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Abstract

Non-perturbative aspects of NV = 2 supersymmetric field theories of class S are deeply
encoded in the algebra of functions on moduli spaces Mg, of flat SL(N)-connections
on Riemann surfaces. Expectation values of Wilson and ’t Hooft supersymmetric line
operators are related to holonomies of flat connections, while expectation values of line
operators in the low energy effective theory are related to Fock-Goncharov coordinates
on Mg,. Through the decomposition of UV line operators into IR line operators, we
determine their noncommutative algebra from the quantisation of Fock-Goncharov
Laurent polynomials, and find that it coincides with the skein algebra studied in the
context of Chern-Simons theory through quantum group theory methods.

We also investigate the relations between the quantisation of moduli spaces of flat
connections, sly Toda conformal field theories and quantum group theory, and find
that another realisation of the skein algebra is generated by Verlinde network oper-
ators on Toda conformal blocks. To arrive here we use the free field representation
of VW-algebras to define natural bases for spaces of conformal blocks in Toda field
theory. For sl; conformal blocks on a three-punctured sphere with generic representa-
tions associated to the three punctures we construct operator valued monodromies of
degenerate fields which can be used to describe the quantisation of the moduli spaces
of flat SL(3)-connections. The matrix elements of these quantum monodromy ma-
trices can be expressed as Laurent polynomials of more elementary operators, which
have a simple definition in the free field representation and are identified as quantised
counterparts of natural higher rank Fenchel-Nielsen type coordinates. Arguments from
quantum group theory then lead to the identification of the quantum skein algebra of
functions on moduli spaces of flat connections and the algebra of Verlinde network op-
erators. Comparing the spectra of these two realisations provides non-trivial support
for their equivalence. Our results can be viewed as evidence for the generalisation of
the AGT correspondence to higher-rank class S theories, in particular those with no
known weakly-coupled Lagrangian description.

We investigate possible applications to the study of non-Lagrangian SUSY field theo-
ries through their relation to topological string theory. Beginning with the topological
string partition functions corresponding to the 7Ty trinion theories of class S, we ex-
plore the relation between the geometric data of the local Calabi-Yau manifold used
in the geometric engineering of these theories and certain parameters which enter the
free field construction of s[y Toda conformal blocks. A meaningful way to take the
geometric engineering limit is discussed in the most simple case.






Zusammenfassung

Nichtperturbative Aspekte N° = 2 supersymmetrischer Feldtheorien der Klasse S sind
in der Algebra der Funktionen auf Modulrdumen Mg, flacher SL(N)-Zusammenhinge
auf Riemannschen Flidchen verschliisselt. Erwartungswerte supersymmetrischer Wilson und
't Hooft Linienoperatoren stehen in Verbindung mit Holonomien flacher Zusammenhinge,
wihrend Erwartungswerte von Linienoperatoren in der effektiven Niedrigenergie-Theorie
mit Fock-Goncharov Koordinaten auf Mg, verbunden sind. Uber die Zerlegung von UV-
Linienoperatoren in IR-Linienoperatoren bestimmen wir ihre nichtkommutative Algebra aus
der Quantisierung der Fock-Goncharov Laurent-Polynome und finden mithilfe quantengrup-
pentheoretischer Methoden, dass sie mit der Skein-Algebra iibereinstimmt, welche im Kontext
von Chern-Simons Theorie behandelt wird.

Dartiiber hinaus untersuchen wir Verbindungen zwischen der Quantisierung von Modulrdumen
flacher Zusammenhinge, sl Toda konformen Feldtheorien und Quantengruppentheorie. Wir
finden, dass eine weitere Realisierung der Skein-Algebra durch Verlinde-Netzwerkoperatoren
auf konformen Blocken von Toda konformen Feldtheorien erzeugt wird. Um zu diesem Ergeb-
nis zu gelangen, nutzen wir die freie Felddarstellung von }V-Algebren, um eine natiirliche
Basis fiir Riume konformer Blocke in Toda konformen Feldtheorien zu definieren. Fiir sl3
konforme Blocke auf einer 3-punktierten Sphire mit beliebigen zu den drei Punkten assozi-
ierten Darstellungen konstruieren wir operatorwertige Monodromien entarteter Felder, welche
zur Beschreibung der Quantisierung von Modulrdumen flacher S L(3)-Zusammenhinge genutzt
werden konnen. Die Matrixelemente dieser Quanten-Monodromiematrizen konnen als Laurent-
Polynome elementarerer Operatoren ausgedriickt werden, welche eine einfache Definition in
der freien Felddarstellung haben und die quantisierten Gegenstiicke natiirlicher Fenchel-Nielsen
Koordinaten hoheren Ranges sind. Argumente aus der Quantengruppentheorie fiithren dann zur
Identifizierung der Quanten-Skein-Algebra der Funktionen auf Modulraumen flacher Zusam-
menhinge und der Algebra der Verlinde-Netzwerkoperatoren. Der Vergleich der Spektren
dieser beiden Realisierungen liefert nicht-triviale Evidenz fiir ihre Aquivalenz. Unsere Resul-
tate konnen als Untermauerung der Verallgemeinerung der AGT Korrespondenz auf Theorien
der Klasse S hoheren Rangs, insbesondere fiir jene ohne bekannte Lagrange-Beschreibung im
schwach gekoppelten Regime, verstanden werden.

Wir untersuchen mogliche Anwendungen in der Erforschung supersymmetrischer Theorien
ohne Lagrange-Beschreibung durch ihre Verbindung zur topologischen Stringtheorie. Begin-
nend mit der Zustandssumme des topologischen Strings, welche dem 7’y Trinion in Theorien
der Klasse S entspricht, erkunden wir die Verbindung zwischen den geometrischen Daten der
lokalen Calabi-Yau Mannigfaltigkeit, welche im Kontext des Geometric Engineering dieser
Theorien benutzt werden, und bestimmten Parametern, welche in der freien Feldkonstruktion
von sl Toda konformen Blocken auftauchen. Fiir den einfachsten Fall diskutieren wir einen
sinnvollen Weg, den Grenzwert fiir das Geometric Engineering zu bestimmen.
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Chapter 1

Introduction

Motivated by the quest to understand the fundamental nature in which the universe works,
physicists have constructed frameworks to explain observed phenomena and enable the compu-
tation of quantitative predictions. A prominent example is that of gauge theories whose role in
the frame of theoretical physics is to describe interactions between elementary particles. The
current paradigm is extremely successful when applied to weakly-interacting theories, where
perturbative approaches based on a Lagrangian formulation are appropriate. It is however not
well suited to explain strong coupling phenomena, a notable example of which occurs in quan-
tum chromodynamics. Its formulation displays asymptotic freedom at high energies where
colour interactions between quarks are weak, but exhibits confinement at low energies, which
holds quarks in a bound state. Confinement is a non-perturbative effect that emerges in strongly
interacting regimes and which is not accounted for by perturbation theory. Further effects whose
understanding is so far outside the reach of perturbation theory are instantons, which are expo-
nentially suppressed contributions to effective interactions caused by nontrivial solutions to the
Euclidean equations of motion. Our knowledge of gauge theories is therefore so far incomplete
without a grasp of their strong coupling behaviour.

Nevertheless, advances have been made in this direction in the past decades, with important
physical quantities being calculated exactly for theories that have a certain amount of super-
symmetry. The additional constraints that are imposed by this symmetry describing relations
between bosons and fermions have allowed physicists to mitigate some of the current techni-
cal difficulties. Highlights of recent success include exact results on the expectation values of
certain physical observables like Wilson and ’t Hooft loop operators and powerful algorithms
for the computation of the spectra of BPS states which yield non-perturbative results. There
exist also examples from Seiberg-Witten theory where instanton corrections and confinement
are understood. The hope is that by developing new theoretical techniques through the analysis
of supersymmetric field theories, the resulting insights will be applicable to more realistic sce-
narios. In this context, the success story in the study of " = 2 supersymmetric field theories in
four dimensions has placed these at the centre of a harmonious and enduring interplay between
physics and mathematics. We will review below some of these advances, a survey of which can
be found in [1].



2 CHAPTER 1. INTRODUCTION

1.1 Recent advances

Seiberg-Witten theory

Beginning with the two publications [2], [3], Seiberg and Witten discovered exact results for the
low energy effective actions of certain four dimensional A/ = 2 supersymmetric gauge theories.
A nice pedagogical introduction can be found in [4]. The content of such theories with generic
gauge group G, is distributed into vector multiplets (A,,, ¢, \T), and hypermultiplets (Q7,.1)),
where the label 7 is in the range 1,...,rank(G) and Z = 1,2. The former are the gauge mul-
tiplets and contain a gauge field A, with spacetime parameter © = 1,...,4, a scalar field ¢ in
the adjoint representation of the gauge group and the two fermions A%, while the latter contain
matter fields ()7 and fermions ), 2/; Such gauge theories admit families of supersymmetric
vacua which form a moduli space M,,. This space splits into the Coulomb branch, which
is parameterised by vacuum expectation values of gauge invariant functions of the scalars ¢,
the Higgs branch, where matter fields receive non-vanishing mass parameters, and branches of
mixed type. Considering for example theories with SU(2) gauge groups, the Coulomb branch
of M, is parametrised by u = (Tr(¢?)), while the matter fields have vanishing vacuum expec-
tation values () = 0. When the gauge groups are replaced by SU(NN), there are N — 1 such
functions u® = (Tr(¢"*)), with k = 2,..., N.

The gauge group SU(N) breaks to U(1)V~! at low energy, where the physics at generic points
u®) on the Coulomb branch is described by an effective action functional whose bosonic part

1 1 1 -~
Seff — o / d*z(Im(7*)0,ap0"a; + 5Im(r’“)F,WF/“’ + §Re(rkl)Fk,WFl“”) (1.1.1)
depends on a matrix of couplings 7% and the N — 1 vector multiplets A;, with scalar components
ay, and field strength F,. The fermionic counterpart S is fully determined by the constraints
of N = 2 supersymmetry and the full effective action that describes the quantum field theory

at low energies is the combination S = S¢ff + Geff,

The low energy physics for generic values of the parameters u*) is captured by the prepotential
F(a), which is a holomorphic function whose argument denotes collectively the scalar compo-
nents a = (ay, ..., ay—1) of the vector multiplets and which determines the matrix of couplings
through 7*(a) = 0,,0,,F (a). For large classes of N' = 2 supersymmetric gauge theories, the
function F(a) is in turn specified by an auxiliary Riemann surface called the Seiberg-Witten
(SW) curve X which is defined by a polynomial equation P(v,t) = 0 in two complex variables
and with coefficients determined by «*¥), the mass parameters m of the flavour fields and the
matrix 7 of gauge couplings. For a canonical one-form A\gy = vdt/t and a chosen basis of the
first homology group H; (3, Z) represented by pairs of curves {«, 8}, with intersection index
a, N By = b, the periods a,(u) = [, Asw and a(u) = [, Asw define pairs of dual complex
coordinates on the space of vacua M,,.. Such a basis of cycles {«, 3} can be seen on the torus
at the top of Figure [[.T] The prepotential relates the corresponding dual coordinates through
aP = 0,,F(a). The parameters (a,a®) are called electric-magnetic dual in the sense that they
enter descriptions of the low energy physics at different points in the moduli space.

Supersymmetric field theories can be realised in the context of string or M-theory through com-



1.1. RECENT ADVANCES 3

pactifications of Hanany-Witten brane constructions, where physical parameters receive a geo-
metric interpretation. One may take the example of SU (V) gauge theories embedded in type
ITA superstring theory and which emerge from a D4 — NS5 brane construction [5]. This is illus-
trated for the simple and elegant case of the SU(2) gauge theory with four flavours on the left
of Figure The table specifies the space-time directions which are spanned by the branes and
marked by “~ and the coordinates where the branes are located at a point, marked by ““-”. The
construction is depicted in the 45 plane, in which the NS5 branes extend and the D4 branes are
point-like, and the 2% direction which is spanned by the D4 branes but where the NS5 branes
are located at a point. The geometrical parameters are the separation of the NS5 branes in the
direction z° proportional to the effective gauge coupling ¢ ~ 1/g? which enters 7 = % + %,
the separation a of the D4 branes suspended between the two NS5s and the positions in the 45
plane of the semi-infinite D4 branes which represent the mass parameters m;.

m, @ .-~ i ﬁ m,
m,o€g - e
,'a
5
m, NS N
— D4 m,
m,; a M5 -
............. m, —_— — ) e
v - N
4 [
XA
e S~
— ..\' 1l —‘/
—T ..
X5 —>6 = q
“~ X
-
t
IIA O o' |22 |22 |20 |20 |28 | a7 | a8 | 27 | (a'0) vt
NS5-branes | = | = | = | = | = | = o
(x5 +ix)/
D4-branes - =|-=]- : i = : F ] & t=e (x*+ix'?)

Figure 1.1: Left: The type IIA brane realisation of the d = 4, N' = 2, SU(2) four flavour gauge theory
as D4 branes intersecting NS5 branes. Right: The eleven dimensional realisation of this theory is though
an M5 brane with non-trivial topology which wraps the Seiberg-Witten curve .. Top: The curve ¥ is
topologically equivalent to a four punctured torus, with a basis for H, (X, Z) represented by the curves
{a, B}. Bottom: The table summarises the brane configuration in the spacetime directions, with r the

radius of compactification for the direction x'°.

A non-perturbative completion of type IIA string theory is provided in eleven dimensions by
an underlying fundamental theory called M-theory. Type IIA brane constructions like those
depicted in Figure can be embedded in M-theory by adding the spacetime direction '
which is compactified on a circle of radius r. The set of D4 — NS5 branes on the left of Figure
thereby becomes a single M5 brane on the right, which has non-trivial topology and wraps
a Riemann surface. This surface is identified with the SW curve X defined by a polynomial
equation P(v,t) = 0 in two complex variables which are specified by the spacetime coordinates



4 CHAPTER 1. INTRODUCTION

v = x* +iz® and t = exp(—(2° + iz'%)/r). The precise form of the polynomial P(v,t) is
determined by the asymptotic behaviour of the curve with respect to the parameters (v,t) at
the positions of the branes. The SW curve for the particular case depicted in Figure i
topologically a punctured torus with punctures at the two lifts of the positions ¢ € {0, cc}. The
parameter ¢ is related to the UV coupling 7 as ¢ = ¢>™", while the masses m; are given by the
integrals around the locations of the punctures at t € {0, o0} of the meromorphic differential

)\gw.

Alternative realisation of A/ = 2 field theories

Assuming that M-theory exists and also the existence of a low energy supergravity limit which
preserves a certain amount of supersymmetry, then it is often possible to predict the quantum
field theories given by various low energy limits. This reasoning has provided powerful insights
into the behaviour of such quantum field theories. It can furthermore predict the existence of
low energy limits of M-theory which have some amount of supersymmetry even when there
is no otherwise known description of the corresponding field theory. An interesting class of
interacting six dimensional theories with (2,0) superconformal symmetry and which live on
the world volume of stacks of M5 branes emerged in this context [6], [7], [8]. These have
no known Lagrangian description since even their field content is so far unclear, yet they have
represented a subject of great interest in recent years.

The mere existence of such theories has led to highly non-trivial predictions in the work of
Gaiotto [9] who introduced a rich and interesting class of four dimensional N' = 2 supersym-
metric field theories X(C, ,,, g), nowadays often referred to as class S. Such theories arise from
the twisted compactification of the six dimensional (2, 0) superconformal field theory with Lie
algebra g of ADE type on a background M* x C, ,,, where C, ,, is a Riemann surface of genus g
with n punctures [10]. The field theory X(C, ., g) lives on the four-manifold M/* and provides
an effective description for the six dimensional theory associated to g on a stack of N M5 branes
which wrap the Riemann surface C, ,,, when the area of this surface is small and the rank of g is
N —1.

The surfaces C,,, in Gaiotto’s classification [9] are related to the SW curves ¥ : P(v,t) = 0
for the corresponding field theories. The former provide a UV description, whereas the latter
appear in the IR regime generally as ramified N-sheeted covers of the curves C, ,,. The relation
can be seen as a result of a coordinate transformation for the equation which defines the curve
Y. In the case of SU(N) gauge theories of the type presented in Figure this equation is
of degree N in parameter v and can be brought into the form 2V = SV ¢,(2)xN ¢, where
¢¢(z) are meromorphic functions on a sphere Cy,, with poles at the locations of the punctures
ﬂ More generally, this curve becomes a punctured Riemann surface C, ,, of higher genus when

!The Seiberg-Witten curve 3 in this case is defined by the equation

4
(m1 — v)(ma — )t + (-(+ v’ + qui +u)t + g(ms — v)(ma —v) =0, (1.1.2)
=1
with the correct asymptotic behaviour in the limits ¢ — 0, co and also where v — m;.
2 The transformation combines a shift of v which removes the next to leading order with a reparametrisation (v, t) — (,t),
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the corresponding gauge theories can be represented by quiver diagrams with loops [9]. In the
simple example presented in Figure|l.1|the UV curve is a four punctured sphere Cy 4.

Class S theories of type g = sl; admit weakly-coupled Lagrangian descriptions specified by
pair of pants decompositions P, ,, of the surface C,,, combined with a choice of trivalent graph
I'. Each of the h = 3g — 3 + n cutting curves defining the pants decomposition corresponds to
an SU(2) gauge group, while each of the n punctures corresponds to an SU(2) flavour group
like in Table [Tl

Riemann surface Cg , H d =4, N = 2 gauge theory X(Cy,,, sl2)
Pants decomposition Py ,, Lagrangian description
a trivalent graph I on C 5, with action functional S7°*
Gluing parameters ¢, = e>™™ r=1,...,h UV couplings 7,
h cutting curves on connecting tubes h vector multiplets (A4,, @),
n punctures n hypermultiplets

Table 1.1: Correspondence between data associated to Cy ,, and the gauge theory X(Cy n, sl2).

Results from localisation

The development of localisation techniques [11] has allowed the computation of important
physical quantities in N/ = 2 field theories exactly, with important recent advances notably
in [12], [13]. It relies on the existence of a supersymmetry generator O, which squares to
a bosonic generator and which is a non-anomalous symmetry for the action functional S|®]
such that QS[®] = 0. If this requirement is satisfied, then the action can be deformed through
S[®] — S[®]+tQV[®], where the auxiliary fermionic functional V' [®] is such that Q*V[®] = 0
and ¢t € R. The partition function defined by the path integral

Z(t) = / [Dd]eS@I-tQVIel %f) =0 (1.1.3)
is then independent of ¢ as a consequence of the unbroken supersymmetry [13]. It is thus
possible to calculate Z(t) with ¢ — oo, where the integral localises on the moduli space M
of field configurations which are solutions to QV" = 0. It is furthermore possible to argue along
similar lines that expectation values of supersymmetric observables O[®]| which obey QO = 0
and which are defined with the deformed action by

(0) = / [DPle—SIPI-VII0 (1.1.4)
are independent of the parameter t. Depending on the model and on the existence of a good

choice for the functional V' [®], the space M, can be finite dimensional and such expectation
values thus become ordinary integrals.

where v = xt, and a subsequent SL(2, Z) transformation ¢ — Z::s, z — (cz +d)3x.
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The localisation procedure was applied by Pestun in [13] to calculate the partition function Z of
a quantum field theory on particular finite-volume spacetime backgrounds, which have sufficient
symmetry to preserve unbroken a supersymmetry Q. Certain IR divergences were regularised
as a result of this. Examples of such backgrounds are the four-sphere and more generally the
four-ellipsoids E! ., = {f + €](z] + 23) + €5(23 + x7) = 1}, where €, €; are called Omega
deformation parameters. When SU (V) gauge theories are placed on such a background, the
partition function localises as Z = [ daZ(a), with the integrand Z(a) = Z(a,m,T;€1, €)
reduced to a sum

Z(a,m, T €1, €6) = Z°"(a,m, T; €1, €) (1 + Z *Z® (a,m; e, €)) - (1.1.5)
k=1

The perturbative component ZP" contains exactly a tree-level and one-loop contributions, while
the instanton part ), ¢*Z (k) contains the series of instanton corrections. This is related to the
prepotential F(a) from [2], [3] in the limit of vanishing deformation parameters ¢;, e, — 0 as

Fla) = Fla,m;7) = — lim eeZ(a,m,T;€e1,€) . (1.1.6)

€1,e2—0

1.2 Correspondence to two dimensional conformal field theory

Alday, Gaiotto, and Tachikawa (AGT) made the striking observation that the four-sphere parti-
tion functions of SU(2) class S theories can be expressed in terms of correlation functions of
Liouville conformal field theory on Cg ,, [14].

Liouville field theory (see [15] for a recent review) is the most simple example of s[y Toda
conformal field theories, where N = 2, and is formally defined by the Lagrangian

1
Liiow = o (040)? + pue®? (1.2.7)
T

in terms of the Liouville two dimensional scalar field ¢(z, Z), the dimensionless coupling con-
stant b and the scale parameter ;. The field ¢(z, Z) can be constructed using a free chiral field
¢(z) and the corresponding anti-chiral field ¢(2) [16], [17]. Correlation functions of the chiral
primary fields V,,(z) = ¢?*¥(2) can be represented in a holomorphically factorised form

(Vas (00)Vay (1)Va, (¢) Ve, (0)) = /R d—aCzl(a)C43(—a)|F§;w(q)\2 (1.2.8)

+ 271'
where arex = (0, a3, i, 1) and the coefficients Cjj(a) = Co, a;,0/2+ia With @ = b+ b—! are
the DOZZ three point structure constants which are known explicitly, having been conjectured
by [18], [19] and derived in the free field representation of Liouville CFT in [16]. They specifty
the tree point functiong’

Cag 2,01
(Vs (23)Viay (22) Vi, (21)) = : (1.2.9)

- ‘Zl _ Z2|2A12,3|Zl _ 23‘2A13’2’22 — 23 2A23,1

3The exponents Ajjk = Aa; +Aa; — Aq, are given by the conformal dimension of the primaries Ao = a(Q — ).
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The conformal blocks F3*t(¢q) can be represented as a power series in the parameter ¢

Q* 00
fgéext(q) =q4 +a? Aoy —Aay (1 + qu 3}?‘) , (1210)
k=1

where the coefficients F,%" are determined by conformal symmetry.

Returning to the SU(2) four flavour gauge theory example presented in Figure the authors
in [14] identified the instanton contributions Z*) (@, m; €1, €2) with the coefficients in the power
series expansion of the four point conformal block Z*) = Foi'. The AGT correspondence is
more generally a relation between partition functions for X(C, ,, sl2) field theories on the , and
Liouville n-point functions of the form

n

2 _ <H Vai(zi>>Cg,n .

=1

2oy, [2(Cyst)) = [ dazmi2 P = [ dac i

(1.2.11)
The dictionary is summarised in Table|[1.2]
d =4, N = 2 gauge theory X(Cyn, sl2) H Liouville conformal field theory
()-deformation parameters €1 2 Coupling constants b, b~"
Mass parameters m; External momenta «; of correlation functions
Coulomb branch parameters a Internal moments «
Four-sphere partition function Full correlation function
Instanton partition function Conformal block

Table 1.2: Correspondence between gauge theory data and Liouville CFT parameters.

Higher rank generalisation

An important goal is the generalisation of the AGT correspondence to cases where g is a finite
dimensional Lie algebra of higher rank, such as g = sly. The origin of class & theories from
the six dimensional (2, 0) theory suggests that the relations to two dimensional conformal field
theory may have interesting generalisations for N > 2. In particular, for Ay _; theories one
expects to find a picture similar to that for the sl story, but with Liouville CFT replaced by the
conformal Toda field theories associated to the Lie algebras g = sl [20]. Strong evidence has
been accumulated for this conjecture, including [21], [22], [23], [24], [25], [26], [27], [28], [29],
[301, [31], [32], [33], [34], [35]. In particular in [29] it has been proven for a certain subclass
of the Ay _; theories in class S which may be represented as quiver gauge theories with linear
or circular quiver diagrams. However, neither side of this higher rank AGT correspondence
is fully understood beyond this subclass. In particular for non-Lagrangian theories, even in
the simplest case g = sl3 one encounters considerable additional difficulties obstructing direct
generalisations of the results known for g = sls.
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Usual methods do not apply on the side of N' = 2 SUSY field theory because among class S
theories of type g = sly with N > 2 one generically finds interacting field theories not having
a weak coupling limit with a useful Lagrangian description. It is therefore unclear what should
play the role of instanton partition functions in these non-Lagrangian cases. This difficulty has
a counterpart on the side of sl Toda field theories where the spaces of conformal blocks are
known to be infinite dimensional generically, but otherwise poorly understood up to now.

1.3 Relation to topological string theory

Four dimensional V' = 2 field theories emerge as low energy descriptions of Hanany—Witten
type brane constructions in type IIA string theory, like depicted for exmple in Figure[I.1] There
exist however various string theoretic descriptions of the same quantum field theory and which
are related to one another by a web of string dualities, a nice presentation of which can be
found in [36]. Physical quantities of interest which are protected by supersymmetry — such as
partition functions — play an important role in establishing these dualities, since the absence
of quantum corrections means they can be computed exactly and identified across the different
dual descriptions.

In particular, type IIA brane constructions are related by a series of string dualities [37] to
compactifications of type IIA string theory on non-compact Calabi-Yau three manifolds CY3,
without any branes. The latter represent the geometric engineering point of view [38], [39], [40]
which describes four dimensional gauge theories as decoupling limits of string theory. In this
fully geometric type IIA description it is possible to calculate the topological string partition
function using the (refined) topological vertex [41], [42], [43], [44], [45], [46]. The partition
functions of d = 4, N' = 2 field theories should emerge as a limit of topological strings
partition functions on CY3 manifolds of toric type, which are algebraic manifolds that can be
easily described in terms of a finite amount of combinatorial data, as suggested by Nekrasov in
[12].

Topological strings partition functions can be computed graphically in the style of Feynman
calculus using brane diagrams like the examples depicted in Figure[I.2] where the integrals that
appear when computing Feynman diagrams are replaced by sums over Young tableaux. The
brane (or web) diagrams are graphs which consist of a collection of trivalent vertices joined by
straight oriented edges and which are dual to the toric diagram that encodes the combinatorial
data specifying the corresponding CY3. Such a dual pair of diagrams is drawn in Figure [1.2b,
where the toric diagram is depicted by a dashed line. By associating a vertex function to the
vertices of the web diagram and edge factors to the oriented edges, where these edges are
furthermore decorated by Young tableaux, the associated topological strings partition functions
schematically take the form of a sum over the Young tableaux on internal edges

Z'P = Z three-vertices X edge factors . (1.3.12)

partitions

The topological vertex formalism thus enables an alternative derivation of instanton partition
functions based on the geometry of toric diagrams. It further provides tools to make predictions
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o % /

w ] +(*_( / 4

(1.1

(@) (b) ©)
XAA I1B 2|t | 22|23 |22 |2 |28 |27 | 2B | 2
NS5-branes | — | - | - - | - | -
XG D5-branes | — | — | — | — . g Fr

Figure 1.2: (a) The type 1IB web diagram realising the d = 4, N' = 2, SU(2) four flavour gauge theory
on junctions of NS5, D5 and (1,1) branes. (b) The web diagram realising the T theory of class S and
the dual (dashed) toric diagram. (c) The web diagram realising the Ty theory. Bottom: The table lists

5

the brane configuration in the spacetime directions and the direction x° is compactification on a circle.

for the currently undefined instanton partition functions of non-Lagrangian theories. The Ty
theories of class S for example are strongly coupled, have SU(N)? global symmetry and no
known weakly-coupled Lagrangian description. The low energy dynamics of a circle uplift
to five dimensions of these theories is captured by web diagrams [47] of the type sketched in
Figure [[.2k. The fifth dimension which is compactified on a circle is given by the spacetime
direction x° in the table summarising the brane configuration, while the 4d theories live in the
spacetime dimensions x° — 3. The topological string partition functions for such theories were
calculated in [48], giving an ansatz for the instanton partition functions of the 7% theories.

The topological string partition functions computed in [48] can be in principle be related to three
point conformal blocks of sly Toda conformal field theory by passing to a particular integral
formulation, following the approach of [34], [49]. This can serve to identify a preferred basis
in the space of conformal blocks from the point of view of the topological string.

1.4 Parallel developments and an alternative route towards AGT

Parallel developments have come from the insight of Gaiotto, Moore and Neitzke (GMN) that
the BPS spectrum of a class S theory is encoded in geometrical structures on the moduli space
M, of vacua of the theory on R3 x S! [50], [10], [51], [52]. BPS states in the Hilbert space
of a supersymmetric field theory are special since they form distinguished small representations
of the supersymmetry algebra and so do not mix with other generic states in the spectrum.

The six dimensional description of class S theories implies that M, is isomorphic to Hitchin’s
moduli space My of solutions to the self-duality equations on C, ,, (see [53] for a review). This
space has a hyperkéhler structure and in one of its complex structures it can be identified with
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4d gauge theories AGT Conformal field theory

Wilson/’t Hooft line operators Verlinde operators

\ Moduli space of flat connections j

Holonomies

Figure 1.3: Triangle of relations between 4d N = 2 supersymmetric gauge theories labeled by Riemann
surfaces Cy ,, (left), conformal field theory (Liouville or Toda) on C , (right), and the moduli space of
flat SL(N, C)-connections on Cy ,, (bottom). We also indicate the interpretation of line defects in each

description.
Field theory X(C, sl2) ‘ Liouville theory ‘ Moduli of flat connections on C
Algebra Ay generated by | Algebra Ay of Verlinde Quantised algebra Agy of
SUSY loop observables line operators functions on Mg, (SL(2),C)
Instanton partition Liouville conformal Natural bases for
functions blocks modules of Aga

Table 1.3: Isomorphic algebras appear in different contexts.

the moduli space Mg, of complex flat connections. This leads to the key relation

Muyae(R? x 5T) = Myu(Cypn) - (1.4.13)

An important manifestation of this relation is that vacuum expectation values of BPS line oper-
ators in class S theories can be expressed as holonomies of flat connections on C, ,,.

It has subsequently been observed in [54], [55] that the origin of the AGT correspondence can
be understood in the simplest case, where g = sl, from the relation to Mjy,. An essential role
in this story is played by the algebra Ay of supersymmetric Wilson- and "t Hooft loops repre-
senting an important sub-algebra of the algebra of all observables in X(C, ,,, g). The algebra Ax
turns out to be isomorphic to the algebra Ay of Verlinde line operators in Liouville CFT [56],
[57], [58], [59], which is furthermore isomorphic to the algebra Ay, of quantised functions on
the moduli space of flat SL(2)-connections on Riemann surfaces [54], as summarised in Table
[I.3] One can argue [54] that the isomorphisms between the algebras Ay, Ay and Ag, imply the
relations between instanton partition functions for X(C, ., sl>) and conformal blocks of Liou-
ville CFT observed in [14] and discussed in many subsequent works. Thus there appears to be
a triangle of relations between A/ = 2 supersymmetric gauge theories, conformal field theories,
and moduli spaces of flat connections, as depicted in Figure Further discussion regarding
line operators and their role in the AGT correspondence is presented below.
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Line operators and framed BPS states

BPS line operators in class S theories X(C, ,,, g) are supersymmetric generalisations of Wilson
and 't Hooft line observables, describing the effect of inserting heavy dyonic probe particles
labeled by electric and magnetic charge vectorsﬂ Supersymmetric Wilson loops can be defined
as path ordered exponentials

Wr = trRPeij{ ds(¢ +1A) (1.4.14)
Sl

in terms of the gauge field A, and scalar field ¢ of a vector multiplet. Magnetic dual "t Hooft
loop observables can be defined semiclassically through a path integral over field configurations
with specific singular behaviour near the supporting curve and describe the effect of transporting
a magnetically charged probe particle along this curve.

Such a supersymmetric line operator can be viewed as descending from a surface operator in
the six dimensional (2,0) theory, which is labeled by a representation R of g and supported
on S' x o, with p a path on C,,. This leads to a relation between the vacuum expectation
value (vev) of the line operator L(R; p) on S' and the classical holonomy of a flat connection
A along the path p on C, ,,:

(L(R;p) ) = trrHol, A . (1.4.15)

BPS line operators thus provide natural coordinate functions on M gy,.

As argued in [51], [62], the vev of a UV line operator L can be represented in the IR in terms
of a set of vevs of line operators X', with charge - defined using the low-energy abelian gauge
fields:

L=>Y Q(L)A,. (1.4.16)
ol

The coefficients Q(L, ) are integers which count the BPS states supported by the line opera-
tor L, called framed BPS states. The IR line operators X', are Darboux coordinates on Mg,
that are closely related to the coordinates constructed by Fock and Goncharov in their study of
higher Teichmiiller spaces [63]E]

The line operators can be quantised by twisting R? x S* into the fibered product R x C x, S*
such that a coordinate z on C rotates as z — ¢z after going around S* [66], [51], [59]. BPS
conditions then constrain line operators on S* to be located at points along the axis R and at the
origin of C (see Figure[I.4). The relation between UV and IR line operators becomes

ZQ (1.4.17)
>

4 Note that allowed sets of “mutually local” line operators are specified by a certain topological data, which impose some
restrictions on the representations [51], [60], [61]. This subtlety will not affect our conclusions in an essential way, as noted for
the A; case in [55].

5 Teichmiiller spaces are the spaces of deformations of complex structures on Riemann surfaces and appear as one of the
components in the moduli space of flat SL(2, R) connections [64], [65].
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,,,» L

L/

Figure 1.4: The algebra of line operators can be quantised by twisting R3 x S such that a plane C C R3
rotates as one moves along the S*. BPS line operators wrap S* and align along the axis R at the origin

of C.

where the noncommutative variables /'\?V satisfy the relation )37)27/ =q 3 <’W'>XA7 +~- The coeffi-
cients Q(L, ~; q) are the framed protected spin characters defined in [51] as

Q(L,7;q) = trymsg™(—q2)*" | (1.4.18)

where 1B is the Hilbert space of framed BPS states, and .J3 and I3 are generators of the
SO(3) and SU(2)r symmetries. GMN conjectured that framed BPS states have I3 = 0 (“no
exotics conjecture”), which implies in particular that the Q(L,v; q) are linear combinations of
su(2) characters with positive integral coefficients. The coefficients of ¢" X, in the decompo-
sition of a line operator are dimensions of Hilbert spaces graded by the IR electromag-
netic charges v and the so(3) spins m.

The noncommutative algebra of IR line operators )27 determines via (1.4.17)) the algebra of UV
line operators, which may be represented by relations of the form

L«L'=) ¢L,L L';qL". (1.4.19)
L//
The order in which we multiply operators corresponds to their ordering along the axis R. The
algebra generated by the operators L can be viewed as a noncommutative deformation of the
algebra of functions on My,, with ¢ the deformation parameter.

The role of line operators in the AGT correspondence

Expectation values of line operators in A; theories on the four-ellipsoid the , can be calculated
by localization [13], [58], [67] and take the schematic form

(L), = /da (U(a))*LY(a) . (1.4.20)

The integration is performed over variables a = (ay, . .., a;) representing the zero modes of the
h = 3g —3+n scalar fields in the vector multiplets. W(a) represents the contribution of the path
integral over the lower half-ellipsoid with zy < 0, and L is a finite difference operator acting
on the variables a. It is natural to interpret the right hand side of as an expectation
value in an effective zero-mode quantum mechanics. By localization, this quantum mechanics
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in finite volume can be shown to represent the exact result for (L), .,. The functions ¥(a) can
be identified with the instanton partition functions (see [68] for a review and references) that
were found to be related to Liouville conformal blocks by AGT.

The approach proposed in [54] establishes the relation between the wave-functions W¥(a) in
(T.4.20) and the Liouville conformal blocks without using the relation to the instanton parti-
tion functions observed in [13]. It is based on the observation that the effective zero-mode
quantum mechanics in which line operators take the form (I.4.20) coincides with the quantum-
mechanical system obtained by quantising a real slice M in My,. This follows from the
fact that the algebra Afm generated by the supersymmetric line operators on E2 _ factorizes

€1,€2
as AY  ~ Aeﬂ;{ 2 x Aeﬂi{ " into two copies of the noncommutative algebra A% obtained in the
quantisation of the algebra of coordinate functions on My, as argued for instance in [69]. The
two copies correspond to line operators supported on ry = x1 = o = 0and xg = 3 = x4 = 0,
respectively. The same conclusion can be reached from the observation made in [59] that the
algebra of line operators supported on g = 1 = xo = 0, for example, is isomorphic as a
noncommutative algebra to the algebra of line operators in R? x S* defined via with
h = €1 /€. The twisting of R® x S inducing the noncommutativity models the residual effect

of the curvature near the support of the line operators on E*

€1,€2°

Duality invariance of the expectation values (I.4.20) may then be combined with the represen-
tation theory of A" to obtain a precise mathematical characterisation of the wave functions
U(a) = V. (a), now considered as multivalued analytic functions of the gauge coupling con-
stants 7 = (71,...,7,) [54]. It was furthermore shown in [54] that the Virasoro conformal
blocks represent the same mathematical objects. Within conformal field theory one may, in
particular, define a natural family of operators called the Verlinde loop operators representing

the action of the quantised algebra of functions on My, on spaces of conformal blocks.

Having established the relation between wave-functions U, (a) and the Liouville conformal
blocks it remains to notice that the functions ¥ (a) in (1.4.20) must coincide with the instanton
partition functions defined in [12]. Different arguments in favour of this identification can be
found in [13] and in [69]. This line of argument establishes the validity of the relations between
conformal blocks and instanton partition functions conjectured in [14] and discussed in many
subsequent works for all A; theories of class & E] A crucial role is played by the relation of
the algebra A% to the algebra Ay generated by the Verlinde line operators. This relation is
generalised to theories of higher rank in this thesis, thereby supporting the natural generalisation
of the AGT correspondence to class S theories of type Ax_;.

1.5 Overview

This thesis begins a program to generalise the AGT correspondence to higher rank based on the
central role of line operators and the moduli space of flat connections in the approach of [54].
It looks at relations between the theories X(C, ., g) and sl Toda conformal field theory in the
triangle in Figure [I.3] for higher rank cases, with particular interest for those cases where no

SA somewhat similar approach to the case ez = 0 had previously been outlined in [70].
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weakly-coupled Lagrangian description is known. Given the difficulties in tackling directly
higher rank gauge theories and Toda CFTs, and also motivated by the six dimensional descrip-
tion, we focus first on flat connections and take the quantised algebra of functions .Ag, as an
ansatz for the algebra Ay. This is perfectly consistent with previous work on the cases which
do have a Lagrangian description [71], [24], [35], [72].

Part[[T] will describe in detail the quantum algebra Ajg, of functions on the moduli spaces of flat
SL(N,C) connections on Riemann surfaces C, ,, in terms of their generators and the relations
which these satisfy. It will employ quantum group theoretic tools [73] in order to achieve this
and, independently, an explicit representation of the algebra .4g,, provided by Fock-Goncharov
coordinates [63]. The representation in terms of Fock-Goncharov coordinates presents a further
separate interest, as it will allow us to study many higher rank examples of the framed protected
spin characters which were defined in [51].

The arguments of GMN relate Ay, to the algebra Ay of supersymmetric line operators in class S
theories of type Ay_; and we will show in Part[[Tl|that Ag, can be identified with the algebra Ay,
of Verlinde loop and network operators in sly Toda conformal field theory. After introducing
the relevant background, we will construct within the free field representation:

e natural bases for the space of Toda conformal blocks associated to punctured Riemann
surfaces;

e operator valued monodromy matrices of degenerate fields which can be used to describe
the quantisation of the space My, and

e given such “quantum” monodromy matrices, Verlinde network operators which act on the
spaces of Toda conformal blocks.

Studying the algebra generated by these operators using the same quantum group theoretic tools
as in Part[[] will then prove the isomorphism Ag, ~ Ay . Given the central role played by these
algebras in the approach of [54], we may regard the relations

Ax = A = Av (1.5.21)

as support for a higher-rank AGT correspondence. The relations between representations of
Aqa and the algebra of Verlinde line operators in Toda CFT suggest that suitable Toda confor-
mal blocks represent natural candidates for the yet unknown partition functions of the strongly
coupled theories X(C, ., g).

As a result of constructing the “quantum” monodromy matrices, we will furthermore find a
direct link between the free field realisation of conformal field theories and the non-commutative
geometry of flat connections on Riemann surfaces. This is due to a simple relation between a
particular set of parameters in the free field construction of conformal blocks for sl3 Toda CFT
and a generalisation of coordinates of Fenchel-Nielsen type on the moduli space of flat SL(3)-
connections on Cp 3. These Fenchel-Nielsen type coordinates are coordinates compatible with
pair of pants decompositions of C, ,, and they enter the operator valued monodromy matrices as
basic building blocks.
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Part[IV] will then address connections to topological string theory, motivated by [74], [48], [75]
which propose that conformal blocks of Toda CFT can be obtained in a certain limit from the
partition functions of topological string theory on certain toric Calabi-Yau manifolds used for
the geometric engineering of four dimensional theories X(C,,,, g). Of particular interest will
once more be the theories X(Cy 3, s[x), which have no known weakly-coupled Lagrangian de-
scription when N > 3. With the help of the refined topological vertex one may represent the
relevant topological string partition functions as infinite series admitting partial resummations.
We will investigate mapping these partition functions to conformal blocks for a deformed ver-
sion of Toda field theory and, in the most simple of cases, explore meaningful ways to take the
geometric engineering limit and find the precise relation between the partition function from
topological strings corresponding to the 75 theory of class S and Liouville three point confor-
mal blocks. As a result, this exercise will lead to an identification of some of the geometric
data of the local Calabi-Yau used in the geometric engineering of the theories X(Cy 3, s[x) with
parameters which enter the free field construction of Toda conformal blocks.
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Introduction

The six dimensional origin of class S theories X(C, ,,s(x) suggests that there should exist a

family of supersymmetric line operators that correspond to coordinate functions on the moduli

space M), = Mgft(N’C) (Cy,n) of flat SL(N, C)-connections on the Riemann surface C, ,,. This
follows from the arguments presented in Section[I.4] For s[, theories traces of holonomies along
simple, non-self-intersecting, closed loops suffice to parameterise the space M;n. For higher
rank however, we need to consider in addition some functions associated with networks on C, ,,.
These network functions are constructed from a collection of holonomies along open paths that
are contracted at junctions with SL(NV)-invariant tensors. Such networks arise naturally from

products of simple curves by applying SL(/N) skein relations at their intersections.

In the following chapters we will study the algebra of functions associated to such loops and
networks. Since the quantised form of this algebra can be identified with the algebra of super-
symmetric line operators Ay in theories X(C,,,, sly) (see Section [1.4), describing this will play
a central role in supporting a generalisation of the AGT correspondence to higher rank.

Contents of Part

The algebra Ag{n of functions on Mé\fn can be described in terms of a set of generators (loop
and network functions) and the relations that they satisfy, as we will see in Charpter 2] A
standard way to quantise .Af]\fn into a noncommutative algebra is to use quantum skein relations
to resolve intersections in a product of operators. This deformation can be defined using the
Reshetikhin-Turaev construction of knot invariants [73] in terms of quantum group theory and

gives a product of the form (1.4.19)

Ll = ZC(L, L' L' q)L",

L//

where the operators L may also be network operators.

In Chapter we give several explicit examples of algebras Ag{n and their quantisations for the
basic surfaces: three-punctured sphere C; 3, one-punctured torus C; ; and four-punctured sphere
Co,4. Using pants decompositions of surfaces C, ,,, we can build the algebras Ag{n from these
basic building blocks, in the spirit of the “tinkertoys” approach [76].

In Chapter 4, we describe an explicit representation of the algebra A]g\{n in terms of Fock-
Goncharov coordinates [63]. Loop and network functions are expressed in terms of positive
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Laurent polynomials, as in the relation between UV and IR line operators. The natural
quantisation of Fock-Goncharov coordinates then determines uniquely the quantisation of .Aé\f -
For all the cases that we compare, we find that the resulting quantum relations coincide with the
ones obtained from skein quantisation. Furthermore, the existence of such quantum relations
turns out to lead to a unique quantisation of the Fock-Goncharov polynomials, as in (1.4.17))

L=> 9(L7q)X,.
-

This allows us obtain many examples of framed protected spin characters Q(L, v; ¢) in higher-
rank theories, which is an interesting application in its own right.

The appendices collect the relevant background about Fock-Goncharov coordinates. Part [T of
this thesis largely reproduces Sections 2 — 4 of [77].



Chapter 2

Algebra of loop and network operators

This chapter describes the relevant background on the algebra Agn of functions on the moduli
space Mé\fn of flat connections on a punctured Riemann surface Cg,,, which can be described
in terms of generators and relations. We construct a set of generators for Af]\fn consisting of
functions associated with simple loops and networks naturally associated with a pair of pants
decomposition of C,,,. Other functions can then be obtained by taking products of generators
and resolving intersections with skein relations. The number of generators obtained in this way
typically exceeds the dimension of the moduli space, as is reflected in the existence of polyno-
mial relations between the coordinate functions. The algebra Agf ,, has a Poisson structure, and
it can be deformed into a noncommutative algebra Ag{ .,(q) by applying the skein relations that
encode the representation theory of the quantum group U, (sly). We study in detail the case of
the pair of pants Cy 3, which is the building block for any C,,,. This will illustrate the crucial
role of networks at higher rank. We also present some results for the punctured torus C; ; and
the four-punctured sphere Cy 4. Using pants decompositions one may use these results to get a
set of coordinates allowing us to cover M at least locally.

2.1 Moduli space of flat connections

The close relationship between 4d A/ = 2 supersymmetric theories in class S and Hitchin
systems is revealed by compactifying on a circle S*. The moduli space M, of vacua of such
theories with gauge group GG on R? x S! can be identified with the moduli space of solutions
to Hitchin’s equations on C, ,, [10], [51]. These equations imply that the complex connections
A(() built out of a connection A and a one-form ¢,

A(Q)=R('o+ A+ R(p, 2.1.1)

are flat for all values of the parameter ( € C* (R is the radius of Sl)ﬂ M, 18 a hyper-Kéhler
space, and with the appropriate choice of complex structure it is identified with the moduli space
of flat G¢-connections on C, ,,, with singularities at the punctures. We will only consider the
cases where the singularities at the punctures are of regular typeﬂ

"We will restrict to the case ¢ = 1 henceforth.
Regularity means that the connection is gauge-equivalent to a meromorphic connection with simple poles at the punctures.

21
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Flat connections modulo gauge transformations are then completely characterised by the repre-
sentation of the fundamental group m;(C, ) generated by the holonomy matrices. If we denote
the space of holomorphic connections on P! of the form

n A,r, n
V=0, +AW),  Aly) =), > A =0, (2.1.2)

)
—Z
r=1 Yy r r=1

with A, € g modulo overall conjugation by elements of G'c by Mr(g, Co.), then computing
the holonomy defines a map Myz(g,Con) — Mp(Ge,Con), with Mp(Ge,Co,,) being the
character variety. The holonomy of a flat G¢-connection V = d + A along a closed curve
v € m(Cy,) is given by Hol(y) = Pexp fW.A € Gc¢. The moduli space M., of vacua
is thereby identified with the space of representations p : 71(Cy,) — G, modulo overall
conjugation:

Myae 2 Mp(Ge,Cy) = Hom(m1(Cy ), Ge) /G - (2.1.3)

More explicitly, we have

g n
M= {(Al,...,Ag,Bl,...,Bg,Ml,...,Mn)| [JABA B! = HMa}/GC,
=1 a=1

where A;, B; € G are holonomy matrices for based loops going around the A- and B-cycles
for each of the ¢g handles, and M, € G are holonomy matrices for based loops going around
each of the n punctures. These matrices are considered modulo the action of G¢ by simultane-
ous conjugation.

For 4d N' = 2 theories of type Ax_1, the complexified gauge group is G¢ = SL(N,C).
We are thus interested in the moduli space M, = My (SL(N,C),C, ) of flat SL(N,C)-
connections on a Riemann surface Cg ,,, modulo gauge transformations. It has a dimension given
by

dim[M)] = —x(Cyn)dim[SL(N,C)] = (2g +n —2)(N* - 1), (2.1.4)

with the Euler characteristic x(C,,) = 2 — 2g — n. We can furthermore fix the conjugacy
classes of the holonomies M, around the punctures (as we will see, this amounts to restricting
to a symplectic leaf of the Poisson variety /\/lé\fn). The moduli space /\;lé\fn of flat connections
with M, in fixed conjugacy classes has the dimension

dim[M}] = —x(Cyn) dim[SL(N,C)] — nrank[SL(N, C)]
= (29+n—-2)(N*=1)—n(N—-1). (2.1.5)

2.2 Trace functions

The algebra ALY, = Fun"®(MY') of algebraic functions on MY can be described in terms of
generators and relations, as we now review. Traces of holonomy matrices provide coordinate
functions for M;\fn (see e.g. [78] for a review). They can be expressed as traces of words
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made out of letters given by the holonomy matrices A;, B;, M,. The relation coming from
the fundamental group 7, (C,,,) allows us to eliminate one of the holonomy matrices, say M,
which leaves (1 — x) independent letters (for n > 0). General upper bounds are known for the
maximal length of words that form a generating set of Afxn. The generators can be taken to be
traces of words with lengths up to N(N+1)/2 for N < 4, orup to N? for N > 4 (see references
in [79]). The difference between the number of generators and the dimension of ./\/lgfn is then
accounted for by the existence of polynomial relations P, = 0, which are consequences of the
Cayley-Hamilton theorem. The algebra .Aé\fn is thus described as the polynomial ring generated
by trace functions quotiented by polynomial relations:

Ai]\,[n =C [trAia trAiij o ] /{7304} (226)

Note that this algebraic structure of Mé\fn does not distinguish between different surfaces with
the same number of letters. For example, the description of Ajg\fn in terms of generators and
relations is the same for the one-punctured torus C; ; and for the three-punctured sphere Cg 3,
which both have (1 — x) = 2 letters.

Examples for N = 2: Let us first consider the particularly simple example of SL(2,C)-
connections on the one-punctured torus C; ;. The moduli space is given by

Mi, ={(A,B,M)|[ABA"'B™' = M}/SL(2,C). (2.2.7)
The algebra of functions .Ail is generated by the trace functions
trA, trB, trAB . (2.2.8)

Since the dimension of ./\/li1 is 3, there is no relation between these 3 generators. However, the
generators are related to the trace of the holonomy around the puncture via

(trA)? + (trB)? + (trAB)? — trAtrBtrAB = —trM + 2, (2.2.9)

and therefore they do satisfy a relation once we fix the conjugacy class of M to obtain ./\;lil.

A more typical example is the sphere Cy 4 with four punctures, which we label by A, B, C, D.
The moduli space is

M, ={(A,B,C,D)|ABCD =1}/5L(2,C) . (2.2.10)

The holonomies A, B, C can be taken to be 3 independent letters, while D = (ABC)‘l. The
algebra of functions .Aa 4 1s generated by traces of words with maximal length equal to 3:

A, B, C,AB=S,BC=T,CA=U, ABC=D""! CBA. (2.2.11)
These 8 trace functions satisfy 2 polynomial relations (we use the notation A; = trA):

D] + trCBA = AlTl + BlUl + 0151 — AlBlcl 5 (2212)
D, - ttCBA = S/TYU, + S} + 17 + Uf + A} + B} + C7
—A13151 — B101T1 — ClAlUl —4.
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The first relation allows to eliminate trCBA since it is linear. The algebra of functions A7 , is
then described as the quotient of the polynomial ring

C[A1, By, Cy, Dy, 54, T4, Uy (2.2.13)
by the quartic polynomial

P = SiTVU + S2+ T2+ U2+ A B,Cy Dy + A% + B2 + C2 + D?
—(A1By + C1D1)S, — (B,Cy + Dy AT, — (C1 A, + BiD)U; — 4 .(2.2.14)

This gives a 6-dimensional quartic hypersurface in C7.

In general, the number of words in r letters of length up to 3 is

r r\ r(r? +5)
- (2) n (3) = (2.2.15)

This number of generators becomes quickly much larger than the dimension 3(r — 1) of /\/l;n,
which implies that there are many polynomial relations.

Example for N = 3: The description of Aﬁ,n for surfaces with 2 letters is very similar to that
of Agm for surfaces with 3 letters (see for example [80] and references therein). The generators
of A?f,1 can be taken to be the traces of the 10 following words with length up to 6 (note that the
Cayley-Hamilton theorem implies that A~ ~ A? so it counts as 2 letters):

AT B (AB)*, (AB™)*!, (ABA'B7H)*! . (2.2.16)
These generators satisfy 2 relations (similar to the relations (2.2.12) for Aa 1)

trABA'B™' + trBABT'AT! = (..,
trABA'B™! - ttBAB'AT! = (). (2.2.17)

Eliminating trBAB~"A~" with the first relation, we can then describe A7 | as an 8-dimensional
sextic hypersurface in C°.

2.3 Poisson structure

There is a Poisson structure on the moduli space J\/l]g\fn, see [81] for a review and further ref-

erences. Note that unlike the algebraic structure described in the previous section, the Poisson
structure does distinguish between surfaces with the same x(C,,). The Poisson algebra has a
Poisson bracket defined using the Atiyah-Bott symplectic structure. Goldman gave a general
formula for the Poisson bracket of trace functions in terms of intersections of curves [82]:

{trHol(«), trHol(5)} = Z e(p; a, B) {trHol(apﬁp) - %trHol(a)trHol(ﬁ) , (2.3.18)

pEans
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_Jf+ -

Figure 2.1: Top: The product of the trace functions for the A- and B-cycles on Cy 1 gives the trace

functions associated with the curves obtained by resolving the intersection. Bottom: Locally, the crossing
is replaced by two pairs of non-intersecting segments. This is the classical skein relation for N = 2.

where €(p; «, ) = =£1 is the oriented intersection number at the point p, and «,, (3, are the
curves «, (3 based at p.

As an illustration we can consider C; ; with N = 2. Since the A- and B-cycles intersect once,
Goldman’s formula gives

1
{trA, trB} = trAB — §trAtrB . (2.3.19)

Note that the right-hand side can be written as the derivative of the relation by trAB.
This indicates that the Poisson structure on Mil is compatible with its structure as an algebraic
variety. The Poisson algebra for the traces functions (Z.2.16) on M 5 and M? | has been
studied in [83].

2.4 C(lassical skein algebra
Relations between functions in Ag{n have a topological origin. Let us take again the example of
C11 with N = 2. The product of the traces associated with the A- and B-cycles is given by

trAtrB = trAB + trAB™! . (2.4.20)

Graphically, we can interpret this as resolving the intersection of the A- and B-cycles into a
pair of curves that curl up around the torus in two ways (see Figure [2.1). This procedure is
reminiscent of the classical skein relations in knot theory, which are linear relations between
knot diagrams (projections of knots onto a plane) that differ only locally around an intersection.
In fact, skein relations are nothing else than graphical representations of e-tensor identities such
as €l = 0668 — §26¢, which can be used to derive the relation (2.4.20).

The SL(2) skein relation implies that A;,n can be described in terms of simple curves without
self-intersections. In the case of C 3 with N = 2, the trace function trAB~!, which corresponds
to a Figure-8 curve surrounding the punctures A and B and intersecting itself once, can be
expressed in terms of non-intersecting curves as

trAB™! = AB 55650 = ASB Y (et 4 6267)
= —trAB 4 trAtrB, (2.4.21)
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A B!

: JOMO

Figure 2.2: The application of the skein relation for general N to a self-intersecting curve produces a

network with two N -valent junctions connected by an edge with multiplicity N — 2.

where we used B = —¢(B') !¢ and trB~! = trB. Similarly, trCBA on Cy 4 corresponds to
the Pochhammer curve with three self-intersections and can be expressed in terms of simple
curves by applying the skein relation, as in (2.2.12)).

An important difference for NV > 2 is that the skein relations involve N-valent junctions, asso-
ciated with SL(N)-invariant e-tensors (see for example [84]). In the case N = 3, the e-tensor
identity

0CO = €apme™™ 4 626% (2.4.22)

corresponds to the skein relation expressed graphically as
d c dw_¢ wC d c
Xk D
a b a” € b a b
For general N > 2, the resolution of a self-intersection via skein relations therefore produces a
network with two junctions. Let us consider again a Figure-8 curve around two punctures:

(2.4.23)

1
trAB™! = AYBT155%8 = AgB—lg( SN2 +535’g) (2.4.24)

(N —-2)
This relation can be represented graphically as in Figure

The natural appearance of junctions in the algebra .Aé\jn motivates us to adopt a set of genera-
tors for .Aév which does not consist exclusively of trace functions, but also includes network

functions.

,n

2.5 Loop and network functions

The set of generators of Ag{n described in section involves traces of large words of the
holonomy matrices A;, B;, M,, which are generally associated with curves that have self-
intersections. In this section, we will mostly trade such self-intersecting curves for networks
with junctions using the skein relations. Our generators are thus associated with simple loops
(without self-intersections) and with networks.

Loops: Each loop on C,,, gives N — 1 trace functions A4;, ¢ = 1,... N — 1, which can be
taken to be the coefficients of the characteristic polynomial of the associated holonomy matrix
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i N —i PNy i aga”” ]
— = aff—
k i+j+k=N k

Figure 2.3: Left: Loop functions are depicted as oriented simple closed curves labeled by integers i =
1,..., N — 1. Reversing the orientation amounts to replacing i by N — 1. Right: Trivalent junctions with
all outgoing edges (source) or all incoming edges (sink). Edges are labeled by integers i, j, k that sum
to N.

A € SL(N,C):
det(A — M) = (=Y + (=N 1TA + (N 24+ =My + 1. (25.25)
The coefficients A; are sums of all principal ¢ X ¢ minors of A:

A= > (Al (2.5.26)

N1, NN —;

where we denote the determinant of A with the rows and columns n4, ..., ny_; removed by
1 my mi ni-nN—ili-l;
Al oy, = 56”1"'nN—im1"'miAl1 o AlMe . (2.5.27)

We can also write the loop functions A; as traces of exterior powers of A:

A = trA Ay = %[(trA)Q —tr(AY)], ..., A;=tr(AN'A). (2.5.28)
The loop function A; corresponds to the i" fundamental antisymmetric representation A‘C] of
SL(N,C). Note that if we replace A by its inverse A~! in the expression for A; we obtain the
complex conjugate representation Ay_;. For example, the fundamental representation corre-
sponds to A; = trA, while the antifundamental representation corresponds to Ay_; = trA !,
We can thus represent loop functions graphically by an oriented loop labeled by an integer
i=1,...,|N/2], where | N/2] is the integral part of N/2. Reversing the orientation corre-
sponds to replacing A by A~!, the fundamental A, by the antifundamental Ax_;, and so on (see
Figure[2.3]left). For even NV, the (IN/2)™ representation is self-adjoint, and so the corresponding
loop does not need an orientation.

€

Figure 2.4: Network with two trivalent junctions and three edges surrounding two punctures. The edges
carry the ith, j'", and k' antisymmetric representations of SL(N, C), with i+ j +k = N. The network
function Nyjj, is constructed by contracting i copies of the holonomy matrix Uy, j copies of Uz, and k
copies of Ug with the two e-tensors at the junctions.
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Networks: We also construct functions associated with networks. By a networkﬂ we mean
a closed directed graph whose edges carry antisymmetric representations and whose vertices
carry invariant tensorsﬂ The vertices, or junctions, are in principle /V-valent but they can always
be resolved into trivalent junctions, on which we therefore focus. The three edges that meet at
a junction (either all outgoing or all incoming) are labeled by positive integers i, j, k satisfying
i+ j 4+ k = N, which indicate that they carry respectively the ‘", j**, k' antisymmetric
representations (see Figure [2.3] right). Junctions do not have labels since there is only one
invariant tensor €,,,....,,, in A" @ A/OI® AFCJ. A network function is defined by contracting the
holonomy matrices along the edges with the e-tensors at the junctions. The resulting function
is invariant under simultaneous conjugation of the holonomy matrices. For example, a network
consisting of two junctions connected by three oriented edges as in Figure gives (N —
1)(N — 2)/2 network functions N, of the form

= e Ut -+ UL U5, - UR Ui - Ug, ™ (2529
where Uy, Us, Uz are the holonomy matrices (in the fundamental representation) along the
three edges. If we reverse the orientation of the edges we obtain another set of (N —1)(N —2)/2
network functions, which we denote by Nijk.

From networks to self-intersecting curves: Network functions can also be expressed in terms
of the holonomy matrices A;, B;, M, generating a representation of 71(C ). In order to do
this, let us recall that a flat SL(V)-connection can always be trivialized by gauge transforma-
tions in any simply-connected domain. Covering C,,, by simply-connected domains one may
describe the flat connections in terms of the constant transition functions from one domain to an-
other. Equivalently, one may describe flat connections using branch-cuts, a collection of curves
or arcs on Cg,, such that cutting along the branch-cuts produces a simply-connected domain.
The holonomy Hol(y) will then receive contributions only when the curve 7 crosses branch-
cuts. Hol(7) can therefore be represented as the product of “jump”-matrices associated with the
branch-cuts crossed by -, taken in the order in which the different branch-cuts are crossed.

Considering the network N, ;;, defined in (2.5.29), for example, we can use the branch-cuts
depicted in Figure[2.5] The “jump”’-matrices associated with these branch-cuts coincide with the
holonomy matrices A and B around the two punctures depicted in Figure The holonomy
matrix associated with the middle arc labeled by the letter £ is the identity, as no branch-cut is
crossed. It follows that we can express [V, as

1
_ my m; R —1mit1 —1miqj §Mitj+1 my ni-ny
Nijk - Z’ljlkleml"'mNAnl AnzB niil B mj:énwrtjjl 57LN € )
1 N T
_ o Ti4-g m1 m; 71mi+1 . 71m2‘+~
= L AT AT BT BT
= trA'B7 —trA'B'AB 7/t ... (2.5.30)

3Closely related objects go under the names of spin networks, trace diagrams, tensor diagrams, webs, etc.
*We prefer this definition to the one given by Samuel Johnson in his Dictionary of the English Language (1755): “Network:
Any thing reticulated or decussated, at equal distances, with interstices between the intersections.”
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Figure 2.5: The branch-cuts (orange lines) encode the holonomies A and B around the punctures. The
edges of the network Nj, are associated with the holonomies of the branch-cuts that they cross: i times
A, j times B™Y, and k times the identity 1. The right-hand side shows two of the self-intersecting curves
that appear in the expansion of the network function in terms of traces.

We thus see that this point of view relates network functions to trace functions associated with
self-intersecting curves as in section As illustrated on the right of Figure the cor-
responding trace functions are typically associated with very complicated curves with many
self-intersections. This is one of the advantages of working with networks instead of self-
intersecting curves. Different labelings of a network with a given topology account for a family
of intricate curves. Notice that the relation (2.5.30) between network and trace functions can
also be seen as a consequence of skein relations, given that it involves contractions of e-tensors.
We have shown a simple example in Figure[2.2]

2.6 Commuting Hamiltonians

The moduli space J\;lfxn with fixed conjugacy classes for the holonomies around the punctures
exhibits the key features of an integrable Hamiltonian system. Firstly, /\;lé\fn is a symplectic
manifold. Fixing the conjugacy classes of the holonomies around the punctures corresponds to
restricting to a symplectic leaf of the Poisson manifold M év,n viewed as a symplectic foliation.
We can moreover find a maximal set of Hamiltonians, that is a number of Poisson-commuting
functions equal to half the dimension of the moduli space /\;lé\fn. Goldman’s formula (2.3.18))
implies that trace functions associated with curves that do not intersect each other automatically
Poisson-commute. In the case N = 2 we can simply consider the trace functions associated
to a maximal number of mutually non-intersecting closed curves on C,,,. Cutting C,,, along
such a collection of curves defines a decomposition of C,,, into (2g — 2 + n) pairs of pants
with (3g — 3 4 n) cutting curves. The traces of holonomies associated with these curves thus
provides a maximal set of Poisson-commuting Hamiltonians:

1 _
#{cutting loops} =39 —3+n = 5 dim M2 . (2.6.31)

However, for N > 2, the cutting curves alone do not suffice to get a maximal set of commuting
Hamiltonians. We therefore supplement them by the two-junction networks (2.5.29) that can be
put on each pair of pants (see Figure . Each cutting curve provides (/N — 1) trace functions,
and each pants network provides (N — 1)(/N — 2)/2 network functions. They add up to give
a number of functions which is precisely half the dimension (2.1.5)) of the moduli space of flat
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Figure 2.6: A maximal set of commuting Hamiltonians is provided by the functions associated with
cutting curves (red) and with pants networks (blue) in a pair of pants decomposition of the surface Cy p,.

Figure 2.7: The neighborhood of a cutting loop (red) on Cy ,, can look either like Co 4 or like C1 1. In
each case we can find a natural conjugate loop (green).

connections with fixed holonomies around the punctures:

(3g =34+ n)(N—1)+ (29 — 2 +n) (V= 1)2(N —2 _ %dim/\;lgfn . (2.6.32)

The Poisson-commutativity of the trace functions associated to cutting curves among them-
selves and with the networks is obvious from the fact that they do not intersect (Goldman’s
formula (2.3.18) applies to self-intersecting curves, and hence to the networks as well). On the
other hand, it is not obvious that the network functions associated with pants networks Poisson-
commute among themselves, { N;jx, Nimn} = 0. Although we do not have a general proof, we
checked that they commute up to the case N = 6.

2.7 Tinkertoys

In order to get a complete system of coordinates for /\;lé\fn we need to supplement the maximal
set of commuting Hamiltonians described in the previous section by sufficiently many additional
coordinate functions. A natural way to find additional variables that do not Poisson-commute
with the pants networks /V;;;, on Cy 3 is to take the pants networks Nijk with reverse orientation.

Simple additional coordinates that do not Poisson-commute with the trace functions associated
to the cutting curves defining the pants decomposition can also be defined in a simple way.
Each cutting curve is contained in a subsurface isomorphic either to a four-holed sphere or a
one-holed torus embedded in C, ,,, see Figure for an illustration. In the case of Cy 4, natural
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additional coordinates are associated with curves surrounding another pair of holes than the cut-
ting curve under consideration. In the case of C; ; one may, for example consider an additional
coordinate associated with the B-cycle if the cutting curve is the A-cycle, see Figure

Altogether, the cutting loops and their conjugate loops, together with the pants networks of both
orientations provide a complete set of coordinates on Mé\fn that cover this space at least locally.
We can therefore reduce the study of M}, for a generic Riemann surface Cy,, to the study of
pants networks on Cp 3, and of pairs of conjugate loops on Cy 4 and C; ;. This motivates us to
focus on these three cases in the following sections.

Note that the additional coordinates on M;\fn that we introduced above are not canonically
conjugate. However, it should be possible to define generalisations of the Fenchel-Nielsen
coordinates, a set of Darboux coordinates for /\;lf;fn in terms of which one may parameterise the
coordinate functions defined above. Such Darboux coordinates were shown in the case N = 2

to play a key role in the relation to integrable systems [70]E]

2.8 Skein quantisation

Motivated by the applications to supersymmetric gauge theories, we will next discuss the quan-
tisation of the moduli space M7, of flat SL(N,C)-connections on a Riemann surface Cy .
This means in particular to construct a family of noncommutative deformations A]g\fn(q) of the
algebra Af]\fn of functions on /\/l_f]\fn parameterized by one parameter ¢ = e”. The loop and
network functions get replaced by generators of the noncommutative algebra Azg\fn(q). In the
classical limit ¢ — 1 (h — 0), the product AB of two operators reduces to the commutative
product AB of the corresponding functions, while the commutator [A, é] — AB — BA should

reproduce the Poisson bracket {A, B}.

This problem has been extensively studied in the past, starting from [85], and motivated in
particular by the relation to Chern-Simons theoryﬂ [86], [87]. Considering Chern-Simons theory
on three-manifolds M3 of the form C,, x I, with I an interval with coordinate ¢, one may
note that parameterised closed curves on C, ,, naturally define knots in 3. In the context of
Chern-Simons theory it is natural to relate the ordering of the factors in a product of generators
in Aé\fn(q) to the ordering of observables according to the value of their “time”-coordinates
t. Given two knots K4 and K one may define their formal product K 4K p to be the link
composed of K4 inC,,, x [1/2,1] and KpinC,,, x [0,1/2],
KaKp = {(z,t) € Cyp, x [0,1]|(x,2t — 1) € Ky fort > 1 ;(x,2t) € Kgfort <1 }.

(2.8.33)
This operation is depicted in Figure[2.8] A natural set of relations to be imposed on the product
in Afxn(q) has been identified, severely constrained by the topological nature of Chern-Simons
theory and leading to the definition of isotopy invariants of knots and links.

5> We will define higher rank analogs of Fenchel-Nielsen type coordinates for the case N = 3 in Partmof this thesis.

%A lot of the research in this direction was devoted to Chern-Simons theories with compact gauge groups like SU(N). How-
ever, the resulting algebras Af,\f »(q) appearing in this context turn out to be independent of the real form of the corresponding
complex group (here SL(N)) under consideration.
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t=20

Figure 2.8: Left: Product of two knots K 4 and Kp in the 3-manifold C, , x [0,1]. Right: The corre-
sponding loop operators that intersect classically are superposed at the quantum level.

The first constructions of quantum s( invariants were provided by Reshetikhin and Turaev [73]
using the representation theory of the quantum grou U,(sly). It was later observed that the
resulting algebra can be described without the use of quantum groups in terms of generators and
relations. In the following we will briefly describe the work of Sikora [88] on link invariants in
R3 which uses both points of view (see also [84] for SL(3), and [89] for similar formulations).

Sikora describes in [88] a construction of isotopy invariants of certain ribbon graphs called
N-webs. The N-webs are composed of oriented ribbons emanating from, or ending in, V-
valent vertices called sources or sinks, respectively (see [88] for a more formal definition). We
will see that the N-webs are closely related to the networks considered in this section. This
construction can be understood as a special case of Reshetikhin and Turaev’s constructions. It
can be described using the projections of N-webs to R? called N-web diagrams. The web-
diagram may be decomposed into pieces of three types: (i) crossings, (ii) sinks or sources, and
(ii1) cups or caps of the form

/N S

With each of these pieces one associates intertwining maps between tensor products of funda-
mental representations [J of ¢, (s(y). The maps associated with crossings, in particular, are in
a basis ey, ..., ey for C represented by

) ey ® €q fora > b,
Blea ®ep) = q28 ¢ q 2e, R ey fora =10, (2.8.34)
eb®ea+(q_%—qé)ea®eb fora <b,

or by the inverse map B!, depending on which edge is on top of the other:

N T
B Bt
1 \1 1/ 1 (2.8.35)

"We summarise in this section a few of the quantum group notions that are relevant for Partof this thesis. A more detailed
account will be given in Chapter
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The maps associated with sinks are the unique (up to normalization) intertwining maps from
the N-fold tensor product of the fundamental representation of U, (s, ) to the trivial represen-
tation, while the conjugate of this map is associated with the sources. In a similar way one
associates to the caps the unique (up to normalization) intertwining maps from the tensor prod-
ucts of fundamental representations [J with the anti-fundamental representations (] to the the
trivial representation. The maps associated with the cups are the conjugate intertwining maps,
respectively. Explicit formulae can be found in [88]. Using these building blocks one con-
structs the invariant associated with an /N-web by composing the intertwining maps associated
to the pieces in the natural way specified by the decomposition of the given N-web diagram
into pieces.

The isotopy invariants of N-webs defined in this way satisfy various relations that can be used
to calculate them explicitly. These relations relate invariants associated with N-web diagrams
that are identical outside of suitable discs D C R2. A typical example may be graphically

o X - qﬁv\/\ = (s ) > < (2.8.36)

Such relations are quantum analogs of the skein relations discussed previously. Before entering
into a more detailed description of the skein relations, let us note that the local nature of the
skein relations will allow us to use the same relations as defining relations for the algebras
Agf .(q) we are interested in. This will be the basis for the approach used in the next chapter, as
will be illustrated in particular by Figure [3.11] The three-dimensional isotopy invariance of the
N-web invariants ensures that the resulting algebra has a three-dimensional interpretation via

(2.8.33)). It is easy to see that the relation (2.8.36]) reproduces Goldman’s bracket (2.3.18)) in the

limit A — 0.

N=
=

_q_

We shall now turn to a more detailed description of the set of relations proposed in [88]. The
first condition in [88] is the crossing condition 1} Next, the quantum invariant for the
union of two unlinked knots must be equal to the product of the quantum invariants for the
knots. There are also conditions for the contraction of a trivial knot and for the Reidemeister
move of type I:

O — (_1)N—1[N]q %) :(_l)N_qu;J;l
(2.8.37)

We have been using the notation [n], defined as

qn/2 _ qfn/Q

Mo =" g 4 R D2 (2.8.38)

8We choose conventions that agree with the calculations in terms of Fock-Goncharov holonomies in Chapter@ They are
related to the bracket used in [88] by the redefinition ¢ — ¢~ 2, and then the renormalization of each junction by ig =" (N-1)/4
and of each edge carrying the i antisymmetric representation by 1/[i]!. We also introduce some signs in (Z8.37).
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Finally, there is a relation between two nearby N-valent junctions (a source and a sink) and a
sum of positive braids labeled by permutations o (with lengths [(o)):

R Ny

AN 1)2( N )“”) -
X (2.8.39)

It was shown in [88] that the relations above suffice to characterize the resulting invariant of
N-webs uniquely.

Note that the edges do not carry labels in Sikora’s formulation. For our goals it will be conve-
nient to represent ¢ parallel edges between two junctions by a single edge with label 7. This will
allow us to define the quantised counterparts of the networks introduced previously. A quantum
network corresponding to the network shown in Figure for example, may be represented
by an N-web obtained by splitting the N edges connecting one source and one sink into three
groups of 7, j, and k edges.

The relation (2.8.39) allows to derive skein relations for the resolution of all possible crossings
in terms of N-web diagrams without crossings. Of particular interest is the following special
case of the fundamental skein relation obtained by contracting (N — 2) pairs of edges from the

upper and lower parts of (2.8.39):
> ( (2.8.40)

XX

We indicate that the edge between the two junctions carries the label N — 2 by drawing it
thicker than the other edges associated with the fundamental representation. The fundamental
skein relation with the other ordering at the crossing has ¢ replaced by ¢~'. A large set of
useful relations can be derived from the relations stated above, including reduction moves of
contractible bubbles (digons), squares, hexagons, etc. Such relations were worked out in [90],
[91], [92]. We show some examples in Figure @}

Sikora’s construction allows one to recover the construction of quantum sl invariants previ-
ously given by Murakami, Ohtsuki, and Yamada in [89] (a useful summary is given in [93]).
This construction uses trivalent graphs with a “flow” built out of the following two types of

vertices:
: J i+j (2.8.41)

The edges connected at such vertices cary labels with values in {0,1,..., N — 1}. An edge
with label 0 can be removed, and an edge with label 7 is equivalent to an edge with label N — ¢
with opposite orientation, as depicted on the left of Figure The vertices can be
represented in terms of pairs of the sources and sinks used in Sikora’s formulation, as explained
in [88].
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2

N -~
=l s
+<1>N1[N3}q~;?«{§ HEDYN - ) L

Figure 2.9: Reduction of contractible cycles. The square reduction on the right is valid for N = 4.

O =]} —~ - - l—
q
q

Our conventions are that thin edges carry the fundamental representation, while thick edges carry the
(N — 2)th antisymmetric representation.

It is possible to derive an expression for a general skein relation resolving the crossing of lines
labeled by arbitrary i,j € {0,1,..., N — 1} [89] (see [93] for the normalization):

= 2! L \ Ai+j—n
\ n=0 )
JA TN N (2.8.42)

with m = min{¢, j, N — i, N — j}. For the other ordering at the crossing, one should replace
qby ¢~*. When i = j = 1 this expression reproduces the fundamental skein relation (2:8.40).
We will also need skein relations for N = 4 with 7 = 2 (thick line) and j = 1 or j = 2:

2 1
X = q'/* X +q ><—<
2 2
K =q1/2v +q‘1/2) ( +
- (2.8.43)

Let us finally note that the link invariants constructed in [89] also correspond to simple special
cases of the Reshetikhin-Turaev construction. The label : € {0,1,..., N — 1} assigned to an
edge of a colored N-web is identified with the label for one of the irreducible representation
M; = N0 of the quantum group U, (sl ) that is obtained as the i antisymmetric tensor power
of the fundamental representation L. The linear map B;; : M; ® M; — M, ® M; appearing on
the left hand side of can be obtained from the universal R-matrix R of ¢, (s(y) via

A

Y

Bz‘j = Pij(ﬂ'j (029 WZ)(R) s (2844)
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with P;; the permutation of tensor factors, P;; : M; ® M; — M; ® M;. The trivalent vertices
in (2.8.41)) are associated with the Clebsch-Gordan maps (with & = ¢ + 7):

CL: M;® M; — My, CY o My, — M; @ M; . (2.8.45)

In the case where i+ 7 = N, one edge carries the trivial representation and can thus be removed.
This gives cap and cup maps:

oyt My@My_;—»C,  C37:C— My_;©M,. (2.8.46)

Quantum invariants of a network are then obtained by composing the intertwining maps asso-
ciated with the pieces of the network.



Chapter 3

Quantisation of tinkertoys

In this chapter we will describe the quantised algebras of functions A;’]\fn(q) on the moduli
space ./\/lé\fn of flat connections on a punctured Riemann surface C,,, obtained by using skein
quantisation in some simple examples. These will be associated with surface C,,, with (g, n)
being (0,3), (1,1) and (0,4). As explained previously, it is reasonable to regard the results as
basic building blocks for the description of the algebras associated with more general surfaces
Cyn-

3.1 Pants networks

As the prototypical illustration of the role of network operators, we consider flat SL(N, C)-
connections on a three-punctured sphere Cy 3, also known as the pair of pants, or pants for
short. As we mentioned in Section [2.6| any Riemann surface C,, can be decomposed into
pants by choosing a maximal set of simple loops that do not intersect. The pair of pants Cy 3 is
hence not merely the simplest example, but also the most essential one, from which any other
surface can in principle be understood. The main novelties for the case N > 2 will be apparent
in this example. Indeed, any simple loop on Cj3 can be deformed into a loop surrounding
a puncture, so networks are the only relevant objects in this case. A particularly important
network has two trivalent junctions and three edges, running between every pair of punctures;
we call it the pants network (see Figure [3.1)). The number of possible pants network operators
is given by the partition of NV into three strictly positive integers ¢ + j + k = N, which gives
(M) = (N = 1)(N —2)/2.

2
In terms of 4d N = 2 gauge theories, Cy 3 corresponds to the theory Ty studied by Gaiotto [9],
which can be used as a fundamental building block for more general theories. Ty is a strongly
coupled NV = 2 superconformal field theory with no known weakly-coupled Lagrangian de-
scription (except for Ty, which is free). It has SU(N)? flavor symmetry and SU(2) x U(1)
R-symmetry. It contains operators @ and  with scaling dimension (N — 1) that transform in
the trifundamental representations ((J, J, () and ((J,J, ) of SU(N)3. There are also Higgs
branch operators f1, 2, pt3, which have scaling dimension 2 and transform in the adjoint of one

SU(N). Finally, there are Coulomb branch operators u,(j) with dimension k; the labels take the

37
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Figure 3.1: Pants network on a pair of pants Cy 3.

values k = 3,...,Nandi=1,...,k — 2, so their number is (N — 1)(N — 2)/2. We see that
this matches nicely the number of pants networks.

The fundamental group of the sphere Cy 3 with three punctures A, B, C' is represented by the
loops Y4, 7B, Yo around each puncture satisfying one relation:

m1(Co3) = {(va, 7B, vc) |V avBYC = Yo } (3.1.1)

where v, denotes a contractible loop. The corresponding holonomy matrices A, B, C satisfy
ABC = (—1)V~ (the sign is chosen for consistency with (2.8.41)) and (#.2.6))). The moduli
space of flat SL(N, C)-connections has the dimension

dim[M{s] = N* — 1. (3.1.2)

The functions coming from the loops around the punctures, A;, B;, C;, withi =1,... N — 1,
and from the pants network with both orientations, N,, N,, witha = 1,..., (N —1)(N —2)/2,
provide the correct number of coordinates on MéY 3.

(N—-1)(N—-2)

3(N—1)+2 5 = N*-1. (3.1.3)

Fixing the eigenvalues of the holonomies around the punctures then gives 3(/N — 1) constraints
and leaves us with only the pants networks:

dim[M{s] = (N = 2)(N — 1) . (3.1.4)

SL(@3)

The first non-trivial case is N = 3. We will show how to obtain a closed Poisson algebra
involving the loops and pants network, together with an extra six-junction network. This gives
10 generators satisfying 2 polynomial relations, which can be quantised using quantum skein
relations.

Loop and network functions: There are two loop functions for each holonomy matrix, namely
the coefficients of the characteristic polynomial, which can be expressed in terms of traces as
in (2.5.28): A; = trA and Ay = trA~! (and similarly for B and C). The network function N,
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Figure 3.2: Left: Construction of the network operator Ny on Cy 3 from the holonomy matrices Ug, Uy,
U, along its edges contracted with e-tensors at the junctions. Right: The holonomy matrices A, B,
C are associated with the branch-cuts (dashed) starting at the punctures A, B, C. Two edges of the
network Ny intersect the branch-cuts and are thus associated with A and C~1.

and its reverse IV; can be constructed as in (2.5.29) by fusing the three edges at the two trivalent
junctions with e-tensors (see Figure [3.2]left){T]

N = _emnpUZLr EsUgt et
Ni = —mnp(U )™ (ULH (U )Pem" (3.1.5)

s S

Alternatively, we can construct the network functions as in (2.5.30) by associating holonomy
matrices with the edges of the network according to which branch-cuts they cross (see Figure
right). This gives the following expressions:

Ni = —emmpAT6H(CV )Pt = trAC™! — A,C,
Ni = —pmp(A™)M6"Cle™ = trA™1C — A,C; (3.1.6)

The several possible choices for the position of the branch-cuts all lead to the same network
function:

N1 = tI'AC_l - A102 = tI‘BA_l — B1A2 == tI'CB_l - OlBg . (317)

A term such as trBA~! corresponds to a self-intersecting Figure-8 loop going around the
punctures B clockwise and A anticlockwise. Resolving the intersection with the skein rela-
tion in (2.4.23) produces the relation (3.1.7) (see Figure [3.3).

Gl oo

Figure 3.3: Applying the skein relation to a self-intersecting loop going around two punctures produces
a network and pair of loops around the punctures.

!The overall sign is chosen for later convenience, so that N; will be expressed as a positive Laurent polynomial in the
Fock-Goncharov coordinates, as in (¢.4.24).
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W1 I/T/l
{Ni,N;} = — + = - +

Figure 3.4: The Poisson bracket of the pants networks N1 and N1 can be expressed in terms of Pochham-
mer curves or in terms of the 6-junction network Wy and its reverse W1.

Closed Poisson algebra: We would like to find a set of generators including A;, B;, C; and Ny,
N that forms a closed Poisson algebra. The Poisson brackets can be obtained from Goldman’s
formula (2.3.18). Since the Poisson bracket is proportional to the intersection number, the loop
functions A;, B;, C; around the punctures obviously Poisson-commute with everything:

{A;, 0} ={B;, e} = {C;,0} =0. (3.1.8)

To apply Goldman’s formula to the pants networks we use their expressions (3.1.6) in terms of
trace functions. We get

{N;,N;} = {trAC ' trA7'C} = —trCBA + tr(CBA) ™' = —-W, + W, ,(3.1.9)

where the functions W, and W, correspond to the six-junction networks shown in Figure
and are related to the so-called Pochhammer curves trCBA and tr(CBA)~! via the skein
relation and reductions in (2.8.40) and Figure 2.9)(with ¢ = 1):

W1 == tI'CBA — AlAQ — BlBQ — 0102 s
V_Vl = tr(CBA)A - AlAQ - BlBg - 0102 . (3110)

If we want to obtain a closed Poisson algebra we thus need to add W, and W, to the set of
generators and compute their Poisson brackets. We find that they indeed closeﬂ

{N;, W} = trB"'C?’BA — ttCB'CBA +trA"'B"'AC — trCB*!
= —NW; +3N? + 2N, (A1 By + BiCy + C1Ay) — 6N, + A,
{N,W;} = —trCB2C'A'+ttB"'CB'C'A' -trA"'B'AC+ trCB™!
= NiW; —3N? — 2N, (A1 By + BiCy + C1Ay) + 6N, — A,
(W, W1} = tr(BAC)'ACB — tr(CBA) 'ACB + tr(ACB) 'CBA
—tr(BAC) 'CBA + tr(CBA) 'BAC — tr(ACB) 'BAC
= 3(N? — N3+ 2N (A3B, + BoCy + CyA)
—2N7{ (A By + B1Cy + C1 Ag) + NiA — NiA (3.1.11)

and the remaining Poisson brackets can be deduced by replacing every object by its reverse:
A — A1 A — Ay, N — Ny, Wi — Wy, and so on. Here we have defined

A = A1A23201 —|— BlBQCQAl + 010214231 —|— A%Bl —|— B%Cl —|— 012141
+ Ay B3 + ByC3 + Cy A3 — 3(AsBy + BoCy + CyAy) . (3.1.12)

Because of the large number of self-intersections to resolve, it is tedious to get the expressions in terms of networks (second
lines) from applying skein relations. However, they can be derived easily with Mathematica in the explicit representation of
loop and network functions as Fock-Goncharov polynomials that we will present in Chapter[z_f}
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e " oF
N1N1 _ + + A, 4o
G © O

Figure 3.5: The product N1 N can be expressed in terms of the networks W1 and W, via the skein
relation.

In conclusion, we have obtained a closed Poisson algebra with the generators
A, Bi, Ciy Ny, Ny, Wy, Wy (3.1.13)

Since the dimension of the moduli space Mg 5 is 8, there must be 2 relations between these 10
generators.

Relations: A simple way to obtain a relation is to consider the product of N; and N;. We
can draw these networks on Cy 3 such that they have two intersections, which we resolve by
applying the skein relation (see Figure [3.5). The resulting networks can be simplified via the
square reduction of Figure (with ¢ = 1), and the polynomial relation is then P; = 0 with

Pi = NiNy— (Wi + Wi+ A BiCy + A3 ByCo + A1 Ay + B1By + C1C5 + 3§3.1.14)

The second relation P, = 0 comes from the product of W, and W, :

Py = (Wy+6) (W) +6)— [Nf + N2(ABy + BoCh + A1Cy) + NiA
+A3 + B} + C} + A3A,B,Cy + A By BoCy + A B CECy
—|—A%B%CQ + AQB%CIQ + A%BQCIQ — 2(A%B202 + AQB%CQ + AQBQCIQ) -+ reverse
—3(A1B,Cy + AyByCy) — 9(A Ay + By By + C1Cy) + 271 (3.1.15)

Here “+reverse” means that all the previous terms should be added with reverse orientation.

We have therefore arrived at a description of the algebra Aag in terms of the 10 genera-

tors (3.1.13)) satisfying the 2 relations P; and Ps:
Ag,3 =C [Aia B;, Ci7N17N17 Wi, Wl] J{P1,Pa} . (3.1.16)

It is straightforward to relate our description involving networks to the description in terms of
trace functions as in (2.2.16)) and (2.2.17).

Remarkably, we can write the Poisson brackets in terms of derivatives of the polynomial rela-
tions (this can be compared with [83]):
- OP, 0Py,  OPy 0P 0P, OPy,  OPy OPs
Ny, N1} = — — —— N W= —— — ———
Wy = Sam, ~amomy Y S G an, T aN, o
OP, 0Py, 0Py 0P, OP, 0Py 0Py 0P, 3.1.17)

N, Wi} = —= - v Vit = V,  ON
{ 17W1} 8N18W1 8W18N17 {Wl’Wl} 8N18N1 3N13N1

3This complicated expression is also more readily obtained in the explicit representation presented in Chapter@
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. O
+.

NN
11 +A1

Figure 3.6: The quantum product of Ny N 1 resolved via the quantum skein relation.

lvl»—‘
NI»—

ot [3](1

This indicates that that the Poisson structure of M§ 5 is compatible with its structure as an
algebraic variety.

Quantisation: Quantum versions of the polynomial relations P; and P, in which the network
functions are replaced by noncommuting operators, can be obtained by applying the quantum

skein relations in (2.8.40) and Figure [2.9]

The quantum relation P, is obtained by superposing the operators N; and N; and resolving
their two intersections via the quantum skein relation (see Figure [3.6):

Nlﬁl = qi%Wl + q%ﬁ/l -+ Alélél -+ AQBQCA’Q + AlAQ + Blég -+ Olég -+ [B]q . (3118)

The operator N, which | appears first in the product, is drawn on top of the second operator N 1.
Note that the product N LNy with inverted order would give the same expression but with the
replacement ¢ — ¢~ *

The quantisation of the second relation P, gives

(Wa+(6l,) (W +16)) = @3NE + N2 (AsBy + BoCr + AiCo) + 2N
+A3 4+ B3+ C3 + A2A,B,Cy + A, B?ByCy + A1 B1C2Cs
+A2B2C, + AyB2CE + A2B,C?
—(q+ ¢ ) (A2ByCo + AyBCy + Ay ByC?) + reverse
+ A, Ay By BCL Oy
—(g—3+ q*l)(AlA2é1§2 + BBy Gy + 610212111212)
—(2¢> + q =3+ ¢+ 207 (A BCy + Ay ByCy)
— 2@+ g+ 3+ ¢ + 207 (A1 Ay + BBy + C1Cy)
+¢° +2¢" +¢* +3¢* + 3¢+ 7
+3¢ ' +3¢ 2+ P+ 2 + 77, (3.1.19)

where now “+ reverse” also implies the replacement ¢ — ¢!, and in A we have replaced the
coefficient of 3 by 2q + ¢~
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We also find the following quantum commutators:

(Wi = W),

q_%)ﬁf + (¢ — q_1>ﬁ1(14132 + B,Cy + 6'11212)

~(@P+a-q"' =g )N+ (¢ —q DA,

q_%Nﬂfm - Q%WINl = (C]_% - q%)ﬁf R U q)ﬁ1(1‘11éz + B0y + 011212)
@+ —a— )N+ (g2 — A, (3.1.20)

N1ﬁ1—ﬁ1]\71 =
q%NIWI_q_%WlNl =

Nl =

(q
(q

NI

and
Wiy = Wil = (g% — ¢ 2)(N} = N}) + (¢ — ¢ ) NE(ABy + ByCy + CoAy)
—(q - q_l)Nf(AIEQ + B,Cy + CAylf‘iz)
1 ~

+(q7 — ¢ 2) (M A — NA) (3.121)

where in A we have made the replacement 3 — [3],. These relations reduce at first order in % to
the Poisson brackets (3.1.9) and (3.1.11). For example, with a little bit of rewriting we obtain
[N, W] = (1= @)Wy + (g — q72)ﬁ12 + (g7 — qu)]\gfl(filéz + B1Cy + Ci Ay)
~(@ @ —qg 7 —q )N+ (1-g A
— h[ — Wi Ny + 3N2 + 2N, (A, By + B, Cy + C1Ay) — 6N, + A| + O(R?)
= AN, Wi} +O(R?) . (3.1.22)

Na I
Figure 3.7: The pants networks N, Ny, N¢ differ from one another by the choice of the edge (thick) that
carries the second antisymmetric representation of SL(4).

SL(4)

Nb O NC O

We find a similar structure for S'L(4) loop and network operators. The loop functions A; around
the puncture A are

A = trA, AQZ%[(trA)Q—tr(AQH : Ay =trAt, (3.1.23)

We can construct three pants networks N,, Ny, N, differing by the choice of the edge that
carries the second antisymmetric representation of SL(4) (see Figure [3.7):

1

Na = _Eemnqu;angsUﬁtU(q:UETStu = trCBil - ClB?’ )
1
Nb = _§€mnquZT gsUZl))tUguerStu = tI‘AC_l B AlCS ’
1
Ne = __emnquZLrUﬁsUgtUguersm = trBA™" — BiAs . (3.1.24)

2
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Pants networks with the same orientation Poisson-commute with each other:
{Na, Np} = {Np, N} ={N.,N.} = 0, (3.1.25)
but they do not commute with their reverses:

{Na;Na} = {Np, Ny} = {Ne, N.} = trCBA — tr (CBA) ™" |

{Na, N.} = trtCB'AB™! — trCB%A |

{N¢,Np} = trBA'CA™' —trBA2C,

{Np,N.} = trAC'BC~! - trAC™?B. (3.1.26)

As in the SL(3) case, to obtain a closed Poisson algebra we would need to add the functions
appearing in the Poisson brackets of the pants networks to the set of generators, compute their
Poisson brackets, and so on. Repeating this procedure until the Poisson algebra closes would
lead to a large number of generators, satisfying many polynomial relations. Ultimately, it should
be possible to choose the set of 15 independent generators of Aé’g to be given by the loop
functions around the punctures and by the pants networks:

AiaBiaciaNaaNaaNbaNlnNCaNC' (3127)

This can be compared with the 15 generators of the ring of invariants of two matrices given
in [94].

Figure 3.8: Product of pants networks: NaNb (top), Z\Afaﬁa (middle), Naﬁb (bottom).

Many quantum relations can be easily obtained by applying quantum skein relations to products
of pants networks. We show a few examples in Figure
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3.2 One-punctured torus

Figure 3.9: One-punctured torus Cy 1. The A- and B-cycles are shown, together with a network operator
N, consisting of three edges and two junctions.

Our next simple example is the torus with one full puncture, denoted by C; 1 (see Figure [3.9).
The corresponding 4d gauge theory is the so-called N' = 2* SU(N) gauge theory, which can
be obtained from the N = 4 theory by giving a mass to an adjoint hypermultiplet.

The fundamental group of C; ; consists of three loops, the A-cycle 4 (meridian), the B-cycle
~vp (longitude), and the loop ~y), around the puncture, subject to one relation:

m(Ci1) = {(va, v8> Y)Y avBYA Y = s} - (3.2.28)

The holonomy matrices by A, B, and M satisfy ABA~!B~! = M. We can also combine
the matrices A and B into matrices C = (AB)~! and C’ = AB~! associated with the curves
Yo = (yays) ' and yor = vav5", respectively. Each of these holonomy matrices gives (N —1)
loop functions.

We also consider a particular two-junction network N; with two junctions whose edges go
around the A- and B-cycles (in contrast to the case of C 3, there are many two-junction networks
that we can consider on C; ;). The network N, and its reverse IV; each contributes (N —1)(N —
2)/2 operators. Together, the operators coming from A, B, C and from the networks Ny, N,
add up to the dimension (2.1.4) of the moduli space of flat SL(/N)-connections on C; ;:

N —1)(N —2)
2

3(N—1)+ 2( = N?—1=dimMy7,]. (3.2.29)

SL(2)

We start by briefly reviewing the well-studied case of flat SL(2, C)-connections on the one-
punctured torus C; ; [51] (see also [95], [70], [54]). The Poisson bracket of the A-cycle function
Ay = trA and the B-cycle function By = trB is (by Goldman’s formula (2.3.18)):

1 1
{Al, Bl} = trAB — 514131 = —JCI'AA:Bi1 + §A1B1 . (3230)

The extra traces C; = trAB and C] = trAB~! correspond to curves that go once around the
A-cycle and once around the B-cycle (in different directions). Applying the skein relation to
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products of loop functions gives
AB = 01 +C, CiCy = A+ B? + M, — 2, (3.2.31)
which can be combined to obtain the relation P; = 0 with
Pr=ABC,— (A3 + B +C} + M, —2) . (3.2.32)

The Poisson bracket between the generators A;, By, C; can be written as

10P
A, B} = ———— 3.2.33
{ 1, 1} 2 Cl ) ( )

and cyclic permutations of A, By, C}.

To obtain quantum relations, we apply the quantum skein relation:

=

ABy = qiCy + ¢ iC) (3.2.34)

Inverting the order in the product amounts to exchanging ¢ <+ ¢!, so we can obtain the ¢-
deformed commutation relation

~

BiA, = (q% . q—%> Cy . (3.2.35)

N

14 A —
qtA1B1 —q
Note that this relation can be written as a quantum commutator
AL, Bl = (¢72 = DBiAi + (¢F — g 7)Ch (3.2.36)

which reproduces the Poisson bracket (3.2.30) at first order in 4. Similarly, the quantum skein
relation leads to the quantisation of the cubic relation (3.2.32)):

Pr=gtABiC — (A3 + g E B+ 3O+ 0 - 2, (32.37)

Figure 3.10: Left: Covering of C1 1 with two branch-cuts (dashed lines). Each branch-cut is associated
with a holonomy matrix A or B. Right: Cy 1 described as a square with opposite sides identified, and
with the puncture at the corners. The holonomy matrices associated with the three edges of the network
N are determined by the branch-cuts that they cross.
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We now have the loop functions A; = trA and A, = trA~! and similarly for B;, M;, C;, and
C!. There are many different two-junction networks that can be put on C; ;. A natural choice
is the network that goes once around the A-cycle and once around the B-cycle. The associated
network function NV, and its reverse /N, can be expressed as

— m n P _rst
Nl — Em”PUar bsUct€ ’

Ni = mnp(UH)™(ULHH(U et (3.2.38)

a T s C

As explained in Section (2.3)), the network functions N; and N can also be obtained from the
transition functions in a covering of C; ;. We can for example cover C; ; with one patch that
overlaps itself along two branch-cuts that go around the A- and B-cycles and intersect at the
puncture (see Figure[3.10). The network /N7 has one edge that crosses the branch-cut associated
with A (with reverse orientation), one that crosses the branch-cut associated with B, and one
that does not cross any branch-cut. This gives the following expressions

Ni = €mnp(A "B ™ = AyB, — O,
Ni = AT (B )™ = A By — O, (3.2.39)

with C] = trAB~! and C%, = trA~'B. Such relations between networks and products of
intersecting loops can of course also be understood as arising from the skein relation (2.4.23)

(see Figure[3.T1):
A3Br = N +Cy, ABy=N +C. (3.2.40)

Figure 3.11: Relations between loop and network operators arise from the skein relation.

The quantisation of relations such as (3.2.40) can be obtained by applying quantum skein rela-
tions to resolve the intersection of the A- and B-cycles:

AsBi = ¢ Ny +q75Cy, ABy = q 5N} + q3Cy

ABy = ¢N, +q3C),  ABy=q N +¢3C . (3.2.41)
Here the operator N{ corresponds to the flipped network shown on the left of Figure m

Changing the ordering in the product of two operators simply inverts ¢, so we can deduce
expressions for commutators, whose leading terms in A correspond to the Poisson brackets. For
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example we obtain

1 A 1

n oA 1 1. A 1
[AQ,Bl] = (qE — q_g)Nl + (q_g — qg)Cé — {AQ,Bl} = g(Nl — 20&) . (3242)

We can also apply the quantum skein relation to the product of Ny and N 1t
Nlﬁl = q_%Wﬁ + q%ﬁ/6 + 12111212 + Blég + élég + Ml + MQ + [3]q s (3243)

where W is a network with six junctions shown on the right of Figure [3.12] The same network
W also appears in the product

AyAy+q 2B By . (3.2.44)

[N
N

N{C’2:W6+q

More complicated relations are impractical to derive in this way, but can be computed in the
explicit representation of the loop and network operators in terms of Fock-Goncharov polyno-
mials, as we will discuss in Chapter d] We have for example the classical relation (also given
in [80], [96])

AL A B ByCiCy = [Nf + N2(AyBy + BoCi + CoAy) (3.2.45)
+N1 (A1 Ay B1Cy + A3C) + ASBy — 3A, By + cyclic)
— (A B3C3 — 2A3ByCy + A? + cyclic) + reverse
—N; N1 (A1 Ay + cyclic) — (A Ay By By + cyclic)
+3(A1B1Cy + A3 BoCy) + My My + 6(My + Ms) +9.

Here “+cyclic” means adding the terms obtained by cyclic permutation of A, B,C, and
“treverse” the terms obtained by reversing the orientation, 4; <+ Ay, N; <> Ni, and so on.
Recall that at the classical level the algebraic structures of Mé\f 5 and M{V , are the same, so that
the relation ((3.2.45)) is the counterpart of the relation (3.1.15) for the 3-punctured sphere. The
Poisson structures on ./\/lé\f 5 and M{V , can also be related via a symplectic quotient, as explained
in [97].

In conclusion, we can describe the algebra Ail in terms of the 10 generators A;, B;, M;, C;,
N, N satisfying the relations (3.2.43)) and (3.2.43)). Classically, these generators form a closed

> >

‘ Ni k Wes ]

Figure 3.12: Left: Flipped network N7. Right: Network Wg appearing in the product Ny Ni.
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Ay
A

Figure 3.13: A maximal set of commutting Hamiltonians on ./\;lil is provided by the A-cycle functions
A; and the pants network No.

Poisson algebra (as noted in [96]):

{A1,B1} = Cy— %AlBl , {Ay, B1} = Ny — %AgBl ,
(B,C} = Ay— %Blc1 , (By,C1} = N, — 23201 |
(C1 A} = By %C’lAl , (Co, Ay} = N, — §CQA1 |
(AN} = —%AlNl b ACy— By, {A, N} = %AlNl — ABy+Cy
(BN} — —%BlNl 4 AsBy—Ci, {Bi, N} = %Blz\‘a _ ByCot A
(LN} = —%ClNl b ByCo— Ay, {ChL N} = éclzvl — ACy 4 By

(N, N} = A, B,C, — A3ByCs . (3.2.46)

The remaining Poisson brackets can be obtained by reversing the orientation. In addition, the
functions M; associated with the curve around the puncture are central elements of the Poisson
algebra, {M;, e} = 0.

Fixing the values of the central elements M; leaves us with a 6-dimensional moduli space /\;lil
which is symplectic. A natural maximal set of commuting Hamiltonians consists of the A-cycle
functions A; together with a network N, that surrounds the puncture and has one edge along
the A-cycle (see Figure[3.13):

Ny = —€np A" M™%, = trAM — A, M, | (3.2.47)

This network is the pants network in the pants decomposition obtained by cutting C; ; along the
A-cycle. It is related to the network /V; defined above via

N2 - —NlCl - NlBl + AgBlcl -+ BQCQ - Ag + Al . (3248)

The A-cycle functions A; and the pants network N, Poisson-commute, as is obvious from the
fact that they do not intersect:

{Ay, A} = {A1, P} = {45, P} = 0. (3.2.49)
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The A-cycle functions are A; = trA, Ay = 1 [(trA)? — tr(A?)], A3 = trA~'. We define three
networks which are going once around the A-cycle and once around the B-cycle, and differ by
the choice of the branch that is doubled:

Na — Emnqum Un Up Uq rstu
Ny = Ly, UmUp UP UY erst“
Ne = LeppUT bSU’c’tUgue”t“. (3.2.50)

Quantum relations between the loop and network operators can be obtained by applying quan-
tum skein relations:

Alég = b+ q%éi , 121131 = Q%N{) + qué'g , 121331 = qiéNb + q%éé (3251)
1211];’2 = ]Va—i—qiN;, ASBB :q§N£+q’§(§1 ) AZBl :q’1/4Nc+qiNé )
AsBy, = q_Z]\Afa—l—q%N;, AyBs :q_1/4Nc+q%Né . AyB, = q%é§+q_%éz+N4 .

A

¢
¢

~  al= oolm

Here the networks with a prime are flipped and NN, is the four-junction network in Figure 3.14]

3.3 Four-punctured sphere

The next example (with y = —2) is the sphere Cy 4 with four full punctures, denoted by A, B,
C, D. Its fundamental group can be expressed in terms of the loops v4, Vg, Yo, Vp surrounding
the punctures clockwise, subject to one relation:

71(Coa) = {(va, V8, vc: YD) | YAVBYC YD = Yo} - (3.3.52)

We associate holonomy matrices A, B, C, D to these loops, satisfying ABCD = (—1)V~!1.
In addition, we consider the loops vg and ~y7 surrounding pairs of punctures: S = AB and
T = BC (see Figure 3.15). We also define the two networks N4p, Nop (and their inverses
Nug, Nep) around punctures A, B, and C, D, respectively, which are adapted to the pants
decomposition determined by the curve . Each of the holonomy matrices A, B, C,D,S, T
gives (N — 1) functions, while each of the four networks N g, Nep, Nag, Nop gives (N —
1)(N — 2)/2 functions. This gives the following number of functions:

(N —-1)(N—-2)
2
Fixing the conjugacy classes of A, B, C, D gives 4(N — 1) constraints.

6(N —1) +4 = 2(N?—1) =dim[M],]. (3.3.53)

-

Figure 3.14: Network Ny that appears in the product Ay Bs (thick lines carry A*0).
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Figure 3.15: Sphere Co 4 with 4 punctures A, B, C, D. The holonomy matrices S and T are associated
with loops surrounding pairs of punctures.

SL(2)

The generators Ay, By, Cy, Dy, S1,17 do not form a closed Poisson algebra on their own. In-
deed, applying the quantum skein relation gives

STy = ¢ 20, +q2U, + ACy + B D, , (3.3.54)
with U; = trBD and U] = trAC (up to an overall sign for later convenience). The leading
order in h gives the Poisson bracket

(S, T} = —U, + U . (3.3.55)

We can eliminate U] via the relation (3.3.54), but then we must include U in the set of gener-
ators in order to obtain a closed Poisson algebra. The closure of the Poison algebra with the 7
generators Ay, By, Cy, Dy, S1,T1, Uy is implied by the following ¢-deformed commutators:

~

=

¢ 25T - 218 = (¢~ @)Uy — (¢ —q 2)(ACy + B Dy)
1~ ~ 1.~ ~ ~ 1 1 A A A A
q :TVU, —q2U/Ty = (q_l -5 —(¢2 —q 2)(A4B, +C1Dy),
¢ U8, — 25U = (¢t — )T — (¢ —q 2)(B,CL+ ADy) . (3.3.56)

Since dim[MG,] = 6, there must be one relation between the 7 generators. It is provided by
the product of U; and U7:
Ulﬁ{ = qgf + q71T12 + q%g1<A1§1 + élbl) + qiéjjl(Blél + Alﬁl)
+A,B,C\D; + A% + B% + 012 + D% — [2]3 . (3.3.57)
Eliminating U7 with the relation (3.3.54) we obtain the familiar cubic relation (see [54])
751 = q_%S’1T1U1 — q_lgf — qTf — q_lﬁf

—(f%gl(/ilél + élbl) - qéfl(élél + 1211151) - qiéUl(Alél + B1D1)

—A1BC\Dy — A} — Bf — Cf — D} + [2]2. (3.3.58)
Note that the same relation holds with U, replaced by U; and ¢ by ¢~!. We thus have a presen-
tation of the algebra Agj 4, In terms of 7 generators satisfying the cubic relation P;:

A3,4 = C[Ay, B1,C1, Dy, 51,11, Ub] /P . (3.3.59)
The Poisson brackets can be expressed as derivatives of P, for example
oP
{5, T} = == =351 —2U, — (A4,Cy + B,Dy). (3.3.60)

ou,
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il o

Figure 3.16: The product STy generates networks via skein relations.

SL(3)

For Riemann surfaces with dim[m(C,,)] = 3 such as Cp4, the SL(3) character variety has
dimension 16, and is generated by a minimal number of 45 trace functions, see [94], [98]. This
implies the existence of 29 relations between the generators. Choices for the 16 independent
generators were given in [99]. In terms our description, we can take the following loop and
pants network functions {A;, B;, Ci, S;, Ty, U!, Nap, Nag, Nac, Nac}, with

Nip = trAB ! — A,B,, Nyo = trAC™! — A,C, . (3.3.61)

We can then apply quantum skein relations to products of generators to obtain relations. For
example we get (see Figure [3.16)

ST = ¢ 2Npp+q2Nyp + Nage + BiDs (3.3.62)
with
Ngp = trBD™!'—B\D,, Ny, =trAB™'C — B,U]
Nipc = trCB'A — A Ngc — C1Nyg — A1 B, . (3.3.63)
We also find

NABﬁAB = q_%N(s + q%ﬁta + S A9 By + Sy A By 4 $15y + Ay Ay 4+ BBy + 3]y, (3.3.64)
with (see Figure [3.17)
N6 = 131'1AB‘A_1B_1 - 8152 — A1A2 - BlB2 . (3365)

SORC>

Figure 3.17: The six-junction network Ng that appears in the product NapNap.



Chapter 4

Fock-Goncharov holonomies

We now give an explicit representation of the algebra Aé\f ,, In terms of polynomials in the coordi-

nates defined by Fock and Goncharov in their seminal work on higher Teichmiiller theory [63].
The holonomy matrices constructed with their methods have some nice positivity properties,
which imply that all loop and network functions are given by Laurent polynomials with positive
integral coefficients. Relations between generators can then be easily obtained (with the help
of Mathematica for higher rank). Thanks to the natural quantisation of the Fock-Goncharov
coordinates, these relations can be quantised uniquely. In all examples we have studied perfect
agreement is found with the results of skein quantisation presented in the previous chapter. The
most non-trivial part of the quantisation concerns the positive integral coefficients in the loop
and network polynomials. We will see that they get quantised to positive integral Laurent poly-
nomials in ¢'/? — as expected from their interpretation as the framed protected spin characters
of Gaiotto, Moore, and Neitzke [51]. We give many examples up to N = 4 for the surfaces C, s,
C171, and 60,4.

4.1 Fock-Goncharov coordinates

Fock and Goncharov defined useful systems of coordinates for M, associated with triangula-
tions of Cg,,. Provided that C, ,, is a hyperbolic surface with at least one puncture, it can be de-
composed into triangles with vertices at the punctures. There are —2 triangles and —3y edges
in this ideal triangulation. Each ideal triangle can then be further decomposed into N2 small
triangles, which produces a so-called N-triangulation (see Figure 4.1). The Fock-Goncharov
coordinates x,, with &« = 1,...,d, are associated with the vertices of these small triangles
(excluding the punctures of C, ). There are (N — 1) coordinates on each edge, and (N; 1) co-
ordinates inside each face, which add up to d = dim[M é\f .) (see appendix |A| for more details).

The Poisson structure on /\/lévn can be neatly encoded in a system of oriented arrows on the

edges of the small triangles of the N-triangulation (see Figure 4.1|right). The Poisson bracket
between two Fock-Goncharov coordinates is given by

{(Eom xﬁ} = EaBTalg , 4.1.1)

53
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Co3 C

Figure 4.1: Left: ideal triangulation of the three-punctured sphere Cg 3 into two triangles. Right: N-
triangulation of an ideal triangle into N small black and white triangles (here for N = 4). The Poisson
structure € is encoded in the arrows circulating clockwise around the small black triangles.

with
€ap = F(arrows from z, to x3) — #(arrows from x5 to z,) € {0,£1,+2} . (4.1.2)

A monomial 27" - - - £ can be encoded in a vector of exponents a = (ay, .. ., a4), called tropical
a-coordinatesﬂ The Poisson bracket between two monomials x, = [, z2> and z3, = [, x5
is given by

{Za,2p} = Z(aaeafgbﬁ)xamb = (a'eb)zarp = — Z(xaba)xaxb ) (4.1.3)

a,f «

In the last expression, the combinations x, = > 5Eapap are the tropical x-coordinates of the
monomial z,. Clearly, monomials with x, = 0 for all « are central elements of the Poisson
algebra (we will see below that they correspond to traces of holonomies around the punctures).
The moduli space Mé\fn 1s a symplectic fibration over the space of central monomials.

4.2 Holonomies

Fock and Goncharov constructed holonomies on the triangulated surface C,,, using the snake
matrices reviewed in appendix [A] The general procedure to obtain the holonomy for a curve y
is to choose a curve homotopic to  on the graph I' that is dual to the triangulation and multiply
the matrices assigned to the corresponding edges and vertices of the dual graph.

More precisely, the dual graph I' must be fattened and decomposed into rectangles along its
edges and hexagons around its vertices (see Figure 4.2)). There are three types of segments in
the decomposed fat graph: the segments e crossing an edge of the triangulation, the segments
s intersecting the dual graph, and the segments v around the vertices of the dual graph. The
segments e and v are oriented clockwise around the punctures, while the segments s are not
oriented. The matrices e,s,v € SL(N, C) assigned to the segments e, s, v of the decomposed
fat graph are the snake matrices defined in appendix [A] (normalized to have unit determinant):

€, = H1<.Z'1)H2(Q}2) cee HNfl(fol) s s=3S5 y V, = F . (424)

'The a; are coordinates for the tropicalization of the .A-space defined by Fock and Goncharov, which is dual to the X-space
parameterized by the ;. The A-space is isomorphic to the space of laminations on Cg .
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z
T2
e

T .
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n
(LI LI

<+

Figure 4.2: Two triangles in a triangulation and the corresponding dual graph I" (black). The fat dual
graph (dashed) is decomposed into rectangles and hexagons, and its segments are associated with ma-
trices e, s, V.

Here the matrix e,, depends on the (N — 1) coordinates x4, . .., zx_; along the relevant edge in
the triangulation (for conciseness we only indicate the coordinate that is closest to the puncture
around which it rotates). Similarly, the matrix v, depends on all the coordinates inside the
relevant face in the triangulation. For example, for N = 3 we have

10 0 0 0 1 10 0
e, =10 =1 0 ) s=10 -1 0], v, = |1 1 0] . 42)5)
0 0 xi29 1 0 O 1 1+z2z «x
The holonomy for a path on the fat graph with successive segments (si, S, - - , S, ), Where

s; € {e, s, v}, is given by the product of the corresponding matrices: Sy, - - - s281. The holonomy
around a rectangle or an hexagon is (projectively) equal to the identity:

eses = vsvsvs = (—1)V7'T. (4.2.6)

Note that this sign is consistent with our conventions for the contraction of a fundamental loop
in (2.8.40)) (in the classical case ¢ = 1).

The holonomy for any curve «y on the surface C, ,, is obtained by choosing a curve homotopic to
~ on the fat graph and multiplying the corresponding matrices (the properties ensure that
the choice of curve on the graph is irrelevant). Fock and Goncharov showed that the resulting
holonomy matrix is conjugate to a matrix whose minors are given by Laurent polynomials with
positive integral coefficients (in any coordinate system, that is for any triangulation) It follows
that the loop functions A; that we defined in (2.5.26) as sums of principal minors (invariant
under conjugation) will also be given by positive integral Laurent polynomials in the variables
2/~ We will moreover observe in explicit examples below that the network functions (2.5.29)

*In the case of a holonomy for a loop running around a puncture, the resulting matrix is moreover conjugate to a triangular
matrix.
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also turn out to be positive integral Laurent polynomials, but we did not find an easy derivation
of this property from the positivity of the minors.

A loop or network function L will always contain a highest term with unit coefficient, that is a
monomial z, = [],, 22> such that any other monomial x, = [],, 2% has b, < a, for all a:

L=aia? a4 4.2.7)
In contrast, other monomials in L have integral coefficients Q that can be larger than 1:

L=xa+Qrp +Qzc+ - . (4.2.8)

The product of two loop or network functions L and L’ can be expanded as

LL' =Y e(L,L;L")L". (4.2.9)

L//

For SL(2), Fock and Goncharov proved the positivity of the coefficients ¢(L, L'; L") by ap-
plying the skein relation shown in Figure [2.1] to the intersections between the loops associated
with L and L’ and by reducing contractible loops as in Note that the positivity of the
SL(N) skein relation (2.4.23) immediately implies that a product of loop or network functions
can be written as a finite sum with positive coefficients. However, reduction moves such as
those shown in Figure [2.9]can spoil this positivity since they involve negative signs.

4.3 Quantisation

The Fock-Goncharov coordinates admit a natural quantisation. The algebra Aé\f ,, of functions on
M _f]v can be ¢g-deformed into a noncommutative algebra Aé\fn(q) by promoting the coordinates

v

Z, to operators Z,, satisfying the relations
Tolp = P TpT, . (4.3.10)

It is convenient to work with logarithmic coordinates X,,, defined via x, = expX,, and the
corresponding operators X, which satisfy the commutation relation (recall ¢ = exph)

[Xo, Xs] = h{Xo, X5} = heag - (4.3.11)

A monomial in the Fock-Goncharov coordinates can be quantised by first expressing it as an
exponential of a sum of logarithmic coordinates, and then promoting them to operators (as
in [95] for example):

n

q ~ > _1 ~
Toq = H 2 = exp E A, Xy — ITa=exp E anXo =q 2 2a<pdatapas ngj‘ ,
o « «

a=1

(4.3.12)

3More precisely, their proof does not apply to the loop functions A; that we are using, but to their slightly different “canon-
ical maps” I = tr(A") from the space of integral .A-laminations to the space of positive Laurent polynomials.
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where in the last step we used the Baker-Campbell-Hausdorff formula. Similarly, the quantum
product of two monomials is given by

Ta*Tp = €xp Z aaXa * eXp Z ng/j —e2 Za,ﬁ[a"‘j{”‘’bﬂj{ﬁ]exp Z(aa + ba)Xa
@ B o'

. Llateb 4
= q%* "ZTayb - (4.3.13)

The loop and network functions that we want to quantise are positive integral Laurent poly-
nomials in the Fock-Goncharov coordinates. The monomials z, that they involve can simply
be quantised as in (4.3.12)). It is much less obvious to determine how to quantise the positive
integral coefficients 2 of the monomials. Fock and Goncharov conjectured that these quantum
coefficients are positive Laurent polynomials in ¢'/2. They also conjectured that the highest
term, which has a unit coefficient classically, has a unit coefficient in the quantum operator
too. We will make the assumption that all the unit coefficients in a loop or network polynomial
remain unit coefficients in the quantised operator (as expected from the interpretation of these
coefficients as protected spin characters in [51]). What remains to find is how the non-unit
coefficients ) get quantised:

L=xa+Qop+ BN L=da+Qip+--. (4.3.14)

Our strategy is to demand that the classical loop and network functions, which satisfy some
relations of the form (4.2.9)) (such as (3.1.14) and (3.1.15)) for Cy 3), get quantised into operators
satisfying quantised versions of these relations. This requirement turns out to be powerful
enough to determine uniquely the coefficients in expansions of the loop and network generators
into monomials of quantised Fock-Goncharov-coordinates. We will illustrate this quantisation
procedure in many examples in the following sections.

We first need to determine how the quantised relations look like. The classical relations are
typically of the form (4.2.9)) and get quantised to

L«L'=> (L, L;L")L", (4.3.15)

L//

where the ¢?(L, L'; L") are some functions of ¢. On the left-hand side, the quantum product
LI/ generates some powers of ¢ as in @#.3.13). Focusing on the monomials in L, L/, and L"
with unit coefficients, we can then read off the quantum coefficients ¢?(L, L'; L"). We will see
that they are integral Laurent polynomials in ¢'/?". The resulting quantum relations agree with
the ones that we could obtain from skein quantisation, such as (3.1.18).

We can then determine the quantum coefficients Q' by comparing coefficients of monomials
with the same exponents on both sides of the quantum relations. We will find that the Q°
are always finite positive integral Laurent polynomials in ¢/? which are invariant under ¢
q'. This is in agreement with the positivity conjectures made in [51] for the protected spin
characters.
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B . A B .IJC A
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Figure 4.3: Left: 3-triangulation of the sphere Cq 3 with three punctures labeled by A, B, C. The edges
carry two coordinates each, a;,b;,c; and the faces one each, x, y. Right: The dual graph, and the
branches Uy, Uy, U, projected on the fat graph. The white junction indicates the base point for the
loops in m1(Co.3).

4.4 Pants networks

We come back to the basic example of flat SL(N, C)-connections on the pair of pants Cy 3. The
abstract structure of the algebra of loop and network operators was discussed in Section [3.1]

SL(3)

A 3-triangulation of the pair of pants Cy 3 is shown in Figure @ left. We denote the Fock-
Goncharov coordinates on the edges of the triangles by a;, b;, ¢;, with ¢ = 1,2, and on the faces

by z, v.

Loop functions: The dual graph consists of three edges U,, Uy, U, which we can project on
segments of the fat graph to obtain the following holonomy matrices:

Ua = sv,'se,sv,'s, U, =¢,', U. =v,e,V, . (4.4.16)

The holonomy matrices for the three clockwise loops around the punctures can then be ex-
pressed as

A =1;'U,, B=U_'U,, C=U,'Uy, (4.4.17)

so that they satisfy the relation ABC = I from 7;(Cy3). The eigenvalues of these matrices
correspond (up to normalizations) to products of coordinates along parallel loops around the
punctures in the 3-triangulation (see Figure [4.4]left):

A (1,01, 1avg) ap =bycy, a9 =bicizy,
B : (LBlaﬁlﬁQ) ) pr=ciaz, B2 =cairy,
C : (1771,7172) ) Y1 =aiby, 2 = azbyry . (4.4.18)

Defining the loop functions A; = trA and A, = trA~!, we can write the compact expression

ol
Ai=]]ey ™ A+ o+ 1), (4.4.19)
J
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Figure 4.4: Left: Paths homotopic to the loop around the puncture A on the 3-triangulation of Cy 3,
which correspond to the monomials ay = baca and as = bicixy. Right: Paths homotopic to the network
Ny, corresponding to v1 = agbicoxy (dark) and vo = a1bacizy (dashed).

where the normalization factor is determined by the Cartan matrix x of SL(3):

(2 -1 Lo 1/2 1
m_(_l 2), K _§<1 2). (4.4.20)

This simple interpretation of the loop functions comes from the fact that for a path around a
puncture the Fock-Goncharov holonomy matrix can be written as a triangular matrix:

B | 0 0
A= H ij_nlj b2 + oq aq 0 (4421)
j bibo(1 + o + Cow + c1e0x) bog (1 + x4 c1v + czy) e

The normalization factor ensures that det A = 1. Note that the tropical x-coordinates all van-
ish for A;, B;, C;, which implies that they are central elements of the Poisson algebra (re-

call (4.1.3)).

Network functions: We construct the network function N; and its reverse N; by fusing the
three edges at the two trivalent junctions with e-tensors (see (3.1.5]), or alternatively (3.1.6)):

Nl = _emnpUZLr gsUztETSt )

Ni = —unp(U ) (UG5 (U e (4.4.22)
This gives polynomials with 25 terms each. Three of these terms stand out: the highest term,
the lowest term, and the middle term (which also happens to be the only term with a non-
unit coefficient). They can be written in terms of monomials 7y and 15 that have a geometric
interpretation as paths homotopic to the network on the 3-triangulation (see Figure @.4]right):

—H7-1
N, > H v, (14 2v +11s) V1 = asbicozy

—1
N, > H v, "2 (14 2uy + v110) vy = arbscizy . (4.4.23)
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The full expression for N is

7K7~1

Ny = H v, M (1 +y + ay + biy + coy + asbiy + ascay + bicoy + asbicoy + asbixy
+azcory + bicowy + 2v1 + arasbicoxy + azbibacoxy + azbicicaxy
+a2b162$2y + a1a2b102$2y + a2b1b202$2y + alagbleCgl'Qy + a2blclch2y

"‘CLlCLleClCQLUQy + a2b1b20102x2y + a1a2b1b20102$2y + V1V2) . (4424)

This is consistent with the expression obtained in [96] from products of trace functions (see
also [100]). The tropical a-coordinates of /V; (the exponents of its highest term) and its tropical
x-coordinates are given by

1
a(Ny) = 5(2, 1,1,2,2,1,3,3), x(Ny) = (0,0,0,0,0,0,1,—1). (4.4.25)

Poisson brackets: The Poisson bracket for the pants networks is computed by using (.1.3).
The Poisson tensor (4.1.2)) can be read off from the 3-triangulation in Figure #.3] and is given
in the basis {a, as, by, ba, c1, c2, x,y} by

0 0 0 0 0 0 -1 1
0 0 0 0 0 0 1 -1
0 0 0 0 0 0 1 -1
0 0 0 0 0 0o -1 1
=l 0o 0o 0o 0 0 0 -1 1 (4.4.26)
0 0 0 0 0 0 1 -1
1 -1 -1 1 1 -1 0 0
-1 1 1 -1 -1 1 0 0
This gives the Poisson bracket (3.1.9)
{Nla Nl} - _Wl —|— Wl . (4427)

The network functions W, and W, have 187 terms each, with the following highest, lowest, and
middle terms:

_57_1
W1 > HO'j 1 (1 + 801 + 0'10'2) , o1 = a1a2b1b20102y3 ,
J

_K/__l
W1 = HO'j 2 (1 + 80'2 + 0'10'2) y 09 = alagblbgclch3 . (4428)
J

All the Poisson brackets (3.1.11)) between the generators Ny, Ny, Wy, W, can be easily com-
puted in this way.

Classical relations: It is easy to obtain the polynomial relations between the generators
A;, B;, C;, N1, Ny, Wi, Wi. One useful method is to start with a product, say N;/Ni, and to
look for a combination of generators with the same highest term, in this case A; B1C}, in order
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to cancel it. Then we find that the highest terms in /V; N; — A, B,C| can be cancelled by W; and
W,. Repeating this procedure a few more times leads to the relation P; given in (3.1.14). Af-
ter implementing this algorithm in Mathematica we can obtain relatively complicated relations
such as P, given in (3.1.13). In contrast, it would be very laborious to derive this relation purely
from applying skein relations, because it would require the resolution of many intersections in
the products W, Wy, N f, and NV 12 Of course, the fact that P, is a combination of several product
expansions of the form (4.2.9) implies that its coefficients can appear somewhat unnatural (this
comment applies even more for the quantised relation (3.1.19)).

Quantisation of the relations: We now want to obtain quantum versions of the polynomial
relations P; and P,, in which the network functions are replaced by noncommuting operators.
Each term in the classical relations can acquire at the quantum level a coefficient that is an
arbitrary function of the quantisation parameter ¢ = e" and that reduces to the classical integral
coefficient in the limit ¢ — 1.

The quantum product of polynomials in the Fock-Goncharov coordinates can be obtained by
applylng the product (¢.3.13) to each pair of monomials. For example, the quantum product
NN, will produce a certain power of ¢ for each pair of monomials coming from N and N;.
Let us consider first the highest terms x, and x5 in N; and N, with tropical a-coordinates

1 1
a = 5(2,1,1,2,2,1,3,3), 5:5(1,2,2,1,1,2,3,3). (4.4.29)

These two monomials Poisson-commute, {x,, x5} = 0, which implies that their quantum prod-
uct does not produce any power of ¢:

Tala = Zata- (4.4.30)
This implies that the corresponding term in P, with tropical a-coordinate
at+a=(1,1,1,1,1,1,2,2) (4.4.31)

must have the same coefficient as N 1 ]ff 1. This term turns out to be the highest term in 1211 El C’l,
and so, by an overall rescaling, we can set the coefficients of Nljifl and Alél(jl to one in
the quantum relation P,. The next highest terms in the relation have tropical a-coordinates
(1,1,1,1,1,1,2, 1) and (1, 1,1,1,1,1,1,2). They correspond respectively to the highest terms
of the operators W1 and W, as well as to two products of monomlals in N 1 N 1 with coefficients
¢~ /2 and ¢'/2. This fixes the quantum coefficients of W, and W1 in P,.

Repeating this procedure for the next highest terms in the relation allows us to determine all
the quantum coefficients, except for the constant term 3 in P;. We find that it should quantise
as ()2 — 1, where O, and (), are the quantisations of the coefficients of 2 that appear in the
expansion of the network operators Ny and V; (recall (4.4.23))). We will show momentarily that
Q2 = Q2 = [2], and thus the 3 should quantise as [2]> — 1 = [3],. The quantum relation Py
finally takes the form

Nlﬁl = q_%Wl + q%ﬁ/l + Alélél + AQBQGQ + 1211_/42 + Blég + élég + [3],1 . (4432)
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Pleasingly, this quantum relation agrees exactly with the result (3.1.18]) that we obtained in
Section [3.1] by applying the quantum skein relation.

Applying the same procedure (with the help of Mathematica) to the second relation P, leads to
the quantum relation given in (3.1.19).

Quantisation of the generators: Having quantised the relations, we would now like to quantise
the generators themselves, as described in Section The generators are polynomials in the
Fock-Goncharov coordinates with integer coefficients. The unit coefficients should not be af-
fected by the quantisation, but we need to find how to quantise the non-integral coefficients that
appear in front of some monomials. We will see how the quantum relation (3.1.18)) can be used
to determine these quantum coefficients uniquely.

There is only one term in the expansion for N; with a non-unit coefficient, namely the middle
term with the factor of 2 in (#4.23). In the quantum operator Ny, this coefficient of 2 will be
replaced by a function ()5 of q. We can determine (), by finding a term in the quantum relation
that is linear in it. For example the monomial 1/a; appears in N1N1 with the coefficient
()2, and also in W1 and W1 with unit coefficient. Since W, and W, appear in the quantum
relation (3.1.18) with factors of ¢'/2 and /2, we deduce that the coefficient of 2 in N; simply
becomes a quantum [2], in Ny:

1

2eN;, b5 Q=q¢+q¢i=[2,eN. (4.4.33)
The coefficient of 2 in N; similarly quantises to Q» = [2],. So we have (up to normalization)

Nl o1 + [2](1]91 + ﬁll)Q )
Ny 31+ (2,00 + inbs . (4.4.34)

N1 2 1+42v 4+ 11, i)
Nl > 1+21/2+I/11/2 i)

Among the 187 monomials in the network W7, 24 have a coefficient 2, 4 a3, 12a4,6a5, 2
a 6, and 1 an 8. Let us focus on the monomial 8y/x in ;. In the classical relation P; given
in (3.1.14)), the coefficient of 8 is cancelled by 8 pairs of monomials in NNy, Ta, from N} and

1a, from N7, whose products give y/x. For example we have

1
a = 5(1,2,2,1,1,2.0,3) (4.4.35)

satisfying a; + a; = (0,0,0,0,0,0,—1,1). In the quantum relation, however, the quantum

1
a; = _5(17272717172737())7

product of the corresponding monomials in N N, produces some power of ¢ as in (¢.3.13)):

alaal

j;al*%él = q? Taj+a; — qi’al+51- (4.4.36)

Summing over the contributions of all such pairs (a;,a;), we obtain the expression for the
quantisation of the term 8y/z in Wi (recall there is a factor of ¢~'/? in front of Wi in the

quantum relation (3.1.18))):

8
8 € Wl i> q% Z q%aliaéi = q% + 3q% + 3q_% + q_% [2]2 € Wl . (4437)

i=1
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Figure 4.5: 4-triangulation of Cy 3. Left: The green lines represent the eigenvalues o; of the holonomy
matrix A around the puncture A. Right: Paths corresponding to vy (continuous), vy (fine dashed), and

vs (dashed) appearing in Nj.

The quantisation of all the non-unit coefficients in the network operators Wi and W, can be
determined in the same way. We find

1 _1 3 1 _1 _3 3
2—=q2+q 2 =2, 8 —q?+3¢7 +3¢ 2 +q 2 =[2],,
3—=q+1+q'=1[3,, A—q+24q ' =3, +1=[22,
5-q¢+3+q¢'=03,+2, 6—=>q+d+qgt=[3,+3. (4.4.38)

We see that all the quantised coefficients in the loop and network operators are positive integral

1/2 1

Laurent polynomials in ¢'/~, and are also invariant under ¢ — ¢~ .

This provides further evidence for the positivity conjectures of Gaiotto, Moore, and Neitzke [51]
about the framed protected spin characters (1.4.18)), which should take the form

Q(L,7:q) = trymsg™ (4.4.39)

with J; a generator of so(3).

SL(4)

We find a similar structure for SL(4) loop and network operators. For example, the holonomy
matrix A around the puncture A has the following eigenvalues (see Figure d.3):

7,{7,1
A Hai (1, ap, aqan, agasag)
ap =bgcz, o = bycoxzys, a3 =biciTiTaY1Y2 , (4.4.40)

with the SL(4) Cartan matrix

2 -1 0 . 3 21
k=|-1 2 —-1], 5*1:1 2 4 2 (4.4.41)
0o -1 2 1 23
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The loop functions A; can be expressed in terms of the «;:

—1
A = trA = Hozi_n“ (1+ a1 + ajas + aqasag)
1 gl
Ay = 5 [(trA)2 — tr(AQ)} = H a; " (1 + ag + ayan + apas + ajasas + ajasas) ,

A; = trA! Ha i (1 + as + asas + ajanas) . (4.4.42)

We can construct three pants networks N,, Ny, N, (and their reverses), differing by the choice
of the edge that carries the second antisymmetric representation of SL(4) (recall Figure :

1
N, = 2€mnquzTUgsUgtUguerst“ =trCB™' - (,B;,
1
Nb == 2€mnquer ﬁSUgtUZUEMtu = trACfl — Ang y
1
N, = QEmnquZTUﬁSUﬁtUguem“ =trBA™! — B A;. (4.4.43)

These pants network functions contain 176 terms each, all with unit coefficient apart from 12
that have a coefficient of 2. Some of the terms have an interpretation as paths homotopic to the
network (see Figure {.5)), and we can write for example

N, 3 H (14 201 + 200 + ravs) | (4.4.44)

a > H 1 + 21/3 + 21/21/3 + 1/1V2V3) (4445)

with vy = agbicsr1T3Y1Y3, Vo = a1a3becar1T2Yy1 Y2, and v3 = asbsciToxsy2ys.

Quantum relations can be obtained by using the quantum skein relations for U, (sl,) (see Fig-
ure [3.8). The quantisation of the network operators can then be obtained from these rela-
tions. In particular, the 12 coefficients of 2 appearing in each pants operator get quantised
to 2], = ¢'/* + ¢~ /2, much in the same way as for SL(3). A more elaborate illustration is pro-
vided by the network that appears with a factor of ¢'/? in the relation for Naﬁb (see Figure .
This network operator contains 2344 terms with a coefficient of 2, 184 with a 3, 815 with a 4,
123 with a 5, 91 with a 6, 115 with an 8, 6 with a 9, 14 with a 10, 8 with a 12, and 4 with a
16. Every coefficient gets quantised in a unique way. Note however that coefficients that are the
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same classically can quantise in different ways:

¢ +q 2 or 2,
g+1+4+qt or 3,
q+2+q" or 27 +2¢77
g+3+q7",

42 +293 +2¢72 +q° or  3¢7+3¢7 o  q+4+q ",
2¢ + 4 +2¢7* or q% +3q% +3q_% —l—q_g )

2¢+5+2¢ ",

gF+4q2 +4¢77 + 77,
P+3q+4+3¢ +q2  or 27 +4q7 +4¢77 +2¢7 2,
FHag+6+4g g2 or 2 +6q2+6¢g 2 +2¢3,  (4.4.46)

3
2

N

10
12
16

4.5 One-punctured torus

Figure 4.6: Left: One-punctured torus Cy1. The A- and B-cycles are shown, together with a network
operator Ny. Right: A triangulation of Cy 1 into two triangles. The dual graph consists of the edges U,,
Uy, U, and corresponds to the network Nj.

SL(2)

We start by briefly reviewing the well-studied case of flat SL(2, C)-connections on the one-
punctured torus C; ; [51] (see also [95]). A triangulation of C; ; and its dual graph are shown
on the right of Figure 4.6] The three edges of the dual graph can be used to express all the
loop and network functions. After projecting the edges on the fat graph, we can express the
corresponding holonomy matrices as products of (normalized) snake matrices:

U, = sv_lseavy , Uy, = eb_1 , U, = ve.sv ls. 4.5.47)

The holonomy matrices for the A- and B-cycles, and for the clockwise closed loop around the
puncture (all based at the black junction in Figure 3.9) are expressed as

A =U,U.", B=U,U,", M =U,U,'U, U, 'U.U;" . (4.5.48)



66 CHAPTER 4. FOCK-GONCHAROV HOLONOMIES

In terms of the Fock-Goncharov coordinates a, b, c on the edges of the triangulation, these loop
functions are given by

b 1 a 1 1
A = Vb -+ — By =+Vab -+ — M, = ab — 4.54
1 C—f—\/;'f‘\/%, 1 CL+\/;+\/%, 1 ac—f-abc( 9)

These results were already derived by Gaiotto, Moore, and Neitzke [51], who emphasized that
they were unexpected from classical reasoning. Indeed, the vev of a Wilson line operator in
a representation R of the gauge group would naively correspond in the IR theory (where the
gauge group is broken to its Cartan subgroup) to a sum of vevs of Wilson lines labeled by the
weights of R. In the case of A; in (4.5.49), these IR Wilson lines correspond to the terms
Vbe and 1 / Vbe. However, extra contributions, such as \/%, come as a surprise. They were
attributed to interesting bound states in [51].

The Poisson bracket of A; and B; can be obtained by direct calculation from and agrees

with (3.2.30):
1 1
{A;, B} = trAB — §AlBl = —trAB™! + §AlBl . (4.5.50)

The traces C; = trAB and C| = trAB™! correspond to curves that go once around the A-cycle
and once around the B-cycle (in different directions) and take the form

c 1 y a 1 1
= S =/ 24 -+—]. @551
Ci CCH_\/;—‘_\/@’ ] \/:<bc—|—b—|— +b+ab) (4.5.51)

As explained in Section in order to quantise the generators we first write them in terms of
logarithmic coordinates A, B, C' defined via a = ed, b = e, ¢ = e, and then promote these
coordinates to operators A, B, C satisfying the commutation relations

[A,B] = [B,C] = [C, A] = 2. (4.5.52)
For example, the quantised A-cycle operator is given by
Ay = e 3BHO) | o3(B=0) 4 o3(B+C) (4.5.53)

We can explicitly check that the quantum relation is satisfied by using the quantum
product (4.3.13).

A key point is that the loop function C7] contains a coefficient of 2 in (4.5.51)), and it is not clear
a priori how to quantise it. However, the quantum relation (3.2.34)) imposes that this 2 in C'| be
replaced by the quantum integer [2], = ¢/*+ ¢ % in C1.

SL(3)

A 3-triangulation of C; ; is shown in Figure There are now two Fock-Goncharov coordi-
nates for each edge, a;, b;, ¢;, with i = 1,2, and one for each triangle, x, y. We express the
holonomy matrices corresponding to the three branches of the dual graph as

U, = sv, 'se,,V, , U, =¢,, Ue = vaeq,sv,'s . (4.5.54)
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Figure 4.7: Left: 3-triangulation of Cy 1. The edges carry two coordinates each, a;, b;, c;, and the faces
one each, x, y. Right: the A-cycle (red), the B-cycle (green), the loop around the puncture (black), and
the network N1 corresponding to the dual graph (blue).

These three branches can be used to construct all the loop and network functions, exactly as
in (4.5.48) for the SL(2) case.

The loop functions M; = trM and M, = trM~! can be expressed compactly as

M; = Huj (Ut ) (4.5.55)

where 11 = ajashibacico and piy = aqasbibycicozy? correspond to products of coordinates
along paths surrounding the puncture. The A-cycle functions A; = trA and A, = trA~!
similarly involve the monomials ov; = byci;x and a, = bycay, which are products of coordinates
along paths homotopic to the A—cycle (see Figure [4.8):

A = Ha (L4 byt b+ biboz + an (14 by + boy + )] |
Ay = Ha 1+b2+b2y+blb2y+ag(1—|—b1+b1x—|—a1)]. (4.5.56)

Interestingly, the tropical x-coordinates of the terms in A; involving only the «; (namely the
highest, middle, and lowest terms) reproduce the weight systems of the fundamental and anti-
fundamental representations. More specifically, the tropical x-coordinates (by, by) are

o [ mae (0,1) o [ maz (1,0)
A3 Hozj VS o (1,-1) Ay > Hozj Va0 (11
j 1 (=1,0), j 1 (0,-1).
(4.5.57)

The B-cycle functions B; have similar expressions, involving the monomials 5, = a1b;x and
B2 = agbyy. The Poisson bracket between [3; and «; can be neatly expressed in terms of the
Cartan matrix  (as in [101]):

{Bi, o} = K Bicj {8i, B} = {5} = 0. (4.5.58)
The network function NV, and its reverse N; defined as
N1 = EmnpUZLr ﬁsU€t€T8t I
Ni = (U (ULH)H(US ) e (4.5.59)

a T S
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Figure 4.8: Left: Paths corresponding to the monomials oy = bicix, g = bacoy, f1 = a1bix, P2 =
asboy, and 1 = ajasbibacyico. Right: Paths corresponding to vy = asbicoxy and vy = a1bacixy.

contain 28 terms each, only one of which has a non-unit coefficient of 2. The full expression
for IV; is precisely the same as the expression (4.4.24) for the pants network function on Cy 3,
apart from three extra terms:

7,417'1
Ni(Cr1) = Ni(Cos) + [ [ ;™ (asbibawy + biercary + caa1aay) (4.5.60)
J

The loop functions C] = trAB~! and C} = trA~'B are polynomials with 27 terms, 8 of which
have a coefficient of 2.

The quantisation of relations such as (3.2.40) can be obtained by using the quantum product:
ABy = 5Ny +q75C, A1Br=q N + 3 Cy
ABy, = q%ﬁl + q’éé’{ , AyBy = q*%ﬁ{ + q%él ) (4.5.61)
Here the network operator N{ corresponds to the flipped dual graph (see Figure . This
agrees with the relations (3.2.47)) obtained by applying the quantum skein relation.

In order for these quantum relations to hold, the coefficients of 2 appearing in the classical
functions Ny, C!, and N must be replaced by the quantum integer [2], = ¢'/2 + ¢~'/? in the
operators Ny, C7, and N7y.

We can also reproduce the quantum relations (3.2.43):
Nﬂiﬁ = q_%WG + q%ﬁ/G + Ay Ay + BBy + C1Cy + My + My + 3lq 5 (4.5.62)

where W is a network with six junctions shown in Figure [3.12] The same network W also
appears in the product

NICy =W+ q2 A1 Ay + ¢ 2 BBy . (4.5.63)
We can further compute the classical relation (also obtained in [80] and [96])
A1 Ay B ByChCy = [Nf’ 4 N2(AB) + BoCh + CoAy) (4.5.64)
+N1 (A1 Ay B1Cy + A3C) + A3By — 3A, By + cyclic)
—(AB3C3 — 2A2ByCy + A3 + cyclic) + reverse

—N; N1 (A1 Ay + cyclic) — (A1 Ay By By + cyclic)
+3(A1ByCy + AsBsCy) + My My + 6(My + M) + 9.
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Figure 4.9: 4-triangulation of C1,1. The edges carry three coordinates each, a;, b;, c;, and the faces
three each, x; and y;. The paths corresponding to the monomials «; = bicixaxs, ag = bacox1ys, and
a3 = bscsy1yo appearing in the loop functions A; are indicated.

Here “+cyclic” means adding the terms obtained by cyclic permutation of A, B,C, and
“+reverse” the terms obtained by reversing the orientation, A; <> Ay, Ny <> N, and so on.
We also computed a quantisation of the relation (4.5.64)) in a basis where each monomial is
ordered alphabetically and where we need to add terms that vanish in the classical limit ¢ — 1.
This is a rather long relation, which is included for completeness at the end of this section.

SL(4)

The 4-triangulation of C; ; has 15 coordinates, 3 for each edge, a;,b;, c;, and 3 for each face,
{;,y:}, withi = 1,2, 3 (see Figure4.9). The A-cycle functions 4; and A; have 21 terms each,
while A, has 56 terms, some of which can be expressed as

1 > HOé 1 +a1+a1a2+a1a2a3)
2 = H Ck 1 + Qo + 1o + Qio¥z + (a3 + a1a2a3) (4565)

Az > H a; 1 + ag + asag + aanas)

with ag = byciwax3, g = bacox1ys, and a3 = bzcsyryo. The tropical x-coordinates {by, by, bs}
of these terms in A; and As reproduce the weight systems of the fundamental and anti-
fundamental representations (similarly to (@.5.57)), while those in A, form the weight system
of the second antisymmetric representation:

a1aias : (0,1,0)
1 Qi3 (
A3 [J o™ { araz, asas (=1,0,1),(1,0,—1) (4.5.66)
' Qg : (—1,1,-1)
1 : (
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We define three networks homotopic to the dual graph, differing by the choice of the branch
that is doubled (their expansions contain 223 monomials each):

1
_ I]’m I]n I]'p I]’q rstu
Na - §€mnpq ar “as“btcuf )

1
I m n P q _rstu
Ny = 5emmpgUs, Up Up UL,

1
Ne = e UL Up UL UL, (4.5.67)

The quantum relations in (3.2.51)) allow to uniquely determine how all the integral coefficients
of 2, 4, and 8 appearing in the Fock-Goncharov expansions of the network functions get quan-
tised:

252, =q+q 3, 4—[2P=q+2+q",

8 [22=¢q% +3¢7 +3¢77 +q77. (4.5.68)

Quantisation of the relation (4.5.64)

The quantisation of the SL(3) relation (4.5.64) which involves monomials of length at most six
can be performed in a basis where each monomial is ordered alphabetically, as mentioned on
the previous page, and the result is:
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A1AsB BoC1Cy = qql;/; (ATA;BCy — ¢ ' A3 B1B3Cs + A1 B1CECy)
+ [qil/QZ\Aff’ - q*Q/BJ\A]lQ(AgBl + B>Ch + ql/SAng) + reverse}
+ N {q_l/G(A1A2B1C2 +q 23 A3 B1 BoCy + A1 By Co)
+q 10 ((q‘2 —q+ DAB} + ¢ (=1 + 3¢ — ¢*)ATCy + 31012>
+q7%((1— g+ ¢*)A3B2 + B3Cy + ¢/ 4,C3)
—q/s ((q*‘g —2¢ 2+ q+2+q)A1Be+ (3—q+¢*)BiCy
+q7%3(1 - g+ 6¢% — 2¢° + ¢* + q5)AzC1) }
+ N [q—l/G(AlAzBQQ +q 23 A, By BoCy + Ay B1C1Cy)
+q M0 ((q73 —q 2+ 1)A;B3 + ¢ P A3C, + 32022)
+¢7 (1~ ¢* + ¢*)ATB1 + BIC1 + ¢ /P AL CF)
—q /8 ((q_2 -2 +3+2¢—3¢" +3¢° — ¢")A2B1 + (3 — ¢+ ¢*) B.C4
+q P (143¢- ¢ + ¢ + q4)A102) }
sl (AlBgCQQ + A2B,C2 + Ay B2C? + A2B,C2
+(@ =14+ ARBIC + (¢ — 1+ q)AfB?CQ)
+q 13 ((q‘1 — 244 — ¢*)AIByCo + (¢ + @) A2 BICs + (2 — ¢ + ¢°) A2 BoCF
F(~q 2 +4¢7 =24+ QAL B2C) + (1 + Q) A2B1Cy + (2 — g + q2)AlBlo§)
~ (e =2+3¢ - A+ A3+ q 2B + (=g +3¢7% — 2072+ ¢ ) B + CF + CF)
— Ni{Ni (A1 Ay + ¢ 2By By + C1C»)
- ((q73 —q 2 +1-¢+¢*)A1A2B 1By + (—¢~ ' + 3 — q) B1 B2C1Cs
F (g3 +3¢ 2+ -4+ 2q)A1A20102)
+q 1B ((—q +4¢° = 3¢° +3¢° — " + ¢*) A1 B1 )
+(1—3¢+5¢2— 5¢° +6¢* — 3¢° + ¢ + q7)Aszc2)

+ ¢ MMy 4 (2427 424 ) (M + M) + (72 + 207 + 3429+ ¢7)
TP =3¢ +4¢ —q P+ ¢ —2+3¢ - 5¢° +3¢° — ¢*) A1 Ay

— (¢ —2¢*—q¢ P +4¢% -2 —14+2¢—¢*)B1Bs

—(@2=3¢" " +q—¢*+2¢°)C1C; .
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4.6 Four-punctured sphere

Another example is a sphere Cy 4 with four full punctures, A, B, C, D. It can be triangulated
into four triangles, as shown in Figure [4.10}]

SL(2)

The loop around the punctures give the following trace functions:

1 1
A = acf + , By = Vbce + ,
1 / acT 1 oo
1 1
c, = def + Dy = Vabd + . (4.6.69)

Vdef’ Vvabd
We also consider loops surrounding pairs of punctures, S = AB, T = BC, and U = BD
(see [51]):

1

S, = W(1+a+e+ae+abe+aef+abef),
1

T, = 1+0b b b bdf + bcd,
1

U, = g (14 c+d+ ed+ acd + cde + acde) . (4.6.70)
acae

These polynomials do not contain any non-unit coefficients, so their quantisation is straightfor-
ward. In particular, we can reproduce the quantum relation P; (3.3.58).

The loop function associated with the holonomy U’ = AC does however contain coefficients
of 2 and 4:

, 1
U, =
Vaby/evdy/ef
+2ab’ef + ab’e + abce f? + abce f + abdef? + abdef + 2abe f>
+4abef + 2abe + abf + ab + aef?
+2aef +ae+af +a+bef +betef+e+1). (4.6.71)

(ab’cdef? + ab*cef? + ab’cef + ab’def* + ab*def + ab’ef?

The quantisation of these non-unit coefficients can be determined by demanding that the quan-
tum relation (3.3.54) holds. We find that we must make the following replacements:

2 qidtq i, 4d—qgt2+ql. (4.6.72)

SL(3)

A 3-triangulation of Cy 4 is shown in Figure #.10l Each holonomy matrix gives two loop func-
tions, for example

—1{.7.1
Ai = HOéj * (1 + «; + Oéla2> y ] = CLQleQ 3 g = a162f1I1$3I4 . (4673)
J
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D dq ds C ds di D
a1 T2 €1 = (e}
b4l f1 ay
42
1 by €2 T3 fo a9 *
A C1 Co B Co C1 A

Figure 4.10: 3-triangulation of Cy 4. The edges on the left and on the right are glued together. The paths
corresponding to the monomials oy = ascy fo and ag = ayco f1r12324 are indicated.

The monomials «; are products of coordinates along paths surrounding the puncture on the 3-
triangulation (see Figure {.10). The operators coming from S, T, U have 48 terms each. The
operators S; contain the terms

—/4;._.1
Sl' = HO'j ” (1 +0; + 0'10'2) y o1 = a2b262f2£€1$3 s 09 = a1b1€1f1$2$4 . (4674)
J

We can reproduce the quantum relations (3.3.62) and (3.3.64)), provided that we quantise the
non-unit integer coefficients appearing in the network operators as follows:

25 q2+q 2, 3oqg+14+qt, 4oqg+2+q7t,
5—=q+3+q", 6 >q+4+q " or q%+2q%—|—2q_%+q_%’ (4.6.75)
Toq+5+q", 8= +3¢2 43¢ +q 7, 10-q +4g7 +4q P +q 7.

1

Note that among the 21 coefficients of 6 appearing in Ng, 13 are quantised to ¢ + 4 + ¢~ and

8to ¢®2 4 2¢"/? 4+ 2¢71/% 4+ ¢73/2.
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Chapter 5

First conclusions

Thus far we have studied the algebras Ag, = .Aé\fn of functions on moduli spaces of flat
SL(N,C)-connections M}’ on punctured Riemann surfaces C,,, both at the classical and
quantum levels, for the three basic cases Cy3, C11 and Cp4. More general surfaces with ar-
bitrary genus and number of punctures may be constructed by gluing these essential building
blocks. The algebras of functions corresponding to these basic blocks were described in terms
of generators and relations, where the sets of generating functions comprised loop and network
operators which have nice locality properties with respect to a pair of pants decomposition of
the surface C,,. We have furthermore identified maximal sets of commuting functions that
parametrise half of the reduced moduli space ./\;lé\fn, which has fixed conjugacy classes for the

holonomies around the punctures and which therefore exhibits the key features of an integrable
Hamiltonian system.

In order to quantise the algebras Ayg,, we have used two independent methods: the skein quan-
tisation based on the Reshetikhin-Turaev construction of knot invariants and the quantisation
obtained in the explicit parametrisation provided by Fock-Goncharov coordinates. Reassur-
ingly, the results obtained coincide in all of the cases.

The parametrisation through Fock-Goncharov coordinates has moreover allowed us to find
many examples for higher rank theories of class S of framed protected spin characters, which
were discussed in Section [I.4] The study of such counting tools represents an interesting ap-
plication of the Fock-Goncharov coordinates which is of independent interest, as mentioned in
Section L3l

N

Having determined a description of the algebra of functions Ag, on the moduli space M,
we would like to remind the reader that the arguments of Section [[.4] identified this with the
algebra Ay of supersymmetric line operators in theories X(C,,,, sly) of class S. Part [II) of
this thesis will now look at relations between quantised moduli spaces of flat connections on
Riemann surfaces and s(y Toda conformal field theories. It will in particular construct a proof
that the quantised algebras Ajg, are isomorphic to the algebras Ay, of Verlinde operators acting
on spaces of conformal blocks which are associated to C,,,. This isomorphism will then con-
stitute evidence to support a higher rank generalisation of the AGT correspondence, which was
outlined at the beginning of Section [1.5|as one of the focal points of this thesis.
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Appendix A

Fock-Goncharov coordinates

In [63], Fock and Goncharov constructed coordinates systems on the moduli space of flat con-
nections over a punctured surface C,,. They assume that the surface is hyperbolic, that is
X(Cyn) =2—2g—n < 0, and has at least one puncture, n > 1. Their approach consists in “lo-
calizing” flat connections on the triangles of an ideal triangulation of C, ,, (in which the vertices
of the triangles are at punctures). However, since a triangle is contractible, any flat connection
on it is trivial. This difficulty can be overcome by considering framed flat connections, which
means adding on each puncture a flag that is invariant under the holonomy around the puncture.

A.1 Coordinates associated with N-triangulations

Let us review how to build coordinates on the moduli space of framed flat connections over a
punctured surface C,,, (We mostly follow section 4 in [101], and appendix A in [52]). Given
an sly-vector bundle with a framed flat connection over C,,,, each triangle of an ideal trian-
gulation of C,,, gives rise to a (generic) configuration of three flags {A, B, C'} associated with
the vertices. A flag A in an N-dimensional complex vector space Vy is a collection of nested
subspaces

A OZA()CAlCAQC"'CAN:VN, (A.1.1)

with dim[A,] = a. An N-triangulation consists in a further decomposition of each triangle into

small triangles, whose vertices are at the (N ;“ 2) lattice points p,p. With

a+b+c=N, abc€ L. (A.1.2)

See Figure for an example with N = 3.

79



80 APPENDIX A. FOCK-GONCHAROV COORDINATES

A 300

Figure A.1: N-triangulation of a triangle (here for N = 3). The triples of non-negative integers a, b, c
sum to 3 on lattice points pgpe, to 2 on white triangles associated with lines 1. (black dots), and to 1 on
black triangles associated with planes Py, (white dots). The internal lattice point is associated with the
3-space Vyoo. Arrows between dots indicate incidence relations.

There are N2 small triangles for each ideal triangle, (N ; 1) of which are “upright” (white) and
labeled by the solutions of a+b+c = N — 1, while (%)) are “upside-down” (black) and labeled
by the solutions of a + b + ¢ = N — 2. To every white triangle we associate a line [y in
Vi arising as the intersection of the corresponding subspaces of the flags {A, B, C'}. More
explicitly, writing A* = Ay_, with codim[A%| = a, we have

le = AN BN C°, a+b+c=N-—1. (A.1.3)

Similarly, we associate to every black triangle a plane F,;., and to every internal lattice point
witha + b+ c= N — 3 a3-space V,:

Pu.=ANB"nCe, a+b4+c=N—-2 Vy =ANB°NCe, a+b+c=N-3.

The plane P, on a black triangle contains all three lines [(441)es lap+1)es and lgp(c41) ON the
adjacent white triangles. In turn, the 3-space V,;. on an internal lattice point contains all three
planes on the surrounding black triangles, and thus all six lines on the surrounding white trian-
gles.

This collection of subspaces on the N-triangulation allows us to associate coordinates to every
lattice point (excluding the vertices at the punctures). We can define coordinates x ;. associ-
ated with the internal lattice points p,,. with a + b + ¢ = N — 3 as the triple-ratio of the six
surrounding lines contained in V. (the neighborhood of an internal lattice point looks like the
3-triangulation shown in Figure[A.T)). The 3-space V. contains the three flags

0C l(a+2)bc C P(a+1)bc - ‘/abc )
0C la(b+2)c - Pa(b+1)c C ‘/abc )
0C lab(c+2) - Pab(c+1) C Vape - (A.1.4)

Ql UCJ? :Bz

Fixing the flags to be A= (a1,a; A ag), with a; vectors in V., we can write the triple-ratio as

" _ <a1/\a2/\b1)(b1/\b2/\c1)<c1/\c2/\a1>
abe <a1 A as A C1><b1 A b2 A 3_1><C1 A Cca N\ b1> ’

(A.1.5)



A.2. SNAKES AND PROJECTIVE BASES 81

Here the notation (vq A va A v3) means the determinant of the matrix expressing the vectors
V1, V2, Vg In a unimodular basis for the 3-space containing them (this triple-ratio is the inverse
of the one originally defined by Fock and Goncharov, see appendix A in [52]).

It remains to define coordinates for the lattice points on the edges of the ideal triangulation.
Along the common edge of two glued N-triangulated triangles, adjacent white triangles are
associated with the same lines, and adjacent black triangles to the same planes (see Figure[A.2).

1007
d

0002 D

Figure A.2: Two 3-triangulated triangles ABC and AC'D glued along the edge AC. The quadruples
of non-negative integers a, b, c, d sum to 3 on lattice points papcd, and to 2 on white triangles associated
with lines lapeq. Lines and planes adjacent across the edge are identical. Each edge point is surrounded
by four lines.

A lattice point on an edge is thus surrounded by four lines, which allows us to define a cross-
ratio coordinate. For example, at the point pag;0 on Figure[A.2] we choose four vectors a € lag,
b € l1100, € € l1010, d € l1001, all contained in the plane Pj(g, which give the cross-ratio

_(aAb){cnd)
P00 = A Ad) (b Ac)

(A.1.6)

An ideal triangulation of the surface C,,, has —2x(C, ) triangles and —3x/(C,,,,) edges. There
are (N 5 1) internal lattice points in each triangle and N — 1 lattice points on each edge, so the
total number of independent coordinates provided by triple-ratios and cross-ratios is

#{z-coordinates} = —x(C, ) dim[SL(N,C)] . (A.1.7)

This agrees with the dimension (2.1.4)) of the moduli space of flat SL(N, C)-connections on
Con-

A.2 Snakes and projective bases

Fock and Goncharov showed how to construct projective bases in the /N-dimensional vector
space V) related to three flags A, B, C' at the vertices of a triangle. Each basis is represented
by a snake, that is an oriented path on the edges of the (N — 1)-triangulation from one vertex
to the opposite side (see Figure[A.3|for an example).
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VN-1

Vi V2

VN +VN_1 VN

Vi~ V3

Figure A.5: Elementary moves for segments of a snake. Left: Move I can only occur on the last segment
of a snake. Right: Move II can occur on any two consecutive segments of a snake.

A

B ()

Figure A.3: Example of a snake on the (N — 1)-triangulation of a triangle (here for N = 4).

Notice that in the (/V — 1)-triangulation the vertices correspond to lines, and the upright (black)
triangles to planes. Each segment of the snake goes from a line /; to a line /5, and the plane
they define also contains a third line /3 at the third vertex of the black triangles. Given a vector
v € [y, a vector vy € [5 is determined by the rule that v, + vy € [3 if the segment is oriented
clockwise around the black triangle, and vo — v; € [3 if it is oriented counterclockwise (see

Figure[A.4).

V2—|—V13 2V2 V22 3V2—V1
Figure A.4: Segment of a snake along an edge of a black triangle in an (N — 1)-triangulation. The
vertices of the triangles correspond to 3 coplanar lines 11,12, 3. Picking a vector vi € ly at the start
of the segment determines vo € lg by the rule that vo = vy € l3 depending on whether the segment is
oriented clockwise or counterclockwise around the triangle.

To construct the projective basis {vy, va, - - - , vy } defined by a snake, we can choose any vector
v, at the first vertex of the snake and use this rule to determine all the subsequent vectors.

A projective basis can be transformed into another one by a sequence of simple moves. The
moves I and II shown in Figure [A.5] can be expressed in terms of two types of elementary
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GL(N) matrices. Let ¢; : SL(2) — GL(N) be the canonical embedding corresponding to the
i root \; — A\;+1. Then the two types of elementary matrices can be written as

10
F, =, , H;(x) = diag(1,--- ,1,2z,--- ,x) . A28
a1 Y) (x) = diag( ) (A28)

% times

For example, for N = 3 we have the following elementary matrices:

1 00 1 00
F=1110}|, FK=10120],
0 01 011
1 00 1 00
Hi(z)=(0 = 0|, Hy(z)=[0 1 0 (A.2.9)
0 0 x 0 0 x

Note that F; and H;(x) commute unless i = j.

Move I flips the last segment of a snake across a black triangle, which according to the rule in
Figure transforms the projective basis as

Vi Vi Vi
— : = Fy_4 : . (A.2.10)
VN-1 VN-1 VN-1
VN VN T VN-1 VN

Move Il takes any two consecutive segments of a snake across a pair of adjacent black and white
triangles, see Figure [A.5] For a choice of vector a at their first common vertex, the initial and
final snakes define two vectors v3 and v} spanning the line at the vertex where the snakes meet
again. The proportionality function is precisely the coordinate z . for the internal lattice point
associated with the white triangle

Vi = TapeV3 - (A.2.11)

This can be checked by writing down the triple-ratio for the choice of flags A = (a, vy),
B = (b,v3), C = (c,vs) and using the relations provided by the black triangles as in Fig-
ure (thatis vi = vo+a, b = v} + vy, ¢ = v3 — Vo). The transformation between the bases
associated with the two snakes in Figure acts as

a a a
Vo | = | V1| = F1H2<l’abc) Vo . (A212)
V3 e V3

More generally, we can see that moving the i segment of snake across a black triangle corre-
sponds to acting with a matrix F;, while moving it across a white triangle corresponds to acting
with a matrix H;(x), where x is the face coordinate associated with the white triangle. An im-
portant snake transformation consists in moving a snake from one edge of a triangle across the
entire face to the next edge, rotating clockwise around the initial vertex (see Figure[A.6).
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A

Figure A.6: Elementary matrices F; and H;(x) in an (N — 1)-triangulation (here for N = 4). The
transformation F from the snake along the edge AC to the snake along AB can be decomposed into a
sequence of moves across the black and white triangles, corresponding to matrices F; and H;(x).

For N = 2 this gives simply F = Fj. For N = 3, this gives

1 0 0
F = FgFlHQ(.CEOQ())FQ = 1 1 0 . (A213)
I 1+ 000 Zooo

For N = 4 as in Figure[A.6|this gives

./T" = F3F2Hg(l‘om)FgFlHQ(xloo)FQHg(.T()Ol)Fg . (A214)

Another type of move is the reversal of the orientation of a snake along an edge of a triangle,

see Figure[A.7]

a
< E > b < \AH > d
¢
Figure A.7: Left: reversal of the orientation of the snake along an edge of a triangle. Right: snake

crossing an edge of a triangle with a cross-ratio coordinate x.

This reverses the order of the basis vectors, and changes the sign of every even-numbered vector,
thus multiplying by an anti-diagonal matrix

s=|" , (A.2.15)
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Finally, we can move a snake from one triangle to another across their common edge. If the
coordinates along the edge followed by the snake are {x1,%s,...,zx_1} (in this order), this
transformation acts as

Hy(21)Ha(zs) - Hy 1 (wy—1) = diag(1, x1, 2122, ..., 2129 - - - Ty 1) - (A.2.16)

This can again be checked by writing down the cross-ratio (A.1.6) for the edge coordinate z in
Figure and using the relations provided by the black triangles as in Figure
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Introduction

The third part of this thesis investigates the relations between Toda conformal field theories,
the quantisation of moduli spaces of flat connections and quantum group theory. As outlined at
the end of Part [, one of the main goals in this thesis is to bring evidence supporting a higher
rank generalisation of the AGT correspondence, in particular relating non-Lagrangian theories
X(Cy,n,sly) of class S to sl Toda field theories. The approach taken to achieve this aim studies
algebras of operators on the two sides of the correspondence, whose isomorphism for rank one
theories was argued [54] to imply the AGT relations between instanton partition functions for
X(Cyn,sl3) and conformal blocks of Liouville CFT, discussed in Section In Part Il we
have studied the non-commutative algebra Ay of supersymmetric line operators in theories
X(Cyn,sln) indirectly, making use of the identification between .Ax and the quantised algebra
of functions on moduli spaces of flat connections Ag, (see Section|I.4) and explicitly describing
the latter in terms of generators and relations. We will now demonstrate that Ag,, is isomorphic
to the algebra of Verlinde operators which act on conformal blocks of sl of Toda CFT, which
can then be seen as support for a generalisation of the AGT correspondence.

One of our aims will thus be to establish a precise relation between conformal blocks in Toda
CFT and specific states in the space of states obtained by quantising the moduli spaces of flat
connections on Riemann surfaces C. The use of pants decompositions reduces the problem to
the basic case C = Cy 3. Some guidance is provided by the paradigm well-studied in the case of
rational conformal field theories summarised in Table

Conformal field theory ‘ Quantum group theory ‘ Moduli of flat connections

Invariants in tensor products | Invariants in tensor products of Spaces of states
of W-algebra representations | quantum group representations
(conformal blocks)

Table 5.1: Comparison of modular functors from conformal field theory, quantum group theory
(Reshetikhin-Turaev construction) and quantisation of the moduli spaces of flat connections on Riemann
surfaces.

However, the Toda CFTs of interest in this context are not expected to be rational and we will
therefore need a non-rational analog of the set of relations indicated in Table [5.1] generalising
the situation encountered in the case of Liouville theory (see [54] and references therein). The
experiences made in this case suggest that a very useful role will be played in the non-rational
cases by the Verlinde line operators, a natural family of operators V., on the spaces of conformal

&9
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blocks labelled by closed curves « on the Riemann surface C. The relevant spaces of conformal
blocks can be abstractly characterised as modules for the algebra .4y of Verlinde line operators
[54]. This means that these spaces of conformal blocks have a natural scalar product making
the Verlinde line operators self-adjoint. Natural representations of Ay, diagonalise maximal
commutative sub-algebras of Ay, and such sub-algebras of 4y are labelled by pair of pants de-
compositions. Different pants decompositions give different representations of Ay, intertwined
by unitary operators representing the fusion, braiding and modular transformations.

A key step towards understanding the relation between conformal field theory and the quantum
theory of flat connections is therefore to establish the isomorphism between the algebra of
Verlinde line operators Ay and the algebra of quantised functions on the corresponding moduli
spaces of flat connections. In the case of Liouville theory this was established in [54] using the
explicit computations of Verlinde line operators performed in [56], [57]. As discussed in [54]

one finds that the Verlinde line operators generate a representation of the quantised algebra Ag,,
PSL(2,R)

of functions on ./\/lﬂat . The generator of Ag, corresponding to the Verlinde line operator V.,
is the quantised counterpart L, of a trace function on ngL ) The situation is schematically

summarised in Table[3.2]

We investigate in Part [ITI] of this thesis the relations between representations of Ag, and the
algebra of Verlinde line operators in the case of sly Toda CFT, following [77]. In doing so
we define Verlinde network operators, which are natural generalizations of Verlinde line oper-
ators [56], [57] acting on spaces of Toda conformal blocks, and show that the algebra Ay that
they generate can be identified with the quantised algebra Ag,,.

An important feature of the representations associated to pants decompositions is the fact that
the Verlinde line operators, in the case of sl, Toda (which is Liouville), get expressed in terms
of a set of more basic operators representing quantised counterparts of certain coordinates on
MﬁL =) which are close relatives of the Fenchel-Nielsen coordinates for the Teichmiiller
spaces [54]. E] The relevance of such coordinates has previously been emphasised in a related
context in [70]. The distinguished role of these coordinates in our context is explained by
the fact that they have two important features: (i) they represent the algebraic structure of the
moduli spaces of flat connections in the simplest possible way, and (ii) they are compatible with

pants decompositions.

The free field representation of the YWy algebra of symmetry of sly Toda CFT allows us to
define convenient bases for spaces of conformal blocks. Further developing known connections
between free field representations of conformal field theories and quantum group theory, we will
relate the spaces of conformal blocks to spaces of intertwining maps between tensor products of
quantum group representations to irreducible representations. This reduces the computation of
monodromies to a quantum group problem. The monodromy transformations get represented
in terms of operator-valued matrices with matrix elements represented as finite-difference oper-
ators acting on the multiplicity labels for bases of conformal blocks. Our explicit computations

'In Part of this thesis, an important role in the study of Ag, was played by Fock-Goncharov coordinates on the moduli
space of flat connections M [63], which are coordinates associated to triangulations of the Riemann surface Cgy,,,. From the
point of view of conformal field theory, it turns out that Fenchel-Nielsen coordinates are nicer, being associated to pair of pants
decompositions of Cg, .
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Conformal field theory ‘ Moduli of flat connections on C
Algebra Ay of Verlinde Quantised algebra Ag,; of
line operators functions on /\/lgft@) ©)
Generators | Verlinde line operators V., Quantised trace functions L,
Module | Spaces of conformal blocks Spaces of states

Table 5.2: The vector spaces listed in the row at the bottom can be abstractly characterised as modules
of isomorphic algebras Agy ~ Ay .

then allow us to identify basic building blocks for the operator-valued monodromies, which can
be identified with (quantised) coordinates for moduli spaces of flat connections generalising the
Fenchel-Nielsen coordinates mentioned above.

It should be noted that coordinates for MgiL(g’R) satisfying the conditions (1), (i1) character-

ising coordinates of Fenchel-Nielsen type have been previously introduced in [102], [103]. A
systematic geometric approach to the definition of higher rank analogs of the Fenchel-Nielsen
coordinates was proposed in [104], [105] and it would be very interesting to understand the
relation between the coordinates defined in these references and the ones presented here.

As a final observation, let us also note that some of the braid matrices that enter monodromy
transformations in Toda CFT have been calculated in [24], [35], [72]. However, in all these
cases the two representations associated to the punctures involved in the braiding operations
are degenerate or semi-degenerate. These correspond to four dimensional N = 2 field theories
X(C, g) which have a Lagrangian description.

Contents Part 11T

We summarise below the contents of the chapters which form Part|[ITI] of this thesis.

Chapter |§] introduces the relevant backgroun(ﬂ from conformal field theory. It explains how
to use conformal blocks with degenerate field insertions to define operator-valued analogs of
monodromy matrices and construct Verlinde line operators with these, summarising some of the
main results which lead to the isomorphism Ajg, >~ Ay . Chapter[7]then collects the definitions
and notations concerning the quantum group U, (slx) relevant for our goals. A construction of
conformal blocks for the WV algebra using the free field representation is introduced in Chapter
[l It is explained how this construction relates bases for the spaces of conformal blocks on Cy 3
to bases in the space of Clebsch-Gordan maps for the quantum group U, (s(3). The connection
to quantum group theory provided by the free field representation is then used in Chapter [9]
to calculate basic cases of the monodromies of degenerate fields around generic chiral vertex
operators in sl3 Toda CFT.

We then define Verlinde network operators which are natural generalisations of Verlinde line
operators in Chapter [0 and use the monodromy matrices of Chapter [9] together existing re-
sults for the braiding of degenerate chiral vertex operators in sl Toda CFT, to show that the

2 A somewhat different approach leading to important results is described in [106] and references therein.
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algebra of Verlinde network operators .4y is equivalent to the quantum skein algebra described
in Section [2.8}°| To see this, we will first observe that the braid matrices in Toda field theory,
from which Verlinde network operators are constructed, are related by a twist to the standard
R-matrix of the quantum group U, (sly). In turn, this R-matrix is used to construct the quantum
skein algebra defining the quantised algebra Ag,,.

Having demonstrated the isomorphism Ag, ~ Ay, the identification Ag, ~ Ax from Section
1.4]in Part[[completes the set of relations Ay ~ Ag, ~ Ay, which we may regard as support for
a higher-rank AGT correspondence, one of the main goals outlined for this thesis in Section
Following the proof of this isomorphism on the level of operator algebras, we will make a few
further observations in Chapter |1 1| comparing the spectra of operators generating the algebra
Ay in Toda field theory and Ag, in the quantum theory of moduli spaces of flat connections,
respectively.

Chapter |12 will then further use the results of the monodromy computation in Chapter[9)in order
to relate the basic building blocks of the operator valued monodromy matrices to coordinates of
Fenchel-Nielsen type on the moduli spaces of flat S L(3)-connections. There exist two different
limits in Toda CFT corresponding to a classical limit for Ay, b — 0 and b — 4, which both
yield a deformation parameter ¢> = e~ 2miv? equal to 1. We point out relations to the Yang’s
function for the Hitchin system, and to the isomonodromic tau-function for holomorphic SL(3)-
connections on Cp 3 arising in the two limits, respectively.

To conclude, in Chapter [I3] we discuss the extension of our results to continuous families of
conformal blocks, which is expected to be relevant for a full understanding of Toda CFT. The
appendices collect some useful relations relevant to the quantum groups calculations and pro-
vide more detail for the technical points that occur in the conformal field theory calculations.
Part [[T]] of this thesis largely reproduces Sections 5-6 of [77] and combines these with [107].

3To avoid potential notational confusion, let us observe here that Ag, and Af;{ »(g) in Section are both used to denote
the same quantised algebras. The former notation is generic, while the latter is better suited when discussing examples with
specific rank or Riemann surfaces Cg, .



Chapter 6

Relation to conformal field theory

This chapter contains the essential background for sl Toda conformal field theory necessary to
outline the main results in Part[[T]| of this thesis. It briefly explains the construction of conformal
blocks with degenerate field insertions, how this is used to define quantum monodromy matrices
and how these enter the construction of Verlinde line operators. The combination of these results
allows to state the algebra isomorphism Ag, ~ Ay between quantised algebras of functions on
moduli spaces of flat connections and algebras of Verlinde operators on spaces of conformal
blocks, for which a proof will be presented in Chapter

6.1 Toda conformal field theory and )V y-algebra

The Lagrangian which defines s[y Toda conformal field theory is

N-1
1

L=—(0.0,0" bleird) 6.1.1

2 (0a0, ¢)+u;e , (6.1.1)

where ¢ = (¢1,...,¢n_1) is a two dimensional scalar field and the parameters are the dimen-

sionless coupling constant b and the scale parameter (. (-, -) denotes here the scalar product in
RN,

Lie algebra conventions: The vectors e; with7 = 1,..., N — 1 are the simple roots of the Lie
algebra sl and their scalar product on the Cartan subalgebra of sl is the Cartan matrix given
by k;; = (e;, ;). It is often useful to represent the root/weight subspace of sly as a hyperplane
in RY, allowing us to represent the simple roots as e; = u; — ;4 with u; a unit vector of R,
The simple roots are dual to the fundamental weights w; in the sense that (e;,w;) = d;;. In
general they can be written as w; = Z;Zl uj — % 22\121 ug. Their inner product is given by
the inverse Cartan matrix (w;,w;) = #;;" and their sum is the Weyl vector py = >, w;. The
i1

weights of the fundamental representation of sl with highest weight w; are h; = w; — Zj:l

Withizl,...,Nand(hi7h]‘) :5”—%

Bj,

93
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Chiral algebra )V, and its free field construction

The example of Liouville theory corresponding to the case N = 2 [16], [17] suggests that
we should to be able to construct the Toda field ¢(z, Z) using the chiral free fields ¢;(z), for
j=1,..., N — 1, with mode expansion

. i
pi(2) = q; —iplnz + 3 —ajz", (6.12)
n#0

where the modes satisfy the commutation relations
[aiw afn] = ndijdner ) [pj7 Qk] = _i(sjk (613)

and ail = a’ . In order to build the non-chiral fields ¢;(z, Z) out of the chiral free fields ¢;(2)
one must supplement them with a similar collection of anti-chiral fields ¢;(z).

The chiral symmetry algebra of sl Toda conformal field theory is a VWy-algebra. It is an
associative algebra generated by holomorphic currents Wy(z) of spin d = 2,..., N (see [108]
for a review). These can be constructed in the free-field representation through a deformed
version of the Miura transformations

: 1"_[ (Q0 + (hy—i,00(2))): = Y Wx_k(2)(QD)* , (6.1.4)

where : : denotes Wick ordering. The holomorphic currents of spins 0 and 1 are Wy(z) = 1,
Wi(z) = 0, while the currents Wy(z) withd = 2,..., N, have mode expansions

Walz) = > Wyaz . (6.1.5)

The chiral algebra Wy defined in this way is the chiral symmetry algebra of Toda CFT if the
parameter () in equation (6.1.4) is related to the parameter b in the Lagrangian (6.1.1)) through
Q =0b+b"!. The modes L, = W, of the stress energy tensor

1
T(z) = Ws(2) = (Qp, ¢) = 59, 0p) (6.1.6)
generate a Virasoro subalgebra within Wy
(Lo, L] = (1 — 1) Lpsrm + (7% — 1) 8rsm 6.1.7)

12
with central charge
c=(N-1)(1+N(N+1)Q?%.
The modes of the currents Wy(z) satisfy nonlinear commutation relations which contain a
quadratic term and therefore the JVy-algebra is not a Lie algebra.

In the following sections, wherever we restrict discussion to the case N = 3 corresponding to
sl; Toda theory we will use the simplified notations

Ty)=Waly) =Y vy " *Ln, Wy =Wsly) =D y " *W,. (6.1.8)

nez neL
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Representations: Irreducible representations V, of the YV -algebra are labeled by an (N —1)-
component vector « in the Cartan subalgebra of s(y. The representations V,, are generated from
highest-weight vectors ¢, which are annihilated by the positive modes of W;(z) and which are
eigenvectors of W, o with eigenvalues determined by «

Winta =0, n>0,  Wagea =wala)ea, d=2,... N, (6.1.9)

where wy(a) are polynomials of « of degree d, with

1
wo(a) = 5(2pr —a,q) (6.1.10)

being the conformal dimension. The representation space of V, is generated by acting on ¢,
with the modes W, _,, for n > 0, as usual.

The space of states of the Toda CFTs will then be of the form H = fs daVy @ V,, where V,
is a representation for the algebra WWy generated by the anti-holomorphic currents W,(Z). The
set of labels S for the representations appearing in # is expected to be the set of vectors a of
the forma = Q +ip, p € R%, Q = py (b + b7 1).

6.2 Conformal blocks

Conformal blocks can be introduced elegantly as certain invariants in the tensor product of
representations of VVy-algebras associated with Riemann surfaces C, ,,. The definition will be
given explicitly only for the case Cp,, = P'\ {21, ... 2, }, as the solutions to the Ward identities
expressing the VW-algebra symmetry of sl Toda CFT under the VVy-algebra. The formulation
is to a large extent analogous to the one presented in [109] for the case of the Virasoro algebra.
More general cases are discussed in [110]. We shall associate a highest-weight representation
V, =V, of the Wy-algebra with the r** puncture z, of Con forr = 1,...,n and define the
tensor product R = @, V,,. Conformal blocks can then be defined as linear functionalﬂ

Jom : R—C (6.2.11)

satisfying an invariance condition of the form

fon(Walngl -v) =0, VYwveR, Vd=2,...N, (6.2.12)
where W[n,] is defined for holomorphic (1 — d)-differentials 1y = n4(y)(dy)'~ on Cy ,, for
d=2,..., N, by introducing the coefficients of the Laurent expansion of 7, around z, through

nay) =i (y — z) (6.2.13)
kEZ

and setting

Walnad =3 0l Wiz, (6.2.14)

r=1 k€eZ

! This is the definition often given in the mathematical literature. The relation to the conformal Ward identities is discussed
for the case N = 2 for example in [109].
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with W, , (z,) acting only on the r-th tensor factor of R associated to the puncture z,,
Wir(z) =1d® - @ide Wy, ®id® - ®id . (6.2.15)
r-th
The conditions (6.2.12) generalize the conformal Ward identities [111]. The subscript label for
the conformal blocks will generally be omitted, as this will be clear from context.

We will often find it convenient to assume that z, = oo which does not restrict the generality in
any serious way. By using a part of the defining invariance conditions (6.2.12)) one may reduce
the computation of the linear functionals f(v), v € R, to the special values

gf(voo) = f<€1 R RQep_1 X UOO), Voo € Van. (6216)

There is a one-to-one correspondence between functionals f : R — C satisfying (6.2.12)), and
functionals g : V,, — C satisfying a reduced system of invariance conditions following from
(6.2.12). We will therefore also call such functionals g conformal blocks.

Space of conformal blocks: The invariance conditions represent an infinite system of
linear equations defining a subspace CB(Cy,,, R) of the dual R’ to the vector space R. The
vector space defined in this way is called the space of conformal blocks CB(Cy ,,, R) associated
with the Riemann surface Cy,, with representations V; at the punctures. This space is infinite-
dimensional, in general. We now want to get a first idea about the “size” of this space.

In the case N = 2, the conformal block for C; 3 is known to be defined uniquely up to normali-
sation by the invariance property (6.2.12)). Using this same equation one may express all values
f(v1 ® vy ® v3 ® vy) associated with Cy 4 in terms of

f(eal ® Cay ® Llilea:), ® ea4) = Fk ) Fk eC ) ke Z>0 . (6217)

One therefore finds that the space of conformal blocks associated with Cp4 is infinite-
dimensional and isomorphic as a vector space to the space of formal power series in one
variable. This space is far too big to be interesting for physical applications, as stressed in
[54], [112]. Only if the growth of the complex numbers F} ensures convergence of series like
F(z) = Y, 1 Fxz", can one integrate the canonical connection on spaces of conformal blocks
defined by the energy-momentum tensor at least locally. Further conditions like existence of
an analytic continuation of F'(z) to the Teichmiiller space 7y 4, and reasonable growth at the
boundaries of 7 4 characterise the subspaces of CB(C, 4, ®f:1 V,,) of potential physical inter-
est.

In the case N = 3, one generically finds an infinite-dimensional space of conformal blocks
already for the three-punctured sphere. Using the invariance property (6.2.12), it is possible to
express the values of the conformal blocks f(v) on arbitrary v € V,, ® V,, ® V,, associated
with Cp 3 in terms of the particular values F;; (see [113])

Frp= f(ea, ® oy @ (W_1)en,) €C. (6.2.18)

This means that any conformal block f on Cy 3 is uniquely defined by the sequence of complex
numbers Fy = (F;)ien. Therefore, similarly to (6.2.17), the space of conformal blocks associ-
ated with Cy 3 is infinite-dimensional and can be identified with the space of formal Taylor series
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in one variable. In analogy to the case N = 2, n = 4 mentioned above we may expect that
the physically relevant subspaces of CB(C 3, ®f:1 V,,) may have a representation as spaces of
analytic functions in one variable.

The representation of the Vs-algebra attached to the puncture z, generated by the operators
Wa.n(z-) induces an action on the spaces of conformal blocks CB(C, R) via

(Wd,n(zr)f) (U) = f(Wd,n(Zr)U)' (6.2.19)

The conformal block W;,,(2,)f obtained by acting on f with Wy, (z,) is characterised by a
sequence (FWd,n(zT) fJ) ey Which may be computed by specialising the definition (6.2.19)) to
vectors of the form v = ¢4, ® ¢4, @ (W_;)'e,, and using to express the right hand side
of as a linear combination of the Fy;, I’ € N.

At general rank (N — 1), the number of extra variables required to get similar representations
for the spaces of conformal blocks associated with Cy 3 is equal to half of the dimensiorﬁ of
the moduli space of flat connections (N — 1)(N — 2)/2. One way to understand this is by
considering, as in [22], [74], the difference between the number of basic three point functions
and the number of constraints from the Ward identities (6.2.12) and corresponding to generators
of the Wpy-algebra. There are N (N — 1)/2 descendant operators constructed by acting with the
modes (W, _;)" on a highest-weight state, for | = 1,2,...,d —land d = 2,3,..., N, which
lead to 3N (N — 1)/2 basic three point functions after taking into account the three primaries.
Subtracting N% — 1 constraints corresponding to generators Wy, | = —d+1,—d+2,...,d—1
and d = 2,..., N, gives precisely the number (N — 1)(/N — 2)/2 of unconstrained positive
integers parameterising the conformal block associated with Cy 5.

The infinite-dimensionality of the spaces of conformal blocks corresponding to the three-
punctured spheres, for N > 3, leads to one of the basic problems in sl3 Toda CFT. It implies
that the Toda CFT three-point function can be represented in the following form

(Vs (U3 @ w3; 23, Z3) Vi, (V2 @ Wa; 22, Z9) Vi, (V1 @ w1 21,21) ) =

_ _ _ (6.2.20)
— /dk)dk’ Op(k?7 k?)f]f(vg ® Vo ® V15 23, 22, 21>f£<w3 ® w9 ® W1, 23, 227 21).

In (6.2.20) we are using the notation V,,(v ® w; z, Z) for the vertex operator associated to a state
v w € V, ®V, by the state-operator correspondence. It can be represented as a normal
ordered product of the primary field V,(z,2) = V,(e, ® ¢,; 2, 2Z) associated to the highest
weight state e, ® ¢, with differential polynomials in the fields representing the Vs-algebra.
The superscript p refers to the triple of labels p = (a3, a, 1) for the representations of the
VW-algebra associated to the vertex operators appearing in the correlation function . i
and f;: are bases for the relevant (sub-)spaces of the spaces of conformal blocks on the three-
punctured spheres Co3 = P!\ {21, 20, 23} having W-algebra representations with labels «;
assigned to the punctures z; for ¢ = 1,2, 3, respectively.

This number is equal to the dimension of the Coulomb branch of the T gauge theory. Together with the 3(N — 1)
parameters of the momenta c, it gives the (N + 4)(N — 1)/2 parameters of the T theory [22].
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Gluing construction: We expect to be able to reduce the case of an n-punctured sphere to the
one for the three-punctured sphere by means of the gluing construction. Given a possibly dis-
connected Riemann surface with two marked points P¢, i = 1,2, surrounded by parameterized
discs one can construct a new Riemann surface by pairwise identifying the points in suitable
annular regions around the two marked points, respectively. Having conformal blocks associ-
ated with two surfaces C; with n; + 1 punctures Pj, Py, .. ., PjL one may construct a conformal
block associated with the surface C;5 obtained by gluing annular neighborhoods of P¢, i = 1,2
as follows

fC12(v1®"'®Un1 ®w1®---®wn2) =
— Z fe (1 ® - @ vn, @) fe, (€2 TE0Y @ w0y ® -+ @ 1w, ) - (6.2.21)

I/EIB

The vectors v, and v, are elements of bases {v,;v € Zz} and {v,/; v € Z} for the representa-
tion V3 which are dual with respect to the invariant bilinear form (., .) s on V3. The parameter T
in is the modulus of the annular region used in the gluing construction of Cy5. The rest
of the notations in (6.2.21) are hopefully self-explanatory. The case where P¢, i = 1,2, are on
a connected surface can be treated in a similar way.

A general Riemann surface C,,, can be obtained by gluing 2g — 2 + n pairs of pants Cg,
v=1,...,29 — 2+ n. Itis possible to construct conformal blocks for the resulting Riemann
surface from the conformal blocks associated with the pairs of pants Cj ; by recursive use of
the gluing construction outlined above. This yields families of conformal blocks parameterized
by (1) the choices of representations Vg used in the gluing construction, and (ii) the choices of
elements of the spaces CB(Cj;), v =1,...,29 — 2 +n.

Chiral vertex operators: Closely related to the gluing construction of conformal blocks are
constructions of conformal blocks using chiral vertex operators. There is a one-to-one corre-
spondence between the conformal blocks f € CB(Cp3) for three-punctured spheres Cp3 =
P!\ {0, 25, 0o} and chiral vertex operators V?(vy, 29) : Vay = Vs p = (a3, a2, 1), U3 € Vo,
defined by the relation

f(Ul & v & Ug) = <?}37 VP(UQ, 22)U1>Va3 s (6222)

for all v; € V,,, @ = 1,2,3, using an invariant bilinear form (., .)y,. on V,,. The field
VP (vq, z2) associated with the highest-weight vector v,, € V,, is called a primary field, and
all other fields are called descendants. A graphical representation is given in Figure [6.1] One
may, more generally, relate conformal blocks fy associated with n-punctured spheres Cy ,, to
families of multi-local chiral vertex operators V (w;z) : Vo, — Va,, W € Vo, @ - @V, |,
z=(2z1,...,2n_1), defined such that

fr( @ - ®@wy,) = (v, V(w; 2)v1)y, . (6.2.23)

an

Such multi-local vertex operators can be constructed as compositions of vertex operators
V(v 2)
(v, ViOmontOns) (g 4z q) e VIO (0 o) 0y, (6.2.24)
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assuming that z,, = oo and z; = 0. We may therefore construct large families of conformal
blocks by constructing the chiral vertex operators VV*(v, z), or equivalently the conformal blocks
associated to Cy 3. This will be one of our main goals here.

a:2

A as

Figure 6.1: Vertex operator as an intertwiner of highest-weight representations V.

6.3 Degenerate representations

It will be useful to distinguish three types of representations. A distinguished role will be played
by the representations which have o = —bw; — b~'w;, where w; and w; are weights of finite-
dimensional representations of s[y. Such representations are called fully degenerate to reflect
the fact that the vectors in these representations satisty the maximal possible number of inequiv-
alent relations of the form P,(W, _,,)e, = 0 for certain polynomials 7,. These are called called
null vectors among the vectors generated by the algebra Wy from the highest weight vector ¢,,.
For generic o one has no such relations in the representations V,,, which are then called fully
non-degenerate. There are various intermediate cases, called semi-degenerate, in which there
exist relations of the form P;(W, _,)e, = 0, but the number of inequivalent relations of this
type is smaller than in fully degenerate representations. This happens for example if a = xrwy,
with k € C.

A special role is played by the vertex operators associated to degenerate representations of
the YWy -algebra where the representation label « is equal to either —bw; or —bwy_1, with w;
and wy_ being the weights associated to the fundamental and anti-fundamental representation
of sly, respectively. In the case N = 3 one will find the following three null vectors in the
representation V_p,, :

ng: 0= (L_1 + /{1,1W—1)e—bw1 , (6325)
Ny 0= (L2_1 -+ l€271L,2 + /‘QQQW,Q)Q,[)UJI s (6326)
ng : 0= (L% + kg Lol + kgL 3+ kg sW_3)e_p, - (6.3.27)

Explicit formulae for the coefficients can be found for example in [106]. The relations in the
representation V_y,, ., take a similar form, obtained by replacing x; ; by —x;;, ¢ = 1,2, 3.

The null vectors in degenerate representations have well-known consequences for the vertex

operators associated to such representations. If ay = —bw,, for example, it follows from the
relations above that V? (v, 29) : V,, — V,, can only be non-vanishing if oy = oy — bh, where
h, are the weights of the fundamental representation of sl3 for 2 = 1,2,3. For ay = —bwy_1

one will similarly find a3 = a1 + bh, for» = 1,2, 3. We may therefore abbreviate the notations
for the corresponding vertex operators to D, (y) and D, (y), respectively. They map

D, :V,— Va—bhp DZ V, — Va-ﬁ-bhp 1=1,2,3. (6.3.28)
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It is furthermore well-known that these relations imply differential equations satisfied by the
conformal blocks if some of the tensor factors of R = )"_, V,, are degenerate in the sense
above. To be specific we will in the following consider conformal blocks on a sphere with
n+ 2 punctures z; = 0, 29, ..., 2,1, Y, Yo, 00, With representation V_,,,, , associated to y, and
representation V_;,,, associated to y. As in we may then consider the conformal blocks

Fv (Y903 2)5 = (en, D (W V(e ® - @enis2)er),, . (6.3.29)
The differential equations following from the null vectors include, in particular,
? 0 ,
5 T e T(y)a—y + 32 T'(y) + ras W(y) | Fv(yi90; 2) = 0, (6.3.30)
where
—b W_ W_ = ) W, ) Woo(z
W(y) :w3( W13> n 1(y0) 2( -I— ( ws(a 1(z )2 2(z ))
W=t  W—w)? - —~\(y—2)3 e AT
n—1
wa(—bwy) 1 0 ( (oz,,) 1 0 >
T(y) = + — + : (6.3.31)
) (¥ —v0)? ¥ — vy ; (y — Zr)2 — 2, 02,

Note that the null vectors n; allow us to express W_; () in terms of L_;(yo) ~ 8%. We may
furthermore use the null vector n, together with the Ward identities to express W_5(1) in terms
of a differential operator WW_»(y,) constructed out of derivatives 8%0 and L_;(z,). However,
even in the case n = 3 one can not use the invariance conditions defining the conformal blocks

to express all W_;(z,.) Fy (y; u; 2)z, ¢ = 1,2 in terms of derivatives of Fy (y; u; )z, in general.

Not having a closed system of differential equations represents an obstacle for the use of
the differential equations (6.3.30). One of our goals is to define the analytic continuation of
Fv (y; yo; 2)z with respect to y and compute the resulting monodromies. Without a more ex-
plicit description of the action of the algebra Vs on spaces of conformal blocks one can not use
the differential equations discussed above to reach this goal. This is the main difference to the
case where N = 2. Other methods are needed to reach this aim, as will be introduced next.

6.4 Free field construction of conformal blocks

We propose that promising candidates for useful bases for the spaces of conformal blocks can
be defined using the free field representation of the algebra VVy. This section gives an outline
for N = 3 of the necessary constructions which is sufficient for the formulation of some of our
main results. A more detailed description will be given in Chapter (8| below.

Key elements are the normal ordered exponentials
Va(z) = el#@), (6.4.32)
One of the most important properties for the following will be the exchange relation

Va(2)Va(z) = e @AV (2)V3(2') (6.4.33)
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where the left hand side is understood as the analytic continuation from a region |z’| > |z| and
2’ moves in a counter-clockwise direction around z. The special fields S;(z) = Vje,(2) will
be referred to as the screening currents. From the screening currents S;(z) one can construct
screening charges Q);(7) as

Qi(v) = / dz eM?(@), (6.4.34)
Y

~ being a suitable contour. Apart from the screening charges associated to the simple roots e;,
1 = 1,2, it will frequently be useful to consider the composite screening charge ()12 defined as

Qual) = / dy Si(y).  Suly) = / dy' S1(y)Sa(y), (6.435)

with +, a suitable contour encircling the point y which will be specified more precisely below.

We may use these ingredients to construct conformal blocks on C; 3 by expressions of the fol-
lowing form

g(voo):/ dul---/ dum/ dvl---/ dvn/ dwl---/ dw, (6.4.36)
Cuy Cur, Co, Cop, Cu, Cup

(Voo , S1(ur) ... S1(tn)Si2(v1) . .. Si2(va)Sa(wr) . .. Sa(wy)V,, (22)V,, (1) ¢0)-

The precise definition of the expression on the right hand side of (6.4.36) requires further ex-
planations. The integrand is the multi-valued analytic function obtained by standard normal
ordering of the exponential fields appearing in the matrix element on the right hand side of
(6.4.36). Both the contours of integration and the precise choice of branch defining the inte-
grand still need to be specified. All this will be discussed in more detail in Chapter [§] below.

The vertex operators appearing in (6.4.36) map from a module V,, of the W; algebra to the
module F,,, where oy is related to ae, a1 and n = (m,n,p) by the conservation of the free
field momentum,
S1:=n—+m,
as = ay 4 oy + b(s1er + s2€3), ! (6.4.37)
Sg = n +p.
Fixing the triple p = (a3, s, aq) of representation labels only fixes the two combinations
s; = m+ n and sy = n + p of the three parameters n = (m,n,p). It is therefore natural to
parameterise n in terms of sy, s and an additional multiplicity label k£ such that
m=s —k,
n = k. (6.4.38)
b =52 — k)
For fixed external parameters p = (a3, a2, ;) one may therefore use (6.4.36) to construct a
one-parameter family of conformal blocks F7.

6.5 Quantum monodromies

A useful probe for the conformal blocks F} will be the 3 x 3 matrix of conformal blocks on
Co.3+2 having matrix elements denoted by F} (y; ¥o);,» ¢, 7 = 1,2, 3, defined as

Fe(W;90)u = (€ay» Dilyo) D,(y) Vi(2) €4, ). (6.5.39)

2°
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We will regard y, as a base-point, typically assumed to be near oo on C 3 and sometimes use the
abbreviated notation F, (y);, = F,(y; yo),. We are going to demonstrate in Chapter [9] below
that 7/ (y) ,, has an analytic continuation with respect to y generating a representation of the
fundamental group 7, (Cy 3) of the form

F vy Z Z (6.5.40)

We will see that only finitely many terms are nonzero in the summation over [. It will be useful
to regard the coefficients (Z\/[V)flk as matrix elements of operators (M,),?, 2, = 1,2, 3, acting
on a vector space with a basis labelled by £, allowing us to write (6.5.40)) in the form

FP(v.)s = Y (M) - F2(y),,. (6.5.41)
J

We may anticipate at this point that the matrices (M, ),” will turn out to be “quantum” analogs
of the monodromy matrices of a flat S'L(3)-connection on Cy 3.

The derivation of the relations (6.5.41]) described below will allow us to show that the elements
(M,),” of the quantum monodromy matrices can be expressed as functions M., (u,v),” of the

two operators
U./_"]f _ qukJT_-lf’ V./_"]f =q kfk—i—l’ (6542)

generating a Weyl algebra W, characterised by the commutation relation uv = ¢~ 2vu, using
the notation ¢ = e~'™”. It turns out that the M., (u,v),” are Laurent polynomials of low orders
in u, v. This property will be essential for the interpretation of u and v as quantised analogs
of Fenchel-Nielsen type coordinates on moduli spaces of flat connections to be discussed in

Chapter[12]

6.6 Verlinde operators and quantised moduli spaces of flat connections

Spaces of conformal blocks carry two natural module structures. One type of module structure
is canonically associated to the definition of conformal blocks as solutions to the conformal and
W-algebra Ward identities, as defined in Section [6.2] Of particular interest for us is another
type of module structure defined in terms of the so-called Verlinde line operators and their gen-
eralisations. This section will present the definition of the Verlinde line operators, and explain
why the algebra of Verlinde line operators is a quantum deformation of the algebra of regular
functions on ./\/lgi ®) (Co 3) following [77].

In order to define the Verlinde line operators let us note that the identity operator appears in the
operator product expansion

Dy(yo) D, (y) = 571 P, (yo — )™ (id+ Y (yo — )

Z (Yo — ) (Vl(y) + Oy — ), (6.6.43)

where Y (yo —y) = > o (yo — y)"Ya(y), with Y,,(y) being combinations of the generators of
the W algebra. The chiral vertex operators V;(y) correspond to the other finite-dimensional
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representations appearing in the tensor product of fundamental and anti-fundamental represen-
tation of sl3. This shows that a canonical projection P’ from the space of conformal blocks on
Co.3+2 spanned by the F} (y),, to the space of conformal blocks on Cy 3 spanned by F} can be
defined by setting P(F} (y),,) = 0P, FY.

By taking linear combinations of (6.6.43)) one may eliminate the terms containing the chiral
vertex operators V;(y), leading to a relation of the form

> E'D,(10)D,(y) = (yo — )™ (id + Y (3o — v)). (6.6.44)

This allows us to define an embedding [E of the space of conformal blocks on C; 3 into the space
of conformal blocks on Cy 5.5 by setting E(F) = S22 | E* F2(y)u.

As before we find it convenient to regard the functions F; as components of a vector F* with
respect to a basis labelled by k. We have observed in the previous section that the analytic
continuation of F*(y),, along v € m;(Cy3) defines an operator M, on the space of conformal
blocks on Cp 342,

M, (Fp(y)iz) =F(1.y), = Z(Mv)z] ) Fp(?J)ig- (6.6.45)

J

The composition Po M., o E will then be an operator from the space of conformal blocks on C 3
to itself which may be represented in the form

3
(PoM, oE)(F,) =V, Fu, V=) E'(M,),'P. (6.6.46)
1=1

The operators V., will be called Verlinde line operators. They can be regarded as as “quantum”
versions of the traces of the monodromy matrices M., of a flat SL(3)-connection.

Assuming the validity of the mondromy relations like (6.5.41)) for general rank, we will show
in Chapter[I0|following [77] that the algebra generated by the operators V., is isomorphic to the
algebra of quantised functions on Mg;(N) (Co3), the moduli space of flat SL(NN)-connections

on Cy 3. This means in particular that, for N = 3, the operators V., satisfy the deformed relations
(3.1.18) and (3.1.19)

Pr({V,,y € m(Coz)}) =0, i=1,2, (6.6.47)

where the polynomials P! differ from the polynomials P; in the corresponding classical rela-
tions (3.1.14) and (3.1.15) by fixing an operator ordering and /-dependent deformations of the
coefficients. It was furthermore shown in Part [II| that the operators V., satisfy (q-)commutation

relations reproducing the Poisson brackets of the corresponding trace functions to leading order
in h.

We had observed in Section [6.5]that the elements of the quantum monodromy matrices can be
expressed as functions of two operators u and v. It follows from (6.6.46)) that the same is true
for the Verlinde line operators V... We will argue in Chapter [12]that the classical limits of u and
v are closely related to natural higher rank analogs of the Fenchel-Nielsen coordinates.
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Chapter 7

Quantum group background

We review here some relevant basic notions about quantum groups. These are ubiquitous in the
following chapters, entering the construction of chiral vertex operators and conformal blocks in
the free field representation in Chapter [§]and the computation of quantum monodromy matrices
in Chapter [9] They will furthermore play a central role in the identification of the quantised
algebra of functions Ag, studied in Part[II| of this thesis with the algebra of Verlinde operators
Ay in Chapter

For a complete background and set of axioms we refer the reader to one of the standard refer-

ences [114].

Abstractly, a Hopf algebra is a collection (U, m,n, A e, S), with unit n : C(q) — U, product
m:UU — U, co-product A : U — U @ U, counit € : U — C(q) and an algebra anti-
automorphism called antipode S : &/ — U. The triple (U, m,n) is a unital associative algebra
and (U, A, €) is a counital associative coalgebra. A e are unital algebra homomorphisms and
satisfy the following relations

(A®id)oA = (Id®A)oA (co-associativity)
(e®id)o A = (id®e)oA=id
mo(S®id)oA = noe=mo(id®S)oA (pentagon) . (7.0.1)

The quantum group U = U,(sly) is a Hopf algebra, generated as an associative algebra over
C(q) by ey, f; and ki fori = 1,..., N — 1 which satisfy the relations

k; — k; ! ki'e; = " ek;
e, ] = Gy ST RS 21 =k (7.0.2)
q—q ki fj = q:FH”fjki
fori =1,..., N —1 and where we recall « is the s[5 Cartan matrix x;; = 20;; — d;4+1,; — 0i j+1 -
The Serre relations are
e?ej — (q + q_l)eiejei + eje? =0 ) fzzfj - (q + q_l)fzf]fz + fjff =0 , (703)

with |i — j| = 1. The Hopf algebra structure is given by e(k;) = 1, €(e;) = 0 = €(f;) and
S(Ki)=ki' , S(e)=—eki' , S(fi) = —kif;

105



106 CHAPTER 7. QUANTUM GROUP BACKGROUND

and by the action of the co-product A on the generators, which we specify below.

Let us now restrict for a moment to the case /N = 3. Defining
€12 = €1€2 — (¢€2€y fio = fifs — gfofy | (7.0.4)
it follows from the quantum Serre relations that

ele;s = ¢ 'epe, €2€12 = (@€12€2 (7.0.5)
fifie = ¢ 'fify, fofio = gfiafs . (7.0.6)

Using these relations it is possible to show that arbitrary monomials formed out of the basic
generators f;, © = 1,2 can be represented as linear combinations of the ordered monomials
flfuf2 with (ny, nyo, ny) € N3, This statement generalises straightforwardly to higher rank,
where for U, (sly) it is possible to define (N — 1)(N — 2) generators f;;, with i < j, through

fij = furfiy — afisfin 1<i<k<j<N

and similarly for e;;. Then arbitrary monomials of the basic generators f; for: =1,..., N — 1
can be represented as weighted sums over the ordered monomials

nifEni2 N1 N—-1gn2 T2 N—1 NMN—-1 N—1
fl f12 .. fl N_l f2 DY f2 N_l .. fN_l N_l .

7.1 Representations

With each algebra U/, we can associate the category Repl/ of its finite dimensional linear repre-
sentations, with objects V, W, ... that are finitely generated left {//-modules and with morphisms
that are {/-linear homomorphisms. The action of ¢/ on a ¢/-module V' induces a representation
my U — End V.

Restricting once more to the case N = 3, the irreducible highest weight representation of
U,(sl3) with highest weight A will be denoted by R,. The highest weight vector vy, € R, is
annihilated by the generators e;, e;u, = 0 and the action of k; is

k,vy = q(e"’)‘)v)\ . (7.1.7)

The representations R are irreducible for generic weights A. We will use a basis for the U/, (sl3)
Verma module R which consists of the following vectors

e = fIfn iz, | n = (ny,n,ng) . (7.1.8)
The vector e\ has weight
v=v(An)=XA—(n+ny)eg — (n+ny)es . (7.1.9)

It will sometimes be useful to parameterise the labels n = (n;,n,n2) in terms another pair of
data n = [9, m| consisting of the shift of weights 6 = —s1e; — sye5 together with a multiplicity
label m such that s = ny +n, s = ny +n and n = m. For fixed weight v = A + ¢
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parameterised by positive integers s; and S, one can only have finitely many values of m
between 0 and d, — 1 = min(sy, s3). The multiplicity space of a weight v has dimension d,,
and will be denoted by M5.

The action of the generators x of U, (s[3) is represented in the basis (7.1.8)) by the matrices R?{;;‘:n
defined by

m(@)ed = > RN e (7.1.10)

Lists with the matrix elements of R?ﬂ;‘/n for © = e;, f; can be found in appendix [B| Here we will
only note the following important feature concerning the dependence on the multiplicity labels
k. The action of 7, (z) on the basis vector eﬁ can for x = e;,f;, i = 1,2, be represented in the

following form
7T)\<ei>€[);;7k] - Ez(/\a 57 Uk) 6[);5-‘1-67;,]47} + EZI(A’ 57 uk) V_l 6[);;+ei’k] ’ (7 1 11)
7T)\(fi>e[);5,k] = E()‘7 67 uk‘) 6[)(\;,61.7“ + E/(A7 5’ Uk) V+1 e[)(\;iei’k] 7

where u;, = ¢ %, veﬁw = q""e%’k 41 and the coefficient functions Ej, E!, F; and F] are
Laurent polynomials in the variable u,. This simple feature will play a crucial role for us in the
following chapters.

We call a weight A generic if it is not the highest weight of a finite-dimensional highest weight
representation of sl;. Apart from the representations associated to generic weights A we will
be interested in particular in the fundamental representation generated from the highest weight
vector v,,, and having a basis {v,,,, f1v., , f120,, }-

7.2 Tensor products of representations

The co-product in a Hopf algebra ¢/ induces the tensor product in Repl/, where for ¢/-modules
U, Vand Va € U, mygy(a) = (my @ my)(A(a)). The unit object in Repl/ is the ground
field C(q) equipped with the action of ¢/ by means of the counit e. Furthermore, there exist
associativity and left and right action homomorphisms that make Repl/ a monoidal category
(see for example [73]).

The co-product A of U = U, (sl3) is defined by
Ale) =ki®e+e1, Af)=fiok'+10f, Alk)=k; k. (7.2.12)
The co-product is an algebra homomorphism, so equations imply, for example,
Ale) = kike®epn+en®14 (7" — q)esks ® e
Alfig) = fo@ki'ky' +1®epn+ (¢! — )fi @ foky !t (7.2.13)

The Clebsch-Gordan (CG) maps describe the embedding of irreducible representations into
tensor products of representations.

For triples of U/-modules U, V, W, where U C V®@W, a Clebsch-Gordan map ng VW —
U intertwines the actions on V' @ W and U,

CYw (my @ mw ) A(2) = 7y (2)Cy, relU. (7.2.14)
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Clebsch-Gordan maps are represented graphically as trivalent vertices in Figure

u \ W

AT

\% w

Figure 7.1: Clebsch-Gordan maps intertwining tensor products of representations.

We note that the representations V', W and U may be reducible, in general. We may, in par-
ticular, consider cases where V', W and U can be tensor products of representations such as
V=V1®---®V,, for example. Such Clebsch-Gordan maps CV;;, can be constructed as com-
positions of Clebsch-Gordan maps intertwining the respective representations on the tensor fac-
tors. Avoiding cases where ¢ is a root of unity, one may find any irreducible finite-dimensional
representation in a sufficiently high tensor power of the fundamental representation.

The conjugate Clebsch-Gordan maps C/"V : U — V @ W satisfy the property
CHVWry(x) = (mv @ mw)A(z)CHY . (7.2.15)

A special subset of intertwiners are the cap and cup maps intertwining between a tensor product
V ® V and the trivial representation 1 ~ C(q), respectively, where V is the conjugate repre-
sentation to V. In the Reshetikhin-Turaev construction, one considers general morphisms M in
Repl{ between tensor products of modules V; ® ... @V, and W; ® ... @ W,,.

In the case of the highest weight representations introduced above for N = 3, one may represent
the CG maps Ci;AQ : Ry, — Ry, ® Ry, in the form

emOed) = 3 (BBa)a o, (7:2.16)

nz,n
v3=va+v1

Here and below we use the notation v; = v;(\;, n;) with (A, n) defined in (7.1.9).
A set of equations for the Clebsch-Gordan coefficients (CGC) ( a2 f‘ﬁ) follows from the
intertwining property

A(z)ed (Mg, My ZRAZ"““?’ 3 ( Aoy A1) (7.2.17)

(z) n3n

for any element = € U, (sl3). Whenz = ¢; € {el, ey} and n3 = 0, this equation implies that for
every fixed pair (n, ny)

. A A2 A e“y A 71’1 A A )\ ,n
0=> (¥]am)a VR , T Z | s ot ) Riem - (7.2.18)

ny

Equations ((7.2.18)) can be regarded as a set of recursion relations. For generic values of \;, 1 =
1,2, 3 one can show that these equations determine (4 | 22 ! ) uniquely in terms of (%2 | 22 % ).

n nj nz 0

Indeed, it is not hard to see (see Appendix B for further details) that one can use equations

lb to derive a recursion relation expressing ( ;\lg f‘ﬁ) with n; = [—sje; — Sgeq, k1] in

terms of the CGC (4 | 22 L ) having m; = [—s{e; — sheo, Kj] with s + 55 = s1 + 55 — 1.
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The value of (AOd ‘ ;\é ’\01 ) is not further constrained by (7.2.18). A basis for the space of CG
maps Ci;)‘z is therefore obtained from the CGC (?f’ a2 A1) - characterised by the property that

3| n2ny /g
(1220 ), = Okkas I My =1[02,ks], G2=A3— A1 — Ay (7.2.19)

As ko can only take a finite set of values determined by ., we see that the coefficients
(22|22 A1), generate a basis for the space of CG maps. For generic weights A1, Ao, A there is
an isomorphism between the space of CG maps and the subspace with weight A3 — \; within
R, or equivalently the subspace with weight A3 — Ao within R, .

A3 | Ao A

It will be important to keep in mind that the ( Ol aal )k depend on the multiplicity labels

only through the matrix elements Rz\e’:‘m,. The features concerning the dependence of Rz\e’:‘m,
on the multiplicity labels observed in will be inherited. Note furthermore that the
recursive procedure determining the CGC (/\03 22 M ) ., proceeds by induction in s = s1 + s2
if n; = [—sje; — sye, ky]. In each step one generically increases the range of values for

the multiplicity label k5 in ny = [09, ko] with non-vanishing (’\03 2z A ) ,, Dy one unit. In the

ns nj
case where n; = [—sje; — Sgeq, kq] with s1 + so < 2, for example, we find non-vanishing
(.%3 a2 M1 ) . only for & — 2 < ky < k. Further details can be found in appendix

7.3 Iterated Clebsch-Gordan maps

Families of intertwining maps C : ®l":_11 R; — R, can be constructed as compositions of the
Clebsch-Gordon maps introduced in Section For m = 3, for example, one may consider
linear combinations of the form

A4 _ A | A3 A2 A A1 A2 A3
ent (A3, Ao, A1) = E (] dazdt)ey ®ep @ep?, (7.3.20)
ns,nz,nj
v4=v1+v2+vs

One may argue in the same way as before that the coefficients in are uniquely deter-
mined in terms of the particular values for ny = 0 and n; = 0. The space CG(A4| A3 2A;) of
Clebsch-Gordan maps is therefore isomorphic to the subspace denoted by Rii _/\’2\1 Ry, @Ry,
with total weight A\, — A;. It is then easy to see that a basis for this space is provided by the
composition of Clebsch-Gordan maps,

Celaaam= 2 Ciladz), Gelad)., (7.321)

no
vig=A1+v2

In order to see this, let us note that the allowed values of A5 are of the form Ao = A\ + s — d19.
The co;:fﬁ;:ients (7.3.21) represent the matrix elements of a map D!, , from CG(As|AzA2))
into Ry, \'

7.4 R-matrix

A quasitriangular Hopf algebra U/ additionally has an invertible element R € U ® U, the
universal R-matrix of ¢/, which satisfies a set of relations. The quantum group U, (sly) is a
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quasitriangular Hopf algebra. Its universal R-matrix R € U, (sly) ® U,(s(y) has the property
RA(z)R™! = (Po A)(z), x € Uy(sly) , (7.4.22)

where P € U,(sly) ® U,(sly) is the permutation that acts as P(z ® y) = y ® x. It satisfies the
Yang-Baxter equation R;5R13R23 = Ry3R13R 12 and the action of the co-product on it is

(A & 1)R = R13R23 s (1 & A)R = R13R12 . (7423)

It can be shown that the conditions (7.4.22) have a unique solution of the form R = ¢'R with
t=> (kg h; ® h;, with x;; being the Cartan matrix, k; = ¢" and

R =1+ (q - qil)(el &® fl +e® fg — qilelg X f12) —+ (q — q71)26261 &® fzfl + ... (7424)

for N = 3[] The omitted terms in the expression ([7.4.24)) are of higher orderine;, = = 1, 2. The
universal R-matrix is related to the braid matrices By, : Ry, ® Ry, = Ry, ® R, through

B/\l)\2 =Po ISYPYY where M = (71')\1 X 7T/\2)(R) (7427)

is the evaluation of the universal R-matrix in the tensor product of representations Ry, ® R,
and P is the permutation of tensor factors. Our notation for the matrix elements of B, ,, is
defined such that

Bawem @enl = Y (Baa)mimee): @ el . (7.4.28)

mji,mjs

The existence of the braiding map, which is a morphism of Repl/, turns this into a braided
monoidal category.

7.5 Twisted (compositions of) Clebsch-Gordan maps

A key element which will be required to demonstrate the isomorphism Ag, ~ Ay between
quantised algebras of functions on moduli spaces of flat connections and algebras of Verlinde
operators for sl Toda CFT in Chapter [10]is represented by twisted compositions of Clebsch-
Gordan maps. We discuss such compositions below.

Two quasitriangular Hopf algebras ¢/ and U are related by a Drinfeld twist J € U @ U if the
co-products and [2-matrices are related by

~ 1 ~ .
A()=T AT, R =T Rl (7.5.29)

! The expression for general N is
R = qf e(q g Hea®fs (472 —1)e12®f12 e(z;q71)€1®f1 7 (7.4.25)

q q

with exponentials defined through

et " 1— q2n
g i [l = 5 —7 (7.4.26)
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Here we are using leg-numbering notation where the subscripts refer to tensor factors. The twist
will preserve co-associativity if

(A®id)(T) - Tio = (id @ A)T) - Tas (7.5.30)
The action of 7 may be extended to m-fold tensor products by defining recursively
JE = (1d*F D g A)TH) - (1d**F Ve g),  JP=J. (7.5.31)
The condition ensures that the operator
T80 vy, = (T, @ - @ 7y, ) (T ™) (7.5.32)

is independent of the order in which tensor products are taken.
Given a Clebsch-Gordan map CY;;, : V @ W — U we may define [77]

Cow = Cow - Jyw Jyw = (v @ mw )(T) . (7.5.33)

It is easy to see that égw is a Clebsch-Gordan map intertwining the representation defined
on V ® W using the twisted co-product A with the representation U. Similarly, by defining
CHW = Ji3,C5Y one can show that O/ Wy (z) = (my @ mw ) A(x)CHW.

Given a general intertwiningmap C' : V} ® ... ®@ V,, = W ® ... ® W, it seems natural to
define
Co= (I aw) M- JTY (7.5.34)

If M is represented as the composition of “more elementary” Clebsch-Gordan maps one needs
to verify the consistency of definition with (7.5.33). This boils down to the considera-
tion of two cases, as will be discussed in the following.

v w w
U v w
v
U
0 w
Y W u
% w v

Figure 7.2: Left: Clebsch-Gordan maps. Middle: Glued vertices. Right: Generic network.

Twisting composite intertwiners (I): Let CZVW : T'— U@V @ W be constructed as CYV C2W.
This composition may be re-expressed in terms of C¥Y C2V by using

VoW = CYV Jgw o C2V = OV Jgw CiW (7.5.35)

Decomposing Jsw = >, Ts(xx) @ mw (x*), one may use the intertwining property satisfied by
CYV to calculate

Cs" Jow = Cg" - ZWS@IC) ® m (2*) =
P

= (v © 1) (Alzr) @ Tw (@) - CFY = Jweview CYV .
k
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Noting that CYV = Jy;yCYY, we arrive at
Cs' " = Jwevyew JuvCyY C2" (7.5.36)

In a similar way one may verify that C%" CYS = Jyowew) JywCy W CL3.

Twisted compositions (II):  Clebsch-Gordan maps of the type C}/"" and CYy;, can also be com-
posed in the following ways

CV’W’ = CVWCV/W/ 5 Cle/ = CUW/CV/U . (7537)

The second type of composition is diagrammatically represented in Figure

Recall that the representations 7y, 7y, . .. are not necessarily irreducible. As such, the blocks
in Figure should themselves be thought of as networks with a general number of incom-
ing and outgoing legs and iterated compositions of Clebsch-Gordan maps inside each block.
Compositions of the first type in equation ((7.5.37)) are twisted trough

NI = CEWVCY o = Tk CFW CY sy (7.5.38)
Compositions of the second type
NV/W/ C[V]VW/ OV/U - C([I;VW/ JU_‘}V/ JVUCNR‘///U (7.5.39)

also transform by conjugation with the J-factors of equation (7.5.38). To show that NV}, is
twisted by acting on its free legs as

NV/W’ Jtwist J N VW’ JV’W/ (7540)
we insert the identity in (7.5.39)
N wise = Jvi Clws Ty wewn Jiripamn Jveryw I amw Cor Jviw: -

Jvwewr) and J(V®U - can be shifted past C}y;, and CY/Y to cancel Jy74; and Jyys

CUWW/JV(U®W/) = CE/W’ Zﬂ'v(:ﬂk) ® <7TU ® 7TW/ Zﬂ'v Ik ® 7Tw( )CUW/
k

where >, my (z) @ mw (z%) Oy = Jyw Cly and similatly for J veryw- S0 we find

Ny viw i = CowrJyg viwewnJveu) w VY = Cl iy J;(U(@W/ Jveryw JyuCyY

By the cocycle condition (7.5.30) J;;J;, U®W,)J(V®U)W/ Jyu reduces to the identity evaluated
on the tensor product of modules V' ® U ® W’ and

VU
NVIW/ thbt - UW/C / (7.5.41)
as claimed. Therefore general networks N“,/,VV[{/,, constructed as iterated compositions of

Clebsch-Gordan maps, are twisted by J-factors which act only on their external free legs.



Chapter 8

Free-field construction of chiral vertex
operators

With the preliminary notions of conformal field theory in Chapter [6] and the quantum group
theoretic background from Chapter [/| on hand, we will now describe how to define the chiral
vertex operators (CVOs) precisely in order to compute the monodromies resulting from the
analytic continuation of the location of a degenerate chiral vertex operator around the support
of a generic CVO. One needs to specify a suitable set of contours for the integration of screening
currents in order to complete the construction of the chiral vertex operators. Monodromies may
then be calculated by deforming the contours appropriately. The main goal of this chapter, as
well as the next, will be to derive the claims about the structure of the quantum monodromy
matrices formulated at the end of Chapter [6] Consequences of these results for the relations to
moduli spaces of flat connections will be explained in chapters [10|and |12| below.

The approach described below is inspired by the works [115], [116] where the connection be-
tween the free field representation of the Virasoro algebra and the quantum group U, (sl2) was
investigated. Relations between free field representations of other conformal field theories and
quantum groups of higher ranks have been studied in [117], [118], [119]. However, the aims and
scope of these works are different from ours, making it difficult to extract the results relevant
for us from the references above. We therefore give a self-contained treatment below.

8.1 Basic definitions

There is a useful way to construct chiral vertex operators in terms of the free fields ¢;(z) in
equation (6.1.2)), where the basic building blocks are the normal-ordered exponential fields
Va(z) defined in equation (6.4.32). The normal-ordered exponentials represent operators on
M = F @ L*(RN1) for Re(z) > 0, F being the Fock space generated by the oscillators a! .
Representing the momenta p; as multiplication operators on L*(RY~1) leads to a representation
of the operators e(®% appearing in (6.4.32)) as finite difference operators on functions 1(p). For
our goals it will often suffice to adopt the closely related definition of the operators e(*% as
formal shift operators mapping the highest-weight vector vg € V3 t0 vg1q € Vaipg. The fields

113
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V. (2) may then be identified with the chiral primary fields V (#+**5)(z) for the algebra Wy
via
Vo (2)vg = 22V BTeaB) )y w5 € Vg (8.1.1)

An important role is furthermore played by the screening charges Q;(7y) = f7 dzS;(z) which
were defined in equation (6.4.34), where the contour ~ begins at a base-point 2z, and encircles
the position z in the counter-clockwise direction.

Powers of the screening charges like Q7 (z) = (Q;(z))" make sense as unbounded self-adjoint
operators on M if the power n is sufficiently small compared to b~2. Higher powers can be
defined by analytic continuation in b, and the result can be represented explicitly using suitable
modifications of the contours of integration in (6.4.34). The key property of the screening
charges ();(z) follows from the fact that the commutator of the fields S;(z) with the generators
of the VWy-algebra can be represented as a total derivative. This implies that the screening
charges commute with the generators W ;.

More general primary fields can therefore be constructed by multiplying normal-ordered ex-
ponentials with monomials formed out of the screening charges. In the case N = 2 one may
consider composite fields of the form V.*(2) = Q°(v)Va(2), s € Z>. For N = 3 one could
consider, more generally, fields of the form Q7' Q3*Q7* Q5" - - - V,,. We should note, however,
that there exist many linear relations among these fields, as follows from the fact that the screen-

ing charges (); satisty the Serre relations of the quantum group U, (sly) [118],
QiQ; = (¢+ ¢ M)Q:Q,;Q: — Q;Q7 with |i—j|=1. (8.1.2)

Using these relations it is elementary to show that in the case /N = 3 arbitrary screened vertex
operators can be expressed as linear combinations of

V2 (2) = Q1 ()QL(MQE T (MVal2) (8.1.3)

where s = (s, S2, k), and

Q12(7) = Q1Q2 — qQ2Q1 = (1 — ¢°) /dz/< d2'S1(2)S(2') . (8.1.4)
v z
Indeed, the relations can be rewritten as
Q1Q12 = ¢ 'QuQ1, Q2012 = ¢Q12Q2 - (8.1.5)
By making repeated use of these relations together witlﬂ
Q1Q5 = ¢"Q3Q1 + [n],Q5 Q12 (8.1.6)

we can then express an arbitrary product of charges Q7' Q5*Q7* Q5" - - - as linear combination of

monomials of the form Q5'*Q*,Q3>*, reducing any screened vertex operator to (8.1.3).

By using the screened vertex operators V.* one may represent more general chiral vertex oper-
ators via

Ve (2)vg = 22 Vk(ﬁ/’a’ﬁ)(z)vg : with 3" = 4 a+ b(s1e1 + s2e3). (8.1.7)

S

qn_q:ln _ qn—l + qn73 R q7n+1 .

'Here we are using [n], = s
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It is furthermore important to note that the difference between (' and (5 is independent of the
parameter k in (8.1.3). By varying k one may therefore define via (8.1.7) an infinite family
of chiral vertex operators Vk(ﬁ s )(z) intertwining between the same two representations /3’
and 3. The correspondence between chiral vertex operators and conformal blocks on
the three-punctured sphere associates with each chiral vertex operator Vk(ﬂ ") (z) a conformal
block fi, € CB(Cp3). It seems plausible that the conformal blocks fi generate a basis for the
physically relevant subspace of conformal blocks on Cj 3.

Higher rank: To generalize these observations to N > 3 let us note that it directly follows
from that the space of screened vertex operators forms a module for the nilpotent sub-
algebra of U, (sly), with action of the generators e; represented by left multiplication with Q).
One may define screening charges ();;(z) associated with the generators e;;, j > i of Uy(sly)
recursively via Q;; () = Q;(7) together with

Qij(7) = Qu(V)Qrs1;(7) — aQrs1;(V)Qur(y), 1<i<k<j<N. (8.1.8)

There are therefore %(N —1) N screening charges ();;, 7 > 4, in one-to-one correspondence with
the positive roots of s[y. More general screened vertex operators can therefore be constructed
as

Vo) = [@ (MQIF () - Q'8 ()] 8.19)
| X QNS NI Val2)

where s = {s;;;¢ < j}. Different ordering prescriptions for the positive roots of sl will cor-
respond to different bases in the space of conformal blocks on Cy 3. Since physical correlation
functions in Toda CFT can however not depend on such choices, this invariance may represent a
supplement to the crossing symmetry conditions exploited in the conformal bootstrap approach
which may be potentially useful.

The space of screened vertex operators thus constructed may be extended to a module for the
Borel-subalgebra of U, (sly) with generators h; and e; by identifying h; with the adjoint action
of —ip’/b. For general o one may identify the resulting module with the Verma module of
U,(sly) with weight w, = —a/b. The observations above imply a relation between screened
vertex operators and representations of U/, (sly) on the level of vector spaces. This relation will
be strengthened considerably below.

As before one may use the screened vertex operators V.*(z) to define chiral vertex operators via
the obvious generalization of to N > 3. Fixing the difference 5’ — /3 defines a subspace
in the space of parameters s of dimension (N — 1)(N — 2). This dimension coincides with
half of the dimension of the moduli space of flat connections on C; 3, which was previously
found to be equal to the dimension of the space of parameters labeling inequivalent elements
in CB(Cy3). This observation raises our hopes that the screened vertex operators V(o) can
indeed be used to construct bases for CB(C 3).
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8.2 Conformal blocks from screened vertex operators

For the remainder of this section we will restrict the discussion to the case N = 3. It will
be useful to represent conformal blocks as linear combinations of a family of auxiliary matrix
elements of the following form

(Voo s V7 (2m) -+ Vi (22)ean ) = D C(hmi2) o Wm0 (2, 2,0), (8.2.10)

77777

Nyp,...,N1]

where p; = (B, oy, 5i—1) forl = 2,...,m, B, = s and v, € F,__, both for the purpose of
defining chiral vertex operators and for the computation of monodromies that result from the
analytic continuation of the location of a degenerate chiral vertex operator around the support
of a generic chiral vertex operator. The functions W5m 1 (z,,, ..., z) in (8.2.10) are defined
as multiple integrals

Wam ..... al(zmy--'azl) — (8211)

Nm,...,N1
= xd}’m . dyy <Uoo s Syt (Ym) Ve (2m) - .. ST (Y1)Va1(21>60>7
r

over the contours I' = I'™» x ... x '™ depicted in Figure The crosses in Figure
indicate normalisation points on the contour I' where the multi-valued integrand in (8.2.11)

isrealif z, € RY,r = 2,....m,and 0 < 2z < --- < z,. We are using the notations
n; = (ng1,n12,m2) forl =1,...,m, and

n l l ! l l l
SP(y1) == S1U41) - S1 Ui h, )S12(851) - S12(Yis, ) S2(W8)) - Salhh, ), (8.2.12)

and assume that

m

Ao = Z(al + b(nl,l + 711712)61 + b(nl,z + 77/[712)62). (8213)
=1

The contours used to define the composite screening currents S12(y) in (6.4.35)) should be cho-
sen such that the only singular point of the integrand in (8.2.11) encircled by +, is the point

Y.

Figure 8.1: Nested non-intersecting and non-self-intersecting multi-contours for integration over screen-
ing currents associated with different vertex operators. The multi-contours around a puncture and which
are associated with a particular screening charge are depicted collectively by one loop.



8.3. BRAIDING OF SCREENED VERTEX OPERATORS 117

Figure 8.2: Braiding of two generic multi-contours. The collections of contours associated with general
products of screening charges are depicted here are simple loops around the punctures.

The functions Wom1 do not by themselves represent conformal blocks, as is easily seen
by the following considerations. The commutators between screening currents .S;(z) and the
generators of the )Vs-algebra are total derivatives with respect to the variable z. When the
screening currents S;(z) are integrated over open contours as depicted in Figure one will
therefore find boundary terms in the commutators between screening charges and the generators
of the WWs-algebra supported at the base-point zy. The boundary terms will spoil the validity of

the Ward identities for the VVs-algebra, in general.

However, we will see that the boundary terms all cancel for specific choices of the coefficients C
in (8.2.10). Representing compositions of chiral vertex operators in the form (8.2.10) is useful
since both the problem to find the coefficients C' in (8.2.10) and the calculation of monodromies
will be shown to reduce to purely algebraic problems in quantum group theory.

8.3 Braiding of screened vertex operators

The spaces of functions generated by the functions W1 (2,,, ..., z) introduced in (8.2.1T])
carry a natural action of the braid group which turns out to be related to the representation of the
braid group on tensor products of quantum group representations. We will now briefly explain
this first crucial link between quantum group theory and free field representation to be used in

this section.

Let us consider W21 (z;, 21) defined using the contours from Figure The braiding opera-
tions are defined using the analytic continuation of this function with respect to 2z and z; along a
path exchanging their positions. This analytic continuation can be defined by integrating along
suitably deformed contours as indicated in Figure By means of contour deformations one
can represent the result of this operation as a linear combination of integrals over the contours

introduced in Figure 8.1

This can be done by the following recursive procedure. In a first sequence of steps, performed
in an induction over ny = (121, N2,21, N2 2) one may deform the contours on the right of Figure
into linear combinations of the contours depicted in Figure

The induction step is indicated in Figure [8.4]

In a second sequence of steps one may then deform the contours surrounding both z; and 25 in
Figure [8.3|into a linear combination of contours surrounding only z; or 25 at a time. The result
of this procedure can be represented as linear combination of the original contours introduced
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e_znib(”w("z) 2(nyy=1)+ 1y =y, &

Figure 8.4: Deformation of the outermost of the contours encircling zo representing a step in the passage
to linear combinations of the contour depicted in Figure where s1 = (1,0,0).

in Figure [8.1] leading to a relation of the form

BWezt(22,21)) = Y (bayas) i w2 Wizsi (21, 22) (8.3.14)

mj,ma

We will explain in more detail in appendix [D] below how such computations can be done and
calculate the matrix elements of b,,,, for the important special case where cvs = —bw; with
a generic. The result can be compared to the action of the braid group on tensor products of
quantum group representations defined in (7.4.28). It turns out that the matrix b, o, appearing
in coincides with the matrix By, y, in provided that \; = —a; /b for [ = 1,2.
This result can easily be generalised to the cases where as = —b), with \; being the weight
of any finite-dimensional representation of ¢, (sl3) by noting that any finite-dimensional repre-
sentation of U, (sl3) appears in the iterated tensor products of fundamental representations, and
that the co-product of the quantum group has a simple representation in terms of the free field
representation, as indicated in Figure [8.5| below.

- n,+s,
Zo n, z n, P

+ e*ZTU' bley, o) qZH:.\ 51— 15, 29

Figure 8.5: Decomposition of a simple contour s; = (1,0,0) associated with the root ey around two
punctures into contours enclosing only one of the punctures. This decomposition represents the co-
product A(f)) = 1@ f; +fi @ kL.

As representations of the braid group one may therefore identify the vector spaces generated by

the functions Wy (2, ..., 21) with the tensor product of quantum group representations
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&, R, assuming that the weights are related as \; = —ay /b, 1 =1,...,m.

8.4 Construction of conformal blocks

We had noted above that the functions Wgm~21(2,,, ..., 21) are not the objects we are ulti-
mately interested in. They do not satisfy the Ward identities for the VVs-algebra characterising
the conformal blocks. It turns out, however, that there exist suitable linear combinations of the
form which will indeed represent conformal blocks. We are now going to argue that this
will be the case if the coefficients C' in (8.2.10) are the matrix elements of the Clebsch-Gordan
(CG) maps discussed in the previous chapter, describing the embedding of the irreducible rep-
resentation with weight Ao, = —b o, into the tensor product ®£1 R»,. Form = 3, for
example, one may get expressions of the following form

(Voo, Vi (23) Vi (22)00,) = (8.4.15)

_ A | As )\12) ()\12 A2 )\1) Q3,002,001

_ Z ( 0 In3 ni2 jgg \Ni2 | N2 N1 J [, an,ng,nl (237 22, O):
n3,n2,nj,nay
Ag=via+v3
vi2=vi+r2

where ps = (a1, an, 1) and p3 = (oo, i3, (o1 ) With aig; = —bAy1. Note that the summations
in (8.4.15) include summations over the multiplicity labels of n3, n, n; and ny; together with
a summation over two out the three weights 14, 5 and vs.

8.4.1 Relation to quantum group theory

In order to see the relation between the problem to find linear combinations of the form (8.2.10)
representing conformal blocks and the Clebsch-Gordan problem one needs to notice that the
boundary terms appearing in the commutators of the screening charges with the generators of
the algebra W5 turn out to be related to the action of the generators e; on tensor products of
quantum group representations defined by means of the co-product. In order to formulate a
more precise statement, let us introduce some useful notations. Let

Vime e (2my -5 21) = /dym oo dyy SE(Ym) Va, (Zm) - - STHY1) Vay (21) (8.4.16)
I

be the operator appearing in the matrix elements (8.2.T1) defining the functions Wygm 31

yeees11

The correspondence with vectors in tensor products of quantum group representations observed
above can be schematically represented as

Vaomestd & el @@, (8.4.17)
allowing us to introduce the notation
(A(z)Vgmoa) (2., ... 21) (8.4.18)

for the vertex operator associated to A(z)e)! ® ... ® epm for x € Uy(sl3) via the correspon-
dence (8.4.17). In the computation of the commutator of the vertex operators V' with the
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generators of the algebra VV; one may distinguish terms from the commutators of the screening
currents from the terms coming from commutators with other exponential fields. The contribu-
tion of the former is then found to be a linear combination of terms which are proportional to

(A(ey)Vigm21)(zpm, - . . , 21). Considering, for example, the commutator with L_; we find
[L_y, VEme(z,, . Z 0o Vi (2 - - -, 21) + (boundary terms), (8.4.19)
with boundary terms proportional to (A(z) Ve 01) (2, - . ., 21) for
= (¢ —q M(ki'er +kyley). (8.4.20)

The derivation of these statements is outlined in appendix [E| We conclude that the boundary
terms in the commutators with generators of the algebra VV; will vanish if the coefficients C' in
(8.2.10)) are taken to be the expansion coefficients of the images of highest weight vectors under
the CG maps.

8.4.2 Independence of the choice of base-point

It is important to observe that the linear combinations (8.2.10) representing conformal blocks
do not depend on the position of the base point 2, indicated in Figure[8.1] Indeed, the derivative
of Wm--{t with respect to 2q yields boundary terms which cancel in the linear combinations
(8.2.10) by the same arguments as used above.

The independence of z; can be used for our advantage in two ways. One may note, on the
one hand, that the expressions for conformal blocks resulting from can be replaced
by expressions where different base points 2, are associated to each individual CG coefficient
appearing in expressions like (8.4.13). In (8.4.13)), for example, one could have a base-point
2o for the integrations with screening numbers n; and n,, and another base-point z{, for those
with screening numbers n;, and ns, as depicted in Figure 8.6 In this form it is manifest that
the conformal blocks defined via (8.4.15) factorise into three point conformal blocks, as they
should. This representation furthermore exhibits clearly the relation between the intermediate
representation V,,, of the algebra WWs; appearing in the conformal blocks on the left side of
(8.4.15)) and the intermediate representation R ,, appearing in the Clebsch-Gordan coefficients
on the right side of (8.4.13)), with representation labels related by a2 = —bAqa.

Figure 8.6: Different base points zy and z(, associated with different integration contours.

If, furthermore, the components of «; are sufficiently negative, one may simplify the expres-
sion (8.4.15]) by taking the limit where the base-point zy used in the definition of the contours
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approaches z;. Taking into account (7.2.19)) the expression (8.4.15)) gets simplified to

(oos V2 () V2 (22)ea) = D Dpiz (| 3 02 0 ) Wbz (23, 22,0),  (8.4.21)
l/3+l/21;3>\4—)\1
where ny = [)\12 — )\1 — /\2, k?g], P2 = (Ozgl, Qg (1/1) and P3 = (CYOO, a3, 0421) Wlth Q91 = —b)\gl.

The expression for the coefficients D,;\;ka in (8.4.21) gets simplified to

A As | Az A2 Ar) As | A3 A
D, (vlaimes) = 2 (Blasas),, - (84.22)
V12:n)2\i7’/3
We see that sending z; to 2; is related to the projection of the tensor product ®?:1 R, onto
the subspace vy, ® ®f:2 ‘R »,. This projection obviously commutes with the braiding operation
applied to the second and third tensor factors, allowing us to simplify the computations.

It can also be useful to consider the limit where zy — 2, which we will do in Chapter[I0} In this
case one may use contours supported near the circles around the origin with radius | 2;|, allowing
us represent the CVOs as composite operators of the form Q7 (7)Q732 (V) Q52 (V) Va, (22), with
the screening charges @Q;(z) = fv S;(y) being defined by integration over v = {y € C;|y| =
|29|} fori = 1,12, 2.
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Chapter 9

Computation of monodromies

Using the chiral vertex operators that we have constructed in Chapter [§ we will now explain
how the connection between the free field representation and quantum group theory helps us
to compute the representation of monodromies on spaces of conformal blocks. Recall from
Chapter [] that we are interested in calculating the monodromies of the conformal blocks

FeW:90)n = (eay» Di(yo)D,(y) ViV (2) e,,), (9.0.1)

regarded as functions of y. The task can be simplified slightly by sending the base-point g to in-
finity, reducing the problem to the computation of the monodronies of the four-point conformal
blocks

Gi(y), = (voo s D,(y) V¥(2) €a,); (9.0.2)

where v, € V,, with a4 being related to the variables a3 and 7 in (9.0.1)) as oy = a3 — bhs.

We will therefore consider the space of conformal blocks on the four-punctured sphere Cy 4 =
P\ {21 = 0,23 = 2,23 = y, 24 = oo} with representation V,, assigned to z,, 7 = 1,...,4.
The free field representation identifies this space with the subspace of ®?:1 R, with weight
A4 — A1, assuming that o, = —0A\, forr =1,... 4.

The fundamental group of Cy 3 = P\ {0, 2, 00} is generated by the 1oops 7o, 7., Voo around 0, 2
and oo. Since the loop 707, 0 1s contractible, it suffices to compute the monodromies along
two out of the three loops. The monodromy of the conformal blocks Gy, (y), introduced in (9.0.2)
around oo is a simple diagonal matrix. It will therefore suffice to compute the monodromy of
G~ (y), along a loop surrounding z; = z. The free field representation introduced above relates
this monodromy to

(Di?)\g)\g)_l ’ B)\3>\2 ’ B>\2>\3 ’ Di?)\g)\g ) 9.0.3)
where D is the linear operator defined in (8.4.15)), and By, : Ray ® Ry, — R, @ R, i the
braiding operation.

As explained previously, we will mainly be interested in the case where the representation Ry,
assigned to z3 = y is the fundamental representation, A3 = w,;. The simplifications resulting
from A3 = w; will be discussed next.

123
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9.1 Conformal blocks with degenerate fields

In the case A3 = w; the weight A5 in (8.4.21) can only take the values A, = \y — h,, 1 = 1,2, 3.
The expansion (8.4.21) further simplifies to

3
(Voo DAV (2)ea) = D D D ([ a2 4 )Wy sy, 2,0),  (9.1.4)
=1 )\4=h]131/2+/\1

where d; = [w; — h;,0],7 = 1,2, and d3 = [w; — hg3, 1]. One should also remember that n, is
fixed as ny = [Aj2 — A\; — Ao, k]. Taking this constraint into account, we will in the following
replace the notation W(;;bnfb”’al by W%, Noting that 115 = Ay — h, one finds that the
summation over nj, in (8.4.22)) can take only the four possible values s; = [—¢;,0], ¢ = 1,2
and [—eqo, €], €10 = €1 + €9, € € {0, 1}. One may then write a bit more concisely in the

form
3

(Voo D)V (2)€ar) = > Dy M) W2 (25, 29, 21). (9.1.5)

J=1
The remaining coefficients in (9.1.5)) are

1

D=1, Diyi= (%M 0) 0 Da=> (%50, (9.1.6)
e=0
Using the notation
= =L 9.1.7)
n| = : 1.
1—¢?

the non vanishing matrix elements of D can be represented explicitly as

Doy = q ' [—(er, Ap)] 71,

Dig = M7 (11 = (e2, M)] = [+ (e, Aa)]) ([(e2, Aa) = 11e5) ™ ©.18)
Dy = g*@»*) 7 (1= [1 = (e2, M) ([(e2, M) — 1cD)

cgi) = @M1+ [1 = (e12, M)]) — (1= @) ([1 — (€2, A)] = [1 + (€1, Ma))).

The derivation of these expressions is outlined in appendix [C.2]

9.2 Braiding with fundamental representation

The form of the braid relations simplifies when A\s = w; or A3 = w;. Let us first consider the
case \o = w;. The braid matrix preserves weight subspaces in the tensor product. Recalling
that the only allowed weights in the fundamental representation are h,, = = 1,2, 3 one notes
that the subspace in R,,, ® R, having fixed total weight v is spanned by vectors of the form
€5l @ e} with weight of e being v — h, for 2 = 1,2,3. For fixed 2 one gets a subspace of
R., ® Ry isomorphic to the multiplicity space Mi_hl. The projection of the braiding operator
Bua 1 Ru, @Ry — Ry ®R,, onto a subspace of total weight v can be represented by a matrix
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b* = b™ (), v) of operators b/ mapping from MK o Mi_h” for 2,7 = 1,2, 3. It turns out
that b™ is upper triangular. As dim(M,_j,) > dim(M,,_,) for s < j one may define operators
v~', k mapping M, _;, to M,_, by picking bases {m,;;k = 0,...,dim(M,_;,) — 1} and
{my;k =0,...,dim(M,_,) — 1} for M5~ and MY respectively, and setting

vimg=q¢"m, 4, km,p = km, . (9.2.9)
This allows us to represent the matrix elements b;’ of b* explicitly as

b, = ¢™M¥, b} =gl b = glhertear) (9.2.10)

by = ¢ (g —q g =N (¢ [s1 — K][L — 51+ 82 — k+ (e1, A)] + v [K])
bz = ¢ (g7 —q) ([s2 — K|[1 — 55 + k + (e2, A)]g™ (2N — v [K]g' 22T (V)

and

biy = g2+ (1 = ) (51— Kl[sz = Ksz = 1 =k = (e, M]g H e 92.11)

+ V_l[k] ([82 —2— (e, )\)]q2—2k—S2+(612,>\) — [s0 — k]q—2—82—(612,>\)
+ [81 . k]q2k—352+(62—e1,)\) + [82 —k + 1]q2k—2—382+(62—61,)\))

—q v 2Kk — 1]61””*”‘“’”)-

In the second case A3 = w; one may similarly represent the projection of B),,, onto the subspace

of weight v by a matrix b_ = b_ () which has matrix elements
b;l — q(hl,ll) , b;Z — q(hz,l/+el) ’ b;; — q(hg,u+elg) (9212)
b2_1 _ q(hl,u)(q . q—l) 7 b3_2 _ q(hg,u+e1)(q2 . 1>q—s1+1 (Vq2k[81 —1— k] . q2k)
0 = ¢"g—q gt

A feature of particular importance for us is the fact that the braid matrix can be represented as a
matrix having elements which are finite difference operators of second order in the multiplicity
label. This is a direct consequence of (/.1.11]) given the relation between braiding and quantum

group R-matrix, as is easily seen using (7.4.24)).

9.3 Form of the monodromy matrix

With both of the braid matrices b, and b_ explicitly derived, we now find that the matrix
M, representing the monodromy around 2, takes the form M, = D~ 'b_b, D with D being
a lower triangular matrix with matrix elements acting as pure multiplication operators on the
multiplicity spaces. It may be useful to note that

gm0 0 g"v) b by
b* = b2_1 q(h27l’+€1) O ) b+ = 0 q(h27V+el) b;}i 9

bgl b52 q(hs,r/—&-mz) 0 0 q(h3,l/+e12)
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We may represent b_b, as

q2(h17V) q(hlay) big q(hlvy) big
b_b, = | ¢"by ") 4 by b, by bis + g2 ebg, )

q(’””’)bgl bgle + q(hg,u+e1)b§2 q2(h3,u+612) + bggb;rg + b;lb;rg

It has now become straightforward to derive the claim from Section [6.5] concerning the form of
the monodromy matrix, that it has matrix elements which are finite difference operators in the
multiplicity labels of low order.



Chapter 10

Verlinde line and network operators and
their algebra

We have up to this point collected a series of results pertaining to the construction of chiral
vertex operators and conformal blocks for sl Toda CFT through the free field representation.
This has led in Chapter [9] to the explicit derivation of quantum monodromy matrices which
describe the effect of moving degenerate fields around generic chiral vertex operators in sl3
Toda CFT and which entered the definition of Verlinde line operators at the end of Chapter [6]
We will now explain how the quantised algebras of functions Ag, (also equivalently denoted
by Afxn(q)) on the moduli spaces of flat connections /\/lfxn, discussed in Part [II of this thesis,
arise naturally in conformal field theory, as stated in Chapter[6] For this purpose, we will define
Verlinde network operators, which are natural generalisations of Verlinde line operators, and
show that their algebra Ay is equivalent to the quantum skein algebra described in Section 2.8
Our arguments are formulated in the generic N case and are based on the fact that the braid
matrix of degenerate chiral vertex operators, whose construction was described in the previous
chapters, is twist-equivalent to the R-matrix of the quantum group U, (sly) defining the skein
algebra. The main result of this chapter will therefore be a proof of the isomorphism Ag, ~ Ay,
which was stated as one of the main aims of this thesis at the end of Section[L.5]

10.1 Braiding and fusion of degenerate fields

In this section we take advantage of the independence of the choice of base-point for the con-
tours of integration that enter the definition of screening charges, as explained in Section |8.4.2]
and consider the limit where these contours become of Felder type [120], supported on cir-
cles around the origin with radius z. Referring back to Figure this means taking the limit
2 — 23 and 2, — z3 and we further set 2, = €2, 23 = €', [[| Notice that this limit process

'In this setup, the appropriate variant of the exchange relation (6.4.33) is

Vﬁ (O'I)Va (0’) _ efwi(a,,ﬁ‘)sgn(gfig) V. (U)Vﬁ (0'/) )
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also implies projecting onto highest weight sates by setting n, = n3 = 0.

The braid matrix of degenerate screened vertex operators has been calculated in [121] for sly
Toda CFT. Such operators have special values of v and s and satisfy certain differential equa-
tions relating derivatives of V.%(c) to the TWy-currents, like in Section[6.3)when N = 3. The ba-
sic example for this phenomenon occurs in the case &« = —bw; when [p;, V.*(0)] = ibh; V. (0),
where h;,7 = 1, ..., N are the weights of the fundamental representation. We will again use the
simplified notation D, (o) for the screened vertex operators V,*(o) satisfying these conditions.
They satisfy an N'"-order operator differential equation [121], which is essentially equivalent
to the equations expressing the decoupling of null-vectors in the Verma module V_;,,, within
the framework of [111], see e.g. [113] [106]. State-operator correspondence in CFT relates the
allowed values of [’ to the so-called fusion rules, the rules determining the set of labels of the
primary fields that can appear in the operator product expansion of fields V_p,, (21)V3(22).

The operator product expansion of degenerate fields generates further degenerate fields. It fol-
lows from the fusion rules that the screened vertex operators V., **(o) that can be generated
by recursively performing operator product expansions of the operators D,(c) are labeled by
the weights A of finite-dimensional representationﬂ M) of U,(sly). The allowed powers of
screening charges collected in s = {s;;,7 < j} are constrained by the fusion rules determining
the fields Vj (22) appearing in the operator product expansion V_,(21)V3(22). The s;; have to
be integers constrained by the condition that %(6 — /) coincides with one of the weights of the
vectors in the representation M.

It was shown in [121] that the degenerate fields D, (o) satisfy exchange relations of the form

D,(02)D,(01) = > B®(p)¥ Dy(01)Di(02) - (10.1.1)

k=1

Note that the matrix B (p) appearing in (11.1.10)) is operator-valued in general, being depen-
dent on the zero-mode operator p = (pi,...,pny—1) from the expansion (6.1.2). The limit
process described above, which moved the points zy — 29 and 2, — 23 in order to define the
integration contours for screening charges, obscures the contour manipulation point of view on
the braiding calculation. Instead, one should adopt an alternative picture that relies on algebraic
manipulations, like in Section 4 of [17]. It is in this picture that the dependence of the braid
matrix on the mode p becomes manifest.

The matrix B (p) satisfies a modified form of the Yang-Baxter equation called dynamical
Yang-Baxter equation and BP(p) therefore represents an example of what is called a dy-
namical R-matrix. It was furthermore shown in [122] that there exist linear combinations
D,(0) = Zjvzl c(p)! D,(o) satistying exchange relations of the form (I1.1.10) with a matrix
BP that is p-independent, and will therefore be denoted by B. The matrix B is different from
the standard braid-matrix B representing the braiding of two fundamental representations of the
quantum group U = U,(sly) (one can refer back to Chapter [7| for the relevant background on

U,(slx)). Recall that B can be obtained from the universal R-matrix R of U, (sly) as

B = P(m, ® ) (R), (10.1.2)

>We identify M; = M.,,, in our notations, with w; being the weight of the representation A’C].
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when working with the fundamental representation (in the notations of Part [[I)) and where P is
the operator permuting the two tensor factors of CY ® C¥. The relation between B and B was
subsequently clarified in [123], where is was shown that B can be obtained in a similar way as
from a universal R-matrix R that is related to R by a Drinfeld twist 7 € U ® U such
that R = Jo1 'R J. Recall that the twist J that relates R and R satisfies the cocycle condition

(A®id)(T) T2 = ([d@A)(T) - Tos - (10.1.3)

It is interesting at this point to observe the following. In Chapter [0 we calculated the similarity
transformation which relates the braid matrices derived for chiral vertex operators in the free
field representation of sl; Toda CFT to the standard I/, (s(3) quantum group braid matrices. This
similarity transformation was given there in terms of the relevant Clebsch-Gordan coefficients,
whereas presently we can observe this type of transformation to be related to the twist 7. It
is more precisely the combination of this twist with the change of basis from D,(c) to D,(o)
removing the p-dependence.

As explained in Section[7.5] one may extend the action of 7 to m-fold tensor products, allowing
us to define operators
T = (@ @) (T™) (10.1.4)

The cocycle condition (10.1.3]) implies that .J ](cm) is independent of the order in which tensor
products are taken.

Let us consider the space VO,, spanned by the compositions of vertex operators
Dy as(Om,...,00) == D, (00)D,. _(0m_1)---D, (01) with 4 € {1,...,N} for k =
1,...,m. The space VO,, carries a representation of the braid group B,,, with m strands rep-
resented in terms of the braid matrices B. It follows from the fact that R and R are related
by the Drinfeld twist J that the linear operator .J ](cm) maps the braid group representation on
VO,, to the standard braid group representation on the m-fold tensor product of fundamental

representations of U, (sly).

By repeated use of the operator product expansion one may construct other degenerate vertex
operators D2 (o) starting from the products D,,, ,, (G, .. .,01). The vertex operators D) (o)
that can be obtained in this way have weights \ associated with the finite-dimensional irre-
ducible representations of U, (sly). It easily follows from the results described above that the
braid group representation generated by products of the vertex operators D2 (c) is isomorphic
to the braid group representation on the tensor product of the corresponding representations
of U,(slx). This implies, in particular, that the vector space spanned by the vertex operators
D2 (o) with fixed X is isomorphic to the space on which the finite-dimensional irreducible rep-
resentation M, with highest weight A is realised.

10.2 Conformal blocks with degenerate fields

Let us consider conformal blocks associated with a Riemann surface C,, ,,; 4 With n+d punctures
(see Figure [10.1). We assume that fully degenerate representations D, are associated with the
punctures (i, £ = 1,...,d. The remaining n punctures P., r = 1,...,n are assumed not
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P, P

PZ P3

Figure 10.1: Part of a decomposition of Cy ,1.q with n punctures P, and d marked points Q. into three-
holed spheres Cy 3 and annuli A, with m marked points.

to be fully degenerate. We may alternatively consider Q)x, k = 1,...,d, as a collection of
distinguished points on the Riemann surface C, ,, which has punctures only at P, r =1, ... n.
We may start from a pants decomposition o = (v, I') of the surface C, ,,. Cutting C,,, along the
simple closed curves contained in v = {71, ..., ¥35-3+n} decomposes the surface into spheres

0.3 With three boundary components which can be holes or punctures. The trivalent graph I
on C, ,, has exactly one vertex within each Cg ;; it allows us to distinguish pants decompositions
related by Dehn twists. The pants decomposition specified by o = (-, ") can always be refined
to a decomposition into a collection of annuli A° and three-holed spheres 7" such that each of
the fully degenerate punctures is contained in one of the annuli A°. This can be done by cutting
along additional simple closed curves on C,,, which do not intersect any of the curves in v, do
not mutually intersect and do not contain any Qx, k = 1, ..., d. We furthermore need to cut out
discs around the punctures P, »r = 1,...,n. A chosen orientation of the edges of I allows us
to distinguish an incoming and an outgoing boundary component of each annulus A°.

The gluing construction of conformal blocks allows us to construct families of conformal blocks
out of two types of building blocks: The conformal blocks associated with the three-holed
spheres, and the conformal blocks associated with the annuli A°. Of particular interest for us
will be the latter. Let CB(A,,) be the space of conformal blocks associated with an annulus
with m marked points associated with fully degenerate representations, and incoming and out-
going boundary components associated with non-degenerate representations. We shall fix the
representation associated with the incoming boundary component to be Vg, and we assign fully
degenerate representations V_sy,, ..., V_p»,, to the m marked points, respectively. The set of
representations associated with the outgoing boundary component is then restricted by the fu-
sion rules to a finite set. We will assign to the outgoing boundary component the direct sum of
all representations allowed by the fusion rules.

It follows from the fusion rules that the resulting space of conformal blocks CB(A,,) is finite-
dimensional. A basis for CB(A,,) can be constructed explicitly using the degenerate vertex
operators defined above,

Ja, (Vo ® V1 &+ @V @ Vyy1) = (Ut D;\:(Um7 Om) *+ Dé\ll (v1,01)vo)pr, (10.2.5)

where vy € Vg, U1 € Vg, and Dg‘:(vk, o) are the descendants of the degenerate vertex
operators Ds*:(ak) associated with vectors v, € V_), fork =1,... m.

It follows from the results discussed in the previous section that the space of conformal blocks
CB(A,,) is naturally isomorphic (as a module for B,,) to the tensor product of the m finite-
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dimensional representations M), , ..., M, of the quantum group U, (sly),
CB(4,) ¥~ M), ®---® M,,, . (10.2.6)

This isomorphism is realized by a linear operators .J /&n) x,, (p) that is constructed by combining
the change of basis removing the p-dependence with the Drinfeld twist 7.

10.3 Verlinde network operators

Verlinde network operators are generalizations of Verlinde loop operators [56], [57] to Toda
CFT of higher rank and were previously studied in [71]. In order to define the Verlinde network
operators one needs to consider conformal blocks associated with a Riemann surface C, ,, 14, as
above. Our definition will be based on certain relations between the spaces of conformal blocks
with varying number d of fully degenerate insertions. In order to describe these relations we
will employ the set-up introduced in the previous section, in particular the decomposition of
Cgn+a into three-holed spheres 7, and annuli A, and the isomorphism which can be
applied locally for each annulus A°.

This needs to be combined with one further ingredient. We will conjecture that there exist at
general rank exchange relations between fully degenerate chiral vertex operators and generic
chiral vertex operators,

Di(z1)Va(z2) = D> B (a)Val(22) Dy(=1) (10.3.7)
j s
like those that were derived in Chapter [8| for rank two, where |z;| = |23, and furthermore
operator product expansions of the form
D,(w) VE(z) = DD FIE (a)Vy ™" (Dy(w — 2)va, 2) (10.3.8)
j s

where h, are the weights of the fundamental representation with highest weight w;. These re-
lations would imply that there exist linear relations between the spaces of conformal blocks
associated with surfaces Cy ;14 and C;, . ; related by moving a degenerate field from one annu-
lus A° to another one A¢. So far we do not have a proof of these relations for general N. We
expect that such a direct proof should be possible using the free field representation of the vertex
operators. One may furthermore note that the relations (10.3.7)), (10.3.8) follow from the results
of [71] if the vertex operator V" is associated with a semi-degenerate representation V,,. Further
generalizations of these braid relations were found in [35]. The general statement should follow
from this special case if the operator product expansion of sufficiently many semi-degenerate
vertex operators generates vertex operators associated with fully non-degenerate representa-

tions, as is generally expected.

By combining these ingredients we are now ready to define generalisations of the Verlinde line
operators as follows (see Figure [10.2)). The isomorphisms allow us to associate maps
between spaces of conformal blocks with all the maps between tensor products of represen-
tations used in the Reshetikhin-Turaev construction. These maps may be composed with the
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| Cgun

CQJH-B

Cg’n

Figure 10.2: Verlinde network operator.

moves (10.3.7), (10.3.8]) describing the motion of a fully degenerate puncture from one annu-
lus to another. One may in particular consider compositions of these two types of fusion and
braiding operations for degenerate fields starting and ending with the space of conformal blocks
associated with a surface C,,, with no fully degenerate insertions. It is clear that such compo-
sitions can be labeled by networks of the same type as considered in the previous chapters in
Part[[I} The construction outlined above associates with each network an operator acting on the
space CB(C,,,,) of conformal blocks for a surface C, ,, with n non-degenerate punctures.

10.4 Relation to skein algebra

The Verlinde network operators generate an algebra Ay realized on the spaces CB(C,,,,). We
are going to argue that this algebra is the same as the quantised algebra of functions on the
moduli space of flat connections /\/l_f]\fn. Recall that the product of two networks is represented
in terms of a network with crossings. It may be assumed that all crossings are located in annuli
A¢. In order to describe the resulting algebraic relations we may therefore use the isomor-
phism (10.2.6) allowing us to describe the operations representing the crossing in terms of the
intertwining maps used in the Reshetikhin-Turaev construction. All skein relations valid in the
framework of the Reshetikhin-Turaev construction thereby carry over to the Verlinde network
operators. In order to verify this claim it suffices to check that the basic skein relations are pre-
served by the twist J,, , representing the isomorphism @ Recall that the basic skein
relations (2.8.42)) take the form

\ =q ) dit+j—n
n=0 »>
JA TN R (10.4.9)
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with m = min{i,j, N — i, N — j}. In the framework of Reshetikhin-Turaev one associates
to both sides intertwining maps between the representations M; ® M; and M; ® M; of the
quantum group U,(sly). The intertwining map on the left of is represented by the
operator B;; defined in (2.8.44), while the operators on the right of (10.4.9), in the following
denoted as C'(n ) ji» are compositions of Clebsch-Gordan maps as 1ntr0duced in Section If
the quasitriangular Hopf algebra U = U, (sly) is replaced by a quasi- trrangular Hopf algebra
U related to U by a Drinfeld twist one may construct the intertwining maps C (n ) "I between
representations of I/ from the intertwining maps C' (n ) of U in a natural way, as explained in
Sectionﬁ The construction is such that we have C(n)% = J'C(n)%.J,;,

the similarity transformation relating B;; and Bw as Bzy = J; IBU Jﬂ It follows immediately

that C (n );jz and B” will satisfy a relation of the same form as le whereby indeed, we find
that Ay ~ Al (¢). The algebra A7 (¢) is non other than the quantised algebra Agy.

provided that J;; is

One may in particular consider Verlinde network operators associated with networks that are
confined to a disc D embedded in an annulus A°. It is easy to see that such network operators
will act on CB(C,,,) as multiplication by a number. This number represents one of the link
invariants obtained by using the Reshetikhin-Turaev construction. This construction is thereby
recognised as a special case of the definition of the Verlinde network operators given above.
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Chapter 11

Spectrum

In the previous chapter we have found that the construction of loop and network operators using
Fock-Goncharov coordinates in Part [[I] defines an algebra isomorphic to the algebra generated
by the Verlinde network operators in Toda CFT. We have also observed in Section [2.6| that the
resulting algebra shares some features with the algebra of operators in a quantum integrable
model, containing large commutative sub-algebras. Simultaneously diagonalising these sub-
algebras defines natural representations. The next natural step in our program is to compare the
representations resulting from the quantisation of the Fock-Goncharov coordinates, and from
Toda conformal field theory. As an outlook, we collect here a few observations and conjectures
concerning this problem.

11.1 Spectrum in Toda field theory

In order to determine the set of representations of the algebra Wy appearing in the spectrum
of Toda field theory one may follow the example of Liouville theory. For studying the spectral
problem of Toda field theories it is natural to consider canonical quantisation on a spacetime
having the geometry of a two dimensional cylinder with time coordinate ¢ and a spatial co-
ordinate 0 ~ o + 2m. At time ¢ = 0 one may decompose the fields ¢(o) = ¢(0,0) as
¢(0) = ¢o + x(0), where the zero mode is defined as the average ¢y = 5= [*"do ¢(0).
One may then observe that the interaction term fo% do e’¢9(@) in the Hamiltonian is equal
to 2 e?(¢%) up to terms of order b>. This means that zero modes and oscillators completely
decouple in the limit b> — 0. Canonical quantisation of the oscillators yields a Hamiltonian of
the form

_ 1
H = Hy+N-+N+0®0?), with H, = 5(p,p) + 2m peben®o) (11.1.1)

which is defined on the Hilbert space H = L?(R¥~!) @ F by choosing the Schrodinger repre-
sentation on L?(RN—1) for the operators p; and ¢} satisfying [¢, p;] = i0?, and by realizing two
sets of oscillators !, and a’, i =1,...,N —1,n € Z\ {0}, on the Fock space F in the usual
way. The operator N satisfies [N, a’,| = —na’,, and commutes with a@’,, and similarly for N.

135
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The problem of determining the spectrum of the Hamiltonian / therefore reduces in the limit
b* — 0 to the problem of finding the spectrum of the quantum-mechanical system with Hamil-
tonian H. This system is a well-known quantum integrable model called the open Toda chain,
and its spectrum is known exactly [124], [125], [126]. The spectrum is purely continuous, with
generalised eigenstates in one-to-one correspondence with the orbits of vectors p € RY~! under
the Weyl group of SU(N). This suggests that the spectrum of Toda field theory will be purely
continuous.

Observing furthermore that the interaction terms fozﬂ do eb¢:¢(?)) are closely related to the
screening charges of the free field realisation of the VWy algebra, it becomes straightforward to
generalise the arguments used in [127] to determine the spectrum of Liouville theory to Toda
field theories with N > 2, leading to the conclusion that the spectrum has the form that we
stated at the beginning of Chapter [0]

H = /da Vo @ Va, (11.1.2)
S

where V, and V), are representations of the algebra Wy generated by holomorphic currents
Wy(2) and their anti-holomorphic counterparts W,(2) and S denotes the set of Weyl-orbits of
vectors of the form o = py (b + b~1) + ip, with p € RY~1, It follows from this form of the
spectrum that correlation functions such as

(oo | Vay (22, 22) Viy (21, 71) | w0 ) (11.1.3)
can be represented in the form
(oo | Vay (22, Z2) Vay (21, 21) | 00 )
= /Sdﬁ/vdsldSQdElds_g Csy5, (Qooy 2, B)Csy 5, (Q — B, a1, ap) (11.1.4)
X flaz s21Bls100] (22, 21) F [02 52| Bl5160] (22, 21)

where
flaz salBlsian] (22, 21) = (Vaw » VE (22) VE (1) Vag Do - (11.1.5)

[eo]

and p; = (B, a1, ap), p2 = (@, a2, B). In order to arrive at the expansion (I11.1.4)) we have in-
serted a complete set of intermediate states from H between the two vertex operators V,,, (22, Z2)
and V,,, (z1, Z1), and we have furthermore assumed that the resulting matrix elements can be ex-
panded as

(Q—az|Vay(2,2) [on) =
B / dsds ng(a?” 2, al) <UO¢3 ) Vvs(a&a%oq)(z) Vo >a3<Ua3 ’ va(a370127061)(2) Vay >043 :
v
(11.1.6)
The assumption (TT.1.6) will hold for any set of chiral vertex operators Vi"*>“") () labeled
by an index s taking values in the set V with measure ds which may be continuous or discrete

allowing us to define a basis for the space CB(Cy 3) via (6.2.22)). If the index set V or measure
ds depends nontrivially on the choice of «;, one will have to modify (11.1.4]).
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It seems likely that the usual consistency conditions of the conformal bootstrap can only be
satisfied if the conformal blocks with o € S form a basis for the space of conformal blocks
CB(Cp 4) on the four-punctured sphere P!\ {0, 21, 22, 00}, as is known to be the case for N = 2
(Liouville theory) [54]. It is furthermore easy to show that the Verlinde loop operators asso-
ciated with the curve -, separating punctures z; and O from 2, and oo act diagonally in this
basis, with eigenvalues parameterised in terms of o = py (b + b~1) + ip. The formulas for the
eigenvalues look simplest if one represents the vectors p € RY~! in terms of vectors a € RY
lying on the plane ), aj, = 0, where a;, are the components of a with respect to an orthonormal
basis for RY. The eigenvalues \,, (a) of the Verlinde loop operator associated with the curve
vs and the degenerate fields D,, for example, can then be represented as

N
=) e (11.1.7)
i=1

The considerations above motivate us to propose that the Hilbert space of Toda conformal
blocks has the form

HCB(Cyn) = / I 48. X HCB(CS) - (11.1.8)
edges e vertices v
Here HCB(Cy 3) is the Hilbert space of conformal blocks on the three-punctured spheres Cg 3,
withv = 1,...,2¢9 — 2 4 n, that appear in the pants decomposition of C,,,. The conformal
blocks constructed by gluing will diagonalize the Verlinde loop operators for the cutting curves
in the pants decomposition.

It should be noted that our conjecture (11.1.8) appears to be necessary for having consistency
conditions of the conformal bootstrap like crossing symmetry, modular invariance, or locality
realized in the usual way. Let us consider, for example, the condition of mutual locality of the
vertex operators V,(z, Z) within correlation functions such as

<Oéoo | Va2 (ZQ, 22) Val (Zl, 51) | (&7)) > = < (0 75% ‘ Val (Zl, 21> VQQ(ZQ, 22) | (7)) > . (1119)
Such relations would hold if (i) the conformal blocks satisfy braid relations of the form

f[gio$2|ﬁ|slao 22721

042 (51 taty aq s (11110)
dﬁ dthtl BBB, O‘OOOCO:| S281 fl:aoot1|/8|t2a0i| (217 22)’

and (i) kernels Bgg [32 g;} 2;11 and structure functions Cyz(ag, e, avp) appearing in (11.1.4)
satisfy suitable orthogonality relations. Equations may then be interpreted as rela-
tions between two different bases for the space of conformal blocks HCB(Cy 4). The spectrum
thereby gets related to the spectrum of Verlinde loop operators on the space of

conformal blocks.

11.2 Spectrum of quantised trace functions

We have explained in Section [2.6] that a maximal set of commuting Hamiltonians on the sym-
plectic moduli space /\/l ,, (with fixed holonomies around the punctures) consists of the cutting
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loops that specify a pants decomposition of C, ,, together with the corresponding pants networks.
This implies that all these loop and network operators can be simultaneously diagonalized.

We are going to argue that the spectrum of the Hamiltonians associated with the cutting curves
coincides with the expected spectrum of the corresponding Verlinde loop operators. To this aim
we are going to observe that some essential features of the spectrum can be anticipated without
solving the eigenvalue problem explicitly.

Example for N = 2: As a warm-up, let us consider the case of SL(2)-connections on Cy ;.
In the polarization p = 3(B + C) and ¢ = —%(B — C) with [p,q] = —ih, the A-cycle
operator (4.5.53) becomes

A = 2coshp+ed, (11.2.11)

which defines a positive self-adjoint, but unbounded operator on L?*(R). A complete set of
eigenfunctions for this difference operator is known [128], [129]. The spectrum is purely
continuous, and supported in the semi-infinite interval (2, 00). The (generalized) eigenvalues
are non-degenerate and may therefore be parameterized in terms of a parameter s € R™ as
2 cosh(s).

Without having solved the spectral problem explicitly one could still note that the term e~
appearing in the definition of A decays exponentially for q — oo, and that the term 2 cosh p can
be seen as a “deformation” of the usual term p? in Schrodinger operators. One may therefore
expect that the spectral problem for A will in some respects be similar to the spectral problem
for the Liouville quantum mechanics with Hamiltonian Hy (T1.1.1). The extend to which this
is the case was clarified in [129]. In the Schrodinger representation with q represented on
wave-functions v(¢) as an operator of multiplication with ¢ one may construct two linearly
independent Jost solutions, eigenfunctions f=(q) of Hy that behave for ¢ — oo as fF(q) =
et 4 0(1) [129]. The Jost solutions grow exponentially at the opposite end ¢ — —oc.
One may, however, find a function R(s) such that the linear combination ¥,(q) = f(q) +
R(s)f. (q) decays rapidly for ¢ — —oo. Only this linear combination may appear in the
spectral decomposition of A. Note that 1_,(g) is related to ,(¢) by a relation of the form
¥_s(q) = R(s)1s(q), analogous to the case of a Schrodinger operator with repulsive potential.

The fact that the spectrum is bounded from below by 2 follows from the observation that Ais
the sum of two positive self-adjoint operators, and its spectrum therefore bounded from below
by the spectrum of 2 cosh p.

Example for N = 3: Although we will not be able to find explicit diagonal representations
for the A-cycle operators for higher rank, we can anticipate features of their spectra by a sim-
ilar reasoning. In order to see how the observation above generalize, let us next consider the
quantisation of the trace functions associated with SL(3)-connections on C; ; in Chapter

In order to represent the trace functions associated with A- and B-cycles in a form that will be
convenient for the quantisation, let us start by fixing the eigenvalues of the holonomy M around
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the puncture in terms of constants 7, = ajasb1bacico and o = 2y:

1 1 1 1
{ , a1asbibocicox® Y } {—,—,’yl’yg} ) (11.2.12)
a1a251520102$y my M2 V2

We must then choose a polarization with momenta P, and positions (), satisfying {P;, Q;} =
9;;PiQ;. The nice Poisson bracket (4.5.58) between the monomials «; and §; appearing in the
A- and B-cycle suggests the following choice:

-1 2 1 _2 _1
Pl = o = blCliU s Ql — Hﬁi_nli = al 3a2 3b1 3b2 3x7%y7% ,
-1 1 2 1 _2
Py, = ay=bocy, QzZH@_% :a13a23613b23x’§y’%,
P, = =z, Q3 = (agbacy) ™. (11.2.13)

The A-cycle trace functions are then expressed as

1 2 1
2 P3 1 P2 P3P P? 1+ P
T 3 Q1Q3(1+7>+ P Q2(1 + P3)
2

A = PiR 4Ly L PP

2 1 2 3 ’
st P13 p23 Y172 Q102 Q2 7172P23 Q%QS
1 2 1
2 1 p3 1 P P} 11 PPry
Ay = pipf4 i L Ol JiOG <_ _) 152%2
PP PPy P P3Q2 PP Q3 TR

Py
If we take the limit Q1,2 — oo with QQ1/Q> finite we see that only the first three terms
survive. The quantisation of these expressions is straightforward following our discussions
above, allowing us to define operators A;, 1 = 1, 2.

-

(1+ P3) .

=

By generalizing the arguments used in the case N = 2 above one finds that the eigenvalues A’
of the operators A; can be parameterized in terms of a vector (sy, so) € R? as follows

1 1 1
Al=&+86+&, Ay=—+—+—, (11.2.14)
& & &
where &, are defined fora = 1,2, 3 as
(51’527€3> _ ( 3 (s1+2s2) e%(m*sz)’ e 3(2s1+s2)> ) (11.2.15)

The expressions for the eigenvalues A; are manifestly invariant under Weyl symmetry permut-
ing the &,.

Furthermore, it seems likely that the repulsive nature of the dependence on ()1, ()2 will imply
that the spectrum is parameterized by the Weyl-orbits of vectors § = (s, s9) € R2 In order
to see this, let ¥5(q), 9 = (¢1,92), be a joint eigenfunction of the operators A i = 1,2, in
a Schrodinger-type representation where the quantum operators corresponding to the classical
variables log (); are diagonal with eigenvalues g;. The wave-function s (q) will be of the form

s(q) = 90(q) + O (e 2lnt®)) (11.2.16)

where 12(q) is an eigenfunction of the operators

N 1 2 1 1 2 2 1 11 1
Al =PiP3 +PiPy* +P *Py % Ay =P{P] +P,°P; + P °P, ",

ol
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where P; = e?a%. A joint eigenfunction of 121? is given by en(s1mtsaa) = 589 where
(s,q) denotes the standard scalar product of the vectors s and q in R?. The Weyl-invariance of
the eigenvalues of fl? implies that other joint eigenfunctions of A? are given by the functions
e (W) where w(s) is the vector obtained by the action of the element w of the Weyl-group
W of SL(3) on s € R2. Tt follows that the most general joint eigenfunction of the A? has the
form

>t

W0(q) = 3 Culs)et @@ (11.2.17)

weWw

The exponential growth of the terms in A, depending on ¢; = log ); will imply that the wave-
functions vs(q) have to decay very rapidly when ¢;, go — oo. This will imply that ¢s(q) has to
satisfy two reflection relations that must be compatible with the structure of the ¥0(q).
The reflection relations must therefore be of the form

Vui(s)(q) = Ri(s)1s(q), i=1,2, (11.2.18)

with w; two different elements of /. By composition of the Weyl reflections w;, one may
generate reflection relations corresponding to all elements of the Weyl group V. The resulting
relations will determine the coefficients C,(s) in (11.2.17) completely up to an overall normal-
ization. We are thereby led to the conclusion that the spectrum is indeed parameterized by the
Weyl-orbits of vectors 5 € R2.

A very similar structure is found for the trace functions B; associated with the B-cycles. The
explicit expressions turn out to be of the form
1 1
By =02+ G +—+O((PP)?), By=— + @ + Q1+ O((PPy)7),(11.2.19)
Q2 Q1 Ry 1
suggesting that the eigenvalues can be parameterized in terms of real positive numbers (,, a =
1,2, 3, satisfying (1(2(3 = 1, as
1 1 1
By — G+ G+, By - —+—+—. (11.2.20)
G G G
Our observations above suggest that the spectrum of the trace-functions A; and B; coincides
with the spectrum (11.1.7)) of the corresponding Verlinde loop operators.

Higher rank: The remarks above seem to generalize to cases with N > 3. In the case N = 4,
for example, one may note that the trace function A, of the A-cycle holonomy in the second
antisymmetric representation (see (4.5.63)) has a similar structure as observed in the case N = 3
above, with the following leading term:

1 1 1
AY = 2 cosh §(p1 + p3) + 2 cosh §(p1 — p3) + 2 cosh §(p1 +2pe+ps), (11.2.21)

where we defined p; = log ;. This further strengthens our confidence that the spectra of
quantised trace functions will coincide with the spectra of the Verlinde loop operators in Toda
CFT.
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11.3 Remarks

One of the most important problems is clearly to find useful bases for the space of confor-
mal blocks CB(Cp3). A natural possibility would be to define such bases by diagonalizing a
maximal set of commuting Verlinde network operators. Natural as it may be, it seems techni-
cally much harder to analyze the spectrum of network operators along similar lines as described
above. As an example let us consider the pants network N; on Cp 3 in the case N = 3. We may
use the coordinates

b1 =a1, =Y, (11.3.22)

and denote the eigenvalues of A by a; = al/ 3@3/ and an = ai/ s Qg /3 and similarly for B

and C. The pants network function can then be represented as

2
NPy 517172 +é i (11.3.23)
B1y172 alpl
B33 5 i3 325’1% 5171’7
+ = ( 172 17172 1~ 251'71'72 +ﬁ15271 2
p1 27 Q1 aq ﬁQ

e R T L + -

ta a2B3PoAtAs  @afiBenAE  BiBeAiAE BiBeiVe  aBiAs  dwfide %ﬁ—}—l
a1 p3 a1 p? a1 p? a1p1 p? p1 P

1 327272 327272 a1 Ba A L 327 % 327 % 3. 725 3 2%
41 PiVia + ~51~71~722 n 1517 + A + ﬁ1~712’2 n 517172 n 5{71272 n P1yiTe } .
q1 04104252])1 Otloégﬂgpl D1 Q2py 2Py ﬂgpl ﬂgpl
We see that there is no limit in which the terms depending on ¢; vanish. This might indicate that the
spectrum of the corresponding quantum operator is discrete rather than continuous. It would be very

interesting if one could describe the spectrum of this operator more precisely.

One may also note that the free field construction of chiral vertex operators gave us families of conformal
blocks labeled by a space of parameters which has the same dimension as Lagrangian subspaces of
Mé\f& This indicates that the conformal blocks that can be obtained in this way may represent a basis
for CB(CQ73).

Let us finally note that the geometric engineering of gauge theories of class S combined with the topo-
logical vertex technique discussed in the introduction to this thesis in Section[I.3|has led to a prediction
for the structure functions Cy3(as3, o, 1) appearing in (I1.1.4)), see [48], [75]. The labels s for a basis
of CB(Cyp,3) should thereby be identified with geometric data of the local Calabi-Yau manifold used in
the geometric engineering of the class S theories associated with Cp 3. It is very interesting to identify
the meaning of this parameter within conformal field theory (we will do so in Part [[V)), or within the
quantum theory obtained by quantising Mé\f 3
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Chapter 12

More relations to the quantisation of
moduli spaces of flat connections

In this chapter we return briefly to the discussion of relations between the quantisation of moduli spaces
of flat connections and Toda CFT. We have explained in the previous chapters how the “quantum mon-
odromy” relations can be used to define a quantisation of the moduli spaces of flat SL(3)-
connections on Cp 3 and we have proved the isomorphism between the quantised algebra of functions
on moduli spaces of flat connections and the algebra of Verlinde network operators on spaces of Toda
conformal blocks. Our main goal in this chapter is to explain why the operators u, v representing elemen-
tary building blocks of the operator-valued monodromy matrices M- (u, v),” constructed in Chapter@] are
closely related to quantum counterparts of a natural higher rank generalisation of the Fenchel-Nielsen
coordinates. To this end and for ease of presentation, we will first briefly review some of the material
presented in Part[I]

12.1 The notion of Fenchel-Nielsen type coordinates

As a preparation let us first discuss defining properties of a class of coordinate system which will be
called coordinates of Fenchel-Nielsen type. In order to motivate our proposal we will briefly review the
case of flat SL(2) connections.

Recall that Mﬂsi @

moduli space are the trace coordinates, associating to a closed curve -y the trace of the holonomy along

(Co,4) has the structure of an algebraic variety and that useful coordinates on this

~, that isﬂ L, =tr(My). For N =2and Cy4 = P\ {21, 22, 23, 24} one may, for example, introduce
the holonomies M; around the punctures z; and define the following set of trace functions:

L; = Tr M; = 2 cos2mm;, 1=1,...,4, (12.1.1)
Lg = Tr My My, Ly = Tr My Ms, L, = Tr MyMs, (12.1.2)
In order to describe Mgi @ (Co,4) as an algebraic Poisson variety we need the polynomial

Poa(Ls, Lty L) : = L1LoLgLy + LolyLy + L2 + L7 + L2 + L3+ L3+ L3+ L3 (12.1.3a)
— (L1L2 + L3L4) L, — (L1L3 + L2L4) L, — (L2L3 + L1L4) L,—4.

!To lighten notation, we no longer use bold face letters to denote monodromy matrices, like in Part

143
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The polynomial P 4 allows us to write both the equation describing Mgalt’ @ (Co,4) as algebraic variety

and the Poisson brackets among the regular functions L, L; and L,, in the following form:

(i) P(Ls, L, Ly) =0, (12.1.3b)

(ii) {L‘S,Lu}:;&sP(LS,Lt,LU) and cyclic . (12.1.3¢)

A set of Darboux coordinates A, x for Mg,ft @ (Co,4) can then be defined by parameterising Lg, L and
L, as
(u—u 2Ly = Cf (w)v+ CP(u) + C; (w)v™,
(u—u 1 L, =Cf (W) v+ Cou) + C (u)v?,

CS (u) =2 [cos 2mms cos 2mms -+ cos 2mmy cos 27rm4}

L :u—i—u_l,

— (u+ u_l) [cos 2mmy cos 2mmg + cos 2mwms cos 27rm4] ,

CE(u) = (u+u™t —2cos 2m(my F mo))(u +u™' — 2cos 2m(ms F my))

A v = e are related to the Fenchel-Nielsen

The coordinates defined by representing u, v as u = e
coordinates from Teichmiiller theory. Restricting A\ and « to the flat PSL(2,R) connections coming
from the uniformisation of Riemann surfaces one finds purely imaginary values of these coordinates.
2i\ will coincide with the geodesic length along ~s, and ix will differ from the Fenchel-Nielsen twist
parameter 7 only by a simple function of A, ix = 7+n(\). Compared to the Fenchel-Nielsen coordinates
the parametrisation introduced above has the advantage that the expressions for the trace functions in
terms of A\, x have more favourable analytic properties. In the case of the Fenchel-Nielsen coordinates

one would find square-roots in these expressions.

This motivates the following definition. Darboux coordinates (u,v), with u = (p1,...,1q), v =
(v1,...,vq) for Mgy (C) are of “Fenchel-Nielsen type” if

(R) the expressions for L. (1, ) have the best possible analytic structure, being
rational functions of u, = e*¢, v, = '@ or even Laurent polynomials,

(P) the coordinates are compatible with a pants decomposition of C.

Requirement (R) means that coordinates of Fenchel-Nielsen type are reflecting the Poisson-algebraic
structure of Mg, (C) in an optimal way. Note that this property is shared by the Fock-Goncharov co-
ordinates for Mg, (C). The main feature referred to in the terminology ‘“Fenchel-Nielsen type” is (P),
shared by the Fenchel-Nielsen coordinates for the Teichmiiller spaces. Compatibility with a pants de-
composition means that appropriate subsets of the coordinates would represent coordinate systems for
the surfaces obtained by cutting the surface C along any simple closed curve defining the pants decompo-
sition. The Fock-Goncharov coordinates for Mg, (C) do not have this property, since they are associated
to triangulations of C.

12.2 Quantum Fenchel-Nielsen type coordinates

In order to relate the operators u and v to quantum counterparts of Fenchel-Nielsen type coordinates
for MgaLt ® (Co,3) one mainly needs to observe the following simple consequence of our calculation of
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quantum monodromy matrices.

L {The operators V., generating a representation of Ay, i = b2, on the spaces of }

conformal blocks can be represented as Laurent polynomials Vg‘(u, v) of u and v.

One may represent u and v as u = e and v = €'?, with aFu g = 27Tb2k‘]:u7k and v F, ) = _ia%]:mk’
respectively. We will interpret our observation (L) as the statement that i and © represent the quantised

counterparts of Fenchel-Nielsen type coordinates for Miﬁ ®) (Co,3).

In order to support this interpretation let us consider the Poisson-algebra R generated by rational func-
tions of two variables u, v with Poisson-bracket {u, v} = —2m uv. The classical limit Ay of the algebras
Aj; considered above is a Poisson-algebra which can be identified with the sub-algebra of R gener-
ated by the Laurent polynomials Vg(u, v) The logarithmic coordinates y = —ilogu, v = —ilogv have
Poisson bracket {p, v} = 2, identifying them as Darboux-coordinates for 4. It follows from our
observations above that mapping VS to £, defines an isomorphism of Poisson algebras. This means
in particular that the functions V(u, v) satisfy the relations , and have Poisson brackets that
reproduce the Poisson brackets of the trace functions L~ when L, is replaced by VS.

These properties are completely analogous to the description of the moduli space Mgi @ (Co,4), moti-

vating us to call the coordinates y, v Fenchel-Nielsen type coordinates for ./\/lgj ® (Co3).

12.3 Yang’s functions and isomonodromic tau functions from classical
limits

We will now point out further relations between Toda CFT and the theory of flat connections on C 3,
which arise in two different limits. The standard classical limit of Toda field theory corresponds to
b — 0. Assuming that the vectors ; are of the form oy; = —b~'n; for i = 1,2, 3 one may expect that the
conformal blocks behave in the limit b — 0, a; = 1;/b%, k = p/27b?, with n;, i = 1,2, 3, and p finite,
as follows:

FLwo,9),0 ~ ¢ 7Y% (h0)x, (v), (12.3.4)

where x,(y), and x,(y), 2 = 1,2, 3, are three linearly independent solutions of the differential equations

o? o 1.,

< ~ o TTWg, +3T W+ W(y)>xl(y) =0, (12.3.5)
o’ o 1. _

< ~ oy T TG, + 3T W) - W(y)>xz(y) =0, (12.3.6)

Differential equations of this form are closely related to a special class of flat sl3 connections on Cp 3
called opers. The action of the operator-valued matrices M., (u, v) on F*(yo,y), , turns into the multipli-
cation with the ordinary matrices M. (u, v) with u = e and v = €' in the limit (12.3.4)), where
2
1 b 0
I ) 12.3.7

=73 +2m 8My(p,u) ( )
The matrices M., (u, v) represent the monodromy of the differential equation (12.3.5). Equation (12.3.7)
describes the image of Opg, (Co,3) within Mgft ®) (Co,3) under the holonomy map. It therefore represents
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a higher rank analog of the generating function of the variety of sly-opers proposed to represent the
Yang’s function for the quantised Hitchin system in [130], [70],[109].

Another interesting limit is b — i, where ¢ = 2. In this case one finds ¢? = 1, so that the operators u and
v commute with each other. The transformation

C oy mig
G (Yo, 3 1 A = D €™M e F L (40, 0 (12338)

neZ
diagonalises u and v simultaneously with eigenvalues u = e ~2™% and v = ie ™ ("N respectively.

It follows that the operator-valued monodromy matrices M., = M, (u,v) are transformed into ordinary
matrices M., (u,v). The conformal blocks G” represent solutions to the Riemann-Hilbert problem to
construct multi-valued analytic functions on Cy 3 with monodromies fixed by the data ), x. Following
[131] one may identify the function

GP(r, ) = Y emmhe 3 Y (12.3.9)

K+n
ne”L

as the isomondromic tau function.



Chapter 13

Conclusions and outlook

In Part [III] of this thesis we have defined a convenient natural parametrisation for spaces of Toda con-
formal blocks in terms of screening charges through the free field representation of Wy algebras. This
has allowed us to construct a family of chiral vertex operators and derive operator valued monodromy
matrices from the point of view of sl3 Toda CFT. We have then defined Verlinde network operators and,
based on our results and also results collected from literature, constructed a proof of the isomorphism
between the algebras Ay of Verlinde network operators on spaces of Toda conformal blocks CB(Cy,,)
and the quantised algebras Ag,; of functions on moduli spaces of flat connections ng ) (Cg,n), studied
in Part[[ll

Proving this relation was set in Section as one of the main goals for this thesis, since it is a key
to establishing the isomorphism between Ay and the algebras of supersymmetric line operators Ay in
theories X(Cy n, 5[y ) of class S, by the arguments in Section Together with the remarks comparing
the spectra of the operators which realise the algebras Ay and Agy, it therefore constitutes evidence for
a higher-rank AGT correspondence.

We have furthermore found a remarkably simple relation between the screening charges which enter
the construction of Toda conformal blocks in the free field representation for sl3 Toda CFT and Fenchel-
Nielsen type coordinates for the space Mﬂsj ®) (Co,3). This direct link between the free field realisation of
CFTs and the (quantum) geometry of flat connections on Riemann surfaces seems to offer a key towards
a more direct understanding of the relations between these two subjects. We believe that these relations
deserve to be investigated much more extensively.

13.1 More punctures

The generalisation to construct “quantum” monodromy matrices for conformal blocks on surfaces with
a higher number of punctures should be straightforward. A simple counting of variables indicates that
Fenchel-Nielsen type coordinates for surfaces Cp, with arbitrary n can be obtained from the Fenchel-
Nielsen coordinates of all subsurfaces of type Co 3 and Co 4 appearing in a pants decomposition of Cp j,.
The previous chapters have introduced all ingredients necessary to compute the monodromies of degen-
erate fields on any punctured Riemann sphere. Using these ingredients within the set-up of [131] it is not
hard to see that the operator valued monodromy matrices can be represented as Laurent polynomials of
basic shift and multiplication operators which can be related to Fenchel-Nielsen type coordinates in the
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same way as before.

13.2 Continuous bases for spaces of conformal blocks in Toda CFT

The conformal blocks defined above generate a subspace of the space of conformal blocks which is
sufficient to describe the holomorphic factorisation for the subset of the physical correlation functions
in sl Toda CFT admitting multiple integral representations of Dotsenko-Fateev type. For the case of
Liouville theory it is known that one needs to consider continuous families of conformal blocks in order
to construct generic correlation functions in a holomorphically factorised form. The same qualitative
feature is expected to hold in Toda CFTs associated to higher rank Lie algebras. Based on the experiences
from Liouville theory one may anticipate some essential features of the generalisation from the discrete
families of conformal blocks studied in the previous chapters to the cases relevant for generic Toda
correlation functions.

13.2.1 Continuation in screening numbers

Recall that the conformal blocks provided by the free field representation can be labelled by the so-
called screening numbers, the numbers of screening currents integrated over in the multiple-integral
representations. We conjecture that conformal blocks appearing in generic Toda correlation functions
are analytic functions of a set of parameters which restrict to the conformal blocks coming from the free
field construction when the parameters are specialised to a discrete set of values labelled by the screening
numbers.

In order to support this conjecture let us offer the following observations. A variant of the free field
construction can be used to construct continuous families of conformal blocks. For real and sufficiently
small values of the parameter b one may define, following [16], operators Q;(7), ¢ = 1,2 by integrating
along contours ~y supported on the unit circle. Following the discussion of the Virasoro case in [17]
one may argue that the operators Q;(vy) are densely defined and can be made positive self-adjoint with
respect to the natural scalar product on the direct sum of unitary Fock modules fS da Vg, with S being
the set of vectors a of the form a = Q +ip, p € R%, Q = pw (b + b~ 1) and py being the Weyl
vector of sl3. The operator (Q12(7y) defined in can also be shown to be proportional to a positive
operator by expressing it as an ordered double integral and normal-ordering the product S7(y)Sa(y').
For purely imaginary values of nj, n12 and no one may therefore define unitary operators denoted by
Q1 (7). Q13 (7). and @3 (7) by simply taking Q" () = exp(n;log(Q;(7)), fori = 1,12,2. We
conjecture that ;" (+y) can be defined for even more general values of n; by analytic continuation.

This means in particular that the definition of the conformal blocks F/ given in Section can be
generalised to provide families of conformal blocks for Cg 3 labelled by a set of continuous parameters
p = (as3,a2,a1) and k. We conjecture that the dependence of F} on p and k is meromorphic. This is
consistent with, and supported by the fact that the operator-valued monodromy matrices calculated here
have an obvious analytic continuation which is entire analytic in the parameter £ and meromorphic in
p. If the conformal blocks on Cp 3 have an analytic continuation in these parameters as conjectured, the
quantum monodromies defined from the analytically continued conformal blocks must coincide with the
obvious analytic continuation of the monodromy matrices calculated here.
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Conformal field theory ‘ Quantum group theory ‘ Moduli space
Liouville theory Modular double PSL(2,R)-connections,
of Uy(SL(2,R)) Fuchsian component.

Table 13.1: Relations between conformal field theory, quantum group theory and moduli spaces of flat
connections relevant for the case of Liouville theory. The Fuchsian component in the moduli space of
flat PSL(2,R) connections is the connected component formed by all connections having holonomies
p:m(C) — PSL(2,R) such that H/p is a Riemann surface of the same topological type as C.

13.2.2 Relation to quantum group theory and higher Teichmiiller theory

There are further encouraging hints that the description of the continuous families of Virasoro confor-
mal blocks relevant for Liouville theory admits a higher rank generalisation representing the analytic
continuation of the conformal blocks considered in Part [[II] of this thesis. Let us recall that the confor-
mal blocks needed for generic correlation functions come in families associated to a continuous series
of Virasoro representations [19]. The monodromies of conformal blocks can be represented in term
of the 6j-symbols associated to a continuous family of representations of the non-compact quantum
group U, (SL(2,R)) [16]. The relevant family of quantum group representations [132], [133] is distin-
guished by remarkable positivity properties closely related [134] to the phenomenon of modular duality
[135], [132], [136]. All this is closely related to the quantisation of the Teichmiiller spaces [137], [138]:
it turns out that the 6;-symbols of U, (S L(2,R)) mentioned above describe the change of pants decompo-
sitions on the four-holed sphere in quantum Teichmiiller theory [17], [139]. The situation is summarised
in Table

The mathematical structures appearing in Liouville theory have generalisations associated to Lie algebras
of higher ranks. The higher Teichmiiller theories [63] can be quantised [140]. A key feature facilitating
the quantisation of the higher Teichmiiller spaces is the positivity of the coordinates introduced in [63]
when restricted to the so-called Teichmiiller component, a connected component in the moduli spaces of
flat PSL(N,R)-connections generalising the Fuchsian component isomorphic to the Teichmiiller spaces
for N = 2 [141]. This generalises similar properties of the ordinary Teichmiiller spaces when described
in terms of the coordinates going back to [142].

The main new feature in the higher rank cases is the appearance of non-trivial spaces of three point con-
formal blocks. We expect these spaces to be isomorphic to the multiplicity spaces of Clebsch-Gordan
maps for the positive representations of U,(SL(N,R)). The study of the positive representations of
Uy (SL(N,R)), N > 2, was initiated in [143]. The Clebsch-Gordan maps for this class of repre-
sentations of U,(SL(N,R)) have recently been constructed in [144]. For the case N = 3 one gets
bases for the space of Clebsch-Gordan maps labelled by one continuous parameter. The constructions
in [145], [144] reveal a direct connection between the positive representations of U, (SL(N,RR)) and the
quantised higher Teichmiiller theories, generalising what was found for N = 2 in [146], [139].

It should be possible to establish a link between the continuous families of conformal blocks introduced
above and a suitable basis for the space of Clebsch-Gordan maps between positive representations of
Uy(SL(3,R)) by generalising the constructions in [16] for the case of Liouville theory. The positivity
of the screening charges together with the direct relation between Clebsch-Gordan maps and free field
representation established in the previous chapters suggests that there is a scalar product on the space of
conformal blocks on Cp 3 with p = (a3, a2, 1), o = Q + ip; for which the conformal blocks ka with
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k € iR generate a basis.
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Appendix B

Useful relations

We compile here a list of useful relations for the quantum group related calculations in Part [Tl We wish
to compute the action of the raising operators e; on some generic representation of U, (sl3), which is
constructed from a highest weight vector vy, that is eieﬁ = eifflf{gf?? vy. To do so we use the notations
n = (ny,n,ng) = (s1 — k, k,s2 — k) = B and also s; = (1,0,0), s = (0,0,1), s3 = (1,0, 1) and
S12 = (0, 1, 0) For e1s = e1 + eo,

le1, fi2] = foky !, le2, fi2] = —qfike (B.0.1)
le12, f1] = —qkiez, e12,f2] = k3 'ey (B.0.2)
le12, f1o] = #(k;lkgl — kika) (B.0.3)
m _ _m _
erfl = fen + A — k) (B.0.4)
m _ —m _
eff = e+ £ q]_lféﬂ Yk — ky 1) (B.0.5)
eiffy = fiser + [mlfi5 ki’ (B.0.6)
esfs = fises — [m]g” i ko (B.0.7)
e1of" = flejy — [m]q 23k ey (B.0.8)
612f12 = f12612 — 1_7q_2f12 1(q2(1 )klkg — kl 1k2 1) (B.0.9)
e1oft = fil'es + [m]fy ky tey (B.0.10)

The matrix elements which give actions of generators e; on representations of U, (sl3) are

erep, = Vil[k]qfsr(el’k)eﬁk—sl + [s1 — k][l — 51 — k + 52 + (eq, )\)]q1+2k7827(61,>\)61/3\k_s1
e2€f>3\k = _V_l[k]q2_282+(827)\)6f>§k752 + [82 - k][l —s2+k+ (627 )‘)}ql_(e%)\)e%k*sz
erzef, = —[s1—Kllsa —K|[L = sa+k+ (e2,N)]g> P FortlmeaNen
+V—l[k]q4—2k—82+(612,)\) (q—2(sl—k) [s1 — k] + [s2 — 1 — (e1o, )\)])eﬁkfs:), ) (B.0.11)
The operator v acts on representations eg, through vef?k =gk eg‘kﬂ and therefore shifts the value of

the multiplicity label k. One may note however that k is bounded and when it is zero, any term which
includes v—! in equations (B.0.11) vanishes due to the presence of the factor [k]. Thus from equations
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(B.0.T1), for some generic fixed 83, the matrix elements representing the generators e are non-zero only
for particular 8,

R(ﬁf;% 40 iff B e {By+(1,0,0), Brr1 +(1,0,0)}, (B.0.12)
Rf‘e’fi% 40 iff B} € {By+(0,0,1), 81 + (0,0,1)}, (B.0.13)
R(Ae’f;),ﬁé 40 iff B e {By+(1,0,1), Bpr1 +(1,0,1)} . (B.0.14)

When 8, = 0, the values of 8}, are more restricted, since each component of 8 is non-negative
R(Aé?),ﬁ;c #0 iff 8, ={(1,0,0)8;1,(0,0,1)8;2,(1,0,1)d; 12, (0,1,0)8; 12} (B.0.15)

If we hold s; fixed, then equations (B.0.11]) set the representations of the e; generators to be

R?éf;ifg;‘sl = [k]gs2th(end) (B.0.16)
MBS =[5y — K[l — st~ ks (e, \)]g PR
25%;782 _ _[k]q27232+k+(62,)\)
RIS = sy — KI[L— 5o + k + (e2, \)]g' (2
R a™ = g s (g 2R — k) sy = 1 (12, V)
RYPeSs = (s — K][so — K[1 — s2 + k + (e, N)]g> 21 oet(eime2 )

(e12),Bk

The e; label can be omitted since it is redundant, being implied by the difference of weights. Similarly,
the action of generators f; is represented by

ABet+st _ ABryi1+ss _ s1—k AB+s2 . 2k—s ABrr1+s2 k—s
Rﬁk =1, Rﬁk Q" Rﬁk =q L Rﬁk = —q 1[51 — k‘] . (B.0.17)



Appendix C

Clebsch-Gordan coefficients

Here we sketch how to compute the Clebsch-Gordan coefficients which enter the construction of chiral
vertex operators in Section starting from equation reproduced below

=S (slun)ame e (e R co

n; nj (e5),m}
n)

To lighten notation, let us drop the first column in the notation (- - -), which will be everywhere (}# ) and

where A3 is fully determined by the other weights.

C.1 Clebsch-Gordan coefficients for generic weights \

For generic weights A, equation ( can be used iteratively to determine the CGC ( 1/\13 ;\11 ) in terms of
()‘2 A ) by constructing ny as n; = ny 181 + 11812 + 1y 282. Below we first describe the calculation for
n; € {s1,s2,812,S3}, which represent the first two steps of the iteration, and then describe the general

inductive step. Beginning with equation (C.0.1), ny =0andi = 1,2

. Ao A1 1,0 A2 A\ (es,M1) pA2,Bk A2 A1 (eisA1) PA2,Bk
0 - (Bk S; ) Rsil + <ﬁk+sz 0 ) q 1 R k+sz + Bk+1+5i 0 q 1 Rﬁk+l+5i . (C12)
The resulting system is under-determined, so we solve for a one-parameter family of solutions with the

constraint

~1 ~1
A2 A1 __ (ei\1) 21,0 A2,Bk A2 A1 __ (ei\1) 21,0 A2,Br—1
(B]’c Si )k; o 1 Rsi RBk+SL ’ Br—1 si k - q Rsi Rﬁk+sL (C13)
The second step sets n} = s12, s3 and we use (C.0.1) with (ny = s3,i = 1) and (n; = 81,7 = 2)
_ A2 A1 A1,83—S; 1+(es A1) Z A1 2,8
0 - Z ( B; S; )k‘ R + q Bl+l’+s7« S3—S; k RBI_H/‘FSZ' :
j=3,12 =
. . . A )\ A A .
These equations alone are not sufficient to fully determine (n§ 31 ) (22 8L ), One first needs to insert
the solutions (C.1.3) into the right-most coefficients, thereby arriving at a pair of coupled equations
612,)\1 /\1,0 Z A2 A1 )\1,82‘ _ Ao A A2,B; A2,B;+s3—s;
R ( B Sj S] T\ B;+s3 0 k Rﬁl-l-Sg—Si RBZ+S3 (Cl 4)
7=3,12
X2 A1 A2,8; A2,B;+s3—s; A2,8; A2, Biy1ts3—s;
+ (ﬁz+1+83 0 )k: (Rﬁl+53_SiRﬁl+1+53 + Rﬁz+1+83—SiRﬁz+1+S3
+ A2 M\ A2,B; A2, By y1+83—5;
Bi42+s3 0 Bir1+s3—si” Biyo+ss
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B; s;

with three solutions (AQ AL )k distinguished by [ € {k,k — 1,k — 2}.

Inductive step: Let us consider a pair of equations labeled by two integers (s1, s2) which enter the
weight V] = \j — s1e1 — saea < A1. If we denote by w' the sum w’ = s1 + so of these labels, which
enter the CGC under the weight A\

(o) GEsab)y (C.15)
then these coefficients are determined by the coupled pair of linear equations with label (s;, s2) in terms

of coefficients with w = w’ — 1 and for which v; = A\; — s1e1 — saea + €; > v]. It is thus possible to
set up an induction procedure through the pair of equations

A2 A1 A1, Bm—s; i A2 A A2,n
Z ( n B >k Rﬁ;+m/ = _q(e = Z ( n% ﬁmisi )k Rn/ (C.1.6)
m'=0,1 n’e{n+s;,n+s12—8;;}

for 7 = 1,2, which corresponds to the actions of the e;, es generators respectively. Note that the pa-
rameter j can also only take values 1,2 depending on the particular value of ¢. A possible obstruction
to inverting this system and solve for the CGC in (C.1.5) could arise if the matrix of coefficients in

equations (C.1.6)
R}q,ﬁmfsl Rkl,ﬁmfsl
Bm, Bm+1
R)\lqﬁm,—sg R)\l,ﬁm—sz (C17)
Bm Bm,+1

were not invertible. This is however not the case for generic weights A1, Aa, given the explicit expressions

(B.0.16).

C.2 Clebsch-Gordan coefficients for the case \» — w;

When one of the highest weights is a fundamental weight, specifically Ao = w;, the CGC no longer
come in families parametrised by an integer k£ and they can be computed in a few steps. For example

0=(50)d VR + ()R = (98) =a =T (EG) . (€29
When n| = s12, s3, one finds from equation (C.0.1)
0 = (92 a VR ( 5) B (0 o) BeST i= 12 (€29)
and
A ,A 7O by ’)\ 70
0 = (&) d YRGS+ (4 0) d YRy
+ (“61 s>;\3) RQ;O + (“61 5’1\2 ) RQ;Q +(1- q2) (osjll S,\2> q(el,,\)RgéoR;tho . (€2.10)

The solution to this system is given by

(0 ) = —[=(ea, Mg TNt (4 2 ) = gtz Net (C2.11)
(91 2) = ¢~V (= (e, A)] = [1 + (e, M])ei (C2.12)

for the normalization (‘g; g) = 1 and where

&x = a2V (e2, N)] (42D (14 [(eaz, N]) + (1= ) ([ (2 V] = [1+ (ex, A)])



Appendix D

Braid matrix derivation

In this appendix we collect a few of the more technical points that occur in the calculations of the braiding
of screened vertex operators in Chapter 9] as was depicted in Figure[8.2]and reproduced below in Figure

D.1

Figure D.1: Braiding of two generic multi-contours.

This procedure was described in Section [8.3] as an induction process to deform contours around z in
Figure [D.T]to pass to linear combinations of the types of loops illustrated in Figure [D.2]and then deform
the resulting auxiliary loops into a set of basis contours like those in Figure [8.1]

. . Zy
X _ 2mible, 0n)  2(my —1)+ny,—n, g

“\’x
X

Figure D.3: Deformation of the outermost of the contours encircling zs.
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Part 1: The first part of the braiding calculation specifically deforms the contours around 2o from
Figure to linear combinations of loops like in Figure An intermediate step of this procedure is
depicted in Figure[D.3] The ordered marked points x represent normalisation points for the integral over
the indicated contours, where the integrand is real. The grey contour being deformed in Figure [D.3]is
associated with a (01 screening charge and carries the label s1. On the right hand side, this loop turns into
a sum of two types of contours. The first is a loop around both points z and has normalisation point x at
the same position as on the original contour. The second type however, is a loop around only the point
z1, whose normalization point is related by analytic continuation to the marked point x on the original
gray contour. This means that the relative order of the marked points x has changed and as a consequence
of the exchange relation (6.4.33)), a braiding factor gets generated.

—2mib(e1,a2)

This factor contains a full monodromy e due to moving the insertion point of the screening

current S7 counter-clockwise around z5. The factor q2(n2,1—1)+n2,12—n2,2 then arises because one needs
to relate the respective integrands defined by using two different choices of normalization points with the
help of the exchange relation (6.4.33).

S
Zy Z
- - efzmh(e,,u)q((nfl)e‘+nc,3+nzcz,e‘)
V4

0
Sy
n—s,
2s, S
" ( ) ) o
- ~ —2mible, o) n—ny( 2(n—1 2(n,—2
e """ g
' —1)s,
18]
Zy 2y
— —2nible, ) n—n,
= - e q" "[n,]

Figure D.4: Example illustrating how quantum numbers arise in the braiding calculation.

s

S

n

Repeating the step described in Figure generates quantum numbers [n] = 1{};

Figure [D.4] which has a generic vertex operator at z; and a degenerate operator at z;. Let us explain

, as illustrated in

a few more steps in this example, as it is relevant for one of the braiding calculations in which we are
interested. We may denote ~" the loop around z; which is associated with screening charges @1 and
Q12 for i = 1 and 12, respectively, and with no charge for ¢ = 0. If we then denote 33 the deformed
loop around z; and 357 the loop around both points z and denote I[85 5™~}] the integral over the
indicated contours, then the intermediate results after resolving the contours associated with each type
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of screening charge are

I[IB;,}/TO] — [62151/82 —m&,ﬁo] o ewiib(eha)qnfng [nl]I[ n1 1)s1 Bn_n151 sl] (D.0.1)
_ 1[621—71252/8;1252750] - ef2wib(612,a)q72+n2 [n]][ 31151+(n*1)512I83252,ﬁ12]_

o e—27rib(el,a) (q—l _ q)q_"2 [n]I[ ;11151+(”*1)512+52 5721252,}/?1]_

_ e—27rib(el,a)qn—n2 [nl]I[ glll 1)Sl+ns125n252 51]

= I[B5 0] — e 2miblena) (g7 — g)gTm2[n] I[85 512251 -
— e mblez @) ) (gm2n2 4 (g7t — q)éf“”2 [na]) I[85, 1251%]—

— e ) g T[S — e T T[S

Note: There are two additional technical observations here: i) contours associated with the composite
screening charge Q12 = Q1Q)2 — gQ2@Q1 are most safely treated when considered as linear combinations
of contours for simple charges and ii) one must take care of the ordering of the newly generated contours,
in particular when they are associated with the screening charges (012 and (2. Any reordering of contours
implies a permutation of their associated normalisation points, which further implies that braiding factors
get generated, as illustrated for example by

/dy51 (y)VR(z) = V2T31(2) Vs. /dySlg(y)Van(z) =gnyrtsi(y). (D.0.2)
g g

The case where a screening charge () is added has one additional feature. Changing the order of contours
such that the so contour is inside of the loops with labels s; means commuting an S5 screening current
past S1, which by the definition of composite screening charges generates a current 515 and thus

/ dySa(y)V(2) = M2 V42 (2) — g~ [y [V ()
Y

Part 2: Resolving all of the deformed contours around the point 29 in Figure that are generated
by the braiding procedure, creates a combination of the types of loops in Figure The second part of
the induction procedure described in section [8.3|is then the deformation of any such auxiliary loops that
enclose both z; and z» in Figure @] into combinations of the basis contours in Figure @ An interme-
diate step is depicted in Figure The same considerations as above apply here when deforming the
gray contour on the left hand side. The resulting grey loops on the right have normalisation points x that
are either at the same position as on the original curve or moved to a different position and the integrands
associated to different choices of normalisation points are related by analytic continuation, which gives
rise to a braiding factor. Furthermore, if the grey loop being deformed like in Figure carries labels
S12 Or So, it is necessary to reorder the resulting contours like we did in equations (D.0.2), so that
they match the order prescribed in Figure
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—2mible,, o) 20y, 41 1—nyy 2 0
e ( 1 2, q 2,1 2,12 2,2 -

Figure D.5: Decomposition of a simple contour associated with the root e1 around two punctures into
contours enclosing only one of the punctures.

Let us now take the contours in Figure with a generic vertex operator inserted at the position 23
and a degenerate operator at 21 and deform the loop enclosing both points z into a combination of basis
contours like in Figure [8.1] This case is relevant to the braiding calculation of interest here. If we call
7! the loop around 27 and 337 the loop around both points z, then the resolution of 32;-type contours
is
I[85 0] = ¢ I [ 512052 + ¢ M T T[T + ¢ T ], (D.0.3)
I[,B;fl’yfl] — qunzf[,y;lm,y?] _ qnfnz [TLZ]I[')’;QI_SQ’Y?Z] _ qflfnz(l _ q2)[n}j[,},;lm-i-sl—su,ﬁm],
I8y A5"2] = ¢ I [ ),

with notation I[857'~7"] for the integral over the indicated contours and where the loop 75’ is a basis

contour enclosing the point 2. Combining the two parts of the braiding calculation, we reach the main
result.

Main result: The two types of braid matrices that we compute following the steps outlined above have
a degenerate vertex operator inserted at either the point 27 or 29 and are explicitly

3
BIWH Dot (29, 20)] = Y (b)) W (21, 22) (D.0.4)
1=1
> Br—d,.d
BIW D 2 (29, 21)] = Y (b )y Wy (21, 22) (D.0.5)
J=1

using the notation 8; = (s1 — k,k,s2 — k) and 61 = (0,0,0),d2, = (1,0,0) and 63 = (1,0,1). The
matrix elements of b are

b;rl = q(h1,l/) , bér2 — q(hz,u+e1) , b;g — q(hg,y+e12) (D.0.6)
by, = ¢t (q—q g (q“%[sl —KJ[L — 51+ 82—k + (e1,\)] + Vil[k])
b;rg — q(hg,u+612)(q—1 _ Q) ([52 o ]{7][1 ST (62, )\)]q—(eg,)\) o V—l[k]ql—ng—I—(eg,)\))

and
by = ¢ Te12)(1 — ¢?) ([81 — K][so — K][s2 — 1 — k — (e, N)]g" TH 32t e2mer ) (D 0.7)
PR (fs2 2 — (o1, g2 2 e ) [y — g2 (e
+ [51 o k]q2k—332+(62—el,)\) + [52 —k+ 1]q2k—2—352+(62—61,)\))
_ q—lv—Q[k] [k o 1]q—352—(62—617/\)> 7
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while those of b_ are

bl_l = q(h1,l/) , b2_2 — q(hz,u+e1) , b??:') — q(hg,quelz) (D.0.8)
b2_1 — q(h1,u)(q o qil) 7 b§2 _ q(hz,u+el)(q2 - 1)q*81+1 <Vq2k[81 11— k] N qZk)
by = " (q—q g !

foraa = —bland v = X\ — s1e1 — sge9.
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Appendix E

Realisation of the generators ¢; on
screened vertex operators

In this section we derive the identification between the action of L_; on screened vertex operators
(8.4.16)), which removes one contour of integration, and the action of e; generators on tensor products of
representations (8.4.17)). Using notations similar to the ones introduced in Section for the simpler
case of Uy (slz), we find that

(L1, Vi (2) ] = 0.V (2) = S(20)(q — g~k eV (2) (E.0.1)

by the following considerations. For screening number n = 2, there are only two contours of integration.
L_; acts by the Leibniz rule on each screening current in V,*(z), producingtotal derivative terms. The
contributions from the two boundaries of the integration contour are related by monodromy factors. In
this way it is not hard to arrive at the following equation

(L1, V5'(2) ] = fdy(l — e TS (20) S (y) + (1 — e ) S(y) S (20) Va2) + V5 (=) -
By factoring off the operator S(z), this simplifies to

(L1, Vs (2) ] = @2 (g — ¢ ! = 7 (@ — ¢S (20) V() + 0.V (2) -
More generally, for arbitrary n € N units of screening charge, we find by iterating these steps
(L1, Vi) ] = 0.V (2) + 2 Y (0= a7 ) 7HET =P = a7 S(20) Vit (2) -

To compare now with the actions of the e and k generators, notice that these are

een=(q—q¢ )P =P =g Men ., klep =" Ve
so we arrive indeed at equation (E.O.1).
At higher rank, for U, (sl3), one can similarly show for example
(L1, V(2)] = 0:.V2(2) ~ (g — ¢ ") (ki'er + kg 'ea) Vi2(2) (E.0.2)
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The final observation to make in order to identify the actions of L_; and e is that the action of L_; on
composite screened vertex operators correctly reproduces the action of the co-product

[Loy, Ve (2, ..., 21 Za Viam @ (o 21) ~ (A @) V@) (2, . 21),

Ny Nom,e..,

for
= (=g k'er +kylea),
which we verified by direct computation.

In order to see that the boundary terms occurring in the commutators with arbitrary generators of the
Wh-algebra admit a similar representations in terms of the generators e; the main point to observe is
that all commutators between screening currents and W-algebra generators can be represented as total
derivatives.



Part IV

Toda conformal blocks and topological
strings
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Introduction

Parts [T and [ITT] of this thesis have focused on a proof of the isomorphism between the algebras Ay of
supersymmetric line operators in N' = 2 field theories X(C, 5, g) in four dimensions, which can be
identified with the quantised algebras Ag, of functions on moduli spaces of flat connections on punc-
tured Riemann surfaces Cg ,,, and the algebras of Verlinde operators Ay on spaces of conformal blocks
CB(Cy,n) for sl Toda conformal field theories. Following the arguments presented in Section this
relation is a key element for the higher rank generalisation of the AGT correspondence [14], [20] between
4d N = 2 supersymmetric field theories and 2d conformal field theories, in particular for non-Lagrangian
theories X(Cg 1, g). A part of the foundations that support this result has been the construction in Part
of a natural basis for the space of three point conformal blocks CB(Cy 3) associated to a three punctured
sphere, on which the Verlinde operators act.

The introductory sections in Part[[lhave presented another possible way to view the AGT correspondence,
though the relation to topological string theory. Section [[.3]in particular described how 4d A/ = 2 field
theories emerge in the geometric engineering limit as low energy descriptions of compactifications of
type IIA string theory on non-compact Calabi-Yau threefolds CY3 [38], [39], [40]. This perspective
provides a geometric type IIA picture where it is possible to calculate the topological string partition
function using the refined topological vertex formalism [44], [45], [46]. The link between Toda CFT in
two dimensions and topological string theory was first proposed by [49], [147] based on the geometric
engineering of A = 2 field theories and the AGT correspondence. It comes from the fact that one can
write both the topological string partition functions and the conformal blocks through the same type of
integral formulation, as briefly mentioned at the end of Section [I.3] Such integrals appear in literature
under the name matrix model integrals, defined as integrals over eigenvalues of families of matrices. In
Part [[V| of this thesis we aim to study the relation between the topological string theory description of
theories X(Cy,5, g), with particular interest for certain non-Lagrangian theories, and the corresponding
conformal blocks of Toda CFT.

The gauge theories comprising the class S introduced by Gaiotto [9], which have SU(N) gauge factors,
can be constructed by gluing or equivalently gauging certain basic building blocks (see Table [I.1] for
SU(2) theories in Section[1.1). These basic building blocks are the Ty trinion theories, which have been
discussed in Chapter [3 They can be seen to descend from the six dimensional (2,0) superconformal
field theory of type An_1 through a twisted compactification of N M5 branes on a sphere with three
‘maximal’ punctures. Such trinions are therefore represented by three punctured spheres Cp 3 in Gaiotto’s
classification of class S and the maximal type of the punctures represents their SU (N )? global symmetry.
The Ty trinions have no known weakly-coupled Lagrangian descriptio and thus it is not possible to

"Even the V' = 1 Lagrangian description for the Ty theories that was proposed in [148] cannot be used for computing the
partition function via localization given the state of the art.
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compute their partition function via supersymmetric localization [13]. Under a generalisation of the AGT
correspondence, their partition functions are expected to correspond to the three point functions of sl
Toda conformal field theory with three generic primaries, the computation of which is a long standing
open problem in mathematical physics [149], [106], [150].

Breaking the impasse created by these technical difficulties both on the side of four dimensional field
theory and on the side of 2d CFT, the partition functions of the uplift to five dimensions on a circle S* of
the four dimensional Ty trinion theories have been computed in [74], [151] using the tools of topological
string theory. To understand the uplift to five dimensions and the compactification of the fifth dimension
on S*, recall from Section that there are various dual string theoretic constructions which engineer
the same quantum field theory at low energies. The topological strings partition functions corresponding
to the Ty theories can be computed graphically, similarly to Feynman diagrams, using brane or web
diagrams like in the examples which were depicted in Figure [I.2] which we reproduce below. Such
web diagrams are dual to the toric diagrams which encode the combinatorial data specifying the CY3 in
the corresponding geometric engineering construction. From the perspective of web diagrams, the low
energy dynamics of the uplift to five dimensions of the Ty theories is captured by brane diagrams [47] of
the type sketched in Figure [I3.Tc. The brane configuration listed in the table below shows the 5-branes
to intersect in five common spacetime directions: the four spacetime directions z° — 2% where the 4d
field theory lives and the direction 2, which is compactified on the circle S*.

D5 / /

NS5

ST /
(1,1) *

X4A IIB .1‘0 .1‘1 _1.2 .1‘3 .1"' ‘l“—’ IG l.T 1‘8 ,1‘9
NS5-branes | — | — | - | - | -1 —
XG D5-branes -1 -1-1- : - | -

Figure 13.1: (a) The type IIB web diagram realising the d = 4, N = 2, SU(2) four flavour gauge theory
on junctions of NS5, D5 and (1,1) branes. (b) The web diagram realising the Ty theory of class S and
the dual (dashed) toric diagram. (c) The web diagram realising the Ty theory. Bottom: The table lists

5

the brane configuration in the spacetime directions and the direction x° is compactification on a circle.

The uplifts to five dimensions of the 4d N' = 2 superconformal field theories in class S, such as those
engineered by the brane constructions depicted in Figure[I3.1] are related [152], [153] to a g-deformation
of Toda theories [154], [155]. We have summarised some of the background regarding the free field con-
struction of undeformed Toda field theories and their chiral Wy algebra in Chapter|[6] These correspond
to q = 1. A deformation with q # 1 of such theories was defined in [154], [155] though a q deformation
of the W)y algebras, their free field realisations and the screening operators. The deformation parameter
q enters for example the commutation relations of the modes in the expansion of the free Toda fields and
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in the definition of the screening charges. The correlation functions of screened vertex operators in the
free field representation of g-deformed Toda CFT are expressed as matrix model integrals, examples of
which will appear in chapters [16(— The relation between the uplifts to five dimensions of the 4d
N = 2 superconformal field theories in class S and g-deformed Toda theories is a q-deformed version
of the AGT correspondence, which has been studied by many authors [156], [157], [158], [159], [160],
[161], [162], [34], [163], [164], [165], [166], [167], [168], [169].

Based on the aforementioned works, the authors of [48], [75] addressed the problem of determining the
three point functions of Toda CFT with three generic primary fields using the refined topological vertex
formalism. The resulting three point functions have the correct symmetries, zeros and, after appropriate
specialisation, give the Fateev-Litvinov semi-degeneration formula [149], [106], [150]. It should be
possible to take the ¢ — 1 limit in order to obtain the partition functions of the four dimensional T’y
theories with non-Lagrangian description, as well as the undeformed three point sl Toda correlators to
which they correspond. The precise way to take this limit is however unclear since the proposed formulas
from [48], [75] are given in terms of infinite sums admitting (for N > 2) only partial resummations for
which convergence is not guaranteed. We aim to offer some clarification for this issue by identifying a
way to take the undeformed limit ¢ — 1 in the most simple case, where N = 2. Once there exists a
prescription for taking the limit, it is reasonable to expect that the partition function for the 7y trinions
should correspond to a preferred basis on the space of conformal blocks CB(Cy 3) for sl Toda CFT. A
natural next step from this point of view is then to identify the dictionary between the screening numbers
s that parametrise a natural basis for the space CB(Cp 3) constructed in Chapter with data used in the
geometric engineering of the Ty theories, as outlined at the end of Section [I.5]

Contents of Part IV

Part[[V] of this thesis sets to address some of the problems listed above, beginning with the simplest case
of the 75 theory. The limit ¢ — 1 of the topological string partition function appears to be divergent and
so it is necessary to find a renormalisation prescription to define a finite and meaningful result. Since
most renormalisation procedures leave some freedom in the definition of the finite parts, we should
furthermore address the ambiguity of the final result. Moreover, for some applications it is important to
determine the normalisation factors in the resulting conformal blocks precisely, which will be particularly
important in the higher rank cases. Surprisingly, even in the most simple case of the 7% trinion it appears
that none of the existing proposals concerning the relation between topological string partition functions
and Liouville three point conformal blocks is entirely correct, giving additional motivation to present
this case in detail. This is furthermore ideal as a warm-up exercise for the study of the higher rank
T'x trinions, since it is possible to identify the ¢ — 1 limit and the precise parameter dictionary for 75
trinions though two independent approaches:

(7) the resummation of the 75 partition function — obtained as an infinite sum from topological vertex
techniques — to an infinite product formula [74];

(7i) the realisation of the infinite sum formula for the 7% partition function from topological strings as
a sum over residues for the free field matrix integral representation of q-deformed Liouville CFT

The use of the term matrix might seem confusing here as there is no matrix present explicitly in the integrals. However
such integrals have appeared in literature in the past as defined over families of matrices.
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[162], [34].

After identifying this link precisely in Chapter[T4] we present its derivation through the methods (i) and
(if) in Chapters [15|— Chapter [15| summarises the necessary background for the refined topological
vertex calculations and also the derivation of the infinite product formula [74], proving the convergence of
the topological string partition function for 75. It then uses this product formula to identify a meaningful
way to take the limit ¢ — 1. Chapter[T6]focuses on the integral realisation of the 75 partition function
from topological strings as a matrix model integral, while Chapter [17| studies its relation to Liouville
three point conformal blocks. We then focus on the matrix model integral realisation of the partition
functions for the higher rank 77 trinions in Chapter [18| and the dictionary of parameters to sl Toda
CFT in Chapter

Part[IV] of this thesis is based on two upcoming publications [170], [171].



Chapter 14

Liouville conformal blocks and topological
strings

In this chapter we take steps to establish the relation between three point blocks of Liouville conformal
field theory and the topological string partition function on C x C?/Zy x Z [47] for the 5d uplift of the
T5 theory, aiming to clarify important previously unresolved issues.

Summary of the results

The topological string partition function of the T theory computed in [[74]] for the web diagram depicted
in Figure is a function of three Kihler parameters ()1, @2, ()3 as well as the Omega deformation
parameters €1, €2

Z%(Q1,Q2, Q33 9,1) = (14.0.1)

- T () e

where
q=e B t = efte (14.0.2)

and R is the radius of the fifth dimension compactified on a circle S'. The definitions and properties of
the Nekrasov functions Nyy/(Q) and also for M(Q) are collected in Appendix [F| It will be useful to
work with a reparametrisation in terms of the auxiliary variables M, N, L that are related to the Kéhler
parameters through:

M N L
Q1Q2 = —; =M?,  QiQ3=-L=N2, Q3= —1 — 12, (14.0.3)

In Section [I5.1] we will show that the infinite sum in equation (14.0.T) has a finite radius of convergence
and that the result is indeed given by the factorised expression

MMZ)M(N?/v?) M(L?)

2PN L3 0) = S0 T3] M(MIN] L) M(EN M) MUERTNT)

(14.0.4)

171
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»L,
M, > d
YA L
Qz Y, 4 !
Q Q5>
M, »H—A*Y, A
A N,
Nl

Figure 14.1: The 5-brane web diagram for T with the choice of the preferred direction and associated
Kdhler parameters. The edges along the preferred direction are marked by two red strips. The internal
edges have corresponding Young tableaux Y1,Y5,Ys.

with v = m, as has been conjectured in [172], [74]. One goal is to clarify the relation to Virasoro
conformal blocks expected to emerge in the limit where R — 0. This is nontrivial since the function M
representing the basic building block of the expression diverges in this limit. In the case |q| < 1,
[t| < 1 we will show in Chapter [16]that the limit

t S
Z3%(ay, az,a3; 6) = lim (271)° M(t/q) @) ZP(M, N, L; q,t) (14.0.5)
R0 ©(q)
exists if 42 = —es /€1, assuming that the parameters a1, ag, ag and N, M, L are related through
M2 = tqpsapro g 2 Ggesa g0 (14.0.6)

q q t ’
while obeying the condition a; + as + a3z = (8~ — ) + s/3. This means that some divergent factors in
the asymptotic behaviour of Z;Op for R — 0 depend on s. Different ways of extracting finite quantities
from this asymptotic behaviour may differ by functions of s, as thoroughly discussed in Section [15.2.3
We will also discuss the regime where [t| > 1.

The function Z5%(ay, ag, a3) is thereby found to be
617621—\(,82) 1—‘,3(/8)
2mi La((s+1)B)
Ls(B~" — 2a1)T'3(2a2 + B)T'(2a3 + )
T(B7! —2a1 + sB)Tp(2a2 + B+ sB)T5(2a3 + B+ s5)
which is the three point conformal block of the Virasoro algebra with ¢ = 1 — 6(8 + 37 1)? < 1 central

charge. It is interesting to note that a similar limit exists for [t| > 1,
Liouville conformal blocks

pL+? T Ty(—sb
ZLiou(al)O‘Q)O‘?)) = ( 27 F(b2)> ;‘(b((f)) (1408)
I'y(Q — 2a1 — sb)Tp(2a2 + sb)T'p(2cx3 + sb)
Fb(Q — 2a1)I‘b(2a2)Fb(2a3) ’

In order to relate the partition function Z5 to Liouville conformal blocks, we will use an alternative

Z3%a1, a2, a3; B) = ( (14.0.7)

q| < 1 corresponding to the

representation for Z;Op which is available for the specialisation of parameters

ML
v =t seN (14.0.9)
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For this case it was shown in [34]], [162] that Z;Op has an alternative representation often called g-
deformed matrix integral in terms of a function Zo(N, M, L; q, t), defined as

tLN
Tp=(2mi)* > Res qPIVIT (9 Ta(y),  o¢T' = : (14.0.10)
y=vy q M
Yi,...,Ys€N
Yi>Ye>...Ys
where yy = (£*71q¥1, °72¢"2,...,¢"*) and
m(y) = | | m—————= 0.
i1 yz/yg o (/i)

The function Z is a variant of a multiple Jackson integral defined for meromorphic integrands. The
precise relation between Z5* and Z, will be shown to be

236D 7 (q)
(2mi)* M (/q)<90(f)

Representing 25" via offers another way to study the limit (14.0.3). Despite the fact that all
the ingredients in the definition of Zy(N, M, L; q, ) diverge in this limit, we will find that a finite limit
exists for Zo(N, M, L; q,t), giving an independent confirmation for equation (14.0.5)). Relations of the
form (14.0.5)) have previously been proposed in [172], [74]. However, the references above have neither

Z¥P(M,N,L;q,t) =

) T»(N, M, L;q,t) . (14.0.12)

identified a renormalisation prescription giving a finite limit such as (14.0.5)), nor correctly identified the
precise relation (18.0.17)) between the parameters.
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Chapter 15

The topological vertex result

In this chapter we review some important points from the computation of the topological string partition
function in [74], which are necessary to prove the converge of this partition for the 7 theory, as a formal
sum, and which enable us to determine a meaningful way to take the undeformed limit q — 1.

_
AN

Figure 15.1: The toric diagram of C3 /7.y x 7o (right) and its dual web diagram (left) for the Ty geometry.

In four dimensions the 75 theory refers to the theory of 2 x 2 free hypermultipltes and it is the basic
building block to enter the construction of ' = 2 gauge theories with SU(2) gauge group [9]. There
exists a five dimensional uplift of this theory compactified on S*, which can be constructed in type IIB
string theory via the (p, q) web 5-brane diagram [173], [174] depicted in figure and due to [47].
Equivalently, this theory can be constructed in M-theory/type IIA string theory on Calabi-Yau threefold
manifolds via geometric engineering [39], [40]. The toric diagram of the corresponding C3/Zy x Z
Calabi-Yau manifold has the same shape as the dual of the 75 web diagram [175]. The partition function
of the Ty theory and any A/ = 2 theory geometrically engineered with a toric Calabi-Yau compactifi-
cation can be obtained by computing the topological string partition function on the Calabi-Yau [12],
[176], [177]. A very efficient method to compute five dimensional Nekrasov partition functions is the
refined topological vertex formalism [45], [43], [46].

The T5 geometry is parametrised by three independent Kéhler parameters ()1, (02 and ()3 that are related
to the 5d gauge theory parameters M, N, L like in equations (14.0.3)), and which are further related to
the four dimensional gauge theory parameters as

M = e Bm (15.0.1)

The topological partition function is also a function of the parameters ¢, t which represent the 5d version
of the Omega background q = e~ 1, t = ef**2 in equation (14.0.2). For completeness we sketch the

175
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= CY,YZY3(q’t> Yl = Cy;y;yg(q’t)

Figure 15.2: The direction of the arrows determines the way partitions enter the vertex factor. Partitions
are counted clockwise to the preferred direction and the variables q, t enter the vertex factor in this order
for q associated with the end of the first edge and t with the end of the second.

rules for computing the refined topological string partition function from the dual toric diagram. The
procedure is very similar to calculating Feynman diagrams where we associate functions of the Kihler
parameters, the Omega background as well as Young diagrams to the edges and vertices of the dual toric
diagram. The topological partition function is then obtained as the product of all the edge and vertex
factors, summed over all possible partitions associated with the internal edges.

In order to compute the refined topological string partition function through the refined topological vertex
formalism it is necessary first need to pick a preferred direction on the toric diagram. This was denoted
with two red lines in Figure Each edge has associated a partition Y and the partitions which
correspond to external lines of the diagram are empty. The edge factor is the function that we associate
to each edge:

edge factor £ (—Q)!"'! x framing factor. (15.0.2)

For the 75 toric diagram depicted in Figure the only required framing factors are trivial, equal to
one. The refined topological vertex is the function associated to each vertex:

[Y+1Y1[=[Ya]
2

_ _ _ _vt
SYI’f/Y(t pq YS)SYQ/Y(CI t Ys )7
(15.0.3)
where the functions Zy; (t, q) are defined in equation (F.0.21) in Appendixﬁand sy y () are the skew-

Schur functions of the infinite vector = (1, .. .). The notation used is such that for a partition Y with
Y = (Y1,Ya,...), the vector t~?q~Y is given by

IYall+lIvall Y4l ~ q
CY1Y2Y3(t7q) =q e t 3 ZYS(t7q)Z(¥>
Y

gV = (t2q Va2 2, 157, L), (15.0.4)
The topological string partition function is a sum over the partitions {Y7,---, Y/} of the M internal
edges of the toric diagram
ZoP — Z H edge factor x H vertex factor. (15.0.5)
Yi1,-,Yr edges vertices

For the T5 geometry depicted in Figure [15.1]the refined topological string partition function is
3
Z = 27(Q) = > T 1(—Q) ™! Cyrgo(a, ) Coyzo(a, ) Copyy (0, ) Crivavs (t0),  (15.0.6)
Y i=1

where Q = (Q1, Q2,Q3). The Ty geometry is special and following the work of [178] for the unrefined
partition function it is possible to perform some of the sums and achieve a more compact way to write
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(15.0.6). The final result [74] can be brought to the form (14.0.1)

Z3P(M, N, L; q,t) = (15.0.7)
Mo (: LN)'Y' Mo (/5 5E) Nov (/5521
R Ve TR

In doing so we have applied the relations (14.0.3) of the three Kihler parameters ()1,(Q2,Q3 to the
five dimensional mass parameters M, N, L and the shorthand notations M(Q) = M(Q;t,q) and
Nyy (Q) = Nyy(Q;t,q). The partition Y = Y3 is associated with the edge corresponding to the
Kihler parameter ()s.

15.1 Resummation into a product formula

In this section we will show how the partition function of the 75 theory can be brought to an infinite
product formula

Z,°(Q) = ﬁ (1 - Q1Q2Q3q 267 2) [[P_, (1 — Qra’ 2t/ 2)

(1—Q1Q2q¢ " 1)(1 — Q1Q3q° ) (1 — Q2Q3qt 1) (15.1.8)

1,j=1

We begin with the formula (I4.0.1)) derived using the topological vertex formalism. It is useful to write

this, using (E0.12), as
(1 Quiy/ta )1 - Qu f1g 1)

(1 — q¥id 165 ~9) (1 — q¥i—dg¥s — )
(15.1.9)

where we denote ZgrOd = M(M?)/M(LM/Nv)M(NM/Lv) the part of the partition function that is
already in product form. This sum formula is a formal series

bl

2MQ) = 2™ Y (-9 g ]
Y

(3,7)€Y

ZEP(Q) = 25 " (—Q3) Pe(Q1. Q2) (15.1.10)

k=0

for which we have not given a proof of convergence yet, where Py(Q1,Q2) is a degree k polynomial in
(1 and Q2 which can also be explicitly written as

k

k
Pp(Q1,Q2) = ZQ:{PM(QZ) = Z QLQ5 Py . (15.1.11)
=0

£,m=0

The goal is to find a function that can be expanded as the same formal series, but for which convergence
is known. Then, we can use the fact that polynomials of degree k in two variables (¢)1 and ()2) are
completely defined if we know their values at (k + 1)? points.

To try to determine this function, we first specialise (1 and ()2 as

q° = qu‘%té, t = QQQ%t_% , (15.1.12)
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with x and y integers. This specialisation is very useful because then we can further rewrite equation
(15.1.10) using a specialisation of the Macdonald symmetric polynomials

vt H (1 _ qj—lt:c+1—i)

Py(872,677, - t7;q,0) =t —— (15.1.13)
ey (1= a7/t 70
taken from [179], equation (6.11°) on page 337. Then, by further using the Cauchy formula
e.9]
> QMIPy () Py(vit,a) = [ (1+ Quiny) (15.1.14)
v ij=1
for Macdonald symmetric polynomials, we can rewrite
Z;OP(Q) = Zgr()d Z(_Q3)|Y|Pyt(qx_%v qx—%’ T >CI%7 t? q)PY(ty_%a ty_%v T 7t%7 q, t)
Y
z d .01 .1
=20 T (0 — @sa'—2¢2). (15.1.15)

i=1j=1
At the same time, due to the specialisation (15.1.12)), we can also recast the infinite product

o0

i—3-5)(1 — i~34-3 z ¥ 1o
I1 (1-Q3q9" 2t/ 2)(1 — Q1Q2Q3q" 2t/ 2) =[I]] (01— Qsq 2t 2) (15.1.16)
i=1j=1

(1= Q1Q3q"'¥)(1 — Q2Q3q't/ 1)

ij=1
as the finite product (15.1.13) using the Cauchy formula. Since the polynomials P (Q1,@Q2) are com-

pletely defined if their values are known at (k + 1)? points (assuming that E—; is irrational) we can now
“analytically continue” the values of (1 and ()2 and reach the product formula for the partition function

(I5.1.15)

oo T (L= Q1@eQsq 20~ [T} (1 — Qua'~2t"3)
R Jrzll (1= Q1Qeat—1)(1 = Q1 Qs 10) (1 — Q2 Qs 1) (11D
which can also be written as
t
29°(Q) — M(Q1Q2)M(Q1Q3q)M(Q2Q3) (15.1.18)

M(Quy/HM(Q2\[HM(Qs31/ ) M(@1Q205,/3)
using the function M(Q) defined in (F.0.6). Note that the function M (Q) also has a plethystic exponen-
tial form, given in equation and thus the function (I5.1.18) is analytic and has a convergent power
series expansion in some neighbourhood around (3 = 0. The key result is that both functions
and have the same formal power expansion (15.1.10) and we have compared the coefficients
of the polynomials at (k 4 1)? points. Since term by term the two series coincide, it follows that the two
functions are equal.

15.2 The four dimensional limit

We are now going to analyse the 4d limit R — 0. In order to define this limit precisely we find it useful
to parametrise the variables q, t, L, M and N, as

qg=c 9B t=¢”, M?’=-—, N?=-, L[*=—. (15.2.19)
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The limit of our interest is R — 0 keeping €1, 8, A, i, v finite. Introducing the notation
1
5= 5(A +pu—v—p72). (15.2.20)

allows us to rewrite the expression for Z;Op = Z;Op()\, W, v; €1, 3, R) in the following useful form

1 M/ M(¥/a) M(t"/q)

22 = (0 ) MO ) M6 Jq) M(0+]q)

(15.2.21)

It turns out that each of the functions M becomes singular in the limit defined above, see Appendix
for a discussion. It follows that the function Z;Op()\, W, v, €1, €2, R) does not have a finite limit when
R — 0. In the rest of this section we will discuss how a meaningful limit can be defined nevertheless.

15.2.1 A useful factorisation

The following will demonstrate that Z;Op can be factorised in a singular and a regular factor

Zgop()‘muﬂy; 617167R) = Ztop (57617/87R)Zt0p ()‘7M7V7 elaﬁvR)a (15222)

— “2,;sing 2,reg

where Z;?rig(/\, W, v, €1, 3, R) stays finite in the limit R — 0 and the singular part Z;f)sli)ng is

1 (1—eaft)fs

A = : 15.2.2
2,smg(37 61,,3, R) M(t/q) (1 _ 6751521%)8 (15 3)
In order to prove the factorisation one may start by rewriting Z;Op as
stop_ 1 (ETN (@ @e  ME QM /QME /M) (15.2.24)
2 M) (680(a7 5 q)oe M/ MRS [Q) M(E7H2 [q) M(E)

The notation (x; ¢) stands for the quantum dilogarithm function defined in equation (F.0.I]). The equal-
ity between the two expression for Z;Op above is easily verified using the functional equations

M(ut) = (ug,q)ocM(u),  M(uq) = (uq, t)scM(u) . (15.2.25)

The middle factor in (15.2.24)) may be represented in terms of the -Gamma function

I() = (1 q)l—e (B Do (15.2.26)
=0 )
as )
(6000 (@t 0)0e (1= Tl4s) -
The function I'q(x) is known to have the ordinary Gamma-function I'(x) as its limit ¢ — 1, so that
(15.2.24) displays a factorisation into a simple singular and a finite part for R — 0.

We thereby arrive at the factorisation with

top Fq(l + /828) top Ztop _ M(t)\/q)M(t'u/q)M(ty/q)M(l)
it T (s A TR T (O ) M6 ) M ) M)

(15.2.28)

which will be shown to have a finite limit when R — 0.
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15.2.2 The limit of the regular part

In order to show that 22 rrég has a finite limit when B — 0 it is useful to observe that it is a ratio of

products of functions that is “perfectly balanced” in the following sense. For any given function F'(z)
we may call ratios of the form

R\, p,v,6) = (15.2.29)

F—s)F(v—s)F(u+s) F(A+s)

perfectly balanced if (A, p, v, 0) satisfy u+A—v—3 = 2s. If this is the case one easily finds that the func-
tion R(\, j1, v, §) obtained by replacing the function F () in equation (15.2.29) by F(z) = ¢®**+5% F(z)
is identically equal to the function R(\, i, v, d). It is easily checked that Z;Og’al = Z;Og)al()\, w, v, 372) is
perfectly balanced in this sense. It can be represented as the infinite product

Tu(6,v,,0) = ] (0w, 0, (15.2.30)
1,j=0
where § = 572 and
+ n _ _ " 1— t,u:l:s—l—iqj
tij (0, v, pu, A) = 9758, )07 (v, 8)0;5 (1, 8)035 (A, s) - 055wy 8) = T g (15.2.31)
In the limit R — 0 one finds that
Tu(6,v, 11, 2) = Ro (6,0, 11, 0) = [ vi (6,000, (15.2.32)
4,7=0
where
_ _ |+ B2 (u s+ j)
(8,0, 1, \) = 0F:(6, 8) o7 - (A £, 5) = - . (352
t]( ’V’/’L7 ) Qz]( 7S)Q1,](V’ S)QZJ(,LL; S)Q'LJ( 78)’ Qz](/j”s) Z+/B2(ILL“|—]) ( 5 33)

The crucial point to observe is that the infinite product that defines R;(d, v, 11, A) is still absolutely con-
vergent thanks to the fact that it is the product of perfectly balanced factors. In order to see this, let
us introduce I'g(Bx) = Ta(z|1,372), with T'a(z|e1, €2) defined by the absolutely convergent infinite

product.
x (L'2
emortl L it aem teny)?
To(zler, e2) = ——— ] _ . €1, 60>0. (15.2.34)
x 1+ ——
ni,n2>0 €1n1+€an2

It is then easy to see that

Fﬁ(ﬁ’l) I's(Bv) Ts(Bp) Ts(BA)
La(B71 + Bs) Ta(B(v — 5)) Tp(B(p + 5)) T(B(A + 5))

Indeed, each factor in the infinite product over n1, no obtained by inserting (15.2.34) into (15.2.33) is
perfectly balanced, making it easy to see that all exponential factors cancel each other, factor by factor,

R (B2, v, 1, \) = (15.2.35)

leaving behind the infinite product defining R;(d, v, 1, A), which is of course as absolutely convergent
as the infinite products defining the function I'g(x) are.
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15.2.3 Renormalising the singular part

One may now be tempted to simply define Zéd to be Z;?fe g()\, u, v, €1, 3, R). However, it is clear that

the factorisation (15.2.22) is ambiguous. One could modify Z;Op by multiplying it with an arbitrary

,8ing

function while dividing Z;‘?fe o by the same function. Additional requirements have to be imposed in

order to arrive at an unambiguous definition for Z44.
In our case it seems natural to require that the key analytic properties of the function Z;Op are preserved in
the limit. In this regard let us note that the factorisation has some special features distinguishing
it from other possible factorisations. The singular piece, here recalled for convenience
1 (1—ealt)fs

(t/q) (1 —e—afR)s’

depends (i) on the variables A, i, v only through the combination s = %()\ +p—v — B72) and (ii)

depends on the variable s in a very simple way: the dependence of Zgosli)ng on the variable s is entire
top

2,sing

Z;?sli)ng(’s?ElaﬁvR) = M (15.2.36)

analytic, Z. is nowhere vanishing as function of s and it has at most exponential growth. This means

that log Z;f’sli)ng is a linear function.

Imposing the requirement that these features are preserved in the limit R — 0 eliminates most of the
ambiguities in the renormalisation of Z;Op. The factor W does not depend on s at all, while
2
(1 — eielR)B ° s(B2—1) p—2s

We conclude that the most general renormalised limit ® — 0 satisfying the requirements formulated

above is
lim n(pR%) S M(t/q) ZXP (N, iy vi€r, B, R). (15.2.38)
i

The factors 1 and p~? represent the ambiguity in the definition of the limit that cannot be removed by
the requirements above.
Collecting our findings above, introducing the notations

B = 2a3 + 6, B = 2as + 0, Br ="t —2a, (15.2.39)

and using the identity

Ts(6~Y) gs(1+5?) Fl+s) T8

A e A 15.2.40
(51 + 65) T+ B25) (B + B5) (15240
we arrive at the statement that
. 2, _ o 2 —s r (ﬁ)
B2\ —s top __ 1+ B
Lim n(pR”) ™ M(t/q) 25" = n (8 p) 203 + f5) (15.2.41)

Fﬁ(ﬁ_l — 2(11) F5(2a2 + ﬁ) F5(2a3 + 5)
La(B~' —2a1 + Bs) Ts(2a2 + 8 — Bs) T'(2a3 + B — Bs)
Recall that the calculation above is performed for the case ¢ = e~ < 1 and t = qﬁ2 < 1. In the

regime where [t| > 1 it is more natural to parameterise t = q*b2 > 1. In this case we obtain

. 52 s top _ 1—b2 —SM
Igin)on(pR ) M(t/q)z2 77(b '0> Fb(O)

Fb(Q — 2041 — sb)Fb(2a2 + sb)Fb(2a3 + Sb)
Fb(Q - 2a1)Fb(2a2)Fb(2a3)

X

(15.2.42)
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which looks more like the three point conformal block for the Liouville theory.



Chapter 16

From topological strings to a matrix
integral

In this chapter we show an alternative approach towards relating topological strings partition functions
to conformal blocks of Liouville conformal field theory, following [34], [162]. The specialisation of one
parameter in the topological string partition function allows to rewrite it as the matrix model integral
in the Coulomb gas approximation of the three point conformal block B;_piouy of g-deformed Liouville
conformal field theory. This specialisation condition is known in the CFT literature as the screening
condition.

16.1 Imposing the specialisation condition on the topological strings

We begin with the topological string partition function for 75 derived in Chapter[I15]and written in equa-
tion (14.0.1]), which we rewrite here for the convenience of the reader:

ZP(M, N, L; q,t) = (16.1.1)

) ML) L\ Mo (/55 Mo (y/§72)
N M(\/g%)/\/l(\/%%) ; (\/;M) Nyy (t/q) '

An important first step is to observe that if we impose

tLM ¢t
- = -t (16.1.2)
aN q

with s an integer and Ny > s, the partition function vanishes so, after substituting (16.1.2)) in (I6.1.1))
we can safely replace Ny by s on the products. By massaging the equation (16.1.1)) we can rewrite the

topological string partition function into the form

2 Y|
on _ I 1<p(M qt ™’ Z(LN> L (yy) T11(yy) (16.1.3)

- M) T, o) 4 Zin(yp) Z1,1(yp)
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in terms of v = 1/q/t and the quantum dilogarithm function ¢ (z) from equation (F. , recalling the
definitions (14.0.11))

5 242 gV Yig—i s
o(M=v*/yy,;) CR o(Yy,i/Yy,j)
nlyy) = || —F7—> = IV IEIL(16.1.4)
" Hl p(1/yv.i) #1]_[1 q¥iTYie ) }]_[1 e(tyy.i/yy,5)
and where the variables y are defined as
yvi=q " (16.1.5)

To prove equation (16.1.3)), simply note that using equations (F.0.11)) and (F.0.12)) we can recast the
topological string partition function of 75 as

M2 t Y|
Ztop — Hz IQO( q ( )
S Hw P>

s qYiYigii —i+1
(M /sz 1/y® i ©(q v (¥ )
__) 1616
XH M2v2/yw ZHNP (1/yyi) ZH QYY) (8 (1610

observing that when s is the number of rows of the partition Y, the expansion (F.0.19) of the Nekrasov
function Nyy (t/q) into quantum dilogarithms allows to obtain Z; 1 (y) from

_ A
Ny (/)™ = N (84/a) " Ny (617 /q) ™" Zatlr). (16.1.7)

Then, the functions Ny cancel while Ay combine to give the function Z,,,(y)

Noy (M?¢#) _ Z(yy)
Noy (875/a)  Zn(ve)

(16.1.8)

16.2 The matrix integral as a sum of residues

We are almost ready to show that the topological string partition function (I6.1.3) is related to the matrix
integral

bz/%Mm%%HﬁLAM%@% (16.2.9)
=1

where the parameter ( is defined by
t LN

C+1 _ 16.2.10
q M ( )
and the integrals | dqyl dqys are variants of the Jackson integral defined for meromorphic functions
M (y) of s variables y = (y1,...,¥s) as a sum over residues
d! d!

S5 py) = 2m) Y Res M(y). (16.2.11)

Y1 Ys v, v Y=yy

1,0, YsEN

Y1>Yo>...Ys
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A simple example

Let us first consider a simple example in order to understand this. We are ultimately interested in evalu-
ating the ¢ — 17 limit of integrals of the form

1-s
Iy = / dx R(x;s,t), R(x;s,t) = wt+5—2M . (16.2.12)
c o(1/x)
where C is a contour starting and ending at 0, encircling the poles of the integrand in the interval (0, 1)
in the counterclockwise direction. The integrand (16.2.12)) has poles at x = q", n € N. The integral Z
can therefore be evaluated as a sum of the residues

Ty =21 Rn(s,t),  Ra(s,t) := Res R(x;s,1), (16.2.13)

r=qn
n=0 a

being a special case of (16.2.9). Evaluating the integral in this way is however tricky because in the limit
q — 1, the ratio of quantum dilogarithms in the integrand R(z; s, t) becomes (1 — 1/x) (see equation
(F.1.29)). Therefore, it is precisely in the region of integration that poles condensate on a branch cut and
one has to note that the limit formula is valid only in a region which is outside the region of integration
in the present case. For what follows we find it useful to introduce a variant of the Jacobi triple product
function

Ja(2) = p(2)ea/2)p(a) = (1—2) [T (1 —za")(1 —z""q") (1 — ") (16.2.14)

n=1
and the function .
O (4 = o1 PA D PO ) oy Bala"T)
g\ q ) =T =T ) .
p(gz)  (1/z) a(az)
The function ¥4(x, ") is a quasi-constant, meaning that it does not depend on multiplicative shifts of
the argument by ¢,

(16.2.15)

Vq(z,9%) = Yq(qz,q"). (16.2.16)

We may use this function to rewrite the integrand R (z; s, t) of Z as

R(x;5,t) = Vq(z, q°) 2 plar) (16.2.17)

which allows us to represent Z as

T,=2m Y p(s)RL(s,1),  Ri(s,t):= [xt_l ‘p(qf)} (16.2.18)
and where p(s) is given by
Uq(a%)
p(s) = Res q(z,q°) = q" ——~ . (16.2.19)
)7 ) = g,

In equation (16.2.18) the singularities are no longer close to the points being evaluated. It follows that
. o . ,
the integral (16.2.12) can be rewritten in terms of an integral Z;

omi Uq(q° !

1—q (q;9)3, " 1
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where I‘; can be evaluated as Jacksons integral

1 oo
| dwatta) = 1= ) 3" rat). (16.2.21)
0 k=0
The right hand side is defined such that, in the limit ¢ — 1 the integral on the left becomes its classical
counterpart
1 1 e Vdx
[ dwt@ ~ [Car@) = a-0Xsa) - [ Tr@. g2z

k=0

This is the reason that ¢ enters the matrix model integral (T6.2.9) but it is q°*! that is related to the
topological string parameters in equation (14.0.10).

Summation over residues

To understand the relation between the integral (16.2.9) and its expression as a sum over residues more
precisely, we now discuss the pole structure of the integrand, noting that it parallels the analysis of [34],
[162]. Assuming a radial ordering of the poles |y;| < |yi+1|, these originate from:

e Z,,(y): outermost pole ys = q**

e 7;1(y): poles organised by a partition Y, with y; = q¥it>~% | 1 <i < s.

The reasoning behind this statement is as follows. The poles of the function Z,,(y) are located at y; =
q™, m € N while, in the regime where |q|, [t| < 1, those of the function Z; ; (y) satisfy y;/yi+1 = q"t.
The outermost pole y5 therefore has to belong to Z,,,(y), since it would otherwise be inconsistent with the
radial ordering. Having established this fact, no other poles can originate from Z,,(y) because any such
singularities would be cancelled by zeros of Z; ;1 (y). Consequently, all of the remaining poles belong to
the function Z; 1 (y) and ys_1/ys = q"t implies ys_; = q¥*~'t, with Y;_1 > Y. Iterating this logic, we
find the remaining poles are 3; = q#t*~, the set of which is therefore labelled by a Young tableau Y

yy = (171 g g (16.2.23)
The matrix integral (16.2.9) is therefore defined through the sum

T 1(yy) Zim(yy)

To = (271 s Res (DY s (16224)
2 = (2mi)" ( w)zyjq T11(yp) Zim(vyp)
where the coefficient
s S M2 i—s—1
Resy — the(s-D(c+) <‘P(f)> (Mgt ™) (16.2.25)
o)/ 1 elt)

is obtained by evaluating the integral (16.2.9) with Y empty.
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Relation to the topological strings partition function
The relation between the full partition function (16.1.3)) and the integral formulation (16.2.9)) is

Ty(a1, az, s; ) = (2mi)*tz5(~DEHD (;’((3) M(t/q) 25°(M, N, L; q, 1) (16.2.26)

with the parameter identification

¢ ¢
M2 = Zq2a2 2o Zg2as N2 Jg-2a g g8 (16.2.27)

q q t
where a1 + as +az = (87 — B) + s/ and the q deformation parameter is identified with the Omega
background . This identification relates the matrix integral Z(a1, ag, s; 5), which we could equiva-
lently call Zy(ay, ag, as; 5) or Zo(N, M, L; (), to three point conformal blocks of g-deformed Liouville
conformal field theory.
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Chapter 17

The free field representation

In this chapter we briefly review the elements which enter the free field construction of ¢-deformed
Liouville three point conformal blocks, relating them to the matrix integral Z, from the previous chapter.
We will then take the undeformed limit ¢ — 1, in which the integral Z5 becomes a Selberg integral.

The free field representation of the conformal blocks provides an interpretation for the parameter s as a
screening charge and the specialisation of parameters becomes the screening charge condition. A three
point conformal block on CP!\ {21, 29, 23} with primary fields V,,, V4, and V,, inserted at the locations
of the punctures and with V;, screened by s currents S(y) can be written as

quLiouv = %dy quLiouv (17.0.1)
with the integrand
2 s s
To-tiow = (Vay(22)Va, (20)) [ TT(S i)V (z)) ] (Sws)S(wi)) (17.0.2)
k=1i=1 j>i=1

where without any loss of generality we send z3 — oco. The two point function of g-Liouville between a
primary field and a screening current is

(S(Yi)Vas (2)) = (yi)‘Qﬁ“QW : (17.0.3)

while that between two screening currents is [154], [155]

N o ogz e(i/yi)eat Y y;)
<S(Z/J)S(yz)> = ( J) w(qyi/yj)so(tyi/yj)

It is worth noting that the latter has been misquoted in some of the relevant literature. To compare with
the matrix model it is necessary to rewrite (17.0.4) using the following quasi-constant function

2

o (Y -2\ _ (Y 7 p(at Yy yp) e(tyi /vi)

(L — (2 ) (17.0.5)
Yj Yi e(ayi/y;)  e(i/yi)

If we now introduce the short-hand grouping all quasi-constants

9q(y,9°) = ] ¥ <Zy/ q1—52) : (17.0.6)
J

J>i

o lul <yl i< (17.0.4)
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gather the contributions of all floating y; factors into yf with
¢=—-26(a1 +az)+ B*(s —1) (17.0.7)

and set ry = (Va, (22)Va, (21)), then the three point conformal block By_riouy in the free field represen-
tation with z; = 0, zo0 = 1 and z3 = oo can be written

By Liow = Tv/ quL - qysHyz Y)Z11(y)04(y,a%) = rv I4(y,a°) Za(a1, az, s; 8) -

(17.0.8)

17.1 The g — 1 limit of the matrix integral

Having established the relation between the topological string partition function and the matrix integral,
we wish to learn how to take the q — 1 limit of the latter, where this limit is well defined and thus
determines the four dimensional limit of the former. Looking at the definition (14.0.10) and (14.0.11)
as well as one will notice that the function ¢(z) representing the main building block of the
integrand diverges for ¢ — 1 and that the summation over residues defining Zo does not have an obvious

limit.

Our strategy to resolve this issue is to first rewrite the sum (16.2.24) as a Jackson integral, then recast this
in terms of combinations of functions ¢(z) which are known to have a well-defined limit when q — 1,
like in the simple example in Section [I6.2] As a result we discover the relation to the usual Selberg
integral. To achieve our goal we use again the quasi-constants Jq(x, q°) defined in equation (16.2.15).
The trick is to push all the singularities of the integrant inside the quasi-constants such that the rest of
the integral can be safely evaluated with no further singularities close to the evaluation points. Equation

(17.0.5)) allows us to rewrite the integral (16.2.9) as

_ ¢ Soqyz - 1-28 \28
IQ—/ qy1 - yHy S/ M) — Uy (yz,q “2) (ya)™™ (17.1.9)

2

P(yi/y;) P(Wi/y;) (y q1+52) (y) 7
q ) 3

o(tyi/y;) »(ayi/y;) ty; ty;

j>z

where we recall that the integrals [ dqy: - - - dyys are variants of the Jackson integral (T6.2.TT). We also
recall that as explained in Section[16.2]we have assumed the radial ordering of poles |y;| < |yi+1|, which
are labelled by a partition Y

Yy = {yla Y2,y Ys—1, yS}Y — {ts_qu1ats_2qY27 ce. 7th5717 qu} . (17110)

Since quasi-constants are independent of multiplicative shifts of the argument by ¢, they can be factored
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out of the integrant and Z5 becomes

ss=Dgo (27 \® Yi 2
I, = t z P <1—q> Eval,_,, Hﬂ (y“ 1—- 25a2) H 9, < i 1+B>

j—i>2 ty]

s—1

_ ; 2
Resyszl ﬁq (ysv ql 2/%2) HReSyi:tyiﬂﬂq ( vi ,C|1+’B >
Pl tir1
/d/ yi - dy f[nyBQ(i*l)*?ﬁal ©(qy:) o(yi/y;) p(v yz/yj) (17.1.11)
s : . 1.
f f i—1 ! o(tyi /M2 o(tyi/y;) (ayi/y;)

The residues can be evaluated, as we show in Appendix |G| and in particular using the definition (I7.0.5),
whereby we find

. -p?
Yi 1+62 ) _ ﬁq(q )
Resy,—ty,., U ( .q > =t (17.1.12)
vi=tyin Ve \ ©(q)?
and
- q(°772)
Res,,_; 0 (y gt 25@2) LG (17.1.13)
AN (q)3
These ratios have a well defined limit ¢ — 1, see Appendix |G} which is generically
Iq(q® i 2w 9q(q°
"(qt) a-1, sin(ms) mi Va(q 3) L oisin(ms) (17.1.14)
Dq(a’) sin(t) 1—q ¢(q)

and thus the matrix model integral (17.1.11)) using the definition of the Jackson integral and also equation

(F.1.29) becomes,

q—1

s—1
7, H 2isin(73(2a2 — kf))
k=0

S

1 Ys Y2 B 9
/ dys dys_1 .. / dyy I—IyZ 25a1(1 - yl-)_%a2 H(yj - yi)w . (17.1.15)
0 0 0 i=1 i<j
Obtaining the Hi;}) sin(7f(2a2 — kB)) prefactor in front of the Selberg integral is one of the interesting

points of this exercise as it reflects a particular choice for the Liouville conformal block from the point
of view of the geometric engineering construction.

The matrix integral as a Selberg integral

We can finally express the limit of 75 in terms of I'-functions through the Selberg integral

hm T, = H 2isin(wB(2ag — kB)) Zse(1 — 2Ba1, 1 — 2Bas, %), (17.1.16)
k=0
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using the definition
Tsai(1 = 28a1,1 - 2Bas, 5%) =

1 Ys Y2 S 9284 _ 9
/0 dys/o dys—1-~/0 dylﬂyz- (1 — )72 Ty — vi)®

i<j

I'(1 —2Bay + jB%)T(1 - 2Bas + jB2)T((j + 1)57)
(2 —26(a1 4+ a2) + (N —145)2)T(B%)

||,’:]\

(17.1.17)

Furthermore, using the shift identities of the I" function to suppress the products in equation by
rewriting this in terms of the double gamma function I'g:

™
=TI'(1—2) 17.1.18
sin(mx) (1= 2)I(z) ( )
and .
Tple+8) _ V2rB2 P (By) | (17.1.19)
Is(x)
equation becomes
lim IQ =
q—1

< 2mi )S La(f~! — 2a1) ['s(2a2 + ) ['s(2a3 + ) I'5(8)
BE*-1T(B2) ) Tp(B~' —2a1 + sB) Ta(2a2 — (s —1)B) Tp(2a3 — (s — 1)b) Tp((s + 1)B3)
(17.1.20)

We would like to stress that the HZ;B sin(m3(2a2 — kf)) prefactor in front of the Selberg integral

(17.1.15) played an important role in the precise form of (17.1.20).

Note: Note that this equation is derived and holds in the regime where |q| < 1, |t| < 1, where both
€1 > 0 and ez < 0 (14.0.2)). By definition

t=q" =q ", (17.1.21)

so if b € R this definition implies that the regime of validity is [t| > 1 and |q| < 1 and instead of
obtaining (I7.1.20), equation would lead to the “upsidedown” form (14.0.8). In the regime

is purely imaginary. This case was studied in [180] and is

known as generalised Minimal Models, as it corresponds to a central charge that is less than one. For
a more recent analysis see also [181]. Following [180] the Liouville field theory and the generalised
Minimal Models (GMM) are related by the analytic continuation of the parameters

b=—i8, a=ia, (17.1.22)

with the central charge of GMM being cgarar = 1 — 6(8 — 371)? < 1, while for Liouville field theory
CLioww = 1 + 6(b + b71)2 > 1.



Chapter 18

Integral form of the 7'5; topological strings
partition function

We generalise here some of the results in Chapters [14] - [T7] to higher rank T}y theories and recast the
T'v partition function from topological strings Z P(A;q,t) as a matrix integral Zy (a1, a2, s; 3) through
a specialisation of parameters. This will allow to identify in the next chapter some of the geometrical
parameters which enter the topological string construction with the parameters s, the screening numbers,
appearing in the integral Zy (a1, az, s; 3). After briefly describing the geometrical setup and introducing
the functions Z]t\(;p(A; q,t) and Zn (a1, az,s; B), we will state the main result in equation (18.0.20) and
then proceed to derive this in the following sections. Let us first introduce the brane web in Figure
[I8.1) which geometrically engineers the low energy dynamlcs of the Ty theories, following [48]. The
TN geometry is parametrised by Kéhler parameters Q. -a» Where the symbol e stands for (m, n, (), with
a=1,...,N—1landi=1,..., N — a and which are defined in terms of the Coulomb parameters AZ(.j )
associated to the faces of the web diagram

(-1) 40) (1) 4 ) () 46D
Q(j)- _ A7 A G) _ A7TAT §j») _ A AY (18.0.1)
m;t j ji—1) n;t -1 +1) 3 j j—1) e
AD 201 AT D) AD A0

subject to A(()O) = A§8) = A(()N) = 1. They satisfy the following relations for each internal face

Qljz)Qm A+l T Qf’fl/tl J+1 ) Qn anjwtl - Qm H—lQn i+l Ql 3 an - l(,Jerl)Q?(zj,z-i-l ) (18'0'2)

where any two of these identities imply the third, and they are related to the gauge theory parameters

through
(1) A1) M; N; (N—i) y(N—i) _ _Li
) = —, 1 @n = nei . , 18.0.3
Qm,z 7 Mi+1 Q IQ 1 NH— Q IR Li+1 ( )
A(O) A(i) A(N—i)
M; = —— Nj=—"— Li=—F—nx. (18.0.4)
0) ’ ¢ i—1) 7 v N—i+1
AT, A A
It is furthermore useful to introduce the following short-hand notation, with v = \/q/t,
Agi E02A /A (18.0.5)
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AY Ly
M v
! (1) AV,
(0) lI;Nfl N—1
N -1 H (1)
Qi
(1) N A2
N ~(2) N -2
MN—l Qm,N ! QI;N72 LN~2
H ) /
k-
AQ’E}%;)N—Z ’
M—— L (N=2)
o Q2 L,
A <1;3 : N 2/
Qi Qs 2) @2 (gg(zvfn . L
M— " . ;1
3 Ql, A ?um Q-1 ]
1;2 'j.. 2l L
A(20) Q(Z}z Qn;zi Q’(nl\fll) n;1 AE)N)
;Q.(_U___,x m Q(3)
QQ),Z-, ni2 | e <151 AN
m; (2 :
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A ' Je n;1
1 ; Q.1 (3)
L) A
Qb Qi AP N,
<Xm;1
M, Aél) N,
A
N2
Nl

Figure 18.1: (p, q) 5-brane web that engineers the low energy dynamics of the Ty theory.

The Ty topological string partition function is Z3° = Z5™" Zis*, where the components are

P L) B~ ol v G ) SN

X M; —2 AL —2Aat1.i
7‘S‘7:1M(.A17j>M<’U M+1> a=1 i<j=1 M( a+1J>M<U A1

and

N-1 NL N a‘ az‘ N-2
stt Zf ZR 20 H ( N—a v 2(N—a)> i=1 2 2, H Za,a+1 5 (1807)

Not1LN—q+1

where {Y, ;} represent a set of Young tableaux associated to the edges of the web diagram and

N—-a
2= 1] W, (0 AaifAai)] (18.0.8)
i,7=1
N—-1 N
2= [T [T Now. (M;/A1) (18.0.9)
i=1 j=1
N—a N—a—1
Zaatl = H H NYa,iYa+1,j(-Aa,i/~Aa+1,j)a (18.0.10)

i=1 j=1
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N-2N-aN—a-l 1Yq,il+1Ya 11,51

N —
=11 [TwM;/A) 2 [ WAwi/Aarry)™ =, (18.0.11)
i=1 j=1 a=1 =1 j=1
N—1N-a
2y = (_1)|Ya,i\qHYa,iH/?t—HY;,iH/Q ' (18.0.12)
a=1 =1

Following the specialisation of parameters A, ; = tNa.i M, 4, the partition function Z]t\(;p(A; q,t) can be
related to the matrix integral

Iy = / H H H Toas1(y (18.0.13)

where y = {y}a)} contains the set of all integration variables and

Sa 2Ma (a)
T, (y) = P Mafy; ) ), (18.0.14)

5 (Mg /95)

Sa a) ; (a) Sa Satl (a+1) ; (a)
Taw) = ] M, Toari) = [[ T[] © ty({m /ya)) , (18.0.15)
J;AI:lSO("y[ /yJ ) =1 =1 Py /3/1 )
and
Co = —Blar +az,eq) — B2say1 + B2 (54— 1),  sy=0, (18.0.16)
with s, = sz\i E“ Ng,;. The vectors e, are the simple roots of the algebra sl the inner products are
taken with respect to the Cartan matrix, az = (a$”,...,a$" ") and (a2, eq) = a5 — al"™V. The

(N — 1) component vectors a; in equation (18.0.16) are related to the gauge theory parameters M, N, L
through

Mo _tgpanen  INoa_ Lopesen Do _Ggopae) g 180.17)
Mot1 g Ln-at1 9 Nop1 t

ar+az+ag=2(8"" = B)ow + 8 Y _ sata (18.0.18)

and pyy is the Weyl vector. The integrals [ d q are variants of the Jackson integral defined for meromor-

phic functions M (3(®) of s, variables y(*) = (y@, . ,yga))
N—-1 sq ( ) N1
a (a)y .— N2a—1 Sa (a)
'y ) = (2mi) Zas Res M(y@), (18.0.19)
/ al_Il ﬂl ZNl al_[l y(W=yy,

.....

Ya,1>Ya,2--->Ya,sa

where yy, = (Mg+iq YairgNa,i=1 Ji=1,.., Na.i- Finally, the precise relation between the partition function

i=N—a,...,1
and the integral formulation is
N-1
t Za:l Sa a Ca+1 o
Iy = <27ri:j((q))> 9 M(tq) " <y§ )>@ 2% (18.0.20)

a=1 I=1
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where the term 9,4 is

N—2 N—a Na _ 32 )
A Mati B Nasi Moyi, g 14+82Ng ;i
=11 II II(5; o (3t
Ma+j

—attJ
a=1 j>i=1J=1 a+]

N—a—1Na,i ZNat1,j
H H < a+1 tI 1)ﬁ T 19 (mtll qlﬁQNa+1vj> . (1802])
jzimt 1o \Matitg A\ Maviy

18.1 Defining of the functionsZ,, 7,,,,, Z,,

We can first observe how the functions Z,, Z,,,, Z4,, emerge from the T topological strings partition
function Z}f}p(A; q,t), following [34]. Considering the components (18.0.8)-(18.0.10) that enter this
function and defining the following variables

W)y = Agagreir ! (18.1.22)

leads to the identification of the functions (18.0.13)). Notice that starting with z, in equation (18.0.8)) and
expanding the Nekrasov functions into products of quantum dilogarithms like in equation (F.0.11)), this
becomes

o= Zea) 71 (A0 (7205022 ) Mgy, <v—2t—NwA“’i)>_1 (18.123)
Ia,a(?/@) ij—=1 o Aa a,j 'Aa:j
by setting CNL N (@)
N— a Sa a a
- H H H yu/y Ly 0 ) (18.124)

>/ij> e oty )

and we can define the product of Nekrasov functions with one empty partition label

N—a A A -1
5 — -2 ]\/va,7 i a,t -2 _Na,i a,?
=11 <J\/yw.@ <U ¢ JAM->N®Y“ (v t Aa,j>> . (18.1.25)

i.j=1

In writing equation (I8.1.24)) we gather the parameters

W _{yu}l LsNas (18.1.26)
i=N—a,...,1

and set s, = S~ 1* N,,;. Similarly the function 2, 41 (T8.0.10) becomes

Za atl = t3a|Ya+1‘*5a+1‘Ya‘ Ia,a—‘,—l(yy)

Iaa-i-l(y@)
N— —a—
A Ao
tNa+1j N, < N“) (18.1.27)
13 l;[ Yauid ( Aa+1,g> Patrs Aat1,j
N—a
for |Y| = Y% Vo and
N—a N—a— lNazNa+1] a+1)/ I Sa Sa+1 ) ((l))
(A

Toas1(y HHHHW

i=1 gj=1 I=1 I=1 Jj y“) =172 ey

gyt
J— . (18.1.28)
H H Sa /y[ ))



18.1. DEFINING OF THE FUNCTIONS Z 4, Iy, L4, 197

The second line of equation (18.1.29)) defines
N—a N—a—1

~ -A - : Aa,i
Zoarr= [ TI Mo (tNamAaHJ)N@Y“J (t N) : (18.1.29)

i=1  j=1 Aat1

One should observe here the appearance of the factor t*e|Ya+11=sa+11Yal i equation (T8.1.29). Its presence
is due to the fact that direct substitution of the parameters () into equation (I8.0.10) would yield

Iaa 3 Sq Sa+1 (a) ; (a+1)
- I+1(?JY> Zwarts Taani() =[] (qu / Y a+1>) . (18.1.30)
a,a+1(Yp) 7=1 =1 p(v? yI /yJ )

However, the following identity for the quasi-constant ¥(x, q")

a a p? a -1
playy’ /y( ) el /yz N (5 9 L 152 (18.1.31)
90(v2y1 /y (a+1) ) - oy Sa /y ) y§a) q y5a+1)7q 1.

implies the relation

M — gsalYat1|=sa+1]Yal M , (18.1.32)
Ia,aJrl (y@) Ia,a—i—l(y@)
The difference between equations (18.1.30) and (18.1.29) is the ordering of variables y(“) s y(a+1),
which determines the regions where the quantum dilogarithm functions have poles at argument g~ "

Specialisation of parameters: provided the following specialisation of parameters
Agi =tV Moy (18.1.33)

the product of all the factors Z,, Z,. and galYat1l=sat1Yal with the remaining components in
ZR (A, 1) is

N—1 \Ya N— N-1

N,L _ _ I,

a+1LN a+t1 - a1

(18.1.34)
and defines the functions

—a Na,i 2 (@) Sa (a)
v* M, i 2M,
Tina(y) = PMfyri) _ pp et Malyr”) : (18.1.35)
v

(Ma+1/y§?@‘)) I=1 SD(MaH/yEa))

and
N—

lya
H GuADIYal = =3 TN 50t [V s [y D) H t MoiNoLy—o )" (18.1.36)
qMyNo1Ly—at1 ' o

Before the specialisation (I8.1.33)), the left hand side of equation (I8.1.34)) has N(N — 1)(2N —1)/3
pairs of Nekrasov functions, where the partition labels of each of these include one empty partition.
Imposing the specialisation of parameters (I18.1.33)) cancels N(N — 1)(4N — 5)/6 of the pairs in a
process which involves repeated application of the identity and leaves behind N (N — 2)/2 pairs
of Nekrasov functions on the right hand side of equation (18.1.34). Combining the above results shows
that the instanton partition function ZI3%(A; g, t) can be written as

) Zm. (Y ) Zaa+1(yy)
1nst A q’ q (Ca+1)|Yal aa yY Ma a,a ' (18]37)
%: LH H Zo.a(¥0)Zina (Y0)Za,a+1(Yo)
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18.2 Reduction of 2%

After the specialisation (T8.1.33), the perturbative part 25" (A;q,t) of the partition function (18.0.6)
depends only on the parameters M;, q and t through

N—1 (Mz) N—-1N-a

pert M1
i<j=1 M <t Lg M ) a=1 i=1

N-2N—a—1 A (tNaji—Naj+1 _Mati \ pAq(=2¢Nasi=Naj+1 _Mati
H Mayj+1 Mayj+1

am1 i<j=1 M(tNa,i_ a+l,j#>M<0_2tNa,i_ afl,j+2M>

at14j Mayj+1

M _2tNa,i_ a—1,i+1 )—1

. (18.2.38)

It furthermore greatly simplifies upon applying the shift identities of the function M (Q); t, q) in appendix
Hito the following form

N—2N—-a—1 N—a Nay1,5-1 Mayi (N, ;—1 Na-1,5+1 Mati (N, ;—I+1
pert = H HI (Ma+th o )HI—I (Ma-H't B )
=i+1

a=0 =1 j= HI ( ZithNai_[) HI ( Zi;tNai_[+1)
1 (N—-1)
M=)~ (18.2.39)

H H ai a—1,i+1 (p(t[)

The product of equations (18.1.37)) and (18.2.39)) then gives the full partition function Z;\(;p(A; q,t).

18.3 Poles and residues of 7

The topological strings partition function ZX* is related to the matrix integral (I8.0.13), which is also
reproduced below

N—-1 sq N—-2
Iy = / dyy T TT1)% oo 0)Zaa®) T] Zawasr(v) (18.3.40)
a=1 =1 a=1

with the following identification of parameters

Mo _ Loplozen) INza _ Yosapen) Do _Goopaed | (— ¢ (18341

M1 Clq " LN_ar1 aq " Nyt
and where
Co = —Blar + ag,eq) — B2say1 + (2 (sa — 1), sy =0, (18.3.42)
a1 +as+az = 2(6‘1 —B)pw + B Z Sa€a » (18.3.43)

with py being the Weyl vector. The matrix integral (I8.0.13)) is defined by the sum over its residues
(T8.0.19) at the singular points of the integrand. The locations on these points are 1]

Wbt = W @=L N = (18.3.44)
i=N—a

'For the example N = 3 and a = 1, the poles sit at yl(rlz)1 (yﬁlg, N yg\}l) 525 y§11>, oo ,y](\}f L)
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and by combining equations (18.1.22) and (18.1.33) they are labelled by partitions Y, ; as

() = Mg o Ve (18345)

This process also groups the set of partitions {Y;;} for i = 1,..., N — a into a partition Y,. We can
understand the pole structure of the integrand more in depth through the following considerations [34].
Poles of the functions Z,,, (y) occur when y}a) = M,419Y~!. Repeating then the analysis from Section
- 16.2] for the locations of poles whose origin is solely in the functions Z,,, and Z, ,, for a fixed value
of “a”, would show these to be located at positions yga) = My, 1q¥et=~1 However, the presence of
the functions Z,, .1 inside the integrand of equation (I8.0.13) brings an additional element to this story.
Assuming now that one has integrated over all of the variables y(®), except for the last group y(¥ =1, the
remaining singularities must all come from the functions Z,,,, , and Zy_1 y_1. Indeed, in this case the
singular points occur at

y&N—l) _ MNqYN—LItSN—l*I_ (18.3.46)

Then for the second to last group y¥=2), the functions that determine the location of the poles are
Ly _o» IN—2,N—2 and also L _o n_1, so their locations split into two sets

g =y v VD2 g e (18.3.47)
where I’ = Nn_1,N—2 — Ny_2 n—1 + 1. Similarly the group y(N_3) will have three sets of poles
y(N—3)71 € [073/(]\7—2)71} ’ y(N—3)72 € [07y(N—2)72} ’ y(N—3)73 _ MN_QqYNfiS,ItSN—Zi_I (18.3.48)

and so on for the remaining integration variables, which places the full set of poles of the integrand

(18.0.13) at the locations listed in equations (18.3.43), (18.3.44). The matrix integral (18.3.40)) is there-

fore defined through the sum

a a yY Im (y )Ia a+1(yY)
Ty = (2mi) %=1 * (Resy) et S . (183.49)
%: (H }_[1 Zo.a(Y0)Zina (Y0)Za,a+1(Yo)

where the coefficient Resy

Tet! Sa .
e = (£0)7 T T G)

! M Ng,i—1 No— ,J+1 Mgt N, . —T+1
]VHQNf[l NHa H[aJrlJ (MZI;qt a,i )Hl_allj+ (ﬁt a,i +)
P e e e D etqtesT) T2 Mot {No =T +1)

1
a K Naf 3 ’
5 T B ()
is obtained by evaluating the integral Z,y with empty partitions. The first line contains the factor

N—-2 N—a N(l] —52]\[%1- M )
+1i +i— i
ﬁM—H H H< atiy ) §q<Ma Z.t J’q1+ﬁNa,l>
a+] a+yj

a=1 j>i=1 J=1

N—a—1Na,i ,32Na+1,' .
H H< wti - 1) ]ﬁq< Mo ‘t]—13q1_52Na+1,]-> (18.3.51)

ipim1 121 Mo+ May1+j

(18.3.50)
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which is expressed in terms of quasi-constants ¥4(x, q"). The main steps required to arrive at the coeffi-
cient Resy are the evaluation of non-singular terms by directly substituting and reducing double
products using the identities (H.0.4), followed by the computation of residues for the singular terms. The
first line of equation (18.3.5T)) comes from applying the identity

pla'="/x) _ 9a(a"x) p(ar) _ 1wy (, q)-297)
p(1/z) Uq(qz) @(q7z) T Te(gra)

to a subset of the terms which appear in the expansion of the function Z, ,, while the second line of

(18.3.52)

equation (18.3.51)) comes from applying this identity to a subset of the terms in the expansion of Z, 4 1.
The justification for these two operations comes from the fact that as a result, the second and third lines
of equation (|18.3.50) precisely equal /\/l(11_2)]\7(]\[_1)/22,’}0\?t from equation (18.2.39)

SVl N—-1 sq
t a=1 o) Gatl o N(N-1) .
Resj = (:j((q))> o T IT (o ))0 M@= 2 (18.3.53)

a=1 I=1

This relation leads directly to the identification (18.0.20).



Chapter 19

The free field representation of sl; g-Toda

The matrix model integral Zy (a1, a2,s; ) determined in the previous chapter is related to the three
point conformal block of sl g-deformed Toda conformal field theory. We briefly review here the ele-
ments that enter the free field construction, similarly to Chapter which provide an interpretation for
the parameters s = (s1,...,Sxy_1) as screening numbers and which allow to view the specialisation
of parameters on the topological strings side as a screening charge condition in CFT. The three point
conformal block By_Toda 0N CP!'\{z1, 22, 23} with primary fields Vj,, Va,, V4, inserted at the locations
of the punctures, where without loss of generality z; = 0, z2 = 2z and 23 — oo and V,, is screened by
Sq Screening currents Sa(y(a)) fora =1,...,N — 1, can be written

quToda - /day Iquoda s (19.0.1)

with integrand

Sa

Tyrow=rv [ (Sa@iWarl) T[T Sa@iSaw™) 1 (Sa@i™)Seri@i™))

1<a<N-1 J>I=1 1<a<N-2
1<k<2 1<T<sq
1< <54 1<T<sa11

(19.0.2)

and where 7y = (Vy,(2)Va, (21)). The explicit form of the two point function between a primary field
and a screening current is
(a)

2(a+1) gfa
q"% 2z /y .
: <a+1>/ ") I (19.0.3)

2/y")
where the inner product with the simple roots e, of the Lie algebra sy is (az,e,) = a(Qa) aé‘”l) and

a a)y— pv
S y( ) Va 2)) = y( N\ —B(az,eq)
(St otz = 0ff 02 S

_ . () . . .
the dictionary to the M gauge theory parameters is M, = v2*q?%  z, while the two point functions
between screening currents are

(a) /, (a) _1, (), (a)
a a a e’ /y at " yr Jy a a
<&@5&@”»:w9W2(I@JQ( é/é),\%N<MPMJ>I(w0®
olayr 'y e(tyr ' Jyy’)

(a+1)

a a plty Y a
(Sayy™)Sart (W5 ) = () iéﬂﬁéb,r N> 5L VLT (1905)
Yy Yr
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To compare with the matrix model we first need to rewrite equation (19.0.4) using the quasi-constant

function ¥4(x, g") like in equations (17.0.5) and (18.3.52)) to replace

a a a a a 52 a

olat /) el /) ( ”) 9 <y§) q1_52) (19.0.6)

a a - a a a q a)’ : o
(g’ )/y(J )) w(fyf; ) yf;) y(J)

Then by introducing the short-hand

N-— Sa y(a) )
o(y,q°) = H L )7q1,5 (19.0.7)
a1 !

J

(a)

to group all of the resulting quasi-constant terms and combining all of the remaining floating v, factors

in equation (19.0.9) into (y§a))<a with
Ca=—Plar+as, €q) = B2sar1+ B%(sa—1), sy =0, (19.0.8)

it is possible to rewrite the three point conformal block B;_1oda in equation (19.0.1]) with

N—1 s,

Tytoaa =1v || TT0")%" Toma (0 2. 02)Tara(w) H%m Vq(y, 9%, (19.0.9)
a=1 I=1

such that
By—toda = rv Uq(y, 9°) In (a1, az2,s; B) . (19.0.10)

Limit ¢ — 1: As a final comment let us note here that the limit ¢ — 1 of the two point functions
(19.0.3)), (19.0.4) and (19.0.5) gives the expected two point function of sy Toda CFT, using the formula

(F-1.29)

6(‘127611
’

(Sa(yyWas(2)) = (11" — 2)~
(Sa(y™)s, <yﬂ>>=(yfﬁ> 2
(Sa(¥s™)Sar1 (g ) = (4 =y

(yy —ylrt)y=7" (19.0.11)

The evaluation of the limit ¢ — 1 for the integral Zy (a1, az, s; ) is more delicate than the corresponding
computation in Section [I[7.T] for the more simple case where N = 2. The pole structure so far obscures
a possible rewriting of this integral which would push the singularities of the integrant inside of quasi-
constants, such that the evaluation points of the integral are not close to any singular points.

19.1 Geometrical interpretation for the screening numbers

The relation between three point conformal blocks By_toda of g-deformed Toda CFT and the matrix
integral Zy (a1, az,s; ) in equation (19.0.10)), with the following dictionary

M, Eqﬂ(ag,ea) ’ Ly_q _ ﬂq—ﬂ(al—i-ag—ﬂ Z;@V:_f SK€k,Ca) ’ N, o ﬂq—ﬂ(al,ea) , (19.1.12)

Mai1 g Ly—at1 t

Na—l—l t
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leads to an identification between the Kéhler parameters Ql(.i]). associated to the brane diagram in Figure
[19.1] and the screening numbers s. The geometric interpretation follows from the partition the screening

numbers like in Chapter[§]
a N-1

Sa =3 > Sij, (19.1.13)

i=1 j=a

such that s;; correspond to the positive roots of 5[y, and their relation to the parameters Ql(,i]). is

Bsij = —R™'In (Q}f}_m) +Q/2, i<j=1,..N-1. (19.1.14)

Here R is the radius of the five dimensional circle for the gauge theory, while Q = 3~ — 3.

Figure 19.1: Identification between the Kdhler parameters Ql(jz) and screening numbers s;; that are

associated to the positive roots e;; = Ei:l ex of the algebra sl .

The screening numbers s;; are therefore also related to the lengths of the partitions Y, ; through

a
Nai =Y Sjati1- (19.1.15)
j=1

Proof: To prove equation (19.1.14), we first note that the identifications (I9.1.12) can be recast as

1 N, 1 M,
(a1,eq) = Eln <Na+1> +Q, (az,eq) = Eln ( Mj) -Q (19.1.16)
and
N-1 1 Ly
— o) = —=In[ —% . 19.1.17
(a1 +az— B skex,€a) Rn(LNa+1)+Q ( )

k=1
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Figure 19.2: Identification of the Kihler parameters which enter equation (19.1.21).
These imply that the screening numbers sj, are determined by the system of equations

(1) (a) (a)

1 m;a aQn JYIN—a
B Faksk = —5In lQ g(a) BNZa ) L Q = (19.1.18)
ml
-1
Bs :_Kaj In Q 7]Ql7anN leN —j +a(N—a)Q ‘
k Q%;lQn;l 2

in terms of the s[ Cartan matrix x;; and its inverse

1 N P .
H—l _ N(N - Z).] , ifj<i ‘ (19.1.19)
" %(N —j)i, otherwise
Let us denote
N _
B3 = RBsq — G(QG)RQ (19.1.20)

.. 1 . . . cp .
and use the explicit form of r;;" in equation (I9.1.T9) to start simplifying the expression (19.1.18) for
the screening numbers

i(N-a) , a(N—j)

a N _ 1
5 ——_In H Q ,]Ql,] Qn N le TN—j NH1 Qm;le(,])Qn N JQZ(;?K[_]
(19.1.21)
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By expanding the products inside equation (19.1.21)), it becomes manifest that the parameters Q% cor-

respond to a very particular set of segments on the web diagram in Figure |19.2| The parameter Ql(.ljz,_l

enters with power N and is associated to the top-most blue line. The remaining Kéhler parameters
correspond to edges on the web diagram that surround all of the inner faces and that are depicted in
the colour blue in Figure It is thus possible to apply repeatedly the identities to reduce
equation (19.1.21)), where we remind the reader these identities state that the product of parameters Q%
associated to adjoining edges of a face is equal to the product of Qsz)a associated to parallel and oppo-
site adjoining edges of that same face. As a consequence it is possible to derive more general identities
on strips of the brane diagram, like those which we present in appendix Working on such strips
and successively substituting the identities (H.1.6)) — (H.I.10) for strips & = 1,..., N — 2 into equation

(19.1.21) reduces this to

a—2k+1 ) N—-a—1 a ) N-2 a )
s =-n | [T TTQR- II TTQ@R—o T II  QReena| - (19122)
k=0 j=1 k=a—1 j=1 k=N-—a j=k+a+2—N

Combining this result with equation (19.1.20) then shows the screening numbers s, to be related to the
Ql(lj) Kihler parameters. Further partitioning the screening numbers like in Chapter

a N
Sa =YY Sij, (19.1.23)

i=1 j=a

withi,j=1,...,N —1and: < a < j, then leads to the identification (19.1.14)
Bsij = —R 'In (Ql(j}%l) +Q/2, i<j=1,...N-1. (19.1.24)

When N = 2, this reduces to s = —R~'InQ; + Q/2, which is precisely equation (T6.1.2).

Open questions

At the time of writing, it remains an open question how to precisely take the 4d limit, where R — 0
and q — 1, of the Ty topological string partition function Zy* from equations (T8.0.6)-(T8.0.7) and
the matrix integral (18.0.13)), which is related to the three point conformal block (19.0.1) of sl Toda
CFT through equation (19.0.10). In particular, the contours of integration for the screening charges still
need to be determined for the ¢ — 1 limit and this will establish the exact relation between the screening
numbers in equation and those defined in Part III of this thesis, in equation (8.1.9).
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Chapter 20

Conclusions and outlook

Part [IV| of this thesis began by determining the precise relation between the topological string partition
function for the 75 trinion theories and g-deformed Liouville three point conformal blocks. In this case
a resummation of the Z;Op infinite sum formula to an infinite product formula is possible and allows
to show rigorously that the infinite sum has a finite radius of convergence, whereby it can indeed be
rewritten as a factorised infinite product. We were furthermore able to realise the infinite sum formula
of the topological string as the sum over residues of a matrix integral in the free field representation
of g-deformed Liouville CFT following [162], [34]. Using these two independent representations of
Z;Op it was possible to take ¢ — 1 defining a geometric engineering limit for the 4d partition function
of the T5 trinion, discussing the renormalisation ambiguities of Z;"p and identifying a renormalisation
prescription. At higher rank, for the case of the Ty trinion theories, we were able to extend the mapping
between the topological string partition function Z]t\?p and three point conformal blocks of ¢-deformed
sl Toda field theory. The result of this identification was a geometric interpretation of the screening
numbers which enter the free field construction of Toda conformal blocks. There remain however many
open questions, which are the subject of ongoing work.

Emergence of the Seiberg-Witten curve

The remarkably simple relation (I9.1.14) between the screening numbers s;;, which enter the construc-
tion of conformal blocks in Chapter and the Kihler parameters Ql(l])_ ;41 associated to segments of the
web diagram in Figure leads to a nice geometrical interpretation, similarly to the story presented in
[49]. The circle uplift to five dimensions of the 4d Ty theories can be constructed equivalently in type
IIB string theory via the web diagram of (p, ¢) 5-branes depicted in Figure and in M-theory / type
ITA string theory on Calabi-Yau threefolds through geometric engineering. For special gauge groups,
like those of SU(N) type, the mirror (IIB) Calabi-Yau data is captured by a Riemann surface which
gets identified with the Seiberg-Witten curve. The geometry of this curve emerges in the double scal-
ing limit €1, €2 — 0 with large screening charges s;;, while keeping parameters g,s;; finite and where
gs = v/—€i1€2. In this limit the background charge () also vanishes. The parameters v;; = gss;; are the
period integrals corresponding to a natural homology basis of A-cycles and measure the sizes of branch
cuts on the Seiberg-Witten curve. They may thus be identified with the Kéhler parameters for the Calabi-

Yau threefold on the IIA side, wherefrom it emerges that the Seiberg-Witten curve can be viewed as a

207
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thickening of the web diagram This line of thought deserves further exploration, as it proposes a
refinement of the analysis of multi-matrix models in [49].

The 4d limit

The results from the topological strings calculations identified in equation (18.0.20) the partition function
of the 5d uplift of the Ty theories Z*(A; q, t) and the matrix integral Zy (a1, a2, s; 3), which was then
further related to three point conformal blocks of g-deformed Toda conformal field theory in equation
(19.0.10). For the particular case where N = 2, it was discussed in Section how to take the
undeformed q — 1 limit of the matrix integral in a meaningful way, whereby one finds Liouville three
point conformal blocks. It remains however an open problem to determine which three point conformal
blocks are chosen by the topological strings result in the limit ¢ — 1 when N > 3. This would mean
in particular to identify the order in which the screening charges ();; introduced in Chapter enter three
point conformal blocks and also to determine precisely the corresponding defining contours of integration
for these screening charges.

More punctures

It is known that Liouville conformal blocks on punctured spheres Cp, with n > 3 vertex operator
insertions can also be obtained from topological strings. The simplest example is the four point block
obtained by a gluing two strip geometries like in [74], the result of which gives the correct Nekrasov
instanton partition function in the four dimensional limit. This corresponds to the gauge theory with
SU(2) gauge symmetry and N = 4 fundamental hypermultiplets.

Figure 20.1: Gluing the web diagrams of two I’ trinions.

One should now determine how to arrive at this result by gluing the web diagrams for two 75 trinions
like schematically depicted in Figure [20.1] In order to do so it is necessary to keep the Young diagrams
on two of the legs of web diagrams non-empty and recompute the topological string partition function,
which will again admit a partial resummation to the form

o0

Z701,00.05) = Y000 Q1) @200

k=0

with ng = Z;Op. The resulting partition function is then schematically

Zrm = Z07%(Q1,Q2, Q)20 T (Q6, Q5. Qu) (20.0.2)

Y1Ys
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Appendix F

Special functions

Here we collect definitions and identities for special functions. The quantum dilogarithm

oo
p(z) = (T10)ee = [[A1—q"z),  Jal <1 (FO.1)
n=0
is a special case of shifted factorial function
o
(@ q, - d)ee = [ =zt oiqi), Vo jwl < 1. (F0.2)

ni,...,nr=0

A definition that overcomes the need to specify a regime of the |q;| and resolves issues of convergence is
the polylogarithm function or the plethystic exponential [182]

(l";Cllw--»CIr)oo :exp(iLirJrl(x;qla"'aqT)) ) |‘/L“ <1 (FO3)

with the definition

(o]
Li - (z;q1,---,qr) — (F.0.4)
g 1:1(1 - qz)
such that -
. 2"
Lip(2) = — lel<1 (F.0.5)
n=1

for all complex arguments z with |z| < 1.

The infinite product function M(U) = M(U; t, q) which appears often in the main text is also defined
as a shifted factorial

[[5- A =Uttg/)~t for[t] <1,]q| <1
_ [I5_,(1 = Ut tgt=7)  for t| < 1,|q| > 1
MU;t,q) = (Ug;t,q) ot = b= , F.0.6
Wit =Uatae =1 =" 1 e qJ) for [{| > 1,|q] < 1 0.6)
00 1 1
[[751=Ut igt==t for [t > 1,|q] > 1
converging for all U. This function can be alternatively written as a plethystic exponential
oo
Um qm
M(U;t,q) = exp — (F.0.7)
= om (L=tm)(1—qm)
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which converges for all t and all q provided that |U| < q~ 1 H00ad=D0(4-1)  where only here 0(x) denotes
the step function which is (z) = 1 if z > 0 and #(x) = 0 if x < 0. From the analytic properties of the
shifted factorials (F.0.2) we can derive the identities

1 1

MM(U; ¢t _—— MU g = —————, F.0.8
( )= M(Ut;t,q)’ Uit M(Uq~*it,q) (FO9)

as well as the following functional relations
MUt t,q) = (Ug;9)cM(Ust,q),  M(Ugst,q) = (Ugi ) M(Us t, 9). (F.0.9)

A further useful identity is
t

M(Q;q,t) = M(Qa;‘wﬂ : (F.0.10)

Nekrasov partition function: The quantum dilogarithm enters the definition of the Nekrasov partition
function [43]] through the functions Nrp(Q;t, q)

HH @(Qqf— it =1) p(Qqt/ 1)

Nrp(Q;t,q) —~ (F.0.11)
i1 g PQaT I p(Qat )
which are equivalent to
Nep@ita)= [ (1-@a®71¢%) T (1-Qa et (F0.12)
(i,J)ER (i,5)eP
and also to
Nap(@ta) = T] (1-@a® 0 I (1-Qa PHefat) . ®o13)
(¢,4)eP (i,7)ER

In the main text, we label Npp(Q;t, q) = Nrp(Q) in order not to make our formulas too baroque. The
notation in these expressions is as follows: I? and P are Young tableaux or partitions, R; represents the
length of row i and R! is the dual partition to R, with rows and column exchanged with respect to those
of R. Furthermore, a box s € R on row ¢ and column j of R has leg-length [r(s) = Rg- — 1. When one
of the partitions in definition (F.0.12)) is empty, this becomes one of the following

Nr —Ri+1g—1
N — 1— —Rz"f‘jti—l _ SO(QCI A t ), FO.14
. (z’}lfz( @ ) E P(Qat™") ( :
Nro(@Q) = ] (1-Qq 7t H ‘%’Lt 5 (F.0.15)

(4,5)eR =

Note here for future reference that for () = v 2V the partition function

= o(Qqt)
Nrp(Q (F.0.16)
1_[1 QqR +1t )
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vanishes if Np > N; the argument for the quantum dilogarithm in the numerator o(Qqt~*) becomes 1
ati = N + 1 and the numerator vanishes. Similarly, Ny (Q) vanishes if Q =t~ and Ng > N. This
follows from the identity

Nep(Qu™>) = NPR(Q_I)(QU_I)RHP;R , (F0.17)
P
where
fR = H (—1)qR"_j+1/2t7R§+i71/2 — (_1)|R|q||RH/2t_||Rt||/2 (F.0.18)
(4,7)ER

for |R| = Y, R; and ||R|| = Y, R?. Finally, note that when the partitions R and P are finite, whereby
the Young tableau have a finite number of rows, equation (F.0.TT)) becomes

Ng Np

P p(Qat ") N N
P R .0.19
Nrp(Q Hl_lﬂ’ Qqi—Prlg—i-1) o(Qqu—) Nrp(£PQ)Nyp(tEQ) . (F.0.19)

=1y

Similarly to (F.0.14)-(F0.13), the partition function (F0.19) also vanishes when @ = v~2t" unless
Ngr — Np < N (and likewise when @ = t~%). The function Nz p further satisfies the identity

t
Nrp(Q;a,t) = Npige (Qﬁ; t.q) . (F.0.20)

Special functions for topological string amplitudes: When writing topological string amplitudes, the
following function is ubiquitous

HH( _ it g J)fl, (F.0.21)

i=1j=1

which up to an over all coefficient is the principal specialisation of the Macdonald function.

F.1 Thelimitq — 1

In this section we study how to take the ¢ — 1 of ¢(z) and M(z). We begin with the quantum diloga-
rithm (z) and its plethystic exponential expression

2™ 1
p(2) = (219)00 = exp [— P m)] : (F.1.22)
m=1 m q
using which we can derive
log (=) = ——Lia(2) + = log(1 — 2) + O (logq) (F.123)
g ¢ ~ logq 2 5 g gq) - -1

This identity was also derived by Kirillov in [183]. Observe that by forming the ratio E g we eliminate

the leading Lis divergence in the ¢ — 1 limit and then by further dividing by the subleading log term we
obtain a function

Dy(2) = qz) (1-q)' 7, (F.1.24)
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that is finite in the ¢ — 1 limit

lim T'y(2) = exp (g(O)(l — ) (log q) + O (log q)2) (F.1.25)
q—
with ¢(0) = —%. This is a g-deformed version of the usual Gamma function and satisfies the functional
relation 1 o

To(z+1) = _qq Ty(2) = [2]Tq(2) . (E.1.26)

It is proved by Koornwinder in the Appendix B of [184] that

lim Ty (2) = I(2). (F.1.27)

q—1

Finally, we may compute the ¢ — 1 limit of

lim (o() /o(a)) = (D(=6%)) " (1 — q)*+¥". (F.128)

q—1

We also derive here a useful identity that we need in the main text, the limit for the following ratio of
quantum dilogarithm functions

I (g x)
1m
1—1 p(qo2)

— exp(— (Liz(e" &) — Lig(e™*%z)) /e) (F.1.29)

~ exp(— (Lia(z(1 — ag€)) — Lia(z(1 — aze))) /e)
=exp ((a1 — ag)zLi’y(z))
=exp((a1 — ag)z(—log(l — z)/x)) = (1 — z)**~* | (F.1.30)

where at an intermediate step we use the identity
x
d
Lis(z) = —/ Pog(1—y). (F.1.31)
o Y

We can now proceed similarly with the M function using (F.0.7)

o0

M(z) = (20;4,9)s = exp [Z ad

m qm

c : F1.32
m (L) (1 —qm) (F132)

m=1
and in the ¢ — 1 limit we obtain

Liz(z)  1Lig(2) Liy(z) b* — 362 + 1

(b —1) +

b2 log(z;q,t)ee = — +O(logq) . (F1.33)

(logq)2 2 logq 3! 2
We find that the function
M(t/q) “1 1 (2—1)(2—b—22)
Foi(z) = ——=p(@)" (1 —q)2"* z (F.1.34)

has a finite ¢ — 1 limit and it furthermore satisfies, using (F.0.9), the functional relation

Toi(z+ 1) = Tq(z)Tq(x) . (F.1.35)
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Variants of Jackson integrals and the
q — 1 limit

Equation (16.2.20) is useful for studying the limit ¢ — 1 of the Jackson integral. We reproduce this here

1
I;:/O dyo o1 2192) (G.0.1)

In the limit it corresponds to the integral

1
lim I} = / dr 2711 — )57, (G.0.2)
It remains to study the factor in front of I& in (16.2.20). We first note that ¥}4(z) is closely related to the
Jacobi theta function 6} (x, 7) defined as

91 (.%, 7_) — _e%ir ) sin(mt) H (1 o 627r'm7'627ria:)(1 _ 627rin76—27ria:)(1 o 627rinfr) (G03)

n=1

Indeed, the relation between ¥4(z) and 6y (z, 7) is
9q(e2™7) =ie™7 e BTGy (2, 7),  q =2, (G.0.4)

In order to study the limit ¢ — 17, or equivalently 7 — 0, Im(7) > 0, we may use the modular
transformation property of 6; (x, 7),

01 (z,7) = i(—ir)"Ze =% 01 ()T, —1/7). (G.0.5)
It follows that
O1(sT,7) = i(—ir)_%e_”iSQTﬁl(s, —1/7) ~—i (—iT)_% e i 2sin(ws), (G.0.6)
leading to
9q(q°) ~ (—ir) "2 e~ ir 2sin(ms). (G.0.7)

It remains to study the asymptotics of (q, q)2. To this aim we may use the relation between (q, q)oo and
the Dedekind eta-function,

miT

(9,9)00 = €~ 1279(7) . (G.0.8)
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Using the modular transformation property 7(7) ;

= (—i7)"2n(—1/7), one finds

(4,900 = 67?(—@'7)*%77(—1/7) = e*%(—ir)*%e*% H(l — 672#1/7) ) (G.0.9)
n=1
which implies '
(4, @)oo ~ € 37 (—iT) 2. (G.0.10)
Taken together this yields

211 Uq(q°) omi  (—ir)"% _ . N
1—q (@3~ (=2rir) (Zip) 2sin(7s) ~ 2isin(7s). (G.0.11)
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Appendix H

Useful identities

Here we collect a set of useful identities which enter the derivation of the main results presented in

Section The functional shift relations (F.0.9) obeyed by the function M(Q;t,q) imply the shift
relation

M(M) = M(Mt*) H o(Magt™1) (H.0.1)

which further implies the following identities

M _M; Ny j 4
(MjJrl) _ H o < M; ,qt1> , (H.0.2)

N1 M M1
M (’t I Ny ) I=1 +J

Na,i_ a,j+1 ]\/[a+i Nll+1,j Ma+i Na,i_I
M (t Mayjt1 I=1 Ma+1+yjt q

= ) . H.0.3
M ([ Nai=Natr,j Mavi HNGJH Mati (N, T ( )
I, =1 P\ M, q

a+1+j

Useful identities: double products that appear in Section [18.3| in the evaluation of the integrand
(18.3.40) with empty partitions can be reduced using the following identities

ﬁ H p(Qer o) H p(Qt*2) H H @ Qtsl e H p(Qt)
g 1 fsl —so+J— I+1 QfI gt tsl —so+J— I) s (p(QtSl_J)7
ﬁ SH2 t51—52+J—[) ﬁ S0( tsl I ﬁ ﬁ 90 t52—81+I—J+1) ﬁ S0(62{52-%-1—])
+J—I-1y 1 -0y -1y -
g Qe ) p(QEr—s2=l) T Lo 2L Qe E) AL o(QE)

(H.0.4)

H.1 Face relations among Kahler parameters

The Kéhler parameters QEZBI that are associated to segments on the web diagram in Figure|18.1|obey the
relations (18.0.2), which we reproduce below

Qljz)Qm [ Q j+1 QlJJrl ) Qn erthl - Qm z—i—lQn ;i1 0 Ql i Qn HA Ql(?:rl)@?(z 24—1 ) (HIS)
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and which relate products of Kihler parameters around a face of the web. Starting from these basic
identities, we derive in this section a more general set of face relations, where the faces assemble into
strips on the web diagram. Such strips are depicted by solid colourful lines in Figure [H.T] and each
of them corresponds to a product of Kihler parameters with powers dictated by equation (I9.1.21) in
Section[19.1]

Figure H.1: Kdhler parameters QSZL associated to strips on the web diagram.

For example, the most simple such strip relations are

i 1 a 1 a 2 —a
strip 1 (blue) : )N (Qin)N DU 5;127_2)2 (Q§;&_2)2(N ) —
(
l

N “<Q£,33N_2>a< N @

( (1)
( nN 2
2
strip 2 (ved) : [ (@)™ Q)" @U@l =
2 3
H Y= (QUE yel3d) H (H.1.6)

More generally, the Kihler parameters on a generic strip k < a — 1 satisfy the identity

strip k : H QnN L) )(Q%?N_k)a(kﬂfj)(Ql(;ljzf_k_l) a(k+1) (Qlkzﬂ) 1)(k+1)(N,a) _

7j=1
k+1

a 1 a
H nNkl TN (Q(jJr ) ])H lNkl : (H.L.7)

Jj=1
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For k > a — 1, there are two cases that should be distinguished. The first of these is

stripa—1<k<N—a—1' (H.1.8)
a k
H(Q ]) ] —a) H H a(k+1—j3)
j=1 j=a+1 j=1
1 (k+1 a(N—k—
(@)Y <Ql“ N =
[T@% /™ H QN ks H(Q%N )" TR N
j:l j a+1 ]:1 le

The second involves the strips in the range N —a — 1 < k < N — 2, whose label can be set to
Ek=N-a—1+F

stripN—a—-1<k<N-2: (H.1.9)
k
1 —a - N—a j a(N—j
(Ql(;zzl—k—l)(N JIN—k=1) H(QnN k) ) H (Qq(fzv_k) (N=7)
Jj=1 j=a+1

k' k

j —a)(N—k—1+j j a —j k+1 a(N—k—
[T(@ply ™= T @y ) (@i ) =
j=1 j=k/+1
a k
[T@N V™= T @y )™=
Jj=1 Jj=a+1
K "

41 —a —k—14j 1) i i
H(ijjjv)_k_l)(zv Y(N—k—1+7) H (ngN L yelr1=d) H ( l(;Jlil—k—l)N'
J=1 j=k'+1 j=k/+1

In particular on the last strip k = N — 2, equation becomes

(I19) = (a) NH Q(J Nl__f (QSLJ;)I)a(N 7) H Q(J j NH1
j=a+1 j=2 j=a+1

(H.1.10)
after relabelling the limits for the products.
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Final thoughts and perspectives

221






Concluding remarks

The study of four dimensional quantum field theories with a certain amount of supersymmetry is partly
based on the hope that understanding non-perturbative phenomena and developing techniques to compute
certain quantities of physical interest exactly will lead to invaluable knowledge which is applicable to
more realistic cases. In this context, ' = 2 supersymmetric field theories have been at the heart of much
recent progress. Such theories have been engineered as low energy limits of different, dual string theory
constructions and this perspective has led to surprising insights.

One such example is the correspondence between certain N = 2 supersymmetric field theories
X(Cy,n,9) in four dimensions and two dimensional sl Toda conformal field theories. In this thesis
we have begun a program to generalise this correspondence in particular for higher rank cases where no
Lagrangian description is known of the former. Quantities protected by supersymmetry, such as partition
functions and vacuum expectation values of supersymmetric line operators, play a central role in this
endeavour. Motivated by the approach of [54] for g = sls and the relation between line operators and
the moduli space of flat connections Mg, which was investigated there, we took the quantised algebra
of functions Ag, on moduli space of flat SL(V, C) connections on Riemann surfaces C ,, as an ansatz
for the algebra Ay of supersymmetric loop observables in theories X(Cy p,, g) of class S with g = sl

In part [[I] we have described in detail the quantum algebra Ag, in terms of generators and relations,
which the arguments of Gaiotto, Moore and Neitzke relate to Ay, while in Part[[TI] we have proven Agy
to be isomorphic to the algebra Ay of Verlinde loop and network operators in s[x Toda conformal field
theory. The resulting relations Ay ~ Agy, =~ Ay support a higher rank generalisation of the AGT
correspondence, in particular to strongly coupled non-Lagrangian theories X(Cg 1., g).

While parts [[I] and [[T]] established an isomorphism between the three algebras of operators, they only
briefly touched on their spectra in Chapter [T1] This isomorphism should be extended to a higher gener-
alisation of modular functors [185], identifying the Hilbert spaces on which these operators act and the
actions of the mapping class group of the Riemann surface on them. The first step would be to compute
and compare the spectra of operators. As functions on the moduli space of flat connections, one should
find a representation which diagonalises a maximally commuting set of operators (possibly including
networks) in terms of canonically conjugate variables.

The results of parts [l and [[1I] also suggest that suitable Toda conformal blocks represent natural candi-
dates for the partition functions of strongly coupled theories X(C, 5, g), and together with Part|IV|of this
thesis provide the groundwork for a program to explore this relation further. Part[[V]has begun addressing
connections to topological string theory using the partition functions from topological strings on Calabi-
Yau threefolds which appear in the geometric engineering of 4d non-Lagrangian theories X(Cy,», g) and
which have been determined through refined topological vertex techniques by [48], [75]. The corre-
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sponding Toda conformal blocks should be obtained as a limit of these partition functions, however, the
precise way to take such a limit is still in general an open question and requires a meaningful renormali-
sation procedure to eliminate divergences. It will become possible to extract useful predictions from the
topological strings results only when such questions are fully elucidated.
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