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Abstract 

Tides and geostrophic flows are two important energy sources for the mixing in 

the deep ocean. The global conversion rate of internal lee waves generated by 

geostrophic flows, the baroclinic tide generated by the barotropic tide over 

sinusoidal topography and the energy budgets of internal waves at the Luzon ridge 

calculated from both two-dimensional and three-dimensional simulations are 

investigated in this paper. It is aimed to give us a better understanding of the role of 

tides and geostrophic flows in ocean dynamics. This paper consists of four parts. 

Firstly, the conversion rate of internal lee waves generated by geostrophic flows 

is calculated based on linear theory. In order to get a more precise value, we use two 

methods to deal with the topographic spectrum. The single beam sounding depth 

data, global predicted abyssal hill rms heights, WOCE hydrographic atlas, velocity 

data from SODA and ECCO2, mean flow and eddy velocity from the global 

eddy-permitting STORM model in a 1° ×  1° grid are used for the calculations. By 

using these data, we can not only compare with the results from different velocity 

and topography databases, but also get the difference between the conversion rate 

from the eddies and from the mean flow. The results show that the conversion rates 

calculated using SODA, ECCO2, mean flow and eddy velocity from the global 

eddy-permitting STORM model are between 0.03 and 0.23 TW, and the difference 

between the conversion rate from the eddies and from the mean flow is between 0.05 

and 0.11 TW.  

Secondly, a series of experiments are set up to investigate the baroclinic tide 

generated by barotropic tide over sinusoidal topography. The baroclinic velocity 

fields generated are quite different between in subcritical cases and in supercritical 

cases. The effects of the height of the topography, the amplitude of the barotropic 

tidal velocity, the stratification and the width of the topography on the baroclinic tide 

generated are studied in this chapter. The results show that the energy flux is almost 

proportional to the square of the height of the topography and the square of the 

amplitude of the barotropic tide; the energy flux will be larger when the width of 

topography is smaller and the stratification is stronger; there is almost no energy flux 

generated in experiments with too weak stratification or too wide topogaphy. The 

results predicted by the linear theory agree well with the results calculated by C1 
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(energy flux) in most cases, and the results calculated by C2 (conversion rate) are 

larger than the results calculated by C1 in most cases (the definitions of C1 and C2 

could be found in Chapter 3). 

Thirdly, two-dimensional MIT General Circulation Model (MITgcm) is used to 

simulate internal waves at the Luzon ridge. Here, the topography is represented by 

two ideal Gaussian hills. The baroclinic energy budget of internal waves is studied 

and the conversion rate is mainly balanced by the energy flux. The effects of the 

height of the west ridge, the distance between the two ridges and the amplitude of 

the barotropic tide on the energy flux and conversion rate are also investigated. It is 

found that as the height of the west ridge increases, the westward energy flux 

increases; the internal tides can be enhanced due to a suitable distance between the 

two ridges; the amplitude of the barotropic tide is one of the crucial factors to 

determine whether the internal solitary waves would be generated or not, 

furthermore, when the amplitude of the barotropic tide is larger, the speed of the 

internal solitary waves generated will be larger. 

Finally, three-dimensional simulations of internal tides at the Luzon ridge are 

shown. The MITgcm is used to study the M2 and K1 internal tides and the data from 

WOCE and SODA are used to give the stratification here. In this chapter, not only 

the barotropic energy budget and baroclinic energy budget but also the barotropic 

kinetic energy budget and baroclinic kinetic energy budget are analyzed. About 15.1 

GW is transferred from the M2 barotropic tide to the baroclinic tide, which is about 

88% of the barotropic input. The energy flux is about 4.5 GW, and the total 

dissipation is about 11.3 GW. The formula (Nycander, 2005) may underestimate the 

conversion rate at the Luzon ridge. 
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Chapter 1 

1 Introduction  

1.1 Motivation  

The meridional overturning circulation (MOC) transports and redistributes mass, 

heat, salt, CO2 and nutrients around the globe. The MOC has an important influence 

on the climate. The climate has an influence on our life. For example, the 

temperature in Hamburg in winter is much higher than the temperature in Asia near 

the sea at the same latitude, because the temperature in Hamburg in winter is largely 

influenced by North Atlantic Currents while in Asia is largely influenced by the cold 

northwest winds. 

 

 

Figure 1.1. The conceptual model of MOC. AAIW stands for Antarctic Intermediate 

Water, AABW stands for Antarctic Bottom Water and NADW stands for North 

Atlantic Deep Water. From Vallis (2016).  

 

The MOC consists of four parts: surface currents from low latitudes to high 

latitudes, downwelling processes at high latitudes, deep currents from high latitudes 

to low latitudes and upwelling processes at low latitudes. There are two mechanisms 

for the upwelling processes (Fig. 1.1). Firstly, diapycnal mixing caused by wave 
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breaking and other processes can bring the deep water to the ocean surface. The 

energy for diapycnal mixing is from the winds and tides, and about 2 TW are needed 

(Munk and Wunsch, 1998). In addition, the winds over the Southern Ocean induce 

northward Ekman transport. It also causes upwelling. If the upwelling processes 

caused by the winds over the Southern Ocean are taken into account, the required 

energy should be less than 2 TW (Kuhlbrodt et al., 2007). 

Many motions driven by the winds and tides contribute to the diapycnal mixing. 

It is very important to know how much energy is transferred from the winds and 

tides to these motions respectively. Much previous research focused on three kinds 

of motions: near-inertial waves, internal lee waves and internal tides.  

   The near-inertial motions can be driven by winds and have been considered to be 

an important source for the diapycnal mixing in the deep ocean. The energy of 

near-inertial motions converted from winds was between 0.29 and 1.4 TW (Alford, 

2001; Watanabe and Hibiya, 2002; Alford, 2003; Jiang et al., 2005; Rimac et al., 

2013). However, much research pointed out that only about 0.1 TW was available 

for deep ocean mixing (Furuichi et al., 2008; Zhai et al., 2009), because most of 

energy would dissipate in the surface 200 m.  

The large-scale flow and eddies can be driven by winds, and eddies can be 

generated by baroclinic instability. The lee waves can be generated when geostrophic 

flows flow over small scale topography. When the lee waves break and dissipate, the 

background mixing will be enhanced. For example, recently, much research 

(Garabato et al., 2004; Nikurashin and Ferrari, 2010a; Waterman et al., 2013; 

Brearley et al., 2013) suggested that the energy from geostrophic flows into internal 

waves may be a reason of enhanced mixing in the deep ocean. Furthermore, the 

energy flux into lee waves has been calculated based on linear theory (Nikurashin 

and Ferrari, 2011; Scott et al., 2011; Wright et al., 2014). The results showed that the 

conversion rate from global geostrophic flows was about between 0.2 and 0.94 TW. 

However, there are large uncertainties in velocity and topographic data; hence past 

results are still uncertain. In addition, they donôt differentiate between the conversion 

rate from the mean flow and from eddies.  

The tide force is generated by the combination of the gravitational attraction 

between the astronomical objects (Moon and Sun) and the Earth, and the rotation of 

Earth-astronomical objects systems. The energy from the barotropic tides will be 

either converted to the baroclinic tides or dissipated in oceanic regions. The internal 
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tides can be generated by barotropic tides over bottom topography. After the internal 

tide generation, low mode internal tides tend to propagate away from the generation 

sites and high mode internal tides tend to dissipate locally because of their low 

speeds and high shear. Egbert and Ray (2001) calculated the dissipation rate of the 

tides defined as the working rate by tidal forces subtracting the energy flux 

divergence using altimeter data. They estimated that about 1TW of power was lost 

from barotropic tides in the deep ocean. The dissipation of barotropic tides 

calculated by Egbert and Ray (2001) refers to the lost energy of barotropic tides and 

it canôt distinguish the difference between the conversion rate from barotropic tides 

to baroclinic tides and the dissipation of barotropic and baroclinic tides. 

Linear theory has been used to study internal tide generation. Bell (1975a) 

derived the conversion rate in an ocean of infinite depth based on weak topography 

approximation. Balmforth et al. (2002) derived the conversion rate for several 

topographies, and the conversion rate of subcritical sinusoidal topography was about 

56% larger than the Bellôs theory (Bell, 1975a). It was extended to the supercritical 

topography cases in Balmforth and Peacock (2009). In general, these studies (Bell 

1975a, b; Balmforth et al., 2002; Llewellyn Smith and Young, 2002; Khatiwala, 

2003; Pétrélis  et al., 2006; Balmforth and Peacock, 2009) have used different 

mathematical methods to derive the conversion rate and extended the linear theory to 

cases with different topographies based on different assumptions. 

Nycander (2005) calculated the conversion rate directly using data from TPXO 6 

basing on the theory (Bell 1975a,b; Liewellyn Smith and Young, 2002) and got that 

about 1.2 TW was transferred from barotropic tides to internal waves over areas with 

a depth greater than 500 m, which compared well with the results (Egbert and Ray, 

2001). However, both above calculations of global tidal dissipation are using a 

coarse resolution. The strong tides may occur in regions such as Luzon ridge, in 

which the calculations in a coarse resolution are not reliable and numerical 

simulations in a higher resolution are needed. 

Numerical models are also used to study the internal tide generation. Some ideal 

models have been set up to compare the conversion rates calculated by numerical 

simulations with the values predicted by the linear theory (Legg and Huijts, 2006; Di 

Lorenzo et al., 2006). Legg and Huijts (2006) used nonhydrostatic MITgcm to 

simulate the barotropic flow over an isolated Gaussian topography. In their paper, the 

cases could be divided into four different situations due to different topographies. 
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Model results showed that the conversion rates predicted by the linear theory (bell, 

1975b) agreed well with results using ólow, wideô topography. The conversion rates 

calculated from supercritical cases were much larger than the results predicted by the 

linear theory. Di Lorenzo et al. (2006) used the Regional Ocean Modeling 

System (ROMS) to simulate the barotropic tide over polynomial ridge topography, 

and compared the model results with the values calculated using the theory (Petrelis 

et al., 2006). Results showed that the model results agreed well with the values 

predicted by the theory. Note that these two works have used different definitions of 

conversion rate, different models and different topographies. 

Much research has used numerical models to study the energetics of internal 

tides for a certain region (Merrifield and Holloway, 2002; Jachec et al., 2006; Green 

et al., 2008; Buijsman et al., 2012b; Tanaka et al., 2013). Above studies except 

Tanaka et al. (2013) mainly focused on the energy flux part. In addition, the energy 

budget of internal tides has been developed. Cater et al. (2008) derived barotropic 

and baroclinc energy equations based on Princeton Ocean Model (POM), and 

applied the theory at the Hawaii Islands. Zaron and Egbert (2006) derived the 

barotropic and baroclinic kinetic energy equations from linearized primitive 

equations. Ponte and Cornuelle (2013) used MITgcm to study the kinetic energy 

budgets around Point Loma in San Siego, California. Kang and Fringer (2012) 

derived barotropic and baroclinic energy equations including the potential energy 

parts in a different way. Through analyzing the energy budgets, we can know the 

spatial distribution and pathway of the energies of internal tides for a certain region.  

The Luzon strait connects the South China Sea to the Western Pacific Ocean and 

features two meridional ridges. It is an important generation site of the internal tides 

both at diurnal and semidiurnal periods (Niwa and Hibiya, 2004; Jan et al., 2007; Jan 

et al., 2008). Niwa and Hibiya (2004) studied the M2 internal tide in the East China 

Sea including the Luzon ridge using the three-dimentional POM. It was found that 

the baroclinic conversion rate and the energy flux of the internal tide at the Luzon 

ridge were 14.9 and 9.0 GW, respectively. Kerry et al. (2014) calculated the 

conversion rate of the internal tide based on ROMS and found that the mean 

conversion rate at the Luzon ridge over 2010 was 16.21 GW. Zhao (2014) calculated 

the depth-integrated energy flux using altimetric dataset by equations derived from 

linear theory. The results showed that the energy fluxes of mode-1 M2, K1 and O1 

internal tides at the Luzon ridge were 2.7, 2.5 and 1.8 GW, respectively. However, 
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only part of the energetics of internal tides at the Luzon ridge has been studied, the 

full energy budget of internal tides is still unclear. 

In this paper, we try to answer the following questions: 

1, what is the difference between the conversion rates of lee waves generated by the 

mean flow and eddies? 

2, do the conversion rates of tides predicted by the linear theory (Balmforth et al., 

2002) compare well with the results calculated from numerical simulations?  

3, what are the energy budgets of internal tides at the Luzon ridge?   

In order to answer the above questions, firstly, the conversion rates from different 

velocity databases are calculated, and the sensitivities to the steepness and 

topographic spectrum are studied. Secondly, experiments with an ideal sinusoidal 

topography are set up to test the linear theory. The comparison of the conversion 

rates calculated from numerical simulations and the results predicted by the theory 

(Balmforth et al., 2002) will be discussed. At last, two- and three-dimensional 

simulations are set up at the Luzon ridge to obtain the energy budgets of internal 

tides. 

1.2 The lee waves  

The lee waves can be generated by a constant flow over bottom topography. 

Considering small amplitude topography, a uniform velocity U in the x direction and 

stratification N, the linearized equation for internal lee waves can be obtained (Gill 

1982; Nikurashin and Ferrari, 2010a),  

Ὗ
‬ό

‬ὼ
Ὢὺ=

1

”0

‬ὴᴂ

‬ὼ
,                          (1.1) 

Ὗ
‬ὺ

‬ὼ
+ Ὢό= 0,                               (1.2) 

Ὗ
‬ύ

‬ὼ
=

1

”0

‬ὴᴂ

‬ᾀ

Ὣ

”0
”ᴂ,                    (1.3) 

‬ό

‬ὼ
+
‬ύ

‬ᾀ
= 0,                               (1.4) 

Ὗ
‬”ᴂ

‬ὼ
=
”0

Ὣ
ὔ2ύ,                          (1.5) 

ὔ2 ᾀ=
Ὣ

”0

Ὠ”0

Ὠᾀ
.                          (1.6) 

Where (u, v ,w) is the wave velocity, ɟ
0
 is the constant reference density.  
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The full pressure is given by  

p = p0 + pǋ,                              (1.7) 

where pǋ is the perturbation pressure and the full density is given by 

ɟ= ɟ
0

+ ɟǋ,                              (1.8) 

where ɟǋ is the perturbation density. f is the Coriolis frequency. Solving 

equations (1.1)-(1.6) for w gives  

Ὗ2 ‬
2

‬ὼ2 (
‬2

‬ὼ2ύ+
‬2

‬ᾀ2ύ) + ὔ2 ‬
2

‬ὼ2ύ+ Ὢ2 ‬
2

‬ᾀ2ύ= 0.              (1.9) 

Assuming the topography h=h1coskx, we seek solutions of the form 

   ύ= ὩὭ(Ὧὼ+άᾀ) .                          (1.10) 

Substituting (1.10) to (1.9), one can obtain the dispersion relation for the lee waves, 

ά2 = Ὧ2 ὔ
2 Ὗ2Ὧ2

Ὗ2Ὧ2 Ὢ2 .                         (1.11) 

When the frequency Uk is in the range f < ὟὯ< ὔ, lee waves are generated.  

For sinusoidal topography, the energy flux of lee waves averaged over a 

wavelength can be expressed (Gill 1982),  

ὅ_1 = ὴ᷿ᴂ(ὼ, ᾀ,ὸ)Ὗ
ὨὬ

Ὠὼ
Ὠὼ=

”0ὟὬ0
2

8
ὔ2 Ὗ2Ὧ2 Ὗ2Ὧ2 Ὢ0

2 ,   (1.12) 

where h0 is the maximum height of the sinusoidal topography. Then the lee waves 

energy flux for sinusoidal topography can got by integrating (1.12) over the 

wavenumber range f/ U < Ὧ< ὔ/Ὗ. As pointed in the studies (Nikurashin and 

Ferrari, 2010a, 2011), the inverse Froude number Fr
-1 

= h0mŪN h0/U is the 

fundamental nondimensional parameter for the internal lee waves. When Fr
-1
<1, the 

generation of lee waves will be linear. When Fr
-1
~1, nonlinear effect will become 

important, and when Fr
-1
>1, the energy flux will decrease. 

Much recent research has focused on the internal lee waves. Nikurashin and 

Ferrari (2010a, b) extended the linear theory, derived a set of equations to study the 

feedback of waves on the flow in physics, and suggested that the enhanced mixing in 

Drake Passage can be supported by radiation and dissipation of the lee waves 

generated by geostrophic flows over topography. Nikurashin and Ferrari (2011) used 

the linear theory (Bell, 1975a) to calculate the global conversion rate. The single 

beam sounding, bottom stratification from WOCE, and bottom velocity from global 

model were used. They showed that the conversion rate was about 0.2 TW. Scott et 

al. (2011) calculated the conversion rate based on the theory (Gill 1982, chapter 8). 

They used two different topographic data sets (GA2010 and G2010), bottom velocity 
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from HYCOM, and stratification from WOA2009. They showed that the conversion 

rate was between 0.34 and 0.49 TW, and 92% of the lee wave energy generated in 

the South Hemisphere. However, Wright et al. (2013) suggested that the generation 

rate of internal lee waves would be 0.75 ±  0.19 TW.  

The breaking and dissipation of internal lee waves contribute to the diapycnal 

mixing. However, the scale of the processes is too small for ocean circulation models 

to resolve; hence we need to parameterize the subgrid motions. Melet et al. (2014) 

set up a series of experiments using the Geophysical Fluid Dynamics Laboratory 

CM2G ocean-ice-atmosphere coupled model including a parameterization of lee 

wave-driven mixing and showed that the lee waves generated by geostrophic flows 

had a significant impact on the ocean state. The effects should be further verified 

because the exact conversion rate of lee waves is still a wide open question, and the 

vertical structure and process of dissipation of lee waves are still not clear.  

1.3 The internal tides  

1.3.1 The linear internal wave theory 

Linear theory can be used to describe internal waves. After neglecting the 

nonlinear terms, the Euler equations with the Boussinesq approximation reduce to  

‬ό

‬ὸ
Ὢὺ=

1

”0

‬ὴǋ

‬ὼ
,                          (1.13) 

‬ὺ

‬ὸ
+ Ὢό=

1

”0

‬ὴǋ

‬ώ
,                          (1.14) 

‬ύ

‬ὸ
=

1

”0

‬ὴǋ

‬ᾀ

Ὣ

”0
”ǋ,                    (1.15) 

‬ό

‬ὼ
+
‬ὺ

‬ώ
+
‬ύ

‬ᾀ
= 0,                               (1.16) 

‬”ǋ

‬ὸ
=
”0

Ὣ
ὔ2ύ,                          (1.17) 

ὔ2 ᾀ=
Ὣ

”0

Ὠ”0

Ὠᾀ
.                          (1.18) 

Where (u, v ,w) is the wave velocity, ɟ
0
 is the constant reference density. The 

full pressure p = p0 + pǋ, and the full density ɟ= ɟ
0

+ ɟǋ, where ɟǋ is the 

perturbation density and pǋ is the perturbation pressure. f is the Coriolis frequency. 

Solving equations (1.1)-(1.6), we can get the equation for w alone, 
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‬2

‬ὸ2
​2ύ+ ὔ2​Ὄ

2ύ+ Ὢ2 ‬
2

‬ᾀ2ύ= 0.                 (1.19) 

Where the Laplace operator ᶯ2 and horizontal component ɳὌ
2  are 

​2 =
‬2

‬ὼ2 +
‬2

‬ώ2 +
‬2

‬ᾀ2,                          (1.20) 

​Ὄ
2 =

‬2

‬ὼ2 +
‬2

‬ώ2.                              (1.21) 

We suppose solutions of the form 

ύ= ὩὭ(Ὧὼ+ὰώ+άᾀ (‫ὸ .                          (1.22) 

Where k and l are the horizontal wavenumbers in x- and y-direction, m is the vertical 

wavenumber, and ʖ is the frequency of the wave. Substituting (1.22) into (1.19), 

we get the dispersion relation for internal waves, 

‫2 =
Ὧ2+ὰ2 ὔ2+ά2Ὢ2

Ὧ2+ὰ2+ά2 .                          (1.23) 

If we calculate the phase and group velocities in vector and multiply them, we can 

get 

ὧᴆϽὧὫᴆ= 0.                                (1.24) 

The group velocity and the phase velocity are perpendicular to each other. Where 

ὧᴆ=
‫

ὑ
 is the phase velocity, ὧὫᴆ=

‬‫

‬ὑ
 is the group velocity, and K=(k, l, m) is the 

wavenumber vector. 

The vertical modes of the velocity can be got as follows. Assuming the internal 

waves propagate horizontally, we seek the solutions of the form 

ύ= ὡ(ᾀ)ὩὭ(Ὧὼ+ὰώ (‫ὸ .                       (1.25) 

W(z)=0, when z=0, -H.                       (1.26) 

Substituting (1.25) into (1.19), we can get 

ὡᾀᾀ+ Ὧ2 + ὰ2
ὔ2 ‫2

‫2 Ὢ2 ὡ = 0.                  (1.27) 

If N is not constant, we can solve the equations (1.25)-(1.27) numerically. If N is 

constant, we define 

 ά2 = Ὧ2 + ὰ2
ὔ2 ‫2

‫2 Ὢ2 .                     (1.28) 

The equation becomes 

ὡᾀᾀ+ ά2ὡ = 0.                          (1.29) 

The general solutions of the equation (1.29) are 

ὡὲ=a1 sin(mz) + a2 cos(mz).                   (1.30) 

Considering the equations (1.26), the boundary conditions become 
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a2=0,                                   (1.31) 

-a1 sin(mH)=0.                             (1.32) 

If the solutions exist, hence 

άὲ=
ὲ“

Ὄ
.                              (1.33) 

Now, the solutions of the eigenvalue problem (1.27) can be written in 

ὡὲ= ὥίὭὲ(
ὲ“ᾀ

Ὄ
), n=0, 1 ,2 3é                   (1.34) 

The wave frequency can be written in 

‫2 =
Ὧ2+ὰ2 ὔ2Ὄ2+ὲ2“2Ὢ2

(Ὧ2+ὰ2)Ὄ2+ὲ2“2 , n= 1, 2, 3, é              (1.35) 

The horizontal phase velocity is obtained 

ὧ=
‫

(Ὧ2+ὰ2)
1
2

=
Ὄ‫

ὲ“
(
ὔ2 ‫2

‫2 Ὢ2 )
1

2,                      (1.36) 

and the horizontal group velocity is obtained 

ὧὫᴆ=
‬‫

‬Ὧ
,
‬‫

‬ὰ
=
Ὄ

ὲ“

‫2 Ὢ2
1
2 ὔ2 ‫2

3
2

Ὧ2+ὰ2
1
2‫ὔ2 Ὢ2

(Ὧ,ὰ).              (1.37) 

The energy equation can be got from the sets of equations (1.13)-(1.18) 

1

2
”0
‬

‬ὸ
ό2 + ὺ2 + ύ2 + ὔ 2ὦ2 + ό

‬ὴǋ

‬ὼ
+ ύ

‬ὴǋ

‬ᾀ
= 0.            (1.38) 

Because there is no y dependence, we multiply the equation (1.16) with ὴǋ, then 

obtain 

ὴǋ(
‬ό

‬ὼ
+
‬ύ

‬ᾀ
) = 0.                        (1.39) 

Combining equations (1.38) - (1.39), we get 

1

2
”0
‬

‬ὸ
ό2 + ὺ2 + ύ2 + ὔ 2ὦ2 +

‬όὴǋ

‬ὼ
+
‬ύὴǋ

‬ᾀ
= 0.           (1.40) 

 

 1.3.2 The conversion rate of internal tides 

We define b = g
ɟǋ

ɟ0
 and assume 

Ћ

Ћy
= 0, then the equations (1.13)-(1.18) will 

be the same equations which have been used in Balmforth et al. (2002). The internal 

tides can be generated by barotropic flow over bottom topography in a stratified fluid. 

The barotropic tides can be prescribed through linearized boundary conditions, 

 w(x,0,t)=0,                                (1.41) 

 w(x, -z, t)=UϽ​Ὤ.                           (1.42) 
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The conversion rate can be calculated by  

ὅ= ὴ᷿ǋ(ὼ, ᾀ,ὸ)Ὗ
ὨὬ

Ὠὼ
Ὠὼ.                         (1.43) 

If we have the solutions of the pǋ, U and 
dh

dx
, C can be obtained. For this part, 

different people used different methods to deal with it. Balmforth et al. (2002) used 

the stream function to deal with the equations, and the conversion rate of tides over 

sinusoidal topography averaged over one tidal period 2́/ ʖ0 is given by 

ὅ_2 =
“”0Ὗ0

2Ὤ0
2

8‫0
ὔ2 ‫0

2 ‫0
2 Ὢ0

2 •(‭),                 (1.44) 

•‭= 1 +
‭2

4
+

11‭4

96
+

143‭6

2304
+

4513‭8

122880
+

170791‭10

7372880
+ ὕ(‭12),            (1.45) 

when ‭< 1. Where ‘ is the multiplicative inverse of the slope of internal wave 

beam and ‘=
ὔ2 ‫0

2

‫0
2 Ὢ0

2 .  ‭ is the nondimensional parameter ‭=
ὨὬ

Ὠὼ
‘z.  ʍ0 is the 

reference density, U0 is the barotropic velocity and h0 is the maximum height of 

the sinusoidal topography. More detailed information about dealing with the 

formulas can be found in the following studies (Balmforth et al., 2002; Llewellyn 

Smith and Young, 2002; Khatiwala, 2003; Pétrélis et al., 2006; Balmforth and 

Peacock, 2009).  

1.3.3 The energy budgets of internal tides 

The barotropic and baroclinic energy equations derived by Kang and Fringer 

(2012) are shown as follows. The Reynolds-averaged form of the Navier-Stokes 

equation with Boussinesq approximation gives 

‬ό

‬ὸ
+ ◊Ͻ​ό Ὢὺ+ 2 ὧέί—ύ=

1

”0

‬ὴ

‬ὼ
+ ​ὌϽὃὬ​Ὄό+

‬

‬ᾀ
(ὃὺ

‬ό

‬ᾀ
),    (1.46) 

‬ὺ

‬ὸ
+ ◊Ͻ​ὺ+ Ὢό=

1

”0

‬ὴ

‬ώ
+ ​ὌϽὃὬ​Ὄὺ+

‬

‬ᾀ
(ὃὺ

‬ὺ

‬ᾀ
),               (1.47) 

‬ύ

‬ὸ
+ ◊Ͻ​ύ 2 ὧέί—ό=

1

”0

‬ὴ

‬ὼ
+ ​ὌϽὃὬ​Ὄύ +

‬

‬ᾀ
ὃὺ
‬ύ

‬ᾀ

Ὣ”

”0
,    (1.48) 

‬ό

‬ὼ
+
‬ὺ

‬ώ
+
‬ύ

‬ᾀ
= 0,                                    (1.49) 

‬”

‬ὸ
+ ◊Ͻ​”= ​ὌϽὑὬ​Ὄ”+

‬

‬ᾀ
(ὑὺ

‬”

‬ᾀ
),                     (1.50) 

where u=(u,v,w) is the velocity vector, the Coriolis term f=2 ίὭὲ— and ɱ is the 

earthôs angular velocity. The total density is given by 

 ”ὼ,ώ,ᾀ,ὸ= ”0 + ”ὺᾀ+ ”ᴂ(ὼ,ώ,ᾀ,ὸ),                     (1.51) 
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where ʍ0 is the constant reference density, ʍv  is the background density, ʍᴂ is the 

perturbation density, p is the pressure. ὃὬ and ὃὺ are the horizontal and vertical 

eddy viscosity. ὑὬ and ὑὺ are the horizontal and vertical eddy diffusivity. The full 

pressure is given by 

           ὴὼ,ώ,ᾀ,ὸ= ὴ0 + ὴὺᾀ+ ὴᴂὼ,ώ,ᾀ,ὸ+ ή, 

                     = ”0Ὣ– ᾀ+ Ὣ᷿ ”ὺὨᾀ
–

ᾀ
+ Ὣ᷿ ”ᴂὨᾀ+ ή

–

ᾀ
,      (1.52) 

where ὴ0  is the reference pressure, ὴὺ is the background pressure, q is the 

nonhydrostatic pressure, and – is the free surface elevation. In order to obtain the 

barotropic and baroclinic energy equations, the velocity is divided into barotropic 

and baroclinic parts. The full velocity u=(u, v, w), and the barotropic velocity U=(U, 

V, W). The baroclinic velocity is defined by 

◊ᴂὼ,ώ,ᾀ,ὸ= ◊ὼ,ώ,ᾀ,ὸ ╤(ὼ,ώ,ᾀ,ὸ).                    (1.53) 

Where the horizontal barotropic velocities can be obtained by 

╤▐=
1

–+Ὤ
᷿ ◊▐(ὼ,ώ,ᾀ,ὸ)Ὠᾀ
–

Ὤ
.                          (1.54) 

Where h is the depth of ocean. The continuity equation for (U, V, W) gives 

‬Ὗ

‬ὼ
+
‬ὠ

‬ώ
+
‬ὡ

‬ᾀ
= 0.                               (1.55) 

The boundary condition on the bottom is 

╤▐Ͻ​ὌὬ= ὡ,          when z = d.               (1.56) 

Combining (1.55) and (1.56), the vertical barotropic velocity can be obtained by 

ὡ ᾀ= ​ὌϽ ᾀ+ Ὤ╤▐ .                        (1.57) 

Decomposition goes a series of processes, and we can obtain the barotropic and 

baroclinic equations. The depth-integrated barotropic equation reads 

‬

‬ὸ
ὉὯὦ+ Ὁὴὦ + ♩╗Ͻ╕╫= ὅӶ‐ὦ Ὑὦ.                 (1.58) 

Where the barotropic kinetic energy is 

ὉὯὦ=
1

2
”0(Ὗ2 + ὠ2),                          (1.59) 

the depth-integrated potential energy due to surface elevation is 

Ὁὴὦ=
1

2
”0Ὣ–

2,                               (1.60) 

the depth-integrated barotropic energy flux is 

╕╫= ╤▐ὉὯὦ+ ╤▐Ὄ”0Ὣ–+ ╤▐ὴ
ǋ+ ╤▐ή ὃὬ♩╗ὉὯὦ,            (1.61) 

the depth-integrated conversion rate is 
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ὅӶ= ”ᴂὫὡ
‬ή

‬ᾀ
ὡ,                           (1.62) 

and the barotropic dissipation term is 

‐ὦ= ”0ὃὬ♩╗╤▐Ͻ♩╗╤▐.                      (1.63) 

Rb  contains the bottom drag and nonlinear conversion rate term. The 

depth-integrated baroclinic equation reads 

‬

‬ὸ
ὉὯ+ Ὁὴ + ♩╗Ͻ╕= ὅӶ‐ӶὙ,                      (1.62) 

where the baroclinic kinetic energy is 

ὉὯ=
1

2
”0(όᴂ

2
+ ὺᴂ

2
+ ύ2),                       (1.63) 

the available potential energy is  

Ὁὴ=
Ὣ2”ᴂ

2

2”0ὔ
2,                                (1.64) 

the cross kinetic energy is 

ὉὬὯ= ”0(Ὗόᴂ+ ὠὺᴂ),                          (1.65) 

the depth-integrated baroclinic energy flux is  

╕= ◊▐
ǋὴᴂ+ ◊▐

ǋή+ ◊▐(ὉὯ+ Ὁὴ) + ◊▐
ǋὉὬὯ ὃὬ♩╗ὉὯ ὑὬ♩╗Ὁὴ ,    (1.66) 

and the baroclinic dissipation term is 

‐Ӷ= ”0ὃὬ♩╗◊▐
ᴂϽ♩╗◊▐

ᴂ+ ”0ὃὺ
‬◊▐
ᴂ

‬ᾀ
Ͻ
‬◊▐
ᴂ

‬ᾀ
+ ”0ὃὬ♩╗ύϽ♩╗ύ+ ”0ὃὺ

‬ύ

‬ᾀ
Ͻ
‬ύ

‬ᾀ
.  (1.67) 

R contains the dissipation of Ep , the bottom drag term and nonlinear conversion 

rate term. 

1.4 The internal waves at the Luzon ridge 

1.4.1 The internal tides 

The Luzon strait connects the South China Sea to the west Pacific Ocean. It 

features two meridional ridges which contain a number of islands. Strong diurnal 

and semidiurnal internal tides are generated, when the barotropic tides flow over 

bottom topography. Then, part of the internal tides will dissipate locally. Part of the 

internal tides will either propagate into Pacific Ocean or into the South China Sea. 

Internal tides may evolve into solitary waves in the northern of South China Sea.  

Much research has used numerical models to study the internal tide generation 
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and focused the energy flux and conversion rate at the Luzon ridge. Niwa and Hibiya 

(2004) used POM to study the M2 internal tide in the East China Sea. The baroclinic 

conversion rate at the Luzon ridge was 14.9 GW, the baroclinic energy flux was 9.0 

GW, and the baroclinic dissipation rate was 5.9 GW in their EXP. A. The results 

didnôt change too much, when the horizontal resolution, vertical level number and 

topography averaging radius changed small. Jan et al. (2008) used Princeton Ocean 

Model to study the baroclinic tides at the Luzon ridge. They calculated the 

barotropic and baroclinic energy flux and the conversion rate from barotropic flow to 

the baroclinic flow. Their results showed that the conversion rates for (O1 + K1) and 

(M2 + S2) were about 19 GW and 11GW, respectively, and 50% of the baroclinic 

tides generated was dissipated locally; about 12 GW for K1 barotropic tide was lost: 

the conversion rate was about 11 GW, and the barotropic dissipation was about 1 

GW; about 18 GW of M2 barotropic tide was lost: the conversion rate was about 10 

GW, and the barotropic dissipation was about 8 GW. Buijsman et al. (2014) used 

both two-dimensional and three-dimensional MITgcm to study the internal tide 

resonance. Their models were forced by eight barotropic tidal currents at the 

boundaries. They separated the conversion rate into semidiurnal and diurnal parts 

and found that most of resonance occurs for the first mode. Kerry et al. (2014) used 

ROMS to study the conversion rate from M2 barotropic tide to baroclinic tide in the 

Philippine Sea. The mean conversion rate at the Luzon strait over 2010 was 16.21 

GW. Zhao (2014) calculated the energy flux for M2, K1, and O1 using the sea 

surface height measurements by multiple satellites ERS-2, Envisat, 

TOPEX/Poseidon, Jason-1/2, and Geosat Follow-On. His results showed that the 

energy fluxes for Mode-1 of M2, K1, and O1 were 2.7, 2.5 and 1.8 GW, respectively. 

Much research has also focused on the internal tides at the Luzon ridge (Jan et al., 

2007; Alford et al., 2011; Jan et al., 2012). To sum up, the conversion rate of M2 tide 

calculated at the Luzon ridge was about 10~20 GW, and the energy flux of M2 tide 

was about 2~10 GW. 

1.4.2 The internal solitary waves 

The KDV equation is usually used to study the solitary waves. Nonlinearity and 

dispersion are the two important effects for the existence of a soliton solution. For 

interfacial wave, it usually can be described by the following formula 
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Where ɖ is the surface height, h1 and h2 are the thickness of the upper and lower 

layer, respectively. c0
2 = gǋ

h1h2

h1+ h2
 is the linear long-wave speed. (Gerkema and 

Zimmerman, 2008) 

The solitary waves have not only been studied in theory, but also studied by 

numerical simulations. There are strong internal tides at the Luzon ridge, and these 

can cause strong nonlinear internal waves in the Northern South China Sea.  

Much research has focused on the solitons here. Cai et al. (2002) used a 

generation model of the internal tides and a long wave propagation model to study 

the generation and evolution of internal solitary waves at the Luzon ridge. They 

showed that only when the amplitude of the internal tide was large enough that the 

train of internal solitary waves would be generated. They also pointed out that 

shoaling effect, asymmetry of the depth profile and channel width had an influence 

on the internal waves generated. Nonlinear wave was described at the continental 

slope in the Northern South China Sea using the mooring during the period April- 

May 2001 in Duda et al. (2004). Type-a and Type-b packets were described in this 

research. Warn-Varnas et al. (2010) studied the generation of solitary waves with 2.5 

dimensional nonhydrostatic model. Alford et al. (2010) studied the nonlinear internal 

waves transiting the South China Sea in detailed using data from mooring during the 

period 26 April - 7 May 2007. Type-a and Type-b waves were also found in their 

research. Buijsman et al. (2010a) used ROMS to study the nonlinear internal waves 

in the South China Sea. In this research the topography was represented by an ideal 

Gaussian ridge. One of the mechanisms of the generation of solitary waves was that 

the eastward flow created a first-mode warm front on the east side that, as it 

propagated eastward, steepened and evolved into a weak soliton train. Buijsman et al. 

(2010b) used ROMS to study the nonlinear waves in the Luzon Strait in an idealized 

two-dimensional simulation. They studied many factors influencing the generation 

of nonlinear waves including the distance between two ridges, Kuroshio and the 

heights of the ridges. The nonlinear internal waves in the northern South China Sea 

also have been studied in the studies (Zhao et al., 2004; Lien et al., 2005; Zhao and 

Alford., 2006; Shaw et al., 2009; Farmer et al., 2009; Li and Farmer, 2011). These 

studies have shown that a train of solitons can be generated when a strong enough 

low-mode internal tide steepens by nonlinear effects.  
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1.5 Overview of the thesis 

The thesis is organized as follows. 

In Chapter 2, we calculate the conversion rate of internal lee waves generated by 

geostrophic flows based on linear theory. The single beam sounding depth data and 

global predicted abyssal hill rms heights, WOCE hydrographic atlas, velocity data 

from SODA and ECCO2 and mean flow and eddy velocity from the global 

eddy-permitting STORM model on a 1° ×  1° grid are used.  

In Chapter 3, we set up a series of experiments to investigate the baroclinic flow 

generated by barotropic flow over an ideal sinusoidal topography. A comparison of 

the conversion rates calculated from numerical simulations and the results predicted 

by the theory (Balmforth et al., 2002) is presented.  

In Chapter 4, the two-dimensional numerical simulations of internal waves using 

MITgcm at the Luzon ridge are presented. The two meridional ridges in the Luzon 

region are represented by two ideal Gaussian ridges and the stratification used in 

these simulations is calculated using WOCE climatology in 20.5 
0
N. The energy 

budget from the baroclinic equation derived by Kang and Fringer (2010) is shown in 

this chapter. 

   In Chapter 5, three-dimensional simulations of internal tides in Luzon region are 

presented. The M2 tidal ellipses and the energy budgets from both barotropic energy 

equation and baroclinic energy equation derived by Kang and Fringer (2010) and 

from both barotropic kinetic energy equation and baroclinic kinetic energy equation 

are shown. 
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Chapter 2 

2 The conversion rate of internal lee waves 

generation by global geostrophic flows 

Abstract 

The conversion rate of internal lee waves generated by geostrophic flows is 

calculated based on linear theory. The single beam sounding depth data, global 

predicted abyssal hill rms heights, WOCE hydrographic atlas, velocity data from 

SODA and ECCO2, mean flow and eddy velocity from the global eddy-permitting 

STORM model in a 1° ×  1° grid are used for the calculations. Here, we use two 

different methods to deal with the topographic spectrum calculated using single 

beam sounding depth data. The first method is aimed to obtain topographic spectra 

in 3° ×  3° global grid cells firstly by averaging spectra from different segments. 

The second method is calculating the conversion rate using the spectrum for each 

segment. The conversion rates calculated using SODA, ECCO2, mean flow and 

eddy velocity from the global eddy-permitting STORM model are between 0.03 and 

0.23 TW using the two methods. The difference between the conversion rate from 

the eddies and from the mean flow is between 0.05 and 0.11 TW.  

2.1 Introduction  

The meridional overturning circulation (MOC) transports and redistributes mass, 

heat, salt, CO2 and nutrients around the globe and has an important influence on the 

climate. Diapycnal mixing caused by wave breaking and other processes can bring 

the deep water to the ocean surface and plays a crucial role in sustaining the MOC. 

The energy for diapycnal mixing is from the winds and tides, and about 2 TW are 

needed (Munk and Wunsch, 1998). The internal tides and internal lee waves 

generated in deep ocean contribute to the process (Egbert and Ray, 2001; Garabato 

et al., 2004; Nikurashin and Ferrari, 2010a; Waterman et al., 2013; Brearley et al., 

2013). 

The energy work on the large-scale flow and eddies from winds is about 1.0 TW 
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(Wunsch, 1998). Much of the energy will be transferred into eddies. The eddy energy 

can dissipate through several processes. For example, about 0.2-0.8 TW eddy energy 

is lost due to bottom drag (Sen et al., 2008). In addition, the lee waves are generated 

when the geostrophic flows flow over the ocean bottom, and propagate away from the 

generation sites (Bell, 1975a). This process can transfer the eddy energy to small scale. 

The total energy flux into internal lee waves was found to be about 0.2-0.94 TW 

based on linear theory (Nikurashin and Ferrari, 2011; Scott et al., 2011; Wright et al., 

2014) and the Southern Hemisphere produced most of lee wave energy. However, 

there are large uncertainties in velocity and topographic data, both of which have 

large influences on the conversion rate; hence past results are still uncertain. In 

addition, the difference between the conversion rate from eddies and from the mean 

flow hasnôt been given in the previous studies. 

Waterman et al. (2012) showed that the conversion rate predicted by the theory 

(Nikurashin and Ferrari, 2011) was much larger than the observed dissipation in a 

region north of the Kerguelen Pkateau, which was also supported by Nikurashin et al. 

(2014). The disagreement between linear theory and observations may be explained 

in many ways. For example, much of the energy may propagate away from the 

generation sites, the linear theory may ignore some finite topography effects and 

there are limitations for the topographic spectrum (Waterman et al., 2013; 

Nikurashin et al., 2014). The influences of the former two factors are hard to be 

quantified, but here we develop a method to test the sensitivity to the topographic 

spectrum. 

The purpose of the paper is to test the sensitivities of conversion rate to the 

velocity and to the topographic spectrum, and differentiate between the conversion 

rate from eddies and from the mean flow. Two different topography databases, 

velocity data from SODA and ECCO2, mean flow and eddy velocity from the global 

eddy-permitting STORM model are used to finish the calculations.  

2.2 Theory 

The energy transferred from geostrophic flows to internal lee waves in small 

scale topography can be calculated by the following formula (Bell, 1975a; 

Nikurashin and Ferrari, 2011; Nikurashin et al., 2014). 

Ὁ=
”0|╤|

“
᷿ ὖz(Ὧ) ὔ2 |╤|2Ὧ2ὔ/ |╤|

ȿὪȿ/ |╤|
|╤|2Ὧ2 Ὢ2ὨὯ.       (2.1)   



2.3 The bottom stratification 

18 
 

Where the reference density ”0=1045 kg m
-3
, U is the bottom velocity, N is the 

bottom stratification, f is the Coriolis frequency and ὖzὯ =
1

2“
᷿

ȿὯȿ

ȿἳȿ

+Ð

Ð
ὖ(Ὧ,ὰ)Ὠὰ is 

the effective topographic spectrum, where k= (k, l) is the wavenumber in the 

reference frame along and across the mean flow U. 

We define the steepness ⱦ=
NH

ȿἣȿ
, where H is the topographic height, and set 

ⱦ0=0.7 as the critical steepness parameter as done by Nikurashin and Ferrari (2011). 

Because the linear theory is derived based on subcritical topography, the expression 

is multiplied by (ⱦ0/ⱦ)
2
 at all locations whenever ⱦ> 0.7, in order to account for the 

suppression of energy conversion at supercritical topography. Itôs not an exact 

method, so we want to test the sensitivity of the conversion rate to the steepness. 

Here, the amplitude of the topography H is defined in two ways. The first way is 

H = Ѝ2hrange , as done by Nikurashin and Ferrari (2011), where hrange is the rms 

height of the topography in the radiative wavenumber range. The second way is 

H = h0, where h0 is the topographic roughness.  

The bottom stratification N, the topographic spectrum Pz k , the bottom velocity 

U, and Coriolis frequency f at each point will be used for the calculations. 

2.3 The bottom stratification 

We use the WOCE hydrographic atlas (Gouretski and Koltermann, 2004) to 

calculate the global bottom stratification. The WOCE Global Hydrographic 

Climatology has a 0.5° spatial resolution and 45 depth levels. The potential pressure, 

potential temperature and potential salinity from the bottom two layers have been 

used to calculate the bottom stratification using seawater_ver3_3 sw_bfrq.m. From 

the Fig. 2.1, we can see that the values of N are between 10
-3.5 

s
-1
and 10

-2.5 
s

-1
over 

most of areas. There are high values of N in mid-ocean ridge and low values of N 

over abyssal ocean. We donôt calculate the values in the areas with a depth shallower 

than 500 meters.   

 

http://www.woce.org/
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 Figure 2.1. Bottom stratification N using WOCE hydrographic atlas in log10 (s
-1
). 

 

2.4 The bottom topography 

2.4.1 The single beam sounding depth data, 

Following the method of Goff and Jordan (1998) and Nikurashin and Ferrari 

(2011) and assuming the topography is isotropic, the effective topographic spectrum 

in (2.1) then can be calculated by 

ὖzὯ = ὖ1ὨὯ
ὄ

1

2
,
‘ 1

2

ὄ
1

2
,
‘

2

,                        (2.2) 

ὖ1Ὠ(Ὧ) ḙὖ0Ὧ
‘+ 1.                          (2.3) 

Where B is Beta function, ὖ1Ὠ(Ὧ) is one-dimensional of model spectrum, ὖ0 is the 

spectral level given in terms of parameters of the two-dimensional spectrum and µ is 

the spectral slope.  

NGDC's Marine Trackline Geophysics database provides access to bathymetry 

data collected during marine cruises from 1939 to the present. Coverage is worldwide. 

The resolution of the data in the Southern ocean is smaller than in the Northern 

Ocean. 

We divide the single beam sounding depth data deeper than 500 meters into 

different segments with a resolution of at least 2 km and a length of 50 km, remove 

the topographic slope for each segment, then calculate along track topographic 

spectrum. Using the spectrum (2.3), you can get ὖ0  and µ in the 2 to 20 km 

wavelength range. 

There are two different processes to get ὖ0 and µ. One is averaging the spectra 
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over a 3° × 3° grid first, then we can get ὖ0 and µ in each grid. Thus the resolution 

of ὖ0 and µ is 3° × 3° . Absent values due to lack of topographic data are estimated 

from neighboring grid cells. Another method is that, instead of averaging the spectra, 

we obtain ὖ0 and µ in each segment first; then we divide ὖ0 and µ into 3° × 3° 

grid cells. Using the bottom velocity and P0 and µ from a 3° × 3° grid  cell, we can 

calculate the conversion rates. Moreover, by using this method, we can get the mean 

conversion rate by averaging the results over the same grid in the final step, and we 

can also obtain the largest and smallest global conversion rates. The total number of 

about 225,000 segments is used. In this paper, we have calculated the conversion 

rate using the two methods for all velocity data. 

The topographic roughness is computed as an integral of the model spectrum in 

(3) over 1 to 10 km wavelength range. The topographic roughness is calculated using 

two methods corresponding to the two ways of obtaining ὖ0 and µ. The large 

roughness (Fig. 2.2a, average spectra first) is along mid-ocean ridges where the 

process of seafloor spreading occurs, and it is enhanced up to 100 m. The small 

roughness is in flat abyssal plains which are covered by sediments. The result of 

second method (Fig. 2.2b, average the final results) shows a pattern similar to the 

Fig. 2.2a, though the roughness is a little smaller. It is up to 80 m along mid-ocean. It 

is remarkable, because there is a nonlinear process between the two methods for the 

calculation of topographic roughness. Most of areas of the ocean are covered with 

the topographic roughness of 0-100 m using the two methods. 
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a) 

 

b) 

 

Figure 2.2. a) The topographic roughness calculated by averaging spectra first in (m). 

b) The topographic roughness calculated by averaging the final results in (m). 

 

2.4.2 Global predicted abyssal hill rms heights 

Following Goff and Arbic (2010), the global abyssal hill rms heights are 

calculated using paleo-spreading rate and sediment thickness by the following 

formula, 

h0 = r × 1473.4 y + 247 m.                  (2.4) 

hrms = h0 S/ 2, for S/2<h0, 

hrms = 0, for S/2 h0.                        (2.5) 

Where r is spreading rate, h0is uncorrected rms height and S is the sediment 

thickness. Spreading rates are downloaded from 

http://www.earthbyte.org/Resources/agegrid2008.html and sediment thickness S is 

provided at http://www.ngdc.noaa.gov/mgg/sedthick (Eden and Olbers, 2014). The 

rms data has 1° spatial resolution. Only part of areas of ocean has hrms > 0 using this 

method. 

http://www.ngdc.noaa.gov/mgg/sedthick
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The roughness of Goff and Arbic (2010) is shown in Fig. 2.3. Compared with the 

roughness calculated from the single beam sounding data, it has a much larger value 

along mid-ocean and can be enhanced to more than 200 meters. It hints that we will 

get a smaller conversion rate, if we use this roughness to replace the roughness 

calculated from the single beam sounding data in the calculation.  

 

 

Figure 2.3. The topographic roughness of Goff and Arbic (2010) in (m). 

 

2.5 The bottom velocity  

2.5.1 The bottom velocity from SODA and ECCO2 

Velocity data from SODA and ECCO2 are used for the calculation. The SODA 

(Ocean data assimilation model) (Carton et al., 2005) is based on Parallel Ocean 

Program physics and there are several versions depending on the experiment setup. 

The data has a uniform 0.5°×0.5° resolution. 

ECCO2 data syntheses (Menemenlis et al., 2008) are obtained by least squares fit 

of a global full-depth-ocean and sea-ice configuration of the Massachusetts Institute 

of Technology general circulation model (MITgcm) to the available satellite and 

in-situ data. It has a resolution of 0.25°×0.25°. The outputs of the two data are all in a 

monthly-averaged form. 

In Fig. 2.4, we calculate the bottom kinetic energy of SODA and ECCO2 using 

the velocity from the deepest layer. The bottom kinetic energy is calculated by 

KE=u
2
+v

2
, where u and v are the bottom velocities. The results show that the bottom 

kinetic energy is larger in western boundary currents regions, ACC region and the 

Equator region, compared with the energy in abyssal plains. 
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a) 

 

b) 

 

Figure 2.4. Bottom kinetic energy of SODA (a) and ECCO2 (b) in log10 (m
2 
s

-2
). 

 

2.5.2 The mean flow and eddy velocity from the global 

eddy-permitting STORM model 

The mean flow and eddy velocity are got from the global eddy-permitting 

STORM model (Storch et al., 2012). The model was spun up for 25 years. Then the 

model was run with the forcing of 6 hourly NCEP-NCAR reanalysis-1 (Kalnay et al., 

1996) for the period 1948-2010 with a resolution of about one tenth of degree, so it 

can achieve a quasi-steady state of mesoscale eddies. Here we use the output of 

mean flow and eddy velocity, both of which have a resolution of 1°×1°. 

The MKE (mean flow kinetic energy) and EKE (eddy kinetic energy) are shown 

in Fig. 2.5. The EKE is larger than the MKE in most areas of the ocean and the 

energy can be enhanced to 10
-2 

m
2 
s

-2 
in ACC region. 
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a) 

b)

 

Figure 2.5. Bottom MKE (a) and bottom EKE (b) in log10 (m
2 
s

-2
). 

 

2.6 Results 

2.6.1 Steepness parameter 

The steepness parameter is determined by the buoyancy frequency, the 

topographic height and the bottom velocity. The steepness parameter calculated 

using the eddy velocity from the global eddy-permitting STORM model is shown 

here. The steepness parameter (Fig. 2.6) is large in the areas with large topographic 

height and small velocity, such as the equatorial regions and the mid-ocean ridges. It 

is small in the ACC area because of large velocity. The steepness parameters of 

SODA, ECCO2 and mean flow for different topographic roughness are also 

calculated, but not shown here.  
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Figure 2.6. The topographic steepness parameter צ calculated using eddy velocity in 

log10 ().  

 

2.6.2 Conversion rate 

The conversion rates calculated using SODA, ECCO2, mean flow and eddies by 

the two methods (Average spectra first and average the final results), which are 

described in 2.4.1, are shown in Fig. 2.7-2.10. The steepness calculated using the 

rms height in the radiative wavenumber range is used for the calculations. The 

conversion rate is enhanced in the large currents areas and shows a pattern similar to 

the bottom kinetic energy. The results calculated by the two methods for the same 

velocity data are different, but similar. The global integral of the energy conversion 

rates of SODA are 0.04 TW (Fig. 2.7a, average spectra first) and 0.03 TW (Fig. 2.7b, 

average the final results) and the results of ECCO2 (Fig. 2.8a-b) are 0.05 TW and 

0.04 TW, respectively. Here we set the conversion rates in the areas with values 

larger than 2×10
2
 mW m

-2
 to be 0 in order to inhibit large value. The global integral 

of the energy conversion rate calculated using mean flow (Fig. 2.9a-b) is 0.06 TW by 

averaging spectra first, and the value becomes 0.04 TW, if we average the results in 

the final step. The conversion rates calculated using eddy velocity (Fig. 2.10a-b) are 

0.11 and 0.09 TW, respectively, using the two methods. The velocities from SODA, 

ECCO2 and mean flow used in the paper are obviously smaller than the velocities 

used in Nikurashin and Ferrari (2011) and Scott et al. (2011), thus the conversion 

rates are much smaller. 

The sensitivity of the conversion rates to the steepness is investigated. As 

described in section 2.2, the steepness here is defined in two ways and we have three 

different topographic roughnesses for the second way. All results are shown in Table 
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2.1, where Roughness_range means the rms height in the radiative wavenumber 

range, Roughness_first means the roughness that is calculated by averaging spectra 

first, Roughness_last means the roughness that is calculated by averaging the final 

results and Roughness_Goff_and _Arbic means the rms height (Goff and Arbic, 

2010). The results obtained using Roughness_range have been shown in the above 

paragraph. The Roughness_last is smaller than the Roughness_first, thus the 

converaion rate using Roughness_last is a little larger than the result using 

Roughness_first. It is found the conversion rates for the four velocities using 

Roughness_first are between 0.08 and 0.19 TW and using Roughness_last between 

0.10 and 0.23 TW. The conversion rates of eddies are the largest because the 

amplitude of eddies are largest. 

The roughness (Goff and Arbic, 2010) has a larger value along mid-ocean 

compared with the results using the single beam sounding data, and covers less 

non-zero areas (Fig. 2.3). So if we use topographic roughness of Goff and Arbic 

(2010), there will be large areas with zero value and the total conversion rate will be 

smaller than the actual value. The conversion rates calculated using SODA, ECCO2, 

mean flow and eddies are 0.04, 0.03, 0.05 and 0.08 TW, respectively. The conversion 

rate calculated using roughness of Goff and Arbic (2010) is just a reference for the 

actual value. 

   The results in Table 2.2 are obtained using the second method and using 

Roughness_range. In Table 2.2, Mean means that we average the conversion rates in 

the final step; Largest means we choose the largest conversion rate for each grid and 

Smallest means we choose the smallest conversion rate for each grid. Moreover, the 

results for Largest and Smallest are unreal in nature and just used to test the 

sensitivity to the topographic spectrum. The results for Mean have been discussed in 

the above. The physical meaning for the results for Largest and Smallest is that these 

two values represent the upper and lower global integral conversion rates for one 

velocity data using the linear theory. For example, the mean conversion rate for 

SODA is 0.03 TW, but the upper and lower conversion rates are 0.19 and 0.002 TW, 

respectively, which are almost 10 times larger and 10 times smaller than the mean 

conversion rate. As we know, if we calculated the conversion rate only using one 

topographic spectrum, the result wonôt be so accurate. The results from Table 2.2 

show that the difference caused only using one topographic spectrum may have two 

orders of magnitude for the global ocean, since the upper conversion rate is almost 
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100 times larger than the lower conversion rate. Furthermore, the result only using 

one topographic spectrum may be 10 times larger or 10 times smaller than the mean 

value.  

From Table 2.1 and Table 2.2, we can see that the global integral of the 

conversion rate calculated using mean flow is between 0.04 and 0.12 TW using the 

two methods. In contrast, the conversion rate calculated using eddy velocity is 

between 0.09 and 0.23 TW using the two methods. The difference between the 

conversion rate from the eddies and from the mean flow is about 0.05-0.11 TW. 

Compared with the results from SODA and ECCO2, the conversion rate calculated 

using the global eddy-permitting STORM model is larger, indicating that the 

velocity data is crucial for the calculation. 

 

Table 2.1. The conversion rate calculated by the first method. (TW) 

 Roughness 

_range 

Roughness 

_first 

Roughness 

_last 

Roughness_Goff 

_and _Arbic 

SODA 0.04 0.09 0.10 0.04 

ECCO2 0.05 0.08 0.10 0.03 

Mean flow 0.06 0.11 0.12 0.05 

Eddies 0.11 0.19 0.23 0.08 

 

Table 2.2. The conversion rate calculated by the second method. (TW) 

 Mean Largest Smallest 

SODA 0.03 0.19 0.002 

ECCO2 0.04 0.22 0.003 

Mean flow 0.04 0.23 0.002 

Eddies 0.09 0.54 0.007 

 

2.7 Summary 

Different velocity and topography datasets are used to calculate the conversion 

rate. About 0.03-0.23 TW energy is transferred from geostrophic flows to internal lee 

waves field using the single beam sounding data. The value will be 0.03-0.08 TW 

using the roughness of Goff and Arbic (2010). We choose the values calculated using 
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single beam sounding data as the last results, but the values are still smaller than the 

results (Scott et al., 2011), because the velocities used here are smaller. In addition, 

we donôt try to answer which result is better compared with Nukurashin and Ferrari 

(2011), because we canôt get enough observation data so far. Better topography data 

is needed for a better estimation. Compared with 1 TW of power lost from barotropic 

tides in the deep ocean (Egbert and Ray, 2001), the energy transferred from 

geostrophic flow is a little smaller. 

We differentiate between the conversion rate from eddies and from the mean 

flow. The conversion rate for eddies is almost twice as the conversion rate for the 

mean flow. The results here stress the importance of eddies. By the second method, 

we have obtained the error bound of the conversion rate. The results indicate that the 

topographic spectrum causes large uncertainties in the conversion rate.         

The breaking and dissipation of internal lee waves contribute to the diapycnal 

mixing. However, the scale of the processes is too small for ocean circulation models 

to resolve; hence we need to parameterize the subgrid motions. Melet et al. (2014) 

set up a series of experiments using the Geophysical Fluid Dynamics Laboratory 

CM2G ocean-ice-atmosphere coupled model including a parameterization of lee 

wave-driven mixing and showed that the lee waves generated by geostrophic flows 

had a significant impact on the ocean state. The effects should be further verified 

because the exact conversion rate of lee waves is still a wide open question, and the 

vertical structure and process of dissipation of lee waves are still not clear.  
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a)

 

b)

Figure 2.7. The internal lee waves generation rate of SODA. a) Average spectra first 

in log10 (mW m
-2
). b) Average the final results in log10 (mW m

-2
).  
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a)

 

b)

Figure 2.8. The internal lee waves generation rate of ECCO2. a) Average spectra first 

in log10 (mW m
-2
). b) Average the final results in log10 (mW m

-2
).  
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a)

 

b) 

 

Figure 2.9. The internal lee waves generation rate of mean flow. a) Average spectra 

first in log10 (mW m
-2
). b) Average the final results in log10 (mW m

-2
).  
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a) 

 

b)

 

Figure 2.10. The internal lee waves generation rate of eddy velocity. a) Average 

spectra first in log10 (mW m
-2
). b) Average the final results in log10 (mW m

-2
).  
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Chapter 3 

3 Tidal flow over sinusoidal topography: the 

harmonics, energy flux and conversion rate 

Abstract  

In this paper, a series of two-dimensional numerical simulations using MITgcm 

are set up to investigate the baroclinic tide generated by barotropic tide over 

sinusoidal topography. In terms of the linear tide theory, the baroclinic tide generated 

due to tide-topography interaction is mainly influenced by the barotropic forcing, the 

stratification and the topography. Here, the influences of the height of the topography, 

the amplitude of the barotropic tide, the stratification and the width of the 

topography on the baroclinic tide generation are investigated in detail. Moreover, we 

compare the results predicted by the linear theory with the results calculated using 

two definitions of conversion rate. Model results show that the baroclinic velocity 

fields generated are quite different between in subcritical cases and in supercritical 

cases; there are more high harmonics generated in the case with three-sinusoidal 

topography compared with results from the case with an isolated sinusoidal 

topography by two methods of calculating the modes of the baroclinic velocities. 

The results predicted by the linear theory agree well with the results calculated by 

C1 (the energy flux) in most cases and the results calculated by C2 (the conversion 

rate) are larger than the results calculated by C1 in most cases. 

3.1 Introduction  

The tide force is generated by the combination of the gravitational attraction 

between the astronomical objects (Moon and Sun) and the Earth, and the rotation of 

Earth-astronomical objects systems. The energy from the barotropic tides will be 

either converted to the baroclinic tides or dissipated in oceanic regions. The internal 

tides are generated when barotropic tides flow over bottom topography in stratified 

ocean. After the internal tide generation, low mode internal tides tend to propagate 

away from the generation sites and high mode internal tides tend to dissipate locally 
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because of their low speeds and high shear. The internal tide energy can be 

transferred into small scale through wave breaking, wave-wave interaction, bottom 

friction, scattering from bottom topography and reflection from critical topography. 

When the internal tides break and dissipate, the background mixing will be enhanced. 

The diapycnal mixing generated due to these processes can contribute in sustaining 

the MOC and should be parameterized in ocean models. To get a better 

parameterization, we need to study the internal tide generation, propagation and 

dissipation processes. In the paper, we mainly focus the generation process.  

The internal tide generation has been studied in theory. Bell (1975a) derived the 

conversion rate in an ocean of infinite depth based on weak topography 

approximation. Balmforth et al. (2002) derived the conversion rate for several 

topographies, and the conversion rate of subcritical sinusoidal topography was about 

56% larger than the Bellôs theory (Bell, 1975a). It was extended to the supercritical 

topography cases in Balmforth and Peacock (2009). In general, these studies (Bell, 

1975a, b; Balmforth et al., 2002; Llewellyn Smith and Young, 2002; Khatiwala, 

2003; Pétrélis  et al., 2006; Balmforth and Peacock, 2009) have used different 

mathematical methods to derive the conversion rate and extended the linear theory to 

cases with different topographies based on different assumptions. Furthermore, 

Nycander (2005) calculated the conversion rate basing on the theory (Bell, 1975a, b; 

Llewellyn Smith and Young, 2002) and got that the conversion rate from barotropic 

tides into internal waves was about 1.2 TW at depths greater than 500 m. 

Legg and Huijts (2006) set up experiments to simulate the baroclinic tide 

generated by barotropic tide over Gaussian topography. Their results showed that the 

conversion rate predicted by Bell (1975b) was good for ólow wideô Guassian 

topography, but the conversion rates calculated from other cases were much larger 

than the values predicted by the linear theory (Bell, 1975b). Di Lorenzo et al. (2006) 

used the ROMS to simulate the barotropic tide over polynomial ridge topography, 

and compared the model results with the values calculated by 

C=
ɟ́0U0

2hmax
2 N

4ɤ0
ɤ0

2 f0
2 × M , where ʍ0  is the reference density, U0  is the 

amplitude of the barotropic tide, hmax  is the height of the ridge, N is the buoyancy 

frequency, ʖ0 is the M2 tidal frequency, f0 is the Coriolis frequency and M is a 

dimensionless function that depends on many factors (Petrelis et al., 2006). Results 

showed that the model results agreed well with the theory. Note that these two works 

have used different definitions of conversion rate which are equal in the linear theory 
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with the assumption of in viscid fluid.  

The height of the topography, the width of the topography, the depth of the ocean, 

the amplitude of the barotropic tide and the stratification have an obvious influence 

on the conversion rate (Legg and Huijts, 2006; Di Lorenzo et al., 2006; Qian et al., 

2010; Paoletti et al., 2014). There are five main nondimensional parameters based on 

the above factors (Legg and Huijts, 2006): the tidal excursion parameter; the slope of 

the topography; the slope of the internal wave; the relative height of the topography; 

the Froude number. Every parameter has an influence on the generations of the 

internal waves.  

The real ocean topography is complex and the generation of internal tides is 

largely influenced by the topography. Thus it is necessary to study the internal tide 

generation for a variety of topographies. The internal tide generated by barotropic 

flow over sinusoidal topography hasnôt been studied in numerical simulations in 

detail. Here we study several features of internal tides including the baroclinic 

velocity, energy density and harmonics, and focus on the energy flux and conversion 

rate. A series of experiments with different conditions are carried out to compare the 

theoretic predictions (Balmforth et al., 2002) with the model results. It is aimed to 

give us a better understanding of the internal tide generation process. 

The paper is organized as follows. In section 3.2, the model setup and all the 

designed cases are introduced; in section 3.3, the baroclinic velocities calculated 

from different cases are analyzed; in section 3.4, the kinetic energy and potential 

energy for different cases are shown; in section 3.5, the spectra of the velocities are 

shown; in section 3.6, the harmonics are presented; in section 3.7, different 

conversion rates predicted by the linear theory and obtained from numerical 

simulations are shown; at last, the discussion and conclusion parts are offered in 

section 3.8. 

3.2 Model 

The nonhydrostatic MITgcm (Marshall et al., 1997) is used to simulate the 

internal waves. Therefore, we can compare model results with the results predicted 

by the linear theory based on nonhydrostatic assumption. The length and the height 

of the domain are 120 km and 2 km, respectively. The horizontal resolution is 

uniform 1.5 km, and the vertical resolution is uniform 50 m. The standard 
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experiment is initialized with a uniform constant stratification of N=10
-3
 s

-1
,
 
which is 

represented by the temperature in the model using a linear equation of state. We set 

up several experiments with buoyancy frequencies of N=10
-2

, 10
-2.5

 and 10
-3.5

, 

respectively, to investigate the sensitivity to the stratification. The Coriolis frequency 

f=5×10
-5
 s

-1
, and it represents the value in the latitude 20 

o
N. In order to get a small 

dissipation, the horizontal and vertical viscosity and diffusivity are set to be 10
-3 

m
2 

s
-1
 and 10

-5
 m

2 
s

-1
, respectively. The barotropic tide is forced by adding a body force 

to the momentum equation and the boundary conditions are the same with Khatiwala 

(2003), which has been also used in Legg and Huijts (2006) and Green et al. (2008).  

All of the configurations of experiments are listed in Table 3.1, where U is the 

barotropic velocity, N is the stratification, h0 is the maximum height of the sinusoidal 

topography, and width is the width of the topography. The nondimensional parameter 

ɾ= (dh/ dx)/ s is also calculated, where dh/dx is the largest slope of the topography 

in the model, and s = (ɤ2 f 2)/ (N2 ɤ2) is the slope of internal wave beam, 

where ɤ is the M2 tide frequency. Following a widely-used convention, we define 

that when ɾ< 1, the case is subcritical; when ɾ> 1, the case is supercritical; when 

ɾ= 1, the case is critical. We can see in Table 3.1 that Exp_h1600 and Exp_width18 

are critical cases, Exp_N2.5 and Exp_N02 are supercritical cases and all other 

experiments are subcritical cases. Another nondimensional parameter Fr = U/ (h0 ×

N) is also offered in the table. The Fr of all our experiments is smaller than 1. A 

series of experiments are performed to study the energy flux and conversion rate 

influenced by the height of the topography, the width of the topography, the 

amplitude of the barotropic tide and the stratification. For example, the heights of the 

topography from Exp_h200, Exp_h400, Exp_Ref and Exp_h1600 vary from 200 to 

1600 m and cause the cases to be from subcritical to supercritical. All experiments 

are run for 20 M2 tidal cycles. 

 

Table 3.1. List of cases: the values in all blank cells are the same to the Exp_Ref in 

the same column. 

Case U  

(m s
-1
) 

h0 

(m) 

N 

(s
-1
) 

Width 

(km) 

Fr dh

dx
 

s  

Exp_Ref 0.025 800 10
-3
 30 0.0313 0.0824 0.1327 Sub 

Exp_h200  200   0.1250 0.0206   
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Exp_h400  400   0.0625 0.0412   

Exp_h1600  1600   0.0156 0.1667  Critical 

Exp_u0.05 0.05    0.0625    

Exp_u0.10 0.10    0.1250    

Exp_u0.20 0.20    0.2500    

Exp_N02   10
-2
  0.0031  0.0131 Sup 

Exp_N2.5   10
-2.5

  0.0099  0.0416 Sup 

Exp_N3.5   10
-3.5

  0.0988  0.4636  

Exp_width18    18 0.0313 0.1333  Critical 

Exp_width54    54 0.0313 0.0463   

 

3.3 The baroclinic velocity 

The baroclinic velocity is got from the following formula, 

όᴂὼ,ᾀ,ὸ= όὼ,ᾀ,ὸ
1

–+Ὤ
᷿ ό(ὼ,ᾀ,ὸ)Ὠᾀ
–

Ὤ
,                (3.1) 

where u is the full velocity, – is the free surface elevation and h is the depth of 

ocean. The same calculation is also applied on v and w. Fig. 3.1 shows the 

snapshots of baroclinic velocities calculated from the four experiments with the 

same barotropic tide of 0.025 m s
-1
 and different heights of the topography at the 

end of the seventh tidal cycle. The baroclinic beams can be seen from the Fig. 3.1, 

indicating the generated baroclinic tide is mainly linear. According to the linear 

theory, the slope of the baroclinic beam s = (ɤ2 f 2)/ (N2 ɤ2), where ɤ is 

the tidal frequency, f is the Coriolis frequency and N is the stratification. Since the 

stratification used in the four experiments is the same, the patterns of the four 

velocity fields are similar. However, they differ in the amplitudes of the baroclinic 

tides: when the height of the topography h=200 m, the amplitude of the generated 

baroclinic tide can reach 0.005 m s
-1
, in contrast, the baroclinic velocities can reach 

0.012, 0.04 and 0.15 m s
-1
, when the heights of the topography are 400, 800 and 

1600 m, respectively. In summary, as the height of the topography increases, the 

amplitude of the baroclinic tide increases.  

The snapshots of the baroclinic velocity for Exp_u0.05 and Exp_u0.20 are 

shown in Fig. 3.2. As ill ustrated in Fig. 3.2, the patterns of the baroclinic velocity 
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fields are similar for the two cases. However, the amplitude of the baroclinic tide is 

larger and the baroclinic velocity becomes more unstable near the boundary of the 

topography, when the amplitude of the barotropic tide increases.  

The sensitivity of the baroclinic tide to the stratification is investigated in the 

cases with different buoyancy frequencies. Fig. 3.3(a) shows the baroclinic velocity 

field for the subcritical case Exp_N3.5. We can see that the baroclinic velocity is 

very weak, when there is weak stratification. For Exp_N02, the buoyancy 

frequency N=10
-2
 s

-1
 and ɾ= (dh/ dx)/ s > 1, hence the case is supercritical. As 

shown in Fig. 3.3(b), higher harmonics are generated with strong stratification and 

the pattern changes a lot due to the changing of the stratification, compared with the 

subcritical case.  

The cases Exp_Ref, Exp_width18 and Exp_width54 have the same 

stratification and barotropic tide, and only differ with widths of the topography. The 

baroclinic velocity fields for Exp_width18 and Exp_width54 are shown in Fig. 3.4. 

The amplitude of the baroclinic tide generated in Exp_width18 is much larger than 

that in Exp_width54. Though the stratification in Exp_width18 and Exp_width54 is 

the same, the patterns of the baroclinic velocity fields in these experiments are 

different. One reason is that the width of the topography in Fig. 3.4(b) is larger than 

the length of mode 1 internal tide and the width of the topography in Fig. 3.4(a) is 

smaller than the length of mode 1 internal tide. 

 

 

km

m

 

 
(a)

-100 0 100

500

1000

1500

2000 -4

-2

0

2

4

x 10
-3

km

m

 

 
(b)

-100 -50 0 50 100

500

1000

1500

2000

-5

0

5

10

x 10
-3

km

m

 

 
(c)

-100 -50 0 50 100

500

1000

1500

2000

0

0.02

0.04

km

m

 

 
(d)

-100 -50 0 50 100

500

1000

1500

2000
-0.2

-0.1

0

0.1



3.4 The kinetic energy and potential energy 

40 
 

Figure 3.1. Snapshots of baroclinic velocity (m s
-1
) after 7 tidal cycles, the height of 

the topography (a) h=200 m, (b) h=400 m, (c) h=800 m, and (d) h=1600 m.  

 

Figure 3.2. Snapshots of baroclinic velocity (m s
-1
) after 7 tidal cycles, (a) u=0.05 m 

s
-1
, and (b) h=0.20 m s

-1
.  

 

Figure 3.3. Snapshots of baroclinic velocity (m s
-1
) after 7 tidal cycles, the 

stratification (a) N=10
-3.5

 s
-1
, and (b) N=10

-2
 s

-1
.  

 

Figure 3.4. Snapshots of baroclinic velocity (m s
-1
) after 7 tidal cycles, the width of 

the topography (a) width=18 km, and (b) width=54 km.  
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kinetic energy is defined by KE =
1

2
ɟ

0
(uǋ

2
+ vǋ

2
+ wǋ

2
), and the available potential 

energy APE is defined by APE=
g2ɟǋ

2

2ɟ0N2,  where ɟǋ is the perturbation density and 

ɟ
0
 is the constant reference density. The discussion of different definitions of APE 

in detail can be found in Kang and Fringer (2010). 

The Fig. 3.5, Fig. 3.6 and Fig. 3.7 show the snapshots of APE, KE, and APE plus 

KE for Exp_Ref, Exp_width18 and Exp_N2.5, respectively. From Fig. 3.5a), we can 

see that most of available potential energy is in the interior of the ocean. The largest 

available potential energy distributes in the vicinity of the topography and can reach 

0.25 J m
-3
. In contrast, the kinetic energy scatters in the upper and lower boundary 

and the largest kinetic energy distributes in the upper of the topography, as shown in 

Fig. 3.5b). The energy density is calculated by summing the available potential 

energy and the kinetic energy. As illustrated in Fig. 3.5c), each vertical beam 

represents the energy density radiated away within one tidal cycle. 

The patterns of APE, KE, and APE plus KE for Exp_width18 shown in Fig. 3.6a) 

are similar to the results for Exp_Ref. But the values for Exp_width18 are larger than 

those for Exp_Ref. The APE, KE, and APE plus KE for supercritical case Exp_N2.5 

are shown in Fig. 3.7. The pattern of APE is quite different with the patterns for 

subcritical cases. The energy beams originate from the bottom topography and 

reflect when the beams meet the surface. The patterns of KE, and APE plus KE are 

quite similar to the pattern of APE. In addition, we can see higher harmonic 

frequencies are generated in the upper of the bottom topography. 

   Not only the snapshots of the APE, KE, and APE plus KE but also the 

time-averaged APE, KE, and APE plus KE are calculated. The results for the three 

cases are averaged over 3 tidal cycles from the beginning of the seventh tidal cycle 

and shown in Fig. 3.8, Fig. 3.9 and Fig. 3.10, respectively. In Fig. 3.8a) we can see 

that the available energy mainly distributes in the interior and shows a wave-like 

structure. In contrast, the kinetic energy distributes in the upper and bottom domain 

as shown in Fig. 3.8b). The time-averaged energy density are shown in Fig. 3.8c), we 

can find that the energy distributes over the whole domain. The APE, KE, and APE 

plus KE for Exp_width18 show a pattern similar to those in Fig. 3.8. But the values 

for Exp_width18 are larger. Furthermore, the APE, KE, and APE plus KE for 

Exp_N2.5 are largest. As shown in Fig. 3.10, the patterns of APE, KE, and APE plus 
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KE are quite different with the former two cases. The energy density is large in the 

areas around the topography and become smaller when the distance is far away from 

the central domain. 

Fig. 3.11, Fig. 3.12 and Fig. 3.13 show the temporal evolution of APE, KE, and 

APE plus KE for three different cases from the beginning of seventh tidal cycle. The 

patterns of APE, KE, and KE plus APE as shown in Fig. 3.11 are quite similar, and 

show a symmetric structure around the topography. The slope of the beam is 

determined by the buoyancy frequency when the tidal frequency and the Coriolis 

frequency are the same. Hence, the slopes of APE, KE, and KE plus APE for 

Exp_width18 are the same to the ones for Exp_Ref, as shown in Fig. 3.12. In 

addition, the APE, KE, and KE plus APE for Exp_N2.5 are shown in Fig. 3.13. We 

can see that the slopes of the energy beams are smaller than those for Exp_Ref and 

Exp_width18. However, the amplitudes of the available potential energy, the kinetic 

energy and the energy density are larger than those for the former two cases. 

 

 

Figure 3.5. Snapshots of APE, KE, and APE plus KE for Exp_Ref after 7 tidal cycles, 

a) APE, b) KE, and c) APE+KE. 
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Figure 3.6. Snapshots of APE, KE, and APE plus KE for Exp_width18 after 7 tidal 

cycles, a) APE, b) KE, and c) APE+KE. 

 

Figure 3.7. Snapshots of APE, KE, and APE plus KE for Exp_N2.5 after 7 tidal 

cycles, a) APE, b) KE, and c) APE+KE. 

km

A
P

E
 J

/m
3

 

 
a)

-100 0 100

500

1000

1500

2000 0

0.2

0.4

0.6

km

K
E

 J
/m

3

 

 
b)

-100 -50 0 50 100

500

1000

1500

2000 0

0.5

1

km

A
P

E
+

K
E

 J
/m

3

 

 
c)

-200 -150 -100 -50 0 50 100 150 200

500

1000

1500

2000 0

0.5

1

km

A
P

E
 J

/m
3

 

 
a)

-100 0 100

500

1000

1500

2000 0

0.5

1

1.5

2

km

K
E

 J
/m

3

 

 
b)

-100 -50 0 50 100

500

1000

1500

2000 0

1

2

km

A
P

E
+

K
E

 J
/m

3

 

 
c)

-200 -150 -100 -50 0 50 100 150 200

500

1000

1500

2000 0

1

2

3



3.4 The kinetic energy and potential energy 

44 
 

 

Figure 3.8. The APE, KE, and APE plus KE for Exp_Ref averaged over 4 tidal 

cycles, a) APE, b) KE, and c) APE+KE. 

 

Figure 3.9. The APE, KE, and APE plus KE for Exp_width18 averaged over 4 tidal 

cycles, a) APE, b) KE, and c) APE+KE. 
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Figure 3.10. The APE, KE, and APE plus KE for Exp_width18 averaged over 4 tidal 

cycles, a) APE, b) KE, and c) APE+KE. 

 

Figure 3.11. Temporal evolution of APE, KE, and APE plus KE for Exp_Ref, a) APE, 

b) KE, and c) APE+KE. 
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Figure 3.12. Temporal evolution of APE, KE, and APE plus KE for Exp_width18, a) 

APE, b) KE, and c) APE+KE. 

 

Figure 3.13. Temporal evolution of APE, KE, and APE plus KE for Exp_N2.5,a) 

APE, b) KE, and c) APE+KE. 

 


