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Chapter 1

Introduction

Even if there is no clear experimental signature of supersymmetric theories at the

present day [1], supersymmetry is still a central concept in modern theoretical

physics. As the only possible loophole to the Coleman-Mandula theorem [2], it

provides a unique extension of the Poincaré symmetry while being both physic-

ally and mathematically rich. The best candidate for a theory-of-everything,

string theory, is supersymmetric at the core, and advances in several mathemat-

ical areas were triggered or inspired by supersymmetry. Supergravity as well,

nowadays seen as a low-energy limit of a more fundamental theory such as

string theory, arises from the attempt to build a supersymmetric version of

general relativity, or - viewed from the supersymmetric side - to promote global

supersymmetry to a local symmetry, and yields new geometrical structures in

the process. But how much supersymmetry can we have and do we need? The

most common choice for phenomenological purposes is N = 1 (four scalar

supersymmetric charges), which helps realizing the grand-unification of the

Standard Model gauge couplings, can offer stable candidates for the dark mat-

ter particles and alleviates the hierarchy problem. Increasing the number of

supersymmetries the resulting theories become more mathematically constrained

and in general less attractive from a phenomenological point of view, since they

do not contain chiral matter. Starting from the maximum number of

supersymmetries, one can construct N = 8 maximal supergravities in four di-

mensions, which have 32 supersymmetries (and can also exist in at most eleven

dimensions with (10, 1) Lorentzian signature). These theories, however, do not

possess matter multiplets1, and all the geometric properties are completely de-

termined once the space-time dimension is fixed. On the other hand, matter

multiplets become possible if the number of supersymmetries is limited to 16,

e.g. N = 4 in four dimensions, and in this case the geometry is determined

1Here with "matter multiplets" we mean both vector and hypermultiplets.

1
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by the number of vector multiplets coupled to supergravity. When the number

of supersymmetries is eight (i.e. N = 2 supersymmetry), the geometry becomes

more flexible and in the vector multiplet sector, for instance, it can be related to

holomorphic functions called prepotentials. In N = 1 supersymmetry the set of

possible geometries is even larger: e.g, in four dimensions we deal with general

Kähler manifolds, but in the N = 2 vector multiplet sector this class is restricted

to the “special Kähler manifolds”, entirely determined by the prepotential. In this

perspective, N = 2 theories hold a special place, since they can be regarded as the

maximal supersymmetric theories whose geometry is not fully constrained by the

number of matter superfields.

In any case, since superpartners are not observed at the current energy reach of

particle collider experiments, even the minimum amount of supersymmetry - if it

is realized in nature - must be broken. Thus one might be seduced by the idea that

at very high energies a large amount of symmetry becomes manifest and in par-

ticular an extended supersymmetry is realized and then broken at lower energies.

Nevertheless, breaking completely, for instance, N = 2 supersymmetry to N = 0 is

not eligible from a phenomenological point of view since the breaking of N = 2 by

itself does not provide chiral matter. One possibility is to consider an extended su-

persymmetry only in a gauge sub-sector and insist on N = 1 for the chiral matter

sector [3]. Furthermore, a supersymmetry cascade as N = 2 → N = 1 → N = 0,

where the supersymmetries are broken at two different energy scales, was proposed

in [4]. With this strategy, the hope is that chirality might be restored at low ener-

gies via some mechanism (e.g. [5]). While the step from N = 1 to N = 0 is widely

explored in the literature, that from N = 2 to N = 1, albeit already extensively

studied, might be relevant as well and deserves further investigations. Trying to

construct models of spontaneously broken extended supersymmetry in a Lorentz

invariant background usually leads to theories in which the supersymmetries are

completely broken. The discussion on the possibility of partial N = 2 → N = 1

spontaneous supersymmetry breaking in four space-time dimensions was triggered

at the beginning by string theory [6, 7], but at that time also heavily discouraged

by a no-go theorem [8, 9] that forbids the partial breaking for purely electric gaug-

ings. Therefore, counterexamples have been found only several years later: in [10]

it was shown that any N = 1 matter can be made N = 2 supersymmetric with the

help of the Goldstone multiplet of a partially broken N = 2 theory, while in [11] it

was found that a magnetic Fayet-Iliopoulos term triggers a partial N = 2→ N = 1

breaking. Extensions to special classes of gauged supergravity were presented in

[12–14], where the no-go theorem was avoided choosing a particular basis for the

vector multiplet scalars. The first attempt to draw a general picture was [15], for
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three dimensions, while a four-dimensional systematic analysis was finally given

in [16, 17].

In general it was shown that in order to avoid the no-go theorem forbidding partial

spontaneous N = 2 SUSY breaking one has to consider special frames (as we shall

see later) or introduce magnetic charges in the theory. The most suited formalism

to deal with both electric and magnetic charged fields is the embedding tensor

formalism introduced in [18, 19]. The general solution for the embedding tensor

inducing a consistent partial breaking in a Minkowski or AdS vacuum was found

in [16], and in [17] was derived the effective N = 1 lagrangian integrating out all

the fields becoming massive after the breaking.

The goal of this thesis is different. In the same spirit of [20], which performed a

model-independent analysis of the SUSY-breaking terms (free of quadratic ultra-

violet divergences, usually referred as soft terms) in N = 1 supergravity, we aim to

derive the general form of the soft terms that explicitly break a generic global N =

2 supersymmetric theory to N = 1, by performing the global limit of an arbitrary

spontaneously broken N = 2 supergravity. In fact, our starting point will be

the scalar potential of a general N = 2 gauged supergravity in a four-dimensional

N = 1 Minkowski vacuum provided by the solutions for the embedding tensor [16],

and instead of integrating out all the massive fields as in [17], we retain all of them

and evaluate the rigid limit by taking the Planck massMPl to infinity. However, the

most direct global limit of an arbitrary N = 2 supergravity (consisting of taking

only MPl to infinity) merely leads to the global N = 2 supersymmetric counterpart

even if we start from an N = 1 vacuum. In order to get a softly-broken N = 2

global theory, then, we need to perform the limit keeping an intermediate scale

fixed, namely the mass scale of the gravitino related to the broken supersymmetry,

which becomes massive in the partial breaking. In this way we are able to reach

a N = 2 rigid theory explicitly broken by soft terms whose form is entirely

determined by the original N = 2 supergravity. Another crucial ingredient in

our work, inspired by string theory, is the separation of the fields in two distinct

sectors: an hidden sector, which contain all the gravitational interactions and

whose scalars can have a background value of the order of the Planck mass MPl,

and a visible sector, which encodes all the non-trivial gauge dynamics and whose

scalar backgrounds are much smaller than the Planck mass. Even if this distinction

can in general only be made locally, in the partial breaking scenario we are merely

interested in a small region of the moduli space where we have an N = 1 vacuum

and the breaking occurs. This separation in two sectors helps elucidating the rigid

limit procedure in general, but is also essential in our derivation of the N = 2 soft

terms: indeed, in order to keep the gravitino mass fixed in the limit, we assume
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that the gauge group of the hidden sector has a gauge coupling g′ whose limit

g′ → 0 compensates that on the Planck mass (MPl → ∞).2 The results we get

for the N = 2 soft terms resemble those of [20], with some important distinctions

due to the different geometries, the presence of the hypermultiplets and the fact

that our explicitly broken scalar potential must be N = 1 supersymmetric and it

should be possible to reorganize it in terms of a standard N = 1 form.

This thesis is organized as follows:

In Chapter 2 we review some general topics related to global N = 2 supersymmetry

and N = 2 supergravity, with a main focus on the bosonic lagrangians and on the

geometries involved in the scalar sectors: the special Kähler manifolds and the

quaternionic Kähler manifolds. Then we summarize the structure of the gauged

N = 2 supergravity and the embedding tensor formalism.

In Chapter 3 we introduce the idea of the local separation between hidden and

visible fields and we explain how to perform the rigid limit of general ungauged

and gauged N = 2 supergravities, following our paper [21]. We shall also show

how the local geometric structures flow to their global counterparts and how the

hidden sector becomes decoupled from the visible one.

In Chapter 4 we review the ways in which a partial supersymmetry breaking can

occur in N = 2 supergravity, presenting the specific example given in [12] and then

summarizing the partial breaking in the general case, following [16]. The results

reviewed here shall be left implicit in the following chapters.

In Chapter 5 we tackle the soft N = 2 supersymmetry breaking problem using

the knowledge from the previous chapters. We focus on the scalar potential of

the gauged lagrangian and we analyse separately the contributions coming from

the gravitino and the gaugino parts. Furthermore, we show at least in the simple

scenario in which there is no visible hypermultiplet that in the global limit our

theory is N = 1 supersymmetric.

In Chapter 6 we recapitulate the results of our work and we propose some future

directions of research.

Appendix A we present our conventions and some useful formulas for N = 2

supergravity used in this thesis; in Appendix B it is shown that it is impossible

to realize a partial supersymmetry breaking in a Minkowski background when an

intermediate field scale between the Planck scale and the visible one is assumed;

2This formal procedure is useful to retain the leading order in the gravitino mass, but is not
to be taken literally from a physical point of view.
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finally, in Appendix C we collect several detailed computations used in the N = 2

soft breaking chapter.





Chapter 2

N = 2 supergravity: a review

In this chapter we review N = 2 supergravity coupled to an arbitrary number of

vector multiplets and hypermultiplets. Different constructions exist in the liter-

ature: one of the first [22–24] is based on the so-called superconformal multiplet

calculus, is entirely off-shell and allows to derive the N = 2 Poincaré supergravity

by starting from the N = 2 superconformal gravity and gauge fixing the super-

conformal symmetry. A more recent on-shell approach [25–27] is the “geometric

formulation” or “intrinsic formulation”, which allows a description in terms of

symplectic section on the scalar space without making explicit use of a prepoten-

tial. While the latter is well suited for very special cases in which a prepotential

does not exist, the former helps elucidating the structures underlying the theory

while relying on the holomorphic prepotential and the so called “special coordi-

nates” (both crucial ingredients in our treatment of the rigid limit and the partial

breaking). We shall start our review with global N = 2 supersymmetry.

2.1 Global N = 2 supersymmetry in four space-

time dimensions

The maximal space-time dimension for theories with 8 real supercharges is six. It is

possible in fact to derive many features of the four-dimensional theory starting with

the six-dimensional one and then doing a dimensional reduction (see e.g. [28, 29]

for a review). In four space-time dimensions the supersymmetry generators are

7



Chapter 2 8

Majorana spinors (two for N = 2), but it is also possible to use Weyl spinors1,

and both descriptions can be found in the literature.

The Weyl spinors QA
α and Q̄β̇B representing the supersymmetry generators satisfy

the anticommutation relation [30]

{QA
α , Q̄β̇B} = 2σµ

αβ̇
Pµδ

A
B, (2.1)

where we used the usual Van der Waerden notation [31] for chiral and antichiral

indices and for N = 2 we have A,B = 1, 2. In absence of central charges in the

algebra, it is possible to interpret the supersymmetry generators as creation and

annihilation operators acting on a vacuum state of a certain helicity, and with the

additional requirement of CPT-invariance one can then derive the spectrum of the

massless N = 2 supersymmetry, consisting of a vector multiplet and a hypermulti-

plet [32]. Since the on-shell components for the massless fields are representations

of the little group SO(D − 2) (SO(2) for D = 4) and of the SU(2) related to the

extended SUSY R-symmetry, the vector multiplet and the hypermultiplet can be

organized as follows:

Aµ λAα t1 t2 vector multiplet

(2,1) (2,2) (1,1) (1,1)

ζα ζ ′α qA1 qA2 hypermultiplet

(2,1) (2,1) (1,2) (1,2)

The numbers in parentheses indicate the representation with respect to SO(2) and

SU(2) respectively. The index µ = 0, ..., 4 is the Lorentz index for the vectors,

α = 1, 2 is the spinor index and A = 1, 2 runs over the two supersymmetries. Each

vector multiplet has a vector, two Weyl spinors (the gauginos) and a complex

scalar (in the table t1 and t2 are its real and imaginary parts). The hypermultiplet

consists of two Weyl spinors (the hyperinos) and two complex scalars (four real

scalars in total). Neglecting the fermionic parts, the lagrangian for an abelian

(ungauged) N = 2 global supersymmetric theory with nv vector multiplets and nh

hypermultiplets reads [26]

L = i(N̄IJF I−
µν F

J−|µν −NIJF I+
µν F

J+|µν) + g̃ij̄∂µt
i∂µt̄j̄ + h̃uv∂

µqu∂µq
v, (2.2)

1Every Majorana spinor field can be expressed in terms of a Weyl field and its complex
conjugate.
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where the indices I, J = 1, ..., nv run over the vectors and i, j = 1, ..., nv over the

complex scalars, while u, v = 1, ..., 4nh denote the real scalars of the hypermul-

tiplets; F+
µν and F−µν are defined in terms of the dual and anti-dual gauge field

strengths as

F±µν =
1

2
(Fµν ± F̃µν),

with F̃µν = −1

2
iεµνρσFρσ.

(2.3)

The scalar field space is a direct product of the vector and the hypermultiplet

sectors:

M = Mv ×Mh. (2.4)

Global supersymmetry requires Mv to be a rigid special Kähler space and its

metric g̃ij̄ is defined via the Kähler potential K as

g̃ij̄ = ∂i∂j̄K = ∂i∂j̄ [itkF̄k(t̄)− it̄kFk(t)] = 2 ImFij. (2.5)

With Fk..l(t) we indicate the nth derivative of the holomorphic prepotential F .

The metric h̃uv of the hypermultiplet scalar field space Mh describes instead a

hyperKähler space. We shall give more details about these geometries in the

context of supergravity and its rigid limit. The matrix NIJ encodes the gauge

couplings, and in global N = 2 takes the form

Nij = F̄ij. (2.6)

If we now require the two supersymmetries to be local, we reach the N = 2

supersymmetric generalization of Einstein gravity coupled to matter, namely N =

2 supergravity, which is the starting point of this thesis.

2.2 N = 2 (ungauged) supergravity bosonic la-

grangian

In addition to the nv vector multiplets and the nh hypermultiplets of the global

N = 2 theory, N = 2 supergravity also contains a gravity multiplet. In the

following table we summarize the field content:

gµν ψAµ A0
µ gravity multiplet

Aµ λA t vector multiplet

ζA qû hypermultiplet
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Here we suppressed the spinor indices for clarity and we left only the Lorentz

indices and the index A running over the two supersymmetries. The gravity mul-

tiplet contains a graviton, two gravitini (one for every supersymmetry) and a

vector (the graviphoton). As in the global case, the vector multiplet has one vec-

tor, two gaugini and a complex scalar, while the hypermultiplet consists of two

hyperini and four real scalars (û = 1, ..., 4). The gravitons are symmetric traceless

tensors and have two components (in four dimensions); the gravitini, γ-traceless

vector-spinors2, have two components as well; finally, the vectors and the spinors

have also two components each (for a more detailed review see e.g. [26, 28, 29]).

The general bosonic lagrangian for an ungauged theory is given by

L = 1
2κ2R + 1

4
ImNIJ(t, t̄)F I

µνF
µν J − 1

8
ReNIJ(t, t̄) εµνρσF I

µνF
J
ρσ

− gi̄(t, t̄) ∂µti∂µt̄̄ − huv(q) ∂µqu∂µqv,
(2.7)

where R is the scalar curvature and κ = 1
8πMPl

. The vector index I runs now from

0 to nv, since we need to take into account the graviphoton as well. Moreover,

in N = 2 supergravity, the scalar field space (2.4) displays different geometries

with respect to the global case: Mv is required to be a local special Kähler space,

while Mh must be a quaternionic space. gi̄(t, t̄) is then the (positive definite)

metric on Mv and huv is the metric on Mh. ImNIJ is a negative definite matrix

dependent on the scalar fields whose vacuum expectation values give the gauge

coupling constants, while the vacuum expectation values of ReNIJ are the so-

called theta angles. The explicit form of NIJ in N = 2 supergravity will be given

later.

Despite the complexity of its details, a generic N = 2 supergravity theory can be

uniquely defined if only three ingredients are given [26], namely:

a) the specific local special Kähler manifold describing the vector scalar space Mv;

b) the specific quaternionic Kähler manifold describing the hypermultiplet space

Mh;

c) the gauge group G, that in the non-abelian case is a subgroup of the isometry

group G of the scalar field space M .

Before reviewing in some detail the two geometries of the vector and hypermultiplet

scalar sectors, we need to introduce another concept related to the symmetry

group of the equations of motion one can derive from (2.7), which will be crucial

in the following: the symplectic transformations. Indeed, the isometry group

G is embedded in the larger symplectic group of the equations of motion, and

2The condition for irreducible vector-spinors is ΓµψAµ = 0
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the formalism we are going to use in the next chapters will make this situation

manifest.

2.3 Symplectic transformations and special Kähler

geometry

The symplectic transformations can be considered generalizations of the electro-

magnetic dualities [33]. Let us consider the kinetic terms of the vector fields for

an arbitrary number nv of vectors. If we define

Gµν
+I ≡ 2i

∂L
∂F+I

µν

= NIJF+J
µν (2.8)

as a magnetic field strength, the Bianchi identities and the field equation can be

casted respectively as

∂µImF+I
µν = 0,

∂µImGµν
+I = 0.

(2.9)

These equations are left invariant under the action of GL(2(nv + 1),R):(
F̃+

G̃+

)
= S

(
F+

G+

)
=

(
A B

C D

)(
F+

G+

)
, S =

(
A B

C D

)
. (2.10)

If we now restrict the transformations using (2.8), we have

G̃+ = (C +DN )F+ = (C +DN )(A+BN )−1F̃+, (2.11)

that is

Ñ = (C +DN )(A+BN )−1. (2.12)

G̃+µν should be the derivative of a transformed lagrangian in order to still describe

the field equations, and this in particular means that Ñ should be symmetric. For

an arbitrary N this implies the conditions:

ATC − CTA = 0, BTD −DTB = 0, ATD − CTB = 1; (2.13)

in other words

S ∈ Sp(2(nv + 1),R), (2.14)
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with

STΩS = Ω where Ω =

(
0 1

−1 0

)
. (2.15)

Therefore, the constrained transformations are real symplectic transformations in

dimension 2(nv + 1). A symplectic vector is defined as the 2(nv + 1)-component

object V transforming under the symplectic transformation as Ṽ = SV . We also

define the inner product of two symplectic vectors V and W as

V ΛWΛ ≡ V TΩW, (2.16)

where Λ = 0, ..., 2nv.

It should be noted that the symplectic transformations are symmetries of the

equations of motion, but not of the action.

Let us turn now to the geometry of the vector scalar space Mv. Since Mv is a

Kähler manifold, the metric gi̄(t, t̄) can be expressed in terms of the Kähler po-

tential K as

gi̄ = ∂i∂j̄K, (2.17)

where ∂i = ∂
∂ti

. The metric remains the same after the Kähler transformation

K → K + f(t) + f̄(t̄). (2.18)

Moreover, Mv is also (local) special Kähler, and this means the Kähler potential

can be expressed as a logarithm of a symplectic product [23, 24] (for a review of

special Kähler geometry, see e.g. [34]):

K(t, t̄) = −ln i(V̄ ΛVΛ) ≡ −ln i(X̄IFI −XJ F̄J), (2.19)

where

V Λ =

(
XI

FI

)
(2.20)

is a 2(nv + 1)-dimensional symplectic vector, with I = 0, · · · , nv. XI(t) are holo-

morphic functions of the vector scalars t and are referred to as homogeneous co-

ordinates, and FI = ∂F/∂XI is the derivative of the prepotential F (X), which

supersymmetry constrains to be homogeneous of degree two in the homogeneous

coordinates. The domain of the complex scalars ti is then restricted by the condi-

tion

i(V̄ ΛVΛ) > 0, (2.21)
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defining the “Kähler cone”, and by the requirement that the metric should be

positive definite. Moreover, in special Kähler geometry the following relation holds:

XI∇̃iFI − FI∇̃iX
I = 0, (2.22)

where ∇̃i = ∂i + 1
2M2

Pl
∂iK is the Kähler covariant derivative.3 Furthermore, since

FI plays the role of the magnetic component of the symplectic vector V , the matrix

NIJ satisfies

FI = NIJXJ , ∇̃iFI = NIJ∇̃iX
J , (2.23)

from which one can solve the explicit expression

NIJ = (∇̃j̄F̄I(X̄) FI(X))(∇̃j̄X̄
J XJ)−1, (2.24)

where an outer product of the two vectors is intended. Applying a symplectic

transformation on the symplectic vector V , one gets a new coordinate X̃ as a

function of the old X:

X̃I = AIJX
J +BIJFJ(X). (2.25)

The full symplectic transformation (2.10) described by the matrix S is always

invertible, but this part related to the sub-matrices A and B may not be. But if

it is invertible, then F̃I(X̃) becomes the derivative of a new function F̃ (X̃) of the

new coordinates X̃:

F̃I(X̃) =
∂F̃ (X̃)

∂X̃I
. (2.26)

Thanks to the homogeneity of the prepotential in supergravity, F̃ can be obtained

as

F̃ (X̃(X)) =
1

2
V T

(
CTA CTB

DTA DTB

)
V. (2.27)

What we get is a new formulation of the theory in terms of a new prepotential

F̃ . If F̃ is different from F (X̃) the two theories are only classically equivalent; in

this case we are dealing with a “pseudo symmetry” and the transformations are

called symplectic reparametrizations. On the other hand, if after the symplectic

transformations the function F remains the same, we can talk about a proper

symmetry that reflects an isometry of the target space. These symmetries are

called duality symmetries because are connected to the duality transformations of

the field equations and Bianchi identities. The isometry group of the scalar field

3∇̃ differs from the ∇ only for the factor 1/2 in the second term. We shall use both notations
in the following.
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space M is in general a subspace of the symplectic group:

Iso(M) ∈ Sp(2(nv + 1),R). (2.28)

After a symplectic transformation, the dual formulation has generically different

symmetries in perturbation theory and there are known examples in which a pre-

potential does not even exist in that symplectic frame. In particular, these three

conditions are equivalent [34]:

1. A prepotential F (X) does exist.

2. Special coordinates are possible; these are defined in terms of the homogeneous

coordinates by

ti =
XI

X0
or X0 = MPl, X

I = ti. (2.29)

3. The matrix
(
XI ∇̃iX

I
)

is invertible.

If these conditions hold, namely we are in a certain symplectic frame in which a

prepotential exists, the matrix NIJ can be put in the form

NIJ = F̄IJ + 2i
ImFIKX

KImFJLX
L

XLImFLKXK
(2.30)

(compare (2.6) for the global case). Moreover, it is possible to express the holo-

morphic prepotential F by means of an homogeneous function F , as

F = (X0)2F
(
X i

X0

)
= κ−2F(ti), (2.31)

such that the Kähler potential (2.19) can be expressed as

Kv = −κ−2 ln iY , Y = 2(F − F̄)− (t− t̄)i(F + F̄)i . (2.32)

Finally, the curvature tensor Rij̄kl̄ for a local special Kähler manifold reads [35]

Rij̄kl̄ = gl̄kgij̄ + gl̄igkj̄ −M2
Ple

2K

M2
PlQikmg

mn̄Q̄n̄l̄j̄, (2.33)

where (see also [36])

Qikm = (∇i∇kV
Λ)(∇mVΛ), (2.34)

and ∇i = ∂i + Ki

M2
Pl

. In special coordinates, Qikm simply becomes

Qikm = Fikm, (2.35)
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where Fikm is the third derivative of the prepotential F .

2.4 Quaternionic Kähler geometry

The metric huv in (2.55) is required by supersymmetry to describe a quaternionic-

Kähler space. Despite the name, such manifolds are in general non Kähler and

have holonomy

SU(2)× Sp(nh), (2.36)

where the SU(2), related to the R-symmetry, promotes the hyperkähler geometry

of the hypermultiplets scalar of rigid N = 2 supersymmetry (holonomy Sp(nh))

to the quaternionic geometry. These spaces admit a triplet of almost complex

structure Jx (x = 1, 2, 3) which satisfies the quaternionic algebra:

JxJy = −δxy + εxyzJz. (2.37)

The metric huv is hermitean with respect to each complex structure, and three

Kähler 2-forms can be defined by

Kx
uv = huw(Jwv )x. (2.38)

ahler manifolds case these forms are closed; in the quaternionic case

of supergravity they are covariantly closed with respect to the SU(2) connection

ωx:

∇Kx ≡ dKx − εxyzωy ∧Kz = 0. (2.39)

Kx can then be viewed as a the SU(2) field strength of the connection ωx, namely:

Kx = dωx +
2
1εxyzωy ∧ ωz . (2.40)

There is a linear relation between the K¨ SU(2) curvature

Ωx ≡ dωx − 1
2
εxyzωy ∧ ωz defined by

Ωx = λKx, (2.41)

where λ is a constant that is identically zero in the hyperkähler case and non-

zero for quaternionic manifolds. The Ricci scalar curvature is always negative for

quaternionic spaces and is given (in natural units) by R = −8nh(nh + 2). Finally,

we can decompose the metric in terms of vielbein on the quaternionic-Kähler
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manifold UAα as

huvdq
udqv = UAα εABCαβUBβ , (2.42)

where Cαβ is the Sp(nh) invariant metric.

2.4.1 The special quaternionic Kähler manifold and the

c-map

As an explicit example of quaternionic Kähler manifolds we consider a well known

case in string theory, where the compactifications of type II strings at tree level

lead to a Mh that is the image of the so-called c-map [37, 38]:

SU(1, 1)

U(1)
×M2n−2

SK →M4n
QK . (2.43)

M2n−2
SK is a special Kähler base with coordinates za, a = 1, . . . , nh − 1, the SU(1,1)

U(1)

factor is spanned by the dilaton φ and the axion φ̃, and the remaining fields are

2nh real Ramond-Ramond scalars ξA, ξ̃A, A = 0, . . . , nh− 1 describing the toroidal

fibration of the base that doubles its coordinates. Because M2n−2
SK is a special

Kähler manifold, its prepotential G fully determines the quaternionic manifold,

that in this case takes the name of special quaternionic Kähler. An explicit form

of the metric (known as Ferrara-Sabharwal metric) was given in [38] and reads:

L = − (∂φ)2 − e4κφ(∂φ̃+ κξ̃A∂ξ
A − κξA∂ξ̃A)2 + gab̄∂z

a∂z̄b̄

− e2κφImMAB−1(∂ξ̃ +M∂ξ)A(∂ξ̃ + M̄∂ξ)B .
(2.44)

gab̄ is the special Kähler metric on Msk and is again determined by the prepotential

G(Z) (compare (2.19) with F replaced by G). The kinetic matrix determining the

couplings is also analogous to (2.30) with F replaced by G:

MAB = ḠAB + 2i
Im(GAC)ZCIm(GBD)ZD

Im(GAC)ZAZC
, (2.45)

where ZA = (MPl, z
a) are the homogeneous coordinates on Msk.
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2.5 Gauging the action: the embedding tensor

formalism

Gauging a theory means making part of its global symmetries local, and in the

process some of the scalars become charged. The symmetry group we are dealing

with is the isometry group G of the scalar field space M . In the ungauged case the

equations of motion are invariant under the Sp(2(nv + 1)) electromagnetic duality

group acting on the symplectic vectors (F I
µν , GIµν) and (XI , FI). If some of the

scalars are charged (namely the theory is gauged) the symplectic group is broken

to a smaller one and the final theory is determined by the magnetic and electric

charges carried by the fields. In the following we shall be mainly interested in the

case in which the N = 2 supersymmetry is partially broken to N = 1, and as it

will be explained later, the scenario requires symplectic frames in which magnetic

charges are present. The symplectic tensor formalism (introduced in [18, 19], for a

review see also [39]) is a well suited mean to provide the theory with both electric

and magnetic charges while treating them on the same footing.

The isometry group G of the N = 2 product manifold M = Mv × Mh splits

accordingly into GSK × GQK . The isometries for the vector and hypermultiplet

scalar sector respectively can be expressed as

δGSK
ti = −gv kiιαι

δGQK
qu = −gh kuλβλ,

(2.46)

where gv and gh are coupling constants, αι and βλ are local parameters and (kiι(t),

kuλ(q)) are the Killing vectors of the isometries that must satisfy the commutation

relations of their Lie algebra, given by

[kι, kκ] = f ξικkξ

[kλ, kρ] = fσλρkσ
(2.47)

for the vector and hypermultiplet sector isometries respectively. In the following,

except when explicitly stated, we will assume f ξικ 6= 0, namely a non-abelian group

for the vectors. The gauging can be then encoded in the embedding tensor

Θδ
Λ =

(
Θι

Λ

Θλ
Λ

)
, (2.48)

where the two components are referring to the vector and hypermultiplet sector

respectively. The Λ index runs over the symplectic coordinates (Θλ
Λ = (Θλ

I ,Θ
Iλ)
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in such a way that the original symplectic symmetry (unbroken in the ungauged

theory) is still manifest after the gauging. The spacetime derivatives appearing in

the vector and hypermultiplet sigma models become covariant derivatives:

∂µt
i → Dµt

i ≡ ∂µt
i − AIµΘ ι

I k
i
ι +BµIΘ

Iιkiι,

∂µq
u → Dµq

u ≡ ∂µq
u − AIµΘ λ

I k
u
λ +BµIΘ

Iλkuλ,
(2.49)

where we introduced the magnetic gauge potential BµI together with the electric

gauge vector AIµ. The embedding tensor encodes the charges and needs in general

two further constraints:

fσλρΘ
λ

Λ Θ ρ
Σ + (tλ)

Ξ
Λ Θ λ

Λ Θ σ
Ξ = 0

Θ[λΘ
κ]
I = 0.

(2.50)

The first one is required by the closure of the Lie algebra generators (tλ)
Ξ

Λ . The

second one assures the mutual locality of the electric and magnetic charges.4 In-

troducing both electric and magnetic couplings in the theory upsets the balance of

the degrees of freedom in the lagrangian. To counterbalance one has to introduce

a set of 2-form gauge potential BM
µν whose couplings preserve gauge symmetry and

supersymmetry. For a review see again [18, 19].

Another consequence of gauging is that the supersymmetry variations get mod-

ified, and in order to keep the actions invariant a scalar potential needs to be

introduced. In global N = 2 supersymmetry the scalar potential with both elec-

tric and magnetic charges takes the form (in the embedding tensor formalism)

[26, 40]:

Vvis (rig) =V M V̄ N(Θ ι
MΘ κ

N gmn̄k
m
ι k

n̄
κ + 4 Θ ν

MΘ ρ
Nhwyk

w
ν k

y
ρ)

+ Pν ·PρΘ
ν
MΘ ρ

N (gmn̄∂mV
M∂n̄V̄

N),
(2.51)

where the P ’s are real Killing prepotentials (more details in the next sections) and

Pν ·Pρ = P 1
νP

1
ρ + P 2

νP
2
ρ + P 3

νP
3
ρ . (2.52)

For later convenience, we also consider the situation in which there is no hyper-

multiplet in the theory. In this case (2.51) simply reads

VNoHyp (rig) = V M V̄ NΘ ι
MΘ κ

N gmn̄k
m
ι k

n̄
κ . (2.53)

4Doing a symplectic rotation on the equations of motion and Bianchi identities can lead to
a symplectic frame with both electric and magnetic charges, but these mutually local charges
cannot appear simultaneously in the local lagrangian.
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In the following section we shall consider the gauging in the case of N = 2 super-

gravity.

2.6 N = 2 gauged supergravity

After gauging, the supersymmetry variations of the fields change accordingly. In

particular, for the gravitino, gaugino and hyperino we have:

δεΨµA = DµεA − SABγµεB + · · ·
δελ

iA = W iABεB + · · ·
δεζα = NA

α εA + · · · .

(2.54)

Here we are only interested in the scalar part of the variations and we also leave

apart (with the dots) the terms vanishing in maximally symmetric ground states.

A complete treatment of gauged N = 2 supergravities including both electric

and magnetic charges can be found in [41–43]. These new variations must be

compensated in the gauged lagrangian in order to leave the theory supersymmetric.

In particular a scalar potential V (always present in N = 1 supergravities but

absent in ungauged N = 2) is introduced. The general bosonic lagrangian for

gauged supergravity is then given by

L = 1
2κ2R + 1

4
ImNIJ(t, t̄)F I

µνF
µν J − 1

8
ReNIJ(t, t̄) εµνρσF I

µνF
J
ρσ

− gi̄(t, t̄)Dµt
iDµt̄̄ − huv(q)Dµq

uDµqv − V(t, t̄, q) .
(2.55)

The derivatives of the sigma models have been promoted to the covariant deriva-

tives (2.49) and V is the dimension four scalar potential, that takes the form:

V(t, t̄, q) = − 12

M2
Pl

SABS
AB + gij̄W

iABW j̄
AB + 2NA

αN
α
A, (2.56)

with SAB, W iAB and NA
α given in the embedding tensor formalism by:

SAB =
i

2
e

K

2M2
Pl V ΛΘ λ

Λ P
x
λ (σx)AB,

W iAB = e
K

2M2
Pl [igij̄(∇j̄V̄

Λ)Θ λ
Λ P

x
λ (σx)AB + εABΘ ι

Λk
i
ιV̄

Λ],

NA
α = 2e

K

2M2
Pl V̄ ΛΘ λ

Λ UAαukuλ.

(2.57)

V Λ is again the symplectic vector (2.20) with XI(t) and FI(t) smooth functions

of the vector scalar fields t and its Kähler covariant derivative ∇i is ∇iV
Λ =

∂iV
Λ + 1

M2
Pl
KiV

Λ, with Ki = ∂iK. kiι and kuλ are as usual the Killing vectors



Chapter 2 20

related to the isometries of the vector and the hyper manifolds respectively, while

UAαu is the vielbein defined in (2.42). The matrices (σx)AB and their inverse are

constructed applying the SU(2) metric εAB and its inverse to the Pauli matrices.

Their explicit form is (see Appendix A for more details):

(σ1)AB =

(
1 0

0 −1

)
, (σ2)AB =

(
−i 0

0 −i

)
, (σ3)AB =

(
0 −1

−1 0

)
. (2.58)

Finally, P x
λ , (x = 1, 2, 3) is a triplet of real Killing prepotentials (moment maps)

defined by

− 2kuλK
x
uv = ∇vP

x
λ , (2.59)

and with P x
λ (σx)AB we indicate the sum

P x
λ (σx)AB ≡ P 1

λ (σ1)AB + P 2
λ (σ2)AB + P 3

λ (σ3)AB. (2.60)
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The rigid limit of N = 2

supergravity

Our task will be the discussion of the explicit partial supersymmetry breaking of

N = 2 via soft terms whose form should be determined by the supergravity theory

we start with. In order to obtain a global theory together with partial-breaking

soft terms, we will need to take the rigid limit (MPl →∞) of supergravity, while

assuming the existence of an intermediate scale that compensates the limit on

the Planck mass and keeps the gravitino mass (the scale of the partial SUSY

breaking) fixed. Before considering this case, it is worthwhile to thoroughly deal

with the general rigid limit procedure in N = 2 supergravity first. This problem

was originally tackled in [23, 44–48] (for reviews see, for example, [26, 28]). We

shall review our recent approach [21], inspired by the common situation in string

theory where we typically have two classes of light scalar fields: the so-called

moduli, that are only gravitationally coupled, and the charged scalars which can

have gauge interactions at low energies. While the former are generally frozen

to their background value Φ0 that can be of the order of MPl, the latter have in

general non-trivial dynamics and in gauge symmetry-breaking scenarios can take

a background value ϕ0 much smaller than MPl. We call the first sector “hidden”

and the second one “visible” and we assume that the two sectors are decoupled.

Summarizing, we have:

Φ0 = O(MPl), ϕ0 � O(MPl). (3.1)

We should remark that this distinction can in general be made only locally. The

rigid limit procedure is actually a zooming on a specific region of the moduli space,

where a generic point is at distance MPl and will be sent to infinity in the limit.

22
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As we shall see, if the only massive scale in the game is MPl, the rigid limit is

trivial and flat. We consider then a generic additional scale Λ < MPl (for in-

stance the Seiberg-Witten scale [45]) that allows for non-trivial couplings. It is

also to be noted that we shall perform the limit in a Minkowski vacua as in this

context we are mainly interested in scenarios with vanishing cosmological constant.

3.1 Preliminaries

We start again with the bosonic lagrangian for general N = 2 supergravity (2.55)

and we set canonical mass dimension one for the vector and scalar fields so that

the sigma-model metrics gi̄(t, t̄) and huv(q), the kinetic matrix NIJ(t, t̄) and the

space-time metric gµν are dimensionless. For the moment we ignore the (four

dimensional) scalar potential V ; we shall come back to it in the last section, in the

context of the rigid limit of gauged supergravity. In the following sections we deal

with the rigid limit of the ungauged theory.

First, we expand the space-time metric around a Minkowski background ηµν as

gµν = ηµν + κhµν + . . . ; (3.2)

similarly, we expand the scalar fields around their background values t0 and q0 as

ti = t0
i + δti , qu = q0

u + δqu, (3.3)

where with δti and δqu we indicate small fluctuations in the neighbourhoods of
t0
i and q0

u. Using (3.3), we can expand the couplings in (2.55) as well:

NIJ(t, t̄) = NIJ(t0, t̄0) + ∂iNIJ(t0, t̄0)δti + ∂īNIJ(t0, t̄0)δtī + . . . ,

gi̄(t, t̄) = gi̄(t0, t̄0) + ∂kgi̄(t0, t̄0)δtk + ∂k̄gi̄(t0, t̄0)δtk̄ + . . . ,

huv(q) = huv(q0) + ∂whuv(q0)δqw + . . . .

(3.4)

As we said, in our mass conventions the couplings NIJ , gi̄, huv are dimensionless,

therefore their derivatives must have mass dimension −1. If MPl is the only mass

scale in the theory, all higher order terms in the expansions (3.4), namely all terms

including derivatives of the couplings, have order κ and thus vanish in the rigid

limit κ → 0. Therefore, only the first terms of the expansions survive and the

couplings are evaluated at the constant background values of the scalar fields,

where NIJ , gi̄ and huv are constant and diagonalizable. Thus, in this situation the
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scalar field space of the rigid theory is flat and the gauge kinetic matrix can be put

in a diagonal form. This is the mentioned trivial situation in which we have the

MPl as the only scale. But if we allow for an intermediate scale Λ (like in QCD or

Seiberg-Witten theories), the derivatives of the coupling do not scale necessarily

like κ, but could also carry a Λ−1 factor. In general, insisting in the distinction

between hidden and visible scalar sectors and given that the couplings (3.4) are

dimensionless for us, they can in principle depend on the ratios Φ
MPl

, Φ
Λ
, ϕ
MPl

, ϕ
Λ

.

The possibility Φ
Λ

is excluded by the fact that the ratio would diverge in the limit

(because Φ has a vev of order MPl), while ϕ
MPl

would vanish. Therefore we only

need to keep Φ
MPl

and ϕ
Λ

: the derivatives with respect to Φ will then scale like MPl,

namely its fluctuations will vanish in the limit and the field will be frozen to its

background value; on the other hand, the derivatives with respect to ϕ scale like

Λ−1 and are kept. Therefore we have

g(Φ, ϕ) = g(Φ0, ϕ) = g(Φ0, ϕ0) + ∂ϕg(Φ0, ϕ0)δϕ+ . . . , (3.5)

where the only dynamical field left is ϕ.

3.2 Vector multiplet sector

Now we study the details of each sector, starting from the vectors. Coming back

to the distinction between hidden and visible sectors, as first step we split the

homogeneous function F given in (2.31) in two components:

F = F Φ̂(κΦ) + F t(κΦ, ti, κ,Λ) , (3.6)

where we removed the indices from the Φ for simplicity and from now on we identify

the hidden parts with Φ̂. The first component is only dependent on the hidden

fields frozen around their background values and can be treated as a constant

piece, while the second one also depends on the gauge-interacting fields and the

additional scale Λ, and provides all the non-trivial dynamics together with the

interactions between hidden and visible fields. With F t(κΦ, ti = 0) = 0 we imply

that all the terms independent of the visible fields are included in the first piece.

Let us first expand F Φ̂ for small fluctuations Φ = Φ0 + δΦ:

F Φ̂ = F Φ̂(κΦ0) + κ∂F Φ̂(κΦ0) δΦ + 1
2
κ2∂2F Φ̂(κΦ0) δΦ2 +O(κ3) , (3.7)
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with the first term being constant (κΦ0 is dimensionless). Inserting this expansion

into the definition of the Kähler potential (2.32) and expanding the logarithm, the

F Φ̂ contribute becomes

Kv = − lnY (κΦ0) + Y −1(κΦ0)Kv
r +O(κ) , (3.8)

where

Kv
r = h(δΦ) + h̄(δΦ̄) + gΦΦ̄(κΦ0) δΦΦδΦ̄Φ̄ . (3.9)

h(δΦ) and h(δΦ̄) are holomorphic functions and do not contribute to the metric,

while Y −1(κΦ0) and its logarithm are constant terms and can be reabsorbed in the

definitions of the metric or the fields and the function h. Moreover, we need a non-

zero Y (κΦ0) in order to expand the logarithm. As expected, only the quadratic

term of Kv
r contributes in the limit, leading to a constant metric gΦΦ̄ = gΦΦ̄(κΦ0).

Furthermore, choosing the appropriate δΦ one can always put Y −1gΦΦ̄ = δΦΦ̄. The

second term of (3.6) is the interesting one. Ignoring the constant pieces coming

from combinations t0/Λ, we can write F as a power series in κ:

F t(κΦ0, t
i, κ,Λ) =

∞∑
n=0

κnF t(n)(κΦ0, t
i,Λ) . (3.10)

There are two constraints to consider: F is dimensionless, so the first term of

the expansion, F t(0), must be dimensionless as well, and being a constant piece

is absorbed by definition in F Φ̂; if we allow the F t(1) to be non-zero, we would

have terms linear in t, which would violates gauge invariance, and furthermore the

prepotential F would contain mixed product like F ∼ X0X i and/or F ∼ XΦX i

that violate the decoupling assumption between the hidden and visible sectors.

Our requirements are then:

F t(0) = F t(1) = 0 . (3.11)

Going to the limit κ → 0, only F t(2)(κΦ0, t
i,Λ) survives. Inserting it into the

Kähler potential (2.32) and considering this time the contributions from both the

hidden and the visible fields, we get

Kv
r = h(δΦ, t) + h̄(δΦ̄, t̄)− i

(
δΦ̄

ΦF Φ̂(2)
Φ − δΦΦF̄ Φ̂(2)

Φ̄

)
− i
(
t̄iF t(2)

i − tiF̄ t(2)

ī

)
. (3.12)

where we have defined F Φ̂(2) = i
4
gΦΦ̄(κΦ0) δΦ2 and again the holomorphic h(Φ, t)
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does not contribute to the metric. (3.12) is then the Kähler potential of a rigid spe-

cial Kähler manifold with the metric (up to the renormalization factor Y −1(κΦ))

g =

(
gΦΦ̄ 0

0 gij̄

)
= 2

(
ImF Φ̂(2)

ΦΦ 0

0 ImF t(2)

ij̄

)
, (3.13)

so that we can identify F Φ̂(2) + F t(2) as the rigid prepotential. Now we consider

the kinetic matrix (2.30) that encodes all the vector couplings. Our assumption on

the decoupling of the hidden scalars Φ and the visible scalars t must reflect also on

the vectors, since they belong to the same multiplets. We can let the graviphoton

A0
µ to interact with the hidden vectors AΦ̂

µ , but we must forbid couplings between

A0
µ or AΦ̂

µ and the visible vectors Aiµ. This translates to the requirement that N
must be block-diagonal (N0i = NΦi = 0). We can check the consistency with

the constraints (3.11): first, we observe that both F0i ∼ O(κ) and FΦi ∼ O(κ),

as the derivative with respect to ti (or X i) means that the only contribution is

from F t(2). For the components N0i and NΦi the non-holomorphic second term in

(2.30) is suppressed because in both case it contains the Planck suppressed F t(2) in

the numerator. Therefore N0i ∼ O(κ) and NΦi ∼ O(κ), so the gravitational and

visible sectors decouple and we have shown that the requirements on the prepo-

tential F and the N matrix are compatible. On the other hand, the components

N00,N0Φ,NΦΦ are constant at leading order as they depend on F Φ̂. Finally, in

Nij the non-holomorphic second term is Planck suppressed, as the numerator only

depends on F t(2), while the denominator can be O(1). Thus, from

Nij = F̄ij = F̄ t(2)
ij , (3.14)

we can also recover the correct relations for global N = 2 supersymmetry (2.5)

and (2.6), namely:

ImNij = −ImF t(2)
ij = −1

2
gij. (3.15)

3.2.1 Two examples

1. Consider as an example a theory with prepotential

F = i
4

(
(X0)2 − ηijX iXj

)
, i = 1, . . . , nv , (3.16)

where ηij is real. Using again special coordinates and the expression (2.31) we get

F = i
4
(1− κ2ηijt

itj) , K = − ln
(
1− κ2ηijt

it̄j
)

+ const. , (3.17)
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which is the Kähler potential of the space SU(1,nv)
U(1)×SU(nv)

.1 The expansion of F yields

the rigid prepotential F (2) = − i
4
ηijt

itj and inserting this into (5.45) we obtain the

flat metric gij̄ = ηij.

2. Now we take

F =
i

4

X1

X0
(X2X3 − ηijX iXj) , i, j = 4, . . . , nv , (3.18)

with ηij again real. Inserting it into (2.32) and using the special coordinates

S = κ−1X
1

X0
, T = κ−1X

2

X0
, U = κ−1X

3

X0
, ti = κ−1X

i

X0
(3.19)

we have

F =
i

4
κ3S(TU − ηijtitj) , (3.20)

and

K = − ln(S − S̄)− ln
(
(T − T̄ )(U − Ū)− ηij(t− t̄)i(t− t̄)j

)
+ const. , (3.21)

which is the Kähler potential of the space

SU(1, 1)

U(1)
× SO(2, nv − 1)

SO(nv − 1)× SO(2)
. (3.22)

S, T and U are the gravitationally coupled scalars and we then give them a back-

ground value S0, T0, U0 of order MPl, in the usual spirit of [21], while the ti are in

the visible sector. The rigid prepotential is then

F t(2) = − i
4
κS0ηijt

itj, (3.23)

producing the flat metric gij̄ = κS0ηij. Considering a non-abelian gauge theory

with one-loop and non perturbative correction, F becomes [45] (see also [49] for a

generalization to arbitrary gauge groups and a string theory derivation):

F t(2) = − i
4
κS0t

2 + t2 ln
t2

Λ2
+ t2

∞∑
k=1

Fk
(Λ

t

)4k

. (3.24)

1Note that we could add terms of the form X0Xi in F which for a purely quadratic F can
always be rotated away. Furthermore, any imaginary part of ηij does not contribute to K (and
thus the metric) but does contribute to the θ-angle as can be seen from (3.14).
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3.3 Hypermultiplet sector

Evaluating the rigid limit for the hypermultiplet sector in the most general case

is a difficult problem, and only specific examples are known in the literature (e.g.

[48]). We shall start with general observations and then proceed with the case of

the special quaternionic Kähler manifolds, that are easily manageable within our

approach.

As we reviewed in section (2.4), in a quaternionic space the two-forms (2.40) are

covariantly closed with respect to the SU(2) connection ωx, but in the rigid N = 2

supersymmetry case they need to be exactly closed, and the target space is an

hyper-Kähler manifold with holonomy Sp(n). Moreover, hyper-Kähler manifolds

are Ricci-flat while quaternionic Kähler manifolds are Einstein (namely the Ricci

tensor is proportional to the metric). Therefore, in the rigid limit both the second

piece of the covariant derivative (2.39) and the non-Ricci-flat part of the metric

must go to zero. Indeed, it has been shown in [23] that the Riemann curvature

tensor can be decomposed in two parts:

Rstuv = κ2R̂stuv +Wstuv , (3.25)

where R̂tsuv is the (dimensionless) SU(2) curvature that vanish for κ → 0, while

Wstuv is the Ricci-flat Weyl-curvature of a hyper-Kähler manifold. The SU(2)

part of the curvature that goes away in the limit can be traced back to the metric

block related to the only-gravitationally coupled fields hΦΦ, while the second part

encodes all the non trivial dynamics allowed by (for instance) an additional scale

Λ, as previously discussed.

3.3.1 The rigid limit of special quaternionic Kähler mani-

folds and the c-map

Let us come back to the example of quaternionic Kähler manifold discussed in

3.3.1. We can make the usual distinction between gravitationally coupled scalars

Φ with background values of MPl order and the observable scalars za with small

background values. Since here, as in the vector multiplet sector case, we deal with

a special Kähler (sub)manifold, the rigid limit works in the same way, with the

Kähler potential (3.12) in which we replace F t(2) with Gz(2)(κΦ0, z,Λ)

Kh = h(Φ, z) + h̄(Φ̄, z̄)− i
(
δΦ̄ΦGΦ̂(2)

Φ − δΦΦ̄ḠΦ̂(2)

Φ̄

)
− i
(
z̄āGz(2)

a − zaḠz(2)
ā

)
, (3.26)
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where GΦ̂(2)
Φ = i

4
gΦΦ̄(κΦ0) δΦ2. Again we have allowed for another scale Λ to

guarantee non-trivial dynamics also in the hypermultiplet sector. It is also clear

that the matrix MAB in (2.45) behaves as the N matrix of the previous section,

becoming block diagonal in the rigid limit:

MAB =

(
MΦΦ 0

0 Ḡz(2)
ab

)
, (3.27)

where MΦΦ is constant and includes the graviphoton direction A = 0 while Ḡz(2)
ab

is the second derivative of the prepotential Ḡz(2).

We are left with the first two terms in (2.44). Their limit for κ → 0 is simply

(∂φ)2 + (∂φ̃)2. The metric (2.44) splits in two parts: a flat part for the fields φ, φ̃

and the hidden Φ of the special Kähler manifold Msk, plus the corresponding RR-

scalars ξΦ, ξ̃Φ which include the A = 0 direction, and a non-flat part containing

the visible scalars (za, z̄ā, ξa, ξ̃a), with rigid Kähler potential

Krc = i(z̄aGz(2)
a − zaḠz(2)

a )− 1
2
(ImGz(2))−1ab(C + C̄)a(C + C̄)b , (3.28)

where we defined [38]

Ca = i(ξ̃a + Gz(2)
ab ξb) . (3.29)

While the flat part of the metric is trivially hyper-Kähler, the other part is de-

termined by Krc, known to be the Kähler potential of the rigid c-map and the

corresponding metric is hyper-Kähler [37]. We can also add flat directions to Krc

by replacing Gz(2) in (3.28) by G(2) = i
4
τ 2 + GΦ̂(2)

Φ + Gz(2), for τ = φ + i φ̃, and

defining CΦ in terms of ξΦ, ξ̃Φ as in (3.29).

It should also be noted that the hyper-Kähler metric we derived as a rigid limit

from a special quaternionic one has a rigid prepotential G(2) that is different from

the prepotential G describing the quaternionic metric. In the quaternionic–hyper-

Kähler correspondence, instead, (see e.g. [50]) the hyper-Kähler metric and the

quaternionic metric share the same prepotential.

3.4 The rigid limit of the scalar potential

Now we come back to the gauged lagrangian (2.55). The additional piece we have

to consider, which will be of crucial importance in the following, is the scalar

potential (2.56). In a Minkowski background and for an unbroken theory, the su-

persymmetry variations (2.54) must vanish in the background in order to preserve
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Lorentz invariance (see e.g. [51, 52]), namely the vacuum expectation value 〈V〉
of the scalar potential is identically zero. Before treating the case in which super-

symmetry is partially broken, it is useful to compute the rigid limit of the scalar

potential in a generic N = 2 background. If we introduce

LΛ =

(
LI

MI

)
≡ e

K

2M2
Pl

(
XI

FI

)
= e

K

2M2
Pl V Λ, f Ii ≡ ∇̃iL

I , (3.30)

with ∇̃i = ∂i + 1
2M2

Pl
Ki and Ki = ∂iK, the scalar potential V can be expressed in

an explicit and compact way [26]:

V = LΛL̄Π(Θ ι
Λ Θ κ

Π gij̄k
i
ιk
j̄
κ + 4Θ λ

Λ Θ π
Π huvk

u
λk

v
π)

+ Pλ ·PπΘ λ
Λ Θ π

Π (gij̄fΛ
i f̄

Π
j̄ −

3

M2
Pl

LΛL̄Π),
(3.31)

where the definition (2.52) is used. As in the previous sections, we let all the fields

in the hidden sector to be frozen around their background values (O(MPl)) and

the visible fields to get a vev ϕ0 � O(MPl). We split the indices in (3.31) in

hidden and observable sectors as

Symplectic index: Λ→ (Hidden) Σ,Ξ . . . + (Visible) M,N, . . .

Hypermultiplet isometry index: λ→ (Hidden) γ . . . + (Visible) ν . . .

Hypermultiplet scalar index: u, v → (Hidden) A,B . . . + (Visible) w, y . . .

Vector scalar index: i, j → (Hidden) Φ,Ψ . . . + (Visible) m,n . . . ,

(3.32)

and we identify the hidden or visible components according to their indices. In

general we assume the hidden fields to be charged only under the hidden isometry

group and the visible fields only under the visible one; namely we give the embed-

ding tensor a block diagonal form. For instance, for the hypermultiplet isometries

we have:

Θ λ
Λ =

(
Θ γ

Σ 0

0 Θ ν
M

)
, (3.33)

where Θ γ
Σ and Θ ν

M refers to the hidden and visible sectors respectively. As a

consequence, if the symplectic indices (Λ, Π) run over the visible or hidden fields,

the indices (λ, ρ) are restricted to the isometries in the visible or hidden sector

respectively. For the hypermultiplets we allow for isometries in both the hidden

(where the partial supersymmetry breaking will take place, as it will be explained

in the following chapters) and the observable sector. For the vectors, on the

contrary, we only need to consider isometries in the visible sector (e.g. the non-

abelian gauge groups of the Standard Model), since the hidden sector of the vectors
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does not play any role in the partial supersymmetry breaking, and from now on

we assume for simplicity

Θ ι
Λ =

(
0 0

0 Θ ι
M

)
. (3.34)

We also rewrite the Killing vectors for each sector:

hypermultiplets: (hidden) kAγ , (visible) kwν

vector multiplets: (visible) kmι .
(3.35)

Let us also specify the sections fΛ
i explicitly:

fΛ
i = ∇̃iL

Λ = (∂i +
Ki

2M2
Pl

)e
K

2M2
Pl

(
XI

FI

)
=

= e
K

2M2
Pl

Ki

2M2
Pl

(
XI

FI

)
+ e

K

2M2
Pl

(
∂iX

I

∂iFI

)
+ e

K

2M2
Pl

Ki

2M2
Pl

(
XI

FI

)

= e
K

2M2
Pl

[(
∂iX

I

∂iFI

)
+

Ki

M2
Pl

(
XI

FI

)]
= e

K

2M2
Pl ∇iV

Λ.

(3.36)

In the first line we used the definitions (3.30), in the second line we evaluated the

derivative of the product and in the third line we put ∇i = ∂i + 1
MPl

Ki (see the

footnote in section (2.3)). Let us now focus for a moment on the mixed covariant

derivatives, namely the covariant derivative of a visible symplectic vector V Λ with

respect to hidden fields and viceversa (∇mV
Σ and ∇ΦV

M): in accord with the

assumptions of the previous sections, in order to preserve gauge invariance and

forbid the coupling between the hidden and the visible sectors, we put the mixed

derivatives of the prepotential to zero, namely

∂ΦFm = ∂mFΦ = 0; (3.37)

moreover, the terms KΦ

M2
Pl

(
XM

FM

)
and Km

M2
Pl

(
XΣ

FΣ

)
are of order ∼ 1

MPl
, hence they

are subleading in the limit MPl → ∞; together with the assumption (3.37) this

means we can safely forbid the mixed sections fΣ
m and fMΦ .

With all these considerations in mind we can effectively split the scalar potential

into a hidden, an observable and a mixed part:

V = Vhid + Vvis + Vmix, (3.38)
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with

Vhid = LΣL̄Ξ(4Θ γ
Σ Θ δ

Ξ hABk
A
γ k
B
δ )

+ Pγ ·PδΘ
γ

Σ Θ δ
Ξ (gΦΨ̄fΣ

Φ f̄
Ξ
Ψ̄ −

3

M2
Pl

LΣL̄Ξ),

Vvis = LM L̄N(Θ ι
MΘ κ

N gmn̄k
m
ι k

n̄
κ + 4 Θ ν

MΘ ρ
Nhwyk

w
ν k

y
ρ)

+ Pν ·PρΘ
ν
MΘ ρ

N (gmn̄fMm f̄
N
n̄ −

3

M2
Pl

LM L̄N),

Vmix = LΣL̄M(4Θ γ
Σ Θ ν

MhAwk
A
γ k

w
ν )

+ Pγ ·PνΘ
γ

Σ Θ ν
M(gΦn̄fΣ

Φ f̄
M
n̄ −

3

M2
Pl

LΣL̄M) + c.c..

(3.39)

Now we are ready to compute the limit. First of all, we freeze as usual the fields

in the hidden sector on their background values and Vhid becomes a cosmological

constant term, which we can assume vanishing in a Minkowski background. Then,

we take the limit MPl → ∞ in Vvis. The factors eK/2M
2
Pl go to a constant we can

reabsorb in the definition of the vector, namely

LM → V M . (3.40)

Moreover, since LM ∼ O(1), the term − 3
M2

Pl
LM L̄N , related to the − 12

M2
Pl
SABS

AB

contribution, goes to zero and the covariant derivative ∇j̄ reduces to the standard

derivative ∂j̄. Turning to the mixed term Vmix, we use the fact that the metrics

become block-diagonal in the rigid limit (as shown in the previous sections), while

the piece − 3
M2

Pl
LΣL̄M is of order 1

MPl
and is subleading. Thus (3.38) correctly

reduces to (2.51), which is the scalar potential for global N = 2.
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Partial N = 2→ N = 1

supersymmetry breaking

As we have seen in the last chapter, taking the (MPl →∞) limit of general N = 2

supergravities lead as expected to global N = 2 supersymmetric theories. What

we want to reach, though, is a global N = 2 theory partially broken to N = 1

by soft terms. In order to achieve this goal, we need to derive the rigid limit in

an N = 1 vacuum of a spontaneously partially broken N = 2 supergravity (while

keeping the gravitino mass fixed). Now that we have some control on the general

rigid limit procedure, in this chapter we shall proceed summarizing some aspects

of N = 2→ N = 1 partial supersymmetry breaking.

4.1 How to partially break SUSY

In the case of interest for us, asking for a partially broken N = 2 supersymmetry

means requiring that the supersymmetry transformations (2.54) get a vanishing

background value for the N = 1 unbroken supersymmetry together with a non-

zero value for the broken one. Namely, if we call the parameters for the unbroken

and broken supersymmetries ε1 and ε2 respectively, we must have

〈δΨµA〉 = 〈δλiA〉 = 〈δζα〉 = 0 (4.1)

for a vacuum with ε1 6= 0 and ε2 = 0, and

〈δΨµA〉 6= 0 〈δλiA〉 6= 0 〈δζα〉 6= 0 (4.2)

34
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for ε1 = 0 and ε2 6= 0. The problem consists in finding the properties of the

couplings SAB, W iAB and NA
α such that (4.2) are satisfied. These properties are

strictly related to the isometries of the scalar manifold M, as it should be clear

looking at the explicit forms (2.57).

4.1.1 Physical requirements

Before giving the solution found in [16], we review some physical statements about

the general ingredients of partial N = 2 → N = 1 supersymmetry breaking

[51, 53]. A partial breaking of N = 2 supersymmetry implies giving a mass to one

of the gravitinos, let us say mψ2 , leaving the other one massless. Moreover, since

the vacuum is N = 1 supersymmetric, the massive gravitino must be part of a

massive spin-3/2 multiplet s = (3/2, 1, 1, 1/2). Then also two massive vectors A0
µ,

A1
µ and a massive fermion χ should be part of the spectrum. Similarly, besides the

would-be Goldston fermion (the goldstino) eaten by the gravitino, two would-be

Goldstone bosons (sGoldstinos) must be eaten by the vectors that become massive

[54]. The minimal content of N = 1 massless multiplets that can realize a massive

3/2-multiplet is then

a) one N = 1 spin-3/2 multiplet (3/2, 1)

b) one N = 1 vector multiplet (1, 1/2)

c) one N = 1 chiral multiplet (1/2, 0, 0).

This matter content should now be expressed in terms of N = 2 multiplets. The

vector and the chiral multiplets seem to fit well in a non-abelian N = 2 vector

multiplet, but vector multiplet scalars are singlet under the SU(2) R-symmetry of

N = 2 supergravity, therefore they cannot yield the splitting of the gravitino mul-

tiplet masses. For an abelian theory, one must then take the sGoldstinos scalars

from an N = 2 charged hypermultiplet, while the other gauge boson besides the

one in the gravitational multiplet requires at least one vector multiplet. In sum-

mary, in terms of massless N = 2 multiplets we need at least

a) one N = 2 gravitational multiplet (2, 3/2, 3/2, 1)

b) one N = 2 vector multiplet (1, 1/2, 1/2, 0, 0)

c) one N = 2 hypermultiplet (1/2, 1/2, 0, 0, 0, 0).

From a geometric perspective, the main point is that the two eaten sGoldisti-

nos in the hypermultiplet correspond to two gauged commuting isometries on the



Chapter 4 36

hypermultiplet moduli space Mh. If we define the Killing vectors of these two

isometries as ku1 , k
u
2 , from the Killing prepotential equation (2.59) it is also implied

the existence of two non-zero Killing prepotentials (momentum maps)

P x
1 , P x

2 (4.3)

in the ground state. It should also be required for the two momentum maps not

to be proportional to each other, otherwise a linear combination of the two Killing

vectors could give a vanishing P x.

These minimum requirements are only necessary conditions for the partial super-

symmetry breaking to take place, but are not a proof that the breaking is possible.

Indeed, the no-go theorem of [8] even forbid it, under certain assumptions. In the

following sections we shall assume that everything takes place in a hidden sector.

Since there is no visible sector to distinguish from, with a slight abuse of notation

we will make use of the general indices (check Appendix A).

4.2 Two into one will go, after all

4.2.1 The no-go theorem and its loophole

In the original paper “Two into one won’t go” [8], using the conformal tensor

calculus it was shown that for gauged N = 2 supergravities containing only electric

charges, a partial supersymmetry breaking is impossible. In particular, in this case

the gravitino mass matrix is degenerate, meaning that the supersymmetries can

be both broken or both preserved, with no chances for N = 1 vacua. Let us briefly

sketch the argument (for a full review see [16]). Denoting ε1 the parameter of the

unbroken supersymmetry and ε2 that of the broken one and expressing them as

vectors in the supersymmetry parameters space, in a Minkowski background we

have the conditions

WiABε
B
1 = NαAε

A
1 = SABε

B
1 = 0 (4.4)

for the unbroken SUSY and

WiABε
B
2 6= 0 or NαAε

A
2 6= 0, and SABε

B
2 6= 0 (4.5)

for the broken one. In a point of the moduli space (XI
0 , qu0 ) in which (4.4) and

(4.5) hold, supersymmetry is partially broken to N = 1. For pure electric gaugings

the embedding tensor selects only the first components of the symplectic vector
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V Λ (namely, FI does not appear) and the gravitino variation (2.57a) reads (in a

Minkowski background)

SABε
B
1 =

1

2
eK/2XIΘ λ

I P
x
λσ

x
ABε

B
1 = 0, (4.6)

while the complex conjugate of the gaugino variation (see (2.54)) is1

WiABε
B
1 = ieK/2(∇iX

I)Θ λ
I P

x
λσ

x
ABε

B
1

= ieK/2(∂iX
I)Θ λ

I P
x
λσ

x
ABε

B
1 = 0,

(4.7)

where in both cases we suppressed the index 0 from the scalar fields for simplicity.

In the second line of (4.7) the usual expression for the Kähler covariant derivative

was used and then (4.6) was inserted. This is a system of 2(nv+1) equations, that

can be further simplified using special coordinates to yield

Θ λ
I P

x
λσ

x
ABε

B
1 = 0. (4.8)

Because the momentum maps P x are real, the only complex quantity in (4.8) is

σxABε
B
1 , and from (4.8) and its complex conjugate follows

Θ λ
I P

x
λ = 0. (4.9)

Substituting this expression back in the fermion variations (2.54), we would get

SAB = WiAB = 0. Since we need a non vanishing background value for the

parameter of the broken supersymmetry, this means that a partial breaking is

impossible. A crucial ingredient in the proof given in [8] was the possibility of

choosing special coordinates, related to the existence of a prepotential (see (2.3)).

Indeed, the first counterexamples to the no-go theorem made use of symplectic

frames in which the prepotential does not exist. But from such frames it is always

possible to reach a new frame where a prepotential does exist via a symplectic

transformation, at the price of rotating electric and magnetic charges into each

other. Starting from a frame with only electric charges, as in the no-go theorem

case, this means considering frames in which magnetic charges are present as well.

Hence, the no-go argument has been reconsidered (e.g. [16]) with both electric and

magnetic charges. The expression (4.7) for the gaugino variation now becomes

eK/2(∂iX
I − ∂iFIΘIλ)P x

λσ
x
ABε

B
1 = 0, (4.10)

1Note that since we are in the hidden sector and we assume the isometries of the vectors to
be visible, the Killing vectors for the vector moduli space are not present.
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where ΘIλ are now the magnetic charges and FI , the derivative of the prepoten-

tial, is the component of the symplectic section being absent before. After some

manipulations (see [16]), the analogous of (4.8) reads:

(Θ λ
I − FIJΘJλ)P x

λσ
x
ABε

B
1 = 0,

(Θ λ
I − F̄IJΘJλ)P x

λσ
x
ABε

B
1 6= 0.

(4.11)

It is apparent that the presence of the magnetic charges avoids the final step of

the no-go theorem (which implied ΘJλP x
λ = 0). The solutions for the embedding

tensor such that both (4.11) are fulfilled were found in [16], and we shall give them

in the last section of this chapter. In the next section we shall review instead the

explicit example of partial supersymmetry breaking given in [12], derived in a

symplectic frame in which the prepotential does not exist.

4.2.2 Partial breaking in a no-prepotential frame: an ex-

ample

The spectrum of this N = 2 supergravity model consists of the minimum con-

tent necessary for the partial breaking, as we discussed before: the gravitational

multiplet, a charged hypermultiplet and a vector multiplet. The hypermultiplet

scalars span the quaternionic manifold SO(4, 1)/SO(4) and the vector scalars the

K¨ SU(1, 1)/U(1), described in a symplectic frame with no prepoten-

tial. The defining elements are then the geometries of the quaternionic manifold

ahler manifolds, together with the prepotentials PΛ
x [27]. We denote

as usual the coordinates on the quaternionic manifold by qu, with in this case

u = 0, 1, 2, 3. The SU(2) connections and related curvatures (field strengths)

of the quaternionic geometry read

ωu
x =

1

q0
δxu, Ωx

0u = − 1

2q02 δ
x
u, Ωx

yz = − 1

2q02 ε
xyz, x, y, z = 1, 2, 3. (4.12)

From the SU(2) field strengths we can derive the metric huv using the relation

hstΩx
usΩ

y
tv = −δxyhuv − εxyzΩz

uv:

huv =
1

2q02 δuv, (4.13)

and the vielbein UαA (with α,A = 1, 2)

UαA =
1

2q0
εαβ(dq0 − iσxdbx)Aβ . (4.14)
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The Kähler potential (2.19) on the manifold SU(1, 1)/U(1) (with I = 0, 1) is

determined by the symplectic components

X0(t) = −1

2
, X1(t) =

i

2
F0 = it, F1 = t (4.15)

which yield Kähler potential and related metric

K = −ln(t+ t̄),

gtt̄ =
1

(t+ t̄)2
.

(4.16)

Note again that in this frame the symplectic component FI are not derivative of

a function F because the prepotential does not exist.

The hypermultiplet manifold has the global isometry U(1)2, where the first U(1)

comes from the N = 2 graviphoton and the second one from the matter vector.

Thus, we have two commuting isometries that must be gauged, in accord with the

prescriptions of the previous section. Since the metric (4.13) is invariant under

translation of the coordinates q1, q2, q3, we can choose to gauge for instance the

translations along q1 and q2, with related Killing vectors

ku0 = gδu1, ku1 = g′δu2, (4.17)

where g and g′ are the gauge couplings of the two U(1)′s. From equation (2.59)

we can derive the respective Killing prepotentials

P x
0 = g

1

q0
δx1, P x

1 = g′
1

q0
δx2. (4.18)

Finally we can compute the explicit expressions for the gaugino, hyperino and

gravitino variations (2.54) in terms of the matrices

W t̄
AB = −i(t+ t̄)1/2 1

q0
XAB, Nα

A = −i(t+ t̄)−1/2 1

q0
εαβXβA,

SAB = −1

2
(t+ t̄)−1/2 1

q0
XAB,

(4.19)

with XAB given by

XAB = −g
2

(σ1)CAεCB + i
g′

2
(σ2)CAεCB =

(
g′−g

2
0

0 g′+g
2

)
. (4.20)

If we insert these definitions into the scalar potential (2.56), we find V = 0,

meaning that this model has vanishing potential (hence cosmological constant) for
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arbitrary g and g′. Putting now g = g′ 6= 0 and considering the gravitino mass

matrix 2SAB, whose eigenvalues are the masses of the gravitinos, we see that the

first gravitino is massless, corresponding to the unbroken supersymmetry, while

the second one is massive, corresponding to the broken one. Thus, in this model

N = 2 supersymmetry is partially broken to N = 1, at the price of a symplectic

frame in which no prepotential exists.

4.2.3 Spontaneous partial supersymmetry breaking: em-

bedding tensor solutions

Gravitino and gaugino variations

We shall now review the solutions of (4.11), valid in a Minkowski background. As

we anticipated in the first section, for a partial breaking to occur we need at least

two commuting isometries. In fact, if we only consider one isometry k1, (4.11a)

splits in two factors, and in order to satisfy the equation either (Θ 1
I −FIJΘJ1) or

P x
1 σ

x
ABε

B
1 must be zero, while (4.11b) requires both factors to be non-zero. Thus,

having only one isometry is compatible with fullN = 2 or with a completely broken

supersymmetry; a partial breaking cannot occur. Going now to two isometries

and remembering that the two momentum maps must be linearly independent,

the analysis is simplified choosing an SU(2) frame in which P x
1 and P x

2 lie on the

x = 1, 2 plane and defining the complex combinations

P+
λ = P 1

λ + iP 2
λ , P−λ = P 1

λ − iP 2
λ . (4.21)

Equations (4.11) become

(Θ 1
I − FIJΘJ1)P−1 + (Θ 2

I − FIJΘJ2)P−2 = 0, for all I,

(Θ 1
I − F̄IJΘJ1)P−1 + (Θ 2

I − F̄IJΘJ2)P−2 6= 0 for some I.
(4.22)

The solutions for the embedding tensor in a N = 1 Minkowski vacuum are then

[16]

Θ1
I = −Im(P+

2 FIJC
J), ΘI1 = −Im(P+

2 C
I),

Θ2
I = Im(P+

1 FIJC
J), ΘI2 = Im(P+

1 C
I),

(4.23)

where CI is an arbitrary complex vector. The requirement that the P ’s should not

be proportional is essential here in assuring that (4.11b) does not vanish for an

arbitrary C. Imposing also the mutual locality condition (2.50b), which for two
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isometries become

ΘI1Θ2
I −ΘI2Θ1

I = 0, (4.24)

the complex vector C is found to obey the constraint

C̄I(ImF )IJC
J = 0, (4.25)

derived inserting (4.23) into (4.24). (ImF )IJ has signature (nv, 1) (see e.g. [16]),

hence this constraint can be always fulfilled. The existence of a solution for the

embedding tensor shows that the partial supersymmetry breaking is indeed possi-

ble. Note again that this result was obtained in a symplectic frame in which both

magnetic and electric charges exist. Nevertheless, as stated before, it is always

possible to rotate the charges via a symplectic transformation in a way that only

electric charges are present. The partial breaking must still occur in this frame,

but according to the no-go theorem, in a pure electric frame in which a prepoten-

tial exists, the partial breaking should be impossible. This means that in this new

frame a prepotential cannot exist (for a proof see again [16]).

In the next chapter we want to consider a general vacuum in which N = 2 is

broken to N = 1, and since until now we specialized to the case with a minimum

amount of commuting isometries (two) needed to realize the partial breaking, it

is worth it to ask what happens in the case of an arbitrary number of isometries

(namely larger than two). If we have n gauged commuting isometries, it is always

possible to find a basis of Killing vectors in which P x
λ 6= 0 for only three vectors kλ

in the vacuum. Moreover, the three non-vanishing P x
λ are subject to the constraint

(4.11a), telling us that at least one combination of the P ’s has to be zero. At the

end, we are again in the situation in which only two Killing vectors (with their

prepotentials) participate in the breaking, while the others could give rise at most

to additional masses (since the derivatives of the P ′s are not obviously zero). It

should be noted that fulfilling the partial breaking conditions on the gravitino and

the gaugino variations does not require to be in a specific point of the moduli

space. The result is in fact background independent as long as the hypermultiplet

space supports two commuting isometries and the two Killing prepotentials are

not proportional to each other in the vacuum.

Let us now revisit the minimal example with Mh = SO(1, 4)/SO(4) [12] reviewed

in section (4.2.2). Inserting the Killing prepotentials P x
λ = g

q0 δ
x
λ (with g = g′) into

the embedding tensor solution (4.23), it becomes

Θ 1
I = −Re(FIJC

J), ΘI1 = −ReCI ,

Θ 2
I = Im(FIJC

J), ΘI2 = ImCI .
(4.26)
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Using now (4.26), it is possible to show that NαAε
A
1 = 0 holds automatically and

we retrieve the same N = 1 partially broken vacuum. The important difference is

that while in [12] a precise vector multiplet moduli space Mv was specified, in this

case the result holds for a general Mv: the two commuting isometries on Mh are

the only geometric requirement. Studying the general case for every possible Mh

admitting two commuting isometries is quite difficult. In [16] it is considered the

situation in which Mh is a special quaternionic manifold. There, the embedding

tensor solution (4.23), with the added constraints NαAε
A
1 = 0 and the specific

Killing prepotentials for a special quaternionic space, becomes identical to (4.26).

To summarize, we recalled that a spontaneous partial breaking N = 2 → N = 1

is in general possible if we consider symplectic frames with both magnetic and

electric charges, and we presented the solution (4.23) for the embedding tensor

with generic Killing prepotentials P x. We state again that these solutions are valid

at any point of the moduli space Mv ×Mh. The reader should also be aware that

all the results presented here have been derived for a Minkowski background; for

the AdS case see [16]. In the next section we shall assume an N = 1 spontaneously

broken vacuum as a starting point, and the solution (4.23) implicit.
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Soft partial breaking

Let us summarize the story so far. In Chapter 3 we learned how to compute

the limit MPl → ∞ of a general N = 2 supergravity. Then, in Chapter 4, we

have reviewed the possibility of partial supersymmetry breaking and recalled the

embedding tensor solutions for an N = 1 vacuum of a spontaneously broken N = 2

(gauged) supergravity. Now it is time to merge the two ideas: we shall start from

a spontaneously broken N = 2 gauged supergravity and derive from the scalar

potential the mass terms which softly break a global N = 2 theory to N = 1.

This is achieved by studying the rigid limit of the generic N = 1 vacua discussed

in Chapter 4. But if we let the mass of the gravitino corresponding to the broken

supersymmetry to be of order MPl, in the limit MPl →∞ we would get again the

N = 2 global limit obtained in Chapter 3. The idea is then to perform the rigid

limit while keeping the gravitino mass fixed at an intermediate scale Λ << MPl, a

procedure introduced in [55] and also performed in [20] for the N = 1 case, whose

results we are going to summarize in the following section.

5.1 Soft terms from N = 1 supergravity

[20] carried out a model-independent analysis of the soft terms arising from a

general N = 1 supergravity, where the fields are separated in two sectors: a

hidden sector (at an intermediate scale Mhid much above the electroweak scale

but much smaller than the Planck scale), and a visible sector which contains the

Standard Model and its possible extensions. The scalar potential of such a theory

has in general flat directions at the perturbative level, which can be parametrized

by ‘moduli’ fields Φ (with jargon inspired by string theory). The spontaneous

supersymmetry breaking is assumed to occur in the moduli sector, while the hidden

44
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sector is integrated out, yielding an effective scalar potential for the moduli fields

(assumed to be zero at the minimum) which reads

V eff (Φ, Φ̄) = κ−2K̂ΦΨ̄F
ΦF̄ Ψ̄ − 3κ2eK̂ |Ŵ |2, (5.1)

where all the hatted quantities are functions of the moduli only and

F̄ Ψ̄ = κ2eK̂/2K̂Ψ̄Φ(∂ΦŴ + Ŵ∂ΦK̂), K̂Ψ̄Φ = (K̂ΦΨ̄)−1. (5.2)

The order parameter FΦ is a function of the Kähler potential K̂, the superpotential

Ŵ and their derivatives, and the spontaneous supersymmetry breaking occurs

since for some Φ, 〈FΦ〉 6= 0. As a result, the gravitino acquires a mass given by

m3/2 = κ2e〈K̂〉/2|Ŵ (〈Φ〉)| = 〈1
3
K̂ΦΨ̄F

ΦF̄ Ψ̄〉1/2 ∼ M3
hid

M2
Pl

. (5.3)

The unbroken N = 1 effective theory for the visible fields is described by an

effective superpotential W (eff) and a Kähler potential Kv. W (eff) is given by

W (eff)(Q) =
1

2
µIJQ

IQJ +
1

3
YIJLQ

IQJQL, (5.4)

where the (non-holomorphic functions of the moduli) µIJ and YIJL are the un-

normalized masses of the visible fermions and their Yukawa coupling respectively.

Similarly, expanding the Kähler potential in terms of the visible fields one has

Kv ∼M2
PlK

0(Φ, Φ̄)+ZIJ̄(Φ, Φ̄)QIQ̄J̄+
1

2

[
HIJ(Φ, Φ̄)QIQJ + H̄ĪJ̄(Φ, Φ̄)Q̄ĪQ̄J̄

]
+. . . ,

(5.5)

with ZIJ̄(Φ, Φ̄), HIJ(Φ, Φ̄) and H̄ĪJ̄(Φ, Φ̄) dimensionless functions of the moduli.

In order to derive the broken effective theory for the observable fields, the moduli

fields are frozen around their background value and the rigid limit MPl → ∞ is

taken while keeping the gravitino mass m3/2 fixed. The effective potential for the

observable scalars takes then the form

V (eff)(Q, Q̄) =
∑

a∈G(obs)

g2
a

4
(Q̄ĪZĪJTaQ

J)2 + ∂IW
(eff)ZIJ̄∂J̄W̄

(eff)

+m2
IJ̄Q

IQ̄J̄ + (
1

3
AIJLQ

IQJQL +
1

2
BIJQ

IQJ + h.c.),

(5.6)

In the first line of (5.6) we observe the scalar potential of a global N = 1 super-

symmetric theory, while in the second line the supersymmetry breaking soft terms
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appear, with coefficient matrices given by

m2
IJ̄ = m2

3/2ZIJ̄ − FΦF̄ Ψ̄RΦΨ̄IJ̄ ,

AIJL = FΦDΦYIJL,

BIJ = FΦDΦµIJ −m3/2µIJ ,

(5.7)

where
RΦΨ̄IJ̄ = ∂Φ∂Ψ̄ZIJ̄ − ΓNΦIZNL̄Γ̄L̄Ψ̄J̄ , ΓNΦI = ZNJ̄∂ΦZJ̄I ,

DΦYIJL = ∂ΦYIJL +
1

2
K̂ΦYIJL − ΓNΦ(I YJL)N ,

DΦµIJ = ∂ΦµIJ +
1

2
K̂ΦµIJ − ΓNΦ(I µJ)N .

(5.8)

RΦΨ̄IJ̄ is a sub-tensor of the curvature tensor of the Kähler manifold describing

the scalar field space in N = 1, and DΦ indicates the Kähler covariant derivative.

We shall keep in mind these results in the following.

5.2 Preliminaries and assumptions

Our starting point is again the gauged lagrangian (2.55) with scalar potential

(2.56). The general strategy is the following. In the same spirit of [20, 21] and

Chapter 3, we assume the existence of two field sectors: the “hidden” one, con-

sisting of the gravitationally coupled fields and scalars with background values of

order MPl, and the “visible” one, containing all the low energy non-trivial dynam-

ics and whose scalars can have a background value much smaller than MPl. We

assume the partial supersymmetry breaking to take place in the hidden sector,

hence we consider a moduli space Mv ×Mh where the hypermultiplet moduli

space Mh admits at least two commuting isometries (see Chapter 4) in the hidden

sector. We split accordingly the isometry group GSK ×GQK of the moduli space

into a hidden and a visible parts. As we already mentioned in section (3.4), where

we studied the rigid limit for the full N = 2 gauged supergravity, we can assume

without significant loss that the isometry group GSK of the vectors is entirely

visible, while for GQK we have

GQK = Ghid
QK ×Gvis

QK , (5.9)

with gauge couplings g′ and g respectively. The two commuting isometries are

then in Ghid
QK . This group can in principle have more than two generators, but as

we discussed in (4.2.3), it is always possible to go to a basis of Killing vectors in

which only two Killing prepotentials are non-vanishing. As we did in (3.4), we
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assume the hidden fields to be charged only under the hidden isometry group and

the visible fields only under the visible one, so that the embedding tensor takes

the block diagonal form (3.33).

When N = 2 supersymmetry is partially broken to N = 1, the second gravitino

acquires a mass which we want to keep fixed in the limit MPl → ∞. One may

think that a way to achieve this is to assume the existence of a third intermediate

sector between the hidden and the visible ones, with scalar background values

φ0 << Λ << MPl (where φ0 is the possible vacuum expectation value of the

visible scalars) and define the order of the gravitino mass as m3/2 ∼ Λ3/M2
Pl with

a compensating limit on Λ such that m3/2 remains finite in the double limit, in

the same spirit of [20] for the N = 1 case. But as we show in Appendix B, in

this way there is no chance to achieve a Minkowski vacuum in the partially broken

N = 1 theory. Instead, here we stick to the existence of only two sectors, hidden

and visible, with vacuum expectation values of order Φ0 ∼ MPl and φ0 << MPl

respectively, and we define the gravitino mass scale (which we want to keep fixed

in the limit) as

m3/2 ∼ g′MPl, (5.10)

where g′ is again the gauge coupling constant of the hidden sector. Hence, in order

to keep m3/2 fixed when MPl →∞, we also perform the formal limit g′ → 0.

According to the notation introduced in (3.4), the Killing vectors of the theory

are
hypermultiplets: (hidden) (visible)

kaγ kwν
vector multiplets: (visible)

kmι .

(5.11)

We can also write

kaγ = g′k̂aγ kwν = gk̂wν , (5.12)

where we made explicit the dependence of the prepotential on the hidden and vis-

ible gauge couplings g′ and g.1 Among the kaγ ’s, we denote the two Killing vectors

(or combination of Killing vectors) related to the two commuting isometries as ka1
and ka2 . Similarly, we define the hidden and visible Killing prepotentials by

P x
γ = g′P̂ x

γ , P x
ν = gP̂ x

ν , (5.13)

1The role of g′ and g here is different from the one in the example (4.2.2): there the two
couplings were both in the hidden sector.
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and the two prepotentials related to the two commuting Killing vectors as P x
1 and

P x
2 . We also use the convenient complex combinations (4.21),

P+
λ = P 1

λ + iP 2
λ , P−λ = P 1

λ − iP 2
λ ,

where λ runs here over both hidden and visible isometries. However, it should be

noted that in Chapter 4 everything was defined in the hidden sector: there we can

always choose a basis of Killing vectors where only two P x
σ are non-zero and an

SU(2) frame such that P x
1 and P x

2 lie on the x = 1, 2 plane. In this case we need to

consider also the visible sector, and while we can continue using the combinations

(4.21), we must take into account the contribution from P 3
ν as well. In this thesis

we focus on a Minkowski background, thus we assume a vanishing cosmological

constant. In other words,

〈V(Φ, Φ̄)〉 = 0, (5.14)

where Φ is the set of fields in the hidden sector.

We shall proceed with the study of the soft terms for each piece of the scalar

potential V separately. After the limit we expect to find the N = 2 global limit

plus the soft terms generated by the partial breaking.

5.3 Gravitino variation term

We consider now the contribution from the − 12
M2

Pl
SABS

AB part of the scalar po-

tential. As we have seen in Section 3.4, this term is subleading and vanishes

for MPl → ∞, but if we now perform the limit keeping the gravitino scale fixed

(namely we also take g′ → 0) this piece becomes relevant. Let us start studying
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the matrix SAB explicitly. We can write

SAB =

=
i

2
e

K

2M2
Pl V ΛΘ λ

Λ P
x
λ (σx)AB

=
i

2
e

K

2M2
Pl V ΛΘ λ

Λ [P 1
λ (σ1)AB + P 2

λ (σ2)AB + P 3
λ (σ3)AB]

=
i

2
e

K

2M2
Pl V ΛΘ λ

Λ

[
P 1
λ

(
1 0

0 −1

)
+ P 2

λ

(
−i 0

0 −i

)
+ P 3

λ

(
0 −1

−1 0

)]

=
i

2
e

K

2M2
Pl V ΛΘ λ

Λ

[(
P−λ 0

0 −P+
λ

)
−

(
0 P 3

λ

P 3
λ 0

)]

=
i

2
e

K

2M2
Pl V ΛΘ λ

Λ

(
P−λ −P 3

λ

−P 3
λ −P+

λ

)
.

(5.15)

In the second step we used (2.60), in the third line we inserted in the defini-

tions (2.58) for the σ-matrices and in the last steps we made use of the complex

combinations (4.21). Here we let again the λ index to run over both the hidden

sector and the visible sector isometries, but as we discussed before, we can always

consider P 3
λ vanishing in the hidden sector, namely

P 3
γ = 0, P 3

ν 6= 0. (5.16)

If we now take the vacuum expectation value of SAB and neglect the possible

background values of the visible fields (φ0 << MPl), the only relevant contribution

comes from the hidden sector and reads

〈SAB〉 =

〈 i2e K

2M2
Pl V ΣΘ σ

Σ P
−
γ 〉 0

0 〈− i
2
e

K

2M2
Pl V ΣΘ γ

Σ P
+
γ 〉

 . (5.17)

The eigenvalues of 〈SAB〉 are the masses of the two gravitini [26]. Leaving implicit

the partial breaking solutions for the embedding tensor [16] given in (4.23), the

first supersymmetry remains unbroken, the second one is broken and we are left

with a non-zero mass for the second gravitino:

|〈SAB〉| =

(
0 0

0 m3/2M
2
Pl

)
, (5.18)
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where the gravitino mass is given by2

m3/2 ≡ |〈−
i

2M2
Pl

e
K

2M2
Pl V ΣΘ γ

Σ P
+
γ 〉|. (5.19)

The background value of the full scalar potential term − 12
M2

Pl
SABS

AB is then

〈− 12

M2
Pl

SABS
AB〉 = −12m2

3/2M
4
Pl. (5.20)

The solution (4.23) for a Minkowski background guarantees the vacuum expecta-

tion value of the positive definite part of the scalar potential (2.56) to be

〈gij̄W iABW j̄
AB + 2NA

αN
α
A〉 = 12m2

3/2M
4
Pl, (5.21)

so that 〈V〉 = −12m2
3/2M

4
Pl + 12m2

3/2M
4
Pl = 0.

From now on it will be useful to simplify the notation defining

Θ γ
Σ P

±
γ ≡ P±Σ Θ ν

MP
±
ν ≡ P±M

Θ ν
MP

3
ν ≡ P 3

M

(5.22)

for the hidden and visible P ’s respectively. In the background V Σ and P+
Σ get a

vacuum expectation value of order

〈V Σ〉 ∼ O(MPl), 〈P+
Σ 〉 ∼ O(g′M2

Pl), (5.23)

according to their mass dimensions. Therefore, the order of the gravitino mass is

m3/2 ∼ O(g′MPl). (5.24)

Let us now consider again the − 12
M2

Pl
SABS

AB term of the potential with the full SAB

(5.15) comprised of the hidden and visible sectors. Splitting the contributions from

the two different sectors and considering again a partially broken supersymmetry

we have

SAB =

(
i

2
e

K

2M2
Pl

)[
V Σ

(
0 0

0 −P+
Σ

)
+ V M

(
P−M −P 3

M

−P 3
M −P+

M

)]
. (5.25)

2The numeric coefficient may vary in the literature according to different conventions for the
gravitino mass term SABψ̄

A
µ γ

µνψBν .
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Thus we can compute the full scalar potential term:

− 12

M2
Pl

SABS
AB =

= − 3

M2
Pl

e
K

M2
Pl

[
V ΣV̄ ΞP+

Σ P
−
Ξ + V ΣV̄ NP+

Σ P
−
N + V M V̄ ΞP+

MP
−
Ξ

+2V M V̄ N(P+
MP

−
N + P 3

MP
3
N)
]

= − 3

M2
Pl

e
K

M2
Pl

[
S(h)S̄(h) + S(h)S̄(v) + S(v)S̄(h) + 2(S(v)S̄(v) + S(v3)S̄(v3))

]
.

(5.26)

In Appendix C we performed the detailed calculation yielding the first step, while

in the second step we made use of the definitions

S(h) ≡ V ΣP+
Σ S̄(h) ≡ V̄ ΣP−Σ

S(v) ≡ V MP+
M S̄(v) ≡ V̄ MP−M

S(v3) ≡ V MP 3
M S̄(v3) ≡ V̄ MP 3

M .

(5.27)

Let us make some preliminary observations. The first term, S(h)S̄(h), receives

contributions only from the hidden sector and belongs to V(Φ, Φ̄), which is van-

ishing in the background according to our assumption (5.14). The last term,

2(S(v)S̄(v) + S(v3)S̄(v3)), contains only visible fields and vanishes in the rigid limit

computed in section (3.4). Thus, we would expect the mixed terms to play a role

now that we want to keep the gravitino fixed.

5.3.1 Kähler potential expansion

Before proceeding with the computation of the limit, let us expand the exponential

factor e
K

M2
Pl , where K ≡ Kv is the Kähler potential (2.19). Separating the contri-

bution from the hidden and visible fields, (2.19) becomes (in special coordinates)

Kv = −ln i[C(Φ, Φ̄) + t̄mFm − tnF̄n], (5.28)

where C(Φ, Φ̄) encodes the contribution of the hidden fields. Now we shall start ex-

panding the prepotential F in terms of the visible scalars, and since the dimension-

1 scalars Φ and tm scale as

Φ ∼ O(MPl), tm ∼ O(1), (5.29)
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we have:

F (Φ, t) ∼M2
PlF

0(Φ) + Fmnt
mtn + . . . . (5.30)

F 0(Φ) is a function of the hidden fields only, and in order to fulfil our assump-

tion (3.37) on the decoupling between hidden and visible sectors, Fmn must be a

constant matrix.3 Inserting (5.30) into (5.28) and expanding again, the Kähler po-

tential reads

Kv ∼ −M2
Plln(iC)− 2

C
(Fmn − F̄m̄n̄)tmt̄n̄ + . . . . (5.31)

If we now define K0(Φ, Φ̄) ≡ −ln(iC), we can put C−1 = ieK
0

and write

Kv ∼M2
PlK

0(Φ, Φ̄) + Zmn̄(Φ, Φ̄)tmt̄n̄ + . . . , (5.32)

with

Zmn̄ = − 2

C
(Fmn − F̄m̄n̄) = −2ieK

0

(Fmn − F̄m̄n̄) = 4eK
0(Φ,Φ̄)ImFmn. (5.33)

For the dimensionless matrix Zmn̄, which depend only on the hidden fields, we used

the same convention as [20] (compare also [56], which adopts another convention

for the fields). Note that the matrices HIJ and H̄ĪJ̄ appearing in the expansion

(5.5) for the N = 1 case, are absent in the N = 2 case because of the structure

of the Kähler potential (2.19) which describes a special Kähler manifold (only

Kähler in N = 1). Inserting (5.32) into e
K

M2
Pl and expanding we finally get

e
K

M2
Pl ∼ eK

0

(
1 +

Zmn̄(Φ, Φ̄)tmt̄n̄

M2
Pl

+ . . .

)
. (5.34)

It should be also noted that the expansions (5.30) and (5.32) of the prepotential

and the Kähler potential are different from (3.10) and (3.12). In Chapter 3 we

expanded in terms of MPl in order to get the rigid expressions for the prepotential,

the Kähler potential and the metric. Here we expand in terms of the visible fields

without taking the proper rigid limit. Nevertheless, computing for example the

visible part of the metric from (5.32), we would have

∂m∂n̄K
v = Zmn̄ +O

(
1

M2
Pl

)
+ . . . . (5.35)

Taking MPl → ∞ and freezing the hidden fields around their expectation values,

Zmn̄ can be identified with the rigid metric. An important difference with the

approach in Chapter 3 is that for simplicity we are ignoring additional scales (like

3Since the prepotential F is homogeneous of degree two, F 0 and Fmn are of degree two and
zero respectively.
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the Seiberg-Witten Λ), hence we do not consider combinations like (t/Λ) in the

expansion (5.32) and non-flat metrics with respect to the visible fields are excluded.

5.3.2 Limit result and soft terms

Now we turn back to the expression (5.26) and we study the limit MPl →∞ with

m3/2 fixed. According to (5.23) and the definitions (5.27) we can determine the

orders of the various pieces, namely:

S(h) = g′M3
PlŜ

(h) S̄(h) = g′M3
Pl

¯̂
S(h)

S(v) ∼ O(1) S̄(v) ∼ O(1) S(v3) ∼ O(1) S̄(v3) ∼ O(1),
(5.36)

where the hatted objects are dimensionless.

Truncating the expansion (5.34) before the dots and inserting it into (5.26), we

get

− 12

M2
Pl

SABS
AB =

= − 3

M2
Pl

e
K

M2
Pl

[
S(h)S̄(h) + S(h)S̄(v) + S(v)S̄(h) + 2(S(v)S̄(v) + S(v3)S̄(v3))

]
= − 3

M2
Pl

eK
0

(
1 +

Zmn̄t
mt̄n̄

M2
Pl

)[
(g′)2M6

Pl(Ŝ
(h) ¯̂
S(h))

+g′M3
Pl(Ŝ

(h) ¯̂
S(v)) + g′M3

Pl(Ŝ
(v) ¯̂
S(h)) + 2(S(v)S̄(v) + S(v3)S̄(v3))

]
.

(5.37)

In the last step we made the relative orders of the various pieces explicit. Re-

member that keeping the gravitino fixed in the limit MPl →∞ means to keep the

combination g′MPl finite. We absorb the purely hidden part in V(Φ, Φ̄) = 0, and

we see that the only terms surviving in the limit are the two mixed pieces and

the combination between the subleading term of the exponential expansion and

Ŝ(h) ¯̂
S(h):

lim
MPl→∞
g′→0

− 12

M2
Pl

SABS
AB

= −3eK
0

Ŝ(h) ¯̂
S(h) (Zmn̄t

mt̄n̄)− 3eK
0

(
¯̂
S(h)S(v) + Ŝ(h)S̄(v))

= −12m2
3/2 (Zmn̄t

mt̄n̄)− 6e
K0

2 (m3/2 S
(v) + c.c.),

(5.38)

where in the first line we kept only the visible leading terms in (5.37) and in the

second step we substituted the gravitino mass using the definition (5.19). Thus, as
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expected, the purely visible part vanishes and the mixed pieces are the soft terms

of the gravitino variation contribution to the scalar potential. Let us now turn to

the gaugino variation term.

5.4 Gaugino variation term

Now we focus on the gij̄W
iABW j̄

AB term. The matrix W iAB reads:

W iAB =

= e
K

2M2
Pl [igij̄(∇j̄V̄

Λ)Θ λ
Λ P

x
λ (σx)AB + εABΘ ι

Λk
i
ιV̄

Λ]

= e
K

2M2
Pl

[
igij̄(∇j̄V̄

Λ)

(
−P+

Λ P 3
Λ

P 3
Λ P−Λ

)
+ kiΛV̄

Λ

(
0 1

−1 0

)]
,

(5.39)

where in the last line the explicit expression for P x
λ (σx)AB is evaluated substituting

(A.11), and we also used (5.22) (together with Θ ι
Λk

i
ι ≡ kiΛ). Taking the vacuum

expectation value we get

〈W iAB〉 =

=

〈−e K

2M2
Pl igij̄(∇ḡV̄

Σ)P+
Σ 〉 0

0 〈e
K

2M2
Pl igij̄(∇j̄V̄

Σ)P−Σ 〉

 =

=

(
0 0

0 〈e
K

2M2
Pl igij̄(∇j̄V̄

Σ)P−Σ 〉

)
.

(5.40)

In the last step we implicitly used the solution (4.23) for the embedding tensor

which induces the partial breaking.4 The Killing vectors of the vector multiplet

sector (and the P 3, as before) are missing, since they belong to the visible sector

and the background value is relevant only for the hidden sector. Note also that

while SAB was the mass matrix for the gravitini and we could identify the non-

zero expression with the gravitino mass of the broken supersymmetry, W iAB is the

coupling matrix between the gravitini and the gaugini. The mass matrices of the

gauginos and hyperinos are not part of the scalar potential (for a review, see [57]).

4Here we let the indices (i, j̄) to run over both the hidden and the visible fields, but this
cannot affect the validity of the solutions for the embedding tensor as long as we assume it to
be block diagonal.
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Proceeding as in the previous section, we can split W iAB in a hidden and visible

part:

W iAB =

(
0 0

0 e
K

2M2
Pl igij̄(∇j̄V̄

Σ)P−Σ

)

+ e
K

2M2
Pl

[
igij̄(∇j̄V̄

M)

(
−P+

M P 3
M

P 3
M P−M

)
+ kiM V̄

M

(
0 1

−1 0

)]
,

(5.41)

where in both the hidden and the visible parts we leave for now (i, j) to run over

both hidden and visible fields. Using this expression, the scalar potential terms

becomes (see Appendix C for the details of the derivation)

gij̄W
iABW j̄

AB = VhidW + VmixW + VvisW , (5.42)

with

VhidW ≡ e
K

M2
Pl gkk̄[(∇k̄V̄

Σ)(∇kV
Ξ)P−Σ P

+
Ξ ]

VmixW ≡ e
K

M2
Pl gkk̄[(∇k̄V̄

Σ)(∇kV
M)P−Σ P

+
M + (∇k̄V̄

M)(∇kV
Ξ)P−MP

+
Ξ ]

VvisW ≡ e
K

M2
Pl gkk̄[2(∇k̄V̄

M)(∇kV
N)(P+

MP
−
N + P 3

MP
3
N)] + 2e

K

M2
Pl gmn̄k

m
Mk

n̄
NV

N V̄ M .

(5.43)

The term VhidW is comprised of the hidden sector contribution, VmixW contains the

mixed terms and VvisW all the visible contributions. Since for now we left the indices

(k, k̄) and (i, j̄) to run over both visible and hidden fields, we cannot decide a priori

the order and relevance of the various pieces and we need to consider the metric

gij̄ in detail. In Chapter 3 we have seen how in the limit MPl → ∞ the metrics

on the moduli spaces for the vectors and the hypers become block-diagonal, since

with our assumptions on the two different field sectors the off diagonal terms are

subleading. In this case, though, that conclusion is not valid anymore since in

order to keep the gravitino scale fixed we also take the effective limit g′ → 0 and

terms of order 1/M2
Pl in the metric might be compensated, thus in the following we

need to take into account the off-diagonal blocks as well. Keeping our conventions

close to [20], we can put

gij̄ = ∂i∂īK
v ≡ Kij̄. (5.44)

Separating in hidden and visible blocks, the metric reads

gij̄ =

(
KΦΨ̄ KΦn̄

KmΨ̄ Kmn̄

)
. (5.45)
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Imposing the relationship gac̄gc̄b = δab we can derive also the inverse metric (Ap-

pendix C for the details):

gj̄i =

(
K̃Ψ̄Φ K̃Ψ̄m

K̃ n̄Φ K̃ n̄m

)
=

(
KΨ̄Φ +KΨ̄ΥKΥp̄K

p̄mKmῩK
ῩΦ −KΨ̄ΦKΦp̄K

p̄m

−K n̄mKmΨ̄K
Ψ̄Φ K n̄m

)
.

(5.46)

The explicit expression for the sub-metrics of Kij̄ and their inverses are (see C.2.1)

Kmn̄ = Zmn̄,

K n̄m = Z n̄m,

KΦΨ̄ = K0
ΦΨ̄ +

Zmn̄ΦΨ̄t
mt̄n̄

M2
Pl

,

KΨ̄Φ = K0Ψ̄Φ − K0Ψ̄ΥK0ῩΦZmn̄ΥῩt
mt̄n̄

M2
Pl

,

KΦn̄ =
Zmn̄Φt

m

MPl

,

KmΨ̄ =
Zmn̄Ψ̄t̄

m̄

MPl

,

Km = Zmn̄t̄
n̄,

Kn̄ = Zmn̄t
m,

KΨ̄ = MPlK
0
Ψ̄ +

Zmn̄Ψ̄t
mt̄n̄

MPl

,

KΦ = MPlK
0
Φ +

Zmn̄Φt
mt̄n̄

MPl

,

(5.47)

where we have defined

Zmn̄Φ = ∂ΦZmn̄ Zmn̄Ψ̄ = ∂Ψ̄Zmn̄

Zmn̄ΦΨ̄ = ∂Φ∂Ψ̄Zmn̄.
(5.48)

5.4.1 Limit summary and gaugino variation soft terms

Now we consider the limit of (5.42). The full computation has been performed

in (C.3) and here we only give the final result. Splitting the covariant derivative

∇i = ∂i + 1
M2

Pl
Ki and defining for convenience

W
(h)
i ≡ W

(h1)
i +W

(h2)
i ,

W
(v)
i ≡ W

(v1)
i +W

(v2)
i ,

(5.49)
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with
W

(h1)
i ≡ ∂iV

ΣP+
Σ ,

W
(h2)
i ≡ 1

M2
Pl

KiV
ΣP+

Σ ,

W
(v1)
i ≡ ∂iV

MP+
M ,

W
(v2)
i ≡ 1

M2
Pl

KiV
MP+

M ,

(5.50)

and
W

(v31)
i ≡ ∂iV

MP 3
M

W
(v32)
i ≡ 1

M2
Pl

KiV
MP 3

M .
(5.51)

where the index i can run over the hidden or the visible fields, we can proceed to

evaluate the limit

lim
MPl→∞
g′→0

gij̄W
iABW j̄

AB|vis = lim
MPl→∞
g′→0

(VhidW + VmixW + VvisW ).
(5.52)

Considering each piece separately, we have

lim
MPl→∞
g′→0

VhidW =eK
0

[(K0Ψ̄ΦW̄
(h)

Ψ̄
W

(h)
Φ )|0Zmn̄tmt̄n̄ + (K̃Ψ̄ΦW̄

(h)

Ψ̄
W

(h)
Φ )|2

+ (K̃Ψ̄mW̄
(h)

Ψ̄
W (h2)
m + c.c.) + K̃ n̄mW̄

(h2)
n̄ W (h2)

m ],

(5.53)

lim
MPl→∞
g′→0

VmixW =eK
0

[K̃Ψ̄ΦW̄
(h)

Ψ̄
W

(v2)
Φ + (K̃Ψ̄mW̄

(h)

Ψ̄
W (v1)
m + c.c.) + K̃ n̄mW̄

(h2)
n̄ W (v1)

m ]

+ c.c.,

(5.54)

lim
MPl→∞
g′→0

VvisW = 2eK
0

(K̃ n̄mW̄
(v1)
n̄ W (v1)

m + K̃ n̄mW̄
(v31)
n̄ W (v31)

m +Kmn̄k
m
Mk

n̄
NV

N V̄ M),

(5.55)

where for all the quantities we consider in general the leading terms and the

indexes ′0′ and ′2′ in (5.53) indicate that we are considering the ∼ (g′2)M4
Pl or

the ∼ (g′2)M2
Pl part of the expansion respectively. Notice that the three pieces

(5.53), (5.54) and (5.55) are of order O(m2
3/2), O(m3/2) and O(1) respectively. Now

we want to find a more useful expression, and we make explicit all the elements

containing visible fields, starting from the VhidW contribution. Using the definitions
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(5.46) and the explicit formulas (5.47), we can rewrite it as

lim
MPl→∞
g′→0

VhidW =

= eK
0

[K0Ψ̄ΦW̄
(h)

Ψ̄
W

(h)
Φ Zmn̄t

mt̄n̄

+K0Ψ̄ΦK0ῩΥW
(h)
Φ W̄

(h)

Ῡ
(−Zmn̄ΥΨ̄ + Zmq̄ΥZ

q̄pZpn̄Ψ̄)tmtn̄

+ S(h)S̄(h)Zmn̄t
mt̄n̄],

(5.56)

where we also used W
(h2)
m = 1

M2
Pl
KmS

h. The expression (−Zmn̄ΥΨ̄ +Zmq̄ΥZ
q̄pZpn̄Ψ̄)

is a sub-tensor of the curvature tensor of the vector scalar space, and it holds for

a general Kähler manifold. In fact, using Γplm = Zpq̄Zlq̄m, we can put

(−Zmn̄ΥΨ̄ + Zmq̄ΥZ
q̄pZpn̄Ψ̄) = −(Zmn̄ΥΨ̄ − ΓpΥmZpq̄Γ̄

q̄

Ψ̄n̄
) = −Rmn̄ΥΨ̄, (5.57)

which is identical to the expression (5.8a) for the N = 1 case. Since in N = 2 we

are dealing with a special Kähler manifold, (5.57) can be further specified, as we

shall see in the following. Putting now |W (h)|2 = K0Ψ̄ΦW̄
(h)

Ψ̄
W

(h)
Φ and K0Ψ̄ΦW

(h)
Φ =

W̄
Ψ̄(h)

, and substituting the gravitino mass expression (5.19) with the help of the

definitions (5.27), we can write (5.56) in a cleaner way as

lim
MPl→∞
g′→0

VhidW = (eK
0|W (h)|2Zmn̄+4m2

3/2Zmn̄−eK
0

WΦ(h)W̄ Ψ̄(h)Rmn̄ΦΨ̄) tmt̄n̄. (5.58)

This term is the analogous of the m2
IJ̄

-soft term in (5.6). Let us proceed with the

terms of order O(m3/2). With (5.46) and (5.47) it reads

lim
MPl→∞
g′→0

VmixW =

= eK
0

[K0Ψ̄ΦW̄
(h)

Ψ̄
K0

ΦS
(v) + (K0Ψ̄ΦW

(h)

Ψ̄
Zpq̄Zmq̄ΦW

(v1)
p tm + c.c.) + S̄(h)W (v1)

m tm]

+ c.c.

= eK
0

[W (h)ΦK0
ΦS

(v) + (W (h)ΦΓpmΦW
(v1)
p tm + c.c.) + S̄(h)W (v1)

m tm] + c.c..

(5.59)

Notice the resemblance of the first two pieces with the AIJL-soft term which ap-

pears in (5.6), with the differences that here we have a Yukawa coupling between

scalars belonging to both vectors and hypermultiplets; moreover according to our

assumptions (3.37), W
(v1)
Φ = ∂ΦV

MP±M = 0 (namely FIJ is block diagonal), hence

we do not have the ∂iYIJL part.
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Adding the global piece (5.55) and collecting all the simplified results, (5.52) reads

lim
MPl→∞
g′→0

gij̄W
iABW j̄

AB|vis = lim
MPl→∞
g′→0

(VhidW + VmixW + VvisW ) =

= (eK
0|W (h)|2Zmn̄ + 4m2

3/2Zmn̄ − eK
0

WΦ(h)W̄ Ψ̄(h)Rmn̄ΦΨ̄) tmt̄n̄,

+ eK
0

[W (h)ΦK
(0)
Φ S(v) + (W (h)ΦΓpmΦW

(v1)
p tm + c.c.) + S̄(h)W (v1)

m tm] + c.c.

+ 2eK
0

[K̃ n̄mW̄
(v1)
n̄ W (v1)

m + K̃ n̄mW̄
(v31)
n̄ W (v31)

m +Kmn̄k
m
Mk

n̄
NV

N V̄ M ].

(5.60)

5.5 N = 1 scalar potential without visible hyper-

multiplets

If the theory we reach after the limit is N = 1 supersymmetric, we should be able

to rewrite the global limit plus the soft terms derived from the partially broken

N = 2 theory in terms of the standard N = 1 scalar potential (given in the first

line of (5.6)). Let us consider a simple situation, in which we have hypermultiplets

in the hidden sector (needed for the partial breaking) but not in the visible sector.

The terms we should take into account are then only

− 12m2
3/2Zmn̄t

mt̄m̄ (5.61)

from the gravitino variation term (5.38), and

(eK
0|W (h)|2Zmn̄ + 4m2

3/2Zmn̄ − eK
0

WΦ(h)W̄ Ψ̄(h)Rmn̄ΦΨ̄) tmt̄n̄

+ 2eK
0

Kmn̄k
m
Mk

n̄
NV

N V̄ M
(5.62)

from the gaugino term (5.60). We are excluding the visible hypermultiplets, never-

theless we should take into account the only vector contribution from the hyperino

variation term 2NA
αN

α
A, which comes from the expansion of the exponential factor

eK/M
2
Pl . Together with (5.61) and the first term in (5.62) eK

0|W (h)|2Zmn̄tmt̄n̄, this

term belongs to an overall term which reads

V(Φ, Φ̄)Zmn̄t
mt̄n̄. (5.63)

As we are assuming a vanishing cosmological constant, namely 〈V(Φ, Φ̄)〉 = 0, we

can consider this term identically zero. Therefore, the scalar potential without
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visible hypermultiplets reads

VNoHyp =eK
0

[(4m2
3/2Zmn̄ −WΦ(h)W̄ Ψ̄(h)Rmn̄ΦΨ̄) tmt̄n̄

+ 2Kmn̄k
m
Mk

n̄
NV

N V̄ M ].
(5.64)

Let us study this expression further. The curvature sub-tensor (2.33) for a local

special Kähler manifold in this case reads

Rmn̄ΦΨ̄ = KΨ̄ΦKmn̄ +KΨ̄mKΦn̄ −M2
Ple

2K

M2
PlQmΦiK

ij̄Q̄j̄Ψ̄n̄, (5.65)

where (i, j) run over both the hidden and the visible fields and

QmΦi = (∇m∇ΦV
Λ)(∇iVΛ). (5.66)

In special coordinates, we have

QmΦi = FmΦi. (5.67)

Because of the assumptions (3.37), in our case QmΦi is identically zero and we are

left with the first two terms of (5.65). Since in the previous section we derived

Rmn̄ΦΨ̄ from the dimensionless expression (−Zmn̄ΦΨ̄+Zmq̄ΦZ
q̄pZpn̄Ψ̄) obtained after

the rigid limit, we have to take only the leading part of (5.65) as well. According

to the definitions (5.47), KΨ̄m is subleading and the first two terms reduce to

KΨ̄ΦKmn̄ +KΨ̄mKΦn̄ → K0
Ψ̄ΦZmn̄. (5.68)

Then Rmn̄ΦΨ̄ = K0
Ψ̄Φ
Zmn̄ and the scalar potential (5.64) becomes

VNoHyp =eK
0

m2
1/2Zmn̄ t

mt̄n̄

+ 2eK
0

Kmn̄k
m
Mk

n̄
NV

N V̄ M ,
(5.69)

where we defined

m2
1/2 ≡ 4m2

3/2 − |W (h)|2. (5.70)

We can now recast the expression (5.69) in theN = 1 form defining an holomorphic

N = 1 superpotential W as

W ≡ eK
0/2m1/2Zmn t

mtn,

W̄ ≡ eK
0/2m1/2Zm̄n̄ t̄

m̄t̄n̄.
(5.71)
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We see that the N = 1 expression

∂mWZmn̄∂n̄W̄ , (5.72)

with ZmnZ
np̄ = δp̄m, reproduces the first line of (5.69). The second line of (5.69)

preserves the full N = 2 supersymmetry, since it coincides (modulus a constant

factor) with the global limit of the N = 2 scalar potential (2.56) without hyper-

multiplets (see (2.53)). We can conclude that the scalar potential

VN=1 = ∂mWZmn̄∂n̄W̄ + 2eK
0

Kmn̄k
m
Mk

n̄
NV

N V̄ M (5.73)

is N = 1 supersymmetric.

We have thus shown, at least in this simple scenario, that the global limit of the

spontaneously broken N = 2 supergravity with m3/2 fixed yields a rigid N = 2

theory explicitly broken by N = 1 supersymmetric soft terms.





Chapter 6

Conclusions and outlook

The aim of this thesis was to perform a model-independent analysis of the soft

terms arising in the rigid limitMPl →∞ from a general gaugedN = 2 supergravity

spontaneously broken to N = 1. In particular, we evaluated two kinds of rigid

limit. First we studied the limit MPl → ∞ of both the ungauged and gauged

theory, with a focus on the geometric structures involved. Namely, assuming the

possibility of a local distinction between hidden and visible fields, we have shown

that the metrics and the couplings become block-diagonal and the local manifolds

describing the target spaces of the sigma models flow to their global counterparts.

Specifically, the local special Kähler manifold of the vector multiplet scalar sector

becomes a rigid special Kähler space and the quaternionic manifold spanned by

the hypermultiplet scalars is reduced to an HyperKähler manifold. Afterwards, we

considered generic N = 2 gauged supergravities spontaneously broken to N = 1,

we focused on the gravitino and gaugino variation terms of the scalar potential

and we performed again the rigid limit while keeping this time the gravitino mass

scale related to the broken supersymmetry fixed for MPl → ∞. In this way we

obtained the global N = 2 limit of the N = 2 supergravity together with N = 1

supersymmetric soft terms. Finally, we considered the simple setup in which there

is no hypermultiplet in the visible sector, and we showed that the N = 2 global

limit of the scalar potential and the soft terms can be arranged in a global N = 1

scalar potential defined in terms of an N = 1 superpotential.

Our analysis should be extended to the hyperino variation term of the scalar po-

tential and to the general case in which also visible hypermultiplets are present.

We also remind the reader that in this work only a Minkowski vacuum was con-

sidered and we leave the Anti-de Sitter case for future investigations. One might

also think to relax our assumption that forbids the mixing between hidden and

63
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visible fields and to allow for more general prepotentials, considering possible ad-

ditional scales like the QCD or the Seiberg-Witten scales. Finally, it would be

interesting to re-do the analysis in the case of a supersymmetry breaking cascade

N = 2 → N = 1 → N = 0, where the two supersymmetries are broken at two

different energy scales.
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N = 2 supergravity conventions

and formulas

A.1 indices conventions

Symplectic indices:

General: Λ,Π, . . .

Hidden sector: Σ,Ξ, . . .

Visible sector: M,N, . . .

(A.1)

Isometry indices:

(Hypermultiplets)

General: λ, π, . . .

Hidden sector: γ, δ, . . .

Visible sector: ν, ρ, . . .

(A.2)

(Vectors)

Visible sector: ι. (A.3)

Scalar fields indices:

(Hypermultiplets)

General: u, v . . .

Hidden sector: A,B . . .
Visible sector: w, y, . . .

(A.4)
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(Vectors)

General - (homogeneous coordinates): I, J . . . (in N = 2)

General - (special coordinates): i, j . . .

Hidden sector (special coordinates): Φ,Υ,Ψ, . . .

Visible sector (special coordinates): m,n, p, q . . .

(A.5)

A.2 SU(2) and Sp(2nh) structures

The SU(2) and Sp(2nh) metrics are defined as

εABεBC = −δAC , εAB = −εBA,
CαβCβγ = −δαγ , Cαβ = −Cβα.

(A.6)

These act on the SU(2) and Sp(2nh) vectors VA as

εABV
B = VA, εABVB = −V A,

CαβV β = Vα, CαβVβ = −V α.
(A.7)

A.2.1 Pauli and SU(2) matrices

The standard Pauli matrices (σx) C
A are

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
. (A.8)

The indices of the Pauli matrix can be lowered using εAB, namely

(σx)AB ≡ (σx) C
A εBC . (A.9)

These are the matrices which appears in the scalar potential of the N = 2 gauged

supergravity and their explicit expression is

(σ1)AB =

(
1 0

0 −1

)
, (σ2)AB =

(
−i 0

0 −i

)
(σ3)AB =

(
0 −1

−1 0

)
. (A.10)

Analogously, for both upper indices we have

(σ1)AB =

(
−1 0

0 1

)
, (σ2)AB =

(
−i 0

0 −i

)
(σ3)AB =

(
0 1

1 0

)
, (A.11)
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A.3 Dimensions summary

[V(t, t̄, q)] = 4

[SAB] = 3

[Wi] = 2

[NA
α ] = 2

[V Λ] = 1

[kiλ] = [kuλ] = 1

[P x
λ ] = 2

[F ] = 2

[K] = 2

[Ki] = 1

[gi̄] = [huv] = [NIJ ] = 0

[Θ λ
Λ ] = 0
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Partial breaking with an

intermediate sector

If one tries to define a third intermediate sector between the hidden (background

values of order MPl) and the visible one (background values φ0 << MPl) at the

scale Λ such that

φ0 << Λ << MPl, (B.1)

and then define the gravitino mass scale as a combination of the MPl scale and

the Λ scale

m3/2 ≡
Λ3

M2
Pl

, (B.2)

so that in the limit the gravitino mass remains fixed, namely

lim
MPl→∞, Λ→∞

Λ3

M2
Pl

→ finite, (B.3)

it becomes impossible to construct a Minkowski vacuum. The reason is the follow-

ing. We consider again the scalar potential (2.56). According to the definitions

(2.57), that we rewrite here for the hidden intermediate sector only,

SAB =
1

2
e

K

2M2
Pl V ΣΘ γ

Σ P
x
γ (σx)AB,

W iAB = e
K

2M2
Pl [igij̄(∇j̄V̄

Σ)Θ γ
Σ P

x
γ (σx)AB],

NA
α = 2e

K

2M2
Pl V̄ ΣΘ γ

Σ U
A
αuk

u
γ ,

we can estimate the orders of the various pieces in the background. Taking the

vacuum expectation values in the intermediate sector and using the canonical mass
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dimensions in section A.3 we have

V Σ ∼ O(Λ)

∂fV
Σ ∼ O(1)

P x
γ ∼ O(Λ2)

Kf ∼ O(Λ) (or O(MPl))

gf,ḡ, hab ∼ O(1).

(B.4)

Hence, for the gravitino variation piece we can write

− 12

M2
Pl

SABS
AB ∼ 1

M2
Pl

|〈V ΣPΣ〉|2 ∼ O

(
Λ6

M2
Pl

)
∼ m2

3/2M
2
Pl,

(B.5)

where, in order to simplify the notation, we put PΣ ≡ Θ λ
Σ P

x
λ .

For the gaugino piece we have instead

gfḡW
fABW ḡ

AB ∼ |〈∇f V̄
ΣPΣ〉|2 ∼ |〈(∂f V̄ Σ)PΣ +

1

M2
Pl

Kf V̄
ΣPΣ〉|2

∼
(
O(Λ2) +O

(
Λ4

M2
Pl

))2

∼ O(Λ4) +O

(
Λ6

M2
Pl

)
+O

(
Λ8

M4
Pl

)
∼ O

(
m2

3/2

M4
Pl

Λ2

)
+O(m3/2Λ3) +O(m2

3/2Λ2),

(B.6)

where we omitted the metric for simplicity. Finally, for the hyperino variation

part of the scalar potential we have

2NA
αN

α
A ∼ 〈habV ΣV̄ TkaΣk

b
T 〉 ∼ O(Λ4)

∼ O

(
m2

3/2

M4
Pl

Λ2

)
,

(B.7)

with kaΣ ≡ Θ γ
Σ k

a
γ .

Therefore, we have shown that the three part of the scalar potential V have differ-

ent orders and cannot cancel between themselves, leaving a non-zero cosmological

constant. We have to conclude that if the scale Λ of the partial supersymmetry

breaking is given by the vacuum expectation values of the fields belonging to an

intermediate sector there is no way to achieve a Minkowski vacuum.
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Soft partial breaking: detailed

calculations

C.1 Scalar potential with partial breaking

C.1.1 Gravitino variation term

If we separate the SAB matrix into a hidden and a visible part and we consider

the expression (5.15) for the SAB matrix, the term − 12
M2

Pl
SABS

AB becomes:

− 12

M2
Pl

SABS
AB =

= − 12

M2
Pl

(
−1

4
e

K

M2
Pl

)
Tr

{[
V Σ

(
0 0

0 −P+
Σ

)
+ V M

(
P−M −P 3

M

−P 3
M −P+

M

)]
·

·

[
V̄ Ξ

(
0 0

0 P−Ξ

)
+ V̄ N

(
−P+

N P 3
N

P 3
N P−N

)]}

= − 3

M2
Pl

e
K

M2
Pl Tr

[
V ΣV̄ Ξ

(
0 0

0 P+
Σ P

−
Ξ

)

+ V ΣV̄ N

(
0 0

P+
Σ P

3
N P+

Σ P
−
N

)
+ V M V̄ Ξ

(
0 P 3

MP
−
Ξ

0 P+
MP

−
Ξ

)

+V M V̄ N

(
P−MP

+
N + P 3

MP
3
N −P−MP 3

N + P 3
MP

−
N

−P 3
MP

+
N + P+

MP
3
N P+

MP
−
N + P 3

MP
3
N

)]
.

(C.1)
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In the first step we used (5.15) and the definitions (A.11) for SAB, and in the second

one we computed the explicit matrix product. Taking the trace, the off-diagonal

terms do not contribute and we get

= − 3

M2
Pl

e
K

M2
Pl

[
V ΣV̄ ΞP+

Σ P
−
Ξ + V ΣV̄ NP+

Σ P
−
N + V M V̄ ΞP+

MP
−
Ξ

+2V M V̄ N(P+
MP

−
N + P 3

MP
3
N)
]

= − 3

M2
Pl

e
K

M2
Pl

[
S(h)S̄(h) + S(h)S̄(v) + S(v)S̄(h) + 2(S(v)S̄(v) + S(v3)S̄(v3))

]
,

(C.2)

where we put

S(h) ≡ V ΣP+
Σ S̄(h) ≡ V̄ ΣP−Σ ,

S(v) ≡ V MP+
M S̄(v) ≡ V̄ MP−M ,

S(v3) ≡ V MP 3
M S̄(v3) ≡ V̄ MP 3

M .

(C.3)

C.1.2 Gaugino variation term

Separating again between hidden and visible sectors and using (5.39), for the

gaugino variation term we have:

gij̄W
iABW j̄

AB =

= e
K

M2
Pl gij̄Tr

{
igik̄(∇k̄V̄

Σ)

(
0 0

0 P−Σ

)

+

[
igik̄(∇k̄V̄

M)

(
−P+

M P 3
M

P 3
M P−M

)
+ kiM V̄

M

(
0 1

−1 0

)]}
·

·

{
igkj̄(∇kV

Ξ)

(
0 0

0 −P+
Ξ

)

+

[
igkj̄(∇kV

N)

(
P−N −P 3

N

−P 3
N −P+

N

)
+ kj̄NV

N

(
0 −1

1 0

)]}
,

(C.4)

where again we used (5.39) and the definitions (A.11). Simplifying the metrics

with
gij̄g

ik̄ = δk̄j̄

δk̄j̄ g
kj̄ = gkk̄

(C.5)
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and performing the products, we have for the terms not involving the Killing

vectors

e
K

M2
Pl gkk̄Tr

[
(∇k̄V̄

Σ)(∇kV
Ξ)

(
0 0

0 P−Σ P
+
Ξ

)

+ (∇k̄V̄
Σ)(∇kV

M)

(
0 0

P−Σ P
3
M P−Σ P

+
M

)
+ (∇k̄V̄

M)(∇kV
Ξ)

(
0 P 3

MP
+
Ξ

0 P−MP
+
Ξ

)

+(∇k̄V̄
M)(∇kV

N)

(
P+
MP

−
N + P 3

MP
3
N −P+

MP
3
N + P 3

MP
−
N

−P 3
MP

−
N + P−MP

3
N P−MP

+
N + P 3

MP
3
N

)]
,

(C.6)

while the terms involving the Killing vector contribution are

e
K

M2
Pl Tr

[
i(∇iV

Ξ)(kiM V̄
M)

(
0 −P+

Ξ

0 0

)
+ i(∇j̄V̄

Σ)(kj̄NV
N)

(
0 0

0 0

)

+i(∇j̄V̄
M)(kj̄NV

N)

(
P 3
M P+

M

P−M −P 3
M

)
+ i(kiM V̄

M)(∇iV
N)

(
−P 3

N −P+
N

−P−N P 3
N

)

+ gij̄k
i
Mk

j̄
NV

N V̄ M

(
1 0

0 1

)]
.

(C.7)

Taking the trace from both (C.6) and (C.7) (in (C.7) only the last line contributes)

we are left with

gij̄W
iABW j̄

AB =

= e
K

M2
Pl gkk̄[(∇k̄V̄

Σ)(∇kV
Ξ)P−Σ P

+
Ξ

+ (∇k̄V̄
Σ)(∇kV

M)P−Σ P
+
M + (∇k̄V̄

M)(∇kV
Ξ)P−MP

+
Ξ

+ 2(∇k̄V̄
M)(∇kV

N)(P+
MP

−
N + P 3

MP
3
N)] + 2e

K

M2
Pl gij̄k

i
Mk

j̄
NV

N V̄ M ,

(C.8)

where in the first line we have the hidden sector contribution, in the second line

the mixed terms and in the last line the visible part.
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C.2 Kähler potential and inverse metric

C.2.1 Kähler potential explicit derivatives

From the Kähler potential expansion (5.32) we can derive the following explicit

expressions for the derivatives

Kmn̄ = Zmn̄

KΦΨ̄ = K0
ΦΨ̄ + (Zmn̄ΦΨ̄t

mt̄n̄)/M2
Pl;

KΦn̄ = (Zmn̄Φt
m)/MPl;

KmΨ̄ = (Zmn̄Ψ̄t̄
m̄)/MPl;

Km = (Zmn̄t̄
m̄);

Kn̄ = (Zmn̄t
m);

KΨ̄ = MPlK
0
Ψ̄ + (Zmn̄Ψ̄t

mt̄n̄)/MPl;

KΦ = MPlK
0
Φ + (Zmn̄Φt

mt̄n̄)/MPl.

(C.9)

The inverses are:

K n̄m = Z n̄m, (C.10)

while for KΨ̄Φ we can write

KΨ̄Φ =
[
K0

ΦΨ̄ + (Zmn̄ΦΨ̄t
mt̄n̄)/M2

Pl

]−1

=
[
K0

ΦῩ(δῩ
Ψ̄ +K0ῩΥ(Zmn̄ΥΨ̄ + . . . ))/M2

Pl

]−1

;
(C.11)

Taylor-expanding the second factor, considering only the terms up to orderO(1/M2
Pl)

and remembering that for two matrices A and B holds (A ·B)−1 = (B)−1 · (A)−1,

we finally have

KΨ̄Φ =
[
δΨ̄

Ῡ −K
0Ψ̄Υ(Zmn̄ΥῩt

mtn + . . . )/M2
Pl

]
K0ῩΦ. (C.12)

C.2.2 Inverse special Kähler metric with two different sec-

tors

Imposing the relationship gij̄g
j̄k = δki we can derive the explicit form for the inverse

full metric. Since we have:

gij̄ =

(
KΦῩ KΦp̄

KmῩ Kmp̄

)
, gj̄k =

(
K̃ῩΨ K̃Ῡn

K̃ p̄Ψ K̃ p̄n

)
, (C.13)
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we need to find the expressions for the matrices K̃ j̄k in terms of Kij̄ and their

inverses. The constraints can then be derived from(
KΦῩ KΦp̄

KmῩ Kmp̄

)(
K̃ῩΨ K̃Ῡn

K̃ p̄Ψ K̃ p̄n

)
=

(
KΦῩK̃

ῩΨ +KΦp̄K̃
p̄Ψ KΦῩK̃

Ῡn +KΦp̄K̃
p̄n

KmῩK̃
ῩΨ +Kmp̄K̃

p̄Ψ KmῩK̃
Ῡn +Kmp̄K̃

p̄n

)

=

(
δΨ

Φ 0

0 δnm

)
(C.14)

and read

KΦῩK̃
ῩΨ +KΦp̄K̃

p̄Ψ = δΨ
Φ , (C.15)

KΦῩK̃
Ῡn +KΦp̄K̃

p̄n = 0, (C.16)

KmῩK̃
ῩΨ +Kmp̄K̃

p̄Ψ = 0, (C.17)

KmῩK̃
Ῡn +Kmp̄K̃

p̄n = δnm. (C.18)

Acting now with KΨ̄Φ on (C.16) we obtain

K̃Ψ̄n = −KΨ̄ΦKΦp̄K̃
p̄n, (C.19)

and similarly, with K n̄m on (C.17),

K̃ n̄Ψ = −K n̄mKmῩK̃
ῩΨ. (C.20)

Now we insert these expressions back into (C.15) and (C.18), yielding

KΦῩK̃
ῩΨ +KΦp̄(−K p̄mKmῩK

ῩΨ) = δΨ
Φ

=⇒ (KΦῩ −KΦp̄K
p̄mKmῩ)K̃ῩΨ = δΨ

Φ

(C.21)

and
KmῩ(−KῩΦKΦp̄K̃

p̄n) +Kmp̄K̃
p̄n = δnm.

=⇒ (−KmῩK
ῩΦKΦp̄ +Kmp̄)K̃

p̄n = δnm.
(C.22)

We have then

K̃ῩΨ = (KΦῩ −KΦp̄K
p̄mKmῩ)−1δΨ

Φ , (C.23)

K̃ p̄n = (Kmp̄ −KmῩK
ῩΦKΦp̄)

−1δnm. (C.24)

In the same way as (C.12), we take the Taylor expansion of (C.23), and we get

K̃ῩΨ =
[
KΦῩ(δῩ

Ῡ −K
ῩΨKΨp̄K

p̄mKmῩ)
]−1

δΨ
Φ

= (δῩ
Ῡ +KῩΥKΥp̄K

p̄mKmῩ)KῩΨ.
(C.25)
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Since the term −KmῩK
ῩΦKΦp̄ in (C.24) is of order 1

M2
Pl

and K̃ p̄n acts on the visible

fields only, we can directly put

K̃ p̄n = K p̄n. (C.26)

Finally, substituting (C.25) and (C.26) in (C.19) and (C.20) and truncating to 1/M2
Pl

order, the inverse matrix gj̄k is(
KῩΨ +KῩΥKΥp̄K

p̄mKmῩK
ῩΨ −KΨ̄ΦKΦp̄K

p̄n

−K n̄mKmῩK
ῩΨ K p̄n

)
. (C.27)

C.3 Gaugino variation part limit computation

Hidden piece

Let us consider the three lines of (5.42) separately. For convenience, we split the

covariant derivative ∇i = ∂i + 1
M2

Pl
Ki and define

W
(h1)
i ≡ ∂iV

ΣP+
Σ

W
(h2)
i ≡ 1

M2
Pl

KiV
ΣP+

Σ

W
(v1)
i ≡ ∂iV

MP+
M

W
(v2)
i ≡ 1

M2
Pl

KiV
MP+

M

(C.28)

The hidden sector piece in (5.42) reads:

VhidW ≡ e
K

M2
Pl gk̄k(∇k̄V̄

Σ)(∇kV
Ξ)P−Σ P

+
Ξ =

= e
K

M2
Pl gk̄k(W̄

(h1)

k̄
+ W̄

(h2)

k̄
)(W

(h1)
k +W

(h2)
k )

= e
K

M2
Pl {K̃Ψ̄Φ(W̄

(h1)

Ψ̄
+ W̄

(h2)

Ψ̄
)(W

(h1)
Φ +W

(h2)
Φ )

+ [K̃Ψ̄m(W̄
(h1)

Ψ̄
+ W̄

(h2)

Ψ̄
)(W (h1)

m +W (h2)
m ) + c.c.]

+ K̃ n̄m(W̄
(h1)
n̄ + W̄

(h2)
n̄ )(W (h1)

m +W (h2)
m )}.

(C.29)

Now we need to evaluate the orders of the various terms. Using (5.23) and (5.47)

we have
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K̃Ψ̄Φ = KΨ̄Φ +KΨ̄ΥKΥp̄K
p̄mKmῩK

ῩΦ ∼ ˆ̃KΨ̄Φ
0 +

ˆ̃KΨ̄Φ
2

M2
Pl

+
ˆ̃KΨ̄Φ

4

M4
Pl

+ . . .

K̃Ψ̄m = −KΨ̄ΦKΦp̄K
p̄m ∼

ˆ̃KΨ̄m
1

MPl

+
ˆ̃KΨ̄m

3

M3
Pl

,

W̄
(h1)

Ψ̄
= ∂Ψ̄V

ΣP+
Σ ∼ g′M2

Pl
¯̂
W

(h1)

Ψ̄

W̄
(h2)

Ψ̄
=

1

M2
Pl

KΨ̄V
ΣP+

Σ ∼ g′(M2
Pl

¯̂
W

(h2)

(0)Ψ̄
+

¯̂
W

(h2)

(2)Ψ̄
)

W (h1)
m = ∂mV

ΣP+
Σ ∼ g′M2

PlŴ
(h1)
m

W (h2)
m =

1

M2
Pl

KmV
ΣP+

Σ ∼ g′MPlŴ
(h2)
(1)m,

(C.30)

where the hatted quantities have dimensions indicated in the bottom index and

are dimensionless otherwise.

The orders of the various combinations are then

e
K

M2
Pl K̃Ψ̄Φ(W̄

(h1)

Ψ̄
W

(h1)
Φ ) ∼ [(g′)2M4

Pl]h + [(g′)2M2]v + . . .

e
K

M2
Pl K̃Ψ̄Φ(W̄

(h1)

Ψ̄
W

(h2)
Φ ) ∼ [(g′)2M4

Pl]h + [(g′)2M2]v + . . . ,

e
K

M2
Pl K̃Ψ̄Φ(W̄

(h2)

Ψ̄
W

(h2)
Φ ) ∼ [(g′)2M4

Pl]h + [(g′)2M2]v + . . . ,

e
K

M2
Pl K̃Ψ̄m(W̄

(h1)

Ψ̄
W (h1)
m ) ∼ (g′)2M3

Pl,

e
K

M2
Pl K̃Ψ̄m(W̄

(h1)

Ψ̄
W (h2)
m ) ∼ (g′)2M2

Pl + . . . ,

e
K

M2
Pl K̃Ψ̄m(W̄

(h2)

Ψ̄
W (h2)
m ) ∼ (g′)2M2

Pl + . . . ,

e
K

M2
Pl K̃ n̄m(W̄

(h1)
n̄ W (h1)

m ) ∼ (g′)2M4
Pl,

e
K

M2
Pl K̃ n̄m(W̄

(h1)
n̄ W (h2)

m ) ∼ (g′)2M3
Pl,

e
K

M2
Pl K̃ n̄m(W̄

(h2)
n̄ W (h2)

m ) ∼ (g′)2M2
Pl.

(C.31)

Remember that the combination (g′MPl) is finite in the limit. The first three terms

are comprised of the fully-hidden part, that we absorb in V(Φ, Φ̄) = 0, but also

give rise to terms involving visible fields from the second orders of the K̃Ψ̄Φ, W h2
Ψ

and the exponential e
K

M2
Pl expansions. Notice also that all the pieces involving

W
(h1)
m diverge. In order to erase them, we impose the same requirement as in

Chapter 3, namely

∂mV
Σ = 0, ∂ΦV

M = 0. (C.32)

Thus, we are again saying that the off-diagonal components of the prepotential

second derivative matrix FIJ must be zero in order to preserve gauge invariance
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and the decoupling between the hidden and the visible sector.

With W
(h1)
m = 0, (C.29) (without the term belonging to V(Φ, Φ̄)) becomes

lim
MPl→∞ g′→0

VhidW =

eK
0
{
K0Ψ̄Φ(W̄

(h1)

Ψ̄
+ W̄

(h2)

Ψ̄
)(W

(h1)
Φ +W

(h2)
Φ )|0(Zmn̄t

mt̄n̄ + . . . )

+ K̃Ψ̄Φ(W̄
(h1)

Ψ̄
+ W̄

(h2)

Ψ̄
)(W

(h1)
Φ +W

(h2)
Φ )|2

+[K̃Ψ̄m(W̄
(h1)

Ψ̄
+ W̄

(h2)

Ψ̄
)W (h2)

m + c.c.] + K̃ n̄mW̄
(h2)
n̄ W (h2)

m

}
.

(C.33)

All the pieces in (C.33) go like m2
3/2 at first order. The indices ′0′ and ′2′ indicate

that we are considering the ∼ (g′2)M4
Pl or the ∼ (g′2)M2

Pl part of the expansion

respectively.

Mixed piece

Now we turn to VmixW . With the definitions (C.28), we can write

VmixW =

= e
K

M2
Pl gk̄k[(∇k̄V̄

Σ)(∇kV
M)P−Σ P

+
M + (∇k̄V̄

M)(∇kV
Ξ)P−MP

+
Ξ ]

= e
K

M2
Pl

{
K̃Ψ̄Φ(W̄

(h1)

Ψ̄
+ W̄

(h2)

Ψ̄
)(W

(v1)
Φ +W

(v2)
Φ )

+ [K̃Ψ̄m(W̄
(h1)

Ψ̄
+ W̄

(h2)

Ψ̄
)(W (v1)

m +W (v2)
m ) + c.c.]

+K̃ n̄m(W̄
(h1)
n̄ + W̄

(h2)
n̄ )(W (v1)

m +W (v2)
m )

}
+ c.c..

(C.34)

In addition to (C.30), we also have

W̄
(v1)

Ψ̄
= ∂Ψ̄V

MP+
M ∼ ¯̂

W
(v1)

(2)Ψ̄
,

W̄
(v2)

Ψ̄
=

1

M2
Pl

KΨ̄V
MP+

M ∼
¯̂
W

(v2)

(3)Ψ̄

MPl

+

¯̂
W

(v2)

(5)Ψ̄

M3
Pl

,

W (v1)
m = ∂mV

MP+
M ∼ Ŵ

(v1)
(2)m,

W (v2)
m =

1

M2
Pl

KmV
MP+

M ∼
Ŵ

(v2)
(4)m

M2
Pl

.

(C.35)
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The orders of the various pieces are then

e
K

M2
Pl K̃Ψ̄Φ(W̄
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W

(v1)
Φ ) ∼ g′M2

Pl

e
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e
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e
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(C.36)

The divergent pieces of order g′M2
Pl are again removed by the assumption (C.32)

that implies W h1
m = W v1

Φ = 0, and the only terms surviving the limit are of order

g′MPl.

Therefore, the limit on VmixW becomes

lim
MPl→∞ g′→0

VmixW =

eK
0
{
K̃Ψ̄Φ(W̄

(h1)

Ψ̄
+ W̄
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m )
}

+ c.c..

(C.37)

Thus, in this sector, all the surviving terms are of order ∼ m3/2.
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Visible piece

Let us finally proceed with VvisW . We have

VvisW =

2e
K
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3
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(C.38)

Using (C.30) and (C.35) we can estimate the orders of the combinations appearing

in (C.38):
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(C.39)

We immediately see that all terms except three are subleading. The first two finite

terms would imply a mixing between hidden and visible sectors and are canceled

by our assumption (C.32) (implying in this case W̄
Ψ̄

(v1)
= 0), while the last finite

term is part of the global limit we have seen in the last section of Chapter 3. The

terms involving P 3 behave in an analogous way, while the last piece containing

the Killing vectors for the vector moduli space is already purely visible. Overall,

from VWvis we get precisely the full global limit of the gaugino variation part of the

scalar potential. We have then .
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lim
MPl→∞ g′→0
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where we also defined
W

(v31)
i ≡ ∂iV

MP 3
M

W
(v32)
i ≡ 1

M2
Pl

KiV
MP 3

M .
(C.41)
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