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Abstract

Regardless of many innovations and breakthroughs related to the ter-

ahertz technology, the widespread use of the phrase “terahertz gap” still

describes the challenges both in the sensitivity of typical detectors and

the power available from typical sources. This study revolves around the

source of the terahertz radiation and in particular the laser-based terahertz

generation. The thesis serves the purpose of the AXSIS project where the

terahertz-driven electron acceleration is developed, which can be utilized

in a potential attosecond X-ray source. Two main aspects of laser-based

terahertz generation problem are discussed. One is the single- to few-cycle

terahertz generation. This format of terahertz pulses is commonly achieved

by utilizing the tilted-pulse-front technique. Five different experimental se-

tups are proposed and simulated for generating the pulse front tilt. The

advantages and disadvantages of each scheme are discussed in detail. The

terahertz electric field distribution and the Fresnel loss due to out-coupling

are analyzed. These can give guidance to terahertz-related experiments, and

suggest the most appropriate setup for a given experiment. The simulations

suggest that close to 0.8% conversion efficiency is possible at room tempera-

ture. The other aspect is the generation of multi-cycle terahertz pulses using

periodically poled lithium niobate. In order to achieve high conversion effi-

ciency, phase compensation with optical pump pulse recycling is proposed.

Additionally, the study indicates that a phase-front fluctuation, common for

high energy lasers, can induce damage via the terahertz generation process.

The simulations indicate that beam energies on the level of a few tens of mJ

can be achieved.

Object-oriented numerical packages are developed. For single- to few-

cycle terahertz generation, a full 3D+1 numerical model is implemented

using MATLAB. This model precisely captures the diffraction, walk-off and

nonlinear interactions of the optical pump and the terahertz pulses. For

multi-cycle terahertz generation, a numerical model assuming cylindrical

symmetry is developed using C++. The MPI and OpenMP are used for

parallelization.

The numerical models utilize the split-step Fourier and the finite differ-
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ence methods. The structure of the numerical models supports future im-

plementation of new material properties, higher-order nonlinear processes,

and different numerical methods.

Keywords: terahertz generation, nonlinear optics, tilted-pulse-front, peri-

odically poled lithium niobate, numerical method, coupled nonlinear wave

equations
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Zusammenfassung

Trotz vieler Innovationen und erheblichem Interesse an der Terahertz-Technologie,

beschreibt die “Terahertz-Lücke” noch immer die Schwierigkeiten in der De-

tektion und der begrenzten erreichbaren Leistung von Strahlungsquellen in

diesem Frequenzband. Hier setzt die vorliegende Arbeit an und befasst sich

durch numerische Simulationen insbesondere mit der auf optischen Laser-

pulsen basierten Erzeugung von Terahertz (THz)-Strahlung. Eingegliedert

in das AXSIS Forschungsprojekt soll eine rein auf optischen Lasern basierte

Elektronenbeschleunigung durch THz-Strahlung schließlich zu ultrakurzen

Röntgenpulsen mit einer Dauer von wenigen Attosekunden führen. Es wer-

den zwei Schwerpunkte der laserbasierten Erzeugung von THz-Strahlung

diskutiert, einerseits die Erzeugung von Ein-Zyklen-Pulsen und anderer-

seits von Mehr-Zyklen-Pulsen. Ein-Zyklen-THz-Pulse werden durch Puls-

frontverkippung eines optischen Pulses erzeugt. Fünf verschiedene exper-

imentelle Aufbauten zur Pulsfrontverkippung werden gezeigt und anhand

von numerischen Simulationen diskutiert. Insbesondere die elektrische

Feldverteilung und die Fresnelverluste an den Kristalloberflächen werden

betrachtet, µm schließlich die Effizienz im Experiment zu maximieren. Die

Simulationen in der vorliegenden Arbeit führen zu einer maximal erreich-

baren Effizienz von 0,8% für Kristalle in Raumtemperaturumgebung. Für

die bereits erwähnten Mehr-Zyklen-THz-Pulse werden zur Erzeugung pe-

riodisch gepolte Lithiumniobat-Kristalle genutzt. Eine Steigerung der Ef-

fizienz wird möglich durch die Phasenkompensation zwischen optischem

und THz-Puls und der wiederholten THz-Strahlungserzeugung durch ein

und denselben Laserpuls. Eine aus den Simulationen gewonnene Erkennt-

nis sind Kristalldefekte, hervorgerufen durch die THz-Strahlungserzeugung

selbst, wenn sie Phasenfrontfluktuationen des Erregerpulses, die typischer-

weise bei Hochenergielasern auftreten, ausgesetzt ist. Die final berechneten

THz-Pulsenergien erreichen einige Dutzend Millijoule.

Für die vorliegende Studie wurden Objekt orientierte, numerische Soft-

warepakete entwickelt. Die Berechnungen zu Ein-Zyklen-THz-Pulsen er-

forderte die Entwicklung eines vollständigen numerischen 3D+1 Modells in

MATLAB, das die Effekte der Beugung, walk-off und nichtlinearen Kopplun-
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gen der optischen Erregerpulse und THz-Pulse erfasst. Für die Simulationen

zu Mehr-Zyklen-THz-Pulsen wurde ein Programmcode in C++ unter An-

nahme der Zylindersymmetrie entwickelt, welcher MPI und OpenMP für

die Parallelisierung nutzt.

Übergreifend nutzen die numerischen Modelle die Split-Step Fourier-

und die Finite-Differenzen-Methode. Die generische Struktur der Program-

mierung erlaubt das Ergänzen von neuen Materialparametern, nichtlin-

earen Prozessen höherer Ordnung und weiteren numerischen Methoden

für zukünftige Anwendungen.

Schlüsselwörter: THz-Strahlungserzeugung, nichtlineare Optik, Pulsfrontverkip-

pung, periodisch gepoltes Lithiumniobat, numerische Methode, gekoppelte

nichtlineare Wellengleichung
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Part I

Introduction

The last decades have seen a surge in research studies on generation and applications

of terahertz radiation, which typically refers to electromagnetic waves in the spectral

range from 0.1 to 10 THz. The lower frequency side reaches the microwave and the

higher frequency side extends to the far-infrared.

Terahertz radiation is emitted as part of the black-body radiation and 300 K correspond-

ing with energies to 0.3 THz on the order of a few µW1. While this thermal emission

is very weak, the observation of these frequencies is important for characterizing the

10-20 K cold dust in the interstellar medium2. Furthermore, due to the long wave-

length compared to near-infrared light, terahertz radiation results in higher penetration

depth and could penetrate many opaque materials e.g. paper, plastics, and textiles3.

Besides, many toxic and explosive material e.g. cocaine, ecstasy, TNT and RDX feature

absorption lines between 0.5 and 5 THz3. The non-invasive detection compared to

X-ray makes the terahertz field an ideal candidate for industrial and military settings.

Additionally, terahertz wireless communication is another thriving field of terahertz

technology. Compared to infrared wireless communications, terahertz radiation has

higher bandwidth, less diffraction, and high data rates4.

There are two main categories of the terahertz pulses: single-cycle and multi-cycle.

Single- to few-cycle (broadband) high energy terahertz pulses have many promising ap-

plications such as spectroscopy5, strong field terahertz physics6;7, particle acceleration8

, electron spin manipulation6 and phonon resonance studies9. Multi-cycle terahertz

can be utilized for spectroscopy10;11;12, semiconductor exciton excitation13, and linear

electron acceleration8;14;15.

There are many possible ways to generate terahertz radiation. Free electron lasers and

synchrotron radiation have a high degree of tunability and are capable of delivering high

peak-power coherent terahertz pulses16. Gyrotrons, based on the principle of electron

cyclotron radiation, are able to generate watt-to-megawatt-level terahertz continuous

wave radiation17 at low terahertz frequencies (0.3-1.3 THz)18;19. Quantum cascade
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lasers are attractive due to their compactness and production simplicity in its use in the

spectral range > 1 THz despite their limited tunability20;21;22. Molecular gas lasers can

provide high terahertz energies but are less tunable in terms of the generated terahertz

frequency23.

Alternatively, laser based terahertz generation can leverage on developments in solid-

state laser technology to enable compact coherent terahertz sources with high conversion

efficiency at low terahertz frequency (<1 THz)24;25;26. It brings the advantages of high

accessibility and intrinsic synchronization. The terahertz range stimulated emission is

first demonstrated in the 1960s using hydrogen cyanide (HCN) and related molecules

in pulsed electrical discharges27;28. Laser based terahertz generation typically falls

into three categories. One, using electrically-charged photoconductive antennas29;30,

where excitation of semiconductors by an ultrashort pulse and subsequent radiation

of a sub-picosecond pulse31 form transient photocurrents. The emitted terahertz pulse

properties are determined by the carrier lifetime of the material, the applied voltage

and the breakdown threshold32. The second category is based on laser-induced plasma

radiation in air or noble gases. Here, the incident optical pulse induces a ponderomotive

force which causes a charge separation between ions and electrons, leading to the

emission of a terahertz pulse33;34, with peak electric fields that can reach as high as a few

MV/cm35. However, the terahertz frequency, spatial distribution and polarizability are

strongly related to the plasma density, plasma length, and plasma defocusing effect36;37,

which can be difficult to control. Difference frequency generation or optical rectification

is the third category.

At early stage, the homodyne detection with a photodiode, is used to measure tera-

hertz signals38. The modern laser based terahertz detection generally utilize terahertz

time-delay spectroscopy (THz-TDS), which measures both the amplitude and phase

information of the frequency components the terahertz pulse contains39. However, the

THz-TDS employs single-pixel detectors and thus requires scanning in order to obtain

a 2D image. Therefore, it consumes long image acquisition time40. THz-TDS is an ideal

method to measure mobile charge carriers which reflect and absorb terahertz radia-

tion. Electro-optic Sampling (EOS) is another alternative. In EOS, the terahertz pulse

together with an optical pump is sent together through a nonlinear medium. Via the

second-order nonlinear process, the polarization change of the optical pump changes
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according to the amplitude of the terahertz field. By scanning the relative delay of the

terahertz and the optical fields, the entire terahertz electric field can be measured.

Regardless of many innovations and breakthroughs related to the terahertz technology,

the widespread use of the phrase “terahertz gap” still describes the challenges both in

the sensitivity of typical detectors and the power available from typical sources. This

study revolves around the source of the terahertz radiation and in particular the laser-

based terahertz generation. The thesis serves the purpose of the AXSIS project41 where

the terahertz-driven attosecond X-ray source is developed. The analysis in the thesis

can bring insights into few- and multi-cycle terahertz generation problems and give

guidance to related experiments.

1 Nonlinear polarization

In this section, I focus on the origin of the material nonlinear response. It serves as back-

ground to prepare the readers before they venture to nonlinear optics. The terahertz

generation process utilizes the second order nonlinearity of the material via the differ-

ence frequency generation (DFG) process, where two pump beams generate another

beam with the difference of the optical frequencies of the pump beams. Specifically in

this thesis, up to the third order nonlinearity is considered. In order to understand the

origin of the nonlinear polarizations and grasp the essence of terahertz generation. I

start from the Maxwell equations for a homogeneous non-magnetic material,

O × E(r, t) = −
∂B(r, t)
∂t

O ×H(r, t) = J(r, t) +
∂D(r, t)
∂t

O ·D(r, t) = ρ(r, t)

O · B(r, t) = 0

where the current density J(r, t) = 0, the free charge density ρ(r, t) = 0, µ0H(r, t) = B(r, t)

and D = ε0E(r, t) + P(r, t). The polarization P(r, t) can be written as a sum of polarization

currents stemming from different nonlinear orders in the form of P(r, t) =
∑
∞

n=1 P(n)(r, t),

16
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where P(r, t) is formulated according to42.

P(1)(r, t) =

∫
dt′χ(1)(t′)E(r, t − t′)

P(2)(r, t) =

"
dt′dt′′χ(2)(t′, t′′)E(r, t − t′)E(r, t − t′′)

P(3)(r, t) =

$
dt′dt′′dt′′′χ(3)(t′, t′′, t′′′)E(r, t − t′)E(r, t − t′′)E(r, t − t′′′)

. . . (1)

From the convolution theorem, one can also write the polarization term as a product of

χ(n)(t − t′, t − t′′ . . .) and E(t),E(t′) . . . which is equivalent to Eq. (1). The polarizations

are defined in the convolution forms of the electric fields and the susceptibilities are

defined in the time domain. The polarizations should only depend on the difference

of times e.g t − t′ and not on their individual values. More detailed explanations are

given by P. Butcher43. For simplicity, I neglect the spatial dependence of the material

response (r dependence). By applying the Fourier transform, one can rewrite Eq. (1) in

the form of Eq. (2), whereω0 =
∑n

m=1ωm and the susceptibility χ(n)(ω0; ω1, ω2, . . . , ωn) =

F [χ(n)(t′, t′′, . . .)].

P(n)(t) =

∫
dω1 . . .

∫
dωn χ

(n)(ω0; ω1, ω2, . . . , ωn)E(ω1)E(ω2) . . .E(ωn) exp[iω0t] (2)

From Eq. (2), it can be seen that

P(n)(ω0) = χ(n)(ω0; , ω1, ω2, . . . , ωn)E(ω1)E(ω2) . . .E(ωn).

The first variable of χ(n) (ω0 in this case) is separated by ";". It represents the final

resulting frequency after the contraction with all the electric fields. For any order of the

susceptibilities, there are three conditions (see Eq. (3a-3c)) that need to be full filled.
χ(n)(ω0; ω1, . . . , ωn) = χ(n)

e (ω0; ω1, . . . , ωn) + χ(n)
i (ω0; ω1, . . . , ωn) (3a)

χ(n)(ω0; −ω1, . . . , ωn) = χ(n)(ω0; ω1, . . . , ωn)∗ (3b)

Kramers-Kronig formulae (K-K) (3c)

Equation (3a) shows that the susceptibility is always a combination of both the ions (χ(n)
i )

and the electrons (χ(n)
e ) susceptibilities44;45 . Equation (3b) guarantees that χ(n)(t′, t′′, . . .)

is a real function. The Kramers-Kronig (K-K) formulas guarantee the causality. At t < 0,
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χ(n)(t) = 0 and this suggests causality. Since the polarization is a material response

induced by the external electric field, the response should only be present after the

external field has arrived (i.e. t > 0). Figure 1 shows one example of χ(1) in frequency

and corresponding time domain.

(a) (b)

Figure 1: First order susceptibility χ(1) in frequency and time domains are plotted in (a)

and (b) respectively.

Specifically, the K-K formulae (3c) are,

<[χ(n)(ω0; ω1, . . . ωi . . . , ωn)] =

∫
∞

−∞

dω′i=[χ(n)(ω0; ω1, . . . ω′i . . . , ωn)]

π(ω′i − ωi)

=
2
π

∫
∞

0

dω′iω
′

i=[χ(n)(ω0; ω1, . . . ω′i . . . , ωn)]

(ω′2i − ω
2
i )

(4)

=[χ(n)(ω0; ω1, . . . ωi . . . , ωn)] = −

∫
∞

−∞

dω′i<[χ(n)(ω0; ω1, . . . ω′i . . . , ωn)]

π(ω′i − ωi)

= −
2ωi

π

∫
∞

0

dω′i<[χ(n)(ω0; ω1, . . . ω′i . . . , ωn)]

(ω′2i − ω
2
i )

(5)

where < and = indicate the real and imaginary part, respectively. In the following

context, we show that the commonly used harmonic oscillator model satisfies the K-K

relation. Without loss of generality, the first order susceptibility χ(1)(ω; ω) = 1/(ω2
0 −

ω2 + iΓω) is chosen as an example. In order to prove that the harmonic oscillator satisfies

Eqs. (4) and (5), a contour integral within the complex plane needs to be used (see Fig.

2).
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Re

Im

R1 R2

Figure 2: The summation of paths L1, L2 and L3 is a contour integral in the complex

plane, with Γ < 0, R1,R2 representing two poles of χ(1)(ω′) in the complex plane.

Since the entire function is analytic in the upper half plane, one can write the contour

integral as the following,

1
π

∮
dω′

χ(1)(ω′)
ω′ − ω

=
1
π

∫
∞

−∞

dω′
χ(1)(ω′)
ω′ − ω

− iResω′=ω[
χ(1)(ω′)
ω′ − ω

] +
1
π

∫
L3

dω′
χ(1)(ω′)
ω′ − ω

= 0. (6)

where Res represents the residue. Along the path L3, |ω′| = ∞. As a result, the L3 related

integral vanishes. Consequently, Eq. (6) reduce to

1
π

∫
∞

−∞

dω′
χ(1)(ω′)
ω′ − ω

= iχ(1)(ω)

1
π

∫
∞

−∞

dω′
<[χ(1)(ω′)] + i=[χ(1)(ω′)]

ω′ − ω
= i<[χ(1)(ω)] − =[χ(1)(ω)]. (7)

By relating the real and imaginary parts on both sides of the Eq. (7), one can get Eqs.

(4) and (5). Of course one can also perform a brute force calculation. Here, I show one

example of =[χ(1)(ω)]. The<[χ(1)(ω)] follows the same manner. By choosing the upper

half complex plane as in Fig. 2, one can get
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1
π

∫
∞

−∞

dω′
=[χ(1)(ω′)]
ω′ − ω

=
1
π

∫
∞

−∞

dω′
1

ω′ − ω

 −Γω′

(ω′2 − ω2
0)2 + Γ2ω′2


= −2i

−1
2

Res[ω] + Res

−iΓ
2

+

√
ω2

0 −
Γ2

4

 + Res

−iΓ
2
−

√
ω2

0 −
Γ2

4




= −2i


1
2

 Γω

(ω2 − ω2
0)2 + Γ2ω2

 − 1
4i


1√

ω2
0 −

Γ
4

(
−

iΓ
2 − ω +

√
ω2

0 −
Γ2

4

)


−
1
4i


1√

ω2
0 −

Γ
4

(
iΓ
2 + ω +

√
ω2

0 −
Γ2

4

)



=
ω2

0 − ω
2

(ω2 − ω2
0)2 + Γ2ω2

=<[χ(1)(ω)] (8)

which agrees with Eq. (5). Using the concept of perturbation theory, one can also

expand the polarization in the following form

P(ω0) = ε0

∞∑
n=1

χ(n)(ω0; ω1, . . .)E(ω1) . . .E(ωn) = Ne
∞∑

n=1

q(n)(ω0) (9)

where ε0 denotes vacuum permittivity, N represents the density of charged dipoles and

e is the elementary charge. The term q(n) = q(n)
i + q(n)

e represents the induced dipole

displacement where q(n)
e and q(n)

i are the induced displacements of the electron and ion,

respectively.

q̈i + ω2
i qi + Γiq̇i +

a
mi

(qi − qe)2 +
b

mi
(qi − qe)3 =

ei

mi
(E1 exp[iω1t] + E2 exp[iΩ1t]) (10)

q̈e + ω2
e qe + Γeq̇e −

a
me

(qi − qe)2
−

b
me

(qi − qe)3 =
ee

me
(E1 exp[iω1t] + E2 exp[iΩ1t]) (11)

The dot ’·’ above the variable represents the derivative with respect to time (t). In

order to get the frequency dependent susceptibility, the coupled oscillator model (see

Eqs. (11) and (10)) is used, where ω1 represents an optical frequency, Ω1 represents
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a terahertz (phonon) frequency, a and b are the second and third order electron-ion

coupling coefficients, respectively and ei and ee represent the positive and negative

elementary charges, respectively44;45;46 . The terms (qi − qe)2 and (qi − qe)3 represent the

coupling between the ion and the electron, where qi − qe is exactly the dipole distance.

The coupling terms start from the second order and the first order is neglected. This

is due to the fact that the external driving field E1eiω1t + E2eiΩ1t is generally far larger

than the linear response of the dipole itself. The origin of these terms comes from the

expansion of the potential

V(qi − qe) = c1(qi − qe) + c2(qi − qe)2 + c3(qi − qe)3 + c4(qi − qe)4 . . .

, where c1 = 0 because at the bottom of the potential well, the first order derivative is

zero. The force can be written as

Fi = −

−−−−→qi − qe

|qe − qi|
∂V(qi − qe)/∂(qi − qe)

Fe = −

−−−−→qe − qi

|qe − qi|
∂V(qi − qe)/∂(qi − qe)

The directions of Fi and Fe are opposite to each other, which explains the sign difference

in front of the (qi − qe) related terms in Eqs. (11) and (10). The material is neutral of

charge. As a result, the induced electron charge density is equal to the induced ion

charge density. The resonance frequency of the ion and the electron are represented

by ωi and ωe, respectively. In the following context, I will prove that the lower order

coupling can contribute to higher orders, i.e. (qi − qe)2 is responsible for the second

order susceptibility (χ(2)) and it can also cause higher order susceptibilities (χ(3), χ(4), . . .).

However, the high order terms can not contribute to the low orders. In other words,

(qi − qe)n contributes to χ(m) where m > n. On a macroscopic scale, qi − qe is exactly the

dipole distance. By using perturbation theory to expand the solution where λ ranges

from 0 to 1, one can get47

qi = λq(1)
i + λ2q(2)

i + λ3q(3)
i ...

qe = λq(1)
e + λ2q(2)

e + λ3q(3)
e ...

By putting the electric field to the first order, separating the terms with the same order

of λ and setting λ to 1, one can get the following equation set, where Eq. (10) is solved
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as an example.

λ : q̈i
(1) + ω2

i q(1)
i + Γiq̇i

(1) =
ei

mi
(E1eiω1t + E2eiΩ1t) (12)

λ2 : q̈i
(2) + ω2

i q(2)
i + Γiq̇i

(2) +
a

mi
((q(1)

i )2 + (q(1)
e )2
− 2q(1)

e q(1)
i ) = 0 (13)

λ3 : q̈i
(3) + ω2

i q(3)
i + Γiq̇i

(3) +
2a
mi

(q(1)
i q(2)

i − q(1)
i q(2)

e − q(1)
e q(2)

i + q(1)
e q(2)

e )

+
b

mi

[
(q(1)

i )3 + 3q(1)
i (q(1)

e )2
− 3q(1)

e (q(1)
i )2
− (q(1)

e )3
]

= 0 (14)

........

1.1 Frequency dependent χ(1)

By Fourier transforming Eq. (12), one can get

q(1)
i =

eiE1

mi(ω2
i − ω

2
1 + iΓiω1)

+
eiE2

mi(ω2
i −Ω2

1 + iΓiΩ1)
(15)

Since ω1 is far bigger than ωi, the first term on the right hand side of Eq. (15) can be

neglected. Consequently, by combining Eqs. (9), (11), (10) and (15), the solutions of the

linear terms of the ion and electron are

q(1)
i (Ω1) ≈

eiE2

mi(ω2
i −Ω2

1 + iΓiΩ1)
⇒ χ(1)

i (Ω1) =
Ne2

i

miε0(ω2
i −Ω2

1 + iΓiΩ1)
(16)

q(1)
e (ω1) ≈

ee

me(ω2
e − ω

2
1 + iΓeω1)

⇒ χ(1)
e (ω1) =

Ne2
e

meε0(ω2
e − ω

2
1 + iΓeω1)

(17)

As a result q(1)(t) = F [q(1)(ω)] =
∑

n q(1)(ωn)eiωnt, where q(1)(ωn) = eE/[m(ω2
0−ω

2
n + iΓ0ωn)]

follows the solution of the oscillator format as in Eq. (15) and (17)47. Generally, the linear

effects i.e. dispersion (frequency dependent refractive index n) and material absorption

(α) are related to the real and the imaginary part the first order susceptibility χ(1)(ω)

respectively by Eq. (18)47.

n(ω) + iα(ω) =

√
1 + χ(1)(ω) (18)

One can also try to understand Eq. (18) in the following way. Starting from the 1-

dimension wave equation with the first order polarization and Fourier transforming
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both sides of the equation, one can get the following results

F

∂2E(z, t)
∂2z

 = F

∂2E(z, t) +
∫

dt′E(z, t − t′)χ(1)(t′)

c2∂2t


⇒

∂2E(z, ω)
∂2z

=
−ω2

c2 [1 + χ(1)(ω)]E(z, ω) (19)

The solution of Eq. (19) is E(z, ω) = E0 exp[±i
√

1 + χ(1)ω/c]. By plugging in Eq. (18), one

can get E(z, ω) = E0 exp{±i[n(ω) + iα(ω)]ω/c}. The term ±in(ω)ω/c = ±ik(ω) represents

two plane wave solutions of Eq. (19), which propagate along z and−z directions. The ab-

sorption of the electric field after propagation distance z is represented by exp[−ω|α|z/c].

In order to further understand the first order susceptibility χ(1), I try to fit the experi-

mentally measured data with the oscillator model. The refractive index and absorption

at the terahertz frequency range of the congruent Lithium Niobate (LN) along the ex-

traordinary axis is chosen as an example. The dielectric function is expressed in form of

a summation of oscillators as shown in Eq. (20)48;49. The resonance frequency (ωi) and

the corresponding damping (Γi) (see Table. 1) are obtained from Raman spectroscopy

A1 (TO)48;49.

ε = ε∞ +

n∑
i=1

siω2
i

ω2
i − ω

2 + iωΓi
(20)

Table 1: Raman resonance of lithium niobate at terahertz frequencies

Resonance frequency ωi (THz) 3.9 7.44 8.22 9.21 18.84 20.76

Weighting si 4 16 1 0.16 2.55 0.13

Damping Γi (THz) 2.25 0.63 0.42 0.75 1.02 1.47

In the measurement of Barker. Jr et al., the first resonant frequency of the Raman

scattering is ω1 = 7.44 THz50, whereas M. Schall found that ω1 = 3.9 THz48. Within

the frequency range of 0.25 THz to 2.5 THz the extraordinary congruent LN doesn’t

contain a resonance peak51. For the stimulated Raman scattering (SRS), the commonly

reported first resonance is ω1 = 7.44 THz. This is because compared with the resonance

at 7.44 THz, the one at 3.9 THz has much smaller weighting, and thus cannot be easily
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detected in the SRS process. In the specific case of this thesis, ω1 = 3.9 THz is necessary

for the fitting of refractive index and absorption from 0 to 2.5 THz.

Figure 3(a) shows the fitting of χ(1) based on the data presented in Table 1 and Eq.

(20). Figure 3(b,c) are the comparisons between the fitted curves and experimental data

obtained by Wu. X in our lab . The experimental data is only valid from 0.4 THz to 2

THz.

The damping term Γ is related to the absorption of the material. Smaller Γ leads to

narrower waist of the resonance peak which can be seen from the red curve in Fig.

3(a). When the charged particles interact with the incident electric field, the emitted

electromagnetic fields caused by the motion of the particles do not add up in phase

with respect to the driving field, leading to destructive interference. This destructive

interference causes energy loss from the electric field. The lost energy transfers into the

thermal energy of the crystal and is used to overcome the potential when the charged

particles move.
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(a)

(b) (c)

(1
)

(1
)

(1)

(1)

Figure 3: (a) With ε∞ = 2.3, the real and imaginary part of χ(1) are plotted against

frequency. (b) and (c) are the refractive index and absorption coefficient (solid curves)

derived from (a). The experimental data is represented by the dashed curves.

1.2 Frequency dependent χ(2)

The second order perturbation corresponds to the second order susceptibility which

can be derived from Eq. (13). I am interested in terahertz generation, e.g. χ(2)(ω1 −

ω2;ω1,−ω2) whereω1, ω2 are at optical frequencies andω1−ω2 is at terahertz frequency.

As a result, q(1)
e (ω1) � q(1)

i (ω1). Consequently, for the second order perturbation (e.g.

Eq. (13)) only the q(1)
e (ω1)q(1)

e (ω2)∗ term is considered. By calculating the second order
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response of both the ion and the electron, one can get

q(2)
i (ω1 − ω2; ω1,−ω2) =

−ae2
e

mim2
e [ω2

i − (ω1 − ω2)2 + iΓi(ω1 − ω2)]

 E1

ω2
e − ω

2
1 + iΓeω1


 E2

ω2
e − ω

2
2 + iΓeω2


∗

(21)

q(2)
e (ω1 − ω2; ω1,−ω2) =

ae2
e

m3
e [ω2

e − (ω1 − ω2)2 + iΓe(ω1 − ω2)]

 E1

ω2
e − ω

2
1 + iΓeω1


 E2

ω2
e − ω

2
2 + iΓeω2


∗

(22)

By combining Eqs. (9), (3a) (22) and (21), one can obtain Eq. (23).

χ(2)(ω1 − ω2; ω1,−ω2) = χ(2)
i (ω1 − ω2; ω1,−ω2) + χ(2)

e (ω1 − ω2; ω1,−ω2)

= χ(1)
e (ω1)χ(1)

e (−ω2)

 −aε2
0

eie2
e N2

χ(1)
i (ω1 − ω2) +

aε2
0

e3
e N2

χ(1)
e (ω1 − ω2)


= δmillerχ

(1)
e (ω1)χ(1)

e (−ω2)χ(1)(ω1 − ω2) (23)

The Miller index δmiller is defined byχ(2)(ω1 − ω2; ω1,−ω2)/χ(1)(ω1 − ω2)χ(1)
e (ω1)χ(1)

e (ω2)47

which in our case equals to aε2
0/(e

3N2). Since the commonly used χ(2)(ω1 −ω2; ω1,−ω2)

of the LN crystal is 305pm/V, the corresponding Miller coefficient is around 10−13m/V,

which is at a reasonable scale.52

From the previous discussion, one can see that for the second order polarization of a

specific frequency can be written as P(2)(ω1 − ω2) = χ(2)(ω1 − ω2; ω1,−ω2)E(ω1)E(−ω2).

In order to get the full spectrum of P(2), all possible frequency combinations need to be

considered. This is achieved by considering a convolution in the spectral domain as

shown in Eq. (24), where Ω = ω1 − ω2 i.e. the terahertz frequency range.

P(2)(Ω) =

∫
∞

−∞

χ(2)(Ω; ω,−ω + Ω)E(ω)E(ω −Ω)∗dω (24)

= δmillerχ
(1)(Ω)

∫
∞

−∞

χ(1)
e (ω)χ(1)

e (−ω + Ω)E(ω)E(ω −Ω)∗dω

If ω and −ω + Ω are far from the electron resonance, χ(1)
e (ω) and χ(1)

e (−ω + Ω) are all

constants and can be taken out from the integration in Eq. (24). As a result, Eq. (24) can

26



Lu Wang Ph.D thesis

be written in the form,

P(2)(Ω) = χ(2)(Ω; ω,−ω + Ω)
∫
∞

−∞

dt1

∫
∞

−∞

dt2

∫
∞

−∞

dωE(t1)e−it1ωE(t2)∗ exp[it2(ω −Ω)]

= χ(2)(Ω; ω,−ω + Ω)
∫
∞

−∞

dt1

∫
∞

−∞

dt2δ(t1 − t2)E(t1)E(t2)∗ exp[−it2Ω]

= χ(2)(Ω; ω,−ω + Ω)
∫
∞

−∞

|E(t)|2 exp[−itΩ]dt. (25)

1.3 Frequency dependent χ(3)

The commonly calculated third order effects in the optical region are stimulated Raman

(SR) effect and self phase modulation (SPM). In first order, q(1)
i � q(1)

e since the driving

fields are at optical frequencies. Consequently, q(1)
i related terms can be neglected. Since

the Raman effect is related to the resonance of the phonon, the term q(2)
i (Ω), where

Ω = ω1 − ω2, can be considerably large and thus should be included. One can see in

the later results that the q(2)
i (Ω) term brings in the phonon influence into the third order

susceptibility and is directly related to the Raman response function h(t). Additionally,

since I am interested the χ(3)(ω) at the optical region, the χ(3)
i (ω) can be neglected.

q̈e
(3)(t) + ω2

e q(3)
e (t) + Γeq̇e

(3)(t) = eiωt 2a
me

[
q(1)

e (−ω1)q(2)
e (ω + ω1;ω,ω1)

+q(1)
e (−ω2)q(2)

e (ω + ω2;ω,ω2) − q(1)
e (ω −Ω)q(2)

i (Ω;ω1,−ω2)
]

−eiωt b
me

[
q(1)

e (ω)
]2

q(1)
e (−ω) (26)

Using Eq. (17) in chapter 1.1 and Eq. (87) in chapter 1.2, Eq. (26) becomes

q̈e
(3)(t) + ω2

e q(3)
e (t) + Γeq̇e

(3)(t) =

[
c1χ

(1)
e (−ω1)χ(1)

e (ω + ω1)χ(1)
e (ω)χ(1)

e (ω1)

+c2χ
(1)
e (−ω2)χ(1)

e (ω + ω2)χ(1)
e (ω)χ(1)

e (ω2) − c3χ
(1)
e (ω −Ω)χ(1)

e (ω1)χ(1)
e (−ω2)χ(1)

i (Ω)

−c4χ
(1)
e (−ω)χ(1)

e (ω)χ(1)
e (ω)

]
exp[iωt] (27)

where c1, c2, c3, c4 are constants. By solving Eq. (27) and absorbing other constants

into c1, c2, c3, c4, one can get
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χ(3)
e (ω) = c1χ

(1)
e (ω)χ(1)

e (−ω1)χ(1)
e (ω + ω1)χ(1)

e (ω)χ(1)
e (ω1)

+c2χ
(1)
e (−ω2)χ(1)

e (ω + ω2)χ(1)
e (ω)χ(1)

e (ω2)

−c3χ
(1)
e (ω)χ(1)

e (ω −Ω)χ(1)
e (ω1)χ(1)

e (−ω2)χ(1)
i (Ω)

−c4χ
(1)
e (ω)χ(1)

e (−ω)χ(1)
e (ω)χ(1)

e (ω) (28)

From Eq. (28), one can see that the third order susceptibility consists of two possibilities.

In one of the possibilities, c1 , c2 , c3 related terms represent the effective third order

nonlinearity induced by the second order nonlinearity. In other words, if a second

order nonlinear effect happens twice, it is equivalent to a third order effect. In the

other possibility (c4 related term), the third order effect is directly driven by the third

order nonlinearity. If there are no resonances at the optical frequencies, all the optical

frequency related χ(1)
e are constants and do not vary much with respect to frequency.

As a result, one can group c1 , c2 , c4 related terms together as a constant α1, which

represents the instantaneous electronic response. Furthermore, the χ(1)
i (Ω) related term

represents the phonon response i.e the stimulated Raman effect. As a result, one can

write Eq. (28) in the form of Eq. (29), where Ω = ω1 − ω2 represents the frequency

difference at the optical region53.

χ(3)
e (ω) = α1 + α2χ

(1)
i (Ω) = αch(ω1 − ω2) (29)

The third order of polarization can be written as Eq. (30)53.

P(3)(ω) = αc

∫
∞

−∞

∫
∞

−∞

h(ω1 − ω2)E(ω − ω1 + ω2)E(ω1)E(−ω2)dω1dω2

= αc

∫
∞

−∞

. . .

∫
∞

−∞

h(ω1 − ω2)E(t) exp[−i(ω − ω1 + ω2)t]E(t1)

× exp[−iω1t1]E(t2)∗ exp[iω2t2]dω1dω2dt1dt2dt (30)
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By performing a variable transformation and setting ω1 − ω2 = Ω, one can get

P(3)(ω) = αc

∫
∞

−∞

· · ·

∫
∞

−∞

exp[−iωt]h(Ω)E(t)E(t1)E∗(t2) exp[−i(t1 − t)Ω]

× exp[i(t2 − t1)ω2]dt1dt2dtdΩdω2

= αc

∫
∞

−∞

· · ·

∫
∞

−∞

exp[−iωt]h(Ω)E(t)E(t1)E∗(t2) exp[−i(t1 − t)Ω]δ(t1 − t2)dt1dt2dtdΩ

= αc

∫
∞

−∞

· · ·

∫
∞

−∞

exp[−iωt]h(Ω)E(t)|E(t1)|2 exp[−i(t1 − t)Ω]dt1dtdΩ

= αc

∫
∞

−∞

∫
∞

−∞

exp[−iωt]h(t − t1)E(t)|E(t1)|2dt1dt

(31)

Equation (31) is in the form of the stimulated Raman scattering that we are familiar

with. One can also write the corresponding polarization in the time domain as

P(3)(t) = cε0n(ω0)2n2E(x, y, z, t)
∫

h(t − t1)|E(x, y, z, t1)|2dt1 (32)

where the n2 is the intensity dependent refractive index and

h(t1 − t) =

∫
∞

−∞

h(Ω) exp[−iΩ(t1 − t)]dΩ.

It is also worth to notice that if the h(Ω) = h(0), which means ω1 = ω2, the h(t1 − t)

reduces to a delta function which is exactly the case for self phase modulation. The

delay in function h(t1 − t) comes from the real part of the h(ω) and the imaginary part of

h(ω) takes into account the Raman gain.54

2 Coupled wave equations

Using Maxwell equations, one can get

∇× (∇× E(x, y, z, t)) = −µ0∂
2D(x, y, z, t)/∂t2 = −

1
c2∂

2
[
E + P(1) + P(2) + P(3)(t)...

]
/∂t2 (33)

Assuming the material is homogeneous, Eq. (1) can be written as∇·D(r, t) = ε∇·E(r, t) =

0. With the condition ∇ · E(r, t) = 0, Eq. (33) becomes

∇
2E(x, y, z, t) =

1
c2∂

2
[
E(t) + P(1)(t) + P(2)(t) + P(3)(t)...

]
/∂t2.
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By Fourier transforming both sides and plugging in the ansatz of input electric field

F [E(x, y, z, t)] = E(x, y, z, ω) = E0(x, y, z, ω) exp{−i[kx0(ω)x + ky0(ω)y + kz0(ω)z]}, one can

get

∂2E0(x, y, z, ω)
∂x2 +

∂2E0(x, y, z, ω)
∂y2 +

∂2E0(x, y, z, ω)
∂z2 − 2ikx0(ω)

∂E0(x, y, z, ω)
∂x

−2iky0(ω)
∂E0(x, y, z, ω)

∂y
− 2ikz0(ω)

∂E0(x, y, z, ω)
∂z

−
((((

(((
((((

(((
[k2

x0(ω) + k2
y0(ω) + k2

z0(ω)]E0

= −

{
���

���
���

�
ω2

c2 F [E(t) + P(1)(t)] +
ω2

c2 F [P(2)(t) + P(3)(t)...]
}

exp{i[kz0(ω)z + ky0(ω)y + kx0(ω)x]}

From Eq. (18), we know that when the absorption is negligible, 1 + χ(1)(ω) = n(ω)2 and

thus k2
x0(ω) + k2

y0(ω) + k2
z0(ω) = ω2

c2 [1 + χ(1)(ω)] as shown in the canceled out terms above.

As a result, one can get the wave equation as the following

∂2E0(x, y, z, ω)
∂x2 +

∂2E0(x, y, z, ω)
∂y2 +

∂2E0(x, y, z, ω)
∂z2 − 2ikx0(ω)

∂E0(x, y, z, ω)
∂x

−2iky0(ω)
∂E0(x, y, z, ω)

∂y
− 2ikz0(ω)

∂E0(x, y, z, ω)
∂z

= −
ω2

c2 F [P(2)(t) + P(3)(t)...] exp{i[kz0(ω)z + ky0(ω)y + kx0(ω)x]} (34)

By performing Fourier transform from the x, y domain to kx, ky domain on both sides of

the equation and setting (ω2/c2)F [P(2)(t) + P(3)(t)...] exp{i[kz0(ω)z + ky0(ω)y + kx0(ω)x]} =

PNL(x, y, z, ω), one can obtain,[
∂2

∂z2 − 2ikz0(ω)
∂
∂z

]
E0(kx, ky, z, ω) =

[
k2

x + k2
y + 2kxkx0(ω) + 2kyky0(ω)

]
E0(kx, ky, z, ω)

−PNL(kx, ky, z, ω). (35)

Equation (35) is of the standard second order nonhomogeneous differential equation.

One can put the term
[
k2

x + k2
y + 2kxkx0(ω) + 2kyky0(ω)

]
E0(kx, ky, z, ω) to the left hand side,

so that the homogeneous form of Eq. (35) follows the type a2E′′+a1E′+a0E = 0. However,

for the convenience of the following discussion, this term is shifted to the right hand

side and serves together with PNL as the source g(z) of the nonhomogeneous equation

(see Eq. 36).

g(z) =
[
k2

x + k2
y + 2kxkx0(ω) + 2kyky0(ω)

]
E0(kx, ky, z, ω) − PNL(kx, ky, z, ω) (36)

With the source g(z), the two independent solutions of the homogeneous equation are

y1 = C1, y2(z) = C2 exp[2ikz0(ω)z]. Since the ansatz is
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E(x, y, z, ω) = E0(x, y, z, ω) exp{−i[kx0(ω)x + ky0(ω)y + kz0(ω)z]}

where E0(x, y, z, ω) is the envelope, solution y1 represents the electric field which propa-

gates along the z direction and solution y2 represents the electric field which propagates

along the −z direction. One can construct a particular solution as

yp(z) = −y1(z)
∫

y2(z)g(z)
W(y1, y2)(z)

dz + y2(z)
∫

y1(z)g(z)
W(y1, y2)(z)

dz (37)

W(y1, y2)(z) =

∣∣∣∣∣∣∣∣y1 y′1
y2 y′2.

∣∣∣∣∣∣∣∣
As a result, the final electric field is

E0(x, y, z, ω) = y1 + y2(z) + yp(z)

E(x, y, z, ω) = E0(x, y, z, ω) exp{−i[kx0(ω)x + ky0(ω)y + kz0(ω)z]}

=

{
C1 exp[−ikz0(ω)z] + C2 exp[ikz0(ω)z] −

exp[−ikz0(ω)z]
2ikz0(ω)z

∫
g(z)dz

+
exp[ikz0(ω)z]

2ikz0(ω)z

∫
g(z) exp[−2ikz0(ω)]dz

}
exp{−i[kx0(ω)x + ky0(ω)y]}

≈

[
C1 −

1
2ikz0(ω)

∫
g(z)dz

]
exp{−i[kx0(ω)x + ky0(ω)y + kz0(ω)z]} (38)

Due to the phase term exp[ikz0(ω)], the terms in red represent the electric fields which

propagate towards the −z direction. Within our range of study, both the terahertz

generation in the periodically poled lithium niobate and the tilted-pulse-front setup do

not involve back propagation waves, since there is no reflection in the system and the

nonlinear interactions are always aimed at the forward propagation direction. Thus,

the back propagation terms can be neglected.

Note that Eq. (38) leads to a very important result. It is the exact solution from the second

order differential equation by only neglecting the backward propagation. However, it is

exactly the same as the solution of Eq. (35) when the second order derivative is directly

dropped (see Eq. (39)). This suggests that, as long as there is no backward propagating

electric field, Eq. (39) is exact and is also valid to describe the few- to single-cycle pulses.

−2ikz0(ω)
∂E0(kx, ky, z, ω)

∂z
=

[
k2

x + k2
y + 2kxkx0(ω) + 2kyky0(ω)

]
E0(kx, ky, z, ω)−PNL(kx, ky, z, ω)

(39)
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In the following chapters, Eq. (39) is used for both single-cycle and multi-cycle terahertz

generation.

3 Gaussian beam

In the development of the analytical results of the following models, the Gaussian func-

tion is chosen to be the pump pulse spatial and temporal shapes due to its friendly

mathematical properties. It is possible to decompose a coherent paraxial beam us-

ing the orthogonal set of the Hermite-Gaussian modes in Cartesian coordinates or

the Laguerre-Gaussian modes in cylindrical coordinates. Hermite-Gaussian modes and

Laguerre-Gaussian modes are the solutions of the wave equations with different bound-

ary conditions. I choose the transverse mode (TEM00), where the electromagnetic field

pattern of the radiation is in the plane perpendicular (i.e., transverse) to the radiation’s

propagation direction, since it resembles the optical laser field in free space.

The following context is based on the analytical expressions of the focusing and prop-

agation of the Gaussian beam. This serves as the basis for Part. II since the analytical

expressions of the optical pump electric field after various optical systems are used as

the input in the numerical calculations. In other words, the numerical calculations only

start when the optical pump interacts with the LN. By defining

zR = πσ2
0/λ0, q(0) = izR k0 = 2πλ0

one can write the electric field in the following form

E(x) = exp(−x2/σ2
0) = exp(−ik0x2/2q(0)). (40)

3.1 Free space propagation

With the approximation of free propagation and paraxial approximation, Eq. (??) re-

duces to ∂E(kx)/∂z = ik2
x/2k0. Consequently, one can obtain the solution

E(kx, z) = E0 exp(ik2
xz/2k0). (41)
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where z is the propagation distance, and exp(ik2
xz/2k0) can be considered as a propagator.

This indicates that the effect of free propagation is the multiplication of a quadratic phase

in the reciprocal domain. This is similar to the temporal broadening in the time domain

caused by the second order dispersion (GDD). The kx and x is a Fourier pair similar to

t and ω. In particular, here the "temporal broadening" is replaced by a broadening in

space (x) which is exactly the effect of diffraction. In other words, quadratic phase of

the electric field in one domain leads to the broadening of the field in the corresponding

Fourier domain. By Fourier transforming Eq. (40), one can get

E(kx) =
1
√

2π

∫
exp(−ik0x2/2q(0)) exp(ikxx) dx =

√
q(0)
ik0

exp(ik2
xq(0)/2k0).

By combining the equation above together with the propagator in Eq. (41), one can

obtain the following,

E(x, z) =

√
q(0)

ik02π

∫
exp

(
ik2

xq(0)/2k0 + ik2
xz/2k0 − ikxx

)
dkx

=

√
q(0)

q(0) + z
exp

[
−

ix2k0

2(q(0) + z)

]
(42)

where the q′ = q(0) + z can be considered as the new complex beam parameter. In order

to separate the real and imaginary parts, one can also rewrite q′ = qr + iqi. Thus, the

exponential term in Eq. (42) becomes

exp
[
−

ix2k0

2(q(0) + z)

]
= exp

− ix2k0qr

2(q2
r + q2

i )

 exp

− x2k0qi

2(q2
r + q2

i )

 (43)

Equation (43) is the general form which I will discuss more in the following chapters.

Here, in this simple free propagation case, with qr = z, qi = zR, one can rewrite Eq. (42)

as

E(x, z) =

√
σ0

σ(z)
exp

[
−

i arctan (z/zR)
2

]
exp

[
−x2

σ(z)2

]
exp

[
−ik0x2

2R(z)

]
(44)

where

2(q2
r + q2

i )

k0qi
= σ2

0

1 +

(
z

zR

)2
 = σ(z)2 (45)

(q2
r + q2

i )

qr
= z

[
1 +

(zR

z

)2
]

= R(z) (46)
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In Eq. (44), the coefficient
√
σ0/σ(z) exp

[
i arctan (z/zR)/2

]
is due to the diffraction only in

one dimension. When considering the y dimension with identical diffraction behavior,

one can obtain

E(x, y, z) =
σ0

σ(z)
exp

[
i arctan (z/zR)

]
exp

−(x2 + y2)
σ(z)2

 exp

−ik0(x2 + y2)
2R(z)


3.2 Propagation in medium

Here I derive the Gaussian beam expression after propagation distance z in a medium

with refractive index n. Similar to Eq. (42), the effect of the medium on the propagation

of the Gaussian beam is the reduced diffraction, since the medium decreases the wave-

length of the electric field. Here the Fresnel loss of entering a medium is neglected. By

modifying the propagator exp(ik2
xz/2k0) into exp(ik2

xz/2k0n), it can be seen that

E(x, z) =

√
q(0)

ik02π

∫
exp

(
ik2

xq(0)/2k0 + ik2
xz/2k0n − ikxx

)
dkx

=

√
q(0)

q(0) + z/n
exp

[
−

ix2k0

2(q(0) + z/n)

]
(47)

Accordingly, q′ = q(0) + z/n.

3.3 Focusing

The idea of focusing is to create a spatially varied phase front. Once a curved phase

front is generated, together with the free propagation, a focusing effect occurs. Since

the focusing must be related to the wavelength of the electric field and the focal length

of the lens, the most direct guess would be a phase front of the format exp(ik0x2/2 f )

where f is the focal length. As a result, one can write the electric field after the focusing

lens as

E(x) = exp(−ik0x2/2q(0)) exp(ik0x2/2 f )

E(kx) = F [E(x)] =

√
−q(0)

i
[
k0 − k0q(0)/ f

] exp

 ik2
xq(0)

2k0

(
1 − q(0)/ f

)

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After propagating for distance z, one can write

E(x, z) = F
[
E(kx) exp(ik2

xz/2k0)
]

=

√
q(0)

q(0) + z − zq(0)/ f
exp

 −ix2k0

[
1 − q(0)/ f

]
2
[
q(0) + z − zq(0)/ f

]
 (48)

From the exponential term, one can see that q′ =
[
q(0) + z(1 − q(0)/ f )

]
/
[
1 − q(0)/ f

]
,

which is also consistent with the ABCD matrix method.

3.4 Grating

For a grating, by defining the angle of incidence (γ), the output angle (θ) and angular

dispersion, one can write

∆θ = α∆γ + β∆ω (49)

The partial derivative of the grating equation sin (γ) + sin (θ) = mλ/d leads to α =

− cos (γ0)/cos(θ0), which is also the value of magnification of the beam size at the

grating. For simplicity, α is set to 1 in this section. Besides, in this section, I focus on

the frequency dependent angular dispersion to the first order. For higher orders, please

see chapter 4. The electric field in the time domain and the pulse front tilt angle with

respect to the propagation distance after the grating can be found in55. The electric field

after the grating at the grating incidence surface is56

E(x, z) = a1 exp (−ikx2α2/2q(0)) exp (ikβx∆ω)

where the constant a1 takes into account the amplitude for energy conservation. The

propagation after the grating can be considered in two different ways. One is via the

Huygens-Fresnel integral where each spatial point is considered as a point source and

the final result of the propagation is the summation of the propagation from previous

fields. The other is by solving the wave equation directly. One can see eventually that

these two methods are equivalent.

Huygens-Fresnel principle: The illustration of the Huygens-Fresnel principle is shown

in Fig. 4. In the following calculation, the y dimension is neglected for simplicity.
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z

(x',y') (x,y)

Figure 4: Illustration of the Huygens-Fresnel principle.

By setting k = 2π/λ, one can write the electric field after propagation distance z as the

following

E(x, z) =
i
λz

∫
∞

−∞

E(x′, 0) exp
(
−ik

√
(x − x′)2 + z2

)
dx′

≈
i
λz

∫
∞

−∞

E(x′, 0) exp
[
−

ik
2z

(x − x′)2
]
dx′ (50)

Substituting E(x′, 0) = exp (−ikx′2/2q(0)), Eq. (50) becomes,

E(x, z) = b1 exp (
−ikx2

2z
) exp

 ikq(0)

2z
[
q(0) + z

] (
x + zβ∆ω

)2

 (51)

where b1 is a constant for energy conservation. It can be seen in Eq. (51) that the beam

has a linear spatial chirp. If the distance z is large and is far larger than the beam size

x′, the phase term ik(x− x′)2/2z ≈ ik(x2
− 2xx′)/2z. Consequently the far field diffraction

can be written as Eq. (52) where the kx/z can be considered as kx. Equation (52) shows

the form of Fourier transform. This brings some insights into the far field diffraction.

In another word, it means that the far field diffraction patten should be equivalent to

the Fourier transform of the object e.g. pin hole, slit, etc..

E(x, z) =
i
λz

exp (−ikx2/2z)
∫
∞

−∞

E(x′, 0) exp
(
ikxx′/z

)
dx′ (52)

Directly solve the wave equation: By solving the wave equation as the following

−2ik
∂E(x, z)
∂z

+
∂2E(x, z)
∂x2 = 0
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one can obtain the analytical result as shown in Eq. (54).

E(x, z) = F

E(kx, 0) exp (
ik2

xz
2k

)

 (53)

= b1 exp

 −ik

2
[
z + q(0)

] [
q(0)β∆ω − x

]2

 exp
[
iq(0)β2(∆ω)2k/2

]
(54)

After some simply algebra, one can easily see that Eq. (54) and Eq. (51) are identical.

This is not a surprising result, since one can already see that Eq. (53) and Eq. (50) are

identical. The convolution is equivalent to a direct multiplication in the Fourier domain.

Continue with Eq. 51, if a second grating is added which resembles the case of a

compressor, the role of γ and θ are interchanged ( ∆γ = −β∆ω/α + ∆θ/α ). Thus, the

electric field after the second grating yields

E(x, z) = b1 exp (
−ikx2

2z
) exp

 ikq(0)

z
[
q(0) + z

] (
x + zβ∆ω

)2

 exp (−ikβ∆ωx/α)

= b1 exp

 ik

2
[
q(0) + z

] (
x + zβ∆ω

)2

 exp
[
ikβ2(∆ω)2z/2

]
. (55)

By propagating Eq. (55) after distance z′, one can get the following

E(x, z + z′) = b1 exp

 ik

2
[
q(0) + z + z′

] (
x + zβ∆ω

)2

 exp
[
ikβ2(∆ω)2z/2

]
(56)

where z is the distance between two gratings and z′ is the distance after the second

grating. The phase term is

φ(ω) =
ikβ2(∆ω)2z

2
−

ik(z + z′)(2xzβ∆ω + β2(∆ω)2z2)[
(z + z′)2 + π2σ4/λ2

]
The first term gives the phase term quadratic in frequency, which accounts for the

desired group delay dispersion. The second term is undesirable because it depends on

the propagation distance after the second grating i.e. z′. If

(z + z′)z/
[
(z + z′)2 + π2σ4/λ2

]
� 1
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∴ z� πσ2/λ

Equation 56 can be rewritten as

E(x, z + z′) = b1 exp
[
−

(
x + zβ∆ω

)2
/σ2

]
exp

[
ikβ2(∆ω)2z/2

]
.

Thus, after the compressor, the linear spatial chirp is zβ∆ω and the group delay disper-

sion induced is 2kβ2z.
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Part II

Terahertz generation in tilted-pulse-front

setup

4 Full 3D+1 (x,y,z,t) numerical model

Section 4 is published in the work done by L. Wang et.al.57.

4.1 Introduction

Single- to few-cycle (broadband) high energy terahertz pulses have many promising ap-

plications such as spectroscopy5, strong field terahertz physics6;7, particle acceleration8

, electron spin manipulation6 and phonon resonance studies9. All of these applications

require well-characterized terahertz fields.

There are many possible ways to generate terahertz radiation. Free electron lasers and

synchrotron radiation have a high degree of tunability and are capable of delivering high

peak power coherent terahertz pulses16. Gyrotrons, based on the principle of electron

cyclotron radiation, are able to generate watt-to-megawatt-level terahertz continuous

wave radiation17 at low terahertz frequencies (0.3-1.3 THz)18;19. These devices, however,

have limited accessibility to the larger scientific community, and can be difficult to

synchronize to laser sources with high (fs) precision.

Alternatively, single- to few-cycle terahertz generation, based on table-top optical laser

systems, brings the advantages of high accessibility and intrinsic synchronization, but

suffers from limited optical-to-terahertz conversion efficiency. This synchronization

is required for terahertz electron acceleration. Laser based terahertz generation typi-

cally falls into three categories. One, using electrically-charged photoconductive anten-

nas29;30, excitation of semiconductors by an ultrashort pulse and subsequent radiation

of a sub-picosecond pulse31 forms transient photocurrents. The emitted terahertz pulse
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properties are determined by the carrier lifetime of the material, the applied voltage

and the breakdown threshold32. The second category is based on laser-induced plasma

in air or noble gases. Here, the incident optical pulse induces a ponderomotive force

which causes a charge separation between ions and electrons, leading to the emission of

a terahertz pulse33;34, with peak electric fields that can reach as high as a few MV/cm35.

However, the terahertz frequency, spatial distribution and polarizability are strongly

related to the plasma density, plasma length, and plasma defocusing effect36;37, which

can be difficult to control. Difference frequency generation or optical rectification is the

third category. By utilizing the second-order nonlinear effect, an ultrashort pump laser

pulse induces a strong dipole moment. The dipole oscillation together with the repeated

energy down conversion of pump photons (cascading effect) leads to terahertz pulse

emission with an efficiency close to, or even above, the Manley-Rowe limit58. Using

the well-known "tilted-pulse-front" (TPF) technique, first proposed and demonstrated

by J.Hebling et.al.59, pulse energies in the millijoule range can be reached60. The ease

of this setup, the high pulse energies and the controllability of the terahertz properties

has made this last approach an ubiquitous one for high-field applications. However,

the non-collinear geometry of the phase matching and the spatial asymmetry of the

interaction, in combination with the cascading effect, result in terahertz beams with

non-uniform spatial distribution. A robust 3D+1 numerical tool is therefore necessary

to investigate the spatial and temporal properties of the generated terahertz fields.

4.2 Theoretical model

The setup modelled and simulated is shown in Fig.5. The often used nonlinear mate-

rials are LiNbO3, CdTe, GaAs, GaSe, GaP and ZnTe. Here, I focus on LiNbO3 (LN for

short) due to its large second-order nonlinear coefficient, high damage threshold and

easy accessibility. The results however can be extended to other materials. A two-lens

imaging system is analyzed here instead of the one-lens system, because the imaging

errors and terahertz divergence are reduced, both of which favor the terahertz genera-

tion process61. In this article, I focus on the impact of the optical pump (OP) beam size

on the properties of the generated terahertz beam.
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Figure 5: Illustration of the simulated tilted-pulse-front setup. The optical pump pulse

is noted by OP and the LiNbO3 crystal is represented by LN. The OP propagates along

the z′ direction. The x − y − z coordinates denote the pulse-front-tilt frame (terahertz

frame) inside the LN-crystal. The y and y′ axes are equivalent.

First, I show analytically that, regardless of the noncollinear phase matching and the

prism geometry, the second order dispersion generated by the grating can already

cause inhomogeneity of the terahertz pulses (see Eq. (60)). I start from the grating

relation sin(θ1)+sin(θ2) = 2πc/ωd, where θ1 and θ2 are the incidence and output angles

with respect to the normal of the grating surface respectively. The optical frequency is

represented by ω while d denotes the grating groove period. Assuming that the input

OP is collimated (dθ1/dω = 0), one can get Eq. (57).


dθ2

dω
=

−2πc
ω2d cos(θ2)

d2θ2

d2ω
=

4πc
ω3d cos(θ2)

−
2πc sin(θ2)
ω2d cos2(θ2)

dθ2

dω

(57)

One can obtain the angular dispersion ∆θ2 with respect to the OP propagation direction,

via performing a Taylor expansion to the second order. By inserting Eq. (57) and

setting the first order angular dispersion F1 = −2πc/(ω2
0d cos(θ02)) where ω0 is the

center frequency and θ02 is the grating output angle at the center frequency, I obtain:
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∆θ2 =
dθ2

dω
|ω=ω0(ω − ω0) +

1
2

d2θ2

d2ω
|ω=ω0∆(ω − ω0)2

= F1 (ω − ω0) +

[
−F1/ω0 +

1
2

F2
1 tan(θ02)

]
(ω − ω0)2

= F1 (ω − ω0) + F2(ω − ω0)2 (58)

The second order dispersion is denoted by F2. After the propagation through the

telescope system, the angular dispersion is magnified by a factor of - f1/ f2. Thus, the

angular dispersion becomes −∆θ2 f1/ f2. Note that the transverse k-vector kx′0(ω) =

−∆θ2 f1ω0/(c f2) remains the same before and after entering the LN-crystal due to the

Fresnel law. As a result, by assuming kz′0(ω) ≈ ωn(ω)/c, where n is the refractive index,

the OP electric field inside the LN-crystal is given in Eq. (59) in the x′−y′−z′ coordinates.

In Eq. (59), the pulse duration is τ = τ0/
√

2 log 2 , A0 is the electric field amplitude and

σ′x, σ
′
y are beam waists (1/e) of the OP at the incidence surface of the LN-crystal in x′ and

y′ dimensions respectively.

E(ω, x′, y′, z′) = A0 exp
[
−(ω − ω0)2τ2/4

]
exp

[
−x′2/(2σ′2x )

]
exp

[
−y′2/(2σ′2y )

]
× exp

[
−iωn(ω)z′/c

]
exp

[
i∆θ2 f1ω0x′/(c f2)

]
(59)

The imaging system was chosen such that the image of the grating is parallel to the

pulse-front-tilt plane inside the nonlinear crystal62. The expression of the OP electric

field given in Eq. (59), is only valid at the imaging plane of the telescope. It is very

important to notice that the higher order angular dispersion (F2) induced by the grating

leads to temporal broadening of the OP56;63, as it adds nonlinear phase (see Eqs. (58)

and (59)). If the second order angular dispersion is neglected (F2 = 0 in Eq. (58)), the

OP pulse duration reduces to the transform limited case at each spatial point along the

x′ dimension.

Using Eq. (59), the second order polarization which is responsible for the terahertz

generation can be expressed as in Eq. (60), where γ is the angle between the terahertz

pulse propagation direction and the OP propagation direction, χ(2) is the second order

nonlinear susceptibility and Ω is the terahertz angular frequency. The group refractive
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index at the center frequency of the optical pump is denoted by ng.

P(2)
NL(Ω, x′, y′, z′) = −χ(2) Ω

2

c2

∫
∞

0
E(ω + Ω, x′, y′, z′)E∗(ω, x′, y′, z′)dω

× exp
{
iΩn(Ω)[cos(γ)z′ + sin(γ)x′]/c

}
= −χ(2) Ω

2
√

2π
τc2 A2

0 exp

−x′2

σ′2x

 exp

−y′2

σ′2y


× exp

−Ω2τ2

8

1 +
16x′2n2

g tan(γ)2

τ4c2

(
F2

F1

)2



× exp
{
−i

Ω

c

[
ng − n(Ω) cos(γ)

]
z′
}

exp
{

i
[ f1ω0

f2
F1 + n(Ω) sin(γ)

]
Ω

c
x′

}
(60)

The last two exponential phase terms in Eq. (60) represent the phase matching condition.
∆k′z =

Ω

c

[
ng − n(Ω) cos(γ)

]
= 0→ ng/n(Ω) = cos(γ)

∆k′x =
[ f1ω0

f2
F1 + n(Ω) sin(γ)

]
Ω

c
= 0→

2πc f1
d cos(θ2)ω0ng f2

= tan(γ)

The term in the third exponential ((F2/F1)2 16x′2n2
g tan(γ)2/τ4c2 ) is due to the second

order angular dispersion which has been discussed in more detail in64. It can be seen

that the second order angular dispersion leads to a spatial dependence of the generated

terahertz bandwidth along the x′ dimension. At the center of the pump pulse (x′ = 0),

the generated terahertz pulse possesses its largest bandwidth. However, towards the

sides of the OP beam, the bandwidth of the terahertz pulse reduces. In other words,

due to the second order angular dispersion ((ω−ω0)2 related term), the OP experiences

a temporal chirp and thus, the pulse duration varies with respect to x′. The effective

instantaneous bandwidth of the OP reduces towards the sides of the beam, leading to a

narrower terahertz spectrum (multi-cycle pulses).

4.3 Comparison of the 1D+1, 2D+1 and 3D+1 simulations

Owing to the geometry of the LN-crystal, the interaction length varies with respect to x′.

Since the generated terahertz pulses act back on to the OP, cascading occurs. This causes
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a spatially dependent OP spectrum, which further enhances spatial inhomogeneities of

the generated terahertz pulses. Furthermore, at the desired terahertz frequency range

(<4 THz), the material absorption (α) increases with respect to frequency. This favors

lower terahertz frequencies towards the base of the LN-crystal due to longer interaction

length. The aforementioned aspects can only be investigated by a robust numerical

model.

The numerical model solves the coupled wave equations with slowly varying amplitude

approximation in the terahertz coordinates (x-y-z). By setting the electric field of the OP

F [Eop(t, x, y, z)] = Eop(ω, x, y, z) = E(ω, x, y, z)e−i[kz0(ω)z+kx0(ω)x], and the electric field of

the terahertz F [ETHz(t, x, y, z)] = ETHz(Ω, x, y, z) = E(Ω, x, y, z)e−ik0(Ω)z respectively, one

can get Eqs. (61) and (62). The operator F represents the Fourier transform.

−2ik0(Ω)
∂E(Ω, x, y, z)

∂z
= −[

neglected by 2D+1︷︸︸︷
∂2

∂y2 +
∂2

∂x2︸        ︷︷        ︸
neglected by 1D+1

−iαk0(Ω)]E(Ω, x, y, z)

−
Ω2χ(2)

c2

∫
∞

−∞

E(ω + Ω, x, y, z)E∗(ω, x, y, z)ei(∆kzz+∆kxx)dω (61)

−2ikz0(ω)
∂E(ω, x, y, z)

∂z
= −[

neglected by 2D+1︷︸︸︷
∂2

∂y2 +
∂2

∂x2 − 2ikx0(ω)
∂
∂x︸                          ︷︷                          ︸

neglected by 1D+1

]E(ω, x, y, z)

−ε0n2(ω0)
ω2

c
F

{
Eop(t, x, y, z)

∫
∞

−∞

n2(τ)E2
op(t − τ, x, y, z)dτ

}
ei[kz0(ω)z+kx0(ω)x]

−
ω2χ(2)

c2

∫
∞

−∞

E(ω + Ω, x, y, z)E∗(Ω, x, y, z)ei(∆kzz+∆kxx)dΩ (62)

In Eqs. (61) and (62), ∆kx = kx0(ω) − kx0(ω + Ω), ∆kz = kz0(ω) − kz0(ω + Ω) + k0(Ω).

The χ(2) related terms are responsible for the second order nonlinear effects, i.e., the

terahertz generation and back conversion processes. In Eq. (62), the third-order non-

linear effects, including self-phase-modulation, self-steepening and stimulated Raman

effect, are represented by the term n2(τ) = F [n2(ω − ω0)]42. The phonon resonances at

terahertz frequencies49 are implemented by considering the stimulated Raman effect at

the optical frequency region together with the frequency-dependent refractive index in
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the terahertz frequency region. In the simulation, frequency dependent refractive index

and the terahertz absorption are used. The parameters used in simulations are listed in

Table.2. The peak fluence of the OP at the input LN-crystal surface is chosen to be right

beneath the estimated damage threshold 70.7 mJ/cm2 based on our previous studies65.

Table 2: Simulation parameters

Parameters Value Parameters Value

focal length f1 300 mm focal length f2 61 0.613 × f1 mm

wavelength λ 1030 nm grating period d 1/1500 mm

pulse duration

τ0 (FWHM)66

0.5 ps peak fluence65 108√τ0 mJ/cm2

phase-

matching

frequency

0.3 THz absorption

coefficient

α(300 K, 0.3 THz)51

7/cm

By comparing different models, one can see that the 1D+1 calculation neglects diffrac-

tion effects and, more importantly, the spatial walk-off between the terahertz and OP

beams (the operator 2ikx0
∂
∂x ). The neglected terms are marked in Eqs. (61) and (62)

by "neglected by 1D+1". Figure 6 suggests that, by neglecting any spatial walk-off

effect, the 1D+1 model overestimates the OP spectral broadening leading to a more pro-

nounced stimulated Raman effect. Consequently, higher terahertz frequencies can be

generated within the OP bandwidth via difference-frequency generation. This explains

why the 1D+1 model predicts higher terahertz frequency content as compared to the

3D+1 model shown in Fig. 2(b). The 2D+1 model, though neglecting diffraction in

the dimension y (labeled by "neglected by 2D+1"), captures the broadening of the OP

spectrum better than the 1D+1 case. Accordingly, the terahertz spectrum is predicted

in very good agreement with the 3D+1 model.

Figure 6(c) shows the computed conversion efficiency along the terahertz propagation

direction (z). As can be seen, the 1D+1 model drastically underestimates the optimal

interaction length, which also leads to a significant overestimation of the conversion

efficiency. The interaction length is captured better by the 2D+1 model, while the
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conversion efficiency is still overestimated by about 25% compared to the value obtained

by a 3D+1 calculation, since the reduction of the OP fluence along the y dimension is

not accounted for in this model and only properly captured in the 3D+1 case.

It can be concluded that in order to capture the key characteristics of the OP and

terahertz spectra, at least a 2D+1 model should be used while for a proper prediction

of the conversion efficiency both 1D+1 and 2D+1 model overestimate the efficiency

significantly. Here, a 3D+1 model is recommended.

Figure 6: Comparison of the results obtained from 1D+1, 2D+1 and 3D+1 simulations.

(a), (b) and (c) are the output OP spectra, the output terahertz spectra and the efficiencies

respectively. (a) and (b) are plotted at the location of maximum efficiency.

4.4 Spatial dependence of the terahertz electric field

Without loss of generality, the nonlinear interaction between the OP and the LN-crystal

is numerically implemented in the x− y− z coordinate frame where x = 0 represents the

apex location of the LN-crystal. Note that the OP beam size in the x − y − z coordinates

σx=σx′/ cos(γ) is due to the projection onto the plane of the tilted pulse front. The

simulations suggest that within an OP beam size range σy = [0.5, 4.5] mm (not shown),

diffraction has a negligible effect on the terahertz generation process and the terahertz

beam size scales as σy/
√

2. This agrees well with the analytic result in Eq. (60). In the

following simulations, σy is chosen to be 3.5 mm.

In Fig. 7, the maximum terahertz generation efficiency is plotted against the OP beam

size σx′ for two different OP peak fluences. For this calculation, the 2D+1 model is

chosen due to the high computational cost of the 3D+1 model.
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Figure 7: With the input pump fluence 70.7 mJ/cm2 (blue dots) and 35.3 mJ/cm2 (orange

dots), the maximum terahertz generation efficiencies versus the OP beam size σx′ ,

calculated by the 2D model, are presented. The black circles indicate 3 beam sizes

chosen as examples in the following 3D+1 calculations.

Due to the nature of the non-collinear phase-matching condition, the terahertz gen-

eration process requires different sections of the beam along the x dimension to add

up coherently in the emission direction z. In contrast with the OP beam size in the y

dimension, a small beam size along the x dimension cannot produce high generation

efficiencies due to the walk-off between the OP and the terahertz beam. On the other

hand, if the beam size is too large, the terahertz radiation generated by the side of the

OP at the farther side from the LN-crystal apex suffers from more absorption compared

to the part closer to the apex. Thus, the generation efficiency shows a maximum as a

function of OP beam size in the x′-direction. Additionally, since lower pump fluence

leads to longer interaction length, the optimal pump beam size increases (see the orange

dots in Fig. 7).

As in experiments different OP beam sizes may be required in order to optimize the

use of the available pump energy and limited crystal aperture, I select three pump sizes

(σx′ = 0.44mm, 0.88mm and 1.32 mm, marked by black circles in Fig. 7) for studying

the spatio-temporal properties of the terahertz field using the 3D+1 model.

In order to compare the terahertz fields generated by different spatial positions of the

OP beam, the center of the OP (highest peak fluence y = 0) and the side region of the

OP (low fluence, y = σy/
√

2 = 2.47 mm) within the optical beam are chosen. Figures

8(a)-8(f) show the OP and the terahertz beam profiles at the output LN-crystal surface

with different input OP beam sizes. For the beam sizes σ′x = 0.44 mm , 0.88 mm and
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1.32 mm, the conversion efficiencies are 0.57%, 0.54%, 0.46% respectively. Figures 8(g)-

8(i) present the fluence of the OP at y = 0 and y = σy/
√

2 with the center of the OP

marked by the dashed lines. The fluence distribution indicates an energy shift towards

the base of the LN-crystal. This shift is due to the non-collinear nature of the phase-

matching mechanism, which causes the new optical frequencies of the OP, generated via

the cascading effect, to propagate towards the base of the crystal. Surprisingly, the size

of the OP does not strongly influence the size of the generated terahertz beams. Towards

the base of the LN, the interaction length increases, the terahertz absorption and the

nonlinear effect become more pronounced. The terahertz fields generated close to the

base are absorbed before they reach the output LN surface. Thus, for large OP beam

sizes, the OP farther from the LN apex is wasted. Figures 8(j)-8(l) indicate that at a given

OP beam size, a higher pump fluence leads to a smaller terahertz beam size compared

with the case using a lower pump fluence. This finding agrees with the experimental

results of C. Lombosi et al.67. The terahertz beams are found to be symmetric along the

y dimension.
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Figure 8: Spatial dependence of the generated terahertz beams along x and y dimensions.

(a-c) and (d-f) represent the OP and the terahertz beam profiles at the output surface of

the LN-crystal respectively. (g-i) and (j-l) represent the OP and terahertz fluence respec-

tively at a given position y = 0 (black curve) and y = σy/
√

2 = 2.47 (red curve). The

OP beam sizes at the input LN-crystal surface are σ′x = 0.44 mm, 0.88 mm and 1.32 mm

in x′ − y′ − z′ frame respectively. The center position of the OP beam is marked by the

dashed line. The OP beam size in the y dimension is σy = 3.5 mm. The apex of the

LN-crystal is located at x = 0.

Figures 9(a)-9(c) and Figs. 9(g)-9(i) show the spatially dependent electric fields at y =

σy/
√

2 and y = 0 respectively, with the corresponding terahertz spectra shown in Figs.

9(d)-9(f) and Figs. 9(j)-9(l). It can be seen that the few-cycle terahertz electric fields are

only generated at the vicinity of the apex of the LN-crystal. This effect is seen to increase

with larger pump beam sizes, as a larger fraction of the terahertz is generated farther
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from the apex and the terahertz electric fields deviate from a single-cycle waveform.
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Figure 9: Spatial dependence of the generated terahertz spectra and temporal profiles

along the x dimension. (a-c) and (d-f) are the terahertz electric fields and the corre-

sponding terahertz spectra with respect to x at y = 0. (g-i) and (j-l) are the terahertz

electric fields and the corresponding terahertz spectra with respect to x at y = σy/
√

2.

To quantify the deviation from a single-cycle waveform, the root-mean-square pulse

duration ∆t is chosen to evaluate the electric field distribution (see Eq.63)). In Eq. (63),

δt = |t(x, y) − t(x, y)p| , t(x, y)p is the time coordinate of the peak of the electric field at

position (x, y) and I represents the intensity. The reference ∆t(xp, yp) is chosen at the

position (xp, yp) where the terahertz peak fluence is located.
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∆t(x, y) =

√√√∫
[δt(x, y)]2I(t, x, y)dt∫

I(t, x, y)dt
−


∫
δt(x, y)I(t, x, y)dt∫

I(t, x, y)dt


2

(63)

The resulting map of ∆t(x, y) can be used to determine the portion of the terahertz beam,

where the electric field deviates significantly from a single-cycle format (see Fig. 10).

Figure 10 shows the terahertz beam generated by an OP with σx = 1.32mm, where the

part with ∆t(x, y) > 2∆t(xp, yp) is shaded grey to indicate the non-single-cycle content.
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Figure 10: The example shown is for σ′x = 1.32 mm, where the non-single-cycle region,

∆t(x, y) > 2∆t(xp, yp), is indicated by the shaded region. The terahertz beam under the

shaded region contains up to 25% of the total terahertz energy.

The shaded region in Fig. 10 shows that high quality few-cycle pulses are only generated

close to the apex of the crystal (x = 0). The terahertz beam profiles are symmetric along

the y-direction. I find that, even though higher pump fluence (y = 0) leads to a

higher terahertz energy, the portion of non-single-cycle content in the beam increases.

It can be seen from Fig. 9 and Fig. 10 that the side of the OP beam (for example

y = σy/
√

2 mm) possesses lower fluence, which leads to less OP spectral broadening in

the terahertz generation process. Such a less broadened OP spectrum leads to a relatively

homogeneous terahertz distribution along the x dimension. For σx′ = 0.44 mm, 0.88 mm

and 1.32 mm the ∆t(x, y) > 2∆t(xp, yp) region (shaded region) take up 4%, 20% and 25%

of the total terahertz energy respectively. It can be seen that, with the increase of the OP

beam size, the single-cycle region of the generated terahertz pulses reduces significantly.

Additionally, due to the geometry of the nonlinear crystal, it is inevitable that the

generated terahertz possesses a spatial inhomogeneity. In order to resolve this problem,

a setup which combines a conventional tilted-pulse-front setup and a transmission

stair-step echelon is promising to generate spatially homogeneous terahertz pulses68.
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5 2D+1 numerical simulations for different TPF schemes

Section 5 is published in the work done by L. Wang et.al.69.

5.1 Introduction

Optical rectification is used for terahertz generation where an ultrashort pump laser

pulse induces a strong dipole moment via the second-order nonlinear effect. Due

to the terahertz absorption of the nonlinear material, limited damage threshold of

the nonlinear material and the low terahertz photon to pump photon energy ratio,

generating high energy terahertz pulses is extremely challenging. The "tilted-pulse-

front" (TPF) technique, a velocity matching method for terahertz generation by optical

rectification, brings new possibilities to the generation of high energy terahertz pulses.

In this technique, the intensity front of the optical pump is tilted with respect to the

phase front70. The generated terahertz propagates perpendicularly to the tilted pulse

front.

Many approaches have been proposed related to the TPF technique in order to achieve

efficient single- to few-cycle terahertz generation. In this section, I present analy-

ses of five characteristic examples. The conventional TPF technique is proposed and

demonstrated in 2002 by J. Hebling et.al.59, where a diffraction grating induces angular

dispersion onto the optical pump pulse, forming a pulse front tilt. Shortly after, in 2004,

the pulse front tilt caused by spatio-temporal chirp (STC) is proposed by S. Akturk

et.al.71. The pulse front tilt is generated by propagating a spatially chirped optical pulse

through a dispersive medium. In this method, no angular dispersion occurs. However,

this method was not used to generate terahertz pulses until 2019 when the analytic

results were investigated by K. Ravi64. In 2016, BK. Ofori-Okai et.al.72 demonstrated

a stair-step reflective echelon (RES) structure. The echelon produces a discretely tilted

pulse front, eliminating the negative effect of large angular dispersion72. In 2017, a

multistep phase mask (MSPD) scheme is proposed by Y. Avetisyan et.al.73. This scheme

splits a single input beam into many smaller time-delayed "beamlets". Compared with

the grating method, it reduces the angular dispersion and eliminates the necessity of

the imaging optics. In the same year, L. Pálfalvi et.al. performed numerical studies of
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a nonlinear echelon (NLES) slab68, where a stair-step echelon-faced nonlinear crystal

is used instead of a nonlinear prism. This scheme produces good-quality, symmetric

terahertz beams. The corresponding experiment is demonstrated by PS. Nugraha et.al.

in 201974.

Simulations of terahertz generation with the conventional grating (CG) scheme have

been developed by M. I. Bakunov et al.75;76 via a 2D+1 numerical model. However, this

model doesn’t include back conversion of the terahertz to the optical pump (OP), i.e.

the cascading effect. Consequently, the effective length and conversion efficiency are

overestimated. Later on, the interaction between the optical pump and the terahertz

pulse was included in the 2D+1 model along with a one lens imaging system by K.

Ravi et al.77. The one-lens imaging system has larger imaging errors and induces more

terahertz divergence61, compared with the telescope imaging system. A full 3D+1

numerical model with a telescope system is developed by L. Wang et.al.57.

In this part, I focus on the 2D+1 model. The terahertz conversion efficiency, the spatial

distribution of the terahertz electric field and spectrum are discussed. Furthermore,

the advantages and disadvantages of each TPF scheme are analyzed. As far as we

know, no work has been done related to the comparison of different TPF schemes. The

results bring insights into the terahertz generation process and can give useful and clear

guidance to terahertz related experiments in the future.

In order to investigate the terahertz spatial and temporal electric field distribution, a

3D+1 model is necessary. However, from section 4, one can see that the 2D+1 calculation

is a good approximation. In the following sections, I confine our numerical calculations

to the 2D+1 model due to the relatively low computational cost. The numerical tool

is based on the fast Fourier transform beam propagation method (FFT-BPM)78 and the

split-step Fourier method. The combination of these two methods reduces compu-

tational cost compared to the finite difference time-domain (FDTD) method which is

very accurate but requires a massive computational effort. The polarization terms are

calculated in the frequency domain. The entire electric field is updated by the 4th order

Runge-Kutta in the propagation direction of the terahertz (z). The apex of the LN is

located at x = 0. The z = 0 coordinate is defined is defined at the location where the

center of the OP starts to interact with the LN crystal. Two OP beam sizes σ′x = 0.5 mm
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and σ′x = 4mm are chosen as examples, where σ′x is the OP beam size at the LN input

surface. The analytical results are shown with the assumption that each beamlet is of

Gaussian shape. In the numerical calculation, the beamlets maintain the shape of the

overall Gaussian envelope.

The out-coupling loss is calculated by Fourier transforming the terahertz fields into the

reciprocal domain (kx). With the terahertz incidence angle at the LN output surface

θ = sin−1 [
kx(Ω)/k(Ω)

]
, the transmission of the Fresnel law is calculated for every single

frequency.

In this section, the analytical expressions of the electric field at the LN input surface and

the corresponding second order polarization are given. Apart from the spatial-temporal

chirp (STC) scheme, the input OP in the OP propagation frame can be defined as Eq.

(64), where σ′ is the input OP beam size before the optical system, ∆ω = ω − ω0 and σ′x
in Table. 3 is the OP beam size at the LN input surface i.e after optical elements and the

imaging system.

E(ω, x′, z′) = E0 exp
(
−∆ω2τ2

4

)
exp

(
−x′2

2σ′2

)
exp

(
−iωz′/c

)
. (64)

With the ansatz of the terahertz electric field

E(Ω, x′, z′) = A(Ω, x′, z′) exp
[
−iΩnt sin (γ)x′/c

]
exp

[
−iΩnt cos (γ)z′/c

]
, where γ is the propagation direction of the terahertz pulse with respect to the OP inside

the LN i.e. the phase matching angle. The wave equation for terahertz generation can

be written in the form of Eq. (65) where the corresponding second order polarization is

defined in Eq. (66).

∂2A(Ω, x′, z′)
∂x′2

+
∂2A(Ω, x′, z′)

∂z′2
−

2iΩnt cos (γ)
c

∂A(Ω, x′, z′)
∂z′

−
2iΩnt sin (γ)

c
∂A(Ω, x′, z′)

∂x′
= −

Ω2

c2 P(Ω, x′, z′) (65)

P(Ω, x′, z′) = χ(2)
∫
∞

0
E(ω + Ω, x′, z′)E∗(ω, x′, z′)dω

× exp
[
iΩnt sin (γ)x′/c

]
exp

[
iΩnt cos (γ)z′/c

]
(66)
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5.2 (a) Conventional grating (CG)

z'
x' z

x THz

Figure 11: Illustration of the CG scheme.

The ease of this setup, the high pulse energies and the controllability of the terahertz

properties have made this scheme a strong candidate for generating high energy tera-

hertz pulses where the millijoule range can be reached60. However, the non-collinear

geometry of the PM and the translational asymmetry of the interaction, in combination

with the cascading effect, result in terahertz beams which possess a non-uniform spatial

distribution. The CG scheme utilizes the grating induced angular dispersion to form a

pulse front tilt. The angular dispersion has two effects on the OP away from the imag-

ing plane. One is that the pulse duration increases (due to the decrease in the available

bandwidth at each spatial point) with respect to the distance from the imaging plane.

The other effect is that the TPF angle reduces with respect to the distance from the imag-

ing plane55. These two effects are more pronounced for larger angular dispersion (or

broadband OP), leading to the minimum interaction length in the CG scheme compared

with all the other schemes. The PM condition along the x′ dimension is given in Eq.

(69), where γ is the pulse-front-tilt angle, c is the speed of light, θo is the grating output

angle and β = −F1k0 = 2π/
[
ω0 cos (θo)d

]
is the first order angular dispersion induced

by the grating, where F1 is defined in Section. 4.2.

In Section. 4.2, the influence of the higher order angular dispersion on terahertz gen-

eration is presented analytically. In this section, I focus on the influences of the grating

and imaging system (see Fig. 5) on the OP. Using the results in Section. 3, one can prove

that the corresponding electric field at the LN input surface (the imaging plane) is

E(ω, x′, z′) = E0

√
f1 cos (θi)
f2 cos (θo)

exp
(
−∆ω2τ2

4

)
exp

−x′2 f 2
1 cos (θi)2

2σ′2 f 2
2 cos (θo)2


× exp

(
−iβ∆ωx′ f1/ f2

)
exp

(
−iωnir(ω)z′

c

)
(67)

55



Lu Wang Ph.D thesis

where the θi and θo are the incident and output angle of the OP at the grating. The grat-

ing has two effects on the OP, one is rescaling the beam size by the factor cos (θo)/ cos (θi),

which also leads to a rescaling of the amplitude. The other is introducing the phase

exp
(
iβ∆ωx

)
55. This phase factor represents the angular dispersion to the first order and

leads to a spatial dependent delay. Compared with the center of the beam (x′ = 0), at

x′ > 0 the beam travels faster and at x′ < 0 the beam experiences a delay. The telescope

imaging system also has two effects. One is rescaling the beam size by the factor f2/ f1
and likewise the amplitude change accordingly. The other is changing the angular

dispersion by the factor − f1/ f2. After the telescope system, the x′ > 0 region of the

incident beam locates at the x′ < 0 region and vice versa. This indicates that after the

telescope system, at x′ > 0 the beam experiences a delay. One can notice that the scaling

factors of the beam size and the angular dispersion, induced by the telescope system,

are inversely proportional to each other. This can also be understood intuitively, since

the angular divergence is inversely proportional to the beam size. The second order

nonlinear polarization for the terahertz generation is

P(2)(Ω, x′, z′) =
E2

0χ
(2)
√

2π f1 cos (θi)

τ f2 cos (θo)
exp

−x′2 f 2
1 cos (θi)2

σ′2 f 2
2 cos (θo)2

 exp
(
−Ω2τ2

8

)
× exp

[
iz′Ω(nt cos (γ) − ng)/c

]
exp

{
iΩx′

[
nt sin (γ)/c − β f1/ f2

]}
(68)

From Eq. (68), it can be seen that the phase matching conditions are

∆k′z = Ω(nt cos (γ) − ng)/c = 0 −→ nt cos (γ) = ng

∆k′x = Ω
[
nt sin (γ)/c − β f1/ f2

]
/c = 0 −→ tan (γ) = βc f1/( f2ng) (69)

Fig. 12(b-c) indicates that, compared to the 0.5 mm OP, the terahertz field generated

by 4 mm OP suffers from more translational spread in terms of fluence and temporal

distribution. By increasing the OP spot size by 8 times, the terahertz beam size increases

∼ 50%. This is the main reason of the efficiency drop for large OP beam size as shown

in Fig. 32. Furthermore, Fig. 12(a) indicates that most of the energy is contained in the

single-cycle region of the terahertz electric field.
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Figure 12: Numerical results of the terahertz electric field generated by CG scheme.

(a) represents the output terahertz fluence with 0.5mm OP (blue) and 4 mm OP (red)

respectively. The terahertz electric field distribution versus x generated by 0.5 mm and

4 mm OP are shown in (b) and (c) respectively. The terahertz energy transmission at

the exit surface of the LN is denoted by T.

The terahertz spectra generated by different OP beam sizes are presented in Fig. 13.

One can see that, the terahertz pulse generated by a larger OP beam size possesses

lower center frequency due to the absorption and longer interaction length. Figure 14

shows the dependence of the OP fluence. Lower OP fluence leads to larger terahertz

beam size. However, the terahertz spectrum doesn’t vary much with respect to fluence.

In this scheme, the angular dispersion is the dominating factor for effective interaction

length. By reducing the energy, the effective length doesn’t vary much.
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Figure 13: Numerical results of the terahertz spectra generated by CG scheme. (a)

represents the terahertz spectra generated by 0.5mm OP (blue) and 4 mm OP (red)

respectively. The spatial dependent terahertz spectral densities are shown in (b) and (c)

respectively.
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Figure 14: With a given OP beam size (σ′x =0.5 mm), (a) represents the internal terahertz

conversion efficiency with pump fluence 70.7 mJ/cm2, 35.4 mJ/cm2 and 17.7 mJ/cm2

respectively. The terahertz fluences and corresponding spectra at the peak of each effi-

ciency curve are shown in (b) and (c) respectively. The out-coupling energy transmission

is denoted by T.

5.3 (b) Nonlinear echelon staircase (NLES)

H

W
m=0
m=1

m=-1

z
x

z'
x'

Figure 15: Illustration of the NLES scheme. Each of the steps is identified by m where

m = 0,±1,±2 · · · . The center of the pump beam (x′ = 0) is noted by m = 0.

In this configuration, the grating and the telescope system resembles the CG scheme in

Section. 5.2. The difference is that the prism shaped LN crystal is replaced by a stair

case LN structure. The stair step size in x′ and z′ dimensions are represented by W and

H respectively (see Fig. 15). This method is beneficial for generating high energy, large

size and spatially homogeneous terahertz beams. The step size of the LN nonlinear

echelon at x′ and z′ dimensions are represented by W and H respectively.

By setting σ′m ∼W/2, q0 = iπσ′2m/λ0 and qm = q0−mH + mH/n0, where n0 is the refractive

index of the OP at center frequency ω0, the electric field at the LN input surface is given
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in Eq. (70). The corresponding polarization can be found in Eq. (71).

E(ω, x′, z′) = E0

∞∑
m=−∞

√
q0 f1 cos (θi)
qm f2 cos (θo)

exp
(
−∆ω2τ2

4

)

× exp

−x′2 f 2
1 cos (θi)2

2σ′2 f 2
2 cos (θo)2

 exp

−ik0(x′ −mW)2

2qm


× exp

(
−iβ∆ωx′ f1/ f2

)
exp

(
−iωnir(ω)z′

c

)
× exp

[
−iωmH

(
nir(ω) − 1

)
/c

]
(70)

P(Ω, x′, z′) =
E2

0χ
(2)
√

2π f1 cos (θi)

τ f2 cos (θo)

∞∑
m=−∞

∣∣∣∣∣∣ q0

qm

∣∣∣∣∣∣ exp
(
−Ω2τ2

8

)

× exp

−x′2 f 2
1 cos (θi)2

σ′2 f 2
2 cos (θo)2

 exp

−k2
0σ

2
m(x′ −mW)2∣∣∣qm

∣∣∣2


× exp
{
iΩ

[
nt sin (γ)x′ − cβx′ f1/ f2 −mH

(
nir(ω) − 1

)]
/c

}
× exp

[
iΩz′(nt cos (γ) − ng)/c

]
(71)

Equation 71 indicates that the phase matching conditions are

∆k′z = Ω(nt cos (γ) − ng)/c = 0 −→ nt cos (γ) = ng

∆k′xx′ = Ω

[
nt sin (γ)x′ − cβx′

f1
f2
−mH

(
ng − 1

)]
/c = 0

−→

[
ng tan (γ) −

cβ f1
f2

]
x′ = mH(ng − 1) (72)

It can be seen that Eq. (72) is not always satisfied along x′ since m can only be integers.

Although the entire trend of the beamlets follow the PM angle, each beamlet itself is

not perfectly phase matched. In order to maintain the trend of the pulse-front-tilt,

the size of the LN stair should be chosen such that the terahertz pulse propagates

perpendicular to the entrance and exit surfaces of the plane-parallel LN slab i.e. the

condition H/W = tan (γ) needs to be satisfied68. Another condition is that, when m = 1,

x′ = W (at m = 0, the beamlet is centered at position x′ = W). With these two conditions,

Eq. (72) reduces to cβ f1/ f2 = tan (γ). Compared with the CG scheme in Eq. (69), the

NLES scheme requires less angular dispersion. Additionally, with different input pump
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fluence, the effective length varies due to the nonlinear effects and thus the thickness

of the NLES slab should vary accordingly. With different input OP pulse duration, the

optimal effective length may differ. However, for a given NLES with fixed thickness,

this can be adjusted by adapting the pump fluence.

Figure 16 indicates that by changing the OP beam size the generated terahertz beam

size changes accordingly. Besides, as long as σ′x > sin (γ)Leff is satisfied, the generation

efficiency is independent of the OP beam size. These enable the possibility of generating

high energy terahertz pulses by simply increasing the pump energy and the OP beam

size. Additionally, the electric fields show strong single-cycle character homogeneously

along the entire translational dimension (x).
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Figure 16: Numerical results of the terahertz electric field generated by NLES scheme.

(a) represents the output terahertz fluence with 0.5mm OP (blue) and 4 mm OP (red)

respectively. The electric field distribution versus x of terahertz pulses generated by

0.5 mm OP and 4 mm OP are shown in (b) and (c) respectively. The terahertz energy

transmission at the exit surface of the LN is denoted by T.

Figure 17 show the terahertz spectra generated by different OP beam size. In this

scheme, the terahertz spectrum shape is not related to the OP beam size. Figure 18

shows the dependence of the OP fluence. Lower OP fluence leads to larger terahertz

beam size. However, the terahertz spectrum does not vary much with respect to fluence.
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Figure 17: Numerical results of the terahertz spectra generated by CG scheme. (a)

represents the terahertz spectra generated by 0.5mm OP (blue) and 4 mm OP (red)

respectively. The spatial dependent terahertz spectral densities are shown in (b) and (c)

respectively.
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Figure 18: With a given OP beam size (σ′x =0.5 mm), (a) represents the internal terahertz

conversion efficiency with pump fluence 70.7 mJ/cm2, 35.4 mJ/cm2 and 17.7 mJ/cm2

respectively. The terahertz fluences and corresponding spectra at the peak of each effi-

ciency curve are shown in (b) and (c) respectively. The out-coupling energy transmission

is denoted by T.

5.4 (c) Reflective echelon (RES)

(c) RESz'
x' z

x

H

W

THz

LN

Figure 19: Illustration of the RES scheme.
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Echelon is a grating structure with large groove density (input beam wavelength �

step size). For the echelon, the input beam and the output beam propagates exactly in

the opposite direction, since each step acts as a mirror. As the step size reduces (input

beam wavelength ' step size), the diffraction effect of each step increases. Thus, the

electric fields generated at each step form an interference pattern. Depending on the

wavelength of the input beam and the size of the steps, the final interference pattern

can have different dominant reflection angles. This corresponds to the order of the

grating. As the step size reduces even further (input beam wavelength � step size),

the discrete steps reduce to a smooth surface. At this point, the reflection occurs, i.e.

the diffraction effect of each step is so strong that the entire diffraction pattern merges

together and forms one dominant order which is equivalent to the reflection from a flat

mirror surface.

Compared with the CG scheme, in this scheme the effective interaction length is not

limited by angular dispersion. The echelon step sizes in z′ and x′ dimensions are

represented by H, W respectively (see Fig. 19). The temporal delay between the two

neighboring beamlets is 2H/c. Before the imaging system, m = 1 represents the beamlet

at center position x′ =W. After the imaging system, the delay remains 2H/c, whereas

for m = 1 the beamlet is centered at position x′ = −W f2/ f1. Consequently, together

with Eq. (76), it can be seen that the echelon structure needs to satisfy the condition

tan (γ) = 2H f1/Wng f2 to generate terahertz effectively. Similar to the NLES scheme, the

PM condition given in Eq. (76) is not always satisfied along x′.

By setting σ′m ∼W/2, one can write q0 = iπσ′2m/λ0 and qm = q0 − 2mH. Consequently, the

input OP electric field after the echelon structure before the imaging system, the electric

field at the LN input surface and the second order polarization for terahertz generation

are shown in Eqs (73), (74) and (75) respectively.

E(ω, x′, z′) = E0

∞∑
m=−∞

√
q0

qm
exp

−x′2

2σ′2x

 exp

−i(x′ −mW)2k0

2qm


× exp

(
−

∆ω2τ2

4

)
exp (i∆ω2mH/c) (73)
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E(ω, x′, z′) = E0

∞∑
m=−∞

√
f1q0

f2qm
exp

−x′2 f 2
1

2σ′2x f 2
2

 exp

−ik0(x′ + mW f2/ f1)2 f 2
1

2qm f 2
2


× exp

(
−

∆ω2τ2

4

)
exp (i2∆ωmH/c) exp

[
−iωnir(ω)z′

c

]
(74)

P(2)(Ω, x′, z′) =
E2

0χ
(2)
√

2π f1
τ f2

∞∑
m=−∞

∣∣∣∣∣∣ q0

qm

∣∣∣∣∣∣ exp

−x′2 f 2
1

σ′2 f 2
2


× exp

−k2
0σ
′2
m (x′ + mW f2/ f1)2 f 2

1∣∣∣qm
∣∣∣2 f 2

2

 exp
(
−Ω2τ2

8

)
× exp

[
iz′Ω(nt cos (γ) − ng)/c

]
exp

{
iΩ

[
nt sin (γ)x′ + 2mH

]
/c

}
(75)

It is important to notice that compared with Eq. 74, the term x′ − mW on the second

exponential changes to x′ + mW in Eq. 75. This is due to the telescope imaging system

which flips the positive and the negative parts of the OP in the x′ dimension. In Eq.

75, m > 0, represents the beamlets which locate at the center positions x′ < 0. From

Eq. (75), it can be seen that the phase matching conditions are listed as the following.

Since at m = −1, x′ = W f2/ f1, one can see from the phase matching condition in the x′

dimension that tan (γ) = 2H f1/Wng f2.

∆k′z = Ω(nt cos (γ) − ng)/c = 0 −→ nt cos (γ) = ng

∆k′xx′ = Ω
[
nt sin (γ)x′ + 2mH

]
/c = 0 −→ tan (γ)x′ = −2mH/ng (76)

Examples of the beamlets spatial profiles are shown in Fig. 20. Figures 20(b-c) indicate

that the nonlinear interactions largely modify the spatial profiles of each beamlet. It

can be seen from Fig. 21 that the electric field distributions are very similar to the CG

scheme. However, the terahertz beam size is far larger (∼ ×2) than the ones produced by

the CG. For small OP beam size (σ′x = 0.5 mm), the output terahertz beamsize reduces

with respect to the increase of the initial angular dispersion, i.e. STC > RES > CG. Due

to the large angular dispersion, the OP intensity decreases more significantly along the

propagation direction z′. This drastic intensity decrease delivers terahertz pulse with

less energy close to the base of the LN.
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Figure 20: The beamlets spatial profile at the imaging plane is shown in (a). The

beamlets spatial profiles without and with nonlinear interactions are presented in (b)

and (c), respectively. The interaction distance with respect to the imaging plane in the

terahertz coordinates (x-z) is denoted by d.
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Figure 21: Numerical results of the terahertz electric field generated by RES scheme.

(a) represents the output terahertz fluence with 0.5mm OP (blue) and 4 mm OP (red)

respectively. The electric field distribution versus x of terahertz pulses generated by

0.5 mm OP and 4 mm OP are shown in (b) and (c) respectively. The terahertz energy

transmission at the exit surface of the LN is denoted by T.

The terahertz spectra generated by different OP beam sizes are presented in Fig. 22.

One can see that, the terahertz pulse generated by larger OP beam size possesses lower

center frequency due to the absorption and longer interaction length. Figure 23 shows

the dependence of the OP fluence. Lower OP fluence leads to larger terahertz beam

size. The terahertz spectrum does not vary much with respect to the OP fluence.
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Figure 22: Numerical results of the terahertz spectra generated by CG scheme. (a)

represents the terahertz spectra generated by 0.5mm OP (blue) and 4 mm OP (red)

respectively. The spatial dependent terahertz spectral density are shown in (b) and (c)

respectively.
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Figure 23: With a given OP beam size (σ′x =0.5 mm), (a) represents the internal terahertz

conversion efficiency with pump fluence 70.7 mJ/cm2, 35.4 mJ/cm2 and 17.7 mJ/cm2

respectively. The terahertz fluences and corresponding spectra at the peak of each effi-

ciency curve are shown in (b) and (c) respectively. The out-coupling energy transmission

is denoted by T.
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5.5 (d) Spatial-temporal chirp (STC)

THz

z

x

2

z'
x'

Figure 24: Illustration of the STC scheme.

In this scheme, no initial angular dispersion is present, leading to a maximum conversion

efficiency among all 5 schemes discussed. However, the input OP pulse has to be

broadband and a ELI-ALPS SYLOS laser can be an ideal option.

The full width half maximum (FWHM) of the overall input OP spectral bandwidth is

presented in Eq. (77), which corresponds to a ∼10 fs transform limited pulse. For a

fair comparison, the local transform limited pulse duration (τ0) at a given x′ position is

chosen to be 350 fs. Thus, the local pulse duration remains 500 fs after the chirp.

fFWHM = σ′x

√
2 log (2)(v2τ2/2 + 1/σ′2x )/τπ (77)

In Eq. (77), v is the spatial chirp rate and τ = τ0/
√

2 log 2. The PM condition is presented

in Eq. (80) where φ2 is the second order dispersion. The OP electric field at the LN

input surface and the second order polarization for terahertz generation are shown in

Eqs. (78) and (79) respectively.

E(ω, x′, z′) = E0 exp

−x′2

2σ′2x

 exp

− (∆ω − vx′)2τ2

4

 exp

− iφ2∆ω2

2
− ik(ω)z′

 (78)

P(Ω, x′, z′) =
χ(2)
√

2πE2
0

τ
exp

−x′2

σ′2x

 exp

−Ω2τ2

8

1 +
4φ2

2

τ4


 (79)

× exp
−iΩx′

[
vφ2 −

nt sin(γ)
c

] exp
{
−iΩz′

c

[
ng − nt cos(γ)

]}
.
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∆k′z = Ω
[
nt cos (γ) − ng

]
/c = 0 −→ nt cos (γ) = ng

∆k′x = Ω
[
vφ2 − nt sin (γ)

]
/c −→ vφ2 = tan (γ)ng/c (80)

One can also choose smaller input OP bandwidth together with a larger φ2. However,

this leads to the temporal broadening of the OP at each spatial point, which is not in

favor of the terahertz generation process. In the following simulations, φ2 = 0.045 ps2

is chosen.

From Fig. 25, it can be seen that the electric field shows nearly perfect few-cycle

property. With the given OP beamsize (σ′x =0.5 mm), this scheme delivers the largest

terahertz beam size. However, the disadvantage is that the input OP must contain a

large bandwidth. Additionally, since the bandwidth of the OP is also related to the

input beam size (see Eq. (77)), this scheme is not applicable to large OP beamsize.

(b)(a)

Figure 25: Numerical results of the terahertz electric field generated by STC scheme. (a)

represents the output terahertz fluence with 0.5mm OP. The electric field distribution

versus x of terahertz pulses generated by 0.5 mm OP is shown in (b). The terahertz

energy transmission at the exit surface of the LN is denoted by T.

The terahertz spectra generated by different OP beam sizes are presented in Fig. 26.

Figure 27 shows the dependence of the OP fluence. Lower OP fluence leads to larger

terahertz beam size. The terahertz spectrum does not vary much with respect to the OP

fluence.
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Figure 26: Numerical results of the terahertz spectra generated by CG scheme. (a) rep-

resents the terahertz spectra generated by 0.5 mm OP. The spatial dependent terahertz

spectral density is shown in (b).
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Figure 27: With a given OP beam size (σ′x =0.5 mm), (a) represents the internal terahertz

conversion efficiency with pump fluence 70.7 mJ/cm2, 35.4 mJ/cm2 and 17.7 mJ/cm2

respectively. The terahertz fluences and corresponding spectra at the peak of each effi-

ciency curve are shown in (b) and (c) respectively. The out-coupling energy transmission

is denoted by T.

5.6 (e) Multi step phase mask (MSPM)

H

W

m=0
m=1

m=-1

x'
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THz

LN

Figure 28: Illustration of the MSPM scheme. Each of the steps is identified by m where

m = 0,±1,±2 · · · . The center of the pump beam (x′ = 0) is noted by m = 0.
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In this scheme, no imaging system is required. The delay of each beamlet is generated

by different propagation lengths inside the mask stripes. In the simulation, silica with

refractive index n is chosen as the mask material due to low dispersion at the OP wave-

length. The phase mask step size in x′ and z′ dimensions are W and H respectively (see

Fig. 28). This is very similar to scheme (c) RES. However, the imaging system in scheme

(c) guarantees that at the image plane, each beamlet experiences the same condition

whereas in scheme (e), this does not happen. In scheme (e), the diffraction modifies

the beamlets envelope drastically, leading to poor terahertz electric field quality. It can

be seen in the comparison of schemes (c) and (e) that an imaging system is necessary.

Numerically, each beamlet maintains the shape of the input OP envelope. However, in

the following calculation, the analytical result is shown with the assumption that each

beamlet is of a Gaussian shape with the size comparable to the MSPM step size. The

input electric field at the LN surface is defined as the following

E(ω, x′, z′) = E0

∞∑
m=−∞

√
q0

qm
exp

−x′2

2σ′2x

 exp

−i(x′ −mW)2k0

2qm

 exp
(
−iωnir(ω)z′

c

)
× exp

(
−

∆ω2τ2

4

)
exp

{
−i∆ω

[
mH(n − 1) + L0 + L1n

]
/c

}
(81)

where σ′m ∼ W/2, γ is the phase matching angle inside the LN, q0 = iπσ′2m/λ0 and

qm = q0 +L0 +L1/n−mh(1−1/n). The qm obtained from Eq. (47), where the new complex

parameter as a function of the propagation distance in a medium is presented. The term

L0 + L1n is the optical path from the center of the OP (x′ = 0) to the LN surface with the

propagation distances in the air and in the MSPM noted by L0 and L1 respectively. The

refractive index of the MSPM is represented by n, which should be chosen such that the

dispersion doesn’t play a significant role. Thus, n is not frequency dependent. From

the qm, one can get the corresponding beam waist as

w2
m =

|qm|
2

k2
0σ
′2
m

=

[
L0 + L1/n −mh(1 − 1/n)

]2 +
(
πσ′2m/λ0

)2

k0πσ′2m/λ0

Consequently, the polarization of the terahertz generation can be written as Eq. (82).

The exponential term exp
[
−iΩ (L0 + L1n) /c

]
represents a constant time delay and thus,

can be set to zero without losing generality. From Eq. (82), one can obtain the PM in Eq.
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(83).

P(Ω, x′, z′) =
E2

0χ
(2)
√

2π

τ

∞∑
m=−∞

∣∣∣∣∣∣ q0

qm

∣∣∣∣∣∣ exp

−x′2

σ′2x

 exp

−(x′ −mW)2

w2
m

 exp
[
−iΩ (L0 + L1n) /c

]
× exp

(
−Ω2τ2

8

)
exp

[
iΩz′(nt cos (γ) − ng)/c

]
exp

{
iΩ

[
nt sin (γ)x′ −mH(n − 1)

]
/c

}
(82)

∆k′z = Ω(nt cos (γ) − ng)/c = 0 −→ nt cos (γ) = ng

∆k′xx′ = Ω
[
nt sin (γ)x′ −mH(n − 1)

]
/c = 0 −→ ng tan (γ)x′ = mH(n − 1) (83)

When m = 1, i.e x′ = W, Eq. (83) reduces to ng tan (γ)/(n−1) = H/W. It is very important

to notice that since m can only be integers, Eq. (83) is not always satisfied along x′. This

indicates that the entire trend of the beamlets satisfies the phase matching condition

while each individual beamlet is not phase matched.
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Figure 29: Numerical results of the terahertz electric field generated by MSPM scheme.

(a) represent the output terahertz fluence with 0.5mm OP (blue) and 4 mm OP (red)

respectively. The electric field distribution versus x of terahertz pulses generated by

0.5 mm OP and 4 mm OP are shown in (b) and (c) respectively. The terahertz energy

transmission at the exit surface of the LN is denoted by T.

The terahertz spectra generated by different OP beam sizes are presented in Fig. 30. The

terahertz spectrum generated by a larger OP beam size possesses a Gaussian distribution

whereas the terahertz spectrum generated by a small OP beam size shows an interference

pattern. This indicates that the phase-matching condition is not perfectly fulfilled.

Figure 31 shows the dependence of the OP fluence. Lower OP fluence leads to larger
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terahertz beam size. The terahertz spectra do not vary much with respect to the OP

fluence.
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Figure 30: Numerical results of the terahertz spectra generated by CG scheme. (a)

represents the terahertz spectra generated by 0.5mm OP (blue) and 4 mm OP (red)

respectively. The spatial dependent terahertz spectral density are shown in (b) and (c)

respectively.
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Figure 31: With a given OP beam size (σ′x =0.5 mm), (a) represents the internal terahertz

conversion efficiency with pump fluence 70.7 mJ/cm2, 35.4 mJ/cm2 and 17.7 mJ/cm2

respectively. The terahertz fluences and corresponding spectra at the peak of each effi-

ciency curve are shown in (b) and (c) respectively. The out-coupling energy transmission

is denoted by T.

5.7 Comparison of different schemes

In schemes (a-c), the imaging systems are chosen such that the image of the grating

(echelon) overlaps with the pulse-front-tilt inside the LN61. This is considered to be the

optimal imaging condition and the analytical expressions can be found in Eqs. (84-86).
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The lens at the farther side of the LN has a fixed focusing length f1 = 300 mm and

the one close to the LN has a focusing length f2. The optimal imaging conditions for

different schemes are the following,

conventional grating (CG), scheme (a): (84)

sin (θo) =
1
2

 −nλ0

tan2(γ)ngd
+

√√ nλ0

tan2(γ)ngd

2

+ 4

 ,
f2
f1

=
λ0

d cos(θo) tan(γ)ng
= 0.613

nonlinear echelon (NLES), scheme (b): (85)

sin (θo) =
1
2

 −nλ0

tan2(γ)(n − 1)d
+

√√ nλ0

tan2(γ)(n − 1)d

2

+ 4

 ,
f2
f1

=
λ0

d cos(θo) tan(γ)
= 1.057

reflective echelon (RES), scheme (c): (86)

sin (θo) =

√
1

1 + 2n/ tan2(γ)ng
,

f2
f1

=

√
2

n ng
= 0.646

where the θo is the output grating angle of OP and ng is the group velocity refractive

index of the OP at ω0 in the lithium niobate (LN).

For a fair comparison, the peak fluence of the OP at the LN input surface is set the same

for all the schemes. In particular, σ′x which is the OP beam size at the LN input surface

i.e after optical elements and the imaging system, is also kept the same. For schemes

(b), (c) and (e), the size of the beamlets along x′ dimension is kept the same at the LN

input surface. The step numbers of the structures are labeled by m. The LN apex is
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located at x = 0. The z = 0 coordinate is defined is defined at the location where the

center of the OP starts to interact with the LN crystal. With the simulation parameters

listed in Table 3, the efficiencies of each scheme are presented in Fig. 32.

Table 3: Simulation parameters

parameter name value

wavelength λ0 1018 nm

beam size σ′x 0.5 mm & 4 mm

grating density d 1/1500 mm

focusing length f1 300 mm

phase matching angle γ 64.8◦

phase matching frequency Ω0 2π× 0.3 THz

pulse duration (FWHM) τ0 500 fs66

temperature 300 K

peak fluence
√

10 × τ0(fs) mJ/cm2 65

THz absorption α(300 K, 0.3 THz) 7/cm51

NLES scheme W, H 97 µm , 206 µm

RES scheme W, H 150 µm72, 229 µm

MSPM scheme W, H 97 µm , 1000 µm

It can be seen from Fig. 32 that due to the large angular dispersion, CG loses the

advantage for longer interaction lengths. For the NLES scheme with high input OP

fluence, the optimal effective length is Leff = 1/α. When σ′x > sin (γ)Leff, the efficiency

and the optimal interaction length is nearly independent of the OP beamsize. This is

due to the fact that since the NLES structure creates beamlets at the LN input surface, all

of the beamlets experience an almost identical condition i.e similar walk-off distances.

Thus, the generated terahertz spectrum is also not related to the OP beam size, which is a

unique property of the NLES compared to all the other schemes. The RES scheme shows

less sensitivity with respect to the OP beam size (or interaction length) compared with

the CG scheme. The STC scheme delivers highest conversion efficiency and has longest
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interaction length since it doesn’t contain any initial angular dispersion. However, the

STC scheme is only applicable for the small OP beam size due to the limitation of the OP

bandwidth (see scheme (d) section for more detail). The MSPM and the RES are similar

i.e. the PM is achieved by generating time-delayed beamlets. However, despite the

similar beam size and interaction length, RES outperforms MSPM in terms of efficiency

due to the imaging system and no dispersion from the mask material. As a result,

MSPM can be used for larger OP beam sizes. With the small OP beam size, MSPM

scheme experiences relatively short interaction length and the diffraction modifies the

spatial profiles of the beamlets, leading to poor quality terahertz pulses with largely

spread spectrum.
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Figure 32: The internal conversion efficiency (without out-coupling loss) of different

tilted-pulse-front schemes are plotted against the interaction length. (a) and (b) corre-

spond to 0.5 mm and 4 mm OP beam sizes respectively.

Due to the large terahertz refractive index inside LN (n(Ω0) = 5.2), the energy loss of

the terahertz pulse propagating from the LN into the air is inevitable. The maximum

Fresnel transmission (T) at the desired terahertz frequency is T=1− (n(Ω0)−1)2/(n(Ω0)+

1)2 = 0.54. To further investigate the out-coupling loss, the energy transmission of the

terahertz pulse at the LN output surface is studied. The T is very sensitive to the spatial

distribution of the terahertz beam, which is largely dependent on the fluence and size

of the OP. Consequently, the T of electric fields at the peak of each efficiency curves in

Fig. 32 are calculated and the corresponding results are listed in Table. 4
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Table 4: Terahertz energy transmission (T) and the external conversion efficiency (ηe) at

the LN output surface

σ′x =0.5 mm σ′x =4 mm

T ηe (%) T ηe (%)

(a) CG 0.19 0.12 0.24 0.05

(b) NLES 0.46 0.24 0.53 0.29

(c)RES 0.34 0.11 0.29 0.07

(d) STC 0.39 0.48 - -

(e) MSPM 0.31 0.06 0.27 0.06

Due to the non-collinear phase-matching, frequency downshifted optical components

generated via the second-order effect, possess large angular spread. This leads to a

spatial and temporal break-up of the optical pump, limiting the terahertz generation

efficiency and reducing the few-cycle character of the generated terahertz fields. Ad-

ditionally, large angular diffraction of the terahertz reduces the out-coupling efficiency

of the terahertz fields which reduces the overall efficiency further. The simulations

suggest that with lower OP input intensity, the terahertz electric field is closer to the

single-cycle format along the x dimension and the terahertz beam size increases.

The CG and STC schemes form continuous TPF, where the PM condition is fulfilled

along the entire transverse dimension. For the schemes related to beamlets (NLES,

RES and MSPM), the entire beamlet-train forms the TPF with the required tilt angle.

However, each individual beamlet itself has an offset with respect to the perfect TPF

surface. Given a short interaction length, the discrete TPF schemes can not outperform

the continuous TPF schemes in terms of efficiency. The MSPM scheme delivers the

lowest efficiency and for large OP beam size, the efficiency is comparable to the RES

scheme. We do not recommend MSPM scheme for small OP beam size. Among all 3

discrete TPF schemes, the NLES has the best performance in terms of efficiency and

terahertz beam quality.

Schemes CG, NLES and RES, are applicable for a large range of parameters such as OP

energy, bandwidth and beam size. Within these three schemes, the CG favors smaller in-

teraction length (small beam size) and narrower OP bandwidth due to the large angular
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dispersion. NLES has a potential of delivering large and homogeneous terahertz beam

because of the plane-parallel shape of the LN crystal and the smaller imaging errors in

comparison to the CG scheme. Additionally, the generated terahertz spectrum does not

depend on the OP beam size. The NLES and RES schemes require manufacturing µm

sized structures, which is time consuming and prone to manufacturing errors.

Due to zero initial angular dispersion, the STC scheme delivers the highest conversion

efficiency and spatially homogeneous few-cycle terahertz field. However, the OP pulse

has to be broadband. Due to the spatial chirp, the bandwidth scales linearly with the

OP beam size, making this scheme not applicable to large OP beam sizes.

Table 5: Comparisons of different schemes. The symbols 33, 3and 7 represent recom-

mend, neutral and not recommend respectively.

(a) CG (b) NLES (c) RES (d) STC (e) MSPM

THz quality 7 33 3 33 7

σ′x scalability 3 33 3 7 3

parameter flexibility 33 3 33 3 7

efficiency 33 33 3 33 7

6 Comparison of LN and KTP using the conventional grating

scheme

Potassium titanyl phosphate (KTP) is an inorganic compound with the formula KTiOPO4.

It can also be a candidate for terahertz generation. The advantage of this material is

the high damage threshold (∼ ×3 of LN)79. KTP has larger dispersion at the optical

region compared to LN. This leads to less spectral broadening i.e less effective terahertz

generation. The KTP absorption at terahertz frequencies and the refractive index at the

terahertz and optical frequencies are shown in Fig. 33.
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Figure 33: (a) and (b) represent the comparison of terahertz absorption and refractive

index of LN and KTP respectively. The data of KTP is obtained from the work of JG.

Huang et al.80. The refractive index at the optical frequency (∼ 1 µm) is presented in

(c)81.

The simulation parameters are kept the same as for the LN. Different parameters are

listed in Table 6. Please pay attention that due to the difference of the phase-matching

angle, the magnification of the imaging system is not the same as LN.

Table 6: Simulation parameters

parameter name value

f2/ f1 0.71

phase matching angle γ 58.2◦

χ(2) 109.6 pm/V82

n2 2.3e-19 m2/W83

THz absorption α (300 K, 0.3 THz) 3.2/cm80

band gap 3.52 eV84

The comparisons between KTP and LN are presented in Fig. 34. In Fig. 34(a), the

terahertz spectral range extended over 1.5 THz is not reliable, since the refractive index

and absorption is only valid up to 1.5 THz (see Fig. 33). Numerically the material

properties over 1.5 THz are computed by linear interpolation of the data within 1.5

THz.
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Figure 34: The comparison of the internal conversion efficiencies are presented in (a).

(b) and (c) represent the terahertz spectrum and the OP output spectrum at the peak of

each efficiency curve.

The comparisons of the electric fields are shown in Fig. 35. It can be seen that due to

less angular dispersion, the terahertz electric fields generated by the KTP possess more

homogeneous character along the x dimension. Besides, larger fluence leads to smaller

terahertz beam size, which is consistent with the results in section 5.2.
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Figure 35: (a) represents the terahertz electric field generated by the LN. (b) and (c)

represent the terahertz electric field generated by KTP with input pump fluence 70

mJ/cm2 and 140 mJ/cm2 respectively. The Fresnel transmission is represented by T and

the FWHM indicates the output terahertz beam size.
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Part III

Terahertz generation in periodically poled

lithium niobate

7 Multi-cycle terahertz generation

Sections 7.1-7.10 are published in the work done by L. Wang et.al.85.

7.1 Introduction

Multi-cycle terahertz has a wide range of applications, such as spectroscopy10;11;12,

semiconductor exciton excitation13, spin dynamics control6;86 and linear electron ac-

celeration. These applications highly benefit from high energy terahertz sources8;14;15.

In particular, applications like particle acceleration place steep requirements on a few

millijoules of single/multi-cycle terahertz pulse energy to enable bunch manipulation

in the relativistic regime. Such performance is largely contingent on increasing the

terahertz generation efficiency towards the percent level and beyond.

Different approaches have addressed the generation of few-cycle terahertz pulses, in-

cluding four wave mixing in ambient air34, plasma driven effects in air87, terahertz

emission from photoconductive switches88;89, tilted-pulse-fronts59 and echelons68;72;90.

In addition, there are techniques available for the generation of multi-cycle terahertz ra-

diation. Quantum cascade lasers are attractive due to their compactness and production

simplicity in its use in the spectral range > 1 THz despite their limited tunability20;21;22.

Molecular gas lasers can provide high terahertz energies but are less tunable in terms

of the generated terahertz frequency23. Free electron based terahertz sources are ideal

in providing high energy multi-cycle terahertz pulses but are less accessible and are

even more challenging for a compact implementation91;92;93. Laser based multi-cycle

terahertz generation can leverage on developments in solid-state laser technology to

enable compact coherent terahertz sources with high conversion efficiency at low ter-
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ahertz frequency (<1 THz)24;25;26. This study revolves around the generation of high

energy terahertz pulses in the multi-cycle (narrowband) regime.

Laser-driven terahertz generation utilizes the second order nonlinearity of the non-

linear material to perform difference frequency generation. GaAs, CdTe, InP94;95;96

HMQ-TMS97, LiNbO3
98, GaP, ZnTe99 and DAST100;101 are nonlinear materials that

have received significant attention. Multi-cycle terahertz generation in periodically

poled Lithium Niobate (PPLN) was initially demonstrated by Lee et al.98. Recent

research efforts focused on terahertz generation in PPLNs with various pump pulse

formats such as chirp and delay, pulse-train and cascaded optical parametric ampli-

fication24;65;102. To our knowledge, the highest experimentally achieved conversion

efficiency for multi-cycle terahertz generation in PPLN is around 0.15%103;104.

Increasing the optical to terahertz generation/conversion efficiency in laser-based schemes

is often hindered by several challenges. The first limitation is introduced by the Manley-

Rowe relation105 obtained after the assumption of single photon conversion. This

limitation can be overcome by a cascaded second order process (repeated energy down-

conversion of pump photons to terahertz photons)102;106. The damage threshold of the

nonlinear crystal imposes another challenge. Large pump electric field strength in-

duces optical breakdown and damage to the material, which also limits the achievable

terahertz efficiency107. Another challenge is introduced by the terahertz absorption

of the material. This challenge can be overcome by cryogenic cooling108;109, since the

temperature decrease impedes thermal phonon excitation and, therefore, considerably

reduces the terahertz absorption. Additionally, it was found by Lee et al. that cooling

of the nonlinear crystal increases the terahertz generation efficiency110.

7.2 Phase matching

Phase matching ensures that a proper phase relationship between the interacting waves

is maintained along the propagation direction. Only if that condition is fulfilled, an

effective nonlinear interaction can be obtained. A conceptual illustration of the phase

matching is shown in Fig. 36. Figure 36(a,b) represent the out-of-phase electric fields

and the resulting total field respectively. Figure 36(c,d) represent the in-phase situation.

It can be seen that, in the out-of-phase case, due to the destructive interference, the
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different electric fields cancel out each other, leading to a zero total field whereas in the

in-phase case, an enhanced final field is obtained.
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Figure 36: Illustration of the phase matching concept. (a) and (c) represent 3 out-of-

phase and 3 in-phase electric fields respectively. (b) and (d) are the resulting total

fields.

PPLN utilizes the quasi-phase-matching method where, along the propagation direction

of the optical pump, the second nonlinear coefficient of the lithium niobate forms a

periodic pattern by flipping the sign (see Fig. 37).

I'm the pump

PPLN

Figure 37: Schematic illustration of the PPLN, whereχ2 is the second order susceptibility

of lithium niobate. The adjacent sections χ(2) and −χ(2) together form a period Λ (χ(2)

plus −χ(2) is one period).

In PPLN, the pump pulse is chosen to be linearly polarized along the extraordinary op-

tical axis of LiNbO3 in order to maximize the effective second order nonlinear coefficient
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d33 = 1
2χ

(2)
333 = − 1

4 n4(ω)γ333 = 168 pm/V24;65;111;112.


PNL(2)

1

PNL(2)

2

PNL(2)

3

 = 2ε0


0 0 0 0 d15 −d22

−d22 d22 0 d15 0 0

d15 d15 d33 0 0 0





|E1|
2

|E2|
2

|E3|
2

E2E∗3 + E∗2E3

E1E∗3 + E∗1E3

E1E∗2 + E∗1E2


(87)

In Eq. (87), subscripts 1 and 2 represent the ordinary axes and 3 represents the extraor-

dinary axis47. Axes 1 and 2 are identical at the first order (no1 = no2), which is known as

uniaxial birefringence. However, in the second order, the o axes are not identical. This

explains why di j matrix elements are not identical on 1 and 2 axes. With the linearly

polarized input pump pulse Ê = (0, 0,E3) along the extraordinary axis, the second order

polarization term driving the terahertz field is also linearly polarized along the same

direction (PNL(2)

3 = 2ε0d33|E3|
2).

The phase-matching condition shown in Eq. (88) ensures that the terahertz pulses gen-

erated at different positions of the PPLN crystal can add up in phase provided:

Ω[1/vTHz(Ω) − 1/vg(ω)]
Λ

2
= π + 2πN (88)

N = 0, 1, 2, 3....

where Λ is the period of PPLN, Ω is the terahertz angular frequency, ω is the pump

angular frequency, vTHz is the phase velocity of terahertz pulse and vg is the group

velocity of the pump pulse. Note that for a given PPLN structure, there is more than

one terahertz frequency fulfilling the phase-matching condition ( ΩN = Ω0 × (1 + 2N))

7.3 Coupled wave equations in cylindrical coordinate

I choose to perform calculations on a slice along the radial axis in cylindrical coordinates

as shown in Fig. 38. For high energy terahertz generation, the usage of large crystals is

mandatory due to the limited damage threshold of the nonlinear materials. Using the

state-of-the-art fabrication technology, PPLN crystals as large as 1 cm × 1 cm transverse
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dimensions and few centimeters in length are realizable113. The propagation of the

pump and terahertz beams in bulk PPLN crystals resemble the propagation of linearly

polarized beams in a square waveguide. However, the waveguide dimensions are far

larger than the wavelength of both pump and terahertz in the crystal. As a result, the

effect of the waveguide boundaries become negligible.

Figure 38: Schematic illustration of the simulated geometry: the dark thick arrows

represent the polarization direction of both pump and terahertz beams. The polarization

direction is aligned with the extraordinary optical axis of PPLN. The origin of the

cylindrical coordinate is at the center of the beam. r and z represent the transverse and

propagation directions, respectively.

Consequently, the entire problem reduces to solving the scalar coupled wave equations

with the ansatz E(ω, r, z) = A(ω, r, z)e−ik(ω)z, considering the slowly varying amplitude

approximation. The governing equations of the field amplitude of pump and terahertz

beams read as:

∂Aop(ω, r, z)
∂z

=
−i

2k(ω)
1
r
∂
∂r

r
∂Aop(ω, r, z)

∂r

 − iε0n(ω)n2ω

2
F {|Aop(t, r, z)|2Aop(t, r, z)}

−
iωχ(2)

eff
(z)

2n(ω)c

∫
∞

−∞

Aop(ω + Ω, r, z)A∗THz(Ω, r, z)ei4kzdΩ (89)

∂ATHz(Ω, r, z)
∂z

=
−i

2k(Ω)
1
r
∂
∂r

(
r
∂ATHz(Ω, r, z)

∂r

)
−
α(Ω)

2
ATHz(Ω, r, z)

−
iΩχ(2)

eff
(z)

2n(Ω)c

∫
∞

−∞

Aop(ω + Ω, r, z)A∗op(ω, r, z)ei4kzdω (90)

In Eqs. (89) and (90), Aop and ATHz stand for the electric field amplitude of the optical

83



Lu Wang Ph.D thesis

pump and the terahertz beam respectively; F denotes the Fourier transform operator;

ω and Ω are the optical and terahertz angular frequencies respectively; k represents

the wavenumber; α denotes terahertz absorption; n2 represents the nonlinear refractive

index and n represents the refractive index. The effective nonlinear coefficient is written

as χ(2)
eff

= χ(2)
333(z) in the last terms on the right hand side of Eqs. (89) and (90). The

term ei4kz = ei(k(Ω)+k(ω)−k(ω+Ω))z evaluates phase mismatch between the propagation of

the terahertz beam and the optical pump. The term ei4kz together with the term in the

first order Fourier expansion series of χ(2)
333(z), leads to the phase-matching condition65.

On the right hand side of Eqs. (89) and (90), the first terms correspond to the transverse

spatial dependence of the propagation, describing beam divergence due to diffraction.

In Eq. (89), the second term describes the impact of SPM on the optical beam which is

independent of the phase-matching condition. As one can see, I consider a frequency

dependent SPM effect which implicitly includes the effect of self-steepening. This can

be shown using the following derivation:

ω0F

|Aop(t, r, z)|2Aop(t, r, z) −
i
ω0

∂|Aop(t, r, z)|2Aop(t, r, z)
∂t


= ω0F {|Aop(t, r, z)|2Aop(t, r, z)} + (ω − ω0)F {|Aop(t, r, z)|2Aop(t, r, z)}

= ωF {|Ap(t, r, z)|2Aop(t, r, z)}.

where the first and second terms correspond to the SPM effect atω0 and self-steepening,

respectively. Additionally, by considering radially dependent SPM, self-focusing is

considered. The third term captures two important effects. One is the DFG term

Aop(ω + Ω)A∗THz(Ω) term which describes the frequency down-shift of the pump, and

the other is the Aop(ω − Ω)ATHz(Ω) term which describes the back conversion from

terahertz to the pump beam (sum-frequency generation)114. The second and third

terms on the right hand side of Eq. (90) evaluate the effects of terahertz absorption and

DFG processes respectively.

Our 2-D calculations in cylindrical coordinates allow for the possibility of including the

spatial variation of the beam, diffraction and self-focusing. This can not be addressed

by a 1-D calculation.
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7.4 Numerical method simulation parameters

Various finite difference methods can be used for solving Eqs. (89) and (90). In this study,

a split step Fourier method is used to compute the integral terms corresponding to the

nonlinear polarization terms containing n2 and χ(2)
eff

. The second order derivative in the

r direction is expressed by a conventional 3-point finite difference method as shown by

Eq. (91) in Section (7.5). Ultimately, the values of Aop and ATHz are updated throughout

the propagation distance z using the low-storage Runge-Kutta method115. The entire

method leads to an explicit update algorithm along z rather than in time t. This is only

valid when there is no reflection in the system (i.e only forward propagation along z

is involved). The 3-point finite difference method takes advantage of the tridiagonal

matrix of the discretization along the r direction, thus reducing computational cost.

A combination of split step, explicit finite difference, and low-storage Runge-Kutta

methods highly enhance the computational performance. Using other finite difference

methods such as the Crank-Nicolson method is also possible. However, this implicit

method necessitates the inversion of a finite difference matrix for each frequency and

increases computational cost. Additionally, an angular spectrum method based on

Hankel transformation116 can be used but the approach suffers from a lack of the

development of the fast Fourier transform (FFT) in Bessel series117 and the boundary

conditions are less straightforward to be implemented. Our calculation is performed in

C++ with MPI and OpenMP for code parallelization. Details of the numerical method

can be found in Section (7.5).

7.5 Finite difference method

The finite difference methodology for solving Eq. (89) is presented. Equation (90) can

be solved by following the same procedure. By defining r+
j = 1

2 (r j+1 + r j)/(4r2r j), r−j =
1
2 (r j−1 + r j)/(4r2r j), where 4r is the step size in the r dimension and r j represents a mesh

point at a specific radial position, one can obtain the discretized form of the second
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order derivative as shown in Eq. (91).

1
r j

∂
∂r

r j
∂Aop(ωm, r j, zk)

∂r

 = r−j Aop(ωm, r j−1, zk) − (r−j + r+
j )Aop(ωm, r j, zk)

+ r+
j Aop(ωm, r j+1, zk) (91)

Equation (91) can be written in a matrix multiplication form as shown on the right hand

side of the last column in Eq. (94) where the ri related matrix is denoted as a tridiagonal

matrix MR as shown in Eq. (92).

MR =

−r−1 r+
1 + r−1 −r+

1 0 0 . . . 0

0 −r−2 r+
2 + r−2 −r+

2 0 . . . 0

0 0 −r−3 r+
3 + r−3 −r+

3 . . . 0

...
...

...
...

. . .
... 0

0 0 0 . . . −r−Nr
r+

Nr
+ r−Nr

−r+
Nr+1




Nr

Nr + 2

(92)

Equation (89) can be written as Eq. (93) where PNL(ωm, r j, zk) represents all the second

and third nonlinear polarization terms.

∂Aop(ωm, r j, zk)
∂z

= PNL(ωm, r j, zk) +
i

2k(ωm)
[−r−j Aop(ωm, r j−1, zk)

+ (r−j + r+
j )Aop(ωm, r j, zk) − r+

j Aop(ωm, r j+1, zk)] (93)

Equation (93) can be written in matrix form as Eq. (94) where Nr,Nω are the number

of the mesh grids at r and ω dimension respectively. Each color of the corresponding

column vector represents the coupled wave equation at a specific frequency ωm. In

Eq. (94), the 2-D matrix of angular frequency (ω) and radius (r) on the left hand side

is updated by a low-storage Runge-Kutta method115. The electric field elements at the

same position r j with different frequencies are mixed by the nonlinear polarization PNL.

The electric field elements of the same frequencyωm at different positions in r are mixed

by MR (e.g diffraction). The total number of the mesh points in r dimension is Nr + 2.

The extra 2 points Aop(ω, r0, z),Aop(ω, rNr+1, z), marked with dashed boxes, are "ghost

points". The "ghost points" together with the two columns marked by dashed lines in
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MR in Eq. 92 are used to construct boundary conditions.

∂Aop(ωNω ,r1,zk)
∂z

∂Aop(ωNω ,r2,zk)
∂z

...
∂Aop(ωNω ,rNr ,zk)

∂z

∂Aop(ωm,r1,zk)
∂z

∂Aop(ωm,r2,zk)
∂z

...
∂Aop(ωm,rNr ,zk)

∂z

∂Aop(ω1,r1,zk)
∂z

∂Aop(ω1,r2,zk)
∂z

...
∂Aop(ω1,rNr ,zk)

∂z

=

Fr
eq

ue
nc

y
(ω

)
R

ad
iu

s
(r

)

PNL(ωNω , r1, zk)

PNL(ωNω , r2, zk)

...

PNL(ωNω , rNr , zk)

PNL(ωm, r1, zk)

PNL(ωm, r2, zk)

...

PNL(ωm, rNr , zk)

PNL(ω1, r1, zk)

PNL(ω1, r2, zk)

...

PNL(ω1, rNr , zk)
+

Aop(ωNω , r0, zk)
Aop(ωNω , r1, zk)
Aop(ωNω , r2, zk)
...
Aop(ωNω , rNr , zk)
Aop(ωNω , rNr+1, zk)

i
2k(ωNω ) MR×

Aop(ωm, r0, zk)
Aop(ωm, r1, zk)
Aop(ωm, r2, zk)

...
Aop(ωm, rNr , zk)

Aop(ωm, rNr+1, zk)

i
2k(ωm) MR×

Aop(ω1, r0, zk)
Aop(ω1, r1, zk)
Aop(ω1, r2, zk)

...
Aop(ω1, rNr , zk)

Aop(ω1, rNr+1, zk)

i
2k(ω1) MR×

(94)

7.6 Boundary conditions

The boundary conditions are enforced to the solution by the elements in the dashed

boxes in Eq. (94), and MR matrix in Eq. (92). For the mesh points in r dimension, the

r = 0 singularity is avoided by defining r0 = 3∆r, and thus r−1 = 1
2 (r0 + r1)/(4r2r1). The

"boundary condition" near r1 is confined by the symmetry at the origin of the cylindrical

coordinate itself ( e.g
∂Aop(ω,r,z)

∂r |r=r1 = 0). Thus,

Aop(ω, r0, z) = Aop(ω, r1, z) (95)

For the boundary condition at rNr , three different conditions can be applied. Note that

as shown in Fig. (38), in the calculated area the polarization of the field is perpendicular
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to the boundary. Of course with the same numerical method, any polarization at the

boundary can be considered. However, the boundary condition has to be changed

accordingly.

1. Dirichlet boundary:

This condition represents the interface from PPLN crystal (nop) to air (n). Due to

Gauss’s law in maxwell equation
! −→

D · d
−→
S = 0. One can get

Aop(ω, rNr+1, z) = Aop(ω, rNr , z)
n2

oprNr

n2rNr+1
(96)

If the field polarization is parallel to the contact surface of the dielectric (PPLN)

and the metal cladding outside the PPLN, one can also apply a reflective boundary

condition.

Aop(ω, rNr+1, z) = 0. (97)

This is equivalent to the situation where electric field is reflected by a mirror.

2. Transparent boundary:118

This boundary represents the situation where the boundary has no effect on the

field as the field propagates through the calculation boundary. This kind of

boundary is also equivalent to the situation when Eq. (89) and (90) are solved by

angular spectrum method. The condition can be written as118.

Aop(ω, rNr+1, zk+1) ≈ Aop(ω, rNr , zk+1)
Aop(ω, rNr+1, zk)
Aop(ω, rNr , zk)

(98)

7.7 Numerical error and efficiency estimation

In numerical calculations, generally two types of errors are studied. One is the round-off

error. Due to the limited accuracy of how the computer store numbers, most non-integer

numbers cannot be represented in a computer without committing an error119. The other

is the Truncation error. This type of errors arise when an infinite process is replaced by

a finite one, such as approximating an integral by a sum, approximating an ordinary

differential equation by a finite difference method, and approximating a floating point

number with a given significand120.
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In order to estimate the performance of the numerical package developed in this chapter,

the numerical error and the efficiency are presented in Fig. 39. In Fig. 39(a) the relative

error is defined as ∣∣∣ fnum − f0
∣∣∣ / f0

where f0 is the analytical solution and fnum is the numerical solution. In Fig. 39(b), the

time axis is defined as t/t0 where t is the time consumed with a given number of cores

and t0 is the time consumed by minimum number of cores (5).
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Figure 39: Numerical error and efficiency estimation. (a) shows numerical error versus

the mesh step size. (b) shows the efficiency enhancement with respect to the number of

cores used in the parallelization. The dashed vertical lines represent the choices used

for following simulations.

7.8 Two-line input pump spectrum

Terahertz generation with pulse trains is effective in mitigating walk-off and yields high

conversion efficiencies65. In the remainder of this thesis, the simulations are based on

pump pulses consisting of two narrow spectral lines separated by the desired terahertz

frequency (Ω0 = 2π×0.3 THz). This forms a pulse train (beat note) with each sub-pulse

separated by a time 2π/Ω0, i.e. the terahertz electric field period. In this section, I base

all simulations for terahertz generation centered at 0.3 THz due to its amenability for

electron acceleration. The overarching conclusions may however be extended to other

frequencies as well. The simulation parameters are tabulated in Table (7).

The refractive index and absorption (α) of terahertz radiation at 80 K and 0.3 THz are

obtained from linear interpolation of the experimental data between temperatures 50 K
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Table 7: Simulation parameters with two-lines input

Parameters Values

n2
121 1.25 × 10−19 W/m2

χ(2)
eff

= χ(2)
333

24;65;111;112 2 × 168 pm/V

Super-Gaussian Order M 5

Ω0 2π × 0.3 THz

PPLN Period Λ 374.1µm

α(Ω0)122 1.4 /cm

Damage Fluence Fd
65 10

√
τFWHM/(2 × 10 ns) J/cm2

Temperature 75 K

Input Pump Pulse Electric Field Format

Two-lines frequencies (ω0, ω0 + Ω0) 291.26 THz, 291.56 THz

E(ω) ∝ e−(ω−ω0)2τ2
FWHM/(8 ln 2) + e−(ω−ω0−Ω0)2τ2

FWHM/(8 ln 2)

E(t) ∝ eiω0te−2 ln 2
(

t/τFWHM

)2

[1 + eiΩ0t]

E(r) ∝ e(−r2/2σ2)M

and 100 K from122. The material absorption at optical wavelengths, i.e. the pump

absorption, is neglected and the refractive index is fitted to a Sellmeier equation123. I

assume a super-Gaussian spatial distribution (M = 5) and a Gaussian temporal profile

for the optical pump. This is also the case for high power lasers. Additionally, a

super-Gaussian spatial distribution ensures that the generated terahertz radiation is

homogeneous in the transverse r dimension and also minimizes the damage due to

peak fluence of the pump compared to a Gaussian spatial profile. The input pump

pulse energy, which follows from spatial and temporal integrations of the electric field
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defined in Table. 1, is given by

Energy =
2πσ2Γ( M+1

M )Fd

2
1
M

(99)

7.9 Terahertz efficiency in terms of pump pulse duration

Figure 40: Numerical results of the terahertz generation in a single stage: (a) shows

the conversion efficiency versus the pump pulse duration. The maximum efficiency

η = 1.05 % is obtained at τFWHM = 150 ps. The input pump energy is calculated

from Eq. (99) with the pump beam size σ = 5 mm. (b) shows the L0, Leff versus pump

pulse duration. (c) shows the terahertz efficiency versus the propagation distance for

τFWHM = 150 ps, where the steepest efficiency increase rate (L0) and effective length

(Leff) are labeled.

The crucial parameters in designing a complete terahertz source are the pulse duration

of the pump and the necessary length of the PPLN crystal. As one can see in Eq. (99),

longer pulse durations allow higher input energy, but simultaneously necessitate longer

interaction length, which in turn intensifies the effects caused by terahertz absorption.

The optimal pump pulse duration is found to be 150 ps with conversion efficiency

η = 1.05 % as shown in Fig. 40(a,c). In order to define the optimal PPLN length Leff, we
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introduce the length parameter L0 where the efficiency increase is most rapid. This is

obtained at d2η(z)/dz2
|z=L0 = 0. I define Leff as:

1
e

dη(z)
dz
|z=L0 =

dη(z)
dz
|z=Leff

. (100)

One should avoid choosing Leff at dη(z)/dz = 0, because the plateau length in Fig. 40(c)

increases with the increase of the pump pulse duration and dη(z)/dz = 0 occurs ap-

proximately in the middle of the plateau. Within the range of the plateau, the amount

of generated terahertz radiation equals to the absorbed amount. Consequently, the

optimal Leff should be chosen at the onset of the plateau to avoid unnecessarily long

crystals.

Since the effective length is related to the pump pulse duration, in order to get more

insight into this problem, I begin with a 1-D undepleted model. Consequently, Eq. (90)

can be written as Eq. (101).

ATHz(Ω, z) =
−iΩχ(2)

eff

πn(Ω)c

∫
∞

0
Aop(ω + Ω, r, z)A∗op(ω, r, z)dω

[
exp(iδz) − exp(−α(Ω)z/2)

α(Ω)/2 + iδ

]
= PNL(Ω)

[
exp(iδz) − exp(−α(Ω)z/2)

α(Ω)/2 + iδ

]
(101)

where ,

δ = [k(Ω) + k(ω) − k(ω + Ω) −
2π
Λ

] = [
Ω

c
(n(Ω) − ng(ω)) −

2π
Λ

] ≈
(n(Ω0) − ng(ω0))

cτFWHM
. (102)

In order to study the distance L0 and Leff , I calculate the second order derivative of

|ATHz|
2 which is proportional to the efficiency η. By calculating d2

|ATHz(Ω, z)|2/d2z = 0,

one can get

exp(−αz/2) =
[
cos(δz)/2 + 2δ sin(δz)/α − 2δ2 cos(δz)/α2

]
(103)

for short pump pulse, δ/α� 1, 2δ sin(δz)/α = 2cos(δz)δ2/α2

⇒ L0 = tan−1(δ/α)/δ,

for long pump pulse, δ/α� 1, exp(−αz/2) = cos(δz)/2 ≈ 1/2

⇒ L0 = 2 ln (2)/α, Leff = 2 ln (2/(1 −
√

1 − e−1))/α
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L0 and Leff variations in terms of the pump pulse duration are depicted in Fig. 40(b)

where the results of analytic calculations are compared against numerical results. In

Fig. 40(c), a efficiency decrease can be observed for large propagation distance z. This

is due to the fact that the long interaction leads to a large spectral broadening. Due to

the dispersion, newly generated pump frequencies do not precisely certify the phase-

matching condition. Absorption together with the not perfectly phase-matched pump

spectrum leads to the efficiency decrease.

7.10 Effects of transverse spatial variations of pump

High power terahertz generation demands high power lasers which usually suffer

from phase front distortions and intensity modulations. In the following section, I

investigate the influence of the spatial variation of the pump pulse on the terahertz

generation process.
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Figure 41: (a) shows the efficiency of terahertz generation versus propagation distance

for various beam sizes. (b) shows the spatial profile of the input pump pulse (dashed

lines) and output pump pulse (solid lines). (c) shows the output terahertz beam spatial

profile. For different beam sizes, the peak fluence is kept constant. The output spa-

tial profiles of both terahertz radiation and the pump are obtained at the end of the

interaction length, i.e. z = 25 mm.

Beam Size Dependence Here, I aim at exploring the dependence of the terahertz

generation efficiency on the pump beam size. For this purpose, I perform simulations

for a super-Gaussian (M = 5) pump beam with beam sizes σ = 1 mm, 3 mm and 5 mm,

respectively. Figure 41 suggests that the terahertz beam size and spatial profile resemble

the corresponding pump properties for large pump beam sizes.

It can be seen in Fig. 41(a) that the terahertz conversion efficiency is lower when σ =

1 mm compared to σ = 3 mm and 5 mm. The diffraction has a minor influence on the

spatial profile of the pump pulse since the Rayleigh range (λ ≈ 1µm) is about few

tens of meters. In a super-Gaussian beam, smaller beam size leads to larger spatial

phase gradient at the edge of the spatial profile. Therefore, as observed in Fig. 41(b),

the self-focusing effect leads to the peak appearing at the edge of the 1 mm pump

beam. The change of the spatial profiles of the terahertz beams in Fig. 41(c) is due to the
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diffraction of the super-Gaussian beam124;125. It can be seen that for a 1 mm terahertz

beam, diffraction modifies the super-Gaussian profile to a Gaussian profile after 25 mm

generation distance.

Influence of Pump Pulse Spatial Energy Fluctuation and Phase Fronts Variation The

above results are obtained with perfect super-Gaussian pump spatial profiles and a flat

spatial phase front. In order to examine the influence of spatial energy and phase front

variations of the pump pulse on terahertz generation with the two-line pump spectrum,

I studied 4 cases: (I) flat phase front with one of the pump spectral lines having a 5%

modulation in the electric field strength. (II) flat phase front with both pump spectral

lines having a 5% modulation in the electric field strength. (III) flat spatial profile with

one of the pump spectral lines having modulation from −π to π in the phase front. (IV)

flat spatial profile with both of the pump spectrum lines having modulation from −π to

π in phase front.

In the following context, E(ω, r) denotes the electric field of the input pump pulse

and E0(ω, r) is the electric field with a perfect super-Gaussian spatial profile (σ=5 mm)

and flat phase front. The interaction length is chosen to be z = 25 mm as in Fig. 41.

rmax = 8.5 mm is the maximum distance of the calculated radial dimension.

Case I: One line with Cosine Electric Field Amplitude Modulation


E(ω, r) = E0(ω, r)(1 + 0.05 cos(2π × 4r/rmax)), ω ≤ 2π × 291.3 THz

E(ω, r) = E0(ω, r), ω > 2π × 291.3 THz
(104)

It can be seen in Fig. 42 that terahertz generation is not degraded by the intensity

modulation in one of the spectral lines. Though the transverse intensity modulation

can also induce spatial phase variations due to self-focusing, with our pump pulse

parameters, the induced spatial phase variation is negligible.
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Figure 42: (a) and (b) show the spectral density (first row) and flat phase front (second

row) of the input pump spectral lines. (c) shows the spatial profile of the input and

output pump pulse. (d) shows the terahertz spatial profile.

Case II: Both lines with Cosine Electric Field Amplitude Modulation

E(ω, r) = E0(ω, r)(1 + 0.05 cos(2π × 4r/rmax)) (105)

Fig. 43 suggests that the terahertz generation is not degraded when both lines are sub-

jected to the same intensity modulation, which is expected from the Case I study.
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Figure 43: (a) and (b) show the spectral density (first row) and flat phase front (second

row) of the input pump spectral lines. (c) shows the spatial profile of the input and

output pump pulse. (d) shows the terahertz spatial profile.

Case III: Both lines with Cosine Phase Modulation

E(ω, r) = E0(ω, r)eiπ cos(2π×4r/rmax) (106)

Fig. 44 suggests that if both of the pump lines are identically modulated in phase,

the terahertz generation process is not degraded. The phase modulation induces self-

focusing which can be observed in Fig. 44(c).
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Figure 44: (a) and (b) show the spectral density (first row) and phase front (second row)

of the input pump spectral lines. (c) shows the spatial profile of the input and output

pump pulse. (d) shows the terahertz spatial profile.

Case IV: One line with Cosine Phase Modulation
E(ω, r) = E0(ω, r)eiπ cos(2π×4r/rmax), ω ≤ 2π × 291.3 THz

E(ω, r) = E0(ω, r), ω > 2π × 291.3 THz
(107)

Figure 45 indicates that a distortion in the phase front, not unusual for high power

laser beams, strongly reduces the conversion efficiency. This is due to the nature of the

difference frequency generation process, which transfers the phase difference between

the two frequency lines of the optical pump to the terahertz beam at a thousand times

longer wavelength. In turn, the modulated terahertz phase front suffers from strong

diffraction, leading to destructive interference. Consequently, the terahertz conversion

efficiency is greatly reduced and a strongly spatially modulated terahertz beam appears

as shown in Fig. 45(d). The peaks in Fig. 45(c) are due to self-focusing, making it different

from case III. In case III, since the phase fronts of both spectral lines are identical, the

terahertz generated inherits a flat phase front. As a result, the cascaded frequencies

newly generated in the optical region maintain the same phase front as the initial two-

line spectra. However, in case IV since DFG creates a terahertz pulse with the phase
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difference of the pump spectral lines, the new pump frequency lines generated by the

cascading process carry different phases. The later generated cascaded lines inherit

multiple times of the original phase difference, forming an enormously curved phase

front. Thus, strong self-focusing occurs.

Figure 45: In (a,b) the first row shows the spatial profiles of the pump spectral lines and

the second row represents the phase front of the corresponding spectral lines. (c) shows

the pump input and output spatial profile. (d) shows the generated terahertz spatial

profile.

7.11 High efficiency terahertz generation by pulse recycling

Previous work based on a 1D-propagation model65, partially addressed the possibility of

obtaining high efficiencies of several percent for optimal pump pulse formats. However,

in practice, complex pump pulse formats are hard to engineer. Therefore, further

innovations are necessary to achieve the desired percent level efficiencies. Here, I aim

to alleviate these limitations by recycling the optical pump and separating the generated

terahertz radiation in a staged approach, before significant terahertz absorption occurs.

In this multi-stage architecture, consecutive stages utilize the same optical pump pulse.

The terahertz pulse generated at each PPLN stage is then coupled out, circumventing
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the excessive terahertz absorption. A similar concept was experimentally tested by

Chen et al.126 with a two-stage system for single-cycle terahertz generation. However,

in their system, the terahertz pulse generated in the first stage is also coupled into the

second stage together with the pump pulse126.

7.11.1 Terahertz efficiency enhancement with dispersion compensation

I suggest compensating the dispersion accumulated in the material of the pump pulse

generated at the end of each stage before recycling it to the subsequent PPLN stage

in order to enhance the conversion efficiency. In other words, before the pump pulse

is recycled to stage N, an opposite dispersion is added to the pump pulse at the end

of stage N-1 to cancel the dispersion obtained by propagation through the stage N-1.

For the first and second stages, dispersion compensation can be realized by a prism or

grating (i.e second and third order dispersion). For many stages, the cascading process

broadens the spectrum drastically. Dispersion compensation for a large bandwidth

beam can be challenging in practice since higher order dispersion needs to be taken into

consideration. However, it still can be achieved with double chirped mirrors127.

The simulation results comparing the terahertz spectra at the end of each stage with and

without dispersion compensation are shown in Fig. 46(a,b). The resulting conversion

efficiencies are shown in Fig. 46(c,d).

One can see that the terahertz conversion efficiency reduces subsequently after each

stage without dispersion compensation. Since the terahertz generation broadens the

pump spectrum via the cascading process, part of the broadened pump spectrum can not

be phase matched for further cascading. In other words, different frequency elements

in the pump spectrum pick up different phases due to dispersion in the PPLN via

propagation. Consequently, the terahertz radiation generated by DFG from different

spectral ranges of the pump pulse carries different phases, leading to partial destructive

interference of the total generated terahertz radiation. Thus, the efficiency is degraded

due to the dispersion. It can be seen in Fig. 46(b,d) that the efficiency can be significantly

enhanced by dispersion compensation.
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Figure 46: Comparison of a 4 stage system with input pump pulse parameters σ = 5 mm,

τFWHM = 150 ps. The effective length of each stage is chosen to be the distance where

efficiency saturates. (a,c) depict the terahertz spectra generated after each stage and the

conversion efficiency by recycling the pump pulse directly without dispersion compen-

sation (No Comp.). (b,d) show the terahertz spectra and the conversion efficiency with

pump pulse dispersion compensation (Comp.) after each stage.

7.11.2 Spectral dynamics of optical pump and terahertz pulses

Figure (47) depicts the temporal profile of the pump pulse with the short time Fourier

transform (STFT) (i.e instantaneous spectrum) of the corresponding time range. The

broadening of the pump pulse spectrum causes a reduction of the pulse duration, an

increase in peak intensity and a drastic variation in the instantaneous spectrum of each

sub-pulse (see Fig. 47(a,b)). The STFT in Fig. 47(b) indicates that the instantaneous

spectrum in each sub-pulse forms a ’U’ shape due to the cascading effect, leading to

a drastic spectral variation in time. The maximum cascading (spectral down-shift)

occurs where the highest peak intensity is present. The STFT in Fig. 47(c) suggests that

the dispersion compensation alters the spectral distribution with respect to time. If a

transform limited pump pulse, which has a uniform spectrum distributed over time,

could be obtained after each stage, the terahertz efficiency could be greatly enhanced.

However, the realization of such a process is challenging, since perfect compression
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of the ’U’ shaped spectrum induced by SPM, the second order nonlinear effect, and

dispersion, is not straightforward.

(c)(b)

Figure 47: (a) shows the input pump pulse, (b) shows the output pump pulse after one

2.5 cm PPLN stage. (c) shows the output pump pulse after dispersion compensation

by adding the opposite second order dispersion of Lithium Niobate at the pump center

frequency (GDD= 6300 fs2) to (b). The contour plot in the second and third rows are the

short time Fourier transforms of the corresponding selected temporal range (indicated

by the dotted red box).

Figure. 48 compares the spectral density (spatially dependent spectra in radial dimen-

sion r) of the terahertz generated at each stage for two cases with and without dispersion

compensation. The terahertz beams generated with dispersion compensation follow a

Gaussian-like spectrum, whereas those generated by direct pump pulse recycling have

distorted spectral shapes, particularly in the last stage. This is due to the fact that the

phase of the pump perturbed by dispersion influences the phase-matching condition of

terahertz generation, and thus leads to a broader terahertz spectrum. Figure. 49 shows

the comparison of the spectral density of the output optical pump at each stage without

and with dispersion compensation. It can be seen that dispersion compensation boosts

the cascading process and leads to greater pump spectral broadening. The results de-
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picted in Fig. 46, Fig. 48 and Fig. 49 confirm that the terahertz conversion efficiency can

be largely enhanced by pump pulse recycling with dispersion compensation.
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Figure 48: (a-d) show the terahertz spectral density generated by 4 consecutive stages

respectively. The first and second rows show the terahertz spectra generated without

and with dispersion compensation, respectively.

Figure 49: (a-d) represent pump pulse spectral density after each corresponding stage.

The first and second rows show the pump pulse spectra at the output of each stage

generated without and with dispersion compensation, respectively.
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7.11.3 Quartz output coupler for beam separation

(a)

t

t

t

t

(c)

(b)

Figure 50: (a) Schematic illustration of the output coupler and the angle definitions.

In (b) and (c), comparison of the terahertz energy transmission from PPLN to air for

’Air’ and ’QC’ cases are shown. Additionally, the transmission of the generated flat-top

terahertz beam with different beam sizes σt = 1 mm (dashed lines) and σt = 5 mm (solid

lines) are analyzed. (b) shows terahertz energy transmission versus the refractive index

of the PPLN at the given Brewster angles (BA) at S1 surface. The black dash-dotted

line refers to the refractive index assumed for the calculation of Brewster’s angles. (c)

shows terahertz energy transmission versus the incident angle at surface S1 with given

refractive index where the black dash-dotted lines mark the BA at this refractive index.

Figure. 50(a) shows one possible arrangement of the multi-stage setup accounting for

the subtlety of terahertz and optical beam separation. The output pump beam from the

PPLN propagates at a certain angle with respect to the input pump pulse direction due

to the refraction from the quartz coupler (QC). However, in the sketch, I do not depict
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this for simplicity of illustration. Incidence at Brewster angle plays a crucial role in this

scheme in order to couple out and separate both pump and terahertz beams with high

transmission efficiency from the PPLN to air (n = 1). Out-coupling of the terahertz

beam from Lithium Niobate to air through a silicon coupler was first demonstrated

experimentally and theoretically by Kawase et al.128. In this article, crystalline quartz

is chosen as the material of the output coupler owing to its low absorption for tera-

hertz radiation at 0.3 THz (0.01/cm)129;130, large bandgap (12.5 eV)131 which has lower

nonlinearity and higher damage threshold compared to silicon or Lithium Niobate52.

Additionally, the dispersion of quartz at both pump and terahertz frequencies is neg-

ligible for few centimeters of propagation130;131. I neglect the small influence of the

quartz coupler on the optical pump and fully focus on the out-coupling of the terahertz

radiation.

In Fig. 50(a), the inner angles of the bulk quartz coupler are represented by α1, α2, and

α3. This ensures that the terahertz beams experience Brewster incidence angles π − α1

and γ2 at S1 and S2 surfaces, respectively. β1 and β2 are the output angles of the pump

beam at the S1 surface and the pump beam Brewster incidence angle at the S3 surface,

respectively. The refraction loss of the pump is negligible. S3 can be chosen to be

parallel to surface S1 to further reduce angular deviation. Additionally, L (the length

of the top edge of the quartz coupler) is the minimum distance that ensures sufficient

spatial separation of pump and terahertz beams. Details of the equations used for

calculating the involved angles can be found in Table 8, where σ = 5 mm, nLN(ω0) = 2.1,

nQ(ω0) = 1.4,nLN(Ω0) = 5, nQ(Ω0) = 2. The subscripts ’LN’ and ’Q’ correspond to PPLN

and Quartz respectively.
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Table 8: Quartz Coupler Parameters

Parameter Variable Values

β1 sin−1
(
cos(α1)nLN(ω0)/nQ(ω0)

)
33.9◦

β2 tan−1(1/nQ(ω0)) 35.5◦

γ2 tan−1(1/nQ(Ω0)) 26.6◦

α1 tan−1
(
nLN(Ω0)/nQ(Ω0)

)
68.2◦

α2 α1 + γ2 94.8◦

α3 π − β1 + β2 − α1 113.4◦

L 2σ cos(β2) cos(α1)/(sin(α1 − β1) sin(α2)) 5.5 mm

Since the refractive index of the PPLN varies with temperature and manufacturing

process, an output coupler with a reasonable tolerance is desired. In Fig. 50(b,c), com-

parison of two out-coupling cases ’Air’ (red curves) and ’QC’ (blue curves) is shown. In

the case of ’Air’ where no output coupler is utilized, the PPLN crystal is cut such that the

terahertz pulse is incident at Brewster’s angle (tan−1(1/nLN(Ω0)) = tan−1(1/5) = 11.3◦)

from PPLN to air directly. In the case of ’QC’, the terahertz pulse is coupled out from

the PPLN to air through the designed quartz coupler shown in Fig. 50(a) with Brewster

incidence angle (tan−1(nQ(Ω0)/nLN(Ω0) = tan−1(2/5) = 21.8◦) on S1 surface.

In both Fig. 50(b) and Fig. 50(c), the transmission window of the ’QC’ case at σt = 5 mm

(flat interval with terahertz energy transmission T ≈ 1) is due to total internal reflection

(TIR) at both the S1 and S2 surfaces. This window range reduces for the smaller

terahertz beam size σt = 1 mm (i.e terahertz beam with larger angular divergence). The

terahertz beam components with angular divergence larger than the TIR are filtered out,

leading to lower energy transmission. This TIR induced transmission loss is particularly

pronounced for the ’Air’ case since the refractive index varies from nLN(Ω0) = 5 to

nAir(Ω0) = 1. This large refractive index difference causes a sharp transmission drop

at the incidence angle larger than Brewster angle. This explains why the transmission

peak occurs at an angle smaller than Brewster’s angle in the ’Air’ case in Fig. 50(c).

With larger beam size σt = 5 mm, the transmission peak approaches the Brewster angle
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due to smaller angular divergence. It can be seen that from PPLN to air, the terahertz

energy transmission at σt = 1 mm is around 45% and 55% for ’Air’ case and ’QC’

case respectively. The terahertz energy transmission at σt = 5 mm is around 63% and

96% for ’Air’ case and ’QC’ case respectively. With the given refractive index at the

corresponding Brewster incident angle, a quartz coupler leads to higher transmission.

More discussion can be found in section (7.11.4).

7.11.4 Terahertz spatial profile after quartz coupler

(d)

(a) (b)

(c) (d) (g) (h)

y
y

x x x' x'

3mm 3mm

3mm 3mm 3mm 3mm

(f)(e)

a b3mm 3mm

Stage 1 Stage 2 Stage 1 Output Stage 2 Output

dc 62.5%

96.1% 93.7%

60.3%

Figure 51: (a,b) and (c,d) represent terahetz spatial profiles in PPLN in x− y coordinate

before S1 surface (see Fig. 50(a)) generated by a two-stage system with pump beam size

σ = 5 mm and σ = 1 mm respectively. (e-h) represent coupled out terahertz spatial

profiles of (a-d) after S2 surface in x′ − y coordinate in the air. The color bar represents

fluence in the unite of J/m2. Each figure window size is 15 mm × 15 mm. Terahertz out-

coupling efficiency from (a-d) to (e-h) is ηa = 96.1%, ηb = 93.7%, ηc = 62.5%, ηd = 60.3%

respectively.

The quartz coupler breaks the cylindrical symmetry of the PPLN. In order to calculate

the terahertz spatial profile after the quartz coupler, I reconstruct the terahertz beam

profiles in x-y coordinates from the numerical results in the cylindrical coordinates

inside the PPLN before the incidence on the S1 surface (see Fig. 50(a)). The refraction
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at the S1,S2 surfaces (see Fig. 50(a)) for p polarized light and the beam propagation in

the quartz coupler is calculated by the angular spectrum method132. Figs. 51(a,b) and

Figs. 51(c,d) correspond to terahertz spatial profiles generated with a pump beam size

σ = 5 mm and σ = 1 mm, respectively by a two-stage setup.

Note that with a pump beam size σ = 5 mm, the terahertz spatial profile retains its

flat top nature, whereas with σ = 1 mm, the terahertz spatial profile reduces to a

Gaussian as shown in Fig. (41). The corresponding transmitted spatial profiles after the

S2 surface in x′ − y coordinates in the air (see Fig. 50(a)) are shown in Fig. 51(e-h) with

the terahertz out-coupling efficiency ηa = 96.1%, ηb = 93.7%, ηc = 62.5%, ηd = 60.3%

respectively. The influence of the S1 and S3 surfaces together with the propagation in

the quartz coupler has a negligible effect on the pump spatial profile, i.e the spatial

profile of the pump stays flat top but with a reduced size in the x′ direction i.e σ′ =

σ tan(β2) cos(β1)/ sin(α1) ≈ 0.6σ. The beam size of the terahertz radiation in the x′

direction follows the same relation σ′t = σt tan(β2)/tan(α1) ≈ 0.2σt. On the other hand,

the refraction at S1 and S2 surfaces greatly changes the energy distribution of the flat top

terahertz beams spatially ( see Fig. 51(a,b,e,f) ) while the Gaussian spatial profile remains

unchanged ( see Fig. 51(c,d,g,h) ). The flat top function is a superposition of Hermite

Gaussian modes in Cartesian coordinates. Thus, the final spatial profile of terahertz is

a result of a superposition of all the Hermite Gaussian modes after refraction.

The terahertz beams coupled out by the QC could be combined by a power combiner

with a specifically designed input coupler which matches the terahertz beam profile to

the mode of the power combiner133. This investigation is beyond the scope of this article

and will be presented in a separate study. For an ideal symmetric power combiner, the

combination efficiency ηcombine can be written as the following134:

ηcombine =

∫
∞

−∞

∫
∞

−∞
|
∑NT

k=1 Ek(x, y, t)|2dxdydt

NT
∫
∞

−∞

∫
∞

−∞

∑NT
k=1 |Ek(x, y, t)|2dxdydt

(108)

where Ek(x, y, t) is the terahertz electric field obtained from kth stage. The combination

efficiency ηcombine reaches the maximum when E1(x, y, t) = E2(x, y, t) = ..... = EN(x, y, t),

e.g terahertz outputs from each stage need to have identical spectrum, phase and am-

plitude134. This could be achieved by adjusting the length of each stage and the relative

arrival time of the terahertz beams. With equation (108), the combination efficiency of
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the terahertz output beams are 93.0% (Fig. 51(e,f)) and 95.2% ( Fig. 51(g,h)), respectively.

This high combination efficiency is the result of similarity between terahertz beams

generated in each stage. As a result, the final total efficiency ηtotal of a two stage system

can be written in Eq. (109) where η1, η2 is the generation efficiency of the first and second

stage respectively, ηa, ηb is the out-coupling efficiency, from PPLN to the air with QC, of

the first and second stage respectively and ηcombine is the combination efficiency of the

terahertz generated by the first and the second stage.

ηtotal = ηcombine × (η1 × ηa + η2 × ηb) (109)

Using equation (109) and (99), a total terahertz energy 17.6 mJ with ηtotal = 1.6% can be

achieved with a two stage system using pump beams of size σ = 5 mm and input pump

energy 1.1 J.

7.12 Comparison with the experimental data

In this section, the numerical results are compared against the experimental results.

Due to the collinear phase matching nature and the symmetry of the input pump pulse.

The numerical results here is based on the 1D+1 (z,t) calculation.

In the experiment, the pump source is a home-built 2-lines system which is capable to

deliver 250 ps pulses with 20 mJ energy at a repetition rate of 10 Hz. The 2-lines are

made of one stable laser centered at 1030.365 nm and a commercial single-frequency

laser tunable from 990 nm to 1080 nm (Toptica Inc.). They are combined, chopped and

pre-amplified in an all-fiber structure front-end, and future boosted through a Regen

amplifier together with a 4-pass amplifier. The duration of the flat-top pulse is adjustable

from 250 ps to several ns in a step of 250 ps with an electro-optic modulator. In our

experiment, the wavelength of the tunable laser was initially set around 1031.37 nm, so

that the frequency difference between the two lines is 0.3 THz (400 µm poling period).

Two periodically poled 5 mol.% MgO doped congruent z-cut periodically poled lithium

niobate crystals (MgO:PPLN) with 9 mm and 40 mm length, respectively, were used.

The crystals are not AR-coated and each has a cross section of 4x4 mm2. To reduce the

terahertz absorption, the PPLN is cryogenically cooled to 77 K during the experiment.
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The chamber pressure level is lower than 10-6 mbar. The THz emission is collected via

two 2-inch off-axis parabolic mirrors (OAP), one of which has a hole of 3-mm diameter

to separate the infrared (IR) and THz beams. The generated terahertz pulse is detected

by a pyroelectric Joulemeter (Gentec-EO, SDX-1152) with a polyethylene (PE) cover. A

8-mm thick Teflon plate was positioned in between the 2 OPA to stop the residual IR

beam as well as the parasitic second harmonic generation. The IR beam going through

the hole is partially sent to an optical spectrum analyzer to monitor the pump spectrum

shaped by the DFG process.

It can be seen that at low input fluence with interaction length 10 mm (Fig. 52(a)), the

simulation results matches very well with the experimental data. However for the 40

mm interaction length, the simulation results deviates with respect to the experimental

data at high pump fluence (Fig. 52(b)). This saturation effect shown in the experimental

data at high fluence can be caused by the ionization which is not included in the

simulation.

Figure 52: Experimental data from W. Tian et.al.135. The simulation results are com-

pared against experimental data for 3 different PPLN lengthes.
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Figure 53: Comparison of the experimental data and simulation results for 3 different

input pump fluence. Experimental data from W. Tian et.al.135.

8 Chirp and Delay

Apart from the multi-cycle terahertz generating using the two-line configuration dis-

cussed in Section 7.8, another possibility is the chirp and delay configuration. The chirp

and delay method is accomplished by mixing two linearly chirped (second order disper-

sion) optical pulses with a variable time delay and is first proposed by A. S. Weling136.

Later on, the experiment is performed by F. Ahr and ∼ 0.1% conversion efficiency is

achieved103. However, since the optical pump pulse is highly chirped, the terahertz

generation process is extremely sensitive to the time delay. Additionally, higher order

dispersions need to be avoided since they lead to nonlinear frequency distribution in

time. However, in the experiment, it is challenging to completely eliminate the higher

order dispersions. The work carried out by S. W. Jolly et. al. proposes a method of tun-

ing the relative spectral phase of the pump pulses and reached the state-of-art terahertz

energy of 0.6 mJ.
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8.1 Delay Calculation

In this chapter, the author derive the analytical form of the phase matching time delay

taking into account the second and third order dispersions. The comparisons of the

simulation and the experimental data are presented. To begin with, if the second order

dispersion is considered, one can write the input pump electric field as

E(ω) = exp[−∆ω2τ2/4] exp[−i(ω0t +
φ2

2
∆ω2)] (110)

where ∆ω = ω − ω0. By Fourier transform Eq. (110), one obtains Eq.(111).

E(t) =

∫
∞

−∞

dω exp[−∆ω2τ2/4] exp[−i(ω0t +
φ2

2
∆ω2)] exp[iωt]

=

∫
∞

−∞

d∆ω exp[i∆ωt − (i
φ2

2
+
τ2

4
)∆ω2]

=
√
π/(τ2/4 + iφ2/2) exp[−t2τ2/(4φ2

2 + τ4)] exp[it2φ2/(2φ2
2 + τ4/2)] (111)

The last exponential term in Eq. (111) represents the time dependent phase. Since the

derivative of the phase in time domain represents the instantaneous frequency, one can

obtain Eq. (112).

∆ω = tφ2/(φ2
2 + τ4/4) (112)

It can be seen from Eq. (112) that the instantaneous frequency is linearly dependent on

time (linear chirp). If φ2 � τ2, ∆ω = t/φ2. This means that with a given bandwidth,

larger second order dispersion leads to smaller frequency separation in time, since the

pulse duration is longer. If φ2 = 0, ∆ω = 0, Eq. (112) reduces to the transform limited

case. If the third order dispersion is considered, one can write the electric field as the

following

E(ω) = exp[−∆ω2τ2/4] exp
[
−i(ω0t +

φ2

2
∆ω2 +

φ3

6
∆ω3)

]
. (113)

The corresponding electric field in time domain is

E(t) =

∫
∞

−∞

dω exp[−∆ω2τ2/4] exp
[
−i(ω0t +

φ2

2
∆ω2 +

φ3

6
∆ω3)

]
exp[iωt]

=

∫
∞

−∞

d∆ω exp[−∆ω2τ2/4] exp
[
i(∆ωt −

φ2

2
∆ω2

−
φ3

6
∆ω3)

]
=

∫
∞

−∞

d∆ω exp
[
i∆ωt − i(

φ2

2
− i
τ2

4
)∆ω2

− i
φ3

6
∆ω3

]
(114)
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It is challenging to analytically solve the third order in Fourier transform. As a result,

a special function need to be used. For a third degree polynomials ax3 + bx2 + cx, in

order to remove the second order term bx2, one can perform a variable substitution as

v = x + b/3a. By setting v = ∆ω + 2(φ2/2 − iτ2/4)/φ3, Eq. (114), one can get137

E(t) = exp

−i
(φ2/2 − iτ2/4)

φ3/2

t +
2
3

(φ2/2 − iτ2/4)2

φ3/2




×

∫
∞

−∞

dv exp

iv

t +
(φ2/2 − iτ2/4)2

φ3/2

 − iv3φ3

6


= exp

−i
(φ2/2 − iτ2/4)

φ3/2

t +
2
3

(φ2/2 − iτ2/4)2

φ3/2


Ai (z) (115)

where Ai(z) represents the Airy function and

z = −

(
2
φ3

) 1
3
t +

(φ2/2 − iτ2/4)2

φ3/2

 .
In the general experiment, GDD ∼ 100 × ps2, TOD ∼ 1 × ps3 and τ ≈ 1ps. For terahertz

generation, the t ≈ Ωφ2 . As a result, t/φ1/3
3 ≈ 1 and |φ2| � |φ3|

2/3. These two conditions

leads to |z| → ∞. It is useful to approximate the Ariy function by the limit

lim
|z|→∞

Ai(z) ≈ (1/2π1/2z1/4) exp[−
2
3

z3/2]

By setting a = (φ2/2 − iτ2/4)2/(φ3/2) one can further simplify Eq. (115) and obtain time

dependent frequency in Eq. (116)

i
d phase

dt
= −i

(φ2/2 − iτ2/4)
φ3/2

+

(
2
φ3

)1/3

z1/2 = i

− (φ2/2 − iτ2/4)
φ3/2

+

(
2
φ3

)1/2
√

a(1 + t/a)1/2


(116)

By performing the Taylor expansion, one can get

d phase
dt

= −
(φ2/2 − iτ2/4)

φ3/2
+
φ2/2 − iτ2/4

φ3/2
(1 +

1
2

t/a +
1
8

t2/a2)

=
t/2

φ2/2 − iτ2/4
+

t2φ3

16(φ2/2 − iτ2/4)3
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Consequently,

ω − ω0 =
tφ2

φ2
2 + τ4/4

+
t2φ3(φ3

2/2 − 3φ2τ4/8)

(φ2
2 + τ4/4)3

If φ2 � τ2, one can further simplify the question and obtain the following results

ω − ω0 =
t
φ2

+
t2φ3

2φ3
2

In order to find the optimal delay t0 with a given target terahertz frequency Ω, one can

write the polarization term for the terahertz generation as

P(2)
THz = χ(2)

Ω2E2
0

c2

∫
E(ω + Ω)E∗(ω) exp

[
i∆k(Ω)z

]
dω

= χ(2) Ω
2

c2

∫
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−(∆ω + Ω)2τ2

4
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2
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φ3

6
(∆ω + Ω)3)

]
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[
−∆ω2τ2

4

]
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−i(
φ2

2
∆ω2 +

φ3

6
∆ω3)

]
exp

[
i∆k(Ω)z

]
dω

= χ(2)
Ω2E2

0

c2

∫
exp
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−∆ω2(

τ2

2
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Ωφ3

2
)
]

exp
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2

τ2Ω

2
+ i

Ω2φ3

2
+ iφ2Ω + it0
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

× exp

−Ω2
(
τ2

4
+ i
φ2

2

) exp
[
i∆k(Ω)z

]
d∆ω

= χ(2)
Ω2E2

0

√
2π

c2
√
τ2 + iΩφ3

exp

−Ω2τ2

8
− i
φ3Ω3

24
+

iΩ
2

t0 −
(φ2Ω + t0)2

2τ2 + i2Ωφ3

 exp
[
i∆k(Ω)z

]
As a result, one can get Eq. (117) where L is the interaction length.

|ETHz|
2 =

(χ(2))2Ω2E4
0L2π

2c2n2
t (τ2 + Ωφ3)

exp
(
−Ω2τ2

4

)
exp

−τ2(φ2Ω + t0)2

τ4 + Ω2φ2
3

sinc
[
∆k(Ω)

2L

]2

. (117)

Equation (117) suggests that in order to obtain the maximum generated terahertz field

i.e. the phase matching delay, the condition t0 = −Ωφ2 has to be satisfied. Note that

this condition is the same as when the φ3 is not presented. Additionally, it can also be

seen that with respect to the increase of the φ3, the maximum efficiency reduces but the

efficiency is less sensitive with respect to the delay (i.e. the phase matching range with

respect to the delay increases). It can be understood in the following way. Theφ2 causes

a linear instantaneous frequency distribution with respect to time (see Fig. 54). If the φ3

is not present, there is only one specific time delay which satisfies the phase matching
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condition and at this time delay, the entire pulse in time contributes to the generation

of the desired terahertz frequency. Given a different delay, the terahertz generated is

centered at a different frequency and is filtered out by the phase matching bandwidth

of the PPLN, causing a very sensitive relation of the efficiency with respect to the delay.

However, if the φ3 is present, the instantaneous frequency is not linear. Only a small

section of the pulse in time can contribute to the targeted terahertz radiation. Regardless

of the delay, since each part of the OP phase match different terahertz frequencies, there

is always a few amount of the generated terahertz fields fall into the phase matching

bandwidth, leading to a less sensitive efficiency change with respect to the delay.
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Figure 54: Illustration of the instantaneous frequency with respect to time with only

the second order dispersion (φ2 left) and with the second plus third order dispersion

(φ2 + φ3 right).

The comparison of the simulation and the experimental data can be found in Fig. 55,

where the simulation parameters are listed in Table 9. The experimental data in Fig.

55 are obtained from Halil Olgun. Due to the poor organization of him, the entire

comparison between the experiment and the theory is not complete. In case of any

discrepancy related to Fig. 55, please blame it on Halil Olgun.

Table 9: Simulation parameters with chirp&delay input

Parameters Values

phase-matching frequency Ω0 2π × 0.53 THz

input energy 19 mJ

φ2 -229.3 ps2

Φ3 5.26 ps3
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Experimental data Simulation

Figure 55: The scan of the output OP spectrum with respect to the relative delay (∆t) is

presented. The optimal delay t0 = φ2 × Ω0 = 770ps and the relative delay ∆t = t − t0.

The left and the right show the experimental data and the simulation respectively.
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Part IV

Conclusion and future work

9 Conclusion

For few-cycle terahertz pulses, the spatial dependence of the terahertz electric field

properties generated in a tilted-pulse-front setup are studies. By comparing the 1D+1,

2D+1 and 3D+1 numerical models, it is found that the 1D+1 calculation cannot capture

certain key features of the terahertz generation process. Additionally, the 3D+1 calcu-

lation shows that within the OP beam size range σy = [0.5, 4.5] mm, diffraction in the

dimension perpendicular to the pulse-front-tilt plane does not have much influence on

the terahertz generation process. For those cases, the 2D calculation (x-z coordinates) is

a good approximation.

Perpendicular to the pulse front tilt plane, in y-direction, the terahertz beam waist

relates to the OP waist with σy/
√

2, which is as expected for the second order nonlinear

process. However, in the x dimension, the OP beam size does not have a large impact

on the generated terahertz beam size. The terahertz pulses are generated close to the

apex of the crystal and the single-cycle region is located close to the vicinity of the

crystal apex. Thereby, large OP beam sizes lead to a reduced percentage of single-cycle

content of the generated terahertz pulses. Attention must be paid to the fact that the

terahertz generated farther from the apex of the crystal, which can possess a significant

fraction of the total generated terahertz energy, suffers from poor electric field quality

and temporal chirp.

In order to maximize the single-cycle content, the OP beam size along the x dimension

should be kept reasonably small, while the size along the y dimension can be used to

enlarge the pump beam if necessary. Another option is to reduce the OP input fluence.

These findings are of particular relevance to carrier-envelope-phase sensitive terahertz

applications and strong filed terahertz physics.

Different TPF schemes are presented and analyzed. With lower OP input intensity,
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two effects are found. One is that the terahertz electric field shows more single-cycle

property along the x dimension. The other is that the generated terahertz beam size

increases. These two effects lead to less out-coupling loss. For small OP beam size

(σ′x = 0.5 mm), the output terahertz beamsize decreases with increasing initial angular

dispersion, i.e. STC > RES > CG.

Schemes CG, NLES and RES, are applicable for a large parameter ranges such as OP

energy, bandwidth and beam size. Within these three schemes, the CG favors smaller

interaction length, narrower bandwidth and smaller beam size due to the large angular

dispersion. NLES has a potential of delivering large and homogeneous terahertz beam

size because of the plan-parallel shape of the LN crystal and the smaller imaging errors

in comparison of the CG scheme. Additionally, the generated terahertz spectrum is

also not related to the OP beam size. However, once the structure is produced, the

interaction length is fixed, making this scheme less flexible.

In the CG scheme, the entire pulse-front-tile forms a smooth and continuous surface,

which perfectly full-fill the PM condition, whereas the situation for the schemes related

to beamlets (NLES, RES and MSPM), is different. Since m can only be integers, the

entire trend (envelope) of the beamlets satisfies the PM condition while each individual

beamlet itself has an offset with respect to the perfect pulse-front-tilt surface.

Due to the zero initial angular dispersion, this scheme could generated spatially homo-

geneous few-cycle terahertz pulse with highest conversion efficiency. However, the OP

pulse has to be broadband. Due to the spatial chirp, the bandwidth scales linearly with

the OP beam size, making this scheme not applicable for large OP beam sizes.

The MSPM scheme delivers the lowest efficiency . For large OP beam size, the efficiency

is comparable to RES scheme. We do not recommend MSPM scheme for small OP beam

size.

For multi-cycle terahertz generation, a scheme using a consecutive arrangement of

PPLN crystals (multi-stage system) is presented. For this purpose, a 2-D numerical

scheme assuming cylindrical symmetry is developed. The simulation includes the ef-

fects of DFG, SPM, self-focusing, beam diffraction, dispersion and terahertz absorption.

For a single stage, the optimal pump beam pulse duration for a 2-line pump spectrum
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configuration is 150 ps with effective length 25 mm and conversion efficiency η = 1.05%.

With this pump pulse configuration, the terahertz spatial profile resembles the pump

when the pump waist σ ≥ 3 mm. Additionally, it is found that the intensity profile

modulation has negligible influence on the terahertz generation efficiency, whereas a

distortion in phase front strongly reduces the conversion efficiency. This suggests that

care must be taken in circumventing phase induced efficiency deterioration for high

energy terahertz generation.

For a multi-stage system, it is found that by recycling the pump pulse with dispersion

compensation, the efficiency can be greatly enhanced. Subsequently, a quartz out-

put coupler for separating the terahertz beam and optical pump with high terahertz

transmission is designed.

Specifically, for a two stage system, the generation of a terahertz pulse of 17.6 mJ energy

with total conversion efficiency ηtotal = 1.6% at 0.3 THz for a 1.1 J input pump energy,

is predicted. The generation efficiencies are η1 = 1.0%, η2 = 0.8%, the out-coupling

efficiencies are ηa = 96.1%, ηb = 93.7% and combination efficiency is ηcombine = 93.0%.

10 Future work

The two numerical packages for few-cycle and multi-cycle terahertz generations can

be updated and modified in future work. Other nonlinear materials can be easily

investigated and implemented by changing material property functions. The damage

and ionization effects are not included at the current stage of work. Terahertz generation

with OP at 2 µm or even 10 µm can be another interesting field to explore due to the

higher quantum efficiency at the longer wavelength. Higher-order nonlinear effects

such as self-phase-modulation and high-harmonic-generation at the terahertz frequency

range could also be investigated.
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11 Beautiful mistake

This is a small exhibition of the beautiful pictures that I created by accident over the

years. Funny enough that this level of beauty only appears when I have numerical errors

in my code. The correct calculations never succeed in impressing me by the form of

the output. This is where the section title "beautiful mistake" comes from. These lovely

pictures are surprises during my research. Though "incorrect" scientifically speaking, I

still couldn’t have the heart to throw them away. If someday, you see similar pictures

somewhere else, don’t be too shocked. It might be just me, failing to make my path to

become a professor and consequently decide to venture to art-related fields (kidding! I

certainly will be a PROFESSOR!). If you have reached this section, that means more or

less you have read through my thesis (I hope?). I do hope that you enjoy the explorations

in physics as much as I do. In the world full of unsolved equations and puzzles, the

satisfactory of knowing a little bit more serves as the torchlight through my journey

with physics. I curiously walk through this journey with all my love and passion.
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