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The effect of dynamical speed of light theories in Palatini
formalism on the cosmic evolution

Abstract

Motivated by the presence of the cosmological constant or Dark Energy as a huge part of the en-
ergy content of the universe, a lot of modified gravity models have been proposed. On the other
hand, the constancy or dynamics of fundamental constants is of doubt in some theories.
Here, I study the dynamics of different facets of the speed of light in Palatini theories of gravity,
wheremetric and connection are regarded to be independent from each other. It has been shown
before that in such theories, in a local framewith a vanishing affine connection, the usual degener-
acy between different manifestations of the speed of light is broken. I use this broken degeneracy
in a f(RµνRµν)model to check if different observations and constraints are in agreement with
this claim.
In particular, I study the effect of a f(RµνRµν) model on the Hubble parameter. Then using
this modified Hubble parameter, I use the impact of the dynamics of the causal structure con-
stant (cST) on the distance modulus of Supernovae Ia and the predictions of the redshift drift
without assuming cosmological constant (or Dark Energy) in the energy content of the universe.
On the other hand, using the constraints given by quasar absorption lines and also the recent
LIGO-Virgo observation on the dynamics of the speed of electromagnetic waves (cEM), I show
that in this model a degeneracy between cEM and cST is also favored by data.
At the end, using the fact that the speed of gravitational waves is constant in such model, I show
cGW ≤ cEM < cST in each redshift, within the redshift range I studied.

Zusammenfassung

Der wesentliche Teil des Energiebudgets unseres Universums besteht aus einer noch unbekan-
nten Energieform, welche als Dunkle Energie oder kosmologische Konstante bezeichnet wird.
Ihre Existenz hat zahlreiche Modifikationsansätze für die bestehenden Modelle der Gravitation
motiviert. In einigen Theorien wird die zeitliche Konstanz der fundamentalenNaturkonstanten
in Zweifel gezogen.
In dieser Arbeit untersuche ich die Dynamik verschiedener Facetten der Lichtgeschwindigkeit
im Rahmen der Palatini-Gravitationstheorie, welche die Raumzeit-Metrik sowie die affine
Verbindung zwischen Raumzeitpunkten als voneinander unabhängige Größen betrachtet. Es
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wurde bereits gezeigt, dass in solche Theorien in einem lokalen Bezugssystem mit einer ver-
schwindenden affinen Verbindung die sonst vorliegende Entartung zwischen den verschiedenen
Manifestationen der Lichtgeschwindigkeit aufgelöst wird.

Basierend auf dieser Auflösung der Entartung prüfe ich in einem f(RµνRµν)-Modell, in-
wiefern verschiedeneBeobachtungenundBeobachtungsvorhersagenmit dieserAnnahmeübere-
instimmen. Speziell untersuche ich die Auswirkungen eines f(RµνRµν)-Modells auf den
Hubble- Parameter. In einem solchen Ansatz kann die Dynamik der Kausalitätsstrukturkon-
stante cST und ihre Auswirkungen auf das Entfernungsmodul von Typ Ia Supernovae sowie
ihren Rotverschiebungsdrift gänzlich ohne die Annahme einer kosmologische Konstante (oder
ohneDunkle Energie) studiert werden. Beobachtungen vonAbsorptionslinien inQuasaren und
der zeitlichen Variabilität der Geschwindigkeit elektromagnetischer Wellen (cEM) durch LIGO-
Virgo zeigen, dass die vorliegenden Daten eine Entartung zwischen cEM und cST favorisieren.
Abschließend leite ich für den gesamten untersuchten Parameterraum der Rotverschiebung her,
dass für Gravitationswellen, die in einem f(RµνRµν)-Modell eine konstante Geschwindigkeit
haben, der Zusammenhang cGW ≤ cEM < cST gilt.
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Numerical values used for fitting the model

Parameter Value Uncertainty Reference

H0 65.1 km s−1 Mpc−1 +1.7 /−1.9 Planck Collaboration et al. 2015

2.1097× 10−18 s−1 +2.1648 /−2.0482

(×10−18 s−1)

lp 1.6162× 10−35 m Mohr et al. 2016

c0 2.9979× 108 ms−1 exact Mohr et al. 2016

G 6.6741× 10−11 m3 kg−1 s−2 31× 10−16 Mohr et al. 2016

κ = 8πG
c40

2.0766× 10−43

Ω0
m 0.3289 Planck+WMAP

68% limits

Planck Collaboration et al. 2015

ρ0m,LCDM =
3H2

0Ω
0
m

8πG 2.6179× 10−27 kg m−3

ρ0m,EdS =
3H2

0

8πG 7.9607× 10−27 kg m−3

Ω0
Λ = 1− Ω0

m 0.6711

1



Frequently used symbols

Symbol

a(t) scale factor (a(t)
a0

= 1
1+z

)

z redshift

H Hubble parameter ( ȧ
a
)

dL Luminosity distance

Ωi Density parameter of the i component (matter, radiation,...)

Λ Cosmological constant

ΛCDM Λ Cold Dark Matter

Γα
µν Affine connection{
α
µν

}
Christoffel symbol

R Ricci scalar made from Christoffel symbols

Rµν Curvature tensor made from Christoffel symbols

R Ricci scalar made from Affine connections

Rµν Curvature tensor made from Affine connections

DSL Dynamical Speed of Light

VSL Varying Speed of Light

FRW Friedmann–Lemaitre–Robertson–Walker
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1
Introduction

The standard ΛCDM model1, is perhaps one of the simplest and most prominent cosmologi-
cal models that we had until now. The success of this model, cannot be denied. However, man’s
scientific spirit can never stop him from looking for knowing it “all” . The presence of the cosmo-
logical constant (Λ) as an unknown constant, has motivated a lot of scientists not only to study
the origin and meaning of it, but also examine extended models (e.g. (Amendola & Tsujikawa,
2010; Li et al., 2007; Tsujikawa, 2010)). Mentioning this at the beginning of this thesis helpsme in
expressing that although a lot of physicists believe in theΛCDMmodel as a well founded theory,
the attempt to explore other theories more has never stopped. Having a pile of extendedmodels,
shows that thesemodels have to be studied further and their strength and also shortcomingsmust
be compared and reviewed. In fact it shows that it is worth exploring different possible models,
finding their advantages and drawbacks and finally be able to at least make the possible models,
a smaller number and keep the ones with more benefits. Any of these conclusions would help in
going one step forward in order to get the ultimate perfect model.

The success of ΛCDM model, has been revealed by several distinct observations. This model
consists of DarkMatter and also the cosmological constant which plays the role of Dark Energy2
(Amendola & Tsujikawa, 2010).
Among these observations, the luminosity distance of Supernovae type Ia (SN Ia) showed our
universe has recently gone through an expansion phase (Perlmutter et al., 1999; Riess et al., 1998);
and confirms that it can be well explained with a ΛCDM universe. Also, ΛCDM model can
explain the shift of the position of Cosmic Microwave Background (CMB) acoustic peaks, also

1Also known as the concordance model.
2Based on Planck observationsH0 = 65.1+1.7

−1.9 ,Ωbh
2 = 0.02207 andΩch

2 = 0.1173 (Planck Collaboration
et al., 2015)
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known as the CMB shift parameter (Amendola & Tsujikawa, 2010; Tsujikawa, 2013).
However apart from all the advantages and simplicity, this model suffers from ambiguities

such as the cosmological constant problem, fine tuning problem and the coincidence problem. Such
problems are the main motivations to look for alternative models (e.g (Amendola & Tsujikawa,
2010; Joyce et al., 2015)). To put it another way, not knowing what the so called cosmological
constant is, can be a reasonable motivation to look if ΛCDM model is just some other way of
expressing another model which is less ambiguous. Another alternative to the standard theory is
modifying the standard gravitational theory. Here, the Lagrangian is modified by adding extra
geometric terms; e.g. terms which are made of the curvature tensor or modifying the matter
content of the universe (Olmo, 2012). Thesemodels can be considered both inmetric andPalatini
formalism.
Unlike the metric formalism, Palatini formalism considers the Christoffel symbol and the affine
connection to be independent from each other; therefore it gives a more generic description of
the space time geometry (Fatibene & Francaviglia, 2012).
On the other hand, the constancy of the usual constants used in physical theories has been of
doubt for a while now (e.g. (Magueijo, 2003)). Although the standard theory assumes some of
the fundamental constants (such as the speed of light ) to be non-dynamical, there is no good
reason not to explore more.

This doubt, resulted in several theoretical and experimental studies on the possibility and con-
sequences of the existence of dynamical fundamental constants in recent years(e.g. (Barrow, 2003;
Barrow & Lip, 2012; Magueijo, 2003; Murphy et al., 2001a; Uzan, 2004, 2011; Webb et al., 1999,
2001; Balcerzak & Dabrowski, 2014; Zhang & Meng, 2014)). Among these studies, here in this
thesis we favor the ones studying either dynamics of the fine structure constant which can be
translated to the dynamic of the electromagnetic waves, or the dynamics of speed of light in gen-
eral. Of course a varying fine structure constant can be supposed to be the result of a varying c,
e, ℏ, or a combination of these.
Basically, dynamical speed of light models can be used to solve some of the standard cosmolog-
ical theory’s problems, such as the horizon enigmas, which is related to the causal connection
between different points in the sky; and can be solved by considering an inflationary era in the
early universe. Similarly, a larger speed of light in the earlier times can enlarge the horizon and
locate different parts of the universe in each other’s horizons (Magueijo, 2003).
Furthermore, speed of light has different facets and it enters different physical equations with dif-
ferent origins (Ellis &Uzan, 2005), such as the causal structure constant (cST) or the speed of the
gravitational waves (cGW). In fact, there is no compelling reason to assume all these facets to not
only be constant in cosmic time, but also be the same. Of course this is the case in the standard
theory, but it has been shown that this may not hold in non-standard models (Izadi & Shojai,
2009).
The independency between the Christoffel symbol and the affine connection in Palatini formal-
ism, results in two different local frames; onewith the Christoffel symbol vanishing and the other
one with vanishing affine connection. Interestingly in the frame in which the affine connection
vanishes, if we consider different origins for the speed of light, they can in principle not only be-
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come different from each other, but also become variable (Izadi & Shojai, 2009). Unlike many
dynamical speed of light models which predefine speed of light as a function of redshift (time)
(e.g. (Qi et al., 2014)), this approach results in varying different facets of the speed of lightwithout
predefining the form of variation.

In this thesis, we consider the approachmentioned above and study how different facets of the
speed of light change in cosmic time, using different observational data.
In terms of time, when studying this model, we focus on the change of different facets of speed
of light in recent era; i.e. we do not consider these changes in the very early universe.

Our main goal is first to study how different facets of speed of light change and if they are
comparable to each other or not, and second to examine how considering such deviations be-
tween different facets of the speed of light can be helpful in eliminating Dark Energy at least in
explaining some cosmological observations.

5
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2
Standard General Relativity versus

observations

2.1 Standard General Relativity

As discussed before, the validity of General Relativity (GR) has been shown with great precision
in small ranges to large ones. Hence, we dedicate this section to this revolutionary theory.

As it will be discussed in chapter 4, GR puts a lot of constraints on the geometry of the mani-
fold, such that the connection is themetric connection and the Lagrangian is taken to be Einstein
Hilbert Lagrangian. We will review this idea in chapter 4. In GR (when considering no cosmo-
logical constant), the action is given by

S =
1

2κ

∫
d4x

√
−gR + Sm(gµν , ψ), (2.1)

in which gµν is the metric, R is the ricci scalar, Sm is the matter action and ψ is the mat-
ter field. Using the action principle, varying (2.1) with respect to the metric and also δSm =
−1/2

∫
d4x

√
−gTµνδgµν , we get to Einstein field equations.

Rµν −
1

2
gµνR = κTµν (2.2)

This is the Einstein field equations from standard GR without a cosmological constant (see e.g.
(D’Inverno, 1992)).
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2.1.1 A short review on ΛCDM model
Discovering the accelerated expansion of the universe (Perlmutter et al., 1999; Riess et al., 1998),
revealed the need for considering an exotic kind of reason for this expansion in the content of
our universe. This unknown expansion source, can either be a constant energy throughout the
cosmic history or a variablewhich has changed to the present amountwe observe indirectly today.
The constant energy added to the total amount of the universe’s energy, is coming from the so
called cosmological constant. This constant can make a negative pressure which can dominate
the universe in recent years and win over the attraction force of matter (see e.g. (Amendola &
Tsujikawa, 2010; Weinberg, 2008)).

Despite several remained questions about the cosmological constant, theΛCDMmodel is still
the simplest cosmologicalmodel presented until now (e.g. (Tsujikawa, 2011)). Due to the fact that
Hubble’s law (performed by Hubble and Slipher (Amendola & Tsujikawa, 2010)), have shown
that Einstein-Hilbert Lagrangian is not satisfactory, an extra term is needed to justify an acceler-
ated expansion of our universe. If our universe is dominated only bymatter, we expect its expan-
sion to be decelerating; therefore, observing an accelerated expansion means we need something
different to have a negative pressure and accelerate the expansion of the universe (see e.g. (Tsu-
jikawa, 2011; Izadi et al., 2017; Farooq & Ratra, 2013)).

Hence as the standard ΛCDM model we need to modify Einstein field equations, either by
adding an extra sentence either to the left hand side of (2.2) as a geometric term or to the right
hand side of (2.2) as an extra term to the matter terms. This means the Einstein-Hilbert action
must be modified by adding an extra term to it as

S =
1

2κ

∫
d4x

√
−g(R− 2Λ) + Sm(gµν , ψ) (2.3)

and by varying this action with respect to the metric we have

Rµν + gµν(Λ− 1

2
R) = κTµν (2.4)

This is what we call the Einstein field equations of the ΛCDM model. At first Einstein entered
this constant Λ to have a static universe, although after a while it was proven that not only our
universe is not static, but it also is in an accelerated expansion phase. For amore detailed historical
points see (Amendola & Tsujikawa, 2010).

On the other hand, the Friedmann–Lemaître–Robertson–Walker (FRW) metric (Amendola
& Tsujikawa, 2010), which shows a homogeneous and isotropic universe is given by

gµν =


1 0 0 0

0 − a2

1−Kr2
0 0

0 0 −a2r2 0
0 0 0 −a2r2 sin2 θ

 (2.5)
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Here, a = a(t) is the scale factor of the universe andK is the curvature of the universe. Using this
metric, the 00 and ii components of the field equations in (2.4), give the Friedmann equations

H2 =
8πG

3
ρ− Kc2

a2
− Λc2

3
(2.6)

ä

a
= −4πG

3
(ρ+

3p

c2
) +

Λc2

3

in which H = ȧ/a is the Hubble parameter, ρ is the energy density of the fluid and p is the
pressure of the fluid. In terms of the density parameters, the Hubble parameter of the ΛCDM
model in the recent universe in which the radiation is negligible, is given as 1

H = H0

√
Ω0

m(1 + z)3 + Ω0
Λ (2.7)

in whichΩ0
m + Ω0

Λ = 1. The standard cosmological model discussed here (the ΛCDM model),
agrees with different observations (e.g. (Amendola & Tsujikawa, 2010)). In what follows we talk
about few of them.

2.1.2 The Observable Hubble Data (OHD)

One of the methods which is used to investigate the value of the Hubble parameter in different
redshifts is the differential age method.
Defining theHubble parameter asH = ȧ/a, one rewrites this equation in terms of the redshift,

H(z) = − 1

1 + z

dz

dt
. (2.8)

Then by observing old passive galaxies, one can calculate the variation of the age (dt) in a redshift
range (dz) (Zhang et al., 2010). Figure 2.1 shows the Hubble parameter of the ΛCDM model
together with the Observable Hubble Data. For the observable data, we selected the data related
to the differential age method from Table 1 of Ref. (Farooq & Ratra, 2013).

1H0 = 65.1 kms−1Mpc
−1,Ω0

m = 0.3289 (Planck Collaboration et al., 2015)
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Figure 2.1: The Hubble parameter vs. redshift forΛCDMmodel (Planck Collaboration et al., 2015) and Observable Hubble

Data (selected data from measurements of differential age method) (Farooq & Ratra, 2013), which is in the redshift range

0.070 < z < 1.750.

As it is clear here, theΛCDMmodel agrees with the OHD. Considering no cosmological con-
stant, the value of theHubble parameterwould become somuch larger that it does not agreewith
these data points anymore. Also, as shown here, the Hubble parameter increases with redshift.

2.1.3 The luminosity distance of Supernovae Ia

The observations of the luminosity distance of Supernovae Ia, showing the recent acceleration of
the universe (Perlmutter et al., 1999; Riess et al., 1998), is one of the evidences which proves that
the standard gravitational model, in which one only considers the Einstein-Hilbert Lagrangian
and only matter and radiation in the energy content of the universe, cannot give a satisfactory
formof theuniverse’s evolution. This shows that a large part of the energy content of ouruniverse
has to be of something unknown that we call : Dark Energy (or the cosmological constant) (see
e.g. (Amendola & Tsujikawa, 2010)).

10



The luminosity distance is given by (Amendola & Tsujikawa, 2010)

d2L =
Ls

4πF
(2.9)

in which, Ls is the absolute luminosity andF is the observed flux :

F =
Lo

4π(a0f(χ))2
(2.10)

here Lo is the observed luminosity and f(χ) is given by

f(χ) =
1√
−K

sinh(
√
−Kχ) (2.11)

=


sinχ forK = +1

χ forK = 0

sinhχ forK = −1

K shows the curvature of the universe which can be+1, 0,−1 for a closed, flat or open universe
2. Also,

χ =

∫ z

0

c
dz

H
(2.12)

Considering a0 = 1, equation (2.9) can then be written as

dL = f(χ)

√
Ls

Lo

(2.13)

On the other hand, considering L as the luminosity of light which has been emitted in a time
interval∆twith energy∆E, we have L = ∆E/∆twhich results in

dL = f(χ)(1 + z) (2.14)
= χ(1 + z)

= (1 + z)

∫ z

0

c
dz

H

H is the Hubble parameter which is set according to the model we choose. For instance, for the
ΛCDM model we take H = H0

√
Ω0

m(1 + z)3 + Ω0
Λ. From the observational point of view,

the luminosity distance is written in parsec3 as

dL = 101+µ/5 pc, (2.15)
2Here in this thesis, we always consider a flat universe; soK = 0.
31pc = 3.0857× 1016 m.
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in which µ = m − M is the distance modulus, m is the apparent magnitude, and M is the
absolutemagnitude. Figure 2.2, shows the SNdistancemodulus for observational points (Suzuki
& et. al., 2012) and also theΛCDM model.
In this thesis, we use the data points of (Suzuki & et. al., 2012) as observational data of the SN
distance modulus. We are aware of the fact that this data set is corresponding to h = 0.7 (H0 =
70 km s−1 Mpc−1). However, only for the sake of comparison between different models and
showing the correct trend of the models, we use these data points.

Figure 2.2: The SN Ia distance modulus vs. redshift forΛCDMmodel (Planck Collaboration et al., 2015) and observational

points (Suzuki & et. al., 2012).

As it is shown in Figure 2.2, the SN distance modulus, increases with redshift. In models which
only consider matter for this redshift range and no modifications, this distance modulus has an
increase which is not enough tomatch observations. This means suchmodels, show the distance
much less than we observe. This is simply one of the reasons we need Dark Energy: to make the
distances larger enough to match with the observations (Tsujikawa, 2011).

12



2.1.4 The redshift drift
Theoretically, the expansion of the universe, changes the observed redshift of a source in a given
time. This change is of course very small and has not been yet detected. However, observing of
the redshift drift in future is not only going to be a direct way to observe the Hubble parameter,
but it is also going to be model independent which is a great advantage. Briefly, the method is
to observe a source and take its spectrum, take the spectrum again in a future time; and at the
end compare these two and look for the shifts in the spectral features (Sandage, 1962; Liske et al.,
2008a; Amendola & Tsujikawa, 2010). One of the suitable targets for this method are probably
the quasars, as bright sources observed in wide redshift ranges (similar to the method of con-
straining possible variation of the fine structure constant which is explained in Chapter 3). They
also have a lot of sharp absorption lines whichwould help in increasing the collected information
from the spectrum and the precision of the observations (Liske et al., 2008a,b).

When a source emits light at t, its observed redshift at t0 is given by

z(t0) =
a0
a

− 1 (2.16)

in which z(t0) is the observed redshift of the source, a and a0 are the scale factors at t and t0
respectively. When the observer spends∆t0 time, the observed redshift will be

z(t0 +∆t0) =
a(t0 +∆t0)

a(t+∆t)
− 1 (2.17)

The redshift of the source then varies by subtracting equation (2.16) from (2.17).

∆z = z(t0 +∆t0)− z(t0) (2.18)

≃ ∆t0
a

(ȧ0 − ȧ)

= H0∆t0

(
(1 + z)− H

H0

)
According to this equation, if one observes the change in the redshift of some distant objects for a
time duration∆t0, then theHubble parameter is directly calculated at that redshift(Amendola&
Tsujikawa, 2010). As it is shown in this equation, theHubble parameter can be simply calculated
without assuming any kind of cosmological model for the universe. This is one of the advantages
of this observation because the result is model independent (Liske et al., 2008b).
As we stated before, this change in the redshift of the quasar can also be translated in the change
of the apparent velocity.

If we consider two points p and p′ with an infinitesimal distance of∆l from each other, then
the relative velocity of p′ with respect to p due to the expansion of the universe would be

∆v = vp − vp′ (2.19)
= −H dl

13



then, it takes

∆t =
∆l

c
(2.20)

for a signal from p′ to arrive at p. This leads to

∆t =
∆v

H c
(2.21)

H ∆t =
∆v

c

∆v =
c∆z

1 + z

which shows the relation between the change in the the apparent velocity of the source and the
change in its redshift due to the expansion of the universe (Coles & Lucchin, 2002).

The overall precision of this velocity shift, σ∆v, for observing 30 quasars at z = 4with a signal
to noise ratio (S/N) of 2370 is going to be a1; a1 = 2 for using only the Lyα forest lines or
a1 = 1.35 for using Lyα and Lyβ forest lines and also metal absorption lines. This accuracy is
given by (Liske et al., 2008a)

σ∆v = a1

(2370
S/N

)( 30

NQSO

)1/2( 5

1 + zQSO

)q
cm/s (2.22)

The number of the lines, depends on the density of the cloud (which is in average a known prop-
erty of the universe) and also the redshift. The higher the redshift, the denser the Lyα lines will
be. Therefore, there are more spectral lines and the precision increases. This can be easily seen in
the inverse dependence to the redshift in equation (2.22).
As stated earlier, the number of the spectral features increases with redshift. However at redshift
around 4, there are somany spectral lines that they overlap each other and result in decreasing the
amount of information. Therefore, from this redshift, the spectral features do not increase the
same as before. This is why q, changes at z = 4: q = 0.9 at z > 4 and q = 1.7 at z < 4 (Liske
et al., 2008a).

The error bars considered for the velocity shift, can be translated to the error bars in redshift
drift: σ∆v = c/(1 + z)σ∆z . Using equation (2.18), redshift drift is plotted in Figure 2.3.
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Figure 2.3: 1010∆z vs. redshift forΛCDMmodel (Planck Collaboration et al., 2015) and theoretical observational points.

As it is shown in this plot, in this redshift range∆z has a small value of the order of≈ 10−9, therefore we plot 1010∆z.
Here we used∆t0 = 30 yr,NQSO = 20, S/N = 2000, a1 = 1.35 for the simulated observational points and their

uncertainties. For the error bars we usedσ∆v = c/(1 + z)σ∆z .

As it is shown in Figure 2.3, redshift drift is a very small effect. That is the reason that 1010∆z
is plotted here. Also, the shift of the redshift in the spectrum experiences an increase, reaches a
maximumpositive value and the decreases to zero 4 and in z = zcross it crosses the zero linewhich
means no shift in the redshift of the quasars is observable. After this redshift, again the redshift of
the quasars changes.

The z ∼ 2 is an important redshift for us, in the sense that it is near the place in which ∆v
crosses the zero line. Among all the cosmologicalmodels, only the oneswhich result in accelerated
expansion are positive at first and then cross the zero line (Liske et al., 2008a). For the ΛCDM
model, the redshift drift crosses the zero line at z = 0, 1.7760. Other cosmological models, may
show a different value for the redshifts at which the redshift drift crosses the zero line. This can
be a key to show observational differences between the new models and the ΛCDM model. We
will use this feature later.

4We call this redshift zcross.
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As said before, ∆z can also be shown as the change in the velocity of the source, ∆v. ∆v is
plotted in Figure 2.4 both for the ΛCDM model and simulated observational points. Again we
emphasize that the redshift drift has not been detected yet and the so called “observation” points
are taken from simulations with error bars shown in equation (2.22).

Figure 2.4:∆v vs. redshift forΛCDMmodel (PlanckCollaboration et al., 2015) and simulated observational points. Herewe

used∆t0 = 30 yr,NQSO = 20,S/N = 2000, a1 = 1.35 for the simulated observational points and their theoretical

uncertainties. The 20 quasars are considered to be distributed equally in the 5 redshift bins.

What we see from Figure 2.4 is that from z = 0 to z ≃ 2, there is a shift in the velocity of
the quasar; an increase and then a decrease. Then, the plot crosses the zero line at around z ≃ 2.
For theΛCDM model, using Planck 2013 values (Planck Collaboration et al., 2015), this happens
at zcross = 1.7760. This means at this redshift, no velocity shift is detected. In other words, no
change in the redshift of the quasars at this redshift is detected. Again we emphasis that as this
shift is not large enough to be observed by today’s telescopes, by using the word “detection” , we
mean simulated data points. After crossing the line, the velocity shift will happen again but in a
different direction. And it decreases by redshift.
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2.1.5 Gravitational waves
Considering a small perturbation to the flat geometry metric,

gµν = ηµν + ϵhµν (2.23)

in which ϵ is very small and only up toO(ϵ) terms can be kept. Then the Ricci tensor and Ricci
scalar would become

Rµν = ∂ρΓ̃
ρ
µν − ∂νΓ̃

ρ
ρµ (2.24)

=
1

2
ϵ (∂ρ∂µh

ρ
ν −□hµν − ∂µ∂νh+ ∂ν∂

ρhµρ)

R = ϵ (∂ρ∂
αhρα −□h)

If we define a new tensor, ψµν = hµν − 1/2ηµνh, and consider the gauge condition ∂αψα
β = 0,

then the vacuum solution of the Einstein field equations would result in

□h = 0 → □hµν = 0 (2.25)

(D’Inverno, 1992). This equation is a wave equation with a solution of type hµν = Aµνe
ikx that

results in
k2 = 0 (2.26)

Here, k is the 4-wave vector and the above equation shows that the speed of gravitational waves
is c, the same as the speed of electromagnetic waves.

As seen in the above, the gravitational waves are an interesting result of the linearized Einstein
field equations. The most interesting point about observing gravitational waves is that using
gravitational waves, we are able to observe sources which are undetectable using electromagnetic
waves. Simply speaking, when a heavy mass moves on the space time, it perturbed the space time
andmakes gravitationalwaves. The heavier themass is, themore the space time gets perturbed. A
binary black hole merger produces gravitational waves which could only recently been detected.
As the two black holes rotate, they produce gravitational waves, becomemore near to each other
and at the end, merge andmake a muchmore massive black hole. When gravitational waves pass
between two points, the distance between these points changes. This happens because the shape
of the space time changes while gravitational waves move on it (Abbott et al., 2016b,a, 2017b,c) 5.

The direct observations of a binary black hole merger was done by the LIGO 6 team for the
first time (Abbott et al., 2016b). LIGO consists of two large arms, whose lengths change slightly
when gravitational waves perturb the space time. According to what the LIGO team reported,
the luminosity distance of the first detected source is 410+160

−180 Mpc.

5The last paper is the observation of a binary neutron star.
6Laser Interferometer Gravitational-Wave Observatory
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2.2 ΛCDM model challenges
Although this model shows good agreement with a lot of observations, there are some funda-
mental ambiguities regarding the constantΛ (cosmological constant). In what follows we briefly
summarize some of these.

The fine tuning problem

Considering the first equation in (2.6), at the present time which we show by the 0 indice, we
have

H2
0 ∼ Λc2

3
(2.27)

So the energy density of the cosmological constant can be shown as (Coles & Lucchin, 2002)

ρΛ ≈ Λc2

8πG
(2.28)

which results in ρΛ ≈ 10−47 GeV4 (Amendola & Tsujikawa, 2010). On the other hand, we can
interpret the cosmological constant’s energy momentum tensor as

TΛ
µν = ρΛc

2gµν (2.29)

As we can see here, the only thing TΛ
µν depends on is the metric and this leads us to assume it

as a property of the vacuum (Hobson et al., 2006). Therefore, if we look at this energy density
embedded in the vacuum, and keep in mind that GR is valid until the Planck scale, the vacuum
energy density become

ρvac ≃ 1074 GeV4 (2.30)

comparing the last two equations shows there is a big difference between ρΛ and ρvac- about
10121 order (Amendola&Tsujikawa, 2010). This is called the cosmological constant’s fine tuning
problem : If the cosmological constant energy is coming from the vacuum energy, then what is
all this big difference? If it is not the vacuum energy, then what is it?

The coincidence problem

The other issue is that not only this value is very small but its energy density is also comparable
to the value of energy density of matter. The question is although these two are totally differ-
ent, matter making gravitational attraction and the cosmological constant making gravitational
repulsion, why should the value of these two coincide? In other words the redshift in which the
energy density of these two coincide is near 0, the present time (Amendola & Tsujikawa, 2010).
Using Planck data (Planck Collaboration et al., 2015), the coincidence redshift is given by 7

ρm = ρΛ → zc = 0.268 (2.31)
7This differs when considering different values forΩ0

m andΩ0
Λ.
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This is called the cosmological constant’s coincidence problem. So in addition to the fact that Λ
is an unknown constant to us (the same as Dark Energy), it also suffers from unsolved problems
stated above.

All these questions and argues about the cosmological constant, makes one also think about
alternatives. Another way to deal with this is to eliminate the cosmological constant and consider
an alternative model (see e.g. (Amendola &Tsujikawa, 2010)). In the next following chapters we
study some of these attempts.

2.3 Summary
As it was shown in this chapter, the simple Einstein-Hilbert Lagrangian cannot give a complete
satisfactory explanation of our universe. In principle to explain the recent accelerated expansion
of the universe, this has to be modified; either by manually putting a constant (cosmological
constant ) or adding higher order geometric terms (see e.g. (Amendola & Tsujikawa, 2010; Izadi
et al., 2017)). The first approach is a successful one, in terms of simplicity and also observations.
However, questions about its origin made people to also try the second approach. This will be
more studied in Chapter 4.
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3
Dynamical fundamental couplings

This chapter is about the possibility of variation of fundamental constants. Unlike the constants
whose values can be acquired from theory (such asH0

1 ), traditionally fundamental constants are
“fixed rigid” values in physics (Ellis et al., 2012).
As mentioned in (Damour, 2009), General Relativity and the whole historical trend of physics
lead us to the fact that the physical structures in the universe are rather “dynamical” than “rigid”.
The so called constants’ of physics might then also be “dynamical entities” which depend on the
space time being dynamical due to the energy content on it (Damour, 2009). This is more clear
in the model we chose to work with in Chapter 5.

If the fundamental physical constants are actually “constant, what is the reason? This question
has been in people’sminds for a long time now. There is a famous statement by PaulDirac, which
is taken from “On methods in theoretical physics”, in June 1968 in Trieste, which says:
“... It is usually assumed that the laws of nature have always been the same as they are now. There
is no justification for this. The laws may be changing, and in particular quantities which are
considered to be constants of nature may be varying with cosmological time...” (Magueijo, 2003).

Since then, having doubt about the ” constancy of constants ”within the age of the universe, has
lead people do several theoretical studies and also carry out observations regarding the possibility
of the variation of fundamental constants (see e.g (Planck Collaboration et al., 2015; Uzan, 2004,
2011; Barrow, 2003; Barrow & Lip, 2012; Magueijo, 2003; Murphy et al., 2001a; Webb et al., 1999,
2001)). This has opened a new door to alternative cosmological models and shows the demand
of studying the properties and consequences of these models.

In section 3.1, we talk about some observational constraints on the variation of fine structure

1present value of the Hubble parameter
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constant. In chapter 5, we will use these constraints in order to put limits on the variation of
speed of electromagnetic waves (cEM). In addition, in that chapter using the recent LIGO-Virgo
observations (Abbott et al., 2017c), we constraint cEM using the model we introduce later.

3.1 Dynamical fine structure constant
Fine structure constant shows the strength of electromagnetic force and is given by αEM =
1/(4πϵ0) e

2/(ℏcEM) (Kotuš et al., 2017), e is the electron charge, ℏ is the reduced Planck con-
stant and cEM is the speed of electromagnetic waves.

In order to find dynamics in this constant, observations sensitive to the dynamics of fine struc-
ture constant should be done in higher redshifts. The result can then be compared to the present
value of αEM (Srianand et al., 2004).

In what follows we review some of these methods using the quasar absorption lines.

3.1.1 Quasar absorption lines
Quasars are luminous objects in the center of galaxies, which are observed as point like sources.
One of the interesting features of these luminous objects which are good probes of cosmology is
the absorption lines in their spectra (Padmanabhan, 1993).

The possible dynamics of the fine structure constant can be achieved using the light coming
from the quasars. Suppose there is a cloud on the way which this light travels through while
coming to the Earth. Then the ions in the cloud make absorption lines in the spectrum of the
light (Padmanabhan, 1993; Uzan, 2011). Therefore, one can say that these electromagnetic waves,
contain some physical information in the redshift of the cloud (Uzan, 2011). Different methods
are used to put constraints on the variation of fine structure constant. Here we briefly explain
two of them:

• TheAlkali Doublet (AD)method, is based on the fine structure doublets splitting of the
Alkali atoms (Uzan, 2011). Comparing the observed separation of the doublets of the Al-
kali atoms with the one in the laboratory, one can constraint the dynamics of αEM. This
separation changes due to the global redshifting of the universe and also a possible dynamic
of αEM. In this method, the doublet separation of one ion is studied (see e.g. (Uzan, 2011;
Murphy et al., 2001b)).

• In the Many Multiplet (MM) method, the correlation between different transitions of
different atoms is used (Uzan, 2011). This method is more general than the AD method
and it uses themultiplets from different kinds of atoms. In fact, unlike the ADmethod, in
which only the wavelength separation of two doublets of an ion is studied, here they use as
much doublets as possible. The different separations in these different atoms, change dif-
ferent from each other. TheMMmethod then uses transition which are nearly insensitive
to the dynamics of αEM (such as Mg II or Mg I transitions) as an anchor. The method is
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basically based on comparing relative shifts between the anchor and transitions which are
so sensitive to the dynamic of αEM, like Fe II. (Srianand et al., 2004).

Some of the observational data regarding the quasar absorption lines is given in table 3.1 and
also Figure 3.1.

Method Constraint on∆α/α0 (×10−5) Redshift Ref.
AD1 −0.5± 1.3 2.33− 3.08 (Murphy et al., 2001b)
AD2 +0.15± 0.43 1.59− 2.92 (Chand et al., 2005)
AD3 −3.09± 8.46 1.1862− 1.8377 (Martínez Fiorenzano et al., 2003)
MM1 −0.06± 0.06 0.4− 2.3 (Chand et al., 2004)
MM2 0.04± 0.23 1− 2.4 (Murphy et al., 2016)

Table3.1: Possibledynamicsof thefinestructureconstant (αEM (z)/α0−1) using theanalysisofquasarabsorptionspectra.
Considering constant e and ℏ, we relate this dynamic to the speed of electromagnetic waves; i.e. c0/cEM − 1 and use this
to put constraints on cEM in chapter 5. The redshift range for the first AD data, is taken from (Uzan, 2011). All constraints

presented here are also in agreement with a non varying fine structure constant.

As it is seen inTable 3.1, themethods stated before result in different variations ofα in different
redshifts. All these constraints are compatible with no variations in α.

Figure 3.1 shows the constraints on the possible variation of the fine structure constant, using
different methods.
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Figure 3.1: δ = αEM (z)/α0 − 1 vs. redshift. The data is taken from table 3.1.

3.2 Speed of light: different origins, different notions
In physical theories, the speed of light is not only the speed of “light” or electromagnetic waves,
but it also enters different equations and plays the role of a synthesizer between different physical
concepts. Thismakes the constant c to have different physical concepts and origins. For instance,
c is not only the speed of electromagnetic waves, but also gravitational waves. Following the
approach of G. Ellis and J. Uzan in (Ellis & Uzan, 2005), in what follows we present different
notions of the speed of light.

cEM is the speed of electromagnetic waves. This is the speed in which we use in radars and also
enters the Maxwell equations. In addition, this is the speed we have in the fine structure
constant, αEM (Ellis & Uzan, 2005).

cST is the spacetime constant (or causal structure constant). This constant enters the line ele-
ment and shows the characteristics of the spacetime. This parameter is originally different
from cEM and it is the “universal invariant limit speed” (Ellis & Uzan, 2005). This speed
enters the line element

ds2 = cSTdt
2 −

3∑
i=1

(dxi)2 (3.1)

24



and the limit speed is given by ds2 = 0. For measuring distances and lengths, we use the
line element which means cST plays a role. Also, the proper time is given by

ds2 = cSTdτ
2 (3.2)

If these two different facets of the speed of light, cST and cEM, do not coincide, one has to
consider the difference between these in doing measurements. In this case instead of null
geodesics, light follows timelike geodesics. Then doingmeasurements in non standard the-
ories which result in the difference between these notions of the speed of light, we should
first be careful which of them is involved and second how we should measure time and
distance. Basically, as it is stated by G. Ellis “the causal cone need not coincide with the light
cone” (Ellis & Uzan, 2005).

cGW is the speed of gravitational waves. In standard theory in a vacuum,where line element and
the linearized Einstein field equations are given by

ds2 = c2STdt
2 − (ηij + hij)dx

idxj (3.3)
(∂2t − c2ST∇)hij = 0

then gravitationalwaves propagatewith cST. However, againwe note that if we have a non
standard theory, this may not be the case and there may be a difference between these two
(Ellis & Uzan, 2005). Although such attempts result in having massive gravitons which
cause some problems, as it is clearly stated by G. Ellis, it is important to consider these two
may differ and one should note this discrepancy in non-standard theories.

cE is called theEinstein spacetime-matter constant. This constant is used to show the coupling
between matter and gravity, entering the Einstein field equations,

Gµν =
8πG

c4E
Tµν (3.4)

Of course in case of GR, we have cE = cST , but again Ellis draws our attention to the fact
that in non-standard theories, this may not be the case and cE can be different from other
notions depending on the theory we use. This can happen because all facets mentioned
above, have different origins (Ellis & Uzan, 2005).

Hence, when working with non-standard theories, there are some points that should be consid-
ered. First it is important to know which facets of the speed of light are involved. Second, we
should know if these facets are altering and have dynamics (Ellis & Uzan, 2005; Izadi & Shojai,
2009).
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3.3 Dynamical Speed of Light theories
Dynamical speed of light 2 theories have their own bright and dark sides. Among the bright sides
one can mention the fact that using a dynamic speed of light, different cosmological problems
such as the horizon problem and the cosmological constant problem, might become appealing
(Magueijo, 2003). Additionally, one of the reasons that dynamical speed of light 3 theories are
not as widely acceptable as other dynamical constants, is that by altering the speed of light, things
get complicated; in the sense that special relativity is changed, modern physics would differ and
in general the structure of physics is altered. However, as stated above these theories might be
the answer to some cosmological questions which cannot be solved without proposing exotic
features like Dark Energy or inflation. That being the case, it might be worth going through all
the complications (Magueijo, 2003).

Discussions about the dynamics of a dimensional constant have always been a hot topic for
people, both against and in favor of these theories. As clearlymentioned and explained byGeorge
Ellis in (Ellis et al., 2012), when defining systems of units using speed of light, one cannot discuss
any variation of c. In other words, using natural units for determining distances, c is unity by
definition 4. In order to find out any change in the speed of electromagnetic waves, one needs to
use other methods for distance measurements rather than radar and such systems of units (Ellis
et al., 2012). Just to be clear on this subject: if a system of unit is based on speed of light, let’s say
similar to when we define light seconds or light years, then the speed of light is considered to be
unity by definition. However, this is not the speed with which the electromagnetic waves move
(Ellis et al., 2012).

All debates and questions aside, the main reason this discussion arises is that c is not dimen-
sionless. However, even when one accepts the dynamics of a dimensionless constant, like the
fine structure constant (α = e2/ℏc), then one has to accept that at least one of the dimensional
constants involved or a combination of them alters (like e, ℏ or c) (Magueijo, 2003).

At the end, it is worth mentioning that in most dynamical speed of light theories, no differ-
ence between the speed of electromagnetic waves and the causal speed limit is considered. As it is
mentioned in (Ellis et al., 2012), this is a “key point” which should be clarified in non-standard the-
ories. The approach explained in chapter 4 and also used in chapter 5, clearly takes this difference
into account.

3.3.1 Cosmological questions and dynamical speed of light
As mentioned before, dynamical speed of light theories are one of the attempts for solving dif-
ferent cosmological problems, among which we can mention the horizon problem (Magueijo,
2003).

2DSL
3Also called as VSL or varying speed of light theories.
4e.g. if the speed is 1c, then in 1s time, one can go 1 light seconds. This does not mean electromagnetic waves

have tomove with constant speed, because this is just our definition of system of units.
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Observing different isotherm places in the universe, which are not expected to be causally con-
nected in the past, is an ambiguous fact. Standard Big BangTheory consists of an inflationary pe-
riod which makes an accelerated expansion during inflation and puts the whole early universe in
causal contact. DSL theories on the other hand, propose a solution to this problemby suggesting
a larger speed of light in earlier times in the cosmic history. Then one can put these disconnected
places in each other’s horizons and make them causally connected. This way, the horizon prob-
lem can be solved either by using DSL or a combination of DSL and inflation (Magueijo, 2003;
Albrecht & Magueijo, 1999).

As stated above, if the comoving horizon is much larger in the earlier times compared to now,
then the causally disconnected regions locate in each others’ horizons. This is shown in Figure 3.2.
Figure 3.2a shows that although we see different isotherm places in our causal cone, their causal
cones have been disconnected in earlier times. This happenswhen one considers a constant speed
of light or no inflation. Other than inflation, one can consider a dynamical speed of light, which
as it is shown in Figure 3.2b, makes the causal cone larger in earlier times (Magueijo, 2003). The
model shown in this Figure, consists of a phase transition, which happens at tc . In this model,
the speed of light changes from a larger value (c−) to its present value (c+) at this time, resulting
in rh >> r; hence the horizon’s size at the time tc, is much larger than the comoving radius
r. In other words, the dynamics of the speed of light opens the causal cone more and enlarges
rh (Magueijo, 2003; Albrecht & Magueijo, 1999). This model is an example of many dynamical
speed of light models.

3.3.2 A model, as an example
In c = c0a

n model, speed of light increases (decreases) with time for a positive (negative) value
of n. This way for a negative value of n, speed of light changes from a large value in the early
universe to c0 in present time. As an example, here we mention (Balcerzak & Dabrowski, 2014),
which considers the redshift drift in this class of dynamical speed of light. Considering a FRW
universe, one can define the redshift drift as

∆z = ∆t0

(
H0(1 + z)−H

c0
c

)
(3.5)

here, c = c(t),H is theHubble parameter,H0 and c0 are the value of theHubble parameter and
the speed of light at present time. If c = c0a

n, then

∆z = ∆t0 (H0(1 + z)−H(1 + z)n) (3.6)

Here the authors use the Hubble parameter of the standard ΛCDM model and their main goal
is to study the effect of variation of speed of light on the redshift drift predictions by theΛCDM
model 5. Taking theHubble parameter to be the same as inΛCDMmodel, redshift drift is plotted
in Figure 3.3 for different values of n,ΛCDM model and the CDM model (Cold Dark Matter).

5Unlike our approach, which is explained in chapter 5.
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(a)Conformaldiagram illustrating thehorizonproblem. Differ-

ent places in the earlier times are causally disconnected.

(b)Using a larger speed of light in the earlier times, the causal

cone changes its shape and makes causal connection between

all the places.

Figure 3.2: The horizon problem and the solution proposed by dynamical speed of light thoeries. The figure is taken from

(Magueijo, 2003).

As stated by the authors and is also shown in Figure 3.3, considering 15 years of observations,
the theoretical error bars agree with |n| < 0.045 (Balcerzak&Dabrowski, 2014). In other terms,
in 15 years of observations, the error bars are big enough to cover a ΛCDM model consisting of
a varying speed of light scaling with scale factor with |n| < 0.045. It can also be seen in Figure
3.3 that a CDM model which only consists of matter in recent universe, shows a decelerating
universe; which means it always has a negative redshift drift.
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Figure 3.3: The redshift drift taken from reference (Balcerzak & Dabrowski, 2014). Here the authors considered 15 years

observations for the theoretical error bars. These error bars show that a varying speed of light in the form of c0a
n is indis-

tinguishable from theΛCDMmodel (Balcerzak &Dabrowski, 2014).

Figure 3.4: Distance modulus of SN Ia taken from (Zhang & Meng, 2014), shown for the observational points and the c0a
n

model forn = −0.861 andµ0 = 34.05. Theminimum ofχ2 is 568.313 (χ2
r = 0.983) (Zhang &Meng, 2014).

This type of variation of speed of light has also been presented and used to fit with SN Ia distance
modulus (Zhang&Meng, 2014). The difference between this study and the one above is that here
onlymatter has been considered in the content of theuniverse. This results inn = −0.861 (again
a negative value of course) for the minimum value of χ2 fitted with SN Ia luminosity distance.
This is shown in Figure 3.4

Here although the cosmological constant orDarkEnergyhavenot been assumed, thedynamics
of the speed of light helps in having an acceptable luminosity distance (Zhang & Meng, 2014).
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We would like to note that an acceptable model, is the one which fits with all observations.
However, it is worth exploring all well motivated models and find their advantages and short-
comings.
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4
Extended theories of gravity

In general, there are two different classes of cosmological models, the standard model and the ex-
tended one. Themost important difference between these two classes, is of course in the form of
general relativity that is used. In the standardmodel, general relativity is supposed to be themain
theory that has to accept an extra term, which in its simplest form is Λ (cosmological constant),
or some kind of a non constant energy, called Dark Energy making a negative pressure and being
responsible for the accelerated expansion of the universe. The other class of models considers a
modification of the standard general relativity; in principle by putting some extra terms such as
combinations of geometric terms (e.g. Ricci scalar, ... ). Again these extra terms are responsible
for the accelerated expansion of the universe (see e.g. (Izadi et al., 2017; Amendola & Tsujikawa,
2010)).

Apart from the indirect confirmations which state that we should put a large fraction of dark
components to the energy content of the universe, there is no direct observations or data. In fact,
we can only “sense” the dark components by sensing their effects on thematter (Fatibene& Fran-
caviglia, 2012). On the other hand, we know that gravityworkswell in small scales likemillimeters
to larger ones like the astrophysical scales. Its success and precision in these scales, motivates us to
expect for its effectiveness in even smaller (quantum gravity) or larger scales (Olmo, 2012).

As gravity is the most effective force in even larger scales (such as cosmological scales) and it
does not work well without considering the dark components, this can be a clue to try to modify
this theory (e.g. (Clifton et al., 2012; Faraoni & Capozziello, 2011; Sotiriou & Faraoni, 2010)) .

In general, modified gravity theories consist of corrections to the Einstein-Hilbert Lagrangian.
These corrections can be functions of scalars made of the curvature tensor such asR2 orRµνR

µν

(see e.g (Amendola & Tsujikawa, 2010; Li et al., 2007; Capozziello & de Laurentis, 2011)). This
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makes a large number of modified gravity models. Therefore, studying these models in order to
either falsify or at least know their characteristics better, is worth spending time.

Inwhat followswe review the EPS framework and then choosing Palatini formalism, we study
f(R) and f(RµνRµν) models in general. Selecting a specific f(RµνRµν) model and focusing
on thismodel, we review the changemade to different facets of the speed of light, by thismodified
model.

It is important to remember that the space time has been considered to be torsion-free in this
thesis. This shouldbe taken into accountwhile following themathof this section, because tensors
like the Ricci tensor are symmetric.

4.1 EPS framework
It is well explained in (Fatibene& Francaviglia, 2012) that GR deals with both physical quantities
(gravitational fields) and observational protocols (measuring time and distances using a metric)
using the same object : the metric. On the other hand, it is also confirmed that standard GR is
just a special subset of a lot of possible gravitational theories.

It was shown by Ehlers, Pirani and Schild in 1972 that using worldlines of particles and light
rayswhich are observable quantities, one canmake the geometric structure on amanifold, known
as EPS framework rather thanworkingwithin a predefined geometric structure (see e.g. (Fatibene
& Francaviglia, 2012; Fatibene & Garruto, 2016; Capozziello et al., 2012)). This means instead of
working with a manifold which has predefined geometrical properties (for instance a metric), we
get to the geometry of a manifold using physical observations: light rays and particle worldlines
(Fatibene & Francaviglia, 2012; Fatibene & Garruto, 2016; Capozziello et al., 2012).

As in this framework, there is not a prior dependence between the metric and the connection,
and we are interested in such frameworks, we review this point of view and its properties in this
section (Fatibene & Francaviglia, 2012; Fatibene & Garruto, 2016; Capozziello et al., 2012):

• Suppose that we have a manifold called M. Our events happen on this manifold.
The first observables used here, are the light rays. There are enough light rays assumed on
M. This means in every neighborhood of an event, there are at least two light rays going
from the event to a particle worldline nearby. Light rays make light cones on M and they
make a conformal structure of metrics that is called C. The representative of this structure
is the metric which specifies causality and shows the worldlines of photons. Using these
worldlines, one can define the conformal class of metrics (C = [g]) as

g̃ = ϕ(x)g (4.1)

Light cones divideM into three different parts: inside, outside and on themanifold. Topo-
logically, these parts are different from each other. There are time-like, light-like and spac-
like world lines given inside, on the surface and outside of the light cones. If we have a
special case of ϕ(x) = 1, then we recover standard GR, in which the manifold M can be
described using only one metric.
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• The second observables, are particle worldlines. Again, there are enough particles assumed
on M to help gaining the properties of this manifold. The particle worldlines (time-like)
fill the light cones made by the light rays. Choosing the ones which show freely falling par-
ticles, theseworldlinesmake a projective structure of connections here that are shown asP .
The representative of this structure is the connection which enters the particles’ geodesic
equation.
The most general geodesic for particles is given by

ẍα + Γα
µν ẋ

µẋν = λẋα (4.2)

And the projective class P = [Γ] consists of different connections which defines projec-
tively equivalent geodesics. EPS can also be shown as (M, C,P).

Γ̃α
µν = Γα

µν + δα(µVµ) (4.3)

in which Vµ is a covector. By this transformation, geodesics from Γ̃α
µν and Γα

µν , are projec-
tively equivalent.

• The discussions above, show that according to the EPS framework, there is a fundamental
difference between the causality and the equivalence principle.
As the light cones are filledwith particleworldlines, light raysmust be related to the particle
worldlines. Similar to the particles, the light rays are also affected by gravitational fields and
they get bent by the filed; so one can conclude that the conformal C structure belongs to
the projective P structure. In other words, the particle geodesics consist of the light ray
geodesics too. The EPS-compatibility condition is then given by

∇g = 2Ag (4.4)

This is equivalent to

Γα
µν =

{
α

µν

}
+
(
gαϵgµν − 2δα(µδ

ϵ
ν)

)
Aϵ (4.5)

This shows the relation between the projective structure and the conformal structure.
In equation (4.5),Γα

µν is the christoffel symbol of themetricGµν , which in general does not
have to be the same as gµν .
One of the main questions in such frameworks is: now that there are two metrics on M
(one that makes the affine connection and the other that makes the christoffel symbols),
which one should be used to domeasurements? As an example, whenmeasuring distances,
which metric should be used? The first metric which has been given by the light rays and
their echos 1 is used for measurements and the other one which is given by the movement
of particles, is related to free fall. Of course there is a relation between these two which is
stated in equation (4.5).

1The light rays from particle worldlineP to particle worldlineQ, are called amessage. If there aremessages from
P toQ and vice versa, this is an echo.
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• To summarize, themanifold has g as the representative of the conformal structureC, which
is responsible for causality and the measurements. It also has Γ as the representative of the
projective structureP , which is responsible for free fall.

• A special case: if a metric which belongs to C also belongs to P , then this metric de-
scribes light cones and explains particle free fall. In addition to this criteria, if the La-
grangian is the EinsteinHilbert Lagrangian, then the theory is standardGR.This is shown
as (M, [g], {g}). In this special case, there is onemetric which is used formaking the causal
cone, doingmeasurements onManddetermining free fall. This canbe achievedbyputting
Aµ = 0 in equation 4.5; therefore standard GR is a very special case of the general EPS
framework. In principle, there can be less geometric constraints on M in EPS than GR.

The points above summarize the EPS framework (Fatibene & Francaviglia, 2012; Fatibene &
Garruto, 2016;Capozziello et al., 2012). According toEPS framework,GRputs a lot of constraints
on the geometry of the manifold. As stated above, there is no need to put priori constraints on
the connection. Connection can be in general an affine connection which is independent of the
metric. The only constraint made by EPS is the relation in equation 4.5. Extended theories of
gravity are theories in which this relation is held between the connection and the metric. Among
these theories, Palatini f(R) theories for example, are metric Weyl geometry in which the affine
connection is conformally related to themetric. InPalatini andmetric-affine theories for instance,
the relation between themetric and the affine connection comes from the dynamics of the system;
i.e. Einstein field equations (see e.g. (Capozziello et al., 2012; Fatibene & Francaviglia, 2012)).

The above points, motivates us to explore the properties of more general cases and test it on
the analysis of different cosmological observations.

4.2 A brief review on the Palatini formalism
At first, Palatini formalism was proposed by Einstein himself. But for the Einstein-Hilbert
Lagrangian, both metric and Palatini formalism result in the same field equations (Faraoni &
Capozziello, 2011).
According to the points explained in section 4.1, generally there is no prior need to have a con-
straint on the connection to be a metric connection.
In Palatini formalism, metric and connection are considered to be independent from each other
(e.g. (Li et al., 2007)).

Γα
µν =

{
α

µν

}
+ γαµν (4.6)

Therefore, the Ricci scalar (R) and the curvature tensor (Rµν) are made from the affine connec-
tion (Γα

µν), which is in principle different from the Christoffel symbol (
{

α
µν

}
). The Ricci tensor

which is made of the affine connection is given as

Rµν = Rµν +∇αγ
α
µν −∇νγ

α
αµ + γαµνγ

β
βα − γαµβγ

β
να (4.7)

34



As a result, one can vary the action with respect to the affine connection and also the Christoffel
symbol and unlike the metric formalism, this results in two different equations (Li et al., 2007).
Inwhat follows, we consider twodifferentmodifiedLagrangians inPalatini formalism andbriefly
review their characteristics. According to what we reviewed in section 4.1, the movement of par-
ticles are of course related to the projective structure of the manifold M. In other words, matter
is related to the connection. So it is much logical to consider the matter Lagrangian to be de-
pendent on the metric, matter fields and also the connection. This leads us to the metric affine
theories. However, this would make the problem mathematically more difficult. Therefore, we
consider the matter fields to be independent of the affine connection; so we consider the Palatini
formalism (Fatibene & Francaviglia, 2012).
To avoid any confusion between the metric and the Palatini formalism, the Ricci scalar is shown
asR andR in Palatini formalism and metric formalism respectively.

4.2.1 Palatini f(R) gravity
f(R) models are famous for different cases such as playing the role of inflation (as Starobinsky
inflation) or turning into GR plus a cosmological constant (Olmo, 2008; Sotiriou & Faraoni,
2010). Mathematically, one may claim there is an equivalence between f(R)models and Brans-
Dicke theories. Using this equivalence, one can say thesemodels are problematic because they do
not agree with solar system tests. However, this has to be naive and can be rejected considering
the fundamental difference between these two class of models. This is more explained in section
4.2.2 (Fatibene & Francaviglia, 2012).

In f(R), the action is given as (e.g. (de Felice&Tsujikawa, 2010; Fatibene&Francaviglia, 2012;
Sotiriou & Faraoni, 2010))

S =
1

2κ

∫
d4x

√
−gf(R) + Sm(g, ψ) (4.8)

ψ is the matter field and the affine connection and the metric are considered to be independent
from each other, so by varying the action with respect to the metric and the connection we get
the two field equations below.

f ′Rµν −
1

2
gµνf = κTµν (4.9)

D(
√
−gf ′gµν) = 0

Here f ′ = ∂f/∂R and R = gµνRµν . The second equation above, gives the auxiliary metric
(Gµν) which is given by

Gµν = f ′gµν . (4.10)

According to equation 4.10, there is a conformal factor between the new metric and the physical
metric: ϕ = f ′(R). On the other hand, taking the trace of the first equation in 4.9, we get to

f ′R− 2f = κT (4.11)
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in which T is the trace of the energy momentum tensor. As stated before, if one considers the
vacuum case in which T = 0, then according to equation (4.11), R becomes constant and the
theory will reduce to GR including a cosmological constant (Olmo, 2008; Sotiriou & Faraoni,
2010; Fatibene & Francaviglia, 2012):

Rµν −
1

2
RGµν = ΛGµν (4.12)

As this effective cosmological constant is related to the choice of f(R), by choosing a suitable
form for his function one can set it to the right value which matches with observations. As there
are a lot of choices for the form of f(R), in principle this model can be easily fitted with observa-
tions in vacuum.
But of course for a non vacuum energy momentum tensor, this is not the case. In this case, the
modifiedEinstein tensor is equal to an effective energymomentum tensor, whichmeans although
there is only normal matter involved, f(R)models result in GR plus a modified energy momen-
tum tensor (Fatibene & Francaviglia, 2012).

If we take the conformal factor asϕ = f ′(R), then provided that this relation is invertible, one
can get toR = r(ϕ). Then one can say, in these theories the independent fields are (gµν ,Γα

µν , ϕ)
(Fatibene & Garruto, 2016).

4.2.2 The equivalence between Brans-Dicke and f(R) theories
Sometimes by introducing an equivalence between the Brans-Dicke and f(R) theories, it is
claimed that f(R) theories are inconsistent with solar system observations. However, following
the EPS concepts, one can show that this is a naive conclusion (Fatibene & Francaviglia, 2012).
In Brans-Dicke theories, in addition to themetric gµν which is responsible formaking light cones,
free fall and also distance measurements, there is a scalar field ϕwhich takes part in the dynamics
of the system (Fatibene & Francaviglia, 2012). The Lagrangian is given by

L =
√
g
(
ϕR− ω

ϕ
∇µϕ∇µϕ− V (ϕ)

)
+ Lm(g, ψ) (4.13)

Here,ω is a real parameter,V (ϕ) is the potential,Lm is thematter Lagrangianwhich is a function
of the metric and the matter fields ψ.

There is a “mathematical” equivalence between (4.13) and (4.8). Introducing a new field χ,
then the action in (4.8) can be written as

S =
1

2κ

∫
d4x

√
−g
(
f(χ) + f ′(χ)(R− χ)

)
+ Sm(g, ψ) (4.14)

knowing the fact that varying this action with respect to χ, brings us to χ = R if f ′′ ̸= 0, gives
us the same action as (4.8).
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Again, if we define another field ϕ such that

ϕ = f ′(χ) (4.15)
V (ϕ) = χϕ− f(χ(ϕ)),

neglecting the term□ϕ and knowing the relation between the Ricci scalar in Palatini and metric
formalism,

R = R +
3

2f ′2
∂µf

′∂µf ′ +
3

f ′□f
′ (4.16)

equation (4.14) changes to

S =
1

2κ

∫
d4x

√
−g
(
ϕR− V (ϕ)

)
+ Sm(g, ψ). (4.17)

We see that equations (4.13) and (4.17) are mathematically similar if ω = −3/2 (Sotiriou,
2007). Regarding the tests in solar system, Brans-Dicke theories match observations with the pa-
rameter ω going to infinity, so at first glance, one can say this shows that Palatini f(R) theories
are inconsistent with solar system observations; because they are equivalent to Brans-Dicke the-
ories with ω = −3/2. However, this is not the case (Fatibene & Francaviglia, 2012).
As it was stated before, there is a mathematical equivalence between the Lagrangian of Brans-
Dicke theories and Palatini f(R) theories; although physically it is not the case and there are
fundamental differences between these two models (Fatibene & Francaviglia, 2012). The reason
is well stated in (Fatibene & Francaviglia, 2012): As in Brans-Dicke theories, there is only one
metric responsible for doing both measurements and free fall, when for example we study the
movement of Mercury, we are studying a geodesic made with the christofel symbols of the main
metric; although in Palatini f(R) theories this does not apply. There the geodesics are made
from projectively equivalent affine connections. This means when comparing Brans-Dicke with
Palatini f(R) results, one is comparing two completely different geodesics. Therefore, one can
reject the fact that Palatini f(R) theories do not match with solar system observations just by
comparing them to Brans-Dicke theories (Fatibene & Francaviglia, 2012).

4.2.3 Palatini f(RµνRµν) gravity
In this section, Palatini formalism f(RµνRµν)models are presented.
Apart from assuming both metric and the connection, to be different fundamental geometric
objects, these models have the advantage of developing second order field equations (unlike in
metric formalism) (Olmo, 2012). Thismakes solving these equationsmuch easier (Li et al., 2007).

In what follows we review the f(RµνRµν)model in Palatini formalism using (Li et al., 2007):
Following the steps of (Li et al., 2007) for Palatini f(RµνRµν) gravity, the Lagrangian density

consists of a f(RµνRµν) term added to the Einstein-Hilbert Lagrangian.

L =
1

2κ
(R+ f(RµνRµν)) + Lm (4.18)
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in which Lm is the matter term, κ = 8πG/c4 and the Rµν(= Rµν(Γ
α
βγ)) tensor is the Ricci

tensor made of the affine connection. Unlike metric formalism, here there are two different vari-
ations of the action; one with respect to gµν and another with respect to Γα

µν . Varying the action
with respect to gµν leads to the modified Einstein field equations below,

Rµν + 2FRα
µRνα − 1

2
gµν [R+ f(RµνRµν)] = κTµν (4.19)

with Tµν as the energy momentum tensor of the matter and F = ∂f(RµνRµν)/∂(RµνRµν).
This equation can also be written as the standard Einstein tensor which equals a combination of
two energy momentum tensors:

Rµν −
1

2
gµνR = κT f

µν + κT eff
µν (4.20)

HereRµν = Rµν(g) andT f
µν is the energy-momentum tensor of the fluid consistingmatter2 and

radiation and also

κT eff
µν =

1

2
gµν(f + δR)− δRµν − 2FRα

µRαν (4.21)

which is an effective energy momentum tensor, resulting from geometric terms added to the
Einstein-Hilbert Lagrangian. Additionally,

δRµν = ∇αγ
α
µν −∇νγ

α
αµ + γαµνγ

β
βα − γαµβγ

β
να (4.22)

δR = gµνδRµν

On the other hand, varying the action with respect to Γα
µν results in a new metric which satisfies

the relations below,

De[
√
−g(gµν + 2FgµαRαβ)g

νβ] = 0 (4.23)
⇒

√
−GGµν =

√
−ggµα(δνα + 2FRν

α)

This new metric, Gµν , is the one which makes the affine connection (Li et al., 2007).

Solving equations using 3 + 1 decomposition

In order to solve the modified Einstein equations shown in (4.19), the 3 + 1 decomposition
method is briefly mention from (Li et al., 2007). In this method, one divides the space time
to splits which are perpendicular to the 4-velocity. Then the energy momentum tensor and the
Ricci tensor are decomposed as

Tµν = ρuµuν + 2q(µuν) − phµν + πµν , (4.24)
2Baryonic matter and Cold Dark Matter
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Rµν = ∆uµuν + Ξhµν + 2u(µγν) +Σµν . (4.25)

Here uµ = dxµ/(dτ) is the 4−velocity and it is normalized as uµuµ = 1, hµν = gµν − uµuν is
the projection tensor uµ, πµν = hαµh

β
νTαβ is the projected symmetric anisotropic pressure which

is trace free, ρ = Tµνu
µuν is the density, qµ = hαµu

βTβα which is the relativistic momentum
density, and p = −1/3hµνTµν is the isotropic pressure.
Using equations (4.24) and (4.25) for the energy momentum tensor and also the Ricci tensor,
together with the modified Einstein field equation (4.19), the results are four equations which
can be solved for the four unknown coefficients ∆,Ξ,Υµ and Σµν . Of course here one should
know the form of f(RµνRµν) function and also ρf , pf , qµ and πµν .

∆+ 2F∆2 − 1

2
(∆ + 3Ξ + f) = κρfc2 (4.26)

Ξ + 2FΞ2 − 1

2
(∆ + 3Ξ + f) = −κpf (4.27)

[1 + 2F (∆ + Ξ)]Υµ = κqfµ (4.28)

(1 + 4FΞ)Σµν = κπf
µν (4.29)

In addition to the above, RµνRµν = ∆2 + 3Ξ2. The upper indices “f ′′ show the parameter
relates to the combination of the fluid matter and radiation. Υµ and Σµν vanish except in the
first order perturbation.
In addition, the relations between the new metric and gµν are

Gµν = λgµν + ξµν (4.30)

Gµν =
1

λ
gµν + ζµν (4.31)

where ξµν , ζµν , λ and ω are given in the following equations:

ξµν = λ(ω − 1)uµuν − 4
√
ωFu(µΥν) −

2F√
ω
Σµν (4.32)

ζµν =
1

λ
(
1

ω
− 1)uµuν +

1

λ2
2F√
ω
[2u(µΥν) + Σµν ] (4.33)

λ =
√
(1 + 2F∆)(1 + 2FΞ) (4.34)

ω =
(1 + 2FΞ)

(1 + 2F∆)
(4.35)
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Furthermore, the Hubble parameter is given by solving the Einstein equations. According
to the fact that we have a modification of these equations here (equation (4.19)), we will have a
modified Hubble parameter as well. The linearised Friedmann equation is shown as

1

3
θ2 = κρtotc4 (4.36)

in which θ = 3H ,H = ȧ/a is the Hubble parameter and the total density is given by

κρtotc2 = κρfc2 +
1

2
f − 2F∆2 +

1

2
δR− δRµνu

µuν (4.37)

The last two equations result in(
H +

λ̇

2λ

)2

=
c2

6
(∆− 3ωΞ) (4.38)

To simplify the above equation for different cosmological eras, we make use of the fact that λ =
λ(ρf ); hence

λ̇ =
∂λ

∂ρf
ρ̇f (4.39)

= −s ∂λ
∂ρf

ρfH

s =

{
3 matter dominated era
4 radiation dominated era

Using the above equation, the modified Hubble parameter is

H2 =
c2

6
(∆− 3ωΞ)(
1−

s ∂λ

∂ρf
ρf

2λ

)2 (4.40)

in which∆,Ξ, λ and ω are given in equations (4.26), (4.27), (4.34) and (4.35) and again s = 3, 4
formatter and radiation dominated eras, respectively. Accordingly, for each cosmological era, one
can get to a different modification of the Hubble parameter (Li et al., 2007).
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4.3 Different local frames in Palatini formalism
As stated earlier, in Palatini formalism themetric and affine structures of the spacetime are treated
to be independent from each other (see e.g. (Li et al., 2007; Izadi & Shojai, 2009; Izadi et al.,
2017)). This brings us to two different local frames (Izadi & Shojai, 2009) :
In the first local frame 3, the metric is Minkowskian and as a consequence the christoffel symbols
vanish. Using equation (4.6), the affine connection is Γα

µν = γαµν . Then the geodesic equation
has the form

d2xα

ds2
= 0 (4.41)

The second local frame 4, is the one in which the affine connection being responsible for the
particle worldlines, vanishes. Its outcome is that the geodesics of this independent connection
gets the form below

d2xα

ds2
+

{
α

µν

}
dxµ

ds

dxν

ds
= 0 (4.42)

d2xα

ds2
− γαµν

dxµ

ds

dxν

ds
= 0

The extra sentence (−γαµνdxµ/(ds) dxν/(ds)) is related to the variation of cC (clock synchro-
nization speed of light) Izadi & Shojai (2009).

The second frame, is an important one for us in this thesis. The reasonwill be explained in the
next section.

4.4 Different facets of the speed of light in the local frame
(ΓLF)

As explained in (Izadi et al., 2017), consideringmodifications to the standard gravitationalmodel,
the origin and role of some of the fundamental constants become more important than in the
standard theory. Among the fundamental constants, it was shown that the speed of light is re-
quired to need more attention than before (Izadi & Shojai, 2009).

Here we consider Ricci squared gravity and show the form of different facets of the speed of
light as it is done in (Izadi&Shojai, 2009). Except from the speed of electromagneticwaves (cEM),
the forms of all the other facets are the same as given in (Izadi & Shojai, 2009).

4.4.1 The spacetime matter constant
This constant enters Einstein field equations and couples geometry with matter. Considering
cE = c0 as (Izadi & Shojai, 2009), helps in the simplification of the field equations. This way,

3which we call the CLF here
4which we show by ΓLF here
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one can write the equations as before.

4.4.2 Causal structure constant in the FRW spacetime
The meaning and role of the causal structure constant has been explained in section 3.2. In prin-
ciple, this facet of light enters the line element and is used to do distance measurements. It is
responsible to synthesize space and time (Ellis & Uzan, 2005). Particularly, it can be shown that
the causal structure constant (cST ) associated to the frames with a locally vanishing christoffel
symbols (CLF), is different from the causal structure constant in a frame in which the affine con-
nection vanishes (ΓLF)(Izadi et al., 2017). In this part, we follow (Izadi& Shojai, 2009) and check
the form of cST considering modified gravity f(RµνRµν)model in Palatini formalism in differ-
ent local frames.

As in CLF, the space time metric is Minkowskian, one can easily see that cST = c0.
However, this is not the case in the other local frame; ΓLF. For the flat FRW spacetime, the line
element is as below

ds2 = c20dt
2 − a2(t)(dr2 − r2dΩ2) (4.43)

(dΩ2 = dθ2 + dϕ2 and k = 0). Using (4.30), this line element results in

G00 = λω (4.44)
Gii = λgii

⇒ Gµν = diag(λω,−λa2(t),−λr2a2(t),−λr2 sin2 θa2(t))

As this metric is the one making the affine connection, in the ΓLF, it should be locally
Minkoswkian (Izadi & Shojai, 2009), i.e.

Gµν = ẽµαẽ
ν
βη

αβ (4.45)

⇒ ẽµα = diag(
1√
λω

,
1√
λa(t)

,
1√
λra(t)

,
1√

λr sin θa(t)
)

Finally, the spacetime metric in this frame is given by

g̃µν = ẽαµ ẽ
β
νgαβ (4.46)

= diag(
1

λω
,
−1

λ
,
−1

λ
,
−1

λ
)

So in this frame in which Γα
µν = 0, the line element is

ds2 =
1

λ

( 1
ω
c20dt

2 − a2(t)(dr2 − r2dΩ2)
)

(4.47)

Assuming a null radial ray to find cST, one gets to

cST =
c0√
ω

(4.48)
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cST is the spacetime causal structure constant, c0 is the value of this parameter at z = 0 and ω is
given in equation (4.35) (Izadi & Shojai, 2009). Therefore, in principle, by knowing the form of
the modified Lagrangian and solving the modified Einstein field equations, one can calculate the
form of the causal structure constant in the ΓLF (Izadi & Shojai, 2009).
As it is obvious from equation (4.48), ω < 1 (ω > 1 ) results in cST > c0 (cST < c0). Also, if
ω = 1 which can be a result of having no correction term to the Lagrangian, then one recovers
the causal structure constant in the standard theory. In addition, if ω has dynamics, cST gets
dynamics as well.

4.4.3 Speed of electromagnetic waves in FRW spacetime
As it was stated earlier, one can consider different features for the speed of light. There is no prior
good reason to consider all these different features to be the same. For instance, the speed of the
electromagnetic waves can in principle be different from the speed with which the gravitational
waves travel. This is an interesting fact that is still under study and of course needs more theoret-
ical and observational consideration and work; e.g. this is also studied using recent LIGO-Virgo
results (Abbott et al., 2017a). In this section the form and the possible variation of the speed of
electromagneticwaves (cEM) in the preferred local frame inwhichΓα

µν = 0 is reviewed. We repeat
the steps done in (Izadi & Shojai, 2009), however at the end we correct their result.

In the CLF in which the christoffel symbols vanish, considering Aν = ϵνe
ik.x, the Lorentz

gauge results in
∇.A = ∂µA

µ = 0 → ϵµAµ = 0 (4.49)

Then the field equations will be

∇µF
νµ = ∂µF

νµ − γµµαF
να = 0 (4.50)

ϵνk2 = 0

k2 = 0

which means that in this frame the speed of electromagnetic waves is constant.
On the other hand in the ΓLF, again if Aµ is the electromagnetic vector potential, the Lorentz
gauge is

∇.A = ∂µA
µ +

{
µ

µν

}
Aν = 0 (4.51)

Then as in this frame Γα
µν = 0, we have

∂µA
µ − γµµνA

ν = 0 (4.52)

ConsideringAν = ϵνe
ik.x, Lorentz gauge results in

kµϵ
µ + iγµµνϵ

ν = 0 (4.53)
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On the other hand, the electromagnetic tensor is given by Fνµ = ∂µAν − ∂νAµ, and the field
equations are thus given by

∇µF
νµ = 0 (4.54)

in which

F µν = g̃µαg̃νβ(∂αAβ − ∂βAα) (4.55)

Finally, we come to

ϵν(−ik2 + γµµσk
σ) + (ϵβkα − ϵαkβ)∂µ(g̃

ναg̃µβ) = 0 (4.56)

g̃µν is given in equation (4.46). Keeping inmind that asω and λ are just functions of time, the
only non-zero element of γµµσ is,

γµµ0 = q(t) (4.57)

=
2

λcST

∂λ

∂t
+

1

2ωcST

∂ω

∂t

which proceeds to

ϵν(−ik2 + γµµ0k
0) + (ϵβkα − ϵαkβ)∂µ(g̃

ναg̃µβ) = 0 (4.58)

For the time derivatives, we use
∂

∂t
=

∂ρ

∂a
ȧ
∂

∂ρ
(4.59)

=

{
−3ρH ∂

∂ρ
, matter dominated era

−4ρH ∂
∂ρ
, radiation dominated era

• Taking ν = 0 component, then knowing the fact that the metrics are diagonal, equation
(4.58) turns into

ϵ0(−ik2 + qk0) = 0 (4.60)

On the other hand, having kµ = |⃗k|(c0/cEM , 1, 0, 0) as the wave 4-vector, in which k⃗ is
the wave vector and k2 = kµkν g̃µν = (|⃗k|)21/λ[(c0/cEM)2 1/ω − 1], equation (4.60)
turns into

|⃗k|1
λ
((

c0
cEM

)2
1

ω
− 1) + iq(

c0
cEM

) = 0 (4.61)
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Taking this equation into account, cEM can in principle be different from c0. Solving equa-
tion (4.61), results in a complex term for c0/cEM and as a result the magnitude of cEM can
be written as

cEM

c0
=

1√
ω

(4.62)

For each cosmological era, firstwe solve equations (4.27) and (4.26) forΞ and∆, thenusing
equations (4.35) and (4.34), ω and λ are calculated. Finally using equation (4.62), cEM is
calculated. This formof the cEM, is different fromwhat is derived in (Izadi&Shojai, 2009).
The limit ω = λ = 1 which is followed by F = 0, results in the standard value for the
cEM. By doing so, one can conclude that the form of cEM is in principle the same as cST.
However, in chapter 5, we will study if observations could put different constraints on
these two distinct facets of the speed of light (compare equations (4.62) and (4.48)).

From now on, whenwemention speed of electromagnetic waves, wemean cEM given in equa-
tion (4.62) and it can in principle fit different compared to the causal structure constant which
appears in the line element. In other words, in Palatini f(RµνRµν) theories in the ΓLF, pho-
tons “may”move with a speed independent from the causal structure constant, which is used for
distance measurements.

4.4.4 Speed of the gravitational waves
Basically, the standard theory considers the gravitational waves as the ripples of the space time.
This assumption makes the gravitational waves to move with the same value of causal structure
constant. Additionally, in GR this speed is the same as the one with which the electromagnetic
waves travel. But this “may” not be true in non standard theories; meaning that the speed of
gravitational waves may not only be different from cEM and cST, but it can also become either
variable or constant.

In order to get the speed of gravitational waves, cGW, the linearized modified Einstein field
equations is used. Beginning with the linearization of the metric gµν = ηµν + ϵhµν , in which ϵ
is small, the affine connection, Ricci tensor and Ricci scalar are given as

Γα
µν = ϵΓ̃α

µν (4.63)
Rµν = ∂αΓ

α
µν − ∂νΓ

α
αµ

R = ηµν(∂αΓ
α
µν − ∂νΓ

α
αµ)

Here Γ̃α
µν = Γα

µν(h). Using equation (4.63) together with (4.19) in vacuum,

∂αΓ̃
α
µν − ∂νΓ̃

α
µα − 1

2
ηµνη

αβ(∂γΓ̃
γ
αβ − ∂βΓ̃

γ
αγ) = 0 (4.64)

Again introducing the new tensor ψµν = hµν − 1/2ηµνh, and considering the gauge condition
∂αψ

α
β = 0, results in □hµν = 0. Finally, this equation results in k2 = 0. This shows that the
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speed of gravitational waves is constant (see also (Izadi & Shojai, 2009) for a different approach
with the same result).
This is an interesting result that the speed of gravitational waves is different from the causal struc-
ture constant. Although we expect that the facet coming from the line element be the same as
cGW, this is not the case in this model.

4.5 Summary
In this chapter, the f(RµνRµν)model in Palatini formalismwas reviewed. Assuming that speed
of light can have different facets, considering this model in a frame in which Γα

µν = 0, not only
these different facets become variable, but they also may become different from each other (Izadi
& Shojai, 2009). All the results are given in table

ci possible variation
cE c0
cST c0/

√
ω(z)

cEM c0/
√
ω(z)

cGW c0

Table 4.1: Different facets of the speed of light consideringL = R + FRµνRµν . These facets are written in the local

frame in which the affine parameter vanishes. Here the functionsλ(z),ω(z) and q(z) are given in equations (4.34), (4.35)
and (4.57) respectively and z means redshift.

As it is seen in Table 4.1, in the discussed Palatini models cST and cEM can have possible varia-
tions. In principle, we do not expect them to be completely the same and we will fit them sepa-
rately in chapter 5. Here c0 is the usual constant value (page 1) which is called “the speed of light”
in standard theories.

Although the causal structure constant can become variable in thismodel (see equation (4.48))
and it is in principle a function of the density, the speed of gravitational waves does not vary. This
is one of the main differences between this of extended theory with the standard GR : The so
called “speed” which is present in the line element and is used for distance measurements, is dif-
ferent from the speed with which gravitational waves move. In GR these waves are considered as
the ripples of the space time; whichmakes the connection between them and the causal structure
constant. But this is not the same in this model which considers a more general geometry than in
GR. In fact, considering a difference between the christoffel symbols and the affine connection
makes a whole different structure for the space time and one of the results of doing so is that cGW

is not the same as the causal structure constant anymore in the ΓLF frame.
In thenext chapter, we see if these variations canbehelpful in describing someof the cosmolog-

ical observations without using the cosmological constant. We will study how to put limitations
on the model parameters for different facets of the speed of light mentioned in Table 4.1. At the
end, these different facets will be compared with each other by their values and variations.
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5
A detailed investigation of the f (RµνRµν)

model in the local frame, ΓLF

In a very fundamental work, George Ellis has discussed different origins of the constant “c” has
in physical equations (Ellis & Uzan, 2005).
As discussed in chapter 4, Palatini formalism gives a more generic geometric structure for amani-
fold compared to the metric formalism. In that chapter, it was reviewed that different notions of
the speed of light can in principle have dynamics within the age of the universe. This was a result
of rewriting equations in a local frame with a vanishing affine connection.
Finally, in this chapter, we gather these results and explore if distinct observations can put con-
straints on different facets of the speed of light. Motivated by some cosmological questions re-
garding the cosmological constant, we will investigate if this model can help in eliminating this
constant. Taking a modified f(RµνRµν) gravity model in Palatini formalism, we obtain the
form of different facets of the speed of light and search for any change in different conditions. At
the end, we compare these different notions in terms of their values and dynamics with redshift.
We compare the modified model with this model. Being interested in looking for the possibility
of eliminating the cosmological constant, we consider the energy contents of the universe in the
new model to be only matter in the recent universe.
When considering a difference between the speed of electromagnetic waves and the causal struc-
ture constant, on cannot rely on techniqueswhich use radar formeasurements and there has to be
some alternations (Ellis &Uzan, 2005; Izadi & Shojai, 2013). Interpreting observations in frames
which show a varying cEM is not our main concern at the moment and needs studying more ob-
servational techniques. Thus we overcome this problem to some extent by accepting ΛCDM
model as themost successful model and trying to see if themodifiedmodel can follow andmimic
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ΛCDM model. In other words, we shift the question “ How to use observational data to fit the
model? ” to “ How good can the model mimicΛCDM model? ”
In the model used in this thesis, the best way to do observations in such models is to use the
gravitational waves. This is a result of having a constant speed for the gravitational waves.

Before starting this chapter, the following points are worth mentioning:

• The value of all the constants used here, are given in page 1.

• We consider a flat universe,K = 0.

• As one of our goals is to investigate the possibility of replacing the cosmological constant
with the modified model presented here, we consider Λ = 0 in all cosmological eras for
this model; e.g. for the present time we assume a matter dominated era withΩ0

m = 1.
This is unlike some models which only consider the effect of dynamical speed of light on
the standard model (e.g. (Balcerzak & Dabrowski, 2014)).

• Regarding the modified model, everything is written in the ΓLF frame explained in 4.4.
The main reason is that as mentioned in chapter 4, both the causal structure constant and
the speed of electromagnetic waves have dynamics in this frame and our goal is to analyze
this result.

We proceed as follows:
We solve the modified Einstein field equations while adding a FRµνRµν term to the Einstein-
Hilbert Lagrangian in Palatini formalism, for a purely matter dominated universe. Afterwards,
we focus on how these special conditions1, affect different facets of the speed of light. First, we
investigate if a dynamical causal structure constant can play the role of Dark Energy at least to
some extent; which means if it gives the recent accelerated expansion of the universe. Second, we
focus on possible dynamics of the speed of the electromagnetic waves. Then we use the fact that
this approach gives rise to a constant speed of the gravitational waves and study the advantage of
distance measurements using cGW in this approach. At the end, we compare all these different
facets of the speed of light and their dynamics and see if the approach presented in this thesis
would really show differences between them.

5.1 Approach and model (L = R + FRµνRµν)
Here, we take L = R + FRµνRµν and proceed by determining the form of different facets of
the speed of light in our preferred frame, in which the affine connection vanishes (we called this
frame ΓLF).

Here F has the dimension of L2. In order to simplify our free parameter, which should be
fitted with the observation, we assume F = γΓ, in which Γ = 2.743 × 105 Mpc2 (Izadi et al.,
2017).

1whose motivations have been mentioned in chapter 4
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Comparing with ΛCDM model, FRµνRµν must be comparable with R. Having a small cur-
vature at the present time and also adding the Ricci squared (Rµν), leads to a big F . When
choosing a small value for γ, FRµνRµν becomes small and compared to R, it is not a very big
correction; e.g. for γ = 10−2, FRµνRµν/R|z=0 ∼ 10−4; while in standard ΛCDM model
Λ/R|z=0 ∼ 10−1. Here, R andR are the Ricci scalar in Palatini and metric formalism, respec-
tively.

To sum up,
F = 2.743× 105γ (Mpc)2. (5.1)

Using this model (FRµνRµν), equations (4.26) and (4.27) become as follows

∆+ 3F∆2 − 3Ξ− 3FΞ2 = 2κρc20 (5.2)

−Ξ + FΞ2 −∆− F∆2 = −2κp . (5.3)

By solving equations (5.2) and (5.3), and assuming ρ = ρ0m(1 + z)3 and p = 0, we get

∆ =
1

2
κρc20 ,Ξ = −1

2
κρc20 . (5.4)

Then following section 4.2.3,

ω =
(1 + 2FΞ)

(1 + 2F∆)
(5.5)

=
−Fκρc20 + 1

Fκρc20 + 1

λ =
√
(1 + 2F∆)(1 + 2FΞ) (5.6)

=
√
(−Fκρc20 + 1)(Fκρc20 + 1) .

As mentioned in page 40, the Hubble parameter is then given by

H =

√
c20
6
(∆− 3ωΞ)

(1−
s ∂λ

∂ρf
ρf

2λ
)

, (5.7)

in which ρf is the fluid’s density and for thematter dominated era, s = 3. It is worthmentioning
that in the redshift range that we consider, we can neglect radiation. So the only component in
the energy content of the universe in this model is matter. However, to study higher redshifts
and specially early universe, one has to consider radiation as well and resolve equations (5.2) and
(5.3) to get new functions for ω and λ.
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As shown before, in this model, the parameters ∆ and Ξ are given by solving equation (5.2)
and (5.3). The key to remember, is that the dynamic of different facets comes from the redshift
dependence of the right hand side of equations (5.2) and (5.3); i.e. the fluid’s density and pressure.
This means for vacuum solution (ρ = P = 0) we do not see any dynamics in any of the facets
mentioned before. This implies that in local area, all the facets remain the unchanged value c0.
Sowe conclude that the solar system observations remain unchanged in thismodel, meaning that
c = c0 for all facets. Also, local constraints on the dynamics of c, such as the ones made by Oklo
mine, do not count for this model.
We take c = c0 for all local and vacuum solutions and emphasis that we study the dynamics of
the speed of light non-locally.

For checking the consistency of this model with observational data, the χ2 minimization test
is used,

χ2 =
∑
i

(f i
obs − f i)2

(∆f i
obs)

2
, (5.8)

where f i
obs are the observational points, f i are the theoretical points given by each model and

∆f i
obs are the observational uncertainties. If f i are functions of a parameter, let’s say γ, then the

best fit of the model is given when a γ value minimizes χ2. The reduced χ2 is given by

χ2
r =

χ2

N − n
. (5.9)

N is the number of data points and n is the degree of freedom. The two models which will be
compared with each other in this chapter are :
ΛCDM model : The concordance or the ΛCDM model, is the standard cosmological model

which considersH0 = 65.1 kms−1Mpc
−1, Ω0

m = 0.3289 (Planck Collaboration et al., 2015) 2

(given in table in page 1).
Modified model : If we consider a correction FRµνRµν to the Lagrangian in the Palatini for-
malism, going to the affine connection vanishing local frame (ΓLF),different facets of the speed
of light show dynamics in time. in this model we assume a matter dominated universe for the
present time,Ω0

m = 1.
Before going further, we mention that we have used union 2 data (Suzuki & et. al., 2012) in

order to compare the modified and ΛCDM model with each other. However, we are aware of
the fact that in this data set, h = 0.7 is assumed (H0 = 100 h). Therefore, we know that the
best fit would be if we consider the same value for the Hubble constant in modified andΛCDM
model. Nevertheless, just for the sake of comparison, we still report the χ2 for both models.

5.2 Fitting the model parameter, γ
Starting to fit the causal structure constant cST, in this section we try to find a γ value which
matches the most with different relevant observations. The observations we look for, are the

2In this work, the Planck collaboration assumed a possibility of dynamics of fundamental constants.
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ones which deal with distance and length measurements. All these observations are explained
and studied more in chapter 2 and in what follows we use them to fit our model.

5.2.1 Observable Hubble Data and different models
Different models result in different functions forH which should be tested with observational
data. Here we test the models with OHD (Observable Hubble Data). Using equation (5.7) to-
gether with (5.4), results inHmod(z). We use this Hubble parameter in our modified model. In
Figure 5.1, Hubble parameter is given for the ΛCDM model and also different values of F for
the modified model. The OHD data are taken from (Farooq & Ratra, 2013) (selected data from
measurements of differential age method).

Figure 5.1: The Hubble parameter for OHD (Observable Hubble Data), ΛCDM model and the model presented in page 48

which is plotted for two different γ values as an example. The smaller (larger) γ is the smaller (larger) the correction to the

Lagrangian is. Also, a smaller (larger)γ results in smaller (larger) dynamics in cST. This is shown in Figure 5.3. As shown here,
non of the values for γ here, results in an acceptable trend for the Hubble parameter, similar to theΛCDMmodel. TheOHD

data points are taken from (Farooq & Ratra, 2013).

It is obvious from this figure that in this redshift range, non of the constant values of γ used here
are helpful. Clearly, the larger the redshift is, the bigger the difference gets. We try to fix this
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problem by fitting the γ parameter using the SN Ia data later in this chapter . For this reason, we
need tomodify the SN Ia luminosity distance/ SN distancemodulus regarding the change of cST
in the modified model.
But before that, we do some statistical studies on the aforementioned models.
Using Planck results (63.2 < H0 (km/s Mpc−1) < 66.8) (Planck Collaboration et al., 2015),
the Hubble parameter in equation (5.7) results in 0 < γ < 0.9553 forH0.
On the other hand, using the χ2 minimization test, we get to :
χ2
ΛCDM = 16.0498 for the ΛCDM model (χ2

r = 0.6978). Here we have H0 = 65.1
km s−1 Mpc−1.
Then for the Hubble parameter of the modified model, χ2

min = 42.6014 (χ2
r = 1.9364) for

γ = 0.6934± 0.0498. This value of γ results inH0 = 63.7384 km s−1 Mpc−1 which is in the
range of the allowed region given by Planck. This Hubble parameter is shown in Figure 5.2.

Figure5.2: TheHubbleparameter forOHD(ObservableHubbleData),ΛCDMmodel and themodelwithγ = 0.6934, which
makesχ2

min. As it is shown here, this value cannot make an acceptable evolution for the Hubble parameter.

Figure 5.2 shows that this constant value for γ, does not make a reasonable trend for the Hubble
parameter of the modified model. Although it makes a suitable value forH0, it results in a bend
in the curve in higher redshifts.
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Additionally, we should mention that as we are only using matter in this model, putting γ =
0, results in the Hubble parameter of the Einstein de-Sitter model which is not consistent with
OHD of course. Also, the larger γ gets, the more its trend gets different from what we expect.
This means that after a while, the Hubble parameter starts to decrease, which is not acceptable.
Obviously from this plot, one concludes that although this value for γ minimizes χ2, it does not
give an acceptable Hubble parameter.

5.2.2 The causal structure constant (cST)
Although we have seen that no value for γ can help in getting a correct form for the Hubble
parameter, we continue studying how different values of γ would help in fitting the model with
other observations; such as the SN Ia distance modulus or the redshift drift. Our goal is to find
the best way to fit our model parameter for the causal structure constant.

Figure 5.3: The relative change of casual structure constant (cST) compared to c0 for two different values of γ . Here we
consideredγ to be constant. Forγ= 0.1, 1, we have cST /c0(z = 0)− 1 = 0.004, 0.04 respectively. This facet of light
increases with redshift, meaning that it has been larger in the past. In addition, the larger (smaller) themodel parameter,γ is,

the larger (smaller) the relative difference between cST and c0 in each redshift gets.
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Until now, we have only seen the form of cST in our approach (equation (4.48)). The solution
set in (5.4) together with a positive γ, results in cST ≥ c0 which is increasing with redshift. Here
we see howmuch this facet is varying, and also how it affects different cosmological observations
regarding the distances and lengths. Using (4.48) and (5.5), figure 5.3 shows cST for two different
γ values.

As it is clear in Figure 5.3, for the same redshift range, the larger the value of γ is, the larger cST
is. As an example, for γ = 0.6934 which made χ2

min for the Hubble parameter, cST/c0(z =
0)− 1 = 0.0273. Also, taking γ= 0, results in cST= c0 for all redshifts. For a positive non zero
γ, cST increases with redshift.

As stated before, here cST (and also cEM whichwe study in section 5.4) has become a dynamical
constant depending on the space time structure which is in principle coming from the energy
content on it.

5.2.3 Studying the effect of a varying cST on SN Ia luminosity distance
Dynamics of cST, has for sure an impact on different observational data. In fact, by varying the
cST, one gets a larger distance compared to the standard theory. This can help in explaining ob-
servations which show larger distances than expected in the standard cosmology.
The SN Ia luminosity distance is larger than the value predicted by a universe without Dark En-
ergy (Amendola & Tsujikawa, 2010). This leads us to consider a large amount of the energy con-
tent of the universe to be Dark Energy (See Table in page 1). As the luminosity distance of SN
Ia is an important cosmological measurement which is used to prove the recent expansion of the
universe and the existence of Dark Energy, we study the effect of a varying cST on this observa-
tion.

To start with the standard equations for the luminosity distance we have (Amendola & Tsu-
jikawa, 2010)

d2L =
Ls

4πF
. (5.10)

Here, Ls is the absolute luminosity andF is the observed flux which is given by

F =
Lo

4π(a0f(χ))2
, (5.11)

in whichLo is the observed luminosity and f(χ) is given by

f(χ) =
1√
−K

sinh(
√
−Kχ) (5.12)

=


sinχ forK = +1

χ forK = 0

sinhχ forK = −1
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K shows the curvature of the universe which can be+1, 0,−1 for a closed, flat or open universe
3. Also,

χ =

∫ z

0

c
dz

H
. (5.13)

Putting a0 = 1, equation (5.10) can then be written as

dL = f(χ)

√
Ls

Lo

. (5.14)

On the other hand, assuming L as the luminosity of light which has been emitted in an time
interval∆twith energy∆E, we have L = ∆E/(∆t)which results in

dL = f(χ)(1 + z) (5.15)
= χ(1 + z)

= (1 + z)

∫ z

0

c
dz

H
.

H is the Hubble parameter which is set according to the model we choose. For instance, for the
ΛCDM model in present time, we ignore radiation and takeH = H0

√
Ω0

m(1 + z)3 + Ω0
Λ.

On the other hand as discussed earlier in this section, if we consider different origins and facets
for the speed of light, then depending on themodel and formalism thatwe chose, whatweusually
call “the speed of light ” (causal structure constant) can get dynamics.
After putting cST instead of a constant c in the line element as the causal structure constant,
equation (5.13) together with (5.15) results in

dL = (1 + z)

∫ z

0

cST
dz

H
. (5.16)

Using union II data (Suzuki & et. al., 2012), we study this change here. Figure 5.4 shows the
distance modulus for different models and also union II data. From the observational point of
view, luminosity distance is written in parsec4 as

dL = 101+µ/5 pc, (5.17)

in which µ = m − M is the distance modulus, m is the apparent magnitude, and M is the
absolute magnitude.

3Here in this thesis, we consider a flat universe; soK = 0.
41pc = 3.0857× 1016 m.
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Figure 5.4: The distance modulus for theΛCDM model, the the modified model with γ = 0.6934 and also Union II data

(Suzuki & et. al., 2012). As shownhere, despite having an unacceptable trend for theHubble parameter, the distancemodulus

of the themodifiedmodel has an acceptable trend similar to theΛCDMmodel.

Figure 5.4 shows the distance modulus for γ = 0.6934whichmakesχ2
min for Hubble parameter

compared to OHD. The larger the redshift, the larger the distance modulus. Although this γ
does notminimizeχ2 of SNdistancemodulus of themodel compared to union II data, it shows a
reasonable trend and follows theΛCDMmodel’s trend. However, here we remind that as shown
in Figure 5.2, this does not make an acceptable trend for the Hubble parameter.
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Figure 5.5: δ = |1−µmodel/µΛCDM|withγ = 0.6934. The relative difference increaseswith redshift and then the two
functions of distancemodulus coincide, whichmakes aminimum in the relative difference. Afterwards, and increase and then

a decrease is seen.

In Figure 5.5, we see the relative difference between the distance modulus of the ΛCDM model
and the modified model for γ = 0.6934. The relative difference is mostly of the order of 10−3.
The distance modulus of the modified model crosses theΛCDMmodel at about z ∼ 0.1, this is
why we see a minimum in this figure. The relative difference then shows an increase and again a
decreases, which are all of the order of 10−3 as shown in this figure.

Let us calculate χ2
min for the the modified model compared to this data :

χ2 = 936.8010 for theΛCDM model (χ2
r = 1.6152) .

χ2
min = 955.4651 with γ = 0.5126+0.0280

−0.0282 for the VSL model (χ2
r = 1.6502). The value

γ = 0.5126makesH0 = 64.1025 km s−1 Mpc−1 and cST/c0(z = 0)− 1 = 0.0201.

Figure 5.6 shows the distance modulus of the ΛCDM model and also the modified model for
its best choice of γ which makes χ2

min for the distance modulus.
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Figure 5.6: SN distance modulus for observations, ΛCDM model and the modified model with the best choice of γ which

makesχ2
min (Izadi et al., 2017). For the observational data, we used (Suzuki & et. al., 2012). Again, despite theHubble param-

eter, here an acceptable trend for the distancemodulus of the themodifiedmodel is seen.

Obviously from the Figure 5.6, VSL model has similar trend and form compared to the ΛCDM
model. Compared to the γ value used in Figure 5.4, here in Figure 5.6 we used a smaller value.
This makes the distancemodulus smaller in this figure. Also, compared to the observational data
(union II (Suzuki & et. al., 2012)), this value for γ makes a smaller χ2 in total. Again this Figure
shows that in larger redshift, a constant γ does not show a completely similar value to ΛCDM
model.

The relative difference of the distance modulus for ΛCDM model and the modified model
is shown in Figure 5.7. It is clearly not that different from Figure 5.5. This shows that a small
difference in the value of γ, does not make much change in the distance modulus. Again the
relative difference is mostly of the order of 10−3.

Here we conclude that in contrast to the Hubble parameter, we are able to find a value for γ
which to some extent agrees with observational data of SN Ia. Of course regarding the distance
modulus, it does not match with ΛCDM model completely but at least it follows it and shows
similar trend.
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Figure 5.7: δ = |1 − µmodel/µΛCDM| with γ = 0.5126. Again similar to Figure 5.5, the relative difference increases

with redshift and then the two functions of distance modulus coincide, which makes a minimum in the relative difference.

Afterwards, and increase and then a decrease is seen.

5.2.4 The redshift drift
Following the steps in section 2.1.4, we rederive redshift drift for amodifiedmodel in which speed
of light has dynamics. Again, the redshift of the source varies by

∆z = z(t0 +∆t0)− z(t0) (5.18)

≃ a0
a

(
H0∆t0 −Hmod∆t

)
= (1 + z)∆t0

(
H0 −Hmod ∆t

∆t0

)
.

HereHmod is given in equation (5.7). Now we have to go back to the definition of redshift. As
we know, if the causal structure constant is dynamic (similar to (Balcerzak & Dabrowski, 2014)),
then ∫ t0

t

c(t) dt

a(t)
=

∫ t0+∆t0

t+∆t

c(t) dt

a(t)
(5.19)

→ c(t)∆t

a(t)
=

c0∆t0
a0

,
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in which c0 = c(t0) and a0 = a(t0). Using this equation together with equation (5.18),

∆z = (1 + z)∆t0

(
H0 −Hmod c0

c

a

a0

)
(5.20)

= ∆t0

(
H0(1 + z)−Hmod c0

c

)
.

Figure 5.8, shows the redshift drift for the ΛCDM model and also the the modified model for
γ = 0.5126which makes χ2

min for SN distance modulus and γ = 0.3.

Figure 5.8: Redshift drift (1010 ∆z) for ΛCDM model, the modified model and simulated observational points. The error

bars are taken from (Liske et al., 2008a). We used∆t0 = 30 yr,NQSO = 20 andS/N = 2000. As it is seen here, non of
the values ofγ can be acceptable. Again this plot leads us to exclude the themodifiedmodel in the form it has been presented

so far, because it does not follow theΛCDMmodel and the simulated data points.

Figure (5.8) shows∆z as a function of z for γ = 0.3 and γ = 0.5126. Obviously, the redshift
drift in this model can be fitted in a way that it crosses the zero line at z ≃ 2. It also shows a
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non zero value for the redshift drift in smaller redshifts. However, the sign of this shift is different
thanwhat is expected inΛCDMmodel. Thismeans that if we convert this shift to the shift of the
apparent velocity of the source, we would see a change in the velocity, but in another direction
from what is expected inΛCDM model.
The other difference happens in z > 2 andwhich is not only the shift of the redshift gets somuch
higher than the expected values inΛCDMmodel, but it also has definitely a different sign. Again
if we convert this to the change in the apparent velocity of the source, which is a quasar here, the
change in the velocity is much higher than what expected from the ΛCDM model and also the
direction changes.
So we can conclude that Figure (5.8) again guides us to look for another fit for the model param-
eter. In this model, the dynamics of cST depends on both redshift and γ. In the next section, we
look for a redshift dependent γ which comes from fitting the model with SN Ia luminosity dis-
tance and redshift drift. The reason is mentioned in this section; there are several problems with
this constant γ which is as an example shown in Figure 5.8. First, obviously it does not follow
ΛCDM model model. So if we agree that we are looking for a model which similar to ΛCDM
model, our method up to here does not work. Also, although redshift drift is supposed to be
positive at first and then get negative, this behaves vice versa.

To conclude, current studies seem to validate the view that although a constant model param-
eter, γ, works well with the SN Ia luminosity distance, it is not a suitable one and we should look
for another choice of model parameter. This will be done in the next section. A key thing to
remember here is that what we have done so far was fitting cST with relevant observation. Here
we emphasis that this may not be the case for other facets of the speed of light.

Our next step is to fit the model parameter using SN luminosity distance (distance modulus)
and redshift drift. Comparing with the standard SN distance modulus and redshift drift, if we set
c0/cST H

mod → HΛCDM then this function matches theΛCDMmodel. We will proceed using
this idea in the following sections and examine the results.

5.3 A new fit for the model parameter
As stated earlier, we are going to find a model parameter γ which fits well with all observations
we have studied here regarding distance measuring.

Obviously from equation (5.16) , in order for the model to follow theΛCDM model, we have

cST
H

=
c0
Hcon

, (5.21)

in which cST is the causal structure constant (cST = c0/
√
ω), ω is given in equation (5.5), c0 is

the constant speed of light we consider in standard theory,Hcon is the Hubble parameter of the
ΛCDMmodel (concordancemodel) andH is given in equation (4.38). Equation 5.21 shows how
we approach dealing with the distance measurements. The theoretical assumption behind this is
as follows: The fraction cST/H has the dimension of length; meaning that fitting this fraction
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with the standard one, helps in getting the distances as large as they should be. This leads to a
differential equation for dγ(z)/dz which after solving, gives us γ(z):

dγ(z)

dz
= f(z) (5.22)

→ γ = γ(z) .

Both ratios cST/H and c0/Hcon have length dimension. This means in equation (5.21), we are
actually fitting the model parameter γ, matching the lengths in the modified model with the
standard model. This match is of course useful to get to a correct value for cST in each redshift,
because this facet of light matches the concept of length measurements and distances. Again we
remind that this may not be the case for other facets of the speed of light and they are going to be
studied in following sections.

Solving equation (5.22), doing a rational interpolation 5 and fitting the γ(z) function in the
range 0 < z < 5, this function can be written as below

γ(z) =

∑5
i=0 ai (1 + z)i∑5
i=0 bi (1 + z)i

. (5.23)

Figure 5.9 shows the γ(z) given in equation (5.23).

Figure5.9: γ(z) fromtheequation (5.23)vs. redshift. Thisγ(z) is anotherattempt tofit the themodifiedmodelwithdifferent

observations regarding the causal structure constant. The function shows an increase and then it decreases for the redshift

rangewe studied.

5Solving the equation (5.22) numerically, we need to fit the result with a function. We use the rational interpola-
tion for the range 0 < z < 5 and get to a rational function for γ(z). as the initial condition, we put γ(0) = 0.01.
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The plot in Figure 5.9 shows the γ(z) given in the equation (5.23). This function increases with
redshift upto a certain point and then decreases. It can be concluded that assuming amatter dom-
inated era for the present universe, the correctionmade to the Lagrangian,L = R+FRµνRµν ,
is more effective in recent era, because of its larger value. After affecting in recent era and playing
the role of the cosmological constant or Dark Energy, it will decrease with redshift. The fitted
function starts at z = 0, γ = 0.01 which results in cST/c0(z = 0) − 1 = 0.0004 and
H0 = 65.0748 km s−1 Mpc−1. The maximum happens at z = 0.3290, γ = 1.3872 with
cST/c0(z = 0.3290) − 1 = 0.1355. The the function decreases again and at z = 5 makes
γ = 0.0376 and cST/c0(z = 5) − 1 = 0.3862. As we have solved the differential equa-
tion (5.22) numerically and fitted it with a function up to z = 5, we do not report any fur-
ther values for γ(z) here. Figure 5.10 shows how cST changes with this γ(z). Using the γ(z)
(FRµνRµν)|z=0 ∼ 10−4 which shows this is a much smaller value compared to the cosmologi-
cal constant in z = 0.

Figure 5.10: cST /c0 − 1, plotted vs. redshift using γ(z) from the equation (5.23). Using the γ(z)which is given to fit the
the modified model with observations regarding the causal structure constant, the relative difference between cST and c0
will increase as seen in this plot.

Although, γ(z) increases with redshift at first and then continues decreasing with redshift, as
shown in Figure 5.10, cST always increases with z. Another key to remember is that the most
change is seen in lower z and as z increases the growth of cST decreases. This shows that in lower
z, cST is experiencing a sudden decrease.
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As stated earlier, the fit for γ(z) results in cST/c0(z = 0)− 1 = 0.0004. This means even at
very small redshifts, there is a difference between cST and c0 of the order of 10−4. As mentioned
before, this facet of speed of light (cST) is related to distancemeasurements; therefore, it does not
reject the general premise that the speed of electromagnetic waves, cEM, is c0 at the present time.
For the current value of cEM see section 5.4.

In following sections, we check this fit with different observations. We also look for any obser-
vational difference between the results of this model and theΛCDM model.

5.3.1 The Hubble parameter with γ(z)
Using the fit in (5.23), here we study the Hubble function given in (5.7) which we use for our the
modified model. As the model parameter is changed, compared to Figures 5.1 and 5.2, we expect
a change in this parameter too.

Figure 5.11: This plot shows theHubble function for theΛCDMmodel and also themodifiedmodel using the fit (5.23)which
function givesH0 = 65.0748 kms−1Mpc−1. For the observational data we used (Farooq & Ratra, 2013) (selected data

from measurements of differential age method). These data points have been given in the redshift range 0.070 < z <
1.750. Here one can see that theγ(z) function given in equation (5.23), results in an acceptable trend for theHubble param-

eter.
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Figure 5.11 shows that although the fitted γ(z) does notmakeHubble parameter to be completely
similar to ΛCDM model, it gets a similar trend and also, it is still following OHD. It is also way
smaller than what is expected in the model with only matter, the Einstein de-Sitter model. Al-
thoughwe have not considered anyDark Energy here andwe considered amatter dominated uni-
verse, this difference is made by the correction we put in the Lagrangian, L = R + FRµνRµν .
This makes H0 = 65.0748 km s−1 Mpc−1, which is still in the Planck limits for the value of
Hubble constant.

The χ2 minimization test results in :
χ2 = 51.0307 (χ2

r = 2.2187) with γ(z) given in (5.23) for the Hubble function given in (5.7).
Comparing with the values given in page 52, it is larger than what we see in the ΛCDM model,
χ2
ΛCDM = 16.0498 (χ2

r = 0.6978). However, compared to the model presented with constant
γ, it has an acceptable trend, meaning that it increases with redshift. This grows the support for
a non constant γ. We study the effect of this new fit more in the following sections.

Figure 5.12: HereHmodel(z)/(HΛCDM(z)) − 1 is plotted vs. redshift, in which theHmodel(z) is plotted for the γ(z)
function given in (5.23). As seen in the plot, the relative difference increases with redshift. As the observational data given
in (Farooq & Ratra, 2013) (selected data from measurements of differential age method) are in the redshift range 0.070 <
z < 1.750, we plot the relative difference in this redshift range.

The relative difference of ΛCDM model and modified model for the γ(z) is given in Figure
5.12. This relative difference increases with the redshift.
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5.3.2 The distance modulus of SN Ia with γ(z)
In page 61, we fitted the function cST/H which has the dimension of length, with c0/HΛCDM.
This fit which is taken from equation (5.22), can be used to get the correct distance. Finally, using
equation (5.17), the distance modulus is shown in Figure 5.13.
This Figure, clearly shows that compared to a constantγ, using the fittedγ(z), makes the distance
modulus of the modified model more similar to the standard model. Of course as we fitted the
model parameter using equation (5.22), we expected this good agreement. The distancemodulus
increases with redshift and of course has similar trend compared to theΛCDM model.
For this function, χ2 = 940.5452 (χ2

r = 1.6216); which is of course in good agreement with
theΛCDM model, with χ2 = 936.8010 (χ2

r = 1.6152).
The relative difference between these two models is plotted in Figure 5.14.

Figure5.13: SNdistancemodulus for themodel parameter (5.23). Observational points are taken from (Suzuki&et. al., 2012).

As it was expected and also it can be seen from this plot, the themodifiedmodel is in good agreementwith theΛCDMmodel.

As it is illustrated in Figure 5.13, the relative difference between the distance modulus of the
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modified model and ΛCDM model is decreasing with redshift. This is unlike what is seen in for
instance Figure 5.5 for a constant γ. This shows themore the redshift increases, the less difference
between the two models we have and they agree with each other better in terms of the distance
modulus.

As it is shown in Figure 5.14, using γ(z) from equation (5.22) the difference between the dis-
tance modulus of the model and theΛCDM model is smaller than when using a constant γ.

Figure 5.14: Here |1 − µmodel/µΛCDM| is plotted for the fitted γ(z) solving equation (5.21). The relative difference

between the distance modulus of the the modified model and theΛCDMmodel decreases with redshift. Again, this shows

that using the fitted γ(z), the themodifiedmodel is in good agreement with theΛCDMmodel.

5.3.3 The redshift drift with γ(z)
As stated in section 5.2.4, a constant γ cannot make an acceptable redshift drift function. This
is clearly shown in Figure 5.8. Therefore, again using the γ(z) from equation (5.23), we plot the
modified redshift drift of equation (5.20) in Figure 5.15.

Obviously, the fit for the model parameter γ(z), works for the redshift drift as well. Because
as stated before, if c0/cST Hmod → HΛCDM then the modified redshift drift follows theΛCDM
model. Again we used an observation time of∆t0 = 30 yr, for 20 quasars in total and signal to
noise ratio of S/N = 2000 for the simulated observational points and their uncertainties.
In Figure 5.15, redshift drift is plotted for bothmodel : themodifiedmodel and theΛCDMmodel.
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As redshift drift has a very small value, the difference is not seen easily. As an example, the plot is
zoomed in for 1.01 < z < 1.06, which shows a difference between the twomodels. The relative
difference is more clear and is shown in Figure 5.16.

Figure 5.15: Comparing redshift drift for the modified model and theΛCDMmodel, using the γ value (5.23). The error bars
are the simulated errors from equation (2.22) taken from (Liske et al., 2008a). We considered∆t0 = 30yr, for 20 quasars
in total andS/N = 2000. One can see that again similar to the distancemodulus, theγ(z) function results in an acceptable
function for the redshift drift. The relative difference can be seen in Figure 5.16.

Figure 5.16 shows the relative difference between∆zΛCDM and∆zmodel. The peaks seen here
are due to the fact that ∆zΛCDM vanishes at z = 0 and z = 1.7760. This difference is mostly
of the order of 10−3 in this redshift range. This small difference shows that observationaly we
are not going to be able to distinguish between theΛCDM model and the modified model used
easily.

Here we note that a redshift drift crossing the∆z = 0 line is a characteristic of models which
have accelerated expansion. Unlike these models, models which only consider matter in their
energy content, do not show this crossing feature. However, the model studied in this chapter
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crosses this line although we only consider matter. This is in expense of considering a difference
between different facets of the speed of light and also adding the geometric term FRµνRµν to
the Lagrangian.
There are some differences between theΛCDM model and this model:
The redshift drift of the ΛCDM model crosses the zero line at z = 1.7760. But this happens
for the modified model at z = 1.7731. This is one of the characteristics of this model which
can in principle be treated as an observational difference between this model and the ΛCDM
model. However, similar to what we explained above, this observationaly not easily achievable.
After observing redshift drift, we can find the exact zero crossing redshift and then an acceptable
redshift range for this zero crossing can be given.

Figure 5.16: Here |∆zmodel/(∆zΛCDM)−1| is plotted vs. redshift. As expected and shown in Figure 5.15, the difference
between the two redshift drifts is small (mostly of the order of10−3). For∆zmodel,γ(z) is used from equation (5.23). Both
redshift drifts are plotted in Figure 5.15. The two peaks in this plot are the result of vanishing redshift drift.

The two redshifts, z = 0 and zcross are the two important redshifts of the redshift drift in future
observations, which make zdrift = 0. On the other hand, there are more interesting differences
between this model and the ΛCDM model regarding the change in the apparent velocity of the
source. Following the steps in page 14, we know that considering two points p and p′ with an
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infinitesimal distance of∆l from each other, it takes

∆t =
∆l

cST
(5.24)

for a signal from p′ to arrive at p. And this results in

∆v =
cST ∆z

1 + z
(5.25)

which is the change in the apparent velocity of the source, when considering a difference between
cST and c0. Using this equation, here we plot∆v for different models in Figure 5.17.

Figure 5.17: ∆v vs. z for simulated data points,ΛCDMmodel and the modified model (5.25). The redshift drift of the the
modified model has similar trend compared to the ΛCDM model, meaning that it shows an increase and then a decrease.

However, inhigher redshifts there is adifferencebetween the themodifiedmodel and theΛCDMmodelwhichdoesnotmatch

with the simulated observational points.

Figure 5.17, shows that there are clear differences between this model and the ΛCDM model for
the change in the apparent velocity.
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• Unlike theΛCDMmodel, at z = 0, the shift of the velocity does not vanish and it gets the
value ∆vmodel = 0.0002. Of course this difference can only be observed by non ground
based observations which would also be able to detect the shift in redshifts smaller than 2.

• As stated before, the zero crossing redshift is different from ΛCDM model as well; for
ΛCDM model it happens at z = 1.7760 and for the modified model at z = 1.7731.

• For the ΛCDM model, the maximum happens at z = 0.5981 which ∆v =
6.7089 cm s−1, but this is z = 0.6568 for the modified model and it makes ∆v =
8.1297 cm s−1.

• Obviously, the ∆v made by the modified model, does not go through the last two error
bars predicted by equation (2.22) to the standard∆v. So when taking the error bars from
this equation, there is a difference between the two models in higher redshifts.

The differences between themodelswhich are stated above, are theoretically observable. How-
ever in practice, these can only be observed is we have suitable observational conditions.

5.4 Dynamics of the speed of electromagnetic waves

Until here, we studied possible dynamics of the causal structure constant and its effect on someof
the related observations. In this section, wewill focus on the speed of electromagneticwaves. The
form of speed of electromagnetic waves (cEM) in the affine connection vanishing frame is given
in the equation (4.62) (it is different from what is derived in (Izadi & Shojai, 2009)). As it can be
seen, using this model, cEM depends on the choice of γ and ω which depend on the redshift.
As stated before, we only focus the dynamics of different facets of the speed of light. Therefore,
in order to fit our model with observations regarding the possible dynamics of the fine structure
constant, we only consider the dynamics of cEM; i.e. αEM(z)/α0−1 = c0/cEM(z)−1 . Using
themodel explained in page 48, we plot cEM for different random γ values to see the dependence
of cEM on both redshift and γ.
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Figure 5.18: cEM/c0(z) − 1 vs. redshift for different random values of γ . As one can see in the plot, the larger (smaller)

theγ is, the larger (smaller) the relative difference is. The best value ofγ regarding to cEM, can be given using observational

constraints.

Figure 5.18 shows cEM for different values of γ. Obviously, for a constant value of γ, cEM increases
with redshift. The larger γ is, the larger cEM gets for each redshift. In the next sections we fit cEM
with different related observations.
It is worthmentioning that for the observational constraints, we only use the limitα/α0−1 < 0
which results in cEM ≥ c0. This is because we are interested in an increasing cEM with redshift
for the the modified model.

5.4.1 The quasar absorption lines and cEM
In order to fit the model parameter for the speed of electromagnetic waves in this model, we use
equation (4.62). This is in principle, the same as cST. However, we do not prejudge the fittings
and use constraints coming from the quasar absorption lines to fit cEM.
In table 5.1, the model parameter γ is fitted with constraints coming from the quasar absorption
lines given in table 3.1. These results are also shown in Figure 5.21.
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Method Redshift range ∆α/α0 (×10−5), Ref. γ (×10−6)
AD1 2.33− 3.08 −0.5± 1.3, (Murphy et al., 2001b) 0 < γ < 6.83
AD2 1.59− 2.92 +0.15± 0.43, (Chand et al., 2005) 0 < γ < 1.20
AD3 1.1862− 1.8377 −3.09± 8.46, (Martínez Fiorenzano et al., 2003) 0 < γ < 130.25
MM1 0.4− 2.3 −0.06± 0.06, (Chand et al., 2004) 0 < γ < 0.86
MM2 1− 2.4 0.04± 0.23, (Murphy et al., 2016) 0 < γ < 1.25

Table 5.1: γ fits using the quasar absorption lines data given in table 3.1. Here∆α/α0 = c0/cEM − 1. Different obser-
vational constraints result in different limits for the value of γ . All constraints presented here are also compatible with non -

dynamical fine structure constant and cEM respectively.

(a)AD1 (b)AD2

(c)AD3

Figure 5.19: γ vs. redshift for the Alkali Doublet method, given in Table 5.1. In these fittings γ has been considered to be

constant. All constraints here are also compatible with non - dynamical cEM.

Table 5.1 shows different possible dynamics of cEM for different methods. Also, we have cal-
culated the allowed γ range for each test. As it is clear in this table, the redshift dependence of
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cEM, results in different ranges for the model parameter, γ, in each redshift limit. This means
for each redshift, there are unique maximum andminimum ranges for γ. In the “γ” column, we
reported the maximum and minimum range which can be used for all the redshift range. We do
not consider negative values for γ, as in our model only positive γ values result in cEM/c0 ≥ 1
for z ≥ 0.

According to Table 5.1, we conclude that one can find one range for γ to fit cEM with all these
data. This is the main reason we do not look for any other fit for the model parameter (unlike
what we had to do for cST). This table is also shown in Figures 5.19 and 5.20.

Figure 5.19 shows theγ fittingwithADmethod. The constraints coming from theADmethod
in Table 5.1, are consistent with no dynamics in cEM.

(a)MM1 (b)MM2

Figure 5.20: γ vs. redshift for the Many Multiplet method, given in Table 5.1. In these fittings γ has been considered to be

constant. All constraints here are also compatible with non dynamical cEM.

Figure 5.19 shows the γ fitting withMMmethod. The constraints coming from theMM1 and
MM2 in Table 5.1, are consistent with non dynamical cEM.

As a constant γ, is valid for these observations, unlike what we did for the causal structure
constant, we do not go further and consider a redshift dependent γ. All plots from Figures 5.19
and 5.20 are shown in Figure 5.21 together to show the overlap of the possible γ values in each
redshift.
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Figure 5.21: The model parameter γ vs. redshift for data in Table 5.1. This plot shows all plots in Figures 5.19 and 5.20 to-

gether. As it can be seen here, all these ranges overlap, so one can choose a single value to be consistent with all these con-

straints.

Obviously from Figure 5.21, one can choose one value for the model parameter γ in the shown
redshift range and still confirm the quasar absorption lines observations; eg. γ = 7× 10−7.

5.4.2 Comparing the dynamics of cST and cEM
Themodel we study in this thesis, whichwas presented in chapter 4, develops the claim that there
are fundamental differences between different notions of the speed of light. We will check this
claim in this section numerically.

As it is expressed in the last section, the presented data suggests that in order to show the value
of cEM, γ can be a constant value and in principle does not have to have dynamics. Choosing a
relavant value for γ, here we study the difference between the values of cST and cEM. We have
already fitted their valueswith different observations and it is interesting to see howdifferent they
are in a framework which considers a deep difference between them.

Figure 5.22 compares these two different facets of the speed of light, cST and cEM.
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Figure 5.22: cST /c0 − 1 and cEM/c0 − 1 vs. redshift. For cST, we usedγ(z) from equation (5.23)which is in agreement

with causal structure constant related observations that we have studied before. For cEM, we used γ = 7 × 10−7 which

agreeswith the constraints coming fromquasar absorption lines. This is onlyonechoiceandas it is shown inFigure5.21, there

can be a lot of other choices (also γ = 0). Using the values mentioned above for the model parameter, one can see that cST
is larger than cEM.

In Figure 5.22, we used γ(z) from equation (5.22) for cST and γ = 7× 10−7 for cEM. This value
of γ is acceptable in this redshift range according to the fitting in Figure 5.21. Smaller (larger)
values of γ lead to smaller (larger) values for cEM in each redshift.

There are several interesting features shown in this Figure.
First, obviously after fitting the two facets cST and cEM with observations, this model results in
two completely different values and dynamics. Although we have taken these two facets to be
potentially different from each other, at the end after fitting with observations, they could have
been similar. But as we see here, this is not the case and the difference is of several orders of
magnitude.
In addition, we always have cST > cEM . As the speed of gravitational waves is constant in this
model, one can conclude that in general cST > cEM ≥ cGW in each redshift; meaning that the
causal structure constant is the limiting speed in this model.
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5.5 Speed of gravitational waves

We start this section with repeating these questions: In standard ΛCDM model there is no dif-
ference between the speed of gravitational waves and electromagnetic waves. But do these two
facets of the speed of light really coincide? If not, what are the consequences of this non equality?

Typically, the measuring tool in cosmological observations is light. However, using gravita-
tional waves, we can broaden our knowledge about the universe and observe sources which are
not electromagnetically detectable.
On the other hand, in the model presented and fitted here, unlike the speed of electromagnetic
waves, the speed of gravitational waves is constant over redshift (or time). This constancy can
make a good tool out of these waves in order to measure distances, as there is no need to do fit-
ting for these waves in this model.

The observations of gravitational waves done by the LIGO team, are still quit new. These
fascinating observations, opened a new door to us to see the unseen parts of the universe. In
short terms, by detecting gravitational waves and measuring their altitude and frequency, the
chirp mass is measured and then the so called luminosity distance of the source is determined.
From this distance, the redshift of the source is also calculated. Let us call the distance measured
by gravitational waves, rg,

rg = (1 + z)

∫ z

0

cGW
dz

HΛCDM

(5.26)

in which cGW = c0 and HΛCDM is the Hubble parameter of the ΛCDM model. However, in
a non standard model such as the one we discussed here, the luminosity distance is dealing with
cST, which comes from the line element. Moreover as cST is varying here, we need to use the
luminosity distance from equation (5.16),

dL = (1 + z)

∫ z

0

cST
dz

H
. (5.27)

Here cST is the causal structure constant andH is given in (5.7). Although the model is fitted by
the ΛCDM model, this makes a difference between the distance measured by the gravitational
waves and the usual luminosity distance coming from cST. This difference can be in principle
used to study the validity of the γ fitted for the cST or in general the validity of this model.
Again we emphasis here that in standard theory both these facets coincide. And the price of ex-
cluding the cosmological constant from the theory and adding geometric correction, is tomodify
distances and measurements.
Figure 5.23 shows the difference between rg and dL given in equations (5.26) and (5.27) as a func-
tion of redshift.
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Figure5.23:
(
dmod
L − rg

)
(Mpc) asa functionofz. As it is clear in thisplot, thedifference is small inz ≃ 0and it is increasing

with redshift.

The difference between the distance measured by gravitational waves (rg) and the luminosity
distance for the fitted model is shown in Figure 5.23. Of course for both models the distance
vanishes at z = 0. As it is clear in this figure, this difference is increasing with redshift. It shows
that by the fitting we did in equation (5.22), themodel gives a slightly larger distance compared to
ΛCDM model. Let us study this difference in detail for the first LIGO observation of the black
hole merger and see if it is detectable.

For this detection (the so called GW150914 event), they determined that the luminosity dis-
tance of the black hole merger is 410+160

−180 Mpc, which we call rg, meaning the distance calculated
with gravitational waves. Using the values of (Planck Collaboration et al., 2015), we determine
that the redshift of this merger determined from rg, is z = 0.08+0.03

−0.04 . But using the modified
model presented before, we know that the luminosity distance is related to space time measure-
ments and it consists of cST which is not constant (equation (5.16)). Using the redshift ranges
which we got from rg, the luminosity distance in the L = R + FRµνRµν model within an
affine vanishing frame, gets dL = 410.17+160.00

−180.08 Mpc. Therefore, we can conclude that within
today’s precision reported by LIGO, the difference is not detectable. However, in principle this
is an observational difference which should be detectable if the observation’s precision increases.
Basically, if the difference is not within the detection, either the fit hasto change or the model is
ruled out.
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We have done this calculations for all three LIGO and also the recent LIGO-Virgo observa-
tions. The results can be seen in Table 5.2.

Event
Reported distance

(Mpc) Predicted redshift
Model’s predicted distance

(Mpc)

GW150914 (Abbott et al., 2016b) 410+160
−180 0.08+0.03

−0.04 410.17+160.00
−180.08

GW151226 (Abbott et al., 2016a) 440+180
−190 0.09+0.03

−0.04 440.17+180.02
−190.05

GW170104 (Abbott et al., 2017b) 880+450
−390 0.17+0.08

−0.07 880.21+450.02
−390.03

GW170817
(Abbott et al., 2017c) 40+8

−14 0.0086+0.0103
−0.0030 40.03+8.00

−14.01

Table 5.2: Comparing the distances reported by LIGO and by the model studied in this chapter. The reported luminosity

distance is the one reported by LIGO which is derived using the properties of the gravitational waves. Using this luminosity

distance and considering theΛCDMmodel, wegain the redshift of the source. Themodified luminosity distanceof themodel,

gives us the distance given by themodel.

As it is clear here, for a larger redshift, the difference between the standard and themodifiedmodel increases. However, with

today’s precision, this difference is of no interest or importance.

Table 5.2 shows different observations of gravitationalwaves done byLIGOandVirgo. Taking
the distance from the properties of the gravitational waves that LIGO received, the redshift of the
source is calculated and then the luminosity distance is determined. Among all the events shown
in Table 5.2, the GW170817 event is different in two aspects. First, this event is the nearest one
to us; which means it happened in a much smaller redshift. This results in a smaller difference
between the standard model and the modified one, that is practically harder to detect. Second,
it involves an electromagnetic counterpart; which means it can be used to constrain the speed of
electromagnetic waves with respect to cGW in this redshift. This will be exploredmore in the next
section.

The difference between cST and cGW is one of the interesting features of thismodel. Although
in standard theory, one considers the gravitational waves to move with the causal structure con-
stant, in this model there is a difference between these two. In standard theory, we know gravi-
tational waves as the ripples of the space time, which move with the same speed as cST. But here
the speed of the causal structure becomes different than the speedwith which these ripples move.
By using themodel discussed in this thesis, the degeneracy between these two concepts is broken.
This difference increases with redshift and can be seen in Figure 5.24.
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Figure 5.24: cST /cGW − 1 as a function of z, which is increasing with redshift. According to what stated earlier in section
4.4.4, cGW is constant in this model. Using the fit in (5.22), cST /cGW |z=0 − 1 = 3.88× 10−4 Herewe have plotted the

relative change if this facet of the speed of light to the causal structure constant.

Clearly, the difference between cST and cGW increases with redshift; this means when going
back in time considering this model in Palatini formalism, there is a much noticeable difference
between these two facets of the speed of light. The speed of gravitational waves on the other
hand, has always been constant. Thus, it does not need to be fit with any observations and can
be a good tool for measuring distances.

5.5.1 Constraints on cEM using gravitational wave observations
As stated before, the model presented in this chapter does not result in a dynamical speed of
gravitational waves, cGW. However, it shows a possibility to have a difference between cGW and
cEM. Here we present some recent attempts to put constraints on these two.

Obviously, the speed of electromagnetic waves, cannot be constrained using only gravitational
wave observations unless there is an electromagnetic counter part observed. Fortunately, the
fourth GW event mentioned in Table 5.2, has an electromagnetic coalescence (Abbott et al.,
2017c). A time delay of +1.74 ± 0.05 seconds has been reported (Abbott et al., 2017a) which
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can in principle be used to put constraints on the difference between the speed of electromag-
netic waves and gravitational waves 6. Then assuming that in our model cGW = c0,

∆c

cEM

=
cGW

cEM

− 1 (5.28)

=
∆t c0
D

in whichD is the distance the waves had to travel,∆c = c0 − cEM and∆t = tEM − tGW is the
time difference between the arrival of electromagnetic and gravitational waves 7. Following the
steps in (Abbott et al., 2017a), which considers the distance (D = 26 Mpc), for the upper limit
we consider both waves emitted at the same time. For the lower limit, we consider the electro-
magnetic waves to be emitted 10 s before the gravitational waves (again as the bound similar to
(Abbott et al., 2017a)). This way we get to

−3.1053× 10−15 ≤ ∆c

cEM

≤ +6.6888× 10−16 , (5.29)

which is also compatible with no difference between cEM and cGW. Using this bound and also
knowing the redshift of the source given in Table 5.2 , we can put constraints on the model pa-
rameter, γ, related the speed of electromagnetic waves. Fitting the model, while knowing that
cGW ≤ cEM , we get to 0 ≤ γ ≤ 7.8682× 10−14 which holds for z = 0.0056.

6A likely explanation for this time delay is related to the production of the Gamma rays.
7Equation 5.28 is different from the one in (Abbott et al., 2017a) used to constraint these two facets of the speed

of light (∆c/cEM = ∆t cEM/D).
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Figure5.25: cEM/cGW −1 as a function ofz forγ = 7×10−14 in cEM. As shownbefore, cGW is constant in thismodel.

Smaller (larger) values of γ , result in smaller (larger) dynamics of course.

Figure 5.25 show the relative change of cEM for γ = 7 × 10−14. This γ value has been set by
fitting cEM using the fourth LIGO event. Smaller values of γ would of course result in smaller
relative difference, which is compatible with observations.

All results for the fitting of cEM are gathered in Figure 5.26. Obviously, if we want to choose
a non varying model parameter γ for the model, γ = 0 agrees with observations , which is com-
patible with a non varying cEM in this redshift range.
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Figure 5.26: γ vs. redshift for quasar absorption lines data and LIGO-Virgo results. The line on the left hand side shows the

result from the LIGO-Virgo observations atz = 0.0056 and the colored bars on the right hand side show the result from the

quasar absorption lines.

5.6 Summary

In this chapter, we investigated observational constraints on different facets of the speed of light.
It was shown that assuming a Palatini geometry in an affine connection vanishing frame, the cor-
rection FRµνRµν generates an obvious difference between the values of cST, cEM and cGW.
The causal structure constant (cST), which carries the concept of causality and is related to the
expansion of the universe and length measurements, gets the largest value in each redshift.
Light on the other hand, travels with cEM which can possibly differ from c0. However, all obser-
vations used here also agree with non dynamical cEM.
Finally, gravitational waves travel with constant speed, c0.
Current results of this thesis validates the view that difference facets of the speed of light can in
principle be different from each other. All these different values and dynamics show that the
model parameter has to be different for each facet. This is also shown in Table 5.3.
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Related facet Observations Model parameter redshift range section
cST SN Ia varying 0− 1.414 5.3.2

redshift drift varying 0− 5 5.3.3
cEM quasar absorption lines eg. 7× 10−7 0.4− 3.08 5.4.1

LIGO-Virgo eg. ∼ 10−14 0.0086 5.5.1
cGW LIGO 0 0.0086 5.5

0 0.08
0 0.09
0 0.17

Table5.3: Possible dynamics of different facets of the speedof light, givenbydifferent observations. As it is summarizedhere,

weneeddifferent dynamics for each facet of the speedof light. For themodel parameter column forcEM, we chose one value

for γ from the allowed limit.

Table 5.3 shows three different notions of the speed of light and observations which can put
constraints on their dynamics.
According to observations, cST must be varying with the use of a dynamical model parame-
ter (equation (5.22)). This makes (cST/c0) |z=0 − 1 = 3.8818 × 10−4 and H0 = 65.0748
km s−1 Mpc−1.
For cEM, according to data resulting from the quasar absorption lines observations, we chose
γ = 7 × 10−7 as a suitable value in 0.4 < z < 3.08. Also, according to LIGO-Virgo observa-
tions, γ can be chosen as 0 ≤ γ ≤ 7.8682× 10−14 in z = 0.0056.
cGW on the other hand, is constant which agrees with this model and also with observations.

Figure 5.27 summarizes all results for the model parameter regarding the causal structure con-
stant and the speed of electromagnetic waves.

Figure 5.27 shows the model parameter in terms of redshift for cEM and cST. As it is shown
here, there is a possible range for γ of cEM in this redshift range; which is of orders of magnitude
different from the γ(z)which should be taken for cST.
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Figure 5.27: γ vs. redshift taken from SN distance modulus (for cST), quasar absorption lines data and LIGO-Virgo results
(for cEM). Again the single line on the left shows the result from the LIGO-Virgo observations at z = 0.0056. One can
choose a single value for γ (∼ 10−14) for cEM, except for the single redshift ofMM2.

As it is shown in Figure 5.28, the dynamics of cST and cEM are quit different. These dynamics
are coming from the constraints on the model parameter shown in Figure 5.27.

At the end, we remind that themodel we studied in this chapter, has only been fitted in cosmo-
logical scales. Therefore, the large F in the quadratic model considered here does not necessarily
show conflict of this model with local gravity tests, in which a much smaller coupling constant
is expected. In local scales, the effective gravitational theory could be very different from the one
relevant to cosmic scales (Izadi et al., 2017). In other words, scales other than cosmological ones
which have been studied here, have to be studied separately.
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Figure 5.28: cST /c0 − 1 and cEM/c0 − 1 vs. redshift. For cST, we usedγ(z) from equation (5.22)which fits with the SN
data. For the cEM, we used γ = 7 × 10−14 which fits with gravitational waves and quasar absorption lines data (except

MM2). As it can be seen here, cST is always larger than cEM in each redshift.
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6
Conclusion and outlook

In recent years, the value and dynamics of the constants of our universe has perhaps become
more puzzling than ever. The whole dynamical space time that Einstein encouraged us to use,
makes us think there might be a connection between taking the constants of the nature as com-
pletely ”constants” and ”rigid” and using standard dynamical General Relativity (without cos-
mological constant) to explain our universe (see e.g (Damour, 2009)). Different theoretical and
experimental attempts have been carried out to examine this possibility (e.g see (Magueijo, 2003;
Murphy et al., 2001a; Uzan, 2004, 2011; Webb et al., 2001; Balcerzak & Dabrowski, 2014; Zhang
& Meng, 2014)) Dynamical couplings and in particular dynamical speed of light can also used
to look for solutions for some cosmological ambiguities, including the recent expansion of the
universe. Moreover, speed of light itself is a puzzling subject of interest. In principle, this fun-
damental constant enters several different physical equations related to distinct origins and plays
various roles; including the speed of electromagnetic waves and gravitational waves, which are
physically of distinct nature (Ellis & Uzan, 2005).

On the other hand, thinking about the causal structure used in GR, one might notice that the
standard metric formalism used in GR, is one of the least general geometric formalisms one can
have on a manifold. Inspired by the EPS formalism (Fatibene & Francaviglia, 2012), we choose
Palatini formalism which become different from the metric formalism when using a Lagrangian
different than Einstein-Hilbert Lagrangian. It was shown that different facets of the speed of
light canbecome dynamical in an affine connection vanishing frame in Palatini formalism (Izadi
& Shojai, 2009).

Motivated by ideas above, we used a modified gravity model in Palatini formalism which di-
rectly results in dynamics of the speed of light in an affine connection vanishing frame. We aim
for putting constraints on the dynamics of different notions of the speed of light. In addition,
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we examine the effect of a dynamical causal structure constant (as one of the different notions of
speed of light) on the universe’s recent acceleration.
Meanwhile, as being interested in studying the possibility of eliminating the cosmological con-
stant with geometric terms, we consider a pure matted dominated universe for the recent time.

The results of this study are summarized and listed below:

• Using the f(RµνRµν) correction in Palatini formalism, the Hubble parameter is modi-
fied. This new Hubble parameter is used in our study and is consistent with Observable
Hubble Data coming from differential age method.

• The causal structure constant has dynamics within redshift. It enters the line element and
has a direct effect on length measurements. We used this to study the possibility of com-
pensating the cosmological constant in the luminosity distance of SN Ia and also redshift
drift.
Our results show that this dynamic is consistent with observations and the difference be-
tweendynamical causal structure constant and a cosmological constant cannot be detected.
It was also shown that regarding the causal structure constant (cST), a constant model pa-
rameter is not consistent and the model parameter shows also dynamics in time (or red-
shift).

• When using this model, there is a slight difference between the redshift drift of this model
and the standard model. However, when translating this to the relative velocity, one finds
much more difference between these two models. On the other hand, the observable is
redshift drift and this validates the view that there is no observable difference available.

• Contrary to the standard gravitational model, possible dynamics for the speed of electro-
magneticwaves (cEM) is allowed in thismodifiedmodel and confirmedby data. cEM which
has a different origin compared to cST, also shows a different dynamic and different value
in the redshift range we have studied.
Several observational data coming from quasar absorption lines and also the LIGO-Virgo
event are also consistent with a non-varying speed of electromagnetic waves.

• Here, in order to fit the causal structure constant ot the Hubble parameter with obser-
vations, we tried to use observations which are not dealing with electromagnetic waves;
meaning that for the Observable Hubble Data we only used the differential age method
and for the causal structure constant, we tried to compare the model withΛCDM model.
The distance modulus of the SN Ia has also been compared statistically with observations
done with electromagnetic waves and we are aware that any dynamics in the speed of elec-
tromagnetic waves can change the data. However, we also compared our results with
the ΛCDM model which in this case is more acceptable than only comparing the model
with observational data. The comparison between the distancemodulus coming from this
model and theΛCDM model shows they are in good agreement.
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• In this model, no dynamics for the speed of gravitational waves (cGW) is achieved (Izadi &
Shojai, 2009). Also, using SN data, one concludes that cST is different from cGW. Unlike
the standard theory, in which both these facets of the speed of light coincide, the difference
between these two facets shows that gravitational waves are not the ripples of space time
anymore. Therefore, the speed with which the gravitational wavess travel differs from the
causal structure constant used for length measurements.

• The constancy of the speed of gravitational waves makes them a useful tool for measuring
distances.
Using observational data from LIGO and LIGO-Virgo events, the distance taken from
the observed gravitational waves (rg) differs slightly from the one taken from cST (dL).
However, it was shown that this difference is not detectable within today’s observational
precision.

• As there is only one GW event (LIGO-Virgo) in which there is an electromagnetic coa-
lescence involved, using gravitational waves, we can only put constraints on cEM in one
specific redshift. This event makes a very small possible range for the value of cEM and
accordingly γ, in this redshift.

All in all, the findings of this thesis provide support for possible difference between several facets
of the speed of light.

Obviously, we could not cover many of the cosmological observations in this thesis.
However, we tried to find out what constraints these observational data can put on the dynamics
of different notions of the speed of light.

Here we emphasize that an ultimate model requires tomatch with as much observations as we
have today. This of course needs more time and effort and can be considered as a future possible
work.
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