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Nur wenige wissen, wie viel man wissen muss, um zu wissen, wie wenig man weif3.

— Werner von Heisenberg

Plasma physics is usually not a precise science. It is rather a web of overlapping
points of view, each modeling a limited range of behavior. Understanding of plasmas
is developed by studying these various points of view, all the while keeping in mind

the linkages between the points of view.

— Paul M. Bellan. Fundamentals of Plasma Physics

Dedicated to my loving wife, Nelli
and my children, Levon
and Albert Theodor.






ABSTRACT

Plasma wakefield acceleration has experienced a rapidly growing interest and raised
high expectations to become the next generation of particle accelerators with high
energies, producing possibly better quality beams at an affordable cost. To approach
these far-reaching goals, this work investigates the—in the opinion of the author—best

implementations of plasma wakefield acceleration.

Therefore, the physical requirements to drive a particle-beam-driven plasma wakefield
accelerator (PWFA), which can provide very high-quality electron bunches, with a
laser-driven plasma wakefield accelerator (LWFA), will be investigated in detail for
the first time. This hybrid plasma wakefield accelerator can avoid the necessity of an
expensive, large-scale particle accelerator to generate a suitable PWFA drive beam, by
generating the drive-beam with a much cheaper high-power laser in a LWFA. The
high-quality electron bunches are generated by the underdense plasma photocathode
injection (Trojan Horse) technique in PWFA, which was recently demonstrated experi-

mentally.

In addition, a novel injection technique, which was recently published by the author
and others, will be discussed. With this technique, shortly after the publication ap-
peared, it was possible to not only successfully inject charge into a PWFA, but to
provide the crucial synchronization in the proof-of-principle experiment that demon-

strated the Trojan Horse injection.

Finally, the high-quality bunch from the hybrid plasma wakefield accelerator is further
processed and utilized as the driver for a free-electron laser (FEL), to demonstrate the
application of the generated electron bunch. In this thesis, the hybrid LWFA-PWFA
stage, a subsequent electron-bunch transport line, and the FEL will be described math-

ematically and accurately modeled by three-dimensional simulations.



ZUSAMMENFASSUNG

Die Beschleunigung von Elektronen in Plasmawellen erfuhr ein sehr schnell steigendes
Interesse und schiirte grofse Erwartungen, die ndchste Generation von Teilchenbeschle-
unigern mit hoher Energie, moglicherweise hoherer Qualitdt und sogar geringeren
Kosten werden zu konnen. Um sich diesen weitreichenden Zielen zu nihern, erforscht
die vorliegende Arbeit die—aus der Sicht des Autors—besten Konzepte der Plasma-

wellenbeschleunigung und deren Kombination.

Hierfiir werden die physikalischen Voraussetzungen zum Treiben von einem Teilchen-
strahl getriebenen Plasmawellenbeschleuniger (PWFA), welcher qualitativ sehr hoch-
wertige Elektronenpakete bieten kann, durch einem Laser getriebenen Plasmawellen-
beschleuniger (LWFA) zum ersten Mal im Detail untersucht. Dieser hybride Plasmawel-
lenbeschleuniger kann dabei umgehen, dass ein grofier, kostenintensiver konventioneller
Teilchenbeschleuniger benottigt wird, um einen geeigneten Treiber fiir den PWFA zu
erzeugen, dadurch, dass dieser Treiber mit einem besser verfiigbaren Hochenergie-
Laser in einem LWFA erzeugt wird. Die qualitativ hochwertigen Elektronenpakete
konnen dann in dem PWFA durch die Plasma-Photokathode Injektion (Trojan Horse)

erzeugt werden, die vor kurzem experimentell bestétigt wurde.

Zusétzlich wird eine neue Injektionstechnik diskutiert, welche von dem Autor und
anderen publiziert wurde. Mit dieser Methode gelang es nicht nur kurz nach der
Publikation erfolgreich Elektronen in einen PWFA zu injizieren, sondern auch die
anspruchsvolle Synchronisation zur Verfiigung zu stellen, welche ausschlaggebend

zum Erfolg des ersten Trojan Horse Experiments beitragen konnte.

Zuletzt wird das in dem hybriden Plasmawellenbeschleuniger erzeugte qualitativ hoch-
wertige Elektronenpaket dazu verwendet, einen freien Elektronen Laser (FEL) zu treiben,
um die Leistungsfahigkeit des erzeugten Elektronenpakets zu demonstrieren. In dieser
Arbeit werden die hybride LWFA-PWFA Stufe, eine anschliefflende Elektronenpaket-
Transportstrecke und der FEL mathematisch beschrieben, in dreidimensionalen Com-

putersimulationen genau modelliert und abschliefsend visualisiert und analysiert.

vi



ACRONYMS

PIC  Particle-In-Cell

Ti:Sa Titanium Sapphire

RF  radio-frequency [212]

CERN Conseil Europen pour la Recherche Nucléaire https://home.cern/about
PWFA particle-beam-driven plasma wakefield acceleration [38]

LWFA laser-pulse-driven plasma wakefield acceleration [49]

SLAC Stanford Linear Accelerator Center

FACET Facility for Advanced Accelerator Experimental Tests, at SLAC [99]
FEL free-electron laser [126]

SASE self-amplified spontaneous emission

BSI  barrier suppression ionization [13]

ADK Ammosov-Delone-Krainov [5]

MPI  multi-photon ionization

rms  root mean square, i.e. Xyms = \/{ x? ), is equal to the standard deviation for a

centered mean value ( x ) =0
FWHM full-width half-maximum
LIT  low ionization threshold
HIT  high ionization threshold
TH  Trojan Horse, or underdense plasma-photocathode injection [93]
vSim multi-physics cross-platform computational simulation framework [169]
ELEGANT ELEctron Generation ANd Tracking [25]
FDTD finite-difference time-domain
GENESIS fully time-dependent three-dimensional FEL code [186]
PMQ permanent magnet quadrupole
EMQ electromagnet quadrupole

FODO focusing drift defocusing drift
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CONVENTIONS

¢ All vectors will be expressed as bold r. Their components are 1y, Ty, and 7.
* z denotes the direction of propagation.

e SI units will be used unless otherwise stated.

¢ The conventions g—’l‘ =x’ and % = x are used.
* The = sign is used if the value is exact,
the ~ sign is used if the value is rounded at the last digit, while

the ~ sign is used if the value cannot be given more precisely or is an estimate.

¢ In the nonlinear plasma wakefield regime, the first plasma-wave cavity is nearly
electron-free and therefore often referred to as the “blowout”[109, 193] in the
context of particle-beam-driven plasma wakefield acceleration [38] (PWFA), and as
the “bubble” in the context of laser-pulse-driven plasma wakefield acceleration
[49] (LWFA) [185].

* A bunch denotes a compact, approximately spherical bundle of electrons, e.g.
the accelerating high-quality witness bunch. To avoid confusion the driver of the

wakefield is named the drive beam.

¢ The accelerating bunch is often referred to as witness bunch within the literature

and throughout this thesis.

¢ The root mean square, i.e. Xx;ms = 1/( X% ), is equal to the standard deviation for
a centered mean value ( x ) = 0 (rms), is often used as a synonym for the standard

deviation in beam and plasma physics [67], see chapter C.

¢ The indices b:particle beam, l:laser, p:plasma are used.

X
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Part1

PHYSICS OF HYBRID PLASMA WAKEFIELD
ACCELERATION AND FREE-ELECTRON LASERS

1. MATHEMATICAL DESCRIPTION OF PLASMAS After an introduction
to particle accelerators, the theoretical and mathematical background will
be given to describe charged, many-particle systems and their interaction
with electromagnetic fields. Plasmas will be characterized, the properties
of plasma waves will be given and relevant interaction processes will be
discussed.

2. EMPLOYING PLASMA WAVES AS PARTICLE ACCELERATORS The uti-
lization of plasma wakefield accelerators will be motivated, and the two
major methods to drive plasma waves will be discussed. For both methods,
techniques will be presented to inject electron bunches into the wakefield
and to sustain the acceleration. Special attention will be paid to the possi-
bility to couple both methods and to generate high-quality bunches using

the underdense plasma photocathode scheme.

3. OPTICAL PLASMA-TORCH INJECTION Special emphasis will be given
to a novel injection technique in electron-beam-driven plasma wakefield
acceleration that was first proposed by the author and shortly thereafter

experimentally verified at the Stanford Linear Accelerator Center.

4. THEORY OF FREE-ELECTRON LASERS The basic concepts of a free-
electron laser will be elaborated. Effectively driving a short-wavelength,
coherent light source with a high-quality electron bunch from a plasma
wakefield accelerator will be discussed, starting from self-amplified sponta-

neous emission.

5. COMPUTATIONAL METHODS The methods of the particle-in-cell algo-
rithm, and the basic physical model used in this thesis will be provided.






MATHEMATICAL DESCRIPTION OF PLASMA

Within this work, plasmas will be employed to accelerate particles. Therefore, par-
ticle accelerators will be introduced first, followed by the theoretical description of
charged particles and electromagnetic fields, including the description of charged par-
ticle beams and Gaussian laser pulses. Then, the characterization of plasmas by fun-
damental plasma parameters will be given. Based on these parameters and a given
density and temperature, the most important physical properties can be inferred. This
is of high importance to allow efficient computation of these versatile, highly complexly

interacting systems

1.1 ON THE IMPORTANCE OF PARTICLE ACCELERATORS

The use of different types of probe beams has enabled scientists to resolve the struc-
ture of matter in more and more detail. Beginning from the visible range of electro-
magnetic radiation towards smaller wavelengths, and therefore higher energies, the
probing of matter has revealed the structure of minerals, biological samples, and the
physical behavior of molecules and atoms in current experiments. Besides the temporal
and spatial resolution of matter, the interaction and decay of particles has been inten-
sively studied in the past, using particle accelerators to uncover particles produced by
high-energy collisions, thanks to the energy-mass equivalence. Because radiation with
extremely short wavelengths can be emitted by charged particles with high energy,
both applications—particle colliders for the investigation of new particles, and short-
wavelength radiation for imaging—were enabled by the development and advance of

particle accelerators.

The simplest method of particle acceleration is to generate voltage by separating charges
with opposite signs e.g. in a cathode-anode setup, so that electrons emitted by the
cathode are attracted and accelerated to the anode. The normal unit of energy, eV, is
defined by the simple picture of the energy that a single electron gains by being accel-
erated by a potential difference of 1 Volt. The unit of the strength of the accelerating

field, V/m, is the distance in meters at which an electron reaches one eV of energy.

The long development of accelerators has led to the modern radio-frequency [212] (RF)
accelerator structure, in which an electromagnetic wave propagating within conduct-
ing cavities is used to accelerate charged particles. As the electromagnetic wave in
the accelerator propagates with the speed of light, electrons must be pre-accelerated

to a relativistic energy before they can co-propagate with the wave and become fur-

A plasma is a
common state of
matter that is
composed of
unbound positively
and negatively

charged particles.
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MATHEMATICAL DESCRIPTION OF PLASMA

ther accelerated. The frequencies that are used correspond to wavelengths from 30 cm
down to 2.73 mm. Therefore, the sinusoidal accelerating field is nearly constant over
the length of a typical bunch on the sub-millimeter scale, and all electrons experi-
ence nearly the same accelerating force. This results in a small variance of the energy
amongst electrons within the bunch, a very important feature, as will be seen later in
this work. By going to smaller wavelengths in the accelerator—as in the case of the
plasma wakefield accelerator—a typical electron bunch will experience an increasing

difference in the accelerating field between its front and its rear.

The fundamental parts of modern particle accelerators, the RF-cavities, are aligned in
linear groups in the case of TESLA consisting of 9 cavities, which are assembled in
either linear or circular geometry. A circular accelerator has the advantage that parti-
cles can be accelerated by the the same components again and again in many cycles.
However, the magnetic field strength, B, that is required to bend the trajectory of a rel-
ativistic electron to a radius, R, is R = E/(ecB), and the magnetic field has a technical
limit of about B ~ 1.5 T for conventional magnets [239], and up to B ~ 8 T for super con-

ducting magnets as in the Large Hadron Collider (LHC). The electric breakdown at the
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Figure 1: Accelerating gradients of different accelerators against the applied wavelength, A, and
frequency, v (SMLWFA is a shortcut for self-modulated LWFA [61, 122], and applies a
high-power laser that is longer than the plasma wavelength in the self-guided regime).
Image adapted from [90].

cavity walls (Kilpatrick limit [114]) limits the maximum operating voltage and thereby
the maximum energy gain within one accelerating RF-cavity. This makes the length of
linear particle accelerators grow proportional to the desired energy. For higher frequen-
cies (as at the planned Compact Linear Collider (CLIC)[1]), the maximum voltage can
be increased before breakdown, as the time at peak field strength is shortened in the
accelerator (see figure 1). However, at higher frequencies the surface resistance of the

cavity walls also rapidly increases, resulting in a rapidly increasing energy loss. This
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effectively limits the maximum attainable field strength to about 100 MV/m in current

RF-accelerators.

Besides the maximum applicable accelerating field strength, a second important issue
is the energy that charged particles emit in form of synchrotron radiation when being
accelerated. The emitted power from a relativistic particle with charge q and rest mass

mp, that is transversely accelerated is given by
b q?c 1wt @

sym 67‘[60 (moC2)4 RZ’

which is a function of its energy, W, and the radius of its trajectory, R. Note, particles
emit synchrotron radiation also in the forward direction when being longitudinally
accelerated, Py | o (dW/ dz)?, but fortunately this effect is negligible for all reason-
able accelerating gradients. More importantly, the synchrotron power (1) scales with
1/mg and as a result, light particles loose much more energy than heavy particles when
forced onto a curved trajectory. Like the power, the energy loss from synchrotron radia-
2 w4 4
3eo(moc2)? R oc W

Consequently, it is far more efficient to accelerate electrons in a linear accelerator, al-

tion scales with the fourth power of the particle energy, AWy, =

though this looses the gain from repeated acceleration on each circuit of the ring.
Heavy particles, such as protons, can be accelerated in circular accelerators, such as
the currently largest accelerator at the Conseil Europen pour la Recherche Nucléaire
https://home.cern/about (CERN) without large losses of energy due to synchrotron

radiation.

1.2 MATHEMATICAL DESCRIPTION OF CHARGED PARTICLES AND ELECTROMAG-

NETIC FIELDS

In plasma wakefield acceleration, an intense driver (particle-beam driver: PWFA, or
laser-pulse driver: LWFA) creates a very strong electromagnetic wave by separating
charged particles in a plasma wave. For the description of these highly complex sys-
tems, a summary of the theoretical foundations of electromagnetic waves and the the-
ory of interacting many-particle systems will be given in the following. Beginning with
the precise description of the evolution of electromagnetic fields in vacuum and the be-
havior of single charged particles in such fields, the formalism will be extended to
the fundamental description of many interacting particles, particle bunches and lasers.
Thereafter, the microscopic picture of a plasma will be considered. By averaging over
the single-particle variables, a macroscopic description can be derived. Because plas-
mas behave very differently depending on their temperature and density, the classifi-
cation of plasmas will be discussed. Finally, this theory will be applied to restrict the

physical regime to the part that is relevant for this work.

In a synchrotron,
electrons are
accelerated in a
circle and the
strength of the
magnetic field that
forces the electrons
onto a trajectory
with constant radius
must be
synchronized to the
energy of the
electrons, as dictated
by R =E/(ecB).
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For a more detailed
description see [87]
or [34].

A physical system is
a portion of space
time that can be
separated from its
environment for
analysis, such that
the influence of the
environment can be
handled as a

perturbation.

MATHEMATICAL DESCRIPTION OF PLASMA

1.2.1  Maxwell’s equations

The dynamics of electric and magnetic fields are inseparably coupled by Maxwell’s

equations
V-E= eﬂ (Gauss’s law) (2)
0
V-B=0 (Gauss's law for magnetism) (3)
VxE= —% (Faraday's law) (4)
. OE s
VxB=uyo|j+ €o5¢ (Ampere’s law), (5)

where ¢? = 1/egpo is the speed of light in vacuum, €p and g are the electric permit-
tivity and magnetic permittivity in vacuum, respectively and henceforth throughout
this thesis. This set of coupled, first-order, partial-differential equations includes all
information on sources and curls of electromagnetic fields in vacuum. Gauss’s law (2)

identifies the charge density, p, as the source of the electric field, and Faraday’s law (4)
B

7 Ot’

field. The absence of magnetic mono poles is expressed in the second equation (3), stat-

describes how a change in magnetic field with time causes a curl in the electric

ing that the magnetic field is always source-free. Ampere’s law (5) expresses that curls

of the magnetic field can only be generated by the current density j and the change
d

, St

a scalar, @, and a vector potential, A, which are defined by

with time of the electric field This set of equations is invariant when introducing

d
E=—2A-VO, B=V xA. (6)

Putting these definitions into Maxwell’s equations, the wave equations for the new

potentials

1 az A ].HO
w3 @N[a]- () .
[ c? \ot? o p/€o ’

can be derived using the Lorenz gauge VA + (1/¢)0:® = 0. The current density, j, and
the charge density, p, are determined by the locations and the velocities of all charged

particles within the system.
Solving equation (7) in the absence of any charge and current (p = j = 0), results in the
plane wave

E(z,t) = Eysin(wt—kz+ ¢)

8)
B(z,t) = Bysin(wt—kz+ ¢)

with B,, and [E,| = ¢ [B,| being the wave amplitudes, w denoting the angular frequency,

k the wave vector, and ¢ a phase of the wave that propagates in the z direction. It
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follows from equation (7), and (8) that E L B L k, and that the dispersion relation for

light in vacuum reads
w
kl=—.
Ikl =~ )
Inserting the definition of the potentials, introduced in equation (6), into equation (2)

and applying the Coulomb gauge, VA = 0, gives the Poisson equation

V2o =-—F, (10)
€0

which gives the scalar potential, @, for a given charge distribution, p.

1.2.2  Electromagnetic fields and forces on charged particles

Electromagnetic fields exert forces on charged particles, while charged particles them-
selves generate electromagnetic fields. The electric field originating from a charge dis-

tribution, p, can be derived from Gauss’s law (2)

E(r) 1 Jp(r’)|(r_r ) dr’ (11)

 4mey r—r/|3

and is also referred to as Coulomb’s law. Equation (11) simplifies to the well known
form E(r) = q/(4meo)(r/r?) in case of a point-charge q, and the resulting static electric
force on another charged particle is given by F(r) = qE(r). Similarly, the magnetic field

is generated by a current density according to Biot-Savart’s law

Ho Loy (k—1) )
B(r)zﬁjl(r)xwdv, (12)
A\

and can be derived from equation (5), where dV is a volume element. The force induced
by a magnetic field that acts on a charged particle is given by F(r) = qv x B and always
acts perpendicularly to the direction of propagation. The combined force

F(r) = q (E+v x B) (13)

is called the Lorentz force.

1.2.3 Propagation of a Gaussian laser pulse in vacuum

Thanks to Planck [179] and Einstein [58], we know that all electromagnetic waves (in-
cluding light) can only occur in quantized (discrete) portions called photons, which
carry energy Epp = hw and momentum p,n = hk (h is the Planck constant). The
generation of a pulse of coherent photons was achieved in the past century by the de-

velopment of lasers and has enabled numerous applications in technology and science.

7



MATHEMATICAL DESCRIPTION OF PLASMA

In vacuum, a focused Gaussian laser pulse that propagates in the z direction undergoes

a spot radius evolution according to

2
w(z) =woy 1+ Z—z (14)
ZR

where wy denotes the spot radius at focus, and

2
_ ™%

ZR = A (15)

is known as the Rayleigh length—the distance over which the spot radius increases by
V2. In equation (6), the electrostatic scalar and vector potentials have been introduced;
here it is convenient to use the normalized potentials ¢ = e®/m.c? and a = eA/m.c?.
The transverse electric field of a Gaussian laser pulse in paraxial approximation, that

is polarized in the x direction, can be expressed as [218]

w X +y? (z—ct)?
Exloy 2t ZEOWZ)GXP <_ w(z)y2 ) P (_202> .

2
cos (wlt —kiz— kl#(z) + cb(z)) ex (16)

with wy, ki, and &y being the frequency, wave number and amplitude of the laser,
respectively, o, the standard deviation of the pulse length, w(z) the waist (14), R(z) =
z (1 + ZZR / zz) the wave-front curvature, and ¢(z) = arctan (z/zg) the Gouy phase. The
tirst line of equation (16) is considered as the envelope of the laser pulse comprising
the slowly varying part, while the second line is the rapidly oscillating part including

the phase of the laser. The motion that an electron undergoes in the rapidly oscillation

E[TV/m]
3

(=

2

w .......,,,3mmll’Nmm""""N!mmn..,.}.
I
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Figure 2: The laser electric field (blue) and envelope (red) from equation (16). The laser param-
eters are given in Table 11

field of a laser is called the quiver motion and its maximum velocity is given by

S 680 (1 )
T mewy” 7




1.2 MATHEMATICAL DESCRIPTION OF CHARGED PARTICLES AND ELECTROMAGNETIC FIELDS

The peak values of the characteristic parameters of a Gaussian laser are given by [77]

S
80 = Boc = aowl—c < Qo = cco (18)
wWiMmecC
_ €0C,.2  €0C 5 5 (MeC\?2
30—72 € =5 aowt( - ) (19)
2
J
Po = A (20)
2
W = Poo V2t (21)

€0[V/m] being the peak electric field strength, Jo[W/m?] the peak intensity, Po[W] the
peak power, and W[]J] the total energy. For example, a modern Titanium Sapphire (Ti:Sa)
laser with 0.2] of energy (normalized intensity of ap = 0.15) and A = 800 nm wave-
length, focused to a spot size of wo = 50 um and being compressed to T = 100 fs full-
width half-maximum (FWHM) duration, has a peak intensity of Jy ~ 4.8 x 10'® W/cm?,
and carries 8.1 x 107 photons per pulse. This laser exerts a significant light pressure
P = Jo/c = 16 Mbar, which exceeds even the pressure inside the core of the earth,
which is ~ 3.6 Mbar. Its field strength of £y & 6.0 x 10"" V/m is almost twice the field
strength that ties an electron to the core of a hydrogen atom of ~ 3.14 x 10'" V/m. In-
deed, present lasers of many orders of magnitude higher energy are in operation (see
Table 9), where extreme pressures in excess of 400 Mbar are reached, together with up

to 1 x 10" W/cm? intensities at the focal point, and more than 100 TW power.

1.2.4 Propagation of a relativistic electron beam

From equation (11), it follows that a charge distribution that is considered as axially

symmetric and infinitely long, p(x,y, z) = p(r), produces an electric field

Eo(r) = e‘orjp(r'wdw (22)
0

that, for symmetry reasons, has only a radial component E,(r). The beam current is
given by j(x,y,z) = j(r)e,, where e, denotes the unit vector in the direction of prop-
agation, z. Assuming a mono-energetic electron bunch with a uniform longitudinal
velocity v, = B.ce, (with 3, = v./c), the radial dependence of the current is deter-
mined by the charge density j(r) = p(r)pB.ce,. From equation (12), it follows that the

azimuthal component of the magnetic field can be expressed as

T

e (23)

0

and therefore

B.E. (1) = cBol(r). (24)

9
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Considering the paraxial approximation, where B2 = B2 + ﬁ% + B2 ~ B2, the Lorentz
force, Fr = e(Er — 3.cBg) (e denoting the elementary charge), is reduced to

E
Fr = eEr“ - Bi) = e')/i;, (25)

where v? = 1/(1 — B?) is the Lorentz factor. This is a very important finding, which
shows that the focusing electric force and the defocusing magnetic force becomes equal
for relativistic electron beams and that therefore the Lorentz force vanishes as 1/y?2.
This has the effect that electron beams stay better focused, the higher their energy.
Otherwise, particle accelerators would have to fight strongly diverging particle beams,
increasing the cost and engineering requirements drastically. A magnetic field of B =
1T exerts the same force on a relativistic electron beam as an electric field of E ~ 3 x
103V/m. Because nowadays field strengths of 1T are fairly easy to generate, whereas
an electric field of 0.8 GV/m is far beyond technical limits, magnets are normally used
to steer electron beams rather than electric fields. On the other hand, because the force
that a magnetic field exerts on a charge, F(r) = qv x B, always acts perpendicularly
to its velocity, it cannot do work or transfer energy to the particle. Consequently, only
electric fields can be employed to accelerate particles, whereas magnetic fields are best

suited to steer particle beams.

In analogy to equation (14), the focusing that a relativistic, Gaussian electron beam

undergoes can be described by

22
or(z) = oroy [ 1+ W/ (26)

with focal position at z = 0, a minimum spot size of o9, and B* = O'%OY/ €n (en is the

emittance’, the beam 3-function that is analogous to the Rayleigh length, zg.

The transverse charge-density distribution for a Gaussian bunch is

_y2
Po(T) = pp,0 eXp (202> , (27)
where the maximum charge density is given by

Pb,0 = (Q (28)

2n)3/2¢,02’

including its total charge Q, and its transverse, o, and longitudinal size, o,. The radial

electric space-charge field follows from integration of equation (22)

52 2
B (r) = pbe’% (1 —exp <202>> : (29)

The emittance is defined in terms of the beam phase space by € = \/ (x2){x'2) — (xx')?, where x is

a coordinate perpendicular to the direction of motion and x’ is its rate of change in this direction, see

section 2.3.1.
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It vanishes at the bunch center, increases linearly inside the bunch until roughly o, and
falls like 1/r for large distances (see figure 3). Its maximum is located at r ~ 1.58520

(see figure 3) and has the value

I
max(E,) = E,(1.58520,) ~ 04522077 _g45__ 0 (30)
€0 2megPcor

using the bunch peak current (35). These values are particularly important measures
when it is required to estimate if the maximum fields of a bunch transcend a certain
ionization threshold. The space-charge force connected with an electron beam causes
plasma electrons to be pushed away from the drive-beam axis in PWFA and sets up the

plasma wakefield.

— p/po

4
1
1
I
|
t/or
1 2 3 a4 s 7 1,

-1

Figure 3: The charge distribution of a Gaussian bunch, equation (27), its transverse electric field,
equation (29), and the corresponding intensity I < EZ are displayed in normalized
units.

When adding the forward direction with a Gaussian profile and its propagation in the

z-direction, the temporal development in vacuum reads

2 L 2
Pv(z,1,t) = pp,o(z) exp (T) exp <W> , (31)

20.(z)2 202

including the decrease of the peak density pyo(z) = Q/ ((2m)3/20,0:(2)?) along z,
where 0,(z) is given in equation (26). The full expression for the transverse electric

field strength in vacuum is

B2 (1iep(- 7))
mE T = (2m)3/20,e01 P 20,(z)?2
—(z—Bct)?
exp (k‘% : (32)
The current of a charge distribution, p, traveling at speed v, = 3¢, is determined by

I = B,cp(z), where p(z)[C/m] = fA p(x,y,z)dA is the total charge in perpendicular

plane, A, at the position z. Integrating the charge distribution over this surface gives

« o 2
JA p(z,r,t)dA = 2m J p(z,7,t)dr = \/Zgncrz exp ( (2 ng(:t) ) , (33)
0

This description is
equivalent to the
definition
[=dQ/dt.
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and therefore the current of the Gaussian bunch reads

Q —(z— B-ct)?
o, P\ 202 ) (34)
and the peak current is simply given by

\/2871% = Ip. (35)

Note that the peak current does not depend on the transverse dimension of the bunch,

Ib (Z/ t) = BZC

max(ly) = B¢

or(z), but on the length of the bunch, o,, and the contained electrons Q, and there-
fore stays constant during transverse oscillations of the bunch. The transport of non-
relativistic high-current beams is limited by the magnetic field generated, which acts
back onto the current. The Alfvén current [3]

4tmec
Ao =
Hoe

~ 17kA (36)

marks a soft limit for a non-relativistic beam of charged particles to be transportable.

1.3 PHYSICS OF PLASMAS

A plasma is one of the four fundamental phases of matter including solid, liquid, and
gas. Most elements pass through these states when raising the temperature, where the
plasma state is eventually reached at very high temperatures. However, the very low-
density interstellar gas is also a plasma, since once atoms are ionized, the probability
that they find another electron for recombination is extremely small. For very high
densities, gases also begin to ionize when the energy level of the continuum becomes
smaller than a bound state (Mott transition). All of this shows that a plasma is a very
common state of matter, and in fact, more than 99% of observable matter is in this state.
It is convenient to assume a plasma to be quasi-neutral, without loosing generality by
equating the amount of positive and negative charges n. = Zn;, where ne, n; are the

free electron, and ion density, respectively, and Z is the atomic number of the ions.

1.3.1  Characteristics of plasmas

A transition between two phases of matter only occurs when a certain threshold of
density, n, or temperature, T, is exceeded; this is also true for less visible transitions,
such as a jump in the conductivity. The connection of these two variables to the volume
and the pressure is called the equation of state (EOS), and is well known in the case of

an ideal gas®> pV = nRT (R = 8.314 ] mol~ ' K~ being the gas constant, p the pressure,

The ideal gas is assumed to contain point-like particles that interact only with elastic collisions. Under
normal conditions, many gases i.e. noble gases, hydrogen, nitrogen, and oxygen can be treated as ideal

gases.
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and V the volume). Another fundamental feature of plasmas is the mass ratio between
ions and electrons, mi/m. ~ 1836, which gives rise to a different behavior based on
different reaction times of each species. In the following, the most important plasma
parameters that are used to separate plasmas into regions on the temperature-density

plane within which differing physical models apply will be introduced.

Degeneracy

The quantum effect of degeneracy drastically changes the behavior of a plasma when
the thermal energy, kg T, gets smaller than the Fermi energy

hZ
(3e2n)??, (37)

€ =
2me

which is the highest energy level occupied by electrons at zero temperature (completely
degenerate). The corresponding degeneracy parameter is a measure of how much the

quantum nature comes into play, and is given by

o kBT - Zme kBT T
©= er h? (3m2n)2/3 RYYEN G8)

If the thermal energy is much larger than the Fermi energy i.e. © > 1, the system can
be considered classical, otherwise for @ <« 1, the quantum nature is no longer negli-
gible and the system must be considered degenerate. The Fermi energy for a density
of 10" cm ™3 amounts to er = 0.786 meV. Therefore, the degeneracy of a plasma at or
above room temperature, T ~ 25 meV, can be neglected and only classical plasmas will

be considered in the following.

Screening

Statistically, every particle in a plasma is surrounded by more particles with the oppo-
site charge. As a consequence, every charge is screened by the surrounding particles
such that its electric field decreases faster than the pure Coulomb potential in vacuum.
The length within which the field of an electron in a plasma is compensated by 1/e

(e = 2.71828 being Euler’s number) compared to the un-screened field,

i €0kBT
Ap =1/ el (39)

is called the Debye length [123], and the screened potential decreases as e~"/*P /r. For
a plasma with a density of n =1 x 10" em—3 at room temperature, T = 25meV, the

Debye length amounts to Ap ~ 3.75nm.

The number of particles within a sphere of radius Ap is given by the fundamental

plasma parameter

47 4t [eokpT\>/?  T3/2
A= —n?\% =—n < > o R VER (40)

3 3 ne?
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At low densities and high temperatures, there are many particles within this sphere,
A > 1, and the plasma can be considered as weakly coupled or ideal. In such a plasma,
collective electrostatic interactions dominate over binary collisions, allowing interac-
tions to be treated as the interaction with a smooth background field. Another way to
see this is that, in a weakly coupled plasma, the kinetic energy of the particles is much

bigger than their potential energy and particles can freely move through the system.

On the other hand, at high densities and low temperatures, the Debye sphere is sparsely
populated, A < 1, and the plasma must be considered strongly coupled. Then, the
plasma is strongly affect by binary collisions between particles. At room temperature,
and n =1x 10" cm—3, A = 0.022, which is less than one, so that a strongly correlated

plasma must be assumed.

In a plasma that cannot be considered ideal (or weakly coupled), the energy of free
electrons is no longer given only by their kinetic energy, but is lowered by the interac-
tion with other plasma electrons. In this case, again all electrons can be considered as
ideal, but with a lower energy (self-energy) [123]. The effective ionization energy, &¢+¢,
is therefore lowered by the same amount, and can in the simplest approximation for
hydrogen be calculated as [26]

e? 2
Eeff = Eion — m g/ (41)

where &;,n, is the unperturbed ionization energy (see figure 4).

1.0

0.5

0.0

-0.5

effective ionization energy [R) ]

-1.0 . . - ‘ ‘
1016 107 1018 1012 1020 102! 1022

density of free electrons [ 1/cm?]

Figure 4: Lowered effective ionization energy of hydrogen for room temperature T = 25 meV
(violett), and T = 1eV (blue); full ionization is reached at n = 6.27 x 10'? cm—3 and
n =247 x 102" cm™3, respectively (where &crr = 0).

Consequently, a neutral gas undergoes the phase transition to a plasma in both di-
rections in the temperature-density plane. At high temperatures, when the thermal
energy reaches the ionization energy, and at high densities, when atoms are ionized

due to high pressure.
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Relativistic corrections need to be considered at high temperatures. When

MeC

Nl
T S (42)
the thermal energy becomes larger than the rest mass, where the mean thermal velocity
is given by
kgT
Vih ~ me . (43)

This can be deduced from the Maxwell-Boltzmann velocity distribution of an ideal
gas in equilibrium (the exact mean velocity of the Maxwell-Boltzmann distributions is
Vih = \/W, omitting \/8/771 ~ 1.6). For room temperature, vi, ~ 66883 m/s
and therefore mec?/kgT ~ 0.511 MeV/25meV >> 1, so that no relativistic corrections

are required.

In plasma wakefield experiments, the temperature is typically not below room tem-
perature, T ~ 25 meV. The media under consideration within this thesis are hydrogen
and lithium. As the latter is not in the gaseous phase under normal conditions, it
needs to be vaporized to be used in plasma wakefield experiments [167]. For lithium,
the boiling point of 1603 °K ~ 0.14 eV might be considered as the lower temperature-
limit in equilibrium. However, since plasmas undergo highly non-equilibrium states
interacting with high-power lasers and electron beams, orders of magnitude higher
temperatures might occur locally. For instance, in the Particle-In-Cell (PIC) simulations
presented later in this work, the energy of free electrons at the boundary of the plasma

wave is typically on the order of 100 keV.

The temperatures that are relevant for plasma wakefield acceleration can be consid-
ered to be T € {25meV, 100 keV}. Applied densities are typically n € {10'5,10"7}cm 3,
corresponding to a plasma wavelength (see next section) of A, = 1.06 mm, and A, =
10.6 um, for the two extreme densities considered. This results in A € {2.15 x 1073,5.44 x

1013} < 1,0 € {148,274 x 10'%} > 1, and ",gg‘;z € {5.1 x1073,2.04 x 107} < 1. Conse-
3

quently, the plasma can be considered as not degenerate, but for n = 10'? cm =3 and
room temperature, e.g. before passage of the drive beam, the plasma is only slightly
above the critical value, @ = 1.48. As regards relativistic effects, electrons definitely
have speeds close to ¢ within the boundary of the plasma wave, but not in equilib-
rium. Finally, the plasma must be considered as strongly correlated in the state of
equilibrium and can behave as ideal at the very high temperatures occurring after the
interaction with the driver. Ionization due to high densities (Mott effect) might occur
for low-ionization-threshold media with threshold within regions of increased density;
however, these atoms are usually ionized before the perturbation of the driver. High-
ionization-threshold media might show a lowered ionization threshold at regions of

increased density (e. g. at the back of the plasma wave).

15
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The eigenfrequency of plasma

Every plasma responds in a characteristic time that can be seen as the time an electron

needs to pass a Debye length, Ap, when it propagates with a mean thermal velocity,

Vin, Ap/Vt = v/ (eomekpT)/(e2neKpT) = /eome/(e2n) = w?. This frequency is
the plasma frequency

[eZn. 2mc
Wp oMo Ap pC (44)

the collective eigenfrequency of all plasma electrons in the potential of the static ions.

Moreover, connected to the plasma frequency, wy, is the corresponding plasma wave-
length, Ay = 2mc/wy, the response time, w,, 1, and the skin depth Ky ! = ¢/wy, which is
analogous to the skin depth of conductors. The latter is the depth to which electromag-
netic radiation can penetrate in overdense plasmas, or equivalently, the length that a
relativistic electron beam or laser propagates in underdense plasmas until the plasma
reacts. In analogy, the reaction time and eigenfrequency of the ions can be calculated if
the electron mass, me, is replaced by the mass of the ions. For instance, for hydrogen
at a gas density of 1 x 1017 cm~3, which is typical for plasma accelerators, the reaction
time of electrons is 56.05 fs, while the reaction of the protons takes 2.40 ps. The corre-
sponding electron-plasma frequency is wp ~ 17.84 THz, and the plasma wavelength
Ap ~ 105.6 pm.

One of the most important features in plasma physics is the big difference between
the masses of electrons and ions. The smallest possible ratio is for pure hydrogen,
mp/me = 1836.15; all other elements have bigger ratios. Due to this big difference in
the response time between electrons and ions, the heavy particles can be considered
as stationary over the time scale of the electrons. This allows the electron dynamics to
be decoupled from that of the ions and enables a wide range of plasma dynamics to

be described. This is also known as the two-fluid approximation. Note that, when the

2

electron velocity approaches the speed of light, the relativistic correction ws;,

— w3 /Y

must be considered.

Dispersion in plasmas

In equation (9) the dispersion in vacuum was given. The dispersion of an electromag-

netic wave with frequency w, and wave vector, k, in a plasma

w? = c?k? + w%, (45)
is altered by the interaction with plasma particles. As a result, k = w/cy/1— w3 /w?
can become imaginary when w > wp and light cannot penetrate the plasma (see
figure 5). The point where w = wp = \/ne e?/eom, defines the critical density

€EoMe -

Me =— 5w (46)
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— plasma digpersion
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Figure 5: Dispersion in vacuum and plasma.

Thus, a laser with the frequency w = w; can no longer propagate for n > n. and
immediately couples to the plasma frequency and gets reflected (this allows a plasma
to be used as a mirror for high-intensity lasers). For a Ti:Sa laser, this critical density is
at 1.74 x 1021 em 3.

1.3.2 Kinetic equation

The physical description of a plasma can be formulated on different levels of detail. The
lowest level of this description—called the microscopic picture—is given by the full
six-dimensional phase space of all particles, combined in the N-particle distribution
function. The full evolution of this function, given by its total derivative, is known as

the Boltzmann equation.

Holding the complete information about the positions and momenta of all N par-
ticles in a system for any time, the N-particle distribution function f(rN,pN,t) =
f(r1,12,...TN,P1,P2,-- -, PN, t) (here rN, and p" are used as a shortcut for all spa-
tial positions and momenta of all N particles) is exact, but enormously complicated.
This function spans the 6N + 1-dimensional phase space, including 3N-spatial, 3N-
momentum-type dimensions and the time, and is the foundation of statistical physics.

It can be expressed as the sum

feN,pN, 0 =) £, pN, 1)

N

=3 > (N —ri(t)5(pN — pilt)) (47)

s i=1

over all positions and momenta of all Ny particles of all s species, where this particles

are considered point like and therefore can be represented as delta functions. Consid-

17

The term
“underdense” is used
for a plasma density
that is transparent
for the considered
laser frequency

W K Wp.

Following the
description in [128].



18

In an inelastic
collision, part of the
energy is transferred
to or from inner
degrees of freedom of
an atom or molecule.
Otherwise it is called

an elastic collision.

MATHEMATICAL DESCRIPTION OF PLASMA

ering only the species s, its total time derivative describes the evolution of this system

and is also known as the Boltzmann equation

0 of
<a +vV:+q" (E+v xB) Vp> fs(r™, p™,t) = a—s . (48)
t t collision

This equation describes the change of the phase space due to collisions (right-hand
side), diffusion (vV;), and the external Lorentz force (FVp). If the right-hand side of
this equation can be neglected, e.g. for a collisionless plasma, equation (48) becomes
the Vliassov equation.

One fundamental feature of this phase-space function is the conservation of phase

space volume, given by Liouville’s Theorem

of s
—5 L Vfy = 0.
ot + Vs (49)

Because it is impossible to measure the full N-particle distribution function, and it
is unnecessary to know all details of the system, it is crucial that the macroscopic

properties can be obtained by averaging over this function:

ol t) = 3 as | dpf. (™, p, 0 (50)
j(l’, t) = Z qds J deN 1:S (rN/PN/t)/ (51)

where s is used to denote the particle species of the charge qs, and the superscript N,

again, denotes a coordinate in the 6N-dimensional phase space of all N particles.

1.3.3 Relevant interaction processes

Most of the collisions between photons and atoms or molecules are elastic and do not
change the energy (color) of light. This process, also known as Rayleigh scattering is de-
pendent on the wavelength and reflects small wavelengths (blue) better than large—the
reason why the sky is blue. In contrast, the inelastic Raman scattering that changes the
energy (wavelength) of the photon is three to four orders of magnitude less probable.
The photon either gains energy (Stokes, blue-shifting its wavelength), or looses energy
(Anti-Stokes, red-shifting the wavelength) to the loss or benefit of the inner energy of
its collisional partner. When the scattering partner is a free electron. this inelastic scat-

tering process is also called Compton scattering.

Once an atom or molecule is excited via an inelastic collision, its excitation may decay,
emitting a photon, or transferring the energy to another atom or molecule to which it
might be bound. This process is purely statistical and follows a certain probability dis-
tribution as a function of time, and is known as fluorescence when a photon is emitted.
On the other hand, the photoemission can be induced by another impacting particle or

photon. The latter enables the functionality of a laser, which utilizes this mechanism by
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pumping a medium such that many more electrons are in an excited state than in the
ground state and then using photons to trigger induced emission and clone the inci-
dent photon. Because plasmas do not occur under normal conditions, the ionization of
gases is of crucial importance for plasma wakefield acceleration and will be discussed

in the following.

Photoionization

At short wavelengths and moderate intensities, multiple photons, each carrying less
than the ionization energy hw < &;on, can collectively ionize one atom. This is possible
only when the photons overlap spatially and temporally such that it is possible to trans-
fer the energy of more than one photon without violating the conservation laws within
the quantum uncertainty. To achieve this high spatial and temporal overlap, multi-
photon ionization (MPI) requires a high photon flux. In the common single-photon
ionization process, only one photon with energy hw > &;,n is needed to free a valence
electron with binding energy &;on, and the photon is thereby absorbed. However, be-
cause the binding energy is very high, very short-wavelength photons are required. For
example, hydrogen with a binding energy of &;,n = 13.6 €V, requires wavelengths of

A < 91 nm, which is beyond commonly available laser wavelengths.

Tunnel ionization

At long wavelengths and high electric field strengths, the potential of atoms can be
distorted such that an electron can have a lower energy when it crosses a short potential
barrier. The electron has a significant probability to cross the potential barrier of the
atom if it is distorted over a sufficiently long time and the barrier length is short. The

Keldysh parameter [112, 178]

Ve = w 2meéion (52)
K 1 eZE%

is often used to distinguish between the MPI and the tunnel ionization regime, where
wy and Ey are the laser frequency and electric field, respectively, and &;on is the ion-
ization energy. The regime yx > 1 corresponds to a high probability for multi-photon
ionization to occur, whereas for yx < 1, tunnel ionization is more likely. The tunnel-
ionization rate is given by the quasi-static approximation of the MPI rate, where the os-
cillation of the electric field can be considered as constant on the time scales of the tun-
neling process, i. e. the limit of the MPI model when the Keldysh parameter approaches
zero. Both ionization methods have been united in the Yudin-Ivanov (YI) model [250];

however, as tunnel ionization is far more likely in the considered regime, MPI is ne-
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glected in this work. A popular formalism for the Ammosov-Delone-Krainov [5] (ADK)

ionization process was adapted for use in PIC simulations [29] to give

n*e.
Wapkls ™' ~ 1.52 x 1015M

n*"(2n*)
e2ev) £2leV]

with the ionization energy &;ion, the electric field strength E, the extended factorial
function, T, and n* ~ 3.69 x Z/\/&ionleV], the corrected principal quantum number,
which takes into account that the ionization potential is shielded in more complex

atoms. The ADK model is considered valid until the field strength reaches

, GV

EeADk = Ea(V2—1)l&ion/Eal*? = 1.50/Ei0n eVIP/ =, (54)
ith the atomic field Eq = 5% ~ 5.14 x 10" ¥, and the Hart -
wi e atomic field Eq = 5557 = 5.14 x -, and the Hartree energy &, =
_meel o 272eV. Figure 10 shows this ADK-rate for different elements.
(47teoh)

Barrier-suppression ionization

Formula 53 is applicable for moderate field strengths of slowly oscillating fields (com-
pared to atomic time-scales, Tqtom = h/2Ry ~ 24 as, Ry being the Rydberg constant).
Ionization will occur with certainty, if the field strength rises above the ionization en-
ergy (i.e. several V/A = 10'°V/m, A being typical the spatial dimension of atoms).
This can be understood as lowering the potential well below the bound-state energy
of the electron, also known as barrier suppression ionization [13] (BSI). This ionization
process is faster than tunneling, and results in immediate and complete ionization. The

critical field strength for this ionization to occur is given by

47teg Eizon

Ec st = 3 47 (55)

with &;on []] the ionization energy and Z, the atomic number after ionization (i. e. equal
to the number of ionized electrons) [13, 52]. Therefore, in order for tunnel ionization to
be the dominant ionization mechanism, the conditions yx < 1 and E < E. Apx must
be fulfilled. In plasma wakefield accelerators, typically the tunnel ionization method
is most effective within the parameter range considered here. When the field strength
of the ionization laser or ionizing particle bunch exceeds the critical BSI field strength,

tunnel ionization has usually already ionized all atoms.

So far, the main ionization mechanisms discussed are induced by photons. However,
the impact of an electron with sufficient energy can also efficiently ionize atoms. The
cross section of this impact ionization strongly depends on the energy of the electron
and becomes negligible for electrons with energies that are far beyond the required

ionization energy.
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All interaction processes that require the movement of heavy particles such as ions
and atoms are neglected, since the collision time is typically much longer than the
time scales under consideration within this work. Similarly, the recombination of ions
and electrons takes much longer, as it involves the interaction of two ions and one
electron, so the second ion can carry away the excess energy. Also on a larger time
scale is the inverse process of photo-ionization, which might occur with the emission
of a photon. Within this work, it is assumed that neutrals are ionized only via the ADK
process, the remaining ions are treated as stationary and the freed electrons interact
only with the electromagnetic fields caused by other particles or lasers. Once the gas
is ionized, it reacts to a strong laser if its duration, Ty, is longer than the characteristic
time of the plasma response, w, Ty > 1 and the plasma is transparent at the wavelength

of the laser. The plasma wave thereby generated will be described in section 2.2.
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EMPLOYING PLASMA WAVES AS PARTICLE ACCELERATORS

The necessity for new concepts of particle acceleration arises from the circumstance
that the cost for projected new colliders based on conventional RF-based techniques
has become very large. The crucial point is the attainable accelerating gradient, which
reaches its physical limits in RF cavities at around 100 MV/m due to break-down con
the cavity walls. The application of plasma waves as particle accelerators, which might
solve this problem by providing orders of magnitude higher accelerating gradients, is

investigated in this thesis.

For instance, considering the dimensions of the currently largest particle accelerator,
the Large Hadron Collider (LHC) at CERN with 27 km long circumference and a final
energy of 6.5 TeV, build by a collaboration of over 10000 scientist and engineers from
over 100 countries, funding an even larger accelerator (in addition) would be extremely
challenging. It becomes obvious that a much larger circular accelerator of this type is
currently unaffordable. The next large-scale accelerator currently being discussed is
the International Linear Collider (ILC), which will accelerate electrons and positrons
to 500 GeV energy in two separate 12 km long linear accelerator (linac) arms, each of
which contains a total of 8000 superconducting cavities, which need to be cooled to
2.15°K [17].

The bottleneck of today’s accelerators, the limitation of the accelerating field, can
be overcome if one looks for a completely different direction in which higher field
strengths can be attained that are simultaneously capable of accelerating particles. Be-
cause electric fields are generated by the separation of charged particles, the idea of ex-
amining plasmas seems natural. Here, the field strength can be very high, but requires
a microscopic system that tends to require the control of very complex and chaotic be-
havior. The basic concept of utilizing the high accelerating fields in plasma, is to excite
a strong plasma wave that propagates nearly with the speed of light[49, 219]. Sur-
prisingly, such a plasma wave has a region in which strong accelerating and focusing
tields occur; both are required to contain and accelerate particles. In fact, the plasma
wave acts as a transformer that converts the transverse field of a driver into the axial
accelerating electric field of the plasma wave. However, to generate and maintain a
strong plasma wave is challenging—the most promising methods under investigation

are LWFA and PWFA, applying a strong laser or particle beam to drive a wakefield.
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EMPLOYING PLASMA WAVES AS PARTICLE ACCELERATORS
2.1 GENERATING PLASMA WAKEFIELDS

One basic requirement of plasma wakefield acceleration, is that the dimensions of the
driver must be similar to the plasma wavelength, which is A, = 105.6 um for a typical
density of n = 10'” ¢cm 3. This raises the need for highly compressed (~ 30 um or
~ 100 fs long), strongly focused, high-energy lasers, or electron beams. However, it is
not trivial to maintain this compactness as the plasma acts back on the driver, leading

to loss of energy and changing the transverse dimensions [62, 104].

It is common to differentiate between two distinct regimes in plasma wakefield accel-
erators, the linear and the nonlinear regime. The linear plasma wave, also known as a
Langmuir wave, is excited by a moderately strong driver, has a sinusoidal form and
travels with phase velocity vy < c¢. The maximum field amplitude in the linear regime,
Eo, can be estimated by assuming that all electrons oscillate with the same frequency
wp = ckp. The resulting maximum field amplitude is called the cold nonrelativistic
wave-breaking field

Eo= 0P, (56)

e

and can be obtained in the framework of cold fluid dynamics [49]. Equation (56) lim-
its the accelerating field in the linear regime. However, the producible accelerating
gradient is already three orders of magnitude larger than in conventional RF-based ac-
celerators, e.g. Eo ~ 30.4 GV/m for a density of 10’7 cm 3. This means that electrons
could be accelerated to 30 GeV within only one meter, provided a meter-long wake-
field can be sustained. The linear regime is obtained for normalized peak amplitudes
of ap < 1 (see equation (18)) for laser drivers, and by ny < n,, for particle-beam drivers
(ny being the peak density of the drive beam, and n, the ambient plasma density). The
plasma wave, as a response to a stronger driver, will eventually break and become a
nonlinear wave that exceeds the value of Ep, and can no longer be described within
the theory of cold fluid dynamics.
Higher field strengths can be gained in the nonlinear regime. Using the nonlinear,
relativistic, cold fluid equations in one dimension, the plasma wave has a maximum

amplitude of [2, 62]

Ews = Eoy/2(vp — 1), (57)

with the relativistic factor of the plasma wake, y, = (1 — v%h / cz) > 1, a function

of the plasma wave phase velocity vpi.

2.1.1  Characteristics of a plasma wakefield

In the following section, first a phenomenological description will introduce the physics

of plasma wakefields, followed by simplified analytical models. A complete analytical
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description in all three dimensions including all relevant physical interactions is not
possible. However, with certain simplifications, analytical descriptions can be found
using plasma-fluid theory, e.g. in the one-dimensional nonlinear regime [19, 33, 209].
Lu et. al. [144] developed a phenomenological semi-analytical description for a non-
evolving driver in the three-dimensional nonlinear regime. For the full temporal de-
velopment of a three-dimensional, nonlinear plasma wakefield including the evolution

and energy loss of the driver, usually PIC simulations are required [169, 184].

The ponderomotive force of a strong laser (72), and the space-charge force of a rela-
tivistic electron beam (F,(r) = eE(r) with the electric field given in equation (29)) can
expel plasma electrons. This displacement of the plasma electrons creates an electron-
free plasma cavity, featuring a strong electromagnetic field, which pulls the electrons
back towards the propagation axis. Meanwhile, the plasma ions experience the same
force, but do not react to it as fast as the electrons due to their larger mass, and there-
fore act as a positively charged homogeneous background during the passage of the
plasma wave. In LWFA and PWFA, the generated plasma wave looks similar, with the
important difference that a laser pulse typically travels more slowly (vg/c < 1 see

equation (77)) than a relativistic electron beam (3 ~ 1) and the excited plasma wave.

In this work, the nonlinear regime will be exploited in both, LWFA and PWFA, because
of the advantage of accelerating fields in excess of Eo. The stronger accelerating field
allows electrons to be accelerated to the speed of the plasma wave within less than
half a plasma wavelength, allowing electrons that are injected into the plasma cavity
to become trapped in the same cavity. In the nonlinear regime, the gradient of the
accelerating field becomes approximately linear over a significant part of the plasma
wave and, simultaneously, the focusing part is enlarged. This creates a larger region

where both acceleration and focusing fields support stable acceleration of electrons.

The highly nonlinear regime

For an extremely strong driver, a7 > 1 in case of a laser and ny, > n,, for an elec-
tron beam, with small transverse size, ok, < 1, a highly nonlinear wakefield is ex-
cited whose shape becomes a sphere. In this regime, plasma electrons gain a relativis-
tic transverse velocity during the interaction with the strong driver. The longitudinal
tield—which in the linear case is sinusoidal—becomes sawtooth-like, featuring a linear
accelerating field within the plasma cavity. Within this cavity, the electric and mag-
netic fields reduce to an longitudinal electric field, E,, and the transverse component
becomes E; — cBg, because jg = 0 and therefore also Eg = B, = B, = 0 (in cylindri-
cal coordinates, 0, r, and z, with rotational symmetry). In general, the plasma wave

can accelerate electrons in the forward direction when E, < 0 and focus them when
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E; —cBg > 0. The radial and longitudinal fields are connected by the Panofsky-Wenzel
theorem [111, 177]

0E, O(E,—cBg)
= ) 8

or 0z (58)
Inserting the angular component of the Maxwell equation (5) in cylindrical coordi-
nates[28]

0Bp . 10E,

5, — Hort oo~ (59)
into equation (58) gives

oE .

== = Hocr, (60)

the connection between the longitudinal field, E,, and the radial current, j, [16]. The

accelerating field is therefore given by

E.(r,2) = —Hoc J i (", 2)dr, 61)

using [E,(r)dr = E.(c0) — [T E.(r/)dr/, and E,(r — oo) = 0. Thus, the transverse
current, j,, is the source of the longitudinal accelerating field. When the driver expels
plasma electrons, it generates a radial negative currentand therefore a positive lon-
gitudinal field is created, that decelerates electrons. Likewise, the returning electrons
provide a positive current, generating a negative longitudinal field that accelerates elec-
trons (see figure 6). The point where the electrons in the boundary of the plasma cavity
(sheath) reach their largest displacement, R = Ryqx, and the radial current becomes
zero, is therefore also the position where the longitudinal field is zero and switches
its sign. The function R = R(&) denotes the radius of the plasma cavity. As a result,
the plasma wave converts the energy of the driver (which puts energy into the radial
expulsion of the electrons), into the accelerating field of the plasma wave. In the case of
an electron driver, the expulsion of plasma electrons therefore also immediately creates
the decelerating field, which reduces the energy of the driver during the propagation
within the plasma. Inside the plasma cavity, there is no radial current, j.(r < R) =0,

aaErz ~ 0 (see equation (60)).

(except for possibly the electron drive beam) and therefore
Similarly, the focusing field is linear in the radial direction, (E, —cBg)/Eg = kp1/2 and
constant in the longitudinal direction, a% (Er —cBp) = 0, inside the plasma cavity (see
tigure 6 (a)), which can be derived with the use of Maxwell’s equations in conjunction
with equation (58). The fact that the radially focusing fields are linear in the nonlinear

regime has the big advantage over the linear regime that the normalized emittance is
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preserved (the emittance will be introduced in section 2.3.1). The slopes of these fields

are given by [120, 144]

EZ(&)  kp&

B 2 (62)
Er(r)  kpr

cBo(r) _ kpr
B 47 (64)

using the co-moving coordinate & = z — ct. Note that the focusing force inside the
plasma cavity is therefore F. = e(E; —cBg) = eEok,1/2. In equation (61), it has been
shown that the longitudinal field, E, is proportional to the radial current, and therefore
to the radial velocity v, = g—{ :—cg—g. Lu et. al. [144] exploited this behavior to describe
the nonlinear three-dimensional plasma wave in therms of the blowout radius, R(¢),
in a semi-analytical approach. With the approximation that the current, which con-
tributes to the wakefield, is concentrated within a thin sheath in the boundary of the
plasma cavity, Lu et. al. conclude E, %‘;- The nearly circular shape of a highly non-
linear wakefield can be approximated by a parabola near the center; its derivative, and
therefore the longitudinal field, E,, is approximately linear in this region. For larger
distances from the center, the slope of a circle increases faster than that of a parabola,
and its derivative, the longitudinal field, therefore decreases faster than linearly at later
positions in the blowout (such as in figure 6 (b), or as illustrated by the central blue

lines in figure 34).

In the slightly nonlinear regime, shown in figure 6 (a), in the rear of the wave R(§)
has a lower slope and the longitudinal field therefore has not a sharp maximum as
in the highly nonlinear case (remember E, o g—g). The transverse field switches its
sign approximately at the position where the axial field has its extrema, and vanishes

directly on axis (see figure 6 (a)).

(a)

Figure 6: Example PWFA simulations in the slightly nonlinear (a), and in the extreme nonlinear
"blowout" regime (b), illustrating where the fields and the currents are positive (red)
or negative (blue). (a): the longitudinal electric field, E., (top half, the red curve shows
the central E, values) and the transverse electric field, E;, (bottom half, the blue curve
shows E, in longitudinal direction slightly off-axis). (b): the radial current, j., (bright-
blue: negative, bright-red: positive) and the corresponding longitudinal field, E, in
the background (confer equation (61)).
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The region that can be exploited for the acceleration of electrons, is where the wake-
tield is simultaneously accelerating (qE, > 0) and focusing (q(E, —cBg) < 0). In the
linear regime, the longitudinal wakefield can be described as a sine function and the
transverse field as a cosine function in the longitudinal direction; the region where
the fields satisfy this condition is therefore only 1/4 of the plasma wavelength. In the
highly nonlinear regime, the overlap of the focusing and accelerating phase increases
until both almost merge and reach nearly half of the plasma wavelength [106]. There-
fore, the highly nonlinear regime is very promising for plasma wakefield acceleration
and operation in this regime led to the breakthrough experiments in LWFA, featuring

quasi mono-energetic beams [64, 74, 153].

To model the full propagation appropriately in three dimensions, including the self-
consistent evolution of the driver, requires numerical simulations e. g. with fully three-
dimensional PIC simulations, as used in this thesis. However, the one-dimensional for-
malism that will be introduced in the following, is particularly useful to show the basic

physical properties of a plasma wave.

Wave equations

In the limit of a quasi-static wakefield [209] and a highly relativistic driver (yf, > 1
with yf, = (1—(vp/ ¢)?)! denoting the relativistic factor of the wave, and v, its phase
velocity), the Poisson equation in one dimension can be expressed in the form[33, 62,

209]

1 [(%(& np(&) | 1+a(8)? 1
1(20(E)) _mele) e )
k2 o no 20+ 6(E)2 2

with the normalized scalar potential, (&) = fe(c‘t}) , and vector potential, a(§) = ii\e(? ,

introduced in equation (6); ng is the unperturbed ion density. The right-hand side
of this equation comprises the source term for plasma distortions by a laser pulse
represented by its normalized vector potential a(£), or the density distribution, ny (&),
of an electron drive beam. The solution of this equation provides the scalar potential,

¢ (&), from which the other plasma-wave quantities

1 2
Ane(E) = (ffgf))z - (66)
B2 1 0¢
S ©7)

can be derived, where An.(§) is the relative electron-density variation and E, is the
longitudinal field of the plasma wave. Equation (65) applies for the linear and slightly
nonlinear regime in LWFA and PWFA, whereas the highly nonlinear regime is not in-
cluded.

Figure 7 shows the difference of the linear (left, ap < 1) and the nonlinear regime
(right, ap > 1), and therefore the influence of the strength of the driver in the case of
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Figure 7: Linear (ap = 0.5, left) and nonlinear (ap = 2, right) plasma waves driven by a laser
pulse, according to equation (66) and (67) using the solution of equation (65). Numer-

ical methods implemented by Thomas Heinemann.

LWFA. In the linear regime, the sinusoidal form of the longitudinal electric field (green
curve), shows an amplitude of significantly less than the cold wave-breaking limit,
Eo. In the nonlinear regime, the longitudinal electric field increases beyond Eq, and
its slope becomes linear (saw-tooth-like) within the nearly electron-free plasma cavity
(Ane ~ —1, blue curve). Simultaneously, the plasma wavelength grows, the curvature
of the plasma cavity increases towards a spherical shape and very high density spikes
occur at the point where the plasma cavity closes. At the transition from the linear
to the nonlinear regime, the trajectories of plasma electrons begin to cross, leading
to a singularity in the cold fluid equations, which can be remedied as soon as finite
temperatures are assumed [142]. Importantly, the breaking of the plasma wave also
enables the trapping of plasma electrons in LWFA (self-injection) [222]. The length of
the extended plasma cavity can be estimated by [61]

2E
}\p,NL ~ }\p; max

for Eqax > Eo, (68)
0

where Enqx denotes the maximum accelerating field strength, and Eg = mecwy /e,
the cold non-relativistic wave-breaking field. Note that for electrons, the maximum
accelerating field is the minimum longitudinal field, E, ;in. The maximum amplitude
of the slightly nonlinear plasma wave was approximated by the cold relativistic wave-
breaking field given by equation (57) in a one-dimensional quasi-linear approach. In
the highly nonlinear regime, the definition of this maximum accelerating field is most
reasonably made without taking the narrow peak field at the rear of the plasma cavity
into account, which cannot be effectively used for acceleration. In the case of LWFA, the
maximum usable accelerating field is estimated by the linear continuation of the slope

of the longitudinal field to the rear of the blowout [146]

Ez,max = Ez(_xp,NL/z) = _EO\/ ap (69)

with the nonlinear plasma wavelength A, N1 >~ A, (2/7)/0p. Similarly, in the nonlinear

regime of PWFA, the accelerating field can be expected to vary as E, o Egy/Ip, as
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opposed to E, o Egly, in the linear case [22]. Therefore, the nonlinear regime is also
less efficient than the linear regime. The cold non-relativistic wave-breaking field, Ey =
mecwyp /e, shows that the amplitude of the wakefield increases with the plasma density
as Eg o< /N, whereas the slope of the accelerating field in the highly nonlinear regime
is OE,/0& = Eokpp /2 o< 1. Note that the wakefield is only sensitive to the peak current,
but not to the transverse extent of the drive beam, as long as it is sufficiently smaller
than the transverse extent of the blowout. Consequently, oscillations of the drive-beam
do not have a large influence on the wakefield. On the other hand, these oscillations
do change the peak transverse fields of the drive beam, which might ionize a neutral

background gas.

Efficiency of plasma wakefield accelerators

A typical measure of the efficiency of a plasma wakefield accelerator, the transformer
ratio, is the quotient of the maximum witness-bunch acceleration, E,min, over the

maximum drive-beam deceleration, E, max [15, 22, 39]

E .
T — zZ,min . (70)

Ez,max

The overall efficiency of a plasma wakefield accelerator is given by the amount of
energy that is transferred from the driver to the witness bunch at the end of the accel-
eration; 1 = (va+ +Yw)/Yw < 1 (Ya,+, and v,, denotes the final energy of the drive
beam, and the witness bunch, respectively). The maximum energy gain of the witness
bunch, v, = Tyy,, is obtained when the decelerating field has completely compen-
sated the initial energy of the drive beam, vy, ;. In reality, the drive beam cannot trans-
fer all its energy to the wakefield, and the remaining energy of the driver is lost for
the acceleration process. On the other hand, the witness bunch usually cannot extract
all the energy of the wakefield, again reducing the overall efficiency (see beam-loading

discussion below).

Another interesting perspective on the transformer ratio for PWFA is given by

N AE,dec
Alace’

where A& ¢ is the distance from the front of the plasma cavity to &y, and A g is the

T

(71)

distance from & to the end of the plasma cavity [22], defining &o = 0 to be the position
where E;(&p) = 0. If the drive-beam charge is negligible at £y, A qcc depends only on
the maximum radius of the plasma cavity, which is determined by the peak current
of the drive-beam, I,. However, the length A 4. can be influenced by the shape and
length of the driver, which therefore can be exploited to increase the transformer ratio.

For instance, if a short drive beam expels plasma electrons very rapidly, some receive

a kick that lets them escape the attractive potential of the ion channel and they cannot

contribute to the accelerating part of the wakefield. On the contrary, if the drive beam
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exerts a gently increasing force on the electrons, fewer electrons are lost. Therefore a
long, conically shaped electron bunch provides the best transformer ratio [39, 108, 143],
and it can be shown that, for a longitudinally symmetric drive beam, the transformer

ratio is limited to T < 2 in the linear regime [197].

So far, the space-charge field of the witness bunch, which lowers the accelerating field
at the position of the bunch, was not considered. This beam-loading of the wake limits
the amount of charge that can be loaded into the plasma wave to the level at which
the witness bunch itself excites a plasma wave that fully cancels the wave of the driver
(beam-loading limit) [109]. When the witness bunch is capable of completely absorbing

the wakefield, the energy-transfer efficiency is at its maximum.

On the other hand, beam loading can be exploited to shape the gradient of the accelerat-
ing field [151], and therefore change the energy gain of the witness bunch. This requires
the witness bunch to have a density distribution that ideally is matched to the slope
of the accelerating field. Such properties have been intensely studied [22, 80, 224, 225]
and are provided by an approximately linearly decreasing density of the witness bunch.

This technique, however, is only exploitable in a dephasing-free setup such as in PWFA.

Summarizing, for the maximum efficiency, a conically increasing density of the drive
beam is required in order that energy should not be lost in setting up the wakefield,
while a conically decreasing witness bunch would be ideal to flatten the accelerating
gradient; a witness bunch with large charge could fully load the wakefield and absorb

nearly all of its energy.
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2.2 LASER-DRIVEN PLASMA WAKEFIELD ACCELERATORS

Increasingly fast development of laser technology has triggered many novel research
areas, among which laser-plasma-based particle acceleration has shown its potential
in numerous research laboratories ever since its introduction in 1979 [219]. Worldwide,
experiments have reported electron-beam production featuring hundreds of MeVs of
energy gain and broad energy spectra[4, 73, 130, 148, 163, 168, 221, 226], enabled by
the availability of sophisticated laser-amplification methods [113, 214]. Switching to the
highly nonlinear “bubble” regime [161, 185], led to a major breakthrough in 2004, when
three groups independently reported the acceleration of quasi-mono-energetic electron
beams [64, 74, 153].

Until today, ultra-high-power lasers [40, 115, 132, 233], advanced accelerator techniques
such as self-modulation[4, 90, 122, 163, 168, 221], relativistic self-focusing[118, 210,
216], staging [115, 182, 213], laser guiding by a preformed plasma channel [65, 76, 189]
and improvement of the diagnostics[30, 69, 82, 235], have further significantly im-
proved the quality and energy of laser-driven plasma wakefield accelerators. This
rapid development has led to the acceleration of high-quality electron beams beyond
1GeV[43, 115, 133, 134, 233] applying PW laser systems, and advanced techniques
to guide the laser over several Rayleigh lengths. A comprehensive list of laser facili-
ties available for LWFA experiments is given in Table 9. In the following, the effect of a

high-power laser on plasma and, the effect of the plasma on the laser will be discussed.

2.2.1 The ponderomotive force

Within a homogeneous electromagnetic wave, an electron will follow the oscillation
of the wave and not gain any net momentum in one or the other direction. For a
tightly focused laser, however, the intensity of the laser strongly varies in the transverse
direction and an electron will feel a weaker force once it is pushed away from the laser
center and will not be pulled back with the same strength. In other words, the electrons
react to the field pressure of the laser pulse. This results in a net ponderomotive force

2

Fp = — E?
P 4mewlv( ) (72)

which decreases with w1, the frequency of the laser, and grows with the gradient of
I x E?, the intensity and the electric field strength of the laser [124]. Choosing a much
longer wavelength to increase the ponderomotive force was not an option to date, as
high-energy lasers are only available for ~ 0.8 — 1T um wavelengths in Ti:Sa laser systems.
However, new high-power CO; lasers with wavelengths of Ay ~ 10 um, are under de-
velopment and will be deployed for LWFA experiments in the near future e.g. at the
Accelerator Test Facility (ATF) at the Brookhaven National Laboratory (BNL) [181]. Op-

eration at much longer wavelengths is limited by the critical plasma density (46), such
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that lasers with wavelengths in excess of the plasma wavelength, w; > wy, can no
longer penetrate the plasma. On the other hand, enhancements in the amplification
of lasers, such as the chirped pulse amplification (CPA) technique [214], have enabled
laser powers of up to PWs, and intensities in excess of 102° W/cm?. For comparison,
the solar constant is only 0.137 W/cm?. These developments increase the ponderomo-

tive force to a level where an amplified laser can excite a strongly nonlinear wakefield.

2.2.2  Laser-plasma interactions

When an ultra-short, high-intensity laser propagates through an underdense plasma,
its properties are strongly modified [165]. Before discussing these phenomena, it is
important to understand the effect of very high intensities, density fluctuations and
the fact that the plasma electrons have relativistic velocities on the dispersion and the
refractive index of the plasma. Taking account of the relativistic transverse velocities of
the electrons, the dispersion in plasma reads [110]

w? = c?k? + w3 /v, (73)

where vy is the relativistic factor of the plasma electrons. Compared to the nonrelativis-
tic case, where the plasma is transparent for radiation with w > wy, in the relativistic
case, the plasma becomes transparent for electromagnetic waves with yw > w, and
thus radiation with longer wavelengths can penetrate the plasma. The ratio of the vac-

uum speed of light and the phase velocity

w

Vph = 1 (74)
defines the relativistic refractive index [77]
“":v:,h:ij:\/ —Yuj’z, (75)
using equation (73). For an underdense (transparent) plasma, the phase velocity
w2
Vph = ¢4/ 1+ ﬁ (76)

of a laser with the frequency w = w is always larger than ¢, while the group velocity

dw w2
= _ " 1— P
Vg =5 = ¢ Yo’ (77)

is always smaller and denotes the velocity of the laser within the plasma. From equa-
tion (77), it can be seen that the velocity of the laser slows down for yw; — wp and
eventually will reach zero for yw, = wp, marking the point at which the plasma be-

comes opaque. The maximum relativistic factor of plasma electrons under the influence

33

The terms
"ultra-short” and
"high-intensity”
laser pulses have
been reconsidered
several times in the
past, as soon as
pulses with shorter
duration and higher
intensities became

available.



34

Following the
description of [77].

EMPLOYING PLASMA WAVES AS PARTICLE ACCELERATORS

of a strong laser with normalized amplitude ao is v = 1/1+ a3/2, assuming only the

contribution from the transverse motion, y ~ v, > .

From equation (75), it can be seen that the refractive index is altered due to a change
in the density, w, = wp(n), the frequency, w, and relativistic velocities of the plasma
electrons, v [51, 165]. In addition, the refractive index changes based on the intensity

within dispersive media [234]

n =m0 +n2Jo. (78)

For very high laser intensities, Jy o< a(z)w%, 1o denotes the linear, and n; > 0 the non-
linear and intensity-dependent portion of the refractive index, respectively. All these
contributions to the refractive index react back on the local laser phase, and group

velocity and significantly change the propagation of the laser.

Relativistic self-focusing

Assuming a laser pulse with a Gaussian intensity distribution, a(r) = ap exp(—r? /wé)
in the transverse direction, the diffraction angle of the laser is given by © = v'2/(kiwo).
With the use of the resulting r-dependent relativistic factor y(r) = W, the
refractive index (75) becomes a function of r as well, with its maximum on axis, r = 0.
Therefore, dn/dr < 0, and a strong laser can be guided based on relativistic velocities of
the plasma electrons [216]. The maximum angle of this relativistic self-focusing is given
by « = apwy/ (v8wy), and the diffraction of a laser can therefore be compensated
when o = O or a%w(z) /8 = 4/k%. Since Py o aéw%, a critical power for relativistic
self-focusing
wq 2 1

P.[GW]| =~ 174 <wp> x m (79)
can be derived, when considering the average angle instead of the maximum angle ()
for self-focusing [210]. This critical power increases with lower plasma densities, n,,
and smaller laser wavelengths, A;. For P;/P. < 1, the laser diffracts, for P1/P. = 1
its transverse size is matched and for P;/P. > 1 the plasma focuses the laser pulse.
In the case of a Ti:Sa laser in a n, = 10" em—3 dense plasma, the critical power is
P. ~ 303.2TW.

However, there is another effect that leads to an effective focusing of the rear part of
the laser pulse, which arises from the transverse density gradient of the plasma wave
itself [216]. The less dense center thereby results in a maximum of the refractive index
on axis, dn/dr < 0, and is therefore focusing. In contrast, the opposite density profile
(with a higher density on axis) can occur if a Gaussian laser pulse ionizes several

consecutive ionization thresholds, leading to ionization defocusing.

Another method to guide a high-power laser is therefore the use of a preformed plasma
channel [18]. Ways to generate such a channel include the use of hydrodynamic expan-
sion after heating by a laser [57, 76, 208], a fast high-current discharge (z-pinch) [100],
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or a slow capillary discharge waveguide [107, 141, 172, 207]. The pre-formed channel
has the advantage over the relativistic self-guiding mechanism that, the entire pulse
and not only the back is guided, and that there is no need for the extremely high crit-
ical power, P, especially for low plasma densities. Further, the channel can be used
to flatten the accelerating field, mitigate emittance growth via Coulomb collisions and
reduce the focusing fields and therefore the divergence of the obtained bunch [202].

However, it also involves the need to generate a long and stable plasma channel.

Relativistic self-phase modulation and longitudinal bunching

In LWFA, the plasma density increases towards the front of the drive laser and in the
transverse direction, as electrons are pushed aside by the ponderomotive force. The
resulting density gradient along the propagation axis also changes the relative speed
between the front and the back of the laser pulse, as dictated by the group velocity
(77)- The lower density at the back of the pulse leads to a higher group velocity than at
the front, so the laser pulse becomes longitudinally bunched. This longitudinal bunching
can be used to drive a high-amplitude wakefield by a laser pulse that is long compared
to the plasma wavelength in a dense plasma in the self-guided regime, P > P. [90, 148,
163]. The z-dependence of the laser group velocity then results in a modulation of the
laser intensity with the period of the plasma wavelength, which in turn reinforces the
wakefield and is called Self-Modulated LIWFA.

The change of the density also changes the local phase velocity (74) of the laser. As the
driving laser always experiences a positive density gradient, the phase velocity at the
back is slower than that at the front, and the wavelength of the laser pulse is stretched.
The increase of the wavelength effectively removes energy from the laser pulse and
is the physical mechanism by which the excitation of the wakefield extracts energy
from the laser. The part of the laser pulse whose wavelength is stretched also slows
down, as dictated by the group velocity, and begins to elongate the entire laser pulse,
resulting in a mismatch of the plasma wavelength and laser duration. When the laser
has reached this point, the excitation of the wakefield ends together with the depletion
of the power of the laser Py oc A; % and its compactness. Besides these straightforward
physical instabilities in LWFA, there are several higher-order laser-plasma instabilities
that can spoil the acceleration [61]. The most important instabilities in this context are

the laser-hosing[211] and the Raman forward and backward scattering [10].
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2.2.3 Driver matching conditions

For an axially symmetric laser pulse, the plasma wake will be excited most efficiently
when the laser pulse ends approximately at the center of the bubble. In the one dimen-

sional, quasi-static description given in equation (10),
kpo, >~ 1 (80)

maximizes the accelerating field of a linearly polarized Gaussian laser pulse [61]. In the
highly nonlinear case, ap > 1, the elongation of the plasma wave, k, N1 = 271/Ap NL
(68), must be considered. However, the amplitude of the wake is not changed much by

moderate variations of the duration of the laser, especially for high laser amplitudes.

Matching of the transverse size in the strongly nonlinear regime is aimed at mitigating
oscillations of the driving laser, which is not easy, considering the number of effects
that are involved. The relativistic self-focusing force balances the diffraction of a Gaus-
sian laser pulse, when k,wo ~ 2V/8/ay, as discussed in the context of the critical power
(79). In contrast to an electron-beam driver in PWFA, which has its maximum transverse
tield at ~ 1.60, off axis, the maximum field of a Gaussian laser pulse is on axis. This
requires the laser to be broader than a comparable electron beam to push plasma elec-
trons equally far off-axis. A laser spot size with wo ~ R is therefore optimal, assuming

a spherical blowout with radius R[146].

2.2.4 Physical limitations

The final energy of the electron bunch, AW, after acceleration is determined by the
length of the acceleration, Lycc, and the averaged accelerating field, E,, that the elec-

trons have witnessed.
AW = eE,Lqce. (81)

The acceleration is terminated by the energy loss (depletion) and the diffraction of the
driving laser pulse, as well as the dephasing of the trapped electrons in the plasma wave.
In the following, the distance after which the acceleration terminates, because of these

effects will be discussed in detail.

Diffraction

If no guiding is provided, the acceleration will end as soon as the driving laser diffracts
sufficiently that its peak intensity becomes insufficiently large to drive the wakefield.

A Gaussian laser pulse in vacuum undergoes a spot size evolution according to equa-
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tion (14) with the characteristic length, zg = mw3/A;. Neglecting any influence of the
plasma, the diffraction length can be estimated by [61]

2:1,2
TT"W4

Lairf ~ mzg = N (82)

For typical laser and plasma parameters, this shortens the acceleration length more
than dephasing and pump depletion. For example, a Ti:Sa laser that is focused to a
spot size of wy = 50 um will be able to drive a plasma wakefield only for Lgc. =
Lairs = 3.1 cm. As discussed above, diffraction of the laser can be avoided when using
very high laser powers, P > P.[210, 216], or laser guiding in a pre-formed plasma

channel [57, 76, 82, 189].

Dephasing

The next limit on the acceleration length, is the distance electrons need to outrun the
accelerating phase of the wakefield. In LWFA, the wakefield moves approximately with
the group velocity of the driving laser, vg = ¢y /1 — w3/ (Yyw?) < ¢, whereas the acceler-
ating witness bunch propagates with nearly the vacuum speed of light. The difference
in these velocities and the length of the accelerating phase, ~ A, n1./2, therefore defines

an appropriate estimate for the dephasing length

17\]33 1 for aé<<1

I—deph = 332 X (83)
2N (V2/m)ag for a3 > 1

assuming a linearly polarized Gaussian laser in the one-dimensional limit[61]. In the
linear regime, the phase that is simultaneously focusing and accelerating is only ~ A, /4.
For the highly nonlinear case, a3 >> 1, the dephasing lengths scales as Lgepn
aon~3/2, which means that the acceleration length can be increased with a higher
laser intensity and more importantly, a lower plasma density. The latter simultane-
ously increases the length of the accelerating phase, A, o \/n, and the velocity of the
wakefield, according to vg = cy/1 —7\% / (A%y). However, for lower plasma densities,
relativistic self-focusing requires ever higher laser powers, and laser guiding by a pre-
formed plasma channel becomes inevitable at some point. Alternatively, if a drive-laser
with a smaller wavelength, Ay < A, is available it can be used to increase the group
velocity, but then the ponderomotive force, F,, o< Ay, also decreases. To further increase
acceleration length for a fixed laser intensity and density, the plasma density can be
modified to increase at a rate that compensates the dephasing of the witness bunch by
constantly shrinking the plasma wavelength, keeping the witness bunch at the same
phase of the wakefield [189, 208]. This increases the potentially available length of the
accelerating phase to the entire plasma wavelength at the start of the acceleration, but

the laser is then unable to drive the wakefield efficiently for all densities.
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Laser-energy depletion

The least severe limitation is the depletion of the energy of the laser itself[32]. The
physical reason for the energy loss is the increase of the laser wavelength as a result
of the difference in the phase velocities along the propagation axis, as discussed in the
context of laser-plasma interactions. The increasing wavelength of parts of the laser
pulse, decreases the group velocity and hence the relative speed, inducing a rapid
lengthening of the laser pulse at the end of the acceleration [165, 206]. Then, the reso-
nance between the laser and the plasma gets lost and the power of the driving laser
pulse is reduced. A characteristic length after which the laser energy is depleted to a

level where the acceleration terminates, can be estimated to be

A3 2/a3  f 2«
Ldepl = % X /ao or o < (84)
AL (V2/m)ap for af>>1

assuming a linearly polarized Gaussian laser in the one-dimensional limit[61]. For
instance, a laser pulse with ap = 8 (as used later in this thesis), has a dephasing length
of Lgepn = 3.3m, and a depletion length of Lgept = 6.6minan, = 1x 10" ¢cm—3

dense plasma.

Because the pump depletion length is twice the dephasing length and much longer
than the diffraction length, it is the least restrictive limit on the acceleration length.
The only way to increase the energy of the witness bunch further, is to use a new
laser pulse in a subsequent plasma accelerator stage. First experiments using a two-
stage setup in LWFA have been conducted [115, 140, 182, 213]. However, to preserve
the quality of the witness bunch during the transition between the plasma accelerator
stages, specialized plasma profiles are required [160, 236] . The single-stage energy
gain can now be deduced based on these estimates for the acceleration length and the

maximum accelerating field.

The maximum energy gain and accelerated charge

The most severe limitation of the acceleration length from the phenomena discussed
above is the diffraction of the laser pulse. Operating in the highly nonlinear and rela-
tivistic self-focusing regime, P > P, the acceleration length is determined by the de-
phasing length, and the maximum accelerating field is given by E; max >~ /@omecwyp/e
(given in equation (69)). The dephasing of the witness bunch ends the acceleration ap-
proximately at the center of the bubble, where it has traveled approximately the same
distance as the radius of the bubble, R ~ wy. Since the accelerating field decreases
nearly linearly in the forward direction, the witness bunch experiences on average

roughly half the peak field, E, max/2. The total energy gain (81) during one stage can
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2
therefore be estimated by AW ~ %mc2 (wl) ap o ap/m, assuming Lacc = Lgepn =

Wy
%%R, or in more practical units [146]
PUTWIN /3 /1018 \*? 7 08 \*/3
AW ~ 1.7 —_ .
[GeV] <1w ) nlem=3] A (85)

Therefore, approximately 1.7 GeV final energy is predicted by this formula for a 100 TW
TiSalaserinamn, =1 x 10'8 /ecm?3 dense plasma. Here, it is also evident that the achiev-
able energy gain increases faster by lowering the plasma density, n,,, than by increasing
the laser power, P;. Decreasing the laser wavelength, A, would have the largest impact
on increasing the final energy, provided an corresponding laser is available. By equat-
ing the energy of the wakefield with the energy N particles absorb after acceleration
over one dephasing length, the amount of charge that can be accelerated can be esti-
mated as

Mlpm] [P TW]
0.8 100 7

assuming the matching conditions kp,wo ~ k,R ~ 2,/ay are fulfilled, again in prac-

QnCl ~ 0.40 (86)

tical units [146]. This shows that the previously assumed 100 TW Ti:Sa laser is capable
of accelerating approximately 0.4nC of charge, corresponding to 2.5 x 107 electrons.
When comparing the energy of the driving laser, W; a3, with the total energy that is
contained in the witness bunch with N electrons of AW o ag energy, the scaling of the
overall energy efficiency can be derived, NAW/W}  1/ay. This shows that the overall
efficiency decreases with the strength of the laser, as measured by the normalized am-
plitude of its vector potential, ap. Physically, this can be understood as an increasing
percentage of electrons being accelerated so much in the transverse direction by the
high laser intensity that they do not return. These scalings for the expected energy and
charge have been experimentally reproduced, and the approximate order of magnitude

confirmed for a wide range of laser energies [157].

2.2.5 Injection methods

One fundamental difference of LWFA and PWFA is that the velocity of the plasma wave
is typically slower in LWFA, as it equals the group velocity of the driving laser. This
naturally leads to the possibility, that relativistic electrons can enter the wave from
behind [31].

This self-injection occurs in the non-linear regime when the plasma wave breaks, and
has produced the low-energy-spread bunches in the breakthrough experiments of
LWFA [64, 74, 153]. Self-injection relies on the electrons that are statistically scattered
into the plasma cavity by the extremely high-density peak at the point where elec-
trons first cross the axis in the rear of the plasma cavity. The onset of self-injection

was reported to coincide with a laser power exceeding three times the critical power
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for relativistic self-focusing, P1 > 3P [69], whereas the maximum charge is limited by
beam-loading [75]. Until the beam-loading limit is reached, the wake continuously fills
with electrons, resulting in a large energy spread. Low energy-spread bunches are only
possible if self-injection can be confined within a small region. To apply other injection
techniques and avoid self-injection that could contaminate the quality of the obtained
witness bunch, it is necessary to either operate beyond the critical wave-breaking point,
or suppress further self-injection via beam-loading. Bearing this in mind, many other

ionization techniques have been proposed.

lonization injection [36] was used to ionize high-ionization-threshold (HIT) states at the
peak fields of the driving laser in high-Z gases[37, 43, 175], in a spatially confined
dopant gas[140, 173], or in an injector stage which is separated from the accelerator
stage[115, 182, 213]. More recently, two-color ionization injection of HIT electrons by a
second trailing laser pulse was proposed to enhance the quality of the witness bunch,
using different wavelengths for the driving and ionization laser [27, 201, 248]. Earlier,
the use of a second laser to trap plasma electrons whose trajectories are altered by the

laser’s ponderomotive force was considered [227].

To start or enhance self-injection, a density decrease can be used, termed density down-
ramp injection [31, 71, 215], e. g. to fully load the plasma wave at once, or to temporarily
enable self-injection in a linear wakefield. An increasing plasma density can be used
either to reduce or stop self injection in a nonlinear plasma wakefield. The required
density transitions can be realized by locally heating a plasma using a strongly focused
laser causing subsequent thermodynamic expansion [65], or by creating shock fronts
with a sharp edge in a gas jet[199], or application of capillaries to longitudinally tailor
the plasma density [81, 171]. All these techniques are of a hydrodynamic nature, and
therefore rely on the movement of ions, which consequently prohibit a fast build-up
process and are difficult to control precisely because of turbulence. Further injection
techniques such as colliding pulse injection [60, 66, 70] and external injection [84, 103, 196],

have been proposed and experimentally realized.

This completes the theoretical basis of LWFA that is needed for this thesis and which
will be applied in the simulations section, chapter 6 of this work. In the following, a
similar overview will be given for PWFA, where the key injection technique of this work,
Trojan Horse, or underdense plasma-photocathode injection [93] (TH) injection, will be
discussed. Thereafter, the possibility of combining the advantages of LWFA and PWFA
in a hybrid LWFA-PWEFA scheme will be discussed.
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Plasma wakefield acceleration [38, 197] is of great interest since its first observation [194],
mainly due to its major advantage over LWFA of being free from dephasing and not re-
quiring additional guiding of the driver. Here, the plasma wave travels with the speed
of the highly relativistic electron drive beam, which is approximately c, and once elec-
trons are trapped, they do not change their position within the wakefield during accel-
eration. Therefore, the acceleration length is not limited by dephasing and, in addition,
it is not limited by the divergence of the driver, thanks to the strong focusing fields

within the plasma wave.

Unfortunately, the electron beams with high energy (several GeV) and high currents
(several kA) needed to drive a PWFA are currently only available at a few conventional
large-scale accelerator facilities. If an accelerator already exists, there seems to be no
point in also having a PWFA facility. However, if the plasma accelerator can provide
a better quality or a higher energy than its driver, the effort can be justified. This
indeed can be achieved using the Trojan Horse injection technique, which promises
to provide extremely high-quality bunches and was first demonstrated in a proof-of-
principle experiment at Stanford Linear Accelerator Center (SLAC)[53]. The details of

this injection technique will be discussed in this chapter after the introduction of PWFA.

Early experiments at SLAC demonstrated metre-scale acceleration in a lithium heat-pipe
oven [96, 98, 104, 167] with multi-GeV energy gain[97] and investigated the accelera-
tion and deceleration of the drive beam without injection of additional electrons. This
led to the hitherto highest observed energy gain in a metre-scale plasma accelerator,
doubling the energy of the rear part of the 42 GeV drive beam [21]. This "afterburner”
concept proposes to use plasma wakefield acceleration to further increase the energy of
an already accelerated electron bunch [129]. The latest milestone of PWFA was also ac-
complished at SLAC and showed for the first time the acceleration of a clearly separated

bunch of significant charge over one GeV with low energy spread [139].

After the successful demonstration of PWFA at SLAC, European facilities such as the
Compact Linear Accelerator for Research and Applications (CLARA) in the UK[41],
and the Future-ORiented Wakefield Accelerator Research and Development (FLASH-
Forward) at DESY [12] in Germany are joining the list of facilities available to contribute
to this area of research. In addition, the accelerator test Facility (ATF) at Brookhaven
National Laboratory (BNL) proposes to implement the Trojan Horse injection in their

next upgrade of the electron beam-line [127, 181].

In PWFA, the driving force, Fsc(r) = eE,(r) o« ny, of a Gaussian electron drive beam
with peak density, ny, is simply the bipolar space-charge field given in equation (29).
The peak density of a Gaussian drive-beam, ny = Ny,/ ((2m)3/20,02), includes the
number of electrons, Ny, = Q/e, its length, 0., and its width, o;. As in the case of

LWFA, in PWFA the strength of the driving force can induce the transition between the
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linear and the nonlinear regime. Comparison of ny, to the plasma density, n, therefore
gives a measure of whether the wakefield is linear, i.e. if ny < np. A more accurate

measure is given by the normalized beam charge [16, 192]

kaf; 2 1 nonlinear wakefield

Q (87)
p < 1 linear wakefield
with Ny, the number of electrons in the drive-beam, n,, the ambient plasma density,
and k,, the skin depth. Q compares the total number of electrons of the drive-beam
with the portion of the plasma electrons that can effectively react to the driver, nyk,, 3 x
np 1/ Z, and is analogous to the ay parameter in LWFA. Like ay, Q is not related to the
longitudinal or transverse size of the driver, so that additional conditions are required
to excite the plasma wakefield resonantly. The maximum wakefield can be obtained

for

kpoy =~ V2 (88)
kpor S 1, (89)

when the electron drive beam is matched to the plasma density [104, 145]. The radius of
the generated plasma cavity is approximately Rimax & 0r+/Tp/np [104]. Although an
electron beam can more easily set up a plasma wave than a laser, its peak electric field
is smaller, and therefore it is more difficult for an electron beam to ionize than it is for
a laser (see equation (53)). Consequently, the plasma typically cannot be efficiently ion-
ized by the PWFA driver and needs some form of pre-ionization. It was demonstrated
that this can be achieved in a heat-pipe oven [167], or by a pre-ionization laser with an
extended line focus (e.g. using an Axicon)[53]. Simulations show that a self-ionized
PWFA is possible for a large drive-beam charge but indicate that only part of the driver

can contribute to exciting the wakefield, resulting in head erosion [6, 240, 252].

2.3.1 Attributes of electron beams

A bi-Gaussian electron drive beam evolves in vacuum according to equation (31). In the
following section, more aspects of its temporal development in plasma and magnetic

fields will be discussed.

Phase space and emittance

One of the most important measures of the quality of an electron-beam is the emit-
tance [67]. The full phase-space distribution includes all positions, (x,y,z), and mo-
menta, (px, Py, Pz), of an electron bunch and needs to be projected to provide a useful
measure. This is usually done by taking statistical moments in both transverse direc-

tions, x, y, of the distribution (for details see chapter C) to obtain a simpler description
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for the evolution of the electron bunch. As the description in both transverse direc-
tions is analogous, the following discussion only considers one direction, but equally
applies for the other. Instead of the phase space {x,px}, one typically uses the iden-
tity x’ = dx/dz = px/p. to measure the emittance in trace-space {x, x'}[67]. The second
trace-space coordinate, x’, is equal to the divergence, 6 = arctan(p/pz) = px/pPz, when
the paraxial approximation, px < p, applies. For a Gaussian bunch, the distribution

in trace-space can be described by an ellipse of the form
2 ! /2 .
Yx° 4 2oxx +Px “ =¢, (90)

with 7te, the area of the ellipse, and «, 3, and vy, the Twiss parameters that are related to

the shape and orientation of the ellipse as displayed in figure 8. The Twiss parameters

-ouVely tan2¢ = 20/(y—P)

Figure 8: Phase-space ellipse of a Gaussian electron bunch, visualizing the meaning of the

Twiss parameters (Picture taken from [238])

can be obtained by the second central moments of the trace-space distribution of N

particles (for more details see Appendix chapter C)
1 1 g
o2 _ [ 2\ — 2 .
#-ste= (T (L)
1 1 g
ey =0y =(x") =3 > X (N Zx{> (01)

—ea =0y = (xx') = %Zinxj’— <]1]le> %Zx;
i i j

Because a tilted ellipse is fully described by three parameters, one of the four pa-
rameters «, B, v, € is redundant, and py — «? = 1. The values of o, and oy corre-
spond to the standard deviation of the electron distribution in the transverse direc-
tion, known as the bunch width, and the standard deviation of the divergence, x’,

respectively. The value of € can now be identified with the rms trace space emittance
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€ = \/ (x2)(x2) = (xx")?, by inserting the Twiss parameters into py — «? = 1. Be-
cause x’ = px/p. decreases during acceleration (increasing p_), this emittance is not

constant and can be normalized by multiplication with the mean forward momentum

en =20 fay 2y )2 (92)

mecC

This definition is a good measure of the quality of an electron bunch because it neither
changes under linear focusing fields nor during acceleration, and therefore only de-
pends on the generation process of the bunch [36, 117]. Of course, these are idealized
assumptions and the emittance is not always constant but might increase and deteri-
orate the bunch quality in an accelerator or transport beam line due to finite energy
spread (phase mixing), thermal effects, and at density transitions e. g. at the exit of the

plasma [68, 160, 162].
Another representation of the ellipse equation (90), is given by

—1
— X
e=x'o 'x=(x %) B (93)
—x Y x/
were o is the beam matrix and the area of the ellipse is given by A = v/ deto. From the
above formalism, it can be seen that the o matrix must have an invariant determinant

deto = €2

= const., which corresponds to the emittance, €, and the area of the ellipse.
Liouville’s principle (49) states that the particle density in phase space does not change
with time if the forces applied are conservative, which is generally fulfilled in particle

accelerators. This is another reason why the emittance is conserved.

Equation of motion

The equation of motion of a single particle in a linear focusing field is given by
x"(z) +K(z)x(z) =0, (94)

where K = k + k2, with k,[m~'] = 0.2998|B[T]|/(BWI[GeV]), the local curvature of
the trajectory, and the field gradient k[m—2] = 0.2998¢g(T/m]/(BW|[GeV]) (with B, and
g, the magnetic field, and magnetic field strength, respectively, 3 = v/c, and W, the
energy of the electron). For instance, the equations of motion for an electron inside
an ion channel are x” + eznp/(Zmeeo)x =0,and K = eznp/(Zmeeo). Assuming K =

const. > 0, the solutions of equation (94) are

C(z) = cos(VKz) S(z) = \% sin(vKz), (95)

and for K < 0

_ 1

C(z) = cosh(VKz) S(z) R

sinh(vKz), (96)



2.3 ELECTRON-BEAM-DRIVEN PLASMA WAKEFIELD ACCELERATORS

which satisfy the initial conditions C(0) = 1, S(0) = 0, C’(0) = 0, and S’(0) = 1. The
general solution can be written as

x(z) = C(z)xo + S(2)xy, (97)

x'(z) = C'(z)x0 +S'(2)x, (98)

were Xxo and x§ = dxo/dz define the initial state of the electron [238]. The change of the

trace space of an electron, x' = {x(z) x'(z)}, along a beam transport line, can now be

calculated in the matrix formalism [238]
xs = Mx;, (99)

where the transport matrix,

M — C(z) S(z) (100)
C'(z) S'(z)

is dependent on the type of beam-steering element, and the initial and final state is
xi, and xy, respectively. The trace space of the electron bunch as a whole is therefore

advanced from its initial state o to its final state o¢ by
or=M-o;-M". (101)

The trajectory of an electron with the trace space coordinates {xx’} in a beam transport
line is governed by equation (99). This matrix can be used to describe the influence of
various linear beam-steering elements, such as dipoles and quadruples. A drift space
of length L, for example, can be represented by [238]

1 L

Mo — . (102)
01

The transport matrix of a focusing quadrupole (k| > 0) of length L is given by
cos sin ¢/v'k
Moy — ¢ ¢/ / (103)
—Vksin ¢ cos ¢
with ¢ = /[k|L, whereas a defocusing quadrupole (k = —[k|) is represented by the

transport matrix

cosh¢  sinhd/Vk
Moo = . (104)
Vi sinh ¢ cosh ¢
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For more details see
[195], [188], or
[238].

The result from multiple beam elements of a beamline, e. g. the often used beam trans- Focusing is referred

port line consisting of a periodic focusing and defocusing lattice (FODO), is obtained
by multiplication of all included transport matrices. The trajectory of an electron is

than expressed as

Xt = MQF . Mo . MQD . Moxi. (105)

to the x direction.
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At a later point in this thesis, a beamline is designed based on this transport matrix.
Although all these definitions are based on Gaussian distributions, they are used for
arbitrary particle distributions and still represent a valuable measure of beam quality.

For other distributions, the rms value no longer includes ~ 68.27% of the area.

Envelope equation

To follow the evolution of a Gaussian electron-bunch, the equation of motion of a
single particle needs to be extended to the evolution of the beam envelope[195]. In
equation (101), a formalism was constructed to determine the evolution of a bunch
using the transport matrix M. However, to ease the inclusion of additional effects, it
is more convenient to switch to a differential approach again. The derivatives of the

transverse size, 0, of a Gaussian bunch are

do 1 0 Oxx/
/ X 2 XX
oy = =5 \X )= — 106
X dz 20y az< ) ox (106)
and,

X ox dz o3 Ox o3 o3 Ox

Applied to an electron bunch accelerated and focused inside a plasma wakefield, the
envelope equation

e2

" k2 _ n
oy (z) + kg or(z) V032 (108)
can be derived in analogy to equation (94), assuming an axially symmetric (ox =
oy = 0y) Gaussian electron bunch in the paraxial approximation (3, > ;). Inside

the blowout, the bunch undergoes betatron oscillations with period Ag = 2m/kg, and

betatron frequency wg = ckg = cjzly. The first pinching point (focus) of an electron
beam inside the blowout can therefore be expected after Ag /2 = 71/kg. The special case
where the ion-channel focusing is balanced by the diverging trend and the bunch is
therefore matched to the plasma, can be found by setting o)/ (z) = 0 in equation (108),

resulting in

Oreq = 4 /e—n (109)
T‘,eq 'ka .

Beam brightness and luminosity

The normalized Brightness [188]
21,

Bn=—5—"—
T“€nxEny

(110)

is a combined parameter that is designed to measure the quality of an electron bunch
with peak current I,,, and normalized transverse emittances €, x, and €, ,;, whose max-

imization enhances achievable free-electron laser [126] (FEL) performance. Specifically
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for FEL applications, the energy spread of the bunch plays a crucial role and therefore
is included in the normalized 6D-Brightness [54]
Q

—_—, (111)
€Enx€n,y€n,z

B'rL,6D =

where the longitudinal emittance, €, ., is added to include the effect of the energy (lon-
gitudinal momentum) spread. A higher 6D-Brightness allows FEL-operation at shorter
wavelengths and using a shorter undulator. Similarly, the Luminosity,

fN?

L = ——————
4oy oy’

(112)

is one measure of the quality of an electron and a positron bunch for application in a
collider, with the collision frequency, f. For both bunches, an equal number of particles,
N, and equal transverse dimensions, oy, 0y, are assumed. However, for a collider that
is based on plasma wakefield acceleration, positrons also need to be accelerated, for
which the accelerating and focusing phase is much smaller in nonlinear wakefields [203,

248], which means that it is more difficult to build.

Space-charge

Naturally, the compression of charged particles is made difficult by the repulsive elec-
tric Coulomb fields that are given by equation (32) for a Gaussian electron bunch.
As discussed in the context of the propagation of charged particle beams, in sec-
tion 1.2.4, this outward force is damped like 1/v? for relativistic particle beams. To
decide whether the space-charge force or relativistic damping dominates for a given
bunch, the generalized perveance [35, 187]

is defined, where 1, is the Alfvén current (36), and I, is the peak current of the electron
bunch; i.e. if X < 1, the space-charge can be neglected. With. The repulsive space-

charge force then results in the equation of motion for a single electron

X
n__ o>
=" (114)
and the envelope equation is given by
XK 2
oy (z) + K or(z) - o0 (115)

or(z) a v? G% (z)
2.3.2  Electron-beam-plasma interactions

Interestingly, there are several driver-plasma interactions in PWFA that are similar to
that of LWFA. The fundamental characteristics that are alike are the focusing and de-
celeration of the driver by the plasma, without which acceleration would not be sus-

tainable. However, some instabilities such as hosing [56, 104, 237] or head erosion [252]
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arise in both scenarios based on the mentioned similarities. Firstly, the most prominent
effect of a plasma on electron beams, plasma lensing [176], will be discussed, which is

similar to plasma guiding of laser pulses.

Plasma lensing

The focusing is caused by the interaction of a charged particle beam with a homoge-
neous plasma (passive plasma lens), or due to the external generation of strong cylin-
drical magnetic fields inside the plasma by high currents (active plasma lens)[228].
Generally, there are two different regimes, termed underdense (n, < ny) and overdense
(np > ny) plasma lensing. In the former, the ambient plasma density is less than the
density of the electron bunch; for the latter it exceeds it. Using plasma to focus elec-
tron beams instead of conventional quadrupole magnets, has the big advantage that
the focusing force is in principle unlimited® and focuses in both transverse directions
simultaneously. High focusing strengths are crucial, as the Lorentz force is damped
by 1/y? and therefore becomes increasingly ineffective for highly energetic electron
beams. Plasma lenses are therefore promising candidates to work in combination with
plasma accelerators, in order to provide for stronger acceleration and focusing than

conventional magnet- and solenoid-based solutions.

Here, only passive, underdense (n, < nyp) plasma lensing will be considered because
it has the advantage over the overdense plasma lensing that the focusing strength only
depends on the ambient plasma density (and not also on the bunch density). The
criterion n, < Ny, effectively puts an upper limit on the density of the plasma that
can be applied for a given bunch and with it, on the achievable focusing strength. This
condition equals that to set up a highly nonlinear plasma wakefield and the focusing

tields inside the generated plasma channel with radius [104]

Rmax & Oy, /& (116)
Mp

are then exploited to guide the electron beam. The passive, underdense plasma lens

is most effective for a thin, k,0, < 1, and long, k,0, > 1, bunch. This ensures that
the bunch completely fits into the ion channel, i.e. 0, < Ryax and the leading part
of the bunch that does not propagate within the electron-free region can be neglected.
The leading part of the beam that cannot be focused due to the finite time the plasma
electrons need to react to the electron bunch’s expelling space-charge force can be
estimated to be approximately the plasma skin depth, k, 1

The focusing force inside the ion channel is given by

2
en m
p.__TMe 2

T 2eo T 2 Y

which is also the origin of the betatron oscillations that all bunches inside a plasma

F(r) = T, (117)

wakefield undergo during acceleration. To focus short bunches, k0, < 1, which are

1 Until the density cannot be further increased without loosing the properties of a plasma.
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typical for plasma accelerators, an active plasma lens can be applied, i.e. within a
discharge capillary. This has been experimentally exploited, for instance to focus a
LWFA-generated bunch into a second plasma stage for post-acceleration [213, 228]. Fur-
ther discussions on the focusing behavior of underdense plasma lensing can be found
in[89, 104, 121] In the overdense case, ny < mp, the beam is focused by its own
magnetic field, while its electric field is effectively screened by the plasma. Overdense
plasma lensing can further increase the focusing strength on a given electron bunch.
However, the focusing strength becomes also dependent on the bunch density. This
implies that the focusing force is a function of the distribution of the charge of the
bunch.

Physical limitations

Because in PWFA neither dephasing nor divergence limits the acceleration length, the
depletion of the energy of the drive beam ultimately limits the acceleration length,
provided other instabilities can be avoided. The energy loss of the drive beam can
be immediately inferred from the physics of the blowout, discussed in section 2.1.1.
It was shown in equation (61) that the radial current of the expelled electrons is
directly connected to a longitudinal field, which is decelerating for electrons. The
rate at which the electron drive beam is decelerated is therefore given by the maxi-
mum of the decelerating field, E, mqx. The driver will have lost all its energy when

eEzmaxLlace = MeC%Ydriver. This limits the acceleration length to

mec?

Lace > Ydriver E .
z,max

(118)

The energy gain of the witness bunch is eE, maxLace = ydﬁvermeczEzlmax/EZ,mm,
where the transformer ratio T = E.max/Ezmin (for symmetric drivers, T < 2) was
used. Due to energy conservation, it is obvious that, for fully beam-loaded situations,
where the witness bunch has as many electrons as the driver, the witness bunch cannot
gain more energy than the driver. To achieve higher energies in the witness bunch, a
high transformer ratio is needed and the witness bunch must contain significantly less

charge.

2.3.3 Injection methods

Because in PWFA, in contrast to LWFA, the driver and plasma wake jointly propagate
with approximately the speed of light in vacuum, for electrons it is not possible to enter
the blowout from behind (self-injection). Therefore, the acceleration is dephasing free,
so that better controlled injection techniques can be applied, and less unwanted charge,
often referred to as dark current, can be trapped [150]. Three distinct methods have been

investigated to inject electrons into PWFA: density down-ramp injection[84, 155, 215,
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245], internal ionization injection [92—94, 137, 154, 242, 244] and external injection of a

pre-accelerated bunch [85, 91].

So far, the internal underdense plasma photocathode injection, dubbed the "Trojan
Horse" method, has drawn much attention and promises a controlled injection of elec-
tron bunches with very low emittance and very high brightness. Therefore, a special
emphasis will be given to this injection method, which will be described in a separate
section 2.4 and is used later in this thesis. Recently, a novel method to inject electrons
into PWFA by applying a transverse ionization laser in front of the wakefield for con-
trolled and fast injection was proposed by the author and others [240, 241] and will be
discussed in chapter 3. First, however, the conditions needed for electron trapping will
be derived, assuming that electrons are liberated inside the blowout and are initially at

rest, as in the TH injection method.

Electron trapping

In order to inject electrons into the plasma wakefield, they must be accelerated to the
same velocity as the wakefield within the length of its accelerating phase. Because the
plasma wave’s velocity is equal to the velocity of the electron drive beam, the injected
electrons must gain the energy of the driver. However, thanks to the high field strengths
and the small electron mass, the difference of the velocities becomes negligible very
quickly and the electrons no longer change their relative position within the wakefield

noticeably. It can be shown that in the quasi-static approximation

0 e
gt (Y vty - (@) ) =0 (119)

is a constant of the motion, were vy is the relativistic factor, p, = ymev, is the forward
momentum of the electron, @ is the scalar potential and A; is the longitudinal compo-
nent of the vector potential of the wakefield [164]. With the definition of the trapping

potential

e

VoV
(®—vphA;) =y — y% — const. , (120)

V=

mec?
which is the third term of equation (119), the potential difference

VVph ViVph
Ap =P —i =vr—vr Czp —Yit+Vi lczp (121)

between the initial (subscript i) and the final (subscript f) state of an electron can
be formulated. This allows the condition for trapping to be deduced by demanding
that the final velocity of the injected electron must at least be equal to the velocity of
the wakefield, v¢ > vpn. The required potential difference that the electron needs to

traverse to gain this velocity then becomes

1 VphVi
< — — v __P
AP < Yo Yi (1 2 ) (122)
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with the relativistic factor of the wakefield, y,n = (1 — v%h /c2)~1/2 In the simplest
form, where the electron is initially at rest, vi = 0, and the wakefield is highly relativis-

tic, ypn > 1, the trapping condition reads
AP < —1, (123)

and it can be seen that any positive initial velocity, vi > 0, would make trapping easier
AP < —yi (1 —vpnvi/c?). To meet this trapping condition, electron drive beams with
high currents are required to excite a highly nonlinear wakefield that generates a deep
trapping potential. For instance, considering electrons to travel approximately with the
speed of the wakefield when they reached 99% of the speed of light (3 = 0.99, v ~7),
2

they have an energy of mec“(y — 1) = 3.6 MeV. Therefore, the electron must pass a

potential of approximately 3.6 MV within the plasma cavity to be trapped.

However, an easier way to make trapping possible, e. g. for an electron drive beam with
lower current, is to apply a density down-ramp to locally reduce the phase velocity of
the wakefield [119, 155]. In a homogeneous plasma, the phase velocity of the wakefield
is constant and equal to the velocity of the driver. However, at a region of decreasing

density, dk,,/dz > 0, the phase velocity is reduced to

Vph £ dkp)
»ph (1 =2
c < +kp 0z ’ (124)

which can make 1/ypn = /11— V%h/ c? large enough to allow for trapping if A} <
(1/vpn) — 1. This allows self-injection of electrons via wave-breaking[71, 155, 240,
245], or enables TH-injection in an intermediate region using a softer ramp while self-

injection is suppressed [119].

It is important to note that with the trapping condition (122), a condition was found
that allows, but does not guarantee trapping. As only longitudinal dynamics has been
considered so far, in addition it is required that the electrons are trapped at a position
where the transverse field is focusing, which does not necessarily coincide with the

tirst condition, e. g. at the rear of the blowout.

2.4 TROJAN HORSE WITNESS-BUNCH GENERATION

One of the most promising witness-bunch generation techniques that is available for
plasma wakefield acceleration is the underdense plasma photocathode or "Trojan Horse"
method [93]. Similar to the conventional photocathode [55], a tightly focused laser is
used to release electrons, in this case, inside the blowout, where Al < —1, to generate
a high-quality electron bunch. In contrast to a conventional photoinjector, in the un-
derdense plasma photocathode, the released electrons can be accelerated very quickly,
thanks to the extremely high accelerating fields inside the plasma wakefield of up to

hundreds of GV/m. This effectively prevents the deterioration of the emittance of the
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witness bunch after ionization because the 1/y? damping of the Lorentz force quickly
compensates the space charge and allows for emittances superior by orders of magni-

tude to conventional techniques.

For an electron source, bound electrons with a high ionization threshold (HIT) are
needed inside the blowout. They should be neither affected by the ionization of the
low ionization threshold (LIT) atoms that are required to constitute the plasma, nor
by the wakefield itself. This is possible only in PWFA, because the fields of the elec-
tron drive beam that can set up a highly nonlinear wakefield are well below that of
a laser that would excite a similar wakefield and keep states of moderate ionization
energy un-ionized. Typically, the driving laser for LWFA can even ionize tightly bound
electrons of high-Z atoms[175] and would therefore not leave much to ionize for a
trailing ionization laser without requiring challenging laser wavelengths [201, 248] or

intensities. The required two distinct ionization energies for TH injection can be that of
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Figure g: The first three ionization energies of atoms with increasing atomic number.

a single gas species, with a very low first, and a high second ionization energy, such
as lithium, or two (or more) gas species, whose first ionization energies substantially
differ, like lithium and helium. The use of two gas species has the big advantage that
the density of the HIT component can be adjusted independently from the density of
the LIT component, which is required to vary the amount of injected electrons. As can
be seen from figure 9, the highest first ionization energies can be found for Z = 2(He),
10(Ne), 18(Ar), ..., corresponding to noble gases, which are therefore good candidates
for the HIT component. However, in order not to deteriorate the emittance of the wit-
ness bunch, extremely high ionization energies should be avoided if possible. Immedi-
ately following are alkali metals, Z = 1(H), 3(Li), 11(Na), 19(K), 37(Rb), 55(Cs), ... that
have the lowest first ionization energies and show a first ionization energy decreasing
with higher atomic number. Alkali metals fortunately also have the highest second

ionization energies and are therefore ideal candidates for operation with just one gas
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LIT HIT
element (&;on[eV]) element (&;on[€V]) energy gap [eV] Tpou[® C]

ONE COMPONENT

Li (5.39) Lit (75.64)  (Li** (122.5)) 70.25 1330
Rb (4.18) Rb* (27.29) (Rb?* (40.0)) 23.11 688
Be (9.32) Be™ (18.21) | Be?* (153.9) (Be3™ (217.7)) 135.7 2969

TWO COMPONENTS

H (13.6) He (24.59)  (He™ (54.42)) 10.99
Li (5.39) He (24.59)  (He™ (54.42)) 19.2 1330
Rb (4.18) He (24.59) (Rb* (27.29)) 20.41 688

Table 1: Example combinations of LIT and HIT components. To make the ionization of the gas
that is required for the plasma wakefield as easy as possible, the lowest LITs are ben-
eficial. The HIT component must stay un-ionized during the ionization of the LIT com-
ponent, and in the vicinity of the driver and wakefield. Therefore, a sufficiently large
energy gap and high HIT is required. The next ionization energy is plotted in parenthe-

ses in the central HIT column.

species. If a larger gap between the ionization energies or a larger HIT is required, the
third ionization threshold can be used as HIT, and the first two ionization energies can
both be combined in the LIT-component, e.g. using beryllium. This is needed when
the driver has high, and possibly strongly varying field strengths as a result of beta-
tron oscillations, for example. In fact, the electron drive beam used later in this work
ionizes even the second electron of lithium at the beginning. However, to maintain the
advantageous possibility for changing the HIT-component density independently from
the LIT-component density, the fields of the driver must not ionize helium. For more
details of possible LIT and HIT combinations see Table 1, and for a visualization of the
available ionization energies see figure 9. Besides the ionization energy, other impor-
tant chemical aspects such as toxicity, flammability, acidity, boiling temperature and

formation of molecules must be considered.

As can be seen in figure 10, operating with hydrogen as LIT, and helium as HIT medium,
provides only a narrow gap for useful field strengths for pre-ionization. Much broader
gaps are available with Li as LIT component, and He, or Li* as HIT component. This
would relax the restrictions on the allowable field strengths of the driver and makes

pre-ionization of the LIT component much easier.

Figure 10 shows the part of the ADK-rate that is strictly valid (continuous lines) and also
its continuation for E > E. apk (dashed lines). This illustrates that the used computa-
tional model for ionization fails with increasing field strength. The applied ADK-rate

continues to increase rapidly before reaching a maximum at some 100 — 1000 ionization
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Figure 10: Rates for tunnel ionization from equation (53). The point where the field strength
exceeds the critical field strength for ADK, (54) is shown by dashed lines (compare
Table 2), whereas solid lines indicate that the ADK model is strictly valid.

events per femto-second (depending on the element under consideration, not shown
here), and therefore must result in an underestimation of the ionized charge for sig-
nificantly higher field strengths. This inaccuracy does not affect the amount of ionized
charge if the field increases slowly enough for the ADK rate to fully ionize a gas be-
fore it looses its accuracy. However, it will make a difference at rapidly growing fields
if BSI quickly becomes the dominant ionization process. A detailed overview of the

corresponding values is given in Table 2.

2.4.1  Features of the Trojan Horse injection method

In the following, the correlation between the parameters of the TH-laser and the char-
acteristics of the generated witness bunch will be discussed. In addition, two new

approximations will be derived that estimate the amount of ionized charge and the

scaling of the energy spread.

Ionized charge

A simple estimate of the amount of charge that is ionized by a focused Gaussian laser
pulse can be obtained by assuming that the gas is fully ionized when the local laser
field strength exceeds a critical field strength, E.. The contribution of the wakefield to
the total field strength will be considered to be negligible.
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The envelope of the electric field of the laser is given by o (wo/w(z)) exp (—rz /w(z)z)
(see equation (16)). The positions where the laser field exceeds the critical field, E, can

then be obtained by equating both field strengths. The result is the function

Eo wo ) =Y (z22+z3) In fo_ 2z (125)

Ec w(z) _ZR Ec /ZZ+Z2R ’

which describes the boundary of the ionization volume. The volume in which the laser

1(z) =w(z)4/In (

tield strength exceeds the critical field strength is therefore

Z0 Z0
2

3
Vign =11 J r(z)2dz = 2m0. J (2+22)In | 02X | 4 (126)
R

z Ec /.2 2
—Zo 0 V4 +ZR

with 1(zp) = 0, and the length of the ionized volume in the lab frame

82
ZZO = ZZR ?g —1. (127)
c

The amount of ionized charge is qion = enuit Vion, With nyt, the density of the HIT
component. The analytical solution of the integral (126) gives the ionized charge

w§ [ 3 ZR
Jion = enHITZTt—(Z) [GZR (arctan <) —7r/2> +
9ZR Z0

Zo z(z) + 6ZZR + 3(2(2) + 322R) In %L , (128)
©\/z& 423

which is a function of the laser (ap and wy), the applied element-specific threshold, E,
and the density of the considered species, nyit. Comparison with simulations show
that this approach can overestimates the ionized charge by a factor up to 10 when E. =
E¢Bs1 (see equation (55)) is used. However, a good estimate for the critical field for full
ionization is not easy and is not represented accurately by the simple approximations
(54) and (55). Either way, the fundamental scaling of the ionization mechanism of the

Gaussian laser pulse can be illustrated nicely with this simple approach.

The length over which the laser ionizes, 2z, is a direct measure of the maximum
initial energy spread of the trapped bunch. Because the first ionized electron has been
accelerated over this distance before the last electron is ionized and becomes trapped
at approximately the same position. In the following, the term ’initial” is used to denote
the properties of the ionization volume, which correspond to the bunch characteristics

before trapping. The maximum initial bunch radius,
€o
Ar =1(0) = woq[In | == ), (129)
Ec
in combination with the initial transverse momentum of the released electrons deter-

mines the emittance. The maximum initial bunch length,

€o

A =0,14/2In (E> (130)
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can be estimated by the distance between the center of the laser (& = 0, the most likely
position of the first and last electron to be ionized), and the point where the longi-
tudinal envelope of the laser at focus, £y exp (—&2 / (20§,1)>, exceeds the critical field
strength (approximately the position where the foremost electron will be ionized). The
FWHM duration and length of the laser pulse are given by T and 0,1 = v41/(2v21n2),
respectively. The effect of variations of the laser peak amplitude, ap, and spot radius,
wo, on the length of the ionized volume is depicted by the intersection with an as-

sumed critical field, E. (black line) in figure 11. As can be seen, the properties of the

E[GV/m]
340
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Figure 11: Evolution of the peak electric field strength of a Gaussian laser in the lab frame
for different wy (blue), and ap (red) is shown, including an example threshold for
the critical field strength (black line). For all blue curves ap = 0.083 and for all red

curves wg =5 um.

witness bunch, which are determined by the amplitude of the laser and the length and

width of the ionized volume, are rather sensitive to the parameters of the TH-laser.

Relative energy spread

In a plasma wakefield accelerator in the highly nonlinear regime, the relative energy

spread, ow/ ( W), of the witness bunch can either increase or decrease, with

ow=\(W2)—(W)?,  and (W)=Y pw, (131)
i=1

were pj is the probability of the energy W; (for more details see Appendix chapter C).
The relative energy spread decreases during acceleration when
d < ow > . ow ow

ar\fwy) = Tw) " qw =0 e

ow ow
W)~ (WY

(132)

Because the relative energy spread is positive, <({/‘(,V> > 0, equation (132) is fulfilled

when

(133)
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i.e. the energy increases faster than the energy spread. In the case of the blowout
regime, the accelerating field is approximately linear over a wide range, E,(§) =
Eo(kp/2)E, (see equation (62)) and the energy of an electron is given by W = 3, ceE,t
(E2 <0, £ <0, e <0). Assuming a non-evolving wakefield and 3, ~ 1 for all electrons,

the rate at which the mean energy of an electron bunch increases when it is accelerated

by this field is given by
d(w) _
ar ~ PecelEa). (134)

The linear accelerating field strength, E, (&), leads to a linear energy chirp, W(§) =
B-ceEo(kp/2)tE, which increases with time. From this, the connection between the
energy spread and the bunch length o\ = ,ceEq(kp/2)to,, and the rate at which the

energy spread increases

dO'W

dE
TR B.ceEo(kp/2)0, = P ce——0, >0 (135)

d&
can be inferred. Combining the results from equation (135) and equation (134), it can

be seen that the relative energy spread decreases in a linear accelerating field when

dE,

(EZ>>d—£GZ.

(136)

The relative energy spread therefore decreases during acceleration when the acceler-

ating gradient, ‘gg = Eo(kp/2), times the bunch length, o, is smaller than the mean

accelerating field, ( E; ), at the trapping position of the witness bunch. Because the
slope of the accelerating field increases with the density as ‘}1—% X My, while the ampli-
tude of the wakefield increases only as ( E; ) o< Eg o /1, the energy spread and the

relative energy spread can be lowered by operating at a lower density.

Emittance

The key feature that makes the underdense plasma photocathode a unique acceler-
ator concept is its ability to produce bunches with an ultra-low emittance of e, ~
1077 =108 mrad, and peak brightness values of up to B,, ~ 10" Am—2rad 2, ex-
ceeding the quality of current RF accelerators by at least one order of magnitude [94].

The scaling of the emittance of a TH bunch before trapping was estimated as [93]
en ~ Woao/23/2, (137)

assuming €, ~ 0,0p,/(Mmec). From this, it can be seen that the initial emittance for
typical laser intensities required to ionize HITs, ap ~ 0.1 and wo ~ 5 um, would result
in e, ~ 20nmrad. However, during the trapping process, phase mixing increases the
emittance as €, w%, still allowing for e, ~ 10~8 mrad-level emittances [201, 242].

Including the ionization dynamics of a linearly polarized laser and the influence of
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phase mixing during trapping, the thermal emittances parallel and perpendicular to

the plane of laser polarization are given by

3/2 2
ao 37'[T‘e EviOTL H) < 2aO )
€ = Kgowi— _— 1+ —— 138
T EROTON dad ( Eion (kpowo)? (138)
3/2
ao 3TETe E,ion H
k230 , ’
€n, 1 = KpoWo 3703 ( E ) (139)

where kgo = kg(z = 0), and kg = kp/+/2y, and the effect of the ponderomotive force
is negligible, i.e. ap < 1.

Because the emittance scales with wjay, it increases together with the amount of ion-
ized charge. Bunches with a low emittance typically also have low charge. A freely
selectable HIT-component density however allows the emittance to be tweaked inde-
pendently from the charge (and peak current), which is a key feature to optimize the
FEL performance. Although electrons are most likely to be released at the peak field
of the rapidly oscillating part of the laser pulse, some are also released some distance
before or after it. This leads to a residual transverse momentum after the passage of
the laser pulse, as the positive and negative transverse acceleration of the electrons in
the field of the laser is no longer on average zero [131]. To minimize this effect, it is ad-
visable to reduce the intensity of the ionizing laser to just slightly above the ionization
threshold.

lonization and trapping dynamics

Assuming that the laser pulse completely ionizes the HIT component on axis, the length
over which the degree of ionization jumps from zero to one is significantly shorter
than the laser pulse and the electrons are born essentially within a thin, curved surface
that changes with time. The shifting of this ionization front with respect to the laser
pulse not only determines the initial bunch length, but also results in a crescent-like
shape of the initial longitudinal phase space of the generated witness bunch. The ori-
entation of this crescent-like shape thereby depends on whether the TH-laser focus is
located within the accelerating or the decelerating phase of the blowout. When the
laser releases electrons within the decelerating phase of the wakefield in front of the
blowout center, they are first accelerated in the opposite direction (backwards) until the
longitudinal wakefield switches its sign. After that, they are slowed down until they
stop at the same distance to the blowout center as their release position. From there
on, the electrons quickly gain velocity in the forward direction at further increasing
field strengths, and eventually become trapped. However, this reverses the order of the
electrons—so that the first electron becomes the last and vice versa and the orientation

of the crescent-like shape of the longitudinal phase space is reversed.

The first electrons to be free originate from near the center of the Gaussian laser pulse
when its continuously increasing electric field strength increases the probability for ion-

ization. While the peak intensity of the laser increases towards its focus, the ionization
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front moves forward, whereas behind the focus, the ionization front goes back again
and the last electrons are released at a similar position with respect to the laser pulse as
the first electrons. However, the electrons that are freed and trapped first have gained
energy in the meantime and are therefore separated from the last electrons in longitu-
dinal phase space, which results in the crescent-like shape. This shape is distorted as
the first electrons are trapped at the unperturbed accelerating field at the back of the
blowout, while all electrons that arrive later feel the reduced combined field strength
of the plasma wave and the trapped electrons. If the number of trapped electrons is
large enough to cause a significant variation of the wakefield (beam-loading), this re-
sults in a shift of the trapping position for the subsequent electrons. Additionally, due
to the linearly increasing accelerating field, the electrons at the back of the witness
bunch are accelerated faster than those at the front and the longitudinal phase space
is tilted throughout the acceleration (energy chirp). Interestingly, the combination of
these processes can lead to a folding of the witness bunch in longitudinal phase space,

which significantly increases the peak current at the knee.

Recently, the TH-method has been successfully demonstrated using the high-energy
electron-beam at the Facility for Advanced Accelerator Experimental Tests, at SLAC
[99] (FACET), which is now closed for an upgrade. This major milestone was enabled by
the novel optical Plasma Torch technique that allowed for the required fs-level synchro-
nization between the driver and the injection laser. The optical Plasma Torch technique
was developed by the author and others [241] and will be discussed separately in chap-
ter 3. The enhancement of the witness-bunch quality towards the theoretically possible,
potentially game-changing quality of the Trojan Horse method is one key experiment
in upcoming PWFA facilities such as ATF [180], FACET-II and FLASHForward [12].

2.5 THE HYBRID LWFA-PWFA SCHEME

All the discussed advantages of the Trojan Horse method, can only reach their full
potential if an appropriate electron drive beam is available to set up a stable, highly
nonlinear wakefield. Currently, only one facility, the Stanford Linear Accelerator Cen-
ter, can provide a suitable drive beam, applying a conventional large-scale linear accel-
erator based on RF technology to accelerate a ~ 31nC electron beam to about 20 GeV
of energy (for a list of other PWFA facilities see Table 8). Finding alternative PWFA
drivers and making them more available and less expensive is therefore one key task
in PWFA research. However, this particular field has not been investigated much until
now, which leaves many possibilities open for investigation. This work can therefore
only provide one part of the necessary research and will discuss how a beam produced
in LWFA can be utilized to drive a PWFA. Previously, the transition from LWFA to PWFA

within a single plasma stage was investigated by three-dimensional PIC simulations in
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which the accelerated electrons drive a wakefield after the LWFA-drive laser has lost its
capability to do so[174].

The number of PWFA facilities is small compared to the number of strong laser systems
in operation that are capable of driving highly nonlinear plasma wakefields (as shown
in Table 9 and figure 47). Making electron beams from LWFA available as drivers for
PWFA, would therefore dramatically increase the number of PWFA-facilities. Also, the
most severe limitations of LWFA, diffraction and dephasing, can be avoided in PWEFA,
where witness bunches with potentially much higher quality can be generated via

Trojan Horse injection [94, 242].

The characteristic length for the divergence in vacuum of an electron bunch, * =
U%/Oy/ €n ~ 1'm, is significantly longer than that of a laser pulse, zr = W(z)ﬁ/ AL~ 1Tmm,
for typical parameters. Besides the less pronounced divergence, the electron beam is
automatically focused by the plasma and can excite a dephasing-free plasma wave
much more efficiently than a laser pulse. This makes a particle beam a significantly
better driver for plasma wakefield acceleration than a laser pulse. In particular, beams
from LWFA are well suited to drive a PWFA, because they are already very compact
and the high energy spread and emittance, which are typical in LWFA, do not spoil the
capability of driving a PWFA. Another big advantage is the inherent synchronization
between the laser of the LWFA stage and the drive beam of the PWFA stage, which can be
used for the synchronization for the TH injection, which is otherwise very challenging.
And, last but not least, after it has lost its capability to drive a plasma wakefield, the
laser from the LWFA stage could be re-used to pre-ionize part of the second PWFA stage,
which is difficult for an electron beam. Now, the requirements for a LWFA beam to be
able to drive a PWFA will be discussed.

Producing drivers for PWFA in LWFA

In order to set up a highly nonlinear wakefield (Q > 1, see (87)), the PWFA drive beam
must have a larger charge and peak current than typical LWFA experiments, which
reported ~ 10 —100pC, using lasers with energies of a few joules. This is related to
the fact that the experiments were designed to produce quasi mono-energetic beams
with a good emittance to match the requirements of typical applications. On the other
hand, a higher laser power would have been required to accelerate more charge (see
equation (86)). However, theory and simulations show that it is possible to generate
high-energy, high-charge electron beams in LWFA that are potentially well suited as
drivers for PWFA [105, 156, 230]. From detailed PWFA-TH simulation studies with several
plausible LWFA bunches, it was found that the drive beam must have at least 0.5n.C
of charge for TH injection to function properly (using a spherical drive beam with
Ox = 0y = 0, = 7um, and I, = 8.5kA). For drive beams with a lower charge, the

trapping condition can be fulfilled, but because the wakefield is only slightly nonlinear,
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the part of the wake that is simultaneously focusing and accelerating is small and

trapping at defocusing fields may occur.

Besides a high charge of the drive beam, a sufficiently high energy is important to
sustain the wakefield and to take advantage of the possibility of a longer accelera-
tion length compared to LWFA. To accelerate a witness bunch to more than 1GeV,
which is the chosen minimum energy required for the FEL in this work, the drive beam
should have at least the same energy, assuming the effective transformer ratio to be
T ~ 1 (see equation (70)). The minimum energy that is required for the drive laser
in the LWFA stage can be estimated by the energy that is required for the drive beam
in the PWFA stage, which can easily be calculated from its total charge and energy
via W{[]] = QnCIW[GeV]. However, when considering that the overall efficiency of
plasma wakefield acceleration is typically only a few percent, the energy of the drive

laser must be chosen proportionally higher.

For example, the electron beam at FACET has approximately 3 nC of charge and 20 GeV
of energy, which is equivalent to a 60 ] laser pulse. Therefore, to accelerate a similar
electron beam in a LWFA stage, a laser with significantly more energy than 60 ] would
be required. On the other hand, the drive-beam charge and energy that is indeed nec-
essary for PWFA is somewhat lower than that of the FACET driver; i. e. an optimal driver
would have around 1nC and 10 GeV. The energy of the drive laser that is required to
accelerate this electron beam (with 1nC, and 10 GeV), can therefore be estimated to be
~ 100 ], assuming the overall efficiency of the LWFA to be ~ 1%. The energy of 10 GeV
for the PWFA drive beam was chosen to approximately balance the need for a stable
and long acceleration enabled by the high energy of the drive beam with the necessity

to keep the energy of the drive laser within reasonable limits.

Transportation of the LWFA beam

One of the challenges of plasma wakefield accelerators is to capture and transport the
witness bunch behind the plasma, because of the typically large divergence, possibly
large charge, high energy spread and large shot-to-shot variance [138, 205]. To transport
and focus a LWFA beam into a PWFA using conventional methods, is therefore not easy.
Experimentally, the separation of a LWFA into an injector and an accelerator stage with-
out beam-steering elements between the plasma stages has been realized, by putting
both plasma stages immediately next to each other[140, 182] and producing energies
as high as 3 GeV[115]. Recently, one group demonstrated the transport of an electron
beam, using an active plasma lens between two LWFA stages, which were separately
driven by two laser pulses[213]. This showed, for the first time, that the coupling of
multiple laser wakefield accelerators is possible to achieve higher energies. The setup

of this experiment could also easily be used as a hybrid LWFA-PWFA accelerator.

To drive a PWFA, the beam must enter the plasma stage with approximately the cor-

rect length to efficiently set up the wakefield (88) and with small enough transverse

61

The effective
transformer ration is
dependent on the
trapping position of
the witness bunch

and beam-loading.



62

EMPLOYING PLASMA WAVES AS PARTICLE ACCELERATORS

dimensions (89) to fit into the blowout. In order to compensate the high transverse mo-
menta of the electrons from LWFA, and to prevent them from escaping from the plasma
cavity, a minimum focusing force, F(r) = —eznp /(2€;), and thus density is required
in the PWFA. The usable densities of the PWFA stage are therefore determined by the
dimensions and the divergence of the generated electron beam. For TH injection, the
field strength of the beam must be large enough to enable trapping by setting up a
nonlinear wakefield (see (122)), but it must not ionize the HIT species, and ideally, the
electron drive beam should be able to pre-ionize the LIT species. To match these require-
ments, the plasma density and the LIT and HIT species must be chosen appropriately,

e. g. using lithium and helium to ensure a broad gap between the ionization energies.

However, if the driver is able to ionize the HIT species, it is not difficult to lower its peak
field strength by just letting it diverge in a free drift space. When entering the PWFA
stage, part of the drive bunch is then outside the wakefield and no longer contributes
to driving it. This can effectively lower the peak field below the HIT and also has
the advantage that the drive-beam electrons that are still within the blowout, have
a reduced divergence, p,/p., and a higher mean energy, W o p2. The velocity at
which electrons with different energies diverge (or focus) can be increased by the use
of the chromatic dispersion of a plasma lens, e.g. for beams with a high energy and
accordingly low divergence. However, when energies beyond a certain threshold are

truncated, the bunch length is shortened due to the energy chirp.

A detailed discussion of the choices for the simulation parameters will be given in
chapter 6 and chapter 7, where three-dimensional simulations are conducted, including
all important physical aspects of both plasma stages. In the following chapter, the

concept of the optical Plasma Torch injection will be introduced.



OPTICAL PLASMA TORCH INJECTION

The optical Plasma Torch injection was recently introduced by the author and oth-
ers [240, 241]. This technique is primarily applicable in PWFA, but with some changes
it is also viable in LWFA. Compared to other injection methods in PWFA (other than
TH), it provides the possibility for high repetition rates and most interestingly, an easy
setup that can be aligned and optimized very well until high witness-bunch quality is
achieved. The alignment and synchronization is done between the electron drive beam
and a laser pulse, and it is therefore also well suited as an intermediate step towards
more advanced setups that require a very precise alighment and synchronization such
as TH. That is why this technique became a crucial part of the setup of the experimen-
tal campaign E210 at FACET that eventually established Plasma Torch and Trojan Horse
injection. With the Plasma Torch, it was not only possible to successfully inject charge
into a PWFA setup, but also to provide the critical, precise synchronization in the proof-
of-principle experiment of Trojan Horse. Due to this great success, the Plasma Torch
is also planned to become a part of future experiments, e.g. at the FLASHForward

facility.
3.1 FUNCTIONAL PRINCIPLE

The technique uses a moderately intense and focused laser that crosses the axis of the
drive beam perpendicularly in a plasma wakefield accelerator (see figure 12). The laser
pulse arrives before the electron drive beam and ionizes a high ionization threshold
species at the region of its focal point that stays neutral in the vicinity of the fields of

the electron drive beam and its wake.

A

A =800 nm
I~1e15 1/cm?

torch laser \

preionization
laser

L7 0 axicon /

LIT/HIT
gas reservoir

Figure 12: Schematic of the experimental realization of the optical Plasma Torch technique.
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The plasma column thereby created, picturesquely named “optical Plasma Torch” is very
well adjustable in its density, width and position by adjusting the background gas den-
sity and the laser. Importantly, it can be adjusted independently from the parameters
of the PWFA. During the interaction with the drive beam and wakefield, a controlled in-
jection into the blowout is possible when electrons at the boundary of the plasma wave

enter a region where they can continue to be accelerated in the forward direction.

This technique has the advantage that it is easy to get injection, even with badly aligned
geometry, and synchronization on the few ns level, by applying a wide laser spot, or
shifting the focal position to increase the possible interaction region. It is therefore
a very fast and easy method to achieve injection, and allows the generation of high-
quality electron bunches, as well as alignment and synchronization of a laser to the
electron drive beam. Even if no charge is injected into the wakefield, a deflection of the

drive beam could be measurable [104, 166].

Once the signal of the injected charge in seen, the alignment can be adjusted down
to the order of 10 microns, enabling high-quality witness-bunch generation, and very
good alignment and synchronization that can facilitate advanced injection and acceler-
ation concepts. Naturally, the injection vanishes if the ionizing laser arrives later than
the drive beam at the interaction point. This gives the opportunity to reduce the delay
until the laser arrives exactly as the plasma wake is produced, making it possible to
ionize directly within the wakefield. This creates the possibility to achieve Trojan Horse
injection, as only the laser intensity has to be lowered to ionize just within the blowout
(for the Trojan Horse method, a lower laser intensity is required when compared to the
Plasma Torch).

3.2 DIFFERENT IMPLEMENTATION POSSIBILITIES

Beam-driven plasma-wakefield accelerators can be operated in two modes: either the
background gas has to be ionized in front of the drive beam; or, if the drive-beam
space-charge fields exceed the ionization threshold of the background gas within a
radius larger than the blowout, it may ionize the plasma itself, and simultaneously
drive the wakefield. Further, a second gas species with a significantly higher ionization
potential can be added to provide the possibility to locally create additional plasma
when higher field strengths are applied. As regards the capability of an electron beam
to ionize, it must have a comparatively high charge in order to be able to exceed even
low ionization thresholds and its space-charge fields must extend over a sufficiently
large radius. This is possible only for high-current electron beams (on the order of
10 kA), which also introduces more possible sources of unwanted injected charge from

the HIT, gas if present. Also, for the typical Gaussian-like drive beam, the ionization
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occurs only near the center of the drive beam at peak electric-field strengths, leaving
the head of the beam unused for driving the wakefield, and subject to free transverse
expansion. On the the other hand, only the lowest ionization threshold media such as
lithium (5.39 eV), or rubidium (4.18 eV) can be utilized. This implies several challenges,
such as the need to vaporize it first and toxicity. These issues have been addressed
in the first self-ionized PWFA experiments at FACET [167, 173] where a lithium-helium
mixture was used and helium ionization and subsequent trapping at driver lensing

positions has been shown.

Considering the self-ionized scenario, the Plasma Torch scheme works with a different
physical mechanism than in a pre-ionized plasma, based on the fact that the ionization
front is not at the beam front but near its center for a Gaussian-like beam. In this case,
Plasma Torch injection is possible even when the local plasma column exhibits the same
density as in the wakefield, using just one gas. When the drive-beam enters the pre-
ionized region of the Plasma Torch, the blowout is shifted to the front of the drive-beam,
where no plasma would be otherwise. Thus more drive-beam current contributes to set
up the wakefield, resulting in a higher accelerating gradient and amplification of the
blowout. At the exit of the Plasma Torch, the blowout shifts back until its front (and
the ionization front) is near the drive-beam center again, while the accelerating field is
still amplified at the back of the blowout. This creates the possibility that charge can
enter the blowout from behind, which is quickly accelerated to relativistic energies and

becomes trapped.

In the second possible scheme of pre-ionized PWFA, the torch laser ionizes a HIT com-
ponent, and therefore the wakefield interacts with locally increased density. This short-
ens the plasma-wave cavity during passage, and allows electrons to enter from the
rear of the plasma cavity as well, similar to the well known density-downramp injec-
tion method [215]. The change of the torch density can vary the amount of injected
charge—not possible in a single-component gas, where the torch density cannot be
adjusted independently from the wakefield. Also a mixed scheme is possible, where
a self-ionized PWFA setup is applied and the torch laser ionizes the LIT as well as an
additional HIT component, leading to a double-trapezoid plasma-density profile and
an injection mechanism that is a combination of both previous cases. For a detailed

discussion and simulation results of all cases see [240] and [241].

Using a laser to generate a locally increased plasma density comes with the big ad-
vantage that extremely short and sharp ramps can be produced, favorable also with
regard to the time scales at which the ramp can be generated, compared with other
hydrodynamical solutions that have been applied so far. Density ramps that are short

compared to the plasma wavelength are required for effective injection [215].

Because the plasma density profile is a direct measure of the applied laser-intensity
profile, it can be controlled very well and even more complex shapes can be realized

if required. The delay between the plasma torch and the arrival of the electron bunch
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allows the ramp edges to be softened, as equilibration of the plasma density sets in.
The relaxation time depends on the plasma density and the temperature of the elec-
trons. This temperature can be regulated by the laser, as electrons exhibit an initial
momentum after ionization, and can be additionally heated by absorption due to in-
verse Bremsstrahlung. Consequently, the most stable optical Plasma Torch is generated
if the applied laser power is only slightly above the ionization threshold, and elec-
trons within it stay cold, so the duration of the Plasma Torch is only limited by the

recombination time.

Using a high-power laser and applying a delay on the few ns level will set up a strong
non-equilibrium state followed by a hydrodynamic equilibration process that can be
used to inject electrons also in LWFA. After ionization and heating, the electrons dissi-
pate into the colder surrounding plasma, leaving an electron-depleted region on axis.
Ions therefore begin to follow, creating two steep density peaks along the plasma wake-
tield accelerator axis after 1 —2ns [65]. The whole relaxation process leads to a temporal
density evolution that can be compared with the waves on a water surface after throw-
ing a stone into it, where the highest wave occurs immediately after the excitation,

featuring the mentioned double-peak profile.

3.3 PLASMA-TORCH TRAPPING CONDITIONS

In the following, only the pre-ionized scenario will be considered, as it clearly pro-
vides the best stability and controllability besides producing the highest quality wit-

ness bunches [240].

As has been shown in the case of the injection of electrons into the blowout, the trap-

ping condition, Al < v%m —vi (1— VJ’C}‘%), also dependents on the phase velocity of the

wake, vpp (and ypn = (1 —V%h/cz)*]/z). This phase velocity ‘)"Th = (1 + é%)i] is
a function of the density gradient, and density ramps can therefore facilitate trapping.
Given a strong drive beam that can excite a nonlinear wakefield for which the trapping
condition (122) is fulfilled within a significant portion of the blowout, naturally trap-
ping disappears when the perturbation exerted by the Plasma Torch becomes too weak.
This is the case if the ratio of the Plasma Torch density, and the background density
becomes too small, or if the Plasma Torch is too short. Thus, one important figure of
merit is the ratio of torch width, Ly, to plasma wavelength within the torch A, 1, which
should be bigger than one.

Lt > )\p,T (140)

However, the occurrence of trapping is also dependent on the strength of the plasma
wave (and therefore its driver) and its capability to quickly accelerate electrons to a

relativistic velocity. The inference might therefore be formulated as
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“Trapping occurs if the blowout fits into the Plasma Torch (Lt > A, 1), and its rear is
located at a position where electrons would have been trapped if they were released

at this position outside the Plasma Torch (A < —1)".

The last part of this condition ensures that the driver is strong enough to excite a

wakefield that can trap electrons.

In the following, a simulation series will be shown where a FACET-type drive beam
(23 GeV energy, 2% total energy spread, 1 nC of charge and 2.25 mm mrad normalized
rms emittance) drives a plasma wake in a pre-ionized hydrogen plasma as LIT medium
of 1 x 10'® cm™3 density, and helium as HIT medium whose density was varied from
0.1 x 10" cm ™3 to 10 x 10'® cm 3. The diameter of the Plasma Torch stays approxi-
mately the same at ~ 400 um, while the torch density is altered from 1/10 to 10 times

the background density. For the helium densities from 0.1 to 0.6 x 10'¢ cm =3

, ho trap-
ping was observed. For helium densities from 0.6 to 1 x 10" cm—3, electrons were
trapped at a position too far towards the rear of the blowout, where they were radially

pushed outside the blowout again by its defocusing fields.

This behavior is illustrated in figure 13, where the ratio of helium density to hydrogen
density is plotted against the amount of stably trapped charge (left), and the position
of the first trapped electron (right). Note that the torch density is ny 4+ nne, but only
the helium density was varied, so for convenience the aforementioned ratio of torch

density to background density (ny 4+ npe)/nn is simplified to nye/ny. The simula-
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Figure 13: The amount of stably trapped charge behind the torch as a function of density within
the torch (left), and the position of the first trapped electrons (right). The threshold
for stable injection for a FACET-type driver was nyy = nye = 1 x 10'®cm™3 (blue
line).

tion with nye = 6ny was removed due to technical difficulties. After stable trapping
setsin at ny = npe = 1 x 10'° cm ™3, the trapped charge scales approximately linearly
with the helium density until beam-loading forbids further injection (not yet reached

in the figure).
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The right sub-figure shows that, in addition to increasing the trapped charge, increas-
ing the density of the Plasma Torch also shifts the trapping position of the foremost
electron closer to the blowout center, and longer witness bunches are generated.

It can also be seen in this figure that there is a first and a last possible trapping posi-
tion in the blowout, limited at the rear by the point were the transverse fields switch
to defocusing, and at the front by the distance that electrons need to become trapped
when coming from the blowout center. This can be understood as a consequence of
the shrinking of the blowout inside the torch when the helium density is increased. So
electrons are situated further towards the front of the blowout—compared with a sce-
nario with less helium density—which is their starting point for forward acceleration
and trapping when leaving the Plasma Torch. So the higher the helium density within

the Plasma Torch, the smaller the plasma blowout and the earlier the trapping position.

10t )
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Figure 14: Stably injected charge against the Plasma Torch diameter in units of the plasma
wavelength inside the torch, showing that it is not sufficient that the blowout fits
inside the Plasma Torch (Lt /A, 1 = 1) to get injection, but also the driver strength
must be taken into account. For L1 /A, v < 1.7 no stable injection was found.

In conclusion, the amount of trapped charge increases with increase in density within
the Plasma Torch up to several nC’s, so the wakefield behind the first cavity is mostly
compensated by the wakefield of the trapped charge, and only one plasma cavity exists.
The ratio of the density within, and outside the Plasma Torch—or the ratio of both
plasma wavelengths—also determines the position of the leading edge, and the length
of the witness bunch. Further, it is not sufficient that the blowout fits into the length
(and width) of the Plasma Torch (Lt/A, 1 > 1), as shown in figure 14. Depending
on the drive beam, the blowout must be significantly smaller than the diameter of the
Plasma Torch, which means a higher density of the HIT component. Using a FACET-type
drive beam, stable trapping has been observed for Lt/A, 1 2 1.7.



3.3 PLASMA-TORCH TRAPPING CONDITIONS

Smaller Plasma Torch density provides the opportunity to produce very short witness
bunches, with less charge (compared to the observed nC-level) and trapping in further
plasma-wave buckets becomes possible. However, if the trapping position is too far
towards the rear of the blowout, the transverse defocusing fields of the blowout can
lead to complete destruction of the witness bunch. The witness bunch quality that has
been achieved in the simulation series shown above was at the single digit mm mrad
emittance level, and the energy spread shortly after the torch was on the order of 10%
to several 10%, at approximately 10 MeV energy. The best witness bunch properties
that have been measured in the computer simulations so far were from a bunch with
257 pC charge, 25 MeV energy, and 6.4% energy spread, 2.7 mmmrad emittance, and
3.62kA peak current extracted 10 mm after the Plasma Torch [240]. Note that the work
discussed here was focused on showing the injection process and resulting witness-
bunch quality, but did not consider the acceleration, during which the total energy
spread can be continuously decreased (see equation (172)). Further enhancements of
these results are possible, for instance with controlled beam loading by applying spe-
cial Plasma Torch profiles. Also, previous research was performed based only on a
strong FACET-type drive beam (of 1 —3nC charge and many GeV’s of energy); varying
the driver properties and background plasma density could therefore be another way

to enhance the quality of the resulting witness bunch.
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4.1 INTRODUCTION

One promising application of the high-energy, low-emittance TH-bunches is the gener-
ation of high-power (GW), short-wavelength (A) radiation in a free-electron laser (FEL)
[126]. The FEL contains an undulator, a long structure of magnets with a periodically
switching orientation of the magnetic field (visualized in figure 15). When traversing
the undulator, the electrons are forced into a sinusoidal trajectory and therefore emit
radiation in the forward direction. The wavelength of this radiation is proportional
to the undulator period over the square of the energy of the bunch A, « A, /y?, and
therefore very short wavelengths can be generated. For example, for y = 1000 (corre-
sponding to an electron energy of ~ 511 MeV), an undulator period of A, = Tcm, and
an undulator parameter of a,, ~ 1, the emitted radiation has a wavelength as small
as 5nm. One other major advantage over conventional laser systems is that the gen-
erated wavelength can be continuously tuned by easily accessible parameters. This is

one reason why FELs are of growing interest today.

Figure 15: FEL principle by Horst Frank, XFEL.

However, other than conventional laser systems, the FEL requires a very high-quality
electron bunch the production of which, so far, needs a large-scale accelerator. Plasma-
based accelerators could thus help to make FELs less expensive, more available and
smaller. Because the size of the accelerator cavity is much smaller in a plasma-based
accelerator than in a conventional accelerator and the accelerating fields are much
stronger, the slope of the accelerating field is much steeper. Therefore, an accelerat-
ing bunch must either be accordingly shorter in a plasma-based accelerator, or it will
feel a larger difference in the accelerating fields within the bunch, which significantly
changes the energy gain between the front and the back. Bunches that are accelerated
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in a plasma wakefield have therefore typically a large correlated energy spread (chirp),
which can be compensated by letting the bunch propagate through a reversed field
slope. Even without the compensation of the correlated energy spread, the FEL-process
is possible if the fractional energy spread (which is the energy spread within a slice of
the bunch), is low enough [204]. In addition, the bunch parameters must be adjusted
behind the plasma to match the requirements of the FEL, in particular the large diver-
gence needs to be lowered. Using a plasma accelerator to drive a FEL is therefore not as
easy as using a conventional accelerator. First experiments have already shown undula-
tor radiation from bunches produced by plasma wakefield accelerators [72, 198], but for

the FEL, significant advances in the quality of the accelerated bunches are required [45].

4.2 ELECTRON MOTION IN AN UNDULATOR

If electrons with the total relativistic energy ym.c? are forced onto a sinusoidal trajec-
tory by an altering magnetic field, a periodic transverse acceleration is induced due to

the Lorentz force (see equation 13).

YMeV = —ev X B, (141)

where v = %. Assuming a planar undulator, the magnetic field on the symmetry plane

y = 0 is given by
B = —Bg sin(kyz)ey (142)

where By is the magnetic field amplitude, k,, = 27t/A,, is the undulator number, and
ey denotes the unity vector in the y direction. Then, the electron motion is determined

by two differential equations of second order

e . .. e
Byz, Z=-—
Yme YMe

X =

Byx. (143)

With the approximation that the velocity in the forward direction is constant z ~ 3¢
(and Z =~ 0) throughout the sinusoidal motion, and much faster than the transverse

component of the velocity z > 1,

. eBo
~ ymeBckZ

x(t) sin(kupct),  z(t) = Pet (144)

Defining the start of the undulator at z =0, x(0) = 0 and %(0) = eBo/ymeky, results in

x(z) sin(kyz), (145)

YRk
introducing the undulator parameter

. eBo .
K= =093 Bo[T] Aulem] (146)
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which is one of the key parameters of FELs. It is proportional to the magnetic field
strength By, and the undulator period A, = 271/k,, and is a measure of the amplitude of
the sinusoidal motion. With this definition, the mean velocity in the forward direction
can be expressed as vV, = ¢ <1 — 2‘7 (1 + KTZ)) The maximum cone of the emitted
radiation, Omax ~ K/Pvy, is proportional to the undulator parameter, and 1/vy is the
instantaneous opening angle of the radiation from relativistic electrons in a magnetic
field. If the opening angle of the undulator motion of the electrons is smaller than one
over gamma (Omax < 1/y, P ~1 = K < 1), the radiation of many positions on a
trajectory along the undulator spatially overlap in the forward direction. Consequently,
interference of the radiation on axis results in a narrow spectral bandwidth of the
fundamental wavelength and its odd higher harmonics. These are the characteristics
of the undulator, defined by K < 1. This condition usually is a bit relaxed and K-values

of 2 or 3 are still counted as undulators.

In a wiggler, the amplitude of the oscillatory motion is increased, and thus K > 1. Here,
the cone of the emitted radiation covers a larger angle, the intensity has a minimum on
axis, the bandwidth is broader, and the total photon output increases, while the inten-
sity of the fundamental wavelength decreases. As is evident from equation (145), the
electron motion in the transverse direction is a sine, with period k. /27 and amplitude
of K/yBky, if the small longitudinal oscillation is ignored (2 ~ const). Thus, to first
order, the electron will emit dipole radiation with power

Pr = eer kil (147)

12meo (14 K2/2)2’

which is independent of the considered system (moving or stationary). Because this
formula does not include the effect of the longitudinal motion, it describes only the
power of the first harmonic. The total power of the spontaneously emitted undulator
radiation can be derived by summing over all angles and all harmonics
e?cy?K2k2

127eg (148)

Ptotal =

and is consistent with the formula for synchrotron radiation. This formula is also valid
for wiggler radiation, where the power is increased proportional to K?, whereas the
power contained in the first harmonic decreases as 1/K2.

The bandwidth, dw/w, of the fundamental wavelength, A = 27ic/w, of the undulator

radiation (K < 1) decreases with the number of undulator periods, N,,, as

Aw 1

o SN (149)

The angle at which the first harmonic is emitted decreases as well with the number of

undulator periods as

o 1+K2/2 (150)
°~ 3V 2Ny 5
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where o0g denotes the rms deviation of the angle of the emitted radiation, ®. From
equation 150, it can be seen that the fundamental wavelength of undulator radiation is

significantly better collimated than pure synchrotron radiation, namely by a factor of
approximately 1/v/Ny < 1.
To better understand why an undulator is capable of producing coherent light, the
path differences of the emitted radiation must be considered. Only wavelengths that
overlap at an integer multiple of their own wavelength after one undulator period
can propagate in the undulator. All other wavelengths interfere destructively. The path
difference is also a function of the angle ©. This restricts the propagation in the forward
direction, ® = 0, to odd harmonics. Near the axis, ® =~ 0, the wavelengths of the
spontaneous undulator radiation are given by

Au

Ay =
™ 2my2

(1+a%+vy?@%) m=1,35..., (151)

with a2 = K?/2 for planar undulators and aZ = K? for helical undulators. Note that
Am = A1/m, and A1 is proportional to A, /v?, where y denotes the electron energy, Ay
the undulator period, K the undulator parameter given by equation 146, and © is the
angle with respect to the propagation axis z. As © ~ K/v, the last term in equation
151 is negligible for large gamma. For radiation observed slightly off axis, ® > 0, all
harmonics can occur, m = 1,2,3.... The emitted radiation is linearly polarized in the
plane of the electron motion for a planar undulator, or circularly polarized for helical

undulators.

To transfer energy from the electron to the light wave, the time derivative of the energy

of the electrons must be negative
dW/dt = —ev, (t)Ex(t) < 0. (152)

This is the case if the transverse velocity of the electron, vy, and the electric field,
Ey, point into the same direction. If this is the case at some point, the light will
continue to move forward with ¢, while the average speed of the electron is Vv, =
c(1—(2+K2)/(4y?%)) < c. A continuous transfer of energy is therefore only possible if
the transverse velocity of the electron always points into the same direction as the elec-
tric field of the light wave. This can be achieved if the phase of the light wave advances
by an optical wavelength, A,, within one undulator period, A,,, and the difference of the
electron and light travel time fulfills cAt = ¢(1/v, —1/c)(A./2) £ Ar/2. Rearranging

this requirement gives

Ar = ;;2 (1+a), (153)
the only wavelength which provides a sustained energy transfer from an electron with
the resonant energy y = v, to the light wave. The equivalence of equation (151) for
O = 0, and (153) is an extremely important finding. It means that the resonant wave-

length for continuous energy gain of the light wave exactly matches the wavelength
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of the undulator radiation in the forward direction. This is the reason why sponta-
neous undulator radiation can be used to seed the FEL process, enabling self-amplified

spontaneous emission (SASE).

In equation 146, the longitudinal motion is neglected, leading to the undulator parame-
ter K. Discarding the assumption of the longitudinal motion being constant, v, = v, (t),

the modified undulator parameter

~ KZ KZ

can be derived, where ]y, and J; are Bessel functions of zeroth and first order, respec-
tively. The modified undulator parameter, K, is always smaller than K. Note that in
a helical undulator, the longitudinal motion is constant and therefore the use of K is
justified. Including the oscillatory therm in the longitudinal motion, not only enables
the generation of higher harmonics but also has an influence on the gain of the funda-

mental wavelength, but not on the wavelength itself.

4.3 HIGH-GAIN FEL

For simplicity, only planar undulators will be considered in the following. By using a
planar undulator, one direction of the bunch is dominant and can be chosen to be the
plane of better bunch quality in case there is a difference, e. g. due to laser polarization.

The power of the emitted undulator radiation is[159]

2 2
N N N
Poc | Eie™| =) Ef+1) ) EjEcelthiie (155)
j=1 j=1 j=1 k=1 oy
where
P = (ky +ki)z—wit +1o (156)

is the ponderomotive phase of the emitted radiation (k, wy, and V¢ denote the wave num-
ber, frequency and the initial phase of the emitted light, respectively), E; the electric
field and N > 1 the number of electrons. Keeping the ponderomotive phase constant,
dp/dt = (ky + ki )v, —wy = 0, is another way to determine the resonant wavelength in
equation (153). The first part of the right-hand side of equation (155) is linearly propor-
tional to the number of electrons, oc N, while the second part lets the power increase
with the square of the number of electrons, N2, If all electrons have different phases,
the second term is small and tends to interfere destructively. This is the case at the
start of the FEL process, where incoherent radiation is generated and the total power
is approximately the sum of the emitted power of N independent electrons. To profit
from the second, potentially much larger term, the phases of all electrons must be cor-
related such that \; ~ 1y, which requires that all electrons are periodically bunched
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at the resonant wavelength, A,.. Then, the power increases with N2, and the radiation is
coherent. This constitutes the high-gain regime and justifies calling it a “free-electron

laser”.

4.3.1  First-order equations

To model the full FEL process, the evolution of the electric field and the phase space of
the electrons must be computed. The temporal development of the phase can easily be
obtained by taking the derivative of equation (156) d{/dt = (ky + k{)v, — wy, resulting
in equation (160). The rate at which the phase of the n-th electron advances is therefore

only dependent on the energy of this electron and the undulator period A, = 27/k,,.

As an electron with the resonance energy, v, constantly transfers energy to the light
wave, it looses energy and therefore shifts out of resonance. A measure of this energy

detuning is given by the relative energy deviation

} ,T
J— , 1
n= (157)

where 7y, is the resonance energy, which is coupled to the resonance wavelength by
equation (153), and y = y(t) is the energy of the electron that is subject to deceleration.
The temporal development of the energy deviation, dn/dt = (1/y,)(dy/dt) is the
second important equation that is required to compute the evolution of the FEL process.
The energy transfer rate, dy/dt, can be determined starting from equation (152), with
W, = yrmecz, considering the complex amplitude of the electric field in the transverse
and forward directions to account for the coupling to the light wave and the space
charge, respectively. Adding both effects and applying the slowly varying amplitude
approximation (which is justified by A, > Ay) results in

dn e KEx - :

-0 __ - St i )

i meczyrm [<2Yr + Z) e ] (158)
With

~ inpcs -

Eo(e) =~ () (159)

equation (161) follows. In equation (161), the complex modulated amplitude of the

current, j1(z), of the electron bunch given in equation (163) was used. Note, the current
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density can be derived from j, = v,p. The complete set of coupled first-order 1D FEL

equations is given by

0
alzn =2kunn n=1.N (160)
ann o € EEx iu0627 iPn
0z B meCZ‘YT% [(ZYT w ) ¢ (161)
oE, uocﬁ7
2z 4y N (162)
T
1 n=1 ) )
1 =20y D_e W =2jo (e ) = 2job (163)
N

where j; = 2job contains the bunching factor b = ( e *¥n ). As electrons with differ-
ent phases gain energy from, or lose energy to, the light wave, they begin to period-
ically bunch depending on their phase. The modulated current distribution thereby
induced takes this change of the electron distribution into account by the bunching
factor, 0 < b < 1, which is a measure of the obtained phase correlation (see also equa-
tion (155)) and enables the high-gain regime. At saturation, the electron distribution
has reached the maximum possible bunching that degrades from there on and the

energy is transferred from the light wave back to the electrons.

The set of coupled equations (160-162) describes the evolution of the ponderomotive
phase 1, the relative energy deviation 1y, of the n-th electron, complex modulated
current density j; and the complex amplitude of the radiation field E, along the undu-
lator axis, z. A periodic (or continuous) electron beam along the undulator is assumed
in this set of equations and the drive beam diameter, 1, is assumed to be large (i.e.
T > m, where the gain length, Lo, will be defined in equation (169)). The main
physics of the high gain FEL is included in this set of equations; however, no analyti-
cal solution is known. Containing micro-bunching, and saturation, these equations can
already describe the most important phenomena of the FEL, but the SASE mode can-
not be modeled. To predict important quantities like the growth rate of the emitted
power, these 1D equations will be generalized in the next section to allow an arbitrary
phase-space distribution of the electron bunch.

The set of 2N + 2 coupled equations (160-163) cannot be solved analytically, and there-
fore must be integrated numerically. This is done by the fully time-dependent three-
dimensional FEL code [186] (GENESIS) that will be used in chapter 8 to simulate the FEL

process.

4.3.2 Third-Order equation

The set of coupled 1D equations can be transformed into one third-order equation
and solved analytically by first-order perturbation theory. A treatment at higher orders

would allow for the generation of higher harmonics which are excluded in the present
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analysis. First-order perturbation theory can be applied, and the ponderomotive phase,
1, and the energy spread, n, can be eliminated from the equations, if the density mod-
ulation is assumed to be small. This results in the third-order equation of the electric
field [200]

B /2 124 K2 2k, \2\ E. .
rf); +2i <run> rfz + ( rszc - <r‘un> > Tx —ikx =0, (164)

which has the advantage that it can be solved analytically. In equation (164), two im-

portant parameters have been introduced: the FEL gain parameter

R 1/3
uOKzezkune
[=|—————— , 6

and the space-charge parameter

2 2 2A
. \/W :\/ L wp (166)
YrMeWy Y+Au C

Usually, the influence of the space charge can be neglected for highly relativistic elec-

tron beams, v > 1 = k. < T, but even for ks = 0.5T, the gain length (which will be

introduced in equation (169)) is only increased by about 10%.

The coefficient of the relative energy deviation, 1, in equation (164) is combined in the

famous FEL, or Pierce parameter [23, 159]

. 2/3
_r_ 1 (Iv)vs KA / (167)
PFEL = 2ky  2yr \Ia V22no, ’ 7

This is the central parameter in FEL theory and connected to all important physical

quantities of the FEL process. The simplest form of equation (164)

~ I

r—’g —iE, =0 (168)

is obtained when a mono-energetic (n = 0), high-energy bunch (ks. = 0) is assumed.
This simplified equation can be solved with the trial solution Ey(z) = Ae** that leads
to o3 = il'3, and the general solution Ex(z) = A1e(r/2)(i+‘/§)z +Aze(r/z)“_‘/§)z +
Aze Tz, The real part of this solution is the electric field, and the A;’s are defined by
the initial conditions. Only the first eigenvalue of this solution, &; = (i + V/3)T/2, has
a positive real part and for large z, leads to an exponential growth of the amplitude
of the electric field with power P(z) ‘EX‘Z x eV37z = ¢#/Lao. Now, the important
question of how fast the emitted radiation is amplified can be answered, introducing

the ideal gain length

1 1
Lgo=—— = .
g V3 V32kuprerL

This gain length assumes a one-dimensional, highly relativistic electron beam without

(169)

energy spread. In any realistic FEL, this length is larger because of a finite bunch length,
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non-zero energy spread, space charge, betatron oscillations, and radiation diffraction.
In this thesis, the formalism of M. Xie [243] is used to estimate the realistic gain length,
Ly, of a three-dimensional bunch, including radiation diffraction, the electron-beam

transverse emittance and energy spread.

4.4 CHARACTERISTIC FEL PARAMETERS

So far, the exponential growth of the radiation power was discussed, during which the
average energy of the electron bunch decreases. The relative energy spread grows at a
similar rate as the power, o, /vy =~ pre1 (P/Psat), due to the discrete nature of the spon-
taneous photon emission over a broad energy spectrum (the saturation power, Pgq¢,
will be defined in the following). Consequently, the energy of the electrons leaves the
resonant bandwidth of the undulator at some point, marking the end of the exponen-
tial growth and, thereafter, energy is pumped back from the light wave to the electrons.
The distance after which this occurs is reached when o, /vy 2 prer, and is called the
saturation length. Huang et. al. [101] estimated this length to be

A
Lsat & — = 4mv3Lg0 ~ 21.8L0, (170)
PFEL

however, it is more common to assume Lgqt ~ 20Lg4o. The saturated radiation power can

be estimated by
Psat ~ preL Py, (171)

with Py = [gypmec?/e, the power that is initially contained in the electron bunch. The
Pierce parameter can therefore be seen as the overall efficiency of the FEL, which is typi-
cally on the order of 1073. The bandwidth of the undulator radiation decreases with the
distance in the undulator as o, /w = 3\ﬁpFEL\/m x z V2 and is 0 /W ~ PFEL

at saturation. A highly efficient FEL therefore produces a broad spectrum.

Similarly, the energy detuning of the electrons that can be tolerated by the undulator
ism < prer. In contrast to the space-charge parameter, the energy spread o, /vy (and
relative energy deviationn = (y —<y)/v+) has a significant influence on the gain length
of the FEL. While a mono-energetic bunch (o, = 0) reaches the ideal value of the
gain length, Lo, for o /y = 0.5prgr, the gain length is already 25% larger than the
ideal gain length. For 0., /v = prer, the gain length already increases by more than a
factor of two[200]. Because only particles inside a narrow energy window contribute
constructively to the FEL-gain process, it is crucial that the energy spread is significantly
smaller than the Pierce parameter and an often-used upper limit for the initial relative
energy spread is given by

Oy _ PFEL

y 27
This requirement is essential for good FEL performance; it is a challenge to meet it

(172)

when applying plasma wakefield accelerators as sources for FEL drive beams.
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Slippage

Electrons perform a sinusoidal motion in the undulator (see equation (145)), and there-
fore travel a longer distance compared to the straight path of the emitted photons.
Consequently, electrons have a smaller average velocity in the forward direction and
slip back by one resonant wavelength with respect to the photons in every undulator
period, as dictated by the resonance condition (153). The instantaneously accumulated

phase slippage
Ls = NyAr (173)

therefore increases with longer resonant wavelength, A, and number of undulator
periods, Ny, = Lsqt/Auw = 1/prer. Within an undulator of length Lsq¢ = Aw/preL, the
total accumulated slippage is simply L max = A+/prer. For the generated radiation to
not move out of the electron bunch and thus to overlap within the undulator, the total
accumulated slippage should not be larger than the bunch length
Ay
PFEL

< 0. (174)

I—s,max =

This is an important condition, as electron bunches from plasma accelerators are typ-
ically very short (few microns). If this condition is not fulfilled, the saturation of the
lasing process is substantially delayed and the generated light pulse is stretched. In the

transverse direction, an analogous condition must be fulfilled [116]

YAy
< p
n 47t

which guarantees transverse overlap by ensuring that the bunch divergence is smaller

(175)

than the divergence of the emitted photons. This condition also shows the energy
and wavelength possibilities for a given bunch, and limits the attainable minimum

wavelength through the emittance for a given energy.

Self-amplified spontaneous emission

The FEL process can be seen as an instability that needs an initial seed to start. This
seed can be provided by either a slightly pre-bunched electron distribution, or an
external seed laser at the resonant wavelength. The other option is to let the process
start from the incoherent shot noise of the initial undulator radiation. This process is
called SASE[23] and requires a longer undulator and starting phase of the FEL. The
radiation pulse in a SASE-FEL develops phase correlation only within a short range, the
cooperation length, that is determined by the phase slippage over one gain length
PR
V34mpreL

These regions develop temporal coherence and cause a spike in the spectrum, so a

(176)

bunch of length o, will show approximately o,/(27L.) spikes. This includes the pos-
sibility to build a single spike SASE-FEL, where a very short bunch with o, ~ 27l is
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applied [190, 191]. Then, close attention must be paid to keep the phase slippage as

short as the bunch length by using a short undulator and resonant wavelength.

The cooperation length, L., has an important role in the applicability of electron
bunches with energy chirp in FELs. Because the coherence length in the SASE mode
is ~ 2ml, it is sufficient that the energy spread fulfills the condition (172) only within
this range. This opens the possibility for electron bunches with an energy spread that
in total violates 0., /v < pre1 /2, to be used in a FEL when the fractional (or slice) energy
spread meets this condition. The length of the slices must therefore be about as long

as the cooperation length of the considered undulator, and the energy chirp is limited

by [204]

- ( o )<<1 (177)

Oz fwhm pFE]_

with 0, fywhm = 022V 21In2 the FWHM bunch length, prg; the Pierce parameter, A, the

resonant wavelength of the undulator, and the slope of the energy chirp «. given by

Ay §
— = X

, 178
Y Co—z,fwhm ( 7 )

where & = z — ct is zero in the center of the bunch.
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COMPUTATIONAL METHODS

5.1 PARTICLE-IN-CELL ALGORITHM

Physicists have largely profited from computational methods that are used to predict
the development of physical systems. Especially in very complex systems like plasmas,
this has led to large accomplishments, enabled by ever better computer systems. De-
spite very large modern high-performance computing (HPC) machines, plasma wake-
tield acceleration is not—and does not need to be—modeled including all details of the
system. Usually, a selection of relevant interactions and other simplifying assumptions

are made that do not affect the physical processes of interest.

To simplify the computation of a macroscopic weakly coupled plasma, it is convenient
to define macro-particles that are composed of a large number of physical particles and
thereby reduce the number of particles of the system. Another benefit of this technique
is the use of finite size particles, instead of using point-like electrons that interact with
the Coulomb potential that becomes infinite for zero distance. The macro-particles are
designed to avoid this singularity by using an interaction that decreases again as soon
as the macro-particles start to overlap and is the same as the Coulomb potential for
distances larger than the particle radius. The thereby reduced potential energy in the
system is compensated for by using less particles to reproduce the plasma parameter
(40).

These macro-particles are used in the PIC method [20, 95], which allows the interaction
of three-dimensional collisionless plasmas with relativistic particle beams and high-
power lasers to be computed. The PIC method is widely applied in the computation
of plasma-based accelerator research and is based on the Maxwell equations (2-5) in
combination with the Vlassov equation (equation (48) with the right-hand side set to
zero). To give a small error, the Maxwell equations are solved with the finite-difference
time-domain (FDTD) method and advanced in time on a Yee-mesh [247]. In this mesh,
the values of the magnetic field are defined at the center of the faces of the cells,
whereas the values of the electric field and current are defined at the middle of the
edges of the cells. In the FDTD method, the time is advanced in half steps, where the
electric-field values are computed at half-integer time steps and the magnetic-field
values are computed at integer time steps (leap-frog algorithm). Particles are advanced

through free space [24].

The fields and the particles are alternately advanced within the PIC cycle. The charge
and current densities are deposited onto the grid, followed by solving the Maxwell
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equations to calculate the electric and magnetic field values at the respective grid
points. Then, the fields are interpolated back onto the locations of the particles to calcu-
late the Lorentz force and the particles are moved after the integration of the equations

of motion using the leap-frog method.

Naturally, the spatial size of the cell of the grid must be chosen sufficiently small to
resolve all important phenomena. To avoid numerical instability, the time step must

tulfill the Courant-Friedrichs-Lewy condition [46, 247]

cAt < /AX? + Ay? + Az2, (179)

which precludes propagating particles faster than one cell per time step. For the PWFA
simulations in this work, the time step cAt = Az/2 is used to minimize the growth
rate of numerical instabilities associated with a relativistic particle bunch [78]. Other
restrictions can arise, e.g. when a high-power laser is used, a smaller time step is

required that scales with the laser amplitude [11].

Further, the discretization of the electromagnetic field leads to a minimum wavelength
that can be resolved with the chosen cell size. This alters the dispersion at small wave-
lengths and leads to the artificial effect that particles may travel faster than the numer-
ical speed of their own radiation. Hence, resonant interaction between the light and
the particle can lead to the generation of an artificial source of radiation. This numeri-
cal Cherenkov radiation was studied intensely [47, 78, 86, 135, 249] and can be reduced
by a careful choice of the simulation parameters or alternative field solvers. However,
the origin of this effect, the discrete nature of the electric field on the grid, cannot be
avoided within the PIC method. The minimum wavelength that can be resolved by a
grid with the resolution Az is Ain = 2Az, restricting the wave numbers to k < 7t/Az.

In the applied standard Yee-mesh, electromagnetic waves propagate according to the
dispersion relation [86]

L sin —wAt : = L sin kxAx ’ +
cAt 2 -\ Ax 2
T (kAy\\> (1 . (kAz\\?
<Ay sin ( > )) + <Az sin ( > >) , (180)

whereas in vacuum the dispersion is w?/c? = k2 + k%, + k2. This numerical dispersion

error significantly slows down the speed of electromagnetic waves near the cut-off fre-
quency. Note that the numerical dispersion is most accurate along the diagonal of the

simulation cell and least accurate along the axes.

In this work, the high-performance multi-physics cross-platform computational simu-

lation framework [169] (VSim)" was used to compute full three-dimensional laser- and

Plasma acceleration package (PA), solely developed to perform large-scale simulations of laser-plasma

and beam-plasma acceleration experiments by Tech-X
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beam-driven plasma wakefield accelerator scenarios. Within Vsim, all operators are lo-
cal, which enables local communication via the Message Passing Interface (MPI) and
proven scaling up to over 30 000 processors. To maintain this proximity on the nodes,
the particles are sorted regularly. For the shapes of the macro-particles, b-splines of sec-
ond order are used [63]. This requires higher-order field interpolation for the Lorentz
force to minimize self forces and numerical heating. In addition, the currents are
smoothed to reduce numerical heating. The ionization mechanism is implemented us-
ing the ADK tunnel ionization theory given in equation (53). This field-ionization mech-
anism is applied for ionization by lasers and by the space-charge fields of charged
particles. Further, the boundaries of the simulation box are equipped with perfectly
matched layers (PML) to absorb any outgoing wave energy and prevent reflections
back into the simulation domain. To reduce computational cost and to discard regions
of no physical relevance, the simulation box was moved with the speed of light along
with the plasma wave. In case of the TH simulations, the ionization laser is not fully
resolved, but is represented by its envelope to further reduce the computational load

and allow for a much faster simulation [48].

5.2 JUSTIFICATION OF APPLIED APPROXIMATIONS

Within the simulations of this thesis, the particles are initially at rest and hence as-
sumed “cold” with T = 0°K before being heated by a laser or a particle beam. However,
this is not substantially different from room temperature, T ~ 22°C =~ 295.15°K =~
0.0254 eV, as the energies that occur shortly after the interaction with the driver are
orders of magnitude higher, and the small difference of the initial energy becomes neg-
ligible in the regions of interest. This justifies the use of zero temperature instead of
room temperature. However, including a finite temperature could smooth the fields at

hot spots [142].

CRITICAL FIELDS FOR THE ADK MODEL

species ionization energy E.apkx Wapk(Ec,ADK)

[eV] [GV/m] [fs~1]

H 13.6 75.26 11.59

He 24.59 182.94 6.02
He+ 54.42 602.36 47.78
Li 5.39 18.79 61.76

Li+ 75.64 987.13 31.58

Table 2: Critical field values for the applicability of the ADK model for different species, defined

in equation (54).
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The use of the ADK model for ionization is justified because the Keldysh parameter
given in equation (52) indicates the dominance of tunnel ionization over MPrI for the
used parameters. For instance, in the main PWFA simulation displayed in Table 13,
Yk =~ 0.14 < 1. For the same simulation, the peak electric field of the laser at focus
o ~ 482GV/m is smaller than the maximum allowable field for ADK, E; Apk ~
987.13GV/m (given in equation (54)), also indicating the applicability of the ADK
model. If the occurring field strength is beyond the critical value, the ionization pro-
cess might still be modeled accurately when the tunnel ionization already provided for
complete ionization before the critical field strength is exeeded. This, however, needs to
be verified manually when using VSim; in the case that the electric field strength rapidly

increases beyond the critical BSI field, the applied ADK-model becomes inaccurate.

For hydrogen for example, the critical value is Ec aApx =~ 75.26 GV/m and Wapk =~
11.59 /fs (compare table 2). At a density of 1023 /m3, the corresponding linear charge
density amounts to A &~ (1 x 1023/m3)]/3 ~ 4.64 x 107 /m, or 46.4 particles per pum.
A laser is therefore passing 46.4 um/c ~ 14 particles per femto-second along the axis.
Hence, an ionization rate exceeding Wapx < 14/fs could fully ionize hydrogen with
a density of 1023/m3. The use of macro-particles underestimates the amount of charge
that is ionized in general, which is especially visible for ionization near the threshold
energy. Originating from the fact that only whole macro-particles can be ionized, the
maximum error is less than the charge of one macro-particle. When considering the
spatial volume that is ionized and its temporal development, this might add up to
more than the charge of one macro-particle. In the PWFA simulations shown in figure 34
and 35, 163 840 electrons have been combined in every macro-particle, corresponding
to 0.26 pC. Compared to the obtained charge in the generated bunch of 35.9 pC, this
error affects at least the last shown digit.

Atoms and ions can also be ionized by collisions with an electron. The cross section for
this impact ionization has a maximum shortly after the ionization energy, and decreases
asymptotically thereafter. Furthermore, it takes more time than tunnel ionization. Thus
it is negligible for electrons with energies much larger than the ionization energy & >
&ion. Especially the high-energy drive beam is very ineffective in ionizing via impact
ionization. However, impact ionization by moderate-energy plasma electrons can be of
importance as a second-order effect, e. g. from electrons that are transversely scattered
outside the plasma by the driver of the wakefield. In addition, when operating with
a gas mixture that includes HIT species, impact ionization of HIT species by plasma

electrons must be considered as a source of dark current.



Part II

START-TO-END-SIMULATIONS: FROM HYBRID
PLASMA WAKEFIELD ACCELERATION TO
UNDULATOR RADIATION

1. PRODUCTION OF A PLASMA WAKEFIELD DRIVE BEAM IN LWFA In the
first stage of the hybrid plasma wakefield accelerator, a high-power laser
is utilized to accelerate a suited PWFA drive beam. In consideration of the
available resources and methods, suitable LWFA simulation parameters are
investigated and implemented resulting in a long, fully three-dimensional
simulation that will be shown and discussed. The optimal position for the

extraction of the obtained electron beam is considered.

2. HIGH-QUALITY ELECTRON-BUNCH GENERATION IN LWFA-BEAM

DRIVEN PWFA The preparation and injection of the obtained drive beam
into the PWFA stage will be discussed and simulated. In the second stage
of the hybrid plasma wakefield accelerator, the sustained excitation of the
plasma wakefield without unintentionally injecting electrons will be dis-
cussed. To show the influence of the different TH-laser parameters and to
find the best witness-bunch, a parameter scan over the ionization laser pa-
rameters is conducted and evaluated. Eventually, the acceleration of the
high-quality witness bunch will be given and the optimal position to ex-

tract this bunch from the plasma will be investigated.

3. GENERATING HIGH-POWER SHORT-WAVELENGTH RADIATION IN AN
UNDULATOR In the last stage of the simulation chain, the possibilities of
the obtained high-quality bunch to drive a FEL will be considered and an
according choice for the undulator design will be discussed. The capturing
and matching of the bunch with a conventional beamline will be simulated

and analyzed, followed by the simulation of the full FEL process.

4. CONCLUSIONS AND OUTLOOK In the last chapter of this work, the re-
sults will be summarized, and important findings will be emphasized. Fi-

nally, future improvements on the presented scheme will be discussed.
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6.1 COMPUTATIONAL RESOURCES

LWFA simulations are particularly computationally expensive, demanding big amounts
of time and core hours. Therefore only one long LWFA simulation could be realized,
which will be displayed and discussed in the following. The expenses of the simu-
lations have been covered by the Jiilich Supercomputing Centre (JSC), Norddeutsche
Verbund fiir Hoch- und Hochstleistungsrechnen (HLRN), and the National Energy
Research Scientific Computing Center (NERSC) that I hereby gratefully acknowledge.
The simulations ran on the Supercomputers Gottfried (named after Gottfried Willhelm
Leibnitz) provided by HLRN, the Jiilich Research on Exascale Cluster Architectures (JU-
RECA) at JSC, and the supercomputer named in honor of Thomas Edison (EDISON)
at NERSC.

The latest update from HLRN (HLRN III) runs a Cray XC30 (Intel IvyBridge) and XC40
(Intel Haswell) system with 2.7 petaflops combined peak performance of 85248 cores’.
The JURECA installation comes with 2.2 petaflops per second peak performance on
45216 Intel Haswell cores?, and Edison, a Cray XC30 with a peak performance of 2.57
petaflops per second on 133 824 compute cores3.

The simulations are set up under the restrictions of available computational resources
and methods and scenarios that would have been too expensive could therefore not be
conducted. This effectively restricts LWFA simulations to a minimum density beneath
which, no simulations are possible without applying advanced computational methods.
For instance, using a frame of reference that is moving with a relativistic velocity along
with the wakefield (boosted frame) can significantly reduce the computational load as
the wavelength of the laser is stretched and therefore a larger cell size can be used.
However, this mixes up the order of time events within the simulation window, making
a transformation of the gathered output back into the lab frame very cumbersome,
which somewhat compensates the speedup gained during the simulation. This method

has therefore not been utilized.

Super computing
performance is
typically measured
in floating point
operations per
second (flops),
computed from the
CPU frequency
times the number of
floating point
operations per
computing cycle
times the number of
cores.

1 https://www.hlrn.de/home/view/NewsCenter/ArticleNov2013KonradAndGottfried
2 https://www.fz-juelich.de/ias/jsc/EN/Expertise/Supercomputers/JURECA/JURECA_node.html
3 https://www.nersc.gov/users/computational-systems/edison/
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6.2 ASPECTS OF THE LASER-DRIVEN ACCELERATOR STAGE

In section 2.2.4, the methods applicable to surmount the physical limitations of LWFA
have been introduced, where the most severe limitation of the acceleration length is the
diffraction of the laser pulse. Consequently, methods to overcome diffraction will first
be evaluated in the following. Further, the change of characteristic parameters with the
laser wavelength, as well as the required laser energy and suitable focal spot size and
duration will be discussed, including the choice of an appropriate plasma species and
its density. Then, a proper electron-beam injection method has to be selected that can

inject sufficient charge for PWFA, and that is applicable under the given circumstances.

Although currently, nearly all laser systems available for LWFA run at the 0.8 — 1.1 um
wavelength covered by conventional mode-locked solid-state lasers, it is tempting to
consider longer laser wavelengths for LWFA. Then, the laser power that is required to
drive the wakefield can be lowered, as the ponderomotive force F,, oc Ay (equation (72))
and the laser strength parameter ap = e€p/(mewic) (see equation (18)) is increased
simultaneously. Facilities running at longer laser wavelengths have therefore been pro-

posed and will be available in the near future [180, 181].

On the other hand, operation at longer laser wavelengths makes a number of param-
eters worse for LWFA. The Rayleigh length, zg = T["W% /A1, shortens the acceleration
length due to diffraction and, at the same time, the power that is necessary for self-
guided propagation, P, o< )\% /A?, is increased (see equation (79)). This, however, can
be compensated by going to a lower plasma density, where a wider focal spot radius,

Wy, can be applied, and the plasma wavelength A, o n~1/2

is accordingly increased.
Also other LWFA characteristics are altered by a longer laser wavelength. The energy
depletion length, L4 o ao?\f, /?\% (84), and the dephasing length, Lgepn o ao?\% /)\%
(83), is shortened, but again, this can be compensated by lowering the plasma density.
The estimated single-stage energy gain (85) can be increased by going to shorter laser
wavelengths AW ?\f4/ 3, lower plasma densities AW n—2/3, and higher laser pow-
ers AW P:/ 3, in decreasing order of significance. The amount of charge that can
be accelerated (86) grows with laser power Q o Pg /% and laser wavelength Q oc Aq.
However, one must also take into account the fact that long-wavelength laser pulses
are harder to compress to short durations, as the minimum compression is limited to
few cycles of the laser wavelength. For a COz laser, the minimum compression is about
100 fs, corresponding to only ~ 3 wavelengths per pulse, using self-chirping induced
by the Kerr effect [181]. Therefore, it also is required to operate at lower plasma density

(and thus wavelength) when a laser pulse with long wavelength is applied.

Summarizing, the energy gain and the amount of charge increases with laser power,
while operating at longer laser wavelengths decreases the achievable energy gain, but
increases the amount of charge that can be accelerated. Besides the capability of driving

a wakefield more efficiently at a longer laser wavelength, its capability to sustain the
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acceleration is decreased. Further, the computational costs to simulate such a scenario
is lowered, since the longer the laser wavelength, the larger the cell size that can be
used in the simulation. On the other hand, a larger simulation window is necessary
because lower plasma densities and thus larger plasma waves need to be monitored,

increasing the number of cells.

6.2.1 Laser guiding

Laser diffraction in vacuum is determined by the Rayleigh length zgr = nw% /A~
1.57 mm for wo = 20pum at Ti:Sa wavelength. Hence, the acceleration would cease after
a few millimeters if laser diffraction is not stopped. This can be done by either guiding
the laser within a pre-formed plasma channel [7], or by choosing a laser intensity that
is high enough for relativistic effects to set in, which can also lead to self-guiding of the
laser pulse [210]. Applying the first method, the required laser energy can be reduced

at the cost of having to provide for a plasma channel.

Pre-formed plasma channel

To demonstrate the guiding of a laser pulse by a pre-formed plasma channel, and
to achieve the aforementioned reduction in computational time, a simulation with a
COz2 laser with Ay = 10 um is implemented. To guide the laser, a hollow parabolic
plasma density channel is implemented. For the long wavelength, the strength parame-
ter ap oc Ay is increased and a longer cell size is used. This is shown in figure 16, using
ap =6, wop = 10pum, T = 100fs, A = 10 um, and a hydrogen density of 1 x 10" ¢cm—3,
where the laser is stably guided over many Rayleigh lengths. The plasma channel
was implemented by a parabolic plasma profile with a radius of 100 um. Because the
plasma wakefield does not self-inject electrons for these conditions, a density down-
ramp was implemented to inject electrons into the plasma wave (not shown here). In
these simulations, only less than 10 pC of charge is injected for different peak densities
and widths of the downramp. To inject more charge, a higher laser energy is required.
In figure 16, the laser focus is chosen very small and results in a tiny Rayleigh length
in combination with the 10 um-long laser wavelength. However, this simulation nicely
demonstrates the functionality of external guiding of the laser pulse. In addition, using
a plasma channel to guide the laser pulse has the beneficial effect that the accelerating
field can be flattened, or even reversed to reduce the energy spread of the accelerated

bunch [183, 220].

Others reported self-injected charge of several 100 pCs, using simulation of LWFA in a
plasma channel [223]. Leemans et. al. [133] reported self-injected electrons with up to

4.2 GeV of energy and up to 50pC of charge, using a 16] laser in a plasma channel
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Figure 16: Guiding of a CO2 laser with (A = 10um, ap = 6, T = 100fs, wo = 10pum,
W~ 823m]J)inn, =1x10'7 cm™3 dense neutral hydrogen. The neutral hydrogen
(orange-red colored) is shown to visualize the hollow plasma channel with 100 pm

radius over many Rayleigh lengths (zg ~ 31.4 um).

generated by capillary discharge. This result is remarkable, as it uses significantly less

laser energy than in other experiments [233], while achieving similar results.

External guiding becomes necessary for laser pulses with a power less than the critical
power (79), e.g. at a low plasma density. Otherwise, a strongly relativistic laser pulse
can be self-guided over a dephasing length with the relativistic self-focusing mecha-
nism [43, 64, 118]. Either way, some form of laser guiding is essential to provide for a

sufficiently long acceleration length in LWFA.

6.2.2  Plasma species and density

Neutral hydrogen was chosen as target gas for the LWFA stage, because it can only be
ionized once, no higher-order states occur, and it is in gaseous phase under normal
conditions. Furthermore, its ionization threshold is sufficiently low to allow the laser
to ionize at its very edges and provide a stable and wide plasma for the acceleration.
Operating with gases of higher atomic number (Z) might lead to an unfortunate den-
sity distribution, where the strong laser peak-electric-field strength required to drive
the wakefield (on the order of TV/m) is capable of ionizing many electrons from one

nuclei. Therefore, fewer states are ionized at lower field strengths, giving the highest
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plasma density on axis. Such a plasma-density profile would strongly defocus a laser
pulse (ionization defocusing). Therefore, high-Z gases are usually not beneficial for

LWFA (with few exceptions [248]).

In general, extending the dephasing length, Lgepn & n~3/2 by operation at low density
is favorable to simultaneously increase the achievable energy gain AW o n~'. How-
ever, when going to lower plasma densities, simulations become increasingly challeng-
ing, as the required computational resources explode with the requirement of a larger
simulation box to fully model the bigger plasma wavelength. In addition, the nec-
essary simulation length is extended as well, quickly making a full three-dimensional
standard PIC simulation very ineffective without enhancements in computational meth-
ods[156, 230]. Therefore, the plasma density was chosen to be at the lowest level that
could be used with the available computational resources, while simultaneously using
a high laser energy to quickly accelerate the electrons to a high energy. With this, the

laser pulse can also be self-guided and no external plasma channel is required.

A comparable restriction in minimal density applies to experiments as well, arising
from the available laser power. So far, the cutting-edge high-power lasers utilized in
LWFA experiments, with and without a plasma channel, are on the 100 TW level, only
allowing the usage of densities above n,, ~ 1 x 10'8 cm~3, and restricting the gained
energy to approximately the 1 GeV mark[43, 118, 134]. Using a PW-level laser allows
a lower plasma density to be used, resulting in a higher achievable energy of poten-
tially up to 10 GeV [233] and beyond [156, 230] if acceleration can be sustained over a

sufficiently long distance.

6.2.3 LWEFA injection

As described in section 2.2.5, electrons can enter the plasma wave from behind when
its accelerating field is strong enough to suck them in (self injection). This self injection
naturally occurs in nonlinear laser-driven plasma waves, because the plasma wave
travels with a velocity below the vacuum speed of light. To implement other injection
methods, self injection must therefore first be suppressed or avoided. This can be done
by tuning the laser power down to operate in the linear regime, but then external

guidance of the laser pulse is required.

Another way to suppress self-injection is to fully load the wakefield with electrons at
the start to lower the accelerating field to a level where no electrons can be self-injected
(beam loading). Because self-injection is a continuous process, a large amount of charge
can be injected with a continuous energy spectrum, which is very bad for most applica-
tions, except for driving a plasma wakefield. So, arising from the requirement for high
charge and energy, operating at a high density and laser energy in the bubble regime
using self injection is the most promising scenario to produce suitable PWFA drivers. In

a more advanced scenario, where an external guidance for the laser can be provided,
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lower plasma densities would be better to increase the energy of the witness beam in
LWFA.

The high energy of the laser was also chosen due to computational reasons, so the
self injected electrons are accelerated very rapidly and the total acceleration length
can be kept short. Because the final energy is proportional to AW o« ap/nAy, and
neither the laser wavelength nor the plasma density can be adjusted in the needed
direction, tuning up the laser amplitude is the only parameter left to increase the final
electron beam energy. Apart from that, a high accelerating field also promises to inject
a large amount of charge, which is also crucial for a potential PWFA drive beam. When
considering the total energy content of the needed PWFA drive beam, a high demand on
total laser energy on the 100 J-level is required (see discussion in section 2.5), especially

when taking the expected low efficiency of the LWFA into account.

The spatial dimensions of the laser pulse can be adjusted to the dimensions of the
plasma wave to maximize the response and the efficiency of the accelerator. However,
as the laser pulse undergoes rapid transformations during the acceleration, and the
wakefield does not change much for small variations around the optimum, the spot size
and pulse duration optimization is not crucial as long as they are within a reasonable
range around the optimum value [61]. As one optimization goal is to also keep the total
required laser energy W oc wjado/A? as low as possible, choosing a smaller wg and
o than demanded by the plasma-response-maximization conditions might save some
energy without loosing much of the possible witness energy. This correlation, however,

would require a more detailed investigation aimed at enhancing the overall efficiency.

Finally, the density and laser parameters have been chosen such that, according to
equation (85) and equation (86), a bunch of 1.4nC charge can be accelerated to 6.1 GeV
in a self-guided LWFA. This bunch would meet the requirements of a PWFA drive bunch

very well.

63 JUSTIFICATION OF THE SIMULATION SETTINGS

The previous discussion resulted in the setup of a simulation whose parameters are
displayed in Table 10 and Table 11. The chosen density of 5 x 10'” cm ™3 is below the
density of typical LWFA experiments, and requires a laser spot size that is on the order
of half the plasma wavelength[33, 219]. Accordingly, the laser FWHM duration T =
ZM 0./c (0, being the standard deviation of the pulse in the forward direction)
was chosen to be T = A, /2c ~ 78.8fs, and thus k,0, = Tt/(Z\/W) ~ 1.3. This is
a little larger than the condition to maximize the amplitude of the wakefield k,0, ~
1 (for a linear polarized laser in the linear regime)[61]. However, because ap = 8
indicates the highly nonlinear regime, a longer pulse is reasonable, given the increased
nonlinear plasma wavelength (AN > Ap). The laser focal spot radius wo = 23.6 um ~

Ap/2 was chosen to match half the plasma wavelength (so the diameter matches the



64 SIMULATION OUTCOME AND DISCUSSION

plasma wavelength), and is significantly less than the transverse matching condition,
2\/ao/kp(np) ~ 42.5um, which balances the transverse ponderomotive force of the
laser pulse by the counteracting ion-channel force [146]. This potentially saves laser
energy, Wi o aZw3, which would be necessary to reach the same ao for wo = 42.5 um.
The FWHM duration of the laser, T ~ 78.8fs, is significantly larger than the build-up
time of the plasma response, w, ! ~ 25.1fs and therefore permits self guiding. Further,
the very high laser energy of Wy =~ 100] results in a power that greatly exceeds the
power for self guiding Po/P. = 20206 > 1 (see Table 10), ensuring acceleration over

the dephasing length of Lgepn ~ 30 cm.

The longitudinal cell size of Az = 5 x 1078 m divides the laser wavelength of A =
8 x 10~ m into 16 points (8 points for half the period), providing reasonable resolution.
The minimal wavelength that can propagate at this resolution is Ain = 2Ax = 0.1 um.

The size of the simulation window was adjusted to include all regions of interest.

The optimized time step At = 0.5Ax/c ~ 0.167 fs to suppress instabilities in the drive
and witness bunches was employed [79]. Apart from that, the high ap of the laser
would require a better time resolution to satisfy cAtap/A < 1[11], however this would
have been beyond the available resources. The condition is not fulfilled by cAtag/A; =
0.5, but the thereby introduced error in the particle pusher leads to an underestimation
of the momentum that plasma electrons gain from the laser field. A smaller time step
would thus lead to an even more pronounced blowout, resulting in higher energies
in the accelerated electron bunch. Therefore, the chosen time step does not spoil the
validity of this simulation, but rather underestimates the final bunch energy. With this,
the selected simulation parameters have been justified, and the simulation was set up.

The results are displayed and discussed in the following.

64 SIMULATION OUTCOME AND DISCUSSION

Figure 17 illustrates the self-guided propagation of the ultra-relativistic laser pulse
in a 5x 107 cm ™3 dense hydrogen plasma by the measured field strength during
the simulation. As it is focused directly onto the plasma start at 0.1 mm, the laser
would diffract immediately within zg ~ 2mm if if is not guided and quickly loose
its capability to drive a plasma wakefield. Here, it was demonstrated that this laser
can be guided through the plasma via relativistic self-focusing over more than 50 mm,
due to its peak power of 20206 times the critical power for self guiding (79). Note,
the simulation was stopped after a sufficiently high energy and charge of the electron

beam was reached, so even longer guiding is possible.
The peak field strength of o ~ 32TV/m (see Table 10) of the vacuum focal point is
reached shortly before the first subplot (z = 0.4 mm) in figure 17, where the peak field

value is always shown in the top left. Later, ¢ is easily outreached by more than a
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Figure 17: Laser field-strength development, showing self guiding of a 100, zg ~ 2 mm laser
over a length of 50 mm, directly focused 0.1 mm behind the plasma entry. The max-
imum field strength (upper left) oscillates after the first plasma-lensing focus at
10 mm, attended by increasing filamentation and etching and diffraction of the pulse

front.

factor of 3, when the plasma further compresses the laser spot towards its first plasma

focus at z ~ 10 mm, attended by the filamentation of the laser pulse[8, 105, 184].

The front of the laser-pulse is subject to etching, diffraction, compression and increas-
ingly elevated field strength after approximately z ~ 30 mm (see figure 18). The back-
ward shift of the laser front as a result of the above described effects can clearly be seen
in figure 17, while the self guiding leads to a periodic focusing at about every ~ 12 mm,

which is approximately the position depicted in the right subplots of figure 17.

When the pulse is compressed at its front, its wavelength is subsequently stretched
from the loss of energy to the wakefield and propagates at a slower velocity and falls
more and more behind, which was described in section 2.2.2. Note, this process can

also be understood as an inelastic scattering process, where the laser pulse is collec-
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tively scattered by the plasma resonance frequency, resulting in a frequency shift of
w1 +nwyp (nis the scattering order) of the scattered light (Raman forward scattering)
and simultaneous excitation of a plasma wave [124]. This scattering process was used
to describe the excitation of linear plasma waves in one dimension and was not yet

formulated for the nonlinear three-dimensional case [61].
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Figure 18: Left figure: evolution of the peak accelerating (blue, negative) and laser-field strength
(red) on axis. Right figure: the total amount of trapped charge exceeding an energy
of 100, 250, 500, and 2000 MeV throughout the acceleration, visualizing the self-
injection.

In figure 18, the repercussions of the laser peak-field strength and the accelerating field
on the amount of injected charge is depicted, showing the correlation of increased ac-
celerating field (negative longitudinal field strength) and increased self-injected charge.
The left plot displays the peak field strength of the laser (red), and its peak accelerating
field (blue, negative) at the position of the witness beam on the propagation axis (see

central curves of figure 19-22).

In the right-hand side of figure 18, all charge that exceeds the displayed energy thresh-
old (top left) is counted for every time step of the simulation, showing continuous self
injection. When a group of new electrons is self injected due to the evolution of the
laser, they quickly reach the first energy threshold of 100 MeV. However, these elec-
trons are not necessarily situated in the bubble, as electrons above 100 MeV can also be
found in the second plasma cavity or in the transverse direction when being pushed
outside the bubble (see top-right subplot in figure 19). Therefore also electrons with a
higher energy thresholds are shown, which are more likely to be trapped within the
first plasma cavity. When comparing the charge at the different energy levels, it can
be seen what fraction of the lower energy electrons eventually becomes trapped and is

accelerated to the next energy threshold.

The first plasma focus of the laser is clearly visible in the left plot of figure 18 by
the locally increased maximum field strength max(E;) at 10 mm. This also increases

the maximum accelerating field min(E;), lengthens the plasma cavity, and therefore

97



98

Note that the
transverse
coordinate, y, is on a
different scale than
the longitudinal
coordinate, &,

PRODUCTION OF A PLASMA WAKEFIELD DRIVE BEAM IN LWFA

lots of electrons are injected into the plasma-wave cavity, which can be seen in the
right plot by a significant amount of electrons exceeding the lowest 100 MeV threshold
shortly after this position. Thereafter, part of the initially accelerated electrons cannot
be kept in the plasma cavity when the laser looses its peak strength and the cavity
shrinks again, visible by the fact, that the amount of charge drops again. Another
charge leak of mainly low-energy electrons can be seen after 40 mm of acceleration,
when hosing [104, 237] of the meanwhile substantially elongated witness beam leads
to an enhanced transverse oscillation. The peak energy of the bunch at this point is
already close to 6 GeV (see figure 23).

E, [TV/m]

¢ lum]

Figure 19: Initial laser-wakefield acceleration (accelerating field E, shown in the background,
right colorbar) until 10 mm, featuring electrons (color coded dots, top colorbar)
above 15, 200, 300, and 400 MeV. The longitudinal distribution of these electrons
(red curves), and the amplitude of the longitudinal accelerating field along the cen-

tral axis (blue curves) are depicted.

In figure 19-22, the details of each time step of figure 17 are depicted, including the
central plane of the longitudinal electric field (right color bar) in the direction of the po-
larization of the laser and its amplitude along the central axis (blue lines). The electrons
that exceed the energy threshold, given as the minimum energy in the top color bars,
are projected onto this y-z plane, and in addition are projected again onto the bottom
of each subplot (red) to show the longitudinal distribution of the injected charge. Note,
the z position is given at the front of the subplots in figure 17, and at the rear in figure
19-22 and shows the same time step. Also, the amplitude of the longitudinal field on

axis (blue curves) does not necessarily include the maximum laser field strength.
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The plasma starts with a linear 0.2 mm long upramp, and the drive laser is focused
directly in the center of this ramp. The peak density at the front of the electron beam is
generated at the start, when a large amount of electrons is sucked into the bubble by the
peak accelerating fields, which are not lowered by beam-loading at this point. When
enough charge is injected, its space-charge force starts to interfere with the electrons in
the plasma sheath of the bubble and shifts the end of the bubble further behind. The
lengthening of the bubble then makes room for more electrons to be trapped at later
positions with increased laser field strength. Note, much less charge would be able to
enter the bubble without this effect, because dephasing is too slow to make room for
new charge at such a fast rate. In fact, dephasing does not play an important role over
the 5 cm of acceleration as the dephasing length of Lgepn &~ 30 cm is much larger. This
is also supported by the fact that the front of the beam is continuously accelerated and

accordingly the peak energy constantly increases (see figure 23).
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Figure 20: Laser-wakefield acceleration from 13 mm to 22 mm, featuring electrons (color coded
dots, top colorbar) above 0.5, 0.7, 0.9, and 1 GeV. The charge of these electrons (red
curves), and the amplitude of the longitudinal accelerating field along the central
axis (blue curves) are depicted.

Figure 20 shows the acceleration behind the first plasma focus of the driving laser,
where some of the recently accelerated electrons are lost in the transverse direction
and the large amount of trapped charge significantly lowers the accelerating field and
elongates the bubble (upper left subplot). The space that is thereby generated is succes-
sively filled with new electrons (see projected charge) until the next, less pronounced
plasma focus is reached at about 22 mm. Furthermore, the initially injected charge is

situated near a local maximum of the accelerating field, where a comparatively small
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portion of the bunch continuously experiences the highest accelerating fields (see fig-
ure 24).
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Figure 21: Laser-wakefield acceleration from 25 mm to 34 mm, featuring electrons (color coded
dots, top colorbar) above 1 GeV. The longitudinal distribution of these electrons (red
curves), and the amplitude of the longitudinal accelerating field along the central
axis (blue curves) are depicted.

Next, the ongoing compression of the laser pulse at its front leads to an increasing peak-
field strength and significant elongation of the bubble depicted in figure 21. Beginning
on the order of nearly 300 GV/m, the laser peak fields quickly rise to about 500 GV/m,
increasing the length of the bubble by approximately 50 um between z ~ 25 mm and
z ~ 34mm. Because only electrons exceeding 1GeV are shown, there is an empty
part of the bubble behind the shown electron beam that is filled with newly injected
electrons that have not reached 1GeV of energy yet (see figure 21 bottom right). The
selected energy of 1 GeV is approximately the threshold that separates electrons from
inside the bubble from electrons that are outside the bubble after being accelerated for
a short time. The third plasma focus of the laser pulse is reached approximately at the
bottom right subplot of figure 21 at about 33 mm, where beam-loading has gradually
destroyed the second plasma cavity.

The last part of the simulation is shown in figure 22, which shows the same positions
as the bottom row of figure 17. Here, the increase of the amplitude of the laser pulse
saturates after approximately 40 mm of acceleration (see figure 18 left), and the large
amount of recently self-injected charge is accelerated at a high field strength, attain-
ing energies in excess of 2 GeV within a short distance. At the same point (top right

subplot), the depletion of the laser energy begins to stretch the laser pulse as long wave-
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Figure 22: Laser-wakefield acceleration from 37 mm to 50 mm, featuring electrons (color coded
dots, top colorbar) above 1 GeV. The longitudinal distribution of these electrons (red
lines), and the amplitude of the longitudinal accelerating field along the central axis
(blue curves) are depicted.

lengths have a lower velocity [206]. Note, the position of laser foci within the plasma
along with increased self injection can also be seen from the smaller maxima in the lon-
gitudinal distribution of the charge (red curves), where newly injected charge mostly
gets trapped at the back of the electron beam. The elevated energy of the main part of
the electron beam, and its increased length is very well suited to run a beam-driven
plasma accelerator. Therefore, a closer look at the beam properties and the optimum

point for extraction will be considered in the next section.

6.4.1  Characteristics of the simulation

In figure 23, the mean energy of 5 um broad longitudinal slices of the witness beam (see
tigure 24), and the total peak energy of the witness beam throughout the simulation are
depicted. It shows, the constant increase of the maximum energy of the beam (dashed
blue line) and its bending towards a saturation that limits the maximum achievable
energy presumably to about 7 GeV. The slices are labeled with respect to their co-
moving coordinate between & = 50 pm, and 125 um which shows approximately the
total length of the final bunch. For instance, the line 50 pm shows all electrons within

& =50 — 55 um, where ¢ is the distance to the end of the simulation box.

The front of the beam at & = 125 um is injected and accelerated first (the solid lines
show the mean energy of the respective slice) and contains the peak energy (blue
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Figure 23: The mean energy of witness beam electrons within 5 pm broad longitudinal slices
throughout the simulation (color coded, solid), and the maximum energy within the
bunch (blue, dashed).

dashed line). Note, the trapping positions of the first electrons in the beam, & ~ 140 um,
are in front of the electrons with the maximum energy at & ~ 125 um. However, these
foremost electrons are only a negligible small fraction of the beam and are not included
in figure 23 for clarity. Interestingly, these electrons are not injected at the start of the
acceleration but at a later point, where the laser amplitude is lower, resulting in a

shorter bubble (see figure 24).

The other interesting characteristic that can be extracted from this figure, is the evo-
lution of the length of the plasma cavity. At the beginning, only electrons in between
& =125 and 130 um gain energy, marking the position of the back of the plasma cavity.
Then, electrons within the next three slices are accelerated for a short distance during
the first laser focus near z = 10 mm, and subsequently lost again when the bubble
shrinks behind the focus. At the end of the simulation, the bubble reaches back to
& =~ 50 um. Therefore, the bubble stretches for at least 75 pm during the simulation,
determining the length of the electron beam. It is remarkable that until z ~ 27 mm,
the bubble ends at & ~ 95um, but then it rapidly stretches back to & ~ 50 um,
where also the amplitude of the laser increases quickly. The nonlinear plasma wave-
length within the simulation ranged from ~ 70 pm (see figure 19) at the beginning, to
~ 170 um at 50 mm (see figure 22) after the amplitude of the laser pulse significantly
increased and the wave is heavily beam-loaded. Therefore, the nonlinear plasma wave-
length could not be predicted accurately by equation (68) with A, N1 ~ 250 um, using
Emax =Eo (YL —1/v1) = 1624GV/m (withy, =4/1+ a%/Z ) as the estimate for the
maximum electric field strength[231]. The actually measured peak accelerating field

strength in the simulation is at about 200 GV/m before the amplitude of the laser in-
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creases due to compression of the pulse and increases to about 500 GV/m at the end

of the simulation (see figure 18).

Another piece of information that can be extracted from figure 23, is given by the
gradient of the energy, % = ek,, that shows the field strength, E,, at which the
electrons are accelerated. Therefore it can be inferred that the later positions (& ~ 50 —
90 um) feel slightly increased accelerating field strength between & ~ 27 um, and ~
35 um. This would be expected from the longitudinal component of a plasma wake,
but because the charge distribution of the electron beam alters the accelerating field
strength as a consequence of beam-loading, it is not trivial that this feature survives.
Last but not least, it is visible that at z ~ 10,22, and z ~ 40 mm, some energy is lost at
the rear of the beam. At these positions, charge was lost again after it was temporarily
accelerated due to a shrinking bubble which, for the first two positions is caused by
the laser de-focusing, and from heavy hosing of the rear part of the beam in the last

case.

The development of the longitudinal phase space is shown in figure 24, again at the
same positions as in figure 17 to maintain comparability. Also the development of the
phase space must be seen in the light of the periodically focusing laser and the con-
nected forward and backwards shifting of the rear end of the bubble. The phase space
appears to consist of crescent-like shaped horizontal layers, each created at one self-
injection cycle. These structures are generated beginning at the minimum and rising
laser field strength, during which the rear end of the bubble is shifted backwards. This
injects an increasing number of electrons as the amplitude of the accelerating field
increases, and simultaneously gives higher energies to these electrons, while their trap-
ping position is shifted back in conjunction with the rear end of the bubble. When
the laser strength decreases again, the injection stops and the already injected charge
reacts back onto the length of the bubble, forcing sheath electrons to close the bubble
behind the recently trapped charge through its force of repulsion. The next portion of
electrons is then inserted at a later position in the following cycle. Note that electrons
can also become trapped at the same position at distinct times due to the backwards
and forward motion of the end of the bubble, so the electrons are not perfectly ordered
in the direction of propagation. For instance, the very front of the beam is injected later,
and in front of the part that was injected first (compare figure 19 bottom right, and 20
top right).

To be usable, a drive beam must remain small enough in its transverse extension behind
the LWFA stage to be able to drive a PWFA or to be captured by a beam transport element.
No less importantly, its direction of propagation must be very well aligned with the
optical axis when leaving the plasma. These requirements are not natural to LWFA
beams, as they typically exhibit a large divergence, especially when they have been

self injected. Unfortunately, the hosing instability of high-charge electron beams inside
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Figure 24: Development of the longitudinal phase space of electrons with more than 100 MeV
energy. The maximum energy, and acceleration length are displayed in the top left,
and in the bottom right for each subplot. The longitudinal distribution of the charge
(blue curves), and the energy distribution (orange curves) are projected onto the

respective axes in arbitrary units.

the blowout may also lead a collective oscillation of the beam electrons, resulting in an

arbitrary misalignment when leaving the plasma [104, 237].

Within the simulation, this misalignment was measured by the mean transverse mo-
mentum and the mean transverse position, shown in figure 25. These two properties
are visualized in consecutive, 5 um broad slices of the witness beam (color coding),
where just half of the slices of figure 23 are shown for clarity. The rear slices are only
interesting from the point on at which their electrons are actually situated within the
bubble and undergo acceleration (see figure 23). Therefore, these positions have been
extracted from the data shown in figure 23, and the curves in figure 25 have been re-
stricted to start from these positions. From figure 25, it can be seen that the witness
beam oscillates with a larger amplitude the further the slice is situated behind (blueish
colored) and that the amplitudes increase until z ~ 40 mm. The charge leak that is visi-

ble at the same position in figure 23 is based on the catastrophic resonant amplification
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Figure 25: The rise and effects of the beam-hosing instability, visualized by the normalized
mean transverse momenta (top), and the mean transverse positions (bottom) of lon-
gitudinal 5 pm broad slices of trapped electrons (color coded) in the direction of
laser polarization (y, straight) and perpendicular (x, dashed).

of the oscillation amplitude in the last two slices at & = 50, and 60 pm where the mean
moment and position suddenly becomes smaller again, after the outermost charge has
left the simulation box and is not counted anymore. Note, the oscillations in the plane
of the polarization of the laser (y, straight) are substantially larger than the oscillations
in the perpendicular plane (x, dashed), which can be seen in both the mean moments
(top) and the mean transverse positions (bottom). All these findings suggest that the

hosing instability occurred in this simulation.

65 ELECTRON BEAM EXTRACTION AND TRANSPORT

The achieved beam, and indeed any typical LWFA beam, is very challenging to transport
in a conventional beam line due to its large divergence and energy spread [9, 162, 205].
An alternative solution is provided by the plasma itself, by utilizing the plasma lensing
effect. This has the advantage of very strong focusing fields that are radially symmetric,
but the focal position still depends on the energy. Using a plasma lens, the goal is
to focus the part of the beam that is best suited to drive the plasma wave, and to
scatter low-energy electrons away from the axis of propagation. This effect is most
effective for long, and thin electron beams, a requirement not necessarily met by a
typical LWFA beam. As has been shown in the previous discussed LWFA simulation, the
interplay of periodical self-focusing of the laser, followed by increased self injection and

elongation of the blowout can result in the formation of long electron beams. Similar
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LWFA simulations have been shown by [185], featuring a similar witness-beam phase
space and current distribution, and wakefield elongation after a large amount of charge

has been self injected.

A typical LWFA beam has a very strong divergence that is introduced by the strong
focusing fields inside the plasma and reinforced by its space charge. It will therefore
quickly expand after leaving the plasma, which is neither good for being focused by a
plasma nor to drive a wakefield. Consideration of the transverse beam size is therefore
of crucial importance in a hybrid LWFA-PWFA setup. Within the plasma, the focusing
forces increase proportional to the plasma density F o« n (see equation (117)). There-
fore, to focus a strongly divergent beam, high plasma densities are required. On the
other hand, focusing forces only arise in regions inside the plasma cavity, which scales
inversely with the square root of the plasma density A, o 1/y/n. As a result, wide
beams cannot be focused in a dense plasma because the focusing region is small com-
pared to the beam width. Consequently, the plasma density has to be chosen carefully
to include the beam in its focusing region, and to be strong enough to compensate the

transverse moment of the beam electrons within the radius of this region.

Extraction of the beam from the LWFA stage is done with a plasma-density downramp,
to slowly decrease the powerful focusing forces and result in a less divergent beam.
On the other hand, the bunch already expands transversely during the downramp.
The downramp length therefore needs to be chosen in such a way that the resulting
electron beam has a reduced divergence, but has not blown up too much to be captured
behind the plasma. In the present case, it has been chosen to be 1 mm long and to have
a cosine-squared shape due to the property of being a realistic profile and being zero
after one half period. The exact shape of the downramp is not very important here,
as there are no crucial witness-beam properties that needs to be preserved [160]; the

divergence and transverse size can be controlled only by the length of the downramp.

In Table 3, the beam parameters for three different extraction points are displayed,
involving the separation of the bunch from the background by applying a cut with
respect to electron energy. The cut was manually chosen at an energy that only few
electrons have and where a physical separation of beam and the background electrons
is visible in the phase space (see figure 24). The values of ( x" ) = ( px/p. ), and (y’ )
and the mean position ( x ), and (y ) with respect to the optical axis are given as a
measure of misalignment. Note, the growing imbalance in the direction of LWFA-laser
polarization (y) and that the mean energies in the transverse direction are relativistic.
Also, the peak current is nearly constant for all considered extraction points and during
the acceleration. This is the case because the large amount of charge injected at the very

beginning of the acceleration generates the peak current, which does not change much.

The extraction points in Table 3 have been chosen at positions where the requirements
for driving a wakefield are roughly fulfilled. Basically, the electron beam has enough

energy and charge to drive a plasma wakefield from z ~ 1.2 cm onwards, where over
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ELECTRON BEAM AT DIFFERENT EXTRACTION POINTS IN THE LWFA

acceleration length 3em 4cm 4cm 5cm
energy threshold [GeV] 2 3.12 1.81 2

Q [nC] 786  7.96 16.3 245

ox [pm] 7.63 7.72 8.22 7.13

oy [um] 7.94 8.0 9.36 8.85

o, [um] 7.0 7.81 16.5 23.7
(vx) 332 413 36.1 36.4

(vy) 358 444 40.2 47.2

(vz) 6310 7970 6100 7440

(W) [GeV] 322 407 3.12 3.81
Winax [GeV] 5.03  5.85 5.85 6.35
ow [GeV] 0.77 0.71 1.08 0.76
ow/ (W) [%] 23.9 17.4 34.6 20.1
€n,x [mmmrad] 273.0 3478 336.2 287.4
€n,y [mmmrad] 2915 3771 4199 463.0
I, [kA] 3374  329.7  346.6 3244

(y) [um] 0.28 1.52 2.88 3.13
(x) [pm] 041 —295 —0.28 —0.83

(y") [0~ 4] 912 —-115 536 14.7
(x")y[10~* 711 —0.008 0.91 —0.35

Table 3: LWFA electron-beam parameters at different extraction points, immediately behind a
1 mm long cos?-shaped density downramp, including the separation of beam electrons
from the background with the given energy threshold (first line). ( x ), and oy denote
the mean value and standard deviation, respectively, and x’ = py/p the divergence.

1nC of charge exceeds the 3 GeV energy mark. However, with o, ~ 7 um, the electron
beam is very short to drive a PWFA at a reasonable plasma density. A sufficiently long
bunch (0, > 1um) is required for the last FEL stage and the plasma wave in the
PWFA stage must therefore be long enough to allow for a long witness bunch to be
accelerated. The length of the drive beam is therefore very important as it determines
the applicable densities for PWFA by the resonant condition o, =~ ﬁk; T o n1/2,
However, the resonant condition gives only the approximate point of best efficiency of
wakefield excitation. The limits where the wakefield can no longer be excited efficiently
are approximately reached when the drive-beam duration is below the response time

of the plasma, o, < Ky 1 or much longer than half the plasma wakefield wavelength,
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0, > Tk, 1. This defines a density corridor that is applicable for a given bunch length,
o, (see figure 26). Based on its properties, the last extraction point at z = 5cm with a
sufficiently long bunch, o, ~ 23.7 um, and high energy, W ~ 3.81 GeV, was selected to
be best suited as the driver for the PWFA stage.

kp~! [um]
200
100} mkp ™!
50 ﬁkp—l
20 ky !
10 0,=23.7um
. | o,=16.5um
2 ,=7.0um
! nfem=3]

10'° 10"7 10'® 101

Figure 26: Applicable densities (grayish corridor) for three beam lengths (red dashed) given in
Table 3 are shown with the lower density limit defined by the skin depth o, > k; !
(black), the resonant condition at o, ~ ﬁk;1 (gray dashed), and the upper density
limit at half the plasma wavelength o, > 7k, ! (gray).

Considering the extraction points in Table 3, the optimal density for o, = 23.7 um is
1.0 x 10" /em3, for 0, = 16.5um, 2.07 x 10'” /cm?3, and for o, = 7.0 um the optimal
density is 11.5 x 10'”7/cm3. Further, the parameter Q « /M, (87) is dependent on
the plasma density and for a given electron beam, the plasma response might become
linear at low plasma densities, making TH injection impossible. The matched transverse
beam size (109) depends on the emittance, which has different values in the x and
y directions (see Table 3), resulting in the necessity to match the beam size to two

different values in each direction.

In the case of high-current beams, Q > 1, the plasma response is nonlinear and the
nonlinear plasma wavelength ANy > A, (68) must be considered to estimate the op-
timal density for the given drive-beam length. Then, also the response time of the
plasma is forced to shorten by the strong fields of the drive beam as knp o< 1/ANL

becomes shorter and the drive beam can be applied in a mismatched condition.

The distance between the two plasma stages is a crucial, yet easily accessible parameter
that can be used to adjust the drive-beam width. Simultaneously, it is required for the
TH laser to be introduced onto the propagation axis, which limits the laser spot size at
this position. For instance, for a 45° angle on-axis mirror, the spot size is restricted to
be smaller than the distance between the plasma stages, otherwise the TH laser must be
injected from an angle off-axis. The rear side of the mirror—or an additional pinhole—
would also block the LWFA laser, which might no longer be needed if the drive beam

is capable of self-ionizing. The mirror must then also contain an on-axis aperture to let
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the drive-beam electrons pass through. This could block outer electrons and let pass
only the core of the beam. This is another way to get rid of electrons with low energies,

e.g. when in addition a plasma lens is used.
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Figure 27: Theoretical scaling of the final bunch energy (85) for different densities (dashed), for
the simulated density of 5 x 10'” cm ™3 (blue), and the theoretical scaling of the beam
charge (86) (black). The charge (black dot) and energy (blue dot) of the simulation
are displayed.

The necessary laser power and plasma density that can produce the charge and energy
required for a PWFA drive beam can be estimated using equation (85) and (86). These
scaling laws have been used to predict the outcome of the LWFA simulation and are
depicted in figure 27. It can be seen that the charge of 24.5nC (black dot) resulting
from the simulation is substantially underestimated by equation (86) (black line), which
predicts only 1.4nC, while the mean energy of 3.81 GeV measured in the simulation

(blue dot) is overestimated by equation (85), which gives 6.1 GeV (straight blue line).

This can be understood by noting that the estimate in [146] is based on a non-evolving
drive laser and blowout, an approximation that is clearly not fulfilled in this simulation.
In fact, as mentioned previously, the trapping mechanism responsible for self injecting
the large amount of charge in the simulation relies on the elongation of the plasma
cavity, and thus could not have been included with a static approximation. It is obvious
that this much bigger amount of charge gained substantially less energy than predicted
because of beam-loading effects. The maximum acceleration length, which has been
estimated with about 30 cm from the depletion length, was not fully used at the end of
the simulation at 5cm. The saturating peak energy (see figure 23), however, suggests
that a longer simulation would not have increased the energy of the electron beam
significantly'. As the energy and charge required to drive the PWFA stage, has been

achieved at this point, it was not necessary to continue this run.

Note that in addition, the energy of this electron beam amounts to ~ 93], while the LWFA laser had an
energy of ~ 100]. Such a high transfer efficiency of the energy is very unlikely and implies a violation of
the conservation of energy in the LWFA simulation.
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In the presented simulation, the condition for matched self-guided laser propagation,
2,/ap ~ kpwp has not been fulfilled exactly (2\/ap ~ 5.66 and kpwo ~ 3.14)[231],
which leaves an important point that could be addressed in future simulations. How-
ever, keeping the strongly evolving LWFA-laser pulse more stable is no easy task and
makes self injection impossible, i. e. if Py = P.. The mismatched self guiding of the laser
pulse might also have been a reason for the increased amount of self-injected charge.
However, this can also be an opportunity to increase or tune the amount of injected

charge in self-guided LWFA experiments to meet the requirements of PWFA drivers.

Note that the presented LWFA simulation was also restricted by the available compu-
tational methods and resources. In practice, it would be preferable operate at a lower
density and laser power to achieve less charge and a higher energy. Because the achiev-
able charge, Q P: /2 increases faster with laser power than the achievable energy
AW P: /3 and the achievable energy increases AW o n, */3 with lower density. Op-
eration at significantly lower plasma density would also require external guiding of the
laser due to the increasing critical power for self guiding, P, n, . In addition, the
efficiency of the plasma accelerator drops with the laser amplitude as 1/ay, assuming

matched conditions [231].



HIGH-QUALITY ELECTRON-BUNCH GENERATION IN LWFA
BEAM-DRIVEN PWFA

In this chapter, the feasibility of the LWFA-produced drive beam for PWFA will be inves-
tigated. A cautious approach is crucial when designing the PWFA stage, as the LWFA-
beam must not ionize the HIT component. Neither at the start of the second plasma
stage, nor during acceleration e.g. when the drive beam is pinched by the plasma
focusing forces. An advantage of a high-current drive beam is that no pre-ionization
is necessary, which is experimentally very challenging to provide over long distances.
To make it easy for the drive beam to ionize, the use of alkali metals—the group of
elements with the lowest first-ionization energy—is beneficial as the LIT component.
However, alkali metals are not in the gaseous phase under normal conditions and

need to be heated to high temperatures to vaporize [167].

In the following, the different kinds of unwanted injection in PWFA will be discussed
in order to determine how the bunch must be manipulated between the plasma stages

to circumvent this so called “dark current” [150].

7.1 DARK-CURRENT-FREE OPERATION

A feature of the hybrid scheme is that the very front of the LWFA-generated bunch
exhibits the highest charge density, as a result of dephasing in LWFA, or as in the simu-
lation shown, because the initial accelerating field is the strongest and able to suck in
the most electrons at the very beginning. This high charge is capable of immediately
ionizing LIT gas species, so self-ionized scenarios are viable. This is highly advanta-
geous compared to a typical Gaussian beam, where the peak fields are reached only
at the bunch center, leaving the bunch front completely unused for acceleration. Other
features of this bunch are less advantageous, for example the fact that low-energy elec-
trons are situated at the back of the bunch, where the wakefield can quickly decelerate

them until they can become trapped as dark current.

Driver-ionized dark current.

Because the drive beam shows the highest charge density at its front, it will most
effectively ionize at this position. During propagation, the approximately 1/k, long
head of the drive beam diverges because it is not affected by plasma lensing. This

reduces its capability to ionize HIT media, while LIT media can be ionized over long
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distances (see figure 28). However, when the drive beam can ionize the HIT medium,
for instance at pinching points of drive-beam plasma lensing, dark current may also
be injected at later points of the acceleration. To avoid the risk of dark current from
HIT-gas ionization for very high-current beams, the bunch charge must be decreased
or the bunch width must be increased to reduce the peak fields (see equation (32)).
Fortunately, a free drift between the LWFA and the PWFA stage automatically increases

the drive-beam width, lowering its peak fields.

Note that if the HIT gas is ionized by the drive beam, the generation of a witness bunch
with the TH method could be prevented, because the drive-beam ionization might leave
nothing for the trailing TH laser to ionize. Thankfully, the bipolar bunch fields of the
drive beam vanish directly on axis and have their maximum at ~ 1.580; off axis (see
equation (27)), leaving a column of HIT species for the TH laser to ionize, even when
the drive-beam fields exceed the HIT. However, this limits the available charge that can

be ionized to form the witness bunch.

Wakefield-ionized dark current.

This source of dark current can be avoided by operating at lower plasma density n, or
using a lower drive-beam peak current I,, both of which lower the peak-field strengths
of the plasma wave. This source of dark current does not necessarily spoil the gener-
ation and acceleration of high-quality TH witness bunches, as it occurs only at the
peak fields of the wake in the very rear of the blowout, which is typically avoided for

acceleration in any case.

Furthermore, the drive beam might looses some charge after a distance and the blowout
is therefore shortened. In this case, all charge that is trapped at the very rear runs into
the strongly defocusing fields immediately behind the blowout and is thereby blown
off axis. Alternatively, ionization by the wakefield can even be exploited to generate
and trap electron beams with limited quality utilizing high-current drive beams [154].
The injection of wakefield- or driver-ionized dark current is most likely to occur at
positions where the drive beam is at a plasma-lensing focus, and can thus also occur
periodically, and after some centimeters of acceleration, even if no dark current was

injected at the beginning.

Dark current from drive-beam electrons.

A third source of dark current is the trapping of drive-beam electrons, after they have
lost their energy in the decelerating phase of the wakefield. Here, the phase space
of a LWFA beam with high-energy electrons at the front, and low-energy electrons at
the back (see figure 24) is inappropriate, and low-energy electrons ideally should be
removed from the back of the beam before entering the PWFA to avoid this source of

dark current. However, the beam is then also shortened, depending on the number of
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electrons that are removed, and therefore the reduction of drive-beam electrons must

not lead to a drive beam that is too short to drive a wakefield at the needed density.

One possibility to remove electrons, is to use a chicane in a conventional beamline
and block part of the beam. However, because of the very large energy spread and
divergence, it would be very challenging to manipulate or even transport such a beam
with conventional methods [205]. A better approach is to use an underdense plasma
to focus the electron beam, where different energies are focused to different positions.
This can be exploited to remove low-energy electrons, when only the main part of
the electron beam with high-energy electrons enters the PWFA stage focused, whereas
low-energy electrons are beyond their focal point and therefore outside the plasma
cavity.

Drive-beam electrons can be trapped throughout the entire second half of the blowout,
based on their origin, and thus possibly also at the position of the witness bunch.
This can result in a large amount of electrons with a lower energy being situated near
the witness bunch. Dark current from drive-beam electrons can only be avoided if it is
ensured that the tail of the drive beam has only electrons with a sufficiently high energy
(see equation (118)). However, it is even possible to use this former unwanted source
of dark current to shape the accelerating field acting on the witness bunch in such
a way that it reverses its sign and compensates the energy chirp [151], if a sufficient
amount of drive-beam electrons is trapped shortly behind the witness bunch. This has
high potential to further increase the witness-bunch quality by minimizing the most
crucial parameter, the energy spread, at the end of the accelerator. This mechanism
is appealing, as it does not need anything additional manipulation, as it is inherently

included in the physical process of plasma wakefield acceleration.

In this research, a further source of dark-current was observed in computer simulations
that originated from the high current of trapped charge, which, in combination with
the wakefield, exceeds the ionization threshold and produces two or even more witness
bunches behind the first. This introduces the opportunity to automatically inject bunch
trains with only one laser. Finally, it should be emphasized that a big concern was
identified to arise from the hosing instability of the electron beam in the LWFA stage.
This can lead to an axially asymmetric trend in the direction of propagation of the
drive beam, or parts of the drive beam, and thus to an unpredictable misalignment at
the PWFA stage[104]. Therefore, the electron-hosing instability must be considered a
serious thread to the stability of the hybrid LWFA-PWFA scheme and must be taken into

account.

7.2 DRIVING A STABLE PLASMA WAVE IN THE BLOWOUT REGIME

The parameters that need to be controlled to drive a stable blowout are the bunch

width, its peak current, energy, energy spread, and its divergence. The bunch width ide-
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ally should be matched according to equation (109) to not oscillate within the plasma.
An unmatched beam will oscillate at the betatron oscillatory frequency wg = ckpg =
ckp/+/2y, with period of ~ 7t/kg [104].

The peak current determines the strength of the accelerating field, E, max o< /Ip, and
therefore also the nonlinear plasma wavelength (68). The energy of the drive beam
determines the usable acceleration length and its energy spread determines how pro-
nounced it is pinched at a plasma-lensing focal position. A large energy spread leads

~1/2 within the bunch, resulting

to a broad spectrum of oscillatory frequencies, wpg o<y
in a wider beam waist at its focus. On the other hand, a small energy spread leads to a
tighter beam waist, and consequently to a locally increased field strength which might
be capable of ionizing second ionization thresholds, and to enlarge the plasma cavity.
Both effects—ionization of the HIT gas, and elongation of the plasma cavity—make the
acceleration less stable, and crucially affect the witness-bunch quality. A large uncor-
related energy spread therefore stabilizes the acceleration in PWFA, as it mitigates the

betatron oscillations in the drive beam.

Finally, the divergence, p./p., must be low enough so the focusing forces can compen-
sate the transverse momenta of all beam electrons within the blowout radius. Coming
from a LWFA stage, the electron beam typically exhibits a very high divergence, which
can be mitigated by a long adiabatic downramp, at the expense of a strongly increas-
ing bunch width. The requirement of a compact and simultaneously significantly less
divergent drive beam can therefore not be fulfilled without additional beam-transport
elements. However, when more charge is generated in the LWFA stage than is needed
for PWFA, no additional beam-transport elements are required and the divergence can
be exploited as an important feature of the hybrid scheme to reduce the charge and

enhance the quality of the driver.

After a free drift between the LWFA and the PWFA stage, the beam diverged and the elec-
trons with low energy and high transverse momentum—and hence high divergence—
will be situated at the beam edges with the largest distance from the propagation axis.
Because the plasma focuses just the part of the drive beam within the blowout, only the
less-divergent and higher-energy electrons in the beam center contribute to drive the
wakefield, while the beam electrons that are outside the blowout get lost. This gives
the possibility to reduce the effective charge that drives the wakefield by adjusting the
distance between the LWFA and the PWFA stage, while simultaneously increasing the
mean energy and lowering the divergence of the remaining electrons. In addition, the
part of the drive beam that is not focused in the blowout, might ionize further LIT gas

and support the generation of a wide plasma channel.
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7.3 SELF-IONIZED PWFA

Applying the beam in Table 3 with 5cm of acceleration and the extremely high peak
current of 324.4kA, a self-ionized PWFA is very well possible. On the other hand, this
extremely high-current beam is capable of not only ionizing LIT media very efficiently,
but can also ionize the second electron of lithium, which has been observed in com-
puter simulations and is shown in figure 28. Because lithium is the element with the
highest second ionization energy, there exists no other HIT species which could be uti-
lized without generating driver-induced dark current. This necessitates either relaxing

the peak current or increasing the transverse dimension of the beam.
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Figure 28: Transverse peak field-strengths for the obtained LWFA beam (see Table 3 at 5cm)
in the x (continuous red curve), and y (continuous blue curve) direction during
free drift (using equation (30)), and the critical BSI field values of different species
(dotted lines). The development of the transverse size of the electron beam (26) oy

(dashed red curves) and oy (dashed blue curves) are compared to the values of the

"

simulation (“x” markers).

To estimate the capability of the beam to ionize, equation (30) can be compared with
the critical BSI field. Note that this is not an exact calculation of whether the beam will
ionize a given species, but rather a simple estimate that does not include any temporal

dependency in the ionization process.

Figure 28 illustrates the decrease of transverse peak fields during free propagation (con-
tinuous curves), which are compared to the critical field strength for BSI (dotted lines)
given by equation (55). In this approximation, the bunch fields would no longer ionize
Lit after 4.7 mm, He' after 6.2 mm, helium after 30.9 cm, hydrogen after 50.5cm and
lithium after 96.3 cm. However, as the beam feels focusing forces when entering the
plasma, the peak field will increase and may exceed the threshold at a later plasma

focus after ~ 7t/kg. This figure illustrates that if Li and Li" is used as the LIT and HIT
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component, the drive beam would no longer ionize Li* after approximately 5mm of
free propagation, while it is capable of ionizing Li over approximately 1 m. Therefore,
after ~ 6 mm of free propagation, a PWFA-TH scenario is viable using neutral lithium
gas. The additional 1 mm of vacuum propagation was found in simulations to be the
distance where the plasma focusing of the drive beam no longer results in the ioniza-

tion of Lit.

“"_rmn

The divergence of the beam in the simulation (see “x” marks in figure 28) was found
to be slightly faster than the theoretical divergence of a Gaussian beam as described
by equation (26). However, the formula does not include space-charge effects, and the
additional push from the high charge must result in a faster diverging beam. Treating
LWFA beams as Gaussian shaped in the transverse direction, as done in figure 28, is a

fairly good approximation, even if this is not the case in longitudinal direction.

Blumentfeld et. al. [21] have examined self-ionized PWFA experimentally using a Gaussian-
shaped drive beam in neutral lithium gas at FACET and found that the head of the drive
beam erodes slowly, shifting the point of ionization and electron expulsion backwards.
In the light of these findings, it is highly advantageous that the front of the LWFA beam
exhibits the highest density and energy, resulting in a slowly diverging head with the
maximum field strength at the very front, which avoids the erosion of the head. This
also provides the most effective ionization and prevents the blowout from shifting back-
wards during propagation, leading to an extended acceleration length and excitation
of a more stable plasma wakefield than that from a Gaussian drive beam. Further stabi-
lization is possible if the drive-beam betatron oscillations in the plasma are reduced by
matching its size and divergence to the plasma density, such that the focusing forces

cancel the diverging trends in the beam.

7.4 WITNESS-BUNCH GENERATION

Summarizing the results from the previous sections, a simple and realistic scenario
was derived, in which the drive beam was extracted from the LWFA stage using a
1mm long decreasing plasma-density profile with a cosine-squared shape, followed
by a 6 mm long free drift. The 1 mm decreasing density profile at the end of the LWFA
stage reduces the mean transverse momenta from By yx = —1.63 to 0.11, and from
Byyy = 33.1 to 10.60, while the transverse beam size is enlarged from ox = 6.0 to
7.1 um, and from oy = 7.5 to 8.85 um. The free drift substantially reduces the amount
of low-energy electrons in the beam center and thereby the effective charge that drives
the wakefield, because low-energy electrons show nearly the same transverse momenta
as high-energy electrons and therefore have a larger divergence. The drift ensures that
the HIT component is not ionized by the drive beam, and that no significant number of
low-energy drive-beam electrons are trapped as dark current at an early stage of the

acceleration.
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Within 5 mm of free drift, the drive beam looses approximately 0.68 nC of charge with
energies above 2 GeV, 1.95nC with an energy between 1 and 2 GeV, and 14.36 nC with
an energy under 1 GeV through the transverse walls of the simulation box. The remain-
ing low-energy electrons have not been artificially removed from the beam before the

PWFA stage, to model a more realistic scenario.

During the drift, the bunch width increases from oyx = 7.1 to 34.5 um, and from oy =
8.85 to 42.9 um. Further, it was observed in the simulation of the free drift, that the
low-energy electrons loose energy, while the high energy of the electrons at the front is
not changed significantly. Therefore, the mean energy of the beam with electrons above
2 GeV decreases from 3802.9 to 3728.8 MeV, despite the fact, that low-energy electrons
show a stronger divergence and are more likely to be lost. This might be the case
because the enormous space-charge of this beam may result in an actual deceleration
of the low-energy electrons at the back, as they feel the repulsive force from the charge
of the front of the beam. However, it is also possible that the origin of this effect is
a numerical inaccuracy. Likewise, the mean transverse-momentum is increased from
Bxyx = 0.11 to 0.18 and from Byyy = 10.60 to 11.48, possibly by the strong repelling
space-charge force of the beam. The expected increase of the mean energy and decrease
of the mean divergence after the free drift was therefore not observed and seems to be
spoiled by the strong space-charge force of the high-current beam.

The TH-witness-bunch generation mechanism described in section 2.4 can be influ-
enced by many effects, especially when the assumption of a Gaussian beam without
inhomogeneities does not hold, as in the present case—or any realistic scenario. There-
fore, the best attainable witness bunch, which can be generated using the given drive
beam in a PWFA-TH setup will be ascertained by a parameter scan in the following

section.

7.4.1  Scaling of Trojan Horse witness-bunch quality

Apart from the laser power, ao, the laser spot radius at focus, wy, and its FWHM dura-
tion, T, the laser focal position, and time of arrival are crucial parameters that need to
be taken into account in the Trojan Horse method. For the following parameter scans,
the main focus is on the witness-bunch parameters that are most relevant for the ap-
plication in a FEL, namely the energy, energy spread, emittance, bunch length and the
peak current. First, a scan was performed to identify the center of the blowout by vary-
ing the distance of the TH-laser injection positions to the driver (shown in figure 29).
Note that the bunch length has been multiplied by 10 in subplot (c) and is therefore
shown in units of 0.1um on the y axis, whereas the trapping position &¢rqp and the

release position &;eteqse are in um, relative to the blowout center.

In this scan, the position of the center of the blowout was determined by the release

position that results in the most forward trapping position, and therefore also the
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Figure 29: The mean energy (W crimson-colored curve), the energy deviation (ow crimson-
colored error bars) (a); the emittance in both transverse directions (ex orange, ey
blue) of the witness bunch (b); the distance between the release, and the trapping
position (&release — &Etrap [WM] gray curve), the relative trapping position (&trap [m]
blue curve) and the bunch length (o [0.1 um] blue error bars) (c), and the peak cur-
rent (I, [kA] dark magenta) and charge (Q [10pC], dark blue curve) of the witness
bunch (d) are displayed against the distance of the TH-laser from the center of the
blowout &¢jease- Note, each “x” symbol marks one simulation, and the other relevant
laser parameters that have not been changed are shown at the top.

lowest energy (see figure 29 (a) and (c)). The energy spread and the bunch length
are shown as error bars. The bunch length appears to have the reciprocal behavior as
the energy spread at earlier trapping positions, so a longer bunch is connected with a
smaller energy spread. These two quantities are also given by the standard deviation of
the respective projections in figure 30, where it can be seen that the energy distribution
of the witness bunch shows a double-peak profile for release positions near the blowout
center &release S 125] pm. This profile results in a significantly larger standard deviation,
because particles with a larger distance to the mean value have a quadratically larger
impact. Except for this distortion that is introduced along with the s-like shape of the
phase-space distribution, the trend in the energy spread and bunch length is directed
in the opposite direction. Namely, the closer the trapping position to the center of the
blowout, the longer the bunch, and the lower the energy spread. For low & cjeasel, @
high peak current occurs as a consequence of the shorter bunch (see figure 29 (c) and
(d))-

The simulation with & elease = 35 pm shows a double-peak profile of the charge dis-
tribution (see figure 30), explaining the minimum in the peak current. The emittance
is larger the further the trapping position is situated towards the rear of the blowout

(large &release)- Interestingly, the influence of phase mixing on the emittance appears
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Figure 30: The phase space of witness-bunch electrons (dots, additionally colored by their en-
ergy), that are released at different positions (&re1eqase given at the bottom left of the
subplots) with respect to the blowout center, is plotted after 1.6 mm of acceleration.
The mean energy W, the deviation of the energy oy, and the bunch length o are
displayed in the top right of the subplots. The profile of the energy (orange), and the

charge distribution (blue) are projected onto the respective axes in arbitrary units.

to be negligible here, otherwise the emittance should be larger the longer electrons
have to travel between the release and trapping position (figure 29 (c) gray curve). The
charge is not affected significantly by the release position of the witness electrons. A
small increase in charge, however, seems to occur as the combined field strength of the

laser pulse and the plasma wave grows with |& ejeasel-

For release positions at the blowout center, the witness bunch becomes trapped at the
most forward possible trapping position &irap ~ —30 um, which is determined by the
distance that electrons need to gain a relativistic velocity when being accelerated by
the plasma wakefield (see figure 30). Because the accelerating field is approximately
linearly increasing from the rear to the center of the blowout, where it is zero, the

foremost trapping position is connected with the lowest accelerating field.

The conspicuous s-like shape in the energy of the witness bunch at these foremost
trapping positions could be an artificial effect of the computational model. However,
the energy modulation is caused by a corresponding modulation of the accelerating
field. It is therefore more likely that it has a physical origin and is generated when
electrons that have been trapped alter the underlying electric field in such a way that

the trapping position of the following electrons is shifted. Their energy gain is then

119



120

HIGH-QUALITY ELECTRON-BUNCH GENERATION IN LWFA BEAM-DRIVEN PWFA

also different from that of an unloaded wakefield as a consequence of the altered
accelerating field. This is supported by the fact that it occurs most prominently at
the first trapping positions, where the accelerating field has its lowest amplitude, and
the space charge field of the witness bunch is not negligible compared to that of the
wakefield. This is also supported by the fact, that the length of the witness bunch is
significantly shorter, which is the opposite of the expected behavior (see figure 30 and
29 (c)). Beam-loading can have an influence, if the density of the witness beam ny =
(Q/e)/((2m)3/? 0x0y0;) is larger than the background density n,. For the simulation
with &release = 5 um this is the case as np ~ 5.89 x 10" cm =3 > n, =1x 10" ¢cm—3
(with Q ~ 32.7pC, ox ~ 0.335um, oy ~ 0.444 um, and o, ~ 1.48 um). Therefore, the
s-like shape of the particle energy seems to be a physical characteristic of the trapping

process at low accelerating fields, which are not very efficient for acceleration.
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Figure 31: The energy spread (crimson-colored curve) (a); the emittance in both transverse
directions (en,x orange, €n, blue, and e, magenta-colored curve) of the witness
bunch compared to equations (139), (138) and (137) (b); the bunch dimensions in
all three directions (c); and the peak current (I, [kA] dark magenta) and charge (Q
[10pC], dark blue curve) of the witness bunch (d) are displayed against the radius

"

of the laser spot at focus. Every “x” symbol marks one simulation, and the other
relevant laser parameters that have not been changed are shown at the top.

In figure 31, the laser-spot radius at focus, wy, is varied with the electron-release posi-
tion, being 65 um before the bubble center, corresponding to the outermost right points
in figure 29. At this position, the most energy can be gained, while the emittance is still
acceptable—the s-shape-feature of the phase space does not occur at this position. In
figure 31 (a), the substantial increase of the energy spread can be seen, while neither
the trapping position nor the energy is affected by variation of wo. Note that increasing
wo without changing the FWHM duration (1) or amplitude (a) of the laser, simultane-
ously increases the total laser energy Wi o tw3a3. The charge (see subplot (d)) and
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the emittance (see subplot (b)), increase quadratically with wy along with the energy
of the laser. However, four points are not enough to determine the growth rate pre-
cisely. Compared to the estimates of equation (139), (138) and (137), it must be noted
that the trapping position seems to have a considerable influence on the emittance (see
tigure 29) but is not included in any of the mentioned estimates. Apart from that, the
estimated emittances are of the same order of magnitude as the measured emittance,

and can reproduce the correct trend.

All three dimensions of the witness bunch slightly increase with wq (see subplot (c)),
while the charge increases very rapidly with wq (see subplot (d)). Note that the charge
is displayed in units of 10pC and therefore ranging from 17pC for wyo = 5um to
123pC for wog = 8um. This can be understood with the discussion of section 2.4,
which showed that the ionization volume becomes longer proportional to the Rayleigh
length zg o w% (see equation (127) and figure 11). Note that the length of the ionization
volume does not translate into the length of the bunch, which is mainly defined by the
length of the laser pulse (see figure 33). This increases the ionization volume propor-
tional to w3 and the ionized charge increases accordingly. Also, in section 2.4 it was
assumed that the initial energy spread is also a function of the length over which the
laser ionizes because the first ionized electron has been accelerated over this distance
before the last electron is ionized and becomes trapped at approximately the same

position. This is an explanation for the rapidly increasing energy spread in subplot (a).
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Figure 32: The energy spread (crimson-colored curve) (a); the emittance in both transverse
directions (en,x orange, € blue, and e, magenta-colored curve) of the witness
bunch compared to equation (139), (138) and (137) (b); the bunch dimensions in all
three directions (c); and the peak current (I, [kA] dark magenta) and charge (Q
[100pC], dark blue curve) of the witness bunch (d) are displayed against the nor-

malize amplitude ap of the laser. Every “x” symbol marks one simulation, the other
relevant laser parameters that have not been changed are shown at the top.
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In figure 32, the amplitude of the laser, ap, is varied, again without changing other
parameters. However, in contrast to figure 31, the release position of the electrons
was chosen to be & elease = 45 um, corresponding to the third mark from the right-
hand side in figure 29, at a significantly lower emittance and energy level. Again, the
emittance increases quadratically with ao, like the energy of the laser Wi  a3. The
charge substantially increases from Q ~ 16pC for ap = 0.11 to Q ~ 50 for ap = 0.125

again given in units of 10 pC, but not as fast as in figure 31.

It is noteworthy that this dramatic increase of the charge does not substantially affect
the bunch dimensions (which increase from o, ~ 2.06 to 2.29 um, from oy, =~ 0.33
to 0.47 um, and from oy ~ 0.49 to 0.82um) or the energy spread (which increases
from ow /W =~ 5.62 to 6.28 %). The emittance increases by approximately a factor of
two (from €, x ~ 6.9 to 15.6 x 10~8mrad). The estimates of equation 138 and 139 are
slightly lower, and underestimate the slope significantly. The simple equation 137 has
a more accurate, steeper slope, but overestimates the measured emittance by a factor
around two. Neither of the equations show the quadratic growth of the emittance
that was observed in the simulations. The peak current increases significantly (from
I, ~ 1.10 to 2.64kA), because the charge increases while the bunch dimensions stay

approximately constant (similar to figure 31).
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Figure 33: The energy spread (crimson-colored curve) (a); the emittance in both transverse di-
rections (en,x red, €n,y blue curve) of the witness bunch (b); the bunch dimensions
in all three directions (c); and the peak current (I, [kA] dark magenta) and charge
(Q [10pC], dark blue curve) of the witness bunch (d) are plotted against the FWHM-

duration of the laser pulse. Every “x” symbol marks one simulation, and the other
relevant laser parameters that have not been changed are shown at the top.

Figure 33 shows the change of the witness-bunch parameters when the laser-pulse

duration is altered—the remaining parameters are kept as in figure 32, and displayed



7-4 WITNESS-BUNCH GENERATION

at the top of the figure. Just as in the cases where ag and wy are varied, the laser energy
increases with longer laser-pulse duration as Wy o T, yet unlike previous cases, not
quadratically but linearly. This leads to an approximately linear increase of the charge
(from Q ~ 16.5 to 47.0pC) and the emittance (from e x ~ 5.26 to 16.1 x 1078 mrad),
when increasing T (from 20 fs to 70 fs). The bunch length significantly increases from
0, ~ 1.6 to 2.73 pm, where no other laser parameter changed o, this much. This, again
is consistent with the discussion in section 2.4. As a consequence of the increased
bunch length, the total energy spread also increases from ow /W = 3.75 to 7.52 %; the
fractional energy spread—the energy spread within one slice of the bunch—does not

increase significantly.

Summarizing the results from the parameter-scan simulations; the peak current and
charge are increased most efficiently by a larger ap, and wy based on the quadratically
increasing energy of the laser Wi o« tw3a3. The bunch length is increased most effi-
ciently by a longer laser pulse duration T, or by shifting the release position towards
the blowout center, but simultaneously the total energy spread is increased. The emit-
tance depends greatly on the electron release position, & ejease, and on the laser focal

spot size, wyp, and and strength, ap, and increases less significantly with larger 7.

From the perspective of FELs, where a long bunch with a small energy spread and
emittance is required it is therefore favorable to use a long TH-laser pulse. However,
from the above parameter scans it also becomes clear that not all parameters can be
optimized simultaneously and a trade-off is inevitable. First, the position of electron
release was chosen to provide for a high energy gain, at a simultaneously long bunch
length and low emittance. Consequently, the release position &retease = 45 um was
chosen in between the center of the blowout and the outermost positions where trap-
ping is possible. An order of magnitude lower emittance can be achieved for a cen-
tral electron-release position (the minimal measured emittance shown in figure 29 is
enx ~ 2 x 1078 mrad). Exploiting the s-shape-feature at central release positions, a
very high peak current is possible (the highest measured peak current is I, ~ 5.24 kA).
However, the small energy gain combined with the short bunch inhibits proper FEL

operation.

The laser waist, wo = 6 um, was chosen at a point where the energy spread and
emittance is small, while the peak current and bunch length fulfills the needs of
FELs. Note, the simulation series shown in figure 31 uses an electron release position
Erelease = 65 um different from the one that is chosen here. The laser FWHM duration
of T = 50fs is chosen to produce a long bunch, while not spoiling the emittance or
energy spread too much, and finally, with ap = 0.12, a sufficiently large peak current
is achieved. Alternatively, injection on an ascending density at the very beginning of
the plasma stage could be exploited to stretch the length of the witness bunch. With

this chosen set of parameters, a long simulation is set up which is illustrated in figure

34 and 35.
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7.4.2  Characteristics of the simulation

The simulation parameters used are displayed in Table 12 and Table 13. A lithium den-

3 was chosen to maximize the plasma response k,0, ~ V2 (see

sity of 1 x 10'7 cm~
figure 26), while the resulting plasma wavelength of A, ~ 105.6 um is large enough
to accelerate a fairly long bunch. The width of the drive beam, however, cannot si-
multaneously be matched to circumvent betatron oscillation in this case, because the
matched beam radius would be on the order of meters due to the large emittance (see
Table 3). The normalized charge Q = (Q/ e)(kf, /np) = 322> 1 of the drive beam indi-
cates the capability of driving a strongly nonlinear wakefield. Note that, similar to the
equivalent parameter of LWFA, ap, the transverse size of the beam is not included in
this consideration, e. g. a lower density of 0.5 x 10" ¢cm~3, Q ~ 227.6, and k0, ~ 1.0.
Further, the mean transverse momenta given in Table 3 have been subtracted from all
beam electrons, resulting in a beam that is aligned to the propagation axis. The simu-
lation window was chosen to contain the strongly diverging drive beam for the most
part, while the chosen resolution was sufficient to resolve the small local peak field
strengths. Note, the wavelength of the TH-laser is not resolved and the laser pulse is

represented by the envelope of the pulse.

The plasma of this second accelerator stage begins with a 0.5 mm long, linearly ascend-
ing density profile, and the ionization laser is focused another 0.5 mm after the plasma
density is constantly at 1 x 10'7 cm™3. This initial part of the PWFA is illustrated in
tigure 34, where the situation is shown immediately behind the density upramp in
subplot (a), and during the ionization (b) and trapping process (c). The high-current
drive beam excites a strongly nonlinear plasma wave of approximately twice the linear
plasma wavelength of A, ~ 105.6 um. Note that the free drift removed nearly all elec-
trons below 1 GeV from the axis (see figure 34 (a)). The outermost electrons have left
the simulation box during the free drift, so the remaining electrons are in the rectangu-
lar shape of this box when they are loaded in the PWFA stage with an increased size of
the simulation box. However this does not change the wakefield, because the cut off is
outside of the plasma cavity and the truncated electrons would not have contributed

to driving the wakefield.

Subplot (d) in figure 34 shows the point where part of the drive beam (greenish elec-
trons at about 2 GeV) undergoes the first plasma focus near 7/kg =~ 6.45mm after
entering the plasma. The peak electric field strengths at this and the following focal
points of the drive beam, are below the ionization threshold for the HIT medium, Li™,
because the massively widened beam has lost a considerable portion of its charge. This
successfully prevents the injection of dark current that is ionized by the drive beam.

Also, the ionization of Li™ at the rear of the blowout does not inject dark current.
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In figure 35, the situation is shown at later points, where the driver (smaller spheres)
undergoes further plasma focusing, while the rear part of the drive beam is decelerated

and the witness bunch (larger spheres) constantly gains energy up to the GeV level.
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Figure 34: The LWFA-generated beam (Table 3) enters a second plasma accelerator stage after
6 mm of free drift through a 0.5 mm long linearly increasing density (a). The elec-
tron beam self-ionizes lithium (Li electrons are not shown, electrons from Li" ion-
ization and drive-beam electrons within a central slice of x < [5| um are depicted as
color-coded spheres) and a TH-laser locally ionizes Li* (b), generating a high-quality
witness bunch that is trapped (c). Part of the electron-drive beam is first focused at
z = 6.6 mm by the plasma (d). The central slice of the longitudinal field E, in (a)
and (d), and the magnitude of the electric field |E| in (b) and (d) (right color-bar)
are shown. The amplitudes of the longitudinal field along the propagation axis are

shown as blue curves.

Subsequently, the electrons at the back of the drive beam have lost so much energy that
they move back and become trapped in the accelerating phase of the wakefield behind
the witness bunch in the last two subplots. Note, only drive-beam electrons within a

central 5 um broad slice are shown for clarity.

More surprisingly, the main part of the drive beam starts to move off axis, although
the mean transverse momentum has been adjusted to be close to zero at the start of the
simulation. This movement of the main part is accompanied by a smaller portion of the
drive beam that moves into the opposite direction, such that the mean momentum of
the beam is still close to zero. This divides the drive beam into two separate parts which

are separately focused by the plasma, and that start to drive two parallel wakefields.
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The TH witness bunch is pulled off axis with the main part of the wakefield, which
then is significantly decreased in size due to the lost drive-beam charge. Note that the
splitting of the drive beam is not visible in the x-direction and several other simulations

have reproduced this behavior using the same drive beam.
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Figure 35: Focusing of the drive beam significantly elongates the wakefield (a), while its head
constantly diffracts and its main part begins to move off axis (b). A considerable
portion of the driver leaves the main body of the beam and starts to drive a second
parallel wakefield (c), (d). Lithium electrons are not shown and drive-beam electrons
are shown within a central slice of x < |5| um. Electrons from Li" jonization and
drive-beam electrons are depicted as color-coded spheres. The central slices of the
longitudinal field, E, are shown in the background (right color-bar).

However, this process does not stop the acceleration of the witness bunch and moves
it closer towards the rear of the blowout. Interestingly, this does not lead to a higher
energy gain or significantly increased energy spread (see figure 36 top). A few mil-
limeters behind the point that is shown in figure 35 (d), the acceleration stops because
the shrinking blowout moves the witness bunch out of the focusing and accelerating
phase. For a short time during this final phase, the energy chirp of the witness bunch
is rapidly reduced as the bunch slips across the point where the gradient of the ac-
celerating field switches its sign. This feature, however, could not be exploited as the
strong de-focusing fields at the same positions dramatically increase the emittance and
the bunch starts an uncontrolled wiggle motion and is pushed away from the axis

immediately thereafter.



7-4 WITNESS-BUNCH GENERATION

Until this point, the energy and standard deviation of the energy grows linearly, while
the relative energy spread oy /W stays nearly constant at 6.14 — 6.88% (see figure 36
top). Although the acceleration is not influenced when the drive beam is divided into
two parts, it leads to a rapid deterioration of the witness-bunch quality as a result
of the displacement. The displacement of the wakefield and the witness bunch can
immediately be seen by the mean position of the witness bunch (see x, and y in the

bottom subplot of figure 36). The direction of this movement clearly is predominantly
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Figure 36: The development of selected parameters is shown for the simulation in figure 34
and 35. The mean energy, W, of the witness bunch (crimson-colored continuous
line), and its energy deviation oy, (crimson-colored dashed line) are shown in the
top subplot. During the drift in the y direction, depicted by the mean position of
the witness bunch (bottom plot left y-axis, orange continuous curve), the bunch
undergoes a meandering motion that leads to a dramatic increase of its width, oy
(bottom plot right y-axis, orange dashed curve). As a result, the emittance (middle
plot, orange curve) dramatically increases from €y, ~ 0.12 to 4.36 mm mrad in this
direction, while the x-direction is much less affected (blue curves).

in the plane of the polarization of the LWFA laser, y, which also leads to a dramatic
increase in the bunch width and the emittance in this direction (orange curves in the
middle and bottom subplots). The increase of the bunch width results from the fact
that the bunch is significantly longer than broad, and the head is moved off axis time-
displaced from the rear. Such that the length partially translates into its width in the
direction of the displacement.

Figure 37 shows the development of the longitudinal phase space of the drive beam
(smaller spheres) and the small witness bunch at & ~ —50 pm (larger spheres). When

comparing the last subplot of figure 24, where the drive beam is shown before exiting
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Figure 37: The development of the longitudinal phase space of the witness bunch (larger
spheres), and the drive beam (smaller spheres) within the same x < |5| pm thin cen-
tral slice as in figure 34 and 35. The energy distribution of the whole beam (orange
curves), and the distribution of the drive-beam charge (blue curves) are projected

onto the respective axes.

the first plasma stage, and the first subplot in figure 37, where the drive beam has
entered the second plasma stage after a 6 mm drift, it can be seen that many low-energy
electrons are lost during the drift. However, a small number of electrons with energies
below 1 GeV remain. Since they are situated at positions of the strongest decelerating
tield strengths, they quickly become decelerated and are subsequently trapped at the
back of the wakefield. Nevertheless, these trapped beam electrons are spread over
a large region within the blowout and do not noticeably interfere with the witness
bunch.

The deceleration of the drive beam is clearly visible in the phase space, and from the
projection of its energy distribution. The large number of electrons around 3 GeV from
the beginning continuously loose energy and start to move into the blowout, while the
high-energy electrons at the front of the beam mostly keep their energy but gradually
get lost due to their divergence. However, as can be seen from the charge projection,
no significant amount of drive-beam charge moves backwards until the end of the

simulation, where the rear slope of the distribution of the charge begins to soften.
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7.4.3 Evaluation and summary

The witness bunch is extracted from the plasma at z=30 mm, the position shown in
figure 38 and 39, using a 1 mm long cosine-squared density profile that lowers the den-
sity to zero. At this point, the energy is at a sufficiently high level while the emittance,
and bunch width, are not too large for application in a FEL (see figure 36). The result-
ing parameters of the witness bunch, directly behind the plasma exit, are displayed in
Table 4.
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Figure 38: The phase space in all three dimensions for the drive beam (top row) and for the
witness bunch (bottom row) at z = 30 mm. The projections of the electron distribu-
tions onto the spatial axes are shown at the bottom of each subplot in arbitrary units.
The scale for the energy (color coding) is the same for every subplot and can be read

from the color in subplot (c).

In figure 38, the phase-space distribution of the drive beam (top), and witness bunch
(bottom) in all three directions is displayed at the point before it is extracted from the
plasma. The vast divergence of the head of the drive beam is visible in subplot (a) and
(b), by the wide spread of the electrons over the entire x, and y axes. A different part of
the beam with energies from about 2 to 4 GeV (green-, and yellow-colored) is focused
by the plasma, and is transversely restricted to the radius of the blowout, despite its

very high momentum.

Figures 38 (a) and (b) show that the further the drive-beam electrons are from the
central axis, the higher are their transverse momenta. This is because electrons with a
high divergence, and thus for a given energy a high transverse momentum, are faster
further away from the central axis than electrons with a lower divergence and trans-

verse momentum. Electrons with the same divergence, px/p-, share approximately the
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same distance from the central axis. Therefore, high-energy electrons (red- and violet-
colored) also have a higher transverse momentum (v) than electrons at the same
transverse position and a lower energy (see subplot (a) and (b) of figure 38). Finally,
the two subplots (a) and (b) show that the drive beam is only split in the y direction.
The longitudinal phase space of the entire drive beam is shown in subplot (c). The

WITNESS BUNCH PARAMETERS AFTER A 1 MM LONG DOWN RAMP

w 1130 MeV mean energy

ow/W 6.89% relative energy spread
(ow/W )lice 0.442% mean slice energy spread

I, 2.05kA peak current

Q 35.9pC total charge

0z 226 um longitudinal rms bunch length
Ox, Oy 0.29, 0.93 um transverse rms bunch lengths
€n,xs Eny 0.14, 0.84 mmmrad normalized transverse rms emittances
( Bxyx ), (ByYvy ) | —0.77, —6.07 mean transverse momenta
(x),(y) 10.3, —65.7 pm mean transverse positions

z 31T mm point of extraction

Table 4: The resulting witness-bunch parameters from the simulation in figures 34-36 are shown
at z =31 mm, right after a 1 mm long cosine-squared density profile, at the exit of the
plasma. The applied simulation parameters are shown in Table 13. For the calculation
of the peak current and the mean slice energy spread, the bunch is divided into 0.5 um
broad slices.

transverse oscillation of the witness bunch, which is induced by the off-axis drift of
the drive beam, can be seen in subplots (d) and (e) of figure 38. The oscillation of the
witness bunch is predominately in the y direction, along with an offset of y ~ —93 um,
which is approximately at the same position as the peak density of the drive beam
(compare subplot (b) and (e)).

The longitudinal phase space of the witness bunch in subplot (f) shows a less pro-
nounced version of the s-like phase space that is discussed in the context of figure 30.
Here, the feature is optimized to compensate for the correlated energy spread at the

center of the witness bunch.

As can be seen from Table 4, the energy of the obtained witness bunch is well above
the 1GeV level. However, the steep gradient of the accelerating field in combination
with the long bunch, lead to a large correlated energy spread that constantly increases
during the acceleration (see figure 36). For a FEL, a smaller energy spread is required
at higher energy. Therefore, and because the slice energy spread also did not decrease

significantly, it was not possible to go to higher energies. It was also not possible to
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go to a higher energy in this simulation because of the increasing bunch width and

emittance. In practice, the high correlated energy spread must be compensated to fulfill
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Figure 39: The energy (continuous curve top left axis), standard deviation of the energy (dashed
curve top right axis), the emittance in the y (orange curve middle subplot) and the
x (blue curve middle subplot) direction, and the slice current of the witness bunch
(bottom subplot) are shown along the bunch propagation axis before extraction at
30 mm, using 0.5 um broad longitudinal slices.

the condition given in equation 177, before the bunch can be utilized in a FEL, e. g. by
applying the novel dechirping method introduced by [151]. However, the longitudinal

phase space must be approximately linear for this method to be efficient.

In figure 39, the bunch parameters are resolved longitudinally along the bunch axis,
by longitudinally dividing the bunch into slices, and evaluating each slice individually.
Note, that the values of these parameters depend on the choice of the slices width.
Usually, this width is chosen to be about one cooperation length in the context of FELs.
However, the cooperation length is dependent on the design of the FEL, which cannot
be anticipated at this point. For example, using a slice width of 0.2 um (instead of
0.5 pm), the mean slice energy spread given in Table 4 reduces from ~ 0.442% to only
~ 0.237%. Here, the slice width was chosen to result in a continuous curve, with no
significant jumps between the slices, while the bunch is reasonably resolved. Bearing
this in mind, it can be seen that the slice energy spread shows a pronounced minimum
at the position where the energy stays nearly constant, which is also near the peak
current of this bunch.

In conclusion, it was found that the inhomogeneous charge and momentum distribu-

tion of the LWFA drive beam, in combination with its high divergence, can result in
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a significantly changed behavior when driving a wakefield, compared to a Gaussian
drive beam. Further, the direction of the polarization of the LWFA laser significantly af-
fects the properties of the following stages in that direction; using a circularly polarized

drive laser might solve this issue.

The high divergence of the electron beam could also lead to a severe distortion of
the wakefield. Even after the point where the beam has undergone several focuses,
it is possible that a large portion of the beam gets lost in the plasma, which itself
can be focused to a level where it can drive a separate wakefield. This could be a
consequence of the deceleration, which reduces the forward momentum of the beam
electrons, while the transverse momentum is not lowered and thereby the divergence,
and amplitude of the betatron oscillation is effectively increased. It therefore appears
to be very important to enhance the stability and sustainability of the wakefield by
matching the transverse size and divergence of the drive beam to the plasma. This
requires significantly smaller emittances, which are expected for drive beams with a
lower charge. Further, the use of one—or possibly more—plasma lenses in between the
LWFA and the PWFA stage might enable the drive beam to be matched.

In general, the electron beam output from a LWFA stage must be expected to show
variations of the direction of propagation, in particular when beam instabilities like
hosing can occur. This pointing instability also has a crucial influence on the witness
bunch in the next plasma accelerator stage, because it leads to an off-axis release of
the electrons, or in the worst case, prevents injection. Using a high-current drive beam
allows injection to occur within an extended region, first due to a longer nonlinear
blowout, and second because the resulting high accelerating fields enable trapping of
electrons that are released nearly everywhere in the blowout (see figure 29). Therefore

injection and trapping is to a certain extend possible even with misaligned geometry.

However, the off-axis injection increases the emittance and amplifies the transverse
oscillation of the witness bunch, leading to intensified betatron radiation, but also in-
creases the pointing instability behind the second plasma stage. Note, that betatron ra-
diation is not included in the PIC simulations because it would require a much smaller
resolution, at the level of X-ray wavelengths. The energy loss from betatron radiation
can be neglected for on-axis TH injection, and is expected to be on the keV energy

level [104].

Last but not least, the separation of witness-bunch, dark-current, and drive-beam elec-
trons needs to be considered. Ideally, the energy of the witness bunch is substantial
different from the energy of the other electrons, so a separation with respect to the
energy is possible. Another way could be to use a free drift to sort out electrons with
higher divergence, e. g. drive-beam electrons, and block electrons that are too far away
from the central axis. A third way of separating electrons of different energies is given
by the diffraction of the electrons when leaving a plasma with a small angle with re-

spect to its surface [166, 241], similar to the diffraction of a light beam leaving water.
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The required plasma profile can be created optically similar to the method introduced
in chapter 3. However, all these options might also include either accidentally blocking

part of the witness bunch, or at least reducing the quality of the witness bunch.

Similar witness bunches have been produced in further PWFA-TH simulations, all of
which show similar quality and the same behavior of the drive beam. Variation of
the applied lithium density either results in a smaller plasma cavity, where less driver
charge is used to drive the wakefield, or in a larger plasma cavity that cannot com-
pensate the strong divergence of most electrons of the driver. Finally, the bunch that
is shown in Table 4 will be used in the third and last step of the simulation setup to

produce short-wavelength radiation in an undulator.
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GENERATING HIGH-POWER SHORT-WAVELENGTH RADIATION
IN AN UNDULATOR

The parameters of the TH-bunch at the plasma exit discussed in the previous chapter
are used in the formalism derived by M. Xie [243] to find a combination of undulator
period, Ay, and strength, a,,, for which high-power, short-wavelength radiation can be
generated. For this, the conditions 174, 175, 172, and 177 must be fulfilled simultane-
ously. On the other hand, the undulator period should be A, 2 1cm to be manufac-
turable (an undulator period of 0.5cm was produced but required highly advanced
methods) and the undulator strength K = v/2a,, must be realizable with available tech-
niques and materials. The latter restricts the attainable peak magnetic field, By, to a
few Teslas [14, 42, 59]. Using the bunch parameters displayed in Table 4 and assuming
a compensated energy chirp leads to the possible undulator configuration shown in
tigure 40, and Table 5. The energy spread of 0.237% is set to the mean slice energy
spread for slices with a width of 0.2 pm ~ L.

Resonant wavelength % [m]

rho = 0.00493 lambda_r = 8.00 nm

u
u

undulator parameter a
undulator parameter a

b,01 0.02 0.05 0.06 H 0.02 0.03 0.04 0.05

undulator period lu [m]

.03 0.04
undulator period A [m]

L, [m] B [T

sat 3 ms [

u

2.58

undulator parameter a
undulator parameter a

0.02 0.03 0.04 0.05
undulator period lu [m]

0.02 0.03 0.04 0.05
undulator period Au [m]

Figure 40: The FEL parameters at a,, = 2.6 and A, = 1.0cm using the undulator design for-
malism by M. Xie [243] and B. McNeil [158], where the bunch parameters v = 2211,
oy /vy =0.00237, I, = 2203 A, and e x = 0.137 umrad are used.
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SUMMARIZED FEL DESIGN PARAMETERS

Au Tem undulator period Ly 0.196m 3D gain length

a, 26 undulator parameter | Lo 0.093m 1D gain length

K 3.68 undulator parameter | Byms 2.79T rms magnetic field

Ar 8nm resonant wavelength | Bnqt 1.9Tm  natural focusing

prer  0.0049 Pierce parameter Nu 379 total undulator periods
Lsat 3.79m  saturation length Lc 0.13um  cooperation length
Psat  4.44GW saturation power Lsmax 3.04um total slippage

Table 5: Possible undulator configuration, displayed in figure 40 based on the formalism by M.
Xie [243] and B. McNeil [158].

The restriction prer ~ 0.0049 > 20, /v ~ 0.0047 is fulfilled, but for the chosen A, =
Tcm, no lower a, can be used without violating this condition (see figure 40 top
left). The number of undulator periods is given by the estimated saturation length
Ny = Lsat/Au = 379; the estimated gain length, including consideration of the energy

spread, amounts to Ly ~ 19.6 cm, whereas the 1D gain length is only Lo ~ 9.34 cm.

The required magnetic field strength of Byms ~ 2.79 T is on the edge of state-of-the-art
cryogenic undulators [14, 170] and thus precludes going to higher a,, or lower A, (see
figure 40 bottom right). To relax the requirement on the high magnetic field strength
Brms, a longer undulator period, A, would be required. In this case, however, the
slippage would increase to a level that would make the FEL process very ineffective.
The maximum slippage of Lsmax ~ 3.0 um is slightly larger than the rms length of
the bunch o, ~ 2.26 pm (the maximum length of the bunch is 12.0 ym) and the slip-
page condition, Ls max = LsatAr/Au < 02 (174) is therefore not fulfilled. Decreasing
the slippage by going to smaller A, is prevented because the Pierce parameter then
becomes smaller than twice the energy spread of the bunch, violating the important
energy-spread condition (172). Going to a shorter undulator period, A, is not possible
from the perspective of manufacturability (too high magnetic fields), and increasing
Ay increases Lsmax, as the resonant wavelength and the saturation length increase
simultaneously. The slippage condition could therefore not be fulfilled without violat-
ing more stringent restrictions, but it was optimized to result in a small slippage. Also,
the condition for transverse overlap of the bunch and the radiation (175), en < A,/4m,
cannot be fulfilled with the given bunch, e, x ~ 136 x 1077 > A /4~ 0.64 x 1077,

The gradient of the energy of the witness bunch (energy chirp) is calculated using a

linear regression of formula 178, with prgr = 0.0049 and A, = 8.0nm, resulting in

o ~ 0.15. Equation (177) then becomes —=< ( U ) ~ 9.79 > 1, thus the condition

Oz fwhm p%EL
for the maximum allowable energy chirp is violated. Therefore, an un-chirped bunch

will be generated in the following for the FEL, assuming that the de-chirping method
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Figure 41: The phase spaces of the simulated PWFA-TH-bunch directly behind the plasma exit
(top row), and two generated centered bunches that share the same Twiss param-
eters and uncorrelated energy spread as the simulated bunch (bottom row). Both
generated bunches have the same transverse phase spaces (subplots (d) and (e)). In
subplot (f), two generated bunches are shown: one that has an energy chirp that re-
sembles the chirp that was obtained by simulation, and one that has an un-chirped
energy distribution. From this subplot, the color coding for every other subplot can
be read from the y axis.

from [151] was applied to compensate the energy chirp of the witness bunch. To model
the un-chirped bunch that features the same parameters as the obtained PWFA-TH-
witness bunch (displayed in Table 6), the tracking code ELEctron Generation ANd
Tracking [25] (ELEGANT) was used. The uncorrelated energy spread of this bunch was
set to the mean slice energy spread of the original bunch, o, /vy = 0.0237%, using a
slice width of 2 um, which is slightly larger than the cooperation length, L. ~ 0.13 ym
of the above-discussed undulator configuration. Note, a smaller slice width leads to a

smaller slice energy spread.

Besides having virtually the same Twiss parameters as the original bunch, the offsets
in the transverse direction and the mean transverse momentum of the original bunch
have been subtracted to re-align the generated bunch to the propagation axis. Further,
the number of macro-particles was increased in the generated bunch without changing
its charge. The phase spaces of the original bunch (top row), and the created bunch
(bottom row) are shown in figure 41. In this figure, two bunches are shown that are
generated with ELEGANT and have the same transverse phase space. In the longitudinal
direction, one bunch has nearly the same energy chirp as the simulated bunch, and the

other bunch is assumed to be de-chirped. Therefore, the sole influence of the energy
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chirp in a beamline can be seen by comparing both generated bunches, while the
effect of the non-Gaussian phase-space distributions and offsets can be seen when the
generated, chirped bunch is compared to the original bunch (see figure 44). Because
the achieved TH bunch violates the condition for the maximum allowable energy chirp,

only the de-chirped bunch will be used as driver in the FEL.

Comparing figure 38 and 41 shows the effect of the applied density downramp at the
end of the PWFA stage; the respective parameters before and after the downramp are

given in Table 6. From this Table, it can be seen that the normalized emittance grows

TWISS PARAMETERS BEFORE AND AFTER THE PLASMA EXIT

(o, “y) (Bx, By) (ex, ey) (ox, Gy) (Ox, Gy’)

[mm)] [10~7 mrad] [wm] [10~4]

before | (0.028, —0.82) (1.13,1.90) (1.35,7.63) (0.26,0.82) (2.34,5.56)
after | (—0.42,0.031) (1.34,2.27) (1.36,843) (0.29,0.93) (2.33,4.00)

Table 6: Twiss parameters of the PWFA-TH bunch before the start of the T mm long cosine-square-
shaped descending plasma density and after the plasma exit.

slightly and the bunch widths oy and oy expand, while the transverse momenta oy
and oy decrease. The Twiss parameters oy, and By, as well as the bunch width,
Ox,y, and the emittance, €, are subject to oscillations during the acceleration in the
PWFA stage. In addition, these oscillations are superimposed on the transverse drift
in the case of the above-discussed PWFA simulation. Therefore, the development of
the parameters within the downramp must be seen as a damped continuation of the
oscillations within the plasma, featuring a growing bunch width and a decreasing

transverse momentum.

8.1 BEAM TRANSPORT AND MATCHING

For the FEL process, it is required that the driving electron bunch is matched to the
undulator. Without matching, the vast divergence would result in an extremely short
interaction between the bunch and the radiation within the undulator. For a short
undulator, natural focusing might suffice to provide the required transverse overlap
between the bunch and the radiation, however, it affects only one transverse direction
and the beta function still needs to be matched to that of the undulator. External guid-
ing of the bunch within the undulator becomes essential for undulator lengths that are
much longer than 3* = y(cr%ro /€n) with the beam width at the focus, 0, . The param-
eters of the bunch at the exit of the plasma (given in Table 6) yield B} ~ 1.37 mm and

y & 2.27 mm, assuming the bunch to be focused at this point. Because the saturation

length is at the meter-level and the obtained beta functions are on the millimeter-level,
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the beta functions need to be increased by three orders of magnitude and matched to

the entrance of the undulator for effective FEL operation.

In the present scenario, external guidance is therefore advisable to achieve the full
attainable power output of the bunch. To keep the bunch in a stable and confined tra-
jectory, the undulator is divided into sections of preferably more than a gain length and
complemented by a periodic lattice of focusing and defocusing quadrupole magnets

in between the sections (see figure 42).

-2

magnet strength [m ],

w o w (]
L L L

undulator parameter K

0 20 40 60 80 100 120 140 160
FODO cell with undulator [cm]

Figure 42: Undulator configuration with external focusing by a FODO structure. The magnetic
field strength of the quadrupole magnets and the K parameter of the undulator are
proportional to the height of the elements. The corresponding parameters are given
in Table 15.

The average beta function, 34, within the FODO cell is connected with the length of
one section L, 40, and the ideally small phase advance, u, via

Ltodo = PBavsinp. (181)

Obviously, the longer the undulator compared to the total length of the focusing com-
ponents and drift gaps in between, the more efficient it can amplify the radiation out-
put. Therefore, a large average beta function is favorable to increase the length of one
section and therefore the length of the undulators within one section. To achieve a sta-
ble, periodic trajectory, the bunch must have precisely defined Twiss parameters at the
entrance of the FODO lattice, namely «, ~ 0 and & ~ 0 and the beta functions must
be matched to

Bx =PBav(l1—sin(n/2)) and By = PBav(1+sin(p/2)) (182)

when the first quadrupole magnet focuses in the x direction. The bunch must be
matched at the center of the first quadrupole, which is ensured by dividing the fo-
cusing quads into two equally long parts and starting the section with one half and
ending it with the other half (see figure 42). The lengths in the FODO-cell are expressed
in units of the undulator period, A,, = 1.0 cm, to ensure the section is an integer multi-

ple of it.

The millimeter-level beta functions of the bunch behind the plasma must be matched

to the values that are given in equation (182), and therefore increased by three orders of
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magnitude to allow for a meter-level section length defined by equation (181). Further,
the transverse size of the bunch should ideally be small within the undulator while the
emittance should not increase significantly in the beamline, to ensure a high amplifica-
tion (prerL o O'r_z/ 3). However, because these parameters are connected via § = G% /€n,
and the emittance cannot decrease within the beamline, the beta function can only be
increased along with the size of the beam. Bunch-steering elements are therefore neces-
sary to transport the bunch to, and provide the required parameters at the center of the
tirst quadrupole of the FODO cell. Such a beamline typically consists of a permanent
magnet quadrupole (PMQ) triplet to capture and collimate the electron bunch (o« — 0)
directly behind the plasma, followed by an electromagnet quadrupole (EMQ) triplet to

match the Twiss parameters to the required values at the end of the beamline [205].

The large divergence of the witness bunch behind the plasma requires the bunch to be
captured as soon as possible, but realistically it is not possible to place strong magnets
directly behind a plasma. Also, it is important to leave a sufficiently long gap between
the undulator and the quadrupoles in order for their fields not to interfere with each
other [251]. These restrictions of the minimum distances, combined with the large diver-
gence, result in an unavoidably wide beam right at the start of the beamline (see figure
43). The bunch can therefore only be collimated with a large transverse size. Then, at
least two more triplets would be required to shrink and collimate the bunch [205]. So,
instead of using the above-described multi-triplet structure, the bunch size is directly
decreased by the first triplet (xx > 0). While optimizing the quad strengths of the sec-
ond triplet to result in the desired matched bunch behind the beamline. Further, it was
found that the first magnet of the second triplet can be omitted and effectively had no

influence on the result using ELEGANT.

MATCHING OF THE TWISS PARAMETERS

Kx,y Bx,y [m] €x,y [mrad] Ox,y [um]

before | (—0.42,0.031) (0.0013,0.0023) (1.36,8.43) x 10~7  (0.29,0.93)
after | (—0.033,0.022)  (3.14,1.38)  (1.48,23.9) x 10~7 (14.5,38.7)

Table 7: Matching of the Twiss parameters and focusing of the un-chirped bunch, before and

after the beam transport line.

The resulting evolution of the bunch parameters is depicted in figure 43, the parameters
of the bunch before and after the matching beamline are displayed in Table 7. As can
be inferred from 3, and 3, in this Table, the average beta function is B, ~ 2.26 m,
resulting in a phase advance of u ~ 0.80rad ~ 45.8° and the length of the section is
Liodo =~ 162.11 cm.

The gap between the undulator and the quadrupole magnets is set to 7cm to avoid

that the magnetic fields interfere while keeping the distance as short as possible to not
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Figure 43: Matching and focusing of the de-chirped bunch in ELEGANT; the initial and final
bunch parameters are displayed in Table 7. In the subplot (a), the applied beamline
is displayed on the right y axis, where a positive quad strength focuses the bunch
in the x direction (red), while a negative quad strength focuses the bunch in the y
direction (blue). The bunch width (a), its divergence (b), beta function (c), and the
emittance (e) are shown in the direction perpendicular to the polarization of the
LWFA and the TH laser (orange) and parallel (blue). The parameters of the beamline
are given in Table 14.

disturb the FEL process. The length of the quadrupole magnets of the FODO lattice is set
to 14 cm (except for the first and the last quadrupole magnet) for similar reasons (see
figure 42). The strengths of the quadrupole magnets, combined with the undulators
have been again optimized in ELEGANT to result in a stably periodically focused bunch;
the resulting values are displayed in Table 15. When subtracting the drifts (4 x 7cm)
and the lengths of the quadrupoles (2 x 14 cm) from the given length of the section,
Ltodo = 162 cm, the remaining space for one undulator amounts to 53 cm—sulfficiently
longer than the gain length.

Note, the beamline was adjusted specifically for the un-chirped bunch. As a demon-
stration of the influence of deviations from the bunch to which the beamline was op-
timized, the propagation of the original bunch with the high-energy chirp and asym-
metric phase space, and the generated bunch with the energy chirp and the centered,
Gaussian phase space (see figure 41) are shown in figure 44. Here the emittance grows
not merely by a factor of about two, as was the case for the un-chirped bunch, but by
two orders of magnitude, as a result of the energy chirp (compare the dashed lines in

figure 44 and the continuous lines in figure 43). Further, the beam waist at the focus
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Figure 44: The propagation of the original PWFA-TH bunch (continuous curves) and the gener-
ated chirped bunch (dashed curves) in ELEGANT using the focusing and matching
beamline of the un-chirped bunch shown in figure 43. In the subplot (a), the applied
beamline is displayed on the right y axis, where a positive quad strength focuses the
bunch in the x direction (red), while a negative quad strength focuses the bunch in
the y direction (blue). The bunch width (a), its divergence (b), beta function (c), and
the emittance (e) are shown in the direction perpendicular to the polarization of the
LWFA and the TH laser (orange) and parallel (blue). The parameters of the beamline
are given in Table 14.

is much broader, resulting from the chromatic aberration induced by the considerably
larger energy spread. The original bunch (continuous curve in figure 44) shows a yet
more pronounced deviation, worse focusing, and larger emittances. The difference be-
tween the continuous line and the dashed line in figure 44 illustrates the difference
of the propagation of a Gaussian-shaped, centered bunch to the original asymmetric
bunch with large offsets.

Because both conditions that would ensure the transverse (175) and longitudinal over-
lap (174) of the electron bunch and the radiation pulse could not be fulfilled, the actual
gain length is expected to be substantially larger than predicted (see Table 5). Overlap
in the transverse direction can be provided by external focusing in the undulator. Con-
sequently, the saturation length and the length of the undulator will be considerably

larger than predicted (Lsqt ~ 3.8 m), also increasing the slippage.
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8.2 SIMULATION OUTCOME AND DISCUSSION

Combining the results, the full phase space distribution of the matched, un-chirped
bunch (see bottom row in Table 7) and the optimized FODO-lattice (see Table 15 and
tigure 42) was loaded into the FEL-code GENESIS. The resulting parameters along 27
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Figure 45: GENESIS simulation of the matched, un-chirped bunch, using the parameters given
in Table 16 and using the undulator and FODO-lattice given in 15. In (a), the average
power is given on a linear scale (continuous curve) on the left, and on a logarithmic
scale (dashed curve) on the right. The bunch is periodically focused (b) and slowly
develops micro bunching (c); the bandwidth of the generated radiation decreases

under 1% (gray horizontal line) and stays approximately constant (c).

sections are shown in figure 45, where the ends of the sections are depicted by light

gray vertical lines.

First, it can be seen that the electron bunch is nicely guided along the undulator by
the external focusing, shown in subplot (b). With o, ~ 30 um, the bunch shows a
< 10 um.

~

substantially larger width in the y direction than in the x direction, where oy
This again is a result of the asymmetry that was induced by the off-axis drift in the
PWFA stage and initiated by the stronger momenta in the plane of polarization of the
LWFA laser (see figure 25). The substantial increase of the width of the bunch before,
and after the beam transport line (see Table 7) compromises the FEL performance by
lowering the gain parameter prgr o< oy 2/3 Therefore, a smaller bunch width would
be an important point to address for a better FEL performance. However, as noted

before, the bunch width cannot be made much smaller because of the requirement
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to simultaneously increase the beta function. Also, focusing the bunch too much will
lead to strong diffraction and increase the gain length and therefore reduce the FEL
performance again. However, a better aligned, more stable acceleration within the PWFA

stage would relax this situation.

In subplot (a) of figure 45, the average power first saturates after about 20 sections,
at z = 32.4m, with Psq¢ = 19.13 MW which is dramatically overestimated by the
formalism of [243] which gives Psqt =~ 4.44 GW (see Table 5). The growth of the power
is shown on a linear scale (left axis, continuous curve) and on a logarithmic scale (right
axis, dashed curve). The peak value of Pyqx & 23.24 MW is reached after 24 sections
at z = 38.72 m. Thereafter a significant amount of radiation starts to leave the front of

the simulation window (see figure 45 (b)) and therefore lowers the average power.

The gain length was estimated as Ly ~ 0.2m, while the actually obtained gain length
of Ly ~ 2.8 m can be deduced from the slope of the approximately linear increase of
the power on the logarithmic scale. Accordingly, the estimated saturation length was
greatly underestimated, with only Lsqt = 3.78 m, and became as long as ~ 38m in
the simulation. The much longer undulator also significantly advances the slippage,
which, for instance can be seen from the moving peak of the power for z = 32.4m,
35.64m, and 39.88m (20, 22, and 24 sections) in figure 46 (b). To visualize that the
temporal overlap with the generated radiation is therefore very short, also the current
distribution of the bunch is shown in this subplot on the right axis. The total slippage at
the peak power at z = 38.88 m amounts to 31.1 um, which is far beyond the rms-length
of the bunch of o, ~ 2.26 um. The bandwidth in subplot (c) shows a minimum of
dw/w =~ 0.44% and stays on a constant level under the 1%-mark from about z = 15m
onwards. The bunching factor, displayed in subplot (d), is on a low level and increases

to slightly over 0.1 as the power increases.

Figure 46 shows the situation along the bunch in subplot (b), and (c), and the spectrum
in subplot (a), for different positions within the undulator (after 5, 10, 15, 20, 22, and 24
sections). In the SASE mode, it can be expected that the spectrum counts about as many
spikes, as there are cooperation lengths within the bunch length o./L. ~ 17 (with
0, ~ 226 pum and L. ~ 0.13 pm). In subplot (b), the longitudinal profile of the emitted
radiation is shown for different times. The profile of the radiated power continuously
moves forward and would reach a length of 31.1 um (or 103.7 fs) at z = 38.88 m, equal
to the accumulated slippage if the simulated window would be large enough. Also,
as a result of the slippage, the bunching within the main part of the bunch is low,
and only increases at later positions where the emitted radiation is most intense and
interacts as it moves outside the bunch in the forward direction.

The overall efficiency achieved within this stage is expected to be on the order of the
Pierce parameter prer & Psqt/Pp =~ 0.0049, whereas the actually achieved efficiency
is only Psq¢/Pp =~ 7.69 X 10~¢ (with the power of the electron bunch, Py, ~ 2.49TW,
and Psq¢ = 19.13 MW). This is owing to the fact that the expected saturation power of
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Figure 46: The temporal development (color coding) of the spectrum of the radiation shows a
peak at the resonant wavelength A, = 8nm, (a). The power of the emitted radiation
shows a poor longitudinal overlap with the current of the bunch (black curve, right
y axis), (b). The bunching factor significantly increases only at the very front of the
bunch with negligible current, but high radiation power (c)

Psat = 4.44 GW was not reached. Note that the foremost part of the radiated power
leaves the simulation box and reduces the average power from z ~ 16 m onwards, due
to the slippage. The observed saturation can therefore also be ascribed to the fact that
from z ~ 32 m onwards, an approximately equal amount of power is generated by the
bunch and simultaneously leaves the simulation box in the front. Also the bunching
factor, shown in figure 45 (d), indicates that the FEL was not driven to saturation, oth-
erwise the bunching factor would be saturated and decrease slightly delayed to the
power. Based on the gain length that was extracted from the simulation Lg ~ 2.8m,

saturation of the power would not be expected before 20L4 ~ 56 m.

Despite all these disadvantages, the achievement of mega watts of power at 8 nm wave-
length is a good result that is to a large extent owed to the external focusing, without
which the average power was more than three orders of magnitude lower. Saturation
within a much shorter distance could be achieved using an external 8 nm radiation
source to seed the FEL process. Such a source could be given by higher harmonic gen-

eration, or by the emitted FEL-radiation itself (self-seeding) [45].
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In the last chapter of this work, the results will be summarized, the key findings will be

emphasized and an outlook of the most promising ways to proceed with this scheme

will be given.



CONCLUSION AND OUTLOOK

Hybrid LWFA-PWFA has been investigated and modeled, using fully three-dimensional
PIC simulations. Because LWFA simulations are very resource-intensive and time-consu-
ming, only one sufficiently long LWFA simulation that provided the high-current and
high-energy electron beam, required to drive a PWFA could be conducted. This elec-
tron beam has an extremely high charge and an asymmetric particle and momentum
distribution, but in order to produce a realistic scenario it was not replaced by an
idealized beam with similar properties. Despite these characteristics of the obtained
electron beam, it was possible to drive a PWFA in the blowout regime without ionizing
the applied HIT species or injecting dark current. Trojan Horse injection could therefore

be successfully applied to inject a high-quality electron bunch.
Although this TH bunch had a low emittance and slice energy spread, and a high peak

current, it performed poorly in the FEL due to its high energy chirp. It was therefore as-
sumed that the energy chirp could be removed from the bunch without changing other
parameters using the recently introduced plasma-based energy-spread compensation
technique [151]. With this, it was possible to achieve satisfactory FEL amplification and
a significant amount of power at a wavelength of only A ~ 8nm. The feasibility of
building an all-optical FEL using the hybrid LWFA-PWFA scheme was therefore success-
fully demonstrated. However, because this scheme has hitherto not been thoroughly
investigated and the number of parameters that must be considered is large, the results
obtained can only demonstrate proof-of-principle and leave room for improvement. In
the following, some other important points and findings of this thesis will be empha-

sized and possibilities to enhance the results will be discussed.

Compared to conventional applications, the hybrid scheme requires fundamentally
different properties from a LWFA, and experimental campaigns hitherto did not aim at
accelerating more charge at the cost of a higher energy spread. However, a high charge
and energy is not an issue from the theoretical point of view, as has been shown in this

work and other publications [83, 105, 146, 156, 230]

In LWFA, the energy of the electron beam can be increased most efficiently by lowering
the plasma density, followed by increasing the laser power (see equation (85)). How-
ever, a lower plasma density could not be simulated in this thesis, as the demand for
computational resources increases dramatically with lower densities, and the applied

3

density of n, =5 x 10'7 ¢cm ™3 was chosen as the lowest practicable. For example, for a

peak power of P ~ 1.2 PW, which was used in the LWFA simulation, the laser would no
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longer be self guided (P. > P = 1.2PW) for densities below n, ~ 2.47 x 101 cm 3. A
lower plasma density would therefore require external guiding of the laser, or a higher
laser power to provide for self-focusing. To simulate these low densities, an advanced
algorithm was developed [229] and demonstrated [156, 230], where the simulation was
conducted in a relativistic frame of reference (a Lorentz-boosted frame) and the wave-

length of the laser was increased to lower the required resolution.

For the LWFA simulation in this thesis, a very high laser energy of W ~ 100] was
therefore used to accelerate a substantial amount of charge to high energies quickly,
to allow the high-resolution three-dimensional scenario to be simulated with the avail-
able computational resources and methods. The outcome of this simulation of 24.5nC
and 3.81 GeV substantially differed from the expected 1.4nC of charge and 6.1 GeV of
energy, predicted by the scaling laws of Lu et. al. [146]. These large deviations are likely
to result from a mismatching of the driving laser and from the unavoidable assump-
tion of the theoretical model that the temporal development of the driving laser can
be neglected, which was clearly not the case in the simulation. McGulffey et. al. [157]
also reported deviations from the scaling laws of Lu et. al. [146] in their experiments,
but found the order of magnitude and trend to be predicted correctly. This illustrates
the fundamental need to actually simulate plasma wakefield acceleration to obtain ac-
curate predictions of realistic scenarios. Similar LWFA simulations were reported by
Martins et. al. [156] and Kalmykov et. al. [105], which included oscillations of the spot
size of the laser and periodic self-injection, filamentation of the laser pulse, elongation

of the bubble and a similar phase space of the self-injected charge.

In the LWFA simulation shown in this thesis, the periodic self-focusing of the driving
laser injects large amounts of charge at the focal points. Mitigating the oscillations of
the laser by matching its power to the critical power for self focusing, Py = P. (see
equation (79)), would therefore reduce the amount of self-injected charge. In fact, this
would even prohibit self injection, e.g. Froula et. al. [69] experimentally determined

Pr 2

~

3P. to be the limit for self injection. The condition to match the spot size of
the laser and its intensity, 2\/ap ~ kpwo[146] was not fulfilled exactly in the LWFA
simulation (2,/ap ~ 5.66 and k,wo ~ 3.14) in order to save laser energy, Wi w(z).
The observed asymmetry between both transverse directions of the electron beam can
simply be avoided by using a circularly polarized drive laser in the LWFA stage. Note
that the LWFA simulation shown in this work violates the conservation of energy for
no obvious reason since the energy of the obtained electron beam of W ~ 93] is about
the same energy as the driving laser of ~ 100 ]. However, besides its enormous charge,
this electron beam represents a realistic LWFA beam and can therefore be used to show

a realistic hybrid LWFA-PWFA scenario after reducing the charge by the free drift.
For long beams with high charge, as needed for PWFA, the hosing instability is a big

challenge and occurs as soon as a small asymmetry induces a variation of the wakefield,

which in turn reacts on the beam and the process feeds back on itself. Asymmetry in
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the distribution of the charge and momentum of the electron beam must be avoided in
the LWFA stage, as otherwise alignment and pointing will become even worse along the

subsequent stages. To mitigate hosing, short beams with moderate charge are favored.

For the chosen self-injection mechanism, the resulting energy chirp is positive—the
electrons with the lowest energy are situated at the back of the beam—as the electrons
in the front are injected first and are accelerated for the longest time. In PWFA, the back
of a matched driver experiences the highest decelerating fields (see figure 34) and it
would therefore be advantageous if this part also has the highest energy, i.e. a nega-
tive energy chirp. Optimal efficiency in the PWFA stage would be achieved when the
trend of the decelerating field is matched to the energy-profile of the driving electron
beam, such that the driver can deploy as much energy as possible in the plasma wake-
field. Such an energy chirp might occur using other injection methods where the beam
is injected at once, such as injection by density perturbations as in [65], or ionization
injection as in [248], provided self-injection is suppressed, i.e. Py < 3P¢ [69]. Recently,
an innovative new injection method in LWFA, the Self-Truncated-lonization-Injection
(STII), showed very promising results with a negative energy chirp, high charge and
optimized beam-loading [44].

To inject a high-quality bunch with the TH method in the PWFA stage, some space is
needed for the injection laser to be introduced onto the propagation axis. Injecting
the electron bunch at an angle, or with the optical Plasma Torch technique, would
allow the LWFA and PWFA stages to be placed immediately next to each other. The
scenario that was simulated in this thesis used a long section of free propagation to
reduce the charge of the electron beam. After entering the PWFA stage, only the part
of the diverging electron beam that is inside the blowout is focused and contributes
to driving the wakefield. This has the advantage of simultaneously reducing the mean
divergence of the remaining electrons. The optimal amount of drive-beam charge, e. g.
for self-ionized PWFA without ionization of a HIT species, can be obtained by simply
varying the distances between the plasma accelerator stages. In addition, a plasma lens

can be used to enhance this effect and to focus part of the beam.

One further advantage of the hybrid LWFA-PWFA method is the possibility to, at least
pre-ionize the beginning of the PWFA stage with the remaining energy of the LWFA laser.
This could help to focus the electron driver in the PWFA until its own field strength can
provide the pre-ionization of the LIT gas if required. In the PWFA simulations shown in
this thesis, only the combination of Li and Li* could be used due to the high charge
of the obtained drive beam, which, without the free drift, would ionize even Li™ (the
highest second ionization threshold available). On the other hand, this ensured that
the LIT medium, lithium, can easily be self-ionized by the drive beam. If the peak field
of the drive beam ionizes the HIT component, a column is left unionized along the

axis due to the bipolar electric field that vanishes at the center (see figure 3). In a
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more advanced scheme, this spatial restriction of the HIT medium that is available for
the generation of the witness bunch could be used to decouple the emittance of the
witness bunch from the laser spot size, wo, in the TH-scheme, and therefore help to

decrease the attainable emittance of the witness bunch.

To avoid dark current in the PWFA-TH setup [150], it is important to ensure that the peak
tield strength of the drive beam stays in between the critical values for the ionization of
the LIT and HIT component. The back of the drive beam is decelerated by the wakefield
and will move back in the blowout and get trapped at a point, which is determined
by the decelerating field and the energy of this part of the driver. Because this form
of dark current only occurs shortly before the end of the acceleration, its energy is
well below the energy of the witness bunch and therefore well separable. However, it
is interesting to consider the potential of this process to even enhance the quality of
the witness bunch: when a significant number of drive-beam electrons is trapped right
behind the witness bunch, it can invert the gradient of the accelerating field, such that
the energy chirp of the witness bunch is compensated, similar to the de-chirping mech-
anism described in[151]. This mechanism is appealing, as it does not need anything
in addition, but is inherently included in the physical process of the plasma wakefield
accelerator. The divergence of the drive beam in PWFA effectively increases as a result
of the deceleration, which increases the probability for electrons to escape from the
blowout transversely (as observed in this thesis). A small initial divergence (and emit-

tance) of the drive beam is therefore also crucial for a long and stable acceleration.

It is typical for electron bunches that are accelerated in a plasma wakefield to have
a high divergence as a result of the strong focusing fields and a considerable energy
chirp. To effectively apply these bunches in a FEL, the high divergence, and ideally the
energy chirp must be reduced. In FELs, the energy of the drive bunch, W = mec(y —1),
defines possible resonant wavelengths A, A/Y? (A 2 Tcm being the undulator
period, see equation (153)). To fulfill the resonance condition, o, /vy < prer /2, bunches
with a high energy, and hence a small prgr o 1/v, simultaneously require a low
relative energy spread, o /y. The energy spread is therefore one of the key parameters,

which needs to be as small as possible for a good FEL performance.

To deal with the challenges that electron bunches from plasma wakefield accelerators
bring when used in FELs, two approaches are under investigation. One arises from the
perspective of FELs, aimed at allowing larger energy spreads in the undulator [147]; the
other comes from the perspective of plasma wakefield acceleration, aimed at lowering
energy spread of the generated witness bunch [151]. Directly applying electron beams
from LWFA in an undulator was experimentally demonstrated in the visible [198] and
soft x-ray regime[72] and is under further investigation [232]. However, conventional

FELs, which are currently in operation, achieve orders of magnitude higher powers and
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shorter wavelengths.

Overall, the simulations conducted here applied a ~ 1.2PW laser at a wavelength of
800 nm, to produce x-rays with ~ 20 MW of power at a wavelength of ~ 8 nm. There-
fore, the feasibility of the hybrid LWFA-PWFA concept was successfully demonstrated
and its application in a free-electron laser was shown. The hybrid plasma-wakefield
acceleration concept is quickly attracting attention and its experimental realization is
currently under investigation. First steps, such as the focusing of an electron-beam

from LWFA by a second plasma stage, have been realized [125, 213].

However, plasma wakefield accelerators cannot compete with conventional accelera-
tors to date, and one major reason for this is the large shot-to-shot fluctuations that
are typical for plasma-based accelerators. These fluctuations are based on the chaotic
behavior of plasmas, i.e. small changes in the initial conditions, such as variations of
the laser pulse or fluctuations of the plasma density, might lead to a large change of
the result. The stabilization of plasma-based accelerators is therefore a major task that
needs to be addressed in the future. For this, extensive, realistic simulations are very
important to perform misalignment and perturbation analysis of plasma wakefield ac-
celerators. Apart from the investigation of the stabilization of plasma wakefield accel-
erators, it is advisable to also search for methods to better deal with these fluctuations

in the potential applications.
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APPENDIX






FACILITIES SUITABLE FOR PLASMA WAKEFIELD
ACCELERATION

In figure 47, a world map of ultra-high intensity lasers is given, which was shown at
the International Committee on Ultra-High Intensity Lasers (ICUIL) in 2010 by C. P J.

Barty (Lawrence Livermore National Laboratory)
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Figure 47: World map of ultra-high intensity lasers. Graphic by C. P. J. Barty, LLNL.

FACILITY CHARACTERISTICS

energy [GeV] charge [nC] peak current [kA]

FACET Il [246] 10 5 50
CLARA [41] 0.25 0.1 1
ATF I [127] 0.5 0.3 >15

FLASHForward [12] 1.25 0.5 425

Table 8: Current specifications of facilities that are used for PWFA, or will be in the near future

(non-exhaustive).
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FACILITIES SUITABLE FOR PLASMA WAKEFIELD ACCELERATION

LASER, FACILITY, COUNTRY CHARACTERISTICS

Alpm]  P[TW] E[J] | fs]
BELLA, LBNL, USA [133]* 0.8 300 16 40
LOA, FR[149]? 0.8 6] 30
JUPITER, LLNL, USA [43]3 0.8 250 60
JETI40, 10Q, GER[89]* 0.8 2.5 25
POLARIS, 10Q, GER5 1.03 ~ 200 17 <100
Texas PW Laser, USA [233]° 1.05 >1000 190 170
Gemini, RAL, UK [118]7 0.8 >200 15 30
Vulcan, CLF, UK?® 1.05 1000 2600 500
CO2 laser, BNL, US[181]° ~10 1000 5 3500
HERCULES, CUOS, USA [157]° | 0.81 300 9 30
PULSER, GIST, Korea[115, 217] 0.8 1100 34 30
ATLAS, LMU, GER [172] 0.8 25 1 40
DRACO, HZDR, GER [50]** 0.8 150 45 30
ALPHA-X, SCAPA, UK [152]* 08 40(350) 1.4 (87) 35(25)
FLAME, LNEF, IT [136] 0.8 220 7 30

Table 9: Current specifications of laser systems that are used for LWFA experiments (non-

exhaustive), potentially many more ultra-high laser systems are available (see fig-

ure 47).

https://www.lbl.gov/community/bella/
http://loa.ensta-paristech.fr/installations_lang_EN_menu_2

https://jlf.1lnl.gov/

http://www.ioqg.uni-jena.de/Lasersysteme/JETI.html
http://www.ioqg.uni-jena.de/Lasersysteme/POLARIS.html

http://texaspetawatt.ph.utexas.edu/laser-capabilities.php

https://www.clf.stfc.ac.uk/Pages/The-Astra-Gemini-Facility.aspx
https://www.clf.stfc.ac.uk/Pages/Vulcan-laser.aspx
https://www.bnl.gov/atf/capabilities/C02laser.php

https://cuos.engin.umich.edu/researchgroups/hfs/facilities/hercules-petawatt- laser/

https://www.hzdr.de/db/Cms?pNid=2096

http://alpha-x.phys.strath.ac.uk/
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https://www.clf.stfc.ac.uk/Pages/Vulcan-laser.aspx
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http://alpha-x.phys.strath.ac.uk/

SIMULATION PARAMETERS

SETTINGS OF THE FIRST LASER-DRIVEN PLASMA WAKEFIELD ACCELERATOR

DRIVING LASER PULSE

Al 0.8 um wavelength
T 78.8fs FWHM duration
Wo 23.6um focal spot radius
ao 8.0 normalized amplitude
y direction of linear polarization
100 pm focal position w.r.t. the start of the plasma
Po 1.2PW peak power
Jo 1.37 x 102° W/cm?  peak intensity
€o 321TV/m peak electric field strength
Wy 100 ] total energy

DERIVED CHARACTERISTIC LWFA PARAMETERS

VA 22mm Rayleigh length (15)

Laifrf  6.9mm diffraction length (82)

Lgepn 296.2mm dephasing length (83)

Lgept  5924mm pump depletion length (84)

Po/Pc. 20206 critical value for self focusing (79)

n/n. 1838 critical density for an underdense plasma (46)
Eo 68.0GV/m wave-breaking field strength (56)

kpo, 133 laser duration relative to

the plasma cavity dimension

Table 10: Characteristic parameters of the LWFA stage.
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SETTINGS OF THE FIRST LASER-DRIVEN PLASMA WAKEFIELD ACCELERATOR

PLASMA SOURCE: NEUTRAL HYDROGEN GAS

np 5x 10" ¢cm™3  hydrogen density
Ap 47.2 um plasma wavelength
Wp 40.0 THz plasma frequency
Ky ! 7.5um plasma skin depth

SIMULATION WINDOW

Ax, Ay l.oum transverse cell size

Az 0.05 um longitudinal cell size

At 0.167 fs time step

Ny, Ny 144 transverse number of cells

N, 4608 longitudinal number of cells

Ly, Ly 230 um transverse size of the simulation box
L. 230 pm longitudinal size of the simulation box

Table 11: Characteristic parameters of the LWFA stage.

SETTINGS OF THE SECOND PLASMA WAKEFIELD ACCELERATOR

PLASMA SOURCE: NEUTRAL LITHIUM GAS

np 1x103m™3 density

Ap 105.6 ym plasma wavelength
Wp 17.84 THz plasma frequency
Ky ! 16.80 um plasma skin depth

SIMULATION WINDOW

Ax, Ay l.6pum transverse cell size

Az 0.64 um longitudinal cell size

At 1.07fs time step

Ny, Ny 384 transverse number of cells

N, 528 longitudinal number of cells

Ly, Ly 614.4 um transverse simulation box size
L, 337.9 um longitudinal simulation box size

Table 12: Simulation parameters of the PWFA stage.
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SETTINGS OF THE SECOND PLASMA WAKEFIELD ACCELERATOR

IONIZATION LASER

A 08um wavelength

T  50.0fs FWHM duration

wp 6.0um focal spot radius

ap 0.12 normalized intensity

y direction of linear polarization
Po  1.74x10'°W peak power

Jo 214 x102°W/m? peak intensity
€ 4.82x10""V/m  peak electric field strength
Wi 0.93m] total energy in one pulse

Table 13: Simulation parameters of the PWFA stage.

SETTINGS OF THE ELECTRON-BUNCH TRANSPORT LINE

length [m] strength [m—2] description

0.1 initial drift

0.2 45.9 15t focusing quad
0.05 drift

0.2 —28.1 24 defocusing quad
0.1 drift

0.1 15.25 3%t focusing quad
2.05 long drift

0.3 —10.0 4nd defocusing quad
0.1 drift

0.15 11.77 58t focusing quad
1.98 long drift

Table 14: Transport line for the electron bunch, shown in figure 44 and figure 43.
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SETTINGS OF THE FREE-ELECTRON LASER COMPONENTS

length [cm] strength description
7 19.0T/m 1%t half focusing quad
7 drift
53 ay = 2.608 13tundulator
7 drift
14 —13.0T/m  defocusing quad
7 drift
53 a, = 2.608 2™dundulator
7 drift
7 19.0T/m  2™4 half focusing quad
Table 15: Undulator and FODO lattice, see figure 42 for a visualization.
SETTINGS OF THE FREE-ELECTRON LASER
DRIVE BUNCH

ay 2.608 undulator parameter
Au 1.0cm undulator period
Ar 8.0nm resonance wavelength
Y 2211 Lorentz factor of the bunch
€x 148 x 10" mrad bunch emittance
€y 23.9x 107" mrad bunch emittance
I, 2203 A peak current

FURTHER GENESIS-SPECIFIC PARAMETERS
SHOTNOISE 1.0 include shot noise for SASE mode
ITDP 1 time resolved simulation
DELZ 1.0A, integration step
ZSEP 4.0\, separation of the slices
NWIG 53 number of undulator periods per section
NSEC 27 number of undulator sections
NPART 2048 number of particles per slices
NSLICE 700 number of longitudinal slices

Table 16: GENESIS input parameters. The phase space distribution and the magnetic FODO lattice

(see Table 15) is read from external files.



STATISTICAL MOMENTS OF A DISCRETE DISTRIBUTION

The statistical moments of a set of N values, {x1,x2,..xN}, are given by

¢ the n’th raw moment

w, = (x") = Z P(xi)x] (183)

¢ and the n’th central moment

= ((x— ()™ =D Plxi)(xi — ()™, (184)
i
where P(x;) is a normalized
uo=no={(1) =) Plx)=1, (185)
i
discrete probability density function. The expectation value is given by the first raw
moment
up=(") =) Plulx (186)
i

Note, the first central moment vanishes 17 = 0. In case of macro particles with different
weights, the probability function reads P(xi) = wi/ }_; wj which fulfills the condition
> i P(xi) =1 and determines the weighted mean (or expectation) value
1 n
(x) = Zni Z WiXi, (187)

j=1 W] i=1

where wj is the number of particles per macro particle. The second central moment is
also known as variance

1
2 _ 2

0 =2 = ((x— () = =
(1= () = g

and standard deviation 0. In addition, physical scientists often use the term root-mean-

wi(xq — (x))z, (188)

i

square (rms) as a synonym for the square root of the second central momentum X;ms =
/12 [67], which is equal to the actual root-mean-square value, \/(x?) = {h, in case
of a centered distribution (x) = 0. Inserting 187 in 188, another form of the variance

can be derived

o? = ((x—(x)?)
= (%) = (x)°

2
1 5 1
— Z]Tl:] Wj Zwlxi - <Z;L—1 Wj Zwlxl) ’ (189)

i i
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STATISTICAL MOMENTS OF A DISCRETE DISTRIBUTION

which can be used to continuously calculate the variance of a not finished dataset, as no
(changing) mean value is needed, hence equation (189) is referred to as sample variance.
Computationally the variance brings the problem that the term under the square root
in equation (188) can be negative due to arithmetic underflow and round-off errors. In
addition, this is quite likely, as most x; are very close to the mean value (x). Hence, the
representation 189 was used to reckon the variance computationally.

Note, that this definition is a biased estimator for the standard deviation, a unbiased

one is calculated by /"5 0 (in case of w; =1V 1)

In more than one dimension, statistical moments can be generalized as
¢ the mn... th central moment

Hmn,... = ((x1 = (x1 )™ (x2 —(x2))™...) (190)

e the m,n... th raw moment

(XT3 ... ). (191)

p'm,n,. ..

Considering two dimensional problems (like the emittance € € (x,x’)), the 0*"* and 15t

order raw moments read

=10,0 —ZZP X1,4,%X25) =1 and (192)
H{O_ ZZPX1 lIXZ) X14 (193)
Mo = ZZP X1,i,%X2,§)X2,j (194)

In 24 order, the central moments are

i =((x1—(x1)) ) {((x2—(x2)))

=(x1)(x2)—(x1x2) (195)
mao={(x1—(x1)?)={x3)—(x1)? (196)
mo2={ (x2a—(x2))?)={(x3)—(x2)? (197)

where also the mixed moment (17,7 occurs. And for completeness, the raw moments

read
miq =(x1x2) (198)
uro ={(x7) (199)
Hé,z = < X% (200)

With this, it can be seen that the rms emittance is the mixed second-order central mo-

ment in two dimensions (x,x’).
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