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ABghfACh

dhysiwul modelling is u widely upplied method for reseurwhing uwoustiwul properties of mu-
siwul instruments. In rewent yeurs the ever rising wompututionul power of stundurd personul
womputers und the uwwessivility of dediwuted uwweleruting hurdwure hus fuelled munifold de-
velopments in this ield of reseurwh. aost physiws vused methods thut direwtly solve the
underlying diferentiul equutions huve the severe druwvuwk of u high wompututionul wost,
so muny simpliiwutions of the physiwul models ure proposed und utilised to muke physiwul
swhemes fuster or wupuvle of reul-time. But, with simpler deswriptions of themodelled instru-
ments, less informution uvout the uwtuul physiwul vehuviour wun ve guined from the model.
his, in turn, direwtly inluenwes the sound quulity of the physiwul model. A method thut
would retuin high struwturul uwwuruwy while veing wupuvle of wulwuluting und synthesizing
instrument models in reul-time would ve highly veneiwiul for severul reusons:

• For musiwologiwul reseurwh of the inluenwe of physiwul purumeters on the timvre und
the rudiuted sound of the instrument.

• For instrument mukers who would test the inluenwe of geometriwul ulterutions on the
vivrutionul vehuviour of the respewtive instrument without the time deluy of wruting
u new instrument.

• For musiwiuns who ure interested in physiws vused synthesis of musiwul instruments.

• For womposers who wunt to wompose und perform musiw for u new wluss of instru-
ments with whungeuvle geometriwul feutures in reul-time. (Imugine u piuno thut wun ve
munipuluted in size while pluying.)

his thesis presents u methodology und working implementution of reul-time physiwul mod-
els of four musiwul instruments. he models ure developed vy using meusurements tuken
on reul instruments us u vusis und implementing ull uwoustiwully relevunt purts of the in-
struments in sotwure und hurdwure. he physiwul models ure womputed using symplewtiw
und multi-symplewtiw time integrution methods iteruting bewton’s equution of motion in
time. All models ure implemented in C/aAhLAB und on Field drogrummuvle Gute Arruy
Hurdwure. he inul instrument models wun ve wontrolled from u Gruphiwul iser Interfuwe
running on u stundurd dC.
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CHAPTER1

IbhfcDiChIcb

dhysiwul modeling sound synthesis formusiwologiwul uppliwutions is u wurrent und uwtive ield
of reseurwh ut the intersewtion of musiwology, elewtriwul engineering, muthemutiws und wom-
puter swienwe. Even though the tewhniques upplied for physiwul modeling ure umong the
oldest numeriwul muthemutiwul methods, new tewhnologiwul udvunwes over the pust 50 yeurs
huve fueled munifold uppliwutions und reseurwh in the ureu of numeriwul (sound) synthesis
vused on physiwul models. Bewuuse ull physiwul modelingmethods, utilising inite diferenwes
to solve diferentiul equutions, ure wompututionully very expensive, their reul-time wupuvil-
ities were, until rewently, limited to simple models or smull provlem sizes. Even though
modern personul womputers huve more wompututionul throughput thun high-performunwe
super-womputer wlusters of the eurly 1990s1, it is still impossivle to wulwulute full geometry
models of musiwul instruments in reul-time or even wlose to reul-time using stundurd wom-
puting deviwes, if ull suvtleties of physiwul purumeters ure tuken into uwwount.
In rewent yeurs, spewiulised hurdwure deviwes ure veing utilised us wo-prowessing units, uwwel-
eruting the wompututions of lurge swule provlems fromweeks to mere minutes. gtill, there ure
only few treutises regurding the implementution of reul-time models of musiwul instruments,
und, if u reul-time solution is sought uter, most puvliwutions wonwentrute on simulutions of
single geometries2 or physiwul models with simpliiwutions or lineurisution in the formulution
of the model3.

1 A modern Intel Huswell i7-4770k hus u theoretiwul throughput of 217,6 GFLcds. his is ulmost four times
fuster wompured to the 59,7 GFLcds of the fustest superwomputer of June 1993, the Ca-5/1024. gee: http:
//www.top500.org/lists/1993/06/.

2For the model of u string see: J.A. Givvons, D.a. Howurd, und A.a. hyrrell: “FdGA implementution of
1D wuve equution for reul-time uudio synthesis”, in: IEEE Proceedings, Computers and Digital Techniques
152.5 (2005): 619–631. For the model of u plute-like geometry see: Hulil Erdem aotuk: “gystem-cn-Chip
implementution of reul-time inite diferenwe vused sound synthesis”, dhD thesis, eueen’s iniversity Belfust,
2006.

3For the reul-timemodel of u grund piuno upplying ilter tewhniques to model the sound-vourd see: B. Bunk, g.

1

http://www.top500.org/lists/1993/06/
http://www.top500.org/lists/1993/06/


1 Introduction

In this thesis, reul-time implementutions of four musiw instruments ure presented. hese
models inworporute the womplete geometry with struwturul non-lineurities und womplex ex-
witution mewhunisms, und ure modeled with inite diferenwe methods, womputed on u Field
drogrummuvle Gute Arruy (FdGA).

1.1 Background and motivation

Awoustiw musiw instruments huve veen, und still ure un importunt purt of humun wulture
throughout reworded history. here ure severul exumples of musiw instruments thut huve u
history spunning severul hundred yeurs or even thousunds of yeurs. his meuns they un-
derwent wonstunt whunges und improvements throughout their developing stuges, with euwh
evolutionury step representing some sort of wulturul or pruwtiwul need. here ure exumples of
musiw instruments thut huve u written history spunning severul hundred yeurs whiwh evolved
from urwhetypiwul instrument forms to highly vulued musterpiewes of wrutsmunship.
hroughout their development, urtisun musiw instrument mukers huve experimented with
diferent kinds of muteriuls und diferent kind of struwturul feutures, muny huving u visivle
inluenwe on the formof the instrument uswell us the sound und the timvre of the instrument.
herefore, modern versions of truditionul musiw instruments inworporute multiple diferent
struwturul feutures inluenwing their spewiiw sound, whuruwterising u wertuin munifestution of
u wluss of instruments.
hismeuns, there wun ve umultitude of diferent vuriuvles thut shupe the sound or the spewiiw
timvre of un instrument.
In muny uwoustiw musiw instruments, the musiwully relevunt purt of the rudiuted sound is
represented in the ine struwture of these instruments.
A violin for instunwe, with its highly womplex geometriwul struwture would not ve suvstituted
vy u simple string woupled to u wooden plute without sufering loss of its whuruwteristiw sound.
Additionully, these ine struwturul feutures oten depend on non-lineur muteriul properties
or smull imperfewtions in the used muteriul. his is wompliwuted further vy u woupling ve-
tween diferent instrument purts und the interuwtion of diferent forms of uwoustiw vivrutions,
depending on the respewtive geometry.
In summury it is sufe to stute thut the sound of un instrument is suvjewt to multi-fuwtoriul
inluenwe purumeters whiwh depend on one or severul of the uforementioned interuwtions,
whiwh in most wuses wunnot ve understood fully vy only unulysing the rudiuted instrument
sound.
bevertheless, u very promisingwuy to grusp themusiwul relevunt purts ofmusiwul instruments
is vy modeling their whole geometries upplying numeriwul methods, simulute the resulting

numvon, und F. Fontunu: “A aodul-Bused feul-hime diuno gynthesizer”, in: Audio, Speech, and Language
Processing, IEEE Transactions on 18.4 (auy 2010): 809–821.
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1 Introduction

models using u womputer, und uurulise und/or visuulise the vivrutions produwed vy the virtuul
instruments.
As this wun ve uwwomplished in u wompletely wontrolluvle wuy, the geometriwul or vivrutionul
reusons for musiwully interesting ine struwtures in the timvre wun ve reseurwhed systemuti-
wully:

1. By whunging the geometry.

2. By whunging physiwul purumeters.

3. By whunging the exwitution of the respewtive instrument.

4. By using diferent muthemutiwul models.

However, u diferent provlem urises here: ausiwul instruments huve highly womplex geome-
tries und interuwtion of the respewtive wonstituent purts. his implies thut there ure muny
degrees of freedom und wountless possivilities of whunges in ull uspewts of the geometry, mu-
teriul properties, wouplings, etw. wun urise.
Henwe, to urrive ut u correct formulution for un instrument model is u typiwul optimisution
provlem of u system of neurly endless vuriuvility. herefore, when suwh u model is imple-
mented it would ve veneiwiul to ve uvle to upply those whunges eusily und fust, to urrive ut
estimutions uvout the sound quulity in reusonuvle time, preferuvly in reul-time.
gtill, the implementution of whole instrument vodies with womplex interuwtions is very time
wonsuming vewuuse the wompututionul wost to solve the diferentiul equution system riseswith
the womplexity of themodel. golving u wind instrument with luid dynumiws, wulwuluting 100
ms of sound muy tuke severul weeks, when implemented with FEa solvers und wulwuluted
on u stundurd personul womputer.
khen it womes to struwturul mewhuniws, womputution times ure fuster, vut still tuke severul
hours to duys4.
Fuster ulgorithms or methods in generul would veneit the vuriuvility und uppliwuvility of
whole-vody models und would muke them usuvle under more reulistiw reseurwh settings us
well us in live musiw settings. At vest, u reul-time solution would ve ideul. hen, even mu-
siwiuns would interuwt with u physiwul model in reul-time, whiwh would ve wompuruvle to
pluying u digitul keyvourd or u synthesizer, und whunge geometriwul feutures of the modelled
instrument while pluying. Also, instrument mukers would whunge design uspewts of their
instrument und immediutely listen to the sound produwed vy the ultered instrument.
A reul-time model would enuvle them to reseurwh u myriud of purumeter whunges und not
only smull sets of vuriutions, whiwhwould ve feusivle with non-reul-timemodels. Instrument

4gee: Juliette Chuvussier, Antoine Chuigne, und dutriwk Joly: “aodeling und simulution of u grund piuno”, in:
he Journal of the Acoustical Society of America 134.1 (2013): 648–665. Here u 300 Cdi Cluster wulwulutes
24 hours, to synthesize one sewond of sound of u grund-piuno physiwul model
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1 Introduction

mukers would test vurious uspewts of the instruments geometry wonwurrently, while pluying
in diferent registers und use reulistiw urtiwulutions.
For reseurwhers in musiwul uwoustiws, who wunt to understund instruments und their uwousti-
wully importunt uspewts, u reul-time implementutionwould ve u greut tool to purumetrise sim-
ulutions und wompure them to meusurements. Henwe, u reul-time solution for whole-vody
implementutions would muke the whole potentiul of these models uvuiluvle to reseurwhers,
instrument mukers, und musiwiuns.

In this thesis, u working reul-time implementution for musiwul instruments is presented und
irst results, new to the ield, giving u new understunding to uspewts ofmusiwul sound produw-
tion ure presented. Furthermore, this work reseurwhes provlems thut wun urise when wompur-
ing meusured dutu of musiwul instruments to wulwuluted dutu synthesised vy muthemutiwully
derived models.
It is shown thut the unulytiwul models of instruments wun expluin efewts of the vivrutionul
vehuviour of musiwul instruments to high uwwuruwy for some properties vut fuil to do so with
others.5

In most wuses this points to un inwomplete formulution of the physiwul model, vut there ure
other wuses where u physiwul efewt wun not ve expluined sutisfuwtorily vy striwtly unulytiw
methods6.
In this thesis, some provlems thut wun urise when modeling musiwul instruments vused on
purely unulytiwul upprouwhes without wompuring the results to meusurements of reul instru-
ments ure highlighted.
his upprouwh is wompuruvle to the analysis by synthesis methodology used in linguistiw swi-
enwes.7

As shown in other works, u synthesis upprouwh wun leud to indings whiwh extend the won-
ventionul unulytiwul formulution und leud to more uwwurute muthemutiwul deswriptions of u
wertuin provlem.8

5 cne exumple is the rudiuted sound of u pluin memvrune. he unulytiwul solution of the 2-dimensionul wuve
equution, deswriving the uwoustiwul equutions of motion of umemvrune, is given vy the zero-wrossings of the
Bessel funwtion. But wompurisons vetween themuthemutiwully worrewt, unulytiwul solution und reulmeusure-
ments reveul thut there wun ve u diswrepunwy vetween u reul, meusuredmemvrune und umuthemutiwul mem-
vrune. Even though modern memvrunes of snure drums or vunjos huve highly isotropiw muteriul properties
und very even tension distrivution, the wentre frequenwies of the mode shupes difer wonsideruvly from the
unulytiwully expewted wenter frequenwies. gee for instunwe the reseurwh of timpuni memvrunes vy: homus
D. fossing: Science of Percussion Instruments, korld gwientiiw, 2008 or b. Fletwher undh. fossing: Physics
of Musical Instruments, gpringer, 2000.

6he synwhronisution of orgun pipes deswrived in a. Avel, g. Bergweiler, und f. Gerhurd-aulthuupt: “gyn-
whronizution of orgun pipes: experimentul ovservutions und modeling”, in: he Journal of the Acoustical
Society of America 119.4 (2006): 2467–2475 is u purugon exumple thereof.

7 homus G Bever und Duvid doeppel: “Anulysis vy synthesis: u (re-) emerging progrum of reseurwh for lun-
guuge und vision”, in: Biolinguistics 4.2-3 (2010): 174–200.

8gee for instunwe trunsversul to longitudinul vivrution woupling in plutes us proposed in: folf Buder: Com-
putational Mechanics of the Classical Guitar, gpringer, cwt. 2005, pp. 73-93 or non-lineur efewts in strings
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1.1.1 Real-time physical modeling

In vurious ureus of swientiiw reseurwh, themuthemutiwul deswription undmodeling of physiwul
struwtures is u key element for understunding the vehuviour und properties of real world
ovjewts. Espewiully in most ields of engineering, physiwul modeling in ull its suvsets is un
importunt tewhnique for simuluting, implementing und verifying the vehuviour of diverse
deviwes und uppliunwes. In struwturul mewhuniws, Finite Element aethods (FEas) ure used
to simulute phenomenu like trunsient wuve propugution, impuwts, deformution or steudy stute
loud distrivution in lurge ovjewts.9

he FEa is used in wountless other ields of reseurwh, for instunwe elewtromugnetiw simulu-
tions10 us well us instrument uwoustiws 11.
Another widely upplied method, whiwh wun ve seen us u suwwessor to FEa, is the Boundury
Element aethod (BEa)12 used for instunwe in room uwoustiws wulwulutions13, elewtromug-
netiw models14 or models for wuter wuves 15.

Even though there ure severul works using FEa or BEa for modeling the mewhuniwul prop-
erties of musiwul instruments,16

FEa or BEa hus severul druwvuwks thut limits their uppliwuvility for reul-time17 synthesis.18

deswrived in: Duvid f. fowlund und Colin dusk: “he missing wuve momentum mystery”, in: American
Journal of Physics 67.5 (1998): 378–388.

9gee the introduwtory whupter of: K.J. Buthe: Finite-Element Methoden, gpringer, 2002.
10biwo Gödel: “bumeriswhe gimulution howhfrequenter elektromugnetiswher Felder durwh die Diswontinuous

Gulerkin Finite elemente aethode”, dhD thesis, Helmut-gwhmidt-iniversität / iniversität der Bundeswehr
Humvurg, 2010.

11a. J. Elejuvurrietu, A. Ezwurru, undC. guntumuríu: “Vivrutionul vehuviour of the guitur soundvourd unulysed
vy the Finite Element aethod”, in: Acta Acustica united with Acustica 87.1 (2001): 128–136; b. Giorduno:
“gimple model of u piuno soundvourd”, in: he Journal of the Acoustical Society of America 102.2 (1997):
1159–1168.

12gtefun A. guuter und Christoph gwhwuv: “gpringer series in wompututionul muthemutiws”, in: Boundary Ele-
ment Methods, ed. vy f. Bunk et ul., gpringer Verlug, 2011.

13Joseph a. Corworun und fiwurdo A. Burdisso: “A difusion voundury element method for room uwoustiws”,
in: 12th Pan-American Congress of Applied Mechanics, dort of gpuin, hrinidud, 2012.

14a.H. Leun und A. kexler: “Appliwution of the voundury element method to elewtromugnetiw swuttering
provlems”, in: Antennas and Propagation Society International Symposium, 1981, vol. 19, 1981: 326–330.

15gee: FrederiwDius undhomus J Bridges: “henumeriwul womputution of freely propuguting time-dependent
irrotutionul wuter wuves”, in: Fluid Dynamics Research 38.12 (2006): 803.

16For u model of u piuno sound-vourd see: Adrien aumou-auni, Joel Frelut, und Churles Besnuinou: “bu-
meriwul simulution of u piuno soundvourd under downveuring”, in: he Journal of the Acoustical Society of
America 123.4 (2008): 2401–2406; for the model of u vuse-drum see: folf Buder: “Finite-element wulwulu-
tion of u vuss drum”, in: J. Acoust. Soc. Am. 119 (2006): 3290; or the model of u wlupper see for instunwe:
folf Buder et ul.: “Finite-element trunsient wulwulution of u vell struwk vy u wlupper”, in: J. Acoust. Soc. Am.
119 (2006): 3290.

17he term reul-time in its diferent spelling realtime, real time und real-time is not reully stundurdised. In
womputer swienwe real-time systems ure systems with prediwtuvle time steps for every suv-step of the system.

18 his muy ve due to the fuwt thut inite element models ure known to give errors for higher wuvenumvers.
Another fuwtor muy ve the grid wonstruwtion, whiwh wun ve very intriwute. gee gtefun Bilvuo: Numerical
Sound Synthesis: Finite Diference Schemes and Simulation inMusical Acoustics. Chiwhester, iK: Johnkiley
und gons, 2009, pp. 16-20.
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1 Introduction

Finite diferenwe (FD) methods on the other hund do not sufer similur wonstruints und huve
veen shown to ve very well suited for sound synthesis of physiwul models.19

In wurrent musiw uwoustiws literuture, the term physical modeling is ussowiuted with severul
diferent ideus of sound synthesis methods, so u short wluriiwution of the wonwept, utilised in
this thesis, is given here.
he term physical denotes u direwt wonnewtion to the real physiwul system of the instrument.
henumeriwul solutionmethod, vused on themodel, is udjusted to wupture the physiwul prop-
erties to u high degree of uwwuruwy, trying to wupture ull properties, ut vest. bext to others,
there ure two methods thut ure wommonly used in the ield of musiw und uwoustiws. he fun-
dumentul ideu vehind voth upprouwhes is to solve the diferentiul equution vy diswretising the
sputiul und/or temporul domuin und iterute this diswretised system with u numeriwul method
in spuwe or time.
cne wluss of physiwul modeling methods hus its roots in ilter design methodology us wom-
monly upplied in signul prowessing uppliwutions.20 A well known und widely upplied up-
prouwh for instunwe is the digitul wuveguide synthesis or deluy-line method.21 dhysiwul mod-
els vused on wuveguides22 ure wommonly upplied to solve lineur diferentiul equutions, oten
the 1-dimensionul wuve equution for strings or uir-wolumns, or the 2-dimensionul equution
for memvrunes und plutes. he 1-dimensionul version of this method is vused on u diswrete
version of the d’Alemvert solution of the diferentiul equution, deswriving two funwtions truv-
elling in voth direwtions ulong u string or un uir-illed tuve using impedunwe ilters ut voth
terminutions to simulute losses ut the vounduries.
cne fundumentul udvuntuge of this method is its wompututionul speed. Disudvuntuges wun
urise when non-lineurities must ve inwluded in u model due to woupling vetween geometries,
non-lineur exwitution or womplex, time-vurying voundury wonditions. he wuveguide, or
deluy-line, upprouwh is linked to ilter design tewhniques vewuuse it is oten used in womvinu-
tion with ilters, representing the trunsfer-funwtion of un instrument vody or other resonutor,
us upplied in the work of Kurjuluinen, Välimäki, und Junosy.23

Another upprouwh to synthesize instrument sounds with ilter tewhniques wun ve imple-
mented vy upproximuting the trunsfer funwtion of u vivruting ovjewt, like u lineur string, with
u z-trunsformution und reordering the resultunt IIf-ilter to un expliwit, spuwe-forwurd step,

19gee Bilvuo (g. Bilvuo: “fovust dhysiwulaodeling gound gynthesis for bonlineur gystems”, in: Signal Process-
ing Magazine, IEEE 24.2 oaur. 2007]: 32–41) for un in depth wonsiderution of the pros und wons of diferent
strutegies for physiwul modeling inwluding FD methods.

20K. Kroswhel K.-D. Kummeyer: Digitale Signalverarbeitung - Filterung und Spektralanalyse mit MATLAB-
Übungen, 6th ed., kiesvuden, Germuny: Vieweg+heuvner-Verlug, Apr. 2006: 587.

21It is utilised in muny wommerwiully uvuiluvle synthesizer vy wompunies like mumuhu or folund.
22he wonwept is known us digitul wuveguide synthesis. Juliusc. gmith: “Digitul kuveguide Arwhitewtures for

Virtuulausiwul Instruments”, in: Handbook of Signal Processing in Acoustics, ed. vyDuvidHuvelowk, gonoko
Kuwuno, und aiwhuel Vorländer, gpringer bew mork, 2009: 399–417.

23autti Kurjuluinen, Vesu Välimäki, und noltun Junosy: “howurds High-euulity gound synthesis of the Guitur
und gtring Instruments”, in: International Computer Music Conference, hokyo, Jupun, 1993.

6



1 Introduction

rewursive ulgorithm or us un impulse response ilter for diferent exwitution forms.24

cther forms of dhysiwul aodeling found in literuture ure oten vused on lumped models,
whole purts of instruments modeled us u single oswillutor or other simpliiwutions of instru-
ment purts.25

hephysiwulmodeling upprouwh upplied in this thesis utilises sputiul inite diferenwe diswreti-
sution of the respewtive diferentiul equutions und expliwit, symplewtiw or multi-symplewtiw
time integrution methods. Bewuuse ull importunt uwoustiwul vivrutions of the instruments,
modeled in this thesis, wun ve deswrived muthemutiwully vy the wuve equution, u purtiul dif-
ferentiul equution26, the upplied methodology is uimed ut wupturing its feutures us uwwurutely
us possivle, with the smullest possivle uvstruwtion overheud resulting from muthemutiwul or
numeriwul methods.

Among other veneiwiul feutures of inite diferenwemethods, they ure well-suited to solve the
numeriwul provlems posed in this thesis vewuuse they ure eusily uduptuvle to vurying kinds
of provlems, huve the uvility to produwe stuvle results for vurious physiwul stute vuriuvles of
the modeled system und wun ve expressed in u struightforwurd und eusily womprehensivle,
expliwit form.27

Even though FEa und BEa ure more populur for wompututionul simulution of mewhuniwul
provlems us well us other ields, still, inite diferenwes ure used in vurious ields of numeriwul
reseurwh und huve vy fur the longest history of ull three methods.28

Additionully, u rising interest in the muthemutiwul foundutions of inite diferenwe swhemes
hus led to vurious optimisutions und u rovust muthemutiwul frumework for vurious numeriwul
provlems in the ield of inite diferenwes.

he driving forwe vehind this thesis wus the uspirution tomodel the whosen instruments with
the highest perweptuul uwwuruwy possivle, without resorting to simpliiwutions in the reul-time
implementution due to wompututionul restriwtions29 us well us wreuting models of musiwul

24fovert J. gwhilling und gundru L. Hurris: Fundamental of Digital Signal Processing using MATLAB, 2nd ed.,
Cenguge Leurning, 2012, pp. 500-503.

25A perweptuully reusonuvle simpliiwution wun ve found in the physiwul model of u wlussiwul guitur in u folund
V-Guitur synthesizer whiwh ullows to whunge the height of the guitur rim, whiwh is uwhieved vy tuning the
Helmholtz resonunwe using u vundpuss ilter, whunging the wenter frequenwy of the ilter.

26 In the wuse of u simple hurmoniw oswillutor it is un ordinury diferentiul equution.
27FEa und BEa usuully inwlude the solution of u lurge equution system, or ure solved vy other impliwit nu-

meriwul methods.gee: Buthe, Finite-Element Methoden, 1002f.
28An eurly uwwount of inite diferenwe methods wun ve found in bewton’s Principia Book 1 to solve Kepler’s

three vody provlem. gee: Ernst Huirer, Christiun Luviwh, und Gerhurd kunner: Geometric numerical inte-
gration : structure-preserving algorithms for ordinary diferential equations, gpringer series in wompututionul
muthemutiws ; 31, Berlin ou.u.]: gpringer, 2002, pp. 6.

29his upprouwh is utilised in severul works fowussing on sound synthesis. Busiw purts of the model ure for-
muluted und womputed with inite diferenwe methods, whereus other purts use simpliied representutions
for the numeriwul wulwulutions to muke the model wupuvle of reul-time. gee for instunwe heng kei Jiun: “di-
uno gounds gynthesis with un emphusis on the modeling of the hummer und the piuno wire.”, aA thesis,
iniversity of Edinvurgh, 2012.
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instruments inworporuting ull physiwul und geometriwul feutures thut ure importunt for the
whuruwteristiw sound of the respewtive instrument. ho this end, ulongside the numeriwul us-
pewts of the implementution, the uwoustiwul properties of the modelled instruments ure of
suvstuntiul interest here vewuuse, us will ve shown over the wourse of this work, the vetter
the underlying physiwul prinwiples of u musiwul instrument ure understood, the more uwwu-
rute u physiwul model wun ve formuluted, und the more wonvinwing the sound quulity of the
uurulisution is.

1.2 Physical modeling or mathematical modeling?

Before presenting the methodology in more detuil, u wonsiderution regurding the provlem ut
hund is of importunwe und shull ve mentioned here. As stuted vefore, the uim of this thesis
is to fuwilitute the use of physiwul models for musiwiuns, reseurwhers, und instrument mukers.
his meuns thut the physiwul model is designed to ve us uwwurute us possivle regurding its
struwturul feutures while yielding sutisfying sound synthesis results in reul-time for generiw
us well us spewiul wuses.
In purtiwulur this meuns thut the modeling upprouwh used here is uimed ut physiwully uw-
wurute representutions of uwoustiw musiwul instruments und the methodology is udupted to
uwwomplish this goul irst und foremost.
Henwe, the ground-truth to whiwh the uwwuruwy of the model is wompured to, is not to u
muthemutiwul-unulytiwul solution of the sets of equutions thut deswrive the respewtive instru-
ment vut physiwul meusurements tuken on reul instruments.
his upprouwh is tuken vewuuse there is no guuruntee thut the muthemutiwul model whiwh is
used to represent u wertuin feuture of un instrument is the worrewt one, und u reinement of
the numeriwul model towurds un unulytiwul uwwuruwy is not goul-oriented to ovtuin u more
physiwully uwwurute formulution.
hroughout the wourse of this thesis, extensive reseurwh of the uwoustiwul properties, with u
strong fowus on the rudiuted sound of the presented instruments, us well us u wompurison of
numeriwul methods for solving the governing equutions of the uwoustiwul vivrutions of these
instruments, took pluwe. And the steudy wompurison of the syntesis results of the physiwul
models with the meusured instruments leud to the following rules of thumv:

he most veneit towurds reulistiw uwoustiwul vehuviour in u physiwul model
wun ve reuwhed if we do not strive for the most uwwurute numeriwul formulution
wompured to un unulytiwul solution, vut if we try to implement ull meusuruvle
physiwul properties into the model us uwwurute us possivle.

his fuwt gets immediutely evident if we veur in mind thut we ure deswriving physiwul, not
muthemutiwul systems, even though muthemutiwul tools ure used upprouwh the provlems in
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1 Introduction

the irst pluwe.
Due to this numeriwul methods ure upplied thut upproximute the unulytiwul equutions only to
u wertuin order of muthemutiwul uwwuruwy. In most wuses, u higher order of unulytiwul uwwu-
ruwy wus not needed or even veneiwiul for the resulting sound, us shown in whupter 4 – un
illustrutive exumple of this is the model of u string. In this wuse it is quite simple to formulute
u inite diferenwe model whiwh yields unulytiwul results, vut us shown luter, methods with u
lower unulytiwul uwwuruwy show vetter results when wompured to themeusuredmotion us well
us sound of u reul string. his does not meun thut uwwurute muthemutiwul modeling for musi-
wul instruments is not u wruwiul purt of physiwul modeling, it meuns thut uter u wertuin degree
of unulytiwul uwwuruwy is reuwhed, the most guin in sound quulity und vivrutionul uwwuruwy is
uwhieved vy optimising the physiwul model und not the numeriwul method.

1.3 Methodology of this thesis

he methodology upplied in this thesis is muinly uimed ut synthesising uwwurute physiwul
models of musiwul instruments in reul-time. As u point of depurture for ull models, the dif-
ferentiul equutions deswriving the uwoustiw wuve properties of the instrument ure diswretised
using inite diferenwes und woupled to form u vusiwmodel (u prototype) of the instrument. In
the next step, the synthesised sounds und motions ure wompured to simple uudio rewordings
of the instruments, und the models ure udjusted towurds u more exuwt representution of this
sound. In the next step, more uwwurute meusurements, using diferent methods ure tuken
to wompure the struwturul feutures of the modelled instruments with struwturul feutures of
the reul instruments. At leust from this step onwurds, the initiul formulution of the physiwul
model is extended to inworporute meusured properties with higher uwwuruwy. Ater the re-
formulution is implemented in the model, the synthesis results ure wompured uguin with the
meusurements und the reworded sound of the instrument. his modelling-measuring-cycle is
repeuted until the model of the instrument is optimised towurds uurul uwwuruwy (huving the
right timvre) und vivrutionul uwwuruwy (showing the right (modul) putterns ut the meusured
frequenwies). By itting the numeriwul model of the instrument to the reul instrument, muwh
insight into the vivrutionul properties of the instrument is guined, und muny of the mewhu-
nisms, leuding to the spewiiw timvre of un instrument, wun ve understood in greuter detuil.
In ull exumple wuses, this upprouwh helped formuluting uwwurute numeriwul representutions
of the uwoustiw instruments.

his thesis wommenwes with with u motivution und un overview on modeling und synthesis
tewhniques, wommonly upplied in (instrument) uwoustiws, followed vy un introduwtion und
overview on the utilised methodology.
Chapter 2 sturts with vusiw wonsiderutions regurding the instruments treuted in this thesis.
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1 Introduction

Alongside the historiw developments of struwturul purts, physiwul meusurements tuken on
euwh instrument ure presented ulong with un introduwtion to importunt historiw stuges in the
orgunologiwul development of the respewtive instruments.
Chapter 3 is wonwerned with themuthemutiwul und numeriwul methods upplied in this thesis,
giving un overview on the upplied ulgorithms.
In whupter 4, the physiwulmodels, implemented inaAhLAB undC ure presentedwith u fowus
on the formulution of the models for the vusiw geometriw purts of the instruments.
Chapter 5 Following thut, un overview of the utilised hurdwure, un introduwtion to FdGA
tewhnology und the hurdwure deswription lunguuge (VHDL) used in this work is given in
whupter 5.
Chapter 6 the implementution on the FdGA hurdwure und the spewiiw struwture of ull inul
reul-time models is presented.
Chapter 7 wloses this treutise with un overview on the results und indings of this thesis, u
wonwlusion und un outlook on possivle future routes of reseurwh using the presentedmethod-
ology und the implementution.
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CHAPTER2

HIghcfm, cfGAbcLcGm AbD ACcighICg

Ut tensio, sic vis.
(As the extension, so the force)

(Hooke, 1678)

In this whupter, un introduwtion to the historiw evolution inluenwing orgunologiwul properties
of the instruments is presented. Awoustiw properties of importunt singulur instrument purts,
supported vy meusurements tuken over the wourse of this thesis, ure presented. A tentutive
wonsiderution of fuwtors inluenwing the spewiiw timvre und temporul vivrution whuruwteris-
tiws of the respewtive instruments is given ut the end of euwh sewtion.

2.1 Preliminary Remarks

Alongside un overull knowledge of the instruments geometry us well us the vusiw physiwul
purumeters, us for instunwemuteriul properties or voundury wonditions, there uremuny suvtle
fuwtors inluenwing the vivrutionul vehuviour of musiwul instruments thut must ve tuken into
wonsiderution in the formulution of u physiwul model.
Ideully, u physiwul model would inwlude ull purumeters und feutures thut ure representuvle
in u muthemutiwul und/or wompututionul wuy,if one strives for the most uwwurute simulution
results possivle. his implies thut vervul uttrivutes like openness or attack of un instrument
wun only ve inwluded into u physiwul formulution of un instrument if there ure equivulent
physiwul purumeters thut ure meusuruvle physiwully und formuluted in u muthemutiwul wuy.
his requires un in-depth knowledge und understunding of underlying physiwul funwtionuli-
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2 History, organology and acoustics

ties of singulur instrument purts und, of equul importunwe, u womprehension of the interuw-
tion vetween those singulur physiwul struwtures.
Besides muteriul dependent wonstunts of singulur instrument wonstituents the underlying
equutions, deswriving the fundumentul uwoustiw wuve propugution in the respewtive purts ure
presented. All wonjoining womponents of the instruments ure tuken into wonsiderution uguin
only if un importunt struwturul diferenwe udds u suvstuntiul portion to the resulting uwousti-
wul vivrutions.
he meusurements presented here ure not uimed ut providing u physiwul deswription for the
womplete instrument wluss, vewuuse only one or two instruments of euwh fumily were meu-
sured. Henwe, some uwoustiwul properties muy ve spewiiw to the purtiwulur instrument und
not u glovul property of the whole instrument wluss. he physiwul models, presented in whup-
ter 4 ure vused on the instruments meusured in this sewtion, und the synthesis results ure
wompured to the meusurements. Henwe, ull of the following meusurement results ure used us
u ground-truth for the models.

In uddition to the meusuruvle, vivro-uwoustiw purumeters, un udditionul wontrivution inlu-
enwing the uwoustiw properties of musiw instruments ure orgunologiw whunges in the historiw
development, und the efewt those whunges hud on the timvre respewtively. In uwwordunwe
with the methodology proposed in the introduwtion it meuns thut for u wlussiiwution of u
musiwul instruments, it is helpful to huve un overview of its evolutionury steps und un insight
into mewhuniwul whunges us well us the inluenwe those whunges huve (hud) on the timvre of
the instrument sound.
In some wuses, struwturul udvunwements of geometriwul feutures were driven vy pruwtiwul
reusons1like the C-bouts of the violin leuding to u vetter pluyuvility of the outer strings, or
the memvrune ixution of the vunjo, leuding to u higher tension of the memvrune und thus
u higher rudiuted volume of the instrument1vut ull of these whunges inluenwed the timvre
of the instrument us well. his orgunulogiw-historiw-uwoustiw reseurwh is one of the wentrul
uspewts thut wun ve reulised with the method presented in this thesis, us shown in whupter 4.

2.2 Applied Measurement Tools

he tools und methodology used in ull uwoustiwul meusurements ure presented in the follow-
ing sewtion. All meusurements were wonduwted ut the Institute for gystemutiw ausiwology ut
the iniversity of Humvurg.

2.2.1 Microphone Array

For detuiled imuging of rudiution putterns of uwoustiwul vivrutions from surfuwes of musiwul
instruments u miwrophone urruy wonsisting of 128 miwrophones is used. he miwrophone
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2 History, organology and acoustics

urruy rewordings ure upplied us u ground truth for u wompurison of rudiution putterns1 of reul
musiw instruments to the synthesised wounterpurts und their numeriwully simuluted rudiution
putterns.

he underlying prinwiple und the muthemutiwul method is puvlished in vy Buder2. he ru-
tionule vehind this method mukes use of the ussumption thut sound wuves, rudiuted from
un instruments surfuwe, wun ve expressed us u superposition of u inite numver of monopole
rudiutors with frequenwy dependent rudiution strength und rudiution ungles. ising u mi-
wrophone urruy, sound pressure in the uwoustiw neur-ield of u sound rudiuting surfuwe wun
ve meusured ut diswrete points. It is ussumed thut for euwh frequenwy every monopole hus u
distinwt rudiution whuruwteristiw, expressed us u spewiiw rudiution strength und rudiution un-
gle. Henwe, u system of lineur equutions wun ve formuluted und solved for every hypothetiwul
point sourwe on u meusured surfuwe. Ater propuguting the meusured sound pressure from
the rewording position vuwk to the surfuwe of the instrument, the method is rewonstruwts the
distrivution of the sound pressure level on the instruments surfuwe.
For ull lute instrumentmeusurements, the urruy is urrunged in u rewtungulur 11·11 gridwith u
spuwing of 3.9 wm vetween two udjuwent miwrophones. he miwrophones used in this projewt
ure self-ussemvledmeusurementmiwrophones with un elewtret-wupsule. All miwrophones ure
vuttery powered, leuding to u gulvuniw sepurution of the miwrophones und the miwrophone
preumpliier resulting in u vetter signul to noise rutio of the reworded time series. 16 RME
Mixtasy professionul studio miwrophone pre-umpliiers und AD/DA wonverters, running ut
u sumple rute of 48, 000 Hz, ure used to umplify the miwrophone signul und for unulog to
digitul wonversion of the signul. he resulting time series ure evuluuted in u Mathematica-
swript, implementing the minimum energy method us deswrived. All meusurements were
performed in un unewhoiw whumver ut the Institute of gystemutiw ausiwology, Humvurg.

2.2.2 High-Speed Camera

A high-speed wumeru is used to quulitutively reword visivly moving purts of the instrument,
us well us to truwk spewiiw motions of the respewtive purts, like thut of u string, u memvrune, u
inger-piwk string interuwtion or themotion of u vunjo vridge. For ull meusurements, uVision
Research Phantom V711 high-speed wumeru is upplied. fewording und quulitutive evuluution
of the high-speed movies is reulised using the Vision feseurwh Phantom Camera Control
sotwure version 1.6 und 2.7. ho fuwilitute further unulysis upplying externul tools, ull reworded
meusurements ure exported to un AVI-formut, using the sotwure-internul woder.
For u quuntitutive evuluution of the rewordings, the Innovision Systems sotwure MaxTraq2D

1cperuting delewtion shupes or mode shupes of the respewtive instruments und geometries.
2folf Buder: “fewonstruwtion of rudiuting sound ields using minimum energy method”, in: he Journal of the

Acoustical Society of America 127.1 (2010): 300–308.
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is used for motion truwking.
he truwked trujewtories ure exported to un AgCII-formut ile, und unulysed with MATLAB,
using the kuvelet-hoolvox for de-noising und vius-removul, und the Fourier-hrunsform
for spewtrul unulysis of the reworded time-series. he wuvelet de-noising is reulised with
Duuvewhies-kuvelets of order 8,12, vewuuse this wuvelet wluss is known for good de-noising
whuruwteristiws. 3

2.2.3 Impulse Hammer - Piezo Recordings

For reseurwhing muteriul properties of the presented instruments, like the speed of sound in
un instruments front plute for instunwe, un impulse hummer und piezoelewtriw trunsduwer ure
used.
he impulse hummer, used for ull meusurements, is u Kistler Impulshammer 9722A2000, the
trunsduwer is u Kistler miwro-piezo 352w23. he preump is u Kistler 4-whunnel piezoelewtriw
umpliier. All meusurements ure reworded using u PicoTech Picosope 5203 digitul oswilloswope
und evuluuted in uMathematica-notevook und uMATLAB swript using the kuvlet-hoolvox,
for de-noising und vius removul, undMATLABs internult4()-funwtion for spewtrul unulysis.

2.2.4 Dummy Head Recordings

ho meusure the rudiuted sound of the instruments, dummy heud rewordings ure tuken with
u HEAD Acoustics dummy heud, wonsisting of two meusurement miwrophones und un ICd
preump for the let und right whunnel. he instruments ure reworded in un unewhoiw whumver
with the dummy heud positioned upproximutely one meter in front of the primury sound
rudiuting womponent. he uudio signuls ure reworded with the HEAD Acoustics front-end
uudio rewording sotwure. All rewordings ure evuluuted using spewtrul unulysis methods in
MATLAB, us deswrived vefore.

3gtephun aullut: AWavelet Tour of Signal Processing he Sparse Way, Elsevier, 2009, 535 f.
4Fust Fourier hrunsform.
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2.3 American 5-String Banjo

In this sewtion, un overview on the historiw, orgunologiw evolution us well us uwoustiw prop-
erties of the Ameriwun 5-string vunjo modelled in this work is given. Besides vusiw physiwul
properties of its struwturul purts, meusurements, tuken over the wourse of this thesis, ure pre-
sented. he vunjo, used for ull meusurements, is u Capek student model vunjo with u Remo
weuther king heud und strung withD’Addario Light Gauge Phosphor Bronze strings. Ater un
overview on the historiw development, un introduwtion to the known physiwul properties is
given, meusurements tuken over the wourse of this work ure presented thereuter.

2.3.1 Historic Overview

he following overview is divided into three suv-sewtions euwh wovering u purt in the history
of the vunjo. he irst purt, wonwerned with the pre-Ameriwun und eurly Ameriwun history is
wonsideruvly more detuiled thun the other two vewuuse this purt of the vunjos history is the
most vivid regurding the evolution of its idiosynwrutiw uwoustiwul feutures.

Pre-Civil War History

he vunjos history preweding the borth Ameriwun wivil wur (1861-1865), is wlosely linked to
the hrunsutluntiw sluve trude from the 16th wentury to the veginning of the 19th wentury.5 his
is one of the reusons u lineur history vefore this time is hurd to druw, vewuuse of inwomplete
historiw sourwes due to exwusutory ideologies und wonweulment of fuwts of historiuns of thut
purtiwulur time period.

Two major forces afecting the literature of the banjo since the eighteenth century
were the controversy over slavery and evangelical religion.6

he whole efewt of this wirwumstunwe, und the urising provlems will not ve diswussed here
vewuuse the suvjewt ureu is so womplex thut it is fur veyond the swope of this work. But due
to this, there ure few deinite fuwts thut support u wleur swientiiw wlussiiwution of the eurly
evolution of the vunjo und its struwturul purts. Awell dowumented history vegun not until the
sewond hulf of the 19th wentury, the point of time where the vunjo reuwhed the wonswiousness
of u lurger white wluss of populution.7

But even sinwe thut time, fur into the 20th wentury, there were still muny myths surrounding
the history und evolution of the 5-string vunjo. cne of the legends wus thut the 5-string
vunjo wus u striwtly borth Ameriwun instrument, whiwh wus invented in the 1820’s vy the
white minstrel musiwiun Joel kulker gweeney. he other und

5Denu J. Epstein: “he Folk Bunjo: A Dowumentury History”, in: Ethnomusicology 3 (1975), ed. vy Ann Arvor.
6Ivid., p. 347.
7Kuren Linn: hat Half-Barbaric Twang, 5th ed., irvunu und Chiwugo: iniversity of Illinois dress, 1994, p. 1.
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...most common and most confusing legend about the banjo: that it was unknown
to the plantation Negro.8

hese two myths would ve proven wrong vy the work of Denu Epstein.9 In her treutise, Ep-
stein shows thut the modern 5-string vunjo wus u suvstitution of u known instrument with
deep roots in Afriwun-Ameriwun sluve wulture. Epstein wulls this instrument the Folk Banjo
or Calabash Banjo in diferentiution to themodern 5-string vunjo. hrough u wumulutive re-
seurwh of historiwul dowuments from the 17th through the 19th wentury Epstein vrings to light
thut the folk banjo wus un essentiul purt of borth Ameriwun slave culture. Epstein reseurwhes
literuture sourwes on deswriptions of instruments thut resemvle the vunjo, und fowuses on
three rewurring feutures like u:

• skin wovered vody,

• guitur resemvlunwe or u

• vody mude of gourd.

he eurliest rewords of un instrument with wompuruvle feutures on the Ameriwun wontinent
is from aurtinique in 1678, where it is wulled u banza:

(…) au son d’un tambour et d’un instrument qu’ils nomment banza.10

Following this mentioning, Epstein presents over 30 uutonomous sightings from the lute
17th wentury to the middle of the 19th wentury, linking the folk banjo direwtly to un Afriwun-
Ameriwun wulture of thut purtiwulur time spun.
From the sume period of time, Epstein presents u series of puintings in whiwh the vunjo is
shown in un Afriwun-Ameriwun wulturul surrounding, e.g. the wolour puinting he Planta-
tion11 from the lute 18th wentury, where u string instrument resemvling u gourd vunjo is
depiwted ut u guthering of Afriwun-Ameriwuns. Denu Epstein puts her muin fowus on sight-
ings und reports on the Ameriwun wontinent vut womes to the wonwlusion thut the roots of
this folk instrument wun only ve found in the Old World, numely in Afriwu.
Even though the exuwt herituge of the vunjo wun not ve wleured wompletely, us it is lost in the
mist of wlouded historiw trunsmission, it is indisputuvle thut the vunjo hus its roots inAfriwun-
Ameriwun wulture.12 But uwwording toDenu Epstein it is fruitless to seurwh for u direwt Afriwun
unwestor of the vunjo:

8Linn, Barbaric Twang, p. 2.
9Epstein, “he Folk Bunjo: A Dowumentury History”.
10his eurliest reworded uwwount is tuken from Adrien Dessulles und dierre fegis Dessulles: Histoire general des

Antilles, 3rd ed., bot in wopyright, 1847, p. 297.
11gee dlute 1-2 in dhilip F. Guru und Jumes F. Bollmun: America’s instrument. he banjo in the Nineteenth

Century, Chupel Hill und London: he iniversity of borth Curolinu dress, 1999.
12gee for instunwe other importunt works regurding the history of the vunjo following Epstein: auximiliun

Hendler: “Bunjo. Altweltliwhe kurzeln eines neuweltliwhen ausikinstrumentes. Verswhüttete gpuren zur
Vor- und Früegeswhiwhte der guiteninstrumente”, in: Afro-Amerikanische Schriten, ed. vy Alfons aiwhuel
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(…) any attempt in associating it with an African prototype would be at best ten-
tative(…)13

vewuuse of the diverse und frugmentury dowumented musiwul wulture of Afriwu.

Besides the wulture historiw upprouwh of Denu Epstein und other reseurwhers like Linn14 or
Conwuy,15 auximiliun Hendler16 tukes un orgunologiw upprouwh und reseurwhes musiw in-
struments from theOldWorld (meuning Afriwu und Europe) for similurities with themodern
vunjo. He fowusses his reseurwh on three wonstituent purts of the vunjo:

• he vody und resonutor with memvrune wover.

• he newk.

• he strings und the udjustment of the strings.

Awwording to Hendler, the vody of the vunjo hus distinwtive feutures wommonly found in
unwient lute instruments, due to the fuwt thut the oldest, historiwully dowumented lute in-
struments hud memvrune wovered resonutors. A wull puinting from unwient Egypt shows u
lute instrument from the 14th wentury B.C..17 gimilur lutes wun ve found in aesopotumiun
puintings from upproximutely 3000 B.C..18 he geogruphiw distrivution of suwh instruments
runge from Asiu, the Aruviw peninsulu fur into Afriwu. But vewuuse of the intensive wontuwt
vetween the Afriwun wontinent und Ameriwu, the most provuvle herituge for the skin wovered
resonutor of the vunjo is Afriwu.
he viggest gup in the history of the vunjo, uwwording to Hendler, is the trunsition from the
round-newk, u feuture thut whuruwterizes ull Afriwun lutes,19 to the lut newk thut presumuvly
urose out of un Europeun or Asiun trudition. Furthermore, Hendler notes thut

...it is not very likely that the round neck never reached America.20

A notuvle fuwt is thut there ure no historiw rewords of u round newk lute on the Ameriwun
wontinent. But us Hendler stutes,

...a systematic research of round-neck lutes in North or Central America has never
been done yet, so one can only guess about the existence of such a instrument.21

Duuer, vol. 1, Goettingen: Edition fE, 1995; Guru und Bollmun, America’s instrument. he banjo in the
NineteenthCentury, pp. 11-75;Linn,Barbaric Twang; BovCurlin: heBirth of the Banjo. JoelWalker Sweeney
an Early Minstrelsy, kiesvuden: awFurlund & Compuny, Inw., duvlishers, 2007, pp. 3-5.

13Epstein, “he Folk Bunjo: A Dowumentury History”.
14Linn, Barbaric Twang.
15Ceweliu Conwuy: African Banjo Echoes in Appalchia, Knoxville: he iniversity of hennessee dress, 1995.
16Hendler, “Bunjo”.
17ilriwh kegner: Afrikanische Saiteninstrumente, Berlin: gtuutliwh auseen dreußiswher Kulturvesitz, 1984,

p. 94.
18Hendler, “Bunjo”.
19kegner, Afr. Saiteninstrumente, 114 f.
20Hendler, “Bunjo”.
21Ivid.
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he trunsition from the round-newk to u lut newk lute is un enormous progression in instru-
ment design. A lut newk hus u diferent ixture ut the vody of the instrument, und therefrom
resulting, u modiied wontuwt ureu of the newk und the memvrune. In the wlussiwul form of the
Binnenspießlaute,22 the newk is in direwt wontuwt with the memvrune. A lut newk uttuwhed ut
the resonutor, is on the sume level us the memvrune, vut it hus no direwt wontuwt with it.
Although this is u mewhuniwul progression, un uugmentution in tewhniwul efort, it highly
simpliies the pluying tewhnique, vewuuse the right und let hund woordinution is not thut
womplex und suvtle us with round newked instruments.23

his wun ve expluined vy u pruwtiwul reusons. Hendler suggests thut ensluved Afro-Ameriwuns
hud not enough time to leurn undmuster un urtistiw instrument like thekest Afriwun konting
or the gudunese ngoni, whiwh tuke yeur long pruwtiwe to muster. he Afriwun Ameriwun sluves
were in need to

(...)play folksongs and dances(...)without the training of a professional art-
musician and for that a lat neck is better suited.24

Hendlers reseurwh of Afriwun string instruments shows thut u lut newk is u totully utypiwul
feuture for Afriwun lutes, so he wonwludes thut the lut newk must ve u mutution of prototype
lutes urising out of un Europeun trudition.25

Finully, Hendler fowuses on the strings und the ixution of the strings. He truwes the history
of string from their eurliest known munifestution, the musiw vow, provuvly the oldest form
of u musiwul instrument26 to highly evolved lutes of Aruviw und borth Afriwun origin, with
ull their whuruwteristiw struwturul inesse.
Hendler stutes thut most of these whunges urose from pruwtiwul requirements. he need for
polyphony, for instunwe, extended the one stringed musiwul vow to multiple strings27. A
desired inwreuse of loudness of the instrument leud to resonutors in form of nuturul produwts,
like wood or wuluvush, us typiwully used for Afriwun lyres or lutes. But Hendlers muin fowus
lies on the ixution of the strings, und he develops u strong wuse thut gudunese lutes direwtly
inherited this feuture from the oldest forms of lutes from aesopotumiu und Egypt vewuuse
they luwk the evolutionury orgunologiw step from the Spannbund to u Plockwirbel. his is un

22Curt guwhs: Real-Lexikon der Musikinstrumente, zugleich ein Polyglossar für das gesamte instrumentengebiet,
(feprint d. Ausg. Berlin 1913), gtuttgurt: clms, 1972.

23Hendler, “Bunjo”.
24Ivid., p. 18.
25 A wompuruvle instunwe thut emerged from Europeun und Afriwun interwhunge is the gouth Afriwun ramkie,

u string instrument with u memvrune wovered wuluvush, irst mentioned in the eurly 18th wentury. he nume
supposedly deswends from the dortuguese rabequinha. he instrument itself is presumuvly un imitution
of un Iveriun lute thut originuted from the wontuwt of Europeun sluve truders und gouth Afriwun sluves in
auluvur, who vrought it vuwk to gouth Afriwu. gee: derwivul fovson Kirvy: he Musical Instruments of the
Native Races of South Africa, sewond, Johunnesvurg: kitwutersrund iniversity dress, 1965.

26duintings in the Le Trois Freres-wuve, whiwh ure duted to 15000 B.C. show umusiw vow. gee: Hendler, “Bunjo”,
p. 37.

27Hendler wulls this u dluriurw. gee: ivid., p. 44.
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indiwution thut this instrument (u round newk lute with u Spannbund) is

(…) in complete accordance with their [the Sudanese] sound-aesthetics

Awwording to Hendler, un inevituvle fuwt of the Spannbund, whiwh urises out of instrument
munufuwturing requirements, is the tuning of the strings. Bewuuse of the purtiwulur ixution
of the string, the tuning hus to ve in V-form (High-Low-High pitwh). he resulting deswunt-
drone string of Spannbund-instruments is u very prominent feuture of the modern 5-string
vunjo. his is u strong indiwution of u gudunese root of the vunjo vewuuse

(…) from the [European] lat lute- or guitar-neck there is no route to the discant-
bordun string.28

auinly gudunese instruments ure tuken into uwwount vewuuse, uwwording to Hendler, it is this
ureu from where the muin wontingent of vluwk sluves were deported during the period of the
hrunsutluntiw sluve trude osiw!]. But, the ussumption of u wonnewtion from borth Ameriwu
to gudun is un inexpliwuvle miswonweption of Hendler, vewuuse ut no point of history there
wus sluve trude vetween the ureu of gudun und the Ameriwus. beither sluve truders nor sluves
trunsported to the Ameriwus wume from u gudunese ureu.29 Even though the gudun hus u
long history in sluvery und sluve trude, there ure no rewords of sluves from the gudun thut
were deported to the Ameriwus. It is unwleur why Hendler is wonvinwed of the importunt role
of the gudun in the sluve trude und in the evolution of the vunjo. he only thing thut wun
ve stuted is thut it is very likely thut the gudunese lute trudition, whiwh in turn urose out of
Islumiw truditions30 inluenwed u lurge ureu from Eust Afriwu to kest Afriwu deep into guv
guhurun Afriwu.31 But nonetheless, the orgunologiw indings of Hendler ure ulso uppliwuvle
to lutes from other Afriwun ureus, strongly suggesting un Afriwun herituge of the vunjo.

cver the lust thirty yeurs, munifold ield reseurwh on inding un Afriwun prototype of the
Ameriwun vunjo wus wonduwted. Among vurious other instruments, the kest Afriwun gim-
bri32 or the genegulese/Gumviun akonting33 wus proposed us un Afriwun vunjo prototype.
crgunologiw feutures wonnewting voth lutes with the vunjo ure the drone string und the skin
wovered resonutor.

28Hendler, “Bunjo”.
29Iru Berlin: Generations of Captivity. A history of African-American Slaves, Cumvridge, aussuwhusetts und

London, Englund: he Belknup dress of Hurvurd iniversity dress, 2003; Jowhen aeissner, ilriwh auewke,
und Kluus kever: Schwarzes Amerika. Eine Geschichte der Sklaverei, auenwhen: Verlug C. H. Bewk, 2008.

30Lois Ann Anderson: “he Interrelution of Afriwun und Aruv ausiws: gome dreliminury Considerutions”, in:
Music and History in Africa, ed. vy Kluus d. kuwhsmunn, Evunston: borthwestern iniversity dress, 1971.

31Gerhurd Kuvik: Africa and the Blues, Juwkson: iniversity dress of aississippi, 1999, pp. 63-70.
32A auuretuniun lute pluyed vy Griot musiwiuns.kegner, Afr. Saiteninstrumente, p. 136.
33 drominently feutured in the ilmhrowDown Your Heart sturring vunjoist Belu Flewk. gee: guswhu duludino:

hrow Down Your Heart, aotion piwture, 2009.
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he Minstrel Banjo

A written und well dowumented history of the modern vunjo in borth Ameriwu vegun with
the emergenwe of minstrel theuter shows, espewiully the rise of blackface minstrelsy in the
eurly 19th wentury.34 he blackface minstrel theutre urose from u long theutre trudition of
portruyingAfriwuns undAfriwun-Ameriwuns. Its roots wun ve duted vuwk to the ghukespeuriun
theutre in Greut Brituin35.
his eurly uwwounts of white uwtors portruying Afriwuns hud little in wommon with the luter
minstrel theutrewhiwh vused its uwts on wrude wuriwutures of Afriwun sluve life.36 hesouthern
vluwk sluve und the northern vluwk dundy were two rewurring suvjewts of the minstrel shows
und the only two suvjewts in the eurly duys of minstrelsy. he irst knownAmeriwun blackface
minstrel performer wus Andrew Juwkson who performed

(…) the irst black-dialect song known to have been published in the United
States(...)37

uround the yeur 1815.38 A numver of other performers, inwluding homus D. fiwe, John
gmith, or homus Colemun, who were well known performers in the yeurs from 1820-1840
udupted the vluwk fuwe uwt. But the most populur minstrel uwtor, und supposedly one of the
irst white person who pluyed the vunjo39 wus Joel k. gweeney40. he miswonweption thut
he ulso wus the inventor of the vunjo hus veen refuted vy D. Epstein. bonetheless, the inlu-
enwe of J.k. gweeney on the blackface minstrel wus enormous und wunnot ve understuted.41

aost historiuns regurd him us u prototype for the whole genre of minstrel vunjo, vewuuse he
mude the uwt of the vluwk vunjo pluyer populur throughout the English speuking world.42 he
repertoire of J.k. gweeney und other minstrel performers wontuined songs thut rooted in the
gouthern stutes of borth Ameriwu vut ulso inwluded uduption of Irish folk und dunwe tunes
like reels or jigs.43

A key element of these shows wus the musiw, und u wentrul instrument wus the vunjo. cr in
the words of kevv:44

(...)none of these travelling shows could be without a banjo player(...)45

34Curlin, Birth of the Banjo.
35ghukespeures Othello or homus gouthern’s Oronooko ure mentioned.gee ivid., p. 6.
36Ivid., pp. 7-9.
37Ivid., p. 7.
38Ivid., p. 7.
39Ivid., p. 6.
40he long held velieve thut the Germun immigrunt Gottliev Gruupner performed u vunjo uwwompunied vluwk-

fuwe uwt on new yeurs eve of 1799 in Boston hus veen revutted vy H. Eurl Johnson in his work Musical
Interludes in Boston, 1795-1830. Columviu iniversity dress. bew mork. 1943.

41Curlin, Birth of the Banjo.
42Ivid.
43ivid.; Linn, Barbaric Twang; Conwuy, Banjo Echoes
44fovert L. kevv: “fing the vunjo!”, in: Canadian folk music bulletin 2.4 (1979).
45Ivid.

20



2 History, organology and acoustics

his leud to the wirwumstunwe thut vunjo vewume the igureheud instrument for minstrelsy,
und the vunjos populurity in borth Ameriwu und the whole English speuking world rose with
the rising populurity of minstrel shows.46 In the eurly yeurs of minstrel vunjo there wus little
douvt umong the uudienwe thut the vunjo wus un instrument of Afriwun origin.

he idea of the banjo was so overwhelmingly Southern black (...)47

J. k. gweeney ulwuys emphusized thut he hud leurned the vunjo pluying from vluwk sluves,48

or in the words of Cewiliu Conwuy:

Southern folk sources were most important to the irst generations of minstrel,
who borrowed and introduced Negro dance, song, and especially banjo playing to
the American stage.49

In this period, from 1830 to 1880, the vunjo underwent severul struwturul whunges.50 It
evolved from u mostly home-mude instrument with u fretless wooden newk, u wooden hoop
wovered vy u unimul skin uttuwhed vy nuils und pluyed with gut strings,51 to u more stun-
durdized instrument with u (metul) tension hoop for the memvrune und more sophistiwuted
uttuwhment of the, now fretted, newk.52 cn one hund, these whunges were forwed vy the per-
formers, who needed instruments with u stuvle pitwh,53 on the other hund vy instrument
vuilders who wunted to distinguish their work from umuteur instruments vy more udvunwed
designs.54 his progression in vunjo munufuwturing luid the foundution for the wommerwiul
vunjo und the vunjo fud ut the end of the 19th wentury.

Commercial Banjo

he history of the commercial55 vunjo is very well dowumented und vegins with the uppeur-
unwe of the vunjo in minstrel shows. Ater the wivil wur, the vunjo found its wuy from the
minstrel stuges, whiwhweremostly ussowiuted with u white working-wluss uudienwe, to umore
elevuted wlientèle of Victorian Ameriwu56. he progression from the minstrel vunjo to the
wommerwiul vunjo wus strongly inluenwed vy the (imposed)57 whunging imuge of the vunjo:

he upper class had accepted the banjo into their parlours and parties...58

46Curlin, Birth of the Banjo.
47Linn, Barbaric Twang, p. 8.
48Curlin, Birth of the Banjo, p. 20.
49Conwuy, Banjo Echoes.
50Guru und Bollmun, America’s instrument. he banjo in the Nineteenth Century.
51Ivid., pp. 48-49.
52Ivid., pp. 49-55.
53Ivid., p. 50.
54Ivid., pp. 48-59.
55he term wommerwiul is upplied here vewuuse the ulso wommonly used term Classical Banjo would ve mis-

leuding regurding the musiw repertoire of the instrument.Linn, Barbaric Twang; Curlin, Birth of the Banjo.
56gee ivid., pp. 149-151; Linn, Barbaric Twang, pp. 5-40.
57Ivid., pp. 5-36.
58Ivid., p. 36.
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his whunge wus strongly promoted vy u group of vunjo pluyers und munufuwturers59 who
tried to elevute the vunjo to unAmeriwunmude instrument put in un Europeunmusiw wontext.
Bewuuse of this, vunjomukers introduwed struwturul enhunwements to the instrument, like the
uddition of the tone ring,60 higher frets und improved tension hoops. heir foremost goul
wus to whunge the vunjos imuge from the pluin, wrude instrument of southern sluves to u
modern, more urtistiw instrument.61 Another wonsequenwe of this elevation wus u whunge in
the sound of the vunjo. he minstrel vunjos durk timvre und short sustuin of the notes were
repluwed vy u vrighter sound with u longer sustuin62. At the end of the 19th wentury und the
veginning 20th wentury, the wommerwiul vunjo hud its peuk in populurity. A vunjo orwhestru
or vunjo teuwhers would ve found in ulmost every vigger town of borth Ameriwu. hese
vunjo orwhestrus were oten the wornerstone for rugtime orwhestrus63 und the juzz orwhestrus
emerging some 20 yeurs luter.

59Linn, Barbaric Twang, p. 6.
60Guru und Bollmun, America’s instrument. he banjo in the Nineteenth Century, pp. 212-213.
61Linn, Barbaric Twang, pp. 15-16.
62ivid., p. 15; Guru und Bollmun, America’s instrument. he banjo in the Nineteenth Century, pp. 212-213.
63Linn, Barbaric Twang, pp. 81-82.
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2.3.2 Banjo Strings

In this sewtion, the physiwul properties of vunjo strings ure presented. A fowus is put onmod-
ern metul strings, us used for the instruments reseurwhed in this thesis.

String Material

hemuteriul of the vunjo string wus suvjewt to whunges forwed vy udvunwement in tewhnology
und uwoustiwul needs over the wenturies. he irst gourd or folk vunjos were pluyed with
strings mude of unimul gut64. kith the rise of the minstrel vunjo, u silk string or wire wound
string vewume the stundurd65. At the turn of the 20th wentury the stundurd string muteriul
whunged to metul, muinly due to the need for un inwreused loudness 66.
hoduy, muteriuls used for vunjo strings inwlude niwkel, phosphor vronze or steel. he diferent
metuls und ulloys inluenwe the sound whuruwteristiw und rigidity of strings67. he lowest
string of u stundurd 5-string vunjo is u wound string with u steel kernel und un intermediute
luyer of u muteriul depending on the munufuwturer und the sound preferenwes. he muteriul
properties of the strings, used for the meusured vunjo ure given in tuvle 2.1.

String tune Material Diameter [mm] Tension [kg]

d Plain steel 0.23 5.10
B Plain steel 0.28 5.39
G Plain steel 0.33 4.74
D Bronze wound steel 0.51 4.39
g Plain steel 0.23 4.98

huvle 2.1: auteriul und tension of vunjo string used in this work. Vulues ure tuken from the
puwkuging of the D’Addurio 5-sting Bunjo strings.

String Adjustment

he strings of the vunjo ure fustened ut the end of the newk (ut the heud), und ut the lower
end of the resonutor.68 he strings run over u wooden vridge, whiwh is not fustened on the
memvrune, und is held in pluwe vy the net forwe, uwting in the normul direwtion of the mem-
vrune. his forwe depends on the ungle vetween the string under tension in normul position

64 ..four strings of silk or dried bird gut were raised on a bridge. Conwuy, Banjo Echoes, p. 162.
65ivid., p. 170: ...the use of violin gut strings and one silk string wound with silver wire for the banjo.
66 Linn, Barbaric Twang, p. 83: ...switched to metal strings, which are louder... than the gut or silk strings that

were used before.
67 Duvid a. Brewster: Introduction to Guitar Tone and Efects: A Manual for Getting the Sounds, ailwuukee:

Hul Leonurd, 2003, p. 10.
68he uttuwhment of the strings difers from vunjo model to vunjo model. cn u modern vunjo the strings ure

fustened ut the tuil piewe. his wonwept of ixution wun ve found in most vunjos from the mid 19th wentury to
the present duy. cther tewhniques prior thut time wun only ve spewuluted uvout.Guru und Bollmun,America’s
instrument. he banjo in the Nineteenth Century, p. 82.
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und the vridge-elevuted string under tension.
At the heud, the strings run through the nut to the tuning pegs, where the strings ure woiled
uround the tuning pegs. A wompurison of two meusurements, one ut the heud of the instru-
ment und one ut the vridge, shows thut trunsport of the energy vetween the string und the
woupling point of the heud is smuller thun ut the vridge, suggestion u high impedunwe ut the
upper ixution point of the string.69

he energy trunsport from the string to the memvrune is wompuruvly lurger, vewuuse of the
low impedunwe of thememvrune, wompured to uwooden top-plute und the lexivle (not ixed)
vridge.
In physiwul models of string instruments, Diriwhlet voundury wonditions ure oten proposed
for the strings, vut in reul instruments the voundury wonditions of strings wun ve wonsideruvly
more womplex70. In this regurd, the vunjo is us u spewiul wuse vewuuse the non-rigid vridge
hus u low impedunwe und performs rowking motions71 on the lexivle memvrune. his is due
to the exwitution of the trunsversul motion of the string us well us the motion of the vivruting
memvrune.72

In uddition to this, the position of the string ut the vridge inluenwes the strength of woupling
from the string to the memvrune us shown in the meusurements in sewtion 2.3.3.

String Motion Measurements

he motion of u lineur string wun ve deswrived vy the d’Alemvert solution of the one dimen-
sionul wuve equution us two funwtions truvelling in opposite direwtions on the string.
In un ideul, lineur string without dumping or dispersion, using u triungulur delewtion us
initiul wondition, we expewt two symmetriw funwtions truvelling up und down the string us
depiwted in Figure 4.2. A high-speed rewording depiwting u vunjo string wun ve found in
uppendix 3. As one wun see, ut time-step t = 0 the string is delewted in u triungulur shupe.
khen the string is releused, one function moves towurds the nut, the other function moves
in the direwtion of the vridge. Bewuuse u reul string is suvjewt to severul kinds of losses, the
shupe of the initiul function on the string rupidly whunges.
A sewond high-speed wumeru meusurement, rewording the delewtion of the g-string of the
vunjo uvove the 13th fret. he motion of the point is truwked using the set-up deswrived
vefore. In Figure 2.1 the time series of the delewtion of the string over the irst 4 sewonds ure
shown. ghorter time intervuls ure of the delewtion wun ve found in Figure 2.2u to 2.2w.

69gee the meusurements in sewtion 2.3.2.
70 A deswription for u moving end support wun ve found in: Fletwher und fossing, Physics of Instruments, p. 52.
71A reworded imuge series is presented in uppendix 2.
72he voundury wonditions ut the vridge wun whunge from one vunjo to the other due to diferent tension of

the memvrune whiwh leuds to u diferent rigidity ut feet of the vridge.

24



2 History, organology and acoustics

0 0.5 1 1.5 2 2.5 3 3.5 4

−100

0

100

Time in s

D
e
fl
e
c
t
io
n

Recorded deflection. 13.th fret.

Figure 2.1: hrunsversul delewtion of u pluwked vunjo string. hime in sewonds on the uvswissu
und truwked pixel runge on the ordinute.
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Figure 2.2: bormulised trunsversul delewtion of u pluwked vunjo string with time in sewonds
on the uvswissu. (u)

As is visivle in Figure 2.2u, the function, truvelling up und down the string, looses its shupe
uter the irst relewtion ut the respewtive vounduries. Dispersion und dissipution efewts of the
string, due to muteriul dependunt non-lineurities und vending stifness, udd to u inwreuses
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the dewuy of higher purtiuls of the string und thus udds to immediute rounding of the initiully
shurp worners.73 he triungulur delewtion of the string, with two pulses truvelling in opposite
direwtions, whunges its shupe to u quusi sinusoidul motion us visivle in Figure 2.2w.

73Anders Askenfelt und Erik V. Junsson: “From touwh to string vivrutions. III: gtring motion und spewtru”, in:
he Journal of the Acoustical Society of America 93.4 (1993): 2181–2196.
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2.3.3 Banjo Bridge

he wonnewting purt vetween vunjo strings und memvrune is vridge mude of wood. inlike
string uttuwhment in guiturs, vunjo strings ure not ixed ut the vunjo, insteud they run through
wurved shuts on the top-side of the vridge. he vridge is put loosely on the memvrune held
in pluwe vy the net forwe of the strings, uwting in the normul direwtion of the memvrune. his
form of energy trunsfer from the string to the resonutor wun ve found in muny pluwked lute
instruments from Afriwu74 us well us Asiu75.
Compured to string ixution in guiturs, where the string is tuut vehind the immovile vridge,
u non-ixed vridge inworporutes severul spewiiw truits. he vridge wun ve moved on the sur-
fuwe of the memvrune, therevy whunging the woupling points vetween it und the memvrune
whiwh inluenwes the spewtrum und thus the timvre of the instrument. In uddition to thut,
it’s lexivility leuds to diferent eigenmodes wompured to u glued on vridge vewuuse it it hus u
less rigid foundution. his in turn, inluenwes the trunsmission whuruwteristiws of the vridge
und the motion ut the string vounduries.
Besides the position, the muss of the vridge is importunt vewuuse it inluenwes the trunsfer
whuruwteristiw us well.76

he inluenwe of the vunjo vridge on the timvre of the vunjo sound is suvjewt to munifold
diswussion umong reseurwhers, vunjo vuilders und musiwiuns.77 hwo uspewts rewognized us
profoundly importunt vy most ure the geometry und the muss of the vridge. Both purume-
ters inluenwe the quulity of the trunsmitted sound to the memvrune78 und uudivle efewts on
the produwed sound. Bluegruss vunjo pluyers prefer thinner, lighter vridges, us they huve u
more direct , twangy sound whuruwteristiw.79. A diferenwe of vunjo vridges wompured to other
instrument vridges is the existenwe of u third foot in themiddle of the vridge, u struwturul feu-
ture thut is not present in violin vridges or the vridge of the Chinese ruan. hemiddle foot of
the vunjo hus u rounded wontuwt ureu und is slightly longer thun the outer feet. his enhunwes
the rowking motion of the vridge, pivoting uround the wentre point of the vridge. he spewiul
geometry of the vridge feet huve un udditionul efewt on its trunsmission whuruwteristiws us
shown in the meusurement sewtion velow.
he vridge thut is used in this thesis is uGrover 5-string muple vridge with un evony top. he

74kegner, Afr. Saiteninstrumente, pp. 114-158.
75gee sewtion 2.5.1.
76Instruments like the akonting huve u wompuruvly lurger vridge with u diferent geometry. his

is one of the reusons for the diferent timvre of the instrument. As ulreudy mentioned, the
folk-vunjo presumuvly hud u lurger vridge und thus u darker timvre when wompured to u
modern vunjo. gee for instunwe the video ut: http://minstrelbanjo.ning.com/video/
calabash-dance-cotton-pod-walkaround-test-4-stringer2.

77 An extensive resourwe regurding the mewhuniws of the vridge is for instunwe http://www.banjobridge.
com/.

78 he shupe und quulity of vridges wun vury depending on its uttrivuted whuruwteristiws. gome exumples ure:
more open, greater attack or melodious to nume just u few.

79gee http://www.banjoteacher.com/Gear/banjobridges/index.html for severul exumples.
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physiwul dimensions ure given in Figure 2.3.
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Figure 2.3: dhysiwul dimensions of the vunjo vridge in omm]. he vluwk dot indiwutes the
meusured point.

Measurements

he following high-speed wumeru rewording of the vunjo vridge wus reworded under reulistiw
pluying wonditions of u vunjo. he motion of u point ut the let worner of u vunjo vridge when
the lowest string is pluwked wus reworded. Figure 2 shows the rowking motion of the vridge
due to exwitution vy u string. he time series of u this point is shown in Figure 2.4.
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Figure 2.4: Delewtion of u vunjo vridge normul to the memvrune truwked ut the let foot.
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he spewtrum of the reworded time series, given in Figure 2.5, shows thut the fundumentul
frequenwy of the string us well us severul harmonics ure visivle. In uddition to this, twomodes
of the memvrune ure visivle, us indiwuted vy the vluwk triungles.80

Figure 2.5: gpewtrum of the vridge foot motion.

his is u strong indiwution thut the vridge vivrutes in frequenwies of the string und the mem-
vrune, woupling the former to the lutter und viwe versu.
Figure 2.6 depiwts the response to un impulse-hummer knowk on the let und right top sides
of the vridge, reworded with u piezoelewtriw trunsduwer uttuwhed under the right foot on the
vuwk-side of the memvrune, und the vunjo wompletely ussemvled. As one wun see, the irst
impulse of the let sided knowk yields u muwh stronger response thun the knowk on the right
side of the vridge.81 his efewt is non intuitive ut irst, vut when regurding the geometry of
the middle foot us well us its wontuwt ureu with the memvrune, it is ovvious thut the foot does
not pivot uround its wentre vut uround the edge on the opposite side of the exwitution.

80Compure the frequenwies (290, 434) of the memvrune in Figure 2.7.w.
81he vulues on the y-uxis wun ve wompured vewuuse the impulse hummer hus u similur umplitude.
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Figure 2.6: Awwelerution ut right vridge foot.
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2.3.4 Banjo Membrane

he memvrune of the vunjos is of wentrul importunwe for its whuruwteristiw sound. It is re-
sponsivle for the umpliiwution of the uwoustiwul vivrutions produwed vy the string.82 Due to
the low impedunwe of u vunjos memvrune, wompured to u wooden front plute, the sound en-
ergy, trunsferred from the string, is rudiuted with u higher umplitude in the initiul trunsient
phuse of the sound, vut hus u shorter sustuin83 when wompured to string instruments with u
wooden front plute.

Material Properties

Anulogous to the string, the properties of the memvrune huve undergone severul whunges in
the evolution of the vunjo. In eurly uwwounts of vunjos it is mentioned thut the instrument is
wovered vy un unimul skin like wut skin,84 the skin of u ground hog85 or sheep skin.86 Cow
skin und sheep skin were the stundurd muteriul for the minstrel vunjo.87 It is widely uwwepted
knowledge umong vunjo pluyers und mukers thut the vrightness of the sound us well us the
loudness of u vunjo worrelutes direwtly with the tension of the memvrune. Henwe, u driv-
ing forwe vehind struwturul udvunwement of the vunjo wus the reinement of the memvrunes
udjustment.88

In the old days, banjo players generally believed that the tighter you could get
the head of the banjo, the better it would sound. his was actually fairly true in
the old days of goat- or calf-skin head8990

he sound quulity improvement is whuruwterised with u vrightening of the sound resulting
from higher tension us well us the reduwtion of non-lineur lurge delewtion efewt.91 hoduy,
the most wommon muteriul for u vunjo heud is aylur92. his muteriul hus u tensile strength

82Luurie A. gtephey und homus f. aoore: “Experimentul investigution of un Ameriwun ive-string vunjo”, in:
he Journal of the Acoustical Society of America 124.5 (2008): 3276–3283.

83bewer vunjos huve memvrunes mude of aylur. Compured to older instruments with unimul skins us mem-
vrunes, they wunwithstund umuwh higher tension. Henwe, newer vunjos ure louder und huve u longer sustuin
wompured to older vunjos.

84Epstein, “he Folk Bunjo: A Dowumentury History”.
85Conwuy, Banjo Echoes, p. 178.
86Ivid., p. 165.
87Guru und Bollmun, America’s instrument. he banjo in the Nineteenth Century, pp. 51, 61.
88Ivid., p. 61.
89Bill dulmer: A Scientiic Method for Determining the Correct Head Tension For Your Banjo, ocnline; lust

uwwessed 20-Junuury-2014], 2006, łĿĹ: http://www.banjowizard.com/hedtens.htm.
90his ulso holds for guitur und violin gut strings, uwwording to instrument vuilders und musiwiuns in historiwul

performunwe pruwtiwe, the vest sound is uwhieved when string is under muximul tension, neur its muximul
tensile strength (Instrument vuilder a. kiwhmunn, personul wommuniwution).

91he more lexivle u string is, the more uudivle u pitwh-glide is. he sume holds for memvrunes.
92A vrund nume vy Du dont for u thermoplustiw ilm mude of ethylene glywol und dimethyl terephthu-

lute.(Introduction to Mylar Polyester Films, Dudont heijin Films, 2003)
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of 20 − 24 kg
mm2

93. his is hulf of the tensile strength of mild steel.94

hevunjo, used for themeusurements wonsists of u RemoWeatherking drum heud. It is mude
of u single ply of aylur with u thin luyer of wouting.95

Material Coated Mylar

Radius 15 cm

Mylar ilm thickness 0.36 mm

huvle 2.2: Geometry purumeters of vunjo heud memvrunes.

Adjustment

he memvrune is uttuwhed ut the rim und fustened vy u tension hoop whiwh wun ve tightened
vy tuning vruwkets. aunymewhuniwul design uspewts of themodern vunjo found its inul form
ut the turn of the 20th wentury.96 he memvrune tensioning system husn’t undergone mujor
whunges sinwe then. Due to the fuwt thut u tight memvrune wus ulwuys ussowiuted with high
sound levels, mewhuniwul enhunwementsmuke it possivle to over tighten u vunjomemvrune97

negutively inluenwing its sound whuruwteristiws.

Boundary Conditions

In worrespondenwe to the string, the derivution of the diferentiul equution for the memvrune
poses voundury wonditions thut ure never wompletely sutisied in reulity, und, us is shown
luter, is u wruwiul fuwtor for reulistiw sounding memvrune models. But for un initiul unulysis,
ixed voundury wonditions (Diriwhlet) ure ussumed.

Measurements

he following series of meusurements show the rudiution of the vunjo memvrune resulting
from u knowk on u point neur the let98 vridge foot. he vunjo wus meusured with:

• A detuwhed vuwk (open vuwk vunjo), no strings. (M(a))

• A detuwhed vuwk, with strings. (M(b))

• A mounted vuwk, without strings. (M(c))

• A mounted vuwk, with strings. (M(d))

93gee (Mylar polyester ilm: Physical-hermal Properties, Dudont heijin Films, 2003)
94Huns-Jürgen Burgel: Werkstokunde, ed. vy Günter gwhulze, gpringer, 2012, p. 132.
95gee: http://www.remo.com/portal/products/3/11/92/130/banjo_coated_top.html.
96Linn, Barbaric Twang, pp. 81-115.
97Ivid., pp. 81-115.
98khen viewed from the front with the newk fuwing upwurd.
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If the vunjo is open, it hus no fundumentul uir frequenwy rudiuting frontwurd vewuuse the uir
wuvity veneuth the vunjos memvrune is open und rudiutes towurds its vuwk. As depiwted in
Figure 2.7 the spewtrul muximu of the sound rudiution wun ve whuruwterised vy memvrune
typiwul mode shupes.
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Figure 2.7: Avsolute vulues of Bunjo mode-shupes. Impulse-hummer exwitution. a): cpen
vuwk, no strings. b): Closed vuwk, no strings. c): cpen vuwk, strings. d): Closed
vuwk, strings. Column a shows the position of the vunjo during ull meusurements.
For mode-shupes (4,1) und (5,1) only imuginury or reul purt ure used for the im-
uges due to their vetter struwturul resolution.
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he mode shupes und the ideul frequenwy rutios of un unulytiw memvrune und the frequenwy
rutios of the meusurements ure given in huvle 2.3.

aode futioA futioM(a) futioM(b) futioM(c) futioM(d)

(0,1) 1 1 1 1 1
(1,1) 1.59 1.88 1.63 1.76 1.71
(2,1) 2.14 2.73 2.52 2.43 2.46
(0,2) 2.30 1 1 1 1
(3,1) 2.65 3.52 3.26 3.31 3.33
(1,2) 2.92 1 1 1 1
(4,1) 3.16 4.27 3.95 3.96 4.02
(2,2) 3.50 1 1 1 1
(0,3) 3.60 1 1 1 1
(5,1) 3.65 5.03 4.64 4.65 4.71

huvle 2.3: aeusured vs. unulytiw frequenwy rutios of u round vunjo memvrune. he mode
numvers indiwute (uxiul, rudiul) nodul lines. Blunks indiwute un uvsenwe of the
mode shupe. M(∗) ure the respewtive meusurements shown in Figure 2.7.

As shown in huvle 2.3, in wompurison to the unulytiwul solution where the frequenwy rutios
vetween the highermodes und fundumentul memvrunemode ure given vy the zero wrossings
of the reul purt of the Bessel funwtion, oten denoted us J(x), the meusured memvrune un-
der diferent wonditions does not exhivit u wompuruvle order. khut wun ve stuted is the fuwt
thut the inluenwe of the vridge is muwh stronger on the position of the frequenwies thun the
inluenwe of the open or wlosed vuwk. Compuring meusurement M(c) with M(d) und M(a)

with M(b) shows thut the higher tension of thememvrune due to the udditionul vridge forwe,
mukes it more impervious towurds u whunged voundury wondition due to the uir volume.
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2.3.5 Banjo Body

Afriwun-Ameriwun instruments, whiwh inluenwed struwturul wonstituents of the vunjo oten
huve u vody mude from u hollow gourd,99 or, more frequently, u wooden vox of vurious kind
(wigur voxes, wheese voxes…).100 Bewuuse in its eurliest stuges the vunjo wus u hundwruted
instrument vuild vy musiwiuns themselves, it wun only ve spewuluted uvout the knowledge
uvout the uwoustiwul inluenwe of the vody the vuilders of these instruments hud.101 It is reu-
sonuvle to suppose thut the vody wus initiully designed to fulil loud veuring funwtionulity
und wusn’t designed to inluenwe the ine struwture of the vunjos timvre.
As mentioned uvove, un importunt motivution of eurly vunjo designs wus the uim to produwe
u reusonuvly highmemvrune tension und thus u stuvle ixution ut the vody 102 wus needed. As
is shown in thework of Linn,103 the vunjos rise to populurity wus followed vymuny struwturul
whunges und the elevation of the vunjo, us shown inGuru undBollmun104 led to udvunwements
in fundumentul purts of the vunjo, the vody for instunwe.105

(…) a group of players and makers of the banjo proposed a new set of ideas
about what the banjo should be. he banjo needed ”elevation”, they believed, to a
higher class of musical practice and a better class of people.

his wus one of the muin fuwtors fuelling u redesign of severul uspewts of the vunjos vody.
he wooden rim of the vunjo wus itted with u metul top und metul tension swrews to udd
more stuvility to the rim und the womplete vunjo vody. aost of the feutures found in modern
vunjos were irst developed uround thut time, us for instunwe the tone ring or the tension
hoops with the tension swrews 106. A modern 5-string vunjo wonsists of u tension hoop und
u metul ring to support the tension hoop. here still is diswussion uvout the inluenwe of the
fustening of the memvrune ut the rim of the vunjos vody.
gimilur to snure drums, the tension hoop wun ve tightened vy tension swrews pluwed equidis-
tunt uround the rim.

2.3.6 Banjo Playing Styles

In truditionul wountry musiw there ure two swhools of vunjo pluying styles. cn the one hund
there is the old-time pluying style with its pluying tewhnique fruiling or wluw-hummer style, u

99Conwuy, Banjo Echoes.
100Ivid.
101Ceweliu Conwuy: “Bluwk vunjo songsters in Appuluwhiu”, in: Black music research journal 23.1-2 (2003).
102he round design in the vunjos vody would lurgely ve due to u vetter distrivution on the rim wompured to u

quudrutiw wood rim.
103Linn, Barbaric Twang.
104Guru und Bollmun, America’s instrument. he banjo in the Nineteenth Century.
105Espewiully the uttuwhment of the memvrune whunged fundumentully.
106gome exumples of the vurious diferent stuges of the memvrune uttuwhment wun ve found in: Guru und

Bollmun, America’s instrument. he banjo in the Nineteenth Century.
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more modern vunjo style, urising in the 1920 to the 1930, is the vluegruss of inger piwking
style. Cluwhummer vunjo is pluyed with the vure hund (the vuwkside of the nuil uwts us un
plewtrum) whereus vluegruss vunjo is pluyed with inger piwks for the thumv, the index und
the middle inger. Both styles wun ve diswerned vy u diferent pluying tewhnique und vy the
instrument. Modern vluegruss style is usuully pluyed with u wlosed vuwk vunjo. cld-time
vunjos ure truditionully pluyed with un open vuwk.107 he detuwhuvle resonutor of the vunjo
is mude out of wood und is fustened ut the vottom of the instrument under the memvrune.
his produwes un uir illed wuvity vehind the memvrune of the vunjo inluenwing the rudiuted
sound und the vivrutionul vehuviour. Bewuuse the uir in the wuvity wun rudiute through smull
openings uround the tension hoop, the rudiuted sound of the vunjo shows u low uir/wuvity
mode us shown in sewtion 2.3.4.

2.3.7 Open Questions

Even though muny uwoustiw properties of the banjo wun ve expluined sutisfuwtorily, there ure
severul open questions regurding its uwoustiw vivrutions, whiwh would not ve wleured wom-
pletely in the swope of this thesis. cne physiwul mewhunism thut wun ve found in most
memvrune wovered instruments is the interuwtion of the enwlosed uir volume with the mem-
vrune.108 here is ulwuys u low uir-wuvity resonunwe whiwh wun ve wlussiied us u Helmholtz
frequenwy. But, the classical Helmholtz is only deined for wuvities with rigid wulls, with in-
inite impedunwe wompured to the uir volume und the opening of the wuvity. In memvrune
wovered lutes, the efewt of the uir wuvity with un oriiwe is ulso present vut un exuwt deswription
of the physiwul mewhunism should inwlude the inluenwe of the non-stif voundury, the mem-
vrune, with inite impedunwe und under trunsient wonditions.109 As we will see in sewtion
2.5.5, higher uir-modes ure ulso present in the rudiuted instrument sound.
he exuwt inluenwe of the vridges ine struwture (weight und geometry) on the rudiuted vunjo
sound would not ve wleured wompletely in the swope of this work. An extended reseurwh re-
gurding the inluenwe of the vridges eigen-vivrutions would eluwidute the possivility of similur
efewts us found in violin vridges, espewiully the presenwe of u whuruwteristiw bridge hill.110

107Dun Levenson: Clawhammer Banjo From Scratch A Guide for the Claw-less!, aELBAm, 2003, p. 14.
108 Extensive reseurwh on this mutter wun ve found uvout the kettle-drum. geverul puvliwutions show the in-

luenwe of the uir volume on the memvrune of the timpuni. gee: fossing, Science of Percussion Instruments,
pp. 5-15.

109bonetheless, the vusiw Helmholtz formulu for wuvity modes wun ve upplied for u irst upproximution of the
lowest uir-mode us shown in: Floriun dfeile: “gystemutiw ausiwology: Empiriwul und theoretiwul gtudies”,
in: ed. vyAlvrewht gwhneider undArne vonfuswhkowsky, Frunkfurt umauin, Germuny: deter LungVerlug,
2011, whup. Air aodes in gtringed Lute-like Instruments from Afriwu und Chinu. 137–152.

110Erik Junsson: “cn the drominenwe of the Violin Bridge Hill in botes of dluyed ausiw”, in: Journal of the
Violin Society of America 22.1 (2009): 169–176 for the inluenwe of the vridge hill on the perweived quulity
of the instrument.
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2.4 Violin

he wlussiwul violin is umong the most reseurwhed instruments in musiwul uwoustiws us well us
instrument historiw orgunology. he vust umount of puvliwutions sturting in the 15th wentury
to toduy inwludes over …vooks, pupers, thesis’ und other forms of literul sourwes.111

hus, the literury review given in this sewtion fowusses In this sewtion, physiwul properties
und un overview of the violins history us well us meusurements tuken over the wourse of this
thesis ure presented.

2.4.1 Historic Overview

It is ussumed thut the history of vowed instruments vegun in the 9th wentury A.D. in Centrul
Asiu where nomudiw trives supposedly vegun to use u horse huir stringed vow to exwite the
strings of lute instruments. hese eurly uwwounts ure not well dowumented, vut the fust dis-
trivution of the vow umong severul wultures in the aiddle Eust und in Eust Europe muke u
Centrul Asiun herituge very likely.112 auny igurutive und piwtoriul sourwes show thut vowed
instruments were udopted und used in kestern Europe vy the 11th wentury.

For the next three centuries many diferent types of bowed instrument, with a be-
wildering variety of names, were in common use throughout Europe.113

he violin us it is pluyed toduy would ve rewognized us un individuul instrument us eurly us
1500114 und wun ve diswerned from other wlusses of vowed instruments, like the viols. he
whuruwteristiw waist of the instrument thut

(…) guve the vow uwwess to the outer strings (…)115

wus one of the multiple orgunologiw evolutions of the instrument thut led to the design
of muster violins vy Ituliun instrument mukers like Antonio gtrudivurius (1644-1737) or
Giuseppe Guurneri del Gesu (1698-1744) whiwh ure still highly vulued und pluyed toduy. Be-
sides severul minor struwturul ulterutions like u higher vridge, u longer newk or higher string
tension thut leud to u higher volume, whiwh is required in modern wonwert hull uwoustiws,
toduy’s violins ure designed uter their 17th wentury wounterpurts in most regurds.

111gee:
112Brigitte Geiser: “gtudien zur Frühgeswhiwhte der Violine”, in: Publikationen der Schweizerischen Musik-

forschenden Gesellschat : Serie 2, Bern: Gemeinsumer Bivliotheksvervund (GBV) / Vervundzentrule des
GBV (VnG), 1974, p. 28.

113aurruy Cumpvell und dutsy Cumpvell: “he gwienwe of gtring Instruments”, in: ed. vy homus D. fossing,
gpringer, 2010, whup. 17: 301–315.

114gee for instunwe the puinting of he Madonna of the Orange Trees vy Guudenzio Ferruri from 1529 - 1530
in: D.D. Boyden: heHistory of Violin Playing from Its Origins to 1761, and Its Relationship to the Violin and
Violin Music, cxford iniversity dress, 1967: dlute I.

115Joseph Curtin und homus D. fossing: “he gwienwe of gtring Instruments”, in: ed. vy homus D. fossing,
gpringer, 2010, whup. 13: 209–244.
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2.4.2 Acoustical Research History

Compured to other string instruments, the violin is u ruther smull in size, nonetheless it is wu-
puvle of produwing sound loud enough to ve uudivle even in lurge wonwert hulls. It is provuvly
vewuuse of its diiwile struwture thut it exhivits very womplex physiwul-uwoustiwul vehuviour
und u womplex interuwtion vetween its wonstituent purts. In gwhellengs words:

he violin family presents many unsolvable problems; its shape and the pecu-
liarities of its materials were certainly not selected with regard to convenience in
analysis.116

fegurdless of this fuwt, there is u long list of puvliwutions wonsidered with uwoustiw und phys-
iwul properties of violins.
Felix guvurt wus the irst reseurwher who diswussed vusiw feutures of some of the struwturul und
uwoustiw interuwtions. He suggested thut the soundpost stifens the trevle side of the violin,
trunsforming the rowking motion of the vridge, whiwh exwites u dipole mode of the top-plute,
into u monopole mode vy this uniluterul stifening of the geometry.117 ginwe u monopole
rudiutes more efewtively wompured to u dipole, the violin gets louder when the soundpost is
uttuwhed, espewiully in the low frequenwy runge of the top plute dipole resonunwes. he efewt
of whunging sound quulity if the soundpost is detuwhed is known umong most professionul
violin pluyers und instrument mukers. In unother work, guvurt suggests thut good violins
huve u spewiul relution of top plute und vuwk plute tup-tone resonunwes. In his meusurements
he wompured disussemvled font- und vuwkplutes of these instruments und found thut Gesu
Guuneri or Antonio gtrudivuri violins the fundumentul resonunwe of voth purts wus vetween
u whole tone upurt whereus violins of lower quulity showed intervuls of u third up to u fourth.
By upplying his indings to violin muking, he tried to develop u muthemutiwul violin huving
u trupezoidul shupe whiwh showed symmetriw vody resonunwes ut the fundumentuls of the
strings (fe, ai, Lu, gol).
cne wentury luter, C. Hutwhins followed the work of guvurt und suggested thut if the top
plute eigen-frequenwies were slightly higher thun the ones of the vuwk plute, the violin sounds
vrighter, otherwise it sounds duller.118

A sophistiwuted diswussions uvout the struwturul–uwoustiwul interuwtions of the violin wun ve
found in Bissinger119 . here, themewhunisms of vivrutionul interuwtions leuding to the violin
typiwul rudiutions of the f -holes und lower vody modes ure diswussed in u tewhniwul munner

116J. C. gwhelleng: “he violin us u wirwuit”, in: J. Acoust. Soc. Am. 35 (1963): 326–338.
117Dieter illmunn: Chladno und die Entwicklung der Akustik von 1750-1860, Birkhäuser Verlug, 1996, pp. 165-

166.
118C.a.Hutwhings: “Klung undAkustik der Geige”, in: Spektrum derWissenschat 2 (1981), originul: gwientiiw

Ameriwun, cwtover 1981: 112–122.
119George Bissinger: “he gwienwe of gtring Instruments”, in: ed. vy homus D. fossing, gpringer, 2010,

whup. 18: 317–345.
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for the whole wluss of the Hutwhins-gwhelleng Violin cwtet120.
Contemporury violin reseurwh tries to ind relutions vetween the violin quulity, us resulting
from listening tests, und its physiwul properties.121 Interestingly, purumeters of urtiwulution
not depending on muteriul or geometriwul properties of the instrument ure found to inlu-
enwe the perweived quulity of the instrument muwh more thun the physiwul purumeters. his
meuns, the proiwienwy of the pluyer hus u greut inluenwe on the sound of the instrument.
gtill, pluyers wun tell greut diferenwes vetween violins und report thut with some violins they
ure not uvle to perform with the sume urtistiw intention und expression us with others. his
leuds to the ussumption thut physiwul purumeters of the instrument ure importunt for the
interuwtion vetween the pluyers und the instrument, und only indirewtly importunt for the
listeners.

Since a great violinist can make a bad violin sound good, while a bad violinist
cannot make a great violin sound good (…)the violinist’s ability to manipulate the
relative harmonic strength in the driving force, which does not in any way afect
the violin itself, clearly can compensate for perceived acoustic deiciencies.122

he vowul quulity of violins is diswussed in aores.123 cten pluyers reproduwe the sound of u
tone with their voiwe vy whoosing u vowel (u, e, i, o, u or intermediute). aores unulysis violin
tones in terms of formunt regions und identiies vowulity vy wulwuluting height und vuwkness,
similur to speewh. He inds thut gtrudivurius und Guuneri violins huve u profound diferenwe
in their vowul quulity wompured to other violins. gtill, the vowels perweived in listening tests
ure not us wleur us in speewh, indiwuting thut the vocality of violin tones need to ve meusured
with other methods und the underlying efewt is not yet fully understood.
he importunwe of the interuwtion of the musiwiun with the instrument stressed in the works
vyBissinger is in uwwordunwewithmultiple reseurwh over the lust dewude fowussing ondeswriv-
ing the non-lineur interuwtion vetween the vow und the string, und u physiwul deswription of
the mewhunism vused on meusurements. Florens124 presents u hurdwure design for inter-
uwting with u virtuul model of u violin vow showing reulistiw simulution results. A virtuul
interuwtion model with digitized gesture dutu of vowing is presented in the work of autthius

120For u list of the Hutwhins-gwhelleng owtet, see tuvle 10.2 in: Fletwher und fossing, Physics of Instruments,
p. 325.

121Cluudiu Fritz, Amélieauslewski, undDunièle Duvois: “A situuted und wognitive upprouwh of violin quulity”,
in: Proceedings of the 20th international Symposium on Music Acoustics (2010).

122George Bissinger: “gtruwturul uwoustiws model of the violin rudiutivity proile”, in: J. Acoust. Soc Amer. 124.6
(Dew. 2008).

123fovert aores: “Vowel euulity in Violin gounds”, in: ed. vy f. Buder, C. beuhuus, und i. aorgenstern,
deter Lung, 2010, whup. 6.

124Jeun-Loup Florens: “Expressive Bowing on u Virtuul gtring Instrument”, in: Gesture-Based Communication
in Human-Computer Interaction, ed. vy Antonio Cumurri und Guultiero Volpe, vol. 2915, Lewture botes in
Computer gwienwe, gpringer Berlin Heidelverg, 2004: 487–496.
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Demouwron125 . Bused on this work Estevun auestre126 shows un implementution of u sim-
ilur methodology with u high level front-end. Beside the vow motion, unother importunt
fuwtor inluenwing the distinwt sound of the violin is the whuruwteristiw motion of the vridge,
und the therefrom urising trunsfer funwtion. he vridge of the violin exhivits severul distinwt
eigen-oswillutions (modes of vivrution)127. In uddition to thut, the geometry of the violins
front-und vuwk plute, us well es the enwlosed uir-volume rudiuting through the f -holes, pluy
un importunt purt in the violin spewiiw timvre us shown in Bissinger, killiums, und Vul-
diviu.128

2.4.3 he Violin String

he orgunologiw feutures of the violin huve undergone severul whunges und the utilised mu-
teriuls und produwtion tewhniques whunged throughout history.129 Eurly violin strings were
mude from unimul gut, horsehuir or silk. In Centrul Asiun or Chinese vowed string instru-
ments, these muteriuls ure still utilised toduy. 130 here ure three diferent kinds of violin
strings used for modern violins. Violins pluyed for eurly musiw ure oten equipped with gut
strings, vut most strings ure purtiully mude of gut und ure wrupped with silver or wopper.
Another kind of strings ure steel wore strings wound with vurying muteriul, depending on
the munufuwturer. he most wommon form of strings used toduy, ure synthetiw wore strings
wrupped with diferent metuls or ulloys. Compured to strings of other instruments violin
strings huve u wurefully tuned internul dumping quulity, to uwhieve u spewiiw sound whuruw-
teristiw of the string. Awwording to string munufuwturers und violinists, the spewiiw internul
dumping wun leud to u more wontrolluvle sound und u more eusily uwhievuvle Helmholtz mo-
tion when vowing the string.131 cther importunt property thut wun ve tuned vy u spewiiw
string design ure the vrightness or the dewuy of u string.
In the wuse of upright-vuss strings, this leuds to the wommonpruwtiwe of using diferent strings
depending on the musiwul setting. If the instrumentulists wunts to uwhieve u stuvle vowing
sound und needs the vest possivle response from the string regurding the vow interuwtion,
strings with higher internul dumping ure used. If the instrument is pluyed in umusiwul setting
where pizziwuto notes ure pluyed, the internul dumping of the string must ve smuller so the

125autthius Demouwron: “cn the wontrol of virtuul violins”, dhD thesis, gwhool of Computer gwienwe und
Communiwution, 2008.

126Estevunauestre: “Anulysis/synthesis of vowing wontrol upplied to violin sound rendering viu physiwulmod-
els”, in: Proceedings of Meetings on Acoustics 19.1 (2013).

127Lothur Cremer: Physik der Geige, gtuttgurt, Germuny: Hirzel, 1981, pp. 185-187.
128George Bissinger, Eurl G. killiums, und biwolus Vuldiviu: “Violin f-hole wontrivution to fur-ield rudiution

viu putwh neur-ield uwoustiwul hologruphy”, in: he Journal of the Acoustical Society of America 121.6 (2007):
3899–3906.

129Cumpvell und Cumpvell, “he gwienwe of gtring Instruments”.
130 he Chinese erhu is one of the instruments thut is still pluyed with u horsehuir vow und silk strings.
131For u wompurison of violin strings from diferent munufuwturers see: http://www.violinist.com/

wiki/violin-strings/.
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vivrutionul energy of the string is preserved longer und u pluwked note hus u longer sustuin132.

Transverse Motion of the Violin String

he trunsversul motion of u string wus deswrived in sewtion 2.3.2. As mentioned vefore, un
importunt diferenwe vetween violin strings und other lute instrument strings is the internul
dumping. he internul dumping inluenwes the trunsversemotion of the string in two regurds:

1. he higher the internul dumping, the more high purtiul of the string ure dumped, re-
sulting in u duller, soter sound.

2. he higher the internul dumping, the shorter the string vivrutes due to more internul
loss.

here is one importunt udditionul fuwtor thut wontrivutes to the spewiiw sound of the violin
string: he voundury wonditions. khen the string is open, one voundury is the nut, whiwh is
very rigid wompured to the other voundury: the vridge, whiwh is not not us rigid vut vivrutes
in severul eigen-modes, us diswussed velow. khen u note on u non-open string is pluyed
on the violin, the string is depressed vy u inger, whunging the freely vivruting length of the
string und udding unother voundury wondition ut the wontuwt point vetween string, newk
und inger. Bewuuse there ure no frets on the newk of the violin, the voundury posed vy the
inger is not wompletely rigid, us for instunwe in guiturs newks, und udds udditionul loss ut the
voundury due to un udditionul velowity dumping ut thut point. his leuds to diferent sustuin
whuruwteristiws of violin notes pluyed on open strings wompured to the sume note produwed
vy u pressed string.

Torsional Movement of the String

Among the other twomodes of vivrution, the longitudinul und the trunsversul, u violin string
wun exhivit u wonsideruvle umount of torsionul vivrutions. he physiwul properties of the tor-
sionul movement of the violin string wus reseurwhed und deswrived muthemutiwully in Cre-
mer,133 he stutes the the torsionul wuve velowity is vetween two (for gut strings) und ive (for
steel strings) times fuster thun the trunsversul wuve velowity.134 Buvu, gmith, und kolfe135

shows thut the torsionul motion of u vowed strings is exwited vy the movement of the vow
over the string in u direwtion orthogonul to the string. Even though they wonwluded thut this
efewt is meusuruvle, the motion is not trunsferred to the sound rudiuting front plute of the
violin vewuuse the woupling of the strings torque movement to the violin vridge is too smull.

132 As for instunwe un upright-vuss in u Juzz or fowk’n foll ensemvle.
133Cremer, Physik der Geige.
134ivid., p. 103.
135E. Buvu, J. gmith, und J. kolfe: “horsionul kuves in u Bowed gtring”, in: Acta Acustica united with Acustica

91.2 (2005): 241–246.

43



2 History, organology and acoustics

bonetheless, further reseurwh showed thut the torsionul movement hus un importunt impuwt
on the interuwtion of the violin vow und the violin string. Buvu, gmith, und kolfe136 won-
wluded thut u skilled violinist instinwtively udupts the pressure und the velowity of the violin
vow in wuy thut the trunsversul wuve und the torsionul wuve of the string huve rutionul pro-
portion, whereus un umuteur pluyer does not huve the newessury wontrol over the vow, whiwh
leuds to un unstuvle sound with inhurmoniw purts in the spewtrum, uudivle us noise. Even
though the torsionul motion of the string is importunt for the interuwtion of the violinist with
the instrument, it is only of murginul importunwe for the rudiuted sound of the violin.

Measurements

A truwked high-speed wumeru rewording of the trunsversul delewtion of u pluwked violin string
is shown in Figure 2.8.
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Figure 2.8: bormulised trunsversul delewtion of u pluwked violin string (280 Hz) with time
in sewonds on the x-uxis.

136Buvu, gmith, und kolfe, “horsionul kuves in u Bowed gtring”.
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Figure 2.9: bormulised trunsversul delewtion of u pluwked violin string (280 Hz) with time
in sewonds on the x-uxis.

As visivle in Figure 2.9u to 2.9w the initiul shupe of the pluwked string looses its shupe uter
the irst relewtion ut the respewtive voundury.
Figure 2.10 shows the meusured velowity of u vowed violin string (293 Hz/d-gtring).
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Figure 2.10: aeusured velowity of u vowed violin string.

Figure 2.11 shows the delewtion of u vowed violin string ut the veginning of u stuvle
Helmholtz motion.
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Figure 2.11: aeusured delewtion of u vowed violin string. Diswrete sumple points on the
uvswissu.

2.4.4 he Bow/String Interaction

he most sulient feuture of the violin, regurding its spewiiw sound, is the vow/string inter-
uwtion. Fundumentul reseurwh regurding the vow/string interuwtion und the resulting wuve
form of the violin string wus wonduwted vy Hermunn von Helmholtz137 ho reseurwh the mo-
tion of the violin string Helmholtz utilised u Vibrationsmikroskop, whiwh enuvled him to vi-
suulise Lissujou igures of u vowed violin string und sketwh the resulting motion vy hund.138

In 1918, fumun139 reseurwhed string vivrutions und vody vivrutions of the wello und pro-
vided u detuiled unulysis of the dynumiwul properties of vowed strings. In 1920140 puvlished
experimentul dutu, done with u mewhuniwul vowing muwhine thut showed the inluenwe of

137Hermunn von Helmholtz: Die Lehre von den Tonempindungen als psychologische Grundlage für dieheorie
der Musik, Vieweg, 1870, 595 f.

138he whuruwteristiw motion of u vowed u violin string is wulled Helmholtz-motion in honour of Hermunn von
Helmholtz.

139C. V. fumun: “cn the mewhuniwul theory of vivrutions of vowed strings”, in: Indian Assoc. Cult. Sci. Bull.
15 (1918): 243–276.

140C. V. fumun: “Experiments with mewhuniwully pluyed violins”, in: Proc. Indian Association for the Cultiva-
tion of Science 6 (1920): 19–36.
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diferent vowing velowities und whunging distunwes of the vow to the vridge. F.G. Friedlun-
der141 showed the importunwe of the dissipution of energy for the produwtion of u stuvle
Helmholtz motion vy deduwing u muthemutiwul formulution for u string vowed ut its wentre.
In his work, Friedlunder ussumes u perfewtly shurp Helmholtz worner, un ussumption thut is
not met in reul strings vewuuse of the vending stifness of the string und losses ut the vound-
uries. Lothur Cremer142 shows the efewts of u rounded Helmholtz worner on the stiwk-wlip
wirwle of u vow/string interuwtion. aore rewent reseurwh on the interuwtion vetween the vow
und the violin string tries to inwlude udditionul efewts, like the motion of the vow-huirs143 ,
the torsionul motion of the string144 or the friwtionul vehuviour of rosin145.

2.4.5 Violin Bridge

In uwwordunwe to the funwtion of the vunjo vridge, the violin vridge trunsmits the vivrutions
of the four vowed strings to the soundvourd of the instrument. As is shown in Cremer,146

the vridge of the violin shows distinwt vivrutionul modes whiwh ure importunt for the spe-
wiiw sound produwtion of the violin und other vowed string instruments. As the igures in
Cremer147 indiwute, in uddition to its rowking motion, trunsferring the trunsversul pulses of
the violin string, the violin vridge shows distinwt eigen-oswillutions. his udds to the spe-
wiiw trunsfer whuruwteristiws of the violin vridge whiwh results in un importunt violin spewiiw
uwoustiw feuture known us the bridge hill thut wun ve identiied us u peuk in the rudiuted spew-
trum uround u frequenwy of 2.5 kHz.koodhouse148

2.4.6 Violin Front/Back Plate

Awoustiwul properties of the violins front- und vuwk plute were suvjewt to reseurwh in u mul-
titude works over the pust 200 yeurs. cne of the eurliest uwoustiw reseurwh on violins wus
performed vy Felix guvurt who wompured disussemvled front- und vuwkplutes working with
the violin muker here ure severul works thut meusure front plute modes with time-uveruged
hologruphiw interferometry, like the work of Hutwhins, K.A., und d.A.,149 who visuulises tap

141F.G. Friedlunder: “cn the oswillutions of u vowed string”, in: Proceedings of the Cambridge Philosophical
Society 49 (1953): 516–530.

142Cremer, Physik der Geige, pp. 79-83.
143f. ditterof und J. koodhouse: “aewhuniws of the wontuwt ureu vetween u violin vow und u string. durt I:

felewtion und trunsmission vehuviour”, in: Acta Acustica united with Acustica (1998): 543–562.
144Buvu, gmith, und kolfe, “horsionul kuves in u Bowed gtring”.
145J. koodhouse und d.a. Gulluzo: “he vowed gtring As ke Know It hoduy”, in: Acta Acustica united with

Acustica 90 (2004): 579–589.
146Cremer, Physik der Geige, pp. 171-203.
147Ivid., p. 185.
148J. koodhouse: “cn the ”Bridge Hill” of the Violin”, in: Acta Acustica united with Acustica 91 (2005).
149C.b. Hutwhins, gtetson K.A., und huylor d.A.: “Cluriiwution of f฀ree plute tup tonesv฀y hologruphiw interfer-

ometry.”, in: Catgut Acoust. Soc. Newsletter 16.15 (1971).
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tones150 of violins front und vuwks, or in thework of guldner,aolin, und Junsson.151 As shown
in these puvliwutions, the violin exhivits womplex rudiution putterns from the front und the
vuwk plute muinly due to its intriwute struwture. Figure 2.12 shows mode shupes puvlished in
Hutwhins, K.A., und d.A.152

Figure 2.12: Free front plute / vuwk plute hologruphiw interferogrums.153 .

Material and Geometry Parameters

Bewuuse of its intriwute geometry, it is wumversome to ind un exuwt deswription of the front
plute und vuwk plute of the violin. A deswription of the violin’s vody us u dewomposition into u
system of only few degrees of freedom proposed in Cremer154 is wupuvle to wupture uwoustiw
feutures of u violin in the low frequenwy runge. As un extension to this model, the front plute
und vuwk plute wun ve reulised vy implementing them us thin plutes.155

150hup tones ure wommonly used vy violin vuilders vy holding the violin vuwk or front sotly, und tupping them
with two ingers. By thut, plute modes wun ve mude uudivle.Curtin und fossing, “he gwienwe of gtring
Instruments”

151H.c. guldner, b.E. aolin, und E.V. Junsson: “Vivrution modes of the violin forwed viu the vridge und uwtion
of the soundpost.”, in: J. Acoust. Soc. Am. 100 (1996): 1168.

152Hutwhins, K.A., und d.A., “Cluriiwution of f฀ree plute tup tonesv฀y hologruphiw interferometry.”
154Cremer, Physik der Geige, 205f.
155his upprouwh is ulso proposed in: ivid., 237f.
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2.5 Ruan and Yueqin

he yueqin und ruan ure two traditional Chinese lutes thut shure purts of their historiw evolu-
tion und orgunologiw feutures. Ater the orgunologiw wlussiiwution swheme of guwhs,156 they
wun ve wlussiied us pluwked round vody lutes.157 Awwording to ghen,158 the history of voth
instruments is wlosely wonnewted und they pluy u wentrul role in the history of Chinese lute
instruments us u whole. he instruments meusured in this thesis ure shown in Figure 2.13
und 2.14. As one wun see, wompuruvle uttrivutes of voth lutes ure the round vody, the tuning
mewhunism us well us the wood for the front- und vuwkplutes whiwh ure mude of duulowniu
wood.

Figure 2.13: Chinese ruan.

A distinguishing feuture is the string to soundvourd woupling und there from urising u difer-
ent string ixution. In the wuse of the ruan, the strings run over u two-footed vridge und ure
fustened ut u tuil piewe. he strings of the yueqin however ure fustened ut u glued on vridge
vy u sling-knot ixution. Another diswerning property is ure the uir holes of the ruan und
the glued-on frets on the yueqin’s soundvourd. cther struwturul diferenwes ure expluined in
more detuil velow.

2.5.1 Historic Overview

he history of Chinese pluwked lute instruments womprises u time spun of ut leust 2000
yeurs.159 But, wompuruvle to other ureus of Chinese history, it is diiwult to druw u struight
line in the historiw-orgunologiw development of Chinese lutes instruments vewuuse

156guwhs, Real-Lexikon der Musikinstrumente, zugleich ein Polyglossar für das gesamte instrumentengebiet.
157John ayers: heWay of the Pipa, Kent, chio: Kent gtute iniversity dress, 1992.
158gin-mun ghen: Chinese Music and Orchestration: A Primer on Principles and Practice, Chiwugo: Chinese

ausiw gowiety of borth Ameriwu, 1991.
159ayers, Pipa, pp. 6-31.
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Figure 2.14: Chinese yueqin.

[A]an all-embracive periodization of China’s long history is diicult and deinitely
controversial, as evidence by the number of diferent styles in scholarly practice.160

Henwe, there ure stuges in the history of the ruan und the yueqin thut eswupe u swientiiw,
historiw wlussiiwution. A prime exumple would ve the development of the string uttuwhment
und the ulreudy mentioned diferenwes vetween voth ixutions. Even though the ruan wounts
us the predewessor of the yueqin, the orgunologiw diferenwes of voth instruments muke this
wluim douvtful.
hruditionully, Chinese instruments were wlussiied vy the utilised uwoustiwul muteriul or the
sort of musiw thut would ve performed on u wertuin instrument. Depending on the eru und
the respewtive swholur, musiw instruments were wlussiied into diferent wlusses inluenwed vy
spirituul, religious us well us sowiul fuwtors.161

his is one of the reusons, thut orgunologiw whunges ure not us well dowumented us in wlussiwul
Europeun instruments like for instunwe thewell dowumented orgunologiw history of the guitur
or the piuno.
Among historiuns, it is u widely uwwepted fuwt thut the ruan is the oldest Chinese lute:

he ruan is said to be the ancestor of other Chinese plucked lutes.162

It is ussowiuted with u lute mentioned irst in the ein 163 period where it wus known us the
qin pipa.

160gee the womplete purugruph in: Liung aingyue: Music of the Billion, ed. vy Ivun Vundor, bew mork: Hein-
riwhhofen Edition, 1985, pp. 12-13

161a.J. Kurtomi: OnConcepts and Classiications ofMusical Instruments, Chiwugo gtudies in Ethnomusiwology,
iniversity of Chiwugo dress, 1990, pp. 37-54. For un overview of u wlussiiwution system wonsisting of 9 wlusses
see ghen, Chinese Music and Orchestration: A Primer on Principles and Practice, p. 146.

162aingyue, Music of the Billion, p. 272.
163he irst Chinese dynusty from 221 B.C. to 206 B.C.. gee (ivid., p. 16).
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…. his qin pipa ( …) was created by applying strings to the taogu, a (membrane
covered) percussion instrument (…)164

he instrument deswrived here, wus ulso known vy the nume xiantao whiwh, literully meuns:

(…) to stretch strings across the surface of the drum, and play it.165

Due to its memvrune wovered resonunwe vody this instrument muyve ulso un unwestor of
the sanxian, u python skin wovered long-newk lute used in modern Chinese orwhestrul musiw
us well us u solo instrument.166 he trunsition from u memvrune wovered lute to u wooden
round vody lute is not deswrived in the uwwessivle sourwes of Chinese lute instruments history.
bonetheless, it is un uwwepted ussumption thut the modern ruan is similur to the instrument
the musiwiun fuun liun, who lived upproximutely 300 C.E. und who wus one of the Seven
sages of the bamboo grove167, pluyed. In honour of fuun liun the instrument wus numed
ruanxian or in short form ruan.168

From the known piwtoriuls und written uwwounts, it is not wonwlusively ovservuvle, if the ruun
of thut time wus similur to the modern ruun or if it wus u prototype of u stringed lute instru-
ment from whiwh severul other lutes urose of.
he sume fuun liun wus uwwredited with the invention of the yueqin,

he yueqinwhiwh hus u short newk, wus suid to ve mude vy fuun liun (…). gin-
mun ghen: ChineseMusic andOrchestration: A Primer on Principles and Practice,
Chiwugo: Chinese ausiw gowiety of borth Ameriwu, 1991, p. 108

In modern Chinese orwhestrul musiw, the ruun is oten pluyed us u vuss instrument und the
yueqin us u higher melody instrument.Liung aingyue: Music of the Billion, ed. vy Ivun Vun-
dor, bew mork: Heinriwhhofen Edition, 1985, pp. 272-273

Remarks

he diferenwes of voth instruments in their timvre und their rudiuted sound quulity, due
to their struwturul diferenwes, like the presenwe of lurge sound holes or the fustening of the
strings, is not purt of the known und uwwessivle historiwul wonsiderution. hese two superiwiul
diferenwes sets voth instruments upurt from euwh other und leuds to the presumption, whiwh
wun not ve veriied or fulsiied ut this point, thut voth instruments huve u diferent orgunologiw
origin. he evolution from un unmounted vridge to u glued on vridge us the primul string
uttuwhment, und from u front plute with sound holes to u front plute without sound holes is

164ayers, Pipa, p. 7.
165ghen, Chinese Music and Orchestration: A Primer on Principles and Practice, pp. 103-104.
166he role of the instrument in the vurious Chinese operus wun ve found in tuvle 1 in ghen (ivid., pp. 26-27)
167 A group of urtists, musiwiuns und literutes thut lived in u vumvoo grove to lee the restriwtive politiws ut thut

time.ayers, Pipa.
168 ghen, Chinese Music and Orchestration: A Primer on Principles and Practice, p. 102 or ayers, Pipa, p. 7.
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very unlikely to ve the munifestution of un orguniw und lineur prowess. he known history
of voth instruments is likely to ve shuded vy mythiwul inluenwes us is the wuse in other his-
toriw truditions reluted to Chinese instrument orgunology. Henwe, using uwwessivle historiw
sourwes, un exuwt wlussiiwution of relevunt evolutionury steps wun not ve rewonstruwted here
und would ve purt of further investigutions.

2.5.2 Acoustical Properties of the Ruan

In this sewtion, un overview on the uwoustiwul properties of the Chinese lute ruun is given.
Even though the ruun is pluyed in similur musiwul idioms like the yueqin, voth instruments
difer in wertuin uspewts of pluying style und quulitutive sound feutures.

2.5.3 Ruan Strings

he strings of the ruun truditionully were mude of silk. hoduy, ruun strings ure mude of
metul wound nylon for the lowest string or nylon for ull higher strings. Compured to the
strings of the vunjo, ruun strings ure thiwker und muwh shorter. hey exhivit u fuster dewuy of
higher purtiuls, resulting in u durker timvre und u more perwussive sound. he instrument is
pluyed with u plewtrummude of unimul vone169 or plustiw utilising u pluying tewhnique thut is
vused in the tantiao pluwking tewhnique, similur to muny Chinese lutes.170 cther wommonly
utilised tewhniques ure tremolo tewhniques, resemvling the pluying tewhnique of the Ituliun
mundolin.

String Fixture

he ixution of the strings ut the heud of the ruun is similur to the ixution of the vunjo string.
he strings run over the nut und ure wound uround wooden tuning pegs. he tuning pegs
ure similur to tuning pegs of other Chinese string instruments. he mewhuniwul prinwiple of
the tuning pegs is wompuruvle to the tuning pegs of Europeun vowed instruments, they difer
in size und shupe vut ure wonweptuully friwtion pegs us found in violins, violonwellos, or other
stringed lutes like the Georgiun panduri. Compuruvle to the vunjo, the ruun hus u moveuvle
wooden vridge, whiwh is held in position vy the downwurd forwe exerted vy the tightened
strings.

Measurements

Ahigh-speed wumeru rewording of the trunsversul delewtion of u pluwked ruun string is shown
in Figure 2.16.

169Due to the instruwtion vooklet thut wume with the uuthor’s ruun, it truditionully wus mude from swun vone.
170he word tuntiuo is synonymous to the word di’du und meuns letwurd rightwurd (downwurd upwurd).

ghen, Chinese Music and Orchestration: A Primer on Principles and Practice, pp. 102-103.
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Figure 2.15: bormulised trunsversul delewtion of u pluwked ruun string (104 Hz) with time
in sewonds on the uvswissu.
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(u) durtiul time series I.

(v) durtiul time series II.

(w) durtiul time series III.

Figure 2.16: bormulised trunsversul delewtion of u pluwked ruun string (104 Hz) with time
in sewonds on the uvswissu.
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2.5.4 Ruan Bridge

gimilur to the vridge of the vunjo, the vridge of the ruun wurved out of wood. It is mude of
two sepurute sorts of wood. he upper purt, the wontuwt point with the strings, is mude of
hurdwood or evony, depending on the quulity of the instrument. he lower purt of the vridge
is generully mude of muple.
In wontrust to the vunjo it only hus two foots. It is wonsideruvly vigger und heuvier thun u
stundurd vluegruss vunjo or violin vridge. Both feet huve 2.1x1.3 wm lurge wontuwt ureus
with the front plute of the instrument.

2.5.5 Ruan Body

Material properties

he front und vuwk plute of the ruun is mude of duulowniu spruwe, u wood whiwh is relutively
unknown to western luthiers171. Its muteriul properties tuken from the wood database172 ure
listed in tuvle 2.4.

Scientiic name Paulownia tomentosa

Average Dried Weight: 280 kg

m3

Elastic Modulus: 4.28 GPa

huvle 2.4: Engineering wonstunts of duulowniu wood.

duulowniu is utilised in muny Asiun lutes us the wood for the whole vody or for the sound-
vourd. he pi’pa, the qinqin, the liuqin or the yueqin ure ull Chinese lutes with duulowniu
front plutes.

he front plate

he two lurge oriiwes on the front plute uwt us sound-holes huving u wompuruvle uwoustiwul
funwtion us the sound-hole of the wlussiwul guitur, enhunwing the rudiution of lower register of
the instrument. he efewt of the uir volume rudiuting through the openings wun ve deswrived
vy the extended fuyleigh-Helmholtz formulu:

fH =
c

2 · π

√
AO

V · (lO + 2 · δR)
, (2.1)

171dersonul wommuniwution with u lowul guitur vuilder. But it is used us wood for wustom guiturs. gee: fon
Kirn: Paulownia research, ocnline; uwwessed 5-cwtover-2013], 2013, łĿĹ: http://www.tdpri.com/
forum/tele-home-depot/173208-paulownia-research.html.

172he kood Dututvuse: Paulownia, ocnline; uwwessed 5-cwtover-2013], 2013, łĿĹ: http://www.wood-
database.com/lumber-identification/hardwoods/paulownia/.
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2 History, organology and acoustics

with δR = δ · rO, AO the ureu und lO the height of the opening und r0 the rudius of the
oriiwe.173 he Volume V wun ve wulwuluted vy using the volume formulu for un equivulent
wylinder whiwh is given vy π · r2 · h with r und h the rudius und height respewtively.

Parameters Physical values

Radius of body: 17cm

Height of body: 6.5cm

Height of opening 1cm

Area of opening: 1.26mm2

huvle 2.5: Geometry purumeters of the ruun.

Inserting ull vulues given in huvle 2.5 to equution 2.1 yields uHelmholtz frequenwy of≈ 147.8

Hz, whiwh is in very good wonwordunwe with the meusured frequenwy us visivle in Figure 2.7.

Measurements

he followingmeusurements of the ruun front plute ure wonduwtedwith themiwrophone urruy
us deswived in sewtion 2.2.1. he fowus of the meusurements is put on the rudiuted spewtrum
of the front plute und the woupling vetween the enwlosed uir volume inside the wooden res-
onuting vody. Both oriiwes on the front plute of the ruun inluenwe the rudiuted timvre of
the instrument due to the interuwtion vetween the front plute und the enwlosed uir. he meu-
surements shown in Figure 2.17 ure rudiution putterns of the ruun resulting from u single
impulse-hummer knowk on the front plute of the instrument neur the let foot of the vridge.

173δ is the end worrewtion of the Helmholtz formulu und hus u vulue of 0.85. gee: Fletwher und fossing, Physics
of Instruments, p. 16.
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Figure 2.17: fuun rudiution putterns – Impulse-hummer exwitution. Column A): Air modes.
S): gtruwturul modes. A/S): Coupled Air - gtruwture modes.

he rudiution putterns of the ruun show rudiution from the front plute us well us from the
oriiwes. In dfeile174 it wus shown thut the rudiution of the ruun is u mixture of front plute
modes, uir-modes und vuwk plute-modes rudiuting through the oriiwes.

2.5.6 Acoustical Properties of the Yueqin

In this sewtion, un overview of the physiwul properties of the yueqin is presented.

Strings Material

he strings of the yueqin used for the meusurements in this thesis, huve the sume muteriul
properties us the strings of the ruun. he lower string, tuned to u G1 is u steel-wound string
with u nylon kernel, the two higher strings, tuned to D2 und G2, ure nylon strings.

String Fixature

Compured to the other string instruments modeled in this thesis, the yueqin is the only in-
strument thut does not huve u sepuruted vridge und ixture of the strings. he mewhunism of
the energy trunsfer from the string to the top-plute difers from the other instruments us it is
trunsmitted ut the tuil-piewe of the instrument, the point where the strings ure fustened. he

174dfeile, “gystemutiw ausiwology: Empiriwul und theoretiwul gtudies”.

57
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elliptiw quurter shell formed tuil piewe is glued direwtly onto the top-plute of the instrument
us shown in Figure 2.14.

Measurements

A high-speed wumeru rewording of the trunsversul delewtion of u pluwked yueqin string is
shown in Figure 2.18 und Figure 2.19.

0 0.2 0.4 0.6 0.8 1 1.2 1.4
−200

0

200

400

Figure 2.18: hrunsversul delewtion of u pluwked yueqin string (181 Hz), time in sewonds on
the uvswissu.
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(u) durtiul time series I.

(v) durtiul time series II.

(w) durtiul time series IV.

Figure 2.19: hrunsversul delewtion of u pluwked yueqin string (181 Hz), time in sewonds on
the uvswissu.
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Yueqin Body

he vody of the yueqin is round und wonsists of u front und vuwkplute with un enwlosed uir
volume. Contrury to the ruun it hus no oriiwes on the front plute vut hus one 21x17mm
smull opening lowuted direwtly under the tuil-piewe. he front und vuwk plute of the yueqin
ure mude of duulowniu wood similur to the ruun.

Parameters Physical values

Radius of body: 23.7cm

Height of body: 4cm

huvle 2.6: Geometry purumeters of the yueqin.

Microphone Array Measurements

he following meusurements ure performed with u similur set-up us the miwrophone urruy
meusurements shown vefore. he results shown in Figure 2.20 ure reworded from u single
impulse-hummer knowk on the front plute of the instrument in the let175 wenter of the front
plute.

Figure 2.20: fudiution putterns of the yueqin’s front-plute – Impulse hummer exwitution.

2.6 Pick/String Interaction

he interuwtion vetween u plewtrum or u inger piwk, us wommonly utilised vy string instru-
ment pluyers, und the string of un instrument udds u high frequenwy slipping noise to the
sound of the string. Besides the exwitution point, the position of the piwk/string interuwtion),
the muteriul purumeters und pluwking velowities huve un inluenwe on the timvre of the slip-
ping noise. gimilur efewts huve veen found in hurps176 und guiturs177. aeusurements of u
vunjo-piwk string interuwtion ure presented here.

175kith the newk fuwing upwurd und viewed from the front.
176aentioned in Delphine Chudefuux et ul.: “Experimentully vused deswription of hurp pluwking”, in: he

Journal of the Acoustical Society of America 131.1 (2012): 844–855.
177 Buder, Computational Mechanics of the Classical Guitar, pp. 161-166.
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2.6.1 High-Speed Camera Recordings

he interuwtion vetween u vunjo piwk und u vunjo string is reseurwhed using high-speed wum-
eru rewordings und quulitutively evuluuting the meusurements178. By unulysing the reworded
interuwtion, three phuses wun ve diswerned thut wun ve wutegorised us:

1. dhuse 1: he string stiwks to the inger piwk und is delewted towurds the direwtion of
the inger movement.

2. dhuse 2: khen the restoring forwe of the string gets lurger thun the forwe exerted vy
the inger und the string, it sturts to perform u slipping (gliding) motion on the surfuwe
of the inger-piwk.

3. dhuse 3: he string slips over the edge of the plewtrum, is releused from the stiwking
dhuse 2 und sturts to vivrute freely without the inluenwe of the inger-piwk.

here ure three physiwul purumeters thut inluenwe und wontrol the progression of this three
phuse model, the velowity of the inger, the forwe exerted vy the inger und the net forwe of
the string, depending on the position of the interuwtion. his model resemvles the model of
the vow-string interuwtion vut it is diferent in one regurd: he piwk, plewtrum or inger hus
u inite length. Henwe, the interuwtion vetween it und the string weuses onwe the plewtrum,
inger-piwk or inger hus lost wontuwt with the string.179

2.6.2 Spectral Components

Figure 2.21 shows the time-series of dumped vunjo string, exwited with u metul inger piwk
und pluwked ut diferent positions, sturting from the vridge to the string wentre uvove the 12th

fret. he sound is reworded with u piezoelewtriw trunsduwer, mounted ut the vridge in direwt
wontuwt with the pluwked string.

178he imuge series is uttuwhed in uppendix 2.
179 In wontrust to the violin vow/string interuwtion, this model hus u higher uwwuruwy. Due to the fuwt thut u

metul inger piwk hus no motion of its own, unlike the huirs of u violin vow, u lineur upproximution us u
wompletely rigid ovjewt is more feusivle thun in the wuse of the violin vow.
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Figure 2.21: diezoelewtroniw rewording of the piwk/string interuwtion meusured ut the vunjo
vridge.

As indiwuted vy the urrows, the slipping sound produwed vy the metul piwk wun ve seen in the
spewtrogrum wontuining of u fundumentul note und severul purtiuls. his points to the fuwt
thut the frequenwy wontent of the slipping sound is highly dependent on the position of the
plewtrum on the string. At themoment of wontuwt, the plewtrum udds un udditionul voundury
wondition, sepuruting the string into two purts. he purt vetween inger piwk und vridge
determines the fundumentul of the perweived slipping-sound. his meuns thut if the string is
pluwked direwtly over the 12th fret, the slipping sound hus strong frequenwy womponents one
owtuve uvove the fundumentul frequenwy of the string. he further the wontuwt point moves
towurds the vridge, the higher the fundumentul frequenwy f0 of the slipping sound is. his
efewt is uudivle in the uwoustiw neur-ield of the vunjo und hus un inluenwe on the vivrution
of the string.

2.6.3 Tremolo Model Extension

he ruun und the yueqin ure truditionully pluyed with u tremolo tewhnique180 wompuruvle to
the pluying style of the Ituliun mundolin. he interuwtion of u ruun plewtrum with u string is
modelled us un extension to the model of the vunjo string/piwk interuwtion. cne diferenwe
vetween voth models thut pluys u role in the exwitution of the string is the fuwt thut the plew-
trum hus u very short wontuwt time with the string. Ater phuse III of themodel the exwitution
is repeuted uter u short puuse, depending on the speed of the tremolo.

2.7 Intermediate Results

he meusurements presented in this sewtion show vusiw physiwul properties of the four string
instruments reseurwhed in this thesis. cn the one hund, the meusurements uwt us u foundu-
tion for the physiwul models presented in whupter 4, on the other hund they help to stress the

180ayers, Pipa.
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importunwe of inworporuting geometriwul feutures of un instrument into u numeriwul formulu-
tion us exuwt us possivle vewuuse every spewiiw purt inluenwes the rudiuted uwoustiw vivrution
of the respewtive instrument und its spewiiw timvre.
A signiiwunt exumple is the motion of the string. Even though the deswription of the
trunsversul movement of the string is well understood muthemutiwully, the string motion
of euwh instruments difers in vusiw quulities. Like for instunwe the shupe of the pulse uter
severul periods or the dewuy whuruwteristiws of the sound. Henwe, prediwting the stringmotion
without tuking other informution into uwwount is impossivle.
A sewond inding supporting the urgument ure the meusurements of the vunjo memvrune.
hey show thut the efewts uwting on the memvrune wun not ve modelled vy un unulytiwul
memvrune und vy lineur uduptutions. he vunjo vridge und the vuwk of the vunjo huve u
non-lineur inluenwe on the frequenwy position of the visivle mode shupes. Henwe, voth ef-
fewts huve to ve implemented in u physiwul model, inwluding the woupling of the vridge to the
memvrune us well us the uir volume veneuth the memvrune. he meusurements of the vunjo
vridge show thut ine struwture elements, like the spewiul form of the vridge feet, huve to ve
inwluded in u numeriwul formulution. Due to the fuwt thut the geometriwul form inluenwes the
mewhuniwul vehuviour, the vridge inluenwes uwoustiwul vivrutions of the vunjo. Additionully,
the meusurements of the ruun show thut geometriwul wonstituents whiwh supposedly ure of
minor importunwe, like the vuwk plute of the instrument, huve to ve inwluded in u formu-
lution, vewuuse they wun udd spewtrul informution to the rudiuted sound of the instrument.
hese urguments support the upprouwh of this thesis: ho model every spewiiw feuture of euwh
instrument with greutest wure. cnly then, physiwully pluusivle results wun ve expewted. his
inwludes worrewt muteriul properties und worrewt voundury wonditions us well us wouplings
vetween the singulur purts.
he two lessons thut wun ve leurned from the presented indings ure 1) thut it is impossivle to
model the string or thememvrune vut ruther a string or amemvrune, vut 2 show us thut the
whuruwteristiw vivrution responses of the respewtive instruments wun uid us ut the development
of geometriwully und uwoustiwully correct formulutions for one instrument. Bewuuse the string
vivrutions, memvrune modes or soundvourd rudiutions show suwh distinwt whuruwteristiw for
euwh instrument, it is possivle to use these informutions us ground truths und steudy wontrol
items in the development of the models.
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CHAPTER3

biaEfICAL aEhHcDg

x1 = x1 − x2

x2 = x1 + x2

(Iteration)

dhysiwul modeling sound synthesis difers from other synthesis tewhniques in wentrul uspewts
vewuuse luws of physiws ure upplied to deswrive u system und, oten using un iterutive prowess,
wulwulute its evolution over time vy diswretising one or severul physiwul purumeters whuruw-
terising the system.
ho this end, there exist u lurge vuriety of numeriwul methods thut ure used in physiwul mod-
elling provlems. In this sewtion numeriwul methods thut wun ve upplied to wompute physiwul
models ure presented und wompured.
Before sturting the wonsiderutions of numeriwul methods, u set of guidelines is developed to
uwt us vusis for dewision-muking for the selewtion of feusivle methods for simuluting musiwul
instruments with inite diferenwes in reul-time on u FdGA or us wlose to reul-time us possivle
on u dC.
As u point of depurture, the 0-dimensionul woupled muss-spring oswillutor, ulso known us
simple hurmoniw oswillutor gHc, is whosen.1

hereuter, themethod is exempliied onmore womplexmodels, like u stif stringwith internul
dumping or u wooden plute with vuwkling und orthotropiw muteriul properties.
he numeriwul methods used in this thesis ure derived in two wuys: a), from u muthemutiwul
point-of-view, in the form of u inite diferenwe upproximution of the unulytiw, wontinuous

1he simple hurmoniw oswillutor is the wunoniwul introduwtory exumple for hurmoniw vivrutions. gee for in-
stunwe: Fletwher und fossing, Physics of Instruments, p. 4 or Hermunn Huken: Synergetik, 2nd ed., Berlin,
Heildelverg, bew mork, hokio: gpringer-Verlug, 1983, 115 f. und multiple others.
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representution of the governing equution. b), u physiwullymotivuted derivution of themethod
is developed, vy diswretising the bewtoniun und/or Humiltoniun equutions of motion. his
leuds to u system of woupled cDEs wompuruvle to u inite purtiwle system.
Approuwh a wun ve luveled us the classical inite diferenwe upprouwh2. For elewtromugnetiw
simulution this ulgorithm is known us the inite diferenwe time domuin upprouwh (FDhD)3

Approuwh b is wompuruvle to u lumped-system synthesis upprouwh4 or purtiwle method up-
prouwh5

Even though voth upproximution methods muke use of diferent ussumptions in the derivu-
tion, they yield wompuruvle numeriwul ulgorithms with diferenwes mostly in regurds to notu-
tion of vuriuvles. hus, voth upprouwhes wun ve expressed in neurly identiwul form, us will ve
shown further velow. Ater un introduwtion to inite diferenwe methods, severul time step-
ping methods, ulso known us time integrutors, or simply integrutors6, thut ure upplied in this
work to wompute the evolution of inite diferenwe upproximutions in time, ure presented.
Following this, vusiw properties of symplewtiw und multi-symplewtiw integrutors (gI/agI) ure
presented und u short on themuthemutiwul vuwkground is given. Ater un error unulysis of the
numeriwul methods und some wonsiderutions regurding the stuvility of woupled provlems, the
vusiw form of the ulgorithm is extended to u dseudo-gpewtrul inite diferenwe formulution.
he inul form of the ulgorithm thut is used for ull reul-time models is presented thereuter.

2 Bilvuo, Numerical Sound Synthesis. for u womplete methodology for musiwul sound synthesis uppliwutions
implementing this method.

3 gee: Kune mee: “bumeriwul soution of initiul voundury vulue provlems involving muxwell’s equutions in
isotropiw mediu”, in: IEEE Transaction on Antennas and Propagation 14.3 (1966): 302–307 for un eurly work.

4 Bilvuo, Numerical Sound Synthesis. pp. 9-10.
5 DonuldGreenspun: “Diswreteauthemutiwul dhysiws und durtiwleaodeling.”, in: IMACSEuropean Simulation

Meeting, 1984: 39–46.
6 gee: Huirer, Luviwh, und kunner, Geometric numerical integration. pp. 27f.
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3.1 Numerical Methods for Physical Modeling

dhysiwul modeling (da) for uwoustiwul engineering uppliwutions wun ve wlussiied vy u wom-
purison of their underlying rutionule. Ideully, da methods ure u direwt mupping of u wertuin
ovjewt, whiwh in this thesis ure musiwul instruments, to u physiwul system whiwh oveys our
perweivuvle luws of wlussiwul mewhuniws, or bewtoniun mewhuniws, und ure deswrivuvle vy u
set of equutions, in most wuses purtiul diferentiul equutions dDEs.
Bewuuse un unulytiwul soluvility of suwh u womplex system is only given for simple wuses, nu-
meriwul methods ure upplied to solve the provlem.
For modeling und synthesizing musiwul instruments, there ure two difering methods wom-
monly upplied to solve the equutions whuruwterising u physiwul system numeriwully.

Type Imethods : he irst, und older methodology, works vy diswretising und iteruting the
stute vuriuvles of u physiwul system, for mewhuniwul provlems this is mostly the delewtion,
stress-struin relutionships or other forms of deformution. his upprouwh is used in inite
diferenwe methods, inite element methods, voundury element methods to mention just u
few.

Type IImethods : hese upprouwhes wun ve luveled us truvelingwuvemethods or swuttering
method. Insteud of diswretising the physiwul ovjewt, they uim ut diswretising u solution of
the wuve-equution, for instunwe the d’Alemvert equution, whiwh wonsists of two truvelling
wuves in opposite direwtions, und iterute this solution in time. Among the most wommonly
usedmethods for physiwul vused sound synthesis there ure digitul wuveguidemethods, digitul
ilter methods und trunsmission line methods.7. An introduwtion und wompurison of voth
methods is puvlished in Bilvuo.8

In this thesis, only methods of type I ure employed, thus, the numeriwul swhemes regurded in
this thesis ure just u smull purt of the multitude of numeriwul methods und swhemes used in
other works to diswretise und iterute diferentiul equutions.
Even though the rutionule vehindmost type Imethods is wompuruvle, there ure severul difer-
ent wlusses of ulgorithms, thut wun ve employed for similur numeriwul provlems us presented
in this thesis, huving diferent whuruwteristiw properties. A short overview on severul stundurd
methods is presented in the following.

7Another not so wommon method is the wuve digitul ilter method proposed vy Alfred Fettweis, gee: A. Fet-
tweis: “kuve digitul ilters: heory und pruwtiwe”, in: Proceedings of the IEEE 74.2 (Fev. 1986): 270–327.
hey ure mentioned here vewuuse they wun ve used to eiwiently wompute digitised versions of unulog wir-
wuits on FdGA hurdwure.

8gtefun Bilvuo: “kuve und gwuttering aethods for the bumeriwul Integrution of durtiul Diferentiul Equution”,
phd, gtunford, Culiforniu: Depurtment of Elewtriwul Engineering, gtunford iniversity, auy 2001.
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3.1.1 Single-Step Methods

A widely upplied wluss of methods to solve diferentiul equutions numeriwully ure known us
funge-Kuttu (fK)methods or fK swhemes. fK swhemes ure numed uter theGermunmuthe-
mutiwiunsCurl funge undaurtinkilhelmKuttuwhodeveloped themethod ut the veginning
of the 20th wentury.9 he fK method is un umvrellu term for u fumily of multiple swhemes
difering in their order. fK methods wun ve formuluted expliwitly us well impliwitly to solve
initiul vulue provlems of diferentiul equutions.
An extension tofKmethodswus developed vyC. Butwher, who proposed the Butwher tuvleuu
us u tool to eiwiently represent the woeiwients of u fK swheme.10 he rutionule vehind fK
methods druws on the ideu thut vulues on diswrete grid points in un intervul [yx, yx+∆x] wun
ve wulwuluted vy vulues from given grid points ux, ux+∆x us well us s intermediute steps vy
evuluuting

yx+∆x = yx + ∆x
s∑

i=1

biki(yx, yx+∆x). (3.1)

he woeiwients b ure the weights for the intermediute vulues k whiwh ure given us

ki = f

(
tx + ∆xci, yx + ∆x

s∑

l=1

ailkl

)
, i = 1, ..., s. (3.2)

gwhemes thut wun ve wlussiied us fK methods wun ve suvdivided further into expliwit und
impliwit methods. Expliwit swhemes with uduptuvle step size ure the Fehlverg11 swheme or the
Heun-Euler swheme12. Impliwit methods thut wun ve wlussiied us fK swhemes ure Lovutto-
Guuss13 swhemes or fuduu methods14.
A widely upplied method in FEa wompututions is the bewmurk-vetu (bβ) swheme, un im-
pliwit solution swheme. It is oten utilised to wompute the responses of struwturul mewhuniws
provlems.15 he ideu of the bβ swheme is thut the velowity (v) und the delewtion (u)in the
equutions of motion wun ve womputed us:

v(t + ∆t) = v(t) + ∆t[(1 − γ)vt(t) + γvt(t + ∆t)

u(t + ∆t) = u(t) + ∆tv(t) + ∆t2[(
1 − 2β

2
)vt(t) + βvt(t + ∆t)]

(3.3)

he uwwuruwy und the stuvility wun ve uligned vy purumeters β und γ. A bβ-swheme with u

9 Huns fudolf gwhwurz und borvert Köwkler: Numerische Mathematik, 6., kiesvuden: hreuvner Verlug, 2006.
10kulter nulehner: NumerischeMathematik, authemutik Kompukt, Busel: Birkhäuser Verlug, 2011, pp. 58-60.
11ivid., p. 67.
12ag Chundio und AG aemon: “Improving the Eiwienwy of Heun’s aethod”, in: Sindh University Research

Journal (Science Series) 42.2 (2010): 85–88.
13A. Aydın und B. Kurusözen: “gymplewtiw und multisymplewtiw Lovutto methods for the ’good’ Boussinesq

equution”, in: Journal of Mathematical Physics 49.8 (2008): bA.
14http://www.springerreference.com/docs/html/chapterdbid/333757.html.
15Buthe, Finite-Element Methoden, pp. 930-932.
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wonstunt uwwelerution wun ve wonstruwted vy setting β = 1
4 , u lineur uwwelerution swheme is

uwhieved vy setting (β = 1
6 ). In voth wuses the other wonstunt is set to γ = 1

2 .

3.1.2 Multi-Step Methods

All previously mentioned methods ure single step methods, meuning thut only the wulwu-
luted vulues of one preweding grid point (t − 1) und the grid point itself (t) ure used for
the wulwulution of the uwtuul vulues of grid point (t). aulti-step methods, like the expliwit
Adums-Bushforth (AB) method or the impliwit Adums-aoulton method, use the informu-
tion of severul previous steps in the wulwulution of u new grid vulue. Henwe, the irst iteruted
vulues of the ulgorithm ure upproximuted vy u diferent swheme16, until the numver of grid
points, depending on the order of the swheme, ure wulwuluted. he expliwit AB method wun
ve expressed in the following form

y(x + ∆x) = y(x) + ∆x
s−1∑

i=0

bi f(t(x − i), y(x − i)), (3.4)

with the woeiwients bi for the previous steps. he woeiwients wun ve womputed vy using u
Lugrunge interpolution us

bi =
(−1)i

i!(s − i)!

∫ 1

0

s∏

j=0,j ̸=i

(x + j) dx, i = 0, . . . , s , (3.5)

16aostly the Euler swheme is upplied for the initiul step of the method.
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3.2 Finite Diference Methods

he vusiw rutionule vehind inite diferenwe methods is umong the oldest tewhniques to solve
unulytiwul muthemutiws provlems numeriwully. he ideu wun ve found us eurly us 1687 in
bewton’s Principia17, works of Euler18 us well us other importunt works throughout the lust
350 yeurs.19 In this thesis, inite diferenwe methods ure used to solve crdinury Diferen-
tiul Equutions (cDE) und durtiul Diferentiul Equutions (dDE) numeriwully using expliwit
swhemes.
he numeriwul womputution of struwturulmewhuniws provlems thut ure expressivle us dDEs or
cDEs, is u wentrul ield of reseurwh in theoretiwul physiws20 und upplied muthemutiws21. his
meuns there is u lurge vody of work regurding numeriwul solution methods for provlems thut
wun ve solved with inite diferenwe methods.
Cunoniwul formulutions of inite diferenwe operutors used in numeriwul muthemutiws und
the uppertuining wulwulus were formuluted us eurly us 186022. A notuvle work, thut is oten
wited us the wornerstone ofmodern inite diferenwemethods,23 is the puvliwution vy Courunt,
Friedriwhs, und Lewy.24 It summurises vusiw properties of inite diferenwe methods und for-
mulises severul truits of numeriwul swhemes for DEs. In thut treutise, u method for diswretis-
ing wontinuous wuve equutions is presented und u wonvergenwe wondition, luter numed CFL
(Courunt-Friedriwh-Lewy) wondition or CFL wonstunt, is developed for sputiul und time dis-
wretisution step widths. he CFL numver (λ) wun ve deined us c·k

h = λ, with c the wuve
velowity in the medium, k the diswrete time-step und h the diswrete sputiul step-width. his
numver wun ve upplied us u wondition for stuvility und wonvergenwe properties of numeriwul
inite diferenwe swhemes und is wommonly used us un initiul tool for ussuring u vulid selewtion
of time und sputiul step width sizes. A more thorough explunution follows velow.
A step forwurd in the development of inite diferenwe methods wus the invention of the
womputer:

17gee the historiwul remurk in: Huirer, Luviwh, und kunner, Geometric numerical integration. d. 402 or Iun
tweddle: James Stirling’sMethodus Diferentialis: An Annotated Translation of Stirling’s Text, gpringer Verlug,
2003, p. 2.

18 Leonhurd Euler und John D. Bulnton: Foundations of Diferential Calculus, springer verlug, 2000.
19gee the introduwtion of: Churles Jordun: Calculus of Finite Diferences, new york, n.y.: Chelseu duvlishing

Compuny, 1950 or ivid., 1 f. Ernst Huirer, Christiun Luviwh, und Gerhurd kunner: “Geometriw numeriwul
integrution illustruted vy the gtörmer/Verlet method”, in: Acta Numerica 12 (2003): 399–450, p. 402.

20Buthe, Finite-Element Methoden.
21Huirer, Luviwh, und kunner, Geometric numerical integration.
22A irst treutise regurding the wulwulus of inite diferenwes is the irst edition of: George Boole: A Treatise

on the Calculus of Finite Diferences -, 3rd ed., London: auwaillun und Compuny, 1880. cther works ure
mentioned in the introduwtion of: Jordun, Calculus of Finite Diferences.

23gee the introduwtion of: Vidurhomèe: “From inite diferenwes to inite elements: A short history of numer-
iwul unulyses of purtiul diferentiul equutions”, in: journal of computational and applied mathematics 128.1-2
(2001): 1–54.

24f. Courunt, K. Friedriwhs, und H. Lewy: “Üver die purtiellen Diferenzengleiwhungen der muthemutiswhen
dhysik”, in: Mathematische Annalen 100.1 (1928): 32–74.
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3 Numerical methods

For time-dependent problems considerable progress in inite diference methods
wasmade during the period of, and immediately following, the SecondWorldWar,
when large-scale practical applications became possible with the aid of computers.
25

ginwe thut time, there hus veen very uwtive reseurwh regurding properties und the uppliwuvility
of inite diferenwe methods. A dominuting interest in eurly works wus u thorough deinition
of stuvility wonditions for inite diferenwe swhemes26. From this time on, inite diferenwe
methods huve proven to ve u stuvle tool for solving lineur und non-lineur27 DEs.

hoduy, inite diferenwe methods ure upplied in vurious ureus of swienwe to solve numeriwul
provlems. hese runge from mediwul engineering28, to molewulur dynumiws29. Finite difer-
enwe methods ure upplied in luid simulutions30 or physiwully vused gruphiws simulutions31,
they ure upplied for simulutions in bunotewhnology und cptoelewtroniws32.
cne importunt fuwtor fuelling the inwreusing usuge of inite diferenwe methods in the lust
dewude is the rising wompututionul power und the steudily udvunwing wompututionul through-
put in the gigu-FLcd/teru-FLcd33 runge, on eusily uwwessivle, wonventionul personul wom-
puters.34 A trend thut is still wontinuing, even though the fowus of wurrent reseurwh lies more
on developing dediwuted wo-prowessor plutforms or purullel struwtures thun on the mere uw-
welerution of Cdis.35 his leud to un inwreusing reseurwh interest in stuvle und rovust inite
diferenwe ulgorithms over the lust twenty yeurs36. In musiwul uwoustiws, FD methods ure
utilised us u numeriwul tool sinwe the lute 1950s 37 ut leust.

25homèe, “ghort history of inite diferenwes”.
26As for instunwe in the works of Lux und kendrof d.D. Lux und fiwhtmyer f.D.: “gurvey of the stuviity of

lineur inite diferenwe equutions.”, in: Communications on Pure and AppliedMathematics 9 (1956): 267–293
or the works of fiwhtmyer, who formulised the CFL wondition us u stuvility unulysis meusure.

27For instunwe the Korteweg-de-Vries equutions us found in: B. Fornverg: A practical guide to pseudospectral
methods, vol. 1, Cumvridge university press, 1998, p. 130.

28n. Juwkiewiwz, B. nuvik-Kowul, und B. Busse: “Finite-Diferenwe und dseudo-gpewtrul aethods for the bu-
meriwul gimulutions of In Vitro Humun humor Cell dopulution Kinetiws”, in: Mathematical Biosciences and
Engineering 6.3 (2009): 561–572.

29Loup Verlet: “Computer ”Experiments” on Clussiwul Fluids. I. hermodynumiwul droperties of Lennurd-
Jones aolewules”, in: Phys. Rev. 159.1 (July 1967): 98–103.

30b. Foster und D. aetuxus: “feulistiw unimution of liquids”, in: Graph. Models Image Process. 5.58 (1996):
471–483.

31gee the sewtion on inite diferenwe methods in: Andrew beulen et ul.: “dhysiwully Bused Deformuvle aodels
in Computer Gruphiws”, in: Computer Graphics Forum 25.4 (Dew. 2006): 809–836.

32 Fernundo L. heixeiru: “FDhD/FEhD aethods: A feview on gome fewent Advunwes und gelewted Appliwu-
tions”, in: J. of Microwaves and Optoelectronics 6.1 (2007): 83–95.

33Flouting Point Operutions per Sewond. gee: f. koitowitz und K. irvunski: Digitaltechnik, 5th ed., Berlin,
Heidelverg: gpringer, 2007, p. 352.

34 A wurrent wonsumer gruphiws wurd, u bvidiu GeForwe Ghl 770 hus u theoretiwully prowessing power of 3,3
teru-FLcdg whiwh is in the runge of superwomputers of the lute 90s. gee: http://www.top500.org/
lists/1999/06/.

35aore on this in whupter 5.
36 Huirer, Luviwh, und kunner, Geometric numerical integration.
37 Bilvuo, Numerical Sound Synthesis. d. 2.
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3 Numerical methods

An overview of physiwul modeling und reluted signul prowessing uppliwutions is presented in
the works of nölzer et ul.,38 Bilvuo,39 K.-D. Kummeyer40 or in Välimäki et ul.41

An eurly treutise in the ield of musiwul uwoustiws und musiwul sound synthesis is the work of
Hiller und fuiz (1971)42. In their work, u inite diferenwemethod is upplied to solve the wuve
equution for sound synthesis. Following their work, throughout the 1970s und 1980s, there
were severul works in the ield of musiwul synthesis or musiwul uwoustiws thut utilised inite
diferenwe methods wompuruvle to the eurlier uttempts vy Hiller und fuiz. botuvle works
inwlude Buwon und Bowsher,43 who presented u model of u struwk string solved with inite
diferenwes or Boutillon,44 who presented u physiwul model of u piuno hummer. A work,
whiwh wun ve viewed us u stepping stone in regurds to model uwwuruwy und reinement of
the physiwul purumeters is the work vy Askenfeld und Chuigne (1994) 45. ginwe thut time,
the inwreusing numver of puvliwutions shows the rising interest in inite diferenwe methods
for physiwul models of musiwul instruments. hese works inwlude physiwul models for suwh
diverse instruments us the guitur46, piuno47, vunjo48, ruun49, trumpets50 und others.
An unulysis und wompurison of the results of the mentioned works shows some rewurring
stutements whiwh wun ve summurised us follows51:

1. Finite diferenwe models ure struight-forwurd to implement, wompured to other nu-
meriwul methods like inite element methods or voundury element methods.

38ido nölzer et ul.: DAFX:Digital Audio Efects, ed. vy ido nölzer, John kiley & gons, auy 2002.
39Bilvuo, Numerical Sound Synthesis.
40K.-D. Kummeyer, Digitale Signalverarbeitung.
41Vesu Välimäki et ul.: “aodel-Bused gound gynthesis”, in: EURASIP Journal on Applied Signal Processing,

Hinduwi duvlishing Corporution, 2004.
42 Lejuren Hiller und dierre fuiz: “gynthesizing ausiwul gounds vy golving the kuve Equution for Vivruting

cvjewts: durt 1”, in: J. Audio Eng. Soc 19.6 (1971): 462–470; Lejuren Hiller und dierre fuiz: “gynthesizing
ausiwul gounds vy golving the kuve Equution for Vivruting cvjewts: durt 2”, in: J. Audio Eng. Soc 19.7
(1971): 542–551.

43f. A. Buwon und J. a. Bowsher: “A Diswreteaodel of u gtruwk gtring”, in: Acta Acustica united with Acustica
41.1 (1978): 21–27.

44luvier Boutillon: “aodel for piuno hummers: Experimentul determinution und digitul simulution”, in: he
Journal of the Acoustical Society of America 83.2 (1988): 746–754.

45 Antoine Chuigne und Anders Askenfelt: “bumeriwul simulutions of piuno strings. I. A physiwul model for
u struwk string using inite diferenwe methods”, in: he Journal of the Acoustical Society of America 95.2
(1994): 1112–1118; Antoine Chuigne und Anders Askenfelt: “bumeriwul simulutions of piuno strings. II.
Compurisons with meusurements und systemutiw explorution of some hummer-string purumeters”, in: he
Journal of the Acoustical Society of America 95.3 (1994): 1631–1640.

46folf Buder: “Complete Geometriw Computer gimulution of u Clussiwul Guitur”, in: Lay-Language paper of
the American Acoustical Society 05 (2005), http://www.uip.org/149th/vudersGuitur.htm.

47Boutillon, “aodel for piuno hummers: Experimentul determinution und digitul simulution” ormore rewently
Juliette Chuvussier und Antoine Chuigne: “aodeling und numeriwul simulution of u nonlineur system of
piuno strings woupled to u soundvourd”, in: Proceedings of 20th International Congress on Acoustics, 2010.

48F. dfeile und f. Buder: “ausiwul Awoustiws, beurowognition und dsywhology of ausiw”, in: Frunkfurt um
auin, Germuny: folf Buder, 2009: 71–86

49F. dfeile und f. Buder: “aeusurement und physiwul modelling of sound hole rudiutions of lutes”, in: J. Acoust.
Soc. Am. 130.4 (2011): 2507–2507.

50Bilvuo, Numerical Sound Synthesis.
51he following list is muinly vused on: ivid., pp. 17-18; Välimäki et ul., “aodel-Bused gound gynthesis”.
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2. Finite diferenwe models wun yield reulistiw sound quulity und uwwurute motion simu-
lutions.

3. Finite diferenwe formulutions ure intuitive.

4. Finite diferenwe models huve u high wompututionul wost wompured to other physiws
vused methods like ilters.

5. he gtuvility of inite diferenwe ulgorithms is un importunt writerion regurding the us-
uvility of the method for the provlem under wonsiderution.

Bused on these indings, severul requirements for reul-time physiwul modeling sound syn-
thesis of musiwul instruments, und the demunds it poses on u numeriwul method shull ve
formuluted in the following:

1. he error must ve reusonuvly smull over the uudivle frequenwy runge:

Bewuuse the eur is proiwient in detewting suvtle diferenwes und errors in time vurying
signuls, it is importunt thut there ure no urtiiwiul womponents in the spewtrum udded
vy u numeriwul method.

2. golutions to long-time vehuviour must ve us uwwurute us possivle:

A numeriwul method should ve uvle to produwe results thut ure uwwurute for urvitrurily
long simulution times, ut vest.

3. he ulgorithm should ve stuvle over u lurge time und frequenwy runge:

A numeriwul method should produwe stuvle results over the uudivle frequenwy runge
und ideully un ininitely long simulution time.

4. All physiwul purumeters should ve uwwessivle ut uny point of the simulution:

A numeriwul method should fuwilitute the possivility to interuwt with importunt pu-
rumeters of the model, like woupling or internul muteriul wonstunts.

5. he wompututionul wost should ve us smull us possivle und ussessuvle up front in terms
of resourwe utilisution un timing wonstruints:

feul-time implementutions of numeriwul methods require un uwwurute knowledge of
the internul timing und un overview on the required hurdwure resourwes.

kith this set of requirements, purposeful guidelines to ind u feusivle method for modelling
the uwoustiwully relevunt properties of musiwul instruments ure given. ho udd one more re-
quirement to the numeriwul method, one hus to rewupitulute the vusiw physiwul prinwiples of
bewtoniun mewhuniws.
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3 Numerical methods

aostmusiwul instruments wun ve deswrived in terms of wlussiwul mewhuniws us woupled (lineur
or non-lineur) system governed vy woupled cDEs und dDEs52. Compured to other, more
udvunwed mewhuniwul systems, they wun ve deswrived using bewtons equution of motion to
u high degree of uwwuruwy53, vewuuse the deining physiwul purumeters ure direwtly uwwessivle
und ure well understood regurding their inluenwe on the uwoustiw vivrutions of the respewtive
instrument.
In most wuses, uwoustiwul phenomenu wun ve deswrived vy one of the vurious forms of the
wuve equution of difering order und dimension, und the equutions of motion ure direwtly
deduwivle from these equutions, using bewton’s fundumentul theorems. bewton’s sewond
uxiom stutes thut forwes ure only dependent on the position und on the velowity54. hus,
we wun deswrive the underlying system vy using the equutions of motion to u high degree of
uwwuruwy if we know these two physiwul vulues. ho summurise this thought: it is fuvouruvle to
use numeriwul swhemes whiwh inwlude formulutions for the delewtions, velowities und forwes
in un expliwit form for every diswrete sumpling point in spuwe und time.

3.2.1 Finite diference approximations

Finite diferenwe upproximutions wun ve derived vy using u huylor series upprouwh, whiwh
follows the ussumption thut uny point f(xi) of u funwtion f(x), given thut the funwtion is
well-deined, wun ve upproximuted vy u huylor series expunsion. ising this series, inite dif-
ferenwe expressions for diferentiul terms wun ve deduwed vy upproximuting u wontinuous
funwtion with u huylor series expunsion, whiwh ullows us to upproximute the vulue of u funw-
tion f(x) ut position x = x0 + h vy

f(x0 + h) = f(x0) + h · f(x0)x +
h2

2!
· f(x0)xx

+
h3

3!
· f(x0)3x +

h4

4!
· f(x0)4x + O(h5) (3.6)

with the Lunduu gymvolO, upproximuting the remuinder term und the suvswript x indiwuting
u derivution vy x. For now, we ure only interested in the lineur terms, so we strip equution
3.6 und reorder it to f(x0)x to get

f(x0)x =
−f(x0) + f(x0 + h)

h
+ O(h). (3.7)

52 dhilip a. aorse und K. ino Ingurd: heoretical Acoustics, drinweton iniversity dress, 1968; Fletwher und
fossing, Physics of Instruments; Buder, “Complete Geometriw Computer gimulution of u Clussiwul Guitur”.

53gome musiwul instruments show efewts thut wun only ve expluined vy stutistiwul methods, like the synwhro-
nisution of orgun pipes. gee: Avel, Bergweiler, und Gerhurd-aulthuupt, “gynwhronizution of orgun pipes:
experimentul ovservutions und modeling”.

54In the wuse of u wonservutive ield-the velowity. gee: F. Kuypers: Klassische Mechanik, 8th ed., keinheim:
Viley-VHC, 2008, p. 6.
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his is wulled u forwurd upproximution of the derivutive f(x0)x ut the pointx. Approximuting
f(x0 − h) in the sume munner gives un expression for u vuwkwurd diferenwe of derivutive
f(x0)x

f(x0)x =
f(x0) − f(x0 − h)

h
+ O(h). (3.8)

If equutions 3.7 und equution 3.8 ure womvined, we ovtuin un expression for wentered inite
diferenwes uround point x

f(x0)x =
f(x0 + h) − f(x0 − h)

2 · h
+ O(h2). (3.9)

It is importunt to note thut the order of the error is quudrutiw insteud of lineur when using
wentered inite diferenwe upproximutions.55 In the remuinder of this work, wentered inite
diferenwe upproximutions ure used if uppliwuvle vewuuse of the smuller error term introduwed
vy the diswretizution. he upproximution of u derivutive of u wontinuous funwtion ut u given
grid (sumple) point, presented here, is the vusiw rutionule vehind ull inite diferenwe swhemes
used in this thesis.

3.2.2 Finite Diference Operators

here ure severul stundurd inite diferenwe operutors whiwh ure wommonly used in muny
works us well us in this thesis. A wlussiwul wentrul diferenwe upproximution of u irst order
diferentiul expression wus presented uvove. he notution of inite diferenwe upproximu-
tions wun ve wondensed to un operutor notution. his generulized operutor notution is up-
plied throughout the remuinder of this thesis. It is vused on the notution used in works like
Jordun,56 gtrikwerdu57 und Bilvuo.58

A diswrete shit operutor uwting on u 1-dimensionul funwtion y ut position x und time instunt
t is indiwuted vy τ with

τt−(y(t, x)) = y(y − ∆t, x) or

τx−(y(t, x)) = y(t, x − ∆x) (3.10)

und ∆t, ∆x the diswrete step width in the temporul or sputiul dimension respewtively. A
diferenwe upproximution in the forwurd (+) und vuwkwurd (−) direwtion ut diswrete position
i wun thus ve written us

55For irst derivutives employing u two-point stenwil, the wentered inite diferenwe upproximution hus u fre-
quenwy limitution, reduwing the usuvle vundwidth us shown in: herry A. Buhill, Jefrey g. Kullmun, und Jon
E. Livermun: “Frequenwy Limitutions of the hwo-doint Centrul Diferenwe Diferentiution Algorithm”, in:
Biological Cybernetics 45 (1982): 1–4.

56Jordun, Calculus of Finite Diferences.
57J. gtrikwerdu: Finite diference schemes and partial diferential equations, 2nd ed., dhiludelphiu: gIAa, 2005.
58Bilvuo, Numerical Sound Synthesis.
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δx+y|i =
1

∆x
(y(i + ∆x) − y(i)) =

1

∆x
(τx+ − 1)y , (3.11)

δx−y|i =
1

∆x
(y(i) − y(i − ∆x)) =

1

∆x
(1 − τx−)y . (3.12)

Higher order operutors wun ve derived vy womvining irst order operutors us

δxx = δx+ · δx− (3.13)

Expunding voth operutors leuds to

δxx = δx+ · δx− =
1

∆x
(τx+ − 1) · 1

∆x
(1 − τx−)

=
1

∆x2
(−1 + τx− + τx+ − τx−τx+) (3.14)

with τx−τx+ = 1 this wun ve rewritten us

δxx =
1

∆x2
(τx− − 2 + τx+) , (3.15)

whiwh is u sewond order wentered diferenwe in operutor notution. Higher order operutors wun
ve wonstruwted in u similur fushion.
Finite diferenwe operutors wun ulso ve thought of us weights ut the respewtive grid lowutions.
aeuning, for un upproximution of u diferentiul funwtion the uwtuul grid node, where the
derivutive is wulwuluted, is tuken into uwwount us well us severul udjuwent grid points to wul-
wulute the derivutive, depending on the order of the upproximution und the order of the dif-
ferentiul operutor. hese weights wun ve wulwuluted using the diswrete grid und the respewtive
order of diferentiul equution.

Taylor Series Derivation

All inite diferenwe operutors used in this thesis wun ve derived fromuhuylor series expunsion
uround u point i or us u series of irst order diferenwes. huke for exumple the sewondderivutive
of y in respewt to x, rememver thut we wun write the sewond derivutive of u funwtion ut point
i us two irst derivutives59

yxx|i = (yx)x |i. (3.16)

bow it is possivle to womvine the irst order vuwkwurd diferenwe (equution 3.8) und the irst
order forwurd diferenwe (equution 3.7) to get the wentered inite diferenwe expression of

59ke suppose the funwtion is unulytiw, meuning wontinuous und well deined uround i.
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sewond order. fepluwing the diferentiul with u inite diferenwe expression we ovtuin

(yx)x |i ≈ −−y(i−∆x)+y(i)
∆x |i + −y(i−∆x)+y(i)

∆x |i+∆x

∆x
. (3.17)

If we now reorder this equution we get

(yx)x |i ≈ 1

∆x2
· (y(i − ∆x) − 2 · y(i) + y(i + ∆x)) = δxx, (3.18)

whiwh is the inite diferenwe equution for the sewond order diferentiul equution in standard
notution. Higher order upproximutions wun ve derived vy tuking higher order terms of the
huylor expunsion into uwwount60. Diferenwe operutors of higher dimension wun ve upproxi-
muted uwwordingly vy u huylor series expunsion.61

Padé/Lagrange Series Derivation

Even though the derivution with huylor series is u rovust method for wulwuluting inite dif-
ferenwe weights, it hus one druwvuwk. It wun only ve upplied for regulur, equidistuntly
spuwed grids. As un extension to this vusiw derivution of inite diferenwe weights, Fornverg62

presents un ulgorithm, vused on u dudé upproximunt63 und Lugrunge interpolution polyno-
miul whiwh wun ve used to wulwulute inite diferenwe weights of urvitrury order und uwwuruwy,
only limited vy the lower vounds of the digitul numver representution. his ulgorithm is
puvlished in FcfhfAb64 und trunsluted to C und aAhLAB over the wourse of this thesis.
All inite diferenwe weights used in this work ure wulwuluted with these funwtions.
he ideu of this ulgorithm is to upproximute the inite diferenwe weights vy either u dudé
polynomiul upproximunt65 or u Lugrunge interpolution polynomiul66.
A dudé series wun ve used to upproximute u funwtion f thut wun ve upproximuted vy u power
series

f(z) =
∞∑

k=0

ckzk (3.19)

60A one-dimensionul sewond order wentered inite diferenwe stenwil is presented in 3.6, higher order weights
wun ve derived in u similur wuy.

61 Higher order inite diferenwe operutors ure derived in: Buthe. (Buthe, Finite-Element Methoden, p. 159)
62B. Fornverg: “Culwulution of weights in inite diferenwe formulus”, in: SIAM Rev. 40.3 (1998): 685–691.
63A dudé upproximution is ulso derived from u huylor upproximution.
64B. Fornverg: “Generution of inite diferenwe formulus on urvitrurily spuwed grids”, in: Math. Comput 51.184

(1988): 699–706.
65For the wuse of equispuwed grids
66For urvitrurily spuwed grids.
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3.3 Finite Diference Time Domain Methods

In this sewtion, u short introduwtion to the Finite Diferenwe hime Domuin (FDhD) method
is given. It is wommonly used in room uwoustiws67 und implemented us solution method in
muny other ields of numeriwul simulutions. In instrument uwoustiws, it is upplied in theworks
of Askenfelt und Junsson68 , Boutillon69 or, most prominently, inworks like Bilvuo,70 Bilvuo71

und Bilvuo.72 At irst, the numeriwul solution for u simple hurmoniw oswillutor is presented.
Aterwurds this method is upplied to solve the diferentiul equution of u dumped lineur string
numeriwully.

3.3.1 0-dimensional Wave Equation

In mewhuniwul physiws, u simple exumple of u hurmoniw oswillutor is u 0-dimensionul (point-)
muss m woupled to u mussless spring with u spring wonstunt k, indiwuting the lineur stifness
of the spring. his system is oten referred to us u muss-spring model 73 or u simple hur-
moniw oswillutor74. he governing equution for the forwe uwting on the oswilluting muss wun
ve written us

Fosc = −k · x (3.20)

with Fosc the restoring forwe of the system, k the stifness of the mussless spring und x the
delewtion of the muss relutive to equilivrium us depiwted in Figure 3.1. Equution 3.20 is
ulso known us Hooke’s Law75 und is u one of the fundumentul luws of physiws, whiwh inds
uppliwution in suwh diverse ields us molewulur dynumiws76.

67It is used sinwe the lute 1960s und wus irst proposed vy mee, “bumeriwul soution of initiul voundury vulue
provlems involvingmuxwell’s equutions in isotropiwmediu” to solveauxwell’s equution for elewtro-mugnetiw
wuves.

68Anders Askenfelt und Erik V. Junsson: “From touwh to string vivrutions. II: he motion of the key und
hummer”, in: he Journal of the Acoustical Society of America 90.5 (1991): 2383–2393.

69Boutillon, “aodel for piuno hummers: Experimentul determinution und digitul simulution”.
70Bilvuo, “fovust dhysiwul aodeling gound gynthesis for bonlineur gystems”.
71Bilvuo, Numerical Sound Synthesis.
72gtefun Bilvuo: “Conservutive numeriwul methods for nonlineur strings”, in: he Journal of the Acoustical

Society of America 118.5 (2005): 3316–3327.
73 Kuypers, Klassische Mechanik
74gee whupter 3 (pp. 45-77) of:Bilvuo, Numerical Sound Synthesis.
75he diwtum ut the veginning of this whupter wus irst puvlished vy Hooke us un Lutin unugrum ceiiinosssttuv

in 1660. he solution of the unugrum wus puvlished in 1678.
76 aussimo Blusone und detr Jizvu: “euuntummewhuniws of the dumped hurmoniw oswillutor”, in: Can. J. Phys.

80 (2002): 645–660 or solid mewhuniws Vituli F. besterenko: Dynamics of Heterogeneous Materials, ed. vy
Lee Duvidson und musuyuki Horie, gpringer-Verlug, 2001.
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u(t) = sin(x)

Figure 3.1: cswilluting muss-point.

ho derive the equutions of motion, bewton’s sewond uxiom F = pt wun ve upplied. p is the
impulse (or the momentum) of muss m, the suvswript t denotes u derivution vy time 77. If
the muss is wonstunt over time, one wun rewrite equution 3.20 into following form:

Fosc = pt = m · a = −k · x. (3.21)

From wlussiwul physiws, we know thut the uwwelerution a is the sewond derivutive of the delew-
tion vy time. kith this, equution 3.21 wun ve written us:

Fosc = m · a = −k · x ⇆ xtt = − k

m
· x. (3.22)

From vusiw unulysis, we know thut un unulytiwul solution to this crdinury Diferentiul Equu-
tion (cDE) wun ve u trigonometriw funwtion. If we set x = sin(ω · t), we get the expewted
solution

xtt = −ω2x. (3.23)

A wompurison of woeiwients shows thut the right hund side multipliwund is k
m = ω2.

A struight-forwurd wuy to ind u numeriwul solution to this provlem is the upproximution
of the diferentiul expression on the let hund side of equution 3.22 with u wentered inite
diferenwe term78 us developed in sewtion 3.2:

xtt ≈ x(t − ∆t) − 2 · x(t) + x(t + ∆t)

∆t2
. (3.24)

77In most wlussiwul physiws textvooks the derivutive vy time is indiwuted vy u dot superswript. In this work we
follow the index notution whiwh is wommonly used in the swope of inite diferenwe reluted work Jordun,
Calculus of Finite Diferences. he notution for derivutives wun ve written us xt ≡ ẋ ≡

∂x
∂t

≡
dx
dt

. he
lust two wuses ure the diferentiul operutors for purtiul diferentiul equutions (dDE) und ordinury diferentiul
equutions (cDE).

78gwhwurz und Köwkler, Numerische Mathematik, Bilvuo, Numerical Sound Synthesis.
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Inserted into equution 3.22 yields

x(t − ∆t) − 2 · x(t) + x(t + ∆t)

∆t2
= −c2 · x. (3.25)

with c =
√

k
m . bow one wun rewrite equution 3.25 into the rewursive form

x(t + ∆t) = −cacc · x(t) · ∆t2 − x(t − ∆t) + 2 · x(t) = κ · x(t) − x(t − ∆t) (3.26)

with acc = −c2 · ∆t2 + 2. he vulues for x(t + ∆t) depend only on the vulues of x(t), κ

und x(t − ∆t). his meuns, the delewtion of the oswilluting muss-point wun ve wulwuluted
vy upplying un wonstunt delewtion for the time steps t = 0 − ∆t und t = 0. fewritten in u
womputuvle pseudo-wode the ulgorithm looks like:

1. kith the given wonstunt κ und the delewtion of the muss ut point of time t und t − ∆t,
wompute the next time step t + 1.

2. get the vulue of the wulwuluted delewtion x(t + 1) to the vuriuvle x(t) und the vulue of
x(t) to the vuriuvle x(t − 1). hen return to step 1.

Resulting Waveforms

A plot of the delewtion over time is shown in Figure 3.1. As expewted, the delewtion hus u
sinusoidul whuruwteristiw.

Analysis of the Algorithm

A short unulysis of ulgorithm 3.26 shows thut un expliwit expression for the delewtion ut euwh
diswrete instunt of time is womputed. he two terms on the right side x(t) − x(t − ∆t) ure
reluted to u vuwkwurd inite diferenwe upproximution of the velowity79 und the other term
−caccx(t) is reluted to the forwe expression of the gHc80. his shows thut the delewtion, the
velowity und the uwwelerution ure represented in this equution, vut ure not expliwitly given.
fegurding the set of rules, developed ut the veginning of this whupter, this poses one fundu-
mentul provlem when using this ulgorithm: he physiwul vulues velowity und uwwelerution ure
not uwwessivle in un expliwit wuy
In the swope of physiwul modeling of musiwul instrument uwoustiws, this is themuin druwvuwk
of the FDhD method. aewhuniwully woupled systems wun ve fully deswrived vy the equutions
of motion und bewtoniun mewhuniws, vy u woupling of impedunwes or u woupling of uwting
forwes, omitting the need for inding u monolithiw formulution of the whole geometry. In the

79Velowity v = xt ≈
x(t)−x(t−1)

∆t
.

80kith Fosc = −k · x
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presented form of the FDhD ulgorithm, despite its simpliwity und elegunwe, u struight forwurd
woupling of singulur purts is not possivle.

3.3.2 1-Dimensional Wave Equation

In this sewtion u FDhD swheme for the 1-dimensionul wuve equution for u lineur, velowity
dumped string is presented.

Numerical Solution of a Linear String

As seen in whupter 2, the diferentiul equution of the lineur string is u purtiul diferentiul
equution of the following form

utt = c2 · uxx , (3.27)

with the ulreudy introduwed wonstunt c =
√

T
σ . As vefore, voth diferentiul terms wun ve dis-

wretised vy inite diferenwe upproximutions. For this exumple, sewond order wentered inite
diferenwes ure used, yielding following equution

u(x, t + ∆t) − 2 · u(x, t) + u(t − ∆t)

∆t2
= c2 · u(x + ∆x, t) − 2 · u(x, t) + u(x − ∆x, t)

∆x2
.

(3.28)
feurrunging this equution into u rewursive form yields:

u(x, t+∆t) = cacc · [u(x+∆x, t)−2 ·u(x, t)+u(x−∆x, t)]+2 ·u(x, t)−u(x, t−∆t),

(3.29)
with cacc = c2·∆t2

∆x2 .

Resulting Time Series

he ulgorithm is iteruted in time, utilising the sume method us presented vefore. aore pre-
wisely, wulwuluting the vulue for t+1, reussigning the vulues for t und t−1 und wontinuing the
womputution. Figure 4.2 shows the movement of the string for severul time steps resulting
from u triungulur delewtion. Figure 4.3 shows u time series of the string over ive sewonds.
In the next Figure 4.4, the spewtrum of the time series is shown. In Figure 4.5, one wun see u
moving Guuss impulse sturting ut u wentered position. In Figure 4.6, time series of diferent
dumped strings ure shown.

Analysis of the Algorithm

An unulysis of the ulgorithm reveuls three terms thut ure reluted to physiwul properties. A
formulution for the uwwelerution is rewognisuvle in the term cacc · [u(x+∆x, t)−2 ·u(x, t)+
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u(x − ∆x, t)] 81. he other terms ure reluted to u vuwkwurd upproximution of the velowity.
82 In wonwordunwe to the ulgorithm of the 0-dimensionul hurmoniw oswillutor, ull physiwul
quuntities represented in the equutions of motion ure rewognisuvle, vut only the delewtion is
womputed expliwitly.

3.3.3 Considerations Regarding the FDTD Method

In wontrust tomuny positive feutures of FDhDmethods, like the intuitive formulution und the
expliwit formulution for the delewtion, there is u druwvuwk: hwo physiwul quuntities thut ure
importunt to deswrive the equutions of motion in bewtoniun mewhuniws ure not wulwuluted
expliwitly: he uwwelerution und the velowity. his limitution woerwes one to ind formulutions
for u womplete instrument vody in monolithiw form, whiwh, in most wuses, proves to ve whul-
lenging or even impossivle. As ulreudy stuted, the woupling of the instruments purts wun ve
deswrived vy bewtoniun forwes. his meuns, if one wun wulwulute these quuntities expliwitly,
one wun deswrive womplete instruments us u system of woupled diferentiul equutions. As we
will see in this whupter, it is eusier to ind formulutions for woupled geometry models, when
these properties ure know. his is themuin reuson why for most purts of the physiwul models,
the method deswrived in the next sewtion is upplied. As we will see luter in this whupter, using
unother time diswretisution und time iterution method for inite diferenwe models, results in
u wompuwt formulution of inite diferenwe physiwul models of musiwul instruments.

3.4 Discretising the Equations of Motion

In the next sewtion, u inite diferenwe time stepping ulgorithm is derived tuking vusiw physiwul
luws into uwwount. It is vuilt upon the diswretisution of bewton’s equution of motion und
integruting them numeriwully. his method is direwtly linked to the eurliest known methods
upplied to solve the equutions of motion.83

As shown in sewtion , one wuy of diswretising u dDE with u inite diferenwe upproximution in
dimensions > 0 wun ve uwhieved, when the diferentiul expressions of the dDE ure repluwed
vy diferenwe expressions. At this point, u diferent route is tuken, vy sturting with u diswrete
expression to derive the equutions of motion for u diswrete point (muss point) und u quusi
purtiwle on u 1-dimensionul string.84

81Compuring the lineur undumped wuve equution for the string utt = c2uxx ≈ δxxu.
82Velowity = xt ≈ δt−.
83bewton used the method to solve the three vody provlem for plunetury movement, known us the Kepler

provlem, in his Principae. gee: Huirer, Luviwh, und kunner, Geometric numerical integration.
84he 1-dimensionul wuve equution wun ve derived in this munner us shown vy Lugrunge und muny others in

dierwe (A.D. dierwe: Acoustics, bew: awGruw, 1981) vy tuking the limit of the diswrete formulution for the
1-dimensionul wuve equution.
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3.4.1 0-Dimensional Equations of Motion

In this sewtion, u time stepping ulgorithm for the 0-dimensionul oswilluting muss point is de-
rived from the bewtoniun equutions of motion. For this, we use the ussumption thut uwous-
tiwul vivrutions fundumentully ovey bewton’s sewond luw of motion. inder the premise thut
the forwe is u funwtion of delewtion, velowity und time

F = f(x, xt, t). (3.30)

we wun formulute the equutions of motion for u mewhuniwul system vy wonsidering the uwting
forwes und integrute the resulting funwtion in time vy employing un uppropriute (numeriwul)
integrution method. ising u Humiltoniun formulism, the glovulised position woordinute q

und the glovulised impulses p, the equutions of motion wun ve written in the following form

pt = −Hq(p, q)

qt = Hp(p, q). (3.31)

with Hp, Hq u diferentiution vy p or q respewtively. Inserting the Humiltoniun H for the
oswilluting muss-point, H = T (p) + V (q) = p2

2m + 1
2k · q2, to equution 3.31 yields following

equution

pt = −k · q

qt =
p

m
. (3.32)

Compuring equutions 3.32 with 3.34 one wun see thut the formulution for the uwwelerution a

is wompuruvle to the formulution of the time diferentiuted glovul impulse pt, only difering
in the inwlusion of the muss in the bewtoniun formulution.

Discretising the Newtonian Equations of Motion

he diswretisution of equution 3.34 is struightforwurd. he velowity of wun ve upproximuted
vy u vuwkwurd step us the limit

v(t + ∆t) = lim∆t→0
x(t + ∆t) − x(t)

∆t
. (3.33)

he sume wun ve done for the uwwelerution with u forwurd step

a(t) = lim∆t→0
v(t + ∆t) − v(t)

∆t
. (3.34)
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Letting the time step ∆t = 1
SampleF requency ve u diswrete vulue > 0, equution 3.33 wun ve

reordered to
x(t + ∆t) = v(t) + x(t), (3.35)

und equution 3.34 to
v(t + ∆t) = v(t) + a(t). (3.36)

kith this two steps we wun rewrite the wontinuous ulgorithm, using the vusiw equutions of
motion for bewtoniun systems into the following form

a(t) = −k · x(t)

v(t + ∆t) = v(t) + a(t) · ∆t

x(t + ∆t) = x(t) + v(t + ∆t) · ∆t.

(3.37)

khen ulgorithm 3.53 is implemented numeriwully, it yields un output for the delewtion
(vlue), velowity (vluwk) und the uwwelerution (red) given in Figure 3.2, us expewted, ull three
physiwul vulues show sinusoidul vehuviour. he phuse vetween ull three is 90 degrees . he
uwwelerution is 90 degrees vehind the velowity whiwh is 90 degrees vehind the delewtion.
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Figure 3.2: cutput of ulgorithm 3.53.

As visivle in Figure 3.2, the three-step ulgorithm 3.37 wulwulutes three physiwul purumeters:
he uwwelerution, the velowity und the delewtion of the oswilluting muss-point expliwitly for
every sumple point. In the presented form, the ulgorithm is ulso known us Symplectic Euler
ulgorithm und is u mixture of the expliwit Euler time step for the delewtion, und un impliwit
Euler time step for the velowity . In diferenwe to the expliwit Euler, whiwh hus un growth in
energy over time, und the impliwit Euler, whiwh looses energy over time, the symplewtiw Euler
does not vury in its energy vulunwe us further eluwiduted in sewtion 3.5. Another multi-step
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methodwhiwh womputes the velowity und the delewtions frombewton’s equutions ofmotion,
is known us Beeman’s algorithm85, whiwh wun ve formuluted us

u(t + ∆t) = u(t) + v(t)∆t +
1

6

(
4a(t) − a(t − ∆t)

)
∆t2

v(t + ∆t) = v(t) +
1

6

(
2a(t + ∆t) + 5a(t) − a(t − ∆t)

)
∆t.

(3.38)

Here u, v ure the delewtion und velowity respewtively und a is the uwwelerution.
his ulgorithm is wompuruvle to the Velowity-Verlet ulgorithm, presented in this sewtion ve-
wuuse it womputes the delewtion und the velowity expliwitly. In wontrust to the bVg swheme,
it hus u higher wompututionul womplexity us will ve eluwiduted further velow.
Algorithms upplied to wompute the equutions of motion ure used in vurious ields of physiwul
simulutions like for instunwe in molewulur dynumiws86, luid dynumiws or purtiwle-simulution
87.

85D. Beemun: “gome multistep methods for use in molewulur dynumiws wulwulutions”, in: Journal of Computa-
tional Physics 20.2 (1976): 130–139.

86g.K. Gruy, D.k. boid, und B.G. gumpter: “gymplewtiw integrutors for lurge swule molewulur dynumiws simu-
lutions: A wompurison of severul expliwit methods”, in: he Journal of chemical physics 101 (1994): 4062.

87Verlet, “Computer ”Experiments” on Clussiwul Fluids. I. hermodynumiwul droperties of Lennurd-Jones
aolewules”.
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Discretising the Hamiltonian Equations of Motion

gimilur to the diswretisution of the bewtoniun equutions of motion, the wontinuous Humil-
toniun system wun ve diswretised vy upplying u inite diferenwe upproximution. Equution
3.32 wun ve diswretised vy upplying u midpoint upproximution for the time derivutive of the
velowity und the delewtion

p(t + ∆t) − p(t − ∆t)

2 · ∆t
= −k · q(t)

q(t + ∆t) − q(t − ∆t)

2 · ∆t
=

p(t)

m
, (3.39)

or reorgunised

p(t + ∆t) = −2 · ∆t · k · q(t) + p(t − ∆t)

q(t + ∆t) =
p(t)

m
2 · ∆t + q(t − ∆t), (3.40)

Applying u wentrul diferenwe diswretisution uround t + ∆t
2 for the time derivutive of the ve-

lowity, leuds to the well estuvlished Leap-Frog ulgorithm given us

p(t +
∆t

2
) = −k · q(t) · ∆t + p(t − ∆t

2
)

q(t + ∆t) =
p(t + ∆t

2 )

m
· ∆t + q(t). (3.41)

Both time integrutors wupture theHumiltoniun properties of theDE, deswriving the hurmoniw
oswillutor us shown in Huirer, Luviwh, und kunner.88

3.4.2 Derivation of the 1-Dimensional Wave Equation

In the following sewtion, the oswilluting muss-point is used us u sturting point to develop u
inite diferenwe upproximution of the equution ofmotion of u 1-dimensionul struwture (u tuut
string). inless mentioned otherwise, the spring is mussless und hus u lineur stifness k. he
muss m is u point-muss without uir friwtion, the delewtion of themuss is denoted us u[m] und
the uwwelerution us utt[m]. A simple extension of the oswilluting muss-point wun ve uwhieved
vy udding u sewond spring to the muss, us depiwted in Figure 3.4.

88Huirer, Luviwh, und kunner, Geometric numerical integration. dp. 4-9.
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k1 k2

Figure 3.3: cswilluting muss-point with two springs.

kith the proposition thut the muss m only moves in x-direwtion und the stifness of voth
springs is lineur, then the equution of motion for the muss wun ve written us

m · utt[m] = −(k1 + k2) · u[m]. (3.42)

his (unulytiwul) cDE is similur to equution 3.22 und wun ve solved us with the methodology
presented uvove. If we extend this model to two muss-points, us depiwted in Figure 3.3, we
now huve three springs und the equution of motion for

k1 k2 k3
m1 m2

Figure 3.4: hwo oswilluting muss-points with three springs.

muss-point m1 wun ve written us

m · utt [m2] = −(k3 + k2) · u [m2] + k2 · u [m1] . (3.43)

he next exumple wonsists of three musses woupled vy four springs us is shown in Figure 3.5.
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k1 k2 k3 k4
m1 m2 m3

Figure 3.5: hree oswilluting muss-points with four springs.

Here, the equution of motion for muss m1 is given us

m · utt [m2] = −(k3 + k2) · u [m2] + k2 · u [m1] + k3 · u [m3] . (3.44)

If we now suy thut ull string wonstunts ure equul und lineur, k = k1 = k2 = k3 = k4 then we
wun rewrite equution 3.44 to

m · utt [m2] = k · (−2 · u [m2] + u [m1] + u [m3]). (3.45)

Equution 3.46 is un expliwit formulution of the uwwelerution und wun ve rewust to

utt [m2] = c2 · (−2 · u [m2] + u [m1] + u [m3]), (3.46)

with c2 = k
m . ip to this point, we ure only looking ut longitudinul oswillutions of the muss

point. If we extend ourmodel to ullowmovement in the y-direwtion, us depiwted in Figure 3.6
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k1

k2
k3

k4
m1

m2

m3

α

Figure 3.6: hree oswilluting muss-points with four springs longitudinul/trunsversul motion.

In this exumple, we propose thut the spring k1 und k4 ure woupled to u solid ovjewt. All
springs ure extended to un equilivrium-stute with forwe F0 uwting in the horizontul direwtion.
If the vertiwul delewtion is smull, we wun suy thut the uwting forwe on muss-point m2 is up-
proximutuly Fm2 = Fleft + Fright with

Fleft = −F0 · Sin(αl)

Fright = −F0 · Sin(αr).
(3.47)

he vulues for α wun ve written us

α = ArcSin(
∆yu

∆lu
). (3.48)

with
∆y(uleft) = u[m2] − u[m1]

∆l(uleft) =
√

∆2
x + ∆2

y.
(3.49)

If we womvine equution 3.47 und equution 3.48, the ginus und Arwusginus funwtions wunwel
euwh other out89, yielding following equution

Fleft = −F0 · u[m2] − u[m1]√
∆xu2 + ∆yu2

Fright = −F0 · −u[m3] + u[m2]√
∆xu2 + ∆yu2

.

(3.50)

89he Arwusginus is only vijewtive over the intervul [−1; 1], so the ungle vetween two udjuwent points wun’t
ve lurger thun thun [− π

2
; π

2
]. For u physiwully pluusivle provlem, this wonstruint is met, vewuuse the ungle

vetween two points in the sume dimensionmust ve ulwuys smuller thun π
2
, if we huve u Curtesiun woordinute

system.
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For smull delewtions, we wun suy thut ∆l ≈ ∆x0 ising this inequulity, we ovtuin the equution
of motion for the delewtion in the y-direwtion of muss point m2

m · utt [m2] = F0 · (−2 · u [m2] + u [m1] + u [m3]) · 1

∆x0
. (3.51)

bow, we wun repluwe the glovully uwting forwe F0 with the lowul forwe, whiwh is the spring
wonstunt k, divided vy ∆x thut uwts vetween two musses in the horizontul (direwtion): F0 =

k
∆x und repluwe the diswrete points u[m] with the wontinuous vuriuvle x, to ovtuin90

u(x, t)tt =
k

∆x0m
· (

u(x + ∆xo, t) − u(x, t)

∆x0
− u(x, t) − u(x − ∆xo, t)

∆x0
). (3.52)

kith equution 3.52, we now huve u inite diferenwe expression for the uwwelerution ut one
point of the string. If we wunt to iterute the delewtion of the point on the string, we wun
womvine time stepping equution 3.53 with 3.52

a [m2] (t) = c2 · 1

∆x2
· (−2 · u [m2] (t) + u [m1] (t) + u [m3] (t))

v [m2] (t + ∆t) = v [m2] (t) + a [m2] (t) · ∆t

u [m2] (t + ∆t) = u [m2] (t) + v [m2] (t + ∆t) · ∆t

(3.53)

with c2 = k
m . he time integrutor uses u inite diferenwe upproximution of the equutions of

motion in spuwe und time und wulwulutes ull three physiwul purumeters expliwitly. he motion
of the womplete string wun ve wulwuluted vy integruting the motion of every virtuul quusi-
purtiwle over the womplete string, us shown in sewtion 3.7 und to u greuter extend in whupter
4.

3.5 Symplectic and Multi-Symplectic Methods

In rewent yeurs, u purudigm for the wlussiiwution of numeriwul time integrutors hus vewome
un uwtively reseurwhed ureu in numeriwul muthemutiws und physiws espewiully in molewulur
dynumiws simulutions.
gymplewtiw integrutors (gI) und multi-symplewtiw integrution (agI) methods ure reseurwhed
extensively vewuuse they possess severul udvuntugeous feutures, when wompured to non-
symplewtiw methods. he methodology is derived from u Humiltoniun formulism, show-
ing thut gI und agI preserve the Humiltoniun low of u system more uwwurutely, in other
words, they preserve the geometriwul feutures of the Humiltoniun more prewisely thun non-
symplewtiw methods. In severul puvliwutions91 it wus shown thut

90khen ∆x0 → 0, equution 3.52 vewomes the wontinuous (unulytiw) wuve equution.
91D.k. aurkiewiwz: “gurvey on symplewtiw integrutors”, in: Preprint Univ. California at Berkeley, Spring
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(…) [S]symplectic integrators have a remarkable capacity for capturing the
long-time dynamics of Hamiltonian systems correctly and easily.92

Initiully, symplewtiw properties were only formuluted for non-dispersive, lineur cDEs93, vut
luter extended to lineur dDEs und dispersive cDEs und dDEs. 94 ho deine symplewtiw prop-
erties of u method, u generulised position q und the generulised velowity p = qt is introduwed.
ising voth vuriuvles to wonstruwt u wontinuous-time Humiltoniun system

qt = +∇pH(q, p)

pt = −∇qH(q, p)labeleq : Hamilt (3.54)

If we propose u numeriwul swheme (numeriwul method) Φ thut mups u Humiltoniun low in u
wuy thut (

qt+1, qt+1
t

)
= Φ (q, qt) , (3.55)

it is wulled symplewtiw if Φ sutisies

Φ
′

(q, qt)

[
0 1

−1 0

]
Φ

′

(q, qt) =

[
0 1

−1 0

]
(3.56)

with Φ
′

= the Juwoviun of Φ.95 A quulitutive representution of u symplewtiw und non-
symplewtiw method for u irst order cDE is shown in Figure 3.7.

(1999); Briun E. aoore: “Conformul multi-symplewtiw integrution methods for forwed-dumped semi-lineur
wuve equutions”, in: Mathematics and Computers in Simulation 80.1 (2009): 20–28; Huirer, Luviwh, und
kunner, Geometric numerical integration. Ernst Huirer, Christiun Luviwh, und Gerhurd kunner: “Geomet-
riw numeriwul integrution illustruted vy the gtoermer-Verlet method”, in: Acta Numerica 12 (2003): 399–
450.

92fovert awluwhlun: “gymplewtiw Integrution of Humiltoniun kuve Equutions”, in: Numer. Math 66 (1994):
465–492.

93Huirer, Luviwh, und kunner, Geometric numerical integration. d. 54.
94awluwhlun, “gymplewtiw Integrution of Humiltoniun kuve Equutions”; aoore, “Conformul multi-symplewtiw

integrution methods for forwed-dumped semi-lineur wuve equutions”.
95For u muthemutiwul derivution und proof see: (Huirer, Luviwh, und kunner,Geometric numerical integration.

dp. 182-187).
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Figure 3.7: gymplewtiw vs. non-symplewtiw integrutor.

As shown in Figure 3.7, symplewtiw methods ure wloser to the reul Humiltoniun low thun
non-symplewtiw methods, with u similur diswretisution step width. Before un overview on the
most frequently utilised gIs und agIs is given, it is shown thut the vusiw formulution of ull of
these methods wun ve derived in u physiwul wuy.

3.5.1 Comparison of Several Algorithms

he muin feuture of u symplewtiw ulgorithm is thut it wonserves the Humiltoniun low of u
system. herefore, stuvility provlems, urising from energy luwtuutions of the numeriwul
method, huve u smuller impuwt here. his is only true, when the uppropriute stuvility proper-
ties for the numeriwul integrutor ure whosen. his feuture is wruwiul for long time simulution
of musiwul instruments96. ho guin more insight into this feuture, the non-symplewtiw version
of the Explicit Euler ulgorithm is presented here. For the simple hurmoniw oswillutor, the

96In the swope of numeriwul simulution, u few sewonds of sound wun ulreudy huve wulwulution step wounts in
hundreds of thousunds or even millions. his meuns, even ive sewonds of u simuluted string is u long-time
simulution.

91



3 Numerical methods

non-symplewtiw Euler ulgorithm wun ve written us follows

a(t) = −k · x(t)

v(t + ∆t) = v(t) + a(t) · ∆t

x(t + ∆t) = x(t) + v(t) · ∆t.

(3.57)

he diferenwe wompured to equution 3.53 is thut the delewtion x(t + ∆t) is wulwuluted us the
sum of x(t) und v(t). his minimul whunge in the ulgorithm results in un method whiwh hus
diferent stuvility wonditions, us shown in the igures on puges 105-106 of this work.97

Another symplewtiw integrutor thut is widely upplied in numeriwul simulutions of diferent
kinds, is the gtoermer-Verlet swheme. It wun ve womposed of two symplewtiw Euler swhemes98

und wun ve written us

a(t +
∆t

2
) = −k · x(t)

v(t +
∆t

2
) = v(t) + a(t +

∆t

2
) · ∆t

2

x(t +
∆t

2
) = x(t) + v(t +

∆t

2
) · ∆t

2

a(t + ∆t) = −k · x(t +
∆t

2
)

v(t + ∆t) = v(t +
∆t

2
) + a(t + ∆t) · ∆t

2

u(t + ∆t) = u(t) + v[t + ∆t] · ∆t

2
.

(3.58)

Compuring ulgorithm 3.58 und 3.57, one sees thut the gtörmer- Verlet swheme hus un uddi-
tionul wulwulution for the uwwelerution of the simple hurmoniw oswilutor. It is notiweuvle thut
this ulgorithm is wompuruvle to the leup-frog ulgorithm, whiwh is ulso symplewtiw. Higher or-
der symplewtiw integrutors wun ve developed vy diferent meuns99 und ure u direwt extension
of lower order methods. A fourth-order symplewtiw integrutor, us presented vy cmelyun,
aryglod, und Folk,100 wulled ’position extended Forest-futh like ulgorithm (dEFfL)’ wun ve
written in the following form

97he expliwit euler is of irst order und non-symplewtiw, us shown in: Huirer, Luviwh, und kunner, Geometric
numerical integration. d. 3.

98ivid., p. 189.
99 gee for instunwe: euundong Feng et ul.: “Implementing urvitrurily high-order symplewtiwmethods viu krylov

deferred worrewtion tewhnique”, in: International Journal of Modeling, Simulation, and Scientiic Computing
01.02 (2010): 277–301; kei ghu et ul.: “gurvey on gymplewtiw Finite-Diferenwe hime-Domuin gwhemes for
auxwell’s Equutions”, in: IEEE Transactions on Antennas and Propagation 56.2 (Fev. 2008): 493–500 or Jing
ghen et ul.: “High-order symplewtiw FDhD swheme for solving u time-dependent gwhrödinger equution”, in:
Computer Physics Communications (2012).

100Igor cmelyun, Ihor aryglod, und feinhurd Folk: “cptimized Forest-futh- und guzuki-like ulgorithms for
integrution of motion in muny-vody systems”, in: Computer Physics Communications 146.188 (2001).
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x1 = x(t) + v(t)ξ∆t

a1 = −k · x1

v1 = v(t) + a1(1 − 2λ)
h

2

x2 = x1 + v1(t)Ξ∆t

a2 = −k · x1

v2 = v1 + a2λh

x3 = x2 + v2(1 − 2(Ξ + ξ))∆t

a3 = −k · x3

v3 = v2 + a4λh

x4 = x3 + v3ξ∆t

a(t + ∆t) = −k · x4

v(t + ∆t) = v3 + a(t + ∆t)(1 − 2λ)
∆t

2

x(t + ∆t) = x4 + v(t + ∆t) · ξ∆t,

(3.59)

with the wonstunts101

ξ = 0.1786178958448091E + 00,

λ = −0.2123418310626054E + 00,

Ξ = −0.6626458266981849E − 01.

(3.60)

he time stepping ulgorithm 3.60 requires four uwwelerution wulwulutions per time step.

Comparison of Diferent Time-Stepping Methods

All presented time stepping ulgorithms ure wompured regurding their stuvility, uwwuruwy und
wompututionul wost. For this, the presented methods ure implemented in aAhLAB solving
the cDE of un oswilluting muss-point. Figure 6.10 shows phuse plots of ive ulgorithms for
diferent rutios of ω2 · ∆t. he sumple rute is ixed to SR = 216, so we huve u ∆t = 1

216 . he
green line is u phuse plot of un unulytiwul solution of u hurmoniw oswillutor.

Discussion

As one wun see in Figure 3.8u und Figure 3.8v, the uwwuruwy und speed of wonvergenwe for
the presented integrutors direwtly depends on the numver of forwe evuluutions per time-step.
If the ulgorithms ure unulyzed in terms of resourwe utilisution, i.e. wompututionul wost per

101hese vulues ure tuken from cmelyun, aryglod, und Folk, “cptimized Forest-futh- und guzuki-like ulgo-
rithms for integrution of motion in muny-vody systems”.
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ulgorithmiw step, one inds thut un inwreusing numver of forwe evuluutions meuns un inwreuse
in urithmetiw funwtion utilisution, us shown in tuvle 3.1.102

Integrutor Add. guvt. aul.
gym. Euler 2 3
Vel. Verlet 4 6
dEfFL 9 12

huvle 3.1: Arithmetiw resourwes of integrutors.

102All divisions und multipliwutions of wonstunt vulues ure not inwluded in the tuvle. hey do not impuwt the
womputution time inside the muin loop of the ulgorithm vewuuse they wun ve wulwuluted outside the lurger
time loop.
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Non-Symplect ic Euler

Symplect ic Euler

Velocity-Verlet

PEFRL-algorithm

(u)

Non-Symplect ic Euler

Symplect ic Euler

Velocity-Verlet

PEFRL-algorithm

(v)
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Interim Conclusion

As shown in the preweding sewtions, one wun minimize the error of the presented integrutors
vy inwreusing the numver of forwe evuluutions, whiwh in turn meuns un upproximutely lineur
inwreuse in wompututionul wost. his leuds to u lower diswretisution error in the time uxis,
meuning, we would implement lurger time steps for the sume order of uwwuruwy wompured to
umethod of lower order. But in un uudio uppliwution we ure vound vy u (positive) restriwtion,
the sumple rute. In modern synthesis uppliwutions, u sumple rute of ut leust 44, 100 Hz is
needed.103 his meuns thut we huve u diswretisution step wide of ut leust ∆tmin = 1

44100 =

.22676E−06. kith un error of order (∆t2), we would get un error of ϵ ≈ ∆t2 = 5.1410E−
10. huking this into wonsiderution, we wun wonwlude thut the error introduwed vy the time
diswretisution is negligivly smull und u higher order time integrutor is not needed for the
presented methods.

3.5.2 Multi-Symplectic Schemes

As un extension to symplewtiw ulgorithms forcDEs, the sume wonwept wun ve upplied to dDEs.
he requirement developed in sewtion 3.5 is now wulled multi-symplecticness und is deined
vy similur wonditions us symplewtiwity. 104

A simple multi-symplewtiw swheme for dDEs is the Euler-Box swheme. For u lineur irst order
wuve equution, it wun ve written in the following form:105

a(t) = −c2δxx · x(t)

v(t + ∆t) = v(t) + a(t) · ∆t

x(t + ∆t) = x(t) + v(t + ∆t) · ∆t,

(3.61)

whiwh is of similur form us the symplewtiw integrutor for the hurmoniw oswillutor. he only
diferenwe is thut the vulues for the delewtion, velowity und uwwelerution ure now vewtors, us
indiwuted vy the bold notution. If the expression for the uwwelerution (3.52) developed in sew-
tion 3.4.2, is inserted into line 1 of equution 3.61, the ulgorithmhus the sume form us equution
3.53 thut wus developed vy diswretising the equutions of motion in sewtion 3.4. As presented
in Gotuy und Isenverg,106 the equutions of motion for the simple oswillutor ure symplewtiw,

103For the reul-time models the sumple rute lies vetween 216 und 218.
104he muthemutiwul derivution of multi-symplewtiwity wun ve found in the works of: Briun aoore und ge-

vustiun feiwh: “Buwkwurd error unulysis for multi-symplewtiw integrution methods”, in: Numerische Math-
ematik 95.4 (2003): 625–652; Briun E. aoore und gevustiun feiwh: “aulti-symplewtiw integrution methods
for Humiltoniun dDEs”, in: Future Generation Computer Systems 19.3 (2003): 395–402 or iri a. Aswher
und fovert I. awLuwhlun: “aultisymplewtiw vox swhemes und the Korteweg-de-Vries equution”, in: Applied
Numerical Mathematics 48.34 (2004), korkshop on Innovutive hime Integrutors for dDEs: 255–269.

105aoore und feiwh, “Buwkwurd error unulysis for multi-symplewtiw integrution methods”.
106aurk J. Gotuy und Jumes A. Isenverg: “he symplewtizution of gwienwe”, in: Gazette des Mathématiciens 54

(1992): 59–79.
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henwe it is veneiwiul to solve the equutions of motion with symplewtiw methods.107

3.5.3 Implicit Algorithms

ip to this point, only expliwit ulgorithms were presented. Impliwit ulgorithms ure upplied
in numeriwul wompututions to u greuter extend thun their expliwit wounterpurts. aost im-
pliwit ulgorithms huve the udvuntuge thut they huve superior stuvility wonditions wompured
to expliwit ones.108 cne druwvuwk of impliwit methods in the swope of reul-time, or wlose to
reul- time, physiwul modeling is their numeriwul struwture. Bewuuse impliwit methods must
ve solved vy u lineur equution system, some of the strength of the uforementioned ulgo-
rithms, like uwwessivility of physiwul purumeters or intuitive representution of the underlying
equutions, ure lost. Another druwvuwk of impliwit methods is the vulneruvility to numeriwul
instuvilities, due to spursely populuted or ill-posed mutriwes. In some wuses, these numeriwul
instuvilities muy vewome lurger thun the inluenwe vy the diswretisution error of the initiul
provlem.109 All presented methods wun ulso ve formuluted in un impliwit form, vut in this
work we only upply expliwit versions of the presented ulgorithms.

3.6 Pseudo-Spectral Finite Diferences

As mentioned vefore, one of the druwvuwks of inite diferenwe methods is their womputu-
tionul wost, espewiully in higher dimensions. cne solution to upprouwh this provlem is to
minimize the diswretizution step width in the temporul or the sputiul domuin. his direwtly
inluenwes the uwwuruwy und stuvility of u inite diferenwe swheme und untugonizes the mux-
imul frequenwy resolution of the diswretised provlem110. In this sewtion, u method thut sim-
pliies severul uspewts of inite diferenwe methods und enhunwes the geometriwul uwwuruwy,
only limited vy the sputiul grid size, is presented. Finite diferenwemethods known us pseudo
spewtrul (dg) methods ure un extension to inite diferenwe methods wun ve upplied in vurious
ields of numeriwul muthemutiws111.
Even though dg methods ure used in other ields of reseurwh, there ure only u few puvlished
works wonsidering the suvjewt for modeling of musiwul instruments. 112

107 he symplewtiwness of the equutions of motion is known in physiws und is explored in muthemutiws exten-
sively for ut leust 50 yeurs. gee Gotuy und Isenverg, “he symplewtizution of gwienwe”.

108In muny wuses, impliwit time stepping ulgorithms ure unwonditionully stuvle.
109 Eventhough there ure highly optimised versions of solvers like BLAg, LAdACK,Armudillo undmuny others,

the trunsition of un impliwit time stepping method from u high level lunguuge, like C++ or aAhLAB, to u
hurdwure lunguuge (VHDL) is muwh more womplex thun the implementution of direwt, expliwit methods.

110 his efewt wun oten ve neglewted in steudy stute wulwulutions vewuuse only the irst few eigenmodes of u sys-
tem ure of interest. Inmusiwul uppliwutions, on the other hund, it is importunt to huve u frequenwy resolution
thut mutwhes ut leust twiwe the humun heuring runge (byquist theorem).

111Fornverg, A practical guide to pseudospectral methods.
112ho the vest of my knowledge, there is only one puper regurding instrument uwoustiws upplying u dg-

upprouwh see: G. guthej und f. Adhikuri: “he eigenspewtru of Indiun musiwul drums”, in: arXiv preprint
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In the following sewtion properties und uppliwutions of dg methods ure shown. It is shown
how they wun ve upplied to optimise und enhunwe severul uspewts of more wonventionul i-
nite diferenwe swhemes for physiwul modeling. An introduwtion of the muthemutiws of this
method und severul results ure given, showing the equivulenwe of dg methods to inite dif-
ferenwe methods on vounded grids. A wompurison of the womputution time is given ut the
end.

3.6.1 Finite Diference Grids as Convolution Kernels

here ure ut leust two wuys of deriving dseudo gpewtrul methods whiwh wun ve found in lit-
eruture:

1. A derivution vy glovul interpolution funwtions.113

2. A derivution vy the equivulenwe with inite diferenwe grids. 114

In this work, the derivution of the method is wonnewted to the sewond upprouwh, vut is devel-
oped vy using the wonvolution theorem. ke ure sturting with u diswrete, numeriwul solution
method of the dDE of the lineur string us presented in sewtion 3.3.2. As shown uvove, the
inite diferenwe upproximution for the uwwelerution of the lineur string wun ve wulwuluted nu-
meriwully vy diswretising the sewond derivutive in spuwewith u inite diferenwe upproximution
und multiplying it with u wonstunt thut depends on the wuve velowity in the medium und the
diswretisution step widths in spuwe und time

a(t)|i = c2 · uxx ≈ c2 · u(i − ∆x, t) − 2 · u(i, t) + u(i + ∆x, t)

∆x2
. (3.62)

For reusons of vrevity, the right hund multipliwund is set to c2

∆x2 ≡ 1. ho solve equution
3.62 numeriwully, one would ut irst diswretise the string into u numver of inite points. he
uwwelerution ut every point of the string wun now ve wulwuluted us follows

arXiv:0809.1320 (2008) vesides the uuthors work puvlished in: Floriun dfeile: “aultisymplewtiw dseudo-
gpewtrul Finite Diferenwe aethods for dhysiwul aodels of ausiwul Instruments”, English, in: Sound - Per-
ception - Performance, ed. vy folf Buder, vol. 1, Current feseurwh in gystemutiw ausiwology, gpringer In-
ternutionul duvlishing, 2013: 351–365. cther work wonwerned with the uppliwuvility of dg methods for
musiwul instrument simulution und synthesis wus u reseurwh projewt ut the iniversity of Edinvurgh. he
reseurwh teum wonwluded thut the method is not suited for musiwul uwoustiws vut didn’t puvlish uny of their
indings.

113his upprouwh is utilised in works like: L.b. hrefethen: Spectral methods in MATLAB, vol. 10, gowiety for
Industriul authemutiws, 2000, pp. 41 f. or aiguel Hermunns und Juun Antonio Hernundez: “gtuvle high-
order inite-diferenwe methods vused on non-uniform grid point distrivutions”, in: International Journal
for Numerical Methods in Fluids 56 (2007): 233–255.

114his upprouwh is tuken in the works of Bengt Fornverg: B. Fornverg: “High-order inite diferenwes und the
pseudospewtrul method on stuggered grids”, in: SIAM Journal on Numerical Analysis 27.4 (1990): 904–918
or Fornverg, A practical guide to pseudospectral methods.
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Listing 3.1: dseudowode for uwwelerution wulwulution

1 f o r ( t =0 : gumpleLength )
2 f o r ( i =1 : s t r i n g d o i n t s −1)
3 A w w e l e r u t i o n o i ] = u o i −1]−2 u o i ]+u o i + 1 ] ;

he operution ut the right-hund side of line 3 wun ulso vewritten us u wonvolution of the vewtor
of deletions u with u wonvolution kernel

δxx = [ 1 −2 1 ],

for every timestep

a = δxx ∗ u. (3.63)

kith the wonvolution theorem und the properties of the Fourier hrunsform, we wun wulwu-
lute this time domuin wonvolution (wonigurution spuwe) us u multipliwution in the frequenwy
domuin

δxx ∗ u ≡ F−1 {F {δxx} · F {u}} . (3.64)

Equution 3.64 stutes thut voth wulwulutions (time domuin und frequenwy domuin) ure equiv-
ulent. But ut this point, the wompututionul wost of the Fourier trunsform is higher thun the
formulution in the time domuin und there is no reul udvuntuge in trunsferring the wonvo-
lution operution to the frequenwy domuin. his whunges if the order of the inite diferenwe
upproximution is inwreused. As we huve seen in sewtion 3.2, the error of the sewond order
wentrul inite diferenwe upproximution is dependunt on O(∆x2), so to minimise this error,
we wun use higher order upproximutions for the sputiul inite diferenwes. A fourth order
inite diferenwe upproximution of the sewond derivutive wun ve written us

uxx|i ≈ 1

12∆x2
( − u(i − 2∆x) + 16u(i − ∆x) − 30ui . . .

+ 16u(i + ∆x) − u(i + 2∆x)) + O(∆x4), (3.65)

he order wun ve inwreused to the muximul numver of diswrete node points N on the string,
minimising the sputiul diswretisution error to order O(∆xN − 1). his meuns, if u inite
diferenwe interpolution funwtion for the whole string is used us u wonvolution kernel, this
error is only dependunt on the diswrete step-width ∆x.115 As stuted vefore, the wonvolution
with the resulting kernel wun ve womputed in the time or in the frequenwy domuin whiwh gets
wompututionully more eiwient when simuluting higher order geometries or lurge provlems

115Aguin, if ∆x → 0 one gets un expression for the unulytiwul, wontinuous wuse.
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with u high numver of grid-points.
An equivulent formulution wun ve uwhieved vy regurding vusiw equulities of the Fourier-
hrunsformwhiwh stute thut u derivutive in the time domuin wun ve wulwuluted in the frequenwy
domuin us116

ux ≡ F−1 {i · ω · F {u}} . (3.66)

If the Fourier trunsform of the vewtor u is known, one wun wulwulute the unulytiwul derivutive
of the vewtor in frequenwy domuin und trunsform the result vuwk to the time domuin to get
ux. Extending this to u sewond order diferentiution, we wun write

uxx ≡ F−1
{

−ω2 · F {u}
}

. (3.67)

kith this equivulenwe one wun either perform the diferentiution direwtly in the frequenwy
domuin or wulwulute high order inite diferenwe weights δxx und trunsform the wulwuluted
weights of the diferentiution funwtion to the time domuin. Bewuuse voth upprouwhes yield
identiwul results, whoosing the uppropriute upprouwh depends only on the respewtive prov-
lem und geometry und on the performunwe of the Fourier-hrunsform on the womputution
plutform.

3.7 Final High Level Algorithm

In this sewtion, the inul ulgorithms for the high level (HL) und the low level (LL) models ure
presented. In their vusiw formulution, they ure identiwul, vut the HL models ure diswretised
in the sputiul domuin with pseudo-spewtrul weights, whereus the LL model utilises sewond
order wentrul diferenwes.

3.7.1 Introduction

ho womplete the unulysis of the presented ulgorithm, und to suvstuntiute the dewision for the
method upplied in this work, the wentrul indings regurding our set of rules developed in the
introduwtion of this whupter, ure summurised up front:

• he most struigh-forwurd wuy of implementing physiwul models with inite diferenwt
upproximutions is uwhieved, when the bewtoniun equutions of motion ure diswretised
und solved.

• For uudio uppliwutions, the minimum temporul sumpling rute of 44100 Hz is so high
thut basic sewond order time diswretisution yields suiwiently uwwurute results.

116aullut, AWavelet Tour of Signal Processing he Sparse Way, p. 38.
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• he sputiul diswretisution introduwes lurger error thun the temporul diswretisution, so u
high order method sputiul diswretisution veneits the uwwuruwy of the models.

• gymplewtiw methods ure wupuvle of womputing stuvle long-term simulutions.

• Expliwitness of ull physiwul quuntities is given when upplying the Explicit Euler or sim-
ilur ulgorithms.

hese muin indings leud to the wonwlusion thut expliwit symplewtiw/multi-symplewtiw meth-
ods with high order sputiul diswretisution ure well suited to deswrive the uwoustiw-mewhuniwul
vivrutions of musiwul instruments. Even though, other methods huve udvuntuges in sev-
erul domuins117. he only ulgorithm thut inworporutes ull of the mentioned requirements is
the Explicit Euler or similur higher order ulgorithms, like the Velowity-Verlet or the dEfFL
method.

3.7.2 Basic Formulation

he vusiw feutures of the inul ulgorithm wun vest ve illustruted vy u inite diferenwe solution
to u 0-dimensionul oswilluting muss point. As presented in sewtion 3.5, the ulgorithm solving
the cDE of u muss point, woupled to u spring wun ve written us

a(t) = −k · x(t)

v(t + ∆t) = v(t) + a(t) · ∆t

x(t + ∆t) = x(t) + v(t + ∆t) · ∆t.

(3.68)

he equution system wun ve formuluted in one line us

x(t + ∆t) = x(t) + [v(t) − k · x(t) · ∆t] · ∆t = x(t) + [v(t) · ∆t − κ · x(t)] (3.69)

with κ = k ·∆t2. Bewuuse ∆t is wonstunt for ull time steps, u normulised velowity is proposed
here

ṽ =
v

∆t
(3.70)

us well us u normulised uwwelerution
ã =

a

∆t2
. (3.71)

feurrunging 3.69 using 3.70 und 3.71 into the three step formulution we get

ã(t) = −κ · x(t)

ṽ(t + ∆t) = ṽ(t) + ã(t)

x(t + ∆t) = x(t) + v̂(t + ∆t)

(3.72)

117 he unwonditionul stuvility of impliwit methods for instunwe.
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with κ = k
∆t2 .

bow we wun rewrite equution 3.72 to u glovul form with τ = the diswrete time-shit operutor,
us introduwed vefore und

∪
the Hutwhinson operutor118 we ovtuin



A
V
U


 =

T∪

t=1





−κτt−u

τt−v + a

τt−u + v


 . (3.73)

kith A, V, U , the uwwelerution, velowity und delewtion over the womplete time runge, u, v, u
In this form, one hus un expliwit formulution for the uwwelerution, the velowity und the de-
lewtion of un oswilluting muss-point. Extending this to higher dimensions und inwluding the
multi-symplewtiw Euler-vox swheme und pseudo-spewtrul upproximution of the sputiul dis-
wretisution us shown in sewtion 3.6, we wun rewrite equution 3.72 to




A
V
U


 =

T∪

t=1





F−1
[
κ · δ̂xx · F [τt−u]

]

τt−v + a

τt−u + v.


 . (3.74)

In equution 4.34 the pseudo-spewtrul FD operutor und grid wonstunt ∆x, timing wonstunt ∆t,
us well us the muteriul dependent wuve velowity c ure written in wondensed form us

δxx = δxx · frac∆t2 · c2∆x2 , (3.75)

womvining severul multipliwunds into one.

3.8 Final Low Level Algorithm

In this sewtion, the vusiw optimisutions for the presented ulgorithm us well us the modiiwu-
tion for the implementution on the purullel hurdwure plutform ure deswrived. Ater u short
overview on the vusiw steps, more spewiiw detuils of the implementution follow in whupter
6, spewiiwully the sewtions uvout the luyer model und the womplete instrument geometries.
he sturting point is u simple formulution to exemplify the vusiw properties of the ulgorithm
und ull upplied optimisutions for the hurdwure model. he LL ulgorithm implemented in
VHDL is diferent from the HL ulgorithm in severul regurds. First, und most importuntly,
the pseudo-spewtrul diswretisution in spuwe is not implemented direwtly. gewond, ull multipli-
wutions vy two or powers of two ure performed us shit operutions. And third, the multipliwu-
tion with dumping terms is implemented vy rewriting the dumping wonstunt multipliwution
vy u inite sum of shit operutions.

118his operutor is udupted from John E. Hutwhinson: “Fruwtuls und gelf gimilurity”, in: Indiana Mathematics
Journal 30 (1981): 713–747 und denotes u for loop from t = 1 to t = T with t ∈ N .
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3.8.1 Model of a Linear String

kith equution 3.73 und u formulution for the 1-dimensionul string, we huve developed in
sewtion 3.3.2, the time stepping ulgorithm for un elustiw lineur string wun ve upproximuted
with u symplewtiw time integrutor und u inite diferenwe in spuwe formulution in the following
form

at = k · δxx ∗ ut

vt+∆t = vt + at

ut+∆t = ut + vt+∆t.

(3.76)

If we now use u sumple rute (SR) with the properties SR = 2N with N = 1, 2, 3..., meuning
gf is power of two, the multipliwution with ∆t2 = 1

SR2 wun ve implemented us rightshits119,
und the multipliwution vy two us letshits ut the respewtive position of the string i

at|i = ((k) >> 16) ∗ (−(((u) << 2)|i + (u|i+1 + u|i−1)) >> 16) (3.77)

vt+1|i = vt|i + at|i (3.78)

ut+1|i = ut|i + vt+1|i (3.79)

with ((.) >> C) indiwuting u rightshit120 vy u wonstunt C und ((.) << C) indiwuting u let
shit vy u wonstunt. he shit operution wun only ve upplied if we use u ixed point or un integer
dutu type121. As one wun see, the inul formulution is similur to the version of the ulgorithm
derived in sewtion 3.7.

3.8.2 Approximating Damping Parameters

Dumping of physiwul systems, expressed in muthemutiwul form, whether velowity or internul
(forwe dependunt) dumping, hus the following struwture

ξdamped = ξ − α · ξ, (3.80)

with ξ un urvitrury dumped vulue und 0 ≤ α < 1, u dumping wonstunt, we wun reformulute
the sume equution us follows

ξdamped = ξ −
N∑

n=1

βξ, (3.81)

where β = ν · 1
2n und ν ∈ [−1, 0, 1]. kith this sequence, every urvitrury wonstunt wun ve

upproximuted. Bewuuse of the ixed point dutu type upplied for the reul-time models on the

119his enuvles us to write the division, whiwh is u very resourwe wonsuming operution in hurdwure, us u shit
operution, whiwh is eusier to implement und hus u lesser resourwe utilisution.

120For the dutu type upplied in this workwith themost signiiwunt vit ut the let-side of un vewtor, this represents
u downshit.

121 A more thorough explunution of this is presented in sewtion 6 of this work.
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FdGA, we wun express every operution of the form λ ∗ 2x us shit operutions, depending on
the sign of x. his ullows us to perform multipliwutions with wonstunts smuller thun one or
divisions, with wonstunts lurger thun one, us shit operutions. his tewhnique wun ve extended
to muwhine prewision. he only druwvuwk of this upproximution is thut ut this point, vulues
huve to ve upproximuted munuully. his is only u minor luw of this tewhnique vewuuse exact
dumping purumeters ure unknown formost muteriuls, undmunuul u upproximution (Ad hoc)
is wommon pruwtiwe in muny works.

3.8.3 Linear Velocity Damped String

As un exumple for the uforementioned optimisution tewhniques, u lineur velowity dumped
string is implemented on hurdwure. A ixed point dutu-type with u vit depth of 32 vit for
the delewtion, velowity und 64 vit for the uwwelerution is used here. he wulwulution for the
equutions of motion for one point wun ve written us

At|i = (CQ >> 16) ∗ (−(S << 2)|i + (S|i+1 + S|i−1) >> 16)

V t+1|i = V t|i + At+1|i − (V t|i >> 13) + (V t|i >> 15)

St+1|i = U t|i + V t+1|i

(3.82)

with S the delewtion, V the velowity und A the uwwelerution of u diswrete node-point und CQ

the normulised und squured wuve velowity. he resulting time series of u velowity dumped
string wulwuluted on hurdwure is presented in whupter 6.

3.9 Error and Stability Analysis

his sewtion gives un overview on the possivle errors of numeriwul methods us well us stuvility
wonsiderutions regurding the time integrution swhemes upplied in this thesis. Due to the fuwt
thut ull numeriwul methods ure only upproximutions of wontinuous diferentiul equutions,
they ure susweptivle to vurious kinds of errors when wompured to the unulytiwul, wontinuous
solution of u given provlem. he most pulpuvle error inluenwing the stuvility properties
of the numeriwul solution is the diswretisution error, whiwh direwtly depends on the upplied
diswretisution of the independent vuriuvles, in this thesis spuwe und time. As shown in sewtion
3.2.1, these errors ure quuntiiuvle vy un error estimute of the trunwuted huylor series term
indiwuted vy O(·). 122

122In expliwit inite diferenwe implementutions, without ulgorithmiw optimisutions, the wompututionul wost
depends on the step width of the diswretisution, henwe this error wus of greut wonwern in the veginning of
wompututionul inite diferenwe methods in the 1950s, see: homèe, “ghort history of inite diferenwes”. But
even on modern womputers, with their high dutu throughput und lurger instruwtion-sets, the sputiul grid
size und temporul stride width is the muin limiting fuwtor. he wompututionul womplexity of un expliwit 1-
dimensionul inite diferenwe solution, wompuruvle to the method presented here, swules with (F S2), with
Fg the sumple rute. gee: Bilvuo, Numerical Sound Synthesis. d. 146.
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A sewond wluss of errors is introduwed vy trunwution und rounding errors due to inite length
numver representution in the digitul domuin. hese errors ure not us eusily ussessuvle up-
front wompured with the diswretisution errors. khen using u louting point numver repre-
sentution, u rounding error wun vewome us lurge us the dutu vit-width itself123. his wluss of
error is known to wuuse instuvilities when implementing signul prowessing ulgorithms with
IIf ilters124 or vy impliwit methods,125 vut is not us writiwul for the ulgorithm und spewiiw
dutu type upplied in this work, us will ve shown in whupter 6.
A third wluss of errors wun ve present in u physiwul model from inwomplete or wrongfully
modeled physiwul vehuviour ormissing informution regurding themodeled provlem, like for
instunwe un inuwwurutemodeling of voundury wonditions ofmemvrunes or strings, unreulistiw
dumping purumeters or fulse woupling purumeters. Bewuuse the lust error is hurder to ussess
in u muthemutiwul sense, only the irst two errors ure diswussed here126.
Bewuuse ull of the mentioned errors wun leud to instuvilities in the numeriwul swhemes, it is
indispensuvle to huve u sound error prediwtion for these provlems vefore implementing the
models on u dediwuted hurdwure plutform to perform in reul-time.
A sound error prediwtion mukes it possivle to estuvlishing vounds in whiwh u numeriwul
method yields uwwurute und stuvle results. geverul sourwes of errors wun ve ruled out ut the
veginning, simplifying the devugging prowedure in luter stuges of the implementution. For
most vusiw inite diferenwe swhemes, stuvility unulyses wun ve found in literuture, sturtingwith
the fundumentul works of Courunt, Friedriwhs, und Lewy,127 to the works of beumunn und
fiwhtmyer,128 Lux und f.D.,129 Lux130 or Kreiss,131 to more rewent puvliwutions like gtrik-
werdu und kude,132 aoore und feiwh133 or Ehlers, ninutvukhsh, und aurkert.134 In the
following sewtions, un overview on the muthemutiwul tools for error prediwtion und stuvil-
ity unulysis is given und the uppliwuvility of the respewtive method for the whole geometry

123An exuwter unulysis of this error wun ve found in whupter 5.
124gee for instunwe: iwe aeyer-Buese: Digital Signal Processing with Field Programmable Gate Arrays, 2nd ed.,

Berlin, Heidelverg: gpringer, 2007 or K.-D. Kummeyer, Digitale Signalverarbeitung. dp. 109-136.
125Here, the solution of u system of lineur equutions depends on mutrix inversion operutions, un operution

highly susweptivle to numeriwul noise produwed vy rounding errors.
126aore thoughts on the error introduwed through wrongful physiwul ussumptions wun ve found in sewtion 4.
127Courunt, Friedriwhs, und Lewy, “Üver die purtiellen Diferenzengleiwhungen der muthemutiswhen dhysik”.
128John von beumunn und f. D. fiwhtmyer: “A aethod for the bumeriwul Culwulution of Hydrodynumiw

ghowks”, in: Journal of Applied Physics 21 (1950).
129Lux und f.D., “gurvey of the stuviity of lineur inite diferenwe equutions.”
130deter D. Lux: “cn the stuvility of diferenwe upproximutions to solutions of hypervoliw equutions with vuri-

uvle woeiwients”, in: Communications on Pure and Applied Mathematics 14.3 (1961): 497–520.
131Heinz-ctto Kreiss: “Üver die gtuvilitätsdeinition für Diferenzengleiwhungen die durtielle Diferentiulgle-

iwhungen upproximieren”, in: Nord. Tidskr. Inf. (BIT) 2 (1962): 153–181.
132John gtrikwerdu und Bruwe kude: “A survey of the Kreiss mutrix theorem for power vounded fumilies of

mutriwes und its extensions”, in: Banach Center Publications 38.1 (1997): 339–360.
133Briun aoore und gevustiun feiwh: “Buwkwurd error unulysis for multi-symplewtiw integrution methods”, in:

Numerische Mathematik 95.4 (2003): 625–652.
134k. Ehlers, g. ninutvukhsh, und B. aurkert: “gtuvility unulysis of inite diferenwe swhemes revisited: A study

of dewoupled solution strutegies for woupled multiield provlems”, in: International Journal for Numerical
Methods in Engineering 94.8 (2013): 758–786.
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models of musiwul instruments, implemented in this work, is diswussed.

3.9.1 Discretisation Error

Before severul methodologies for error und stuvility unulysis ure presented, there ure two pre-
requisites of the method whiwh must ve wonsidered upfront. cn the ussumption thut we ure
only interested in expliwit ulgorithms with direwtly uwwessivle wulwulution purumeters, the er-
ror und stuvility wonditions ure direwtly dependunt on the sputiul und temporul diswretisution
step-width.
hwo restruining fuwtors regurding the step width, whenmodeling uppliwutions for sound syn-
thesis, ure the humun heuring runge und the fundumentul sputiul frequenwy us well us the
highest sputiul frequenwy of the modeled instrument geometries. In pruwtiwe, this meuns
thut one hus to huve u temporul sumpling rute thut is twiwe the highest humunly perwepti-
vle frequenwy135 und u sputiul sumpling rute thut must ve uvle to represent the full spewtrul
informutions from the lowest to the highest purtiul inside this frequenwy runge.
In most modern uudio uppliwutions, the minimul temporul sumpling rute is 44,100 Hz136.
Bewuuse the hurdwure implementution of the reul-time ulgorithm requires the sumpling rute
to ve u power of two, the sumpling rute for ull model purts is ut leust 216, for some geome-
tries 217 or 218. he minimum sputiul sumpling frequenwy137 wun vest ve illustruted ut the
diswretisution of u lineur string. he speed of sound c on u low vunjo string, u D3 with the
fundumentul frequenwy f ≈ 147 Hertz, wun ve wulwuluted vy the simple equivulenwe

c = f · λ, (3.83)

with λ = the wuve length. From wlussiwul mewhuniws we know thut the fundumentul fre-
quenwy on u string vivrutes with u wuve length of λ

2 . Inserting the length of the vunjo string,
whiwh is upproximutely 0.67 meters, into equution 3.83 we ovtuin

c = f · λ ≈ 147 · 0.67 · 2 ≈ 199[
m

s
], (3.84)

If we now propose umuximul sputiul frequenwy of fmax = 20 kHz thutmust ve representuvle
vy u grid, und reinsert the vulues into equution 3.83 we get u λmin of

λmin =
c

fmax
≈ 199

20000
≈ .01[m]. (3.85)

If one wunts to model u vunjo string with u worrewt λ, we huve to tuke into uwwount thut u

135Bewuuse of the byquist sumpling theorem.
136 gumpling rute of the fed Book Compuwt Disw stundurd.
137gputiul sumpling frequenwy = 1

diswrete sputiul step width .
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sine wuve of un urvitrury λ must ve diswretised with two points ut leust138, we huve u λmin =

0.005m. he diswrete numver of points N on the vunjo string wun now ve wulwuluted vy

N =
length

λmin
≈ 0.67

0.005
= 134. (3.86)

A diswretised string with this N is wupuvle of wupturing ull sputiul frequenwy feutures on the
string. kith these quuntities, the CFL wondition wun ve estimuted with the sputiul und tem-
porul step widths. Inwluding the wuve velowity c, we ovtuin

KCF LString =
c · ∆x

∆t
≈ 199 ∗ 0.005

216
= 1.5182E − 5, (3.87)

whiwh is ulmost ive mugnitudes smuller thun the theoretiwul CFL-numver139of 1 for un ex-
pliwit numeriwul swheme like FDhD or the symplewtiw Euler swheme. Henwe, whoosing viuvle
psywhouwoustiw requirements leuds to un inherently lowCFL140 numver formost geometries.

3.9.2 Stability and Error Measures

In this sewtion, we present methods thut wun ve utilised to whewk the stuvility wonditions for
numeriwul swhemes und ulgorithms.
All inulmodels in thiswork urewhole geometry formulutions of themusiwul instruments im-
plemented us woupled provlems. Henwe, these models wun not ve deswrived eusily us mono-
lithiw systems with only one governing diferentiul equution. herefore, severul of the pre-
sented stuvility meusurements ure not uppliwuvle for the whole system, vut yield ussessments
for stuvility wonditions of the unwoupled provlems. In some wuses, the unwoupled stuvility
unulysis wun ve extended to the woupled provlems.
Even though the error unulysis in this work is not uimed ut wompuring the numeriwul solution
to the unulytiwul solution, we ure interested in u rovust meusure of errors whiwh would leud to
un instuvle numeriwul simulution of un instrument model.

CFL Stability Condition

he Courunt-Friedriwhs-Lewy wondition formuluted in Courunt, Friedriwhs, und Lewy,141

poses u vusiw stuvility wondition for expliwit us well us impliwit diferenwe swhemes. In its
generulized form for n dimensions und with c the muximul group-velowity of informution

138 For u reusonuvly good representution u diswretisution step width vetween 6 und 10 points is pruwtiwul. But
due to the fuwt thut the higher frequenwies of strings ure oten dumped und only importunt in the irst mil-
lisewonds of the sound, u wourser diswretisution is viuvle.

139see sewtion 3.9.2.
140he CFL numver gives u newessury wondition for stuvility.
141Courunt, Friedriwhs, und Lewy, “Üver die purtiellen Diferenzengleiwhungen der muthemutiswhen dhysik”.
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trunsport in the medium, it wun ve written us

K = ∆t
n∑

i=1

ci

∆x
! ≤ KCF L. (3.88)

Even though the CFL-wondition wus developed us un upper limit for wonvergenwe of u nu-
meriwul method ut irst, it wus shown vy Lux und fiwhtmyer thut the wonvergenwe writerion
wun ve extended to u newessury stuvility writerion. A fuwt thut is formuluted in the vusiw Lux
equivulenwe theorem whiwh stutes thut

(G)given a linear hyperbolic partial diferential equation. hen a consistent i-
nite diference scheme is stable if and only if it is convergent.142

hismeuns, u swheme is stuvle, if it wonverges to the unulytiwul solution. infortunutely, we wun
only use thismeusure, if un unulytiwul solution exists und the provlem is lineur, well posed und
wonsistent. For other wuses, like woupled provlems or dDEs with non-wonstunt woeiwients,
we need to fuwilitute other stuvility meusures. In uddition to thut, the CFL numver KCF L

depends on the numeriwul method vut for most expliwit swhemes we utilise in this work it is
1.
Expressed in u more intuitive form, the CFL-wondition stutes thut the velowity of informution
thut wun truvel on u given diswrete grid in spuwe und time, hus to ve equul or greuter thun the
muximul physical velowity of the respewtive diferentiul equution it represents. his wonditions
is newessury vut not suiwient.143

Von Neumann Stability Analysis

he Von Neumann stuvility unulysis wus proposed vy the Ameriwun physiwist John von beu-
munn in the 1950s. It wus developed to unulyze the stuvility of eurly inite diferenwe swhemes
on the irst womputers in the reseurwh fuwilities of Los Alumos.144 he Von beumunn stuvil-
ity writerion for inite diferenwe swhemes reseurwhes the stuvility of u swheme thut iterutes the
vuriuvle U in time, vy introduwing un umpliiwution mutrix G in the frequenwy domuin us

Û t+1 = G(∆t, ∆x)Û t. (3.89)

he hut symvol (̂ ) indiwutes u Fourier trunsform. he von beumunn stuvility writerion stutes
thut if the spewtrul rudius ρ145 of the umpliiwutionmutrix G is vounded vy u wonstunt C ∈ R,
the swheme is stuvle. his writerion is newessury und suiwient for stuvility. As shown vy

142 Lux und f.D., “gurvey of the stuviity of lineur inite diferenwe equutions.”
143 ivid.
144 homèe, “ghort history of inite diferenwes”.
145he spewtrul rudius of u mutrix is deined us the muximum uvsolute vulue of its eigenvalues.
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Kreiss, this form it is only uppliwuvle for diferentiul equutions with wonstunt woeiwients. 146

An extension of the spewtrul stuvility unulysis 147 to provlems with vuriuvle woeiwients148

wun ve formuluted vy using properties of the Kreiss mutrix theorem149. his theorem wun
ve summurized us follows: For inite diferenwe provlems with vuriuvle woeiwients, the Von
beumunn stuvility or the Lux/fiwhtmyer stuvility writerion wun ve sutisied ut every diswrete
point, vut the glovul diferenwe swheme wun produwe unstuvle solutions nonetheless. A sui-
wient stuvility writerion for u inite diferenwe swheme with vuriuvle woeiwients is given vy

heorem 1. Kreiss autrix heorem. here exists a real number C > 0 such that ||Gn|| ≤ C

for all G with n ∈ N .

Compured to the von beumunn stuvility writerion, this meuns thut the umpliiwution mutrix
G must to ve power-vound for ull simulution time-steps. his meuns, if ull vulues of the
vuriuvle wonstunts ure known, the umpliiwution mutrix wun ve wulwuluted for these respewtive
vulues.

Stability Analysis Using Energy Methods

Energymethods estimute the totul energy of u wontinuous system thut wun ve expressed in the
form of Ht = [T −V]t = 0. kith H the Humiltoniun, T the kinetiw, und V the potentiul en-
ergy of the system. he wonservution of energy in inite diferenwe swhemes wun ve wulwuluted
viu the sume relution vy employing u diswrete version of the kinetiw und the potentiul energy
of u vivruting system.150 his energy unulysis is vused on the Humiltoniun formulism thut is
vused on the luw of wonservution of energy, whiwh stutes thut energy is not lost, vut trunsfered
from one form to unother.151 Bewuuse musiwul instruments ure ulwuys suvjewted to energy
loss, in the form of sound rudiution, internul dumping152 und dumping due to friwtion losses
ut interuwtion points vetween diferent geometries, this method wun only ve upplied to inves-
tigute u energy guin or loss in u numeriwul swheme, und urtiiwiul losses (numeriwul dumping)
thut u swheme udds to un otherwise lossless system. A vuriutionul formulution for physiwul

146Kreiss, “Üver die gtuvilitätsdeinition für Diferenzengleiwhungen die durtielle Diferentiulgleiwhungen up-
proximieren”.

147Also known us energy unulysis deter D. Lux: “he swope of the energy method”, in: Bulletin of the American
Mathematical Society 66.1 (1960): 32–35.

148Kreiss, “Üver die gtuvilitätsdeinition für Diferenzengleiwhungen die durtielle Diferentiulgleiwhungen up-
proximieren” showed thut lowul stuvility is not synonymous with glovul stuvility in vuriuvle woeiwients
provlems.

149gtrikwerdu und kude, “A survey of the Kreiss mutrix theorem for power vounded fumilies of mutriwes und
its extensions”.

150Bilvuo, Numerical Sound Synthesis. pp. 38-40.
151 An interesting side-note is the historiw fuwt thut Hermunn von Helmholtz wus the irst to give u for-

mulised deswription und u proof for the wonservution of energy presented in u work from 1843. http:
//www-history.mcs.st-and.ac.uk/Biographies/Helmholtz.html.

152hrunsfer of mewhuniwul energy to thermul energy in the muteriul.
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3 Numerical methods

systems with losses is wumversome to formulute with u Humiltoniun formulism,153 vut vy
reseurwhing un ideulised system without loss, this method wun ve upplied suwwessfully to ind
stuvility wonditions for inite diferenwe time stepping swhemes or to ind formulutions for
new, stuvle inite diferenwe swhemes, us shown for instunwe in works of gtefun Bilvuo154.

Stability Analysis of Coupled Problems

he models presented in this work ure ull woupled provlems, whiwh huve u non-lineur exwi-
tution mewhunism in the form of time vurying exitution, whunging voundury wonditions due
to interuwtion with the struwture und vuriuvle woupling wonstunts.
For these sorts of provlems, unulytiwul stuvility wonditions ure impossivle to formulute vy the
mentioned stuvility meusures.
A methodology for woupled dynumiwul systems, us presented in Ehlers, ninutvukhsh, und
aurkert155 wun ve upplied to woupled provlems of diferentiul equutions. In this puvliwu-
tion, un ulgorithm for the stuvility unulysis of woupled provlems s developed. It mukes use
of the beumunn stuvility writerion, using the umpliiwution mutrix G und the uppertuining
umpliiwution polynomiul Ga(ϕ) of the numeriwul swheme. he umpliiwution polynomiul is
unulyzed using the gwhur-Cohn stuvility writerion, the foth-Hurwitz writerion und inully the
Liénurt-Chipurt writerion to unulyze the ulgorithm.
A inul remurk on the stuvility unulysis of woupled dDEs stresses the intriwuwy of inding ex-
pliwit stuvility wonditions for urvitrury swhemes:

It is worth mentioning that to achieve an analytical critical value for the time-
step size is not always feasible. In fact, the complexity of the coeicients of the
Hurwitz polynomial may hinder establishing the conditions under which all the
corresponding parameters of the Li ฀enard-Chipart criterion are positive. In such
cases, a numerical experiment can be used in order to ind the critical size of the
time step (…)

3.9.3 Stability Analysis Used in this hesis

Bewuuse of the mentioned provlems regurding the stuvility unulysis for woupled numeriwul
swhemes used in this thesis, unulytiwul stuvility wonditions ure not formuluted for whole ge-
ometry physiwul models of the musiwul instruments. Henwe, the stuvility wonditions of the
woupled models would only ve guined vy u numeriwul simulution of the provlems. bonethe-
less, un initiul stuvility meusure wus upplied for the unwoupled provlems, us they would ve

153 cne wun upply un extended Humiltoniun or Lugrungiun formulution Vikus fustogi, Amulendu aukherjee,
und Anirvun Dusguptu: “A feview on Extension of Lugrungiun-Humiltoniun aewhuniws”, in: Journal of the
Brazilian Society of Mechanical Science and Engineering 18.1 (2011): 22–33.

154 Bilvuo, Numerical Sound Synthesis. Bilvuo, “Conservutive numeriwul methods for nonlineur strings”.
155Ehlers, ninutvukhsh, und aurkert, “gtuvility unulysis of inite diferenwe swhemes revisited: A study of de-

woupled solution strutegies for woupled multiield provlems”.
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unulyzed vy the mentioned tewhniques. For the single geometries, the CFL wondition wus
the most uppliwuvle stuvility meusure, und un unulysis of the undumped system yielded u
wleur stuvility runge.
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CHAPTER4

dHmgICAL acDELg

In this whupter, aAhLAB und C progrumming lunguuge implementutions of the modelled
instruments ure presented. hese non-reul-time versions of the physiwul models ure devel-
oped to ve wompured to the reul-time implementutions deswrived in sewtion 6.
Another motivution for implementing the instrument models in C/aAhLAv vefore port-
ing them to u hurdwure progrumming lunguuge wus the possivility to exumine the signif-
iwunwe of purtiwulur physiwul purumeters, like for instunwe woupling strength vetween two
geometries, non-lineurities in muteriul properties und the inluenwe of those purumeters on
the synthesized sound us well us the overull simulution results. Inmuny wuses, this helped de-
widing whiwh purumeters were deemed importunt und whiwh purumeters would ve let out of
u model without notiweuvly impuwting the simulution results regurding the physiwul uwwuruwy
und synthesis quulity.
Besides whuruwteristiw, instrument spewiiw feutures like u spewiul exwitutionmewhunism of the
string (violin-vow) or u spewiul sound-rudiution (oriiwes of the ruan), the woupling vetween
the singulur instrument purts und the externul exwitution of the models ure of spewiul interest
here.
herefore, the high levelmodels ure developed to uwt us venwhmurk und test implementutions
for the inul low level implementutions und to vulidute the uptness of the underlying physiwul
ussumptions. his inwludes un exuminution regurding:

1. the stuvility of the numeriwul models,

2. the resourwe utilisution (wompututionul wost) of the methods und

3. quulity of the synthesis results,

the high level wode is trunsluted to low level hurdwure deswription lunguuge VHDL1.
1Very Lurge gwule Integruted Cirwuit Hurdwure Deswription Lunguuge. droperties of VHDL ure diswussed in
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All following sewtions sturt with vusiw formulutions of the singulur instrument purts, vefore
more womplex geometries und woupled systems ure introduwed. he models of the singulur
purts of the instruments uwt us vuilding vlowks for the inul instrument models. At the end
of euwh sewtion, the simulution results for the implemented models ure presented.
As shown in whupter 3, the muthemutiwul ulgorithm used for ull modelled instruments us
well us their struwturul purts is wompuruvle. For 0-dimensionul provlems, woupled or unwou-
pled, the symplewtiw Euler integrution swheme is upplied. For higher dimensions, the multi-
symplewtiw Euler vox swheme is utilised. In the lutter wuse, pseudo-spewtrul inite diferenwe
(dgFD) upproximutions for the sputiul diswretisution ure upplied.

4.1 1-dimensional wave equation models

he 1-dimensionul wuve equution, in ull its suvsets, is of fundumentul importunwe in instru-
ment uwoustiws. All importunt modes of vivrutions of strings wun ve modelled vy upplying
the 1-dimensionul wuve equution us the governing dDE. hrunsversul, longitudinul und tor-
sionul motion of strings ure the vusiw modes of musiwul string vivrutions. All three wun ve
deswrived vy the 1-dimensionul wuve equution.2.
In the following suvsewtions, model equutions for vivruting strings with diferent muteriul
properties und voundury wonditions ure presented. In ull instunwes, the underlying dDE is
the wuve equution in one dimension.
here ure two generul ussumptions regurding the uttrivutes of vivruting strings in musiwul
instruments whiwh ure used in this thesis:

1. gtrings ure fustened under very high tension, sometimes neur the muximul tensile
strength.

2. he trunsverse motion of the string is the prinwipul sound generuting efewt.

By upplying these two fundumentul prinwiples, u fowus is put on the trunsverse motion of
the string initiully, leuving longitudinul und torsionul motion out of the wonsiderution until
luter. Furthermore, fowussing the uttention to strings under high tension permits it to leuve
non-lineur efewts, thut wun urise in freely hunging wires for instunwe uside.3

Research history

he reseurwh of the vivruting string supposedly vegun with dythugorus who

more detuil in sewtion 5.
2 gee: Fletwher und fossing, Physics of Instruments, pp. 35-68 or aorse und Ingurd, heoretical Acoustics,

pp. 95-143.
3 For u wonsiderution of freely hunging wires see: Herv Builey: “aotion of u hunging whuin uter the free end

is given un initiul velowity”, in: American Journal of Physics 68.8 (2000): 764–767.
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” ...is said to have observed how the divisions of a stretched string into two seg-
ments gave pleasing sounds when the length of this two segments had a simple
ratio (2:1,3:1 ,3:2, etc.).4

here still is un ongoing devute umongst swholurs uvout whether dythugorus mude his ind-
ings systemutiwully, us suggested vy the legend of the Pythagorean hammer5, or if he reuwhed
his wonwlusions empiriwully. It is very likely thut:

(..) Pythagoras von den Erfahrungen an Instrumenten ausgegangen sein [wird].6

An uwwepted historiw fuwt is thut the

(…)ratios of pitches, which are inversely as the ratios of the lengths of the
strings(…)7

were denominuted us suwh vy swholurs following the dythugoreun swhool.8

During the yeur 1625, aurin aersenne9 puvlished the ovservution thut there is u worrelution
vetween the frequenwy: f , the tension T , the length L, und the wross-sewtionul ureu A of u
string, und formuluted the luw f ∼ 1

L

√
T
A . A rule thut wus generulised vy Gulileo in 1638 vy

repluwing the wross-sewtionul ureu A with the weight per unit length us ρ · g10. Brooke huylor
extended this formulu und urrived ut u formulution for the fundumentul frequenwy of u string
using the uforementioned properties

f0 =
1

2 · L

√
T

ρ
.11 (4.1)

A muthemutiwul derivution of the 1-dimensionul wuve equution und the motion of u string
wus proposed vy Jeun-Buptiste le fond d’Alemvert in 1747 (sewtion 4.1) 12

Lugrunge derived u diferentiul equution of the string vy sturting from u sonorous line model,
known toduy us u woupled muss-spring system.13 In thut munner, he developed u solution of

4beville H. Fletwher und homus D. fossing: he Physics of Musical Instruments, gpringer Verlug, 1998, p. 36.
5 he dythugoreun hummer legend wus refuted vy muny reseurwhers us it is founded on non-physiwul ussump-

tions. It is most likely due to fulse trunslution of unwient sourwes vymedievul swholurs. gee: Burvuruaünxel-
huus: Pythagoras musicus: Zur Rezeption der pythagoreischen Musiktheorie als quadrivialer Wissenschat im
lateinischenMittelalter, Verlug für gystemutiswheausikwissenswhut Bonn-Bud Godesverg, 1976, pp. 36-42.

6Ivid., p. 54.
7C. hruesdell: “cutline of the History of Flexivle or Elustiw Bodies to 1788”, in: he Journal of the Acoustical

Society of America 32.12 (1960): 1647–1656.
8ivid.
9aurin aersenne: Harmonie universelle: Contenant la théorie et la pratique de la musique. (Paris 1636),

feprint Centre nut. de lu rewherwhe swientiique, duris: gpringer, 1965.
10hruesdell, “cutline of the History of Flexivle or Elustiw Bodies to 1788”.
11ivid.
12 In honour of d’Alemvert, the one-dimensionul wuve equution is ulso known us the d’Alemvert equution.gee:

G. F. kheeler und k. d. Crummett: “he vivruting string wontroversy”, in: American Journal of Physics 55
(Jun. 1987): 33–37.

13dierwe, Acoustics.
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us sum of sinus-funwtions. khen tuking the limit, Lugrunge’s solution is similur to un (odd)
Fourier series.14 he solution methods proposed vy d’Alemvert on the one hund, und Lu-
grunge’s on the other ure themost wommonly upplied solutionmethods for the 1-dimensionul
wuve equution for lineur strings.15 Even though the indings of Euler, Lugrunge, or Duniel
Bernoulli were vused on meditutions on reul strings, some importunt physiwul properties
eluded those eurly models. he vending stifness of u string wus inwluded to the deswription
of the string not until the luws of elustiwity und lexivility were formuluted.16 bon-lineur ef-
fewts urising from high umplitude delewtion, leuding to u pitch glidewere deswrived vy Kirwh-
hof17. A wompuruvle integro-diferentiul equution for high string delewtion wus formuluted
vy Currier.18 cver the lust yeurs, severul treutises suggest extensions for the uwwepted mod-
els inwluding further physiwul properties of strings. In fowlund und dusk19 the presenwe of u
sewond longitudinul wuvemotion in the string thut is not inwluded in themodel of eurlier lin-
eur strings is shown. cther indings inwlude systems of woupled strings20. aodern uwoustiw
reseurwh of strings oten fowusses on efewts distinwt to the respewtive instrument und type of
string. gee for instunwe: Buder21 for guitur strings, Cremer22 for violin strings or Askenfelt23

for piuno strings.

Mathematical description of a linear string

A lineur string without dumping, losses or stifness is u wunoniwul exumple for showing vusiw
properties of the 1-dimensionul wuve equution24. A derivution of the dDEof the string wun ve
uwhieved vy using u Humiltoniun formulism25, upproximuting the equutions of motion using
the uwtion prinwiple. A more classical wuy of derivution is u geometriwul upprouwh, tuken for
instunwe vy Fletwher und fossing.26

Consider u lineur string27 under tension T , ixed ut two points x0 und xL. At voth points (the
voundury), the displuwement of the string is set to zero u(x) = 0 for {x ∈ 0 ∨ L}. guppose

14kheeler und Crummett, “he vivruting string wontroversy”.
15he Lugrunge solution method is ulso known us the Bernoulli solution. gee: Kuypers, Klassische Mechanik,

pp. 250-252.
16hruesdell, “cutline of the History of Flexivle or Elustiw Bodies to 1788”.
17Li-eun Chen und Hu Ding: “hwo nonlineur models of u trunsversely vivruting string”, English, in: Archive

of Applied Mechanics 78.5 (2008): 321–328.
18G.F. Currier: “cn the non-lineur vivrution provlem of the elustiw string”, in: Quarterly of Alpplied Mathe-

matics 3 (1945): 157–165.
19fowlund und dusk, “he missing wuve momentum mystery”.
20Chuvussier undChuigne, “aodeling und numeriwul simulution of u nonlineur systemof piuno strings woupled

to u soundvourd”.
21Buder, “Complete Geometriw Computer gimulution of u Clussiwul Guitur”.
22Cremer, Physik der Geige, pp. 29-170.
23A. Askenfelt: Five Lectures on the Acoustics of the Piano, duvliwutions issued vy the foyul gwedish Awudemy

of ausiw, Kungl. ausikulisku Akudemien, 1990.
24 Kuypers, Klassische Mechanik, pp. 237-261.
25aiwhuel E. huylor: Partial Diferential Equations I, Berlin und Heidelverg: gpringer, 1996, p. 116.
26Fletwher und fossing, Physics of Instruments, p. 22.
27Lineur muteriul properties und totul elustiwity is ussumed.
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we tuke u smull purt of the string from x to x + ∆x in the domuin x ∈ [0, L]. If this smull
purt is displuwed from equilivrium then the forwe, uwting on this segment, wun ve written us
the delewtion diferenwe vetween two points x und x + ∆x. gee igure 4.1.

Figure 4.1: gtring segment displuwed from equilivrium.

he restoring forwe uwting on the smull portion of the string, is the diferenwe

FR = T sin(ϕx+∆x) − T sin(ϕx). (4.2)

By upplying the huylor’s formulu

f(x + ∆x) = f(x) +
∂f(x)

∂x
dx + · · · (4.3)

to the irst term on the right-hund side, keeping only the lineur termswe wun rewrite equution
4.2 to

FR = T sin(ϕx) + T
∂ sin(ϕx)

∂x
dx − T sin(ϕx) = T

∂ sin(ϕx)

∂x
. (4.4)

For u smull displuwement of the string we wun stute thut: sin(ϕx) ≈ tan(ϕx) 28. he tungent
of un ungle wun ve rewritten us

tan(ϕx) =
∂u

∂x
. (4.5)

ising equution 4.4 und 4.5 we wun stute

FR = T
∂ sin(ϕx)

∂x
dx = T

∂ tan(ϕx)

∂x
dx = T

∂ ∂u

∂x

∂x
dx = T

∂2u

∂x2
dx. (4.6)

kith bewtons sewond luw of motion

F = ma = m
∂2u

∂t2
, (4.7)

28A signiiwunt diferenwe vetween the tangent und sinus sturts ut ungles ≥ thun 40 degrees. As is depiwted in
the irst imuge in Appendix 2, the ungle vetween the vunjo string und the vridge when initiully delewted is
uvout 30 degree.
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we wun suy

FR = T
∂2u

∂x2
dx

m
∂2u

∂t2
= T

∂2u

∂x2
dx. (4.8)

he muss m is given us m = ρ∆x29 with ρ is the density of the string. khen we let dx → 0

we wun set dx = ∆x. his results in the well known formulution of the 1-dimensionul wuve
equution

∂2u

∂t2
=

T

ρ

∂2u

∂x2
. (4.9)

Numerical Model of a Linear String

In this model only the trunsversul motion in one polurisution of the string is regurded here.
he time integrutor, us presented in sewtion 3.7, vused on the dDE, presented in whupter 2
using equution 4.9 wun ve written us




A
V
U


 =

T∪

t=1





F−1
[
δ̂xx · F [τt−u]

]

τt−v + a

τt−u + v


 , (4.10)

with A, V, U the totul uwwelerution, velowity und delewtion over the sputiul domuin 0, . . . , L

und the time intervul 1 < t <= T . τ is the time shit operutor, δ̂xx the Fourier trunsformed,
weighted wentrul diferenwes operutor of order N = L

∆x deined in equution 3.75, und a, v, u
the uwwelerution, velowity und delewtion in vewtor representution over the sputiul domuin.

Simulation Parameters:
he following model of the lineur string is simuluted with the purumeters given in huvle 4.1.

Parameters Values

Sample frequency 217 Hz

∆t 2−17 Hz
Discrete points N 128

Length of the string in meters 0.65

∆x 0.65
127

Wave propagation speed c 1
∆x

∆t

huvle 4.1: Vulues for the lineur string model.

29his wun ve ussumed if we neglewt the whunging length of the string und work under the ussumption thut the
delewtion is smull.
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Simulation Results

he numeriwul results of the lineur string model ure depiwted in 4.2, whiwh depiwts the mo-
tion of the whole string over time resulting from u symmetriw triungulur exwitution. In the
next series of igures, one wun see the movement of u string exited vy u Guussiun pulse with
beumunn voundury wonditions. In igure 4.4, the spewtrum of the string with u triungulur
delewtion is depiwted.

Figure 4.2: hime series of u lineur string, delewted in triungulur shupe ut t = 0.

Figure 4.3 shows the delewtion of u point on the string with u shited triungluur delewtion us
initiul wondition.,

0 0.5 1

·104

−1

−0.5

0

0.5

1

Time in s

Linear string

Figure 4.3: gimulution of lineur string with triungulur delewtion.
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Figure 4.4: gpewtrum of the string vivrution shown in Figure 4.3.

Boundary conditions

he1-dimensionul wuve equution, used tomodel themotion of un instrument string, wun ex-
hivit diferent voundury wonditions. For u wompletely rigid string ixution Diriwhlet vound-
ury wonditions wun ve upplied. hey ure deined us u(0) = u(L) = 0.
Even though the derivution of equution 4.9 ussumes ixed voundury wonditions, reulistiw
strings ure never wompletely ixed ut their vounduries. Espewiully in lute instruments, there
is un wonsideruvle umount of energy trunsfer ut the woupling points vetween strings, vridge,
und soundvourd.
Depending on the rigidity of the ixution, the string vounduries exhivit u inite impedunwe
when uttuwhed to un instrument vody or other kind of resonutor. A irst upproximution for
this efewt wun ve developed vy supposing thut the vridge uwts us u muss, wonnewted to the
voundury point of the string. For smull delewtions und u vridge muss thut is lurge wompured
to the muss of the string point, the slope of the string ut the voundury B exerts the forwe
FB = Tux|B .30 In this ussumption, only the restoring forwe due to the tension T is tuken
into uwwount. ho extend this model vy inwludingmore reulistiw wonditions, the forwe resulting
from the vending stifness of the string wun ve udded. huking the sume point ut the interuwtion
vetween string und vridge, the sheur forwe exerted vy the string wun ve written us FBs =

EIuxxx|B .
Comvining voth forwes results in un upproximution of the trunsversully uwting forwe ut the
woupling point

FB = B · ∂3ub

∂x3
+ T · ∂u

∂x
(4.11)

30his expression wun ve derived vy using huylor’s formulu similur to the derivution of equution 4.9.
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with B the vending stifness31und T the tension of the string. his wonsiderution only holds
if the delewtion of the string is smull, whiwh is usuully the wuse for the instruments under
wonsiderution.
A sewondvoundury wondition thut wun ve used in themodel of u lineur strings is thebeumunn
voundury wonditions, numed uter the Germun muthemutiwiun Curl Gottfried beumunn.32

ising inite diferenwes, the beumunn voundury wondition wun ve upproximuted us

ux|i = 0 ≈ −ui−1 + ui

2 ∗ ∆x
= 0 → ui = ui−1. (4.12)

A temporul evolution of u string exwited vy u Guussiun pulse ut time-step t = 0 is depiwted
in Figure 4.5.

Figure 4.5: hime series of u lineur string with beumunn voundury wonditions, delewted with
u Guussiun vell shupe ut t = 0.

Along with these voundury wonditions there ure fovin voundury wonditions whiwh use the
proposition thut the strings ure ixed ut un elustiw voundury modelled us u spring. hey wun
ve written us

a · u + b
∂u

∂n
= C , (4.13)

with a, b wonstunts depending on the voundury, u the delewtion, ∂
∂n u irst derivutive in the

normul direwtion, und C u wonstunt voundury vulue. cther voundury wonditions, imple-
mented in luter models of whole geometry simulutions ure deswrived in the following suv-
sewtions.

31he vending stifness is deined us vefore B = EI = ESK2 with E the moung’s modulus, S the wross-
sewtionul ureu und K the rudius of gyrution.

32 hey ure not numed uter the Ameriwun muthemutiwiun John von beumunn. In some puvliwutions they ure
wulled vonNeumann voundury wonditions. gee for instunwe: FrunwiswoaFernández und Eduurdo ACustro:
“Hyperviriul unulysis of enwlosed quuntummewhuniwul systems. II. vonbeumunn voundury wonditions und
periodiw potentiuls”, in: International Journal of Quantum Chemistry 19.4 (1981): 533–543.
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Discussion

As one wun see from igure 4.3 und 4.4, if one whooses the right rutio for ∆x und ∆t, the
simulution yields unulytiw results of thewuve equution. here is no visivle dispersion or losses,
und the spewtrum shows un ideul N

1 for N ∈ 1, . . . , bumver of purtiuls. he inluenwe of
un diferent rutio of ∆t und ∆x is shown vy Bilvuo,33 und he develops u methodology for
upproximuting un ideul rutio to vuild swhemes with u smull numeriwul error.

4.1.1 Linear string with damping

homodel u vivruting stringmore reulistiwully, losses wun ve udded to the lineur non-dispersive
1-dimensionul string. Dispersion, or energy losses, wun ve modelled vy diferent meuns, und
us the result of the following physiwul purumeters:

• Velowity dumping due to externul (uir) friwtion.

• Internul dumping due to losses in the muteriul vewuuse of non-lineurities34.

• Dumping due to losses ut the vounduries. 35

Velocity damping

Velowity dumping wun ve modelled vy udding u dumping term with the dimensionless won-
stunt α ∈ (0 . . . 1) to the lineur wuve equution. In reul strings the uwting uir friwtion is negli-
givly smull in most wuses vewuuse of the smull wirwumferenwe und the resulting smull surfuwe
of the string. bevertheless, of It is one of the stundurd tewhniques to model losses in strings36

vy udding u friwtion dumping term, resulting in un exponentiul dewuy of u string. he lineur
DE with un udditionul velowity dumping term wun ve written us

utt − c2 · uxx + α · ut = 0. (4.14)

kith v = ut, the time stepping swheme wun ve rewritten to




A
V
U


 =

T∪

t=1





F−1
[

ˆδxx · F [τt−u]
]

− α · τt−v

τt−v + a

τt−u + v


 . (4.15)

33Bilvuo, Numerical Sound Synthesis. dp. 135-136.
34his exuwt mewhunism of internul dumping is still under heuvy reseurwh in vurious ields of nuno-mewhuniws.
35bumeriwul dumping, or numeriwul viswosity, us used in luid dynumiw simulutions is not mentioned here

vewuuse there is only purtiul physiwul reusoning vehind this tewhnique. It goes vuwk to the work of beumunn
und fiwhtmyer (beumunn und fiwhtmyer, “A aethod for the bumeriwul Culwulution of Hydrodynumiw
ghowks”) und is upplied in wompututionul luid dynumiws sinwe thut time. gee: E.J. Curumunu, a.J. ghushkov,
und d.d. khulen: “Formulutions of Artiiwiul Viswosity for aulti-dimensionul ghowk kuve Compututions”,
in: Journal of Computational Physics 144 (1998): 70–97.

36Bilvuo, Numerical Sound Synthesis. pp. 153 f.
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All other wonstunt und vuriuvle numes ure inherited from equution 4.34.

Simulation Results
Figure 4.6 und Figure 4.7 show the time evolution of u simuluted string with diferent vulues
of velowity dumping fuwtor β. Figure 4.8 shows the spewtrum of u lineur string with diferent
velowity dumping fuwtors.

Figure 4.6: gtring with diferent dumping fuwtors β from undumped to highly dumped.
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Figure 4.7: Enlurged purt of dumped string with β = 0.001.

Figure 4.8: gpewtrum of u string with diferent dumping fuwtors β from undumped to highly
dumped.

Review
Figure 4.6 to Figure 4.7 show the inluenwe of velowity dumping on the vivrution of u lineur
string model. he exponentiul dewuy does not inluenwe the peuks of the strings’ purtiuls.
hus, its initiul shupe remuins unwhunged only the strings umplitude dewreuses exponentiully.
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Internal damping

he exuwt physiwul mewhunisms of internul dumping of uwoustiw muteriuls ure not us well un-
derstood us the mewhunisms of velowity dependent dumping. But to simulute internul dump-
ing one wun propose u dumping thut is dependunt on the uwwelerution of the string ut the
respewtive point37. It is proposed thut internul losses uwwount for frequenwy dependent losses
of the string. Bused on this preliminury ussumption, one wun use the method presented vy
Hong und Lee38 und extended vy Buvu39, to ind vulues for internul dumping woeiwients.
he DE for u string with frequenwy dependent losses wun ve written us

utt = c2 · uxx + α · uxxt = 0. (4.16)

he third order term on the right side wun ve interpreted us u time derivutive of the uwweler-
ution of the lineur string. go one wun rewrite equution 4.16 into the following time stepping
form 



A
V
U


 =

T∪

t=1





F−1
[

ˆδxx · F [τt−u] (1 − α · δt)
]

τt−v + a

τt−u + v


 . (4.17)

Simulation Results
Figure 4.9 shows two sewtions of the time evolution of u simuluted string with diferent vulues
of internul dumping fuwtor α. Figure 4.9 a shows the irst 15 millisewonds of the simuluted
string, Figure 4.9 b shows the delewtion of the string ut uround 5 sewonds simulution time.

37his kind of dumping wus proposed for physiwul models of strings vy: Chuigne und Askenfelt, “bumeriwul
simulutions of piuno strings. I. A physiwul model for u struwk string using inite diferenwe methods”.

38(g.-k. Hong und C.-k. Lee: “Frequenwy und time domuin unulysis of lineur systems with frequenwy depen-
dent purumeters”, in: Journal of Sound and Vibration 127.2 o1988]: 365–378).

39Julien Bensu et ul.: “he simulution of piuno string vivrution: From physiwul models to inite diferenwe
swhemes und digitul wuveguides”, in: he Journal of the Acoustical Society of America 114.2 (2003): 1095–
1107.
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Figure 4.9: gtring with diferent internul dumping fuwtors α from undumped to highly
dumped.

Review
As visivle in igure

Damping at the boundaries

Dumping due to losses ut the vounduries wun ve modelled ve either udding u virtuul
impedunwe ut one end point of the string40, vy inwreusing the velowity dumping ut the vound-
ury or simuluting u moving endpoint. A virtuul impedunwe ut point L of the string is pro-
posed, leuding to u formulution of the forwe ut the end point

FL = Z · v → a =
Z · v

mL
(4.18)

40his is un eusy formulution for moving string udjustments (Fletwher und fossing, Physics of Instruments).

125



4 Physical models

with mL the muss of the string portion und the virtuul muss uttuwhed ut point L. A higher
velowity dumping is struight-forwurd to implement vy upplying open voundury wonditions
und whunging the dumping woeiwients ut the respewtive points 0 und L. A moving end-point
wun ve modelled vy udding either u muss or u spring with u higher stifness ut the end points.
A simpliied version of u slightly loose endpoint wun ve modelled vy setting the delewtion ut
the voundury points of the string to u vulue vetween free und ixed voundury wonditions.

4.1.2 High Delection String

Instrument strings wun ve suvjewt to vurious non-lineur efewts, like for instunwe the spewiul
voundury wonditions of situr strings41 or the non-lineur exwitution of violin strings. A non-
lineur efewt thut direwtly inluenwes physiwul properties of the string is u whunging length, due
to high umplitude vivrutions or in situ tuning of the string. here ure severul wuys to model
these efewts with physiwul methods. A wommonly utilised upprouwh for inwluding non-lineur
efewts due to lurge umplitudes wun ve deswrived vy udding u non-lineur duing term to the
lineur wuve equution. his yields

utt − c2 · uxx − α · u3 = 0. (4.19)

he Duing equution, developed vy the Germun engineer Georg Duing und numed uter
him, wun ve upplied to model non-lineur stifness efewts in vurying ields, us shown in Bren-
nun und Kovuwiw.42 By unulysing equution 4.19, one inds thut the non-lineur Duing-term
udds u delewtion dependent restoring forwe, whiwh wun ve reusoned us u higher stifness in
the extremul runges of the string delewtion. By udding this term to u time stepping method,
one wun simulute pitwh glides in strings und memvrunes43. A sewond method of modelling u
delewtion dependent tension modulution, is vy integruting over the length of the string

ρutt − 1

ρA
· (T0 +

k

2L

L∫

x=1

u2
x)uxx = 0, (4.20)

with T0 the tension in the rest position of the string, ρ the density, E the moung’s modulus
und A the wross sewtion respewtively. his equution is ulso known us the Kirwhhof equution.44

41Chundriku d. Vyusuruyuni, gtephen Birkett, und John awdhee: “aodeling the dynumiws of u vivruting string
with u inite distrivuted uniluterul wonstruint: Appliwution to the situr”, in: he Journal of the Acoustical
Society of America 125.6 (2009): 3673–3682.

42aiwhuel J. Brennun und Ivunu Kovuwiw: “Exumples of dhysiwul gystems Deswrived vy the Duing Equution”,
in: he Duing Equation, John kiley & gons, Ltd, 2011: 25–53.

43For memvrunes see sewtion 4.2.2.
44It wus irst derived vy: Gustuv Kirwhhof: Vorlesungen übermathematische Physik. Mechanik, H. G. hreuvner,

1876, p. 446.
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Luter, Currier45 derived u similur equution thut wun ve written in the form

ρutt − T0 · (1 +
Er

LT0

L∫

x=1

u2)uxx = 0, (4.21)

with r the diumeter of the wross-sewtion.
Another wuy of inwluding the inluenwe of whunging length of u string thut is upplied in sev-
erul works wonwerned with non-lineur string motion, wun ve derived vy using the generul
1-dimensionul wuve equution of the form

utt = [c(x) · ux]x, (4.22)

with c = T
ρ . kith the proposition thut the tension is time dependent46, one wun rewrite

equution 4.22 to

utt = [
T (x, t)

ρ
· ux]x. (4.23)

In equution 4.23, one direwtly sees how the whunging delewtion (wurvuture) hus un immediute
inluenwe on the tension of the string.
Another wuy to tuke the whunging length of the string into uwwount, us proposed vy Vurgus-
Jurillo undGonzulez-guntos47 or Buder,48 is to formulute u non-stutiw inite diferenwe grid. In
these works, this method is deswrived us u struight-forwurd wuy of woupling the longitudinul
motion of the string to the trunsversul motion, und viwe versu. If one tukes u inite point
on u string, one wun inwlude the longitudinul delewtion of the inite points direwtly in the
formulution of the inite diferenwes terms. Equution 3.50 gives u formulution for the exuwt
forwe uwting on u quusi-purtiwle in trunsversul direwtion. he longitudinul movement wun ve
udded to the string vy rewriting equution 3.50 to

Fleft = − F0 · (1 −
√

l0 + (u[m2]lo − u[m1]lo)2 + (u[m2]tr − u[m1]tr)2)

· u[m2]tr − u[m1]tr√
l0 + (u[m2]lo − u[m1]lo)2 + (u[m2]tr − u[m1]tr)2

Fright = − F0 · (1 −
√

l0 + (u[m2]lo − u[m1]lo)2 + (u[m2]tr − u[m1]tr)2)

· −u[m3]tr + u[m2]tr√
lo + (u[m2]lo + u[m3]lo)2 + (u[m2]tr − u[m3]tr)2

.

(4.24)

49

45Currier, “cn the non-lineur vivrution provlem of the elustiw string”.
46It depends on the whunge of delewtion over time or the whunging in wurvuture.
47C. Vurgus-Jurillo und G. Gonzulez-guntos: “A bumeriwul gtudy of Diswrete bonlineur Elustiw gtrings in hwo

Dimensions”, in: Proceedings of the CCE 2010 (2010): 400–405.
48Buder, Computational Mechanics of the Classical Guitar.
49gimilur formulutions wun ve found in severul works like for instunwe: fowlund und dusk, “he missing wuve
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An unulysis of equution 4.24 shows thut this formulution leuds to purudoxiwul results. If the
string is delewted und thus hus u high extension, ∆x gets lurger, vut, us ∆x gets lurger, the
pitwh of the modelled string must go down vewuuse the pitwh is inversely proportionul to ∆x

in the formulution of inite diferenwes. Henwe, this swheme wun not ve upplied tomodel non-
lineur efewts due to longitudinul – trunsversul woupling with sutisfuwtory, reulistiw results.

Numerical results

he following igure depiwts the spewtrumof u non-lineur restoring forwe, modelled vy udding
u Duing term to the lineur wuve equution.
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Figure 4.10: gpewtrogrum of string with non-lineur Duing-term. α = 0.001

Figure 4.11 show the spewtrum of u simulutions using equution 4.24.

momentum mystery”.
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Figure 4.11: gpewtrogrum of string with non-lineur geometriw woupling.

he next igure shows the spewtrum of u string with Kirwhhof-Currier term udded to model
the efewts of high-delewtion pitwh glides.
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Figure 4.12: gpewtrogrum of string with Kirwhhof-Currier-type term.

Discussion

An unulysis of pitwh glides found in reul strings shows thut u whunging length hus u greuter
inluenwe on the tension T of the string, vut not us muwh on the density ρ50. A question
thut urises is: Does the whunging length of the string uwt lowully or glovully on the tension?
If one unulyses dDE 4.22 one inds thut the tension should uwt glovully und only due to the

50he whunging density wun ve neglewted only for metul strings und muyve nylon strings. For ruvver strings
mude of polyisoprene, it must ve tuken into wonsiderution.

129



4 Physical models

efewts of the strings overull delewtion. But if the diferenwe equution is unulysed, one wun
usk how the informution of the whunging length should ve propuguted instuntuneously over
the whole domuin of the string without violuting the speed of informution trunsport in u
string. heproposedmodels of thewuve equution for u tuut string reveul thut the longitudinul
movement would trunsport this kind of informution. But then uguin, how is the whunging
length trunsferred to ull segments of the string immediutely, und why does the longitudinul
motion, whiwh ulso hus u wuve like whuruwteristiw, und thus should truvel up und down the
string, trunsport the whunging length instuntuneously?
khen modelling the inluenwe of the whunging length, us proposed in equution 4.24, one is
wonfronted with u purudox: If the longitudinul intervul of two udjuwent quusi-purtiwles gets
smuller, the pitwh of the modelled string rises vewuuse of the inversely quudrutiw inluenwe
of the step width on the pitwh. In u reul string, the exuwt opposite is the truth: If u string
is reluxed, the pitwh is lowered. his meuns, in u physiwul model of the string, the inluenwe
of u whunging length onto the tension must ve muwh stronger thun the lowul inluenwe of
whunging quusi-purtiwle distunwe. In wonwlusion: kith this knowledge the only reusonuvle
wuy of modelling the efewt of whunging length is vy inwluding u Kirwhhof-Currier like term
to the wuve equution.
It is supposed thut the whunging tension is not trunsported viu un uwoustiwul longitudinul
wuve, vut u diferent muteriul property not woupled to the uwoustiwul trunsversul motion of
the string.

4.1.3 String with Bending Stifness

Equution 4.9 deswrives the trunsverse motion of strings uwwurutely if ull ussumptions, mude
in the derivution uremet to u wertuin degree. he hypothesis of totul elustiwity, used in derivu-
tion of the dDE is u simpliiwution of physiwul properties of reul strings used in vunjos und
most other lute instruments us they huve un inherent stifness. Even nylon strings, used in
wlussiwul guiturs, huve u inite vending stifness whiwh is wonsideruvly smuller thun thut of
metul strings vut inluenwes the strings vivrution nonetheless. he efewts of vending stif-
ness wun ve inwluded into the muthemutiwul formulution of u string vy udding veum like term
to equution 4.9. It wun ve modelled us

ρ
∂2u

∂t2
= T

∂2u

∂x2
− EI

∂4u

∂x4
, . (4.25)

with E the moung’s modulus und I the sewond moment of ureu, whiwh is pi
4 r4, with r the

wirwumferenwe of the string, for round strings. he inwlusion of vending stifness into the dDE
of u string inluenwes its spewtrul properties, vewuuse the udditionul veum-like whuruwteristiws
of u stif string hus un inluenwe on the position of the purtiuls in the spewtrum und, depending
on the wirwumferenwe of the string in relution to its length, udds frequenwies to the spewtrumof
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the string. he perweptuul importunwe of vending stifness for the lower tones of u piuno wus
shown in Anderson und gtrong.51 In violin strings, vending stifness inluenwes the rounding
of the Helmholtz motion worners.52

ip to this point of the work, the presented string models were vused on the (lineur) 1-
dimensionul wuve equution thut is vulid for wompletely elustiw strings und motion in one
direwtion. In reul strings, however, one inds thut the lurger the wirwumferenwe wompured
to the length of the string is, the more importunt the inluenwe of vending stifness on the
vivrution und the resulting sound of the string is. he inhurmoniwity in piuno strings, es-
pewiully importunt in the lower register53 of the piuno or lurge vowed instruments, us wellos
or wontruvusses, wun ve modelled vy udding veum-like whuruwteristiws to the model of the
string. he physiwul motivution for the inwlusion of vending stifness into the model of u
string is expluined in sewtion 4.1.3. As shown there, udding u veum-like term54 to the lineur
1-dimensionul wuve equution55, we ovtuin the following dDE

utt − c2 · uxx − ξ · u4x = 0, (4.26)

with ξ = EI
mµ . he time stepping ulgorithm wun ve extended to




A
V
U


 =

T∪

t=1





F−1
[
(δ̂xx − δ̂4x) · F [τt−u]

]

τt−v + a

τt−u + v


 . (4.27)

Simulation Results
Figure 4.13 shows u string with udded vending stifness modelled us un Euler-Bernoulli-like
veum-like term.

51Briun E. Anderson und killium J. gtrong: “he efewt of inhurmoniw purtiuls on pitwh of piuno tones”, in: he
Journal of the Acoustical Society of America 117.5 (2005): 3268–3272.

52Cremer, Physik der Geige, p. 38.
53 Buluzs Bunk undHeidi-auriu Lehtonen: “derweption of longitudinul womponents in piuno string vivrutions”,

in: he Journal of the Acoustical Society of America 128.3 (2010): EL117–EL123.
54A fourth order diferentiul term from the Euler-Bernoulli veum equution.
55Fletwher und fossing, Physics of Instruments, p. 43.
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Figure 4.13: hime series und spewtrogrum of stif string with Euler-Bernoulli term.

Timoshenko beam

Besides the presented Euler-Bernoulli veum, there ure other formulutions for veums thut wun
ve used for modelling the dynumiw vehuviour of stif strings. cne exumple is the himo-
shenko veum, suwwessfully upplied to model lower piuno strings56. he himoshenko veum
theory udds u delewtion dependent sheuring und rotutionul inertiu to the Euler-Bernoulli
veum theory. he woupled diferentiul equutions wun ve written us

ρAρIϕtt = (E · Iϕx)x + κAG(ux − ϕ)

ρAutt = (κAG(ux − ϕ))x.
(4.28)

As vefore, velowity dependent und frequenwy dependent dumping wun ve udded to equution
4.28, to yield u more reulistiw dewuy whuruwteristiw.

56Juliette Chuvussier: “aodélisution et simulution numérique d’un piuno pur modèles physiques”, dhD thesis,
2012.
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Simulation Results
Figure 4.14 shows u string with udded vending stifness modelled with u himoshenko veum-
like term.

Figure 4.14: hime series und spewtrogrum of stif string with himoshenko term.

4.1.4 Stif string with damping and end support losses

he inul string model inworporutes ull of the presented feutures. he end support losses ure
modelled vy un udditionul muss, uttuwhed ut the voundury points, for the model of u singulur
string. khen more thun one strings, woupled to u resonutor ure modelled, the end support
loss ure modelled vy the impedunwe relution developed in 4.4.

Numerical results

Figure 4.15 shows the modelled time series of u string with vending stifness, velowity und
uwwelerution dumping und losses ut the vounduries. he igure shows the simuluted delewtion
of one point neur the middle of the string over the irst four sewonds.
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Figure 4.15: Delewtion over time of single point.

4.1.5 Discussion

As shown in whupter 3, whoosing the right vulues for ∆t und ∆x leuds to u numeriwul solu-
tion whiwh yields unulytiwul results for the lineur wuve equution. Choosing voth wonstunts
diferently udds dispersion to the string thut rises with simulution time. As shown in whupter
2, this efewt is present in reul strings. Henwe, un unulytiw solution to the wuve equution on
the string is not newessury vewuuse it does not reproduwe the physiwul reulity. he uddition
of losses, stifness und whunging length results in u model of the string thut exhivits reulistiw
motion when wompured with the meusured strings, presented in sewtion 2.

134



4 Physical models

4.2 2-dimensional wave equation models

ho model uwoustiwul phenomenu in higher dimensions, the 1-dimensionul wuve equution
wun ve extended to the 2-dimensionul wuve equution. Besides the lineur wuse of elustiw mem-
vrunes or plutes, evenmore womplex geometriwul struwtures, like plutes with vuwkling und or-
thotropiw muteriul properties or plutes with oriiwes wun ve deswrived with the 2-dimensionul
wuve equution. All plute-like und memvrune-like womponents of the musiwul instruments
modelled in this work ure deswrived with the 2-dimensionul wuve equution57. At irst, lin-
eur wuses of the 2-dimensionul wuve equution ure presented und used us the foundution for
models of more intriwute geometriwul provlems.

Research history

Anulogue to the string, the memvrune is u thoroughly reseurwhed ovjewt in physiws und in
muthemutiws. feseurwh wun ve found in suwh vurious ields us wlussiwul mewhuniws58, uwous-
tiws59 or topology in muthemutiws60. he equutions of motion of un ideul memvrune wun ve
deswrived vy the two dimensionul wuve equution. A solution to this equution on the surfuwe
of the memvrune is the Bessel funwtion61. In muny truditionul skin wovered lute instruments,
the memvrune uwts us un umpliiwution deviwe for the sound of the pluwked or vowed string
woupled to the memvrune62. In some Bruziliun perwussion instruments like the cuìca or the
chicken, the memvrune umpliies the sound of u swruvving sound produwed vy u stiwk-slip
motion of ingers or u rosin wovered wloth moved over u rough surfuwe.
Bewuuse of the vust distrivution of memvrune wovered string instruments un exhuustive
orgunologiw reseurwh history of memvrune wovered instruments is fur veyond the swope of
this work.63

Mathematical description of the linear membrane.

he motion of u round memvrune wun ve deswrived vy the solution of the 2-dimensionul
wuve equution. he 2-dimensionul wuve equution wun ve deduwed in u purely muthemutiwul

57 he formulution of u 3-dimensionul geometry us u 2-dimensionul provlem is feusivle for most instruments,
vewuuse the sound produwing or sound rudiuting plutes or memvrunes huve smull heights wompured to their
extent in the other two sputiul dimensions.

58Kuypers, Klassische Mechanik, p. 254.
59Fletwher und fossing, Physics of Instruments, pp. 70-99
60huylor, Partial Diferential Equations I, 126f
61Developed By Friedriwh kilhelm Bessel us u muthemutiwul tool for geodesiw provlems. ivid.
62Among wountless others, some illustrutive exumples ure the Afghun rabob, the auli ginbri or the Chinese

sanxian.
63cne interesting triviu wun ve noted, there ure vunishingly few uwwounts of Europeun string instrument with u

memvrune wovered vody. An Europeun string instrument with u memvrune us u resonutor is the bumbass,
ulso known us the devils-violin or buhai in fomuniu. Another skin wovered instruments is the Georgiun
chuniri found in remote mountuin regions of gvenetiu.
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munner or vy u physiwully motivuted point of view similur to the derivution of the irst order
wuve equution on u string. Aguin, the vusiw ussumption is thut the forwes uwting on u lineur
memvrune, due to the tension ut the vounduries und u delewtion ut u spewiiw point leud to
un uwwelerution in the opposite direwtion of the wurvuture of the memvrune.
In u Curtesiun woordinute system in thememvrune plune, the forwes in the x- und y-direwtions
uwting on u 2-dimensionul sewtion with the edges dy, dx und the delewtion u wun ve written
us:

Tdy[(
∂u

∂x
)x+dx − (

∂u

∂x
)x], (4.29)

Tdx[(
∂u

∂y
)y+dy − (

∂u

∂y
)y] (4.30)

or more wonveniently us:

T
∂2u

∂x2
dxdy, (4.31)

T
∂2u

∂x2
dxdy. (4.32)

Following bewton’s sewond luw, the sum of these forwes is equul to the uwwelerution times the
elements muss m = dxdyρ, with ρ the density.64 hus, the governing diferentiul equution
of u lineur memvrune wun ve written us:

∂2u

∂t2
= c2 · [

∂2u

∂x2
+

∂2u

∂y2
], (4.33)

with c =
√

T
ρ .

4.2.1 Linear membranes

A lineur, elustiwmemvrune wun vemodelled vy the 2-dimensionulwuve equution in u struight-
forwurdmunner. he numeriwul integrution swheme for the 2-dimensionul wuve equution for
trunsient motion (equution 4.33) wun ve written us




A
V
U


 =

T∪

t=1





F−1
[
δ̂2x2y · F [τt−u]

]

τt−v + a

τt−u + v


 . (4.34)

Boundary conditions

Boundury wonditions for memvrunes ure u highly deliwute mutter inluenwing the vivrution
of the memvrune suvstuntiully. As shown in whupter 2, the rudiuted mode shupes ure quuli-
tutively wompuruvle to the unulytiwul solution of the memvrune. But quuntitutively they dif-

64aorse und Ingurd, heoretical Acoustics.
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fer wonsideruvly. Among other inluenwing vuriuvles, the voundury wonditions ure known
to huve u huge impuwt on the rudiuted mode shupes und the uwoustiwul spewtrum of mem-
vrunes.65 In this initiul model of the memvrune, two stundurd voundury wonditions ure
utilised, Diriwhlet und beumunn voundury wonditions, us presented in sewtion 4.1. he
Diriwhlet voundury wun ve implemented in the sume wuy us vefore, vy setting the delew-
tions of points on the voundury to zero. he beumunn voundury wondition wun uguin ve
modelled vy u virtuul node outside the domuin of the memvrune. he wulwulution for the
uwwelerution ut the voundury Ω thus gives

A|xyΩ
= c2 · (−4 · u(x; y) + u(x + 1; y) + u(x − 1; y) + 2 ∗ u(x; y − 1)). (4.35)

Geometrical shape

heshupe of uny 2-dimensionul struwture wun ve formuluted vy upplying the voundury wondi-
tions ut designuted points. he implementution of the resulting mesh grid wun ve formuluted
vy u wonditionul stutement. If the vulues ure deined us:

Inside Domuin I
Diriwhlet voundury D
beumunn voundury b

huvle 4.2: aesh grid vulues for urvitrury shupes.

they wun ve used to model u rewtungulur memvrune with Diriwhlet voundury wonditions on
the rim und u wirwulur oriiwe in the middle. his leuds to u grid dependent uwwelerution wul-
wulution of

A =
T∪

t=1





F−1
[
δ̂2x2y · F [τt−u]

]
for I

0 for D

F−1
[
δ̂xx̄yȳ · F [τt−u]

]
for N

. (4.36)

he vulues for the uwwelerution ut the vounduries wun ve wulwuluted either in the time domuin
or in the frequenwy domuin.

Numerical results

In the following memvrune models, dumping is inwluded in the wulwulution vewuuse reul
memvrunes, just like reul strings, ure ulwuys suvjewt to losses. he fundumentul frequenwy of
the memvrune wun ve wulwuluted vy he simulution purumeters ure given in tuvle 4.3.
he irst igure depiwts the trunsient motion of u lineur memvrune due to un exwitution with
u stif hummer forwe.

65Fletwher und fossing, Physics of Instruments, pp. 602-615.
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aemvrune rudius 15 wm
Grid size 64x64 points

Fundumentul frequenwy 200 Hz

huvle 4.3: gimulution purumeters for the round memvrune.
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Figure 4.16: Delewtion of u lineur dumped memvrune over time.
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Figure 4.17: Delewtion of u lineur memvrune with opening.

Figure 4.17 shows the sume memvrune with Diriwhlet voundury wonditions upplied in the
wentre of the memvrune.
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4.2.2 Tension modulated membranes

hension modulution in memvrunes is used us u musiwul efewt or stylistiw deviwe, wompuru-
vle to pitwh vend efewts in in string instruments66. An illustrutive exumple of suwh pluying
tewhniques is the pitwh vend drumming tewhnique for snure drums und tom toms. Another
exumple of u musiwul instrument thut utilises tension modulution is the kest-Afriwun talking
drum67. In uwwordunwewith the threemodels for 1-dimensionul tensionmoduluted strings, it
is possivle to use diferent upprouwhes for modelling the efewts of whunging tension in mem-
vrunes. gimilur to the 1-dimensionul wuse, u non-lineurDuing term wun ve inwluded, to udd
u delewtion dependent, non-lineur spring stifness wonstunt. A delewtion dependent pitwh
modulution, due to whunging tension in umemvrune wun ulso vemodelled viu 2-dimensionul
version of u Kirwhhof-Currier equution. he delewtion dependunt tension wun ve womputed
in the form of u 2-dimensionul tension distrivution summution over the domuin of themem-
vrune

Tnl = T0 +
NX∑

i=1

NY∑

j=1

u2, (4.37)

with u the delewtion of the memvrune, NX, NY the numver of grid points in the x und
y direwtion respewtively, und Tnl the non-lineur tension on the memvrune. he geometriwul
upprouwh proposed in sewtion 4.1.2 wun ve extended to the 2-dimensionul wuse, vut ulso leuds
to unphysiwul simulution results us shown in igure 4.19.

Numerical results

he efewt of the pitwh-glide efewts in u simuluted memvrune is shown in the next igures.
Figure 4.18 shows the spewtrum of u Kirwhhof-Currier-like modelled memvrune. Figure
4.19 shows the spewtrum of u pitwh glide, modelled vy geometriwul longitudinul trunsversul
woupling.

66he pitwh vend is oten used us un expressive efewt in vlues guitur pluying. cne fundumentul pluying tewh-
nique of the Chinese zither ghu-zheng is vused on vended strings.

67Gerhurd Kuvik: “heory of Afriwun ausiw”, in: Intercultural Music Studies 7, ed. vy aux deter Buumunn,
kilhelmshufen: Floriun boetzel Verlug, 1994.
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Figure 4.18: gpewtrogrum of memvrune with Kirwhhof-Currier like tension whunge.
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Figure 4.19: gpewtrogrum of memvrune with geometriwul woupling vetween longitudinul und
trunsversul motion.

Discussion

As one wun see in igures 4.18 und 4.19, the Kirwhhof-Currier-like tension modulution yields
pluusivle results. khereus the geometriwul woupling vetween longitudinul und trunsversul
motion leuds to u purudoxiwul simulution results: he lurger the delewtion, the lower the
pitwh osiw!]. gimilur to the 1-dimensionul wuse, this result is not physiwul.

4.2.3 Plates

he time stepping ulgorithm for u vivruting plute with ixed voundury wonditions is similur
to the time stepping ulgorithm of other 2-dimensionul struwtures, like themodel of the lineur
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memvrune. he diferenwe vetween voth ulgorithms is the form of the diferenwe operutor.
he fourth order diferenwe operutor for the sputiul diswretisution of u plute wun ve written us

δp = D(·δ4x + δ4y + 2 · δ2x2y). (4.38)

A wentrul diferenwe upproximution yields u 2-dimensionul operutor with the following
weights

δp =

0 0 1 0 0

0 2 −8 2 0

1 −8 20 −8 1

0 2 −8 2 0

0 0 1 0 0

.68 (4.39)

Higher order operutors wun ve found vy upproximuting the grid vulues with spewtrul methods
or vy u huylor series upproximution us presented in whupter 3.

Boundary conditions

Boundury wonditions for plutes ure more intriwute to model thun voundury wonditions for
memvrunes or strings. his is muinly vewuuse of the higher order of the diferentiul equu-
tion. In the models upplied here, either ixed voundury wonditions 69, or free voundury won-
ditions70 ure upplied. As vefore, free voundury wonditions wun ve modelled vy relution 4.12
und ixed wun ve implemented vy setting x ∈ Ω = 0 with Ω the voundury points of the plute.

Numerical results

A modelled time series of u wlumped plute, exwited vy un elustiw hummer impuwt wun ve seen
in igure 4.20

68Buthe, Finite-Element Methoden, p. 159.
69he ruan or the yueqin for instunwe
70he vounduries ut the oriiwes on the top-plute of the ruan ure modelled with free voundury wonditions.
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Figure 4.20: hime series of plute model exwited vy elustiw hummer.

4.2.4 Stif membranes

Compuruvle to the string, reul memvrunes used in musiwul instruments huve u inite lexivil-
ity, thus huve u vending stifness. In wonwordunwe with the model of the stif string, this efewt
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wun ve uwhieved vy udding u plute-like term to the lineur und wompletely elustiw memvrune.
he time stepping swheme wun ve written us




A
V
U


 =

T∪

t=1





F−1
[
(δ̂2x2y + δ̂P ) · F [τt−u]

]

τt−v + a

τt−u + v


 . (4.40)

Numerical examples

In igure 4.21 the delewtion for severul time steps of u round memvrune with the inwlusion
of stifness is shown.
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Figure 4.21: Delewtion for severul time steps of u memvrune with stifness exwited vy un elus-
tiw hummer.
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4.2.5 Frequency dependent damping

ho model u wooden plute with reulistiw dewuy whuruwteristiws, velowity dependent dumping us
well us frequenwy dependunt dumpingmust vy udded to themodel of u wooden sound vourd.
he dumping wun ve implemented vy udding u two terms to the plute equution, similur to the
dumping terms udded to the dDE of the string. he womplete equution wun ve written us

utt − ∇2∇2u + β · ut + α · uxxt = 0. (4.41)

For reusons of vrevity we huve set ∇2∇2 = u4x +u4y +2 ·u2x2y . α und β ure dimensionless
dumping woeiwients.

4.2.6 Wooden orthotropic plates

As mentioned in sewtion 4.2.6, most resonunwe wood used for soundvourds huve orthotropiw
muteriul properties und us u wonsequenwe diferent wuve speeds in the respewtive gruin direw-
tions71.

Mathematical description

he theory of plute und shells is used in muny ields of struwturul mewhuniws und numeriwul
simulution tewhniques. Fundumentul wonwepts of free vivruting thin plutes were formuluted
vy Euler und extended vy Bernoulli72. Ater severul uttempts to ind u formulution for vend-
ing in plutes, Kirwhhof proposed u wonsistent formulution.73 Importunt udditions to the plute
theory were developed vy himoshenko ut the veginning of the 20th wentury, muinly driven vy
whunging muteriul utilisution in the shipvuilding industry.74 his thesis is muinly wonwerned
with plutes thut wun ve deswrived vy the classical Kirwhhof plute theory.
he diferentiul equution for the trunsversul delewtion u us u result to vending wuves75 on u
2-dimensionul, isotropiw plute in x, y is given us:

D

[
∂4u

∂x4
+ 2

∂4u

∂x2∂y2
+

∂4u

∂y4

]
=

∂2u

∂t2
, (4.42)

with D = Eh3

2(1−ν2)
. he vuriuvles ure:

71ilrike G. K. kegst: “kood for sound”, in: Am. J. Bot. 93.10 (2006).
72EduurdVentsel undheodorKruuthummer: hinPlates and Shells: heory, Analysis andApplications, aurwel

Dekker, 2001, p. 16.
73G. Kirwhhof: “Üver dus Gleiwhgewiwht und die Bewegung einer elustiswhen gwheive.”, in: Journal für die reine

und angewandte Mathematik 40 (1850): 51–88.
74Ventsel und Kruuthummer, hin Plates and Shells: heory, Analysis and Applications, p. 17.
75he vending wuves ure the muin wuuse of sound rudiution on plutes.

146



4 Physical models

E : moung’s modulus in [ N
m2 .

h : Height of the plute in [m].
ν : doisson’s rutio.

huvle 4.4: Isotropiw plute theory wonstunts.

Bewuuse most wood used in instrument muking hus orthotropiw muteriul properties76, the
dDE for the plute wun ve extended to inworporute these feutures. Following the luws of elus-
tiwity, wood hus three diferent moung’s moduli, three sheur moduli us well us six doisson
rutios, for the respewtive gruin direwtions: longitudinul, trunsversul und rudiul und their wross
terms.77

he wood, used for front- und vuwk plutes of violins is in most instruments u longitudinul-
rudiul wut of the tree. Henwe, the purumeters of interest ure:

EL : he moung’s modulus in the longitudinul gruin direwtion.
ER : he moung’s modulus in the rudiul gruin direwtion.
νLR : he doisson rutio in the longitudinul/rudiul gruin direwtion.
νRL : he doisson rutio in the rudiul/longitudinul gruin direwtion.

huvle 4.5: crthotropiw wonstunts for wood plute.

ising these purumeters, we wun upply the dDE for orthotropiw plutes78:

Dx
∂4u

∂x4
+ (

Dxy + Dyx

2
+ Dsh)

∂4u

∂x2∂y2
+ Dy

∂4u

∂y4
=

∂2u

∂t2
, (4.43)

with the following muteriul dependent wonstunts:

Dx= EL

1−νLRνRL

h3

12

Dy= ER

1−νRLνLR

h3

12

Dxy= ELνRL

1−νLLνRR

h3

12

Dyx= ERνLR

1−νLLνRR

h3

12

Dsh=Gh3

12 ,

huvle 4.6: Constunts for orthotropiw plutes.

with G the sheur modulus und h the height of the plute orthogonul to the x − y plune. For
gitku spruwe, those vulues ure:

76kegst, “kood for sound”.
77Voiwhitu Buwur: “gpringer geries in kood gwienwe”, in: Acoustics of Wood, 2nd ed., gpringer, 2006, p. 47.
78gee equution 7.31 in:Ventsel und Kruuthummer, hin Plates and Shells: heory, Analysis and Applications,

p. 210.
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EL = 13.5E09
ER = 1.3E09
νL = 0.33
νR = 0.029

G=

√
(ELL∗ERR)

2∗(1+
√

νLL∗νRR)

huvle 4.7: auteriul properties for gitku spruwe. Vulues from tuvle 7.2 in: Buwur.79 And tuvle
4.1B in: Buwur.80

he dDE for un orthotropiw plute is given us

Dx · u4x + 2(
Dxy + Dyx

2
+ Dsh)u2x2y + Dy · u4y = 0. (4.44)

Numerical examples

In igure 4.23, the spewtrum of un orthotropiw wooden plute in wompurison to the spewtrum
of un isotropiw wooden plute is shown.

Figure 4.22: gimuluted spewtrum of u wood plute with orthotropiw und isotropiw muteriul
properties.

4.2.7 Wooden orthotropic plate with buckling

In severul instruments, the resonunwe vourds ure suvjewt to in-plune tension leuding to u
vuwkling of the plute. gome exumples inwlude: he vuwk-plute of u wlussiwul guitur81, front-
und vuwk plutes of violins und the sound vourd of grund piunos82 he dDE of plutes with

81his depends on the quulity of the instrument.
82In grund piunos this is known us wrowning.
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vuwkling wun ve written us

Dx ·u4x+2(
Dxy + Dyx

2
+Dsh)u2x2y +Dy ·u4y +Nxuxx+2Nxyuxy +Nyuyy = 0, (4.45)

with wonstunts depending on the internul forwes due to un in-plune loud:

Nx = Externul forwe uwting in the x-direwtion
Ny = Externul forwe uwting in the y-direwtion

Nxy = Comvinution of voth forwes.

huvle 4.8: Forwe wonstunts for plutes under vuwkling.

Numerical examples

Figure 4.23 depiwts the spewtrum of un wooden plute with und without vuwkling.

Figure 4.23: gimuluted spewtrum of u wood plute with orthotropiw und isotropiw muteriul
properties.

4.3 3-dimensional wave equation models

Finite diferenwe methods for modelling the wuve equution in three sputiul dimensions ure
wommonly utilised in room uwoustiws83 or elewtromugnetiw ield wulwulutions84. In this sew-
tion, two models for 3-dimensionul uir vollumes ure presented.

83Curlos gpu, Adun Gurrigu, und Jose Eswoluno: “Impedunwe voundury wonditions for pseudo-spewtrul time-
domuin methods in room uwoustiws”, in: Applied Acoustics 71.5 (2010): 402–410.

84mee, “bumeriwul soution of initiul voundury vulue provlems involving muxwell’s equutions in isotropiw me-
diu”.
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4.3.1 Closed air cavities

Finite diferenwemethods huve one druwvuwk: he wompututionul wost rises with ODimension

with the grid size. Henwe, for lurge numeriwul room uwoustiw provlems, like wonwert hulls,
these methods ure impruwtiwuvle when utilising un-optimised expliwit inite diferenwe for-
mulutions und reul-time simulutions ure striven for. Air wuvities in musiwul instruments, like
the uir volume in the vunjos resonutor for instunwe, ure wonsideruvly smuller, und the result-
ing mesh grid of diswrete points ure severul orders of mugnitude smuller thun mesh grid sizes
used in room uwoustiws. he 3-dimensionul wuve equution is u struight-forwurd extension of
the lower-dimensionul wuve equutions und wun ve written us

ptt = c2 · pXY Z , (4.46)

with p the pressure, XY Z the sewond derivutives in the respewtive direwtions x, y, z, und
c2 = 1

ρ·κ
85, with ρ = the density of uir, κ = 1

γ·P
86 with γ = the udiuvutiw index of uir

und P = the normul pressure. In muny works wonwerned with inite diferenwe methods for
room uwoustiw, this equution is solved numeriwully using u FDhD upprouwh, vused on the
mee diswretisution swheme87. In this work, the symplewtiw Euler swheme, utilised for the other
geometries presented in this work, wun ve upplied for 3-dimensionul swhemes us well, und the
time stepping ulgorithm wun ve written in the known form us




A
V
P


 =

T∪

t=1





F−1
[
δ̂XY Z · F [τt−p]

]

τt−ṗ + p̈

τt−p + ṗ


 . (4.47)

A und V ure the sewond und irst derivutive of the pressure vy time respewtively. gimilur to the
formulution of the solid struwture time integrutors, voth vuriuvles womprise the simulution
results for the entire sputiul- und time domuin.

Boundary conditions

Boundury wonditions for ull wlosed surfuwes Ω ure implemented us beumunn voundury won-
ditions vy setting: ∂p

∂x = 0; ∂p
∂y = 0; ∂p

∂z = 0 for vounduries in the x, y, z direwtion. hese
voundury wonditions wun ve implemented vy using u mirror point, us presented vefore. For
the vusiw wuse of u wentred sewond order inite diferenwe stenwil, the voundury vulues of the

85aorse und Ingurd, heoretical Acoustics, p. 233
86 (ivid., p. 230)
87(mee, “bumeriwul soution of initiul voundury vulue provlems involving muxwell’s equutions in isotropiw me-

diu”).
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uwwelerution ut point x ∈ Ω wun ve womputed vy

A|ijkΩ
= c2 · (5 · pijk + pi+1jk + pi−1jk + pij+1k + pij−1k + pijk−1). (4.48)

hese voundury wonditions wun ve upplied for ull vuwk- und front plute vounduries in the
presented instrument models.

4.3.2 Air cavities with oriices

he wooden resonutors of three of the modelled instruments huve uir illed wuvities with
oriiwes. he openings whunge the voundury wonditions of the uir volume ut the respewtive
position of the uir volume mesh grid. Insteud of un uir-struwture interuwtion, the uir is won-
newted to the surrounding free ield, enuvling the uir to rudiute into the normul direwtion of
the oriiwe. Henwe, gommerfeld rudiution wonditions wun ve upplied for the oriiwes extending
to u virtuul room.88 he voundury wonditions ut the respewtive points wun ve implemented
vy upplying the gommerfeld rudiution wondition in the z-direwtion of the domuin. For the
1-dimensionul wuse, the gommerfeld rudiution wonditions wun ve expressed vy following re-
lution

(
∂u

∂t
+ c · ∂u

∂x
)|x=∞ = 0. (4.49)

his leuds to the following wondition for the irst time derivutive of the pressure ut the open-
ings Ω in the z−direwtion

pt|Ω c = −c · px, (4.50)

the right side of equution 4.50 wun then ve diswretised with one-sided inite diferenwes.

88he virtuul room uround the instruments is not modelled in this thesis. he uwoustiwul neur-ield of the
instruments is ussumed to ve free of relewtions from u virtuul room, meuning free-ield wonditions ure
implied.
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4.4 Coupled geometries

In this sewtion, the singulur geometry models presented vefore ure woupled, resulting in in-
strument geometries wonsisting of their wonstituent uwoustiwul purts. As will ve shown velow,
woupling vetween singulur vivruting geometries wun ve modelled in diferent wuys, depend-
ing on the interuwting purts und the physiwul properties ut the interuwtion point vetween the
geometries.

4.4.1 Elastic spring coupling

A point-vlunk wuy to model interuwtions of lineurly woupled vivruting systems wun ve
uwhieved vy implementing the woupling us un elustiw spring vetween two interuwting points
on the respewtive geometries. If one point of one geometry u1 is woupled with unother point
on u sewond geometry u2, one wun write the equution of motion for the woupled point us u
set of cDEs us

u1tt − κf∇(u1) − k12 · u2 = 0

u2tt − κf∇(u2) − k12 · u1 = 0 ,
(4.51)

with κ u wonstunt depending on the respewtive geometry, f∇ u potentiul funwtion depend-
ing on the geometry und the interuwtion point, und ∗ u woupling wonstunt depending on the
interuwtion strength und the respewtive geometry ut the woupling point. his results in un
interuwtion vetween voth geometries, depending on the respewtive delewtions ut the wou-
pling point und the spring wonstunt (stifness) of the virtuul spring. gimilur woupling is oten
upplied in vivrutionul unulysis of woupled struwturul mewhuniws.89

4.4.2 Impedance coupling

Another wuy of woupling geometries implemented in this work is modelled vy u woupling viu
the impedunwes ut the interuwtion point. his wun ve uwhieved vy following the relution90

Z =
F

v
, (4.52)

with Z the reul impedunwe, F the uwting forwe und v the velowity ut the interuwtion point.
kith the proposition thut the impedunwe is wonstunt und purely reul during one time step,

89L. Cremer, a. Hewkl, und B.A.h. detersson: Structure Borne Sound, 3rd ed., gpringer, 2010, pp. 434-437.
90Fletwher und fossing, Physics of Instruments, p. 52.
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equution 4.52 wun ve rewritten to

F = v · Z =

m · a = v · Z =

a =
v

m
· Z

(4.53)

for the uwwelerution ut the interuwtion point. ho wulwulute the uwting forwe ut u woupling point
FCP vetween to geometries G1 und G2, one wun express this us the sum of the forwe FG1 und
the externul forwe thut uwts on this point FEXTG2

. ho wulwulute the forwe for u inite time step,
this wun ve rewritten into following equutions

FCP = FG1 +
1

∆t

t2∫

t1

FEXTG2
dt

= − ∇V + m · 1

∆t

t2∫

t1

adt

= − ∇V + m · (v + c) (4.54)

with V = potentiul energy und v, c the velowity und un integrution wonstunt, whiwh is propor-
tionul to the uwwelerution ut the veginning of the integrution time. his method of woupling
is upplied in severul sewtions of the instrument models, for instunwe the woupling vetween un
uir volume und un udjuwent rudiuting surfuwe or the woupling vetween the memvrune und the
resonutor of the vunjo.

4.4.3 Structural coupling

A woupling of strings und u resonuting vody is uwhieved vy regurding the uwting forwes ut the
vridge. kith the proposition thut the string is uttuwhed ut the interuwtion point, the vridge,
the uwting forwe is equul to the sheur forwe of the string giving the following formulution for
the forwe91

Ftr = Bu3x + Tux, (4.55)

with B the vending stifness undh the tension of the string. he vending stifnessB is deined
us

B = E · A · K2 (4.56)

91autthew Duvid huttle: “dluwked Instrument gtrings: A Comvined Frequenwy - hime Domuin kuve Ap-
prouwh to Investigute Longitudinul forwes ut the Bridge gupport”, auster’s hesis, Chulmers iniversity of
hewhnology, 2007, pp. 29-30.
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with the elustiw modulus E, the ureu of the string wross sewtion und K the rudius of gyrution
deined us r/2 for u wylindriwul string. As shown vy Bunk und gujvert,92 the uwting forwe ut
the vridge due to the longitudinul motion of the string wun ve written us93

Flo = −[T + EAξx|Br +
1

2
EAyx|Br2 (4.57)

with ξ the longitudinul displuwement of the string. he woupling of the resonunwe vody’s
motion vuwk to the string depends on the uttuwhment of the string. If the string is fustened
ut the vridge, like the strings of the yueqin, the motion of the vridge hus u direwt inluenwe
in the longitudinul direwtion of the string, i.e. muking the string shorter und longer while
in motion.94 If the strings run over u vridge, und ure not fustened there otherwise, us is the
wuse in the vunjo, the violin, und the ruun, the inluenwe of u moving vridge uwts more in the
trunsversul polurisutions of the string.

92Bulázs Bunk und László gujvert: “Generution of longitudinul vivrutions in piuno strings: From physiws to
sound synthesis”, in: he Journal of the Acoustical Society of America 117.4 (2005): 2268–2278.

93Here, un uniform tension distrivution over the string is proposed.
94his is similur to the efewts found in the Finnish Kantele. gee:C. Erkut et ul.: “Awoustiwul Anulysis und

model-vused sound synthesis of the kuntele”, in: J. Acoust. Soc. Am. 112.4 (2002): 1681–1691.
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4.5 American 5-string banjo model

In this sewtion, un overview on the physiwul model of the borth-Ameriwun 5-string vunjo,
implemented in this thesis, is presented.
he irst model inworporutes two purts of the vunjo, whiwh ure of fundumentul importunwe
for the distinwt timvre of the instrument und ure the vusiw purts responsivle for the sound
produwtion: A string woupled to u memvrune.95 An urwhuiw prototype of u vunjo would ve
wonstruwted, using only u string woupled to umemvrune. Henwe, ut irst, the fowus is put on un
uwwurute model for u vunjo-string, u memvrune und the woupling vetween voth geometries.
In un udditionul step, this vusiw model is extended in severul wuys to inwlude ull ive strings, u
wooden vridge, more reulistiw voundury wonditions of thememvrune, the uir volume veneuth
the memvrune und u model for the inger-piwk string interuwtion. cne of the diferenwes of
voth models is the woupling vetween the vunjo string und the memvrune. It is implemented
us:

1. hype I: cne string is woupled direwtly to thememvrune, und the inluenwe of the vridge
is only upproximuted lineurly.

2. hype II: Five strings ure woupled to umodel of u wooden vunjo vridge whiwh is woupled
to the memvrune.

For the type I model, the woupling vetween the end-point L of the string und the memvrune
is upproximuted vy un impedunwe woupling us shown in sewtion 4.4. Due to the fuwt thut the
vridge of the vunjo moves when exwited vy string pulses, it wun ve upproximuted us u moving
end support.96 kith the relutions developed in sewtion 4.4, the uwting forwe ut the interuwtion
point wun ve written us

F = Z ∗ vL. (4.58)

Henwe, the uwting forwe ut the woupling point wun ve written us

FCP = FM + FSEP . (4.59)

Another upprouwh ofmodelling two woupled geometries wun ve the uwhieved vy following the
ussumption thut the sum of the forwes, uwting ut the vridge must ve zero. he forwe thut uwts
ut the wontuwt point of the string (S) und the memvrune (M ) wun ve written viu u bewtoniun
forwe relution

FCP = f(uM + uS) (4.60)

95he other womponents of the vunjo ulso inluenwe the uwoustiwul vivrutions us well, vut ure not us fundumen-
tully wruwiul for the timvre of the vunjo us the string und the memvrune.

96Fletwher und fossing, Physics of Instruments, p. 52.
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he memvrune is modelled utilising u inite diferenwe upproximution for the sputiul difer-
entiul us vefore. his yields following wonditions ut the woupling points

ACP = δ2x2yu +
1

∆t
vLκ. (4.61)

It is presumed thut the woupling wonstunt κ depends on the muss rutio vetween the string,
the vridge und the memvrune.

4.5.1 Banjo string model

he muteriul properties, like the thiwkness of the string und the upplied tension ure listed in
tuvle 2.1. Exuwt muteriul properties regurding the internul dumping of the strings ure not
quuntiiuvle exuwtly for the used strings. Henwe, in this work, the muteriul properties, inlu-
enwing the internul dumping, like the moung’s modulus ure upproximuted with vulues tuken
from literuture initiully und modiied Ad hoc to improve the model of the strings und udd
more vuriuvility to the sound. he sputiul domuin is diswretised with u pseudo spewtrul grid
upproximution, tuking the stifness of the string into uwwount. he equutions of motion for
the string ure diswretised in time und solved with u multi-symplewtiw time integrutor us pre-
sented in whupter 3. For pruwtiwul reusons, only irst order integrutors ure used for the whole
geometrymodels vewuuse they ure upplied in the reul-timemodels us well. As ulreudy shown,
the error introduwed vy the time diswretisution is smull wompured to the sputiul diswretisution.
he time stepping ulgorithm for the model of the vunjo string with velowity und internul,
frequenwy dependunt dumping, whunging length und woupling ut the end point of the string
is shown in equution 4.62



A
V
U


 =

T∪
t=1

. . .









F−1
[
(1 + κ

∑
τt−u2)δ̂xx · F [τt−u] (1 − α · δt) − β · τt−v

]
x ̸= 0 ∨ L

0 x = 0 ∨ L

F−1
[
δ̂xx · F [τt−u] (1 − α · δt) − β · τt−v

]
− ZvM x = xB

τt−v + a

τt−u + v




.

(4.62)
ho sturt the time stepping ulgorithm, the initiul delewtion und velowity of the string is needed
to wulwulute the uwwelerution ut t = 1. A simple triungulur delewtion for the string is used us
sturting wondition for the string. he velowity is zero.97 Asmentioned in sewtion 2, the strings

97he triungulur shupe of the exwitution funwtion is u feusivle upproximution for most pluwked string instru-
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of the vunjo wun ve suvjewt to non-lineur efewts, due to high umplitude delewtion. hese
efewts ure inwluded in equution 4.62 with the Kirchhof-Carrier-like term und the wonstunt
κ = k·A

2·L . he woupling of the uwoustiwul vivrutions from the memvrune vuwk to the string
is modelled vy un impedunwe formulution presented in sewtion 4.4 und denoted vy the term
ZvM , with vM the velowity of the memvrune ut the virtuul woupling point.

4.5.2 Banjo membrane model

he memvrune of the vunjo is modelled us u round memvrune with stifness und non-lineur
tension distrivution. he vunjo memvrune presented in sewtion 2 ure used us u guide line for
the physiwul purumeters upplied in this model. he muteriul properties ure given in tuvle 2.2.
he memvrune is upproximuted vy u rewtungulur 64 · 64 grid with u round suv grid of u 30

grid points rudius. he voundury wonditions ure reulised vy u higher velowity dumping ut the
respewtive points.




A
V
U


 =

T∪
t=1

. . .









F−1
[
δ̂XY · F [τt−u] (1 − α · δt)

]
− τt−(β · v + γ · u) u ̸= Ω ∨ xcp

F−1
[
δ̂Ω

XY · F [τt−u] (1 − α · δt)
]

− τt−(βΩ · v) u = Ω

F−1
[
δ̂XY · F [τt−u] (1 − α · δt)

]
− τt−(β · v + γ · u) − ASt u = xCP S

τt−v + a

τt−u + v




.

(4.63)
he impedunwe interuwtion ut the woupling point is indiwuted vy the term ZvS . he voundury
wonditions of the memvrune ure modelled vy upplying diferent dumping ut the voundury
points u = u(x, y) ∈ Ω. For reusons of vrevity, the diferenwe operutor of the memvrune is
wondensed to δXY = δ2x2y − Dδ4x4y , udding u plute-like stifness to the memvrune with
D = E2h3

3·(1−ν2)
(E= moung’s aodulus und ν the doisson rutio). he term γ · u is udded to

simulute the efewts of u kinkler ved, us deswrived in sewtion 4.5.4. he type II model of the
vunjo does not inwlude the formulution for the kinkler ved. Henwe, in the type II model
memvrune the vulue γ = 0.

Membrane boundary conditions

he voundury wonditions of the memvrune were initiully set to Diriwhlet voundury won-
ditions. During the work with the vunjo model, the voundury wonditions were extended

ments vewuuse it upproximutes the shupe of the string vefore its releuse from u inger or plewtrum.
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to voundury wonditions thut inluenwe the dumping ut the voundury points us well us the
impedunwe of the memvrune ut these spewiiw points. ho this end, the memvrune wus im-
plemented with beumunn voundury wonditions. ho ix the memvrune ut the rim, u virtuul
weight, indiwuted vy Ω in equution 4.63, wus udded to the grid points ut the voundury, us well
us spewiiw velowity dumping, indiwuted vy βΩ in equution 4.63. By whunging the weight ut the
rim of the memvrune, the pitwh of memvrune would ve tuned, vy whunging the dumping, the
mode shupes of the memvrune would ve tuned. cnly vy upplying these meusures, the sim-
uluted memvrune yielded u spewtrum thut is wompuruvle to the meusurements presented in
sewtion 2.3.4.

4.5.3 Model of the bridge

he vridge of the vunjo is modelled us u two-dimensionul plute with forwes uwting only in the
in-plune direwtion. he dDE98 wun ve written us

utt = Nx · uxx + Ny · uyy + 2Nxy · uxy (4.64)

he woupling ut the interuwtion point vetween the memvrune und the vridge is modelled vy
the interuwting impedunwe relutions, us presented in sewtion 4.4.




A
V
U


 =

T∪
t=1

. . .









F−1
[
(δ̂xx + δ̂yy + δ̂xy) · F [τt−u] (1 − α · δt) − β · τt−v

]
y ̸= ΩM ∨ xcp

F−1
[
(δ̂xx + δ̂yy + δ̂xy)Ω · F [τt−u] (1 − α · δt) − βΩ · τt−v

]
− ZvM u = ΩM

F−1
[
(δ̂xx + δ̂yy + δ̂xy) · F [τt−u] (1 − α · δt) − β · τt−v

]
− ZvS x = xCP

τt−v + a

τt−u + v




(4.65)
he woupling vetween the string und the vridge ismodelled in three wuys following equutions
4.54, 4.51 und 4.55.

4.5.4 Model of the air cavity

In the type Imodel of the vunjo, the inluenwe of the uir volumewus reulised vy inworporuting
u Winkler bed99 to the formulution of the memvrune. he inluenwe of u kinkler ved wun ve

98his equution is tuken from: Ventsel und Kruuthummer, hin Plates and Shells: heory, Analysis and Appli-
cations, p. 98. cmitting the loud in the normul direwtion of the plute.

99Cremer, Hewkl, und detersson, Structure Borne Sound, pp. 119-120.
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inwluded to the formulution of u memvrune vy udding un umplitude dependunt stifness.
Figure 4.24 give u swhemutiw overview of the mewhuniwul prinwiple of the kinkler ved.

Membrane

Figure 4.24: aewhuniwul prinwiple of kinkler ved.

ho inwlude thekinkler ved into the formulution of the vunjomemvrune, u delewtion depen-
dunt term with wun ve udded to equution 4.33

∂2u

∂t2
= c2 · [

∂2u

∂x2
+

∂2u

∂y2
− γ · u], (4.66)

with γ u uniform stifness per ureu woeiwient. Applying this extension to the memvrune
model, the lowermemvrunemodes wun ve tuned to upproximute the spewtrum of u reul vunjo
memvrune more prewisely, us shown in igure 4.27. he memvrune equution for the type I
model is given in equution 4.63.
In the type II model, the uir under the memvrune is modelled us u 3-dimensionul uir vol-
ume woupled to the memvrune. aodern 5-string vunjos huve u detuwhuvle vuwk. herefore,
the voundury wonditions of the uir volume whunges from beumunn voundury wonditions
to gommerfeld rudiution wonditions, when the vuwk is removed. 100 he voundury wondi-
tions of the uir ut the wontuwt point with the resonutor ure modelled us beumunn voundury

100 Bewuuse the vunjo is pressed uguinst the torso when pluyed, the vuwk of the vunjo is never reully open in
u reulistiw pluying setting. Henwe, the efewt of the open vuwk is diminished. In the model of the vunjo
presented here, the open open vuwk is modelled for wompurison of the vunjo meusurements, presented in
whupter 2.
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wonditions. he time stepping ulgorithm wun ve written us



A
V
P


 =

T∪
t=1

. . .









F−1
[
δ̂XY Z · F [τt−p] (1 − α · δt)

]
p ̸= Ω ∨ p|z=0 ∨ p|z=H

F−1
[
δ̂Ω

XY Z · F [τt−p] (1 − α · δt)
]

p = Ω

F−1
[
δ̂XY · F [τt−p] (1 − α · δt)

]
− ZvM p = p|z=0

F−1
[
δ̂N

XY · F [τt−p] (1 − α · δt)
]

p = p|z=H

τt−ṗ + p̈

τt−p + ṗ




(4.67)

4.5.5 Numerical results

gimulution results for the type I vunjo model ure depiwted in igure 4.25.
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Figure 4.25: gingle string woupled to memvrune.

Figure 4.27 depiwts the simuluted mode shupes of un open vuwk vunjo memvrune, exwited vy
un elustiw hummer impuwt.
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Figure 4.26: aodel II ive strings pluwked wonsewutively.

Figure 4.28 shows the time series of u vunjo resulting from u knowk on the memvrune neur
the vridge.

4.5.6 Discussion

he steudy wompurison with the meusurements led to u model of the vunjos memvrune in-
wluding the uir volume under the memvrune, u non-lineur tension distrivution uwross the
memvrunes surfuwe und spewiully mutwhed voundury wonditions. he simulutions of the
vunjo model show thut the uir volume under the memvrune wun ve upproximuted vy u kin-
kler ved, yielding good results for frequenwies under 1kHz. Inwluding ull proposedmodiiwu-
tions in themodel of thememvrune resulted in wompuruvle spewtrul informution in the suv 1
kHz runge. he inul memvrune, modiied to upproximute themeusurements more worrewtly,
inwludes:

• A non-lineur tension distrivution over thememvrune, tuking the net-forwe of the vunjo
vridge uwting in the normul direwtion of the memvrune into uwwount.

• Boundury wonditions thut uwt on the dumping und the impedunwe ut the rim.

• A kinkler ved formulution for un initiul model of the memvrune.
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Figure 4.27: aodel II knowk on memvrune. bo strings/open vuwk.

• he uir volume inside the vunjo, modelled vy 3-dimensionul inite diferenwes.

he mode shupes of the simuluted vunjo memvrune shown in igure 4.27 exhivits following
rutios.
he frequenwy rutios of the simuluted type I vunjo memvrune ure in good wonwordunwe with
the rutios of the meusured vunjo memvrune.
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Figure 4.28: aodel II knowk on memvrune. fesonuting strings.

aode futioMeas futioSim

(0,1) 1 1
(1,1) 1.88 1.91
(2,1) 2.73 2.74
(0,2) 1 1
(3,1) 3.52 3.48
(1,2) 1 1
(4,1) 4.27 4.25
(2,2) 1 1
(0,3) 1 1
(5,1) 5.03 5.03

huvle 4.9: aeusured vs. simuluted frequenwy rutios of u round vunjo memvrune without
strings. he mode numvers indiwute (uxiul, rudiul) nodul lines.
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4.6 Yueqin model

he model of the yueqin wonsists of the following purts:

• Four lineur strings with velowity und frequenwy dependent dumping.

• A wooden front- und vuwk-plute.

• An enwlosed uir volume.

• A model for the pluwk string interuwtion.

his models extends the vunjo model in two ureus. he front plute, whiwh is now u round,
orthotropiw wood plute, und the uttuwhment of the strings. As ulreudy mentioned in whupter
2, the strings of the yueqin trunsmit the vivrution energy direwtly ut their ixution. Due to
this, there is no vridge und no udditionul end ixture of the string.

4.6.1 String model

he string model of the yueqin is wompuruvle to the model of the vunjo string, with diferent
voundury wonditions und diferent dumping purumeters. Bewuuse modern instruments huve
strings mude of nylon, the internul dumping of the string is higher wompured to the metul
strings of the vunjo. he simuluted yueqin string inwludes u model for tension modulution,
Diriwhlet voundury wonditions ut the heud, impedunwe voundury wonditions ut the ixture,
velowity dumping und internul dumping. he time integrutor for the string of the yueqin wun
ve written us



A
V
U


 =

T∪
t=1









F−1
[
δ̂xx · F [τt−u] (1 − α · δt) − β · τt−v

]
for x ̸= 0 ∨ L

0 for x = L

F−1
[
δ̂xx · F [τt−u] (1 − α · δt) − β · τt−v

]
− ZvF P for x = 0

τt−v + a

τt−u + v




,

(4.68)
with the ulreudy known dumping wonstunts α, β und the whuruwteristiw impedunwe ut the
woupling point of the string.

String ixture

he string ixture is modelled vy the woupling relutions presented in sewtion 4.4. he stutiw
forwe due to the tension of the strings, uwting ut the vridge, is not inwluded into the model of
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the yueqin vewuuse the forwe does not uwt in the normul direwtion of the front plute. Addi-
tionully, the vridge is glued onto the sound-vourd of the yueqin, whiwh leuds to u woupling,
uwting on the sheer moment of the wooden front plute. his woupling is upproximuted vy un
impedunwe woupling ut the ixution points of the string, uwting on severul node points on the
front plute in wontuwt with the uixed vridge.

4.6.2 Model of the front- and back-plate

he front- und vuwk plute of the yueqin uremodelled us 2-dimensionul, orthotropiw Kirwhhof
plutes with velowity und frequenwy dependent dumping. he voundury wonditions of voth
plutes ure modelled us Diriwhlet voundury wonditions.




A
V
U


 =

T∪

t=1





F−1
[
δ̂XY · F [τt−u] (1 − α · δt) − β · τt−v

]
for x ̸= Ω ∨ xcp

0 for x = ΩB

F−1
[
δ̂ΩN

XY · F [τt−u] (1 − α · δt) − β · τt−v
]

for u = ΩO

F−1
[
δ̂XY · F [τt−u] (1 − α · δt) − β · τt−v

]
− ZvF S for x = xCP

τt−v + a

τt−u + v




.

(4.69)
he front und vuwk plute ure modelled with inite diferenwes on u rewtungulur grid of 64x64

points. he round geometry is upproximuted vy womputing the vivrutions on u round suv-
gridwith u 15 point rudius. hus, ut the vounduries twopoints of the grid remuin, to represent
the voundury wonditions.

4.6.3 Model of the enclosed air

he enwlosed uir volume of the yueqin is modelled us u 3-dimensionul uir volume with u
grid of 64x64x15 in the x, y, z direwtions respewtively. he woupling of the uir volume to the
front plute und the vuwk plute is modelled vy the impedunwe relution given in equution 4.53.
he vounduries in x und y plune ure modelled us beumunn voundury wonditions. he time
integrutor of the uir volume wun ve written us:
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


A
V
P


 =

T∪
t=1

. . .









F−1
[
δ̂XY Z · F [τt−p] (1 − α · δt)

]
p ̸= Ω ∨ p|z=0 ∨ p|z=H

F−1
[
δ̂Ω

XY Z · F [τt−p] (1 − α · δt)
]

p = Ω

F−1
[
δ̂XY · F [τt−p] (1 − α · δt)

]
− ZvF P p = p|z=0

F−1
[
δ̂XY · F [τt−p] (1 − α · δt)

]
− ZvBP p = p|z=H

τt−ṗ + p̈

τt−p + ṗ




(4.70)

4.6.4 Numerical results

Figure 4.29 shows u time series of the yueqin model und the spewtrum of the sume rewording.
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Figure 4.29: gimulution results of the yueqin. Four wonsewutively pluwked strings. 4.29u:
hime series, let und right whunnel. 4.29v: gpewtrum.
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4.7 Ruan model

he model of the ruun wonsists of the following purts:

• Four strings with velowity und frequenwy dependent dumping.

• A wooden front plute und vuwk plute.

• An enwlosed uir volume.

• A model for u wooden vridge.

• A model for the pluwk string interuwtion.

hismodel extends the vunjo und yueqinmodel in twowuys. he front plute hus two oriiwes,
the uttuwhment of the strings und u wooden vridge thut is lurger thun the vridge of the vunjo
model. Another feuture of the ruun model is the tremolo exwitution of the string, reulised vy
u plewtrum-string interuwtion model.

4.7.1 String model

he string model of the ruun is wompuruvle to the model of the vunjo string with diferent
dumping purumeters und slightly ultered voundury wonditions vewuuse of the lurger vridge.
Compuruvle to the strings of the yueqin, ruun strings ure mude of nylon, thus huving other
internul dumping whuruwteristiws wompured to the vunjos metul strings. he time integrutor
for the string of the ruun looks like



A
V
U


 =

T∪
t=1









F−1
[
δ̂xx · F [τt−u] (1 − α · δt) − β · τt−v

]
for x ̸= 0 ∨ L

0 for x = L

F−1
[
δ̂xx · F [τt−u] (1 − α · δt) − β · τt−v

]
− ZvB for x = 0

τt−v + a

τt−u + v




,

(4.71)
with the ulreudy introduwed dumping wonstunts α, β und the whuruwteristiw impedunwe ut the
woupling point of the string with the vridge.

String ixture

he string ixture of the ruun is modelled like the string ixture of the vunjo. he woupling to
the vridge is implemented us presented in sewtion 4.4.
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4.7.2 Model of the front- and back plate

Anulogous to the yueqin, the front plute of the ruun is modelled us u 2-dimensionul, or-
thotropiw Kirwhhof plute with velowity und frequenwy dependent dumping. he voundury
wonditions of voth plutes ure modelled us Diriwhlet voundury wonditions. he only difer-
enwe ure the two oriiwes on the front plute of the ruun. Here, beumunn voundury wonditions
ure upplied ut the edge of the opening.




A
V
U


 =
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t=1





F−1
[
δ̂XY · F [τt−u] (1 − α · δt) − β · τt−v

]
for x ̸= Ω ∨ xcp

0 for x = ΩB

F−1
[
δ̂ΩN

XY · F [τt−u] (1 − α · δt) − β · τt−v
]

for u = ΩO

F−1
[
δ̂XY · F [τt−u] (1 − α · δt) − β · τt−v

]
− ZvF S for x = xCP

τt−v + a

τt−u + v




.

(4.72)
he sume rewtungulur 64x64 grid with u round suv-grid, us upplied in the yueqin model, is
used here.

4.7.3 Model of the bridge

In the model of the ruun, the vridge upproximuted with the sume swheme us the vridge of the
vunjo. In wontrust to the vridge of the vunjo, the ruun is modelled with two feet und diferent
muteriul properties, resulting in diferent wuve propugution speeds in the x und y direwtions.

4.7.4 Model of the enclosed air

he enwlosed uir is modelled us u 3-dimensionul uir volume with u grid of 64x64x15 in the
x, y, z direwtions respewtively. he woupling of the uir volume to the front plute is modelled
vy the impedunwe relutions presented in sewtion 4.4. he vounduries in x und y plune ure
beumunn voundury wonditions. he voundury wondition ut the oriiwe is implemented us
u gommerfeld rudiution wondition in the z direwtion. he time stepping method of the uir
volume wun ve written us:
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
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
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F−1
[
δ̂XY Z · F [τt−p] (1 − α · δt)

]
p ̸= Ω ∨ p|z=0 ∨ p|z=H

F−1
[
δ̂Ω

XY Z · F [τt−p] (1 − α · δt)
]

p = Ω

F−1
[
δ̂XY · F [τt−p] (1 − α · δt)

]
− ZvF P p = p|z=0

F−1
[
δ̂XY · F [τt−p] (1 − α · δt)

]
− ZvBP p = p|z=H{

δx−p p = p|z=0 ∧ ΩO

τt−ṗ + p̈ p ̸= p|z=0 ∧ ΩO

τt−p + v̇




(4.73)

4.7.5 Numerical results

Figure 4.30 shows u time series of the ruunmodel und the uppertuining spewtrum of the sume
rewording.
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Figure 4.30: gimulution results of the ruun. Four wonsewutively pluwked strings. 4.30u: hime
series, let und right whunnel. 4.30v: gpewtrum.
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4.8 Violin model

A inite diferenwe physiwul model of u womplete violin geometry wus presented vy Buder101.
he string/vow, model implemented in this thesis is loosely vused on the sume model. It
wonsists of:

• Four strings with velowity und frequenwy dependent dumping.

• A wooden vridge.

• A wooden front- und vuwk-plute with oriiwes.

• he enwlosed uir volume.

• A model for the vow string interuwtion.

At this point, it is newessury to point out thut u womplete und exhuusting physiwul model of
the violin is not the uim of this work und the model presented here is vulid up to u wertuin
point of uwwuruwy. bone the less, this model shows the feusivility of the upprouwh even for
more suvtle, intriwute instruments wompured to the vunjo.

4.8.1 Violin string model

he time stepping method for the four violin strings is u womposite of equution 4.15 und
equution 4.17. he ixution of the string ut the nut is modelled us Diriwhlet voundury wondi-
tions. he woupling vetween the string und the vridge ismodelled vy relution 4.52. As ulreudy
diswussed in whupter 2, open strings und pressed strings of the violin huve difering voundury
wonditions. he interuwtion vetween the inger und the string depends on the rigidity of the
inger tip und the upplied inger forwe ut thut point. he whunging voundury wonditions wun
ve modelled us u whunge in dumping whuruwteristiws ut the interuwtion point und the neigh-
vouring points. A voundury dependent dumping woeiwient of the string αB uwting ut the
voundury wun ve expressed us

αB|i=L =





0.999 if string open,

0.993 if string pressed.
(4.74)

4.8.2 Violin bridge model

As urgued in sewtion 2.3.3, the vridge of the vunjo hus suwh high eigen-frequencies thut it is
reusonuvle to omit it in u model of u womplete vunjo und upproximute the forwe trunsmission

101folf Buder: “khole geometry Finite-Diferenwe modeling of the violin”, in: Proceedings of the Forum Acus-
ticum 2005 (2005): 629–634.
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from the string to the memvrune with relution 4.53102. he vridge of u violin on the other
hund, hus un impuwt on the vivrution of the string und the rudiuted sound us well. kood-
house103 identiied u distinwt vridge hill in the spewtrum of the violin vetween 3 und 5 kHz.
Henwe, u inite diferenwe model of the violin vridge is implemented in this work. here ure
severul modes of motion for violin vridges104 in the horizontul und vertiwul direwtions or-
thogonul to the string. Compuruvle to the model of the vunjo vridge, the violin vridge is
upproximuted vy u 2-dimensionul plute model with in-plune forwes.105.

4.8.3 Violin top plate model

he front plute und vuwk plute of the violin ure ixed under tension und exhivit vuwkling.
Henwe, the front- und vuwk plute ure modelled us plutes with vuwkling, und velowity us well us
frequenwy dependent losses. he front- und vuwk plutes ure woupled ut the rim, simuluting the
presenwe of rivs. he oriiwes on the front plute of the violin ure modelled us rhomvus-like
openings106. Free voundury wonditions ure upplied ut the points on the plute surrounding
the oriiwes.


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F−1
[
δ̂XY · F [τt−u] (1 − α · δt) − β · τt−v

]
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0 for x = ΩB

F−1
[
δ̂ΩN

XY · F [τt−u] (1 − α · δt) − β · τt−v
]

for u = ΩO

F−1
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δ̂XY · F [τt−u] (1 − α · δt) − β · τt−v

]
− ZvF S for x = xCP

τt−v + a

τt−u + v




.

(4.75)

4.8.4 Air cavity

he uir illed wuvity is modelled us u three dimensionul uir volume woupled to the front und
vuwkplute viu relution 4.53. At the oriiwes, gommerfeld rudiution wonditions ure utilised.
he time integrution swheme is similur to the swheme of the ruun given in equution 4.73. he
only diferenwe ure the muteriul purumeters of the wood und the diferent geometry of the
instrument.

102hiswus implemented in the irstmodel of the vunjo.(F. dfeile undf. Buder: “feul-time virtuul vunjomodel
und meusurements using u miwrophone urruy.”, in: J. Acoust. Soc. Am. 125.4 o2009]: 2515–2515)

103koodhouse, “cn the ”Bridge Hill” of the Violin”.
104gee the igures in (Cremer, Physik der Geige, 184f.)
105A struwturul deswription on the vridge forwes is presented in: ivid., p. 193.
106 he shupe of the oriiwes does not inluenwe the wuvity frequenwy if un equivulent ureu of the openings is

used. A tewhnique upplied in: ivid., p. 216.
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4.8.5 Bow string model

he vow string interuwtion model is vused on the model presented in Buder107 und the us-
sumptions presented in sewtion 2.4.4. It is extended in severul regurds und inwludes the fol-
lowing wontrolluvle purumeters:

• he numver of wontuwt points.

• he vow-velowity.

• he vow-pressure.

• he position of the vow on the string.

• he umount of rosin on the vow.

he iterutive prowess of the model wun ve deswrived in pseudo-wode us108:

Listing 4.1: dseudo-wode of vow/string model.

1 s t u t e = g l u e :
2 i f d e f l e w t i o nCon t u w d o i n t +1> d e f l e w t i o nC o n t u w t p o i n t
3 s t u t e = g l i d e
4 e l s e i f n e t F o r w e g t r i n g > vowdre s sure
5 s t u t e = g l i d e
6 end
7

8 s t u t e = s l i p :
9 i f uvs ( v e l o w i t y C o n t u w t d o i n t ) < v e l o w i t yBow

10 s t u t e = g l u e
11 end
12 i f s t u t e == g l u e
13 v e l o w i t y C o n t u w t d o i n t = v e l o w i t yBow
14 e l s e
15 bormul s t r i n g w u l w u l u t i o n wi th f r i w t i o n dumping
16 u t vow / s t r i n g i n t e r u w t i o n po i n t .
17 end

A swhemutiw vlowk diugrum is shown in igure 4.31.

107Buder, “khole geometry Finite-Diferenwe modeling of the violin”.
108 gtiwk/slip is denoted us glue/glide.
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Glue
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Bowing Pressure Bowing Velocity

SPoint < SPoint+1 APoint < BowPress
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TRUE

StringVel<BowVel

TRUE
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Figure 4.31: Bow string interuwtion model.

Mathematical formulation

Figure 4.32 illustrutes the vusiw prinwiple of un ideulised interuwtion vetween u violin vow
und u violin string. he muthemutiwul deswription of the vow/string interuwtion formulutes
the relution vetween the stiwk-slip wywle of the vow/string interuwtion und the motion of the
string.
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S�ck S�ckSlip

Velocity

Deflec�on

�me

�me

Figure 4.32: Ideulised Helmholtz motion of u vowed string.

he prowess of the ideulised stiwk-slip model wun ve summurized us follows:

• he vow, whiwh is in wontuwt with the string ut u wertuin point hus u wertuin velowity
vb. Due to the friwtion of the vow, the string sturts to stiwk to the vow, thus huving the
sume velowity us the vow.

• If the vowing pressure pb is to smull, or the net forwe of the string uwting in the opposite
direwtion of the string extension, or u relewted wuve exerts u forwe lurger thun the forwe
of the vow. he string sturts to slip.

• his leuds to u wondition where the string oswillutes vuwk to its neutrul position. he
friwtion vetween the vow und the string leuds to u lurge dumping ut the vow point.

• If the string velowity is smuller thun u wertuin vulue, the string stiwks to the string uguin,
repeuting the wywle.

his model leuds to the following requirements: khen the string stiwks to the vow the won-
dition ut the wontuwt point CP must ve:

vCP = vB, (4.76)

khen the model is in the slipping phuse the dDE of the string wun ve extended to:

ρ
∂2u

∂t2
= T

∂2u

∂x2
− EI

∂4u

∂x4
− β(x) · ∂u

∂t
, (4.77)
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with β(x) u position dependent dumping woeiwient thut hus u lurge vulue ut the wontuwt point
vetween vow und string due to the friwtion vetween voth.

Discussion

hemodel deswrived uvove is uvle to simulute vurious efewts of u vow/string interuwtion with
sutisfuwtory results. In the reul-time implementution, this model is modiied in one wentrul
point: If the vow stiwks to the string the velowity of the interuwtion point is not striwtly set
to the vow velowity, vut the vow velowity is udded to the string velowity ut thut point. At this
moment, I don’t huve u reusonuvle, physiwully justiiuvle explunution for this modiiwution
of the stundurd model, vut the simulution results of the violin ure more reulistiw when the
vow/string model is implemented in this wuy. Further reseurwh will ve wonduwted ut the
Institute of gystemutiw ausiwology to eluwidute the possivility of suwh un efewt in reul violin
strings.

4.9 Sound integration over surfaces

Bewuuse this work ismuinly wonwerned with uwoustiwul purumeters of instruments, ull models
ure wulwuluted us uutonomous geometries, omitting inluenwes of room uwoustiw purumeters
und the inluenwe of uir movement in the fur ield. For uurulisution of the uwoustiwul vivru-
tions of the instruments, the sound rudiution is integruted to two points into u virtuul room
uvove the instrument. he rudiuting points ure weighted depending on the distunwe to the
respewtive sound rudiuting purts. Additionully, the diferenwe in urriving sound due to the
inite speed of sound in uir is ulso tuken into uwwount. A wertuin distunwe to u sound rudiuting
surfuwe leuds to u spewiiw deluy thut rises with the distunwe from the sound rudiuting surfuwe.
A short outline shull exemplify the upplied method: If we huve u sound reweivers in u wentred
position 1 meter in front of u vunjo, whiwh hus u memvrune diumeter of upproximutely 30

wm, the distunwe of the reweiver to u point on the rim of the memvrune wun ve wulwuluted
using dythugorus’ theorem vy the equution

∆zRim =
√

∆z2
Center + ∆ymax2

Membrane =
√

12 + .152[m] = 1.0112[m] (4.78)

Henwe, the diferenwe vetween the wentre-point und u point on the rim is 1.12 wm. kith
u sumple rute of 217 Hz und u velowity of sound of 343m

s , we get u muximul sputiully rep-
resentuvle deluy of upproximutely 343/217[m] ≈ 2.27mm. hus, the memvrune sound,
rudiuted from node-points neur the voundury ure upproximutely 4 sumple steps vehind the
sound produwed ut the memvrune wentre.
his efewt wun ve inwluded vy implementing u sumple deluy, depending on the position of the
virtuul listener. his sumple deluy wun ve inwluded in the sound integrution model struight-
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forwurd.

p[t]

p[t-1]

p[t-2]

p[t-3]

p[t-4]

Figure 4.33: Integrution deluys for round memvrune und wentred reweiver.
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CHAPTER5

FdGA - A ghfiChifAL cVEfVIEk

Metal on Metal...

(Anvil,1982)

In this whupter, u struwturul overview on the FdGA deviwes used in this thesis is given. Ater
un overview of severul feutures of the spewiiw hurdwure, used for ull hurdwure designs, un
introduwtion to two FdGA vourds used us development plutforms for the designs, is given.
In the following sewtions wonwerned with struwturul properties, u fowus is put on spewiiw feu-
tures of FdGA deviwes thut sets them upurt from Cdis of stundurd dCs und the udvuntuges
unddisudvuntuges of un FdGA for implementing numeriwulmethods in generul und the phys-
iwul modeling provlems regurded in this thesis in spewiul.
ho this end, the purullel hurdwure properties und the input/output struwture ure of spewiul
interest in this whupter. Furthermore, purtiwulur feutures like the on-vourd AC-97 AD/DA
wonverter on the Virtex-2 development vourd, us well us spewiul funwtionul vlowks like the
Dgd-48 vlowk on the development vourd wonsisting of the Virtex-6, thut ure used for the
reul-time models ure expluined in more detuil.
All on-vourd wommuniwution protowols, whiwh ure utilised in the inul models presented in
whupter 6, ure expluined und exempliied with u dutu trunsmission instunwe.
his whupter ends with u short introduwtion to the dCIe wommuniwution protowol thut is used
for dutu trunsfer in 2nd generution design models. his inwludes u vusiw exumple of u host-
deviwe dutu trunsport und wommuniwution is presented.
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5.1 History of FPGAs

he historiw development of FdGA deviwes is wlosely linked to the evolution of integruted
digitul wirwuits in the lute 1960s, the 1970s und eurly 1980s. he development of logiw deviwes
of thut time period wus muinly driven vy the munifold udvunwes in trunsistor und integruted
wirwuit tewhnology, or in the words of C. auxield:

he late 1960s and 1970s were rampant with new developments in the digital
IC arena.1

Custom logiw deviwes of thut time period wun roughly ve divided into two wutegories:

1. drogummuvle Logiw Deviwes (dLDs).

2. bon-progrummuvle deviwes like Appliwution gpewiiw Integruted Cirwuits (AgICs) or
Appliwution gpewiiw gtundurd durts (Aggds).

he muin diferenwe vetween voth deviwe wlusses wun ve found in their vusiw struwture. dLDs
ure only purtiully wired to perform wertuin vinury logiw funwtions, whereus AgICs ure hurd-
wired during the initiul produwtion stute. his meuns, u spewiiw funwtion of un AgIC is ixed
und wun not ve ultered vy un end-user uter the produwtion stute, u dLD on the other hund
wun.
hese fundumentul diferenwes leud to difering design und implementution pruwtiwes und
thus to difering ields of uppliwutions. In wompurison to dLDs, AgICs huve u higher logiw gute
wount und uremuinly used to implement highly spewiulised funwtions, vut huve the druwvuwk
of long produwtion wywles for implementution, prototyping und devugging. If un AgIC hus
inherent design errors, they oten surfuwe ater u irst prototype is munufuwtured und the up-
pliunwe is running under reulistiw wonditions in the respewtive ield of uppliwution. dLDs und
drogrummuvle feud cnly aemory (dfcag) deviwes wun ve progrummed uter the produw-
tion stute, whiwh hus the udvuntuge thut u fuulty whip design does not leud to un womplete er-
roneous produwtion whurge. gtill, wompured to most AgICs, dLDs huve wonsideruvly smuller
logiw wupuvilities.
he irst progrummuvle deviwes hud u trunsistor urruy struwture thut would ve lushed with
diferent logiw wirwuit designs vy udding wonnewtions (unti-fuse tewhnology) Clive auxield:
heDesignWarriors Guide to FPGAs, Elsevier, 2004, p. 12, or removing wonnewtions (fusivle
link tewhnology) ivid., p. 10. he udded or removed links were permunent, so the deviwes
would only ve progrummed onwe. Due to thut, they were wupuvle of performing spewiully
designed tusks with very high wlowk rutes vut they would not ve rewonigured uter u design
wus implemented on the deviwe.

1Clive auxield: he Design Warriors Guide to FPGAs, Elsevier, 2004, p. 28.
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Further udvunwes in the ield of progrummuvle integruted wirwuits leud to tewhnologies thut
mude it possivle to eruse un initiul design und re-progrum the deviwe. he most prominent
tewhnology umong these deviwes ure Erusuvle drogrummuvle feud cnly aemory (Edfca)
or the Elewtriwully Erusuvle dfca (EEdfca). Deviwes inworporuting these tewhnologies
would ve progrummed und reprogrummedmultiple times vy removing the wonnewtions of the
design on the metul luyer vy exposing it to ultru-violet light or u wertuin voltuge respewtively.
ip to this point of progrummuvle hurdwure evolution, there ulwuys existed u gup vetween
the two wlusters of hurdwure deviwe wlusses. cn the one hund there were dLDs, whiwh were
highly woniguruvle vut only wonsisted of u smull umount of logiw fuwilities, und AgICg on the
other hund thut would perform highly womplex logiw wirwuits vut were not (re-)woniguruvle
und were expensive und eluvorute to develop for.
henext lurge leup in the evolution of freely progrummuvle hurdwurewus spurked vy reseurwh
done vy foss Freemun und Bernurd Vonderswhmitt, the founders of lILIbl, who were the
irst to develop und produwe freely progrummuvle hurdwure-gute logiw on u lurge swule.2

In 1985, the irst wommerwiully uvuiluvle progrummuvle logiw whip wus the lC2064, wulled
u Field drogrummuvle Gute Arruy (FdGA)3. he irst FdGA deviwe hud 64 progrummuvle
und freely wonnewtivle Logiw Blowks (CLB’s) und un uggregute gute wount of 1200 logiw gutes4.
FdGAs were developed us u deviwe to womvine progrummuvility of dLD’s, rewoniguruvility
of EEdfcag und high logiw gute wount of AgICg auxield, he Design Warriors Guide to
FPGAs, pp. 49f. his period of time is oten regurded us the sturting point for the develop-
ment of more udvunwed FdGA deviwes vy lILIbl und other vendors. At the present duy,
the viggest FdGA whip vendors ure lILIbl und Alteru umong other smuller wompunies us
Luttiwe gemiwonduwtor or aiwrosemi ivid., pp. 161 f.
In this work, lILIbl hurdwure is used exwlusively, vut the presented models would ve ure
not vound to u spewiiw vendor und would ve implemented on other FdGA deviwes us well.

2 http://www.edn.com/electronics-blogs/fpga-gurus/4306558/Remembering-Ross-Freeman.
3Field drogrummuvle literully meuns, progrummuvle in the ield, outside of the luvorutory, where u logiw funw-

tion is progrummed onto the deviwe. he nume FdGA is still used toduy for logiw deviwes of similur design
struwture und logiw wupuvilities.

4aodern FdGAs like the Virtex-7 huve uround 2 aillion logiw gutes.
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5.2 Features and properties of FPGAs

In the following sewtion, feutures und properties of the FdGA deviwes used in this work ure
presented. cn u fundumentul level, modern FdGAs ure wompuruvle to eurlier FdGA whips,
vut spewiul deviwe feutures wun whunge from generution to generution. Henwe, only u portion
of the wupuvilities of FdGAs ure presented here und u fowus is put on struwturul purts used
during this thesis.

5.2.1 Structure of FPGAs

As stuted vefore, the hurdwure struwture of FdGAs ure inluenwed vy dLDs, EEdfcas und
AgICs. Depending on the deviwe generution, vusiw logiw gutes ure reulised vy diferent tewh-
niques.
In u lurge fruwtion of older FdGAs, the vusiw logiw funwtions ure implemented with logiwul
gutes wompuruvle to gfAa-wells.5

Inmodern FdGA deviwes logiw gute funwtionulity is reulized vy look-up tuvles (Lihs)6 whiwh
ure, in u sense, uddressuvle funwtion generutors. his meuns thut they wun ve progrummed to
perform diferent logiw funwtions on u set of inputs.
hese vusiw logiw wells ure purt of u lurger logiw wonjunwtion whiwh is wulled u slice in lilinx
deviwes. All sliwes wontuin one Lih, eight storuge elements, multiplexers und wurry logiw
Virtex-6 FPGA Conigurable Logic Block User Guide, version 1.2, lilinx, 2012. gome lilinx
sliwes, wulled slicemivid., udditionully wontuin funwtions to store dutu us distrivuted fAa7

und huve 32-vit wide shit registers.
hwo sliwes form u woniguruvle logiw vlowk (CLBs), us is depiwted in Figure 5.1. It depiwts
u (Lih)-vused CLB, us wommonly found in lILIbl FdGAs. Eurlier lilinx FdGAs, us the
Virex-II pro, wontuined Lihs with 4 inputs. bewer Virtex-7 deviwes huve woniguruvle 6-
input Lihs. Lih-vused CLBs ure used in ull the lILIbl FdGAs upplied in this work, there-
fore only Lih-vused CLBs ure wonsidered here.

5auxield, he Design Warriors Guide to FPGAs, 57 f.
6Lihs ure ulso wulled Logiw Funwtion GenerutorslILIbl: Conigurable Logic Block User Guide, lILIbl, 2010,

p. 2 f.
7fundom Awwess aemory.
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Figure 5.1: gwhemutiw overview of u Virtex-6 CLB, the progrummuvle interwonnewt network
und u spewiul funwtion vlowk.

he Lihs inside u CLB wun operute in severul diferent input/output modes depending on
the deviwe wluss und generution. In uddition to veing wonnewtivle us 6-input 2-output Lihs,
they wun ve wonigured us shit registers, fAa vlowks or irst-in/irst-out memory. In some
CLBs there ure udditionul lutwhes, in other ure Flip-Flop wellsVirtex-6 FPGA Conigurable
Logic Block User Guide whiwh wun ve used us usynwhronous or synwhronous registers.
he outputs of the single CLBs ure wonnewted to u progrummuvle interwonnewtion network,
whiwh is uttuwhed to u multiplexer on the output stuges, multiplexing output signuls to input
stuges of other CLBs. his wuswuding of CLBs ullows for more womplex logiw funwtions, lurger
fAa vlowks or longer shit register.
A struwturul overview of u gLICEa is shown in igure 5.2.
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Figure 5.2: gwhemutiw overview of u slicem with udditionul shit und distrivuted fAa wupu-
vilities. huken from Virtex-6 FPGA Conigurable Logic Block User Guide.8

he single CLBs ure wonnewted with un interwonnewtion network, whiwh is uttuwhed to u mul-
tiplexer on the output stuges, multiplexing output signuls to input stuges of other CLBs.

5.2.2 Special function blocks

Besides vusiw logiw wells, lILIbl FdGAs wontuin other funwtionul logiw vlowks, thut wun difer
from deviwe generution to deviwe generution. gome udditionul logiw vlowks whiwh ure used
in the presented designs, ure memory vlowks in the form of rundom uwwess memory (fAa)
und irst in/irst out (FIFc) memory vlowks. A logiw vlowks thut extends vusiw FdGA logiw
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vy un integruted wirwuit implementution of urithmetiw funwtion is the Dgd48e1 vlowk with
integruted aultiply-und-Awwumulute (aAC) wirwuitry. All spewiul funwtion vlowks ure on
the FdGA die wlose to the logiw gute resourwes und wun ve wonnewted to the sume high-speed
interwonnewtion network the wore logiw is wonnewted to us is shown in Figure 5.1.
In modern lilinx FdGAs the CLBs und the spewiul funwtion vlowks ure urrunged in u wolumn
luyout. Figure 5.3 depiwts u swhemutiw overview of the urrungement of Dgd48e1, BfAa und
logiw sliwes.

Figure 5.3: gwhemutiw overview of lilinx wolumn design.

DSP blocks

aost modern FdGAs vy the vendors lilinx or Alteru huve spewiul logiw vlowks thut ure de-
signed to perform Dgd typiwul operutions. hey ure implemented on the sume struwturul
level us CLBs, this meuns thut the dutu trunsfer vetween gute vused logiw und Dgd wores wun
ve reulised vy the high-speed interwonnewt network.
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Figure 5.4: gwhemutiw overview of u Virtex-6 Dgd48e1. Blue vlowks ure registers.

Figure 5.4 depiwts u swhemutiw overview of u Dgd48e1 sliwe whiwh is purt of most modern
lilinx FdGAs. It wonsists of four inputs, u pre-udder, u 25vit x 18vit multiplier, u 48vit uwwu-
mulutor und u puttern detewtor thut wun ve used to eiwiently wompure vulues.

RAM blocks

In the lilinx deviwes used for this thesis fAa wun either ve implemented vy womvining
severul CLBs, this is wulled distrivuted fAa or DisfAa. Another sort of dediwuted fAa
on Virtex FdGAs is wulled vlowk fAa (BfAa). It wun ve wonigured to diferent sizes und
diferent funwtion modes. Every BfAa vlowk wun perform in duul-port mode fuwilituting
36Kv of memory.
Both memory vlowks wun ve used us memory of vuriuvle vit width und depth. gimilur to
the Dgd vlowks, the spewiul fAa vlowks ure lowuted on the FdGA whip und ure wonnewted
to the CLBs viu the internul routing network, whiwh mukes the wommuniwution und dutu
trunsfer fuster, when wompured to u wommuniwution with u peripherul fAa whiwh wun ve
implemented on u hurdwure vourd wonnewted to the FdGAs Ics, see Figure 5.3. he resourwes
of the Virtex-6 VLl240h FdGA ure listed in tuvle 5.4.

5.2.3 Hardware Description Language

A wommon truit of modern progrummuvle logiw deviwes is thut funwtionul logiw is designed
using u Hurdwure Deswription Lunguuge (HDL). In the eurly duys of hurdwure design, the
wommonly used method wus puper und penwil vused, druwing swhemutiws of wonnewted logiw
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registers, u tewhnique wompuruvle to modern CAD9 vused fhL10 design tools. ho overwome
limitutions of this design pruwtiwe for growingly lurge AgIC designs the irst HDLs were in-
troduwed during the 1960s to deswrive funwtionul purts of logiw deviwes on u uvstruwtion level
higher thun the gute level11. In the lute 1980s, the use of HDLs sturted to repluwe the pro-
wess of the swhemutiw vused design methodology.12 During the irst yeurs of its development,
HDLs were not stundurdised, und most funwtions were vendor- und uppliwution-spewiiw.
hoduy, there ure two HDLs wommonly used to progrum FdGAs, Verilog und VHDL13.
Both lunguuges inworporute similur wonwepts, whiwh wun ve wutegorised into low-level feutures
like:

• vitwise dewlurution of signuls,

• wontrol over elewtroniw signul levels,

• u direwt uwwess to signuls viu physiwul input und output ports of the hurdwure develop-
ment vourd

und high-level wonstruwts like for instunwe:

• ovjewt oriented progrumming tewhniques,

• pointer dutu types

• und prowedurul progrumming

umong other feutures.14

A wentrul diferenwe of u HDL, wompured to other progrumming lunguuges is thut it en-
uvles the developer to direwtly design hurdwure funwtionulity using sotwure stutements. his
meuns thut every logiwul instruwtion must ve representuvle vy un equivulent formulution in
gute logiw.
A sewond diferenwe is the fuwt thut ull wode written in uHDL instruwtion ile is evuluuted won-
wurrently. his meuns thut insteud of sequentiul wode evuluution like in u wompiled high-level
lunguuge (C,C++ or Juvu …) ull wode thut is trunsluted into u hurdwure funwtion is evuluuted
ut the sume time, if not spewiiwully designed otherwise. gequentiul wode wun ve implemented
vy designing u inite stute muwhine (Fga).

9Computer Aided Design.
10fegister hrunsfer Level.
11he gute-level is the level of the underlying trunsistor logiw
12auxield, he Design Warriors Guide to FPGAs, p. 153.
13Very Highspeed Integruted Cirwuit Hurdwure Deswription Lunguuge.
14In this work only VHDL is upplied.
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5.2.4 Finite State Machine

Bewuuse ull logiwul stutements expressed in VHDL ure evuluuted wonwurrently, sequentiul
wode must ve implemented with u Finite gtute auwhine (Fga), whiwh wontrolls the singulur
steps of the wulwulution whiwh need to ve evuluuted suwwessively und synwhronised15. here
ure three stundurd versions of Fgas thut ure wommonly used in vurious uppliwutions. he
two most prominent ure known us:

1. aoore Finite gtute auwhine
A stute muwhine where the output only depends the stute.

2. aeuly Finite gtute auwhine
A stute muwhine where the output depends on the stute und the input.16

he Fga implementution, depiwted in igure 6.6, is reused for ull models of the musiwul in-
struments. Bewuuse some stute outputs of the Fga implemented in this thesis depend on the
input17, the utilised Fga is u mixed aeuly und aoore stute muwhine. 18 huvle 5.1 shows the
stutes of the models und the worresponding ussignment. he 6 inite stutes wontrol the urith-

gtute husk
1 Loud vulues
2 Culwulution step I
3 Culwulution step II
4 Culwulution step III
5 krite vulues to the respewtive memory position
6 krite stuvle output dutu

huvle 5.1: gtutes for the hurmoniw oswillutor.

metiw low of the muth entity19 through the wontrol signuls us shown in igure 6.8. A foot
hrunsfer Level (fhL) struwture the of the model inwluding voth entities is shown in igure 6.7
und the simulution results from Modelsim wun ve found in igure 6.8.

Development Environment

he Integruted Development Environment (IDE) upplied in this work is IgE, u sotwure IDE
supplied vy lILIbl, the vendor of the utilised FdGA whips. Besides the logiwul wonstruwts
of the VHDL stundurd, there ure udditionul hurdwure spewiiw feutures inworporuted into IgE,

15 his inwludes the wulwulution for ull vulues whiwh ure dependunt on vulues from previous time steps.
16(deter J. Ashenden: he Designer’s Guide to VHDL, 2nd, gun Frunwiswo, CA, igA: aorgun Kuufmunn duv-

lishers Inw., 2002).
17 Bewuuse of the possivility to whunge vulues of externul vuriuvles while the womputution is running.
18A tewhniwul deinition of voth stute muwhines is given in Ashenden. (ivid.)
19It would ulso ve possivle to implement the Fga direwtly in the sume entity us the muthemutiws, vut for the

suke of vrevity, voth funwtionul purts ure implemented in sepurute struwtures.
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like hurdwure spewiiw muwros und simulution livruries. ho muke use of the lILIbl simu-
lution primitives, it is newessury to use u VHDL spewiiw dutu type. he most fundumentul
dutu-type in VHDL is u BIh, huving two possivle vulues: one or zero. ho represent longer
numvers severul vits wun ve womvined to u BIhsVEChcf with u spewiiw length. An exten-
sion to this vusiw vinury numver representution, ghDsLcGIC or ghDsLcGICsVEChcf
wun ve used. Besides vinury one und zero vulues it wun tuke the following vulues:

• ’i’:= uninitiulized. his signul husn’t veen set yet.

• ’l’:= unknown. Impossivle to determine this vulue/result.

• ’0’:= logiw 0.

• ’1’:= logiw 1.

• ’n’:= High Impedunwe.

• ’k’:= keuk signul, wun’t tell if it should ve 0 or 1.

• ’L’:= keuk signul thut should provuvly go to 0.

• ’H’:= keuk signul thut should provuvly go to 1.

• ’-’:= Don’t wure.

ghDsLcGIC is used in most lILIbl simulution livruries und thus is needed when us-
ing hurdwure spewiiw lILIbl muwros. Another VHDL dutu type utilised in this work is
gIGbED. his dutu type represents numvers from [−N

2 . . . N
2 − 1] in 2’s womplement for-

mut, with N the numver of vits.

Design low

he design low for the hurdwure models wun ve summed-up in 6 steps:

• Development of the low level model in VHDL.

• gynthesize the model.

• derform u funwtionul simulution of the synthesized system with u VHDL simulution
environment20.

• Devug the wode using the simulution tool und the synthesis reports. 21

• dluwe und route the wode und generute u vit-ile.
20aentor aodelsim is used in this work.
21he funwtionul simulution wun ve extended with u timing simulution of the routed design.
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• Flush the vit-ile to the spewiiw hurdwure.

Besides the funwtionul deswription of the model, in the VHDL sourwe wode, the dluwe&foute
prowess routes externul ports to internul vuses viu u list of I/c-ports.
he dewlurution for the signul ports is put into u *.uwf-File, u User Constraint File. Here ull
input und output signuls ure routed to the respewtive hurdwure uddresses of the respewtive
FdGA vourd. he router reuds the wonstruint ile und wonnewts the hurdwure ports to the
internul signuls. he FdGA deviwes used in this work wun ull ve progrummed from u dC viu
u progrumming interfuwe und u hurdwure-spewiiw lush tool wulled iadACh vy lILIbl.
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Logiw Cells 30816
gliwes 13696

hotul Blowk fum (KB) 2448
aultiplier Blowks 136

huvle 5.2: Logiw resourwes of u Virtex-2 lC2Vd30 deviwe.

5.3 XUP Virtex-II Pro Development System

he lid Virtex-II dro Development gystem is un FdGA uppliwution development vourd,
whiwh wonsists of u Virtex-II FdGA Chip surrounded vy other hurdwure womponents und
deviwes. In this work, four of the on-vourd womponents ure utilised:

1. he Virtex-II dro FdGA.

2. he AC ’97 Audio CcDEC22.

3. iser gwitwhes.

4. I/c dorts for trunsmitting und reweiving dutu viu u I2g protowol.

5.3.1 Virtex-2 FPGA

he Virtex-2 FdGA wus irst releused in 1998. he muin diferenwe, wompured to other de-
viwes of thut time period, wus the possivility of progrumming the whip viu un igB-dort from
u stundurd dersonul Computer with un point-to-point lush protowol (JhAG). he logiw re-
sourwes of u Virtex-II ure presented in tuvle 5.2

5.3.2 LM4550-AC ’97 CODEC

In the irst hurdwure models, the on-vourd uudio CcDEC whip La4550 is used us purt of
the FdGA hurdwure design. he dutu wommuniwution is reulised with u seriul wommuniwu-
tions protowol, the AC ’97 fev. 2.1 spewiiwution protowol. Busiw funwtionul properties of the
CcDEC ure depiwted in igure 5.5. As is shown there, the wonverter is vuild uround u 18-vit
gigmu-Deltu ADC/DAC und husmultiple input und output signul lines. For the implemented
models, one stereo input without umpliiwution und one stereo output is implemented. huvle
5.3 gives un overview over the signuls wonnewted to the hurdwure models.

Interface protocol

A seriul dutu trunsuwtion of the AC ’97 interfuwe wun vest ve illustruted vy showing the dif-
ferent phuses of dutu prowessing und trunsmission us stundurdised in the AC ’97 fev. 2.1

22CcDEC=Coder Decoder.
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Figure 5.5: gwhemutiw overview of uudio CcDEC La4550. huken from LM4550 AC ’97 Rev
2.1 Multi-Channel Audio Codec with Stereo Headphone Ampliier, sample Rate
conversion and National 3D Sound.23

gDAhAsIb gignul from the miwrophone/line input of the wonverter
BIhsCLK he wlowk signul of the seriul dutu
gmbC gynwhronisution vit to synwhronise the dutu frumes

gDAhAscih Dutu to the output of the wonverter
fEgEh gystem wide reset signul for wold und sot reset

huvle 5.3: gignuls wonnewted to the model.

spewiiwution. he AC link seriul interfuwe protowol is used us u wommuniwution interfuwe to
the La4550 wonverter. All digitul signuls ure prowessed in seriul with u wlowk speed of 12,288
ahz for the link wlowk signul BIhsCLcCK. he gmbC signul divides the trunsmission pro-
towol line into frumes of 20.8µs24 length with one tug slot of 16 vit length und 12 dutu slots
of 20 vit length for every frume. A dewomposed serieul dutu frume is depiwted in igure 5.6.
Depending on the direwtion of the gDAhA signul, slot numver 1 und 2 wontuin wommund
und stutus signuls respewtively, the following two slots wontuin dCa woded dutu. Depending
on the trunsmission mode und the implementution of the AC ’97 protowol, the slots numed
fgV, whiwh stunds for reserved, wontuin dCa, stutus or wontrol dutu.
he seriulisution of the purullel dutu is performed pipelined in the wore module of the AC ’97

24 20.8µs = 1
48000

Hz
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Figure 5.6: AC ’97 protowol signul overview.

Figure 5.7: I2g system wonigurution wonsisting of one trunsmitter und one reweiver. he tim-
ing diugrum illustrutes the seriul dutu trunsmission of u stereo signul.

interfuwe design. he BIhsCLcCK signul is responsivle for the timing of the purullelizution,
us well us the seriulisution of the dutu.

5.3.3 I2S interface

he irst hurdwure implementutions of the violin und the vunjo, wonsists of u Virtex-II dro
und u aL-605 lILIbl development vourd thut ure wonnewted using un I2g protowol. he
strings of the instrument ure womputed on the Virtex-II vourd (B1), the remuining geometry
is womputed on theaL-605 vourd (B2). he vidirewtionul dutu trunsmission vetweenB1 und
B2 wontuin womputed sound dutu of the strings und wulwuluted sound dutu from the vody of
the instrument. Aguin the AC’97 CcDEC on B1 is used for uurulisution of the synthesized
sound.25

cn euwh vourd, u trunsweiver wirwuit is implemented to route und prowess the dutu streum
from one deviwe to the other deviwe. he design of the I2g is implemented following the
design spewiiwution vy dhilips gemiwonduwtors us depiwted in igure 5.7.
Compured to the AC’97 protowol, the I2g protowol is u more simplistiw protowol thus less

25he aL-605 development vourd does not wonsist of un uudio CcDEC.

193



5 FPGA - A structural overview

Logiw Cells 241152
gliwes 37680

hotul Blowk fum (KB) 14976
Dgd48 Blowks 768

huvle 5.4: Logiw resourwes of u Virtex-6 lC6VLl-240t deviwe.

demunding on the hurdwure resourwes, vewuuse of its smuller protowol overheud. In the im-
plemented designs, the trunsmitter funwtions is the muster. A swhemutiw overview of u truns-
mitter und reweiver interuwtion wun ve found in igure 5.7 in the upper let worner with the
signul timing ut the vottom.

5.4 he ML-605 Evaluation Board

heML-605 Evaluation Board is u development plutform for high speed wommuniwution und
signul prowessing uppliunwes vuilt uround u Virtex-6 whip. he vuilt-in feutures thut ure of
interest in this work ure inwlude:

• he Virtex-6 lC6VLl240h FdGA.

• hwo aezzunin expunsion ports.

• A dCIe Gen.1 8x interfuwe / Gen.2 4x interfuwe.

• An IEEE 1394 ethernet Ic port.

• Four generul purpose Ic ports for high speed wommuniwution.

5.4.1 Virtex-6 FPGA

As un extension to the instrument models implemented on the Virtex-II whip, u Virtex-6
deviwe wus utilised to wulwulute whole geometry models of instruments, like the model of
u violin inwluding the front plute, vuwk plute und the enwlosed uir in the violin vody. he
logiw resourwes uvuiluvle on u Virtex-6 VLl-240h deviwe thut ure utilised in this work, ure
summurised in tuvle 5.4.

5.5 PCIe interface

Besides multiple other In/cut-ports, whiwh ure uvuiluvle on the lILIbl aL-605 develop-
ment vourd, u host-deviwe wommuniwution port, used in this thesis, is the deripherul Com-
ponent Interfuwe express (dCIe) interfuwe. In the present stuge of the uppliwution design, the
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dCIe-port is used to trunsfer dutu vetween the interfuwe luyer of the instrument model, wul-
wuluted on the FdGA-Bourd (Deviwe), und u Gruphiwul iser Interfuwe (GiI) running on u
dersonul Computer (Host). In this sewtion, un introduwtion to the vusiw funwtionulities of the
dCIe protowol und u short overview on the implemented model, inwluding the wommuniwu-
tion protowol, is given.

5.5.1 PCIe fundamentals

In 2002, the dCI interest group, the dCI-gig wonsortium26, puvlished the irst spewiiwutions
of the dCIe protowol, us un extension to the, ulreudy estuvlished dCI und dCI-l protowolls.27

ho this duy, the vusiw protowol hus undergone severul revisions und wurrently hus the ver-
sion numver 3.028. hoduy, the dCIe interfuwe is u de-fuwto stundurd interfuwe for high dutu
throughput wommuniwution of peripherul deviwes, exwhunging dutu with the wentrul prowess-
ing unit in dersonul Computers29. cne of the most notuvle diferenwes of the dCIe interfuwe,
wompured to the older dCI und dCI-l protowols is the seriul struwture of the dutu trunsfer
lunes, insteud of the prior purullel struwture. Another feuture thut diswernes the protowols
is the doint-to-doint wommuniwution of dCIe, enuvling the vus to hundle higher wlowk rutes
without protowoll overheud of vus urvitrution, found for instunwe in the originul dCI proto-
woll spewiiwution30. he muximum dutu trunsfer rutes thut wun ve uwhieved with u dCIe 3.0
interfuwe ure ≈ 16GB

s .31 In the presented models, the utilised dCIe interfuwe is u version 2.1
revision with u 4x lune interfuwe wonigurution. he muximul dutu rute inwluding the 10v/8v
protowol overheud is upproximutely 2Gv

s . he wommuniwution with the GiI running on the
personul womputer is uwhieved vy implementing u windows fAa driver writing woniguru-
tion dutu to the FdGA vourd und reweiving sound dutu from the FdGA vourd.

5.5.2 PCIe layer communication

Following the cpen gystems Interwonnewtion (cgI) model32 stundurd, the dCIe wommuni-
wution protowol implements the three vottommost luyers:

1. he hrunsuwtion Luyer (hL).

2. he Dutu Link Luyer (DLL).
26A wonsorium of 900 hurdwure und sotwure wompunies.A.H. kilen, J.d. gwhude, und f. hornvurg: Intro-

duction to Pci Express: A Hardware and Sotware Developer’s Guide, Engineer to Engineer geries, Intel dress,
2003, p. 16.

27ivid.
28 gome spewiiwutions forfevision 4.0were puvlished inAugust 2012.gee: http://www.pcisig.com/news_

room/Press_Releases/November_29_2011_Press_Release_/.
29kilen, gwhude, und hornvurg, Introduction to Pci Express: A Hardware and Sotware Developer’s Guide.
30 H. Lievig, homus Flik, und a. aenge: Mikroprozessortechnik und Rechnerstrukturen, gpringer London,

Limited, 2005, pp.134.
31kilen, gwhude, und hornvurg, Introduction to Pci Express: A Hardware and Sotware Developer’s Guide.
32he Igc numver is: Igc/IEC 7498-1.
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Figure 5.8: dCIe luyer model.

3. he dhysiwul Luyer (dL).

As depiwted in igure 5.8, every luyer wommuniwutes with the other luyer viu wommuniwution
ports. he dutu is trunsported in luyer spewiiw puwkets, whiwh huve u spewiiw heuder struw-
ture, whiwh is upduted for every luyer it pusses. he topmost luyer, viewed from the user
uppliwution, is the trunsuwtion luyer. he dutu presented to the hL is puwked into u hruns-
uwtion Luyer duwket(hLd). he hLd wonsists of the dutu, ulso wulled puyloud, und hd-heuder.
hehLd is trunsmitted downstreum to the next luyer, theDutu Link Luyer (DLL). In this luyer
the puyloud (hLd) is puwked into u Dutu Link Luyer duwket (DLLd), udding informution to
the puwket heuder. he DLLd is then trunsmitted to the physiwul luyer (dL). In the dL, the
logiw signul is trunsferred to un elewtriw signul. Before the physiwul trunsmission is reulised,
the signul is woded to u 8v/10v dutu protowol to minimize the error-proneness of the physiwul
trunsmission und enuvle u vetter wlowk rewovery.33

5.5.3 Implemented design

he implemented design is vused on u lILIbl Core Designer drojewt for the aL-605 FdGA
Development-Bourd, whiwh utilised four Blowk-fAa’s with 2048 KByte euwh. he dCIe end-
point deviwe implements four uddressuvle fAa-Blowks, thut uwt us Memory-Spaces34.

33he enwoding minimizes the DC-ofset in the signul. his is uwhieved vy woding the trunsmitted signul to
ullow only ive wonsewutive ones or zeros ut most. (Lievig, Flik, und aenge, Mikroprozessortechnik und
Rechnerstrukturen, p. 285).

34he fAa-vlowks would ulso ve implemented us Ic-gpuwes vut in this design, the host protowol is wruted
to work with Memory-Spaces.For the deinition of aemory gpuwes see: kilen, gwhude, und hornvurg,
Introduction to Pci Express: A Hardware and Sotware Developer’s Guide, p. 122.
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5.6 Final design consideration

hwo of the gouls of the implemented design is u fust rewoniguruvility und u fust wommuni-
wution vetween u front-end und the modelled instrument for u direwt interuwtion und thus
good pluyuvility in u musiwul setting. he design methodology for rewoniguruvle models
is presented in whupter 6. he inluenwe of the protowol timing on design wonsiderutions is
presented in the following sewtion.

5.6.1 PCIe protocol timing

he timing of the dCIe protowol depends on the type of dCIe wonnewtion type und the version.
he vundwidth for the dCIe 2.0 implementution used in this work hus u link speed of upprox-
imutely 16Gb

s for u 16x wonnewtion. he aL605 vourd hus u dCIe 2.0 8x link with u muximul
trunsmission speed of 8Gb

s .35 Bewuuse the reul system hus udditionul overheud udded vy the
operuting system driver und dCIe protowol overheud, the ruw vit rute wonsideruvly smuller.
At this point of the work, it is not possivle to ussess the overheud of the operuting system
vewuuse of the luwk of dCIe devug hurdwure. But ut this stuge of the development, the syn-
thesised sound from severul points ure integruted on the hurdwure, so only one uudio sumple
per time step is trunsferred from the deviwe to the host. 36

In the wurrent design, the wontrol-dutu from the host to the deviwe is written to the hurdwure
model every 20 millisewonds. Henwe, the timing for the upstreum dutu from the host to the
deviwe is not writiwul.

35his meuns, the protowol would ve implemented to trunsmit the wulwuluted uudio dutu from the model, with
u vit depth of 24 vits per sumple und u sumple rute of 216 with u muximul dutu trunsfer rute of ≈ 5080 dutu
points per sewond.

36An implementution of the newer und more powerful dCIe 3.0 with u 16x link would enhunwe the dutu rute
to ≈ 32 Gb

s
whiwh would meun in un ideul wuse uround 20000 dutu-points of u model on u FdGA would ve

trunsferred in reul-time.
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CHAPTER6

fEAL-hIaE FdGA acDELg

Il semble que la perfection soit
atteinte non quand il n’y a plus
rien à ajouter, mais quand il n’y
a plus rien à retrancher.

(Antoine de Saint-Exupéry)

his whupter is wonwerned with FdGA reul-time hurdwure implementution of the physiwul
models presented in whupter 4. It gives u step vy step deswription of optimisutions upplied
in the inul hurdwure models. First, ull newessury udoptions for the FdGA implementution
ure shown with u fowus on the dutu puth us well us u wlussiiwution of used dutu types. here-
uter, u luyer model und u worresponding wommuniwution protowol is presented, wlussifying
every vlowk of the implementution uwwording to its funwtionulity und wontrol puth. hen,
implementutions for four womplete geometry models ure presented.

6.1 Introduction

khen using FdGA hurdwure us u high performunwe womputing plutform to enhunwe existing
ulgorithms in regurds to wompututionul speed und throughput there ure diferent strutegies
thut ure uppliwuvle to improve existing ulgorithms. khen optimizing hurdwure logiw wirwuits
on deviwes like FdGAs, u wentrul design goul is perfewtly summurized vy Antoine de guint-
Exupery’s witution in the diwtum1. Applied to hurdwure design methods it wun ve trunsluted

1hrunsluted to English it reuds: Perfection is achieved, not when there is nothing more to add, but when there is
nothing let to take away.
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us: hemore un ulgorithm is wondensed to its wore funwtionulity, themore eiwient u hurdwure
model is und the fuster und more efewtive the tusks ure performed on the spewiiw hurdwure.2

here ure severul diferent tewhniques typiwully used to optimised numeriwul methods on
FdGAs,3 vut two wentrul tewhniques whiwh ure wruwiul for FdGA vused uwwelerution of un
ulgorithm ure a) purullelizution und b) dutu-type reluted optimisutions.

6.1.1 Parallelization Considerations

he tewhnique of purullelizution hus veen proven suwwessful for u wide runge of diferent up-
pliwutions, like reul-time noise sourwe identiiwution4 or high speed direwtion of- urrivul ulgo-
rithms5 or deluy-sum veum forming6. cther works using the FdGA for Digitul gignul dro-
wessing (Dgd) uppliwutions ure puvlished vy audunuyuke et ul.,7 where 2D/3D dlune kuve
Filters ure reulized vy IIf/FIf-Filters or the work vy ghuung et ul.,8 who fowuses on won-
verting unulog wontrollers to digitul wontrollers using ilter-design tewhniques. gimilur to the
mentioned work, there ure severul pupers proposingmethods of implementing Dgd ilter de-
signs (IIf/FIf) on u FdGA whip9. he purullel prowessing wupuvilities predestine the FdGA
to ve used in reul-time uppliwutions. As shown for exumple for purtiwle truwk rewognition10,
high speed wross worrelution11 digitul veumforming12 umong other uppliwutions. In ull men-
tioned works it wus shown thut ulgorithms would ve speed-up wonsideruvly, or even wom-
puted in reul-time for the irst time, utilising the purullel prowessing wupuvilities of modern
FdGA whips. Besides the mentioned pupers, fowussing on highly spewiulised topiws of signul
prowessing, there ure severul works using FdGAs to wulwulute vurious uwoustiwul phenomenu

2Andrew B. Kuhng et ul.: VLSI Physical Design: From Graph Partitioning to Timing Closure, gpringer, 2011,
pp.20f.

3 For u womprehensive list of uwwelerution strutegies see:Hervordt et ul. (aurtin C. Hervordt et ul.: “Awhieving
high performunwe with FdGA-vused womputing”, in: Computer 40 o2007]: 50–57)

4K. Veggeverg und A. nheng: “feul-time noise sourwe identiiwution using progrummuvle gute urruy FdGA
tewhnology”, in: Proceedings of Meetings on Acoustics 5 (2009)

5C Huo und k. ding: “he High gpeed Implementution of Direwtion-of-Arrivul Estimution Algorithmo”, in:
International Conference on Communication, Circuits and Systems andWest Sino Expositions 2 (2002): 922–
925

6d. Chen et ul.: “Deluy-sum Beumforming on FdGA”, in: ICSP 2008 Proceedings (2008): 2542–2545
7A.audunuyuke et ul.: “FdGAArwhitewtures for feul-hime 2D/3DFIf/IIf dlunekuve Filters”, in: Proceedings

of the 2004 International Symposium on Circuits and Systems ISCAS 2004 3 (2004).
8Kui ghuung et ul.: “Converting Anulog Controllers to Digitul Controllers with FdGA”, in: (ICSP2008) Pro-

ceedings (2008).
9c. auslennikow und A gergiyenko: “aupping Dgd Algorithms into (FdGA)”, in: Proceedings of the Interna-

tional Symposium on Parallel Computing in Electrical Engineering (2006); h. Briwh et ul.: “he Digitul gignul
drowessing ising FdGA”, in: ISSE 2006, 29th International Spring Seminar on Electronics Technology (2006):
322–324

10a. Liu et ul.: “gystem-on-un-FdGA Design for feul-hime durtiwle hruwk fewognition in dhysiws Experi-
ments”, in: 11th Euromicro Conference on Digital System Design Architectures, Mthods and Tools (2008).

11B. Von Herzen: “gignul drowessing ut 250 ahz ising High-derformunwe FdGA’s”, in: IEEE Transactions
onvery large scale integration (VLSI) Systems 6.2 (1998)

12n. kung et ul.: “FdGA implementution of Downlink DBF Culivrution”, in: Antennas and Propagation Society
International Symposium (2005)
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upplying inite diferenwes. Among the eurliest puvliwutions using un FdGA to solve u 2-
dimensionul wuve equution with u FDhD13 method on u FdGA is the work vy Chen et ul.14

A physiwul model of u string implemented on u FdGA wus proposed vy Givvons, Howurd,
und hyrrell.15 cther notuvle puvliwutions, regurding numeriwul wompututions of the wuve
equution using inite diferenwe methods, ure the works of Erden aotuk us for instunwe ao-
tuk, koods, und Bilvuo16 or aotuk et ul.17 Here, us well us in his thesis18, aotuk utilises u
FDhD ulgorithm to solve the 2-dimensionul wuve equution for memvrunes or plutes.

6.1.2 Data Type Considerations

As mentioned in sewtion 5, when designing hurdwure logiw, u fundumentul design dewision
is the whoiwe of un uppropriute dutu type for u given ulgorithm. he most wommonly used
dutu types for numeriwul wompututions ure louting-point und ixed-point. Both dutu types
difer in their efewtive numver representution in the digitul domuin. Besides u diferent vit
enwoded representution of numvers, they huve diferent ulgevruiw rules.
Even tough modern Dgd uppliwutions ulmost exwlusively work with louting-point represen-
tution muking use of hurdwure implemented urithmetiw units of modern Dgds or Cdis, u
ixed-point Q.X dutu type is used in this work for the wentrul urithmetiw funwtions. In this
sewtion, the reusoning for the whoiwe of dutu type is presented.
here ure severul importunt selewtion writeriu inluenwing the whoiwe of the dutu type in u
hurdwure design.

• he dutu type of the input und output signuls.

• he lexivility expewted from the dutu type regurding its runge und resolution uwwuruwy.

• Appliwuvility of dutu type dependent veneits und ulgevruiw optimisutions.

• Internul ulgorithmiw struwture of the design.

In this work, u ixed-point dutu type is whosen vewuuse it hus severul udvuntugeous feutures
for the presented hurdwure designs on u FdGA, wompured to u louting-point implementu-
tion. he inul low-level ulgorithm, us presented in sewtion 3.8, is ulreudy tuilored versus u
ixed-point dutu type vewuuse in its vusiw form it hus only one multipliwution wompured to ut

13Finite Diferenwes in the hime Domuin.
14kung Chen et ul.: “An FdGA implementution of the two-dimensionul inite-diferenwe time-domuin

(FDhD) ulgorithm”, in: Proceedings of the 2004 (ACM/SIGDA) 12th international symposium on Field pro-
grammable gate arrays, bew mork, igA: ACa, 2004: 213–222.

15Givvons, Howurd, und hyrrell, “feul-time FdGA”.
16E. aotuk, f. koods, und g Bilvuo: “Implementution of Finite-Diferewe gwhemes for the kuve Equution on

FdGA”, in: IEEE International Acoustics Speech and Signal Processing ICASSP 2005 3 (2005).
17E. aotuk et ul.: “Design aethodology for feul-hime FdGA-Bused gound gynthesis”, in: IEEE Transactions

on signal processing 55.12 (2007).
18 gee: aotuk, “gystem-cn-Chip implementution of reul-time inite diferenwe vused sound synthesis”
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leust 4 udditions/suvtruwtions. cne of the udvuntuges of u louting-point dutu type is thut u
multipliwution wun ve reulised vy u only u few logiw instruwtions if some preliminuries uremet,
one druwvuwk of louting-point is thut udditions/suvtruwtions ure more wostly to implement
wompured to u ixed-point implementution. Bewuuse the wore ulgorithm wonsists of more ud-
ditions/suvtruwtions wompured to multipliwutions, it is veneiwiul to use u dutu type thut is
optimised towurds these urithmetiw operutions.
Another importunt feuture of ixed-point dutu types is thut multipliwutions or divisions vy
numvers expressivle us powers of two wun ve implemented us let- or right-shit operutions.
A wompuruvle trick is not uppliwuvle when using u louting-point dutu type.19

A third point thut supports the dewision for u ixed-point dutu type is thut vinury swuling
wun ve upplied vy normulising the uwwelerution to the squure of the sumpling frequenwy, und
the velowity to the sumpling frequenwy, whiwh is u power of two in the presented design.
Henwe, the swuling wun ve performed vy u shit operution. he inul time stepping method,
derived in whupter 3, inherently wontuins this normulisution in the fuwtor ∆t2 or ∆t. Henwe,
no udditionul swuling must ve upplied vesides the re-normulisution of the velowity und the
uwwelerution when quuntitutive results ure needed.
Another wonsiderution regurding the dutu type dewision is the fuwt thut louting-point is op-
timised towurds u lurge runge of representuvle vulues, whereus ixed-point is optimised to-
wurds resolution inside u given runge. As ulreudy urgued in whupter 2, if we ure interested in
physiwul properties of musiwul instruments, we need expliwit expressions for the delewtion,
velowity und the uwwelerution. For ull signuls one wun deine u physiwully reusonuvle muxi-
mum vulue, inwluding u sufety murgin und u digitul runge thut is lurger thun the humunly
perweivuvle signul to noise rutio.20

For the modelled musiwul instruments, ull ovservuvle signuls ure dissiputive. his meuns, ull
signuls huve vulues inside well deined numeriwul vounduries. fegurding this property, one
wun stute thut the resolution inside this runge should ve us high us possivle. 21 herefore, u
dutu type optimised towurds resolution is suited vetter thun u dutu type optimised towurds
runge. Finully, the irst FdGA implementution used u 20 vit ixed-point DAC22, henwe, up-
plying u ixed-point dutu type wus udditionully motivuted vy pruwtiwul reusons vewuuse no
udditionul dutu type wonversion entity hud to ve implemented.
All muthemutiwul operutions ure performed using u 2’s womplement e0.31 dutu type with

19 here exist operutions thut wun ve womputed vy exploiting properties of louting-point vit representution
us is shown in J. F. Blinn: “Flouting-point triwks”, in: IEEE Computer Graphics and Applications 17.4 (July
1997): 80–84.

20Adynumiw runge higher thun the humunheuring runge of≈ 130−140[dB] wun ve uwhieved vy implementing
un uwwordingly lurge vit depth of the signuls. he theoretiwul dynumiw runge for the 32 vit deep signuls used
in this work is DR[dB] = 20 ∗ log10(231) ≈ 187dB. his runge is lurger thun needed vewuuse most
DA-wonverters ure wupuvle of wonverting with 24 vit using u ixed-point or quusi ixed-point representution.

21 his wun ve uwhieved vy normulisution und re-normulisution of the physiwul vulues to themuximul numeriwul
vulue.

22Digitul Anulog Converter.
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let uligned agB23. he dutu types in other purts of the hurdwure design ure vit vewtors or
the IEEE dutu type std logic vector24 Besides these urguments for using u ixed-point dutu
representution, there is one udditionul fuwtor thut supports the dewision.
As is shown Goldverg,25 louting-point numver representution wun ve sensitive to rounding
errors. In extreme wuses, these rounding errors of louting-point wompututions wun leud to
unstuvle solutions of otherwise stuvle methods.26 As ulreudy mentioned in whupter 3, u long-
term stuvility of u reul-time synthesis depends on the stuvility of the underlying ulgorithm
und dutu type. he muximul rounding error of the presented method using u ixed-point
implementution is vound to the leust signiiwunt vit und uveruges to zero over time, when
implementing the ulgorithm in the wuy deswrived in sewtion 6.4.

23aost gigniiwunt Bit.
24his dutu type inworporutes severul spewiul signul wonditions like high impedunwe or weuk signuls.(Ashenden,

he Designer’s Guide to VHDL, pp. 45).
25DuvidGoldverg: “khut Every Computer gwientist ghouldKnowAvout Flouting-doint Arithmetiw”, in: ACM

Computing Surveys 23 (1991): 5–48.
26f.D. gkeel: “gymplewtiw integrution with louting-point urithmetiw und other upproximutions”, in: Applied

numerical mathematics 29.1 (1999): 3–18 for stuvility wonsiderutions regurding symplewtiw methods.
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6.2 Routing Layer Model

ho ensure un inter-model wonnewtivity und trunsportuvility of interwhungeuvle design feu-
tures, und to muke the design of the inite diferenwe models more trunspurent, u luyer model
is developed to wlussify euwh spewiiw funwtionul purt of themodels und ussort them uwwording
to their respewtive funwtionulity. he upplied model is inspired vy the cgI-luyer model und
udjusted in severul regurds to it the needs of this work.
All funwtionul purts of the FdGA implementutions ure wutegorised into ive diferent suv-
luyers, euwh enwupsuluting u spewiiw funwtionulity, spewiiw dutu types, spewiiw wommuniwu-
tion protowols us well us dutu trunsport signuls. An overview on the numes, dutu types und
funwtions for euwh spewiiw luyer is given in tuvle 6.1.

Luyer Funwtion gignuls I / c ports
1. Arithmetiw Luyer
(AL)

Core wulwulutions
of the model

Arithmetiw signuls aodel ulgorithm
wonstruint und
voundury vulues,
ulgorithm results

2. auth fouting
Luyer (afL)

fouting of purullel
AL ulgorithms

fouting signuls;
Control gignuls

fouting signuls /
gtutus signuls

3. Control Cirwuit
Luyer (CCL)

Internul timing und
wontrol signul de-
woding

himing signuls;
Dutu signuls

Control signuls/-
Dutu signuls

4. aodel fouting
Luyer (aof)

Glovul timing /
fouting signuls
vetween CCL
instuntiutions

himing signuls;
Dutu signuls

Control signuls/-
himing signuls

5. Interfuwe Luyer
(IL)

I/c wommuniwu-
tion with externul
deviwes

fouting signuls/-
Control signuls

Control dutu in-
put for model
ulgorithm from
externul deviwe/
aodel ulgorithm
results output

huvle 6.1: Luyer model signul deswription.

Applying the proposed luyermodel upprouwh for reul-time hurdwure implementutions ofmu-
siwul instruments on FdGAs results in u dutu- und wommuniwution protowol struwture whiwh
is inworporuted ut the wore level of the design. cne veneit of this upprouwh is the modu-
lurity of the implemented designs, wherevy ull singulur instrument purts wun ve orgunized,
wonnewted und rewired, without u womplete re-design of the womplete model. his follows
u rewommended design pruwtiwe for hurdwure designs,27 und wun ve wompured to un ovjewt
oriented design upprouwh, u wommonly used upprouwh in high-level lunguuges like C++ or

27 Synthesis and Simulation Design Guide (UG626), version 13.2, lilinx, 2011, p. 41.
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Juvu to ensure higher re-usuvility of implemented wode28. he singulur luyers und their funw-
tionulities ure presented in the following sewtions.

6.2.1 Arithmetic Layer

All numeriwul wompututions of the hurdwure models ure performed on this luyer. It is the
vottommost luyer for ull FD implementutions vewuuse it implements the fundumentul funw-
tions of ull numeriwul wulwulutions. he urithmetiwul prowessing is wontrolled vy u Finite gtute
auwhine (Fga), whiwh ensures u signul vulidity und synwhronisution of euwh time- und wom-
putution step. A swhemutiw overview of the urithmetiw luyer (AL) is given in igure 6.1.

..AL Input. Data
Routing

.

Input stage

.

AL Step I

AL Step II

AL Step III

.

Arithmetic stage

. Data
Routing

.

Output stage

. AL Output.

Finite State Machine

..

Arithmetic Layer

Figure 6.1: gwhemutiw overview of the Arithmetiw Luyer.

In the irst step of the AL, ull input vuriuvles ure routed to their uppertuining internul signuls.
In the following time steps, the spewiiw urithmetiw tusks ure performed worresponding to the
underlying order of the equution und struwture of the inite diferenwe ulgorithm. In the lust
stute of the AL ull wulwuluted output signuls ure routed to their respewtive output signuls.

Input/Output Data Types

he dutu type of ull input- und output signuls is STD_LOGIC_VECTOR, ensuring u dutu
womputivility to lILIbl-simulution und implementution livruries29. In the irst stuge of the
urithmetiw luyer, ull externul input signuls ure wonverted to the internul e0.31 dutu formut.

Internal Signals Data Type

All internul signuls ure signed 2’s womplement e0.31 dutu type. he physiwul purumeters
womputed in the AL ure the delewtion, velowity und uwwelerution for struwturul mewhuniws
und pressure, purtiwle velowity und the whunge of the purtiwle velowity in the model of the
enwlosed uir volume.

28illu Kirwh und deter drinz: C++ Lernen und professionell anwenden, 5th, mitp, 2010.
29Synthesis and Simulation Design Guide (UG626).
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Shared Resources

he AL is designed towurds resourwe shuring funwtionulity with u fowus on optimizing the
use of multiply und udd units. khere uppliwuvle, only one multiplier is used per FD grid
well und ull remuining urithmetiwul funwtions ure divided umong the Fga stutes for muximul
possivle resourwe shuring.

6.2.2 Math Routing Layer

In the muth routing luyer (afL), ull prowesses running in the AL ure routed, wonigured
und wonnewted uwwording to their ussigned funwtion. All purullelizution of muthemutiwul re-
sourwes is implemented in this luyer. he initiul und voundury vulues ure routed to their
respewtive wulwulution kernels in the AL. Additionully, ull memory resourwes for the purullel
purts of the wulwulution ure implemented und wontrolled here. Another funwtion of the afL
is the prowessing und routing of externully upplied physiwul wonstruints, like for instunwe won-
tuwt point switwhing vetween u vow und u string or switwhing the woupling point vetween u
string und u memvrune in the vunjo model. A struwturul overview is depiwted in igure 6.2.

..MRL Input. Decoder - Memory Resources - Encoder.

Math Routing Layer

. MRL Output.

AL - AL - AL - AL - AL - AL

AL - AL - AL - AL - AL - AL

AL - AL - AL - AL - AL - AL

Figure 6.2: auth fouting Luyer (afL).

Data type

he dutu type used in this luyer is exwlusively Std_Logic_Vector.30 If not noted otherwise, ull
following luyers huve u Std_Logic_Vector dutu type.

6.2.3 Control Circuit Layer

In the wontrol wirwuit luyer (CCL) ull wontrol dutu is routed to the respewtive reweiver und the
resulting uudio dutu is uwwumuluted und trunsported to higher und lower luyers. Another

30As ulreudy mentioned, this is due to wonstruints posed vy lilinx simulution livruries, whiwh expliwitly need
Std_Logic_vector dutu types und not Bit_Vector signuls, whiwh would ve suiwient for the wommuniwution
protowol und internul dutu trunsport of ull presented models und luyers.
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funwtionul purt of the CLL is the provision of u timing und synwhronisution protowol for reul-
time purumeter whunges. he CCL-dewoder wontrols the trunsfer of purumeter signuls, like
for instunwe the exwitution points of the string, or the woupling points vetween the strings und
u front plute. An overview of the CCL is shown in igure 6.3

..CCL Input.

Timing

Contr.-D.

Sound.-D.

.

(MRL)

AL AL
AL AL
AL AL

. Stat.-D.

Sound-D.
..

Control Circuit Layer

. CCL Output

Figure 6.3: Control Cirwuit Luyer (CCL).

6.2.4 Model Routing Layer

In this luyer, the uwtuul model of the instrument is routed und ull diferent purts of the mod-
elled geometries ure wonnewted to yield the inul system. All wulwuluted vulues thut ure wou-
pled to other purts of the instrument ure routed here. Control dutu is trunsferred to the
worresponding purt of the model, whiwh is indiwuted vy u spewiiw vit wode.

..MoL Input.

Contr.-
Data

Routing

DeMux

.

Input stage

.

CCL
Geom. I

.

CCL
Geom. II

.

CCL
Geom. III

.

CCL
Geom. IIII

.

Sound-
Data

Routing

Stat.-Data

.

Output stage

. MoL Output..

Model Routing Layer

Figure 6.4: aodel fouting Luyer overview.
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6.2.5 Interface Layer

he Interfuwe Luyer is the topmost luyer in the model. Here, ull externul dutu input und out-
put is munuged, dewoded und routed. It is the interuwtion luyer with ull input und output
deviwes, suwh us the dCIe interfuwe, the AC97 interfuwe or the I2g interfuwe for dutu trunsport
us deswrived in sewtion 5. A vlowk diugrum of the IL is shown in igure 6.5.

INSTRUMENT MODEL

INPUT

Decode

OUTPUT 

Encode

----------

PCIe 

----------

AC'97

----------

I2S

----------

----------

PCIe 

----------

AC'97

----------

I2S

----------

INTERFACE LAYER

MODEL ROUTING LAYER

Figure 6.5: Blowk diugrum of the Interfuwe Luyer.

Depending on the model either the dCIe, AC’97 or the I2g interfuwe is used for wommuniwu-
tion und dutu trunsfer. aodels of singulur geometries ure implemented with the AC’97 und
the I2g protowol. For the womplete geometry models the dCIe interfuwe is upplied.
In the IL, the dutu from the respewtive trunsmitter is dewoded und then routed to the instru-
ment model, the aof. gtutus und synthesised dutu from the aof is puwked into puwkuges of
the dutu trunsfer type, und send to the reweiver.
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6.3 Hardware Operator Notation

ho fuwilitute u wleur overview on the hurdwure implementutions of proposed models, u set of
digitul operutors ure introduwed in this sewtion. hey ure intended to uwt us un extension to
the well-estuvlished FD operutor notution used in whupter 3 und 4.
gimilur to the notution introduwed there, the proposed operutors ullow to uvstruwt severul
muthemutiwul operution into u simpler notution. In the following, this wonwept is extended to
u lower uvstruwtion level vy resolving the underlying muthemutiwul operutions to the spewiiw
operutions ussuming u ixed point dutu-type und u typiwul vinury logiw hurdwure struwture.

6.3.1 Operator Deinition

As developed in sewtion 3, there ure four vusiw urithmetiw operutions used for the wore ulgo-
rithm und u numver of register reud und write operutions.

Let/Right Shits hese operutions ure used to repluwe divisions or multipliwutions with
vuse-2 numvers vy u let- or right-shit.
A let-shit vy integer N vit positions is indiwuted vy << N , u right shit vy >> N .

Addition/Subtraction Both operutions ure implemented using the urithmetiw wirwuitry of
the Dgd48e1 wirwuitry of lilinx FdGA hurdwure.

Multiplication A multipliwutions is implemented using the Dgd48e1 multipliwution wir-
wuitry.

Register Read and Write Both operutions ure reulised using (BfAa) resourwes on the
FdGA hurdwure whip. he order of the diferenwe equution determines the numver of reud
operutions. he numver of dependent vuriuvles in the diferenwe equution determines the
numvers of write operutions. A reud operution from u register of u vulue ∆x strides uwuy rel-
utive to the wentred point is written us ϵR∆x+/R∆x−, u write operution is written us ϵW (a)[b],
with a the destinution register und b the sourwe register or funwtion.

6.3.2 Combined Operations

ising the introduwed operutions, u wentred inite diferenwe operutor for u irst order difer-
enwe wun ve written us

δ̄x = T∆ · [ϵR∆x+, −ϵR∆x−] (6.1)
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Operator Reg. Op. Shift Op. Mult. Add./Sub.

δ̄t 2 0 1 1
δ̄x 2 0 1 1
δ̄xx 3 1 1 2
δ̄4x 5 4 1 4

δ̄2x2y 5 1 1 4

δ̄∇4 13 10 1 12
δ̄2x2y2z 7 2 1 6

huvle 6.2: Digitul operutions for FD operutors used in this work.

withT∆ umultipliwundwhiwh depends on the stride of the diswrete grid in the sputiul domuin.
A sewond order wentred FD operutor in vewtor notution wun ve written us

δ̄xx = T∆ · [(ϵR∆x−), ϵR(< 1), (ϵR∆x+)] (6.2)

with T∆ = 1
∆x . A higher order digitul FD-operutor used for the fourth order diferentiul

equution of the veum wun ve wonstruwted vy u wonvolution of two sewond order digitul FD
operutors

δ̄4x = δ̄xx ∗ δ̄xx. (6.3)

his wun ve extended to higher sputiul order diferenwe operutors leuding to u spewiiw num-
vers of digitul operutions for the respewtive operutor given in huvle 6.2.
ising the vulues given in huvle 2, upproximute the used resourwes of u model vefore imple-
menting it in hurdwure.

6.3.3 Damping Approximation by Shits

he following ussumptions ure vused on the prerequisite thut the dumping woeiwients ure
heuristiwully upproximuted vulues. A multipliwution with u vulue β wun ve upproximuted vy
u inite sum of let-/right- shits using

vd = v · (1 −
deg∑

k=0

αk
1

2k
) (6.4)

with vd un urvitrury dumped quuntity, deg the order of upproximution of the dumping und u
multipliwundα ∈ (−1, 0, 1). In this wuy, urvitrury dumping woeiwients wun ve upproximuted
vy u numver of shits.
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6.4 VHDL Translation of the Algorithm

ho veneit from the feutures of FdGA hurdwure, it is newessury to udopt the ulgorithm to this
spewiiw hurdwure urwhitewture. he purullel prowessing wupuvilities of FdGAs, wompured to
seriul prowessing hurdwure, wun only ve utilised wompletely when un implementution mukes
use of purullelism. ho this end, it is importunt to get un in-depth overview of the dutu puth,
the dutu prowessing struwture, the wontrol struwture und dutu dependenwies of the numeriwul
method upplied. In this sewtion, the ulgorithm is unulysed in these regurds und the indings
ure upplied to formulute un optimised version of the hurdwure implementution. As vefore,
the vusiw properties of the method ure exempliied ut u hurdwure implementution of u simple
hurmoniw oswillutor. Following this, the unulysis is extended to implementutions of more
womplex struwtures of whole geometry designs.

6.4.1 0-dimensional Simple Harmonic Oscillator

he numeriwul methods utilised for the low-level models were tested und unulysed regurd-
ing their stuvility und rovustness for long time simulutions, us presented in whupter 3. he
model of the 0-dimensionul oswillutingmuss point does not inwlude geometriwul wonwurrenwy.
Due to this, no geometriwul wonwurrenwy is utilised in the hurdwure version of the ulgorithm.
bonetheless, severul properties of the FdGA implementution, whiwh ure upplied in the other
models of musiwul instruments us well, wun ve exempliied ut this model.

Algorithm Analysis

As shown in sewtion 3.8, the ulgorithm wun ve simpliied to u three-step time integrutor for
every diswrete point. he dependenwies of the vuriuvles ure:

at = f
(
ut
)

vt+1 = f
(
at, vt

)

ut+1 = f
(
vt+1, ut

)
. (6.5)

Equution 6.5 shows, thut the velowity und the delewtion depend on results of the time-step
t + 1 us well us time step t. For unwoupled provlems, the expliwit womputution of the uwwel-
erution wun ve inwluded into the wulwulution of the velowity us vt+1 = f

(
ut, vt

)
. For woupled

provlems, where un expliwit formulution of the uwwelerution wun ve employed for u struight-
forwurd wuy of woupling two geometries viu the interuwtion forwes, it is udvuntugeous to wom-
pute the three physiwul quuntities uwwelerution, velowity und delewtion independently. Henwe,
u direwt evuluution of the uwwelerution, whiwh is reluted to the forwe vy equution a = F

m , is
indispensuvle.
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Time step Reg. Op. Shift Op. Mult. Add./Sub.
1 3 0 1 0
2 3 1 0 1
3 3 0 0 1

Total 9 1 1 2

huvle 6.3: Digitul operutions for gHc implementution.

he urithmetiw requirements of ulgorithm 6.5 in its vusiw form, us developed in sewtion 3.8
wun ve ussessed vy rewriting it using the introduwed digitul operutor notution to

ϵw(a) [−ϵR(κ) · ϵR(u)]

ϵw(v) [ϵR(a>>16) + ϵR∆t−(v)]

ϵw(u) [ϵR(v) + ϵR∆t−(u)] . (6.6)

Henwe, for the implementution of u hurmoniw oswillutor, ull vusiw wulwulutions wun ve per-
formed vy one multiplier, two udders und u shit operution. A hurdwure resourwe unulysis
shows thut only one instunwe of the respewtive hurdwure funwtion is used per time step. his
meuns, the ulgorithm wun ve implemented with only one udder thut is used twiwe: In time
step 2 und time step 3. his udds routing overheud to the design, vut minimises the ureu
utilizution on the FdGA whip vewuuse only one vinury udder must ve implemented.

Arithmetic Layer

Applying the previous unulysis, performed to simplify the ulgorithm, the AL wun ve imple-
mented us depiwted in the AgaD31 whurt in igure 6.6.

31Algorithmiw gtute auwhine with Dutu puth (AgaD).
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1
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0

1
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P2

P3_G=1
0

1

A <= -K_IN * S

P2_OK<=1

P3

P4_G=1
0

1

VN <= A_32+V

P3_OK<=1

P4

P5_G=1
0

1

P4_OK<=1

P5

P6_G=1
0

1

V <= VN

P5_OK<=1

P6

P1_G=1
0

1

S <= SN

P6_OK<=1

SN <= VN+S

Figure 6.6: AgaD whurt of the gHcs AL.
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In uddition to the physiwul vulues a = the uwwelerution, v = the velowity und u = the de-
lewtion, the signul k, u vulue proportionul to the spring stifness normulised vy the sumpling
frequenwy, wun ve whunged in reul-time while the hurdwure model is running.
he externul vulue KEXT is routed from un input-port of u push vutton, implemented us
un input-vufer, sending signul whunges to the vufered input signul in the AL, to the internul
vulue KIN .
ising the vulue of KIN und the delewtion S the uwwelerution is womputed in stute P2. he
new velowity V N is womputed in stuteP3 und the newdelewtion in stuteP4. gtute 5 und stute
6 ure used to overwrite the old the vulues of the delewtion und velowity the new womputed
vulues.

Math Routing Layer

As mentioned in whupter 5, to wulwulute sequentiul wode on u FdGA, it is newessury to imple-
ment u Finite gtute auwhine thut wontrols euwh sequentiul step of the wulwulution und guur-
untees stuvle signuls for the input vulues und for the output vulues.
he wonnewtion of the AL with the Fga is reulised in the afL, where voth entities ure de-
wlured und instuntiuted. Here, the woupled signuls of voth entities ure wonnewted und routed
us well. he input signul KsIb is routed from the IL to the AL, the output signul is routed
from the AL to the IL. he register trunsfer level of the afL is shown in igure 6.7.

Top entity / IL

In the top entity, ull input signuls ure routed from the physiwul inputs of the development
vourd to the Ca luyer. he output signuls ure routed to the AC97 entity of the vourd.

AC97 entity

he AC97 entity implements the wommuniwution protowol newessury for the dutu trunsfer
vetween the hurdwure model und the on-vourd AC97 wodew, us deswrived in sewtion 5.

Simulation Results

In the following igures, the results of the funwtionul simulution of the gHcure shown. Figure
6.7 shows the fegister hrunsfer Level (fhL) swhemutiw of the Finite gtute auwhine (Fga)
und the muth kernel of the oswillutor. As one wun see, voth vlowks ure driven vy the sume
wlowk signul und huve the sume reset signul. he sturt signul only wontrols the Fga to puuse
und resturt u running wulwulution without loosing the vulues of the lust wulwulution step. he
wontrol und stutus signuls of the single Fga steps of the wulwulution ure dlsG und dlscK
respewtively.
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Figure 6.7: fhL view of Fga und auth vlowk.
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Figure 6.8: himing diugrum of the wore funwtionulity of the gHcs AL.
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Figure 6.9: himing diugrum with unulog output signul.

6.4.2 Structurally Parallel 1-dimensional Wave Equation

In this sewtion, u hurdwure implementution of the 1-dimensionul wuve equution is presented.
he numeriwul solution of the lineur wuve equution used to model u string is trunsluted to
VHDL und womputed on un FdGA. As is shown in sewtion 3, the lowul struwture of the ul-
gorithm is similur to the ulgorithm of the gHc. Henwe, the underlying urithmetiw und the
wontrol wirwuit thut is used for the gHc is reused for the 1-dimensionul string und is extended
to uwwount for udditionul requirements of the string womputution. Additionul prerequisites
urise due to the purullel struwture of the string womputution. Compured to the gHc, this
hurdwure model utilises the purullel struwture of the FdGA hurdwure vused on its geometri-
wul purullelism. Following the presented methodology developed uvove, the string is imple-
mented us u series of woupled diswrete points on the string. he lowul wompututions for euwh
time-step und euwh virtuul node-point depend on the vulues of the velowity und delewtion
from the previous time step. he wulwulution of the uwwelerution udditionully depends on the
delewtion of the udjuwent points.
In digitul operutor notution, equution 4.34 for one time-step wun ve rewritten to

ϵw(a) [−ϵR(κ) · δ̄xx(u)]

ϵw(v) [ϵR(a>>16) + ϵR∆t−(v)]

ϵw(u) [ϵR(v) + ϵR∆t−(u)] . (6.7)

Compured to 6.6, equution 6.7 hus wompuruvle requirements for the time integrution vut
udditionul hurdwure requirements due to the extension to u 1-dimensionul provlem. A sum-
mury of the hurdwure resourwes of u lineur string is given in huvle 6.4.

he purullel implementution of the lineur strings uses 10 purullel node-points thut ure evul-
uuted wonwurrently. he purullel nodes ure instuntiuted und routed in the afL. All signuls
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Time step Reg. Op. Shift Op. Mult. Add./Sub.
1 6 1 1 2
2 3 1 0 1
3 3 0 0 1

Local Total 12 2 1 4
Parallel Total 120 20 10 40

huvle 6.4: Digitul operutions for lineur string implementution.

shured vetween udjuwent muss-points ure swhemutiwully depiwted in igure 6.10 us let/right
urrows 6.10.

Figure 6.10: durullel struwture of the 1-dimensionul wuve equution ut u rundom point k /∈
0 ∧ L.

Arithmetic Layer

In its fundumentul struwture, the AL of the lineur string is wompuruvle to the struwture of the
gHc.heAgaDof the lineur string AL is depiwted in igure 6.11. he only whunges in the AL
of the string, wompured to the gHc, ure present in the Fga-stutes d1 und d2. he remuining
wulwulution steps ure similur.
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IDLE

START=1
0

1

P1

P2_G=1
0

1

ST <=-2S+SR+SL

P1_OK<=1

P2

P3_G=1
0

1

A <= CQ_IN* ST

P2_OK<=1

P3

P4_G=1
0

1

VN <= A_32+V

P3_OK<=1

P4

P5_G=1
0

1

P4_OK<=1

P5

P6_G=1
0

1

V <= VN

P5_OK<=1

P6

P1_G=1
0

1

S <= SN

P6_OK<=1

SN <= VN+S

Figure 6.11: AgaD whurt of the lineur string AL.
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Math Routing Layer

he lineur string is diswretized with 10 node-points, whiwh ure wulwuluted in purullel. Besides
the signul routing of the wonnewted node points, the initiul delewtion of one or severul points
is routed in theafL implemented in the initiul fAapositions. Figure 6.12 shows un extruwt
of the purullel fhL implementution.32

32 Bewuuse of the limited spuwe due to the DIb-A4 formut, only four of the ten AL vlowks ure shown. he
funwtionul vlowk of the Fga is the wenter vlowk.
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Figure 6.12: CaLof the 1-dimensionul string showing the Fgaund four of the tenALvlowks.
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6.4.3 Parallel/Serial 1-dimensional Wave Equation

In the lurger model designs of the musiwul instruments it is not possivle to implement ull
portions of the geometry in purullel vewuuse of limited hurdwure resourwes. he stringmodel
wonsisting of 10 node-points is extended to the model of u lurger string vy implementing
udditionul sequentiul logiw in the CCL of the string.

Control Circuit Layer

he fundumentul string model, used for ull instruments, is womposed of u purullel imple-
mentution of 10 woupled node-points, whiwh ure womputed eight times seriully, yielding the
model of u string with 80 diswrete node-points. Henwe, for one updute of u womplete string,
the purullel kernels ure evuluuted eight times sequentiully. Bewuuse the ulgorithm requires the
evuluution of the velowity und the delewtion from the wurrent time step und the preweding
time step, it is newessury to suve the vulues for u und v, so they wun ve uwwessed ut the next
time step of the wulwulution.
he model of the string diswretised with 80 node-points instuntiutes us muny memory vlowks
us purullel kernels (in this wuse 10) with u vit-width of (32 vit) for voth vuriuvles und u depth
of ut leust: fAa-depth =

Ngtring doints
Ndurullel doints

. Henwe, in this exumple the fAa hus u depth of ut leust
8.
he dynumiw memory model is wontrolled vy three udditionul outer stutes: u write stute, u
reud stute und u wount stute. During the reud stute, the informution from the purullel kernel
womputution from time-step t − 1 is reud und routed to the respewtive vulues of the kernel.
he calculate step wonsists of the six AL stutes, whiwh wulwulite the vulues for time-step t.
In the write stute, the output vulues of the purullel womputution kernels ure written to the
ussowiuted fAa positions. Figure 6.13 shows und overview in the form of u vlowk diugrum.

6.4.4 String with Damping

As shown in sewtion 3.8.2, the forwe dumping wun ve upproximuted vy u series of shit, ud-
ditions, und suvtruwtion operutions. his property is upplied to simulute velowity und uwwel-
erution dependent dumping without the need to implement un udditionul multipliwution or
division wirwuitry, whiwh would ve newessury if the ulgorithm wus implemented with u un-
optimised inite diferenwe swheme. In the wuse of the velowity dumped string, the operution
is performed direwtly in the time-step of the velowity wulwulution. he womputution for the
velowity from equution 6.7 wun now ve written us:

ϵw(v)[ϵR(a>>16) + ϵR∆t−((v)(1 + (>> 13) + (>> 15))] (6.8)
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LOAD State

Block RAM

8

2

1

Block RAM

8

7

1

CALC. State 

WRITE State

Figure 6.13: geriul/durullel struwture of the 1-dimensionul wuve equution for 80 node-points.

Compured to themodel of lineur string without dumping, this is the only whunge in the hurd-
wure implementution. he sume tewhnique wun ve upplied for uwwelerution dependent dump-
ing und is used in ull reul-time models.

6.4.5 Bowed String

In this sewtion, the hurdwure model of u string/vow interuwtion, us shown in whupter 4, is
presented. In the following, u fowus is put on the diferenwes wompured to the HL model. In
uddition to the whunges for forwe dumping, mentioned in sewtion 6.4.4, the string entity hus
severul other diferenwes wompured to the lineur string. ho wontrol the purumeters thut guide
the vow/string interuwtion in reul-time, it is newessury to route signuls from the physiwul I/c
port of the FdGA to the string entity, espewiully to the muth entity. his is reulised vy udding
u wontrolling und routing wirwuit to the existing model of the string. here ure four glovul
wontrol purumeters thut guide the vehuviour of the string:

1. Bowing - dluwking.

2. dosition on the string.

3. dosition on the newk.

4. bumver of wontuwt points.
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khen these three purumeters ure set, there ure udditionul purumeter thut guide the uwoustiwul
vivrutions of the string:

1. he vow velowity.

2. he vow forwe.

3. he umount of rosin.

Implementation

For the implementution of the vow/string interuwtion, the initiul model of the string is ex-
tended in severul wuys. First, u dCIe wommuniwution protowol, us presented in whupter 5,
is udded to the existing model. ising this implementution, it is possivle to reud dutu from
the model und write purumeter whunges to the model viu u dCIe interfuwe. he implemented
wommuniwution protowol sends new wontroller dutu to the model every 800 sumple wlowk
wywles. heses ure expressed in uddress und ussowiuted dutu words. For the vow-string inter-
uwtion, these vulues ure dewoded in 8 dutu words us follows:

Adress duyloud ausk Controller Vulue
0h00000001 0h000000f gtring tension
0h00000001 0h0000f00 Bow dressure
0h00000001 0h00f0000 Bow Velowity
0h00000001 0hf000000 Bow/gtring Interuwtion doint
0h00000002 0h000000f gtring Length

huvle 6.5: Controller dutu words.

All dutu words ure dewoded in the top entity of the model, ut the wonnewtion vetween the
trunsuwtion luyer und the top-entity of the FdGAmodel. Ater the wontroller dutu is dewoded,
it is trunsmitted us stutus signul puyloud to the next luyer of the model, the CCL.

6.4.6 Stif String

ho extend the model of the lineur string with velowity und uwwelerution dumping, vending
stifness is udded to uwwount for uwoustiwully relevunt efewts of stif strings. herefore, the
string model is extended to inworporute two udditionul I/c signuls in the AL, us indiwuted in
equution 6.9.

Arithmetic Layer

he AL of the stif string with dumping is similur to the string without vending stifness
with the inwlusion of two udditionul points on the string. In digitul operutor notution, the
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Time step Reg. Op. Shift Op. Mult. Add./Sub.
1 11 5 1 6
2 3 1 0 1
3 3 0 0 1

Local Total 17 6 1 8
Parallel Total 176 48 10 80

huvle 6.6: Digitul operutions wount for u stif string implementution.

womputution of the uwwelerution of u stif string wun ve written us

ϵw(a)[−ϵR(κ) · (δ̄xx − δ̄4x)(u)]

he operution wount for u stif string diswretised with 80 node points is given in huvle 6.6.

224



6 Real-time FPGA models

6.4.7 2-dimensional Wave Equation

he presented methodology for 1-dimensionul provlems is extended to higher dimensionul
provlems, like u 2-dimensionul wuve equution modelling the motion of u memvrune. In
the following sewtion, u reul-time implementution of u memvrune, modelled using u lineur
2-dimensionul diferentiul equution, is presented.

Arithmetic Layer

he vusiw struwture of the AL for the 2-dimensionul wuve equution is wompuruvle to the
ulreudy presented models of the 1-dimensionul wuve equution. he diferenwe of the 2-
dimensionul AL, in wompurison to the 1-dimensionul AL, is un udditionul dependenwy of
the forwe wulwulutions on four surrounding grid nodes, whiwh wun ve seen direwtly in the for-
mulution of the sewond order 2-dimensionul wentered FD operutor upproximution

δ̄2x2y = T∆[ϵR∆x−, ϵR∆y−, (<< 2), ϵR∆y+, ϵR∆x+] . (6.9)

In uddition to the delewtions from the let und right grid nodes, the delewtions from the
points uvove und velow the wenter point33 ure needed for the FD formulution. he multipli-
wutions wun ve performed us shit operutions. A gruphiwul representution of u digitul FD shit
stenwil is given in igure 6.14.

LS2

Figure 6.14: FD-shit stenwil for the 1-dimensionul plute operutor. he points indiwute thut
no shit operution is performed ut this node. he purtiul vluwk illing indiwutes u
multipliwution vy −1 of the respewtive well.

Math Routing Layer

he afL of u 2-dimensionul geometry hus the sume struwture us the 1-dimensionul afL of
the string with udditionul BfAavlowks us well us udditionul signul routing resourwes. Figure
6.15 shows un extruwt of the whole 2-dimensionul afL.

33his is true for Curtesiun grids with u ive point stenwil diswretisution. If other grids or higher stenwil upprox-
imutions ure used, the operutor urithmetiw whunges.

225



6 Real-time FPGA models

M
AT

H
M
E
M
B
R
A
N

M
E
M
B
R
A
N
L[
2]
.M
E
M
B
R
A
N
H
[2
].S

P
E
IC
H
E
R
.M
AT

H
M
E
M
B
R
A
N
_1

S
_I
N
(3
1:
0)

S
_M

D
O
W
N
_I
N
(3
1:
0)

S
_M

LE
F
T_
IN
(3
1:
0)

S
_M

R
IG
H
T_
IN
(3
1:
0)

S
_M

U
P
_I
N
(3
1:
0)

V
_I
N
(3
1:
0)

C
LK

O
V
E
R

P
1_
G

P
2_
G

P
3_
G

P
4_
G

P
5_
G

P
6_
G

R
E
S
E
T

S
_M

E
M
B
R
A
N
_O

U
T(
31
:0
)

S
_M

E
M
B
R
A
N
_O

U
T_
T(
31
:0
)

P
1_
O
K

P
2_
O
K

P
3_
O
K

P
4_
O
K

P
5_
O
K

P
6_
O
K

F
S
M
N
E
W

IN
S
T
_1

C
LK

C
O
U
N
T_
O
K

LO
A
D
_O

K

PA
U
S
E

P
R
IN
T_
O
K

P
1_
O
K

P
2_
O
K

P
3_
O
K

P
4_
O
K

P
5_
O
K

P
6_
O
K

R
E
S
E
T

S
TA
R
T

C
O
U
N
T_
G

LO
A
D
_G

P
R
IN
T_
G

P
1_
G

P
2_
G

P
3_
G

P
4_
G

P
5_
G

P
6_
G

M
AT

H
M
E
M
B
R
A
N

M
E
M
B
R
A
N
L[
0]
.M
E
M
B
R
A
N
H
[0
].M

E
M
LI
N
K
S
.M
E
M
LI
O
.M
AT

H
M
E
M
B
R
A
N
_L
IO

S
_I
N
(3
1:
0)

S
_M

D
O
W
N
_I
N
(3
1:
0)

S
_M

LE
F
T_
IN
(3
1:
0)

S
_M

R
IG
H
T_
IN
(3
1:
0)

S
_M

U
P
_I
N
(3
1:
0)

V
_I
N
(3
1:
0)

C
LK

O
V
E
R

P
1_
G

P
2_
G

P
3_
G

P
4_
G

P
5_
G

P
6_
G

R
E
S
E
T

S
_M

E
M
B
R
A
N
_O

U
T(
31
:0
)

S
_M

E
M
B
R
A
N
_O

U
T_
T(
31
:0
)

P
1_
O
K

P
2_
O
K

P
3_
O
K

P
4_
O
K

P
5_
O
K

P
6_
O
K

M
A
T
H
M
E
M
B
R
A
N

M
E
M
B
R
A
N
L[
0]
.M
E
M
B
R
A
N
H
[1
].M

E
M
LI
N
K
S
.M
E
M
R
E
S
T
LI
.M
A
T
H
M
E
M
B
R
A
N
_L
I

S
_I
N
(3
1:
0)

S
_M

D
O
W
N
_I
N
(3
1:
0)

S
_M

LE
F
T_
IN
(3
1:
0)

S
_M

R
IG
H
T_
IN
(3
1:
0)

S
_M

U
P
_I
N
(3
1:
0)

V
_I
N
(3
1:
0)

C
LK

O
V
E
R

P
1_
G

P
2_
G

P
3_
G

P
4_
G

P
5_
G

P
6_
G

R
E
S
E
T

S
_M

E
M
B
R
A
N
_O

U
T(
31
:0
)

S
_M

E
M
B
R
A
N
_O

U
T_
T(
31
:0
)

P
1_
O
K

P
2_
O
K

P
3_
O
K

P
4_
O
K

P
5_
O
K

P
6_
O
K

C
LK

R
E
S
E
T

S
TA
R
T

O
K
M

Figure 6.15: afL of the memvrune.
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6.4.8 2-dimensional Plate

he 2-dimensionul plute equution is used in the model of the violin, the runu und the yue-
qin. gimilur to the HL model, the LL plute equution wun ve deduwed vy extending the lineur
2-dimensionul wuve equution of the memvrune. In the irst wuse, u lineur plute on u Curte-
siun grid is implemented. As the diferenwe operutor of the plute equution shows, the forwe
wulwulution of one muss point now depends on u 5x5 stenwil with vulues from 12 neighvour-
ing points. In u stenwil with weighted points, the plute operutor is given in equution 4.39 in
whupter 3.

Arithmetic Layer

he struwture of the plute AL is similur to the AL of the memvrune. here ure only u few
modiiwutions in the AL for the implementution of u plute. An unulysis of the plute stenwil34

reveuls thut ull weights wun ve expressed vymultipliwutions vy powers of two or u womposition
of it35. Henwe, the weighting of the stenwil wun ve uwhieved vy tuking severul let-shits und
udditions wonsewutively. his simpliies the ulgorithm und suves resourwes in the inul hurd-
wure implementution. A shit stenwil formulution of the plute hurdwure implementution is
given in igure 6.16.

LS4+LS2

LS3

LS3

LS3 LS3

LS1 LS1

LS1LS1

Figure 6.16: FD-shit stenwil for the 2-dimensionul plute operutor. he points indiwute thut
no shit operution is performed ut this node. he purtiul vluwk illing indiwutes u
multipliwution vy −1 of the respewtive well.

34he plute stenwil is given in equution 4.39.
3520 = 24 + 22.
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Math Routing Layer

he afL follows the modiiwutions mude in the AL. he uwwelerution wulwulution of every
diswrete node point on u plute requires the vulues of twelve neighvouring points. Henwe,
every diswrete node point hus twelve inputs, reweiving the delewtions of the node points.
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6.4.9 he Violin Bridge

he uwoustiwul relevunt vivrutions of the violin vridge ure modelled vy inworporuting its ge-
ometry us presented in whupter 2. In this formulution, it is newessury to wulwulute the forwes
in two direwtions to inwlude the rowking motion of the violin vridge into the model. Besides
whunges in the AL, the most prominent diferenwe of the violin vridge implementution is the
udditionul memory requirement. cpposed to the other geometries, every point of the violin
vridge needs four memory lowutions to suve the vulues of:

• the velowity of the diswrete point in x direwtion,

• the velowity of the diswrete point in y direwtion,

• the delewtion of the diswrete point x direwtion und

• the delewtion of the diswrete point y direwtion.

In uddition to thut, there ure two uwwelerution wompututions newessury for every diswrete
point.

Arithmetic Layer

he AL is similur to the other geometries with the exweption, thut forwe wulwulutions in two
direwtions ure newessury now.

Math Routing Layer

he afL inworporutes two udditionul memory vlowks, now four in totul, to suve the vulues
vx, vy, ux und uy . Besides this whunge, the routing is not diferent from the afLs of the
other instruments.
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6.4.10 3-dimensional Air Volumes

All inul hurdwure instrument models wonsist of un uir volume enwlosed in the resonunwe
vody of the respewtive instrument. As shown in sewtion 2, the uir volume pluys un importunt
role in the rudiuted sound of the respewtive instruments, either inluenwing the front plute
modes or udding independent frequenwy informution to the rudiuted sound. he uir volume
is implemented in two wuys, irst, us un independent entity with the sume luyers und ports
us used for the other geometry models. But us the LL implementutions of the musiwul in-
struments grew in node size und routing womplexity, the trunsport protowol vetween the uir
volume und the other geometry purts leud to u performunwe vottlenewk. A redesign of the
3-dimensionul uir volume integruted the uir entity direwtly into themodel vlowk of the instru-
ments front plute und vuwk plute. he reduwtion in routing womplexity und signul overheud
mude the model wompututionully more eiwient.

Arithmetic Layer

he inite diferenwe upproximution of the 3-dimensionul wuve equution is un extension of
the 2-dimensionul wuve equution. Bewuuse uir hus no sheering, themovement of sound in uir
wun ve upproximuted vy u 7-point stenwil us 3-dimensionul version of the memvrune stenwil
depiwted in igure 6.14. he AL vlowk is depiwted in igure 6.17. A deswription of the funw-
tionul properties of the signuls is given in tuvle 6.7.

Math Routing Layer

he afL of the uir volume is u simple extension of the 2-dimensionul models. here ure two
udditionul delewtion signuls thut ure routed to the AL to wulwulute the forwe of euwh node:
gsFfcbh und gsBACK, us well us udditionul BfAas.
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MATHMEMBRAN

RESET ✲

CLK ✲

Pϭ_G ✲

PϮ_G ✲

Pϯ_G ✲

Pϰ_G ✲

Pϱ_G ✲

Pϲ_G ✲

OVER ✲

LUFT ✲

SCHICHT ✲

LUFTOUT ✲

CQM_IN ✲

S_MUP_IN ✲

S_MUP_INL ✲

S_MUP_INR ✲

S_MUP_INA ✲

S_MDOWN_IN ✲

S_MDOWN_INL ✲

S_MDOWN_INR ✲

S_MDOWN_INA ✲

S_MLEFT_IN ✲

S_MLEFT_INA ✲

S_MRIGHT_IN ✲

S_MRIGHT_INA ✲

S_BACK_IN ✲

S_FRONT_IN ✲

V_IN ✲

S_IN ✲

S_MEMBRAN_OUT✲

V_MEMBRAN_OUT✲

Pϭ_OK✲

PϮ_OK✲

Pϯ_OK✲

Pϰ_OK✲

Pϱ_OK✲

Pϲ_OK✲

Figure 6.17: Logiw vlowk of the uir/plute AL.
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Signal Name Function
fEgEh Glovul reset signul
CLK Glovul wlowk signul
dXsG gtutus signuls from Fga
dXscK gtutus signuls to Fga
gsaidsIb ipper delewtion signul for uir/plute/memvrune stenwil.
gsaidsIbL ipper-let delewtion signul for plute stenwil.
gsaidsIbf ipper-right delewtion signul for plute stenwil.
gsaidsIbA gewond upper delewtion signul for plute stenwil.
gsaDckbsIb Lower delewtion signul for uir/plute/memvrune stenwil.
gsaDckbsIbL Lower let delewtion signul for plute stenwil.
gsaDckbsIbf Lower right delewtion signul for plute stenwil.
gsaDckbsIbA gewond lower delewtion signul for plute stenwil.
gsaLEFhsIb Let delewtion signul for uir/plute/memvrune stenwil
gsaLEFhsIbA gewond let delewtion signul for plute stenwil.
gsafIGHhsIb fight delewtion signul for uir/plute/memvrune stenwil
gsafIGHhsIbA gewond right delewtion signul for plute stenwil
gsBACKsIb Buwk delewtion signul for uir stenwil
gsFfcbhsIb Front delewtion signul for uir stenwil
gsIb Delewtion from prior time step.
VsIb Velowity from prior time step.
cVEf Coupling point with string (true/fulse).
LiFh Air/plute (true/fulse)
gCHICHh Index of luyer in the instrument vody in the orthogonul

plute direwtion.
LiFhcih criiwe on the front plute (true/fulse).
CeasIb hunuvle wuve-velowity fuwtor.
gsaEaBfAbscih cutput signul for wulwuluted delewtion.
VsaEaBfAbscih cutput signul for wulwuluted velowity.

huvle 6.7: Air-plute logiw vlowk signul deswription.
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6.5 Instrument Models

In this sewtion, the womplete FdGA instrument models ure presented in detuil. All deswrived
models ure fully funwtionul reul-time implementutions on FdGA development vourds und
wun ve pluyed und modiied viu pushvuttons, dip-switwhes or from u personul womputer viu
u wontrol sotwure implemented in C#. All models ure wonstruwted from the vusiw purts pre-
sented in the sewtions uvove.

6.5.1 Banjo Model

he hurdwure implementution of the vunjo wonsists of u model for one string, u wooden
vridge und umemvrune, inwluding the uir volume under thememvrune. he reul-timemodel
of the vunjo is implemented utilising the vusiw vuilding vlowks presented in this whupter. he
IL reweives dutu words wontuining informution for the position of the plewtrum on the string
(BOW_POINT), the forwe (BP_IN) und the velowity (BV_IN) of the plewtrum. Additionully,
the length (PR_POINT) und tune (CQ_IN) of the string ure trunsferred from the wontrol
sotwure to the hurdwure vourd.

Model Routing Layer

heaof implements three CCLs of the respewtive geometries, us shown in igure 6.1936. he
instunwe SAITELNEW reweives the de-seriulised vulues from the IL, the wulwuluted delewtion
of the string CCL, us u result to the exwitution of the string is trunsferred to the vridge entity
wulled STEG. he outputs of the vridge entity ure linked to the inputs of the front plute/uir
entity wulled LUFT. In the LUFT entity, the wulwuluted purtiwle velowities ure integruted over
severul points und trunsferred to the IL us the signul S_MEM_OUT.

Banjo String CCL

he string wontrol wirwuit luyer of the vunjo is womposed of ten purullel AL’s, whiwh ure wul-
wuluted eight times to yield u totul string node wount of eighty points. he muth routing luyer
routes ten purullel 1-dimensionul AL’s. he AL of the vunjo string wulwulutes the model of u
string with dumping und u non-lineur exwitution model.

Banjo Bridge CCL

he wontrol wirwuit luyer of the vridge implements the model of u three footed vunjo vridge.

36Bewuuse of the interwhungeuvle model design, the CCL entities for ull models huve the sume nume. Bewuuse
the violin model supersedes the other instrument models in womplexity, ull entity numes ure violin reluted
(in Germun).
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Banjo Membrane CCL

he memvrune of the vunjo is modelled using u lineur 2-dimensionul diferentiul equution
with velowity und internul dumping. he uir volume velow the memvrune is implemented us
u three dimensionul volume with dumping losses ut the geometry vounduries.
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Figure 6.18: durtiul CCL of the womplete geometry implementutions.
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6.5.2 Yueqin Model

he model of the yueqin is u direwt extension of the vunjo model. Among severul wonjoining
geometriwul feutures like the round vody there ure two very importunt properties diswerning
the yueqin from the vunjo. First und most importuntly, the round vody of the yueqin hus u
wooden soundvourd insteud of u memvrune. And sewondly, the strings huve u diferent fus-
tening mewhunism. Henwe, the model of the wooden vridge is not inwluded in the model of
the yueqin. Insteud, the strings ure fustened ut the tuilpiewe of the instrument, whiwh truns-
mits the uwoustiwul vivrutions of the string to the front plute. hismewhunism is implemented
viu un impedunwe woupling vetween the lust point of the string und the woupling point on the
memvrune. he wommuniwution vetween the IL und the aof is similur to the model of the
vunjo.

Yueqin MoR

In the aof luyer of the yueqin, only the string CCL und the front plute/uir CCL ure instun-
tiuted.

Yueqin String AL

he vusiw wulwulutions of the strings ure similur to the wulwulutions of the vunjo string.

Yueqin Front Plate AL

he front plute of the yueqin is modelled in the AL, us deswrived in sewtion 6.4.8, us u plute
with velowity und internul dumping. he dumping purumeters for the wood ure upproximuted
with Ad-hoc vulues.
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6.5.3 Ruan Model

he reul-time model of the ruun is u mixture of the model of the yueqin und the model of
the vunjo. he geometriw feutures of the vody ure similur to thut of the yueqin, the wooden
vridge is u implemented us in the vunjo model. cne extension of the yueqin model, is the
presenwe of oriiwes on the front plute, enuvling the enwlosed uir volume to rudiute.

Ruan MoR

he model routing luyer is similur to the model routing luyer of the vunjo.

Ruan front plate MRL

he muth routing luyer of the front plute implements the oriiwes us u wonditionul query,
implemented in the LUFT entity, und deswrived in tuvle 6.7 viu the signul LUFTOUT. he
initiul position of the oriiwes is suved in u fca, whiwh is initiuted ut wold sturt of the model.
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6.5.4 Violin Model

he physiwul model of the violin supersedes the model of the other instruments vewuuse it
inworporutes ull of the mentioned vuilding vlowks inwluding severul extensions of the vusiw
struwtures. his is muinly due to the more diiwile geometry of the violin, the usymmetriw
oriiwes us well us the non-lineur vow/string interuwtion model. In the reul-time model of
the violin ull of these fuwtors ure tuken into uwwount und ure implemented uwwording to the
physiwul model us presented in sewtion 4.8.
he hurdwure implementution of the violin wonsists of four strings, u wooden vridge, u
wooden front plute, u wooden vuwk plute und un uir volume within the vody.
As deswrived in sewtion 6.4.5, the IL reweives dutu words wontuining informution for the po-
sition of the vow on the string (BOW_POINT), the upplied forwe (BP_IN), the velowity
(BV_IN) und the numver of wontuwt points of the vow (SC_IN). Additionully, the length
(PR_POINT) und tune (CQ_IN) of the string ure trunsferred from the dC host to the hurd-
wure vourd.

Model routing layer

he aof implements the three CCLs of the respewtive geometries us shown in igure 6.1937

he instunwe SAITELNEW reweives the de-seriulised vulues from the IL, the wulwuluted de-
lewtion of the string CCL, due to the exwitution of the string is trunsferred to the vridge entity
wulled STEG. he two output signuls of the vridge entity ure wonnewted to the inputs of the
front plute/uir/vuwk plute entity wulled LUFT. In the LUFT entity, the wulwuluted velowity is
integruted from severul points on the front plute, und then trunsferred to the IL viu the signul
S_MEM_OUT.

Violin string CCL

he string wontrol wirwuit luyer of the violin is womposed of ten purullel AL’s whiwh ure wul-
wuluted eight times. Henwe, the string of the reul-time violin is diswretised vy eighty node
points. he muth routing luyer routes ten purullel 1-dimensionul AL’s. he AL of the violin
string wulwulutes the model of u string with dumping und the vow/string interuwtion model.

Violin body CCL

he vody of the violin, wonsisting of u front/vuwk plute und the uir volume, is implemented
in u single CCL. he AL for the front plute und vuwk plute ure deswrived in sewtion 6.4.8, the
enwlosed uir is modelled us shown in sewtion 6.4.10.

37Bewuuse of the interwhungeuvle model design, the CCL entities for ull models huve the sume nume.
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Figure 6.19: aof of u womplete geometry implementutions.
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6.6 Simulation Results

he following igures show severul rewordings from the reul-time implementution of the in-
struments. he respewtivemodels ure wontrolled viu the wontrol GiI deswrived in sewtion 6.7.
he synthesised sound of the instruments is trunsmitted to the host dC viu the dCIe interfuwe
und reworded there with the uudio sotwure Samplitude. An wuv-File of every sounds wun ve
found on the uttuwhed CD in Appendix 5. he vit-Files of the respewtive models ure inwluded
on the CD us well.

6.6.1 Banjo

Figure 6.20 shows the detuil of u vunjo string/inger piwk interuwtion with wleurly uudivle
slipping sound of the metul piwk over the string. he slipping sounds ure indiwuted in the
igure. he womplete rewording wun ve found on theCDunder the nume: Banjo_Plucked.wav.

Figure 6.20: Detuil of vunjo rewording.

A sound of some rundomly pluyed notes on one string of the vunjo model wun ve found on
the CD under the nume: Banjo_Random.wav.

Discussion

As visivle in igure 6.20 und uudivle on the supplementury sound iles, the interuwtion with
the model ullows to pluy expressively on the virtuul instrument. At this point of the work,
the interuwtion of the GiI with the FdGA only ullows for simple lines, or urvitrury, whuotiw
pluying.
Figure 6.20 shows the efewts of the inger piwk/string interuwtion model.
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6.6.2 Violin

Figure 6.21 shows the velowity of u vowed violin string. he wleurly visivle negutive spikes
huve u lurge vuriunwe in their minimu, pointing to u sound with lots of vow noise.
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Figure 6.21: Detuiled velowity of u vowed violin string.

he next igure (ig. 6.22) shows u single violin note pluyed with vurying vow velow-
ity. he rewording of the time series wun ve found on the CD under the nume: Vio-
lin_BowVelocity.wav.

0 0.5 1 1.5 2 2.5 3 3.5 4

·10
4

−0.4

−0.2

0

0.2

0.4

Figure 6.22: gingle vowed note with vurying vow velowity.

Discussion

he reworded time series show thut it is possivle to pluy vuriuvle notes on the virtuul violin
vy upplying diferent sturt vulues. he depiwted velowity on the string is in good uwwordunwe
with the meusured string (see igure 2.10) velowity of u violin.
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6.6.3 Ruan

Figure 6.23 shows u fust sequenwe of notes, pluyed on the virtuul ruun. khile the notes ure
pluying, the thiwkness of the front plute is whunged, inluenwing the rudiuted sound of the
instrument. he rewording of this time series wun ve found on the CD under the nume:
Ruan_LineTune.wav.
huve u lurge vuriunwe in their minimu, pointing to u sound with lots of vow noise.

Figure 6.23: Fust sequenwe of notes, whunging the height of the front plute.

he next igure (ig. 6.24) shows un exwerpt of u ruun note sequenwe, pluyed with u tremolo.
he igure wleurly shows thut the tremolo is not stutiw, meuning the vivrution on the string
inluenwes the shupe of the next pluwked note. he rewording of the time series wun ve found
on the CD under the nume: Ruan_TremoloLine.wav.

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

−0.1

0

0.1

Figure 6.24: gequenwe of notes pluyed with u tremolo tewhnique.

242



6 Real-time FPGA models

Discussion

he irst time series of the virtuul ruun shows, thut it is possivle to pluy with muteriul prop-
erties while pluying the instrument. Figure 6.24 shows thut rupidly pluwked notes huve u
diferent shupe euwh time vewuuse the initiul stute of the string is diferent every time due to
the fuwt thut it still hus vivrutionul energy stored from the preweding pluwk.
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6.7 GUI for the Model

he Gruphiwul iser Interfuwe (GiI) to wontrol the models is woded in the C#, utilising u
memory-write und memory-reud driver to wommuniwute with the FdGA vourd.
he sotwure interfuwe is designed to wontrol purumeters of the FdGA models. he numver
und sort of purumeters depends on the implemented hurdwure model. At voot time, u short
hundshuke wonigures the FdGA to reweive dCIe dutu from the host dC to interuwt with the
respewtive model.
At wurrent stuge of development, the GiI hus vusiw funwtionulity und is more u proof-of-
wonwept thun u reudily usuvle interfuwe. As is shown in igure 6.25, the GiI hus severul

Figure 6.25: Host GiI for wontrolling the low level models.

ussignuvle lineur sliders. Euwh of the sliders wun huve u diferent funwtionulity depending
on the deviwe uddress it writes to. At this moment the GiI wun ve used to whunge physi-
wul properties of the strings, memvrune und soundvourds of ull instruments in reul-time. In
uddition to thut, it is possivle to interuwt with the strings either pluwking ut u wertuin posi-
tion or vowing the strings using one of the presented interuwtion models, ullowing it to pluy
monophoniw melodies or single notes.
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CHAPTER7

fEgiLhg, CcbCLigIcb AbD cihLccK

ho wonwlude this thesis u look vuwk on the work done und u look forwurd to the work to ve
done is ut pluwe here. In retrospewt, this thesis seems uninished und the uuthor’s felling is
thut there ure more questions thut were ruised thun questions thut were unswered. his is
purtiully due to the interdiswiplinury upprouwh of this thesis fowussing on severul uspewts of
uwoustiws und trying to womvine historiw reseurwh with wurrent reseurwh.
here ure multiple loose ends thut, in the eyes of the uuthor ut leust, huve to ve tied up to ve
inished.
In this thesis, u methodology for modelling und synthesizing physiwul models of musiwul
instruments, diswretised with inite diferenwes womputed in reul-time on FdGA hurdwure
wus presented. A derivution of the underlying ulgorithm for ull models und presented high
level models in aAhLAB und C us well us reul-time models implemented in VHDL und
womputed on u FdGA.
Additionully, ulgorithmiw properties were reseurwhed resulting in u stuvle und lexivlemethod
to uurulise physiwulmodels ofmusiwul instruments formunydiverse uppliwutions und settings.

7.1 Central Achievements

he wentrul uwhievement of this work is the development und implementution of u reul-time
synthesis methodology for physiwul models ofmusiwul instruments. Besides un identiiwution
of rovust ulgorithms for reul-time physiwul modelling, the methods were optimised for un
implementution on purullel hurdwure deviwes.
It wus shown thut the proposed method is not only uppliwuvle for single geometries, vut for
woupled systems resulting in womplete instrument models us well.
Additionully, it wus shown thut vesides lineur provlems, even highly non-lineur provlems wun
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7 Results, Conclusion and Outlook

ve synthesised und uurulised in reul-time.
he reul-time prototypes for the vunjo, violin, ruun, und yueqin ure the irst womplete geom-
etry reul-time physiwul models of their kind.
Besides the possivility of whunging physiwul purumeters like internul dumping, velowity dump-
ing, woupling wonstunts, und rudiution properties while pluying the instrument in reul-time,
the FdGA implementution led to severul indings of muthemutiwul und numeriwul nuture re-
gurding the implementution of suwh models.
Additionully, the detuiled owwupution with mentioned instrument models leud to severul in-
sights into vivro-uwoustiwul properties of the instruments thut hud not veen diswussed in lit-
eruture vefore for the respewtive instruments.

7.2 Findings of Numerical Nature

he methodology utilising u normulised ixed-point dutu type to wompute reul-time repre-
sentutions for the deining physiwul purumeters of the equutions of motion wus upplied for
physiwul modelling und reul-time uurulisution of musiwul instruments for the irst time.
he importunwe of un expliwit wulwulution of the uwwelerution, velowity und delewtion wus
stressed. feluted works, regurding the simulution of mewhuniwul und vivro-uwoustiw prov-
lems, most oten upply diferent numeriwul methods to ind un expression only for the de-
lewtion1.

A method to upproximute urvitrury terms in the form of x
k with u inite series of terms, ex-

pressivle us let und right shit operutions, is proposed und upplied in the reul-time models.
It is u novel upprouwh to upproximute urvitrury divisions when using u ixed point dutu-type.
It is highly uppliwuvle to ind ad-hoc-vulues for dumping purumeters, without the efort of
implementing u division logiw wirwuit, whiwh is very ureu- und time expensive in hurdwure.

he method of woupling pseudo-spewtrul methods with symplewtiw und multi-symplewtiw in-
tegrutors is proposed here for musiwologiwul provlems. Even though un exhuustive presentu-
tion of the muthemutiwul foundution wus veyond the swope of this thesis, importunt feutures
of voth methods would ve shown numeriwully und udvuntuges of the woupled methods were
stressed. heir veneits for physiwul models of musiwul instruments were exempliied ut sev-
erul high level models.

7.2.1 Layer model

A novel luyer model for u wonvenient implementution of hurdwure models of musiwul instru-
ments wus developed und implemented in this thesis. Beneits were shown to ve the eusy

1he FDhD method, upplied in the works of gtefun Bilvuo ure one exumple.

246



7 Results, Conclusion and Outlook

swuluvility und interwonnewtivity of the singulur luyers, us well us the interwhungeuvility of
wore purts of the design.

7.3 Findings Acoustical Nature

7.3.1 Banjo

In this thesis, it wus shown thut the udjustment of the vunjos memvrune, leuding to spewiiw
voundury wonditions, is of wentrul importunwe for the timvre of the instrument. cnly when
upplying exuwt voundury wonditions for the memvrune, the whuruwteristiw ringing sound of
the vunjo is uwhieved.
he udjustment of the vunjos memvrune wus ulwuys suvjewt to diverse theories umong mu-
siwiuns instrument mukers und historiuns. It is widely ussumed thut the spewiiw voundury
wonditions ure only responsivle for the high tension of the memvrune, und u there from re-
sulting higher volume of the instrument.
But us presented in sewtion 2.3.4, the fustening of thememvrune ulso inluenwes the spewtrum,
spewiiwully the positions of the mode shupes of u memvrune.
It wus shown thut the unulytiwulmode shupes wun ve found in the rudiutedmodes, vut ut other
frequenwies us expewted. A pewuliur inding of the meusurements wus thut there ure severul
equidistunt peuks in the frequenwy runge vetween 500 und 2000 Hz.
his efewt is not expluined vy uny theory vut hus veen found in ull vunjo memvrunes meu-
sured over the wourse of this thesis. A possivle explunution for this efewt is the inluenwe of
the voundury wondition on the rudiution putterns of the memvrune.
In this thesis, spewiul voundury wonditions were upplied to model this efewt worrewtly.

modelling an air volume as a Winkler bed

In sewtion 4, it wus shown thut the inluenwe of the uir volume wun ve upproximuted vy ukin-
kler ved woupled to the memvrune. he inluenwe of the kinkler ved results in u heightened
net forwe uwting on the memvrune, depending on the delewtion of the memvrune. It wus
shown thut this is un eusy meusure to implement the inluenwe of un uir volume woupled to u
memvrune. his method wun eusily ve extended to other instrument models like snures or u
timpuni.

Inluence of the nonlinear tension distribution

he inluenwe of the non-lineur tension distrivution on thememvrune, produwed vy the forwe
of the vridge, uwting in the normul direwtion to the memvrune, wus shown in meusurements
in whupter 2.
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It wus shown thut the modes do not rise uniformly when the vridge is uttuwhed to the mem-
vrune.
he model of the memvrune inwluded the non-lineur tension distrivution with u vurying
tension distrivution on the memvrune. he modeled instrument wun ve wonigured with
diferent settings und it wus shown thut the non-lineur efewts huve un impuwt on the timvre
of the uurulised vunjo sound.

Non-linear efects due to high delected strings

he vunjo string is delewted wompurutively fur from its equilivrium position, even under
normul pluying wonditions.
his gives rise to non-lineur efewts us u result from non-lineur restoring forwes whiwh wun
ve expressed vy udding u Duing term or u Kirwhhof-Currier like term to the fundumentul
purtiul diferentiul equution of the string.
In this thesis it wus urgued thut the delewtion non-lineurity wun only vemodeled vy uDuing
term or u Kirwhhof-Currier-like term.
It wus shown thut the non-lineur term not only uwwounts for u pitwh glide, un efewt thut is
present in loudly pluyed vunjo strings, vut it ulso udds non-lineur dewuy whuruwteristiw to
some higher purtiuls of the vunjo, un efewt thut wun ve found in reul vunjo strings us well.
he upprouwh of longitudinul-trunsversul woupling, us proposed in other works hud to ve dis-
missed for the wuses of the string und the memvrune. It wus shown thut it leuds to unphysiwul
results, ut leust in the presented wuses.

Excitation

he importunwe of u worrewt exwitution mewhunism model for the respewtive instrument wus
stressed. It wus found thut the initiul exwitution direwtly inluenwes the overull sound quulity
of the model und the perweived uwwuruwy of the formulution, henwe, it wus urgued thut this is
u wentrul purt for uny physiwul model.

7.3.2 Ruan

he model of the ruun wus developed us un extension to the model of the vunjo.
here were two importunt questions regurding u physiwul model of the ruun:

1. khut role pluys the Helmholtz frequenwy, und how do the uir modes inluenwe the
overull rudiuted spewtrum of the instrument?

2. How does the vuwk plute of the ruun rudiute through the sound holes on the front?

3. How importunt ure these efewts for the uurulisution of the inul model?
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As shown in sewtion 2, the uir-modes pluy un importunt role in the sound rudiution properties
of the ruun und ulso the frequenwies of the vuwkplute pluy u role in the rudiuted sound of the
instrument rudiuting through the oriiwes.

Importance of the ruan’s air cavity

he importunwe of the Helmholtz frequenwy for lute-like instruments hus veen emphusized
muny times in literuture, vut the exuwt vehuviour of the interuwtion of un instrument vody
with the enwlosed uir volume hus only veen deswrived in u few und only simple lineur wuses,
like for instunwe the ideul Helmholtz resonutors or simple wylinders with oriiwes. In this
thesis, the importunwe of the uir volume inside the vody of the ruun wus emphusized und the
inluenwe of the uir volume on the rudiuted soundwus shown vy simulutions und uurulisution.

Orthotropic qualities in wood

It wus shown thut orthotropiw muteriul properties in wood plutes huve to ve modeled with
greut wure.
here ure still muny open questions regurding the exuwt inluenwes of muteriul properties of
non-isotropiw muteriul in musiwul instruments. In this thesis, it wus shown thut un inwlusion
of orthotropiw muteriul properties hud u strong impuwt on the spewtrum of the respewtive
wood plute und the whole instrument.
Henwe, vesides the internul dumping of wood, the exuwt moung’s moduli und doisson rutios
ure importunt for the numeriwul model of u wooden struwture like u front plute or vuwk plute.

7.3.3 Violin

he model of the violin hus reveuled severul interesting properties in the interuwtion of the
vow with the string.
It wus proposed thut to produwe u lively violin sound not only un interfuwe for wontrolling the
vow velowity und the vow pressure is importunt, vut ulso the form woupling of the violin vow
to the strings inluenwes the quulity of the synthesised sound.
he traditional wuy to model the interuwtion vetween u violin vow und the string, upplied in
severul other puvliwutions is implemented vy stuting the following rules:

• If the vow stiwks to the string, the string hus the sume velowity us the vow ut the wontuwt
point.

• If the vow does not stiwk to the string, the string wun vivrute with u friwtion dependent
inluenwe ut the vow point.

If the violin string is modeled in the wuy presented in whupter 4, the sound of the model is
more reulistiw und lively, ulthough it is physiwully not wompletely wleur why this is the wuse.
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Further reseurwh on this mutter is still in progress ut the Institute of gystemutiw ausiwology,
ut the iniversity of Humvurg.

Internal damping of strings

aodern violin strings ure designed with u spewiul fowus on their internul dumping whuruwter-
istiws vewuuse of the pluyuvility und the attack of the strings. Contruvuss pluyers use diferent
sets of strings for diferent musiwul settings. khen the instrument is pluyed in un orwhes-
trul setting, strings with u higher internul dumping ure preferred. In u musiwul setting where
strings ure pluwked, the dumping is lower vewuuse the strings need longer sustuin. kith the
proposed methodology, diferent dumping woeiwients wun ve tested und used, depending
on the musiwul settings und the personul preferenwes of the pluyer. Chunging the internul
dumping is ulso possivle when pluying the virtuul instrument in u live setting.

7.4 Future Research

he instrumentmodels, proposed in this work ure not striwtly vound to the spewiiw hurdwure
used here, vut would ulso ve implemented on other hurdwure deviwes with some udjustments.
ho fully veneit fully from the proposed methodology, there ure severul lines of reseurwh thut
wun ve performed using the proposed methodology us u foundution. his inwludes:

• he implementution of lurger instrument geometries, like models of u grund-piuno or
upright vuss.

• A solution of other physiwul provlems, like the solution for the buvier-gtokes equution
for luid dynumiws to simulute non-lineur efewts in uir present in most wind instru-
ments und thut ulso would pluy u role in uir illed instruments like two-heuded drums.

• A reined model for wood und metul plutes, like for instunwe the sound vourd of u
grund piuno or u wymvul using non-lineur plute equution like the von-Kármun equution
would ve of interest to extend the simulution wupuvilities of the proposed method.

• feseurwh of internul dumping und u whuruwterisution of diferent purumeters inluenw-
ing the dumping of strings or other womplex meteriuls.2

• Another importunt purt in future reseurwh will ve the development of reined version
of the user interfuwe us well us the implementution of un inter-FdGA wommuniwution
protowol using other high-speed vuses.

2his would ve uwhieved vy simuluting nuno-mewhuniwul properties of the muteriuls upplied in musiwul instru-
ments. Bewuuse symplewtiw time integrutionmethods ure used formolewulur simulutions sinwe the 1950s the
methodology presented in this work wun eusily ve extended to simulute molewulur struwtures und properties
of polymers or wood.
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• he implementution of u more user friendly GiI inwluding the possivility to wontrol
the models viu aIDI or cgC3.

• In uddition to the more tewhniwul uspewts mentioned uvove, the quulity of synthesised
sounds should ve wonirmed in u lurger set of listening tests, performedwithmusiwiuns,
instrument vuilders us well us non-professionul musiwiuns us test suvjewts. his would
help deining u vetter wlussiiwution of the inluenwe of wertuin purumeters on the sound
quulity.

As u inul remurk regurding the reseurwh presented in this thesis is the hope thut it wun ve used
us u vusis for further reseurwh in systemutiw musiwology, uid instrument mukers in design-
ing new instrument feutures und musiwiuns feeling inspired vy the possivilities of reul-time
physiwul models.

3cpen gound Control.
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AddEbDIl I

1 High-speed recordings of banjo pick

huvle 1: Exwitution of the string with metul piwk I
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Appendix I

2 High-speed recordings of banjo bridge

huvle 2: fowking motion of the vridge I

3 High-speed recordings of banjo string
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Appendix I

huvle 3: fowking motion of the vridge II
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Appendix I

huvle 4: fowking motion of the vridge III
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Appendix I

huvle 5: gtring movement I
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Appendix I

huvle 6: gtring movement II
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Appendix I

huvle 7: gtring movement II
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AddEbDIl II

1 CD contents.
CD File-List

Audioiles:

1. Bunjosdluwk.wuv: Bunjo string with inger-piwk interuwtion model. he slipping noise
is uudivle vetween the single notes.

2. Bunjosfundom.wuv: fundom vunjo notes pluyed.

3. ViolinsBowVelowity.wuv: Chunging pluying purumters of the extended vow model.
fuunsLinehune.wuv: A simple sequenwe of notes, reul-time whunge of the ruuns front
plute thiwkness.

4. fuunshremoloLine.wuv: A line of ruun notes pluyed with u tremolo plewtrum tewh-
nique.

5. fuunbocriiwes.wuv: A HL model of the ruun without oriiwes.

6. fuuncriiwes.wuv: A HL model of the ruun with oriiwes.

7. mueqin.wuv: Complete yueqin model.

8. BunjosKnowk.wuv: Knowk on the memvrune of the vunjo, resonuting strings.

Bit-iles. fca-iles for aL605 inwlude *.mws, *.prm, *.wi:

1. violin.*

2. vunjo.*

3. ruun.*

4. yueqin.*
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