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Notation and conventions

We give here a collection of the notation used in this thesis.

e Numbers and vector spaces:

We denote by R the set of real numbers, by C the set of complex numbers, and by
H the set of quaternions. We will refer to all of these sets as fields, although H is a
skew-field. Let Ry be the set of real positive numbers. We denote by ¢ the imaginary
unit of C. Let ¢, 7, and k be quaternions that satisfy the quaternionic relations,
namely i° = j2 = k> = —1 and ij = —ji = k. We will write F if we do not want
to specify any of the three fields R, C, or H. For z € F we denote by R(z) and
$(x) the real and the imaginary part of z, respectively. For the purely imaginary
subspace $(H) = spang {2,7,k} of H we will sometimes use the symbol I. If we
speak of a subfield F’ C F we mean one of the fields above. Let F* :=F \ {0} be the
multiplicative group of F. For an element x € F we denote by T the conjugate of x
and by ||z| := V=T the norm of z.

Let N be the set of natural numbers. The letter n will always denote a natural
number. We will denote by F" the (right) vector space of n-tuples of elements of F.
Let e1,..., e, be the standard basis of F”. An F-subspace of F" is a subspace over
F. Analogously, if F/ C F is a subfield, then an F’-subfield of F"™ is a subspace of
F™ over F'. Let (-,-), be the standard inner product on F”, i.e. (z,y), = > i Vi
Let B"(F) = {v € F"|(v,v), < 1} be the open ball of radius 1 and let S™(F) =
{v € F"| (v,v), = 1} be the sphere. For F = C we denote by wy the Kéhler form of
(-,-)o defined by wo(z + iy, 2’ +1iy') == (x,v)y — (y,2"), where z,2’,y,y/ € R".

Let k be a natural number. Then F5™ denotes the space F*** endowed with the
non-degenerate bilinear form (-, -), defined by (z,y), = — Z§:1 T + Z?Ikkﬂ i
Let Sp = {v € F*"| (v,v), = 1} be the pseudo-sphere. For F = C we define as above
the Kéhler form wy, of (-,-), by wi(z + iy, 2" + i) == (x,y'), — (y,2’),. We call a
vector v € FF™ spacelike, if (v,v), > 0, lightlike, if (v,v), = 0, and timelike, if
(v,v), < 0. For F1" we will denote by eq, e1, ..., e, the standard basis where eq is a
timelike vector.

We call an F-subspace V of FF" spacelike, if (-,-)), restricted to V x V is positive
definite, and timelike if the restriction is non-degenerate and V contains timelike

vectors. If V is space- or timelike, then we denote by V= its orthogonal complement
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in F*" with respect to (-, ).

Let F =R or C and V be a vector space over F. Then A¥V* denotes the vector space
of k-forms on V with values in F. If o € A¥V* and U C V is an F-subspace, then
we denote the restriction of a to U x ... x U by ayy. For a € ARV* B e ARV we
denote by a A B € AF1TF2V* the wedge-product. Let o € A¥V* and x € V, then we

denote by tya the interior product.

Lie groups and Lie algebras:

We denote by G, H, K, and U Lie groups and the associated Lie algebras by g, b,
£, and u, respectively. The connected components of the identity are denoted by G,
HY K° and U°. Z(G) is the center of G.

For a Lie group G let pu be the Haar measure of G. Let f : G — C be a Borel-
measurable function. Then we define the essential supremum and essential infimum
by

esssupf := inf{a€R | pu({g < G||f(g)| > a}) =0},
essinff = sup{beR | u(lg € Gl |f(g)] < b)) = 0}.

Notice that || f||, := ess supf is a semi-norm on the vector space
L®(G) :={f: G — C| f Borel-measurable, || f|| , < co}.

We define N := {f : G — C | f Borel-measurable, || f|| ., = 0}. Then we obtain a
Banach space by defining L>®°(G) := L®(G)/N.

Let M(n;F) be the set of n x n-matrices with elements of F in the entries and let
1,, be the n x n-identity matrix. For a matrix A € M(n;F) we denote by A the
conjugate matrix and by A7 its transpose.

We denote by GL(n;F) := {A € M(n;F) | A is invertible} the general linear group.
If F = C or R, we denote by

SL(n;F) :== {4 € GL(n;F) | det A =1}
the special linear group. Let
U(n; F) .= {A € GL(n; F) | (Av, Aw), = (v,w), Yv,w € F"}

be the Lie group of unitary transformations with respect to (-,-),. Equivalently,
U(n;F) consists of the the matrices A which satisfy AAT = 1,. If we specify the

field F, we will use also the notation
Sp(n) :=U(n; H), U(n):=U(n;C), O(n):=U(n;R);

SU(n) := U(n) NSL(n; C), SO(n) := O(n) N SL(n;R).

Sometimes Sp(1) denotes also the Lie group which acts on H™ by multiplication of

quaternions of norm one from the right.



Analogously, we define for p, ¢ € N the Lie group
U(p,;F) := {A € GL(p+ ¢;F) | (Av, Aw), = (v,w), Vv, w € IF'p’q} )

Equivalently, U(p, g; F) consists of the matrices A which satisfy A]lp,qZT =1, , where

-1 0
1,,:= P .
p’q ( 0 1‘1)

The maximal Lie subgroup of U(p, ¢;F) is U(p;F) x U(q;F). If we specify the field
F, we will use the following notation
Sp(p,q) := U(p,¢;H), U(p,q) :=U(p,¢;C), O(p,q) :=Ulp,¢;R),

SU(p, q) := U(p,q) NSL(p + ¢;C), SO(p,q) := O(p,q) NSL(p + ¢; R).

Furthermore, SO°(p, ¢) denotes the connected component of the identity of SO(p, q).
The quaternionic Heisenberg group will be denoted by Heis, (H) and consists of the

matrices of the form

1 -8 L)+
0 1,4 t
0 0 1

where t € H* 1, ||t]|> = (t,1),, s € S(H).

Manifolds:

We denote by M always a finite dimensional manifold. If M is connected, then
M denotes its universal cover. If p € M, then T,M is the tangent space of M
at p, TM the tangent bundle and End(7T'M) the endomorphism bundle. X(M) is
the Lie algebra of smooth vector fields on M. The pair (M,g) denotes a semi-
Riemannian manifold and V is the Levi-Civita connection. Sometimes we omit the
semi-Riemannian metric g and just write M for a semi-Riemannian manifold. Let R
and Ric be the Riemannian curvature tensor and the Ricci tensor, respectively. If N
is a vector bundle over M, then I'(/V) denotes the set of smooth sections. We denote
by Iso(M, g) the isometry group of (M,g). If J is an almost complex structure on

M and if g is Hermitian, then we define
Iso(M,g,J) := {f € Iso(M, g)|dfy 0 Jp = Jy(, o df, Vp € M} .

If (I, J, K) is an almost hypercomplex structure on M and if g is Hermitian, then we

define
Iso(M,g,(1,J,K)) :=Iso(M,g,I)NIso(M,g,J) NIso(M,g, K).

Furthermore, wy = ¢(I-,-), wy = ¢(J+,-), and wg := ¢g(K-,-) denote the Kahler
forms.

If @ is an almost quaternionic structure on M and if g is Hermitian, then we define

ISO(M797Q) = {f € ISO(M79)|dprP(dfp)_l = Qf(p) Vp € M} .



Furthermore, we denote by (2 the fundamental 4-form.

If a Lie group G acts on a manifold M, then we denote by G, the stabilizer and by
G - p the orbit for a point p € M.

The projective space FP™ is the manifold which consists of all one-dimensional F-
subspaces of F1 which we also call lines. The hyperbolic space H"(F) is the manifold
consisting of all timelike lines and its boundary will be denoted by 0H"(FF) and con-
sists of the lightlike lines. If M C H"(F) is a totally geodesic submanifold, then
I(M) and K (M) denotes the Lie subgroup of U(1,n;F) which preserves M or fixes
M pointwise, respectively. The connected components of the identity of I(M) and
K (M) are denoted by I°(M) and K°(M), respectively.

If we consider F1'" as manifold, then we denote it by Mink,, 41 (F). The real, complex,

and quaternionic de Sitter and Anti de Sitter spaces are denoted by

dS,+1(R) = SO°1,n+1)/S0%1,n), AdS,+1(R) = S0°%2,n)/S0%(1,n),
dS,+1(C) = SU(1,n+1)/U(1,n), AdS,+1(C) = SU(2,n)/U(1,n),
dSn+1(H) = Sp(l,n+1)/Sp(l,n) x Sp(1), AdS,+1(H) = Sp(2,n)/Sp(1) x Sp(1,n).

We mention four more manifolds, namely

SO°%(1,n +2)/S0%1,n) x SO(2), CAdS,+1 = SO0°3,n)/SO(2) x SO°(1,n),
SO%(1,n +4)/S0%(1,n) x SO(4), HAdS,11 = SO°%5,n)/SO(4) x SO°(1,n).

CdSni1
HAS,, 41



Chapter 1

Introduction

In this thesis we study pseudo-Riemannian almost hypercomplex respectively almost quater-
nionic homogeneous spaces with H-irreducible isotropy groups.

An almost hypercomplex Hermitian manifold is a Riemannian manifold which admits three
orthogonal almost complex structures which satisfy the quaternionic relations. All three
almost complex structures together are also called an almost hypercomplex structure. Such
a manifold is called hyper-Kéhler if the three almost complex structures are parallel with
respect to the Levi-Civita connection. An equivalent definition is that the holonomy group
is contained in Sp(n).

An almost quaternionic Hermitian manifold is a Riemannian manifold M which admits a
three-dimensional subbundle ) C I'(End(7'M)) which is locally generated by an almost
hypercomplex structure. Such a manifold is called quaternionic Kéhler if dim M > 4 and
the almost quaternionic structure () is parallel with respect to the Levi-Civita connection.
This definition is equivalent to the holonomy group being contained in Sp(n)Sp(1).
Hyper-Kéhler and quaternionic Kéhler manifolds have been intensively studied because
they are Einstein manifolds, see also [Be] for a good overview. Furthermore hyper-Kéahler
manifolds are Ricci-flat. Specific types of hyper-Kéhler respectively quaternionic Kéahler
manifolds studied in [Be] are those which are in addition homogeneous or symmetric spaces.
The concept of hyper-Kéahler and quaternionic Kéhler geometry can be also applied to
pseudo-Riemannian manifolds. Then the definitions are equivalent to the holonomy group
being contained in Sp(p, q) respectively Sp(p, q)Sp(1).

In this thesis we focus on almost hypercomplex and almost quaternionic homogeneous
manifolds with index 4 which have H-irreducible isotropy groups, i.e. the isotropy repre-
sentation has no non-trivial invariant quaternionic subspaces. This investigation is based
on the work of Ahmed and Zeghib [AZ] who studied almost complex pseudo-Hermitian
manifolds which are pseudo-Riemannian manifolds endowed with an orthogonal almost
complex structure. Such a manifold is called pseudo-Kéhler if the associated Kéhler form
is closed and the Nijenhuis-tensor vanishes. In [AZ] the authors focus on almost com-
plex homogeneous spaces with index 2. The observation is that such manifolds are already

pseudo-Kéahler manifolds if the isotropy group acts C-irreducibly, i.e. the isotropy represen-



CHAPTER 1. INTRODUCTION

tation has no non-trivial invariant complex subspaces. If furthermore the Lie algebra of the

isotropy group acts C-irreducibly, then these homogeneous spaces are locally symmetric.

Theorem 1.1 ([AZ]). Let (M, g, J) be a connected almost complex pseudo-Hermitian man-
ifold with index 2 and dim M = 2n+2 > 8, such that there exists a connected Lie subgroup
G C Iso(M, g,J) acting transitively on M. If the isotropy group H acts C-irreducibly, then
(M, g,J) is a pseudo-Kdhler manifold. If furthermore by acts C-irreducibly, then (M, g, J)

18 locally isometric to one of the following symmetric spaces:
Minkn_H ((C), dSn+1 (C), AdSn+1 ((C), (CdSnH, (CAdSn_H.

The crucial observation of Ahmed and Zeghib is that a real valued 3-form on C!" vanishes
for n > 3 if it is SOY(1, n)-invariant and that an antisymmetric bilinear form Ch* x C™ —
CU" vanishes for n > 3 if it is SO°(1, n)-equivariant. Since for any homogeneous space a
geometrical property that holds at one point also holds at every point, by considering the
differential of the Kéhler form and the Nijenhuis tensor these two facts imply, with the
assumption of a C-irreducible isotropy group, that the manifolds are pseudo-Kéahler. More
precisely, the authors of [AZ] proved that if the isotropy group is C-irreducible, then the
connected component of the Zariski closure of the linear isotropy group contains SOO(l7 n)
up to conjugacy. This is due to the fact that all connected C-irreducible Lie subgroups of
U(1,n) contain SOY(1,n) up to conjugacy. These Lie subgroups have been first classified
by Di Scala and Leistner in [DSL]. Nevertheless the authors of [AZ] gave an independent
proof. In this thesis we are going to study an analogous problem as in [AZ| but for the
almost hypercomplex and almost quaternionic case. There are some analogues between
(pseudo-)Ké&hler manifolds and (psuedo-)hyper-Kéahler and quaternionic (pseudo-)Kéhler
manifolds. By the Hitchin Lemma, see Lemma[2.5] for an almost hypercomplex manifold it
is enough to check that the three Kahler forms are closed to ensure that the manifolds are
(pseudo-)hyper-Kéahler. Hence, we will prove that the Zariski closure of an H-irreducible
Lie subgroup of Sp(1,n) contains SO%(1,n) and that a real valued 3-form on H'" with
n > 3 vanishes if it is SO%(1,n)-invariant. The strategy is as follows. In Section
we will provide an elementary proof that such a 3-form vanishes. We also classify all
connected H-irreducible Lie subgroups of Sp(1,n) to ensure that the Zariski closure of an
H-irreducible Lie subgroup of Sp(1,n) contains SO%(1,7n) if n > 2. This classification is

the first important result of this thesis.

Theorem A. Let H C Sp(1,n) be a connected and H-irreducible Lie subgroup. Then H

1s conjugated to one of the following groups:
e SO%(1,n), SOY(1,n) - U(1), SO°(1,n) - Sp(1) if n > 2,
e SU(1,n), U(1,n),
e Sp(1,n),

o U%={A e Sp(l,1)|Ad = DA} = Spin’(1, 3) with :(? 01> ifn=1.

2



CHAPTER 1. INTRODUCTION

For this classification we will start in an analogous way as in [AZ], i.e. we will distinguish
between amenable and non-amenable Lie subgroups. Then we will make use of a classifica-
tion result by Chen and Greenberg in [CGI, who classified all totally geodesic submanifolds
of the hyperbolic space H™(H) and the subgroups of Sp(1,n) preserving them. By using
these results we can shorten the analogous proofs of Ahmed and Zeghib for subgroups
of U(1,n), see Propositions and With this results we will prove the following

Theorem.

Theorem B. Let (M,g,(I,J,K)) be a connected almost hypercomplex pseudo-Hermitian
manifold of index 4 and dim M = 4n+4 > 16, such that there exists a connected Lie group
G CIso(M,g,(I,J, K)) acting transitively on M. If the isotropy group H := Gp, p € M,
acts H-irreducibly, then (M, g, (I, J, K)) is a pseudo-hyper-Kdihler manifold. If furthermore
b acts H-irreducibly, then (M, g, (I,J, K)) is locally isometric to Mink,, 1 (H).

Notice that similar to the case of Ahmed and Zeghib the H-irreducibility of the Lie algebra
of the isotropy group implies that the homogeneous space is locally symmetric.

There is an analogue of the Hitchin Lemma for the almost quaternionic case. Swann
showed in [S] that an almost quaternionic (pseudo-)Hermitian manifold of dimension
greater than four is quaternionic (pseudo-)Kéhler if the fundamental 4-form is closed.
As in the hyper-Kéahler case we will make use of the fact that the Zariski closure of an
H-irreducible Lie subgroup of Sp(1,n) contains SOO(l,n) up to conjugacy. This implies
that the fundamental 4-form is invariant under SO°(1,n). In Section [3.1{we will show that
a real-valued 5-form on H'" with n > 5 vanishes if it is SO%(1, n)-invariant, see Lemma
[B:11] This result will imply that the fundamental 4-form is closed. Our next important

result is the following Theorem.

Theorem C. Let (M, g, Q) be a connected almost quaternionic pseudo-Hermitian manifold
of index 4 and dim M = 4n + 4 > 24, such that there exists a connected Lie subgroup
G C Iso(M,g,Q) acting transitively on M. Let H := G,, p € M, denote the isotropy
group. If the intersection of the linear isotropy group with Sp(1,n) acts H-irreducibly,
then (M, g,Q) is a quaternionic pseudo-Kdhler manifold. If furthermore M is a reductive

homogeneous space and b N sp(1,n) acts H-irreducibly, then M is locally symmetric.

Theorems A, B and C are the most important results of this thesis.

The structure of this thesis is as follows. In Chapter [2| we give an overview of the basic
concepts. In particular we will introduce the notion of homogeneous and symmetric spaces
in general, almost hypercomplex and almost quaternionic manifolds, amenable Lie groups,
hyperbolic spaces H"(FF), and the Zariski topology.

In Chapter [3] we will prove the algebraic results that are needed for the proof of the
Theorems B and C. In particular we will investigate real-valued 3- and 5-forms on H"
which are SO°(1, n)-invariant and show that they vanish for n > 3, respectively n > 5 by
using elementary methods. Furthermore we will classify all connected H-irreducible Lie

subgroups of Sp(1,n) up to conjugacy by using the classification of the totally geodesic

3



CHAPTER 1. INTRODUCTION

submanifolds of H™(H) and the Lie subgroups of Sp(1,n) preserving them by Chen and
Greenberg [CG].

In Chapter 4] we will finally prove Theorems B and C. For the proof of Theorem B we
will first show with the above results that the Kéhler forms are closed and then we will
study the universal cover M = G /HY by considering all possibilities for H°. In all cases
it will turn out that M is globally isomorphic to Mink,, 1 (H). For the proof of Theorem
C we will show in an analogous way as in the proof of Theorem B that the fundamental
4-form is closed. Finally in Chapter [5| we will point out some open problems that are left

for future research.



Chapter 2

Basic Concepts

2.1 Homogeneous and symmetric spaces

In this section we give an overview of homogeneous and symmetric spaces. The reader can

find more details for example in [Bal, [Be], [He|, [KN2], [O], and [Wal.

Definition 2.1. Let G be a Lie group and M be a differentiable manifold. A Lie group
action of G on M 1is a differentiable map G x M — M, (g,p) — g - p such that

(i) for all g € G the map x € M w g-x € M is a diffeomorphism,
(ii) e-p=p for allp € M,
(iii) g - (h-p) = (gh)-p for all g,h € G and all p € M.
In the following G will be always a Lie group that acts on a manifold M.

Definition 2.2. Let p € M. The stabilizer of the point p € M 1is by definition the
subgroup G, :=={g € G | g-p=p}. The subset G-p:={g-p | g € G} is called the orbit

of p.

Notice that G, is a closed subgroup of G, since the action is continuous. Hence, G, is a

Lie subgroup of G.

Theorem 2.1 ([Wal, Theorem 3.58|). Let H be a closed subgroup of a Lie group G, and
let G/H be the set {gH | g € G} of left cosets modulo H. Let 7 : G — G/H denote the
natural projection w(g) = gH. Then G/H has a unique manifold structure such that

(i) m: G — G/H is smooth.

(ii) There exist local smooth sections of G/H in G; that is, if gH € G/H, there is a
netghbourhood W of gH and a C*®°-map 7: W — G such that m o7 = Id.

The dimension of G/H is dim G — dim H.

Definition 2.3. A Lie group action G x M — M is called transitive, if G -p= M.
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Let H C G be a closed subgroup. Then the Lie group action
GxG/H = G/H, (91,9:H) = g19:H

is called the natural action of G on G/H. This action is transitive.
Let G x M — M be a Lie group action, p € M, and H := G,. There is a natural map
¢:G/H — M,gH — g-p. Notice that ¢ is well defined since

g H=gpH=g"gH=H=g"g€H=g-p=gsp

Proposition 2.1 (|O, Chaper 11, Proposition 13|). Let G x M — M be a transitive action
and p € M,H := G,. Then the natural map ¢ : G/H — M ‘s a diffeomorphism.

Theorem 2.2 ([O, Chapter 9, Theorem 32|). If (M, g) is a semi-Riemannian manifold,

there is a unique way to make Iso(M, g) a manifold such that:
(i) Iso(M, g) is a Lie group.
(i) The natural action Iso(M,g) x M — M, (f,p) — f(p) is smooth.

(1ii) A homomorphism 3 : R — Iso(M, g) is smooth if the map R x M — M sending (t,p)
to B(t)p is smooth.

Definition 2.4. Let (M,g) be a semi-Riemannian manifold and Iso(M,g) its isometry
group. If Iso(M, g) acts transitively on M, then M is called a homogeneous space.

If M is a homogeneous space, then any geometrical properties at one point of M hold at
every point. By Proposition every homogeneous space can be considered as a coset
space G/H where G is a Lie subgroup of Iso(M,g) that acts transitively on M. The

stabilizer H is also called the isotropy group. The representation

p:H — GL(T,M), h— dh,
is called the isotropy representation. The image p(H) is called the linear isotropy
group.

Definition 2.5. A homogeneous space M = G/H is a reductive homogeneous space if

there is a vector subspace m C g such that g =h @& m and Ad(H)(m) C m.

Proposition 2.2 (Ol Chapter 11, Proposition 22|). Let M = G/H be a reductive homo-

geneous space and g =h G m.

(i) The linear isotropy group p(H) acting on TyM corresponds under dm to Ad(H) on

m.

1) Requiring dm : m =2 T, M to be a linear isometry establishes a one-to-one correspon-
P

dence between Ad(H)-invariant scalar products on m and G-invariant metrics on

M.
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Definition 2.6. A connected semi-Riemannian manifold (M, g) is called (semi-Riemannian)
symmetric space if there exists for each p € M an isometry s, € Iso(M,g) such that
sp(p) = p and d(sp)p, = —Idr,nr. The isometry s, is called global symmetry of the point
p. A semi-Riemannian manifold (M, g) is called locally symmetric if VR = 0.

Recall that for a connected manifold an isometry is uniquely determined by its value and

differential at one point. Hence, for a symmetric space (M, g) the isometry s, is unique.

Lemma 2.1 (JOL Chapter 8 and 9]). A symmetric space is locally symmetric, geodesically

complete, and homogeneous.

Lemma 2.2 (|JO, Chapter 8, Corollary 21]). A geodesically complete, simply connected,

locally symmetric semi- Riemannian manifold is a symmetric space.

Definition 2.7. Let G be a connected Lie group and H a closed subgroup of G. The
pair (G, H) is called a symmetric pair if there exists an involutive smooth automorphism

o: G — G such that HY C H C H,, where H, is the set of fized points of o and HY the

connected component of the identity of H,.

Theorem 2.3 (JO, Chapter 11, Theorem 29|). Let (G, H) be a symmetric pair. Then any
G-invariant metric tensor on M = G/H makes M a semi-Riemannian symmetric space

such that spom = mo o, where m: G — M 1is the projection.

If (M, g) is a symmetric space, then G = Iso®(M, g) and H = Iso” (M, g), form a symmetric
pair such that M = G/H, see |OL Chapter 11].

Lemma 2.3 (|O, Chapter 11, Lemma 30|). Let (G, H) be a symmetric pair. Then
(1) h={X eg|do(X)=X}.
(i1) g is the direct sum of b and the subspace m = {X € g | do(X) = —X}.

(111) Ad(H)(m) C m.

(w) [h,h] C b, [h,m] Cm, [m,m] C b.

As a consequence any symmetric space is a reductive homogeneous space.

Definition 2.8. A symmetric Lie algebra is a triple (g,h,T) consisting of a Lie algebra
g, a Lie subalgebra by, and an involutive automorphism T : g — g such that § consists of all

elements of g which are fixed by 7.

Remark 2.1 ([KN2, Chapter XI|). If (G, H) is a symmetric pair and o : G — G is the
involutive automorphism, then (g,4,do) is a symmetric Lie algebra. Conversely, if (g, b, T)
is symmetric Lie algebra and if G is a simply connected Lie group with Lie algebra g, then
T induces an involutive automorphism o : G — G such that for any closed subgroup H with
GY Cc H C Gy, (G,H) is a symmetric pair.

Let (g, b, 7) be a symmetric Lie algebra. Since T is an involution its eigenvalues are 1 and

7
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—1, and b is the eigenspace of 1. Let m be the eigenspace for —1. Then the decomposition

g =h@m is called the canonical decomposition of (g,h, 7). Furthermore,

[b,b] € b, [h,m] Cm, [m,m]Ch
These relations characterize a symmetric Lie algebra.

In the following we collect some facts about totally geodesic submanifolds in general and

in the special case for a symmetric space.

Definition 2.9. A semi-Riemannian submanifold M of M is called totally geodesic

provided its second fundamental form vanishes: 11 = 0.

Proposition 2.3 (JO, Chapter 4, Proposition 13|). For a semi-Riemannian submanifold

M C M the following are equivalent.
(i) M is totally geodesic in M.
(ii) Every geodesic of M is also a geodesic of M.
(iii) If v € T,M is tangent to M, then the M-geodesic vy, lies initially in M.

() If o is a curve in M and v € To0)M, then parallel translation of v along o is the
same for M and for M.

Lemma 2.4 (|[O, Chapter 4, Lemma 14|). Let M and N be complete, connected, totally
geodesic semi-Riemannian submanifolds of M. If there is a point p € M N N at which
T,M =T,N, then M = N.

Proposition 2.4 ([He, Chapter IV.7, Proposition 7.1]). Let M be a semi-Riemannian
manifold and S a totally geodesic submanifolds of M. If M is locally symmetric, then the
same holds for S.

Definition 2.10. Let g be a real Lie algebra. A subspace m of g is called Lie triple
system if X,Y,Z € m implies [ X, [Y, Z]] € m.

Theorem 2.4 (|[Hel Chapter IV.7, Theorem 7.2|). Let (M, g) be a semi-Riemannian sym-
metric space and (G, H) a symmetric pair such that M = G/H. Denote by g = h & m the
canonical decomposition and identify m = T,M,p € M. Let s C m be a Lie triple system.
Then S := exp(s) is a totally geodesic submanifold of M satisfying T,S = s. Furthermore,
S is a symmetric space.

On the other hand, if S is a totally geodesic submanifold of M and p € S, then the subspace

5 =2 T,5 of m is a Lie triple system.

Remark 2.2. In [He] Propsoition and Theorem are stated for the Riemannian

case, but the proofs work also in the pseudo-Riemannian case.

Finally, we cite the de Rham-Wu decomposition Theorem for simply connected semi-

Riemannian manifolds.
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Theorem 2.5 (|[Wul, [Bal, Satz 5.8]). Let (M, g) be a geodesically complete, simply-connected
semi-Riemannian manifold and TM = & @& & a decomposition of the tangent bundle into
two non-degenerate, orthogonal and parallel distributions. For p € M let M;(p) be the
mazximal connected integral submanifold of the distribution &; through the point p. Then
(M, g) is isometric to the product of (Mi(p),g1) and (Ma(p),g2), where g; denotes the

induced metric on M;(p):

(M, g) = (Mi(p), g1) x (M2(p), g2)-
Remark 2.3. The integral submanifolds M;(p) in Theorem are given by

M;(p) = {q eM

3 a piecewise smooth curve vy : I — M;(p) connecting
p and q such that o/ (t) € (&) for all t '

2.2 Hyper-Kéahler and quaternionic Kahler manifolds

In this section we give a very short overview of hyper-Kahler and quaternionic Kéhler

manifolds. The interested reader can find more details in [A], [Bal, [Be|, and [I].

Definition 2.11. Let V be a finite dimensional real vector space. A hypercomplex struc-

ture on 'V is a triple (I, J, K) of anti-commuting complex structures on V) such that IJ = K.

Remark 2.4. Notice that the dimension of a real vector space endowed with a hypercomplex

structure is a multiple of 4.

Definition 2.12. Let M be a smooth n-dimensional manifold. An almost hypercom-
plex structure on M is a triple (I,J,K) consisting of three smooth sections I, J, K €
I'(End(TM)) such that (I, Jp, Kp) is a hypercomplex structure on T,M for all p € M.
The pair (M, (I, J, K)) is called an almost hypercomplex manifold.

Definition 2.13. Let (M, (I,J,K)) be an almost hypercomplex manifold. A (pseudo-)
Riemannian metric g on M is called Hermitian if I1,J, and K are skew symmetric with
respect to g. Then the triple (M, g, (I, J, K)) is called an almost hypercomplexr (pseudo-

) Hermitian manifold.

Remark 2.5. Notice that an almost complex structure I on a (pseudo-) Riemannian man-
ifold (M, g) is skew symmetric if and only if I is orthognal, i.e. g(IX,IY) = g(X,Y) for
all X, Y € X(M). In particular the three almost complex structures 1,J, K of an almost

hypercomplex (pseudo-) Hermitian manifold are orthogonal.

Definition 2.14. Let (M, g, (I, J, K)) be an almost hypercomplex (pseudo-)Hermitian man-
ifold. Then we define

Iso(M,g,(I,J,K)) :={f €Iso(M,g) | df ol =Todf,df oJ =Jodf,df o K=K odf}.
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Definition 2.15. Let (M,g,(I,J,K)) be an almost hypercomplex (pseudo-) Hermitian

manifold. Then each of the three almost complex structures defines a Kdhler 2-form by
WI(Xa Y) = g(IXv Y)a WJ(Xv Y) = g(JXv Y)a WK(X7Y> = g(KX7Y)
with X, Y € X(M).

Definition 2.16. An almost hypercomplex (pseudo-) Hermitian manifold (M, g, (I, J, K))
is called (pseudo-)hyper-Kdhler manifold if VI =0, VJ =0, and VK = 0, where V

denotes the Levi-Civita connection.

Lemma 2.5 (|Hi, Lemma 6.8|). Let (M, g, (I, J, K)) be an almost hypercomplez (pseudo-)
Hermitian manifold. If the Kdhler forms wr, wy, and wg are closed, then (M, g, (I, J, K))
is a (pseudo-)hyper-Kdhler manifold.

Lemma 2.6 (|Be, Theorem 14.13|). A (pseudo-)hyper-Kdihler manifold is Ricci-flat.

Definition 2.17. LetV be a finite dimensional real vector space. A quaternionic struc-
ture on'V is a three-dimensional subspace Q C End(V), which is spanned by a hypercomplex
structure (I, J, K). Then the hypercomplex structure (1, J, K) is called subordinate to the

quaternionic structure Q.

Definition 2.18. Let M be a smooth n-dimensional manifold. An almost quaternionic
structure on M is a three-dimensional subbundle @QQ C End(TM) such that for every
p € M there exists an open neighbourhood U of p with an almost hypercomplex structure
(I,J,K) on U and Qy = spang {I, J, K'}. The pair (M, Q) is called an almost quater-

nionic manifold.

Remark 2.6. The almost quaternionic structure defines pointwise a quaternionic structure
on the tangent spaces.

Notice that in general the local almost hypercomplex structure can not extended globally on
M. An example is the quaternionic projective space HP™, which does not admit an almost

complex structure for topological reasons.

Definition 2.19. Let (M, Q) be an almost quaternionic manifold. A (pseudo-) Rieman-
nian metric g on M is called Hermatian if QQ consists of skew symmetric endomorphisms
with respect to g. Then the triple (M, g, Q) is called almost quaternionic (pseudo-)

Hermitian manaifold.

Let (M, g, Q) be an almost quaternionic (pseudo-) Hermitian manifold. Then we can define

locally the Kahler forms wy, wy, and wg, which depend on I,J and K. The 4-form
=wiANwr+wjANwy+wrg \wg (2.1)

does not depend on the local almost hypercomplex structure and can be extended globally
to M.

10
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Definition 2.20. Let (M, g,Q) be an almost quaternionic (pseudo-) Hermitian manifold.
The 4-form §2 on M which is locally defined by equation (2.1)) is called the fundamental

4-form.

Definition 2.21. An almost quaternionic (pseudo-) Hermitian manifold (M, g, Q) of di-
mension 4n > 8 is called quaternionic (pseudo-) Kdhler manifold if the almost

quaternionic structure Q) is parallel with respect to the Levi-Civita connection V, i.e.

VxI(Q) C T(Q) for all X € X(M).

Theorem 2.6 (|S, Theorem A.3|). Let (M,g,Q) be an almost quaternionic (pseudo-)
Hermitian manifold of dimension 4n > 12. If the fundamental 4-form (2 is closed, then

(M, g,Q) is a quaternionic (pseudo-) Kdhler manifold.

Definition 2.22. Let (M, g,Q) be an almost quaternionic (pseudo-) Hermitian manifold.
If X € T,M, p € M, then the 4-plane Q(X) := spang {X,IX,JX, KX} is called the
quaternionic 4-plane determined by X. A (non-degenerate) two dimensional subspace
E of Q(X) is called quaternionic plane. The sectional curvature of a quaternionic plane
FE is called quaternionic sectional curvature.

An almost quaternionic (pseudo-) Hermitian manifold is called quaternionic space form

if its quaternionic sectional curvatures are equal to a constant.

It is known that an almost quaternionic (pseudo-) Hermitian manifold (M, g, Q) is a quater-

nionic space form if and only if the Riemannian curvature has the form

R(X,Y)Z = (g(Y.2)X = g(X.2)Y +g(IY, Z)IX — g(IX, Z)IY
+29(X, IVVIZ + g(JY, Z2)JX — g(JX, Z)JY +29(X,JY)JZ
+9(KY,Z)KX — (KX, Z)KY +29(X, KY)K Z)

for some constant ¢ € R, see for instance [Al, [I].

Proposition 2.5 (|I, Section 5]). A quaternionic space form is locally symmetric.

2.3 Amenable groups

Amenable groups have been first introduced in 1929 by J. von Neumann in [N] for discrete
groups but he named them messbar, which is the German word for measurable, because
they are closely related to the Banach-Tarski paradoxon. In 1949 M. M. Day named these
groups amenable, see [D]. V. Runde suggests in [R] that Day chose this translation as a
pun. The reader can find an introduction to the historical origin of Amenability Theory
in [P, Chapter 0]

In this section we will give a short overview of the theory of amenable groups from the Lie
theoretical point of view, which will be needed in Section The reader can find proofs
of the following propositions and more details in [G], [P], [R], and [Z].

11
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For motivation let us first consider the well known arithmetic mean of real numbers. Let

n € Nand aq,...,a, € R. Then
+ ...+ ay

a
min {ay,...,a,} < ! <max{ay,...,an}.
n
The term in the middle is the arithmetic mean of the real numbers aq,...,a,. If we set
X :={1,...,n} C N, then the arithmetic mean can be considered as a linear functional on

the vector space of real-valued function on X. More precisely, if f : X — R, the arithmetic

mean is defined as

S

M(f) =

> fk).
k=1
In particular the inequality
inf {f(@)le € X} < M(f) < sup {f(w)|a € X}

holds. We will now generalize the concept of a mean by replacing X with a Lie group.
First, notice that the above inequality only makes sense for real valued bounded functions
on a set X. In the above example all functions on X are bounded just because X is finite.
One could think of defining a mean of a Lie group on the set of bounded functions but
this does not reflect the topological structure of the Lie group. Actually, we will define the
concept of a mean on the set of essentially bounded functions with respect to the Haar
measure of the Lie group.

Let G be a Lie group and denote L*°(G) the Banach space of essentially bounded complex

valued Borel measurable functions on G.

Definition 2.23. Let G be a Lie group. A continuous linear functional M : L*°(G) — C

1s called a mean on G if

(1) M(f) = M(f) for all f € L™(G) and

(2) essinf(f) < M(f) < esssup(f) for all f € L°(G) which are real valued almost

everywhere.

Remark 2.7. Condition (1) in Definition ensures that M(f) is a real number if f is

real valued almost everywhere. Condition (2) is equivalent to
M(f)>0if f >0 almost everywhere, and M(1) = 1.

Proof: Let f € L>®(G) be real valued almost everywhere and non-negative. Then condition

(2) implies 0 < ess inf(f) < M(f) < ess sup(f). Hence, M(f) > 0. Furthermore,
1 =ess inf(1) < M(1) <ess sup(l) = 1.

Hence, M(1) = 1.

Conversely, let f be real valued almost everywhere. We have ess inf(f) < f(x) for almost
all x € G. This implies g := f — ess inf(f) > 0 almost everywhere. By assumption
0 < M(g) = M(f) —essinf(f)M(1). Hence, M(f) > ess inf(f). Analogously, one can
show M (f) < ess sup(f). O

12
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Let f € L*(G). For a fixed € G we define f, : G — C by g — f(x71g).

Definition 2.24. Let G be a Lie group. A mean M : L®(G) — C on G is called left-
tnvariant if M(fy) = M(f) for all f € L>(G) and for all z € G.

A Lie group G is called amenable if there exists a left-invariant mean on G.

Example 2.1. A compact Lie group G is amenable. If u is the normalized Haar measure

on G, then a left-invariant mean on G is defined by

M(f) = | s
G
Proposition 2.6 (|R, Example 1.1.5]). An abelian Lie group is amenable.
Remark 2.8. The proof of Proposition s non-constructive.
Proposition 2.7 (|G| Chapter 2 and 3|). Let G be a Lie group.

(i) Let H be a Lie group and 7 : G — H be a continuous surjective group homomorphism.

If G is amenable, then H is amenable.
(i) If G is amenable and H C G is a closed subgroup, then H is amenable.
(i11) If G is amenable and H C G is a connected Lie subgroup, then H is amenable.
(i) If G is amenable and N C G is a closed normal subgroup, then G/N is amenable.
(v) If H is an amenable Lie group and G is also amenable, then G x H is amenable.

(vi) Let N C G be a closed normal subgroup. If N and G/N are amenable, then G is

amenable.
Proposition 2.8 (|R, Example 1.2.11]). A solvable Lie group is amenable.

Proposition 2.9 (|G, Cor. 3.3.3|). Let G be a connected Lie group and let G = L - R
be the Levi decomposition of G. Then G is amenable if and only if the semi-simple Levi

factor L is compact.

Now we will consider a special example of an amenable group in detail, because it will play

an important role in the proof of Proposition [3.1]

Example 2.2. We consider the action of the Lie group Sp(1,n) on the right-vector space
H'". Sp(1,n) preserves the quadratic form

n
0(9) == (a0, 9); = —laol* + D _ lail*,
=1

where ¢ = (qo, q1, - - - ,qn)’ € HY™. The corresponding matriz to ~yo is



2.3. AMENABLE GROUPS 14

i.e. Y(q) = 7' Toyq. We will now show that the subgroup preserving a lightlike line is
amenable.
For simplification we will not use vyo but an equivalent quadratic form, namely

n—1

1(q) = Togn + Tngo + Y _ |ail.
=1

The corresponding matriz of vy is

0 0 1
INn=10 1,1 0],
1 0 0
i.e. v1(q) = q' I'lq. Denote by
1 1
N
T = 0 1,1 O
1 1
vz 0 %

Since TTF{I = I, v and vy are indeed equivalent. Hence, Sp(1,n) is conjugated to the
Lie group
G = {A €GL(n+1,H) | A A= Fl} .

It follows that a stabilizer in Sp(1,n) of a lightlike line with respect to vy is conjugated to
a stabilizer in G of a lightlike line with respect to ;.

The advantage of using 1 is that the vector eg becomes a lightlike vector. Let egH be the
quaternionic line spanned by eq. We denote the subgroup of G preserving egHl by Ge,m. Let
® € Geom and write

a v b
dP=1|u A =z,
c wl d

with a,b,c,d € H, A € M(n — 1,H) and u,v,w,x € H*"'. First of all, since ey € eoH,
we have ¢c =0 and w = 0. From 6TF1<I> = I7 it follows that

0o 0 1 0 aw”T ad
0 Inoy 0| =|@a o’ +A A+w0" wd+A z+wb
1 0 0 da bwT +7TA+dvT bd+7'z+db

This gives us the equations

ad = 1, (2.2)

aw! = 0, (2.3)

dwl + A A+@? = 1,4, (2.4)
dd+A z+wh = 0, (2.5)
bd+zlz+db = 0. (2.6)

14
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Fquation implies d = @~ and in particular a # 0. From equation it follows that
w = 0. Now we conclude from equation that A € Sp(n — 1). Equation implies
T=—A' za which is equivalent to vI = —az A.

Lett € H" ! and X € H, such that x = At and b = a\. Now we can decompose

T

a —at a\ a 0 0 1 —i5 A
=10 A At|=1]0 4 o 0 1,4 ¢
0 0 at 0 0 at 0 0 1

Equation (2.6]) implies
Naaltalar+ TP A At =0,

which is equivalent to X + X = —t t. Hence, R(A) = —3 I, Summarizing,

a 0 0 1 = =L +s
=10 A 0 0 1,4 t
00 a')/\o o 1

with s € SH), t € H*1, A € Sp(n — 1), and a € H*. Finally, we see Gegu =
(H* x Sp(n — 1)) x Heis,—1 (H).

Sp(n — 1) is compact and it follows from Example that Sp(n — 1) is amenable. The
amenability of H* = Ry x Sp(1) follows from Ezample and Propositions and .
The Heisenberg group Heis,—1(H) is solvable and hence amenable by Proposition 2.8, Fi-
nally Proposition 2.7) implies the amenability of Geyu.

2.4 Hyperbolic spaces

In this section we give an overview of the hyperbolic spaces H"(F). The following results
are taken from |[CG|. Recall that F denotes R, C, or H.

Denote by V := F1™ the (right-)vector space F"*1 endowed with the bilinear form (-, );.
Let U(1,n;F) be the group of unitary transformations, i.e. the group of all F-linear au-
tomorphisms A : V — V such that (Av, Aw); = (v,w), for all v,w € V. Analogously,
U(n; F) denotes the group of F-linear automorphisms with respect to (-, -),,.

We define the subsets
V_:={veV|(vv), <0}, Vi={veV|(v,v), >0}, Vo={veV|(v,v), =0}.

Notice that V_, V1 and V) are invariant under the action of U(1,n;TF).

Denote by FP™ the projective space of V = F1" i.e. the set of all F-lines in V, and let
7 :V\{0} = FP", v v-F =: [v] be the projection. Then we define the hyperbolic space
by H"(F) := 7w(V_). The boundary 0H"(F) of H"(F') in FP" is given by 7(V).

Since g(v - A) = g(v) - A for g € U(1,n;F), v € V, and A € F, the action of U(1,n;F) on V
induces an action on FP". Furthermore, U(1,n;F) acts on H"(FF) and 0H"(F), since the

sets V_ and V) are U(1,n;F)-invariant.

15
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Proposition 2.10 ([CG| Prop. 2.2.1]). U(1,n;F) acts transitively on H"(F) and doubly
transitively on OH™(F), i.e. for every p1,p2,q1,q2 € OH™(F) there exists an element g €
U(1,n;F) such that g(p1) = p2 and g(q1) = go.

Since U(1,n;F) acts transitively on the hyperbolic space, we can H"(FF) identify with the
coset space U(1,n;F)/U(1;F) x U(n;F). In particular H"(F) is a symmetric space.
Now we will discuss the ball model of the hyperbolic space. If v = (v, ...,v,)T € V_, the

condition

n
(v,0) = [ + > |vil* <0
i=1
implies vy # 0. Hence, we can define the inhomogeneous coordinates by
p= (vlvo_l, .. ,vnvo_l)T c .

By definition we have (p,p), = > i, |pi|*> < 1. In this way we can identify H™(F) with
the open ball B*"(F) = {p € F"| (p,p), < 1}. We get a map P : V_ — B"(F) by P(v) :=
(v1vg Y, .- s vpvg 1T The boundary H™(F) in this model is given by the sphere S™(F) =
{p € F*| (p,p)o = 1}.

Let F/ C F be one of the subfields R,C, or H and 1 < m < n. We have a natural inclusion
F'bm c FL2 namely (vo,...,vm)T = (vo,...,¥m,0,...,0). This induces an inclusion
H™(F') ¢ H"(F).

From now on we will use the ball model of the hyperbolic space. Denote by H"(F) =
H"(F)uoH"(F).

Proposition 2.11 (J[CG, Prop. 2.4.3]). (i) H(R) is a geodesic in H"(F). Every geodesic
is equivalent under U(1,n;F) to H'(R).

(ii) The geodesics at 0 are precisely the R-lines through 0. These are all equivalent under

the isotropy group U(1;F) x U(n; F).

(#i7) Let p,q € H™(IF). Then there is a unique geodesic which connects p to q.

Since H"(IF) is a homogeneous space, every totally geodesic submanifold is equivalent under
U(1,n;F) to a totally geodesic submanifold that contains 0. Proposition (74) implies
that the totally geodesic submanifolds at 0 are intersections of real subspaces of F" with
H™(F) = B"(F).

Proposition 2.12 ([CGlL Prop. 2.5.1]). Any totally geodesic submanifold of H™(F) is
equivalent under U(1,n;F) to one of the following:

(i) H™(F'), where 7' CF, F' =R,C, or H, and 1 < m < n;

(ii) H*(I) := e11 N B"(H), where e; = (1,0,...,0)1 € H"* and 1 = spang {i,5,k}. It
occurs only if F = H.

These are all non-equivalent under U(1,n;F).

16
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Let X be a subset of of V. The span of X, denoted by (X), is the smallest F-subspace

containing X. If Y is a subset of H*(F) (as a subset of FP™), the span (Y) is defined by
YV)y=7r({(z"1(Y)) nV-).

Lemma 2.7 (|[CGl Lemma 3.1.1]). Let Y be a subset of OH"(F) which contains at least
three elements and is pointwise fized by some g € U(1,n;F). Then there is a totally geodesic

submanifold M C (Y') of H"(F) such that (M) = (Y') and M is pointwise fized by g.

The group U(1,n;F) acts on H?(F). Since H"(F) is a closed ball and g € U(1,n;F) is

continuous, g has a fixed point in H™(F) by Brouwer’s fixed point theorem.

Definition 2.25. An element g € U(1,n;F) is called

e elliptic if it has a fized point in H"(IF),

e parabolic if it has exactly one fized point in H™(F) and this lies on OH™(F),

e loxodromic if it has exactly two fized points in H™(F) and these belong to OH™(F),

e hyperbolic if it is loxodromic and conjugated to an element different from 1,411 of
SO%(1,1) x {1,-1} C U(1,n; F).

Lemma implies that an element g € U(1,n;F) with more than two fixed points in
OH™(F) fixes pointwise a totally geodesic submanifold of H"(FF), i.e. g is elliptic. Hence,
Definition covers all possibilities. If two elements of U(1,n;F) are conjugated, then

they have the same (elliptic, parabolic, loxodromic) type.

Remark 2.9. Notice that an element f € U(1,n;F) is elliptic if and only if f generates a

precompact subgroup.
Next we present some further properties of elliptic elements.

Lemma 2.8 (JCGl Lemma 3.3.2|). Let g € U(1,n;F) be elliptic, and let p,q € OH™(F). If

g fizes p and q, then it fizes every point on the unique geodesic connecting p and q.
Definition 2.26. Let g € U(1,n;F) be elliptic. An eigenvalue \ of g is called

(i) of positive type if there exists an eigenvector of X in V_,

(ii) of negative type if there exists an eigenvector of \ in V.

IfF =H, g € Ul,n;H) = Sp(1l,n) and v € V, A € H, such that g(v) = v\, then
A(vp) = (v~ A for all u € H\ {0}, i.e. vu is an eigenvector of g with eigenvalue

p~ A\, Thus the eigenvalues of g occur in similarity classes.

Lemma 2.9 (JCG, Lemma 3.2.1|). Let g € U(1,n;F) be elliptic. Every eigenvalue of g
has positive or negative type. The eigenvalues fall into n similarity classes of positive type
(which may not be different) and one similarity class of negative type (which may coincide

with one of the positive classes).

17
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Proposition 2.13 (|[CGl Prop. 3.2.2]). Let g € U(1,n;F) be elliptic, let Ay be its negative
class of eigenvalues, and let Ay, ..., A, be its positive classes. Let F(g) denote the set of
fized points of g in H™(F).

(i) If Ag # A; for all 1 < i < n, then F(g) contains only one point.

(i) Suppose that Ay coincides with exactly m of the classes A;, 1 < i < n. Then F(g)

is a totally geodesic submanifold, which is equivalent to H™(F) if Ay C R, and to
H™(C) if Ap ¢ R.

Remark 2.10. One has to pay attention with the notation. The authors of [CGJ denote
by C a subfield of F which contains R and is isomorphic to the field of complex numbers.
Hence, in Proposition C could be for example spang {1, 7}.

Let M C H™(F) be a totally geodesic submanifold and denote by I(M) the subgroup of

U(1,n;F) which leaves M invariant.

Lemma 2.10 ([CG|, Lemma 4.2.1]). Let M = H™(F’') be a totally geodesic submanifold of
H"™(F). Then the elements g € I(M) are of the form

AN 0
g= ;
0 B
where A € U(1,m; F'), B € Un—m;F), and A € NT(F',F) := {X € U(L; F)]\F'A ! =F'}.

Lemma 2.11 ([CG, Lemma 4.2.2]). Let M = H'(I) C H"(H). Then the elements of
g € I(M) are of the form

A 0 a —b
= ,  where A = € Sp(1,1),
g <0 B> (dy 8(1) p(1, 1)

e==1, and B € Sp(n —1).

Let M be a totally geodesic submanifold of H"(F) and let K(M) be the subgroup of I(M)
which leaves M pointwise fixed. Then K (M) is a compact normal subgroup of I(
Let 1°(M) and K°(M) be the connected components of the identity of I(M) and K (

respectively. We have the following Proposition.

M),
Proposition 2.14 ([CG, Proposition 4.2.1]). Let M be a totally geodesic submanifold in
H™(F) and let I(M) be the stabilizer of M in U(1,n; F). Let K(M) be the subgroup of
I(M) which leaves M pointwise fized. Then there exists a Lie subgroup U(M) C I(M) such
that I(M) = K(M)U(M) (almost semidirect product). The identity component U°(M) is
a simple Lie group when dim M > 1, and I°(M) = K°(M)U®(M) is an almost direct
product. U°(M) induces the connected isometry group of M.

The following table covers all possibilities of I(M) for a totally geodesic submanifold
M c H"™(F).

18
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Table 2.1: Decomposition of I(M)

I(M) = K(M)U(M)

M=H"H) c H"(H) | K(M) = {+1,41} x Sp(n —m), U(M) = Sp(1,m) x {Ln—m},

K°(M) = {Im1} x Sp(n —m);

M =H™(C)C H"(H) | K(M)=U(1) - Lyt1 x Sp(n —m), UM) = SU(1,m) - {£1,45} x {Ln-m},

U%(M) =SU(1,m) x {Tn—m};

M =H™(R)C H*"(H) | K(M) = Sp(1) - Lint1 x Sp(n —m), UM) = O(1,m) x {In-m},

U°(M) =S0°(1,m) x {Lp—m};

M=H'(T)c H"(H) | K(M)= {12} xSp(n—1),UM)=U x {I,_1},

K°(M) = {12} x Sp(n — 1), U (M) = U° x {1n,—1}.

M =H™(C)Cc H*(C) | K(M)=U(1) - Lm41 x U(n —m), UM) = SU(1,m) x {Ln-m};

M=Hm™R)C H*(C) | K(M)=U1)1m+1 x Uln —m), UM) =01, m) x {ln-m},

U°(M) =S0°%°(1,m) x {In—m};

M =H™R)C H*(R) | K(M) = {£1m41} x O(n —m), U(M)
K°(M) = {1ny1} x O(n —m), U (M)

O(1,m) x {Ln-m},
SO%(1,m) x {Ln—m};

In the case M = H'(I) the Lie group U C Sp(1,1) is given by

b
A:(a >,s:j:1}.
eb ea

We will now investigate the identity component U? in more detail. We see easily that U

U= {A € Sp(1,1)

is contained in the subgroup of U consisting of the matrices with € = 1. We denote this
Lie group by S. Next we show that U° = S. It is sufficient to show that S is connected.

The elements of S are precisely the elements of Sp(1,1) which commute with

@:((1) ‘01>.

Hence, S is an algebraic group. It is known that algebraic groups have finitely many
connected components, see [Mi]. Recall that a Lie group with finitely many connected
components is connected if and only if a maximal compact subgroup is connected. This
follows for instance from [HNL Theorem 14.3.11]. So we have to check that a maximal
compact subgroup of S is connected. A maximal compact subgroup of S is contained in
a maximal compact subgroup of Sp(1,1), which is conjugated to Sp(1) x Sp(1). Some
computations show that the Lie algebra s is compatible with a Cartan decomposition of
sp(1,1). Hence, a maximal compact subgroup of S is {A € Sp(1,1)|q- 12,q € Sp(1)} =
Sp(1). Since Sp(1) is connected, the Lie group S is connected and we conclude U° = S.

Furthermore, since Sp(1) is simply connected, U is simply connected. Its Lie algebra is
u={X €sp(1,1)|XP=PX}.

A basis of u is for example
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One can show that this Lie algebra is isomorphic to so0(1, 3), see Lemma for a proof.
This implies U° = Spin(1, 3).

Lemma 2.12 (|CGl Lemma 4.3.1]). Let p € H™(F) and let (gn)n be a sequence in U(1,n;F)
such that limy, o0 gn(p) = ¢ € OH™(F). Then limy_o0 gn(p") = ¢ for all p’ € H™(F).

Definition 2.27. Let G be a subgroup of U(1,n;F) and let p € H"(F). The limit set of
G is defined to be the set L(G) := G -pNOH™(F). Lemma implies that L(G) does not
depend on p.

Lemma 2.13 (JCC, Lemma 4.3.2]). Let G be a subgroup of U(1,n; ).
(a) L(G) is invariant under G.
(b) If G’ is a subgroup of G, then L(G') C L(G).
(c¢) If G’ is a subgroup of finite index, L(G') = L(G).
(d) If G is the closure of G in U(1,n;F), then L(G) = L(G).

Lemma 2.14 (|[CGl Lemma 4.3.4]). Let N be a normal subgroup of G C U(1,n;F). Then
G leaves L(N) invariant. Furthermore if L(N) # 0 and the elements of G do not have a
common fized point in OH"(F), then L(N) = L(G).

Theorem 2.7 ([CGl Theorem 4.4.1]). Let G be a connected Lie subgroup of U(1,n;F).
Then one of the following is true.

(a) The elements of G have a common fixed point in H™(TF).

(b) There is a proper, totally geodesic submanifold M in H™(F) such that dim M > 1,
L(G) =0M = MNOH"(F), and G = K -U°(M), where K C K°(M) is a connected

Lie subgroup.
(¢) F=C and G =SU(1,n).
(d) G =U%1,n;F).

Remark 2.11. The condition dim M > 1 in case (b) is due to the following fact. If G
preserves a proper totally geodesic submanifold M C H"™(F) such that dimM = 1 and
L(G) = OM, then OM consists of exactly two points. By Lemma G preserves OM .

Furthermore since G is connected, it fizes both points inside of it. Thus case (a) holds.

Theorem 2.8 ([CG| Theorem 4.4.2]). Let G be a closed subgroup (not necessarily con-
nected) of U(1,n;TF). Then one of the following is true.

(a) G is discrete.
(b) The elements of G have a common fized point in H"(F).

(c) G leaves invariant a proper, totally geodesic submanifold.

20
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(d) F =C and SU(1,n) C G.
(e) U°(1,n;F) C G.

Remark 2.12. We will point out some details of the Theorems[2.7) and [2.8] since they are
needed later. The proof of Theorem makes use of Theorem , If G is not discrete, GY
has no common fixed point in H™(F), and (b) of Theorem holds for G°, then Lemmam
implies that G preserves OM = L(G°) = L(G). Notice that M is the union of all geodesics

whose endpoints lie in OM. Since the elements of G map geodesics to geodesics and the

geodesics are uniquely determined by their endpoints, see Proposition[2.11], it follows that G
preserves M. This argument will be used later in the proof of Proposition[3.4. Furthermore,
if (¢) of Theorem holds for G and the totally geodesic submanifold M preserved by G
has dimension greater than one, then (b) of Theorem holds for G°.

Notice that in case (c) of Theorem the totally geodesic submanifold M 1is allowed to be
one dimensional. If we are additionally not in case (b), then G can interchange the two

endpoints of M, since G is not assumed to be connected. In that case GO fizes both points
in OM, so (a) of Theorem holds for G°. Furthermore, notice that OM = L(GP).

2.5 The Zariski topology

In this section we will recall the definitions of algebraic varieties and the Zariski topology.
The reader can find more details in [OVT].

In the following F will denote C or R. Let F[Xj,...,X,] be the polynomial algebra of
X1,..., X, with coefficients in F.

Definition 2.28. An algebraic variety V in F™ is a subset of F™ consisting of the

common zeros of some subset S C F[Xy,...,X,], i.e.
V={z= (z1,...,2,)" € F" | f(z1,...,2,) =0 for all f € S}.

Remark 2.13. Notice that algebraic varieties are closed with respect to the standard topol-
ogy of F™, because they can be written as intersections of zeros of polynomials, which are

closed sets.

Example 2.3. The known matriz Lie groups like SO(p,q), SU(p,q), Sp(p,q) ect. are
examples for algebraic varieties. For instance Sp(p, q) consists of the matrices A € GL(p+
q, H) which satisfy ZTILWJA = 1,4, i.e. the elements of Sp(p,q) are the common zeros of
(p + q)? different polynomials in 4(p + q) variables.

Proposition 2.15 (JOV1, Chapter 2|). Any algebraic variety can be determined by a finite

system of equations.

Definition 2.29. The topology on F™ where the closed sets are precisely the algebraic
varieties is called the Zariski topology. If M C F™, then M%%" denotes the closure of M
with respect to the Zariski topology.

21
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Remark 2.14. Let M C F" and S = {f € F[Xy1,...,Xy] | f(z) =0 for all z € M}.

Then the Zariski closure MZ% is given by
MZ7 = {g e F" | f(z) =0 forall f € S}.

Lemma 2.15. Let (M, g) be an n-dimensional G-homogeneous (pseudo-)Riemannian man-
ifold with G C Iso(M, g). Then the Zariski closure of the linear isotropy group H of a point

p € M preserves the (pseudo-)Riemannian metric g.

Proof: Let (q,n — q) be the signature of g, p € M and H := G, the isotropy group. We
consider H as a subgroup of O(¢,n — ¢) and identify T, M with R%"4.
Let S :={f € F[X1,...,X,] | f(z) =0for all x € H}. Then the Zariski closure H%" is
given by

H?%" = {X e M(n,R) | f(X)=0forall feS}.

We denote by eq, ..., e, the standard basis of R®"~% and consider the polynomials
[ii(X) = gp(Xei, Xej) = gp(ei, €5)

with X € M(n,R). Since H is a subgroup of Iso(M, g), we have f; ; € Sforall1 <i,j < n.
Hence, fi j(X) =0 for all X € H?* and 1 <i,j < n. O
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Chapter 3
Algebraic results

In this chapter we will prove the algebraic results which will be needed for the proofs of
the Theorems [£.1] and .2 in Chapter [4]

In Section we start with studying real-valued 3- and 5-forms on H"! which are
SOO(l,n)—invariant. We present here elementary proofs without using any representa-

tion theory besides of the concept of irreducibility.

In Section we will classify all connected H-irreducible Lie subgorups of Sp(1,n).

3.1 SO°(1,n)-invariant forms

Lemma 3.1. Let F denote R or C and let o € A¥ (F5")" be SOY(1,n)-invariant. If
n>k>1, then a =0.

Proof: We prove the Lemma by induction over k. Let k = 1,n > 1 and o : F" — F be
an F-linear and SO°(1, n)-invariant map. The kernel ker « € F'™ is an SO°(1, n)-invariant
F-subspace. Since SO°(1,7n) acts F-irreducibly on F'" we have ker « = {0} or F*". But
a can not be injective because n > 1. Hence, kera = F", ie. a = 0.

Assume now that the claim holds for some k € N. Let n > k + 1 and o € AR (IFL")*
be SOY(1,n)-invariant. Let x € F'" be spacelike, i.e. (z,z); > 0. We consider the
decomposition F1'" = Fz @ (Fx)*.

The form ¢ o vanishes if we insert an element of Fx, so we restrict tza to (Fx)*. Notice
that ¢y is SO°(1,n),-invariant. The action of SO°(1,n), on (Fx)t is equivalent to the
action of SOO(l7 n—1) on F'"~1 Since n — 1 > k, we know by induction hypothesis that
Lz Q(pg)r = 0. Hence, z € ker . Since FL7™ is generated by spacelike vectors, we conclude

« = 0. This finishes the proof. ([l

Lemma 3.2 ([AZ, Fact 2.1]). Let n > 2 and a € A®V*, where V denotes C1" considered
as real vector space. If « is SOO(l,n)—mvariant, then o € R - wy, where wy is the Kdhler

form.

Remark 3.1. The proof of Lemma works also for SO(n)-invariant forms.
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Lemma 3.3. Let n > 3 and o € A?V*, where V denotes C" considered as real vector

spaces. If o is SO(n)-invariant, then o € R - wg, where wy is the Kdhler form.

Lemma 3.4. Let n >3 and a € V* ® V* @ V*, with V = CY" considered as a real vector

space. If o is SOY(1,n)-invariant, then o = 0.

Proof: Let z € RY™ be spacelike, i.e. (z,z), > 0. The proof consists of three Claims.
Claim 1: a(e1z, €22, )cpyr = 0, a(e1m,+,€97)|(cpyr = 0 and a(+, €12, €27)cyyr = 0 for
e1,e2 € {1,4}.

Claim 2: a(ei1x,eqmw,e3x) =0 for 1, e9,e3 € {1,i}.

Claim 3: a(ex, -, )cg)r = 0 for e € {1,i}.

The Claims imply that a(u,-,-) = 0 for all u € Cz. Since the spacelike vectors of R?
generate Cb", this implies the Lemma. Thus we just have to prove the Claims.

Proof of Claim 1: The action of SO%(1,n), on (Cz): is equivalent to the action of
S0%1,n — 1) on C'»~1 = Rbn=1 g iRV Since n — 1 > 2, SO%(1,n), = SO°%(1,n — 1)

acts R-irreducibly on R" and iR”. First, we consider the R-linear map
. . 1l ~rln _ pln o 1,n
¢ = a(e1x, 627, *)|(ca)r ¢ (Co)~ 2 C" =R @RV = R,

with e1,e2 € {1,i}. Notice that ¢ is SO°(1,n),-invariant. The same holds for ¢; :=
Prin—1 and Yz == QRia-1.

The SOO(l7 n)g-invariance of @1 and 9 implies that the real subspaces ker ; C RU"1
and ker o C iRV ! are invariant under the action of SO°(1,7n),. By the R-irreducibility
of SO°(1,n), the only possibilities for ker ¢; are {0} and R"~!. Analogously, we have
ker o3 = {0} or ker ps = iR'™~1. Since n > 3, ¢; and @y are not injective, so we have
ker o1 = RV~ and ker oy = iR5"~!. This implies ¢ = 0. A similar computation shows
a(, 617, £27) gyt = 0 and a(e1z, -, £22)(cqpyr = 0.

Proof of Claim 2: Let €1,e2,e3 € {1,i}. Let v : R — RY" be a smooth curve, such that

v(t) is spacelike for all t € R, and denote by r(t) := /(7(t),7(t)), the length function.
Now we consider the equation

7(t) 62'Y(lf) 'y(t)>
r(t)’ r(t)’ '

Since % lies in {p € RY"| (p,p), = 1} = ST and SO°(1,7n) acts transitively on ST, there

exists for every t € R an element A(t) € SO°(1,n) such that A(t)% = 7, with [ :=
V/(x,x),. The SO°(1, n)-invariance of o implies that

alerr (1), en(t), ex(t)) = r(t)a (

r(t)?
(e (1), ev(0), e5v(1) = - a(er, 22, 252, 3.
Differentiating equation (3.1)) yields
3r(t)%r' (t
O (i comeia) = aler/(@).en(0). (1) + alery(®). 270, 7 (1)

+alery(t), e2v(t), 637 (1))-
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Taking a second derivative and evaluating at ¢ = 0 gives

r 7./ 2 r 2,,.//
OO OO ey, o, e0) = a1y (0),221(0),257(0)) + a(e1(0), 27(0),33(0)  (32)

+a(e17(0),£27(0),£37"(0)) + 2a(e17'(0), £27'(0), £37(0))
+2a(e17'(0), £27(0), £37(0)) + 20(€17(0), £27'(0), £37'(0))

All terms on the right hand side of are of the form a(e1v, eow, e3w), a(e1v, £9w, 3v)
or afeiw, eqw, e3v) for v,w € RM™, It follows from Claim 1 that such terms vanish, if v, w
are spacelike and vlw. So if we find a curve «y, such that ~(t) is spacelike for all ¢ € R,
+/(0) and +”(0) are both spacelike and both orthogonal to v(0) and in addition r”(0) # 0,
then implies a(e1x,e9x,e32) = 0, since v(0)_L+/(0) implies 7/(0) = 0. For instance

such a curve is given by
v iR = RY ¢ (t4 V2) cos(t)er + ((t — V2) sin(t) 4 1)ea,

with e; = (0,1,0,...,0)7,e3 = (0,0,1,0,...,0)" € R, This proves Claim 2.
Proof of Claim 3: We consider (Cx)+ = Chn=1 = Rl @ jRV™L Let by,...,b, be an
orthonormal basis of RV~ 1 where b; is a timelike vector.
First, we show that Oé(‘,glbj,Eij)‘((ij)J_ =0forall 1 <j<nandeje € {1,i}. The
R-linear map
¢ = a(-,e1bj, €2b5) (cpj) L (Chj)t=C" >R
is invariant under
SO(n) if j = 1,

S0%(1,n),, =
SO%1,n—1) ifj>2.

J

As in the proof of Claim 1 it follows that ¢ = 0.
Let 1,62 € {1,i} and U := spang {bj, by} C C'" for j # k. We consider the R-linear
map

b= a(,ebj, eabp)y : U = C =R @iR" — R

The map ¢ is invariant under the action of
G := {A S SOO(l,n) | Abj = bj,Abk = bk} .
The same holds for ¢ := Ygn-1 and ¢ := ¢Y;rn-1. We have

o SO°%(1,n —2) if b; and by, are spacelike

Il

SO(n —1) if b; or by, is timelike.

We have to distinguish the cases n > 4 and n = 3.

Case n > 4: Since n — 2 > 2, G acts irreducibly on R* ! and {R”~! in both cases. Since
kert; C R™1 and kery C iR"™! are G-invariant subspaces and neither t; nor 1, can
be injective, ker¢p; = R* ™! and ker1p = iR" !, ie. ¢ = 0.

Case n = 3: If b; or by is timelike then G = SO(2) acts irreducibly on R? and iR?. As
above this implies ¢ = 0.
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Denote by vy = (1,£1)7. If b; and by are spacelike, then G = S0°(1, 1) acts reducibly on
R4 =R-v, @R-v_. We have
e R} .

G =S0%(1.1) = { (cosh(t) Sinh(?ﬁ))
1hj(v2) = 1hj(Avs) = (cosh(t) £ sinh(t))eh; (v+) = e (v)

sinh(t) cosh(t)

Since v; is G-invariant it follows for A € G that

for all ¢ € R. Hence, j(v+) = 0. This implies as above ¢ = 0.
Summarizing, we have in both cases ¥ = 0. Since Cx C U, a(ex,e1bj,e20;) = 0 for

e € {1,i}. The multilinearity of o implies Claim 3. (|

Remark 3.2. The proof of Lemma works also with some simplifications if a is SO(n)-

invariant.

Lemma 3.5. Letn > 4 and a € V* @ V* @ V*, with V = C™ considered as a real vector

space. If o is SO(n)-invariant, then o = 0.

Lemma 3.6. Let n > 3 and a € A3(HY™)*, where H'™ = CY" @ C™ - j is considered as

real vector space. If o is SO°(1,n)-invariant, then oo = 0.

Proof: Let J : HY® — H" denote the right multiplication with j. The value of « is
given by the values of ajcin, (J*@)|c1n, a(J+, ") ctn and a(:, J-, J-)c1n. They all are
SO°(1,n)-invariant.

Let V denote C'" considered as real vector space. Then the above trilinear maps can be
considered as elements of V* ® V* ® V*. By Lemma they all vanish. Summarizing, we
have o = 0. O

Lemma 3.7. Let n > 4 and o € A*V*, where V denotes C1" considered as real vector
space. If a is SO°(1,n)-invariant, then o € R - (wy A wy), where wy denotes the Kihler

form.

Proof: The value of o is given by the values of a(-, -, -, ) rtn, a(iv, -+ ) Run, (580, 5 4RI,
af+, i d i) gin and a(i:, i+, i+, 4 ) gin. All these forms are SO%(1, n)-invariant.

By Lemma a(s e )rie = 0and ai-, i, -, i) g1.a = 0. Next we show a(i-, -, -, -)jg1n =
0 and a(-, 4,4, i-) g1 = 0. For that it is sufficient to consider an element § € (R'")* ®
A3(RY™)* which is SO°(1, n)-invariant.

Let 29 € RY™ be a spacelike vector. Then B(x, o, -, -) vanishes if we insert an element of
Rzg, so we consider its restriction to (Rxzg)t = RV™~1. This restriction is invariant under
the stabilizer SO°(1,n),, = SO%(1,n — 1). Lemma implies B(z0,20, ", *)|(Rag)r = 0-
Hence t,,0 vanishes if we insert an element of Rz, so we consider the restriction of ¢4,/
to (Rag)t = RM™~1. Again, this restriction is SOY(1,n),, = SO°(1,n — 1)-invariant and

Lemma implies its vanishing. Hence, x¢ € ker . Since RY™ is generated by spacelike
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vectors, 8 = 0. This implies a(i-, -, -, -)jg1» = 0 and (-, i+, i+, ") g1.n = 0.

Next we show that there exists a real number A such that

<x,y)1 <y’ Z>1>

a(z, iy, z,iu) = Adet (
<Jf,u>1 <Z,U>1

for z,y, z,u € Rb™,
Let again zg € R be a spacelike vector and consider the restriction of a(xg, g, -, i-) to
(Rzg)t = RV~ 1 There exists a real matrix A such that a(zo, izo, v,iw) = (v, Aw), for

all v,w € (Rxg)*. Since o is SO°(1,n)-invariant, (T, iT0, 5 ") |(Rag) L 1S SO%(1,n),, =
SO%(1,n — 1)-invariant. We have

a(xo,izg,v,iw) = (v, Aw), = (Bv, BAw),,
a(xo,izg, v, iw) = oz, izg, Bv,iBw) = (Bv, ABw), ,
for all B € SO°(1,n),, and all v,w € RY™~!. This implies [4, B] = 0. Since n —1 > 3,

SO%(1,n),, acts irreducibly and by Schur’s lemma, A = Ad. Since « is real-valued, \ is a

real number.

Hence,
04(1'072.3707’[}7Z‘w)\(Raco)l = X(“awh
A
= ——(xg,x VW) -
<$O’x0>1 < 0 0>1< >1
A

Now we set A\ :=

. Since «a(xg,ixo, -, i) vanishes if we insert an element of Rz it
<mO»‘ZO>1
follows

05(5(;07 ixo: 2, Z’LL) = )\((.%'0, xO)l <Zv u)l - <I’0, Z>1 <£13(], u>1)a

for z,u € RH™.
Now we consider the restriction of a(zg, i, -,4-) to (Rag)*. It is an R-trilinear map, which
is antisymmetric in the first and third entry and SO°(1,n),,-invariant. If we consider it
as an SO°(1,n — 1)-invariant element of W* @ W* ® W*, where W denotes C'"~! as real

vector space, then we can apply Lemma [3.4] since n — 1 > 3 and conclude its vanishing.

An elementary calculation shows

a(xo, 1y, z,1u) = AN({(zo,y); (2, u); — (To,u); (¥, 2)1), (3.3)

for y, z,u € RM = R @ (Rag)*t.
Analogously there exists a real number pu for any other spacelike vector x; € R such

that
a(z1,1y, 2, iu) = p((z1,y)1 (2, u)y — (@1, u) (Y, 2)1), (3.4)
for all y, z,u € Rb™,
If we set z = 21 in and z = x¢ in ,Weget
azo, iy, x1,iu) = A((zo,y)y (1, u)y — (xo,u)y (¥, 21)),
a(z1, iy, 2o, iu) = p((z1,y); (w0, w); — (21, u)y (¥, Z0)q)

= —up((x1,u), (¥, zo); — (1,Y); (o, u);)
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for all y,u € RY™. The relation a(xg,iy, x1,iu) = —a(z1,iy, o, iu) implies A = . Since

spacelike vectors generate R it follows that

oz(:v,iy,z,iu) = A (<xay>1 <Z,U>1 - <$,u>1 <y,Z>1)
— Mdet <<x7y>1 <x7u>1>
<y’ Z)l <Z7u>1
for all z,y, z,u € RM™.

Now we consider complex vectors X,Y, Z, U € C'™ and write X = X + iX1,Y = Yy +
iY1,Z = Zo+ 121 and U = Uy + iUy with X;,Y;,7Z;,U; € R 5 =0,1. We get

(XY, Z,U) = «a(Xo,Yo,i721,iU1) + a(Xo, Y1, Zo,iUr) + a(Xo,iY1,i271, Up)

+a(iX1, Yy, Zo,iUr) + a(iXy, Yo,i21, Uy) + a(iX1,iY1, Zo, Up)

= —a(Xo,121, Yo,iU1) + a(Xo,iY1, Zo,1Ur) — a(Xo,1Y1, Uy, i27)
—a(Yy,1X1, Zo,1Ur) + a(Yo, X1, Uo,i21) — a(Zo,iX1,Up, Y1)

= )\(_ <X07Z1>1 <Y07U1>1 + <X0, U1>1 <Z17Yb>1 + <X07Y1>1 <Z07 U1>1
— (X0, U1)y (Y1, Zo)y — (X0, Y1), (Uo, Z1); + (X0, Z1); (Y1, Vo),
— (Yo, X1); (Zo, Ur)y + (Yo, U)y (X1, Zo)y + (Yo, X1); (Uo, Z1),
= (Yo, Z1) (X1, Uo)y — (Zo, X1)y (U0, Y1)1 + (Z0, Y1), (X1, Vo)1)

Next we insert the vectors X,Y, Z and U in wy A ws.

w Awi(X,Y,Z,U) = 2(wi(X,Y)w1(Z,U) —wi(X, Z)w1 (Y, U) + w1 (X, U)w1 (Y, Z))

= 2(((Xo, Y1); — (X1, Y0)y) ((Zo, U1)y — (21, Vo))
— ((Xo, Z1)1 — (X1, Zo)y) ((Yo, Ur)y — (Y1, U0)y)
+ ((Xo, Ur)y — (X1, Uo)y) ((Yo, Z1)y — (Y1, Z0)1))

= 2((Xo,Y1)1 (Zo, Ur)y — (X0, Y1)y (Z1,Up)y — (X1, Y0)y (Zo, Ur)y
+ (X1, Y0) (Z1,Uo)y — (Xo, Z1); (Yo, Ur)y + (Xo, Z1); (Y1, Vo)
+ (X1, Zo)y (Yo, Ur)y — (X1, Zo)y (Y1, Uo)y + (X0, Ur)y (Yo, Z1)4
— (Xo, U1); (Y1, Zo)y — (X1, Uo)y (Yo, Z1); + (X1, Uo)y (Y1, Z0),)

Comparing both equations, we see that o and wq A wy coincide up to a constant. O

Lemma 3.8. Let n > 5 and o € AV*, where V denotes C1" considered as real vector

space. If a is SOY(1, n)-invariant, then a = 0.

Proof: Let z € RY™ be a spacelike vector and v € Cz. We have a(u,u,-,-,-) = 0, so

we consider a(u,iu,-,-,-). It vanishes if we insert an element of Cz. Its restriction to
(Cx)*+ = C" is invariant under the stabilizer SO%(1,n), = SO°(1,n — 1). Hence, Lemma
gives us a(u, iu, -, -, -)‘(Cx) 1+ = 0, which implies that ¢, vanishes if we insert an element
of Cx.

Next we consider the restriction of t,a to (Cz)*. Tt is SO°(1, n), = SO°(1,n — 1)-invariant
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and since n—1 > 4 we can apply Lemmal[3.7] so there exists for every u € Cz a real number
¢(u), such that 1,0 gyt = ¢(u)wr Awr. This defines an R-linear map ¢ : Cz — R. Since
the real dimension of Cz is 2, there exists a non-zero element ug € ker ¢. Hence, ug € ker a.
Since ker a is an SO°(1, n)-invariant subspace of C1™ it has to be equal {0} ,C'"™ or ¢-R"
for some complex number ¢ € C\ {0}. We already found a non-zero vector ug € ker a.
Hence, kera = ¢ - RY™ or Ch.

Assume ker o = ¢-R"™. Then « induces a 5-form & € A%(V/c-RY™)*, which is SO°(1, n)-
invariant. Since V/c - RY"™ = R we can apply Lemma and get @ = 0. Hence,

kera = Ch" ie. a=0. O

Lemma 3.9. Letn > 5 and o € V* @ A*V*, where V denotes C1™ considered as real vector

space. If a is SOO(l, n)-invariant, then o = 0.

Proof: The idea of the proof is to show that Cx C W := ker(v — «a(v,-,-,-,-)) for
every spacelike vector z € RV ¢ C'" = V. Cx C W follows from several Claims. Let
x € R C CY" be a spacelike vector and u € Cu.

Claim 1: (1,0)(z, iz, -,-) : CH"® x CH™ — R vanishes.

Claim 2: (ty@)(U, -, ) |(czyr = 0 for all 4 € Ca.

Claim 3: (1,0)(y, z,v,iw) = —(1,a)(y, z,iv,w) for all y, z,v,w € (Cz)*.

First we show that the Claims indeed imply u € W. Notice that Claims 1 and 2 imply
that 1, vanishes if we insert an element of Cz. So we restrict 1, to (Cx)+ = Ch 1 Tt
is an SO%(1,n), = SO°(1,n — 1)-invariant form. Since n —1 > 4 we can apply Lemma
Hence, there exists a real number p, such that t,a = p-wi Awy. But wy Awy does not satisfy
the equation in Claim 3. For example consider the vectors Y =i(eg+e1), Z =e1, V = iegy
and W =i(eg+ e1). Then we have wi; Awi(Y, Z,V,iW) =2 but w1 Awy (Y, Z,iV,W) = 0.
Hence, ;1 = 0. Summarizing we have shown Cx C W for all spacelike vectors z € RV,
Since the spacelike vectors of R1™ generate C1", we have V = W, i.e. a = 0. This finishes
the proof of the Lemma and we have just to prove the Claims. From now on we identify
(Cx)* with Chn—1 = RL»=1 @ jRM™~1 and denote by by,...,b, an orthonormal basis of
RY7=1 where by is timelike.

Proof of Claim 1: Denote by & := (1,a)(x,iz,-,-). We see that & vanishes if we insert
an element of Cx. Now we restrict & to (Cx)t = CY" ! and let e1,e0 € {1,i}. Let

U := spanc {bj, bk}J‘ C CY™ for j # k, which is isomorphic to C*~'. We consider
,8 = (3[(‘7 ° ',Elbj,&‘gbk)w U XU XU =R
B is invariant under

SO%1,n—2) if b; and by, are spacelike
G:= {AESOO(l,n)|Abj :bj,Abk:bk} = ( ) ! g P
SO(n—1) if b; or by is timelike.
Since n —2 > 3, n —1 > 4, we can apply Lemma [3.4 and Lemma [3.5] respectively, i.e.
f = 0. Since u, z,ix € U, (tya)(z,ix,€1bj, e2by) = 0. Analogously, (tua)(z, iz, bj,ib;) =0
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for 1 < j < n. This finishes the proof of Claim 1.

Proof of Claim 2: Let u € Cx. We consider the restriction of the 3-form (¢,a)(a,-,-,-) to
(Cx)*+ =l L Tt is SO%(1,n), = SO°(1,n — 1)-invariant. Since n —1 > 4, we can apply
Lemma ie. (¢uc)(@, -+, ")cg)r = 0. This finishes the proof of Claim 2.

Proof of Claim 3: Let 3 := 1y0y(cy). We identify S0%(1,n), with SOY(1,n—1) and (Cz)*
with Chn=t,

The 2-form B(bj,ibj,-,-) vanishes if we insert an element of Cb; C CL"~1. Its restriction
to (Cb;)* is invariant under

SO%1,n—2) if b; is spacelike,
SOO(1, 1 — 1), ( )ity s sp

J

SO(n —1) if b; is timelike.

Since n — 2 > 3 and n — 1 > 4 respectively, we can apply Lemma [3.2] and Lemma [3.3]
respectively, i.e. B(bj,ib;,-,-) € R-wy or B(bj,ibj,-,-) € R - wy, respectively. Since wy and

wp are of type (1, 1), summarizing the above,
B(bﬁ Zb]a i’U, w) = _ﬁ(bja Zb]? v, lw)

holds for all v,w € (Cx)*. Let j # k and e1,e2 € {1,4}. Denote by U := spang {bj, by} C
Ch™. Next we show that the 2-form B(e1bj, e2bg, -, -) vanishes on . For that it is sufficient

to consider the R-linear map
@ = a(-,bj, by, ibj, iby) e U = CV =R @ iR
The map ¢ is invariant under

o {A . SOO(l,n)|Abj b, Ay = bk} N SO%(1,n —2) if b; and by, are spacelike,
SO(n—1) if b; or by is timelike.

The same holds for ¢1 := pre-1 and @2 := @|re-1. Since n —1 > 4, G acts R-irreducibly

on R"~! and 4R"~!. Furthermore ¢ and @3 can not be injective, i.e. ker p; = R"~! and

@2 = iR""L. Since u € UL, B(bj, by, ibj, ibg) = 0.

Now we consider U as a subspace of (Cz)* = CH"~!. Then Y+ c C'"~! and the 2-form

B(e1bj, e2b, -, ) e is invariant under

SO%1,n —3) if b; and by, are spacelike,

H:={A€80°(1,n— 1)|Ab; = bj, Ab, = by } =
SO(n — 2) if b; or by, is timelike.

Since n — 3 > 2 and n — 2 > 3 respectively, we can apply Lemma [3.2] and Lemma [3.3]
respectively, i.e. B(e1b;,e2by, -, ')luj_ is an element of R - wy or R - wy respectively.

Finally, we consider the R-linear map [5(e1b;, €2bx, v, ‘)‘ML for some v € Y. Again, it is H-
invariant. Since H acts irreducibly on R"~2 and iR"~? it follows that 3(e1 bj,e2by,v,w) =0
for all v € Y and all w € U~+.

Summarizing,

B(e1bj, e2by, iv,w) = —B(e1bj, e2by, v, iw)
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holds for all v,w € (Cz)*. Since it is sufficient to check Claim 3 for vectors y, z belonging
to our real basis by, ..., bn,iby ..., ib, of (Cx)+ =2 C'™~! this proves Claim 3. O

Remark 3.3. Lemma [3.9] is of course a generalization of Lemma 3.8 We gave an inde-

pendent proof of Lemma to show up that this statement is much easier to prove.

Lemma 3.10. Let n > 5 and o € A>V* ® A3V*, where V denotes C™ considered as real

vector space. If o is SO°(1,n)-invariant, then o = 0.

Proof: The Lemma follows from several Claims. Let 2 € RY™ be spacelike and u € Cx.

Claim 1: a(u,iu,u,iu,-) : C1"™ — R vanishes.

Claim 2: o(u,iu, @, -,-) : C1" x CH" — R vanishes for all @& € Cx.
Claim 3: (u,zu, ,+ ) s Chm x Cb™ x CY™ — R vanishes.

Claim 4: o(u,-,@,it,-) : CH™ x CY™ — R vanishes for all & € Czx.

Claim 5: o(u,-,@,-,-) : Cb" x CH" x CH" — R vanishes for all 4 € Cx.

Claim 6: 1o (cqyr = 0.

The Claims 3 and 5 imply that ¢, vanishes if we insert an element of Cx. Together with
Claim 6 it follows that ¢, = 0 for all u € Cz, i.e. Cx C W := ker(v — «a(v,-,-,-,-)). Since
the spacelike vectors of RM™ generate Ch™, W = CM”, i.e. o = 0. Thus we just have to
prove the Claims.

From now on we identify (Cz)* with C1"~1 = R~ @ 4R~ and denote by by, ..., by,
an orthonormal basis of R"™ where b; is timelike.

Proof of Claim 1: The R-linear map «(u,iu,u,iu,-) : C® — R vanishes on Cx. So we
consider the restriction ¢ := a(u, iu, u, iU, ) |cgyL Cln=t = Rb»=L @ iRV — R. The
R-linear map ¢ is SO°(1,n), = SOY(1, n — 1)-invariant. The same holds for ¢; := PR1n-1
and @2 = @rin-1. Since n —1 > 4, SO%(1,n — 1) acts R-irreducibly on RY"~! and
iRM™~1 Since n > 5, neither ¢; nor (o are injective, i.e. ker ¢; # {0}. Furthermore,
ker o1 C RV and ker oy € iRV are SO°(1, n — 1)-invariant subspaces. Hence, ¢ = 0
and @2 = 0, i.e. ¢ = 0. This finishes the proof of Claim 1.

Proof of Claim 2: Let @ € Czx. It follows from Claim 1 that «a(u,iu,,-,-) vanishes if we
insert an element of Cz.

We consider (Cb;)* as a subspace of C". Then (s, by, ibs) | cpy)e 18 SOO(I,n)bj—
invariant and since n > 5, we can apply Lemma[3.4]if j > 1 and Lemma [3.5]if j = 1. Since
u, @ € (Cbj)*t, we have a(u,iu, @,bj,ib;) = 0.

Lete1,e2 € {1,i} and j # k. Denote by U := spanc {b;, bk}J‘ C C™. Then af, -, +, €1bj, €2k g

is invariant under

SO%1,n—2) b; and by, are spacelike,
{A S SOU(l,n)]Abj = bj,Abk = bk} = ( ) ! F P
SO(n —1) b; or by is timelike.

Since n — 2 > 3, we can apply Lemma [3.4) and Lemma [3.5] respectively. Since u, @ € U,
a(u, z'u, ﬂ, €1bj, EQbk) =0.
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The multilinearity of @ implies the Claim 2.

Proof of Claim 8: Claim 2 implies that a(u,iu,-,-,-) vanishes if we insert an element of
Cz. Tts restriction to (Cz)* is SO°(1,n), = SOY(1,n — 1)-invariant. Since n — 1 > 4, we
can apply Lemma , ie. a(u,iu,-,-, ) =0. This finishes the proof of Claim 3.

Proof of Claim 4: Let & € Czx. It follows from Claim 1 that «a(u,-,a,iw, ) vanishes if we
insert an element of Cz. So we have to show that it also vanishes on (Cz)*.

Let e1,e2 € {1,i} and U := spang {bj, by} C CY" with j # k. Then a(-,e1bj, -, -, e2by)

is invariant under

SO%1,n—2) b; and by, are spacelike,
{A S SOO(l,n)]Abj = bj,Abk = bk} = ( ) ! ¥ P
SO(n —1) b; or by, is timelike.

Since n — 2 > 3, we can apply Lemma [3.4 and Lemma [3.5] respectively. Since u, @ € U,
a(u, €1bj, ﬁ, Zﬂ, €2bk) =0.

Analogously, a(u,e1bj, @, iw,e2b;) = 0 for all 1 < j < n by using Lemma and Lemma
respectively. The multilinearity of o implies Claim 4.
Proof of Claim 5: Let @ € Cx. The Claims 3 and 4 imply that a(u, -, 4, -,-) vanishes if we

>~

insert an element of Cx. So we consider its restriction to (Cz)* = C™. It is SO°(1,n),

SO%(1,n — 1)-invariant. Since n —1 > 4, we can apply Lemma which implies Claim 5.
Proof of Claim 6: Let y € (Cx)* be spacelike and v € Cy. Let U := spang {ac,y}L =

Ch=2. The 3-form (1,@)(v,-,-,)jy is invariant under
{Ae SO%(1,n)|Az = z, Ay = y} = S0%(1,n — 2).

Since n — 2 > 3, we can apply Lemma ie. (tu)(v,+ -, )y = 0. Next we show that
(Lu@) (v, *)|(ce)~ Vanishes if we insert an element of Cy.

Let 0 € Cy and ¢ := (1,@) (v, 0,10, )y : U = CH2 = RV 2giRM"2 — R. The R-linear
map ¢ is SO°(1,n — 2)-invariant. The same holds for ¢; := Prin-2 and @2 1= PjRin-2.
Since ker ¢ and ker gy are SO°(1,n — 2)-invariant subspaces and neither o1 nor @y can
be injective, they both vanish. Hence, ¢ = 0. It follows that § := (1,a)(v, 0, -, ) vanishes
if we insert an element of Cy.

Next we show that the bilinear form S also vanishes on ¢ = Ch»—2 = RLn=2 g jRLn—2,
Let 1,e5 € {1,i} and denote by di, ..., d,—1 be an orthonormal basis of R17=2 where d; is
timelike. Similarly as in the in the proof of Claim 2, it follows that (t,a)(v,,e1d;, €2dy) =
0 for all 1 < j,k <n — 1. The multilinearity of o implies that (¢,a)(v,?,-,-) vanishes on
Uu.

Summarizing the above, we have shown that (z,a)(v,-,-,-) vanishes on (Cz)* for every
v € Cy, where y € (Cz)t is spacelike. Since the spacelike vectors generate (Cz)*, we have

proven Claim 6. O

Lemma 3.11. Let n > 5 and o € AS(HY")* where HY™ is considered as real vector space.

If a is SO°(1, n)-invariant, then o = 0.
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Proof: Let H"™ = C™ @ C'" - j and consider V = C" as real vector space. Denote by
J : HY™ — HY" the right multiplication with j.

€ V'@ A*YW* and o(J-, J-, -, -, s al s Js Iy € A?V* @ A3V*. All these forms are
SO°%(1,n)-invariant. It follows from the Lemmas and that they all vanish.
Hence, a = 0. ]

Lemma 3.12. Let n > 3 and B : FU™ x Fb» — FY" be an R-bilinear form. If B is
SO%(1, n)-equivariant, then 8 = 0.

Proof: First we consider the case F = R. Let v,w € RY"™ be two linearly independent light-
like vectors and V := spang {v, w}. We define the group G := {A € SO°(1,n)|A(V) = V}.
Notice that the action of G’ on V is equivalent to the action of SO°(1,1) on R"! and that
V1 is G-invariant. Hence, for every A € G there exists some A € R* such that Av = \v,
Aw = %w. The SOY(1, n)-equivariance of § implies that the vector §(v,w) is fixed by G.
Since G fixes no non-zero in V, we obtain 8(v,w) € V. The action of G on V* is equivalent
to the action of SO(n—1) on R"~!. Since n —1 > 2, SO(n — 1) acts R-irreducibly on R?~!
and we obtain (v, w) = 0. Next we show that 5(v,v) = 0. The one-dimensional subspace
R - B(v,v) is G-invariant. Since G acts R-irreducibly on the at least two-dimensional sub-
space V1, it follows B(v,v) € V. Let A € G be non-trivial. Then there exists a real number
A = el,t € R*, such that Av = \v and Aw = %w. Since AB(v,v) = A\2B(v,v), B(v,v)
is an eigenvector of A. Notice that A decomposes the subspace V into the eigenspaces of
A and % Since A? is no eigenvalue of A, it follows 3(v,v) = 0. Analogously, we obtain
B(w,w) = 0. Since the lightlike vectors generate R", we finally conclude 3 = 0.

If F = C then we restrict 8 pairwise to the subspaces R™ and iR'™, project it to one
of the subspaces and apply the above. Analogously, for F = H we do the same for the
subspaces RV R4 RM™5 and RME. This finishes the proof. O

Remark 3.4. Lemma [3.12| is not true for n = 2. If F = R, then the pseudo-Fuclidean
analogue of the cross-product in the RY? is a counterexample. More precisely, the antisym-

metric R-bilinear map

x U1 —(z2ys — yox3)
zo | X | y2 | = | —(21y3 — y123)
€3 Y3 T1Y2 — Y12

with (z1,z2,73)T, (y1,v2,y3)T € R? is SO°(1, 2)-equivariant.

Remark 3.5. Recall that we can consider an R-bilinear map B : FM™ x FL? — FL? gs
an element of (FY")* @ (FL™)* @ FL. If B is SO°(1,n)-equivariant, then B is SO°(1,n)-
invariant as an element of (FY")* @ (FL)* @ FL™. Since the representations of SO°(1,n)
on the vector spaces FL™ and (FY™)* are equivalent, we are for F = C in the situation of
Lemmal[3:4. In other words for F = C the Lemmas[3.12] and[3.4] are equivalent. Analogously,
for F =H Lemmal[3.12] implies Lemma[3.6] Nevertheless we gave two different proofs. The
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advantage of the proof of Lemma [3:4) is that it can be easily modified to prove that an R-
trilinear map o : C"H x C" T x C"1 — R wanishes, if n > 3 and a is SO(n+1)-invariant,
see Lemma[3.5] The proof of Lemma does not work for such a map «, since it makes

use of the existence of lightlike vectors which do not exist in the Euclidean space.

3.2 Connected H-irreducible Lie subgroups of Sp(1,n)

Proposition 3.1. Let H C Sp(1,n) be a non-precompact, connected Lie subgroup. Then
(1) H is amenable if and only if H is contained in a stabilizer of a lightlike line.
(ii) If H is non-amenable, then H is conjugated to one of the following groups

o K-(SO°(1,m)x{lp_m}), where2 <m < n and K C (Sp(1)-1,11) % Sp(n—m)
is a connected Lie subgroup, such that its projection on Sp(1) - 1,,41 is either
{Lim+s1}, U) - Ly, or Sp(1) - Ly,

o K-(SU(L,m)x{1lp—m}), wherel <m <n and K C (U(1) - Ly41) X Sp(n—m)
is a connected Lie subgroup, such that its projection on U(1) - L,,41 is either
{11} or UQL) - Tppga,

o K-(Sp(l,m) x{1lp—m}), where 1 <m <n and K C {141} X Sp(n —m) is a

connected Lie subgroup,
o K- (U°x {1,.1}), where U° = {A € Sp(1,1)|Ad = ®A} = Spin’(1,3) with

0 -1 ‘ ‘

o = and K C {12} x Sp(n — 1) is a connected Lie subgroup.
1 0

Proof: Let H C Sp(1,n) be a non-precompact, connected Lie subgroup. We denote by

H"™(H) = Sp(1,n)/Sp(1) xSp(n) the quaternionic hyperbolic space. The Lie group Sp(1,n)

acts on H"(H) and on its boundary 0H"(H), which we identify with the set of lightlike

lines of H™.

Proof of (i): Suppose H is contained in the stabilizer of a lightlike line. The stabilizers of

a lightlike line are conjugated to
(H* x Sp(n — 1)) x Heis,,—1 (H),

which is amenable, see Example[2:2] Hence H is conjugated to a connected Lie subgroup of
(H* x Sp(n — 1)) x Heis,,—1 (H). By Proposition [2.7| we know that connected Lie subgroups
of amenable groups are amenable. Hence, H itself is amenable.

Now we prove the converse. Let H be amenable and denote by H = L - R its Levi decom-
position. By Proposition the semi-simple Levi factor L is compact.

Now we apply Theorem to H. We will show that (a) holds for H. We can ex-
clude the case (c) just because F = H # C. Suppose we are in case (d) which means
H = Sp(1,n). Since Sp(1,n) is a simple Lie group and non-compact, this is a contradic-

tion to the amenability of H, so this is not possible. Suppose we are in case (b). Hence,
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there exists a proper totally geodesic submanifold M C H™(H) such that dim(M) > 1 and
H =K -U%M) where K C K°(M). By Proposition the Lie group U°(M) is simple.
Furthermore, according to Table the Lie group U°(M) is non-precompact. This is
again a contradiction to the amenability of H. It follows that we are in case (a). Hence,
the elements of H have a common fixed point p in HTED Suppose p € H"(H). Then H is
conjugated to a connected subgroup of Sp(1) x Sp(n). This implies that H is precompact
which is a contradiction to the non-precompactness of H. It follows that the fixed point p

lies in OH"(H). Equivalently, H preserves a lightlike line. This finishes the proof of (7).

Proof of (ii): By Proposition the semi-simple Levi factor of H is non-compact. Now
we apply Theorem to H and consider the four cases (a), (b), (¢), and (d). As before
we exclude the case (c). Suppose we are in (a). Then the elements of H have a common
fixed point p in H*(H). Since H is non-amenable, (i) implies that p € H"(H). But this
is again a contradiction to the non-precompactness of H. Hence, we are not in case (a).
If we are in case (b), then there exists a proper totally geodesic submanifold M C H"™(H)
such that dim M > 1 and H = KU°(M) where K C K°(M) is a connected Lie subgroup.

According to Proposition there are four possibilities for M.

Case 1: M = H™(R) for some 2 < m < n. By Table we obtain H = K -
(SO°(1,m) x {1p—m}) where K C Sp(1) - Lim+1 x Sp(n —m). Let C be the projection of
K to Sp(1) - 1,41 and denote by C' = L - R its Levi decomposition where L is connected
and semi-simple and R is connected and solvable. Recall that L N R is discrete. Since R
is precompact, R is compact. It is known that a compact solvable Lie group is a torus.
Hence, R is abelian. A maximal torus of Sp(1) - 1,41 is for example U(1) - 1,,+1 which is
a one-dimensional Lie group. If R is non-trivial, then it follows R = U(1) - 1,;,41, since R
is connected. If L is non-trivial, it is at least three-dimensional. Since L is connected, it
follows L = Sp(1) - 1,,41. Notice that L and R can not be both non-trivial, since L N R is

discrete. This gives us the first case in the list of (i7).

Case 2: M = H™(C) for some 1 < m < n. By Table we obtain H = K -
(SU(1,m) x {1,—m}) where K C U(1)- 1,41 X Sp(n—m) is a connected Lie subgroup. Let
C' be the projection of K on U(1) - 1,,41 and denote by C' = L - R its Levi decomposition.
Since U(1) is one-dimensional, the Levi factor L is trivial. If the solvable radical R is
non-trivial, then it follows R = U(1) - 1,,,11, since R is connected. This gives us the second
case in the list of (i7).

Case 3: M = H™(H) for some 1 < m < n. By Table we obtain H = K - Sp(1,m) x
{1p—m} where K C {1,,41} X Sp(n —m) is a connected Lie subgroup. This is the third
case in the list of (i7) with m < n.

Case 4: M = H'(I). By Table [2.1] we obtain H = KU® x {1,,_1} where K C {I5} x
Sp(n — 1) is a connected Lie subgroup and UY = {A € Sp(1,1)|A® = ®A} = Spin’(1, 3).
This is the fourth case in the list of (7).

Finally, by Theorem there is the last case (d). Then we have H = Sp(1,n) which is
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the third case in the list of (i7) with m = n. This finishes the proof. O

Remark 3.6. The methods in the proof of Proposition|3.1| can be applied to the connected,
non-precompact Lie subgroups of U(1,n) and O(1,n). Thus there exist complex and real

versions of Proposition , The complex version is given in [AZ).

Proposition 3.2 ([AZ]). Let H C U(1,n) be a connected, non-precompact Lie subgroup.
Then

(1) H is amenable if and only if H is contained in the stabilizer of a lightlike line.

(13) If H is non-amenable, then H is conjugated to one of the following groups

o K-(SO°1,m)x {1,_m}) where2 <m <n and K C (U(1)-1,11) x U(n —m)
is a connected Lie subgroup, such that its projection on U(1) - 1,41 is either
{Ims1} or U(L) - Ly,

o K-(SU(1,m)x{lp_m}) wherel <m <n and K C U(1)-Ly41 xU(n—m) is a
connected Lie subgroup, such that its projection to U(1) - 1,41 is either {111}
or U(1) - Lypgq.

Proposition 3.3. Let H C O(1,n) be a connected, non-precompact Lie subgroup. Then
(1) H is amenable if and only if H is contained in the stabilizer of a lightlike line.

(ii) If H is non-amenable, then H is conjugated to K - (SO°(1,m) x {1,_m}) where
2<m<nand K C{ly+1} X SO(n —m) is a connected Lie subgroup.

Corollary 3.1. Let H C Sp(1,n) be a connected and H-irreducible Lie subgroup. Then H

1s conjugated to one of the following groups:
e S0%1,n), SOY(1,n) - U(1), SO°(1,n) - Sp(1) if n > 2,
e SU(1,n), U(1,n),
e Sp(1,n),
o U= {AcSp(l,1)|A® = A} = Spin(1,3) with & :(? 01> ifn=1.

Remark 3.7. Notice that only the Lie groups Sp(1,n), SO°(1,n) - Sp(1) and U° =
Spin’(1,3) act C-irreducibly on HY™. The other Lie groups SO°(1,n), SO°(1,n) - U(1),
SU(1,n), and U(1,n) act C-reducibly on H'™,

Furthermore, the matrices in U° have the form <Z _b> . Hence, U% does not contain
a

S0%(1,1).

Proof: The idea is to apply Proposition 3.1 Notice that H is non-precompact since other-

wise it would be contained in a maximal compact subgroup of Sp(1,n), which is conjugated

to Sp(1) x Sp(n). In that case H would not act H-irreducibly contradicting the assump-

tion.
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By Proposition [3.I] we have to consider the amenable and non-amenable case. If H is
amenable, then it is contained in the stabilizer of a lightlike line. This is again a contra-
diction to the H-irreducibility of H.

Therefore H is conjugated to one of the Lie subgroups of the list in Proposition [3.1] If
H is conjugated to one of the first three Lie groups, then it can only act irreducibly if
m = n, since otherwise H'" C H!'" would be an H-invariant subspace. This gives us the
Lie groups SO°(1,7n), SO°(1,n)-U(1), SO°(1,n)-Sp(1) if n > 2, and SU(1,n), U(1,n) and
Sp(1,n) for n > 1. They all act H-irreducibly.

So we have to consider the fourth case of Proposition H=K: (U°x1,1) where
U% c Sp(1,1) is isomorphic to Spin®(1,3) and K C 1y x Sp(n — 1). The Lie group H
can act irreducibly only if n = 1. Thus we have to check that U’ C Sp(1,1) indeed
acts H-irreducibly. Since U° is connected, it acts H-irreducibly if and only if its Lie al-
gebra u C sp(1,1) acts H-irreducibly on H%'. So we have to show, that there is no
one-dimensional u-invariant H-subspace of H'!.

Recall that the matrices

i j k

w 2 7y 2 7Z 2 b
T J

(& B 2, U D) 2, W D) 2

form a basis of u. The matrices can not be diagonalized simultaneously, e.g. we have for

x and y the eigenspace decompositions

= [ ") me(*) m oad = (7 ) me(?)
-1 1 -1 1

Hence, u acts H-irreducibly. O

Proposition 3.4. Letn > 2 and H C Sp(1,n) be an H-irreducible Lie subgroup. Then the
Zariski closure HZ% contains a subgroup which is conjugated to SO°(1,n). In particular,

the connected component of HZ* is H-irreducible.

Proof: We will follow the arguments of [AZ]. H?* < Sp(1,n) is an algebraic group and
hence it has finitely many connected components, see [Mi|. It is also a closed subgroup
with respect to the standard topology of Sp(1,n).

The group HZ* is not compact since otherwise H C H%% would be precompact and
hence it would be conjugated to a Lie subgroup of the maximal compact subgroup Sp(1) x
Sp(n). Then H would preserve a one-dimensional timelike subspace contradicting its H-
irreducibility. In particular, H4%" is non-precompact.

Let L := (H?%)" denote the connected component of the identity. It is also non-
precompact since otherwise H4% could be written as finite union of precompact sets of
the form gL for g € H?* and hence H%*" would be precompact.

Now we apply Theorem to L and consider the cases (a), (b), (¢), and (d). First we
exclude the case (c¢), since F = H.

Next we exclude the case (a) by supposing the opposite, i.e. suppose that L has a common
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fixed point in H™(H). Notice that such a fixed point can not lie in H"(H), since otherwise
L would be contained in the stabilizer of this point which is a maximal compact subgroup
of Sp(1,n). This would be a contradiction to the non-precompactness of L. Hence, all
common fixed points of L lie in 0H"(H). Let F' C 0H"(H) be the set of fixed points of
L. Notice that |F| < 2, since otherwise Lemma implies that every element of L is
elliptic and furthermore, by Lemma [2.8] L fixes every point on the geodesic connecting
two elements of F', i.e. L would preserve timelike lines which again contradicts the non-
precompactness of L. So F consists of one or two elements. Since L is a normal subgroup
of H%%" the set F is preserved by HZ%",

If F = {p}, then H?%" fixes p. But this is a contradiction to the irreducibility of HZ%",
If F = {p,q}, then the corresponding lightlike lines in F" span a timelike subspace V
with dimg V = 2, which is preserved by HZ%". Since n > 2, V is a proper HZ% -invariant
subspace which contradicts the H-irreducibility of HZ4".

Summarizing we are not in case (a). Hence, we are in case (b) or (d). If we are in case (d),
then L = Sp(1,n) and we are done. So we have to consider the case (b), i.e. there exists a
proper totally geodesic submanifold M with dim M > 1, £(L) = OM and L = KU°(M),
where K C K°(M) is a connected Lie subgroup. Notice that M is the union of all geodesics
whose endpoints lie in M.

Since H#%" has finitely many connected components, L is a subgroup of finite index. Then
Lemma implies that £L(HZ%) = L(L) = OM and that HZ%" leaves M invariant. Re-
call that H#%" acts by isometries on H"(H). In particular it maps geodesics to geodesics.
Since M is the union of all geodesics whose endpoints lie in M, we conclude that HZ%"
leaves M invariant. Hence, HZ% C I(M). Now we study the possibilities for the proper
totally geodesic submanifold M case by case.

If M = H'Y(I), then Lemma implies that there is a proper HZ% -invariant sub-
space, since n > 2, which contradicts the H-irreducibility of H#%". If M = H™(H) with
1 <m < n, then Lemma implies that there is a proper HZ% -invariant subspace which
is again a contradiction. Hence, we have M = H™(C) with 1 < m < n or M = H™(R)
with 2 < m < n. Since H%%" is H-irreducible, Lemma implies in both cases m = n.
Recall that L = KU°(M) where K C K°(M) is a connected Lie subgroup. Consulting
Table [2.1| we obtain SO°(1,n) ¢ U°(M). This finishes the proof. O

Proposition 3.5. Let n > 2 and H C U(1,n;F) be an F-irreducible subgroup. If N C H

is a normal subgroup which is closed in U(1,n;F), then one of the following is true.
(1) N is discrete.
(75) N=U() - Lpy1 if F=C orH, or N =8p(1) - 1,41 if F =H.
(iii) N contains SO°(1,n).
Proof: We will apply Theorem to N and discuss the cases (a), (b), (¢), (d), and (e).

Assume that N is not discrete. If (d) or (e) holds for N, then we have SO°(1,n) C N, so
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we are in (7).

Assume now that (b) holds for N. If N has no common fixed point in H"(FF), then there is
a common fixed point in 0H"(IF). Let F C 0H"(FF) be the set of common fixed points of N
on the boundary. Notice that F' consists of either one or two elements. If F' has exactly one
element, then H fixes this point, since N is a normal subgroup of H. But this contradicts
the F-irreducibility of H. If F has exactly two elements, then F' is preserved by H. It
follows that H preserves the two dimensional F-subspace spanned by the two lightlike lines.
Since n > 2, this is again a contradiction to the F-irreducibility of H. It follows that N has
a common fixed point in H"(F). Hence, all elements of N are elliptic. Let g € N and F(g)
the set of fixed points of g in H"(FF). By Proposition m F(g) is either a singleton or a
totally geodesic submanifold. Hence, M := [ ¢y F'(g) is a totally geodesic submanifold
and the set of all common fixed points in H"(IF) of N. Since N is a normal subgroup,
M is preserved by H, i.e. H C I(M). The F-irreducibility of H implies that M is not a
singleton. Lemmas and imply that M is H"(R), H"(C), or H"(H). Consulting
Table we get the possibilities for K (M). If F =R, then K (M) = {£1,4:}. f F=C,
then K(M) = {£1,41} or U1) - Lp4q. f F =H, then K(M) = {£1,4+1}, U(1) - 1,41, or
Sp(1) - 1,,41. By assumption N is not discrete. Since Sp(1) has no two dimensional Lie
subgroup, we obtain N = U(1) - 1,41 or Sp(1) - 1,,41, so we are in case (ii).

Assume now that (¢) holds for NV, i.e. there is a proper totally geodesic submanifold M
such that N C I(M). By Remark we know L(N°) = OM. If we apply Lemma
to N? and N, then it follows OM = L(N") = L(N). Applying Lemma again to N
and H, it follows OM = L(N) = L(H). Hence, H preserves M. The Lemmas and
imply that M is either H"(R) or H"(C). Since N° = KU®(M), we obtain from Table
that SOY(1,n) C N. This finishes the proof. O

Corollary 3.2. Letn > 2 and H C U(1,n;F) be a closed subgroup, which acts F-irreducibly

on T, Then one of the following is true.
(1) H is discrete.
(ii) HO=U(1) - 11 if F=C or H, or H® =Sp(1) - 1,41 if F = H.
(iii) H° contains SO°(1,n).
Proof: This follows from Proposition by setting N = HP. O

Corollary 3.3. Let n > 2 and H C Sp(1,n)Sp(1) be a closed subgroup which acts H-

irreducibly on HY™. Then one of the following is true.
(1) HNSp(l,n) is discrete.
(1) HNSp(1l,n) =U(1) - Lns1 or Sp(1) - L.

(iii) H N Sp(1,n) contains SO°(1,n).
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Proof: A subgroup H C Sp(1,n)Sp(1) is H-irreducibly if and only if prep ) (H) is H-
irreducible. Notice that H N Sp(1,n) is a normal subgroup of prgy; ,,)(H) which is closed
in Sp(1,n). The Corollary follows now from Proposition [3.5] O
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Chapter 4

Main results

4.1 Classification of isotropy H-irreducible almost hypercom-

plex pseudo-Hermitian manifolds of index 4

Theorem 4.1. Let (M, g, (I,J, K)) be a connected almost hypercomplex pseudo-Hermitian
manifold of index 4 and dim M = 4n+4 > 16, such that there exists a connected Lie group
G CIso(M,g,(I,J, K)) acting transitively on M. If the isotropy group H := Gp, p € M,
acts H-irreducibly, then (M, g, (I, J, K)) is a pseudo-hyper-Kdihler manifold. If furthermore
b acts H-irreducibly, then (M, g, (I, J, K)) is locally isometric to Mink,, 1 (H).

Proof: Let p : H — GL(T,M) be the isotropy representation. We identify H with its
image p(H). Since H preserves the metric g and the almost hypercomplex structure, we
can consider H as a subgroup of Sp(1,n).

First we show that M is a hyper-Kéhler manifold. This follows from Lemma by
showing that the Kéahler forms wy, wy, and wg are closed. Notice that since H preserves
the hypercomplex structure and the metric g, it preserves d(wyr)p, d(wy)p, and d(wg)p,
too. Since G acts transitively, it is sufficient to show that (dwy), = 0, (dwys), = 0, and
(dwg)p = 0. Lemmaimplies that HZ%" also preserve the three 3-forms. By Proposition
we know that SO°(1,n) C HZ%". Tt follows that the three 3-forms are also preserved
by SO%(1,n). If we identify T,M with H'"  we can consider the 3-forms as elements of
A3(HY™)*. By assumption we have n > 3. Thus we can apply Lemma and conclude
d(wr)p =0, d(wy)p, and d(wgk ), = 0. Hence, M is a pseudo-hyper-Kéhler manifold.

From now on we assume that b acts H-irreducibly. In order to prove that M is locally
isometric to Mink,, 41 (H) we will investigate its universal cover M = G//H® and show that
it is globally isometric to Mink,, 1 (H). Since h acts H-irreducibly, the same holds for H°.
According to Corollary HY is one of the following Lie groups

S0%(1,n), SO°(1,n) - U(1), SO°(1,n) - Sp(1), SU(1,7n), U(1,n), Sp(l,n).

Next we show that M is a reductive homogeneous space, i.e. we show that there exists an

Ad(H")-invariant subspace m C g such that g = b @ m.
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If H° is one of the semi-simple Lie groups above, then the action of Ad(H") on g is com-
pletely reducible. In that case M is a reductive homogeneous space. So we have to consider
the cases where H? is either SO°(1,n) - U(1) or U(1,n) = SU(1,n) - U(1).

Let s be either so(1,n) or su(1l,n). Then we have h = s @ u(1). We consider the adjoint
representation of § on g. Since s is simple, s acts completely reducibly on g and s is an
irreducible s-invariant subspace. Furthermore, there exists an s-invariant complement m of
h = s@du(l) which is isomorphic to g/h = TpM =~ H'". Hence, the s-module g decomposes
into g = m @ s © u(1). Notice that m = H"" decomposes into four respectively two irre-
ducible s-invariant subspaces which are equivalent to R1™ respectively C™. These three
submodules s, u(1), RL™ respectively C1™ are pairwise inequivalent. Since s and u(1) com-
mute, u(1) preserve the isotypical s-submodules. It follows that the isotypical submodule
m is u(1)-invariant and thus also h-invariant. Hence, m is invariant under Ad(H"). Thus
we have shown that M is a reductive homogeneous space.

From now on we identify m with the tangent space TpM =~ HL". Next we show that
(g,b,7) is a symmetric Lie algebra where 7 : g — g is defined by X +Y — X — Y with
X € b, Y € m. By Remark it is sufficient to show that [m,m] C h. For that we
consider the restriction of the Lie bracket [-, -] to m x m and denote its projection to m by
3. We have to show that 3 vanishes. We know that 3 is Ad(H?)-equivariant. Since n > 3,
we know SO°(1,n) ¢ H®. Thus we can apply Lemma by identifying m = H" and
obtain = 0. So (g, b, 7) is indeed a symmetric Lie algebra.

The above implies that G /HY is a symmetric space, since G is simply connected and H°

connected, see Remark Now we study the six possibilities for H? case by case.

Case 1: Assume HY = Sp(1,n). We will show that the quaternionic sectional curvature of
M is constant. Let X € T,M = H"" be a non-lightlike vector such that g,(X, X) = %1,
Q(X) = spang {X, [, X, J,X, K, X}, E C Q(X) be a two-dimensional subspace, and
Cp(E) the quaternionic sectional curvature, see Definition Let Y = Xq, Z = Xqo
be an orthonormal basis of E where ¢, 2 € H = spang {IdTpM, Iy, Jp, Kp}, lg1| = |g2] = 1.
Notice that since g,(Y, Z) =0, ¢1 and g2 are orthogonal considered as elements of R? en-
dowed with the standard Euclidean inner product. Since Sp(1,n) acts transitively on the
pseudo-spheres there exists an element A € Sp(1,n) such that AX = X¢q; 1. Since HO acts
by isometries, A preserves the curvature. Hence, we obtain g,(R,(Xq1, X¢2)Xq2, Xq1) =
gp(Rp(X, qulqg)qulqg,X). Recall that two quaternions are conjugated if and only if
they have the same real part and the same norm, see [CG, Lemma 1.2.2]. Let A € C be
a complex number such that A\ = ug; 'gap™" for some p € H with |u| = 1. Since u~* has
norm one, g, is invariant under multiplication with =1 from the right. Let B € Sp(1,n)
such that BX = Xpu. Then B preserves the curvature and by the invariance under p=!
we obtain gp(Rp(X,qu1q2)qu1q2, X) = gp(Rp(X, XA) X\, X). Since X and X\ are or-
thonormal, it follows A = +i. Hence, Cp(E) = C,(F'), where F' = spang {X, [, X}, i.e. the
quaternionic sectional curvature is independent of the two-dimensional subspace of Q(X).

Furthermore, we can find an element in Sp(1,n) which maps X to any other vector
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Y € T,M with gp(X, X) = gp(Y,Y). This implies C,(E) = C,(F') for all two-dimensional
subspaces E C Q(X) and F C Q(Y).

Let ¢ € R be the quaternionic sectional curvature for the two-dimensional subspaces of
Q(X) with X spacelike. Then C), —c is the restriction of a polynomial with infinitely many
zeros. Hence, the quaternionic sectional curvature at p is constant independent whether
X is a time- or spacelike vector. Since M is a homogeneous space, the quaternionic sec-
tional curvature is constant for all points. By Theorem this implies that M is globally
isometric to Mink,, 41 (H), dS,+1(H), or to the universal cover of AdS,1i(H) up to scale.
Since Mink,, 1 (H) is the only Ricci-flat manifold in the list, we have M 2 Mink,, 1 (H).
Case 2: Assume that H° is SO°(1,n) - U(1), SU(1,n), U(1,n), or SO°(1,n). Then HY is
C-reducible.

We will decompose the simply connected manifold M into a product of two totally geodesic
submanifolds by using Theorem so we have to check the assumptions. Since M is a
symmetric space, it is geodesically complete. In order to apply Theorem 2.5 we have to
decompose the tangent bundle into two non-degenerate, orthogonal, and parallel distribu-
tions.

The tangent space TpM decomposes into two H-invariant orthogonal I,-complex sub-
spaces of real index 2. We can identify these spaces with C1™ and CY™- j. Let ¢ € M and
g € G such that gp = ¢. Then we define two geometric distributions by (£1)q = dgp(CH™)
and (&), := dg,(CH™ - ). Notice that the definition is independent of the choice of g.
Both distributions are non-degenerate and orthogonal, so we have TM = & ® &. Next
we show that £ and & are both parallel, i.e. we have to show that VxY € I'(&;) for all
X eI'(TM) and Y € I'(§;). We define a tensor field by

T :T(TM) xT(&) = T(&), (X,Y) — pre. VxY.
J

If we restrict the first component of 7' to I'(§;), we obtain at p an R-bilinear map
B Chm x CL™ — CY™ which is H-equivariant. Since n > 3 and SO°(1,n) C H, we can
apply Lemma [3.12] and get 8 = 0. Analogously, we obtain the same if we restrict the first
component of T to F(Ejl). Since M is a homogeneous space, this implies VxY € (&)
for X € T(TM) and Y € T'(&;).

Now Theorem implies that (M , g) is isometric to the product of the maximal connected
integral submanifolds of £ and & through p which we denote by Mj(p) and Ms(p). Next
we show that these submanifolds are homogeneous. Let ¢ € M;(p) and g € G such that
gp = q. We will show that gM;(p) C M;(p) by considering the associated foliation of the
distribution & . We have gMj(p) = M1(q). Since g maps leaves to leaves, it maps the leaf
which contains p and ¢ into itself. It follows that M;(q) = M;(p). Analogously, we obtain
gMa(p) C Ma(p) if gp € Ma(p).

Since G acts transitively on M, the group Gj = {g eq

gM;(p) C M; (p)} acts tran-
sitively on Mj(p). Since Mj(p) is connected, G? acts transitively on M;(p). Its isotropy
group (G?)p coincides with H? which acts C-irreducibly on 7,M;(p) = C1". If we restrict
the almost complex structure I to M;(p) and denote it by I, we can apply Theorem
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to (M;(p),g;,1;). Hence, M;(p) is globally isometric to Minky41(C), dS,+1(C), CdSy4+1
or to the universal cover of AdS,,11(C) or CAdS,,+1.

Since M is a pseudo-hyper-Kahler manifold, it is Ricci-flat. Let Ric; denote the Ricci-tensor
of Mj(p). Since g = g1 + g2, we obtain Ric = Ric; + Ricp. This implies that M;(p) and
Ms(p) are also Ricci-flat. But in the list of Theorem occurs only one Ricci-flat space,
namely Mink,,41(C). Thus, M;(p) = Mink,,41(C). This implies M = M;(p) x Ma(p) =
Mink,,+1(C) x Minky,4+1(C) = Mink,, 41 (H).

Case 8: Assume H° = SO°(1,n) - Sp(1). The SO°(1,n)-action decomposes the tangent
space TpM = m into four real SOO(l, n)-invariant subspaces ny, na, ng, and ny which we can
identify with RV R .4 RL™. 5 and RY" - k, respectively. Notice that these subspaces
are not H’-invariant.

Next we show that all four subspaces are Lie triple systems. Since [m,m] C b, it follows
nj,n;] C h = so(l,n) @ sp(l). Recall that sp(l) = R-i@R-jdR- k. If we con-

sider the R-bilinear map «; := prg; [, and identify n; with R1™, we get a 2-form

|nj Xny

aj : R x R*L — R which is SOY(1, n)-invariant. Lemma [3.1) implies a;; = 0. Analo-

gously, we get the same if we project toR-j and R-k, so we have [nj, n;] C so(1,n).

['? ']|nj X1
Since so0(1,n) preserves n;, it follows [[n;,n;],n;] C n;. This proves that n; is a Lie triple
system. If we identify the subspaces n;, j = 1,...,4, with the orthogonal subspaces R,

RL .4, RY™ . §, R - k of T, M, it follows that
Ny = exp,(R"™), Ny := exp,(R"™ - 4), N3 :=exp,(R"" - j), Ny:=exp,(R"" k)

are connected totally geodesic submanifolds of M which are itself symmetric spaces. Let
G; be the connected component of the identity of the subgroup which preserves N;. Then
we have N; = G;/(G}), with (G;), = G; N H® = SO°(1,n). Notice that N; is a real
Lorentz manifold. Similarly as in Case 1, it follows that the sectional curvature of N; is
constant. Notice that there exists an element h; € HY such that d(h;),(T,N1) = T,N;,
Jj = 2,3,4. Lemma [2-4] implies that the four totally geodesic submanifolds are pairwise
isometric. Thus it is sufficient to study only one of the totally geodesic submanifolds, for
instance V7.

Let Y € I(TN;) and X € I'(TN;) with j # 1 and let X, Y be some arbitrary extensions
of X, Y to M. Similarly as in Case 2, it follows that VY (p) € T,Ny. This implies

(R(Z, X)Y)(p) € TpN (4.1)

for every vector field Z.
Let X,Y € I'(TNy) and ey, ..., €414 be a local frame of TM such that €(nt1)(j—1)+1s « - >

€(n+1); 18 @ local frame of TN;. Now we consider the Ricci-tensor of M. Since M is a
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pseudo-Hyper-Kéahler manifold, it is Ricci-flat, i.e.

4dn+4
0 = Ric(X,Y)= > g(R(e; X)Y,e;)
=1
n+1 2n+2

= > g(R(ei, X)Y,e) + Y g(R(ei, X)Y,e;)
i=1 i=n-+2
3In+3 4n+4

+ > g(Re, X)Y,e)+ Y g(R(es, X)Y,e;).
1=2n+3 1=3n+4

From equation it follows that the last three terms vanish at p. Since Nj is a totally
geodesic submanifold, this observation and the Gauss equation imply that at p the Ricci
tensor of N vanishes. Since Nj is a homogeneous space, this implies that N; is Ricci-flat.
We already know that N is a Lorentz manifold of constant sectional curvature. Hence,
N1 = Mink,,1(R). It follows that N; = Mink,41(R) for j = 2,3, 4.

Next we will show that the Riemannian curvature R of M vanishes at p. For that we show
gp(Rp(z,y)z,w) =0 for all z,y,z,w € TPM. It is sufficient to check the claim for vectors
tangent to one of the totally geodesic submanifolds.

If x,y,z € T,N;, the claim is clear since N; is flat and totally geodesic. Let z € T, N; and
let € T,N; and y € TpNj-. If we TpNjL, then g,(Rp(z,y)z,w) = 0, since Ry(z,y)z €
T,N; by equation [L.1] If w € T,Nj, then g,(Ry(z,y)z,w) = gp(Rp(2z, w)z,y) = 0, since
R(z,w)x € T,N;.

Let z € T,N;and z,y € TpNjL. Ifwe TpNJJ-, then g,(Ry(z,y)z,w) = 0. If w € T,N;, then
Ip(Rp(z,9)z,w) = —gp(Rp(y, 2)x,w) — gp(Rp(2z,x)y, w) = 0, since Ry(y, 2)z, Ry(z,z)y €
T,N;".

This finally proves the claim. Since M is a homogeneous space, g(R(X,Y)Z, W) vanishes
completely on M for X,Y,Z, W € T'(TM). This implies that the Riemannian curvature
tensor vanishes, i.e. M is flat and thus M = Mink,,,;(H). This finishes the proof. O

Remark 4.1. Theorem implies that the homogeneous space M = G /H 1is locally sym-
metric, if b acts H-irreducibly. Actually we know even more. Recall that the isotropy
representation p : H — GL(T,M) acts on T,M by p(h)(v) = dhy(v). By definition every
element of H fives the point p. It follows that if —ldr,ar € p(H), then M is a globally
symmetric space. This is the case if H® is SO°(1,n) - U(1), SO°(1,n) - Sp(1), U(1,n),
or Sp(1,n). If additionally n is an odd number, then this holds even for SO°(1,n) and
SU(1,n).

4.2 Homogeneous almost quaternionic pseudo-Hermitian man-

ifolds of index 4 with H-irreducible isotropy group

Theorem 4.2. Let (M, g,Q) be a connected almost quaternionic pseudo-Hermitian man-

ifold of index 4 and dim M = 4n + 4 > 24, such that there exists a connected Lie subgroup
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G C Iso(M,g,Q) acting transitively on M. Let H := G,, p € M, denote the isotropy
group. If the intersection of the linear isotropy group with Sp(1,n) acts H-irreducibly,
then (M, g,Q) is a quaternionic pseudo-Kdhler manifold. If furthermore M is a reductive

homogeneous space and b N sp(1,n) acts H-irreducibly, then M is locally symmetric.

Proof: Let p : H — GL(T,M) be the isotropy representation. We identify H with its
image p(H). Since H preserves the metric g and the almost quaternionic structure @, we
can consider H as a subgroup of Sp(1,n)Sp(1).

First we show that M is a quaternionic pseudo-Kéahler manifold. This follows from Theorem
2.6/ by showing that the fundamental 4-form 2 is closed. Since G acts transitively, it is suffi-
cient to show that df2, = 0. Since H preserves the quaternionic structure () and the metric
g, it preserves df2,. By assumption H N Sp(1,n) acts H-irreducibly. From Proposition
we know that SO°(1,n) C (H NSp(1,n))%?". Tt follows that df2, is SO°(1, n)-invariant. If
we identify 7, M with H'", we can consider df2, as an element of A5(H")*. Lemma
implies df2, = 0. This proves that M is a quaternionic pseudo-Kahler manifold.

Let us assume now that h Nsp(1,n) acts H-irreducibly and that M is a reductive homo-
geneous space. Then the same holds for the universal cover M = G /HY, i.e. there is an
Ad(H")-invariant subspace m C g such that g = h @ m. The subspace m can be identified
with TpM =~ MY, If we restrict the Lie bracket [-, ] to m x m and project it to m, we obtain
an antisymmetric R-bilinear map 8 : H'™ x H — HY" which is Ad(H°)-equivariant.
Since SO°(1,n) ¢ (H NSp(1,n))? = H° N Sp(1,n), Lemma implies 8 = 0. Hence,
[m,m] C b. It follows that (g, b, 7) is a symmetric Lie algebra where 7 : g — g is defined
by X +Y — X —Y for X € h, Y € m. Hence, M is a symmetric space. This proves that
M is locally symmetric. O

Remark 4.2. Theorem says that M is a simply connected pseudo-Riemannian sym-
metric space of quaternionic Kdhler type. Those spaces have been classified in [AQ)].
One step to complete the classification in Theorem is to consult the list in [AQ] and
check which of them admit a pseudo-Riemannian metric of index 4. Such spaces are for
example the quaternionic space forms dS,41(H) = Sp(l,n + 1)/Sp(1,n) x Sp(1) and
AdS,+1(H) = Sp(2,n)/Sp(1) x Sp(1l,n). Two more symmetric spaces in the list are
HdS, ;1 = SO°(1,n+4)/SO%(1,n) x SO(4) and HAdS, 11 = SO°(5,n)/S0(4) x SO°(1,n).

The remaining symmetric spaces in [AC| need more investigation.
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Chapter 5
Open problems

In this last chapter we point out some problems which are open and could be considered

in future research.

In Theorem [4.T] we proved that an irreducible isotropy group implies that the considered
manifolds are indeed pseudo-hyper-Kéhler, if its dimension is 4n + 4 > 16. This is due to
Lemma [3.6] which ensures that the three Kahler forms are closed. By Remark [3.5] we know
that Lemma[3.6] does not hold if n < 3. If M is a homogeneous manifold as in Theorem
but of dimension 8 or 12, then it is not clear that the H-irreducibility of its isotropy group
implies that M is a pseudo-Hyper-Kéahler manifold. This yields the following problem.

Problem 1. Let M be a manifold as in Theorem [A1] but of dimension 8 or 12. Decide
whether the H-irreducibility of the isotropy group implies that M is pseudo-hyper-Kdhler

and if not find further assumptions.

The additional assumption that § acts H-irreducibly in Theorem ensures that HY is
H-irreducible. This is used to classify the universal cover M = G/H°. If we do not
assume that h acts H-irreducibly, we know by Corollary that H could be discrete or
H°=U(1)- 1,41 or Sp(1) - 1,,41. But we can exclude that H is discrete as follows.

Let M be as in Theorem[4.1] Assume that H is discrete. Then G = G/ {e} — G/H = M is
a covering of M. In particular, we can identify g with T,M = H'". Notice that H acts on
g by conjugacy. Then the Lie bracket [-,-] defines at p an H%% -equivariant antisymmetric
bilinear form. Since SOY(1,n) € H#%", Lemma implies that [-, -] vanishes. In other
words the connected Lie group G is abelian. Hence, the Lie subgroup H is abelian. But
this is a contradiction, since by assumption H acts non-trivially on T,M. This type of
argument is due to [AZ].

Hence, we are left with the cases H? = U(1) - 1,41 and H® = Sp(1) - 1,41 for future

investigation.

Problem 2. Classify all manifolds M = G/H as in Theorem with H* = U(1) or
HY = Sp(1).
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In Theorem the assumption dim M = 4n + 4 > 24 is due to the fact that Lemma
holds for n > 5. The lower dimensional case is an open problem.

Problem 3. Let M be a manifold as in Theorem [£.2] but of dimension 8, 12, 16, or 20.
Decide whether the H-irreducibility of the isotropy group implies that M is quaternionic
pseudo-Kahler and if not find further assumptions.

We assumed in Theorem that H N Sp(1,n) acts H-irreducibly to ensure that HZ%"

contains SOY(1,n), since we only classified all connected H-irreducible Lie subgroups of
Sp(1,7n).

Problem 4. Classify all connected H-irreducible Lie subgroups of Sp(1,n)Sp(1).

This classification could be used to replace the additional assumption in Theorem [4.2]

that h Nsp(1,n) acts H-irreducibly by requiring that b acts H-irreducibly.
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Appendix A

Facts about Lie groups and Lie

algebras

In this chapter we cite one general fact about connected Lie groups and prove furthermore
that the Lie algebra u appearing in Section is isomorphic to so(1, 3).

The reader can find general information about Lie groups and Lie algebras for example in
[Bal, [Hel, [HN], [KN1], [Kx], [O], [OV1], [OV2], and [Wal.

Theorem A.1 (JOV2], Levi decomposition). Let G be a connected Lie group. There exists
a virtual connected Lie subgroup semisimple L C G such that G = L-R and dim(LNR) = 0,
where R denotes the radical of G. The Lie group L is called Levi factor.

Lemma A.1. The matrices

i j k
— P, y=2® z=—-
x 2 M y 2 M Z 2 b
1 J
u 9 2, U 2 2, W 2 2

with

0 -1
b =
1 0
form a basis of the Lie algebra u := spang {z,y, z,u,v,w} which is isomorphic to so(1,3).

Proof: We have the following commutators

[z,yl = —w, [y2]=—u [zul=y, [wo=w, [vu]=u,
[z, 2] = v, [y,u] = —z, [z,v] = —z, [u,w]= —v,

[z,u] =0,  [y,0]=0, [z,w]=0,

[z,0] =2 [yuw] =g,

[z, w] = —y

A basis of s0(1,3) is given by

i

Il

<

Il
O = O O
o O O O
S O O =
o O o O

IS

Il
- o O O
o O o O
o O O O
o O O =

10
0 0
00
0 0

o O = O
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00 0 O 0 00 00 0 0
N 00 0 O - 0 01 5 00 -1 0
U = ,U = LW =
00 0 -1 0 0 0 0 1 0
001 0 0 -1 0 O 0 0 0
We have the following commutators
[i‘vg] = _71}7 [ga 2] = _ﬁa [2721] = g7 [ﬁ/af)] = ’LT), [6717}] = 717
[i,é} =, [g], ~] = -z, [2,27} = -z, [ﬂ,ﬂ)] = —0,
[:i, ~] =0, [37, TJ] =0, [Z,UNJ] =0,
[‘%7’5] :27 [gauﬂ ::%7
[, 0] = -y

It follows that u and so(1, 3) are isomorphic.
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Appendix B

Spaces with constant quaternionic

sectional curvature

It is a well know that simply connected, complete Riemannian manifolds with constant
sectional curvature ¢ are isometric to each other, see [KN1, Chapter VI, Theorem 7.10].
There is an analogous result for simply connected, complete Kéhler manifolds of constant
holomorphic sectional curvature ¢, see [KN2, Chapter IX, Theorem 7.9|. In this chapter we
present the semi-Riemannian analogue for simply connected, complete quaternionic Kéhler
manifolds with constant quaternionic sectional curvature ¢, which can be obtained by some

modifications of the known results.

Recall that manifolds with constant quaternionic sectional curvature c are called quater-

nionic space forms and that their Riemannian curvature tensor has the form

R(X,Y)Z = g (9(Y, 2)X — g(X, 2)Y + g(IY, Z)IX — g(IX, Z)IY
129(X, IVVIZ + g(JY, 2)JX — g(JX,Z)JY +29(X,JY)JZ
+9(KY,Z)KX — (KX, Z)KY +29(X, KY)KZ).

By Proposition such manifolds are locally symmetric.

Theorem B.1 (JKNI Chapter VI, Theorem 7.8]). Let M and M’ be simply connected,
complete differentiable manifolds with linear connections. Let T, R and V (respectively T",
R’ and V') be the torsion, the curvature and the covariant differentiation of M (respectively
M'). Assume VT =0, VR=0, V'T' =0 and V'R' = 0. If F is a linear isomorphism of
TpoM onto TyyM' and maps the tensors Ty, and Ry, at xg into the tensors T, and Ry
at yo respectively, then there is a unique affine isomorphism f of M onto M’ such that
f(zo) = yo and that the differential of f at z¢ coincides with F.

Theorem B.2. Any two simply connected complete quaternionic (pseudo-)Kdahler mani-

folds of constant quaternionic sectional curvature ¢ are isometric to each other.

Proof: We follow the arguments of [KN2|. Let M and M’ be two simply connected complete
quaternionic (pseudo-) Kéhler manifolds and choose a point p € M and p’ € M’. Then
any linear isomorphism F' : T,M — T,,M' preserving both the metric and the almost
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quaternionic structure necessarily maps the curvature tensor at p into the curvature tensor
at p’. Then by Theorem there exists a unique affine isomorphism f of M such that
f(p) = p' and that df, = F. Let g be any point of M and v a curve from p to q. We
set ¢ = f(q) and 7/ = f o~. Since the parallel displacement along ' corresponds to that
along v under f and since the metric tensors and the almost quaternionic structures of
M and M’ are parallel, the affine isomorphism f maps the metric tensor and the almost
quaternionic structure of M into those of M’. Hence, M and M’ are isometric. O

The following table presents some examples of quaternionic space forms with zero, positive,
and negative quaternionic sectional curvature in the Riemannian case and in the pseudo-
Riemannian case with index 4. We call such manifolds of quaternionic Lorentz type.

Table B.1: Quaternionic space forms

Quaternionic Hermitian Quaternionic Lorentz

flat H" Mink,, 1 (H) = H""

positive | HP" = Sp(n + 1)/Sp(1) x Sp(n) dSn+1(H) = Sp(1,n+ 1)/Sp(1,n) x Sp(1)
negative | H"(H) = Sp(1,n)/Sp(1) x Sp(1,n) | AdS,+1(H) = Sp(2,n)/Sp(1,n) x Sp(1)
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Zusammenfassung

In dieser Doktorarbeit betrachten wir homogene fast hyperkomplexe bzw. fast quaternion-
ische pseudo-Hermitsche Mannigfaltigkeiten mit Index 4, die eine H-irreduzible Isotropie-
gruppe besitzen. Wir zeigen, dass diese Mannigfaltigkeiten bereits pseudo-Hyperkahler
bzw. quaternionisch pseudo-Kéhler sind, falls die Dimension mindestens 16 bzw. 24 be-
trigt. Hierfiir zeigen wir, dass gewisse Multilinearformen auf dem H'" verschwinden,
sofern sie invariant unter SO°(1,n) sind. Weiter klassifizieren wir alle zusammenhiingen-
den H-irreduziblen Lie Untergruppen von Sp(1,n) bis auf Konjugation.

Zudem zeigen wir, dass die betrachteten homogenen Riume lokal symmetrisch sind, falls
die Lie Algebra der Isotropiegruppe selbst H-irreduzibel wirkt. Im hyperkdhler Fall sind
die Mannigfaltigkeiten sogar lokal isometrisch zum quaternionischen Minkowski-Raum
Mink,, 4+ (H).
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Abstract

In this thesis we consider homogeneous almost hypercomplex respectively almost quater-
nionic pseudo-Hermitian manifolds with index 4, which have an H-irreducible isotropy
group. We show that these manifolds are already pseudo-Hyper-Kéhler respectively quater-
nionic pseudo-Kéhler if their dimension is at least 16 respectively 24. For that we show
that some multilinear forms on H'™ vanish if they are invariant under SO°(1,n). We clas-
sify all connected H-irreducible Lie subgroups of Sp(1,7) up to conjugacy.

Furthermore we show that the considered homogeneous spaces are locally symmetric, if
the Lie algebra of the isotropy group itself acts H-irreducibly. In the hyper-Kéhler case
it turns out that the manifolds are locally isometric to the quaternionic Minkowski space

Mink,, 1 (H).
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