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Introduction

For a finite tensor category C the Brauer-Picard group BrPic(C) is defined as the
group of equivalence classes of invertible C-bimodule categories, where the group
structure is given by the relative Deligne tensor product. We can actually assign
to C the Brauer-Picard 3-group BrPic(C) of invertible C-bimodule categories, C-
bimodule functors and natural transformations. Truncating the Brauer-Picard 3-
group by identifying equivalent bimodule functors gives us the 2-group BrPic(C) and
we can further truncate this 2-group to the group BrPic(C) by identifying equivalent
bimodule categories. This group is an important invariant of the tensor category C
and appears at several essential places in representation theory and mathematical
physics, as explained below. In both these fields it is crucial to understand in detail
the structure of the group BrPic(C).

An important structural insight is the following result proven in Thm. 1.1 [ENO10]
for C a fusion category and in Thm. 4.1 [DN12] for C a finite tensor category
(not necessarily semisimple): There is a group isomorphism from the Brauer-Picard
group to the group of equivalence classes of braided autoequivalences of the Drinfeld
center Z(C):

BrPic(C) = Auty,(Z(C)) (1)

Instead of working with C-bimodule categories and the rather difficult relative Deligne
tensor product, we can hence work with autoequivalences where the group multi-
plication is the composition of monoidal functors. It turns out, that the group
Auty,.(Z(C)) is still complicated, because it incorporates, for e.g. C = H-mod the
category of finite dimensional modules over a finite dimensional Hopf algebra H,
the control over the group of Hopf automorphisms Autp,,s(H) and 2-cocycles on
H (see Definition 1.2.12). In the case C = Rep(G) of finite dimensional complex
representations of a finite group G (respectively C = Vects which has the same
Drinfeld center) computing Auty,(Z(Vecte)) and hence the Brauer-Picard group is
already an interesting and non-trivial task.

Let us give two motivations for why the Brauer-Picard group is important.

Symmetries of Dijkgraaf-Witten Theories

A topological quantum field theory (TQFT) is a symmetric monoidal functor from
the category of n-dimensional cobordisms to the category of vector spaces. In other
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words, it assigns to a closed (n — 1)-manifold ¥ a vector space F(X), to an n-
dimensional cobordisms class [, M, 5] between two closed (n—1)-manifolds 3, 3y
a linear map F'(M) : F(X;) — F(X;) and comes with a collection of isomorphisms
F(@) ~ C, FIM]]N) ~ F(M) ® F(N) such that certain axioms are satisfied
(see [Ati89] for Atiyah’s Axioms). Such a TQFT produces topological invariants
of n-manifolds and has turned out to be a particularly successful approach in low
dimensional topology (n = 1,2,3) e.g. with the study of quantum invariants (see
[RT91], [TV92] and [Turl0]).

Motivated by copy-and-paste procedures along submanifolds of higher codimension,
the so-called extended TQFTs were introduced (see [La93]). In these theories, we
assign values not just to n-manifolds and codimension one submanifolds, but also to
submanifolds of higher codimension. In the case we go down to points, the TQFT is
called fully extended. In other words, these are symmetric monoidal n-functors from
the weak n-category of n-dimensional cobordisms to some symmetric monoidal weak
n-category as target. For a detailed exposition and classification of fully extended
TQFT we refer to [Lu09], were Lurie formulates the classification of n-dimensional
framed fully extended TQFTs in Thm. 2.4.6 and the classification of TQFTs for
more general tangential structures in Thm. 2.4.18 Section 3 of [Lu09] gives a detailed
sketch of the proof of these Theorems. Here we want to consider theories that assign
values to closed oriented 1-manifolds, compact oriented 2-manifolds with boundary
and diffeomorphism classes of compact oriented 3-manifolds with corners. We call
such theories oriented (3,2, 1)-extended TQFTs.

In general, the study of symmetries is a crucial aspect in the understanding of
quantum field theories. It is certainly desirable to have a solid conceptual grasp
of symmetries and symmetry groups. We are interested in symmetries of a certain
class of (3,2, 1)-extended TQF Ts, namely Dijkgraaf-Witten theories. These theories
have a mathematically rigorous formulation as gauge theories with a finite structure
group G and a topological Lagrangian represented by a 3-cocycle w € Z3(G,C*)
(see [DWOI0] for the original construction). The groupoid of gauge fields and gauge
transformations is given by the groupoid of principal G-bundles. A Dijkgraaf-Witten
theory then assigns to an oriented 1-dimensional closed manifold > the lineariza-
tion (quantization) of the groupoid of gauge fields. On 2-dimensional manifolds with
boundary, the theory uses a so called pull-push construction to define linear functors
between two linearizations of groupoids. On 3-dimensional manifolds with corners,
the construction involves the choice of a natural isomorphism between a left and
right adjoint. The property that the left and right adjoints are natural equivalent
is called ambidexterity. For more details on the construction we refer to [FQ93],
[Mo13] and to Chapter 2 of this thesis. See also [FHLT10] and [LH14] for more
details on ambidexterity.

Symmetries of such theories can be viewed in two different ways. On the one hand,
it is known that an oriented (3,2, 1)-extended TQFT F' is uniquely determined by
the anomaly free modular tensor category it assigns to the circle B = F(S'). We
refer to [BDSV15] for the precise statement and proof. From this point of view, it is
natural to define the symmetry group of F' by the group of braided autoequivalence



CONTENTS il

Auty, (B). As described above, the untwisted Dijkgraaf-Witten theory assigns to the
circle the anomaly free modular tensor category Z(Rep(G)), which is equivalent to
DG-mod, the representation category of the Drinfeld double DG. The symmetry
group of an untwisted Dijkgraaf-Witten theory based on a finite group G is thus
Auty,.(DG-mod). Using only this approach to symmetries however, has its draw-
backs. In particular, from this point of view we do not know if a symmetry acts on
other field theoretic quantities of the theory, such as boundary conditions and de-
fects. Moreover, in case such an action exists, we do not know if this action is unique.
Motivated by the study of symmetries in 2-dimensional conformal field theories (see
[FFRS04], [FFRS07]), one should consider a different angle, namely defining a sym-
metry to be an invertible topological codimension one defect. A general approach
to the study of defects in 3d-TQFTs was presented in [FSV13]. Given two oriented
(3,2,1)-extended TQFT theories F' and F” with F(S') = B and F'(S') = B’ for
two anomaly free modular tensor categories B and B’ living in two separated three
dimensional regions, topological surface defects between these two theories exists if
and only if B and B’ are in the same Witt class (see [DMNO13]). This means that
there exists a fusion category C and a braided equivalence BX B’ ~ Z(C), where
B’ is the category B’ but with opposite braiding. In case such an equivalence ex-
ist, defects between these two theories are described by the bicategory of C-module
categories, bimodule functors and natural transformations. If we are in the case
B =B = Z(C) for a fusion category C, we have a distinguished braided equivalence
Z(C)R Z(C)"" ~ Z(C K C") and thus surface defects are described by C X C""-
module categories or equivalently C-bimodule categories. Symmetries correspond
to invertible C-bimodule categories and the symmetry group is the Brauer-Picard
group BrPic(C). We refer to [FSV13] and [FS15] for more details. In the untwisted
Dijkgraaf-Witten case we have C = Vecty for a finite group GG and are thus inter-
ested in the Brauer-Picard group BrPic(Vect).

It is desirable to have a firm conceptual understanding as well as a computational
grip on this symmetry group. For this reason it is desirable to construct character-
istic generators or generating subgroups yielding a convenient decomposition of the
Brauer-Picard group. Additionally, we would like to have a physical interpretation
of these generators in the Lagrangian setting described above.

Group Extensions of Fusion Categories

Another motivation for the Brauer-Picard group is given by the study of fusion cate-
gories. These form an interesting and rather accessible class of tensor categories and
play an important role in areas like representation theory, noncommutative algebra
and mathematical physics (see [ENOO05],[ENO10],[EGNO15] and references therein).
A full classification of fusion categories, which would include e.g. the classification
of finite groups as a special case, is not available and seems to be too hard to archive.

An interesting approach to produce new examples of fusion categories is given by
group extensions by finite groups. In fact, there is a large class of fusion cate-
gories that are per definition Morita equivalent to iterated group extensions by finite
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groups. These are called weakly group-theoretical fusion categories. Several impor-
tant classification results of fusion categories in particular dimensions are based on
these iterated extensions (see [ENOOS]).

Given a fusion category C and a finite group I', a I'-extension of C is a (faithful)
[-graded fusion category D = P ger Dy such that D, = C. We would like to know
under which conditions group extensions exists; this leads to certain obstructions
which depend on BrPic(C). If the obstructions vanish, we want to know all I'-
extensions of C. The data classifying I'-extensions of C also depends on BrPic(C).
More precisely:

For a T'-graded fusion category D = € ger Dy, each component Dy is a full abelian
subcategory of D, and D; is even a full tensor subcategory of D. Moreover, each
component D, is an invertible D;-bimodule category and the tensor product of D
restricted to D, x D), induces a D;-bimodule equivalence M, ), : Dy Xp, D, 5 Dy,
where Xp, is the relative Deligne product over D;. Further, for the family M =
{M, 1} g.ner there exists a natural equivalence of D;-bimodule functors:

Qg hk - Mg,hk @) (idpg |ED1 Mh,k) :> Mgh,k e} (Mg,h &Dl lde)

fulfilling the pentagon axiom. It has been shown in [ENO10] that this data deter-
mines a [-extension of a fusion category C. In other words, I'-extensions of C are in
bijection with triples (¢, M, ), where ¢ : I' = BrPic(C) is a group homomorphism,
M is a family of C-bimodule functors as above and « is a family of natural transfor-
mations of C-bimodule functors as above. In order for that to exists, c and M have to
fulfill certain conditions, namely we have two obstructions Oz(c) € H3(T', Inv(Z(C)))
and Oy(c, M) € H*(T',k*) that need to vanish, where Inv(Z(C)) is the group of
isomorphism classes of invertible objects of Z(C). The H3-obstruction arises as a
condition when for a chosen ¢ and M we require a quasi-tensor category struc-
ture on D = @yerD,, where by a quasi-tensor structure on D we mean a functor
® : D x D — D together with a natural equivalence ® o (® X idp) ~ ® o (idp X ®)
where the pentagon axiom has not to be satisfied. The H*-obstruction arises when
we additionally require the quasi-tensor structure to be a monoidal structure, hence
when the pentagon axiom is satisfied.

We see that in order to have an explicit handle on the classification data and the
obstructions, we need to understand the structure of the Brauer-Picard group. A
decomposition into subgroups that are easy to control would therefore be very useful.

Outline

The goal of this thesis is to achieve a decomposition of BrPic(Rep(G)) into conve-
nient subgroups analogous to a Bruhat decomposition for groups with a so-called
Tits system (BN-pair). In this sense, our approach can be seen as the beginning of
a structure theory of the Brauer-Picard group.

For any finite tensor category C there is a group homomorphism:

(1
Inde : Autyon(C) — BrPic(C) = Auty,. (Z(C))
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given by assigning to a monoidal automorphism ¥ € Aut,,,,(C) the invertible C-
bimodule category ¢C¢, where the left C-module structure is given by precomposing
with W; then we use the isomorphism (1) mentioned at the beginning of the intro-
duction (see also Proposition 2.2.3 of this thesis). The image of this map gives us a
natural subgroup of the Brauer-Picard group. If we can choose another category C’
and a braided equivalence F : Z(C') = Z(C), then we get a different induction and
a new subgroup of Auty,.(Z(C)):

F
Inder  : Attton(C') — BrPic(C') 2 Auty, (Z(C')) 2 Auty, (Z(C))

Consider a finite dimensional Hopf algebra H and let C = H-mod be the category
of finite dimensional H-modules. Then Z(H-mod) = DH-mod = H* > H-mod
and we have a canonical choice ' = H*-mod and a canonical isomorphism of Hopf
algebras DH = D(H*) (see Thm. 3 in [Rad93]), that gives us a canonical braided
equivalence D(H*)-mod = DH-mod. Hence, we have two canonical subgroups of
Auty, (DH-mod), namely im(Indg.moq)) and im(Ind g+_mod)-

Now we introduce an additional set R C Auty,(DH-mod). For each decomposition
of H into a Radford biproduct H = A x K (see Sect. 10.6 [Mon93]), where A a
Hopf algebra and K a Hopf algebra in the category Z(A-mod), for a choice of a Hopf
algebra L in Z(A-mod) and a non-degenerate Hopf algebra pairing (-,-) : KQL — k
in the category Z(A-mod), we can construct a canonical braided equivalence by Thm
3.20 in [BLS15]:

Qb : Z(A x K-mod) = Z(A x L-mod)

In the special case of L := K, the functor Q¢+ is a braided autoequivalence of Z (A x
K-mod) = DH-mod. In this case, we identify (-, -) canonically with an isomorphism
of Hopf algebras in Z(A-mod) that we denote by § : K = K*. We call the triple
(A, K, 0) a partial dualization datum and r4 g5 := Q) € Auty,(DH-mod) a partial
dualization of H on K.

In the case of a group algebra H = kG of a finite group G, we obtain for each
decomposition of G as a semi-direct product G = ) x N a decomposition of kG as
a Radford biproduct kG = kQ x kN, where N is a normal subgroup of G. kN is a
Hopf algebra in Z(k@Q-mod), where kQ acts on kN by conjugation and where the
kQ-coaction on kN is trivial. The existence of a Hopf isomorphism 6 : kN = kN
in the category Z(kQ-mod) forces N to be abelian and kN to be a self-dual kQ-
module. Thus, for each partial dualization datum (@, N,d), we obtain an element
ro.ns € Auty, (DG-mod). We denote the set of partial dualizations by R.

Conjecture. The subgroups im(Ind g med), im(Ind g+ meq) together with partial du-
alizations R generate the group Aut,,.(DH-mod). Further, Auty,(DH-mod) decom-
poses into an (ordered) product of im(Ind g meq), im(Ind g+ meq) and R.

Such a decomposition would give us effective control over the Brauer-Picard group
BrPic(C) through explicit and natural generators that have additionally an interest-
ing field theoretic interpretation:

For this let us consider the case of a group algebra H = kG with G a finite group.
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As explained above, the (untwisted) Dijkgraaf-Witten theory is a topological gauge
theory with principal G-bundles on a manifold M as classical fields and a Lagrangian
w (here trivial w = 1). Based on this gauge theoretic view, it is natural to expect
automorphisms of G to be a symmetry of the classical and the quantized theory.
Indeed, ¥V = Out(G) is a subgroup of Aut,.(DG-mod) and since it already exists
at the classical level, we call this a classical symmetry (see also Proposition 2.3.1
(i) and Proposition 6.2.1). It is both, a subgroup of im(Indvec,) and a subgroup
of im(Indgep(y). More symmetries can be obtained by the following idea: equiva-
lence classes of gauge fields are principal G-bundles and thus are in bijection with
homotopy classes of maps from M to BG, the classifying space of G. One may
view a Dijkgraaf-Witten theory based on (G,w) as a o-model with target space
BG. Then the 3-cocycle w can be viewed as a background field on the target space,
and the choice of w corresponds to the choice of a 2-gerbe. Even for trivial w
we obtain a non-trivial symmetry group of this 2-gerbe and hence an additional
subgroup of automorphisms of the theory. These symmetries are again classical
symmetries, the so-called background field symmetries H*(G,k*). Our subgroup
im(Indvee,) = B X V where B = H?(G, k*) is therefore the semidirect product of
the two classical symmetry groups from above (see also Proposition 2.3.1 (ii) and
Proposition 6.3.2). An interesting implication of our result is that in order to obtain
the full automorphism group one considers a second o-model (the ’dual o-model’)
associated to C' = Rep(G) which however has the same quantum field theory. This
dual o-model induces another subgroup of background field symmetries £ which
is a subgroup of im(Indgep(s)) (see Proposition 2.3.1 (iii) and Proposition 6.4.1).
However, the group im(Indgep(c)) is not a semidirect product of £ and V in general.

The elements in R have the field theoretic interpretation of so-called partial em-
dualities (electric-magnetic-dualities). In so-called quantum double models (see e.g.
[BCKA13] and [KaW07]), irreducible representations of DG have the interpretation
of quasi-particle charges (anyon charges). These are parametrized by pairs ([g], x),
where [g] is a conjugacy class in G and x an irreducible representation of the central-
izer Cent(g) (see Preliminaries of this thesis). The irreducibles of the form ([g], 1)
are called magnetic and the ones of the form ([1],x) are called electric. Partial
dualizations R are symmetries of the quantized theory that exchange magnetic and
electric charges (see equation (2.22), Proposition 6.5.1 and Section 7.1). These are
only present at the quantum level, hence we call them quantum symmetries.

For the lazy Brauer-Picard group, which incorporates the abelian case as a special
case, it is enough to dualize on direct abelian factors of G. A partial dualization is
then induced by a Hopf automorphism of DG (Proposition 6.5.1). For the general
Brauer-Picard group, we need to consider semi-direct abelian factors of G. Partial
dualizations are induced by algebra isomorphisms that are not necessarily Hopf (see
Section 7.1).

In gauge theories with abelian structure group G = A, we can dualize on A by
r1.46 € R. The groups im(Indyec,) and im(IndRep( A)) are conjugate subgroups by
the partial dualization 1 4. In the non-abelian case, it turns out im(Indvect, ) and
im(Indgep(i)) are non-conjugate subgroups; they are usually not even isomorphic
(see Chapter 7).
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Let us now outline the structure of the thesis:

In Chapter 1, we give some preliminaries. In particular, we recall the Drinfeld double
DG for a finite group G and its irreducible representations. Further, we give some
basic facts about Hopf-Bigalois extensions, lazy Bigalois objects, lazy cohomology
and its relation to monoidal autoequivalences.

In Chapter 2, we define (3,2, 1)-extended Dijkgraaf-Witten theories and investigate
symmetries of these theories in the abelian case. In particular, we present the field
theoretic construction of untwisted (3, 2, 1)-extended Dijkgraaf Witten theories from
[Mo13] and parts of the gauge theoretic construction that incorporates defects and
boundary conditions. In particular, we consider a cylinder S' x [—1,1] decorated
with an invertible defect d at S* x {0}. A TQFT based on an anomaly free modular
tensor category C assigns to this decorated cylinder the so-called transmission func-
tor F; : C — C. We show that one can naturally associate to Fy a monoidal structure
such that it becomes a braided autoequivalence of C. Further, we show in Proposi-
tion 2.3.3 that in the abelian Dijkgraaf-Witten case G = A the transmission functor
is equivalent to (1) from above. For this, we use a decomposition of BrPic(Vect,)
into natural generators, which is a special case of one of the main results, namely
Theorem 6.6.1. Moreover, we give a field theoretic interpretation of these genera-
tors. This part of the thesis is mainly based on the publication [FPSV15].

In Chapter 3, we recall the classification of Galois algebras in [Mov93] and [Dav01].
Based on this we give an explicit formula for lazy 2-cocycles of k. This chapter is
based on Sect. 3 of [LP15a].

In Chapter 4, we provide in Theorem 4.2.1 one of the main results of this thesis,
namely a decomposition of the group of Hopf algebra automorphisms Aut y,,f(DG)
into natural subgroups. As described in Proposition 4.1.1, with respect to the de-
composition of the Drinfeld double as k¢ x kG, these subgroups can be seen as
upper triangular matrices F, lower triangular matrices B, block diagonal matrices
V = Aut(G) and V., = Aut.(G) and so-called reflections on direct abelian factors of
G. Our results use the approach [ABM12] Corollary 3.3 and on the work of Keil-
berg [Keill5]. He has determined a product decomposition (exact factorization) of
Aut e, (DG) whenever G does not contain abelian direct factors. In [KS14] Keil-
berg and Schauenburg determined Auty,,;(DG) in the general case, hence when G
is allowed to have abelian direct factors using an approach that differs from ours.
This chapter is based on Sect. 4 of [LP15a].

In Chapter 5, we address the problem of decomposing the Hopf cohomology of the
Drinfeld double H*(DG*) and in particular the group of lazy 2-cocycles H2 (DG*).
For Hopf algebra tensor products such as kG ® k% and Doi twists of these, the
Kac-Schauenburg sequence implies an easy decomposition of the second cohomol-
ogy H2(kG® k%) into H*(G, k), H2(k%) and bialgebra pairings (see e.g. [Schau02]).
However, the dual Drinfeld double DG™ is a Drinfeld twist of a tensor product. Thus,
we can not apply known results. In Lemma 5.0.10 and Lemma 5.0.11 we provide
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partial results that are needed to prove the full decomposition of H?(DG™) and are in
addition necessary for the decomposition of Auty,.(DG-mod). This chapter is based
on Sect. 5 of [LP15a].

In Chapter 6, we define the group of lazy braided automorphisms Auty, ;,(DG-mod)
(or equivalently BrPicy(Vects)) and give some general facts and properties. Ele-
ments of this group are essentially determined by pairs (¢, o) where ¢ € Autp,,(DG)
and o € H?(DG"). We then construct certain explicit elements in Auty,. 7, (DG-mod)
which are the natural candidates for generators. Combining the decompositions
of the group of Hopf automorphisms Auty,,r(DG) from Chapter 4 and the de-
composition of the second cohomology group H*(DG*) from Chapter 5, we give a
decomposition of Auty, (DG-mod) in Theorem 6.6.1 which is the main result of
this thesis. This chapter is based on Sect. 4 and Sect. 5 of [LP15b].

In Chapter 7, we give the group Auty,(DG-mod) = BrPicy(Vectg) for certain
G. Further, we compare the result of this thesis to the full Brauer-Picard group
obtained in [NR14] in certain examples for G' and thus provide evidence that the
conjectured decomposition into im(Indvec,, ), im(Indgep()) and partial dualizations
R is also true for Aut,,.(DG-mod) = BrPic(Vect). This chapter is based on Sect.
6 of [LP15b).

The main results of this thesis are the decomposition of Auty, ,(DG-mod) in Theo-
rem 6.6.1, the decomposition of Auty,r(DG) in Theorem 4.2.1 and the Proposition
2.3.3.

This thesis is based on the following three publications/preprints:

e Chapter 2: [FPSV15] J. Fuchs, J. Priel, C. Schweigert, A. Valentino, On the
Brauer groups of symmetries of abelian Dijkgraaf-Witten theories, Commun.
Math. Phys. 339, (2015), 385405, arXiv:1404.6646v3 [hep-th]

e Chapter 4 and 5: [LP15a] S. Lentner, J. Priel, On monoidal autoequivalences of
the category of Yetter-Drinfeld modules over a group: The lazy case, Preprint
(2015), arXiv:1511.03871 [math.QA]

e Chapter 6: [LP15b] S. Lentner, J. Priel, A decomposition of the Brauer-
Picard group of the representation category of a finite group, Preprint (2015),
arXiv:1506.07832v2 [math.QA]
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Chapter 1

Preliminaries

We assume some familiarity with standard notions and properties about Hopf al-
gebras and representation theory that can be found in e.g. [Kass94]. Let us fix
notation: We will denote a Hopf algebra over a field £ by H, the multiplication on
H by pug : H®H — H, the comultiplication by Ay : H — H® H, the antipode by
Sy : H — H, the unit by ng : k — H and the counit by €5 : H — k. We assume in
this thesis that the field k is algebraically closed and of characteristic zero. Moreover,
we denote a right H-coaction of an H-comodule M by 0z : M — M ®; H and sim-
ilarly left coactions by é7. Also, we use the Sweedler notation: Ag(h) = h1) ® ha)
for h € H, dp(m) = m() ® mqy and dr(m) = m_1) ® m(. For a finite group G,
we denote by G the group of 1-dimensional characters of G. We use the following
notation for conjugation ¢' = t~!gt and ‘g = tgt~! for g,t € G, whenever it is
convenient.

We denote categories by C,D etc. and, as it is customary, use for objects in C,D
the notation: X € C,Y € D.

1.1 The Drinfeld Double

Given a finite dimensional Hopf algebra H, one can construct another Hopf algebra
DH, called the Drinfeld double of H. As a coalgebra DH is the tensor product
H°"* @ H. We denote elements of DH by (f x h) for f € H?* and h € H. The
algebra structure on DH is given by:

(f x R)(f" x h') = [ /(S h@) (Dhay) X hah'

where f * f' denotes the convolution product of f, f/ € H*?. For more details on
the Drinfeld double we refer to Chapter 9 of [Kass94]. Let us spell out the Hopf
algebra structure of the Drinfeld double for the following special case:

Definition 1.1.1. Let G be a finite group.
(i) Let us define the group algebra kG. As a k-vector space kG is spanned by ele-
ments of G. This vector space has a Hopf algebra structure as follows:

1
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The multiplication on the basis of kG is just the multiplication in G, the comulti-
plication on kG, again on the basis is given by:

Ava(9) = 9@y

for ¢ € G. kG has an antipode defined by Syg : kG — kG;g — ¢!, a unit
e : k — kG;1+— 1g and counit €q : kG — k; g — 1.

(ii) Let k¢ := Hom(kG, k) be the dual vector space of kG. k¢ has a basis {e,},ec
where e, is defined by e, (h) = 4,4, for g, h € G. This vector space has a Hopf algebra
structure as follows: The multiplication is e, * e, = 4 e4. The comultiplication is

Aje(eg) = Z gy @ €g,

g192=9g

k% has an antipode defined by Sy : k% — k% e, €g-1, & unit mge 1 k — k91—
deG e, and a counit €a : kY — kje, > 0g1.

(iii) Then let DG be kY ® kG as a vector space. Denote the basis of DG by
{€x X y}syec. The multiplication is then

(eg x h)(egy x W) = e,(hg'h™")(e, x hR')

and the comultiplication is

Apcleg x h) = Z (€9, X h) ® (g, X )

9192=9g

Further, DG has an antipode S(e, Xy) = €,-1,-1, Xy~ ', aunit Ipg =Y, o€z x1g)
and a counit €(e; X y) = 0,1-

Later we also use the Hopf algebra DG*, which is the dual Hopf algebra of DG. For
this reason let us also spell out the multiplication and comultiplication of DG™:

(zxey) (2" X ey) = (v’ x ey xey) Apg-(z x ey) = Z (X ey,) ® (1 'wyr X ey,)
y1y2=y

In the case the group G = A is abelian DA ~ k(A x A) and DA* ~ k(A x A) are
isomorphic as Hopf algebras. In general there is no Hopf isomorphism from DG to
DG*, since the number of irreducible representations of DG (see below) differs from
the number of irreducibles in DG*-mod ~ Rep(G) X Vectq, where X is the Deligne
tensor product.

DG-mod is equivalent, as a braided monoidal category, to the category of kG-Yetter-
Drinfeld-modules and the Drinfeld center Z(Vect) of the category of G-graded vec-

tor spaces.

We recall that DG-mod is a semisimple braided tensor category as follows:
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e The simple objects of DG-mod are induced modules (95 = kG Qicent(g) Vs
where [g] C G is a conjugacy class and p : Centg(g) — GL(V) an isomorphism
class of an irreducible representation of the centralizer of a representative g €
[9]. We have the following left DG-action on OF:

(en x 1).(y ®v) = en((ty)g(ty) ") (ty @ v)

More explicitly: OF is a G-graded vector space consisting of |[g]| copies of V:

or=@PVv, V=V

v€lg]

Then the action of an element (e, x 1) € DG is given by projecting to the
homogeneous component V},. Choose a set of coset representatives {s; € G} of
G/Centg(g) =~ [g]. Then for a homogenous component V, with v € [g] there
is a unique representative s; € G that corresponds under the conjugation
action to the element vy € [g], thus s;gs;* = 7. For an h € G, there is
a unique representative s; such that hs; € s;Centg(G). The action of an
element (1 x h) € DG is then given by

Vy = V130 = (1 X h).v := hov = p(s; 'hs;)(v) (1.1)
this is indeed well-defined, since s; gsj_l = hyh™L.

e The monoidal structure on DG-mod is given by the tensor product of DG-
modules, i.e. with the diagonal action on the tensor product.

e The braiding {cyy : M® N = N® M | M, N € DG-mod} on DG-mod is
defined by the universal R-matrix

R=) (e, x1)®(1x g) =R ® Ry € DG® DG

geG

cun(m®@n) =1(R.(m®n)) = Ryn® Ry.m (1.2)
where 7: M @ N - N® M;m ®n +— n® m is the twist.

In the above convention we leave out the sum for R = R; ® Ry € DG ® DG. This
should not be confused with the Sweedler notation for the coproduct or coaction.

Definition 1.1.2.

(i) Let Aut,,,,(DG-mod) be the functor category of monoidal autoequivalences of
DG-mod and natural monoidal isomorphisms and Aut,,,,(DG-mod) be the group
of isomorphism classes of monoidal autoequivalences of DG-mod.

(ii) Let Aut, (DG-mod) be the functor category of braided autoequivalences of
DG-mod and natural monoidal isomorphisms and Auty,(DG-mod) be the group
of isomorphism classes of braided monoidal autoequivalences of DG-mod.
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1.2 Hopf-Galois-Extensions

In order to study monoidal automorphisms of DG-mod we will make use of the the-
ory of Hopf-Galois extensions. For this, our main reference is [Schau91], [Schau96],
[Schau02] and [BC04]. The motivation for this approach lies mainly in the rela-
tionship between Galois extensions and monoidal functors as formulated e.g. in
[Schau96] and also stated in Proposition 1.2.5. Namely, for two Hopf algebras L, H,
the category of monoidal functors between the category of H-comodules and the
category of L-comodules is equivalent to the category of L-H-Bigalois objects. For
this reason, we are led to the study of DG*-Bigalois objects. Since DG is finite di-
mensional we can use the fact that a Bigalois object over a finite dimensional Hopf
algebra can essentially be described by an automorphism of H and a 2-cocycle on
H. We will see in a later section, that it is possible to handle the automorphism
group of DG. On the other hand, the large set of 2-cocycles is hard to control and
we need to introduce a special class of 2-cocycles, called lazy [Bich04] (sometimes
invariant [BN14]), which have a better behavior in a certain sense. Those still give
us a large class of interesting Bigalois objects. Let us introduce some basic notions
and properties of Hopf-Galois extensions first.

Recall that a k-algebra A is called a right H-comodule algebra if A has a right
H-coaction 0 : A - A ®;, H and 0g is an algebra map. In this case we call the
subalgebra A" = {a € A | dgp(a) = a ® 1y} the coinvariants of H on A. Left
comodule algebras and their coinvariants are defined similarly and we use analogous
notation. Now we are ready to give the definition of a Hopf-Galois extension.

Definition 1.2.1. Let H be a bialgebra and A a right H-comodule algebra. Then
A is called a right H-Galois extension of B := A if the Galois map

1dy ® Op pa Q idyg

ba: AQpA— > ARp ARy H Ay H

TRQYF—"——=>2T QY ¥ Yna) ———= TY0) @ Y1)

is a bijection. A morphism of right H-Galois extensions A, A" is an H-colinear alge-
bra morphism. Left H-Galois extensions and their morphisms are defined similarly.
Denote by Galgz(H) the category of right H-Galois extensions of B and by Galg(H)
the set of equivalence classes of right H-Galois extensions of B. We define a right
H-Galois object A to be an H-Galois extension of B = A®H = k and we write
Gal(H) = Gal,(H).

Let us consider some immediate examples and properties of Hopf-Galois extensions.

Lemma 1.2.2. (Example 2.1.2 and Lemma 4.4.1 [Schau91])
A bialgebra H is a Hopf algebra if and only if H is an H-Galois object.

Proof. First, let us remark that H°" = k, because hay®@hgy=h®1foral he H
implies h = €(h) € k for all h € H.
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For the bialgebra H we want to show that the identity morphism idg is convolution
invertible if and only if the Galois map

is invertible. This follows from a more general statement: Let C' be a k-coalgebra, A
a k-algebra, End$ (A®;C) the k-vector space of left A-module and right C-comodule
endomorphisms of A ®; C. Then the k-linear map

Homy(C, A) — EndS (A ®, C)
fr(a®@cm af(ca)) ® )

is an anti-isomorphism of k-algebras, where the algebra structure on End (A ®j, C)
is the composition of maps and the algebra structure on Homy(C, A) is convolution
of maps. See the Lemma in [Mon93] on page 91. We take C' = A = H and notice
that idg is mapped to Sy under the above anti-isomorphism. It follows that id is
convolution invertible if and only if Sy is bijective.

O

From now on H will always denote a Hopf algebra. In the following lemma we want
to give another example of Hopf-Galois extensions and also show how field exten-
sions of Galois type are related to Hopf-Galois extensions.

Lemma 1.2.3. (Section 8.1.2 [Mon93))

Let A/k be a finite field extension of k. Further, let G be a finite group acting on A,
H = (kG)* the dual of the group algebra and F = A% the fixed points of A. Then
A/F is a field extension of Galois type with Galois group G if and only if A is an
H-Galois extension of F.

Proof. Assume that A/F is a Galois field extension with Galois group G = Aut(A/F).
Then we have |G| = [A : F], where [A : F] is the degree of the extension (dimension
of A as an F-vector space). We want to show that the Galois map

BAA®FA—)A®]€]€G
a®a — Z af(a)@es

FEAUt(A/F)

is bijective, where e; € k¢ defined by e;(f') = 7 for f/ € G = Aut(A/F). Let
Aut(A/F) = {f1,.... fn} and let (by,...,b,) be an F-basis of A. Take a general
element z = ZZ;’:1 a;ibi ®b; € A®p A with a;; € F. If 2 is in the kernel of 4,
then:

> aibifilby) @ep, =0
i =1

and the linear independence of the ey implies that Y 7., a;;bifi(b;) = 0 for all
[ = 1,...,n. Then the theorem of linear independence of field automorphisms
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(Dedekind’s lemma) implies that the f; are linear independent over A, therefore
we have Y " ;b = 0 for all j = 1,...,n. Since b; is an F-basis, this means that
z = 0, hence f34 is injective. Since A and k¢ are finite dimensional and since the
domain and codomain of 54 have equal F-dimensions, 34 is also bijective.

For the converse assume that 84 : A ®p A = A ®;, kY is bijective, then we have
[A: F]? = dimp(A ®y, k¢). Also we have the following equation:

[A: F|[F : k] dimy (k%) = dimg(A @4 k©) = dimp(A @4 k)[F : K]

Combining the last two identities we have [A : F] = dimy (k%) = |G|, which proves
that the extension A/F is of Galois type.
[

Lemma 1.2.4. Let H be a Hopf algebra and f : A — A’ be a morphism of H-Galois
extensions of B such that A’ is faithfully flat over B, then f is bijective.

Proof. This is essentially the same proof as in [Bich10] Proposition 1.6. but without

assuming k = B.
First we note that A acts on A’ through f. Then the following diagram commutes:

id )
A/®BA%®]CA/®BA/LAI®]€H

_\L id® (4 _J/

A®sARp A A @y A®r H

Hence, the map id ® f is bijective and since A’ is faithfully flat over B, the map f
is also bijective.

]

We now want to show how Hopf-Galois extensions of H correspond to certain
monoidal functors from H-comodules to k-vector spaces. For this, recall the coten-
sor product: Let H, L be Hopf algebras, (A,dg) a right L-comodule and (B,d.) a
left L-comodule. The cotensor product of A and B is the following vector space over
k:

ACLB = {Za@beA@kB | ZdR(a)®b:Za®5L(b)}

Also recall that given a Hopf algebra H a fiber functor H-comod — Vecty is a
k-linear, monoidal, exact and faithful functor that preserves colimits. We denote
by Fung;,(H-comod, Vecty) the set of monoidal equivalence classes of fiber func-
tors. Given a right H-comodule Z we can define a k-linear functor H-comod —
Vecty; M — ZU gy M. In the following proposition we will see that given an algebra
structure on Z that is compatible with the coaction we can also define a monoidal
structure on this functor, which however is only weak monoidal (lax monoidal)
in general, where 'weak’ means that the morphisms in the natural family of the
monoidal structure do not have to be isomorphisms. This functor is monoidal if and
only if the Galois map is bijective. Let us state this more precisely:
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Proposition 1.2.5. (Theorem 1.2 [Ulb89)])

Let Gal(H) be the category were objects are given by H-Galois objects and mor-
phisms by morphisms of H-Galois objects. Further, let Fung;(H-comod, Vecty)
be the category of fiber functors and monoidal natural transformations. Then the
following is an equivalence of categories:

Gal(H) = Funy;,(H-comod, Vecty)

1.3
A (AQye, J4) (13)
where the monoidal structure J4 on Afye : H-comod — Vecty, is given by
Jow : (AOV) @5, (ADgW) S AQp(V @5 W) )
1.4

(Zﬂci@vi) & (Zyj®wj> Hzxiyj@”’i@wj

The last proposition was generalized to the case of Hopf-Galois extensions of general
coinvariants B = A®H in [Schau91].

We are now interested in functors H-comod — L-comod. Then we could again
consider cotensoring with a right H-comodule Z, but for M a left H-comodule
the k-vector space Z[y M does not have a left L-comodule structure in general.
Therefore we need to endow Z with an L-H-bicomodule structure. This motivates
for us the following definition of Bigalois objects:

Definition 1.2.6. Let L, H be two Hopf algebras. An L-H-Bigalois object is a
k-algebra A with the structure of a right H-Galois object and a left L-Galois object
such that A is an L-H-bicomodule algebra. A morphism of L-H-Bigalois objects is
a L-H-colinear algebra map. Denote by Bigal(L, H) the category of L-H-Bigalois
objects and by Bigal(H) the category of H-H-Bigalois objects. Further, denote by
Bigal(L, H) the set of isomorphism classes of L- H-Bigalois objects and by Bigal(H)
the set of isomorphism classes of H-H-Bigalois objects.

An important result in the theory of Hopf-Galois extensions is the following Theo-
rem of Schauenburg, which is the main result of [Schau96]:

Theorem 1.2.7. (Theorem 3.5 [Schau96])
Let H be a Hopf algebra and A a right H-Galois object. Define the map

viH = A®p Ash = 831 @ h) = y(h); @ v(h),

where (34 is the Galois map. Let L(H, A) be a Hopf algebra defined as follows: As an
algebra we have L(H, A) = (A®; A)* where A® A is equipped with the codiagonal
H-comodule structure. Further, L(H, A) has the following comultiplication, counit

and antipode:
A (Zx ® y) = Z:B(o) ®y(za)) @Y

e(Zx@y) :nyEAC"H:k
S (Zx ® y) = Zy(o) vy = v(ya))2
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Then, A is an L(H, A)-H-Bigalois object. In particular, there is an H-colinear
algebra map (left L(H, A)-coaction on A):

§0:A— LH,A)® A;a — ap) @ v(an))

If L' is another Hopf algebra, such that A is an L'-H-Bigalois object with the left
L'-coaction &, then there is a unique isomorphism of Hopf algebras f : L(H, A) = L'
such that ¢ = (f ®ida) 0 4.

We can interpret this statement as follows: Given an H-Galois objects, it is always
an L-H-Bigalois object and the Hopf algebra L is unique up to isomorphism.

Theorem 1.2.8. (Theorem 4.3 [Schau96])

Let H be the category where the objects are given by Hopf algebras and the mor-
phisms between two Hopf algebras L, H are given by isomorphism classes of L-H-
Bigalois objects, thus elements in Bigal(L, H). The composition of morphisms is
the cotensor product. Then H is a groupoid. H is called the Harrison groupoid.

Proof. The full proof can be found in [Schau96] page 16. We mention that the
inverse of an L-H-Bigalois object A is given by A™! = (H ® A)°°H where H ® A is
endowed with the codiagonal H-comodule structure. If H has a bijective antipode S
then A~ o~ A° where the left H-comodule structure on A% is: a — S~ (a1)) @ (o).
The isomorphism class of the Hopf algebra H with the natural H-H-Bigalois object
structure is the identity morphism.

O

Example 1.2.9. For a Hopf algebra automorphism ¢ € Auty,,s(H) we obtain an
H-H-Bigalois object ,H where the left H-coaction is the coproduct post-composed
with ¢. This yields a group homomorphism Autp,,s(H) — Bigal(H) which in
general is neither surjective nor injective.

We now finally come to the classification of monoidal autoequivalences by Hopf-
Bigalois objects.

Proposition 1.2.10. (Section 5 [Schau96))
Let H, L be Hopf algebras, then we have a bijection of isomorphism classes of
L-H-Bigalois objects and monoidal equivalence classes of monoidal functors:

Bigal(L, H) ~ Equiv,,,,,(H-comod, L-comod)
A (ADH., JA)

where the monoidal structure J4 of the functor Ay e is given by

Jow : (AORV) @5, (AOgW) S AOp(V @5 W)

(Z%@vi) ® (Zyj®wj> = DTy ® v ®

(1.5)
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for W,V € H-comod. Moreover, we have a group isomorphism
Bigal(H) ~ Aut,e,(H-comod)
and if H is finite dimensional we have a group isomorphism

Bigal(H*) ~ Aut,,n(H-mod)

Example 1.2.11. In Example 1.2.9, we obtained for each ¢ € Autpey(H) =
Auty,,r(H*) an H*-Bigalois object 4H* isomorphic to H* as an algebra but with
left comodule structure post-composed by ¢. Under the isomorphism above, this
corresponds to the monoidal autoequivalence (F, J"**) mapping an H-module M
to the H-module 4M given by pre-composing the module structure with ¢ (and a
trivial monoidal structure).

There is a large class of H-Galois extensions that are isomorphic to H as H-
comodules. The algebra structure of such extensions is then parametrized by twist-
ing the algebra structure on H with a 2-cocycle. In the case H is finite-dimensional
or pointed, all H-Galois extensions arise in this way.

Definition 1.2.12. (Lemma 1.6. [BC04])

(i) Denote by Reg'(H) the group of convolution invertible, k-linear maps n : H — k
such that n(1) = 1.

(ii) Let Reg?(H) be the group of convolution invertible, k-linear maps o : H®Q H — k
such that o(1,h) = €(h) = o(h, 1)

(iii) A left 2-cocycle on H is a map o € Reg®(H) such that for all a,b € H

o(aqy, bay)o(a@be),c) = a(bay, cqy)o(a, beoycw)) (1.6)

We denote the set of 2-cocycles on H by Z*(H).
(iv) We define a map d : Reg'(H) — Reg?(H) by

dn(a,b) = nlaq)n(bay)n " (a@be)

for all a,b € H. We have dn € Z*(H) and call 2-cocycles of this form exact. For
other properties of d see [BC04] Lemma 1.6.

(v) Two 2-cocycles o,0’ are called cohomologous if there is an n € Reg'(H) such
that

o' (a,b) = nlaq))n(bay)o(aw), bey)n ' (a@be)  Va,be H

We write 0 ~ ¢’ for two cohomologous 2-cocycles. ~ is an equivalence relation on
Z?(H). Denote by H?(H) := Z?(H)/~. the set of 2-cohomology classes on H.
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Proposition 1.2.13. ([Schau9l])

An H-Galois object A is called cleft if one of the following equivalent conditions is
satisfied:

(i) There exists an H-comodule isomorphism H ~ A.

(ii) There exists an H-colinear convolution invertible map H — A

(iii) There exists a 2-cocycle o such that A ~ ,H as H-comodule algebras, where , H
is has the H-comodule structure of H and the following twisted algebra structure

a5 b=0o(an),buy)aebe)

Proposition 1.2.14. ([Mon93], [Schau91])

(i) If H is finite dimensional or pointed (which means that all simple H-comodules
are 1-dimensional), then every H-Galois object is cleft.

(ii) If H is finite dimensional or pointed, the map o — ,H induces an bijection of
sets H*(H) = Gal(H).

(iii) If H is finite dimensional or pointed, the unique Hopf algebra L(H, A) from
Proposition 1.2.7 is given by the Doi twist L(H,A) := ,H,-1 which is H as a
coalgebra and has the following twisted algebra structure:

a-b:=o(aw),by)aebeo (as) be)

It is important to note that Z2(H) as well as H>(H) are not groups, because the
convolution of two 2-cocycles is not a 2-cocycle in general. The convolution product
ox 7 for 0 € Z*(H) and 7 € Z*(L) is a 2-cocycle in Z?(H) if L ~ ,H,-1.

Corollary 1.2.15. Let H be a finite dimensional Hopf algebra. We have the fol-
lowing map from 2-cocycles to fiber functors:

Z*(H*) — Fun ,(H-mod, Vecty,) Sy Ve W SVeRW
o +— (Forget, J7) VR W 01.0 R 0w

Here we have identified 0 : H* ® H* — k with an element 0 = 0y Q 0o € H ® H.
This map induces a bijection of sets H*(H*) ~ Fun ;(H-mod, Vecty,).

Proof. Since H is finite dimensional, we already know that H*(H*) ~ Gal(H*) ~
Fun;,(H*-comod, Vect) by Proposition 1.2.5 and Proposition 1.2.14. So we just
need to check that the composition of these two bijections composed with the canon-
ical bijection Fung;,(H*-comod, Vecty) ~ Funy;,(H-mod, Vecty,) is indeed the func-
tion given in the statement.

First, for every right H*-comodule M we have , H*Ugy«M ~ M as k-vector spaces,
where we assign a general element > h®@m € H*Oy«M to Y e(h)m € M. The in-
verse is given by mapping m € M to dg(m) = m)®m(1) which is indeed in H*Og« M
because of (Ay ®id) o dr = (id ® dg) o 0. We check that these are indeed inverses
of each other: For m € M the composition of the two maps is e(m))ma) = m.
On the other hand ) h ® m is mapped to Y e(h)m) ® may = > h ®m. So the
functor H*[y«e is indeed the forgetful functor. Now we only need to check that the
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monoidal structure is the multiplication with ¢ € H x H. Let us pick a basis (h;)
of H and a corresponding dual basis (h*) of H*. Let M, N € H-mod and m € M,
n € N. Then oom @n = 37, o(h',)hi.m ® hj.n is indeed the same map as the
composition

which is m ® n — o(m_1y, n(-1))m) ® n) where the right and left H*-coactions
are induced by the right and left H-actions: dz(m) = Y, h* ® h;.m and similarly for
N.

O

In general it is very hard to control the sets Z?(H ), H?(H) and even more the subset
of Galois objects with L(A, H) = H. For this reason, we consider below H-Galois
objects that have an additional property. An implication of that property is that
they can be described by certain cohomology groups.

1.3 Lazy Bigalois Objects and Lazy Cohomology

Definition 1.3.1.

(i) An H-H-Bigalois object A is called bicleft if and only if A = H as H-bicomodules.
The group Bigaly;.;(H) of bicleft H-H-Bigalois objects is a normal subgroup of
Bigal(H).

(ii) A right H-Galois object A is called lazy if there exists a unique left H-Galois
structure such that A is bicleft. Hence it is a Galois object where there is a canonical
isomorphism L(H,A) = H.

(iii) An H-H-Bigalois object A is called lazy if it is lazy as a right H-Galois object.
Denote the group of lazy H-H-Bigalois objects by Bigal,,,, (H).

The terminology ’lazy’ is motivated in terms of 2-cocycle twists on a Hopf algebra
H ., as explained further below.

Example 1.3.2. If H is cocommutative (e.g. H = kG), then all H-Galois objects
and H-H-Bigalois objects are lazy (see Lemma 4.7 [Schau96]).

Since we are mainly interested in the cleft case, hence where all H-Galois objects
are of the form ,H for a 2-cocycle o, we discuss what additional property on o
corresponds to the lazy property of the Galois object ,H.

Definition 1.3.3.
(i) An 1 € Reg'(H) is called lazy if it has the additional property n * id = id 7,
where * denotes the convolution product. Hence, if for all h € H we have

n(hw)he = hayn(he)
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Denote by Regt (H ) the subgroup of such lazy regular maps.
(ii) A o € Reg?(H) is called lazy if it (convolution) commutes with the multiplication
on H: 0 ug = puy * o Hence, if for all a,b € H we have

o(aqy, bay)a@be) = ambayo(acw), be)

Denote the subgroup of such lazy regular maps by RegQL(H ). Accordingly, a 2-
cocycle o € Z2(H) is called lazy if o € Reg? (H). Denote by Z2(H) the subgroup of
lazy 2-cocycles. Note: The map d in Definition 1.2.12 maps Regj (H) to the center
of 72 (H).

(iii) An n € Reg'(H) is called almost lazy if dn is lazy. Denote by Regl, (H) the
group of almost lazy regular maps.

(iv) The second lazy cohomology group is then defined by

H7(H) = Z1(H)/d(Regy(H))
The set of almost lazy cohomology classes is defined as the set of cosets
Hap(H) := Z7(H)/d(Reg, (H))

Note that if we consider for a Hopf algebra H the Doi twist , H,-1 for a lazy 2-cocycle
o € 7Z*(H) as defined above, H and ,H,-1 are equal Hopf algebras (isomorphic via
idyr). This motivates the terminology of a ’lazy’ cocycle (see also [BC04]).

Proposition 1.3.4. (Proposition 3.6, Proposition 3.7 [BC04])

An H-Galois object A is bicleft if and only if there exists a lazy o € Z?(H) such
that ,H,-1 ~ A as H-bicomodule algebras. Further, the group of bicleft H-Bigalois
objects is a normal subgroup of Bigal(H) and

H%(H) = Bigalbicleft(H)

Example 1.3.5.
(i) For H = kG with G a finite group the 2-cocycle condition reduces to

o(ab,c)o(a,b) = o(b,c)o(a,bc) Va,b,c € G

The lazy condition is automatically fulfilled and d is the differential corresponding
to the bar complex, hence

H?(kG) = H3 (kG) = H*(G)

(i) For H = k¢ with G a finite group, a left 2-cocycle « is lazy if and only if for all
x,y,9 € G holds:

afer, ey) = aCgag-1, €gyg—1)

An 7 € Reg' (k%) is lazy if and only if n(e,) = n(egpy-1) for all g,z € G.

Similar formulas hold for lazy 2-cocycles on DG (see Lemma 5.0.1).
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Definition 1.3.6.

(i) For a Hopf algebra H denote by Int(H) the subgroup of internal Hopf automor-
phisms. These are ¢ € Auty,,(H) of the form ¢(h) = xha™' for some invertible
x € H such that for all h € H:

(z@2)A(x HA) = Ah)(z@2)A(z™) (1.7)

Note: For an invertible element x € H the conjugation ¢(h) = zhz~! is an algebra

automorphism. It is a coalgebra automorphism if and only if (1.7) holds.

(ii) Denote by Inn(H) C Int(H) the subgroup of inner Hopf automorphisms, hence
¢ € Autpops(H) of the form ¢(h) = zha~t for some group-like z € H.

(iii) Let Outpops(H) := Autpepr(H)/Inn(H) the subgroup of outer Hopf automor-
phisms.

Example 1.3.7. Let H = DG for a finite group G. Then group-like elements are
G(DG) = G x G, where G is the group of 1-dimensional characters of G. We have
Inn(DG) = Inn(G). More precisely, each inner automorphism ¢ € Inn(DG) is of
the form ¢(e, x h) = €1 X tgt~* for some ¢ € G.

We now discuss how the previously defined subgroups interact:

Lemma 1.3.8. (Lemma 1.15 [BC04))
Let H be a finite dimensional Hopf algebra. Autp,,s(H) acts on Z3 (H*) by

p.0=(p®0¢)(0c) e H®H ¢ € Autpe,(H) o€ Z2(H*)

where we identify a 2-cocycle on H* with an element 0 = 0y ® 09 € H ® H. Then
for all ¢ € Autpoyr(H) we have:

(i) f w,0 € ZZ(H*) then ¢.(0 *w) = (¢.0) x (p.w).

(ii) If v € Reg'(H*), then ¢.dy = d(y o ¢).

(iii) Inn(H) acts trivially on Reg? (H*).

(iv) This action induces an action of Oute,r(H) on lazy cohomology H7 (H*)

Let us now come to the main statements of this section:

To every pair (¢,0) € Autpe,r(H) x Z3(H*) we can assign an H*-Bigalois object
9" (,H*) that is ,H* as an algebra, where the right H*-coaction is given by the co-
multiplication in H* and where the left H*-coaction is given by the comultiplication
in H* post-composed with ¢* : H* — H* the dual of ¢.

We denote the monoidal functor corresponding to the Bigalois object ¢(,H*) un-
der the equivalence in Proposition 1.2.10 by (Fj,J?) € Aut,,,,(H-mod). Then
F, : H-mod — H-mod assigns a left H-module (M, p) to the left H-module
(M, pr, o (¢ ®id)) and the monoidal structure J7 is given by

JJO\-/I,N : ¢M ®k ¢N:>¢(M ®k N)

m@ni— op.m K ogg.Mm
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where we view the 2-cocycle as an element 0 = 0y ® 05 € H ®; H. This assignment
gives us a map to the group Aut,,,,(H-mod):

Autpepr(H) x 73 (H*) — Auton (H-mod)
where Autyr,,(H) acts on Z3 (H*) as defined in Proposition 1.3.8.

Lemma 1.3.9. Let ¢ € Auty,,s(H) be a Hopf automorphism and let o € Z3 (H*)
a lazy 2-cocycle, then the following two statements are equivalent:

e The functor (Fy, J7) is monoidal equivalent to (id, J*)

e ¢ € Int(H), hence ¢ has the form ¢ = z -idg - 2! for some invertible element
x € H and o is of the form

oc=Ax)(a '@z (1.8)

Proof. Let n be the monoidal equivalence (id, J*) ~ (Fy, J?). In particular, there
is an H-module isomorphism for the regular H-module ny : H = Fy(H) =: 4H such
that ng o f = f ony for all H-module homomorphisms f : H — H. Note that ny
is determined by what it does on 1y hence by an invertible element z := n(1) € H.
Further, every H-module morphism f : H — H is determined by an h := f(1) € H
and then the naturality property of n implies ¢(h) = xhx™'. Since ¢ is a Hopf
automorphism there are additional conditions on x. Since x € H is invertible, ¢ is

an algebra automorphism. ¢ is a coalgebra automorphism if and only if
Az AMMA(@) = (27 @27 )A(h)(z ® )

which is equivalent to (1.7). Further, by definition there has to be an H-module
isomorphism nyey : H ® H = 4(H ® H) such that for all H-module morphisms
r: H— H ® H the following diagram commutes:

H—" o g

Lo
HoH ML (0o H)
Again, r is determined by y := r(1) € H ® H then the diagram above implies
Nuen(y) = x.y for all y € H ® H. Now we use that n is monoidal, hence in

particular the diagram

Hor MEM po. .0
iJi}“i@f’H |7om

HeH M2 (0o H)

commutes which implies that Jg gy (zh®@xh') = A(x)(h®@ ') for all h, ' € H which
is equivalent to (1.8).
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On the other hand let (¢, 0) € Auty,,r(H) x Z7(H*) such that ¢(h) = zha™" for
some invertible x € H such that equations (1.7) and (1.8) hold. It can be checked
by direct calculation that ¢ is a well-defined algebra automorphism because z is
invertible and coalgebra morphism because of (1.7). We claim that the following
family of morphisms n = {ny : M — sM;np(m) = x.m} is a monoidal equivalence
between (id, J7*) and (Fy, J°). The fact that n is a natural equivalence follows
from the construction. The fact that 7 is monoidal follows from (1.8). O

Proposition 1.3.10. The following map is a group homomorphism
Autpgepr(H) X 73 (H*) = Autpmon(H-mod); (¢, ) + (Fy, J%) (1.9)
and induces a group homomorphism Out yro,f(H) X H (H*) = Autne,(H-mod).

Proof. We first check that (1.9) is indeed a homomorphism. The composition in
the semi-direct product (¢,0)(¢',0") = (¢ o ¢, (¢.0")o) is mapped to the functor
(Fyog, J@97). On the other hand the composition (Fy, J?) with (EFy,J7) gives
Fy o Fy = Fyo4 with the monoidal structure

Fy(J3in) © Jit, n, (m @) = 0.(¢.0").(m @ n) = T30 (m@ n)
Let us now show that the map factorizes as indicated: The kernel of
AutHopf(H) X Z%(H*) — OutHOpf(H) X HE(H*)

is given by the set of all (¢,0) with ¢(h) = tht™! for some group-like element
t € G(H) and o = dn for n € Regj (H*). To see that the functor (Fy, J?) is in this
case trivial up to monoidal natural transformations we apply Lemma 1.3.9 for the
element x =1~ -t in H: We only have to check that indeed

¢(h) = tht ™' = zha™!
since n € Reg (H*) is by definition (convolution-) central in (H*)* = H, and that
o=dn™) = (dn) " =AmH T @) =Al) (@ @)
since t is group-like. O

In particular, the subgroup Auty,,s(H) is mapped to a monoidal autoequivalences
of the form (F, J"™) given by a pullback of the H-module action along an ¢ €
Autp,,r(DG) and trivial monoidal structure (see Example 1.2.11). The subgroup
Z2(H*) is mapped to monoidal autoequivalences of the form (id, J?), which act
trivial on objects and morphisms but have a non-trivial monoidal structure given
by J? (see Corollary 1.2.15). Note that according to Lemma 1.3.9 there are in
general invertible © € H that are not group-likes but still give functors (Fy, J7)
that are trivial up to monoidal natural transformations and which are not zero in
Out gropy (H) x HF (H*).
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Corollary 1.3.11. We call the image of map (1.9) the group of lazy monoidal
autoequivalences Autyen, (H-mod) and get a short exact sequence

0 — Int(H)/Inn(H) — Outgepr(H) x H7 (H*) = Aut,men,(H-mod) — 0 (1.10)

The restriction is an embedding of groups Out gepr(H) — Autyen,r(H-mod) and we
have a bijection of sets of cosets

H2, (H*) ~ Autyonr(H-mod)/Out g, (H) (1.11)
Proof. Using Lemma 1.3.9, we see that the map
AutHopf(H) — Autmon’L(H—mod); ¢ — <F¢>’ J1>

has as kernel automorphisms of the form ¢ = z -idy - 2! for some invertible z € H
such that A(z) = x ® x. This implies that ¢ € Inn(H).

In order to show the bijection (1.11), we use the exact sequence (1.10) to define
the map from right to left by [¢, o] — [o] which is well-defined because a different
representative in [¢, o] would be mapped to a 2-cocycle that differs by an almost
lazy coboundary from o. O



Chapter 2

Dijkgraaf-Witten Theory

An oriented (3,2, 1)-extended TQFT is a symmetric monoidal weak 2-functor:
F: Bordgy; — 2Vect

where Bordg', ; is the symmetric monoidal bicategory of oriented 3-cobordisms and
2Vect the symmetric monoidal bicategory of Kapranov-Voevodsky 2-vector spaces,
thus objects of 2Vect are k-linear, abelian, semisimple categories, morphisms are k-
linear functors and 2-morphisms are natural transformations. (See [KV94], [Mol1]
and the Appendix of [BDSV15] for more details on 2Vect and other targets).
Oriented (3, 2, 1)-extended TQFTs are classified by anomaly free modular tensor cat-
egories (by Thm. 2 in [BDSV15]), where a functor F' corresponds to the anomaly free
modular tensor category F/(S!), which we also refer to as the category of bulk Wilson
lines. For general modular tensor categories, such theories are called Reshetikhin-
Turaev type theories. In the case the modular tensor category is F/(S') = Z(C), the
Drinfeld center of some fusion category C, such theories are called Turaev-Viro type
theories. They are Dijkgraaf-Witten theories if F'(S') = Z(Vecty,) where Vecty, is
the category of G-graded vector spaces for some finite group G and non-trivial asso-
ciativity constraints determined by 3-cocycles w € Z3(G, k*). If w = 1 the Dijkgraaf-
Witten theory is called untwisted. Alternatively, one can use the Reshetikhin-Turaev
construction ([RT91]), which is essentially based on surgery on 3-manifolds along
links, to define a Reshetikhin-Turaev type theory explicitly.

In the next section, we want to present an explicit construction of Dijkgraaf-Witten
theories that is based on gauge theory for a finite structure group G and a trivial
topological Lagrangian w = 1.

2.1 Gauge Theoretic Construction

In this section we want to recall an explicit construction of untwisted Dijkgraaf-
Witten theories based on [Mo13]. For this we quickly give some of the basic notions
needed for this construction.

For an n-dimensional manifold M and a topological group G, let Bung(M) be the
groupoid of principal G-bundles on M and let IT; (M) be the fundamental groupoid
of M, hence the objects of II;(M) are points in M and morphisms are homotopy
classes of paths between two points. For two categories C and D we denote by [C, D]

17
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the category of functors and natural transformations. For a group G and set A with
a G-action p, the action groupoid A//,G is defined as follows: objects are elements
of A and a morphism between two objects a,b € A is an element g € G such that
p(g,a) = b. A groupoid is called finite if it has finitely many objects and morphisms
and is called essentially finite if it is equivalent to a finite groupoid. A groupoid
is called finitely generated if it has finitely many objects and if all morphisms are
generated under composition by a finite set. Further, a groupoid is called essentially
finitely generated if it is equivalent to a finitely generated groupoid. Consider from
now on only finite groups G and oriented compact manifolds.

e Let G be a groupoid. There is a non-canonical equivalence

G~ H x//Aut(g) (2.1)

lglemo(9)

where % denotes the one element set and my(G) the set of isomorphism classes
of G. To construct one such equivalence ) we choose a family of isomorphisms
{7 19 =y |y € G} for the choice of an object ¢ in a component [g] € m(G).
For an object y € G in the connected component of g we set 1)(y) = * and for
a morphism f :y — 3’ we set ¢(f) to be the composition

—1
Y.
gﬂygy/%gEAut(g)

That the embedding ¢ : J] e ) *//Aut(g) — G is a left inverse of ¢ is
immediate. To see that ¢ is also a right inverse, notice that the family {~, :
g =y |y € G} provides a natural equivalence ¢ o 1) ~ idg.

e In particular, we have

I (M) ~ H x/ /7 (M, m)

[m]emo (M)

where my(M) denotes the set of path connected components of M and 71 (M, m)
the fundamental group of M at the point m € M.

e We have a canonical equivalence
Bung(M) ~ [I1;(M), G-Tor]

where G-Tor is the category of G-torsors, hence G-sets X that X ~ G as G-
sets (where G acts on itself by left multiplication). Here we assign a G-bundle
P 5 M to the functor II;(M) — G-Tor that maps a point m € M to its
fiber p~!(m) and maps a homotopy class of a path v to the map p~'(m) —
pt(n);z — 7,(1), where 7; : [0,1] — P is the unique lift of v with 7,(0) = .
Note that by the isomorphism (2.1), we also have a non-canonical equivalence

G-Tor ~ x//G.

e Since M is compact, the groupoid Iy (M) =~ [, 0 *//m1(M, m) is essen-
tially finitely generated. Since in addition G is finite, Bung (M) ~ [II;(M), x//G]
is essentially finite.
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e Let G be an essentially finite groupoid, then the category [G, Vect] is a k-linear,
abelian, finite semisimple category. We are mainly interested in essentially
finite groupoids Bung (M) for some compact manifold M and finite group G.

We want to construct a symmetric monoidal weak 2-functor: F': Bordg'y; — 2Vect.
Dijkgraaf-Witten theory is a gauge theory with finite structure group G. The gauge
fields are therefore principal G-bundles. Therefore we consider

A(M) := Bung(M) =~ [I1;(M), G-Tor]

to be the groupoid of gauge fields and gauge transformations on an n-manifold M.
Let 3 be an object in Bordy', ;, hence an oriented compact 1-dimensional manifold.
Given the configuration space A(X), we need to construct a k-linear category. In
the original (non-extended) Dijkgraaf-Witten theory we would consider the space of
states to be Homy (kmo(Bung(M)), k), the vector space of linear functions from the
k-span of my(Bung(M)) to k. In the extended case there is a natural candidate for
a linear category, namely:

F(X) := [A(X), Vect] (2.2)
Let us calculate a couple of examples:

Example 2.1.1.
(i) Empty Set: It is easy to deduce from the bullet points above that the groupoid
of G-bundles in this case is A(0) ~ [0, *//G] ~ *//+ and hence

F(0) = [A(0), Vect] ~ [x//x, Vect] = Vect

F' sends hence the monoidal unit () € Bords’, ; to the monoidal unit Vect € 2Vect.

(i) Circle: We choose a base point on S and an equivalence I1;(S1) ~ *//m(S!) ~
x//Z. Further we have an equivalence

[/ /2, %/ ]G] = G [aaG

where ad denotes the adjoint action of G on itself. This equivalence maps a functor
A : x//Z — %//G to the group element A(1) € G. A natural transformation
of functors A = A’ is determined by a group element h € G such that A'(1) =
hA(1)h~!, hence h is a morphism A(1) — A’(1) in G//.qG. Therefore we have

A(SY) ~ [%//Z,%] ]G] ~ G/ ]G
Further, there is a canonical equivalence of abelian categories:
F(S") = [G//aaG, Vect] ~ DG-mod (2.3)

Given a functor V' : G//.aG — Vect, the assignment of objects of V' corresponds to
the structure of a G-graded vector space ®4e¢V (g), which in other words defines a
right k¢-module. The assignment of morphisms of V' corresponds to the kG-action:
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A morphism g — hgh™' in G//.4G gives us linear map V' (h) : V(g9) — V(hgh™),
which defines a kG-action compatible with the G-grading, hence we have a DG-
module.

Similarly, we get for a disjoint union of n circles:

F(| | $"~(G//G)", Vect] ~ DG*"-mod
1,...,n
(iii) Disc: We have II;(D) ~ «//+ and therefore A(D) = [x//x,x//G] = %//G.
Then we can calculate as above

[A(D), Vect] ~ [x/ /G, Vect] = Rep(G)

(iv) Pair of Pants: Let P be the pair of pants P : S' U S — S!'. Then the
fundamental group m; (P) is the free product Z  Z and

A(P) = [#//m(P), %/ |G| ~ [x/ [(Z+ L), +/|G] = (G x G)/ /G
where G acts on G X G by diagonal adjoint action. Therefore
[A(P), Vect] = [(G x G)//G, Vect]

is equivalent to the category of (G x G)-graded vector spaces together with a com-
patible G-action.

In (iii) and (iv) we have calculated the linearization [A(M ), Vect] for two 2-dimensional
manifolds M. This should not be confused with what the (3,2, 1)-extended TQFT
F : Bordg'y; — 2Vect assigns to M seen as a 1-morphism in Bordg’,,. Rather, F
assigns a linear functor to a 1-morphism as we will describe below. For this we need
the categories [A(M), Vect].

Let us now consider 1-morphisms in Bord3’, ;, hence let M be a cobordism between
Y1 and X5. We can write it as a span:

2 2y

where for i = 1,2 the maps ¢, denote the respective embeddings. For an i = 1,2
we get a functor ¢; : A(M) — A(X;) induced by the embedding ¢; which gives us a
span of essentially finite groupoids:

A(M

VN

A(X1) A(22)
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The functors ¢, t5 induce the following two functors by precomposition:

ol [A(Y), Vect] — [A(M), Vect]; U — W oy,

1

This is also referred to as the restriction or the pullback. One can show that ¢} has
a left adjoint (12, nl, €F), where nF is the unit and e the counit of the adjunction
tE H ;. The functor (£ assign to a ® : A(M) — Vect the left Kan extension of ®
along ¢; (see [Mo13]). ¢;. is also referred to as a push-forward of ¢}.

Using this we define the following linear functor for the morphism M : 3, — ¥g:

F(M) =15 00} : [A(X)), Vect] — [A(X,), Vect] (2.4)

Note that this construction involves a choice, namely we are choosing the left ad-
joint instead of a right adjoint. However, as we will see later, the left and the right
adjoint are naturally equivalent . Further, the chosen natural equivalence allows
us to construct the TQFT on 2-morphisms of Bordy',;, hence on diffeomorphism
classes of 3-manifolds with corners (see [Mo13] for more details). The construction
1L o1} is also referred to as the pull-push construction or sometimes the pull-push
quantization. We can always pullback fiber bundles, even in more general situations
than this. The push-forward, however is more subtle and it is not obvious that it
exists. We are however in a special situation where the push-forward does exists and
we would like to recall the explicit construction of the push-forward from [Moll].
If we consider the isomorphism (2.1) we see that every groupoid decomposes into a
disjoint union of groups (one-point groupoids). The pullbacks are then just restric-
tions of the representations of automorphism groups induced by the functors ¢;. In
the case of modules over rings these are also called restriction of scalars. The left
adjoint of a restriction is the induction of representations or extension of scalars.
That way we can give an explicit formula for the push-forward: Given two essen-
tially finite groupoids G, H and a functor ¢ : G — H, the left adjoint of the pullback
* o [H, Vect] — [G, Vect] is a functor & : [G, Vect] — [H, Vect] that assigns to a
functor V : G — Vect the functor

EV o H — Vect
hs @D EkAut(h) @pawg V(9) (2.5)

l9)emo(9)

t(g)=h
where Aut(g) acts on Aut(h) by precomposition with ¢ : G — H and then normal
multiplication in Aut(h). For nF,eF see [Mol1] Sect. 4.3. Since we need to make
non-canonical choices for this formula, this approach might not always be useful.
However, we can use this approach in order to calculate some basic examples which
already give rise to non-trivial algebraic structure. In particular, we will see that
F(S') can be naturally equipped with a monoidal structure that arises from the
pair of pants and a braiding that arises from a 3-dimensional cobordism, as shown

further below.
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Example 2.1.2.
(i) Death of a circle: Consider the disc D as a cobordism S* — (). We consider the

span
D
5N
Ch 0

We have already calculated in Example 2.1.1 the groupoids of gauge fields on S*, D
and (). Hence the above span induces the following span

x/ |G

H(x) = e,u1(g) 7 \U = %, 12(g) = *

G/|G x [ [ %

This gives us a span:

Rep(G

5N

DG-mod Vect

The functor ¢7 : DG-mod — Rep(G) maps a DG-module M to the component M,
together with the kG-action from M. The functor ¢ : Vect — Rep(G) maps a vector
space Vto the trivial representation V% and its left adjoint is the induction functor:
£ Rep(G) — Vect; M — k Qpg M, where k @pe M ~ M© are the G-invariants of
M. Hence the pull-push construction is the following:

F(D) = 515 : DG-mod — Vect;
M — ME

(ii) Birth of a circle: Consider the disc D as a cobordism () — S*. We abbreviate
this calculation a bit since it is similar to the death of a circle. We get

x/ |G

t(*) =%, u(g) 2% Xz(*) = e a(g) = e

*/ [x G//G

Here ¢} : Vect — Rep(G) maps a vector space V' to the trivial representation V.
The functor ¢5 : DG-mod — Rep(G) maps a DG-module M to M, together with

the kG-action induced from M. The left adjoint (X, : [*//G, Vect] — [G//G, Vect]
is given by mapping a functor W : x//G — Vect to the functor

Lé*W :G//G — Vect
g — @ kEAut(g) @rauw(n W(*)

[hlemo(x//G)
to(h)~x*
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More explicitly: ¢, : Rep(G) — DG-mod maps a kG-module W to the kG-module
W together with the trivial G-grading: W, = W and W, = 0 for all g # e. The
pull-push construction hence is the following functor:

F(D) =505 : Vect — DG-mod; M s M
where M denotes the trivial DG-module.
(iii) Pair of Pants: Let us consider the pair of pants P as a cobordism S'JS* — S
We already have calculated A(S* U S') = (G//G)?, A(P) = (G x G)//G and

A(S') = G//G in Example 2.1.1. Similarly to above, we have to consider the
following span of groupoids:

(G//G) x (G/]G) G//G

where the functors ¢y, 15 are given as follows:
u:(Gx Q)G = (G//G) x (G//G)
(r,s) = (r,s)
9+ (9:9)

1w (GxG)//G— (G//Q)
(r,s) —rs
g—=9g

Recall from Example 2.2 that [(G//G)?, Vect] ~ DG ® DG-mod which is equivalent
to DG-mod X DG-mod and that [G x G//G, Vect] is equivalent to the category of
(G x G)-graded vector spaces with compatible G-action.

The pullback ¢} : [(G//G)?, Vect] — [(G x G)//G, Vect| assigns to a pair of DG-
modules M, N the (G x G)-graded vector space

B MmeN, (2.6)

equipped with the diagonal G-action.

Now consider the pullback 5. By equation (2.5), the left adjoint &, : [(G x
G)//G, Vect] — [G//G, Vect] of 1} assigns to a functor W : (G x G))//G — Vect the
functor:

W G/)G = Vect
g @ kAut(g9) ®paut(rs) W(r, s)

[r,s]lemg((GXG)//G)
ta(r,8)~=g



24 CHAPTER 2. DIJKGRAAF-WITTEN THEORY

First note that Aut(g) = Cg(g) is the centralizer of g and Aut(r, s) = Stabg(r, s) =
{y € G| 1 =rs" = s} is the stabilizer of (r,s) € G x G under the diagonal
conjugation action. Further, we write (G x G)/G = m((G x G)//G) for the set of
orbits [r, s] of the diagonal conjugation. We calculate further:

(t5.W)(g) = @ kCa(9) ®kistabe(r,s) W (T, s)

[r,s]e(GXG)/G

rs~g

@ @ W(r,s) (2.7)

[rs]e(GxG)/G  \ Cg(g)/Stabg(r,s)

rs~g

12

We want to show that, as a vector space, this is canonically isomorphic to

@ Wi(r,s)

(r,s)EGXG
rs=g

To show this we need to compare the number of copies of W (r,s) on both sides.
For this we use |Stabg(r, s)||[r,s]| = |G| and |Ce(g)]|[g]] = |G| where [g] is the
conjugation class of g. We need to show that the direct sum in (2.7) has [{(r,s) €

G x G|rs = g}| = |G| copies of W(r,s):
Z Calg)] _ Z |[r, s]]
rcanae 15taba(rs)l o o gl

rs™~g rs™~g

_ 3 [, 5]
[rs]€(GXG) /G 9]l
v(r!,s")E[r,s]:r!s! €lg]

-y -
(r,s)e(GXG) Hg”
rse[g]

= |Gl

where rs ~ ¢g means isomorphic in G//G. Thus the e.g. the first sum goes over all
orbits (G x G)/G such that there exists a representative (r,s) and a x € G with
rs = g (hence rs € [g]). This shows that

AL GB W(r,s)

Further, the functor (1£,W) : G//G — Vect on morphisms gives the G-graded vector
space @ e P rscaxe W(r, s) a compatible G-action induced by the linear maps
W (ea(7)) = W(y,7) : W(r,s) = W(yry™ ys771).

Recall that the pullback ¢} assigns to two DG-modules M, N the (G x G)-graded
vector space defined in (2.6). Thus, the pull-push functor (£, .} assigns to a pair of
DG-modules M, N its tensor product:

F(P) =1t : DG-mod X DG-mod — DG-mod; M X N +— M ®; N
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Therefore F' evaluated at the pair of pants P gives the canonical monoidal product
on DG-mod.

For the whole monoidal structure we need more data than just the monoidal prod-
uct. In particular, we need a monoidal unit, associativity constraints and left /right
constraints. These have to fulfill well-known coherence conditions. The monoidal
unit is given by the birth of a circle D : ) — S' which induces a functor F(D) :
Vect — DG-mod. As seen in Example 2.2 F(D) maps the ground field k¥ to k'
which is the monoidal unit in DG-mod. The rest of the data for the monoidal
structure arises from 2-morphisms in Bords’, ;, hence 3-dimensional manifolds with
corners, as we will remark below.

Let us now consider F' on 2-morphisms in Bord3, ;, hence on 3-manifolds with
corners. For this first note that the functor ¢ also has a right adjoint (2, nZ, )
defined analogously by the right Kan extension. Analogously to the left adjoint, we
can give an explicit formula for the right adjoint following [Mol1]. Again, consider
two essentially finite groupoids G, H and a functor ¢ : G — H. The right adjoint of
the pullback ¢* : [H, Vect] — [G, Vect] is a functor (I : [G, Vect] — [H, Vect] that

assigns a functor V' : G — Vect to the functor

BV o H — Vect
hs @ Hompau(kAut(h),V(g)) (2.8)

lg)€mo(9)

t(g)=h
where Aut(g) acts on Aut(h) by precomposition with ¢ : G — H and then multipli-
cation in Aut(h). For nft €& see [Mol1] Sect. 4.3.
Now it is essential for the construction of the Dijkgraaf-Witten theory that we can
choose a natural equivalence between the left and right adjoints:

R N L
Li*:l“z’*

called the Nakayama isomorphism (see [Moll], [FHLT10]). The property that the
left and right adjoints are naturally equivalent is called ambidezterity. The impor-
tance of ambidexterity for extended TQFTs was first stressed in [FHLT10]. See also
[LH14] for a more detailed exposition on ambidexterity in this context. Following
[Mo11] we have an explicit formula for N' = {Ny : 12V — LV | V € [G, Vect]} as
follows:

Ny @ Hompauw(kAut(h),V(g) = € kAut(h) @rau V(9)

[g]emp(9) [g]€mp(9)
u(g)=h u(g)~h
D o D o O e
e — xXr X
9] ]Aut <g)| 9]
lglemo(9) lgl€mo(9) ceAut(h)
t(g)=h v(g)~h

Consider the following 3-dimensional cobordism class: Let W be a 3-dimensional
manifold with corners, M and N be 2-dimensional manifolds with boundary and
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31 and X5 be 1-dimensional closed manifolds. Further, W is a cobordism between
M and N and M, N are cobordisms between >1,3s. Hence we have a commuting

diagram of manifolds
M
w P
A

which induces a commuting diagram of essentially finite groupoids

A(M)

2N
(X2)

A(N)

As above all functors in this diagram induce restriction functors, which have left
and right adjoints. This leads us to the following commuting diagram

5! L3,
sy

[A(X1), Vect] [A(W), Vect] [A(X2), Vect]

b Ta,
T{‘

[A(N), Vect] %d [A(N), Vect]

Define now F'(W) to be the natural transformation that is given by composing the
natural transformations of the above diagram from top to bottom:

. s N
FW) b id o e h sBst i = 1L skst i = mhtltr E:> Ty, id 77 (2.9)
~— ~——
F(M) F(N)

Where N : sf* = sl is the chosen Nakayama isomorphism between the right and
left adjoint of the pullback s*. Now we have defined F' on objects, morphisms and
2-morphisms of Bords’, ;. We cite the following theorem:
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Theorem 2.1.3. ([Mol3] Prop. 2) The assignments (2.2), (2.4) and (2.9) define
a symmetric monoidal weak 2-functor F' : Bordy’,; — 2Vect and hence a (3,2, 1)-
extended TQFT.

In Example 2.1.1 we have seen that F(S') ~ [G//G, Vect] ~ DG-mod ~ Z(Vectc)
as abelian categories. Additionally, we calculated in Example 2.1.2 that the pair
of pants P : S U S' — S! endows the category F(S') with a monoidal product
F(P): F(SHXF(S') — F(S") that is equivalent to the canonical monoidal product
on DG-mod.

The associativity constraint is a natural equivalence

(@)o(dR(® )= (®)o(ldXR(-®-))

The two functors on both sides correspond to a disc with three discs removed,
hence the 3-dimensional cobordism giving the structure of associativity constraints
is just the identity cobordism. Therefore, we have a trivial associativity constraint
on F(S') (since we have a trivial associativity constraint on Vect). Similarly, the
left and right constraints are trivial cobordisms from the disc with one disc removed.

Further, let us consider the 3-manifold with corners W:

seen as a cobordism from the pair of pants (gray disc with two discs removed) to
the pair of pants. Evaluating the TQFT F' from Theorem 2.1.3 on this 3-manifold
gives us a natural transformation - ® - = - ®% - and it turns out that this nat-
ural transformation is indeed the braiding on DG-mod as in (1.2). Further, it is
well-known that with this braiding DG-mod is a modular tensor category. Thus
the Dijkgraaf-Witten-theory evaluated on the circle gives a modular tensor category
braided equivalent to DG-mod.

Note that one can show for a general (3,2, 1)-extended TQFT F' : Bordy', ; — 2Vect
that F(S') is an anomaly free modular tensor category, without relying on any
explicit gauge theoretic constructions (see [BDSV15]). The monoidal structure is
induced by the pair of pants and the braiding by the same 3-dimensional manifold
with corners as in the Dijkgraaf-Witten case (see the picture above). Due to Thm. 2
in [BDSV15] we moreover know that a TQFT F' : Bordg’, ; — 2Vect is uniquely (up
to equivalence) determined by the anomaly free modular tensor category it assigns
to the circle.
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We should also mention that the Dijkgraaf-Witten theory F constructed in this
section factors through the functor Bordy', ; — Span(Grd), where Span(Grd) is the
bicategory of groupoids, spans of groupoids and (equivalence classes of) spans of
spans. This functor assigns a 1-manifold M to the groupoid of G-bundles Bung (M),
a 2-manifold with boundary to a span of groupoids and a 3-manifold with corners
to a span of spans. This procedure can essentially be deduced from the discussion
above, where we wrote down the spans and spans of spans but did not explicitly
mention the functor Bords’, ; — Span(Grd).

There exists a functor Span(Grd) — 2Vect, the so-called 2-linearization. It as-
signs an essentially finite groupoid G to its 2-linearization [G, Vect]. It assigns a
span of groupoids to its pull-push functor and a span of spans to the natural trans-
formation determined by the Nakayama isomorphism. In [FHLT10], [Mo13] the
functor Bordy’,; — Span(Grd) is interpreted as the classical field theory and the
2-linearization Span(Grd) — 2Vect as the quantization of this classical field theory.
In order for this procedure to be well-defined we need that left and right adjoints
are equivalent. This property is called ambidexterity and also appears in a different
but related context in [Lul3].

In the discussion above, we have thus presented an explicit gauge theoretic con-
struction of a Reshetikhin-Turaev type theory based on the modular tensor category
Z(Vectg) = DG-mod or equivalently a Turaev-Viro type theory based on Vectg.
For the equivalence between the Turaev-Viro theory based on a spherical fusion cat-
egory C and the Reshetikhin-Turaev theory based on the modular tensor category
Z(C), as extended TQFTSs, we refer to [BK10].

Note that our discussion has not touched on defects or boundary conditions yet. Still
it serves as a guide to the construction of Dijkgraaf-Witten theories than incorporate
defects and boundary conditions. In the following section we describe parts of such a
gauge theoretic construction, where we model the classical part of the gauge theory
by groupoids of generalizations of relative bundles and use the pull-push construction
to define the quantized theory.

2.2 Defects and the Transmission Functor

2.2.1 General Considerations

A general approach to the study of defects in Reshetikhin-Turaev type theories was
presented in [FSV13]. Given two Reshetikhin-Turaev type theories based on modu-
lar tensor categories C and D respectively, living in two separated three dimensional
regions, it is interesting to ask when topological surface defects between these the-
ories exists and if they do exist, it is interesting to classify these defects. Based on
[FSV13], such defects exists if and only if there exists a fusion category A and a
braided equivalence
CXD ~Z(A)

where D" is the category D with opposite braiding and where Z(.A) is the Drinfeld
center of A. In other words, C and D are Witt equivalent (are in the same Witt
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class, see [DMNO13]). Further, assuming that such an equivalence does indeed ex-
ist, defects between these two theories are described by the bicategory of A-module
categories, bimodule functors and natural transformations.

We are interested in topological surface defects between a Dijkgraaf-Witten theory
based on a finite group G and itself. In this case the modular categories determining
the two theories are C = Z(Vects) = D and thus we already have a canonical braided
equivalence

Z(Vecte) W Z(Vectq)™ ~ Z(Vectgxgor)

Topological surface defects are therefore given by Vectgygor-module categories or
equivalently Vectg-bimodule categories. Invertible defects correspond to invertible
Vectg-bimodule categories. Due to [O03], we know that indecomposable Vectq-
bimodule categories correspond to pairs (H, ¢) where H is a subgroup of G x G
and where ¢ is a 2-cocycle on H (up to coboundary). Additionally, Corollary 3.6.3
of [Dav10] and Proposition 5.2 of [NR14] gives conditions on (H,¢) such that the
corresponding indecomposable Vectg-bimodule category is invertible (see Proposi-
tion 2.2.2).

An analysis of the gauge theoretic construction of (3, 2, 1)-extended Dijkgraaf-Witten
theories with boundary conditions and surface defects was done in [FSV14]. Such

a theory is per definition a symmetric monoidal weak 2-functor Bordggf , — 2Vect

where the manifolds in Bordgfi , carry extra decorations corresponding to defects

and boundary conditions. In order to do an explicit gauge theoretic construction
the notion of relative bundles was introduced (see [FSV14]). Here we are only in-
terested in certain parts of this (3,2, 1)-theory, so we do not give, nor do we need,
the full construction of this 2-functor at this point.

Let us consider the following situation: Assume we are given two manifolds M, N
and a smooth map j : N — M. We can pullback a G-bundle Pz on M to a G-bundle
j*(Pg) on N. Additionally, if we have given a group homomorphism ¢ : H — G then
we can assign, using the so-called reduction of the structure group, an H-bundle Py
on N to the associated G-bundle Ind,(Py) = Py xxg G on N. A relative (G, H)-
bundle on (M, N, j) is defined to be a triple (Pg, Py, ) where Py is a G-bundle on
M, Py is an H-bundle on N and « is an isomorphism:

a:Ind,(Py) = j*(Pg)

Relative bundles form an essentially finite groupoid, where a morphism of two rela-
tive bundles (Pg, Py, ) — (P}, Py, o) is a pair (¢g, o) where ¢g : Po — Pf is a
morphism of G-bundles and ¢y : Py — Pj; is a morphism of H-bundles such that
the following diagram commutes:

a
IHdL(PH) —) (PG)
/

Indbwﬂw ij*(qs(;)
Ind, (Py) —> j*(P,)
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The notion of relative bundles can now be used describe the following situation: We
consider N to be the boundary of M and j : N — M an embedding. Further, imag-
ine a Dijkgraaf-Witten theory living on M that is based on the data (G,w) where G
a finite group and w € Z3(G, k*) the topological Lagrangian of the theory. On the
boundary N we have a boundary condition labeled by (H,n) where n € C?(H, k*) is
a cochain such that dn = (*w. The pair (H,n) is also referred to as the Lagrangian
data corresponding to the boundary condition.

Similarly, for defects, we consider relative (G, Ga, H)-bundles on (M, My, N, j1, J2)-
In this case we have manifolds My, M5 and two embeddings ¢; : N < M;. A relative
bundle is then the data

(PGUPGzaPHaO‘l?a?)

where Py, is a G;-bundle on M;, Py an H-bundle on N and «; : Ind,,(Pg) = JH(Pg,)
are isomorphisms of G;-bundles where ¢; : H — G, are group homomorphisms.
Morphisms of such relative bundles are defined similarly as above. We have two
Dijkgraaf-Witten theories based on (G, w;) and (Ge,ws) living on My, My respec-
tively with a defect N labeled by (H,n) where n € C*(H,k*) is a cochain such that
dn = vjw - (Bw) L.

With these notions we have described the classical part of the Dijkgraaf-Witten
theory with boundary conditions and defects. Now we also need a 2-linearization
that takes into account the relative bundles and the Lagrangian data of the de-
fects/boundary conditions. We refer to [FSV14] for more details and examples on
this and will only concentrate on a specific construction, namely the so-called trans-
mission functor.

2.2.2 Transmission Functor

Before going to the explicit constructions in the Dijkgraaf-Witten model, let us
describe the transmission functor for Reshetikhin-Turaev type theories with defects
following [FPSV15] Sect. 2.2.

Assume we have a cylinder S' x [—1,1] between two 3-dimensional regions that
are separated by a topological surface defect labeled by d. On both sides of the
defect surface we have a Reshetikhin-Turaev-type theory based on a modular tensor
category C. Since C is modular, we have a canonical braided autoequivalence by
Thm 7.10 in [Mii03]:

CXRC ~ Z(C)
Therefore topological surface defects are described by C-module categories. Such a

surface between these two regions intersects the cylinder transversely, say at S*x {0},
and therefore produces a defect line along S* x {0}:
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K d
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| d 1
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A ) \
N
—1 0 1

A TQFT with defects maps both circles to the modular tensor category C, the
category of bulk Wilson lines, and maps such a decorated cylinder to a linear functor

Fd:C—>C

We call the functor F the transmission functor for the defect d. It describes how the
type of a bulk Wilson line changes when it passes trough the defect surface labeled
by d. We want to show, in case d is invertible, that Fj is a braided autoequivalence
of C. If d is invertible, then there exists another defect d’ and a transmission functor
Fy such that the fusion of defects implies that Fyo Fy ~ ide ~ FyoF,. Therefore Fy
is an autoequivalence of C. We further want to show that the transmission functor
F; has a canonical monoidal structure and that Fj with this monoidal structure is
braided. A monoidal structure on Fj is a natural transformation of the following
two functors:

(®)O(Fd&Fd):>Fdo<®)

The functor (- ® -) o (Fy X Fy) corresponds to the result of gluing a disjoint union
of two cylinders each decorated with d to the pair of pants along the two incoming
boundary circles. The result is a decorated pair of pants P; as seen in the following
picture:

d d

The functor Fyo(-®-) corresponds to the result of gluing a pair of pants to the cylin-
der decorated with d along the outgoing boundary circle. The result is a decorated
pair of pants P, as seen in the following picture:
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Therefore, a monoidal structure on F; correspond to a cobordism P, — P,. Let us
consider the following 3-dimensional manifold with corners decorated with a defect
surface:

Read from bottom to top, this is indeed a cobordism from P; to P, and we argue that
the TQFT maps this cobordism to a natural equivalence that defines a monoidal
structure on the functor Fj;. At this point it is essential that d is indeed invertible
since the natural transformation would not be an equivalence for more general d.
For d invertible, we indeed have an inverse, namely the decorated 3-cobordism from
the last picture but taken upside down. To see that the result of the gluing is
diffeomorphic to the identity, one has to use the fact that d is invertible, so the
resulting defect surface becomes just two defect cylinders. Gluing the other way
around, and using invertibility of d, there surface defect after gluing becomes just
one defect cylinder.

In order to show that the above natural equivalence is indeed a monoidal structure
on the functor Fy we have to check a coherence condition. Thus, we the following
diagram of natural transformations has to commute:

|

(.@Fd)o(ng.(g.)%Fdo(.®‘®.)

12
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To show that this diagram commutes we consider the two cobordisms corresponding
to the two natural equivalences:

and see that they are indeed diffeomorphic to each other. This implies that the
diagram commutes and thus that the coherence condition is fulfilled. The next
thing to check is that the monoidal structure as defined above is braided. For this
we again need to check an equality of natural equivalences, namely the following
diagram of natural transformations has to commute:

(@) oF— Fyo(-®-)

|

(.®op.)oFd_:>Fdo<.®op.)

For this we compare the following two 3-dimensional cobordisms:

==

and see that they are diffeomorphic to each other and thus the monoidal structure
is indeed a braided autoequivalence of C.
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2.2.3 Transmission Functor for Dijkgraaf-Witten theories

With a gauge theoretic construction of a TQFT with defects we can explicitly cal-
culate the transmission functor F,;. We sketched in the Subsection 2.2.1 how to
describe the classical situation of a Dijkgraaf-Witten theory with defects with the
notion of relative bundles. We now describe relative bundles and the 2-linearization
procedure in the case of a cylinder decorated by an invertible defect d. Here on
both sides of the defect we consider an untwisted Dijkgraaf-Witten theory based
on the a finite group G. The invertible defect d is therefore given by an invertible
Vectg-bimodule category. By the results in [O03] we know that indecomposable
Vectg-bimodule categories are determined by pairs (H,n) where H C G x G a
subgroup and n € Z*(H,k*) a 2-cocycle (up to coboundary). Corollary 3.6.3 of
[Dav10] (and Proposition 5.2 of [NR14]) give conditions on (H, ¢) such that the cor-
responding indecomposable Vectg-bimodule category is invertible (see Proposition
2.2.2).

First we want to determine the groupoid of relative (G, G, H)-bundles on (Cy, Cy, S*)
where C} := S' x [—1,0], Cy := St x [0,1] are cylinders and where S' denotes the
defect circle labeled by (H,n). This groupoid further depends on the obvious em-
beddings of the defect circle to the boundary of the cylinders (i = 1, 2)

]281;)02

and the group homomorphisms (i = 1, 2)

L H—sGxGP B @a

where p; projects to the first factor and p is the composition of the projection to the
second factor postcomposed with the canonical group isomorphism G ~ G. Let us
denote this groupoid by Bung ¢ 1(C1, Cs, S1). In the following claim we describe the
objects and morphisms of this groupoid and demonstrate how one would proceed
when calculating such groupoids.

Claim 2.2.1.
The groupoid Bung ¢ x(Ch, Ca, S') is equivalent to the action groupoid H//.qH.

Proof. Bung g u(C1, Cs, S*) has per definition as objects the data: A G-bundle P}
on Cp, a G-bundle P2 on Cy, an H-bundle Py on S' and two isomorphisms of

G-bundles

o, - Ind,, (Py) = ji(PL)
for i = 1,2. As described in Example 2.1.1 we identify P}, P2 with functors A; :
IL(Cy) — *//G, Ay : TI1(Cy) — *//G respectively and we identify Py with a
functor Ay : I1;(S') — %//H. Then the inductions for i = 1,2 corresponds to the

functors
Ind, (Ag) : TI,(SY) — *//H 5 %//G

and the pullbacks for 7 = 1, 2 correspond to the functors:

55 (A T (SY) 25 0, (C) — +//G
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We are choosing a base point on the circle S' and isomorphisms
H1<CZ) ~ *//7'('1(01) ~ *//Z

and

I, (SY) ~ %/ /m(SY) ~*//Z

Abusing notation a bit we write A; : %//Z — /|G, Aq : %/ /Z — %/ /H and similarly
for induction and pullback. The A; are determined by the elements g; = A;(1) € G
and Ay is determined by the element h = A4(1) € H. Similarly, the inductions and
pullbacks are determined by

Ind,, (44)(1) = ;(h) € G A1) =g € G

Further, we identify the isomorphism «; of G-bundles with natural transformation of
functors Ind,, (A4) = j7(A;) which are determined by morphisms in G//G. Hence,
by abusing notation a bit, the isomorphisms a1, as of G-bundles are just aq, s € G
such that

u(h) = aytgran La(h) = ay tgaas (2.10)

Objects of Bung ¢ (Ch, Co, S*) are therefore tuples (g1, g, b, a1, ) € G* x H x G?
such that (2.10) holds. An isomorphism of relative bundles

(gla 92, ha ai, a2) E> (9/17 957 h/a 0/17 O/2>
is then a triple (71,72, 8) € G x G x H such that:

=" g=I(%)" h=")" (2.11)
Q171 = Ll(ﬁ)all Q%2 = L2(5)0/2 (2.12)

The equations (2.11) follow from the fact that 7; correspond to isomorphisms of G-
bundles and equations (2.12) correspond to the compatibility diagram for morphisms
of relative bundles (see Subsection 2.2.1).

We want to show that

Bungc,n(Ci,C2, S") ~ H//.aH
The direction Bung g g (C1,Co, S*) — H//waH is just forgetting g1, ga, 1, a2 on
objects and forgetting 1,72 on morphisms. It is clear from the equations above

that this is well-defined.
For the opposite direction we assign on objects

h— (Ll(h), Lg(h), h, ]_, ].)

and on morphisms

(h LA ﬁhﬁ*l) — ((Ll(h), 1a(h), h,1,1) WD (| an5-1) 1 (BRE7Y), BREB L, 1))
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This is well-defined because (2.10), (2.11), (2.12) are fulfilled. Also it is clear that
the composition these functors H//.,aH — Bung,qn(Ci, Ca, S*) — H//waH is the
identity on H//.4H. On the other hand the composition

BU_IlG,QH(Cl, Cg, Sl) — H//adH — BU.IlG,QH(Cl, Cg, Sl)
is on objects and morphisms:

(g1, g2, h, a1, 0) = (t1(h), e2(h), h,1,1)
(71,72, B) = (t1(m), 12(72), B)

This functor is indeed natural equivalent to the identity functor on Bung ¢ g (Cy, Co, S h
by the following natural transformation:

(ar hag 1)
{(917927h7a17&2) 4 (Ll(h)’LQ(h)vhvlﬂ]')}
]

Now that we have the groupoid of relative bundles we need to go through a lineariza-
tion/quantization procedure similar as in Section 2.1. Thus we have to consider the
span from the circle to the circle over the cylinder decorated with the defect label
(H,n). This gives us the span of groupoids:

H//H
N
G//G G//G

where, by a slight abuse of notation, the functors ¢; : H//H — G//G for i = 1,2 are
defined by mapping objects and morphisms according to the group homomorphisms
t; - H — G defined above. Given this span we have to construct a linear functor
[G//G, Vect] — [G//G,Vect]. As in Section 2.1 we have two pullbacks (i = 1,2):
i |G/ /G, Vect] — [H//H, Vect]; W +— W o; and two pushforwards

WL[H//H,Vect] — [G//G, Vect]

given by equation (2.5). Hence for V : H//H — Vect:

V)9 = €D kCelg) @rcum V(h) (2.13)

[hlemo(H//H)
v (h)~g

where Cg(g), Cy(h) denotes the centralizers of the respective elements. Addition-
ally, we have a twisting n € Z?(H, k*) on the defect circle. As described in [Mo13]
Sect. 5.4, we construct a functor

¢ : [H//H,Vect] — [H//H, Vect]
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depending on 7). For this we first use the transgression map
H?(H, k™) — H'(H//H, k)

where for any groupoid G we denote by H*(G, k™) the nth groupoid cohomology of G,
which is per definition the nth cohomology group of the simplicial set NG (the nerve
of G). By [Wi08] Thm. 3 the transgression of 7 is the 1-cocycle w, € H'(H//H, k*)
defined by

n(h, 7)

(7, h)
where Mor(H//H) is the space of morphisms of the groupoid H//H. We simply
write: w77<h7 7) = n(ha ’7)/7](’% h)

wy : Mor(H//H) = k™; <h IS fyhfy’1> =

Now we can define the functor ¢, by assigning a functor V' : H//H — Vect to the
functor

¢,(V): H//H — Vect
hs V(h)

(h 2 ’yh’y*) = w,V(7) (2.14)
where w, V() is the following linear map of vector spaces
V(h) = V(vhy™);v = wy(h, y)v

We remark that this is equivalent to the following: Let k[H//H] be the so-called
groupoid algebra, which is spanned by morphisms of H//H as a vector space to-
gether with the algebra structure that is given by the composition of morphisms,
whenever the composition is well-defined and zero otherwise. There is a canonical
equivalence k[H//H]-mod ~ [H//H, Vect|. Further there is an algebra isomorphism

) 3 32 3 ) ()

which induces a functor k[H//H]-mod — k[H//H]-mod by precomposition with
this algebra isomorphism. The resulting functor is equivalent to ¢,,.

The transmission functor for the defect (H,n) is thus the following pull-push con-
struction:

" L
L 2

Fu, :|G//G,Vect] = [H//H, Vect] at [H//H, Vect] % [G/ /G, Vect]
and can be explicitly calculated. Fp, maps a functor W : G//G — Vect to the
functor F,W : G//G — Vect given by:

FuaW)9) = @ *Cal9) Srcum W(n(h) (2.15)

[Wemo (H//H)
ta(h)~g
where 7o(H//H) is the set of all conjugacy classes [h]. The centralizer Cy(h) acts
on the centralizer Cg(g) through o : H — G and Cg(h) acts on W(e1(h)) by the
action of the functor W on morphisms.



38 CHAPTER 2. DIJKGRAAF-WITTEN THEORY

As shown in the Subsection 2.2.2 the transmission functor is a braided autoequiva-
lence if the defect is invertible. Our defect is labeled by (H,n) which corresponds by
the classification in [O03] to the indecomposable Vectg-bimodule category M(H,n)
consisting of vector spaces graded by the set of cosets G/ H with the action of Vectg
induced by the action of G on G/H and the module category structure induced
by n. From Corollary 3.6.3 of [Dav10] and Proposition 5.2 of [NR14] we recall
the necessary and sufficient condition on (H,n) such that M(H,n) is an invertible
Vectg-bimodule category and hence the such that the defect is invertible:

Proposition 2.2.2. (Proposition 5.2 [NR14])

The Vectg-bimodule category M(H,n) is invertible if and only if the following three
conditions are satisfied:

(i) HG x {1}) = H({1} x G?) = G x G°P

(i) Hy := HN (G x {1}) and Hy := H N ({1} x G°) are abelian groups

(iii) The following bicharacter is non-degenerate:

n(hlv h2)
ﬂ(h2> hl)

Let us call a pair (H,n) invertible if it corresponds to an invertible Vectg-bimodule
category M(H,n). The transmission functor Fy, corresponding to such an invert-
ible pair (H,n) gives us a braided autoequivalence of Z(Vectg). Therefore, we have
defined an assignment

wn]HleQ : H1 X H2 — k‘X, (hl,hg) —>

BrPic(Vectg) — Auty,.(Z(Vects))
M(H,n) > F, (2.16)

On the other hand, for any fusion category C we can assign an invertible C-bimodule
category M to a braided autoequivalence @, : Z(C) — Z(C) defined by the condi-
tion that there is an equivalence of C-bimodule functors:

M@ -~ ®Pu(M)
for all M € Z(C).

Proposition 2.2.3. (Theorem. 1.1 [ENO10])
The assignment

BrPic(C) — Aut,,.(Z(C))
M > By (2.17)

is a group isomorphism.

It is natural to assume that for C = Vects and every invertible pair (H,n) there is
a natural equivalence of monoidal functors:

Py = Frg

In the forthcoming section, we show that in the case G = A abelian, these functors
are indeed equivalent.
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2.3 Abelian Dijkgraaf-Witten Theory

Let us consider in this section the case of G = A abelian. Recall from the Prelimi-
naries that simple objects of DG-mod are the modules (’)g = kG ®pcent(g) V, where
[g] C G is a conjugacy class and p : Cent(g) — GL(V) an isomorphism class of
an irreducible representation of the centralizer of a representative g € [g]. Thus if
G = A is abelian then simple objects in DA-mod are in bijective correspondence
with pairs (p,a) where a € A and p a 1-dimensional character of A. Denote the
character group of A by A. The tensor product of two D A-modules corresponding
o (a,p) and (d', p') gives us a D A-module corresponding to (a-a’, p-p’). Thus the
group of isomorphism classes of simple object of D A-mod, where the group structure
is given by the tensor product, is isomorphic to the group A x A. A autoequiva-
lence of abelian categories preserves direct sums and is thus an autoequivalence of
DA-mod is determined by its action on sunple objects A x A. The correspond-
ing assignment of simple objects ¢ : A x A 5 A x A is a group automorphism if
the autoequivalence is monoidal. Further, the monoidal structure corresponds to a
2-cocycle o € Z*(A x A, k). This way we get a group isomorphism

Atton(DA-mod) ~ Aut(A x A) x HX(A x A, k)

Note that this also follows directly from the exact sequence (1.9), since we have no
non-trivial inner and internal automorphisms of DA in the abelian case.

Let us now describe the braided situation which should also serve as a guide to
understand the approach for the non-abelian case in the forthcoming chapters.
We can identify every automorphism ¢ € Aut(A x A) in an obvious way with a
matrix . R
u b u € End(A) b€ Hom(A, A)
<P U> p € Hom(A,A) v e End(A)

and using the Kiinneth formula for group cohomology
H2(A x A, k*) ~ H2(A, k*) x H2(A, k*) x P(A, A)

where P(A, A) is the group of abelian bicharacters A x A — k*. We can thus
identify every o € Z*(A x A, k*) (up to coboundary) with a triple (o , 8, A), where
a is a group 2-cocycle on A, A is a group 2-cocycle on A and A : A x A — k* an
abelian bicharacter. The pair

() o) camitn v

corresponds to a braided autoequivalence if and only if the following conditions are
fulfilled for all a,a’ € A and x, p € A:

Bla,a’) = B(d’, a)b(a’)(v(a)) (2.18)
a(p, x) = a(x, p)u(x)(p(p)) (2.19)
Aa, x) = b(a)(p(x)) (2.20)

pla) = u(p)[v(a)]b(a)[p(p)] (2.21)
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This follows from evaluating the braiding diagram on simple D A-modules (p, a), (x, ).
The first three equations (2.18),(2.19),(2.20) imply that ¢ = (u,b, p,v) determines
the 2-cocycles «, [ uniquely up to coboundary and the bicharacter A uniquely.
Therefore the monoidal structure is determined by the action of the functor on
simple objects. The last equation (2.21) gives a condition on the automorphism
¢ = (u, b, p,v) which is equivalent to the property:

qop=q

where g : Ax A — k% (p,a) — p(a). We call such a ¢ an orthogonal automorphisms
of Ax A and denote the group of all orthogonal automorphisms of Ax A by O,(AxA).
Therefore we have thus sketched the following group isomorphism:

Auty, (DA-mod) ~ O (A x A)

We refer to Sect. 10 of [ENO10] and Sect. 5 of [DN12] for more details on and
properties of the group O, (A x A).

With this characterization of the group of braided autoequivalences of D A-mod we
want to show that for the assignment M(H,n) — Fp,, where Fy, is the trans-
mission functor for an invertible defect (H,n), is indeed the same as the assignment
(2.17), confirming the claim in the abelian case. In order to show the equivalence we
first decompose Oq(fl x A). This decomposition is a special case of Theorem 6.6.1
of this thesis.

Proposition 2.3.1. X
The following are subgroups of O,(A x A):

i) V= {((”01)* 8) lve Aut(A)}
(i) B = {(é i) |be Hom(A, A)  b(a)(@) = b(d)(a)" Va,d’ € A}

i) €= { (1) Ip € Hom(A,4) plp0) =) o A

For each triple (@, C,¢), where @, C are two subgroups of A such that A =Q x C
and ¢ : C' = C' a group isomorphism, we define a partial dualization on C' to be the
following map:

(xa: xe) % (@.¢) B5" (x0,0(c)) x (4,07 (xc)) (2.22)

We denote the set of such maps rgcs by R and claim that this is a subset of
O4(A x A). Taking the trivial decomposition A = {1} x Aand a d: A = A, we call
71,45 a full dualization on A. Then, we have 7 45 £ - 7"1’711475 =B

For each ¢ € Oy(A x A) there exists an 7 = rg 5 € O4(A x A) such that

¢ € VBrB
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Proof. All statements of this proposition follow from the Theorem 6.6.1. The fact
that the subgroups V, B ~ & together with the partial dualizations r are generators
of O,(A x A) was also shown in Sect. 4 of [FPSV15].

]

For the groups defined above, we have the obvious isomorphisms:
V ~ Aut(A)
B ~ Homgy(A, A) := {b € Hom(A, A) | b(a)(d') = b(a')(a)"" Va,d’ € A}

E ~ Homalt(fl, A) = {p c Hom(fl, A) | p(p(x)) = x(p(p)) "t Vx, p € fl}

where the group structure on Homg; (A, 121) and Homalt(fl, A) is point-wise multi-
plication. In order to show the equivalence of ® gz, and Fy, for all M(H,n) €

BrPic(Vecty) ~ O,(Ax A), it is enough to check that for all generators of Oy (A x A).
For this we use the results of [ENO10] Sec. 10 where an explicit isomorphism be-

tween invertible pairs (H,n) and group isomorphisms O,(A x A) is established (See
also Rem. 10.5 in [ENO10]).

Proposition 2.3.2. We have the following correspondences between generators
(u,b,p,v) € O4(A x A) and invertible pairs (H,n).

(i) To an v € Aut(A) ~ V corresponds the pair
H={(av(@)|acd} n=1

(ii) To an b € Homg; (A, A) ~ BB corresponds the subgroup
H = {(a,) | a € A} = Hyigg = A

and the 2-cocycle n on H ~ A uniquely (up to coboundary) determined by

nad) o
n(a/7a> _b< )( )

(iii) To an p € Homgy(A, A) ~ € corresponds the subgroup
H={(a,p(x)a) | a € A, x € A}
and 1 a 2-cocycle on H uniquely (up to coboundary) determined by

(
n(@.p00a). (@ p)a))
200, o pOgay ~ X))

(iv) To a partial dualization ¢ ¢ s € R corresponds the subgroup
H = {(qca 571()(0)61) | qc QJ cc C7XC € é} = Qdiag x CxC
and 7 a 2-cocycle on H =~ Qgiqq X C' x C uniquely (up to coboundary) deter-

mined by
n((g, 1, 62), (¢, ¢4, &) 8(ch)(cr)
n((qlacllvc/2>7(Q7clch)) 6<C2)(C,1)
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Proof. We use the explicit isomorphism between invertible pairs (H,n) and group
isomorphisms O,(A x A) given in [ENO10] Sect. 10. Under this isomorphism an
orthogonal automorphism ¢ = (u, b, p,v) € Oq(fl x A) corresponds to the subgroup
H < A x A given by

H = {(a.p(x)v(0)) |a € Ax € A}
and the 2-cocycle nn on H determined uniquely (up to coboundary) by

n((a, p(x)v(a)), (@', p(x)v(a’))) N1 N

n((@, p()o(@)), (@, p(x)v(a))) x(a@) ™ [u(x)b(a)][p(x)v(a’)]
One can check that the right hand side of this equation is an abelian bicharacter
on H and hence 7 is indeed determined up to coboundary. We refer to [ENO10] to
check that (H,n) defined as above are indeed invertible, hence fulfill the conditions
(i), (i), (#i7) of Proposition (2.2.2). Also we refer to Sect. 3 of [FPSV15] where
invertibility of (H,n) was checked for the generators. Evaluating the given forms for
generators (u, b, p,v) gives exactly the above subgroups and 2-cocycles. O

It is easy to see that the multiplication of a full dualization ry 45 with an p € E
gives us an element in B and that r; 45 - F - riim = B. To see this on the level
of invertible pairs (H,n) is not that easy. For this one has to calculate the relative
Deligne tensor product of the respective Vectg-bimodule categories, which indeed
can be done using Proposition 3.16 in [ENO10], but it is of course more complicated
that just multiplying two matrices.

Proposition 2.3.3. The functor Fpy, agrees with ® g, for all invertible pairs
(H,n).

Proof. Every pair (h[ ,m) is determined uniquely by an orthogonal automorphism
¢ = (u,b,p,v) € Oy(A x A). Then according to [ENO10] Sect. 10 we have

cI)M(H,n)(X? CL) = (u(¢)b<a>’p<X)U(a)) = ¢(X7 a)

We now what to show that for every (H,n) the transmission functor acts on simple
objects the same way. For this we first calculate the transmission functor Fp, on
simple objects of DA-mod. The pullback ¢f : DA-mod — DH-mod is given on
simple objects by:
LT(Xv CL) = @ (X Ol1, h)
hewy (a)

Recall that ¢; : H — Ax A — A was the composition of the embedding to A x A and
then projecting to the first factor. Further, the functor ¢, : DH-mod — DH-mod
defined in (2.14) acts on simple objects:

Gy(C, h) = (C-wy(h,-), h)
and from (2.15). Recall that w,(h, ') = n(h,h’)/n(R', k). Finally, the pushforward
&+ DH-mod — DA-mod on simple objects is given by

15.(Ch) = @B (p.1ah)

pEA
{=porgy
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where 1o : H < A x A — A is the composition of the embedding to A x A and
then projecting to the second factor. So the transmission functor is given by the
composition Fy, = &, ¢,tf : DA-mod = DA-mod and acts on simple objects as
follows:

Fyy(x.a) = €D S R) (2.23)

hew (a) pEA
1 xotq -wn(h,)=poiy

Now we use that X
H = {(a,p(x)v(a)) | a € A,x € A}
and that n on H is determined by

n((a, p(x)v(a)), (@', p(x)v(a’)))
n((a’, p(x')v(a’)), (a, p(x)v(a)))

(see proof of Proposition 2.3.2). Therefore we have
it (@) = {(a,p(y)v(a) |y € A} € H

and v2((a’, p(7")v(a’))) = p(7')v(a’). We evaluate the equation y oty -wy(h, ) = pors
on both sides with elements b’ = (a’, p(7')v(a’)) € H and get:

= x(a") " u()b(a)][p(x)v(a")]

x(@ )y (@) fuMb(@)] (Y )o(@)] = p(p(y)o(@)  Vd' e Ay e A (2.24)

At this point we want to use the decomposition of Oq(A x A) from Proposition 2.3.1.
Let us first look at (H,7n) corresponding to elements of

<(“01)* 2) €V~ Aut(V)

Then ®p,(x,a) = ((v"1)*x,v(a)). The equation (2.24) reduces to just p = (v™1)*
and since p = 0 there is only one element in the preimage ¢;*(a) = {(a,v(a))}. So
the transmission functor gives

Frp(x.a) = (v71)"x,v(a)) = @ay(x, a)

Let us now consider (H,n) corresponding to elements of

((1) Ii) € B ~ Homg; (A, fl)

Then @y, (x,a) = (x-b(a),a). The equation (2.24) reduces to x -b(a) = p and since
p = 0 there is only one element in the preimage ¢;*(a) = {(a,a)}.

Frp(x; a) = (x - b(a), a) = P y(x, )

Now consider (H,n) corresponding to elements of

10 P
(p 1) € & ~ Homy, (A, A)
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Then @5 ,(x,a) = (x,p(x)a). We have ;' (a) = {(a,p(y)a) | v € A} and equation
(2.24) reduces to x = p and p(y) = p(x).

Fry(x,a) = o, (p:p(7)a)

(a,p(n)a)er] ! (a) ped
x=p,p(7)=p(x)

= (x;p(x)a) = Puy(x,a)

Now consider (H,n) corresponding to partial dualizations ro ¢s € R, then @y, (xoxc, gc) =

(x@0(c), 0~ (xc)). We have 17" (ge) = {(g¢,67'(7¢)q) | 7¢ € C} and equation
(2.24) reduces to

xe(@)xa(d)ve(d)1o(e) (671 () = pe(6 (ve))pa(d)

which is equivalent to

XQ = PQ Xc = e pc =94(c)

Therefore the transmission functor in this case:

Frq(xoxe, qc) = &b (0,0 (7e)a)

(qcyfs*l(wc)q)GLfl(qC) pc€C.pQeQ
XQ=rPQ:XCc="C:pCc=9(c)

= (x@0(c), 6 (xc)a) = Pun(xexc: qc)

For all xq €eQ,xceCqeQ,cecC.

So we have shown that Fp, = ® ) on all generators. Note that it was technically
not necessary to do this both on B and € because ry a5 E -1 4 s = B. O

At the end of this section, we want to mention the field theoretic interpretation of
the subgroups V, B, £ and the partial dualizations R. The input data of a Dijkgraaf-
Witten theory is a pair (A, w) where w € H3(A, k*) was considered to be trivial. Tt
is natural to expect that symmetries of the input data give us symmetries of the
quantized theory. Indeed, as we have seen, the group V ~ Aut(A) is a symmetry
group and can be viewed as the symmetry of the stack of A-bundles Bun,. This is
a symmetry of both the classical as well as the quantized Dijkgraaf-Witten theory.
In addition to A we also have the ingredient w = 1. Even tough w is trivial, it can
have a non-trivial symmetry group. In fact, every element in Z%(A, k*) gives a gauge
transformations of w and hence it is natural to expect the symmetry group H*(A, k).
Indeed, we have B ~ Homgy(A, A) ~ H2(A,k*) as a subgroup of BrPic(Vect,).
The elements of B are symmetries of the classical theory as well as the quantized
theory. If we view the Dijkgraaf-Witten theory as a o-model with target BA, the
classifying space of the group A, the trivial 3-cocycle w has the role of a background
field and elements of the group B ~ H?(A, k*) are interpreted as background field
symmetries.
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In addition to the subgroups V,B, which were both natural to expect from the
input data, we have also partial dualizations. These are not visible on the classical
level and appear only in the quantized Dijkgraaf-Witten theory as an interacting
term between B and £ symmetries. In physics literature these are called electric-
magnetic dualities, as they exchange magnetic charges of anyons (bulk Wilson lines
of the form (1,a) € A x A) and electric charges of anyons ( bulk Wilson lines of the
form (x, 1) € A x A) (see [BCKA13]). Generally, electric-magnetic dualities play a
central role in gauge theories (see e.g [KaWO07]).

For abelian Dijkgraaf-Witten theories, V, B and partial dualizations give a complete
set of generators, since we get elements of £ by conjugation with a full dualization on
A. Nevertheless, it is interesting to note that we have & ~ Homgy (A, A) ~ H2(A, k*)
as a symmetry group.

In the case of a non-abelian structure group G, we do not have a full dualization;
we can only dualize on abelian (semi-)direct products and hence not on the whole
group GG. For this reason the symmetry group £ and B are truly different in the
non-abelian case (see Chapter 7).
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Chapter 3

Monoidal Autoequivalences of

Rep(G)

We want to determine the lazy cohomology on k¢ for a finite group G. We obtain
this by using Movshev’s classification of k“-Galois objects and the additional result
in the form presented in Davydov [Dav01] and apply these to the lazy Galois objects.
Further, we give an explicit 2-cocycle representing a lazy cohomology class on k©.

3.1 Galois Algebras

For a finite group G, a left G-algebra is an associative algebra R together with a
left G-action given by a homomorphism G — Aut(R), where Aut(R) is the group
of algebra automorphisms of R. A G-algebra is called Galois, if the algebra homo-
morphism

0: ROkG — End(R)  0(r®9)() =1 (g9.7")

is an isomorphism. This is the same as saying that R is a k“-comodule algebra such
that the Galois map (see Definition 1.2.1) is an isomorphism

Br: R®y R —> R®y k°
rer — ZT-(g.T’)@@Q

Therefore, a left G-Galois algebra is a right £“-Galois object.

For any group S and any 2-cocycle n € Z?(S, k*) we view the twisted group algebra
k,S as a S-algebra with the associative multiplication given by g - h = (g, h)gh
and the left S-action g.h = g - h - g~'. Twisted group algebras corresponding to
cohomologous 2-cocycles are isomorphic as S-algebras. We pick an 2-cocycle n €
Z2(S, k*) such that n(g,¢g') = 1. Every 2-cocycle is cohomologous to a 2-cocycle
with this property:

47
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For an s € S we define a group homomorphism

n(s,1)

n(t, s)

where Centg(s) is the centralizer of s in S. This is indeed a homomorphism, because
for all s € S ¢, € Centg(s):

Centg(s) — k™t —

(s 1)) = (s, Onlst,t') _ n(s, nlts,t') _ nls, nls, t')n(t, st')
’ n(t, t') n(t, v') n(t, t)n(t, s)

where we used that ¢ € Centg(s) in the second equality. We also have
n(t', s)n(t, t's)
n(t, )
Putting these equations together and using that ¢ € Centg(s) we get:
(s, i) n(s, t)n(s, t)n(t, st)n(t,t') _ nls,t)n(s,t')

n(tt',s) =

n(tt',s) 0t ¢)n(t,s)nt, snt,t's) — nlt,s)n(t',s)
Therefore, the map defined above is indeed a group homomorphism. If this homo-
morphism is non-trivial for all s € S, we call n non-degenerate.

Given a subgroup S of G and a S-algebra B, there is a natural way to construct a
G-algebra by induction:
ind$(B) .= {r: G — B | r(sg) = s.r(g) Vs € S}

which is an associative algebra with the pointwise multiplication of maps and has
a left G-action given by (¢'.r)(g) = r(g9g’). We are now ready to present the first
classification result.

Lemma 3.1.1. (Theorem 3.8 [Dav01] )

Let k£ be an algebraically closed field of characteristic zero. Then there is a bijection
between isomorphism classes of right k“-Galois objects and conjugacy classes (S, [])
where S is a subgroup of G and [n] € H?(S,k*) for n a non-degenerate 2-cocycle.
The isomorphism assigns to a conjugacy class (.5, [n]) the isomorphism class of

R(S,n) :={r:G—k,S | r(sg) =sr(g) Vs € S,g € G}

with multiplication given by pointwise multiplication of functions and with a G-
action given by (g.r)(h) = r(hg).

Lemma 3.1.2. (Proposition 6.1 [Dav01])
Let R(S,n) be a right k%-Galois object as above and let G’ := Autg(R) be the group
of G-algebra automorphisms. The following are equivalent:

e R(S,n) is an k%-k%-Bigalois object with the natural left k%'-coaction resp.
right G’-action r.f = f(r).

o |G'] =G

e S is an abelian normal subgroup of G and the class [n] is G-invariant.
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3.2 Lazy Cohomology of k¢

We want to describe all Bigalois objects with the property G = G’ from the char-
acterization above. In particular, we determine for the induced Bigalois objects
R(S,n) the explicit 2-cocycle twist in the following sense:

Lemma 3.2.1. Let S be a normal abelian subgroup of G and n € Z*(S) a non-
degenerate 2-cocycle i.e. (s,t) := n(s,t)n(t,s)™' is a non-degenerate alternating
bicharacter. Further, assume for simplicity that n(s,s™!) = 1 for all s € S (Note
that this is always possible up to cohomology). Then there is an isomorphism of
kC-comodule algebras: (k%) ~ R(S,n) where o € Z?(k%) is defined by

a<f,f'>=5i|2 S ) () ) F) £ )

| rtr' t'esS

and where (k%) is k¢ as a k%-comodule and where the algebra structure is the one
on k% twisted with a.

Proof. We show that an isomorphism @ : (k%) — R(S,n) is given by

1
s |S’<hn—>2tfrhtr>>

t,res

We check that ®(f) is a kS-linear map:

O(f thrsgtr ’S|thrgtr>(ts>1
trES t,r!
]S] ; n(s, t)in(t,s)~") f(r'g)(t, )
St S ) / /
,Z( tey) F0 )

= 5 2 s ) ) = 52(/)(0)

t,r!

Next we check that ® is a kG-module morphism:

(hf) = 2(foh)fi) = (g = SgM) = 157(9 = > tf(rgh)(t,r)) = h.®(f)

| t,res
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Further, it is an algebra morphism: ®(1)(g) = # Doirest{tr) =D gt =1

(@(N)2(f) (9) = # (Z tf(T9)<ta7‘>> ' ( > t’f(r’g)@’ﬂ“’))

t,res t'r'eS
1
= a2 ttn(t. ) - frg)(t,r) f'(r'g){t', 1)
5|
trt' r'esS
1 1 NN ~—1 5 ~—1
- 57 > mZt@,r}(t,r V' Y
rit,r' t'eS i.Fes

fu(r) fL ) ) (D n () - fa(9) folg)
:#~ S i)

t,7rtr t'eS

fi() fLE) e T () - fa(g) f2(9)
" ~—1 1 T~
T = 5P > t(t,7)

t,7 !t tes

RO ) - L)1) - F(9) o)
- % ST UL - alfi S lFg) 4(79) = B(f -0 (o)

t,resS

We finally check bijectivity of ®. We first note that for any coset Sg C G the
functions f which are nonzero only on Sg¢ are sent to functions ®(f) which are
nonzero only on Sg. With the fixed representative g of a coset Sg we consider the

basis eg, for k%9. By construction this element is mapped to the following element
in Homyg(k[Sg], kS):

P(eyy) = ﬁ <s’g — Z tesg(rs’g)<t,r>) = |—;| <s'g — Zt(t, s)(t, s'>_1>

t,res tesS

This is by construction a Fourier transform with a non-degenerate form (,), which
implies bijectivity. More explicitly, we show injectivity by considering ' = 1. Then
we get elements ), _ot(t,s) in S, which are linearly independent by the assumed
non-degeneracy. Now bijectivity follows, because source and target have dimension

El O

In particular, the assumption in Lemma 3.1.2 is that the class [n] € H?(S) is G-
invariant and hence the alternating bicharacter (,) on S is G-invariant. Then the
criterion in Example 1.3.5 (ii) implies that « is lazy if and only if it is G-invariant
and we have:

Corollary 3.2.2. A lazy cocycle for k% is up to cohomology the restriction of a
G-invariant 2-cocycle 1 (not just an G-invariant class [n]) on a normal abelian sub-
group S in the sense of Lemma 3.2.1.
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Corollary 3.2.3. Let a € Z2(k%) be a 2-cocycle with the additional property
a(eg, en) = alen, ey). Then a is cohomologically trivial.

Proof. Since k¢ is commutative, we have
dv(eq, ey) = v(en JV(ey )V (enyey,) = du(ey, e)

thus every 2-cocycle o in the same cohomology class as « is also symmetric, hence
o'(ey, ) = a/(en, €4). By Lemma 3.2.1 every cohomology class has a representative
induced by an n € Z?(9) for a normal abelian subgroup S. One checks that such an
7 is given by

77(878/> = Z O‘(ezvey><x’8><y7‘9,>

T,yeS

which implies that 7 is symmetric on S. Since S is abelian 7 is cohomologically
trivial. Since any lazy 2-cocycle is up to cohomology the restriction of a 2-cocycle
n on a normal abelian subgroup S C G the symmetry condition implies that 7 is
also symmetric, hence (z,s) = 1 for all z,s € S. But we know from 3.1.1 that 7
is non-degenerate hence (z,s) = 1 for all  implies s = 1. This implies that the
abelian subgroup S is trivial and hence « is cohomologically trivial. O]

Note that this can also be seen from the fact that the Galois object (k%) is a
commutative algebra, since k¢ commutative and o symmetric. Such a Galois object
is then trivial up to isomorphism.



52

CHAPTER 3. MONOIDAL AUTOEQUIVALENCES OF REP(G)



Chapter 4

Hopf Automorphisms of the
Drinfeld Double

4.1 Construction of Subgroups

In this chapter we give a description of Auty,,s(DG). More precisely, we determine
in Theorem 4.2.1 a decomposition of Aut,,s(DG) into double cosets similar to the
Bruhat-decomposition of a Lie group. If the direct abelian factors of G are not
elementary abelian, then the reflections we need for a double coset decomposition
are twisted, in particular they do not square to the identity. However, it is possible
to give a coset decomposition based on non-twisted reflections.

Our results in this section rely on the approach [ABM12] Corollary 3.3 and on
the works of Keilberg [Keill5]. He has determined a product decomposition (exact
factorization) of Autp,,r(DG) whenever G does not contain abelian direct factors.
In [KS14] Keilberg and Schauenburg determined Autyy,,;(DG) in the general case,
hence when G is allowed to have abelian direct factors using an approach that differs
from ours.

Recall from Definition 1.1.1 the Hopf algebras kG, k¢ and DG. We write g > e), =
egng—1 for the left action of £G on k¢ and g h = ghg™" for the left action of kG on
itself.

Proposition 4.1.1. (Theorem 1.1, Corollary 1.2 [Keill5])
The underlying set of Auty,,s(DG) is in bijection with the set of invertible matrices

(u b) where
a v

u: kY — k¢ is a Hopf algebra morphism
b:G— G is a group homomorphism
a: kY — kG is a Hopf algebra morphism
v:G—G is a group homomorphism

33
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fulfilling the following three additional conditions for all f € k% and g € G:

u(fiy) x alfie)) = ulfiz) x alfo))  vlg)>ulf) =ulg> f)  wv(gla(f) = alg> flo(g)

(4.1)

This bijection maps such a matrix to the automorphism ¢ € Auty,,r(DG) defined
by:

o(f x g) = ulfa)blg) x alfi)v(g)  Vfek® Vged
We equip this set of matrices with matrix multiplication where we use convolution to

add and composition to multiply then the above bijection is a group homomorphism.

Example 4.1.2. For G = A a finite abelian group we have k*4 ~ kA as Hopf
algebras. Since Hopf algebra homomorphisms map group-likes to group-likes, u
is determined by a group homomorphism of A and a is determined by a group
homomorphism A — A. Thus, we get an isomorphism between Hopf algebra auto-
morphisms of DA ~ A x A and group automorphisms of A x A:

Autgopr(DA) ~ Aut(A x A)

where all maps u, b, a,v are group homomorphisms.

In the following we will often express the maps u, a, b in terms of a canonical basis
in the following way

uleg) = Y uleg))(Ben  blg) =Y blg)(h)en

heG heG
= Zeh(a(eg))h =: Z agh
hea heG

We denote by e.g. u* : kG — kG the dual map of u : k¥ — k%, hence ej,(u*(g)) =
u(ep)(g) and similarly for a,b,v. An automorphism ¢ € Autp,,s(DG) can then be
given in the following way:

eth Zb Zi*m 1(61’Xy)

z,yeG
In the matrix notation (% ?) we use the following conventions:

e u = 0 denotes the map k% — k% e, — (h + &,1.) and u = 1 the identity
map on k.

e b =0 denotes the map kG — k%, g — 1,c
e a =0 denotes the map k% — kG;e, — 160,14

e v = (0 denotes the map G — G; g — 1g and v = 1 the identity map on G.
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Lemma 4.1.3. (Section 2[Keill5])
Let (%) € Autpyeps(DG). Then the following holds:

e The Hopf morphism a is uniquely determined by a group isomorphism A~ B
where A, B are abelian subgroups of G such that im(a*) = kA and im(a) = kB.
The map a is then given by composing k¢ < k4 =2 kA = kB — kG.

o A, B<Z(G), G=Z(G)im(v), im(a)im(v) = im(v)im(a).
e u* ow is a normal group homomorphism.

e The kernels of v and u* are contained in an abelian direct factor of G.

We now introduce several important subgroups of Autg,,s(DG). The first subgroup
illustrates how a group automorphism of G induces an Hopf automorphism of DG.

Proposition 4.1.4. (Proposition 4.3 [Keill5])
There is a natural subgroup of Auty,,r(DG) given by:

V= {(“’01)* 2) lve Aut(G)}

An element in V' corresponds to the following automorphism of DG:
eg X h = eyq) x v(h)

We obviously have an isomorphism of groups: V' ~ Aut(G).

Then we have two group of ’strict upper triangular matrices’ and ’strict lower trian-
gular matrices’ which come from the abelianization Gy, = G/[G, G| and the center
Z (@) respectively.

Proposition 4.1.5. (Proposition 2.3.5 [Courl2])
There is a natural abelian subgroup of Auty,,;(DG) given by:

B = {(é ?) | be HOm(Galn@ab)}

An element in B corresponds to the following automorphism of DG:
eg X h—=b(h)(g) eg X h

We have an isomorphism of groups B = Hom(Gab,éab) = @ab Rz @ab where the
Hom-space is equipped with the convolution product.
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Proposition 4.1.6. (Proposition 4.1 and 4.2 [Keill5))
There is natural abelian subgroup of Auty,,(DG) given by:

pee (10 o tomZ@), 70}

An element in E corresponds to the following isomorphism of DG:

eg X h — Z eg, X a(eg,)h

9192=4g

We have an isomorphism E = Hom(Z/(\G), Z(G)) = Z(G) ®z Z(G) where the Hom-

space is equipped with the convolution product.

Proposition 4.1.7. (Proposition 4.5 [Keill5] )
There is a subgroup of Auty,,s(DG) given by:

V= {(@_01)* (1)) v e AutC(G)}

where Aut.(G) := {v € Aut(G)|v(g)g~* € Z(G)}. An element in V. corresponds to
the following map
eg X h = eyg) X I

We can now state the main result of [Keill5] which determines Auty,,s(DG) in the
case that G is purely non-abelian (i.e. has no direct abelian factors):

Theorem 4.1.8. (Theorem 5.7 [Keill5])
Let G be a purely non-abelian finite group. There is an exact factorization into
subgroups

Autpopr(DG) ~ E((V. x V) x B)
~ ((V.xV)x B)E

The main step in the proof is using the fact that ker(u*) and ker(v) are contained
in direct factors of G according to Lemma 4.1.3. Clearly, if G is purely non-abelian
then u,v have to be invertible. This leads directly to the above decomposition.
The exact factorization fails to be true in the presence of direct abelian factors. In
this case neither u nor v have to be invertible, but their kernels are still contained
in an direct abelian factor. From this point of view it seems natural to introduce
an additional class of automorphisms of DG that act on direct abelian factors of G.
These will be maps that exchange an abelian factor kC' C k% x kG with its dual
k¢ C kC % kG.

Proposition 4.1.9. Let R, be the set of all tuples (H, C, ¢, v), where C'is an abelian
direct factor of G and H is a subgroup of G such that G = H x C, § : kC = k¢ a
Hopf isomorphism and v : C' = C a nilpotent homomorphism.
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(i) For (H,C,0,v) we define a twisted reflection on C to be ry s, : DG — DG
on C given by:

(fr. fo) x (h,e) = (fi,0(c)) x (h, 6~ (fe)v(c))

where fy € k¥, fo € kK h € H and ¢ € C. All twisted reflections ry ¢4, are
Hopf automorphisms.

(ii) Denote by the subset R C R; those elements that have v = 1. We call the
corresponding Hopf automorphisms ry ¢ s a reflections on C.
Let (H,C,¢), (H',C",§) be two reflections. If there exist two group isomor-
phisms f1, fo : C' ~ C’ such that § = f5 0’ o fi, then there exists two group
automorphisms vy, vy € Aut(G) ~ V (see Prop. 4.1.4) such that

v; 0 (vyh)* 0
TH,C,(S: 0 U2_1 'TH’,C’,zS/' 0 o

Before proving this proposition, we want to make some remarks:

e By a nilpotent homomorphism v : C' — C we mean that v = 1¢ for some n € N.
If we decompose C' into cyclic groups and view v as a matrix with respect to this
decomposition, nilpotent means that all entries in this matrix are multiplicative
non-invertible elements in these cyclic groups. In particular, for elementary abelian
groups, all direct factors are of prime order and hence v = 1¢.

e Part (i7) of the proposition shows how we can go from one (non-twisted) reflection
to another by multiplying with elements in Aut(G). The condition 6 = f5 0 ¢’ o f;
evaluated on group elements gives us:

d(c1)(c2) = ' (fi(er))(fa(e2)) Ver, e € C

e The matrix for a twisted reflection twisted reflection (H, C, d, v) is given as follows:

DiH 0 o pc

0t opre pm v
where the maps pya : k7 x k¢ = k¥, pre : k¥ x k¢ — kY, py : H x C — H and
pc : H x C — C are projections. In order to simplify the notation, we sometimes

abbreviate this matrix by
pu 0
0" putv

Proof. (i) In order to prove that a reflection is indeed an automorphism of DG we
have to check bijectivity (which is clear) and the three equations (4.1). In this case
we have:
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We check the first equation of (4.1). It holds, because for all h € H, ¢ € C we have:

Z DrH (ehlcl) x 6t Oka(ehch) = Z 501,15h2,16h1 X 5_1((3@)

hihgo=h hiho=h
c1e2=¢c clco=c

= e X (5_1(60)

= > Gep1Onan, X 6 (e,

hiho=h
ClC2:C

= Z Pt (Ehyes) X 07 0 pre(€nyey)

h1ho=h
cieo=c

The second equation of (4.1) holds, because for all h € H, c € C:
pu(he)v(c) > ppu(epe) = hv(c) > do1ep = O 1€ppp—1
is equal to
pkH(hC > eh’c’) = pkH(ehh/h—lc/) = €hh/h—15c',1
The last equation of (4.1) also holds, since for all h € H, ¢ € C":
hv(c)6~ ! o prolewe) = hv(c)d (ew)dna

is equal to

5§ opre(ewe)pu(he)v(c) = 6 ey ) 1hv(c)
(ii) Let H,C,H',C" be subgroups of G such that H x C' = G = H' x C' and

fi, fa : C = " group isomorphisms such that § = f5 o’ o f;. Note that we then
have the identity § = f{ 0 0’ o fy, because for all ¢, ¢y € C:

d(c1)(c2) = d(c2)(cr)

where we have used d(c;)(c2) = d(c2)(c1)Vey, o € C and similarly for §'.

According to [Reml1], for a finite group G, the group of central automorphisms
Aut.(G) acts transitively on the set of Krull-Schmidt decompositions of G. We have
H xC =G =H'xCC" So we can find a central automorphism ¢ € Aut.(G) such
that ¢ restricted to H gives us an isomorphism v|g : H = H' and 1 restricted to
C gives us an isomorphism 1|¢ : C' = C".



4.2. DECOMPOSITION 99

For i = 1,2, we define v; € Aut(G) by v;(he) := |g(h)fi(c) for h € H,c € C. Let
us check that these fulfill statement in the proposition:

vy 0 Prr §oper\ ((vyh)* 0
0 U;l 5/_1 O Prc’ yoig 0 (%1

_ vz oppm o (v1)" w30 operou
=1 - —1 _ _
vyl od Fopuer o (vpt) vyl opmi o

— ( () o (') oppn  fyod o fy OPC’>
fotod o (fi ome YUy ovupn

_( e dopc
0'opre  pm

where we have used 0 = f5 06’ o fj and 0 = f] 0 ¢’ o f; in the last equation. n

4.2 Decomposition

Theorem 4.2.1. Let G be a finite group.

(1) Autpopr(DG) is generated by the subgroups V', V., B, E and the set of reflec-
tions R.

(ii) For every ¢ € Autp,,f(DG) there is a twisted reflection r = ry ¢, € Ry such
that ¢ is an element in the double coset

(Vex V)x B]-r-[(Vox V) x E]
(iii) Two double cosets corresponding to (non-twisted) reflections (H, C, 6), (H',C", ")
are equal if and only if there exists a group isomorphism C ~ C".

(iv) For every ¢ € Autp,,r(DG) there is a reflection r = ry o5 € R such that ¢ is
an element in

re[B((Vex V) x E)]

(v) For every ¢ € Autp,,r(DG) there is a reflection r = ry ¢ 5 € R such that ¢ is
an element in

[(Vex V) x B)E]-r

Before we turn to the proof, we illustrate the statement of Theorem 4.2.1 on some
examples:

Example 4.2.2. In the case G is purely non-abelian, there are no (non-trivial)
reflections. We get the result of Theorem 4.1.8.
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Example 4.2.3. Let G = Z; and p a prime number. We fix a group isomorphism

Lyy Zp. We then have a group isomorphism
Autprops (DG) = Aut(F) x ) >~ GLy, (IF))
The previously defined subgroups, as subgroups of GLa,(FF,), are in this case:

e V= GL,(F,) ~ {(,40—1 D |Ae GLn(Fp>}

o V.~ GL,(F,) ~ {(61 (1)> |Ae GLn(Fp)}

) Bgéab(@Zéab:ngn:{(é ‘f) ’BG]FZX”}

1
o B2 7(G)®y Z(G) = F=n ~ {(E (1)) |EngXn}.

The set R is very large: For each dimension d € {0,...,n} there is a unique iso-
morphism type C' = Fz. The possible subgroups of this type C' C G are the
Grassmannian Gr(n,d,G), the possible ¢ : C' — C' are parametrized by GL4(F,)
and in this fashion R can be enumerated.

On the other hand, we have only n + 1 representatives r(¢ for each dimension d,
given for example by permutation matrices

0 0 |1z O
0 1,40 0
1 O 0 0
0 0 0 1,-4

One checks this indeed gives a decomposition of GLy,(F,) into V.V B-V_.V E-cosets,
e.g.

GLy(F,) = (V.VB-ry-V.VE) U (V.VB-rg,)-V.VE) U (V.VB -1 - V.VE)
3 4
CL(F,)| = plGL(F)P  +  HEERE g pGLy(F,)P
30,2 1\4[, 2 \4
= PP -1 -p)? + IR 2 - 1)2( - p)?

(* = 1) (" —p)(* — p*)(p* — p*)

It corresponds to a decomposition of the Lie algebra A,, ; according to the A,,_; X
A, _1 parabolic subsystem. Especially on the level of Weyl groups we have a decom-
position as double cosets of the parabolic Weyl group

Son = (Sn X Sp)1(S, X Sp) U (Sp xSp)(1,1+n)(S, xSy,) U
e U (S xSp)(L,1+n)(2,24n)---(n,2n)(S, X S,)
e.g. [S4=4+16+4

In this case, the full Weyl group S, of GLj,(IF,) is the set of all reflections (as
defined above) that preserve a given decomposition G =F, x --- x F,,.
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Proof of Theorem 4.2.1.

(i) follows immediately from (iv).

(ii) From above we know that ker(v) is contained in an abelian direct factor G. The
other factor can be abelian or not, but we can decompose it into a purely non-abelian
factor times an abelian factor. Hence we arrive at the decomposition G = H x C'
where H is purely non-abelian and where ker(v) is contained in an direct abelian
factor of C'. Since C'is a finite abelian group there is an n € N and an isomorphism

C=0; x...xC,

where C; are cyclic groups of order pfi for some prime numbers p; and k; € N with
pi < py fori < j.

A general Hopf automorphism ¢ € Autp,,;(DG) can then be written in matrix form
with respect to the decomposition G = H x C; x Cy x --- x C,, as

UgH *°° UC,,H bH,H s an,H

¢ _ uH:Cn e uCnnd bH,Cn e bcnycn (4 2)
aH,H aCn,H UH,H UCn,H
agce, - 0c,C, | VHC, *°° VC,,C,

Let ¢, be the generator of C),. Since ¢ is an automorphism we know that the order
of ¢(c,) is also p*». This implies that one of the elements

by, u(Cn), - 0c, .0, (Cn), Ve, m(Cn), -+ 00,0, (Cn)
has order pf». Then we can have three possible cases:
Case (1): One of the v, ¢, or be, ¢, is injective.
Case (2): One of the v, ¢, or be, ¢, is injective and m < n.
Case (3): One of the ve, g or be, g is injective.

Case (1): If ve, ¢, is injective, then it has to be bijective (since C,, is finite). We
can construct an element in B and an element in V, :

1 --- 0lo --- 0 r - 0{0 --- an,Hvai,cn
10 - Y 1o - 7!
0 0 0 _ 0 10 be,,c Ve, .00 (4.3)
g --- 011 --- vaHUCn,Cn 0 1 0
0« 00 -+ vge 0 -~ 0[0 --- 1
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Multiplying (4.2) from the left by (4.3) we eliminate the 2n-column. Similarly,
multiplying with elements of £ and V. from the right we can eliminate the 2n-row.

B,V * * 0 IO 0
2 : | 0 (4.4)

. . * . 1 * % | % * 0

0 0]0 - 0 1

In the case that bc, ¢, is injective, hence bijective, we construct an element in V,:

1 ... meHb_i,Cn 0 --- 0
0 be,cnbalo [0 - 0

N 4.
0 --- 0 1 -~ 0 (4.5)
0 --- 0 0 --- 1

Since the upper left quadrant of (4.5) is the dual of an automorphism that takes
values in abelian factors of (G it is indeed an element of V.

Multiplying (4.2) from the left by (4.5) we eliminate the upper half of the 2n-column
and by multiplying with elements of £ and V, from the right we eliminate the n-row:

* x| % 0 * x| % 0
PN C'mcn PO C’!ch’n (46)
* k| ok k * k| sk *

Case (2): If ve, ¢, (cn) is injective it is also bijective, since |Cp,| < |C,| by con-
struction. Then we must have p, = p,, and k, = k,,. Then let w € Aut.(G)
be an automorphism such that w(C,) = Cy,, w(C,,) = C,, and identity elsewhere.
Multiplying with ({9) € V. from the left returns us to Case (1) when vc, ¢, is
invertible. Similarly, if bc, ¢, is injective, it has to be bijective because of the same
order argument as above. Exchanging the C, with C,, by an (% 9) € V. we return

to the Case (1) when b¢, ¢, is invertible.

Case (3): If v, g is injective, we can also assume that ve, g is the only injective
map in the last column of ¢, else we choose Case (1) or Case (2). Since the whole
matrix ¢ is invertible, there exists an inverse matrix ¢—! = (Zf gﬁ) and then the
multiplication of the last right column of ¢ with the last upper row of ¢! has
to be 1. Therefore there has to be a homomorphism vy : H — C, such that
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w = U}I,cn ove,.m - Cp — C), is injective, and therefore bijective. We have an exact
sequence
!/ UIHYCH
0—ker(vye,) —» H =" Cp,—0

which splits on the right via ve, gow™'. Restricting to group-like objects G(DG) =
G x G the row ay gac, g...Va,---Vo,, m gives a surjection from G x G to H. It maps
central elements to central elements because it is surjective and hence the restriction
to C),, namely vc, g, has central image. This implies that C),, is a direct abelian

factor of H which is not possible, because H is purely non-abelian per construction.

Hence we end up with either the form (4.6) or the form (4.7). Now we inductively
move on to C,,_1, Cy,_o, ..., C7; where we permute parts with the non-invertible v’s
to the right lower corner by multiplying with elements of V.. Since ker(v) has trivial
intersection with H per construction, the map vy g is invertible. As in the Case
(1) we can use row and column manipulation to get zeros below and above vy g as
well as left and right. Note that the elements we are constructing are always in V.
because either have abelian image per definition or are restrictions on abelian direct
factors of surjections. Only vy g, um g do in general not induce V, elements like that.
But corresponding to the automorphism UI}}H there is a matrix in V. Multiplying
with this matrix changes the remaining uy g to vy y o uy g and the vy g to idg.

Now we now consider a generator y,, of C,, and conclude from the fact that ¢ is an
automorphism the analogous case differentiation from above but now for entries in
the remaining « and a. With the same arguments as above we move through the
columns corresponding to C’n_l, e C’l, H and end up with a matrix of the following
form:

0O I 0|0 O O
0 0 00 0 By
0 0O 011 0 O (4.7)
0 0 0|0 Ix O
0 0 A,|0 0 V,

where £ +m + 1 = n, B,,, A,, are diagonal m X m-matrices with isomorphisms
on the diagonal, I an k X k-identity matrix and V,, a m X m-matrix with non-
invertible homomorphisms as entries. Further, since H is purely non-abelian and by
Lemma 4.1.3 ker(u) is contained in an abelian direct factor we deduce that uy g is
an isomorphism. Also by Lemma 4.1.3 we know that the composition

wyy 0 0\ /1 0 0 Wy 00
0 L ojlon, ol=| 0 I 0
o 0 0o/ \o 0 V, 0 0 0

has to be a normal homomorphism, hence uy z has to be a central automorphism.
Therefore we get (4.7) with uy g = 1 by multiplying with the inverse in V.. Our
final step is normalizing the A,, by multiplying with an element in V, corresponding
to
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1 0 0
0 I 0
0 0 B'A}

Hence we end up with a twisted reflection:

10 0100 0
0L 0100 0
00 0 ]0 0 B
00 01 0 0 (48)
00 0 (0 O
0 0 B'|0 0 V,

(iii) Assume that the two double cosets corresponding to 14 o5 and rycs are
equal. Then there are w, w',v,v' € Aut(G), o’ € Hom(Z(G), Z(G)), b € Hom(G, G)

such that
w*  w*b ﬁH 0 . ﬁH/ o' w/* 0
0 v 5 opu)  \& py ) \Wa W
w*ﬁH + w*b&‘l ’LU*(S 4 w*pr ﬁH’w/* + 6/,Ulal 5,1},
vt vpH '™ + ppv'd ppit!

Comparing entries implies vopy = pgrov’. Then C = ker(py) = ker(vtopgov') =
v Y (ker(pg)) = v'"H(C"). Hence v’ restricted to C' gives an isomorphism C ~ C’.
On the other hand, if we have an isomorphism v : C' = C", Proposition 4.1.9 (ii)
with fi :=v:C S " and f5 := 8 ' ov* ' 0§ implies that the double cosets corre-
sponding to (H,C, ) and (H',C’, ") have non-trivial intersection and are therefore
equal.

(iv) Let ¢ be a general element in Auty,,r(DG) as in (4.4). We use the same
arguments as in (ii) to get to the case differentiation for every column. We can
produce zeros in each row by multiplying ¢ with £ and V, form the right, except
when we have invertible entries in a and u. In this case multiplying with £, V. from
the right can only produce zeros in v and a respectively. Hence we end up with:

1 0 0 % * %

0 I O |*x *x =

0 0 0 |0 0 B,

0 0 0O |1 0 O (4.9)
0 0 0 |0 I O

0 0 Bl|*x *x %

where B,, is a diagonal m X m-matrix with isomorphisms on the diagonal, I} an
k x k-identity matrix and k& +m = n + 1. Multiplying again from the right but now
with elements of B (which was not allowed in (ii)) and elements of V. we eliminate
the % which results in a (non-twisted) reflection.
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(v) This is similar to above. We start with (4.4) an move from column to column
as in (ii) and (iv). We identify the invertible entries and can clean up each column
by multiplying with elements of B and V, from the left. Finally as in (i) we get
a non-invertible twist V;, below B, but contrary to (ii) we can multiply with E
from the left and eliminate the V,,. Therefore we again end up with a (non-twisted)
reflection. This concludes the proof of Theorem 4.2.1. ]
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Chapter 5

Lazy Cohomology of the Dual
Drinfeld Double

In Chapter 4 we have decomposed Aut,,r(DG") into manageable and natural sub-
groups. Now we would like to decompose the group of lazy 2-cohomology classes
H%(DG*) into manageable subgroups as well (recall Definition 1.3.3 of lazy co-
homology). These subgroups should, in some sense, match the decomposition of
Autgopr(pa) as will become clear in Chapter 6.

For Hopf algebra tensor products such as kG ® k% the Kac-Schauenburg sequence
(see [Schau02]) implies among others

H?(kG ® k%) ~ H*(G, k™) x P(kG, k%) x H*(k®) as sets
H2 (kG ® k%) ~ H*(G, k™) x Pr(kG, k%) x H2 (k%) as groups

where P(kG, k%) is the group of bialgebra pairings kG x k¢ — k and P (kG, k%)
the group of lazy bialgebra pairings (see Definition 5.0.6). This should be directly
compared to the Kiinneth formula for topological spaces

H*(X xY) ~H*(X) x (H'(X)® H'(Y)) x H*(Y)

The lazy cohomology of DG is the same as the lazy cohomology of the tensor product
k% ® kG (see e.g [Bich04] Corollary 4.11) because DG is the Doi twist of the tensor
product. However, for the dual Drinfeld double DG*, which is a Drinfeld twist
and therefore has a modified coalgebra structure, such a formula might not be true
anymore. In fact DG™ is characterized by the following exact sequence of Hopf
algebras:

kG <& DG* +— k¢ (5.1)

where we additionally have a natural splitting s : DG* — k%, in particular s is a
Hopf algebra map, and where the natural map t : kG — DG” is an algebra map
but not a coalgebra map. Considering this sequence, we would still hope that one
can define suitable subgroups coming from kG, k% and interactions and prove an
exact factorization of H2 (DG*) into these subgroups. It is also natural to hope that

67
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a similar approach decomposes H*(DG™).

The following diagram gives a sketch of the idea:

H*(DGY)

15

P(kG, k%) H2 (k)

H*(G)

Most of the arrows in the diagram above follow easily by functoriality of H2. The
dashed arrows indicate the direction we were not able to achieve. Going from
bottom-to-top gives us explicit subgroups (subsets) of H?(DG*) and we would hope
for a decomposition. The maps top-to-bottom that would be necessary to prove this
should follow from a restriction of the cocycle, however since kG is not a Hopf subal-
gebra of DG™ not all restrictions are well-defined. For lazy 2-cocycles we are able to
solve some of these problems. On the other hand, here we have to deal with the fact
that lazy cohomology is not functorial which forces us to restrict the bottom-to-top
maps on subgroups. One needs to prove that the images of the top-to-bottom maps
are contained in these subgroups. Moreover, the lazy cohomology group H%(DG*)
is not a mere subset of H*(DG") but also a quotient by fewer coboundaries. In
formulating the results, this is a tedious but not serious obstruction. We consider
the following diagram

H*(G) « Z*(G)/B},,(G)

muv

HE,,(G)

where H? (G, k*) is the group of conjugation invariant 2-cocycles on G modulo
conjugation invariant cochains (see Definition 5.0.2), P.(kG, k%) C P (kG, k%) the
group of central bialgebra pairings (see Proposition 5.0.8) and H2(k%) the group of
central lazy 2-cocycles (see also Proposition 5.0.8).

These maps together with the following Lemmas are partial result that are needed
to provide the full decomposition and are in addition necessary for our application

in Chapter 6.

Let us start by collecting the following property:
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Lemma 5.0.1. Let 0 € Z*(DG*) and recall that we write ¢ = t~!gt for g,t € G.
Then o is lazy if and only if for all g, h,z,y € G-

o If gh = g"hY we have o(g X e;,h X e;) = 0(g" X ez, ht x e,) for all t € G
o If gh # g"hY we have (g X ez, h x e,) =0
Further, n € Reg' (DG*) is lazy if and only if for all g,z € G-
o If gv = xg then n(g" x exr) =n(g X e,)
o If gx # xg we have n(g x e;) =0

Proof. The lazy condition is ¢ % u = u * 0 where * is the convolution product. The
left hand side evaluated on (g x e,) ® (h X y) € DG* ® DG" is:

Za(g X €z, b X ey, ) (g7 Y X egyey,) = Zo(g X g1, h X ey 1) (g™ hY X ey)

T1T9=T t
Y19y2=Yy

the right hand side evaluated on (g x e,) ® (h X y) € DG* ® DG™ is:

Za G X €y, WP X ey, ) (gh X €5,6,,) = Za(gt X -1, h' X €;-1,)(gh X €;)
t

T TY=T
Y1y2=Y

The equality between the left and right hand side above is equivalent to saying that
forall t,z,g,h,z,y € G:

0(g X ez, h X €,)0, gons = 0(g" X e, h' X €,t)d, gn

Similarly an n € Reg'(DG*) is lazy iff: n*id = id * . Then comparing the left
hand side evaluated on (g x e, € DG™):

Zn(gxexl (g™ X eg,) anxemtl _lxet)

Tr1T2=T

with the right hand side evaluated on (g x e, € DG™):

> g xep)gxey) = nlg x e12)(g x e)

Y1y2=x t
leads to the equation n(g" x e4t)d,, = 1n(g X €3)dye .. O

It is natural to expect that, similarly as for the Kinneth formula, H (DG*) de-
composes in some way into parts that depend on kG, k¢ and some sort of pairings
between both. We start with the kG part:

Definition 5.0.2. Let Z2 (G, k*) be the set of those 2-cocycles 3 € Z*(G, k*) that
fulfill

B(g.h)=pB(¢",n") VteqG
and let C} (G, k*) be the set of those maps 1 : G — k* such that n(g) = n(g*) Vt €

muv

G and B? (G, k*) :=d(C. (G,k*)). We define the cohomology group of conjuga-

mv mv
tion invariant cocycles to be the group

HE, (G R) =25, (G, k) /B, (G, k) (5.2)
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Lemma 5.0.3. There is a map (as sets)

H (DG*) — 02, (G);0 +— B,

muv

defined by 3,(g,h) = 0(gx1,hx1). Further, it is a splitting of H? (G) — H%(DG")

mu

mapping a conjugation invariant 2-cocycle 8 € 72, (G) to o5 € Z2(DG") defined by

muv

75(9 % exy h X ey) = Bg, h)e(ex)e(ey)

Proof. We apply the cocycle condition (1.6) fora =g x 1,b=hxland c=7r x 1
for g, h,r € G:

Zo(g X ep, h x e;)o(g'h® x 1,r x 1) = Z (g x e, h xeg)o(gh x 1,7 x 1)

t,s gh:gs ht

(5.3)
— B, (9, h)Bu(gh,7) (5.4)
= Za(h X 5,7 X e;)o(g x 1, h°r® x 1)

(5.5)
= ﬂv(ha T)ﬁa(gv h?“) 5.6
where we have used Lemma 5.0.1. This shows the 2-cocycle condition for g,. To
show that 3, is indeed in Z*(G, k™), we argue that (,(g,h) # 0 for all g,h € G.

This is not clear because ¢ x 1 is not a group-like element in DG*. Let o~! be the

convolution inverse of o. First we claim that (3,(g,¢g7') # 0. Here we use again
Lemma 5.0.1:

l=oxo ' (gx 1,97 x1)= > olgxeng ' xe)o  (g" x1,(g7")" x 1)

z,yeG
= Z o(gxes,g ' xe)o (g" x 1, (g7 x 1)
z,yeG
1=g%(g—1)¥
= olgxengtxe)o (gx1(g7h) x1)
z,yeG

=a(gx1,g7 x o H(gx1,(g7) x 1)
Using the cocycle condition we get:

Bo(9,97") = Bolg,97")Bs(997 ", h) = Bo(g™ " 1) Bs(g. 9" h)

Since ,(g, g~ ') is invertible we also have that (g x 1,h x 1) = 8,(g, h) # 0 for all
g,h € G. Since o is conjugation invariant so is [3,.
If B is a 2-cocycle then it is obvious that og is a 2-cocycle and it is lazy since it
fulfills the conditions in Lemma 5.0.1. Also, the second part of Lemma 5.0.1 implies
that a lazy coboundary in DG* is mapped to a conjugation invariant coboundary
on G.

O
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Lemma 5.0.4. There is a natural map H2(DG*) — H2(k%); 0 — a, defined by
ag(eg,ey) =0(l X ez 1 xey)
Further, o, restricted to the character group G gives a 2-cocycle in HQ(CAJ7 k*).

Proof. Since the map ¢ in sequence (5.1) is Hopf it follows that a, € Z2(k%). Com-
paring Example 1.3.5 with Lemma 5.0.1 its easy to see that o, € Z2(k“). Also,
elements 1 x x for xy € G are group-like elements in DG*. Therefore the convolution
invertibility of o implies that a, is indeed a 2-cocycle in Z2(G, k).

O

Definition 5.0.5. Let A, B be a finite dimensional bialgebras. The group of bialge-
bra pairings P(A, B) consists of convolution invertible k-linear maps A : A® B — k
such that for all a,a’ € A, b,V € B:

AMad',b) = Aa, bay)A(d', b)) Aa,bb)

= Mag), )M ag), V)
A(1,b) = ex(b) Aa,1) = eafa)

Here we need the following special case:

Definition 5.0.6. The group of bialgebra pairings P(kG, k%) consists of convolution
invertible k-linear maps A : kG ® k¢ — k such that for all g, h € G, f, f' € k:

)‘(17f) = ekG<f) )‘<g7 1) = ekG(g>

The subgroup of lazy bialgebra pairings Pr(kG, k%) C P(kG, k%) consists of bialge-
bra pairings A : kG ® k¢ — k such that for all ¢, z,t € G:

A(.ga ex) = )\(tgt_lv eta:tfl)

Bialgebra pairings P(kG, k%) are in bijection with the group Hom(G, G), similarly
lazy bialgebra pairings P (kG, k%) are in bijection with group homomorphisms f €
Hom(G, G) that are conjugation invariant f(g) = f(¢")Vg,t € G.
Lemma 5.0.7. There is a group homomorphism

7 H2(DG*) — PL(kG,k%);0 = A\,
defined by

Ao(g, f) = o 1 (1 x fa (9 x 1)a))a((g % 1)@, (1 x f)) (5.7)
= > flay)o ' (I x ey g x e)o(t gt x 1,1 x e,) (5.8)

tz,yeG
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Proof. Recall the coproduct in DG*: A(g x 1) =>",(g x e;) @ (t71gt x 1).
We check that 7 is a well-defined group homomorphism. It is more convenient to
be slightly more general here.

Let a,b,c € H for a Hopf algebra H and o € Z2(H). Consider the following map
T:HxH—=k 7(a,b) =0 "(bay,an))o(aw),bz)

Laziness o(b(1y, ca))b@)c2) = baycayo(bey, ¢2)) implies that we can commute certain
terms:

o(bay, cy)o(a, bece) = a(a,bayca))o(be), ) (5.9)
The 2-cocycle condition implies:

U(C, ab) = a_l(a(l), b(l))J(C(l), a(g))a(c(g)a(g), b(g)) (5.10)
a_l(ab, C) = a_l(a(l), b(l)C(l))O'_l(b(z), 0(2))J(a(2), b(g)) (5.11)

Now we can show that 7 is multiplicative in the first argument:

7(a@), ) 7(ba), @) (a@bw) ¢s))
=0 (cay, a))o(a@), ¢2))o " (c), ba))o (b, cay) o™ (a@)bea), ¢e))o(ce), awbay)

(5.10)
(5.11)  _ _
=" 0 ey, am)alag), ¢@))o (@), bay)o(ba), )
o ag), bycs)) o (buy, ¢e)o(awy, be))o " (ag), be))o(cm), aw))o(csacn, ben)

(5.9 _ _ _
=" 0 e, amy)o(ae) c@)o (¢@), bay)o(ag), be)cw)o(cs aay. be)o(ce), as))

If all coproduct terms of a(), a2y, ... commute with all coproduct terms ¢y, 2y, ...
and similarly if all b(y, b(2), ... commute with all ¢(1), ¢(2), ..., which will be the case
for H = DG™, we go on:

=0 ey, aw) 0(a@), @) (e, b)) o™ (a), cwbe)o(awce), be) 0 (ce), o)

N

-~
€

= €(abe)

Where we again used the cocycle condition in the middle. Note that 7(a,b) =
771(b, a) hence the above shown property of 7 implies:

7(c,ab) = 7(cy, b)T(cr2), a)

Taking H = DG*, 0 € Z2(DG*), we get 7(g x 1,1 X e;) = \y(g,¢,) for all g,z € G
(compare with equation (5.7)). Note that the coproduct terms of (1xe,) and (1xe,)
in DG* stay in 1 x k% and therefore the coproduct terms of (g x 1) commute with all
coproduct terms (1 x e,) and (1 x e,). Using this we show that A, is multiplicative:
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Ao(g, ez xey) =7(gx 1, (1 xe,)(1 xey))=71((g % 1)@),l xex)T((g x 1)1y, 1 X e)

=Y (g xenlxe)r(t gt x 1,1 x e,)
teG

=7(gx1,1xe,)7(gx1,1xey)
= Ao(9, €2) A0 (9, €y)

Similarly:

Ao(gh,e,) =7((gx D(h x 1), 1xe;) = Y 7(gx1,1xe)m(hx 1,1 Xey,)

T1To=T

= Z )\U(g, egcl))\a(h? 6962)

Tr1x2=1

The map also induces a well-defined map on cohomology, since for any a,b € H

(dp) (b, aqy)dplagy, bey) = ulbayaay)w (bay)u (@) ulas))wlbe))p ™ (a@wbay)
= u(bayam)p (abe)

and therefore (du) ™' (bay, aqy)dp(ae), b)) = e(ab) if a,b commute.

Proposition 5.0.8.

o Let P.(kG, k%) C Pr(kG, k%) be the subgroup of central lazy bialgebra pair-
ings. These are A € P (kG, k%) such that for g € G: A(g,e,) = 0 if  not in
Z(G). Then there is a group homomorphism

P.(kG, k%) — H3(DG*); A+ 0y = Ao (p® s) (5.12)

where p, s were defined in the splitting sequence (5.1). Note that P.(kG, k%)
is in bijection with Hom(G, Z(G)).

o Let Z2(kY) C Z2(k%) be the subgroup of central lazy 2-cocycles. These are
a € Z2(k9): ales,e,) =0if x or y not in Z(G). We define H2(k%) to be the
quotient by central coboundaries dn € Z2(k%) for n € Reg'(k®) and denote by

B2(k%) the group of such coboundaries. Then there is a group homomorphism
H2(kY) — H2(DG*); e — 0, defined by

a(g X ez, h X €,) = ey, ey)e(g)e(h)
Proof. The cocycle condition (equation (1.6)) for o) reduces to

Mz, e )My 2y, ) = Z A2, € )A(T, €y * €4y

w1 wWa=w
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for all z,y, z,w € G. Using the properties of the pairing A we check this equality:

Mz, e, )My 2y, en) = Z Mz, e )Mz, ew Ay 2y, €w,)

= Z M, ey * €w )Ny 2y, €u,)

= Az, e, )A(Y 2y, ey-10) = M, €,)A\(2, Cyy—1)
= Z A2, €y )A(T, €4 * €4y)

wiwWwe=w

The fact that A(g,e,) is conjugation invariant and zero if z is not central ensures
that oy is lazy in Z?(DG") (see again Lemma 5.0.1). The fact that A — o, is a
homomorphism is straightforward to check. Similarly, since a is lazy on k¢ this
implies conjugation invariance and since « is central Lemma 5.0.1 implies that o,
is lazy on DG*.

O

Conjecture 5.0.9. The group H2(DG") is generated by H2(kY), P.(kG, k%) and
H? (G, k). Further, there is an exact factorization:

H2(DG*) = H2(E9)P.(kG, k%)H?

inv

(G, k")

It is tempting to ask if every element in H>(DG*) is a product of elements in H2(k%),
P(kG, kC) and H2(G, k).

The following two Lemmas are needed for the proof of the main result, Theorem
6.6.1.

Lemma 5.0.10. A lazy 2-cocycle o such that [, is cohomologically trivial in
H?(G,k*), a, is cohomologically trivial in Z*(k%) and A(g,e,) = e(e,) fulfills
the property that it is cohomologically trivial in H?(DG?*), hence there is a chain
¢ € Reg}, (DG") such that o = d¢. There is no reason to assume that the cobound-
ary ( is lazy, hence o is not necessarily cohomologically trivial in H? (DG").

Proof. Let 8, = dv and a, = dn. Again, there is no reason to assume that these
induce lazy coboundaries on DG using the maps defined above. However, we apply
the 2-cocycle condition several times on o by separating the kG and k¢ parts:

(g x ez hxe)=0c((gx1)(1xey),hxe,)
= Z o (g x 1,1 X ez,)(1 X gy, (h x 1)(1 % ey,))o(g x 1, (h X 1)(1 X ezyey,))

T1TQTI3=T
Y1y2=Y

— Z o g x1,1xe,)o (1 x eyrs h X 1)o(1 X €4,,1 X €y,)
Viusvgrave—t

o(1 X eggeys,h x D)o H(h x 1,1 X eg,e,,)0(g x 1,h x )o(gh x 1,1 X ez e,;)
= Za_l(g X 1,1 X ey)0 (1 x ey, h x 1)dv(g, h)dn(eq,, e,,)a(gh x 1,1 X eg,ey,)

T1TQ=T
Y1y2=Yy

(5.13)
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Now let (g x e;) :=07(g x 1,1 x e,) and check that ¢ := p* (n ® v) gives us the
desired almost lazy coboundary:

d((g x ez, h xe)) =d(p*x (n@v))(g X ez, h X ey)
= 3 @ v)(g x e )inx (@ v)(hx ey )ik (0@ V) (g7 h X esy6,)

TyTQ=2T
Y192=yY

= > oM gx L1 xe, wlgn(es)o (h x 1,1 x ey, )v(h)n(ey,)

T1TQTITH=T
Y1Y2Y3Y4=Y

o(g™ R X 1,1 X egyey, )v(gh)n(ex,ey,)
= Za‘l(g x 1,1 % ey)0 (b x 1,1 x e,,)dv(g, h)dn(em,eyQ)a(gC’”fflhyr1 x 1,1 x e)

zjrot=x
y1y2t=y

= Z o g x 1,1 x eyy)o H(h x 1,1 x ey, )dv(g, h)dn(es,, e,,)o(g"hY x 1,1 X ¢;)

T1xTot=2
Y1Y2t=y

(5.14)

Here we used the lazy property of o as in Lemma 5.0.1. We also used that lazy
implies equations of the form o(ay, by)n(asbe) = n(a1by)o(azby) and we used that
the pairing ), is trivial, which implies that o(¢g x 1,1 x e,) = o(1 X €., ¢ x 1). Both
(5.14) and (5.13) are equal, which proves the statement. Note that this equality in
particular implies that ¢ is almost lazy. We do not see a reason to assume that ( is
lazy.

O

At the end we want to present an interesting special case of the above decomposition.
Let us call a 2-cocycle o € 72 (DG*) symmetric if for all g,t,h,s € G:

o(g x ey, h? x e;) = a(h X egsg-1yt,9 X €) (5.15)

This is motivated by the study of lazy braided monoidal autoequivalences of DG-mod
in Chapter 6, where such a 2-cocycle defines an autoequivalence of DG-mod that
is the identity on objects and morphisms, but has a non-trivial monoidal structure
determined by o.

Lemma 5.0.11. A symmetric lazy 2-cocycle on DG™ is cohomologically equivalent
in H*(DG*) (but not necessarily in H2 (DG")) to a lazy 2-cocycle in the image of
map 72 (G) — Z2(DG").

Proof. From the symmetry condition follows that §,(g,h?) = B,(h,g), that a, is
symmetric and that A\, = 1. Multiplying o from the left by 05_01 gives a 2-cocycle
o' that fulfills all the properties in Lemma 5.0.10, in particular 3, cohomologically
trivial in H?(G, k*), hence o’ is cohomologically trivial in H?(DG™). O
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Chapter 6

Decomposition of Auty, ;(DG-mod)

mon(H-mod) (the objects
of) the functor category of monoidal autoequivalences, by Aut,,,,(H-mod) the group
of isomorphism classes of monoidal autoequivalences and similarly for the braided
versions Aut,,.(H-mod), Aut,.(H-mod). In the Preliminaries we have seen, that
to every pair (¢,0) € Autpeps(H) x Z3(H*) we can assign an H*-Bigalois object
9" (,H*) and that this Bigalois object corresponds under the equivalence in Propo-
sition 1.2.10 to the functor (F, J7) € Aut,,,,,(H-mod).

mon(

Let us recall from Definition 1.1.2 that we denote by Aut,

In this Chapter we consider H = DG for a finite group G. We want to slightly
modify the maps (¢,0) — (Fy, J?) in order to match the formulas in Section 2.3
for the action of F}, on simple modules. There is a group anti-automorphism (called
flip in Def. 3.1 of [Keill5]):

a

T At grops (DG) S Autsrons (DG): <Z 2) - (”* Z) (6.1)

where v* : k¢ — k¢ is the dual of v : kG — kG, v* : kG — kG is the dual of
uw : kY — kY and similarly b* : kG — k¢ and a* : k¢ — kG. We precompose
with this anti-automorphism when identifying a pair (¢, o) with a monoidal functor
(Fy,J7). Let us state this explicitly in the following definition:

Definition 6.0.1. We have the following map:

U s Aty (DG) x 73 (DG*) — Aut,,,,(DG-mod)

(p,0) — (Fy, J?) (6.2)
where F; assigns a left DG-module (M, p1,) to the left DG-module
(M. pr o (¢' @ id))

We denote this DG-module simply by 42M. The monoidal structure J° on the
functor F, : DG-mod — DG-mod is given by

JJO\-/I,N : ¢M ®k ¢N:> ¢(M ®k N)

m@ni— op.m K ogg.Mm

77
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where we view the 2-cocycle o € Z2(DG") as ¢ = 01 ® 03 € DG ®;, DG leaving out
the sum. This should not be confused with the Sweedler notation for a coproduct
or a coaction.

Before going to the precise statements, let us motivate our definitions and our ap-
proach.

We are going to construct certain subsets of Auty,,;(DG) x Z3(DG*) that will
be denoted by V;,&r, B, Rr. Those subsets will have the following properties:
The natural projection Auty,,;(DG) x Z3(DG*) = Autpe,r(DG) maps them to
V,E, B, R from Chapter 4 and ¥ maps them to braided monoidal autoequivalences.
Even though V;, &, By, are subgroups, one should rather consider of them as sets
consisting of functors (or functor categories), because we do not identify functors
that are monoidal equivalent yet. The sets Vi, &, By are too large for concrete
calculations, essentially because the set of 2-cocycles is too large. Thus, we need to
take quotients. First, two different pairs in Auty,,(DG) x Z7 (DG*) give functors
that are monoidal equivalent if they differ by a pair consisting of an inner Hopf
automorphism (conjugation by a group-like element) and an exact 2-cocycle (dn €
73 (DG™), where n is lazy). This leads us to consider the quotient Out s (DG) X
H? (DG"). Second, an invertible object h € DG that is not necessary group-like,
produces an internal Hopf automorphism of DG by conjugation. It also produces
an almost lazy exact 2-cocycle d(h*) € Z2(DG"), hence the map h* : DG* — k
is not lazy but d(h*) is lazy (recall Definition 1.3.3 and Corollary 1.3.11). Such
pairs have the property that ¥(h~! - h,d(h*)) is monoidal equivalent to (id, J*)
(see Lemma 1.3.9 and sequence 1.10). Identifying pairs that differ by an invertible
(modulo group-like) object h € DG defines the group Aut,,e, (DG-mod). Let us
summarize this in the following definition:

Definition 6.0.2.

o We define the set Aut,,,, ;(DG-mod) := im(V) ~ Auty,,;(DG) x Z7 (DG")
to be the set of lazy monoidal autoequivalences.

e We define the group mmon,L(DG—mod) := Out .y (DG) x H3 (DGY)
e We define Auty,on, 1 (DG-mod) to be the image of

Aut,on, . (DG-mod) — Aut,y,en (DG-mod)

or equivalently Outyo,r(DG) x H (DG*) modulo Int(DG)/Inn(DG). See se-
quence 1.10.

e We define the braided versions as follows:

Auty, 1 (DG-mod) := Aut (DG-mod) N Aut,, (DG-mod)

mon,L

Further, let Kvutbr,L(DG—mod) be the image of

Aut,, ; (DG-mod) — Xvutmon,L(DG—mod)
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and Auty, ,(DG-mod) to be the image of

mbr,L(DG—mod) — Auty,. (DG-mod)

e ForU C Aut,, ; (DG-mod) we denote the respective images by Uc mbr’L(DG—mod)
and U C Auty, ,(DG-mod).

Aut Aut,on

7 7
Auty, Auty,

|

Mmon,L » AutmomL » AU-tm(m,L

e _ -~

Auty, Auty, 1, Auty,, 1,

6.1 General Considerations

Before constructing the subgroups mentioned above it is convenient for later to
show some general properties of pairs (¢, 0) € Autpye,r(DG) x Z3 (DG*) that give
us monoidal and braided monoidal functors (Fy, J7). The following Lemma follows
essentially from Theorem 9.4 [Keill5] but we want to state and prove this in our
notation.

Lemma 6.1.1. Let ¢ € Autye,(DG) and recall from Proposition 4.1.1 that ¢
corresponds uniquely to a matrix

u b

a v

where ¢(f x g) = u(f1))b(g) x a(f2))v(g) for f € k% and g € G. Then the functor
F; maps a DG-module M to the DG-module 42M with the action:

(f % g)-gm = ¢ (f x g).m = (v*(fi))b"(9) % a™(fiz))u"(9)).-m

F, has the following explicit form on simple DG-modules:

__ m(pou*)b(g)
E5(05) = Outg)

where we denote by p' : Z(G) — k* the one-dimensional representation such that
the any central element z € Z(G) act in p by multiplication with the scalar p(z).

/

In particular p|zq) = dim(p) - p'.
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Proof. We first check that the G-coaction resp. k“-action on Fy(O?) is as asserted:
¢*(er x 1).(1@w) =Y _(v"(ex) x a*(e))).(1 @ w)
kl=x
= > vi(en)(Ber(a*(er)(ew x I).(1@ w)

ki=a.k' l!

= Y eawF)ealaler))(ew x I).(1® w)

kl=x,k' I/

= > alellgl ™ ealalen)! ©

ki=a,l’

= > ab@)alae)pl) @w

kl=x,l' € Z(G)

= 25111 1®@w

= 5x,v<g)a<ﬁ>1 ® w

For y € Cent(a(p’)v(g)) we check that the action is as asserted. We first collect the
following facts:

e By definition a(p’) € Z(G), so y € Cent(v(g)).
e By Lemma 4.1.3 we have that u* ov is a normal group homomorphism, hence

(u” ov)(u'(y)gu™(y) ™) = u'(y) - u*(v(g)) - u*(y) " = (yo(g)y™") = u"(v(g))
Therefore [u*(y), g] = u*(y)gu*(y) 'g~' € ker(u* o v).

e Moreover by Lemma 4.1.3 we have that ker(u*) is in a direct abelian factor C
of G, hence the commutator v([u*(y), g]) = [v(u*(y)),v(g)] € ker(u*) is already
equal to 1 (for we may consider the projection pc of the commutator being
equal to 1 but the projection is the identity on C'). Thus [u*(y), g] € ker(v).
By the same Lemma, ker(v) is in a direct abelian factor of G hence again the
commutator [u*(y), g is already equal 1. This finally shows u*(y) € Cent(g).

Now we calculate using u*(y) € Cent(g) and b(hgh™) = b(g):
¢" (1 xy)(1®v) = (0(y) x u"(y)).(1@v)
= Z b*(y) (k) (ex X u*(y)).(1®v)

= Zb (y)gu*(y) ") (' (y) @ v)

:b( “(y)gu(y) ™ () (W' (y) @ v)
= b(g)(y)(1 @ p(u*(y))(v))
=1®[(pou”)b(g)](y)v

Since these two actions characterize the simple DG-module we have verified the
claim.

O
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Note that in the abelian case G = A all simple objects are 1-dimensional Of for
a € Aand pe A. Then
F¢(@p> _ OU(P)b(a)

a(p)v(a)
which fits together with the action on simple modules as in Section 2.3.

The functor (Fy, J?) € Aut,,,, ;(DG-mod) is braided if and only if the following
diagram commutes:

Fy(JS n)
sM @ N =205 (M @ N)

l/%M@N i/Faﬁ(CM,N)
N®R@M ———= 4(N M)
¢ @ o ¢
F¢(JN,M)
for all M, N € DG-mod. This is equivalent to the fact that for all DG-modules
M, N
RQ.UQ.n X Rl.al.m = 01.¢*(R2).n X 02.¢*(R1).m (63)

holds for all m € M andn € N. Where R = Ri® Ry =) (€xx1)®(1x ) is the

R-matrix of DG and c the braiding in DG-mod. As above, we identify o € Z?(DG*)
with an element 0 = 0; ® 09 € DG ® DG.

In Chapter 5 we have defined three subgroups of Z% (DG*):
o 72 (G,k*): group 2-cocycles B € Z*(G, k*) such that 8(g, h) = B(g", h') Vt, g €
G that are trivially extended to 2-cocycles on DG™.

o 72(kY): 2-cocycles o € Z2(k%) such that a(e,, ey) = 0 if g or h not in Z(G),
extended trivially to DG™.

e P.(kG, k%) ~ Hom(G, Z(Q)): central bialgebra pairings A : kG x k¢ — k resp.
group homomorphisms G — Z(G). These give 2-cocycles on DG* as follows:
ox(g X ez, h X ey) = A(g, ey)e(ey).

On the other hand, 3,(g,h) = o(g X 1,h x 1) defines a 2-cocycle in Z2 (G, k*).

Further, for x,p € G the map a,(x,p) = o(1 x x,1 x p) defines a 2-cocycle in
Z2(G,k*). Also, \o(g, f) == 07 (g x 1)1,1 x f1)o(1 x fy, (h x 1),) defines a lazy
bialgebra pairing in Pz (kG, k%) ~ Hom(G, G).

Lemma 6.1.2. Let ¢ € Autp,,;(DG) be given as above by
o(f x g) = u(f1)b(g) x a(f2)v(g)

and o € Z2(DG") such that (F, J?) is braided then the following equations have
to hold for all p,x € G, g,h € G:

B+(9.97"hg) = Bo(h, 9)b(h)(v(g) (6.4)
as(p, X) = as (X, p)u(x)(a(p)) (6.5)

Ao (b, x) = b(h)(a(x)) (6.6)
p(g) = u(p)[v(g)]b(g)[a(p)] (6.7)
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Proof. Evaluating equation (6.3) we get
D> olgxenhxed)(l xk).(en x d).n@ (e x 1).(eg x t).m

g,t,h,d.keG
= Y olgxenhxed(egx1).0"(1x k)n® (e x d).¢"(ex x 1).m
g,t,h,dkeG
The left hand side is equal to

Z (g X e, h X eq)(egng-1 X gd).n @ (eg X t).m
g.t,h,deG

= Y olgxeng 'hgxegg)(en x d).n @ (e x t).m
o thdeG

and the right hand side is equal to
Z o(g x e, h x eq)(eg xt).(b"(k) x u*(k)).n® (ep x d).(v*(ex,) X a*(ex,)).m

gvk7t7h7d7kl ko=k

- Za(g X er, h X eq)ayb(y)(v(z)w)(ey X t).(e, x u*(v(2)w)).n® (e, X d).(e, X x).m

g,t,h,dw,y,z,x
= Za(g X ep, h X eq)ayb(y)(v(2)w)(6y-14 X tu* (v(2)w)).n @ (Opdza-1€n X dz).m
g,t,h,dw,y,z,x
= Z oy X e, 2 X eq)b(y) (v(d ' zd)w)a? (e, x tu*(v(d ' zd)w)).n ® (e, x dz).m
t.d,y,z,x,w
= Z o(h X eq,g % e)b(h)(v(t ' gt)w)a? (es x du*(v(t ' gt)w)).n @ (e, x tz).m
t,d,y,h,x,w
= > o(hxea,gx em)b(h)(v(g)w)ak(en x d)n® (eg x t).m

t.h,g,d,z,w,d
d=d'u*ov(xt—Lgte—1)u* (w)

Here we have used several times that the homomorphism a is supported on Z(G)
and that b maps G to the character group G which is abelian. We now that the
above equality of the right and left hand side have to hold in particular for the
regular DG-module and the elements m = n = 1. This implies:

o(g x e, h? X es14) = Za(h X eq, g X ey-1)b(h)(v(g)w)ay (6.8)
dmira (yaron)(at)

for all g, h,d,t € G where a¥ = e,(a(e;)). On the other hand, if equation (6.8)
holds, then also the right and left hand side above are equal. Let us set g = 1, sum
over all d, multiply with x(¢) for x € G and sum over ¢ in (6.8):

o1 x x,hx 1) =" x(t)o(h x 1,1 x em1)b(h)(w)ew(ale,))

z,w,t

= x()x(@)o(h x 1,1 x e)b(h)((ale,)))

- g&h x 1,1 x x)b(h)(a(x))
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! on both sides leads to equation (6.6). Further,

applying the convolution with o~ .
we multiply both sides of equation (6.8) with p(t), x(d) for some x, p € G and sum

over all t.d € G-

a(gx p,h? x x)x(g) = a(h x x,9 x p)x(a(p))x(u" ov(g))b(h)(v(g)a(p))

Setting x = 1 = p gives equation (6.4) and setting g = 1 = h gives equation (6.5).
On the other hand setting g = h and p = x and using equations (6.4),(6.5) we have:

a(g x p,gx p)p(g) =a(g x p,g x p)u(p)(v(g))b(g)(a(p))

This almost implies the last equation (6.7) but it is not yet clear that o(g x p, g X p)
is never zero, since elements of the form g x p are not group-like in DG*. However,
we can argue as follows: Apply the 2-cocycle condition several times

(g x ez, hxey)=0((gx1)(1xe;),hxe)
= Y oM gx 1L, 1xe)o(l X ey, (hx 1)(1 % ey,))o(g x 1, (h x 1)(1 X egyey,))

T]TQTI=T
Y1y2=y

= Z o g x 1,1 xep)o M1 x ey, h x 1)a(l X e, 1Xe,)

T]TQTITATH=T
Y1Y2Y3Y4Y5=Y

(1 X egyeys, h x D)o Hh x 1,1 X eg,e,,)0(g x 1,h x 1)o(gh x 1,1 X ez e,,)
(6.9)

which on characters gives:

a(g x x,hx p) =07 (g x 1,1 x x)ag ' (1 x p, = x Dag(x, p)Ae (h, xp)
Bo(g,h)o(gh x 1,1 x xp)

since 3, € Z2(G,k*) and o, € Z2(G, k*) the only thing left is:

L= (0" x0)(gx LIxx)=Y o '(gxe,1xx)o(g x1,1xy)

teG
gt=g

=0 (gx1,1xx)o(gx1,1xx)

Hence elements of the form o(g x 1,1 x x) and (1 X x, g x 1) are also non zero and
it follows that (g X p,g x p) is also never zero which proves equation (6.7).
O

We are going to use these equations in order to proof the Theorem 6.6.1. Also com-
pare these equations with: (2.18),(2.19),(2.20) and (2.21).

6.2 Automorphism Symmetries

We have seen in Definition 4.1.4 that a group automorphism v € Aut(G) induces a
Hopf automorphism in V' C Aut gy (DG). We now show that automorphisms of G
also naturally induce braided autoequivalences of DG-mod.
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Proposition 6.2.1.

(i) Consider the subgroup V; := V x {1} of Auty,,;(DG) x Z%(DG*). For an
element (v,1) € V;, the corresponding monoidal functor (F,, J"*) with trivial
monoidal structure is given on simple objects by

U71 *
FU(OS) — Oq()(g)) (p)

(i) Every (F,, J"") is braided.
(i) Let Vp be the image of V in Outgropr (DG) x HF (DG™), then we have

Vi = Out(G)

Proof. (i),(iii) Obvious from the above and Lemma 6.1.1.

(ii) Consider again equation (6.8) in the proof of Lemma 6.1.2. An element in
Autpop(DG) x Z3 (DGY) is braided if and only if equation (6.8) is satisfied. For an
element (v, 1) it is easy to check that its true. (iv) The intersection of V; with the
kernel Inn(G) x B%(DG*) is clearly Inn(G). O

Example 6.2.2. The extraspecial p-group pi"“ is a group of order p generated

by elements x;,y; for i € {1,2,...n} and the following relations. In particular
23 =Dy.

2n+1

=yl =1 [z,a)=lyny] =yl =1, fori#j  [wyl=2€ Z(p)

Then the inner automorphism group is Inn(G) = ZZQ)" and the automorphism group
is Out(G) = Z,—1 x Spy,(F,) for p # 2 resp. Out(G) = SOy, (F2) for p = 2, see
[Win72].

6.3 B-Symmetries

Now we want to characterize subgroups of Auty,(DG-mod) corresponding to the lazy
induction Auty,e,(Vectg) — Auty, ,(DG-mod). One fact we need to understand for
this is what trivial braided autoequivalences (1, ) coming from Vectq look like. If
the group is abelian, then 3 has to be cohomologically trivial, which implies that
the characterization of such elements is easy. On the other hand, if G is not abelian
there are non-trivial cocycles 8 leading to non-trivial braided monoidal functors.
For this we need the following:

Definition 6.3.1. Let G be a finite group. A cohomology class [3] € H*(G, k*) is
called distinguished if one of the following equivalent conditions is fulfilled [Higgs87]:

e The twisted group ring kgG has the same number of irreducible representations
as kG. Note that k3G for [§] # 1 has no 1-dimensional representations.
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e The centers are of equal dimension dim Z(kzG) = dim Z(kG).

e All conjugacy classes [z] C G are [S-reqular, i.e. for all g € Cent(z) we have
Blg,x) = Bz, 9).

The conditions are clearly independent of the representing 2-cocycle S and the set
of distinguished cohomology classes forms a subgroup H2, ,(G).

In fact, nontrivial distinguished classes are quite rare and we give in Example 6.3.5
a non-abelian group with p? elements which admits such a class.

In the following Proposition we construct By which should be seen as a subset of
the functors Aut,,(DG-mod). This is of course a large set and we need to identify
certain functors. For this reason, as described in the introduction, we consider the
quotient By, where we identify pairs that differ by by inner Hopf automorphism and
exact cocycles. The main property, as shown below, is that up to certain elements
this quotient is isomorphic to the group of alternating homomorphisms Gy — G-
In order to get By, C Auty,.(DG-mod) we need to consider the quotient of By, by the
kernel of B, — Auty, (DG-mod).

Proposition 6.3.2.
(i) The group B x 72, (G) is a subgroup of Auty,, (DG) x Z2 (DG*). An element

(b, B) corresponds to the monoidal functor (F, J?) given by F,(O9) = o5
with monoidal structure

09 @ 0 — F (08 @ 0F)
(Sm ®@v) ® (ro @ W) = B(gm, hn) (5 ® V) @ (1 @ W)
where {s,,}, {r,} C G are choices of representatives of G/Cent(g) and G/Cent(h)

respectively and where ¢,, = s,,95..1 h, = rp,hr L.

(ii) The subgroup By, of B x Z2  (G) defined by

nv

h,
B, = {(0,6) € B x 72,(C) [blo)(m) = 012 g e G)
Blg.h)
consists of all elements (b,3) € B x 72, (G) such that (F,, J?) is a braided

autoequivalence.

(iii) Let By = G N2 G:’ab be the subgroup of alternating homomorphisms of B,
i.e. b € Hom(Gu,Gap) with b(g)(h) = b(h)(g)~'. Then the following group
homomorphism is well-defined and surjective:

BL — Balt; (ba 6) — b

iv) Let ~L e the image of By in Outy, X . en we have a
iv) Let B; be th f B O of (DG H2(DG Th h
central extension

I — H?iist,inv(G) — gL — Balt — 1
where H7,,, ;,,,(G) is the cohomology group of conjugation invariant and dis-

tinguished cocycles.
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Before we proceed with the proof, we give some examples:
Example 6.3.3. For G = [y we have B = G Rz, G = IFZX” respectively By =

GAG = IF}SQ) the additive group of n x n-matrices resp. skew-symmetric n X n-
matrices (for p = 2 we additionally demand all diagonal entries are zero).

For an abelian group there are no distinguished 2-cohomology-classes, hence EL =
B where b € By corresponds to (b, ) € Bp where  is any 2-cocycle with
B(g,h)B(h,g) = b(g)(h), which precisely determines a cohomology class [3] in this

case.

Example 6.3.4. For G =D, = (z,y | 22 = y* = (zy)* = 1) we have G, = (T, ) =
72, B = Hom(Guy, Gap) = Z2*? and By = {1,b} = Z, with b(Z)(7) = b(7)(z) = —1.
It is known that H?(Dy, k*) = Zy = {[1], [a]} and that the non-trivial 2-cocycles in
the class [a] have a non-trivial restriction to the abelian subgroups (x, 2), (y, z) = Z3
of G. Especially [o] is not a distinguished 2-cohomology class. By definition of B:

B = {(1,sym), (b, - sym)}

where 3 is the pullback of any nontrivial 2-cocycle in Gy, with 8(z,y)3(y, z)~! = —1
and sym denotes any symmetric 2-cocycles. Especially [5] = [1] as one checks on
the abelian subgroups and thus by definition

gL = {(17 [1])’ (b7 [1])} = Zs

However, these (1,1) and (b, 3), which are pull-backs of two different braided au-
toequivalences on Gy, give rise to the same braided equivalence up to monoidal
isomorphisms on G. Especially in this case we have a non-injective homomorphism.

BL, — Autymen(DG-mod)

More generally for the examples G = pi”“ we have B, B, as for the abelian group
IFI%”, but (presumably) all braided autoequivalences in B L(IF]%”) pull back to a single
trivial braided autoequivalence on G.

It is tempting to ask if in general the kernel of gL — Aut,on(DG-mod) consist of
those (b, 3) for which [§] = [1] i.e. if the remaining non-injectivity is controlled by
the non-injectivity of the pullback H*(Gy,) — H?(G).

We give now an example where B 1, — By is not injective, thus we get a new ’'kind’
of a braided autoequivalences (1, #) that would be trivial in the abelian case:

Example 6.3.5. In [Higgs87| p. 277 a group G of order p° with H% ,(G) = Z,
is constructed as follow: We start with the group G of order p'° generated by
T1, T2, T3, 24 of order p, all commutators [z;,z;],7 # j nontrivial of order p and
central. Then G is a central extension of G := G/(s) where s 1= [y, zo][23, 24].
This central extension corresponds to a class of distinguished 2-cocycles (o) = Z, =
H2,.,(G) = H*(G). This is a consequence of the fact that s cannot be written as
a single commutator. Further, we can find a conjugation invariant representative,
because there is a conjugation invariant section G — G.
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The conjugation invariant distinguished 2-cocycle 8 corresponds to a braided equiv-
alence (id, J?) trivial on objects. From Gy, = Zé, hence B,; = Zf) A Zﬁ = Zg we
have a central extension B

1= Zy— B, —7Z) — 1

In fact, we assume that the sequence splits and the braided autoequivalence (id, J?)

is the only nontrivial generator of the image B, — Aut,,(DG-mod), since the pull-
back H?(Gy,) — H?(G) is trivial.

Proof of Lemma 6.3.2.
(i): Let us show that B acts trivially on Z?(G, k*), hence also on Z? (G, k*):

nv

b.3 = Z ((ercgre @ B) * €xgarc ) (T X €y, g X €p) ((1) bl*) (€ X ¥Y) ® ((1) bl*) (eg x h)

x,Y,9,h

= Blr.g)es x 1) @ (e x 1) = 5

For the action on simple DG-modules use Lemma 6.1.1. The rest of the statements
are easy calculations.
(ii): Assume (Fy, J?) is braided then according to Lemma 6.1.2 we get for v = id:

b(g)(h) = B(h, g)B(hgh™" h)™" Vg,hed (6.10)

Because f3 is closed we have: 1= dS(h,gh™', h) = 5(551(551};%6522)*1) and therefore:

b(g)(h) = B(h,g)B(hgh™" h)~" = B~ (gh™", h)B(h, gh™")

< blg)(h) = b(g)(h)b(h)(h) = b(gh)(h) = B~ (g, h)B(h. g) (6.11)

In the proof of Lemma 6.1.2 we also have shown that (Fy, J?) is braided if and only
if (6.8) holds. In this case where o(g x e,, h x e,) = (g, h)e(es)e(ey) it reduces to
(6.10), hence (Fy, J?) is braided. Since the product of braided autoequivalences is
braided this also shows that By, is in fact a subgroup of B x 72, (G, k).

(iii) By definition of By, if (b, 5) € By, then b € Bg;. To show surjectivity, let G4, =
G/[G, G] be the abelianization of G and @Ab €7 (AGab) an abelian 2-cocycle defined
uniquely up to cohomology by b(g)(h) = fu(h, )8y (hgh™", h)~ = By(h, g)Bulg, h)
for g, h € Ggp. Further, we have a canonical surjective homomorphism ¢ : G — Gy
which induces a pullback o* : Z2(Ggp) — Z2,,(G, k*), hence we define 3, := 1* 5.
(iv) By (iii) the map (b,5) + b is a group homomorphism B, — B,; and this
factorizes to a group homomorphism B, — By, since (Inn(G) x B%(G)) N (B x
72 (G k*)) = 1. The kernel of this homomorphism consists of all (1,[3]) €
BL, hence all (1,[A]) where [3] has at least one representative 8 with f(g,z) =
B(gzg™t,g) for all g,x € G. We denote this kernel by K and note that it is central
in BL-
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It remains to show K = HZ,(G): Whenever [3] € K then there exists a rep-
resentative 3 with B(g,z) = B(grg~',g) for all g,z € G, in particular for any
elements g € Cent(z), which implies any conjugacy class [z] is S-regular and thus
(8] € H2,.,(G). For the other direction we need a specific choice of representative:
Suppose [3] € H% ,(G) and thus all = are (-regular; by [Higgs87] Lm. 2.1(i) there
exists a representative [ with

B(g,z)B(gz,97")
B(g,971)

for all f-regular z (i.e. here all x) and all g. An easy cohomology calculation shows

indeed
Blg,x) _  Blgw)  Blgr.g )Blgzg™"9) _

Blgxg~,g9)  Blgzg~,9)  Blgz,1)B(g,97")
hence (1, 8) € B, by equation (6.10).

=1

6.4 E-Symmetries

It is now natural to construct a subgroup of E x Z2(k%) in a similar fashion. This
construction corresponds to the lazy induction Aut,,.,(Rep(G)) — Auty, (DG-mod).
Unlike in the case of B-Symmetries, we do not need to consider some sort of dis-
tinguished cocycles. As we will see, being braided for elements of the form (1, «)
already implies that the corresponding braided functor is trivial.

In the following Proposition we construct £,. As in the case of B-Symmetries,
this set should be thought of as a collection of braided monoidal functors. Iden-
tifying pairs that differ by inner Hopf automorphisms and exact cocycles gives us
Er. As shown below, the main statement is that this quotient is isomorphic to
the group of alternating homomorphisms Z(G) — Z(G). In order to get the sub-
group &, C Auty,(DG-mod), we have to take the quotient of gL by the kernel of
£, — Auty, (DG-mod).

Proposition 6.4.1.

(i) The group E x Z2(k%) is a subgroup of Aut,,;(DG) x Z2(DG*). An element
(a, o) corresponds to the monoidal functor (F,, J*) given on simple objects by
F,(08) =08 (»/)g» With the monoidal structure (in (v) we give easy represen-

g’
tatives).
P P X
Oapg ® Qagon = FalOg ® Oy)

(5m V) @ (r @w) = Y ale, 1,605 © p(2)(0)] @ [r; @ x(y) (w)]

i,j;2€Cent(g)
y€eCent(h)

where we denote by p' : Z(G) — k* the one-dimensional representation such
that the any central element z € Z(G) act in p by multiplication with the
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scalar p'(z) and {s;},{r;} C G are choices of representatives of G/Cent(g)
and G/Cent(h) respectively.

(ii) The subgroup &, C E x Z2(k“) defined by

&= {(a,0) € EXZ2(K) | Vg, t,h € G : ales, egnt) = aler, epg-1r)
a(et, eh) = Z Oé(ehy*M €tm*1)€y(a(€z))}

z,y€Z(G)

consists of all elements (a,a) € E x Z2(k%) such that the monoidal autoequiv-
alence (F,, J%) is braided.

(iii) Let Eur = Z(G) A Z(G) be the subgroup of alternating homomorphisms in
E = Hom(Z(G),Z(G)) = Z(G) ®z Z(G), i.e. the set of homomorphisms

a: Z(G) — Z(G) with p(a(x)) = x(a(p))~* and x(a(x)) for all x,p € Z(G).
Then the following group homomorphism is well-defined and surjective:

&L= Ea, (a,a)—a

iv) Let & be the image of & in Outzo,r(DG) x H2(DG*), then the previous
pf L
group homomorphism factorizes to an isomorphism

EL Y By

For each a € E,; we have a representative functor (F,, J*) for a certain «
obtained by pull-back from the center of G. More precisely, the functor is
given by Fa((’)g) =0 (g and the monoidal structure given by a scalar

Op

a(p')g

® Oa(x p — Fa(OF @ OF)
m@n o (p,x') - (m@n)

where o/ € ZQ(Z/(\G)) is any 2-cocycle in the cohomology class associated to

o~

the alternating form a € Fy; on the abelian group Z(G).
Before we proceed to the proof we give some examples:

Example 6.4.2. For G = D, = ( ), 2% = y? = (ay)? = 1 we have Z(GQ) =
([x,y]) = Zy and hence E = Hom(Z ( ), Z(G)) = Zs and E,; = 1. More generally
for the examples G = p2”+1 we have K = Z, ® Z, = Z,, and E,; = Z, NZ, = 1 and

hence SL = 1.

Example 6.4.3. For the group of order p’ in Example 6.3.5 we have Z(G) =
Z) generated by all commutators [z;,z;],7 # j modulo the relation [z, z5][x3, 24].

Hence Eyy = 72 N 72 =2 Z(Z) = 719 and respectively gL = 710,
P P P P P
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Proof of Proposition 6.4.1.

(i) Let us show that E acts trivially on Z2(k%). For this we calculate:

1 0 1 0
wa= Y (@ aasia) *acue)lo x e xen) (1) (eoxne (4 ]) e xw)

x7y727w

=Sater (1) 0x0e (4 1) 0w

- Za(eyaew)(l xy)®(1xw)=a

For the action on simple DG-modules use Lemma 6.1.1. The rest are easy calcula-
tions.

(i) Let (a,a) € E x Z2(kY). Then we use again the fact that (F,, J%) is braided if
and only if equation (6.8) holds. In this case we have o(g X e, h X e,) = a(ey, €y)
and (F,, J*) is braided iff for all g,¢t,d € G :

aler, egq) = Z a(edn—1(t-1g-11), €rz—1)en(ales)) (6.12)
h,x€Z(Q)

Setting g = 1 gives us the second defining equation of £;,. Further, (6.12) is equiva-
lent to

aler, ega-1gt) = Z alegn-1,ep—1)ep(aley)) (6.13)
hxeZ(G)

and therefore: a(e;, ega-14:) = a(ey, eq) which is equivalent to the first defining equa-
tion of £7. Since the product of braided autoequivalences is braided this also shows
that &, is in fact a subgroup of E x Z2(kY).

(iii) We first note that by equation (6.5) for v = id we have a € E,;. We now
show surjectivity: Since Z(G) is an abelian group there exists a unique (up to coho-

mology) 2-cocycle a € HQ(Z/(\G)) with can be pulled back to a 2-cocycle in Z2(k%).
Then (a, «) is in £, which proves surjectivity.

(iv) Before we show the isomorphism we obtain the description of the explicit repre-
sentatives: In (iii) we constructed preimages (a, @) of each a € E,; by pulling back

a 2-cocycle o/ € Z2(Z/(\G)) in the cohomology class associated to a. We now apply
the explicit formula in (i) and use that « is only nonzero on e, e; with g, h € Z(G):
Hence we have only nonzero summands for s,;'s; € Z(G), hence i = m and similarly
j = n. Moreover, p,x reduce on Z(G) to one dimensional representations p’, x’.
Evaluating the resulting sum we get the asserted form.

Next we note that the group homomorphism £, — E,;; in (iii) factorizes to a group
homomorphism &}, — Eg, since (Inn(G) x B2 (k%)) N (E x Z2(kY)) = 1. The kernel
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of this homomorphism consists of all (1, [a]) € &, i.e. all classes [a] such that there
exists a lazy representative a € Z2(k%). Then, by definition of £, the following is
fulfilled for a pair (1,a) € &

aler, egne) = aler, epg-11)  aleg, en) = alen, eg)

By Corollary 3.2.3 a symmetric lazy cocycle a € Z2(k) is already cohomologically
trivial.

]

6.5 Partial Dualizations

Recall from Proposition 4.1.9 that R is the set of triples (H,C,J) such that G =
H x C and ¢ : kC = k¢ a Hopf isomorphism. Corresponding to that triple, we
have defined a Hopf automorphism 7y cs of DG that we called a reflection on C.
In some sense, a reflection rg ¢ s exchanges kC C DG with k¢ C DG via 6 (recall
Proposition 4.1.9). We will identify the triple (H,C,¢) with the corresponding au-
tomorphism r = ry ¢ s and the other way around.

Also, we have defined the group of central bialgebra pairings P.(kG, k%) in Propo-
sition 5.0.8, which is a subgroup of Z%(DG*). In the following Proposition, we
construct braided monoidal autoequivalences of DG-mod, where the action on ob-
jects is determined by a reflection and the monoidal structure is determined by a
central bialgebra pairing.

Proposition 6.5.1.

(i) Consider the subset R x P.(kG, k%) in Autg,,;(DG) x Z2(DG*). An element
(r,A) corresponds to the monoidal functor (F,, J*) given on simple objects

by F,.(OpF°) = O] 5 ,» where we decompose any group element and rep-
resentation accordmg to the choice G = H x C into h € H,c € C resp.
pu € Centy(h)-mod, pc € Cente(c)-mod. The monoidal structure is given by

O:;)Hf((;c L ® OXH5 c) D 5 F, (OPHPC ® OXHXC)

(sm ©0) ® (rn ® w) Z AW s e 520)[85 ® p(2)(0)] @ (1 @ w)

z ECent(hc)

where {s,,},{r.} C G are choices of representatives of G/Cent(g) and G/Cent(h)
respectively and where (h'c’),, = r,h'dr, !

(ii) Define the following set:
Ri = {(rmcs, A) € R X Po(kG k%) | M(he, epe) = Sewdp Yh, B € H e, € C}

A pair (F, .5, J*) is a braided autoequivalence if and only if (rgcs, \) € Rr.

We call the elements of R partial dualizations of H on C.
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(iii) For (rucs,A) € Ry the monoidal structure of (F,, . ,,J*) simplifies:

(’)§H15 " Q OXH5 D F. (Oprc ® OXHXC)
m@nwc« ) (m ®n)

Proof. (i) For the action on simple DG-modules use Lemma 6.1.1.

(ii) For (racos, A) € R x P.(kG, k) the functor (F,,J*) is braided if and only if
the equation (6.8) holds, where we have to consider the case (g X e,,h X €,) =
A(g, ey)e(ey). Let us denote an element in the group G = H x C by g = guge and
recall that we write po,py for the obvious projections. Then we check equation
(6.8) in this case:

DAy ay e (e xy) @ ey x2) = Y SuAy ay,e) (e X y) @ (ew X 2)
x,y,2€G z,Y,2,weG
has to be equal to

D Aw,e)) (1 x y)(5*((9192)c) % (9192)1) @ (€ X 1)(eg, 0 prr X 6 (eg, © pc))

w,yY,91,92

= Mw,e)(L x )5 ((9192)0)(r)e= (5 (e, © pc))

(ex X (9192)m) @ (ew X 1)(ey, 0 p X 2)
=Y Gepadw,e)5(xe)((9192)0)e (e (67 (ex)

x,Y,91,92,W,2
(92)g=1

(I xy)(ex X (9192)1) @ (€w X 1)(eg, © p X 2)
= D uaMw,)8(2e)((92)c)etgmone (0 (€x0)) (€yay—r X ylgr)ar) ® (ew % 2)

w,Y,91,92
(92)g=lwyg=(91)Hg

= D FepaAw,e,,-1)8(2e) (07 (e:0)))(en X ) © (ew X 2)

x’y7w7z

This is equivalent to saying that for all xz,y, w, z € G the following holds:
By My, €2) = b 1A, €105} (57 (E20))
So we see that (r, \) fulfills this equation if and only if
A, ene) = 8(0) (6™ (ew))e(R)elen) = Sawe(h)elen)
for all he,h'd € H x C. Since for ¢,, € C we have 6(c)(c) = d(c')(c), this also

implies:
5(c)( = e(07 (ew = e(07(ee))6(x)(c) = ew(c) = bo
xeC zeC
This proves that (r,\) € R.

(iii) This is a simple calculation using that C' is abelian and then that A(hc, epe) =
dc,c€(h)e(ep ) implies ¢ = m and only leaves the term . . O
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6.6 Statement and Proof of the Decomposition

Recall that we have defined certain characteristic elements of Auty,.(DG-mod) in
the Propositions 6.2.1, 6.3.2, 6.4.1, 6.5.1 and showed how they can be explicitly cal-
%Lited: We have that &£, is isomorphic to the group of alternating homomorphisms
Z(G) — Z(G), that By, is a central extension of the group of alternating homomor-
phisms on Gy, — é; and that Ry is parametrized by decompositions G = H x C
together with a Hopf isomorphism & : kC' ~ k¢. In the following Theorem, which
is our main result, we show that these elements generate Aut,,(DG-mod) and that
we even have a (double) coset decomposition.

Theorem 6.6.1.

(i) Let G = H x C where H is purely non-abelian and C' is elementary abelian.
Then the subgroup of Auty,,;(DG) x Z3(DG™) defined by

Auty,  (DG-mod) = {(¢,0) € Auty,r(DG) x Z1(DG*) | (Fy, J7) braided }
has the following decomposition into disjoint double cosets

Auty, (DG-mod) = | | ViBy-(r,A)dReg, (DG") - ViEp
(r,\)ERL/~

where two reflections (ry s, A) and (rg o5, A') are equivalent if and only if
there exists a group isomorphism C ~ C".

Similarly, the quotient Auty, ,(DG-mod) has a decomposition into double
cosets

Auty, ,(DG-mod) = |_| ViBr - (r,A\) - Viér

(T‘,)\)ERL/N

(ii) Let G be a finite group with not necessarily elementary abelian direct factors.
For every element (¢,0) € Auty, ,(DG-mod) there exists a (r,A) € Ry, such
that (¢,0) is in

(r,A) - [BL(VL x &L)]

and similarly for Aut,, ; (DG-mod).

(iii) Let G be a finite group with not necessarily elementary abelian direct factors.
For every element (¢,0) € Auty, (DG-mod) there exists a (r,\) € Ry, such
that (¢, 0) is in

[(VL X BL)EL] . (T, )\)

and similarly for Aut,, ; (DG-mod).
Before we turn to the proof, we add some useful facts proven above. In the subse-

quent section we give examples and discuss how the Brauer-Picard group is described
in this way.
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(p,0) — (Fy,J%) induces a group homomorphism to Aut,,.(DG-mod) that
factors through

Auty, ; (DG-mod) — Auty,. 1 (DG-mod)

o (¢p,0) — (Fy, J7) is still not necessarily injective, as Example 6.3.4 shows. The
kernel is controlled by certain internal elements in DG (see exact sequence
(1.10)).

e The group structure of ATJ/th,L(DG-mod) can be almost completely read off
using the maps from Vi, gL, gL, R to the known groups (resp. set) Out(G),
Bait, Eqe, R in terms of matrices. Only B, 1 — By is not necessarily a bijection
in rare cases (in these cases additional cohomology calculations are necessary
to determine the group structure).

e The decomposition of Aut,, ;(DG-mod) is of course up to a coboundary in
dReg}, (DG*) or equivalently up to a monoidal natural transformation.

Proof of Theorem 6.6.1.

(1) We start with a general element (F, J7) € Auty, ; (DG-mod). We use the decom-
position in Theorem 4.2.1 (ii) to write ¢ as a product of elements in V| V., B, E, R.
Since GG has only elementary abelian direct factors, the twist v is zero. Thus,
there exist v/,w’ € Auwt(G) ~ V, v,w € Aut,(G) ~ V., b € Hom(G,G) ~ B,
a € Hom(Z/(\G),Z(G)) ~ E and reflection ry ¢4, where G = H x C' and where
§ : kC' = k€ a Hopf isomorphism, such that ¢ is given by the matrix:

(U EDE DG )G DG D) e

Let us sketch the general procedure before going into details: The idea is to multiply
(¢,0) with specifically constructed elements of Vi, By, &, R from both sides in
order to simplify the general form of the matrix corresponding to ¢. Recall that for
(¢,0),(¢,0") € Autypr(DG) x 73 (DG*):

(0,0)(¢,0") = (¢' 0 ¢,0 % ¢.0)
where ¢.0" = (¢ ® ¢)(0”).

For the construction of these elements V;, By, £, R, we heavily make use of Lemma
6.1.2 and Propositions 6.3.2 (iii) and 6.4.1 (iii). This way we reduce (¢,0) to
(id, ¢’) for some ¢’ € Z2(DG"). Since we multiply (multiplication is composition
of monoidal functors) with braided functors, also (id, 0’) is braided. Equation (6.8)
implies that ¢’ is symmetric in the sense of equation (5.15) and from Lemma 5.0.11
thus follows that ¢’ is (up to almost lazy coboundary) a distinguished 2-cocycle on

G in Z7,,(G) and therefore in By, which proves the decomposition.
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We will use the symbol ~» after an multiplication with V., B, &, R and warn
that the u,v,b,a etc. before and after this multiplication, after ~», are in general
different. We do this because we want to avoid unreadable notation «’, u”, u" etc.

We are using the matrix notation for elements in Autg,,f(DG) with respect to
the product DG = kY x kG and for elements in Aut(G), Aut.(G), Hom(G,G),

Hom(Z(G), Z(G)) with respect to the direct product G = H x C. For example, we
write an v € Aut(H x C') as the following matrix

UVH,H VCH
Vg,c Vo,c
and similarly for the u, b, a.

First, we want to simplify the matrix (6.14) by lifting v/, w’ trivially (with trivial
2-cocycles) to elements in Vy, and then multiplying the inverses of these lifts with
the matrix (6.14) such that it becomes

SGEOENE ALY e

The 2-cocycle o stays the same after this multiplication, since the 2-cocycles in Vy,
are trivial. Note that that V' normalizes both V. and E. With this step, we have
‘eliminated’ the V, ~ Aut(G) parts in ¢. Further, we use the fact that the subgroup
V. normalizes the subgroup B and arrive at

G ) DE )6 )6 (616

[ v*per + 007 + v*owa + bpgwa  v*ow + bpyw (6.17)
- 61+ prwa PHW '

Since (6.17) together with the 2-cocycle o is braided, we deduce from Lemma 6.1.2
equation (6.4) that

1 =1[00pcow(g)(vopmow(g))-[bopyow(g)(pmow(g))] (6.18)

for all g € G. In particular, if we choose for g := w™!(h) with an arbitrary h € H
equation (6.18) implies:

1= b(h)(h) = by, (R) () (6.19)

which means that by ; : H — H is alternating. Further, taking ¢ := w™'(h,¢) in
equation (6.18), we get 0(c)(v(h)) =1 for all c € C,h € H, hence vy o = 0 (since &
is an isomorphism).

Now we take the inverse of (6.16) and argue analogously as above on the inverse
matrix. We deduce that ag g is alternating and that (w™')c gy = 0 and therefore
that Wo H = 0.
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The alternating homomorphism by gy : H — H can be trivially extended to an
alternating homomorphism G — G:

. bH,H 0
= ()
and similarly for ay y. Now we use Propositions 6.3.2 (ili) and 6.4.1 (iii): For
these alternating homomorphisms a,b on G exist 2-cocycles 8, € Z2 (G, k*) and

o, € Z3(k%) such that (b, 3,) € By and (a,a,) € E. Multiplying equation (6.16)
with the inverses of (b, 5) and (a, o) we simplify equation (6.16) to

)G DE )6 )6 (620

. o 0 acm . 0 bc,H __ (VH,H VC,H _ (wga O
with a = (aH,c acyc), b= (bH,c boo ) U= ( 0 Uc‘c) and w = (wH‘C wc’c) where

the 2-cocycle o changes to some other 2-cocycle ¢’. With this step we ’eliminated’
the "H-part’ in a and b.

The b and a can be simplified even further by using the fact that we can construct
alternating b = (—b?{,c BcdH) with b g (c)(h) = —(bge(h)(c))~! and similarly an
alternating a. For these maps there exists again 2-cocycles that lift them to elements
in By and & respectively. As before, we multiplying equation (6.20) with the

inverses of the lifts and get:

GHEDEIEIE) e

Witha:( 0 0 ),b:<0bC’H),U=(UHO’HvC’H>andw:(wH’H 0 )

ag,c ac,c 0 bc,c vo,c WH,C WC,C

Now we commute the matrix corresponding to b to the right as follows:

0 be,m * * OB,H
) (2 9 ) ) ) (o )
0 1 0 1 ) P+ 0 1 0 1 ) PH

(6.22)
vt 0\ [pp 5) (ééaqafl) 0 1 0
- a 6.23
(0 1) (5 ' opn 0 1 (85—1500,05—1) 1 (6:23)
ev. e

By commuting the V. elements in the decomposition to the right, multiplying with
V' as in the first step and then commuting back we thus arrived at the following

form:
GO DEIEY e
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with a = (8 agc ), v = (vlf)’H Zgg) and w = (ﬁf,f,g wg}c ) Here we eliminated the
ap,c part, similarly as the bo i part, by commuting the corresponding matrix to the
left, past trough the reflection. This gives us again an element in V, which we can

absorb.

Now consider the inverse of (6.24):

e (v*) 7 0
—appr (V)M w it —ad +wlpy
is again braided, hence we use as before Lemma 6.1.2 equation (6.4) to get:

1= 6(pc(9))(a(d(pe(9))wie(pu(9)))) = 6(9e)(ac,c(3(9e)))d(g90) (Wi (gu))
(6.25)

Since this has to hold for all ¢ = gyge € H x C, we argue as before and get that
ac,c is alternating and that wl_{}c = 0 and therefore wy - = 0. So we can eliminate
the ac o part by the same arguments as before. Using Lemma 6.1.2 equation (6.5)
on (6.24) we deduce: vo g = 0. Since v is diagonal we can commute the matrix to
the right through the reflection. We then get a product of a reflection §' = v 5 09,
H = H'" and v. In other words, diagonal elements w.r.t a decomposition G = H x C'
of V., normalize reflections rg cs. We can lift any reflection to an element in R
according to Proposition 6.5.1 (iii). Thus we arrive at:

GGy o

Applying Lemma 6.1.2 equation (6.7) on (6.26) we get that x(g) = x(w(g)) for all
g € G, hence w = id.

During all of the above multiplications the 2-cocycle o changed to some other 2-
cocycle o/ € Z2(DG*) so that now we are left with the braided autoequivalence
(id, o).

By Lemma 5.0.3 we know that 5,.(g,h) = 0’(g X 1,h x 1) defines a 2-cocycle on G.
From equation (6.8) we deduce that if (1,0’) is braided then

d(gx 1, x1)=0'(hx1,gx1)

o'(1 x ey 1xe,)

(1

o (gx1,1xe,)=0"(1Xezgx1)
)
)

o'(1 x ey 1 Xe,
this shows that (1, 8,/) € Br. We multiply (1,0") from the left with (1, 05_1/) where

05,,(9 X €z, h X ey) = By(g,h)e(eq)e(ey) = o' (g x 1,7 x 1)e(es)e(ey)
and the resulting cocycle fulfills

o5, 0’ (gx1,hx1) = Z o5 (g X e, h xeg)a'(gh x 1,h* x 1)
t,seG

= Za’ll(g x 1,h x 1)e(er)e(es)o(gh x 1,h* x 1) =1
t,s
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Denote the new cocycle again by ¢’ and note that o’ is trivial if restricted to kG x kG,
since we got rid of the ’distinguished kG-part’.

So (id,0’) is a braided autoequivalence with trivial restriction to kG x kG. By
equation (6.8), ¢’ is a symmetric 2-cocycle on DG™ as defined in equation (5.15).
Lemma 5.0.11 implies that such a symmetric 2-cocycle is trivial up to an almost
lazy coboundary that is not necessary lazy. Thus, there exists an n € Regl; (DG¥)
such that ¢’ = dn.

(ii) By Theorem 4.2.1 (iv) we write

() )G )6 ) 620

where we have already eliminated the V' element, since it normalizes F and every
V has a lift to V. Similarly, we know from Proposition 6.5.1 that every reflection
r has a lift (r, \) € Rz. Hence we multiply (¢, o) with the inverse (r, \)~! from the
left so that ¢ changes to:

W ((1) 11)) (% §)> (2 (1)) - (U*Zba 11)) (6.28)

Since this element has to be braided, using Lemma 6.1.2 equation 6.4 together with
(6.11) it follows that b is alternating on G. From Lemma 6.1.2 equation 6.7 follows
that v = idg and then that a is alternating. Hence we can construct lifts to By,
and &y, as in (i) and multiplying with the corresponding inverses just leaves us with
a (1,0'). As in (i) we get rid of the distinguished part and then this is a trivial
autoequivalence (up to natural transformation).

The proof of (iii) is completely analogous to (ii). O



Chapter 7

Examples and the full
Brauer-Picard group

As described in the introduction, we have the following two group homomorphisms
to Auty-(DG-mod):

Indvecty : Autyen(Vects) — Auty, (DG-mod)

Indrep(c) : Attimon(Rep(G)) — Auty, (DG-mod)

The images give us subgroups of Auty,.(DG-mod). Further, we have defined the set
of partial dualizations R that interact between the two subgroups im(Indyec, ) and
im(Indgep(c)) (see Introduction and the next section).

Conjecture 7.0.1. The subgroups im(Indg_mod), im(Ind g+moq) together with par-
tial dualizations R generate the group Auty,(H-mod). Further, Aut,,.(H-mod) de-
composes into an (ordered) product of im(Indgy_meq), im(Ind g+_meq) and R.

We now discuss the results of this thesis for several classes of groups G in the lazy
case and also verify that the decomposition we propose in Conjecture 7.0.1 is true
for the full Brauer-Picard group (not necessary lazy). Let us first summarize the
approach in [NR14] to study Aut,,(DG-mod).

Definition 7.0.2. Let C be a modular tensor category. A subcategory D C C is
called Lagrangian if the spherical twist of C is the identity on D and D = D', where
D = {X eC | Cyx OCxyy = idX®y VY € D}

is the Miiger centralizer of D and {cxy : X ®Y = Y ® X | X,Y € C} is the
braiding of C.

An isotropic subcategory D is necessary symmetric monoidal and the condition
D = D' means that D is the 'maximal’ symmetric monoidal subcategory of C.

Let L(G) be the set (lattice) of Lagrangian subcategories £ C DG-mod. Lagrangian
subcategories of DG-mod are parametrized by pairs (N, u), where N is a normal

99
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abelian subgroup of G and p € H*(N, k*) a G-invariant 2-cohomology class on N.
The Lagrangian subcategory associated associated to a pair (N, u) is denoted by
Ly, and is generated, as an abelian category, by the following simple objects (see
Sect. 7 [NR14]):

Ly, :=(0y|geN, x(h) = ulg,h)u(h,g)~' Vh € N)
Let further
Lo(G) :={L € L(G) | £ ~ Rep(G) as a braided fusion category}

The group Aut,, (DG-mod) acts on the set (lattice) of fusion subcategories of DG-mod
and on L(G), where the subset L(G) is invariant under this action.

Proposition 7.0.3. (Proposition 7.6 [NR14])
The action of Auty,.(DG-mod) on Lo(G) is transitive.

Proposition 7.0.4. (Corollary 6.9, Lemma 6.10 [NR14])
The stabilizer of the standard Lagrangian subcategory £1; = Rep(G) is the image
of the induction

Indvecte : Autymen(Vecte) — Auty, (DG-mod)

Moreover, we have a group isomorphism: im(Indyee,) =~ Out(G) x H*(G, k*).
Putting both together, we have a group isomorphism:

Stab(Rep(G)) ~ Out(G) x H*(G, k)

Corollary 7.0.5. (Corollary 7.7 [NR14])
For a finite group GG we have

| Auty, (DG-mod)| = [H*(G, k¥)[|Out(G)||Lo(G)|

As we will explain further below, with the statements above, one can determine
Auty,. (DG-mod) for certain groups G as done in [NR14]. The main purpose of this
section is to show that, in these examples for GG, the subgroups B, £,V together with
the partial dualizations R act transitively on Lo(G), which implies that they are
indeed generators of Auty,.(DG-mod) confirming the Conjecture 7.0.1.

7.1 General Considerations on Partial Dualiza-
tions

For each triple (@, N,0) where G is a semi-direct product G = @ x N, N a normal
abelian subgroup of G, § : kN = kY a G-invariant (under conjugation action) Hopf
isomorphism, we obtain an element rg ys := Q € Auty, (DG-mod), where Q is the
braided autoequivalence given in Thm 3.20 in [BLS15]: We have a decomposition
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of kG as a Radford biproduct kG = k@ x kN, where N is a normal subgroup of G,
kN is a Hopf algebra in D@Q-mod, where k(@) acts on kN by conjugation and where
the kQ-coaction on kN is trivial. In our notation, the braided autoequivalence
ro.ns : DG-mod = DG-mod assigns a DG-module M to a DG-module 7¢ y5(M)
where rg ns(M) is M as a k-vector space and where the DG-action on rg n (M) is
given by postcomposing with the following algebra isomorphism of DG = D(Q x N):

DG > (fq. fv) x (a:1) = (fq.0(n)) x (q.6(fn)) € DG

where fo € k9, fy € kV,q € Q and n € N. Essentially, this is the reflection as
defined in Proposition 4.1.9 but since we do not have a direct product of () and NV,
we do not have a coalgebra isomorphism as we would have in the lazy case. We are
denoting the DG-action on M by ((fg, fn) X (¢,n)).m € M for m € M and the

DG-action on 1o ys(M) by ((fg, fn) x (¢,n)) .m = ((fg,0(n)) x (¢,6  (fn))) .m.

We now show how partial dualization rg ys act on irreducible representations Of of
DG and hence on subcategory £;;. We need this in order to check that the group
generated by B,£,V and R acts transitively on Lo(G). Since Lo(G) is the orbit
of £17 = Rep(G) and since £y, is generated by the simple objects Of, we only
need the action of partial dualizations on simple objects of the form Of for some
irreducible character x on G.

Since rg ns is a monoidal autoequivalence, it sends simple objects to simple ob-
jects. Therefore, for each irreducible character y on G there exists a conjugacy class
[9] C G and an irreducible character p on Cent(g) such that ro ns(Of) = 0F. We
have dim(x) = |[g]| - dim(p). We want to determine [g] and p.

Clifford’s theorem (see e.g. Page 70, Theorem 4.1 in [Gor07]) states that the restric-
tion of an irreducible character x to a normal subgroup N of G decomposes into a
direct sum of irreducible N-characters y; with the same multiplicity e € N:

t
X|n = 62)@
i=1

where the y; form a G-orbit under conjugation action on N and hence on Rep(N).
The group Q = G/N acts on y; by conjugation in the argument and the subgroups
I; C G/N = @ fixing a x; are called the inertia subgroups. We have [Q : I;] = t.

Since N is abelian, we obtain 1-dimensional representations y; € N forming a G-
conjugacy class. Then n; := 6 '(x;) € N are all conjugate to each other in G.
Fix one representative n; = = *(y;) in this conjugacy class and the corresponding
inertia subgroup I; C ). Further, since ¢ is G-conjugation invariant we also have
the formula Cent(n;) = N x I,.

We have a decomposition via Clifford’s theorem Of = @;ZOTJ ® M;, where the
M; are 1-dimensional k-vector spaces with an N-action given by x; and where Tj is
an e-dimensional k-vector space with trivial N-action. Since the partial dualization
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preserves vector spaces, we also have a decomposition as vector spaces: 79 ns(Of) =
08 = @;ZO T; ® M;. We calculate the k"-action (kN-coaction) on O?: Let t ®@m; €
T; ® M; then the modified kV-action:

e (t@my) =67 (en,).(E@my) = x;(67 (en,)) (t @ my)
= enl((s_l(Xj))(t & mj) = enz(nj)(t ® mj) = 5l,j(t ® mj)

On the other hand the k%-action (kQ-coaction) on 07 stays the same, which is
trivial here. Hence, we have shown: [g] = [n].
Now calculate the action of Cent(n;) = N x I; on T; ® M;. Let n € N and note that
the k-action on Of is trivial since |[1]| = 1. Hence the kN-action on OF. is trivial.
Forge I, CQ=G/N: q.,.(t®@m;) = (¢.t) ® m; where Q acts on T; since T; ® M; is
an [;-submodule. Thus, p is the character on N x [; which is the trivial extension
of the I;-representation T,. Overall we get
rons(0F) = Oy

ng

7.2 General considerations on non-lazy induction

We now turn to the subgroups of Aut,,.(DG-mod) defined to be the images of the
functors
Indvecty, : Autyon(Vects) — Auty, (DG-mod)

Indrepc) : Attymon(Rep(G)) — Auty, (DG-mod)
We already know (e.g. from [NR14)):

im(Indvyect; ) = Aton(Vectg) = Out(G) x H*(G, k)

The subgroup im(Indgep(ey) is much harder to compute. The group Aut,,on(Rep(G))
is parametrized by pairs (N, «) where N is an abelian subgroup of G' and « belongs
to a G-invariant cohomology class (see [Dav01]). The subgroup of lazy monoidal
autoequivalences corresponds to all pairs where « is G-invariant even as an 2-cocycle.

Remark 7.2.1. An interesting example appears when we consider G = Z3"xSp,,, (2)
where Sp,,,(2) is the symplectic group over Fy. There is a pair (IV, ) such that the
associated functor is a monoidal equivalence

Fyno @ Rep(Z3" 1 Sp,,(2)) — Rep(Z3".Sp,,(2))

The groups Z3" X Sp,,(2) and Z3".Sp,,,(2) are isomorphic only for n = 1. Namely,
they are both isomorphic to S;. See Example 7.6 in [Dav0l]. This leads to a
nontrivial and non-lazy monoidal autoequivalence, which leads to a non-trivial non-
lazy braided autoequivalence of DSy, see the example below.

For any F' € Aut,,.,(Rep(G)), we want to determine the image

Ep := Indgepc) (F) € Auty(DG-mod)
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Unfortunately, it is not easy to calculate Er explicitly, since it depends on the
isomorphism BrPic(C) — Auty,(Z(C)). In [NR14] equations (16),(17), the image
of the induction Indvyec, was worked out, but we are also interested in the image
of Indgep(e) which seems to be harder. We can easily derive at least an necessary
condition. From [ENO10] we know that given an invertible C-bimodule category
cMe the corresponding braided autoequivalence ®py € Auty,.(Z(C)) is determined
by the condition that there exists a isomorphism of C-bimodule functors Z ® - ~
@ Ppm(Z) for all Z € Z(C). In our case ¢Me = pCe and Py = Ep. This implies
for (V,¢),(V',d) € Z(C)

Er(Vie)=(V',d) = F(V)eX=XeV VYXecC
In particular, we have F'(V)) ~ V'. For C = Rep(G) this implies moreover:
EF(O_S;) = O;(’ = F(Indgent(g) (X)) = Indgent(g’)(xl)

Thus, possible images of Er are determined by the character table of G and induction-
restriction table with Cent(g), Cent(g’). We continue for the special case g = 1 to
determine the possible images Er(Of) and hence Er(L11). Our formula above
implies:

F(X) = Indgent(g’)<xl)

In particular, Indgent(g,)(x’ ) has to be irreducible.
7.2.1 Elementary abelian groups

For G = Z, with p a prime number. We fix an isomorphism Z, ~ Zp. We know
that
BrPic(Rep(Z;)) ~ Oy, (F,)

where O, (F,) := Oy, (F,,q) is the group of invertible 2n x 2n matrices invariant
under the form:

¢ F X Fp = By (kyy ok, by ln) = ) kil
=1

For abelian groups, all 2-cocycles over DG are lazy and the results of this article
gives a product decomposition of BrPic(Rep(Zy)).
~ A7t 0
o V=GL,(F,) ~ 0 A | A€ GL,(F,) p C Og,(Fp, q)

o« BB, {(10” f> |B=—-BT B; =0,B¢€ IF;X”} C 00, (F,, q)

[} 5 = Ealt = {(ﬂéL 10) ’ E = —ET,Eii = O,E c ]FZXTL} - Ogn(]Fp,q)
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The set R/ ~ consists of n+ 1 representatives (¢, one for each possible dimension
d of a direct factor Fg = C C G, and 7 is an actual reflection on the subspace
C with a suitable monoidal structure determined by the pairing A. Especially the
generator r(g conjugates B and £. In this case the double coset decomposition is a
variant of the Bruhat decomposition of Oy, (F,, q).

It is interesting to discuss how, in this example, our subgroups act on the La-
grangian subcategories and to see that this action is indeed transitive. Ly(G) =
L(G) is parametrized by pairs (N, [u]) where N is a subvector space of Fy and
(1] € H*(N,k*) is uniquely determined by an alternating bilinear form (,), on
N given by (g,h), = u(g,h)u(h,g)~'. Let N’ be the orthogonal complement, so
) = N @ N'. We have

Lx = (0957 | geNow e F) £ = (0} | x < 6)

e Elements in V;, = Out(G) = GL,(FF,) stabilize £ ;.

e For any ¢, a partial dualization ry € Ry, on N maps £1; to Ly ;.

e b € Hom,; (G, é) ~ By, acts by OX (’)f,"b(g"). In particular, it stabilizes £; ; and
sends L1 — Ly g,y where f € Z*(G,k*) is uniquely (up to coboundary) deter-
mined by b(g, h) = B(g, h)B(h, )"

e a € Hom,;(G,G) ~ &, acts by Ox — sz((x)g' In particular, it sends £ to Ly,
with N = im(a) being the image of a and € Z*(N, k*) is uniquely (up to cobound-
ary) determined by n(n,n")n(n’,n)~t = x(n’) where a(x) =n and n’ € N = im(a).
For another x’' with a(x’) = n we have x(n') = x(a(p)) = pla(x))™! = pla(x’)) =
X' (n).

We see that can get every Ly, € Lo(G) with suitable combinations of elements of
our subgroups applied to L4 ;.

7.2.2 Simple groups

Let G be a simple group, then our result returns
o V; = Out(G)
° EL :@ab/\@ab: 1
e EL=Z(G)NZ(G) =1
e R =1
hence the only lazy autoequivalences are induced by outer automorphisms of G.

We have no normal abelian subgroups except {1} and hence the only Lagrangian sub-
category is £ 1 and the stabilizer Out(G) x H?(G, k*) is equal to Auty,(DG-mod).

Observe that in this example we obtain also a decomposition of the full Brauer-
Picard group and our Conjecture 7.0.1 is answered positively: Namely, Auty, (DG-mod)
is equal the image of the induction Indyect,,, while the other subgroups are trivial.
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7.2.3 Lie groups and quasisimple groups

Lie groups over finite fields G(F,), ¢ = p* have (with small exceptions) the property
G4 = 1 and there are no semidirect factors. On the other hand, they may contain a
nontrivial center Z(G). This is comparable to their complex counterpart, where the
center of the simply-connected form Z(G,.(C)) is equal to the fundamental group
71 (Gaa(C)) of the adjoint form with no center Z(G,.q(C)) = 1. In exceptional cases
for ¢, the maximal central extension may be larger than m (Guq(C)). Similarly,
we could consider central extensions of sporadic groups G; these appear in any
insolvable group as part of the Fitting group.

Definition 7.2.2. A group G is called quasisimple if it is a perfect central extension
of a simple group:

Z5GH Z=2G), [G,G=aG

As long as H3(Z,C*) = 1, e.g. because Z is cyclic, there is no difference to the
simple case. Nontrivial gL—terms appear as soon as H?(Z,C*) # 1. This is the case
for Dy, (F,) = SO4,(F,) (for ¢ odd or ¢ = 2) where we have m1(Goq(C)) = Zg x Zy
and in some other (exceptional) cases. We consider all universal perfect central ex-
tensions where H?(Z, C*) # 1:

Z H Er
ZQ X ZQ Dgn(Fq) ZQ
Ly X Ty X L3 Ay(Fy2) | Zy
Zs X Tg X Ly 2A3(F32)
Zo X Lo X Zs 2A5(Fy2) | Zy
Lo X Ly 2By (Fys)
Zo X Zo X ZLs 2Fg(Fy2)

The upper indices denote the order of the automorphism by which the so-called
Steinberg groups are defined. Out(H) typically consists of scalar- and Galois-
automorphisms of the base field F,, extended by the group of Dynkin diagram
automorphisms; for example D4 we have the triality automorphisms S3. Note fur-
ther that any automorphism on G preserves the center Z, hence it factors to an
automorphism in H. The kernel of this group homomorphism Out(G) — Out(H)
is trivial, since all elements in Z are products of commutators of G elements. We
have Out(G) = Out(H) where surjectivity follows from G being a universal central
extension. For G as above, the following holds:

0 & = (Zny X Ly X L) N (Lo X Ty X Tgy) = Ly for ged(n, k) = 1
where n € {2,3,4} as indicated in the above table.

e R, =1, as there are no direct factors of G.



106 CHAPTER 7. EXAMPLES AND THE FULL BRAUER-PICARD GROUP

Hence Auty, (DG-mod) >~ Out(H) X Z,.

Claim 7.2.3. The decomposition we proposed in Conjecture 7.0.1 is also true for
the full Brauer-Picard group for the G above. More precisely

BrPic(Rep(G)) = im(Indyeet,) - im(Indrep(c)) - R
= Out(G) x H*(G, k™) - Zy, - 1

o im(Indyee,) = H*(G, kX)
o im(Indgep()) ~ £~ gL ~ T
e No reflections, as there is no semidirect decomposition of G.

Proof. Let N be a normal abelian subgroup of G. Then the image w(N) of the
surjection m : G — H is a normal abelian subgroup of H. Since H is simple and
non-abelian, N has to be a subgroup of the center ker(7) = Z = Z(G). Further,
since G = G o = 1, the only 1-dimensional simple object in £ is Of. On the
other hand, if [u] € HQ(N k*) is degenerate on a non-trivial IV, hence if there exists
an € N such that p(n, )u(-)~' =1, then Ly, has at least two (non-isomorphic)
1-dimensional simple objects, namely OF and O;. This implies, all Ly, € Lo(G)
with N # 1 must have a non-degenerate pu.
Recall that an element in im(Indgep(e)) determined by an a € Homalt(Z , Z) sends
Of to O;‘(X,) where ' : Z — k* the 1-dimensional character determined by y
restricted to Z. Given a pair (N, [u]) where N is a normal central subgroup of G
and p non-degenerate we give a € Homalt(z\7 Z) such that a(L11) = Ln,. Since p
is non-degenerate, b : N = N defined by b(n)(n') = u(n,n')u=(n’,n) is bijective.
We claim that a € Homuy(Z, Z) defined by a(x) := b~ (x|n) does the job. Using
that IV is a central normal subgroup, we see that N = im(a). Also, p is indeed the
cocycle determined by a because: x(n') = b(n,n’) = u(n,n)u=t(n',n) for a(yx) =n
and all n’ € N. This proves that a(£1) = Ly,. The action of Homalt(z VARSY/S
on Ly(G) is therefore indeed transitive. All elements of Z,, act differently on Lo (G)
and therefore &, ~ &;. Also, in this case, the lazy elements £ ~ Z, already give all
im(Indgep(@)) = Z,. The only non-lazy terms come from im(Indvec,) = H*(G, k)
in the stabilizer.

[

7.2.4 Symmetric group S;

For G = S;3 the following holds
o V= 0ut(S;) =
o B =S5 AS5=ZyNZy=1
o £, =Z(S3) N Z(S;) =

e R, =1, as there are no direct factors.
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Hence our result implies that there are no lazy braided autoequivalences of DS3-mod.
We now discuss the full Brauer-Picard group of Sz which was computed in [NR14]
Sec. 8.1: We have the Lagrangian subcategories £y 1, £((123)),1 and stabilizer Out(S3)x
H%(S3, k%) = 1. Hence Auty,(DSz-mod) = Zo.

Claim 7.2.4. The decomposition we proposed in Conjecture 7.0.1 is also true for
the full Brauer-Picard group of S3. More precisely

BrPic(Rep(S3)) = im(Indvect,,) - im(Indgepey) - R =1-1-Zs
o im(Indyect,) =1
o im(Indgep()) = 1

e Reflections Zs, generated by the partial dualizations ry on the semidirect
decomposition S35 = Zs X Zy with abelian normal subgroup N = Zs. More
precisely 7 interchanges £ 1, £(123)),1, the action on Of is made explicit in the
proof.

Proof. First, im(Indvee,, ) is the stabilizer Out(S3) x H*(S3, k%) = 1. Second, [Dav01]
states that Aut,,.,(Rep(G)) is a subset of the set of pairs consisting of a abelian
normal subgroup and a non-degenerate G-invariant cohomology class on this sub-
group. The only nontrivial normal abelian subgroup for S; is cyclic and hence there
is no such pair, thus im(Indgeps,)) = 1.

We apply the general considerations in Section 7.1: The Clifford decomposition of
the restrictions triv|y, sgn|y, refly to N = Zs is 1,1, & ¢* respectively. In the
last case Zs is acting by interchanging the summands (resp. by Galois action), the
inertia group being trivial. We get 7(O!) = (9(1123) and the partial dualization r
maps

El,l = <Oiriv7 Oign7 Oief> — £<(123)>71 = <Oiriv’ Oigna 0(1123)>

7.2.5 Symmetric group Sy

For G =S, the following holds:
oV, =0ut(Sy) =1
. gL:S4/\§4:Z2AZ2:1
o £, =Z(SHNZ(Sy) =1
e R, =1, as there are no direct factors.

Hence, your result implies that there are no lazy braided autoequivalences of DS;-mod.

The full Brauer-Picard group of S; was computed in Sec. 8.2. [NR14]. Denote the
standard irreducible representations of S, by triv, sgn, ref2, ref3, ref3®sgn.
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1 (12)(34) (12) (1234) (123)
triv 1 1 1 1 1
sgn 1 1 -1 -1 1
ref2 2 2 0 0 -1
ref3 3 -1 1 -1 0
ref3 ®sgn | 3 -1 -1 1 0

There is a unique abelian normal subgroup N = {1, (12)(34), (13)(24), (14)(23)} =
Ly x Zy. We have three Lagrangian subcategories £11, Ly 1, Ly, for N = Zy X Zs.
The stabilizer is Out(S,) x H?(Sy, k%) = Zy. In particular, Auty,(DSs-mod) has
order 6. One checks, that the nontrivial [3] € H?(S,, k*) restricts to the nontrivial
[t] on N, hence

[5] : 51,1, ﬁN,b [’N,,u — 51,1, £N,u7£N,1

and by order and injectivity, we have Auty,(DSs-mod) = S.

Claim 7.2.5. The decomposition we proposed in Conjecture 7.0.1 is also true for
the full Brauer-Picard group of S4. More precisely

BrPic(Rep(S4)) = im(Indyect,;) - im(Indrepa)) - R
:ZQ'ZQ‘ZQZSE}

e im(Indyect,) = Zo generated by the nontrivial cohomology class [5] of Sy
with action on Lo(G) described above. Note that [f] restricts to the unique
nontrivial cohomology class [p] on N.

o im(Indgep()) = Zo generated by the non-lazy monoidal autoequivalence F' of
Rep(Sy), described in detail in in Sect. 8 of [Dav0l]. Er € Auty,(DG-mod)
interchanges L1, £(123)),u-

e Reflections R = Zy, generated by the reflection » = ry on the semidirect de-
composition S; = N xSz with abelian kernel N. More precisely r interchanges
L1, Li23)),1-

Proof. The stabilizer im(Indyec,,) and its action on Ly(G) has already been cal-
culated. To compute im(Indgep(s,)) note that Aut,,.,(Rep(Ss)) has been explicitly
computed in Sect. 8 of [Dav01]: Since there is only one ontrivial normal subgroup
N = Zs X Zy and only one (up to coboundary) non-degenerate 2-cocycle p on N,
which is G-invariant only as a cohomology class [p]. In [Dav01] it is shown that
this gives rise to a (non-lazy) monoidal autoequivalence F' of Rep(S4) such that
F(ref3) = ref3 ® sgn which corresponds to mapping [(12)] to [(1234)]. This auto-
morphism is visible as a symmetry of the character table.

We compute the action of Er € im(Indgeps,)) on all Of. First, x = triv, sgn, ref2
restricted to N are trivial representations. Second, the possible images

EF(Ollrefii) — O;C, EF(Oll"ef?)@Sgn) — OX/

g

belong to the G-conjugacy classes in N, i.e. g,¢' =1 or g,¢' = (12)(34). They have
to fulfill the characterization outlined in general considerations above, namely:

F(ref) = ref ® sgn = Indgem(g)(x) F(ref ® sgn) = ref = Indgem(g,)(xl)



7.2. GENERAL CONSIDERATIONS ON NON-LAZY INDUCTION 109

Assume g = ¢’ = 1. This implies that Er(Lo(G)) = Lo(G) and thus Ep is in
the stabilizer, which is Out(Sy) x H?*(Sy, k*). This is not possible since Er acts
nontrivial on objects and does not come from an automorphism of G. Therefore we
take g, ¢ = (12)(34) and consider

F(ref3) = ref3®sgn = Indgent(12)(34)(x) F(ref3®sgn) = ref3 = Indgent(lg)(34)(x’)

where Cent(12)(34) = ((12), (13)(24)) = Dy4. The character table quickly returns
the only possible x, x’:
re - ref3®sgn +—
Ep(OF) = Ofipley  Er(OFF%) = Oy,
where (++),(——), (+—),(——) are the four 1-dimensional irreducible representa-
tions of Dy = ((12), (13)(24)) where the first generator acts by the first £1 in the

bracket and the second generator by the second +1. We see that x|y and x'|x are
nontrivial, hence in Ly, for ;1 nontrivial and

. _ triv sgn ref2 ref3 ref3®sgn
Ep: £171_<01 O etz oref3 o >

— Ly = (OF, OF, 072,000, 04, )

12)(34)° Y (12)(34)

We finally calculate the action of the partial dualization r on the decomposition
Sy = N % S3. The general considerations in Section 7.1 imply the following for the
images 7(OF): Since x = triv, sgn, ref2 restricted to N are trivial, these are fixed.
For xy = ref3, x’ = ref3 ® sgn the restrictions are easily determined by the character
table to be

XIv=XIv=(HeH-)& ()
which returns via § : kN — kv precisely the conjugacy class [(12)(34)] and the
inertia subgroup is I = N x ((12)). To see the action on the centralizer, we re-

strict the representations y, X’ to I and extend it trivially to / = Cent(12)(34) =
((12),(13)(24)) = Dy yielding finally:

r(OF) = Oy r(OF™) = O

= Y(12)(349) (12)(34)
r- [’171 — <C)t1iriv7 (Qign7 (91£<3f27 (/)1£ef37 Oiefg@Sgn, >

riv sgn ref2 (++) (=+)
— Ly = <O§ 701g , OF 70(12)(34)7 O(12)(34)=>
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Summary

The study of the Brauer-Picard group BrPic(Vects) ~ Aut,,. (DG-mod) is motivated
by the study of symmetries of Dijkgraaf-Witten theories with a finite structure group
G and the classification of group extensions of fusion categories (see Introduction).
The goal of this thesis is to gain a firm understanding and calculational control over
the structure of BrPic(Vectg) by decomposing it into natural and easy to handle
subgroups; analogous to the Bruhat decomposition of a group with a Tits-system.
This can be seen as the beginning of a structure theory of the Brauer-Picard group.

In Theorem 6.6.1 we provide a decomposition of the subgroup of braided lazy au-
toequivalences Auty, (DG-mod) C Auty,(DG-mod) into Vi, B, £, and Ry, that is
based on the decomposition of the group of Hopf automorphisms Aut g, (DG) in
Theorem 4.2.1. Let us summarize the main ideas:

By Definition 6.0.2, braided autoequivalences of DG-mod are given by

Auty, ; (DG-mod) = {(¢,0) € Autyeyr(DG) x Z3(DG*) | (Fy, J7) braided }

where Z2 (DG*) is the group of lazy 2-cocycles on DG*. In Theorem 4.2.1 we prove a
decomposition of Auty,,s(DG) into natural subgroups V o~ Aut(G), V, ~ Aut.(G),

B ~ Hom(G,G), E ~ Hom(Z/(\G), Z(@G)) and the set of reflections R, consisting
of triples (H,C,d) where G = H x C for C abelian and ¢ : kC' = k¢ a Hopf iso-
morphism. In Chapter 6 we combine trivial 2-cocycles on DG* with V' to construct
Vr, conjugation invariant 2-cocycles Z2 (G, k*) with B to construct Bz, central
2-cocycles Z2(k%) with E to construct £, and central bialgebra pairings P.(kG, k%)
with R to construct partial dualizations Rp. In the Propositions 6.2.1, 6.3.2, 6.4.1
and 6.5.1 we give a characterization of the corresponding images V;, By, €, Ry, un-
der the quotient map Auty, ; (DG-mod) — Outpye,p(DG) x H (DG*). We claim in
Theorem 6.6.1 that the constructed Vi, Br,&r and Ry give a useful decomposition
of Aut,, ;(DG-mod) and similarly for the quotients Vi, B, £, Ry, and the images

V5, B, L, R, under the quotient map Kvutbr’L(DG—mod) — Auty,  (DG-mod).

To show that the decompositions in Theorem 6.6.1 (i), (ii) and (iii) hold, we start
with a pair (¢, o) € Auty, ; (DG-mod) and use Theorem 4.2.1 to decompose ¢. Using
Lemma 6.1.2, we conclude certain properties on the components of the decomposi-
tion of ¢ and use these properties together with Propositions 6.3.2 (iii) and 6.4.1 (iii)
to construct lifts to V, By, Er, R1 so that multiplying (¢, o) with these lifts reduces
(¢,0) to (1,0”). Finally, we use Lemma 5.0.11 to show that ¢’ is, up to an almost
lazy coboundary, a distinguished conjugation invariant 2-cocycle 8 € 72 (G, k*).

mu
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Since (1, 5") € By by definition, we have proven that the decompositions in Theorem
6.6.1 indeed holds.

Thus, Theorem 6.6.1 and Theorem 4.2.1 are the main results of this thesis. Sec-
ondary results of this thesis are

e The construction of Vi, By, &, Ry and the characterization of its quotients
Vi, Br, &L, Ry in the Propositions 6.2.1, 6.3.2, 6.4.1, and 6.5.1.

e Partial results on the decomposition of H2 (DG*) in Chapter 5. In particular,
Proposition 5.0.8, Lemma 5.0.10 and Lemma 5.0.11.

In addition, using Theorem 6.6.1 in the case G = A abelian, we prove in Proposition
2.3.3 that the functor

Dty Z(Vects) = Z(Vecta)

from Theorem 1.1 [ENO10] (see also Theorem 2.2.3) is equivalent to the transmission

functor
Fr, : Z(Vecta) = Z(Vect )

(see equation 2.15) for all invertible pairs (H,7n). This result gives a field theoretic
interpretation of the isomorphism BrPic(Vect4) ~ Auty, (DA-mod).



Zusammenfassung

Die Untersuchung der Brauer-Picard Gruppe BrPic(Vectg) ~ Auty,(DG-mod) ist
motiviert durch Symmetrien von Dijkgraaf-Witten Theorien mit einer endlichen
Strukturgruppe GG und der Klassifikation von Gruppenerweiterungen von Fusion-
skategorien (siche Einleitung). Unser Ziel ist es ein festes Verstdndnis und rech-
nerische Kontrolle iiber die Struktur der Gruppe BrPic(Vectq) zu erlangen, indem
wir diese in natiirliche und einfach zu handhabende Untergruppen zerlegen; analog
zur Bruhat-Zerlegung einer Gruppe mit Tits-System. Dies kann als Anfang einer
Strukturtheorie der Brauer-Picard Gruppe angesehen werden.

In Theorem 6.6.1 zerlegen wir die Untergruppe der verzopften 'lazy’ Autoequivalen-
zen Auty, (DG-mod) C Auty,.(DG-mod) in Vi, B, £ und Ry, basierend auf der
Zerlegung der Gruppe der Hopf-Automorphismen Autp,(DG) in Theorem 4.2.1.
Im Folgenden fassen wir kurz zusammen wie man Vy, By, £, R, konstruiert und die
Zerlegung in Theorem 6.6.1 beweist.

In Definition 6.0.2 haben wir verzopfte "lazy’ Autoequivalenzen von DG-mod definiert
als

Auty,  (DG-mod) = {(¢,0) € Autyepr(DG) x Z3 (DG*) | (Fy, J7) verzopft }

hierbei bezeichnen wir die Gruppe der 'lazy’ 2-Kozykel auf DG* mit Z2 (DG*). In
Theorem 4.2.1 beweisen wir die Zerlegung von Autg,,s(DG) in natrliche Unter-
gruppen V ~ Aut(G), V. ~ Aut.(G), B ~ Hom(G,G), E ~ Hom(Z/(\G), Z(G)) und
die Menge der Reflexionen R, die aus Tripeln (H,C,d) besteht mit G = H x C' fr
abelsches C' und 6 : kC' = k¢ ein Hopf-Isomorphismus. In Kapitel 6 kombinieren
wir triviale 2-Kozykel auf DG* mit V um Vj zu konstruieren, konjugationsinvari-
ante 2-Kozykel Z2, (G, k*) mit B um By, zu konstruieren, zentrale 2-Kozykel Z2(k%)
mit £ um &}, zu konstruieren und zentrale Bialgebra-Paarungen P.(kG, k%) mit Re-
flexionen R um partielle Dualisierungen R zu konstruieren. In den Propositionen
6.2.1,6.3.2, 6.4.1 und 6.5.1 geben wir eine Charakterisierung der zugehorigen Bilder
Vi, Br, €L, R unter der Quotientenabbildung Aut,, ; (DG-mod) — Out e, (DG) X
H2 (DG*) an. Wir behaupten in Theorem 6.6.1, dass die konstruierten Vy,, Br, €1, R1
eine sinnvolle Zerlegung von Aut,, ;(DG-mod) geben, dass genauso die Quotienten

ﬁL,EL,gL,ﬁL eine sinnvolle Zerlegung von A\u/tan(DG—mod) geben und dass die
Bilder Vi, By, L, Ry, unter der Abbildung Auty, ,(DG-mod) — Auty,. ,(DG-mod)

eine sinnvolle Zerlegung von Auty, ;(DG-mod) geben.

Um zu zeigen, dass die Zerlegungen in Theorem 6.6.1 (i), (ii) und (iii) gelten, starten
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wir mit einem Paar (¢,0) € Aut,, ;(DG-mod) und benutzen Theorem 4.2.1 um ¢
zu zerlegen. Mit Lemma 6.1.2 konnen wir bestimmte Eigenschaften der Kompo-
nenten der Zerlegung von ¢ zeigen und zusammen mit den Propositionen 6.3.2 (iii)
und 6.4.1 (iii) bestimmte Liftungen in V, By, Er, Ry, konstruieren, sodass die Mul-
tiplikation von (¢, ) mit diesen Liftungen das Element (¢,0) zu (1,0’) reduziert.
Dann benutzen wir Lemma 5.0.11 um zu zeigen, dass o', bis auf einen ’almost lazy’
Korand, ein 'distinguished’ konjugationsinvarianter 2-Kozykel 8" € 72 (G, k™) ist.
Weil nach Definition (1,5") € By, ist die in Theorem 6.6.1 behauptete Zerlegung
bewiesen.

Hauptergebnisse der vorliegenden Arbeit sind Theorem 6.6.1 und Theorem 4.2.1.
Sekundéarergebnisse dieser Arbeit sind

e Die Konstruction von Vr, Br, €, R, und die Charakterisierung der Quotienten
V5, Br, &L, Ry, in den Propositionen 6.2.1, 6.3.2, 6.4.1, und 6.5.1.

e Teilresultate zu der Zerlegung von H? (DG*) in Kapitel 5. Ins besondere,
Proposition 5.0.8, Lemma 5.0.10 und Lemma 5.15.

Auerdem, benutzen wir Theorem 6.6.1 um in Proposition 2.3.3 zu zeigen, dass im
Fall G = A abelsch, der Funktor

Py 1 Z(Vects) = Z(Vect 4)

aus Theorem 1.1 [ENO10] (siehe auch Theorem 2.2.3) equivalent ist zum Transmis-
sions Funktor
Fry: Z(Vecta) = Z(Vect )

(see equation 2.15) fiir alle invertierbare Paare (H, 7). Dieses Ergebnis gibt uns eine
feldtheoretische Interpretation des Isomorphismus BrPic(Vect4) ~ Auty, (D A-mod).
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