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Abstract 

Continued progress in photon science demands advances in light source technology. For this 

purpose, this dissertation presents the generation and control of super-octave-spanning optical 

pulses based on dielectric chirped mirrors. 

The generation of isolated attosecond XUV pulses and exploration of attosecond 

physics would strongly benefit from the availability of intense phase-stable optical waveforms 

custom-sculpted on the time scale of the light period. The pulse energy and bandwidth 

scalability of the driving optical waveforms depend on the precise dispersion control. In this 

work, various dispersion compensation techniques are introduced, and an unprecedented 

chirped mirror system with smooth dispersion control over 2-octave bandwidth is 

demonstrated based on an analytical analysis of dual-adiabatic-matching (DAM) structures. 

These mirrors are used in a sub-cycle optical waveform synthesizer supporting <2-fs multi-

mJ-level optical waveforms over a super-octave bandwidth of 0.49 μm - 2.3 μm. The 

proposed designs benefit the development of advanced high-intensity sub-cycle parametric 

synthesizers and other ultrabroadband applications.  

On the other hand, optical pulse trains from femtosecond mode-locked oscillators can 

be used as optical flywheels providing a very precise timing reference, opening up several 

interesting research areas in optical frequency metrology, such as optical clocks and ultra-low 

noise RF-sources. Few-cycle Ti:sapphire oscillators, featuring low quantum noise, are capable 

of generating octave-spanning spectra with ~1 nJ of pulse energy, enabling direct carrier-

envelope-phase stabilization via f-2f self-referencing. In Chapter 4, the detailed 

spatiotemporal dynamics of few-cycle Ti:sapphire oscillators is studied by numerical analysis. 

Based on the spatiotemporal modeling, the laser cavity can act as an enhancement cavity to 

shape the spectral components via intracavity phase matching.  

The phase-matching concept is also demonstrated experimentally, providing a >10 dB 

enhancement at the spectral wings while maintaining excellent beam quality, which is of great 

importance to improve the stabilization of optical flywheels and to seed ytterbium-based 

amplifiers for pumping high-power optical parametric (chirped-pulse) amplifiers. Furthermore, 

the developed spatiotemporal model can be implemented not only for studying octave-

spanning oscillator dynamics but also for optimizing advanced ultrafast sources.  

During my doctoral studies, a nonlinear light microscope system is also demonstrated. 

Nonlinear light microscopy is one of the most important applications in ultrafast photonics. 

For example, second-harmonic generation (SHG) microscopy is a promising candidate for 

detecting chiral crystals, so-called second-order nonlinear optical imaging of chiral crystals 

(SONICC). The feasibility of nonlinear light microscopy depends on the availability of robust 

femtosecond sources and reliable electronic control. We develop a nonlinear light microscope 

system based on femtosecond fiber lasers and high-speed electronics. With the demonstrated 

nonlinear light microscope, sub-μm resolution imaging at a video frame rate can be obtained 

with reduced excitation power compared with commercially available SONICC systems. With 

the developed ultrafast fiber laser technology and optimized electronic control, a custom-

made nonlinear light microscope is constructed, which is capable of observing nucleation and 

growth kinetics of protein nanocrystals. 
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Zusammenfassung 

Kontinuierlicher Fortschritt im Bereich der Forschung mit Licht ist eng mit der Weiterentwicklung 

von Laserlichtquellen verbunden. Die vorliegende Dissertation präsentiert die Erzeugung und 

Dispersionskontrolle von optischen Pulsen, die sich spektral über mehr als eine Oktave erstrecken, mit 

sogenannten doppelt durchgestimmten Spiegeln (DCMs). 

Die Erzeugung von Attosekundenpulsen und Erforschung der Physik auf Attosekunden 

Zeitskalen würde stark von intensiven, phasenstabilen, optischen Wellenformen profitieren, die auf der 

Zeitskala einer Lichtperiode geformt werden können. Die Skalierbarkeit der Pulsenergie und der 

Bandbreite ist stark abhängig von einer präzisen Dispersionskontrolle. In der vorliegenden Arbeit 

werden mehrere Techniken zur Dispersionskontrolle eingeführt und ein System aus 

dispersionskompensierenden Spiegeln mit zuvor nicht erreichtem glatten Phasenverlauf über zwei 

Oktaven, durch Analyse von sogenannten Dual-Adiabatic-Matching (DAM)-Strukturen, demonstriert. 

Diese Spiegel finden in dem optisch parametrischen Wellenform-Synthesizer Anwendung, welcher die 

Erzeugung von Pulsen mit weniger als 2 Femtosekunden im Millijoulebereich über eine Bandbreite 

von 0,49µm bis 2,3µm ermöglicht. Das vorgelegte Design unterstützt die Entwicklung von 

hochenergetischen parametrischen Subzyklen-Wellenform-Synthesizern und anderen 

ultrabreitbandigen Anwendungen. 

Andererseits bieten optische Pulszüge, welche von modengekoppelten Femtosekunden-

Laseroszillatoren generiert werden, eine sehr präzise Zeitreferenz, die mehrere interessante 

Forschungsthemen in der optischen Frequenzmetrologie, wie optische Uhren und extrem rauscharme 

Radiofrequenzquellen, eröffnet. Wenigzyklen Titan:Saphir-Oszillatoren mit einem geringen 

Quantenrauschen ermöglichen die Erzeugung von oktavspannenden Spektren mit ~1nJ Pulsenergie 

und eine direkte Stabilisierung der Phase zwischen Träger und Einhüllenden (CEP) mittels f-2f 

Selbstreferenzierung. Im Kapitel 4 wird die raumzeitliche Dynamik von Wenigzyklen-Titan:Saphir-

Oszillatoren mithilfe von numerischen Methoden simuliert. Die Simulationen  zeigen ebenfalls, dass 

Laserresonatoren als Überhöhungsresonator wirken und Spektralkomponenten durch resonatorinterne 

Phasenanpassung formen können. 

Das Konzept der Phasenanpassung wird ebenfalls experimentell demonstriert und liefert 

eine >10 dB Erhöhung der spektralen Leistung an den Rändern des Spektrums bei gleichzeitig 

exzellentem Strahlprofil. Dies ist von großer Bedeutung für die Erhöhung der Stabilität von optischen 

Taktgebern und zum Seeden von Ytterbium-basierten Verstärkern zum Pumpen von optisch 

parametrischen Verstärkern (für gechirpte Pulse) mit hoher Leistung. 

Desweiteren kann das entwickelte raumzeitliche Modell nicht nur implementiert werden, um die 

Dynamik von oktavspannenden Laseroszillatoren zu verstehen, sondern auch, um hochentwickelte 

ultraschnelle Lichtquellen zu verbessern. 

Während der Arbeit an meiner Promotion hatte ich die Gelegenheit, mich an der Entwicklung 

eines nichtlinearen Lichtmikroskopes zu beteiligen. Diese Mikroskope stellen eine der wichtigsten 

Anwendung der ultraschnellen Photonik dar. Als Beispiel sei die Mikroskopie mit der zweiten 

Harmonischen genannt, welche eine vielversprechende Technik zur Detektion von chiralen Kristallen 

darstellt, die sogenannte  Second-Order Nonlinear Optical Imaging of Chiral Crystals (SONICC). Die 

Durchführbarkeit solch einer Mikroskopiertechnik setzt stabile Laserlichtquellen und zuverlässige 

Steuerelektronik voraus. Im Rahmen dieser Arbeit haben wir ein nichtlineares Mikroskop basierend 

auf einem Femtosekunden-Faserlaser und entsprechender Hochgeschwindigkeitselektronik aufgebaut. 

Mit dem aufgebauten nichtlinearen Mikroskop wurde ein bildgebendes Verfahren mit sub-µm 

Auflösung bei einer Bildwiderholrate im Videobereich realisiert, und dies bei einer geringerer 

Anregungsleistung im Vergleich zu kommerziellen SONICC-Systemen. Mit der entwickelten 

ultraschnellen Faserlasertechnologie und der optimierten Steuerelektronik wurde ein kompaktes 

nichtlineares Lichtmikroskop konstruiert, welches in der Lage ist, Keimbildung und die 

Wachstumskinetik von Proteinnanokristallen aufzulösen. 
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   Chapter 1

Introduction 

 Background 1.1

Since the invention of mode-locked lasers, the advance in generation of ultrafast optical 

sources has led to tremendous successes towards broader spectral bandwidths, higher pulse 

energies, and more stable operations, as well as shorter pulse durations and better phase 

control. The pursuit in ultrafast laser technology is strongly driven by the explorations of the 

research/industry frontiers, such as precision metrology [1.1-3], ultrafast dynamics [1.4-6], 

and microscopic applications [1.7, 8]. For example, the feasibility of generating short optical 

pulses (e.g., <1 ps) has enabled ultrafast pump-probe experiments to reveal the electronic 

and molecular dynamics, which offer new horizons to a better understanding of condensed 

matter [1.4], chemical [1.5] and biological [1.6] processes. Optical frequency combs, along 

with precise phase control between microwave and optical frequency, have revolutionized 

optical frequency metrology [1.2], optical atomic clocks [1.3], and high-precision 

spectroscopy [1.9, 10].  

The frontier studies of strong-field light-matter interactions, such as laser plasma 

interaction [1.11], high harmonic generation (HHG) [1.12], and strong-field ionization [1.13] 

strongly rely on the availability of intense optical bursts and precise optical waveform 

control. The development of carrier-envelope-phase-(CEP)-controlled few-cycle optical 

waveforms with high pulse energies has already led to the generation of isolated attosecond 

pulses in the EUV regime [1.14, 15] via HHG process. Moreover, the exploration of waveform 

nonlinear optics expands ultrafast spectroscopy to attosecond resolution [1.16, 17]. 

Furthermore, the realization of the energy and bandwidth scalability of ultrashort optical 

transients provides a new enabling technology for the demonstration of bright coherent 

tabletop high-harmonic sources, especially in the water-window and keV X-ray region [1.18].  
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Few-cycle mode-locking dynamics 

The development of mode-locking techniques and the discovery of broadband laser gain 

medium paved the way for advancing ultrafast lasers [1.19]. In order to generate short 

optical bursts in a laser oscillator, several longitudinal modes should be excited in the cavity 

and their relative phase should be carefully controlled.  However, laser oscillation normally 

supports just a few resonator modes where the saturated gain meets cavity loss due to the 

non-uniform gain/loss feature in the cavity. As a result, additional efforts must be 

considered in the oscillator cavity in order to overcome the gain filtering effect and to lock 

the phase coherence of a large number of lasing modes. The ways to enable these have been 

termed mode locking, and the main goal is to offer an environment favoring pulse-train 

generation instead of continuous-wave operation. Since the mid-1960s, ways to achieve 

laser mode locking in both active [1.20-22] and passive [1.23-27] fashions have been 

introduced, successfully reducing the achievable pulse duration from the sub-nanosecond to 

subpicosecond regime. For the two following decades, dye lasers played an important role in 

ultrashort pulse generation, due to their broadband emission with colliding-pulse mode-

locking (CPM) [1.28]. However, the toxicity and handling issue of the laser dye limit its 

possible applications. To date, ultrafast dye lasers have been revolutionized by solid-state 

lasers, such as Ti:Sapphire lasers, based on the Kerr-lens mode-locking (KLM) technique 

[1.29].  

In order to achieve passive mode locking and femtosecond operation, a saturable 

absorber has to be employed inside the cavity introducing less loss on the high intensity 

beam than on the continuous wave [1.27]. In KLM oscillators [1.29], the pulses building-up in 

a laser cavity experience an intensity-dependent self-focusing via optical Kerr effect, 

resulting in intensity-dependent cavity spatial mode. By inserting a slit (i.e., hard-aperture 

KLM) or matching the pump beam with the higher-intensity laser beam (i.e., soft-aperture 

KLM), the intracavity pulses experience an intensity-dependent loss called self-amplitude 

modulation (SAM) acting as a saturable absorber. KLM provides almost instantaneous SAM, 

and hence it sets no lower bound to the achievable pulse duration. Since the first 

demonstration in 1991 [1.29], Ti:Sapphire oscillators, which are commercially available even 

for <5 fs pulse generation, have become the main workhorses in ultrafast applications. 
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The physics behind KLM is quite complicated and interesting: both spatial and 

temporal effects are coupled in a KLM Ti:Sapphire oscillator due to the interplay between 

optical Kerr nonlinearity, cavity dispersion, and diffraction, as well as gain-saturation and 

gain-guiding. Various spatial or temporal analyses have been developed for explaining the 

physics behind the operation of KLM oscillators [1.30-38]. For example, by modeling Kerr-

lens effect as an intensity-dependent lens and performing the self-consistent ABCD analysis 

of the laser cavity, the strength of the SAM action can be characterized from the spatial 

variation of the beam width [1.30, 31]. In the time domain, dispersion-managed soliton 

mode-locking is proposed [1.37]: dispersion-managed self-phase modulation (SPM) via Kerr 

nonlinearity associated with dispersive elements inside the cavity is balanced, supporting 

stable few-cycle pulses between round-trip evolutions. Due to the coupling between these 

effects, especially strong for few-cycle pulse generation, a reliable analysis for cavity 

optimization becomes extremely challenging. In addition, the nonlinear coupling between 

spatial and temporal effects is linked by optical Kerr nonlinearity via self-focusing and SPM. 

As a result, full understanding of the spatio-temporal behaviors requires a complicating 

three-dimensional modeling to explain the few-cycle laser dynamics, such as the 

wavelength-dependence of the laser beam profile. More importantly, further improvement 

of these few-cycle lasers requires a more accurate theory that can deal with the full spatio-

temporal mode-locking dynamics in the laser. 

 

Dispersion management for sub-optical-cycle waveform synthesizers 

The generation of intense few/sub-cycle bursts remains great technical and experimental 

challenges. The technology widely applied for the implementation of stable and energetic 

femtosecond sources have been relies on broadband stimulated emission, such as 

Ti:Sapphire oscillators and amplifiers. However, the possible spectral bandwidth is limited by 

the emission cross section of the gain medium, leading to gain narrowing during the 

amplification process: the light around the center region of the emission cross section 

experiences a higher gain than the spectral wings. As a result, in order to explore the 

achievable spectral bandwidth, ways for nonlinear spectral broadening (e.g., SPM in hollow 

core fibers (HCFs) [1.39-42] or optical parametric generation in nonlinear crystals [1.43-47]) 

have been widely implemented and investigated. Optical few-cycle waveform via 
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supercontinuum generation based on gas-filled HCF compressors has become a standard 

technology [1.39-42], and sub-cycle ∼300-μJ optical pulses (covering 260–1100 nm) have 

been demonstrated for attosecond science experiments [1.41, 48]; however, the available 

pulse energy and obtainable bandwidth seem to be limited by multiphoton ionization, which 

induces ionization losses and detrimental nonlinearities [1.42, 49]. Moreover, HCF-based 

technique is not capable of varying the center wavelength: the center wavelength of the 

generated supercontinuum is directly linked with the driving sources (e.g., ~800 nm using a 

Ti:Sapphire amplifier).  

The advances in laser technology have led to the introduction of ultrafast optical 

parametric amplifiers (OPAs) as practical sources for femtosecond pulses tunable across the 

visible, near and far infrared spectral ranges [1.43-47]. Comparing with HCF compressors, 

the ultrafast OPA setups allow scalabilities of both pulse energy and operating wavelength 

regimes by increasing the number of amplification stages and varying the phase-matching 

conditions, respectively. As a result, a super-octave-wide optical waveform with a high pulse 

energy (i.e., at the millijoule (mJ) level) can be obtained by synthesizing multiple channels of 

femtosecond OPAs operating at different wavelength regimes. Moreover, mid-IR few cycle 

pulses can be generated with proper phase-matching geometry via optical parametric 

process for precise mid-IR spectroscopy, and one can realize of bright coherent tabletop 

HHG sources in the water-window and even further in the keV X-ray region [1.18, 50]. 

Dispersion management, the way to stretch and compress optical bursts, plays an 

essential role in the ultrafast laser technology. In a laser oscillator, the feasibility of 

broadband mode-locking depends not only on the choices of laser gain medium, but also on 

the ability of intracavity dispersion compensation. Moreover, by stretching the seed pulse to 

reduce its peak intensity, chirped pulse amplification (CPA) [1.51] has been widely employed 

nowadays as the gold standard technique to amplify ultrashort pulses. Furthermore, in 

optical parametric amplifiers (OPAs), dispersion optimizations between the pump and seed 

beam improve the conversion efficiency and spectral bandwidth [1.52]. Since the invention 

of pulsed lasers, several approaches have been proposed for dispersion compensation, 

including passive methods using prism pairs [1.53], grating pairs [1.54], and chirped mirrors 

(CMs) [1.55-62], as well as programmable techniques based on liquid-crystal modulators 

[1.40, 63], acousto-optic modulators [1.64], and mechanically deformable mirrors [1.44, 65]. 
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For example, prism pairs [1.53] are intensively employed in a laser oscillator due to the 

negligible insertion loss, and grating pairs [1.54] are usually used as external pulse 

compressor/stretcher because they can provide large negative/positive dispersion. 

Considering the scalability of handling bandwidth, spatial light modulators with >1-octave 

bandwidths have been demonstrated [1.40, 63]. However, they are hampered by the use of 

the gratings in 4-f systems. 

The generation of isolated attosecond XUV pulses and exploration of attosecond 

physics would strongly benefit from the availability of intense phase-stable optical 

waveforms custom-sculpted on the time scale of the light period [1.16, 18, 41]. Although 

synthesizing multiple channels of femtosecond OPAs paves a way to obtain high-energy 

super-octave-wide optical waveform [1.66, 67], the generation of intense sub-cycle pulses 

from broadband synthesizers requires precise dispersion management and pulse 

compression. Comparing with the other techniques, the employment of CMs, although not 

adaptable, has the advantage of supporting potentially multi-octave-spanning high-intensity 

sources with high throughputs [1.55-61]. ~1.5-octave-spanning chirped mirror has been 

demonstrated [1.61, 62]. The further exploration of CM technology is required to synthesis 

extremely intense sub-optical-cycle waveform: the feasibility of energy scalability depends 

on not only the capability of increasing amplification stages, but also the way to achieve 

dispersion management over the whole super-octave-wide bandwidth. Furthermore, 

temporal optimization in each amplification stage in terms of bandwidth and conversion 

efficiency demands on delicate dispersion distribution. As a result, the further investigations 

of both chirped mirror technology and dispersion-management schemes are strongly 

required for constructing a millijoule-level sub-cycle waveform synthesizer. 

 

Nonlinear light microscopy 

During my doctoral studies, a nonlinear light microscope is also demonstrated based 

on an ultrafast fiber laser system. Nonlinear light microscopy is one of the most important 

applications in ultrafast photonics. Optical nonlinear processes offer great opportunities to 

explore the field of molecular imaging. For example, two-photon fluorescence (2PF) imaging 

provides intrinsic optical sectioning capability (i.e., lateral resolution) without the use of 

pinholes in confocal microscopes [1.7]. Thanks to the advance on ultrashort laser technology, 
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ultrashort pulse trains from mode-locked lasers feature intense peak intensity with low 

average power: detectable nonlinear light signals are generated due to the high peak 

intensity, while the possible damage from thermal heating is reduced with the low average 

power. Furthermore, near-infrared excitation pulses are employed to reach a deeper 

penetration [1.68] with less light scattering comparing with conventional microscopes using 

visible light. Based on different nonlinear processes, sample fingerprints can be captured via 

various imaging contrast agents (for example, multiphoton fluorescence excited by labeled 

fluorophores [1.7, 68-70], optical harmonics followed by the sample morphology [1.71-76], 

and Raman scattering signals sensitive to the molecule vibration modes [1.77-79]). As a 

result, nonlinear light microscopy, featuring deep penetration depth and intrinsic optical 

sectioning capability, reveals different sample characteristics, opening up several promising 

possibilities for biological and medical applications. Moreover, super-resolution imaging with 

typically sub-100-nm far field resolution can be obtained by shaping the point spread 

function of the fluorescence generated via stimulated emission [1.80, 81]; this method was 

awarded the Nobel Prize in Chemistry in 2014.  

For example, second harmonic generation (SHG) microscopy is a powerful tool for 

the preliminary observation of chiral crystals, so called second-order nonlinear optical 

imaging of chiral crystals (SONICC) [1.75, 76]. Proteins perform various functions in bio-

activities, which can be disclosed by its structure and ligand binding locations. Protein 

crystallization is typically demanded for the structural analysis via X-ray diffraction. 

Crystallizing proteins, however, is often extremely difficult and requires carefully screening 

and monitoring the trial processes. Imaging approaches to characterize crystallization 

processes are thus required. Coherent SHG signals only arise from noncentrosymmetric 

structures, and it can be enhanced with certain classes of ordered systems. Therefore, the 

SHG imaging contrast via SONICC can be only found in certain crystal classes, and the 

presence of protein crystals can be visualized with a good sensitivity and background 

suppression [1.75, 76].  

The technical feasibility using nonlinear light microscope strongly depends on the 

availability of robust and easily-operated sources. Ultrafast fiber lasers are regarded as 

promising candidates due to the potential of compact size, simple maintenance, and 

relatively inexpensive cost [1.82]. Moreover, the advance on nonlinear light microscope 
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demands on high speed electronics. On one hand, the development of high frame rate is 

driven by the desire of real-time observations of fast biological/chemical dynamics, requiring 

above-MHz level of data acquisition rate. On the other hand, modulated signals along with 

lock-in detection allow signal subtraction from its background. Based on femtosecond fiber 

lasers and high speed electronics, the construction of nonlinear light microscope systems is 

an interesting topic requiring further investigation, which is promising for the observation of 

nucleation and growth kinetics of the crystals from high resolution SONICC imaging. 

 Scope of the thesis 1.2

This thesis aims for the generation and control of super-octave-spanning sources and a 

microscopic application based on ultrafast fiber lasers. Parts of Chapters 2 and 3, including 

text and figures, are reproduced from own published journal papers [1.67, 83], as well as 

some parts of Chapters 4 and 5 from Ref. [1.84, 85]. The thesis structure, as well as the 

emphasis on personal contributions, is provided as follows:  

Chapter 2 describes the dispersion management techniques, which set the 

foundation in the development of ultrafast laser technology. An introduction to optical 

dispersion is provided and the developed dispersion control technique is detailed. For super-

octave-wide dispersion control, I investigated the capabilities of dielectric chirped mirror 

design. >2-octave-spanning chirped dichroic mirrors and high-reflection chirped mirrors are 

demonstrated based on an analytical analysis of dual-adiabatic-matching (DAM) structure. A 

further evaluation regarding the potential of chirped mirrors is provided in terms of 

feasibility of even-broader design bandwidth, limitations on damage threshold, trade-off 

between design bandwidth and dispersion-compensating amount. 

In Chapter 3, I propose a two-octave-spanning dispersion-controlled scheme based 

on dispersive mirror systems, providing a new enabling technology for pulse-energy and 

bandwidth scaling of sub-cycle optical waveform synthesizers. The experimental 

demonstrations are contributed from Dr. Giovanni Cirmi, Dr. Shaobo Fang, Dr. Oliver D. 

Mücke, Giulio M. Rossi, and Roland Mainz [1.67]. The energy and bandwidth scalabilities of 

ultrashort optical transients, which are ultimately limited by the used optics, are the 

necessary prerequisite especially for the realization of bright coherent table-top high-
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harmonic sources. We implemented the chirped dichroic mirror described in Chapter 2 to 

efficiently optimize the beam combining from different spectra, and a double-chirped mirror 

pair to avoid unwanted nonlinearity during beam propagation. These novel designs provide 

custom-tailored dispersion and reflectivity over more than two octaves of bandwidth 

ranging from 0.49 μm - 2.3 μm, supporting 1.9-fs-short sub-optical-cycle pulses. In addition, 

since the material dispersion features distinct behaviors in different channels operated in 

different wavelength regimes, I provide a preliminary analysis, as a guideline for 

experimental constructions, on the delicate dispersion distribution in order to optimize the 

3-channel 3-stage optical waveform synthesizer.  

In Chapter 4 and Chapter 5, the full spatiotemporal features of few-cycle Ti:sapphire 

oscillators are analyzed, in order to have a better understanding of the laser dynamics for 

future optimization and applications. The spatiotemporal cavity modeling is initiated by Dr. 

Li-Jin Chen with some preliminary results as well as the experimental demonstration of 2 

GHz Ti:sapphire oscillators [1.85], and I completed the whole analysis and made further 

optimizations in this thesis. In order to characterize different mechanisms, the modeling 

methods are introduced, including the optical Kerr nonlinearity, dispersion, diffraction, gain 

features of Ti:sapphire oscillators (i.e., gain profile, gain saturation, and the geometry of the 

pump beam), and multiphoton ionization processes. The starting point of the laser dynamics 

is the mechanism of few-cycle mode-locking. Different laser conditions are examined and 

analyzed numerically, in order to describe the working points of octave-spanning oscillators 

experimentally achievable by means of fine-tuning cavity dispersion, cavity geometry, and 

pump power. In addition, although the use of chirped mirror pairs has led to the success of 

demonstrating octave-spanning oscillators [1.58], the residual dispersion errors of the  

chirped mirrors influence the laser performances in terms of available bandwidth, sub-

structures on the generated spectra, and beam profile. By considering the residual phases 

and the output coupling as the perturbation to dispersion-managed soliton mode-locking, 

the detailed features of the experimental demonstrations can be explained, which opens the 

possibility for further optimizations. The advanced studies are focused on the intracavity 

spatiotemporal phase-matching based on the perturbation of dispersion-managed solitons. 

The laser cavity can not only be employed to produce the simulated emission from the gain 

medium, but also acts as an enhancement cavity to shape the spectrum mainly generated by 

self-phase modulation. With a proper intracavity phase-matching, the wavelength 
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components in the spectral wings (e.g., ~1140 nm for the direct stabilization of carrier-and-

envelope phase and ~1030 nm for seeding of Yb-based amplifiers) can be greatly enhanced 

while maintaining a fundamental beam shape. In Chapter 5, the phase-matching concept is 

demonstrated experimentally in a linear-cavity Ti:sapphire oscillator, providing a >10 dB 

enhancement around 1140 nm with a good beam quality. The future improvement requires 

a more precise intracavity dispersion control: a phase-optimized end-mirror is designed and 

fabricated to compensate the residual dispersion errors in the cavity. With precise 

intracavity dispersion control and use of different output coupling window, the octave-

spanning spectra can be optimized and well-controlled for different applications.   

Chapter 6 describes our approach to set up a nonlinear light microscope system 

based on femtosecond fiber lasers and high speed electronics, in collaboration with Hsiang-

Yu Chung. The ultrafast fiber laser system including a nonlinear-polarization-evolution mode-

locked Yb:fiber oscillator and an amplifier is constructed to deliver ~110-fs pulses with ~3 nJ 

of pulse energy. The construction of the fiber laser source is assisted by Gengji Zhou and 

Chen Li. I proposed the schemes of electronic control and microscope systems. With the 

demonstrated nonlinear light microscope, sub-µm resolution imaging at a video imaging rate 

can be obtained with a reduced excitation power compared with the commercial systems. 

Possible routes for further implementations are also suggested. 
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  Chapter 2

Multi-octave dispersion control by 

dispersive dielectric mirrors 

 Introduction to dispersion management 2.1

 Introduction to optical dispersion 2.1.1

Nowadays, ultrashort pulses supporting coherent bandwidths over several hundred 

nanometers have been routinely obtained and widely applied in many research fields. 

However, when propagating through a linear optical system, broadband pulses are reshaped 

due to dispersion: the waves of different optical frequencies have different phase velocities 

(i.e., material dispersions) or different optical paths (i.e., the dispersions introduced by e.g. 

grating pairs [2.1], prism pairs [2.2], and dispersive mirrors [2.3]). The effect of the 

dispersion has always to be seriously considered during ultrashort pulse propagation to the 

purposes of source development and precise waveform control. For example, the advance in 

ultrafast sources has relied extensively on the developments of ways to characterize and 

manipulate dispersion: the generated spectral bandwidth, pulse duration, and pulse energy 

are often limited by the dispersive properties of the optical elements in the source. 

Furthermore, studies of ultrafast dynamics and strong-field physics strongly depends on the 

capability of pulse-shape manipulation and dispersion management which limits the 

duration of the burst that can be generated or delivered effectively to the target.  

Ways to characterize dispersion have been well developed. After passing through a 

dispersive optical element, the pulse suffers not only from a distortion of the group delay 

but also of the pulse-shape. The group delay (𝑇𝑔) is specified as the phase (∅) derivative on 

frequency (𝜕∅/𝜕𝜔). The pulse-shape distortion is usually characterized by the Taylor 

coefficients of the group delay with respect to frequency ω (e.g. group delay dispersion 
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(GDD): 𝜕𝑇𝑔/𝜕𝜔, and third-order dispersion (TOD): 𝜕2𝑇𝑔/𝜕𝜔2) at the center frequency of the 

pulse. For a positively (resp. negatively) chirped pulse (i.e. with positive (resp. negative) 

GDD), the higher frequency components are lagging behind (resp. going ahead) the lower 

ones; unlike GDD, net TOD leads to an asymmetric pulse broadening with side lobes and 

other detrimental structures. However, when propagating an ultrabroadband (e.g. octave-

spanning) optical burst, the Taylor series of the group delay at a center frequency may not 

be sufficient to describe its dispersive behavior; Taylor expansion is a local approximation of 

a mathematical function, but an octave-spanning spectrum goes over the validity range of 

this approximation. Therefore, instead of using the coefficients of higher-order dispersion at 

a center wavelength, the group delay of each wavelength in the whole operating range is 

characterized and applied to octave-spanning pulses in the following chapters.  

Light-propagating media are the most common sources of optical dispersion. 

Therefore, the material dispersion should be precisely modeled and measured before 

considering dispersion compensation. In transparent material, the material dispersion is 

typically described by the Sellmeier equations in the following form: 

𝑛2(𝜆) = 1 +
𝐵1𝜆2

𝜆2−𝐶1
+

𝐵2𝜆2

𝜆2−𝐶2
+

𝐵3𝜆2

𝜆2−𝐶3
,                                    (2.1) 

where n is the refractive index, and λ is the wavelength. B1,2,3 and C1,2,3 are the 

experimentally determined Sellmeier coefficients. These coefficients are usually quoted for λ 

in micrometer in vacuum. Some examples are provided in Table 2.1, as well as the 

corresponding dispersion plotted in Fig. 2.1. In the visible and near infrared regimes, the 

materials typically provide positive (or normal) dispersion. Therefore, the main goal of 

dispersion compensation in ultrafast sources is typically to offer negative dispersion.  

 B1 B2 B3 C1 C2 C3 

Ti:sapphire 1.023798 1.058264 5.280792 0.0037758 0.012254 321.3616 

Air 0.0002463 0.000299 - 0.0082250 0.003637 - 

BaF2 0.643356 0.506762 3.8261 0.0033396 0.012029 2151.698 
Fused silica 0.68374 0.42032 0.58503 0.0046035 0.013397 64.493 

Table 2.1. The Sellmeier coefficients of the commonly-used materials for dispersion compensation [2.4]. 
The coefficients for air are for NTP condition.  
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Fig. 2.1. Material dispersion: wavelength-dependent group delays of the materials listed in Table 2.1. 

 

 Dispersion compensation techniques 2.1.2

Several dispersion-compensating methods have been demonstrated. One has to consider 

the characteristics of different methods, such as the operating bandwidth, overall 

throughput, and maximum pulse-energy handling, when applied in various ultrafast laser 

applications. 

The use of diffraction grating pairs is the first way to achieve tunable negative GDD 

[2.1], demonstrated in 1969. Fork et al. also obtained negative GDD with pairs of Brewster-

angled prisms in 1984 [2.2]. The origin of the adjustable dispersion is the angular dispersion 

arising from diffraction and refraction in grating and prism pairs, respectively. Compared to 

prism pairs, grating pairs typically offer a larger amount of GDD but with a higher loss. 

Therefore, prism pairs have been widely used inside laser oscillators, and grating pairs 

usually employed as external pulse compressors/stretchers. For instance, using only fused 

silica prisms, <10-fs of optical pulses have been obtained directly from an oscillator in 1994 

[2.5]. However, either using grating or prism pairs, the offered negative GDD is associated 

with a significant amount of higher-order dispersion which limits the capability of the 

compensating bandwidth. Thus, a combination of both prism and grating pairs with 

opposite-sign TOD is capable of the generation of <5-fs pulses with an external compression 
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[2.6]. Nonetheless, such combinations cannot be applied for few-optical-cycle pulse 

generation either in laser oscillators due to the losses of the gratings, or in external 

compressors at high power level due to the onset of unwanted nonlinearities in prisms. 

Moreover, the operating bandwidth about ~1 octave is also hampered by the use of gratings: 

one has to avoid the angular overlapping between different diffraction orders. 

Active dispersion control (i.e., adaptive dispersion provided with a feedback loop) can 

be realized based on liquid-crystal modulators [2.7, 8], acousto-optic modulators [2.9], and 

mechanically deformable mirrors [2.10, 11]. With prisms or gratings to provide a spatial 

distribution of the different frequencies, the relative phase between different frequencies 

can be independently adjusted by the elements of liquid-crystal modulators or deformable 

mirrors. 2.6-fs pulses can be obtained based on liquid-crystal modulators and 4-f grating 

systems [2.7]. The total throughput is also limited by the efficiency of gratings.  

Without gratings and prisms, pulse shapers based on acousto-optic modulators 

provide a compact solution with nearly no angular deformation [2.9]. However, the acoustic 

time length, optical self-focusing effect, higher-order dispersion of the acousto-optic 

birefringent crystal and compensation of the own dispersion of the device limit the 

operating repetition rate, maximum handling peak power, working bandwidth, and shaping 

capability, respectively. Although devices approaching one octave in bandwidth are possible, 

the total throughput is quite low, typically 10-50%, depending on the bandwidth of the 

device.  

In general, dispersion management with <1 octave in bandwidth is well developed via 

the above-mentioned methods. Grating-based techniques, which can also be applied as 

pulse stretchers, typically provide a large amount of dispersion from diffraction but the 

overall throughput is also limited by diffraction. The maximum pulse-energy handling limits 

the use of prism-based pulse shapers in high power amplifiers due to the unwanted 

nonlinearities in the bulk material of the prisms. As a result, a robust and low-loss solution is 

in great demand to tailor the dispersion of intense optical bursts with multi-octave 

bandwidth. 
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 Introduction to dispersive dielectric mirror designs 2.2

Chirped mirrors, composed of alternating high and low index layers, provide a high reflection 

window with well-controlled dispersion by designing the coating thickness of alternating 

layers. Chirped mirrors are typically grown by ion-beam sputtering, which allows low 

absorption losses (<100 ppm) [2.12]. Therefore, these mirrors have been widely used for 

broadband intracavity dispersion compensation. In addition, the use of chirped mirrors is 

promising for the compression of high-energy pulses because the desired dispersion is 

provided with little material (i.e. less than a few micrometers) in the beam path, thus 

avoiding nonlinear effects in the compressor. 

In chirped mirrors, the dispersion is designed and provided by varying the optical 

path between different wavelengths via Bragg reflection [2.3]. A positive/negative chirp can 

be provided by decreasing/increasing the layer thickness from the ambient medium to the 

mirror substrate. The designed bandwidth depends on both the total layer number and the 

Fresnel reflection bandwidth. Fresnel bandwidth is defined as the high reflection bandwidth 

of a standard dielectric Bragg-mirror, which is determined by the Fresnel reflectivity 

between the alternating high and low index materials. Therefore, larger index contrast 

between the two materials provides larger reflection bandwidth. As a result, TiO2 or Nb2O5 

are typically used as the high index material, and SiO2 as the low one in broadband chirped 

mirror design. Fig. 2.2(a) shows the simple-chirped structure with TiO2/SiO2 layer pairs, 

where the Bragg wavelength is monotonically increased with each quarter-wave layer pair to 

provide negative dispersion, as well as a broader high-reflection bandwidth than the Fresnel 

reflection bandwidth of a fixed layer pair [2.3]. The high reflectivity range of the chirped 

structure can be easily extended to >1 octave by simply chirping slowly enough and using a 

sufficient number of layer pairs. However, pronounced GD ripples are usually observed as 

the lower blue curve shown in Fig. 2.3. In fact, high reflection chirped mirrors act as Gires-

Tournois interferometers. These GD ripples are due to the impedance mismatch between 

the free space and the multi-layer grating. Since the period of the oscillations in the spectral 

domain determines the position of a satellite in the time domain, the suppression of the 

adverse GD ripples by achieving impedance matching to avoid internal resonances is of great 

importance especially in few-optical-cycle pulse generation.  
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Fig. 2.2. Design structures of different chirped mirrors, (a) simple chirped structure and (b) double 
chirped structure. Light enters from the first layer, and the last layer is directly deposited on the fused 
silica substrate. 

Several CM structures were proposed to smooth the GD ripples: double-chirped 

mirrors (DCMs) [2.13, 14], Brewster-angle CMs [2.15], back-side-coated CMs [2.16], tilted-

front-interface CMs [2.17]. The double-chirped structure [2.13], as shown in Fig. 2.2(b), has 

been proposed to achieve impedance matching by adiabatically tapering the impedance in 

the front layer pairs, which is shown to be equivalent to an adiabatic chirp in the thickness of 

the high index layer in addition to the chirp of the center wavelength of the Bragg mirror. 

The smoother GD from double chirped structure comparing with the simple chirped one is 

plotted as the lower red curve in Fig. 2.3. DCMs are typically matched to the low index 

material of the mirror due to the less impedance mismatch with the ambient air. Ideally, the 

matching can be extended to any other ambient medium by a properly designed AR-coating 

in the front layers.  

In reality, the quality of the required AR-coating for impedance matching is 

demanding (e.g., <0.1% in reflectivity) in order to suppress the adverse GD ripples especially 

for broadband dispersion control. To relax the quality of the required AR-coating, the Back-

side-coated CM [2.16] and tilted-front-interface designs [2.17] were thus proposed to direct 

out the residual reflection from the main beam path. For example, in tilted-front-interface 

designs [2.17], the AR-coating is deposited on the front of the slightly wedged substrate, so 

that the residual reflection has a different reflection angle than the main beam: the 

dispersion properties of the main beam aren’t affected by the residual reflection. Although 

these designs are good enough for some applications, the Fresnel reflection loss along with 
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relaxed AR-coating (e.g., at least 1% of loss) still hampers low-loss applications, such as 

intracavity dispersion control for octave-spanning Ti:sapphire oscillators. 

 

Fig. 2.3. Reflectivities and GDs of different structures shown in Fig. 2.2. SC: simple chirped structure (i.e., 
Fig. 2.2(a)); DC: double chirped structure (i.e., Fig. 2.2(b)). 

DCMs under Brewster-angle incidence [2.15] can be the solution for the Fresnel 

reflection loss issue. In this case, the impedance of the low index layer is automatically 

matched to the ambient air. 1.5-octave in bandwidth has been demonstrated with Brewster-

angle CMs. However, under p-polarized incidence the index contrast or Fresnel reflectivity of 

a layer pair is reduced as discussed in Subsection 2.5.1. Moreover, more layer pairs are 

necessary to achieve high reflectivity, which increases the fabrication difficulty. Furthermore, 

Brewster-angle-incidence mirrors are hardly implemented as curved mirrors, which are the 

key elements inside a laser oscillator. 

Complementary pair designs are thus proposed [2.14, 18] to extend the operating 

bandwidth while maintaining the high reflectivity. One can design a complementary coating 

to compensate for the GD ripples from a single chirped mirror, for example, with an 

additional phase shift of π (i.e., placing a layer with quarter-wavelength thickness) between 

the AR-coating and the back-mirror [2.14]. The first-order GTI-effect is thus canceled with a 

complementary pair, which constitutes a tremendous improvement since the required 

reflectivity of the front AR-coating is less demanding.  <5fs pulse can be directly obtained in 

an octave-spanning Ti:sapphire oscillators using DCM pairs as intracavity mirrors [2.14]. As 

external pulse compressors, 1.5-octave-wide dispersion compensations were achieved with 

average reflectivity of >95% in the range of 0.4 μm - 1.2 μm [2.19], as well as in UV-VIS-NIR 
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range of 0.3 μm – 0.9 μm [2.20]. These mirror pairs make it possible to compress pulses 

down to sub-3 fs. The discussions on limitations of compensating bandwidth and amount are 

provided in Section 2.4.  

 Chirped dichroic mirrors 2.3

 Dual-adiabatic-matching structures 2.3.1

 

Fig. 2.4. (a) Dual adiabatic matching (DAM) structure and (b) the corresponding reflectivity and group 

delay, as well as the ones of simple-chirped and double-chirped structures. SC: simple chirped structure 

(i.e., Fig. 2.2(a)); DC: double chirped structure (i.e., Fig. 2.2(b)). 

Multilayer mirror designs covering more than 2 octaves in bandwidth require multi-octave 

impedance matching, and have not been achieved so far. Analytic designs of coating 

structures should be further exploited. Here, we introduce a dual-adiabatic-matching (DAM) 

structure [2.21], as shown in Fig. 2.4(a). Based on a double-chirped design, the DAM 

structure introduces another double chirp in the back section of the mirror approaching the 

substrate, adiabatically tapering the impedance again to provide high transmission for long 

wavelengths. Reflectivities and dispersion behaviors of different designs (i.e., simple chirped, 

double chirped, and DAM structure) are also plotted in Fig. 2.4(b). The front and back 



40 
 

chirped high-index layers perform dual adiabatic impedance matching, providing (1) high 

reflectivity and smooth GD over the high reflectivity range of the mirror and (2) high 

transmission with side-lobe suppression outside the high-reflectivity range, respectively. 

Based on the above-mentioned characteristics of the DAM structure, the proposed 

structure can be used as an ultrabroadband chirped dichroic mirror (CDM), which is a 

dichroic mirror with a well-controlled chirp over the reflection window. To realize the idea, 

the analytical DAM structure is employed as an initial design, which provides a high-

reflection window for the spectral range of 0.45 μm – 1 μm and transmission in the range of 

1.1 μm - 2.5 μm for p-polarized laser beams with an incident angle of 45o. The design 

procedure optimizes the thicknesses and number of layers, as well as the compensating 

thickness of the dispersive material (e.g., fused silica), using a fast algorithm [2.22, 23]. The 

numerical optimized result is shown in Fig. 2.5. With an AR coating in the initial few layers, 

the following structure preserves the DAM structure. The GD in reflection is optimized to 

compensate 0.52 mm optical path in fused silica over the spectral range from 0.45 μm - 1.3 

μm, which is even broader than the high-reflectivity range of 0.45 μm - 1.1 μm as shown in 

Fig. 2.6.  

 

Fig. 2.5. The perturbed DAM structure to optimize the reflectivity and group delay behaviors using the 
initial DAM structure, as well as a AR coating section in the initial few layers to provide impedance 
matching from air to the low index material. 
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Fig. 2.6. Reflectivity and group delay in both reflection and transmission of the optimized DAM mirror 
[2.24], which can be used as a CDM with a high reflectivity band in the range 0.45 μm - 1 μm and a high 
transmission band 1.1 μm – 2.4 μm. The group delay in reflection from 0.45 μm – 1.3 μm is designed to 
compensate the dispersion of 0.52mm optical path in fused silica, as shown by the purple dashed curve. 
GD_R, designed/measured GD in reflection; GD_T, the transmitted designed/measured GD; FS, fused silica. 

 

 

 Kramer-Kronig relation in mirror designs 2.3.2

Coherent synthesis of pulses with different spectra provides a route towards generation of 

multi-octave spanning optical waveform. In addition to the bandwidth scalability, the 

synthesized waveform can be customary tailored by controlling the phase offset between 

different channels. In order to combine coherent spectra with a spectral overlap, the 

simultaneous dispersion management in both reflection and transmission, especially around 

the edge of the high-reflection band, is very important. However, the GD oscillations in the 

margin of the high reflection window are usually rather large due to the strong resonant 

interferences originating from internal Fabry–Pérot effects. The backside impedance-

matching section in the DAM structure in Fig. 2.4(a) smooths the transmittance and reduces 

these typically observed GD oscillations, as shown in Fig. 2.4(b): since the reflection from the 

back impedance-matching region is suppressed, the etalon resonance is reduced between 

the quarter-wave Bragg stacks and the back impedance-matching section. On the other hand, 

the GD in the transmission port is subject to the Kramers-Kronig relation [2.25]:  

∅𝑡 =
−1

𝜋
𝑷∫

𝑙𝑛|𝑇(𝜔′)|

𝜔−𝜔′ 𝑑𝜔′∞

−∞
                                                (2.1) 
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where ∅𝑡 and 𝑇(𝜔′) are the transmission phase and transmittance, respectively. By taking 

the derivatives on both sides and integrating by parts on the right-hand side, one can obtain: 

                                 𝑮𝑫 =
𝒅∅𝒕

𝒅𝝎
=

1

𝜋
𝑷∫

𝑻′

𝝎−𝝎′ 𝑑𝜔′∞

−∞
, where 𝑇′ ≡

𝑑𝑇(𝜔′) 𝑑𝜔′⁄

𝑇(𝜔′)
                         (2.2) 

 

Fig. 2.7. Transmission and GD of the designed CDM, as well as the GD derived from Eq. 2.2. The Hilbert 
transform of T’ is in a great agreement with the calculated GD with an artificial GD offset. GD_T, the 
transmitted designed GD.  

Therefore, the GD in transmission is the Hilbert transform of T’, which is 

mathematically analogous to the relation between absorption and reflection coefficients in 

electron spectroscopy [2.26, 27]. As a result, the variations of GD in transmission (i.e., group-

delay dispersion (GDD)) are related to the changes of the transmittance curves especially in 

the spectral range close to the edge of the high-reflection band:  If the transmittance of the 

CDM is slowly varying in the transition region, the corresponding GD curve is also slowly 

varying. In Fig. 2.7, with the transmittance of the designed CDM, the Hilbert transform from 

Eq. 2.2 is in a great agreement with the GD obtained from the analytic computation [2.22]. 

With the designed CDM, the variation of the transmission GD in the transition range 

between high-transmission band and high-reflection band, 1.0 μm -1.1 μm, is <10 fs. The 

nature of Hilbert transform in Eq. 2.2 suggests that even lower GD variation is possible based 

on a mirror with a smoother transmittance curve and a wider transition region. As an 

example, Fig. 2.8(a) shows the designed transmittances with different slopes. The lower 

transmission slopes provide lower GD variations in Fig. 2.8(b).  
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Fig. 2.8. (a) Dichroic mirrors designed with slope-varying transmittances and (b) the corresponding GD in 
transmission specified with the same color in (a).  

 

 >2-octave-spanning chirped mirror design 2.4

The dual adiabatic matching (DAM) structure lends itself to the design of an ultrabroadband 

DCM pair. Ultrabroadband DCM pairs are designed as the final compression unit, which is 

key enabling technology to realize >2-octaves multi-mJ sub-cycle waveforms, which is 

discussed in Chapter 3, without running into B-integral problems distorting the pulse quality. 

The proposed structure, which is a proper impedance matching section to reduce the Gires-

Tournois effect in the chirped mirror design, reflects the light below its Bragg wavelength 

and provides a smooth transmittance for the longer wavelengths. As a result, cascading the 

DAM structure in the front layers, as an ultrabroadband impedance matching section, makes 

it possible to achieve >2-octave bandwidth DCMs, as shown in Fig. 2.9, designed for a 3-

degree incident angle in p-polarization.  
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Fig. 2.9. (a) and (b) Structures of the optimized DAM DCM pair [2.24]. (c) and (d) AR behaviors for the 
longer wavelengths in the cascaded DAM sections indicated by the arrows in the mirror structure in (a) 
and (b), respectively; low, low-index material, SiO2; high, high-index material, TiO2. 

For the use in the parametric synthesizer as discussed in Chapter 3, the 

ultrabroadband DCM pair is designed, and the compensating thickness of dispersive 

materials is numerically optimized for 1.44 mm optical path in fused silica in the spectral 

range from 0.49 μm - 1.05 μm, and 0.32 mm optical path in ZnSe in the range of 1.05 μm - 

2.3 μm. For >1-octave-wide chirped mirrors, mirrors providing negative chirp are 

advantageous, because short wavelength light is reflected by the top layers, whereas long 

wavelength light penetrates deeper and mostly sees an average index of the thinner top 

layers. In order to demonstrate the broadband impedance matching of the cascaded-DAM-

like structures, Fig. 2.9(c-d) shows the reflectivity of the structures from the ambient air to 

the specific layers pointed by the arrows in Fig. 2.9(a-b), respectively. As the number of front 

layers increases, starting from the air, the high-reflectivity band expands to longer 

wavelengths, which is determined by the Bragg wavelength of the layer pairs. The arrows in 

Fig. 2.9(a-b) point to the end layer of each DAM-like structure, providing broadband AR 

coating (impedance matching) with <5% reflection to the design wavelength of 2.3 μm. The 

designed/measured reflectivity and GD of the pair are shown in Fig. 2.10. The average 

reflectivity of each mirror in the ultrabroadband DCM pair is >90% and the calculated peak-

to-peak values of the averaged residual GD ripples are controlled to <5 fs over >2-octave 

bandwidth. In such super-octave chirped mirrors, the light with short wavelength can be 

reflected not only by the front quarter-wave-thick layers, but also from the two/three-times 

thick back layers. As a result, notches in reflectivity around 0.8 μm result from small 

resonances inside the mirror structure: short-wavelength light should be well-controlled, 
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depending on the design criteria, and mostly reflected by the front layers, otherwise strong 

internal resonances occurs for the short wavelengths and leads to deep notches in 

reflectivity, as well as strong spikes in GD. In Fig. 2.10, the dispersion and reflectivity 

measurements using a home-built white-light interferometer and a photospectrometer, 

respectively, show excellent agreement with the design targets. 

 

Fig. 2.10. Reflectivity and averaged GD of the ultrabroadband DCM pair [2.24]: the calculation is shown by 
the blue/red dashed lines and the solid lines show the measurement results. The dispersion of a DCM pair 
(i.e., twice the average GD) compensates a 1.44-mm optical path in fused silica and a 0.32-mm optical path 
in ZnSe for ranges of 0.49–1.05 μm and 1.05–2.3 μm, respectively. 

 

 Limitations on current chirped mirror designs 2.5

Even broader design bandwidth of DCM pairs could be possible but limited by the required 

reflectivity and dispersion management, depending on the applications and the capability of 

precise fabrication control. For example, it is difficult to design chirped mirrors with >99.5% 

reflection over >2-octave-wide bandwidth to be used as intracavity mirrors for precise 

dispersion compensation in a broadband laser oscillator. 
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 Bandwidth scaling with different incident angles 2.5.1

 

Fig. 2.11. (a) The Fresnel reflectivity and (b) FWHM reflection bandwidth of TiO2/SiO2 layer pairs with a 
Bragg wavelength of 0.8 μm at different incident angles and polarizations. In (b), the bandwidth with a 
fundamental quarter-wave thickness at 0.8 μm are shown as the blue and green curve with s- and p- 
polarization, respectively. TE, s-polarization; TM, p-polarization. 

In order to achieve even broader bandwidth designs, one has to increase the total layer 

numbers or increase the Fresnel reflection bandwidth. Although the fabrication tolerance 

can be improved by experience and feedback monitoring, complicated designs with more 

layers are harder to be controlled in terms of the reflectivity and GD behavior when growing 

the coatings, easier leading to cumulative fabrication-errors of mirror characteristics. <100 

of the total layer number are typically employed when designing mirrors. In order to further 

scale the dealing bandwidth, one may try to increase the Fresnel reflection bandwidth by 

changing the incident angle. As an illustration In a simplified case, if the index difference 

between the materials is much smaller than its refractive index, Fresnel bandwidth Δf can be 

expressed as the following forms:  

∆𝑓 = (
𝑛𝐻−𝑛𝐿

𝑛𝐻+𝑛𝐿
) 𝑓𝑐𝑐𝑜𝑠𝜃  (in p-polarization)                                     (2.3) 

∆𝑓 = (
𝑛𝐻−𝑛𝐿

𝑛𝐻+𝑛𝐿
) 𝑓𝑐𝑠𝑒𝑐𝜃  (in s-polarization)                                     (2.4) 

where nH and nL are the refractive indices of the high and low index materials, respectively. fc 

is the center frequency, and θ is the light incident angle between high/low index layers. Fig. 

2.11 shows the Fresnel reflectivity and FWHM reflection bandwidth of TiO2/SiO2 layer pairs, 

designed with a Bragg wavelength of 0.8μm at different incident angles and polarizations. As 

a result, larger/narrower bandwidth can be obtained with a larger angle of incidence in s-
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polarization/p-polarization, respectively; however, larger Fresnel reflectivity also implies 

larger impedance mismatch from ambient medium (i.e., air) to the coating materials, 

resulting in more pronounced GD oscillations in chirped mirror designs. 

In order to explore the bandwidth capabilities with respect to different incident 

angles and polarizations, different designs optimized for different incident conditions (60° 

TM, 30° TM, 30° TE, and 60° TE) are investigated and compared with the close-to-normal-

incidence case (3° TM) described in Section 2.4. For a fair comparison, the mirror pairs, with 

a fixed total layer number (~100 layers), are designed and optimized for compensating a 

piece of fused silica in the spectral range from 0.49 μm - 1.05 μm, and ZnSe in the range of 

1.05 μm - 2.3 μm. The GD goals of different pair designs are set to be optimized, 

complementary to some to-be-determined path lengths of both fused silica and ZnSe, as 

listed in Table 2.2. >90% reflectivity and <1-rad phase distortion are specified when 

evaluating the bandwidth capability. Fig. 2.12 shows the reflectivity and average GDs of the 

designed mirror pairs. Similar to the Bragg mirrors, the design bandwidth is increased from 

the larger incident angle in p-polarization to the normal incidence, and then further 

increased in the case with larger incident angle in s-polarization. An extremely broad 

bandwidth expanding from 0.49 μm to 2.9 μm can be obtained by the 60° TE design. 

However, more pronounced average GD oscillations due to larger impedance mismatch are 

observed even in the optimized complimentary pair design.  

Even highly pronounced with 25fs fluctuations in the 60° TE design, the fast GD 

oscillation causes only minor effect in residual phase error, which is still controlled within 1 

rad over the whole bandwidth. In order to evaluate the pulse distortion, an ideal design, 

which has front layers providing perfect impedance-matching/AR-coating, is optimized 

under the same incident condition. The perfect AR-coating is numerically performed by 

assuming that the incident light onto the mirror is propagating in a medium with the same 

index as the low index material. The impedance-matched design preserves the slow-varying 

residual GD with the greatly-reduced GD oscillation. If required, the fast oscillation could 

also be reduced by employing pairs of mirror-pair designs to cancel higher-order Gires-

Tournois-interfeometer resonances. The much smoother average GD and the reflectivity 

with the impedance-matched design are shown as the green curves in Fig. 2.13, as well as 

the practical 60° TE cases in blue. A square spectrum with a uniform power spectral density 
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in wavelength from 0.49 μm to 2.9 μm is used to examine the pulse distortions between the 

two cases in Fig. 2.13. After a pair of the designed mirrors and the corresponding 

compensating materials, the pulses would be distorted by the residual GDs of the mirror 

pairs. The slightly-distorted pulse intensity is compared with the transform-limited one, as 

shown in Fig. 2.14. As a result, the FWHM pulse durations on both cases are 1.7 fs, as well as 

the undistorted one (i.e., transform-limited pulse). Therefore, fast GD oscillation might be 

negligible when considering sub-cycle pulse compressions. 
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Fig. 2.12. (a)-(e) The reflectivity of DAM DCM pairs designed with specified incident angles and 
polarizations; (f) the corresponding average GDs of the designed mirror pairs. The possible design 
bandwidths with different incident conditions: 60° TM: 0.49 μm – 1.4 μm; 30° TM: 0.49 μm – 1.9 μm; 3° TM: 
0.49 μm – 2.3 μm; 30° TE: 0.49 μm – 2.65 μm; 60° TE:0.49 μm – 2.9 μm. The average GD differences over the 
whole design bandwidths of different designs are almost the same, ~130 fs. 
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Materials 

Design 
 

60° TM 30° TM 3° TM 30° TE 60° TE 

SiO2 (in mm) 1.42 1.20 1.45 1.30 1.00 

ZnSe (in mm) 0.35 0.32 0.32 0.40 0.30 

Table 2.2 Compensating dispersion, with listed optical paths of SiO2 and ZnSe, of a pair of designs with 
different incidence angles. SiO2 is employed in the short spectral range of 0.49 μm - 1.05 μm, as ZnSe 
above 1.05 μm. 

 

Fig. 2.13. (a) The reflectivity and (b) average GDs of two mirror pairs, which are designed with the 
incidence from air (blue) and from an impedance matching medium (green), with 60° of incident angle in 
s-polarization. In (b), strong Fresnel reflection (~20%) from air to the mirror structures leads to strong 
GD oscillations (blue) as Gires-Tournois interferometers.  
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Fig. 2.14. The pulse characteristics in time domain after bouncing of (a) a 60° TE mirror pair and (b) an 
impedance-matched 60° TE mirror pair. Blue pulses in (a) and (b) shows the transform-limited intensity of 
an input test spectrum with an uniform power spectral density from 0.49 μm to 2.9 μm. Green curves 
shows the output pulses from mirror pairs after compensating the designed amount of dispersion from 
fused silica and ZnSe. All the pulses in (a) and (b) have the same FWHM pulse widths, 1.7 fs. TL: the 
transform-limited pulse. 

 

 Increasing the compensating dispersion 2.5.2

Although the dealing bandwidth can be up to >2 octave, the total GD differences provided 

by chirped mirrors (e.g., ~130 fs with the designs as shown in Fig. 2.12(f)) are limited by the 

optical path differences between different wavelengths inside the mirror. Therefore, instead 

of using chirped quarter-wave Bragg stacks, two/three-time-thick stacks with the same total 

layer number could be also employed to design chirped mirrors in order to provide a larger 

amount of dispersion. However, the reflection bandwidth of Bragg stacks is approximately 

inversely proportional to the order of Bragg reflection. Fig. 2.15 shows the FWHM reflection 

bandwidths of TiO2/SiO2 layer pairs, with a quarter-wave and three-quarter-wave 

thicknesses at 0.8 μm for different incident angles and polarizations: the three-time-thick 

stacks provide only one-third of the bandwidth obtained in the case of quarter-wave Bragg 

stacks. As a result, with a fixed total layer number, the design bandwidth is compromised 

when one tries to increase the amount of compensated dispersion. 
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Fig. 2.15. FWHM reflection bandwidths of TiO2/SiO2 layer pairs with a quarter-wave and three-quarter-
wave Bragg stacks at 0.8 μm in different incident angles and polarizations. TE, quarter-wave-thick layers 
in s-polarization; TM, quarter-wave-thick layers in p-polarization; 3TE, three-quarter-wave-thick layers in 
s-polarization; 3TM, three-quarter-wave-thick layers in p-polarization. 

 

 Energy and intensity scalability  2.5.3

The maximum pulse energy and peak intensity sustainable by the chirped mirrors are limited 

by the laser-induced damage threshold (LIDT) and accumulation of nonlinear phase inside 

the coating material. LIDT of the lower band-gap dielectric coating material (TiO2 in our case) 

would hamper the energy scalability of the ultrabroadband source based on DCMs. 

Nonlinear effects in the mirror would lead to additional absorption loss [2.28] or index 

changes of the coating materials due to optical Kerr effect. Regarding LIDT, the threshold 

fluence of ion-beam sputtering (IBS) TiO2 films was measured to be >0.1 J/cm2 using a 25-fs 

Ti:sapphire amplifier [2.29]. Although the repetition rate [2.30], pulse duration, and center 

wavelength of the optical source, as well as the coating structures of the DCMs would also 

affect the breakdown fluence, sub-cycle optical pulses supporting up to several tens of mJ of 

pulse energy with a >1 cm2 flat-top beam size should be possible based on the multilayer 

chirped mirrors. On the other hand, the effect of mirror nonlinearity can be evaluated by 

calculating the induced nonlinear phase shift. The nonlinear refractive indices of TiO2 and 

SiO2 are ~0.02 cm2/TW and ~0.0003 cm2/TW, respectively, at 1.064 μm of optical 

wavelength [2.31]. With a typical <10 μm of total coating thickness, <1 TW/cm2 of the peak 
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intensity should be tolerable with <1 rad of nonlinear phase shift (i.e., B-integral). 

Furthermore, in order to further reduce the mirror nonlinearity, one may employ less high 

refractive index materials especially in the front layers, where the pulse would be almost 

compressed to the highest peak intensity.  

 Summary 2.6

Various dispersion compensation methods are introduced. Chirped mirrors are capable of 

super-octave-wide dispersion compensation, which cannot be obtained by other pulse 

compression techniques so far. In this chapter, a chirped dichroic mirror and high-reflection 

chirped mirror pair with >2-octave-spanning bandwidth are demonstrated based on 

analytically analyzing a novel mirror design, dual-adiabatic-matching (DAM) structures. The 

design limitations, in terms of the handling bandwidth, the magnitude of dispersion, and the 

damage threshold, are discussed: (1) the bandwidth capabilities of dielectric chirped mirrors 

depend on different incident angles and polarizations. With a larger angle of incidence in s-

polarization, a larger covering bandwidth can be obtained with a more pronounced residual 

GD variations. (2) A trade-off is found between the amount of compensating dispersion and 

the design bandwidth. With a fixed total layer number, the design bandwidth is 

compromised when one trying to increase the amount of compensating dispersion. (3) 

Although the repetition rate, pulse duration, and center wavelength of the optical source, as 

well as the coating structures of the DCMs would also affect the breakdown fluence, sub-

cycle optical pulses supporting up to several tens of mJ pulse energy with a >1 cm2 beam size 

should be possible based on the multilayer chirped mirrors. With a typical <10 μm of total 

coating thickness, <1 TW/cm2 of the peak intensity should be tolerable with <1 rad of 

nonlinear phase shift (i.e., B-integral). 
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  Chapter 3

High energy sub-cycle parametric 

waveform synthesizer 

 Introduction 3.1

Generation of extremely short and ultrabroadband optical waveforms, which are custom-

tailored within a single cycle of light, opens up unprecedented opportunities for the 

emerging field of Waveform Nonlinear Optics, which is of primary importance, e.g., for the 

generation of intense isolated attosecond XUV pulses [3.1, 2], launching valence-electron 

wavepacket dynamics in atoms and molecules [3.3-5], relativistic laser-plasma interactions 

and laser-driven electron acceleration [3.6, 7], and control of sub-cycle electron transport in 

solids [3.8]. However, the feasibility to study nonlinear interactions of matter with intense 

sub-cycle waveforms critically depends on the availability of high-energy multi-octave-

spanning carrier-envelope phase (CEP)-controlled optical pulses. In addition, the realization 

of the energy and bandwidth scalability of ultrashort optical transients provides a new 

enabling technology for the demonstration of bright coherent tabletop high-harmonic 

sources, especially in the water-window and keV X-ray region [3.9]. Therefore, the 

generation and precise dispersion control of ever broader optical bandwidth is in high 

demand, in order to tailor the shortest light bursts in the time domain. 

Recent developments in broadband waveform generation have produced coherent 

optical spectra with >1-octave bandwidth by sub-cycle waveform synthesis [3.10] and 

supercontinuum generation [3.3, 5]. In addition, to realize the energy scalability of 

ultrabroadband synthesizers for the realization of bright coherent tabletop high-harmonic 

sources in the water-window and keV X-ray region [3.9], multi-channel parametric waveform 

synthesizers with several amplification stages are required [3.10, 11], which calls for 
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temporal optimization in each amplification stage to maximize both conversion efficiency 

and bandwidth, as well as to simultaneously suppress the superfluorescence background 

[3.12]. The dispersion management for the generation of intense sub-optical-cycle sources is 

extremely delicate and challenging, especially requiring ultrabroadband and highly precise 

laser optics with high damage threshold. As described in Chapter 2, active compression 

systems based on spatial light modulators with >1-octave bandwidths have been 

demonstrated [3.13, 14], but they are hampered by the bandwidth and diffraction efficiency 

of the gratings used in 4-f pulse shapers. Therefore, they have not directly been applied to 

multi-octave-spanning high-intensity sources. Multilayer dielectric coatings such as the ones 

used for chirped mirrors [3.15, 16] and complementary mirror pairs [3.17-20], though not 

adaptable, have the advantages of supporting potentially multi-octave bandwidth with high 

reflectivity. Therefore, multilayer mirror designs are widely employed as robust solutions as 

discussed in Chapter 2: 1.5-octave-wide chirped mirror pairs [3.18, 19] for pulse compression 

have been developed, and optical synthesizers based on hollow-core-fiber compressors with 

up to four channels have been realized with separate chirped mirror designs [3.3-5]. In the 

previous works, the pulses covering different spectral ranges are split and individually 

compressed before pulse recombination. While hollow-core-fiber compressors are limited in 

the trade-off between pulse energy and operating bandwidth, a super-octave-spanning 

pulse synthesizer based on parametric amplifiers can further scale the energy to the multi-

mJ range [3.21, 22]. Then, with a reasonable beam size, the maximum pulse energy 

reachable is ultimately limited by the peak power of the combined intense ultrashort pulse, 

which induces detrimental nonlinearities (i.e., B-integral) in the following optical beam path 

and particularly in the beam combiner optics and the window to vacuum-chambers housing 

the experiment (e.g., high harmonic generation). In addition, the dispersion of the beam 

combiner around the edge of the high-reflection band is difficult to control, as discussed in 

Subsection 2.3.2. As a result, synthesized electric-field transients without spectral gaps are 

hard to achieve with dichroic mirrors as discussed in Subsection 2.3.2: spectral gaps cannot 

be avoided in between the channels [3.3-5]. Therefore, to efficiently synthesize 

ultrabroadband optical waveforms with precise spectral-phase matching between the 

transmission and reflection ports of the beam combiner is required: broadband dichroic 

mirrors (DM) with exquisite dispersion control are necessary but not available so far. In 

Chapter 2, novel mirror designs with >2-octave-spanning bandwidth have been 
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demonstrated and discussed. In this chapter, super-octave-wide waveform synthesizers 

delivering multi-mJ pulse energy are introduced based on the advanced chirped mirror 

technology: a 3-channel parametric synthesizer with 3 amplification stages is discussed. 

 3-channel parametric synthesizer 3.2

 Introduction to femtosecond optical parametric amplification 3.2.1

The femtosecond technology widely applied for the implementation of stable and energetic 

sources relies on broadband stimulated emission, such as Ti:Sapphire oscillators and 

amplifiers. However, the frequency tunability, as well as the obtainable spectral bandwidth, 

is limited by the emission bandwidth of the gain medium, leading to gain narrowing during 

amplification process. Optical parametric generation, along with proper nonlinear crystal 

and geometry, is a promising technology to realize tunable femtosecond pulses across the 

visible, near and far infrared spectral ranges [3.24-29]. 

In a transparent crystalline crystal materials with strong χ(2) nonlinearity, an intense 

higher-frequency beam (i.e., the pump beam) at frequency ωp, amplifies a weak lower-

frequency beam (i.e., the signal/seed beam), at frequency ωs. The signal beam is amplified 

along with an idler beam, at frequency ωi [3.23]. Parametric interaction often occurs and 

then energy conservation has to be followed, which enforces 

𝜔𝑝 = 𝜔𝑠 + 𝜔𝑖                                                              (3.1) 

Meanwhile, momentum conservation is also allowed in order to efficiently process 

parametric generation (i.e., achieving phase-matching):  

𝑘⃑ 𝑝 = 𝑘⃑ 𝑠 + 𝑘⃑ 𝑖                                                             (3.2) 

As a result, optical parametric processes can be employed for parametric amplification with 

a weak seed beam by an intense pump. With the advance on nonlinear optics and ultrafast 

technology, femtosecond OPAs has been regarded as powerful tools for the efficient 

generation of tunable, few-cycle light pulses [3.24-29]. Broadband gain in an OPA can be 

achieved when the group velocities of signal and idler are matched [3.26] with two kinds of 

geometry: (1) Degenerated OPA (DOPA): OPA employs type I phase matching at degeneracy 
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(i.e., 𝜔𝑠 = 𝜔𝑖) in a collinear fashion; (2) non-collinear OPA (NOPA): the group velocity of the 

idler pulses projected along the signal propagation direction is matched to the signal group 

velocity. As a result, the broadband gain from femtosecond OPAs offers the capability of 

amplifying broadband pulses sustaining shorter duration than the pump pulses. As an 

example, a pumping scheme based on Ti:sapphire laser technology can be realized either at 

the fundamental wavelength at 800 nm or at the second harmonic (SH) at 400 nm or higher 

harmonics. Regarding the generation of few-cycle pulses based on ß-Barium Borate (BBO) 

crystals, visible sub-10 fs pulses (500 - 700 nm) can be obtained by the SH-pumped NOPA 

[3.30], and sub-7 fs pulses in the near-infrared range of 650 - 950 nm is delivered by the SH-

pumped DOPA [3.28]. Mid-infrared pulses (1200 - 2200 nm) are generated with the 800nm-

pumped DOPA [3.27]. Most importantly, a coherent synthesis of all the above three channels 

are discussed in this chapter, in order to generate two-octave-spanning waveform from 500 

– 2200 nm. 

 3-channel parametric waveform synthesizer based on Ti:sapphire 3.2.2

amplifiers  

 

Fig. 3.1. Detailed scheme of the >2-octave-wide multi-mJ parametric waveform synthesizer [3.22]. BS, 
beam splitter; SHG, second-harmonic generation; WLG, whitelight generation; DBS, dichroic beam splitter; 
NOPA, non-collinear OPA; DOPA, degenerate OPA; DCMs, double-chirped mirrors; BOC, balanced optical 
cross-correlator. 

For the construction of the >2-octave-spanning mJ-level parametric synthesizer, a 

cryogenically cooled Ti:sapphire chirped-pulse amplifier (140 fs, 18 mJ, 0.8 μm, 1 kHz) is 

employed as a starting source (see Fig. 3.1). A robust seed generation is required from 

supercontinuum generation, which eventually impacts the coherence and phase stability of 
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the amplified pulses. For generation of a supercontinuum seed, the stabilization of carrier-

envelope phase (CEP) is crucial to determine the electric field of sub-cycle waveforms, 

providing the feasibility to study nonlinear interactions of matter with intense waveforms, as 

well as optical frequency metrology. The CEP stabilization can be achieved using either active 

or passive methods. In our case, a few-μJ-level, CEP-stable supercontinuum (0.5-2.5 μm, see 

Fig. 3.2) is generated by white-light generation in a 3-mm-thick YAG crystal pumped by the 

second harmonic (1.06 μm) of the self-CEP-stabilized idler [3.31] of a NIR OPA (OPerA Solo, 

Coherent). Without using an active electronic feed-back control, passive schemes preserve 

phase stability by difference frequency generation at a parametrically detuned frequency: in 

this process the phases of the two pulses (i.e., pump and signal) sharing the same unlocked 

CEP add up with opposite signs, resulting in cancellation of the shot-to-shot CEP fluctuations.  

 

Fig. 3.2. Passively CEP-stabilized white-light seed continuum generated in a 3-mm-thick YAG crystal 
pumped by the second harmonic (1.06 µm) of the CEP-stable idler of the NIR OPA [3.22]. 

The continuum is split with chirped dichroic mirrors for seeding three OPA channels, 

a VIS NOPA and a NIR DOPA, pumped by 0.4 μm pulses using the SH generation from 

Ti:sapphire amplifiers, and an IR DOPA channel, pumped directly by the pulses at 0.8 μm, as 

shown in Fig. 3.1. 3-stage amplification in each channel is employed in order to boost up the 

synthesized pulse energy up to multi-mJ-level. Type-I BBO crystals are applied in all the three 

channels (the phase-matching angle is 31◦, 29◦, and 20◦ for the VIS NOPA, NIR DOPA and IR 

DOPA, respectively). In each stage of three OPA channels, the pulse dispersion is precisely 

managed based on custom-tailored double chirped mirrors (DCMs), as discussed in Section 

3.3. In addition, the possible timing drifts between different channels should be also 

carefully controlled in order to synthesize the ultrabroadband waveform from the three OPA 
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channels [3.10]. Balanced optical cross-correlators (BOCs) [3.32] will be employed to detect 

relative timing of the pulses. The locking method based on BOCs and a feed-back active 

control is capable of achieving sub-cycle parametric synthesis with <30-as rms timing jitter 

[3.10, 31]. The passive timing jitter between the MIR DOPA and the VIS NOPA is 

characterized and discussed based on BOCs in Subsection 3.4.2.  

 

Fig. 3.3. Output spectra and corresponding energies from the (a) first and (b) second OPA stages [3.22]. 

Fig. 3.3 shows the measured output spectra from the first and second amplification 

stages, respectively. Comparing the first and second stage spectra, the VIS NOPA and NIR 

DOPA ones are narrower after the second stage amplification, and the IR DOPA one 

amplified more on the two sides instead of the center wavelength regime around 1.6 μm. It 

could be qualitatively explained by considering the role of dispersion between pump and 

seed, which is provided in Section 3.3. Even in this case, the second stage output spectra 

pumping by 0.4-μm pulses continuously cover the spectral range from 0.52 μm to 0.96 μm, 

and the IR DOPA spectrum is spanned from 1.13 μm to 2.29 μm. The FWHM TL pulse 

duration from the perfect synthesis of these three spectra with a 0-CEP offset (assuming the 

intensity weighting, 1:1.3:1, in order to obtain a better suppression of the pulse side lobes) is 
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1.9 fs FWHM, corresponding to 0.7 optical cycles at 785 nm center wavelength, as shown in 

Fig. 3.4. 

 

Fig. 3.4. Numerical synthesized waveform obtaining from the measured second-stage spectra (see Fig. 
3.4(b)). The weighting between different channels is 1:1.3:1 assuming dispersion-free pulses with a 0 CEP 
offset [3.22]. 

As a preliminary test, the energy can be further boosted up to the multi-mJ level 

after the third amplification stages (see Fig. 3.5). First, the energy of the IR DOPA can be 

reached up to 1.7 mJ in a third IR DOPA stage employing a 4-mm-thick BBO crystal with a 7.7 

mJ of pump pulses, resulting in the pump-signal conversion efficiency as high as 22%. On the 

other hand, using 2-mm-thick BBOs and 0.4-μm pump pulses obtained from the SH 

generation of the Ti:sapphire source, the reachable VIS NOPA and NIR DOPA energies after 

the third stages are 170 μJ and 200 μJ, respectively, as well as the spectra shown in Fig. 3.5. 

 

Fig. 3.5. Output spectra and corresponding energies from the third OPA stages [3.22]. 
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 Dispersion control of high energy sub-cycle synthesizers 3.3

One key technology for generating multi-mJ sub-cycle pulses and the ways to delivering 

them to attoscience experiments require dedicate dispersion tailoring over the whole 

operating bandwidth (i.e., more than two octaves in our case). Comparing with hollow-fiber-

based synthesizer, the fully dispersion control of multi-channel parametric synthesis with 

multiple amplification stages is a multifaceted challenge, which demands on several 

requirements: (1) temporal optimization of OPAs in each amplification stage in terms of both 

bandwidth and conversion efficiency, while suppressing the buildup of super-fluorescence 

during the amplification process, (2) reduction of the unwanted nonlinearity (i.e., nonlinear 

phases as B-integral) due to intense burst propagation through Kerr media (e.g., beam 

combiner substrates, entrance window of the vacuum chamber for the experiments of 

nonlinear waveform optics), which would destroy the pulse quality, (3) feasibility of  

dispersion fine-tuning for different experimental scenario, (4) final compression of the 

intense synthesized waveform to its Fourier limit. 

 Dispersion scheme for bandwidth and pulse-energy scalibility 3.3.1

In order to synthesize light transient covering different spectral range, in the previous works, 

separate dispersion-control units for different spectral ranges have been proposed [3.3, 5, 

10, 33]. In one version, as shown in Fig. 3.6, the pulses covering different spectral ranges will 

be compressed before the pulse combination. Hollow-core-fiber-based optical synthesizer 

with up to four channels have been demonstrated using separate chirped-mirror covering 

different spectral regimes [3.3, 5]. However, in that case, although less demanding on 

dispersion-control elements, the pulse energy is harder to scale up to the multi-mJ range 

[3.10, 21, 22], since the combined intense ultrashort pulses induce unwanted nonlinear 

optical interactions which would degrade the beam quality. Thus, reducing the effect of 

nonlinearities can be achieved by combining the chirped pulses and then using 

ultrabroadband CMs as the final stage compressor: Novel mirror designs for >2-octave-

spanning waveform synthesizers delivering multi-mJ pulse energy [3.21, 22] are introduced. 

We design and characterize the required laser optics [3.34], chirped dichroic mirrors (CDMs) 

for efficient splitting and coherent combining of pulses, and ultrabroadband double-chirped 

mirror (DCM) pairs for final compression. To avoid 𝐵-integral problems, we recombine the 
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still slightly chirped pulses first on the CDMs and then use an ultrabroadband DCM pair as a 

final compressor unit, as schematically shown in Fig. 3.7. 

 

. 

Fig. 3.6. Prior arts [3.3-5]of broadband few-cycle optical sources with separated chirped mirrors in 
different wavelength ranges. CM: chirped mirror.  

 

Fig. 3.7. Schematic of a >2-octave-wide 3-channel parametric synthesizer [3.21, 22, 34]. CEP, carrier-
envelope phase; WL, white-light; CDM, chirped dichroic mirror; OPA, optical parametric amplifier; DCM, 
double-chirped mirror; BOC, balanced optical cross-correlator. 

We evaluate the temporal pulse distortion introduced by the demonstrated 

ultrabroadband DCM pair on the waveform synthesizer output using the experimental 

combined second-stage OPA output spectra. As the scheme in Fig. 3.7 shows, the spectrum 

below 1 μm is reflected by the CDM, and the spectrum above 1.1 μm is transmitted. The 

combined pulse, with 1.88 fs FWHM transform-limited (TL) pulse duration, is still chirped 

when passing through the combiner substrate and the vacuum-chamber window to 
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decrease the peak intensity and thus reduce B-integral, and the ultrabroadband DCM pair 

can compensate the dispersion of the combined waveform afterwards. The pulse distortion 

is examined by considering the measured reflectivity and residual GD errors of the mirrors 

(i.e., starting from the flat-phase waveform and accounting for the GD deviation of the 

mirrors’ measured GD from the design goal, the GD of 1.44-mm/0.32-mm optical path in 

fused silica/ZnSe, respectively), as shown in Fig. 3.8. Fig. 3.8(b) shows the synthesized 

waveform after final compression by the ultrabroadband DCM pair according to the 

fabricated results in Section 2.4. The red dotted curve in Fig. 3.8(a) shows that the measured 

residual phase error of the DCM pair, is <0.1 π rad (i.e., <λ/20), enabling pulse compression 

very close to its TL. >2-octave-bandwidth pulse compression can thus be visualized for the 

first time [3.34]. 

 

Fig. 3.8. The pulse characteristics in (a) frequency domain and (b) time domain after the ultrabroadband 
DCM pair. The black curve in (a) is the measured combined OPA spectra, as well as the TL electric-field 
waveform in (b). The red curves show the pulse after the mirror pair, as well as the residual phase shown 
as the blue curve in (a). The duration of the pulses depicted in the inset as the black and red lines are 
1.88fs and 1.93fs, respectively. TL, transform-limited electric-field waveform. 

 

 Dispersion-matched scheme for coherent beam combination 3.3.2

A beam combiner’s dispersion around its high-reflection band edge is difficult to control. In 

the previous designs, spectral gaps cannot be avoided between the channels [3.3, 5]. 

Therefore, to efficiently synthesize ultrabroad optical waveforms, precise spectral-phase 

matching between the transmission and reflection ports of the beam combiner is required.  
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Fig. 3.9. (a) The schematic diagram of a dispersion-matched system based on the CDM [3.34]. (b) The 
reflection (purple), transmission (red), and the combined spectra (green, blue, and orange dashed) in port 
4 with different temporal delays between port 1 and port 2 in (a), as well as the incoherently combined 
spectra (black). Constructive/destructive interfered spectrum over the whole transition range (1.0 μm -
1.1 μm) can be obtained as the green/blue curve. (Inset) The optimized beam combining efficiency is 
>90%, even including the ~8% total interface reflection losses of the matching plate in port 1. 

To match the beam dispersion between reflection port and transmission port, the 

spectral phase in the overlapping regions should be equalized after the chirped dichroic 

mirror, which is similar to a previous scheme based on a dispersion-matched neutral beam 

splitter [3.35]. A proposed scheme with a CDM and a dielectric plate in port 1 is shown as Fig. 

3.9(a). We denote the GDD of the coating between the air and the substrate interfaces with 

reflection R1, transmission T1, reflection R2, and transmission T2 by GDDR1, GDDT1, GDDR2, 

and GDDT2, respectively. Also, the GDDs for a single pass in the substrate of the chirped 

dichroic mirror and the dielectric plate are denoted as GDDS and GDDP, respectively. In the 

design we will match the GDD of the substrate with the GDD of the plate and GDDR1 (i.e., 

GDDS=GDDR1+GDDP). The GDD for each optical path is then given by: 

                                       (4.1) 

For a lossless coating without material absorption, the following relationships are 

generally valid [3.35, 36]: GDDT1=GDDT2 and GDDR1+GDDR2=GDDT1+GDDT2. Assuming the 

transmittance of the chirped dichroic mirror in the transition region is smooth enough, the 

corresponding GDD is negligible (i.e., GDDT1≈0). With these additional conditions via a 
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lossless and slowly-varying transmission coating in the transition region, the GDD from each 

beam path to port 4 becomes identical:  

                                               (4.2) 

The GDD from each beam path to port 3 is also identical:  

                                                 (4.3) 

Furthermore, if we additionally place an identical plate in port 4 or have a coating 

design that GDDR1=GDDS, the GDD of all input and output ports is matched. In the case 

discussed in Section 2.3, GDDR1 and GDDS are equivalent to the GDD of -0.52 mm and 3.21 

mm optical path of fused silica, respectively. Therefore, the matched optical path of the 

fused silica plate is 3.73 mm. In the waveform synthesizer as shown in the scheme depicted 

in Fig. 3.7, the combined 5% of light in port 3 will supply a balanced optical cross-correlator 

(BOC) for active feedback stabilization of the relative time delay of the individual pulses. 

Since the dispersion is matched, the spectrum in the spectrally overlapping region in 

port 4 can be constructively combined with matched spectral phase over the overlapping 

region, which further boosts the combination efficiency. The purple/red curves in Fig. 3.9(b) 

show the reflected/transmitted spectra measured using a white-light source from port 1 and 

port 2, respectively. The combined spectra are also shown as the green, blue, orange dashed 

curves in Fig. 3.9(b), as well as the incoherently combined spectrum as a reference: 

interference fringes (orange dashed curve) are observed due to the optical delay between 

the beams from the two input ports. By fine-tuning the optical delay, fully 

constructively/destructively interfered spectra over the spectrally overlapping region can be 

obtained as the green/blue curves, respectively. The beam combining efficiency with the 

green spectrum is >90% over the transition range, even including the ~8% total interface 

reflection losses of the silica plate in port 1. 

;GDDGDD+GDD=4)GDD(2

,GDD=GDD+GDD =4)GDD(1

ST2S

SR1P





.GDD+GDD                      

GDD+2GDD=3)GDD(2

,GDD+GDD                      

GDD+GDD+GDD=3)GDD(1

SP

R2S

SP

ST1P











68 
 

 Pulse shaping for efficient parametric amplification 3.3.3

In each amplification stage, the seed pulse duration must be carefully matched to the 

temporal window of high parametric gain defined by the location and duration of the pump 

pulses in order to efficiently amplify the seed instead of the buildup of super-fluorescence 

background. The complete suppression of super-fluorescence background during 

amplification is especially crucial for obtaining clean pulses from a few-μJ-level 

supercontinuum to the final mJ-level waveform. In a previous study [3.12], a small 

compromise in the amplified bandwidth relatively to the potential full phase-matching 

bandwidth is obtained by choosing the appropriate seed chirp. The method not only 

maximizes the efficiency-bandwidth product, but also optimizes the signal-to-noise ratio. In 

this subsection, the dispersion characteristics of the different channels are discussed, with 

their impact on the optimization strategy in the different wavelength ranges. 

 

Fig. 3.10. Material dispersions (a) in VIS NOPA and NIR DOPA (0.49 μm - 1 μm), and (b) in MIR DOPA (1.2 
μm – 2.5 μm). For dispersion fine-tuning in the different channels, fused silica (FS) and ZnSe are used in 
the spectral ranges plotted as dashed lines in (a) and (b), respectively.   

 

Fig. 3.10 shows the dispersion characteristics of the materials used in the synthesizer, 

which have distinct behaviors below/above 1 μm. In NIR and VIS regimes, the used materials 

provide positive dispersion (i.e., negative slopes of the curves in Fig. 3.10(a)). In contrast, 

mainly higher-order dispersion is experienced from materials in the range of 1 μm - 2.5 μm. 

Along with materials for dispersion fine-tuning (e.g., fused silica or ZnSe) and considering the 

overall material dispersion in each channel, DCM pairs are custom-designed and fabricated 

to manage the pulse durations in different amplification stages. Fig. 3.11 shows the 



69 
 

reflectivity and dispersion curves (measured with a photospectrometer and a home-built 

white-light interferometer, respectively) for the DCM pairs, as well as the 2-octave-spanning 

final DCMs. The DCM pairs used in the VIS NOPA and NIR DOPA channels feature extremely 

smooth GD curves with negative dispersion and near-100% reflectivity over their full 

corresponding bandwidths. The smooth GD behavior is demanded especially in the VIS NOPA 

channel, since more bounces on the DCM pairs are required due to the more severe material 

dispersion in the short wavelength range, as shown in Fig. 3.10. In the IR DOPA channel, the 

DCM pair shows a non-monotonic behavior in GD to balance the higher-order dispersion 

from materials with a reflectivity >94% up to 2.2 μm. As discussed in Chapter 2, only 

negative dispersion can be provided with DCM pairs to achieve >1-octave-wide dispersion 

control. Unfortunately, this implies that with the present NIR DOPA DCM pairs we cannot 

compress the amplified spectrum within 2.2-2.5 μm (see Fig. 3.5). The black curve in Fig. 3.11 

shows the DAM-structure-based ultrabroadband DCM pair [3.34] used as compression unit 

inside the vacuum chamber.  

 

Fig. 3.11. Reflectivity and GD of all DCM pairs used for dispersion management: total reflectivity (dashed 
curves) and total GD (solid curves) for a DCM pair used in the VIS NOPA (purple), NIR DOPA (green), and 
IR DOPA (orange). The black curves show the data for the ultrabroadband DCM pair used for final 
compression of the combined waveform inside the vacuum chamber; it compensates a 1.44-mm optical 
path in fused silica and 0.32-mm optical path in ZnSe for ranges of 0.49–1.05 μm and 1.05–2.3 μm, 
respectively. 
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Fig. 3.12. An design of the dispersion map: 3mm YAG is used for white light seed generation. CDM1&2, 
chirped dichroic mirrors for splitting and combining different channels; FS, fused silica; DCM, double-
chirped mirror (number of pairs as indicated). CaF2 are employed as the window for a vacuum chamber. 

The dispersion management is sketched as the dispersion map shown in Fig. 3.12. 

The corresponding seed evolution with respect to the pump, using the experimental second 

stage spectra and considering only optical dispersion and relative delays are shown in 

different stages of MIR DOPA, NIR DOPA, and NIR NOPA in Fig. 3.13, Fig. 3.14, and Fig. 3.15, 

respectively. Since the pump pulses, 140 fs for MIR DOPA at 0.8 μm and 100 fs for both NIR 

DOPA and VIS NOPA at 0.4 μm, are long enough, the crystal dispersion doesn’t distort the 

pump pulse in the time domain: the width of the temporal gain window is almost fixed over 

the crystal, while the delay between the pump and seed are varied inside the crystal due to 

dispersion. In order to optimize the conversion efficiency, the pump and seed should be 

overlapped, and the seed pulse is matched with the temporal pump window in the center of 

BBO in each amplification stage.  

In the MIR DOPA channel, the TOD induced by materials leads to lagging temporal 

side-lobes (see Fig. 3.13) from the superposition of the two lagging spectral wings. Along 

with the broadband phase matching of the parametric amplification, the spectral wings tend 

to see more gain than the center part, which is consistent with the experimental spectra 

shown in Fig. 3.3 and Fig. 3.5: more pronounced spectral wings are observed after 

amplification. On the other hand, the GDD of BBO is relatively small in the MIR range. The 

pump and seed can thus properly be overlapped even in the whole 4-mm-long crystal in the 

third stage, shown in the bottom figure of Fig. 3.13. It implies that the pump-signal 

conversion efficiency can be increased using a longer crystal. In reality, as high as 22% of 
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conversion efficiency in the third stage is realized with a 4 mm BBO, which is twice longer 

than the BBO crystals used in the VIS NOPA channels and NIS DOPA channels. 

 

Fig. 3.13. Temporal evolution of the seed with respect to the pump in different amplification stages (upper, 
the first stage; middle, the second stage; bottom, the third stage) of the MIR DOPA channel. The chirp and 
delay of the seed are optimized to match the temporal pump window in the center of crystal, as the 
denoted C BBO pulses, while the BBO dispersion shapes the temporal behaviors before/after the crystal, 
denoted as B BBO and A BBO, respectively.  

In the NIR DOPA and VIS NOPA channels, no significant temporal side-lobes are 

generated (see Figs. 3.14-15), and GDD is dominant in the pulse evolution. However, more 

severe temporal walk-off between the pump and seed inside the crystals suggests the use of 

shorter BBO crystal, especially in the NIR DOPA channel. Moreover, the dispersion of BBO is 

dramatically increased in the VIS regime; and it is harder to optimize the VIS seed pulse to 

match the temporal gain window. As a result, a longer pump is suggested when building VIS 

NOPA, or noticeable gain-narrowing would be found due to the temporal mismatch between 

the gain window and seed pulse. 
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Fig. 3.14. Temporal evolution of the seed with respect to the pump in different amplification stages (upper, 
the first stage; middle, the second stage; bottom, the third stage) of the NIR DOPA channel. The chirp and 
delay of the seed are optimized to match the temporal pump window in the center of crystal, as the 
denoted C BBO pulses, while the BBO dispersion shapes the temporal behaviors before/after the crystal, 
denoted as B BBO and A BBO, respectively.  

 

Fig. 3.15. Temporal evolution of the seed with respect to the pump in different amplification stages (upper, 
the first stage; middle, the second stage; bottom, the third stage) of the VIS NOPA channel. The chirp and 
delay of the seed are optimized to match the temporal pump window in the center of crystal, as the 
denoted C BBO pulses, while the BBO dispersion shapes the temporal behaviors before/after the crystal, 
denoted as B BBO and A BBO, respectively.  
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 Toward sub-cycle waveform synthesizer 3.4

 Spectral-temporal pulse characterization 3.4.1

 

Fig. 3.16. FROG characterization of the second-stage OPA outputs from the three channels at the synthesis 
point [3.22]. The VIS NOPA (top) and NIR DOPA (middle) are characterized by means of SHG-FROG, and 
the MIR DOPA (bottom) using surface THG-FROG. (a) Measured and (b) retrieved FROG traces. (c) 
Retrieved spectral intensity (blue) and phases (red), as well as measured spectra (black). (d) Retrieved 
temporal intensity (blue) and phase profiles (red) as well as TL intensity profiles (dashed black). The 
retrieved FWHM pulse durations are indicated. The reconstruction of the THG-FROG (no marginal 
correction was applied) shows some deviations from the measured spectrum, since the surface polishing 
of the ZnSe wedges used for dispersion fine tuning was sub-optimum (scratches and imperfect planarity). 

In order to characterize the pulse shape and to demonstrate the feasibility to 

recompress all three channels simultaneously close to the Fourier limit based on double 

chirped mirror pairs, preliminary FROG measurements of all three second-stage outputs are 

presented. The FROG results shown in Fig. 3.16 are measured at the actual waveform 

synthesis point, i.e., the three pulses from different channels propagate through the 

complete synthesizer scheme, as plotted in Fig. 3.12, and thus experience the exact 

dispersion and nonlinearity. That is, the synthesis can later be performed from these pulses 

after locking their relative timing. The VIS NOPA and NIR DOPA were characterized by 

standard SHG-FROG. Because of the octave-spanning bandwidth of the MIR DOPA, a 

broadband technique is required without phase-matching constraints:  surface third-
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harmonic generation (THG) FROG is employed to characterize the MIR pulses. The FROG 

reconstructions show that each of the channels can be compressed close to the TL intensity 

profile (see dashed curves in Fig. 3.16(d)). In these measurements, we have not yet tried to 

compress the broadest bandwidths achieved so far (see the spectra shown in Fig. 3.3), so a 

further deduction of the pulse durations to <6 fs for each channel is expected with a proper 

optimization. 

 

Fig. 3.17. Synthesized waveforms computed from Fig. 3.16(c), with the same field amplitudes between the 
3-channel pulses. The assumed relative phases (VIS NOPA, NIR DOPA, MIR DOPA) are shown as indicated 
[3.22]. Red, electric field; dashed black, field envelope; blue, intensity. 

The next step will be the final waveform synthesis from the three channels. A few 

examples (see Fig. 3.17) of synthesized waveforms for different relative phases are 

computed from the measured spectral amplitudes and phases in Fig. 3.16(c). Waveforms as 

short as 2.7 fs FWHM can be obtained. The ongoing work aims at the recompression and 

characterization of the full 3-channel 3-stage synthesizer. 

 Passive timing jitter characterization 3.4.2

Here we present the first study of the passive timing jitter properties of a 3-stage multi-mJ 

sub-cycle waveform synthesizer, which features much longer beam path (several tens of 
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meters), compared to those earlier synthesizers [3.3, 11]. A high passive timing stability is 

required between the synthesized channels, which indicate the feasibility to actually 

perform the coherent synthesis after establishing the active feedback stabilization. As shown 

in Fig. 3.1, we spatially and temporally combined the three OPA pulses after the third 

amplification stages (VIS NOPA3, NIR DOPA3, MIR DOPA3) on the chirped dichroic mirror. 

The leakage port from chirped dichroic mirrors also collinearly combines pulses from 

different channels, which is used to supply the BOC for relative timing comparison. We first 

implemented the BOC for VIS NOPA3 and MIR DOPA3. The IR pulses are employed as the 

reference, and we use a piezo-transducer (PZT) actuated delay stage in the VIS channel to 

compensate for the relative timing jitter. The timing setup is similar to the one shown in Fig. 

9 in [3.33]. The BOC is composed of two identical cross-correlators to detect the sum 

frequency generation at 0.42 μm from the ~0.58-μm component in the VIS NOPA3 and the 

~1.55-μm component in MIR DOPA3 using two 1-mm-thick type-I BBO crystals. A 3-mm-thick 

glass plate is placed in one of the cross-correlators to reverse the timing delay of the two 

pulses from different channels. The sum-frequency signals are filtered within a 10-nm optical 

bandwidth in front of the home-made balanced photodetector.  

 

Fig. 3.18. Passive timing jitter characterization [3.22]: (a) BOC S-curve for VIS NOPA3 and MIR DOPA3, 

exhibiting a ∼100-fs-wide linear region applicable for feedback stabilization. (b) Passive timing jitter 
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spectral density between the two channels measured by the same BOC, calculated from Fourier transform 
of the time domain measurement of the inset (c). A clear modulation from the injected 33.3-Hz test signal 

clearly is observed in (c). The injected sinusoidal test signal as the red area in (b) provides ∼2.4-fs rms 

jitter at 33.3 Hz, while the blue area corresponds to the nature timing jitter without an active feedback 

control. By referencing the injected signal, the natural timing jitter is evaluated to be only ∼2.6 fs rms.  

In Fig. 3.18, we report the first characterization data of the passive timing jitter 

between the VIS channel and IR channel outputs after 3 stages of amplification [3.22]. The 

typical S-shaped BOC signal displayed in Fig. 3.18(a) features a 100-fs-wide linear region, 

which can be directly used for feedback stabilization of the relative timing within a 100-fs 

range. In order to investigate the noise properties and overall passive timing stability, we 

used the following experimental procedure: we injected a known sinusoidal signal at 33.3 Hz, 

with 1-V peak-to-peak amplitude driving the PZT used for adjusting the relative timing. From 

the specifications of the PZT, we calibrated the rms of this injected sinusoidal signal to be 2.4 

fs. Afterwards, by comparing the red area in Fig. 3.18(b) corresponding to the reference 

injected noise to the blue area corresponding to the passive timing jitter, we could evaluate 

the overall timing jitter to be 2.6 fs rms.  

Unfortunately, in this first experiment we observed that the injected 33.3-Hz signal 

driving the PZT excited a resonance in the PZT giving rise to a visible broad noise from 250 to 

330 Hz in Fig. 3.18(b). We expect to get rid of this excessive noise by simply replacing the PZT 

in future experiments. With improved vibration isolation and environmental shielding of the 

BOC setup, we expect to achieve a sub-cycle passive timing jitter. With a common seed 

supplying three different channels, the timing and pulse-energy fluctuation of the seeds are 

automatically synchronized, eliminating the substantial timing jitter in the case with 

different seed sources between the synthesizer channels. [3.37] Apart from the PZT 

resonance issue, the observed surprisingly low 2.6-fs rms jitter seems a direct consequence 

of our parallel synthesizer architecture even with more than 10 meter of beam propagation.  

To summarize, the passive timing jitter between parallel OPA channels in our 

synthesizer is already at the level of 1-2 optical cycles, which can be further improved by 

vibration isolations and a proper environmental shielding of the whole setup. So far we have 

not yet addressed the active feedback stabilization of the relative timing between the three 

synthesized channels with sub-cycle precision, which is a prerequisite for coherent 

waveform synthesis. In previous work by Leitenstorfer’s group [3.38, 39], attosecond-level 
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passive relative timing jitter between two channels of a nJ-level waveform synthesizer based 

on Erbium-doped fiber technology was demonstrated. μJ-level parametric synthesis have 

been demonstrated in our earlier experiments [3.10, 11]. After the investigation of passive 

timing jitter, the low-frequency timing jitter can be easily eliminated by the PZT-based active 

control for the whole 3-channel OPAs, potentially enabling tight locking of the mJ-level 

pulses well below a tenth if not a hundredth of a cycle.  
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  Chapter 4

Spatiotemporal dynamics of octave-

spanning Ti:sapphire lasers 

 Introduction 4.1

Femtosecond sources with a broadband spectrum in a simple and robust fashion have paved 

ways for scientific explorations in many fields, such as optical metrology [4.1-3], study of 

ultrafast dynamics [4.4], and nonlinear light microscopy [4.5-7]. After invention of the first 

self-starting Ti:sapphire lasers [4.8], Kerr-lens mode-locking (KLM) offers a robust 

mechanism in the operation of femtosecond oscillators. With the advance in KLM solid-state 

lasers, few-cycle pulses can be routinely generated from a single laser oscillator with a 

broadband gain medium (e.g., Ti:sapphire [4.9-11] and Cr-doped crystals [4.12, 13]). 

However, despite the great success in demonstrating few-cycle lasers, the spatiotemporal 

pulse dynamics has not been precisely understood from the existing numerical models. The 

whole laser dynamics involving optical nonlinearity is quite complicated. For example, the 

optical Kerr nonlinearity results in not only spectral broadening by self-phase-modulation 

but also intensity-dependent beam profile, which is used to differentiate between CW and 

pulse operation, by self-focusing.   

In the early models proposed by Herrmann [4.14, 15] and Christov [4.16-19], the 

spatiotemporal features such as gain-guiding and space-time astigmatism have been 

investigated for >10fs pulses. In order to simulate sub-two-cycle or octave-spanning 

Ti:sapphire lasers demonstrated with dedicated dispersion compensation, a pure temporal 

approach was employed in our group [4.20]. In this work, all the spatial effects were 

modeled by an artificial saturable absorber. Therefore, although the experimental octave-

spanning spectra have become numerically reproducible, physics behind many phenomena 
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involving spatial dynamics remains uninvestigated yet. These lasers not only show beam-size 

variations at different wavelengths, but the mode structure also changes across the entire 

spectral range [4.21, 22]. In a resonant cavity, the spatial characteristics with its dependence 

on cavity dispersion, as well as cavity nonlinear phase, are unanswered. As a result, both 

longitudinal and transverse effects inside the cavity should simultaneously be considered in 

order to investigate the octave-spanning laser dynamics. Comparing with the pulses applied 

in previous spatiotemporal models, shorter pulses with much higher intracavity intensities 

are evolving inside the cavity: when propagating through the gain medium, the intracavity 

pulses experience stronger nonlinear phase modulation. The modulation leads to coupling 

between longitudinal and transverse modes of the laser via Kerr nonlinearity, simultaneously 

from the self-phase modulation (SPM) and self-focusing (SF) effects, and further dominating 

the spatiotemporal dynamics of the pulse. 

In this chapter, I will feature an spatiotemporal model applied to the dynamic 

investigation of octave-spanning Ti:sapphire oscillators. The mode-locking dynamics is 

explored numerically from temporal spikes to stable generation of few-cycle pulses, instead 

of directly jumping into a steady-state solution, which might not be sustainable and 

triggered from a cold cavity. Moreover, to achieve ultrabroadband operation, the beam is 

typically tightly focused into the gain medium and the resulting high peak intensity at the 

focus possibly results in multi-photon processes (ionization and absorption). In this case, 

multiphoton processes perturb the pulse dynamics by introducing nonlinear losses and 

plasma defocusing to the pulse transients, which leads to mode-locking instability. An 

extended three-dimensional (3-D) numerical model is discussed to capture the complete 

spatiotemporal features that occurs in a dispersion-managed, Kerr-lens mode-locked 

Ti:sapphire laser operating in few-cycle regime. 

 Spatiotemporal modeling of laser dynamics 4.2

To study the spatiotemporal dynamics of few cycle pulses circulating inside a laser cavity, we 

conduct a numerical analysis based on a 3-D model and then compare the results with the 

experimental data. The laser dynamics is determined by the nonlinear propagation through 

the laser crystal (e.g. Ti:sapphire) and the linear evolution through the passive elements such 

as intracavity mirrors, wedges, and air path. Due to the complicated nonlinear interactions 
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during the multiple round-trip propagation, the pulse evolution within one round-trip needs 

to be modeled and simulated in an efficient way. Subsection 4.2.1 describes the nonlinear 

propagation inside the Ti:sapphire crystal, and the linear pulse evolution in the optical 

resonator is detailed in Subsection 4.2.2. A (2+1)-D simulation is performed by assuming 

cylindrically symmetric beam profile to reduce the calculation complexity. We apply the 

numerical approach to ring cavity configurations, and demonstrate its capability to predict 

and analyze the full dynamics of few cycle lasers. 

 Spatiotemporal nonlinear pulse propagation in the Ti:sapphire crystal 4.2.1

The nonlinear propagation of the pulse through the crystal can be modeled by a nonlinear 

spatiotemporal pulse evolution equation. The equation is valid for pulses in single-cycle 

regime as long as the envelope and the phase of the electric field slowly vary [4.23]. The 

NLSTPEE equation with a complex envelope 𝐴(𝑟, 𝑧, 𝜏) is generally written using a retarded 

time =t-z/vg as: 

𝜕𝐴(𝑟,𝑧,𝜏)

𝜕𝑧
= (𝑳 + 𝑵)𝐴(𝑟, 𝑧, 𝜏)                                         (4.1)  

The imaginary parts of both 𝑳  and 𝑵  show the phase or reshaped waveform during 

propagation in z direction. On the other hand, the gain and loss experienced by 𝐴 are 

indicated in the real parts of both 𝑳 and 𝑵. The operator 𝑳 accounts for the linear effects 

including diffraction and dispersion through the crystal, which is given by 

𝑳 = [−𝑇−1 𝑗

2𝑛0𝑘0
∇⊥

2 − 𝑗𝑰𝑭𝑻{𝑘(𝜔)}]                                          (4.2) 

where ∇⊥
2≡ 𝜕/𝑟𝜕𝑟 + 𝜕2/𝜕𝑟2  is the transverse Laplacian operator and the last term shows 

the inverse Fourier transform (𝑰𝑭𝑻) of the propagation constant, which is an Eigenfunction 

in frequency. The first term in Eq. (4.2) stands for the beam diffraction, and the second term 

describes the dispersive pulse property. k0 is the wavenumber in vacuum corresponding to 

the carrier frequency 𝜔0. 𝑇 ≡ (1 − (𝑗/𝜔0)𝜕𝜏) is the operator used to correct the frequency-

dependent diffraction and nonlinear effects. Thus, 𝑳 can be directly operated in frequency 

domain. However, 𝑵  should be conducted in time domain, accounting for intensity-

dependent nonlinear effects including optical Kerr effect, saturated gain from the gain 

medium, and multiphoton ionization (MPI): 

𝑵 = 𝑵𝐾𝑒𝑟𝑟 + 𝑵𝑔𝑎𝑖𝑛 + 𝑵𝑀𝑃𝐼                                                       (4.3)   
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𝑵𝐾𝑒𝑟𝑟 = −𝑗𝑇𝑘0𝑛2|𝐴|2                                                         (4.4) 

𝑵𝑔𝑎𝑖𝑛 = 𝑰𝑭𝑻 {
𝜂𝑞𝛼

2

𝑊𝑝(𝑟,𝑧)/𝑊𝑠𝑎𝑡

1+(𝑊𝑙(𝑟,𝑧)/𝑊𝑠𝑎𝑡)

1

1+𝑗(𝛺/∆𝛺𝐿)2
}                                      (4.5) 

𝑛2 in Eq. 4.4 is the nonlinear refractive index of the medium. Since the right hand side of Eq. 

4.4 is proportional to the spatiotemporal distribution of the beam intensity, the Kerr 

nonlinearity during the propagation in solid-state lasers not only contributes to the spectral 

broadening via SPM but also reshapes the beam profile via self-focusing. The gain effect is 

described as Eq. 4.5, which is an inverse Fourier transform operator regarding gain guiding 

from pump, intensity saturation, and wavelength-dependent gain line-shape. 𝛼  is the 

absorption constant for the pump wavelength in the gain medium, and  is the quantum 

efficiency defined as the photon energy ratio between the pump wavelength and the laser 

center wavelength. 𝑊𝑠𝑎𝑡 = ℏ𝜔0/(𝜎𝐿𝜏𝐿𝑓𝑟𝑒𝑝) is the saturation energy density of the gain 

medium associated with a cross-section 𝜎𝐿 and the upper-state lifetime 𝜏𝐿. 𝑓𝑟𝑒𝑝 = 1/𝑇𝑅 

denotes the repetition rate of the cavity. Since the round-trip time 𝑇𝑅 is much smaller than 

the upper-state lifetime, instead of implementing instantaneous intensity, the crystal 

experiences 𝑊𝑝 and 𝑊𝑙, which are the integrated energy density (J/m2) over one cavity 

round-trip time of the pump and circulating laser beam, respectively. 𝛺 is the detuning from 

the carrier frequency 𝜔0, and ∆𝛺𝐿 is the half-width half-maximum bandwidth of the gain 

line-shape. The gain line-shape is characterized as a Lorentzian function, which is quite 

constant with the measured gain cross section in Ti:sapphire crystals [4.24]. Along with the 

gain saturation, the propagating pulses encounter a Lorentzian filtering of the gain line-

shape in frequency domain and a gain guiding of the pump beam profile in spatial domain. 

With proper cavity geometries, self-amplitude modulation (SAM), the interplay between 

self-focusing and the gain guiding of the pump beam, acts as a saturable absorber, which 

favors more gain to pulses with higher intensity. Thus, with careful dispersion management 

and cavity design, both saturated gain and optical Kerr effect assist in achieving stable 

femtosecond operation.  

As the lasers operate in the few-cycle regime with much higher intracavity intensity 

(~1 TW/cm2) inside the gain medium, the nonlinear effects related to MPI ought to be taken 

into account, given by 

𝑵𝑀𝑃𝐼 = −
𝛽(𝐾)

2
|𝐴|2𝐾−2 −

𝜎

2
𝑇(1 − 𝑗𝜔0𝜏𝑐)𝜌.                                  (4.6) 

hq
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The first term and the second term in Eq. 4.6 correspond to multiphoton absorption (MPA) 

and plasma absorption/defocusing. 𝐾 is the photon number required to induce band-to-

band transitions of electrons in the Ti:sapphire crystal (i.e. 𝐾 = mod(Ui/Ep), Ui: the material 

bandgap; EP: the photon energy of the laser). 𝛽(𝐾) = 𝐾ℏ𝜔0𝜎𝐾𝜌𝑎𝑡 corresponds to the MPA 

coefficient proportional to a cross-section 𝜎𝐾 derive from the Keldysh’s model. 𝜎 is the 

inverse Bremsstrahlung cross-section that is computed with the reduced electron mass 𝑚𝑒
∗  

in the medium. 𝜏𝑐 represents an average electron collision time. 𝜌 is the plasma density with 

an upper limit of background atom density 𝜌𝑎𝑡 . As a result, plasma generation is 

characterized via MPI, avalanche ionization, and the recombination process with a 

characteristic time 𝜏𝑟𝑒𝑐, which is given by: 

  
𝜕𝜌

𝜕𝑡
= 𝜎𝐾|𝐴|2𝐾(𝜌𝑎𝑡 − 𝜌) +

𝜎

𝑛2𝑈𝑖
|𝐴|2𝜌 −

𝜌

𝜏𝑟𝑒𝑐
                                  (4.7)   

For a 5-photon process in our case, the importance of MPA and plasma effects 

increases with intensity to the power of 4 and 5, correspondingly, while the Kerr effect is 

only linearly proportional to the intensity. Based on literature [4.25-27], the value of 

abovementioned parameters for the Ti:sapphire crystal are listed in Table 4.1. In order to 

estimate the influence of MPI effects, Fig. 4.1(a) shows the peak plasma density inside the 

Ti:sapphire crystal generated via different peak intensities from 0.1 to 10 TW/cm2 with a 10 

fs pulse. Fig. 4.1(b) compares the nonlinear coefficients for Kerr effect (= 𝑛0𝑘0𝑛2𝐼), MPA 

(=𝛽(5)𝐼4/2), and plasma effects (=𝜎𝐼5𝜌/2). As a rule of thumb, when the intensity 

approaches 1 TW/cm2, the contribution from higher-order nonlinearity could be no longer 

negligible.  
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Parameter  Value (@ 0.8 μm) 

n0 1.76 - 

n2 3х10-20 m
2
/W 

ω0 2.3562 х1015 rad/s 

ηq 0.6650 - 

α 450 m
-1 

σL 3х10-23 m
2 

τL 3 х10-4 s 

Ui 7.3 eV 

EP 1.55 eV 

K 5 - 

ρat 11.6 х1028 m
-3 

σK 3.45 х10-73 s
-1

m
19

W
-5 

β(K) 4.97 х10-62 m
7
W

-4 

σ 1.9 х10-21 m
2 

𝑚𝑒
∗  0.35 𝒎𝒆 

τc 1 х10-15 s 

τrec 1.5х10-13 s 

Δ𝜴L 3.24 х1014 rad/s 

Table 4.1. Parameters for Ti:sapphire crystals 

 

Fig. 4.1. (a) Maximum plasma density and (b) nonlinear action contributed by Kerr effect 
(blue), MPA (green), and plasma effects (red) as functions of peak intensity generated from 
10 fs pulses, according to the parameters listed in Table 4.1. 

 Optical Resonators 4.2.2

In each round-trip, the pulse experiences nonlinear evolution when passing through the gain 

or Kerr medium, which dynamically reshapes its spatial and temporal profile. For the rest of 

the path, the pulse experiences linear propagation according to the spatial arrangement as 

well as the dispersion of the intracavity components. 
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Self-consistent q-parameter in ring cavity oscillators 

Propagating Gaussian beam under paraxial approximation, the q parameter is very useful for 

describing the beam evolution through lenses, mirrors, and tilted plates, as well as optical 

systems, such as a laser cavity with a series of optical components. The effect of an optical 

system on a Gaussian beam can be determined by a bilinear transformation of q using the 

ABCD matrix approaches. The generalized ABCD matrices describing propagation, refraction, 

and reflection of Gaussian beams are shown in Table 4.2.  

 

 

                                                    [
𝐴 𝐵
𝐶 𝐷

] 

Sagittal Tangential 

Propagation in a 
medium with an 

optical path length 𝑑 
                                                    [

1 𝑑
0 1

] 

Refraction at a curved 
interface 

[

1 0

𝑐𝑜𝑠𝜃𝑖 − √𝑛𝑟
2 − 𝑠𝑖𝑛2𝜃𝑖

𝑅𝑛𝑟

1

𝑛𝑟

] 

[
 
 
 
 √𝑛𝑟

2 − 𝑠𝑖𝑛2𝜃𝑖

𝑛𝑟𝑐𝑜𝑠𝜃𝑖
0

𝑐𝑜𝑠𝜃𝑖 − √𝑛𝑟
2 − 𝑠𝑖𝑛2𝜃𝑖

𝑅𝑐𝑜𝑠𝜃𝑖√𝑛𝑟
2 − 𝑠𝑖𝑛2𝜃𝑖

𝑐𝑜𝑠𝜃𝑖

√𝑛𝑟
2 − 𝑠𝑖𝑛2𝜃𝑖]

 
 
 
 

 

Reflection at a curved 
interface 

[

1 0
−2

𝑅𝑐𝑜𝑠𝜃𝑖
1] [

1 0
−2𝑐𝑜𝑠𝜃𝑖

𝑅
1
] 

Table 4.2. ABCD matrices for beam propagation, refraction, and reflection at the 
sagittal/tangential plane. , θi is the angle of incidence; R is the radius of curvature of the 
interface. nr is the medium index ratio of the output port to the input port. 

 

To solve the resonant modes supported by a laser cavity, one can calculate the 

overall ABCD matrix by multiplying the matrix of each individual component in one round-

trip. The ABCD matrix is calculated from an arbitrary plane of interest (i.e., a reference plane). 

For a stable operation, the transverse mode must reproduce itself after every round-trip, i.e., 

𝑞 =
𝐴𝑞+𝐵

𝐶𝑞+𝐷
.                                                                  (4.8) 

Without loss and gain during the ray transfer (i.e., AD – BC = 1), the self-consistent q 

parameter is then given by 
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𝑞 =
𝐴−𝐷

2𝐶
+ 𝑗

1

|𝐶|
√1 − (

𝐴+𝐷

2
).                                                 (4.9) 

The stable cavity configuration is obtained by requiring that q must have nonzero imaginary 

part, i.e., 

−2 ≤ 𝐴 + 𝐷 ≤ 2.                                                       (4.10) 

Once the q parameter on a reference plane is found, the structure and the round-trip Gouy 

phase shift of the resonator mode across the entire cavity are obtained. The beam waist 

radius 𝑤𝑜 and the waist position 𝑥 with respect to the reference plane can be obtained from 

the Eigen-q-parameter according to: 

𝑥 = −𝑅𝑒{𝑞},                                                          (4.11) 

𝑤𝑜 = √𝜆/𝜋𝐼𝑚{𝑞}.                                                      (4.12) 

The numerical model is tested on a four-mirror ring cavity. The scheme of the ring cavity, as 

well as the denoted distance between each optical element and tilted angle, is as shown in 

Fig. 4.2. The cavity consists of one pair of flat mirrors and one pair of curved mirrors with a 

radius of curvature (R) of 2.5 cm. The gain crystal is typically placed at Brewster angle in 

order to reduce the Fresnel reflection loss. During the cavity alignment, there are many 

practical issues related to the cavity stability and further the maximization of mode-locking 

strength. In the stability region, a standing wave can be formed in the cavity. Mathematically, 

it is judged by whether a self-consistent q parameter (see Eq. 4.9) exists or not. Moreover, in 

order to compensate the astigmatism induced from the tilted crystal, 𝜃1 and 𝜃2, as well as L1 

and L2, should be optimized in order to overlap the cavity stability region between the 

tangential and sagittal plane.   

 

Fig. 4.2. Schematic of the typical ring cavities used for KLM oscillators. The curved mirrors 
M1 and M2 are tilted with θ1 and θ2, respectively, to compensate the astigmatism, which is 
introduced by the crystal that is placed at Brewster angle θB.  
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R1=R2 L2 L1=L3 θ1 = θ2 L4+L5+L6 

25mm 2mm 11.5mm-15.5mm 10.03° 120mm 

Table 4.3. Ring resonator paremeters applied in Fig. 4.2. 

In a simple case, one can choose an identical angle (i.e., 𝜃1 = 𝜃2) and an identical 

distance (i.e., L1 = L3) to compensate the crystal astigmatism. As the cavity geometry with the 

listed parameters in Table 4.3, the size of the beam waist inside the crystal can be obtained 

as a function of curve mirror spacing (i.e., L1+L2+L3): one stability region can be found in such 

ring cavity oscillators as shown in Fig. 4.3.  

 

Fig. 4.3. Waist size vs. mirror spacing for astigmatism-free operation in sagittal (blue) and 
tangential (green) plane.  

Transverse modes 

Although the fundamental Gaussian beam is the most important spatial mode in ultrafast 

lasers, the existence of higher-order transverse modes cannot be ignored for understanding 

the solid-state mode-locking dynamics in the few-cycle regime. As discussed in many papers 

[4.15, 21], mode-locking of ultra-broadband lasers is usually accompanied by a wavelength-

dependent beam profile. In a resonator (i.e., with a self-consistent q parameter), these 

highly structured modes can be decomposed into a complete orthogonal basis set of 

Gaussian modes such as Hermite-Gaussian and Laguerre-Gaussian modes. In this work, we 

consider radially symmetry in the spatiotemporal simulations and use Laguerre-Gaussians as 



91 
 

the basic set in order to speed up the computation, although this is not true in reality due to 

the presence of tilted curved mirrors and Brewster plates. However, from a previous analysis, 

a radially symmetric cavity permits an effective resonator design and offers reliable 

guidelines for the final experimental optimization [4.28]. In this case, the mode field 

distribution with a radial index 𝑝 and azimuthal index 𝑙 is given by  

𝑢𝑝𝑙(𝑟, 𝜑, 𝑧)~
1

𝑤(𝑧)
(

√2𝑟

𝑤(𝑧)
)
|𝑙|

𝐿𝑝
|𝑙|(

2𝑟2

𝑤2(𝑧)
)𝑒

−
𝑟2

𝑤2(𝑧)𝑒
−𝑗

𝑘𝑟2

2𝑅(𝑧)𝑒𝑖𝑙𝜑𝑒𝑗(2𝑝+|𝑙|+1)∅(𝑧),          (4.13) 

where 𝐿𝑝
|𝑙| are the generalized Laguerre polynomials. 𝑤(𝑧), 𝑅(𝑧), and ∅(𝑧) determined by 

the q parameter, are the beam radius, curvature of the waveform, and Gouy phase in 

fundamental Gaussian mode at position  𝑧, respectively. Aside from the more complex radial 

dependence, the experienced phase shift is greater than one in the fundamental mode by an 

amount that depends on the mode parameters. That is, the mode-dependent Guoy phase 

shift can be expressed as  

∆∅𝐺𝑢𝑜𝑦(𝑝, 𝑙) = (2𝑝 + |𝑙| + 1)∆∅𝐺𝑢𝑜𝑦,𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙.                        (4.14) 

Typically, the fundamental mode sees more gain than the higher-order modes since 

it overlaps better with the pump laser. As a result, efficient oscillators are usually stably 

operated in the fundamental mode around their center wavelength. However, with a tightly 

focused beam inside the gain medium, the strong Kerr nonlinearity required for broadband 

operation induces higher-order transverse mode in the spectral wings. Therefore, in a 

broadband resonator, transverse-mode-dependent Guoy phase shift might lead to the 

coupling between longitudinal and transverse modes. As a result, especially in the 

wavelength regimes where the crystal provides nearly no gain (e.g. above 1.1 μm and below 

0.6 μm for Ti:sapphire oscillators), these excited high-order modes could dominate the beam 

profile depending on the cavity loss and overall dispersion. The detailed phase-matching 

condition and resonances will be discussed in the following section.  
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 Cavity simulation and dynamic analysis  4.3

 Cavity setup 4.3.1

 

Fig. 4.4. Setup of four-mirror ring cavities of few-cycle Ti:sapphire oscillators. 

 

 

Fig. 4.5. Reflectivity and group delay for a typical double-chirped mirror pair used in the 
octave-spanning Ti:Sapphire laser, which comprises DCMG and DCMB. The high reflectivity 
window, as well as the designed GD behaviors, is well-controlled in the whole operating 
regime of 0.6 µm – 1.2 µm. DCMB also features an extreme-low reflection region near 532 nm 
which allows the transmission of the pump beam.  

The laser dynamics is simulated with a four-mirror cavity as plotted in Fig. 4.4. The cavity 

comprises 2-mm Ti:sapphire crystal, one pair of flat mirrors, and one pair of curved mirrors 

with a radius of curvature of 25 mm, as well as a pair of wedges to fine tune cavity 
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dispersion. DCM pairs are employed as both flat and curved mirror pairs in order to 

compensate cavity dispersion with an octave-spanning bandwidth (i.e., 0.6 µm – 1.2 µm). Fig. 

4.5 shows the typical performance of a DCM pair that can support octave-spanning 

operation from the Ti:sapphire oscillators. The dispersion of the mirror pairs is carefully 

designed and fabricated to compensate the material dispersion, even considering the air 

dispersion, inside the laser cavity over the whole operating range.  

In order to precisely control the size and the relative position of the cw laser mode 

and pump mode inside the crystal, we numerically adjust the position and the angle of the 

curved mirrors based on the analysis of cavity stability region as described in Subsection 

4.2.2. In experiments, the dispersion of the crystal is usually overcompensated by the 

double-chirped mirror pairs and then precisely adjusted by inserting additional dispersion 

compensating wedges made of, for example, BaF2 or fused silica. To simplify the numerical 

study and to explain the spatiotemporal mode-locking dynamics, we first test an ideal cavity 

with a constant loss and phase for all wavelengths, while varying a net GDD after a round-

trip pass in order to simulate the dispersion fine-tuning. The dependence of important cavity 

parameters will be studied. Finally, the reflectivity and dispersion from the DCMs as well as 

the output coupler calculated from the real mirror designs will be used to simulate the 

practical cavity. In our simulation, we use a 300×1024 matrix to describe the field with a 

spatial and time resolution of 0.5 μm and 1.2 fs, respectively. 

 Efficient beam propagation  4.3.2

In the split-step method for efficient computation, some steps, especially the linear 

propagation, is usually calculated in frequency domain (for both time and space) instead of 

solving the equation directly in the real space. The frequency-domain field can be calculated 

by Hankel transform (HT) in the cylindrical coordinates in space and Fourier transform (FT): 

𝑨(𝑣, 𝑧, Ω) = 𝑭𝑻{𝑯𝑻{𝐴(𝑟, 𝑧, 𝜏)}}.                                          (4.15) 

𝐴 is the complex envelop function with its amplitude normalized to the intensity I (i.e., 

 |𝐴|2=I). The physical meaning is also easier to understand when the beam is viewed as a 

superposition of many frequency components representing different longitudinal and 

transverse modes. After a fine propagation distance ∆𝑧, a linear propagation phase shift is 

added to each mode, i.e., 
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𝑨(𝑣, 𝑧 + ∆𝑧, 𝛺) = 𝑒𝑥𝑝 {𝑗 [(1 +
𝛺

𝜔0
)
−1 2𝜋2𝑣2

𝑛0𝑘0
− 𝑘(𝛺)] ∆𝑧}𝑨(𝑣, 𝑧, 𝛺),           (4.16) 

where the transverse Laplacian operator and the differentiation in time (𝜕𝜏) are avoided and 

replaced by −4𝜋2𝑣2 and 𝑗𝛺, respectively. Outside the gain crystal, the pulse experiences 

linear propagation according to cavity geometry and the dispersion of the intracavity 

components. For efficient computation, an equivalent optical system with two effective 

lenses, which is separated by an effective distance, can be found. In a ring cavity, Fig. 4.6 

shows the unfolded schematic of a typical cavity path outside the crystal and the 

corresponding equivalent system. To find the equivalent system, an overall ABCD matrix 

describing all the components in the real path is calculated. The beginning and ending 

reference planes are both chosen inside the crystal. nr is the refractive index ratio between 

crystal and free space; 𝜃𝐵  and 𝜃𝐵
, are the Brewster angle of the interfaces; 𝜃1 and 𝜃2 are the 

incident angles on the focusing mirrors used for astigmatism compensation. 

 

Fig. 4.6. Schematic of a typical unfolded ring cavity (top) with reference planes inside the 
interfaces of the gain medium, and its equivalent system (bottom) for efficient computation 
of the beam propagation outside the gain crystal. f’, efficient focal length; D’, effective spacing; 
d, cavity dispersion during linear pulse propagation outside the crystal; N, nonlinear pulse 
propagation in the crystal.  

After calculating the overall ABCD matrix between the two reference planes, the 

efficient focal length (𝑓1
′ and 𝑓2

′) and spacing (𝐷′) in the equivalent system [4.29] can be 

computed by  

𝐷′ = 𝐵                                                                              (4.17) 

𝑓1
′ =

𝐵

1−𝐴
                                                                           (4.18) 
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𝑓2
′ =

𝐵

1−𝐷
                                                                           (4.19)  

With the equivalent system and Fourier optics, the propagation outside the gain crystal can 

be simplified with a series of transformation, from the end surface of the crystal at 𝑧 = 𝐿 to 

the front surface at 𝑧 = 0 in the next round trip: 

𝑨𝒊+𝟏(𝑟, 𝛺)|𝑧=0 = 𝒅 × 𝑭2
′ × 𝑰𝑯𝑻{𝑳 × 𝑯𝑻{𝑭1

′ × 𝑨𝒊(𝑟, 𝛺)|𝑧=𝐿}}                (4.20) 

where 𝑭1,2
′  are the matrices for the lens transformation 𝑓1,2

′  in space domain; 𝑳 is the matrix 

for beam propagation with a distance 𝐷′in spatial frequency domain; 𝒅 accounts for overall 

cavity dispersion excluding the crystal. These three matrices can be pre-computed with 

below forms: 

𝑭1,2
′  (𝑟, 𝛺) = 𝑒𝑥𝑝[𝑗(1 +

𝛺

𝜔0
)

𝑛0𝑘0𝑟2

2𝑓1,2
′ ]                                        (4.21) 

𝑳(𝑣, 𝛺) = 𝑒𝑥𝑝[𝑗 (1 +
𝛺

𝜔0
)
−1 2𝜋2𝑣2

𝑛0𝑘0
𝐷′]                                      (4.22) 

𝒅 (𝑟, 𝛺) = exp [−𝑗𝑘𝑎𝑙𝑙(𝛺)]                                                (4.23)  

Same approach can be applied to both linear and ring cavities for efficient 

computation of beam propagation outside the crystal. However, it should be noted that, in 

the linear cavity, the beam propagates through the crystal twice: two separated series have 

to be prepared and applied in two arms for one round-trip, as described in Subsection 5.2.1. 

 Local error between round trip 4.3.3

With the developed spatiotemporal model, the pulse dynamics in a round trip is simulated 

by considering the linear and nonlinear pulse evolution inside the crystal, and then the linear 

propagation of other elements inside the cavity with matrix transformations of an equivalent 

cavity system described in Subsection 4.3.2. In order to study the mode-locking dynamics, 

the simulation is performed by calculating the pulse evolutions during many round trips 

before it reaches steady state (i.e., the pulse repeats itself after each round-trip iteration).  

To check whether the laser cavity can support a stable pulse, we calculate the local 

error between round-trips using the following formula: 

 𝜀𝐴 =
||𝐴𝑖+1|−|𝐴𝑖||

|𝐴𝑖|
                                                            (4.24) 
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When the pulse approaches steady state, the error 𝜀𝐴 gets closer to zero. In the simulation, 

round-trip iterations repeat until the local error converges and reaches 10-4.   
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 Mode-locking Dynamics  4.4

In order to initiate mode-locking in solid-state lasers, a proper trigger is required to stimulate 

longitudinal mode beating, which is typically obtained by inducing a small mechanical 

vibration of an intracavity element. As the preliminary test of the model and a reference 

point of operation used for later comparisons, we create an ideal cavity by assuming that the 

crystal dispersion is completely compensated by other dispersive components (e.g. mirrors 

and materials other than the crystal) inside the cavity, while providing extra net GDD to 

shape mode-locking. The cavity is numerically aligned to support a cold-cavity transverse 

mode (continuous wave mode) with a beam waist of 23 μm at the center of the crystal. The 

pump beam is also focused onto the same location with a waist size of 10 μm. A constant 3% 

output coupling is employed over the whole spectral range. 

 Transient dynamics: from temporal spikes to stable few-cycle pulses 4.4.1

Theoretically, mode-locking starts from mode beating, which generates several longitudinal 

modes simultaneously as temporal spikes. To simulate this phenomenon, a 5 nJ, 200 fs 

Gaussian pulse is used to trigger the mode-locking. With a net -2 fs2 GDD cavity, the pulse 

characteristics (temporal evolution, peak intensity, beam waist, and the total pulse energy) 

when passing through the Ti:sapphire crystal from the initial condition to the steady-state 

are shown in Fig. 4.7, as well as the corresponding spectra in Fig. 4.8. The whole dynamics 

can roughly be described into 3 phases dominating by different pulse-shaping processes.  
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Fig. 4.7. Mode-locking dynamics inside the crystal from a 200-fs initial pulse to the steady 
state. (a-c), (d-f), (g-i), and (j-l) show the pulse characteristics (temporal evolutions (left), 
peak intensities (middle), and beam waists (right)) between different phases (1st-191th pass, 
191th-291th pass, and 291th pass to the steady state). The cw mode, pump beam, and pulse 
beam profile are plotted as the red dashed curves, black dashed curves, and blue curves in 
the right figures. A critical peak intensity (~0.2 TW/cm2 in this case) as shown in (e) should 
be reached in order to induce enough SAM, by decreasing the beam size of the main pulse. 
Shorter pulse is thus favored with the peak intensity above 0.2 TW/cm2, and the pulse 
evolution eventually shapes to the steady state. The horizon axes in all the figures are 
normalized to the crystal length.     

Phase I (1st – 191th pass) 

In the first phase, along with the growth of the pulse energy, new frequencies are 

generated due to SPM, and the initial 200 fs pulse is compressed by the cavity elements 

outside the crystal. As the peak intensity grows, the interplay among gain-guiding, diffraction, 

and self-focusing effects triggers the oscillation of the laser beam size. Meanwhile, the main 
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pulse shapes itself by radiating energy in the time domain, resulting in long pulse pedestals 

or satellite pulses.  

 

Fig. 4.8. Spectra between different phases (1st-191th pass, 191th-291th pass, and 291th pass to 
the steady state). In Phase I, the spectra are dominated by SPM. The broadest spectrum 
typically is obtained in the end of Phase II (291th pass), and shaped by gain bandwidth 
filtering. The steady-state spectrum eventually is reached and modified along with the cavity 
resonances.  

 

Phase II (191th – 291th pass) 

Once the increasing peak intensity is above a critical value (e.g., ~0.2 TW/cm2 in this 

case), the main pulse experiences more gain than the longer satellite pulses or continuous 

wave via self-amplitude modulation (SAM). SAM is induced by intensity-dependent beam 

profile:  stronger peak intensity leads to stronger self-focusing forming a smaller beam inside 

the crystal. As a result, the main pulse and the other transients will overlap with the pump 

beam differently. If the cavity is aligned properly, the beam size of the main pulse has a 

better overlap with the pump as shown in Fig. 4.7. Otherwise, when propagating with the 

cold-cavity beam size without a strong-enough SAM inside the crystal, the main pulse, which 

has higher peak intensity with a broader spectrum, will obtain less gain than other pulse 
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transients or continuous wave due to gain bandwidth filtering. Although the main pulse still 

shapes itself in the time domain, the radiating long pulses can be eliminated after several 

round trips due to less gain. Eventually, the temporal evolution is cleaned up. A broader 

spectrum than the steady state is obtained via SPM along with gain bandwidth filtering.  

Phase III (291th pass to steady state) 

After the elimination of pulse transients, the pulse obtains more gain and better 

beam overlap with the pump. Therefore, the peak intensity is increased, and the spectrum is 

further shaped by gain bandwidth filtering. The pulse is also modified and cleaned by the 

resonance cavity until reaching the steady state. For example, spectral spikes in the steady 

state are observed as shown in Fig. 4.8, which will be explained in Section 4.6.  

 Mode-locking dynamics with different net cavity dispersions  4.4.2

 

Fig. 4.9. Local errors 𝜀𝐴 from 200fs initial pulses to the steady states with different cavity 
dispersions. 

 

In experiments, slightly negative dispersion in the cavity is typically employed to access 

working points of stable mode-locking. In order to simulate the process, we employ cavities 

with different net GDDs and study the mode-locking dynamics. Fig. 4.9 shows the 

comparison of local errors 𝜀𝐴 from 5 nJ, 200 fs initial pulses to the steady states with 

different cavity dispersion.  
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Fig. 4.10. Peak intensities inside the crystal with different cavity dispersion, (a-c) when the 
critical value (~0.2 TW/cm2) is obtained, or (d) when the peak intensity reaches its 
maximum. The cavity dispersion and the corresponding round trip are indicated in the figure. 
The horizon axes in all the figures are normalized to the crystal length. 

In contrast to the negative dispersion cases, the steady state cannot be obtained in 

the dispersion-free cavity even after more than 9000 round trips. The whole mode locking 

dynamics can be well-explained. Within ~60 round trips, all the local errors in Fig. 4.9 share 

the same behavior: the pulse energies are increased, trying to reach the balance between 

gain and loss. The local error is increased afterward due to the gain competition between 

the main pulse and its radiated light transients. In this stage, Kerr effect plays a more 

important role, and a net negative GDD inside the cavity will assist to balance the nonlinear 

phase induced by SPM. Therefore, the critical peak intensity (0.2 TW/cm2), as shown in Fig. 

4.10, is easier to be obtained along with a slightly negative dispersion within fewer round 

trips: the pulse can be compressed in a more efficient way. The corresponding evolution of 

pulse durations inside the crystal, when the critical peak intensity is reached, is also shown in 

Fig. 4.11. The cleanup of the pulse transients occurs afterwards in the negative dispersion 

cavities, and the laser dynamics converging to the steady state. However, in a dispersion-

free cavity, the critical peak intensity cannot be reached, and the main pulse cannot 

experience enough gain while competing with the other transients during the whole process: 
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the temporal evolution and the beam profile inside the crystal in the dispersion-free case 

after ~9000 round trips are shown in Fig. 4.12.  

 

Fig. 4.11. FWHM pulse duration inside the crystal, (a-c) when the critical value (0.2 TW/cm2) 
is obtained, or (d) when the peak intensity reaches its maximum. The cavity dispersion and 
the corresponding round trip are indicated in each figure. The horizon axes in all the figures 
are normalized to the crystal length. 

 

 

Fig. 4.12. Temporal evolution and the corresponding beam radius inside the crystal in the 
dispersion-free cavity after ~9000 round trips. The horizon axes in all the figures are 
normalized to the crystal length. 
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Although the mode-locking process is easier to be obtained with a negative cavity 

GDD, the broadest achievable spectrum in the steady state is typically generated with less 

net negative dispersion, even from the slightly-positive-dispersion cavity. The steady-state 

spectra with different cavity dispersion are shown in Fig. 4.13 and Fig. 4.14, respectively. 

However, it is difficult to initiate mode locking directly from such cavities since the critical 

peak intensity is hardly reached. Fig. 4. 15 shows the local errors using the dispersion-free 

cavity with different initial pulse durations. With a shorter initial pulse, the peak intensity is 

easier to reach the critical value, and the pulse transient is harder to be amplified in the 

crystal. As a result, one should first try to obtain a stable femtosecond generation with a 

negative cavity dispersion, and then carefully tuning the dispersion (e.g., inserting more BaF2 

or fused silica) to acquire broader spectrum. 

 

Fig. 4.13. The steady-state spectra with (a) -10fs2 GDD, (b) -5fs2 GDD, (c) -2fs2 GDD, and (d) 
0fs2 GDD of net cavity dispersion. The corresponding transform-limited pulse width are 10.8 
fs, 8.9 fs, 7.8 fs, and 6.2 fs from (a) to (d), accordingly. 
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Fig. 4.14 Steady-state spectra with (a) +0.5 fs2, (b) +0.7 fs2, and (c) +1 fs2 GDD of net cavity 
dispersion. The shortest transform-limited pulse width can be obtained with (a), 5.7 fs. 

In order to compare the steady-state performance, Fig. 4.16 shows the simulated 

transform-limited pulse width and intracavity pulse energy supported by the cavity with 

different net dispersion. As shown in Fig. 4.16, the spectrum is broader with less pulse 

energy as the net cavity GDD changes from negative to slightly positive. These phenomena 

agree with the theory of dispersion-managed soliton mode-locking. When the GDD becomes 

more positive, a flattop spectrum forms with two steep edges. When the net GDD is closer 

to zero, the peaks become less dense. In the past, researchers attributed these peaks to 

phase-matching resonances, but unfortunately the phase-matching condition was not yet 

found. In fact, these spectral features often come with highly-structured beam profiles in the 

spectral wings. For example, Fig. 4.17 shows the simulated wavelength-dependent laser 

beam profiles for a net cavity GDD of -5, -2, 0, and +0.5 fs2. As a result, one can obtain the 

broader spectrum, as well as the finer beam profile in the spectral wings, with a slightly 

positive dispersion. However, the corresponding pulse energy is the lower due to the soliton 

formation and gain bandwidth filtering.  

 

Fig. 4. 15. local errors using a dispersion-free cavity with different initial pulse durations, as 
well as triggering with the steady-state pulse from a -5 fs2 cavity (red). 
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Fig. 4.16. Transform-limited pulse width and intracavity pulse energy vs. net cavity GDD. 

 

 

Fig. 4.17. Wavelength-dependent beam profile of a mode-locked beam from a cavity with a 
net GDD of -5, -2, 0, and +0.5 fs2. 
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 Operating points and performance optimizations 4.5

Looking for an operating point to obtain broadband spectrum with a high output power is an 

important issue in the construction of KLM oscillators. Even though the result from a pure 

temporal laser model has shown that octave-spanning spectra can be generated with careful 

dispersion management, the model fails to figure out the strength of the effective saturable 

absorption and its connection to the cavity alignment [4.20]. To study the dependence of 

laser performance on the operating point, a spatiotemporal model must be employed. 

In order to optimize the laser performance in terms of the broadband operation with 

a high pulse energy, one can try to decrease the beam waist of the cavity by varying the 

mirror spacing between the curved mirrors or increasing the pumping. To illustrate the 

influences, we simulated the effect of decreasing the mirror spacing on the shorter edge of 

the stability region from a cw waist size of 23 μm (see Fig. 4.18). 

 

Fig. 4.18. Cold cavity waist size vs. the mirror spacing between the two curve mirrors. An 
operating point and the direction toward optimization are marked as the red cross and 
arrow, respectively. 

 

In this set of experiments, instead of controlling mirror spacing, all the cavity 

parameters are the same as the previous setup with a dispersion-free cavity. The initial pulse 

duration is 7 fs, by assuming that one has already obtained stable mode-locking with a 

slightly narrower spectrum. With a smaller cold cavity beam waist, the mode-locked beam is 

focused to a smaller spot, and the operating point is closer to the edge of the stability region. 
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As shown in Fig. 4.19(a), the maximum pulse intensity could be as high as >1 TW/cm2 for the 

20 μm case. As a result, the spectrum is broader (see Fig. 4.19(b)) due to stronger SPM when 

an operating point closer to the edge of stability region is used. However, the pulse energy is 

decreased since broader spectrum experiences stronger gain bandwidth filtering. 

Furthermore, the laser might enter an unstable zone if the beam is too tightly focused. 

When closer to the edge of the stability region (i.e., with a smaller cw beam waist), the pulse 

transients live longer and further show no sign of convergence with 20 μm of the cw beam 

waist, as shown in Fig. 4.20. 

 

Fig. 4.19. (a) peak intensities and (b) spectra with different operating points, which vary the 
cold cavity waist sizes as indicated in the legend. The horizon axis in (a) is normalized to the 
crystal length. 

 

The estimated intensity threshold for the unstable zone is ~1.1 TW/cm2 in the 2-GHz 

cavity. This is also the level where a significant multi-photon (MP) effect could be induced. In 

order to investigate the role of higher-order optical nonlinearities, we numerically switch off 

the MP operator which is described in Section 4.2. In Fig. 4.21, there are almost no 

differences in the beam waists, peak intensities, and spectra between the two cases (i.e., 

with MP and without MP) with ~3000 round trip. Fig. 4.22 also shows the round-trip errors in 

the two cases, which share very similar behaviors implying the same mode-locking dynamics. 

As a result, although the peak intensity is as high as ~1.1 TW/cm2, the mode-locking 

dynamics is still ruled by the interplay between cavity setup (e.g., geometry and dispersion), 

gain saturation, and optical Kerr effect inside the crystal. 
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Fig. 4.20. Local errors with different operating points, which vary the cold cavity waist sizes 
as indicated in the legend. A cavity with <20 μm of the cw waist size inside the crystal cannot 
reaches a steady state within 3500 round-trips, even using an initial pulse as short as 7fs. 

 

 

Fig. 4.21. Comparison of (a,d) the beam sizes, (b,e) peak intensities, and (c,f) spectra between 
two simulation cavity (a-c) including, or (d-f) excluding multiphoton effects, when the 
oscillator is in the margin of stability region. w/o MP, without multiphoton effects; w/ MP, 
with multiphoton effects.  
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Fig. 4.22. Comparison between local-error dynamics with/without multiphoton effects using 
a cavity supporting a peak intensity as high as ~1.1  TW/cm2. 

 

In order to optimize the output power while maintaining the spectral bandwidth, one 

could try to increase the pumping with a larger cavity waist size. With a higher pump power, 

the peak intensity becomes larger since the pulse energy also increases. By optimizing the 

pump power with different cw beam sizes, Fig. 4.23 shows the maximal-obtainable peak 

intensities as well as the corresponding pulse energies and spectra. The pulse energy 

decreases when a smaller cw laser waist is employed with a fixed pump power, which agrees 

with our experimental observations. The result suggests that, in order to maximize the 

output power from a few-cycle laser, a large cw laser beam waist should be used. Ideally, 

one can still acquire similar amount of nonlinear phase by increasing the pump power. 

Practically, the beam distortion caused by the thermal lensing effect might become a severe 

problem when the pump power is too high.  
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Fig. 4.23. With (a-c) 22 μm, (d-f) 21 μm , and (g-i) 20 μm of cw beam waists, the optimized 
beam profile (left), peak intensity (middle), and spectrum (right) by applying maximal pump 
power (indicated in the left figures). The corresponding intracavity pulse energy, and 
transform-limited pulse width are also shown in the middle and left figures, respectively.  
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 From ideal cases to practical designs: intracavity 4.6

spatiotemporal phase matching 

After the studies of mode-locking dynamics and optimization of operating points from ideal 

cavities, some questions of the steady-state behaviors still remain such as the spectral 

resonances when varying the cavity dispersion (see Fig. 4.13 and Fig. 4.14). Furthermore, in 

practical cases, DCM pairs and a designed output coupler are used to control the bandwidth 

of cavity dispersion and round-trip reflectivity. As a result, the cavity dispersion has a certain 

compensating bandwidth with GD oscillations from DCM, instead of a smooth GD over the 

whole operation spectral range. Moreover, the output coupling window is usually smaller 

than the bandwidth of intracavity spectrum, in order to deliver more output from the 

spectral wings. With the octave-spanning spatiotemporal model, the DCM-based cavity can 

be numerically set up according to the experimental condition. Fig. 4.24 shows the overall 

DCM reflectivity and output coupling window in a ring cavity oscillator as well as the round-

trip residual phase. All the reflectivity and dispersion of DCMs are calculated from the real 

mirror designs using in the experiment. The residual phase is obtained by integrating the net 

cavity GD over frequency. Fig. 4.25 shows a simulated output spectrum. Comparing with an 

ideal spectrum (see Fig. 4.13(d)) with a flat phase and reflectivity over the whole spectral 

range, multiple resonance peaks are found around 0.65 μm and 1.1 μm, which can be 

explained by intracavity spatiotemporal phase-matching. 

 

Fig. 4.24. Overall DCM reflectivity (blue) and output coupling window (green) in a DCM-
based ring cavity oscillator, as well as the designed round-trip residual phase (red). 
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Fig. 4.25. Simulated spectrum from a DCM-based ring cavity. 

 Intracavity spatiotemporal phase matching 4.6.1

In the spectral domain, KLM Ti:sapphire lasers are considered as a dispersion-managed 

soliton that maintains its shape by the interplay of SPM and cavity dispersion [4.30]. The 

practical variations apart from ideal cases can be treated and explained as the perturbations 

to dispersion-managed soliton. 

Assuming a lossless cavity without gain and higher-order dispersion, the dispersion-

managed SPM associated with dispersive elements inside the cavity (e.g., Ti:sapphire crystals 

and DCMs) can be balanced, supporting stable few-cycle pulses between round-trip 

evolutions. Dispersion-managed soliton is thus obtained, and the circulating pulse evolution 

only gains a fixed amount of nonlinear phase while remaining its shape after every round-

trip. However, in addition to SPM and dispersion, the soliton-like mode-locked pulse 

experiences loss and gain during the propagation. Since the loss, gain, and higher-order 

dispersion per round-trip are usually small in the steady solid-state oscillators, they can be 

treated as perturbations to a dispersion-managed soliton whose dynamics is still dominated 

only by the SPM and GDD. These perturbations lead to radiation of dispersive waves. The 

low intensity dispersive wave propagates around the cavity with only linear effects like 

dispersion and diffraction. When the phase contributed by the linear effects equals the 

nonlinear phase experienced by the soliton wave, the newly generated and existing 

dispersive waves will coherently add up, resulting in resonantly enhanced peaks in the 

spectrum. The phase-matching process described here is similar to Kelly sideband generation 
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[4.31], high-order-dispersion-induced resonance [4.32, 33], and fiber-optic Cherenkov 

radiation [4.34]. 

In a solid-state oscillator, the Kerr effect not only induces coupling between 

longitudinal modes via SPM but also transverse modes via self-focusing. In the spatial 

domain, the dispersive wave at each wavelength from soliton perturbation can be viewed as 

a superposition of the transverse modes. As described in Subsection 4.2.2, the higher-order 

transverse modes experience more Gouy phase than the lower-order modes, which leads to 

a mode-dependent phase-matching condition. Here we assume that the dispersion-

managed soliton is mainly in the fundamental transverse mode due to the mode matching 

with the pump beam. Therefore, the phase-matching condition is satisfied when the phase 

of the soliton-like wave equals the phase of the linear dispersive wave per round trip:  

∅𝑆𝑜𝑙𝑖𝑡𝑜𝑛,𝑅𝑇 + 2𝑚𝜋 = ∅𝑑𝑖𝑠𝑝𝑒𝑟𝑠𝑖𝑣𝑒,𝑅𝑇                                     (4.25) 

That is, by requiring that the nonlinear phase ∅𝑁𝐿 is matched to the linear phase contributed 

by the cavity dispersion ∅𝐷  and the mode-dependent round-trip Gouy phase (2𝑝 +

1)∅𝐺𝑢𝑜𝑦,𝑅𝑇, one can write a general phase-matching condition for Laguerre-Gaussian beam 

assuming radial symmetry with radial index 𝑝: 

∅𝑁𝐿 + ∅𝐺𝑢𝑜𝑦,𝑅𝑇 + 2𝑚𝜋 = ∅𝐷 + (2𝑝 + 1)∅𝐺𝑢𝑜𝑦,𝑅𝑇 .                      (4.26) 

As a result, a transverse mode is enhanced, when the cavity dispersion satisfying the 

spatiotemporal phase-matching. Within the high reflectivity window of the cavity (i.e., 0.65 

μm -1.1 μm, see Fig. 4.24), pulse evolution is shaped by the cavity resonance, as the cases 

with different net cavity dispersions in Figs. 4.13-14. In addition, when applying the real DCM 

designs, the cavity dispersion varies rapidly away from a flat round-trip residual phase 

around the edge of high reflectivity region, which also leads to spectral resonances.  
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Fig. 4.26. (upper) The resonant peaks near 650 nm of the simulated spectrum, as shown in 
Fig. 4.25. (bottom) Corresponding round-trip residual phase ∅𝐷 due to cavity dispersion. The 
inset color plots show the phase-matched beam profiles around the specified wavelengths. 

In the modeling, the round-trip Guoy phase in the fundamental Gaussian mode, -3.44 

rad, is calculated by circulating the supported beam in a cold cavity; the round-trip phase of 

the dispersion-managed soliton (i.e., ∅𝑁𝐿 + ∅𝐺𝑢𝑜𝑦,𝑅𝑇) is around -2.88 rad. The residual phase 

difference between the wavelengths of adjacent resonant peaks, as shown in Fig. 4.26, is ~0.6 

rad, which is consistent with Eq. 4.26 (i.e., twice of Guoy phase shift in the cavity, 

|2∅𝐺𝑢𝑜𝑦,𝑅𝑇+2𝜋|). As a result, the position of the phase-matching peaks, as well as the 

corresponding transverse modes, becomes predictable. 
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 The role of residual phase oscillations from DCMs 4.6.2

 

Fig. 4.27. Experimental spectrum from a DCM-based ring cavity [4.9]. 

Despite of the success in depicting mode-locking dynamics and phase-matching 

enhancement, detailed comparisons of experimental and theoretical results would help to 

further optimize the output performance. An experimental spectrum is shown in Fig. 4.27 

[4.9], which shares the common behavior of multiple spectral peaks near 0.65 μm and 1.1 

μm. However, in the experiment, spectral ripples around the center wavelength are typically 

observed, instead of a relatively smooth spectrum from simulation shown in Fig. 4.25. The 

possible reason behind the spectral ripples is residual phase errors from fabricated chirped 

mirrors. Apart from the design phase, slight fabrication variations of the elaborate mirror 

structures lead to unwanted GD oscillations. To study the influence of residual phase ripples, 

we implant phase oscillations in a dispersion-free cavity, as shown in Fig. 4.28(a), which has 

the same cavity setup as described in Subsection 4.4.2. 

 

Fig. 4.28. (a) Simulated round-trip phases and (b) corresponding local-error dynamics, which 
characterize the effects of the sinusoidal phase oscillations with specified peak-to-peak 
values, in order to evaluate the role of residual phase errors from fabricated chirped mirrors. 
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Fig. 4.29. Temporal evolution after specified round trips inside the crystal, using a cavity 
with a residual phase which has a peak-to-peak oscillation of 0.3 rad and a 7 fs initial pulse.  

With specified phase oscillations shown in Fig. 4.28(a), the local-error dynamics is 

shown in Fig. 4.28(b), using a 7 fs initial pulse. With a stronger phase oscillation, the onset of 

stable mode-locking becomes more difficult; eventually a stable operation cannot be 

supported (the 0.4-rad case). The reason is that phase oscillations generate satellite pulses. 

When a pulse experiences larger phase oscillations induced by mirrors, stronger satellite 

pulses are obtained with larger time delays away from the main pulse. In the crystal, both 

the main pulse and the satellite pulses will compete for the gain, resulting in cavity instability. 

Fig. 4.29 shows the temporal evolution inside the crystal of the 0.3-rad case as shown in Fig. 

4.28. In Fig. 4.29, an initial 7 fs pulse is separated into several pulses after 100 round trips, 

mainly due to the phase oscillation. Fortunately, a pulse is favored in the cavity after 700 

passes (i.e., the local maximum of the local-error dynamic as the cyan curve in Fig. 4.28(b)). 
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Fig. 4.30. Corresponding spectra from cavities with indicated phase oscillations. Steady-state 
spectra are obtained in (a-c) with tolerable phase modulations. The ripples on the spectra are 
consistent with the residual phases shown in shown in Fig. 4.28(a). 

The corresponding output spectra are shown in Fig. 4.30, and the wavelength-

dependent beam profiles are provided in Fig. 4.31. A larger phase oscillation leads to 

stronger modulation in both spectrum and beam profile, and the ripples on the spectra are 

compatible with the residual phases. According to the phase-matching theory, the maxima 

of phase oscillations are more close to cavity nonlinear phase (~0.6 rad). As a result, the 

phase maxima thus enhance the power spectral density with a fundamental beam profile at 

the corresponding wavelengths, resulting in local maxima in the spectra. <5 dB of spectral 

modulation around the center wavelength is observed from simulation, which is consistent 

with the experimental result (see Fig. 4.27). 
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Fig. 4.31. Corresponding wavelength-dependent beam profiles from cavities with indicated phase 
oscillations. Stronger beam profile modulation can be found with larger phase oscillation, especially 
in the spectral regime away from the center wavelength. 
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 Toward broader spectrum with a better beam profile 4.7

In order to optimize the output spectrum, an output coupler is typically designed to couple 

out the spectral wings outside the gain bandwidth. These spectral wings are generated via 

SPM of the intracavity dispersion-managed soliton. However, in this case, the beam profiles 

in the spectral wings are typically worse due to the interplay between wavelength-

dependent diffraction and self-focusing, instead of mode-shaping from cavity resonances.  

As a result, a poor beam profile limits its capabilities when applying these beams for further 

applications, such as f-2f self-referencing [4.9, 11, 22, 35] and seeding of optical amplifiers 

[4.36]. 

One can also optimize the output spectrum via cavity enhancement. According to the 

proposed spatiotemporal phase-matching, a broader spectrum is obtained with slightly 

positive cavity dispersion, as shown in Fig. 4.14(a). When the round-trip residual phase 

matches with the nonlinear phase of the dispersion-managed soliton, the spectral density is 

enhanced with a fundamental beam profile. To compare the effects of the two cases (i.e., 

coupling out the spectral wings without resonances and cavity enhancement via phase-

matching), numerical experiments are conducted: (1) a dispersion-free cavity has a 

resonance window only within the gain bandwidth, 0.65 μm – 1.05 μm, and (2) phase-

matched cavities have a uniform output coupling window. For the stability analysis, two 

optimized phase profiles are employed with 0.5 fs2 of GDD or linear phase ramps on both 

spectral sides. The total reflectivity of the dispersion-free cavity and the round-trip phases of 

the phase-optimized cases are shown in Fig. 4.32. 
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Fig. 4.32. A cavity reflection window (red) with a high reflection from 0.65 μm – 1.05 μm, the 
gain bandwidth of Ti:sapphire crystals; the round-trip phase profiles with 0.5 fs2 of GDD 
(blue) or linear phase-matching ramps (green) below 0.7 μm and above 0.9 μm.  

 

The intracavity and output spectra are shown in Fig. 4.33, as well as the wavelength-

dependent beam profiles in Fig. 4.34. With optimized residual phases, the intracavity spectra 

can constructively be built up in the spectral wings, leading to broader spectra comparing 

with the dispersion-free case. Although the phase-matching concept leads to broader 

spectra, the spectral enhancements can be reached only around the matched wavelengths. 

As a result, more output beyond the matched wavelength, around 1.08 μm, can be found in 

the dispersion-free case. However, outside the reflectivity window of the dispersion-free 

cavity, nonlinear x-wave [4.37] is generated from single-pass nonlinear beam propagation in 

the crystal, showing conical emission at angles that enlarge when increasing detuning from 

the center frequency as shown in Fig. 4.34. In the phase-matched cases, instead of the 

conical emission without the cavity mode shaping, the constructive interferences in the 

fundamental transverse mode results in a good beam quality, not only in the center regime 

but also around the matched wavelength. 
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Fig. 4.33. (a) Intracavity and (b) output spectra of different cavities featuring different 
optimization strategies. DF w/ win, a dispersion-free cavity coupling out all the light outside 
the gain bandwidth, 0.65 μm – 1.05 μm; 0.5 fs2, a cavity with a net round-trip dispersion of 
0.5 fs2 GDD and a constant output coupling; PM, a cavity with an optimized phase ramps, as 
the green curve in Fig. 4.32, and a constant output coupling. 

 

 

Fig. 4.34. Wavelength-dependent beam profiles using (a) a dispersion-free cavity coupling 
out all the light outside the gain bandwidth, (b) a cavity with an optimized phase ramps, as 
the green curve in Fig. 4.32, and a constant output coupling, (c) a cavity with the same 
features in (b) and a 0.2 rad of peak-to-peak phase oscillation, and (d) a cavity with the same 
configurations in (c) and coupling out all the light outside the gain bandwidth. 
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As discussed in Subsection. 4.6.2, the phase oscillations should be included when 

considering practical variations from DCMs. A 0.2 radian of peak-to-peak phase oscillation is 

introduced, and a reflection window (see Fig. 4.32) can be also applied to further optimize 

the output. Fig. 4.35 compares the local-error dynamics between cases with two kinds of 

optimized round-trip phases (see Fig. 4.32), as well as a the dispersion-free cavity case as a 

reference. The cavity with both 0.5 fs2 of GDD and phase oscillations shows no sign of 

convergence after 6000 passes, while the case with linear phase-matching ramps reaches a 

steady state within 2000 passes: the positive dispersion, accompanied by the phase 

oscillation, around the center wavelength results in stronger perturbation to the stable 

soliton formation. As a result, the phase feature with a linear ramp is more robust when 

introducing phase-matching concept in reality. The corresponding output spectra with linear 

phase-matching ramps are shown in Fig. 4.36. For the bandwidth optimization of the laser 

output, one can apply both the phase-matching concept and a high output coupling in the 

spectral wings, as shown by the green and cyan curves in Fig. 4.36.  

 

Fig. 4.35. Local-error dynamics using phase-matched cavities, with (a) 0.5 fs2 of GDD and (b) 
linear phase-ramps. Several features are included accompanying with the specified phase 
profile. DF, a dispersion-free cavity as a reference; 0.5 fs2 and PM, cavities with specified 
phase profile and a uniform output coupling; w/ osc., cavities with 0.2 rad of phase 
oscillation; w/ win.,  cavities with a high reflection window that couples out all the light 
outside the gain bandwidth; w/ osc. & win., cavities with both phase oscillations and a high 
reflection window.  
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Fig. 4.36. Output spectra with optimized phase ramps, as the green curve Fig. 4.32. PM, a 
cavity with specified phase profile and a uniform output coupling; w/ osc., a cavity with 0.2 
rad of phase oscillation; w/ win., a cavity with a high reflection window that couples out all 
the light outside the gain bandwidth; w/ win. & osc., a cavity with both phase oscillations and 
a high reflection window.  
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  Chapter 5

Broadband continuum generation in 

mode-locked cavities with phase-

matched output couplers 

 Introduction 5.1

Passively mode-locked lasers assisted by the Kerr nonlinearity are widely employed in 

various broadband systems [5.1, 2] and continue to make tremendous impact in science and 

technology. Moreover, self-phase modulation (SPM) occurring in intracavity materials and its 

interplay with cavity dispersion engineered by dispersion-compensating mirrors (e.g., 

double-chirped mirrors (DCMs)) make it possible to obtain laser output spectra even broader 

than the bandwidth of the gain medium [5.3-13]. For example, octave-spanning spectra have 

been achieved from mode-locked Ti:sapphire lasers incorporating both DCM pairs [5.5] and 

suitable output couplers (OCs) in the cavities [5.4, 6, 9, 12, 13]. The resulting spectral wings 

outside the gain bandwidth manifested as broadband continuum are of particular 

importance for frequency-comb applications [5.8-12] and generation of sub-two-cycle 

optical pulses [5.12] directly from the oscillator, and thus benefit many applications such as 

optical frequency metrology and seeding of optical parametric amplifiers [5.14-18] for 

attosecond science [5.19].  
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Fig. 5.1. Ti:sapphire output spectrum (red) with a 1% ZnSe/MgF2 output-coupling window 
(dashed curve) covering the gain bandwidth (650 nm - 1100 nm), as well as the beam 
profiles at the specified wavelengths (1) within cavity resonance (e.g., 800 nm and 900 nm), 
and (2) out of a cavity (e.g., 570 nm, 640 nm, 1030 nm, and 1150 nm). 

   In the state-of-the-art broadband oscillators, low output coupling covering the gain 

bandwidth and high transmission in the spectral wings—as achieved with a 1% ZnSe/MgF2 

OC in a Ti:sapphire oscillator [5.4, 5, 9, 10]—has been regarded as the optimum for 

maximizing the intracavity SPM to obtain the utmost output power in the wings. Fig. 5.1 

shows a state-of-the-art output spectrum, as well as the output coupling window. In our 

previous study, a gain-matched OC was also proposed to flatten the net gain and to reduce 

the required nonlinearity for broadband mode locking [5.13]. Following the discussion in 

Section 4.7, spectral wings, which are out of cavity resonance, with poor beam qualities are 

typically observed, as shown in Fig. 5.1. These spectral wings are mainly generated by single-

pass nonlinear beam propagation inside the Ti:sapphire crystal and considered as non-

resonant waves which cannot be well controlled [5.8, 11, 20]. 

However, in order to obtain broader spectra, the practical implementation of 

spatiotemporal phase-matching concept, as discussed in Section 4.7, should be addressed. 

The phase-matching process is similar to other well-known phenomena, such as Kelly 

sideband generation [5.21], high-order-dispersion-induced resonance [5.22, 23], and fiber-

optic Cherenkov radiation [5.24]. However, unlike Kelly sidebands and high-order-dispersion-
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induced resonances, which are typically regarded as adverse effects inducing mode-locking 

instabilities, the phase-matched dispersive wave described here well perturbs the 

dispersion-managed soliton [5.25] in order to enhance broadband continuum generation in a 

mode-locked laser. Following the guidelines from the developed spatiotemporal model, we 

propose and apply the cavity-enhancement concept to design a phase-tailored cavity for 

few-cycle Ti:sapphire oscillators. In particular, the implementation of phase-tailored OCs, in 

the following called phase-matched OCs (PMOCs), realizes the precise control of both the 

output-coupling window and the required phase-matching feature without changing other 

intracavity materials: PMOCs are designed to enhance cavity resonances and optimize 

output spectrum in terms of both spectral density and beam quality. The experimental 

results are in a great agreement with the simulation results. 

 Linear cavity dynamics 5.2

 Cavity setup 5.2.1

 

Fig. 5.2. Schematic of typical linear resonators used for DCM-based KLM lasers. DCM pairs 
(i.e., DCMG and DCMB, green and blue mirrors) are typically employed for octave-spanning 
dispersion control. P and W are dispersive plates and wedges, respectively, for dispersion 
fine-tuning on two cavity arms. A silver mirror (gray mirror) and an output coupler (OC, the 
yellow mirrors) are used at the end of two arms. 

Linear cavity Ti:sapphire oscillators operated at a repetition rate of ~80MHz are commonly 

used in many ultrafast applications. A robust design using a prism-less cavity is shown in Fig. 

5.2. Different from a ring cavity, the circulating pulses pass the crystal twice in a round-trip, 

and the beam propagation outside the crystal is separated into two arms. Fig. 5.3 shows a 

simplified cavity setup and the equivalent system for modeling spatiotemporal dynamics, 
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which is similar to the equivalent system as described in Subsection 4.3.2. D denotes the 

path length, and d specifies the dispersion during beam propagation. Two separated series 

are prepared and applied in two arms for one round-trip. The Kerr-lens sensitivity in the 

linear laser cavity has been investigated by modeling self-focusing as a nonlinear lens [5.26]: 

A specific cavity using sophisticated calculation is usually performed in order to provide a 

guideline for cavity alignments. In experiments, one can find the operation points by 

continuously varying the positions of intracavity elements, and simultaneously observing the 

mode beating via an optical spectrum analyzer. However, it is hard to fine tune all the 

intracavity components in simulations. As a result, to release the demanding conditions of 

operating points in linear cavity, one would add an additional fast saturate absorber to 

suppress light transients.  Typically, an asymmetric cavity (i.e., D2+D3 ≠ D1+D4) is more 

suitable to initiate a stable operation, and the focused beam waist is located closer to the 

front surface instead of the center of the crystal (i.e., D1> D2). 

 

Fig. 5.3. Schematic of a linear cavity, and its equivalent system (bottom) for efficient 
computation of the beam propagation. f’, efficient focal length; D’, effective spacing; d, cavity 
dispersion during linear pulse propagation outside the crystal; N, nonlinear pulse 
propagation in the crystal. The subscripts in the equivalent system denote the equivalent 
elements on the two arms. 
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 Dispersion balancing 5.2.2

 

Fig. 5.4. Dispersion map in a linear cavity, according to Fig. 5.2. The position of the 0-gdd 
plane inside the crystal is determined by the dispersion distribution (i.e., d1 and d2). d, crystal 
dispersion. 

Fig. 5.4 shows the dispersion map in a linear cavity. Apart from ring cavity dynamics, 

the dispersion distribution between two arms (i.e., d1:d2) is also crucial for obtaining 

broadband spectrum and stable operation. With octave-spanning pulses, the temporal 

evolutions inside the crystal can largely vary from ~50 fs to a compressed 5fs pulse using a 2-

mm-long crystal. With a proper dispersion distribution, both the forward- and backward-

propagating pulses are compressed inside the crystal per round trip, which exploits the KLM 

action twice per round trip [5.25]. Thus an optimized dispersion distribution leads to a 

stronger SAM and generation of shorter pulses.  

In order to achieve stable dispersion-managed mode-locking, the dispersion 

distribution on two arms affects the position with zero-GDD pulses inside the crystal. With 

different dispersion distribution ratios in Fig. 5.5 (left: d1:d2=1:2; middle: d1:d2=1:1; right: 

d1:d2=2:1), the positions of zero-GDD plane can be visualized in the temporal evolutions 

(see Fig. 5.5(a-c)), where the pulses are compressed with minimum pulse widths. With a 

smaller ratio of the dispersion distribution, the zero-GDD plane is closer to the front surface 

inside the crystal. 
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Fig. 5.5. Examples of pulse behaviors ((a-c) temporal evolutions, (d-f) peak intensities, and 
(g-i) beam profiles) with different dispersion distributions (left, d1:d2=1:2; middle, d1:d2=1:1; 
right, d1:d2=2:1) in a dispersion-free cavity (i.e., d1+d2+d=0). Blue curves in (d-i), forward-
propagating pulse; green curves in (d-i), backward-propagating pulse. The horizon axes in all 
the figures are normalized to the crystal length. 

Higher peak intensity, which is required for the optimization of SAM and broadband 

spectra, is obtained when the 0-gdd plane is around the beam waist of the pulse. In order to 

obtain a stable mode-locking with strong Kerr-lens sensitivity, the location of cold cavity 

beam waist is usually close to the front surface inside the crystal, as the red dashed lines in 

Fig. 5.5(g-i). Therefore, <1 of the distribution ratio (see the left plots in Fig. 5.5) leads to an 

optimized peak intensity (~1 TW/cm2) and shorter pulses: broader spectrum is obtained with 

0.5 of the distribution ratio, supporting a 5.04 fs transform-limited (TL) pulse, comparing 

with the case with a symmetric distribution, 5.64 fs TL pulse.  



132 
 

 Phase-matching enhancement 5.2.3

In a solid-state oscillator, the Kerr effect results in coupling among longitudinal modes via 

SPM and transverse modes via self-focusing. The dispersive wave originating from soliton 

perturbations at each wavelength can be viewed as a superposition of transverse modes. At 

the wavelength, where the dispersive wave and the soliton-like intracavity pulse have the 

same phase, the newly generated and existing dispersive waves will coherently add up, 

resulting in a resonant enhancement in both longitudinal and transverse modes. As a result, 

the phase-matching condition for the fundamental beam profile is satisfied if the phase 

contributed by the cold-cavity dispersion is equal to the nonlinear phase experienced by the 

soliton-like pulse. In principle, the phase-matched peaks can be tuned by varying the 

insertion of the intracavity dispersion-controlling material (e.g., fused silica and barium 

fluoride wedges) to alter the cold-cavity dispersion. Normally a notable tuning requires a 

considerable amount of positive GDD, which may destabilize the mode locking and destroy 

the broadband spectrum, as discussed in Section. 4.7. 

 

Fig. 5.6. The phase profile (red solid line) of the simulated phase-matched cavity, the 
nonlinear round-trip phase (black dashed line) of the soliton mode-locked laser, and the 
simulated output spectra with the phase-matched cavity (red) and with a dispersion-free 
cavity (blue). PM: phase matching. 

To prove the concept in a linear cavity, we first simulate the laser dynamics with a 

constant 5% output coupling. We add an artificial phase profile to the intracavity round-trip 

phase in one cavity arm that provides phase matching at the wavelength around 1140 nm. 

The artificial phase acts as a perturbation to the intracavity soliton-like pulse whose center 

wavelength is around 800 nm. As shown in Fig. 5.6, the cold-cavity phase increases above 
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900 nm linearly and the dispersion is perfectly compensated for below 900 nm (red solid 

line), as well as the round-trip nonlinear phase (back dashed line). For the first 

demonstration, there is no additional phase feature to perturb the soliton-like pulse in the 

short-wavelength range. The phase ramp is started from the edge of the gain profile in order 

to optimize the phase-matched spectrum without compromising the laser stability. 

Furthermore, a linear phase ramp is created in order to not only provide the flexibility of 

varying the amount of the matched phase, but also realize the tunabilty of the spectral wing: 

The phase-matching wavelength can be linearly tuned by varying the insertion of the 

intracavity dispersion-controlling material. In addition to the spectrum generated within the 

gain bandwidth, spectral components around the phase-matched wavelength build up 

constructively via the interference between the already existing dispersive wave in the cavity 

and the newly generated dispersive wave in each round trip. As a result, the output 

spectrum shows a significant enhancement as high as 15 dB around the phase-matched 

wavelength (red curve) when compared with the case of a zero cold-cavity phase over the 

whole wavelength range (blue curve). The spectrum with an enhanced long-wavelength 

wing results in a 4.6-fs transform-limited (TL) pulse, which is even shorter than the 

dispersion-free spectrum supporting a 5.5-fs TL pulse. 

 Experimental demonstrations 5.3

 

Fig. 5.7. The designed (red) and measured (blue) GD of the PMOC and the GD of 0.83 mm 
BaF2 (green), as well as the corresponding designed and measured phases with both the 
PMOC and 0.83 mm BaF2. 
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To experimentally demonstrate the spectral enhancement, we designed and fabricated the 

5% PMOC based on multilayer Nb2O5/SiO2 dielectric coatings. Multilayer dielectric coatings 

which allow for a large design freedom can be easily implemented in mode-locked lasers 

with various gain media [5.3, 7]. To minimize the uncompensated dispersion from the OC, 

we design the coatings with a dispersive behavior compensating for the dispersion of a BaF2 

plate with a certain thickness. The red curves in Fig. 5.7 show the calculated group delay (GD) 

and the net phase of the 5% PMOC. By decreasing the cavity dispersion with the equivalent 

of 0.83-mm optical path length of BaF2 (green curve), the design phase can be achieved 

resulting in a phase ramp from 900 nm to 1200 nm. The low output-coupling window is 

extended from 600 nm to 1140 nm in order to enhance the intracavity interference outside 

the gain bandwidth. The extended output-coupling window allows the desired phase 

matching between the intracavity soliton-like pulse and the continuum for controlled 

spectral enhancement. The GD and phase measured with a home-built white-light 

interferometer (blue curves) agree well with the design curves in Fig. 5.7.  

 

Fig. 5.8. Intracavity spectra with different OCs, a 5% Nb2O5/SiO2 PMOC (red), a 1% 
ZnSe/MgF2 OC (blue), and the residual cold-cavity phase (black) of the laser with a 5% 
PMOC. The phase matching greatly enhances the long-wavelength wing up to 1150 nm even 
when compared with the spectrum achieved with the 1% OC.  

The PMOC was tested in a 85-MHz ultrabroadband Ti:sapphire laser (Thorlabs 

Octavius-85M), where DCM pairs are used to compensate for the material dispersion 

including two adjustable wedges for dispersion fine tuning. The intracavity spectrum (red 

curve) and the cold-cavity residual phase (black curve) of the laser with the 5% PMOC and 
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DCM pairs are shown in Fig. 5.8; also plotted in the same figure is the intracavity spectrum 

with a 1% ZnSe/MgF2 OC (blue curve). Applying the phase-matching concept using the 5% 

PMOC, the intracavity spectrum around 1140 nm is significantly enhanced by ~10 dB 

compared with the spectrum achieved with the 1% OC. In addition, the spectral ripples can 

precisely be predicted by the phase-matching condition. In Fig. 5.8, the amplitude of the 

cold-cavity phase ripples are close to the round-trip nonlinear phase of ~1 rad; the local 

maxima of the phase thus enhance the power density at the corresponding wavelengths and 

result in local maxima in the spectrum. Comparison of the cavity phase with the measured 

PMOC phase shown in Fig. 5.7 indicates that the oscillations are mainly due to the DCM pairs, 

which explain the consistent ripples on both spectra. On the other hand, the reduced 

negative residual phase below 700 nm mainly due to the DCM pairs explains the out-of-

phase feature between the intracavity soliton-like pulse and the continuum in the short-

wavelength range.  

 

Fig. 5.9. Experimental output spectra using a 1% ZnSe/MgF2 OC (black) and the 5% PMOC 
spectra with slightly different intracavity dispersions, as well as the output-coupling 
windows of the 1% ZnSe/MgF2 OC (dash-dotted curve) and the 5% PMOC (dashed curve). 
The insets show the output beam profiles of the red and black spectrum at 1150 nm. The 
phase-matching concept improves the output spectrum around 1140 nm in terms of both the 
spectral density and beam quality. By increasing the insertion of BaF2, the spectral peak 
around 1060 nm can continuously be tuned from the red, orange, green, and blue spectrum, 
accordingly, to 970 nm indicated as the purple one. The inserted extra optical path of BaF2 in the 

purple spectrum is ~0.2 mm, corresponding to 7.6 fs2 of intracavity GDD around 800 nm. 

The output spectra and the output-coupling windows are shown in Fig. 5.9. The red 

spectrum in Fig. 5.9 shows only a 15 dB difference between the maximum spectral content 
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and the spectral wings around the wavelength of 1140 nm, much higher than the spectrum 

using a 1% OC of ~25 dB (black curve). The insets of Fig. 5.9 indicate that the output beam 

profile around the phase-matched wavelength is improved close to a fundamental Gaussian 

mode, instead of a less confined profile generated by a single pass through the laser using 

the 1% OC. Furthermore, the phase ramp with a nearly linear slope makes it possible to 

control the phase-matching wavelength by slightly changing the cavity dispersion. As Fig. 5.9 

shows, varying the insertion of the BaF2 wedge continuously tunes the phase-matching peak 

from 1060 nm to 970 nm. The optical path difference in BaF2 corresponding to the red 

spectrum and the purple one is only ~0.2 mm, producing 7.6 fs2 of GDD difference at 800 nm. 

This allows us to obtain stable mode locking without compromising the spectrum within the 

gain bandwidth—an ideal feature for optimizing the wavelength component around 1030 

nm to seed ytterbium amplifiers for pumping optical parametric amplifiers [5.14-18] and 

frequency conversion of the Ti:sapphire spectrum [5.27].  

Comparison between experiments and simulations 

 

Fig. 5.10. Comparison of the simulated and measured output spectra. 

 

Using the developed spatiotemporal model, the DCM-based cavity can be numerically set up 

according to the experimental conditions. All the reflectivity and dispersion of intracavity 

mirrors are characterized via photosepctrometer and a home-built white-light 

interferometer, respectively. Fig. 5.10 shows the comparison of output spectra between 

experiments and simulations. The simulated spectra quantitatively visualize not only the 



137 
 

spectral shapes on average, but also the positions and amplitudes of spectral substructures 

due to intracavity phase matching. However, in the short wavelength regime of the 

simulated spectra using 5% PMOC, spectral resonances appear in the simulation apart from 

the experiments. These resonances theoretically are generated from phase matching on 

higher order Gaussian modes, similar to the experimental result using a 2-GHz ring cavity 

oscillator shown in Fig. 4.25. Unfortunately, limited by the use of only 0.5-inch-diameter 

mirrors, these high order Gaussian modes, with spot sizes larger than the mirror apertures, 

cannot be supported in the 85-MHz linear oscillators, which have a ~1.7 m of cavity length. 

As a result, a narrower spectrum with a smooth fashion in short wavelength regime is 

experimentally observed. One can further improve the simulation precision by implementing 

aperture limitation during linear propagation in the numerical modeling. 
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 Tailoring broadband continuum from a mode-locked cavity 5.4

With the developed spatiotemporal model, the laser dynamics and the output performances 

can be well characterized, leading to the possibilities of advanced cavity designs toward even 

broader spectrum. In order to obtain state-of-the-art performances, the laser operation is 

typically pushed to the very edge of the cavity stability region. However, as discussed in 

Subsection 4.6.2, the residual phase oscillations from DCM result in satellite pulses, which 

play an adverse role in the cavity stability. As a result, the overall residual phase ripples 

should be much smaller than the round-trip nonlinear phase, ~1 rad; it is a very demanding 

requirement after typical 12 bounces of DCMs inside the linear cavity.  

In order to cancel out the phase ripples from intracavity DCMs, a phase-optimized 

end mirror (POEM) is designed and placed at the end of the other cavity arm. Fig. 5.11(a) 

shows the reflectivity and GD behavior of the POEM design. In chirped mirror designs with 

octave-spanning bandwidth, residual GD oscillation is typically unavoidable due to the 

interferences between layer structures inside the coatings, as discussed in Chapter 2. 

Therefore, with a dispersive behavior compensating 1.35 mm of BaF2, the residual cavity 

dispersion from DCMs can be applied as the design goal. With the POEM, the oscillation 

amplitude of overall residual cavity phase can be controlled within 0.1 rad after 12 bounces 

of DCMs over the spectral range of 650 nm – 1150 nm, as shown in Fig. 5.11.    

 

Fig. 5.11. (a) Reflectivity and group delay of a phase-optimized end mirror (POEM), in order 
to compensate the residual phase oscillations from intracavity DCMs. (b) The round-trip 
residual phase after 12 bounces of DCMs, (black) with a silver end mirror and (blue) with the 
POEM.   
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Since Ti:sapphire oscillators feature extremely low quantum noises, the broadband 

continuum generating from a mode-locked cavity has been applied to optical frequency 

metrology and seeding of optical parametric amplifiers [5.14-18] for attosecond science 

[5.19]. In optical frequency metrology, self-referenced carrier-envelope-phase (CEP) 

stabilization is achieved directly using the spectral components around 1140 nm for 

frequency doubling, and beating with the light around 570 nm. A stable frequency comb is 

thus established, and the laser output can be employed for precise spectroscopic 

applications or as a quiet seed for optical amplifiers, especially the light around 1030 nm for 

Yb-based sources. As a result, in the long spectral wing, the wavelength components around 

1140 nm and 1030 nm are especially important, in terms of both spectral density and beam 

profile, for nonlinear conversion and further light amplification. On the other hand, the short 

spectral wing should be also broad enough to provide enough beating signals around 570 nm. 

For these applications and exploring the cavity capability, new PMOCs are designed 

with 1% and 5% output coupling within the gain bandwidth. In order to enhance the longer 

wavelength, the phase-matching concept is applied by controlling the cavity reflectivity and 

providing a phase ramp feature. In the short wavelength, the light is almost coupled out, 

similar to the 1% ZnSe/MgF2 OC, due to the design difficulty of precise control of both high 

reflectivity and cavity phase. With the use of POEM, Fig. 5.12(a) shows the simulated 

intracavity spectra and the mirror characteristics of the new designed 1% and 5% PMOC. 

Comparing with the spectra obtaining from 1% ZnSe/MgF2 OC (see black curves in Fig. 5.12) 

and a silver end mirror, one can obtain much broader spectra in the long wavelengths due to 

cavity enhancements. The intracavity spectra share alike behavior even with different output 

coupling. That is, the loss perturbation from 1% to 5% output coupling doesn’t affect the 

intracavity dispersion-managed soliton much. As a result, with a resembling phase ramp as 

shown in the inset of Fig. 5.12(a), one can obtain similar amount of the spectral components 

around 1140 nm.  
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Fig. 5.12. (a) The simulated intracavity spectra, as well as the PMOC characteristics, and (b) 
the output spectra of the new designed 1% and 5% PMOC using POEM. The inset in (a) 
shows the residual phase from the PMOCs, similar to the red curve in Fig. 5.7. The red and 
green curves plot the corresponding outcomes from the 1% PMOC and 5% PMOC, 
respectively. The black curves are plotted as the references using 1% ZnSe/MgF2 OC and a 
silver end mirror. 

 

The output spectra are shown in Fig. 5.12(b). Comparing the two 1% output-coupling 

results, ~10% shorter TL pulse width can be obtained using the PMOC design. It implies that 

even shorter TL pulses are possible than the state-of-the-art TL pulse width, 3.5 fs, toward 

single-optical-cycle pulses, 2.7 fs from a single Ti:sapphire oscillator. Using the new 5% 

PMOC, >1mW of the output power around 1140 nm with a 10 nm bandwidth can be 

obtained, matching the 1% PMOC result, while the main output around the center 

wavelength is ~5 times larger.  

Despite >1 mW of 1140nm components achievable from the mentioned PMOC 

designs, it is hard to optimize both wavelength components around 1030nm and 1140 nm. 

Fortunately, it can be well-controlled by precise tailoring the cavity output coupling in the 

range of 1000 nm to 1140 nm. Slightly increasing the output coupling around 1030 nm, more 

light around 1030 nm is obtained, at the expense of less light around 1140 nm from 

weakening cavity resonances. Fig. 5.13 shows the output spectra from different 5% PMOC 

designs, as well as the corresponding reflectivity and residual phase. With different output 

coupling windows, the weighting between 1030 nm and 1140 nm is varied, implying a 

controllable manner of the oscillator output aiming for different applications.    
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Fig. 5.13. The simulated output spectra, as well as the corresponding 5% PMOC 
characteristics, using different 5% PMOC designs and POEM. The inset shows the residual 
phases from the new designed 5% PMOCs. The green and blue curves plot the corresponding 
behaviors with different 5% PMOCs. The black curve provides references using the 5% 
PMOC described in Section. 5.3 with a silver end mirror. 
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   Chapter 6

RF-modulated nonlinear light 

microscope 

 Introduction 6.1

Nonlinear light microscope has been regarded as one of the most important applications in 

ultrafast optics [6.1-7]. Ultrashort pulse trains from mode-locked lasers feature intense peak 

intensity with low average power: detectable nonlinear light signals are generated due to 

the high peak intensity, while the possible damage is reduced from thermal heating. Based 

on different nonlinear processes, sample fingerprints can be captured via various imaging 

contrast agents (for example, multiphoton fluorescence excited by labeled fluorophores [6.1, 

5, 8], optical harmonics followed by the sample morphology [6.3, 4, 9], and Raman scattering 

signals sensitive to the molecule vibration modes [6.6, 7]). Since the nonlinear light is 

generated only around the focal region (i.e., with strong-enough peak intensity), intrinsic 

optical sectioning capability is achieved without the use of spatial pinhole in confocal 

microscopes. Furthermore, thanks to the advance on ultrashort laser technology, near-

infrared driving pulses are employed to reach a deep penetration [6.8]. As a result, nonlinear 

light microscope features deep penetration depth and intrinsic optical sectioning capability, 

opening up several promising possibilities for biological and medical applications. 

For example, second harmonic generation (SHG) microscopy is a promising candidate 

for the preliminary observation of chiral crystals, so called second-order nonlinear optical 

imaging of chiral crystals (SONICC) [6.9]. Proteins perform various functions in bio-activities, 

which can be disclosed by its structure and ligand binding locations. Protein crystallization is 

typically demanded for the structural analysis via X-ray diffraction. Crystallizing proteins, 
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however, is often extremely difficult and requiring carefully screening and monitoring the 

trial processes. Imaging approaches to characterize crystallization processes are thus 

required. Via the SHG imaging contrast, the presence of protein crystals can be visualized 

with good sensitivity and background suppression: coherent SHG signals only arise from non-

centrosymmetric structures, and it can be enhanced with certain classes of ordered systems. 

In addition, because of energy conservation, harmonic generation (HG) process leaves no 

energy deposition to the interacted specimens and thus can provide a least invasive imaging 

contrast mechanism compared with other electron-transition based nonlinear processes. 

Therefore, nucleation and growth kinetics of the crystals could be selectively observed in a 

least invasive fashion from high resolution SONICC imaging. 

The technical feasibility of nonlinear light microscopy strongly depends on the 

availability of robust and easily-operated sources. Ultrafast fiber lasers are regarded as 

promising candidates due to the potential of compact sizes, simple maintenances, and 

relatively low costs [6.10]. Compared with other solid-state lasers requiring precise 

alignments, light guided by optical fibers can be bent around the path as desired. 

Furthermore, ultrafast fiber lasers can operate outside optical laboratories without 

additional efforts on environmental isolation, such as the control of temperature and 

humidity, and the use of optical tables. Moreover, with a long interaction length in optical 

fiber, both strong gain and potent Kerr nonlinearity can be provided in a round-trip: optical 

elements with relatively high losses (e.g., Faraday isolators and grating pairs) can be applied 

in the cavity, and one can easily obtain femtosecond operation employing instantaneous 

nonlinear effects to provide a fast intensity-dependent saturable action, such as using 

nonlinear polarization evolution (NPE) [6.11] or nonlinear fiber loop mirror [6.12]. Therefore, 

advances on ultrafast fiber lasers play important roles in the developments of state-of-the-

art nonlinear microscope systems. However, tasks with ultrafast fiber lasers are still 

remained, such as the excess of high-frequency relative intensity noise (RIN) and mode-

locking stability. 

To generate sufficient nonlinear signals, scanning microscope systems typically are 

employed, and the detected signal is sequentially mapped for image acquisition. Therefore, 

the advance on nonlinear light microscopy relies on high speed electronics. On one hand, the 

development of high frame rate imaging is driven by the desire of real-time observations of 
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fast biological or chemical dynamics [6.5]. Above-MHz level of data acquisition rate is thus 

required. On the other hand, modulated signals along with lock-in detection allows signal 

subtraction from its background: a radio-frequency (RF)-modulated Stokes pulses has been 

employed in stimulated Raman scattering (SRS) microscope recently [6.13]. Modulated 

signals in RF range can thus be separated with the DC background from pump pulses. 

In this chapter, a state-of-the-art ultrafast fiber laser is built, delivering 3-nJ pulses 

with a shot-noise-limited RIN (i.e., relative intensity noise) above MHz frequency range. A 

RF-modulated nonlinear light microscope is also demonstrated. The excitation pulses are 

modulated with a RF frequency via an electro-optic modulator (EOM). With the modulated 

excitation pulses, video-rate two-photon fluorescence imaging is obtained free from the low-

frequency noise. The whole setup will be implemented for video-rate SONNIC imaging. Novel 

methods based on RF-modulated nonlinear light microscope are also proposed. 

 

 Development of low-noise sources 6.2

 Ultrafast Yb-fiber laser with nonlinear polarization evolution 6.2.1

Yb-doped fiber lasers attract strong attention due to the high efficiency and ease of direct 

diode pumping [6.10, 14]. Moreover, compared with other fiber lasers operating in typically 

anomalous dispersion regime above 1.5 μm, cavity dispersion of Yb-fiber lasers, with a 

center wavelength of 1.03 μm, can be easily managed along with negative-dispersion 

elements (e.g., prism pairs). The ease of intracavity dispersion management benefits the 

energy scalability of Yb-fiber laser oscillators as well as the spectral pulse shaping.  

A saturate absorber is required for femtosecond generation in a cavity. In ultrafast 

fiber oscillators, nonlinear polarization evolution (NPE) is most commonly employed due to 

the ease of implementation and essentially instantaneous response [6.11]. Considering 

intense optical pulses in an optical fiber, Kerr nonlinearity impacts on not only spectral-

broadening but also an intensity-dependent variation in the polarization state. The physical 

cause of these effects is related to self-phase modulation and cross-phase modulation (XPM). 

SPM- and XPM-induced phase shifts imposed on the orthogonally polarized components 
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leads to non-uniform polarization evolution across the pulse. As a result, NPE changes a 

linear polarization to an intensity-dependent elliptical polarization state. An artificial 

saturable absorber can be introduced when the pulses then pass through a polarization 

beam splitter (PBS), providing an intensity-dependent loss. A typical configuration contains 

fiber polarization controllers or waveplates, which can be adjusted such that the maximum 

transmission (minimum loss) at the polarizer occurs for the highest possible optical intensity. 

The feasibility of fast response and adjustable saturable strength (i.e., by adjusting the 

polarization controller) makes mode locking with nonlinear polarization rotation a powerful 

technique. 

 

Fig. 6. 1(a) Cavity setup of an ultrafast Yb-fiber oscillator; (b) spectra from the main output 
(blue), zero-order reflection from the grating (green), and the amplified output (red). WDM, 
Wavelength-division multiplexer; SMF, single mode fiber, QWP, quarter-wave plate; HWP, 
half-wave plate; PBS, polarization beamsplitter; ISO, optical isolator. 

The cavity setup (see Fig. 6. 1(a)) is similar to the scheme described in [6.15]. A bulk 

isolator imposes unidirectional operation. A pair of diffraction gratings (600 lines/mm, 

incidence angle of 45◦) provides anomalous dispersion of adjustable magnitude. The gratings 

are of low quality with ~50% total transmittance. The laser repetition rate is 94MHz, and the 

cavity length can be active controlled by a PZT-mounted mirror for future repetition rate 

control. The Yb-fiber oscillator operates in the stretched-pulse mode-locking regime enabled 

by NPE, and the rejected light from PBS is extracted out of the cavity and used as the main 

output port. In addition, the zero-order reflection from the first grating is also monitored 
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and compared with the PBS output (see Fig. 6.1(a)): the laser stability is related to the 

saturatable strength of NPE, resulting in distinct spectral shape between the intracavity 

beam and PBS output. The ~0.5nJ main output from fiber oscillators is further amplified to 

~4 nJ. The output spectra from the main output, zero-order reflection from the grating, and 

the amplified output are shown in Fig. 6.1(b).  

 

 Relative intensity noise (RIN) 6.2.2

In addition to output pulse energy and spectrum, the relative intensity noise (RIN) is of 

particular importance whether the femtosecond source is “quiet” enough for high sensitivity 

microscope applications. Noise is a physical quantity in time domain, while the noise source 

could have certain intrinsic frequency response. Therefore, in order to characterize noise in 

frequency domain, RIN can then be statistically described with a power spectral density 

(PSD): 

𝑆𝑃 =
2

𝑃̅2 ∫ 〈∆𝑃(𝑡)∆𝑃(𝑡 + 𝜏)〉
+∞

−∞
𝑒𝑖2𝜋𝑓𝜏𝑑𝜏                                    (6.1) 

where 𝑃̅ and ∆𝑃(𝑡) stand for the mean value and fluctuating noise of the measured quantity, 

depending on the noise frequency 𝑓. A root mean square (rms) value of intensity noise can 

be also obtained by integrating over an interval [𝑓1,  𝑓2] of RIN PSD. 

 

Fig. 6.2. Relative intensity noise of Yb:fiber lasers in terms of power spectral density (dashed 
lines) and integrated noise from 20MHz (solid lines) to 10 Hz. Blue, instrument noise floor; 
green, oscillator noise; red, amplifier noise.   
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In our setup, the mode-locking state and net cavity-dispersion are optimized in order 

to minimize the RIN, which is shown as the green curve in Fig. 6.2. A low-noise detector (DET 

36A, Thorlabs) is employed with a rising time of 14 ns. Before saturating the detector, ~3mW 

of optical average power is shined on the detector. The shot-noise level of the 3-mW light is 

~160 dBc/Hz, which is collided with the instrument noise floor. Our oscillator exhibits an 

integrated RIN of 0.007% from 10 Hz to 20 MHz, including 0.006% of the integrated noise 

from instrument noise floor (see the blue curve in Fig. 6.2). The Yb-fiber amplifier is 

optimized as well such that it only slightly degrades the RIN of the amplified pulses (red 

curve in Fig. 6.2).  The measured RIN, as shown in the dashed curves in Fig 6.2, in the 

frequency range of 10 Hz to 1 kHz is buried under the instrument noise floor implying 

reduced technical noise, such as noise from pump and mechanical vibrations of the laser 

resonator. The excess noise in kHz range could be originated from relaxation oscillation in 

the cavity. The noise in this range can be reduced by fine-tuning the intracavity waveplates. 

Above 100 KHz, the intensity noise of both oscillator and amplifier output rolls off quickly to 

the shot-noise limited detection floor, -160dBc/Hz. The overlapping of the integrated RIN 

above 100 KHz from the oscillator and amplifier indicates that no noise is introduced in high 

frequency range. 

 RF-modulated nonlinear light microscope 6.3

 

Fig. 6.3. System setup of the RF-modulated nonlinear light microscope. EOM, electro-optic 
modulator; DM, dichroic mirror; PMT, photomultiplier tube. 
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The system setup of the scanning nonlinear light microscope is illustrated in Fig. 6.3. 

The laser output is modulated by an electro-optic modulator (EOM) and then directed 

into the microscope. In the microscope, the incident beam is deflected by a resonant 

mirror and a galvanometer mirror, enabling two-dimension raster scanning of the laser 

beam. A tube lens pair, a 4-f system, projects the scanning beam on the back aperture 

of a high-NA water-immersion objective lens (Nikon CFI APO 60X) with a 1.0 of 

numerical aperture (NA), while expanding the beam size to overfill the objective back 

aperture in order to tightly focus the beam into the specimen. The excited nonlinear 

signals are backward collected by the same objective, and then reflected by a dichroic 

beam splitter. The signal is collected on photomultiplier tubes (Hamamatsu H7422-40) 

for sequential detection. Nonlinear light images are mapped out in a computer via a 

data acquisition system with proper electronic controls.  

 

Fig. 6.4. Scheme for electronic signal generation and control 

Depending on the sample condition, the excited nonlinear signal can be 

forward/backward collected. Typically, forward detection, employing a condenser to collect 

signal after the sample, requires thin or transparent samples, so that the weak nonlinear 

signal possibly propagates through the sample. On the other hand, backward detection, as 
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shown in Fig.6.3, is suitable for thick samples, especially strong scattering medium. For the 

imaging contrasts involving coherent nonlinear processes such as harmonic generations, 

imaging with different detection schemes might prevail different phase-matching 

enhancements: the phase mismatch in forward and backward generation are different, and 

backward detection is more sensitive to tiny structures due to much small coherent length 

(i.e., larger phase mismatch) [6.16].   

The electronic scheme for imaging acquisition/control is shown in Fig. 6.4. The 

scanning frequency of the fast axis (~8 KHz) is determined by the mirror resonance (i.e., a 

resonant mirror); the frequency of the slow axis, synchronized to the fast scanning 

frequency, can be controlled as imaging frame rate (e.g., 28Hz). The scanning amplitude of 

both axes can be commanded to vary the deflecting angle of the beam, as well as the 

imaging field of view. With synchronized scanning on the two axes, the position of the 

focused spot on the specimen can be traced to map images in the computer. The detected 

signal has a modulated signature due to the EOM-modulated excitation source. Therefore, 

the signal generated from the excitation source can thus be separated from background 

noise via signal demodulation. A data acquisition card (AlazarTech ATS9400), which is 

triggered by the synchronized scanning rates to form two-dimensional images, digitizes the 

detected signals with a sampling rate of 125 MHz. 
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Fig. 6.5. The RF spectra of optical pulses/electronic signals (a) without/ (b) with a modulated 
excitation source. 𝑓𝑀, modulation frequency; ∆𝑓𝑠𝑖𝑔, signal bandwidth after beam scanning on 

the sample; the detected signal from PMTs filtered with a low-pass filter in (a) and a 
bandpass filter in (b), as shown in the shallowed areas in the middle. In (b), the detected 
signal is mixed with a synchronized frequency from EOM. 𝑓𝑠𝑎𝑚, sampling rate of the analog-
to-digital converter (ADC). The sampling bandwidth is half of the sampling rate. 

 

To describe the signal processing in detail, I illustrate the RF spectra of optical 

pulses/electronic signals in Fig. 6.5. The IR excitation pulse train exhibits a strong peak in its 

repetition rate. In a conventional scheme without additional source modulation (see Fig. 

6.5(a)), the low frequency part of the detected signal reveals the nonlinear light contrast 

from different area of the specimen. Therefore, the bandwidth, Δfsig, depends on not only 

the scanning speed but also the optical resolution limit. That is, 

∆𝑓𝑠𝑖𝑔~𝑓𝑓𝑎𝑠𝑡

 𝑙𝑓𝑎𝑠𝑡

 𝑑𝑟
                                                             (6.2) 

𝑓𝑓𝑎𝑠𝑡 and 𝑙𝑓𝑎𝑠𝑡 are the scanning frequency and field of view on the fast axis, respectively, and  

𝑑𝑟 is the optical resolution limit. For example using a 60X 1.0NA objective LENS (e.g., Nikon 

CFI APO 60X), ∆𝑓𝑠𝑖𝑔 is ~4 MHz with 𝑓𝑓𝑎𝑠𝑡of 8KHz, 𝑙𝑓𝑎𝑠𝑡 of 250 μm, and ~0.5 μm optical 

resolution limit. The detected signal passes through a low-pass filter before sent to the data 

acquisition card, since the laser repetition rate and other high frequency noise could cause 
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aliasing due to undersampling according to Nyquist–Shannon sampling theorem. On the 

other hand with a modulated excitation sources (see Fig. 6.5(b)), the detected sample 

signature appears at the lower frequency as well as generates a duplicate centered at the 

modulation frequency. The modulated duplicate is filtered out by a bandpass filter, and then 

mixed with a pure sinusoidal signal from the EOM driver. The scheme is similar to lock-in 

detection but with a broad bandwidth (~8 MHz) for video-rate imaging, and the detuned 

signal is used for digital data acquisition.   

Since the generated signals are quite weak, the detection sensitivities should be 

explored especially for high speed imaging acquisition. The detection limit is determined by 

both electronic and optical noise. To avoid stray light from environmental light sources (e.g., 

screen or device control panels), the detection setup has to be completely sealed. With our 

modulated scheme, the sealing requirement can be relaxed since the environmental 

background, featuring lower frequency responses less than 1 MHz, does not contribute to 

the detected signal.   

 

Fig. 6.6. Detection limit (i.e., SNR=1) from the PMT (blue) at different detection bandwidths. 
Shot noise limit, green dashed line; noise equivalent power from the dark current, red 
dashed line.  

Even with a perfect isolation from the environment noise, the fundamental detection 

limit is hampered by the dark current of the device and shot noise from the signal. The dark 

current noise is commonly expressed in terms of the NEP (noise equivalent power), which is 
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defined as the value of incident light flux required to produce an output current equal to the 

noise current. Using PMTs without considering noise current from amplifier circuit, the NEP 

and shot noise comes from the amplified anode dark current and signal current, respectively. 

As a result, the signal-to-noise ratio (SNR) can be expressed as 

𝑆𝑁𝑅 =
𝐼𝑝

√2𝑒(𝐼𝑝+2𝐼𝑑)𝐹𝐵
                                                    (6.3) 

where 𝐼𝑝 and 𝐼𝑑 are the cathode signal and dark current, respectively. 𝑒 is the elementary 

charge, 𝐹 the secondary emission ratio, and 𝐵 the signal bandwidth. Detection limits (i.e., 

SNR=1) at different detection bandwidths are calculated as plotted in Fig. 6.6, followed by 

the data sheet of the PMT. The NEP plays a more important role with a narrower acquisition 

bandwidth. With a broader bandwidth, the minimum detectable signal increases, and the 

shot noise eventually dominates the PMT performance. As a result, the improving of SNR can 

be achieved by using higher quantum efficiency PMT (i.e., increasing 𝐼𝑝), especially for 

broadband acquisition. Moreover, using cooling housing helps decrease the dark current, 

which is important for a lower imaging acquisition rate. 

 

Fig. 6.7. Power-dependent characteristic of the detected signals from the PMT with a 5 MHz of 
signal bandwidth: (a) the mean values and rms fluctuations and (b) signal-to-noise ratio, as well as 
the fitting lines corresponding to shot-noise detection. 

In order to experimentally demonstrate the SNR in our setup, we performed a 

power-dependent measurement without beam scanning to evaluate the detected electric 

signal and its rms fluctuation (see Fig. 6.7). SHG signals are measured with a 5 MHz of signal 

bandwidth; the rms values (i.e., noise) are calculated with a bandwidth range from 25Hz to 

5MHz, roughly corresponding to the noise response in one frame of the video-rate imaging 
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(e.g., 28Hz in our case). In order to calibrate the input SHG power, a power meter with a µW 

level of sensitivity is employed before an OD 4 neutral density filter and the PMT. In the 

input range of 0.1 nW - 10 nW (see Fig. 6.7(a)), the mean and rms values of the PMT output 

are linearly proportional to the input powers and its square root, respectively. Below 0.1 nW, 

the excess noise floor apart from fitted shot noise could contribute from the amplification 

noise of electronic devices.  Therefore, a shot-noise-limited detection can be achieved in the 

input range of 0.1 nW -10 nW with a few MHz of detection bandwidth. The SNR are plotted 

in Fig. 6.7(b), as well as a fitted line exhibiting a shot-noise-limited detection.  

 

Fig. 6.8. Two-photon fluorescence (2PF) imaging of 1 µm beads with a 0.35 ms of exposure 
time (28 Hz of frame rate). 
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Fig. 6.9. (a-b) 2PF images of 0.1-µm-diameter beads (a) without/ (b) with a modulated 
excitation beam. (c-d) the corresponding profiles of the point spread functions obtained from 
the indicated bead pointed by arrows in (a-b), respectively. Blue, the measured profile; green, 
the fitted Gaussian profile with a FWHM of ~0.5 µm on both cases.    

Before SHG visualization of chiral crystals, two-photon fluorescence (2PF) imaging of 

1 µm beads (FluoSpheres F8820) is obtained with a ~0.35 ms of imaging acquisition time, as 

shown in Fig. 6.8. The microscope system provides the feasibility of sub-micron video-rate 

imaging. In order to evaluate the system performance, 0.1-µm-diameter beads (FluoSpheres 

F8800) is imaged via 2PF process, as shown in Fig. 6.9(a-b). The image using a modulated 

excitation source (Fig. 6.9(b)) is compared with the one (Fig. 6.9(a)) without EOM 

modulation. For a fair comparison, the input power is adjusted to deliver 10 mW after the 

objective lens for both cases. With 0.1-µm-diameter beads, the point spread function of the 

2PF imaging is visualized since the bead diameter is much smaller than the focused spot size 

on the sample. The profiles of the indicated bead pointed by arrows in Fig. 6.9(a-b) are 

plotted in Fig. 6.9(c-d), respectively. ~0.5 µm FWHM of Gaussian fitted curves are obtained 



157 
 

in both cases, indicating the 2PF resolution of ~0.5 µm in our system. In addition, the 

adjusted R squares in Fig. 6.9(c-d), calculated with the fitted Gaussian profile, are 0.63 and 

0.76, respectively. A better adjusted R square is obtained from the modulated setup. 

 

Fig. 6.10. ~10-µm-diameter lysozyme crystals from a bright field imaging, the commercial 
SONICC system, and the home-built microscope. 

 
commercial SONICC home-built 

objective lens 20X 0.45 NA 60X 1.0 NA 

exposure time 3 s 0.035 s 

image size 681 μm х 681 μm 113 μm х 113 μm 

excitation wavelength 1064 nm 1037 nm 

excitation power 273 mW 25 mW 

Table 6.1. Comparison between the commercial SONICC system and home-built microscope. 

A preliminary test is conducted to compare the system capability with a commercial 

SONICC microscope (Formulatrix SONICC Benchtop). ~10 µm-diameter lysozyme crystals are 

examined from a bright field microscope, the commercial SONICC system, and the home-

built modulated-based microscope, as shown in Fig. 6.10. The experimental conditions of the 

imaging system are listed in Table 6.1. Despite of a smaller field of view mainly limited by 

magnification power of the objective lens, the image can be obtained with 10 times lower 

illumination power and 100 times shorter exposure time using the home-built system 

comparing with the commercial one. Video-rate SONICC images with sub-micron resolution 

can be achieved with a minimum illumination, which will benefit future implementation for 

monitoring crystal growing and delivering.   
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 Future works 6.4

Heterodyne detection for coherent signals 

Nonlinear light microscopy usually employs PMTs to detect extremely weak signals because 

they feature high sensitivity and large bandwidth (e.g., >50 MHz). However, PMTs have 

disadvantages of large size (compared with e.g. photodiodes), higher cost, and requirement 

for a high-voltage supply (e.g., >1 kV).  

For coherent processes such as harmonics generation, coherent gating can be 

applied such as heterodyne detection: the generated signal is modulated, inherent from a 

modulated pump as our setup in Section 6.3, and detected along with a reference beam with 

another modulation RF frequency, 𝛺𝑟𝑒𝑓. The detected light can be expressed in the following 

equation: 

𝐼𝑑𝑒𝑡 = |𝐸𝑠𝑖𝑔 cos(𝛺𝑠𝑖𝑔𝑡 + 𝜃𝑠𝑖𝑔) + 𝐸𝑟𝑒𝑓 cos(𝛺𝑟𝑒𝑓𝑡)|
2
 

        = |𝐸𝑠𝑖𝑔|
2
+ |𝐸𝑟𝑒𝑓|

2
+ 2𝐸𝑠𝑖𝑔𝐸𝑟𝑒𝑓 cos(𝛺𝑠𝑖𝑔𝑡 + 𝜃𝑠𝑖𝑔) cos(𝛺𝑟𝑒𝑓𝑡)(6.4) 

where 𝐸𝑠𝑖𝑔 and 𝐸𝑟𝑒𝑓 are the electric field of the signal and reference, respectively. With a 

fixed 𝐸𝑟𝑒𝑓 and 𝛺𝑟𝑒𝑓, the last term in Eqn. 6.4 includes the signal information (both amplitude 

and phase, 𝐸𝑠𝑖𝑔 and 𝜃𝑠𝑖𝑔, respectively), which can be measured by mixing down the detected 

signal with the heterodyne frequency (i.e., 𝛺𝑠𝑖𝑔 − 𝛺𝑟𝑒𝑓). 

If the amplitude of the reference beam is much larger than the signal, which is quite 

weak from a nonlinear light microscope, the amplitude of the heterodyne detected signal is 

“amplified” (i.e., 𝐸𝑠𝑖𝑔𝐸𝑟𝑒𝑓 ≫ |𝐸𝑠𝑖𝑔|
2

) without introducing additional noise; shot-noise 

detection of the quite weak signal can be achieved even using a photodiode instead of a 

PMT. Employing photodiodes and fiber laser systems, harmonic generation microscope (e.g., 

SONICC system) can be built in a more compact and economic way.  

Modulated stimulated emission depletion microscope    

Due to optical diffraction, the resolution of conventional light microscopy is limited roughly 

by the full width at half maximum (FWHM) of the point spread function (i.e., submicron 

range using a high NA objective lens and visible light). Super-resolution techniques provide 

images with a higher resolution than the diffraction limit, which can be obtained by 
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capturing the light containing higher spatial frequency (e.g., detecting the evanescent waves 

or using structured illumination [6.17-19]), or by precise photo-switching/depleting the 

electron transition (e.g., stimulated emission depletion and stochastic functional techniques) 

[6.20-22]. Comparing with other methods, STED microscopy [6.20, 23, 24] has been regarded 

as a powerful tool to achieve super-resolution imaging due to the feasibility of fast imaging 

acquisition (e.g., video rate) and ultrafine resolution (>10 fold better resolution than the 

diffraction limit in the far field). 

Using the modulation technique, the detected signals carried by different modulation 

frequencies can be separated in the RF frequency domain even sharing the same color. As a 

result, signals originating from different mechanisms can be well separated via modulation-

based excitation. Here, a novel method is proposed to achieve super-resolution stimulated 

emission depletion (STED) imaging with a simpler setup.  

In order to achieve super-resolution imaging, the point spread function of STED 

microscopy is modified by using another beam to nonlinearly deplete the fluorescent states 

of the fluorophores. Along with the excitation source, a doughnut-shaped red-shifted pulse, 

termed the STED beam, is applied to achieve instantaneously stimulated emission. Upon 

interaction of the STED photon and the excited fluorophore, the fluorophore molecule is 

returned to the ground state through stimulated emission before spontaneous fluorescence 

emission. By properly superimposing the STED and excitation beam, only molecules dwelling 

in the center of the STED beam (i.e., where the STED beam with a zero intensity) are able to 

emit fluorescence, thus effectively narrowing the point spread function. As a result, even 

though both STED and excitation pulses are diffraction-limited, the narrowed point spread 

function ultimately improves imaging resolution beyond the diffraction limit. In the 

conventional setup, the choice of the fluorophores is quite important: the factor of the 

resolution improvement depends on the ratio between the power of STED beam and the 

saturation peak power (𝑃𝑠𝑎𝑡 = ℏ𝜔0/𝜎𝐿𝜏𝐿 , with a cross-section 𝜎𝐿  and the upper-state 

lifetime 𝜏𝐿 , similar to the stimulated behavior described in Subsection 4.2.1) of the 

stimulated emission. As a result, 𝑃𝑠𝑎𝑡 should be small than the sample damage threshold. 

Moreover, photobleaching due to excitation into an even higher excited state or excitation 

in the triplet state should be avoided.  
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Since a dichroic mirror is typically employed to separate the spontaneous 

fluorescence from the STED beam in detection, the STED wavelength has to be at the edge 

of the whole emission spectrum. However, use of longer STED wavelength at the emission 

edge along with dichroic mirrors leads to a trade-off between the detected spontaneous 

fluorescence and the required STED power for stimulated emission depletion, which is 

determined by the saturation peak power 𝑃𝑠𝑎𝑡. Larger fluorescence signal can be obtained 

when the STED wavelength is located at the emission edge. However, the emission cross 

section at the edge is quite small, demanding a larger saturation peak power. By properly 

modulating the excitation and STED beam at different frequencies, the fluorescence signals 

carried by the excitation modulation will be detected, while the excitation modulation 

signature is depleted by the STED beam. As a result, modulated STED microscope can be 

achieved with relaxed constraints on the dye selection and reduced STED power. 

 Summary 6.5

Our approach to setup a nonlinear light microscope system is also described based on 

femtosecond fiber lasers and high speed electronics. The ultrafast fiber laser system, 

including a nonlinear-polarization-evolution mode-locked Yb:fiber oscillator and an amplifier 

is constructed to deliver ~110-fs pulses with ~3 nJ of pulse energy featuring low relative 

intensity noise (RIN). The schemes of electronic control and optical setup of the microscope 

systems are provided. With the demonstrated nonlinear light microscope, we obtained sub-

μm resolution imaging with a video imaging rate at a reduced excitation power compared 

with the commercial SONICC systems, as the comparisons listed in Table 6.1. With the 

developed ultrafast fiber laser technology and optimized electronic control, a more compact 

nonlinear light microscope can be constructed to monitor nucleation and growth kinetics of 

protein crystals. 
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  Chapter 7

Summary and future work 

The explorations of research frontiers in ultrafast science require the generation and control 

of octave-spanning optical sources. On the one hand, the generation of isolated attosecond 

XUV pulses and the investigations of attosecond physics critically rely on the feasibility of 

intense phase-controlled sub-cycle optical waveforms. On the other hand, optical pulse 

trains, which are obtained from femtosecond mode-locked oscillators, with a high repetition 

rate (e.g., in RF frequency) can be used as optical flywheels providing a very precise timing 

reference, opening up several interesting research fields such as frequency metrology, 

optical clocks, and timing links for the next generation of X-ray free-electron lasers (FELs). In 

this dissertation, I present the enabling technology for the fully control of octave-spanning 

optical sources based on dielectric chirped mirrors. Moreover, nonlinear light microscopy 

with various imaging contrast mechanisms has been regarded as a powerful tool for 

molecular imaging, clinical applications, and chiral crystal examinations. The feasibility of 

nonlinear light microscope depends on the availability of robust femtosecond sources and 

reliable electronic control. During my PhD studies, a nonlinear light microscope system is 

also constructed based on a robust femtosecond fiber laser and high speed electronics, 

which is capable of observing nucleation and growth kinetics of protein nanocrystals.  

Regarding dispersion management using dielectric chirped mirror designs, >2-octave-

spanning chirped dichroic mirrors and high-reflection chirped mirrors are demonstrated 

based on analytically analyzing a novel mirror design, dual-adiabatic-matching (DAM) 

structures. The design limitations, in terms of the handling bandwidth, the magnitude of 

dispersion, and the damage threshold, are discussed: (1) the bandwidth capabilities of 

dielectric chirped mirrors depend on different incident angles and polarizations. With a 

larger angle of incidence in s-polarization, a larger covering bandwidth can be obtained with 

a more pronounced residual GD variations. (2) A trade-off is found between the amount of 

compensating dispersion and the design bandwidth. With a fixed total layer number, the 
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design bandwidth is compromised when one trying to increase the amount of compensating 

dispersion. (3) Although the repetition rate, pulse duration, and center wavelength of the 

optical source, as well as the coating structures of the DCMs would also affect the 

breakdown fluence, sub-cycle optical pulses supporting up to several tens of mJ pulse energy 

with a >1 cm2 beam size should be possible based on the multilayer chirped mirrors. With a 

typical <10 μm of total coating thickness, ~1 TW/cm2 of the peak intensity should be 

tolerable with <1 rad of nonlinear phase shift (i.e., B-integral). 

The demonstrated broadband mirrors are employed as a two-octave-spanning 

dispersion-controlled scheme in sub-cycle optical waveform synthesizers, providing a new 

enabling technology for pulse-energy and bandwidth scaling. Super-octave-wide waveform 

synthesizers delivering multi-mJ pulse energy are introduced based on the advanced chirped 

mirror technology: 3-channel parametric synthesizers with 3 amplification stages are 

discussed. These novel designs provide custom-tailored dispersion and reflectivity over more 

than two octaves of bandwidth ranging from 0.49 μm - 2.3 μm, supporting 1.9-fs-short sub-

optical-cycle pulses. In addition, different channels of femtosecond optical parametric 

amplifiers operate at different wavelength regimes, and the material dispersion shows 

distinct behaviors in each channel. A dispersion distribution scheme is designed in order to 

provide a guideline for experimental constructions. The FROG measurements of the second 

stage results of different channels, as well as the characterization of the passive timing jitter, 

demonstrate the feasibility of sub-cycle optical waveform synthesizers. 

Regarding spatiotemporal dynamics of octave-spanning oscillators, we analyzed the 

full spatiotemporal features of few-cycle Ti:sapphire oscillators to better understand the 

laser dynamics for advanced optimization and applications. Different laser conditions 

numerically are examined and analyzed to optimize the experiment-obtainable working 

points of octave-spanning oscillators, by means of fine-tuning cavity dispersion, cavity 

geometry, and pump power. In addition, we explained the detailed features of the 

experimental demonstrations by considering the intracavity residual phases and the output 

coupling as the perturbation to dispersion-managed soliton mode-locking. The advanced 

studies are focused on the intracavity spatiotemporal phase-matching based on the 

perturbation of dispersion-managed solitons. With a proper intracavity phase-matching, the 

wavelength components in the spectral wings (e.g., ~1.14 μm for the direct generation of 
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frequency combs and ~1.03 μm for seeding of Yb amplifiers for further parametric 

amplification) can be greatly enhanced while maintaining a fundamental beam shape. The 

phase-matching concept is demonstrated experimentally in a linear Ti:sapphire oscillator, 

providing a >10 dB enhancement around 1140 nm with a good beam quality. The advanced 

improvement requires a more precise intracavity dispersion control: a phase-optimized end-

mirror is designed and fabricated to compensate the residual dispersion errors in the cavity. 

12 bounces of chirped mirrors and one bounce of the phase-optimized end-mirror may 

result in <0.1 rad of intracavity residual phase over the whole operating bandwidth of 0.65 

μm – 1.14 μm.  With different output coupling window, the weighting between 1030 nm and 

1140 nm is varied, implying a controllable manner of the oscillator output aiming for 

different applications. The whole simulation environments describing octave-spanning 

spatiotemporal dynamics will be implemented for optimizing advanced ultrafast sources, 

such as hollow-core fiber/ waveguide compressors and parametric synthesizers. 

Our approach to setup a nonlinear light microscope system is also described based 

on femtosecond fiber lasers and high speed electronics. The ultrafast fiber laser system, 

including a nonlinear-polarization-evolution mode-locked Yb:fiber oscillator and an amplifier 

is constructed to deliver ~110-fs pulses with ~3 nJ of pulse energy featuring low relative 

intensity noise (RIN). The schemes of electronic control and optical setup of the microscope 

systems are provided. With the demonstrated nonlinear light microscope, we obtained sub-

μm resolution imaging with a video imaging rate at a reduced excitation power compared 

with the commercial SONICC systems. With the developed ultrafast fiber laser technology 

and optimized electronic control, a more compact nonlinear light microscope will be 

constructed to monitor the nucleation and growth kinetics of protein crystals.  

 

 

 


