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Abstract

Regardless of many innovations and breakthroughs related to the ter-
ahertz technology, the widespread use of the phrase “terahertz gap” still
describes the challenges both in the sensitivity of typical detectors and
the power available from typical sources. This study revolves around the
source of the terahertz radiation and in particular the laser-based terahertz
generation. The thesis serves the purpose of the AXSIS project where the
terahertz-driven electron acceleration is developed, which can be utilized
in a potential attosecond X-ray source. Two main aspects of laser-based
terahertz generation problem are discussed. One is the single- to few-cycle
terahertz generation. This format of terahertz pulses is commonly achieved
by utilizing the tilted-pulse-front technique. Five different experimental se-
tups are proposed and simulated for generating the pulse front tilt. The
advantages and disadvantages of each scheme are discussed in detail. The
terahertz electric field distribution and the Fresnel loss due to out-coupling
are analyzed. These can give guidance to terahertz-related experiments, and
suggest the most appropriate setup for a given experiment. The simulations
suggest that close to 0.8% conversion efficiency is possible at room tempera-
ture. The other aspect is the generation of multi-cycle terahertz pulses using
periodically poled lithium niobate. In order to achieve high conversion effi-
ciency, phase compensation with optical pump pulse recycling is proposed.
Additionally, the study indicates that a phase-front fluctuation, common for
high energy lasers, can induce damage via the terahertz generation process.
The simulations indicate that beam energies on the level of a few tens of m]J
can be achieved.

Object-oriented numerical packages are developed. For single- to few-
cycle terahertz generation, a full 3D+1 numerical model is implemented
using MATLAB. This model precisely captures the diffraction, walk-off and
nonlinear interactions of the optical pump and the terahertz pulses. For
multi-cycle terahertz generation, a numerical model assuming cylindrical
symmetry is developed using C++. The MPI and OpenMP are used for
parallelization.

The numerical models utilize the split-step Fourier and the finite differ-
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ence methods. The structure of the numerical models supports future im-
plementation of new material properties, higher-order nonlinear processes,

and different numerical methods.

Keywords: terahertz generation, nonlinear optics, tilted-pulse-front, peri-
odically poled lithium niobate, numerical method, coupled nonlinear wave

equations
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Zusammenfassung

Trotz vieler Innovationen und erheblichem Interesse an der Terahertz-Technologie,
beschreibt die “Terahertz-Liicke” noch immer die Schwierigkeiten in der De-
tektion und der begrenzten erreichbaren Leistung von Strahlungsquellen in
diesem Frequenzband. Hier setzt die vorliegende Arbeit an und befasst sich
durch numerische Simulationen insbesondere mit der auf optischen Laser-
pulsen basierten Erzeugung von Terahertz (THz)-Strahlung. Eingegliedert
in das AXSIS Forschungsprojekt soll eine rein auf optischen Lasern basierte
Elektronenbeschleunigung durch THz-Strahlung schliefilich zu ultrakurzen
Rontgenpulsen mit einer Dauer von wenigen Attosekunden fithren. Es wer-
den zwei Schwerpunkte der laserbasierten Erzeugung von THz-Strahlung
diskutiert, einerseits die Erzeugung von Ein-Zyklen-Pulsen und anderer-
seits von Mehr-Zyklen-Pulsen. Ein-Zyklen-THz-Pulse werden durch Puls-
frontverkippung eines optischen Pulses erzeugt. Fiinf verschiedene exper-
imentelle Aufbauten zur Pulsfrontverkippung werden gezeigt und anhand
von numerischen Simulationen diskutiert. Insbesondere die elektrische
Feldverteilung und die Fresnelverluste an den Kristalloberflichen werden
betrachtet, ym schlieSlich die Effizienz im Experiment zu maximieren. Die
Simulationen in der vorliegenden Arbeit fithren zu einer maximal erreich-
baren Effizienz von 0,8% fiir Kristalle in Raumtemperaturumgebung. Fiir
die bereits erwdhnten Mehr-Zyklen-THz-Pulse werden zur Erzeugung pe-
riodisch gepolte Lithiumniobat-Kristalle genutzt. Eine Steigerung der Ef-
tizienz wird moglich durch die Phasenkompensation zwischen optischem
und THz-Puls und der wiederholten THz-Strahlungserzeugung durch ein
und denselben Laserpuls. Eine aus den Simulationen gewonnene Erkennt-
nis sind Kristalldefekte, hervorgerufen durch die THz-Strahlungserzeugung
selbst, wenn sie Phasenfrontfluktuationen des Erregerpulses, die typischer-
weise bei Hochenergielasern auftreten, ausgesetzt ist. Die final berechneten
THz-Pulsenergien erreichen einige Dutzend Millijoule.

Fiir die vorliegende Studie wurden Objekt orientierte, numerische Soft-
warepakete entwickelt. Die Berechnungen zu Ein-Zyklen-THz-Pulsen er-
forderte die Entwicklung eines vollstindigen numerischen 3D+1 Modells in
MATLAB, das die Effekte der Beugung, walk-off und nichtlinearen Kopplun-
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gen der optischen Erregerpulse und THz-Pulse erfasst. Fiir die Simulationen
zu Mehr-Zyklen-THz-Pulsen wurde ein Programmcode in C++ unter An-
nahme der Zylindersymmetrie entwickelt, welcher MPI und OpenMP fiir
die Parallelisierung nutzt.

Ubergreifend nutzen die numerischen Modelle die Split-Step Fourier-
und die Finite-Differenzen-Methode. Die generische Struktur der Program-
mierung erlaubt das Ergdnzen von neuen Materialparametern, nichtlin-
earen Prozessen hoherer Ordnung und weiteren numerischen Methoden

fiir zukiinftige Anwendungen.

Schliisselworter: THz-Strahlungserzeugung, nichtlineare Optik, Pulsfrontverkip-
pung, periodisch gepoltes Lithiumniobat, numerische Methode, gekoppelte

nichtlineare Wellengleichung
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Part1

Introduction

The last decades have seen a surge in research studies on generation and applications
of terahertz radiation, which typically refers to electromagnetic waves in the spectral
range from 0.1 to 10 THz. The lower frequency side reaches the microwave and the

higher frequency side extends to the far-infrared.

Terahertz radiation is emitted as part of the black-body radiation and 300 K correspond-
ing with energies to 0.3 THz on the order of a few yW'. While this thermal emission
is very weak, the observation of these frequencies is important for characterizing the
10-20 K cold dust in the interstellar medium~. Furthermore, due to the long wave-
length compared to near-infrared light, terahertz radiation results in higher penetration
depth and could penetrate many opaque materials e.g. paper, plastics, and textiles".
Besides, many toxic and explosive material e.g. cocaine, ecstasy, TNT and RDX feature
absorption lines between 0.5 and 5 THz". The non-invasive detection compared to
X-ray makes the terahertz field an ideal candidate for industrial and military settings.
Additionally, terahertz wireless communication is another thriving field of terahertz
technology. Compared to infrared wireless communications, terahertz radiation has
higher bandwidth, less diffraction, and high data rates".

There are two main categories of the terahertz pulses: single-cycle and multi-cycle.
Single- to few-cycle (broadband) high energy terahertz pulses have many promising ap-
plications such as spectroscopy ', strong field terahertz physics"’, particle acceleration

, electron spin manipulation” and phonon resonance studies’. Multi-cycle terahertz
can be utilized for spectroscopy "' /'~, semiconductor exciton excitation ~, and linear

electron acceleration”'*

There are many possible ways to generate terahertz radiation. Free electron lasers and
synchrotron radiation have a high degree of tunability and are capable of delivering high
peak-power coherent terahertz pulses °. Gyrotrons, based on the principle of electron
cyclotron radiation, are able to generate watt-to-megawatt-level terahertz continuous

wave radiation'’ at low terahertz frequencies (0.3-1.3 THz) ~'". Quantum cascade

14
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lasers are attractive due to their compactness and production simplicity in its use in the
spectral range > 1 THz despite their limited tunability *~"~. Molecular gas lasers can
provide high terahertz energies but are less tunable in terms of the generated terahertz

frequency

Alternatively, laser based terahertz generation can leverage on developments in solid-
state laser technology to enable compact coherent terahertz sources with high conversion
efficiency at low terahertz frequency (<1 THz)~ 77", It brings the advantages of high
accessibility and intrinsic synchronization. The terahertz range stimulated emission is
tirst demonstrated in the 1960s using hydrogen cyanide (HCN) and related molecules
in pulsed electrical discharges~’“°. Laser based terahertz generation typically falls
into three categories. One, using electrically-charged photoconductive antennas~"",
where excitation of semiconductors by an ultrashort pulse and subsequent radiation
of a sub-picosecond pulse " form transient photocurrents. The emitted terahertz pulse
properties are determined by the carrier lifetime of the material, the applied voltage
and the breakdown threshold . The second category is based on laser-induced plasma
radiation in air or noble gases. Here, the incident optical pulse induces a ponderomotive
force which causes a charge separation between ions and electrons, leading to the
emission of a terahertz pulse ", with peak electric fields that can reach as high as a few
MV/cm ™. However, the terahertz frequency, spatial distribution and polarizability are
strongly related to the plasma density, plasma length, and plasma defocusing effect ",
which can be difficult to control. Difference frequency generation or optical rectification

is the third category.

At early stage, the homodyne detection with a photodiode, is used to measure tera-
hertz signals ™. The modern laser based terahertz detection generally utilize terahertz
time-delay spectroscopy (THz-TDS), which measures both the amplitude and phase
information of the frequency components the terahertz pulse contains . However, the
THz-TDS employs single-pixel detectors and thus requires scanning in order to obtain
a 2D image. Therefore, it consumes long image acquisition time™’. THz-TDS is an ideal
method to measure mobile charge carriers which reflect and absorb terahertz radia-
tion. Electro-optic Sampling (EOS) is another alternative. In EOS, the terahertz pulse
together with an optical pump is sent together through a nonlinear medium. Via the

second-order nonlinear process, the polarization change of the optical pump changes

15
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according to the amplitude of the terahertz field. By scanning the relative delay of the

terahertz and the optical fields, the entire terahertz electric field can be measured.

Regardless of many innovations and breakthroughs related to the terahertz technology,
the widespread use of the phrase “terahertz gap” still describes the challenges both in
the sensitivity of typical detectors and the power available from typical sources. This
study revolves around the source of the terahertz radiation and in particular the laser-
based terahertz generation. The thesis serves the purpose of the AXSIS project™ where
the terahertz-driven attosecond X-ray source is developed. The analysis in the thesis
can bring insights into few- and multi-cycle terahertz generation problems and give

guidance to related experiments.

1 Nonlinear polarization

In this section, I focus on the origin of the material nonlinear response. It serves as back-
ground to prepare the readers before they venture to nonlinear optics. The terahertz
generation process utilizes the second order nonlinearity of the material via the differ-
ence frequency generation (DFG) process, where two pump beams generate another
beam with the difference of the optical frequencies of the pump beams. Specifically in
this thesis, up to the third order nonlinearity is considered. In order to understand the
origin of the nonlinear polarizations and grasp the essence of terahertz generation. I

start from the Maxwell equations for a homogeneous non-magnetic material,

v X E(r,t) = _8B(§:, £)
v x H b = 1) + 22 (;: £)

v -D(r,t) = p(r, t)
v-B(r,t) =0
where the current density J(r, t) = 0, the free charge density p(r,t) = 0, uoH(r, t) = B(r, t)

and D = &yE(r, t) + P(r, t). The polarization P(r, t) can be written as a sum of polarization

currents stemming from different nonlinear orders in the form of P(r,t) = Yoo, P"(r, t),

16
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where P(r, t) is formulated according to
PO 1) = f dt' YV EE@r, t —t')
PO t) = f f ar'dar’ YO, ¢"E(r, t — ')E(r, t — )

PO, 1) = f f f dr'dt’dt” YOt ¢, ¢")E(r,t — t)E(r,t — t")E(r,t = ")
)

From the convolution theorem, one can also write the polarization term as a product of
Xt —t,t—t"..) and E(t),E() ... which is equivalent to Eq. (1). The polarizations
are defined in the convolution forms of the electric fields and the susceptibilities are
defined in the time domain. The polarizations should only depend on the difference
of times e.g t — ' and not on their individual values. More detailed explanations are
given by P. Butcher™'. For simplicity, I neglect the spatial dependence of the material
response (r dependence). By applying the Fourier transform, one can rewrite Eq. (1) in
the form of Eq. (2), where wg = quﬂ wy, and the susceptibility XNwo; w1, @y, ..., wy) =
FIXME, ...

P () = f dows . .. f dw, X' (wo; w1, 2, ..., wn)E(@1)E(wy) ... E(wy) expliavgt]  (2)
From Eq. (2), it can be seen that

P (wo) = X" (wo;, w1, s, ..., wn)E(@1)E(@y) ... E(wy).

"o

The first variable of x (wp in this case) is separated by ";". It represents the final
resulting frequency after the contraction with all the electric fields. For any order of the

susceptibilities, there are three conditions (see Eq. (3a-3c)) that need to be full filled.

Xwo; @, ..., wn) = Xwo; @1, - . ., wn) + x?n)(wg; W1, .., W) (3a)
X wo; —w1, ..., wn) = XN wo; w1, ..., W) (3b)
Kramers-Kronig formulae (K-K) (3¢)
Equation (3a) shows that the susceptibility is always a combination of both the ions ( )(gn))

and the electrons ()(E,”)) susceptibilities™* . Equation (3b) guarantees that X0, )

is a real function. The Kramers-Kronig (K-K) formulas guarantee the causality. Att <0,

17
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A"(#) = 0 and this suggests causality. Since the polarization is a material response
induced by the external electric field, the response should only be present after the
external field has arrived (i.e. t > 0). Figure 1 shows one example of (! in frequency

and corresponding time domain.

T
Re[x"]

(4]

Xf‘) (w) (arb.u.)

(6]
T

1 1 1 1 1 (a)

20 -10 0 10 20
Frequency (THz) Time (ps)

Figure 1: First order susceptibility y) in frequency and time domains are plotted in (a)

and (b) respectively.

Specifically, the K-K formulae (3c) are,

0 da)l’.ﬂ[)((”)(a)o; W1, @, @p)]

%[x(”)(wo; a)l,...a)i---;a)n)] = f

00 n(a): - a)i)

_2 f"" da);a)lfﬁ[)((”)(a)o; W1, @, @p)] @
- 2.2
T Jo (a)l‘ a)l‘)
® do' R[x" (wo; w1,... @, ..., wn)]
S[X(n)(a)ol a)l,...a)i...,a)n)] :—f L ( 0 S ! L 71)
o (W] — w;)
2w; Ao/ RXNwo; w1,...0) ..., wy)]
-2 2 ©

Tt 0 (a):z — Cl)i)

where R and 3 indicate the real and imaginary part, respectively. In the following
context, we show that the commonly used harmonic oscillator model satisfies the K-K
relation. Without loss of generality, the first order susceptibility yV(w; w) = 1/ (a)% -
w? +iTw) is chosen as an example. In order to prove that the harmonic oscillator satisfies
Egs. (4) and (5), a contour integral within the complex plane needs to be used (see Fig.
2).

18



Lu Wang Ph.D thesis

R; * *R,

Figure 2: The summation of paths L;, /> and L3 is a contour integral in the complex

plane, with T < 0, Ry, R, representing two poles of (’) in the complex plane.

Since the entire function is analytic in the upper half plane, one can write the contour

integral as the following,

My, 00 @,y ’,('l) Y 1 My,
l 95(10)'& = lf da)’X - (@) - I'Res“,/:“,[’\ ( )] + —f da)’X (@) =0. (6)
_ Ls 1

i o —w T J_wo ' —w w —w 1y

where Res represents the residue. Along the path L3, |o’| = co. As a result, the L3 related

integral vanishes. Consequently, Eq. (6) reduce to

1 00 Dy,
- f e (_ww) = ixM(w)

) )
00 T iSSTvD(w’

[ B BUZO] vy - sl @)

TJ o W - w

By relating the real and imaginary parts on both sides of the Eq. (7), one can get Egs.
(4) and (5). Of course one can also perform a brute force calculation. Here, I show one
example of J [xM(w)]. The R[xV(w)] follows the same manner. By choosing the upper

half complex plane as in Fig. 2, one can get
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1 3D 1, , 1
— do' ————= = — dw’—
T Joo @ —w T J_oo W —w

-Tw’ ]
12— ,2)\2 2412
(0 = wg)* + T’

o1 —iT , I? il , I?
= —2i —ERes[w]+Res T+ a)o—z + Res - a)o—z
_ 1[ Tw }_l 1
- 2 2 — 0?2 + 202 4i ]
(g e G- F(-F-0+ 3 F)
1 1
4i
G- E(Fror Joi-5)
0)2—(1)2
= v = RV (w)] (8)

(@2 = wd)? + w2

which agrees with Eq. (5). Using the concept of perturbation theory, one can also

expand the polarization in the following form

[e¢]

P(wo) = €0 ), X(@o; @1, JE@n)... E(@,) = Ne ), 4(wo) ©)
n=1

n=1
where ¢ denotes vacuum permittivity, N represents the density of charged dipoles and
e is the elementary charge. The term g = qﬁ”) + qé") represents the induced dipole
displacement where qgn) and ql(.") are the induced displacements of the electron and ion,

respectively.

a b e; . .
Gi + wrqi + Tii + —(qi — ge)* + — @i — qe)° = —(E1 expliwnt] + Ex exp[iQt])  (10)
n; n; m;

1

a b e . .
o + wie + Telfe — i - ge)* — oG = qe)° = ;2(151 expliwit] + Ep exp[iQit])  (11)

The dot " above the variable represents the derivative with respect to time (¢). In
order to get the frequency dependent susceptibility, the coupled oscillator model (see

Egs. (11) and (10)) is used, where w; represents an optical frequency, ); represents
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a terahertz (phonon) frequency, a and b are the second and third order electron-ion
coupling coefficients, respectively and e; and e, represent the positive and negative
elementary charges, respectively ***° . The terms (g; — g.)* and (g; — g.)° represent the
coupling between the ion and the electron, where g; — g, is exactly the dipole distance.
The coupling terms start from the second order and the first order is neglected. This
is due to the fact that the external driving field E1e/'* + Exet is generally far larger
than the linear response of the dipole itself. The origin of these terms comes from the

expansion of the potential

V(qi — qe) = c1(qi — ge) + c2(qi — ge)* + c3(qi — 9¢)° + calqi — ge)* - .

, where ¢; = 0 because at the bottom of the potential well, the first order derivative is

zero. The force can be written as

9i —
Fi = |ql a (QZ %)/a(% - qe)

—>

Je — 4qi
AV(qi — qe)/3(q; —
9 =i i = q¢)/9(q: — ge)

The directions of F; and F, are opposite to each other, which explains the sign difference

Fe:_

in front of the (q; — g) related terms in Eqgs. (11) and (10). The material is neutral of
charge. As a result, the induced electron charge density is equal to the induced ion
charge density. The resonance frequency of the ion and the electron are represented
by w; and w,, respectively. In the following context, I will prove that the lower order
coupling can contribute to higher orders, i.e. (g; — g.)* is responsible for the second
order susceptibility (x?) and it can also cause higher order susceptibilities ( 9, W, ).
However, the high order terms can not contribute to the low orders. In other words,
(g — ge)" contributes to x™ where m > n. On a macroscopic scale, g; — g, is exactly the
dipole distance. By using perturbation theory to expand the solution where A ranges

from 0 to 1, one can get

i = /\q(l) +A2q(2) + /\3q53)
g0 = Aq + 124 4 A3

By putting the electric field to the first order, separating the terms with the same order

of A and setting A to 1, one can get the following equation set, where Eq. (10) is solved
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as an example.

A GO 42D 4 TGO = %(Eleiwlt + Epe@) (12)
Ao P+ 02q? + TG + mii«qﬁ%z + @) - 29y = 0 (13)
A 9+ 0l + g + %(qﬁl)qﬁz) — g2 = 4"g? + 404

v [ + 300 - 3 - 6] =0 (1)

1.1 Frequency dependent y®

By Fourier transforming Eq. (12), one can get

1) eiEq e;En
qg;’ = - + -
! mi(a)l.z - (x)% + iljw1) T’I”li(a)i2 - Q% +1I10))

(15)

Since w; is far bigger than w;, the first term on the right hand side of Eq. (15) can be
neglected. Consequently, by combining Egs. (9), (11), (10) and (15), the solutions of the

linear terms of the ion and electron are

2
D) ~ ik = V@)= i 16
g ( 1) mi(a)l.z - Q% + ZT'Z'Ql) Ai ( 1) mieo(a)z.z - Q% + ZTz'Ql) ( )
€e (1) Nef

4D (an) ~ Wan) = (17)

me(a)g - a)% + ilew1) meeo(a)g - a)% + ilew1)

Asaresultg)(t) = Z[gD(w)] = L, §V(wn)e' !, where §V(w,) = eE/[m(w;— w3 +iTow,)]
follows the solution of the oscillator format as in Eq. (15) and (17)". Generally, the linear
effects i.e. dispersion (frequency dependent refractive index n) and material absorption

(a) are related to the real and the imaginary part the first order susceptibility xV(w)

n(w) + ia(w) = J1 + xM(w) (18)

One can also try to understand Eq. (18) in the following way. Starting from the 1-

respectively by Eq. (18)

dimension wave equation with the first order polarization and Fourier transforming
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both sides of the equation, one can get the following results

02z 202t
2

[ PE(, t)l [82E(z, )+ [drE(zt - )xO(t)
F =

2 _
R 0°E(z, w) _-w

7z S 1+ XV @)EE, @) (19)

The solution of Eq. (19) is E(z, w) = Egexp[+iy/1 + xMw/c]. By plugging in Eq. (18), one
can get E(z, w) = Egexp{zi[n(w) + ia(w)]w/c}. The term +in(w)w/c = +ik(w) represents
two plane wave solutions of Eq. (19), which propagate along z and —z directions. The ab-

sorption of the electric field after propagation distance z is represented by exp[—wl|alz/c].

In order to further understand the first order susceptibility xV, I try to fit the experi-
mentally measured data with the oscillator model. The refractive index and absorption
at the terahertz frequency range of the congruent Lithium Niobate (LN) along the ex-
traordinary axis is chosen as an example. The dielectric function is expressed in form of
a summation of oscillators as shown in Eq. (20)"""". The resonance frequency (w;) and
the corresponding damping (I';) (see Table. 1) are obtained from Raman spectroscopy

A (TO)*5%, ,

L (20)
SIS L
P} a)? - w? +iwl;

Table 1: Raman resonance of lithium niobate at terahertz frequencies

Resonance frequency w; (THz) | 3.9 | 7.44 | 822 | 9.21 | 18.84 | 20.76
Weighting s; 4 16 |1 0.16 | 255 | 0.13
Damping I'; (THz) 225|063 | 042 | 075 | 1.02 | 1.47

In the measurement of Barker. Jr et al., the first resonant frequency of the Raman
scattering is w1 = 7.44 THz"", whereas M. Schall found that w; = 3.9 THz™". Within
the frequency range of 0.25 THz to 2.5 THz the extraordinary congruent LN doesn’t
contain a resonance peak’ . For the stimulated Raman scattering (5RS), the commonly
reported first resonance is w = 7.44 THz. This is because compared with the resonance

at 7.44 THz, the one at 3.9 THz has much smaller weighting, and thus cannot be easily
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detected in the SRS process. In the specific case of this thesis, w; = 3.9 THz is necessary

for the fitting of refractive index and absorption from 0 to 2.5 THz.

Figure 3(a) shows the fitting of x{!) based on the data presented in Table 1 and Eq.
(20). Figure 3(b,c) are the comparisons between the fitted curves and experimental data
obtained by Wu. X in our lab . The experimental data is only valid from 0.4 THz to 2
THz.

The damping term I is related to the absorption of the material. Smaller I leads to
narrower waist of the resonance peak which can be seen from the red curve in Fig.
3(a). When the charged particles interact with the incident electric field, the emitted
electromagnetic fields caused by the motion of the particles do not add up in phase
with respect to the driving field, leading to destructive interference. This destructive
interference causes energy loss from the electric field. The lost energy transfers into the
thermal energy of the crystal and is used to overcome the potential when the charged

particles move.
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Figure 3: (a) With ¢ = 2.3, the real and imaginary part of ) are plotted against
frequency. (b) and (c) are the refractive index and absorption coefficient (solid curves)

derived from (a). The experimental data is represented by the dashed curves.

1.2 Frequency dependent y®

The second order perturbation corresponds to the second order susceptibility which
can be derived from Eq. (13). I am interested in terahertz generation, e.g. X P(wr —
wy; w1, —wz) where w1, w; are at optical frequencies and w; — w;, is at terahertz frequency.
As a result, qgl)(a)l) > qgl)(a)l). Consequently, for the second order perturbation (e.g.

Eq. (13)) only the qgl)(a)l)qgl)(wz)* term is considered. By calculating the second order
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response of both the ion and the electron, one can get

EIEZ)(wl - w2; W1, —W2) =

—ae? Eq Ep ) 1
m.m2[w2_(a) _ 2 iT: _ 2 _ .2 T 2 .2 T ( )
img[ws 1 —w2)? + ili(w) — w2)] | w5 wi +ilew; || w; — w5 + iTewn

2
%(z w1 — wy; w1, —wy) =

ae? Eq E, )
31,42 24 2 _ 2 s 2_ 2. (22)
mg[wg — (w1 — w2)* + (w1 — w2)] | w; — w7 + e || W; — w5 + ilewr

By combining Egs. (9), (3a) (22) and (21), one can obtain Eq. (23).

2 2
X1 = w2 @1, ~w2) = X1 = w25 w1, —w2) + X1 - w25 w1, —w2)

)

—ae 2 62
1 0 1
= P @xt (- wz)[m Dl — wn) + 3 =X (@1 = @)

°N
= 6mlllerXe (a)l)X ( a)Z)X(l)(wl _a)Z) (23)

The Miller index Smilier is defined by x®(w1 — wo; w1, —w2)/xD (w1 — w)xP(@1)x M (w2)
which in our case equals to ae% /(€3N?). Since the commonly used XN w1 = wo; w1, —w»)
of the LN crystal is 305pm/V, the corresponding Miller coefficient is around 107 Bm/V,

which is at a reasonable scale.

From the previous discussion, one can see that for the second order polarization of a
specific frequency can be written as P(w1 — wr) = xP(w1 — w2; w1, —w2)E(w1)E(=w»).
In order to get the full spectrum of P®), all possible frequency combinations need to be
considered. This is achieved by considering a convolution in the spectral domain as

shown in Eq. (24), where Q) = w1 — w> i.e. the terahertz frequency range.

PP = f ) 1P 0, —w + Q)E(w)E(w — Q)*dw (24)

= St V(Q) f AP (- + QE@)E(@ - Q) daw

If w and —w + Q are far from the electron resonance, )( (a)) and x, )( —w + Q) are all

constants and can be taken out from the integration in Eq. (24). As a result, Eq. (24) can
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be written in the form,
PPQ) = xQ; w,-w+ Q) f dty f dto f dwE(t))e MY E(ty)* explita(w — Q)]

= a),—a)+Q)f dtlf dtr6(t1 — t2)E(t1)E(t2)" expl—it2Q)]

X2 0, -0 + Q) f B |E(t)]? exp[—itQ]dt. (25)

1.3 Frequency dependent xy©®

The commonly calculated third order effects in the optical region are stimulated Raman
(SR) effect and self phase modulation (SPM). In first order, ql(.l) < qgl) since the driving
fields are at optical frequencies. Consequently, qgl) related terms can be neglected. Since
the Raman effect is related to the resonance of the phonon, the term qu)(Q), where
Q) = w1 — wy, can be considerably large and thus should be included. One can see in
the later results that the qu)(Q) term brings in the phonon influence into the third order
susceptibility and is directly related to the Raman response function h(t). Additionally,

since I am interested the y®(w) at the optical region, the )(l(.?’)(a)) can be neglected.

. . .. 2a
0.9 + 022 () + TGO (t) = el‘”t; 4P (~01)g? (@ + w1; @, an)
e

M

+4(~02)4P (@ + w2; @, @2) — (@ — QP w1, ~w2)

b 2
—etL 0| ) 26)
ne

Using Eq. (17) in chapter 1.1 and Eq. (87) in chapter 1.2, Eq. (26) becomes

§:9(0) + 0307 (1) + Teg V) = [em&”(—wl)xé”(w o @ (@)

e (o @ + o @ (@2) = e (@ = O @ (—ox (@)

—C4X§1)(—w))(§1)(w)xle)(w)] expliot] (27)
where ¢1, ¢z, c3, ¢4 are constants. By solving Eq. (27) and absorbing other constants

into c1, ¢, 3, c4, ONE can get
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3 1 1 1 1 1
D= caxP P Eo)xP@ + o)xP )P )

1 1 1
+eax P () x P (@ + ) x V(@) P(wo)

—esx (@)@ - P ()M (Q)
e x PP o @M (w) (28)

From Eq. (28), one can see that the third order susceptibility consists of two possibilities.
In one of the possibilities, c; ,cz ,c3 related terms represent the effective third order
nonlinearity induced by the second order nonlinearity. In other words, if a second
order nonlinear effect happens twice, it is equivalent to a third order effect. In the
other possibility (c4 related term), the third order effect is directly driven by the third
order nonlinearity. If there are no resonances at the optical frequencies, all the optical
frequency related )(21) are constants and do not vary much with respect to frequency.
As a result, one can group c1 ,cz ,c4 related terms together as a constant a1, which
represents the instantaneous electronic response. Furthermore, the )(El)(Q) related term
represents the phonon response i.e the stimulated Raman effect. As a result, one can
write Eq. (28) in the form of Eq. (29), where Q = w; — w; represents the frequency

difference at the optical region

@) = a1+ axP(Q) = ach(wr — w2) (29)

The third order of polarization can be written as Eq. (30)

PO@) = a f ) f " wr — w2)E(@ — @1 + o) E(@n)E(—w)dondaw

= Q¢ f ... f h(w1 — w2)E(t) exp[—i(a) — w1 + w)t]E(t1)
x exp[—iw1t1]E(t2)" expliwatz Jdwrdwodt dtdt (30)
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By performing a variable transformation and setting w; — wp = Q, one can get

Pw) =a foo . foo exp[—iwt]h(Q)E(t)E(t1)E(t2) exp[—i(t; — 1)Q]
x expli(ty — t1)w2]dtdt,dtdQdw;

. f v f " expl—iwt(QE®E(R)E () expl—i(h — DO — b)dtdtdtdO
= a. foo “ee foo exp[—iwt]h(Q)E(t)IE(t1)|2 exp[—i(t; — t)Q]dt;dtdQ)

=a, f ) f ) exp[—iwt]h(t — t1)E(t)|E(t;)*dt, dt
(31)

Equation (31) is in the form of the stimulated Raman scattering that we are familiar

with. One can also write the corresponding polarization in the time domain as

PO(t) = ceon(wo)*naE(x, y, 2, £) f h(t — t)IE(x, y, 2, h)Pdh (32)

where the 1, is the intensity dependent refractive index and

h(t; — £) = f B h(Q) exp[—iQ(H — H]AQ.

(]

It is also worth to notice that if the h(QQ) = h(0), which means w1 = wy, the h(t; — t)
reduces to a delta function which is exactly the case for self phase modulation. The
delay in function h(t; — t) comes from the real part of the i(w) and the imaginary part of

h(w) takes into account the Raman gain.

2 Coupled wave equations

Using Maxwell equations, one can get
VX (VXE®,y,2,) = —d*D(x, y,2,t) /0 = —1282 [E+PD + PO+ PO)...| /08 (33)
c

Assuming the material is homogeneous, Eq. (1) canbe writtenas V-D(r, t) = eV-E(r, t) =
0. With the condition V - E(r, t) = 0, Eq. (33) becomes

V2E(x,y,z,t) = Clzaz [E(t) + PO + PO@) + P(3)(t)...] ot
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By Fourier transforming both sides and plugging in the ansatz of input electric field
FE(x,y,z,t)] = E(x,y,z,w) = Eo(x, Y, z, w) exp{—ilkso(w)x + kyo(w)y + kz0(w)z]}, one can
get

PEo(x,y,z,0)  PEo(x,y,z,0) *Eo(x, Y,z ) IEo(x, Y, 2z, w)
+ + —_—
Ix? dy? 022

ax
JdEo(x, Y, z, w)

aE 7 7 =7
k() =5 = - 2ikzo(a))% — (@) + K 2 (@)Eo
== {W + f—fﬁlp(”(t) + P<3>(t>...]} explilkzo(w)z + kyo(@)y + kxo(w)x]}

From Eq. (18), we know that when the absorption is negligible, 1 + 1D(w) = n(w)? and

— 2ikxo (a))

thus k}zco(a)) + kio(a)) + kgo(a)) = C%22[1 + xD(w)] as shown in the canceled out terms above.

As a result, one can get the wave equation as the following

PEo(x,y,z,0)  PEo(x,y,z,0) *Eo(x,y,z,0) . IEo(x, y, 2z, )
Ix? " dy? " 022 ~ 2iks0(@) ox
. JEo(x,y,z, ) . JdEo(x, Y, 2z, w)
—2lky0(a))a—y - 21kzo(w)T
2
= —f—zﬁ[P@)(t) + PO(t)...] explilkzo(@)z + kyo(@)y + kxo(@)x]} (34)

By performing Fourier transform from the x, y domaintok,, k, domain onboth sides of
the equation and setting (w?/c?).Z [PP(t) + PO)(¢)...] expli[kzo(w)z + kyo(w)y + kxo(w)x]} =
PNL(x, Y,z,w), one can obtain,
[‘9—2 - Zikzo(w)i]Eg(kx kpzw) = [+ + 2kekyo(w) + 2kykyo(@) | Eolks, ky, 2, @)
072 0z Ty o A vy Xy

—PNE(ky, ky, 2z, ). (35)

Equation (35) is of the standard second order nonhomogeneous differential equation.
One can put the term [k2 + k2 + 2kykyo () + 2kykyo(w)| Eo(ke, ky, 2, @) to the left hand side,
so that the homogeneous form of Eq. (35) follows the type a,E” +a1E’+agE = 0. However,
for the convenience of the following discussion, this term is shifted to the right hand
side and serves together with PN as the source g(z) of the nonhomogeneous equation
(see Eq. 36).

g(2) = [k2 + 16 + 2krko(w) + Zkykyo(w)] Eo(ky, ky, z, ) = PNe(ky, Ky, z,0)  (36)

With the source g(z), the two independent solutions of the homogeneous equation are

y1 = C1, y2(z) = Coexp|2ikyo(w)z]. Since the ansatz is
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E(X, Y,z Cl)) = EO(x/ Y,z a)) exp{_i[kx()(w)x + k}/O(a))y + kZO(a))Z]}

where Ey(x, y, z, w) is the envelope, solution y; represents the electric field which propa-
gates along the z direction and solution y; represents the electric field which propagates

along the —z direction. One can construct a particular solution as

Y2(2)8(2) yl(Z)g(z)
w@) =Nk )fW L)) e )fW(yl 2@ (57)
W)@ ="
Y2 Y,

As a result, the final electric field is

Eo(x,y,z, w) =11+ y2(2) + yp(2)
E(x,y,z, w) = Eo(x, y, 2z, w) exp{~i[keo(w)x + kyo(w)y + kzo(w)z]}

| , expl-ikzo(w)z]
B {Cl exp[—ik;o(w)z] + Cs explikzo(w)z] — © 2iko(w)z f 2

explikzo(w)z]

2iko@z ) §@ eXP[—2ikzo<w>ldz} expl—ilkwo(@)x + kyo(@)yl)

~ [Cl — m f g(z)dz] exp{—ilkwo(w)x + kyo(@)y + kzo(w)z]} (38)

Due to the phase term exp[ik,o(w)], the terms in red represent the electric fields which
propagate towards the —z direction. Within our range of study, both the terahertz
generation in the periodically poled lithium niobate and the tilted-pulse-front setup do
not involve back propagation waves, since there is no reflection in the system and the
nonlinear interactions are always aimed at the forward propagation direction. Thus,

the back propagation terms can be neglected.

Note that Eq. (38) leads to a very important result. Itis the exact solution from the second
order differential equation by only neglecting the backward propagation. However, it is
exactly the same as the solution of Eq. (35) when the second order derivative is directly
dropped (see Eq. (39)). This suggests that, as long as there is no backward propagating
electric field, Eq. (39) is exact and is also valid to describe the few- to single-cycle pulses.
JEo(kx, ky, z, @)

_2ik20 (C()) 0z

= [ + 12 + 2keekso(@) + 2kykyo(@) | Eolks, ky, 2, )~PN (ke by, 2, @)
(39)
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In the following chapters, Eq. (39) is used for both single-cycle and multi-cycle terahertz

generation.

3 Gaussian beam

In the development of the analytical results of the following models, the Gaussian func-
tion is chosen to be the pump pulse spatial and temporal shapes due to its friendly
mathematical properties. It is possible to decompose a coherent paraxial beam us-
ing the orthogonal set of the Hermite-Gaussian modes in Cartesian coordinates or
the Laguerre-Gaussian modes in cylindrical coordinates. Hermite-Gaussian modes and
Laguerre-Gaussian modes are the solutions of the wave equations with different bound-
ary conditions. I choose the transverse mode (TEMyy), where the electromagnetic field
pattern of the radiation is in the plane perpendicular (i.e., transverse) to the radiation’s

propagation direction, since it resembles the optical laser field in free space.

The following context is based on the analytical expressions of the focusing and prop-
agation of the Gaussian beam. This serves as the basis for Part. II since the analytical
expressions of the optical pump electric field after various optical systems are used as
the input in the numerical calculations. In other words, the numerical calculations only

start when the optical pump interacts with the LN. By defining
ZR = 716%/)\0, q(O) = iZR ko = 27‘(/\0
one can write the electric field in the following form

E(x) = exp(—xz/aé) = exp(—ikox2/2q(0)). (40)

3.1 Free space propagation

With the approximation of free propagation and paraxial approximation, Eq. (??) re-

duces to dE(ky)/dz = ik§ /2ko. Consequently, one can obtain the solution

E(ky,z) = Eg exp(ik3z/2ko). (41)
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where z is the propagation distance, and exp(ik2z/2ko) can be considered as a propagator.
This indicates that the effect of free propagation is the multiplication of a quadratic phase
in the reciprocal domain. This is similar to the temporal broadening in the time domain
caused by the second order dispersion (GDD). The k, and x is a Fourier pair similar to
t and w. In particular, here the "temporal broadening" is replaced by a broadening in
space (x) which is exactly the effect of diffraction. In other words, quadratic phase of
the electric field in one domain leads to the broadening of the field in the corresponding

Fourier domain. By Fourier transforming Eq. (40), one can get

1 ik : N CIC—
E(ky) = N f exp(—ikox~/2q(0)) exp(ikyx) dx = ik exp(ik;q(0)/2ko).

By combining the equation above together with the propagator in Eq. (41), one can

obtain the following,

E(x,2) = ‘/ﬂ‘z(g; f exp (iK2q(0)/2ko + K22/ 2Ky — ikx) dk,
0

_ q(0) ko

“\90) +z 7P| 240) + 2

where the ' = g(0) + z can be considered as the new complex beam parameter. In order

(42)

to separate the real and imaginary parts, one can also rewrite q' = g, + ig;. Thus, the

exponential term in Eq. (42) becomes

ixzko _
B TP R B

ix2kog, xZkoq;
o2 Oqz &XP|=5 2 0%2 (43)
2(qy +q7) 2(q; +9;)

Equation (43) is the general form which I will discuss more in the following chapters.

Here, in this simple free propagation case, with g, = z, g; = zg, one can rewrite Eq. (42)

as
B 00 iarctan (z/zR) —x? —ikox?
E(x,z) = WZ) exp [— > ] exp [0(2)2] exp [T(Z‘)] (44)
where
247 + 47) ?
" o2 [1 + (i) = o(2)? (45)
(a7 +q7) Zr\?
= z[l ; (7) ] - R(z) (46)
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In Eq. (44), the coefficient /oo/0(z) exp [iarctan (z/zg)/2] is due to the diffraction only in
one dimension. When considering the y dimension with identical diffraction behavior,
one can obtain

E(x,y,z) = 20 exp [iarctan (z/zgr)] exp [

—(x* + y?) —iko(x* + y?)
a(@) lp[ l

0(z)? 2R(z)

3.2 Propagation in medium

Here I derive the Gaussian beam expression after propagation distance z in a medium
with refractive index n. Similar to Eq. (42), the effect of the medium on the propagation
of the Gaussian beam is the reduced diffraction, since the medium decreases the wave-
length of the electric field. Here the Fresnel loss of entering a medium is neglected. By

modifying the propagator exp(ik3z/2ko) into exp(ik3z/2kon), it can be seen that

E(x,z) = /ﬂ‘z(g; f exp (ikﬁq(O) [2ko + ik2z/2kon — ikxx) dky
0
_ 4(0) ixZko
- \/ 900 +z/n P [_Z(q(O) n z/n)] (47)

Accordingly, 4" = q(0) + z/n.

3.3 Focusing

The idea of focusing is to create a spatially varied phase front. Once a curved phase
front is generated, together with the free propagation, a focusing effect occurs. Since
the focusing must be related to the wavelength of the electric field and the focal length
of the lens, the most direct guess would be a phase front of the format exp(ikox?/2f)
where f is the focal length. As a result, one can write the electric field after the focusing

lens as

E(x) = exp(—ikox?/24(0)) exp(ikox*/2f)
—q(0) exp ik39(0)
i[ko—kog(©)/f] | 2ko (1 - q(0)/f)

E(ky) = Z[E(x)] = \/
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After propagating for distance z, one can write
E(,2)= .7 [E(ks) expl(ikiz/2ko)|

10 +2=2q0/F T | 2[400) + 2 - 29(0)/]

(48)

From the exponential term, one can see that ' = [q(O) +z(1 -¢(0)/ f)] / [1 -q(0)/ f],

which is also consistent with the ABCD matrix method.

3.4 Grating

For a grating, by defining the angle of incidence (y), the output angle () and angular
dispersion, one can write
AO = aAy + fAw (49)

The partial derivative of the grating equation sin(y) + sin(0) = mA/d leads to a =
—cos (yo)/cos(0p), which is also the value of magnification of the beam size at the
grating. For simplicity, a is set to 1 in this section. Besides, in this section, I focus on
the frequency dependent angular dispersion to the first order. For higher orders, please
see chapter 4. The electric field in the time domain and the pulse front tilt angle with
respect to the propagation distance after the grating can be found in . The electric field

after the grating at the grating incidence surface is
E(x,z) = a exp (—ikx*a? /24(0)) exp (ikpxAw)

where the constant a; takes into account the amplitude for energy conservation. The
propagation after the grating can be considered in two different ways. One is via the
Huygens-Fresnel integral where each spatial point is considered as a point source and
the final result of the propagation is the summation of the propagation from previous
tields. The other is by solving the wave equation directly. One can see eventually that

these two methods are equivalent.

Huygens-Fresnel principle: Theillustration of the Huygens-Fresnel principle is shown

in Fig. 4. In the following calculation, the y dimension is neglected for simplicity.
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Figure 4: Illustration of the Huygens-Fresnel principle.

By setting k = 27t/A, one can write the electric field after propagation distance z as the

following

E(x,z) = é Im E(x’,0) exp (—ik Vix—x)2 + zz)dx’

i * ’ ik 7\2 ’
~ Ef;mE(x,O)exp[—g(x—x) dx (50)
Substituting E(x’,0) = exp (—ikx’?/24(0)), Eq. (50) becomes,
—ikx? ikq(0) 2
E(x,z) = by exp ( Yexp{ ————— (x + zBAw (51)
P2 P 2z [q(O) + z] ( P )

where b, is a constant for energy conservation. It can be seen in Eq. (51) that the beam
has a linear spatial chirp. If the distance z is large and is far larger than the beam size
x’, the phase term ik(x — x')?/2z ~ ik(x?> — 2xx")/2z. Consequently the far field diffraction
can be written as Eq. (52) where the kx/z can be considered as k,. Equation (52) shows
the form of Fourier transform. This brings some insights into the far field diffraction.
In another word, it means that the far field diffraction patten should be equivalent to
the Fourier transform of the object e.g. pin hole, slit, etc..
i

E(x,z) = 1 &P (—ikx?/2z) f E(x’,0) exp (ikxx"/z)dx’ (52)

—00

Directly solve the wave equation: By solving the wave equation as the following

JdE(x,z) N PE(x,z)

~2ik 0z ox?

0
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one can obtain the analytical result as shown in Eq. (54).

E(x,z) = [E(kx, 0) exp(% ] (53)
—ik 2

—b " Ja0)BAw - 7(0)B2(Aw)2k/2 54

L exp e 0] [90)Aw - x| L exp [ig(O)(Aw)k/2]  (54)

After some simply algebra, one can easily see that Eq. (54) and Eq. (51) are identical.
This is not a surprising result, since one can already see that Eq. (53) and Eq. (50) are

identical. The convolution is equivalent to a direct multiplication in the Fourier domain.

Continue with Eq. 51, if a second grating is added which resembles the case of a
compressor, the role of y and 0 are interchanged ( Ay = —fAw/a + AO/a ). Thus, the
electric field after the second grating yields

E(x,z) = biexp (

e R

= brexp ] (x + zﬁAw)2 exp [ikﬁz(Aw)zz/ 2]. (55)

2 [q(O) +z

By propagating Eq. (55) after distance z’, one can get the following

E(x,z+z") = byexp { ik ] (x + zﬁAa))z} exp [ikﬁz(Aa})Zz / 2] (56)

2 [q(O) +z+7

where z is the distance between two gratings and z’ is the distance after the second
grating. The phase term is
kB2 (Aw)*z  ik(z + 2')2xzBAw + B*(Aw)?Z?)
pla) = =
[+ 22 + m204/ 42

The first term gives the phase term quadratic in frequency, which accounts for the
desired group delay dispersion. The second term is undesirable because it depends on

the propagation distance after the second grating i.e. z’. If

(z+2)z/ [(z +2')% + n204//\2] <1
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Sz << ot /A
Equation 56 can be rewritten as

E(x,z+z") = byexp [— (x + zﬁAa})z /az] exp [ikﬁz(Aw)zz/2].

Thus, after the compressor, the linear spatial chirp is z8Aw and the group delay disper-

sion induced is Zkﬁzz.
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Part 11

Terahertz generation in tilted-pulse-front

setup

4 Full 3D+1 (x,y,z,t) numerical model

Section 4 is published in the work done by L. Wang et.al.

4.1 Introduction

Single- to few-cycle (broadband) high energy terahertz pulses have many promising ap-
plications such as spectroscopy ’, strong field terahertz physics”’, particle acceleration
, electron spin manipulation” and phonon resonance studies . All of these applications

require well-characterized terahertz fields.

There are many possible ways to generate terahertz radiation. Free electron lasers and
synchrotron radiation have a high degree of tunability and are capable of delivering high
peak power coherent terahertz pulses . Gyrotrons, based on the principle of electron
cyclotron radiation, are able to generate watt-to-megawatt-level terahertz continuous
waveradiation ’ atlow terahertz frequencies (0.3-1.3 THz) /' ". These devices, however,
have limited accessibility to the larger scientific community, and can be difficult to

synchronize to laser sources with high (fs) precision.

Alternatively, single- to few-cycle terahertz generation, based on table-top optical laser
systems, brings the advantages of high accessibility and intrinsic synchronization, but
suffers from limited optical-to-terahertz conversion efficiency. This synchronization
is required for terahertz electron acceleration. Laser based terahertz generation typi-
cally falls into three categories. One, using electrically-charged photoconductive anten-
nas” """, excitation of semiconductors by an ultrashort pulse and subsequent radiation

of a sub-picosecond pulse”’ forms transient photocurrents. The emitted terahertz pulse
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properties are determined by the carrier lifetime of the material, the applied voltage
and the breakdown threshold ~. The second category is based on laser-induced plasma
in air or noble gases. Here, the incident optical pulse induces a ponderomotive force
which causes a charge separation between ions and electrons, leading to the emission of
a terahertz pulse 7", with peak electric fields that can reach as high as a few MV/cm

However, the terahertz frequency, spatial distribution and polarizability are strongly
related to the plasma density, plasma length, and plasma defocusing effect """, which
can be difficult to control. Difference frequency generation or optical rectification is the
third category. By utilizing the second-order nonlinear effect, an ultrashort pump laser
pulse induces a strong dipole moment. The dipole oscillation together with the repeated
energy down conversion of pump photons (cascading effect) leads to terahertz pulse
emission with an efficiency close to, or even above, the Manley-Rowe limit™. Using
the well-known "tilted-pulse-front" (TPF) technique, first proposed and demonstrated
by J.Hebling et.al.”, pulse energies in the millijoule range can be reached”". The ease
of this setup, the high pulse energies and the controllability of the terahertz properties
has made this last approach an ubiquitous one for high-field applications. However,
the non-collinear geometry of the phase matching and the spatial asymmetry of the
interaction, in combination with the cascading effect, result in terahertz beams with
non-uniform spatial distribution. A robust 3D+1 numerical tool is therefore necessary

to investigate the spatial and temporal properties of the generated terahertz fields.

4.2 Theoretical model

The setup modelled and simulated is shown in Fig.5. The often used nonlinear mate-
rials are LiNbQO3, CdTe, GaAs, GaSe, GaP and ZnTe. Here, I focus on LiNbO;3; (LN for
short) due to its large second-order nonlinear coefficient, high damage threshold and
easy accessibility. The results however can be extended to other materials. A two-lens
imaging system is analyzed here instead of the one-lens system, because the imaging
errors and terahertz divergence are reduced, both of which favor the terahertz genera-
tion process” . In this article, I focus on the impact of the optical pump (OP) beam size

on the properties of the generated terahertz beam.
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OP
Z H

B f2

Figure 5: Illustration of the simulated tilted-pulse-front setup. The optical pump pulse
is noted by OP and the LiNbOjs crystal is represented by LN. The OP propagates along
the z’ direction. The x — y — z coordinates denote the pulse-front-tilt frame (terahertz

frame) inside the LN-crystal. The y and y’ axes are equivalent.

First, I show analytically that, regardless of the noncollinear phase matching and the
prism geometry, the second order dispersion generated by the grating can already
cause inhomogeneity of the terahertz pulses (see Eq. (60)). I start from the grating
relation sin(01) +sin(02) = 2nc/wd, where 61 and 0; are the incidence and output angles
with respect to the normal of the grating surface respectively. The optical frequency is
represented by w while d denotes the grating groove period. Assuming that the input
OP is collimated (d01/dw = 0), one can get Eq. (57).

@ _ —2mc
dza) ~ w2d cos(6) ‘ 57)
a0, 47 27tesin(67) d6O;

B2w ~ wddcos(02)  w?dcos?(0;) dw

One can obtain the angular dispersion A0, with respect to the OP propagation direction,
via performing a Taylor expansion to the second order. By inserting Eq. (57) and
setting the first order angular dispersion F; = —2mc/ (a)éd cos(f2)) where wy is the

center frequency and 0y is the grating output angle at the center frequency, I obtain:
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_d6y 1420,

AQZ dCL) |(A):(A)O(w - CUO) + z%lw:wOA((u - (1)0)2

1
=F1(w—wy) +|—F1/wo + EF% tan(6g2) | (w — w)?

= F1 (0 — wp) + Fa(w — wp)? (58)

The second order dispersion is denoted by F,. After the propagation through the
telescope system, the angular dispersion is magnified by a factor of -f;/f. Thus, the
angular dispersion becomes —A0,fi/f,. Note that the transverse k-vector kyo(w) =
—AO> fiwo/(cf2) remains the same before and after entering the LN-crystal due to the
Fresnel law. As a result, by assuming k. o(w) = wn(w)/c, where n is the refractive index,
the OP electric field inside the LN-crystal is given in Eq. (59) in the x"—y’ —z’ coordinates.
In Eq. (59), the pulse duration is 7 = 79/ \/210? , Ay is the electric field amplitude and

’

Y
y’ dimensions respectively.

oy, 07, are beam waists (1/e) of the OP at the incidence surface of the LN-crystal in x” and

E(w,x',y,7") = Ap exp [—(a) - w0)212/4] exp [—x’2/(20;2)] exp [—y'z/(ZG'yz)]
X exp [—ia)n(a))z’/c] exp [iAszlwox’/(cfz)] (59)

The imaging system was chosen such that the image of the grating is parallel to the
pulse-front-tilt plane inside the nonlinear crystal””. The expression of the OP electric
tield given in Eq. (59), is only valid at the imaging plane of the telescope. It is very
important to notice that the higher order angular dispersion (F>) induced by the grating
leads to temporal broadening of the OP """, as it adds nonlinear phase (see Egs. (58)
and (59)). If the second order angular dispersion is neglected (F, = 0 in Eq. (58)), the
OP pulse duration reduces to the transform limited case at each spatial point along the

x” dimension.

Using Eq. (59), the second order polarization which is responsible for the terahertz
generation can be expressed as in Eq. (60), where y is the angle between the terahertz
pulse propagation direction and the OP propagation direction, x? is the second order

nonlinear susceptibility and € is the terahertz angular frequency. The group refractive
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index at the center frequency of the optical pump is denoted by 1.

sz(Q’xI,y/’Z/) _X(Z)Q f E(a)+Qx y Z)Ex—(a)x y Z)da)

X exp {an(Q)[cos(y)z + sin(y)x’] /c}
Q 7”2 42
Bl

Cfx y

cexp o . 16x"2n3 tan(y)? F 2
8 T4C2 Pl

X exp {_1% [ng _ H(Q) COS()/)]Z,} exp {lliflfwo Fl + n(Q) Sin(y)]%x’}
2
(60)

The last two exponential phase terms in Eq. (60) represent the phase matching condition.

Ak, = 9[n - n(Q) cos(y)] =0 — ng/n(Q) = cos(y)

271Cf1
%
d COS(Qz)a)ongfz

AK, = [%Fl +n(Q) sin(y)]% -

= tan(y)
The term in the third exponential ((F2/ F1)? 163212 tan(j/)2 /7*c? ) is due to the second
order angular dispersion which has been discussed in more detail in"". It can be seen
that the second order angular dispersion leads to a spatial dependence of the generated
terahertz bandwidth along the x” dimension. At the center of the pump pulse (x" = 0),
the generated terahertz pulse possesses its largest bandwidth. However, towards the
sides of the OP beam, the bandwidth of the terahertz pulse reduces. In other words,
due to the second order angular dispersion ((w — w)? related term), the OP experiences
a temporal chirp and thus, the pulse duration varies with respect to x’. The effective
instantaneous bandwidth of the OP reduces towards the sides of the beam, leading to a

narrower terahertz spectrum (multi-cycle pulses).

4.3 Comparison of the 1D+1, 2D+1 and 3D+1 simulations

Owing to the geometry of the LN-crystal, the interaction length varies with respect to x’.

Since the generated terahertz pulses act back on to the OP, cascading occurs. This causes
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a spatially dependent OP spectrum, which further enhances spatial inhomogeneities of
the generated terahertz pulses. Furthermore, at the desired terahertz frequency range
(<4 THz), the material absorption («) increases with respect to frequency. This favors
lower terahertz frequencies towards the base of the LN-crystal due to longer interaction
length. The aforementioned aspects can only be investigated by a robust numerical

model.

The numerical model solves the coupled wave equations with slowly varying amplitude
approximation in the terahertz coordinates (x-y-z). By setting the electric field of the OP
FEop(t,x,y,2)] = Eopw,x,y,2) = E(w,x,y, 2)e"k0(@)z+kn(@)x] - and the electric field of
the terahertz .#[Etn,(t, X, v,2)] = Eta.(Q, x, y,2) = E(Q, x, y,2)e 02 respectively, one
can get Egs. (61) and (62). The operator .# represents the Fourier transform.

neglected by 2D+1
—
, JE(Q, x,y,2) ? P
_ZZkO(Q)a—Z = —[ a—yz +ﬁ —zako(Q)]E(Q, X, y,Z)
—— ——
neglected by 1D+1
QPx® i(Akz+Ak
-—3 f E(w + Q,x,y,2)E*(w, x, y, z)e" k=) 4 (61)
c —c0
neglected by 2D+1
—
. JE(w, x,Y,2) »? P . )
~2ikzo(w)———— = -1 a7 Tow 2ikxo(w) 5 1E(w, x,, 2)
neglected by 1D+1

2 00 ,
_gonz(wo)%gz {Eop(t, X, Y,z) f nz(T)E(Z)p(t -T,X,Y, Z)d"c}el[kzo(w)z+kxo(w)X]

w?x@ i(Akyz+Ak
- f E(w + Q,x,y,2)E (Q, x, y, 2)e’ @+ 40) (62)

In Egs. (61) and (62), Aky = ky(w) = kxo(w + Q), Ak, = ky(w) = kyo(w + Q) + ko(€2).
The )((2) related terms are responsible for the second order nonlinear effects, i.e., the
terahertz generation and back conversion processes. In Eq. (62), the third-order non-
linear effects, including self-phase-modulation, self-steepening and stimulated Raman
effect, are represented by the term n,(7) = .#[n2(w — wp)] . The phonon resonances at
terahertz frequencies”” are implemented by considering the stimulated Raman effect at

the optical frequency region together with the frequency-dependent refractive index in
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the terahertz frequency region. In the simulation, frequency dependent refractive index
and the terahertz absorption are used. The parameters used in simulations are listed in
Table.2. The peak fluence of the OP at the input LN-crystal surface is chosen to be right

beneath the estimated damage threshold 70.7 mJ/cm? based on our previous studies

Table 2: Simulation parameters

Parameters Value Parameters Value

focal length f; | 300mm | focal length f, 0.613 X f mm
wavelength A | 1030nm | grating period d | 1/1500 mm
pulse duration | 0.5ps peak fluence 108 \/Tg m]J/cm?
70 (FWHM)

phase- 0.3THz | absorption 7/cm

matching coefficient

frequency a(300K, 0.3 THz)

By comparing different models, one can see that the 1D+1 calculation neglects diffrac-
tion effects and, more importantly, the spatial walk-off between the terahertz and OP
beams (the operator Zikxoﬁ). The neglected terms are marked in Egs. (61) and (62)
by "neglected by 1D+1". Figure 6 suggests that, by neglecting any spatial walk-off
effect, the 1D+1 model overestimates the OP spectral broadening leading to a more pro-
nounced stimulated Raman effect. Consequently, higher terahertz frequencies can be
generated within the OP bandwidth via difference-frequency generation. This explains
why the 1D+1 model predicts higher terahertz frequency content as compared to the
3D+1 model shown in Fig. 2(b). The 2D+1 model, though neglecting diffraction in
the dimension y (labeled by "neglected by 2D+1"), captures the broadening of the OP
spectrum better than the 1D+1 case. Accordingly, the terahertz spectrum is predicted
in very good agreement with the 3D+1 model.

Figure 6(c) shows the computed conversion efficiency along the terahertz propagation
direction (z). As can be seen, the 1D+1 model drastically underestimates the optimal
interaction length, which also leads to a significant overestimation of the conversion

efficiency. The interaction length is captured better by the 2D+1 model, while the

45



Lu Wang Ph.D thesis

conversion efficiency is still overestimated by about 25% compared to the value obtained
by a 3D+1 calculation, since the reduction of the OP fluence along the y dimension is

not accounted for in this model and only properly captured in the 3D+1 case.

It can be concluded that in order to capture the key characteristics of the OP and
terahertz spectra, at least a 2D+1 model should be used while for a proper prediction
of the conversion efficiency both 1D+1 and 2D+1 model overestimate the efficiency

significantly. Here, a 3D+1 model is recommended.

~1.0 ] - 1.0F 7 T T =
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) 2 So08- | .
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Figure 6: Comparison of the results obtained from 1D+1, 2D+1 and 3D+1 simulations.
(a), (b) and (c) are the output OP spectra, the output terahertz spectra and the efficiencies

respectively. (a) and (b) are plotted at the location of maximum efficiency.

4.4 Spatial dependence of the terahertz electric field

Without loss of generality, the nonlinear interaction between the OP and the LN-crystal
is numerically implemented in the x — y — z coordinate frame where x = 0 represents the
apex location of the LN-crystal. Note that the OP beam size in the x — y — z coordinates
0x=0y/ cos(y) is due to the projection onto the plane of the tilted pulse front. The
simulations suggest that within an OP beam size range o, = [0.5,4.5] mm (not shown),
diffraction has a negligible effect on the terahertz generation process and the terahertz
beam size scales as 0,/ V2. This agrees well with the analytic result in Eq. (60). In the

following simulations, ¢, is chosen to be 3.5 mm.

In Fig. 7, the maximum terahertz generation efficiency is plotted against the OP beam
size oy for two different OP peak fluences. For this calculation, the 2D+1 model is

chosen due to the high computational cost of the 3D+1 model.
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Figure 7: With the input pump fluence 70.7 mJ/cm? (blue dots) and 35.3 m]J/cm? (orange
dots), the maximum terahertz generation efficiencies versus the OP beam size oy,
calculated by the 2D model, are presented. The black circles indicate 3 beam sizes

chosen as examples in the following 3D+1 calculations.

Due to the nature of the non-collinear phase-matching condition, the terahertz gen-
eration process requires different sections of the beam along the x dimension to add
up coherently in the emission direction z. In contrast with the OP beam size in the y
dimension, a small beam size along the x dimension cannot produce high generation
efficiencies due to the walk-off between the OP and the terahertz beam. On the other
hand, if the beam size is too large, the terahertz radiation generated by the side of the
OP at the farther side from the LN-crystal apex suffers from more absorption compared
to the part closer to the apex. Thus, the generation efficiency shows a maximum as a
function of OP beam size in the x’-direction. Additionally, since lower pump fluence
leads to longer interaction length, the optimal pump beam size increases (see the orange
dots in Fig. 7).

As in experiments different OP beam sizes may be required in order to optimize the
use of the available pump energy and limited crystal aperture, I select three pump sizes
(0x = 0.44mm, 0.88mm and 1.32 mm, marked by black circles in Fig. 7) for studying
the spatio-temporal properties of the terahertz field using the 3D+1 model.

In order to compare the terahertz fields generated by different spatial positions of the
OP beam, the center of the OP (highest peak fluence y = 0) and the side region of the
OP (low fluence, y = 0,/ V2 = 2.47 mm) within the optical beam are chosen. Figures
8(a)-8(f) show the OP and the terahertz beam profiles at the output LN-crystal surface

with different input OP beam sizes. For the beam sizes ¢} = 0.44mm ,0.88 mm and
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1.32 mm, the conversion efficiencies are 0.57%, 0.54%, 0.46% respectively. Figures 8(g)-
8(i) present the fluence of the OP at y = 0 and y = o,/ V2 with the center of the OP
marked by the dashed lines. The fluence distribution indicates an energy shift towards
the base of the LN-crystal. This shift is due to the non-collinear nature of the phase-
matching mechanism, which causes the new optical frequencies of the OP, generated via
the cascading effect, to propagate towards the base of the crystal. Surprisingly, the size
of the OP does not strongly influence the size of the generated terahertz beams. Towards
the base of the LN, the interaction length increases, the terahertz absorption and the
nonlinear effect become more pronounced. The terahertz fields generated close to the
base are absorbed before they reach the output LN surface. Thus, for large OP beam
sizes, the OP farther from the LN apex is wasted. Figures 8(j)-8(l) indicate that at a given
OP beam size, a higher pump fluence leads to a smaller terahertz beam size compared
with the case using a lower pump fluence. This finding agrees with the experimental
results of C. Lombosi et al.””. The terahertz beams are found to be symmetric along the

y dimension.
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Figure 8: Spatial dependence of the generated terahertz beams along x and y dimensions.
(a-c) and (d-f) represent the OP and the terahertz beam profiles at the output surface of
the LN-crystal respectively. (g-i) and (j-1) represent the OP and terahertz fluence respec-
tively at a given position y = 0 (black curve) and y = o,/ V2 = 2.47 (red curve). The
OP beam sizes at the input LN-crystal surface are o7, = 0.44 mm, 0.88 mm and 1.32mm
in x" — iy’ — z’ frame respectively. The center position of the OP beam is marked by the
dashed line. The OP beam size in the y dimension is 0, = 3.5mm. The apex of the

LN-crystal is located at x = 0.

Figures 9(a)-9(c) and Figs. 9(g)-9(i) show the spatially dependent electric fields at y =
ay/ V2 and y = 0 respectively, with the corresponding terahertz spectra shown in Figs.
9(d)-9(f) and Figs. 9(j)-9(1). It can be seen that the few-cycle terahertz electric fields are
only generated at the vicinity of the apex of the LN-crystal. This effect is seen to increase

with larger pump beam sizes, as a larger fraction of the terahertz is generated farther
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from the apex and the terahertz electric fields deviate from a single-cycle waveform.
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Figure 9: Spatial dependence of the generated terahertz spectra and temporal profiles
along the x dimension. (a-c) and (d-f) are the terahertz electric fields and the corre-
sponding terahertz spectra with respect to x at y = 0. (g-i) and (j-1) are the terahertz

electric fields and the corresponding terahertz spectra with respect to x at y = g,/ V2.

To quantify the deviation from a single-cycle waveform, the root-mean-square pulse
duration At is chosen to evaluate the electric field distribution (see Eq.63)). In Eq. (63),
ot = |t(x,y) — tx, y)pl , t(x, y)p is the time coordinate of the peak of the electric field at
position (x, y) and I represents the intensity. The reference At(xy, yy) is chosen at the

position (xp, y,) where the terahertz peak fluence is located.
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2 2
At(x,y) = J [T6t(x, y)PI(t, x, y)dt B [fét(x, YI(t, x, y)dt} )

[1(t, x, y)dt [1tt, x, y)dt
The resulting map of At(x, y) can be used to determine the portion of the terahertz beam,
where the electric field deviates significantly from a single-cycle format (see Fig. 10).
Figure 10 shows the terahertz beam generated by an OP with o, = 1.32mm, where the
part with At(x, y) > 2At(xy, yp) is shaded grey to indicate the non-single-cycle content.

y (mm)

-3.75 -2.50 -1.25 0
X (mm)

Figure 10: The example shown is for ¢} = 1.32 mm, where the non-single-cycle region,
At(x, y) > 2At(xp, yp), is indicated by the shaded region. The terahertz beam under the

shaded region contains up to 25% of the total terahertz energy.

The shaded region in Fig. 10 shows that high quality few-cycle pulses are only generated
close to the apex of the crystal (x = 0). The terahertz beam profiles are symmetric along
the y-direction. I find that, even though higher pump fluence (y = 0) leads to a
higher terahertz energy, the portion of non-single-cycle content in the beam increases.
It can be seen from Fig. 9 and Fig. 10 that the side of the OP beam (for example
y=oy/ V2 mm) possesses lower fluence, which leads to less OP spectral broadening in
the terahertz generation process. Such aless broadened OP spectrum leads to arelatively
homogeneous terahertz distribution along the x dimension. For oy =0.44 mm, 0.88 mm
and 1.32mm the At(x, y) > 2At(x,, y,) region (shaded region) take up 4%, 20% and 25%
of the total terahertz energy respectively. It can be seen that, with the increase of the OP
beam size, the single-cycle region of the generated terahertz pulses reduces significantly.
Additionally, due to the geometry of the nonlinear crystal, it is inevitable that the
generated terahertz possesses a spatial inhomogeneity. In order to resolve this problem,
a setup which combines a conventional tilted-pulse-front setup and a transmission

stair-step echelon is promising to generate spatially homogeneous terahertz pulses
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5 2D+1 numerical simulations for different TPF schemes

Section 5 is published in the work done by L. Wang et.al.

5.1 Introduction

Optical rectification is used for terahertz generation where an ultrashort pump laser
pulse induces a strong dipole moment via the second-order nonlinear effect. Due
to the terahertz absorption of the nonlinear material, limited damage threshold of
the nonlinear material and the low terahertz photon to pump photon energy ratio,
generating high energy terahertz pulses is extremely challenging. The "tilted-pulse-
front" (TPF) technique, a velocity matching method for terahertz generation by optical
rectification, brings new possibilities to the generation of high energy terahertz pulses.
In this technique, the intensity front of the optical pump is tilted with respect to the
phase front’". The generated terahertz propagates perpendicularly to the tilted pulse

front.

Many approaches have been proposed related to the TPF technique in order to achieve
efficient single- to few-cycle terahertz generation. In this section, I present analy-
ses of five characteristic examples. The conventional TPF technique is proposed and
demonstrated in 2002 by J. Hebling et.al.””, where a diffraction grating induces angular
dispersion onto the optical pump pulse, forming a pulse front tilt. Shortly after, in 2004,
the pulse front tilt caused by spatio-temporal chirp (STC) is proposed by S. Akturk
et.al.”’. The pulse front tilt is generated by propagating a spatially chirped optical pulse
through a dispersive medium. In this method, no angular dispersion occurs. However,
this method was not used to generate terahertz pulses until 2019 when the analytic
results were investigated by K. Ravi”. In 2016, BK. Ofori-Okai et.al.”~ demonstrated
a stair-step reflective echelon (RES) structure. The echelon produces a discretely tilted
pulse front, eliminating the negative effect of large angular dispersion’. In 2017, a
multistep phase mask (MSPD) scheme is proposed by Y. Avetisyan et.al.””. This scheme
splits a single input beam into many smaller time-delayed "beamlets". Compared with
the grating method, it reduces the angular dispersion and eliminates the necessity of

the imaging optics. In the same year, L. Palfalvi et.al. performed numerical studies of
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a nonlinear echelon (NLES) slab””, where a stair-step echelon-faced nonlinear crystal
is used instead of a nonlinear prism. This scheme produces good-quality, symmetric
terahertz beams. The corresponding experiment is demonstrated by PS. Nugraha et.al.
in 2019

Simulations of terahertz generation with the conventional grating (CG) scheme have
been developed by M. I. Bakunov et al.” " via a 2D+1 numerical model. However, this
model doesn’t include back conversion of the terahertz to the optical pump (OP), i.e.
the cascading effect. Consequently, the effective length and conversion efficiency are
overestimated. Later on, the interaction between the optical pump and the terahertz
pulse was included in the 2D+1 model along with a one lens imaging system by K.
Ravi et al.””. The one-lens imaging system has larger imaging errors and induces more
terahertz divergence”', compared with the telescope imaging system. A full 3D+1

numerical model with a telescope system is developed by L. Wang et.al.

In this part, I focus on the 2D+1 model. The terahertz conversion efficiency, the spatial
distribution of the terahertz electric field and spectrum are discussed. Furthermore,
the advantages and disadvantages of each TPF scheme are analyzed. As far as we
know, no work has been done related to the comparison of different TPF schemes. The
results bring insights into the terahertz generation process and can give useful and clear

guidance to terahertz related experiments in the future.

In order to investigate the terahertz spatial and temporal electric field distribution, a
3D+1 modelis necessary. However, from section 4, one can see that the 2D+1 calculation
is a good approximation. In the following sections, I confine our numerical calculations
to the 2D+1 model due to the relatively low computational cost. The numerical tool
is based on the fast Fourier transform beam propagation method (FFT-BPM) " and the
split-step Fourier method. The combination of these two methods reduces compu-
tational cost compared to the finite difference time-domain (FDTD) method which is
very accurate but requires a massive computational effort. The polarization terms are
calculated in the frequency domain. The entire electric field is updated by the 4th order
Runge-Kutta in the propagation direction of the terahertz (z). The apex of the LN is
located at x = 0. The z = 0 coordinate is defined is defined at the location where the

center of the OP starts to interact with the LN crystal. Two OP beam sizes ¢} = 0.5 mm
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and o5, = 4mm are chosen as examples, where o}, is the OP beam size at the LN input
surface. The analytical results are shown with the assumption that each beamlet is of
Gaussian shape. In the numerical calculation, the beamlets maintain the shape of the

overall Gaussian envelope.

The out-coupling loss is calculated by Fourier transforming the terahertz fields into the
reciprocal domain (ky). With the terahertz incidence angle at the LN output surface
0 = sin™! [ky(Q)/k(Q)], the transmission of the Fresnel law is calculated for every single

frequency.

In this section, the analytical expressions of the electric field at the LN input surface and
the corresponding second order polarization are given. Apart from the spatial-temporal
chirp (STC) scheme, the input OP in the OP propagation frame can be defined as Eq.
(64), where ¢’ is the input OP beam size before the optical system, Aw = @ — wg and o
in Table. 3 is the OP beam size at the LN input surface i.e after optical elements and the

imaging system.

A 22 ”
E(w,x’,z) = Egexp ( AZ ‘ ) exp (lez ) exp (—iwz’/c). (64)
o

With the ansatz of the terahertz electric field
E(Q,x",Z") = A(Q,x",Z") exp [—iQnt sin (y)x’/c] exp [—iQnt cos (y)z’/c]

, where y is the propagation direction of the terahertz pulse with respect to the OP inside
the LN i.e. the phase matching angle. The wave equation for terahertz generation can
be written in the form of Eq. (65) where the corresponding second order polarization is
defined in Eq. (66).

PAQ, X, 7))  PAQ,X,Z) _ 2i0n; cos (v) dA(Q, x7,2")

ox’? 0z'? c o0z’
2i0On; sin () dA(Q, X, 2') 02
_ - _ _P / ’
: E 2 (Q,x",2") (65)

P(Q,x',Z") = )((2)[ E(w+Q,x,Z)E(w,x, 2 )dw
0

X exp [iQnt sin (y)x’/ c] exp [iQnt cos (y)z'/ c] (66)
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5.2 (a) Conventional grating (CG)

X' 1
4 +‘Q%/’ THz
A

Figure 11: Illustration of the CG scheme.

The ease of this setup, the high pulse energies and the controllability of the terahertz
properties have made this scheme a strong candidate for generating high energy tera-
hertz pulses where the millijoule range can be reached””. However, the non-collinear
geometry of the PM and the translational asymmetry of the interaction, in combination
with the cascading effect, result in terahertz beams which possess a non-uniform spatial
distribution. The CG scheme utilizes the grating induced angular dispersion to form a
pulse front tilt. The angular dispersion has two effects on the OP away from the imag-
ing plane. One is that the pulse duration increases (due to the decrease in the available
bandwidth at each spatial point) with respect to the distance from the imaging plane.
The other effect is that the TPF angle reduces with respect to the distance from the imag-
ing plane . These two effects are more pronounced for larger angular dispersion (or
broadband OP), leading to the minimum interaction length in the CG scheme compared
with all the other schemes. The PM condition along the x” dimension is given in Eq.
(69), where v is the pulse-front-tilt angle, c is the speed of light, 0, is the grating output
angle and p = —F1ko = 27t/ [wg cos (6,)d] is the first order angular dispersion induced

by the grating, where F; is defined in Section. 4.2.

In Section. 4.2, the influence of the higher order angular dispersion on terahertz gen-
eration is presented analytically. In this section, I focus on the influences of the grating
and imaging system (see Fig. 5) on the OP. Using the results in Section. 3, one can prove

that the corresponding electric field at the LN input surface (the imaging plane) is

.y f1 cos (6) (—Aw2T2 ~x2f} cos (6;)°
Elw,x",z") = Eo |5
(@,2.,7) ° \ f2 cos (6,) SR\ ) 2072 f7 cos (6,)

X exp (—iﬁAa)x’fl /fz) exp (M)

(67)
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where the 0; and 0, are the incident and output angle of the OP at the grating. The grat-
ing has two effects on the OP, one is rescaling the beam size by the factor cos (0,)/ cos (0;),
which also leads to a rescaling of the amplitude. The other is introducing the phase
exp (iﬁAa)x) . This phase factor represents the angular dispersion to the first order and
leads to a spatial dependent delay. Compared with the center of the beam (x" = 0), at
x” > 0 the beam travels faster and at x” < 0 the beam experiences a delay. The telescope
imaging system also has two effects. One is rescaling the beam size by the factor f,/f
and likewise the amplitude change accordingly. The other is changing the angular
dispersion by the factor —fi/f,. After the telescope system, the x’ > 0 region of the
incident beam locates at the x” < 0 region and vice versa. This indicates that after the
telescope system, at x” > 0 the beam experiences a delay. One can notice that the scaling
factors of the beam size and the angular dispersion, induced by the telescope system,
are inversely proportional to each other. This can also be understood intuitively, since
the angular divergence is inversely proportional to the beam size. The second order

nonlinear polarization for the terahertz generation is

P(Z)(Q, x',z') =

E2x@ V27 f; cos (6)) ~x2f7 cos (0,) ( —(?7? )
T f2 cos (0,) N 7 cos (0,) o 8

X exp [iz’Q(nt cos (y) — ng)/c] exp {iQx’ [nt sin(y)/c - Bfi /fz]}(68)
From Eq. (68), it can be seen that the phase matching conditions are

Ak = Q(ngcos (y) —ng)/c=0—  npcos(y) =ng
AK, = Q[msin(p)/c - Bfi/fo| le=0—  tan(y) = Bcfi/(fany) (69)

Fig. 12(b-c) indicates that, compared to the 0.5 mm OD, the terahertz field generated
by 4 mm OP suffers from more translational spread in terms of fluence and temporal
distribution. By increasing the OP spot size by 8 times, the terahertz beam size increases
~ 50%. This is the main reason of the efficiency drop for large OP beam size as shown
in Fig. 32. Furthermore, Fig. 12(a) indicates that most of the energy is contained in the

single-cycle region of the terahertz electric field.
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Figure 12: Numerical results of the terahertz electric field generated by CG scheme.
(a) represents the output terahertz fluence with 0.5mm OP (blue) and 4 mm OP (red)
respectively. The terahertz electric field distribution versus x generated by 0.5 mm and
4 mm OP are shown in (b) and (c) respectively. The terahertz energy transmission at
the exit surface of the LN is denoted by T.

The terahertz spectra generated by different OP beam sizes are presented in Fig. 13.
One can see that, the terahertz pulse generated by a larger OP beam size possesses
lower center frequency due to the absorption and longer interaction length. Figure 14
shows the dependence of the OP fluence. Lower OP fluence leads to larger terahertz
beam size. However, the terahertz spectrum doesn’t vary much with respect to fluence.
In this scheme, the angular dispersion is the dominating factor for effective interaction

length. By reducing the energy, the effective length doesn’t vary much.
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Figure 13: Numerical results of the terahertz spectra generated by CG scheme. (a)
represents the terahertz spectra generated by 0.5mm OP (blue) and 4 mm OP (red)
respectively. The spatial dependent terahertz spectral densities are shown in (b) and (c)

respectively.
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Figure 14: With a given OP beam size (¢, =0.5 mm), (a) represents the internal terahertz
conversion efficiency with pump fluence 70.7 mJ/cm?, 35.4 mJ/cm? and 17.7 m]J/cm?
respectively. The terahertz fluences and corresponding spectra at the peak of each effi-
ciency curve are shownin (b) and (c) respectively. The out-coupling energy transmission
is denoted by T.

5.3 (b) Nonlinear echelon staircase (NLES)

S —

Figure 15: Illustration of the NLES scheme. Each of the steps is identified by m where
m =0,£1,£2---. The center of the pump beam (x" = 0) is noted by m = 0.

In this configuration, the grating and the telescope system resembles the CG scheme in
Section. 5.2. The difference is that the prism shaped LN crystal is replaced by a stair
case LN structure. The stair step size in x” and z’ dimensions are represented by W and
H respectively (see Fig. 15). This method is beneficial for generating high energy, large
size and spatially homogeneous terahertz beams. The step size of the LN nonlinear

echelon at x” and z’ dimensions are represented by W and H respectively.

By setting o7, ~ W/2, g0 = incf{,% /Ao and g, = qo — mH +mH/ng, where ny is the refractive

index of the OP at center frequency wy, the electric field at the LN input surface is given
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in Eq. (70). The corresponding polarization can be found in Eq. (71).

;o - qof1 cos (6)) —Aw?7?
Hox,z) = Eom;w dmfacos (@) P\ T2

—x"? f} cos () oo | oG = mWy?
2072 f7 cos (6,)? P 2qm

—iwn(w)z' )

c

Xexp(

X exp (—iﬁAa)x’fl /fz) exp (
X exp [—ia)mH (nip(w)—1)/ c] (70)
E2x@ V2mfi cos (6) & | g0 —Q272
T f2 cos (6,) m:Z_oo I exp( 8 )
—x"? f12 cos (0;)? —kgo%q(x' — mW)?
Xexp [ —————— |exp >
0’2 f5 cos (6,) |L]m|

X exp {iQ [nt sin (y)x" — cBx’ f1/ f» — mH (njy(w) — 1)] /c}
X exp [in’(nt cos () — ng)/c] (71)

P(Q,x',Z") =

Equation 71 indicates that the phase matching conditions are

Ak, = Q(nt cos (y) —ng)/c =0 — nycos (y) = ng
Akx" = Q [nt sin (y)x" — cﬁx’]i - mH(ng - 1)] /e=0
2

f:
— [ng tan (y) — ﬁ} x" = mH(ng — 1) (72)

f2

It can be seen that Eq. (72) is not always satisfied along x” since m can only be integers.
Although the entire trend of the beamlets follow the PM angle, each beamlet itself is
not perfectly phase matched. In order to maintain the trend of the pulse-front-tilt,
the size of the LN stair should be chosen such that the terahertz pulse propagates
perpendicular to the entrance and exit surfaces of the plane-parallel LN slab i.e. the
condition H/W = tan () needs to be satisfied . Another condition is that, whenm =1,
x" = W (at m = 0, the beamlet is centered at position x’ = W). With these two conditions,
Eq. (72) reduces to cff1/f, = tan(y). Compared with the CG scheme in Eq. (69), the

NLES scheme requires less angular dispersion. Additionally, with different input pump
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fluence, the effective length varies due to the nonlinear effects and thus the thickness
of the NLES slab should vary accordingly. With different input OP pulse duration, the
optimal effective length may differ. However, for a given NLES with fixed thickness,
this can be adjusted by adapting the pump fluence.

Figure 16 indicates that by changing the OP beam size the generated terahertz beam
size changes accordingly. Besides, as long as o7 > sin ()L is satisfied, the generation
efficiency is independent of the OP beam size. These enable the possibility of generating
high energy terahertz pulses by simply increasing the pump energy and the OP beam
size. Additionally, the electric fields show strong single-cycle character homogeneously

along the entire translational dimension (x).
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Figure 16: Numerical results of the terahertz electric field generated by NLES scheme.
(a) represents the output terahertz fluence with 0.5mm OP (blue) and 4 mm OP (red)
respectively. The electric field distribution versus x of terahertz pulses generated by
0.5 mm OP and 4 mm OP are shown in (b) and (c) respectively. The terahertz energy

transmission at the exit surface of the LN is denoted by T.

Figure 17 show the terahertz spectra generated by different OP beam size. In this
scheme, the terahertz spectrum shape is not related to the OP beam size. Figure 18
shows the dependence of the OP fluence. Lower OP fluence leads to larger terahertz

beam size. However, the terahertz spectrum does not vary much with respect to fluence.
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Figure 17: Numerical results of the terahertz spectra generated by CG scheme. (a)
represents the terahertz spectra generated by 0.5mm OP (blue) and 4 mm OP (red)
respectively. The spatial dependent terahertz spectral densities are shown in (b) and (c)

respectively.

C —~ — 1 | T '_ 51 r 4
SR 05 = 0467 &
& = 0.4 % 0.8 T= 8-3? 4 £0.8f 1
5303 2 061 A =L .
°3 S 0.4 | Boal 1
52 02 2 2
C L= ) -
€& 0.1 N 0.2} o) E0.2 ©
E O = 0 1 L L f 0 L
= 3 2 1 0 1 2 0 1 5

X (mm) Frequency (THz)

Figure 18: With a given OP beam size (0, =0.5 mm), (a) represents the internal terahertz
conversion efficiency with pump fluence 70.7 mJ/cm?, 35.4 mJ/cm? and 17.7 m]J/cm?
respectively. The terahertz fluences and corresponding spectra at the peak of each effi-
ciency curve are shownin (b) and (c) respectively. The out-coupling energy transmission
is denoted by T.

5.4 (c) Reflective echelon (RES)
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Figure 19: Illustration of the RES scheme.
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Echelon is a grating structure with large groove density (input beam wavelength <«
step size). For the echelon, the input beam and the output beam propagates exactly in
the opposite direction, since each step acts as a mirror. As the step size reduces (input
beam wavelength =~ step size), the diffraction effect of each step increases. Thus, the
electric fields generated at each step form an interference pattern. Depending on the
wavelength of the input beam and the size of the steps, the final interference pattern
can have different dominant reflection angles. This corresponds to the order of the
grating. As the step size reduces even further (input beam wavelength < step size),
the discrete steps reduce to a smooth surface. At this point, the reflection occurs, i.e.
the diffraction effect of each step is so strong that the entire diffraction pattern merges
together and forms one dominant order which is equivalent to the reflection from a flat

mirror surface.

Compared with the CG scheme, in this scheme the effective interaction length is not
limited by angular dispersion. The echelon step sizes in z’ and x’ dimensions are
represented by H, W respectively (see Fig. 19). The temporal delay between the two
neighboring beamlets is 2H/c. Before the imaging system, m = 1 represents the beamlet
at center position x’ =W. After the imaging system, the delay remains 2H/c, whereas
for m = 1 the beamlet is centered at position x’ = —Wf,/f;. Consequently, together
with Eq. (76), it can be seen that the echelon structure needs to satisfy the condition
tan () = 2Hf,/Wn, f> to generate terahertz effectively. Similar to the NLES scheme, the

PM condition given in Eq. (76) is not always satisfied along x’.

By setting o;, ~ W/2, one can write qg = ina)?/Ag and gm = qo — 2mH. Consequently, the
input OP electric field after the echelon structure before the imaging system, the electric
tield at the LN input surface and the second order polarization for terahertz generation

are shown in Egs (73), (74) and (75) respectively.

’ . 40 _x/Z
E(w,x',z") = E E . /— ex
( ) 0 S qm p [ 20_;2
A 2,.[2

X exp (— ) exp (iAw2mH/c) (73)

—i(x’ — mW)%kg
exp — o
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- —x2 f? —iko(x’ + mW f2/ f1)* f?
E(w,x",z')=  Eo Z fido exp ,zflz exp ol zfz S
m=—co fzqm 2Ox fz qufz

w*T? —iwn(w)z' ]

X exp (— ) exp (i2AwmH/c) exp [ (74)

E2)((2) \/2_77][1 00 0 _x/2f2
PAQ,x,2) = OT 2. L exp v
2 P —— dm o fZ
—k3o(x' +mWfo/ f1)? £ —O272
X exp 7 ex 3
|‘7m| 5

X exp [iz’Q(nt cos (y) — ng)/c] exp {iQ [nt sin (y)x” + 2mH] /c} (75)

It is important to notice that compared with Eq. 74, the term x" — mW on the second
exponential changes to x” + mW in Eq. 75. This is due to the telescope imaging system
which flips the positive and the negative parts of the OP in the x” dimension. In Eq.
75, m > 0, represents the beamlets which locate at the center positions x” < 0. From
Eq. (75), it can be seen that the phase matching conditions are listed as the following.
Since at m = =1, X’ = Wf>/ f1, one can see from the phase matching condition in the x’
dimension that tan (y) = 2H f;/Wng fo.

Ak = Q(nycos(y) —ng)/c=0—  nycos(y) =ng
AKX =Q [nt sin (y)x” + ZmH] /c=0—  tan(y)x’ = -2mH/ng (76)

Examples of the beamlets spatial profiles are shown in Fig. 20. Figures 20(b-c) indicate
that the nonlinear interactions largely modify the spatial profiles of each beamlet. It
can be seen from Fig. 21 that the electric field distributions are very similar to the CG
scheme. However, the terahertz beam size is far larger (~ x2) than the ones produced by
the CG. For small OP beam size (¢}, = 0.5 mm), the output terahertz beamsize reduces
with respect to the increase of the initial angular dispersion, i.e. STC > RES > CG. Due
to the large angular dispersion, the OP intensity decreases more significantly along the
propagation direction z’. This drastic intensity decrease delivers terahertz pulse with

less energy close to the base of the LN.

63



Lu Wang Ph.D thesis

OP fluence at the without nonlinear with nonlinear

imaging plane, d=0 interaction, d=0.6 mm interaction, d=0.6 mm
— 1 C T [I-‘ T ] C T T T 1 C T T T |
=}
\(_U; 08_ (a) i B (b) i B |
[
Q 0.6 4 F 4 L i
S04r 41+ 4+ 4
a 0.2f 1k 1L i
O 0 nrl(” ! mh | I

-2 0 2 -2 0 2 -2 0 2

X (mm) X (mm) X (mm)

Figure 20: The beamlets spatial profile at the imaging plane is shown in (a). The
beamlets spatial profiles without and with nonlinear interactions are presented in (b)
and (c), respectively. The interaction distance with respect to the imaging plane in the

terahertz coordinates (x-z) is denoted by d.
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Figure 21: Numerical results of the terahertz electric field generated by RES scheme.
(a) represents the output terahertz fluence with 0.5mm OP (blue) and 4 mm OP (red)
respectively. The electric field distribution versus x of terahertz pulses generated by
0.5 mm OP and 4 mm OP are shown in (b) and (c) respectively. The terahertz energy

transmission at the exit surface of the LN is denoted by T.

The terahertz spectra generated by different OP beam sizes are presented in Fig. 22.
One can see that, the terahertz pulse generated by larger OP beam size possesses lower
center frequency due to the absorption and longer interaction length. Figure 23 shows
the dependence of the OP fluence. Lower OP fluence leads to larger terahertz beam

size. The terahertz spectrum does not vary much with respect to the OP fluence.
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Figure 22: Numerical results of the terahertz spectra generated by CG scheme. (a)
represents the terahertz spectra generated by 0.5mm OP (blue) and 4 mm OP (red)

respectively. The spatial dependent terahertz spectral density are shown in (b) and (c)

respectively.
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Figure 23: With a given OP beam size (0}, =0.5 mm), (a) represents the internal terahertz
conversion efficiency with pump fluence 70.7 mJ/cm?, 35.4 mJ/cm? and 17.7 m]J/cm?
respectively. The terahertz fluences and corresponding spectra at the peak of each effi-
ciency curve are shownin (b) and (c) respectively. The out-coupling energy transmission
is denoted by T.
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5.5 (d) Spatial-temporal chirp (STC)

Figure 24: Illustration of the STC scheme.

In this scheme, noinitial angular dispersion is present, leading to a maximum conversion
efficiency among all 5 schemes discussed. However, the input OP pulse has to be
broadband and a ELI-ALPS SYLOS laser can be an ideal option.

The full width half maximum (FWHM) of the overall input OP spectral bandwidth is
presented in Eq. (77), which corresponds to a ~10 fs transform limited pulse. For a
fair comparison, the local transform limited pulse duration (7o) at a given x” position is

chosen to be 350 fs. Thus, the local pulse duration remains 500 fs after the chirp.

frwHM = 0y \/2 log (2)(v212/2 + 1/0??)/nt (77)

InEq. (77), vis the spatial chirp rate and 7 = 79/ 4/2log 2. The PM condition is presented
in Eq. (80) where ¢ is the second order dispersion. The OP electric field at the LN
input surface and the second order polarization for terahertz generation are shown in

Egs. (78) and (79) respectively.

/ ’ H 2
E(w,x’,z") = Egexp — exp _(dw oy exp _ P2l — ik(w)z’ (78)
2 2

o?? 4

o 19 V2n Eﬁ x2
P(Q,x'",7z") = o XP|T 5 |eXp
o

T

X exp {—iQx' [vqﬁz o sicn(y)]} exp {_i?z, [ng -1y cos(y)]} .

2
_ 9272 (1 ¥ %]] (79)
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A, =Q [nt cos(y) — ng] /c=0—  micos(y) =ng
Ak, =Q [vqi)z — ngsin ()/)] /e —> vy = tan (y)ng/c (80)

One can also choose smaller input OP bandwidth together with a larger ¢>. However,
this leads to the temporal broadening of the OP at each spatial point, which is not in
favor of the terahertz generation process. In the following simulations, ¢, = 0.045 ps?

is chosen.

From Fig. 25, it can be seen that the electric field shows nearly perfect few-cycle
property. With the given OP beamsize (0} =0.5 mm), this scheme delivers the largest
terahertz beam size. However, the disadvantage is that the input OP must contain a
large bandwidth. Additionally, since the bandwidth of the OP is also related to the

input beam size (see Eq. (77)), this scheme is not applicable to large OP beamsize.
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Figure 25: Numerical results of the terahertz electric field generated by STC scheme. (a)
represents the output terahertz fluence with 0.5mm OP. The electric field distribution
versus x of terahertz pulses generated by 0.5 mm OP is shown in (b). The terahertz

energy transmission at the exit surface of the LN is denoted by T.

The terahertz spectra generated by different OP beam sizes are presented in Fig. 26.
Figure 27 shows the dependence of the OP fluence. Lower OP fluence leads to larger
terahertz beam size. The terahertz spectrum does not vary much with respect to the OP

fluence.
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Figure 26: Numerical results of the terahertz spectra generated by CG scheme. (a) rep-
resents the terahertz spectra generated by 0.5 mm OP. The spatial dependent terahertz

spectral density is shown in (b).
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Figure 27: With a given OP beam size (0, =0.5 mm), (a) represents the internal terahertz
conversion efficiency with pump fluence 70.7 mJ/cm?, 35.4 mJ/cm? and 17.7 m]J/cm?
respectively. The terahertz fluences and corresponding spectra at the peak of each effi-
ciency curve are shown in (b) and (c) respectively. The out-coupling energy transmission
is denoted by T.

5.6 (e) Multi step phase mask (MSPM)

TH
X' /7 z
m=1 H {!
» m=0 |
z' m:-ﬁtw |
LN

Figure 28: Illustration of the MSPM scheme. Each of the steps is identified by m where
m =0,+1,42---. The center of the pump beam (x" = 0) is noted by m = 0.
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In this scheme, no imaging system is required. The delay of each beamlet is generated
by different propagation lengths inside the mask stripes. In the simulation, silica with
refractive index 7 is chosen as the mask material due to low dispersion at the OP wave-
length. The phase mask step size in x” and z’ dimensions are W and H respectively (see
Fig. 28). This is very similar to scheme (c) RES. However, the imaging system in scheme
(c) guarantees that at the image plane, each beamlet experiences the same condition
whereas in scheme (e), this does not happen. In scheme (e), the diffraction modifies
the beamlets envelope drastically, leading to poor terahertz electric field quality. It can
be seen in the comparison of schemes (c) and (e) that an imaging system is necessary.
Numerically, each beamlet maintains the shape of the input OP envelope. However, in
the following calculation, the analytical result is shown with the assumption that each
beamlet is of a Gaussian shape with the size comparable to the MSPM step size. The

input electric field at the LN surface is defined as the following

- —x'2 —i(x’ — mW)>2k —iwni(w)z’
E(w,x',z')=  Eg Z \ /Z—O exp ( 2;2 ] exp [ ( 2 ) Ol exp ( @ C(a)) )
m X m

m=—oo

Aw?7?

X exp (— )exp {—iAa) [mH(n - 1)+ Lo + Lln]/c} (81)

where o7, ~ W/2, v is the phase matching angle inside the LN, g0 = ina,’% /Ay and
gm = qo+Lo+Li/n—mh(1-1/n). The g,, obtained from Eq. (47), where the new complex
parameter as a function of the propagation distance in a medium is presented. The term
Lo + Lin is the optical path from the center of the OP (x" = 0) to the LN surface with the
propagation distances in the air and in the MSPM noted by Ly and L; respectively. The
refractive index of the MSPM is represented by n, which should be chosen such that the
dispersion doesn’t play a significant role. Thus, n is not frequency dependent. From

the g,,, one can get the corresponding beam waist as

y lguP Lo+ Li/n—mh(l=1/m]" + (na;%//\o)z

" kéo,’ﬁ komto??2/ Ao

Consequently, the polarization of the terahertz generation can be written as Eq. (82).
The exponential term exp [-i€Q) (Lo + Lin) /c| represents a constant time delay and thus,

can be set to zero without losing generality. From Eq. (82), one can obtain the PM in Eq.
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(83).

qo

dm

@ Van &
P(Q, ',':0—
Q)= 2 )

m=—0o0

a2 (v _ 2
exp[ sz ]exp [ (x me) ] exp [-iQ (Lo + Lin) /c]
oY wy,
—QZTZ

X exp( )exp [iQZ’(nt cos (y) — ng)/c] exp {iQ [nt sin (y)x" — mH(n — 1)] /c} (82)

Ak = Q(nycos(y) —ng)/c=0—  npcos(y) =ny
Akx' =Q [nt sin (y)x" — mH(n — 1)] /c=0—  ngtan(y)x’ =mH(mn-1) (83)

Whenm =1,i.ex’ = W, Eq. (83) reduces tong tan (y)/(n—1) = H/W. Itis very important
to notice that since m can only be integers, Eq. (83) is not always satisfied along x’. This
indicates that the entire trend of the beamlets satisfies the phase matching condition

while each individual beamlet is not phase matched.
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Figure 29: Numerical results of the terahertz electric field generated by MSPM scheme.
(a) represent the output terahertz fluence with 0.5mm OP (blue) and 4 mm OP (red)
respectively. The electric field distribution versus x of terahertz pulses generated by
0.5 mm OP and 4 mm OP are shown in (b) and (c) respectively. The terahertz energy

transmission at the exit surface of the LN is denoted by T.

The terahertz spectra generated by different OP beam sizes are presented in Fig. 30. The
terahertz spectrum generated by alarger OP beam size possesses a Gaussian distribution
whereas the terahertz spectrum generated by a small OP beam size shows an interference
pattern. This indicates that the phase-matching condition is not perfectly fulfilled.
Figure 31 shows the dependence of the OP fluence. Lower OP fluence leads to larger
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terahertz beam size. The terahertz spectra do not vary much with respect to the OP

fluence.
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Figure 30: Numerical results of the terahertz spectra generated by CG scheme. (a)
represents the terahertz spectra generated by 0.5mm OP (blue) and 4 mm OP (red)

respectively. The spatial dependent terahertz spectral density are shown in (b) and (c)

respectively.
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Figure 31: With a given OP beam size (0, =0.5 mm), (a) represents the internal terahertz
conversion efficiency with pump fluence 70.7 mJ/cm?, 35.4 mJ/cm? and 17.7 m]J/cm?
respectively. The terahertz fluences and corresponding spectra at the peak of each effi-
ciency curve are shownin (b) and (c) respectively. The out-coupling energy transmission
is denoted by T.

5.7 Comparison of different schemes

In schemes (a-c), the imaging systems are chosen such that the image of the grating
(echelon) overlaps with the pulse-front-tilt inside the LN"". This is considered to be the

optimal imaging condition and the analytical expressions can be found in Egs. (84-86).
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The lens at the farther side of the LN has a fixed focusing length f; = 300 mm and
the one close to the LN has a focusing length f,. The optimal imaging conditions for

different schemes are the following,

conventional grating (CG), scheme (a): (84)

2
‘ 1 _n/\o n/\()
oy L N +4 |,
sin (6,) > tan2(7/)ngd J(tanz(y)”gd)

B A
fi ~ dcos(0,) tan(y)ng

=0.613

nonlinear echelon (NLES), scheme (b): (85)

2
0= 3 - J(tanzmm—nd] “

Q—L:LOW

fi dcos(6,) tan(y)

reflective echelon (RES), scheme (c): (86)

sin (6,) = ! , jé = 2 = 0.646
1+ 2n/tan®(y)ng" fi ning

where the 6, is the output grating angle of OP and 1, is the group velocity refractive
index of the OP at wy in the lithium niobate (LN).

For a fair comparison, the peak fluence of the OP at the LN input surface is set the same
for all the schemes. In particular, o which is the OP beam size at the LN input surface
i.e after optical elements and the imaging system, is also kept the same. For schemes
(b), (c) and (e), the size of the beamlets along x” dimension is kept the same at the LN

input surface. The step numbers of the structures are labeled by m. The LN apex is
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located at x = 0. The z = 0 coordinate is defined is defined at the location where the
center of the OP starts to interact with the LN crystal. With the simulation parameters

listed in Table 3, the efficiencies of each scheme are presented in Fig. 32.

Table 3: Simulation parameters

parameter name value
wavelength A 1018 nm
beam size o, 0.5 mm & 4 mm
grating density d 1/1500 mm
focusing length f 300 mm
phase matching angle y 64.8°
phase matching frequency € 2nx 0.3 THz
pulse duration (FWHM) 7 500 fs
temperature 300 K
peak fluence \/m mJ/cm?
THz absorption a(300K, 0.3 THz) 7/cm
NLES scheme W, H 97 um , 206 um
RES scheme W, H 150 ym”~, 229 um
MSPM scheme W, H 97 um , 1000 ym

It can be seen from Fig. 32 that due to the large angular dispersion, CG loses the
advantage for longer interaction lengths. For the NLES scheme with high input OP
fluence, the optimal effective length is Legr = 1/a. When o’ > sin (y)Leg, the efficiency
and the optimal interaction length is nearly independent of the OP beamsize. This is
due to the fact that since the NLES structure creates beamlets at the LN input surface, all
of the beamlets experience an almost identical condition i.e similar walk-off distances.
Thus, the generated terahertz spectrum is also not related to the OP beam size, whichisa
unique property of the NLES compared to all the other schemes. The RES scheme shows
less sensitivity with respect to the OP beam size (or interaction length) compared with

the CG scheme. The STC scheme delivers highest conversion efficiency and has longest
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interaction length since it doesn’t contain any initial angular dispersion. However, the
STC scheme is only applicable for the small OP beam size due to the limitation of the OP
bandwidth (see scheme (d) section for more detail). The MSPM and the RES are similar
i.e. the PM is achieved by generating time-delayed beamlets. However, despite the
similar beam size and interaction length, RES outperforms MSPM in terms of efficiency
due to the imaging system and no dispersion from the mask material. As a result,
MSPM can be used for larger OP beam sizes. With the small OP beam size, MSPM
scheme experiences relatively short interaction length and the diffraction modifies the
spatial profiles of the beamlets, leading to poor quality terahertz pulses with largely

spread spectrum.

S ox'=0.5 mm ox'=4 mm
2312 \(e) STC (a)] (b)
2309 .

S2o6 (b) NLES
=2 (b) NLES

290 L4 . . J(d) MSPMT
£ 0 1 2 3 2 0 2 4

Figure 32: The internal conversion efficiency (without out-coupling loss) of different
tilted-pulse-front schemes are plotted against the interaction length. (a) and (b) corre-

spond to 0.5 mm and 4 mm OP beam sizes respectively.

Due to the large terahertz refractive index inside LN (1(€)g) = 5.2), the energy loss of
the terahertz pulse propagating from the LN into the air is inevitable. The maximum
Fresnel transmission (T) at the desired terahertz frequency is T=1- (n(Qo) — 1)?/(n(Qo) +
1)? = 0.54. To further investigate the out-coupling loss, the energy transmission of the
terahertz pulse at the LN output surface is studied. The T is very sensitive to the spatial
distribution of the terahertz beam, which is largely dependent on the fluence and size
of the OP. Consequently, the T of electric fields at the peak of each efficiency curves in

Fig. 32 are calculated and the corresponding results are listed in Table. 4
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Table 4: Terahertz energy transmission (T) and the external conversion efficiency () at

the LN output surface

0y, =05mm o} =4 mm
T  1.(%) T 1. (%)
(a) CG 019 012 | 024 0.05
(b) NLES || 0.46 0.24 || 0.53 0.29
(c)RES 034 011 | 029 0.07
(d)STC || 0.39 048 - -
() MSPM || 0.31 0.06 | 0.27 0.06

Due to the non-collinear phase-matching, frequency downshifted optical components
generated via the second-order effect, possess large angular spread. This leads to a
spatial and temporal break-up of the optical pump, limiting the terahertz generation
efficiency and reducing the few-cycle character of the generated terahertz fields. Ad-
ditionally, large angular diffraction of the terahertz reduces the out-coupling efficiency
of the terahertz fields which reduces the overall efficiency further. The simulations
suggest that with lower OP input intensity, the terahertz electric field is closer to the

single-cycle format along the x dimension and the terahertz beam size increases.

The CG and STC schemes form continuous TPF, where the PM condition is fulfilled
along the entire transverse dimension. For the schemes related to beamlets (NLES,
RES and MSPM), the entire beamlet-train forms the TPF with the required tilt angle.
However, each individual beamlet itself has an offset with respect to the perfect TPF
surface. Given a short interaction length, the discrete TPF schemes can not outperform
the continuous TPF schemes in terms of efficiency. The MSPM scheme delivers the
lowest efficiency and for large OP beam size, the efficiency is comparable to the RES
scheme. We do not recommend MSPM scheme for small OP beam size. Among all 3
discrete TPF schemes, the NLES has the best performance in terms of efficiency and

terahertz beam quality.

Schemes CG, NLES and RES, are applicable for a large range of parameters such as OP
energy, bandwidth and beam size. Within these three schemes, the CG favors smaller in-

teraction length (small beam size) and narrower OP bandwidth due to the large angular
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dispersion. NLES has a potential of delivering large and homogeneous terahertz beam
because of the plane-parallel shape of the LN crystal and the smaller imaging errors in
comparison to the CG scheme. Additionally, the generated terahertz spectrum does not
depend on the OP beam size. The NLES and RES schemes require manufacturing um

sized structures, which is time consuming and prone to manufacturing errors.

Due to zero initial angular dispersion, the STC scheme delivers the highest conversion
efficiency and spatially homogeneous few-cycle terahertz field. However, the OP pulse
has to be broadband. Due to the spatial chirp, the bandwidth scales linearly with the

OP beam size, making this scheme not applicable to large OP beam sizes.

Table 5: Comparisons of different schemes. The symbols vV, vand X represent recom-

mend, neutral and not recommend respectively.

(@) CG (b)NLES (c)RES (d)STC (e) MSPM
THz quality X 14 v/ 14 X
o7 scalability v 4 v/ X v
parameter flexibility | vV v 4 v X
efficiency 4 4 v 4 X

6 Comparison of LN and KTP using the conventional grating

scheme

Potassium titanyl phosphate (KTP) is an inorganic compound with the formula KTiOPOy.
It can also be a candidate for terahertz generation. The advantage of this material is
the high damage threshold (~ x3 of LN)’". KTP has larger dispersion at the optical
region compared to LN. This leads to less spectral broadening i.e less effective terahertz
generation. The KTP absorption at terahertz frequencies and the refractive index at the

terahertz and optical frequencies are shown in Fig. 33.
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Figure 33: (a) and (b) represent the comparison of terahertz absorption and refractive
index of LN and KTP respectively. The data of KTP is obtained from the work of JG.
Huang et al.”. The refractive index at the optical frequency (~ 1 um) is presented in

()

The simulation parameters are kept the same as for the LN. Different parameters are
listed in Table 6. Please pay attention that due to the difference of the phase-matching

angle, the magnification of the imaging system is not the same as LN.

Table 6: Simulation parameters

parameter name value
fol A 0.71
phase matching angle y 58.2°
x® 109.6 pm/V
1 2.3e-19 m*/W
THz absorption « (300K, 0.3 THz) 3.2/cm
band gap 3.52eV

The comparisons between KTP and LN are presented in Fig. 34. In Fig. 34(a), the
terahertz spectral range extended over 1.5 THz is not reliable, since the refractive index
and absorption is only valid up to 1.5 THz (see Fig. 33). Numerically the material
properties over 1.5 THz are computed by linear interpolation of the data within 1.5
THz.
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Figure 34: The comparison of the internal conversion efficiencies are presented in (a).
(b) and (c) represent the terahertz spectrum and the OP output spectrum at the peak of

each efficiency curve.

The comparisons of the electric fields are shown in Fig. 35. It can be seen that due to
less angular dispersion, the terahertz electric fields generated by the KTP possess more
homogeneous character along the x dimension. Besides, larger fluence leads to smaller

terahertz beam size, which is consistent with the results in section 5.2.
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Figure 35: (a) represents the terahertz electric field generated by the LN. (b) and (c)
represent the terahertz electric field generated by KTP with input pump fluence 70
mJ/cm? and 140 m]/cm? respectively. The Fresnel transmission is represented by T and

the FWHM indicates the output terahertz beam size.
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Part 111

Terahertz generation in periodically poled

lithium niobate

7 Multi-cycle terahertz generation

Sections 7.1-7.10 are published in the work done by L. Wang et.al.

7.1 Introduction

Multi-cycle terahertz has a wide range of applications, such as spectroscopy "' /7,
semiconductor exciton excitation ', spin dynamics control”"” and linear electron ac-
celeration. These applications highly benefit from high energy terahertz sources™ "

In particular, applications like particle acceleration place steep requirements on a few
millijoules of single/multi-cycle terahertz pulse energy to enable bunch manipulation
in the relativistic regime. Such performance is largely contingent on increasing the

terahertz generation efficiency towards the percent level and beyond.

Different approaches have addressed the generation of few-cycle terahertz pulses, in-
cluding four wave mixing in ambient air ~, plasma driven effects in air”’, terahertz
emission from photoconductive switches™"”, tilted-pulse-fronts~ and echelons"""~

In addition, there are techniques available for the generation of multi-cycle terahertz ra-
diation. Quantum cascade lasers are attractive due to their compactness and production
simplicity in its use in the spectral range > 1 THz despite their limited tunability =~/

Molecular gas lasers can provide high terahertz energies but are less tunable in terms
of the generated terahertz frequency . Free electron based terahertz sources are ideal
in providing high energy multi-cycle terahertz pulses but are less accessible and are
even more challenging for a compact implementation”’~"". Laser based multi-cycle
terahertz generation can leverage on developments in solid-state laser technology to

enable compact coherent terahertz sources with high conversion efficiency at low ter-
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ahertz frequency (<1THz)"~"". This study revolves around the generation of high

energy terahertz pulses in the multi-cycle (narrowband) regime.

Laser-driven terahertz generation utilizes the second order nonlinearity of the non-
linear material to perform difference frequency generation. GaAs, CdTe, InP""

HMQ-TMS"/, LiNbO3;”°, GaP, ZnTe”” and DAST """ are nonlinear materials that
have received significant attention. Multi-cycle terahertz generation in periodically
poled Lithium Niobate (PPLN) was initially demonstrated by Lee et al.””. Recent
research efforts focused on terahertz generation in PPLNs with various pump pulse
formats such as chirp and delay, pulse-train and cascaded optical parametric ampli-
fication=7"7""*. To our knowledge, the highest experimentally achieved conversion

efficiency for multi-cycle terahertz generation in PPLN is around 0.15%

Increasing the optical to terahertz generation/conversion efficiency in laser-based schemes
is often hindered by several challenges. The first limitation is introduced by the Manley-
Rowe relation "~ obtained after the assumption of single photon conversion. This
limitation can be overcome by a cascaded second order process (repeated energy down-
conversion of pump photons to terahertz photons) "~'"°. The damage threshold of the
nonlinear crystal imposes another challenge. Large pump electric field strength in-
duces optical breakdown and damage to the material, which also limits the achievable
terahertz efficiency . Another challenge is introduced by the terahertz absorption
of the material. This challenge can be overcome by cryogenic cooling """, since the
temperature decrease impedes thermal phonon excitation and, therefore, considerably
reduces the terahertz absorption. Additionally, it was found by Lee et al. that cooling

of the nonlinear crystal increases the terahertz generation efficiency

7.2 Phase matching

Phase matching ensures that a proper phase relationship between the interacting waves
is maintained along the propagation direction. Only if that condition is fulfilled, an
effective nonlinear interaction can be obtained. A conceptual illustration of the phase
matching is shown in Fig. 36. Figure 36(a,b) represent the out-of-phase electric fields
and the resulting total field respectively. Figure 36(c,d) represent the in-phase situation.

It can be seen that, in the out-of-phase case, due to the destructive interference, the
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different electric fields cancel out each other, leading to a zero total field whereas in the

in-phase case, an enhanced final field is obtained.

- * —
1 iC)| QVG‘,{%K L] 1 1 1
0 5 10 0 5 10
X (arb.u.) X (arb.u.)

Figure 36: Illustration of the phase matching concept. (a) and (c) represent 3 out-of-
phase and 3 in-phase electric fields respectively. (b) and (d) are the resulting total
fields.

PPLN utilizes the quasi-phase-matching method where, along the propagation direction
of the optical pump, the second nonlinear coefficient of the lithium niobate forms a

periodic pattern by flipping the sign (see Fig. 37).

I'm the pump > o + |
VA, e
PPLN OSSR PRU PR PRRPRPP: :

Figure 37: Schematic illustration of the PPLN, where x? is the second order susceptibility
of lithium niobate. The adjacent sections x® and —x® together form a period A (y®

plus —x®@ is one period).

In PPLN, the pump pulse is chosen to be linearly polarized along the extraordinary op-

tical axis of LINbOj in order to maximize the effective second order nonlinear coefficient
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ds3 = %X%ﬁ = —in*(w)yss3 = 168 pm/V >0

|E1?
E 2
pyt 0 0 0 0 dis—dn :;:2
PIZ\]L(Z) :26’0 —d22 dzz 0 d15 0 0 3 (87)
NL EQE*+E*E3
p,® dis disds 0 0 0 302
3 15 15 433 . %
E\E + E{E;
E1E5+E;E2

In Eq. (87), subscripts 1 and 2 represent the ordinary axes and 3 represents the extraor-
dinary axis™. Axes 1 and 2 are identical at the first order (1,1 = 1,7), which is known as
uniaxial birefringence. However, in the second order, the o axes are not identical. This
explains why d;; matrix elements are not identical on 1 and 2 axes. With the linearly
polarized input pump pulse E =(0,0,E3) along the extraordinary axis, the second order
polarization term driving the terahertz field is also linearly polarized along the same

direction (PI;IL(Z) = 2e0dz3|E3[?).

The phase-matching condition shown in Eq. (88) ensures that the terahertz pulses gen-

erated at different positions of the PPLN crystal can add up in phase provided:

O[1/vTH,(Q) — 1/vg(a))]% =71+ 2nN (88)
N=01,23...

where A is the period of PPLN, Q) is the terahertz angular frequency, w is the pump
angular frequency, vy, is the phase velocity of terahertz pulse and v, is the group
velocity of the pump pulse. Note that for a given PPLN structure, there is more than

one terahertz frequency fulfilling the phase-matching condition ( Qn = Qg X (1 + 2N))

7.3 Coupled wave equations in cylindrical coordinate

I choose to perform calculations on a slice along the radial axis in cylindrical coordinates
as shown in Fig. 38. For high energy terahertz generation, the usage of large crystals is
mandatory due to the limited damage threshold of the nonlinear materials. Using the

state-of-the-art fabrication technology, PPLN crystals as large as 1 cm X 1 cm transverse
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dimensions and few centimeters in length are realizable'"”

. The propagation of the
pump and terahertz beams in bulk PPLN crystals resemble the propagation of linearly
polarized beams in a square waveguide. However, the waveguide dimensions are far
larger than the wavelength of both pump and terahertz in the crystal. As a result, the

effect of the waveguide boundaries become negligible.

Figure 38: Schematic illustration of the simulated geometry: the dark thick arrows
represent the polarization direction of both pump and terahertz beams. The polarization
direction is aligned with the extraordinary optical axis of PPLN. The origin of the
cylindrical coordinate is at the center of the beam. r and z represent the transverse and

propagation directions, respectively.

Consequently, the entire problem reduces to solving the scalar coupled wave equations
with the ansatz E(w,7,z) = Alw, 7, z)e‘ik(“))z, considering the slowly varying amplitude
approximation. The governing equations of the field amplitude of pump and terahertz

beams read as:

8Aop(a)/ 1,z) -1 d [ aAop((l); r/Z)] 3 iegn(w)naw

<gz{|140p (tl 7’, Z)|2A0p (t/ 1’, Z)}

2z k@) ror| or 2
_12)1)1((%;?) f: : Aop(@ + Q,1,2) A%y (Q, 1,2)e*dQ) (89)
o'?ATHg(ZQ, rnz) _ Zkzgz') )% % (raATHE(f), 1, Z)) B a(ZQ) Ar(Q,7,2)
—% I : Agpl@ +Q,1,2)A5 (@, 1, 2)e 2 dew (90)

In Egs. (89) and (90), Aop and ATy, stand for the electric field amplitude of the optical
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pump and the terahertz beam respectively; .# denotes the Fourier transform operator;
w and Q are the optical and terahertz angular frequencies respectively; k represents
the wavenumber; o denotes terahertz absorption; 1, represents the nonlinear refractive
index and 7 represents the refractive index. The effective nonlinear coefficient is written

as )(ff; = )(?3)3(2) in the last terms on the right hand side of Eqs. (89) and (90). The

inkz i(k(Q)+(w)—k(w+Q))z

term 2% = e evaluates phase mismatch between the propagation of

the terahertz beam and the optical pump. The term ¢/*** together with the term in the

@

first order Fourier expansion series of x;,

(), leads to the phase-matching condition

On the right hand side of Egs. (89) and (90), the first terms correspond to the transverse
spatial dependence of the propagation, describing beam divergence due to diffraction.
In Eq. (89), the second term describes the impact of SPM on the optical beam which is
independent of the phase-matching condition. As one can see, I consider a frequency
dependent SPM effect which implicitly includes the effect of self-steepening. This can
be shown using the following derivation:

] 8|A t/ 1,z |2A t/ v,z
w0§{|Aop(t, T, Z)|2A0p(t/ 7, Z) _ a)i Op( ;t OP( )
0

= woj{lep(tr 7’, Z)|2Aop(t1 7’, Z)} + (a) - a)O)y{lAOp(t/ 1’, Z)leop(t/ 7’, Z)}
= a)y“Ap(t/ 1’, Z)leOp(t/ 1’, Z)}

where the first and second terms correspond to the SPM effect at wy and self-steepening,
respectively. Additionally, by considering radially dependent SPM, self-focusing is
considered. The third term captures two important effects. One is the DFG term
Aop(w + Q)AL (Q) term which describes the frequency down-shift of the pump, and
the other is the Aop(a) — Q) ATH,(Q) term which describes the back conversion from
terahertz to the pump beam (sum-frequency generation) . The second and third
terms on the right hand side of Eq. (90) evaluate the effects of terahertz absorption and

DFG processes respectively.

Our 2-D calculations in cylindrical coordinates allow for the possibility of including the
spatial variation of the beam, diffraction and self-focusing. This can not be addressed

by a 1-D calculation.

84



Lu Wang Ph.D thesis

7.4 Numerical method simulation parameters

Various finite difference methods can be used for solving Egs. (89) and (90). In this study,
a split step Fourier method is used to compute the integral terms corresponding to the
nonlinear polarization terms containing 1, and )(ff; The second order derivative in the
r direction is expressed by a conventional 3-point finite difference method as shown by
Eg. (91) in Section (7.5). Ultimately, the values of Aop and ATy, are updated throughout
the propagation distance z using the low-storage Runge-Kutta method '~. The entire
method leads to an explicit update algorithm along z rather than in time ¢t. This is only
valid when there is no reflection in the system (i.e only forward propagation along z
is involved). The 3-point finite difference method takes advantage of the tridiagonal
matrix of the discretization along the r direction, thus reducing computational cost.
A combination of split step, explicit finite difference, and low-storage Runge-Kutta
methods highly enhance the computational performance. Using other finite difference
methods such as the Crank-Nicolson method is also possible. However, this implicit
method necessitates the inversion of a finite difference matrix for each frequency and
increases computational cost. Additionally, an angular spectrum method based on
Hankel transformation '° can be used but the approach suffers from a lack of the
development of the fast Fourier transform (FFT) in Bessel series '’ and the boundary
conditions are less straightforward to be implemented. Our calculation is performed in
C++ with MPI and OpenMP for code parallelization. Details of the numerical method

can be found in Section (7.5).

7.5 Finite difference method

The finite difference methodology for solving Eq. (89) is presented. Equation (90) can
be solved by following the same procedure. By defining r; = %(7’]‘4_1 + rj) / (ATZT’]‘), r]T =
%(rj_l +1;)/ (Arzr]-), where Ar is the step size in the r dimension and r; represents a mesh

point at a specific radial position, one can obtain the discretized form of the second
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order derivative as shown in Eq. (91).

1 2( aAop(a)mIT’j,Zk)

7’_]'87’ Ty or ) = T;Aop(wmr Ti-1, Zk) — (1’]_ + r;—)Aop(wm/ T, Zk)

+ V;Aop(wmz Ti+1, Zk) (91)

Equation (91) can be written in a matrix multiplication form as shown on the right hand
side of the last column in Eq. (94) where the 7; related matrix is denoted as a tridiagonal

matrix MR as shown in Eq. (92).

N, +2

o + — + T !
I —

=1+ I 0 0 ! 0o
1 ! | 1

- + — +
0 -, o+, -1 0 ! 0o !
Mg = | : T ! |
N, 0, 0 —ry I3 t+ry 13 A U

| ! | ! (92)

1 ! | 1
- : : g 0
! \ ot -+
00 0 ™ TN TN TN

Equation (89) can be written as Eq. (93) where PN (w,, rj,z) represents all the second

and third nonlinear polarization terms.

aAOp(a)H’ZI v, Zk) 1 _
- P = PNY @, zi) + m[—rj Aop(@m, 7j-1,2k)
+ (r]_ + rj)AOP(wm' TjrZk) = F;Aop(a)m, ris1,2k)] (93)

Equation (93) can be written in matrix form as Eq. (94) where N,,N,, are the number
of the mesh grids at r and w dimension respectively. Each color of the corresponding
column vector represents the coupled wave equation at a specific frequency w;,. In
Eq. (94), the 2-D matrix of angular frequency (w) and radius (r) on the left hand side
is updated by a low-storage Runge-Kutta method ' . The electric field elements at the
same position r; with different frequencies are mixed by the nonlinear polarization PNE,
The electric field elements of the same frequency w;, at different positions in r are mixed
by Mg (e.g diffraction). The total number of the mesh points in r dimension is N, + 2.
The extra 2 points Aop(w, r0,2), Aop(@, 'N,+1,2), marked with dashed boxes, are "ghost
points". The "ghost points" together with the two columns marked by dashed lines in

86



Lu Wang Ph.D thesis

Mg in Eq. 92 are used to construct boundary conditions

/ Op(wNw/ rllzk)

[

:l aAop(wNw/rllzk) :l
0 ! NL
JA (a)z 2,2k) ’l | p (a)Nm’rl’Zk)/ ! A ( )
op\WN, /2/24k) 1 ! ! | @ 7.z
_— L | op\WN,,, 2, <k
Iz ! ' PNNwy 19,2 |
] : (N, 72, Z) T MRX! | |
i ! 0 1 : 1
1 I * 1
: 0 1, . ,' !’ Op (a)Nu, ’ rNr/ Zk) '
0A N2 [ L Wy S
\5: —f—OP(wI;; b5 ;’ PNy, rN,,,,’Z'k | ‘4913(,&{]\&’1/ I,\"ilizk)
0 I T
@] t— ! - [ - - - - -—-—-—-—-—-Z ! I
g || He@mnz) | o | | Aop(@m, 10,2001 |
=] Jz - | PY(wm, 71,2) 1| A4 ,
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5 [ N (Y S 2R 1
i w1,7,Z
= dAop(w1,r2,2k) | PNL(Q)l, i, Zk) | _2k(za) )MRX OP( 1,71, k) |
o) oz I l' 1 Aop (a)ll 12, Zk) ,l
2 = | , ,
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(& NL I
2| @iz | PN (w1, 7, 2) | _ Aopl@1, 1N, 2ZH) |
—_— 1
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(94)

7.6 Boundary conditions
The boundary conditions are enforced to the solution by the elements in the dashed
boxes in Eq. (94), and Mg matrix in Eq.(92). For the mesh points in » dimension, the

T = 3(ro + 11)/(ar?ry). The

r = 0 singularity is avoided by defining o = 3Ar, and thus r
"boundary condition" near r; is confined by the symmetry at the origin of the cylindrical

coordinate itself (e.g Mh r = 0). Thus,
(95)

Aop (CL), o, Z) = AOp (a)l 1, Z)

For the boundary condition at ry,, three different conditions can be applied. Note that
as shown in Fig. (38), in the calculated area the polarization of the field is perpendicular
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to the boundary. Of course with the same numerical method, any polarization at the
boundary can be considered. However, the boundary condition has to be changed

accordingly.

1. Dirichlet boundary:
This condition represents the interface from PPLN crystal (114p) to air (1). Due to

- -
Gauss’s law in maxwell equation f f D -dS =0. One can get

2
nOPrNY

Aop (C(), rNr+lr Z) = AOP((‘)/ rNr/ Z) (96)

HZTN,,+1
If the field polarization is parallel to the contact surface of the dielectric (PPLN)
and the metal cladding outside the PPLN, one can also apply a reflective boundary
condition.

Aop(w,N,+1,2) = 0. 97)

This is equivalent to the situation where electric field is reflected by a mirror.

2. Transparent boundary:
This boundary represents the situation where the boundary has no effect on the
field as the field propagates through the calculation boundary. This kind of
boundary is also equivalent to the situation when Eq. (89) and (90) are solved by

angular spectrum method. The condition can be written as

Aop(@, TN, +1/Zk)
AOp (CL), rN,/ Zk)

Aop(@, TN, +1, Zk41) ® Aop(@, TN, , Zk+1) (98)

7.7 Numerical error and efficiency estimation

In numerical calculations, generally two types of errors are studied. One is the round-off
error. Due to the limited accuracy of how the computer store numbers, most non-integer
numbers cannot be represented in a computer without committing anerror . The other
is the Truncation error. This type of errors arise when an infinite process is replaced by
a finite one, such as approximating an integral by a sum, approximating an ordinary
differential equation by a finite difference method, and approximating a floating point

number with a given significand
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In order to estimate the performance of the numerical package developed in this chapter,
the numerical error and the efficiency are presented in Fig. 39. In Fig. 39(a) the relative

error is defined as
|fnum - fO’ /fO

where fj is the analytical solution and f,um is the numerical solution. In Fig. 39(b), the
time axis is defined as t/ty where t is the time consumed with a given number of cores

and ty is the time consumed by minimum number of cores (5).
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Figure 39: Numerical error and efficiency estimation. (a) shows numerical error versus
the mesh step size. (b) shows the efficiency enhancement with respect to the number of
cores used in the parallelization. The dashed vertical lines represent the choices used

for following simulations.

7.8 Two-line input pump spectrum

Terahertz generation with pulse trains is effective in mitigating walk-off and yields high
conversion efficiencies"”. In the remainder of this thesis, the simulations are based on
pump pulses consisting of two narrow spectral lines separated by the desired terahertz
frequency (QQp = 2rx0.3 THz). This forms a pulse train (beat note) with each sub-pulse
separated by a time 271/Q), i.e. the terahertz electric field period. In this section, I base
all simulations for terahertz generation centered at 0.3 THz due to its amenability for
electron acceleration. The overarching conclusions may however be extended to other

frequencies as well. The simulation parameters are tabulated in Table (7).

The refractive index and absorption () of terahertz radiation at 80 K and 0.3 THz are

obtained from linear interpolation of the experimental data between temperatures 50 K
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Table 7: Simulation parameters with two-lines input

Parameters Values

1> 1.25 x 1071 W/m?
2 BT

X«(efz = X:(;23)3 7O L, 2 X 168 prn/V

Super-Gaussian Order M | 5

Qo 21t X 0.3THz

PPLN Period A 374.1 ym

a(C) 1.4 /cm

Damage Fluence Fy4 10 \/’L’FWHM /(2% 10ns) ]/ cm?
Temperature 75K

Input Pump Pulse Electric Field Format

Two-lines frequencies (wo, wo + (p) 291.26 THz, 291.56 THz

E(a)) o e—(a}—a)o)zT%WHM /(81In2) + e—(w—wo—Qo)ZT%WHM/(S In2)

2
E(t) o einte_zmz(t/ TFWHM) [1 + ¢t

E(r) oc e-r*/209"

and 100K from “~. The material absorption at optical wavelengths, i.e. the pump
absorption, is neglected and the refractive index is fitted to a Sellmeier equation . I
assume a super-Gaussian spatial distribution (M = 5) and a Gaussian temporal profile
for the optical pump. This is also the case for high power lasers. Additionally, a
super-Gaussian spatial distribution ensures that the generated terahertz radiation is
homogeneous in the transverse r dimension and also minimizes the damage due to
peak fluence of the pump compared to a Gaussian spatial profile. The input pump

pulse energy, which follows from spatial and temporal integrations of the electric field
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defined in Table. 1, is given by
2naT(ME)Fy

2

Energy = 99)

==

7.9 Terahertz efficiency in terms of pump pulse duration
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Figure 40: Numerical results of the terahertz generation in a single stage: (a) shows
the conversion efficiency versus the pump pulse duration. The maximum efficiency
n = 1.05 % is obtained at Tgwam = 150 ps. The input pump energy is calculated
from Eq. (99) with the pump beam size 0 = 5mm. (b) shows the Ly, Leg versus pump
pulse duration. (c) shows the terahertz efficiency versus the propagation distance for

TrwaM = 150 ps, where the steepest efficiency increase rate (Ly) and effective length
(Left) are labeled.

The crucial parameters in designing a complete terahertz source are the pulse duration
of the pump and the necessary length of the PPLN crystal. As one can see in Eq. (99),
longer pulse durations allow higher input energy, but simultaneously necessitate longer
interaction length, which in turn intensifies the effects caused by terahertz absorption.
The optimal pump pulse duration is found to be 150 ps with conversion efficiency

n = 1.05 % as shown in Fig. 40(a,c). In order to define the optimal PPLN length Les, we
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introduce the length parameter Ly where the efficiency increase is most rapid. This is
obtained at d?1(z)/dz?|,=1, = 0. I define L as:

1dn(z) dn(z)
i ot = g et (100

One should avoid choosing Legs at dn(z)/dz = 0, because the plateau length in Fig. 40(c)
increases with the increase of the pump pulse duration and dn(z)/dz = 0 occurs ap-
proximately in the middle of the plateau. Within the range of the plateau, the amount
of generated terahertz radiation equals to the absorbed amount. Consequently, the
optimal Leg should be chosen at the onset of the plateau to avoid unnecessarily long

crystals.

Since the effective length is related to the pump pulse duration, in order to get more
insight into this problem, I begin with a 1-D undepleted model. Consequently, Eq. (90)
can be written as Eq. (101).

—iQXézf; * . exp(i6z) — exp(—a(Q)z/2)
Arpi(Q,2) = Q) jg Agp(w +Q,1,2)Agp (@, T, z)da)[ Q)2+ 10
B NL exp(i6z) — exp(—a(Q)z/2)
= P (Q)[ a(Q)/2 +id ] (10)
where,
_ 2n, Q 2r,  (n(Qo) — ng(wo))
0= [HQ) + k(@) = Ko + Q) = T = [ (1(Q) = my(@) = T x — L= (102)

In order to study the distance Ly and Leg, I calculate the second order derivative of
|ATi1,/* which is proportional to the efficiency 7. By calculating A Ataa(Q, 2)I?/d?z = 0,
one can get

exp(—az/2) = [cos(62)/2 + 26 sin(5z) /a — 26% cos(6z) /a? (103)
for short pump pulse, 6/a > 1, 26sin(6z)/a = 2cos(5z)6*/a?
= Lo = tan"1(6/a) /6,

for long pump pulse, 6/a < 1, exp(-az/2) = cos(6z)/2 = 1/2
= Lo =2In(2)/a, Legg = 2In(2/(1 = V1 —e1))/a
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Ly and Leg variations in terms of the pump pulse duration are depicted in Fig. 40(b)
where the results of analytic calculations are compared against numerical results. In
Fig. 40(c), a efficiency decrease can be observed for large propagation distance z. This
is due to the fact that the long interaction leads to a large spectral broadening. Due to
the dispersion, newly generated pump frequencies do not precisely certify the phase-
matching condition. Absorption together with the not perfectly phase-matched pump

spectrum leads to the efficiency decrease.

7.10 Effects of transverse spatial variations of pump

High power terahertz generation demands high power lasers which usually suffer
from phase front distortions and intensity modulations. In the following section, I
investigate the influence of the spatial variation of the pump pulse on the terahertz

generation process.
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Figure 41: (a) shows the efficiency of terahertz generation versus propagation distance
for various beam sizes. (b) shows the spatial profile of the input pump pulse (dashed
lines) and output pump pulse (solid lines). (c) shows the output terahertz beam spatial
profile. For different beam sizes, the peak fluence is kept constant. The output spa-
tial profiles of both terahertz radiation and the pump are obtained at the end of the

interaction length, i.e. z = 25mm.

Beam Size Dependence Here, I aim at exploring the dependence of the terahertz
generation efficiency on the pump beam size. For this purpose, I perform simulations
for a super-Gaussian (M = 5) pump beam with beam sizes ¢ = 1 mm, 3 mm and 5mm,
respectively. Figure 41 suggests that the terahertz beam size and spatial profile resemble

the corresponding pump properties for large pump beam sizes.

It can be seen in Fig.41(a) that the terahertz conversion efficiency is lower when o =
1mm compared to ¢ = 3mm and 5mm. The diffraction has a minor influence on the
spatial profile of the pump pulse since the Rayleigh range (A ~ 1um) is about few
tens of meters. In a super-Gaussian beam, smaller beam size leads to larger spatial
phase gradient at the edge of the spatial profile. Therefore, as observed in Fig.41(b),
the self-focusing effect leads to the peak appearing at the edge of the 1 mm pump
beam. The change of the spatial profiles of the terahertz beams in Fig. 41(c) is due to the
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diffraction of the super-Gaussian beam ~*'~". It can be seen that for a 1 mm terahertz
beam, diffraction modifies the super-Gaussian profile to a Gaussian profile after 25 mm

generation distance.

Influence of Pump Pulse Spatial Energy Fluctuation and Phase Fronts Variation The
above results are obtained with perfect super-Gaussian pump spatial profiles and a flat
spatial phase front. In order to examine the influence of spatial energy and phase front
variations of the pump pulse on terahertz generation with the two-line pump spectrum,
I studied 4 cases: (I) flat phase front with one of the pump spectral lines having a 5%
modulation in the electric field strength. (II) flat phase front with both pump spectral
lines having a 5% modulation in the electric field strength. (III) flat spatial profile with
one of the pump spectral lines having modulation from - to 7 in the phase front. (IV)
flat spatial profile with both of the pump spectrum lines having modulation from —m to

7t in phase front.

In the following context, E(w,r) denotes the electric field of the input pump pulse
and Eo(w, r) is the electric field with a perfect super-Gaussian spatial profile (0=5mm)
and flat phase front. The interaction length is chosen to be z = 25mm as in Fig. 41.

rmax = 8.5 mm is the maximum distance of the calculated radial dimension.

Case I: One line with Cosine Electric Field Amplitude Modulation

E(w,r) = Eg(w,r)(1 + 0.05cos(27t X 47/7max)), @ <21t x291.3THz (104)

E(w,r) = Eg(w,7), w>21x291.3THz

It can be seen in Fig.42 that terahertz generation is not degraded by the intensity
modulation in one of the spectral lines. Though the transverse intensity modulation
can also induce spatial phase variations due to self-focusing, with our pump pulse

parameters, the induced spatial phase variation is negligible.
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Figure 42: (a) and (b) show the spectral density (first row) and flat phase front (second
row) of the input pump spectral lines. (c) shows the spatial profile of the input and

output pump pulse. (d) shows the terahertz spatial profile.

Case II: Both lines with Cosine Electric Field Amplitude Modulation
E(w,r) = Eo(w, 7)(1 + 0.05 cos(27t X 47 /Tmax)) (105)

Fig. 43 suggests that the terahertz generation is not degraded when both lines are sub-

jected to the same intensity modulation, which is expected from the Case I study.
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Figure 43: (a) and (b) show the spectral density (first row) and flat phase front (second

row) of the input pump spectral lines. (c) shows the spatial profile of the input and

output pump pulse. (d) shows the terahertz spatial profile.

Case III: Both lines with Cosine Phase Modulation

E(a), 1,) — Eo(a), r)ein C0S(27X47 [T max) (106)

Fig.44 suggests that if both of the pump lines are identically modulated in phase,

the terahertz generation process is not degraded. The phase modulation induces self-

focusing which can be observed in Fig. 44(c).
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Figure 44: (a) and (b) show the spectral density (first row) and phase front (second row)
of the input pump spectral lines. (c) shows the spatial profile of the input and output
pump pulse. (d) shows the terahertz spatial profile.

Case I'V: One line with Cosine Phase Modulation

E(w,r) = Eo(w, r)emcos@modr/ima) - ¢y < 271 x 291.3 THz
(107)

E(w,r) = Eg(w,7), @ >2mx291.3THz
Figure 45 indicates that a distortion in the phase front, not unusual for high power
laser beams, strongly reduces the conversion efficiency. This is due to the nature of the
difference frequency generation process, which transfers the phase difference between
the two frequency lines of the optical pump to the terahertz beam at a thousand times
longer wavelength. In turn, the modulated terahertz phase front suffers from strong
diffraction, leading to destructive interference. Consequently, the terahertz conversion
efficiency is greatly reduced and a strongly spatially modulated terahertz beam appears
asshownin Fig. 45(d). The peaks in Fig. 45(c) are due to self-focusing, making it different
from case III. In case III, since the phase fronts of both spectral lines are identical, the
terahertz generated inherits a flat phase front. As a result, the cascaded frequencies
newly generated in the optical region maintain the same phase front as the initial two-

line spectra. However, in case IV since DFG creates a terahertz pulse with the phase
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difference of the pump spectral lines, the new pump frequency lines generated by the
cascading process carry different phases. The later generated cascaded lines inherit

multiple times of the original phase difference, forming an enormously curved phase

front. Thus, strong self-focusing occurs.
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Figure 45: In (a,b) the first row shows the spatial profiles of the pump spectral lines and
the second row represents the phase front of the corresponding spectral lines. (c) shows

the pump input and output spatial profile. (d) shows the generated terahertz spatial

profile.

711 High efficiency terahertz generation by pulse recycling

Previous work based on a 1D-propagation model*”, partially addressed the possibility of
obtaining high efficiencies of several percent for optimal pump pulse formats. However,
in practice, complex pump pulse formats are hard to engineer. Therefore, further
innovations are necessary to achieve the desired percent level efficiencies. Here, I aim
to alleviate these limitations by recycling the optical pump and separating the generated
terahertz radiation in a staged approach, before significant terahertz absorption occurs.
In this multi-stage architecture, consecutive stages utilize the same optical pump pulse.
The terahertz pulse generated at each PPLN stage is then coupled out, circumventing

99



Lu Wang Ph.D thesis

the excessive terahertz absorption. A similar concept was experimentally tested by
Chen et al. “” with a two-stage system for single-cycle terahertz generation. However,
in their system, the terahertz pulse generated in the first stage is also coupled into the

second stage together with the pump pulse

7.11.1 Terahertz efficiency enhancement with dispersion compensation

I suggest compensating the dispersion accumulated in the material of the pump pulse
generated at the end of each stage before recycling it to the subsequent PPLN stage
in order to enhance the conversion efficiency. In other words, before the pump pulse
is recycled to stage N, an opposite dispersion is added to the pump pulse at the end
of stage N-1 to cancel the dispersion obtained by propagation through the stage N-1.
For the first and second stages, dispersion compensation can be realized by a prism or
grating (i.e second and third order dispersion). For many stages, the cascading process
broadens the spectrum drastically. Dispersion compensation for a large bandwidth
beam can be challenging in practice since higher order dispersion needs to be taken into

consideration. However, it still can be achieved with double chirped mirrors

The simulation results comparing the terahertz spectra at the end of each stage with and
without dispersion compensation are shown in Fig.46(a,b). The resulting conversion

efficiencies are shown in Fig. 46(c,d).

One can see that the terahertz conversion efficiency reduces subsequently after each
stage without dispersion compensation. Since the terahertz generation broadens the
pump spectrum via the cascading process, part of the broadened pump spectrum can not
be phase matched for further cascading. In other words, different frequency elements
in the pump spectrum pick up different phases due to dispersion in the PPLN via
propagation. Consequently, the terahertz radiation generated by DFG from different
spectral ranges of the pump pulse carries different phases, leading to partial destructive
interference of the total generated terahertz radiation. Thus, the efficiency is degraded
due to the dispersion. It can be seen in Fig. 46(b,d) that the efficiency can be significantly

enhanced by dispersion compensation.
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Figure 46: Comparison of a 4 stage system with input pump pulse parameters ¢ = 5mm,
TrwaM = 150 ps. The effective length of each stage is chosen to be the distance where
efficiency saturates. (a,c) depict the terahertz spectra generated after each stage and the
conversion efficiency by recycling the pump pulse directly without dispersion compen-
sation (No Comp.). (b,d) show the terahertz spectra and the conversion efficiency with

pump pulse dispersion compensation (Comp.) after each stage.

7.11.2 Spectral dynamics of optical pump and terahertz pulses

Figure (47) depicts the temporal profile of the pump pulse with the short time Fourier
transform (STFT) (i.e instantaneous spectrum) of the corresponding time range. The
broadening of the pump pulse spectrum causes a reduction of the pulse duration, an
increase in peak intensity and a drastic variation in the instantaneous spectrum of each
sub-pulse (see Fig.47(a,b)). The STFT in Fig.47(b) indicates that the instantaneous
spectrum in each sub-pulse forms a "U” shape due to the cascading effect, leading to
a drastic spectral variation in time. The maximum cascading (spectral down-shift)
occurs where the highest peak intensity is present. The STFT in Fig. 47(c) suggests that
the dispersion compensation alters the spectral distribution with respect to time. If a
transform limited pump pulse, which has a uniform spectrum distributed over time,
could be obtained after each stage, the terahertz efficiency could be greatly enhanced.

However, the realization of such a process is challenging, since perfect compression
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of the 'U’” shaped spectrum induced by SPM, the second order nonlinear effect, and

dispersion, is not straightforward.
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Figure 47: (a) shows the input pump pulse, (b) shows the output pump pulse after one
2.5cm PPLN stage. (c) shows the output pump pulse after dispersion compensation
by adding the opposite second order dispersion of Lithium Niobate at the pump center
frequency (GDD= 6300 fs?) to (b). The contour plot in the second and third rows are the
short time Fourier transforms of the corresponding selected temporal range (indicated

by the dotted red box).

Figure. 48 compares the spectral density (spatially dependent spectra in radial dimen-
sionr) of the terahertz generated at each stage for two cases with and without dispersion
compensation. The terahertz beams generated with dispersion compensation follow a
Gaussian-like spectrum, whereas those generated by direct pump pulse recycling have
distorted spectral shapes, particularly in the last stage. This is due to the fact that the
phase of the pump perturbed by dispersion influences the phase-matching condition of
terahertz generation, and thus leads to a broader terahertz spectrum. Figure. 49 shows
the comparison of the spectral density of the output optical pump at each stage without
and with dispersion compensation. It can be seen that dispersion compensation boosts

the cascading process and leads to greater pump spectral broadening. The results de-
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picted in Fig. 46, Fig. 48 and Fig. 49 confirm that the terahertz conversion efficiency can

be largely enhanced by pump pulse recycling with dispersion compensation.
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Figure 48: (a-d) show the terahertz spectral density generated by 4 consecutive stages
respectively. The first and second rows show the terahertz spectra generated without

and with dispersion compensation, respectively.
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Figure 49: (a-d) represent pump pulse spectral density after each corresponding stage.
The first and second rows show the pump pulse spectra at the output of each stage

generated without and with dispersion compensation, respectively.
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7.11.3 Quartz output coupler for beam separation
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Figure 50: (a) Schematic illustration of the output coupler and the angle definitions.
In (b) and (c), comparison of the terahertz energy transmission from PPLN to air for
"Air” and ‘QC’ cases are shown. Additionally, the transmission of the generated flat-top
terahertz beam with different beam sizes o = 1 mm (dashed lines) and oy = 5 mm (solid
lines) are analyzed. (b) shows terahertz energy transmission versus the refractive index
of the PPLN at the given Brewster angles (BA) at S; surface. The black dash-dotted
line refers to the refractive index assumed for the calculation of Brewster’s angles. (c)
shows terahertz energy transmission versus the incident angle at surface S; with given

refractive index where the black dash-dotted lines mark the BA at this refractive index.

Figure. 50(a) shows one possible arrangement of the multi-stage setup accounting for
the subtlety of terahertz and optical beam separation. The output pump beam from the
PPLN propagates at a certain angle with respect to the input pump pulse direction due

to the refraction from the quartz coupler (QC). However, in the sketch, I do not depict
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this for simplicity of illustration. Incidence at Brewster angle plays a crucial role in this
scheme in order to couple out and separate both pump and terahertz beams with high
transmission efficiency from the PPLN to air (n = 1). Out-coupling of the terahertz
beam from Lithium Niobate to air through a silicon coupler was first demonstrated
experimentally and theoretically by Kawase et al. *". In this article, crystalline quartz
is chosen as the material of the output coupler owing to its low absorption for tera-
hertz radiation at 0.3 THz (0.01/cm) ~"*", large bandgap (12.5 eV) " which has lower
nonlinearity and higher damage threshold compared to silicon or Lithium Niobate

Additionally, the dispersion of quartz at both pump and terahertz frequencies is neg-
ligible for few centimeters of propagation " "'. I neglect the small influence of the
quartz coupler on the optical pump and fully focus on the out-coupling of the terahertz

radiation.

In Fig. 50(a), the inner angles of the bulk quartz coupler are represented by a1, az, and
asz. This ensures that the terahertz beams experience Brewster incidence angles 1w — a;
and y; at S and S surfaces, respectively. 1 and f; are the output angles of the pump
beam at the S; surface and the pump beam Brewster incidence angle at the S3 surface,
respectively. The refraction loss of the pump is negligible. S3 can be chosen to be
parallel to surface S; to further reduce angular deviation. Additionally, L (the length
of the top edge of the quartz coupler) is the minimum distance that ensures sufficient
spatial separation of pump and terahertz beams. Details of the equations used for
calculating the involved angles can be found in Table 8, where 6 = 5 mm, nin(wo) = 2.1,
ng(wo) = 1.4, n1n(Qo) = 5, ng(Qp) = 2. The subscripts 'LN” and 'Q’ correspond to PPLN

and Quartz respectively.
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Table 8: Quartz Coupler Parameters

Parameter Variable Values
B1 sin”! (cos(al)nLN(a)o) /nQ(a)o)) 33.9°
B2 tan‘l(l/nQ(wg)) 35.5°
V2 tan‘l(l/nQ(Qo)) 26.6°
ai tan™! (n1n(Q0)/10(Q) ) 68.2°
a2 a1+ )2 94.8°
a3 —P1+Pr— 113.4°
L 20 cos(f2) cos(aq)/(sin(ay — 1) sin(az)) | 5.5 mm

Since the refractive index of the PPLN varies with temperature and manufacturing
process, an output coupler with a reasonable tolerance is desired. In Fig.50(b,c), com-
parison of two out-coupling cases "Air’ (red curves) and ‘QC’ (blue curves) is shown. In
the case of "Air’ where no output coupler is utilized, the PPLN crystal is cut such that the
terahertz pulse is incident at Brewster’s angle (tan™!(1/n1n(Qo)) = tan!(1/5) = 11.3°)
from PPLN to air directly. In the case of ‘QC’, the terahertz pulse is coupled out from
the PPLN to air through the designed quartz coupler shown in Fig. 50(a) with Brewster
incidence angle (tan‘l(nQ(QO) /nin(Qo) = tan~1(2/5) = 21.8°) on S; surface.

In both Fig. 50(b) and Fig. 50(c), the transmission window of the "QC’ case at oy = 5mm
(flat interval with terahertz energy transmission T ~ 1) is due to total internal reflection
(TIR) at both the S; and S; surfaces. This window range reduces for the smaller
terahertz beam size oy = 1 mm (i.e terahertz beam with larger angular divergence). The
terahertz beam components with angular divergence larger than the TIR are filtered out,
leading to lower energy transmission. This TIR induced transmission loss is particularly
pronounced for the "Air” case since the refractive index varies from nyn(€Qg) = 5 to
nair(Qo) = 1. This large refractive index difference causes a sharp transmission drop
at the incidence angle larger than Brewster angle. This explains why the transmission
peak occurs at an angle smaller than Brewster’s angle in the "Air” case in Fig. 50(c).

With larger beam size oy = 5mm, the transmission peak approaches the Brewster angle
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due to smaller angular divergence. It can be seen that from PPLN to air, the terahertz
energy transmission at oy = 1mm is around 45% and 55% for "Air” case and 'QC’
case respectively. The terahertz energy transmission at o = 5mm is around 63% and
96% for "Air’ case and 'QC’ case respectively. With the given refractive index at the
corresponding Brewster incident angle, a quartz coupler leads to higher transmission.

More discussion can be found in section (7.11.4).

7.11.4 Terahertz spatial profile after quartz coupler

Stage 1 Stage 2 Stage 1 Output  Stage 2 Output
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Figure 51: (a,b) and (c,d) represent terahetz spatial profiles in PPLN in x — y coordinate
before S; surface (see Fig. 50(a)) generated by a two-stage system with pump beam size
0 = 5mm and 0 = 1 mm respectively. (e-h) represent coupled out terahertz spatial
profiles of (a-d) after S, surface in x” — y coordinate in the air. The color bar represents
fluence in the unite of J/m2. Each figure window size is 15 mm X 15 mm. Terahertz out-
coupling efficiency from (a-d) to (e-h) is 7, = 96.1%, N, = 93.7%, 1. = 62.5%, 114 = 60.3%

respectively.

The quartz coupler breaks the cylindrical symmetry of the PPLN. In order to calculate
the terahertz spatial profile after the quartz coupler, I reconstruct the terahertz beam
profiles in x-y coordinates from the numerical results in the cylindrical coordinates

inside the PPLN before the incidence on the S; surface (see Fig.50(a)). The refraction
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at the S1, S, surfaces (see Fig.50(a)) for p polarized light and the beam propagation in
the quartz coupler is calculated by the angular spectrum method . Figs.51(a,b) and
Figs.51(c,d) correspond to terahertz spatial profiles generated with a pump beam size

o0 = 5mm and ¢ = 1 mm, respectively by a two-stage setup.

Note that with a pump beam size ¢ = 5mm, the terahertz spatial profile retains its
flat top nature, whereas with 0 = 1mm, the terahertz spatial profile reduces to a
Gaussian as shown in Fig. (41). The corresponding transmitted spatial profiles after the
Sy surface in x” — y coordinates in the air (see Fig.50(a)) are shown in Fig. 51(e-h) with
the terahertz out-coupling efficiency 17, = 96.1%, 1, = 93.7%, 1. = 62.5%,14 = 60.3%
respectively. The influence of the S; and S3 surfaces together with the propagation in
the quartz coupler has a negligible effect on the pump spatial profile, i.e the spatial
profile of the pump stays flat top but with a reduced size in the x” direction i.e 0’ =
o tan(fz) cos(f1)/ sin(a;) = 0.60. The beam size of the terahertz radiation in the x’
direction follows the same relation o{ = o tan(B2)/tan(a1) ~ 0.20;. On the other hand,
the refraction at S; and S; surfaces greatly changes the energy distribution of the flat top
terahertz beams spatially ( see Fig. 51(a,b,e,f) ) while the Gaussian spatial profile remains
unchanged ( see Fig.51(c,d,g,h) ). The flat top function is a superposition of Hermite
Gaussian modes in Cartesian coordinates. Thus, the final spatial profile of terahertz is

a result of a superposition of all the Hermite Gaussian modes after refraction.

The terahertz beams coupled out by the QC could be combined by a power combiner
with a specifically designed input coupler which matches the terahertz beam profile to
the mode of the power combiner . This investigation is beyond the scope of this article
and will be presented in a separate study. For an ideal symmetric power combiner, the

combination efficiency fcombine can be written as the following

Ncombine = Lo Lo 20 Extx, y, t)Pdxdydt
Nt [5 [ EN B, y, bPdxdydt

where Ey(x, y, t) is the terahertz electric field obtained from kth stage. The combination

(108)

efficiency fcombine reaches the maximum when Eq(x, y,t) = Ex(x, y,t) = ..... = En(x, y,t),
e.g terahertz outputs from each stage need to have identical spectrum, phase and am-
plitude . This could be achieved by adjusting the length of each stage and the relative

arrival time of the terahertz beams. With equation (108), the combination efficiency of
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the terahertz output beams are 93.0% (Fig. 51(e,f)) and 95.2% ( Fig. 51(g,h)), respectively.
This high combination efficiency is the result of similarity between terahertz beams
generated in each stage. As a result, the final total efficiency nota1 Of a two stage system
can be written in Eq. (109) where 11, 112 is the generation efficiency of the first and second
stage respectively, 17a, 1) is the out-coupling efficiency, from PPLN to the air with QC, of
the first and second stage respectively and fcombine is the combination efficiency of the

terahertz generated by the first and the second stage.

Ttotal = Tcombine X (7]1 XMNat+12X T]b) (109)

Using equation (109) and (99), a total terahertz energy 17.6 mJ with nota1 = 1.6% can be
achieved with a two stage system using pump beams of size 0 = 5 mm and input pump

energy 1.1].

712 Comparison with the experimental data

In this section, the numerical results are compared against the experimental results.
Due to the collinear phase matching nature and the symmetry of the input pump pulse.

The numerical results here is based on the 1D+1 (z,t) calculation.

In the experiment, the pump source is a home-built 2-lines system which is capable to
deliver 250 ps pulses with 20 m] energy at a repetition rate of 10 Hz. The 2-lines are
made of one stable laser centered at 1030.365 nm and a commercial single-frequency
laser tunable from 990 nm to 1080 nm (Toptica Inc.). They are combined, chopped and
pre-amplified in an all-fiber structure front-end, and future boosted through a Regen
amplifier together with a 4-pass amplifier. The duration of the flat-top pulse is adjustable
from 250 ps to several ns in a step of 250 ps with an electro-optic modulator. In our
experiment, the wavelength of the tunable laser was initially set around 1031.37 nm, so
that the frequency difference between the two lines is 0.3 THz (400 um poling period).
Two periodically poled 5 mol.% MgO doped congruent z-cut periodically poled lithium
niobate crystals (MgO:PPLN) with 9 mm and 40 mm length, respectively, were used.
The crystals are not AR-coated and each has a cross section of 4x4 mm?. To reduce the

terahertz absorption, the PPLN is cryogenically cooled to 77 K during the experiment.
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The chamber pressure level is lower than 10-6 mbar. The THz emission is collected via
two 2-inch off-axis parabolic mirrors (OAP), one of which has a hole of 3-mm diameter
to separate the infrared (IR) and THz beams. The generated terahertz pulse is detected
by a pyroelectric Joulemeter (Gentec-EO, SDX-1152) with a polyethylene (PE) cover. A
8-mm thick Teflon plate was positioned in between the 2 OPA to stop the residual IR
beam as well as the parasitic second harmonic generation. The IR beam going through
the hole is partially sent to an optical spectrum analyzer to monitor the pump spectrum
shaped by the DFG process.

It can be seen that at low input fluence with interaction length 10 mm (Fig. 52(a)), the
simulation results matches very well with the experimental data. However for the 40
mm interaction length, the simulation results deviates with respect to the experimental
data at high pump fluence (Fig. 52(b)). This saturation effect shown in the experimental

data at high fluence can be caused by the ionization which is not included in the

simulation.
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Figure 52: Experimental data from W. Tian et.al.

Input fluence (mJ/cm?)

. The simulation results are com-

pared against experimental data for 3 different PPLN lengthes.
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Figure 53: Comparison of the experimental data and simulation results for 3 different

input pump fluence. Experimental data from W. Tian et.al.

8 Chirp and Delay

Apart from the multi-cycle terahertz generating using the two-line configuration dis-
cussed in Section 7.8, another possibility is the chirp and delay configuration. The chirp
and delay method is accomplished by mixing two linearly chirped (second order disper-
sion) optical pulses with a variable time delay and is first proposed by A. S. Weling

Later on, the experiment is performed by F. Ahr and ~ 0.1% conversion efficiency is
achieved . However, since the optical pump pulse is highly chirped, the terahertz
generation process is extremely sensitive to the time delay. Additionally, higher order
dispersions need to be avoided since they lead to nonlinear frequency distribution in
time. However, in the experiment, it is challenging to completely eliminate the higher
order dispersions. The work carried out by S. W. Jolly et. al. proposes a method of tun-
ing the relative spectral phase of the pump pulses and reached the state-of-art terahertz

energy of 0.6 mJ.
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8.1 Delay Calculation

In this chapter, the author derive the analytical form of the phase matching time delay
taking into account the second and third order dispersions. The comparisons of the
simulation and the experimental data are presented. To begin with, if the second order

dispersion is considered, one can write the input pump electric field as

E(w) = exp[-Aw?1? /4] exp[—i(wot + %sz)] (110)

where Aw = @ — wp. By Fourier transform Eq. (110), one obtains Eq.(111).

E(t) = foo dw exp[-Aw 212 /4] exp[—i(wot + %sz)] expliwt]

[o0]

00 2
= f dAw expliAwt — (i% + %)Aa)z]

[ee]

= \/n/(T2/4 +ihn/2) exp[—127%/ (4¢3 + )] explit’ o/ 243 + T4/2)] (111)

The last exponential term in Eq. (111) represents the time dependent phase. Since the
derivative of the phase in time domain represents the instantaneous frequency, one can
obtain Eq. (112).

=t/ (5 +T*/4) (112)

It can be seen from Eq. (112) that the instantaneous frequency is linearly dependent on
time (linear chirp). If ¢ > 2, Aw =t/ ¢2. This means that with a given bandwidth,
larger second order dispersion leads to smaller frequency separation in time, since the
pulse duration is longer. If ¢, = 0, Aw = 0, Eq. (112) reduces to the transform limited

case. If the third order dispersion is considered, one can write the electric field as the

following
— 2,2 : P2, 5 P33
E(w) = exp[-Aw"t*/4] exp | —i(wot + ?Aa) +— Aa) )| - (113)

The corresponding electric field in time domain is

— - 2,2 : (PQ 2 ¢3 3 .

E(t) = dw exp[-Aw~T° /4] exp | —i(wot + 7Aa) + ?Aa) )| expliwt]
:f dAw exp[-Aw?T* /4] exp [i(Awt qbzA qbg’Aa)S)]
00 2
_ f dAw exp [iAwt—i(%—i%)Aaﬁ im} (114)
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It is challenging to analytically solve the third order in Fourier transform. As a result,
a special function need to be used. For a third degree polynomials ax> + bx? + cx, in
order to remove the second order term bx?, one can perform a variable substitution as
v = x + b/3a. By setting v = Aw + 2(¢2/2 - i’cz/4)/¢>3, Eq. (114), one can get

B (P22 -0/ | 2(¢2/2 - it /4)
E(t) = exp{ i 5a/2 [t + 3 5272

00 _ a2 2
xf_oodv exp{iv[t+ WPB—ZM)]—W‘O’%}

B (¢p2/2 —iT?/4) 2(pa/2—it? /4] .
= exp {—1 572 [t + 3 /2 Ai(z) (115)

where Ai(z) represents the Airy function and

(2], 2P
“ (qbs) [” 9212 ]

In the general experiment, GDD ~ 100 X psz, TOD ~ 1 x ps3 and 7 = 1ps. For terahertz

generation, the t ~ Q¢, . As aresult, t/ cj%/ 3

leads to |z| — oo. It is useful to approximate the Ariy function by the limit

~ 1 and || > |¢3/*/3. These two conditions

lim Ai(z) ~ (1/2n1/zzl/4)exp[—§z3/2]

|z] >0

By setting a = (¢2/2 - iT?/4)%/ (¢p3/2) one can further simplify Eq. (115) and obtain time
dependent frequency in Eq. (116)

1/2
a7 er 6 ) e

dphase __(¢2/2-ir%/4) (3)1/3 A il_ (¢2/2 — iT2/4) ( 2
¢3
(116)

By performing the Taylor expansion, one can get

dphase (¢2/2- it2/4)  $2/2 —it?/4
at - B2 a2
B t/2 N 3
q52/2—iT2/4 16((])2/2—1'T2/4)3

1 1
1+ Stla+ §t2/a2)
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Consequently,
_ t . Pp3(P3/2 - 3¢p27*/8)
0= (;b% +74/4 (¢,§ +14/4)3

w — W

If pp > 72, one can further simplify the question and obtain the following results

t s
w-wy=—+ =

2 245

In order to find the optimal delay o with a given target terahertz frequency Q, one can
write the polarization term for the terahertz generation as

p@

QZEZ
THz — X(Z)C—zo f E(w + Q)E*(w) exp [iAk(Q)z]dw

= X(Z)Q—Z f exp {Ml exp [—i(Aa)to + %(Aw + Q)% + %(Aw + 9)3)]

c? 4
CAp2r2
xexp[ AwTT ]eXp [—i(%sz + %Aaﬁ)] exp [IAk(Q)z]dw
Q?E? 2 Q(P A 20) QZ(P
_ @ 5 a2 T, 03 Ao (TPQ QP ,
X 2 fexp[ Aa)(2 +1 > )]exp > [ > +1 5 +z¢zﬂ+zto]
2
X exp | -Q? (TZ + 1%)] exp [IAk(Q)z]dAw
Q2E2\2n 2,2 Qd Q + )2
0 | 2T 2 B R o k]
2 /12 + iQ3 8 24 2 272 +2Q¢3

As a result, one can get Eq. (117) where L is the interaction length.

—Tz((]sz + to)z
™ + P2

22024y 2 022
Eruf = ()" Q°EgLm p( QT)

[Ak(Q)
222 (2 + Q) T\ 4

2
o ] (117)

Equation (117) suggests that in order to obtain the maximum generated terahertz field
i.e. the phase matching delay, the condition ty = —Q¢; has to be satisfied. Note that
this condition is the same as when the ¢3 is not presented. Additionally, it can also be
seen that with respect to the increase of the ¢3, the maximum efficiency reduces but the
efficiency is less sensitive with respect to the delay (i.e. the phase matching range with
respect to the delay increases). It can be understood in the following way. The ¢, causes
a linear instantaneous frequency distribution with respect to time (see Fig. 54). If the ¢3

is not present, there is only one specific time delay which satisfies the phase matching
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condition and at this time delay, the entire pulse in time contributes to the generation
of the desired terahertz frequency. Given a different delay, the terahertz generated is
centered at a different frequency and is filtered out by the phase matching bandwidth
of the PPLN, causing a very sensitive relation of the efficiency with respect to the delay.
However, if the ¢ is present, the instantaneous frequency is not linear. Only a small
section of the pulse in time can contribute to the targeted terahertz radiation. Regardless
of the delay, since each part of the OP phase match different terahertz frequencies, there
is always a few amount of the generated terahertz fields fall into the phase matching

bandwidth, leading to a less sensitive efficiency change with respect to the delay.

Pt 3

-
W

//

Frequency
Frequency

-
—

\
\

Time Time

Figure 54: Illustration of the instantaneous frequency with respect to time with only

the second order dispersion (¢ left) and with the second plus third order dispersion
(2 + 3 right).

The comparison of the simulation and the experimental data can be found in Fig. 55,
where the simulation parameters are listed in Table 9. The experimental data in Fig.
55 are obtained from Halil Olgun. Due to the poor organization of him, the entire
comparison between the experiment and the theory is not complete. In case of any

discrepancy related to Fig. 55, please blame it on Halil Olgun.

Table 9: Simulation parameters with chirp&delay input

Parameters Values

phase-matching frequency Qg || 27t x 0.53 THz

input energy 19 m]
P2 -229.3 ps?
D5 5.26 ps®
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Experimental data Simulation

203 294 295 296 297 203 294 295 296 297
Frequency (THz) Frequency (THz)

Figure 55: The scan of the output OP spectrum with respect to the relative delay (At) is
presented. The optimal delay tp = ¢, X Qp = 770ps and the relative delay At = t — t,.

The left and the right show the experimental data and the simulation respectively.

116



Lu Wang Ph.D thesis

Part IV

Conclusion and future work

9 Conclusion

For few-cycle terahertz pulses, the spatial dependence of the terahertz electric field
properties generated in a tilted-pulse-front setup are studies. By comparing the 1D+1,
2D+1 and 3D+1 numerical models, it is found that the 1D+1 calculation cannot capture
certain key features of the terahertz generation process. Additionally, the 3D+1 calcu-
lation shows that within the OP beam size range o, = [0.5,4.5] mm, diffraction in the
dimension perpendicular to the pulse-front-tilt plane does not have much influence on
the terahertz generation process. For those cases, the 2D calculation (x-z coordinates) is

a good approximation.

Perpendicular to the pulse front tilt plane, in y-direction, the terahertz beam waist
relates to the OP waist with o,/ V2, which is as expected for the second order nonlinear
process. However, in the x dimension, the OP beam size does not have a large impact
on the generated terahertz beam size. The terahertz pulses are generated close to the
apex of the crystal and the single-cycle region is located close to the vicinity of the
crystal apex. Thereby, large OP beam sizes lead to a reduced percentage of single-cycle
content of the generated terahertz pulses. Attention must be paid to the fact that the
terahertz generated farther from the apex of the crystal, which can possess a significant
fraction of the total generated terahertz energy, suffers from poor electric field quality

and temporal chirp.

In order to maximize the single-cycle content, the OP beam size along the x dimension
should be kept reasonably small, while the size along the y dimension can be used to
enlarge the pump beam if necessary. Another option is to reduce the OP input fluence.
These findings are of particular relevance to carrier-envelope-phase sensitive terahertz

applications and strong filed terahertz physics.

Different TPF schemes are presented and analyzed. With lower OP input intensity,

117



Lu Wang Ph.D thesis

two effects are found. One is that the terahertz electric field shows more single-cycle
property along the x dimension. The other is that the generated terahertz beam size
increases. These two effects lead to less out-coupling loss. For small OP beam size
(0% = 0.5 mm), the output terahertz beamsize decreases with increasing initial angular
dispersion, i.e. STC > RES > CG.

Schemes CG, NLES and RES, are applicable for a large parameter ranges such as OP
energy, bandwidth and beam size. Within these three schemes, the CG favors smaller
interaction length, narrower bandwidth and smaller beam size due to the large angular
dispersion. NLES has a potential of delivering large and homogeneous terahertz beam
size because of the plan-parallel shape of the LN crystal and the smaller imaging errors
in comparison of the CG scheme. Additionally, the generated terahertz spectrum is
also not related to the OP beam size. However, once the structure is produced, the

interaction length is fixed, making this scheme less flexible.

In the CG scheme, the entire pulse-front-tile forms a smooth and continuous surface,
which perfectly full-fill the PM condition, whereas the situation for the schemes related
to beamlets (NLES, RES and MSPM), is different. Since m can only be integers, the
entire trend (envelope) of the beamlets satisfies the PM condition while each individual

beamlet itself has an offset with respect to the perfect pulse-front-tilt surface.

Due to the zero initial angular dispersion, this scheme could generated spatially homo-
geneous few-cycle terahertz pulse with highest conversion efficiency. However, the OP
pulse has to be broadband. Due to the spatial chirp, the bandwidth scales linearly with

the OP beam size, making this scheme not applicable for large OP beam sizes.

The MSPM scheme delivers the lowest efficiency . For large OP beam size, the efficiency
is comparable to RES scheme. We do not recommend MSPM scheme for small OP beam

size.

For multi-cycle terahertz generation, a scheme using a consecutive arrangement of
PPLN crystals (multi-stage system) is presented. For this purpose, a 2-D numerical
scheme assuming cylindrical symmetry is developed. The simulation includes the ef-

fects of DFG, SPM, self-focusing, beam diffraction, dispersion and terahertz absorption.

For a single stage, the optimal pump beam pulse duration for a 2-line pump spectrum
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configuration is 150 ps with effective length 25 mm and conversion efficiency 1 = 1.05%.
With this pump pulse configuration, the terahertz spatial profile resembles the pump
when the pump waist 0 > 3 mm. Additionally, it is found that the intensity profile
modulation has negligible influence on the terahertz generation efficiency, whereas a
distortion in phase front strongly reduces the conversion efficiency. This suggests that
care must be taken in circumventing phase induced efficiency deterioration for high

energy terahertz generation.

For a multi-stage system, it is found that by recycling the pump pulse with dispersion
compensation, the efficiency can be greatly enhanced. Subsequently, a quartz out-
put coupler for separating the terahertz beam and optical pump with high terahertz

transmission is designed.

Specifically, for a two stage system, the generation of a terahertz pulse of 17.6 m] energy
with total conversion efficiency 7oa1 = 1.6% at 0.3 THz for a 1.1] input pump energy,
is predicted. The generation efficiencies are 1 = 1.0%, 12 = 0.8%, the out-coupling

efficiencies are 1, = 96.1%, 1, = 93.7% and combination efficiency is combine = 93.0%.

10 Future work

The two numerical packages for few-cycle and multi-cycle terahertz generations can
be updated and modified in future work. Other nonlinear materials can be easily
investigated and implemented by changing material property functions. The damage
and ionization effects are not included at the current stage of work. Terahertz generation
with OP at 2 um or even 10 um can be another interesting field to explore due to the
higher quantum efficiency at the longer wavelength. Higher-order nonlinear effects
such as self-phase-modulation and high-harmonic-generation at the terahertz frequency

range could also be investigated.
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11 Beautiful mistake

'To be
continued

This is a small exhibition of the beautiful pictures that I created by accident over the
years. Funny enough that this level of beauty only appears when I have numerical errors
in my code. The correct calculations never succeed in impressing me by the form of
the output. This is where the section title "beautiful mistake" comes from. These lovely
pictures are surprises during my research. Though "incorrect" scientifically speaking, I
still couldn’t have the heart to throw them away. If someday, you see similar pictures
somewhere else, don’t be too shocked. It might be just me, failing to make my path to
become a professor and consequently decide to venture to art-related fields (kidding! I
certainly will be a PROFESSOR!). If you have reached this section, that means more or
less you have read through my thesis (I hope?). I do hope that you enjoy the explorations
in physics as much as I do. In the world full of unsolved equations and puzzles, the
satisfactory of knowing a little bit more serves as the torchlight through my journey

with physics. I curiously walk through this journey with all my love and passion.
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