we introduce the idea of the local separation between hidden and
visible fields and we explain how to perform the rigid limit of general ungauged
and gauged N = 2 supergravities, following our paper [21]. We shall also show
how the local geometric structures flow to their global counterparts and how the

hidden sector becomes decoupled from the visible one.

In Chapter 4 we review the ways in which a partial supersymmetry breaking can
occur in N = 2 supergravity, presenting the specific example given in [12] and then
summarizing the partial breaking in the general case, following [16]. The results

reviewed here shall be left implicit in the following chapters.

In Chapter 5 we tackle the soft N = 2 supersymmetry breaking problem using
the knowledge from the previous chapters. We focus on the scalar potential of
the gauged lagrangian and we analyse separately the contributions coming from
the gravitino and the gaugino parts. Furthermore, we show at least in the simple
scenario in which there is no visible hypermultiplet that in the global limit our

theory is N = 1 supersymmetric.

In Chapter 6 we recapitulate the results of our work and we propose some future
directions of research.

Appendix A we present our conventions and some useful formulas for N = 2
supergravity used in this thesis; in Appendix B it is shown that it is impossible
to realize a partial supersymmetry breaking in a Minkowski background when an

intermediate field scale between the Planck scale and the visible one is assumed;

2This formal procedure is useful to retain the leading order in the gravitino mass, but is not
to be taken literally from a physical point of view.
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finally, in Appendix C we collect several detailed computations used in the N = 2

soft breaking chapter.






Chapter 2
N = 2 supergravity: a review

In this chapter we review N = 2 supergravity coupled to an arbitrary number of
vector multiplets and hypermultiplets. Different constructions exist in the liter-
ature: one of the first [22-24] is based on the so-called superconformal multiplet
calculus, is entirely off-shell and allows to derive the N = 2 Poincaré supergravity
by starting from the N = 2 superconformal gravity and gauge fixing the super-
conformal symmetry. A more recent on-shell approach [25-27] is the “geometric
formulation” or “intrinsic formulation”, which allows a description in terms of
symplectic section on the scalar space without making explicit use of a prepoten-
tial. While the latter is well suited for very special cases in which a prepotential
does not exist, the former helps elucidating the structures underlying the theory
while relying on the holomorphic prepotential and the so called “special coordi-
nates” (both crucial ingredients in our treatment of the rigid limit and the partial

breaking). We shall start our review with global N = 2 supersymmetry.

2.1 Global N = 2 supersymmetry in four space-

time dimensions

The maximal space-time dimension for theories with 8 real supercharges is six. It is
possible in fact to derive many features of the four-dimensional theory starting with
the six-dimensional one and then doing a dimensional reduction (see e.g. [28, 29]

for a review). In four space-time dimensions the supersymmetry generators are
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Majorana spinors (two for N = 2), but it is also possible to use Weyl spinors!,

and both descriptions can be found in the literature.

The Weyl spinors Q4 and Q ;p representing the supersymmetry generators satisfy

the anticommutation relation [30]
{Qa,Qgp) = QJZBP“‘SE’ (2.1)

where we used the usual Van der Waerden notation [31] for chiral and antichiral
indices and for N = 2 we have A, B = 1,2. In absence of central charges in the
algebra, it is possible to interpret the supersymmetry generators as creation and
annihilation operators acting on a vacuum state of a certain helicity, and with the
additional requirement of CPT-invariance one can then derive the spectrum of the
massless N = 2 supersymmetry, consisting of a vector multiplet and a hypermulti-
plet [32]. Since the on-shell components for the massless fields are representations
of the little group SO(D —2) (SO(2) for D = 4) and of the SU(2) related to the
extended SUSY R-symmetry, the vector multiplet and the hypermultiplet can be

organized as follows:

A, )\ﬁ t1 to | vector multiplet

(2,1) (2,2) (1,1) (1,1)
Ca ¢, i ¢ | hypermultiplet

(2,1) (2,1) (1,2) (1,2)

The numbers in parentheses indicate the representation with respect to SO(2) and
SU(2) respectively. The index p = 0,...,4 is the Lorentz index for the vectors,
a = 1,2 is the spinor index and A = 1, 2 runs over the two supersymmetries. Each
vector multiplet has a vector, two Weyl spinors (the gauginos) and a complex
scalar (in the table t; and ¢, are its real and imaginary parts). The hypermultiplet
consists of two Weyl spinors (the hyperinos) and two complex scalars (four real
scalars in total). Neglecting the fermionic parts, the lagrangian for an abelian
(ungauged) N = 2 global supersymmetric theory with n, vector multiplets and ny,

hypermultiplets reads [26]

L =i(Np FL FI — N FLFFTHRY) 4 g20,600M0 + hyw0"q"0,q”,  (2.2)

!'Every Majorana spinor field can be expressed in terms of a Weyl field and its complex
conjugate.
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where the indices I,J =1, ...,n, run over the vectors and 7,7 = 1, ..., n, over the
complex scalars, while u,v = 1,...,4n; denote the real scalars of the hypermul-
tiplets; F)7, and [, are defined in terms of the dual and anti-dual gauge field

strengths as
1 .
F, = §(FW + F,,),
) 1 (2.3)
with F,, = —§ie””pUFpU.

The scalar field space is a direct product of the vector and the hypermultiplet
sectors:
M = M, x M. (2.4)

Global supersymmetry requires M, to be a rigid special Kdhler space and its
metric g;; is defined via the Kahler potential K as

Gij = 0:0; K = 0;0; [it" Fy,(t) — it" Fy(t)] = 2 ImF;. (2.5)

With Fy ;(t) we indicate the nth derivative of the holomorphic prepotential F'.
The metric hy, of the hypermultiplet scalar field space M) describes instead a
hyperKahler space. We shall give more details about these geometries in the
context of supergravity and its rigid limit. The matrix N7; encodes the gauge
couplings, and in global N = 2 takes the form

If we now require the two supersymmetries to be local, we reach the N = 2
supersymmetric generalization of Einstein gravity coupled to matter, namely N =
2 supergravity, which is the starting point of this thesis.

2.2 N = 2 (ungauged) supergravity bosonic la-
grangian
In addition to the n, vector multiplets and the n; hypermultiplets of the global

N = 2 theory, N = 2 supergravity also contains a gravity multiplet. In the

following table we summarize the field content:

I 1#;:‘ Ag gravity multiplet
A

" Mt | vector multiplet

¢4 ¢* | hypermultiplet
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Here we suppressed the spinor indices for clarity and we left only the Lorentz
indices and the index A running over the two supersymmetries. The gravity mul-
tiplet contains a graviton, two gravitini (one for every supersymmetry) and a
vector (the graviphoton). As in the global case, the vector multiplet has one vec-
tor, two gaugini and a complex scalar, while the hypermultiplet consists of two
hyperini and four real scalars (u = 1,...,4). The gravitons are symmetric traceless
tensors and have two components (in four dimensions); the gravitini, y-traceless
vector-spinors?, have two components as well; finally, the vectors and the spinors

have also two components each (for a more detailed review see e.g. [26, 28, 29]).

The general bosonic lagrangian for an ungauged theory is given by

L = ﬁR + iIHL/\/’IJ(tv E) F;VFMVJ - %ReNIJ(t7 f) ENVPJFI{VFp{’ (2 7)
— Gt D) 0T — honla) D, 0"

1
871'Mp1 :

0 to n,, since we need to take into account the graviphoton as well. Moreover,

where R is the scalar curvature and x = The vector index I runs now from
in N = 2 supergravity, the scalar field space (2.4) displays different geometries
with respect to the global case: M, is required to be a local special Kahler space,
while M), must be a quaternionic space. ¢;;(t,t) is then the (positive definite)
metric on M, and h,, is the metric on M,. ImN7; is a negative definite matrix
dependent on the scalar fields whose vacuum expectation values give the gauge
coupling constants, while the vacuum expectation values of ReN7; are the so-
called theta angles. The explicit form of N7; in N = 2 supergravity will be given

later.

Despite the complexity of its details, a generic N = 2 supergravity theory can be

uniquely defined if only three ingredients are given [26], namely:

a) the specific local special Kéhler manifold describing the vector scalar space M,;
b) the specific quaternionic Kéhler manifold describing the hypermultiplet space
My;

¢) the gauge group G, that in the non-abelian case is a subgroup of the isometry

group G of the scalar field space M.

Before reviewing in some detail the two geometries of the vector and hypermultiplet
scalar sectors, we need to introduce another concept related to the symmetry
group of the equations of motion one can derive from (2.7), which will be crucial
in the following: the symplectic transformations. Indeed, the isometry group

G is embedded in the larger symplectic group of the equations of motion, and

2The condition for irreducible vector-spinors is F“w;f =0
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the formalism we are going to use in the next chapters will make this situation

manifest.

2.3 Symplectic transformations and special Kahler

geometry

The symplectic transformations can be considered generalizations of the electro-
magnetic dualities [33]. Let us consider the kinetic terms of the vector fields for

an arbitrary number n, of vectors. If we define

. oL
G = QZW — /\/’IJF,TVJ (2.8)
uv

as a magnetic field strength, the Bianchi identities and the field equation can be

casted respectively as
O"ImF, =0,

' (2.9)
0, ImG%; = 0.

These equations are left invariant under the action of GL(2(n, + 1), R):

O)-0)-( D) (7)o

If we now restrict the transformations using (2.8), we have
GT = (C+DN)F* = (C+ DN)(A+ BN)'F+, (2.11)

that is
N = (C + DN)(A+ BN)™.. (2.12)

C~¥+W should be the derivative of a transformed lagrangian in order to still describe
the field equations, and this in particular means that A should be symmetric. For

an arbitrary N this implies the conditions:
ATC - CTA =0, B'D-D'"B=0, ATD-C"B =1; (2.13)

in other words
S € Sp(2(n, +1),R), (2.14)
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with

STOS = Q where Q= 01 : (2.15)
-1 0

Therefore, the constrained transformations are real symplectic transformations in
dimension 2(n, + 1). A symplectic vector is defined as the 2(n, + 1)-component
object V transforming under the symplectic transformation as V = SV. We also

define the inner product of two symplectic vectors V and W as
VAW, = vTaw, (2.16)

where A =0, ..., 2n,,.

It should be noted that the symplectic transformations are symmetries of the

equations of motion, but not of the action.

Let us turn now to the geometry of the vector scalar space M,. Since M, is a
Kéhler manifold, the metric g;;(¢,t) can be expressed in terms of the Kéahler po-
tential K as

gi7 = 0i0; K, (2.17)

where 0; = %. The metric remains the same after the Kahler transformation
K — K+ f(t) + f(?). (2.18)

Moreover, M, is also (local) special Kéhler, and this means the Kéhler potential
can be expressed as a logarithm of a symplectic product [23, 24] (for a review of
special Kéhler geometry, see e.g. [34]):

K(t, 1) = —In i(VAV,) = —In (X F; — X7 F)), (2.19)
where
XI
VA = ( ) (2.20)
Fy
is a 2(n, + 1)-dimensional symplectic vector, with I =0,--- ,n,. X(¢) are holo-

morphic functions of the vector scalars ¢ and are referred to as homogeneous co-
ordinates, and Fy = OF/0X! is the derivative of the prepotential F(X), which
supersymmetry constrains to be homogeneous of degree two in the homogeneous
coordinates. The domain of the complex scalars t' is then restricted by the condi-
tion

i(VAV,) > 0, (2.21)
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defining the “Kéahler cone”, and by the requirement that the metric should be

positive definite. Moreover, in special Kahler geometry the following relation holds:

XlﬁiF] - F[@iXI - O, (222)

where V; = 9; + ﬁ@iK is the Kahler covariant derivative.> Furthermore, since
Pl

Fy plays the role of the magnetic component of the symplectic vector V', the matrix

N7y satisfies
Fr =Ny X', ViFr =NV, X7, (2.23)

from which one can solve the explicit expression

Ny = (V3E(X) Fr(X)(V;X7 X)), (2.24)
where an outer product of the two vectors is intended. Applying a symplectic
transformation on the symplectic vector V, one gets a new coordinate X as a
function of the old X:

X' = Al X7 + BYF;(X). (2.25)

The full symplectic transformation (2.10) described by the matrix S is always
invertible, but this part related to the sub-matrices A and B may not be. But if
it is invertible, then F;(X) becomes the derivative of a new function F(X) of the

new coordinates X:

- o OF(X)
Thanks to the homogeneity of the prepotential in supergravity, F' can be obtained
as
L 1 cCTA C'B
F(X(X))==VT V. 2.27
(X(X0) =5 (DTA DTB) (227)

What we get is a new formulation of the theory in terms of a new prepotential
F. If F is different from F(X) the two theories are only classically equivalent; in
this case we are dealing with a “pseudo symmetry” and the transformations are
called symplectic reparametrizations. On the other hand, if after the symplectic
transformations the function F' remains the same, we can talk about a proper
symmetry that reflects an isometry of the target space. These symmetries are
called duality symmetries because are connected to the duality transformations of

the field equations and Bianchi identities. The isometry group of the scalar field

3V differs from the V only for the factor 1/2 in the second term. We shall use both notations
in the following.
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space M is in general a subspace of the symplectic group:
Iso(M) € Sp(2(n, + 1), R). (2.28)

After a symplectic transformation, the dual formulation has generically different
symmetries in perturbation theory and there are known examples in which a pre-
potential does not even exist in that symplectic frame. In particular, these three

conditions are equivalent [34]:

1. A prepotential F'(X) does exist.
2. Special coordinates are possible; these are defined in terms of the homogeneous

coordinates by

th=" or X°= Mp, X' =t (2.29)

3. The matrix (XI Vv, X! ) is invertible.

If these conditions hold, namely we are in a certain symplectic frame in which a
prepotential exists, the matrix N7 can be put in the form
,ImFIKXKImFJLXL

=Fry+2 2.30
Nis 17+ 2t XLTmF, o XK (2.30)

(compare (2.6) for the global case). Moreover, it is possible to express the holo-

morphic prepotential F' by means of an homogeneous function F, as

F=(X°F (%) = Kk 2F(tY), (2.31)

such that the Kéhler potential (2.19) can be expressed as
KY=—k2iY, Y =2F-F)—t—-0"(F+F). (2.32)

Finally, the curvature tensor R;3; for a local special Kéhler manifold reads [35]

2K

R = 9indij + 9ugk; — MEe ™ Qirmg™ Qi (2.33)

where (see also [36])

Qikm = (VinVA)(VmVA)> (2.34)

and V; = 0; +

K;
2
P

i+ In special coordinates, Qix,, simply becomes
1

Qikm = Ekmy (235)
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where Fjy,, is the third derivative of the prepotential F'.

2.4 Quaternionic Kahler geometry

The metric hy, in (2.55) is required by supersymmetry to describe a quaternionic-
Kahler space. Despite the name, such manifolds are in general non Kéhler and
have holonomy

SU(2) x Sp(ny), (2.36)

where the SU(2), related to the R-symmetry, promotes the hyperkdhler geometry
of the hypermultiplets scalar of rigid N = 2 supersymmetry (holonomy Sp(ny;))
to the quaternionic geometry. These spaces admit a triplet of almost complex

structure J* (x = 1,2,3) which satisfies the quaternionic algebra:
JEJY = =0 4 €V J". (2.37)

The metric h,, is hermitean with respect to each complex structure, and three
Kahler 2-forms can be defined by

K2 = hyw(J))". (2.38)

ahler manifolds case these forms are closed; in the quaternionic case
of supergravity they are covariantly closed with respect to the SU(2) connection
X

w.
VK* = dK* — €¥w? A K* =0, (2.39)

K7 can then be viewed as a the SU(2) field strength of the connection w®, namely:
K* = dw® + Le™w? Aw® . (2.40)

There is a linear relation between the K~ SU(2) curvature
O = dw® — %exyzwy A w? defined by

0F = AK”, (2.41)

where \ is a constant that is identically zero in the hyperkahler case and non-
zero for quaternionic manifolds. The Ricci scalar curvature is always negative for
quaternionic spaces and is given (in natural units) by R = —8n;(ny, + 2). Finally,

we can decompose the metric in terms of vielbein on the quaternionic-Kahler
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manifold U as
huwdq"dq” = Z/{;‘EABCOC’BUBB, (2.42)

where C*? is the Sp(ny,) invariant metric.

2.4.1 The special quaternionic Kahler manifold and the

c-map

As an explicit example of quaternionic Kahler manifolds we consider a well known
case in string theory, where the compactifications of type II strings at tree level
lead to a My, that is the image of the so-called c-map [37, 38]:

SU(17 1) 2n—2 in
M%’};Q is a special Kahler base with coordinates 2%, a = 1,...,n, — 1, the Sg(&’)l)

factor is spanned by the dilaton ¢ and the axion ¢, and the remaining fields are
2ny, real Ramond-Ramond scalars €4, é 4, A=0,...,n,—1 describing the toroidal
fibration of the base that doubles its coordinates. Because M%) ? is a special
Kahler manifold, its prepotential G fully determines the quaternionic manifold,
that in this case takes the name of special quaternionic Kahler. An explicit form

of the metric (known as Ferrara-Sabharwal metric) was given in [38] and reads:

L = —(00)* — ™06 + KEADE™ — KEOEN)? + 9,302 0Z"

i > (2.44)
— 2T MAP (D€ + MOE) A0 + MOE) , .

9,5 18 the special Kahler metric on Mg, and is again determined by the prepotential
G(Z) (compare (2.19) with F replaced by ). The kinetic matrix determining the
couplings is also analogous to (2.30) with F' replaced by G:

IIH(GAc)ZCIm<GBD)ZD

=G 2i
Map = Gap T2 = e 37470

(2.45)

where Z4 = (Mpy, z*) are the homogeneous coordinates on Mgy.
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2.5 Gauging the action: the embedding tensor

formalism

Gauging a theory means making part of its global symmetries local, and in the
process some of the scalars become charged. The symmetry group we are dealing
with is the isometry group G of the scalar field space M. In the ungauged case the
equations of motion are invariant under the Sp(2(n, + 1)) electromagnetic duality
group acting on the symplectic vectors (F),,Gp,y) and (X', Fy). If some of the
scalars are charged (namely the theory is gauged) the symplectic group is broken
to a smaller one and the final theory is determined by the magnetic and electric
charges carried by the fields. In the following we shall be mainly interested in the
case in which the N = 2 supersymmetry is partially broken to N = 1, and as it
will be explained later, the scenario requires symplectic frames in which magnetic
charges are present. The symplectic tensor formalism (introduced in [18, 19], for a
review see also [39]) is a well suited mean to provide the theory with both electric

and magnetic charges while treating them on the same footing.

The isometry group G of the N = 2 product manifold M = M, x M, splits
accordingly into Gsx X Ggk. The isometries for the vector and hypermultiplet
scalar sector respectively can be expressed as

Scspt' = —go k'at

2.46
Sciond" = —gn k3B, (2:40)

where g, and g, are coupling constants, a* and $* are local parameters and (k(t),
k% (q)) are the Killing vectors of the isometries that must satisfy the commutation

relations of their Lie algebra, given by

[ku kn] = ffnké

AT
[k/\a kp] = fgpka (2 )

for the vector and hypermultiplet sector isometries respectively. In the following,
except when explicitly stated, we will assume f& # 0, namely a non-abelian group

for the vectors. The gauging can be then encoded in the embedding tensor

@L
0=, (2.48)
! <@X>

where the two components are referring to the vector and hypermultiplet sector

respectively. The A index runs over the symplectic coordinates (03 = (07, 0)
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in such a way that the original symplectic symmetry (unbroken in the ungauged
theory) is still manifest after the gauging. The spacetime derivatives appearing in

the vector and hypermultiplet sigma models become covariant derivatives:

Out' — Dyt' = 9,t" — ALO/'k] + B 0"k,

u u u I AL IApu <249)
0uq" = Duq" = 0uq" — A, O kS + Bu©' "k,

where we introduced the magnetic gauge potential B,; together with the electric
gauge vector Ai. The embedding tensor encodes the charges and needs in general

two further constraints:

f;p(_)A)\@Ep + (1) 50,0 =0

ehor _ o (2.50)

The first one is required by the closure of the Lie algebra generators (¢,),=. The
second one assures the mutual locality of the electric and magnetic charges.* In-
troducing both electric and magnetic couplings in the theory upsets the balance of
the degrees of freedom in the lagrangian. To counterbalance one has to introduce
a set of 2-form gauge potential Bﬁ whose couplings preserve gauge symmetry and

supersymmetry. For a review see again [18, 19].

Another consequence of gauging is that the supersymmetry variations get mod-
ified, and in order to keep the actions invariant a scalar potential needs to be
introduced. In global N = 2 supersymmetry the scalar potential with both elec-
tric and magnetic charges takes the form (in the embedding tensor formalism)
26, 40):

VY )y MYN (0140 8 gkl KL + 4 070 Ll kL kY)

) - (2.51)
+P,-P,00(g"0, VMoV,

where the P’s are real Killing prepotentials (more details in the next sections) and
P, -P,=P,P, + PP+ P)P’. (2.52)

For later convenience, we also consider the situation in which there is no hyper-

multiplet in the theory. In this case (2.51) simply reads

PNoHyp (ig) — MNG L g rg pmpn (2.53)

1Doing a symplectic rotation on the equations of motion and Bianchi identities can lead to
a symplectic frame with both electric and magnetic charges, but these mutually local charges
cannot appear simultaneously in the local lagrangian.
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In the following section we shall consider the gauging in the case of N = 2 super-

gravity.

2.6 N =2 gauged supergravity

After gauging, the supersymmetry variations of the fields change accordingly. In

particular, for the gravitino, gaugino and hyperino we have:

56\11MA = DNEA - SAB'Y/AEB + -
SANA =WiltBep ... (2.54)
5eCo¢:N(;4€A+"'

Here we are only interested in the scalar part of the variations and we also leave
apart (with the dots) the terms vanishing in maximally symmetric ground states.
A complete treatment of gauged N = 2 supergravities including both electric
and magnetic charges can be found in [41-43]. These new variations must be
compensated in the gauged lagrangian in order to leave the theory supersymmetric.
In particular a scalar potential V (always present in N = 1 supergravities but
absent in ungauged N = 2) is introduced. The general bosonic lagrangian for

gauged supergravity is then given by

L = R+1ImN[J(tﬂFl{VFuVJ—%RGN[J(t,f)EMVpGFI FJ

e (2.55)

2k2

- gij_(ta E) DutzDMtj - huv(Q) DuquD#qv - V(tv 1?7 Q) .

The derivatives of the sigma models have been promoted to the covariant deriva-

tives (2.49) and V is the dimension four scalar potential, that takes the form:

V(t,t,q) = SABSAB + g WHAPWA 5 + 2NANY, (2.56)

M&
with Sap, W*B and NZ given in the embedding tensor formalism by:
Sip = 2 2]\[2 VA@ (UI)AB,
K
WiAB QME,I [zg (V VA)@ ( x)AB AB@ szA] (257)
Nol? — % 2M2 VA(__)AAUA ]{Z)\

VA is again the symplectic vector (2.20) with X(¢) and F;(t) smooth functions

of the vector scalar fields ¢ and its K&hler covariant derivative V; is V, VA =

o, VA + M%KZVA, with K; = 0;K. k' and kY are as usual the Killing vectors
Pl
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related to the isometries of the vector and the hyper manifolds respectively, while
UA, is the vielbein defined in (2.42). The matrices (6%)p and their inverse are

A

constructed applying the SU(2) metric e? and its inverse to the Pauli matrices.

Their explicit form is (see Appendix A for more details):

<al>AB=<é _01>, ()41 = (‘OZ' f) <03>AB=<_01 ‘01>. (2:58)

Finally, P{, (xr = 1,2,3) is a triplet of real Killing prepotentials (moment maps)
defined by
— 2kUK™ =V, PL, (2.59)

and with P{(0%)4p we indicate the sum

P{(0%)ap = Py(0") ap + PY(0%) ap + P} (0°) ap- (2.60)






Chapter 3

The rigid limit of N =2

supergravity

Our task will be the discussion of the explicit partial supersymmetry breaking of
N = 2 via soft terms whose form should be determined by the supergravity theory
we start with. In order to obtain a global theory together with partial-breaking
soft terms, we will need to take the rigid limit (Mp; — o0) of supergravity, while
assuming the existence of an intermediate scale that compensates the limit on
the Planck mass and keeps the gravitino mass (the scale of the partial SUSY
breaking) fixed. Before considering this case, it is worthwhile to thoroughly deal
with the general rigid limit procedure in N = 2 supergravity first. This problem
was originally tackled in [23, 44-48] (for reviews see, for example, [26, 28]). We
shall review our recent approach [21], inspired by the common situation in string
theory where we typically have two classes of light scalar fields: the so-called
moduli, that are only gravitationally coupled, and the charged scalars which can
have gauge interactions at low energies. While the former are generally frozen
to their background value ®, that can be of the order of Mp,, the latter have in
general non-trivial dynamics and in gauge symmetry-breaking scenarios can take
a background value ¢y much smaller than Mp;. We call the first sector “hidden”

4

and the second one “visible” and we assume that the two sectors are decoupled.

Summarizing, we have:
g = O(Mp1), o < O(Mpy). (3.1)

We should remark that this distinction can in general be made only locally. The
rigid limit procedure is actually a zooming on a specific region of the moduli space,

where a generic point is at distance Mp; and will be sent to infinity in the limit.

22
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As we shall see, if the only massive scale in the game is Mp;, the rigid limit is
trivial and flat. We consider then a generic additional scale A < Mp; (for in-
stance the Seiberg-Witten scale [45]) that allows for non-trivial couplings. It is
also to be noted that we shall perform the limit in a Minkowski vacua as in this

context we are mainly interested in scenarios with vanishing cosmological constant.

3.1 Preliminaries

We start again with the bosonic lagrangian for general N = 2 supergravity (2.55)
and we set canonical mass dimension one for the vector and scalar fields so that
the sigma-model metrics g;;(¢,t) and hy,(g), the kinetic matrix N7;(¢,?) and the
space-time metric g, are dimensionless. For the moment we ignore the (four
dimensional) scalar potential V; we shall come back to it in the last section, in the
context of the rigid limit of gauged supergravity. In the following sections we deal

with the rigid limit of the ungauged theory.

First, we expand the space-time metric around a Minkowski background 7, as
G = Ny + Kl + . (3.2)
similarly, we expand the scalar fields around their background values ¢y and ¢ as
th =ty +ot" q" = q +0q", (3.3)

where with §t° and 6¢* we indicate small fluctuations in the neighbourhoods of
thand ¢. Using (3.3), we can expand the couplings in (2.55) as well:

Nis(t,8) = Nis(to, o) + OiNis(to, £0)dt" + N1 (to, T)dt + ...
9is(t, 1) = gis(to, To) + Igiz(to, 10)3t" + Fgiy(to, f0)dt" + ..., (3.4)
huv(Q) = huv(QO) + 8whuv(qO)(sqw + ...

As we said, in our mass conventions the couplings N7, g5, hy, are dimensionless,
therefore their derivatives must have mass dimension —1. If Mp, is the only mass
scale in the theory, all higher order terms in the expansions (3.4), namely all terms
including derivatives of the couplings, have order x and thus vanish in the rigid
limit k — 0. Therefore, only the first terms of the expansions survive and the
couplings are evaluated at the constant background values of the scalar fields,

where N7, gi7 and hy,, are constant and diagonalizable. Thus, in this situation the
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scalar field space of the rigid theory is flat and the gauge kinetic matrix can be put
in a diagonal form. This is the mentioned trivial situation in which we have the
Mp as the only scale. But if we allow for an intermediate scale A (like in QCD or
Seiberg-Witten theories), the derivatives of the coupling do not scale necessarily
like x, but could also carry a A~! factor. In general, insisting in the distinction

between hidden and visible scalar sectors and given that the couplings (3.4) are
2 2 ¢ ¢
Mpy? A7 Mpy? A”
The possibility % is excluded by the fact that the ratio would diverge in the limit

dimensionless for us, they can in principle depend on the ratios

(because ® has a vev of order Mpi), while ;£- would vanish. Therefore we only
need to keep Mipl and ¥: the derivatives with respect to ® will then scale like Mp,
namely its fluctuations will vanish in the limit and the field will be frozen to its
background value; on the other hand, the derivatives with respect to ¢ scale like

A~! and are kept. Therefore we have

(P, ) = 9(Po, ) = g(Po, o) + 0pg(Po, p0)dp + ... | (3.5)

where the only dynamical field left is .

3.2 Vector multiplet sector

Now we study the details of each sector, starting from the vectors. Coming back
to the distinction between hidden and visible sectors, as first step we split the

homogeneous function F given in (2.31) in two components:
F = F*(k®) + F'(k®, 'k, A) (3.6)

where we removed the indices from the ® for simplicity and from now on we identify
the hidden parts with ®. The first component is only dependent on the hidden
fields frozen around their background values and can be treated as a constant
piece, while the second one also depends on the gauge-interacting fields and the
additional scale A, and provides all the non-trivial dynamics together with the
interactions between hidden and visible fields. With F!(k®, ¢ = 0) = 0 we imply
that all the terms independent of the visible fields are included in the first piece.

Let us first expand F ® for small fluctuations ® = by 4 0:

Fo = }"&’(m@o) + mafi(/@@o) 0® + %&232fi)(ﬂq)o) 6% + O(K?) , (3.7)
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with the first term being constant (k®q is dimensionless). Inserting this expansion
into the definition of the Kéhler potential (2.32) and expanding the logarithm, the

F® contribute becomes
K= —-InY(k®g) + Yfl(/ffbo) K+ O(k) , (3.8)

where

KY = h(0®) + h(6®) + gop (kDo) 6DT5D® . (3.9)

h(6®) and h(6®) are holomorphic functions and do not contribute to the metric,
while Y 7! (k®) and its logarithm are constant terms and can be reabsorbed in the
definitions of the metric or the fields and the function h. Moreover, we need a non-
zero Y (k®g) in order to expand the logarithm. As expected, only the quadratic
term of K contributes in the limit, leading to a constant metric gp5 = gos(KPo).
Furthermore, choosing the appropriate 6® one can always put Y "'ges = dpp. The
second term of (3.6) is the interesting one. Ignoring the constant pieces coming

from combinations ¢y/A, we can write F as a power series in k:
F(k®g, 1", K, ) Z KM FU) (kdg, 1) A) (3.10)

There are two constraints to consider: F is dimensionless, so the first term of
the expansion, F“°, must be dimensionless as well, and being a constant piece
is absorbed by definition in F ‘i’; if we allow the F*) to be non-zero, we would
have terms linear in ¢, which would violates gauge invariance, and furthermore the
prepotential F' would contain mixed product like F' ~ X°X* and/or F ~ X?X*
that violate the decoupling assumption between the hidden and visible sectors.

Our requirements are then:
FtO) — rt) — o (3.11)

Going to the limit x — 0, only F*?)(k®, ¢, A) survives. Inserting it into the
Kahler potential (2.32) and considering this time the contributions from both the
hidden and the visible fields, we get

KY = h(50, )+ h(6®, 1) —i (60° Fa® — §0* Fo@) —i (FF® — i F1®) . (3.12)

where we have defined F*®? = 1995 (k®Po) 69? and again the holomorphic h(®, 1)
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does not contribute to the metric. (3.12) is then the Kahler potential of a rigid spe-

cial Kahler manifold with the metric (up to the renormalization factor Y ~!(x®))

dos 0 mFe? 0
g = 3@ ) et 2 ¢P t(2) ; (313)

so that we can identify F®® + F!@ as the rigid prepotential. Now we consider
the kinetic matrix (2.30) that encodes all the vector couplings. Our assumption on
the decoupling of the hidden scalars ® and the visible scalars t must reflect also on
the vectors, since they belong to the same multiplets. We can let the graviphoton
Ag to interact with the hidden vectors AE’, but we must forbid couplings between
Ag or Aﬁ’ and the visible vectors AL. This translates to the requirement that A
must be block-diagonal (Ny; = Ng; = 0). We can check the consistency with
the constraints (3.11): first, we observe that both Fy; ~ O(k) and Fg; ~ O(k),
as the derivative with respect to t* (or X*) means that the only contribution is
from F*®. For the components Np; and Ng; the non-holomorphic second term in
(2.30) is suppressed because in both case it contains the Planck suppressed FH2) in
the numerator. Therefore NVy; ~ O(k) and Ng; ~ O(k), so the gravitational and
visible sectors decouple and we have shown that the requirements on the prepo-
tential F and the N matrix are compatible. On the other hand, the components
Nio, Nows, Npg are constant at leading order as they depend on F®. Finally, in
N;j the non-holomorphic second term is Planck suppressed, as the numerator only
depends on F*?) while the denominator can be O(1). Thus, from

Nij=F;=F"? (3.14)

we can also recover the correct relations for global N = 2 supersymmetry (2.5)
and (2.6), namely:
2
A = ~ImF\> = ~Lg,. (3.15)

3.2.1 Two examples

1. Consider as an example a theory with prepotential

F=1((X%-n;X'X7) , i=1,...,n, (3.16)

i
4
where 7;; is real. Using again special coordinates and the expression (2.31) we get

F =101 —rPnpytit) K = —In(1— r’n;t't) + const. , (3.17)
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which is the Kahler potential Of the‘space %.1 The expansion of F yields
the rigid prepotential F?) = —1Mit't? and inserting this into (5.45) we obtain the

flat metric g;; = n;;.

2. Now we take

i X1 L
F= iﬁ(){?X?’—ninzXJ), Q=4 ny, (3.18)

with 7;; again real. Inserting it into (2.32) and using the special coordinates

X! X2 X3 , Xt
S:/iilﬁ y T:Iiilﬁ 5 U:lﬁilﬁ R tz:/iilXO (319)
we have )
F= in?’S(TU — it (3.20)
and

K=-In(S—=8) -In((T-T)U-U)—n;(t—1t)'(t—t)) +const. , (3.21)

which is the Kéahler potential of the space

SU(1,1) SO2, 1y — 1)
U1) SOy —1)x 50(2)

(3.22)

S,T and U are the gravitationally coupled scalars and we then give them a back-
ground value Sy, Tp, Uy of order Mpy, in the usual spirit of [21], while the ' are in

the visible sector. The rigid prepotential is then
./"'t(Q) == —iKSOT]ijtitj, (323)

producing the flat metric g;; = kSon;;. Considering a non-abelian gauge theory
with one-loop and non perturbative correction, F becomes [45] (see also [49] for a

generalization to arbitrary gauge groups and a string theory derivation):

. £ = A4k
F' = —1gSt? + 2 In 55 + 2y F (7) : (3.24)
k=1

'Note that we could add terms of the form X°X? in F which for a purely quadratic F can
always be rotated away. Furthermore, any imaginary part of 7;; does not contribute to K (and
thus the metric) but does contribute to the #-angle as can be seen from (3.14).
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3.3 Hypermultiplet sector

Evaluating the rigid limit for the hypermultiplet sector in the most general case
is a difficult problem, and only specific examples are known in the literature (e.g.
[48]). We shall start with general observations and then proceed with the case of
the special quaternionic Kahler manifolds, that are easily manageable within our

approach.

As we reviewed in section (2.4), in a quaternionic space the two-forms (2.40) are
covariantly closed with respect to the SU(2) connection w®, but in the rigid N = 2
supersymmetry case they need to be exactly closed, and the target space is an
hyper-Kéahler manifold with holonomy Sp(n). Moreover, hyper-Kéhler manifolds
are Ricci-flat while quaternionic Kéhler manifolds are Einstein (namely the Ricci
tensor is proportional to the metric). Therefore, in the rigid limit both the second
piece of the covariant derivative (2.39) and the non-Ricci-flat part of the metric
must go to zero. Indeed, it has been shown in [23] that the Riemann curvature

tensor can be decomposed in two parts:
Rstuv = "12Rstuv + Wstuv ) (325)

where Ry, is the (dimensionless) SU(2) curvature that vanish for k — 0, while
Wi is the Ricci-flat Weyl-curvature of a hyper-Kahler manifold. The SU(2)
part of the curvature that goes away in the limit can be traced back to the metric
block related to the only-gravitationally coupled fields hge, while the second part
encodes all the non trivial dynamics allowed by (for instance) an additional scale

A, as previously discussed.

3.3.1 The rigid limit of special quaternionic Kahler mani-

folds and the c-map

Let us come back to the example of quaternionic Kahler manifold discussed in
3.3.1. We can make the usual distinction between gravitationally coupled scalars
® with background values of Mp; order and the observable scalars z* with small
background values. Since here, as in the vector multiplet sector case, we deal with
a special Kéhler (sub)manifold, the rigid limit works in the same way, with the
Kihler potential (3.12) in which we replace F!® with G*®) (k®y, z, A)

K" = h(®,2) + h(®, 2) —i (60762 — 50°G2P) —i (5°G2® — 2°GZ®) | (3.26)
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where Q':II;(Q) = %g@@(ﬁq)o) dP%. Again we have allowed for another scale A to
guarantee non-trivial dynamics also in the hypermultiplet sector. It is also clear
that the matrix Mg in (2.45) behaves as the N/ matrix of the previous section,

becoming block diagonal in the rigid limit:

./\/lq>q> 0
Mug = _ , 3.27
v ( 0 gzé”) 20

where Mgg is constant and includes the graviphoton direction A = 0 while G;ém

is the second derivative of the prepotential G*(2).

We are left with the first two terms in (2.44). Their limit for x — 0 is simply
(06)2 + (0¢)%. The metric (2.44) splits in two parts: a flat part for the fields ¢, ¢
and the hidden ® of the special Kahler manifold Mgy, plus the corresponding RR-
scalars £¢,5¢ which include the A = 0 direction, and a non-flat part containing
the visible scalars (2%, 2%, £, éa), with rigid Kéahler potential

Ki =i(2°G;" = 2°Gi®) — ;(ImG*@) (O + O)o(C + Oy, (3.28)

where we defined [38]
Ca=i(+07€") - (3.29)

While the flat part of the metric is trivially hyper-Kéhler, the other part is de-
termined by K,., known to be the Kahler potential of the rigid c-map and the
corresponding metric is hyper-Kéhler [37]. We can also add flat directions to K.
by replacing G*® in (3.28) by G = 172 4+ g§(2> +G*@ for 7 = ¢ +1i¢, and
defining C in terms of %, &4 as in (3.29).

It should also be noted that the hyper-Kahler metric we derived as a rigid limit
from a special quaternionic one has a rigid prepotential G that is different from
the prepotential G describing the quaternionic metric. In the quaternionic—hyper-
Kahler correspondence, instead, (see e.g. [50]) the hyper-Kéhler metric and the

quaternionic metric share the same prepotential.

3.4 The rigid limit of the scalar potential

Now we come back to the gauged lagrangian (2.55). The additional piece we have
to consider, which will be of crucial importance in the following, is the scalar
potential (2.56). In a Minkowski background and for an unbroken theory, the su-

persymmetry variations (2.54) must vanish in the background in order to preserve
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Lorentz invariance (see e.g. [51, 52]), namely the vacuum expectation value (V)
of the scalar potential is identically zero. Before treating the case in which super-
symmetry is partially broken, it is useful to compute the rigid limit of the scalar

potential in a generic N = 2 background. If we introduce

1 K I _K ~
L = <L ) = <)fi> =em VA fl =i, (3.30)

I

with @l =0; + ﬁKi and K; = 0;K, the scalar potential V can be expressed in
Pl

an explicit and compact way [26]:

V = L LN(©,04f g5k k) + 40,0 Orf huukiky)

J

3 _ 3.31
+P,- Pﬂ@A)\@Hﬂ(gUfiA ~3H - _zLALH)a ( )
M,
where the definition (2.52) is used. As in the previous sections, we let all the fields
in the hidden sector to be frozen around their background values (O(Mp;)) and
the visible fields to get a vev ¢y < O(Mp). We split the indices in (3.31) in

hidden and observable sectors as

Symplectic index: A — (Hidden) X,Z... 4 (Visible) M, N, ...
Hypermultiplet isometry index: A — (Hidden) ~y... 4 (Visible) v...
Hypermultiplet scalar index: u,v — (Hidden) A,B... + (Visible) w,y...

Vector scalar index: 1,7 — (Hidden) ®,W... + (Visible) m,n...,

(3.32)

and we identify the hidden or visible components according to their indices. In
general we assume the hidden fields to be charged only under the hidden isometry
group and the visible fields only under the visible one; namely we give the embed-

ding tensor a block diagonal form. For instance, for the hypermultiplet isometries

2
0 = S : (3.33)
0 Oy

where Oy and Oy refers to the hidden and visible sectors respectively. As a

we have:

consequence, if the symplectic indices (A, IT) run over the visible or hidden fields,
the indices (A, p) are restricted to the isometries in the visible or hidden sector
respectively. For the hypermultiplets we allow for isometries in both the hidden
(where the partial supersymmetry breaking will take place, as it will be explained
in the following chapters) and the observable sector. For the vectors, on the
contrary, we only need to consider isometries in the visible sector (e.g. the non-

abelian gauge groups of the Standard Model), since the hidden sector of the vectors
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does not play any role in the partial supersymmetry breaking, and from now on

0 O
O) = . 3.34
[ 2) "

We also rewrite the Killing vectors for each sector:

we assume for simplicity

hypermultiplets: (hidden) k7', (visible) k"

(3.35)
vector multiplets: (visible) &/
Let us also specify the sections f explicitly:
K; k(X!
A A i 2
— VZL = 82 —|— 2]MPI =
f’L ( 2Ml%1) (FI )
KoK (X! K [0, X! KK, (X!
— o2ME, v + ¢ 2ME) v + e 2Mp ! 3.36
2Mg, (E) O; Fr 2Mgy \ Fy (336)
K x! ) I _K_
_ 62MF2’1 aZX + ﬁ; X _ €2MF2,1 VZVA
OiFr Mg, \ Fy

In the first line we used the definitions (3.30), in the second line we evaluated the
derivative of the product and in the third line we put V; = 0; + MLPIKZ- (see the
footnote in section (2.3)). Let us now focus for a moment on the mixed covariant
derivatives, namely the covariant derivative of a visible symplectic vector V* with
respect to hidden fields and viceversa (V,,V* and V&V ™M): in accord with the
assumptions of the previous sections, in order to preserve gauge invariance and
forbid the coupling between the hidden and the visible sectors, we put the mixed

derivatives of the prepotential to zero, namely

xM X*
moreover, the terms ﬁ—% and % are of order ~ ML, hence they
PL\ [y P\ Iy Pl
are subleading in the limit Mp, — oo; together with the assumption (3.37) this

means we can safely forbid the mixed sections f= and fM.

With all these considerations in mind we can effectively split the scalar potential

into a hidden, an observable and a mixed part:

Y = Phid pvis 4 pmix (3.38)



Chapter 3 32

with

Vi = LY L[5 (404) O hasks k5
V7 = 3 F=
+P, POy 0 (g™ f5 f§ — 75 L7L7),
MPI

VY LM IV (046 gk kT + 4 © 450 Lhuy kiKY
o ) (3.39)
+P, P00 (g™ o i — — LML),

VU = LY LM (4640 i hawks k)
g 3 _
+P,-P,OJ0 (g™ f5FM WLELM) +c.c..
P1

Now we are ready to compute the limit. First of all, we freeze as usual the fields
in the hidden sector on their background values and V"¢ becomes a cosmological
constant term, which we can assume vanishing in a Minkowski background. Then,
we take the limit Mp, — oo in V¥, The factors eX/2M#1 go to a constant we can

reabsorb in the definition of the vector, namely
M vM (3.40)

Moreover, since LM ~ O(1), the term —MiglLMEN, related to the —A}—%lSABSAB
contribution, goes to zero and the covariant derivative V; reduces to the standard
derivative d5. Turning to the mixed term V™% we use the fact that the metrics
become block-diagonal in the rigid limit (as shown in the previous sections), while
the piece —72-L*LM is of order 37— and is subleading. Thus (3.38) correctly

P1 Mpy
reduces to (2.51), which is the scalar potential for global N = 2.
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Partial N =2 > N =1

supersymmetry breaking

As we have seen in the last chapter, taking the (Mp; — 00) limit of general N = 2
supergravities lead as expected to global N = 2 supersymmetric theories. What
we want to reach, though, is a global N = 2 theory partially broken to N =1
by soft terms. In order to achieve this goal, we need to derive the rigid limit in
an N = 1 vacuum of a spontaneously partially broken N = 2 supergravity (while
keeping the gravitino mass fixed). Now that we have some control on the general
rigid limit procedure, in this chapter we shall proceed summarizing some aspects

of N =2 — N =1 partial supersymmetry breaking.

4.1 How to partially break SUSY

In the case of interest for us, asking for a partially broken N = 2 supersymmetry
means requiring that the supersymmetry transformations (2.54) get a vanishing
background value for the N = 1 unbroken supersymmetry together with a non-
zero value for the broken one. Namely, if we call the parameters for the unbroken

and broken supersymmetries ¢; and €, respectively, we must have
(0W,a) = (OX) = (3a) = 0 (4.1)
for a vacuum with €; # 0 and e; = 0, and

OWua) 0 (N ) #0  (5C) #0 (4.2)

34
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for e = 0 and €5 # 0. The problem consists in finding the properties of the
couplings Sap, WE and N2 such that (4.2) are satisfied. These properties are
strictly related to the isometries of the scalar manifold M, as it should be clear

looking at the explicit forms (2.57).

4.1.1 Physical requirements

Before giving the solution found in [16], we review some physical statements about
the general ingredients of partial N = 2 — N = 1 supersymmetry breaking
[51, 53]. A partial breaking of N = 2 supersymmetry implies giving a mass to one
of the gravitinos, let us say my,, leaving the other one massless. Moreover, since
the vacuum is N = 1 supersymmetric, the massive gravitino must be part of a
massive spin-3/2 multiplet s = (3/2,1,1,1/2). Then also two massive vectors Ag,
AL and a massive fermion x should be part of the spectrum. Similarly, besides the
would-be Goldston fermion (the goldstino) eaten by the gravitino, two would-be
Goldstone bosons (sGoldstinos) must be eaten by the vectors that become massive
[54]. The minimal content of N = 1 massless multiplets that can realize a massive
3/2-multiplet is then

a) one N = 1 spin-3/2 multiplet (3/2, 1)
b) one N =1 vector multiplet (1, 1/2)
¢) one N = 1 chiral multiplet (1/2, 0, 0).

This matter content should now be expressed in terms of N = 2 multiplets. The
vector and the chiral multiplets seem to fit well in a non-abelian N = 2 vector
multiplet, but vector multiplet scalars are singlet under the SU(2) R-symmetry of
N = 2 supergravity, therefore they cannot yield the splitting of the gravitino mul-
tiplet masses. For an abelian theory, one must then take the sGoldstinos scalars
from an N = 2 charged hypermultiplet, while the other gauge boson besides the
one in the gravitational multiplet requires at least one vector multiplet. In sum-

mary, in terms of massless N = 2 multiplets we need at least

a) one N = 2 gravitational multiplet (2, 3/2, 3/2, 1)
b) one N = 2 vector multiplet (1, 1/2, 1/2, 0, 0)
c) one N = 2 hypermultiplet (1/2, 1/2, 0, 0, 0, 0).

From a geometric perspective, the main point is that the two eaten sGoldisti-

nos in the hypermultiplet correspond to two gauged commuting isometries on the
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hypermultiplet moduli space M. If we define the Killing vectors of these two
isometries as kY, k¥, from the Killing prepotential equation (2.59) it is also implied

the existence of two non-zero Killing prepotentials (momentum maps)
Pr, Py (4.3)

in the ground state. It should also be required for the two momentum maps not
to be proportional to each other, otherwise a linear combination of the two Killing

vectors could give a vanishing P*.

These minimum requirements are only necessary conditions for the partial super-
symmetry breaking to take place, but are not a proof that the breaking is possible.
Indeed, the no-go theorem of [8] even forbid it, under certain assumptions. In the
following sections we shall assume that everything takes place in a hidden sector.
Since there is no visible sector to distinguish from, with a slight abuse of notation

we will make use of the general indices (check Appendix A).

4.2 Two into one will go, after all

4.2.1 The no-go theorem and its loophole

In the original paper “Two into one won’t go” [8], using the conformal tensor
calculus it was shown that for gauged N = 2 supergravities containing only electric
charges, a partial supersymmetry breaking is impossible. In particular, in this case
the gravitino mass matrix is degenerate, meaning that the supersymmetries can
be both broken or both preserved, with no chances for N = 1 vacua. Let us briefly
sketch the argument (for a full review see [16]). Denoting €; the parameter of the
unbroken supersymmetry and e; that of the broken one and expressing them as
vectors in the supersymmetry parameters space, in a Minkowski background we
have the conditions

Wiape? = Noaelt = Sype? =0 (4.4)

for the unbroken SUSY and
WiABEQB #0 or NaAeé4 #0, and SABef #0 (4.5)

for the broken one. In a point of the moduli space (X{, ¢¥) in which (4.4) and
(4.5) hold, supersymmetry is partially broken to N = 1. For pure electric gaugings

the embedding tensor selects only the first components of the symplectic vector



Chapter 4 37

VA (namely, F; does not appear) and the gravitino variation (2.57a) reads (in a

Minkowski background)
1
Sapel = §eK/2XI@IAPfoS,Be{3 =0, (4.6)
while the complex conjugate of the gaugino variation (see (2.54)) is’

Wiage? = ie®?(V, X0, PEo? 5P

4.7
— %29, X0, Pio? zeP =0, (47)

where in both cases we suppressed the index 0 from the scalar fields for simplicity.
In the second line of (4.7) the usual expression for the Kéhler covariant derivative
was used and then (4.6) was inserted. This is a system of 2(n, + 1) equations, that

can be further simplified using special coordinates to yield

Because the momentum maps P? are real, the only complex quantity in (4.8) is

0% g€l and from (4.8) and its complex conjugate follows
0, Py =0. (4.9)

Substituting this expression back in the fermion variations (2.54), we would get
Sap = Wiap = 0. Since we need a non vanishing background value for the
parameter of the broken supersymmetry, this means that a partial breaking is
impossible. A crucial ingredient in the proof given in [8] was the possibility of
choosing special coordinates, related to the existence of a prepotential (see (2.3)).
Indeed, the first counterexamples to the no-go theorem made use of symplectic
frames in which the prepotential does not exist. But from such frames it is always
possible to reach a new frame where a prepotential does exist via a symplectic
transformation, at the price of rotating electric and magnetic charges into each
other. Starting from a frame with only electric charges, as in the no-go theorem
case, this means considering frames in which magnetic charges are present as well.
Hence, the no-go argument has been reconsidered (e.g. [16]) with both electric and

magnetic charges. The expression (4.7) for the gaugino variation now becomes

B0, X1 — 0,F10™) PEo® zeP =0, (4.10)

INote that since we are in the hidden sector and we assume the isometries of the vectors to
be visible, the Killing vectors for the vector moduli space are not present.
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where ©* are now the magnetic charges and F}, the derivative of the prepoten-
tial, is the component of the symplectic section being absent before. After some

manipulations (see [16]), the analogous of (4.8) reads:

(07 = F1,0") PYofpel =0,

) (4.11)
(0 = F1,07)Pio% gel’ # 0.

It is apparent that the presence of the magnetic charges avoids the final step of
the no-go theorem (which implied ©/*Pf¢ = 0). The solutions for the embedding
tensor such that both (4.11) are fulfilled were found in [16], and we shall give them
in the last section of this chapter. In the next section we shall review instead the
explicit example of partial supersymmetry breaking given in [12], derived in a

symplectic frame in which the prepotential does not exist.

4.2.2 Partial breaking in a no-prepotential frame: an ex-

ample

The spectrum of this N = 2 supergravity model consists of the minimum con-
tent necessary for the partial breaking, as we discussed before: the gravitational
multiplet, a charged hypermultiplet and a vector multiplet. The hypermultiplet
scalars span the quaternionic manifold SO(4,1)/SO(4) and the vector scalars the
K" SU(1,1)/U(1), described in a symplectic frame with no prepoten-
tial. The defining elements are then the geometries of the quaternionic manifold

ahler manifolds, together with the prepotentials Py [27]. We denote
as usual the coordinates on the quaternionic manifold by ¢“, with in this case
u = 0,1,2,3. The SU(2) connections and related curvatures (field strengths)
of the quaternionic geometry read

1 1
qu = —— %% QOF = __Ea:yz’ T,Y,2 = 1’ 273‘ (4‘12)

0 u’ 2q02 u)? yz 2q02

. 1
w, = —or
q

From the SU(2) field strengths we can derive the metric h,, using the relation
hstQE QY = —§"hy, — €V*QZ

1
huv = 251/,117 (413)
2¢°
and the vielbein U4 (with o, A = 1,2)
1
Ut = —e*P(dg® — iaxdbx)g. (4.14)

2q°
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The Kahler potential (2.19) on the manifold SU(1,1)/U(1) (with I = 0,1) is
determined by the symplectic components
XO(t) = —=, X'(t) = % Fo=it, Fi=t (4.15)

which yield Kahler potential and related metric

K = —In(t +1),
1 (4.16)
9it (t + )2

Note again that in this frame the symplectic component F; are not derivative of

a function F' because the prepotential does not exist.

The hypermultiplet manifold has the global isometry U(1)?, where the first U(1)
comes from the N = 2 graviphoton and the second one from the matter vector.
Thus, we have two commuting isometries that must be gauged, in accord with the
prescriptions of the previous section. Since the metric (4.13) is invariant under
translation of the coordinates ¢!, ¢?, ¢3, we can choose to gauge for instance the

translations along ¢! and ¢?, with related Killing vectors
kY = gé*t, kv = g'62, (4.17)

where g and ¢’ are the gauge couplings of the two U(1)’s. From equation (2.59)

we can derive the respective Killing prepotentials
Pr* 1621 Px* 116x2 4
0 =90% =950 (4.18)

Finally we can compute the explicit expressions for the gaugino, hyperino and

gravitino variations (2.54) in terms of the matrices

_ 1 1
Wf{B = —Z(t —+ E)l/QEXAB’ NX — _Z(t + 5*1/2$6a5XﬁA’

1 1 (4.19)
Sap = _§(t + E)_l/QEXAB;
with X,p5 given by
g g =9
Xap = —5(01)5603 + 25(02)2603 = < (2) g/# . (4.20)

If we insert these definitions into the scalar potential (2.56), we find V = 0,

meaning that this model has vanishing potential (hence cosmological constant) for
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arbitrary ¢ and ¢’. Putting now g = ¢’ # 0 and considering the gravitino mass
matrix 2545, whose eigenvalues are the masses of the gravitinos, we see that the
first gravitino is massless, corresponding to the unbroken supersymmetry, while
the second one is massive, corresponding to the broken one. Thus, in this model
N = 2 supersymmetry is partially broken to N = 1, at the price of a symplectic

frame in which no prepotential exists.

4.2.3 Spontaneous partial supersymmetry breaking: em-

bedding tensor solutions

Gravitino and gaugino variations

We shall now review the solutions of (4.11), valid in a Minkowski background. As
we anticipated in the first section, for a partial breaking to occur we need at least
two commuting isometries. In fact, if we only consider one isometry ki, (4.11a)
splits in two factors, and in order to satisfy the equation either (©,' — F;;071) or
Pro® 5eB must be zero, while (4.11b) requires both factors to be non-zero. Thus,
having only one isometry is compatible with full N = 2 or with a completely broken
supersymmetry; a partial breaking cannot occur. Going now to two isometries
and remembering that the two momentum maps must be linearly independent,
the analysis is simplified choosing an SU(2) frame in which P} and Py lie on the

x = 1,2 plane and defining the complex combinations
Pl =Pl +iP}, Py =P —iP}. (4.21)
Equations (4.11) become

(0,' — Fr,0MP + (02 — F1;0)P; =0, foralll,

_ _ 4.22
(@Il - F[J@JI)PI_ + (612 - F]J@J2)P2_ # 0 for some I. ( )

The solutions for the embedding tensor in a N = 1 Minkowski vacuum are then
[16]
©; = —Im(Py Fr,C7), ©" = —Im(P,C"),

(4.23)
07 = Im(P; F;;C7),  ©7 =Im(PfC?),

where C! is an arbitrary complex vector. The requirement that the P’s should not
be proportional is essential here in assuring that (4.11b) does not vanish for an

arbitrary C'. Imposing also the mutual locality condition (2.50b), which for two
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isometries become

0"'e? — 020} =, (4.24)

the complex vector C' is found to obey the constraint
CH(ImF);;C7 =0, (4.25)

derived inserting (4.23) into (4.24). (ImF);; has signature (n,,1) (see e.g. [16]),
hence this constraint can be always fulfilled. The existence of a solution for the
embedding tensor shows that the partial supersymmetry breaking is indeed possi-
ble. Note again that this result was obtained in a symplectic frame in which both
magnetic and electric charges exist. Nevertheless, as stated before, it is always
possible to rotate the charges via a symplectic transformation in a way that only
electric charges are present. The partial breaking must still occur in this frame,
but according to the no-go theorem, in a pure electric frame in which a prepoten-
tial exists, the partial breaking should be impossible. This means that in this new

frame a prepotential cannot exist (for a proof see again [16]).

In the next chapter we want to consider a general vacuum in which N = 2 is
broken to N = 1, and since until now we specialized to the case with a minimum
amount of commuting isometries (two) needed to realize the partial breaking, it
is worth it to ask what happens in the case of an arbitrary number of isometries
(namely larger than two). If we have n gauged commuting isometries, it is always
possible to find a basis of Killing vectors in which P§ # 0 for only three vectors k*
in the vacuum. Moreover, the three non-vanishing Py are subject to the constraint
(4.11a), telling us that at least one combination of the P’s has to be zero. At the
end, we are again in the situation in which only two Killing vectors (with their
prepotentials) participate in the breaking, while the others could give rise at most
to additional masses (since the derivatives of the P’'s are not obviously zero). It
should be noted that fulfilling the partial breaking conditions on the gravitino and
the gaugino variations does not require to be in a specific point of the moduli
space. The result is in fact background independent as long as the hypermultiplet
space supports two commuting isometries and the two Killing prepotentials are

not proportional to each other in the vacuum.

Let us now revisit the minimal example with M, = SO(1,4)/SO(4) [12] reviewed
in section (4.2.2). Inserting the Killing prepotentials P{ = %545 (with g = ¢') into

the embedding tensor solution (4.23), it becomes

0,' = —Re(F;;C7), ©'" = —ReC’,

(4.26)
0,2 = Im(F;;C7), 67 =ImC’.
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Using now (4.26), it is possible to show that N,4et = 0 holds automatically and
we retrieve the same N = 1 partially broken vacuum. The important difference is
that while in [12] a precise vector multiplet moduli space M,, was specified, in this
case the result holds for a general M,: the two commuting isometries on M, are
the only geometric requirement. Studying the general case for every possible M,
admitting two commuting isometries is quite difficult. In [16] it is considered the
situation in which My, is a special quaternionic manifold. There, the embedding
tensor solution (4.23), with the added constraints N,aei' = 0 and the specific

Killing prepotentials for a special quaternionic space, becomes identical to (4.26).

To summarize, we recalled that a spontaneous partial breaking N =2 — N =1
is in general possible if we consider symplectic frames with both magnetic and
electric charges, and we presented the solution (4.23) for the embedding tensor
with generic Killing prepotentials P*. We state again that these solutions are valid
at any point of the moduli space M, x M,,. The reader should also be aware that
all the results presented here have been derived for a Minkowski background; for
the AdS case see [16]. In the next section we shall assume an N = 1 spontaneously

broken vacuum as a starting point, and the solution (4.23) implicit.






Chapter 5
Soft partial breaking

Let us summarize the story so far. In Chapter 3 we learned how to compute
the limit Mp; — oo of a general N = 2 supergravity. Then, in Chapter 4, we
have reviewed the possibility of partial supersymmetry breaking and recalled the
embedding tensor solutions for an N = 1 vacuum of a spontaneously broken N = 2
(gauged) supergravity. Now it is time to merge the two ideas: we shall start from
a spontaneously broken N = 2 gauged supergravity and derive from the scalar
potential the mass terms which softly break a global N = 2 theory to N = 1.
This is achieved by studying the rigid limit of the generic N = 1 vacua discussed
in Chapter 4. But if we let the mass of the gravitino corresponding to the broken
supersymmetry to be of order Mpi, in the limit Mp; — oo we would get again the
N = 2 global limit obtained in Chapter 3. The idea is then to perform the rigid
limit while keeping the gravitino mass fixed at an intermediate scale A << Mpy, a
procedure introduced in [55] and also performed in [20] for the N = 1 case, whose

results we are going to summarize in the following section.

5.1 Soft terms from N =1 supergravity

[20] carried out a model-independent analysis of the soft terms arising from a
general N = 1 supergravity, where the fields are separated in two sectors: a
hidden sector (at an intermediate scale Mj;; much above the electroweak scale
but much smaller than the Planck scale), and a visible sector which contains the
Standard Model and its possible extensions. The scalar potential of such a theory
has in general flat directions at the perturbative level, which can be parametrized
by ‘moduli’ fields ® (with jargon inspired by string theory). The spontaneous

supersymmetry breaking is assumed to occur in the moduli sector, while the hidden

44
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sector is integrated out, yielding an effective scalar potential for the moduli fields

(assumed to be zero at the minimum) which reads
VeI (@,8) = k 2Ky FPFY — 3625 W2, (5.1)
where all the hatted quantities are functions of the moduli only and
FY — HQGK/QK@(I)(@@W + Wa¢[“()7 Ky _ (K@i)—l' (5.2)

The order parameter F'® is a function of the Kahler potential K, the superpotential
W and their derivatives, and the spontaneous supersymmetry breaking occurs
since for some @, (F'®) # 0. As a result, the gravitino acquires a mass given by

A

. . 1 o
s = K2R ((@))] = (G Ky FOFT)/2 St (53
The unbroken N = 1 effective theory for the visible fields is described by an
effective superpotential W(//) and a Kihler potential K. W (/1) is given by

WEN(Q) = %MUQIQ" + %YULQ’Q"QL, (5.4)

where the (non-holomorphic functions of the moduli) py; and Y7, are the un-
normalized masses of the visible fermions and their Yukawa coupling respectively.

Similarly, expanding the Kahler potential in terms of the visible fields one has

K" ~ My KO (®, ) +7;5(®, é)@f@f% |H1(@, 8)Q"Q” + Hys(®,9)Q' Q7| +....

(5.5)
with Z,7(®,®), H;;(®,®) and Hy;(®,®) dimensionless functions of the moduli.
In order to derive the broken effective theory for the observable fields, the moduli
fields are frozen around their background value and the rigid limit Mp, — oo is
taken while keeping the gravitino mass mg/, fixed. The effective potential for the

observable scalars takes then the form

_ 2 o
V(eff) (Q7 Q) = Z %(QIZfJTaQJ>2 + a[W(eff)ZIJajW(eff)
a€Glon) (5.6)
_ = 1 1
+mi;Q'Q" + (3ALrQ'Q'Q" + S BLQ'Q" +he),

In the first line of (5.6) we observe the scalar potential of a global N = 1 super-

symmetric theory, while in the second line the supersymmetry breaking soft terms
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appear, with coefficient matrices given by

m%j = m:ga/QZIj — F*FYRyg17,
Arjr = F*DgYryr, (5.7)
Bry = F®Dapry — mappirs,

where o _
Regry = 0003215 — Fg[ZNEFéja Fgl = ZNJ&DZJL
1.
DYy = 0oYryL + §K<I>YIJL - Fg(f Yo, (5.8)
1 -
Dapry = Oppry + §K<I>,UIJ — Ty 1N
Rg317 is a sub-tensor of the curvature tensor of the Kahler manifold describing

the scalar field space in N = 1, and Dg indicates the Kéahler covariant derivative.

We shall keep in mind these results in the following.

5.2 Preliminaries and assumptions

Our starting point is again the gauged lagrangian (2.55) with scalar potential
(2.56). The general strategy is the following. In the same spirit of [20, 21] and
Chapter 3, we assume the existence of two field sectors: the “hidden” one, con-
sisting of the gravitationally coupled fields and scalars with background values of
order Mp;, and the “visible” one, containing all the low energy non-trivial dynam-
ics and whose scalars can have a background value much smaller than Mp;. We
assume the partial supersymmetry breaking to take place in the hidden sector,
hence we consider a moduli space M, x M, where the hypermultiplet moduli
space M, admits at least two commuting isometries (see Chapter 4) in the hidden
sector. We split accordingly the isometry group Gsx X Ggi of the moduli space
into a hidden and a visible parts. As we already mentioned in section (3.4), where
we studied the rigid limit for the full N = 2 gauged supergravity, we can assume
without significant loss that the isometry group Ggi of the vectors is entirely

visible, while for Gk we have
Gaox = Gox * Go, (5.9)

with gauge couplings ¢’ and g respectively. The two commuting isometries are
then in Gg}l(. This group can in principle have more than two generators, but as
we discussed in (4.2.3), it is always possible to go to a basis of Killing vectors in

which only two Killing prepotentials are non-vanishing. As we did in (3.4), we
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assume the hidden fields to be charged only under the hidden isometry group and
the visible fields only under the visible one, so that the embedding tensor takes
the block diagonal form (3.33).

When N = 2 supersymmetry is partially broken to N = 1, the second gravitino
acquires a mass which we want to keep fixed in the limit Mp, — oco. One may
think that a way to achieve this is to assume the existence of a third intermediate
sector between the hidden and the visible ones, with scalar background values
¢o << A << Mp; (where ¢, is the possible vacuum expectation value of the
visible scalars) and define the order of the gravitino mass as mg/, ~ A3 /Mg, with
a compensating limit on A such that ms/; remains finite in the double limit, in
the same spirit of [20] for the N = 1 case. But as we show in Appendix B, in
this way there is no chance to achieve a Minkowski vacuum in the partially broken
N =1 theory. Instead, here we stick to the existence of only two sectors, hidden
and visible, with vacuum expectation values of order ®; ~ Mp; and ¢y << Mp;
respectively, and we define the gravitino mass scale (which we want to keep fixed
in the limit) as

Mgy ~ g' Mpy, (5.10)

where ¢’ is again the gauge coupling constant of the hidden sector. Hence, in order

to keep mg, fixed when Mp; — 0o, we also perform the formal limit g" — 0.

According to the notation introduced in (3.4), the Killing vectors of the theory

are
hypermultiplets: (hidden) (visible)
kS kY
. ! L (5.11)
vector multiplets: (visible)
k™.
We can also write
kS =gk k) =gk, (5.12)

where we made explicit the dependence of the prepotential on the hidden and vis-
ible gauge couplings ¢’ and ¢g.! Among the k3’s, we denote the two Killing vectors
(or combination of Killing vectors) related to the two commuting isometries as k¢

and k§. Similarly, we define the hidden and visible Killing prepotentials by

pPr =g P, P®=gP" (5.13)

!The role of ¢’ and g here is different from the one in the example (4.2.2): there the two
couplings were both in the hidden sector.
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and the two prepotentials related to the two commuting Killing vectors as Py and

Py. We also use the convenient complex combinations (4.21),
Pf =P\ +iP}, Py =P —iP;,

where X runs here over both hidden and visible isometries. However, it should be
noted that in Chapter 4 everything was defined in the hidden sector: there we can
always choose a basis of Killing vectors where only two P? are non-zero and an
SU(2) frame such that Py and Py lie on the x = 1,2 plane. In this case we need to
consider also the visible sector, and while we can continue using the combinations
(4.21), we must take into account the contribution from P23 as well. In this thesis
we focus on a Minkowski background, thus we assume a vanishing cosmological
constant. In other words,

(V(®,d)) =0, (5.14)

where @ is the set of fields in the hidden sector.

We shall proceed with the study of the soft terms for each piece of the scalar
potential V separately. After the limit we expect to find the N = 2 global limit
plus the soft terms generated by the partial breaking.

5.3 Gravitino variation term

We consider now the contribution from the —A}—ZQS 4S5S4 part of the scalar po-
Pl

tential. As we have seen in Section 3.4, this term is subleading and vanishes

for Mp; — oo, but if we now perform the limit keeping the gravitino scale fixed

(namely we also take ¢’ — 0) this piece becomes relevant. Let us start studying
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the matrix S,p explicitly. We can write

Z 2]\12 ‘)1\() F)I x

i

= LRV P ap + PR ap + P as]

i Ny L (=i 0 (0 -1

= SRy 0, | P! (0 _1> + P2 (o R (5.15)
; P~ 0 0 P3

— Z 2M2 VA@A A L) - X A

_ ze#@,lvA@A)\ P)\_ _P):\3 )
2 _py _pr

In the second step we used (2.60), in the third line we inserted in the defini-
tions (2.58) for the o-matrices and in the last steps we made use of the complex
combinations (4.21). Here we let again the A index to run over both the hidden
sector and the visible sector isometries, but as we discussed before, we can always
consider P} vanishing in the hidden sector, namely
3 _ 3

Pr=0, PJ#0. (5.16)

If we now take the vacuum expectation value of S,p and neglect the possible

background values of the visible fields (¢9 << Mp), the only relevant contribution

comes from the hidden sector and reads

<; 2M21V2@ op > 0

(Sap) = x
0 < ; ZILIIVE(_) ’YP+>

(5.17)

The eigenvalues of (S4p) are the masses of the two gravitini [26]. Leaving implicit
the partial breaking solutions for the embedding tensor [16] given in (4.23), the
first supersymmetry remains unbroken, the second one is broken and we are left

with a non-zero mass for the second gravitino:

0 0
Sap)| = , 5.18
(S (0 mmMsl) (5.18)
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where the gravitino mass is given by?

K
- M2 /X0 Y pt
m3/2 = |<——€2MP1V @ P >’ (519)
2M3, o
The background value of the full scalar potential term —A%S 5S4 is then
Pl
12 AB 2 4
Pl

The solution (4.23) for a Minkowski background guarantees the vacuum expecta-

tion value of the positive definite part of the scalar potential (2.56) to be
<gi3WiABW£B + QNC?NX) = 12m§/2Mf§1, (5.21)

so that (V) = —12mj3,, Mp, + 12m3 , Mg, = 0.

From now on it will be useful to simplify the notation defining

Oy P =P; OyP; =Py

o (5.22)
0P = P?,

for the hidden and visible P’s respectively. In the background V* and P§ get a

vacuum expectation value of order
(VZ) ~ O(Mp1),  (PY) ~ O(g'Mg)), (5.23)
according to their mass dimensions. Therefore, the order of the gravitino mass is
mg s ~ O(g' Mpr). (5.24)

Let us now consider again the _1\2_225 45548 term of the potential with the full S5
Pl
(5.15) comprised of the hidden and visible sectors. Splitting the contributions from

the two different sectors and considering again a partially broken supersymmetry
we have

|k 0 0 Py —P}
Sap = <1€2Ml%1> V= Lt VM M3 ]\f
2 0 —P} _P3, P}

2The numeric coefficient may vary in the literature according to different conventions for the
gravitino mass term SABwﬁ’y“"wf.

(5.25)
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Thus we can compute the full scalar potential term:

3 __ _ _
= —Weﬂﬁ%l (V*VEPIPs + VIVNPEPy + VMVEP! P
Pl (5.26)
L2VMVN(P Py + Py PR)]
_ 3 oM [SE0) 4 gE0) | S | o(sMFE) 4 §0H G
MPl
In Appendix C we performed the detailed calculation yielding the first step, while

in the second step we made use of the definitions

sW=vEps S =y p;

S =yMpr S0 =yMpr (5.27)
S = yMps 50— yMps

Let us make some preliminary observations. The first term, S"™S™  receives
contributions only from the hidden sector and belongs to V(®, ®), which is van-
ishing in the background according to our assumption (5.14). The last term,
2(SW SO 4 §3) W) " contains only visible fields and vanishes in the rigid limit
computed in section (3.4). Thus, we would expect the mixed terms to play a role

now that we want to keep the gravitino fixed.

5.3.1 Kahler potential expansion

Before proceeding with the computation of the limit, let us expand the exponential
K

factor e™P1 where K = K" is the Kahler potential (2.19). Separating the contri-

bution from the hidden and visible fields, (2.19) becomes (in special coordinates)
K" = —In i[C(®, ®) + " F,, — t"F,], (5.28)

where C(®, ®) encodes the contribution of the hidden fields. Now we shall start ex-
panding the prepotential F' in terms of the visible scalars, and since the dimension-

1 scalars ® and t™ scale as

D ~ O(Mpy), t" ~ O(1), (5.29)
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we have:
F(®,t) ~ MEFY(®) + Eppt™™ + .. .. (5.30)

FO(®) is a function of the hidden fields only, and in order to fulfil our assump-
tion (3.37) on the decoupling between hidden and visible sectors, F,,,, must be a
constant matrix.? Inserting (5.30) into (5.28) and expanding again, the Kahler po-
tential reads

K? ~ —MZIn(iC) — %(an B )t (5.31)

If we now define K°(®,®) = —In(iC), we can put O~ = ie®”* and write
KY ~ MAK®(®,®) 4+ Zpn(®, D)™ + ..., (5.32)

with

Zmin = = = (Fun = Fn) = =20 (F = F) = 4" P ImE,,. (5.33)

For the dimensionless matrix Z,,;, which depend only on the hidden fields, we used
the same convention as [20] (compare also [56], which adopts another convention
for the fields). Note that the matrices H;; and Hy; appearing in the expansion
(5.5) for the N = 1 case, are absent in the N = 2 case because of the structure

of the Kéhler potential (2.19) which describes a special Kéhler manifold (only
_K
Kihler in N = 1). Inserting (5.32) into e™# and expanding we finally get

i 7, (D, B)¢mi
et oK (14 Zon( @D (5.34)
M?
Pl

It should be also noted that the expansions (5.30) and (5.32) of the prepotential
and the Kéhler potential are different from (3.10) and (3.12). In Chapter 3 we
expanded in terms of Mp; in order to get the rigid expressions for the prepotential,
the Kéahler potential and the metric. Here we expand in terms of the visible fields
without taking the proper rigid limit. Nevertheless, computing for example the

visible part of the metric from (5.32), we would have
1
M,

Taking Mp; — oo and freezing the hidden fields around their expectation values,
Zmn can be identified with the rigid metric. An important difference with the

approach in Chapter 3 is that for simplicity we are ignoring additional scales (like

3Since the prepotential F' is homogeneous of degree two, F° and F,,, are of degree two and
zero respectively.
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the Seiberg-Witten A), hence we do not consider combinations like (¢/A) in the

expansion (5.32) and non-flat metrics with respect to the visible fields are excluded.

5.3.2 Limit result and soft terms

Now we turn back to the expression (5.26) and we study the limit Mp, — oo with
mg/s fixed. According to (5.23) and the definitions (5.27) we can determine the
orders of the various pieces, namely:

~

S — g MB.SW 5 — g3 G

_ _ 5.36
SW~o1)  SW~01) S"™~01) S ~0(1), (536)

where the hatted objects are dimensionless.

Truncating the expansion (5.34) before the dots and inserting it into (5.26), we
get

_ _%enﬁ%l (SIS 1 S G0 | WG 4 9(§ G | G 5]
- _ (5.37)

In the last step we made the relative orders of the various pieces explicit. Re-
member that keeping the gravitino fixed in the limit Mp, — oo means to keep the
combination ¢’Mp; finite. We absorb the purely hidden part in V(®,®) = 0, and
we see that the only terms surviving in the limit are the two mixed pieces and
the combination between the subleading term of the exponential expansion and

~

&(h) G(h).

12
lim — ——S,pS*8
2
Mp)—oc0 M
s Pl
g'—0

— _3.K%&(h &) (Zpt ™) — 36Ko(§(h)5(v) + g(h)g(v)> (5.38)

o 0
= —12m3jy (Zyat "T") — 6’7 (mgps S© + c.c.),

where in the first line we kept only the visible leading terms in (5.37) and in the

second step we substituted the gravitino mass using the definition (5.19). Thus, as
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expected, the purely visible part vanishes and the mixed pieces are the soft terms
of the gravitino variation contribution to the scalar potential. Let us now turn to

the gaugino variation term.

5.4 Gaugino variation term

Now we focus on the g;W*#5 W4, term. The matrix Wi4B reads:

WiAB —
K

= PR igh (V70 0P (0) 18 + AP0 (T

| s on [—PF PR - 1
= e |ig (Vv [ R RV 0 ,
Py Py -10

AB

(5.39)

where in the last line the explicit expression for Py (c%)*” is evaluated substituting
(A.11), and we also used (5.22) (together with © k' = k}). Taking the vacuum

expectation value we get

<WiAB> —
_K_ _ _
(—e™high(VaV®)Py) 0

0 <6T{1%ligﬁ(Vjvz)P§> (5.40)

0 0
0 (P Rigi (Vv Pg))

In the last step we implicitly used the solution (4.23) for the embedding tensor
which induces the partial breaking. The Killing vectors of the vector multiplet
sector (and the P3, as before) are missing, since they belong to the visible sector
and the background value is relevant only for the hidden sector. Note also that
while S4% was the mass matrix for the gravitini and we could identify the non-
zero expression with the gravitino mass of the broken supersymmetry, W45 is the
coupling matrix between the gravitini and the gaugini. The mass matrices of the

gauginos and hyperinos are not part of the scalar potential (for a review, see [57]).

4Here we let the indices (i,j) to run over both the hidden and the visible fields, but this
cannot affect the validity of the solutions for the embedding tensor as long as we assume it to
be block diagonal.
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Proceeding as in the previous section, we can split W% in a hidden and visible

part:

WiAB — 0 K 0
0 e*Mhigh (V VEVPS

- _ -P, P} - 0 1
(20 ) e (9, 1)]
M M -

where in both the hidden and the visible parts we leave for now (7, j) to run over

(5.41)

_K_
2
+ eQJWPI

both hidden and visible fields. Using this expression, the scalar potential terms

becomes (see Appendix C for the details of the derivation)
W@ABw]B _ thd sz:v + Vms (542)
with

Vi = VR g ((VEVP) (W VE) Py P

Vi = ¢ g (VSN (VV M) Py P (VU )(V,V %) Py 2]
Ve = M g2 (ViV")(VeVN)(PYy Py + Py PR + 2™ g kKL VI T
(5.43)
The term V¥ is comprised of the hidden sector contribution, Vi¥® contains the
mixed terms and V¥ all the visible contributions. Since for now we left the indices
(k, k) and (4, j) to run over both visible and hidden fields, we cannot decide a priori
the order and relevance of the various pieces and we need to consider the metric
g;; in detail. In Chapter 3 we have seen how in the limit Mp; — oo the metrics
on the moduli spaces for the vectors and the hypers become block-diagonal, since
with our assumptions on the two different field sectors the off diagonal terms are
subleading. In this case, though, that conclusion is not valid anymore since in
order to keep the gravitino scale fixed we also take the effective limit ¢’ — 0 and
terms of order 1/M%, in the metric might be compensated, thus in the following we
need to take into account the off-diagonal blocks as well. Keeping our conventions

close to [20], we can put
gi; = 0i0; K" = K3. (5.44)

Separating in hidden and visible blocks, the metric reads

K J K n
gi]:( wee ) (5.45)
Kmlil Kmﬁ
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Imposing the relationship ¢““gs = Jf we can derive also the inverse metric (Ap-
pendix C for the details):

G K\TKD f(\i/m B K\TKI) + K\T!TKTI_)KﬁmeTKTCD _K\TJCI)K(I)ﬁKpm
g = f(ﬁcb f(ﬁm o _Kﬁme\I}K‘iﬂb Km :
(5.46)

The explicit expression for the sub-metrics of K;; and their inverses are (see C.2.1)

Kmﬁ = Zmﬁa
Kﬁm — Zﬁm’
Zrnnpgt™ P
Kgg = KO + Zmn®¥” -
o Mg
Ko Koi@ _ KO‘I’TKOT@ZmﬁTTtmtn
- Mg, ’
Lmnadt
K@n 2 )
Mpr (5.47)
K o Zmﬁ\i!tm
m¥ — MPI 3
Km = Zmnt_ﬁv
Kn - Zmﬁtma
Z gt
Ky = Mp K§ + =22
\' P1AA ]\4})1 )
ot t"
Ko = Mp K) + =~
[ PV ¢ ]\4})1 )

where we have defined

Zmﬁ == (9 Zmﬁ Zmﬁ_ = 8_ Zmﬁ
v v (5.48)
Zmﬁ':I)\il = 8<I>8@Zmﬁ-

5.4.1 Limit summary and gaugino variation soft terms

Now we consider the limit of (5.42). The full computation has been performed
in (C.3) and here we only give the final result. Splitting the covariant derivative

Vi=0; + M%Ki and defining for convenience
Pl

; Wi(hl) + Wz‘(h2)7
W-(U) = Wi(vl) + m(v2)7

(3

)

(5.49)
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with
W = o,V P
1
W) = S VIR
. Pl (5.50)
W = g,y M Py
1
Wi = K vMpt
' Mg, M
and
W = g,y Py
1 (5.51)
W = g yMps
3 Mlgl M

where the index i can run over the hidden or the visible fields, we can proceed to
evaluate the limit

iABY17] o hid mix VS
Mllallm gng WAB|ms = hlriloo (V + V + V ) (552)

g’'—0 g'—0

Considering each piece separately, we have

i Ve R W 2 (W)

g'—0 (5.53)
+ (BT WW 4 ) + KPP W),

im V=R (RIWPWEY e + KWWY
—00
g0
+ c.c.,
(5.54)

im vy = 2K (KM WD 4 ey sy 8l 4 g g g Ny MY
pl—)OO
g’ —0

(5.55)
where for all the quantities we consider in general the leading terms and the
indexes ‘0’ and '2’ in (5.53) indicate that we are considering the ~ (g")Mg3 or
the ~ (¢”®) M3, part of the expansion respectively. Notice that the three pieces
(5.53), (5.54) and (5.55) are of order O(m§/2), O(ms2) and O(1) respectively. Now
we want to find a more useful expression, and we make explicit all the elements

containing visible fields, starting from the V4 contribution. Using the definitions
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(5.46) and the explicit formulas (5.47), we can rewrite it as

lim VW =

Mp1~>OO

g'—0
= K KOVW W 7t (5.56)
+ KOV KOTYWWIN (7, g+ Dt 2% Z g "

+ SWSh z tmen),

where we also used W' = MLE’IKmS "' The expression (—Z, vy + Zmgr 27 P 7 i)
is a sub-tensor of the curvature tensor of the vector scalar space, and it holds for

a general Kahler manifold. In fact, using I} = ZP1Z,,,,, we can put
(_ZmﬁT\I! + quTquZpﬁ\fl) = _(ZmﬁT\I/ - quzqu%ﬁ) = _RmﬁT\ila (557)

which is identical to the expression (5.8a) for the NV =1 case. Since in N = 2 we
are dealing with a special Ké&hler manifold, (5.57) can be further specified, as we
shall see in the following. Putting now |[W® > = K% WM W and KOV W =
W\P(h), and substituting the gravitino mass expression (5.19) with the help of the
definitions (5.27), we can write (5.56) in a cleaner way as

lim e = (WD P Z g Am3 oy Zy— e WERTW YR, ) 717, (5.58)

—00
g0

This term is the analogous of the mj -soft term in (5.6). Let us proceed with the
terms of order O(msg/,). With (5.46) and (5.47) it reads

KRV WK SO 4 (KPP W 2017, 0 WV 4 c.c) + SPIW D)
+ c.c.
= SO W KYS@ 4 (i TP SWIE 4 cel) + SPIWIE] 4 cc..

(5.59)
Notice the resemblance of the first two pieces with the A;;;-soft term which ap-
pears in (5.6), with the differences that here we have a Yukawa coupling between
scalars belonging to both vectors and hypermultiplets; moreover according to our
assumptions (3.37), W) = 8,VMP{ = 0 (namely Fy; is block diagonal), hence
we do not have the 9;Y; ;1 part.
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Adding the global piece (5.55) and collecting all the simplified results, (5.52) reads

: _1x/iABY1/ : hid mix VLS
Mhm ggW* " Wigleis = lim (Vg + Vg™ + Vyg*) =
pP1—00 Mp1—o0
g'—0 g'—0

_ (eKOH/V(h)‘ZZmﬁ + 4m§/22mﬁ . eKOWcD(h)W@(h)Rmm)q,) tm{ﬁ’
+ KWW RO SO (e el e e) + SMW IV 4 c.c.

4 26}(0 [RﬁmWévl)Wﬁl) + f(ﬁmWévsl)Wgsl) + Kmﬁk}f}k’]ﬁvVNVM].
(5.60)

5.5 N =1 scalar potential without visible hyper-

multiplets

If the theory we reach after the limit is N = 1 supersymmetric, we should be able
to rewrite the global limit plus the soft terms derived from the partially broken
N = 2 theory in terms of the standard N = 1 scalar potential (given in the first
line of (5.6)). Let us consider a simple situation, in which we have hypermultiplets

in the hidden sector (needed for the partial breaking) but not in the visible sector.

The terms we should take into account are then only
— 12m3 jy Zst "1 (5.61)

from the gravitino variation term (5.38), and

(WD PZ g+ A3 )y Z — WO R, ) 470 -
+ 265" Kk kR VN M (562
from the gaugino term (5.60). We are excluding the visible hypermultiplets, never-
theless we should take into account the only vector contribution from the hyperino
variation term 2N2N¢, which comes from the expansion of the exponential factor
e!/Mz - Together with (5.61) and the first term in (5.62) eX°|W®|2Z,,zt™1", this

term belongs to an overall term which reads
V(®, D) Z,nt™t". (5.63)

As we are assuming a vanishing cosmological constant, namely (V(®,®)) = 0, we

can consider this term identically zero. Therefore, the scalar potential without
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visible hypermultiplets reads

phottvp ZGKO[(4m§/2Zmﬁ - Wq)(h)W@(h)Rmﬁ@\I/) "

o 5.64
4+ 2Kk kN VN VM. (5:64)

Let us study this expression further. The curvature sub-tensor (2.33) for a local

special Kahler manifold in this case reads

Ruot = Kaw Ko + KK — MBe"H QuaKQs00, (5.65)
where (i, 7) run over both the hidden and the visible fields and
Qumai = (Vo VaVh (Vi VL), (5.66)
In special coordinates, we have
Qmai = Fai. (5.67)

Because of the assumptions (3.37), in our case Q,,4; is identically zero and we are
left with the first two terms of (5.65). Since in the previous section we derived
R, 70 700+ Zmga Z% Z,y5) obtained after
the rigid limit, we have to take only the leading part of (5.65) as well. According

¢ from the dimensionless expression (—Z,,

to the definitions (5.47), Kg,, is subleading and the first two terms reduce to
K@@Kmﬁ + K\meQﬁ — K\(I_]/‘I)Zmﬁ' (568)
Then R,n05 = K§4Zmn and the scalar potential (5.64) becomes

NoHyp __ KO 2 min
V =€ ml/zzmﬁt t

o 5.69
+ 25 K,k kR VN UM (5:69)

where we defined
m3 s, = 4m3, — (WP, (5.70)

We can now recast the expression (5.69) in the N = 1 form defining an holomorphic

N =1 superpotential W as

w
W

€K0/2m1/2Zmn tmtna

eKO/le/QZmﬁ {mfﬁ

(5.71)
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We see that the N = 1 expression
OWZ ™ O W, (5.72)

with Z,,,Z" = 6F , reproduces the first line of (5.69). The second line of (5.69)
preserves the full N = 2 supersymmetry, since it coincides (modulus a constant
factor) with the global limit of the N = 2 scalar potential (2.56) without hyper-
multiplets (see (2.53)). We can conclude that the scalar potential

VN=L = 9 WZm O W + 25" K, ki ki VN UM (5.73)
is N = 1 supersymmetric.

We have thus shown, at least in this simple scenario, that the global limit of the
spontaneously broken N = 2 supergravity with msg/, fixed yields a rigid N = 2
theory explicitly broken by N = 1 supersymmetric soft terms.
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Conclusions and outlook

The aim of this thesis was to perform a model-independent analysis of the soft
terms arising in the rigid limit Mp; — oo from a general gauged N = 2 supergravity
spontaneously broken to N = 1. In particular, we evaluated two kinds of rigid
limit. First we studied the limit Mp — oo of both the ungauged and gauged
theory, with a focus on the geometric structures involved. Namely, assuming the
possibility of a local distinction between hidden and visible fields, we have shown
that the metrics and the couplings become block-diagonal and the local manifolds
describing the target spaces of the sigma models flow to their global counterparts.
Specifically, the local special Kahler manifold of the vector multiplet scalar sector
becomes a rigid special Kahler space and the quaternionic manifold spanned by
the hypermultiplet scalars is reduced to an HyperKéahler manifold. Afterwards, we
considered generic N = 2 gauged supergravities spontaneously broken to N = 1,
we focused on the gravitino and gaugino variation terms of the scalar potential
and we performed again the rigid limit while keeping this time the gravitino mass
scale related to the broken supersymmetry fixed for Mp, — oo. In this way we
obtained the global N = 2 limit of the N = 2 supergravity together with N = 1
supersymmetric soft terms. Finally, we considered the simple setup in which there
is no hypermultiplet in the visible sector, and we showed that the N = 2 global
limit of the scalar potential and the soft terms can be arranged in a global N =1

scalar potential defined in terms of an N = 1 superpotential.

Our analysis should be extended to the hyperino variation term of the scalar po-
tential and to the general case in which also visible hypermultiplets are present.
We also remind the reader that in this work only a Minkowski vacuum was con-
sidered and we leave the Anti-de Sitter case for future investigations. One might

also think to relax our assumption that forbids the mixing between hidden and

63
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visible fields and to allow for more general prepotentials, considering possible ad-
ditional scales like the QCD or the Seiberg-Witten scales. Finally, it would be
interesting to re-do the analysis in the case of a supersymmetry breaking cascade
N =2— N =1— N = 0, where the two supersymmetries are broken at two

different energy scales.






Appendix A

N = 2 supergravity conventions

and formulas

A.1 1indices conventions

Symplectic indices:

General: AL, ...
Hidden sector: >, =, ...
Visible sector: M, N, ...

Isometry indices:

(Hypermultiplets)
General: A\, ...
Hidden sector: 7,9, ...
Visible sector: v, p, ...
(Vectors)

Visible sector: .

Scalar fields indices:

(Hypermultiplets)
General: u,v...

Hidden sector: A, B...

Visible sector: w,y, ...

66

(A.2)

(A.3)
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(Vectors)
General - (homogeneous coordinates): I,J... (in N =2)
General - (special coordinates): 1,7 ... (A5)
Hidden sector (special coordinates): &, T, U, ... .
Visible sector (special coordinates): m,n,p,q. ..
A.2 SU(2) and Sp(2n;) structures
The SU(2) and Sp(2n;) metrics are defined as
AB A _AB BA
eepo = —0q, €7 =—€",
af " 5 af Ba (A6)
C*Csy = =05, C* =-C""
These act on the SU(2) and Sp(2ny,) vectors V, as
eapV?=Va, V=V, A7)

CagVP =V, CPVg=-V°,

A.2.1 Pauli and SU(2) matrices

The standard Pauli matrices (0%) & are

01:<0 1), 02=<Q _i>, 03:(1 0). (A.8)
10 1 0 0 —1

The indices of the Pauli matrix can be lowered using €45, namely
(O':E)AB = (O'Z)ACGBc. (A9)

These are the matrices which appears in the scalar potential of the N = 2 gauged

supergravity and their explicit expression is

W1 o0 oo (=i 0) (o0 -1
(o )AB—(O _1>, (o )AB—<0 —i) (o )AB—<_1 0). (A.10)

Analogously, for both upper indices we have

(1)AB = (—01 ?) (0218 = (—02 _OZ) (0%)AB = (? (1)> ’ (A.11)
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A.3 Dimensions summary

V(t,t,q)] =4
[Sap] =3

(Wi =2

(NG =2

VA =1

k) = [kY] =1
[P =2

[F] =2

(K] =2

[Ki] =1

[9:5] = [huw] = N14] =0
[

@
=
Il
(@n)



Appendix B

Partial breaking with an

intermediate sector

If one tries to define a third intermediate sector between the hidden (background
values of order Mp;) and the visible one (background values ¢g << Mp) at the
scale A such that

o << A << Mpy, (B.1)

and then define the gravitino mass scale as a combination of the Mp, scale and
the A scale

A3
= — B.2
so that in the limit the gravitino mass remains fixed, namely
3
lim — — finite, (B.3)

]\4131—)007 A—o0 Mlgl

it becomes impossible to construct a Minkowski vacuum. The reason is the follow-
ing. We consider again the scalar potential (2.56). According to the definitions

(2.57), that we rewrite here for the hidden intermediate sector only,

1 K
SAB = 562MF2’1 VZ@EWP,?‘(O'QC)AB,

S S _
W’LAB — 62A412)1 [ig” (V;VE)@EWP;E(UQ:)AB],
K
N = 2e*0 VZOJUL Y,
we can estimate the orders of the various pieces in the background. Taking the

vacuum expectation values in the intermediate sector and using the canonical mass

69
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dimensions in section A.3 we have

V=~ O(A)

0,V ~ O(1)

P? ~ O(A?) (B.4)
Ki~O(A) (or O(Mpy))

915, hap ~ O(1).

Hence, for the gravitino variation piece we can write
(B.5)

where, in order to simplify the notation, we put Py = O3 PY.

For the gaugino piece we have instead

_ _ _ 1 _
graWIHEWE 5 ~ [V VEPs)? ~ [((05VF) Py + WKfVEPEHQ
Pl

A* V2 AS AB
~ (o0 (5)) ~om o () +o (5gg)
A
~ O (mg/QA—gl> + O(ms)2A’) + O(m3 ,A?),
(B.6)
where we omitted the metric for simplicity. Finally, for the hyperino variation

part of the scalar potential we have

INANG ~ (hapy VEVTELEDR) ~ O(AY)

M (B.7)
~ 0 (mg/QA_lgjl> )

with kg = O,7k?.

Therefore, we have shown that the three part of the scalar potential V have differ-
ent orders and cannot cancel between themselves, leaving a non-zero cosmological
constant. We have to conclude that if the scale A of the partial supersymmetry
breaking is given by the vacuum expectation values of the fields belonging to an

intermediate sector there is no way to achieve a Minkowski vacuum.
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Soft partial breaking: detailed

calculations

C.1 Scalar potential with partial breaking

C.1.1 Gravitino variation term

If we separate the S,p matrix into a hidden and a visible part and we consider

the expression (5.15) for the Ssp matrix, the term —%SABSAB becomes:

™

K [ — _ p3
= —1—22 (-161”51) wd|ve (0 0 ) e P TH
Mg, \ 4 0 —Pf —P}, =Py
Ay 0 O LN —-Py P}
0 P2 Py Py
) (C.1)
—= (0 0
VZv: -
0 PYPZ

— 0 0 (0 P3Pz
FVEVEL e e | FVHVE W=
PYPy PPy 0 Py Ps

Py, Py + P3Py —P, Py + P3Py

—Py Py + Py Py Py Py + PPy

[1]

3 5
= _—26MP1 Tr
Pl

+VMVN(
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In the first step we used (5.15) and the definitions (A.11) for S4Z, and in the second
one we computed the explicit matrix product. Taking the trace, the off-diagonal

terms do not contribute and we get

3 _K _ _ =
=~ eh [VIVEREPZ + VIV PPy + VMVEPS P
Pl
+2VMVN (P, Py + PP (C2)

__ 3 ug [SWGH) 1 §MGW 4 GWIGH | 9(5C)GE) 4 DG

where we put

SW=vrpr  SW =V pg,

S =yMpf W =yMpr (C.3)
SW =yMps SO =yMpd

C.1.2 Gaugino variation term

Separating again between hidden and visible sectors and using (5.39), for the

gaugino variation term we have:

iABY1/J
95W Wip =

- k3 = O O
.{ngn(ka“) (0 _P+)
- Py P} 3 0 -1
e (T ) e (Ol
N N

where again we used (5.39) and the definitions (A.11). Simplifying the metrics
with

+

959" = 0]

5§gkj — gtk

(C.5)
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and performing the products, we have for the terms not involving the Killing

vectors
R AT AT
g 0 PPt
_ 0 0 _ _. (0 P3Pt
Vi V) (Ve VM Vi VM) (V,VE M7= (C6
+ (VEVE)(Vi )(PEP& PEP;)H V) (Vi )(O P pr (C.6)

Y

+<V‘VM)(VkVN) P]\—ZP];_FPZ%/IPJ% _P]\—i/_[P]?\)/—i_P]:\))/[P];
" — P3Py + Py, P5 P, P+ P3P

while the terms involving the Killing vector contribution are

£
eMp Ty

0 0 0 0

(VY2 (ki VM) (O ‘PE+> (57 V) (0 0)

_ _ PB P+ o _P3 _P+
(V-VMY (2 VN Mo M (kL VMYV, VN N N C.7
+i(V;V) (ky )<PA} _py, + i (K V)( ) _pe P (C.7)
(100
+ giki kA VVM (0 1)] .

Taking the trace from both (C.6) and (C.7) (in (C.7) only the last line contributes)
we are left with

giiwiABWZtB =
K _ -
= M0 " [(VEVE)(ViVE) Py PE
+ (ViVE) VRV P Py + (ViVY)(ViVE) Py P2
K - _
+ 2(ViVMY (VL VI (P Py + Py Po)] + 2e M1 giskil kA VNV
(C.8)

where in the first line we have the hidden sector contribution, in the second line

the mixed terms and in the last line the visible part.
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C.2 Kahler potential and inverse metric

C.2.1 Kahler potential explicit derivatives

From the Kéhler potential expansion (5.32) we can derive the following explicit

expressions for the derivatives

Kmh == Zmﬁ
Koy = Kgq/ + (mexiftmfﬁ)/M}%B
Kon = (Zpmnot™)/Mpy;

Km7 = Zmﬁif M, ;
¥ = ( " )/ Mp ()

K; = (Zmﬁtm);

K\j, = Mp]K\% + (Zmﬁ@tmfﬁ)/Mpl;

Ko = Mp K9 + (Zmnot™t") / Mpy.
The inverses are:
while for K¥® we can write

K = [Kg@ + (me@tmfﬁ)/Mlgl}_l
(C.11)

- - -1
= [K82 (03 + KT (Zyew + . ))/ME]

Taylor-expanding the second factor, considering only the terms up to order O(1/M3))
and remembering that for two matrices A and B holds (A4- B)™' = (B)™!- (A)7,

we finally have

KY = 6% — KOVY(Z, rgt™" + .. ) /M2, | KOT®, (C.12)

C.2.2 Inverse special Kahler metric with two different sec-

tors

Imposing the relationship g,; gk = 5% we can derive the explicit form for the inverse

full metric. Since we have:

9i5 = NE g = Rﬁ\ll f(ﬁn ’ ’
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we need to find the expressions for the matrices K7* in terms of K;; and their

inverses. The constraints can then be derived from

K, K? K7 )\ Ky K™Y+ K KPY K,y KT 4 K, K

m m m

(52 0
~\o o

T Kmﬁ

(C.14)
and read
Kor K™Y + Ko KPY = 63, (C.15)
Kor KT 4+ Koy KP' = 0, (C.16)
Kx K™ 4+ K, KPY =0, (C.17)
K, x K™ + K,y KP" = 67 (C.18)
Acting now with K¥® on (C.16) we obtain
KV = — KV K g K7, (C.19)
and similarly, with K™ on (C.17),
KW = K"K <K (C.20)
Now we insert these expressions back into (C.15) and (C.18), yielding
K¢TKT\IJ + K@ﬁ(—KmemTKTW) = (5:11; (C.21)
= (Kar — KapK™" K, ) KT = 63 |
and . ~ B
Kp(— KT Koy KP") + Ky KP* = 07
1( ®p ] ) D B (C.22)
=  (—K,x K" Kgp+ Kpp) K7 = 67
We have then
K™ = (Kgy — Koy K" K,,7) "0, (C.23)
K" = (K — K7 KT Kgp) ' o0 (C.24)

In the same way as (C.12), we take the Taylor expansion of (C.23), and we get

g - - _ —1
KT = [Kye (0] — K™ KqpK™K,u5)| o 25)
= (0 + K™Y Ky KPM K, ) KTV
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Since the term — K¢ K 7® Kgpin (C.24) is of order M—2 and KP" acts on the visible

fields only, we can directly put
KP" = KP". (C.26)

Finally, substituting (C.25) and (C.26) in (C.19) and (C.20) and truncating to 1/M3,

order, the inverse matrix ¢7* is

K’T\I/ KTTK _Pm ¢ ,KT‘II _K\IHI)K _Pn
( * it Ry @7 ) . (C.27)

_KﬁmeT KT\I’ KPn

C.3 Gaugino variation part limit computation

Hidden piece

Let us consider the three lines of (5.42) separately. For convenience, we split the

covariant derivative V,;, = 0; + M%Ki and define
Pl

W = o,V Py
1

(h2) )
Wi = — KVEP
Pl
1) (C.28)
Wi = o, vM P,
1
W(U2) = _KZVMP+
Mg "
The hidden sector piece in (5.42) reads:
L 1. — —_—
thd = 6Ml§1 gkk(V;;VE)(VkV:)PE_PEJF _
K
— eMp {K\I/q)( T7(h1 + W(h2 ) W(hl) T W h2 ) (029)
(

th2)y(
(

[f(‘f’m T \Ilm) i Wéh?)) Wr(nhl) + Wézhz)) +c.cl]
+ KW W) (WD + W)}

Now we need to evaluate the orders of the various terms. Using (5.23) and (5.47)

we have
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K@@_K\II(I)_i_K\IITK _KﬁmK ’KT(I) NI%\IIQ_FKEII(I)_FKECP_F
= Tp mT 0 EYoR i e
Mg, Mp,
o ) ) KIm o jOm
K\I’m — _K‘II<I>K KPP 1 + 3 7
o Mp) Mgl

WD = 9y VP ~ g MEWIY (C.30)
= (h2 1 T (h2) | (ir(h2
Wé = WK@VEPSI_ ~ 9/<M1"?’1W((0)¢3 + W((g)qz)

Pl
WD = VRS ~ g MY

1 .
Wi = — K, VEPE ~ g MW,

i M3,

where the hatted quantities have dimensions indicated in the bottom index and

are dimensionless otherwise.

The orders of the various combinations are then

TR R WIIWD) o (oM + (622 +
TR R WIIWD) o ()P M + (92 +
IR R (WIDWI) ~ (Mg + (oM +
MR ~ (o) M,

I RI(WIIWID) (MR

IR R WIIWD) ~ (gD

M R (WIIWID) o ()20,

IR R (WIVWI) ~ (oM,

SR (WY ~ (oM,

(C.31)

Remember that the combination (¢’ Mp)) is finite in the limit. The first three terms
are comprised of the fully-hidden part, that we absorb in V(®,®) = 0, but also

give rise to terms involving visible fields from the second orders of the K2, Wh2
K

and the exponential e™? expansions. Notice also that all the pieces involving

hl) 4. . . .
W diverge. In order to erase them, we impose the same requirement as in

Chapter 3, namely
0, V¥ =0,  9sVM =0.

(C.32)

Thus, we are again saying that the off-diagonal components of the prepotential

second derivative matrix F7; must be zero in order to preserve gauge invariance
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and the decoupling between the hidden and the visible sector.
With Wi =0, (C.29) (without the term belonging to V(®, ®)) becomes

lim Vhid —
Mp)—o00 g’—>0

K LR W 4 WD) WD + W) o(Zat T+ )

+ K@@(W\%}Ll) _'_ WéhQ))(Wq()hl) + Wé’hz))b

FERI W+ WIWED tee] + KWW

(C.33)
All the pieces in (C.33) go like m3 /o at first order. The indices ‘0" and "2’ indicate

that we are considering the ~ (¢’?)Mg, or the ~ (¢g'*) M3, part of the expansion
respectively.

Mixed piece

Now we turn to Vi, With the definitions (C.28), we can write

= e ME g [(VVE) (VL VM) Pg Py + (VR VM) (V, VE) Py L)

K

= emh {RI Y + W)+ wi?) (C34)
F[EPTED + WI) WD 4+ WD) + el
FR T+ W)W+ w2+ ce.

In addition to (C.30), we also have

7)) _ 9 7/Mp+ 7wl

(v2) 2-(v2
e - L vupe Vo n Ve
v T a2 Vv M 3
Me, Mey Mpy (C.35)
Wi =0, vV Pl ~ W,
1 Vo
W(UQ) - K VMP+ “4)
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The orders of the various pieces are then

Mo KV (WMWY ~ o' M
eMp K\i@(Wéhl)Wéw)) ~ ¢ Mp) + )
K ~ = —
M KV (WIDWI) g ME
Ko
o M2, K‘I"b( éw)Wéw)) ~ ¢ Mp) + :
e RIMWIDWED) o M+ ...
/
SR ~ B
Pl
) C.36
SML‘Q’IK\PW( _éfhg)Wr(:l)) ~gMp+ ..., | )
g (e 9
€ r m Mp, ’
K
o M3, Knm( *éhl)WT(r’LUl)) ~ gljwlg1 + ,
Ko
MR KT (WMWY ~ g
K
e M2, K”m(W,—gm)W,(,fl)) ~ g/Mpl
K _ q
BRI WP W) ~ S
Pl

The divergent pieces of order ¢’ M3, are again removed by the assumption (C.32)
that implies W/ = Wx! = 0, and the only terms surviving the limit are of order
g' Mp.

Therefore, the limit on V{j** becomes

lim Ve =
Mpy—o0 g'—0

KO L v () g2y oy (02)
(R + ) )
KT+ W) W) + e.c

\\} m

LRI W) + e

Thus, in this sector, all the surviving terms are of order ~ msg/s.
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Visible piece

Let us finally proceed with V§*. We have

Vvis —
K _ I
2¢"r1[g kk(VkVM)(VkVN)(P+ Py + Py Px) + gk VI VY]
= 2eMh K‘M’(W(”l F W WEY + W)
K‘I’m(W\;l n W;Q))(Wr(r?l) WD) (C.38)
+ KT W)W+ W)
+ similar terms involving P?
Using (C.30) and (C.35) we can estimate the orders of the combinations appearing
n (C.38):

IK\I/(I)(W\%UI)W(I()UI)) 1
2 v v 1
MR WIWEY) ~
Pl
v v 1
KWW ~
Pl
K _
M KV (W W) ~ 1,
o 1
MR KT (W W) ~ VR (C.39)
Pl
ML2 Um 117 (v2) 117 (v2) 1
eMer K (W\i! Wm )NW—F s
P1
e ME| Knm<Wf(Lv1>Wr(rfl)) ~1,
- 1
BRI (WMWY ~
P1
2 v 1
e BRI (WWED) ~ o
P1

We immediately see that all terms except three are subleading. The first two finite

terms would imply a mixing between hidden and visible sectors and are canceled
by our assumption (C.32) (implying in this case Wévl) = 0), while the last finite
term is part of the global limit we have seen in the last section of Chapter 3. The
terms involving P? behave in an analogous way, while the last piece containing
the Killing vectors for the vector moduli space is already purely visible. Overall,
from Vi we get precisely the full global limit of the gaugino variation part of the

scalar potential. We have then
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im Vs = 25 (KD en)

Mp]-)OO g’—>0
n KﬁmWfEUSl)WT(r;)?)l) (C.40)
+ Kok kR VNV,

where we also defined
W = 9,y M Py
1
I/Vi(v?’Q) = _szMP?) .
Mg, M

(C.41)
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