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Abstract

Given the action of a torus G on a compact K-contact manifold (M, a) and as-
suming that the action preserves the contact form «, we can consider the contact
moment map V. Under the assumption that 0 is a regular value of ¥, we prove an
analogue of Kirwan surjectivity in the setting of equivariant basic cohomology of
K-contact manifolds, namely that the inclusion ¥~!(0) — M induces a surjective
map H} (M, F) — HE(P1(0),F), the basic Kirwan map. If the Reeb vector field
induces a free S'-action, the S'-quotient is a symplectic manifold and our result
reproduces Kirwan’s surjectivity for the symplectic manifold M/S'. We further
show that the inclusion of the critical set of ¥ into M induces an injection in equi-
variant basic cohomology, a result which similarly generalizes the so-called Kirwan
injectivity. For the action of a circle G = S!, we also derive a Tolman-Weitsman
type description of the kernel of the basic Kirwan map. Furthermore, we show
that equivariant formality holds for torus actions on K-contact manifolds if we
consider the basic setting, provided 0 is again assumed to be a regular value of
U. We further prove an analogue of the Atiyah-Bott-Berline-Vergne localization
formula in the setting of equivariant basic cohomology of K-contact manifolds.
For this result, it is sufficient to assume that all G-fixed points have a closed Reeb
orbit, an assumption that is weaker than assuming 0 to be a regular value of .
As a consequence, we deduce analogues of Witten’s non-Abelian localization and
the Jeffrey-Kirwan residue formula, which relate integration of equivariant basic
forms on the K-contact manifold M to integration of basic forms on the contact
quotient My := ¥~1(0)/G. In the special case when the Reeb vector field induces
a free S'-action, these formulae also reduce to the usual ones for the symplectic

manifold M/S?.
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Zusammenfassung

Fiir eine kompakte K-Kontaktmannigfaltigkeit (M, «), auf welcher ein Torus G
derart wirkt, dass seine Wirkung die Kontaktform « erhélt, kénnen wir die Kon-
taktimpulsabbildung ¥ betrachten. Unter der Annahme, dass 0 ein reguldrer Wert
von V¥ ist, beweisen wir eine zur Kirwansurjektivitat analoge Aussage in dquivarian-
ter basisartiger Kohomologie von K-Kontaktmannigfaltigkeiten: dass die Inklusion
U~1(0) — M eine surjektive Abbildung H}(M,F) — HA(P~1(0),F) induziert,
die basisartige Kirwanabbildung. Falls das Reebvektorfeld eine freie S*-Wirkung
erzeugt, ist der S'-Quotient eine symplektische Mannigfaltigkeit und unser Re-
sultat reproduziert Kirwans Surjektivitat fiir die symplektische Mannigfaltigkeit
M /S*. Weiterhin zeigen wir, dass die Inklusion der kritischen Menge von ¥ in M
eine Injektion in dquivarianter basisartiger Kohomologie induziert, ein Resultat,
welches auf vergleichbare Weise die sogenannte Kirwaninjektivitat verallgemeinert.
Fiir den Fall einer (G = S')-Wirkung leiten wir eine Tolman-Weitsman-artige Be-
schreibung des Kernes der basisartigen Kirwanabbildung her. Aufderdem zeigen
wir, dass die betrachteten Toruswirkungen auf K-Kontaktmannigfaltigkeiten aqui-
variant formal sind, sofern erneut angenommen wird, dass 0 ein reguldrer Wert
von V¥ ist, und wir die dquivariante basisartige Kohomologie betrachten. Weiterhin
beweisen wir ein Analogon zur Atiyah-Bott-Berline-Vergne-Lokalisierungsformel
in dquivarianter basisartiger Kohomologie von K-Kontaktmannigfaltigkeiten. Fiir
dieses Resultat ist es ausreichend, anzunehmen, dass alle G-Fixpunkte einen ab-
geschlossenen Reeborbit haben, eine Annahme, welche schwécher ist als die An-
nahme, 0 sei ein reguldrer Wert von W. Mit Hilfe dieser Lokalisierungsformel leiten
wir Aussagen her, welche analog zu Wittens nicht-abelscher Lokalisierung und
der Jeffrey-Kirwan-Residuenformel sind. Diese setzen die Integration von &qui-
varianten basisartigen Differentialformen auf der K-Kontaktmannigfaltigkeit M
mit der Integration von basisartigen Differentialformen auf dem Kontakquotienten
My := ¥~0)/G in Beziehung. Im besonderen Fall, dass das Reebvektorfeld eine
freie S'-Wirkung erzeugt, lassen sich auch mit diesen Gleichungen die entsprechen-

den Aussagen fiir die symplektische Mannigfaltigkeit A/ /S? herleiten.
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Chapter 1

Introduction

1.1 Motivation

The well-known Kirwan surjectivity asserts that if i is a moment map for a Hamil-
tonian action of a compact group K on a compact symplectic manifold N and 0
a regular value thereof, then the Kirwan map Hj(N) — Hj(17'(0)) induced by
the inclusion p~1(0) C N is an epimorphism (cf. [Kir84, Theorem 5.4]).

This result prompted the question whether a corresponding surjectivity statement

holds in other geometries, as well.

Contact manifolds M by definition admit a global 1-form « that satisfies o A
(da)™ # 0 everywhere. Contact geometry is naturally linked to symplectic geom-
etry. Not only is (ker o, do|kero) @ symplectic bundle over M, but a 1-form « on
M is a contact form if and only if the 2-form d(r?«a) is a symplectic form on its
cone M x R*. Furthermore, the special class of regular contact manifolds are total
spaces in the Boothby-Wang fibration that has as base space an integral symplectic
manifold, where the symplectic form pulls back to the differential of the contact
form, and vice versa. Hence, it is understandable that contact geometry is widely
referred to as the “twin” or “odd-dimensional analogue” of symplectic geometry
and it, thus, seems natural to wonder which results in symplectic geometry allow

for an analogous result in the contact case.
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Given a contact manifold (M, «) endowed with a G-action that preserves «, the
contact moment map is given by ¥ : M — g*, ¥(x)(§) := a.(§u(x)) for £ € g.
Then Kirwan surjectivity for contact manifolds is known to no longer hold in

general, as the following example by Lerman shows (cf. [Ler04]).

Example 1.1.1. Consider the 3-sphere S* = {z € C? | |21|*+]2|* = 1} C C* with
the S'-action defined by A - (21, 22) = (Az1, A" 29). Then X (21, 29) = (921, —i22) is
the fundamental vector field of 1 € R ~ s*. Considering the (S'-invariant) contact
form o = 1 Z?Zl(zjdéj —Z;dz;), we compute the contact moment map (see Section
2.3) to be

v 5* =R, (21, 22) = |21 |* = |22,

Since the Sl-action is free, the equivariant cohomology is simply the ordinary

cohomology of the S!-quotient and we compute
Hiu(S%) = HY(CPY),  Hy(w'(0) = H*(S).
But there cannot exist an epimorphism from H*(CP') to H*(S').

This motivates the search for a modification of the Kirwan map in the contact case
such that surjectivity does hold. In this dissertation, we follow the approach of
considering a certain subcomplex of the Cartan complex of equivariant differential

forms.

Let (M, a) be a compact connected contact manifold of dimension 2n + 1. Then
M has a natural foliation F whose leaves are the orbits of the Reeb vector field
R. If R integrates to a free S'-action, then the space of leaves M/F is naturally
a symplectic manifold of dimension 2n and via the pullback of the projection, we
can identify differential forms on M/F with basic differential forms Q(M,F) C
Q(M). Usually, however, R does not integrate to a free S'-action and the space of
leaves fails to be a manifold. Nevertheless, we can always consider the subcomplex
Q(M,F) C QM) of basic differential forms. The basic cohomology of M is
the cohomology of this complex, and it behaves very much like the cohomology
of a compact 2n-dimensional symplectic manifold (at least under the K-contact
assumption). Suppose now that in addition a torus G acts on M, preserving the

contact form. Then, using the Cartan model of equivariant cohomology, we obtain
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a subcomplex Cq(M, F) C Cq(M) of Reeb basic equivariant differential forms and
the corresponding cohomology ring Hgo (M, F).

This prompted the investigation whether equivariant basic cohomology is the “cor-
rect” setting to consider in order to obtain a surjectivity result in contact geometry
that corresponds to the known statement in equivariant cohomology of a symplec-

tic manifold.

Kirwan’s original proof makes use of the minimal degeneracy of the norm square
of the symplectic moment map, a property that is weaker than the Morse-Bott
property and which was established in [Kir84, Chapter 4|. The question of mini-
mal degeneracy of the norm square of the contact moment map is still unanswered.
Furthermore, Kirwan makes use of the topological definition of equivariant coho-
mology of a G-manifold NV as ordinary cohomology of the space M x4 EG, where
EG denotes the total space in the classifying bundle of G. This tool is not avail-
able in the basic setting. Hence, Kirwan’s approach does not naturally extend
to the basic setting on K-contact manifolds. Instead, we want to obtain the epi-
morphism as a sequence of surjective maps. Goldin introduced the reduction in
stages strategy in [Gol02|. She considers a splitting S* x S x ... x S! of a subtorus
K C G. By successively taking S'-quotients, considering the residual action of the
quotient group on the quotient and applying a surjectivity result for the S!-case,

she obtains a sequence of surjections
Hg(N) — Hg/sl(N//Sl) — Hg/(slxsl)((N//Sl)//Sl) — s —> Hg/K(N//K)

However, the quotient N//S! is in general an orbifold, not a manifold. Goldin’s
proof was made rigorous by Baird-Lin in [BL10|. Instead of considering a sequence
of quotients, they rather consider a sequence of restrictions, retaining the action
of the whole group. This idea was formulated by Ginzburg-Guillemin-Karshon in
[GGKO02, Section G.2.2] for so-called non-degenerate abstract moment maps. Our
approach is based on the proof of [GGK02, Theorem G.13| and a corrected version
thereof in [BL10, Proposition B.3.12]. The contact moment map, however, is in
general not a non-degenerate abstract moment map (see Remark 2.3.1), and [BL10,
Proposition B.3.12] additionally requires a G-invariant almost complex structure.
Hence, while providing an alternative proof of Kirwan surjectivity on symplectic

manifolds, it does not hold in our case.
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1.2 Main Results

Equivariant basic cohomology turned out to be the “natural” setting to consider
in the contact case: In equivariant basic cohomology, we not only obtained basic
Kirwan surjectivity, but also analogues to other well known results in symplectic

geometry.

Our surjectivity result states as follows.

Theorem. Let (M,«) be a compact K-contact manifold and & its Reeb vector
field. Let G be a torus that acts on M, preserving . Denote by V: M — g*
the contact moment map and suppose that 0 is a regular value of V. Then the

inclusion W=(0) C M induces an epimorphism in equivariant basic cohomology

HE (M, F) — HL(UH0), F).

We call this map the basic Kirwan map.

We were further able to prove the following analogue of Kirwan injectivity.

Theorem. The inclusion Crit (V) C M induces an injection in equivariant basic

cohomology
H{(M, F) — HE(Crit (V), F).

If 0 is a regular value of ¥, the G-action on W~1(0) is locally free and we obtain
the contact quotient My = ¥~1(0)/G, a contact orbifold and honest manifold if
the G-action is free. Then H5(U~1(0),F) = H(Mo,Fo), where Fy denotes the
induced foliation on Mj. In order to completely determine the basic cohomology
of the contact quotient, the kernel of the basic Kirwan map is of high interest. In
the symplectic setting, Tolman and Weitsman [TWO03| found a description of the
kernel of the Kirwan map. We also obtained a Tolman-Weitsman type description

of the kernel of the basic Kirwan map, at least for the case of an S'-action.

Theorem. Let G = S', M* = {x € M | £V (z) > 0} and set

C* = Crit(W) N M*,  K*={oec HyM,F)|o|c+ =0}
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Then the kernel K of the basic Kirwan map Hj(M,F) — HEL(P71(0), F) is given

by
K=K oK.

Another well-known result concerning the equivariant cohomology of a symplectic
manifold is the equivariant formality of Hamiltonian actions of compact connected
Lie groups K on compact symplectic manifolds N, namely that Hx(N) is a free
S(€*)-module (cf. [Kir84, Proposition 5.8]). We proved that this property also
holds for torus actions on K-contact manifolds if we consider the basic setting.

Proposition. Suppose that 0 is a reqular value of V. Then the G-action on (M, F)

is equivariantly formal in the basic setting.

We were also able to obtain an analogue of the Atiyah-Bott-Berline-Vergne local-
ization formula [AB84, BV82|. The following theorem is closely related to results
obtained in [T6b14, GNT17].

Theorem. Suppose a torus G acts on a K-contact manifold (M, «) such that G
preserves «, and suppose in addition that the G-fized points have closed Reeb orbits.
Then we have for all n € Hg(M,F) the identity

a/\n
/ ann= Z/ ccvC;, F)'

C;CcC

where C = Crit W, i; : C; — M denotes the inclusion of the connected components
C; C C, and eq(vC;, F) denotes the equivariant basic Euler class of the normal
bundle to C;.

We note that for this result, it is sufficient to assume that all G-fixed points have
a closed Reeb orbit, an assumption that is weaker than assuming 0 to be a regular
value of ¥ and that is automatically satisfied for total spaces in the Boothby-Wang
fibration.

Our next main theorem is an application of this localization formula in the case
that 0 is a regular value of the contact moment map ¥ to obtain an integration
formula relating integration of equivariant basic forms on M to integration of basic

forms on the contact quotient My := ¥~1(0)/G, generalizing the results of Witten
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[Wit92] and Jeffrey-Kirwan [JK95] in the symplectic case. For any n € Hg(M, F),

with r = dim G, define a function /"(¢) depending on a real parameter ¢ > 0 by

1 .
I"(e) = —/ a An(o) A eldca(¢)—€|¢\2/2d¢.
Mxg

(27i)rvol (@)
We denote by 7y the image of 1 under the natural basic Kirwan map Hg(M, F) —
H(My, Fy), and let ag denote the quotient contact form on M.

Theorem. For any n € Hg(M,F), there exists some constant ¢ > 0 such that as
e — 0%, I"(€) obeys the asymptotic

I'(e) = =

no

/ a0 Ao A ee@Jridao + O(Efr/Qefc/e)’ (11)
Mo

where © € H*(My, Fy) is the class corresponding to —<22= € HA(U~1(0), F) ~
H*(My, Fy) and ng denotes the order of the regular isotropy of the action of G on
U=10).

A particular consequence of this theorem is the identity

ap A1 A €4 =g lim I7(e),
My e—0t
which expresses intersection pairings on M, as limits of equivariant intersection

pairings on M.

Consider the distribution F( [,, aAnAei@®), where F denotes Fourier transforma-
tion. The main ingredients in the proof of the previous theorem are the result that
F([,, & AnAe¥e?) is piecewise polynomial and smooth near 0, and a particular
expression for the polynomial this distribution coincides with near 0. Applying a

result of Jeffrey-Kirwan, we then obtain the last of our main theorems.

Theorem. Let 1y denote the image of n € Hg(M, F) under the basic Kirwan map.

Then we have

. ng . (O i (04 N 77<¢>eida)
ag Amg A €90 = kres e Z<”(CJ)’¢>/ ’ d
/Mo 0 /Ao vol (G)J C]_ch o e(vCy) 9]
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Basic Kirwan Surjectivity and Injectivity and the Localization and Residue For-
mula, to some extent, provide a generalization of the previously known results
in ordinary equivariant cohomology. Namely, our examples in Sections 4.2.1 and
6.3.1 show that in the case where the Reeb vector field induces a free S'-action,
our results yield the known statements in ordinary equivariant cohomology for the
symplectic manifold M/F. Thus, at least in the case of an integral symplectic form
and a Hamiltonian group action that lifts to the S'-bundle in the Boothby-Wang

fibration, the symplectic analogues follow from our results.

1.3 Outline

This thesis is structured as follows. In Chapter 2, we recall fundamentals of (K)-
contact geometry and consider actions of a torus GG on a compact K-contact mani-
fold (M, «) that leaves the contact form invariant in order to establish preliminary
results that will be needed in later chapters to prove our main theorems. We prove
an equivariant contact Darboux Theorem (Theorem 2.1.2), which we then apply
to obtain a contact Coisotropic Embedding Theorem (Theorem 2.1.3). Under the
assumption that 0 is a regular value of the contact moment map ¥, we show that
a basis (X;) of the Lie algebra of the torus can be chosen in such a way that
certain axioms are fulfilled (Proposition 2.4.1). For such a special basis, we derive
the Morse-Bott property of the functions UXs+1|y. , where Y, = (01 ... ¥X+)=1(0)
(Proposition 2.4.9). In the remainder of Chapter 2, we apply the contact Coiso-
tropic Embedding Theorem to prove that under the assumption that 0 is a regular
value of W, there is an invariant neighborhood of ¥~!(0) which is equivariantly
diffeomorphic to a neighborhood of ¥~*(0) x {0} in ¥~!(0) x g* such that on this
neighborhood, the contact form and the moment map are of a specific normal form
(Proposition 2.5.4).

We begin Chapter 3 by briefly recalling the concept of basic differential forms and
basic cohomology on a contact manifold and then show that the complex of basic
differential forms forms a g-dga (Lemma 3.1.5) and even a G*-algebra (Lemma
3.1.8). We then briefly describe the Cartan model of equivariant cohomology of a

£-dga and then proceed to discuss equivariant basic cohomology of K-contact man-
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ifolds and prove several properties thereof. More precisely, we prove the existence
of certain long exact sequences (e.g., the Mayer-Vietoris sequence (Proposition
3.3.6)) and certain isomorphisms in cohomology, as well as the basic equivariant

Thom isomorphism (Theorem 3.4.4).

The Kirwan surjectivity result is stated and proved in the first part of Chapter 4.
In Section 4.2, we present examples and establish that in the case where the Reeb
vector field induces a free S'-action, our result reproduces the Kirwan surjectivity
for the S'-quotient. The injectivity result is obtained in Section 4.3. In this
section, we also derive a Tolman-Weitsman type description of the kernel of the

basic Kirwan map for S!-actions, for which we then also present an example.

In Chapter 5, we prove the equivariant formality (in the basic setting) of the

considered torus actions on K-contact manifolds.

In the first section of Chapter 6, we derive a basic Atiyah-Bott-Berline-Vergne type
localization formula (Theorem 6.1.9). In Section 6.2, we prove that the parameter
dependent integral I"(e) satisfies certain asymptotics (Theorem 6.2.7). With this
result, we then prove the Residue Formula (Theorem 6.2.13). The last section of
this chapter is devoted to examples. In particular, in Section 6.3.1, we explain
in detail how Theorems 6.1.9 and 6.2.13 may be used to deduce the analogous
theorems for symplectic manifolds that occur as M/F in the case that R induces

a free S'-action.

1.4 Bibliographical Notes

This thesis is based on the results of the following two publications.

[C] L. Casselmann.
Basic Kirwan Surjectivity for K-Contact Manifolds.
Annals of Global Analysis and Geometry, 52(2): 157-185, 2017.

[CF] L. Casselmann and J. M. Fisher.
Localization for K-Contact Manifolds.

To appear in Journal of Symplectic Geometry.
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arXiv preprint: 1703.00333, 2017.

The Equivariant contact Darboux Theorem (Theorem 2.1.2) and the contact Co-
isotropic Embedding Theorem (Theorem 2.1.3) in Section 2.1 are contained in
[CF]. [C] contains the construction of a special basis for g presented in Section
2.4. Most preliminary results established in Chapter 3 are also taken from this
work, with the exception of the more detailed proof of Proposition 3.3.20 and the
construction of the basic equivariant Thom isomorphism, which are published in
|[CF]. All results presented in Chapters 4 and 5 are taken from [C|. While the first
proof of Theorem 4.3.7 in Section 4.3 is already contained in [C], we also give an
alternative proof of the description of the kernel of the basic Kirwan map. We
include it in this work because we believe it might be instructive in finding an
analogous description of the kernel for the action of higher rank tori. The results

presented in Chapter 6 are all taken from the joint publication [CF].

Details on the contribution of the author of this thesis to the joint publication

|CF] can be found on page 117 in the list of publications.

1.5 Notations and Conventions

Albeit they are fairly standard, we briefly state the (notational) conventions we
abide by in this thesis. All manifolds are considered to be smooth and connected.
We use capital Roman letters to denote Lie groups and the same letters in fraktur
font to denote their Lie algebras, e.g., g denotes the Lie algebra of the Lie group
G. We use - to denote the action of a Lie group G on a manifold M, that is, for
g € Gand x € M, g-x denotes the action of g on x and G - x denotes the G-orbit
of x. The isotropy group of x is denoted by G, and its isotropy algebra by g,.
Furthermore, the superscript * is used to denote the dual of a vector space; in
particular, g* is the dual vector space of g, etc. Furthermore, S(V') denotes the
symmetric algebra on a vector space V', where S(g*), the polynomials on g, is of

particular interest to us.
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Chapter 2

K-Contact Manifolds

In this chapter, we will establish terminology and notation and recall fundamentals
of (K-)contact geometry. We will further prove preliminary results that will be

needed in later Chapters.

2.1 Contact Manifolds

In this section, we will recall the definition of contact manifolds and prove an equi-
variant Contact Darboux Theorem as well as a Contact Coisotropic Embedding

Theorem.

We work with the following notion of contact manifolds.

Definition 2.1.1. A contact manifold is a pair (M, ), where M is a manifold of
dimension 2n + 1, and a € Q' (M) is a contact form, i.e., a A (da)™ is nowhere

Zero.

Note that we take the contact form «, and not just the induced hyperplane dis-
tribution ker «r, as part of the data defining a contact manifold. On any such
manifold, there is a distinguished vector field R € X(M), called the Reeb vector

11



12 Chapter 2. K-Contact Manifolds

field, which is uniquely determined by the two conditions
trae =1, 1rda = 0.

Note that these conditions imply that Lz = 0. The contact form gives a direct
sum decomposition TM = kera & RR, and we note that ker o is a symplectic

vector bundle over M with symplectic form daliero-
The flow of R is denoted by 9/, and the 1-dimensional foliation it induces by F.

If R induces a free S*-action, M /{1;} is a manifold and da descends to a symplectic
form on M /{y;} (Boothby-Wang fibration [BW58]). This, however, is usually not
the case.

Later on, we will need a local normal form of the contact moment map ¥ in a
neighborhood of ¥~1(0). In order to obtain this normal (cf. Section 2.5) form,
we need to show the uniqueness of certain coisotropic embeddings into contact
manifolds. To this end, we first prove an equivariant contact Darboux Theorem for
submanifolds. Note that while a contact Darboux Theorem for contact forms in a
neighborhood of a point (see, e.g., |Gei06, Theorem 2.24]) is well-known, a contact
Darboux Theorem for neighborhoods of submanifolds exists, to our knowledge, so
far only for contact structures ([Ler02, Theorem 3.6|) or submanifolds to which the
Reeb vector fields are nowhere tangent (JAG90, Theorem B]). We follow Lerman’s
approach for contact structures. Note that his proof does not generally work
for contact forms because his function g, (which is ¢} (d;(R;)) in the notation of
the upcoming proof) might not vanish. It is, however, applicable in our case,
because we make the additional assumption that the Reeb vector fields coincide
on a neighborhood of the submanifold.

Theorem 2.1.2 (Equivariant Contact Darboux Theorem). Let Y be a closed sub-
manifold of X and let a® and o' be two contact forms on X with Reeb vector
fields R;, i = 0,1. Suppose that o = al and dol = dal for every x € Y and
that there is a neighborhood U of Y in X such that Ry = Ry on U. Then there
exist neighborhoods Uy, Uy of Y in X and a diffeomorphism ¢ : Uy — Uy such that

oly =id |y and ¢*a' = a®.

Moreover, if a compact Lie group K acts on X, preserving Y, U, and the two con-

0

tact forms o, o', then we can choose Uy and U, K -invariant and ¢ K -equivariant.



2.1. Contact Manifolds 13

Proof. Consider the family of 1-forms o := ta! + (1 —t)a?, ¢ € [0,1]. For every
r € Y and every t € [0,1], we have of, = ol = o and dol, = dal = dal. Tt
follows that of are contact forms in a neighborhood of Y for every ¢ € [0,1]: By
maximality of the degree, there is a smooth function f : X x [0,1] — R such
that a; A (doy)™ = fag A (dag)™. f7H(R\ {0}) is open and contains Y x [0, 1],
so for every (x,t) € Y x [0,1], there exists a neighborhood U(z,t) of the form
Ul(z) x (t — €zp,t + €x¢) N[0,1], €, > 0 such that f|y,. # 0. Since [0,1]
is compact, there are ti,....tx: [0,1] = UX (t;i — €24, i + €24,) N [0,1]. Then
U = Upey (NY,Uy,(z)) is open, contains Y and f does not vanish on U x [0,1].
Thus, all a4 are contact forms on U. Without loss of generality, we assume that
they are contact forms at least on all of U. of are K-invariant because o and o'
are. Let R, denote the Reeb vector field of of. Since R, is uniquely determined,
R; is also K-invariant and, on U, we have R; = Ry. Set &; := %Ozt =1 — Qp. 4
vanishes on Y and, on U, it is &;(Ry) = 0. Define a K-invariant time dependent

vector field X, tangent to the contact distribution &; := ker a; by
1 .
X = (d&t‘ft) <_&t’£t)'

Note that X; vanishes on Y. By definition of X, we have (vx,day)|e, = —cule, =
(dt(Rt)Oét - Oét)|§t and (LXtdOét)(Rt) =0= (dt<Rt)Oét - Oét>(Rt) Hence, LXtdOét =
&y (Ry)ay — . Since Xy € &, it follows that

EXtOét = LXtdOét = dt(Rt)Oét - dt.

Denote the time dependent flow of X; by ;. ¢, is defined on a neighborhood
V of Y since X; vanishes on Y. Furthermore, ¢, is K-invariant because X; is
K-invariant, and ¢y = idy. Then
d
dt
On U, 0 = &(Ry) = &(R;). We will find a small neighborhood Uy of Y with
¢:(Up) C U for every t, then we have 4(p;ay) = 0 on Uy and, hence, pja; =

(piay) = of(Lx,ap + ) = i (i (Re)ay).

whao = ap. w1 Uy — ¢1(Uy) =: U; hence defines the desired K-invariant
contactomorphism. To find Uy, note that for every (x,t) € Y x [0, 1], there exists
a neighborhood U(z,t) of the form Ui(x) x (t — €z, t + €,¢) N [0,1], €0 > 0
such that ¢(U(x,t)) C U. Since [0, 1] is compact, there are ¢y,...,tx: [0,1] =
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U (ti — €aiv ti + €24,) N [0,1]. Then Uy := Ugey (MY, Uy, () is open, contains Y
and ¢(Uy x [0,1]) C U. O

We will now apply the Equivariant Contact Darboux Theorem in order to obtain

a Contact Coisotropic Embedding Theorem.

Theorem 2.1.3 (Contact Coisotropic Embedding Theorem). Let o be a 1-form on
a manifold Z such that do is of constant rank. Suppose that a compact Lie group
K acts on Z, leaving a invariant. Suppose that there are two contact K-manifolds
(X1, 1), (Xa, a2) and K-equivariant embeddings i; : Z — X; such that

(i) di;(TZ) Nker a; is coisotropic in (ker aj, doj|iera,),
i) ta; = an preserves o,
i) i, I K J

(iii) there is a nowhere vanishing K -fundamental vector field X on Z, generated
by X € ¢, such that di;(Xz) = R;, where R; denotes the Reeb vector field
on X;, and R; is the fundamental vector field generated by X on all of X;.
(In particular, the Reeb flow corresponds to the action of a subgroup of K on
X;).

Then there ezist K-invariant neighborhoods U; of i;(Z) in X; and a K -equivariant

diffeomorphism o : Uy — Us such that ¢ oy = a1 and is = @ 0 iy.

To prove this theorem, we adjust the proof of the well-known Coisotropic Embed-
ding Theorem for symplectic manifolds (see, e.g., [Got82, Section III| or [GS84,
Theorem 39.2|) to the contact setting and extend it in order to obtain an equality
of contact forms, not only of their differentials. We will need the following two
lemmata. The following notation is used. &; := kera;, (; = di;(T'Z) N ker o,
wj = doyle,;, Li=1gq, Lj:=1,, . Note that by our assumptions, (; is K-invariant
and RR; C dij(TZ) and, hence, di;(TZ) = (; & RR;.

Lemma 2.1.4. (;’ = di;(TZ*) N¢;.

Proof. Let dij(v) € ¢; be arbitrary. For every di;(w) € di;(TZ*) N &;, we have

wj(dij(v),dij(w)) = da(v,w) = 0. It follows that ¢; C (di;(T'Z*) N &), hence,
i

$

7D dij(TZ+) N &. We now show the reverse inclusion. Since C]lj C (j, an
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arbitrary w € lej is of the form w = di;(w), w € TZ. For arbitrary v € TZ, it
is da(v,w) = doy(dij(v),dij(w)). Let v € TZ such that di;(v) € ¢; and di;(v)—
di;(v) € RR;. Then da(v, w) = w;(di;(v),w) = 0 since w € Qij, ie,weTZt. O

Consider the normal bundles N; :=TX,/di;(TZ) of the embeddings i;.

Lemma 2.1.5. N; :=TX,/di;(TZ) ~ (TZ*/RXz)* as K -vector bundles over Z.

Proof. Consider the maps

@; 0 TX;/dif(TZ) — (dij(TZ")/RR;)*

[v] do‘j(%'ﬂdij(Tzl)/RRj-

Since R; € kerda; and di;(TZ) Laa, dij(TZ*), the map ¢; is well-defined. By
assumption, di;(T'Z) N¢&; is coisotropic. It follows that di;(TZY)™* C di;(TZ).
This, however, yields that ¢, is injective: Let [v] € T'X;/di;(TZ) and suppose
that do;(v,w) = 0 for every [w] € di;(TZ')/RR;. Then v € di;(TZ')™ " C
dij(TZ) so that [v] = 0. By the previous lemma, dim CJ.Lj = dim7TZ+ — 1.
Since dimdi;j(TZ) = dimTX; — dim Qij, we obtain dim7'X; — dimdi;(TZ) =
dim di;(TZ+) — 1, showing that, for dimensional reasons, ¢; has to be surjective,
as well. Since ¢; is an equivariant embedding, we have K-equivariant isomorphisms

TZ+/RX, ~ di;(TZ+)/RR;. 0

Proof of the Embedding Theorem 2.1.3. We want to apply Theorem 2.1.2. We will
work with a specific realization of the N, as a K-invariant complement of di;(7'Z)
in TX; such that §; = (; & N;. This is possible since RR; C di;(T'Z). Since
X, € TZ*, we can find a K-invariant complement G of TZ* in T'Z such that
diy(G) C (1. Since ija; = a by assumption, this means that dio(G) C (o, as
well. By injectivity, we have di;(TZ') & di;j(G) = di;(TZ). Lemma 2.1.4 then
yields ij @ di;(G) = ¢, i.e., di;(G) is a complement of Cj” in ¢;. It follows
that di;(G) is a symplectic subbundle of (&;;,(z),w;). Then di;(G)" is also a
symplectic subbundle of (&;];,(z),w;) and

It is ¢ N dij(G)5 = (¢ @ diy(G))~ = ¢ and ¢;7 C diy(G)", hence, ¢;7 is a
Lagrangian subbundle of di;(G)*7. Choose any K-invariant Lagrangian subbundle
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W; in di;(G)* complementary to C]-Lj . In particular, W]-Lj Ndi;j(G)Y = W; so that
VVj C lej. SiIlCG §j|ij(X) = dZJ(G) @CJLJ @VVJ = Cj @W] and d’LJ(TZ) = Cj @RRJ',
we can identify the normal bundles N; with ;.

By Lemma 2.1.5, we have a canonical K-equivariant vector bundle isomorphism
A : N; — N,. Then for v € Ni, Av € N is defined via

w1 (v, dit(w)) = wy(Av, dig(w)) for every di;(w) € di;(TZ+) N (. (2.2)

(A neighborhood of the zero section of) N; can be identified with a K-invariant
tubular neighborhood U; of i;(Z) in X; via the exponential maps of K-invariant
Riemannian metrics, where Z embeds as the zero section. Then A yields a K-
equivariant diffeomorphism AU, = Uy with iy = Aoi;. Set &y := A*ay. Then
&y is a contact form on U;. iy = Ao 11 implies that ijon = a = o = ijay.
Hence, (G1)iy(2)ldinrz) = (@1)iv(»)|dis(rz)- Furthermore, we have dA|y, = A by
construction, so dA|y, : Ny C & — Ny C &, which yields (A1)iy»le = 0 =
(@1)iy(»)]er- Thus, (G1)i,(z) = (o1)4(2) on all of TX;.

Since the Reeb vector fields are fundamental vector fields of the same element of
¢ and since A is K-invariant, dA(Ry(p)) = Ry(A(p)). It follows that Gy (Ry) = 1

and tp,day = 0, so Ry is the Reeb vector field of &y on Us.

It remains to show that (da)i,.) = (dai)iy(z) on & x &. Since iy = Aiy, we
have (déy)iyz) = (dou)iy(z) on & x (. By construction, dA|y, = A. Nj is wj-
isotropic and A maps Ny to Ny, hence, (dé@;); -y = (daq)i,z) = 0 on Ny x Nj.
Equation (2.2) yields that (dd)i,(-) = (doi)iy(z) on ¢ x Ny. It remains to show
that (da)i,(2) = (do)i () on diy(G) x Ny. Since N; C dij(G)*i, dAN, = Ny and
dAdiy(G) = diy(G), both forms vanish on di;(G) x Nj.

By Theorem 2.1.2, there is a neighborhood U of i;(Z) and a K-equivariant diffeo-
morphism g of U into X such that g;, (z) = id;,(z) and g*a; = a;. Then ¢ := flog,

restricted to a small enough neighborhood, satisfies p*as = a;. O

2.2 K-Contact Manifolds

We now restrict ourselves from general contact manifolds to K-contact manifolds.

For this special class of contact manifolds, the behavior of the flow of the Reeb
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vector field R is restricted. To be more precise, we recall the following definitions.

Definition 2.2.1. Let (M, «) be a contact manifold. A Riemannian metric g on

M is called a contact metric if
(i) kera L, kerda

(11) g|kerda =a®a

(ili) g|kero 18 compatible with the symplectic form da, i.e., there exists a (1, 1)-
tensor field J on T'(ker ) such that g = da(J-,-) and J? = —id.

(M, ) is called a K-contact manifold if there exists a contact metric g on M with
Lrg =0, i.e., such that Reeb vector field R is Killing.

Example 2.2.2. For n > 1 and w € R"*! w; > 0, consider the sphere
5741 = {2 = (20, 2) €C™ | Y |5P =1} c O,

endowed with the following contact form «,, and corresponding Reeb vector field
R,
3 (Z?:o zjdz; — %‘dzj) [ o
Q= AT , Ry,=1 (JZ:; wj(zja_zj — Zja_zj)> .

(52" ) is called a weighted Sasakian structure on S*"*1 cf. [BGO8, Exam-
ple 7.1.12]. In particular, (S*"™ «,,) is a K-contact manifold with respect to the
metric induced by the embedding S?"*! — C"*!. For w = (1, ..., 1), we obtain the

standard contact form on the sphere. Notice that the underlying contact structure

ker o, is independent of the choice of weight w.

From now on, we will always consider a connected, compact K-contact manifold
(M, ) with Reeb vector field R and contact metric g, on which a torus G acts in
such a way that it preserves the contact form a;, i.e., g*a = « for every g € G. We
refer to, e.g., [GNT12, Section 2| or [Bla76] for preliminary considerations. Note
that only from Lemma 2.4.7 on we will assume the G-action to be isometric. For
a Lie algebra element X € g, we denote the fundamental vector field it induces on
M by Xy, i.e.,
Xp(x) = % exp(tX) - z.

t=0



18 Chapter 2. K-Contact Manifolds

(M, a, g) admits a (1, 1)-tensor J such that we have the following identities for all
X,Y € X(M), where V denotes the Levi-Civita connection of g (see, e.g., [Bla76,
pp. 25f, p. 64])

JR=0, J*=—id+a®R,
a(X) =g(R, X),
9(X,JY) =da(X,Y),
9(J X, JY) = g(X,Y) — a(X)a(Y),
(VxJ)Y =R(R,X)Y,
VxR =-JX.

We set

Mpr:={z e M| R(x) € T,(G - x)},

My ={xe M| R(z) ¢ T,(G - x)}.
Recall that T,(G - x) = {Xn(x) | X € g}. For x € Mpg, choose any X* € g such
that X7,(z) = R(x). This X* is unique modulo g, = {X € g | Xy (z) = 0}.
Definition 2.2.3. We define the generalized isotropy algebra of x € M by

g. PRX® x € Mg

g ={X €g| Xu(x) e RR(z)} = .
Oz x € My

Since R is Killing, its flow ¢, generates a 1l-parameter subgroup of the group
of isometries of (M, g). Since M is compact, Iso(M,g) is a compact Lie group
(cf. [MS39, Section 5|) and, hence, the closure of ¢, in Iso(M, g) is a torus that
we denote by T. Note that T as a subgroup in the diffeomorphism group of
M is independent of the choice of contact metric. By construction, R is the
fundamental vector field of a topological generator of T, which we also denote by
R. By definition of the Reeb vector field, it is 0 = tgda and 1 = (g, hence

Lra = diga + tgpda = 0. (2.9)
It follows that « is invariant under pullback by the Reeb flow

via = Pia = a. (2.10)
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It follows that « is preserved by all of T'.

The uniqueness of the Reeb vector field implies that for every p € M and every
g € G, we have

dg,R(p) = R(gp). (2.11)

As a result, we obtain that [X,;, R] = 0 and, in particular, that the action of G
commutes with the flow of the Reeb vector field. As a consequence, the action
of G commutes with the T-action. Thus, we can consider the action of the torus
H:=G xT on M. Since Hw =bh, ® RR, we have

Note that since M is assumed to be compact, only finitely many different g,, b,

and, hence, g, occur.

The group G x {¢;} is in general non-compact, which complicates finding, e.g.,
invariant objects or tubular neighborhoods. The tool to overcome this obstacle
is considering the closure T' of {1}, in particular, we often consider the action
of the torus G x T. A closed G x {i}-invariant submanifold A C M is auto-
matically G x T-invariant, hence, there exist arbitrarily small G x T-invariant
tubular neighborhoods that retract onto A. These retractions are, in particular
G x {1y }-equivariant.

2.3 The Contact Moment Map

Recall that (M, «) is a connected, compact K-contact manifold with Reeb vector
field R, on which a torus GG acts in such a way that it preserves the contact form
a and that, for any X € g, we denoted the corresponding fundamental vector field
on M by X,;. The contact moment map on M is the map ¥: M — g*, defined by

Y = V() (X) = 1x,,a = a(Xy) for every X € g.

Remark 2.3.1. ¥ is an abstract moment map according to the definition in
|[GGKO02|: G-invariance (i.e., G-equivariance) stems from the G-invariance of «,

and for every closed subgroup H C G, the map U := pry« oW: M — b* is zero on
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the points fixed by the H-action, M, thus it is in particular constant on the con-
nected components of M# . In general, however, this map is not a non-degenerate
abstract moment map, again as defined in [GGKO02|, since, in general, the inclusion
{Xyr = 0} C Crit(¥¥) is not an equality, see Equation (2.12) below.

By Cartan’s formula, dix,,a = —tx,,da for every X € g since Lx,,a = 0. Fur-
thermore, ker da,, = RR(z). This implies that the critical set of the X-component
of ¥ is given by

Crit(U0*) ={z e M | Xy(z) ERR(z)} ={z € M | X €3,}. (2.12)

Since a(R) = 1 and (VX)710) = {z € M | (X (z)) = 0}, Equation (2.12)

implies
Crit(TX) N (T*)1(0) = {z € M | Xp(z) = 0}. (2.13)

Lemma 2.3.2. Suppose that 0 is a reqular value of Y. Then M has no G-fixed
points, M¢ = @.

Proof. Since all fundamental vector fields vanish on M ¢, the claim is a consequence
of Equation (2.13). O

In analogy to the symplectic setting (cf., e.g., [CdSO01, 23.2.1]), we have the fol-

lowing.

Lemma 2.3.3. Denote the annihilator of g, in g* by g°. The image of dV, is

exactly g2.

Proof. The image of the linear map dV¥, is the annihilator of the kernel of its
transpose. By Equation (2.12), the kernel of d¥? is g,. O

2.4 A Special Basis for g

In this section, we will show that under the assumption that 0 is a regular value

of the contact moment map V¥, the Lie algebra g of G admits a basis that fulfills



2.4. A Special Basis for g 21

certain axioms. The next proposition and the resulting Proposition 2.4.9 will be
crucial to the proof of our surjectivity result Theorem 4.1.1. They are inspired by
the idea of the proof of Theorem G.13 in [GGKO02| and a corrected version thereof
in [BL10, Proposition 3.12, Appendix B|. However, [BL10, Proposition 3.12| re-
quires a non-degenerate abstract moment map and a G-invariant almost complex
structure. Hence, while providing an alternative proof of Kirwan surjectivity on

symplectic manifolds, it does not hold in our case.

Proposition 2.4.1. Let (M, a, g) be a compact K -contact manifold and R its Reeb
vector field. Let G be a torus that acts on M, preserving oc. Denote by V: M — g*
the contact moment map and suppose that 0 is a reqular value of W. Then there

exists a basis (X, ..., X,) of g such that for every s =1,...,r
(i) 0 € R® is a regular value of f, = (VX1 .. UXs): M — RS,
(ii)) {x € M | (Xs)u(z) =0} = 2.

(iii) For all g, of dimension at most r — s, the following holds:

g. NEPRY; = {0}.
j=1

(iv) For all'g, of dimension at most r — s, the following holds:

j=1

(v) The critical points Cs of fs are
Cy={reM|g. N, RX; # {0}} = {z € M| dimg, >r — s}.
In particular, with Cy := &,
Co=Cs 1 U{reM|dimg,=r—s+1}.

Remark 2.4.2. We remark that a basis with properties (i)-(iii) of Proposition
2.4.1 exists on a contact manifold that is not necessarily K-contact, the proof is

similar.
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Remark 2.4.3. Note that, together with Equation (2.13), Property (i) implies
that Crit(U~+) N (¥X+)~1(0) is empty.

Proof of Proposition 2.4.1. Recall that there are only finitely many g, and g,, and
that g does not occur as isotropy algebra (by Lemma 2.3.2). Set

t= ng U U ﬁm
a7

and denote its complement by ay = g \ ¢ as complement of finitely many proper
subspaces, ag is open and dense. With Equation (2.13), it follows that (i)-(v) hold
for s = 1 with an arbitrary X; € ay.

such that (i) - (v) hold for
s =1,...,50; we will construct X 1. Set Wy, = @j‘;lRXj. The following set is

Now, let us suppose we already found Xi,..., Xj,

open and dense in g since it is the complement of finitely many proper subspaces:

Usy 1= 0\ U (g ®Wy,) U U (9. © Wy,)
{zeM|dim g, <r—so} {zeM|dim g.<r—so}
Le., a,, consists of those X, 41 such that (%:) and (iv) hold for s = sy + 1. Any
Xsor1 € a9 Nag, # @ will then obviously satisfy (ii)-(iv). To show that the

remaining properties are satisfied as well, we need

Lemma 2.4.4. Set M% = {x € M | g, C g.} and Y == f;1(0). For every g, of

dimension r — s > 0, the following holds:

M¥NY, =2. (2.14)

Proof. Let x € M® NY,. By (i), g, and ©;_,RX; span all of g since their
intersection is zero. We have ©5_;RX; C ker U(z) by the definition of Y, and
gp C ker U(x) because W(M®) lies in the annihilator of g,. g, and ®_;RX; span
all of g since their intersection is zero by (%ii), thus ¥(z) = 0. Lemma 2.3.3 implies,
however, that M9 cannot contain a regular point of W, hence, 0 ¢ W(M?%) since

0 is a regular value of W. O

Let us return to the proof of Proposition 2.4.1. We can view f,11 as the compo-

sition of U and the restriction from g to W 41 1= ;OZJEI]RX]-. By Lemma 2.3.3,
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the image of d¥, is 2. Composing with the restriction yields that (dfs,.1)s is
surjective if and only if g, N Wy, 41 = {0}. Thus, we have

Copr1 =Csy U {z € M | g, "Wy, = {0}, 9. N W1 # {0}}. (2.15)

Since we chose X, 11 € agNas,, we directly obtain the remaining statement of (v)

for s = sp + 1, in particular, with My and My from page 18:

Csor1 = Csy U {z € My | dimg, =7 — so} U{x € Mg | dimg, =r —s}. (2.16)

=:Aq =:As

It remains to show that (i) holds for s = so+1. By assumption, 0 is a regular value
of fs,, thus Cs, NY,, = @. Lemma 2.4.4 yields that A; NY;, = &. Now, consider
an element x € Ay NY;,. Then g, N W, = {0}, g. N Wy, 41 # {0}. Tt follows that
Xgot1 € 92D W,,. For every X € W, ¥X(z) = 0. Suppose U¥:0+1(z) = 0. Then,
by definition of ¥ and since a(R) = 1, it would follow that X 11 € g, & Wy,.
However, this contradicts X, 11 € apNay,. We showed that 0 ¢ U¥0+1(Cy, 1NYy,),
meaning that (i) is satisfied for s = sp+ 1. Hence, we showed that with any choice
of Xgo41 € apNa® # &, (i) - (v) hold for s = so + 1. O

Recall that we set f, = (U1 .. U¥X): M — R® and Y, == f,1(0).
Lemma 2.4.5. With (X;) as in Proposition 2.4.1, we have for every x € Yj
{0} = g. N @i RXj. (2.17)

In particular, dimg, <r — s and dimg, < r — s.

Proof. Equation (2.17) follows directly from Proposition 2.4.1, by combining (i),
() and (v). It directly implies that dimg, < r —s. Since dimg, < dimg,, and
Y, does not contain a point with isotropy of dimension r — s by Lemma 2.4.4, it
follows that dimg, < r — s. [

A main aspect needed for the proof of our main Theorem will be the Morse-Bott
property of the functions WXs+1|y.. As a first step, we now want to compute their
critical sets Crit(UX=+1]y,). Recall that T' denotes the closure of the flow of the
Reeb vector field R in the isometry group of (M, g), where g is any contact metric,

and that T is independent of the choice of g.



24 Chapter 2. K-Contact Manifolds

Lemma 2.4.6. With (X,) as in Proposition 2.4.1, Crit(UXs+1|y.) is the union of
all the minimal G x {1, }-orbits, i.e., of all G x {1 }-orbits of dimension s+1. They
coincide with the minimal G x T-orbits. These are exactly the points of Yy with
generalized isotropy algebra of dimension r—s. In particular, Crit(¥X1) = Crit(\V)

is the union of all 1-dimensional G x T-orbits and consists of all points with g, = g.

Proof. Set (Ys)g := Ys; N Mg and (Y)y := Ys N My, with My and Mg from page
18. We first show that Crit(U*+'|y,) = J seqvy)n G-x. Let x € Y,. By (i)

dim G-x=s+1
of Proposition 2.4.1, span{d¥=X1, ..., d¥¥X:} is s-dimensional and T, Y, = ker(df,),.

Since the annihilator of 7, Y; in 7Ty M is s-dimensional, it follows that 7Y lies in
the kernel of a 1-form if and only if that 1-form lies in the span of {dUX1, ..., dUX<}.

Therefore, we obtain

Crit (PX=+1

v,) ={z €Y, | (d¥¥+), € span{d¥)*, .., dVU}}

Using additivity of d¥* in X and applying Equation (2.12), this equation becomes
Crit(UX=1]y.) = {x € Yy | Xoy1 € 9. © WS}, (2.18)

where Wy = @7 RXj.

By Lemma 2.4.5, dimg, < r — s and dimg, < r — s for every z € Y. With (iv) of
Proposition 2.4.1, the condition in Equation (2.18) can then only be satisfied for
x € Yy with dimg, = r — s, thus = € (Y;)g. Since in that case, it is g = g, © Wi,
we automatically obtain that X, ; € g, ® W,. Hence,

Crit(WX+|y) ={x € (Vg |dimg, =r—-s} = |J G-z

S (Ys )R
dim G-x=s+1

Let x € (Y;)p. From Lemma 2.4.5, we have dim g, < r—s—1. Hence, dim(G xT)-
z > dim(Gx{¢y})-x > dim G-z > s+1, so the GxT- and G x {9, }-orbits through
x are not minimal. Now, let = € (Y;)g and suppose that dim G-z = s+1 is minimal.
By definition of (Y;)g, {t1} -2 C G-z, thus dim(G x {¢4})-x = s+ 1 aswell. G-z
is closed, hence the same holds for 7: T-x C G-z and dim(G x T) -z = s+ 1is

minimal. O

Lemma 2.4.7. There exists a contact metric g on M such that all G-fundamental

vector fields are Killing vector fields, 1.e., such that g is G x T-invariant.
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Proof. Choose any GG x T-invariant and da-compatible metric h on ker o, which
has to exist since G x T is compact. Then g :=h & a® «a is a G x T-invariant

contact metric on M. O

Now, let N C Crit(¥X:+|y.) be a connected component of the critical set. From
now on, we will work with a metric according to Lemma 2.4.7, i.e., with an iso-

metric G x T-action.

Lemma 2.4.8. N is a totally geodesic closed submanifold of even codimension.

Proof. By Lemma 2.4.6, N is a union of minimal dimensional G x T-orbits. The
isotropy group of a point in a tubular neighborhood of an orbit (G x T') - p is a
subgroup of (G x T'),. By minimality, every point of N in that tubular neighbor-
hood then has to have the same isotropy algebra, so {x € N | (g x t), = (g x t),}
is open in N. Since N is connected, it follows that the connected component of
the isotropy remains the same along N, (g xt), =: (g x t)y for all x € N. Since all
fundamental vector fields are Killing, we can apply a result of Kobayashi [Kob58,
Corollary 1|, which directly yields that NV is a totally geodesic closed submanifold

of even codimension. O

We will denote the g-orthogonal normal bundle of N in Y, by vN, T,Y, =T,N @,
v,N. We will now prove the Morse-Bott property of W*«1|y.. For a brief intro-

duction to Morse-Bott functions, the reader is referred to Appendix A.

Proposition 2.4.9. The Hessian H of WXs+1|y. along N in normal directions is

given by
H,(v,w) =2g(w, V,(JY)) = 2g9(w, JV,Y),

where p € N, Y = (Xs11)y, — o((Xsi1)v,)pR, and g is a metric as in Lemma
2.4.7.

Furthermore, the vector JV,Y is normal and non-zero for every normal vector

v # 0 and H is non-degenerate in normal directions.

In particular, VXs+1|y. is a Morse-Bott function.
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Proof. Let p € N and v, w € v,N be arbitrary. In a sufficiently small neighborhood
of p, extend v and w to local vector fields V, W around p such that (VV')(p) =
(VIW)(p) = 0. To shorten notation, let X := (Xs;1)y,. Note that since [X, R] =0
by Equation (3.1), we have VxR = VxzX. The first computation in [Ruk99,
Section 2| is equally applicable in our case since X is a Killing vector field, hence

we obtain at p, applying Equations (2.7) and (2.8),

Hy(v,w) = (V(W(a(X))) (p) = (V(W(9(R, X)))) (»)
= (V(9(VwR, X) + g(R, VwX))) (p)
(g(=IW, X) = g(VrX,W))) (p)
Vv JW, X) = g(JW, Vv X) + V(9(JX,W))) (p)
Vv W, X) — g(JW, Vv X) + g(VvJX, W) + g(JX, VyW)) (p)
(Vv )W, X) = g(J(Vy W), X) + g(W, JVyX) + g((Vy )X, W)
g(J(VvX), W)+ g(JX,VyW)) (p)
= (—g(R(R, V)W, X) + 29(W, JVyX) + g(R(R, V)X, W)) (p)
(29(R(R, V)X, W) + 2g(W, JVy X)) (p)- (2.19)

Q
~—~ N

Combining Lemma 2.4.8, Equation (2.8), and the fact that R(x) € T, N for all
x € N, we obtain that Jz = —V,R € T'N for all z € TN, hence

J:T,N =-T,N, J:y,N — v,N.
Set a := a((Xs4+1)v,)p and decompose X as X =aR+ Y. It is
(VVX)(p) = (CLVVR + V\/Y) (p) = —aJv+ (VVY)p

Using the tensor properties of the curvature tensor R and that R(R,V)R = —V
(see |Bla76, p. 65]), we can then continue Equation (2.19) as follows:

H,(v,w) = (2ag(R(R,V)R,W)+2g(R(R, V)Y, W)+29(W, J(—aJV +VvY))) (p)
= —2ag(v,w) + 29(R(R, V)Y, W)(p) + 2ag(v, w) + 29(W, JVvY)(p)
=29(R(R, V)Y, W)(p) +29(W, JVvY)(p)
=29(W, (Vv )Y + JVvY)(p)
= 29(W, Vv (JY))(p). (2.20)
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It remains to show that the vector Vi (JY)(p) = (R(R, V)Y 4+ JVyY)(p) is equal
to JVyY(p), is non-zero, and lies in v, N. Let n be an arbitrary vector field in a
neighborhood of p that is tangent to N at p. By Lemma 2.4.8, V, X (p) € T,N.
Since X is Killing and v € T,N*¢, we then have g(n, Vv X), = —¢g(V, X, V), = 0.
Thus, Vy X (p) € v, N and, hence, JVyX(p) € v,N. With Equations (2.8), (2.3)
and a(V), = g(R,V), = 0, we obtain

9, IVVY)p = g, JVv X), = g(n, IV (aR)), = —g(n,aV), =0,
hence (JVyY)(p) € (T,N)*s = v,N. Analogously, we obtain (VyY)(p) € v,N.
Recall that Lxa = 0. Since N is critical, we obtain on N
0=—dixa = 1xda = atgda + tyda = tydo.

Y|y € I'(ker a), however, since a(X)|y = a, and do is non-degenerate on ker a.
Therefore, it is Y = 0 on NV and we obtain Vi (JY)(p) = (R(R,V)Y+JVyY)(p) =
(JVvY)(p).

We now follow the line of argumentation of Rukimbira in [Ruk95, Proof of Lemma
1] to show that V,Y does not vanish on N. Note that Y is a Killing vector field
since X and R are. Let 7 be the geodesic through v(0) = p with tangent vector
4(0) = v. Suppose (V,Y)(p) = 0. Then the Jacobi field Y o~ satisfies Y oy(0) =0
and ¥ (Y 0 )(0) = 0, thus Y vanishes along all of . This means that along ~,

X = aR, though. By Equation (2.12), v hence consists of critical points of U]y, .

Thus, v lies in N and v has to be tangent to N. This, however, contradicts
v € v,N. We conclude that VY (p) is non-zero. Since VY (p) is normal and,
hence, lies in ker a, it follows that J(VyY')(p) is non-zero. Then we have for every
non-zero normal vector v € v, N:
Hy(v, J(V,Y)) =2¢(J(V,Y), J(V,Y)) =2¢(V,Y,V,Y) # 0. O

Remark 2.4.10. J is skew-symmetric with respect to H: For v,w € y,N, we
have
%Hp(w, Jv) = g(w, IV 1,Y) = —g(Jw, V ;,X + aJ*) = g(V ;,X, Jv) + ag(Jw,v)

= 9(V Y, Jv) + g(—aJ*w, Jv) — ag(w, Jv)

= —g(JV Y, v) + ag(w, Jv) — ag(w, Jv) = —%Hp(Jw,v).
In particular, J preserves the positive and negative normal bundle, J : v*N —
vEN.
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2.5 A Local Normal Form for the Contact Moment
Map

In Section 2.1, we proved a Contact Coisotropic Embedding Theorem (Theorem
2.1.3) by applying an equivariant Contact Darboux Theorem (Theorem 2.1.2).
Assume that 0 is a regular value of the contact moment map V. In order to obtain
a local normal form for ¥ in a neighborhood of ¥~1(0), we will now show that

certain embeddings satisfy the requirements of Theorem 2.1.3.

Lemma 2.5.1. The natural embedding W=1(0) — M satisfies (i)-(i1i1) of Theorem
2.1.3 with K =G xT.

Proof. (ii) and (iii) are obviously satisfied. To show that the distribution ¢ :=
TU~1(0) Nker « is coisotropic in (ker o, da|yere =: w), recall that 0 is a regular

value of ¥, hence,
T, 1(0) = ker d¥,,. (2.21)

v € ker d¥, if and only if dWX (v) = (dix,,a),(v) = 0 for every X € g. Since « is
G-invariant, Lx,, o = 0, and Cartan’s formula yields that v € ker d¥,, if and only
if doy,(Xar,v) = 0 for every X € g. It follows that

ker d¥, = (TG - p)*= (2.22)

since the tangent space to the G-orbit consists of all fundamental vector fields.
For p € U1(0), it is 0 = ¥(p)(X) = a,(Xnm(p)) for every X € g. In particular,
T,(G-p) C ker a,. Tt follows that (7,G-p)*de = (T,,G-p)*~®RR,. Equations (2.22)
and (2.21) yield T,¥'(0) Nker oy, = T,,(G - p)* =: {,. Then ¢~ = T,(G - p). ¥
is G-invariant, so for every X € g, d¥,(Xy(p)) = 0. We obtain ;= = T,(G - p) C
ker dW, = (T,G - p)* and, hence, (; C (T,G - p)=* Nkera, = (T,G - p)* = ¢,

( is coisotropic. O

Lemma 2.5.2. The embedding ¥=1(0) = U=1(0) x {0} — ¥~1(0) x g* satisfies
(i)-(iii) of Theorem 2.1.8 with K = G x T, where a neighborhood U = U~=1(0) x V
of U71(0) x {0} € ¥71(0) x g* is endowed with the contact form & = i*a + z(6),
we denote the inclusion W=1(0) < M by i, the coordinates on g* by z and 0 is a
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G-invariant R-basic connection form on W=1(0) — ¥=Y(0)/G. Furthermore, R is
the Reeb vector field of (U, &) and the contact moment map on (U,q) is given by
U(p,z) = 2.

Remark 2.5.3. Note that a G-invariant R-basic connection form has to exist: By
[Mol88, Proposition 2.8], there always exists a connection that is adapted to the
lifted foliation, i.e., such that the tangent spaces to the leaves are horizontal. Since
G x T is compact, we can obtain a G x T-invariant adapted connection form by
averaging over the group. But this connection form then has to be basic, or, as

Molino calls it, projectable.

Proof. Let j : ¥71(0) — ¥~1(0) x g* denote the embedding given by x s (x,0).
Then j*a = i*«a by construction. Choose an orthonormal basis (X;) of g and
denote its dual basis by (u;). Then we can write § = > 6, X; and z = ) zu;
according to these bases and obtain d(z(0)) = > dz; A 6; + z;d8; = dz(0) + z(dF).
With Q =60, AN... A0, and dz = dz; \ ... Ndz,, at z = 0, we have

a A (da)" = (=120 (o A (do)™ ) A QA dz,

which is non-degenerate. Therefore there is a neighborhood U = ¥~1(0) x V
of U=1(0) x {0} in ¥~1(0) x g* on which & is a contact form. 6 is R-basic, so
tgf = 0 and tpa = 1pi*a = i*tgae = 1. df is R-basic, as well, so tgdf = 0.
R is tangent to U~1(0), so dz;(R) = 0. We obtain tgda = tg(i*da + dz(0) +
z(df)) = 0. The uniqueness of the Reeb vector field yields that R is the Reeb
vector field of (U,a). It remains to compute the contact moment map U on
(U,@) and to show that the distribution (, := T,¥1(0) N ker q, is coisotropic
in the symplectic vector bundle (kera,dd|wes =: w). By definition of ¥, i*a
vanishes on G-fundamental vector fields. For any X = > A\ X; € g, we have
2(0)(X) = (32, 2i0:) (32, AjX;) = 32, zihi = 2(X). Hence, we have U(p,2) = =,
which implies ¥~(0) = ¥~1(0) x {0} = i(¥~1(0)). Since d¥ = dz, ¥ has 0 as a
regular value, so that we obtain T{, o) (¥ ~*(0) x {0}) = ker d{Iv/(pyo). The rest of the
proof works completely analogously to that of Lemma 2.5.1, with a;, ¥ replaced by
a,v. 0

Applying Theorem 2.1.3 to the two coisotropic embeddings in Lemmata 2.5.1 and

2.5.2, we obtain a local normal form of ¥ around ¥~*(0).
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Proposition 2.5.4. Suppose that 0 is a regular value of V. Then there is a G X
T-invariant neighborhood U of W=(0) which is equivariantly diffeomorphic to a
neighborhood of W~1(0) x {0} in ¥~1(0) x g* of the form ¥~1(0) x By, B, =
{z € g | |2| < h}, such that in this neighborhood the contact form « is equal to
q*ag + 2(0), where § € QY (V1(0), F,g) is a G-invariant, F-basic connection I-
form on q : U71(0) — ¥=Y0)/G. In particular, on U, the moment map is given
by ¥(p,z) = z.



Chapter 3

Equivariant Basic Cohomology for
K-Contact Manifolds

In this chapter, we define equivariant basic cohomology and give its basic prop-
erties. Related constructions for transverse actions of a Lie algebra on a foliated
manifold (in particular for the transverse action of t/RR on a K-contact manifold)
can be found in [GT16, GNT12, Téb14].

3.1 Basic Cohomology

Recall that we consider a compact K-contact manifold (M, «) with Reeb vector
field R and that we denote the foliation induced by R on M by F. Let X(F)
denote the vector space of vector fields on M that are tangent to the leaves of the
foliation F, X(F) = C*(M) - R. Differential forms whose contraction with and
Lie derivative in the direction of an element of X(F) vanish are called F-basic (or

simply basic). Their subspace is denoted by
QM,F) ={w e QM) | Lxw=1xw=0V X € X(F)}.

Cartan’s formula directly yields that Q(M, F) is differentially closed, i.e., for every
w € Q(M,F), we have dw € Q(M, F), so that Q(M,F) is a subcomplex of the de
Rham complex of M.

31
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Definition 3.1.1. The basic cohomology of the foliated manifold (M, F), denoted
by H*(M,F), is the cohomology of the complex (Q(M,F),d).

For a more elaborate introduction to basic differential forms, also for more general

foliations, the reader is referred to [Reib9).

On basic differential forms, there is a natural Poincaré pairing defined by

(é,n)H/Ma/\éAn

Lemma 3.1.2. The Poincaré pairing descends to a well-defined pairing on basic
cohomology. If M is a compact K-contact manifold, then the basic cohomology
groups are finite-dimensional, H" (M, F) = 0 for r > 2n and the Poincaré pairing

15 non-degenerate.
Proof. See, e.g., [BGO8, Proposition 7.2.3|. O

We suppose now that a torus G acts on M, preserving the contact form «. Recall
from page 19 that [ X, R] = 0 for every X € g. This implies in particular that,
for every f- R € X(F),

[(Xar, [+ Rl = Xu(f)R € X(F). (3.1)

Remark 3.1.3. Equation (3.1) means that, given X € g, for every Y € X(F), the
commutator [ X, Y] is also an element of X(F); hence all fundamental vector fields
are so called foliate vector fields as defined by Molino (see [Mol88, Chapter 2.2]).

Recall the following definition (cf. [GT16, Definition 3.1] or [GS99, Chapter 2.2]

for a formulation in the language of superalgebras).

Definition 3.1.4. Let £ be a finite dimensional Lie algebra and A = @ A a Z-
graded algebra. A is called a differential graded €-algebra (£-dga) or €*-algebra,
if there exist derivations d : A — A of degree 1, 1x : A — A of degree —1, and
LxA — A of degree 0 for every X € ¢ such that 1x and Lx are linear in X and
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o d* =0, o [Lx,iy]=1xy),
o % =0, o Ly =dix + txd.

o [Lx,.Ly] = Lixy)

Lemma 3.1.5. With the usual differential d inherited from Q(M) and vx = tx,,,
Lx = Lx,,, QM,F) is a g-dga.

Remark 3.1.6. In [GNT12|, Goertsches, Nozawa and T6ben consider so-called
transverse actions of Lie algebras on foliated manifolds, especially the action of
t/RR on a K-contact manifold. In particular, they show that Q(M, F) is a t/RR-
dga, see [GNT12, Proposition 2, (3.1)].

Proof. The relations of Definition 3.1.4 as well as the degrees of the derivations
are inherited from those on Q(M). Let w € Q(M,F), X € g, Y € X(F). For
the proof of the g-dga structure, it remains to show that (:xw and Lxw are again
elements of Q(AM,F). Note that we have vy x,,jw = Lyx, jw = 0 by Equation
(3.1). Then

lytxw = —txtyw = 0,

,CyLXw = L[Y,XM}W + Lxﬁyw = O,

hence, txw € Q(M,F). Similarly, we obtain tyLxw = 0 = LyLxw and Lxw €
Q(M, F). O

As a generalization of the example where a Lie group K acting on a manifold
induces the structure of a £-dga on the differential forms, consider the following
definition (cf. [GS99, Definition 2.3.1]).

Definition 3.1.7. Let £ denote the Lie algebra of an arbitrary Lie group K. A
K*-algebra is a t-dga A together with a representation p of K as automorphisms
of A, that is compatible with the derivations in the sense that for all h € K, X € ¢,

it is
o Lp(exp(tX))|i—o = Lx, o p(h)ixp(h™') = taa,x,

o p(M)Lxp(h™") = Laa,x, o p(h)dp(h™") =d.
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For a different formulation in the language of superalgebras, the reader is referred
to [GS99, Section 2.3].

Lemma 3.1.8. The torus action of G on M induces an action on Q(M,F) by
pullback, i.e., g*w € Q(M,F) for every g € G, w € Q(M,F), turning Q(M,F)

into a G*-algebra.

Proof. Let g € G, w € Q(M,F),Y € X(F). By Equation (2.11), the vector field
dg(Y'), defined by dg(Y)(p) = dgg-1,(Yy-1,), lies in X(F), and, since Q(M, F) is
differentially closed, we have dw € Q(M, F). Hence, we obtain

* *
lyg'w = g tggyw = 0,

Lyg'w=dyg*w+tydg*w =0+ tyg"dw = 0.
The compatibility relations are inherited from Q(M). O
Note that since we are considering an Abelian group, the fundamental vector fields
satisfy dg(Xa(p)) = Xu(g - p), for every X € g, g € G, p € M. Therefore, we

obtain by an easy calculation, that, if w € Q(M,F) is G-invariant, then so are
txw and Lxw for every X € g.

3.2 Equivariant Cohomology of a t-dga

We will briefly review the concept of equivariant cohomology. For a more elaborate
introduction, we refer to [GS99], presenting the material from Cartan (cf. [Car50])
in a modern reference; see also [GNT12, Section 4] or [GT16, Section 3.2].

The Cartan complex of a -dga A is defined as
Ce(A) = (S(¢") ® A)',

where S(€*) denotes the symmetric algebra of €* and the superscript denotes the
subspace of ¢-invariant elements, i.e., those w € S(¢*) ® A for which Lxw = 0 for

every X € t. When regarding an element w € C¢(A) as a ¢-equivariant polynomial
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map £ — A, e, w([X,Y]) = Lx(w(Y)) for every X,Y € g, the differential dy of
Ci(A) is given by
(dew)(X) = d(w(X)) = ex (w(X).

If {X;}I_, is a basis of £ with dual basis {u;}!_,, the differential can be written as

T

de(w) = d(w) = > 1x,(w)u;.

i=1

Ci(A) can be endowed with the grading deg(f ® n) = 2deg(f) + deg(n). Then d;
raises the degree by 1. The equivariant cohomology of A (in the Cartan model) is
then defined by

H{(A) = H*(Ce(A), dy).

We remark that there are different conventions in the literature concerning the

sign in the definition of the differential.

Example 3.2.1. If a compact Lie group K acts on a manifold N, this action
induces a £-dga structure on the algebra of differential forms Q(/N). This enables
us to apply the general construction of the equivariant cohomology of a £-dga and

we obtain the equivariant cohomology of the K-action as

Hi(N) = H¢ (Q(N)).

For the following definition compare [GS99, Definition 2.3.4].

Definition 3.2.2. A t-dga A is called free, if, given a basis X; of £, there are
0; € Ay (called connection elements) such that vx (0;) = 05 If, in addition, the

0; can be chosen such that their span in A; is ¢-invariant, then A is said to be of

type (C).
Lemma 3.2.3. A free t-dga A is automatically of type (C) if the action of € on A
15 induced by an action of a compact Lie group.

Proof. |GS99, Section 2.3.4]. O

Definition 3.2.4. Let A be a t-dga. The differentially closed set Apas := {w € A |
txw= 0= Lyw for every X € t} is called the basic subcomplex of A. An element

w € A is called horizontal if it satisfies txw = 0 for every X € ¢.
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If a compact connected Lie group acts locally freely, the equivariant cohomo-
logy of its action is the ordinary cohomology of the orbit space (cf. [GGKO02,
Appendix C.2|). This property can be generalized as follows.

Proposition 3.2.5. If A is a t-dga of type (C), then the inclusion Apase — Ce(A),

w1 ®w induces an isomorphism
H*(Apase) = Hy (A),

whose inverse is induced by the Cartan map, which is defined as follows. Given a
basis X; of € and the dual basis u; of €, the Cartan map is the composition of the
projection Cy(A) — (S(8*)®@ Apor )t with the map that maps pure tensors u' - - - u" @
w € Ce(A) to pu -+ p"w. Here, the subscript hor denotes the horizontal elements
and pt are the curvature elements corresponding to the connection elements of A

subordinate to the basis X;.

Proof. |GS99, Sections 5.1, 5.2]. O

Remark 3.2.6. For the definition of curvature elements for a general £-dga of type
(C), the reader is referred to [GS99, p. 24]. In this thesis, the relevant case where
we will need the specific Cartan map is that of a principle bundle with ordinary
connection form. Then the forms i are the ordinary curvature forms associated
to the given connection. Details on the projection onto the horizontal component
can be found, e.g., in [GS99, page 58].

A proof of the following proposition can be found in [GS99, Section 4.6] or [GT16,
Proposition 3.9].

Proposition 3.2.7. Let A be an (h x €)-dga with Ay, = 0 for k < 0, which is of type
(C) as an b-dga. If either A®* = A or € is the Lie algebra of the compact connected

Lie group K and the €-dga structure on A stems from a K*-algebra structure, then
H¢ (Avasy) = Hyye(A)

as S(€*)-algebras. The isomorphism is induced by the natural inclusion of com-

plexes

((S€) ® Ausy)' ) = ((S(E) @ S(B%) © A" dey)
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3.3 Equivariant Basic Cohomology

Recall that we consider a connected, compact K-contact manifold (M, «, g) with
Reeb vector field R, on which a torus GG acts in such a way that it preserves the con-
tact form «, i.e., g*a = a for every g € G. We denoted the Reeb flow by {¢,}. We
can not only consider the G-action on M, obtaining the equivariant cohomology of
the G-action as H,(M) = Hy(€2(M)), but we can also consider the G x {1/; }-action
on M which induces a g x RR-dga structure on (M). This yields Hy,gp(M).
Furthermore, by Lemma 3.1.8, Q(M, F) is a G*-algebra (and especially a g-dga).
The complex of equivariant basic forms is given by Cq(M,F) = Cy(2UM,F)).
Note that this is naturally a subcomplex of Cg(M). We obtain the equivariant

basic cohomology of the G-action on (M, a) as

Ha(M,F)=H(Cg(M,F),dg).

Analogously, we can define equivariant basic cohomology for any open or closed
G x {4 }-invariant submanifold of M or for any foliated manifold (NN, £), acted on
by a torus H in such a way that Q(N, ) is an H*-algebra.

Remark 3.3.1. The complexes Cq(M, F), Ca(M), etc. and their cohomologies
He(M,F), Hz(M), etc. are all naturally modules over Hg(point) = S(g*).

Remark 3.3.2. More generally, one can define (equivariant) basic cohomology on
the category of pairs (M, F)) consisting of a manifold M with regular foliation Fy,
(acted upon by G such that Q(M, Fyy) is a G*-algebra (cf. Definition 3.1.7), and
morphisms (M, Fy) — (N, Fy) given by (equivariant) foliation-preserving smooth
maps, i.e. smooth maps which take leaves to leaves. In particular, the S(g*)-
module structure on Hg(M, F) is induced by the pullback of the map projecting
M to the 1-point manifold with trivial foliation.

Since the G-invariant contact form serves as connection element, Proposition 3.2.7

directly gives

Proposition 3.3.3. H;(M,F) = Hywrr(M) as S(g*)-algebras. The analogous
statement holds for G x {i;}-invariant submanifolds of M.
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Example 3.3.4. Suppose that R induces a free S'-action. In this case, {1;} =
St =T and 7: M — M/{yy} =: B is a G-equivariant principal S'-bundle. The
pullback gives an isomorphism 7* : Q(B) — Q(M,F) and we have Hg(M,F) =
He(B) (compare [GT16, Example 3.14]).

Lemma 3.3.5. Assume G acts on a G x T-invariant submanifold U C M with
only one g, = gu; then H:(U, F) = S(g;;) @ Hy (U, F) = S(g;7) @ H*(UU, F)vast)

where € denotes a complement of gy in g.

Proof. Since gy acts trivially on Q(U,F), the Cartan complex can be written
as Cq(U,F) = S(g) @ S(€*) @ QU, F)* and dg = 1 ® dy, hence HA(U, F) =
S(g;;) @ Hf (U, F). But £ acts freely and in transversal direction on U, so Q(U, F)
is a t-dga of type (C) and H; (U, F) = H*(Q2(U, F)pase) by Proposition 3.2.5. [

The long exact Mayer-Vietoris sequence is well known in ordinary cohomology.
The proof presented in [BT13, Proposition 2.3] can be adjusted to the equivariant

basic setting so that we obtain an analogous statement.

Proposition 3.3.6 (Mayer-Vietoris sequence). Let A C M be a G x T-invariant
submanifold of M and let U,V C A be open G x T-invariant subsets such that
UUV = A. Denote the inclusions by iy : U — A, iy :V = A, ju:UNV = U,
Jv :UNV — V. Then there is a long exact sequence

o HA(A,F) SV HL (U, FYoHy(V, F) "5 Hy(UAV, F) — Hy (A, F) ..
Proof. We have a short exact sequence
0= C5(A, F) “SY C5(U,F) @ Co(V, F) "5V c(Un v, F) = 0.

Exactness on the left is evident. To see exactness on the right, note that since
U and V are G x T-invariant and G x T is compact, we can find a G x T-
invariant partition of unity {py, py} subordinate to the open cover {U,V} of A
(JGGKO02, Corollary B.33]). Then, given w € C4({U NV, F), pyw € CL(V,F)
and pyw € C&L(U,F). It follows that (pyw, —ppw) lies in CL(U, F) & CL(V, F)
and maps onto w. Thus, the short sequence is exact and we obtain a long exact

sequence in equivariant basic cohomology. O]
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We will not only work with G x T-invariant submanifolds of (M, F), but also with
the (positive/negative) normal bundles of closed invariant submanifolds with lifted
G x T-action. For this reason, we now consider the more general case of a foliated
manifold (N, ) that is endowed with a G x T-action such that the fundamental

vector field of R € t is nowhere vanishing and induces &.

Definition 3.3.7. A subset A C N is called £-saturated if for every x € A, A
contains the whole leaf of £ that runs through =z.

To prove our main result, we also need relative and compactly supported equivari-
ant basic cohomology. Our assumption on (N, £) means in particular that for any
closed G-invariant, £-saturated submanifold of N, we can find arbitrarily small

G-invariant, £-saturated tubular neighborhoods.

Definition 3.3.8. We denote the subcomplex of compactly supported equivari-
ant basic differential forms by Cg (N, ), and its cohomology by Hg (N,E) =
H(Cq(N,E),dy).

Analogously to the proof of Proposition 3.3.6, we can adjust the proof of [BT13,
Proposition 2.7| to the equivariant basic setting so that we obtain a Mayer-Vietoris

sequence for equivariant basic cohomology of compact support.

Proposition 3.3.9 (Mayer-Vietoris sequence for compact supports). Let U,V C
N be open G x T-invariant subsets such that U UV = N. Ezxtending the forms
by 0 gives maps ju : Ca (U, F) = Ca (N, F), jv : Cac(V,F) = Cqo(N,F) and
iv : Coo(UNV,F) = Cao(V, F), iv : Ca(UNV,F) = Cq(U,F), which descend

to cohomology. Then there is a long exact sequence
o = HE (UNV,F) SV HE (UF)QHE (V.FY S HE (N F)=HE UV, F)— ..
Proof. We have a short exact sequence

0= Ci (UNV,F) "B Ot (UF) @ CL(V,F) "5 Ct (N, F) = 0.

Exactness on the left is evident. To see exactness on the right, note that since
U and V are G x T-invariant and G x T is compact, we can find a G x T-
invariant partition of unity {py, py} subordinate to the open cover {U,V} of N
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(|GGK02, Corollary B.33|). Then w € Cg, (N, F) is the image under (ju — jv)
of (pyw, —pyw) € C¢ (U, F) & C (V,F). Note that pyw € C¢, (U, F) because
supp pyw C supp p N suppw, similarly for pyw. Thus, the short sequence is exact
and we obtain a long exact sequence in equivariant basic cohomology with compact

support. L]

Proposition 3.3.10. Let A, B C N be two G-invariant, £ -saturated submanifolds
such that there are equivariant maps f : A — B and g : B — A. If f and g are
G x {1 }-homotopy inverses, then they induce inverse isomorphisms f* and g* in
equivariant basic cohomology. If, in addition, the homotopy is proper, the same

holds for cohomology with compact support.

Proof. The proposition is proven analogously to the corresponding statement in
ordinary (equivariant) cohomology by constructing a chain homotopy, see, e.g.,
[BT13, Chapter 4; Cor. 4.1.2] and also [GS99, Section 2.3.3 and Proposition 2.4.1]
and the proof of Proposition 3.3.15 below. n

Note that the previous proposition and the corresponding well known statement
in ordinary equivariant cohomology apply in particular to the following situation:
Let A C M be a G x T-invariant submanifold, and let U be a G x T-invariant
tubular neighborhood of A in M with projection map p : U — A and inclusion
i: A — U. Then i* : Ho(U) — Hg(A) and i* : Hg(U,F) — Hg(A, F) are

isomorphisms with inverse p*.

Definition 3.3.11. Let A C N be any G-invariant, £-saturated submanifold. We
then consider the complex Cq(N, A, E) := Co(N,E) & Cu(A, E) with the grading
CE(N,A,E) = CE(N,E) ® CL (A, €) and differential D(a, 8) = (dga, als —
dg3). The cohomology of this complex is the relative equivariant basic cohomology
of (N, A) and denoted by H{ (N, A, E).

This definition is based on the definition of ordinary relative de Rham cohomology
in [BT13, pp. 78-79] and an equivariant version thereof in [PV07, Section 3.1]. We
remark that [PV07, Section 3.1| works analogously for closed submanifolds. Note
that a G' x {1 }-equivariant map of pairs f : (N, A) — (N, A), f(A) C A, induces
amap f*: Cq(N, A E) = Ca(N,AE), f*(a,B) = (f*a, fI',8) that descends to
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cohomology.

Analogously to the proofs presented in [BT13, PV07|, we obtain the following

Proposition 3.3.12. There is a natural long exact sequence in equivariant basic

cohomology
2 HE(N, A, €) 5 HE(N,€) A HE(A,€) — -, (3.2)
where a*(0) = (0,0), f*(w,0) =w, and 14 : A — N denotes the inclusion.

Remark 3.3.13. The complex C&(N, A, €) is a special case of the more general
concept of a mapping cone of a map of chain complexes (cf., e.g., [Wei97, Sec-

tion 1.5]). In this context, the previous proposition corresponds to [Wei97, 1.5.1].

The considerations of [PV07, Section 3.2| carry over to the basic setting so that

we also obtain an excision statement for open submanifolds.

Proposition 3.3.14. Let A C N be a G-invariant, £-saturated open submanifold
and U a G-invariant, £-saturated open neighborhood of N\ A. Then the restriction

(a, B) = (o], Bloy(v\a)) induces an isomorphism
HE(N, AL E) = HEU,U N\ (N \ A),E).

Proposition 3.3.15. Let A C N be any G-invariant, £-saturated submanifold. If
the equivariant maps f : (N,A) — (N, A) and g : (N, A) — (N, A) are G x {1;}-
homotopy inverses, then they induce inverse isomorphisms f* and g* in relative

equivariant basic cohomology.

Proof. Consider an equivariant homotopy F': NxI — N, F(-,0) = gof, F(-,1) =
idy such that F(A x I) C A. Then F|a«s is a homotopy between g o f|4 and id 4.
With Q : CE(N x I,E) = C&HN,E), a fol Lo, dt, we then obtain (cf. [BT13,
Chapter 4| and [GS99, Section 2.3.3|)

dcQF* + QF*dg = idy — f*g". (3.3)

With Equation (3.3), we can then show that id}y, = f*¢* in relative equivariant
basic cohomology. Analogously, we obtain id% = g*f* in relative equivariant basic
cohomology, which yields that f* and ¢g* are isomorphisms in relative equivariant

basic cohomology. O]
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Remark 3.3.16. Alternatively, Proposition 3.3.15 can be proven by applying
Propositions 3.3.10 and 3.3.12 and the 5-lemma ([ES15, Lemma 4.3]).

The retraction of a subset A C N onto A C A might not generally extend to a
global map defined on all of N. Even though we, hence, cannot apply Proposition
3.3.15, we still obtain that the relative equivariant basic cohomologies of (N, fl)
and (N, A) are isomorphic. We will not require the following proposition to obtain
our main results. Nevertheless, we include the proof because its approach might be

of interest to the reader and the result might be helpful for example computations.

Proposition 3.3.17. Let A C A be a G x {1 }-equivariant deformation retract,
where A, A C N are G-invariant, E-saturated submanifolds. Then H:(N,AE)
and HE (N, A, &) are isomorphic.

Proof. Let h : A — A be the equivariant map such that howty =idy and t4 0o h
is G x {1 }-homotopic to id;. Choose a homotopy F : A x I — A such that
F(A x I) C A. Similar to Equation (3.3), we obtain

dcQF* + QF*dg = id —h*y : Ca(A,€) = Ca(A, ), (3.4)

where @) : C’C“,(fl x1,E) — Cg_l(fl,é') is given by a fol g, dt. Consider the

maps

¢ :Cq(N,AE) — Cq(N, A ,€)
(w,0) = (w, "0+ QF "1 5w)
and ¢ : Cu(N,A,E) = Cu(N, A E)
(0,p) = (0, 4p — L4QF 50).

Note that 1 o ¢ = id. Applying Equation (3.4) yields that ¢ and ¢ commute
with the relative differential and, hence, induce maps in relative equivariant basic
cohomology. If (o, p) € Cq(N, A, E) is closed, then 150 = dgp. With Equation
(3.4), it follows that @ o (a, p) = (0, p) + D(0, QF*p — h*1} QF*p). Hence, 1) and
¢ induce inverse maps in cohomology. O]

Note that the proofs (cf. also [PV07|) of the previous propositions 3.3.12-3.3.17

carry over to manifolds N with invariant boundary and A C N invariant open
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submanifold with invariant boundary, as long as the closure of N \ A admits
arbitrarily small invariant tubular neighborhoods. Propositions 3.3.12, 3.3.15 and
3.3.17 also hold for manifolds N with invariant boundary and A C N invariant
closed submanifold that is either A C intN or A = ON.

For compact manifolds N and closed G x T-invariant submanifolds A C N (without
boundary or with boundary as above), we have an alternative definition of relative
cohomology (cf. [GS99, Chapter 11.1]).

Definition 3.3.18. Let (N, £) be a compact foliated manifold with G x T-action
such that R is nowhere vanishing and induces £. Let A C N be a closed G x T-
invariant submanifold. Assume that either /N is a manifold without boundary or
that NV is a manifold with boundary such that ON is G x T-invariant, admits
arbitrarily small invariant tubular neighborhoods and A C intN or A = ON.
We define the complex Cg(N, A, E) to be the kernel of the pullback Cg(N, &) —
Cq(A,E). Since the pullback commutes with the differential, 5@(]\7 JAE) s a
differential subcomplex of C(N, ). We denote its cohomology by Hg(N, A, £).

Proposition 3.3.19. There is a natural long exact sequence in equivariant basic

cohomology

oo HE(N,AE) — HE(N,E) — HE(AE) — - -

Proof. By standard homological algebra, this follows from the existence of the
short exact sequence 0 — Ca(N, 4,€) — Ca(N,E) — Ca(A,E) — 0. Exactness
on the left follows from definition of GG(N LA, E). To see exactness on the right,
let 7 : U — A denote a G x T-invariant tubular neighborhood and f : N —
R an invariant function with supp f C U and f|z = 1 on a smaller invariant

neighborhood U of A. Then w := f7*6 extends 6 to M. O

Proposition 3.3.20. Let (N, A, &) be as in Definition 3.3.18. The natural inclu-
sion map © : Cq (N \ A,E) — Ca(N, A, E) given by extending by 0 induces an
isomorphism in cohomology Hg (N \ A, &) = f[G(N, AE).

Proof. We follow the same line of arguments as in the usual equivariant case (see

|[GS99, Theorem 11.1.1]). First, let ¢ : A < U be a G x T-invariant tubular
neighborhood of A and let n € 5'(;(]\7 , A, E) be an equivariantly closed form. Then
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by Proposition 3.3.10, we can find w € Cg(U, £) so that n|y = dgw since 7|y lies in
the same cohomology class as 0. Then i*w is equivariantly closed, so A := w—7*1*w
satisfies A € Cg(U, A, &) and |y = deA. Let p be a G x T-invariant smooth
function which is identically 1 on some smaller neighborhood of A and which
is compactly supported in U. Then n — dg(pA) € Cgo(N \ A,&). This shows
surjectivity. Now suppose that n € Cg (N \ A, ) is in the kernel of the induced
map on cohomology, i.e., that there exists A € Cg(N, A, E) such that n = dgA.
Then since 7 is compactly supported on N \ A, there exists a neighborhood U
of A on which 7 is identically zero. Therefore A is closed on U. Since i*A = 0
by assumption, by Proposition 3.3.10, as above, we have A\ = dgf for some 3 €
Ci(U, A, E). Now let p be an invariant smooth function which is identically 1 on a
neighborhood of A and which has compact support in U. Then Xi=A— dg(pB) €
Ce.o(N\ A E) and we have n = dgX. This shows injectivity. O

Proposition 3.3.21. The map ¢ : 55(]\[,14,5) — CE(N,AE), w — (w,0) in-
duces an isomorphism in cohomology.
Proof. ¢ satisfies D o p = podg:

Do p(w) = D(w,0) = (dgw,w|a) = (dew,0) = p(dgw).

Hence, ¢ induces a map in cohomology. By Propositions 3.3.12 and 3.3.19, we
have the following exact sequences in cohomology, with % denoting the pullback

to A and a*(0) = (0,0), 5*(w,0) = w:
oo HE(N,AE) = HE(N,E) — HE(A,E) — -
S HE(N,ALE) D HE(N, ) A HE(A,E) -

Consider the following diagram, where the two horizontal sequences are, as sections

of these two long exact sequences, exact.

HEY(N,E) 2 HE V(A £) —2- HE(N, A, €) = HE(N,E) 2o HE(A, E)

P T .

HE YN, €) —2m HE V(A £) —2 HE(N, A,€) Lo HE(N,E) —2- HE(A, €)

We want to apply the 5-Lemma. The leftmost square and the two squares on the

right obviously commute. We show the commutativity of the remaining square;
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since +1id is an isomorphism, the 5-lemma (cf. [ES15, Lemma 4.3|) then yields
that ¢ is an isomorphism, as well. First, we determine the boundary operator 0.
Let 0 represent a class in Hy '(A,€). By definition of the long exact cohomology
sequence, 96 is determined as follows: % : CE(N,E) — CE(A,E) is surjective,
so there is a form w € CE(N,E) : tjw = 0. But jdgw = dgf = 0, hence,
dw € ker(y) = im(*) and there exists v € HE(N, A, ) with v*y = dgw. 1*dgy =
dgdew = 0, so we have dgy = 0 by injectivity of *. Then 06 := . Now,
let 7 : U — A denote an invariant tubular neighborhood and f : N — R an
invariant function with supp f C U and f|3 = 1 on a smaller neighborhood of
A. Then w := fn*f extends 6 to N. Since dg# = 0, we have dqgw = df N 0.
(df N 7*0)|a = 0 since df|z = 0, hence, df A 70 € HE(N,A,E). Tt follows that
00 = df A7*0. Further, we have D(f7n*0,0) = (df A7*0, (fr*0)|4) = (df AN7*6,0),
so (df Am*0,0) and (0, —0) represent the same relative cohomology class. It follows
that a*(—id(#)) = (0,—0) = (df A7*0,0) = p 0 9(F), the diagram commutes. [

3.4 Basic equivariant Thom isomorphism

Let i : A < M denote the inclusion of a G x T-invariant closed submanifold
of codimension d. The goal of this section is to construct a basic equivariant
pushforward i, : Hg(A, F) — Hg(M, F) which raises cohomological degree by d.
We will follow the presentation in [GS99, Chapter 10| very closely.

To begin, let p: U — A denote the projection of a G x T-invariant tubular neigh-
borhood. Since U is a G x T-equivariant fiber bundle over A, there is a well-defined
pushforward map p, : Cg’C(U ) — CE74(A), defined by fiberwise integration. Note
that p, maps equivariant basic forms to equivariant basic forms. From the defini-
tion of p, we immediately obtain the following, which shows that p, descends to a

well-defined map on equivariant (basic) cohomology.

Lemma 3.4.1. Let p : U — A be the projection and let p, : Cq.(U) — Cg(A)
denote fiberwise integration. Then we have for all n € Ceq.(U) and for all B €

Ca(A)
/Up*ﬂ/\nz/AﬁApm'
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The basic equivariant pushforward 7, will be constructed as follows. An equivariant
basic Thom form is a closed form 7 € C¢, (U, F) satisfying p.7 = 1. We will give a
construction of equivariant basic Thom forms at the end of this section. Suppose
for now that an equivariant basic Thom form has been constructed. Then we

define the basic equivariant pushforward as the composition
iv: CE(A,F) 5 CE(U,F) %5 CEH(UL F) — CEH(M, F), (3.5)
where the last arrow denotes extension by zero.

Proposition 3.4.2. The basic equivariant pushforward satisfies, for all closed
forms 5 € Cq(A, F) andn € Cq(U, F)

/MnAi*ﬁz/Ai*n/\ﬁ-

Proof. 1,8 = p*B AT is a form compactly supported in an invariant neighborhood
U of A. Therefore we have

/ nA L = / nAp*BAT (by definition of i)
M U
= / P UNAD BAT (by Proposition 3.3.10)
U
= / NN B A peT (by Lemma 3.4.1)
A
:/i*n/\ﬁ (by pT = 1). O
A

We obviously have p, oi, = id. Analogously to [GS99, Theorem 10.6.1], we obtain
for the induced maps on cohomology:

Theorem 3.4.3 (Basic equivariant Thom isomorphism). Integration over the fiber

defines an isomorphism
pt HE (U, F) — HE YA, F)

whose tnverse is given by i,.

It remains to construct the equivariant basic Thom form. We use a variant of the

Mathai-Quillen construction based on the presentation in [GS99, Chapter 10] (see
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also [T6b14, GNT17] for closely related constructions). First we identify U with
the normal bundle vA — A, equipped with a G x T-invariant metric. Let P — A
denote the bundle of oriented orthonormal frames of v A: it is a G' x T-equivariant
principal SO(d)-bundle over A. Consider the map P x R — vA,

([L‘, (617 s 76d)7v> - (CL’,U1€1 T +Ud6d)-

It gives a G x T-equivariant diffeomorphism (P x R%)/SO(d) = vA. Equip P with
a (G X T-invariant basic connection form. Recall that such a form has to exist,
see Remark 2.5.3. Using the Cartan model of equivariant basic cohomology, the

Cartan map yields isomorphisms

G7C(I/A, .F)

dva :Csoxa.(P x RYE) =e)
S Ca(A, F),

b4 :Cso@yxa(P, € x {*})

where & denotes the foliation induced by R on P. Let py : P x R? — R? be the
projection. We define 7 by

T .= QbyA(p;(V ® 1)) S CG,C(VA7"F>

where v € Cso)(R?) is the (modified) universal Thom-Matthai-Quillen form
as constructed in [GS99, Section 10.3], v ® 1 € Oso(d)XG7c(Rd). By analogous
arguments to [GS99, Section 10.4], we hence have the following.

Theorem 3.4.4. The form 7 € C¢ (U, F) as constructed above is a Thom form
for the projection p : U — A. Consequently, the basic equivariant pushforward
iy HE(A, F) — HET(M, F) is well-defined.

In Section 2.3, we scrutinized the functions W¥=+1|y. and the connected components
N of their critical sets. Recall that every N is a G x T-invariant closed submanifold
of even codimension (cf. Lemma 2.4.8) and non-degenerate (cf. Proposition 2.4.9).
We will now consider the special case that A = N. Denote the Morse index of
UXst1]y on N by A, the inclusion as the zero section N — v*N by * and the
projection by p* : ¥*N — N. For the following definition, compare [GNT17,
Section A.1].

Definition 3.4.5. Let k denote the rank of the (positive/negative) normal bundle
v#IN. Then the bundle P of oriented orthonormal frames of (v N, F) is a



48 Chapter 3. Equivariant Basic Cohomology for K-Contact Manifolds

foliated SO(k)-bundle over N. The equivariant basic Euler form eq(v*) N, F) €
C(N, F) of (WHIN, F) — (N, F) is defined by

ec(WF N, F)(X) = PE(FS(X)) = PE(F? — 1x0),
where § € QY(P,F)Y ® so(k) denotes a G-invariant basic connection form on

the bundle of oriented orthonormal frames of (VIN, F), Fg = dgb + 110, 6] its

equivariant curvature form and Pf the Pfaffian.

For any G x {1 }-invariant connection form, we can analogously define the equi-
variant Euler form engR(u(i)N ) € Cyxrr(N) or, for a G' x T-invariant connection

form, the equivariant Euler form egyxr (V&) N) € Cgur(N).

Note that, while the Euler form depends of the choice of connection form, its class
(for which we use the same notation) does not. We can think of egxrr(v*) N) as

the restriction of the polynomial map eg. (v N) to g x RR.
Proposition 3.4.6. Under the S(g*)-algebra isomorphism

Hg(N, f) - HgXRR(N)
of Proposition 3.3.3, ec(W N, F) = egurr(vFN).
Proof. eq(v)N, F) is, by definition, computed with respect to a G-invariant R-
basic connection form ¢. Then @ is, in particular, G x {t¢y}-invariant and satisfies
O(R) = 0 so that we can compute egxprr(v*)N) with respect to the same connec-
tion form and obtain egxrr(V® N)(R) = eq(v PN, F)(0) and egurr(V P N)(X) =
eq(VFN, F)(X) for every X € g. Since the isomorphism Hg(N, F) = Hyxrr(N)

is induced by the natural inclusion of complexes
(CH(N, F),d) = ((S(a") @ S(RR)") @ @' (V)™ dgszn)

we obtain the claim. O

Analogously to Theorem 3.4.3, we obtain

Theorem 3.4.7 (Basic equivariant Thom isomorphism). Integration over the fiber

defines an isomorphism

P, HGP v N, F) = HE(N, F)
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whose tnverse is given by the composition

i Hy(N, F) 25 v (0N, F) 2% HE A0 N, F).

As in [GS99, Section 10.5], it can be shown that (v~)*T = eq(v~ N, F) and, hence,
that (v7)*t, = Neg(v™ N, F) is the multiplication with the basic equivariant Euler
class of v N.

The analogous statements hold for the positive and the whole normal bundle, with

A replaced by rank(vN) — X and rank(vN), respectively.
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Chapter 4

Basic Kirwan Surjectivity for
K-Contact Manifolds

In this Chapter, we state and prove our basic Kirwan surjectivity result. After-
wards, we present examples and establish that in the case where the Reeb vector
field induces a free S'-action, our result reproduces the known Kirwan surjectivity
for the S'-quotient. A Tolman-Weitsman type description of the kernel of the
basic Kirwan map for S'-actions is derived in Section 4.3, for which we then also
present an example. In that section, we also obtain an injectivity statement that

corresponds to the well-known Kirwan injectivity.

4.1 Basic Kirwan Surjectivity

We will now proceed to state and prove our surjectivity result.

Theorem 4.1.1. Let (M, «) be a compact K-contact manifold, R its Reeb vector
field and F the foliation that is induced by R. Let G be a torus that acts on M,
preserving c. Denote by W: M — g* the contact moment map and suppose that 0
is a regular value of W. Then the inclusion W=*(0) C M induces an epimorphism

n equivariant basic cohomology

HA(M, F) — HH(P1H(0), F).

o1
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Proof. Choose a metric g adapted to « according to Lemma 2.4.7. Let (X7, ..., X,)
be a basis of g according to Proposition 2.4.1. Let again f, := (U1 .. ¥Xs):
M — R Yy =M and Y, := f;1(0) for s = 1,...,r. By Proposition 2.4.9, the
functions W¥Xs+1|y. are Morse-Bott functions. We will show that the restrictions to

the subsets Y1 C Y, induce the following sequence of epimorphisms:
Hg(M, F) = Hg (Yo, F) = HG(Y1, F) = oo = HG (Y., F) = Hg(971(0), F).

Set Y¢ = (\IIXS“]ys)fl ((—=o00,¢]). Let s be a critical value of U¥s+1|y. . We
denote the connected components of the critical set at level x by Bf, ..., Bf and
by A the indices of the non-degenerate critical submanifolds Bf with respect to

Hess(U¥s+1|y.) and with v* B their positive (respective negative) normal bundles.

Let € be small enough such that the interval [k — €, K+ €] contains no critical values
of WXs+1]y. besides k. Since U¥s+1|y. is a G x T-invariant Morse-Bott function,
Y/rte is (G x T)-equivariantly diffeomorphic to Y/ ~¢ with j, handle bundles of

type (vt BfF, v~ BF) disjointly attached by Theorem A.4.

K+e K—e€ vt BE v~ BF
AN (U g-m (D P @ D (4.1)

s

Here, the G x T-action on v* B! is the natural lift of the G x T-action on M. We
denote the foliation induced by R on the normal bundle also by F. Let U/ denote
an invariant tubular neighborhood of D" 5f @ D* B7. By Diffeomorphism (4.1)

and Proposition 3.3.15, we have

HE(YE VI F) = Hy(YE U, by gy DY 5 @ D BE Y F)

@S
= H;L(UUS,UUF\ D”JrBf @ DY P F) (by Proposition 3.3.14)
— HL(U D" B @ DV BF U D" BT @ 87 BY F)  (by Proposition 3.3.15)
= Hi(u DV B U sv B F) (by Proposition 3.3.15)
=@ HHD P 8B F)
= GB HE (DY BY 57 B F) (by Proposition 3.3.21)
=P He (D F) (by Proposition 3.3.20)

Consider the G x T-equivariant diffeomorphism p : DV B 5y Bf v Hlvl‘gv.
Since p is proper, Proposition 3.3.10 yields

HE (Yt Y, F) = HE (v BY L F). (4.2)
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By the Thom isomorphism (Theorem 3.4.7), we have further
He, ¥ (BY,F) = H (v B}, F). (4.3)

With (G x {¢:})ss we denote the isotropy group of G x {3y} on Bf. Since ¥
and g are G x T-invariant, (G % {¢;})pr acts fiberwise on v~ B} (and DY Bf) by

restriction of the isotropy representation. We need the following lemmata.

Lemma 4.1.2. v Bf has no non-zero (G x {,}) pr-fized vectors.

Proof. For x € Bf, let 7, be the unique geodesic with initial values 7,(0) =

2, 4(0) = v, v € )

Bf. Since G x {4} acts by isometries, g - 7, is again a
geodesic and, by uniqueness, g - v, = Yag(v) for all g € (G x {¢;})ps. Assume v to
be a (G x {¢;})pr-fixed vector. Then g -, = Yagw) = 1 for all g € (G x {¢s})pr,
hence the isotropy group of all points along 7, contains (G x {1;}) pr- By Lemma
2.4.6, however, the critical set is the union of all minimal G x {¢; }-orbits, hence 7,
lies completely in the connected component Bf. Thus v = 4,(0) € T, Bf L v, B,

therefore v = 0. O]

It follows that v* Bf has no non-zero (G x T') pr-fixed vectors, therefore, the mul-
tiplication with the Euler classes of the negative, positive or whole normal bundle
in Hi, p(BF) is injective (see [Duf83, Proposition 5] or [AB83, Section 13]). We
now show that this also holds for their restriction to g x RR.

Lemma 4.1.3. Multiplication in Hy.pp(Bf) with the equivariant Euler class of

the negative, positive or whole normal bundle of Bl is injective.

Proof. We present the proof for the case of the negative normal bundle, the other
cases work analogously. Denote the Euler class of v~ B by Ef. Let 6 denote a
G x T-invariant connection 1-form in the bundle P of oriented orthonormal frames
of the negative normal bundle over Bf. Then, by definition, for X € g&RR, Ef(X)
is given by Pf(F? — 1x0), where we again denote the Pfaffian € S(so(\f)*)SO4%)
by Pf. The classification of irreducible torus representations yields that v~ Bf

splits into 2-dimensional subbundles s.t., when written in a basis adapted to the
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splitting, the (g @ t)p=-action is given by the standard action of the matrix
0 —a1(X)
a1 (X) 0

0 —axk2(X)
axr /2(X) 0

with the weights ay, ..., axs/o of the (g @ t) ps-representation. For every X € (g @
t)ps, Matrix (4.4) is an element of so()\7). Thus, Xp and the SO-fundamental
vectorfield generated by Matrix (4.4) coincide. By the definition of a connection
form, 0(Yp) =Y for every Y € so. Therefore, it holds for every X € (g @ t)p=
that
0 —ai1(X)
a1(X) 0

LXg =
0 —axf/z(X)

axr/2(X) 0
Since (g ® RR)ps C (g D t)pr, we obtain for every X € (g ® RR)p=

X5 /2
PE(1x0) = ——— [ as(X). (4.5)
(—2W)1/

—

Let € be a complement of (g ® RR)p in g ® RR. Then, by the definition of the
Cartan complex, we have Cyorr(Bf) = S((g ® RR)pr) @ Ce(BY), dgorr = 1 ® de,
and Hyerp(Bf) = S((g ®RR)ps) ® He(Bf). S((g ® RR)}x) is a polynomial ring,
so any wy € S((g ® RR)jx) with wo 7 0 is not a zero divisor in Hygrr(B]). More
generally, if there is an wg € S((g ® RR)jx) such that w € Hyerp(BY) is of the
form

w = wp @ 1 + terms of positive degree in H(BY),

then w is not a zero divisor in Hyerpr(B!) (cf. also [AB83, p. 605]). Hence, for
E¥ not to be a zero divisor, it suffices to show that its purely polynomial part in

S((g® RR)%x) ® 1 is not a zero divisor. Since EF is a form of degree \f, as is

12 aj, it follows with Equation (4.5) that

j=1
L e
Er = W H a; ® 1 + terms of positive degree in Hy(BY),
)
7j=1
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i.e., it suffices to show that HJ f 04] Z 0 on (g ®RR)ps. Suppose that HJ 1 a;
vanishes on (g ® RR)ps. Then, since the linear forms a; either vanish on (g @
RR)pr or have a kernel of codimension 1, there existed an «;, that vanished on
all of (g @ RR)px. By (4.4), this meant that a two-dimensional subspace of v~ B}
vanished under (g ® RR)ps. This, however, contradicts Lemma 4.1.2. O

Recalling Propositions 3.3.3 and 3.4.6, we also set Ef = eq(v~ Bf, F) by abuse of

notation. We obtain an injective map
K k=P K * K
o(-E): EQH: " (Bf,F) — D HE(BY, F). (4.6)

Now, set Y = {£¥Xs+1|y, > 0}. We then have Y, 1, = ( v.) 10) =
Y NY, . Let 0 < kg < k1 < ... < Ky, be the critical values of U¥++1]y attained
on Y;". Consider the following diagram, in which the top row is the long exact
sequence of the pair ((Y;7)%*% (Y.;7)%~%), see Proposition 3.3.12, and the vertical

arrow on the right and the diagonal arrow are the restriction to UB;”.

e HE (YS9 Y09 F) e Hy (Y570, F) —= HE (V)9 F) —

l

@ H; (v~ B, F)

-

(ij,f)—f@ H(B?, F).
(L,

R

@, v,

The following argument is similar to that in [GT10, Theorem 7.1]. The Isomor-
phisms (4.2) and (4.3) yield that the two vertical arrows on the left are isomor-
phisms. Note that Hg(Y:Y ™ Y579 F) = He((Y;H)ste, (Y;H)%%, F) by exci-
sion and homotopy equivalence. The upper part of the diagram commutes, because
under the 1somorphlsm ¢+ Ho(Y79 Y79 F) = @;Hg(v™ B[, F), the sub-
manifolds B;” C V399 are preserved, that is, mapped to the zero section of v~ B;” .
Hence, EB|B jop= @|B ; o hj, where hj : Hg(Ys7 9 Y™ F) = Hg (Yﬁﬁe,]—")
denotes the projection onto the first factor. It follows that the composition of h;
and the right vertical arrow is the restriction to B;” of the first factor. By Theorem
3.4.7, the remainder of the diagram is commutative. Multiplication by @&(-E¥) is
injective by (4.6), therefore h; has to be injective.
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The injectivity of h; yields that the long exact sequence turns into the short exact

sequences
0 = HG(YSota, Y79, F) = He (V)49 F) = He((V)979, F) =0,

hence, the natural map ¢; is surjective. Furthermore, we know that the homo-
topy type does not change before crossing a critical value by Theorem A.2, thus
HE((Vo Yoo, F) = Hg((Y; Yo+, F). Tn particular, H((Y;)™ o, F) =
HE (Y1, F) and HE((Ye) T, F) = HE((YH)sten, F). This yields the following

sequence of surjective maps
He (Yo", F) = Ho (V)™ rom F) = - = HG (V)™ F) = Hg(Yeur, ).
Thus, the natural map H(Y.", F) — HE(Ysi1, F) is surjective.

Analogous reasoning with —W*s+1 |y and, hence, the Euler classes of the positive
normal bundles yields the surjectivity of H:(Y,, F) — HE(Ysi1, F).

We consider the Mayer-Vietoris sequence (see Proposition 3.3.6) of the two open
sets {x € Y, | £UXs+1(z) > —§} C Y,. For sufficiently small § > 0, these sets are
G x T-homotopy equivalent to Y. The epimorphisms HE(YE, F) — HE(Yoy1, F)

turn the Mayer-Vietoris sequence into the short exact sequences

£y (i)

0 By, F) VS v Fye mys B ST By (e, F) = 0,

(4.7)

where j5: Y+ < Y, and i*: Y, ;1 — YF denote the inclusions. We claim that
the composition of these maps induces an epimorphism in equivariant basic co-
homology. So let w € H{(Yyy1,F) be arbitrary. We know that (i*)* are sur-
jective, hence there exist n* € Hg(YE F) such that (i%)*(n*) = w. But this
means that nt +n~ € ker((i")* — (i7)*) = im((y7)* + (j7)*), i.e., there exists
o € H(Ys, F) such that n* +n~ = (§7)* (o) + (j7)*(0). This, however, yields
w=(i")* o (j7)* (o) = (i")* o (j7)*(0) and concludes the proof of the surjectivity

H(Ys, F) = H5(Yii1, F).
Iteration for s =0, ...,r — 1 yields the desired sequence of epimorphisms

HE(M, F) = Hg(Yo, F) = Ho(Y1, F) = .. = HG(Y,, F) = Ho(9(0), F). O
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Remark 4.1.4. The idea to obtain the Kirwan map as the composition of surjec-
tive maps HE (Y, F) — HE(Yii1, F) stems from the approach used in [GGKO02,
Proof of Theorem G.13| and [BL10, Proof of Theorem 3.4]. To obtain surjectivity,

Euler class arguments were also used in [BL10].

4.2 Examples

4.2.1 Boothby-Wang Fibration

This example shows how, for certain symplectic manifolds, Theorem 4.1.1, repro-

duces Kirwan’s surjectivity result ([Kir84]).

Theorem 4.2.1 (Boothby-Wang [BW58]). Suppose that (N,w) is a symplectic
manifold with integral symplectic form. Then the connection 1-form « on the
prequantum circle bundle M — N is a contact form. Conversely, if (M,«) is a
compact contact manifold with Reeb vector field that induces an S'-action, then
there is an integral symplectic manifold (N,w) such that M is the prequantum

circle bundle of N, with connection I1-form given by a.

We call such a principal S-bundle p : M — N with connection form o a
Boothy-Wang fibration. Recall that H(M,F) = H(N) via p*. If a compact Lie
group G acts on M, preserving «, then the G-action descends to N and we have
He(M,F) = Hg(N) via p* (compare Example 3.3.4 and [GT16, Example 3.14]).
Furthermore, we have {¢;} = S' =T.

da descends to a symplectic form w on N, da = p*w (see, e.g., [BGO8, The-
orem 6.1.26]). A symplectic moment map p on N is defined up to a constant
by d(p”*) = tx,w. Since Lxa = 0, however, this equation, when pulled back
to M, is equivalent to —dp*u™ = dix,,a. tx,« is an S'-invariant function, so
there is a fX € Q°%B) such that p*fX = 1x,,a. ¥ := —f* then defines a mo-
ment map for the G-action on (N,w) and p~*(0) = ¥=1(0)/S. Suppose that 0
is a regular value of the contact moment map W. Then 0 is also a regular value
of the symplectic moment map p that pulls back to —¥ and vice versa. Since

the inclusion of the zero set of the moment map commutes with the projection
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onto the S'-quotient, Theorem 4.1.1 then yields the known Kirwan surjectivity
induced by the inclusion p~!(0) < N since we have Hj(N) = Hg(M,F) and
Hg(W=H(0), F) = Hg(9=1(0)/S1) = Hg(17'(0)).

Theorem 4.2.2. Suppose that N is a symplectic manifold with a Hamiltonian G-
action such that 0 is a reqular value of the moment map. Suppose furthermore
that the symplectic form on N is integral and that the G-action lifts to the S*-
bundle (M, «) in the Boothby-Wang fibration p : M — N, preserving «. Let
denote the symplectic moment map that pulls back to —V and assume that 0 is
a reqular value of . Then the inclusion p=1(0) — N induces a surjective map
HY(N) — HE(um(0)) in cohomology.

4.2.2 Sl-Actions on Odd Spheres with Weighted Sasakian

Structure

We will now present an example where T' # S*.

Consider (M, a) = (5", a,) from Example 2.2.2 with weight w € R™* w; > 0.
If at least two w; are linearly independent over Q, then 7" is a torus of rank > 2.
Then

: (Z?:o zjdzj — 2jdzj> .0
= E w;i(z; = — Z;
" D = wilz;]? 7 (i~ Fias

The flow of R, is given by 1;(z) = (e"™0z, ..., e"¥nz,).

Furthermore, let G = St act (freely) on S?"! with weights 8 = (8, ...0,) € Z"!,
that is, by A-z = (A2, ..., A" z,). The fundamental vector field X corresponding
to 1 € R~ s!is given by

)
(Z Bi(zj5, 6,’/;] - ]_J)>
and we compute the contact moment map to be

Z?:o Bilz;l?

U(z)==—=/—"""-".
=) Z?:o wj|z;]?
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Lemma 4.2.3. The equivariant basic cohomology of M is given, as (S(g*) =
Rlu))-algebra, by

Rlu, s
(ITj—o(Bju + w;s))’

where (u, s) is the basis of (g ® RR,)* dual to (X, Ry).

Ha(M, F) =

Proof. To compute the equivariant basic cohomology of M, consider the diagonal
Sl-action on C"**: Xz := (Azp, ..., \2,). This action is Hamiltonian with respect
to the standard symplectic structure on C"™! and a (symplectic) moment map
is given by u(z) = 5>, 12]* Note that M = u~'(5). The G x T-action and,
hence, R, can be extended to all of C"*'. Set f := [|p — 3]|*>. pis G x T-
invariant, so the same holds for f. We will compute Hg (M, F) by applying Morse
theory with f on C"™!, a technique applied in [Kir84]. The critical set of f is
given by Crit(f) = {0} U M, and the critical values are f(0) = 1/4, f(M) =
0. The Hessian H of f at 0 is given by —id, which is nondegenerate and has
Morse index 2(n + 1). For z € M, the normal direction (to M) is spanned by
Y =320, + 70 and H.(Y,Y) = 2, which yields that H. is non-degenerate in
normal direction. It follows that f is a G x T-invariant Morse-Bott function. Recall
that Ho(M,F) = Hyerr, (M) as an S(g*)-algebra by Proposition 3.3.3. Note
that the relative g x RR,-equivariant cohomology is constructed as in Definition
3.3.11 and, analogously to Proposition 3.3.12, we obtain the long exact sequence
of the pair ({z € C"™ | f(2) < 1/4+€},{z € C" | f(2) < 1/4 — €}), where
1/4 > € > 0. Similarly, the relevant isomorphisms of Section 3.3 can be transferred
to this setting. Theorem A.4 lets us replace {f < 1/4+ ¢} by {f <1/4 — €} with
a handle-bundle of type (0,v{0}) attached. As in Equations (4.2) and (4.3), we

obtain the isomorphism

Hygp, ({f < 1/4+ e} {f <1/4—¢€})
> Heozp,({f < 1/4— ¢} Uguty D" {f < 1/4 — €})
> Hy zr, (D1, 5710)
= Hyogg, (D)
= H;HRRw,c(V{O})
~ Hy 2 ({0)).
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Note that {f < 1/4 + €} is the closed ball of radius \/1+ /1 +4e and a G x T-

equivariant retraction of C"™! while {f < 1/4 — ¢} is the closed annulus bounded

by the spheres of radii /1 — /1 — 4e and /1 4+ /1 — 4e and G x T-equivariantly

retracts onto M. With Proposition 3.3.15, we obtain the isomorphism

T Hypp, (C' M) = Hygp ({f < 1/4+ b {f <1/4—}) = Hy 2570 ({0}).
The long exact sequence then looks as follows

s H;+RRM(C"+1, M) — H: g, (C+) _>H;+RRw(M) .

s|r

H 29 (o))

In this diagram, the combination of T~ with the restriction from C"™! to {0},
H*Hégﬂ ({0}) = H} gg, (C™) 5 H}\ gp, ({0}) is multiplication with the equi-
variant Euler class e of the normal bundle to {0}, which is injective (this is seen

analogously to Lemma 4.1.3). We obtain short exact sequences
*—2(n+1 e % *
0 Hygi ({0} % Hyppp, ({0) = Hyymp, (M) = 0. (48)

We will now compute e. The (negative) normal bundle is the trivial bundle C"* x
{0} which is the product of the line bundles v; := C; x {0}, where C; denotes
the j-th coordinate. The bundle of oriented orthonormal frames of v; is the trivial
bundle P; = SO(2) x {0}. The canonical flat connection form 6; on P; is invariant
under G x {t¢,}. The vector fields generated by X and R on P; coincide with the
fundamental vector fields of the SO(2)-action with weights 3;, w;, respectively, so
Lxb; = </5?J 7(’?3') and tpb; = <£j o’ > Since the curvature of 6; is zero, the Euler
class e; of v; is then given by Pf(—ix0;u — 1, 0;s) = 5=(uf; + sw;), where (u,s)
are dual to (X, R,,). We then obtain e as e = [[, ¢; = W [1;(uB; + sw;).

The short exact sequence from Equation (4.8) then yields that, as (R[u] = S(g*))-
algebra,

Ha(M,F) =R[u,s]/(e) = Rlu, 5] /<H(u5j + 5wj)> : O
J
Remark 4.2.4. If all w; are positive integers, the Reeb vector field induces a

locally free S'-action on M and M/S" is the weighted projective space P(w) =
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(C"1N\ 0)/ ~, where (zq,...,2,) ~ (A2, ..., A\¥"2,) for any X\ € C* (cf. [BGOS,

Example 7.1.12; Section 4.5]). Then Hg(P(w)) = He(M, F) = %

Now, consider the special case of a G-action with weight § = (1,...,1,—1). Then

—1
250 15 = lanl?

Z?:o w;j|z;[?

we have

U(z) =

and, hence,
UTH0) = 57" (5) < S'(5)-

G acts freely on ¥71(0), so Hg(V~1(0), F) = H(¥*(0)/G, Fy) by Proposition
3.2.5, where we denote the induced foliation on the quotient by F,. ¥~1(0)/G is
{4, }-equivariantly diffeomorphic to 52"_1(\%) via [2] = (V22020, s V220 2n-1),
where 1; acts on 52”_1(\%) by 1y (2) = (et(wotwn) o ett(wn—1twn)» Y This is the
Reeb flow of a weighted Sasakian structure on S?"~!, hence, the induced foliation
is defined by the Reeb vector field belonging to this Sasakian structure. It follows
that the basic cohomology ring H*(¥~*(0)/G, Fy) is isomorphic to H*(CP" 1),
see [BGOS8, Proposition 7.5.29].

We will now compute the restriction from H}, g (M) to Hi,pzp (¥7(0)). Since
txa vanishes on U~1(0) and tg, v, = 1, we have 0 = [dgirr, 0] = [da, — ] in
Hy rr, (P7(0)). Similarly, consider the G x T-invariant 1-form

V= Wpy — (2, dZ, — Zpdzy).

On ¥~1(0), we have v(R,) = 0 and v(X) = 1, so that we obtain dyirp,y =
dy + u. Since d(i(2,dz, — Z,dz,)) vanishes on U~1(0), it is dy = w,day,,. It
follows that [u] = [wpday] = [w,s] in Hy zp (P71(0)). Note that aule-1(0) is
G-basic, so daj)"|g-1(9) = 0. Under [s] — [w—lnu], u" — 0, Hg(M, F) = Rlu, s]/{e)
is surjectively mapped to Rlu]/(u") = H(CP"!).

4.3 The Kernel of the Kirwan Map

In this section, we derive a description of the kernel of the basic Kirwan map for
G = S'. Recall that (M, «) denotes a compact K-contact manifold, R its Reeb
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vector field and ¥ the contact moment map for the action of a torus G on M
that preserves a. We assume that 0 is a regular value of . Throughout this
section, (X;) denotes a basis of g according to Proposition 2.4.1. Recall that we
set Yy = (UX . U¥%)710), Yy = M, and Y = {+0Xs+1|y. > 0}. As in the
previous section, denote the inclusions by ¢, : Yoy — Vi, «F @ Yoy — YF and

JjEYE — Y,. Additionally, set Cy := Crit(U*=+1|y.). Recall that C; = Crit(¥),
see Lemma 2.4.6.

We adjust the computations that Tolman and Weitsman did in the symplectic
setting (|[TWO03, Section 3|) to our case. Note that we apply the results they
obtained for S'-actions to the components W*s+1|y. for actions of tori of arbitrary

rank. The following Lemma corresponds to [TW03, Lemma 3.1].

Lemma 4.3.1. Let f = UXs+1|y or f = —UXs+1|y and let k be any critical value
of f. Denote by Bf the connected components of Cs N f~1(k) =: C* and with \?
their indices. Let € > 0 such that [k — €,k + €| does not contain a critical value

besides k. Then there exists a short exact sequence
0= @Hg (BELF) B He(f 7 (—o00, K+ €))F) = HE(f ™ (=00, 5 — €]).F) =0,

such that the composition of the injection @ with the restriction to C is the sum of
the products with the Euler classes Ef € Hgf(Bf, F) =~ H;éRR(Bf) of the negative
normal bundles of the B.

Proof. Consider the long exact sequence in relative equivariant basic cohomology
(see Proposition 3.3.12) of the pair (f~*(—oo, x +¢€]), f 1 (—o0, k — €])). The iso-
morphisms (4.2) and (4.3) yield that HE(f~(—o0, k+¢€]), f1(—o00, k — €]), F) =
@ng_A?(Bf,}" ). By considering a diagram as in the corresponding part of the
proof of Theorem 4.1.1 on page 55, we obtain that the long exact sequence splits

into short exact sequences with the claimed properties. O

The symplectic analogue of the following proposition for G = S! was remarked
after [TWO03, Theorem 3.2].

Proposition 4.3.2. Let f = UXs+1|y. or f = —UXs+1|y. . For every reqular value

a of f, the restriction

HE(f~(—00,a]), F) = Hg(f 7 (—00,a]) N Cy, F)
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18 1njective.

Proof. This proposition is proved by induction on the number £ of critical values
below a. Let £k = 1. The Morse-Bott property of f yields that the homotopy
type does not change before crossing another critical value, cf. Theorem A.2. By
Proposition 3.3.10, the restriction, hence, induces a bijection, in particular, an
injection. Now, suppose the claim holds for k. Let a be a regular value of f
with k& + 1 critical values below it and denote the highest critical value by . Let
0 > 0 such that a — ¢ is regular and such that there are k critical values below
a — . Lemma 4.3.1 then yields that the restriction of H}(f~!(—o00,a]),F) to

H:(fH(—o00,a — §]), F) is surjective and we obtain the commutative diagram

Hé(f_l((_oova])vf) Hé(f_l«_ooaa_é])?f)

| |

HE(f (=00, ) N Cs, F) —= Hg(f 7 (—00,a = 6)) N Cs, F)

Suppose 0 € HE(f'(—o0,a]),F) : o|p-1(—ocapnc, = 0. In particular, we have
0l r-1(—s0a—snc, = 0, so by our induction’s assumption, it is o|f-1(—cc,a—s)) = 0.
Le., o lies in the kernel of the restriction to f~*((—o0o,a — d]). By Lemmata 4.3.1
and 4.1.3, the restriction of this kernel to C7 is injective. But o|cx = 0, hence,
o=0. O

Since we assumed 0 to be a regular value, we obtain as a direct consequence
Corollary 4.3.3. The following restrictions are injective:

HE(YE, F) = Ho(YEN Gy, F)
He(Ys, F) = He(Cs, F).

In particular, H5(M, F) — HE(Crit(V), F) and HE(M=,F) — HE(Crit(¥) N
M=, F) are injective.

Remark 4.3.4. The result that H:(M,F) — HE(Crit(V), F) is injective corre-
sponds to the well-known Kirwan Injectivity in the symplectic setting. Note that
if R induces a free S*-action, then Crit(¥)/{4;} consists of the fixed points of the
G-action on M /{¢r} so that our result implies Kirwan’s injectivity result for the

quotient.
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Corollary 4.3.5. Set K := {0 € H§(Y,, F) | olyzne, = 0}. Then we have
KZ* = ker((55)*), where j= : Y — Y, denotes the inclusion.

Proof. Obviously ker((j£)*) € KE. Corollary 4.3.3 yields the reverse inclusion.
[l

Remark 4.3.6. We also know that the induced maps in equivariant basic coho-
mology (jE)*: H:(Ys, F) — HL(YE, F) are surjective.

Proof. We know from the proof of Theorem 4.1.1 that (:I)* is surjective. So
for every wt € HEL(YE, F) there exists wT € HE(Y.T, F) such that (1F)*w® =
(tF)*wT. The exactness of Sequence (4.7) yields that w™4+w™ € ker((¢F)*—(¢;)*) =

S

im((55)* + (j5)*), hence, there exists o € Hg(Ys, F) : w® = (jE)*o. O

As a consequence of the previous corollary, we then obtain the following, which is
the contact analogue of [TW03, Theorem 2.

Theorem 4.3.7. Let G = S' and set
C* :=Crit(W)N M=,  K*={o€ H\(M,F)|o|lc+ =0}
The kernel K of the Kirwan map H}(M,F) — HL(V1(0), F) is given by
K=K'® K.

Proof. By Corollary 4.3.5, K* = ker(j*)*. It follows that K* C ker(i*)*o(j%)*, so
K* @ K~ lies in the kernel of the Kirwan map. For the reverse inclusion, consider
the Mayer-Vietoris sequence (see Proposition 3.3.6) for (M, M*, M~) - or, more
precisely, of the two open sets {x € M | £¥(z) < €} for sufficiently small € > 0
which, by the Morse-Bott property of ¥, are of the same G x T-homotopy type as
M#*. In (4.7), we saw that it actually consists of the short exact sequences

")

Sk s — ) % i+ —(i— *
0— HLM,F) S s ont Fye maa-, F) S 1 (07 (0), F) = 0.

Now, suppose 7 lies in the kernel of the Kirwan map, i.e., (¥)*(j*)*n = 0. This
means, however, that (57)*n@® 0 and 0 ® (j7)*n lie in the kernel of (i*)* — (i7)*.
By exactness of the above sequence, there exist n* € HE (M, F) such that (7)* @
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(G7)*(n*) = (j%)*n, in particular, n* € K* by Corollary 4.3.5. Then (j)* @
Gt +n7) =GN ® (7)*(n). Since (51)* @ (§7)* is injective because the
sequence is exact, we obtain n =nt +n- € Kt @ K. O]

We now present an alternative proof of Theorem 4.3.7, similar to the proof of the
corresponding statement in the symplectic setting in [TWO03, Theorem 2|. In the
symplectic case, this proof generalizes to the setting of the action of higher rank
tori, where Morse-Bott theory of the norm square of the symplectic moment map
is applied. We believe that, in the contact setting, an analogous description of the
kernel holds for the action of tori of higher rank, as well, and deem this second

approach also of interest.

For G = S, the following proposition yields Theorem 4.3.7.

Proposition 4.3.8. With K;t as in Corollary 4.3.5 and s : Ysi1 — Y, denoting
the inclusion, we have ker(1X) = K & K, =: K.

Proof. Corollary 4.3.5 yields that we have K} & K, C ker(¢}) since ¢, = j£ o(F.
For the reverse inclusion, it suffices by Corollary 4.3.3 to show that for every
o € ker(:}), there exists ¢ € K such that o|c, = 0|c,. Order the level sets
C% of Cy as C7 such that |[UXs+1]y (CV)] < |U¥+1]y, (CY)] for every i < j. We
prove the claim inductively. It then suffices to show that, given p > 0 and o €
H{(Y,, F) with o

that oly,,, = 0 and 7|ci = o|¢i for all i < p. Suppose we are given such a o. Let

You = 0 and o|ci = 0 for all @ < p, there exists ¢ € K, such

Ky = WXs+1(CP). Since 0 is regular, it is k, # 0. Let us first suppose that x, > 0.
By the assumptions on o, we have, for sufficiently small e, a|(Yj),€p75 = 0. Hence,
a|(ys+)ﬁp+e lies in the kernel of the restriction to Y5 and, by Lemma 4.3.1, o|c»
is a sum of multiples of the Euler classes E? of the negative normal bundles of the
connected components of C?, say, o|c» = >, 5; A EY. Let ( be the image of > f;
under @ng)‘jp(Cfp,]:) — Hx5(YS"" F) in the sequence of Lemma 4.3.1. Then
Bler = olcr and B, xp-« = 0, in particular, 8| = 0 for every i < p and Blcs =0
for every k < 0. Bys iterating the surjective restrictions of Lemma 4.3.1, 3 is the
restriction of a ¢ € Hi(Y;, F). Then it is 0 € K and o satisfies the claim.

Similarly, we obtain a ¢ € K that satisfies the claim if we assume &, < 0. []
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Set K% := {0 € H:(M, F) | 0le.nyx = 0}. By surjectivity of the restriction from
M to Y,, we have KT = KF|y.. As a consequence of the previous proposition, we
then obtain

Corollary 4.3.9. The kernel K of the Kirwan map H(M, F) — HE(P1(0), F)
1S grven by
r—1
K=K ek,

s=0

We conclude this section by computing the kernel of the basic Kirwan map for an

explicit example.

Example 4.3.10. Let us continue the example presented in Section 4.2.2, with
g=(1,..1-1)and w=(1,...,1,w,). Then

Hq(M, F) =Rlu, s]/{e) = Rlu, s|/{(u+ )" (—u + w,s))

by Lemma 4.2.3 and
n—1
> im0 1%l = |zl

D50 121 + walzal?.

U(z) =

The critical set of ¥ is S?"~! x {0} U {0} x S'. For the computation thereof,
we refer the reader to Section 6.3.2, Lemma 6.3.5, where the critical sets will be
computed for arbitrary 8 and w. We have M+ = {z € 52" | |z,|> < 3} and
M~ ={z € S | |z,? > 3} so that C* = Crit(¥) N MT = S>~! x {0} and
C~ = Crit(¥) N M~ = {0} x S'. Making use of homotopy equivalences, Lemma

4.3.1 with W yields that we have a short exact sequence and a commutative diagram

00— H5 (C, F) —— H3(M, F) — Hg(C~, F) —0,

o | 0¥ +
-eg(m l/ ©

Hg(CFL, F)

where eq(v~C*, F) denotes the equivariant basic Euler class of the negative nor-
mal bundle v~ C* of C* and A" the rank of v~ C™* and i+ : CT — M denotes the

inclusion. Similarly, with —W, we obtain a short exact sequence and a commutative
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diagram

Oﬁ'Hg}’i/\_(C_’f)ﬁHé(Mv‘F)ﬁHé(C—F?‘F)ﬁO’

Hgy(C7, F)

where eq(vTC~, F) denotes the equivariant basic Euler class of the positive normal
bundle vTC~ of C~ and A\~ the rank of v*C~ and ic- : C~ — M denotes
the inclusion. Note that the standard Riemannian metric g on S***! is St x T-
invariant. The normal bundles of C* and C~ are then given by vC* = ({0} x C) x
C* = span{0,,, 0y, } and vC~ = (C" x {0}) x Cy = span{0,,,0,, | j = 0,...,n—1},
respectively, where we used the notation z; = x; +4y;. In these bases, the Hessian

H of ¥ computes as

2(1+wy,
( +2w ) 0 0
wn
2(1+wy,
0 ( +w )
wn
_ (204w 0 _
H|1/C+ - ( 0 _2(1+wn)> ) HluC— -
2(14+wn)
2 0
wn
2(14wn,
0 0 (;r;v )

Since w, > 0, it follows that v~C* = vC" and v*C~ = v(C~. Similarly to the
computation in Section 4.2.2, we compute iz, = (s — do —u), ig,m = (s — )

and the Euler classes

1 1
eqc(v CH F) = %(—u + sw,) = %(wnda — (1 4+ wy)u),

(27r)”u %)= or v

Since the inclusion C* U C~ — M induces an injective map in equivariant basic

eq(VTC™, F) =

cohomology by Corollary 4.3.3, K* consists exactly of those classes that vanish
when restricted to C* and that are a multiple of eq(vCT, F) when restricted to

CT. Again making use of injectivity, we get

K" =R[u,s]- (u+s)"/{e) CRlu,s]/{e) and
K™ =Rlu, s] - (—u+ swn)/(e) C Rlu, s]/(e).
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Indeed, we see that

I

Ho(M,F) /(K*+ K7) = Rlu,s]/(Rlu,s] - (u+ )" +Rlu, s] - (—u + sw,))

I
£
<
cl
o



Chapter 5

Equivariant Formality

Another well-known result concerning the equivariant cohomology of a symplectic
manifold is the equivariant formality of Hamiltonian actions of compact connected
Lie groups H on compact symplectic manifolds N, namely that Hy(N) is a free
S(h*)-module (cf. [Kir84, Proposition 5.8|). Let us consider the action of a torus
G on a compact contact manifold (M, «) such that G preserves «, and assume
that 0 is a regular value of the contact moment map. Recall that M then does
not contain any G-fixed points (cf. Lemma 2.3.2). This implies that the G-action
on M cannot be equivariantly formal: As a result of Borel’s localization (cf., e.g.,
|GGKO02, Theorem C.20]), M® = & results in Hg(M) being a torsion module.

In this section, we will show that formality does hold for this type of torus actions
on K-contact manifolds if we consider the basic setting. For a study of equivari-
antly formal actions in the setting of equivariant basic cohomology of transverse
actions, the reader is referred to [GT16, Section 3.6].

Definition 5.0.11. Let (N, &) be any foliated manifold, acted on by a torus H
such that Q(N, ) is an H*-algebra. The H-action on (N, ) is called equivariantly
formal, if H};(N,E) is a free S(h*)-module.

We work with a basis (X;) of g according to Proposition 2.4.1 and we, again, denote
the foliation induced by the Reeb vector field R with F and the 1-dimensional
G x T-orbits, i.e., the critical points of UXt and ¥, by C, where T denotes the

69
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closure of the flow of R, {t1}.

Lemma 5.0.12. The G-action on (C,F) is equivariantly formal. More precisely,

we have

He(C, F) =~ 5(g%) @ H*(C, F).

Proof. We have C' = Crit(¥) = {x € M | g. = g} by Proposition 2.4.1, (v).
Lemma 3.3.5 with ¢ = {0} yields the claim. O

Proposition 5.0.13. The G-action on (M, F) is equivariantly formal.

Proof. Consider X = X € g as in Proposition 2.4.1. Recall that U* is a Morse-
Bott function by Proposition 2.4.9. Let k; < ... < K, be the critical values of U~
and denote by B}”, ..., Bg_ 7 the connected components of the critical set C' at level
r; and with A}” the indices of the non-degenerate critical submanifolds B;” with
respect to Hess(U~). Set M*i%% = (UX)~1((—o0, k; £ ¢;]). We consider the long
exact sequence of the pair (M"*% M*i~%). By Lemma 4.3.1, it turns into the

short exact sequences
0 — &:HL " (BY,F) — Hiy(M5e F) — Hiy(M%~5, F) = 0.

Inductively, we can now conclude that the G-action on (M, F) is equivariantly
formal: Suppose that HE(M"+<5, F) is a free S(g*)-module. By the Morse-Bott
property, the homotopy type does not change before crossing a critical value (see
Theorem A.2). Proposition 3.3.10 then gives Hf (M"it<  F) = HE(M"+1~G+  F).
It follows that Hg(M"+17%+1 F) is a free S(g*)-module, as well. By Lemma
5.0.12, o, LN (B
the sequence yields that HS(M"+17<+1 F) has to be a free S(g*)-module, as well.
Hence, induction on j yields that Hj(M,F) = HE(M"tem F) is a free S(g*)-

module. O

"t F) is also a free S(g*)-module. Then the exactness of



Chapter 6

Localization for K-contact
Manifolds

In the first section of this chapter, we derive a basic Atiyah-Bott-Berline-Vergne
type localization formula. We will apply this result in the following sections to
prove that a specific parameter dependent integral ["(e) satisfies certain asymp-
totics and to obtain our Residue Formula. The last section of this chapter is
devoted to examples. In particular, we will explain in detail how our Localization
and Residue Formula may be used to deduce the analogous theorems for symplectic

manifolds that occur as M/F in the case that R induces a free S*-action.

6.1 The Localization Formula

In this section, we will derive a basic version of an Atiyah-Bott-Berline-Vergne type
localization formula. We follow the line of proof in [AB84, Section 3|, adjusting it
to the basic setting. We assume throughout this section that the G-fixed points
have closed Reeb orbits. Then Crit (¥), the minimal, 1-dimensional G x {t}-
orbits, are the 1-dimensional GG x T-orbits. This assumption is obviously satisfied
if all Reeb orbits are closed or if there are no G-fixed points. Note that the latter

is the case if 0 is a regular value of the contact moment map W.
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Recall that for x € M, we denote by g, and g, the isotropy algebra and the
generalized isotropy algebra (cf. Definition 2.2.3), respectively.

Then Crit (V) = {z € M | g. = g}. By our assumption, Crit (¥) is the union
of the 1-dimensional G' x T-orbits. As in Lemma 2.4.8, it then follows that every

connected component is a closed submanifold of even codimension.

Lemma 6.1.1. g, is invariant along G x T-orbits.

Proof. Let h € G x T, X € g. Then, by commutativity of G x T"

Xy (hx) = %exp tX - hzli—g = %h cexptX - xli—g = dlh% ~exptX - x|—g

I, is a diffeomorphism, so above equation directly implies X, (hz) = 0 if and
only if Xy/(z) = 0. Recall that the uniqueness of the Reeb vector field implies
dl,R(z) = R(gz) for every g € G x T. Hence, the previous equation also implies
Xy (hz) € RR(hx) if and only if Xy (x) € RR(z). It follows that g, remains
constant along GG x T-orbits. O]

Throughout this section, we work with cohomology with complex coefficients.
Then S(g*) = Cluy, ..., us], where the u; are coordinates of g* ® C. We will make
use of the notion of the support of a finitely generated module. Recall that in the
special case of a module H over Cluy, ..., u;], the support is the subset of C' defined
by:

Supp H = ﬂ Vi,

where V; = {u € C' | f(u) = 0}. In particular, a free module has the whole
space C! as support. An element h € H is called a torsion element if there is a
0 # f € Cluy, ..., u) with fh = 0. If all elements are torsion elements, then H is
called a torsion module. Note that H is a torsion module if and only if Supp H is
a proper subset of C'. For more details, the reader is referred to [AB84, Section 3]
and the reference therein.

Lemma 6.1.2. Let O = (G x T) - x be an orbit and suppose that U C M is a

G-invariant F-saturated submanifold admitting a G x {1 }-equivariant map p :
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U — O. Then
Supp Hg (U, F) C g, ® C.

Proof. The existence of the G x {1y }-equivariant map p implies that the S(g*)-
algebra structure on Hq(U, F) factors as

S<g*> - HG<07*F) — HG<U7 f),

whence we obtain the inclusion of supports Supp He(U, F) C Supp Hg(O, F).
Thus, it suffices to show that Supp Ho(O, F) C g, ®C. For all h € G x T, we have
Ohe = gz by Lemma 6.1.1. In particular, the generalized stabilizer is constant
along O. Let £ be a complement of g, in g such that £ is the Lie algebra of a
subtorus K of G. Since g, acts trivially on Q(O, F), the Cartan complex can be
written as Cg(O,F) = S(g) @ Cx (O, F) and dg = 1 ® dk, hence Hg(O, F) =
S(gf) ® Hi (O, F). K acts locally freely and transversally on O, so (O, F) is a
t-dga of type (C) and Hg (O, F) = H(Q(O, F)past) by Proposition 3.2.5. It also
follows that K x {¢;} acts locally freely on O so that the orbits of this action
define a foliation £ of O. Since G x T is compact, we can, in particular, find
a metric with respect to which the K X {¢;}-action is isometric. Hence, £ is a
Riemannian foliation (cf. also [Mol88, p. 100]). This, however, means that the
basic cohomology H(O,E) = H(Q(O, F)pas) is of finite dimension by [KASHS5,
Théoréme 0]. Therefore, the support of Hg (O, F) is contained in g, ® C. O]

Proposition 6.1.3. Let X be a closed G x T-invariant submanifold of M. Then
the supports of HE,(M\ X, F) and H¢, (M \ X, F) lie in Upern x 8o ® C Note that

since only finitely many different g, occur on M, this is a finite union.

Proof. We follow the line of argumentation of [AB84, Proposition 3.4]. See also
the proof thereof in [GS99, Theorem 11.4.1]. Let U be a G x T-invariant tubular
neighborhood of X. By cohomology equivalence, it suffices to proof the assertion
for Ho(M \ U, F). Since M \ U is compact, we can cover M \ U with N tubular
neighborhoods U; of G x T-orbits of points z; € M\ U C M\ X. Let V, =
UyU..UU,,. Using Lemma 6.1.2 together with the equivariant basic Mayer-
Vietoris sequence (for compact supports) for Us and V; (cf. Propositions 3.3.6
and 3.3.9), the claim follows by induction, observing that, for any exact sequence
D — E — F of modules over Cluy, ..., u]: Supp E C Supp D U Supp F. O
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Let C' := Crit (V). The previous result then immediately yields the following.

Corollary 6.1.4. The supports of H(M \ C, F) and H§, (M \ C,F) lie in the
finite union s . 8. ® C. In particular, H5(M \ C,F) and HE (M \ C,F) are

torsion modules over S(g*).

The same holds for any G-invariant, F-saturated subset of M\ C' and, by exactness,

for the relative equivariant basic cohomology of any pair in M \ C.

Theorem 6.1.5. Denote by ¢ : C — M the inclusion. Then the kernel and
cokernel of the induced map i* : H;,(M, F) — HE(C, F) have support in s ., 8:®
C. In particular, both S(g*)-modules have the same rank, dim H*(C,F), and the
kernel of i* : HL(M, F) — HE(C, F) is exactly the module of torsion elements in
Hqg(M, F).

Proof. Consider the long exact sequence for the pair (M, C)
.. = HE(M,C, F) — HE(M, F) 5 HE(C, F) — HEPY(M,C, F) — ...

By exactness, it can immediately be seen that ker¢* is isomorphic to a quotient
module of Hg(M,C,F), and that coker i* is a sub-module of Hg(M,C, F). But
Hg(M,C, F) is a torsion module with support in Uﬁﬁég g. ® C by Corollary 6.1.4
and Proposition 3.3.20. Since H((C,F) = S*(g*) ® H*(C,F) is a free S*(g*)-
module, the rank statement follows and every torsion element has to be mapped

to zero under 7*. OJ

Proposition 6.1.6. The kernel and cokernel of the push forward i, : Hg(C,F) —
Hg(M, F) have support in Uﬁﬁég g ® C and are therefore torsion.

Proof. Let p; : U; — C} denote a sufficiently small invariant tubular neighborhood
of the connected component C; C C such that U; NU; = @ for i # j and set
U = UU;. Then, since U; can be identified with a disk bundle in the normal
bundle over C}, OU; is a sphere bundle over Cj, in particular, a smooth manifold,
and G x T-invariant. Note that Definition 3.3.18 and Propositions 3.3.19 and
3.3.20 extend to include closed subsets that are G-invariant, F-saturated open

submanifolds with invariant boundary. M\U is a G x T-invariant open submanifold
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with boundary and G x T-equivariantly homotopy equivalent to M\ C. We consider
the long exact sequence of the pair (M, M \ U).

oo HE(M, M\ U, F) ™S HE(M, F) = HE (M \ U, F) = ...

By the Thom isomorphism, we have Hg(C, F) = Hg (U, F). Furthermore, Propo-
sition 3.3.20 yields H¢, (U, F) = Hg(M, M\U, F). Combining these isomorphisms
with the long exact sequence, we obtain the following commutative diagram.
o——=HE(M, M\ U, F) —— HE(M,F) ——= HE(M \ U, F) — ...
extension by 0 | o~ O

HE (U, F)

1%

Thom

Hg(C, F)

It yields that kert, = im(Hg(M \ U, F) — Hg(M,M \ U,F)) is the image of a
torsion module with support in Uﬁz 4o g, ® C and that

coker 1, = Ho(M, F)/im(1.) = He(M, F)) ker (Ho(M, F) — Ho(M\ U, F))
>~ im (Hg(M,F) = Ho(M\U,F)) C Hg(M \ U, F).

Hence, coker:, is isomorphic to the image of HSA(M,F) — HE(M \ U, F), a
submodule of a torsion module with support in Uﬁz 4o g, ® C. n

From the preceding two statements, it follows that i*i, : Hg(C,F) — Hg(C,F)
is an isomorphism modulo torsion. Exactly as in [GS99, Section 10.5| for ordinary
equivariant cohomology, we obtain that ¢* maps the equivariant basic Thom class

to eq(vC, F). In particular,

Lemma 6.1.7. i*i, = Neq(vC, F) is the multiplication with the basic equivariant
Euler class of the normal bundle of C (cf. Definition 3.4.5).

Hence, eq(vC, F) is invertible in the localized module.

Remark 6.1.8. Alternatively, it can be shown directly that eq(vC,F) is not a

zero divisor in Hj(C, F), see Lemma 4.1.3.
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We are now ready to prove our ABBV-type localization formula, an integration
formula. We can consider the integration of (2n + 1)-forms of the form a Aw, with
w € Q*(M,F). By Lemma 3.1.2, the map

/a/\-:QQn(M,}")—>R, w|—>/a/\w
M M
descends to a well-defined map on basic cohomology.

Analogously, we can consider the integration of equivariant basic forms and classes.
Let 1 be a form representing a class in Hg(M, F) and denote the basic equivariant

pushforward by
I, : Ho(M,F) — S(g"), H*n:/ aAn.
M
Our Localization Formula then reads as follows.

Theorem 6.1.9. Suppose a torus G acts on a K-contact manifold (M, «) such
that G preserves «, and suppose in addition that the G-fized points have closed
Reeb orbits. Then for alln € Ha(M,F), we have the exact integration formula

aAn
H*n—/ aAn= Z/
icede e I/C],./—"

where C; C C denote the connected components and i; : C; — M their inclusions.

Remark 6.1.10. We note that for this result, it is sufficient to assume that all G-
fixed points have a closed Reeb orbit, an assumption that is weaker than assuming
0 to be a regular value of ¥ and that is automatically satisfied for total spaces in
the Boothby-Wang fibration.

This theorem is closely related to results obtained in [Téb14, GNT17].

5k

Proof. The inverse of i, on the localized module is given by ) := chcc ﬁ
C 2
We therefore obtain for every n € Hg (M, F)

I,y = /M a A i, Qn. (6.1)

Now, using the definition of i, in terms of Thom forms we can express n as

o N gn . 057 '
=100 = Z%)*@G(Voﬁf) ;p] (6G(VCJ7‘F)> A 6.2)

J
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where 7; is an equivariant basic Thom form compactly supported in a small G x T-

invariant tubular neighborhood U; of Cj, p; : U; — C; is the projection. By

J
/Uja/\pj (GG(VCJ'7F>> AT = /Ujpj <€G(VCJ'7]:) /\TJ
a /c} eq(vCj, F) A (pj)«T;.

Since (p;)«7; = 1, we obtain the desired integration formula by summing over j
and using the identites (6.1)-(6.2). O

Proposition 3.3.10, we have pj o4; = id on cohomology and

6.2 Equivariant Integration Formulae

We will assume throughout this section that 0 is a regular value of the contact
moment map ¥. The level set ¥~1(0) is a smooth G x T-invariant submanifold
of M, on which G acts locally freely. We define the contact reduction M, :=
U~1(0)/G, which is a contact orbifold and an honest manifold if the action of G
on U1(0) is free (cf., e.g., [BGO8, Theorem 8.5.1]). The contact form « on M
induces a contact form o on M that pulls back to the restriction of a to ¥~1(0).
Since G and the Reeb flow commute and the Reeb orbits are transversal to the G-
orbits along ~1(0), Q(¥~1(0), F) is a G*-algebra of type (C) and, hence, we have
He(U=40),F) =2 H(QP0), F)pasg) (cf. Proposition 3.2.5) via the Cartan
map. This implies that we have an isomorphism Hg(VU~1(0),F) = H(My, Fo),
where the later denotes the cohomology of the R-basic differential forms on the
contact quotient My = ¥~1(0)/G. Recall from Theorem 4.1.1 that the inclusion

U~1(0) C M induces a natural surjective map
k: Ho(M,F) = He(V7'(0),F) = H(Mo, Fo),

the basic Kirwan map. In this section, we will derive integration formulae that

relate integration of equivariant basic forms on M to integration of basic forms on
M.
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6.2.1 Equivariant Integration

Following an idea of Witten [Wit92], Jeffrey and Kirwan [JK95| proved certain
formulae relating integration of equivariant forms on a symplectic manifold to in-
tegration of ordinary differential forms on its symplectic quotient. By far the most
important ingredient in their proof is the Atiyah-Bott-Berline-Vergne integration
formula [AB84, BV82|. Armed with our localization formula (Theorem 6.1.9) and
the local normal form of the moment map (Proposition 2.5.4), we will obtain the
K-contact analogues, Theorems 6.2.7 and 6.2.13, by the same line of argumenta-
tion as Jeffrey-Kirwan. In this section, we establish notation and prove the key

prerequisites for these theorems.

Let n be a form representing a class in Hg(M, F) and recall that we denoted the

basic equivariant pushforward by
II.n = / aAneS(gh).
M

We will apply II, to classes of type n A €'¢®, which are, strictly speaking, not
equivariant basic cohomology classes according to our definition, since they are
not polynomial but analytic in ¢ € g. This is well defined, provided one replaces
the codomain with a suitable completion of S(g*). With this in mind, for any

closed equivariant basic form 7, with » = dim g, we consider the integral

1

) = Gparty /¢ e () (0

where d¢ is a measure on g corresponding to a metric on g that induces a volume
form volg on G, vol(G) = [, volg. Then d¢p/vol(G) is independent of that choice.

Remark 6.2.1. Note that I"(¢) is well defined; nAe'@e® is only of mild exponential
dependence on ¢ so that the factor e~?*/2 ensures convergence of the integral.
Indeed, we will see shortly that the Fourier transform F [H*(n A e"dGa)} is a distri-
bution with compact support, in particular, a tempered distribution. Hence, the
same holds for IL,(n A eidc?).

Following Jeffrey-Kirwan, we will relate the e — 0 asymptotics of I"(¢) to inter-

section pairings on the contact quotient.
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First, we must rewrite I”(€) in a more convenient form. For any tempered distri-

bution on g, recall the Fourier transform

(Ff)(z) = (2m) /2 / F(9)e D dg,

g
By definition, F(f) is naturally a tempered distribution on g*. There are different
conventions concerning the constant in the Fourier transform. The normalization
we work with in this thesis is chosen so that FFD(y) = D(—vy).

Set

Q"(y) = F [IL(n A )] (y).
Let g. denote the Gaufian function g.(¢) = e~99"/2  with Fourier transform
(Fg.)(z) = €7/?g-1(2). Note that I"(¢) can be viewed as the L? inner prod-
uct of the functions g.(¢) and I1,(n A €¥¢®)(¢). Since the Fourier transform is an

L? isometry (cf., e.g., [H6r90, Theorem 7.1.6]), we have the following identity.

Lemma 6.2.2.

1

— ~lyl?/2¢
I'(e) = @iy e vol (G /g Q"(y)e W2y,

We want to show that the distribution ()7 may be represented by a piecewise
polynomial function (cf. Proposition 6.2.6). To this end, some preliminary con-

siderations are necessary.

Lemma 6.2.3. The distribution Q"(y) can be expressed as follows
; 0 4
_ idga _ s/2 -J ido
Q"(y)_F[H*(n/\e G )] (y)—(27r)/ EJ 7 a—y]/a/\m/\e (=T —vy),

where § denotes the Dirac delta distribution, and n = ), nyy’, summing over
multi indices J, with y? denoting an orthonormal basis of g* and n; € Q*(M,F).
In particular, Q"(y) is supported in the compact set —V(M).

Proof. We make use of the arguments given in [JK95, Sections 5, 7. With n =
> nsy?, we have (o) = >, ns¢’ with ¢/ denoting the coordinate functions
v/ (¢). Recalling the definition of Q"(y), we have

idga _ 1 ida—i(¥,¢)—i{y,
Q"(y) = F [(nne )](y)—W;/M/gaAnmJAed il g
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0 / / ,
-J ido i(—U—y,p)
"— [ aAnjAe e do
7"/2 Z oy’ Jus ]

J
0
(2m)"/? E ZJF/ aAngAES(—0 —y).
Y
J

This shows that Q"(y) is the integral over = € M of a distribution S(x,y) on M x g
which is supported on the set {(z,y) | =¥ (z) = y}. O

The following Proposition 6.2.4 is a part of [JK95, Proposition 3.6] and Lemma
6.2.5 is [JK95, Lemma 4.3]. [JK95, Proposition 3.6 and Lemma 4.3] were derived
from results that occur in the works of Guillemin, Lerman, Prato, and Sternberg
(|GLS88, GLS96, GP90|).

Proposition 6.2.4. Let 7, 1, ...,Bx € g* such that the [3; all lie in the interior
of some half-space of g* and set = {p1, ..., Bn}. Consider

AT 5 (0)

Then there is a piecewise polynomial function Hg supported on the cone Cg =
{22,085 | Aj = 0} such that for ¢ in the complement of the hyperplanes {¢ €
g | B;(¢) = 0}, P is the Fourier transform of h, where h(y) :== Hg(y+ 7). Hp is

smooth at any y € Ug, where Ug are the points in g* which are not in any cone

P(¢) =

spanned by a subset of {1, ..., Bn} containing fewer that r = dim g elements.
Lemma 6.2.5. Let Dy, Dy be two tempered distributions on g* such that
1. ¥ Dy — F Dy is supported on a finite union of hyperplanes.

2. There are ¢ € g* and k € R such that the half space {y € g* | (y,¢) > k}
contains the support of Dy — D1.

Then D1 = DQ

We are now ready to prove the piecewise polynomial property of Q)".

Proposition 6.2.6. The distribution Q"(y) may be represented by a piecewise

polynomial function.
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Proof. Let C; denote a connected component of the critical set C' = Crit ¥ of
codimension d. By Lemma 2.4.6, G x T acts in R-direction only and its isotropy
(g x t)¢, has codimension 1. Let § be a G x T-invariant, basic connection form on
the bundle of oriented orthonormal frames of ¥C; and denote by F? its (ordinary)
curvature. Choose a basis (X;) of g x t such that X1, ..., X)y_; is a basis of (g x t)¢;
and Xy = R. Denote its dual basis by w;. Then, since 6 is basic, tx, 6 = 0. The

basic G x T-equivariant Euler form is then given by

N-1
eaxr(vCj, F) = Pt <F9 - Z LXZ.QUZ‘> = Pf (Fe — Z ineui) . (6.3)

i i=1
Denote by (G x T')¢; C G x T' the subtorus that has (g x t)¢, as Lie algebra. vC}
is a (G x T)¢,-equivariant vector bundle over C;. By the splitting principle for
equivariant bundles, we may assume that the normal bundle splits as a direct sum
of line bundles vC; = @©; L; and (G xT')¢; acts on L; with weight ,Bf . Then the basic
(G x T)¢,-equivariant Euler form factors as €(GxT)e, (vC;, F) =1L €(GxT)e, (L;, F)
and 27e(Gxr),, (Li, F) = ¢} + B!, where ¢/ € Q*(C;,F) is the (ordinary) basic

Euler form of L;. Hence,

d/2

(2m)Peiaurye, (vCy, F) = [ [ (e + B)). (6.4)

i=1

We can, however, also compute (GxT)e, (vC;, F) as Pf <F9 — sz\i—ll Lyﬂbi), where
(Y;) denotes a basis of (g x t)¢, and (;) its dual basis. Equation (6.3) yields that
if we extend €(GxT)e, (vCj, F) to all of g x t by setting it equal to 0 on RR, we
obtain the G x T-equivariant basic Euler form egyr(vCj, F). Hence, extending
Bl € (g x t)¢, and combining Equations (6.3) and (6.4) yields

d/2

(2m)"Pequr(vCy, F) = [ [ (] + B)); (6.5)
i=1

The definition of the Euler form yields that eq(vC;, F) is exactly given by the
restriction of egxr(vCj, F) to g so that, by (6.5),

/2

(2m) P ec(vCy, F) = 1] (c + Bllo)- (6.6)

=1
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By Theorem 6.1.9, we have that

(a A A elde)

zda
L (1 A €96 Z/ e (6.7)

We now follow the line of argumentation of [JK95, Lemma 2.2]. Equation (6.6)

implies that the inverse of eq(vC};, F) in the localized module is given by

1 B (27T)d/2 , i -1
ec(vC), F) Hiﬁf\glj< +5f|g .

Since ¢/ € H*(C;, F), we know that ji is nilpotent. Thus, 7, (1)’ (cZ/Bﬂg)l

is a finite sum and easily seen to be equal to (1 + cg/ﬂg]g)fl. We obtain

1 27'(' d/2 i
ec(vCj, F) HMQHZ (6”9) '

i ;>0

It now follows with Equation (6.7) that the pushforward may be written as a sum

W (C fc HaAn(eo) A YA ¢ja

L)) = 3 3 & s o 69)

i CLE.AJ'

where A; is a finite indexing set obtained from interchanging summation and
multiplication, ¢;, € H*(C;,F) is determined by the ¢/, and n;,(a) is a non-

negative integer. In particular, for every (j,a), the term on the right hand side of
% with a polynomial in ¢,
where the polynomial is simply a constant if 77 =7

Equation (6.8) is given by the product of

Given this description of the pushforward, we can now derive the piecewise polyno-
mial property of Q"(y) for n = 1, following the approach of [JK95, Theorem 4.2|:
Choose a component A of the set N;;{¢ € g | (8/])(#) # 0}. A is a cone in g.
Denote by O, the component of N{é € g | (8/|;)(¢) # 0} containing A so that
A =1N;Cja. B, lies in the dual cone O = {3°; \iffl |y | Ai > 0}. Pick any & € A.
We then set

00 = sign B14(€), BN = 05iBlle Kila) =) i nila),
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for a € A;. Let v;(a) consist of all B! Q, occurring with multiplicity n;;(a). Define
the function D : g* — C by

D(y) = Z Z (—i)%i ”f'*i(“)(—l)kj(a)Hﬂ,j(a) (y+¥(C))) / i (a A YA g
J a€A; Cj
where H,, () is the piecewise polynomial function appearing in Proposition 6.2.4.
We will show that Q! is piecewise polynomial by applying Lemma 6.2.5 to D; = D
and Dy = Q. The first hypothesis is satisfied because Proposition 6.2.4 yields
that FD(¢) is given by (FFIL.e! ) (¢) = (I1,e¢%)(—¢) on the complement of
the hyperplanes {¢ € g | 5/ |2 (¢) = 0}. The second hypothesis is satisfied because
D is supported in a half space since all Bﬂ? satisfy ﬁﬂé‘(ﬁ) > 0 for any £ € A,
and Q' is supported in the compact set —¥(M) by Lemma 6.2.3. Hence, Q' is

piecewise polynomial.

Now let n be arbitrary. Note that in the case n = 1, every (j, a)-summand gave
a piecewise polynomial function. 7(¢) now contributes a polynomial in ¢ to every
summand. Up to a factor of (—i), Fourier transformation interchanges differen-
tiation and multiplication by a coordinate (cf. [H6r90, Lemma 7.1.3]). Hence,
for arbitrary 7, the piecewise polynomial property of Q"(y) follows from the case
n=1. [

6.2.2 Asymptotic Analysis

We will prove the following theorem. We denote by 7y the image of 1 under the
natural basic Kirwan map (cf. Theorem 4.1.1) Hg (M, F) — H(My, Fy), and let

ap denote the quotient contact form on M,.

Theorem 6.2.7. For any n € Hg(M,F), there exists some constant ¢ > 0 such
that as e — 0%, I"(e) obeys the asymptotic

1 .

() = - / a0 A 1o A €0 | o(=/2g=ley. (6.9)
o J My

where © € HY(My, Fy) is the class corresponding to —<22= € HA(U~1(0), F) ~

H*(My, Fy) and ng denotes the order of the regular isotropy of the action of G on

v—1(0).
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A particular consequence of this theorem is the identity

e—0t

/ ag Ao A €% = ng lim 17(e),
My

which expresses intersection pairings on M, as limits of equivariant intersection

pairings on M.

By Lemma 6.2.2 and Proposition 6.2.6, we are reduced to estimating the asymp-
totics of an integral of the form I(e) = [ e ¥*/2<Q(y)dy, where Q(y) is piecewise
polynomial. Suppose that Q(y) is regular near the origin, and let Qy(y) denote
the polynomial which agrees with Q(y) near the origin. Set

_ 1 ~lyl?/2e
1) = Griye ol (@) /g Qoly)e" dy.

Lemma 6.2.8. Suppose that Q(y) is regular near the origin and define I(€) and

Io(€) as above. Then we have the asymptotic
[1(€) = Io(e)| = o(e™"2e™/")
for some constant ¢ > 0.
Proof. Let R(y) = Q(y) — Qo(y). Then R(y) is piecewise polynomial and identi-

cally zero in a neighborhood of the origin. Pick § > 0 so that R(y) is identically

zero for |y| < 6. Switching to polar coordinates, we have

I(6) — Io(e)] < e 2 / / R(y)|e ¢ dtduge,
Sr=1.J§

where ¢’ is a constant that does not depend on e. Since R(y) is piecewise poly-
nomial, we can find constants ao,...,ay so that for |y| > J, we have |R(y)| <

>, a;lyl’. Combining this with the previous estimate, we have

N o
11(e) — Ip(e)] < ¢'e77/? Zaj/ piHr=lo=t/2e gy
j=1 70

where ¢ is a constant that does not depend on e. This reduces the problem to es-
timating integrals of the form [~ tle=t*/2¢dt for ¢ > 0. The following Lemma 6.2.9
shows that such an integral is bounded by a function of the form p(y/2¢)e=0"/(49),
where p is a polynomial of degree ¢ 4+ 1. The result follows. O]
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Lemma 6.2.9. The integral I}(a) = f(soo e~ dx, a,0 > 0, n € N, is bounded
2(L

from above by a function of the form pn(l/\/&)e’%, where p, 1s a polynomial of
degree n + 1.

Proof. The claim is shown by induction on n. By substituting x = \/5_134, we
obtain

2 2
_ 1 2
IS(a))? = 1 / - = | / d
( O(a)) (\/a € Y 2\/5 € Y
Vas R\[-+/ad,/ad]
4a 4a
R2\[—+/a6,+/ad)? R2\B_/55(0)

where B /z5(0) denotes the ball of radius \/ad, centered at the origin. By passing

to polar coordinates, the integral becomes

For n = 1, we can directly compute

> —ax? 1 > d —ax? 1 —as2 1 w52
If(a)z/é xe dx:—% i a[e }da::%e g Sze T,

Thus, the claim holds for n = 0,1. Now, let n > 2 and suppose the claim holds
for n — 2. We integrate by parts.

I’(a) = /600 —xnil d [6_‘”32] dx

2a %

n—1 oo o] -1 n—2
— _:L’ . e—amz +/ (n )l‘ . e—adex
2a oes s 2a

n—1
a2 ML
=— I

5%—1 n — 1 a52
< 3 —1/2 -
< ( + 5 Pn 2(a )) e

2a

Setting p,(a~1/?) = (% + ”z—zlpnfz(a_lﬂ)) yields the claim. O
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We now want to apply Lemma 6.2.8 to Q". It remains to show that Q"(y) is regular
near 0, and to compute the polynomial Q{(y) which agrees with Q" (y) near the ori-
gin. We will make use of the local normal form we found in Section 2.5. Analogous

statements in the symplectic setting can be found in [JK95, Sections 5, 7, 8|.

Proposition 6.2.10. Suppose that 0 is a reqular value of V. Then Q"(y) is reg-
ular in some neighborhood of 0, and on this neighborhood it coincides with the

polynomial QJ(y) given by
Qo) =72 [ gag nm) neTieniig,
T=1(0)

where 0 is a G-invariant basic connection form on the G-bundle ¢ : ¥~1(0) —
U—10)/G, Fy denotes its curvature form, Q = 0y A ... A 0, is the volume form on
the G-orbits defined by 0, ny € H(V(0)/G, Fo) represents itn € Ha(W~1(0), F),
where the inclusion ¥~1(0) — M is denoted by iy, and ag denotes the induced
contact form on W~1(0)/G. Here, U=1(0) is endowed with the orientation induced
by the volume form ¢*(ao A (dag)™™") A €.

In particular, with ng denoting the order of the regular isotropy of the action of G
on U~1(0), we have

ido o idga
g N N dao —F H* A\ G 0).
/]\/I//G oo e (2”)7“/2 vol G ( (77 ‘ )) ( )

Proof. Recall that

Q”(y) =F [H*(n VAN eidca)] (y> _ W /M /a A 77(¢) A eidca—i(y,¢)d¢

By Lemma 6.2.3, when y is sufficiently small, we may replace the integral over
M by an integral over U C M, where U is a neighborhood of ¥~1(0). Using the

normal form of Proposition 2.5.4, we see that for small y
Q"(y 7"/2 / / a An(d) A eidaa—ily, ¢>d¢
><Bh

where U~1(0) x By, is canonically oriented by the contact volume form. Consider
the projection 7 : ¥=(0)x B, — ¥~1(0) x {0} and the inclusion i : ¥~1(0)x {0} —
U~1(0) x B,. Then ionw : ¥71(0) x B, — ¥~10) x By, is G x T-equivariantly
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homotopic to the identity and, hence, i induces an isomorphism Hg(¥~1(0) x
By, F x {pt.}) & Hg(¥~(0) x {0}, F x {0}) = Hg(¥~1(0), F). Since [g*no] =
lign] by definition of 7o, it is [7*¢* ] = [M|w-1(0)xs,]- Therefore, there is a v €
Ca(¥~1(0) x By, F x {pt.}) such that n — 7*¢*ny = dg~y. Set

C=Qy G /2/ / a AT A eldaa— 1<y¢>d¢
ﬂ-T’

O)XBh

7“/2 / / aNdgy A eidGa_i<y’¢>d¢.
By,

g v-1(0)x

Since dgdga = 0 and dgd; = 0, we have dgy A €960 19 = dg (y A eideomilul),
The integral over ¥~1(0) x By, picks up only those components of the basic form
da (7 A eidGa*“y’@) of degree 2n, so we can pass to the ordinary differential. We

obtain

(2m)" 2N = / / a Ad(y A e e o)) 4o

XBh
/ / a/\’y/\e”lc"a Z<y¢) +da Ay A elleeiD) g,
XBh

The second summand is basic, hence, its top degree part is zero. Thus, the whole
summand vanishes under integration. By Stokes’ Theorem, denoting the boundary

of By by Sy, we obtain
(2m) 2N = / / a Ay A a9 dg,

O)XSh

Write v(¢) = > ;7s¢”. As in the proof of Lemma 6.2.3, the previous equation

becomes
0 .
(27)2A = —(27)" XJ: z"]a—yj / a Ay Aes(—T — ).
‘1171(0)X5h
Recall that the local normal form of the moment map is given by ¥(p,z) = z.

Then, for sufficiently small y, §(—W¥ — y) is supported away from S, and it follows
that A = 0. This means that, for sufficiently small ¥,

1 * % 7 (=W —
Q"(y)zw/ / a AT g A TR0 dg

g U-1(0)x By
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= (2m)"/? / a AT A S (=T — 7))
\I/_I(O)XBh

_ (27T)r/2 / (q*ao + Z(Q)) A q*no A eidq*a0+id2’(9)+iz(d9)5(_2 . y)7

\I’fl(O)XBh

where we substituted the normal form of a in the last line. Let j index an or-
thonormal basis of g and the dual basis of g*. Denote the according components
of 0 by 6; and the coordinate functions of z € g* by z;. Set Q@ = 0, A ... A0,
and [dz] = dz A ... Adz.. Note that Q is a volume form on the G-orbits.
We only obtain a non-zero contribution from e“*) from the term containing
(idz(0))" = rli"(—1)""+D/2Q A [dz] since all the factors dz; must appear. Ad-
ditional factors of 6 will wedge to 0 with €2, so z(f) does not contribute to the
integral. We obtain

r(r+1) - )
QUy) = (1) 2 2y / 0" (a0 A o) A €0 TS (2],
\I/_l(O)XBh

(6.10)

The orientation on W~1(0) x By, is canonically given by the contact volume form

(¢ a0t (O)A (" dag+d(2(8)))" = (—1)"T 1)"—')!q*a0/\(q*da0+z(d9))"”/\Q/\[dz].

(n —.r

For z = 0, this volume form differs by a factor of (—1)""=1/ 2(n’j!r)!

form v = ¢*(ap A dafi™") AN Q A [dz]. Hence, when changing the orientation of
U~1(0) x By, in Equation 6.10 to that induced by v, denoting the thusly oriented
manifold by (U~1(0) x By,)", we obtain a factor (—1)""=Y/2 and obtain

from the volume

@) =i’ (00 Ao) A €TI0 — y)ldz].
(w=1(0)xBp)¥

On By, we consider the orientation induced by [dz] and we endow ¥~1(0) with

the orientation induced by ¢*(ap A dag™*) A Q so that their product gives the

orientation of (U71(0) x By,)”. We continue our computation by integrating over

B;, and obtain

Qn(y) = iT(Qﬂ)T/2/ q*(ao A 770) A eiq*daofiy(dG)Q
v=1(0)
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= iS(QW)8/2/ q" (g A o) A ¢l deo= i) Q)
T=1(0)

where we have replaced the term df by the curvature form Fy = d9+%[9, 6], which,
as above, does not change the value of the integral, because the additional factors
of § will wedge to 0 with Q. Therefore we obtain the claimed expression for Q¢ (y).
This is obviously a polynomial in g, since only finitely many terms in the power

series expansion of e~ #¥(%) are non-zero.
To compute the expression for y = 0, we need the following lemma.

Lemma 6.2.11. Let € W~1(0) be a point with regular isotropy. Then [, Q =
vol (G)/ng. In particular, f\lrl(o) g w A Q = vol (G)/ng f@,l(o)/ew for every w €
QU=H0)/G).

Proof. Consider the ny-fold cover f : G — G -z, g — g -x. The connection
form 6 is uniquely determined on the G-orbits, because it, by definition, maps
the fundamental vector field Xg-1(g) induced by X € g to X. In particular,
with [,-1 denoting left multiplication by ¢!, we have (f*Q), = l;,l[dz] so that
fG f*Q = vol (G). G - x is compact, so there are finitely many open subsets
U, ..Uy C G-z such that G -2 = UL, U; and f~1(U;) = UL, V) for V] € G
pairwise disjoint and open such that f

Vi e Vf — U; is a diffeomorphism. Let
J
p; denote a partition of unity subject to the open cover {U;}. Applying the

transformation formula yields that, for any choice of j;, we have

N N
Q= /%Q: /f*wpiQ-

In particular, we have

w [ 0= 3 [ e

i=1 j=1

n

Since supp @; C U, it is supp p; o f C Ujil‘/}i so that we obtain

N N
no /Gz Q= ; v f|*u]v]z(%9) = ;/G]v*(%Q) _ /Gf*Q — ol (G).

The set of regular points in ¥~!(0) is an open and dense subset such that its

complement is a zero set. This yields the remaining claim. O]
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We resume the proof of Proposition 6.2.10. ¥~1(0)/G is canonically oriented by
ap A dag~". Hence, together with above orientation on W~!(0), the projection ¢
induces the same orientation on the fibers as 2.  integrates to vol (G)/ng over

the fiber by Lemma 6.2.11, so, when y = 0, the previous equation becomes

F(H*(T] VAN eidca))((]) = iS(ZW)S/ZVOI (G>/n0/ ap A A pidoo =
v-1(0)/G

Proposition 6.2.12. Let © € H*(My, F) be the class corresponding to the class
— =202 ¢ HA(U7Y(0), F) ~ H*(My, Fo) under the Cartan map. Then

Ii(e) = nlo/ ag A mg A eOFidao,
Mo

Proof. The Cartan map yields —|Fy|?/2 = ¢*© in cohomology. By Proposition
6.2.10,

1

(e = / 7 (a0 A o) A €5 40— ED /26 5 ) g
0 (2me)"/?vol (G) W-1(0)x g*
1 / . iqd —iy(Fp)—|yl2/2
= (oo ) A e N [ e gy
(2me)/2vol (G) Jy-1(g) o
1 -
= — *(ag A mp)et? dao—elFs[*/2 o () by Gaussian integration
1@ q (o A o) y g
VO T-1(0)
— nio ap A 770 A 6ida0+6@
My
since €2 integrates to vol (G)/ng over the fiber, cf. Lemma 6.2.11. O

Combining Lemma 6.2.8 with Proposition 6.2.12, we obtain Theorem 6.2.7.

6.2.3 The Residue Formula

The main ingredients in the proof of Theorem 6.2.7 are the result that F( [ A
n A €46?) is piecewise polynomial and smooth in some neighborhood of 0, and a
particular expression for the polynomial this distribution coincides with near 0.
We will make use of these established facts and apply a result of Jeffrey-Kirwan

in order to obtain the last of our main theorems.
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Theorem 6.2.13. Let (M, «) be a compact K -contact manifold and G a torus that
acts on M, preserving o. Assume that 0 is a reqular value of the contact moment
map ¥ so that the order ng of the reqular isotropy of the G-action on ¥~1(0) is
finite. Denote by C; C C' = Crit ¥ the connected components of the critical set of
U, by eq(vC;, F) the equivariant basic Euler classes of their normal bundles, by
ag the induced contact form on the contact quotient My, and by ny € H(Moy, Fo)
the image of n € Hg(M, F) under the basic Kirwan map. Then we have

Y e i@ / i (e A o) 1 ) [d¢]

CjCC C]' 6G<VCj7 f)

i ng .
ag Ang A e = kres
/Mo 0 /o vol (G)J

(6.11)

Before we prove this theorem, we briefly recall the Jeffrey-Kirwan residue opera-

tion.

Proposition 6.2.14 ([JK97, Proposition 3.2|). Let A C g be a non-empty open
cone and suppose that [y, ...,08n € g* all lie in the dual cone A*. Suppose that
A € g" does not lie in any cone of dimension at most r — 1 spanned by a subset
of {B1,...,08n}. Let {¢1,...,0.} be any system of coordinates on g and let dp =
doi N\---Ndo, be the associated volume form. Then there exists a residue operation

jkres™ defined on meromorphic differential forms of the form

q(¢)e™?)
1, 8i(9)

where q(¢) is a polynomial. The operation jkres™ is linear in its argument and is

h(¢) = do (6.12)

characterized uniquely by the following properties:

(i) If {P1,...,Bn} does not span g* as a vector space then

jkres® (%mb) =0 (6.13)
j=1"Fj

(ii) For any multi-indez J, we have

| 160 N ) e
krest [ =27 06 ) = 5T lim jlores® | 2200 do | . (6.14
jkres (ijlﬁj(ﬁb) ¢> mzsigl#] res ( m!H;-Vzlﬁj@) ¢ ). (6.14)
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(iii) The limit
lim jk ( alaing d¢>> (6.15)
1m res v — .
o\ T, By ()

is zero unless N — |J| =r.

(i) If N =71 and {B1,..., 5} spans g* as a vector space, then

jkres™ L(d))cw =0 (6.16)
H;:1 5](@5)

unless A is in the cone spanned by {B1, ..., B:}. If X is in this cone, then the

L where B is the determinant of an v X r matriz whose

residue is equal to
columns are the coordinates of Bi,..., B, with respect to any orthonormal

basis defining the same orientation as [y, ..., .

Remark 6.2.15. Note that above axioms do indeed determine jkres® completely.
If {B1,...,0n} spans g* as a vector space, then any coordinate ¢ can be written

as Zjvzl c¢;jB;(¢) for some ¢; € R. This means, however, that

Hg 151 (b) ZH[;&; ﬁl( )

Since the residue vanishes by the first axiom if the linear forms in the denominator

do not span all of g*, we can inductively replace the residue of % with
1~

—|J| = r by a linear combination of residues of functions of the same form with

J=0and N =r, cf. [JK97, Proposition 3.2].

We further recall the following.

Proposition 6.2.16 (Jeffrey-Kirwan). Consider a function h : g — C and as-
sume that Fh is compactly supported. Then h[d¢] lies in the domain of jkresA,
and jkres®(h[d¢]) is independent of the cone A. Suppose further that Fh is rep-
resented by a smooth function in a neighborhood of 0. Then jkresA(h[dgb]) =
i"Fh(0)/(27)"/2.

Proof. Consider I'p, := {¢ € g | e9Fh is a tempered distribution}. Since Fh
is compactly supported, we have I'g;, = g, in particular, it contains —IntA. The

proposition is then obtained by combining [JK95, Propositions 8.6, 8.7]. [
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Theorem 6.2.13 is now a consequence of our localization formula (Theorem 6.1.9)

and Proposition 6.2.10.

Proof of Theorem 6.2.135. We know from Proposition 6.2.10 that F(IT,n A ¢'¢®) is
smooth near 0. Furthermore, F (H*(n A eidGa)) is compactly supported by Lemma
6.2.3. By Proposition 6.2.16, the residue is independent of the cone A and can be
expressed as jkres® (IL.(n A ede®)) = i7" (2m)7"/%F (IL,(n A €'95)) (0). By Propo-

sition 6.2.10, we then obtain

idoy o . A idga
Ao A €40 = —Zikres®(IL,(n A e'96%)).
[ o nmo et = e (11, (7. )
Using the expression for IT, (nAe¢®) provided by Theorem 6.1.9, namely, Equation

(6.7), we obtain the claimed formula. O

Remark 6.2.17. Recall that we obtained a surjectivity result for the basic Kirwan
map, Theorem 4.1.1. Since basic cohomology satisfies Poincaré duality (see Lemma
3.1.2), the Residue Formula in Theorem 6.2.13 in principle provides a method to
compute the kernel of the basic Kirwan map, and therefore allows one to compute

the basic cohomology ring of the contact quotient.

6.3 Examples

6.3.1 Boothby-Wang Fibrations

We now explain how, for certain symplectic manifolds, the known Localization and

Residue Formula may be recovered from our theorems.

As in Section 4.2.1, we consider a Boothy-Wang fibration p : M — N with con-
nection form « and we assume that a compact Lie group G acts on M, preserv-

ing «, and thus inducing an action on N. Recall that p* gives isomorphisms
H(M,F)= H(N) and Hg(M,F) = Hg(N).

Denote the period of the flow 1, of the Reeb vector field R € X(M) by 27/, i.e.,
Yy = Yyyon)r for every t € R. We then have the following.



94 Chapter 6. Localization for K-contact Manifolds

Proposition 6.3.1. « integrates to 2w /7T over any Reeb orbit. In particular, for

any basic form p*n € Q(M,F), fiberwise integration yields

/ oz/\p*n:27r/7'/ n.
M N

Proof. Recall that the flow is defined such that R(¢(z)) = L¢,(z). Consider the
diffeomorphism F, : S' — {¢(z)}, '™ — (). Furthermore, ® : (0,27/7) —

St t +— €' parametrizes S\ {pt.}. The canonical basis vector on S! is given by

2(@) = Aoy (1) = ime’® 7.

For py = ™ € S1 let v denote the curve in (0,27 /7) given for sufficiently small
s by v(s) = to +s. Then 4(s) = 1. We compute

(dFy)py (2(po)) = d(Fy 0 ®)g-1()(1) = L]0 Fy 0 D(y(s)) = L Fy(eitort)
= d%’8=0wto+s($) = % s:O¢s(¢to (SC)) = R(wo(%o ($)))
= R(wto (I)) = R(Fx(po))

It follows that Fa (2 (po)) = a(R(Fy(po))) = 1, whence we obtain Fa = dt. The
transformation formula then yields

2m /T
/ a—/ oz—/F;oz—/ dt = 2m/T. O
{ihe(2)} Fe(S1) st 0

It now follows from Theorem 6.1.9 and Proposition 6.3.1 that we recover the stan-

dard localization theorem [AB84]| for integral symplectic manifolds.

Theorem 6.3.2. Suppose that N is a symplectic manifold with a Hamiltonian
action of the torus G and suppose furthermore that the symplectic form on N is
integral and that the G-action lifts to the S'-bundle (M, ) in the Boothby-Wang
fibrationp : M — N, preserving a. Then for anyn € Hg(N), with e(vF') denoting

the (ordinary) equivariant Euler class of a connected component F C N, we have

/N”: 2 /F<%

FCNG
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Proof. We again denote the contact moment map by ¥ and the connected com-
ponents of its critical set by C;. Note that every C; is T = S'-invariant so that
under the projection p, every Cj is exactly mapped to a connected component F}
of the fixed point set N¢. We can identify vC; with p*vF; = {(y,v) € C; x vF} |
ply) = m(v)} via ,C; € v — (y,dp(v)). Let P; denote the bundle of oriented or-
thonormal frames of vFj, and set p : p*P; — P;, p(y,v) := v. Given a G-invariant
connection form 6 on P;, p*0 is a basic G-invariant connection form on the bun-
dle of oriented orthonormal frames of p*vF;. For X € g, we can then compute
p*(Pf(F? — 1x0)) = Pf(FP? — 1xp*0) (see, e.g., [Bau09, Satz 6.3] for a detailed
computation that the characteristic homomorphism is compatible with pullback
in the non-equivariant case that directly carries over to our setting). Thus, we
obtain p*eq(vFj) = eq(vCj, F), where the right hand side denotes the equivariant
basic Euler class of vC;. Applying Theorem 6.1.9 and Proposition 6.3.1, we have

/7727/(2@/@/\7”7:7/ CUEDY / eGO;gf?;

C;CCrit p

_Z/FZF’? O

FCNG

Suppose that 0 is a regular value of the contact moment map W. Then 0 is also
a regular value of the symplectic moment map p that pulls back to —W¥ and vice
versa. Denote by My and Ny the contact and symplectic quotients, respectively.

We have the commutative diagram

b

HG(Mv ‘F) HG<N)
1 1
H(My, Fo) —  H(Np)

In exactly the same manner as the proof of Theorem 6.3.2, we also recover the
usual Jeffrey-Kirwan residue theorem [JK95, JK97].

Theorem 6.3.3. Suppose that N is a symplectic manifold with a Hamiltonian
action of a torus G. Suppose furthermore that the symplectic form w on N is
integral and that the G-action lifts to the S*-bundle (M, «) in the Boothby-Wang
fibration p: M — N, preserving «. Let ju denote the symplectic moment map that
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pulls back to —V and assume that 0 is a reqular value of p. Denote the induced
symplectic form on the symplectic quotient Ny by wo. For n € Hg(N), we denote

its image under the Kirwan map by ng. We have

] . ) x A iw
/N Mo A €0 = —0_ikres > el / M[dqﬁ]
0

vol (G) ot r eq(VF)

Proof. Recall from the proof of Theorem 6.3.2 that p*eq(vF;) = eq(vC;, F), where
C; denotes the connected component of Crit ¥ that is mapped to the connected
component F; C N Furthermore, we have p*u = —W, in particular, u(F;) =
—W(C;), and piwo = doy, where py : My — Ny and oy is the induced contact form
on My. We apply Proposition 6.3.1, which analogously holds on M;,, and Theorem
6.2.13, and obtain:

/ Mo A w0 — T/(27) / ag A pyno N gideo
No MO

sk * ida
. No . i(—W(C)),0) [Ze? (a ADp 77(¢) ne
=7/(27) jkres e Y / do
/( vol (G) cjcczm . c; eq(vC;, F) [d]
ng . , itn(d) A e
_ K H(u(F).0) / F 2 ,
vol (G)J e Z ‘ r eq(VF) [d¢] -

FCNG

Remark 6.3.4. Note that we obtain the residue formula as stated in [JK95, JK97],
without the sign that was added in [JK98| due to an error in [JK95, Section 5]. The
situation in [JK95, Section 5] - in the therein defined notation - describes as fol-
lows. The only term from ') that contributes to the integral is (idz'(0))*/s! =
i*(—1)*+1/2Q) A [d2'], which causes a sign to appear in the computation. The
integral is taken over a neighborhood O of p~'(0), which is canonically oriented
via the symplectic form g*wy + d(2'(6)). The integral is computed by first tak-
ing the integral in #*-direction, oriented via [dz'], followed by fiberwise integration
on p~1(0), where the fibers are oriented via 2. An integral over the symplectic
quotient M x remains; M x is canonically oriented via wy. The product of these
orientations differs from the canonical orientation on O by a factor (—1)3(+1/2,
Hence, taking into account this change of orientation removes the additional sign
(cf. also the proof of Proposition 6.2.10). For this reason, the formula as stated in
[JK95, JK97| is the correct formula to consider.
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6.3.2 S'-Actions on Odd Spheres with Weighted Sasakian

Structure

We return to the example presented in Section 4.2.2. Namely, consider (M, «) =
(8% ) from Example 2.2.2 with weight w € R"™ w; > 0, and let G = S*
act (freely) on S*"*1 with weights 8 = (By,...0,) € Z"™!, that is, by A -z =
(MNozg, ..., NPnz,).

Recall that the flow of R, is given by v4(2) = (€02, ..., e™n2,), that the funda-
mental vector field X corresponding to 1 € R ~ s! is given by

<Z Bi(zjz, dz ~ Zipz; )) )
and that the contact moment map is

2 =0 Bilzil”

Z?:o wj|z;]?

We already computed in Lemma 4.2.3 that the equivariant basic cohomology of
M is given, as (S(g*) = Rlu])-algebra, by

U(z) =

Rlu, s
(ITj—o(Bju + w;s))’

Hq(M, F) = Hygrp,, (M) =

where (u, s) are dual to (X, R,).

Lemma 6.3.5. Set )\, i—] and J; == {l € {0,...,n} | Ay = \;}. Crit ¥ consists
of at most n + 1 components D;, specified by D; = {z € M | z =0V [ €

{0,...n}\ J;}.

If the weights B; of the G-action are such that \; # N\, for every j # 1, then Crit W
consists of n+ 1 circles C; ={z € M |y =0V 1 # j}, and V(C;) = B;/w; = A,.
Furthermore, Ha(C;, F) = Rlu], and the restriction Hg(M,F) — Hq(Cy, F) is

given by s — —Bu/w;. If we denote the inclusion C; — M by i;, then fC, Ly =
J

2r

w;j

by

The equivariant basic Euler class e; of the normal bundle to C; in M 1is given

e = (50) TI(8 = Brun/wy).

ki
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Proof. For every z € UD;, we have X (z) = \;R,,(2), which yields UD; C CritW. If

z € M\UD;, then there are k # j such that z;, z; # 0 and Ay # ;. It follows that

0 s 0 o) s 0 o) s 0 o) s 0
Bi(zig; = Zing) + Brlaegy — gz ) 7 MM wilzig; — Zigs) + welzng, — Zka_gk))
for every A € R. Since (a%, a%)?:o form a basis of T,C""!, they are linearly

independent at z, hence, X (z) ¢ RR,(z).

Now suppose that \; # A; for every j # [. On Cj, it is R, = w;(z;0,, —y;0,,) and

X = Bi(2;0,;, —y;0;) = %Rw. dao, is a 2-form, so tjda, = 0. In Hygrpr, (C;), we

compute
0 = [dgorR, Cw] = [day — Lxuu — g, 00,S] = [—i—ﬂju — s,

thus obtaining the restriction map s — —f;u/w;.

vC; = span{0,,, 0y, | k # j} = C" x C; is a trivial bundle that is the product of
the line bundles span(9,, , 9y, ) x C;. Denote by 6; the canonical flat connection on
the bundle of oriented orthonormal frames of span(d;,,,d,,) x C;. The g & RR,-

equivariant Euler class of v then is

egarR, (VC;) = H egaR R, (SPAN(0y, , Oy, ) = H Pf(—utx6y — stgr,0k)

ki kit
— H L (ufy, + swy) = ()" H(uﬁk + wi(—Bju/w;))
ki ki
u n
= (g) H(ﬁk — wifj/wy).
k#j
On Cj, we have |z;]> = 1, z = 0 for | # j, so, we can parametrize Cj up to a
zero set by z; = €%, ¢ € (0,27). Then oy, = E(Zjdzi)—;zjw = i—f and fcj Uy =
2r 1 g, 2
fO wj dﬁp T owye o

With our localization formula, we can now compute the contact volume of weighted

Sasakian structures on odd spheres.

Remark 6.3.6. This result is known and can also by obtained by combining the
observation of Martelli-Sparks-Yau [MSY06]| that the volume of a toric Sasakian
manifold is related to the volume of the truncated cone over its momentum im-

age and a formula by Lawrence [Law91]| for the volume of a simple polytope (cf.
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[GNT17, Section 6.2]). Goertsches-Nozawa-T6ben also computed the same result
via a basic ABBV-type localization formula with respect to the transverse action
of t/RR, cf. [GNT17, Corollary 6.1].

Proposition 6.3.7. The contact volume of (M, a) = (S*"* «,,) is given by

2ﬂ.n+1

1
I(M,a) = —— [ aA(da)"= "
vol (M, «) a A (da) o

2rn! S
Proof. Recall that dga = da — Wu. We insert the results of Lemma 6.3.5 into our
localization formula. Choose any weights ; such that \; # A; for j # [ so that
Crit W = Uj_,C;. Note that C; is 1-dimensional, so only the polynomial part of
dca enters on the right hand side; we need a top degree form on the left hand side

when integrating over M, so only da enters.

*

/MaA(da)n:/MaA(dGa)":Z(—\P(Cj)u)" o

; c; €j

= (2m)" ! (=1) Z(w) W; [Tz (B — wi By /wy)

(27T)n+1(_1)" ﬁjn
W Wn L Hk#j(wglﬂkwj —Bj)

The right hand side has to be independent of the 3;, so we can take the limit 3, —
0o. Then the (j = 0)-summand tends to (—1)", the others vanish (cf. [GNT17,
Corollary 6.1]). O

Now, let us consider the special case of the odd sphere M = S? C C? with Sasakian
structure determined by the weight (w, 1) with w > 0 irrational. Let G = S act on
M with weights 8 = (—1,1). By Lemma 4.2.3, we have Hg(M,F) = %.
We obtain from Lemma 6.3.5 for this special case that the critical set is given by
Crit U = Cy U Cy, where Cy = S' x {0} and C; = {0} x S'. The equivariant
basic cohomology of the connected components is Hg(C;, F) = Ru]. Furthermore,
U(Cy) = —1/w, ¥(C4) = 1, the Euler classes e; of the normal bundles to C; in M
are g = 2= (1+ =) and e; = —2= (1 + w) and the restrictions ¢ : Ho(M, F) —
Hg(C;, F) are given by ¢ : s — u/w and ¢f : s = —u. Recall that we identified s'
with R. If St is parametrized via the angle ¢, then this identification corresponds

to AJ, — A. We determine a metric g on S* by ¢(d,,d,) = 1 so that the volume
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form is given by vol g1 = dip, vol (S') = 27. The induced inner product on R ~ s!
is then multiplication so that the induced measures to consider on g* and g are

the standard measures du and d¢, respectively.

Let us consider the Mayer-Vietoris sequence (cf. Proposition 3.3.6) of the pair
(M \ Cy, M\ Cp). Note that Cy is an equivariant retraction of M \ Cy, Cy is
an equivariant retraction of M \ Cp, and ¥~1(0) is an equivariant retraction of
(M\ Cy) N (M \ Cyp). Basic Kirwan surjectivity (Theorem 4.1.1) yields that the

long exact Mayer-Vietoris sequence turns into short exact sequences

0 — H5(M, F) "B H5(Co, F) @ HE(Ch, F) — HE(U1(0), F) — 0.

Hence, we can write n € Hg(M, F) as n° @ n', with o/ € Hg(C;, F) = Rlu]. If
p= Zf:o put~lst € Hg(M, F) is an arbitrary 2k-form, then jp = Zf:o Pk and
vip =S8 (=1)'piu®. Hence, any given au* € HZ(Cy, F) and bu* € HZ(C, F),
a,b € R, are both given as the restriction of the same form p € HZ(M,F) if
and only if Zf:o & = a and Zfzo(—l)lpl = b. For k = 0, the only solution is
po = a = b. For k > 0, the linear system of equations always has a solution
(po, ..., pk), for every a,b € R. Hence, it becomes evident that n° @ n' lies in the
image of (5@} if and only if n° and 7' have the same constant term, as polynomials

in u.
We compute the argument of jkres in the residue formula to be

- (ew/wn%s) ) g,

o(1+w)  o(l+w)
Note that for a rational function g and A € R\{0}, the residue is given as (cf. [JK97,
Proposition 3.4])

, 0 A <0
jkres{t6R|t>O} (g(gb)@z}@de) _ 7

> pec Res.—p (g(z)ei’\z) else

where Res denotes the ordinary residue.

Thus, we obtain

idag L . 5 [(€97"1°(9) ~ 1 (27)%*n°(0)
/M//G ag Ao N e = mjkres <(27T) (M) d¢> = w1
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In particular,

: 2
/ ap A eldeo = / g = . (6.17)
MG MG I+w

We will now compute the left hand side of Equation (6.17) to see that our formula

holds. Note that
1(0) = S (%) x S (%) .

U~1(0)/G is {1 }-equivariantly diffeomorphic to S* via [z] — 2220, where 1; acts
on S* by (z) = €1z Under this identification, the projection p : ¥=1(0) —
M/ /G is given by (2o, 21) + 22129. Denote the inclusion by ¢ : ¥=1(0) < M. Since

)

w+1

24
w+1

t*|zj|* = 1/2, we then compute t*a = (z0dZo+ z1dzy). Since p*(—=zdz) = t*a,

we obtain ag = wLszZ.
Up to a zero set, M//G ~ St is parametrized by ® : (0,27) — S, ¢ > €. In

2r 21

this coordinate, oy = w+r1d90. Then [o, a0 = [ wig 2

the right hand side of Equation 6.17.

dp = which is exactly
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Appendix A

Morse-Bott Theory

This Chapter does not contain any original research and was merely added for the
convenience of the reader. It contains a very brief introduction to the subject of
Morse-Bott functions and their properties, as far as they are used in this thesis.
Morse-Bott functions generalize the notion of Morse functions (cf. [Mil63]) and
their theory was developed by Bott in [Bot54|. For a more elaborate treatment of
the subject, the reader is also referred to, e.g., [Gue02, Nicl1].

Consider a compact manifold N and a smooth function f : M — R and denote its
critical set by Crit f. For a € R, we further set N*={p e N | f(p) <a}. Ifais
not a critical value of f, then N is a smooth manifold with boundary and f~(a)

is a smooth submanifold of N. We recall the following definitions.

Definition A.1. Let p be a critical point of f. Then the Hessian of f at p is the
symmetric bilinear form Hess, : T,N x T,N — R defined by

Hess, (v, w) = V(W (f))p,

where V, W are local extensions of the vectors v, w to vector fields. A connected
smooth submanifold A C N that consists solely of critical points of f is called
a non-degenerate critical submanifold of f if, for every p € A, T,A = ker Hess,,
that is, Hess is non-degenerate in directions normal to A. If NV is endowed with a
Riemannian metric, we denote the orthogonal complement of 7,A in T, N by v,A

and the subspaces on which Hess, is positive respective negative definite by V;EA,

103
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the positive and negative normal bundle of A, respectively. The index of a non-
degenerate critical submanifold A of f is the rank of the subbundle v~ A C T'N| 4.
f is called a Morse-Bott function if its critical set is a union of non-degenerate

critical submanifolds.

Now suppose that a compact Lie group K acts on N and that f is an N-invariant
Morse-Bott function. Such functions are a special case of the functions studied by
Wasserman in [Was69|. In this situation, N is a smooth invariant manifold with
boundary and f~'(a) is a smooth invariant submanifold of N. We are interested
in how the topology of N® changes when we change a. It turns out that the
K-homotopy type of N* does not change before a crosses a critical value, more

precisely, we have the following.

Theorem A.2 (|[Was69, Theorem 4.3]). Suppose that a compact Lie group K acts
on the compact manifold N. Let f : N — R be a K-invariant Morse-Bott function
and suppose that the bounded interval [a,b] does not contain a critical value of f.
Then N° is K -equivariantly diffeomorphic to N®.

We can also describe how the topology changes if a critical value is crossed. For
this purpose, we need the following definition (cf. [Was69, pp. 146f]).

Definition A.3. Let V,W be Riemannian K-vector bundles over a manifold B.
We denote their disk bundles by D, their open unit ball bundles by D and their
sphere bundles by S. The bundle DV @& DY = {(v,w) e VoW | ||v]| < 1, ||w|] <
1} is called a handle bundle of type (V, W) with index equal to the rank of W. Let
N C N be K-manifolds with boundary, and H C N a closed subset. We write
N=NuU pvesw H and say that N arises from N by attaching a handle bundle of
type (V, W) if

(i) F: DV @ DY — H C N is an equivariant homeomorphism onto H,
(i) N=NUH,
(iii) F|pvesw is an equivariant diffeomorphism onto H N AN,
(iv) F| pvepw is an equivariant diffeomorphism onto N\ N.

Theorem A.4 (|[Was69, Theorem 4.6]). Suppose that a compact Lie group K acts
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on the compact manifold N. Let f : N — R be a K-invariant Morse-Bott function
and assume that f has a single critical value a < ¢ < b in the bounded interval
[a,b]. Denote by By, ..., By the connected components of the critical set of f at level
c and by )\, their respective indices. Then N° is K-equivariantly diffeomorphic to
N with k handle-bundles of type (vt B;, v~ B;) disjointly attached.
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Outlook

There are still some interesting open questions related to the topics of this thesis

which, so far, remain unsolved, and which may be considered in future research.

The symplectic moment map is only determined up to an additive constant that
lies in the annihilator of the commutator of the Lie algebra. In particular, for
torus actions, any element of the dual Lie algebra can be added. Thus, Kirwan
surjectivity for non-zero regular values of the moment map can be obtained from
Kirwan surjectivity for 0 as regular value of the moment map. In the contact
setting, however, the contact moment map is completely determined so that the
question of basic Kirwan surjectivity for non-zero regular values is still open. The
construction of the special basis of the Lie algebra (Proposition 2.4.1), for example,
which is essential in obtaining basic Kirwan surjectivity, does not work for non-zero

regular values.

In the symplectic setting, Kirwan’s surjectivity result holds for Hamiltonian ac-
tions of compact groups that need not be Abelian. Furthermore, the compactness
assumption for the manifold can be weakened; it is sufficient to require that the
norm square ||||? of the moment map is flow closed, i.e., that every positive time
trajectory of —grad ||u||? is contained in a compact set (cf. [Kir84, Chapter 9]).
Kirwan’s proof makes use of the minimal degeneracy of ||u||?, a property that is
weaker than the Morse-Bott property and which was established in [Kir84, Chap-
ter 4]. The question of minimal degeneracy of the norm square of the contact
moment map is still unanswered. It is natural to wonder whether basic Kirwan
surjectivity on K-contact manifolds does also still hold under similarly weakened

assumptions.
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As already remarked in Section 4.3, Tolman-Weitsman generalize the proof of their
description of the kernel of the Kirwan map (cf. [TW03, Theorem 2]) from the S*-
case to the setting of the action of higher rank tori. As Kirwan in her proof of
surjectivity, they apply Morse-Bott theory of the norm square of the symplectic
moment map. A Tolman-Weitsman type description of the kernel of the basic

Kirwan map for the action of higher rank tori has not been achieved, yet.

All of our considerations in this thesis concerned torus actions only. In [JK95,
Theorem 8.1|, Jeffrey and Kirwan obtained the Residue Formula not only for
torus actions, but also for the action of compact connected Lie groups in general.
Among other things, they make use of the fact that integration over the Lie algebra
of a compact connected Lie group is related to integration over the Lie algebra of
a maximal torus via the Weyl Integration formula. Applying this formula and
using our results for torus actions, it remains to investigate further along the line
of argument of Jeffrey-Kirwan if our results in Section 6.2 extend to actions of

connected non-Abelian compact Lie groups.

In [JMWO5]|, Jeffrey-Mare-Woolf proved the Tolman-Weitsman type description
of the kernel of the Kirwan map as an application of the Residue Formula, by
considering the so-called residue kernel of the Kirwan map and certain generic
circle subgroups of a (maximal) torus. It could be investigated if a similar approach
is applicable in the contact setting. However, [JMWO05] also requires some Morse-

Bott theory for the norm square of the moment map.

In the symplectic setting, if 0 is a singular value of the moment map, Residue For-
mulae similar to [JK95, Theorem 8.1| were derived in certain situations; namely,
for non-singular, connected, complex projective varieties by Jeffrey-Kiem-Kirwan-
Woolf (cf. [JKKWO03|), for equivariant cohomology classes represented by basic
(with respect to the group action) differential forms on cotangent bundles of man-
ifolds that are endowed with an isometric group action by Ramacher (cf. [Ram16]),
and for equivariant cohomology classes represented by basic (with respect to the
group action) differential forms on general symplectic manifolds by Konstantis-
Kister-Ramacher (cf. [KKR16]). If 0 is not a regular value, the quotient of the
0-set of the moment map by the Lie group is in general singular and not even an

orbifold. It is an interesting, yet highly speculative question if a Residue Formula
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in the singular case for K-contact manifolds might hold in certain situations. To
begin with, a correct analogue of the basic cohomology of the contact quotient
would have to be found in such a singular setting, as well as a normal form for the

moment map.
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