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Notations and conventions

N denotes the set of all natural numbers and Ny := NU {0}
7 denotes the set of all integers and R denotes the set of all real numbers
x € R? for some d € N has the representation © = (x1,...,24)7

Xi,..., X, for some n € N denotes a d-variate random sample with X; =
(Xil,...,XZ‘d)T for ¢ € {1,771}

x <y for x,y € R? is short for x; <y; forall j=1,...,d

x Ay for ¢,y € R? is short for (x1 Ayy,...,2q Ayq), where x Ay := min(x,y)
for x,y € R

|z] ==max{j € Z:j<z}forzeR
for k,i € N& and = € R? let

d
o |k ::ij and k!l :=Fky---ky

J=

owk—xlfl Sd
() ),,for7,<k:

forg:]Rd—HR, 0:=(0,...,0) € N¢, k € N{\{0} and = € R? let
o D%(z) = g(x)
Ik
o DFy(x) := m(@
. f(_oo@] glu)du == [* - [T gluy,. .. ug)duy ... dug

o [gu)du = [, g(u)du

for g : R — Rlet [g(u)du:= [~ g(u)du

i.i.d. is short for independent and identically distributed

a.s. is short for almost surely

0(Z) denotes the o-algebra generated by the random variable Z

N (11, 0%) is a normal distribution with mean y € R and variance 0* € R with
2
o“>0

Nk (p,Y) is a K-dimensional normal distribution with mean vector pu € R¥
and positive definite covariance matrix ¥ € RE*K

2 denotes equality in distribution
2 denotes convergence in distribution

£ denotes convergence in probability

~ denotes weak convergence

il






Introduction

When looking at time ordered statistical data - arising in such diverse fields as epi-
demiology, geology or econometrics - changepoint analysis can help to detect if and
when changes have occurred. In the context of regression analysis, detecting and
estimating changes of the relationship between regressor X; and response variable
Y; for a given data set {(Y;, X¢) : t = 1,...,n} of size n € N may be a matter of
particular interest. If a change exists, a single regression model will fit the data
rather poorly. Figure (1| shows the scatter plot of simulated data points that follow
a linear regression with different coefficients for the first and second halfH Clearly,
fitting a linear regression model to the full data set will lead to misspecification.
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Figure 1: Scatter plots of simulated data with changepoint

These problems first arose in the 1950s in the context of quality control where
changepoint analysis was used to analyze a machine’s output in production for struc-
tural instability over time. Classical changepoint analysis is further used in the fields
of epidemiology, biology and medicine to just mention a few (see [12] for more precise
examples). Despite the fact that changepoint analysis has received much attention
for decades, it is still the subject of current research. Classical methods and models
have been extended in several directions. It was only a matter of time until the
problem naturally moved in the time series context, such as autoregressive models
that cover various more application fields. For instance economic and financial time
series data is frequently affected by political and social events and therefore liable

LA sample of 300 data points was simulated according to the autoregression model from Sub-
section @ on page @ with break size Ag = 1.4.
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Introduction

to structural breaks. Furthermore, in the field of climate control, climate data is
monitored and studied with regard to structural instability over time.

Figure 2] shows two data sets that have been extensively investigated in the
changepoint framework. The left one shows the weekly differences of log-returns of
the Dow Jones Industrial Average (DJIA) index between July 1st 1971 and August
2nd 1974. The right plot shows the annually flow of the river Nile in the city of
Aswan, recorded between 1871 and 1970. Regarding the DJIA time series, there
are several results that indicate a change in variance in the beginning of 1973. One
possible explanation is the discovery of the Watergate scandal that took place at
that time. Concerning the Nile data set results indicate that there is a structural
change in the mean in 1898. In fact, in this year the first damn was built in Aswan.
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Figure 2: DJIA (left) and Nile (right) data with potential changepoints

This thesis makes a contribution to the field of changepoint analysis in nonpara-
metric time series regression models that allow for heteroscedasticity. It focuses on
the detection of possible changes rather than on their estimation. It is structured as
follows. Chapter (1] gives a brief overview on relevant literature concerning change-
point analysis in regression models. The model under consideration is introduced
and some basic definitions are given. In Chapter [, the kernel estimators are pre-
sented and uniform rates of convergence are proven. Chapter [3|is the main part of
this thesis. It contains the construction of a test to detect changes in the condi-
tional mean function, which is based on the sequential marked empirical process of
residuals. The limiting distribution under the null hypothesis of no changepoint and
a stationarity assumption is proven, as well as a consistency result under a simple
fixed alternative is given. Finally, to emphasize the advantage of the proposed pro-
cedure, related literature is discussed. The assumption of stationarity under the null
plays an important role in the proof of the limiting distribution. However, a testing
procedure that allows for occurring breaks in the variance may be of interest as well.
In Chapter [ a bootstrap version of the test is proposed as valid procedure in the
case of non-stationary variances. Additionally, by extending already acquired meth-
ods, a test for change in the conditional variance function is obtained in Chapter
bl It contains a heuristic discussion of the limiting distribution under the null and
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consistency properties against changepoint alternatives. Finally, in Chapter [6] the
finite sample performance of the tests, presented in this thesis, is investigated. Both
level and power simulations in various time series models are conducted. Addition-
ally, the tests are applied to the Nile and DJIA data sets that are given in Figure
2l Technical and auxiliary lemmata for all proofs can be found in Appendix [A] A
weak convergence result for sequential empirical processes with weakly dependent
data is given in Appendix [B] It is needed for the main result of this thesis, but may
also be of interest on its own.






1 Fundamentals

In this introductory chapter, a literature review on changepoint detection in re-
gression analysis will be given. Furthermore, the statistical model and the null
hypothesis under consideration will be presented. Finally, some basic definitions
concerning mixing conditions and weak convergence of empirical processes will be
made, as well as the stochastic o and O notations will be introduced.

1.1 Literature review

Since the pioneering work of Page [58] 59 in the field of quality control, changepoint
analysis has received much attention in the literature. Especially in the parametric
framework, a lot of research has been done. In the most simple situation a possible
mean change in otherwise independent and identically distributed (i.i.d.) random
variables is considered. Later on this was extended to stability tests for the parame-
ter in linear regression models. A popular procedure for changepoint detection in this
context is the so called CUSUMF_-] test, first proposed by Brown, Durbin and Evans
[5], which is based on the fluctuation in the partial sum of residuals. It has been used
quite extensively in the case of independent observations, see for example Csorgé and
Horvath [12] and references mentioned therein. The problem naturally moved from
i.i.d. into the time series context. Kréamer, Ploberger and Alt [38] considered linear
regression models with lagged dependent variables, Horvath [32] investigated linear
autoregressive models and Bai [3] more generally studied ARMAE] models, to name
just a few. In contrast, relatively little work has been devoted to the nonparametric
case. Most of the existing literature deals with the construction of estimates for
both size and location of a possible changepoint (cf. Delgado and Hidalgo [16] for an
overview) rather than testing for its existence. Kirch and Kamgaing [35] extented a
CUSUM type test to non-linear autoregressive models, using neural networks. Both
Hidalgo [29] and Honda [31] used nonparametric methods to test for changepoints in
the regression function in nonparametric time series regression models with strictly
stationary and absolutely regular data. Su and Xiao [71] extended these tests to not
necessarily stationary and strongly mixing processes, allowing for heteroscedasticity
and changes in the conditional variance function. However, their procedure does
only seem to work for fixed changes in the variance. Su and White [70] proposed
changepoint tests in partially linear time series models and Vogt [70] constructed a
kernel-based Ls-test for structural change in the regression function in time-varying
nonparametric regression models with locally stationary regressors. Hidalgo and

LCUSUM: cumulative sum
2ARMA: autoregressive moving-average



1. Fundamentals

Dalla [30] proposed a test for smoothness in a nonparametric regression model with
dependent data, based on the supremum of the difference between one-sided kernel
regression estimates.

A related strand of the literature deals with changepoint detection in the error
distribution of a regression model. In the parametric framework Koul [37] considered
non-linear regression models and Ling [48] non-stationary AR models, to just men-
tion a few. Neumeyer and Van Keilegom [54] constructed a test for change in the er-
ror distribution in nonparametric regression models with independent observations,
while Selk and Neumeyer [66] obtained a procedure that allows for heteroscedastic
autoregression models.

Instead of considering the whole error distribution, more specifically tests for
changepoints in the unconditional error variance can be of interest as well. Lee,
Na and Na [45] considered parametric autoregression models, as well as fixed design
nonparametric regression models with strongly mixing errors using a CUSUM testing
procedure. Chen and Tian [I0] constructed a ratio test for changepoint detection
in the variance in random design nonparametric regression models. Though, it does
not allow for autoregressive effects, as a compact support of regressors is assumed.

Another interesting issue is the investigation of structural stability of the con-
ditional variance function in heteroscedastic models. While again a lot of research
has been devoted to the parametric case, notably for ARCH and GARCHF] models
(cf. Chen, Choi and Zhou [§] for an overview), just a few authors have considered
nonparametric models. Chen, Choi and Zhou [§] for instance studied a nonpara-
metric heteroscedastic time series model with a scale change in volatility. However,
they assume a compact support of regressors, which is problematic when considering
autoregression models.

1.2 The model

The aim of this thesis is to draw conclusions from an observed data set {(Y;, X;) :
1 <t < n} of size n € N about the structural behavior of the whole process. The
model under consideration is a regression model, that also allows for autoregressive
effects and heteroscedasticity.

To this end let (Y;, X;)iez be a weakly dependent stochastic process, following
the regression model
}/t = mt(Xt) + Ut, t e Z, (11)

where X is a d-dimensional covariate, Y; is a one-dimensional response Variableﬂ and
with unobservable innovations (U,);ez. Let E[U|F'] = 0 almost surely (a.s.), where
Ft'=0(Uj—1,X;:j <t)and o(Z) denotes the o-algebra generated by the random
variable Z. For the unknown regression function m, : R¢ — R, it therefore holds
that

EY| X, = x| = my(z), t € Z,

for all € € R?. Thus, m, is the conditional mean function of Y, conditioned on Xj.

3(G)ARCH: (generalized) autoregressive conditional heteroscedasticity
4Sometimes the notation {(Y;, X;) € R x R? : ¢t € Z} will be used as well.



1.3. Mizing conditions

Assuming (Y7, X1),...,(Y,, X,) have been observed, the aim is to test the fol-
lowing null hypothesis

Ho:my(:) =m(), t=1,...,n, (1.2)

for some function m : R — R not depending on the time of observation ¢ against
the alternative hypothesis

, (1.3)

) () — m(l)(-), t=1,...,|nso|
Hy:3so€(0,1): t<>_{m(2)(')7 t=|nso] +1,...,n

for some functions my, m) : R¢ — R with m1y Z M)

Note that X; may include finitely many lagged values of Y;, for instance X; =
(Yii1,...,Y;_4)T. Hence, the model allows for autoregressive effects. By allowing
the second moments of the innovations U; conditioned on X; to depend on X,
heteroscedastic models will also be covered.

1.3 Mixing conditions

Regarding the dependence of the process, some kind of weak dependence structure
is needed. In what follows, the notion of strongly mixing triangular arrays and se-
quences will be introduced. In the mixing framework a so called mizing coefficient
is defined, that in some sense measures the dependency of two segments of the se-
quence that are apart from each other in time . The sequence is called mizing if
this coefficient tends to zero, as t tends to infinity, i.e. heuristically speaking if the
two segments behave asymptotically independent.

More precisely, let the following definition be introduced which can be found in
[69].

Definition 1.1 (Strongly mixing triangular array). For some triangular array of
random variables {X,,; : 1 <t <n,n € N} define

sup sup |P(ANB) — P(A)P(B)|, t<n-1
1<k<n—t Aco(X, ;1<j<k)
an(t) == BEJ(Xn7j7k+t%j§n) (1.4)
0, t>n

and

sup a,(t), teN
a(t) := { neN .
1, t=0

Then {X,+: 1 <t <n,n € N} is called strongly mizing or a-mizing, if a(t) — 0
as t — oo. Furthermore, a(-) is referred to as the mizing coefficient of {X,; : 1 <
t <n,n e N}



1. Fundamentals

Remark. Note that within some proofs in this thesis, where results only for a fixed
sample size n € N are needed, properties of a,(:) as defined in ([1.4]), rather than
those of a(-), are used. In these cases «,(-) will also be referred to as the mixing
coeflicient of {X,,;: 1 <t <n,n € N}.

For a sequence of random variables the strongly mixing notion simplifies in the
following matter. This version can for example be found in [4].

Definition 1.2 (Strongly mixing sequence). A sequence of random variables { X :
t € Z} is called strongly mizing or a-mizing, if

a(t) := sup sup |P(ANB) — P(A)P(B)| — 0, t — cc.
keZ Aco(X;:j<k)
Beo(X;:k+t<j)

If the sequence is strictly stationaryﬂ then the mixing coefficient simplifies to

at)=  sup |P(ANB)— P(A)P(B)|.
A€ (X;:5<0)
Beo(X;:t<j)

In Chapter [3] a test statistic will be constructed to test Hy of no change in the
regression function against changepoint alternatives as H;. In Section [3.2] which
concerns the asymptotic behavior of the test statistic under the null, the process
{(V;, X;) e Rx R?: ¢t € Z} will be assumed to be strictly stationary. The strongly
mixing assumption used therein is therefore meant in the sense of Definition [1.2]
Section deals with the behavior under some fixed alternatives. As the possible
changepoint is assumed to depend on the sample size n € N, the process will then
be viewed as a triangular array {(V,+, X,:) € Rx R?: 1 <t < n,n € N}. The
strongly mixing assumption is then meant in the sense of Definition [1.1}

Remark. Two different kinds of conditions on the mixing coefficient will be used in
this thesis, namely

e polynomial mixing rates, i.e. a(t) < Bt~# for all t > 0 and for some 3 > 0,
0 < B < ooand

e geometric (exponential) mixing rates, i.e. a(t) < Aa* for all ¢ > 0 and for
some a € (1,00), 0 < A < 0.

In the following, examples will be given, that are strongly mixing with exponen-
tial mixing rates.

Ezxample. (i) Let (Y;)iez be strictly stationary following the AR(1) model
n:an—1+5t, teZ

with (&¢)iez g N(0,1) and |a| < 1. Then (Y})iez is a linear process of the
form Y; = 377 a’e;; (see for instance example 2.7 in [41]). As the coefficients
in above series converge exponentially fast, (Y;)iez is strongly mixing and
possesses exponential mixing rates (see for instance [21] Subsection 2.6.1 (iii),
p. 69). Note that this does not hold if for instance the innovations (e¢)ez
follow a binomial distribution as stated in [2I] as well.

A sequence {X; : t € Z} is called strictly stationary if (X¢,,. .., Xt,) z (Xty4hy -y Xeptn) for
all k e Nand tq,...,tg, h € Z, where 2 denotes equality in distribution.
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(iii)

1.4. Weak convergence and empirical processes

Causal and stationary ARMA processes have an MA(oo) representation with
coefficients that decay exponentially fast (see for instance Remark 7.8 in [41]).
Hence, they are also strongly mixing with exponential mixing rates, provided
that the innovations are absolutely continuous.

Doukhan [I8] considers the non-linear AR-ARCH process (Y;)ez of the form
Yi=m(Yiq)+o(Yia)e, te€Z

for an i.i.d. sequence (&;);cz with mean zero and variance one. Proposition
6 in Subsection 2.4.2.3 in [I8] gives conditions on m, ¢ and the innovations
that imply geometric ergodicity of (V;);cz (see [I8], p. 89 for the definition).
This implies the strong mixing property with exponential mixing rates (see
[21] Subsection 2.6.1 (vi), p. 70).

Both Lu [50] and Liebscher [47] consider (Y;)iez following the more general
non-linear AR-ARCH equation

}/;f = m(}/;—la s 7}/;—(1) +g()/;f—17 s a}/;f—d)gh teZ

for an ii.d. sequence (g;);cz with mean zero and variance one. They both
give sufficient conditions on m, ¢ and the innovations under which (Y})cz is
geometric ergodic (see Theorem 1 in [50] and Theorem 4 in [47]). In the linear
model

n:aln_1+---+adm_d+\/b0+b1n%1+-~-+bdyzdgt, tez,

where (g;)iez RS N(0,1) such that ¢, is independent of Y; for all j < ¢ —1,

the condition in [50] simplifies to
d 2y
(Z |ai|> +3 bhi< 1.
i=1 i=1

Note that this however is not the weakest possible condition as can for instance
easily be seen in the homoscedastic case, i.e. for by = --- = by = 0.

1.4 Weak convergence and empirical processes

The concept of weak convergence of a sequence of stochastic processes is a gener-
alization of convergence in distribution of a sequence of random variables. Instead
of random variables with values in Euclidean spaces, it concerns random elements
that take values in more abstract metric spaces. The space that will be of interest
in this thesis is the function space of all uniformly bounded real-valued functions.
More precisely let 7" be an arbitrary set and let

1°°(T) = {z T = R: ||zl :=sup|z(t)| < oo} .
teT



1. Fundamentals

This is a metric space with respect to the sup norm || -||». Following the modern
empirical process theory, well summarized in [75], this space will be equipped with
the Borel g-algebra, the smallest o-algebra that contains all open sets.

A stochastic process Z = {Z(t) : t € T'}, defined on some underlying probability
space, can be viewed as a random element in [*°(7") if all sample paths are bounded.
Let in the following all random objects (measurable or not measurable) be defined
on the same underlying probability space (€2, A, P). The following definition can for
example be found as Definition 1.3.3 in [75] in a more abstract version for random
elements in general metric spaces.

Definition 1.3 (Weak convergence). Let Z be measurable with values in (*(T"). A
sequence Z, with values in [*°(T) is said to converge weakly to Z if

E'[H(2,)] —_E[H(Z)

for all bounded and continuous functions H : [*°(T") — R, where E*[X] denotes the
outer expectation of a possibly non-measurable real valued mapping X. It will be
denoted by Z,, ~~ Z.

n—o0
Remark. As it can be seen for example by applying Theorem 1.5.7 and Theorem
1.5.4 in [75], it holds that Z, converges weakly to Z in (°°(T) if and only if the
following two conditions hold
e fidi convergence: for all K € Nand all t1,...,tx €T

(Zn(tk))k=1,. K 2>OO (Z(tr))k=1,.. K,

n—
D e e
where — denotes convergence in distribution.

e there exists a semi metric d on T', such that (7, d) is totally bounded and Z,
is asymptotic equicontinuous, i.e.

lim lim sup P* ( sup | Zn(t1) — Zn(ta)| > e) =0

N0 nooo {t1,t2€T:d(t1,t2)<d}

for all € > 0, where P*(A) denotes the outer probability of a possibly non-
measurable set A.

These two conditions are in many situations easier to verify.

Definition 1.4 (Empirical process). Let {X,: : 1 <t < n,n € N} be a trian-
gular array of random variables with values in some measure space X. For some
measurable function ¢ : X — R and some s € [0, 1] let

|ns)
Gols,0) = % > (¢(Xai) = Elp(Xai)) n €N

For some function class F of measurable functions X — R the (non-sequential)
empirical process indexed by F is defined as {G,(1,¢) : ¢ € F},n € N, and can be
viewed as a sequence of random elements in [°°(F). The sequential empirical process
indexed by [0, 1] x F is defined as {G,(s,¢) : s € [0,1],p € F},n € N, and can be
viewed as a sequence of random elements in (*°([0, 1] x F).

10



1.4. Weak convergence and empirical processes

For the empirical processes to converge, assumptions concerning the underlying
process and the function class are needed. Assumptions on the underlying process
concern dependency and distribution. Assumptions on the function class are often
given in terms of the so called covering and bracketing numbers, which in some
sense measure the size of the function class. The following definition introduces the
bracketing notion and can be found for example as Definition 2.1.6 in [75].

Definition 1.5 (Bracketing number - first version). Let X be a measure space, F
some class of functions X — R and p some semi norm on F. Given two functions
Liu: X — R with p(l) < co and p(u) < oo, the set of all functions ¢ such that
| < ¢ < wis called bracket and denoted by [l, u]. For € > 0 the e-bracket is a bracket
[[,u] with p(u — ) < e. The smallest number of e-brackets needed to cover F is
called the bracketing number and denoted by N (e, F, p).

In Appendix [B] a different definition for bracketing number will be used to show
a weak convergence result for empirical processes with weakly dependent random
variables. It is based on Definition 2.1 in [2], but uses a slightly different notation.

Definition 1.6 (Bracketing number - second version). Let X be a measure space,
F some class of functions X — R and p some semi norm on F. For all ¢ > 0,
let N = N(¢g), be the smallest integer, for which there exist a class of functions
X — R, denoted by B and called bounding class and a function class A C F called
approximating class such that

|B| = |A] = N,
p(b) <e, VbeB
and for all ¢ € F there exist an a* € A and a b* € B such that
[ —a™| <D

Then N (e) is called the bracketing number and denoted by Nj (e, F, p). The func-
tion a* is referred to as the (to ) corresponding approximating function and the
function b* as the (to ) corresponding bounding function.

Remark. Note that Nj(2,F,p) < Nj(e, F, p) for all £ > 0. To see this, for ¢ > 0
and p € F let a* and b* as in Definition[L.6]be considered. Then [I, u] with [ := a*—b*
and u := a* + b* is a 2e-bracket containing ¢ as [ < ¢ < u and

plu—1) = p(20") = 2p(b*) < 2e.

On the other hand for an e-bracket [I,u] containing ¢ € F, by the choice of
a* =% and b* := !, it can be obtained that |p — a*| < b* and

p(b") = p (u ) l) = %p(b*) <

DO ™

However, as a* is not necessarily element in F, this does not necessarily lead to a
valid approximating function as in Definition [I.6] Hence, the other inequality does
not hold.
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1. Fundamentals

1.5 Stochastic o and O symbols

In analysis the o and O symbols are used to describe the limiting behavior of a
function. It particularly simplifies notations when expressing rates of convergence.
When talking about its stochastic versions, rates of convergence in probability are
of interest.

For real valued sequences (z,)neny and (y,)nen let the following notations be
introduced
Tn,
Tp=o0(yn) & — — 0

yn n—oo
and
Tp = O(y,) = 3IC <00, N < 00: In <C, Vn> N.
Yn

For sequences of real valued random variables (X,,),en and (Y;,),en defined on
some common probability space (€2, .4, P) let the following notations be introduced

Xn
X, =op(Yy,) > =2 5,

n n—oo

where 5 denotes convergence in probability. Furthermore, let

n

Xn:Op(Yn)I<:>\V/t>OE|C<OO,N<OOiP< v

>C><t, Vn > N.

For further information and some useful properties see Section 2.2 in [74].

12



2 Kernel estimation

To avoid additional model misspecification, nonparametric methods are used for
the estimation of unknown functions. In contrast to parametric procedures, no
specific assumptions on the form of the unknown functions are presumed. The only
kind of conditions concern smoothness and uniform bounds on expanding compact
sets. One of the most popular approaches in nonparametric statistics is the kernel
estimation. Kernel density and regression estimators, that are used in this thesis,
will be defined and uniform rates of convergence for strongly mixing and strictly
stationary processes will be proven under regularity assumptions. The results will
be compared with existing literature. Additionally, a uniform consistency result will
be given for strongly mixing triangular array processes.

2.1 Definition

The nonparametric estimators, that will be used, are the kernel density estimator,
its introduction can be traced back to Rosenblatt [65] in 1956 and Parzen [60] in
1962, and the Nadaraya-Watson estimator, independently proposed by Nadaraya
[53] and Watson [79] in 1964.

Definition 2.1. Let {(V;, X;) € Rx R?:¢ =1,...,n} be a sample of size n € N,
K : R? — R a function with Jpa K(x)dx = 1, called a kernel, and h a positive

real valued number, called a bandwidth. Let Kj(-) := ;%K (+). The kernel density
estimator is defined by

folx) = %Zn:Kh(Xi —x), for x € R% (2.1)

The Nadaraya-Watson estimator is defined by

LS Ka(Xi - @)Y,
=1

() = ) L fu(®) 20 (2.2)

0, otherwise

for z € R?, following standard literature (see for instance 73], p. 32). Furthermore,
for x € R? define

%éKh(Xi —x)(Y; — 1 (x))?

5% (x) == o) L fulm) 20 (2.3)

0, otherwise

13



2. Kernel estimation

Remark. e Rosenblatt [65] first introduced the kernel density estimator for d = 1

and K(z) := 1I(|z| < 1), the so called rectangular kernel, motivated by a

discrete derivative version of the empirical distribution function.

e For i.id. or strictly stationary data, the density function f of X; does not
depend on i and f,, is a nonparametric estimator for f. Furthermore, m(x) :=
E[Y;|X; = x| does not depend on i and m,, is a nonparametric estimator for
m. Additionally, o?(x) := Var(Y;|X; = x) then does not depend on i either
and 62 is an estimator for 2.

e Note that, if K" is non-negative and therefore a probability density itself, then
for fixed X, ..., X, the function & — f,(x) is a probability density. In this
case the function = +— 62(x) is also non-negative and therefore

6n(x) := \/02(x) for & € R

is well defined. Nevertheless, for technical reasons it is useful to allow the
kernel to take negative values, as will be seen later on. Thus, both f, and 62
can take negative values for a finite sample size.

e The kernel density estimator fn can be interpreted as a smooth version of the
histogram of a sample. Additionally, 7, (x) is an average of such Y; that the
corresponding X; lies in a neighborhood of & and 62(x) is an average of such
(Y; — my(x))? that the corresponding X; lies in a neighborhood of x. The
bandwidth h determines the size of the neighborhood and should be chosen
dependent on n € N. For a larger sample size, the bandwidth should be chosen
smaller. Thus, in an asymptotic framework the bandwidth will always be a
sequence of positive real valued numbers (A, )neny With lim, o h,, = 0.

2.2 Uniform rates of convergence

In this section, the performance of the estimators will be studied given a strictly
stationary and a-mixing sequence {(V;, X;) € R x R? : ¢t € Z}. In particular, it
will be shown that the difference between the estimators and the unknown functions
converges in probability to zero as n — oo uniformly over some compact subset of
R and with certain rates. A direct consequence will be the property of consistency
for the estimators. Furthermore, uniform rates of convergence will be shown for the
partial derivatives of the difference. Therefore, a multi-index notation for higher
order partial derivatives is needed. For an index k = (ki,...,kq) € NI and = =
(z1,...,74) € R? let

K| o= Fey + - - + kg,

k! = k! kg,
e :Elfl . -msd.

For a function h : R? = R, z € R? and k € NZ\{0}, where 0 := (0,...,0) € Ng,

let
dlklh

D¥n(z) := ————(x),
(=) ... Ozl

14



2.2.  Uniform rates of convergence

if all the |k|-th partial derivatives of h exist in @ and D°h(x) := h(x). A useful tool
is Taylor’s expansion. It will be used with Lagrange form of the remainder, which
can be found for example in [36], p. 65. Let » € N. For an r times continuously
differentiable function A : R? — R and some «, a in some open subset U C R? for
which the line segment lies in U as well, there exists a € on the line segment between
x and a, such that

D*h(a)(x —a)* D*h(é)(x —a)*

hz)= ( Lg )+ > (5); ’ (2.4)

ieNd ieNd

0<lij<r—1 jil=r
For brevity reasons, the condition ¢ € N¢ in the bound of summation will be
omitted most of the times. The first sum of is the Taylor polynomial of
order r — 1 of h in a. The second sum is the remainder term in Lagrange form.
Another result, that will be used, is the so called Leibniz’s formula for higher partial
derivatives of the product of two functions. It can be found in [20], p. 13. For

functions u, v : R — R and k € N¢, it states that

D*(uv)(z) =) ("’) Diu(x)D* v (x), (2.5)
i<k \°

where (’:) = ﬁ for all 2 < k which in turn is short for i; < k; forall j =1,...,d.
As already mentioned, rates of convergence will be shown uniformly in x. As the
kernel estimators only perform well in regions where there are many observations
and rather poorly on the edges and outside of the sample space, nice asymptotic
properties can not be expected on the whole domain R?. This issue can be solved

by a truncation of the domain to the following compact set J,, C R?
Iy = [—cp, cn)”

d
= X [y, Cnl,
=1

where (¢, )nen 18 a positive sequence of real valued numbers converging to infinity
as n tends to infinity. Dependent on the rate of convergence of ¢,, uniform rates of
convergence of the estimators on the set J,, can be established.

In what follows, regularity assumptions will be presented under which the uni-
form rates of convergence stated in Lemma hold.

(P) Let (Y;, X;)iez be a strictly stationary and strongly mixing process with mixing
coefficient a(-). For some b > 2 let

14+ (b—-1)(1+4d)
b—2 '

at)=0(t"), (t > o) and 8 > (2.6)

(M) For b from assumption (P) let

o E[IV["] < o0,

e X, be absolutely continuous with density function f : R — R that
satisfies sup E[|Y1]°| Xy = x| f(x) < oo and sup f(x) < oo, and

xcR4 rcRd
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2. Kernel estimation

e Jj* < ocosuchthatVj > j* sup E[|V1Y|| X1 =z, X; = o] fij(®1, x;) <

L1,Ly

oo, where f1; is the density function of (X7, Xj;).
Additionally, let m : R? — R be the conditional mean function defined by

m(x) == E[Y1| X, = ] for all x € R?,

(J) Let (cn)nen be a positive sequence of real valued numbers satisfying ¢, =
O (log (nﬁ) and J,, := [—cy, c,]%

(F1) For some C' < oo and ¢, from assumption (J) let I, := [—c, — Chy,, ¢, +Chy)?
and for some 7,1 € N let
e fand m:R?Y — R be [ + 1 + r times continuously differentiable,
e 0! := inf f(x)>0forallneN,

CBEJn

e p,:= max sup |D*f(x)| < oo for all n € N and
I<Ik|<IH14+r e,

e ¢,:= max sup |D*m(x)| < oo and g, > 0 for all n € N.
0<|k|<i+1+T geI,

(K) Let K : R* — R be symmetric in each component with [, K(z)dz = 1.
Additionally, for r,l € N and C' from assumption (F1) let » > 2 and

o [biK(z)zFdz =0for all k € N§ with 1 < |[k| <r—1,
e K have compact support [—C, C]¢,
e K bel+ 1 times differentiable.

For all L € {K} U{D*K : k € N¢ with 1 < |k| <[+ 1} let

o |L(u)| < oo for all u € RY,
o |L(u) — L(u')| < Allu — u'|| for some A < oo and for all u,u’ € R%

(B1) With b and g from assumption (P) let

log (n) B-l-d-3%
— - =o(1) for 0 = 5 (2.7)
nh; B+3—d— 37
(B2) For 6, pn, ¢, and 7,1 from assumption (F1) let
log(n) + I l+151+2 o 0(1) (2 8)
dr2(+1) | mPn | Pn On = ’ :
nhp
and for some n € (0,1) let
log(n) s, en,, stidn _ o(1) (2.9)
nhd+2(l+1) npn pn Qn n - . .
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2.2.  Uniform rates of convergence

Remark. e Assumptions (P), (M), parts of (K) and (B1) are reproduced from
Hansen [26]. In particular, Theorem 2 in [26]|, which is a result on uniform
rates of convergence for general kernel estimators, will be applied in the proof
several times.

e The second bullet point in (M) controls the tail behavior of the conditional
expectation E[|Y1]°| X, = ] which can only increase to infinity at a slower
rate than f(x)~'. The last bullet point in (M) is a similar assumption for the
joint density and conditional expectation.

e Kernel functions that satisfy the first bullet point in (K) are often referred to
as kernels of order r. Together with the existence of r-th partial derivatives
of f and m in (F1) it causes the bias to be of order O(h],). These are typical
assumptions in the nonparametric framework.

e The condition ¢, > 0 for all n € N excludes the case of m = 0. However,
in this particular case uniform rates of convergence can be obtained as well,
which will be pointed out within the proof.

e Assumption (P) specifies the dependence structure of the process (Y, X;)iez
expressed in terms of the mixing notion. In particular, mixing coefficients with
polynomial rates of convergence are allowed for.

Lemma 2.2. Under the assumptions (P), (M), (J), (F1), (K), (B1) and (B2)

the following rates of convergence can be obtained.

(i) For fu(z) from Q1)) in Deﬁm’tz’on it holds that

(a) sup falz ‘_ (\/WJFW )
(b) ailp )Dk <fn )‘ - ( 10§+;L|26| + h;pn> for all k € Nd with
1<|k| <Il+1.

(it) For g,(x) := =3 Kp,(X; — x)Y; as an estimator for g(x) :== m(x)f(x), it
i=1
holds that

A _ — 10g r
() sup 1g:(w) — g(@)| = Op (/"5 + Wipaan ).

(b) sup |D* (gu(@) — g(@))| = Op (/2550 + Wpaga) for all kb € NG with

:EEn

1<|k <Il+1.
(11i) For my,(x) from in Definition [2.1], it holds that
(a) sup (@) = m(@)| = Op (/B + hipn ) aud).

:BEJn

(b) sup [D* (i () = ()| = Op (/2555 + nipn ) plquol™) for ait
keNd with 1 < |k| <l+1,
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2. Kernel estimation

k (i, (2)—m(x))— Dk (h, —-m X
(c) sup [P (2) (Ha)c)—zfl)l"( W-mw)| _ op(1) for all k € Nd with |k| = 1.
x,ycJn
z#yY

Remark. Note that this result implies that fn and ™, are consistent estimators for
f and m respectively. For the Nadaraya-Watson estimator it particularly implies
that

SUp [ritn (@) — m(z)] = op(1),

sup sup | D* (i() — m(@))| = op(1)
kGNg xcJn
1<[k|<1

and

| D" (1 (@) — m(x)) — D" (rinn(y) = m(y))| _
max sup = op(1),
[yl
|k|=l x#y

as the assumptions of Lemma concerning the bandwidth imply

log (n ., A A A
( nhds-Zz‘ + hnpn> pZLQn(SZL-H = 0(1), v RS {0, ey l}

Thus, the difference m,, — m can be embedded in a function class, containing
smooth, uniformly bounded functions, that posses uniformly bounded partial deriva-
tives up to order [ with highest partial derivatives being Lipschitz of order n. This
technique will be used in the proof of Lemma in Appendix [A]

Proof. The key tool in proving Lemma is an application of Hansen’s Theorem 2
in [26]. With

A

fol@) = B [ fu@)]| + sup B [ fu@)] - f(@)]

(BEJn

sup | fn(x) — f(w)‘ < sup
.’I:G-]n il!EJn

the proof of (i) (a) splits into two parts, which will be treated separately, beginning
with the left term. A direct application of Theorem 2 in [20] results in

ful@) ~ E [ fu(@)]| = O ( oL )> -

sup
QEEJn

n

Concerning the right term, inserting the definition of fn, using integration by
substitution and [;, K (u)du = 1 yields

A~

E [fu@)] - f(@)] = sup

xed,

E

sup
xzeJ,,

nzz ;K <Xh_x)] ~ i)

[ (457 ftwda - s

= sup
wGJn

18



2.2.  Uniform rates of convergence

— swp | [ K(2)f(zha+ @)z ~ f(2)
xzed, |JRI

= sup K(z)(f(zh, +x) — f(x))dz|.
xzed, |JRI

Taylor’s expansion of f in @ up to order r — 1 with Lagrange remainder term
results in

-1 ) ,
‘DZ T,z hn ¢
F(zhy + ) :Z )+Z f(f,‘)(z )
=1 |é|=r
for some &, , on the line Segment between @ and @+ zh,,. This and the assumptions
(K) and (F1) furthermore lead to

swp | | ful@)| - f(@)]

xeJ,
= sup K(z) (f(zhy + ) — f(x)) dz

:IBEJn ]Rd

r—1 : .
_ D' f(z)(zhn)" f(€m)(zh )¢
/,171 . . . .
D f(z)(zha)" D f(&x2)(2hn)*

< su K(z ———~dz| + su K : dz

meg Rd ( >|;:1 ! me}i R? . >|; t!

=1 i %]
D f(@)hn D' f ()

< sup & 2'K(z)dz —l—h’“sup/Z’ f€ 2'K(z ‘dz

zed, = ¢! R4 xeJ, JRI

=0
v 1<]i|<r—1
1

=h’ su Dz .z z’K )| dz

”|;:rzl oy D' f(&x2)] |2' K (2)]

T 1 ’l, i
3 [ P 1 1 K

< s |Dif sm\
ye[-c,cld

1 . )
SHS g sw ’DZf(€w7y)|/Rd|zzK(z)‘dz

li|=r T
ye[ C.C]

ghgz sup‘Dz ‘/ ‘z’K ‘dz

|i|—r

=0(pn)
v)i|=r ilr

= O(hy,pn),

which concludes the proof of the assertion in (i) (a).

For (i) (b) let k € N¢ with 1 < |k| <1+ 1. Notice that by chain rule

Do) = (h K(F ))= Cow > o (X=2).
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2. Kernel estimation

With
sup Dkfn(w)_Dkf<$)‘
< sup [Dfu(w) = B [D*fula)| | + sup | [D*fula)] - DX f(a)

mEJn mEJn

the proof of (i) (b) splits into two parts again, which will be treated separately
beginning with the left term. Denoting V¥ (x) := ﬁ St DK (X;L r
that

, it follows

sup Dkfn(w) — LK [Dkf"(w)” - ﬁm

xzed,

n i(z)— E {\if@;)”

€dJ,
_ log (n)
=Or ( W) ’

where the last step is again an application of Theorem 2 in [26]. Note that the
assumptions for the used Theorem are satisfied by the assumptions of the Lemma.
In particular, regularity assumptions on the partial derivatives D¥K are needed
here. Concerning the right term, inserting the representation of D¥ fn of and
using integration by substitution yields

o (%)
= (=1)* /Rd hdeD’“K <u};$> f(u)du

= (=1)/ /Rd hlm DFK(2)f(zh, + z)d=z

= (—1)** [ K(2)D*f(zh, + x)d=.

Rd

E [D’“ fn(:p)] -

For the last equality integration by parts was applied |k|-times, as well as the
assumptions on the kernel and its derivatives in (K) were used. More precisely, it is
needed that the kernel and its derivatives vanish on the edge of their support. Note
that this follows as K is [+ 1 times differentiable and has compact support. Taylor’s
expansion of D¥ f in & up to order r — 1 with Lagrange form of the remainder implies

— Dsz: % Dka vz hn i
D*f(zh, +x) — lZ: f ) +|% f(i.!’ )(zhn)
— DUk f(@)(2hy)! DR f(ez)(2hn)*
- % a - |Z= il

for some &, . on the line segment between x and x + zh,,. Assumptions (K) and
(F1) then imply

sup | B | D*f(@)| - D* ()|

iBEJn
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2.2.  Uniform rates of convergence

= sup / K(2)D*f(zh, + x)dz — D* f(x)
R4

CEGJn

. /]R K(2) (D*f(zhy + @) — D*f(x)) dz

:I!eJn

/Rd K(z) i D% f(x)(zh,)* N Z Dt f(ém,z)(Zhn)z

= sup i i dz
zEJn li|=1 ‘ li|=r '
1 . . . .
D** f(z)(zhn)* D™k f(& ) (D)’
gsup/Kz - dz| + sup K(z - dz
zed, |Jrd ( )I;ﬂ ! zed, |Jre ( >|% !
-1 . ;
T D'LJrk: hl;I . D1,+k :l:z .
< sup A 2*K(z)dz |+ h;, sup / Z ‘ f ¢ |2'K(2)| dz
=0
VI<[i|<r—1
—hTZ‘ ‘Sup/ }D”kf o2)| |2°K(2)| dz
me n

—hTZ—sup/ |D** (&) I{z € [-C, )"} |2*K (2)| d=

xzed,

< sup |D1'+kf(£m,y)‘
ye[-c,c)d

=0(pn
V]i|=r, 1< k| <l+1

= O(hypn),
which completes the proof of (i) (b).

The outline of the proof of (ii) (a) is similar to the one before. Using

sup |gn(x) — g(x)| < sup |gn(x) — E [gn(@)]| + sup [E [gn ()] — g(x)],

xzeJdy xzedy xeJy,

it again splits into two parts. Concerning the left term, an application of Theorem
2 in [20] yields

xzeJdy n

sup [9,(x) — B [ga(@)]| = O ( %) .

For the right term, the law of total expectation and integration by substitution
is used. Moreover, Taylor’s expansion of g in @ up to order r — 1 results in

ozt +2) - gla) = 3 ZIEN IS g Dlolln)(eh)
li]=1 li|=r
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2. Kernel estimation

for some &, » on the line segment between x and x + zh,,. Applying the assumptions
in (K) and (F1), it follows that

sup |E [gn ()] — g(z)]

xed,
= sup |F Y| —g(x

"“") BYIX] | - g(@)
——

=m(X,) a.s.

1 X
= E K
s \F | Z (

1 _
- 53}1 /Rd h—gK (uhnw) m(u) f(u)du — g(x)

=g(u)

= sup K(2)g(zh, + x)dz — g(x)

xed, |JRI

—sup | [ K(2) (9(zh, + @) — g(a)) d=

wEJn Rd
r—1 ; i
D*q(x)(zh,)* zz)(zZh
~ | [ x0a @) | 5 Digllns)letn)' |,
xzed, R4 =1 1! li=r 'L.
r—1 . .
Dg h D'g(&xz)(zh,)"
< sup K(z) Mdz + sup K(z) Z 9(& . )(zhn) dz
zed, R4 =1 ’L! zed, R4 li=r ’I,!
=1 g 3| i
D hn ) D .z :
=0
v 1<]i|<r—1
1 . )
=h! —= D*g(&x. 'K d
n|£i!§3£4d\ 9(€x2)| |7 K (2)] dz
' 1 1 1
:hﬁ;asgﬁ/R‘D Emz|]{z —C, (] }’zK )| dz
B < sup ng(éa: y)’
yel-c,cld
r 1 i i
Shnza sup |D g({mﬁy)‘ d‘z K(z)!dz
. N xCdn R
|7'|:T ye[ CC]d
<Y sup [ Dig(a |/ 1(2)| =
|i|=r
(—)O(pnCIn) V‘Z‘—T
V]il=r
= O(hrann)
where sup,y ‘Dj | = O(¢n) and supgeg, }DJ | = O(pn) Vj < 1 together

imply (x) for all |¢] = r. Hence, the assertion in (ii) (a) is shown.
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2.2.  Uniform rates of convergence

For (ii) (b) let k € Nd with 1 < |k| <[+ 1. Again, by chain rule it holds that

\kl
k- _
D" g () = d+|k:| Z (

) Y. (2.11)

With
sup ‘D gn(x) — Dkg(:l:)|
xeJy
< sup |D*g,(z) — E [D*g,(z)]| + sup |E [D*g,(x)] — D*g(x)|
xed, xEJp

the proof of (ii) (b) splits into two parts again, which will be treated separately,
beginning with the left term. Denoting ¥(x) := ﬁ S DK <X;L—;w) Y;, it follows
that

sup ‘D gn(x) — E [D'“n(:c)” =

xed,

B log (n)
=Op ( W) )

where the last step is again an application of Theorem 2 in [26]. Note that the
assumptions for the used Theorem are satisfied by the assumptions of the Lemma.
Concerning the right term, inserting the presentation of D¥g, of and using
the law of total expectation and integration by substitution, it can be obtained that

1)k o
E [D*§,(z)] = E dw Z ( ) Y

hl

- | S s o (52 )

=m(X;) a.s.

— (~1)* /Rd thkaK (“h_nw> m(uw) f(u) du

=g(u)

— (1w / L DER(2)g(a + 2h,)dz

= (=12 [ K(z)D*g(zh, + x)dz.

R4

The last equality follows again by integration by parts |k|-times and the assump-
tions on the kernel and its derivatives in (K). Taylor’s expansion of D¥g in & up to
order r — 1 with Lagrange form of the remainder yields

T’*l . . . .
DiD*g(@)(zh)} < D'D*g(€ns) (h0)’
k k _ n x,z n
D¥*g(zh,, + ) — D*g(z) = %::1 - +I% A
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2. Kernel estimation

- z+k Zh ) Di+kg(£mz)(Zhn)i
- Z +2. i
=1 |i|=r
for some &, . on the line segment between  and x + zh,. Using additionally the
assumptions (K) and (F1), it follows that

sup |E [D*ga ()] — D*g(w)|

xzeJ,
= sup K(z)D*g(zh,, + x)dz — D¥g(x)
xzeJd, |JRA
= sup K(z) (D*g(zh, + ) — D*g(x)) d=
wEJn Rd
Zl Ditkg )(zh ) _|_Z DiJrkg(E%z)(Zhn)i ;
:ceﬁl : \i\:r 'I,'
-1 . .
)(zh ) DZJrkg(Em 2)(zhy)*
< su dz| + su K(z — dz
:ce})n Z Q:E}Jn Rd (); il
r—1 ;
D’+’“ )b [ D***g(€az)| | s
< sup / 2'K(z)dz |+ h], sup/ — 2B K (2)] dz
z€Jn %:1 R (=) ze, JR? |; ! ‘ ( )|
i|= ——— i|=r
=0
V1<|i|<r—1
1
=h" Yy — sup D kg(g,)| 2P K (2)| dz
> [0 tec | [K )
1 .
=h" ) — sup Dikg(e, )| I{z € [-C,C]%} |2°K (2)| dz
2T 2 J [P el )
< sup  [DiFEf(€xy)l
ye[-c,0)d
<h su Di+k - / 2'K(2)|dz
B g e Lo
'L T [ CC]d
<h sup | Dk g( / 2'K(z)| dz
S sploael [ )
(—)O(ann)
V)i|=r,1<|k|<I+1
= O(hypndn);
where sup,e; DI *m(z)| = O(q,) and sup,ey, |DIT*f(x)| = O(p,) for all j <

i,1 < |k| <1+ 1 together imply (x) for all |¢| = r and 1 < |k| <1+ 1. Hence, the
assertion in (ii) (b) is shown.

For the proof of (iii), the results from (i) and (ii) will be used. Concerning (iii)
(a), it can be obtained that

gn(@) _ fo(@)
2~y (@)
sup |m,(x) — m(x)| = sup gAn(m> —m(z)| = sup (@) =)
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2.2.  Uniform rates of convergence

= sup -
xed, In()
< @)
swp |75 (9u(@) = ful@m(@)))|
xeJ,

- fn(x)

()

The numerator and denominator will be con81dered separately, beginning with

the numerator. By adding and subtracting f% and using g(x) = m(x) f(x), it can

be obtained that

1 . A
5P\ (gn(-’v) - fn(w)m(w)>‘
1 . 1 .
< 2 [y )~ 3 e (@)~ (@)
1
< @ (5o + gy g It ap 1) )
=0(6n) (”):(a)OP(1/%+hgpn(In) =0(6n) ~0(an) “é‘”op(/%mgpn)

— Op (( 1‘1%”) + R n) qn5n> .

Note that the last equality does not hold if ¢, = 0 for all n € N. Instead, in this
case it can be obtained that

i (1@ = F@im(@)| = Or ( kfé?%) .

sup
iBEJn

It is left to show that the denominator is bounded away from zero which can be
seen in the following way,

o5, ij((w)) =Jof |1~ W
2 ol |1~ l%
=0, (L‘W)
=1 sup |
z1-§£]f(m)_fn( )W

v~

i)(a
<>:<>OP(\/M751@+W"> —0(6n)
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2. Kernel estimation

I
—140p (( %@m;pn) 5n>

=1 + OP(l),

where the last equality is implied by condition (2.9)) in (B2). Putting these results
together,

log(n) r
s ) e = S ;m )

— Op <( logigd) +hop n) qnan)

completes the proof of (iii) (a). Note that for g, = 0 for all n € N (i.e. for m = 0),
it can be obtained that

sup |, (x) — m(x)| = Op ( %%) . (2.12)

xedy, n

For (iii) (b) let k € N§ with 1 < |k| <14 1. As seen in the first part, it holds
that

(@) — m() = (L (4u(@) = g(@)) + = —m(@) (f(@) — fu( )>) (%j)

Applying Leibniz’s formula (2.5)), it can be obtained that
D* (1 () — m())

= 30 (5 o)~ sf@) + 5 sme) (£(2) -~ hu@) ) D (?g)))_ |

i<k

(2.13)

The two factors in the summands of (2.13]) will be treated separately, beginning
with the left one. A repeated application of Leibniz’s formula yields

D (s nle) gt + o) (16@) ~ o))

=0t (@) o) + 0 (e (@)~ )
=09 (15 ) P @) sl + 0 (@) D (1(@) -~ o)

7<i 1<t

Additionally, for all 7 < ¢ < k it holds that

D (L)‘ — O(plilgli+), (2.14)

sup
wGJn

f(x)

26



2.2.  Uniform rates of convergence

To see this, using both product and chain rule, it can be obtained that DI ( f(z)) ™"
is a sum of products, each containing one factor of the form (f(x)) ® for some s € N
with 2 < s < |7| + 1 and at most |j| factors being of the form D®f(x) for some
s € N¢ with s < j. Using
1 1

su = - =0(), VseN, 2<s<|7]+1
S Fay - il fwr OO g

and
sup |D* f(z)| < sup |D*f(z)| = O(p,), Vs €N{,s < j

.’I:GJn iEGI’n

from assumption (F1) therefore results in (2.14]). Furthermore,

i (ﬁm@c))] <D sup |D* (ﬁ) g

8<] iBEJn
i
(2.14) F
BID o plel slel+1y 0 (g)

= 0(pilg.07"")

sup
:DEJTL

sup [ DI *m(x)|
CEEJTL

holds. Together with (i) (b) and (ii) (b), it can be concluded that for all ¢ < k

sup [ (75 o) —ata) + (o) (@) — @) )]
<2 sup |Df (ﬁ) sup [D*7 (gu(@) — g(@))]
L] (o) 2 o (o - o)

log(n)
_§ |71 IJ\+1 r
oo ( nhit2l ! hnanR>

7j<i

j j 10g<n) r
+ Y 04,084 0p ( i hnpn>

Jj<i

_ log(n) r \ [+1

Concerning the second factor in the summands of (2.13), it is left to show for all
i<k

(h@) |
:3}1 D (f(:l:)) = Op(1). (2.15)

1
Again, by product and chain rule it can be seen that D? (f”((m))> is a sum of

products, each containing one factor of the form (’;’:((w)))_ for some j € N with
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2. Kernel estimation

2 < j < |i|+1 and at most || factors being of the form D7 (%) for some j € N4

with § < 4. The assertion of (2.15)) is therefore an immediate consequence of

R -j
sup (J;;‘(f))) —0p(1), VjEN,2<j<l|i| +1 (2.16)
and
sup | DI Ja(@) | Op(1), V j € N j <. (2.17)
xed, f(m) ’ 0 -

Concerning (2.16]), let j € N with 2 < j <|¢| + 1. Because of

sup (fn(:c)>_J = !
ved, |\ f() f <f_(w>>ﬂ

it is to show that the denominator of the term on the right hand side is bounded
away from zero. Applying the binomial theorem, it can be seen that

@\ fulx) — f(2) )’
mlgfn (f(w)) _mlgjn <1+ /(=) )

~—

20 (45)
1 (-2 ()20

. Z () s fn(w;(;)f(w) 5
21232 () s o - 0 5y
ey (2or (e o
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2.2.  Uniform rates of convergence

where the last equality is implied by condition ([2.9) in (B2). Therefore,

@\ 1
i} (f(w)> “Trorm W

holds which is the assertion in (2.16]). Finally, the statement in (2.17)) will be proven.
Let 7 € N¢ with j < 4. Then

(2@ dele) — f@)
D(f(@)“weil)(” f( )'

)
‘we}iD< /(@) )‘

sup

sup
:IJGJn
7\

> ()]

; l5—s| cl5—s|+1
()7(b)0p< log(n) +hnpn> = O(prf (5727 )

nhd+2| s|
= Z J Op M + W O(p\j*S\(;ijsIH)
s a2l n n n
5<j nin
_ log(n) v\ gl
=Op (( W‘i‘hnpn) P05
= OP(D?

where the last equality holds for all 0 < || <[+ 1 due to condition (2.8) in (B2).
Coming back to (2.13)), it has been proven that

1
sup | D* (1, (a z))| =Y Op (( O%iz) + th) o Qn5|1|+1> Op(1)

xed, i<k

_ log(n) r \k:| \k|+1

for all 1 < |k| <1+ 1 which is the statement of (iii) (b). Note that in the case of
¢, = 0 for all n € N, it can be obtained that

. lo
sup | D (i (@) — m(@))| = O ( e "“'6"“'“) VISIKISIL
For (iii) (c) let k € Nd with |k| = . Then

| D* (1, () — m(a)) — D (110, (y) — m(y))]
yedn |z — yl|”
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2. Kernel estimation

|D¥ (1 () — m()) — D* (1a () — m(y)

= sup (2.18)
x,yeJy,x#£y Hm - y||77
lz—yl|>(Pndn) "
D¥ (m,, - — D* (m,(y) —
vy [PHOM@ —mE) - D) —me)]

x,YyEJn, £y ||£B - y”n
e~y <(pndn) "

Both (2.18)) and (2.19) will be investigated separately. Starting with (2.18]), it

can be obtained that

D Oal@) —m(@) — D ()~ my)

ERTISH e ||33 - y“n
le—yll>(pndn)~*

< (pada)"  sup | DF (i () — m(x)) — D (ina(y) — m(y))|
le—y1>(nn)
< 2(pud,)" sup | D* (i, (x) — m(z))]

:DEJTL

(441) (b) log(n ,
= 2(pndn)"Op << nhd(“)l + hnpn) pilqnéffl)

log(n) r I+ sl+1+
= OP (( nh?ﬂ'% + hnpn> 29 qun(sn K

= Op(l),

where the last equality is implied by (2.9) in (B2). Concerning (2.19)), the mean
value theorem (see for instance [36], p. 56) will be used to obtain

p D Ol@) —mi@) — D ()~ m(y)

xz,yeJn, £y HCU - y||17
lz—yl|<(pndn)~*

Ly DE@ —m@) - Dt iny) i)

z,yeJn,xtY |z -yl |z -yl
le—yl|<(pndn)~*

< (ppdy)"" sup ’Dk (1, () — m(x)) — D* (1, (y) — m(y))|

mvyeJn7m7éy Hm - yH
le—y||<(pndn)~*

< (pndn)"" max sup | D* (1, (@) — m(z))]
|Z|:l+1 iEEJn

(i) (b) _ log(n) .
=" (pn0n)""'Op << TR + hnpn> Pfq,HCInfSiLH)

log(n ,
=0Op (( nth(lJ)rl) + hnpn> Pf:rn%(soljlﬂ)

= Op(l),

where the last equality holds due to condition (2.9) in (B2). Note that in the
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2.2.  Uniform rates of convergence

particular case of ¢, = 0 for all n € N it can be obtained that

D" (i) — mz)) — D* (v () ~ )| _ ( o) W)

su
: =yl
zty
= OP(l)’
for all |k| = 1.
O

Remark. Results for 62 can be obtained in a similar matter. To see this, let the

following notations be introduced. Let
g(x) = EY?|X; = 2| f(=)
and

. 1
Gn(x) == — § K (X; —x)Y2

Then it holds that

2(p) = 2\ X, — x| — . -::132:M—m2w
o*(@) = B[Y?|X = o] - BV X, = al* = 55 — m*()
and
1 Xn: K, (X; — )Y (e
) = i) = P2 )
fa() fa()

for f,(x) # 0. Thus, it holds that

) 2 gn(x)  g(x) 2 2
o.(x) —o*(x) (fn(m) f(a:)) + (m*(z) — m2(xz)) .

To obtain uniform rates of convergence for the first summand, additional as-
sumptions, that imply uniform convergence rates for the difference g, — § and its
partial derivatives, need to be made. In particular, the moment assumptions in
(M) need to be extended to Y;> and the smoothness assumptions in (F1) need to
be extended to o2. Under suitable conditions, it then can be shown that

sup |62 (x) — o*(x)| = op(1),
:IZEJTL

sup sup |D* (62(z) — o*(x))| = op(1)

keNg xeJ,
1< k<L
and
| D¥ (672 () — 0(x)) — D* (62(y) — o*(y))|
max sup = op(1).
keN¢ zyed, |z — yl|”
|k|=l x#y

These properties are needed to construct a test for change in the conditional
variance function that is motivated in Chapter 5] The main part of this thesis,
however, is the construction of a changepoint test in the conditional mean function
in Chapter . Rates of convergence for 62 are not required for this part and a more
detailed discussion is therefore omitted.
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2. Kernel estimation

2.3 Related results

Related results to Lemma can be found in several papers that use uniform rates
of convergence for kernel regression estimators and possibly its derivatives. To start
with the simplest case, the paper of Akritas and Van Keilegom [I] is to mention. For
d = 1 and a sequence of i.i.d. random variables, they showed uniform convergence
rates for the Nadaraya-Watson estimator and its first derivative, as well as a Lip-
schitz condition for the first derivative comparable to assertion (iii) (¢) in Lemma
2.2| (see Proposition 3,4 and 5 in [1]). For d > 1 Neumeyer and Van Keilegom [55]
proved similar results for the local polynomial kernel regression estimator and its
partial derivatives up to order d in an i.i.d. model (see Lemma A.1 in [55]). Concern-
ing the dependence structure of the underlying process, Dette, Pardo-Ferndndez and
Van Keilegom [I7] extended existing results for d = 1 to S-mixing strictly station-
ary sequences. They showed uniform rates of convergence for the Nadaraya-Watson
estimator and its first derivative, as well as the Lipschitz condition for the first
derivative (see proof of Lemma 1 in [I7]). Selk and Neumeyer [66] showed similar
results for d = 1 and an a-mixing, not necessarily stationary underlying process (see
Lemma 1 in [66]). Using local polynomial regression estimation, Neumeyer, Omelka
and Hudecova were able to show results for d > 1 and [-mixing strictly stationary
data (see Lemma 1 in [56]).

The paper most related to Lemma is possibly Hansen’s [26] and therefore
the results will be compared in more detail. Theorem 2 in [26] gives uniform rates
of convergence for general kernel estimators under a possibly multidimensional and
a-mixing underlying process. As an application, Hansen proves uniform rates of
convergence for the kernel density estimator and its partial derivatives comparable
to the results in Lemmal[2.2] (i) (a) and (b) (see Theorem 6 in [26]). In comparison to
Hansen’s proof, the result in Lemma holds without the assumption of uniform
bounded partial derivatives of f(-). Instead, the less restrictive condition on p,
in (F1) is imposed. Further, the proof is more clear in notations regarding the
partial derivatives using multi-index notations. Uniform rates for the Nadaraya-
Watson estimator as assertion (iii) (a) in Lemma [2.2| were also given in Theorem 8
in [26]. The new result is an improvement insofar as a faster rate can be obtained
by imposing the existence of more partial derivatives and by choosing a kernel of
higher order. Hansen assumed the existence of second order partial derivatives and
a kernel of order two and therefore obtains a bias of order O(h?). Furthermore, by
imposing assumptions on p,, and ¢, in (F1) the assumption on uniformly bounded
partial derivatives of f(-) and f(-)m(-) made in his Theorem 8 are relaxed. The
uniform rates of convergence for the partial derivatives of 7, (-) obtained in (iii) (b)
and (c) are new to the best of our knowledge.

2.4 Non-stationary observations

A main assumption in Lemma [2.2]is strict stationarity of the underlying stochastic
process. However, kernel estimators can be defined and asymptotic properties can
be obtained in more general situations. Let again K be some kernel function and
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2.4. Non-stationary observations

(hn)nen be a sequence of bandwidths. For a sample (Y, 1, X,1), .- (Ynn, X,.n) of
size n € N observed from a triangular array process {(Yn+, Xn¢) t ,n,n €
N}, let then

noi=1
and
n X,:—x
ﬁ 2K ( h ) Yo A
my(x) == =1 = = , if fu(z) #0,
fol@)
and m,(x) = 0, otherwise. It can be shown that under suitable conditions,

my, () still consistently estimates some non-stochastic object that will be denoted
by my(x). Moreover, this convergence in fact holds uniformly over some expanding
compact set J,. This result is stated in Lemma [2.3] and holds under the following
assumptions.

(P)’> Let {(Yo+, Xnt) :t =1,...,n,n € N} be a strongly mixing triangular array
with mixing coefficient «(+). For some b > 2 let

(=) +d)

a(t) = O(t?), (t— 00) and 8 > - —

(M)’ For b from assumption (P)’ let

e sup sup E[|Ym]b] < 0,
neN 1<i<n

o forall1 <¢ <nandneN, X,; be absolutely continuous with density
function f,,; : R? — R that satisfies

sup sup sup E[|Yil’| Xp; = & foi(x) < 00

neN 1<i<n gcR4
and

sup sup sup fni(x) < oo,
neEN 1<i<n geR4

e there exist an N > 0 such that

sup sup sup E[|Y,:Y. | Xn: =2, X, ; =yl nij(x,y) < o0

neN |i—j|>N z,yecR4
where f,;; is the density function of (X, ;, X, ;).

Additionally, for all 1 <¢ <mn and n € N let m,,; : R? — R be the conditional
mean function defined by

Mpi(x) = E[Y,| X, = x| for all z € R%.

(J)’ Let (¢n)nen be a positive sequence of real valued numbers satisfying ¢, =
@) (log (n)%) and J, 1= [—cy, ca]%
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2. Kernel estimation

(F1)’ For some C < oo and ¢, from assumption (J)’ let I,, := [—c,, — Chy, ¢, +Chy)?
and let for 1 <i<nandn €N,

o fniand m,; : R? — R be continuously differentiable,

e 0, := inf inf f,,(x)>0forallneN,
xed, 1<i<n

e p, :=maxsup sup |D¥f, ;(x)| < oo for all n € N and
[k|=1 eI, 1<i<n

e ¢, := max sup sup |D*m, (x)| < oo for all n € N.
0<|k[<1 zeT, 1<i<n

(K)’ Let K : R* — R be symmetric in each component with [,, K(z)dz = 1 and
for C' from assumption (F)’ let
e K have compact support [—C, C]¢,
o |K(u)| < oo for all u € RY,
o |[K(u)— K(u)| < Allu — /| for some A < co and for all u,u’ € R%.

(B)’ With b and § from assumption (P)’ let

log (n) 5—1—d—%

——~ 7 —=9(1) for § = .
w0 = T T

For d,,, pn, gn from assumption (F)’ let

log(n)
— = o(1).
( i +hnpn> Pnlndn = 0(1)

n

Lemma 2.3. Let the assumptions (P)’, (M)’, (J)’, (F1)’, (K)’ and (B)’ hold
and let for alln € N, m,, : R* — R be defined by

L3 fual@)m(@)
() == —=L— . (2.20)
o ; fn,i(@)
Then it holds that
sup |my,(x) — m,(x)| = op(1). (2.21)

xeJn

The proof is similar to the proof of Lemma As the underlying process is
not strictly stationary, Hansen’s uniform convergence rates in [26] can not be used.
Instead, Kristensen’s Theorem 1 in [42] can be applied. It is a generalization of
the aforementioned uniform convergence rates to possibly heterogeneous triangular
arrays. Concerning the bias term, the proof only requires minor modifications. The
details are omitted.
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2.4. Non-stationary observations

Remark. A similar result for

% Z Kh(Xn,i - m)(Yn,i - mn(m))z
=1

fal@)

and 62(x) := 0 otherwise, can be obtained. Under suitable conditions it can be
shown that

sup |32 () — 02 ()| = op(1).

xed,
where

n n 2
72 a) i= T - HE

and J?M-(a:) = Var(Y,, ;| X,,; = ). Note that for m,;, =m, forall1 <i<n,neN
and some m : R? — R not depending on i and n, as it will be assumed in Chapter
[l this simplifies to

LS foi(@)o? (@)
=1

1 éfmi(m)

QI

[N}

B
I
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3 Changepoint test in the conditional
mean function

In this chapter, a test for a change in the conditional mean function will be con-
structed. To do that, a suitable test statistic will be considered. Under the null
hypothesis of no change and some regularity assumptions, the limiting distribution
of the test statistic will lead to the necessary critical value to construct a test of some
asymptotic level. The consistency of the test against changepoint alternatives will
be studied. Furthermore, the case of one-dimensional covariates will be discussed in
more detail, as it will lead to a distribution free limiting distribution. Finally, some
remarks on related literature will be made.

3.1 Definition of the test statistic

Consider model (1.1 on page [6] To test the null hypothesis (L.2)), the following
cumulative sum of residuals is used
Lns)
A 1
Tn(s, z) = 7 > (¥ = (X)) Jwn (X)) { X < 2},
n
i=1

for s € [0,1] and z € R, where w, () = I{- € J,} with J,, from assumption (J) on
page |16/ and |x| := max{k € Z : k < z} for all x € R. The process

T, = {Tn(s,z) :s€0,1],z € Rd}

can be viewed as a random element in [*°([0, 1] x R?) and is referred to as the sequen-
tial marked empirical process of residuals. Under Hy and regularity assumptions, it
will be shown that it converges weakly to a centered Gaussian process

{Go(s,2) : 5 €[0,1], z € R}

Using the continuous mapping theorem (see for instance Theorem 1.3.6 in [75])
it then can be concluded that

To(s,2)| 5 sup sup |Go(s, 2)|.

00 2eRd s€[0,1]

T,1 := sup sup

z€R4 s€(0,1]

The test statistic T,; is called Kolmogorov-Smirnov test statistic. A test of

asymptotic level a € (0,1), based on T,; can be constructed by rejecting the null if

T, exceeds the (1 — a)-quantile of the limiting distribution. Thus, the asymptotic

behavior of the test statistic under the null is of great importance and will be studied

in the next section. Note that different test statistics, that are also based on Tn,
will be constructed in Section [3.4, They will be denoted by T2, T3 and T,,4.
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3. Changepoint test in the conditional mean function

3.2 Asymptotic behavior under the null

This section contains the proof of the limiting distribution of the process T,, under
Hj and regularity assumptions. It splits into two main parts. First, it will be shown
that 7, decomposes into a dominating term and a remainder term that is negligi-
ble. Secondly, the weak convergence of the dominating term will be shown. Both
proofs require some sophisticated methods that need empirical processes and some
parts are rather technical. For reasons of clarity and comprehensibility, most of the
technical results and proofs are outsourced to Appendix[A] A new weak convergence
result for sequential empirical processes with dependent data will also be applied.
It can be found in Appendix [B]

In what follows, the regularity assumptions, under which the limiting distribution
can be obtained, are displayed.

(G) Let (Yi, Xi)iez be a strictly stationary, strongly mixing process with mixing
coefficient a(-) such that

a(t)=0(a"), (t = ) (3.1)
for some a € (1, 00).

Remark. Note that this assumption means that the mixing coefficient decays at a
geometric rate. This is strictly stronger than the polynomial rate of decay assumed
in (P) in Chapter [2} More precisely, under condition condition in (P) on
page [15| holds for arbitrary large 8. As Hansen pointed out in [26], then condition
on the bandwidth in (B1) on page[16|simplifies to the less restrictive condition

log(n)
= o). (3.2)

(U) For some v > 0 and some even Q > (d + 1)(2+7), and F' := o(U;_1, X :
j <t), let for (Uy)iez the following hold

o E[U|F']=0as. forallt e Z,
o E|UZ X =0*X;) as. for all t € Z and

o I [|Ut|Q2+TW|Xt} < ¢(X;)? as. for all t € Z, for some functions c,o? :
R? — R with

/E(U)dF(u) < M, e(u) = max {o*(u),c(u)?,...,c(u)?},
for some M < oo.

(F2) For m from assumption (M), ¢, from assumption (F1), ¢, from assumption
(J) and C from assumption (K), let for all k € NZ with |k| = 2

sup | D*m(z)| = O(gn).
x€[—cn—2hnC,cn+2hy,C)%
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3.2.  Asymptotic behavior under the null

Remark. Note that from assumption (F1) on page[L6] it already holds for all |k| = 2
that

sup | D*m(z)| = O(qn)-
z€[—cn—hnCcn+hn,C|d

(B3) For I, p,, qn, 6, from assumption (F1) and n from assumption (B2), let h,
satisfy the following conditions

1 3+
Log(n) T 252 — 1), (33)
1 d
n U hd
log(h
oalln) _ o), (3.4

Vil pagn = o(1), (3.5)

log(n)3h,q? = o(1). (3.6)

Remark. e Note that condition (3.3 implies condition (3.2) on page [38|

e In order to satisfy (3.3)), a necessary condition on the smoothness of f and
m, then is [ +n > d, meaning that for higher dimensional covariate X, the
existence of higher order partial derivatives of f and m is needed.

e If ¢, and ¢, only have a log(n) rate, namely if there exist r1, 73 > 0, such that
¢n = O (log(n)™) and 6,, = O (log(n)™),
then condition (3.3]) simplifies to

d
1Og(n)3+m+2'f1+2r2

=o(1).
nlfﬁhg

For faster rates of g, and ¢,,, namely if there exist 71,79 > 0 and s1,s9 > 0
such that
¢n = O (log(n)"n°') and §,, = O (log(n)™n*?),

then condition ({3.3)) is

d
=42 2
10g(n)3+l+fl+ 714272

\/nl—%—él(sl—i—@) hd

=o(1).

n

A necessary condition then is 1 > i 4(s1 + s2), which only allows for small
s1, S92 and large [, depending on the dlmensmn d.
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3. Changepoint test in the conditional mean function

e In order to satisfy both (3.3) and (3.5) at the same time, the order of the
kernel needs to be large depending on both the dimension and the smooth-

ness assumptions at the same time. In particular, r > 4 g necessary
) 2 1+n—d
condition.

e Condition (3.4) is implied by (3.3)), if the bandwidth h, has a polynomial
rate of decay in n (or slower), meaning if there exists a k € (0, 00) such that

h, = O(n™"*). Note that k < % — ﬁ is necessary then.

Theorem 3.1 (Decomposition). Suppose that (G), (U), (M), (J), (F1), (F2),
(K), (B1), (B2) and (B3) are satisfied. Then under Hy

~

To(s,z) =Tu(s,z) — sT,(1,2z) + op(1),

[ns]
holds uniformly in s € [0,1] and z € R, where T, (s, z) := \/Lﬁ Y UI{X,; < z}.
i=1

Proof. Inserting the definition of T, and Y; = m(X;)+ U; for all i = 1,... ,n under
the null, it can be obtained that

|ns

]
T, (s 2) = % S (¥ = i (X0 (X) X < 2}

|ns

J
_ % D Uwn(X)I{X; < 2}

\/ﬁ =1
|ns]
= T,(s,z) + NG Z(m(Xi) — 1 (X)) (X T{X; < 2} + 0p(1),

uniformly in s € [0,1] and z € R? where the last equality is an application of
Lemmal[A.4] on page Applying Lemma [A. | on page [113] inserting the definition
of m,, and using Y; = m(X;) + U; under the null, yields

|ns

J
% > (m(X;) — 11 (X)) wn( X)X, < 2}

B sy [ m(a) — @) (@) {z < 2} @) + 0n(1)

= sv/n g (m(w) - %Z Ky, (x — XQY;;) wn(x)[{x < z} f(x)dx + op(1)

fa()
= s% i /]Rd (m(x) — m(X;)) Ky, (2 — X;)w, () [{x < z}bgl((ii) da (3.7)
— s YU Ky (x— Xj)wa(z)[{z < 2} S@) 1o +op(1), (3.8)

Vi i=1 Ré fu()
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3.2.  Asymptotic behavior under the null

uniformly in s € [0,1] and z € R%. Concerning (3.7)), Lemma[A.2 on page[124]states
that

f(x)
h (X — Xi)wp () [{x < 2z} =——d
IEI/W X0) Ki, (0 = X () (o < 2}

uniformly in z € R%  Concerning (3.§)), applying Lemma on page and
Lemma [A.4 on page it can be obtained that

Tr = Op(l),

R Z U; Khn — X wn(z) [ {z < 2} @) ,

(@)

n

L3 % > Ukon( X)I{X, < 2} + op(1)

n

LEd \}_ZU[{X < z}+op(1),

uniformly in z € RY. Putting the results together, the assertion of Theorem is

obtained.
O]

Before stating the weak convergence result for {7,,(s, z) : s € [0,1], 2 € R}, let
the following notations be introduced. For all z,y € R? let

ANy :=(r1 Ay1, ..., Tq A\ Ya),
where z Ay := min{xz,y} for all 2,y € R. Let furthermore for g : R — R

Tq Tl
/ g(u)du = / - / g(ug, ... ug)duy . .. dug.
(—o0,x] —00 —o0

Theorem 3.2 (Weak convergence of T,,). Suppose that the assumptions (G) and
(U) are satisfied. Then under Hy it holds that

Ty = {Tu(s,2): s €[0,1],z € R} ~ G:={G(s,2):5€0,1],z € R}

n—oo

in 1°°([0, 1] x RY), where G is a centered Gaussian process with
Cov (G(Sl, Zl), G(SQ, ZQ)) = (81 A 82)2(21 VAN ZQ)
and D :RT =5 Rz [ 0% (u)f(u)du.

Remark. The proof of Theorem [3.2] is essentially an application of Corollary [B.3]
Note that concerning the dependence structure of the underlying process, assump-
tion (A1) from Theorem needs to be verified. It is however less restrictive than
(G). In particular Theore can also be proven under {(Y;, X;) e R x R : ¢ € Z}
being strictly stationary and strongly mixing with

Z 19720(t) 77 < oo,
t=1

for some v > 0 and some even @) > d(2 + ) satisfying assumption (U) (cf. assump-
tion (A1) on page [160)).
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3. Changepoint test in the conditional mean function

Proof. First notice that due to assumption (G) and under the null restriction
(U, X4)iez is a strictly stationary sequence of random variables with values in R xR?.
Denote by P the common marginal distribution of (U, X;). By defining

Fo={(u,z) =~ ul{x < z}:z R},

the process Ty, in [°°([0, 1] x R?) can thus be identified with the process

Gn::{G 8, ¢) \/_%( (Us, X;) /gde):sE[O,l],cpE}"}

in [>°([0, 1] x F). Notice that for all ¢ € F, it holds that [ ¢dP = 0 as E[U;|F'] =0
for all ¢ € Z. 1t is therefore sufficient to prove the weak convergence of GG,,. This
will be shown by an application of Corollary on page in Appendix [B] Hence,
assumptions (A1), (A2) of Theorem and assumption (A3) of Corollary
will be verified for the process (U, X;)icz and the function class F, as well as the
convergence of all finite dimensional distributions of G,, will be shown.

Condition (A1) on the mixing coefficient of (U;, X});ez is implied by assumption
(G) on the mixing coefficient of (Y;, X;);ez and the null restriction as measurable
functions maintain mixing properties (see [2I] Subsection 2.6.1 (ii), p. 69).

To show condition (A2) on the function class F, the choice of approximating
functions and bounding functions, as in Definition on page |11, will be discussed
in more detail. Note that the semi norm p simplifies to the Ly(P) norm and the
semi metric d simplifies to the Lqzta (P) metric as the underlying process is not a

triangular array but a strictly stationary sequence. Denote with ¢ from assumption
(U)

h:R* =R, o é(x)f(x),

and foralle=1,...,d

hi : R—R
T / . ~/h(x1, e Ty Ty X1y ey )Ty AT dTiyy . dxg.
Let furthermore
H:RY =R, / h(t)dt,

and forall i =1,...,d

H:R—=>Rzxw— /w hi(t)dt.

Let € > 0 and choose for all i = 1,...,d some N; = N;(¢) € N and
—00 = 20, < - < 2N, = 00,
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3.2.  Asymptotic behavior under the null

namely a partition of R, such that
VjZ: ,,Nl,Zzl,,d (39)

Since H; is continuous and H;(—o0) = H(—o0) = 0 and H;(o0) = H(oco) < M
for M < oo from assumption (U), N; can be chosen to be smaller than 2dMe2

for all i = 1,...,d. By using cartesian products, a partition of R? is obtained. For
simplicity reasons the following notation will be used. For j = (ji,...,jq) € N¢ let
Zj = (Zjl,l’ c. 7Zjd,d) s

and 3 —1:= (j; —1,...,ja— 1) € N& For all j € xL,{1,...,N;} define approxi-
mating functions
aj(u, ) =ul {x < z;}

and bounding functions
bi(u.@) = ul (I {w < 23} — [ {z < z4}).

Notice that a; € F while b; ¢ F for all j € x¢,{1,...,N;}. For each z € R?
there exists a j € x%,{1,...,N;} such that z € (zj_1,2;]. Therefore for each
¢ € F there exists a j € x&{1,..., N;} such that

|0 —aj| < b;.

Furthermore, it holds that

161 Loy < € and Jmax (/|b |ZdP) <e Vjge >< {1 ., Ni} (3.10)

To see this let j € x4_,{1,..., N;} and consider
||ijiQ(p) =L UUt|2 (I{X: < Zj} -I{X; < Zj—1})]

B E[EHUMXA (I{X: < 2} = I{X: < 2j1))
N———

=02(X¢) as.

_ / o2(w) f (w)du
(—00,2;]\(—00,2;_1]

< / o(u) f(w)du
(_Oovzj]\(_oo7zj—l]

= clu) f(u)du — clu) f(uw)du
/(_oo,zj] (w)f(u) /(_oom (w)f ()
= H(z;) — H(zj-1),

and for all i = 2, ..., @ by Jensen’s inequality and (U), it holds that
asl sl o & i
B (U5 1X:] < B0 1X0) T < (X))@ = e(X)' as.
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3. Changepoint test in the conditional mean function

hence

/|bj|2'2+2wdp =F [\Utliﬂ% (I{X: <z} -1{X; < Zj&})]

E{E [|Utyi2+f|xtl(1 {Xi <z} - I{X, < zj—1}>}

-~

<c(Xy) as.

An investigation of the (same) upper bound in both cases leads to

H (zj) —H (Zj—l) =H (Zj1717 R Zjd,d) - H (Zj1—1717 s 7Zjd_17d)

=H (zjy1, - Zigd) — H(2j,-11, 202, -+ Zjg.d)
+ H (Zjlfl’l, ij,?a C.e 7Zjd,d) — ...
_|_
+--—H (Zjl—l,la e Zjy o —1d—1, Zjd,d)
+ H (2j,11s -+ Zjg 11,15 Zjad) — H (Zj,-115 - -+, Zjy—1,4)
() &
<> (Hi(2,0) — Hi(2,14)
i1
B &2
2 d% =2

To see the validity of (x), only the first summand will be considered as the other
ones work completely similar. It holds that

H(zjy 155 2j0a) — H (25,211, Zjo 15 -+ -5 Zja.d)
Zjg.d  %jg,2 Zjp,1 Zigd  Zjp,2 Zj1-1,1
:// /h(ul,,ud)duldud—// / h(ul,...,ud)dul...dud
—o0 —00 —00 —00 —00  —00
Zj1,1 ] o]
< /"'/h<u1,...,Ud>du2...dUd duy
Zj1—1,1 o) —00 P
=h1(u1)
Zj1«1
= / h1 (ul)dul
Zjlfl,l

= Hy (1) — Hi(2j,-11),
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3.2.  Asymptotic behavior under the null

Therefore, the inequalities in (3.10) have been shown for all
d, it holds that

which proves (x).
jexi{1,...,N;}. Since N; =O(e7?) foralli =1,...,

= HNi =0 (7).

1=1

As @ > d(2+7) holds, assumption (A2) is therefore satisfied. Assumption (A3)
is also satisfied as F' : R x R — R, (u, ) — u is an envelope function of F that

fulfills
[ 1F12aP = £ U]

c } 2+7
24~
- ( / C(U)Qf(U)dU)
< 00,
and additionally, it holds that
sup [ |69 4P = sup B [0 1{X, < 2)]
peF z€Rd
= B |0

< /c(u)Qf(u)du

< 0Q.
What is left to show, is the convergence of all finite dimensional distributions

It is to show that
Tn(SI,Zl)
2 Nk (0, W) (3.11)
n—oo
Tn(SK,ZK)
sk € [0,1] and zy,...,2x € R where

for all K € N and all collections sy,
x 1s the covariance matrix with entries

45

W= (Wi)ij=1...
Wi = (si Nsj)E(ziNzj), Vi,j=1,... K.
Using the Cramér-Wold device, is equivalent to
K
SN Tu(s), 25) n%@ N, w?), V (A1, ..., ) € RE, (3.12)

J=1



3. Changepoint test in the conditional mean function

with variance w? := Zﬁzl Zg=1 Nt A (84, A sj,)2(2j, A 2j,). The random variable
of interest in (3.12)) can be written as

K [ns;]

DN Tls;: %) = Z j\/_ZUI{X <z} = me,

where p
1 ,
gn,i = %Uz j_g 1 /\]I{XZ S Zj}] {% S Sj} .

To show (3.12), Rio’s Corollary 1 in [64] will be used, which is a central limit
theorem for strongly mixing triangular arrays. Following the notations in [64] define
Vot = Var(Zézl &ni) foralll =1,...,n, and n € N. Let furthermore @,,; be the
cadlagll] inverse function of ¢ — P(|¢,,| > t), i.e.

Qni(u) :=sup{t > 0: P(|§,:| >t) >u}, Vu>0,

with the convention that sup( := 0. Let {&,(t) : t € N} be the sequence of
coeflicients of {&,; : 1 <i <n,n € N} defined as in ([1.4) in Definition on page
[ For t € (0,00) define G, (t) := &, ([t]). Let its cadlag inverse function be defined
by

&, (u) == sup{t > 0: @, (t) > u}, Y u > 0.

n

Asforalll=1,....,n

Isj | N [1sy,
”l_zz)‘ﬂl)‘ L ’ I- ]Jz(zjl/\zj2)7

Jj1=172=1

holds, it can be obtained that

K K
D2 A Ag s ] A Llsg, ] Bz, A zjy)

=~

ol =1 a=
lim sup max Vo = lim sup max F—p < 0,
1<l<n 1<l<n
Z o A Ag sy | A [nsj, | B(z5 A z5,)
Jji=172=1

which is condition (a) in Corollary 1 in [64]. Concerning condition (b) in aforemen-
tioned corollary, it needs to be shown that

VMZ/ a;t () )mf{ a7 (2) Qualw), \/_}dx—>0 (3.13)

210

By Markov’s inequality, it holds that for all t > 0 and with ¢ := QHT“’

)

leadlag: right continuous with existing left limits (French: continué a droite, limité & gauche)

P(|&ni] > 1) <‘\/—U’Z>‘jI{Xi§Zj}I{%§5j}
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3.2.  Asymptotic behavior under the null

R ‘
St_qE ’_ 7
\/ﬁ J=1 ]
; q
=t In 2k EHUZ’qlAX'Z}
——

<eQ(X;) as. =

for M < oo from assumption (U) and M := (Zjil |A;[)M. Hence, for v > 0 fixed

and for all t > 0 with P(|&,;| > t) > u, it holds that u < t~%n~2M. Solving the
inequality for ¢, results in

t<uan 2Ma, V¥t >0 with P(|&| > t) > u
It therefore also holds for sup{t > 0: P(|,;| > t) > u}, i.e.
Qni(u) < uﬁn_%f\;ﬁ, YV u > 0.

For fixed n € N, it holds that &,; = ¢;,(U;, X;) with

gi(u, @) := —uZA Hax <z} {L <5},

where g¢; is measurable for all i € N. As Bradley [4] states, &,(-) can therefore
be bounded by the mixing coefficient of {(U;, X;) : t € Z} which has the same
properties as the mixing coefficient a(-) of {(Y;, X;) : t € Z}. From assumption (G)
it holds for all ¢ > 0 that a(t) < Aa™" for some 0 < A < oo and some a € (1,00).
Analogous to before, it can be shown that

a;t(u) < A —log,(u), ¥ u >0,

where A := ). Furthermore,

n n— 00

8, (A
s sl Al )
N Z Z Xz A zjy) — w” < o0 (3.14)

holds. Putting the results together, it can be obtained that

vmz/ 6 () Q@) it {7 (3) Qual@). v/ Vi } o

n

/ ([l — log, (%)) 2”4 inf { (fl — log, (g)) xién_%M%, M} dx
0

=1
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3. Changepoint test in the conditional mean function

1

= i [ (A= os, (5) o dine (A~ tom, () 1 VA To

0

Now let the sequence (b,)nen be defined by

b, = sup{k: € (0,1): (fl— log, (%)) i M > Vi Vi, Vo < k;}

Note that b, — 0 as n — oo by construction. Then

1

—Miv,;z / (fl — log, (g)) 27 inf { <f~1 — log, (%)) af%]\;ﬁ, \/EM} dx

n—oo

! Mgv‘gf(fx 1 (ﬂf))2 “idz — 0
- — = a n,n - Oga a5 xr 1ax 3
vn ; 2

where the integral exists as ¢ = QQJFT” > 3. Furthermore,

bn
inMiv{,ng / (A~ 10g, (5)) w % inf { (A~ log, (5)) 2 # 017, Vi Vi } do
0
bn

~ 2 ~ _2
:Mqvm;/(A—loga (3)) 2 idw >0,
0

as (by)nen is a null sequence, which finally proves the validity of (3.13). Applying
D

Corollary 1 in [64], it holds that ﬁzgll i =+ N(0,1). With (3.14)) the

assertion in ([3.12]) follows.
[

Corollary 3.3 (Weak convergence of Tn) Suppose that the assumptions of Theorem
are satisfied. Then under Hy it holds that

To(s,z) ~ Go:= {Go(s,2) : s € [0,1], z € R"}

n—oo

in 1°°(]0, 1] x RY), where Gy is a centered Gaussian process with
Cov (GQ(Sl, 251), Go(Sg, ZQ)) = (81 N 8o — 8182)2(21 VAN ZQ)

and X(x) := [ o?(u) f(u)du.

(700"”]

Proof. With Theorem and an application of the continuous mapping theorem,
it can be obtained that

{T.(s,2) = sT,(1,z) : s € 0,1,z € R!} ~ {Go(s,2):5€[0,1],z € R"},

n—o0
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3.3. Consistency analysis

where Go(s, z) = G(s,z) —sG(1,z) for all s € [0,1], 2 € R? and G is a centered
Gaussian process resulting from Theorem [3.2] possessing the following covariance
function

Cov (G(Sl, 21), G(SQ, ZQ)) = (81 N SQ)E(zl A 22), (315)

for all sy, s, € [0,1] and 2y, 2z, € R%. Hence, Gy is again a centered Gaussian process
and possesses the following covariance function

COV (Go(Sl,Zl),GO(SQ, Zg)) = COV(G(Sl,Zl) — SlG(1,21>,G(82722) — S2G<1, 22))

B19)
=" (51 N\ S2 — $182)%(21 A 22),
for all s1, s, € [0,1] and 21, 2, € R% Applying Theorem and Slutsky’s theorem
(see Example 1.4.7 in [75]) yields the assertion of Corollary [3.3]
[

It will be seen in Section [3.4] that in the case of d = 1, the Kolmogorov-Smirnov
test statistic T},; can be standardized such that the resulting limiting distribution is
free of nuisance parameters.

For d > 1 this is not the case. As the covariance function contains the unknown
Y., critical values for the changepoint test using the limiting distribution of T},; can
in general only be estimated. One possible choice to do that, is to use an analogue
to the empirical distribution function, namely

R 1 e
En(®) = > (X)X, <},
j=1

where 62 is the Nadaraya-Watson estimator for o2 defined in ([2.3) in Definition
on page [13]

A different option to construct a test without knowing the limiting distribution
of the test statistic, is to use a bootstrap version of it to estimate quantiles of the
test statistic itself under the null. A valid bootstrap procedure in the considered
setting will be motivated in Chapter [l It is a motivation for the case of non-
stationary variances, i.e. where the assumption of strict stationarity under the null
is not satisfied, such that Corollary [3.3]is not applicable. This bootstrap procedure
can also be used in the case of d > 1, when the limiting distribution is not known,
due to the fact that ¥ is unknown.

3.3 Consistency analysis

In this section, the behavior of T},; will be investigated under alternatives. In partic-
ular, it will be shown that the Kolmogorov-Smirnov type test is consistent against
a simple fixed alternative as in on page , in the sense that the rejection
probability converges to one as the sample size converges to infinity, given that the
alternative holds.
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3. Changepoint test in the conditional mean function

As the changepoint is supposed to depend on the sample size, the process should
be viewed as a triangular array {(Y,+, X,:) : t =1,...,n,n € N}. Rewriting model
(1.1) on page[6] the following is considered

Yn’t == mn7t(Xn7t) + Uth, t= 17 oo, n c N (316)
with

muy(-), t=1,...,[nso]

, VnéeN,
mey(), t=lnso) +1,....m

Hy:3sp € (0,1) : my(v) = {
for some functions my, me) : R* = R with m;) # m

Theorem 3.4. Let the assumptions of Lemma on page [34) in Chapter |9 hold.
Additionally,

(U)’ for some functions o2, : R* = R and F, .= 0(Upj-1,Xn;:J <t) let
E[Un,t|f£] =0 and E[U} | X 4] = 02 (Xny) as.
foralll1 <t <mnandn €N,

(F2)’ let inf 1nf fm( ) >0 for all u € R,

neN 1<i<
(D)’ for all s € (0,1] let there exist a function f©) :R?Y — R such that

LHSJ
lim — ant f)(x), ¥V & € R,

(1)’ for % :=sup sup o2, and f :=sup sup f.; and b from assumption (P)’ on

n,1

neN 1<i<n neN 1<i<n
page @ let
/az(m)f(a:)d:c < 00, (3.17)
/ imay(x) — m(Q)(w)‘bf(a:)da: < 00. (3.18)

Then the test based on T,y is consistent against Hy, meaning that
P(Tnl > Co|H1) — 1,
n—oo

where c¢q is the critical value of the limiting distribution of T, under the null.

Remark. The estimated average m,, defined in Lemma simplifies under H; to
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3.3. Consistency analysis

nsoj n
_ i=|nso|+1
|_nso
Z fni()
= (my(@) — mezy(@)) 2 + ey ()

and under assumption (D)’ therefore converges for all fixed & € R? to

Fs0) (p
(may(®) — m)(z)) J;T((w; + me)(@).

Proof. First, it will be shown that for fixed z € R? and s € (0,1) with s < sy, it
holds that

Tu(s, z) = vV/nA(s, z) + op(v/n), (3.19)

where

F(s0) (a4 _
As, 2) = / (my(w) — miay(w)) (1_J} (1)((u))> 79 (w)du

(700’2]
Let therefore z € R? and s € (0,1) with s < s be fixed. It holds that

[ns]
A 1
To(s,2) = = (Vi — 10 X)) wi (X ) I{ X s < 2}
n

7 =
= — % = 1 (Xin3) Jwn (X)) [{ X s < 2}
1 HZJ (M (Xons) — n (X on (X [{ Xy < 2} (3.20)
+ - Lff M (X ) Jwn (X ) I{ Xy < 2} (3.21)
+ % Lf Upson(Xn) I{ X s < 2. (3.22)

First, (3.22)) will be considered. Using assumption (U)’ and (3.17) in (I)’, it can
be obtained that

[ns]

1

E Z Un,zwn(Xn,z)]{Xn,z S Z} - 07 V ne Nu
i=1
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3. Changepoint test in the conditional mean function

and
[rs] [ns]
S (X)X < 2} | = ZE U2 (X ) [{ Xy < 2)]
n — ’ ’ T ’ T

LHSJ

:% / Zam ) foi(u

(—OO,Z]
1 _
< 53 / 52(u)f( ) (VneN)
(—OO,Z]
— 0
n—oo

Considering ({3.21]), by an application of Lemma it can be obtained that

Lns)
l Z(mn(Xnﬂ) - mn<Xn,z))Wn(Xn7l)I{Xnﬂ < z}

n <
=1

1<~ X
=1

< sup [ (@) — 1 ()|
wGJn

= Op(l).
Hence, the dominating term is (3.20). Inserting m,,, it holds that

LnSJ

- Z M) (Xoi) = (X i) )Jon (X ) { X s < 2}

=—Z —mey(Xa) [ 1- L wn (X i) { X < 2}

SI'—‘

I_nsoj
[ns] ; fn J ( )

~

= A, (s, 2),

and the proof of (3.19) is therefore concluded if

~

A, (s, 2) it A(s, z)

n—o0

holds. As

nso |

S fuw) | | o

| = Z fni(w)w, (uw)du
2

fug(w) | "

1
n

E [An(s,z)} - / (m)(w) — mey(w) | 1-

1
(7°°7z] n
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3.3. Consistency analysis

and for alln € N

= 21 fnj(u) | o)
() (w) — mey(w) | 1— —2= =S Fuwn(u){u < 2)
% ; fnj(u) i=1
‘_ i lfn,j(u) 1 [ns]
= [y () — mg) ()| =t =S fusw)wn(w) {u < 2}

; fujlw) =

< |may(w) — me)(w)]

< s |may(u) = me(w)] f(u),

holds, using the dominated convergence theorem and assumption (3.18]), it can be
obtained that )
E [An(s, z)} — A(s, 2).
n—oo
Additionally, it will be shown that Var(A,(s, z)) — 0 as n — oo. For simplicity
reasons let the following notation be introduced

. [nso]
n Z:I fn,j(Xn,i)
gn(Xmi) = (m(l)(Xn,i) - m(2)(Xn7i)) 1- J; Wn(Xn,i)[{Xn,i < Z}v
% Z:lfn,](Xn,z>
J:

where the dependency on s and z is not reflected in the notation of g,. Then it
holds that

|_nsj

Var (An(s,z> Var Zgn n,i)

= _ZVCLT gn ni ) (3.23)

|_nsj [ns]

S S (Bl (X )00 (X)) Bl (X, (X, )
s
(3.24)

Considering (3.23)), condition (3.18) from (I)’ is used to obtain
|ns)

— Z Var(g,(X
[ns]

<—ZEgn
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3. Changepoint test in the conditional mean function

[ns] i " fn,j(“’)

- Z [ o) = meyw)? | 2 () ua)
( 00,z| ; fn,j(u)
1 2

<s- (m)(u) = me)(u))” flu)du, (¥VneN)

(—o0,2]

&)

n:)oo 0‘

Hence, the term in (3.23)) is negligible. For (3.24]) the covariance inequality for
strongly mixing triangular arrays, stated in Lemma [B.5 on page will be applied.
For b > 2 from assumption (I)” and for all 1 <i <n and n € N, it holds that

(3.18)

E [lgn(Xo) / [y () — mgy(w)|| Flu)du = oo,

It therefore holds for i # j that

E [’gn(Xn,imn(Xn,j)‘%] < (E [|gn(Xn,i)‘b} E Ugn<Xn,J)’b])% =0(1)

and similarly

B {|ga(Xni)9n(Xas)lE]| = 001)

for an independent copy {Xn,t 1 <t<nmeN}of {X,;:1<t<nneN}

Hence, Lemma can be applied with ¢ := 1’5—2 > 0 and M, = O(1) using the

notations from Lemma . Let i > j (the case j > i works analogously). Then the

term in (3.24)) can be bounded by

1 [ns] |ns]

LSS Bl (Xai) 90 (X)) — Elgn (X)) Elg (X
i=1 j=1

j<i

|ns] |ns|

< 3D ali- )T

i=1 j=1
j<t

%Za(t)”?

<00

= o(1).

The assertion in (x) holds as for 8 from assumption (P)’, it holds that

ia( 15 = iO(t 6b) 0(1),

IN
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3.3. Consistency analysis

where the last equality is implied by

Lt (b-DA+d =21 b
b—2 = bh—2 Tbh—2

£ >

This finally completes the proof of (3.19). Note that analogously it can be shown
that

A FO )\ e
(

—00,z]

holds for all z € R? and s € (0,1) with s > sg. To show the consistency of the
test, choose zy € RY such that

A(So, Z()) 7& 0.

The existence of such a zy € R? can be argued in the following way. It holds
that A(sg, z) vanishes for all z € R? if and only if

S ) d
By assumption (F2)’ it holds that f)(u) > 0 and f)(u) < fO(u) for all
u € R¢. Hence, (3.25)) holds if and only if

may(u) — mey(u) =0,V u € R%
However, as m@) # m2) by assumption, m)(u) — m)(u) # 0 holds for some
u € R%. Applying (3.19), it can finally be concluded that

T,1 = sup sup
5€[0,1] zeR4

To(s,2)| 2

T (50, 20)| = VAl A(s0, 20) | +op(v/).

— o0
n—oo

The test based on T}, ; is therefore consistent against H;.
O

Remark (special cases). Sometimes strict stationarity is assumed even under the
alternative. Note that this particularly excludes the case of autoregressive models.
However this assumption implies that for all 1 <t <n and n € N

fn,t = f7

for some f : R? — R not depending on ¢ and n. Under the assumptions of Theorem
B.4] and Hy, it then holds that

(

Jis(1— so) / (my (1) — mey(w)) fu)du +op(vVa), 5 < o

To(s,2) = (oo
Vnso(1 —s) / (my(u) — me)(w)) fu)du +op(v/n), s> s

L (—o00,2]
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3. Changepoint test in the conditional mean function

Here it can be seen that using the marked empirical process of residuals is es-
sential for the consistency of the test. To see this let m;) —m(s) be an odd function
and let f be a symmetric density. Examples are considered in the simulations, see
for instance Subsection [6.1.1] for an i.i.d. model or Subsection [6.1.2] for a time series
(but not autoregressive) model. Now it holds that

[ mta) = i (w) S =0,

although m ;) #Z mys). The test based on Tn(s, 00) is therefore not consistent against

H,. The test based on T, (s, z) however, is consistent as proven in Theorem .
A second simplification is the assumption of strict stationarity before and right
after the break, meaning that for all 1 <t <n andn € N

fn,tEfl)I{ <So}+f {t>80}

for some functions fuy, fz) : R? — R with f1) # f2. Then for all z € R? and
s < Sp, it can be shown that

fay(u) fioy (u)

sof ) + (1 — o) f ()™

T(s, z) = v/ns(1 — sp) / (m)y(u) — me)(u))
(—o0,2]

+ op(v/n).

Remark (local alternatives). Often it is of interest to also consider local alternatives
such as

m(-), t=1,...,|nso]
m(-) + \/Larh(), t=|nso|+1,....n

I

Hyp o 3sg € (0,1) : mpy(-) = {

for some m,m : R — R not depending on ¢ and n with m # 0. For an example see
Subsection [6.1.4] Then z, € R? can be chosen such that

Aso, 20) = / () (1 - %&";) F0) ()t £ 0.

(—00,20]

It can furthermore be shown that under Hy;

A

T, (50, 20) = I'n(s0, 1, 20) — I'n(1, 50, 20) + A(s0, 20) + 0p(1)

holds for all n € N, where

[ns] ¢
a(s.1.2): fzvmf”“;:jf{xmgz}

for s,t € [0,1] and 2 € R% The random variable I', (s, 1, 29)—I'»(1, 5o, 29) converges
in distribution to a centered normal random variable. This suggests that the test
can also detect local alternatives such as Hy. Note that the process {T',(s,t, 2) :
s,t € [0,1], 2 € R} is also of interest in Section , see on page .
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3.4. Other tests and the one-dimensional case

3.4 Other tests and the one-dimensional case

In this section, other possible test statistics, that also use the process Tn, will be
presented. Secondly, the special case of one-dimensional covariates will be investi-
gated. It will result in a distribution free limiting distribution.

The test for change in the regression function using 7},; is based on the supremum
over all s € [0,1] and z € R? of T},(s, z). In principle, every continuous functional
of the process T, can be considered. The most common ones additional to the
Kolmogorov-Smirnov type are the so called Cramér-von Mises type functionals, like
the following ones

T = sup/ S, (3.26)
z€R JO
Th3 = sup/ Tu(s, 2) w(z)dz, (3.27)
s€[0,1]
Tha ::/ / Tu(s, 2) w(z)dzds, (3.28)
0 Jre

where w : R? — R is some weighting function such that the integrals in (3.27)) and
(3.28)) exist. Using Corollary and the continuous mapping theorem, it follows
that

T Y sup/|G0$z]ds

n—o0 zERd

Ta B s [ [Gols o) w(z)d

n—o0 SE[O 1]

Tt > |Go(s, 2)|* w(z)dzds.
Rd

n—o0

If d = 1 holds, a nice limiting distribution for the test statistics 7;,; to T},4 can
be obtained. To see this, let

YRR, 2+ / o?(u) f (u)du.
Furthermore, let

c:=X(o0) = /JQ(U)f(u)du < 00.

The first fundamental theorem of calculus states that if o2 f is continuous, then
) is differentiable and for all x € R it holds that

d¥(z) 2
—— =0 (2)f(2).

Let next {Ko(s,t) : s € [0,1],t € [0,c]} be a centered Gaussian process with
covariance function

COV(K@(Sl, t1>, KQ(SQ, t2)) = (81 A\ So — 8182)(t1 A tg)
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3. Changepoint test in the conditional mean function

Such a process is a two parameter Gaussian process that is a Brownian bridge
in the first parameter and a Brownian motion in the second one. It is often referred
to as a Kiefer-Miiller process (see for instance Example A.2.13 in [75]). Then under
continuity of o2, it holds that

T,i > sup sup|Gols, 2)]

N0 scl0,1] z€R

D

= sup sup |Ko(s,%(2))]
s€[0,1] z€R

= sup sup |Ko(s, )]
s€[0,1] t€[0,c]
D
= sup sup }\/EKO (s,ﬁﬂ
s€[0,1] t€[0,¢]
=+/c sup sup |Ky(s,t)],
s€[0,1] t€[0,1]

where continuity of X and the scaling property of the Brownian motion were used.
Note that the first equality in distribution does not hold if d > 1. Let furthermore

b= DY = (X0)Pn(X0), (3.29)

Then it holds that ¢, L ¢ and therefore by Slutsky’s theorem

n—oo

1 D
—T,1 — sup sup |Ky(s,t)|.
V Cn n—00 se[o,l]te[0,1]| ( )’

Note that any consistent estimator for the constant ¢ can be used here. Similarly
it can be seen that

1
T B sup / Gols, 2)Pds
0

n—o0 2€R

1
gsup/ |K0(S,E(Z))|2d8
0

z€R

1
— sup [ [Ka(s.) s
0

te(0,c]
1
= sup/ |V/cKq (s,i)‘st
tel0,c] J0o
1
:csup/ |Ko(s,t)[*ds
tef0,1] Jo

and therefore

1 1
—T.9 I sup/ |K0(s,t)\2ds.
0

Cn =00 ¢0,1]

For T3 and T4 by choosing the weighting function w = ¢2f, which however
is unknown, and additionally using integration by substitution twice, it can be
obtained that

T3 A sup /|G0(s,z)|202(z)f(z)dz
R

=0 5e(0,1]
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3.4. Other tests and the one-dimensional case

2 gup / Ko(s, 5(2)) 02(2) £ (2)d=

s€[0,1] JR

— sup / Ko, )| dt

s€[0,1]
= sup/ ‘\/_Ko | dt
s€[0,1]
22 sup/ | Ko (s,1)|* dt.
sef0,1] Jo

Consequently, it holds that

Similarly, it can be shown that

n4—>//|Gosz|dzd3—c//|Kost|dtds
n—oo

and therefore

Remark. With the above choice of Welghtmg function, the test statistics T,,3 and T4
both contain the unknown quantity o2f. Thus, to apply the tests they have to be
modified. It holds that

J

where F' is the distribution function of X;. Hence, the integral can be estimated by
the sample mean L 3°7_ |T,(s, Xi)|?0%(X}). Replacing 0(X},) by the Nadaraya-
Watson estimator 62 evaluated at X}, an estimator for the above integral can be
obtained by

T (s, z)f o2() f(2)dz = [ | T, z)f o2(2)dF (=),

R

S Xk ‘ 2(Xk>

Hence, suitable modifications for 7,3 and 7,4 are

1 . 2
sup — Y |Tu(s, Xp)| 60(X5) (3.30)
s€[0,1] T el
and
11 . 9
/ SN s, Xk)‘ 52 (X)) ds (3.31)
L,
respectively.
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3. Changepoint test in the conditional mean function

3.5 Related literature

The proposed test is a modification of Su and Xiao’s CUSUM test in [71]. They
consider a nonparametric time series regression model as in and construct a
test for change in the regression function. The modification is an improvement in
two directions. First, Su and Xiao allow for heteroscedasticity and a-mixing data,
and claim that their procedure also works for possibly non-stationary sequences even
under the null of no change in the regression function. However, a result applicable
to triangular arrays is necessary in this setting as possible changes in both the
conditional mean and the variance function are assumed to depend on the sample
size. It is not clear that the limiting distribution given in Theorem 3.1 in [71] is still
valid in this case. For the proof of the limiting distribution of the new test statistic
T,1 given in Corollary strict stationarity under the null is needed. However,
the case of non-stationary variances will be investigated and a bootstrap procedure
will be proposed in Chapter [l Secondly, as Su and Xiao’s test is based on the
cumulative sum of residuals, it is not consistent against simple alternatives in some
cases as has been motivated in Section 3.3 To overcome this problem they use the
following weighted version

Lns)

% S0 = s (XD ful X (X,

where w : R? — R is a weighting function. While the factor fn has technical reasons
as small random values in the denominator of m, can be avoided, the weighting
function w plays a crucial role for the consistency of their test as they point out
themselves (see remarks to Theorem 3.2 in [71]). Depending on the alternative, it
needs to be chosen appropriately in order to construct a consistent testing procedure.
By using the marked empirical process of residuals, consistency can be obtained in a
more generic way as it has been proven in Theorem . Possibly Stute [68] was one
of the first researches to introduce the marked empirical process of residuals. The
idea of using it in this setting however, stemmed from Burke and Bewa [6]. They
consider an i.i.d. setting under the model and also allow for heteroscedasticity.
They construct a test for change in the regression function based on the following
test statistic

n

Z Y,I{X; <z}

i=|ns|+1

[ns) 1

1
vn W;EI{XiSZ}—m

It is the difference of two sample means marked with the indicator function. Their
limiting distribution looks more complicated than the resulting one in Corollary
as it particularly contains the unknown regression function m. They propose a
bootstrap version of the test as an approximation. Furthermore, the test does not
allow for time series data. Well established results on empirical processes with
i.i.d. random variables are used to proof the limiting distribution in their setting. In
the dependent setup more sophisticated methods needed to be established to show
the limiting distribution of T},.
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4 Non-stationary variances

A key assumption in proving the weak convergence of T, in Chapter |3| is the strict
stationarity of the underlying process under the null. This particularly requires the
conditional variance function o?(+), that also appears in the limiting distribution, to
be stable in time. It would be of interest to construct a test that detects changes
in the conditional mean function, even when the conditional variance function is
also not stable. First, a brief literature review concerning this kind of settings
is presented. A corresponding version of model , that allows for instabilities
in the conditional variance function, will be introduced in this chapter. It will
also be referred to as the model with non-stationary variances. Furthermore, the
asymptotic behavior of the process T,, under the null in this generalized model will
be discussed. Since the theory on weak convergence of sequential empirical processes
with dependent and possibly non-stationary data is not available, this section rather
serves as a motivation. However, similar techniques as used in the stationary setup
will be suggested and references to the corresponding lemmata in Appendix [A] will
be made. In contrast to the results under stationarity in Chapter [3] it turns out
that the expected limiting distribution is rather complicated. Finally, a bootstrap
version, that is a presumably valid testing procedure even under non-stationary
variances, will be presented.

4.1 Literature review

Most literature assumes stationary variances of the error terms (unconditional or
conditional) when testing for changes in regression, such as parameter instabilities
in parametric models or changes in the nonparametric regression function in non-
parametric models as considered in this thesis. However, as Wu [81] pointed out,
non-stationary variances can occur and will most likely result in misleading infer-
ences when not taken into account. Although this is a legitimate concern, not many
results are available that deal with non-stationary variances.

Pitarakis [62] considers estimation of and testing for a changepoint in the re-
gression coefficient in linear regression models when one single changepoint in the
error variance is present. The procedure does not allow for heteroscedasticity but
for autoregressive effects. Perron and Zhou [61] consider a partial structural change
linear regression model, meaning that some parameters of covariates are stable and
some are unstable in time. It is a test for change in the regression coefficients
allowing for a given number of changes in the error variance. They allow for het-
eroscedasticity but also assume stationary mixing regressors under the null, which
rules out autoregression models. Kristensen’s [43] semi-nonparametric approach to
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4. Non-stationary variances

test parameter stability in possibly (autoregressive) time series data allows for po-
tentially time-varying volatility but not for correlated errors and heteroscedasticity.
Cai [7] considers a linear regression model with weakly dependent and strictly sta-
tionary exogenous variables which again excludes autoregressive effects but covers
heteroscedasticity and instabilities in the conditional variance function. A different
approach to model time series with structural instabilities can be obtained by us-
ing locally stationary processes as Vogt does in [76]. He allows for nonparametric
hetereroscedastic models where both conditional mean and variance function vary
over time. However, a main assumption is that they change smoothly over time
satisfying some Lipschitz condition.

A few more recent results will be discussed a little more detailed. Xu [83] consid-
ers a linear regression model of the form Y; = X[ 3; +vys; with a-mixing, stationary
and possibly conditional heteroscedastic error terms v;, and with a mixing and sta-
tionary vector of regressors X;. The model thus is not applicable in the case of
autoregression. The deterministic sequences 3; and s; model instabilities in regres-
sion coefficient and error variance respectively. The proposed procedure uses the
cumulative sum of OLS}residuals. The limiting distribution includes the Brownian
motion and some integral over the unknown function s;. Critical values need to be
estimated via Monte-Carlo simulations. Wu [81] considers a similar setting as in [83]
but allows X; to include lagged dependent variables in order to include autoregres-
sive models. Instead of a CUSUM test, he uses an U-statistic for moment condition
stability first proposed by [34]. Similar to the result of Xu, heteroscedasticity is
allowed for, but the conditional variance function is assumed to be stable in time.

All these settings do not fit in the considered framework as they either do not
allow for autoregression models, by assuming stationarity of the regressor variables
under the null, or they do not cover heteroscedastic effects. More precisely if het-
eroscedasticity is considered, variance instabilities are not modeled in the conditional
variance function but as a time-varying constant. As discussed in Section Su
and Xiao’s [71] test allows for breaks in the conditional variance function. But their
procedure does only seem to work for fixed breaks that do not depend on the sample
size.

4.2 The model with non-stationary variances

In this section, the model in will be modified in order to allow for non-stationary
variances. As mentioned earlier, possible instabilities of the process should be mod-
eled depending on the sample size n. Therefore, again the underlying process should
be viewed as a triangular array process. Thus let {(Y,+, X,+) : 1 <t <n,n € N}
such that

Yn,t = mmt(th) =+ Un7t, t = 1, oo,y € N,
with
E[Un,t‘ffl] =0 and E[Uit]th] = Ui,t(Xn,t) a.s.,

for some functions o7, : R* = R and F} := 0(Upn -1, Xpn; : j < t). This model
2

therefore not only allows for heteroscedasticity but also for possible changes in o, ,.

LOLS: ordinary least squares

62



4.2.  The model with non-stationary variances

Let X, be absolutely continuous with density function f, ;. Given observations
(Yo1, Xn1)s -y (Y, Xnn) consider the null hypothesis of no change in the condi-
tional mean function

Hoy:mu(-)=m(:), t=1,...,n,

for some m : R? — R not depending on ¢ and n against the changepoint alternative

Y

S, t=1,...,
Hy 350 € (0.1) : el = m)(+) - | 5o
m(g)(), t = LTLSOJ +1;--'7n

for functions m), m) : R? — R with m()y Z M. In this context the stationary
case is always referring to the case where f,,,(-) = f(-) and o7, ,(-) = ¢*(:) for all t =
1,...,n and for some f,o?: R? — R not depending on ¢ and n. The corresponding
test statistic, using the sequential marked empirical process of residuals, then is

Lns]
1 N
Tn(S, Z) = % Z Un,iwn(Xn,i)I{Xn,i < Z},
=1

with residuals Um =Y, — My (X,). The Kolmogorov-Smirnov type test rejects
the null, if

T, := sup sup
s€[0,1] zeR4

Tn(s,z)‘

is large. Under Hj it holds that

Lns)

% Z(Ynz — M (X)) wn (X ) I{X s < 2}

[ns]
Z Un,zwn(-Xn,z)I{Xn,z S Z}
i=1

A 1
T.(s,z) =

_ b
- Vn

+ = (X ) = 10 ( X)) (X ) [{ X < 2},

It is reasonable to proceed on the assumption that

[ns] [ns]
1 1
= Un,zwn(Xn,z)]{Xn,z S Z} e Un,zI{Xn,z S Z} + Op(l),

holds uniformly in s € [0,1] and z € R? under suitable conditions. Note however,
that the corresponding result for the stationary case is stated in Lemma on
page [I42 and its proof particularly needs the strict stationarity assumption. It uses
a weak convergence result for sequential empirical processes, which is not available
for non-stationary data to the best of our knowledge.

Furthermore, it can be shown that

1 [ns)

ﬁ Z(m(Xn,z> — My (X i) )wn (X i) [{ X i < 2}
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4. Non-stationary variances

LnSJ

(*:) n m(a nz dm op 1

f/(m}( (@) - Zf +op(1)

_ \/a/ (m(@) — 1 (a))won () FO (@)da + op(1),
(7°°7Z]

holds uniformly in s € [0,1] and z € R? under suitable conditions and where
FE() = lim, 00 & ZLnSJ fni() < oo for all fixed s € (0,1]. The assertion in (x) is
similar to Lemma on page [113| For the proof, m — m, needs to be embedded
in a smooth function class by using uniform rates of convergence on J,, for m —m,,
and its partial derivatives. Note that the results from Lemma [2.2] can not be applied
as they only hold for strictly stationary data. However, as suggested in Section [2.4]
rates of convergence can be shown for non-stationary data under suitable conditions
as well. Under the null the kernel density estimator fn consistently estimates

1 n
=- ; Fil-)

and §,(+) = () fu(-) consistently estimates m(-)f,(-). Hence, 1, (+) consistently
estimates m and similar results can be obtained for the partial derivatives. The
assertion in (x) then follows by

1 Lns)

= Z (ﬁn<Xn,i)f{Xn,i <z - E [BH(XW-)I{X”,Z- < z}D — op(1)

and
lns] | L)
\/_ZE[ mI{Xm<z} \/’/m] Zzlfm

uniformly in s € [0,1] and z € R, where hy,(-) := (m(-) =i, (-))wn (). Note that the
corresponding assertion in the stationary case is Lemma on page [L13l The key
tool in proving it, is an exponential inequality for strongly mixing data (Theorem
2.1 in [46]), which does not need the strict stationarity assumption.

Proceeding by inserting the definition of m,,(-) yields

\/_/ooz]< ) n;Kh"( Xn,])Yan( > () f) (2)d

()

@
= — m(x) — m(X,;)) Kn, (T — X, ;)wn(®) = dx
ﬁ;/(_mﬁ (@) (X)) o X Jenta)
1 O [ ()
- Un,j Ky, (x — X, j)wn () = dx
\/ﬁjzl ’ /(—oo,z] ( ) ( ) fn(m)
1 & [ ()
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4.2.  The model with non-stationary variances

Ly 70()
_ % ]:Zl U, /(_oo?z] Ky, (x — X, j)wn(x) f(l)(m)dw +op(1), (4.2)

where in the last step fn was replaced by f(). Now it can be shown that the term
n is negligible uniformly in s € [0, 1] and z € R%. Note that the corresponding
result in the stationary case is Lemma on page [124] The main step of its proof
is again an application of the exponential inequality in [46].

Concerning the term in under suitable conditions it can be shown that

1Ny e X (@)
ﬁZ%Jmf“ Xos)onl®) 55 )

ZU an n,j %]{Xn,] S Z} + Op(l).

The corresponding assertion in the stationary case is stated in Lemma on
page |131] The proof uses again the exponential inequality in [46]. Finally it is
reasonable to assume that

f<5>(Xw~) ) (Xnj)
Z U ’an n,j m[{Xm] S Z} = Z U J XnJ)I{XnJ S Z}

+ Op(l)

holds uniformly in s € [0,1] and z € RY. However, the tools to proof this kind of
conjecture are not available, as it requires a weak convergence result for sequential
empirical processes with non-stationary data.

Putting the results together, this would lead to

[ns]
ZUn'L[{XnZSZ}__ZUnz nz I{angz}—i_OP( )

(4.3)

where g©®)(-) := ﬁi—;gg Even if both summands in (4.3) converge weakly, this cer-

tainly does not imply the weak convergence of T}, := {T,,(s,2z) : s € [0,1], z € R?}.
The idea is to show weak convergence of the richer process

[ns]
(s, t,2): \/_Z mg X)) I{ X, < z}:stelo, 1],z € R? (4.4)

to a centered Gaussian process {['(s,t,2) : s,t € [0,1], 2z € R%}. This result again
requires a weak convergence result for sequential empirical processes indexed in
general function classes and with a weakly dependent and possibly non-stationary
underlying triangular array process. Such a result is not available so far to the
best of our knowledge and could not be obtained within this work. Note that the
corresponding result in the stationary setup is Theorem on page [A1]
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4. Non-stationary variances

However, continuing under the conjecture that the process in (4.4 does converge
weakly in 1°°([0, 1] x [0, 1] x R?), it follows from (4.3)) that

To(s,2) = Tu(s, 1,2) — T(1, 8, 2) + op(1),
uniformly in s € [0,1] and z € R as gV (-) = 1. By continuous mapping
theorem the weak convergence of T, to the centered Gaussian process {Gy(s, z) : s €

[0,1], z € R?} follows. The covariance function of {I'(s,t,z) : s,t € [0,1], 2 € R}
results in

COV(FTL(SIJ tla z1>7 Fn(827 t27 ZQ))
[ns1|A|ns2]

=B > U2 (X0 )" (X)) I{ Xni < 21 A 22}
=1

[ns1]A[nsz2]

1 ~ —
B / n Z O—z,i(u)fn,i(U)g(tl)(u)g(tZ) (’Uz)d’u,
(—00,21A22] n =1
— B(SIAS2)(u)g(tl)(u)g(tg)(u)du’

n—00 (—o0,z1A22]

under suitable conditions and with A®)(:) := lim,_,e = ZZLZSIJ 02 () fni(:) < oo for

s € (0,1]. The covariance function of {Gy(s, 2) : s € [0,1], 2 € R?} thus results in
COV(Go(Sl, Zl), Go(SQ, 22))
= COV(P(Sl, ]_7 Zl> - F(]_, S1, Zl), F(SQ, ]., Zg) — F(]., S, ZQ))

- / RO () — RO ()5 () — B2 () () + A () (w)g™) () da.

(—o0,z1A22]

Note that this is consistent with the stationary case as then h®)(-) = so?(-)f(-)
and §©)(-) = s and the same covariance function as in Corollary on page 48| can
be obtained. The convergence of the Kolmogorov-Smirnov test statistic follows by
the continuous mapping theorem. Hence, under Hj it can be shown that

Tu(s,2)| 2 sup sup |Go(s, 2)].

00 5€[0,1] zeRd

sup sup
s€[0,1] zeR4

Note that under H; the model applies to the setting of Section [3.3] Thus under
the assumptions of Theorem on page [0, it holds that the test is consistent
against Hy, i.e. under H; it holds that

P
— OQ.
n—o0

sup sup
5€[0,1] zeR4

Tn(3>z)

4.3 Bootstrap test

As the potential limiting distribution of T,, and therefore of T},; is rather complicated
and does not decompose in such a nice way as it does in the stationary case, the
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4.3. Bootstrap test

critical value using the asymptotic distribution can not be computed. An alternative
procedure is to estimate the critical value using bootstrap. The idea is to construct
a bootstrap version 7, based on the sample YV, = {(Y1, Xn1)s -+, (Yo Xnn)}
that somehow mimics the distribution of the original test statistic 7;,; under the null
without knowing its limiting distribution.

Given ), in each bootstrap replication b € {1, ..., B} a bootstrap version T}y, , of
the test statistic 7}, is constructed as follows. First, define the bootstrap innovations

by

U;;t = Unp M,
where {1} are i.i.d. random variables, independent of ), with E[n] = 0, E[n2] = 1
and E[ni] < co. This so called Wild Bootstrap procedure was first introduced by Wu
[80] and Liu [49] for linear regression with heteroscedasticity. It was used in time
series context by Kreif [39] and Hafner and Herwarzt [23] among others | Then the
bootstrap data is generated by

Y:,t = ’ﬁ’Ln<Xn7t) + U:,t'

Note that if the original data follows an autoregression model, say d = 1 and
X; =Y,_1, by the above choice the resulting bootstrap data does not follow the same
structure. As was pointed out by Kreifs and Lahiri [40] this is still a reasonable choice
in particular if the dependence structure of the underlying process does not show
up in the asymptotic distribution. The bootstrap residuals are then defined by
Ups = Yo = 5 (Xon),

n

n z— X, ; *
Zj:1K< h )Yn,j

n

n :D—Xn‘j
2 K (T)

where m} (x) = . Then the bootstrap test statistic is defined

by
T (s, z)|,

1" ,:= sup sup

’ s€[0,1] zeRd

where T#(s, z) == = ZL"SJ U* Wi (Xn i) I{Xn; < z}. For a given level a € (0,1)
the bootstrap test then rejects the null, if

B

1

E ZI {Tnl S T;l,b} < Q.
b=1

Note that given ), the bootstrap variables (X, 1,Y,),), ..., (X, Y, ,,) fulfill the
null restriction even if the original ones do not. To motivate that this method leads to
a valid testing procedure, the asymptotic behavior of T := {T*(s, z) : s € [0,1], z €
R} will be investigated in more detail. It will particularly be suggested that under
Hy the process T converges weakly in probability (see [22] for the deﬁmtlon) to
G, which is the expected limiting distribution of T,, from Section This ensures

2As an alternative to this, a triangular array {n,:: 1 <t <n} (rather than an i.i.d. sequence)
could be used to mimic the dependence structure of the innovations. This so called Dependent
Wild Bootstrap was introduced by Shao [67].
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4. Non-stationary variances

that the rejection probability of the bootstrap test does not exceed the given level
a under the null. Secondly, it will be conjectured that under H; the process T;,f
converges weakly in probability to some centered Gaussian process Gj. Note that
this process particularly differs from Gy. Nevertheless, under H; it then holds that

sup sup |T,(s, z)| L (4.5)
s€[0,1] zeR9 n—o0
and -
sup sup [T2(s,2)| B sup sup [Gy(s, 2)| = Op(1),
s€[0,1] zeRd N0 5¢)0,1] zeR4
where here 2 denotes convergence in distribution in probability. Thus, under H;
the rejection probability of the bootstrap test converges to one as n tends to infinity.
The bootstrap test therefore provides a consistent testing procedure for changes in
the regression function even under non-stationary variances.

To motivate above conjectures, the limiting behavior of T; under both Hy and
H, will be investigated. Let therefore P* denote the probability conditioned on ynﬁ
and let for any sequence of real valued random variables (Z,)nen, Z, = op«(1) be
short for P*(|Z,| > €) = op(1) for all € > 0. First, it can be obtained that

[ns]

T(s, z) Z X)) (X ) I{ X i < 2}

Lns

ZU* wn (X)) [{ X < 2}

e D0 X) = 10 (K)o (Ko { X < 2},

Furthermore, it can be shown that

| sl

s D0 (Xins) = 9, (K)o (X)) { X < 2}

Lns
=+/n (M () —m (x anz )dx + op«(1)
(—00,2]
— Vi [ (@) — i @))en(@) P @) + op- (1),
(—o0,2]

under suitable conditions. Inserting the definition of 72 yields

1 _
mp(x) — — Ky, (x Y*]— w, () f¥) (z)dx
f/( Z ),fn(m)>()f()

3Note that the notation P* is also used for the different concept of outer probability, first noted
in Chapter E It should be clear within the context which definition is intended.
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4.3. Bootstrap test

1O ) F) (0

= (M (@) — 1100 (X)) K, (T — Xy j)wn () ———daw
=1 o] n()

LS~ ) (@)
=, U”j an anwnm ~ dx

! =1 7(0[%] ' ( ) ( ) n(a:)
LN L e) — (X)) K (@ — Xy (@) g
- njzl(—OOZ}( () = (g B = K end )f<1)(m)d (4.6)
s o X (@) L)

\/ﬁj:1 Un,g / Khn( Xn,]) n( )f( (m)d + p*(].) (47)

where in the last step fn was replaced by f(). Concerning the term in (4.6)), it can
be shown that under suitable conditions

F) (o
\/_ Z / (M () — M (X)) Kp, (2 — Xw)wn(m);—(l)gmg dx = op«(1).

(—o00,z]

Concerning the term in (4.7)), it can further be obtained that under suitable
conditions

/Khn — X j)wn ()=

(—o00,z]

\/_ZU* (X %[{Xn’jgz}—l—op*(l).

Thus a similar expansion as for T},(s, z) in (&.3) on page |65 can be obtained in
the bootstrap world as

Lns)
T*Sz ZU* wn (X ) I{ X, < 2}
- n U*v'w”(X”’i)g(s)<Xn,i)I{Xn,z‘ < z}+op(1)

=17(s,1,2z) =T (1,s,2) 4+ op:(1),

where
I (S t Z \/—ZU* wn nz ()(Xn,z)[{Xn,l S Z}, Sat € [07 1],,‘3 € Rd'

Finally, the expected covariance functions of I';, and I'; under both Hy, and H;
need to be compared. First, note that
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4. Non-stationary variances

almost surely. Under H, it holds that Un,t =m(Xnt) — Mn(Xnt) + U,y and thus

E [F* (817 tl? zl) : FZ(‘SZu t27 z2)|yn]
[ns1|A|ns2]

== Z Uy wn(X0,0) 3" (X,)9" (X 0) I{ X s < 21 A 22}
n b

|_n81 N Lnsgj

1
=- Z U2 00 (X,0) 7" (X )50 (X ) { X s < 21 A 22} (4.8)
n b

\_nslj/\ nszj

+ — Z Unz nz - mn(Xn,z>>wn(Xn,z)§(tl)(Xn,z)g(t2)(Xn,z)]{Xn,z S 21 A Z2}
n

(4.9)
1 [ns1]A[nsz2)
+ E Z (m(Xn,z) - mn(Xn,z))2wn(Xn,l)g(tl)(Xn,z)g(tQ) (Xn,z)[{Xn,z S 21 A 22},
=1
(4.10)

a.s. for fixed sy, 89,t1,t2 € [0,1] and 2,2z, € R% Using the uniform rates of con-
vergence of m,, both (4.9) and (4.10) converge to zero in probability. Concerning

(4.8), it can be shown that

[ns1]A[ns2 ]

1
= Y U wn(X00) 3" (X)) (X ) I{ X < 21 A 22}

E) E [F(Slatla Zl) ’ F(827t27'z2)] ’

n—oo

where T" is the expected limiting distribution of I';, in (4.4) on page . Thus T;
indeed converges weakly in probability to Gy under Hy. If the null does not hold,

then with

A

Un,i - mn,i(Xn,i) - mn<Xn,z) + Un,z'
it holds that

E [F* (sla tl? zl) : FZ(S% t27 ZZ)’yn]
[nsi]A[nsz]

=— Z U2 won(X0)7") (X0)7") (X i) I{ X i < 21 A 20}
- ,

Lnsl I Lnszj

= % Z U2 0n (X)) 7" (X0) 7" (X ) [{ X i < 21 A 22} (4.11)
nslj/\ n52J
T Z Un (11,5 Xon1) = 110 (X, 0) ) (X, 1) 5 (X 0) 9" (X i) I{ X i < 21 N 22}
(4.12)
| lnsJnlnso)

+ — Z (mn,z(Xn,z) - mn<Xn,i))2wn<Xn,i)g(tl)(Xn,i)g(tQ)(Xn,i)I{Xn,i S z1 A z2}
n

=1

(4.13)
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4.3. Bootstrap test

a.s. for fixed s1, s9,11,t2 € [0,1] and 21, 25 € R?. The term in again converges
in probability to E [['(s1,t1,21) - ['(se,t2,22)]. It can be shown that the term in
is negligible in probability. Finally consider the term in . Under suitable
conditions it can be shown that

[ns1]A[nsz2]
1
SN mas(Ks) = 1K) 20 (X )3 (X)9 ) (X i) { X < 21 A 20}
n
=1
1 [ns1|A|ns2]
= 2 ST mi(K) = (X)) %0 Xoni) 3 (X)32) (X ) { Xy < 21 A 20}
n
=1
+op(1),

applying Lemma [2.3] on page [34 and with

from (2.20)) on page . Under H; it holds that
Mn(@) = (may(@) — me)(2))g">) () + me) ()

for all £ € R?, which was also discussed in the remark to Theorem on page .
Thus, it can be shown that

[ns1]A[nsz2]
1
=N mai(Ks) = 0 X)) 20 (X )3 (X)3 ) (X i) { X < 21 A 20}
n
=1
[ns1|A|ns2|A|nso]

(M) (X i) — M) (X)) wn(Xing) (1 - EI(SO)(Xn,i))Q

I
™

=1
9 (X)8) (X { Xos < 21 A 22}
1 [nsi]A[ns2 | 5
+- >, (m)(Xni) — me)( X)) wn(Xni)g" (Xni)

i=|ns1|A[nsa]Anso]+1
(X)) (X)) T{ X i < 21 A 20}
+op(1).

It can be seen that these terms do not vanish but converge to some limit in
probability. Thus the limiting distribution G¢ then is not equal to Gy and in partic-
ular depends on the changepoint sy. Nevertheless the bootstrap test will still be a
consistent procedure as under H; the original test statistic converges in probability
to infinity while the bootstrap test statistic converges in distribution in probability
to some non-degenerated limit.
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5 Changepoint test in the conditional
variance function

In this chapter, a test for change in the conditional variance function is suggested.
The construction uses the idea that it can be seen as a conditional mean function
in a new regression model. The test is therefore again based on the marked empiri-
cal process of new residuals. The asymptotic behavior under the null of no change
in the conditional variance function will be established heuristically. In particular,
methods of proof obtained earlier can be used. The ideas of a possible proof are
based on the proofs of the lemmata in Appendix [A] It can therefore be helpful to
read the proofs first. Additionally, the behavior of the Kolmogorov-Smirnov type
test statistic will be studied under a simple alternative. Finally, other tests based on
Cramér-von Mises type test statistics will be presented and the special case of one-
dimensional covariates will be investigated in more detail, as under this assumption
a distribution free limiting distribution can be obtained.

5.1 Model and test statistic

Suppose that a changepoint test in the conditional mean function gave reason to
assume stability in this function in model (1.1). Hence, let

Y;:m(Xt)“—Ut, tGZ,

where E[U;|F!] = 0 a.s. and m : R? — R is not depending on t. The verification
of this assumption can be delicate. The test constructed in Chapter |3| only works
under stationary variances. However, as suggested in Chapter (4] the bootstrap ver-
sion of the changepoint test is a valid procedure to detect changes in the regression
function even in the presence of changes in the variance function.

Furthermore, let the following representation for the innovations U; hold
U= at(Xt>5t7 te Za

for some functions o; : R — R and an i.i.d. sequence (g;);cz, such that & is
independent of X for all j < ¢ and fulfills E[e;] = 0, E[e?] = 1 and Ele}] < oco.
With these restrictions, ¢ is the conditional variance function of ¥; conditioned on
X, as

Var(Vi|X,) = E[UZX)] = 0%(X))
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5. Changepoint test in the conditional variance function

holds almost surely. This also shows that o2 can be viewed as the regression function
or conditional mean function in the new regression model

U} =07(Xy) + &, t€Z,
with covariate X, response variable U? and innovations
ft = Ut2 — O'?(Xt), te Z,

that satisfy
E[&]X:] = 0 and E[¢f]X,] = 0(X;) E(e} — 1)?]
almost surely. It will be investigated, whether the function o?(-) is stable in time .
Given observations (Y7, X1),...,(Y,, X,) the null hypotheses
Hy:0X()=0%), t=1,...,n,

for some 02 : R — R not depending on time ¢ will therefore be considered.

The idea is again to base the test on the cumulative sum of residuals U2 — 62 (X;),
where 62 is the kernel estimator for the unknown ¢ defined in (2.3)) on page . The
problem, that arises, is that U? is not observable either. It will therefore be replaced
by the estimator (Y; — 71,,(X;))? where m,, is the Nadaraya-Watson estimator for
the unknown m defined in on page The CUSUM type test statistic again

uses the marked empirical process of residuals, thus
T, = {Tn(s,z) :s€(0,1],z € Rd} :

where
To(s.2) = — 3 (Vi — 11 (X))2 — 62(X3)) wa (X [{X; < 2}

and the Kolmogorov-Smirnov type test statistic then is defined as

T,1 := sup sup
z€R4 s€[0,1]

T (s, z)‘ . (5.1)

Note that by using other functionals of T,,, other tests can be obtained simul-
taneously. In Section [5.4] Cramér-von Mises type test statistics will be presented,
which will be denoted by T2, T,3 and T}4.

5.2 Asymptotic behavior under the null

To construct the test using 7,1, the limiting distribution of 7}, under the null is of in-
terest. This section will give a heuristic motivation under what kind of assumptions
and with what kind of methods the convergence of the test statistic can be obtained.
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5.2.  Asymptotic behavior under the null

Under Hy, strict stationary and a-mixing {(Y;, X;) : t € Z} and under suitable
conditions it can be shown that

~

To(s,z) = To(s,z) — sTp(1, 2) + op(1), (5.2)
uniformly in s € [0, 1] and 2z € R? where

Lns)

and that

T, = {Tn(s,z) :s€0,1],z € Rd}
converges weakly in 1°([0, 1] x R%) to a centered Gaussian process G with

Cov (é(sl, z1), é(SQ, Z2>) =(s1 A SZ)i(zl N z3),

where ¥(2) := E[(e2 — 1)?] Ji ooz @' (@) f(x)dz. Applying continuous mapping and
Slutzky’s theorem, it therefore follows that T,, converges weakly in 1°°([0,1] x R?)
to a centered Gaussian process Gy with

COV (éo(sl, Zl), 60(82, 22)) = (81 A S9 — 8152>i(21 A\ 22).

The continuous mapping theorem then implies that

~ D
T,1 — sup sup
N=0 L eRd s€[0,1]

éo(s,z)‘.

The weak convergence of T, can be shown by using Corollary . In what
follows, it will be sketched how the proof of the decomposition, namely assertion
(5.2)), could work mentioning the kind of assumptions need to be made. Consider

Lns)

T(s.2) = 5= 3 (00 = (X)) = 63(0)) wn (X)X, < 2)
| L)

= =D (X)) — (X)) + U = 672(X0) wa (X)X, < 2)
= =" (m(Xy) — (X)) won( X)X, < 2} (5.3)
F ST U (X — (X)X X, < 2} (5.4)

LS (U2 - 83(X) wa( X)X < ). (5.5)

Using the uniform rates of convergence of m — m, obtained in Lemma [2.2] on
page (17, the term in ((5.3) is negligible uniformly in s € [0,1] and z € R% It can be
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5. Changepoint test in the conditional variance function

shown that the term in (5.4)) is as well negligible uniformly in s € [0,1] and z € R%
To see this, define the function classes

Fi={(u,x) = ul{x < z}: z € R}

and

H o= Cyt(T,),
from the proof of Lemma on page m There it is shown that for h,(z) =
(m(x) — my,(x))w,(x) it holds that
P (ﬁn € ’H) - 1.

n—0o0

Then the assertion is implied by

Lns]
sup sup sup \/_Z o(U;, X;) — E[h(X;)e(Us, X;)])| = op(1),

s€[0,1] p€F heH

where E[h(X;)p(U;, X;)] = 0 holds for alli = 1,...,n, h € H and ¢ € F. Sim-
ilarly to the proof of Lemma , the interval [0, 1] can be covered with finitely
many intervals and the function classes F and H can be covered with finitely many
brackets. The suprema over [0, 1], F and H can then be replaced by the maxima
over finitely many objects, namely centers of intervals and lower and upper bounds
of the brackets respectively. The maxima can then be bounded in probability using
Liebscher’s exponential inequality for a-mixing sequences stated in Theorem 2.1 in
[46]. The resulting upper bound converges to zero as n tends to infinity. Up to this
step the assumptions already made in Chapter [3] are sufficient.

Finally, concerning (5.5)) using & = U? — 0%(X;) under Hy, it holds that

[ns
Z X)) wn(X)I{X; < 2}

%\

[ns] [ns]

1
=2 Zgzwn DH{X; <z} +— Z G2( X)) wa (X)) I{X; < 2}
Similarly to the proof of [A.4] on page [I42] under suitable conditions, it can be
shown that uniformly in s € [0,1] and z € R?

[ns)
fz&wn VX, < 2} = Tals,2) + 0p(1)

In particular, strict stationarity of {(&, X;) : ¢ € Z} and moment constraints
on & are needed here. Hence, moment constraints on both U? and o?(X)) are
necessary. Furthermore, similar to the proof of on page and under suitable
conditions it can be shown that uniformly in s € [0,1] and z € R?

— Y (0*(X,) = 62( X)) wa( X)I{X; < 2}
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5.2.  Asymptotic behavior under the null

_ 5\/5/ (0*(@) — 6%(a)) wn(@) (@ < 2} f(@)de + op(L).

For this step, uniform rates of convergence for o — 62 and its partial derivatives
need to be shown on J,, to embed this difference in some function class H of smooth
functions. In Chapter [2 the remark on page [31] already suggested such properties
for 62. For the proof, analogues assumptions to the ones in Lemma on page
need to be made. In particular, analogues conditions to (F1) on o2 are needed.

Furthermore, moment constraints as in (M) are necessary for Y72.

Continuing by inserting the definition of 62, using Y; = m(X;) + U; and finally
& = U? — 0%(X;) under Hy, it holds that

Vit [ (@) - (@) wne) e < 2} f (@)

- \/ﬁ/ (a2<w> — 137 K (@ — X — 1 (@) ) wnl@){a < 2} f(2)da

n 1=1 fn(m)
1IN (z)

= — JQm—-—szhw—»wwwzf x
= 52 [ (6@ = i n@))) Ki o Xt e < 21

= _% Zfi/Khn(w — X)wp(x) [ {x < z};((z)) da (5.6)

Ln o (x) — o2 (X, o — Xw (2)] zf<$>a:
+\/ﬁ;/( () (X)) Kn, (2 — Xi)wa(z)[{z < }fn(w)d (5.7)
)

L” XY ()2 . ‘W:szf(acgB
+ ﬁ; / (m(X) = () K (@ = XoJon(@) e < 2} 20 (5.8)
2 N0 (X)) — (@) Ko — XKo@ < 23 L g
WE;UZ / (m(X,) =1y (@) s, (@ = KiJen(@) @ < 2} 5= S (5.9)

Concerning (j5.6|), similarly to Lemma on page under suitable conditions,
it can be shown that

% Zfi / K, (x — Xi)wn(w)%dw = % Zfiwn(Xi)I{Xi < z}+op(1),
=1 (oo " i=1

= Tn(l, z) 4 op(1),

uniformly in z € R? where the last equality can be shown by similar arguments as
in Lemma on page [142] Additional assumptions, that need to be made for this
step, need to ensure the existence of moments of £&;. Moment constraints on both U?
and 0%(X,) are therefore necessary here. Concerning , similarly to the proof of
Lemma on page under certain conditions it can be shown that

1 & ) ) /
— o (x) — o7 (X;)) K, (®x — X;)wp ()= dx = op(1),
ﬁ;(_f,[z}( () = 0*(X0) K & = X (o) L7 = o)
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5. Changepoint test in the conditional variance function

uniformly in z € RY. An analogues assumption to (F2) has to be made for o2 in
this step. Using the uniform convergence rates of m — m,,, which also hold on the
slightly larger set I,, = [—c¢, — Ch,, ¢, +Ch,]?, it can be shown that the term in (5.8))
is negligible uniformly in z € R?. Finally, using similar methods as for the assertion
in , it can be shown that the term in is as well negligible uniformly in
z € R? under suitable conditions.

Putting the results together under suitable conditions, it can be shown that

Lns]
% Z ((72(Xi) — 6-721<Xz)) wn( X)) IH{X; <z} = _STn(17 z) +op(1),

uniformly in s € [0,1] and z € R? Hence, the assertion in ([5.2)) holds.

5.3 Consistency analysis

In this section, the asymptotic behavior of T,,; defined in under a simple fixed
alternative will be investigated. It will be suggested that a similar behavior to the
test in the conditional mean function can be obtained, which leads to a consistency
result. Finally, it is indicated that the corresponding CUSUM tests are not consis-
tent under some simple alternatives.

Let {(Yot, Xnt) it =1,...,n,n € N} be a triangular array process satifying
Yn,t = m(th) + Un,ta t = 1, oe,nun e N,

with regression function m : R — R and innovations such that E[U, |F!] = 0 and
EU? | X 4] = 07, ,(Xn,) almost surely. Given observation (Y, 1Xp.1), - .. (Yon, Xnn)

n,t
consider the following alternative hypothesis

o2 (), t=1,..., [nso]
2 .

, VnéeN,

H, :3sg € (0,1) : g’i,t(.) - {

for some functions 0(21),0(22) : R? — R with 0(21) =% 0(22). Let furthermore X, ; be
absolutely continuous with density function f, ;. Note that again to verify that m
does not depend on the time of observation ¢, the bootstrap test as valid testing
procedure for change in the conditional mean function under non-stationary vari-
ances can be used.

As mentioned in the remark on page , it can be shown that 62 is under H,
and uniformly on J,, a consistent estimator for
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5.4. Other tests and the one-dimensional case

[nso]
. ; fri(@)
- (0(21)(‘”> - 0(22)(51’)) — 0(22)(:v).

1 éfm-(m)

Then under similar assumptions as in Theorem and using the notations, used
therein, it can be shown that for all z € R? and s < s

. i F(s0) (4
T(s,z) = Vn / (o7 (w) = oy (w) f©(u) (1 - J;(l)((u))) du + op(v/n)

(—OO,Z]

and for all z € R% and s > s

. . F9) (0
Tus.2) = Vit [ (atyfu) = oty ) 7w (1= ) duton(viD),
(—o00,2]

By a similar argumentation as in the proof of Theorem it holds for some
2g € R¢ that

2 2 7(so f(so)(u)
/ (o8 (u) — oy (w)) F& (w) (1 ~ 0 () ) du # 0

and therefore

= P
T.(s0, 20)| — o00.
n—oo

Tnl 2

Note that using the marked empirical process of residuals is again essential for

the consistency of the test. To see this, consider Tn(s, oo) under H, and under the
assumption that f,; = f for all 1 <t < n, n € N for some symmetric density
function f and let 0(21) - 0(22) be an odd function. For an example see Subsection

[6.2.1]in the simulations. Then it can be shown that
Vvns(1 — sq) / (o0 (u) — () (u)) f(u)du+ op(v/n), s < so

f(s, o©0) = :
Vnso(l — s) / (0(21)(u) - 0(22)(11,)) f(uw)du + op(v/n), s> s

Now the integral vanishes although 0(21) Z 0(22). Consequently, the test based on

T, (s,00) will not be consistent against Hj.

5.4 Other tests and the one-dimensional case

By using other continuous functionals of T}, different tests can be constructed in-
stantly. Again Cramér-von Mises type tests are considered. Let therefore

14
Tho = Sup/ Tn(37z)
z€R JO

ds,

:
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5. Changepoint test in the conditional variance function

T3 := sup /
s€[0,1]

o= [ LI

for some weighting function w : R — R such that the integrals used in T3 and T4
exist. Applying the continuous mapping theorem, it holds that

2

fn(s, z)| w(z)dz,

T, (s

(z)dzds,

- Lyl 2

T B sup/ Go(s, z)| ds,
N0 2eRrd Jo

- 5 . 2

Tws — Sup/ (s,2)| w(z)dz,
=00 5c(0,1]

Ty B / / (s,2)| w(z)dzds.
n—o0 R4

Similar to before in the case of d = 1 a nice limiting distribution can be obtained.
To see this let 72(z) := E[(e? — 1)?|o*(x) and

¥:R— R, xt—)/ 2 (u) f (u)du.

oox]

Furthermore, let

G = f}(oo) = /TQ(u)f(u)du < 00.

Let 72 be continuous. Then Y is differentiable and for all € R it holds that

Similar to before using continuity of ¥ and the scaling property of the Brownian
motion, it holds that

Tnl 2} \/ESUP sup ’KO(Sat)L

n—00 s€[0,1] t€[0,1]

where K is again a Kiefer-Miiller process. The constant ¢ can be written as

Choosing
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5.4. Other tests and the one-dimensional case

where 71,, and 62

shown that én £ & holds and thus

n—oo

are the kernel estimators for m and o2 respectively, it can be

T B sup sup [Ko(s, ).
N0 5e(0,1] tel0,1]

-

n

Note that in principle any consistent estimator for ¢ can be used here. Similarly,
it can be seen that

1 -
T2 3 sup/\Kost]ds

Cp, N0 4e(0,1]

For T3 and T4 by choosing the weighting function w = 72f, which however
is unknown, and additionally using integration by substitution twice, it can be
obtained that

1 -
T Y sup/\Kost|dt

02 n=00 5e(0,1]

Tha —>//|Kost|dtds
n—oo

Remark. As the test statistics Tn3 and T,, both contain the unknown quantity 72f,
to apply the tests they have to be modified. It holds that

J

where [ is the distribution function of X; for all ¢. Hence, the integral can be
estimated by the sample mean

and

2

’_]an(s, z) fn(s, 2)| T2(2)dF(2),

‘ 2

2(2)f(2)dz = /

R

1~ 2
- Z T (5, X)) P77 (X5).-

Using

7(z) = E[(eY — 1)°]0"(2)
(7 = )%™ (X1)| Xy = 2

(Vi = m(X1))? = 0*(X1))*| X1 =

E
E

the quantity 72(z) can be estimated by

3 K (X = (0 = @)~ 03(2)°
ful2)

An estimator for the above integral can then be obtained by

1 n

2~ 2
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5. Changepoint test in the conditional variance function

Hence, suitable modifications for 7,3 and 71,4 are

] — 2

sup — To(s, Xp)| 72(X3)
s€f0,1] T 1
and
1 1 n A 2
/ = | Tuls, Xi)| 72(Xy)ds
0 n
k=1
respectively.
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6 Simulation study and application

To investigate the performance of the obtained tests, a simulation study is con-
ducted, as well as applications to two real data sets are given in this chapter.

In the Monte-Carlo simulations both level and power simulations will be per-
formed. Models under consideration include i.i.d. regression models, homoscedastic
and heteroscedastic autoregression models, as well as other time series regression
models. The performance of both tests in the conditional mean and variance func-
tion are investigated. For models, that satisfy the stationarity assumption under
the null and have one-dimensional covariates, the critical values of the limiting dis-
tribution will be used. In the case of non-stationary variances or multidimensional
covariates, the bootstrap test is applied with B = 200 bootstrap replications. All
simulations are carried out for sample sizes n € {100,200, 300,500}, a level of 5%
and a break ratio of sy := 0.5 resulting in a changepoint of kg := 5. Often sq is
referred to as the changepoint as well. All tables show the rejection frequencies
using 500 replications.

The real data sets under consideration are the annual flow of the river Nile in
Aswan between 1871 and 1970 and the weekly closing values of the Dow Jones
Industrial Average index between July 1st 1971 and August 2nd 1974. Both data
sets have been extensively investigated in the changepoint framework and results
can therefore be compared quite well with existing literature.

6.1 Tests in the conditional mean function

Starting with a simple i.i.d. setting, the focus will then be set on time series mod-
els, such as regression models with autoregressive exogenous variables, as well as
homoscedastic and heteroscedastic autoregression models, namely models following
AR(1), AR(1)-ARCH(1), AR(2), AR(2)-ARCH(1) and AR(2)-ARCH(2) processes.
All testing procedures, where d = 1 and where the variance is stationary under the
null, use the critical values of the limiting distributions of T}, T}.2, Tn3 and T4,
which is known, as obtained in Section [3.4] They will be compared with the tests
based on T}, (s, 00), namely with

1
sup |Tn(s,oo)| and /]Tn(s,oo)|2ds,
s€[0,1] J

which will be referred to as the K.S and C'M test, or tests based on KS and C'M,
respectively. For the AR(1)-ARCH(1) model with non-stationary variances, as well
as the time series models with d = 2, the bootstrap version of the tests, introduced
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6. Simulation study and application

in Section [£.3| will be used. They will be referred to as T}, Ty, Trs and T)5,. They

will also be compared with the bootstrap versions of the K.S and C'M tests.

6.1.1 A simple regression model

First, a simple i.i.d. regression model will be investigated. Let therefore
Yi=m(Xy) +e, t=1,....n

with covariates (X;)iez "= A(0,1) and innovations (g;)ez = N(0,1) that are

mutually independent. Consider two different choices for the regression function,
namely

my(z) =2 t=1,...,n (6.1)
and
x2, t=1,...,|ns
my(z) =<, nso] (6.2)
4z, t=|nsy|+1,...,n

Note that model (6.1]) satisfies the null hypothesis of no change in the regression
function, while model (6.2) satisfies the alternative hypothesis of one change. Also
note that in this case it holds for all fixed s € [0,1] and z € R that

z

—v/ns(1 — s) / up(u)du + op(v/n), s < sg
Tn(s,z) = < 702 ,
—v/nsg(1 — s) / up(u)du + op(v/n), s> sg

where ¢ is the standard normal density function. As
/ up(u)du =0,

the tests based on 7, n(s,00), namely the K.S and C'M tests are not consistent against
H; in theory. Table [6.1] and show the rejection frequencies of all tests and both
models under Hy and under H; respectively. Figure[6.1]is a visualization of the per-
formance of the tests based on T),; and 7,5, as well as the K'S and C'M tests under
the alternative. It can be seen that under the null the rejection frequencies for all
tests are near the level of 5%, however, for n = 500 the level is overestimated a little.
Under H; even for the small sample size of n = 100 the tests based on T, to T4
reject far more often than in 5% of all cases. Furthermore, it can be noted that for
growing sample sizes the power of these tests increases rapidly, while the rejection
frequency of the K'S and C'M tests remain near the level, which is consistent with
the theoretical findings. To compare amongst the new tests, it is to say that 7},5 and
T4 perform for smaller sample sizes a little better than T,,; and T,3. For n = 500
they all reject the null in approximately 99% of the cases. In summary the tests
obtained on this thesis work very well in this model and particularly outperform the
CUSUM tests that are not consistent against H.
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6.1. Tests in the conditional mean function

Tn(s, z) Tn(s, o0)
n Tnl Tng Tn3 Tn4 KS CcM
100 0.052 0.066 0.042 0.062 0.058 0.056
200 0.046 0.064 0.052 0.054 0.042 0.032

300 0.066 0.062 0.052 0.052 0.068 0.040
500 0.090 0.080 0.070 0.070 0.074 0.050

Table 6.1: i.i.d. model under H,

~ A

T.(s, 2) T,(s,00)
n Tnl Tn2 Tn3 Tn4 KS CM
100 0.180 0.264 0.232 0.254 0.070 0.064
200 0.580 0.692 0.616 0.686 0.086 0.066

300 0.786 0.860 0.808 0.860 0.086 0.066
500 0.990 0.990 0.990 0.988 0.056 0.048

Table 6.2: i.i.d. model under H;

1.0

| 7 =

=Ty

0.6
°

Rejection frequency
0.4
|
¥
ox
20

* e

0.0

T T T T
100 200 300 500
Sample size n

Figure 6.1: i.i.d. model under H;

6.1.2 Heteroscedastic regression models with autoregressive
exogenous variables

Consider the following heteroscedastic regression model

}/; = mt(Xt> +O-(Xt)€t7 t = ]_,. ..,n
with innovations (g;)sez N (0,1) and covariates (X;)icz following the autoregres-
sion model

Xt == O.4Xt_1 + ftv t € Z
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6. Simulation study and application

with (&)iez "% N(0,1) such that & is independent of X forall j <t—1. Let

furthermore (X;)icz and (&¢)icz be mutually independent. The time series (X):ez
is then a linear process of the form

Xt - E 0.4j§t_j ~ N (0, 1_—042) 5 Vi S 7
J=0 '

and therefore in particular strictly stationary and strongly mixing with exponential
mixing rates, see Example (i) on page . Let

o?(z) =1+ 0.527

be the conditional variance function and consider the conditional mean function

0.5, t=1,...,|nso)
mt(x) = (05 + A0670.812> r, t= LnSOJ +1,...,n 7

with different break sizes Ay € {0,0.5,1,1.5,1.5,2,2.5,3,3.5,4}. For Ay = 0 the
model satisfies the null hypothesis of no change in the regression function. The
stationarity and mixing properties are inherited to (Y;)icz. For Ag # 0 the model
satisfies the alternative hypothesis and the change occurs in ky. Figure shows
the regression function under the null, as well as after the break for Ay € {1,2}.

Figure 6.2: Regression function

Note that for all fixed s € [0,1] and z € R, it holds that

y z

—v/ns(1 — s9)Ag / e 0% u@(u)du + op(v/n), s < s

—00
z

—v/nsg(1 — 5)Ag / e 0% uG(u)du + op(v/n), s> s

\ —00
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6.1. Tests in the conditional mean function

where ¢ is the density function of X, for all ¢, which is a centered normal random
variable. Hence, the integral over the whole real line vanishes as ¢ is an even and

z s e 08y

is an odd function. Consequently, the K.S and C'M tests are not consistent in
theory. Table [6.3] shows the rejection frequencies in the models with break ratios
Ag € {0,1,2,3} for the tests based on T, to T,4, as well as the K.S and CM tests
statistics. Additionally, Figure [6.3]is a visualization of the performance of 7T,,; and
T2, as well as K.S and CM for n = 100 and n = 300. Under the null (A, = 0)
the rejection frequencies for all tests are near the given level. Furthermore, it can
be seen that with growing sample sizes and growing break ratios, the number of
rejection generally increases. However, to just refer to Figure [6.3] it is clear that
T,1 and T, perform much better than KS and C'M. Even for the larger sample
size of n = 300 and the large break ratio of Ay = 4, the rejection frequencies of K.S
and C'M stay under 10%, while the tests based on T, and T, reject the null in
80% of all cases. The general behavior for n = 100 is comparable, though rejection
frequencies grow less rapidly. Note that 7,3 and T}, also perform reasonably well.
In summary, as the visualizations show most convincingly, the new tests again out-
perform the CUSUM tests by far under the alternative and also perform fairly well
under the null hypothesis.

Tn(s, 2) T, (s,00)

n A() Tnl Tng Tng Tn4 KS OM
100 0 0.038 0.086 0.068 0.074 0.050 0.064
1 0.048 0.098 0.066 0.088 0.054 0.058

2 0.096 0.158 0.128 0.146 0.080 0.066

3 0.182 0.296 0.186 0.248 0.074 0.068

200 0 0.084 0.074 0.078 0.080 0.092 0.064
1 0.086 0.116 0.106 0.104 0.064 0.050

2 0.206 0.296 0.186 0.204 0.088 0.062

3 0.500 0.628 0.362 0.448 0.058 0.042

300 0 0.054 0.072 0.076 0.074 0.054 0.038
1 0.092 0.140 0.106 0.114 0.064 0.050

2 0.334 0.446 0.258 0.296 0.086 0.060

3 0.798 0.830 0.558 0.662 0.090 0.062

500 0 0.050 0.062 0.056 0.052 0.076 0.052
1 0.182 0.230 0.170 0.158 0.088 0.068

2 0.694 0.752 0.490 0.524 0.092 0.066

3 0.978 0.990 0.850 0.932 0.104 0.086

Table 6.3: Regression with AR exogenous variables
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6. Simulation study and application
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Figure 6.3: Regression with AR exogenous variables

6.1.3 Homoscedastic autogression models

Consider the following AR(1) model

E:mt(}/;f—l)—f_gt) tzla"'an

L . Lid.
with innovations (g;)iez ~

—0.9z,
(—09 —I— Ao) Z,

with different break sizes Ag € {0,0.2,0.4,0.6,0.8,1,1.2,1.4,1.6,1.8}. For Ay =0
the model satisfies the null hypothesis of no change in the regression function. The
time series (Y}):ez is then a linear process of the form

N(0,1) and conditional mean function

t=1,...,|nso|

me(z) =
() t=|nso]+1,....n

I

Y, => (—0.9Ye;, VtEZ

J=0

and is therefore strictly stationary and strongly mixing as seen in Example (i) on
page[8] For Ay # 0 the model fulfills the alternative hypothesis of one changepoint.
Table shows the rejection frequencies of the tests based on T},1, T2, T3 and T4,
as well as the K'S and the C'M test statistics for Ay € {0,0.6,1,1.6}. Figure vi-
sualizes the performance of T,,; and 1,9, as well as K.S and C'M for the sample sizes
n = 100 and n = 300. It can be seen that the rejection frequencies for all tests are
near the level of 5% under the null, i.e. for Ay = 0. To just refer to the visualization
for n = 100, for Ay < 0.8 the rejection frequency is still relatively low for all the
tests, though the tests based on T,; and T,. perform a little better. For Ag > 0.8
it increases with a steeper gradient for 7,,; and T,5. Note that in these cases the
AR-coefficients before and after the break have a different sign. This explains the
relatively large jump at this point. For n = 300 already for small breaks, namely
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6.1.

Tests in the conditional mean function

for Ag > 0.2 the rejection frequency of T),; and T}, increases much faster then for
KS and CM. Note that T,3 and T},4 also behave fairly well. In conclusion, the tests
based on the marked empirical process perform as well as the CUSUM tests under
the null and significantly better under the alternative.

Tn(s,z) Tn(s, 00)
n Ao Tnl Tng Tng Tn4 KS M
100 0 0.032 0.054 0.040 0.050 0.034 0.028
0.6 0.116 0.148 0.146 0.166 0.078 0.068
1 0.282 0.374 0.330 0.366 0.202 0.146
1.6 0.776 0.812 0.728 0.810 0.504 0.414
200 0 0.046 0.066 0.044 0.060 0.050 0.050
0.6 0.240 0.312 0.304 0.332 0.090 0.066
1 0.594 0.668 0.606 0.656 0.180 0.102
1.6 0.978 0.988 0.822 0.984 0.592 0.466
300 0 0.066 0.080 0.064 0.058 0.082 0.066
0.6 0.368 0.460 0.434 0.478 0.090 0.060
1 0.858 0.908 0.822 0.886 0.162 0.110
1.6 0.996 0.998 0.996 0.994 0.714 0.538
500 0 0.060 0.080 0.060 0.058 0.062 0.056
0.6 0.742 0.812 0.754 0.804 0.102 0.058
1 0.988 0.990 0.988 0.994 0.232 0.122
1.6 1 1 0.988 0.998 0.718 0.512
Table 6.4: AR(1) model
n=100 n=300
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Figure 6.4: AR(1) model
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6. Simulation study and application

6.1.4 A local alternative model

In Section [3.3] it has been motivated that the test using 7),; can still be a valid
procedure in detecting local alternatives. To investigate this conjecture consider

K:mt(}/tfl)_'_gt’ tzl?"'7n7

where
—0.9z, t=1,...,|nso|

() = {(—0.9 + 5n_%> x, t=|nso]+1,...,n

Note that as n tends to infinity, the conditional mean function converges to a
function stable in time ¢. The model thus satisfies the local alternative Hy; as in
the remark on page Table [6.5] shows the rejection frequencies of T,,; to T4, as
well as KS and C'M under Hy;. Figure [6.5] is a visualization of the performance
of the tests based on T, T,2, KS and CM. For small sample sizes the rejection
frequencies are relatively low for all tests. They increase with increasing n for 7,,; to
T,,4. For n = 500 these tests reject in 20 —30% of all cases, where T}, — T},4 are more
powerful than 7},;. The tests based on K.S and C'M do not recognize the alternative
well, rejecting in less than 10% of all cases for all sample sizes under consideration.

Tn(s, z) Tn(s, 00)
n Tnl Tng Tng Tn4 KS OM

100 0.074 0.104 0.094 0.122 0.064 0.064
200 0.106 0.154 0.120 0.166 0.056 0.040
300 0.168 0.212 0.206 0.230 0.092 0.066
200 0.198 0.236 0.266 0.272 0.078 0.048

Table 6.5: AR(1) model under Hy,
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Figure 6.5: AR(1) model under Hy,
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6.1. Tests in the conditional mean function

6.1.5 Heteroscedastic autoregression models
Consider the following AR(1)-ARCH(1) model

Yi=m(Yio1) +o(Yici)e, t=1,...,n
with innovations (&;)sez N (0, 1) such that ¢, is independent of Y; for all j <¢—1.
Consider the conditional mean function

—0.9z, t=1,...,|nso|
my(z) = :
(=0.9+ Ag)x, t=|nsg]+1,...,n

with different break sizes Ag € {0,0.2,0.4,0.6,0.8,1,1.2,1.4,1.6,1.8} and two dif-
ferent conditional variance functions, namely

o?(z) =1+ 0.12% (6.3)
for a small influence of the variance and
o*(r) =14 0.72 (6.4)

for a large influence of the variance. For Ay = 0 the model satisfies the null hypoth-
esis of no changepoint. Note that for model (Y;)tez is strongly mixing with
exponential mixing rates as (—0.9)2+0.1 < 1 (see Example (iv) on page[d). However,
the corresponding condition is not satisfied for model as (—0.9)2 +0.7 > 1,
and it is not clear if the process then possesses the required mixing properties. For
A # 0 the model satisfies the alternative hypothesis of one changepoint in ky. Table
and [6.7 show the rejection frequencies of 1,1, Tr2, T3 and T4, as well as K.S and
the CM for Ay € {0,0.6,1,1.6} in both models and respectively. Addi-
tionally, Figure and are visualizations of the performance of T,,; and T},5, and
compare them with the CUSUM tests based on the K'S and C'M test statistics for
the sample sizes n = 100 and n = 300. A similar behavior as in the homoscedastic
model can be observed. All tests approximately hold the level of 5% under the null
hypothesis, i.e. for Ag = 0. In model and for n = 100, the rejection frequency
shows a steep increase for Ag > 1. Note that for these break ratios the sign of
autoregression coefficient changes after the break. For n = 300 a steep increase can
already be observed for Ay > 0.2. Note that all four tests, based on the modifi-
cation, perform reasonably well, while T, is the most powerful. Comparing with
the CUSUM tests, it is clear that both K'S and C'M tests succumb their contender,
by showing a slower increase of rejections. In model the general behavior is
similar, although the rejection frequencies for all tests increase slower than in the
first model. This is due to the fact that the variance is much larger causing more
likely outliers. In particular, for the small sample size of n = 100, the rejection
frequency does not exceed 50%. For larger sample sizes the rejection frequency in-
creases, undermining the consistency of the tests even in this heteroscedastic model
with a large influence of the variance. Here, the K.S and C'M tests also perform
not as good as the tests based on the marked empirical process. In conclusion, the
tests obtained in this thesis work fairly well in these heteroscedastic autoregression
models under both small and large influence of the variance and furthermore again
outperform the CUSUM tests, most evident from the visualizations.
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Rejection frequency
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Tu(s, 2) T, (s,00)
n AO Tnl Tng Tng Tn4 KS CM
100 0 0.028 0.062 0.030 0.040 0.036 0.036
0.6 0.088 0.154 0.146 0.168 0.076 0.064
1 0.196 0.286 0.242 0.276 0.100 0.084
1.6 0.732 0.782 0.666 0.736 0.486 0.382
200 0 0.048 0.052 0.058 0.062 0.070 0.044
0.6 0.174 0.210 0.198 0.206 0.080 0.060
1 0.458 0.566 0.414 0.476 0.132 0.088
1.6 0.958 0.978 0.868 0.934 0.614 0.488
300 0 0.056 0.056 0.064 0.060 0.062 0.044
0.6 0.352 0.420 0.350 0.384 0.090 0.070
1 0.762 0.804 0.646 0.718 0.158 0.088
1.6 0.994 0.988 0.980 0.990 0.648 0.412
500 0 0.054 0.052 0.048 0.042 0.060 0.042
0.6 0.622 0.702 0.576 0.626 0.078 0.050
1 0.980 0.976 0.922 0.964 0.192 0.102
1.6 0.998 1 0992 0.988 0.698 0.518

Table 6.6: AR(1)-ARCH(1) with ¢%(z) =1+ 0.122
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Figure 6.6: AR(1)-ARCH(1) with ¢%(z) =1+ 0.12?
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6.1. Tests in the conditional mean function
Tn(s,z) Tn(s, 00)
n AO Tnl Tn2 Tng Tn4 KS CM
100 0 0.030 0.054 0.046 0.088 0.048 0.044
0.6 0.058 0.104 0.086 0.108 0.060 0.066
1 0.134 0.198 0.174 0.200 0.090 0.090
1.6 0.380 0.462 0.320 0.398 0.210 0.182
200 O 0.052 0.076 0.066 0.080 0.054 0.050
0.6 0.102 0.138 0.108 0.106 0.064 0.052
1 0.222 0.280 0.194 0.224 0.088 0.092
1.6 0.624 0.678 0.438 0.490 0.270 0.190
300 0 0.048 0.056 0.064 0.068 0.050 0.044
0.6 0.106 0.178 0.100 0.112 0.042 0.038
1 0.328 0.398 0.182 0.252 0.082 0.074
1.6 0.780 0.800 0.530 0.571 0.308 0.202
500 0 0.028 0.050 0.056 0.070 0.036 0.028
0.6 0.134 0.194 0.090 0.110 0.060 0.034
1 0.430 0.494 0.196 0.236 0.096 0.064
1.6 0.902 0910 0.664 0.746 0.352 0.254

Table 6.7: AR(1)-ARCH(1) with ¢%(z) = 1 + 0.72>
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Figure 6.7: AR(1)-ARCH(1) with o%(z) = 1 + 0.72?
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6.1.6 Heteroscedastic autoregression models with non-stationary
variances

Consider the following AR(1)-ARCH(1) model

Y, = my(Yim1) +oe(Yicr)er, t=1,...,n
with innovations (g)sez N (0, 1) such that ¢, is independent of Y; for all j < ¢—1.
Consider the conditional variance function

140122, t=1,.... |nt
= {1 T

140822, t=|ntg] +1,...,n

for some t € (0,1). Consider two different choices for the conditional mean function,
namely

mi(z) =09z, t=1,...,n (6.5)
and
0.9 t=1,...
my(z) = o e Lnsol . (6.6)
—02z, t=|nsy]+1,....n

Note that model satisfies the null hypothesis of no change in the regres-
sion function. However, even in this case the time series (Y;)icz is not stationary,
as a changepoint in the conditional variance function occurs in |nty]. Model
satisfies the alternative hypothesis as an additional changepoint in the conditional
mean function occurs in ko. As suggested in Chapter [] in these kind of models the
bootstrap method from Section can still be a valid testing procedure to test for
changes in the regression function. Table and show the rejection frequencies
of the bootstrap procedure using 77,, 1,5, 15 and T}, as well as the bootstrap
version of the CUSUM tests K.S and CM for ¢, € {0.25,0.5,0.75} under both the
null and the alternative hypothesis respectively. Figure shows a visualization of
the performance of 7177, T%,, KS and C'M under H;. The level simulations show
that all tests perform reasonably well under Hy, approximately holding the level
of 5%. Furthermore, it can be seen that for all models and all tests the rejection
frequency under H; exceeds the level, indicating that the changepoint is detected.
With increasing sample size, the number of rejections increases rapidly for 777, to
T, while it stays approximately constant for the bootstrap versions of KS and
CM. This is most likely again due to the fact that the test statistics based on
T (s, 00) estimate some integral that might be small under H;. As was pointed
out in Section on page [68] this is essential for the consistency property for the
bootstrap tests as well. Comparing the three different models, it is to say that for
to € {0.5,0.75} all tests perform better than for ¢, = 0.25. A possible explanation
is that in tg the influence of the variance jumps from a small influence to a large
influence, resulting in the fact that the tests can not detect the alternative as good
for sg > tg. As sg = 0.5 this is only the case for t; = 0.25. This is consistent
with the results obtained for the AR(1)-ARCH(1) model in Subsection where

the tests detected occurring changepoints in the regression function less often, when
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6.1. Tests in the conditional mean function

the influence of the variance was larger. In conclusion, the bootstrap tests perform
fairly well in these heteroscedastic autoregressive models with occurring change in
the variance, as both level and power simulations indicate. Furthermore, they again
outperform the bootstrap version of the CUSUM tests.

Ty(s. ) T (s, 00)

0.25 100 0.030 0.046 0.032 0.038 0.030 0.054
200 0.044 0.044 0.054 0.044 0.056 0.040
300 0.068 0.064 0.066 0.066 0.080 0.052
500 0.060 0.052 0.064 0.050 0.058 0.046

0.50 100 0.068 0.048 0.074 0.060 0.068 0.056
200 0.048 0.048 0.052 0.052 0.040 0.044
300 0.066 0.050 0.056 0.056 0.056 0.046
500 0.046 0.040 0.050 0.058 0.058 0.040

0.75 100 0.060 0.056 0.066 0.048 0.072  0.070
200 0.052 0.050 0.054 0.048 0.048 0.054
300 0.048 0.048 0.056 0.056 0.050 0.056
500 0.034 0.040 0.060 0.048 0.046 0.056

Table 6.8: AR(1)-ARCH(1) with non-stationary variances under H

T3(s,2) T3 (s,00)

0.25 100 0.286 0.270 0.262 0.224 0.192 0.168
200 0.472 0.492 0.390 0.406 0.210 0.146
300 0.652 0.644 0.450 0.484 0.248 0.172
500 0.878 0.868 0.590 0.694 0.264 0.194

0.50 100 0.420 0.438 0.410 0.402 0.316  0.256
200 0.688 0.722 0.580 0.662 0.386 0.308
300 0.868 0.894 0.734 0.838 0.378 0.292
500 0.994 0.996 0.934 0.972 0.434 0.324

0.75 100 0.404 0.388 0.404 0.382 0.332 0.266
200 0.638 0.636 0.596 0.626 0.290 0.212
300 0.830 0.848 0.712 0.800 0.382  0.250
500 0.986 0.988 0.926 0.972 0.350 0.202

Table 6.9: AR(1)-ARCH(1) with non-stationary variances under H;
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Figure 6.8: AR(1)-ARCH(1) with non-stationary variances under H;

6.1.7 Heteroscedastic autoregression models of higher order

Let

Yy =mi(Yic1,Yieo) +0(Yie1, Yio)er, t=1,...,n

with innovations (¢)ez N (0,1), such that ¢, is independent of Y} for all j < t—1.
Consider two different choices for the conditional mean function, namely

my(x1,9) = 0.9y — 0.4ay, t=1,...,n (6.7)
and

0.927 — 0.4x,, t=1,...,|nso]

. 6.8
—0.2x; — 0.4z9, t=|nso]+1,...,n (6:8)

mt($1,$2) = {

Note that model ([6.7]) satisfies the null hypothesis, while model satisfies the
alternative hypothesis. Consider three different choices for the conditional variance
function, namely

o?(z1,29) = 1, (6.9)
o?(z1,29) = 1+ 0.427 (6.10)

and
o*(x1,72) = 1+ 0.227 + 0.223. (6.11)

For (6.9), an AR(2) model can be obtained. Under the null, the stationary so-
lution is a causal linear process and hence strongly mixing with exponential mixing
rates, see Example (ii) on page |§| Both and result in a heteroscedastic
autoregression model, namely an AR(2)-ARCH(1) and AR(2)-ARCH(2) model re-
spectively. Note that under the null, it is not clear if the required mixing properties
are satisfied, as the result in [50] can not be applied (see Example (iv) on page [9).
Furthermore, as mentioned in Section the limiting distribution in these models
is not known, as d = 2. Instead, the bootstrap procedure from Section [4.3| will be
used. Table |6.10] and show the rejection frequencies for all three models, when
using the tests based on 7Y, to T, as well as the bootstrap versions of KS and
C'M under both Hy and H; respectively. Figure is a visualization of the perfor-
mance of T, Ty, K.S and CM under H;. It can be seen that under Hy the tests

nl»
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6.1. Tests in the conditional mean function

reject a little more often than in all other models so far, overestimating the level of
5% sometimes. Under the alternative the number of rejections increases rapidly for
T, to T, with increasing n, while it stays relatively low for K.S and C'M. Also
note that in all models the tests based 777, and 777, have most power. In summary,
the bootstrap tests perform reasonably well and are therefore an acceptable alter-
native to the tests using critical values of the limiting distribution. Furthermore,
in these specific models they outperform the bootstrap versions of the CUSUM tests.

T (s, z) T (s, 00)
Model n T TH,  Ti T KS OM

AR(2) 100 0.082 0.068 0.052 0.046 0.082 0.074
200 0.074 0.072 0.046 0.036 0.064 0.072
300 0.064 0.070 0.044 0.040 0.054 0.048
500 0.076 0.058 0.064 0.056 0.068 0.060

AR(2)- 100 0.076 0.060 0.070 0.062 0.094 0.068
ARCH(1) 200 0.068 0.066 0.062 0.050 0.064 0.056
300 0.084 0.098 0.064 0.060 0.086 0.096
500 0.098 0.078 0.084 0.080 0.080 0.074

AR(2)- 100 0.076 0.064 0.058 0.048 0.064 0.044
ARCH(2) 200 0.086 0.078 0.056 0.064 0.074 0.074
300 0.100 0.082 0.054 0.058 0.092 0.076
500 0.082 0.068 0.056 0.064 0.076  0.056

Table 6.10: Heteroscedastic AR models of higher order under H

Tri(s,2) Ty (s,00)
Model n T TH TH T KS CM

AR(2) 100 0.124 0.110 0.134 0.110 0.080 0.070
200 0.174 0.164 0.262 0.268 0.056 0.052
300 0.284 0.308 0.440 0.454 0.096 0.070
500 0.480 0.532 0.602 0.592 0.098 0.070

AR(2)- 100 0.098 0.106 0.128 0.134 0.070 0.058
ARCH(1) 200 0.184 0.194 0.220 0.220 0.106 0.072
300 0.252 0.282 0.312 0.308 0.088 0.074
500 0.476 0.484 0.504 0.520 0.120 0.078

AR(2)- 100 0.096 0.104 0.102 0.102 0.072  0.050
ARCH(2) 200 0.156 0.178 0.194 0.190 0.076  0.068
300 0.226 0.236 0.302 0.298 0.108 0.074
500 0.392 0.420 0.492 0.504 0.094 0.068

Table 6.11: Heteroscedastic AR models of higher order under H;
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Figure 6.9: Heteroscedastic AR models of higher order under H;

6.2 Tests in the conditional variance function

In this section, heteroscedastic models with and without change in the conditional
variance function will be considered. Here, only models with stable conditional
mean function are considered. To assure this assumption, the bootstrap test could
be applied first to these kind of data sets. Tests in the conditional variance function
use Tnl, T, "2, Tng and Tn4. They will be compared with the corresponding KS and
CM tests as well, meaning the Kolmogorov-Smirnov and Cramér-von Mises tests

based on T'(s, 00) respectively.

6.2.1 Heteroscedastic regression models with autoregressive
exogenous variables

Consider the following model

}/t = m(Xt) + O-t(Xt)gt) t = ]_, Lo, n (612)
with innovations (&;)sez N
sion model

N (0, 1) and regressors (X;)ez following the autoregres-

Xt:O'4Xt—1+€t7 t = 1,...,77,,

with (&)iez Y N(0,1) such that & is independent of X; for all j < t — 1. Let
furthermore (X;);ez and (g;);ez be mutually independent. Note that (X;);ez is a
linear process of the form

Xt == Z 0.4j§t_j ~ N (0, 1_—042) 5 Vt S 7z
7=0 )

and therefore strictly stationary and strongly mixing with exponential mixing rates
(see Example (i) on page [8)). Let
m(z) = 0.5x

be the conditional mean function and consider first the following conditional variance

function
2( ) 60'236, t=1,..., LnSOJ
(L’ pr—
€2Ao+0.2x7 t=|nso]+1,...,n
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6.2. Tests in the conditional variance function

with different break sizes Ay € {0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8}. For Ag = 0
the model satisfies the null hypothesis of no change in the variance function. The
stationarity and mixing properties are inherited to (Y;);ez. For Ag # 0 the model
satisfies the alternative hypothesis of one changepoint in ky. Table shows the
rejection frequencies for break ratios Ag € {0,0.2,0.4,0.6} for the tests based on Ton
to fm, as Well as the tests based on the K.S and C'M test statistics. Additionally,
Figure shows visualizations of the performances of Tnl, T, n2, KS and C'M for
n = 100 and n = 300. It can be seen that the rejection frequencies for all tests are
near the level under the null, where Tnz, Tng and Tn4 overestimate the level more
often than T,;, KS and CM. Furthermore, under the alternative with increasing
break sizes, the rejection frequencies increase for all tests. For n = 100 the KS
and C'M tests perform a bit better than their modifications. For n = 500 all tests
perform comparably well and the rejection frequencies increase much steeper than
for smaller sample sizes. Hence, for larger sample sizes the tests can already detect
small break sizes reasonably well. In conclusion, in this model the new tests perform
in both level and power simulations fairly well. Note that the CUSUM tests are also
consistent procedures in detecting these kind of alternatives.

To(s, ) To(s, 00)

n Ao Tnl Tn2 TnS Tn4 KS CM

100 0 0.034 0.078 0.068 0.072 0.042 0.058
0.2 0.164 0.206 0.162 0.202 0.178 0.188
0.4 0.474 0.542 0.484 0.520 0.540 0.516
0.6 0.752 0.774 0.732 0.772 0.780 0.780
0.8 0.858 0.878 0.868 0.888 0.896 0.890

200 O 0.048 0.088 0.080 0.086 0.064 0.068
0.2 0.352 0.392 0.358 0.340 0.386 0.358
0.4 0.874 0.890 0.888 0.878 0.900 0.886
0.6 0.950 0.962 0.980 0.976 0.952 0.962
0.8 0.948 0.968 0.970 0.970 0.950 0.962

300 0 0.066 0.108 0.088 0.088 0.068 0.072
0.2 0.566 0.576 0.540 0.528 0.586 0.544
0.4 0.954 0.966 0.970 0.964 0.964 0.962
0.6 0.974 0.984 0.988 0.986 0.974 0.982
0.8 0.964 0.984 0.976 0.974 0.968 0.980

200 0 0.060 0.078 0.072 0.072 0.060 0.052
0.2 0.778 0.782 0.738 0.744 0.780 0.732
0.4 0.986 0.992 0.998 0.998 0.988 0.992
0.6 0.982 0.986 0.990 0.992 0.984 0.986
0.8 0972 0.984 0.984 0.984 0.980 0.984

Table 6.12: Regression with AR exogenous variables
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Figure 6.10: Regression with AR exogenous variables

Additionally, consider model (6.12)) with m(xz) = 0.5z and the follwoing two

choices for the conditional variance function

op(x) =0.25e 0% t=1,. (6.13)
and
0.25¢7%4 ¢t =1,...,|nsg|
2 ’ ’ 7
) 6.14
o;(x) {0‘2560.435’ t=|nso]+1,...,n ( |

Note that model ([6.13)) satisfies the null hypothesis. Furthermore, model (6.14])
satisfies the alternative hypothesis and in this case it holds for all s € [0,1] and

zeR

/ z

Vns(1 — 50)0.25 / (e7%% — ") @(u)du + op(v/n), s < sg
fn(s,z) = _OZ
Vnso(l —5)0.25 / (e7%% — ") G(u)du + op(v/n), s> sg

where ¢ is the density function of X, which is a centered normal random variable.
The integral over the whole real line again vanishes, as ¢ is an even and

—0.4z

R S

an odd function The KS and C'M tests are thus not consistent in theory. Tables
and show the rejection frequencies of the Ty to Ty, as well as the K S
and CM tests under both the Hy and H1 respectively. Additionally, Figure
is a visualization of the performance of Ty, Tho, KS and CM under H;. All level
simulations show reasonably good results. Furthermore, the CUSUM type tests do
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6.2. Tests in the conditional variance function

not recognize the alternative even under large sample sizes. The tests based on Tnl
to Th4, however, show nice consistency properties, as they reject the null more fre-
quently with increasing sample size. Also note that 7,5 and 7,4 are more powerful
than T,,; and T),3. In conclusion, in this model the new tests perform as good as the
CUSUM tests under the null and much better under the alternative, as the CUSUM
tests are not consistent.

~

fn(s, z) Tn(s, o0)

n jzﬂ_ 7%2 7%3 7%4 }(f; (7A4

100 0.056 0.076 0.058 0.084 0.062 0.046
200 0.058 0.080 0.066 0.066 0.076 0.066
300 0.070 0.092 0.064 0.076 0.070 0.068
200 0.070 0.082 0.056 0.066 0.072  0.062

Table 6.13: Regression with AR exogenous variables under H,

fn(s,z) fn(s, o0)

n 7%1 7%2 7%3 7%4 KS cM

100 0.078 0.138 0.154 0.166 0.062 0.074
200 0.144 0.268 0.216 0.268 0.076 0.074
300 0.222 0.338 0.290 0.348 0.072 0.068
500 0.476 0.618 0.536 0.574 0.056 0.066

Table 6.14: Regression with AR exogenous variables under H;
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Figure 6.11: Regression with AR exogenous variables under H;
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6. Simulation study and application

6.2.2 Heteroscedastic autoregression models

Finally, consider the following AR(1)-ARCH(1) model

Y;f = m(thfl) + O—t(Y;fl)gt? = 17 AL
with innovations (&;)sez N (0, 1) such that ¢, is independent of Y} for all j < ¢—1.
Consider the conditional variance function

() = 1+0.122, t=1,...,|nso]
1+ (0.14+Ag)2?, t=|nso]+1,...,n

with different break sizes Ag € {0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8} and two different
conditional mean functions, namely

m(z) = —0.5x (6.15)
for a negative influence of the mean and
m(z) = 0.5z (6.16)

for a positive influence of the mean. For Ay = 0 the model satisfies the null hy-
pothesis of no changepoint. Notice that (Y});ez is strongly mixing with exponential
mixing rates as (0.5)240.1 < 1 (see Example (iv) on page[d). For Ag # 0 the model
satisfies the alternative hypothesis of one changepoint in ky. Tables [6.15] and
show the rejection frequencies for break ratios Ay € {0,0.2,0.4,0.6} using the tests
based on T, to Tn4, KS and CM for both models and respectively.
Figures and show visualizations of the performance of the Tm, Tng, KS
and C'M in both models. First, let model be considered. Under the null all
tests perform reasonably well, where T,1 as well as KS and C'M tend to approxi-
mately hold the level of 5%, while Tng, Tng and T, w4 rather overestimate it a little.
In general, it can be noted that for all sample sizes the tests based on K.S and
C'M are more powerful than the new testing procedures. For the small sample size
of n = 100, the rejections slightly increase with increasing break size, but do not
exceed 25% for all tests. For n = 200 and 0.3 < Ay < 0.7 the rejection frequency
increases strictly for all tests, reaching a value of 25% for T,,;, but rather stays con-
stant for 0.7 < Ag < 0.8. This effect is even more extreme for larger sample sizes.
For n = 500 and Tnl for instance, the rejections increase rapidly for 0.1 < Ay < 0.6
reaching values of 70%, but for an even larger break size Ag € {0.7,0.8} it decreases
again fairly dramatically down to a value of 52%. This effect can be observed for
all tests, including the CUSUM tests. To find a possible explanation, the behavior

of T,(s, z) under different alternatives, meaning for different break sizes A, needs
to be investigated a bit more detailed. As was suggested in Section it can be
shown that for all fixed z € R

[nso]
. 2 Lol > fniw)
Tn(so,z)‘ = /nd\ / u?= Z fri(w)[1— Zznl— du + op(y/n),
" > fnilw)
— oo = n,i
()
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6.2. Tests in the conditional variance function

holds, where f,,; is the density function of Y;_;, that depends on n although this is
not reflected in the notation used here. For more extreme alternatives, meaning for
increasing break sizes, not only A, changes, but also the density functions after the
break, i.e. f,; for i € {|nso] +2,...,n} do. Hence, the fraction (*) in the integral
needs to be investigated. It holds, that

[nso]
fni(w)

0<=L <1, VueR

X )

Now for very large A, the variance of Y;_; is extremely high and the density
function f,,; is rather flat for all i € {|nso] +2,...,n}. As a result, the fraction in
(x) can be larger and the integral therefore smaller for more extreme alternatives.
To be more precise for a break size of Ay = 0.8 the test statistic can be smaller,
causing the test to reject the null less often, than in the case of Ag = 0.6. This
explains the non-monotonically behavior of the rejection frequency with increasing
break sizes. Finally, it can be seen that all tests in model show similar re-
sults, indicating that the shape of the conditional mean function does hardly have
any influence on the performance of the tests. In conclusion, both level and power
simulations show fairly good results for the new tests based on the marked empirical
process of residuals. However in these models they are not an improvement as the
CUSUM tests show slightly better results.
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104

To(s, 2) T (s,00)

n AO Tnl Tng Tng Tn4 KS CM
100 0 0.046 0.080 0.086 0.098 0.040 0.046
0.2 0.048 0.092 0.074 0.098 0.064 0.080

0.4 0.086 0.152 0.134 0.156 0.124 0.148

0.6 0.098 0.174 0.188 0.204 0.136 0.170

0.8 0.122 0.160 0.220 0.214 0.160 0.160

200 O 0.044 0.088 0.060 0.072 0.058 0.066
0.2 0.056 0.112 0.106 0.124 0.092 0.104

0.4 0.166 0.248 0.210 0.240 0.230 0.242

0.6 0.228 0.310 0.302 0.314 0.318 0.324

0.8 0.254 0.296 0.350 0.380 0.330 0.344

300 0 0.058 0.068 0.076 0.082 0.060 0.042
0.2 0.128 0.172 0.118 0.134 0.190 0.176

0.4 0.283 0.346 0.302 0.340 0.368 0.372

0.6 0.436 0.436 0.428 0.444 0.474 0.466

0.8 0.428 0.428 0.464 0.450 0.460 0.438

500 0 0.060 0.074 0.072 0.060 0.058 0.050
0.2 0.256 0.258 0.232 0.214 0.302 0.268

0.4 0.554 0.570 0.546 0.550 0.648 0.606

0.6 0.706 0.718 0.684 0.696 0.766 0.730

0.8 0.522 0.570 0.578 0.602 0.616 0.584

Table 6.15: AR(1)-ARCH(1) with m(z) = —0.5z
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6.2. Tests in the conditional variance function
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~

To(s, 2) T,(s,00)

n AO Tnl Tng Tng Tn4 KS CM
100 0 0.050 0.090 0.078 0.089 0.060 0.050
0.2 0.040 0.078 0.078 0.110 0.052 0.066

0.4 0.058 0.112 0.112 0.136 0.092 0.108

0.6 0.068 0.128 0.160 0.188 0.102 0.130

0.8 0.094 0.118 0.182 0.200 0.144 0.138

200 O 0.064 0.087 0.060 0.056 0.058 0.058
0.2 0.098 0.136 0.140 0.138 0.124 0.124

0.4 0.188 0.252 0.230 0.252 0.262  0.250

0.6 0.202 0.258 0.274 0.292 0.286 0.280

0.8 0.270 0.288 0.360 0.358 0.366 0.328

300 0 0.074 0.084 0.078 0.074 0.080 0.072
0.2 0.136 0.154 0.148 0.158 0.172 0.146

0.4 0.276 0.346 0.320 0.336 0.390 0.388

0.6 0.376 0.436 0.420 0.462 0.486 0.474

0.8 0.368 0.434 0.474 0.470 0.458 0.442

500 0 0.066 0.084 0.080 0.072 0.064 0.052
0.2 0.246 0.256 0.216 0.216 0.292 0.266

0.4 0.542 0.542 0.510 0.516 0.638 0.598

0.6 0.632 0.632 0.650 0.672 0.720 0.684

0.8 0.522 0.522 0.592 0.596 0.582 0.562

Table 6.16: AR(1)-ARCH(1) with m(z) = 0.5z
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Figure 6.13: AR(1)-ARCH(1) with m(z) = 0.5z
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6.3 Simulation techniques

In this section, it will be discussed shortly, how the simulations were conduced. In
particular, the generation of the time series data, the construction of the test statis-
tics, as well as the simulated critical values of their limiting distributions under the
null will be presented. Furthermore, the choice of bandwidth and the bootstrap
procedure will be explained. All simulations have been conduced with the statistics
software R.

To generate a time series data set of n observations, in each case 1000+n random
variables were generated according to the model under consideration, starting with
a standard normal distributed one. To ensure the stationarity up to some possible
changepoint, only the last n observations were used to construct the test statistic.

In the case of d = 1, for the construction of the test statistics, the so called
Epanechnikov kernel of order r = 4 was used. The definition of the following version
can for example be found in [71]

k:R%R,xH%<§—£x2) (1—%x2)l{|x|§\/5}. (6.17)

In the models where d = 2 the following product kernel is used
K :R* 5 R, (21, 29) > k(z1)k(x),

with £ : R — R from equation . Furthermore, the weighting function w,
was chosen to be one, meaning that J, = R? for all n € N. Note that this does
not satisfy the condition in assumption (J) on page . In particular, in theory
uniform rates of convergence for the kernel estimators can not be obtained on the
whole R?. However, as the simulations show good results, it can be assumed that
the performance of the tests is not particularly sensitive to this choice. For the
standardization of all tests, ¢, from on page [p8| was used Furthermore for
the tests based on T,,53 and 7,4 the modlﬁed versions from ({3.30) and (3.31)) on page
b9 were used respectively.

The choice of the bandwidth is often a difficult but also very important task as it
has a large influence on the performance of the kernel estimators. In the simulations
the R-function regCVBwSelC was used, which is included in the R-package locpol.
It uses a cross-validation procedure to obtain an in some sense optimal bandwidth,
for more information see Chapter 3 in [78].

In the case of d = 1 and strict stationarity, the critical values of the limiting
distributions are used. Table gives the simulated critical values of the limiting
distributions of the standardized tests using T},1, Ty2, T,,3 and T},4, namely

Ky := sup sup |Ky(s,t)|,
s€[0,1] tl0,1]

Ky := sup/ |Ko(s,t)|ds,

t€[0,1]

K= sup / Ko (s, 0) d,

s€[0,1]
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1 1
K, ::/ / Ko(s, 1) [2dtds,
0 0

where Ko = {Ky(s,t) : s,t € [0,1]} is the Kiefer-Miiller process. Furthermore,
the critical values of the standardized KS and C'M tests are the corresponding
functionals of a Brownian bridge process and can for instance be found in [71].

Kiefer-Miiller Brownian bridge
level K1 K2 K3 K4 KS CM
0.05 1.3866 0.5445 0.7058 0.2033 1.2620  0.4614

Table 6.17: Critical values for T},1,Ty2, Tn3, Tyha, KS and CM

Finally, some notes will be made concerning the implementation of the bootstrap
test. As suggested in Section a Wild bootstrap procedure is used in the case
of d = 2 or if non-stationary variances occur. As for instance was done in [71], the
sequence of i.i.d. random variables {n, : 1 <t < n} was generated according to a
two-point distribution with masses 1;:}/55 and 1 — 1;—\‘/? in the points %g and %g
respectively. The construction of the bootstrap data was already described briefly in
Section However, the choice of bandwidth plays a special role and will therefore
be discussed a bit more detailed. As was also done by Su and Xiao [71] and many
other authors, two different bandwidths were used in the procedure. To emphasis
the role of the bandwidth, the Nadaraya-Watson estimator will be equipped with a
second subscript h,, if h,, is the used bandwidth. The bootstrap data is produced
by

U = Uy with U, = (Y; — g, (X4))
Yy =, g (X)) + U,
U =Y —ml, (X))

Now, h, needs to converge to zero at a slower rate than h,, see Hardle and
Marron [27] for an heuristic explanation. The bandwidth h,, is chosen via a cross-
validation method, using the R-function regCVBwSelC and then h,, is chosen by a
rule of thumb (see for instance [71] and [44]), namely h,, := h,nsn"5. The residuals
Ut are used to construct T),; and the bootstrap version Ut* are used to construct in
each bootstrap replication b € {1, ..., B} a bootstrap version T}, ,. Note that for the
bootstrap test, T,,; was standardized with ¢,,, while T’ n1p Was standardized using the
bootstrap version of it, namely ¢, := L 3" U*w,(X;). Analogous constructions
lead to the bootstrap versions of 1,5, T,3 and T}4.

6.4 Real data application

In this section, the tests obtained in this thesis will be applied to two real data sets,
that have been used frequently in the context of changepoint analysis. The first one
is the flow of the river Nile in Aswan, recorded annually between 1871 and 1970.
The second data set is the DJIA index, which was collected weekly between July 1st
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6. Simulation study and application

1971 and August 2nd 1974. Both tests in the conditional mean function and in the
conditional variance function will be applied. The results will be compared briefly
with existing literature.

The first example to consider is the Nile data set, obtained by the R-package
datasets. It is the set of 100 measurements of the annual flow of the river Nile at
Aswan in the time interval of 1871-1970 scaled by 10® and measured in m?. Let Y,
be the measurement at time ¢ for all ¢ € {1,...,100}. Figure [6.14] shows the raw
data Y; plotted against the time.

1400
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1

T T T T T
1880 1900 1920 1940 1960

Figure 6.14: Annual flow of the Nile in Aswan

Set X; = Y;_1 and consider the sample {(Y;, X;) : t = 2,...,100} of size n =
99. The bootstrap test with level 5% applied to this sample rejects the null of no
changepoint in the conditional mean function. The possible changepoint can be
estimated by

§ 1= arg maxsup |Tj (s, 2)|. (6.18)
s€[0,1] z€R

Figure shows the corresponding cumulative sum, namely sup., g |7, (s, z)| for
s = % and data points ¢t = 1,...,n. Also the critical value (red dashed horizontal
line), estimated by the bootstrap procedure, as well as the changepoint, estimated
by at § = 27 (green dashed vertical line), can be seen. The corresponding
year of estimated changepoint is 1898. An additional application of the test to the
sub data sets before and after the estimated break did not indicate the existence of
a second changepoint in the mean.

The result is consistent with existing studies of this data set. Possibly the first
investigation and publication of the data was done by Cobb [I1]. Several other au-
thors have analyzed this data set, including Wu [82] and Kirch and Kamgaing [35]
just to mention a few. All of the results indicate a changepoint in 1989. In fact, as
pointed out by all mentioned authors, that was the year, when the first damn was
built in Aswan.
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T T T T T
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Figure 6.15: CUSUM for Nile data

Secondly, the DJIA data set obtained from the R-package strucchange will be
investigated. It contains 162 return values of the DJIA index, recorded weekly
between July 1st 1971 and August 2nd 1974. The differences of log-returns will be
considered, namely

Y; :=log(P;) — log(P—1), t=1...,161,

where P,_; is the return at time ¢. This is a common approach when dealing with
returns, as pointed out for instance by Kreifs and Neuhaus in [41]. Figure shows
the transformed raw data Y; plotted against the time.

0.02 0.04 0.06
1 1

0.00
1

-0.02

-0.04

-0.06

T T T
1972 1973 1974

Figure 6.16: Differences of log-returns of the DJIA

Set X; = Y;_1 and consider the sample {(Y;, X;) : t =2,...,161} of size n = 160.
An application of the bootstrap test for change in the conditional mean function
does not reject the null of no change in mean. An additional application of the test
in change in conditional variance function, using the critical value of the limiting
distribution with a level of 5%, rejects the null of no change in variance. Figure
shows the cumulative sum for the test in mean (left) and in variance (right),
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6. Simulation study and application

namely sup, cga | Ty (s, 2)| and sup, cga [T, (s, 2)| respectively for s = L and data points
t =1,...,n. Furthermore, the critical values (red dashed horizontal line) and the
estimated changepoint in case of existence (green dashed vertical line, right figure)
can be seen as well. The estimated changepoint in the conditional variance function
is § = 88, which corresponds to the date of March 3rd of 1973. An additional
application of the test to the sub data sets before and after the estimated break did
not indicate an additional changepoint in the variance.

T T T T T T
1972 1973 1974 1972 1973 1974

Figure 6.17: CUSUM for DJIA data - test in mean (left) and variance (right)

The results are consistent with existing studies of this data set. Possibly the first
researcher that investigated this data set is Hsu [33], who detected a changepoint for
the third week of March in 1973. Several other authors have suggested the existence
of a changepoint in the variance in March 1973 using different kind of tests, for
instance Chen and Gupta [9] and Zeileis and Honik [84], just to mention a few. As
also mentioned by Hsu [33] possible reasons for a changepoint are the Watergate
affair and steadily increasing prime interest rates in the U.S. during the first part of

1973.

112



A Proofs

In this chapter, technical and auxiliary lemmata are proven. They are needed for the
decomposition of T, stated in Theorem . Together with Theorem it implies
the weak convergence of T;, under the null and regularity assumptions.

A.1 Technical lemmata

The first section includes the proofs of Lemmata |A.1] [A.2} |A.3| and [A.4] They are
all needed to proof the decomposition of T, stated in Theorem ﬂ

Lemma A.1. Under the assumptions of Theorem [3.1 and under Hy

[ns)
% S (m(X,) = it (X)X T{X; < 2}

=svn Rd(m(w) — 1y (x))wy () [{x < 2z} f(x)de + op(1)

holds uniformly in s € [0,1] and z € R?.

Remark. For the proof of Lemma the difference m — m,, will be embedded in
some smooth function class, using the uniform rates of convergence from Lemma [2.2]
This class then will be partitioned using the bracketing notion from Definition [I.5]
A second function class will be partitioned using Lo(P)-brackets (where X; ~ P)
and bounds for the corresponding bracketing number will be obtained in Lemma
[A.5] Eventually the main step will be an application of Theorem 2.1 in [46], which
is an exponential inequality for the sum of strongly mixing random variables.

Proof. To begin with, some notation will be introduced. Let

~

h, :RY >R
x — (m(x) — 1 () )wn (),

for all n € N and F := {& — I{x < z} : z € R%}. Note that h,(z) = 0 for all
x ¢ J,. Then

1 [ns)

sup sup |— ﬁnXZ X; —/ﬁn dP) =op(1), Al
s s ﬁz( X)o(X) = [ g o(1) (A1)
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where X; ~ P, will be shown. Together with

Jn sup “:LSJ —s| 5w /Rd(m(m) — (@) (@) {2 < 2} f(2)d2| = op(1),
) :O‘(’%) 8 :Oj;(l) ’

it implies the assertion of Lemma |A.1}

The proof of consists of three main steps. In the first step, it will be shown
that the function h, lies in some function class H with probability converging to
1. Considering the supremum over all possible functions h € H instead of h,, then
simplifies the problem as the functions h € H do not depend on the observations
anymore (while h,, does). Moreover # is well understood and controlled in the sense
of metric entropy properties. Secondly covering [0, 1] by finitely many intervals, and
F and H by finitely many brackets respectively, the suprema will be bounded by
the maxima over finitely many objects. Note that, while the centers of the inter-
valls used to cover [0, 1] are again elements of [0, 1], the lower and upper bounds of
the brackets do not need to lie in F and H respectively. However they do possess
some main properties of these function classes. The third and last step will be an
application of Liebscher’s Theorem 2.1 in [46] which gives an exponential inequality
for strongly mixing processes.

Step 1: First, note that by assumption (3.5]) in (B3) on page [39] it holds that

. log(n)
i = ( T)

log(n) . _ log(n)

and therefore

n n

Defining z, := %qn&“ Lemma (iii) thus implies that
su? ﬁn(m)‘ = Op(z,) = op(zn/10g(n)),
xcdn

max sup Dkﬁn(az)‘ = op(1)
keNd zed,
1<|k|<L

and

| Do () — Do)
max sup =op(1).
. Tz gl rt)
|k|=l xz#y
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Therefore, defining for some [-times differentiable function A : J,, — R the norm

| D*h(x) — D*h(y)|

1Al == max sup [D*h(z)| + max sup ,
keNg zeJ, keNOwyeJn |z — yl|”
1<|k|<I |k|=l =#y

and the function classes
CYNTL) = {h: Ty = R ||hliy < 11,

and
CI(T,) = {h Jo R [Alln < 1, sup [h(@)] < 2, 1og<n>},

xzed,

it holds that

P (h e it n)) Y
n—oo
Note that the factor y/log(n) in the bound on the functions in Cf;?(Jn) is ar-
bitrary, in the sense that any positive sequence that diverges to infinity is possible.
However, it will have an influence on the bandwidth assumptions in (B3) which is

why a slow log-rate was chosen. For notational simplicity this functions class will
be denoted by H = C{'"(J,,). Then is implied by

ff( O L | R

s€[0,1] p€F heH

Step 2: To bound the suprema over infinitely many objects by the maxima over
finitely many ones the notion of covering and bracketing numbers will be used. Let
first

1 1 1
€nl ‘= %7 €n2 = %78713 = W,

Note that for the choice of ¢,3 it is necessary that ¢,3 = o(n’%) holds. Next,
for all n € N let K,, € N, such that 0 = s; < --- < sg, = 1 are the centers of K,
intervals of length 2e,,; that cover the interval [0, 1]. Furthermore, for all n € N let

VneN.

JIn = N[ (€n2,-7:7 I ||L2(P))

and
M, == Ny (en3, Ho || - [loo)

where ¢,y = ([ @*dP)z for all ¢ € F and |[h]ls := supyey, |h(z)| for all
h € H. The function class F will be covered with J,-many brackets which are
denoted by [¢h, Y], ..., [¢Y ¢4 ]. To cover H, M,-many brackets will be used
which are denoted by [h%,hY],...,[hh, ,RY; ]. Bounds on K,, J, and M, can be
found in the following way. It is clear that

K, =0 (g,1) = 0(Vn).
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In Lemma [A.5] on page [I49)in Section [A.2]it will be shown that
Jo=0 (g3 =0 (nd) .

For the bound on M, Theorem 2.7.1 of Van der Vaart & Wellner ([75], p. 155)
can be used. It implies the following bound for the covering number (see Definition

2.1.5 in [75])
N (e, G -l ) = O (eXp <)) |

N (208 CF (), - oo ) = Ny (2208, CE () - oo

which can be seen for example in [75], p. 84, the bracketing number of C*(J,)
possesses the same bound. As H := Cf;"(]n) is a subset of C/7"(J,) the same
bound can be found for M,,, namely

a4
M,=0 (exp <ci€n3“"))

Now it can be obtained that

As

(exp( (\/_logn)l+n>>.

[ns)

sup sup sup — / hgodP)
5€[0,1] pEF heF \/_Z(

22
max  sup sup sup hX;)e(X5) —/hgde)
WS S0 pelel o helhl gl | VI G

1<m< M, |57 sklSen

1
< max  sup sup sup (h(XZ)gp(Xl) —/hgodp)-
[Ehn sel0)  pelpl oyl helhbyht] | VIS

1<m< M, |s—sk|<en1

[nsg |
+ max  sup sup ( /hSOdP> . (A.5)
11%%?5 ¢€lefey] hElhim h \/_ Z

1<m<M,,

First, it will be shown that (A.4]) tends to zero as n tends to infinity. Using

‘h(XZ)ap(XZ) — /hgde‘ < 2 sup |h(x)p(x)| =2 sup |h(x)| < 2z,4/log(n)
xed, xed,

forall h € H, o € F and for all i = 1,...,n and n € N, it can be obtained that

(A.4) is bounded by

SRS

log(n) max selon

|s—sk|<en1
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() 1
< — —

|575k|§5n1

log(n)
\/ﬁ

< 2z,/log(n)v/ne, + 22,
= 2z,+/log(n) + 2z Vios(n)

n n \/ﬁ
= o),

where (x) holds because
IR :
=2 M{i < nsl} = 1{i < [nsi}
i=1

_ %ZI{min(LnskJ ns)) < i < max (|nsy) , [ns])}

=~ (max(|ns) , [ns)) — min (|5 , ns))
< % (max (nsg,ns) — min (nsg, ns) + 1)
= max(sy, s) — min(s, s) + %
1
= |s — sg| + o

Additionally, (xx) is implied by (2.9) in (B2) on page [16| and (3.6 in (B3) on
page [39] as

log(n) | log(n)
zny/log(n) = nhdqndn: anén log(n)hi(lﬂ) =o(1).

Secondly, the term in (A.5) will be considered. Using the brackets of F and H,
a lower and an upper bound for

[nsk]

1
e

will be obtained leading to a bound for its absolute value. For a given m €
{1,...,M,} and j € {1,...,J,} let h € [kl h] and ¢ € [}, ¢Y] hold. Then

hl < h < h¥ and goé. < <Y, as well as ||hy;, — Rl |l < €n3 and | —g0§-||L2(p) <

€n2 hold. Furthermore, gpé-, ¢} can be chosen to be indicator functions. In particular,
902-, ¢} are then non-negative. Then it holds that

(h(Xi)go(Xi) - / hgde)

ho = hI{h > 0}p + hI{h < 0}p
< hI{h > 0}p% + hI{h < 0}¢}
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< hi I{hy > 0} ¥ + hi I{h% < 0}
and
ho = hI{h > 0} + hI{h < 0}p
> hI{h > 0} + hI{h < 0}¢}
> hl I{hl, > 0} + Al I{h, < 0}l

For an upper bound it therefore can be obtained that

MX)(X0) ~ [ P

< D (X)) H{hy (X)) = 030 (X) + Ty, (X T{hy,(X3) < 0} (X0)

I ! l ! ! u
— /hml{hm > 0}pidP — /hmI{hm < 0}pidP

= Ny (X)) I{ Dy, (Xi) > 0305 (X)) + Ry, (X5) I{ Dy (XG) < 0}90§(Xz)

— / hh I{hl, > 0}phdP — / h I{h;, < 0}pldP
+ / hi I{hs, > 0}pldP + / he I{hy, < 0}pldP
+ / hee I{h, < 0}ptdP + / b I{hl, > 0}pldP

— (X)) 2 0}3(X0) — [ Wi I{h, = 0P
+ KIS (X0) < WX — [ BT (i, < O}ap
+ / he I{ht, > 0}ptdP + / he I{hY < 0}ptdP
- /hfnf{hﬁn > 0}ptdP — /hﬁnl{hlm < 0}pldP
- / hie I{hs, < 0}pldP — / he I{hy, < 0}p¥dP
+ / b I{hl, > 0}pltdP — / b I{hl, > 0}pldP

— (6T, (X) 2 0)e3(X) — [ biT(h, = Oy
R XT{(X0) < 0)h(X) — [ HT(h, < oplap
+ / (he, = Ry, )4dP
+ /h“ml{hfn < 0}l — 4)dP

+ [ BI{h, = 0} -

It holds that (A.6) is bounded by

Si-
~—

12— B aelllloe = I — B oo < 23 = 0 (
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As A% oo < [[AE — BL |loo + [[Alloo < €ns + 2ny/log(n), (A7) is bounded by

[he I{h < O}|scll@h — @41l acp) < (€ns + 2n1/log(n))en2 = 0 <%

Similarly, ||Al,||cc < €n3 + 2, and therefore (A.8)) is bounded by

1
b0 2 Ol = s < (2o + 20/ BTz = (=

To calculate a lower bound it can be obtained that

MX)P(X) ~ [ hedP

> hl (X)) I{h,(X;) > O}Sﬁé(Xz) + i, (X)) I{RL,(X5) < 0}3 (X5)

— / hi I{hs > 0}pldP — / R IT{h" < O}cpé-dP

= hl (X)) I{hL, (X;) = 03} (X5) + hl (X)) T{hL,(X;) < 0} (X))

- / he I{hy, > 0}ptdP — / he I{ht, < 0}phdP
+ / h I{h}, > 0}ldP + / hh, I{hl, < 0}pldP
+ / L I{hl, < 0}oldP + / hie I{hs, > 0}phdP
— B (6T, (X) 2 0} () — [ 10, > 0}
S W) (X) < 0)p8(X) — [ W, I (1, < 0}
+ / h I{hy, > 0}dP + / e I{ht, < 0}pldP
- / he I{hs, > 0}pldP — / he I{h, < 0}phdP
+ / hh I{h, < 0}ptdP — / hh I{h., < 0}pldP
+ / hi I{hy, > 0}pldP — / he I{hs, > 0}pldP
— B (X T{A, (X0) = 0} (X0 — [ 1, I{b, = 0}
S WO (X) < 0p8(X) — [ B I{H, <0}
- /(h% — Iy, )@ dP
- [ p, <0} - epap

- [, = o4y - hap

(A.9)
(A.10)

(A.11)
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Similar to before, it holds that (A.9) is bounded from below by —&,3, while
and ( are each bounded from below by —(g,3 + 2z,1/log(n))en2. Both

these bounds converge again to zero at a rate of o( ) Coming back to bounding

, it therefore holds that

<5<, €195
1<m< My,

< maxX max

max  sup sup  |— / hade)
1<k<Kn l,go}‘] helhl,h ] \/— z:: (

2 =
- e . -

ar 3 (h (X)H{bL(X) < 06X — [ hiT(n <0}%dP> ,

[nsk]
Ln (h (X;)I{n! ( ) > 0}¢5( )—/hl I{h >O}gpde)
[nsk]
n Ln (hl( )[{hl( )<0}¢]( )—/hl I{hl <0}g0}‘dP)
+o(1).

Step 3: Finally, the assertion of (A.3]) follows by the following four assertions

[rsi]
 ax \/— Z (h ) {hy, (X5) = 0} (X3) —/hmf{hm > O}wde) = op(1),
1<j<Jn
1<m< M,
(A.12)
1 [nsk]
u l N u U l _
15%%’1 NG 1 < X)) I{h,,,(X;) < 035 (X5) /hml{hm <0}g0de> = op(1),
SJ5Jn =

1<m<M,

(A.13)

[nsk]
1 ! ! liwv )\ l ! ! _
o (h i) I{han (X)) = O} (X5) /hml{hm > 0}pjdP || = op(1),

1<j<Jn =1

1<m<M,
(A.14)
1 [nsk]

o l U l l u —
 fnax NG ( X;)I{h,, (X;) < 0}o5 (X;) — /h I{h,, < 0}p5 dP) op(1).
1<5<Jn i=1
1<m<M,

(A.15)
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Within the proof it will become clear that it is sufficient to only show (A.12]) as
the other ones work analogous. As mentioned before, Liebscher’s Theorem 2.1 in
[46] will be used. Following the notation in [46]

2= (X010 2 0he(x) ~ [ (i, = opgrar) 12 <),

is defined for all 1 <7 <n and n € N. Note that Liebscher’s result is an inequality
for fixed n € N and the dependency of Z; on n is not reflected in the notation. Then

[nsk]

P \/_ Z <h“ DI{he(X:) > 0bo¥(X;) — /h" I{n" > 0}g0“dP> > e

:p<
i=1

holds. To bound the last probability, the conditions on Z; of Theorem 2.1 in [46]
need verification. First, note that Z; is centered and

i >\/ﬁ€>

1Z;] <

BT (1 (X0) 2 03X — [ BT (h, = 0}gap

< 2 sup |h“ VI{h, () > O}SD?(CEH

wen

= 2 sup |y, ()|

xed,

< 2(en3 + zp/log(n)) =: S(n).
Furthermore, using
E[Z7]

_E <h,1;(Xi)I{hfn(Xi) > 0}¢t(X) - / B LRt > 0}@”;dP)QI {% < sk}]

< 4 sup |t (@)I{R% (@) > 0}t (x)[’

wEJn

= 4 sup |y, () [*

a:GJn

< 4(eps + 2n log(n))2

results in
(T+N)An 2 (T+N)An (T+N)An
EIl 2 z)|= > 2 E
i=T+1 =T+1 i3=T+1
< N?E[Z;, Zs,)
< N’E [77]

< 4AN*(gp3 + 201/ log(n))? =: D(n, N)
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forall T =0,...,n—1and 1 < N <n, n € N. As measurable functions maintain
mixing properties (see for instance [2I] Subsection 2.6.1 (ii), p. 69), it holds that

(8,00, (60 2 0360 — [ mrti, = 0)ap)
tez

is strongly mixing with the same mixing coefficients a(-) as (Y3, X;)iez. Let {a, (1) :

t € N} be the sequence of coefficients of {Z; : 1 <t < n,n € N} defined as in (|1.4))

in Definition on page [/} For fixed n € N they can be bounded by the mixing

coefficients {a(t) : t € N} of {(V;, X;) : t € N} (see for instance [4], Section 2,

remark (iv)). An application of Theorem 2.1 in [46] leads to

P (
i=1

for all € > 0 with /ne > 4N S(n) and for all 1 < N < n, n € N. Note here that for
(A.13), (A.14) and (A.15) the same terms for S(n) and D(n, N) will be obtained

and that the proofs for these assertions therefore work analogously. Next it is clear

2

i >\/ﬁe> < 4exp <_64%D(n,N) 5 /reNS(n ))—1—4 a(N),

that €,3 == m = 0(z,4/log(n)) and therefore
log(n)
S(n) = 2(ens + znv/10g(n)) = O(z,V/log(n)) = O \/——thTL(Sn
n n
and

— N2 2 Ar2)(.2 A2 log(n)® 4
D(n,N) = 4N*(gn3 + zn/log(n))* = NO(z;log(n)) = N-O —hd q:0;
n

n

hold. Now let N := L\/nhflJ nzee oo, then it holds that 1 < N < n and for all
e>0

ANS(n) =8 [v/nhl | (en3 + 2,/1log(n))

=8 |y/nhi| O (%q&n)

s | /i moCogf )<m~,
SO

o(1)
for n large enough. Therefore, it holds that for all ¢ > 0 and n € N large enough

P e | Z (h DI{h (X;) > 0}o¥(X) —/hml{hm > O}QOde> > €
1<j<Jn i=1
1<m<M,,

<> P
1<k<Kn

1<j<Jn
1<m<M,,

Z(h“ DHIL(K) 2 036X — [ (s = Ohggar )| >

%\

122



A.1. Technical lemmata

2

< 2 (46”’(‘64%D< SN >)+4 “(N))

1<k<Kp,
1<5<Jp
1<m<M,

ne
=4K,J, M, | exp | —
645 D(n, N) +

s T R)

= 4dexp <log(Kn) +log(Jy,) + log(M,,) — 61ZD(n N;f_ §\/ﬁeNS(n)> (A.16)
+ 4exp (log(Kn) +log(J,,) + log(M,,) + log (%) + log (a(N))) . (A.17)

It is left to show, that the exponents in (A.16|) and (A.17)) diverge to —oo as
n — oo. Starting with (A.16)), it is to show that
642 D(n,N) + §y/nNeS(n) ., 1
ne? log (K,) +log(J,,) + log(M,) )

Replacing first K,,, J,,, M,,, N, D(n, N) and S(n) by their rates, and finally using
the rate of ¢, in (J) on page [L6] it can be obtained that

647 D(n,N) 4+ $y/nNeS(n)

2

(log (K,,) + log(J,,) + log(M,,))

_ (ifjlvp( N+ \/_Egzvs > (log (K.,) + log(J,) + log(M,))
((ﬁL rlogr ) (0 (o) )
:o<(log$ g262 + ) log(n) + ¢ (v/nlog(n ))lf"))

o[ loe) e T log<n)2qn5n+cdlog<n>

hd n-n / n T Qn(sn
n n l+nhd n l+”7

e e

—0 ng(gn i IOg(qun(sn 4 mqn(gn
V nhg \/n l+n hd n'"

= o(1),

by assumption (3.3) in (B3) on page[39 Concerning (A.17) it is to show that

1 1

—_— — 0 .

[Tog (a(N))] <1og (K,.) + log(J,) + log(My,) + log (%))

Using again all bounds and the exponential rates of convergence of the mixing

coefficient in (G), namely |log (a(t))]™! = O(t™'), (t — o0), it can be obtained,
that

1

g Gl (1og (K, + log(J,) + log(M,,) + log (%))
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= 1 ogin Cd nonﬁ O i
—O<\/n—hz<lg( ) + ¢ (Vnlog(n)) +1g<m)>)

1 n
log(n) _ , log(n)rn (v )
= + ¢, + =
\/nhd /nk%hg v/nhd

\/nhd \/nlfﬁh;ﬁ

log(n) , log(n)"*7'7 |, |log ()

\/nhd \/nlfﬁhg \/nhd

:il S

log(n)  log(n)'* 10%(

ﬁ
>
S

=0

= o(1),

by assumption (3.3) and (3.4]) in (B3). This finally proves (A.3) and therefore the
assertion of Lemma [A ]l

]
Lemma A.2. Under the assumptions of Theorem [3.1]

Ly ()
m -—m Xz h - Xz Wn, ~ d = Op
\/ﬁ 121 /(—oo,z] ( <y) ( )) = n(y ) (y) fn(y) y (1)

holds uniformly in z € R,

Remark. The proof of Lemmal[A.2uses a similar technique as before. An appropriate
function class will be defined and partitioned using L;(P)-brackets (where X; ~ P)
according to Definition [1.5. The bound for the corresponding bracketing number
will be proven in Lemmal[A.6] Finally, the exponential inequality for strongly mixing
processes in [46] will be applied again.

Proof. The proof of Lemma [A 2] consists of three main steps. First, it will be shown
that f,, can be replaced by f. Then defining the function class

Fam{o [ ) = m(@) ity - @y = < B,

it will be shown in the second step that

sup
506]:77,,1

%i (w(Xi) - /de)‘ = op(1), (A.18)

where X; ~ P. In the third step it will be obtained that

/godP‘ =0 (%) . (A.19)

sup
Qoefn,l
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Step 1: Let Y; = m(X,) and 7, (-) be the Nadaraya-Watson estimator for m(-) =
E[Y;| X, = -]. Note that (Y;, X} )z is a strictly stationary process and the uniform
rates of convergence for kernel estimators obtained in Chapter [2| (see Lemma
(i)(a) and (iii)(a) on page can be applied. Thus, it can be obtained that

Ny A S
| 2 i) =m0 Bt~ Kt < }<fn<y> 1) "
fly) ~ fuly),
s /RMEj X)) Kinly = Xenl) {y < 2} 50 y'

<vn /Rd (m(y) - %Zm(Xi)Khn(y - Xi)f: iy)> wn(y)dy

([ (s~ fn<y>)2wn<y>dy);

< Vi sup [m(@) — i, (@) sup |f(@) — fu(@)]

xed, xedy,
log(n) . log(n) D
_ log(n)
- OP (\/ﬁhg Qn5n> )

where the last equality holds due to (A.2]) on page in the proof of Lemma [A.1]
Finally, by using the bandwidth assumptions (3.3) (which implies that [ + 1 > d)

and (3.6) in (B3) on page [39 as well as (2.9) in (B2) on page [L6] it holds that

log(n) | log(n)
\/ﬁhg ansn = W n5 \/hH'l —d \/log hl+1 = 0(1) (A20)

S ~- @, &,
= o) Ho)

Step 2: The function class F,, ; will be covered with finitely many brackets. Then
the supremum can by bounded by a maximum, which then can be bounded using the
exponential inequality in [46]. The partition of F,, 1, that is given in Lemma , will
be used. Let therefore zq, ..., z,, be the partition of R* and [}, 4], ..., [¢} , ¢4 ]
be the corresponding brackets from Lemma [A.6] where

Jp = NH <5n7~Fn71’ ” ) HLl(P)) ’

namely for j € {1,...,J,}

wj(x) == / (m(y) —m(x)) K, (y — ) {(m(y) — m(x))Kn, (y —x) = 0}wn(y)dy

(7°°’Zj]

+ / (m(y) — m(@)Kn, (y — ) 1{(m(y) — m(@))Ky, (y — @) < 0}wa(y)dy
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pj(x) = / (m(y) —m(x))Kn, (y —2) I{(m(y) —m(x))Kn, (y —x) = 0w (y)dy

(—00,25-1]

+ / (m(y) —m(x))Kn, (y — ) {(m(y) —m(x))Kn, (y —2) < 0}wn(y)dy.

(—oo,z]'}

Then for all ¢ € F,; there exists a j € {1,...,J,} such that goé- < ¢ < ¢} and
o4 — @i, (p) < €n. In Lemma it will been shown that

Jo =0 (g,9).

Let g, := ﬁg(n). Note that the choice of ¢, needs to imply ¢, = o(n’%). Then
for ¢ € [¢h, p4] for some j € {1,...,J,}, it holds that

o(X;) —/gde < i (X5) —/goé-dPi/goju»dP
= i (X;) — /soydP+/(<p}‘ — ¢})dP

u u 1
/((pj - goé-)dP = HSO]' - (Pé'HLl(P) <egp= 0( ) )

NG
Similarly, it can be obtained that

o(X) —/de > oi(X;) — /w?dPi/wédP
= o (X;) — /soé»dP— /(90? — ¢h)dP

u u 1
_/((pj - goé)dP = _HSOj - 90§'||L1(P) > —p, =0 (—> )

vn
Therefore, it holds that

%é (w(Xi) —/sodP)

n

% 2 (w(Xi) —/sodp)‘

and

and

sup
506-7:71,1

max  sup
1<5<J
SI=n pelph o]

< max max
1<j<Jn

Y

+o(1).

The proof of (A.18) therefore reduces to the proofs of

15550, \}ﬁg (@?(Xi) - /SO?dP)‘ = op(1) (A.21)
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and

= op(1). (A.22)

By defining

Pia () = / (m(y)—m(x))Kn, (y — ) I{(m(y)—m(z))Kn, (y — ) = 0}wn(y)dy

(—00,2;]
and
Pia(T) = / (m(y)—m(x)) K, (y — ) I{(m(y)—m(z)) K, (y —x) < 0}w,(y)dy
(—00,z5-1]

it holds that
() = i (x) + ¢y (x).
Similarly, functions ¢, and ¢!, can be defined such that ¢’ = ¢’ + ¢l ,.
Therefore, the validity of (A.21)) and (A.22) is implied by
1 - U u
12}2{}” % Zl <<Pj,1(Xz‘) - /SOj,1dP) = OP(l)a (A‘QS)
1 - u u
lg}%ﬁb % Zl (‘Pj,z(Xi) - /%‘,de) =op(1),

1 - l ! _
s | 722 (%0 = [ aap) | = ortt)

1 - l 1
s | 32 (Al = [ efatr) | <orto),

It is only necessary to show (|A.23)) as will become clear within the proof. Fol-
lowing the notation in [46]

Zi = 90;',1(Xz‘) - /907;16”3

is defined for all 1 <7 < n and n € N. Note that again the dependency on n € N
is not reflected in the notation. Let {a,(t) : ¢ € N} be the sequence of coefficients
of {Z, : 1 <t < n,n € N} defined as in in Definition [1.1] on page [/} For
fixed n € N they can be bounded by the mixing coefficients {a(t) : ¢ € N} of
{(Y;, Xi) : t € N} (see for instance [4], Section 2, remark (iv)). Also Z; is centered
and
|Zi] <2 sup |¢f;(x)] =: S(n).
xR
Furthermore, for all T =0,....n—1land 1 < N <n,n €N

(TH+N)An
E > Z | | <NE[Z7] <4N?sup |@l (2)* = D(n, N)
=Tt 1 xR
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To apply Theorem 2.1 in [46] bounds for S(n) and D(n, N) are required. Using
integration by substitution and Taylor’s expansion of m in & up to order 1, it can
be obtained that for all j € {1,...,J,,}

sup |g071(:v)|
xcRd

= sup
rcR4

) =@, (v =) H{omty) = (@)K, (9= 2) 2 Ofeu(y)dy

<sup [ [m(y) —m(@)| Ky, (y — )| w.(y)dy
xcRd J R4

= sup [ [m(x +thy) —m(z)|[K (t)|w.(z + thy)dt

xcRd J R4
< sup / S D@ e ()] (e + )t (A.24)
xzcRe JRA |’i‘:1 7/!
+ sup / > b m(g";f)(th") |K ()| wp (2 + thy,)dt, (A.25)
:I:ERd ]Rd R H
|2]=2

for some &, ; on the line segment between x + th,, and x. Using
wn( +th,)I{t € [-C,C|*} = H{z € I,}I{t € [-C,C]"},
the term in (A.24]) can be bounded by

1 . ,
o D* tI'|K(t)|dt = ,
b Y g sup [ Dm(a)| [ K] = Oh)

lil=1

v~ v

=0(qn) <o

By similar calculation the term in (A.25)) can be bounded by

1 , .
Y G s Dim@) [ K] = OUa.) = O(ha,)
|7:|:2 (2 \me[_cn_thCacn‘f‘thC} I R4 ,
(Fzz;‘r%@n) =

Using these results it holds that

S(n) = O(thn)
and

D(n,N) = N*O(h2¢?).

n

Note here that the corresponding bounds for S(n) and D(n,N) for the other

three cases will be the same which is the reason to only look at the first case (A.23]).
By choosing for all n € N|

N := |log(n)?*] +1,
it holds that 1 < N < n and

ANS(n) = 4(|log(n)*| +1)S(n) = ? (log(n)thqn)l < V/ne,
B,
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for all ¢ > 0 and for n large enough. Hence, applying Liebscher’s Theorem 2.1 in
[46] it holds for all € > 0 and n € N large enough that
> 6)

1 - U u

P (mx S (e [enar)
JIn n

<> ( > (wﬁil(Xz-) - /@}ﬁldP> > ﬁe)
j=1 1

2

= Jn (4 =P <_64%D(n, N)nj g\/ﬁeNS(n)> HAga ))

= 4exp (log(Jn) — 642D (n, N;:e_ g\/ﬁeNS(n)) (A.26)
+ 4 exp (log(Jn) + log (%) + log (a(N))) : (A.27)

It is left to show that the exponents in (A.26) and (A.27)) diverge to —oo as
n — oo. Starting with (A.26), it is to show that

64% D(n, N) + 3v/neNS(n) _ O< 1 )
log(J,) /)

ne?
Using
Jo =0 (g,%) = O ((v/nlog(n))?) = O (n% log(n)d>
and therefore
log(Jn) = O(log(n)),
and replacing N, D(n, N) and S(n) by their bounds, it holds that
642 D(n, N) + 53/neNS(n)

ne2

log(J,,) = (%%D(n,]\f) + \/15621\[5(”)) log(J,,)

=0 (toutnniet + < tox(n)haa, ) o)

1
= 0 (log(n)*k2a2 + 7= o)y
=o(1),
by assumption (3.6) in (B3). Concerning (A.27), it is to show that

-, !
[log (a(N)) |~ \log(J,,) +log (%) )~

Again inserting the bounds and the exponential rates of convergence of the mix-
ing coefficients in (G) yields

L <log(Jn) + log (%)) =0 <% log(n) + %(108;(”) + log(N)))

|log (a(N)) |
1
= () =
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Step 3: It holds that

/ godP‘
= sup

zeRd /Rd /Rd )higK <y _nm) wn(y) {y < z}dy f(x)dz

h
- /R /R W) - m<"’>>hidf< o m) wa(y) f(@)d
= [ ) =ty — eh) e — th )]

sup
‘Pe}—n,l

dy

< [ty )~ mta 0 1) it e

o
Rd

Concerning (A.28]), Taylor’s expansion of m in y up to order r — 1 with Lagrange
remainder term, namely

[ty 1)~ ) K ) (= ) = )| dy - (2.2)

Y

m(y — thy,) _ i Ilez )(thn)i N Z (—1)|ilDiW;§£y,t)(thn)i

li|=r

for some &, ; on the line segment between y and y — th,, is used. Furthermore, the
conditions on the kernel function K in (K) and on the partial derivatives of m in
(F1) are used to obtain

/]Rd /Rd (m(y — thy) — m(y)) K (t)wn(y) f (y)dt‘ dy
LI § DDy wh )

7 K(t)wn(y) f(y)dt

lé[=1

H g
v 50 OO g1, ) )t ty

|é[=r

r—1
_ 4 (=D D¥m(y) ;
L I | ex
=0 V|i|=1,...,r—1
—_ 1)\l . ,
w0 S [ Dl K @) )it dy
|3|=r ’
< hr/ Z z|/ m(&yt) ‘ ‘t K(t |wn (y)dtf(y)dy
< sup D’m(m)’

xclpy
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<h] Z sup |D1 |/ [t K (t)|dt /Rd fly)dy

li|=r :I!EIn

—0(qn) lil=

O (h,a,)
(),

where the last equality holds by assumption (3.5) in (B3). Concerning (A.29),

Taylor’s expansion for both m and f is used. By analogues calculations as above it
can be obtained that

I

= th,) = ) 01 ) (7 ) = ) ] dy = (K

1
= 0 B —
vn)’
where the last equality again holds by assumption (3.5) in (B3). This completes

(A.19) in Step 3 and therefore finally the proof of Lemma[A.2]
[l

Lemma A.3. Under the same assumptions of Theorem [3.1]

1 f(y)
— UvZ Kn —Xz-wn = d —wnXi]Xi_z ZOP]_,
ﬁz (/(m] 0y = Xy £ Ly (X)X < }) (1)

holds uniformly in z € R,

Remark. The idea for the proof of Lemma is the same as before, where the
bound for the corresponding bracketing number will be proven in Lemma [A.7]

Proof. The proof of Lemma consists of three steps. First, it will be shown that
fn can be replaced by f. Then considering

% 2:; Ui (/(Oo’z] K, (y — Xi)wn(y)dy — wa (X)) I{X; < z})

= % Zil (Uz‘] {|Uz'| > né} </(O°72} K, (y — Xi)wn(y)dy — wn (X)) [{X; < Z})

—F {Ui[ {\Ui\ > n%} (/(_OM] K, (y — Xi)wn(y)dy — wn(X3) [{ X < Z}>D
(A.30)

+%§<Ui1{|m|gné} (/( K, (y — X3)wn(y)dy — wa( i)I{Xigz}>

—00,%]

—& [ur {jui <nit} [ Kl = Xoeuldly — (X)X, < 2)]).
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where ¢ := QQJFTV, in the second and third step it will be shown that the terms in

(A.30) and (A.31)) converge to zero in probability uniformly in z € R? respectively.

Step 1: Let 1:/; = h(X;) + U; where h = 0 and hn () be the Nadaraya-Watson
estimator for E[Y;|X; = -] = h(:). Note that (Y;, X;)ez is a strictly stationary pro-
cess and the uniform rates of convergence for kernel estimators obtained in Chapter

(see Lemma (i)(a) on page |17 and (2.12)) on page can be applied. Thus it
holds that

%ZU@' /Rd K, (y — X)wn(y)[{y < z} (J{((y) B 1) dy‘

w(Y)

LN AW i),
/Rdn;mmnw Xy < 215 y'

sup
zeR4

n sup
zcRd

<vn /Rd (%;UiKhn(y_Xi) ! ) wn(y)dy

fa(y)

< Vi sup |h(@) = hy (@ )| sup |f () = fu(@)|

xed, xedy,
log(n) log( ) r
- o (B ) o, 22 i,
B log(n)
=Or (ﬁhz 5”) ’

where the last equality is due to (A.2)) on page in the proof of Lemma .
Finally,
log(n)

vnhg
follows directly by (A.20) on page in the proof of Lemma [A.2]

dp, = o(1)

Step 2: To verify that (A.30]) is negligible in probability uniformly in z € R
the following is considered

:élﬂgl % ZUZJ {|Uz| > n%} </Khn(y — Xi)wn(y) {y < 2}y — w, (X)) {X; < Z}> ‘
< 7 Z i1 {0 >t} s /Khn nly) Ty < 2}y - (X)X, < 2)
Z {01 > i swp | [ K= X () Hy < 2}y

+ —Z\U\I{\U\ > nq} sup |wn (X)) I{X; < z}|

zcRd
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< J S0 {01 ) f 1t X 25 >

- % 2:; U1 {|U,~| > n} (/ K (t)|dt + 1)
_é%if;w{w > b},

for some C' < co. With

E [inu {|UZ-| > n}] —E [|Ui|‘1|UZ~\‘(‘1‘1)] {|U,-| > n}]

<n T E(U|Y

— | B0

it therefore holds, that

sup
z€R4

- Z (v (o>t} ([ Koty = Xty - (X011, < 2))
B {UZJ {|UZ-| > n} (/(m}
=0Op <n%n’%>

— Op (n—%)

= Op(l),

K, (y — Xi)wn(y)dy — wn (X)) {X; < z}>D ‘

where the last equality holds because ¢ = QQJ“T” >2 (as Q >2,7>0).

Step 3: To show that the term in (A.31) is negligible in probability uniformly in
z € R? the function class

Fuz = {(“’w) = ul {jul <nt} (/<

—00,z]

iy — @) () — (@) o < 2}

1z € Rd},
is defined. The assertion then follows by

\FZ< (U;, X:) /@dP)‘ — op(1), (A.32)

sup
@6.7'—”,2
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where (U, X;) ~ P. To do that the class F, o will be covered with finitely many
brackets. Then the supremum will be bounded by a maximum which then will be
bounded using the exponential inequality in [46].

The partition of F,, 2, that is given in Lemma @, will be used. Let therefore
2o, ..., 2y, be the partition of R? and [¢}, 4], ..., [¢" , ¢4 ] be the corresponding
brackets of F,, 2 from Lemma [A.7] where

Jn = N (Enafn,% |- ||L1(P)) )

Then for all ¢ € F, 5 there exists a j € {1,...,J,} such that ¢} < ¢ < ¢% and
% — @Iy (p) < €n. In Lemmal[A.7]it will be shown that

J,=0 (g, d) .
It holds that

@—/sodPSsO?—/sO?dP+/(<p] ¢) dP

gp—/(dezgoé—/gpédP—/(go}L—goé»)dP.

Let ¢, : flog CAs [ (et =) dP = [lob — Gl ) <en =0 (%L) for all
Je{l, ..., Ju}, it holds that

%XZ: <¢(Ui,xi) - /wzp)‘

and

sup

506-7:77,,2

= max sup |—= ( (UiaXz‘)—/@dP)
1S789n pefl o] \/_

< U

< lg}gﬁ max{i 30] (Ui, X;) — /gode)

— > (@é(Uz‘aXi) —/wz-dp)

} +o(1).
Therefore, (A.32)) is implied by

1 - u u
R ; (ij(UiaXi) - /sode)‘ = op(1) (A.33)

and

1 - l l _
nax %; (soj(Ui,Xi) - /sode)‘ = op(1),

where only (A.33)) will be shown in more detail as the second assertion works anal-
ogously. In Lemmal[A.7, ¢ is defined as

@5 (u, )
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—ur{jul <wifruzop [ Ky @)I{K, (- @) = Oenly)dy
(—00,%5]

cut{l <nt}Hu <o) [ K (- ) (K (y - @) = O)nly)dy
(—00,z5-1]

Vol {yu\ < n} [{u>0} / K (y — @) [{Kp (y — ) < 0}wn(y)dy
(—00,zj-1]

vl {ju] <nt } Iu < 0) / Ko (y — 2)[{EKn. (4 — @) < 0}on(y)dy

—ul {|u| <n } I{u> 0}::%;{9; <24}

—ul {|u| ni ]{u < Own(z){z < 2}

/ K, (y — x)wn(y)dy — wn(x) [ {x < Zj}> ;

(—o00,2;]

@51 (u,x) = u[{\u| < nq}[{u < O}(

Py, @) == ul {|u| < ni } I{u> 0}< /Khn wn(y)dy — wn () {z < zj_1}>,

—00,2; 1]

Pha(w@) = [ull {Jul <n?} ( /( K (y = @) [{K, (y = @) = 0} (y)dy

—00,2;]
- /( | K, (y — ) [{ K, (y —x) > O}wn(y)dy) :
—00,2;_1
for all j € {1,...,J,}. Then (A.33)) is implied by

max
1<j<Jn

%z: (gp;{k(Ui,Xi) - /gp;{de)‘ Cop(1), VE=1,2,3.  (A34)

Equation (A.34]) will be shown for £ = 1 in detail. The case k = 2 is analogues
and for k£ = 3 only the parts that differ from the first case will be discussed. Following
the notation of Liebscher [46]

is defined for all 1 < i < n and n € N. Note that again the dependency on n € N
is not reflected in the notation. Let {a,(t) : ¢ € N} be the sequence of coefficients
of {Z,:1 <t <n,n e N} defined as in (1.4) in Definition [1.1] on page[7] For fixed
n € N they can be bounded by the mixing coefficients of {(Uy, X;) : t € N} (see for
instance [4], Section 2, remark (iv)). They in turn have the same properties as the
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mixing coefficients {«a(t) : t € N} of {(Y}, X;) : t € N}. Furthermore, Z; is centered
and because

51 (Ui, X5)

i {ol <t b 1< 0} [ K (- X wnwdy - wn(XOIX < 2)

(_oovz]']

1 - X,
/ h —K (y . ) wn(Y)dy — wn (X)) I{ X < 25}
(—o0,z4] n

<t (/hld K(y;X)’derl)
o{fn

().

it holds that |Z;| < S(n) for some S(n) = O (n%> Next it will be shown that

< na

E [gpjl(Ui,Xi)z] = O(hy,) (A.35)
and therefore for all "= 0, . n—landlSNSn,nEN
T+N An
Z; < N?E[Z?] =: D(n, N)
i= T—I—l
with D(n, N) = N20O(h,,). To show consider

E [90}-‘,1(U17Xz’) ]

—E Uf[{Ui < n} I{U; < 0}

. (/( ; hldK (yhnw) () dy — wn(X) {1 X < zj}>2—
< B [o(X) ( [ r (U5 nlody ~ (@i a < zj}>2-

- [ @@ ( /(_ K (yh;‘”) wn(y)dy — (@) e < 2} | da

00,2;] hn

:/ag(az)f(a:) (/K(t) (Wn(x 4 thy) I{z + th, < z;} —wp(z)[{x < 2;}) dt) de

The later integral over R? will be observed in more detail. For & = (z1,...,14),
t=(t1,...,tq) and z; = (2j1,...,2j4) and with w,(-) = I{- € [—cy,¢,]} it holds
that

wy(x + thy)[{x + th, < z;}
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d
= H[{—Cn — tihn S ZT; S (Cn A Zjﬂ‘) — tlhn}

. {1, if x; € [—Cn — tlhn, (Cn N Zjﬂ') —tzhn], Vi= 1, Ce ,d
= O,

else

and
d

wy(x){x < z;} = HI{—cn <z <cyAzji}
i=1
B {1 if v, € [—cpyen Nzl Vi=1,...,d

0 else

The integral over R? will now be partitioned in the following way

k=1
where fort=1,...,d
Il(i) = (—00, —¢,, — Chy,)
I = [—¢y — Chy, —Cn + Chy]
I = (—cp + Chy, (o A 2j) — Chy)
I = [(cn A 2j4) — Cha, (o A 254) + Chy)]

I = ((cy A 2j4) + Chy, 00).
Note that the kernel function K has compact support [—C, C]¢. Because
Wy (x + thy) [{x +th, < z;} =w,(x)[{x < z;} =0
forall t € [-C,C)¢ and @ € IV x R4 or € IV x R4, it holds that

o?(x) f(x) (/ K(t) (wn(z + thy) I {z + th, < z;}

I{l) Rd—1

2
— wy(x){z < z;}) dt) dxg ... drodry

— / / o*(z) f(x) (/K(t) (wn( + th,) [ {x + th, < z;}

Iél) Rd-1
2
— wyp(x){z < 2;}) dt) dxg ... drodr
= 0.

On IV x R it holds that

[ [ @i ([ 5@ e thre v, < 2)

Iél) Rd—1
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2
— wp(x){x < z;}) dt) dxg .. .drodx;

< [ [ 2@ ([ 1Kol st s, <)

Iél) Rd—1

2
— wyp(x){z < z;})| dt> dxg. .. drodr,

< / / 02(:v)f(:1:)( / |K(t)|dt>2dxd...dx2d:p1

7(1) Rd-1 —
2 <C, for some C'<oo

gc?/ / (@) f (2)dza. .. dus day

-~

::El(l’1)

[—en—Chpn,—cn+Chn]
< C?2Ch,, sup X1 (z1)

z1€ER
————

= O(hy). )

Similar calculations conclude that

/ / o*(z) f(z) ( / K(t) (wnl@ + thy) [ {z + th, < z;}

(VR
2
— wy(x) I {x < 2;}) dt) dxg...dzrodr
= O(hy,).

What is left to consider is the integral over I§"” x R%-1 = 1§ x <U2:1 I}gz)) xR4=2,
Then again

// / o*(z) f(z) (/K(t) (wn( + tha) [{z + thy < 2;}

I§1) 152) Rd—2

2
— wn(zc)l{a: S Zj}) dt) dI‘d e dl‘ngle’l

:// / o (x) f () </K(t) (wnl(@ + tho) [ {m + thy < 2;}

) 1) Ré=2

2
— wp(x){z < z;}) dt) dxg...drsdrodry
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Furthermore,
/ / / o?(x) f(x) (/ K(t) (wn(x + thy) [ {z + th, < z;}
I:gl) I§2) Rd—-2
2
— wy(x) I {z < 2;}) dt) dxg ... drsdrydr,
= O(hn)

and
/ / / o*(z)f(z) (/ K (t) (wn(@ + thy) I{z + th, < z;}

Ii(;l) I§2) Rd—2
2
— wy(x) I {z < 2;}) dt) dxg ... drsdrydr,
= O(hy).

Continuing in this manner all subsets of R? except for x¢_; I?Ei) have been con-
sidered and the integrals either vanish or are of order O(h,,). Finally, the integral
over x&, I{" namely

/ / . / o?(x) f(x) (/ K(t) (wn(z + thy) [{zx + th, < z;}
@ @

2
— wp(x){z < z;}) dt) dxg ... drodr,

vanishes as well because
Wy + thy) [{x +th, < z;} =w,(x)[{x < z;} =1
for all t € [-C,C]% and @ € x<, I{”. Finally is proven.
Thus, Liebscher’s Theorem 2.1 in [46] can now be applied. By choosing
N :=|log(n)*| +1, Vn € N
it holds that 1 < N < n and

4NS(n) =0 <log(n)2n%> = \/5? (log(n)Qn_%> < V/ne,

"Zo(1)

for all € > 0 and for n € N large enough. Hence, applying Liebscher’s Theorem 2.1
in [46] it holds for all € > 0 and n € N large enough that
> 6)

P | max
1<i<Jn

n

%Z <90§L,1(Ui,Xi) - /@}{MP)

i=1
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n

Z <90}L,1(Uz’7Xi) - /90}‘,16113

=1

In
<> P (
j=1

>\/_(—:>

= (46’“’ IR0 W)~ SymeN S >) o ))
= 4exp (log(Jn) - 64ZD(n, N)ne §ﬁ6NS(n)) (A.36)
+ dexp <log(J ) + log ( N) +log(a (N))) . (A.37)

It is left to show that the exponents in and - A.37) diverge to —
n — oo. Starting with (| , it is to show that

64%D(n, N) + 8\/neNS(n) _ 0( 1 )
neZ log(Jn) .

Using log(J,,) = O (log(n)) and the bounds for S(n), D(n, N) and N it holds
that

D) &SNS ) = (4 LDt )+ S0 ) o

=0 (<1og(n)2hn + log(n)*n 27”) log(n )>
—¢ (log(n)ghn - 1ogq<n2)3)
o(1),

due to equation (3.6 in (B3) and because ¢ > 2. Concerning ({A.37)), it is to show
that

1 1
——— =0 .
Tog(a(M)) <1og<Jn> +log (%))
Again inserting the bounds and the exponential rates of convergence of the mix-
ing coefficients in (G) yields

m (log(Jn) + log (%)) =0 (% log(n) + %(log(n) + log(N))>

-¢ (bgl(n))

= o(1),

which finally proves (A.34]) for £ = 1. The proof of the case k = 3 works similar.
Only the parts that differ from the first case will be discussed in more detail. Again

= ¢;3(Ui, Xi) — /90}‘,36”3

is defined for all 1 < ¢ < n and n € N. Then Z; is centered and |Z;| < S(n) for
some S(n) =0 (n%) It will be shown that

E[Z3 =0 <1og(n)*1n—%> , (A.38)
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and therefore D(n, N) = N?0O (log(n)*lnf%) It holds that

B2 < S()E(Zl] = 0 (nt) B [|}2(Us, X)]]
Furthermore, it can be obtained that
E [|¢f5(Us, X3)]]

vl {|vi] < ni} ( /( K, (y = X [{En, (y = X.) = 0}, (y)dy

—00,2;]

=F

_A; ‘]mﬁy—XQHKM@—XHZUWAw%OI

< E||u ( /( i (= X091y ~ /( 165, (- Xi>|wn<y>dy>
—00,2; 00,251

—00,2;]

< B |o(X) ( [ty = Xy~ [ty X %(y)dy)]

(—00,2;] (—o00,zj-1]

x><
e ()

= Qn(zj) — Qn(zj-1)

En
27

K, (4 — )| wo()dy — / K, (3 — ) %(y)dy) f(@)dz

wn(y)o () f(z)dzdy

oo Sl

:/q
/-

2| ntwotesie)dny

VAN

with @, : R — R defined in (A.50)) on page Iﬁ' and where the last inequality holds
Eﬁcsuse of -A.51 on page |155| (see proof of Lemmal|A.7). As e, = —\/ﬁlig(n)’ it holds
a

E[Z}] =0 (nén’% 10g(n)’1> =0 (log(n)’lnf%) ,

and thus equation (A.38)) is valid. After applying again Liebscher’s inequality with
N = |log(n)?] + 1, the upper bound converges to zero as n — oo, because in this
case it holds that

(%%D(n N)+ ﬁ_NS( )) log(J,) = O <<log(n)n7% + log(n)zn_%n%> log(n)>
:OC%WV+bgm3

q=2 q=2
n 2q n 24

= o(1),

as q > 2. 0
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Lemma A.4. Under the same assumptions of Theorem

Lns]
\/_Zan DX <z} =T,(s,2) + op(1),

holds uniformly in s € [0,1] and z € R™.

Remark. For the proof of Lemmal[A 4 a different technique will be used. A sequential
empirical process indexed in some function class will be defined and it will be shown
that it satisfies an asymptotic equicontinuity condition by an application of Corollary
from Appendix [B] Note that here the different bracketing notion introduced in
Definition [I.6]is needed. The final argument uses the fact that all functions in that
class converge to zero with respect to the considered norm.

For the sake of understanding it is to mention that the method using Liebscher’s
inequality does not lead to a proof of Lemma [A.4] The reason is that no rates
of convergence for the variance of the random variables, that are to define, can
be obtained (using the notations in [46] the problematic term is D(n,N)). The
alternative approach does not need rates of convergence, but only convergence to
Z€ero.

Proof. Tt will be shown that uniformly in s € [0,1] and z € R?,

[ns]

ZUI{X < 2M{X; ¢ [—cn, cn]®} = 0p(1). (A.39)

To do that, define the function class
Fi={(u,m) » ul{x < 2} [{zx ¢ [-a,a]’} : z e R, a e R} }
and for s € [0,1] and ¢ € F

Go(s, @) \/_nzj( (Ui, X)) /gde),

where (U, X;) ~ P and [@dP = 0. First it will be shown, by an applica-
tion of Corollary from Chapter [B] that for all 6, \, 0 and with d(¢, ) :=

o — 9l 2144 (P)?
Q5"

sup |Gn(s,0) — Gu(t, )] = op(1). (A.40)
{s,t€[0,1],p,0p€F:
[s—t|+d(p,))<dn}

Hence, conditions (A1), (A2) and (A3) from Theorem and Corollary
from Chapter [B| will be shown. Condition (A1) is implied by the stronger assump-
tion in (G) with @ > (d + 1)(2 + ) from assumption (U). To show the validity of
(A2) the choice of approximating functions and bounding functions of the function
class F will be discussed in more detail.
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Let the notations of h, h; and H, H; on page 42|in the proof of Theorem be
used. Again note that for all7 =1,...,d, H; is continuous, monotonically increasing
and H;(—oo) = H(—o0) = 0, as well as H;(c0) = H(oo) < M, for M < oo from
assumption (U). Let additionally the following notations be introduced

and foralli=1,...,d
H; - R—>R,x»—>/ hi(t)dt,

where for all i =1,...,d, H; is continuous, monotonically decreasing and ]:Il(oo) =
H(oo) =0, as well as H;(—o0) = H(—o0) = H(oco) < M.

Now let fore >0, N;eN,i=1,...,dand K € N
—00 = 2p; < - < 2N, = OO

be a partition of R for all i = 1,...,d such that
&2
Hi (Zji,i) — Hz (Zji_17i> S 3_d A ,]z == 1, Ce 7Nz', 1= ]., Ce ,d <A41)
and
O=aqy < - <ag =00
be a partition of R, such that
2
Hi(ak)—Hi(ak_l) S @ VEk= 17...,K, 1= 1,...,d (A42)
and

N 2

Hi(—ak)—ﬁi(—ak_l)g%szl,...,[(, i=1,....d (A.43)

Due to aforementioned properties of H; and H;, K and N; can be chosen to
be smaller than 6dMe=2 for all i = 1,...,d. For simplicity reasons the following
notation will be used. For j = (ji,...,j4) € N? let

Zj = (Zle? Ce ’Zjdvd) s

and j—1:= (j1—1,...,ja—1) € N% For z := (21,...,24) and a := (a,...,a) € R?
it holds that
plu, @) = ul {x < z} H{zx ¢ [-a,a]}
=ul{z <z} (1 - Hx € [-a,a]})
=u(l{x<z}—-I{-a<x<min(z,a)})

— u[{m € (—00, 2]\ [~a, min(z, )] }

>
Vv
=:Az.a
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Note that I{a < & < b} := 0 for a,b € R? with b; < a; for some i € {1,...,d}.
Define the following sets
Bj ) = (=00, zj_1] \ [~ar, min(z;_1,ax)] C R?,
Cjr = (=00, 2] \ [~a_1, min(zj, ar )] C R™.
Choose for z € R, j € x¢,{1,..., N;} such that z € (z;_1, z;] and for a € R,
k € {1,...,K} such that a € (ay_1,a;] C R and therefore a € (ap_1,a] C R<

Then it holds that
B;r CA,, CCjy

and by defining
ajr(u,x) :=ul {x € Bj}

and
ijk(u,:v) = |u|I{:c & Cj,k \ Bj7k}.
it holds for all w € R and & € R? that

lo(u, ) — ajr(u, )| = [ul{x € A .} —ul{x € Bj}|
= |ull{x € A,,\ Bjr}
<|ull {x € Cji \ Bjr}

=05k (u, :B)

Furthermore, for all j € x&L {1,...,N;} and k € {1,..., K} it holds that

m
1340l o) < = and mQ(/ 1 dP) <. (A4d)

To show (A.44)), it can first be obtained that

165 4117, py = E (U1 {X, € Ci5\ Bjn}]
=F [UZ(Xt)I{Xt € Cj’k \ Bj,k}}

- [ swswa
3 k\BJ k

< / (u)du
3 k\Bg k

B /J k\BJ k 7

and foralli=2,...,Q

/ bl 5P = B [|UJ*5 T{X, € Cys\ Bi}]
< E[o(X)'T{X; € Cjx \ Bji}]

-/ i
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IN

/ o) f () du

Cj.x\Bj i

/ h(u)du.
Cj.k\Bj k

Furthermore,

/Cv'j’k\Bj k

o ]

h(u du—/ h(u)du
3.k Bj i

( / u)du — / h(u))
oo zJ] [—ar—1,min(z;,a5_1)]

< / (u)du — / h(u)du)
(00,25 1] [~ak,min(z;j_1,ax)]

(25) — H(zj-1)

=H
/ h(u)du — / h(u)du
ag,min zJ 1,0k)] [—gk,l,min(zj ,0k—1)]

holds. Now it can be shown that

/ h(u)du —/ h(u)du
[—ag,min(z;_1,a%)] [—ak—1,min(z;,a5-1)]
< (A(~a) = A(~ax1)) + (H(ap) = Hlai 1)) (A.45)

To argue the validity of (A.45)), the following three cases will be considered.

Case 1: It holds that
min(z;_1,ax) > min(z;, ax_1).
Case 2: It holds that
min(z;_1,ax) < min(z;, ag_1).
Case 3: There exists an I C {1,...,d} with |I| € {1,...,d — 1} such that
min(z;,—1,a;) > min(z;,, ax_1),Vi € I

and the inequality does not hold for ¢ & I.

Note that if min(z;,_1,ax) > min(z;,,a,_1) holds for all ¢ € {1,...,d}, this is
case 1. If it does not hold for any i € {1,...,d}, this is case 2.

Case 1: If case 1 holds, then z; > z;_; > min(z;_1,a;) > min(z;,a,_1) and
therefore min(z;, ay_1) = ay—1. Hence, it holds that

/[_ak’min(zj—l’ak” = /[_ak—l,min(zj7ak1)] )
NS ———

N—— —

<ap =ag_1
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§/ h(u)du—/ h(u)du
J[=an.a] [—ak—1.ax]

~
left hand side (L.h.s.)

< (ﬁ(—gk) — ﬁ(_Qk71)> + (H(ax) — H(@szl))ja

(&

TV
right hand side (r.h.s.)

which proves the assertion in (A.45)). Figure shows a visualization of the last
inequality for d = 2.

4

Figure A.1: Case 1 for d = 2

Case 2: If case 2 holds, then

/ h(uw)du — / h(uw)du
[~ak,min(z;_1,a1)] [—ar—1,min(z;,ar_1)]

< (ﬁ(—gk) — g(—Qk—l)) — /Sh(u)d%

for some S C R%. Figure shows a visualization of the inequality for d = 2. As
/ h(u)du > 0,
S
the assertion in (A.45)) follows.
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min(z;, 1)

. U . Lh.s. (blue: positive, red: negative)
BuUullU s

Figure A.2: Case 2 for d = 2

Case 3: 1f case 3 holds, then

/ h(u)du — / h(u)du
N [~ak,min(z;_1,ax)] [—ak—1,min(z;,a5_1)]

J/

< (F1t-00) = H(-ai)) + (Hlow) ~ Hlaxr)) = [ W),

for some S C RY. Figure shows a visualization of the inequality for d = 2. As
again [, h(u)du > 0, the assertion in (A.45]) follows.

-

-

—ag

. ] . Lh.s. (blue: positive, red: negative)
PWuUllU  rhs

Figure A.3: Case 3 for d = 2
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Hence, for all three cases, the assertion in (A.45)) holds. Furthermore, as it has
been shown in the proof of Theorem [3.2] it holds that

d
(A.41) 52 52
H(z;) — H(zj—1) < Y (H; (2j,4) = Hi (2,-14)) < de =3
=1

Similarly, it holds that

H(ay) — H(ap-1) <Y (H; (@) — Hi (ar—1)) < dg_d -

=1

and
- N . . ED) 2 g2
_ _ _ < (— _H (— < J-_ =
A(mor) = F(mn) < 3 (i (o)~ B (=) "< dgg = 5

which proves (A.44). As N; =0 (e7?) foralli=1,...,d and K = O (¢72), it holds
that

s.
X a
—

d
N[] (€7~F7|| ’ ||L2(P)) < {]-77Nz} X {177K}’ :HNi'K:O(€—2(d+1)) .
i=1

Hence, the assumptions on the bracketing number and bounding functions in
(A2) are satisfied as Q > (d + 1)(2 + ). Additionally, (A3) is also satisfied as

sup / 19 dP = sup sup B[ |0 {X, < 2}{X. ¢ (~a.q]}]

peF z€RI a€R

= B |||

< [ twarw)

< oQ.

and because F' : R x R? - R, (u,x) + u is an envelope function of F that fulfills

[ 1#1%ap = £

|Q2+v:| 2+A,

2

s ]

<E|c (Xt)Q}m

-(/ c<u>QdF<u>)“2”

< 00.

[
SE[|
-E[E

An application of the first part of Corollary concludes the proof of (A.40)).
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Next for some fixed z € R? defining

on(u, ) = ul{x < 2} I{z ¢ [—cp, e},

it holds that ¢,, € F for all n € N and

A(#n,0) = lenllz o (7

24y

= B ||U9F I{X; < 2}{ X ¢ [—en, 0]} * 77
]

<FE [C(Xi>Q[{Xi < 2} {X; & [—cn, ]’}

1_2

</ co(®)?H{z < 2} {z ¢ [—c,, Cn]d}f(a:)dx) 3

IN

([ ct@te ¢ el laian)
S0

ﬁ

where the convergence holds by the dominated convergence theorem as [ ¢(x)? f(z)dz <
oco. With

([ ct@iite ¢ Fenel)@ic) PN

it can therefore be concluded that

[ns]
1
sup sup _\/ﬁ g Uil{X; < z}[{X,; ¢ [—cn,cn]d}
i=1

s€[0,1] zeR4

< sup sup |Gn(s, @) — Gn(s,0)]

s€[0,1] {peF:d(¢,0)<n}

< sup |G(s, ) — Gu(t, V).
{s,t€[0,1],p,pEF:
|[s—t|+d(p,)<dn}

With (A.40) the last term is op(1) which proves the assertion in (A.39) and

therefore the assertion of the lemma.
O]

A.2 Auxiliary lemmata

In this section, bounds for the bracketing numbers used in Lemmata [A.T] [A.2] and
[A-3] will be proven. They are stated in Lemmata [A.5] [A.0] and [A.7] respectively.

Lemma A.5. For the bracketing number Ny (e, F, | - ||1o(p)) where X, ~ P and
F={xzw I{z <z}:zcR'}

defined on page in the proof of Lemmal[A.1}, it holds that
Ny (& Foll - lzam) = O (7).
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Proof. Let F; denote the one-dimensional distribution function of the i-th component
of X; = (X11,...,X14), forall i =1,...,d, and F the d-dimensional distribution
function of X;. Let now for ¢ > 0 and some N; e N, i =1,...,d

—00 =20, < - < 2N, = OO

be a partition of R for all ¢ =1, ..., d such that

E(Zji,i) —F, (Zji—l,z) V " == ]_,...,Ni, 1= 1,...,d. (A46)

g2
d
Since F; is continuous and F;(—o0) = 0, F;(c0) = 1 holds, N; can be chosen to
be smaller than 2de=2 for all i = 1,...,d. By using cartesian products a partition
of R? is obtained. For simplicity reasons the following notation will be used. For

Jj =0, 74) € N let
Zj = (Zjl,la Ce 7Zjd,d)7
and 3 —1:=(j; —1,...,ja— 1) € N% For all j € x%_ {1,..., N;}, define

pi(@) == I{z < z;}
and
gplj(a:) =1{x <zj_1}.
With these notations it holds that for all z € R? there exists a j € x¢_,{1,..., N;}

such that z € (z;_1, z;]. Therefore, for all ¢ € F there exists a 7 € x&,{1,...,N;}
such that ¢ € [g@é-, gog] Furthermore, it holds that

" = sy = B (X < 23} = 1{X < 25}
= BE[I{X, <z} - I{X, < z_1}]
F(zj) — F(zj-1)

Z ZJz (zjz 1 Z))

=1
2,
S dgzg,

where the inequality in (x) holds by similar calculations as in the proof of Theorem
on page Since N; = O(e7?) for all i = 1,...,d, it holds that

HN O

—
I/\\*,

d
Ny (& F Il eaey) < ] < 4L,

1

[
Lemma A.6. For the bracketing number Ny (g, Fu1, | - |1, (p)) where Xy ~ P and

Fari={ars [ty = mie) gk (L2 wutwiy = <

defined on page in the proof of Lemma[A.2, it holds that
N[ ] (€>‘Fn,17 H : ”Ll(P)) =0 (gid) >

independent of n € N.
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Proof. First some notations are necessary. Let for all n € N

pn:RES R
o [lmt@) ~ iyl 5 K (52 [ wnt@rstaiy
and
P,:R* >R :L'r—>/( (t)dt,
as well as foralln e Nandi=1,...,d
DPni:R—=R
T / . /pn(xl, e L1, Ty Ty e, Xg)dTy AT qd Ty . dTg
and
P,i:R->R, z— /ﬂf Pn.i(t)dt.
Note that for allm € Nand ¢ = 1,...,d, P,; and P, are monotonically increasing

and it holds that

/ / (&)~ miw) g1 ()

_ / / [m(y + xhy) — m(y)||K (@)|wn(y + zh,) f (y)dydz

PmZ(OO)

wn(t) f(y)dydt

/ / wh | K@)y + @b () dyde (A.47)

// Eyw)(wh) K (@)|wn(y + @hy) f(y)dydz,  (A.48)
=2

for some &, ., on the line segment between y + xh,, and y. The term in (A.47) can
be bounded by

hz—supw |/|a:||f< |dfv/f iy = Ol

Hl'ZEn

and similarly the term in (A.48) can be bounded by

mY w  sw |/|a:1|K |da:/f iy = O

=2 . zG[ Cn— 2hnCcn+2hnC]

(FZ)O( )
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Both bounds converge to zero as n tends to infinity. Hence, all above integrals
are finite and p,,, P,, as well as p,,; and P, ; are well defined for all 7 =1,...,d and
for all fixed n € N. Additionally, this implies that there exists a constant P < oo
(independent of n € N), such that P,;(oc0) < P for all i = 1,...,d and n € N.
Furthermore, P, ; is continuous and it holds that P, ;(—o0) = P,(—o0) = 0 for all
t=1,...,dand n € N. Hence for alli =1,...,d and ¢ > 0, some N; € N and a
partition

—00 =20, < - < 2N = OO

of R can be chosen, such that for all n € N

Pn,i(zji,i) _Pn,i(zji—l,i) S s \V/jz = 1,...,NZ‘, 1= ]_,...7d, (A49)

Q™

and where N; can be chosen to be smaller than 2dPes " for alli = 1,...,d. By using
cartesian products a partition of R is obtained. For simplicity reasons the following
notation will be used. For j = (jy,...,j4) € N% let

Zj = (Zjhl’ ce >Zjd,d)
and j —1:=(j; —1,...,ja—1). Then for all z € R? a 5 € x%_ {1,..., N;} can be
found such that z € (z;_1, z;]. Let for z € (2;_1, 2;]
o@) = [ ()~ m@)Ki (v — @y

and define

wj(a) = / (m(y) —m(x)) K, (y — =) [{(m(y) — m(x))Kn, (y — ) > 0jw.(y)dy

(—o0,24]

v [ nly) = @)K, (v - @) Himy) = m(@) K, (4~ ) < 0}, (v)dy

(_Oovzj—l]
and

(@) = / (m(y) —m(x)) K, (y — ) I{(m(y) — m(x))Kn, (y — ) > 0}w.(y) }dy

(_°°7zj—1}

T / (m(y) — m(@)Kn, (y — ) I{(m(y) — m(@)) Ky, (y — ) < 0}wa(y)dy.

(—o0,z5]

Then it holds that <plj < ¢ < ;. Furthermore, it holds that
Yy—x
K
(%)
1 y—x
K
(%)

- /( ) @l

n

1
) @)

n

|04 (x) — ()| = wn(y)dy

wn(y)dy
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—[owjﬁm@wwmwggK(y@x)wmw@
and therefore
B{|p(X) - L/ / N%ZK(yim)waw@M@Mw
/ / <$)|hig K<yh_nw) wa(y)dy f (z)de
/‘ /Wmf @)z K (Y2 ) [eutw @)y
/° l/hn @) 1 (Y52) et oy
= / pn(y)dy — / pa(y)dy
(~00.2] (—o0z1)

= Pu(z;) — Pu(zj-1)

where the inequality in () holds by similar calculations as in the proof of Theorem
on page . As N;=0(e Y foralli =1,...,d, it holds that

N[] (€7~Fn,1a || : ||L1(P)> < HN O _d

d
X
i=1

]

Lemma A.7. For the bracketing number N | (¢, Fpa, || - ||1.(p)) where (Uy, Xy) ~ P

and

Fnp = {(u,m) = ul {Jul < nt} (/<

—00,2]

me—wwaw@—wamanzQ

:zE]Rd},

defined on page in the proof of Lemma[A.3, it holds that
Ny (& Fozs [ llam) = O (579)-
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Proof. First some notations are necessary. Let

w(5Y)

where o(y) is the positive square root of o2(y) for y € R?,

0B SR o [ nl)o(y) f(y)dy.

Qn: R =R, x> qn(t)dt (A.50)

oom]

and for all i =1,...,d let
qnﬂ':R—)R

x»—>/---/qn(xl,...,xi_l,x,xiﬂ,...,md)dxl...dxi_ldxiﬂ...dxd,

Qni  R—>R, z— / qni(t)dt.

Furthermore, let

o RY = R, x> o?(x) f(2)wn (),

R,:R* 5 R, / o (t)dt,

(7°°’m]

and for alle=1,...,d let
Tni R —R

xH/"'/Tn(.CCl,...,I‘i1,$,ZEi+1,...,SL’d)dI1...d.ﬁCi1d$i+1...d$d,

Rn,i R — R, T — / T’ml(t)dt

Note that for all n € Nand ¢ = 1,...,d, @,; and R,,; are continuous. Addi-
tionally, it holds that @, ;(—00) = Q,(—o0) =0 and R, ;(—o0) = R,,(—o0) =0, as
Qn,i( n

well as
//hd ( I, ) wn(t)o(y) f(y)dydt
< [ [1K@lotw) sy
/'K |dw/ oWy

<oo

<@,

154
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and
R, i(c0) = R, (0c0)
_ / o (£) f()on ()t
< [ote)styi
<R,

for some @, R < oo that do not depend on n € N. Hence, for all i = 1,...,d and
e > 0, some N; € N and a partition

—00 = 2p; < < 2N, = OO0

of R can be chosen such that for all n € N

Qn,i(zji,i) _Qn,i(zji—l,i) S %7 v.]l = 17"‘7Nia 1= 17"')d7 (A51)
and
Rn,i<zji,i) — Rn,i(zji—l,z) ~ QEd V = 1 Ni, 1= 1, . ,d, <A52)

and where N; can be chosen to be smaller than 4d max(Q, R)e~! foralli =1,...,d.
By using cartesian products a partition of R? is obtained. For simplicity reasons the
following notation will be used. For j = (jy,...,js) € N% let

2i = (21,1, - 5 Zjad)

and j—1 := (j;—1,...,jq—1). Then for all z € R? there existsa j € x& {1,..., N;}
such that z € (zj_1, 2;]. For z € (2z;_1, 2;| define

o(u, x) = ul{|u| < ntlz}/( Ky, (y—x)w, (y)dy—ul {|u| < n%}wn(w)l{a: < z}.

—OO,Z]

Then it holds that

o) <l {Jul ot} 20} [ Ky = @)K fy @) 2 O)enly)dy

vl {Jul <nt ¥ T{u < 0}/ iy~ @)Ky~ @) 2 O )y

1
lu| < ma

{
(m
R
i
o

ul I{u > 0} / Koy — @) {1, (y — ) < O}eon(y)dy

+
I
~

1
lu| < na

Q
~

-Q\»—

—— = = = Hf—’ ;,—/

—ul 1§ |u

= pj(u,
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And similarly,

o)zl {u <ot} 1z 0) [ K@) Ky ) 2 0henly)dy
ol {lul SnefHu<0} | Ku(y—o)[{Kn,(y o) 2 0. (w)dy
vt {ju <nt} 1z 0 Ky (@) < O )y
+ul {|u| < nq}]{u <0} /(_oo o K, (y — x)I{K;, (y — x) < 0}w,(y)dy
—ul {Jul <03} Hu > O (@) H{a < 2}
—ul {|u| < n} [{u < O}w, () {x < 2j_1}

It holds that

|05 (u, ) — @ (u, )| = \u|I{]u\ < n%} (/(_oovzj]hi% (yh— a:)

y—x
o 5)
/('—00,2.7‘_1] h% hn

+Hz < zjjwn(x) — H{z < Zj—l}wn(w))

K
1

wn(y)dy

wn(y)dy

and thus using E[|U;]| X;] < (E[U?|X;])2 = 0(X;) a.s., it can be obtained that
E [|¢§(Ui, Xi) — 5(Us, X3)|]

U<X,.>( [ =
+H{X; < zj}wa(X5) — {X; < Zj—l}wn(Xi)>]

- [ ot /( . T K(yh—n ‘”) wn () f ()
_/U(a:)/( ons l]hiﬁ K(yh_nw)
¥ / o @ - /(_ o) f () ()
/oozg]/hd ( hy, )w
/(m] 1]/hd K(yh_nw)

<FE

wn(y)dy

wn(y)dy f(z)da
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+/(_w7zj]a(w)f(w)wn(w)dw—/(_oovzj I]U(w)f(w)wn(w)d:c

[—OO zZ4

at]

+ ra(y)dy — /( )iy

= @n(25) — @n(2j-1) + Rn (zg) Ry (2j-1)

d d
<Y (@Quilz14) = Qualzj—14) +Z B i(254) = Bni(2j-14))
1

=1 = .
A 51

4 (y)dy — / 4n(y)dy
] (—o0,25_1]

4

(552
= 24

&lo

IN

&

where () holds due to similar calculations as in the proof of Theorem on page
M4 As N; =O(e") for all i = 1,...,d, it holds that

d
Nii(e, Pz - lzapy) < | x {1

HN O(e™%).

1
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B A weak convergence result for se-
quential empirical processes under
weak dependence

The purpose of this Chapter is to prove a weak convergence result for empirical
processes indexed in general classes of functions and with an underlying a-mixing
triangular array process. In particular, the uniformly boundedness assumption on
the function class, which is required in most of the existing literature, is spared.
Furthermore, under strict stationarity a weak convergence result for the sequential
empirical process indexed in function classes is obtained, which is directly applicable
to the process T,, from Chapter [3| A short literature review on weak convergence of
empirical processes will be followed by the main results and their proofs.

B.1 Literature review

The asymptotic behavior of empirical processes has been studied for decades. In-
spired by the study of the empirical distribution function, more generally empirical
processes indexed in function classes gained a lot of attention. In particular, cen-
tral limit results, i.e. weak convergence of the sequence of the stochastic processes
to a Gaussian process, are of interest. Such results are sometimes referred to as a
uniform central limit theorem (CLT) for the empirical process indexed in function
classes and as a uniform functional central limit theorem (FCLT) for the partial
sum process indexed in function classes, also referred to as the sequential empirical
process indexed in function classes.

The most simple case is given if the underlying process is a family of i.i.d. ran-
dom variables. In this situation many results are available. Ossiander [57] showed a
uniform CLT under a metric entropy condition on the function class. The uniform
FCLT follows directly by the non-functional one. For example van der Vaart and
Wellner [75] state this result in Section 2.12 of their book and also give a great
overview on empirical processes for the i.i.d. case in general. For dependent data
much less is known. There are several results, concerning the non-sequential case.
Doukhan, Massart and Rio [19] showed a uniform CLT under a metric entropy con-
dition on the function class and [-mixing, strictly stationary data. Dedecker and
Louhichi [13] generalized this result, imposing a condition on suitable maximal in-
equalities for the empirical process indexed in finite sets of functions. Their result
is applicable to S-mixing and non-uniform ¢-mixing sequences. Andrews and Pol-
lard [2] showed a uniform CLT for a-mixing arrays and uniformly bounded function
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classes, fulfilling a metric entropy condition. Massart [51] showed a uniform CLT
for uniformly bounded function classes and strictly stationary, a-mixing sequences,
when the mixing coefficient decays exponentially fast. Given uniformly bounded
function classes, Hariz [28] gave more general conditions in terms of bracketing
numbers with respect to a norm resulting from a moment inequality satisfied by the
underlying process. He particularly improves among others the results in [5I] and
[2]. Hansen [25] proved a uniform CLT for mixingale arrays and classes of Lipschitz-
continuous functions. More recent results use alternative dependence conditions.
Hagemann [24] uses an alternative short-range dependence notion, applicable to
non-linear time series models, and uniformly bounded classes of functions. Dehling,
Durieu and Tusche [I5] showed a uniform CLT for multiple mixing and strictly sta-
tionary data, and uniformly bounded function classes. In the dependent setup the
convergence of the sequential process does not follow directly by the convergence
of the non-sequential one, but requires additional conditions. Dehling, Durieu and
Tusche [14] extended their aforementioned uniform CLT to a functional version. Vol-
gushev and Shao [77] established more general assumptions, under which a uniform
FCLT holds for strictly stationary data. The result particularly requires a strong
version of asymptotic equicontinuity for the non-sequential process.

An intensive study of the literature led to two main findings. First, most uniform
central limit results for dependent data impose the condition of uniformly bounded
classes of functions or strong smoothness conditions. And secondly, very few results
are available regarding the uniform FCLT. The result in this chapter is a uniform
CLT for empirical processes with an a-mixing triangular array process indexed by
a function class, that fulfills a metric entropy condition. It is a generalization of the
result of Andrews and Pollard [2] to unbounded function classes. The result partic-
ularly implies the strong version of asymptotic equicontinuity, needed in [77]. In the
case of strict stationarity a uniform FCLT can therefore be obtained simultaneously.

B.2 Main results

Theorem gives conditions on the underlying triangular array process {X,; :
1 <t <n,n € N} and on the function class F, under which the (non-sequential)
empirical process {G,(1,¢) : ¢ € F}, defined in Definition on page [L0| satisfies
a strong form of asymptotic equicontinuity.

Theorem B.1 (Equicontinuity). Let {X,; : 1 <t < n,n € N} be a triangular
array of random variables with values in some measure space X. Let F be a class
of measurable functions X — R. Let furthermore the following assumptions hold.

(A1) Let {X,;:1 <t <mn,neN} be strongly mizing with mizing coefficient a(-),
such that

for some v > 0 and some even () > 2.
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(A2) For Q) and ~y from assumption (A1) and

plp) = sup sup Ellp(Xn,)["]2,
neN 1<t<n
for all measurable functions ¢ : X — R and N[ 1(+,F, p) from Definition
on page [11], let
1
IETRA ]

/x 24y (N[ ﬂx,]—",p)) dx < oo.

0
Furthermore, assume that each € > 0 allows a choice of bounding class B, such

that for alli=2,...,Q

1
sup sup E [|b<Xn,t)|i2ﬂ ‘<e VbheB. (B.1)
neN 1<t<n
Then with d(yp,) :=sup sup F [|g0(Xn7t) — w(Xn7t)|Q2+TW] Gﬂ’ it holds that
neN 1<t<n
1
Q
lim lim sup E* sup 1GL(1,0) — Ga(1,0)|%] =0.
OO0 oo {eeFd(p)<s)

The proof is given in Section [B.3] A uniform CLT as direct consequence is
obtained and stated in Corollary [B.2] In contrast to most results for strongly mixing
processes in the literature, it does not require uniformly bounded function classes.

Corollary B.2 (Uniform CLT). Let the assumptions of Theorem hold and let
additionally for all K € N and all finite collections pr, € F, k=1,..., K,

(Gn(la@k»kﬂ K - (G(lﬂpk))kﬂ

""" n—oo n

where G :={G(1,¢) : ¢ € F} is a centered Gaussian process. Then
{Gu(lp):peF} ~ G,

in 1°(F).

The proof is given in Section [B.3] Note that Corollary [B.2]is a result for trian-
gular arrays, which are more powerful than their analogues for a single sequence.
For strictly stationary sequences a uniform FCLT can be obtained, which is stated
in the following.

Corollary B.3 (Uniform FCLT). Let (X;)iez be a strictly stationary sequence of
random variables. Let the assumptions of Theorem [B.1) be satisfied by X, := Xy,
forall1 <t <n,neN and by Q > 2. Additionally, let

(A83) F possess an envelope function (see [T5], p. 84 for the definition) F, with
E[|F(X1)|9] < oo and let there exist a constant L < oo, such that

sup B [[p(X))| %] < L.
peF
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Then with d(p, ) = E [|¢(X1) (XD it holds that

Ve>0: limlimsup P* sup |Gn(s, @) — Gu(t, )| > | =0.
N0 poo {5,L€]0,1] 0, F
ls—t|+d(p,9) <6}

If additionally for all K € N and all finite collections ¢ € F, sp € [0,1], k =

... K,
D
(Gn(st, ‘Pk))k=1,...,z< . (G(sr, ‘Pk))kzL...,K ;

— 00

where G := {G(s,p) : s € [0,1],p € F} is a centered Gaussian process, then it can
be concluded that

{Gnls, ) :5€ 0,1, p € F} ~ G,

in 1°([0,1] x F).

The proof is given in Section [B.3] Note that due to the strict stationarity as-
sumption, the semi norm p on F simplifies to the Ly(P) norm and the semi metric d
is the L2+ (P) distance, where X; ~ P. Furthermore, condition 1’ in Theorem

simpli%ies to

1
24y

E“M&WTﬁﬁgaVbe&Vi:zuwQ

Remark. Corollary is applied to show the weak convergence of the process T,
in Theorem on page [41] in Chapter [3| Furthermore, it is used in the proof of
Lemma [A.4] on page [142] in Appendix [A] Certainly the uniform CLT and FCLT
are of independent interest as they can be a powerful tool for proofs of asymptotic
results in mathematical statistics in different situations.

B.3 Proofs

The key tool in proving Theorem is a moment inequality for G, (1, ¢) for fixed
n € N, which is stated in the following lemma. It is a generalization of Lemma
3.1 of Andrews and Pollard [2], who proved a moment inequality for bounded and
strongly mixing random variables. Extending this result to unbounded random
variables makes it possible to extend the uniform CLT to unbounded function classes.
Nevertheless, it comes at the cost of moment constraints. Note that similar results
are available, for example Theorem 2 on page 26 in [I8] or Corollary A.0.1 on page
319 in [63].

Lemma B.4. Let {Z,;: 1 <t <n,n € N} be a strongly mizing triangular array of
random variables with values in R and with mizing coefficient a(-). Let furthermore
for some even Q) > 2 and some v >0, 7 >0

(i) 319 2a(t)%7 < oo and
t=1
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24y

(i) E[Z,,] =0, £ [|Zn,t|’T} <7 foralli=2,...,Q and 1 <t <n,n€eN.

Then
Q@

E < C'max (n_%,T) , VneN, (B.2)

1 n
= Zn 7
for some constant C' only depending on Q),~ and the mizing coefficient.

For the proof of Lemma [B.4] the following covariance inequality for strongly
mixing triangular arrays is used. It was stated by Sun and Chiang [72] (see Lemma
2.1) for a-mixing sequences of real valued random variables. Su and Xiao [71]
extended it to a-mixing sequences of multivariate random variables (see Lemma
D.1). As Su and Ullah [69] argued, the result is also valid for a-mixing triangular
arrays of random variables (see Lemma A.2 in the supplement material to [69]).

Lemma B.5. Let {&,; : 1 <t < n,n € N} be a strongly mizing triangular array
of random variables with values in R' and with mizing coefficient a(-). Let Fy, i .
denote the distribution function of (§niyy---s6nin). For some m > 1 and some
integers (i1,...,0m) such that 1 < iy < -+ < iy, < n, let g be a Borel measurable
function such that

/ lg(xq, ... axm)‘1+6an,i1.,.im(x17 ey T) S M,

and
/ |g(£701, ce ,$m)|1+6an,i1...ij ($1, S 7xj)an,ij+1...im(l‘j+1a S 7513m) < M,,

for some § > 0 and some 1 < j < m. Then it holds that

’/g(xl, ey T ) Ay (X T)

- /g(xla cee axm)an,il...ij (z1,. .. 7xj)an,ij+1...im (il?j+1> e Ty)
_1
S 4M7~2+6CM(Z']'+1 - 23)%

Sun and Chiang gave a proof of their version Lemma 2.1 in [72]. The proof of
the generalized result Lemma works analogously and is therefore omitted.

Remark. Note that for the proof of Lemma [B.4] the assertion in Lemma[B.5 will only
be needed for one-dimensional triangular arrays as it will be applied to {Z,; € R :
1 <t <n,n € N}. The more general version, however, is used for the proof of the
consistency result in Theorem on page [50]

Proof of Lemma[B.4] The proof is closely related to the proof of Lemma 3.1 by An-

drews and Pollard [2], but uses the covariance inequality for not necessarily bounded
and strongly mixing random variables in Lemma [B.5]
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To begin with, it will be proven via induction that for all > 2 (not necessarily
even) satisfying assumptions (i) and (ii), there exists a constant C” only depending
on ),~ and the mixing coefficient, such that

Z \E [Zyiy++ Znio)| < C (m’ +o (TLTQ)L%J> , VneN, (B.3)

where 19 := {¢ = (iy,...,ig) € {1,...,n}9 iy <--- <ig}.

Let for Q = 2 the assumptions of Lemma hold for some ~,7 > 0. Let
furthermore {Zm :1 <t <n,n € N} be an independent copy of {Z,,; : 1 <t <
n,n € N}. Then applying (ii)

1 1

5 2ty 24772 = 247732

E 1 ZnisZnia % | < B || 2045 B 12028 |
S ,7_2+’Y

and similarly
E [‘Zn,ilzmb‘g%/] < T2

holds for all iy,i5 € {1,...,n} with i; # i, and n € N. Lemma can therefore be
applied with g(z1, x2) 1= @122, 0 := % and M,, := 7**7 for all n € N. It implies that

Z Z £ [Zn,thﬂé“ = Z Z |E [Zn,i1Zn,i2] - EZ,|EZ,]|

11=1 i9=1 i1=1 10=1
11<ig i1<i2

<D0 alia i) (r2)

i1=1 15=1
11 <12

o0

< nt?4 Z a(t)
=1

= C"nr?

for C":=4%"7, Oz(t)ﬁ < 0o by assumption (i), a constant therefore only depend-
ing on v and the mixing coefficient. Furthermore, this and

E |:|Zn,i1|2] S E |:|Zn11’22+"/i| 2+'y S (7_24—’7)% — 7_27

for all 7; € {1,...,n} and n € N by assumption (ii), leads to

ZZ|E ZnZ1Zn12|_Z}E nyi1 ’+ZZ|E Zn21an|

i1=1 12=1 i1=1 i1=1 i2=1
i1§i2 11<ig
< nr? 4+ C'"nr?
!
= C'n7?,

with C' := (1 + C"”), which is the assertion of (B.3) for @ = 2. For the inductive
step, let now @) > 2 be arbitrary, but fixed and let the assertion in (B.3)) be true for
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all integers in {2,...,Q — 1}. Then it is to show, that holds for @ as well. Let
therefore assumptions (i) and (ii) be satisfied for this arbitrary, but fixed @ > 2
and for some v > 0 and 7 > 0. Note that then the assumptions are satisfied for all
integers in {2,...,Q — 1} as well, such that the inductive hypothesis can be applied.

The idea of the proof is the following. First, the smallest index where the gap
between two succeeding indices is largest and positive (to exclude the case, where all
indices are equal) is identified. The random variables after this time point will then
be replaced by independent copies of themselves. For the new term, the induction
hypothesis can be used as there will be less than () indices left. The remainder term
can be bounded using Lemma [B.5] Following the notation of Andrews and Pollard
2], let for all ¢ € I

G(2) = max{(ij41 — %) : (4j11 —7;) >0,1<7<Q—1}

and
m(2) :==min{j e {1,...,Q — 1} : (4;41 — i;) = G(2)}.
Then it can be obtained that

DB [Znis -+ Zuio|

i€l

= Z |E[ niy " nZQ|+Z Z nzl"'Zn,iQ”
_ieI9 m=1 4eI®
i1==iQ m(i)=m

<3 |p[22.] (B.4)
i1=1

+Z > NE[Zuis+ Znig) = EZnis -+ Znin) E [ Zuir *+ Znig) | (B.5)
m=1 ZEIQ

m(i)=m

+ Z Z nll n,im] E [Zn,im+1 e Zn,’in| } . (B6)
m=1 'LEIQ
m(i)=m

Let first (B.4]) be considered. Using assumption (ii), it holds that

>[5 (28| < 3B ] £ 3 () -t

i1=1 i1=1 i1=1

Let next (B.5|) be considered. Using Holder’s inequality and assumption (ii),
2ty
E |:|Zn,i1 : Zn 1an Tyl TL’LQ| :|
a1 TRT ST :
<E (12|97 B 1203 F |7 B (120301957 B (12030
S 7_2+’Y

and similarly
2y
E |:|Zn,i1" Tio] ] < 72
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holds, for all k € {1,...,Q — 1}. Hence, applying Lemma [B.5| with g(z1,...,2q) :=
Ty g, 0 := 7 and M, := 72" for all n € N, implies for all k € {1,...,Q — 1},

|E [ ny; Zn,iQ} -k [Zn,il e sz] E [Z : Zn,iQ

Nyigg1 " } ‘ S 4T2Oé(ik+1 — Zk)ﬁ

Using this and distinguishing the indices furthermore by location of the gap
l€{l,...,n} and size of the gap g € {1,...,n}, (B.5)) can be bounded by

Q-1 Q-1 n =n
47-2 Z Z Zm+1 - Zm 2+7 = 47-2 Z Z Z Oé(g>ﬁ7 (B7)
m=1 ;cJ®@ m=1 =1 g=1 ;@
m(i)=m gl
where Iggl = {1 € I? : m(3) = m,G(¢) = g,i,, = l}. A more detailed study

of the set of indices I * @ 4. Will lead to a suitable bound for 1} For fixed m, 1, g,
it will be investigated, how many elements the set IZ g, contains at most. For all

i = (i1,...,1Q) GIﬁglthe first m — 1 indices iy, ..., 1,,_1 satisfy
e 1 <1 <+ <ip1 <1, =1and
o i —i;<gforallj=1,...,m—1.

With these restrictions, for fixed io, ..., ,,, the sum over ¢; ranges over at most g
elements. For fixed i3, ..., 1%, the sum over iy, again ranges over at most g elements,
with the above restrictions. Continuing in this way, there are at most ¢™ ! choices
for the first m — 1 indices i1, . .., ;1. Because of m(¢) = m, i, =l and G(3) = g, it
holds that 4,,,1 = [ + g and therefore the last ) —m — 1 indices iy,19, . .., i satisfy
the following restrictions

[+ g=rtms1 <imi2 < <ig <nand
o ijiy1—ij<g+lforallj=m+1,....Q.

Hence, following the same arguments as above, there are at most (g + 1)@~""!
choices for the last ) —m — 1 indices 4,42, ..., 9. Therefore, (B.7) can further be
bounded by

Q-1 n n
423NN g g+ 1) a(g) T
m=1 [=1 g=1
<4T(Q—1n ) _(9+1)9%a(g)™
g=1
= C"nr?,

for C" :=4(Q —1)> 2, (t + 1)9-2a(t)#7 < oo by assumption (i), a constant only
depending on (), v and the mixing coefficient.
It is left to consider . Introducing the following notation

B,.(7) ::n72+(n72)2+---+(m‘Q)L%J Vi=1,...,.0—1, VneN
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and applying the induction hypothesis, it holds that

Z Z Znsir** Znin) B [ Zninss ** Znio) |

N,ytm+1 n,1Q
m=1 4cI@

(i)*

ZI Tnir - Zni | Z }E[Z Z”

T,Tm+1 nQ
teIQ—m

IN
QSMQ

Czn n(Tn)(ZQ—ﬂn B, (Q —m),

3
1§

for some constants C; only depending on ¢, v and the mixing coefficient for all

i=1,...,Q —1. As B,(m)B

+(Q —m) is a polynomial in n7? of degree

m Q—m Q
= < |=
31|52 < 5]
there exists a constant C,, ¢, such that B, (m)
above sum can be bounded by

B, (Q—m) < Cy, 0B, (Q). Hence, the

Q-1
> CnCo-mCmoBn(Q) = C"Ba(Q),

m=1

for C"" := S 0,,Co_mCing < 00. Putting the results for (B.4), (B.5) and
together, it can be obtained that

Z ‘E [Zn,i1~. an” <nrt —|—C’/n7_ —i—C”/B (Q)

icIQ

< <n7’2—|—--~+ (TZTZ)L%J) ,
for C" =1+ C” + C" only depending on @, v and the mixing coefficient, which

completes the induction and therefore the proof of (B.3|) for all ) > 2 satisfying the
assumptions.

Using
(n7?)" < max (1 (n7? )LQJ) Vi<i< {QJ : (B.8)
it can be obtained that for ) being even

Q)@ n n
:n_%E Z...Zzn’il...ZmiQ

=1 ig=1

<nHQNe (Z B s 2] ’)

Q=

n,t

icI@

g

s n*%(Qv)QCQ« )+...+(n72)§>é
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Ql~
3}
Q=

(max (1, (nr2)% ))

= Qe (%)

1
= (C'max <n_2,7> ,

1
for C’ from inequality (B.3) and C' := (C’Q!%) ? only depending on @, and the
mixing coefficient, which proves the assertion of Lemma [B.4]

]

Within the proof of Theorem [B.I] let the following simplifying notation hold.
Denote G, (p) := Gn(1,¢) for measurable functions ¢ : X — R and

{Gnlp) rp e F} = {Gu(1,p) : p € F}.

Proof of Theorem [B.1. The proof is closely related to the proof of Theorem 2.2
of Andrews and Pollard [2]. It will be shown that for all e > 0, there exists a
d =d(e) > 0 and an ny = ng(e), such that for all n > nyg,

1
Q
E* sup 1Ga(9) — Gu()|?] <e (B.9)
{ppeF:d(p, ) <8}

2
Let therefore be ¢ > 0. Let for k € N, 6, := 27%, 7, = 5,3? and N =
N[ 1(0, F,p) and let Ay be the approximating class and B, the bounding class
from Definition [1.6] that are chosen such that assumption in (A2) holds. In
particular, it holds that for all ¢ € F, there exist an a; € Ay and a b} € By, such
that

| — ax| < b, (B.10)

and for all b € B

[NIE

sup sup F [|b(Xn7t)|2} < 6, sup sup E [|b(Xn7t)|i2+T7] 2 <O, Vi=2,...,Q.

neN 1<t<n neN 1<t<n

(B.11)

The proof splits into two steps. First it will be shown that there exist an m =
m(e) and for each ¢ € F a function o) € A, and an ny = n1(e), such that for all
n Z ny,

E* |sup |Gyu(p) — Gy (a(”)) ‘Q <

€
- B.12
Sup 5 (B.12)

Note that a'? is not necessarily the corresponding approximating function, de-
noted by a, € A,,, from Definition on page [I1 but rather results from a
constructive argument such that holds.

Secondly, for this fixed m € N, F will be partitioned into N,, many classes, each
class containing all functions ¢ in F, that lead to the same aﬁf ) e A, in step one.
Within each class inequality will be applied. By a right choice of functions
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the gap between two different classes can also be bridged suitably.

Step 1: The proof of (B.12)) is again divided into two parts. First, a sequence
k(n) — oo and an ny = ny(e) are chosen, such that for all n > no,

%
E* [sup|Guli) = G (ah)[°] < (B.13)
peF

where for each ¢ € F and k(n) € N, ap(, is the corresponding approximating

function in Ay, as in (B.10) for k£ = k(n).

Secondly, m = m(e) and for each ¢ € F, a¥) € A, and nz = ns(€) are chosen,
such that for all n > n3 with k(n) > m,

o [Sup (G (0) — Gin (a$)]°

peF

< —. (B.14)

Here, for each ¢ € F, az(n) is the corresponding approximating function in Ay,
from , while a'f) € A, not necessarily is. It rather results from an iterative
choice of functions aj, € A to ax_1 € Ag_q for k = k(n),...,m + 1. The choice
of a,, = a,(if) then depends on ¢ and n, as it is the last link in the chain, that
starts with ay,) = az(n) (which depends on ¢ by Definition despite the fact,
that this is not reflected in the notation). Nevertheless, the choice of m does only

depend on € eventually. Both (B.13]) and (B.14]) together imply (B.12) by choosing

ny = max(ng, n3).

Proof of (B.13): Let k(n) be the largest value of k € N, such that

[NIES

k=2 _
27 V2 :Tan

(B.15)

Note that then
24y 2 n—o00
\/ﬁTk(Z)—i—l <+/n (n*%> C =i X

holds. It follows that

N|=

< Vnbim)

m
Vnsup sup E Ub(Xm,t)\Q] = VNn20(n)11 = \/EQTk(iL)H = o(1),

meN 1<t<m

for all b € By(,). Thus, there exists an njy = nj(€), such that

[NIE

2\/nsup sup E[|b(Xm’t)|2}

< Py
meN 1<t<m 32

(B.16)

for all b € By, and n > nj,. Hence, for ¢ € F and corresponding approximation

function Uiy € A n), applying 1’ it holds that
* 1 . * *
i=1
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< — ‘ (le(Xni) = gy (Xni)| + B [lo(Xni) = agny(Xni)l])

NI

meN 1<t<m

" €
G (Drmy) + 3 (B.17)

(B10)
for all n > nj. Next, the moment inequality from Lemma will be applied to
G, (b) for b € By,. To do that, set for fixed n € N and b € By,

Zm,t = b(Xmﬂg) - E[b(Xm’tﬂ, V1 S t S m,m &€ N.

Then assumption (ii) of Lemma is satisfied as for all 1 <¢ < m,m € N and
i=2,...,0Q, it holds that E[Z,,;] = 0 and

E [|Zm,t|i2+7q =F [|b(Xm7t) —E [b<Xm7t)]|iQ+TV]

) .
< 275 E (X )|
<29%" sup sup E [\b(th)VHTv]
meN 1<t<m
@BID ...,
QEY 2
S 20T Oy
2+
- (Q%Tk(n)> 5

where (x) holds because

1 1
e e

P _— 9p
|z +yl 5+ 3

P 1 1 _
<2 (Gl + glol?) =27 (aP + )

for all z,y € R and for all p € [1,00), as x — |z|? is a convex function.

Assumption (i) of Lemma[B.4]is also satisfied by (A1) for {X,,: 1<t <n,n¢€
N} and inherited to {Z,; : 1 <t < n,n € N}. Applying Lemma to Zyy, it
follows that for all b € By, there exists some constant C', only depending on @,y
and the mixing coefficient, such that

wlO

E[16,0)?]7 < Cmax (074,28 5) B 'ng, (B.18)

with €' := 02%. Finally, it can be concluded that for all n > nj

E Go(p) — G (aty, < FE Ga(b +—
2[Gu) = G (i) e 16n01°] 5
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. 1

where the last inequality uses the fact that = — 277 (N[ (z,F,p))@ is decreasing
and that the integral exists by assumption (A2). As dpm) N\ 0, there exists a
ny = nf(e) such that

Ok(n
k(n) L

/ —ﬁ Y Q i
C /x + (NH(:U,}",,O)> dq;<32,
0

for all n > ni. By choosing ny = max(nj,nj), the assertion in (B.13]) follows.

Proof of (B.14): The aim is to choose an m = m(e) fixed (dependent only
on € eventually) and for each ¢ € F the corresponding approximating function
Wiy € Ap)- Then a chain from ay,) = Uhny € Agny t0 @y 1= a'?) ¢ A, for all
k(n) > m is built. In what follows, the iterative choice of functions from one chain
link a; to the next one aj_; will be illustrated. For an already chosen a, € Ay,
choose ay_1 € Aj_1, such that

ax—1 € 3a € Ai_1 : max sup sup E [|ak(Xn7t) —a(X,4)|" 2 | is minimal.
2<i<Q peN 1<t<n

(B.19)

Such an object exists as the considered term is bounded from below by zero. If
there is more than one minimizer, then one of them is chosen randomly. By doing so,
while ¢ ranges over F, each difference (ay — ax_1) ranges over at most Ny functions
because a, ranges over at most |Ax| = Ny, functions and for each ay, ax_; is chosen
according to the procedure above. Then it holds that

Ql~
Q=

< N sup E [|Gn (ax) — Gy (ak,l)ﬂ
pEF

E |sup |Gy, (ag) — G, (akl)’Q}

peF

= Nka sup £/ |:|Gn (ax — (lk—l)|Qi| . (B.20)

Notice again that unlike the supremum suggests, the possible difference ranges
over finitely many functions and therefore the inequality used in (B.20)) is valid and
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the outer expectation simplifies to the usual expectation. For the expected value of
the last term, the moment inequality from Lemma [B.4] will be used again. Defining

Zn,t = ak<Xn,t) — ak71<Xn,t) - E[ak(Xn,t) — akfl(Xn,t)L v 1 S t S n,n € N7

it can be obtained that E[Z,;] = 0 for all 1 <t < n,n € N. Furthermore, by
assumption (A2), for ay € Ay C F, there exist an aj_; € Ax_y and a b;_; € Bj_1,
such that

Jun

|a;.C — &2_1‘ < B};_l and sup sup F []b(Xnt)]ZHTW} ? <p_1,Vi=2,...,Q,Vbe B._1.

neN 1<t<n

Using (B.19)), it thus holds that
24y

max B ||Z,l ™5 | = max B [[an(Xog) = a1 (Xag) = Elap(Xae) = o (X))l

5<i<Q 5<i<Q

2+ i 2y

< 297" max sup sup E [|ak(Xn¢) — ag—1(Xns)|' 27}
2<i<@Q pneN 1<t<n

(2 R
<

24y
297" max sup su E[a X, ) —ar (X ZT]
QSiSQneglgtgn |k( nt) -l nt)|

and thus assumption (ii) of Lemma is satisfied. Condition (i) holds by (A1)
for {X,::1 <t <n,ne N} and is inherited to {Z,; : 1 <t <n,n € N}. Then

applying Lemma and using 7, > n"2 forall 1 < k < k(n) by (B.15), yields

EZ—l(Xn,t>

Q:x
< 2%z max sup sup F
251Q peN 1<t<n

24 Q 2ty
< 2QTW(5,371 - <2?Tk71> ,

E [|Gn (g — ak_1)|Q] ° < Ony, (B.21)

for some constant C' only depending on v, () and the mixing coefficient. Now all

tools to build the bridge between ay(,) := az(n) and a,, := aﬁ,‘f ) are obtained and it

holds that

E {sup ’Gn (GZ(n)) -G, (afjf)) ‘Q] ¢

peF

O
ol

= F |sup Z (Gn (ar) — G (ar-1))
weF ke=m-1

k(n) §

< Z E {sup |Gy, (ag) — Gy, (ak—1)|Q

k=m-+1 pEF -

Q=

Em 2 . 0
< Z NZsup E [|Gn (ag — ap—1)|

k=m-+1 pEF

Q-

(B21)
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k=m+1

—omic ¥ 6, (N[ | (6, F, p))a 5
k=m+1

=250 30 67 (R (06 F o) ¥ (0= 61)
k=m+1
(Sm

< 2227+IC’/$_2+77 (N[ | (z, F, p))a dz,

0

[un

for all k(n) > m. The last equality holds because §; — dr_; = 27';. The last

- 1
inequality again holds as x +— e (N[ 1 (z, F,p) ) @ is decreasing and the integral
exists due to assumption (A2). Furthermore, d,, \, 0 for m — oco. Hence, for a
given € > 0, m = m(¢) and n3 = n3(€) can be chosen large enough, such that

Q €

* _ (©))[¥ —
B sup |Gn (ai) = Gn ()] < 15

for all n > n3 with k(n) > m, which proves inequality (B.14]).

Step 2: In the second and last step of the proof, the comparison of infinitely many
functions in F will be reduced to finitely many functions, making use of inequality
. To do that, let m € N be the integer fixed in step one and refer with agf ) to
the element in A,,, that is chosen dependent on ¢ € F, according to the procedure
in step one. Let the following relation on F (dependent on m) be introduced

O~ P 0¥ = alV).

This relation is obviously an equivalence relation and, as |A,,| = N,,, partitions
F into N, many equivalence classes, denoted by

M. EMIN,].

Each class thus contains all ¢ in F, that have the same a'?) in A, that has been
chosen in step one. Within one equivalence class, inequality (B.12)) can be applied

twice, leading to

E*

Q
sup  |Gu(p) — Gn(w)lQ]
{pYeFlp~mi}

B s [(Gu(9) = Gala)) = (Gulw) — Gula®))°

{obeFlp~mi}

< 2E” [Sup |Ghlp) — Gn(af?f))ﬂ ’

peF
(B.12) €
< Z,
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for all n > ny. To bridge the gap between the N, classes, let
d(EM k], EM[j]) = inf {d(p,v) : ¢ € E™R], ¥ € EM[]}

define a distance between two classes £ [k] and £M™[j] for k,j € {1,..., N, }.
For fixed § > 0, that will be specified later, and fixed k,j € {1,..., N}, choose
functions ¢} ; € EM[k] and Vi € £M[4], such that

d( g, Vi) < d(E™ K], E™[)]) + 0.
Note that for ¢ € EM[k] and ¢ € EM[j] with d(p,v) < 4§, it holds that

d(@j, Vi) < 20 for all k,j € {1,..., Ny, }. Then applying (B.22) for all n > ny, it
can be obtained that

1
Q
E* sup Gn(p) — Go(¥)|?
{807'1/16]:d(¢,¢)<6}

- 5
= FE* | max sup Gn(p) — Gp(¥ @

12520 {peetm k] peemj): Cnl?) )

| 1ISNm T (o) <5

- 3
= FE* | max sup |Gn(p) — Gu(¥) + Gn(SO;cj) + Gn(wgk)’Q

LSk N foeetm k] peem)j];

| 1SIS N T o) <6}

1
Q
<2E" | max  sup  |Gu(p) — Gu(@)|?| +E | max [Ga(p);) — Ga(¥)|?
1SN o et S J
%
1B.22) € , , Q
< 5 + B 131221}\%” |Gn(pk;) — Gu(¥))]
1<j<Nm
€ 2z 1
Q / I \|Q

< 5+ N max E|Ga(ply) = Gu(ye)|°]%

1<j<Nm

where d(¢};,¥j;) < 20 holds for all k,j € {1,...,Ny,}. To find a bound on

E [|Gn(¢t;) — Ga(@))|9] %, the moment inequality of Lemma |B.4| will be used. Let
therefore k,j € {1,..., N;y} be fixed and let ¢} ; € EM[k] and Vi) € EM[5] with

21103
d((p;cjvw;k) =sup sup F [‘So;gj(Xn,t) - w;k(Xn,tMQ : ]

neN 1<t<n

<20 (B.23)

and set Z,,; := gpﬁcj(Xn,t) —wgk(Xn,t) — Bl (Xnt) — ;k(Xm)] forall1 <t <mnand
n € N. Then assumption (ii) of Lemma is satisfied as for all 1 <t <n,n e N
and i = 2,...,Q it holds that E[Z,;] = 0 and

24y

B [y (Xne) = 5a(Xod) = Elihy (Xne) = 5 (Xn))| 7 |
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< 29 B [l (Xs) = (X1

24y 24y 5
< 297 B ([l (Xna) — 9|7

J
24

24y i2y
< 2975 d(ppy, )"
24y

< 20% (25)%

2 1
< 2977 (26)*17, for 6 < 3

Condition (i) holds due to (A1) for {X,;: 1<t <n,n € N} and is inherited
to {Z,::1<t<n,ne€N}. Applying Lemma yields

1

E [|Gn(§0;€] - @Z};k)lQ} 5 < C' max (n_i7 2%4—15) 7

for some constant C' only depending on v, ) and the mixing coefficient and for
0 < % Therefore, it holds that

1

Q 2 1

* € Q o)

E sup |Gn(90) - Gn(wﬂQ < 2 + Nm 1<IE§J}\<I E UGn(QO;gj) - Gn(¢;k)|Q] @
{ppEFd(p)<b} 1< N

2
< g + N2 C' max (n’%, 2%“5) ,

for all n > ny and for § < % Choose § = d(¢€) small enough, such that

2
N2C25+1§ < % and § <

N[ —

and for this fixed J, let ny = ny(e€), such that
max (n‘é, 2%“15) = 2%+15,

for all n > ny. By finally choosing ny := max(ni,ny), the assertion in is
proven.

]

Proof of Corollary[B.3 This is a direct consequence of Theorem and Markov’s
inequality.
]

Proof of Corollary[B.3 To prove Corollary [B.3] Theorem 4.10 by Volgushev and
Shao [77] will be used. Note that it particularly requires a strictly stationary se-
quence of random variables. Applying Theorem [B.1] it follows that with

2

1
7| Q2+y

dlp,v) = B [lp(X:) — (X)) 7]
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there exists a semi metric d on F, such that (F,d) is totally bounded and there
exists a ) > 2, such that

lim lim sup E* sup |G (1, ¢ — ¢)’Q =0,
N0 nsoco {ppeF:d(p,ah)<d}

which is condition (9) of Theorem 4.10 of Volgushev and Shao [77]. Furthermore,
condition (10) of Theorem 4.10 in [77], namely

supsup E [[Ga(L,£)|9] < o0
neN peF

is also satisfied. To see this, define Z; := ¢(X;) — E[p(X})] for all t € Z. Applying
(A3), it then holds that F[Z;] =0 and for alli =2,...,Q

24y

B 12| = B [Jo(x1) - Blo(x0)] ¥
<298 B | ()]

2+~

<29 B |lp(x1)| 0] °

< 2Q%2" max (L%, L)

for the constant L < oo from assumption (A3). Applying Lemma [B.4] it holds that
for alln € Nand ¢ € F

B [|Ga(1,9)[?]7 < € max (ni7), (B.24)

for some constant C, only depending on @, 7 and the mixing coefficient. As the
inequality in (A3) holds uniformly in ¢ € F, the constant 7 < oo does not depend on
¢. Therefore, implies condition (10) of Theorem 4.10 in [77]. By assumption
(A3) the function class F possesses an envelope function with finite Q-th moment.
As can be seen within the proof of Theorem 4.10 of Volgushev and Shao [77], the
first assertion of Corollary [B.3] follows by these assumptions.
If additionally all finite dimensional marginal distributions converge, as assumed
in the second part of Corollary [B.3], the weak convergence assertion follows.
O
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Finally, some possible further research topics related to this thesis shall be presented
in the following.

As noted in Chapter [4], changepoint detection in the conditional mean function,
when also changes in the variance occur, is an important but also difficult task. To
the best of our knowledge, it has only been investigated in the literature for simple
cases, that do not allow for autoregression models, by assuming stationarity of the
covariates under the null, or that do not include heteroscedastic effects. The model
in Section covers both autoregressive and heteroscedastic effect, where changes
may occur in the conditional variance function. It is suggested that in this case the
process T, still converges to some centered Gaussian process under the null of no
change in the conditional mean function. Such a result, however, requires a uniform
central limit theorem for sequential empirical processes indexed in general function
classes and with an underlying triangular array process of weakly dependent and
possibly non-stationary random variables. To be a bit more precise, for some given
weakly dependent triangular array process {X,;: 1 <t < n,n € N} with values
in some measure space X and some class F of measurable functions X — R, the
following sequential empirical process is of interest

[ns)
223 (6%~ Ble(X, ) s € 1o €

Appendix [B| gives some literature review on results concerning sequential empir-
ical processes. Basically all existing results allowing for dependent data, including
the new Corollary on page [161] impose a strict stationarity assumption on the
underlying process. The extension to non-stationary data would not only be appli-
cable to the process T,, under non-stationary variances as in Chapter {4} it would in
fact be a powerful tool for proving limiting results in all kind of models in mathe-
matical statistics.

Additionally, bootstrap procedures are important and very useful tools for testing
hypothesis in mathematical statistics. They are used to approximate the distribu-
tion of the test statistic under the null, without knowing its limiting distribution.
This is particularly useful if the limiting distribution is not known. For instance,
the test for change in the conditional mean function in Chapter [3| acquires for multi-
dimensional covariates, i.e. for d > 1, a limiting distribution that contains unknown
quantities. Hence, critical values using the asymptotic distribution can not be com-
puted. The potential limiting distribution of the process allowing for non-stationary
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variances look even more complicated. However, even if the limiting distribution is
known, it is still only an approximation, a possibly poor one for small sample sizes.
For these reasons bootstrap procedures are of undeniable interest. The conjecture
that the wild bootstrap test, proposed in Section [4.3] is a valid testing procedure,
should be proved. Note that apart from the weak convergence in probability of T;{
under both the null and the alternative, this also requires the the weak convergence
of Tn under the null.

Tests for change in the conditional variance function in heteroscedastic models
can be of particular interest as well. In financial time series and other econometric
data, they can be particularly useful, when models are for instance used for hedging
strategies and risk management. However, not that many results consider nonpara-
metric models. Thus, the test proposal from Chapter |5 should be formulated more
detailed and a formal proof for the limiting distribution should be given. As already
suggested in Chapter [5| the methods will be similar, however the proof can possibly
be even more technical.

Finally, it is to mention that apart from changepoint detection, which this thesis
focuses on, it is also of great interest to estimate both size and location of possi-
ble changes. Such estimators can possibly be constructed based on the sequential
marked empirical process of residuals, obtained in this thesis. Possible estimators
for a changepoint in the conditional mean function using 7}, from Chapter [3] are

arg max sup ‘Tn(87 z)|,
s€[0,]] zeRd

and
s€[0,1]

arg max/ T, (s, 2)|*w(z)dz,
R4

where w : R? — R is some weighting function such that the integral exists. These
estimators can be investigated with respect to properties, such as consistency and
asymptotic distribution.
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Abstract

When observing data over a given period of time, a typical assumption is structural
stability in some form or another. However, in all possible areas, as for instance
climate and weather data, finance and econometric time series, as well as data
collected in biology or medicine, instabilities do occur and most likely lead to false
inference if disregarded. Hence, change detection and estimation procedures are
of undeniable interest and have justifiably gained extensive attention in literature.
This thesis makes a contribution in the field of changepoint analysis in nonparametric
heteroscedastic time series regression models, focusing on the detection of possible
changes rather than their estimation.

More specifically, a weakly dependent stochastic process {(Y;, X;) € RxR?: t €
Z} is considered such that

}/;5 = mt(Xt) + Ut, teZ
holds, where the innovations (Uy);ez satisfy
E[U|F] =0, teZ

almost surely with F* := o{U;_1, X, : j < t}. Thus F' contains the whole past
information of U; up to time ¢t — 1 and of X up to time ¢. As a direct consequence,
the regression function m,(-) appears as the conditional mean function, meaning

m() = E[Y)| X, =], t € Z.

The subscript t suggests that it may not be stable in ¢, but depend on the
time of observation. The main part of this thesis is the construction of a test
for change in the regression function in Chapter 3] Given n € N observations
(Y1, X4),...,(Y,, X,) the null hypothesis

Hy:my(-)=m(), t=1,...,n,

for some m : R? — R not depending on ¢, is tested against the changepoint alterna-
tive

?

M cme() = m(l)(')7 tzl...,LnSOJ
Hy:3sg € (0,1): my(+) {m@)(.)7 t=|nso] +1,...,n

for some my, M) : R?¢ — R with mqa) #Z m2). Note that the procedure allows in
particular for autoregressive models by allowing X, to include finitely many lagged
values of Y;, for instance X; = (Y;_1,...,Y;4)?. Furthermore, heteroscedastic
models are covered, as the second moments of the innovation U; conditioned on X,
may depend on X;. The considered test statistic is based on the sequential marked
empirical process of residuals, namely

~

Lns)
T, := {Tn(s,z) = % Z(YZ — My (X)) )wn (X)) I{X; < 2z} :s€[0,1],2 € ]Rd},

where w,, : R? — R is a weighting function that ensures uniform consistency prop-
erties of the Nadaraya-Watson estimator m,,. The use of nonparametric estimators
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such as m,, avoids additional model misspecification. New uniform rates of conver-
gence for the nonparametric kernel estimators are given in Chapter Note that
T, is a modification of the test statistic of Su and Xiao [71], who constructed a
CUSUM test to detect changepoints in the regression function in a time series re-
gression model with nonparametric methods. A major drawback of their procedure
is the non-consistency against some alternatives. In other words, the test does not
detect structural breaks in some situations. The idea of the marked version steamed
from Burke and Bewa [0], who used a similar technique in a simple i.i.d. nonpara-
metric regression model to test for changepoints in the regression function. Using
this method, however, requires the powerful tool of empirical processes, which have
been studied quite intensively in the i.i.d. setting, but are much more difficult to
handle in the dependent case. The main result of this thesis is Corollary [3.3] which
gives the asymptotic behavior of T,, under the null and a strict stationarity assump-
tion. In contrast to the result of Burke and Bewa [0], the limiting distribution of
the new testing procedure acquires a very simple structure and for one-dimensional
covariates even results in a distribution free limiting distribution. The proof requires
some sophisticated techniques, as well as a new weak convergence result for sequen-
tial empirical processes indexed by general function classes. This result is stated in
Corollary in Appendix [B] and might be of independent interest. Furthermore,
a bootstrap version of the test is constructed in Chapter [4 and it is suggested that
it is a valid testing procedure even without the validity of the strict stationarity as-
sumption under the null. This particularly allows for changes in the variance when
testing for changes in the regression function.

By imposing
E[U|X;) = 0}(Xy), t€Z

almost surely, it holds that o2 is the conditional variance function, meaning
o(:) = Var(V}| X, = ), t € Z.

In Chapter , a test for change in o? is suggested, under the assumption that
there is no change in the regression function. Note that the reasonableness of this
assumption can be investigated using the bootstrap test.

Finally, a simulation study is conducted and an application to real data sets
is given in Chapter [f] The Monte-Carlo simulations consider different kinds of
models, such as i.i.d. models, regression models with time series covariates, as well
as homoscedastic and heteroscedastic autoregressive models. Both performances of
the tests in conditional mean and variance function, as well as the bootstrap test are
investigated. It turns out that they perform reasonably well. In particular, under
some simple alternatives they behave significantly better than the CUSUM test in
[71] as the theory suggests. The real data sets under consideration are the annual
flow of the river Nile in Aswan between 1871 and 1970 and the weekly closing values
of the Dow Jones Industrial Average (DJIA) index between 1971 and 1974, which
are both popular choices in changepoint analysis. The tests indicate that there is a
change in mean in the Nile data set and a change in variance in the DJIA data set.
These results are consistent with existing literature.
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Zusammenfassung

Bei der Betrachtung zeitlich geordneter Daten gehort die Stabilitdt, in der einen
oder anderen Form, zu den typischen Annahmen. Strukturelle Verdnderungen treten
allerdings in allen Anwendungsbereichen, wie beispielsweise in Klima- und Wetter-
daten, Finanz- und Okonometriezeitreihen, aber auch in Datenerhebungen in der
Biologie oder Medizin, auf. Sie bei der Modellbildung unberiicksichtigt zu lassen,
fithrt zu falschen Analysen und Schlussfolgerungen. Tests auf strukturelle Ver-
anderungen, sogenannte Changepoints, sind daher von grofser Bedeutung und Gegen-
stand aktueller Forschung. Die vorliegende Arbeit leistet einen Beitrag im Bereich
der Changepointanalyse in nichtparametrischen heteroskedastischen Zeitreihen-
modellen, wobei die Herleitung von Hypothesentests auf mogliche Changepoints im
Mittelpunkt steht.

Betrachtet wird ein schwach abhéngiger stochastischer Prozess {(V;, X;) € R x
R?:t € Z}, fiir den

Y, =mu(Xy) + Uy, t €Z,

gilt. Die Innovationen (U;)ez erfiillen
E[UJF =0, teZ

fast sicher. Hierbei ist F* := o{U;_1, X, : j < t}, also die o-Algebra, die alle
vergangenen Informationen von U; bis zum Zeitpunkt ¢ — 1 und von X bis zum
Zeitpunkt ¢ enthalt. Damit ergibt sich fiir die unbekannte Regressionsfunktion my(-)

gerade
mi() = EVi|X, =], t € Z.

Sie wird daher auch als bedingte Erwartungswertfunktion bezeichnet. Der In-
dex t legt nahe, dass diese strukturell vom Zeitpunkt der Beobachtung ¢ abhéngen
kann. Der Hauptteil dieser Arbeit ist die Konstruktion eines Hypothesentests auf
strukturelle Stabilitdt der Regressionsfunktion. Bei Beobachtung einer Stichprobe
(Y1, X4),...,(Ys, X,,) der Groke n € N soll die Nullhypothese

Hy:mu(:)=m(), t=1,...,n,

fiir ein m : R? — R, unabhiingig von ¢, gegen die Alternative

{m(l)(-), t=1...,|nso

Hy:ds5€(0,1): ) =
12 3s0 € (0,1) : my(+) m(2)(.)7 t=1nso] +1,...,n

?

fir m(1y, meo) : R? — R mit mqy £ m2), getestet werden. Die Regressoren X diirfen
insbesondere endlich viele vergangene Werte von Y; enthalten, sodass beispielsweise
X: = (Yi1,...,Y;_g)T moglich ist. Das Verfahren ist somit auf autoregressive Mo-
delle anwendbar. Heteroskedastische Effekte sind ebenfalls erlaubt, da die zweiten
Momente von U; bedingt auf X; von X, abhéngen diirfen. Die Teststatistik basiert
auf dem markierten sequentiellen empirischen Prozess der Residuen

|ns]
T, = {Tn(s,z) - D (¥ = (X)) Jwn(X)I{X; < 2} 1 s €0,1), 2 € Rd}.

i=1
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Die Gewichtsfunktion w, : R? — R ermdglicht es hierbei, gleichmifige Konsis-
tenzeigenschaften fiir den Nadaraya-Watson Schétzer m,, zu benutzen. Durch Ver-
wendung nichtparametrischer Schétzmethoden werden zuséatzliche fehlerhafte Mo-
dellspezifikationen vermieden. In Kapitel [2| werden neue gleichméfige Konvergenz-
raten fiir die verwendeten nichtparametrischen Kernschétzer hergeleitet. Bei T,
handelt es sich um eine Modifikation der Teststatistik von Su und Xiao [71]. Sie kon-
struierten einen Changepointtest fiir die Regressionsfunktion in nichtparametrischen
Zeitreihenmodellen unter Verwendung eines CUSUM Tests. Dieser ist unter be-
stimmten Alternativen jedoch nicht konsistent. Der Ansatz der markierten Residuen
stammt von Burke und Bewa [0]. Sie benutzten ein dhnliches Verfahren in einem ein-
fachen nichtparametrischen i.i.d. Regressionsmodell, um auf Strukturbriiche in der
Regressionsfunktion zu testen. Diese Herangehensweise erfordert jedoch Methoden
empirischer Prozesstheorie, welche im Zusammenhang mit abhéngigen Daten schwe-
rer zu handhaben sind. Das Hauptresultat dieser Arbeit ist Korollar [3.3] Es macht
eine Aussage iiber das Grenzverhalten von T, unter Hy und strikter Stationaritit.
Im Gegensatz zum Resultat von Burke und Bewa [6] ergibt sich hier eine sehr ein-
fache Grenzverteilung. Im Falle eindimensionaler Regressoren resultiert dies sogar
in einer Grenzverteilung, die keinerlei unbekannte Parameter enthélt. Fiir den Be-
weis werden einige technische Resultate, sowie eine schwache Konvergenzaussage fiir
sequentielle empirische Prozesse induziert in Funktionenklassen und mit abhiangigen
Daten, benotigt. Letzteres ist in Anhang[Blals Korollar [B.3|zu finden und ist in einer
Allgemeinheit formuliert, die anderweitige Anwendungen ermoglicht. Desweiteren
wird in Kapitel [4] ein Bootstraptest konstruiert, welcher auch bei fehlender Statio-
naritdt unter Hy anwendbar ist. Insbesondere erlaubt dies das Testen auf Struktur-
briiche in der Regressionsfunktion, auch bei auftretenden Varianzschwankungen.

Unter der Bedingung, dass es o2 : RY — R gibt, sodass

ElUf|X:| = 0}(Xy), t € Z
fast sicher gilt, ist o2 die bedingte Varianzfunktion, das heift
o2(-) = Var(V}| X; = ), t € Z.

In Kapitel [5| wird ein Test auf Changepoints in ¢? beschrieben, welcher under
der Annahme valide ist, dass es keine Strukturbriiche in der Regressionsfunktion
gibt. Wie angemessen solch eine Annahme ist, kann mit Hilfe des Bootstraptests
untersucht werden.

Kapitel [6] beinhaltet schlieflich eine Simulationsstudie und die Anwendung der
Tests auf zwei Datensédtze. In den Monte-Carlo Simualtionen werden i.i.d. Re-
gressionsmodelle, homoskedastische und heteroskedastische Autoregressionsmodelle,
sowie weitere Zeitreihen betrachtet. Es werden sowohl die Changepointtests fiir
die bedingte Erwartungswert- und Varianzfunktion, als auch der Bootstraptest,
durchgefiithrt. Es stellt sich heraus, dass sie akzeptable Ergebnisse liefern und
dariiber hinaus einige einfache Alternativen deutlich besser erkennen als der CUSUM
Test von Su and Xiao [71]. Fiir die Anwendung der Tests auf echte Daten wurde
zum einen die jahrliche Durchflussmenge des Nil in Aswan zwischen 1871 und 1970,
und zum anderen die wochentlichen Schlusskurse des Dow Jones Industrial Aver-
age (DJIA) Indexes zwischen 1971 und 1974, betrachtet. Beide Datensétze wur-
den bereits oftmals in der wissenschaftlichen Literatur untersucht. Die neuen Tests
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zeigen einen Changepoint im bedinten Erwartungswert im Nildatensatz und einen
Changepoint in der bedingten Varianz im DJIA-Datensatz an. Diese Ergebnisse
sind konsistent mit existierenden Studien.

Publications derived from this dissertation

The weak convergence result stated in Appendix [B] can be found as a preprint on
arxiv (see [52]).
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