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Introduction

Motivation

Today’s production processes and production systems usually are large systems of inter-
acting components, and the components are typically of very different nature, e.g. pro-
duction centres, logistic and transport units, inventories, etc. A supply chain represents a
“(...) network of organizations that are involved, through upstream and downstream link-
ages, in the different processes and activities that produce value in the form of products
and services in the handy of the ultimate consumer” [Chr98, p. 15|. An example of a
supply chain, which consists of customers, a production system, an inventory and a sup-
plier, is presented in Figure 0.0.1. Understanding the functioning of these systems is an
important issue and there is need for insight in the structure of these complex systems
with strongly interacting subsystems. As can be seen from the recent literature, there is
much research in the field of supply chains, but as it can be seen as well, structure theory
for these complex systems is in a very premature status.

el =l

Customer —9 Production system ~——— Inventory *— . Supplier
Figure 0.0.1.: Supply chain

Production processes are usually investigated using models and methods from queueing
theory. Control of warehouses and their optimization rely on models and methods from
inventory theory. Both theories are fields of Operations Research (OR), but they com-
prise quite different methodologies and techniques. In classical OR queueing and in-
ventory theory are considered as disjoint research areas. On the other side, the emer-
gence of complex supply chains (= production-inventory networks) calls for integrated
production-inventory models as well as adapted techniques and evaluation tools. Such
integrated approaches to model production-inventory systems have been developed over
the last decade and it turned out that the problem of determining e.g. steady state distri-
butions of the systems results in either large simulation experiments or in using heuristic
decomposition-aggregation methods or in solving the global balance equations numeri-
cally.

In Operations Research and applied mathematics — especially applied probability —
there exist well established theories for the components of the supply chains and the
production systems. They are connected with, for example, queueing theory, inventory
theory and transport theory. These theories provide structural characteristics, perform-
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ance metrics, conditions for stabilization, and so on, which are useful in running such
systems under optimal conditions. As an example: One of the most important tasks in
business is inventory management, whereby the fundamental problem can be described
by two questions (cf. [BCSTO09, p. 3]): “When should an order be placed?” and “How
much should be ordered?””. To answer such questions we need the support of inventory
theory, and indeed this theory provides answers at least for small inventories.

In this thesis both — queueing theory and inventory control — are methodologically
relevant, in particular, integrated production-inventory models. Over the last decades
research on queueing systems with attached inventory found much attention, often in
connection with the research on integrated supply chain management. For a general re-
view we refer to Krishnamoorthy et al. [KLM11]. Some additional articles can be found
in [KS16a|. These articles are by no means complete. On page viii we describe the pre-
viously done research, which is relevant for our studies, in more detail.

The integrated models in the literature assume a continuous review structure and

the supply chains of interest consist — in the fundamental version — of customers, a
production system, an inventory and a supplier as shown in Figure 0.0.2.

Supplier

Replenishment Order

. Inventory
Lost =
i X sales iﬁl
e Single
Demand arrival server Served
process Wa|t|ng room customer
Production

system

Figure 0.0.2.: Supply chain

The production system manufactures products according to customers’ demand on
a make-to-order (MTO) basis!, i.e. the manufacturing starts only after an order of a
customer is received. According to a Poisson process indistinguishable customers arrive
one by one at the production system and require service. There is a single server with
waiting room under a first-come, first-served regime. Each customer needs exactly one

!The use of manufacturing terms in the literature is not consistent. We use the definition of Schnee-
weifs [Sch02, pp. 16f.]. He distinguishes only between make-to-order (MTO) and make-to-stock (MTS)
as strategies for the production environment. In the literature, there are various variants of how many
different strategies exist [Sin12, pp. 43f.]. For example, Stadtler et al. [SKM10, pp. 212-215] split the
strategies further into assemble-to-order (ATO, also called capable-to-order).

vi
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item from the inventory for service. If the server is ready to serve a customer, who is at
the head of the line and the inventory is not depleted, his service begins.

There are two extreme cases of customers’ reaction in the situation that inventory
is depleted when demand arrives (cf. [SPP9S8, p. 234]): Backordering, which means that
customers are willing to wait for their demands to be fulfilled, and lost sales, i.e. demands
that occur when inventory is empty are lost. In this thesis, we focus on lost sales models,
like for example on a model depicted in Figure 0.0.2.

In these models, a served customer departs from the production system immediately
and the associated item is removed from the inventory. It is assumed that the transpor-
tation time between the production system and the inventory is negligible. An outside
supplier replenishes raw material in the inventory according to a continuous review re-
plenishment policy. At each decision epoch, it is determined according to a prescribed
replenishment policy whether a replenishment order is placed or not, and how many items
are ordered.

In this thesis, we consider the following continuous review replenishment policies,
whereby we focus on the base stock policy.

e Base stock policy:
Each unit taken from the inventory results in a direct order for one unit sent to the
supplier. This means, if a served customer departs from the system, an order of
the consumed raw material is placed at the supplier at this time instant. The local
base stock level b > 1 is the maximal size of the inventory. Note that there can be
more than one outstanding order.
An equivalent definition can, for example, be found in [HS00, p. 65].

e (r,Q)-policy:

If the on-hand inventory falls down to a prefixed value r > 0, a replenishment order
is placed instantaneously. The size of the order is fixed to () < oo units of raw
material. We assume that r < @ (this “(...) ensures that there is no perpetual
shortage” [LFW14, p. 1545]) and that there is at most one outstanding order. The
maximal size of the inventory is r + Q.

Equivalent definitions can, for example, be found in [SSD06, p. 63|, [HS00, p. 65]
and [SPP98, pp. 237f.|. Furthermore, Silver et al. [SPP98, pp. 237f.] give a brief
discussion of the advantages and disadvantages for (r, Q)-policy.

e (r,5)-policy:

If the size of the local inventory is less than or equal to the reorder level » > 0, a
replenishment order is placed instantaneously. With each replenishment the local
inventory level is restocked to exactly S < co. The maximal size of the inventory is
S. We assume that 0 < S and that there is at most one outstanding order (r < 5).
Equivalent definitions can, for example, be found in [SSDT06, p. 65|, [BSO1, p.
431] and [SPP98, pp. 238f.|. Furthermore, a brief discussion of the advantages and
disadvantages can be found in [SPP98, pp. 238f.] for (r, S)-policy.

The models in the literature under investigation differ in service time distribution, lead
time distribution, waiting room size, inventory capacity, replenishment policy and the
costs which originate from the queueing of customers and from holding inventory. Fur-
thermore, a distinction is made between the lost sales and the backordering case.

vii
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Literature review

For a general review we refer to Krishnamoorthy et al. [KLM11]|, which is by no means
complete. Some additional articles can be found in [KS16al. In the following, we describe
the previous research, which is relevant for our studies, in more detail.

The first intensive study on a queueing-inventory model is conducted by Sigman and
Simchi-Levi [SSL92|. They use an approximation procedure to find performance descrip-
tions for an M/G/1 queue with limited inventory.

In a sequence of papers, Berman and his coauthors investigate the behaviour of produc-
tion systems with an attached inventory. They define a Markovian system process and
use classical optimization methods to find the optimal control strategy of the inventory.

In [BK99|, Berman and Kim study queueing-inventory systems with Poisson arrivals,
exponentially distributed service times and zero lead time under backordering with an
infinite waiting room. The authors prove that the optimal replenishment policy does
not place an order when the inventory level is positive; it places an order only when the
inventory level drops to zero and the queue length exceeds some threshold value. They
also model the case in which the waiting room is finite and customers, who arrive when
the queue is full, are lost.

In another paper, Berman and Kim [BK01]| extend their earlier model with the infinite
waiting room and allows exponential or Erlang lead times for replenishment. For known
order size (), the optimal policy minimises the expected discounted costs and the average
costs. They find out that the optimal ordering policy has a monotonic threshold structure.

The model in [BK04] can be viewed as an extension of the second paper [BKO01] in the
sense that it is assumed that a revenue is generated upon the service. They identify the
optimal replenishment policy which maximizes the system profit.

Berman and Sapna [BS00] analyse queueing-inventory systems with Poisson arrivals,
general service times and zero lead time under backordering. The size of the waiting room
is finite and arriving customers are lost during the time the queue is full. They compute
the steady state probabilities. Furthermore, the optimal value of the maximum allowable
inventory size, which minimises the long-run-expected cost rate, is obtained and some
performance measures are determined. Various examples of service time distributions
(exponential, Erlang, constant) and optimal values for maximum inventory in each of
these cases are also presented. Moreover, the authors consider the infinite waiting space
case.

In another paper [BS01]|, Berman and Sapna investigate a system with Poisson arrivals,
exponentially distributed service times and lead times under backordering. The size of
the waiting room is finite and arriving customers are lost during the time the queue is full.
They prove the existence of a stationary optimal policy. For given values of maximum
inventory and reorder levels, they determine the service rates such that the long-run ex-
pected cost rate is minimised.

He and his coauthors [HJB02a| analyse M /M /1 /0o production-inventory systems with

zero lead time and backordering. They explore the structure of the optimal replenishment
policy which minimises the average total cost per product.

viii
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In another paper [HJB02b], the authors study M/PH/1/oco production-inventory sys-
tems with Erlang distributed lead times and backordering. They quantify the value of
information used in inventory control.

Schwarz and her coauthors [SSDT06| investigate M /M /1 systems with inventory man-
agement, exponentially distributed lead times and lost sales. They consider order replen-
ishment policies with a fixed reorder point and a general randomized order size as well
as a deterministic order size. Further, they distinguish between an infinite and a finite
waiting room. They derive stationary distributions of joint queue length and inventory
processes in explicit product form and calculate performance measures of the respective
systems.

Schwarz and Daduna [SD06| study M/M/1/oco systems with inventory management,
exponentially distributed lead times and backordering. They concentrate on the case
of (0,Q)-policy with and without an additional threshold. They calculate respectively
approximate performance measures and derive optimality conditions under the different
order policies.

Saffari and his coauthors [SHH11| provide an extension of Schwarz et al. [SSDT06].
They prove that the M/M/1/oo system with inventory under (r, Q)-policy with hyper-
exponential lead times (i.e. mixtures of exponential distributions) has a product form
distribution. The resulting distribution is employed to compute performance measures of
the system.

Saffari and Haji [SH09| study a two-echelon supply chain which consists of a retailer and
a supplier. Demands arrive according to a Poisson process at the retailer, who uses a base
stock policy. The supplier follows an (r, @Q)-policy and the service and replenishment lead
times are exponentially distributed. When the supplier has no on-hand inventory, arriving
demands from the retailer are lost. They calculate long-term performance measures of
the system to find the optimal order size.

Haji and his coauthors [HHS11, HSH11]| consider a two-echelon supply chain where the
supplier is a service system with an attached inventory and both supplier and retailer
apply a base stock policy. Demands arrive to the retailer according to a Poisson process.
During the time that the supplier has no on-hand inventory, arriving demands are lost
to the supplier and the retailer buys products from another source with zero lead time
and with additional cost. Service times and replenishment lead times of the supplier’s
system are exponentially distributed. They derive the stationary distribution of joint
queue length and on-hand inventory of the supplier and show that it is of product form.
Furthermore, they derive the total expected system cost per unit time.

Saffari and his coauthors [SAH13| investigate M/M/1/oco systems with inventory un-
der (r, Q)-policy and with lost sales. They derive the stationary distributions of the joint
queue length and on-hand inventory when lead times are random and with various distri-
butions. Furthermore, they formulate long-run average performance measures and cost
functions in some numerical examples. [SHH11| and [SAH13| are (slightly) generalized
(removing restrictions) in [Krel6] and [KD15].

Krishnamoorthy and Viswanath [KV11] are the first who report work on production

inventory system with positive service time. The time for producing each item follows a
Markovian production scheme. The customer arrival process follows a Markovian arrival

ix
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process and the service time of each customer has a phase-type distribution. They inves-
tigate the stability of the system and compute several measures of system performance.

Krishnamoorthy and Viswanath study in [KV13]| production-inventory systems with
(r, S)-policy, positive service time and lost sales. They derive the joint stationary distri-
bution in explicit product form. They develop a technique where the steady state vector
of the classical M/M/1 system and the steady state vector of a production-inventory
system, where the service is instantaneous and no backlogs are allowed, are combined.
They apply their technique to the models discussed in [SSD106].

Krishnamoorthy, Manikandan and Shajin analyse in [KMD15] an M/M/c queueing-
inventory system with positive service time and (r, @)-policy. The required item is either
provided after service with probability « or else is not provided at the end of a service.
For the case of two servers they obtain the steady state distribution in product form. For
the case of more than two servers they do not have an analytical solution and analyse
this case by an algorithmic approach. Furthermore, they derive an explicit expression for
the stability condition and some conditional distributions. Moreover, they obtain several
measures of system performance.

Krishnamoorthy, Shajin and Lakshmy study in [KSL16] a supply chain with one pro-
duction centre and one distribution centre. Stocks are kept in both, the production centre
to satisfy customers’ demands and the distribution centre to satisfy demands from the dis-
tribution centre. The inventory at the distribution centre is controlled by an (r, @Q)-policy.
The production centre adopts an (sQ, KQ)-policy. The service time at the distribution
centre is exponentially distributed and the lead time follows an exponential distribution.
They derive the joint stationary distribution of the system in explicit product form.

Krishnamoorthy and Shajin analyse in [KS16b] an M/M/1 retrial queue with an in-
ventory system and lost sales. The inventory is controlled by an (r,.S)-policy and the
replenishment lead time is exponentially distributed. Whenever the server is idle, arriv-
ing customers enter directly to an orbit. They derive the joint stationary distribution of
the queue length and the on-hand inventory in explicit product form.

Thesis structure

We consider more complex supply chains than those described in the literature review
above. In particular, we consider networks of production-inventory systems as shown in
Figure 0.0.3. More precisely, in Part I production-inventory systems at several locations
are connected by a supplier. Demand of customers arrives at each production system
according to a Poisson process and is lost if the local inventory is depleted. To satisfy
a customer’s demand a server at the production system takes exactly one unit of raw
material from the associated local inventory. The supplier manufactures raw material to
replenish the local inventories, which are controlled by a continuous review base stock
policy.

Chapter 2 to Chapter 4 are devoted to the research of the network’s behaviour, where
the supplier consists only of a single server and replenishes the inventories at all locations.
The items of raw material are indistinguishable (exchangeable).

In Chapter 2, we investigate this model, that we consider to be the basic model.

In Chapter 3, we analyse an extension, where routing of items depends on the on-hand
inventory at the locations (with the aim to obtain “load balancing”). The systems under
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Replenishment

Location 1
Inventory
Lost
i i sales
Single
Demand arrival  ~ server
process Waiting room

. »:::::r Supplier —

»()
Demand arrival

process Lost
sales

i i Waiting room

Inventory

Location J

Repleni;hment

Figure 0.0.3.: Network of production-inventory systems

investigation differ with respect to the load balancing policy.

In Chapter 4, we study the basic model with perishable items, since in certain types
of inventories the items either perish, deteriorate or become obsolete. This model is a
special case of queueing systems in a random environment which we have introduced in
Appendix D.1.

Chapter 5 to Chapter 7 are devoted to the research of the network’s behaviour of more
complex models, where the finished items are delivered exactly to the locations where the
orders were generated, i.e. they are not exchangeable. These models can be classified as
a “multi-product system”.

In Chapter 5, we investigate this model, where the supplier is a complex network. This
model is considered as basic model as well.

In Chapter 6, we look at the aggregation of the supplier network. We can substitute
the complex supplier network by only one node — a supplier who consists of a symmetric
server. The symmetric server enables to deal with non-exponential type-dependent service
time distribution for different order types.

In Chapter 2 to Chapter 6, we focus on base stock policies. Nevertheless, in classic
inventory theory several replenishment policies are considered. Hence, we investigate the
(r,S)-policy in Chapter 7. The systems under investigation differ with respect to the
reorder level and the number of locations and workstations.

xi
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In this thesis, we study the stability behaviour of these integrated production-inventory
systems. For the most of these integrated production-inventory systems the obtained
steady state is of so-called “product form”, which reveals a certain decoupling of the com-
ponents of the system for long time behaviour. The simple structure of this steady state
allows to apply “product form calculus”, a widely used tool, which provides access to easy
performance evaluation procedures. More details about the art of product form modelling
can be found in Section 1.1. Moreover, computational algorithms to calculate important
performance measures are developed and (with the help of these) cost analysis for these
systems is demonstrated.

Up to now, one of the key assumptions of production-inventory models in literature
is that customers are indistinguishable. In practice, however, customers have different
characteristics and/or priorities, which leads to systems where this assumption does not
hold. Therefore, Part II is devoted to the study of multiple customer classes with different
priorities. The research is dedicated to production-inventory systems with two classes of
customers and inventory management under lost sales where the customers’ arrivals are
regulated by a flexible admission control as shown in Figure 0.0.4. We have investigated
the (r,@)-policy in Chapter 10 and the base stock policy in Chapter 11. We derive
some structural properties of the steady state distribution which provide insights into the
equilibrium behaviour of the systems. Moreover, the existence of a stationary distribution
is investigated. Furthermore, we consider for these systems the case of zero service time,
which is the version of our model in the classical inventory theory.

Supplier

Replenishment Order
)
[}
&,

Inventory

Waiting room

Lost L2
(priority)

Demand arrival [Saﬂes

Priority customer XX process

Iy

Preempted
ordinary
customer

Ordinary customer

Lost

process
sales

Waiting room
(ordinary)

XX Demand arrival J

Figure 0.0.4.: The production-inventory system with distinguishable customers
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Notation and preliminaries

N:={1,2,3,...}, Ng:= {0} UN, R := [0, 00), R" := (0,00). B are the Borel sets of R.

A value is said to be positive if it is greater than zero and a value is said to be negative
if it is less than zero. We call a value non-positive if it is less than or equal to zero. We
call a value non-negative if it is greater than or equal to zero.

The vector 0 is a row vector of appropriate size with all entries equal to 0. The
vector e is a column vector of appropriate size with all entries equal to 1. The vector
e; = (0,... ,O,\l/, 0,...,0) is a vector of appropriate dimension.

i—th element

The notation C between sets means “subset or equal” and C means “proper subset”.
We write C' = AW B to emphasize that C' is the union of disjoint sets A and B. For a
set A we denote by |A| the number of elements in A.

The notation x ~ y means x is approximately equal to y.
Lieapression) 15 the indicator function which is 1 if exzpression is true and 0 otherwise.
Empty sums are 0, and empty products are 1.

For k > 1 and m,¢ € {1,...,k} we call for m < ¢ the sequence m,m + 1,...,¢ a list.
If m > ¢, the list m,..., £ is the empty list.

Forx>0wedeﬁne%::oo,%:anndoo-O:zO-oo:zO.
We call a generator a matrix M € REXK with countable index set K, whose all off-
diagonal elements are non-negative and all row sums are equal to zero. By definition this
implies that the diagonal elements are finite.

We call a matrix M € [0, 1)5>*K with countable index set K stochastic if the row sums
are one.

We call a matrix M € [0,1]5*¥ with countable index set K substochastic if the row
sums are less than or equal to one.

Throughout this thesis it is assumed that all random variables are defined on a common
probability space (€2, F, P). Furthermore, by Markov process we mean time-homogeneous
continuous-time strong Markov process with discrete state space (= Markov jump pro-
cess). Without further mentioning all Markov processes are assumed to be regular and
have cadlag paths, i.e. each path of a process is right-continuous and has left limits every-
where. We call a Markov process regular if it is non-explosive (i.e. the sequence of jump
times of the process diverges almost surely), its transition intensity matrix is conserva-
tive (i.e. row sums are 0) and stable (i.e. all diagonal elements of the transition intensity
matrix are finite).
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In this thesis, different chapters consider different models, which can be read independ-
ently of each other. Because of this, some remarks become repetitive.

In diagrams, see for example Figure 0.0.5, we use rounded rectangles to represent
servers of the queues.

Waiting room

Server

Server
Waiting room Waiting room

(a) Server with waiting (b) Server with two waiting rooms

room
(c) Waiting room (d) Waiting room (e) Waiting room
with infinite with two waiting with finite but
number of waiting places unknown or large
places number of waiting

places

Figure 0.0.5.: Symbolic representation of the queues

The use of manufacturing terms in industry and in the literature is far from stan-
dardized as mentioned by Hopp and Spearman [HS00, p. 215]. Hence, we will define our
terms in the following and caution the reader that the same terms can be used differently
in other sources.

e A queueing system consists of a server (single server or multiple server) and
waiting room(s). A server without waiting room is also called a queueing system.

e A supply chain represents a “(...) network of organizations that are involved,
through upstream and downstream linkages, in the different processes and activ-
ities that produce value in the form of products and services in the handy of the
ultimate consumer” [Chr98, p. 15|. The terms production-inventory system,
production-inventory-replenishment system and queueing-inventory sys-
tem as well as integrated queueing-inventory system are synonymous with
supply chain in this thesis.

e A location consists of a production system with attached inventory.
e A production system is modeled as a queueing system.

e An inventory is replenished by the supplier (network) with raw material.
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The on-hand inventory is the size of the inventory, i.e. the number of items of
raw material which are on stock or in production.

Raw materials are “(...) items purchased from suppliers to be used as inputs
into the production process. They will be modified or transformed into finished
goods” |Ter88, p. 4|. Hopp and Spearman mentioned that raw materials are “(...)
components, subassemblies, or materials that are purchased from outside the plant
and used in the fabrication/assembly processes inside the plant” [HS00, p. 582].

Item is the abbreviation for “item of raw material”. In the literature synonymous
with items are parts, components, subassemblies, assemblies.

A supplier (network) consists of workstations, it manufactures raw material to
be forwarded to the inventory.

A workstation is modeled as a queueing system at a supplier.

Orders are the units at the workstations of the supplier (network). In the literature
it is often called work in process (WIP) (cf. [HS00, p. 582]).
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Part I.

Networks of production-inventory
systems






1. Introduction

Integrated approaches to model production-inventory systems have been developed over
the last decade and it turned out that the problem of determining e.g. steady states of
the systems usually results in either large simulation experiments or in using heuristic
decomposition-aggregation methods or in solving the global balance equations numeri
cally.

We consider a network of production-inventory systems as shown in Figure 1.0.1, which
consists of parallel production systems (single servers) at different locations each with an
attached local inventory, and a supplier, which produces raw material (discrete units) to
replenish the local inventories.

In Chapter 2 to Chapter 4 the supplier consists only of a single server and replenishes the
inventories at all production locations. The items of raw material are indistinguishable
(exchangeable). Chapter 5 to Chapter 7 is devoted to the research of the network’s
behaviour of a more complex model, where the finished items are delivered exactly to
the locations where the orders were generated, i.e. they are not exchangeable. It can be
classified as a “multi-product system”.

Replenishment
&

Location 1
Inventory
;‘w

Lost
X X sales

e Single

Demand arrival server

process Waiting room

o »:::::y Supplier —

Single
server

X X Waiting room

Demand arrival
process Lost
sales

Inventory

Location .J

&
Replenishment

Figure 1.0.1.: Production-inventory system



1. Introduction

Each arriving customer at the locations (production systems) initiates a production
process that requires one item of raw material from the attached local inventory. Pro-
duction at a location can start only when raw material at the local inventory is available.
Newly arriving customers who see the inventory depleted will not enter the location (“lost
sales”). Otherwise, new arrivals at a location enter the queue there and will wait until the
previous customers’ processing is finished. If no raw material is available for customers
in the queue to start production, these customers will wait until raw material arrives at
the local inventory. Consequently, there can be more customers waiting than the on-hand
inventory level. All local inventories are replenished by the supplier network according to
a continuous review base stock policy: Taking an item from the associated local inventory
results in an order sent to the supplier network. Production of raw material only starts
when there is a replenishment order.

Although we describe our systems in terms of production and manufacturing, there
are other applications where our model applies, e.g. distributed retail systems where cus-
tomers’ demand has to be satisfied from the local inventories and delivering the goods
to the customers needs a non-negligible amount of time; the replenishment for the local
retail stations is provided by a production network. Another setting is a distributed set
of repair stations where spare parts are needed to repair the brought-in items which are
held in local inventories. Production of the needed spare parts and sending them to the
repair stations is again due to a production network.

Several integrated production-inventory models are the focus of our present research.

Our methodological approach constitutes an alternative to simulations and/or heuristic
decomposition-aggregation techniques. We develop Markovian stochastic models of the
production-inventory systems, which is smooth enough to be amenable to solving the
steady state problem explicitly with closed form expressions for the stationary distri-
bution. Moreover, for most of the models it turns out that the obtained steady state
distribution is of a form which is well-known in pure queueing theory: We come up with
a product form equilibrium for the integrated queueing-inventory system. This product
form structure of the joint stationary distribution is often characterised as the global
process being “separable”’; and is interpreted as “the components of the system decouple
asymptotically and in equilibrium”. Clearly, separability is an important (but rather rare)
property of complex systems.
The simple structure of this steady state allows to apply “product form calculus”, a widely
used tool, which provides access to easy performance evaluation procedures. Moreover,
computational algorithms to calculate important performance measures are developed
and (with the help of these) cost analysis for these systems is demonstrated.

Different from the standard product form equilibria in queueing networks the steady
state obtained for some integrated models is stratified. In the upper stratum, we obtain
three vectors for production, inventory, and supplier network. In the lower stratum each of
these vectors is composed of homogeneous coordinates. The product form inside the lower
stratum resembles on one side (for the production subsystem) the independence structure
of Jackson networks, and on the other side (for the inventory-replenishment subsystem)
the conditional independence of Gordon-Newell networks. The inventory-replenishment
subsystem is henceforth referred to as inventory subsystem as usual in inventory theory.
If necessary, we explicitly point out to the difference.
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1.1. The art of product form modelling: Separable networks

Parts of this section are taken from [OKD17].

The aim of product form modelling as a branch of queueing network theory is to con-
struct easy to understand models for large systems with complicated structure. “Easy
to understand” means that the main first-order performance characteristics of the net-
work can be computed from the steady state distributions which are explicitly accessible.
“Product form” refers to the observation that the steady state distribution of such models
with a vector valued state process (e.g. the joint queue length process of a queueing net-
work) is the product of the marginal steady state distributions (the queue lengths at the
individual nodes of the network). For stable networks this means that in the long run and
in stationary state the local behaviour of the nodes seem to decouple into independent
or conditionally independent processes. Breakthroughs in the field of queueing network
theory and its applications in various fields of operations research were the findings of
Jackson [Jach7, Jac63] and Gordon and Newell [GN67|, who discovered product form
solutions of the global balance equations for classes of queueing networks. Their models
are networks of exponential service stations and look rather simple with respect to the
assumptions on the stochastic data underlying the networks’ behaviour. In Appendix
A.2, we summarize definitions and theorems on classical exponential networks. Never-
theless, it turned out that many real world systems exhibit astonishing robustness with
respect to deviations from the structural and distributional assumptions that underlie
the Jackson and Gordon-Newell networks. Subsequently product form models became
popular in many fields of applications. A short review of experiences with modelling
and performance analysis using product form techniques is Vernon’s survey paper [Ver(04]
with additional references.

Nevertheless, product form modelling has to impose severe restrictions on the structure
of the systems under consideration. Henderson [Hen90| discussed in detail: “When do we
give up on product form solutions.” But in that paper he presented a nice example of
product form models for transmission protocols in telecommunications.

While the Jackson and Gordon-Newell networks were invented to model production net-
works (flow shops), an important subsequent application was modelling the ARPANET
using Jackson networks by Kleinrock [Kle64]. This popularised product form models in
computer science and enforced research on computer systems and computer and telecom-
munications networks. This lead Baskett, Chandy, Muntz, and Palacios [BCMP75| and
Kelly [Kel76| to develop more complex product form models.

There are books available that deal with modelling, performance analysis and general
network theory in the spirit of product form calculus, e.g. Kelly [Kel79|, Walrand [Wal8§|,
Serfozo [Ser99], Chao, Miyazawa, and Pinedo [CMP99] for networks in continuous time.
Product form networks in discrete time are investigated in [CMP99| and in the books of
Woodward [Wo094| and Daduna [Dad0la|. In addition, [CMP99| presents results from
network theory where explicit steady state distributions are derived analogously, although
the final results are no longer of product form in a strict sense, see for more information
Henderson’s discussion in [Hen90].

On the other side, there exist limitations when modifying the original Jackson and
Gordon-Newell formalisms. Notoriously hard are two classes of models: (i) networks
where nodes (servers) have finite waiting rooms which results in blocking phenomena,
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see Perros [Per90|, Balsamo, De Nitto Persone, and Onvural [BDOO01], and (ii) networks
where the nodes (servers) are unreliable, break down and have to be repaired before
servicing can continue, see Chakka and Mitrani [CM96].

Finite waiting rooms can be considered as intrinsic restrictions, breakdown due to
environmental influences are external restrictions for the development of the queueing
networks. Both of these restrictions occurred in some models developed during the last
fifteen years by many researchers: A class of two-component hybrid systems which have a
queueing component and a second component which is an attached inventory. From the
viewpoint of the queue the restrictions imposed on the service process by the inventory
are external, while from the integrated system these restrictions are intrinsic. We will be
faced with both of these restrictions in our quest for product form steady states.

An important question is “Can we use our product form results to obtain simple product
form bounds for the system with unknown non-product form stationary distribution?”.
This question is motivated by van Dijk and his coauthors (e.g. [Dij11b, Section 1,7, pp.
62f.], [Dij98, pp. 311ff.], [DK92|, [DW89]). They show that a product form modification
turns out to be quite fruitful to provide product form bounds for the throughput of a
unsolvable (= unknown stationary distribution) queueing-inventory system. For example,
van Dijk shows in [Dijl1b, Section 1,7, pp. 62f.] a product form approximation for the
simple but unsolvable tandem queue with finite waiting room at both stations. We will
deal with separable approximation of non-separable systems in Section 4.3.3 in the model
with perishable items in the inventory.

1.2. Related literature

Parts of this section are published in [OKD16].

Relevant for our research are queueing theory and inventory control, in particular in-
tegrated queueing-inventory models.

Literature on queueing theory is overwhelming, so we point only to the most relevant
sources for our present investigation. Our production systems are classical M/M/1/oc0
queueing systems which constitute a network of parallel queues connected to the central
supplier queue, cf. Kelly [Kel79] and Chao, Miyazawa, and Pinedo [CMP99| for general
networks of queues.

Special queueing networks, which model multi-station maintenance and repair systems,
are investigated by Ravid, Boxma, and Perry [RBP13| and Daduna [Dad90| and refer-
ences therein. In these systems, circulating items are “exchangeable”. This feature will
occur in our model in Part I as well.

A study of queueing networks, which proceeds as we do in Section 2.4, is reported by
van der Gaast et al. [GKAR12]. They describe in a first step a complicated network with
finite buffers and deterministic routing and replace this in a second step by an analytically
tractable network with random routing. Similar to our results they obtain closed-form
expressions for the steady state distribution of the substitute network.
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Literature on inventory theory is, similar to that on queueing theory, overwhelming, so
we only point to some references closely related to our investigations. We mention that
there are two extreme cases of arriving customers’ reactions in the situation that inven-
tory is depleted when demand arrives (cf. Silver, Pyke, and Peterson [SPP98|): Either
backordering, which means that customers are willing to wait for their demands to be
fulfilled, or lost sales, which means that demand is lost when no inventory is available on
hand.

In classical inventory theory it is common to assume that excess demand is backordered
(Silver, Pyke, and Peterson [SPP98|, Zipkin [Zip00, p. 40|, Axséter [Axs00]). However,
studies by Gruen, Corsten, and Bharadwaj [GCB02| and Verhoef and Sloot [VS06]| ana-
lyse customers’ behaviour in practice and show that in many retail settings most of the
original demand can be considered to be lost in case of a stockout.

For an overview of the literature on systems with lost sales we refer to Bijvank and
Vis [BV11]. They present a classification scheme for the replenishment policies most often
applied in literature and practice, and they review the proposed replenishment policies,
including the base stock policy. According to van Donselaar and Broekmeulen [DB13|
“Their literature review confirms that there are only a limited number of papers dealing
with lost sales systems and the vast majority of these papers make simplifying assump-
tions to make them analytically tractable.”

Rubio and Wein [RW96] and Zazanis [Zaz94] investigated classical single item and
multi-item inventory systems. Similar to our approach they used methods and models
from queueing theory to evaluate the performance of base stock control policies in com-
plex situations.

Reed and Zhang [RZ17| study a single item inventory system under a base stock policy
with backordering and a supplier who consists of a multi-server production system. Their
aim is to minimise a combination of capacity, inventory and backordering costs. They
develop a square-root rule for the joint decision. Furthermore, they justify the rule ana-
lytically in a many-server queue asymptotic framework.

Because we consider queueing-inventory systems where inventories are controlled by
base stock policies, we mention here that Tempelmeier [Tem05, p. 84| argued that base
stock control is economically reasonable if the order quantity is limited because of tech-
nical reasons.

The base stock policy is “(...) more suitable for item with low demand, including the
case of most spare parts” [RM11, p. 661].

Morse [Mor58, p. 139] investigated (pure) inventory systems that operate under a base
stock policy. He gives a very simple example where the concept “re-order for each item
sold” is useful: Items in inventory are bulky, and expensive (automobiles or TV sets!).
He uses queueing theory to model the inventory systems, analogously to [RZ17], etc.

!The paper is from 1958.
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Literature on integrated queueing-inventory models (i.e. queueing theory in combina-
tion with inventory theory) with non-zero lead times is surveyed by Krishnamoorthy,
Lakshmy, and Manikandan [KLM11]. They give a review on inventory models, where
items are delivered to customers on a first-come, first-served basis and it requires a non
negligible amount of time. This time to deliver an item can be considered as a service
time associated with the arriving demand. Reducing our models to the simplest situation
with only one production (or service) unit and one inventory leads to a model investigated
there. Furthermore, for production-inventory systems with positive service time we refer
to Krishnamoorthy and Viswanath [KV11, KV13|.

Literature on the system extensions can be found in the respective subchapters. How-
ever, it is understood that the main literature from this section is relevant for the models
in Chapter 2 to Chapter 7 as well.
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2. Basic production-inventory model
with base stock policy

Parts of this chapter are published in [OKD16].

2.1. Own contributions

We develop a Markov process model of a complex supply chain, which encompasses
production systems at several locations with associated local inventories, and a central
supplier. We derive stationary distributions of joint queue length and inventory processes
in explicit product form. After performing a cost analysis, we find out that the global
search for the vector of optimal base stock levels can be reduced to a set of independent
optimization problems. The explicit form of the stationary distribution enables us to get
additional structural insights, e.g. about monotonicity properties and stability conditions.
We show that our model — with the send out procedure of the central supplier by a
random selection scheme — can be seen as an approximation for a model, where the
finished items are delivered exactly to the locations where the orders were generated (for
more details see Chapter 5).

If we consider the production facilities (queues) at the locations as devices (servers)
which deliver items from the inventory to incoming demand, needing non-negligible
delivering time (as in the single-echelon inventory systems case described by Krish-
namoorthy, Lakshmy, and Manikandan [KLM11]), our results extend their setting to
a multi-dimensional system.

On the other hand, our work is an extension of the investigations of Rubio and Wein
[RW96|, Zazanis [Zaz94] and Reed and Zhang [RZ17] on inventory systems under base
stock policy: In their models there is no production-to-order such that the time to satisfy
customer demand is zero. Therefore, their model is a special case of our model when
the service time is set to zero. We need to mention that the replenishment system can
be more complex in the mentioned papers than our replenishment server in this section
(more complex replenishment servers will be considered in Chapter 5).

11



2. Basic production-inventory model with base stock policy

2.2. Description of the model

The supply chain of interest is depicted in Figure 2.2.1.1 We have a set of locations
J:=1{1,2,...,J}. Each of the locations consists of a production system with an attached
inventory. The inventories are replenished by a single central supplier, which is referred
to as workstation J + 1 and manufactures raw material for all locations. The items of
raw material are indistinguishable (exchangeable).

Replenishment

Location 1
Inventory
Lost
i X sales
s Single
Demand arrival server
process Waiting room
Supplier A
Station J+1 |

1 ,
Single f D;
server
iting room Y22

»( )
Demand arrival

process Lost
sales

X X Waiting room

Inventory

Location J

Replenishment

Figure 2.2.1.: Supply chain with base stock policy

Facilities in the supply chain. Each production system j € J consists of a single
server (machine) with infinite waiting room that serves customers on a make-to-order
basis under a first-come, first-served (FCFS) regime. Customers arrive one by one at
production system j according to a Poisson process with rate A\; > 0 and require service.
To satisfy a customer’s demand the production system requires exactly one item of raw
material, which is taken from the associated local inventory. When a new customer ar-
rives at a location while the previous customer’s order is not finished, this customer will
wait. If the inventory is depleted at location j, the customers who are already waiting
in line will wait, but new arriving customers at this location will decide not to join the
queue and are lost (“local lost sales”).

The service requests at the locations are exponentially-1 distributed. All service re-
quests constitute an independent family of random variables which are independent of

IFigure 2.2.1 is the coloured version of the monochrome Figure 1 in our paper [OKD16, Figure 1].
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the arrival streams. The service at location j € J is provided with local queue-length-
dependent intensity. If there are n; > 0 customers present at location j either waiting or
in service (if any) and if the inventory is not depleted, the service intensity is ;(n;) > 0.
If the server is ready to serve a customer who is at the head of the line, and the inven-
tory is not depleted, the service immediately starts. Otherwise, the service starts at the
instant of time when the next replenishment arrives at the local inventory.

The inventory at location j is controlled by prescribing a local base stock level b; > 1,
which is the maximal size of the inventory at location j, we denote b := (bj cjed )

The central supplier (which is referred to as workstation J + 1) consists of a single
server (machine) and a waiting room under FCFS regime. At most > je7 bj — 1 replen-
ishment orders are waiting at the central supplier. Service times at the central supplier
are exponentially distributed with parameter v > 0.

All inter-arrival times at the locations and service times at the central supplier consti-
tute an independent family of random variables.

Routing in the supply chain. A served customer departs from the system imme-
diately after the service and the associated consumed raw material is removed from the
inventory and an order for one item of the consumed raw material is placed at the central
supplier (“base stock policy”).

A finished item of raw material departs immediately from the central supplier and is
sent to location j € J with probability pj > 0, independent of the network’s history.
(p; : j € J) represents a predetermined delivering schedule with > jegbi = 1. If the
inventory is not full at location j (this means that the on-hand inventory level at location
J is lower than the base stock level b;), the item is added to the inventory at that location.
Otherwise the item is added to the head of the queue of the central supplier, who will
spend extra time on the already finished item and resend it to a new location i € J
according to the predetermined probabilities p;, independent of the network’s history.

It is assumed that transmission times for orders are negligible and set to zero and that
transportation times between the central supplier and the local inventories are negligible.

Remark 2.2.1. The independence of the inter-arrival times and service times and the
conditional independence of the routing in the supply chain is henceforth summarised as
“usual independence assumptions”.

Similar appropriate independence assumptions for the other models will be summa-
rized by “usual independence assumptions”’ as well. Model-specific peculiarities will be
mentioned separately, if necessary.

To obtain a Markovian process description of the integrated queueing-inventory
system, we denote by X;(t) the number of customers present at location j € J at time ¢ >
0 either waiting or in service (queue length). By Y;(t) we denote the size of the inventory
at location j € J at time t > 0. By W,41(t) we denote the number of replenishment
orders at the central supplier at time ¢ > 0 either waiting or in service (queue length)?.

2The number of replenishment orders at the central supplier is denoted by Y;41(¢) in [OKD16].
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2. Basic production-inventory model with base stock policy

We define the joint queueing-inventory process of this system by
Z = ((Xl(t), Ceey Xj(t), Yl(t), Ceey YJ(t), WJ+1(t)) ot Z 0) .

Then, due to the usual independence and memoryless assumptions Z is a homogeneous
Markov process, which we assume to be irreducible and regular. The state space of Z is

E:{(n,k):neNg,keK}

with
J

K= {(k1,... kg kyp)|0 < ky < by, j=1,...,J, kg =Y _(bj — kj)} C NJH.
j=1

Note the redundancy in the state space: Wyi1(t) = 32,765 — 327 Y;(t). We prefer to
carry all information explicitly with because the dynamics of the system are easier visible.

Our aim is to analyse the long-run system behaviour and to minimise the long-run
average costs.

Discussion of the modelling assumptions

We have imposed several simplifying assumptions on the production-inventory system
to obtain explicit and simple-to-calculate performance metrics of the system, which give
insights into its long-time and stationary behaviour. This enables a parametric and sensi-
tivity analysis that is easy to perform.

First, the assumption of exponentially distributed inter-arrival and service times are
standard in the literature and are the best first-order approximations. The locally state-
dependent service rates are also common and give quite a bit of flexibility. The lead
time is composed of the waiting time plus the production time at the central supplier.
Therefore, it is more complex than exponential, constant or even zero lead times (which
are often assumed in standard inventory literature). Zero lead times in our systems would
result in almost trivial extensions of the queueing systems.

Second, we assume that the local base stock levels are positive (i.e. b; > 1 at location
j). This assumption can be made without loss of generality. Otherwise, all customers at
location j would be lost, which is the same as excluding location j from the production-
inventory system.

Third, the assumption of zero transportation times can be removed by inserting special
(virtual) M/G /oo workstations into the network.

The fourth and most critical assumption from our point of view is the allocation of raw
material from the central supplier to the production locations. We introduce a randomized
decision scheme to select the target location, based on the “routing probabilities” p;,
j = 1,...,J, and an additional acceptance-rejection rule. If the selected location j
has a replenishment order outstanding, the item of raw material is sent to location j.
Otherwise, the item of raw material remains in the machine of the central supplier for
extra service after which the raw material is sent to a new location according to the same
probabilities p; (this is the same as discarding the item of raw material and placing a
new replenishment order at the central supplier).

14
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The latter assumption resembles some routing schemes from the literature, implemen-
ted in networks that are quite different from our model. It is well known that networks
which encompass features like queues with buffers of finite size and/or with breakdowns
of nodes have no simple explicit solution of the balance equations for the stationary dis-
tribution (see |[Dijlla, Section 9.1, Section 9.4, Section 9.5]). There are two common
strategies of rerouting to handle buffers of finite sizes (which could be applied in case of
full inventories in our setting) in the literature:

1. “Skipping” principle: If a customer selects a node j, where the buffer is full, he only
performs an imaginary jump to that node, spending no time there, but jumps onto
a next node immediately according to the routing matrix and so on until he finds
a free buffer place. This rerouting scheme is also known as “jump over protocol”.

2. Blocking principle “repetitive service — random destination” (RS-RD): If a customer
at node 7 selects a node j where the buffer is full, the customer stays at node ¢ to
obtain another service, after which the customer again selects a destination node
according to the routing table and so on.

The skipping principle was introduced by Schassberger [Sch84| and later on was used e.g.
in [Dij88|, [Dij93] and in [DS96|. The RS-RD principle occurred as ALOHA-protocol e.g.
in [Kle76, Section 5.11]. [SD04| discussed both principles and gave a short survey about
the most prominent routing strategies in case of blocking.

In Section 2.4 we evaluate with the use of simulation whether the model with the
abovementioned assumptions is a useful approximation for a more complex system where
replenishment orders at the central supplier are dealt with in a FCFS order.

Remark 2.2.2. Appropriate discussions can be done for the extended models in Chapter
3 and Chapter 4. However, we will only discuss new assumptions in the extended models.

2.3. Limiting and stationary behaviour

The queueing-inventory process Z has an inﬁnitesimal generator Q = (q(z;2) : z,Z € E)

with the following transition rates for (n, k) €
Q((nak);(n—i_eza )) _>\ 1{k >0} iEj,
q((n,k);(m—e;k—e;+esi1)) = pi(ni) - Lin>o01 - L0y ielJ,
q((n,k);(m, k+e —eyi1)) =vpi - Lig,<p,) ielJ.

Furthermore, ¢(z;2) = 0 for any other pair z # Z, and

q(z;z):—Zq(z;Z) Vz e E.

zeE,
2H#£Z
Proposition 2.3.1. The strictly positive measure x := (x (n, k) : (n,k) € E) with
z(n,k) =€(n) -0 (k), (23.1)
where
= - ~ DY _
n) = []&(n)), &) =1] '(ﬂg), n; € Ng, j € J, (2.3.2)
jeJ e=1"7
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2. Basic production-inventory model with base stock policy

~ - N K
0(k) = Ok, .. ks kyer) = [] (”pﬂ) . keK, (2.3.3)
e Y
jeJ
solves the global balance equations x - Q = 0 and is therefore stationary for Z.
Remark 2.3.2. Tt has to be noted that kj;; occurs only implicitly on the right side of

(2.3.3). This hides a strong negative correlation of the coordinate processes W11 (t) and
(Y1(t),...,Y;(t)) which is due to the state space restrictions.

Proof of Proposition 2.3.1. Note that kjy1 > 0 holds if k; < b; for some i € .J. Therefore,
the global balance equations x-Q = 0 of the stochastic queueing-inventory process Z are:

z (n,k) - (Z i L >0y + Z pi(ni) - Loy - Lig>01 + Z vp; - 1{ki<bi})

ieJ ied ieJ

= x (n - ei,k) A 1{ni>0} ’ 1{ki>0}

i€
+

Mk\

r(nte,k+e —ejspr) - pi(ni + 1) Lo

|

i€
+ > w(nk—e+es1) v pi- sy
i€

I

It has to be shown that the stationary measure (2.3.1) satisfies these global balance
equations. Some of the changes are highlighted for reasons of clarity and comprehensi-
bility.

Substitution of (2.3.1) and (2.3.2) into the global balance equations directly leads to

[1&m) | 0k

jed
(Z Ai - Loy + > () - Loy - Lm0y + D v i 1{ki<bi}>
ieJ ieJ ieJ
= Z H gj(”j) .5(1() TAC l{ni>0} : 1{ki>0}
icJ
+> | II &0 |- O(k+e;—ey1)- “Liki<bi}
ieJ

—I—Z ng(nj) -5(k—ei—|—ej+1)-V-p,--l{kpo}.

ieJ \jeJ
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2.3. Limiting and stationary behaviour

By substitution of (2.3.2) we obtain

[T&®m) ] 0

jeJ
(Z Ai+ Ligsoy + Z pi(ni) - in, >0y + Lgi>oy + Z v p;- 1{ki<bi})
ieJ ieJ ieJ

=S {J]&m) ] -0k Lini>0y - L0}
ieJ

Y TG | -0 (k+ei—espn) - N Ligany

ieJ

+ N TI&M) | -0k —eitesin) v pi-Lisop

ieJ \jeJ

Cancelling <Hjejgj(nj)> and the sums with the terms f1;(n;) - 1{n,>0} - L{r, >0} on both
sides of the equation leads to

g(k) . (Z YR 1{k’i>0} + Z v-p;- 1{ki<bi})

ieJ =
= Z 0 (k+e[ - e,]+|) : /\i : 1{ki<bi}
J

1€
+ Z 5(1{*0; + C_]Jrl) “V-p;- ]‘{kz’>0}' (234)
i

The right-hand side of the last equation is

Z@(k) VP 1{k?i<bi} + Z@(k) P 1{ki>0}7

ieJ ieJ

which is obviously the left-hand side.

Inspection of the system (2.3.4) reveals that it is a “generator equation”, i.e. the global
balance equation 6 - Q,.q = 0 for a suitably defined ergodic Markov process on state
space K with “reduced generator” Q,.q. Because the Markov process generated by Q;eq
is irreducible the solution of (2.3.4) is unique up to a multiplicative constant, which yields
0. O

Remark 2.3.3. 6(k) = O(k1,..., ks, kyy1) is obtained as a strictly positive solution
of (2.3.4) which resembles the global balance equations of an artificial non-standard
Gordon-Newell network of queues with J + 1 nodes and ) €T b; customers, exponen-
tially distributed service times with rate \; for k; < b; and “o0” otherwise at node
j€{l,...,J} and with rate v at node J + 1 (cf. Figure 2.3.1). More precisely, it is a
starlike network with r(j, J +1) =1, j € J, and branching probabilities r(J + 1, j) = pj,
jeJ.
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2. Basic production-inventory model with base stock policy

Replenishment
Location 1 c

Inventory

= T

server
Exp(\r) Orge, SUpRllEy oyl
2 z Station J+1 by v
ey IIIII Single 5 p]
server
S Exp(v) Py
Exp(\ < p
\])( ,r) O‘de v

Inventoryé
Location.J

t

Repleniishment

Figure 2.3.1.: Corresponding Gordon-Newell network

Recall that the system is irreducible and regular. Therefore, if Z has a stationary and
limiting distribution, this is uniquely defined.

Definition 2.3.4. For the queueing-inventory process Z on state space F, whose limiting
distribution exists, we define

= (r(mk): (k) € B), 7(nk)= lim P(Z(t) = (n,k))
and the appropriate marginal distributions
£:=(Em):neNy), €)= lim P((X1(t),...,X;(t) =n),
6= (0(k):keK), 0(k)=lm P(YVi(t),....Ys(t), Wy () = k).
Theorem 2.3.5. The queueing-inventory process Z is ergodic if and only if for j € J

Aj
2 5 <=

n;jENg f=1

If Z is ergodic, then its unique limiting and stationary distribution is

7 (k) = £(m) -0 (k), (2.3.5)
with
¢m) = [ &), gy = ] T(JE) n; € N, j €7, (2.3.6)
jeJ (=1
K
0(k) = O(k1, ... ks kser) = G [ (’;’?) , keKk, (2.3.7)
jeJ
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2.3. Limiting and stationary behaviour

and normalisation constants

wd  Co=Y ]I <pr>

nJENOE 1 keK]E]

Proof. Z is ergodic, if and only if the strictly positive measure x of the global balance
equation x-Q = 0 from Proposition 2.3.1 can be normalised (i.e. Y, cn, 2 xex (0, k) <
00). Because of Proposition 2.3.1 it holds

S Y aml =Y fm- Y00 = (] ZH ZH<%>

neNg ke K neNy keK jGJ nj €Np (= 1 kGK cJ

Hence, since K is ﬁmte the measure x from Proposition 2.3.1 can be normalised if and

only if 3, ENOHZ 1# ) < oo forall j € J.
Consequently, if the process is ergodic, the limiting and stationary distribution 7 is

given by
z(n, k)

ZHGNO ZkGK ( )

where z(n, k) is given in Proposition 2.3.1. O

m(n, k) =

Remark 2.3.6. The expression (2.3.5) shows that the two-component production-inventory-
replenishment system is separable, the steady states of the production network and the
inventory-replenishment complex decouple asymptotically.

Representation (2.3.6) shows that the equilibrium for the production subsystem decom-
poses in true independent coordinates. A product structure of the stationary distribution

n)=[[&m) =T]¢;

jeJ jeJ

as

is commonly found for standard Jackson networks (see Theorem A.2.2) and their relatives.
In Jackson networks servers are ‘non-idling”, i.e. they are always busy as long as customers
are present at the respective node. In our production network, however, servers may be
idle while there are customers waiting because a replenishment needs to arrive first.
Consequently, the product form (2.3.5) has been unexpected to us.

Our production-inventory-replenishment system can be considered as a “Jackson net-
work in a random environment” in [KDO16, Section 4]. We can interpret the inventory-
replenishment subsystem, which contributes via 6 to (2.3.5), as a “random environment”
for the production network of nodes .J, which is a Jackson network of parallel servers (for
more details see Appendix A.3). Taking into account the results of [KDO16, Theorem 4.1]
we conclude from the hindsight that decoupling of the queueing process (X1, ..., X ) and
the process (Y1,...,Ys, Wyi1), i.e. the formula (2.3.5), is a consequence of that Theorem
4.1.

Our direct proof of Theorem 2.3.5 is much shorter than embedding the present model
into the general framework of [KDO16|.
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2.4. Comparison with a more complex model with location specific items

2.4. Comparison with a more complex model with location
specific items

In this section, we investigate the model of Section 2.2 as approximation for a more
complex system where the central supplier sends raw materials to the locations that se-
quentially ordered them. This more complex system can be classified as a “multi-product
system” because items are not exchangeable. Although we analyse this more complex
model in Chapter 5 and derive an explicit solution for the stationary distribution in
product form, the drawback of this multi-product model with deterministic routing is
that the state space of the associated Markov process explodes. We therefore analyse
the performance of the multi-product system with simulation and compare this to the
results of the analytical expressions derived in Section 2.2 for the simpler model with
exchangeable items and random routing.

Obviously, the main problem is to find correct values for the routing probabilities
(pj 3 =1,...,J). We have two approaches, first by simulation and second by an iterative
algorithm. In both cases, we start from the fact that a portion A; := Ajq1 - p; is sent
to location j from the overall departure rate Aj11 (= throughput) of the central supplier
for some p; € (0,1). In equilibrium this is exactly the replenishment rate originating at
location j. The portion A; can be obtained by simulations. The natural choice is then

J J
pj = A]/(ZA ) )\J+1 p] Z )\J+1 pk ﬁj
k=1 k=1

because Zgﬂﬁk =1.
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2. Basic production-inventory model with base stock policy

(I) SIMULATION. Our first approach is to estimate p; using the transfer statistics
from the central supplier to location j obtained in simulation runs of the multi-product
model. Thereafter these estimated values are inserted into the analytical formulas of
the simpler model. Clearly, this is not a practical recipe, but a way to get insights into
possible similarities of both models. Great differences e.g. in inventory sizes or queue
lengths would recommend not to use the simpler model. But fortunately enough, these
differences are small.

For this purpose we construct a fictional system with deterministic routing with two
locations, J = {1,2}, and parameters \; = 2, Ao = 5, g = 4, g = 10, by = 4, by = 12
and v in a range from 0.5 to 40 with step size 0.25. We have chosen the service rates p;
greater than the demand rates \; to keep the system ergodic, and we have chosen the
demand rates A; and the base stock levels b; in such a way that the ratios A\;/Ay and
by /by are different. A larger base stock level bg is attributed to a system with a larger
demand stream Ay. Furthermore, we have chosen a very large run time 7" = 100000 to
obtain the results close to the steady state solution in a single simulation run. We stored
the number d; of finished items sent from the central supplier to location j. The results
of the simulation are plotted in Figure 2.4.1.

From Figure 2.4.1(a) we see, if v is small, d1/(dy + d2) seems to approach by /(b1 + b2),
and if v is large, di/(dy + d2) approaches A1 /(A1 + A2). The intuitive explanation of this
behaviour with the help of Figures 2.4.1(b) - 2.4.1(d) is as follows: If the central supplier
is much slower than the production systems at the locations, then the central supplier’s
queue is almost always full and the inventories are almost always depleted. This means,
in the queue of the central supplier there are approximately b, orders from location 1 and
by orders from location 2 in random order.

If the central supplier is much faster than the locations, then the orders pass the central
supplier almost immediately. The order streams from locations 1 and 2 behave similarly
to the superposition of two stochastically independent Poisson streams with rates A\; and
Ao. When two independent Poisson streams pass the central supplier with no delay, this
is stochastically the same, as to input a Poisson stream with non-distinguishable orders to
the central supplier with a rate A\; + Ay and then randomly decide of which type (location)
it is: of type 1 with probability A1/(A1 + A2) and of type 2 with probability Aa/(A1 + A2).

Figures 2.4.1(e) - 2.4.1(f) show that the analytically obtained average queue size almost
perfectly matches the simulated (true) values of the average queue sizes at the locations.
Furthermore, we can see that the average queue size is independent of the service rate
v at the central supplier (see equation (2.3.7)), which is predicted by the product form
stationary distribution (2.3.5).

The comparison of the performance metrics of the simulated more complicated model
with those of our analytically obtained results shows that the analytically obtained values
can be used as an approximation for the multi-product and more complicated system’s
metrics. As noted before, the much more extensive comparisons of [GKAR12| support
such substitutions of complex systems by suitably chosen product form systems as well.
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2.4. Comparison with a more complex model with location specific items

_____ by/(b;+by) —— di/(di+dp)
--------- Ml (ki +22)

simulation ~ ----- approximation

0.28

0.27

0.26 4

0.25 4

0.24

(a) d1/(d1 + d2) — relative departure portion (b) Average queue size at the central supplier
of finished items for location 1 from the central
supplier in the system with deterministic rout-

ing
simulation ~ ----- approximation simulation ~ ----- approximation

1 1 1 1 1 1 1 1 = 1 1
10 4 +
8 - L
6 - L
4 L
2 L

T T

30 40
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(c) Average inventory at location 1 (d) Average inventory at location 2
simulation ~ ----- approximation simulation ~ ----- approximation

1 1 1 1 1 1 1 1 1 1
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08 - + 058 - +
06 - + 06 +
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(e) Average queue size at location 1 (f) Average queue size at location 2

Figure 2.4.1.: Comparison between the simulated results of the system with deterministic
routing and the analytic results of the system with random routing
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(IT) ITERATIVE ALGORITHM. In our second approach we use a queueing model
to set the values of the routing probabilities p;, j € J. In this procedure the routing prob-
abilities are determined as being proportional to the effective arrival rates from location
j at the central supplier. We consider the following model, where an admitted customer
at location j represents an outstanding replenishment order from location j. The process
time of such orders is complex (consisting of waiting and service times at the central sup-
plier). Therefore, the admitted customer’s service time is modelled as a random variable
with a general distribution. Consequently, each location j, j € J, is considered as an
M /G /b; /0-Erlang-loss system® as depicted in Figure 2.4.2.

The arrival rate A\;, j = 1,...,J, is diminished by the loss probability ¢; when all b;

units are on order at the central supplier. The value of g; will be determined iteratively.
Furthermore, the total arrival rate Aj,1 at the central supplier equals ijl Aj- (1 —gj).

(a5)

Figure 2.4.2.: Location j approximated as an M/G/b;/0-FCFS queue

The central supplier is modelled as an M/M/1/(b—1)-FCFS queue with b =3, 5b;,
service rate v, and arrival rate Aj;1 of orders generated by admitted customers at the
local M/G/b;/0 queues (Figure 2.4.3).

\ i) [T [ [mte)
Lost

customers - -
Soujourn time T

Figure 2.4.3.: Central supplier approximated as an M/M/1/(b — 1)-FCFS queue

To determine the arrival rate at the central supplier, the blocking probabilities (loss
probabilities) ¢; of the M/G/b;/0 queues need to be known and to determine these
blocking probabilities we need to know the sojourn time 7' of the replenishment orders
at the central supplier. This can be solved iteratively where the algorithm will stop if
the blocking probabilities g; remain unchanged under further iterations. As a result the
routing probabilities p;, j € J, can be calculated because they are proportional to the
effective customer arrival rates at the central supplier. That is

N Ul /)RR
! Zkej(l - qk) : )\k

3 b; service channels, no waiting room, Poisson arrivals, general service time distribution
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2.4. Comparison with a more complex model with location specific items

Algorithm Calculation of p;, j € J

Input: number of locations J
service rate of the central supplier v
arrival rates at the locations j € .J Aj
base stock levels at the locations j € J b;
stop criterion €

Output: routing probabilities p;, j € J
Initialize: blocking probabilities ¢; = 0, Vj € J

(1) Calculate the effective arrival rate of replenishment orders at the central supplier
J

A=) (1—g)- N

=0

and the average sojourn time E[T] of a replenishment order at the central supplier

1 S A\ e+l ,
ey B T e
£=0 -

v jeTJ

(2) Determine the new blocking probabilities qﬁnew) at the locations j € J
q(ncw) o ()‘j ) E[T])b]
. = — .
’ 2 n=o(A; - E[T])"
(3) If ow
Slg—af* Y > e,
jeJ
then

q5 < q§new) VjeJ  and return to (1),

else calculate the routing probabilities p;, j € J,

0= ™)

> el — Q§new)) A

pj =

The iterative algorithm can be modelled in R. The R code is presented in Appendix B.1
on page 267.

We can use the simulation results of the multi-product system again and compare the
values of p; with the results of the iterative procedure. We again consider two locations
J = {1,2} with the same parameter values, except we do not need the service rates y;
for the algorithm. We have chosen a stop criterion € = 0.001. Furthermore, we stopped
the algorithm when no convergence was reached within 500 iterations.
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2. Basic production-inventory model with base stock policy

The results are plotted in Figure 2.4.4. We see that the resulting routing probabilities
pj of the algorithm show a good approximation if the service rate of the central supplier v
is larger than or equal to some value v*. In Figure 2.4.4 the value of v* is approximately
5.5. In the grey area of Figure 2.4.4, the iterative algorithm did not satisfy the stop
criterion € in less than 500 iterations for about 85% of the instances. The resulting values
of p; are not good approximations for the actual values. A series of experiments with Ay
and Ao in a range from 0.5 to 20 with step size 0.25 supports our conjecture that such a
value v* exists in general. The existence of v* is an open problem.

----- algorithm simulation

0.28

0.27

P1

0.26

0.25

0.24

0 5 10 15 20 25 30 35 40

Figure 2.4.4.: Comparison between the simulated results and the results of the algorithm

We found it necessary to investigate the relationship between v* and other parameters
of the system,? i.e. to determine the range of v-values where the algorithm converges.

For A\; = A9 in a range from 0.5 to 20 with step size 0.25 (and all other parameters equal
to the above) we see in Figure 2.4.5 that there is an approximately linear relationship
between the arrival rates at the locations and v*.

30 ~

20 ~

Vid

10 ~

T T T T T
0 5 10 15 20

A

Figure 2.4.5.: Relationship between v* and A\ = As

4The investigation of the relationship between v* and other parameters of the system is an improved
version of [OKD16].
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2.4. Comparison with a more complex model with location specific items

We mention that the optimal base stock levels b;, which are the final decision vari-
ables, are determined in Theorem 2.5.2. The values p; are needed in v; = V)\%j to cal-
culate P(Y; = 0) and E(Yj) in the cost function g,(b;). The decision in the grey area
seems to be relatively robust because v is small in this area. However, it depends on
the combination of )\; and v. ®We can use the simulation results of the multi-product
system again and compare the values with the results of the iterative procedure with the
routing probabilities p; in the grey area where v < v*. In our example the value of v* is
approximately 5.5. The results are plotted in Figure 2.4.6.

—————— algorithm simulation ------ algorithm simulation

Y

T T T T T T T T T T T
05 10 15 20 25 30 35 40 45 50 05 10 15 20 25 30 35 40 45 50

v v
_ vp1 — Yp2
(a) 1 = 2 (b) 72 = 5Z
—————— algorithm simulation -==-=- algorithm simulation

0.8

0.6

:0)
=0)

0.4

z = L
T 06 L b
05 o F 024 r
0.4 o
0.0 | S
T T T T T T T T T T T T T T T
05 10 15 20 25 30 35 40 45 50 05 10 15 20 25 30 35 40 45 50
v v
(c) P(Y1 =0) (d) P(Y>=0)
—————— algorithm simulation ------ algorithm simulation
I I
12 4 = 10 4 L
1.0 o
8 L
. 08+ o —_
Z z 7 I
W 06 o prr
44 L
0.4 S
24 L
02 - S
| . 04 =
T T T T T T T T T T T T T T T T T
05 10 15 20 25 30 35 40 45 50 05 10 15 20 25 30 35 40 45 50
v v
(e) E(Y1) (f) E(Y2)

Figure 2.4.6.: Comparison between the simulated results and the results of the algorithm
in the grey area (i.e. v in a range from 0.5 to 5.25 with step size 0.25)

5The following investigations are an improved version of [OKD16].
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. |[value of simulation—value of algorithm)|
Furthermore, we have plotted the relative errors value of simulation for

v;, P(Y; = 0) and E(Yj) in Figure 2.4.7. We see the greatest relative error for P(Y; = 0)
in Figure 2.4.7(d) which was not clearly visible in Figure 2.4.6(d). However, it seems
to be relatively robust since the value of P(Y2 = 0) is small in this area (see Figure
2.4.6(d)). Consequently, the resulting values for ;, P(Y; = 0) and E(Y;) show a good
approximation for the actual values in our example.

However, the decision of the optimal base stock levels also depends on the specific
cost values. Therefore, further studies are still needed to make a statement about the
robustness of the optimal base stock levels in the grey area.
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0.10 - F 0.10 F
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Figure 2.4.7.: Relative errors
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2.5. Cost analysis

The total costs at location j € J consist of shortage costs cis,; for each customer that is
lost, waiting costs ¢, j per unit of time for each customer in the system (waiting or in
service), capacity costs ¢, ; per unit of time for providing inventory storage space (e.g.
rent, insurance), holding costs ¢y, ; per unit of time for each unit that is kept on inventory.

The unit holding costs at the central supplier are ¢ 1. We assume that all of these

costs per unit of time are positive.

Therefore, the cost function per unit of time in the respective states is®

for Ngx K — Ry, =) fo, (i k) + Fria(ksa)
jeJ

with the cost functions fp, : N% — ]R(J)r at location j of the local system state (n;, k;)
with base stock level b; per unit of time

Jos (g k) = cuwj-nj+ cog-bj+cng - kj + s Ay Lig=oy
and the cost function fyy1: Ng — Rg per unit of time at the central supplier
frv1(kst1) = cngs1 - ki

We will analyse average long-term costs of the system as a function of the base stock

levels b = (b1,...,by).
Lemma 2.5.1. Optimal solutions for the problem described in Definition 2.2 are the set
arg min (g(b))
with
gb) = coj-bit > D i N Lpy—op+ D cngky| - 0(k)
jeJ keK \jeJ JEJU{J+1}

= Z(Cs7j +cp 1) by + Z Z (Cls,j “Aj 1{kj=0} + (Ch’j —Cht1) - kj) -0(k).

jeJ keK \jeJ

Proof. The asymptotic average costs for an ergodic system can be calculated as

lim 1 fb(Z(w,t)) Z fo (n,k) -7 (n,k) =: f(b) P —a.s.

5The definition of the cost function in [OKD16] is corrected here.
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Using product form properties of the system we obtain

f(b)
=> (Zfb nj, ki) + frr1(kra ) (Hfﬁ g ) .
(k) \jeJ ey

= Z (Z(cw7j Nyt Csjbjtcepyo kit A 1{kj:0}) + ch 41 kJ+1)

(nk) \jeJ

: (H&(W)) '9<k>
=3y (Z(CwJ‘ - nj)) : (H fe(W)) -0(k)

teJ

.0 (Z(Cw’ “bj+cng - kj s Ay Lg=0y) + Chat1 kJ+1)
n k 7

: (H 5@(”@)) -0(k)
teJ

=)0k > ey (H fz(W))

N , 0 ojeJ =}
=1
no\¢eJj k \jeJ
=1
(k).

Let X, j € J, denote random variables which are distributed according to §j. Using

DD cusn (H&(M) = SHITD SRR ST (Hfd”ﬁ))

n jej LeJ jegnm=0  mn;=0  n =0 leJ

Z(CWZ”J &) Y ( 11 &W))

JjeJ (nz)zyéj EEJ\{]}

=1

= cuyr > nj-&(ny)

jeJ n;=0
= Z Cw,j Eﬁj (Xj)v
jeJ
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we get for the asymptotic average costs

JO) =Y | D (esjbj+eng kit s Ay Lig=op) +narr -k | - 0(k)
k \jeJ

+D cwg B (X;).
jeJ

independent of b;
= argmin (f(b)) = argmin (g(b)),

where

gb) i= D | D (esy bj+eng ki sy A Lggmop) + enain ks | - 0(k)
keK \jeJ

=D D(esy bty A Lgmo) + D ki | 0(K)

keK \jcJ JEJU{J+1}
D ICTRUED Dl D SLNEPYR TS SRR ()
jeJ keK \jeJ JEJU{J+1}

O]

Although the locations and their describing processes are obviously strongly correlated
because of the common replenishment mechanisms, it can be shown that this optimiza-
tion problem is separable in the sense that we can split the global optimization problem
into a set of independent local optimization problems.

Let (Y1,...,Ys, Y1) denote random variables that are distributed according to 6. For
improved readability we define
Y
J )‘J
Theorem 2.5.2. The optimal base stock levels b = (by,...,by) are determined as
bj € argmin(g;) VjeJ (2.5.1)

with
G;(bj) == (cs;j + cnay1) - bj+ sy Aj- P(Y; =0) + (cnj — cnar1) - E(Y)),

where .
bj - 1=y forvy; #1
i bi+1 ’Yj b
PY=0= (3] =1 (252)
and
-1 bi+1 b
b; b; Y5 bj"Yj] _(bj+1)"ij+1
k; ki L . Jorv; # 1,
EY) =7 D ki = ; v 17" !
k=0 kj=0 4 for~v; = 1.
(2.5.3)
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2. Basic production-inventory model with base stock policy

Proof. We transform

0(k) =0(ky,... ks k1) =Cy' Hﬁj

jeJ
on
J
K = {(kla' . 'akJ)kJ+1)|0 < k] < ij .] = 17""Ja kJJrl = Z(b] - k])} C Nngl
j=1
by an isomorphism to
! k
0_(k_)=0_(k1,....k;) =Cy' [[ 7 =0(k) (2.5.4)
j=1

on
J
K_i={(k1,.... k)0 <&y <bj, j €Ty =][[{0,1,....05}.
j=1
K_ is a product space and 6_ is a product measure. This leads to _(k_) = H;']:1 Cy ]1 -ij
and

g(b) = (s +cni1) - b;

jeJ
bj
1k
+Z ( Z Cg,} e (Cls,j “Aj Lg=oy + (Chj — chat1) - kj)
jeJ \k;=0

Set (Y1,...,Yy) ~ 0_, then Yj is distributed according to a truncated geometric distri-
bution. It follows

gb) = ((Cs,j + Chat1) " bj+ s Ay P(Yj = 0) + (cnj — ch41) - E(Yj))
jeJ

We can show that a global optimal b; exists.
Corollary 2.5.3. For any j € J the scaled costs w are bounded above and below
J
asymptotically
7. (b a.(bs
0 < liminf M < lim sup M
bJ'A)OO ] bj—)OO ]

(2.5.5)

and a global minimum b; exists.
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2.6. Structural properties of the integrated system

Proof. The property (2.5.5) follows from

9;(b5) E(Y; P(Y; =0 E(Y:
]b,j = Cs; +Ch 1 - <1 _ éj) ) + Clsj Aj - (2) +cnj - E)J) .
J ~ J J J
0 N—— —— ——
g €(0,1) €(0,1) €(0,1)

The consequence of the last equation is limp, oo yj(bj) = 00, which together with re-
quirement b; > 1 and gj(bj) > ( proves the existence of a global minimum. O

2.6. Structural properties of the integrated system

The investigations in this section rely on the fact that the product form of the stationary
distribution (= separability) makes structures easily visible that are hard to detect by
simulations or by direct numerical investigations. As a byproduct we demonstrate the
power of product form calculus.

2.6.1. Ergodicity
As shown in Theorem 2.3.5, ergodicity is determined by an eNo H;Li 1 % <o00,j€J,
because K is finite. Hence, ergodicity is determined by the parameters of the isolated
queueing system without the inventory system at the locations. For instance, if p1;(¢) =
i, Ve, then \; < puj;, V7, is the correct condition for stabilizing the entire system.
Noteworthy is that the extra idle times of the servers at the production systems do not
destroy ergodicity due to the necessary replenishments. The reason behind this is that
the local lost sales at the individual servers at these locations automatically balance a
possible bottleneck behaviour of the central supplier.

2.6.2. Effect of pooling demand, inventories and service capacity

Pooling of inventories and demand improves performance of inventory systems in many
cases, for an early investigation see Eppen [Epp79|. Similarly, merging service capacities
can improve throughput and reduce delay of production. Li and Zhang [LZ12] analyse how
inventory pooling affects customer service levels. In our integrated production-inventory
systems with a high degree of parallelism of the locations with demand, service, and
inventory, it is therefore of interest whether pooling would improve the system’s behaviour
measured by the cost functions from Section 2.5. This is not a trivial question because
for service systems (queues) van Dijk and van der Sluis [DS09] have shown that in many
situations “Pooling is not the answer” to improve service quality. Similarly, for the classical
newsvendor model there are situations where pooling of the demand is not an optimal
decision. A review is given by Yang and Schrage [YS09] who show that pooling is not
optimal in some cases. Bar-Lev and his coauthors [BL11| give precise necessary and
sufficient conditions for the anomalies to occur or not to occur, i.e. pooling is suboptimal
or optimal.

We utilize our closed-form formulas to show that pooling is favourable for some sets of
parameter settings in the production-inventory system.
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2. Basic production-inventory model with base stock policy

Definition 2.6.1. We say a subset {¢1,...,¢n} C {1,...,J} of locations is homogeneous
if
>\¢k:)\¢£ and Yo = Vos Vk,EE{l,...,N}.

A homogeneous set {¢1, ..., ¢n} of locations is 1-homogeneous if v4, =1, Vk € {1,..., N}
holds.

Next we show that pooling of homogeneous systems (or locations) reduces the optimal
base stock levels and the costs. This is done first for 1-homogeneous systems. We will
verify this twofold. First by proving the following proposition.

Proposition 2.6.2. Consider an ergodic network as in Section 2.2 thaAt includes (among
others) N locations with demand streams of intensities )\¢1 = = Mgy, with optimal

base stock levels b¢ b ,b(‘;N and corresponding costs g¢1 (bdn) -y G (03). Assume that

these locations are 1-homogeneous, i.e. Yy, = (Vp(m)/)\(m =1,i=1,...,N. When the N
arrival streams are pooled to arrive at a smgle location, denoted by ¢, wzth demand rate
)\¢1 -+ )\¢N = >\¢1 =: Ay and py = Dy, - N, then for the optimal base stock level
b:; and costs g¢(b*) at the pooled location ¢ the following holds:

~ ~ [=VN-b>b if bo>1,
R VAR S
ZVN b >0 if by, =1

and R
VN5, if b2’1>1}>g¢(bi§>)-

s, (0 b b
g¢1( d)l) +9¢N( N ) {2]\[ g¢(b¢) if bzl 1

An explanation for this decrease in case of pooling is probably that the system with
more stations generates more variability in its performance metrics.

This proposition shows that the optimal base stock level and associated costs in the
pooled system are smaller than the sum of the individual components in the non-pooled
System.

Proof of Proposition 2.6.2. For technical reasons we investigate the reversed process of
pooling: Splitting demand and inventory. For this we distribute the demand of rate Ay
at location ¢ to N locations {¢1,...,¢n} with reduced demand of rate X@C = A\y/N and
]/)\d)k ::p¢/N, Vk € {1,...,N}.

We first collect necessary prerequisites and remark that v, = 1 implies 7, = 1, Vk €
{1,..., N} (and vice versa), i.e. the property of 1-homogeneity is hereditary for the N
split locations.

For 74 = 1 the cost function is

Gy (bg) = (Cs,p + Chgs1) by +cisg - Ap - P(Yy =0) + (chg — cnur1) - E(Yy)
(2.5.2)+(2.5.3) 1 by
aa b i W _ )
(Cs,p + Chav1) by + Clsp - Ag (o5 +1) + (Cho — Ch,u+1) 5
+ 1( + )| - bg + A !
= c —(c c . Cls.p* Ap* ————-
st 5(Cho + e 6T Ciso Ao Gy
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2.6. Structural properties of the integrated system

To simplify calculations we will analyse optimal points b}, € [1,00) in the continuous
space. The first two derivatives of g,(by) are

99,

T 2056 - Ao
by

(bp +1)3°

Note that the second derivative is positive for by > 1. So the optimal base stock level bj;
for station ¢ with demand rate Ay is obtained from

Csgp A9 Ao and 82§¢
by + 12 52,

1
(bs) = cs0 + 5 (Cho + cnt1) = (bg) =

aJg Y
o) =0Aaby>Torby =1 = b} =max Jlat ' 2¢ ~1 1)
Oby Cs.6 + 5(Cho + Ch,11)

According to Corollary 2.5.3 this single local minimum b;‘) is also a global minimum.

To simplify notation we fix location ¢; and compare the performance metrics and costs
for arrival rate Ay and pg with the situation of reduced demand of rate Ay, := Ay/N and
only a portion py, := pg/N of items from the replenishment workstation being redirected
to location ¢1. The quantities related to the location ¢ will be tagged by a “ ~” and
an index “g,”. We have 74, = 74 = 1. All other cost values s 4,, Cs,¢;, Ch,¢, Temain the
same as Cis ¢, Cs,¢, Ch,¢, and cp j41 are already fixed. Using the previous results the new

optimal base stock level b;;l for the location with reduced demand is

N Ao/N
by, = max Clsg* Ao/ —1, 1. (2.6.1)
Cs. T 2 (Chgp + cnyi1)

Comparing the optimal base stock levels b* to b* .+ we see that b; > 3:;1 To be more
precise,

if b5 >1, then /b\zsl—’—lfi and if b5 =1 ther13>;§17—i_1>L (2.6.2)
1 ’ b;—i—l_\/ﬁ’ ¢ b +1 VN’ -
This implies for sufficiently large b;)
by, ® —= > —, if b¢1 >1, and by 2 ——= >, if by, =1 (2.6.3)

\FN \FN

Equation (2.6.3) says that whenever the demand is scaled down by 1/N the optimal base
stock level scales only with 1 Z\/N . This scaling is maintained for the standard costs
which we consider (at least if b} > 1). This follows from substituting b7, into

- 1 ~ ~ 1
a. b = — . b . )\ <.
o1 (bg,) <Cs,¢ +5(ene + %J+1)> 61+ Cls,g * Ay Gt 1)
We directly obtain for 321 >1
S ) A 1 b AR VNS S,
9on(bg,) = | cso + 5 (chg + cht1) I8 Tase N me Y U +gg(bg)  (2.6.4)
VN
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2. Basic production-inventory model with base stock policy
and for b} =1
1

~ (P 1 b;; b:;) 1 — *
9oy (bg,) 2 (Cs,¢> + E(Ch,qﬁ + Ch,J+1)> v tase Ag N 2 N -G (03). (2.6.5)

Remark 2.6.3. = resp. 2 in (2.6.3) means the following:

. ~ b}

Tx Tk * S * % T P

53) = by +1 by, (55, +1) -0 =B, - (85 +1) I e N
o o (5+1) -85 (v +1) 05 %

~ B
Because b;‘5 > b;l it follows that lji} < 1. This implies
¢

b*

Tx T Tk 7% 1_ dil
b¢1+1_@£:b¢1+1_b¢1: b¢< 1
b(’;+1 b;; bZ‘Fl b(’; b(’;+1 b:;Jrl

Hence, for every e > 0 we have for all b:; > max (1, % — 1) that 0 < a(bZ) < ¢ which

yields

b o4l (= ifb >, =L =a®)) b it >1,
= DI T BT )
b o T >IN lfb¢1:1 \/—N—a(%) b, if b, = 1.

A resp. 2 in (2.6.4) resp. (2.6.5) means the following:
Let € > 0. Then we have for all b, > max (1,1 —1) that 0 < a(bj) < ¢ and get

for b:;l >1

~ T 1 1 * * )\¢ 1
9o (b3,) = (Cs,¢ + 5 (Cho + Ch,J+1)> <\/N —a (%)) R TN o ey

VN
=\ G0 T 5\ Cho T Chu41 JN a9 )
1

1 * 1 *
+(\/N—a(b¢)>‘Cls,<z>'A¢‘b:;+1+a(b¢)'cls,¢')\¢'%+1

1 . 1 . 1
- (g5 o) <(08»¢+ (oo ) ) 0 o b¢+1>

) 1
“+a (b¢) . Cls’¢) . >\¢> . b:};ﬁ

1 * — * * 1
= (\/ﬁ —a(b¢)> G () +a (b)) - csp - Ao bzﬁ
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2.6. Structural properties of the integrated system

and for 5* =1

1 N\ Ao 1
Gon (03,) > <Cs o+ 5(chg + Ch,J+1)> < —a (b¢)> R
VN Noby 41
e . ) o .
> Cg b + Chv(b + Ch7J+1) ﬁ —a (b¢) . b¢ —+ N . Cl5,¢ . )\¢ . b:;)ﬁ
1 *
= <Cs,¢ + 5 (cne + Ch,J+1)> <N —a (@)) b

1 i} 1
+<N_a(b¢))'cls"ﬁ.)\d"b2+1+a(b¢)'cls’¢.)\¢'l%+1

1 * — * * 1
= <N - a(%)) To(05) +a(83) - cisg- Ao R

2.6.2.1. Pooling of general homogeneous locations: Refined numerical evaluation
on the basis of product form structure

For the more general homogeneous system, we resort to a numerical investigation to verify
whether equation (2.6.2) is still satisfied. To do so, we start with a system consisting of one
location, then split it in two equal parts. Utilizing the separability and the decomposition
property (2.5.1), we can reduce the problem to an isolated single location.

We consider the following fictional system with J = {¢}, py = 1, A\p = 1, c54 = 1,
Chp = 2, Clsp = 400, cpy41 = 1 and v4 € [0.1,10]. The holding costs cj s41 at the
central supplier are lower than the holding costs ¢ 4 at location ¢. The very high cost
c1s,6 = 400 results from expensive items, which justify the base stock policy, as argued
in the introduction. We chose these numbers to obtain sufficiently large optimal base
stock levels. When the location is split, such that the difference between continuous and
discrete version of bz is negligible.

The results are plotted in Figure 2.6.1, where “full demand” refers to the original system
(one location with Ay, = 1) and “partial demand” refers to one of the two split locations

(which are identical, each with demand X¢1 = /):4)2 =1/2).
From Figure 2.6.1(a) we see that the values of b;g and b;’;l are highest, when 4 = 1.
Figure 2.6.1(b) demonstrates monotone decreasing behaviour of the cost functions 7%

S : by, +1 - .
and gy, in 4. Figure 2.6.1(c) shows that b“%lﬂ > % The ratio is close to its lowest

value when 4 = 1. That means that if v, is only slightly different from 1, we soon gain

more than factor % when two locations are pooled.

+1
If v4 deviates more from 1 we observe that Py tt ~ 0.9. The consequence is that

bi+1
pooling two demand streams of equal rate 2% ylelds a reduction of the needed inventory

by a factor close to 1/2.
This observation and conclusion is supported further by Figure 2.6.1(a). It is shown

that for high replenishment rate v = % (with Ay = 1 fixed), the optimal base stock

level at demand rate A4 and % are almost the same. Finally, from Figure 2.6.1(d) we
conclude that pooling two identical locations in the homogeneous case for large 4 reduced
the optimal total costs by a factor 1/2, too.
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2. Basic production-inventory model with base stock policy

by* (fulldemand) ~ ----- b, (partialdemand) ~  —— Gi(by) (fulldemand)  ----- gi(by*) (partial demand)
P T T S T TR ST SR R R PR ST WA ST S
T T T T T T T T T T T T T T T T T T T T T T r
o 1 2 3 4 5 6 7 8 9 10 o 1 2 3 4 5 & 7 8 9 10
11 Y1
(a) b and bj (b) 9,(b1) and gi(b7)
Bt 12 — GbrEon 12
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Figure 2.6.1.: The optlmal base stock levels of the original system b} and of the splitted

systems b* with corresponding optimal costs g; (b}) and gl(b*) from Section
2.6.2.

Summarizing: From pooling two homogeneous locations we can expect roughly at least

a gain of inventory reduction by a factor of 1/v/2, which is attained (approximately) in the
1-homogeneous case. Hence, for a subset of the parameter space, pooling is advisable,
i.e. the “type-F-anomaly” [YS09, Section 2| does not occur.

Additional comments:

(1) The explicit product form expressions for the stationary distribution allow a more
refined evaluation. We report only some interesting observations, which refer to an
evaluation in the continuous optimization domain.
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(1)

Although Figure 2.6.1(a) suggests that the optimal base stock levels b(”; and

g;‘)l are maximal at 4 = 1, we want to stress that this is in general not the

case.
A*

bi +1
Although Figure 2.6.1(c) suggests that the quotient If*lﬁ is minimal at y4 = 1,
$

this is in general not the case as well.

by, +1
Figure 2.6.1(c) suggests even more that \}5 is always a lower bound for b; T

We performed a detailed numerical evaluation with parameters Ay, = 1, py = 1,
Cs,¢: Ch,¢» Ch,J+1 and v from {0.1,0.2,...,0.9}U{1,2,...,9}uU{10,20,...,100}
and ¢4 from {0,10,20,...,1000}, which resulted in 62, 080, 256 different sys-
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by o1
tem settings. They showed that the quotient lj)*lﬁ fell below the value %
¢

for less than 6% of the instances, and below % for less than 0.5% of the

instances. The smallest quotient was approximately %26

75

(2) The strong peaks in Figure 2.6.1 (near 7, = 1) are still waiting for an intuitive
explanation. We emphasize that the possibility to detect these peaks strongly relied
on the fact that due to the product form stationary distribution we could separate
parts of the system (queues at locations) from other parts (inventory and central
supplier).

2.6.3. Transformation of the stationary distribution

We started with evaluation of 7 (n,k) = (Hjej §j(nj)) - 0 (k), which made it easy to
define and understand the cost structure of the system. Introducing later on for 6 the
isomorphic 0_ (see (2.5.4) on page 32) offers additional valuable insight into the structure
of the inventory-supplier part of the integrated system.

Consider a situation where the service times for production of raw material at the
workstation of the central supplier are extremely long (by chance). Then it is intuitive
that the on-hand inventory levels at all locations are low (and base stock levels are high
to prevent stockouts). Similarly, for short replenishment production times we see high
stock levels at all locations. Therefore, it is a tempting conjecture that the inventory
levels are positively correlated.

0_ tells us that this intuition goes wrong in the long-run and in equilibrium: Inventory
levels are independent for any fized time point. Clearly, the inventory processes are not
independent over time.

2.6.4. Monotonicity properties

[RW96| considered systems similar to ours (without service at the locations) and found
by numerical studies that the optimal base stock levels in their network depend on the
utilization of the replenishment server in a monotone fashion. From our product form
equilibrium, monotonicity properties of various quantities can be derived analytically
exploiting the form of 7 (n, k) with the aid of stochastic order theory. This is a classical
approach and seems to go back in inventory theory to the nineteen-sixties [Kar60|. We
sketch two prototype examples:

(1) Recall that (Y7,...,Yy ) is a vector distributed like §_. An intuitive conjecture is
that: Increasing v, decreasing \; or increasing p; will increase E(Y;) and decrease
P(Y; = 0), which occur in the local cost function g;.

This can be seen by proving that increasing 7; to 7;, which follows from either of
the mentioned changes, implies stochastic ordering Y <y Y; (with self-explaining
notation). This is not directly visible due to the normalisation constants, but
it is immediate that the likelihood ratio ordering Y; <, ffj holds, which implies
stochastic ordering. This leads to E(Y;) < E(Y;) and P(Y; = 0) > P(Y; = 0).
See [MS02, p. 12] for details.
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2. Basic production-inventory model with base stock policy

In a similar way the vector (Y1, ...,Y] ) of the joint inventory sizes with parameters
7; is dominated in the sense of multivariate strong likelihood order (= tps order)
by a vector (Y7, ..., Yy ) of stock sizes in a system with parameters 4 > 74, which
implies multivariate stochastic ordering of the vectors (Y1,...,Ys) <g (Y1,...,Ys),
see [MS02, pp. 129f.| for details.

A consequence of this observation is that whenever the demand intensity increases
from \; to S\j with ij > )j at some location j, the inventory position at the
other locations will not decrease in the sense of (multivariate) stochastic order,
which again has implications on the local cost functions via E(Y;) and decreases

P(Y; = 0), as described above.

A similar monotonicity prevails for the joint queue lengths vector (Xi,...,X),
which in steady state behaves at fixed time instants like a vector of independent
birth-death processes. The reasoning is the same as in (1).

2.6.5. Insensitivity and robustness

Sensitivity analysis is an important topic in classical inventory theory and is often hard to

perform. In our model the stationary distribution 7 (n, k) = <Hj67 &; (n])) -6 (k) reveals

strong insensitivity properties of the system which make sensitivity analysis amenable:
The steady state behaviour of the subnetwork consisting of inventories and the central
supplier does not change when the service rates at the locations are changed as long as
the global system remains ergodic. Therefore 0 is robust against estimation errors in
determining the p;(-). Vice versa, the distribution &;(n;) is robust against changes in
the inventory-supplier network as long as the demand intensity and the service rates are
maintained.
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3. Load balancing policies

In this chapter, we analyse the basic model, which we have introduced in Chapter 2,
where routing of items depends on the on-hand inventory at the locations (with the aim
to obtain “load balancing”). The systems under investigation differ with respect to the
load balancing policy: In Section 3.3, we consider strict priorities (i.e. the finished item is
sent to the location(s) with the highest difference between the on-hand inventory and the
capacity of the inventory) and in Section 3.4, we consider weak priorities (i.e. the finished
item is sent with greater probability to the location with higher difference between the
on-hand inventory and the capacity of the inventory).

3.1. Related literature and own contributions

The research of such systems is motivated by state-dependent routing/branching of cus-
tomers. The “(...) purpose of introducing flexible state-dependent routing strategies
is to optimally utilize network resources and to minimise network delay and response
times” [Dad87, p. 1] and *(...) that introducing state-dependent routing into product form
networks usually destroys the product-form of the steady state probabilities” [Dad87,
p. 1]. Product form solutions under state-dependent routing are, for example, found
in [Pit79], [HD84], [Sch84].

Several other stock allocation policies can, for example, be found in the article of
Abouee-Mehrizi and his coauthors [AMBB14]. They consider a two-echelon inventory
system with a capacitated centralized production facility and several distribution centres.
We will not go into any greater detail in this allocation policies.

Daduna [Dad85, p. 624| and Towsley [Tow80, pp. 327f.| argued that an optimal rout-
ing/branching policy for systems with identical peripheral processors is by intuitive reas-
oning: “Customers enter the peripheral processor with the shortest queue”. This is equi-
valent to our strict priorities for load balancing policy.

Literature about strict priorities for load balancing policy:

Chow and Kohler analyse the performance of two-processor distributed computer systems
under several dynamic load balancing policies in [CK77] and [CK79]. They compare the
performance and their results indicate that a simple load balancing policy can signific-
antly improve the performance (turnaround time) of the system.

In [CK77] they analyse the performance of homogeneous (i.e. identical) two-processor
distributed computer systems under several dynamic load balancing policies. Their ana-
lysis is based on the recursive solution technique and they illustrated the algorithm for a
sample system [CK77, Appendix, pp. 51f.|. Their strategy “join the shorter queue without
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3. Load balancing policies

channel transfer” in Chow and Kohler’s Model B [CKT77, pp. 42f.] is equivalent to our
strict load balancing policy.

They mention that “the recursive solution technique can be applied to queueing models
with more than one queue” [CK77, p. 45]. Furthermore, they “(...) are currently working
to extend the analysis to (...) systems with more than two processors” [CK77, p. 49].1

Flatto and McKean study also Chow and Kohler’s Model B in [FM77] and derive by the
generating function approach a complicated closed form solution (cf. [FM77, Section 3, p.
261]), where the inter-arrival times of customers are exponentially distributed with rate 1.

Chow and Kohler present in [CK79| a generalization of the recursive solution technique.
They apply the method to non-homogeneous (= heterogeneous) two-processor systems
with special properties in [CK79, Section IV, pp. 358f.] and present a sample system us-
ing the algorithm in [CK79, Appendix, pp. 360f.]. They mention that the generalization
of recursive solution “(...) technique for three or more processors does not appear to be
straightforward” [CK79, p. 359].

Literature about weak priorities for load balancing policy:

Towsley analyses in [Tow75, Example 4.4.3, pp. 63ff. and Appendix D, pp. 138ff.] and
in [Tow80, Example 1, pp. 327ff.] a central server model (called starlike system) with two
identical processors, IV customers, exponential service times, FCFS discipline and the
following routing strategy (shortest queue = strict priority): A job leaving the central
server goes to the processor with the shortest queue length. If both have the same queue
length, it enters either with equal probability. He mentions that a numerical solution can
be obtained by solving a discrete-state continuous-transition Markov model.

Towsley compares the performance of this model under different routing policies: con-
stant and functional branching. His investigations show for a system with two identical
processors that the use of functional branching probabilities is an excellent approximation
for the “shortest queue’system. The functional branching probabilities coincides with
our load balancing policy with weak priorities and the “join the shortest queue’™policy is
similar to our load balancing policy with strict priorities in our inventory-replenishment
subsystem. His results support that functional branching probabilities can be used “(...)
in modelling real-world problems such as load balancing” [Tow80, p. 328|.

'We have found a reference to the article

Models for dynamic load balancing in homogeneous multiple processing systems by Y.C. Chow and
W.H. Kohler (IEE Transactions on Computers, volume c-36, pages 667—679)

in three sources:

Load Balancing in Parallel Computers: Theory and Practice by C. Xu, F.C.M. Lau (Springer
Science & Business Media, 1996)

Adaptive Load Sharing in Heterogenous Systems: Policies, Modifications, and Simulation by K.Y.
Kabalan, W.W. Smari and J.Y. Hakimian (International Journal of Simulation, Systems, Science
and Technology, volume 3, number 1-2, pages 9-100, 2002)

Achieving High Performance on Extremely Large Parallel Machines: Performance Prediction and
Load Balancing by G. Zheng (Dissertation, University of Illinois at Urbana-Champaign, 2005)

When we were searching for this article in IEEE Xplore Digital Library, there was no article with this
title. We can only find the article about heterogeneous multiple processing systems. We contacted
the author Professor Yuan Chow and additionally Dr. Zheng, who has referred this article in his
dissertation. But we obtained no precise information.
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Towsley finds in [Tow80] for closed queueing networks a class of network topologies and
a versatile class of state-dependent routing probabilities (branching probabilities) which
lead to a product form equilibrium distribution. Further investigations on product form
distribution and cycle time can be found in [Dad85] and [Dad87|.

Our main contributions are the following:

For the system with strict priorities for load balancing policy we develop a Markov pro-
cess. We prove that the stationary distribution has a product form of the marginal
distributions of the production subsystem and of the inventory-replenishment subsystem.

We derive an explicit solution for the marginal distribution of the production subsys-
tem. Furthermore, for some special cases we derive an explicit solution for the marginal
distribution of the inventory-replenishment subsystem: For the case of J homogeneous
locations (i.e. equal arrival rates and any service rates) with base stock levels equal to
one, as well as for the case of two heterogeneous locations (i.e. any arrival and service
rates) with base stock levels equal to one. For systems with base stock levels greater
than one the marginal distribution of the inventory-replenishment subsystem with two
locations can be obtained by a recursive method which is described by an algorithm.

Our work is an extension of the investigations of Chow and Kohler [CK77, CKT79]:
Their study is limited to two processors (= our inventories without production systems).

For the heterogeneous case, our load balancing policy is slightly different from that of
Chow and Kohler [CK79, Section IV, pp. 358f.] (for more details see Appendix C.1 on
page 272). Therefore, we construct a new algorithm.

For the system with weak priorities for load balancing policy we develop a Markov
process and derive the stationary distribution in explicit product form. Our work is an
extension of the investigations of Towsley |[Tow75, Tow80| and Daduna [Dad85, Dad87|:
Their closed network with branching policies is equivalent to our inventory-replenishment
subsystem, which we have integrated in a complex supply chain with a production sub-
system.

A cost analysis can be performed as for the basic model in Section 2.5 on page 29.
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3. Load balancing policies

3.2. Description of the general model

The supply chain of interest is depicted in Figure 3.2.1. We have a set of locations
J:={1,2,...,J}, J > 1. Each of the locations consists of a production system with an
attached inventory. The inventories are replenished by a single central supplier, which is
referred to as workstation J 4+ 1 and manufactures raw material for all locations. The
items of raw material are indistinguishable (exchangeable).

Replenishment
]

Location 1
Inventory
)
Lost
X X sales
Demand arrival
process Waiting room

Supplier A
Station J+1 !

Single 5 a
server . P
ng room fl](k)

X X Waiting room

Demand arrival
process Lost
sales

Inventory

Location J

a

Replenishment

Figure 3.2.1.: Supply chain with base stock policies and load balancing policies

Facilities in the supply chain. Each production system j € J consists of a single
server (machine) with infinite waiting room that serves customers on a make-to-order basis
under a FCFS regime. Customers arrive one by one at the production system j according
to a Poisson process with rate A\; > 0 and require service. To satisfy a customer’s demand
the production system needs exactly one item of raw material, which is taken from the
associated local inventory. When a new customer arrives at a location while the previous
customers’ order is not finished, this customer will wait. If the inventory is depleted
at location j, the customers who are already waiting in line will wait, but new arriving
customers at this location will decide not to join the queue and are lost (“local lost sales”).

The service requests at the locations are exponentially-1 distributed. All service re-
quests constitute an independent family of random variables which are independent of
the arrival streams. The service at location j € J is provided with local queue-length-
dependent intensity. If there are n; > 0 customers present at location j, either waiting or
in service (if any), and if the inventory is not depleted, the service intensity is p;(n;) > 0.
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3.2. Description of the general model

If the server is ready to serve a customer who is at the head of the line, and the inven-
tory is not depleted, the service immediately starts. Otherwise, the service starts at the
instant of time when the next replenishment arrives at the local inventory.

The inventory at location j € J is controlled by prescribing a local base stock level
bj > 1, which is the maximal size of the inventory there, we denote b := (bj 1] € J).

The central supplier (which is referred to as workstation J + 1) consists of a single
server (machine) and a waiting room under FCFS regime. At most ) €T bj — 1 replen-
ishment orders are waiting at the central supplier. Service times at the central supplier
are exponentially distributed with parameter v > 0.

Routing in the supply chain. A served customer departs from the system im-
mediately after service and the associated consumed raw material is removed from the
inventory and an order of one item is placed at the central supplier at this time instant
(“base stock policy”).

A finished item of raw material departs from the central supplier immediately and is
sent with probability p;(k), independent of the network’s history, given k, to location j,
j € J, if the state of the inventory-replenishment subsystem is k.

The systems under investigation differ with respect to the load balancing policy in the
following way:

e Strict priorities (Section 3.3):
The finished item of raw material is sent to the location(s) with the highest difference
between the on-hand inventory and the capacity of the inventory (= base stock
level).

e Weak priorities (Section 3.4):
The finished item of raw material is sent with greater probability to the location with
higher difference between the on-hand inventory and the capacity of the inventory
(= base stock level).

It is assumed that transmission times for orders are negligible and set to zero and that
transportation times between the central supplier and the local inventories are negligible.
The usual independence assumptions are assumed to hold as well.

To obtain a Markovian process description of the integrated queueing-inventory
system, we denote by X;(¢) the number of customers present at location j € J at time t >
0, either waiting or in service (queue length). By Y;(t) we denote the size of the inventory
at location j € J at time t > 0. By Wy41(t) we denote the number of replenishment
orders at the central supplier at time ¢ > 0, either waiting or in service (queue length).

We define the joint queueing-inventory process of this system by

Z = ((Xa(t), -, Xs(t), Ya(t), .., Y5 (), Wyga(t)) = £ > 0).

Then, due to the usual independence and memoryless assumptions Z is a homogeneous
Markov process, which we assume to be irreducible and regular.
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3. Load balancing policies

The state space of Z is
E={(nk):neNJ, ke K}

with

J

K o= { (b b k)0 S by S by, =1 T ke = D (b — ) b € N
j=1

Note the redundancy in the state space: Wyi1(t) = 32,765 — 32,7 Y;(t). We prefer to
carry all information explicitly with because the dynamics of the system are easier visible.

Definition 3.2.1. For the queueing-inventory process Z on state space F/, whose limiting
distribution exists, we define

m:=(r(nk): (n,k)€ E), =w(nk):= lim P(Z(t) = (n,k))
and the appropriate marginal distributions

¢:=((m):neNy), &(n):=lim P(Xi(t),...,X,(t) =n),

t—00

0:=(0(k) ke K), 0(k) = lim P((Yi(t),...,Ys(t), Wyia(t) = K).

3.3. Load balancing policy: Strict priorities

In this section, we study the supply chain with strict priorities as load balancing policy
as described in Section 3.2.

We define
argmax(b; — k;) : = {i € J|(b; — k;) maximal}
ieJ

={ieJNjed: (bj—k) > (bj—kj)}.

The finished item of raw material is sent to location i € J with probability

1, if {i} = argmax(b; — k;),
jeJ
pi(k) = m <1, if{i} C argrgax(bj — kj),
jeJ jeJ
0, if i ¢ argmax(b; — kj),
jeT

i.e. to the location(s) with the highest difference between the on-hand inventory and the
capacity of the inventory (= base stock level), if the inventory is not full at this/these
location(s) (this means that the on-hand inventory level at this/these location(s) is lower
than the base stock level). The routing probabilities out of the central supplier must sum
to one if there is at least one order at the central supplier.
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3.3. Load balancing policy: Strict priorities

3.3.1. Limiting and stationary distribution

The queueing-inventory process Z has an inﬁnitesimal generator Q = (¢(z;2) : 2,2 € E)

with the following transition rates for (n,k) €
q((n,k); (n+e;, k) =\ - 1{k S0} ielJ,
q((n,k);(n—e; k—e +eyi1)) = pi(ni) - Lin;>oy - Lig, >0} ielJ,
q((n,k); (n,k+e —eyq1)) =v-pi(k) - L <p,)s iedJ.

Note that kjy1 > 0 holds if k; < b; for some ¢ € J.

Furthermore, ¢(z;2) = 0 for any other pair z # Z, and

q(z;z):—Zq(z;é) Vze E.
icE,
2H#£Z

Proposition 3.3.1. There exists a strictly positive measure § = (6(k) : k € K), which
will be provided below, such that the measure x := (x (n,k) : (n,k) € E) with

z(n,k) =£(n) - 6 (k), (3.3.1)
where .
~ ~ ~ J Aj -
n) :Efﬂ‘(“j)7 &i(n;) :HM7 nj € No, j € J,

solves the global balance equations x - Q = 0 and is therefore stationary for Z. Con-
sequently, X is strictly positive.

Proof. The global balance equations x - Q = 0 of the stochastic queueing-inventory
process Z are given for (n,k) € E by

z (n,k) - (Z Ni+ Lggsoy + ) Hi(ni) - Lingsoy - Likesoy + v pi(k) - 1{ki<bi}>
ieJ i€ i€
= r(n—ej,k) A 1{ni>0} ) 1{k¢>0}
ieJ
+ Zx (n+e,k+e —esp1) pi(ni+1)- ki<

|

+> zmk—ei+esp1) vopi(k—ei+esi1) Lo
ieJ
It has to be shown that the stationary measure from Proposition 3.3.1 satisfies these
global balance equations. (H jejgj(nj)> can be separated analogously as shown in the
proof of Proposition 2.3.1 on page 15. Consequently, it holds

k) (Z)\z “Lig>o0y + Zu-pi(k) . 1{ki<bi}>

ieJ ieJ
= Z O(k+e —esr1) A L)
ied
+ Z 0 (k —e; + eJ+1) 2 pz(k —e; + eJ+1) . 1{ki>0}' (332)
ieJ
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3. Load balancing policies

An inspection of the system (3.3.2) reveals that it is a “generator equation”, i.e. the
global balance equation 6 - Q,.q = 0 for a suitably defined ergodic Markov process on

state space K with “reduced generator” Q,..q = (qred(k; E) : k, ke K) with the following
transition rates for k € K:

Gred (ks k —e;+ej1) = Ni - 1,50, ielJ,

Gred (ki k+e€; —eji1) = v pi(k) - Ly, <p,ys ielJ.

The Markov process generated by Qyeq is irreducible on K and therefore (3.3.2) has a
solution which is unique up to a multiplicative constant, which yields 6. O

Remark 3.3.2. In Section 3.3.1.1, the marginal measure 0 is derived in explicit form for
the special case with base stock levels b; =1, j € J.
For systems with two locations and base stock levels greater than one (b; > 1, j € J),

the marginal measure 0 can be obtained by a recursive method which is described by the
algorithm given in Appendix C.1.

Recall that the system is irreducible and regular. Therefore, if Z has a stationary and
limiting distribution, this is uniquely defined.

Definition 3.3.3. For the queueing-inventory process Z on state space F, whose limiting
distribution exists, we define

7= (r(n,k): (k) € B), 7(nk):= lim P(Z(t) = (n,k))
and the appropriate marginal distributions
= (EmneN]), €)= lim P((Xi(0),..., Xs(t) =),
0:=(0(k) ke K), 0(k) = lim P((Vi(t),...,Ys(t), Wri1 (D) = k).

Theorem 3.3.4. The queueing-inventory process Z is ergodic if and only if for j € J

n;jENg f= 1

If Z is ergodic, then its unique limiting and stationary distribution is

7 (n,k) = £(n) -0 (k) (3.3.3)
with
¢(n) = H &i(ny), i(nj) = Cj‘1 H /j‘(j@, n; € Ny, j € J, (3.3.4)
¥ =1"7

jed

and normalisation constants

and 0 is the probabilistic solution of (3.3.2).
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3.3. Load balancing policy: Strict priorities

Proof. Z is ergodic if and only if the strictly positive measure x of the global balance
equation x-Q = 0 from Proposition 3.3.1 can be normalised (i.e. Y, cn, D xex (0, k) <
00). Because of Proposition 3.3.1 it holds

> > aml) =) &m)- > 60 = HZH >0

neNg ke K neNy keK jeJn; €Np (= 1 keK

Hence, since K is ﬁmte the measure x from Proposition 3.3.1 can be normalised if and

only if 3, eNoHé 1u y < oo for all j € J.
Consequently, if the process is ergodic, the limiting and stationary distribution 7 is

given by
z(n, k)

ZnENo ZkGK )

where z(n, k) is given in Proposition 3.3.1. O

m(n, k) =

Remark 3.3.5. The expression (3.3.3) shows that the two-component production-inventory-
replenishment system is separable, the steady states of the production network and the
inventory-replenishment complex decouple asymptotically.

Representation (3.3.4) shows that the equilibrium for the production subsystem decom-
poses in true independent coordinates. A product structure of the stationary distribution

n) = [[&0m) =1]¢;

jeJ jeJ

is commonly found for standard Jackson networks (see Theorem A.2.2) and their relatives.
In Jackson networks servers are “non-idling”, i.e. they are always busy as long as customers
are present at the respective node. In our production network, however, servers may be
idle while there are customers waiting because a replenishment needs to arrive first.
Consequently, the product form (3.3.3) has been unexpected to us.

Our production-inventory system can be considered as a “Jackson network in a ran-
dom environment” in [KDO16, Section 4|. We can interpret the inventory-replenishment
subsystem, which contributes via 6 to Theorem 3.3.4, as a “random environment” for the
production network of nodes .J, which is a Jackson network of parallel servers (for more
details see Appendix A.3). Taking into account the results of [KDO16, Theorem 4.1| we
conclude from the hindsight that decoupling of the queueing process (Xi,..., X ) and
the process (Y1,...,Ys, Wyy1), i.e. the formula (3.3.3), is a consequence of that Theorem
4.1.

Our direct proof of Proposition 3.3.1 is much shorter than embedding the present model
into the general framework of [KDO16|.

The structural properties from Section 2.6.1 (ergodicity) and Section 2.6.5 (insensitivity
and robustness) hold word-by-word for this integrated system as well.
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3. Load balancing policies

3.3.1.1. Calculation of ¢ for the special case b; = 1, j € J

In this section, we will solve the global balance equation 9. Qeq = 0 for the special case
with base stock levels b; =1, j € J.
We recall the notation for the inventory-replenishment subsystem

inventories .
at locations  supplier

—N— N
0(k17k2,...,kj7 kjt+1 )

Proposition 3.3.6. The strictly positive measure = (g(k) ke K) of the inventory-

replenishment subsystem with base stock levels by = by =--- =bj =1 is given by
~ ~ v J 1
0(k) = 0(k1, k..., ky, k1) H "y 11 7 | (3.3.5)
JEAK (=]Ag|+1

where Ay = {z € Jlk; = 1} and Af, == {z € Jlk; = 0}.

Proof. Tt has to be shown that the stationary measure (3.3.5) satisfies the global balance
equations 0 - Q,.q = 0, which are given for k € K by

0 (k) - (Z Ai - Loy + v pi(k) - 1{ki<bi})
ieJ ieJ

=) Ok+te —es1) N 1y

J
+Z§(k —e;t+eyp1) v-pilk—e +esi1) Lo

< 0 (k) - (Z Ai Lgpoty + > v pi(k)- 1{ki=o}>
ieJ ieJ

= 0 (k +e; — eJ+1) IV 1{/%:0}

ieJ

+> 0(k—e;+es) vopik—ei+es) g1
ieJ

e 000 (X D vem)
1€AK 1€EAL
= Z 5(k+ei_ej+1)')\i

i€AT

+ Z 5(k—ei+eJ+1)-y-pi(k—ei—i—ejﬂ).
i€ Ay

It should be noted that for ¢ € Ax holds Ax U {i} = Akie, and for ¢ € Ay holds

A\ {i} = Ax—eitesir

—€J+1
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3.3. Load balancing policy: Strict priorities

Substitution of (3.3.5) into the global balance equations directly leads

for k with k1 = ko =--- =k; =0, ie. |[Ax| =0 and |Af| = J, to
§(0,0,...,0,0,.J) - <Zl/pz : 00J):Z§(k+ei—ej+1)-xi
i€ AL G i€AL
|Ai| !

& 5(0,0,...,0,0,J)-y: Za(k+ei—ej+1)')\i

ieAc
v J 1 v J 1
s (I | I 7f»=>21| II ) I ;|
jeAx e=|Ag|+1 ieAy \jeAufi} "7 =] Ag\{i}|+1
1
= =1
v J 1 v 1
& v= — " i
v=2 |1 N 11 N AL
i€AY \JjEAK (=|Ag|+1
=1 ]
1
= Z v= Al v =,
i€AL ‘Ak‘
for k with k1 = ko =---=kj =1, ie. |Ax| = J and |AL| =0, to
0(1,1,...,1,1,0) - Z)\ = 29 —e tesp1) v -pik—e +ej)
ZEAk ’LEAk -1
v J 1 v J 1
s\~ ) I 7 2»=>2{ I ) I 7]
jeAx (=|Ag|+1 1€AK i€Ax \jeA\{i} 7 (=] AgU{i}|+1
v o) N
- = 015 N | G Ry
iceAx \jeAx =|Ag|+1
J
v 1
=2 (15 )| I 7]
€A \JEAK /= |A ‘—&—1
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3. Load balancing policies

for 0 < [Ax| < J and 0 < |Ag| < J to

(Z)\—i-zy pi(k )

1€ Ay i€Af

=V

= Z 0(k+e —er) A
1€AL

\Aﬁ\

+ Z 0(k—ei+es1) v pi(k—e +es)

1€ A

J
1
jeAy Y =|Ag \+1

1
e

(ZAH—I/)

i€ AL
J
v 1
Z(IIM) I 7]~
i€AL \jeA,U{i} =] Ag\{i}|+1
v J 1 1
NP U S vl R ¥ & R i e
€A \jeAK\{i} Z:|Aﬁu{i}|+1
J
Z(H ) 7] 5 g
i€AS \jEAK =]Ag|+1 ! k
ool N
—I-Z H H 71 (|Agl+1) v
i€ Ay ]EAk r=|Ag |+1

(HV.)' f[ % R

A
jedx 7 =|Ag|+1
y J
S| I
jeA Y g:|A1c(‘+1 1€AK
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3.3. Load balancing policy: Strict priorities

Remark 3.3.7. We make a distinction between homogeneous and heterogeneous locations.

We mean by homogeneous locations that the inventories have identical base stock levels
by = by = --- = by and identical arrival rates \y = Ay = --- = Ay > 0. Service rates
w;i(-) >0, j € J, obey no such restrictions.

We mean by heterogeneous locations that there may be different arrival rates A\; > 0,
j € J (and any service rate pu;(-) > 0, j € J) and for the base stock levels hold
by > by >+ 2>by.

As a consequence of the preceding Proposition 3.3.6 the following symmetry property
for homogeneous locations with base stock levels by = by = --- = by = 1 is valid.
For all permutations o of {1,...,J} holds

inventories . inventories .
at locations supplier at locations supplier
9(](21, kQ, cey k], kJ_H ) = 9(]430(1), /(IU(2), ey ka(])7 kg]+1).
For by = by = --- = by > 1 the global balance equations (3.3.2) reveal directly that this

symmetry property holds in this case as well.

3.3.1.2. Structural properties of the stationary inventory-replenishment subsystem

In this section, we assume that the queueing-inventory process Z is ergodic. We make
again a distinction between homogeneous and heterogeneous locations.
(bj — kj) and

In this section, we will use an abbreviated notation because kj;1 = ijl

the base stock levels b;, j € J, are fixed parameters:

inventories inventories

at locations at locations supplier
e e e e
0(k17k2,...,kj) Zze(kl,kg,...,kj, kJ+1 )

Homogeneous locations
In this paragraph, we assume that the locations are homogeneous, i.e. the inventories

have identical base stock levels b1 = by = --- = by > 1 and identical arrival rates
Al = A2 = --- = Ay > 0. We derived in Proposition 3.3.6 an explicit solution for the
special case with base stock levels by = by =---=b; = 1.

Recall that the following symmetry property for homogeneous locations holds: For all
permutations o of {1,...,J} holds

inventories inventories
at locations at locations
e N
e(kla ko, ..., kJ) - g(kU(l)a ko‘(2)7 SRR ko‘(]))'
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3. Load balancing policies

Let (Y1,Ya,...Y;, Wj41) be a random variable which is distributed according to the

marginal steady state probability for the inventory-replenishment subsystem.?
Proposition 3.3.8. For the inventory process holds
PMVi=0)=P(Y;=0, jeJ\{1}, £€{0,....b},
and
PY1=10)-\ (3.3.6)
—P(Yj=(—1lforje])
J—-1

+ P(Yj=(—-1forj=1,...;iand {—-1<Y, <b,fork=i+1,...,J)
1

J—1\ v
. .= Y4 1,...,b1}.
<’L—1> ’i7 6{7 71}

Proof. It holds

7

P(YIZE):P(Y}ZE)7 jEj\{l},EE{O,...,bl}
because of the symmetry property for homogeneous locations
O(k1, ko, ... ky) = 0(ka, ke, oo ky) = = 0(ky, ky1,..., k1)

and because

bo by
PYi=0=> Y 0(lky,... ky).
ko=0

— k=0

The equation (3.3.6) can be proven by the cut-criterion for positive recurrent processes,
which is presented in Theorem A.1.1(a) on page 259.

For ¢ € {1,...,b1}, it can be proven by a cut, which divides E into complementary
sets according to the size of the inventory at location 1 that is less than or equal to £ — 1
or greater than £ — 1, i.e. into the sets

{(kl,kQ,...,kJ):kl €{0,1,...,0-1},k; e{O,...,bj},je{2,...,J}},

{(%1,%2,...,%(]):%16{5,...,[)1}, Eje{o,...,bj}, jE{Q,...,J}}, EG{l,...,bl}.

211’, should be noted that 0(14,‘1,](12, .. .,k,‘J,kJ+1) = P(Yi = k}1,Y2 = k,‘g,. . .LYJ = k],WJ+1 = kJ+1) =
P(Y1 = k1,Y2 = ko, ..., Yy = kj) because the base stock levels bj, j € J, are fixed parameters and
k=307, (b — kj).
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3.3. Load balancing policy: Strict priorities

Then, it follows for £ € {1,...,b1}

by b1 b2

{—1  ba by
ZZZ ZZ...ZG(kl,kz,.--,kJ)
k1=0 k2—0

k;=0 ElzéEQ:O EJZO

“Qred <(k1, k... kp); (ki ko, ... ,EJ)>
b2

-1 by
S5 S Ok, k)
k1=0

=0 k2=0 ky=0

=20

by b by
k1=C ky=0 kJ:O

*Qred ((%177527 cee )f'I;J); (k17k27' . '7kJ)>

& 0l—1,0—1,....0—1)- (3.3.7)

SN

J—1 bz+1

+Y > - Ze —1,0—1,. é—l,ki+1,...,kJ)-<‘Z__11)-;y (3.3.8)

i=1 kip1=C  ky=t

bo by " -
— Z ZH(E,I{}Q,...,I{J)')\L

ko=0  k;=0

The only possible transitions from the set, where the size of the inventory at location 1
is less than or equal to £ — 1, to the set, where the inventory at location 1 is greater than
f — 1, are transitions according to a replenishment. In particular, transitions from

{(5—1,k2,...,kJ):kje{e—L...,bj}, j€{2,...,J}},

to
{(f,kz,...,kj);kje{e—l,...,bj}, je{2,...,J}}, ve{l,... b}

A replenishment at location 1 is only possible if {1} C arg max(b; —k;). This means that
jeg

there is no other location with higher difference between]the on-hand inventory and the
capacity of the inventory (= base stock level). Consequently, all possible states where the
other locations have £ — 1 items or more items in the inventory have to be considered.
In (3.3.7) all locations have exactly ¢ — 1 items in the inventory and in (3.3.8) ¢ states
how many locations have exactly £ — 1 items in the inventory. This results in the factor
1/;, which is the probability that the finished item is sent to location i. The symmetry
property leads to the factor (‘Z]__ll)

Hence, we have shown for ¢ € {1,...,b1}

:P( ]—K—lforjeJ)

J—1
+ P(Yj=(¢—1forj=1,...;iand {—1<Y, <byfork=i+1,...,J)

=1

J—1 v
1—1 i

k\T
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3. Load balancing policies

Heterogeneous locations
In this paragraph, we assume that there are two heterogeneous locations with base stock
levels by > by, where by > 1 and by > 1 and arrival rates A, Ao > 0.

Let (Y1, Y2, W3) be a random variable which is distributed according to the marginal
steady state probability for the inventory-replenishment subsystem.?

Remark 3.3.9. From equation (3.3.9) in the following proposition follows

121
P(mzmzpmzoy(;) he{L...b b,

Proposition 3.3.10. For the inventory process holds
forly=1,...,b1 — by

PYi=0) M\ =PY=10—1) v, (3.3.9)

forly=by—by+1,...,b1 — 1

1
P(Y1:El)-)\l:P(Yl261—1,16251—1—b1+b2)'§y

+P(Y1 =Hh-1Ys>0—1—b —i—bg) 2 (3.3.10)
f07°£1 :bl
1
P(Yi:bl)')\lzp(yl:bl—l,YQZbQ—l)-iu
+P(Y1 =b—1,Yy = bQ) -V, (3.3.11)
f0r€2:1,...’b2
1
P(Yy=05) - Do = P(Yi=bi —bo+ = 1Yo = o~ 1) Sv
+P(Y1 >by—by+Vl—1,Yy =10y — 1) - V. (3.3.12)

Proof. The equations can be proven by the cut-criterion for positive recurrent processes,
which is presented in Theorem A.1.1(a) on page 259.

For /1 € {1,...,b; — by}, equation (3.3.9) can be proven by a cut, which divides E into

complementary sets according to the size of the inventory at location 1 that is less than
or equal to £1 — 1 or greater than /1 — 1, i.e. into the sets

{(kl,kQ) tk1€{0,1,... 01 =1}, ko € {07~~7b2}},

{(El,zg) 2%1 E{fl,...,bl}, %26{0,...,b2}}, 121 E{l,...,bl—bg}.

31t should be noted that O(k1, ko, ks) = P(Y1 = k1,Y2 = ko, W3 = k3) = P(Y1 = k1,Y2 = k2), because
the base stock levels by and bs are fixed parameters and ks = (b1 + b2) — (k1 + k2).
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3.3. Load balancing policy: Strict priorities

Then, it follows for ¢; € {1,...,b; — by}

l1—1 b b1 bo o
D03 D0 D Olkak) - dpea (ki) (R o)
k1=0k2=0 § =1, ky=0
b1 by f1—1 b2

=33 DD 0k k) - avea (s o) (ki b))

k=01 ko=0 k1=0k2=0

b2 b2
= Z@(ﬁl—l,k‘z)-l/: 29(61,]{2) M
ko=0 EQ—O
=P(Yi=1-1) =P(Y1=(1)

Hence, we have shown for /1 € {1,...,b; — by}

P(Y1:£1—1)-V:P(Y1:€1)-)\1.

For ¢y € {by —ba + 1,...,b1 — 1}, equation (3.3.10) can be proven by a cut, which divides
F into complementary sets according to the size of the inventory at location 1 that is less
than or equal to #1 — 1 or greater than ¢; — 1, i.e. into the sets

{(kl,k‘z):kl 6{0,1,...,51—1}, kQG{O,...,bQ}},

{(E1,E2) ke {l,... b}, E2€{0,---,b2}}> bref{byr—by+1,...,00 —1}.
Then, it follows for ¢ € {by —ba +1,...,b; — 1}

l1—1 bo b1

Z Z Z Z 9 kl,k? * Qred ((klakQ) (kl,kg))

k1=0k2=0 kl gle
by be  £1—1 by

Z Z Z Z 0(k1, k2) - Gred ((k1,k2) (kl,k2)>

k1=01 ko=0 k1=0ko=

bg b2
1 ~
& > 0t =1L ky) v+ 00— 1,by — (b — (64— 1)) SV = Z 001, k2) -\t
ko=by—(by—£1) k2=0
=P(Y1=£1—1,Y2>by—(b1—(¢1—1)) =P(Y1=£1—1,Y2=b2—(b1—(£1—-1)) =P(Y1=01)

Hence, we have shown for ¢; € {by —ba +1,...,b1 — 1}
1

P(leﬁl)‘AlZP(Y1251—1,Y2=b2—(bl—(€1—1)))'§V

+P(}/1 :flfl,YQ>b2*(b1*(€1*1)))-y

1

:P(Yl:El—l,Yg:gl—l—bl—Fbg)-*V

2
+P(§/1 :fl—l,}/é>€1—1—b1+b2)-v
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3. Load balancing policies

For /1 = by, equation (3.3.11) can be proven by a cut, which divides F into complementary
sets according to the size of the inventory at location 1 that is less than or equal to by — 1
or greater than b; — 1, i.e. into the sets

{(k‘l,k‘z)ik‘l 6{0,1,...,b1—1}, ko E{O,...,bg}},

{(E17%2) k1 =by, kg € {07-~-7b2}}-
Then, it follows for

b1—1 b2 by b

DX D D blkike) - grea (ki k)i (R Ko))

k1=0k2=0 Elibl EQZO
by bo  b1—1 bo

- Z Z Z Z 0(%17?52) *Qred ((ELEQ); (kl, /{2))

k1=by ka=0 k1=0k2=0

bo
1 ~
= 9([)1—1,52) v+ 9(()1 —1,b2—1) =V = Z 9(51,]62)')\1.
N—_——— 2 -
=P(Y1=b1—1,Yo=bo) =P(Y1=b1—1,Ya=by—1) k2=0
=P(Y1=b1)

Hence, we have shown

1
+P(Y1 =b1 — 1,Y2 = ba) - 1.

For ¢y € {1,...,b2}, equation (3.3.12) can be proven by a cut, which divides E into
complementary sets according to the size of the inventory at location 2 that is less than
or equal to fo — 1 or greater than /o — 1, i.e. into the sets

{(kl,/@) ke {0, b}, ko€ {0,1,. .. fy — 1}},

{(%1,E2) tky€{0,..., b1}, ko € {fz,---,bz}}, by e{l,...,ba}.
Then, it follows for ¢ € {1,...,bs}

b1 fo—1 by bo

Z Z Z Z O(k1,k2) - Grea <(k17k2)3(%17%2)>

k1=0ko=0 %1:0 EQZEQ
b1 bQ bl €2_1

- Z Z Z Z 0(k1, k2) - Gred ((%17E2);(k1,/€2)>

k1=0 ko=t; k1=0k2=0

b1 bl
1 ~
& b= (b= (2=1)),l—1) -5 > Okt - 1) 'V:Z 0(k1,02) - Aa.
k‘1:b1—(b2—42) k1=0
~————
=P(Y1=b17(1)27([271)),1/2:@271) =P(Y1>b1—(b2—(52—1)),Y2=£2—1) =P(Y2=£2)
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3.3. Load balancing policy: Strict priorities

Hence, we have shown for ¢ € {1,...,b2}
1
P(}/QZKQ)‘)\QZP(Yl:bl—(bQ—(EQ—l)),YVQZEQ—]_)'il/
+P(Y1>b1—(bg—(fg—l)),ifgzgg—l)-l/
1
:P(}/l:bl—b2+f2—1,Y2:£2—1)-§I/
+P(Y1>b1—b2+€2—1,}/2:£2—1)-y.
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3. Load balancing policies

3.4. Load balancing policy: Weak priorities

In this section, we study the supply chain with weak priorities for load balancing policy
as described in Section 3.2.

We assume that the finished item of raw material is sent with probability
(cf. [Tow80, Section 3, Example 1, pp. 326ff.| and [Dad85, pp. 624f.])

pj(k) =h; (k) -h (D ki ] >0
ieJ
to location j € J, if the inventory is not full at this location (this means that the on-hand
inventory level at location j is lower than the base stock level b;).

We define
hjZ{0,1,...,bj}—){0,1,...,1)]'}, hj(kij):bj*kj, jGj,

and
-1

L.,y bj—1p =R hm)= > bj—-m
jeJ jed

Then, it holds
-1

Zk?z' = Zbi—zki = (ky+1) ™"

ieJ ieJ i€
The routing probabilities out of the central supplier must sum to one if there is at least
one order at the central supplier. The finished item is sent with greater probability to

the location with higher difference between the on-hand inventory and the capacity of
the inventory.

3.4.1. Limiting and stationary distribution

The queueing-inventory process Z has an inﬁnitesimal generator Q = (q(z;2) : z,Z € E)

with the following transition rates for (n, k) €
q((n,k);(n+e;,k)) =N - L, >0y ield,
¢((n,k); (n— e,k —ei+eyq1)) = pi(ni) - Lin,>0 - Lk >0} i€J,
q((l’l,k) (n k+el_e<]+1)> =V: pl( ) 1{k‘l<b1}’ i 677

with pi(k) = hi(k;) - h (Z i k;j). Note that k41 > 0 holds if &; < b; for some i € J.
Furthermore, ¢(z;2) = 0 for any other pair z # Z, and

q(z;z):—Zq(z;Z) Vz € E.
icE,
Z2#£Z
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3.4. Load balancing policy: Weak priorities

Proposition 3.4.1. The strictly positive measure x := (x (n,k) : (n,k) € F) with

z(n,k)=&(n) -6 (k), (3.4.1)
where
ém) =[] &), &) =] Ajg , nj €Ny, jel, (3.4.2)
e =1 15 (€)

N kj—1 Zjejkj_l k; kjy1

do=(TI{ ITmo] )| I »©o) (1T (;) - <i> . KeKk
jeT \ =0 =0 jeg

(3.4.3)

solves the global balance equations x - Q = 0 and is therefore stationary for Z.

Proof. The global balance equations x - Q = 0 of the stochastic queueing-inventory
process Z are given for (n,k) € E by

z (n, k) ZM gp>0p + Zm(m) A0 Lgsoy + ZV -pi(k) - L <)

ieJ ieJ ieJ

= x (n — €y, k) : )\’L : 1{7’Li>0} : ]‘{ki>0}

.
m

r(n+e,k+e —ejp1) - pi(n,+1)- 1{ki<bi}

S
m
<l

+
»Mk‘\

+ x(n,k—ei—i—eJ_H)-u-pi(k—ei—i—eJH)-1{ki>0}.

.
m
<

It has to be shown that the stationary measure (3.4.1) satisfies these global balance equa-
tions. Some of the changes are highlighted for reasons of clarity and comprehensibility.

(H ieT g](nj) can be separated analogously as shown in the proof of Proposition 2.3.1

on page 15. Consequently, it holds

0(k) [ D N Lggsoy + v pi(k) - Ligapy
ieJ ieJ

= Z §(k+01 - O.]+l) . >\’L : 1{k¢<bi}
ieJ

+Z§(k e; +ejq 1) iz pz<k —e; + eJ+1) . 1{k’i>0}' (344)
ieJ
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3. Load balancing policies

Substitution of (3.4.3) we obtain

ZA 1{k>0}+27/ pi(k) - Lig,<n)

ied ied
. Zjejkj_l 1 kj 1 kJ+l
(o)) (T ) (m()) ()
ieJ \jeJ \ ¢=0 £=0 jeJ
=0(k)
]1; . <Z]1/> /\7 V- )\ 1{k<b}
jeJ
=pi(k)
kj—1 2jerki—1 1\ ki 1\ ko
2 (I (T~ ))-| 1T @) H(x) <>
ieJ \jeJ \ {=0 £=0 jeg Y
=0(k)

1 1 1
. . N veopi(k—e; + P
hi(k; — 1) /I(Zngj k; — 1) v pil e +eJi1) {ki>0}

1%
1

Tpik—e; +eji11)

The right-hand side of the last equation is

> 00k) v pilk) - Loy + > 00) - Ai - Lygsop

ieJ ieJ

which is obviously the left-hand side.

Inspection of the system (3.4.4) reveals that it is a “generator equation”, i.e. the global
balance equation 0 - Q,.q = 0 for a suitably defined ergodic Markov process on state
space K with “reduced generator” Q,.q. Because the Markov process generated by Q,.q
is irreducible the solution of (3.4.4) is unique up to a multiplicative constant, which yields
6. O
Remark 3.4.2. (k) = 0(ky,... ks kyy1) is obtained as a strictly positive solution
of (3.4.4) which resembles the global balance equations of an artificial non-standard
Gordon-Newell network of queues with J + 1 nodes and ) €T b; customers, exponen-
tially distributed service times with rate A; for £; < b; and “00” otherwise at node
je{l,...,J} and with rate v at node J + 1 and state-dependent routing probabilities.
More precisely, it is a starlike system with r(j, J+1) = 1, j € J, and with state-dependent
branching probabilities 7(J+1, j) = p;(k), j € J. The p;(k) = hj(k;)-h(> 7 ki) results
from the load balancing policy with weak priorities.
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3.4. Load balancing policy: Weak priorities

Recall that the system is irreducible and regular. Therefore, if Z has a stationary and
limiting distribution, this is uniquely defined.

Definition 3.4.3. For the queueing-inventory system Z on state space F/, whose limiting
distribution exists, we define

m:=(r(n,k): (n,k) € F), w(nk):=lim P(Z(t) = (n,k))

t—o00

and the appropriate marginal distributions

¢:=(¢(m):neN]), &(n):=lim P((Xi(t),...,X,(t) =n),

t—o00

0:=@0k):keK), 0(k):=lm P((Y1(t),...,Ys(t),Wsr1(t)) =k).

t—o0

Theorem 3.4.4. The queueing-inventory process Z is ergodic if and only if for j € J

nEN€1

If Z is ergodic, then its unique limiting and stationary distribution is

7 (n,k) = £(n) - 0.(K), (3.4.5)
with
n; A B
n) = Héj(nj), fj(nj) = Cj_l H '] , Ny € Ny, j € J, (3.4.6)
= =1 1 (£)
jeJ
. kj—]. Ejejkjfl 1 k;j 1 kjt1
o= (T TIwo ) ) IT w0 )(TL(5) )(3) - xer
jeg \ =0 =0 jeg
(3.4.7)
and normalisation constants
o= Y %
nj€Np £=1 J
kj—1 Zjejkjil 1 k; 1 kyt1
Co=> (TTTTm®]|]- I »o)- H(A) (V) :
keK \jej \ (=0 £=0 jer Y

Remark 3.4.5. Looking at expression (3.4.5), we observe that the corresponding modific-
ation of Remark 3.3.5 on page 49 holds here as well.

The structural properties from Section 2.6.1 (ergodicity) and Section 2.6.5 (insensitivity
and robustness) hold word-by-word for this integrated system as well.
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Remark 3.4.6. Since it holds

Z]ejk‘jfl Zjejbjikc]+171 Zjejbjfk‘]+]_71 1
H h(t) = H h(f) = H =
=0 =0 =0 2jerbi =4
o 1 1
St St -1 kit 1
1 1 1

_Zjejbj‘Zjejbj_l.“ktﬂ_l_Fl.kj_‘_l”.i.I
N———
=1

1
= : (3.4.8)
(Zjerb)!
it follows
kj—1 2jerki—1 k k
(3.4.7) . _ 1\% 1\"/+
09 <" ¢ (T { TTmto ) o) (1(5) ) ()
jeJ \ ¢=0 =0 jer Y
(34.8) 4 kit h;(¢) 1 k‘”l_lm—kl
=0t H v N7 H —
jer \ =0 "I (Z jeT bj) Lm0
k]'—l k]+1—1
~_ h;(0) m+1
_ 1 j
= G [ H y ) H - (3.4.9)
jeJ \ =0 m=0
with normalisation constant
kj—1 kyii—1
A h;(€) m+1
G (o) (T {2 ) (T
jeJ keK \jeJ \ =0 m=0

Hence, this explicit formula (3.4.9) for 6 shows that in fact there exists a three-term
product structure, and that moreover the equilibrium for the integrated model is stratified.
In the upper stratum, we have two independent vectors for production and inventory-
replenishment, the latter splits into two products, a factor for the subsystem comprising
the inventories and a factor for the replenishment subsystem.

In the lower stratum each of the three factors of the upper stratum is decomposed com-
pletely in “single-component” factors concerning the production servers, the inventories,
and the replenishment servers. It should be noted that the factors for the inventories
and the replenishment servers do not indicate internal independence, but they are of
product form as the celebrated conditionally independent coordinates in the equilibrium
of Gordon-Newell networks (see Theorem A.2.6).

It should be noted that the three-term structure of the upper stratum of the product
form steady state m in Theorem 3.4.4 can not be obtained from the general theory about
“Jackson network in a random environment”.
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4. Inventory systems with perishable
items

One of the key assumptions of inventory models is that the items in the inventory are
always available for satisfying demand at any time. However, in certain types of inven-
tories the items either perish, deteriorate, are subject to ageing, or become obsolete. For
example products like foodstuffs, human blood, chemicals, etc. have a maximum life time.

There are many papers describing mathematical models of inventory systems, but a
relatively small number consider items with a finite life time (cf. [Nah11, p. 1]). Analysis
of inventory systems with perishable items is far more difficult than their counterpart hav-
ing infinite life time. This is primarily because the inventory depletion rate is a function
of the on-hand inventory level (cf. [ARS15, p. 26]). Despite their complexity, perishable
inventory systems are investigated in many papers because of its potential applications in
sectors like food, chemicals, pharmaceuticals, photography and blood bank management
(cf. [ARS15, p. 26|, [KSWD11, p. 393|, [LC9I7, p. 1022]).

This chapter is devoted to perishable items and represents an extension of the basic
model, which has been introduced in Chapter 2. The systems under investigation differ
with respect to the distribution of the life time of raw material: Exponential distribution
in Section 4.2.3 and general phase-type distribution in Section 4.2.2.

4.1. Related literature and own contributions

We point only the most relevant literature on continuous review perishable inventory
models for our present investigation.

Literature reviews:
We refer to some articles which present a literature review of models for perishable in-
ventory systems.

A review on the early literature on perishable inventory systems is provided by Nah-
mias [Nah82|. Raafat [Raa91| provides a survey of published literature for continuously
deteriorating inventory models, where the deterioration is a function of the on-hand in-
ventory. Shah and Shah [SS00] make a literature survey on inventory models for deterio-
rating items. Goyal and Giri [GGO1| give a comprehensive literature review of models
for inventory control of perishable items since the early 1990s. Bakker and his coau-
thors |[BRT'12| make an extensive review of more recent literature that has been published
since the review of Goyal and Giri. In the article [JCS16| of Janssen and her coauthors,
the literature reviews on inventory models for perishable goods are depicted graphically
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4. Inventory systems with perishable items

in [JCS16, Figure 1, p. 87|. They give an up-to-date review of perishable inventory mo-
dels as well as of the joint key topics of publications from January 2012 until December
2015 in the research area of inventory models with perishable items.

Nahmias [Nah10] provides an overview of the basic theory and methods for modelling
perishable inventory problems. His article focuses more on periodic review of a single lo-
cation inventory system and it is a more technical discussion of the techniques employed
in the analysis of perishable items.

Baron |Barl0| discusses inventory management of perishable items, including the dif-
ferences between inventory models that consider items’ perishability and the standard
models that ignore this issue. The most common models for perishability are (1) out-
datedness due to reaching expiry date (e.g. food items or medicine), which is typically
modelled as a deterministic time and (2) sudden perishability due to disaster (e.g. spoil-
age because of extreme weather conditions), which is typically modelled as an exponential
(or its discrete counterpart, geometric) time.

For recent overviews of the literature on perishable inventory systems we refer to
Karaesmen, Scheller-Wolf and Deniz [KSWD11|. They provide an overview of research in
Section 15.3.2 on continuous review single-location inventory models with a finite life time.
Moreover, [Nahl1| gives an extensive review of the inventory management of perishable
products. Furthermore, Bijvank and Vis [BV11, Section 7.5, p. 10] and Krishnamoorthy
et al. [KLM11]| present a review of inventory models including perishable inventory sys-
tems.

Literature on perishable inventory systems with base stock policy:
Focus of our present investigations is the base stock policy. Thus, we point out the most
relevant sources which deal with this replenishment policy and perishable items.

The paper of Schmidt and Nahmias [SN85] is the first that investigate analytically a
model with positive lead times. They analyse a continuous review base stock policy for
a perishable inventory system with fixed life and lead times under Poisson demand and
lost sales. A generalization of this paper is the work of Perry and Posner [PP98| by
considering a waiting time policy.

Pal [Pal89] and Liu and Cheung [LC97| consider a continuous review base stock policy
for a perishable inventory system with exponentially distributed life and lead times. Sim-
ilar to our approach they use methods and models from queueing theory to evaluate the
performance of base stock policies.

Liu and Cheung consider two replenishment mechanisms: (1) each replenishment order
is processed immediately regardless of the number of existing outstanding orders; (2)
replenishment orders never cross and are processed one at a time according to a FCFS
criteria (i.e. the lead time of an order depends on the number of outstanding orders).
In [LC97| the possibilities of partial backorders, complete backorders and complete lost
sales are all included. For these systems they derive the steady state probabilities by
solving the global balance equations and develop some performance measures to perform
a cost analysis.
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In [Pal89] backorders are allowed. He derives the steady state probabilities by solving
the global balance equations and develop some performance measures to perform a cost
analysis.

Literature on production-to-order models with perishable inventory systems:

In most of the models considered in the literature, there is no production-to-order such
that the time to satisfy customer demand is zero. In the following, we present some
articles which consider continuous review models where the demanded items are issued
to the customer only after some service is performed.

Manuel, Sivakumar, Arivarignan [MSAO07| study an (r,@)-policy for a perishable in-
ventory system attached to a service facility with a finite waiting room and a single server,
two types of customers and they adopt a removal rule. The service time is phase-type
distributed and the life times and lead times are exponentially distributed. They obtain
the joint probability distribution of the number of customers in the system and the in-
ventory level in steady state by a recursive computation. Moreover, they compute various
performance measures and calculate the total expected cost rate.

Manuel, Sivakumar and Arivarignan [MSAO8| analyse an (r, Q)-policy for a perishable
inventory system attached to a service facility with a finite waiting room and a single
server with phase-type distribution and exponentially distributed life times, lead times
and retrial times of orbiting customers. They derive the joint probability distribution of
the number of customers in the waiting room, number of customers in the orbit and the
inventory level in steady state by using matrix geometric methods (recursive computa-
tion) and obtain a stability condition. Furthermore, they compute various performance
measures and calculate the total expected cost rate.

Krishnamoorthy and Anbazhagan [KAO08| investigate an (r, Q)-policy for a perishable
inventory system attached to a service facility with finite waiting room. They consider
the N-policy which means that the service starts only if the customer level reaches N.
They derive the joint stationary distribution of the number of customers in the system
and the inventory levels. Furthermore, they develop various performance measures and
illustrate the results with numerical examples.

Jeganathan [Jegl4| studies a (0, @)-policy for a perishable inventory system attached
to a service facility with multiple server vacations with a finite waiting room, impatient
customers and zero lead time. The joint stationary distribution of the number of custom-
ers in the system and the inventory levels is obtained algorithmically. He derives various
performance measures and calculates the total expected cost rate.

Amirthakodi, Radhamani and Sivakumar [ARS15] investigate a perishable inventory
system attached to a service facility with a finite waiting room and a single server with
positive service times and lead times and with feedback customers. The inventory is
controlled by a variable ordering policy. They derive the steady state distribution of the
system using matrix recursive methods and obtain a stability condition. Furthermore,
they derive various performance measures, calculate the total expected cost rate and
illustrate the results numerically.
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Yadavalli, Anbazhagan and Jeganathan [YAJ15b| consider an (r, Q)-policy for a perish-
able inventory systems attached to a service facility having two heterogeneous exponential
servers with one unreliable server and repeated attempts. The demands originate from
a finite population. They derive the joint stationary distribution of the number of cus-
tomers in the orbit and the inventory level. They develop various performance measures,
calculate the total expected cost rate and illustrate the results numerically.

Shajin and her coauthors [SBDK16| consider a queueing-inventory model with reser-
vation, cancellation. The items in a batch have a common life time. They investigate
the cases of zero and of positive lead time and derive the stationary distribution of the
queue length and the on-hand inventory in product form. Moreover, they study several
performance measures.

Connection to Literature on impatient customers:
Perishable items of raw material arriving at an inventory can be treated as impatient
customers arriving at a service station (cf. [Kuml6, p. 98]), so that the shipment of these
items from the inventory to the production system is a service provided to the waiting
customers in the system.

A review on queueing systems for impatient customers is presented by Wang et al.
[WLJ10]. A recent article about queueing-inventory with impatient customers is [MPB16].

Our main contributions are the following:

In the first part of this chapter, we study single location production-inventory models with
queue-length-dependent arrival and service rates. We develop Markov process models for
a supply chain which consists of a production system with an attached inventory with
perishable raw material, where the item of raw material that is in the production process
cannot perish. The systems under investigation differ with respect to the distribution of
the life time of the raw material.

For the model with exponentially distributed life time we derive a sufficient condition
and a necessary condition of ergodicity and prove that the stationary distribution has
no product form. For the special case with base stock level equal to one, we obtain an
explicit closed solution for the stationary distribution. For the system with base stock
level greater than one we obtain some properties of the stationary system which provide
insights into the equilibrium behaviour of the systems but an explicit expression of the
complete stationary distribution is still an open problem.

For the model with phase-type distributed life time we derive a sufficient and necessary
condition of ergodicity. We prove that the stationary distribution has no product form
and we obtain some properties of the stationary system which provide insights into the
equilibrium behaviour of the systems but an explicit expression of the complete stationary
distribution is still an open problem.

Our work is an extension of the investigations of Pal [Pal89| and Liu and Cheung [LC97|
on perishable inventory systems under base stock policy: In their models there is no
production-to-order such that the time to satisfy customer demand is zero. Therefore,
their model is a special case of our model with exponentially distributed life time when
the service time is set to zero. We need to mention that Pal considers the backordering
case and Liu and Cheung allow order crossing and also investigate the case of partial or
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complete backordering.

In the second part of this chapter, we modify the system with exponentially distributed
life times so that we get product form results. More precisely, we take not into consid-
eration whether there are customers in the system. The product form result is even true
for a supply chain with J > 1 locations.

Furthermore, we deal with the question “Can we use the product form results from
Section 4.3.2 to obtain simple product form bounds for the system with unknown non-
product form stationary distribution in Section 4.2.37”.

Our conjecture that we can find upper and lower product form bounds for the through-
puts is supported by our results for a system with base stock level b = 1. Under additional
conditions for the system’s parameters we can tackle even the case of b > 2.

The articles in the literature about perishable inventory models with production-to-
order are only single location models. Our results extend their settings to a multi-
dimensional system, whereby we consider the base stock policy.

A cost analysis can be performed as for the basic model in Section 2.5 on page 29.

4.2. Non-separable systems: Single location

4.2.1. Description of the general model

The supply chain of interest is depicted in Figure 4.2.1. The location consists of a pro-
duction system with an attached inventory with perishable raw material. The inventory
is replenished by a supplier which manufactures raw material for the location.

Replenishment

Location

Inventory

Lost

X X sales
Demand arrival M

process Waiting room

ene
oro’@r Supplier

Single
server
Waiting room

Figure 4.2.1.: Supply chain with base stock policy

Facilities in the supply chain. The production system consists of a single server
(machine) with infinite waiting room that serves customers on a make-to-order basis un-
der a FCFS regime. Customers arrive one by one at the production system according to a
Poisson process with queue-length-dependent intensities and require service. To satisfy a
customer’s demand the production system needs exactly one item of raw material, which
is taken from the associated local inventory. When a new customer arrives at the loca-
tion while the previous customer’s order is not finished, this customer will wait. If the
inventory is depleted, the customers who are already waiting in line will wait, but new
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4. Inventory systems with perishable items

arriving customers at this location will decide not to join the queue and are lost (“local
lost sales”). If there are n > 0 customers present and if the inventory is not depleted,
customers arrive with intensity A(n) > 0 at the production system.

The service requests at the location is exponentially-1 distributed. All service requests
constitute an independent family of random variables which are independent of the arrival
streams. The service at the location is provided with queue-length-dependent intensity.
If there are n > 0 customers present either waiting or in service (if any) and if the in-
ventory is not depleted, the service intensity is p(n) > 0. If the server is ready to serve
a customer, who is at the head of the line, and the inventory is not depleted, the service
immediately starts. Otherwise, the service starts at the instant of time when the next
replenishment arrives at the local inventory.

For the control of the inventory we use the base stock policy. This means, each item
taken from the inventory results in a direct order for one item of raw material. Hence, if
a served customer departs from the system or a raw material is perished, an order of the
consumed resp. of the perished raw material is placed at the supplier at this time instant.
The base stock level b > 1 is the maximal size of the inventory. Note that there can be
more than one outstanding order.

The items of raw material in the inventory are perishable. In the literature about per-
ishable queueing-inventory systems (e.g. [MSA07, MSA08|, [MSAO08|, [Jegl4|, [YAJ15D]),
it is often assumed that an item of raw material, which is in the production process cannot
perish.

The systems under investigation differ with respect to the distribution of the life time
of the raw material in the following way:

e phase-type distribution (Section 4.2.2),

e exponential distribution (Section 4.2.3), which is a special case of the phase-type
distribution, but deserves interest because of simplicity of the results.

The supplier consists of a single server (machine) and a waiting room under FCFS re-
gime. At most b — 1 replenishment orders are waiting at the supplier. Service times at
the supplier are exponentially distributed with parameter v > 0.

Routing in the supply chain. A customer departs from the system immediately
after the service and the associated consumed raw material is removed from the inven-
tory at this time instant. A finished item of raw material departs immediately from the
supplier and the item is added to the inventory at the location.

We assume that the replenished raw materials are “fresh”. Much of the literature on
perishable items assumes this to avoid to complicate the model (cf. [Barl0, p. 2]).

It is assumed that transmission times for orders are negligible and set to zero and that
transportation times between the supplier and the inventory are negligible.

All inter-arrival times, service times and life times of items constitute an independent
family of random variables.
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4.2. Non-separable systems: Single location

Remark 4.2.1. These models are special cases of queueing systems in a random envir-
onment which we have introduced in Appendix D.1. In Example D.1.2 on page 326 we
show the setting by which the queueing-inventory systems described in this chapter fit
into the definition of the queueing systems in a random environment. An overview of
the corresponding results is presented in Table D.1 on page 348. We provide some dir-
ect proofs here to avoid the general lengthy formalism needed in queueing systems in a
random environment.

4.2.2. Phase-type distributed life time

This section is dedicated to the study of the supply chain with one location (J = 1,
J = {1}) as described in Section 4.2.1, where the life time of each raw material is phase-
type distributed with mean y~! and the item of raw material that is in the production
process cannot perish.

Remark 4.2.2. The most common model in the literature to count the inventory is the
following (cf. Section 4.1): One item is removed from the inventory when a served cus-
tomer departs from the system. In the present model with phase-type distributed life
time of perishable items, it is important to know whether a specific item is in production
or on stock, because it is assumed (e.g. [MSAO07, MSAO08|, [MSAO08|, [Jegl4], [YAJ15D])
that an item which is in production cannot perish (see Section 4.2.1).

It should be noted that in all other sections we do not need this essential distinction.

We consider life time distributions of the following phase-type which are sufficient
versatile to approximate any distribution on R[)F arbitrary close. The next definition is
based on [Dad01b, Definition 9.2 , pp. 347f.].

Definition 4.2.3. For h € N and 3 > 0 let

2 (Bs)’
F/&h(s):l—e_ﬁsz,i, s >0,

7!
i=0

denote the cumulative distribution function of the I'-distribution with parameters 5 and
h. The parameter h is a positive integer and serves as a phase-parameter for the number
of independent exponential phases, each with mean 37!, the sum of which constitutes a
random variable with distribution I'g 5. (I'g, is called a h-stage Erlang distribution with
scale parameter [3.)

We consider the following class of distributions on (Rg , IBB(')F ), which is dense with respect
to the topology of weak convergence of probability measures in the set of all distribu-
tions on (Ry,By) [Sch73, Section 1.6]. For 8 € (0,00), H € N, and probability b(-) on
{1,...,H} with b(H) > 0 let the cumulative distribution function

H

B(s) =Y _b(0)-Tgu(s), s>0,

(=1

denote a phase-type distribution function. With varying 5, H and b(-) we can approxi-
mate any distribution on (R, B{) sufficiently close.

We refer to [Asm03, Chapter II1.4] for a short introduction into this and various other
classes of phase-type distributions.
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4. Inventory systems with perishable items

To obtain a Markovian process description of the integrated queueing-inventory
system, we denote by X (¢) the number of customers present at the location at time ¢ > 0,
either waiting or in service (queue length). By Y (¢) we denote the state of the inventory,
whereby we have to distinguish whether an item of raw material is in production or on
stock, at time t > 0. By W(¢) we denote the number of replenishment orders at the
central supplier at time ¢ > 0, either waiting or in service (queue length).

We define the joint queueing-inventory process of this system by

Z = ((X(t),Y(t),W(t) : t >0).

To describe the state of the inventory, we have to distinguish whether an item of raw
material is in production or on stock. For the items of raw material on stock we need the
number of residual phases of each item in the inventory. However, we do not need the
information about the phase of the item in production, since the item of raw material,
which is in the production process cannot perish. This leads to

inventory
number of items number of residual phases
in production of lifetimes supplier
/= h
k:( 7 N ,b—(k+k:)>.
k=number of items
on stock

k+k=number of items
in inventory

k € {0,1} indicates whether there is an item in production or not,

k denotes the number of items on stock

with k € {0,...,b} if k=0and k€ {0,...,b—1}if k=1,

k + k is the total number of items at the location,

h; € {1,..., H} is the number of residual phases of the item on position j, 0 < j <
k, with hy < hg < --- < hg, 0 < k+ k < b, i.e. items are sorted in line by their
phases in ascending order. This means if k£ > 0 items are on stock, that on position
1 resides an item with the smallest number of phases and on position k resides an
item with the highest number of phases.

Note that position numbers are associated only with items on stock (waiting). To
items in production no position number is associated.

This results in
K:= {(E,[hl,...,hk],b—(é+k)):
Fe {01}, hee{l,....HY, 1<0<k, hi <hy<--<hy, 0<E+kgb}
- {(0,[h1,...,hk],b—k:):
hee {1, HY, 1<0<k hi <hy<--<hy, ogkgb}
U{(1,[h1,...,hk],b—(1+k)):

th{l,-..,H}, 1§€§k7 h1§h2_

N
A
>
T
@)
A\
RA
IN
>
|
—_
——
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4.2. Non-separable systems: Single location

Then, due to the usual independence and memoryless assumptions Z is a homogeneous
Markov process. The state space of Z is

E={(nk):neNy, ke K},

where n is the number of customers and k describes the state of the inventory and the
central supplier.

Note the redundancy in the state space: W(t) = b — Y (t). We prefer to carry all
information explicitly with because the dynamics of the system are easier visible.

For example,
if £ > 1 items of raw material are in the inventory and there is at least one customer,
then

inventory

number of items number of residual phases

in production of life times supplier
~ = ~ =
(mk):<m 1, . he] ,b—z)
—_——
/—1=number of items
on stock

{=number of items
In inventory

if £ > 1 items of raw material are in the inventory and there is no customer,
then

inventory

number of items number of residual phases

in production of life times supplier
—_—N— ~ =
(mk):(a 0 " [h....hd ,b—e),
f/=number of items
on stock

{=number of items
in inventory

if £ =1 items of raw material are in the inventory and there is at least one customer,
then

inventory

number of items number of residual phases

in production of life times supplier
PNy ——
(n,k):(n, 1, [0] ,b—l),

1=number of items
in inventory

if £ =1 items of raw material are in the inventory and there is no customer,
then

inventory

number of items number of residual phases

in production of life times supplier
~ =
(mk):<Q 0o, 1] ,b—l).
1=number of items
on stock

l=number of items
in inventory
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This page
intentionally

left blank.
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4.2. Non-separable systems: Single location

4.2.2.1. Ergodicity

The queueing-inventory process Z has an infinitesimal generator Q = (¢(z;2) : 2,2 € E)
with the following transition rates for (n,k) € E, where a typical state is

inventory

number of items number of residual phases

in production of life times supplier
/= 7
(n,k)z(n, E o [hye.. sl ,b—(k:+k:))
—_———
k=number of items
on stock

k+k=number of items
in inventory

and we will impose necessary restrictions if needed:!

e ARRIVAL OF A CUSTOMER, .
which happens only if there is at least one item at the location (k + k > 0), either
on stock or in production, because of the lost sales rule:

q((n,k); (n+1,k)) = A(n) - 1{E+k>0}’ n > 0.

SERVICE COMPLETION OF A CUSTOMER,

which happens only if there is at least one customer (n > 0) and an item in pro-
duction (k = 1), i.e. a customer departs from the location and takes an item.

Let T~ k be the state after the following event:

The item, which is in production, is removed from the location and a replenishment
order is sent to the central supplier, where b — (k + k) orders have already been

present.
If n—1 > 0, the item on position 1 is taken in production and the items previously
on positions 2,...,k move to positions 1,...,k —1

and if n — 1 = 0, there are no changes of the positions, because there are no items

on stock:
q((n,k); (n , k>> = u(n) - Linsoy - 1{%:1}'

! Position numbers are associated only with items on stock (waiting). To items in production no position
number is associated.
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e PHASE COMPLETION OF A PERISHABLE ITEM ON POSITION £, ¢ € {1,... k},

which happens only if there is at least one item on stock (k > 0), i.e. either

if hy = 1, i.e. there is a perishable item on position ¢, which is in its last phase.
Let T k be the state after the following event (see Figure 4.2.2(a)):

This perishable item on position ¢ is removed from the location and an order of
one unit is sent to the central supplier, where b — (k + k) orders have already been
present, and the perishable items previously on positions £+ 1,¢+2,..., k move to
positions £, £+ 1,...k — 1:

q<(”’ k); (”’Tf\kn =B ln=13  L{g>0p, 20

Note, that if & = 1, the list of positions, where other items sit, is empty. Con-
sequently, there are no further changes in the positions. More precisely, for k = 1
holds

q((n,k); (n Tk\k)> - q<(nk [],6— (k + 1)); (nE 0,6 — (& + 1)+1)>.

or if hy > 1, i.e. there is a perishable item on position ¢, which is not in its last
phase, and either

* if k>0and hy — 1 < hq,
let Ty—,1k be the state after this event (see Figure 4.2.2(b)):
The phase of this perishable item on position £ is shifted one step down and
the item is moved to position 1 and the items on positions 1,...,¢ — 1 move
to positions 2,...,¢:

q((n, k); (n,T/ﬁlk)> =B Lochi—1<my g0y, 1 =>0.

Note, that if £ = 1, i.e. the phase of the item on position 1 is shifted one step
down and there are no changes in the positions.

Furthermore, if & = 1, the list of positions, where other items sit, is empty.
Consequently, there are no further changes in the positions.

* ifk>1and hpy—1 < hg—1 < hy, me {2,...,(},
let Ty—.,k be the state after this event (see Figure 4.2.2(c)):
The phase of this perishable item on position £ is shifted one step down and
the item is moved to position m, m € {2,...,¢}, and the items on positions
m,...,¢ — 1 move to positions m +1,...,¢:

q((n,k); (TL T(’,~>mk>> = B 10<hpm_1<hi—1<hm} Lr>1} Limef2,...003, 7 > 0.

Note, that if m = £, the list of positions where other items sit is empty.
Consequently, there are no further changes in the positions.
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SERVICE COMPLETION OF AN ORDER AT THE CENTRAL SUPPLIER,

which happens only if at the central supplier is at least one order (b— (k+ k) > 0),
i.e. an item is removed from the central supplier and is sent to the location and if
appropriate, it becomes h phases with probability b(h), and either

if k4 k =0, i.e. there are no items in the inventory, and either

if n =0, i.e. there are no customers, N
then the item is placed on position 1 of the inventory and obtains A phases

with probability b(h):

q<(0,0, 0],0): (00,71, )) = v b(R),

or if n > 0, i.e. there is at least one customer,
then the item is taken immediately in production:

q((n,O,[O],b);(n, [0, )) = v Lpsop-

orif k+k>0,ie. there is at least one item in the inventory,
then the item obtains h phases with probability b(h) and either

if k = 0 and k = 1, the item moves into position 1 (note that there must be at
least one customer (n > 0) because there is an item in production (k = 1)):

q<<n 1, [0],5); (n 1,[h],b— 1)) =V b(h) 1 g ey ™ > O,
U=

={b>1}

orif k >0, k € {0,1} and h < hi, the item moves into position 1. The items
previously on positions 1,2,...,k move to positions 2,3,...,k + 1.
Let T, k be the state after this event (see Figure 4.2.3(a)):

q((n, k); <n, k)) =v b(%) ’ 1{7L<h1} ’ 1{0<E+k<b} g0y, 120,

or if k > 0, k€ {0,1} and hy < E, the item moves into position k + 1.

Let T;_, .k be the state after this event (see Figure 4.2.3(b)):

q<<n,k>; (n, k)) =v- b(ﬁ) . 1{hkS7L} . 1{0<E+k<b} Lgs0y, 1 >0,

orif k> 1, k€ {0,1} and hy_; < h < he, U € {2,...k}, the item moves into
position ¢. The items previously on positions £,¢ + 1,...,k move to positions
¢+ 1,0+2,...,k+1. Let T;_ )k be the state after this event (see Figure
4.2.3(c)):

(o7 )

=vb(h) 1, ien)  Yockinea) L1y Lpetzonyy, 720,
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Furthermore, ¢(z;2) = 0 for any other pair z # Z, and

q(z;z):—Zq(z;Z) Vze E.
Z€E,
z#Z
From the above transition rates follows similarly as in Appendix E.1 that Z is irreducible
on the state space E.
We will show a necessary condition for ergodicity in Proposition 4.2.5. Furthermore, a
sufficient condition for positive recurrence is shown in Proposition 4.2.6.

The proof for the necessary condition is a special case of Proposition D.1.4 (and Pro-
position D.1.3). We provide a direct proof here to avoid the general lengthy formalism
needed in queueing-environment systems.

The proof for the necessary condition depends on the following result.

Proposition 4.2.4. If the queueing-inventory process Z is recurrent, then any solution
x = (z(2) : z € E) of the global balance equations x-Q = 0 fulfils for all n € Ny

Yo z(nk) = > ag(n+1,k)-M (4.2.1)

)
ke R\ {(0,0],0)} ke K\ {(0,[0],0)} (n)
and .
Yoo znk = > 20k ] A(”En:)l) (4.2.2)
ke K\ ((0,[0],)} ke K\ {(0,(0],6)} m=1 M

Proof. From irreducibility and recurrence of Z follows that there exists one, and up to
a multiplicative factor only one, stationary measure x = (z (z) : z € E). This stationary
measure x has the property z(z) > 0 for all z € E and can be found as a solution of the
global balance equations x-Q = 0 (cf. [Asm03, Theorem 4.2, p. 51]).

Equation (4.2.1) can be proven by the cut-criterion for recurrent processes, which is
presented in Theorem A.1.1(b). For n € Ny, equation (4.2.1) can be proven by a cut,
which divides F into complementary sets according to the queue length of customers that
is less than or equal to n or greater than n, i.e. into the sets

{(mjk) :m € {0,1,...,n}, kGK},
{(m,ﬂ):meNo\{O,l,....n}, EEK}, n € Np.
Thus, it follows for n € Ny

S5 Y S wm k) - q((m,k); (7, k)

m=0keK m=n+lgeck

= Z Z sz(ﬁaE)Q((mvi)a(mka

f=n+1jeg m=0keK

& Z z(n,k) - A(n) = Z z(n+1,k) - u(n+1).

ke K\{(0,[0],b)} ke K\{(0,[0],b)}
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4.2. Non-separable systems: Single location

Consequently, for n € Ny follows equation (4.2.2)

Yoo ok = Y x(o,k)-HM.

ke K\{(0,(0],b)} ke K\{(0,[0],b)} m=1

Proposition 4.2.5. ]f queueing-inventory process Z s ergodic,

it holds > > o T1m—1 uTml) < 00.

Proof. If the queueing-inventory process Z is ergodic, the normalisation constant, as the
sum of the solution x = (z(z) : z € E) of the global balance equation x-Q = 0 for Z, is

finite,
Z Zx(n,k,bfk: < 00

n=0keK
It holds

Z Z z(n, k)

n=0 kGK

Z > a(nk)+ Y x(n,0,[0],b)

n= OkGK\{ ,[01,0)} n=0
(4.2.2) L Am—1 >
= Z > 20k ] (M(m))—l—zu"c(n,o,[O},b)
n=0keK\{(0,[0],b)} m=1 n=0
=W

Because of ergodicity, W € (0,00) and Yo x(n,0,[0],b) < co.
Hence, Y 0° (> wek ©(n, k) is finite only if 3> (T, ¢ ’\27(1”;)1) < 00. O

Proposition 4.2.6.

(a) The queueing-inventory process Z is ergodic if for an M /M /1/oc queue with queue-
length dependent arrival intensities A(n) > 0 and service intensities yu(n) > 0 there
exists a Lyapunov function L : Ny — Rg with finite exception set F' and constant
€ > 0, which satisfies the Foster-Lyapunov stability criterion, and sup,cn, u(n) <
0.

(b) The queueing-inventory process Z is ergodic if there exists N € Ny such that
inf,,>n (1(n) — A(n)) > 0 and sup,,cy, 1(n) < oo.

Remark 4.2.7. The condition sup,,cy, #(n) < oo can be weakened by inf,en, ¢ > 0,
where ¢, is defined in Lemma D.1.7.
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Proof of Proposition 4.2.6. As mentioned before, the queueing-inventory model is a spe-
cial case of the queueing system in a random environment which we have introduced in
Appendix D.1. Hence, sufficiency follows in (a) from Proposition D.1.8 and in (b) from
Corollary D.1.9 since inf,en, ¢, > 0 holds by Example D.1.11(b). O

Remark 4.2.8. The queueing-inventory system can be modelled as a level-dependent
quasi-birth-and-death process (LDQBD process). Under the assumptions from the above
proposition, the queueing-inventory system is ergodic and hence, we can use the algorithm
of Bright and Taylor [BT95]| to calculate the equilibrium distributions in LDQBD pro-
cesses.

Special case: Queue-length-independent arrival and service rates
In this paragraph, we analyse the queueing-inventory system with state-independent ser-
vice rates pu and arrival rates A in view of a sufficient and necessary condition for ergodicity.

Theorem 4.2.9. The queueing-inventory process Z is ergodic if and only if A < p.

Proof. As mentioned before, the queueing-inventory model is a special case of the queueing
system in a random environment which we have introduced in Appendix D.1. Hence, the
sufficient and necessary condition follows from Proposition D.1.12 and Proposition D.1.13
since inf,en, ¢, > 0 holds by Example D.1.11(b). Additionally, we provide a direct proof
here to avoid the general lengthy formalism needed in queueing-environment systems.

n
Necessity follows from Proposition 4.2.5 with > > o T[,—; % =320 (ﬁ) < 0.

We will show sufficiency by using the Foster-Lyapunov stability criterion, which is
presented in Theorem A.1.2 on page 260. We will show that £: E — Rg with

W= A

Ll k) =n+ g0y 5,

and the finite exception set F' = {(n,k) : n =0} C E is a Lyapunov function.

We define
A ZTECD ST
e=min{ —+——, — |.
n 2 2

» First, we will check (Q - £) (n,k) < oo for (n,k) € F = {(n,k) : n =0}.

Since0 < A< pu<oo,0<v<ooand0<f < oo,
for (0,0, [0],b) holds

(Q-£)(0,0,[00,) = > v - b(R) - (L(o,o, (7,6 — 1) — £(0,0, [0],b)) <,
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if b > 2, for (0,0, [h1],b— 1) holds

(Q : ‘C) (0707 [hl]ab - 1)
=X-(£(1,0,[h1],b—1) = L£(0,0,[h1],b—1)) - 1{E+k>0}
—_———

=1

h1—1
+3 vob(h) - (L (o,o, [, ha], b — 2) —£(0,0,[h1],b— 1)) Lo Hockirer) - Lo}
h=1 T h’_',l e}
H o~ ~
+ 3 veb(h) - (z (0,0, lhe, B, b — 2) —£(0,0,[h1],b — 1)) i) Hockrreo) * Lso)
ﬁ:hl T T/ ?/

+5-(£(0,0,[h1 —1],b—1) — L(0,0, [h1],b—1)) - Lings1y - Lesoy
=1
+8 - (ﬁ (0707 [0]7 b) - L (07 0, [hl]a b— 1)) ’ 1{h1=1} ’ 1{k>0} < o0,
——

=1

if b> 2, for (0,k) = (0,0,[h1,...,hk],b—kz) with k = 2,....b— 1 holds

= A+ (L(1,k) = £(0,K)) 17120

=1

h1—1
£ 30 vebh) - (LT 00 = £0.1)) -1,y Lockpicn) - Loe0)
= ™ T
he—1 B B
+ >0 veb) - (LOT5 40 = £O.1) Lg oy Locknes) L1y e, mn
~ ——
h=he— i -1 =1
H o~ ~
+ 30 v b(B) - (L0, 10 = £0.0) L, iy Lockanes)  Likso)
B:hk T \_;,1_/ H:,l_/
k
8- (L0, Tnk) = £(0,K)) - Lip,=1} - Lxsoy
k
+Zﬁ (L£(0,Tps1k) — L£(0,k)) - Ljocn,—1<hi} * Lr>0}
k
+Zﬁ (L0, Trsmk) = L(0,k)) - Lioch,_1<hi—1<hm} * L1} Limef2,...0) < 00,
/=1 S——

=1
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4. Inventory systems with perishable items

for (0,k) = (0,0, [h, - .., h] ,0) with k = b > 1 holds

(Q-£)(0,k)

= A (LK) = £(0,K)) - 140y

1

b

+Y B (L(0,Tnk) — L(0,K)) - 1ip,—1y - Ligsoy
N——

(=1 1

b

+Y B (L(0,Trm1k) = L(0,K)) - Ligcn,—1<h1} - Ligso}
N——

/=1 1

b

+D B (L0, Torsmk) = L(0,K) - Lochy, s <hp—1<hm} * Lp=1} “Limef2,...0py < 00
~——

(=1
=lik>13

» Second, we will check (Q - £) (n, k) < —¢ for (n,k) ¢ F with
N

. <1/ A— 1 A—u) - <0 if p<v,
—e=max|— ——, —— | = B )
w2 2 -(A—“)<O if u>wv.
Note that n > 0 and hence it holds k = 1 if k + k

For k + k =0 and n > 0 holds

(Q : 'C) (n7 07 [0]7 b)
=v-(L(n,1,[0],b—1) = L(n,0,[0],b)) - Lin=0}

-\ A\ —
:y(n_n_u>zyug_5
2. I 2

If b > 2, for (n,1,[0],b— 1) with £+ k = 1 and n > 0 holds

(QL) (n’17[0]>b_ 1)
=2 (L+1,1,[0,b=1) = £(n,1,0,b = 1) - Lz, gy
—_———

=1
+u - ((n — 1, O, [0], b) - L (n, 1, [0], b— 1)) : 1{n>0} : 1{@21}
~——

=1 e

H
+;V : b(h) . (ﬁ (TL, 1, [h],b— 2) — E(n, 1, [O],b — 1)) . 1{k:0} . 1{@21} -1 {0<E+k<b}

=1 =1 —{b>1}

84



4.2. Non-separable systems: Single location

Hb>2ﬁﬂ0m0:(mﬁwhnmeb—@+k0wﬁh%+kzznwb—lmdn>0
holds

(Q ' ﬁ) (n7k>
=X (L(n+1,k)—L(nk))- 1{E+k>0}

1

+p- (L(n—1,Tonk) = L(n,k)) - Linsoy- Loy
——

=1
- =1
h1—1
T Z v -b(h n, T_1k) = £(n, X)) - 1{E<h1} ' 1{0<E+k<b} L0}
H_/l—/ \—7,—/1 :Vl
he—1 _
+ D0 v b(h) - (L T ) = £00K)) 1y Gy Yook kan) Lot Heer, b
%Zh[,l A 1 ;rl
H ~
+0 vb(h) - (L0 T k) = £00.10)) - 1y, iy - Hostrnas} - Lso)
ﬁ:hk \:,1_/ T \—;,1—/
k
+> B (L(n, Tnk) = £(n,K)) - Lpm1y - Loy
=1 \_;,1_/
k
+Zﬁ (L (n, Tps1k) = L(1n,K)) - Liocn,—1<n} - Lik>0)
=1 S——

=1
+Zﬁ (1, Tosmk) — L(1,K)) - Lioch, i <hp—1<hm} * L{k>1} * Yimef2,...00}

:)\-(n—l—l—n)—i—,u~(n—1—n)

h1—1 hg—]. H
—I—ZV b “(n—n)+ Z u-b(h)-(n—n)-l{k>1}+Zl/-b(h)-(n—n)
h=hy_1 h=hy,

+§:ﬂwn—n%1wFu
=1
k
+ Z B-(n—mn) ligch,—1<hi}
=1
k
+ Z B(n—mn) Lioch, 1 <hi—1<hm} " L1} * Yme{2,...00
—1

:A—ug—?ﬁg—a
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4. Inventory systems with perishable items

For (n,k) = <nE [hl,...,hk],0> withk+k=>b>1and n > 0 holds

(Because n > 0 and k + k = b > 1, we know that k = 1.
Consequently, b = 1 implies £ = 0, and b > 1 implies k > 0, and b > 2 implies k > 1.)
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=(A=p) - Tpsny + <2

(Q-£)(n,k)

=A-(L(n+1,k) = L(n,k) - 1z 10}

N—_——

=1
- (L(n—1,Ton k) — L(n,k)) - 10y - Loy
——

=1
= -1

k
+) B (L(n,Trk) = L (1n,K)) - Lip,—1y - Lps1y

+ B (L(n,Tes1k) — L (n,k)) - Lio<hy—1<hi} - Lo>11

+ > B (L Trsmk) = L(0,K)) * Lochy, s <he—1<hm} * Lme(2,...00} - 1{p>2}

- A
:)\-(n+1—n)—|—u-<<n—1+1{b1}-/;'“)—71)

k
+Zﬁ “(n=n) Lp=1y - sy

)
k
+25 “(n=n) Yoch—1<n} - Lip>1)
=
k
+> B (n=n) Loch, 1 <h—1<hn} * Lmei2,..} - Lps2)
=

A—u A— U
) A=y = —5 ==



4.2. Non-separable systems: Single location

4.2.2.2. Properties of the stationary system

We assume throughout this section that the queueing-inventory process Z is ergodic.
Some results in this section are special cases of Section D.1.2. An overview of the corres-
ponding results is presented in Table D.1 on page 348. We provide direct proofs here to
avoid the general lengthy formalism needed in queueing-environment systems.

Definition 4.2.10. For the queueing-inventory process Z on state space E, whose lim-
iting distribution exists, we define

m:=(m(n,k): (n,k) € E), w(nk):= lim P(Z(t) = (n,k))
and the appropriate marginal distributions
E= (€M) :neNg), (n) = lim P(X(1)=n),

0:= 0k :ke k), 0(k):=lim P(Y,W)(t)=k).

Let (X,Y,W) be a random variable which is distributed according to the queueing-
inventory process in equilibrium. Therefore, X resp. (Y, W) are random variables which
are distributed according to the marginal steady state probability for the production
subsystem resp. for the inventory-replenishment subsystem.?

Proposition 4.2.11. The queueing-inventory process Z fulfils for all n € Ny

P(X =n,Y #(0,[0))) = P(X =n+1,Y # (0,[0])) - “(;(2)1) (4.2.3)
and .
P(X =n,Y #(0,0])) = P(X =0,Y # (0,[0))) - [] W (4.2.4)
m=1

Hence, the probability that the inventory is not empty fulfils

pw¢mmm=Pw:&Y%@W”§:HAﬁ;ﬁ'

n=0m=1

Proof. The normalisation constant, as the sum of the solution x = (x (z) : z € E) of the
global balance equation x-Q = 0 for Z, has to be finite because the queueing-inventory
process Z is positive recurrent. Then with

z(n, k)
2 nz0 2kek T(n, k)
follows in steady state from (4.2.1)

Yo k)= ) ﬂ(n—l—l,k)-u(;l(:;)l)

ke K\{(0,[0],b)} ke K\{(0,[0],0)}

=n(nk) =P (X =nY = (k[h,....l]))

=P(X=n,Y £(0,[0])) —P(X=n+1,Y£(0,0]))

*It should be noted that 7(n,k) = m(n,k, [h1,...,he],b— k) = P(X =n,Y = (k, [h1,..., h&]) , W =
b—k)=P(X=nY = (E [h1,. .., hk]))7 because the base stock level b is a fixed parameter.
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4. Inventory systems with perishable items

and from (4.2.2)

n

Y ormk= Y w0k ] W (4.2.5)
keK\{(0.010)) keK\{(0.0.)) m=1 M
Py AO0)  —P(X—0Y£(0,[0))

Summation of P(X =n,Y # (0,[0])) over n € Ny yields

P(Y#(0.[0))) = Y P(X=nY #(0,[0])
n=0

n=0 m=l M(m)
= P(X=0,Y #(0,[0])) - Z H )\(:(Lr;)l)

Corollary 4.2.12. For the conditional distribution of the queue length process conditioned
on {Y #(0,]0])} holds for n € Ny

P(X = nfY £ (0.10]) = P(X = 0|V # (0 HA

m=1

wu(m

with

n=0m=1

P(X =0 £ (0 (211 )

This shows that the conditional queue length process under the condition that the inventory
is mot empty has in equilibrium the same structure as a birth-and-death process with queue-
length-dependent intensities.

Proof. P (Y # (0,]0]) > 0 because of ergodicity and equation (4.2.4) imply for n € Ny

PX =nY #(0,[0])
P (Y #(0,[0)

P(X =nlY #(0,[0])) =

)
(4.2.4) P(X:O,Y;é J0D)) 5 Am
T TP £0.0) mH u(m
= plc=oy 2o [T 2
m=1 'u

Hence,

P(X =0Y # (0 :(ZH )_1.

n=0m=1
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4.2. Non-separable systems: Single location

Remark 4.2.13. The limiting and stationary distribution of Z is in general not of product
form (4.2.6). From Corollary 4.2.12 follows that if the stationary distribution has a
product form

w(n, k) =¢&(n)-0(k), n €Ny, ke K, (4.2.6)

then

n

E(n)y=0Cc""t. H W, n € Ny,

m=1

with normalisation constant

T AMm—1)
¢ ;::O ,,1:[1 p(m)
By substitution of this stationary distribution into the global balance equations we see
that the limiting and stationary distribution of Z in general cannot be of product form.
In Proposition 4.2.29 we show this by contradiction for the production-inventory system
with exponentially distributed life times which is a special case of the system with phase-
type distributed life times.

Special case: Queue-length-independent arrival and service rates
In this paragraph, we analyse the queueing-inventory system with state-independent ser-
vice rates pu and arrival rates A. Recall that the queueing-inventory process Z is ergodic.

The following proposition is a special case of Proposition 4.2.11.

Proposition 4.2.14. If the queueing-inventory process Z is positive recurrent, in steady
state it fulfils for all n € Ny

P(X=nY #(0,]0]) =P (X =n+1Y #(0,[0])) - % (4.2.7)
and A\
P(X =nY % (0,[0])) = P(X =0,Y # (0,[0])) - <u> . (4.2.8)

The following proposition is a special case of Corollary 4.2.12.

Corollary 4.2.15. For the conditional distribution of the queue length process conditioned
on {Y # (0,[0])} holds for n € Ny

P(X =n]Y £ (0,0))) = P(X = 0] # (0,[0])) - (2)

with

P (X =0[Y # (0,[0])) = (1 - 2) .

This shows that the conditional queue length process under the condition that the inventory
1s not empty has in equilibrium the same structure as a birth-and-death process with birth-
rates A and death-rates p.
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4. Inventory systems with perishable items
Proposition 4.2.16. For the queueing-inventory process Z holds the following equilib-
rium of probability flows

P(Y # (0,[0])) - A = P(X > 0,Y # (0, [0])) - 1.

effective arrival rate effective departure rate

Hence, the probability that the inventory is not empty fulfils

PY #(0,[0])) = P(X >0,Y # (0,[0])) -

>|=

and
I

P(Y #(0.10) = P(X =0.Y # (0.[0]) - .

Remark 4.2.17. The effective departure rate is usually called throughput.
The loss rate is given by A - P (Y = (0, [0])).

Proof. Summation of P(X =n,Y # (0,[0])) over n € Ny yields

P(Y # (0,[0) = >0 POX =,y 2 (0,0)) “27 3" POX =nt 1,y # (0,0]) - 4
n=0 n=0
= P(X >0,Y #(0,[0])) - %
and
PIY £ (0,[00) = S PEC =0y £ 0002 S P =0,y 2 0.0 (2)
n=0 n=0
 P(X = (M px = P
= PX=0.¥ % 0.0 (3) —rPor oy 2@
]

Remark 4.2.18. The limiting and stationary distribution of Z is in general not of product
form. This can be proven similarly to the proof of Proposition 4.2.35 for the production-
inventory system with queue-length independent arrival and service rates. From Corollary
4.2.15 follows that if the stationary distribution has a product form

m(n, k) =¢&(n)-60(k), n € No, k € K,

then
)\ n
fmy =1 () . neN,
I
with normalisation constant C~1 = (1 — %)

By substitution of this stationary distribution into the global balance equations we see
that the limiting and stationary distribution of Z in general cannot be of product form.
In Proposition 4.2.29 we have shown this by contradiction for the production-inventory
system with exponentially distributed life times which is a special case of the system with
phase-type distributed life times.
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4.2. Non-separable systems: Single location

4.2.3. Exponentially distributed life time

As mentioned before by varying the parameters of the phase-type distribution any dis-
tribution on (RJ,Bg) can be approximated sufficiently close. A phase-type distribution
with one phase is an exponential distribution. In this section, we present the results for
the supply chain with a single location (J = 1, J = {1}) as described in Section 4.2.1,
where the life time of each raw material in the inventory is exponentially distributed with
rate v > 0. We call v the ageing rate. The item of raw material that is in the production
process cannot perish. Consequently, we will take into consideration whether there are
customers in the system:

- If there is at least one customer at the location and there are k > 0 items of raw
material in the inventory, the production server is working. Therefore, an item of
raw material is in production, which cannot perish, and so the loss rate of inventory
due to perishing is v - (k — 1).

- If there are no customers at the location and £ > 0 items of raw material in the
inventory, then the loss rate of inventory due to perishing is ~ - k.

We call the functions k& — ~ - k resp. k — ~ - (k —1)4 with (k — 1); := max(0,k — 1)

ageing regimes. The different ageing regimes determine the state-dependent overall loss
rates of inventory due to perishing.

An overview of the corresponding results is presented in Table D.1 on page 348.

To obtain a Markovian process description of the integrated queueing-inventory
system, we denote by X (¢) the number of customers present at time ¢ > 0 either waiting
or in service (queue length). By Y'(¢) we denote the size of the inventory at time ¢ > 0.
By W (t) we denote the number of replenishment orders at the supplier at time ¢ > 0
either waiting or in service (queue length).

We define the joint queueing-inventory process of this system by
Z=((X(@),Y(t),W(t) :t>0).

Then, due to the usual independence and memoryless assumptions Z is a homogeneous
Markov process. The state space of Z is

E={(nk,b—k):necNy ke{0,. .. b}}.

Note the redundancy in the state space: W (t) = b — Y (t). We prefer to carry all infor-
mation explicitly with because the dynamics of the system are easier visible.

4.2.3.1. Ergodicity

The stochastic queueing-inventory process Z is a homogeneous strong Markov process
and has an infinitesimal generator Q = (¢(z;2) : 2, Z € E) with the following transition
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4. Inventory systems with perishable items

rates for (n,k,b— k) € E:
q((n7kab_k)7(n+17k7b_k)) )\(TL) 1{k>0}7
q((n,k,b=k);(n,k—1,b—k+1)) = (v-(k=1) 1psoy +7- k- 1pnoy) Ligsops
q((nvkabik)v(ni 1vk71ab7k+1)) ,u(n) 1{n>0} 1{k>0}’
Q((n7k7b_k)7(n7k+1ab_k_1)) :V'l{k<b}'

Furthermore, ¢(z; Z) = 0 for any other pair z # Z, and

q(z;2)=— E q(z; %) Vz € E.
i€E,
z#£Z

From the above transition rates follows similarly as in Appendix E.1 that Z is irreducible
on the state space E.

The following proposition is a special case of Proposition 4.2.4.

Proposition 4.2.19. If the queueing-inventory process Z is recurrent, then any solution
x = (z(2) : z € E) of the global balance equations x-Q = 0 fulfils for all n € Ny

b

b
p(n+1)
x(n, k,b—k) an—kl,k?b—k)'w
k=1 k=1
and
b b n
> w(nkb—k) =Y x(0,k,b- H
k=1 k=1

The following proposition is a special case of Proposmon 4.2.5.

Proposition 4.2.20. If the queueing-inventory process Z is ergodic,
it holds y 02 o T4 m)) < 0.

The following proposition is a special case of Proposition 4.2.6.

Proposition 4.2.21.

(a) The queueing-inventory process Z is ergodic if for an M /M /1/oco queue with queue-
length dependent arrival intensities A(n) > 0 and service intensities j1(n) > 0 there
exists a Lyapunov function L: Ny — RSL with finite exception set F and constant
€ > 0, which satisfies the Foster-Lyapunov stability criterion, and sup,cy, p(n) <
00.

(b) The queueing-inventory process Z is ergodic if there exists N € Ny such that
inf,,>n (u(n) — A(n)) > 0 and sup,,cy, p(n) < 0o.

Remark 4.2.22. The condition sup,,cy, #(n) < oo can be weakened by inf,cn, ¢, > 0,
where ¢, is defined in Lemma D.1.7.
Remark 4.2.23. The queueing-inventory system can be modelled as a level-dependent
quasi-birth-and-death process (LDQBD process). Under the assumptions from the above
proposition, the queueing-inventory system is ergodic and hence, we can use the algorithm
of Bright and Taylor [BT95] to calculate the equilibrium distributions in LDQBD pro-
cesses.
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4.2. Non-separable systems: Single location

Special case: Queue-length-independent arrival and service rates
In this paragraph, we analyse the queueing-inventory system with state-independent ser-
vice rates p and arrival rates A in view of a sufficient and necessary criterion for ergodicity.

The following theorem is a special case of Theorem 4.2.9.

Theorem 4.2.24. The queueing-inventory process Z is ergodic if and only if X < p.

4.2.3.2. Properties of the stationary system

In this section, we assume that the queueing-inventory process Z is ergodic.

Definition 4.2.25. For the queueing-inventory process Z in a state space E, whose
limiting distribution exists, we define

m:=(r(n,k,b—k): (n,k,b—k)€e E), w(nk,b—k):= tlim P(Z(t) = (n,k,b—k))
—00
and the appropriate marginal distributions

£:=(&(Mn):neNy), &(n):=lim P(X(t)=n),

t—o00

0:=(0(k): k€ K), 0k :=lim P((Y,W)(t)=(kb-k).

Let (X,Y, W) be a random variable which is distributed according to the queueing-
inventory process in equilibrium. Therefore, X resp. (Y, W) are random variables which
are distributed according to the marginal steady state probability for the production sub-
system resp. for the replenishment-inventory subsystem.?

The following proposition is a special case of Proposition 4.2.11.
Proposition 4.2.26. The queueing-inventory process Z fulfils for all n € Ny

p(n+1)

P X=nY>0=PX=n+1Y>0)- )

and
AMm—1)

P(X=nY >0))=PX=0Y >0) f[ A(M(m)
m=1

Hence, the probability that the inventory is not empty fulfils

P(Y>0):P(X:0,Y>0)-iﬁ>\(;zn;)1).

n=0m=1

3Tt should be noted that w(n,k,b—k) = P(X =n,Y = k,W =b—k) = P(X =n,Y = k) because the
base stock level b is a fixed parameter.
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4. Inventory systems with perishable items

The following corollary is a special case of Corollary 4.2.12.

Corollary 4.2.27. For the conditional distribution of the queue length process conditioned
on {Y > 0} holds for n € Ny

P(X =nY >0) = P(X =0]Y >0)- ﬁAM D

m=1

with

P(X =0|Y >0) = (ZH )1,

n=0m=1

This shows that the conditional queue length process under the condition that the inventory
is mot empty has in equilibrium the same structure as a birth-and-death process with queue-
length-dependent intensities.

Proposition 4.2.28. For the inventory process holds for £ =1,...,b
PY=¢-1)-v=PX=0Y=4)- vy L+PX>0Y=0)-~v-({—-1)

+Y P(X =n,Y =0)- p(n). (4.2.9)
n=1
Hence, the probability that a replenishment order is outstanding fulfils

PY<b==-|y-EY)=PX>0Y>0)-7y+) > P(X=nY=10)-p(n)

/=1 n=1

Proof. The equation can be proven by the cut-criterion for positive recurrent processes,
which is presented in Theorem A.1.1(a). For ¢ € {1,...,b}, the equation can be proven
by a cut, which divides F into complementary sets according to the size of the inventory
that is less than or equal to £ — 1 or greater than £ — 1, i.e. into the sets

{(n,k,b—k):neNo, ke{o,...,e—1}},

{(ﬁ,%,b-%):ﬁeNo,Ee{e,...,b}}, ve{l,...,b.

Then, it follows for £ € {1,...,b}

oo b
ZZWnkb— Q((n,k,b—k);(ﬁ,g,b—g))

i
o
B
M@ ing
o
S
Il
o
%\:r

Z (7, kb — k) - (7, k, b — k); (n, kb — k)

& Zﬂ(n,ﬁ—l,b—ﬁ—l—l)-u
n=0
=m(0,6,b—0) -y L+ w(nL,b—0) - (—1)+ Y w(n,l,b— 1) pu(n)

n=1 n=1
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4.2. Non-separable systems: Single location

& Zﬂ'(n,ﬁ—l,b—ﬂ—i—l)w
n=0

=P(Y=(—1)
=7(0,0,b— €)7€+Z (n,0,b—10)- —1+Z (n,0,b—0) -u(n).
\ﬁ/_/ ne=1 %,—/
=P(X=0,Y=() =P(X=n,Y={)
=P(X>0,Y=¢)
Then, it follows from (4.2.9)
b—1 b
P(Y <b)-v=) PY => P(Y=t-1)
£=0 =1

b
:ZP(X:(),Yzﬁ)-fy-E—i—ZP(X>0,Y:£)-7-(£—1)

/=1
b
+ZZP(X:TL,Y:€) p(n)
b€:1n71 . .
= P(X=0Y=0-7L+> PX>0Y=0)-7L-Y PX>0Y=0)-y
/=1 /=1 /=1
b
JrZZP(in,YzK) pu(n)
/=1 n=1
b
=Y PY=0)-y-L— Z (X >0,Y =20) 7+ZZP =0)-pu(n)
/=1 = /=1 n=1
b
:V-ZP(Y:E)-E—P(X>O,Y>0)-7+ZZP(X:n,Y:€)-M(n)
=0 (=1 n=1
=E(Y)
=~-E(Y)=P(X >0,Y >0) 7+ZZP =0)- p(n).
/=1 n=1
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4. Inventory systems with perishable items

Proposition 4.2.29. The limiting and stationary distribution of the queueing-inventory
process Z is in general not of product form.

Proof. If the stationary distribution has a product form, it holds for any n € Ny
PX=nY>0=P(X=n)-P(Y>0).

Then, it follows from Corollary 4.2.27

P(X=n)=P(X =0 >0 [] A%;)l)
m=1
n -1
(S e} fpAeen
- <ﬁzz()ng1 p(m) ) Wl;[l w(m) € Np.

Consequently, if the stationary distribution has a product form
m(n,k,b—k)=¢&n)-0(k,b—k), n €Ny, ke {0,1,...,b},
then
A(m

£n)=C"1- H M(n;)l)’ n € No,

m=1

with normalisation constant
co N
A(m —1)
C= —
2 11 =
It has to be shown that this distribution does not satisfy the global balance equations
7w (n kb — k) - <</\(n) oy (k—1) Lgsop +7- k- 1{n:0}> S
+p(n) - Lgnsoy - Lggsoy + v 1{k<b})
=m(n—1kb—k) - An—1)Lusop - Loy
+r(n+1Lk+1,b—k—1) - pun+1) Ly
tr(nk+1b =k =1 (3 k- Lpsoy +7- (B + 1) 1pmgy) - Lpay)
+7T<n,]€— 1,b—k‘+1) U 1{k>0}'

Substitution of 7 (n, k,b — k) = £(n)-0 (k,b — k) into the global balance equations directly
leads to

&) -0 (b =)+ (M) +7+ (k= 1) sy +7+ k- 1nzgy ) - Loy

+p(n) - 1psoy - Lgsoy + v 1{k<b})

zf(n—l)ﬁ(k,b—k)/\(n—l) '1{n>0} '1{k>0}

+§(n)-0(k+1,0—k—1)- <’Y-k'1{n>o}+7'(k+1)'1{n:o}> Lipany
+£(n)-9(/{:—1,b—k‘—|—1)-y-1{k>0}.
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4.2. Non-separable systems: Single location

By substitution of {(n) = C~1- [ _; )‘EZZ)U we obtain

&) -0 (b= k) () +7+ (k= 1) sy +7+ k- gy ) - Loy
+p(n) - Linsoy - Lpsoy +v - 1{k<b}>

=€) kb= k) 5 A A= 1) Loy T

+ﬂm-ﬂk+Lb—k—U-M§?D-Mn+U-HK”

+&(n) -0 (k+1,b—k—1)- (V'k'l{n>0} +v-(k+1)- 1{n=0}) “Lig<ny
) (k= 1b—k+1) v Lyag)

This is equivalent to

&) -0 (kb= k) - (M) + 7+ (k= 1) Lgusoy +7 -k Loy ) - Loy
+ - Ty - Lgsoy + v 1{k<b})

=&(n) -0 (k,b—k) - p(n) - 1psoy - Ligsoy
+¢£ TL) (k +1,b—k— 1) )\(n) . 1{k<b}

(
FEM) O+ 10—k = 1) (k- Loy + 7+ (B +1) - Linmy ) - Ly
+§(n) ( —1 b— k+1) I/-l{k>0}.

Cancelling £(n) and the sum with the terms u(n) - Lin>0y - g0y on both sides of the
equation leads to

0(k,b— k) (M) + 7 (= 1) Loy + 7k Loy ) Tasoy + v+ Lipasy )

+0(k+1,b—k—1)- <7 ke lpsoy oy (K1) 1{71,:0}) “Lig<y
FO(k—1,b—k+1)-v- 1. (4.2.10)

However, this stands in contradiction to the product form assumption since in general
0(k,b — k) cannot be defined independently of n. O

97



4. Inventory systems with perishable items

Special case: Queue-length-independent arrival and service rates
In this paragraph, we analyse the queueing-inventory system with state-independent ser-
vice rates p and arrival rates A. Recall that the queueing-inventory process Z is ergodic.

The following proposition is a special case of Proposition 4.2.26.

Proposition 4.2.30. The queueing-inventory process Z fulfils for all n € Ny

P(X:n,Y>0):P(X:n+1,Y>0)~§ (4.2.11)
and e
P(X=nY>0)=P(X=0Y >0)- (u) . (4.2.12)

The following corollary is a special case of Corollary 4.2.27.
Corollary 4.2.31. For the conditional distribution of the queue length process conditioned
on {Y > 0} holds for n € Ny
)\ n
P(X=nlY >0)=P(X=0]Y >0)- (M)

with \
P(X=0]Y >0) = (1—).
I
This shows that the conditional queue length process under the condition that the inventory

18 not empty has in equilibrium the same structure as a birth-and-death process with birth-
rates A and death-rates pi.

Proposition 4.2.32. For the queueing-inventory process Z holds the following equilib-
rium of probability flows

PY>0)-A =P(X>0,Y>0) pu.

effective arrival rate effective departure rate

Hence, the probability that the inventory is not empty fulfils

P(Y >0)=P(X >0,Y >0)-

>=

(4.2.13)

and
P(Y >0)=P(X =0,Y >0)- LA (4.2.14)
w—
Remark 4.2.33. The effective departure rate is usually called throughput.
The loss rate is given by A - P (Y = 0).

Proof. Summation of P(X =n,Y > 0) over n € Ny yields

>=

o oo
PV >0 =% Px=nY >0 "V P(x =n+1Y >0)-
n=0

n=0

:P(X>O,Y>O)-§
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4.2. Non-separable systems: Single location

and

2.12) A\
P(Y >0) ZP —"’Y>O)(42:12)ZP(X:07Y>0)'<N>

n=0

— P(X _0Y>o§:<) = P(X —QY>mj£j.
n=0

The following proposition is a special case of Proposition 4.2.28.

Proposition 4.2.34. For the inventory process holds for £ =1,...,b

PY=(-1)v=PX=0Y=0)-v{+PX>0Y=0)-(p+v-({-1))
=PX=0Y=0 -(v—pw+PY =0 (p+v-(t—-1)).

The probability that a replenishment order is outstanding fulfils

my<m:%¢Ewy7+mx>QY>m-m—wy

Proposition 4.2.35. The limiting and stationary distribution of the queueing-inventory
process Z is in general not of product form.

Proof. The structure of the proof is similar to the proof of Proposition 4.2.29 for the
production-inventory system with queue-length-dependent arrival and service rates. If
the stationary distribution has a product form, it holds for any n € Ny

P(X=nY>0=P(X=n)-P(Y >0).
Then, it follows from Corollary 4.2.31 for n € Ny

P(X=n)-P(Y>0) P(X=nY>0)
P(Y >0) - P(Y >0

oo (3 -(-2) ()

Consequently, if the stationary distribution has a product form

P(X =n) = =P (X =n|Y >0)

r(nkb—k)=£&mn) 0(kb—k), neNo, ke{0,1,...,b},

then R
s<n>=cl-<u) . neN,

m
By substitution of this stationary distribution into the global balance equations we also

get an equation as in (4.2.10) (with A instead of A(n)) which is in contradiction to the
product form assumption. O

with normalisation constant C~1 = (1 — A).
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4. Inventory systems with perishable items

Queue-length-independent arrival and service rates and base stock level b =1

In this paragraph, we analyse the queueing-inventory system with state-independent ser-
vice rates p and arrival rates A and base stock level b = 1. Recall that the queueing-
inventory process Z is ergodic.

Proposition 4.2.36. Consider a queueing-inventory system with base stock level b =
1 and queue-length-independent service rates p and arrival rates A. The limiting and
stationary distribution of the queueing-inventory process Z = ((X(t),Y (t),W(t)) : t > 0)
18

A
7(0,0,1) = c~1. 217
v
7(n,0,1)=C"t. </\> -i, n > 0,
7 v
n
7(n,1,0)=C 1. <A> , n >0, (4.2.15)
7
with normalisation constant
p A gl
=— 1+ — -, 4.2.1
c M_A<+V>+V (4.2.16)

Proof. The stochastic queueing-inventory process Z has an infinitesimal generator
Q = (q(z;2) : z,Z € F) with the following transition rates for (n,k,b — k) € E:
¢ ((n,1,0); (n+1,1,0)) = A,
q ((TL, 1) 0)7 (’I’Z, Oa ]-)) =7 1{n:0}7
q ((n7 17 0)7 (TL - 17 07 1) =u- 1{n>0}7
q((n,0,1);(n,1,0)) = v.
Furthermore, ¢(z; Z) = 0 for any other pair z # Z, and
q(z;z):—Zq(z;,%) Vz e E.

ZEE,
Z#£Z

Therefore, the global balance equations 7 - Q = 0 of the stochastic queueing-inventory
process Z are for (n,k,b— k) € E given by

m(n,k,b—k)- (()\ +7- 1{n=0}> L=y + 1 Lnsoy - Lig=1y + - 1{k:0}>
=7m(n—1kb—k) A 1lpsoy - Lip=1y

tr(n+1Lk+1,0—-1) p-ly_g

+m (n,k+ 1,b— k — 1) Y 1{n:0} : 1{k:0}

—|-7r(n,k—1,b—k+1)-u-l{k:1}.

It has to be shown that the distribution satisfies these global balance equations.
For n =0 and k = 0 holds

77(0,0,1)'1/:71'(1,1,0)'/JJ—|—7T(0,1,0)"}/
)\—1—7_
14

A
V= <M>~,u+’y & At+y=A+1.
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4.2. Non-separable systems: Single location

For n =0 and £ = 1 holds

7(0,1,0) - ()\—i—’y) — 7(0,0,1) - v

A
S Aty = alt]

vE At y=A+17.
For n > 0 and k£ = 0 holds

m(n,0,1)-v=m(n+1,1,0) - u

A" A A\ Antl  pntl
w) v 0 pr pn

For n > 0 and k = 1 holds

7 (n,1,0) - (A—}—u) =r(n—1,1,0)-A+7(n,0,1) v

n n—1 n
o () = ()T ()2
I I n) v
)\n-i—l P A" )\n—f—l

= +

= pun + Mnfl - Iunfl ©un :

C can be calculated by the normalizing condition. Hence,

A A=A\ /A" A A 1 1
c=2TT 2 Z() —1 +Z<> - AEr A —1]+
v n=0 \H —o \H v v 1-2 L

p 5 X
n Iz 7
A4y A I I Ay oA A "
v +1/ <M—/\ >+,u—)\_1/+1/ v o\p—A = A
YA A @ YA Iz L
14221 Z.
T <+ —)\)+M—>\ v (M—)\)+M—>\

If we rewrite the limiting and stationary distribution as follows

0
7(0,0,1) = C 1. <A> AT
1 v

7(n,0,1)=C 1. <2>n :

0
7(0,1,0) =Ct. <A> -1,
o)

)\ n
m(n,1,0)=C"1. <> -1, n >0,
/J,

A
-, n >0,
v

we see that in fact the limiting and stationary distribution is not of product form with
n

&) =0"1. (%) , n € Ny, since 0(k,b — k) cannot be defined independently of n as we

argued in Proposition 4.2.35. O
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4. Inventory systems with perishable items

Proposition 4.2.37. The throughput TH of the queueing-inventory system with base
stock level b =1 and queue-length-independent service rates u and arrival rates A is

AV

TH=—""""—7.
I/‘l—)\‘l"}/—%

Proof. The throughput can be calculated as follows

00 oo n A
TH=p-y w(n,1,0) CEY LY et (A) [T
1 (-3

A

n=1 n= K l);
J— J— A J—
- A P A v op=XA T v v p—A
(- (+2)+2)-e22 (L) +7-02 w0
_ AV
V+/\+’y—7lj‘
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4.3. Separable systems: Multiple locations

4.3. Separable systems: Multiple locations

As we have seen in Section 4.2.3 closed form expressions are not available for the queueing-
inventory system with b > 2. The question is: “Can we modify the queueing-inventory
system so that we get product form results?” This is even true for a supply chain with
J > 1 locations as we see in this section.

4.3.1. Description of the general model

The supply chain of interest is depicted in Figure 4.3.1. We have a set of locations
J:={1,2,...,J}. Each of the locations consists of a production system with an attached
inventory with perishable raw material. The inventories are replenished by a single central
supplier, which is referred to as workstation J + 1 and manufactures raw material for all
locations. The items of raw material are indistinguishable (exchangeable).

Replenishment
(n

Location 1

Inventory

Lost

X i sales
Demand arrival M

process Waiting room

Supplier A
o Station J+1 |
p1 ,
ERRREES Single 5 D

- server N
Waiting room pJ

X X Waiting room

Demand arrival
process Lost
sales

Inventory

Location J

t 8

Replenishment

Figure 4.3.1.: Supply chain with base stock policy

Facilities in the supply chain. Each production system j € J consists of a single
server (machine) with infinite waiting room that serves customers on a make-to-order basis
under a FCFS regime. Customers arrive one by one at production system j according to
a Poisson process with rate A\; > 0 and require service. To satisfy a customer’s demand
the production system needs exactly one item of raw material, which is taken from the
associated local inventory. When a new customer arrives at a location while the previous
customer’s order is not finished, this customer will wait. If the inventory is depleted
at location j, the customers who are already waiting in line will wait, but new arriving
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4. Inventory systems with perishable items

customers at this location will decide not to join the queue and are lost (“local lost sales”).

The service requests at the locations are exponentially-1 distributed. All service re-
quests constitute an independent family of random variables which are independent of the
arrival streams. The service at location j is provided with local queue-length-dependent
intensity. If there are n; > 0 customers present at location j either waiting or in service
(if any) and if the inventory is not depleted, the service intensity is p;(n;) > 0. If the
server is ready to serve a customer who is at the head of the line, and the inventory is
not depleted, the service immediately starts. Otherwise, the service starts at the instant
of time when the next replenishment arrives at the local inventory.

For the control of the inventories we use base stock policies. Thus, each item taken
from the inventory results in a direct order for one item of raw material. This means, if
a served customer departs from the system or a raw material is perished, an order of the
consumed resp. of the perished raw material is placed at the central supplier at this time
instant. The local base stock level b; > 1 is the maximal size of the inventory at location
j, we denote b := (bj 1] € j). Note that there can be more than one outstanding order.

The items of raw material in the inventories are perishable. In the previous section,
we take into consideration whether there are customers in the system. However, closed
form expressions were not available. In this section, we look at a modification:

If there are k; > 0 items of raw material in the inventory at location j € J, the loss
rates of inventory due to perishing are v; - d; (kj). We call the functions k; — v; - d; (k;)
ageing regimes.

The central supplier consists of a single server (machine) and a waiting room under
FCFS regime. At most ) €T bj — 1 replenishment orders are waiting at the central sup-
plier. Service times at the central supplier are exponentially distributed with parameter
v > 0.

Routing in the supply chain. A customer departs from the system immediately
after the service and the associated consumed raw material is removed from the inventory
at this time instant.

A finished item of raw material departs immediately from the central supplier and is
sent to location j € J with probability pj > 0, independent of the network’s history. A
predetermined delivering schedule is represented by (p; : j € J) with 3 jegPi = 1. If
the inventory is not full at location j (this means that the on-hand inventory level at
location j is lower than the base stock level b;), the item is added to the inventory at
this location. Otherwise the central supplier will spend extra time on the already finished
item of raw material and resend it to a new location i € J according to the predetermined
probabilities p;, independent of the network’s history. We remark that this is equivalent
to the assumption that the item of raw material is discarded and a new replenishment
order is added at the central supplier.

We assume that the replenished raw materials are “fresh”. Much of the literature on
perishable items assumes this to avoid to complicate the model (cf. [Barl0, p. 2]).
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4.3. Separable systems: Multiple locations

It is assumed that transmission times for orders are negligible and set to zero and that
transportation times between the central supplier and the local inventories are negligible.

All inter-arrival times, service times and life times of items constitute an independent
family of random variables.

To obtain a Markovian process description of the integrated queueing-inventory
system, we denote by X;(¢) the number of customers present at location j € J at time t >
0 either waiting or in service (queue length). By Y}(¢) we denote the size of the inventory
at location j € J at time t > 0. By Wy, 1(t) we denote the number of replenishment
orders at the central supplier at time ¢ > 0 either waiting or in service (queue length).

We define the joint queueing-inventory process of this system by

Z = ((Xa(t), -, Xs(t), Ya(t), ..., Y5 (), Wyga(t)) = £ > 0).

Then, due to the usual independence assumptions Z is a homogeneous Markov process,
which we assume to be irreducible and regular. The state space of Z is

E={(nk):neNJ, ke K}

with

J
= {(k1s o kg ks )|0 <k < by, =1, 0, k= Y (b — ky)} CNJT
j=1

4.3.2. Limiting and stationary distribution

The queueing-inventory process Z has an infinitesimal generator Q = (¢(z;2) : 2,2 € E)
with the following transition rates for (n,k) € E:

q((n, k); (n+ei, k) =X - 1,50 i€J,

q((n,k); (n,k —e; +eyi1)) =7 di (ki) - Lig; >0 ielJ,
q((n,k);(n—e;, k—e; +eyy1)) = pi(ni) - Lin,>oy - 1k >0} icJ,
q((n,k);(n,k+e —esi1)) =vpi - Lig,<p,)s iclJ.

Furthermore, ¢(z;2) = 0 for any other pair z # Z, and

q(z;z):—Zq(z;Z) Vze E.
Z€E,
2F#£Z
Note that kjy1 > 0 holds if k; < b; for some ¢ € J.

Proposition 4.3.1. The strictly positive measure x := (z (n, k) : (n, k) € E) with

z (0,k) = &) -8 (K), (43.1)
where N
Y = ~ & )‘j R
n):gfj(nj)7 fj(nj)zel_[l'uj(g), n; € No, j€J, (4.3.2)
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5(1{) :g(kl,...,kj,kj_;,_l HH)\ n ) ke K, (4.3.3)
jeJt=1 %

solves the global balance equations x - Q = 0 and is therefore stationary for Z.

Proof. Therefore, the global balance equations x - Q = 0 of the stochastic queueing-
inventory process Z are for (n,k) € E given by

z (n, k)
( (i +7i - di (ki) - Loy + ZNZ(”Z) “Lni>op - Lsop + Z Vi 1{ki<b7‘})
icJ ieJ ieJ
= Zx (n—ejk)-A;- 1{m>0} ’ 1{ki>0}

@
m
<l

(n+e,k+e — eJ+1) ul(nl + 1) . l{ki<bi}

i

ied

+Z:17 (mk+e —ejp1) vi-di(ki+1) 1o
icJ

+Z:c (nk—e; +ejp1) vp;- Lk, >0}
ieJ

It has to be shown that the stationary measure (4.3.1) satisfies these global balance
equations. Some of the changes are highlighted for reasons of clarity and comprehensi-
bility.

Substitution of (4.3.1) and (4.3.2) into the global balance equations directly leads to

[T&m) | o)

jeJ
(Z (Ni i - di (k) - Lisop + > 1i(n4) - Lnysop - Liggsop + D vpi- 1{ki<bi})
ied ieJ ied
=S II &) |- (k) A Ls0p - Likesoy
ieJ
> I & |- O (k+e —esp) k<o
ieJ

+Z Hfj n] 9 k+ez—ej+1) i d; (k +1) 1{ki<bi}
ieJ \jeJ

+Z H{-’J nj -0 (k —ei+eJ+1)'Vpi'1{ki>0}'
icJ \jeJ
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By substitution of (4.3.2) we obtain

(H %(n») -0 (k)

jeJ

(Z (i + i - di (i) - Loy + Z wi(ni) - Lpsoy - Lig>o0y + Z vpi- 1{ki<bi}>

icJ icJ icJ
=y (H Ej(nj)) -0 (k) - Lgn>0y - Lki>0)
i€J

+Y A TI&M) | -0k +ei—esin)- A Ligany

+Z ng(n]) .a(k—i-ei—ejﬂ)-%'di (ki+1)'1{ki<bi}
i€J \jeJ

—I—Z ng(nj) -g(k—ei—i—eJH)-Vpi-l{kpo}.

ieJ \jeJ

Cancelling (Hjej §j(n]~)> and the sum with the terms p1;(n;) - 1{,,501 * L{x,>01 on both
sides of the equation leads to

0(0) (2 O+ - di (k) - Loy + D vpi- Loy
ieJ i€

= O0(k+ei—esr1) N Lig<n)

ieJ

+Z§(k+ e; — eJ+1) c Yt di (k‘l + 1) . 1{ki<bi}
ieJ

+ > O0(k—e;+eys1) vpi Loy

.
m
<l

This is equivalent to

0 (k) (Z (Vi + i - di (k) - Lgsop + ) v 1{ki<bi}>
ieJ ieJ

= > Okte; —es) - N+ di (ki +1)) - 1<y

J
+> 0 (k—ei+es1) vpi Loy (4.3.4)
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Substitution of (4.3.3) leads to

¢ (k) (Z (Ni + i di (ki) - Lm0y + Y vpi- 1{ki<bi}>

ied icJ
vV p;
= . . o (fe 1) - 150
z; i+ i di (ki + 1) (Vi i~ i (ki 1)) - Lk
Z —(1</> I
= v p; Pi - L{k;>0}-

The right-hand side of the last equation is

> vpi Lany + > i+ % - di (ki) - Lig,sop,

ied ieJ
which is obviously the left-hand side.

Inspection of the system (4.3.4) reveals that it is a “generator equation”, i.e. the global
balance equation 0 - Q,.q = 0 for a suitably defined ergodic Markov process on state
space K with “reduced generator” Q,.q. Because the Markov process generated by Q,.q
is irreducible the solution of (4.3.4) is unique up to a multiplicative constant, which yields
6. O
Remark 4.3.2. 6(k) = 0(ki,...,ky, kji1) is obtained as a strictly positive solution
of (4.3.4) which resembles the global balance equations of an artificial non-standard
Gordon-Newell network of queues with J+1 nodes and €T b; customers, exponentially
distributed service times with state-dependent rates (A\; 4+ 7, - d; (k;)) for k; < b; and “oo
otherwise at node j € {1,...,J} and with rate v at node J 4+ 1 and state-dependent rout-
ing probabilities. More precisely, it is a starlike system with r(j,J +1) =1, j € J, and
branching probabilities 7(J + 1, ) = p;, j € J.

Recall that the system is irreducible and regular. Therefore, if Z has a stationary and
limiting distribution, this is uniquely defined.

Definition 4.3.3. For the queueing-inventory process Z on state space F/, whose limiting
distribution exists, we define

m:=(r(nk): (n,k) € E), =w(nk):= tlim P (Z(t) = (n,k))
—00
and the appropriate marginal distributions

£:=((m):neN]), &(n):= Jim P ((Xy(t),..., X,(t)) =n),

0:=(0(k) ke K), 0(k) = lim P((Vi(t),....Ys(), Woi1(t)) = k).

Theorem 4.3.4. The queueing-inventory process Z is ergodic if and only if for j € J

n;ENg f= 1
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If Z is ergodic, then its unique limiting and stationary distribution is

7 (n,k) =£&(n) -0 (k), (4.3.5)
with
n)=[]&Mn), &y =Ct -] uj(j@ nj €Ny, jeJ, (4.3.6)
jeJ =1

O(k) =0(ky,... ks k) =Cyt - ] H , keK, (4.3.7)
Aj +7J (0)
]EJE 1
and normalisation constants
and Cy = —,
Z H H Aj+5 (g)

n;E€Ng (= M keK jejl=1

Proof. Z is ergodic, if and only if the strictly positive measure x of the global balance
equation x-Q = 0 from Proposition 4.3.1 can be normalised (i.e. »_ cn, D kex (0, k) <
o0). Because of Proposition 4.3.1 it holds

S S = 3 €)Y k)

neNg kekK neNg keK

=D X I ) ZHHAW 0

keK jeJ /=1

Hence, since K is ﬁmte the measure x from Proposition 4.3.1 can be normalised if and

only if >, eNoné 1# y < oo for all j € J.
Consequently, if the process is ergodic, the limiting and stationary distribution 7 is

given by
z(n, k)

ZneNO ZkeK ( )

where z(n, k) is given in Proposition 4.3.1. O

m(n, k) =

Remark 4.3.5. It has to be noted that kj;1 occurs only implicitly on the right side of
(4.3.7). This hides a strong negative correlation of the coordinate processes Wj11(t) and
(Y1(t),...,Y;(t)) which is due to the state space restrictions.

The expression (4.3.5) shows that the two-component production-inventory-replenish-
ment system is separable, the steady states of the production network and the inventory-
replenishment complex decouple asymptotically.

Representation (4.3.6) shows that the equilibrium for the production subsystem decom-
poses in true independent coordinates. A product structure of the stationary distribution

n) = ng(ny HC
jei

jeJ

as
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is commonly found for standard Jackson networks (see Theorem A.2.2) and their relatives.
In Jackson networks servers are “non-idling”, i.e. they are always busy as long as customers
are present at the respective node. However, in our production network servers may be
idle while there are customers waiting because a replenishment needs to arrive first.
Consequently, the product form (4.3.5) has been unexpected to us.

Our production-inventory system can be considered as a “Jackson network in a random
environment” in [KDO16, Section 4|. We can interpret the inventory-replenishment sub-
system, which contributes via 6 to (4.3.5), as a “random environment” for the production
network of nodes J, which is a Jackson network of parallel servers (for more details see
Appendix A.3). Taking into account the results of [KDO16, Theorem 4.1] we conclude
from the hindsight that decoupling of the queueing process (Xi,...,X ) and the process
(Y1,...,Y;,Wjy1), i.e. the formula (4.3.5), is a consequence of that Theorem 4.1.

Our direct proof of Theorem 4.3.4 is much shorter than embedding the present model
into the general framework of [KDO16].

The structural properties from Section 2.6.1 (ergodicity) and Section 2.6.5 (insensitivity
and robustness) hold word-by-word for this integrated system as well.
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4.3.3. Separable approximation of non-separable systems

As we have seen in Section 4.2.3 closed form expressions are not available for the single
location production-inventory system with perishable items where ageing is dependent
on whether an item from inventory is already in usage by production for base stock levels
b > 2. The question is: “Can we use the product form results for a single location
from Section 4.3.2 to obtain simple product form bounds for the system with unknown
non-product form stationary distribution in Section 4.2.37”

Motivated by the works of van Dijk and this coauthors (e.g. [Dij11b, Section 1,7, pp.
62f.], [Dij98, pp. 311ff.|, [DK92], [DW89]) we are interested in lower and upper product
form bounds for the throughput of the production-inventory system with unknown non-
product form stationary distribution. Van Dijk shows in [Dijl1lb, Section 1,7, pp. 62f.]
for the simple but unsolvable (= unknown stationary distribution) tandem queue with
both finite first and finite second station, that the product form (modification) turns out
to be quite fruitful to provide a simple (lower and upper) product form bound for the
throughput.

It can intuitively be expected that bounds for the non-product production-inventory
system from Section 4.2.3 can be built by single location production-inventory systems*
from Section 4.3.2 (A1 := A, p1 := p, p1 := 1 and by := b) with perishable items where
ageing is independent of whether an item from inventory is already in usage by produc-
tion. The intuitive explanation of this is as follows: If we have either more inventory and
at least the same number of customers in system, or more customers in system and at
least the same stock size of the inventory, the system should be able to produce more
output.

A lower bound is built by the production-inventory system with perishable items where
all items in the inventory are subject to ageing — even the one already reserved for
production. The ageing regime in state (m,k) € E is k — = - di(k) := v - k. This
production-inventory system is called “—"-system. We denote henceforth the state process
of this system by Z~, the stationary distribution of this system under ergodicity by
= = (n~(m,k) : (m,k) € E) and the throughput for the production-inventory system
with this ageing regime by

TH = Y« (mk) g Lpnsop - Lpsop- (4.3.8)
(m,k)eE

An upper bound is built by the production-inventory system with perishable items
where one item in the inventory (if there is any) is not subject to ageing — even if the
server is idling and no item is reserved for production. This results in an ageing regime
in state (m,k) € E of k — =1 -di(k) :== - (k — 1)+. This production-inventory system
is called “4"-system. We denote henceforth the state process of this system by ZT, the
stationary distribution of this system under ergodicity by 7t = (7 (m, k) : (m,k) € E)

and the throughput for the production-inventory system with this ageing regime by

TH' = Z 7 (M, k) - - Loy - Lgso}- (4.3.9)
(m,k)eE

4We will henceforth use an abbreviated notation because the base stock level is a fixed parameter:
(n,k) := (n,k,b—k).
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4. Inventory systems with perishable items

The production-inventory system with unknown non-product form stationary distribu-
tion from Section 4.2.3 with perishable items where ageing is dependent on whether an
item from inventory is already in usage by production (i.e. the server is busy, or if the
server is idling and the inventory is not empty) henceforth will be called “0™-system. The
ageing regime in state (m, k) € E'is k > (v-k) - Lin—oy + (7 (k—1)1) Limsoy- We denote
the state process of this system by Z° henceforth. In this case, the throughput for the
ergodic production-inventory system with perishable items is with stationary distribution
w° = (7°(m, k) : (m, k) € E)

TH? = Z mo(m, k) - g Loy - Lo} (4.3.10)
(m,k)eE

The ageing regimes are ordered in the following way. For (m, k) € E holds

Yok =14 <(v-k) Loy + (v (K= 1)4)  1pnsoy <7 - k.
This leads to the following conjecture.

Conjecture 4.3.6 (Monotonicity of throughputs). Consider three (exponential) ergodic

production-inventory systems with the same arrival rate A, service rate p, replenishment

rate v, individual ageing rate v for items in the inventory which are subject to ageing.
Then the following monotonicity property for the throughputs holds

TH- <TH°<THT.

This conjecture is supported by the following results in Section 4.3.3.1 for systems with
base stock level b = 1 and in Section 4.3.3.2 for special systems with base stock level
b>2.

4.3.3.1. Production-inventory system with base stock level b =1

Firstly, we will explicitly compute the throughputs of the systems since we have closed

form expressions for the stationary distributions of the “o0”-system as well as of the “—"-
system and “+4”-system for the case of base stock level equal to one.

The throughput T H of the “o’-system with base stock level b = 1 was calculated in

Proposition 4.2.37 and is
v

YIRS

TH®

Proposition 4.3.7. The throughput of the “—"-system with base stock level b= 1 is

TH-— AV
At+y+v

Proof. From Theorem 4.3.4 we know that the limiting and stationary distribution of the
“—"_gystem is given by

7 (n,k)=¢ (n)-0 (k), (4.3.11)
with

£ (n) = (C—)‘1 . (2>n n € Ny, (4.3.12)
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4.3. Separable systems: Multiple locations

0~ (k) = (C,;)‘1 : H (M) , ke{0,1}, (4.3.13)

(=1

and normalisation constants

-1
=) () ()

The throughput T'H~ of the “—"-system can be calculated as follows

TH- :ugﬂn,n:ngg—m)-e— (1)
w200 6 (EE) (5)

n=1

Proposition 4.3.8. The throughput for the “+’-system with base stock level b =1 is

TH = MY
A+v

Proof. From Theorem 4.3.4 we know that the limiting and stationary system of the “+"-
system is given by

7t (n k) =& (n)- 07 (k), (4.3.14)
with "
£t (n) = (C+)‘1 : <2> , n €Ny, (4.3.15)
1 k v
+(1y = (O~
0t (k) = (Cy) H<A+v~(€—1)>’ ke{0,1}, (4.3.16)

and normalisation constants

(C+)—1 = (1—2) and ((J(j)‘1 = <1+§)_1 = <)‘J/\FV>_1 = (Ai).

The throughput TH™ of the “+"-system can be calculated as follows

THY =p-y 7t (n1)=p-Y & (n)-07 (1)
n=1 n=1

B O () () -2
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4. Inventory systems with perishable items

Corollary 4.3.9 (Monotonicity of throughputs). Consider three (exponential) ergodic
production-inventory systems with the same arrival rate A, service rate p, replenishment
rate v, individual ageing rate v for items in the inventory which are subject to ageing and
base stock level b= 1.

Then the following monotonicity property for the throughputs holds

TH  <TH<THT.

4.3.3.2. Production-inventory system with base stock level b > 2

We assume henceforth in this section b > 2.

Preliminaries

Queue-length-dependent ageing

We consider perishable items where ageing is dependent on whether an item from inven-
tory is already in usage by production, i.e. the server is busy, or if the server is idling and
the inventory is not empty. The loss rate of inventory due to perishing in state (m, k) € E
is

(v k) Lgmeoy + (v (k= 1)4) - Limsoy-

Z° is uniformizable with constant o := A + p + v 4+ v - b. So, whenever the underlying
Poisson-a process indicates a jump, the state of the associated uniformization chain Z¢
jumps with probability 1. Z? is ergodic with stationary distribution 7° as well. We
denote the one-step transition probability of ZJ by R° = (R°(2;2) : z,z € E), and have
fork=0andn>0

R((n,0)5(n, 1) = =, RO((n,0): (n,0)) = ATEELD
for ke {l,....,b—1}and n =0
R2((0,k); (1, k) = 2 R°((0,k);(0,k + 1)) = g
RO 0k -10) =25 R0 0.0 = EFZE)
for ke{l,....,b—1}andn >1
RO((n, ) (n+ 1K) = 2 R((n. k)5 n 1k - 1)) = &,
RO((n.k); (n,k + 1)) = =, RO((n, k) (n,k— 1)) = - <’; -1
RO((n. k) (. ) = TR
fork=bandn=20
R2((0,6)5(1,0)) = 2 R°((0,b);(0,b— 1)) = %b
R2((0.6)5(0,8) = 2
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4.3. Separable systems: Multiple locations

fork=bandn>1

RO((mb) s (n + 1,b)) = 2 RO((n,b);(n — 1,5 1)) = £,
RO, b= 1) = 2O ey =

We associate with the uniformization chain Z7 a reward chain with one-step immediate
reward vector

r=(r(m,k): (mk) € E), with r(m,k)=p 10y Loy, (4.3.17)
SO
TH= > 7°(m,k)-r(m,k). (4.3.18)
(m,k)eEE

We define the n-period reward vector of the reward chain as

vy = (vp(m, k) : (m,k) € E), n>1, (4.3.19)

n

which is according to van der Wal [vdW89, Lemma 2|

n—1
v =Y (R)"-r, n>1, (4.3.20)
h=0
and
vp=7r+R vy, n>1 (4.3.21)

From ergodicity of Z¢ and the equality of the stationary distributions of Z° and Z7 it
follows that for any initial state (m, k) € E holds (cf. [vdW89, Lemma 2])

1
TH’ = lim —-v)(m,k). (4.3.22)
n—oo N
Queue-length-independent ageing
We next consider perishable items where ageing is independent of whether an item from
inventory is already in usage by production. We distinguish two modes of ageing.

Under the ageing regime for the lower bound, all items in the inventory are subject to
ageing — even the one already reserved for production. The loss rate of inventory due to
perishing in state (m, k) € E is 7y - k.

The state process Z~ of this system is uniformizable with constant o := A\+pu+v+-b.
The uniformization chain Z,; is ergodic with stationary distribution 7~ as well. We denote
the one-step transition probability of Z, by R~ = (R (z;2) : 2,z € F), and have
fork=0andn >0

R ((0,0)5 (0, 1)) = 2, R ((0,0)5(n,0) = 20
forke{l,....,.b—1}and n=0
R (0,): (LK) = 2, R(0.8); 0k +1) = 2.
RO 0k -1) =25 me(ry 0. = 2T OZR,
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4. Inventory systems with perishable items

forke{l,....,.b—1}and n>1

R ((n,k);(n+1,k)) = 2 R(mk)m—1k—1nzg,
R ((n ) (1)) = 2, R (k) (e~ 1) = 8,
R ((n, )3 (m, ) = 020
fork=bandn=0 i
R((0,); (1,8) = . R((0,0); (0,0~ 1)) = -2,
R((0,):(0,5) = “ 2,
fork=bandn>1 i
R ((n,b): (n + 1,b)) = 2 R () (n— 15— 1) = £,
~ b v

R™((n,b); (n,0—-1)) = —, R™((n,b);(n,b)) = —.

.

Under the ageing regime for the upper bound, one item in the inventory (if there is
any) is not subject to ageing — even if the server is idling and no item is reserved for
production. This results in a loss rate of inventory due to perishing in state (m,k) € E
of y-(k—1)4.

The state process Z T of this system is uniformizable with constant o := A+ pu+v+~v-b.
The uniformization chain Z;' is ergodic with stationary distribution 7% as well. We denote
the one-step transition probability of Z, by Rt = (R*(2;2) : 2,z € E), and have
fork=0andn >0

Rﬂmmpmﬁnzg, R*((n,0): (n,0)) = ii%;lg
forke{l,....,.b—1}and n=0
R*((O,k);(l,k))zg, RT((0,k); (0,k+1)) = g
RE(0.8): 0k - 1) = T EZD gk 0.0 = A0 EED,

forke{l,....,.b—1}and n>1

RY((n,k); (n+1,k)) = 2 R ((n,k); (n— 1,k — 1)) g
R*((n ) (n k1)) = 2, R ((n k)3 (n.k — 1)) = TEZD,
R ((n. k)3 (n, 1)) = T RED)
fork=bandn=20 i
RE((0.5):(1,5)) = 2, R (0.0): 0.0~ 1)) = LY,
RH(0.0): (0,) = 22T
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4.3. Separable systems: Multiple locations

fork=bandn>1

R (n,0); (1 1,) = 2, R (0,); () = 2,

-(b—1
RH(nb)in-1b-1) =2 R (mpims-1) =101
@ @
We associate with both uniformization chains Z, and Z; under different ageing regimes
a reward chain with one-step immediate reward vector (the same for all three production-

inventory systems)

r=(r(m,k):(m,k) € E) with r(m,k)=p Loy Lgsos (4.3.23)
SO
TH = Y« (mk)-r(mk) and TH'= > a(mk)-r(m,k). (4.3.24)
(m,k)EE (m,k)EE

We define the n-period reward vectors of these reward chains as

v, = (v, (m,k): (m, k) € E) resp. v} = (v}(m,k):(m,k)€E), n>1, (4.3.25)

n n n

which implies [vdW89, Lemma 2| similarly as above

n—1 n—1
vy =) (R)"r resp. vf =Y (RN .r, n>1, (4.3.26)
h=0 h=0
and
Uy =7+ R v, resp. U:{_H =r+RT-0vf, n>1 (4.3.27)

From ergodicity of Z, and the equality of the stationary distributions of Z~ and Z it
follows that for any initial state (m, k) € E holds

1
TH™ = lim — v, (m,k). (4.3.28)

n—o00 N

Similarly, from ergodicity of Z; and the equality of the stationary distributions of Z*
and Z; it follows that for any initial state (m, k) € F holds

1
TH = lim — - v} (m, k). (4.3.29)

n—oo n

Recall, that TH~ and TH™ can be explicitly computed (cf. Theorem 4.3.4).

Our comparison relies on the expressions (4.3.22), (4.3.28) and (4.3.29) for the through-
puts and on additional conditions which will guarantee that for all n € N holds

v, (m, k) <08 (m, k) < vl (m, k) for all initial states (m,k) € E, (4.3.30)

for the finite time cumulative (expected) rewards. It turns out that essential properties
to prove (4.3.30) are internal monotonicities of the cumulative rewards. To shorten the
presentation we use the symbol “x” to refer to all the symbols “0, —, +” in the respective
expressions.
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4. Inventory systems with perishable items

Definition 4.3.10. We say that v} is isotone (with respect to the natural order on
No x {0,1,...,b}) if
V(m,k),(m' k') € E: [(m <m/ Ak <K')| implies v} (m, k) <vi(m/,K)].  (4.3.31)

Proposition 4.3.11. Consider three (exponential) ergodic queueing inventory systems
with the same arrival rate X\, service rate p, replenishment rate v, individual ageing rate
v for items in the inventory which are subject to ageing.
The ageing regimes of the systems are different, which results in different Markovian state
processes which we denote by Z° under ageing regime k v+ (- k) Loy + (v (k—1)4) -
Lim>0), £~ under ageing regime k — -k, and ZT under ageing regime k v+ - (k—1)4.
Then the following holds.
(a) If v, is isotone, then for all (m,k) € E holds
v, (m, k) <wvo(m,k) VneN,
and consequently TH~ < TH®°.
(b) If v is isotone, then for all (m,k) € E holds
v2(m, k) <vl(m,k) VneEN,
and consequently TH® < THT.
(c) Ifv? is isotone, then for all (m,k) € E holds
v, (m, k) <v2(m, k) <vl(m,k) V¥neN,
and consequently TH- < TH° < THT.

Proof. The equations can be proven by induction. The proof is presented in Appendix
D.2 on page 349. O

Isotonicity of the finite time cumulative rewards is an intuitive property under any of
the three ageing regimes: If we have either more inventory and at least the same number
of customers in the system, or more customers in the system and at least the same stock
size of the inventory the system should be able to produce more output.

The proof of this monotonicity does not seem to be direct, we have partial results only.
The conditions y = 7 under ageing regime k + (v- k) - Lp—oy + (v (= 1)1) - Lipsoy in
Proposition 4.3.13 and A < v under ageing regime k — ~ - k in Proposition 4.3.12 imply
that ageing is in any case fast.

Proposition 4.3.12. If in the production-inventory system with ageing regime k — v - k
we have A < vy, then the finite time cumulative rewards v, (m, k) are isotone with respect
to the natural order.

We show by induction isotonicity in both directions and that the increase is bounded.
For all n € N holds

v, (m, k) —v, (m,k—1)
o (m+1,k) — vy (1m, )
o (m+1,%) — vy (1m, )
v, (m, k) — v, (m, k:—l)

Vk e {1,...,b}, m € Ny,
vk € {0,1,...,b}, m € Ny,
Vk € {0,1,...,b}, m € Np,
Vk e {1,...,b}, m € Ny.

|/\|/\|\/|\/
v LR o o

The proof is presented in Appendix D.2 on page 354.
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4.3. Separable systems: Multiple locations

Proposition 4.3.13. If in the production-inventory system with ageing regime k +— (7 -
k) Loy + (v (k=1)+) Limsoy we have p =y, then the finite time cumulative rewards
v2(m, k) are isotone with respect to the natural order.

Proof. We show by induction isotonicity in both directions, that the increase is bounded,
and that v? is concave in time. For all n € N holds

vp(m, k) —vp(m,k—1) >0, Vk e {1,...,b}, m € Ny,
vo(m+1,k) —v2(m, k) >0, Vk € {0,1,...,b}, m € Ny,
vo(m+1,k) — vl (m, k) < a, VEk € {0,1,...,b}, m € Ny,
vo(my k) —vo(m,k—1) < a, Vk e {1,...,b}, m € Ny,
vp(m+1,k) —2-v)(m, k) + vy (m—1,k) <0, Vk € {0,1,...,b}, meN.
The proof is presented in Appendix D.2 on page 363. O
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5. Basic production-inventory model
with base stock policy

Parts of this chapter are taken from |[OKD17].

5.1. Own contributions

We develop a Markov process model of a complex supply chain and derive its station-
ary distributions of the joint queueing-inventory process in explicit product form. This
enables us to perform cost analysis and optimization of the system and to analyse the
structure of the system in detail.

If we consider the production facilities (queues) at the locations as devices which deliver
items from the inventory to incoming demand, needing non-negligible delivering time (as
in the single-echelon inventory systems case described by Krishnamoorthy, Lakshmy, and
Manikandan [KLM11]), our results extend their setting to a multi-dimensional system. On
the other hand our work is an extension of the investigations of Rubio and Wein [RW96],
Zazanis [Zaz94] and Reed and Zhang [RZ17] on inventory systems under base stock policy:
In their models there is no production-to-order such that the time to satisfy customer
demand is zero. Therefore, their model is a special case of our model when service time
is set to zero.

Our system is an extension of [OKD16]|, which is presented in Chapter 2, and can be
classified as a “multi-product system” because items are not exchangeable. Our network’s
behaviour, where the orders are dedicated to the sending locations, is more complicated
and the supplier can be of a complex structure, e.g. a production network itself.

5.2. Description of the model

The supply chain of interest is depicted in Figure 5.2.1. We have a set J := {1,2,...,J}
of locations. Each location consists of a production system with an attached inven-
tory. The inventories are replenished by a supplier network which consists of a set
M := {J+1,...,J + M} of workstations and manufactures raw material for all lo-
cations, but distinguishes the replenishment orders from different locations. Each order
for raw material is specified by a location j € J and the resulting raw material is sent
back exactly to the location which has placed the order.

Facilities in the supply chain. Each production system j € J consists of a single
server (machine) with infinite waiting room that serves customers on a make-to-order
basis under FCFS regime. Customers arrive one by one at production system j according
to a Poisson process with rate A\; > 0 and require service. To satisfy a customer’s demand
the production system requires exactly one item of raw material, which is taken from the
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Figure 5.2.1.: Supply chain with base stock policy

associated local inventory. When a new customer arrives at a location while the previous
customer’s processing is not finished, this customer will wait. If inventory is depleted at
location j, the customers who are already waiting in line will continue to wait, but newly
arriving customers at this location will decide not to join the queue and are lost (“local
lost sales”).

The service requests at the locations are exponentially-1 distributed. All service re-
quests constitute an independent family of random variables which are independent of
the arrival streams. The service at location j € J is provided with local queue-length-
dependent intensity. If there are n; > 0 customers present at location j either waiting or
in service (if any) and if the inventory is not depleted, the service intensity is ;(n;) > 0.
If the server is ready to serve a customer who is at the head of the line, and the inventory
is not depleted, service immediately starts. Otherwise, the service starts at the instant
when the next replenishment arrives at the local inventory.

The inventory at location j is controlled by prescribing a local base stock level b; > 1,
which is the maximal size of the inventory there, we denote b := (bj R )

Each workstation m € M of the supplier network consists of a single server with in-
finite waiting room under FCFS regime. The service requests at the workstations are
exponentially-1 distributed. All service requests constitute an independent family of
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random variables which are independent of the arrival streams. Service at workstation
m € M is provided with local queue-length-dependent intensity. If there are £ > 0 orders
present, the service intensity is v, (¢) > 0.

Routing in the supply chain. A served customer departs from the system (with
the consumed material) immediately after service and at the same time an order for one
item of raw material is placed at the supplier network (“base stock policy”).

To distinguish orders from different locations, each order is marked (tagged) by a “type”

which for simplicity is the index of the location, where the order is triggered. We found
that Kelly’s deterministic routing scheme for “customers” in networks (cf. [Kel79, pp.
82ff.]) is a useful device to describe the interaction of inventories and supplier network.
It should be emphasized that the cycling “customer” represents an order in the supplier
network and a item of raw material in the inventories.
An order triggered by location j follows a type-j-dependent route for eventual replen-
ishment, denoted by r(j) = (r(j, 1),...,r(4,SG) — 1),r(j,5’(j))). Here r(j,¢) € M for
¢=2,...,5(j) is the identifier of the ¢-th workstation on the path r(j), and S(j) is the
number of stages of the route of type j. For completeness we fix 7(j,1) := j € J, and
prescribe that a type-j order departing from r(j, S(j)) enters as an item of raw material
immediately the inventory at location j = r(j,1) to restart its cycle.

It is assumed that transmission times for orders are negligible and set to zero and that
transportation times between the supplier network and the local inventories are negligible.

The usual independence assumptions are assumed to hold as well.

To obtain a Markovian process description of the integrated queueing-inventory
system, we denote by X;(¢) the number of customers present at location j € J at time
t > 0 either waiting or in service (queue length). By Yj(t) we denote the contents of the
inventory at location j € J at time ¢ > 0. By W,,(t) we denote the sequence of orders at
workstation m € M of the supplier network at time ¢ > 0.

We denote by K, the set of possible states at node m € M (local state space). The
state kp = [tm1, Sm1; - - - btk s Smith,,) € Km indicates that there are #k,, orders at
workstation m € M, on position p € {1,. .., #ky, } resides an order of type t,,, € J, which

is on stage spmp € {1,...,S(tmp)} of its route r(tp,) = (r(tmp, 1),... ,r(tmp,S(tmp))>.

Here (t,1, Sm1) is the order at the head of the line, which is in service and (¢4, Sm#k., )
is the order at the tail of the line.

Notational convention. To make reading easier, we use a unified notation for the
states of the inventories at the locations and the states of the workstations in the supplier
network. In doing this we identify items of raw material arriving at the inventory j with
the order sent out to the supplier network when an item is consumed by a departing
customer. Therefore, adopting the state description of the workstations for that of the
inventories, the state of the inventory at location j € J at time ¢ is

Yi(t)=k;j=1[5,1;...;4,1],

#k; items

since the route of type j starts in the inventory at location j (i.e. t;, = j for the types
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and sj, = 1 for all p € {1,...,#k;}). A stage number s;, > 1 indicates that the unit (as
an order) is in the supplier network.
Summarizing, global states of the inventory-replenishment subsystem are

inventories workstations
at locations @t supplier network JAM
——

K = (kl,...,kJ,kJ+1,...,kJ+M) erxc [] K,

where K denotes the local state space at j € J UM and K denotes the feasible states

composed of feasible local states.
For #k; =0, j € J, we read

[t51, 8515 -5 Ly Sk, | =+ (0],
and for #k,, =0, m € M, we read

[tmla Smly-- -5 tm#kzm7 Sm#km] = [O]

We define the joint queueing-inventory process of this system by
Z = ((X(0), -, Xy (1), YA(0)s - Yo (1), Wi (), Wrgar()) 1 £ 0).

Then, due to the usual independence and memoryless assumptions Z is a homogeneous
Markov process, which we assume to be irreducible and regular. The state space of Z is

E={(nk):neNJ, ke K}.

Discussion of the modelling assumptions. We have imposed simplifying assump-
tions on the production-inventory system to obtain explicit and simple-to-calculate per-
formance metrics of the system, which give insights into its long-time and stationary
behaviour. This enables a parametric and sensitivity analysis that is easy to perform.

First, the assumption of exponentially distributed inter-arrival and service times are
standard in the literature. The locally state-dependent service rates are also common
and give quite a bit of flexibility. The lead time of an order is composed of the waiting
times plus the service times in the supplier network. They are therefore more complex
than exponential or even constant lead times.

Second, we assume that the local base stock levels are positive (i.e. b; > 1 at location
j). If bj = 0, all customers at location j would be lost, which is the same as excluding
location j from the production-inventory system.

Third, the assumption of zero transportation times can be removed by inserting special
(virtual) M /G /oo workstations into the network.
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5.3. Limiting and stationary behaviour

5.3. Limiting and stationary behaviour

The queueing-inventory process Z has an infinitesimal generator Q = (¢(z;2) : 2,2 € E)
with the following transition rates for (n, k) € E, where a typical state is (we will impose
necessary restrictions if needed)

(n, k) = (n, 1,101,141 1, (5.3.1)
#k1 #kg
(B 1)1 S0 - BTk 10 SO+ k1) 5
o [ ST - - ST M )k g > ST+ M)k 1) )

e ARRIVAL OF A CUSTOMER AT LOCATION i € J,
which happens only if the inventory at this location is not empty because of the
lost sales rule:

q ((n7k)a (nJrer)) =i 1{#ki>0}a 1€ J.

SERVICE COMPLETION OF A CUSTOMER AT LOCATION i € J,

which happens only if there is at least one customer at location ¢ and the inventory
there is not empty,

i.e. from location i (=station 7(i,1)), where #k; items are present, a customer
departs and an item of raw material is removed from the associated local inventory,
in addition a replenishment order is sent to workstation r(i,2) € M of the supplier
network, where ##, ; o) orders have already been present:

q((n,[1,1;...;1,1],...,[1’,1;...;i,l],...,[J,l;...;J,l], (5.3.2)
H#Hk1 #ki>0 #kg

[t(J+1)1, S(J4+1)15- - - ?t(J+1)#kJ+1a3(J+1)#k1+1] yeee

e {tr(iﬁ)la Sp(3,2)15 -5 br(i,2) k(i) 0 Sr(i,z)#kr(m)} yen

#kr(i,2)
ceey [t(J—‘r]W)lv S(J+M)1; cey t(J+A{)#kJ+A{7S(J+M)#k]+1y]:| )7
(n S TR TIURES U1 [N (75 OURET A1 OO A CROOR A1
#k1 #k; #ky
[T 15 ST 15 - - - S L) g sa > S(T+1)dky ) o -

o {tr(i,2)173r(i,2)1§ S (1,2) # ki 2y ST(,2) R 2 :|7

#Er(i,2)
e (B MY ST MYT - 5B M) gk g > S(T4M) ke st ))

= /.Ll(’fll) . 1{ni>0} . 1{#’€i>0}’ i€ J.
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5. Basic production-inventory model with base stock policy

Notational convention: For transition rates like the one above we will henceforth
use an abbreviated notation. Using this abbreviation (5.3.2) reads

#kr(i,2)
(n R (7 F S 7 | N |:tr(i,2)17 Sr(4,2)15 -3 tr(i,Q)#kr(m)a Sr(4,2)#kr(i,2) } g ))
————
#ki #kr(i,2)

= uz(nz) . 1{ni>0} . 1{#ki>0}’ 1€ J.

This means that we will explicitly write only those local states of (n,k) and its
successor state which are relevant for the described transition. Readers interested
in the full expressions may consult [OKD14].

SERVICE COMPLETION OF AN ORDER AT WORKSTATION m € M,

which happens only if there is at least one order,

i.e. from workstation m, where #k,, orders are present, an order of type t,,1 on
stage s;,1 of its route is removed and is sent to the next stage s,,,1 + 1 of its route,
i.e. either

if 5,1 < S(tm1), it is sent to workstation r(t;,1, Sm1+1) € M, where HRr (b1 sm1+1)
orders have already been present:

q((n, ey [tml,sml; . ;tm#km,sm#km], .
H#km>0

) [tr(tml,smﬁl)h Sr(tm1,8m1+1)15 -+

e ;tT(tm1,Sm1+1)#kr(tm1,sm1+1) ) ST(terI)S'NL1+1)#kr(t7n1,SWL1+1):| 1eee );

FHhr(t1,5m1+1)

(Il, ey [tmg, Sm2y - ;tm#kmysm#km]a e

#hkm

tt [tr(t'mhsnll"l‘l)l’ ST(t7n1,8m1+1)1; e

e ;tr(tmlysml+1)#kr(tm1,.9m1+1) 3 Sr(tm1,Sm1+ 1) #1501 4+1)

; ]))

FRr (b1 5m1+1)

= V(#km) - Lk, 501 - Ysmi<S(tmn)}s me M,
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5.3. Limiting and stationary behaviour

or if 8,1 = S(tm1), it is sent to the inventory at location t,,, € J, where #k;,,
items of raw material have already been present:

Q<(n7 cey [tmla L5 tmas 1]7 sy [tmlasmﬂ cee ;tm#k"L;Sm#k"L]7 .. -);
#hkt,,q H#hkm >0
(1’1, EERE) [tmlv 17 ceitms 1 ]7 SRR [tm27 Sm2; .-+ tm#kmasm#km]; v ))
H#Hkt,,, #km

= v(#km)  Lghn>0) * Lsm=S(tm)}s M E M.

Furthermore, ¢(z;2) = 0 for any other pair z # Z, and

q(z;2) =— g q(z;2) Vze E.
iCE,
z2H#£Z

Proposition 5.3.1. The strictly positive measure x := (z (n, k) : (n,k) € E) with

z(n,k)=¢(n)-0(k), (5.3.3)
where ‘
g(n) = Hg](n]), g](nj) = H /\(jg), n; € Ny, j € j, (5.3.4)
jeJ =11
i — 1 ()™ 11 T
(k) = C, ]1}] (Aj> m]}M éHl =0 k e K, (5.3.5)

solves the global balance equations x - Q = 0 and is therefore stationary for Z.

Proof. Before proving we recall notation for the inventory-replenishment subsystem: It
will be convenient to use the elaborate although redundant notation for k € K

inventories workstations
at locations at supplier network

—_———
k= <k1a'--7kJ7kJ+15"'7kJ+M)

inventories
at locations

= [1,1;...;1,1],...,[J,1;...5J,1],
#k1 items #ky items
supplier network
[E 411 S(IH1)15 -5 BT 1) By sa> ST+ by )5 - - -

#kjy1 orders

o (B MY ST MY - S B M) by ag > S(JM) ks st ) .

#k s+ orders
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5. Basic production-inventory model with base stock policy

The global balance equations x - Q = 0 of the queueing-inventory process Z are for
(n,k) € E from (5.3.1) given by
flux out of the state (n, k) through:
e an arrival of a customer at location i € .J

if the inventory at this location is not empty (i.e. #k; > 0) because of the lost sales rule,
a service completion of a customer at location i € J

if there is at least one customer (i.e. n; > 0)
and the inventory at this location is not empty (i.e. #k; > 0),
e a completion of an order at workstation ¢ € M of the supplier network

if there is at least one order at this workstation (i.e. #k; > 0):

x(n,k> : (Z Ao Lpgrosoy + Y #(06) - Limgsoy - Ligkesoy + Y ve(#ke) - 1{#1w>0}>

icJ icJ LeM

= flux into the state (n,k) through:
e an arrival of a customer at location i € J

if in state (n, k) there is at least one customer at location ¢ (i.e. n; > 0)

and the inventory at this location is not empty (i.e. #k; > 0):

ZSE(H*E/, k) “Ai Lgri>01 - Ln,>0)

i€J

a service completion of a customer at location gy, = r(tegr,,1) € J

if in state (n, k) there is at least one order at workstation ¢ (i.e. #ky > 0) and the order
at the tail of the queue at workstation ¢ is in stage 2 (i.e. sgur, = 2) of its route

(i.e. a customer departs from location tsxg,

and an item is removed from the associated local inventory there,

and an order is sent to workstation r(teuk,,2) = ¢)

(note that segr, = 2 implies #ky,,, <bt,,,, tohold):

+Z.’L‘(l’1—|— ,...,[ ;tg#kz,l;...;tg#k“l],...
LeM

Hhipy,

o [t sa - ;tl(#kg—l)vsé(#kg—l)]w~~)
#ke

.Ntl#kz (ntl#kz + ]') ’ 1{Sé#k£:2} ’ 1{#ke>0}
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5.3. Limiting and stationary behaviour

a transition of an order of type tsur, from workstation r(teuk,, Sexk, — 1)
to the next workstation of the supplier network

if in state (n, k) there is at least one order at workstation ¢ (i.e. #k; > 0) and the order
in the tail of the queue at workstation ¢ is not in stage 2 (i.e. spxr, > 2) of its route

(i.e. an order of type tpuk, is removed from workstation 7(teuk,, Sexk, — 1)
and is sent to workstation ¢ = r(tex,, Sesk,)):

+Zx(n,...,[

;t"'(té#kz Sty — D)1 Sr(togn, Sepn, —1)15 - - -
eM

. ,tr(tg#k[,se#k[71)#1@T(t2#kﬁé#kz_1> 2 Sr(tepng semry —DF#Rr(tppn, s, -1 |7

#kr(tg#k[,sl#kéfl)

o [tens s - ~;te(#k2—1)755(#m—1)]7--~)
Hhigpr,

.VT'(tf#kZw%#k’g—1)(#]67"@(#1%»3(#1@@—1) +1)- 1{#1€z>0} ’ 1{52#7w,>2}

e a replenishment of the inventory at location i € .J

if in state (n, k) there is at least one item of raw material at location ¢ (i.e. #k; > 0)
(i.e. an order of type i is removed from workstation r (4, 5(7))
and is sent to the inventory at location ¢):

+Zz(n,...,[i,l;...;i,l],...

~ —_——
icJ

Hh;—1

i S5s3G5 k000 57065 O - Db |+ )

#hri,50)) 1
Vr(i,5)) (FEri,s6)) 1) - 1gr, >0}

It has to be shown that the stationary measure (5.3.3) satisfies these global balance equa-
tions. Some of the changes are highlighted for reasons of clarity and comprehensibility.
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5. Basic production-inventory model with base stock policy

Substitution of (5.3.3) and (5.3.4) into the global balance equations directly leads to

[T&m) ] -0

JjeJ
(Z)‘z “Legr, >0y + Zﬂi(“i) “Leni>oy - Ligki>oy + Z ve(#ke) - 1{#k4>0})
i€J i€J LeM
=> 1 II &@)]- 0(k) - A Lnso - Ligri>0)
i€J

+> I &0
LeM

'9('-', [tosnes Ltogn, 1oy topne, 10, - [ten, sens - ~;tﬂ(#kg—l)vsz(#k[—l)]w~~)

#kt[#k€+1 #ke*l

i, (Mtrgr, T 1) - Ligr,>o03 - Lsrpn =2}

+> [ TI& 0
eM \jeJ

. 9( ey |:tg#]w7 S[#]w - 17 t’f‘(tz#kwsé#ke*l)l’ S’r(tz#kl,sg#klfl)l; e

.y tr(te#kg75@#’%71)#]67“(752#162YSZ#kgfl) , Sr(tg#kz,se#w71)#1@,‘(,@#@‘3[#“71)} NN

Hhrttppr, sopn, -1

o [t sens ~;te(#kgq)’é‘e(#k@q)]’--~)

#htppp, —1

: Vr(tz#kz,sz#ke—l) (#kT(tl#kzvsl#kz_l) + 1) ’ 1{#k1>0} ’ 1{Sé#k1{ >2}

e [i, S(@)5 te(i, 8015 S, SN - - -5 br(0,8(0) #hni,s 000 Sr(i,S(i)71)#k7‘(i,s(i))} e )

F#kri,s0)+1

(i, 5() (Fhri,s0)) + 1) - Ligen>03-
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5.3. Limiting and stationary behaviour

By substitution of (5.3.4) we obtain

[T&m) ] -0

JjeJ
(Z i+ Liup, >0y + Zui(m) “Lenisoy - ik >0y + Z ve(#ke) - 1{#k4>0}>
ieJ ieJ teM
=S TI&0) ] -0 - Lni>o01 - Lk >0}
i€J

+> | T]&0n)
teM

: 9(~ o ey L tesng, Lo tewng, 10, [be, et 5 bogithe—1)s Se(tthe—1) )5 - - )
H#htyyp, +1 #hy—1

’ 1{#k2>0} : I{Sg#kzzz}

+> [ TI& ™)

eM \jeJ

: 9( M {té#kw Se#kg - 1’ t?"(t@#k£78g#ke—1)1’ 87’“2#702732#192_1)1; A

o) tr(tg#kﬂ75g#k1{—1)#k,‘(t[#k_z ey - sr(tg#ke,SZ#M—U#M,,E#W‘Se#w_l)} e

#k'r'(te#k,{ SUH#ky -n+l

cey [tlhsél;'~~§t£(#kg—1)vsf(#kg—1)]v~~~)

#kti#k( -1

: Vr(te#kz,se#szl)(#kT(te#kl,Se#szl) + 1) : 1{#kzz>0} ’ 1{Sz#k5>2}
+> (] &0)
i€J \jEJ

~§<.. R

Ll 1],
~————
#ki—1

co [i, S(8)5 tr(i,5(0)) 15 Sr(,8 ()15 - - - Er(i,5(0) #ekria. 5000 Sr(i,S(i)q)#kT(i,sm)} ye )

H#hri,50i)) 1

Vr(i,50)) (Fkr@i,s6)) T 1) - Ligr, >0}
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5. Basic production-inventory model with base stock policy

Cancelling (Hjejgj(nj)> and the sums with the terms 11;(n;) - Ln, >0y - 1{x,>0} on both
sides of the equation leads to

k) (Z N Loy + Y ve(#ke) - 1{#k¢>0}> (5.3.6)
ieJ eM
Z ( te#kwl,te#kpl,---;tﬁ#kze,l],---,[7541,841;---;te(#ke_1)78e(#ke—1)],---)
et #hog g, 1 k1

' )\tf#’w gk >0) - 1{52#ke:2}

+ Z 9( A [tf#k47 Sg#kg - 13 tr(tl#ké,Sg#szl)17 ST‘(te#kz,Sg#kefl)l; A

LeM

; tr(té#ke73£#kl_1)#kr(tz#ke,sl#kl—1) ) S'r(tl#klasl#kl_1)#kr(t4#ke,se#k£—1):| 1

#kr(tz#k['sl#kgfl) +1

ters sens - s tor,—1)s Se(she—1) )5 - - >

#kté#ke -1

' Vr(té#kzvsl#kg_l)(#kr(tﬁ#kevsé#kg_l) +1)- Legko>0 1{52#k£>2}

+ 9( 7,1
D00 L i
’LGJ #k‘ifl

’ [Za S( ) r(4,8(1))1s Sr(4,5(i))15 - - - ;tr(i,S(i))#kr(iys(i))u Sr(i,S(i)fl)#kr(i,S(i)J yee e >

H#kr,5(:)) 1
“Vr(i,S(i (#kr (4,5(2)) + 1) 1{#k¢>0}'

Now, substitution of (5.3.5) leads to

k)- (Z Ai - Lk >o0p + Z ve(#ke) - 1{#ke>0})

icd LeM

1
o - ve(#ke)
ZEM < (/~~"/"\/v"/7l><#l‘,’(\//4/"/"S‘/'A'/"/71) + l)>

: VT(U#I«Z,SZ#W*U(#kr(tz#k[,w#klfl) + 1) : 1{#ke>0} : 1{Se#ke>2}

. 1
F2 009 < #5500 T 1)) (i, 50 (#hr(i,s) + 1) - Lk >0y

o7 V,-(jm"m)(#/\:-(/AS”

The right-hand side of the last equation is
D 00) - veldtke) Ligresoy - Lg,, oy + D 00) - ve@#ke) - gm0y 1, 52}
eM teM
+ Z O(k) - Ai - Lgr, >0y
ied
which is obviously the left-hand side.
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5.3. Limiting and stationary behaviour

Inspection of the system (5.3.6) reveals that it is a “generator equation”, i.e. the global
balance equation 0 - Q,.q = 0 for a suitably defined ergodic Markov process on state
space K with “reduced generator” Q,.q. Because the Markov process generated by Q,eq
is irreducible the solution of (5.3.6) is unique up to a multiplicative constant, which yields
0. O
Remark 5.3.2. The system (5.3.6) of equations resembles the global balance equations
of a closed Kelly network with J + M nodes and ) jeT bj customers and exponentially
distributed service times with rate A; at node j € {1,...,J} and with queue-length-
dependent rate v, (-) at node m € {J+1,...,J+ M} and with deterministic, type-
dependent routing.

Recall that the system is irreducible and regular. Therefore, if Z has a stationary and
limiting distribution, this is uniquely defined.

Definition 5.3.3. For the queueing-inventory system Z on state space F/, whose limiting
distribution exists, we define

m:=(r(nk): (n,k)€E), =w(nk):= lim P(Z(t) = (n,k))

t—o00

and the appropriate marginal distributions
€= (Em)neNy), €)= lim P((Xi(t),..., X,(t) =m),
0=k :keK), O(k):=lmP(Yi(t),....Ys), Wrta(t),.... Wrrm(t)) = k).

Theorem 5.3.4. The queueing-inventory process Z is ergodic if and only if for j € J

nj €N (= 1

If Z is ergodic, then its unique limiting and stationary distribution is

7(n, k) =¢(n)-0(k), (5.3.7)
with
Em)=J[&Mm), &) =c"]] Mj\(j@, n; € Ng, j € J, (5.3.8)
jeJ (=1
1\ #hi #ekim
(k) = C,*! 11 ( AJ) Hﬁ H €K, (5.3.9)
jed eM t=1

and normalisation constants

and CQ_ZH< ) [{415[

n;ENg = 1 keK jeJ
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5. Basic production-inventory model with base stock policy

Proof. Z is ergodic, if and only if the strictly positive measure x of the global balance
equation x-Q = 0 from Proposition 5.3.1 can be normalised (i.e. }, o, D xex (0, k) <
00). Because of Proposition 5.3.1 it holds

> etk = 3 &) Y0

neNg ke K neNg keK

#Hkm
(o)™ BINIEE
jeJ njENg (= 1 keK jeJ

Hence, since K is ﬁmte the measure x from Proposition 5.3.1 can be normalised if and

only if 37, en, I72, i (g) < oo for all j € J.
Consequently, if the process is ergodic, the limiting and stationary distribution 7 is

given by
z(n, k)

ZnENo ZkEK ( )

where z(n, k) is given in Proposition 5.3.1. O

m(n, k) =

Remark 5.3.5. The expression (5.3.7) shows that the two-component production-inventory-
replenishment system is separable, the steady states of the production network and the
inventory-replenishment complex decouple asymptotically.

The explicit formula (5.3.9) for 6 shows that in fact there exists a three-term product
structure, and that moreover the equilibrium for the integrated model is stratified. In the
upper stratum, we have two independent vectors for production and inventory-replenish-
ment, the latter splits into two products, a factor for the subsystem comprising the
inventories and a factor for the replenishment subsystem.

In the lower stratum each of the three factors of the upper stratum is decomposed com-
pletely in “single-component” factors concerning the production servers, the inventories,
and the replenishment servers. It should be noted that the factors for the inventories
and the replenishment servers do not indicate internal independence, but they are of
product form as the celebrated conditionally independent coordinates in the equilibrium
of Gordon-Newell networks (see Theorem A.2.6). Remark 5.3.2 may explain to a certain
extend the conditional independence inside of 6.

Representation (5.3.8) shows that the equilibrium for the production subsystem decom-
poses in true independent coordinates. A product structure of the stationary distribution

n)=11&%m) =11¢;

jed jeJ

is commonly found for standard Jackson networks (see Theorem A.2.2) and their relatives.
In Jackson networks servers are “non-idling”, i.e. they are always busy as long as customers
are present at the respective node. In our production network, however, servers may be
idle while there are customers waiting because a replenishment needs to arrive first.
Consequently, the product form (5.3.7) has been unexpected to us.

Our production-inventory-replenishment system can be considered as a “Jackson net-
work in a random environment” in [KDO16, Section 4|. We can interpret the inventory-
replenishment subsystem, which contributes via 6 to Theorem 5.3.4, as a “random envir-
onment” for the production network of nodes J, which is a Jackson network of parallel
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servers (for more details see Appendix A.3). Taking into account the results of [KDO16,
Theorem 4.1] we conclude from the hindsight that decoupling of the queueing process
(X1,...,X ) and the process (Y1,...,Y;, Wiy, ..., W), i.e. the formula (5.3.7), is a
consequence of that Theorem 4.1. It should be noted that the three-term structure of the
upper stratum of the product form steady state m in Theorem 5.3.4 can not be obtained
from the general theory.

Our direct proof of Theorem 5.3.4 is much shorter than embedding the present model
into the general framework of [KDO16|.

The structural properties from Section 2.6.1 (ergodicity) and Section 2.6.5 (insensitivity
and robustness) hold word-by-word for this integrated system as well.

5.4. Cost analysis

We consider the following cost structure for inventory, production, and replenishment.
The total costs at location j € J consist of shortage costs cis,; for each lost customer,
waiting costs ¢, ; per unit of time for each customer in the system (waiting or in service),
capacity costs ¢, ; per unit of time for providing inventory storage space (e.g. rent, in-
surance), holding costs ¢y j per unit of time for each unit that is kept on inventory. The
unit holding costs per item at workstation m € M of the supplier network are Chm- All
Cls,j> Cw,j» Cs,j» Ch,js Ch,m are positive.
Therefore, the global cost function fi, : N x K — Ry per unit of time is

fo k) = [ > fo,(nj k) + D fonlkm) (5.4.1)
jeJ meM
with cost functions fp, : No x K; — Rg per unit of time at location j with base stock
level b;
Joy (g kj) = cuwj - mj =+ coj - bj + cng - #kj + cisg - Aj - L =0}

and fp, : K, — R(J)r at workstation m of the supplier network per unit of time

fm(km) = Ch,m * #km

We are interested in the long time average costs of the system as a function of the base
stock levels b = (by,...,by), which are considered as the main decision variables.

Lemma 5.4.1. Optimal solutions for minimizing the asymptotic average costs with (5.4.1)
are the elements in the set

argmin (g(b))
with

g(b) = ch,j : bj + Z Z Cls,j * )\j . 1{#kj:0} + Z Ch,j * #kj : 9(1{).
jeJ keK \jeJ jeJuM
Proof. The structure of the proof is analogue to the proof of Lemma 2.5.1 whereby the

costs for the workstations in the supplier network have to be considered. A detailed proof
is presented in [OKD14, Lemma 5, pp. 16f.]. O
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6. Supplier with symmetric server

In this chapter, we look at the aggregation of the supplier network. We can substitute
the complex supplier network of Chapter 5 by only one node — a supplier who consists
of a symmetric server.

6.1. Related literature and own contributions

The definition of the symmetric server follows Kelly [Kel79, Chapter 3| and is a well-
known service discipline in network theory. Kelly’s symmetric server is a generalization
and unification of the nodes that are used to built the BCMP networks, which allow for
non-exponential service times (cf. [Dad01b, Remark 9.5, p. 349]):

e Processor sharing:
The capacity of the server is equally shared between the customers.

e Last-come, first-served preemptive resume (LCFS-PR):
A newly arriving customer interrupts immediately an ongoing service. The pre-
empted customer has to wait until the service of the newly arrived customer and
his descendants is finished. Then the service of the preempted customer is resumed.

e Infinite server:
There are infinitely many servers, so newly arriving customers do not need to wait
for a server.

The symmetric server enables to deal with non-exponential type-dependent service time
distribution for different order types.

Our reduction of the supplier network in the supply chain is analogous to Norton’s
theorem proved by Chandy et al. [CHW75]. They construct an “equivalent” network
in which all the “uninteresting” queues outside of a predetermined subnetwork of special
interest are replaced by one composite queue with a FCEFS (or processor sharing) discipline
and an appropriate service rate such that the behaviour of the subsystem of special interest
in the equivalent network is identical with those in the original network. Norton’s theorem
holds for certain classes of queueing networks that satisfy local balance.

Towsley (|[Tow75, Section 4.5, pp. 67ff.], [Tow80, Section 5, pp. 331ff.]) presents it in
an extended form for locally balanced networks with state-dependent routing. Further
extensions are summarised by Huisman and Boucherie [HB11, pp. 315ff.].

The critical view of Balsamo and Isazeolla [BI83] on the exact aggregation shows that
the aggregation does not introduce computational savings in parametric analysis.
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6. Supplier with symmetric server

Our main contributions are the following;:

We develop a Markov process model of a complex supply chain and derive its stationary
distribution of the joint queueing-inventory process in explicit product form. A cost
analysis and an eventual optimization can be performed as for the basic model in Section
5.4 on page 137. The symmetric server is a versatile model for the supplier network.
To the best of our knowledge, symmetric servers have not been considered so far in the
context of complex supply chains.

6.2. Description of the general model

The supply chain of interest is depicted in Figure 6.2.1. We have a set of locations
J:={1,2,...,J}. Each of the locations consists of a production system with an attached
inventory. The inventories are replenished by a single central supplier, which is referred
to as workstation J + 1 and manufactures raw material for all locations, but distinguishes
between the replenishment orders from different locations. Each order of raw material is
specified by a location j € J and the resulting raw material is sent to the location which
has placed the order.

Replenishment
v 5]

Location 1

Inventory

Lost

X X sales
Demand arrival m

process Waiting room

Supplier

4

Symmetric | = ------- -
server | 77
| Al

E K Waiting room

s Single
Demand arrival server

process Lost | —

sales
)
Inventory
Location J
4 8

Replenishment
Figure 6.2.1.: Supply chain with base stock policy

Facilities in the supply chain. Each production system j € J consists of a single
server (machine) with infinite waiting room that serves customers on a make-to-order
basis under a first-come, first-served (FCFS) regime. Customers arrive one by one at
production system j according to a Poisson process with rate A\; > 0 and require service.
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6.2. Description of the general model

To satisfy a customer’s demand the production system needs exactly one item of raw ma-
terial, which is taken from the associated local inventory. When a new customer arrives
at a location while the previous customer’s order is not finished, this customer will wait.
If the inventory is depleted at location j, the customers who are already waiting in line
will wait, but new arriving customers at this location will decide not to join the queue
and are lost (“local lost sales”).

The service requests at the locations are exponentially-1 distributed. All service re-
quests constitute an independent family of random variables which are independent of
the arrival streams. The service at location j € J is provided with local queue-length-
dependent intensity. If there are n; > 0 customers present at location j either waiting or
in service (if any) and if the inventory is not depleted, the service intensity is p;(n;) > 0.
If the server is ready to serve a customer who is at the head of the line, and the inven-
tory is not depleted, the service immediately starts. Otherwise, the service starts at the
instant of time when the next replenishment arrives at the local inventory.

The inventory at location j € J is controlled by prescribing a local base stock level
b; > 1, which is the maximal size of the inventory there, we denote b := (bj rjed )

The central supplier (which is referred to as workstation J + 1) consists of a symmetric
server. The systems under investigation differ with respect to the service time distribution
of the central supplier in the following way:

e phase-type distribution (Section 6.3),

e exponential distribution (Section 6.4), whereby it is a special case of the phase-type
distribution.

Routing in the supply chain. A served customer departs from the system immediately,
and the associated consumed raw material is removed from the inventory, and an order
of one unit is placed at the central supplier at this time instant (“base stock policy”).

To distinguish orders from different locations, we mark each order by a “type” which
for simplicity is the index of the location where the order is triggered.

The symmetric service discipline to be considered follows Kelly [Kel79, Chapter 3| and
is defined as follows: There is a queue with > €T b; positions, where orders may reside.
The positions are numbered 1,2,..., and if there are #kjy1 > 0 orders at the central
supplier (either waiting or in service), they occupy positions 1,2, ..., #kjy1.

If there are #k 1 orders present, then the central supplier offers a service capacity
d(#kjr1) > 0, ¢(0) = 0. This service capacity is allocated to orders at the central
supplier according to some function c¢(-, #ks4+1): The order on position p yields a portion
c(p,#kji1) € [0,1] of the offered service capacity, Zzﬁg‘f“ c(p, #kyi1) = 1.

If there are #k 41 orders present and an arrival of a new order at the central supplier
occurs, the new order is placed on some position p € {1,2, ..., #ks1+1} with probability
c(p,#kjy1 + 1). Orders previously on positions p,p + 1,...,#kj1 are shifted to one
step up into positions p+ 1,p+2,...,#kj1 + 1.

If there are #kj11 > 0 orders present and the service time of the order on position
p € {l,...,#kji1} expires, this order immediately departs from the central supplier and
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6. Supplier with symmetric server

is sent to location ¢(;41),, which has triggered the order. ¢(;;1), € J is the type of the
order on position p. Orders previously on positions p + 1,p + 2, ..., #kj41 are shifted
one step down into positions p,p+1,...,#kjr1 — 1.

It is assumed that transmission times for orders are negligible and set to zero and that
transportation times between the central supplier and the local inventories are negligible.
The usual independence assumptions are assumed to hold as well.

6.3. Phase-type distributed service time

In this section, we study the queueing-inventory system as described in Section 6.2, where
an order triggered by location j € .J requests for an amount of service time which is phase-
type distributed. The mean service time request of type j is V;l.

We consider service time distributions of the following phase-type which are sufficiently
versatile to approximate any distribution on Rg arbitrary close. The next definition is

based on [Dad01b, Definition 9.2 , pp. 347f.|.
Definition 6.3.1. For h € N and 3; > 0 let

<« (39)’
Fﬁj,h(s)zl—efﬁjszj.i7 s >0,

, 7!
=0

denote the cumulative distribution function of the I'-distribution with parameters ; and
h. The parameter h is a positive integer and serves as a phase-parameter for the number
of independent exponential phases, each with mean ﬁ;l, the sum of which constitutes
a random variable with distribution I'g, 5. (Pﬁjvh is called a h-stage Erlang distribution
with scale parameter j3;.)

We consider the following class of distributions on (IR{(J{, IB%(J{ ), which is dense with respect
to the topology of weak convergence of probability measures in the set of all distributions
on (RJ,Bd) [Sch73, Section 1.6]. For g8; € (0,00), H; € N and probability b;(-) on
{1,..., H;} with b;(H;) > 0 let the cumulative distribution function

H.

Bj(s) =Y bj(t) Ty e(s), s>0,
=

<.

denote a phase-type distribution function. With varying 3;, H; and b;(-) we can approxi-
mate any distribution on (R, B{) sufficiently close.
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6.3. Phase-type distributed service time

To obtain a Markovian process description of the integrated queueing-inventory
system, we denote by X;(t) the number of customers present at location j € J at time
t > 0 either waiting or in service (queue length). By Yj(t) we denote the contents of the
inventory at location j € J at time ¢ > 0. By W, 1(t) we denote the sequence of orders
at the central supplier at time ¢ > 0.

We denote by K s the set of possible states at the central supplier (local state space).
The state

Ky = [t Pasnts - LD sk Pk, ) € K

#k 1 orders

indicates that there are #k 1 orders at the supplier and on position p € {1,..., #kj+1}

resides an order of type ¢(j11), € J requesting for exactly hij+1)p € {1, e 7Ht(J+1)p} fur-

ther independent exponential phases of service, each with mean B;( }+1)p. More precisely,

t(s+1)1 1s the order at the head of the line, that is in service and ¢y, 1)4,,, is the order
at the tail of the line.

Notational convention. To enhance readability, we use a unified notation for the
states of the inventories at the locations and the state of the workstation at the central
supplier. Therefore, if at time ¢t > 0 the inventory size of j € J is Yj(t) = #k;, then the
blown up state of the inventory at location j € J is

ki =[j;...;J] € K;.
—_——
#k; items

The global states of the inventory-replenishment subsystem are then

inventories central

at locations supplier J41
—N——
k= (i sk, T ) € K € [ K,
j=1

where K; denotes the local state space at j, K denotes the feasible states composed of
feasible local states.
For #k; =0, j € J, we read

and for #kj11 = 0 we read

L) A - s Pk o0 e g ] = 10
We define the joint queueing-inventory process of this system by
Z:((Xl(t)a7XJ(t)7Y1(t)77YJ(t)7WJ+1<t)) : tZO)

Then, due to the usual independence and memoryless assumptions Z is a homogeneous
Markov process, which we assume to be irreducible and regular. The state space of Z is

E={(nk):neNJ, ke K}.
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6. Supplier with symmetric server

6.3.1. Limiting and stationary behaviour

The queueing-inventory process Z has an infinitesimal generator Q = (¢(z;2) : 2,2 € E)
with the following transition rates for (n,k) € F, where a typical state is

inventories .
at locations central supplier
(n,k) = <n7 L E | RO b [t(J+1)17 h(J+1)1; R h(J+1)#k‘,Ha h(J+1)#kJ+J )
#k1 items #k items #ky 1 orders
(6.3.1)

and we will impose necessary restrictions if needed:

e ARRIVAL OF A CUSTOMER AT LOCATION 4 € J,
which happens only if the inventory at this location is not empty because of the
lost sales rule:

q((n,k); (n+e;, k) =N - Ligp, 505, 1€ J.

SERVICE COMPLETION OF A CUSTOMER AT LOCATION § € j,

which happens only if there is at least one customer at location ¢ and the inventory
there is not empty,

i.e. from location ¢, where #k; > 0 items are present, a customer departs and an
item of raw material is removed from the associated local inventory,

in addition a replenishment order is sent to the central supplier, where #k ;11 orders
have been present, more precisely the order moves into position £ with probability
c(l,#kjy1 + 1) and orders previously in positions £,¢+ 1,...,#k 1 move to pos-
itions £+ 1,0+ 2,...,#kjr1 + 1 and the order has to obtain h phases of service at

the central supplier with probability b;(h):

q((n,[l;...;1],...,[@';...;1'],...,[J;...;J],
—— ——— ——
S #ki>0 #hs
[t+1)1 P15 - 5t Pasyes -5 D)k PO k40 ] );
#ki1

(n B 1 O R L | PP IV S IR

—_—— —— —_——
#k1 #ki #ky

[t(J+1)1, hirsits -5 tasne—1, hasne—1: 0 s tasne hasne - ;t(J+1)#kJ+1} ))

#kt1
= pi(n;) - (b, #k g1 +1) - bi(h) - L0y - Lighi0)s ield, tef{l,... #ki}

144



6.3. Phase-type distributed service time

PHASE COMPLETION OF AN ORDER ON POSITION / at the central supplier,
which happens only if there is at least one order, i.e. either

if h(y41)¢ = 1, i.e. the order on position £ of type ¢(j41)¢ is in its last phase of
service,

i.e. from the central supplier, where #£k ;11 orders are present, this order is removed
and an item of raw material is sent to the inventory at location ¢y 1), € J, where

H#ky items have already been present, in addition orders previously on positions
Ty y p p yonp
£, 0+1,...,#kyr1 move to positions £ — 1,0+ 1,... #kj1 — L

Q<<n, (L1, Bty - itase]s - [T ]
——— —_———
#k1 #kt(JJrl)Z #ky
[t4+1)1 P01 - -5 Ea1e—1 hrsye—1; s EI+1) 041 PIF1) 0415 -

c ST #R h(J+1)#kJ+1] );

#ky1>0
(0L U [ttt oo [T )
N—— N—_——
#k1 #kt(.]+1)1{ #kg
[t 15 R+ 15 - - st 1e—1 R0y =15 b+ 1)1 B 1yes1s - - -
RO ARV h(J+1)#kJ+1] ))
#kjt1
:5t 1)¢ '¢(#kJ+1)'C(£7#kJ+1)'1 3 ee {17"'7#kJ+1}a
(J+1)¢ {#kt(1+1)e <b*<.z+1)e}

or if h(yi1)¢ > 1, i.e. the service of the order on position £ of type ¢(;1)¢ is not in
its last phase of service, therefore the phase of this order is shifted one step down:

q<(n,[1;...;1],...,[J;...;J]7
N—— ——
#k1 #ky
[t4+1)1 P01 5 Ea1e—1 hrsnye—1; sty e+ Py 041
cees t(J+1)#k‘]+1 ) h(J+1)#k},]+1:| );
#kyj1>0
(n,[l;...;l],...,[J;...;J],
SN—— ——
#k1 #k
[t Rt 15 - - st ne—1, R 1)e—15 s ET+0)e41, RT1) 0415 - - -
co St #k h(J+1)#kJ+l] )>
#ky+1>0

= Breyarye - O(F#ksir1) - el #kyi1) - 1{ L1} Ce{l,... #kyi1}

#ktuﬂ)e <br(si1)e }

Furthermore, ¢(z;2) = 0 for any other pair z # Z, and

q(z;z):—Zq(z;Z) Vze E.
iCE,
2F#£Z
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6. Supplier with symmetric server

Proposition 6.3.2. The strictly positive measure x := (x (n, k) : (n,k) € E) with

z(n,k) = ¢(n)- 0 (k), (6.3.2)
where
~ ~ - AN .
£(n) = Hfj(nj% i(nj) = H ‘&), n; € No, j € J, (6.3.3)
jeJ =1 M
. 1\ #hki #hRin 1 He( 41y ~
f(k) = <> : SR S b, |, keK, (6.34)
jgf . /z[[l Prcsse 90 ﬁz%m o

solves the global balance equations x - Q = 0 and is therefore stationary for Z.

Proof. Let us recall some notation:
e It will sometimes be convenient to use the elaborate notation:

inventories central
at locations supplier

—
k= (k‘h-n,/w, kji1 )
é?\iggg?{é%ss central supplier
=[5 s S I e Pasts -5 Pas sk P+ #k .
< [(+) (J+1) (J+1)#k 41 (+)#J+J

#k; items #k items #kj41 orders

e The states of the inventories at the locations j € J are of the form [j;...;j] since
there is only raw material of type j at location j.
Note the redundancy of some indicator functions in the global balance equations. We
prefer to carry all indicator functions with because it makes it much easier to follow the
proof of the stationary distribution.

The global balance equations x-Q = 0 of the stochastic queueing-inventory process
Z are given for (n,k) € F from (6.3.1) by

flux out of the state (n, k) through:

e an arrival of a customer at location i € .J
if the inventory at this location is not empty (i.e. #k; > 0) because of the lost sales rule,
a service completion of a customer at location i € J
if there is at least one customer (i.e. n; > 0)
and the inventory at this location is not empty (i.e. #k; > 0),

e a completion of a phase of an order on position ¢ at the central supplier

if there is at least one order of type t(;41)¢ (i.e. H#hit iy < bt(Hm):

=1 1
#hkyt1+1 H; ~
( ) (Z)\ Lignosop + Y mi(ni) - Y el #kyia+1)- Y bi(h) 1in, 501 - Lisk,>0)
i€J i€J =1 h=1

#kyt1

+ Btsine - P(FE L, #k
; e (#hasa) el #hs0a) {#kt(1+1>£<b’<1+1>4})
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6.3. Phase-type distributed service time

= flux into the state (n, k) through:
e an arrival of a customer at location i € J
if in state (n, k) there is at least one customer at location ¢ (i.e. n; > 0)

and the inventory at this location is not empty (i.e. #k; > 0):

Zﬂj(nf();, k) . /\z . 1{#;€i>0} . 1{m>0}
ieJ

a service completion of a customer at location ¢y 1y, € J

if in state (n, k) there is at least one order at the central supplier (i.e. #kj11 > 0)
and the order on position £ is of type ¢(y,1)¢ and in phase h(jq1),

(i.e. a customer departs from location # s 1),

and an item is removed from the associated local inventory there

and an order is sent to position ¢ in the queue of the central supplier

and obtain h(s41), phases):

#kyt1
+ Z m(n—!— L1 [Basne - st s ]
=t #kt<J+1)e
(411 P11 - 5 B0 e=1)5 I+ (=105 BT+ (@41)5 R+ (0415 - - -
b gk s RTE) e 1 )
ko

Htcrinye (Mg T 1) el #Ekg41) by, (Reatnye) - 1{#kt(]+1)1’ <bt(J+1)[}

e phase completion of an order at the central supplier
if in state (n, k) there is at least one order at the central supplier (i.e. #kj11 > 0)
and the order on position £ is of type ¢(y, 1), and in phase h(y1), < Hy,,,,

(i.e. the phase of the order on position ¢ is shifted one step down):

#Eky+1
3 a(n 1 ],
=1
[t+n1 hsn1s -5t usD =P Ee=1)3 Lo Do hasne + Lt es), Pu+nes)s - -

R ;t(L]Jr]_)#k;_H,lah(J+1)#kJ+1] )

#kj+1>0

Briginye  O(F#kgi1) (b, #k 1) -

1 -1
{#0e e <t ) {hsne<Hig o}
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6. Supplier with symmetric server

a replenishment of the inventory at location i € J
if in state (n,k) there is at least one item of raw material at location i (i.e. #k; > 0)
(i.e. an order of type i is in its last phase, i.e. it is removed from the central supplier

and is sent to the inventory at location 1):

#krr1+1
+Z Z x n? [17 ’1]’ ’[Z‘;"';i]7' ’I:J7 7J]7
ie] (=1 4k,
[t P15 - 5 Bt s nye—13 1 L5 810 RI1)85 - - -5 L1tk sr s PRI+ 2k 11 ) )

#kyi1
Bi d(F#kyr1 +1) (b, #kyp1 + 1) - Ligr, >0y

It has to be shown that the stationary measure (6.3.2) with (6.3.3) and (6.3.4) satisfies
these global balance equations. Some of the changes are highlighted for reasons of clarity
and comprehensibility.
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6.3. Phase-type distributed service time

Substitution of (6.3.2) and (6.3.3) into the global balance equations directly leads to

H gj(nj) (k) - (Z)\z “Ligr>o0r + Z#i(ni) “Lin, >0y - Lk, >0}
jeET i€J i€J
#kjt1

+ D Brorye Sk 1) - (6 #ky ) 1 {
=1

#k‘<1+1>z<bt<J+1>z})

= H &(ny) | - O(k) - )\ - Lk, >0) - Lin, >0}

+ I &m

'5([1;---;1}7~--, (trsne - stasnels- 55 ],

#kf(1+1)1€+1

[t+01: b 15 3 U1 1) R+ (=1)5 BT+ e 1) P10 1) - - -

co St #R h(J+1)#kJ+1] )

#kyr1—1

. C(& #k,]+1) . btuﬂ)[ (h(J—H)Z) . 1{#ktu+1)z<btu+1>i}

#k1 _
+ > | IT&m)
(=1

JjEJ
-9([1;...;1]7...,[J;...;J],
[t41)1 P15 - 5 By e—1 A1) =15 Ba+1)e Pasye + 1t ey 4 es)s - - -

co St D #R h(J+1)#kJ+1] )

#kj1>0

’ ﬁtuu)z “O(F#kst1) ol #kyia) -

1 -1
{#heime i) {horme<Heg )

#Eji1+1 B
+> > | II&m
ieJ =1 jeJ
-5([1;...;1}7...,[2';...;1']7...,[J;...;J],
~——

H#ki—1

[t P15 -5 Ea1)e—1 haanye—13 6 L Eg1ye B - - -5 b 1) gk s RO #k 11 ) )

#kyp1+1
Bi - p(FHkypr +1) el #kgr + 1) - Ligr, >0y
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6. Supplier with symmetric server

By substitution of (6.3.3) we obtain

11 &(ny) | - 0(k)- (Z Ai - Lgkesoy + O () < L sy - Lger,>0)
jeJ i€d i€d
#kyi1

' 12—21 Bt(ﬂw OR) el A 1{#kf(\/+1)f<bt(./+1>z})

=S T[&0) | -0k)- Ligri>op - Hni>op
ieJ
#k1

+ > | [I&m)
=1

~9([1;---;1],---7[tuﬂ)z;.--;tuﬂ)e},--.,[J;---;J],

#kt(J+1)1{+1

[t 1 R+ 15 - - -3 E 1) (=100 BT+ (=105 1) (051> BT 1) (041)5 - - -

c ST #R h(J+1)#kJ+1} )

#kyjr1—1

. C(& #k.]+1) . btu“)é (h(J—H)E) . 1{#kt(J+1)1’<bt(J+1)2}

#kyi1 ~
+ > | [T
/=1 ]67

~§([1;...;1],...7[J;...;J},
[E+1)1 P15 - - sty P+ e—1)i b+ e Pasye + Lty ey R4 e - - -

ST #R h(J+1)#kJ+1} )

#kj11>0

. . k ~c(l, #k. -1 -1
Biasrye - ¢(Fksv1) - el #kyi1) {#0e e <beirine ) {Poroe<Hi . )

#Hkyp1+1 _
+> > ([TT&m
ieJ =1 jeJ
~§([1;...;1],...,[i;...;i],...,[J;...;J]7
——

H#ki—1

(411 P15 5 E1ye—1s s nye—13 85 L 810 Ra1)es - - -5 B+ 1) gk sr s RI41) #k 11 ) )

#kyt1+1
Bi - p(F#Hkyp1 +1) (b, #ky1 + 1) - L, o)
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6.3. Phase-type distributed service time

Cancelling (Hjejgj(nj)> and the sums with the terms 11;(n;) - 11, >0y - 1{#,>01 on both
sides of the equation leads to

#kt1

5k'( Ai s Ligi>op + ey SF#E 1) - e(l #hyi) - 1 )
( ) g {#k;>0} ; Bf(J+1)Z ¢(# J+1) C( # J+1) {#kt(J+1)[<bt(J+1)z}
#k'1+1~
= Z 9([1§-~-§1L~-~7[t(J+1)z;-.-;t(JJrl)g],...,[J;...;J],
=
' #kt(.f+1)£+1

[t+0) 1 b+ 15 5 EI+1) (=1)s RI+1) (=1)3 BT+ (04 1) > Pas1) (013 - - -

c ST #R h(-7+1)#1~w+1] )

#Hkyi1—1

. )\t(‘”w el k) bt(Hl)Z(h(JH)e) . 1{#kt<7+1>f<btu+1)r}

[E+1)1 P15 sty e—n P+ e—1)i B+ e Pasnye + Lty ey R4 e - - -

) ks T+ ke 11 | )

#kj1>0

’ Btu“)z : d)(#k,f—&-l) : c(& #kJ+1) .

1 -1
{#kt(ul)ﬁbtuﬂ)(} {h(1+1>¢<Ht<J+l)z}

~ ——
ieJ t=1 #hk;—1

[t 15 1) 15 - - - st ane—1 b1y e—15 0 L Ege1)e Ba41)es - - -5 b+ ks ar s I+ 4k 11 ) )
#kyjp1+1
Bi d(FHkyrr + 1) el #hyr1 + 1) - Tigr, >0y (6.3.5)
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6. Supplier with symmetric server

By substitution of (6.3.4) we obtain for the third summand on the right side of (6.3.5)

#k.]+1+1~
¥ 9([1;...;1},...,[2';...;2'],. T ]
7 =1 o~
ieJ = H#k;
[E1)15 115 - - st e—1 ha1)e—15 1 L E 1) B+1)6 - - -5 b+ ks en s I+ 4k 11 ) )
#kyji1+1

Bi d(F#kyr1 +1) el #kyp1 + 1) - Ligr, >0y

#ky41+1 1 #k; #kyt1 1 Ht(J+1)‘m. ~
( ) T Btisin, “o(m) Z bt s s1ym (R)

m=1 h=h(;41)ym

Bi d(FHFhgpr + 1) el #hypr + 1) - Ligr, >0y

1 #k; #kji1 1 H"(J+1)m _ H; ~
) {Co 1 O e RN SRR N DS
T jeT N m=1 (Hm h=h(s+1ym h=1
—_————
—8(k) =1
#kjp1+1
c(l, #hyr1 + 1) Ni - Ligr, >0y
=1
=1
= 0(k) - A - Lign >0} (6.3.6)
icd
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6.3. Phase-type distributed service time

By substitution of (6.3.4) we obtain for the second summand on the right side of (6.3.5)

#kjt1 _
Z 6([17 71]7 7[J’ 5J:|’
=1
[t hsn1s -5t e P11 Ee-1); SEI+1) (1) PRI (041)5 - -

- ;t(J+1)#}gJ+1ah(JJrl)#kJH] )

#ky4+1>0

'Bt(1+1)z ’ ¢(#kJ+1) : C(E’ #k«]-l-l) : 1{
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#kt1 1 #k; Fkit 1 He 3 iiym }
S T(5) I (e X b ®
=1 jeg m=1 t+1)m h=hers1ym
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1 -1
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H#kyt1 1 #k; FRit1 1 Hegaym Hegiaye
= Z II ( > II By . ¢(m) ' Z bt(J+1)m(h) ’ E : bt(J+1)z (h)
1 .= J — m = =
=1 jeJ TZ}L;} (D h=h(j4+1)ym h=h(j+1)e+1

el k) 1y (6.3.7)

-1 .
#kt(J+1)1/,<b‘(J+1)e} {h(J+1>e<Hf(J+1)i,}
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6. Supplier with symmetric server

By substitution of (6.3.4) we obtain for the first summand on the right side of (6.3.5)

Z 5([1;...;1],...,[t(J_;'_l)g;...;t(J_A'_l)g],...,[J;...;J],

#k‘(J+1)z
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' ' T b h
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6.3. Phase-type distributed service time

Addition of (6.3.8) and (6.3.7) yields

#ka1 #k; #HEit 1 He(y11ym _
Z H ( ) H Bt - ¢(m) ' Z bt(J+1>m(h) 'ﬂt(Hl)Z - P(#ks11)
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{, #k
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#kyt1 #k; Fkip 1 He yiiym R
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’ mob h=h(s41)m
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6. Supplier with symmetric server

Consequently, because of (6.3.6) and (6.3.9) the right-hand side of (6.3.5) is

- #kJJrl _ #k‘J+1
O(k)-Ni-1yyp. >0+ 0(k B -D(#k 0,4k
;é; (K)- AL, >0} ;{; (k) ;{; oo SRR ) Ty

which is obviously the left-hand side.

Inspection of the system (6.3.5) reveals that it is a “generator equation”, i.e. the global
balance equation 0 - Q,.q = 0 for a suitably defined ergodic Markov process on state
space K with “reduced generator” Q,.q. Because the Markov process generated by Q,.q
is irreducible the solution of (6.3.5) is unique up to a multiplicative constant, which yields

6. O]

Recall that the system is irreducible and regular. Therefore, if Z has a stationary and
limiting distribution, this is uniquely defined.

Definition 6.3.3. For the queueing-inventory process Z on state space F, whose limiting
distribution exists, we define

m:=(r(n,k): (n,k)€ E), =w(nk):= lim P(Z(t) = (n,k))

t—o00

and the appropriate marginal distributions
E= () :nel])., €)= lm P((Xi(0).....Xs(0) =n).
0:=0k):keK), 0(k):= tligloP((Yl(t), L Yr(t), Wi (t)) = k).

Theorem 6.3.4. The queuemg—mventory process Z is ergodic if and only if for j € J

n;ENg £= 1

If Z is ergodic, then its unique limiting and stationary distribution is

™ (0,k) =&(n) -0 (k), (6.3.10)
with
ERNSY _
(n) - Hfj(nj)a gj(nj) = CJ_I H (J&, n; € No, 7€ J, (6.3.11)
jeJ v M
#k; ki 1 He g1y .
a H < ) H m ) Z bt(J+1)z (h) ) k € K,
(=1 ta+1)e Fmhy e
(6.3.12)
and normalisation constants
n;eNg €=1 “ﬂ
< >#k] #ky1 Ht(J+1
. (J+1)e
keK jcJ =1 Bt(JH)e ¢ (L)
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6.3. Phase-type distributed service time

Proof. Z is ergodic, if and only if the strictly positive measure x of the global balance
equation x-Q = 0 from Proposition 6.3.2 can be normalised (i.e. Y, cn, D xex (0, k) <
00). Because of Proposition 6.3.2 it holds

Yo amk) =Y &m)- Y 0k

neNg ke K neNg keK

]EJ nj ENg /= 1

#k; #k1 1 Ht(J-H)e )
Z H < ) H m . _ Z bt(J+1)e(h)

keK jeJ =1 h=h( 11y

Hence, since K is ﬁmte the measure x from Proposition 6.3.2 can be normalised if and

only if 3, eNOHe 1# G < oo forall j € J.

Consequently, if the process is ergodic, the limiting and stationary distribution 7 is
given by
z(n, k)

ZnGNo ZkGK ( )

where x(n, k) is given in Proposition 6.3.2. O

m(n, k) =

Remark 6.3.5. The expression (6.3.10) shows that the two-component production-inven-
tory-replenishment system is separable, the steady states of the production network and
the inventory-replenishment complex decouple asymptotically.

The explicit formula (6.3.12) for § shows that in fact there exists a three-term product
structure, and that moreover the equilibrium for the integrated model is stratified. In the
upper stratum, we have two independent vectors for production and inventory-replenish-
ment, the latter splits into two products, a factor for the subsystem comprising the
inventories and a factor for the replenishment subsystem.

In the lower stratum, each of the three factors of the upper stratum is decomposed
completely in “single-component” factors concerning the production servers, the invento-
ries, and the replenishment server. It should be noted that the factors for the inventories
and the replenishment server do not indicate internal independence, but they are of
product form as the celebrated conditionally independent coordinates in the equilibrium
of Gordon-Newell networks (see Theorem A.2.6).

Representation (6.3.11) shows that the equilibrium for the production subsystem de-
composes in true independent coordinates. A product structure of the stationary distri-

bution as
= [[ &) H

jeJ

is commonly found for standard Jackson networks (see Theorem A.2.2) and their relatives.
In Jackson networks servers are “non-idling”, i.e. they are always busy as long as customers
are present at the respective node. In our production network, however, servers may be
idle while there are customers waiting because a replenishment needs to arrive first.
Consequently, the product form (6.3.10) has been unexpected to us.
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6. Supplier with symmetric server

Our production-inventory-replenishment system can be considered as a “Jackson net-
work in a random environment” in [KDO16, Section 4|. We can interpret the inventory-
replenishment subsystem, which contributes via 8 to Theorem 6.3.4, as a “random environ-
ment” for the production network of nodes .J, which is a Jackson network of parallel servers
(for more details see Appendix A.3). Taking into account the results of [KDO16, Theorem
4.1], we conclude from the hindsight that decoupling of the queueing process (X1, ..., X )
and the process (Y1,...,Y;, Wy41), i.e. the formula (6.3.10), is a consequence of that The-
orem 4.1. It should be noted that the three-term structure of the upper stratum of the
product form steady state m in Theorem 6.3.4 can not be obtained from the general
theory.

Our direct proof of Theorem 6.3.4 is much shorter than embedding the present model
into the general framework of [KDO16].

The structural properties from Section 2.6.1 (ergodicity) and Section 2.6.5 (insensitivity
and robustness) hold word-by-word for this integrated system as well.

Note that in (6.3.12) the term

1 Hf(J+1)z
Bt - Z bt(J+1)é(h)
) h=h(sy1)e

represents the stationary residual life time distribution in a stationary renewal process
with life time distribution Bt(JH)l'
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6.4. Exponentially distributed service time

6.4. Exponentially distributed service time

As mentioned before by varying the parameters of the phase-type distribution any dis-
tribution on (Rg ,IB%E]F ) can be approximated sufficiently close. A phase-type distribution
with one phase is an exponential distribution. In this section, we present the results
for the queueing-inventory system where the service time of the central supplier is ex-
ponentially distributed with type-dependent rate v;, j € J, as described in Section 6.2.
Furthermore, the structural properties from Section 2.6.1 (ergodicity) and Section 2.6.5
(insensitivity and robustness) hold word-by-word for this integrated system as well.

To obtain a Markovian process description of the integrated queueing-inventory
system, we denote by X;(t) the number of customers present at location j € J at time
t > 0 either waiting or in service (queue length). By Y;(t) we denote the contents of the
inventory at location j € J at time ¢ > 0. By W, 1(t) we denote the sequence of orders
at the central supplier at time ¢ > 0.

We denote by K ;1 the set of possible states at the central supplier (local state space).
The state

kysn = [tusnts i busn)sh, ) € K

indicates that there are #k 1 orders at the supplier and on position p € {1,..., #kj41}
resides an order of type t(y;1), € J. More precisely, ¢(;;1); is the order at the head of
the line, that is in service and ¢(j41)#k,,, is the order at the tail of the line.

Notational convention. In order to make the reading easier, we will use a unified
notation for the states of the inventories at the locations and the state of the workstation
at the central supplier. Hence, if at time ¢ > 0 the inventory size of j € J is Y;(t) = #kj,
then the blown up state of the inventory at location j € J is

kj=[j;...;j] € Kj.
~———
#k; items
The global states of the inventory-replenishment subsystem are then

inventories central

at locations supplier J+1
—_——
k= (i sk, ki ) € K € [T K,
Jj=1

where K; denotes the local state space at j and K denotes the set of feasible states

composed of feasible local states.
For #k; =0, j € J, we read

and for #kj11 = 0 we read

|:t(J+1)1; ooy t(J+l)#k(J+1):| =: [0]
We define the joint queueing-inventory process of this system by

Z = (X1(t), ... Xy (D), Yi(0), ..., Yo(), Wrsa () = ¢ > 0).
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6. Supplier with symmetric server

Then, due to the usual independence and memoryless assumptions Z is a homogeneous
Markov process, which we assume to be irreducible and regular. The state space of Z is

E={(nk):neNJ, ke K}.

Definition 6.4.1. For the queueing-inventory process Z on state space F/, whose limiting

distribution exists, we define

m:=(r(nk): (n,k) € E), =w(nk):= lim P(Z(t) = (n,k))

t—o00

and the appropriate marginal distributions

¢:=(E(m):neNy), &(m):=lim P((Xi(t),...,X,(t) =n),

t—o00

0:=(0(k) ke K), 0(k) = lim P((Vi(t),...,Ys(), Wyia(t)) = k).

Recall that the system is irreducible and regular. This leads to our main result, which

is a special case of Theorem 6.3.4.

Theorem 6.4.2. The queueing-inventory process Z is ergodic if and only if for j € J

nj A
Z H 'jg) < 00.

n;ENg (=1 H (

If Z is ergodic, then its unique limiting and stationary distribution is

W(n,k):f(n)@(k),
with
n; A\ B
¢m) =[] &mny), &) =] ﬁ, nj € Ny, j € J,
ieT =1 i
1 1\ #h e 1
0k)=C, — ke K
( ) b H<>\J> —1 Vt(J+1)g'¢(€)7 © ’

and normalisation constants

ki1 1

o nj >\j P 1 #k;
=2 1L o H‘ZH<A) e

n;ENpg (=1 keK jeg J
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7. Production-inventory system with
(r;,.9;)-policy

In Chapter 2 to Chapter 6 we have focused on base stock policies. In classic inventory
theory, several replenishment policies are considered. In this chapter, we look at the (r, S)-
policy. The (r,S)-policy means: If the size of the local inventory is less than or equal
to the reorder level r > 0, a replenishment order is placed instantaneously. With each
replenishment the local inventory level is restocked to exactly S < co. The maximal size
of the inventory is .S. We assume that 0 < S and that there is at most one outstanding
order (r < S). A brief discussion of the advantages and disadvantages can be found
in [SPP98, pp. 238f.] for (r,S)-policy.

7.1. Related literature and own contributions

There are some papers on queueing-inventory systems with (r,.S)-policy as we see in
the literature review on page viii, so we repeat only the most relevant sources for our
investigation. For a survey paper we refer to Krishnamoorthy et al. [KLM11].

The most relevant source for our present investigations is the article of Schwarz and
her coauthors [SSD*06]. They investigate M/M/1 systems with inventory management,
exponentially distributed lead times and lost sales. They consider among other replenish-
ment policies the (r, S)-policy. Further, they distinguish between an infinite and a finite
waiting room. They derive stationary distributions of joint queue length and inventory
processes in explicit product form and calculate performance measures of the respective
systems.

Krishnamoorthy and Viswanath study in [KV13] production-inventory systems with
(r,.S)-policy, positive service time and lost sales. They derive the joint stationary distri-
bution in explicit product form. They develop a technique where the steady state vector
of the classical M/M/1 system and the steady state vector of a production-inventory
system, where the service is instantaneous and no backlogs are allowed, are combined.
They apply their technique to the models discussed in [SSD*06].

Our main contributions are the following:

The systems under investigation differ with respect to the reorder level and the number
of locations and workstations. In Section 7.3 we analyse a system with (0, S;)-policy with
J locations a supplier network consisting of M workstations and in Section 7.4 a system
with (1, S;)-policy with two locations and a supplier network consisting of one worksta-
tion. For these systems we develop Markov process models and derive their stationary
distributions of the joint queueing-inventory processes in explicit product form. A cost
analysis can be performed as for the basic model in Section 5.4 on page 137.
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7. Production-inventory system with (r;, S;)-policy

The articles in the literature about production-inventory systems with (r, S)-policy are
only single location models. Our results extend their settings to a multi-dimensional
system. Furthermore, the lead time of an order is composed of the waiting times plus the
service times in the supplier network. They are therefore more complex than exponential
lead times considered in the literature.

7.2. Description of the general model

The supply chain of interest is depicted in Figure 7.2.1. We have a set of locations
J:={1,2,...,J}. Each of the locations consists of a production system with an attached
inventory. The inventories are replenished by a supplier network, which consists of a set of
workstations M := {J +1,...,J + M} and manufactures raw material for all locations,
but distinguishes between the replenishment orders from different locations. Each order
of raw material is specified by a location j € J and the resulting raw material is sent
back to the location that has placed the order.

Replenishment
" &

Location 1

Inventory

Lost

. -
Demand arrival server
process Waiting room

X X Waiting room
Single Eg
Demand arrival server
process Lost S
sales
9
Inventory
Location .J
4 g

Replenishment

Figure 7.2.1.: Supply chain with (r;, S;)-policy at location j

Facilities in the supply chain. Each production system j € J consists of a single
server (machine) with infinite waiting room that serves customers on a make-to-order basis
under a FCFS regime. Customers arrive one by one at production system j according to
a Poisson process with rate A; > 0 and require service. To satisfy a customer’s demand
the production system needs exactly one item of raw material, which is taken from the
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7.2. Description of the general model

associated local inventory. When a new customer arrives at a location while the previous
customer’s order is not finished, this customer will wait. If the inventory is depleted
at location j, the customers who are already waiting in line will wait, but new arriving
customers at this location will decide not to join the queue and are lost (“local lost sales”).

The service requests at the locations are exponentially-1 distributed. All service re-
quests constitute an independent family of random variables which are independent of
the arrival streams. The service at location j € J is provided with local queue-length-
dependent intensity. If there are n; > 0 customers present at location j either waiting or
in service (if any) and if the inventory is not depleted, the service intensity is p;(n;) > 0.
If the server is ready to serve a customer who is at the head of the line and the inventory is
not depleted, the service immediately starts. Otherwise, the service starts at the instant
of time when the next replenishment arrives at the local inventory.

The inventory at location j € .J is controlled by the (rj,5j)-policy. This means, if the
size of the local inventory is less than or equal to the reorder level r;, a replenishment
order is instantaneously placed. With each replenishment the local inventory level is re-
stocked to exactly S; < co. The maximal size of the inventory at location j is S;. We
assume that S; > 0 and that there is at most one outstanding order.

The systems under investigation differ with respect to the reorder level and the number
of locations and the number of workstations in the supplier network in the following way:

e (0,5;)-policy with J locations and M workstations (Section 7.3),

e (1,5;)-policy with 2 locations and one workstation (Section 7.4).

Routing in the supply chain. A customer departs from the system (with the consumed
material) immediately after the service.

To distinguish orders from different locations, we mark each order by a “type”, which
for simplicity is the index of the location where the order is triggered.

An order triggered by location j € J follows a type-j-dependent route for eventual
replenishment, denoted by 7(j) = (r(4,1),...,7(4,5()—1),7(5,S(j))), where r(j,£) € M
for ¢ =2,...,5(j) is the identifier of the ¢-th workstation on the path r(j), and S(j) is
the number of stages of the route of type j. For completeness we fix r(j,1) :== j € J.

The workstation m € M consists of a single server and a waiting room under a FCFS
regime. The service requests at the workstations are exponentially-1 distributed. All ser-
vice requests constitute an independent family of random variables which are independent
of the arrival streams. The service at workstation m is provided with local queue-length-
dependent intensity. If there are ¢ > 0 orders present, the service intensity is v, (¢) > 0.

It is assumed that transmission times for orders are negligible and set to zero and that
transportation times between the supplier network and the inventory are negligible.
The usual independence assumptions are assumed to hold as well.
Remark 7.2.1. With respect to economic aspects, if at all workstations m € M it holds
Um (1) = oo (= “lead time is zero” assumption), a reorder level r; > 0 at all locations
j € J under any policy does not make sense, since rj items of raw material are never
touched by the customers and remain in stock forever (cf. [SSD106, p. 63]).
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7. Production-inventory system with (r;, S;)-policy

Remark 7.2.2. These are standard notations. Be careful not to confuse the notations S;
and S(j) as well as r; and 7(j). r; and S; are parameters from the (r;,.S;)-policy of
location j € J, more precisely r; is the reorder level and S; is the order-up-to level. 7(3)
is the type-j-dependent route (path) for eventual replenishment and S(j) is the number
of states of the route of type j € J. These notations are standard in the literature on
inventory theory on one side and queueing theory on the other side.

7.3. (0,5;)-policy with J locations and M workstations

In this section, we study the production-inventory system as described in Section 7.2,
where the reorder level r; at location j € J is equal to zero. Therefore, if the local in-
ventory at location j is depleted, a replenishment order is instantaneously placed. With
each replenishment the local inventory level is restocked to exactly S; < co. We assume
that 0 < Sj and that there is at most one outstanding order. We denote S := (Sj 1j € j).

To obtain a Markovian process description of the integrated queueing-inventory
system, we denote by X;(¢) the number of customers present at location j € J at time
t > 0 either waiting or in service (queue length). By Yj(t) we denote the contents of the
inventory at location j € J at time ¢t > 0. By W, (t) we denote the sequence of orders at
workstation m € M of the supplier network at time ¢ > 0.

We denote by K,, the set of possible states at node m € M (local state space).
The state

km = [tmh Smly .-+ tm#km’ Sm#km] € Km

#km orders

indicates that there are #k,, orders at workstation m € M, on position p € {1,...,#ky}
resides an order of type t,,, € J, which is on stage Sy, € {1,...,S5(tmp)} of its route
T(tmp) = (r(tmp, 1),...,7(tmps S(tmp))>. More precisely, (tm1,Sm1) is the order at the

head of the line, which is in service, and (¢4, , Sm+#k,, ) is the order at the tail of the line.

Notational convention. To improve readability, we use a unified notation for the
states of the inventories at the locations and the states of the workstations in the supplier
network. In doing this we identify items of raw material arriving at the inventory j € J
with the order sent out to the supplier network when an item is consumed by a departing
customer. Therefore, adopting the state description of the workstations for that of the
inventories, the blown up state of the inventory at location j € J at time ¢ > 0 is

Yi(t) =k;j = [, 1;...55,1],
—_—
#k; items

since the route of type j starts in the inventory at location j (i.e. s, = 1 for all p €

{1,...,#Fk;}). A stage number s;, > 1 indicates that the unit (as an order) is in the
supplier network.
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7.3. (0,S;)-policy with J locations and M workstations

The global states of the inventory-replenishment subsystem are then

inventories

at locations  supplier network JiM
k:(k‘l,...,k],k]+1,...,kJ+M)EKg ]i[[{]7
Jj=1

where K; denotes the local state space at j € J UM and K denotes the feasible states
composed of feasible local states.

For #k; =0, j € J, we read
[t1s 8153 iy Siae; ] =2 [0,
and for #k,, =0, m € M, we read
[Emis Smis - - -5 tmgthn > Smtkn, | =: [0].
We define the joint queueing-inventory process of this system by
Z = ((Xa(t),.... Xy(@), Y1), .-, Y5 (), Wyga(t), ..., Wypm (1)) : £ 20).

Then, due to the usual independence and memoryless assumptions Z is a homogeneous
Markov process, which we assume to be irreducible and regular. The state space of Z is

E={(nk):neNJ, ke K}.

7.3.1. Limiting and stationary behaviour

The queueing-inventory process Z has an infinitesimal generator Q = (¢(z;2) : 2,2 € E)
with the following transition rates for (n, k) € E, where a typical state is (we will impose
necessary restrictions if needed)

(n,k):<n,[1,1;...;1,1],...,[J,1;...;J,1],

#k1 #ky
[t(J'H)l’ S5-I ) #hgg S(J+1)#1w+1] R
e [Ban s ST - SN R g r> ST+M) R 0] ) (7.3.1)

o ARRIVAL OF A CUSTOMER AT LOCATION i € J,
which happens only if the inventory at this location is not empty because of the
lost sales rule:

q((n,k); (nte;, k) = A - Liup, >0} i€ J.
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7. Production-inventory system with (r;, S;)-policy

SERVICE COMPLETION OF A CUSTOMER AT LOCATION 17 € j,
which happens only if there is at least one customer at location ¢ and either

if there is one item of raw material present at location i (i.e. #k; = 1),

i.e. from location i (= station r(7,1)), where #k; = 1 items are present, a customer
departs and an item of raw material is removed from the associated local inventory,
in addition a replenishment order is sent to workstation r(i,2) € M of the supplier
network, where #k,.(; o) units (orders) have already been present:

—_——

q(@LHJ;“;LHP“7hJL.“JllL“;LH,
—_—— ~—~—
#k1 #ki=1 #ky

[T 15 ST 15 - - - S LI+ g sr > S(T+1)dk i) o -

- [tr(i,Q)l7 Sp(3,2)15 -5 br(i,2) #ky s 20 Sr(i,Q)#kT(iyg)} yeo

#kr(i,2)
e (B MY 1 STEMYT - ST M)kt > S(T4M) ks ot );
(n L L0, [0 e[S g
—_— —~ —_—
#k: #hi—1=0 k.
[T 15 S(I1)15 - - S L) g ar > ST+ dk i) - -

e [tr(i,Q)la Sp(i,2)15 -5 br(i,2) # k(i) S7(6,2)# k(i 2) 5 } yee

#kr(i,2)
o (B MY s S(TEMYT - 5L M) by g > S(T+M) ks ot ))

= pi(ni) - Lisoy - Lighiz1y, 1€ J. (7.3.2)

Notational convention: For transition rates like the one above we will henceforth
use an abbreviated notation. Using this abbreviation (7.3.2) reads

q ((IL R [ ) |:tr(i,2)1a Sp(i,2)15 -+ 3 br(i,2) ki 2 Sr(i,z)#km,z)} yene );
#hi=1 #Hkr(i,2)
(n N (] B [tr(i,2)178r(i,2)1; o b (0, 2) iy ST(6,2) K .2y b }7))
#hi—1=0 #kr(i,2)

= pi(ni) - Ln>o0y - Lighi=1}s i€ J.

This means that we will explicitly write only those local states of (n,k) and its
successor state that are relevant for the described transition.
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7.3. (0,S;)-policy with J locations and M workstations

or if #k; > 1 items of raw material are present at location i,
i.e. from location ¢ (= station 7(i, 1)), where #k; > 1 items are present, a customer
departs and an item of raw material is removed from the associated local inventory:

q <(n, N [P 1 [tr(i,z)la Sp(i,2)15 - -+ 5 br(i,2) #hp s 20 Sr(i,Q)#k,‘<1;,2):| pee )5

—_——
#hi>1 #kr(i,2)
(n R 7 E S A | |:tr(i,2)17 Sp(i,2)15 - - 3 Er(i,2) #h s 20 Sr(i72)#kr(i_2)} yoee ))
N—_——— ’
#hki—1>0 #kr(i,2)

= wi(n) - Ln>oy - Lighi>13 ielJ.

SERVICE COMPLETION OF AN ORDER AT WORKSTATION m € M,

which happens only if there is at least one order,

i.e. from workstation m, where #k,, orders are present, an order of type t,,1 on
stage s,,1 of its route is removed and is sent to the next stage s,,1 + 1 of its route,
i.e. either

if 81 < S(tm1), it is sent to workstation 7 (tm1, sm1+1) € M, where #k, | o 11y
orders have already been present:

q((n, oy by Smas - btk s Smth | - - -
#Ekm>0

T [tr(tnll157n1+1)1’ Sr(tm1,sm1+1)15 -+

N tr(tmhsml F1)#Er (411 5 m1+1) ST‘(tWLlﬁsm,1+1)#k,.(tnll75m1+1):| yeee );

FRr (b1, 5m1+1)

(n7 ooy [tm2y Sm2s s gtk s Stk )y - - -
#km

T [tr(tm,175m,l+1)1’ Sr(tm1,Smi+1)15 -

e ;tT(tWLl737n1+1)#kr(tm1,5m1+1)’ Sr(trnl »Sm1 +1)#kr(tm/1,sm/1+l); ] [ ))

FRr(tp1.m1+1)

= U (#km) - Ligr,, >0} - Yo <S(tn)}s m € M,

or if 8;n1 = S(tm1), it is sent to the inventory at location t,,, € J, where #k;, , =0
items of raw material have already been present:

q((na ey [0] P [tmhsml; .. ~;tm#km75m#km]a .. )7
~—
#ktm,l #knl>0
(n,. . ,[ ],.. .y [th,SmQ; . ;tm#kmvsm#kmL .. )>

St7n1 #km

= Vi (#km) - Ligh, >0} * Yspi=S(tm1)}s m e M.
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7. Production-inventory system with (r;, S;)-policy

Furthermore, ¢(z;2) = 0 for any other pair z # Z, and

q(z;z):—Zq(z;E) Vz e E.
iCE,
2#£Z

Proposition 7.3.1. The strictly positive measure x := (x (n, k) : (n,k) € F) with

z(n,k) =¢(n)-6(k), (7.3.3)
where
&) = ] &my). &) =T g meNoieT, (7.3.4)
jeJ t=1"/
~ 1\ x>0 o 1
6(k) = E <AJ> : ml;[M H =0l ke K, (7.3.5)

solves the global balance equations x - Q = 0 and is therefore stationary for Z.

Proof. We recall the notation for the inventory-replenishment subsystem. It will some-
times be convenient to use the elaborate notation:

inventories

at locations supplier network
k= (k17'~-akJ7kJ+1,"'akJ+M)

inventories

at locations
= <[1,1;...;1,1],...,[J,1;...;J,1],

#k, items #ky items

supplier network

[t(J+1)1, S(T4+1)15 -+ 5 BT+ 1) kg1 5(J+1)#kJ+1]; e

#k 1 orders

s [t St - LT+ M)#k s nr S(J+M)#ky st ] ) .

#k gy orders

Note the redundancy of some indicator functions in the global balance equations. We
prefer to carry all indicator functions with because it makes it much easier to follow the
proof of the stationary distribution.
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7.3. (0,S;)-policy with J locations and M workstations

The global balance equations x-Q = 0 of the stochastic queueing-inventory process
Z are given for (n, k) € E from (7.3.1) by

flux out of the state (n,k) through:
e an arrival of a customer at location i € J
if the inventory at this location is not empty (i.e. #k; > 0) because of the lost sales rule,
a service completion of a customer at location i € .J
if there is at least one customer (i.e. n; > 0)
and the inventory at this location is not empty (i.e. #k; > 0),
e a completion of an order at workstation ¢ € M of the supplier network

if there is at least one order at this workstation (i.e. #k¢; > 0):

w(m k) : (Z Ai - Lm0y + O i (03) < Lnosoy - Lgrosop + Y ve(#ke) - 1{#kg>0})

icd icd eM

= flux into the state (n,k) through:
e an arrival of a customer at location i € J
if in state (n, k) there is at least one customer at location i (i.e. n; > 0)

and the inventory at this location is not empty (i.e. #k; > 0):

Zx(nfe,,k) . )\i . 1{m>0} . 1{#k7i>0}

icd

a service completion of a customer at location i € J

if in state (n, k) there is at least one item and at most S; — 1 items of raw material
present at location ¢ (i.e. 0 < #k; < S;)

(i.e. a customer departs from location i

and an item is removed from the associated local inventory there):

+ZI<H+ — ;ivl;---inl]a--->',Ui(ni+1)'1{#ki>0}'1{#ki<Si}
i —_—
e Hh;+1>1

a service completion of a customer at location ty4r, = T(t@#ke, 1) e J

if in state (n, k) there is at least one order at workstation ¢ (i.e. #k; > 0) and the order
at the tail of the queue at workstation ¢ is in stage 2 of its route (i.e. spur, = 2)

(i.e. a customer departs from location ¢y,

and an item is removed from the associated local inventory there,

and an order is sent to workstation r(tsu,,2) = £)

(note that {segr, =2} implies {#k,,,, = 0} to hold):

+Z$<n+ — ] 7-~-a[tébsél;~-';té(#kz—l)asé(#kg—l)]a~-')
———

teM #;ﬂe#kg =1 H#ko

"utl#kz (ntl#kz + 1) ’ 1{#k2>0} ’ 1{82#ke:2}
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a transition of an order of type trux, from workstation r(tesk,, Sepr, — 1)
to the next workstation of the supplier network

if in state (n, k) there is at least one order at workstation ¢ (i.e. #k¢ > 0) and the order
in the tail of the queue at workstation ¢ is not in stage 2 of its route (i.e. sggr, > 2)

(i.e. an order of type tguk, is removed from workstation 7(tesk,, Sepk, — 1)
and is sent to workstation £ = r(tsxk,, Sesk,)):

+Zx<n,...,{

;t’!‘(tg#kz,sg#kz—l)la s’r'(te#kg,se#kg—l)l; ce
teM

; tT(tz#k-e sSeshy ~ DKty o pn, — 1) Sr(togeny senk, ~D#kr iy pny o, —1)} )

#kr(tl{#ke,sl{#kefl)

o (b sens -tk —1)s Se(ke—1) )5 - )

#ke

‘Vr(te#kwse#ké—l)(#kr(tz#kpsz#kg—l) + 1) ) 1{#kl>0} ’ 1{35#k£>2}

e a replenishment of the inventory at location i € .J

if in state (n, k) there are S; items of raw material present at location ¢ (i.e. #k; = 5;)
(i.e. an order of type ¢ is removed from workstation r (i, S (7))
and is sent to the inventory at location 4):

+Zx<n,..., o} ...
ieJ #k;—S;=0

) [1 St 561 Sr(5,8)15 -+ Er(SO)#hrii 500 ST(i,su)—l)#kT(i,ai))} = )

#kr(i,s0)) 1
Vr(i,5(0) (#kr(i,s) + 1) - Lighi=s.}-



7.3. (0,S;)-policy with J locations and M workstations

It has to be shown that the stationary measure (7.3.3) satisfies these global balance
equations. Some of the changes are highlighted for reasons of clarity and comprehensi-
bility.

Substitution of (7.3.3) and (7.3.4) into the global balance equations directly leads to

[1&m) ] o0

jeJ

(Z)‘l Agri>0y + Z#i(”i) “Lnsoy - Ligri>oy + Z ve(#ke) - 1{#kz>0})
ieJ i€J eM

> II &0 |- “0(k) - A\ Lgn,s0y - gk >0y
i€J
ST &0 |- -5(...,[z‘,1;z‘,1;...;z’,1},...)
— —

i€ k411

Aypr>o0) - Lk <si)

+Z T &)

O .y [tegn,, 1] ,m,[t£1,8z1;~~~;te(#m—1),8a#ke—1)},~~~)
———

#htyy, T1=1 H#koe—1

’ 1{#k2>0} : 1{8@#]%:2}

+3 [ TI& ™)
eM \jeJ

: 9( ceey |:te#k147 S[#ke - 17 tr(t[#kz,SZ#;w—l)l7 S'r‘(tg#;w,Sg#kg—l)l; s

i ’tr(ttz#kl,SZ#IW—1)#’%(%#“,”#@71) ) ST'(té#kg7sé#kg_1)#kr(t[#kl,se#kz71) yee

#kr(tl#kz S0k, —1)+1

o [te e ?té(#k'g—l)asz(#k[—l)]a”~)
#he—1

: V’r‘(tg#ki,Sz#ke71)(#kr(t2#kea5£#k571) + 1) ’ 1{#kﬂ>0} : 1{5[#k2>2}

+> | [T&0) ~5(..., \[(z}/ o

ieJ \jeJ #k;i—S;=0

s [l} S(8); (i, 5(0)) 15 Sr(i,S ()15 - - - Er(6,8(0) #ekria. 500)) Sr(i,S(i)—l)#kr(Ls(i)):| e )

#kr(i,s0)+1

Vr(i,5() (FRr,s()) + 1) - Lgri=s,}-
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Substitution of (7.3.4) leads to

[T&m) ] -0

jeJ
(Z)‘z “Legr, >0y + Zﬂi("i) “Len >0y - Ligki>0y + Z ve(#ke) - 1{#k¢>0})
i€J i€J LeM
= Z H Ej(”j) ‘g(k) : : 1{m>0} : 1{#ki>0}
ieJ

+3 T &) -5(...,[i,l;i,l;...;z‘,1],...)- A ars0p - Lk <5,

icd #ki+1>1

+ Z Hfj(nj) '9<-~-, (27275 | R | 7RI ;te(#kgq),se(#khn},u-)
il ~——
lteM #kte#kfrlzl H#ko—1

g0y e, =)

+> [ TI& ™)

eM \jeJ
: 9( ey |:t€#k’z7sf#k( - 15 t’r‘(tg#kl{,sg#kl{—l)la S’l‘(tg#kag#kk—l)l; e

..y tr(tk#’“[’Sk#’“éil)#k”tl#ke=52#k2*1) 5 Sr(t(#kl,se#kl71)#16,“(,,[#”155#%71)} g

#kr(te#kl,sg#k[—l)"rl
ey [tgl, Se1s - - - ;tl(#lw—l)a Sf(#k‘g—l)} 5. )
H#Hhke—1

) Vr(te#ke,se#ke—l)(#kr(tl#kpsl#kz—l) +1)- Listke >0y - 1{35#k£>2}

i€J \jeJ

0( o
~—~
#ki—S;=0

e [Z} S(8); (i, 5(0)) 15 Sr(i,8 ()15 - - - Er(i,8(0) #kria. 500)) Sr(i,S(i)—l)#k,.(i,S(m] e )

#hkri,s(i))+1

“Vr(i,5()) (FRr,500) T 1) - Lggki=si}-
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Cancelling <Hj€jgj(nj)> and the sums with the terms 11;(n;) - 1,0y - 1{#s, >0 on both
sides of the equation leads to

O(k) - (Z& Lk, >o01 + Z ve(#ke) - 1{#k5>0})

icJ eM

- ZH(...,[z’,l;z’,l;...;i,l],...) N Lsrisoy - Lk <)
- N
i€l #hit1>1

+Ze("'v [togn,, 1] ,~~~,[t£1,8z1;~~;te(#kz—1),3a#ke—1)},~~~)
eM

#higpp,, T1=1 Hhke—1

: )\tf#k[ “Ligre>oy - 1{35#16@:2}

+ E 9( ) [té#kw Stthe = Litr(topn, ek, —1)10 Sr(tegng sepn, — D15 -
eM

e ;tT(tl#keasl#kZ_1)#1‘37-@2#1‘,@,%#1%71) ) 87‘(7:[#]‘2’Sé#ké_l)#kr(tk#ke»W#kifl) yoeee

R (tpgpny s epr, D T
o [te, ses ~;tz(#keq)ﬁz(#qu)]w-~)
#he—1

: V’r‘(tg#kg7Sg#k£—1)(#1{:7‘(752#@{752#@4_1) + 1) ’ 1{#k2>0} ’ 1{S[#kl>2}

+Z§(..., \[(ﬂ/

icJ #hi—5:=0

cees [i, S(8); tr(i,5()1s Sr(i,5()15 - - - Er(i,5(0) #kria. 5000) Sr(i,S(i)fl)#kr(Ls(i))} g )

#kri,s0)) 1

(i, 8()) (Fhri,s0)) 1) - Lgki=si}- (7.3.6)

Substitution of (7.3.5) leads to

0(k) (Z/\i Lpprsop + Y ve(#ke) - 1{#ke>0})

ieJ LeM
= Ze(k) “Ai s Lk >0v - Lk, <siy
i€eJ
~ . 1
+ Z G(k) . l/;(#/f(‘) . )\7‘7 . Até#k[ . 1{#k¢>0} . 1{”#]6[:2}
ZGM CH Ky
~ 1
+ ) 0(k) - ve(#he) -
é%\:/f Ur(topn, Sesh, D) (#Er(tepn, 50, —1) T 1)
'V’r'(tz#kZ,SZ#kg—l)(#k’l'(tz#kwsl#kg_l) + 1) : 1{#kl>0} ’ l{Sz#ke >2}
~ 1
9k>\, T Ur(i.S(i k'ri i 1)-1 =S 1.
+iEZJ " Vr(,8(i)) (#kr(i,5()) + 1) Vrte:s) (#Rrs@) 1) Liki=si)
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Ligr,—s,) = 1 implies 1¢4y. 0y = 1. Therefore,

6(k) - (Z)‘z Lrgri0y - (Lighi<sy + Ligki=s,y)

icd
+ D ve(#ke) - g0y - (1{5,,”4;:2} + 1{sw>z}>)
teM
= Z@(k) A 1{#ki>0} ’ 1{#k,i<S,;} + Z O(k) - ve(#ke) - 1{#ke>0} ' 1{Sz#w:2}
i€J eM
+ Z O(k) - ve(#ke) - Lisr,>0) - Lorpe, 52} Ze(k) D YRR TS P
eM i€J

The right-hand side of the last equation is obviously the left-hand side.

Inspection of the system (7.3.6) reveals that it is a “generator equation”, i.e. the global
balance equation 6 - Q,.q = 0 for a suitably defined ergodic Markov process on state
space K with “reduced generator” Q,.q. Because the Markov process generated by Q,.q
is irreducible the solution of (7.3.6) is unique up to a multiplicative constant, which yields

6. O]

Recall that the system is irreducible and regular. Therefore, if Z has a stationary and
limiting distribution, this is uniquely defined.

Definition 7.3.2. For the queueing-inventory process Z on state space F, whose limiting
distribution exists, we define

m:=(r(nk): (n,k)€ E), =w(nk):= lim P(Z(t) = (n,k))
and the appropriate marginal distributions
¢:=(Em):nelNg), &)= lim P((Xi(t),...,X,(t) =n),
0= (00 : ke k), 000 :=lm P((Vi(t).....Ys(). Wra(t), ... Wypar (1) = k).
Theorem 7.3.3. The queueing-inventory process Z is ergodic if and only if for j € J

2 11 (0 =

n;ENg (=1

If Z is ergodic, then its unique limiting and stationary distribution is

7 (n,k) = ¢(n) - 0(k), (7.3.7)
with
¢m) = [ &(ny), &ny) =C ] Mj(Jﬁ)’ n; € No, j € J, (7.3.8)
jeJ =1
. 1 k>0 e
ok) =y - [] () I Il —+ ke¢k, (7.3.9)
jer N et =1 0
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and normalisation constants

C;=
n]GNof 1
1{kj>0} #hm
Co=> 115
keK jeg meM £=1

Proof. Z is ergodic, if and only if the strictly positive measure x of the global balance
equation x-Q = 0 from Proposition 7.3.1 can be normalised (i.e. Y, cn, 2 xex (0, k) <
o0). Because of Proposition 7.3.1 it holds

Y Y amk =Y &m)- Yk

neNg ke K neNy keK
( > #km
jeJ n;€Ng = 1 keK jeJ meM {=1

Hence, since K is ﬁmte the measure x from Proposition 7.3.1 can be normalised if and

only if 3, eNOHe 1M y < oo for all j € J.
Consequently, if the process is ergodic, the limiting and stationary distribution 7 is

given by
z(n, k)

ZnENo ZkGK )

where z(n, k) is given in Proposition 7.3.1. O

m(n,k) =

Remark 7.3.4. The expression (7.3.7) shows that the two-component production-inventory-
replenishment system is separable, the steady states of the production network and the
inventory-replenishment complex decouple asymptotically.

The explicit formula (7.3.9) for 6 shows that in fact there exists a three-term product
structure, and that moreover the equilibrium for the integrated model is stratified. In the
upper stratum we have two independent vectors for production and inventory-replenish-
ment, the latter splits into two products, a factor for the subsystem comprising the
inventories and a factor for the replenishment subsystem.

In the lower stratum each of the three factors of the upper stratum is decomposed com-
pletely in “single-component” factors concerning the production servers, the inventories,
and the replenishment servers. It should be noted that the factors for the inventories
and the replenishment servers do not indicate internal independence, but they are of
product form as the celebrated conditionally independent coordinates in the equilibrium
of Gordon-Newell networks (see Theorem A.2.6).

Representation (7.3.8) shows that the equilibrium for the production subsystem decom-
poses in true independent coordinates. A product structure of the stationary distribution

n) =[] ¢y =

jeJ

is commonly found for standard Jackson networks (see Theorem A.2.2) and their relatives.
In Jackson networks servers are “non-idling”, i.e. they are always busy as long as customers
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are present at the respective node. In our production network, however, servers may be
idle while there are customers waiting because a replenishment needs to arrive first.
Consequently, the product form (7.3.7) has been unexpected to us.

Comparing our production-inventory-replenishment system with the “Jackson network
in a random environment” in [KDO16, Section 4] it turns out that we can interpret the
inventory-replenishment subsystem, which contributes via € to Theorem 7.3.3, as a “ran-
dom environment” for the production network of nodes J, which is in this view a Jackson
network of parallel servers (for more details see Appendix A.3). Taking into account
the results of [KDO16, Theorem 4.1] we conclude from the hindsight that decoupling of
the queueing process (Xi,...,Xs) and the process (Yi,...,Yy, Wyt1,...,Wiinm), ie.
the formula (7.3.7), is a consequence of that Theorem 4.1. It should be noted that the
three-term structure of the upper stratum of the product form steady state 7 in Theorem
7.3.3 can not be obtained from the general theory.

Our direct proof of Theorem 7.3.3 is much shorter than embedding the present model
into the general framework of [KDO16].

The structural properties from Section 2.6.1 (ergodicity) and Section 2.6.5 (insensitivity
and robustness) hold word-by-word for this integrated system as well.

7.3.2. Cost analysis

We consider the following cost structure for inventory, production, and replenishment.
The total costs at location j € J consist of shortage costs cys,j for each customer that is
lost, waiting costs ¢, ; per unit of time for each customer in the system (waiting or in
service), capacity costs ¢, ; per unit of time for providing inventory storage space (e.g.
rent, insurance), holding costs ¢, j per unit of time for each unit that is kept on inventory.
The unit holding costs per item at workstation m € M of the supplier network are Ch,m-
We assume that all of these costs per unit of time are positive.
Therefore, the cost function per unit of time in the respective states is

fs: NJ x K — R{,

fs k) = [ > fo (g k) + > finlkm)
jeJ meM
with the cost functions fs; : No x K; — R(J)r at location j of the local system state
(nj, kj) with order-up-to level S; per unit of time
fs;(ng,kj) = cwj-nj+csj - Sj+ cng - #kj + Cuog - Lign; o)
and the cost function f,, : Ng — Rar at workstation m of the supplier network per unit
of time
fm(km) = Ch,m * #km

We are interested in the long time average costs of the system as a function of the
order-up-to levels S := (Sj 7€ d ), which are considered as the main decision variables.
The asymptotic average costs for an ergodic system can be calculated as

1 /7 _
lim /0 fs(Z(w,t)dt =Y fs(n,k) -7 (nk)=: f(S) P—as

A cost analysis can be performed as for the basic model in Section 5.4 on page 137.
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7.4. (1,5;)-policy with two locations and one workstation

7.4. (1,5,)-policy with two locations and one workstation

In this section, we study the supply chain as described in Section 7.2 with two locations
(J =2, J ={1,2}) and one workstation (J + 1 = 3) at the supplier network (M = {3}).
Service times at the supplier are exponentially distributed with parameter v > 0 and are
independent of the queue length. For the control of the inventories we use the (1,.5;)-
policy. Therefore, if the inventory level at location j € J falls down to the reorder level
rj = 1, a replenishment order is instantaneously placed. With each replenishment the
local inventory level is restocked to exactly S; < co. We assume that S; > 0 and that
there is at most one outstanding order (S; > 1). We denote S := (Sj 1j € j). The
supply chain of interest is depicted in Figure 7.4.1.

Replenishment
[

Location 1

Inventory

Lost

i i ‘sales
Demand arrival :|:|:|:|I

process Waiting room

Supplier
Station 3

Single | ------- -
server [------ -~

iting room

X K Waiting room

Demand arrival \

process Lost

sales

Inventory

Location 2

i g
Replenishment

Figure 7.4.1.: Supply chain with two locations, one workstation at the supplier and (1, S;)-
policy at location j, j € J

To obtain a Markovian process description of the integrated queueing-inventory
system, we denote by X;(¢) the number of customers present at location j € J at time
t > 0 either waiting or in service (queue length). By Yj(t) we denote the contents of the
inventory at location j € J at time ¢ > 0. By Wy,1(t) = W3(t) we denote the sequence
of orders at the supplier at time ¢ > 0.
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7. Production-inventory system with (r;, S;)-policy

We denote by K3 the set of possible states at the supplier (local state space). The state

ks := [tl, . ,t#k3] € K3
N———
#ks orders
indicates that there are #ks orders at the supplier, on position p € {1,...,#ks} resides
an order of type t, € J. More precisely, ¢ is the order at the head of the line, which is

in service, and t4y, is the order at the tail of the line. We do not need the stage of its
route in the supplier network because the supplier only consists of one workstation.

3
k= (#k17#k27k3) eK - HKJ’
j=1

where K; denotes the local state space at j, j € JUM, and K denotes the feasible states
composed of feasible local states.
For #ks = 0 we read

ks = [tl,.. .,L‘#]%] =: [0]

We define the joint queueing-inventory process of this system by
Z = ((Xu(t), Xa(t), Ya(t), Ya(t), Wa(t)) : £ > 0).

Then, due to the usual independence and memoryless assumptions Z is a homogeneous
Markov process, which we assume to be irreducible and regular. The state space of Z is

E={(nk):neNj, ke K}.

7.4.1. Limiting and stationary behaviour

The queueing-inventory process Z has an infinitesimal generator Q = (¢(z;2) : 2,2 € E)
with the following transition rates for (n,k) € F, where a typical state is

(1’1, k) - <TL1, na, #kh #k27 [tla o 7t#k3] >7 (741>
k
=ks

and we will impose necessary restrictions if needed:

e ARRIVAL OF A CUSTOMER AT LOCATION i € J,
which happens only if the inventory at this location is not empty because of the
lost sales rule:

q((n,k); (nt+e;, k) = N - Leup, >0y, icJ.

SERVICE COMPLETION OF A CUSTOMER AT LOCATION i € J,
which happens only if there is at least one customer at location ¢ and either

if there are #k; = 1 items of raw material present at the inventory at location i,
i.e. from location ¢, where #k; = 1 items are present, a customer departs and
an item of raw material is removed from the associated local inventory and no
replenishment order is sent to the supplier because there is at most one outstanding
order:

178



7.4. (1,5;)-policy with two locations and one workstation

location 1
q((naﬁﬁi7#k27[tlaat#kd])7<n 7#‘1{:0 7#k2a[t17"~7t#k3])>
= Ml(nl) . 1{n1>0} . 1{#k1=1}7

location 2
q((n,#kl,f@ﬂcﬁ,[tl,...,t#k3]);(n btk ,[tl,...,t#ks])>

=1 =0

= p2(n2) - Linosoy - Lisgko=1},

if there are #k; = 2 items of raw material present at the inventory at location i,
i.e. from location ¢, where #k; = 2 items are present, a customer departs and an
item of raw material is removed from the associated local inventory,

in addition a replenishment order of type ¢ is sent to the supplier, where #k3 have
already been present:

location 1
q((naﬁ]zla#kZu[tlw"vt#kg]);(n 7#]{7_1 7#k27[t13"'7t#k37 ]))
= p1(n1) - gy >0y - Ligr, =2}

location 2
q((na#kly#k%[t17'~~vt#k3});(n 7#k11#k v[tlu"'7t#k37 ]))

=2 =1

= p2(n2) - Lin,>oy - Ligra=2),

or if #k; > 2 items of raw material are present at location i,
i.e. from location i, where #k; > 2 items are present, a customer departs and an
item of raw material is removed from the associated local inventory:

location 1

q<(n,@,#k2, [tl,...,t#kS]); (n ey 1, Hky, [tl,...,t#k3])>

>2 >1

= pa(n1) - Lny>oy - Ligh>2)
location 2
q((nu#klv#k27[tla"'ut#k3]>;(n 7#k17#k2 u[t17-~~7t#k3])>

>2 >1

= p2(n2) - Tinosoy - Ligky>2)-
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7. Production-inventory system with (r;, S;)-policy

SERVICE COMPLETION OF AN ORDER AT THE SUPPLIER,

which happens only if there is at least one order (i.e. #ks > 0),

i.e. from the workstation at the supplier, where #ks orders are present, an order of
type t1 is removed and is sent to the inventory at location ¢; € J, where #k;, <1
items of raw material have already been present:

location 1
q((nv #kla #k27 [latQa v at#ks] )7 (1’17 7#k2a [t27 .. 7t#k3] ))
N~~~ —_— —— S~~~ ————
<1 #k3>0 #k1 #ks
=v-lag,>o0),
location 2

q<(n7#k1,@, 2, b, ... ,t#k3]>; (m#khv, [t2, .\ tan,] ))

<1 #k3>0 #h2 #ks

=UV- 1{#k3>0}'

Furthermore, ¢(z; Z) = 0 for any other pair z # Z, and

q(z;z):—Zq(z;i) Vz € E.
icE,
Z2#Z

Proposition 7.4.1. The strictly positive measure x := (x (n, k) : (n,k) € E) with

z(n, k) =¢(n)-0(k), (7.4.2)
where
&m) = T[&my). &) =TI 050 neNojer (7.4.3)
jeJ /=1
and

Ok, #ks, [0]) = 2 (M +v)- ()\ij_. Ki (A + Ao+ V)’

1 < #k < 51,
1 < #ky < SQ, (7.4.4)
~ V'()\1—|—l/)-()\1—|—>\2—|—1/)

9(#k1, 1, [2]) = N s 1< #k1 < 54, (745)

A1, 4y, (1)) = P2+ V) -A(;l ot )

5(#]“7 0,2]) = ot V)A\f)\l + X2 +v)

, 1 < #ko <5y, (7.4.6)

s 1< #]ﬁ < S1, (747)
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7.4. (1,5;)-policy with two locations and one workstation

5(0, #k‘Q, [1]) — AL ()\2 + V) : ()‘1 + Ay + 1/)

1 < #ko <5y, (7.4.8)

Ao ’
0(1,1,[1,2) =v- (M2 +v), (7.4.9)
0(1,1,12,1]) =v- (M +v), (7.4.10)
0(1,0,[2,1]) = Ay - (AL + Mg + 20), (7.4.11)
0(0,1,[1,2]) = A1 - (A1 + Ao +20), (7.4.12)
0(1,0,[1,2)) = A2 (VM (fy;r V). (7.4.13)
5(0,1,[2,1]) = 1 (VAQ (ily;r v) (7.4.14)
3(0,0,[2,1]) = A2 (A2 +v) - I(/)\l(L)f :—)2 v)+ (A +v)- 1/)7 (7.4.15)
5(0707 [1’ 2]) _ )\1 . )\2 . (()\1 + V) . ()\1 + )\2 + 2V) + ()\2 + l/) . l/) (7.4.16)

v-(AM+v)

solves the global balance equations x - Q = 0 and is therefore stationary for Z.

Proof. Before proving the proposition we recall the notation for the inventory-replenishment
subsystem: It will sometimes be convenient to use the elaborate notation

. . inventories .
A ontolies supplier at locations supplier
—
— =~
k = (#kh#k% k3 ) = | #k1, #ko, [tl,---,t#kg} .
—_—

#ks3 orders

Note the redundancy of some indicator functions in the global balance equations. We
prefer to carry all indicator functions with because it makes it much easier to follow the
proof of the stationary distribution.
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7. Production-inventory system with (r;, S;)-policy

The global balance equations x-Q = 0 of the stochastic queueing-inventory process
Z are given for (n,k) € E from (7.4.1) by

flux out of the state (n, k) through:
e an arrival of a customer at location i € J

if the inventory at this location is not empty (i.e. #k; > 0) because of the lost sales rule,
a service completion of a customer at location i € .J

if there is at least one customer (i.e. n; > 0)

and the inventory at this location is not empty (i.e. #k; > 0),
e a completion of an order at the supplier

if there is at least one order (i.e. #ks > 0):

$(n7 k) : (Z i Lk, >0y + Zuz(nz) gm0y - gm0y + V- 1{#k3>0})
icJ icJ

= flux into the state (n, k) through:
e an arrival of a customer at location i € J

if in state (n, k) there is at least one customer at location ¢ (i.e. n; > 0)

and the inventory at this location is not empty (i.e. #k; > 0):
o location 1

$(Il - el,k) ‘A1 Ly >0y Lk >0}
o location 2

+ x(n — eg,k) ‘A2 Lnoso0y - Ligke>0)

a service completion of a customer at location i € J

if in state (n, k) there are at least 2 units

and at most S; — 1 items of raw material present at location ¢ (i.e. 1 < #k; < S;)
(i.e. a customer departs from location 4

and an item is removed from the associated local inventory there

and no repelenishment order is sent to the supplier because of the (1,.S;)-policy):
location 1

+x(n k1 -+, #ko, [0]) cpa(nn + 1) Tacgr, <80y Ligho>1) - Liks=[0]}
+ ”“"(“ JFk 1L, [2]) (e + 1) Tacpr<siy  Liggho=1} " Liks=[2)}

+x(n ,#k1 1,0, [2]) (1) - Tacgr, <siy - Ligra=0}  Liks=(2)}
location 2

+ x(n L FEk, ko1, [0]) cp2(n2 + 1) - Teap s1y - Licstha<Ss) - L{ks=[0]}
+x(n 1 #ky 1, [1]) “pz(n2 + 1) - Tgr =1y - Lacgha<so) - Lka=(1)}

+ I(n ,0, #ko 1, [1]) cp2(n2 + 1) - Teug —oy - Liicsha<Ss) - Lke=[1]}
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7.4. (1,5;)-policy with two locations and one workstation

a service completion of a customer at location i € J

if in state (n, k) there is 1 item of raw material present at location ¢
(i.e. a customer departs from location i

and an item is removed from the associated local inventory there

and a replenishment order of type 7 is sent to the supplier):

location 1
J””(n 2 #ka, [0]) i 1) Lgka=1y - Lo >y - Lrs=1])
+ :z:(n .2, 1, [2]) cpa(na 1) Lo —1y - Ligro=1y  Lks=[2,1)}
+ m(n 2,0, [2]) S+ 1) - Lgera =1y - Lgeka=0y - Lks=(2.1]}

location 2
+ 1?(11 s #k1, 2, [O]> cp2(ng + 1) - Tipry sty - Lgho=1} - Lka=[2}
+ :c(n 1,2, [1]) pa(n2 + 1) - Togr =1y - Ligho=1) - Lirs=1,2]}

+ x(n ,0, ,[1]) p2(n2 + 1) - Ligr, =0y - Lgho=1} " Lks=(1,2)}

a service completion of a customer at location i € J

if in state (n, k) there is 0 item of raw material present at location i
(i.e. a customer departs from location 4

and an item is removed from the associated local inventory there
and no replenishment order is sent to the supplier

because there is at most one outstanding order):

location 1
+ ﬂ?(n o L #ko, [1]) cpi(nn + 1) Tigr, =0y - Lghos1y - Lks=1p
+x(n L L 2}) S+ 1) - Lk =0y - Lgha=1) - Lka=l1,21}
+ z(n ,1,1,[2 1}) cpr(mr 1) Tewg —oy - Lisgtro=1} - L{ke=[2.1]}
+ a:(n , 1,0, [1,2}) cpa(na + 1) Tigr =0y - Lgtho=0} * Lira=[1,2)}
+x(n 1,02 1}) S (1) - Lk =0y + Lgka=0) - Lka=l2,1)}
location 2

+ fc(n , #k1, ,[2]) p2(n2 + 1) - Tigr, 1y - Lgho=0) - Liks=(2))

ntes, 1,1, p2(ne 4+ 1) - Ligr, =13 - Ligro =0} - Lks=[1,2]}

+a 1,2]) - )-

+ z(n 1,12, 1]) cp2(n2 + 1) - Tigr, =1y - Lgho=0} * L{ra=[2,1]}
+ a:(n ,0,1,01 2]) “p2(n2 + 1) - Tigr, =0y - Ligho=0) - Liks=(1.2)}
—|—x(n 0,12 1})- )

p2(n2 + 1) - gk, =0y - Ligko=0} - L{ks=[2,1]}
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7. Production-inventory system with (r;, S;)-policy

e a replenishment of the inventory at location i € J
if in state (n, k) there are S; items of raw material present at location i (i.e. #k; = .S;)
(i.e. an order of type i is removed from the supplier
and is sent to the inventory at location i):

o location 1

+ x(“»(l#kz, 1 ) Ve Lgk=s1)  Lgtko>1) - Lke=(0))
+

) Ve Lpg =51y - Ygtho=1} * L{ks=[2)}

) Ve gk =51y - Lgko=0) * Lirs=[2]}
Vg =51y " Ystho>1) - Likg=[0]}

+
) Ve lgr=sy Hatka=1) - Lke=12)}
) Ve lgr=sy - Hatka=0y - Lke=(21}

o location 2

+x(n,#k170, 2 )'V' Ligpka>1y - Ligtho=52}  Lika=[0]}
+

) Ve Legp =13 - igho=5,3 - L{ks=11}

) Ve gk =0y - Ltha=52}) * L{ks=[1]}
e Lgr> 1y Wgtha=521 - Hiks=(o]}

+
) Ve Lg=1y - Lgtha=s23 - Lka=(1}
) Ve Legg =0} - Liho=83 - L{ks=11]}-

It has to be shown that the stationary measure (7.4.2) with (7.4.3) and (7.4.4)-(7.4.16)
satisfies these global balance equations. Some of the changes are highlighted for reasons
of clarity and comprehensibility.
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7.4. (1,5;)-policy with two locations and one workstation

Substitution of (7.4.52) into the global balance equations directly leads to

(H gj(”j)) O(k) - (Z Ai - Lgr, >0y + Zui(”i) “Lini>o1 - Ligki>oy v 1{#k3>0})

jeJ ieJ ieJ

(Hf] ") > H000) 111 (11) Lm0y * Lty >0)

<H€] g 9 p2(n2) - Ly >0y + Ligky >0}

+

[T1&0
[1&0
160
[T&0
[1&0

O #k1 + 1, #k2, [0 ]) A Lcgr<siy  Lgka>1) - Lks=[0)}

+

SO\ #k + 1,1, [2]) ’ ' 1{1<#/€1<S1} ’ 1{#k2:1} ’ 1{k3:[2]}

+

+

F#ki, #ky + 1, [0]) Ao Legry 1y Yacstka<sot - Lks=(0}

+

SO 1, #ko + 1, [1]> Ao Legry =1y - Lacgtko<so) - Tks=11]}

+

o
(
0(#k1 +1,0,21) - 01+ Ljncpr<siy - Tspbamo) - Likg=p)
(
(
(

[T1&0
[T&0
[T&0
[1&0
[T&0m
[T&0

0|2, #ka, [0]) A Lk =1y Lgka>1) - Lks=111)

+

2,1, [2]) A gk =1y - gko=1) - Lke=[2,1]}

+

2,0, [2]) A Mg =1y - gk =0} - Lke=12,1)}

+

+
/N /~ N /— N -/ N /N /N / N / N -/ N /N

+

(
(
(

O(#80,2.001) - 0o Ly - Ligeramy - Lo
(R N11) RRERS FTSIVES VTRIUES rrom
(

+

0,2, [1]) Ao Lge=0y - Mgko=1) - Vko=[1,21}

)
)
)
)
)
)
[1& m) 00 #k2 + 1L 10) 0o Lgnimo) - Taspmacsa) - Likamit)
)
)
)
)
)
)
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7.4. (1,5;)-policy with two locations and one workstation

1,0,[2, 1]) Ve Lok =1y - Lgho=5,) - Lks=(1]}

0,0, 2, 1]) Ve Lk =0y - Lgho=551 - L{ks=[1]}

—_
—_

(2, 1]) Ve Lgk=1y - Lgka=s2) - Mka=(1))

07 17 [27 1]) v 1{#k1:0} : 1{#k2:S2} ’ 1{k3:[1]}

-0 #k1, 0, [2]) Ve Ly >1y - Wtho=503 - Lkg=[0)}

(e )
(et )
(ILeee)
( %(np) Ok, 1 120) v Loy Lgamsa) - Lo
(ILeee)
(et )

Cancelling (Hjejgj(nj)) and the sums with the terms 11;(n;) - 11,50y - 1{#,>0} on both

sides of the equation leads to

g(k) . (Z i L, >0y v 1{#k3>0})

icJ
0 (k1 + 1, #ko, [0]) A Lacpr<siy  Lgka>1) - Liks=(0))
#ki+1,1, [2]) A Tacsri <oy Lgho=1) * Lika=l2)
#k1 +1,0, [2]) A Legr <81y Ygtko=0) - Lks=[2))

"
+
+ 0 #tky, #ho + 1, [0]> ‘A2 gk >1y - Tacgho<so) * Liks=[0)}
+0(1, #ko + 1, [1]) ‘A2 Ligp, =1y - La<gtha<So) * Lks=(1]}

+

2, #ka, [0}) AL L =1y - Lgho> 1y Lke=11}
2,1, [2}) A Tk =1) - Lgtho=1) - Lka=[2,1)}
2,0, [2}) AL Lk =13 Ligtka=0) - Lika=[2,1])
#h1,2, [0}) A2 Lk >1y - Lgho=1) - Lka=(2))
1,2, [1}) A2 Tk =1) - Ligtho=1) - Lka=[1,2}

(
(
(
(
(
5(0, #ha + 1, [1]) A2 Ligr=o) - La<gha <o) - Lks=1])
(
(
(
(
(
(

0,2, [1}) A2 L =0y - Mgko=1) - Lka=p1,2)}

(7.4.17)

(7.4.18)
(7.4.19)
(7.4.20)
(7.4.21)
(7.4.22)
(7.4.23)

(7.4.24)
(7.4.25)
(7.4.26)
(7.4.27)
(7.4.28)
(

7.4.29)
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7. Production-inventory system with (r;, S;)-policy

) A Lggka=0y - Lha=13 - Mka=(1.27}
) AL Lgk=0y  Lgtho=1) - Lks=[2.1])
10,1, 2]) AL Lgki=0y - Ligtha=0} * Liks=11,2])

AL Ly =0) - Lgha=0} - Lko=[2,1]}

#k1, 1, [2]) A2 Tk >1y - Lgho=0)  Lka=[2])
A2 Tk =1y - Lgtho=0y - Lra=p1.2)

1,1,[2, 1]) “A2 - Ly =1} - Lo =0} - Lks=[2,1]}
) ‘A2 gk, =0y - Ligtho=0} * L{ks=[1,2)}

A2 Ly =0} - Lgha=0} - Lko=[2,1]}

0.1,[1,2]) v Tgpmimsiy  Lpramt) - Liamia)
0,0, [1, 2]) Vo Lgm=siy - Lgtha=0y - Lika=(2)}
0(1, #k>, [1]) Vo Lgki=s1)  Lgko>1) - Lks=(0])
Vo Lgki=s1y - Lgtha=1} - Lka=[2]}

1,0,[1, 2]) Ve Tk =51} - Lgtho=0} - L{ka=[2]}

1,0,[2, 1]) Ve Tk =13 - Ygtha=s21 - L=}
0,0, [2, 1]) Ve Ly =0y - Vtho=523 - Lke=1]3
#k1,1