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Abstract

The thesis at hand is concerned with the problem of sparse frequency estimation. It can be described
as follows: Presented with a finite number of samples of an exponential sum, one wishes to calculate
its spectrum, which is a discrete set. The focus is on the higher dimensional case, which attracted
considerable attention in the last few years.

In the first part of this thesis, we prove that in the one and two dimensional case, the sparse
frequency problem is conditionally well-posed. More precisely, we give rather sharp estimates, which
guarantee that if two exponential sums have well separated frequencies and their samples are close, so
are their frequencies. Further, we give a posteriori error estimates. To prove that, we rely on special
band-limited functions, satisfying certain sign patterns. And while such functions are known for quite
some time, non of them satisfies an additional property we need. Therefore, we give a construction of
such a function and start by reviewing the necessary results from sampling theory.

In the second part, we turn to algorithms to actually solve the estimation problem. We quickly
review classical univariate methods and then turn to so-called projection based methods. They cleverly
reduce the higher dimensional problem to multiple one dimensional ones, by sampling the exponential
sum along several lines. We give recovery guarantees for scattered as well as for parallel lines. For
the latter case, we propose a new ESPRIT-like algorithm, combining the estimates along several lines
into a single step.

Finally, we turn to other multivariate methods. By explicitly considering the signal space, we can
quite naturally deduce higher dimensional analogs of Prony’s method, ESPRIT and MUSIC. That
allows us to extend Sauer’s sampling set, originally proposed for Prony’s method, to ESPRIT and
MUSIC, which reduces the number of necessary samples as well as the computational complexity
significantly.
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Chapter 1

Introduction

Parameter estimation problems are prevalent in all natural sciences. Whenever one has a mathematical
model, depending on a set of parameters, and observations, hopefully fitting the model, estimating
these parameters is necessary. For this reason, it is not surprising that the parameter estimation
of exponential sum has a long and fruitful history, dating back as long as 1795, when Gaspard de
Prony published his famous method in [23]. Indeed, exponential sums may be used as a model for the
superposition of waves with different frequencies, which is one reason for their common occurrence.

Exponential sums, in their simplest form, are given by
M
f(il') _ che%rzij’
j=1

where y; € [0,1) are the frequencies of f and ¢; € C is the coefficient to y;. To obtain a unique repre-
sentation of f, we always assume that the frequencies are mutually distinct and that the coefficients
are non-zero. Often, we denote the frequencies of f by Y/ and the coefficients by ¢ = ¢/ € C¥”, i.e.
we use Y7 as an indexing set for the coefficients, which results in

f(z) = Z cyeQ”iW.

yey s

The parameter estimation problem for such an exponential sum f is asking to calculate the fre-
quencies and their coefficients from a finite set of samples f(k), k = 0,..., N, where usually the
samples are corrupted by noise.

It is important to keep in mind that we are mostly interested in the frequencies Y/ and not
in approximating the given data f(k), kK = 0,..., N by an exponential sum. To calculate such an
approximation is closely related and interesting in its own right, see for example [68] [74].

In the second half of the last century, this problem was studied intensely, as it occurs in direction-
of-arrival estimation, where one uses a sensor array to determine the direction of a superposition of
wavefronts. Many prominent algorithms, like MUSIC and ESPRIT date back to that time. For an
introduction see [61]. In recent years, this estimation problem again attracted a lot of attention. On
the one hand, estimating the frequencies of an exponential sum was proposed as a mathematical model
for super-resolution [I6]. Super-resolution is a somewhat vague term, describing multiple methods,
on the technical as well as on the theoretical side, to overcome the natural diffraction limit of imaging
technologies. For seminal work in this area, the Nobel Prize in chemistry was awarded to Eric Betzig,
Stefan Hell and William Moerner in 2014.

On the other hand, the phenomenon of sparsity has become one of the central aspects in many
areas of applied mathematics. Sparsity can be described informally like this: Any element of a
vector space is given by a linear combination of a basis. In particular, to describe an element of a d
dimensional space, d numbers, called coefficients, are needed. But for some elements, most of these
coefficients vanish. If only s coefficients are non-zero, only s numbers are necessary (or one could
argue 2s: s for the coefficients themselves, s to describe which are non-zero). Such elements are
called (s-)sparse. It turns out, that quite often, the sparse (or almost sparse) elements are of interest.
The challenge then is to exploit the fact, that less information are needed to describe these sparse
elements. For example, compression problems can be phrased as finding a basis where all signals we
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wish to compress, are approximately sparse. And in sampling, i.e. identifying an element f of a vector
space from measurements, having the a-priori information that f is sparse, might enable us to use
significantly less measurements. This latter idea is the main theme of a young research area, called
compressed sensing (see [32] for an introduction). On a technical level, sparsity turns out to be quite
difficult to exploit. One of the main challenge is the missing structure: The sum of two sparse signals
is in general less sparse. Hence, the set of sparse signals are not a linear space (or even a convex set).

Now exponential sums can also be seen as sparse signals: They are sparse in the frequency domain.
Indeed, they are given as the Fourier transform of a sum of Dirac measures. One reoccurring theme of
this thesis is to flesh out the similarities and differences between exponential sums and the standard
finite dimensional setting of compressed sensing.

There are a lot possible extensions of the sparse frequency estimation problem. Here, we are mostly
interested in the multivariate case, where one wants to calculate the frequency vectors y; € [0, 1)? of
a multivariate exponential sum

M

flx)= Z c eI (1.1)

j=1

from a finite number of samples f(g), g € G, where typically G C Z¢. But there are a lot of other
variants. We give a few examples.

e Sometimes, instead of coefficients c; one is confronted with unknown polynomials p;. In the one
dimensional case, this means that f takes the form

M .
) =) pjw)etme.
j=1

This problem is sometimes known as the confluent Prony problem, see for example [6].

e Another perspective is the following: f is the Fourier transform of measure of the form

M
p=2_ by,
j=1

where J,, are of course the Dirac measure, located at y;. In the multivariate Prony problem,
y; are on a d dimensional torus. This can be generalized to the case that y; is on a different
manifold, like a sphere or the rotation group SO(3). That is the topic of the PhD thesis of
Kristof Schroder [88].

e A more algebraic formulation is possible as well. To this end, let z; = ¢*™¥i. Then f becomes

M
f(z) = Z cjzy.
j=1

Now if we sample only on N”, the right-hand side is well defined for ¢;, z; in an arbitrary field.
Such extensions are discussed in the PhD thesis of Ulrich von der Ohe [96].

Exponential sums are themselves fascinating objects, which are prevalent in many mathematical
fields. They are sometimes called non-harmonic Fourier series, see the book by Young [I01]. For
certain choices of frequencies y, the span of €?™¥%" form a frame. Such frames are sometimes called
exponential or Fourier frames and indeed the concept of frames was introduced to describe them. Since
then, the abstract idea of a frame has become an important generalization of bases, with applications
in many fields of mathematics, see the book by Christensen [21] for a thorough introduction.

Another field, where exponential sums are heavily used, is analytic number theory. Efficient esti-
mates of special exponential sums give rise to number theoretical results, like Vinogradov’s theorem,
to give one of the first important instances. Later, such estimates became important in a subfield
called sieve theory. We are particularly interested in sharp estimates for the so-called large sieve, see
[64]. One possible proof is due to Atle Selberg, relying on extremal functions in Fourier analysis. We
discuss this approach in Chapter 2, though without mentioning the sieve theoretical background.



Contributions

This thesis is divided in two parts. In the first part, covered in Chapter 2, we prove well-posedness
of and a posteriori error estimates for the one and two dimensional frequency estimation problem. In
Chapter 3 we discuss various existing and new methods to solve it.

The question of well-posedness can be quickly motivated as follows. Assume we are given noisy
measurements

fk) = f(k) +er, keG,

where f is a multivariate exponential sum as in (1), G C Z? is a finite set and &, is some unknown
noise. Then we run an algorithm, which uses f(k) to give us an exponential sum g. As we are
interested in the frequencies of f, we hope that the frequencies of g and of f are reasonably close.
And because we only have the given samples of f, this leads to the question whether

Dok —gR) <1

keG

implies that f and g have similar frequencies. That is the main question, we will answer in Chapter
2.
In general, this does not have to be the case. For example

fi(z) = 61, folz) = 1 — 2midae

are both very close to zero, if §; and o are small and are therefore almost indistinguishable from
g(z) = 0 on any fixed sampling set G. To circumvent this problem, we assume that the modulus of
all coefficients of f and g are larger than ¢y, and that all frequencies of f and g are well-separated.
We measure the distance of two frequency vectors y,w € [0,1)? in the wrap-around distance

|y — wlla = min [Jy — w — nl-
nezZd

Then we can phrase our first main result as follows: If f and g have well-separated frequencies and

N

D k) —g(b)P < (N + 1),

k=—N

for any frequency y of f there is exactly one frequency n(y) of g. Furthermore, we have that

Z ‘yfn( ’]I‘N mlnN ’ Z )|2<N 2 (12)

yey k=—N

We can interpret this result as a conditional well-posedness property of the frequency estimation
problem: If f and g satisfy our model assumptions and their samples are close, so are their frequencies.
The actual result, stated in Theorem [2.26] is a little bit stronger. An extension to the two dimensional
case is given in Theorem [2.31]

As we only know f (k), we cannot directly use to get an a posteriori error estimate. However, it
is a routine exercise to estimate |f (k) — g(k)| by | f(k) — g(k)|- To this end, we need more assumptions
on the noise ;. We later state a posteriori error estimates for bounded noise ||(eg)x||<n and for
Gaussian noise.

In Chapter 3 we start by reviewing classical univariate methods, namely Prony’s method, MUSIC,
ESPRIT and the matrix pencil method. Our presentation here differs slightly from the literature. We
start by considering the signal space

Sig(f, N) :=span {(f(k),...,f(k+N —1)) : ke Z} c CV.

After proving a few basic facts about Sig(f, N), we are able to quickly deduce the aforementioned
methods.

We then consider methods cleverly using multiple instances of the univariate problem to solve
the multivariate problem. The basic idea is that restricting a bivariate exponential sum f to a line
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¢ = {tv+ bvt, t € R}, where v,vt € R? are orthonormal vectors and b € R, gives a univariate
exponential sum:

Fto+bot) = flot) = 37 e e2mvivemiva = 5§ ity | g2miv't,

yeYy f ylevY s | yey/
yo=y"

This approach is due to Potts and Tasche [75]. The question is, for which choices of lines ¢, ..., ¢k
we can reconstruct f from f|e,. In the case of pairwise non-parallel lines, previous work relied on the
additional assumption

2mibvt-
E cye Y£0

yey s
yv=y*

for all possible choice of * and all lines . We are able to remove this assumption, though at heavy
computational costs, a result already published in [25] by Iske and the author.

Next, we turn our attention to the case of multiple parallel lines. We give an algorithm able to
recover Y/ from O4(M) number of samples (up to logarithmic factors), where M = ord f. This is
optimal, but unfortunately the algorithm has exponential complexity. For the more classical case of
sampling on Gy = [~ N, N|?NZ?, we give efficient algorithms including a variation of ESPRIT, which
combines the estimation along several lines into a single step. Parts of these results are published in
[26], again by Iske and the author.

Finally, we turn to multivariate extensions of Prony’s method, MUSIC and ESPRIT. Building
on our results for the one dimensional case, we again start by defining the multivariate signal space
of f. All methods then follow quite naturally. In particular, we rederive Sauer’s sampling set (as
introduced in [85]), which is of order O4(M?) (up to logarithmic factors), for Prony’s method and
show how similar sampling sets for MUSIC and ESPRIT can be constructed. With that, we reduce
the size of sampling sets for MUSIC and ESPRIT significantly (from Og4(M?) to O4(M?), up to
logarithmic factors). Furthermore, the computational complexity of ESPRIT reduces from Og(M3%)
to O4(M?) (again, up to logarithmic factors). We conclude with a few numerical examples.

Notation

We use the notations a < b, if |a| < Cb for a positive constant C and a ~ bif a < b < a. If
C depends on some parameters of interest, say on d, we write a <y b. Matrices are denoted by
A= (a”)fwjivl € CM*N A matrix A with columns v1,...,vy is denoted by A = [v; ... vy]. AT is
the Moore-Penrose pseudo-inverse, AT the transpose and A the conjugate transpose.

The real part of a complex number z is denoted by Rz, the imaginary part by Sz.

All function spaces are complex-valued, e.g. L2(R) = {f: R — C : [|f|*(z)dz < oo} (where f
is of course measurable).

For a measurable set A C R?, we use x4 to denote the characteristic function of A.

We use the following normalization of the Fourier transform of a function f € L'(R9)
.F[f](UJ) = ff(w) = f(fu)) — , f(x)ef%riww da.
R

Of course, F can be extended to L'(R?) U L?(R%) by density. In our normalization, we have that JF
is an isometry on L2, i.e.

IF N2 = 11£12

and that F~'[J(w) = F[](—w). We assume that the reader is familiar with basic results, like
Plancherel’s theorem, the Fourier inversion formula and Poisson’s summation formula. These top-

ics can be found in many textbooks, two examples the author is particularly fond of are [36] and
[50].



Chapter 2

Stability and Well-Posedness

In this chapter we discuss stability and (conditional) well-posedness for the frequency estimation
problem. To motivate this, we consider frequency estimation as an inverse problem. Let

ST={f(x)= Z ¢, €™V Y C[0,1)? finite and ¢, € C\ {0}
yey

be the set of all exponential sums f : R — C. We denote the set of frequencies of such an f by Y/,
and the coefficients by ¢f. Now we collect samples from an unknown ground truth f* € S% we wish
to identify, by applying the sampling operator

Pe:S*—C%  Pof=(f(9))gec

where G C R? is the finite sampling set. Typically, G C Z? and the most popular choice is G =
[~N, N]9 N Z%. We abbreviate P, = Py. Now we can try to solve the problem

Find f € 8 with Pof = P f*,

but this turns out to be impossible. As Ps is a linear map from an infinite dimensional to a finite
dimensional space, we are always able to find infinitely many f with Pgf = Pof*. To have any
chance to identify f*, we need additional information. To this end, we exploit the sparsity of f* in
the frequency domain. For an f € S?, we call the number of frequencies of f the order of f, i.e.,
ord f = |Y¥|. Then finding the solution of

min ord f subject to Pgf = Paf*
fesd

will recover f* exactly, at least if G is sufficiently large. Precise statements on the minimal size of G
are covered in the next chapter, one simple result is that G with N > ord f* suffices.

The question we are interested in is what happens when we only have noisy data available, i.e.,
Paf* + e, where e € CY is a vector containing the unknown noise. At this point, we do not want
to place any other assumption on the noise, except that |||z is small. To get a feeling what kind
of stability results are expected, we quickly recall the finite dimensional case. Everything we discuss
here is well-known, see for example [32].

In finite dimensions the sampling operator is a linear map
A:CN -C™  Ax) = Az, AeC™V

and we want to find the ground truth z* € CV, given measurements Az* + ¢, where ¢ € C™ is a noise
vector. We are interested in the case N > m and again, even in the noise-free case

Find 2 € CN with Az = Az*,

we have infinitely many solutions. Again, we try to exploit sparsity of z* and therefore assume that
lz*|lo = s < N, where ||z|o denotes the number of non-zero entries of a vector z € CV. We call

5
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vectors with ||z|lo < s s-sparse. This leads to the problem

min ||z||o subject to Az = Az”*. (2.1)
zeCN

But when does this recover z* exactly? We denote one solution of this problem by z and clearly
we have that ||Z|lo < ||z*|lo and A(Z — 2*) = 0. Furthermore, if a vector x € CV with z # z* and
lz]lo < [|z*]lo and A(z — ™) = 0 exists, we cannot recover z* uniquely. Therefore, 2* is the unique
solution to if and only if any 2s columns of A are linearly independent.

This leads to the restriction 2s > m, which is sharp. Indeed, Vandermonde matrices of the form

1 1 1
21 22 ZN
2 2 2
23 25 Z5
-1 _m-1 -1
21 ) AN s
where z1,...,zxy € C are arbitrary, mutually distinct numbers, satisfy this condition — restricting

these matrices to a subspace spanned by m unit vectors gives an injective map.

Next we are interested to recover z* from noisy measurements. It turns out that we have to have
a quantitative property instead of a qualitative one (the injectivity) to deal with the noisy case. To
this end, we say that a matrix A satisfies the restricted isometric property (RIP) of order s if there is
a § < 1 such that for all s-sparse x we have that

(1= 9)ll=l3 < [[Az3 < (1 + 8)ll[l3. (2.2)

Note that if any s columns of A are linearly independent, we can find such a ¢ (at least if we are only
interested in the lower bound), simply because there is only a finite number of possible choices.

The lower bound gives rise to stability. We consider
min ||z||o subject to ||A(z* —z) +¢€ll2 < n, (2.3)
zeCN
where 7 € R>(. Assume that ||e]|ls < n and that A satisfies the RIP of order 2s with constant
0 < 1. Further, denote one of the solutions to this problem by Z. As x* is admissible, we have that

IZllo < ||l*]lo = s. Now, and this is important, we clearly have that * — & is 2s-sparse. Therefore,
we can use the RIP and obtain

JAG = D)3 _ o+ llel)® _ 4

7|2 < .
lo”=#le< =5 =715 <15

(2.4)

This implies that every solution to is reasonably close to the ground truth. If additional as-
sumptions on the modulus of the smallest non-zero entry of x* are available, one can even conclude
that the support of x* is recovered exactly. Indeed, if all non-zero entries of * and Z have a modulus
larger than 21/y/1 — &, we obtain supp z* = supp Z (where the support of a vector z € C¥ is the set
of indices j with |x;| # 0).

We conclude: If we have an a-priori bound s on the sparsity of z*, we see that every vector z € CV,
satisfying our model assumption (being s-sparse) with samples close to the measurements, is close to
the ground truth. A property, which can be interpreted as a conditional well-posedness of the problem.

However, solving is more challenging. In general, such problems are NP-hard. One frequently
used approach is to relax ||z||p to ||z]|1. Of course this can result in a completely different solution.
The result that under suitable conditions on the isometric constant § the relaxation actually does not
change the solution at all, came as a surprise. This was first observed by Candés and Tao in [I7],
one of the papers which started an active field of research in applied mathematics, called compressed
sensing. A thorough introduction in this field is given in [32].

Now we return to the frequency estimation problem. One can ask whether there is a property of
Pe assembling the lower bound in (2.2). It turns out that such an estimate is not possible, at least if
one wishes to obtain a bound like

(1=l 1I3 < IPafli3 (2.5)



uniformly over all f with ord f < s. This is actually easy to see, as no such bound can hold for the
family of functions

f)\(l') _ 627ri:1:-y - 627riz~(y+)\)

for any y € [0,1)% and A € R small. We state explicit results in this direction later on.

However, it is possible to prove a bound assembling ([2.5)) uniformly over all exponential sums having
well-separated frequencies. To measure closeness of frequencies, we use the wrap-around distance

|y — wllpe = min ||y — w — 1|,
nezd

which accounts for the periodicity of the frequency parameter. Further, we use the notation |y —w|y =
lly — w||T1. Such estimates are actually known for a long time. In the univariate case, we prove a
particular strong result in Theorem (improving on a result due to Moitra, see [62]), namely

1
(2N 12 q) 112 < [Pw I (2.6)

for all f € S' with sep f > ¢, where

sep f = max min |y — w|ra for f € S%.
yeY ! wey’
w#y

In the case of |Yf| = 1, we set sep f = 1. Multivariate extensions are available as well, though less
sharp, see Proposition [2.29

Unfortunately, in contrast to the case of sparse vectors, this does not give any kind of estimate
resembling (2.4). The reason is simple. Even if we use well-separated frequency vectors as a prior,
we cannot use (2.6) to bound the error, as no information about the separation of the frequencies of
f* — f is available or even possible, as the whole point of our estimate is to have frequencies close to
I

In this chapter we overcome this difficulty and prove that if f, g € S have reasonably well-separated
frequencies compared to N, and if

1PN () = Pr(9)l3 < chin(N +1),

where ¢, is a lower bound on the modulus of the coefficients of f and g, the frequencies of f and g
have to be very close. Namely, for each frequency y of f there is exactly one close frequency n(y) € Y9,
such that

IPn (f) = Pn(9)ll3 -
> ly-n@ S T SN
yey s min
The precise statement, including all constants, is actually a little bit stronger and given in Theorem
[2:26] We show that these estimates are reasonably sharp and in particular that the given orders in N
and |y — n(y)|r are optimal. For f,g € S?, a very similar statement is given in Theorem m

As all constants are reasonably small, these results can be used to obtain a posteriori error esti-
mates. Assume that we have a candidate f, close to the (unknown) ground truth f*. Further, assume
that we are given noisy samples v = Py (f*) +&. Then we know ||Pn(f) — v||3, which gives us an
estimate for |Py(f) — Pn(f*)||3, at least if we have some information about e. If only |lell2 < 7
is known, we have to use the triangle inequality. However, if some stochastic information on € are
available, we can do better. We give the details for Gaussian noise as an example in Corollary
for the univariate and in Corollary for the bivariate case.

To prove these results, we rely on specific functions v, satisfying

w(x) < X[—N,N]d(x)a suppz@ - [_17 1]d7 d= 172

At least in the case d = 1, such functions are known for a long time. Their construction is due to
Atle Selberg, who built on work of Arne Beurling. Recently, progress for d > 1 was made by Carruth,
Gongalves and Kelly [18]. We, however, need an additional property, namely that ¢ has its global
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maximum in zero (and an exact analysis of the growth of ¢ (0) — ¢)(w)). While in the case d = 1 such
a function is known (though difficult to find in the literature), we give a new construction for d = 2.

This construction relies on a derivative sampling expansion of bandlimited functions (as in [Ig]).
Therefore, we start by giving an overview over the necessary results from sampling theory. One might
argue that it would suffice to quote these results. The reason we give them in full detail is threefold.
First, the author is very fond of this theory. Secondly, we wish to point out that these expansions
were known in the sampling community before they were rediscovered by Vaaler [94] in the univariate
case and in [I8] in the multivariate case. And finally, reproving and reevaluating known results is an
important part of the mathematical science. Often a new approach to an old problem gives some new
insight. For example, we give a rather general criterion on when a generalized sampling expansion (as
introduced by Papoulis) converges locally uniformly. This result relies mostly on Lemma which
we prove using frame theoretical results.

Related Literature

One of the first works in a similar direction is due to Donoho [27]. However, his assumptions are
different to our setting in multiple ways. First, he assumes that the spectrum of the underlying
signal is known on an entire interval, and not only at a finite number of sampling points, i.e., f|;,
I =[N, N] C R instead of (f(k))gec is given. Secondly, he makes the a priori assumption that the
frequencies are on a grid, i.e., Yf ¢ AZ, A <« 1. That influences his closeness measure. Namely, for
two signals f, f the quantity

le” = el

is bounded from above, where ¢/ € C2Z is the vector of coefficients of f. In particular, two frequencies
are considered close if and only if they are equal. We, however, aim for arbitrary frequencies. Finally,
Donoho considers only the univariate case.

Another interesting direction is due to Batenkov [6] (extending previous work by Batenkov and
Yomdin [7]). Therein Batenkov considers the so-called confluent setting, which is more general. We
give a very short sketch of his results for the special case of exponential sums. The main idea is to
consider the mapping

M
s 2M 2miy;k N
Py C 2 (y1,c1, 92,00, yms Cu) = che i eC”.
Jj=1

k=0,...,.N—1

Note that in contrast to our analysis, the space of exponential functions is parametrized explicitly.
Denote by v = Px(f*) + € the noisy samples of our ground truth f* € C>*. Now one could try to
recover f* by solving

(CQM

Find g € minimizing ||v — Px(g)|2-

For small ||e]|2, a reasonable proxy is the linearized least-squares problem
Find g € C*M minimizing ||v — Pn(f*) — dPn(f*)(g — f*)|l2- (2.7)

Denote by g* € C*M the solution to this problem. Then one has that g* — f* = d75}LV(f*)€. There-
fore, as usual, the conditioning of this problem is described by 73;\,( /). Batenkov then proceeds by
estimating

N
ran (%) = D2 (PR )i [P (£7)5] 5 N
j=1

whenever Nsep f* > K for a constant K. This component-wise conditioning describes the local
behavior of Py with respect to perturbations. In particular, if |eg|/|Pn(f*)| < €, the estimate

If* = 9"k < Ki,ne

holds true. A similar result can be given in case of absolute perturbations. Note that (2.7) cannot be
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solved in practice, as f* is unknown.

This analysis is inherently local, which is an important difference to our results, as we strive for
global estimates. Furthermore, it is currently unknown how to lift these explicit estimates to higher
dimensions.

In the univariate case, more is known if one assumes a specific noise model or wants to analyze a
specific algorithm (or both). For example the Crameér-Rao bound in case of Gaussian noise is derived
in [66] (i.e., a lower bound on the variance of any unbiased estimator, satisfying some weak additional
assumptions). Asymptotic results for ESPRIT and MUSIC are, again in the case of Gaussian noise,
available, see [79, [66] and the references therein. Additional results on MUSIC are given in [55].

Results beyond such a restrictive noise model are know for methods relying on total variation
minimization. That is in fact one reason for their increasing popularity over the last few years. In [13],
the error of the reconstruction and the ground truth on a larger frequency band than the observed
one is estimated. Closer to our analysis is [30], where it is shown that the solution to an infinite
dimensional convex optimization problem (which can be solved using semidefinite programming, by a
duality argument), recovers the frequencies reasonably well even in the noisy case. A thorough analysis
extending this result is carried out in [28]. All results are in one dimension, though (in theory) an
extension to the higher dimensional case is possible.

2.1 Sampling Theorems

In this section, we summarize results from sampling theory we rely on in the next section. We start
with one-dimensional results and then extend them to higher dimensions. Almost everything in this
section is well known and can be found in the literature, though our exposition here may vary slightly,
as we develop the results with our applications in mind. An excellent starting point for the univariate
theory is [42] or [89).

We are mostly interested in Hermite interpolation, first introduced by Jagerman and Fogel in
1956 [47]. A slightly more general result is then used by Vaaler in [94] to derive extremal Fourier
functions, an approach we will follow in the next section. Note that if one wants to construct a
function, which interpolates data and satisfies a sign condition, Hermitian interpolation is more useful
than normal interpolation (as in the Shannon sampling theorem). Interestingly, this strategy is also
used to construct a dual certificate in [I6], though they only have to interpolate a finite number of
data points.

However, instead of proving the derivative sampling expansion directly, we will establish it as a
simple corollary of the generalized sampling theorem by Papoulis [67]. For completeness, we give a
proof of Papoulis’ result. We generalize it to higher dimensions (a result, which might be interesting
in its own right) and again obtain a derivative sampling extension — a theorem first stated in [I8].

The natural setting for the theory are the so called Paley-Wiener spaces.

Definition 2.1 (Paley-Wiener Space). For § >0 and p € [1,2], the Paley-Wiener space PW%(R?) is
defined by

PWE(R?) = {f ‘R = C : feLP(R?Y) and supp f C [-6, 5]d}.

Often, we let § = 1 or p = 2 and drop them from the notation. Further, we use the abbreviation
PW = PW(R) = PW3(R).

By the following theorem of Paley and Wiener, PW4(R) can be characterized as a Hilbert space
of analytic functions, that satisfy a certain growth condition. In particular, point evaluations and
derivatives of f € PW are well-defined.

Theorem 2.2 (Paley-Wiener Theorem). Let g € L?(R) with supp g C [—a,a], where a € R~qy. Then
f = Fg is an entire analytic function obeying

f(2)] S e2melse

and f|r € L*(R). Conversely, every entire f satisfying these conditions has a Fourier transform with
support in [—a, al.

Proof. See [92], Theorem 11.1.2. O
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Remarks. 1. No choice of normalization of the Fourier transform is perfect for everything. And
while our choice here gives slightly cleaner results later on, it is a little bit unusual in the
sampling community. One inconvenience here is that if supp § C [—a, al, the function g is not
of exponential type a, but of exponential type 2ma.

2. Clearly, changing § (by dilation) results in isometrically isomorph spaces.

3. By Hausdorff-Young, we know that if f € PW?(Rd), the Fourier transform of f lives in
L' ([=6,6]%), where p' is the Hélder conjugate of p, i.e., 1/p + 1/p’ = 1. Furthermore, for
p1 < p2, we have that LP1([—d,6]%) C LP2([—4,d]?), which results in the embedding

PW' (RY) € PWE*(RY),  p1 < pa.

We start with a proof of the Shannon sampling theorem. Note that this theorem was actually
known before Shannon’s groundbreaking work [90], more information on its interesting history can be
found in [42].

First, we calculate the Fourier series of €>™*" € L?[—1,1] for an arbitrary, fixed » € R

2mizw _ Z Me”iWk. (28)

¢ m(2x — k)

keZ

Now we only have to apply the Fourier inversion formula, which holds pointwise for any f € PW
(indeed, it holds almost everywhere as f € L?, which extends to everywhere by continuity of f):

1 _ 9 —
r) = / fw)e™ % dw = Z 51n7£7(r2(xx_ / f(w)e™™* dw = Z sinc(2z — k) f(k/2),
-1 kez keZ
where sinc is defined by

sin(mz)

sinc(z) = vV e R\ {0}

T

and sinc(0) = 1. On the first glance it is not clear, why we are allowed to exchange integral and sum.
But actually, this is just a manifestation of Parseval’s theorem. If g, h € L?[—1,1], then

3 stwRtdw = )

kEZ

where §(k), h(k) are the Fourier coefficients of g and h. We summarize:

Theorem 2.3 (Shannon Sampling Theorem). For any f € PW, we have the pointwise representation

Zsmc 2z — k) f(k/2).

keZ

Furthermore, the series on the right-hand side converges absolutely and locally uniformly.

Proof. We already proved that the formula holds pointwise. To prove locally uniform convergence, we
use the Weierstrass M-test. First, we note that (f(k/2)). € (*(Z), as they are the Fourier coefficients
(up to a factor of two) of f € L?[—1,1]. For any compact set C C R, we find a K € N+ such that
for all k € Z with |k| > K we have
M < = uniformly over z € C.
7|22 — k| ~

k
) € (Y(Z) by Hélder’s inequality. O

This immediately proves the claim, as (

Next, we generalize this result beyond point evaluations. A fairly general idea is to consider
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samples of the form

= /1 B(w) f(w)e™™* dw,
-1

where B is a function in L>°[—1,1]. Clearly, b[f](—k) is the k-th Fourier coefficient of 2f(w)B(w) €
L?[-1,1]. In particular, (b[f](k))x € €%(Z).

Example 2.4. Choosing B(w) = 1 results in b[f](t) = f(t/2). A second important example is
B(w) = 2miw. A short calculation shows that

bf](t) = /R omiw f(w)e™™ ' dw = f'(t/2). (2.9)

The key insight of Papoulis’ work [67] is to replace the expansion by a more general one. As
an example, assume for the moment we wish to reconstruct an f € PW from samples b;[f](2k) and
ba[f](2k), k € Z, where by, by are of the form . Note that we pick every second sample, as we
have actually two types of samples at each point 2k.

If we had an expansion of the form, where z € R and w € [-1,1],

eQﬂ'imw =B (w) Z y](CU (x)627riwk + B2 Z y(2) 27mwk (210)
kEZ keZ

we were done — indeed, using the same idea as for the Shannon sampling theorem above, we obtain

1
— / f‘(w)eQ‘n'ia:w dw = ( / Bl 27r1kw dw + y / 32 27rzk:w dw )
- kEZ

—Zyk 2k)+yk (2)b2[f1(2k).

keZ
To understand how to obtain an expansion like (2.10)), we let
Z y(r) 27mwk r=1,2.
keZ

Clearly, Y, is 1-periodic in w and Y,.(-, z) is given as a Fourier series for every fixed € R with Fourier
coefficients y( )( ). Therefore, (2.10) can be written as a system of equations

2™ — By (w)Y; (w, x) + By (w)Ya(w, )

b o (2.11)
Tt = By(w+ 1)Yi(w,x) + Ba(w+ 1)Ya(w,x)

for all x € R and w € [—1,0]. This allows an interesting observation. Multiplying the system with

e~ 2™iW e see that the left-hand side is 1-periodic in x. If we assume that the system is regular, i.e.,

that

(Biiﬁ)l) Bf(if?l))

is non-singular for all w € [—1,0], the solution Y,.(w,z)e~2""* has to be 1-periodic in = as well. But
then

(T) / Y, (w,z)e _Qmwkdw—/ Y, (w x—k‘)dw—yor)(a:—k‘)— yr(x — k)

and we get
=Y i@ = k)bi[fI(2k) + ya(a — k)ba[f](2k).
keZ
The general statement is now quite natural: If we have sampling operators by, ..., b, and samples

b;i[fl(mk), k € Z, the functions Y, will be 2/m-periodic and (2.11) becomes a system of m equations,
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which has to be satisfied on [—1,—1 4+ 2/m)].

Theorem 2.5 (Papoulis’ Generalized Sampling Theorem). Given By, ..., B, € L>®[—1,1] such that
the matriz

Bi(w) Bs(w) B, (w)
Bi(w+2/m) By(w +2/m) B (w+2/m)
T(w) = : : :
Bi(w+2(m—1)/m) Ba(w+2(m—1)/m) ... Bp(w+2(m—1)/m)

is invertible for all w € [—1,—1+ 2/m] and furthermore that (T~ (w));x € L*[—1,—1+ 2/m] for all
Jk=1,...,m. Then for all f € PW we have the ezpansion

F@) =yl = km/2)bi[f(km) + - + g (x — km/2)bm[f](km), (2.12)
kEZ

which converges absolutely and locally uniformly. Here, (b;[f](n)), € €*(Z) is given by

mmmzfzwmﬂmwwm

-1

and y; € PW by

m —142/m
w@ =5 [ Ywade
-1
where Yj(w,x) : [-1,—-1+2/m| x R — C is the solution of

T (w)(Y;(w, 2))j1,....m = (2= F20=D/m)y,

Proof. By assumption, Y;(w,x) is given by
ij(w’ .’L‘) — tj’l(w>627riww N tj’m(w)eQTriw(w—i-Q(m—l)/m)7 (213)

where ¢; s € L?[—1,—1 + 2/m)]. Therefore, y; is of the form

m —142/m . 4 4
yi(e) = 3 / tia (W)™ 4t (w) e edrie(wam=1)/m) gy
—1

m —142/m ‘ 1 |
= — / tj,l(w)e27”1w dw+ -+ / tj7m(w —2(m — 1)/m)62mzw dw
2 -1 1-2/m

and in particular is an element of the Paley-Wiener space PW.

Next we observe that Y;(w, z)e 2% has period m /2 in z (at least for almost all w), due to ([2.13).
Thus, for all z we obtain (extending Y;(w,x) periodically in w)

m —142/m ‘ ‘
yj(x _ km/2) — 5 / 1 Yj(w,x _ km/2)6727r7,(w7k:m/2)we27r7,(w7km/2)w dw

m [—12/m ‘ 1t ‘
= —/ Yj(w, z)e ™ M dy = 7/ Y (w, z)e”™Fm dop.,
2 —1 2 —1

We see that for any fixed z € R, the Fourier coefficients of Y (-,2) € L?[—1,—1 + 2/m] are given by
(yj(x — km/2))x € £%(Z). This gives for all fixed z € R

m

e2riTw — Z Bj(w)Yj(w,z) = Z Bj(w) Z y;(x — km/2)e™kme

j=1 k€Z

in the L?[—1,1]-sense as functions in w. This already gives the pointwise equality, just as before by
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applying Fourier inversion and Parseval’s theorem:

f( 2T dw Z/ flw Y;(w,x)dw

SN ) (; R

1 kezZ

f(z)

Dnﬂs\

<.
Il

NE

yj(z + km/2)b;[f](—km).
1kez

<.
Il

Here we used that only terms of the form e™*™% do appear in the Fourier expansion of Yj(w,z).
Now we prove the locally uniform convergence. Again, relying on the Weierstrass M-test, we need
to show that for any = € R we find € > 0 with

max |y;(z — km/2)| < My,
zE€[x—e,x+e]

where (M) € ¢*(Z) may depend on y; and . Then we obtain that on [z — &,z + €], we have
ly;(z — km/2)b[f](km)| < My|b[f](km)| and (My|b[f](km)|)r, € €'(Z). Then, Weierstrass gives us
that

Sy (e — km/2)bi[)(km)

kEZ

converges absolutely and locally uniformly. We prove the existence of such (M), for general functions
in PW in the following lemma. O

Lemma 2.6. Let g € PW be given. Then for any closed interval I C R we have that

Zmaxm +n/2)| Nu|/\9 )% dy.

nez

Proof. First, it is clear that we may assume that = [—3, £]. Indeed, any longer interval can be split

into several subintervals I1, ..., I, covering I. Then we clearly have that

Zmax|g x+n/2)? <ZZmaX|g x+n/2)%

nez J=1n€eZ

Furthermore, it is obvious that if the bound holds true for one interval, it holds true for all of its
translates (which is equivalent to translating g).
For a fixed g and I = [ 3 9] let z,/2 € n/2 + I be chosen such that

|9(2n/2)| = max|g(z +n/2)|.

We obtain
! 2
Zmax|g z+n/2) Z l9(2n/2)|? Z / §(w)emwen dw iy )
nez nez nez 1V —1 nez

If we knew that (e~™*»"),, were a frame in L?[—1, 1] with an upper frame bound B € R independent
of (z,)n, we were done:

D

ne”Z

N 2T 2 ~
(@,e72™ ) 21 1| < BllglTepo :B/R\Q(y)PdZL

As sup,, |z, —n| < % < 1. this is indeed the case, a result of the extension of Kadec’s 2-Theorem to

frames, which is proved in [5] and [20], see also [21] Theorem 9.8.6. O

Remarks. 1. Our proof of Theorem follows the original proof by Papoulis, see [67]. Papoulis’
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generalized sampling theorem is well-known and found its way into textbooks, see for example
[29].

2. In [I1], stability of the sampling expansion is discussed and y; € PW proved. The author did
not find a source, which discusses the locally uniform convergence.

3. To check whether (T—1(w));r € L?*[—1,—1+ 2/m], a convenient method is to check if one can
find a ¢ > 0 such that

|det T(w)| >¢c>0 for almost all w € [-1,—1+2/m],

which even gives (T (w));x € L=([-1,—1+2/m] (and in particular Y;(w,z) € L>([-1,—-1+
2/m] x R)), by Cramer’s rule. This is discussed in [I1].

4. Later, we need a result like Lemma but for the L'-norm. See Lemma [2.10} where we also
list some related literature.

5. Note that
2 2
gy dy < max |g(x +n/2
/Rl )] nEEZ nax|g(z +n/2))|

holds trivially, as shrinking I decreases the right-hand side and the inequality holds with equality
(up to a factor of two) for I = {0}. This is due to the fact that g(n/2) is the n-th Fourier
coefficient of § (again up to a factor of two), a result we already used. However, by using the
lower frame bound it is possible to prove a much stronger result, namely

2 < 3 2
/R l9()* dy $r D min g +n/2),
nez
at least if I C (—l 1) is satisfied.

878

Example 2.7. We now give an ezample, which will be of great importance later on. We pick
Bi(w)=1 and By(w)=_2miw.

As already discussed in Ezample this results in b1[f](t) = f(¢t/2) and bs[f](t) = f'(¢t/2). To
determine y;, we solve (2.11), which results in

}/Q(UJ,I) — %e2mwz (62711'1 _ 1) and Yi(’w,$) — 627riwm (1 4w — weQﬂ'ix) .

Calculating y1 and ys is straightforward:

0
yg(x) _ 1 / eZm’xw (627rioc _ 1) dw 1 eZTri:c _ 1) (1 _ e—27rix) _

1 B ( sin?(7x)
2w ) 4m2i2g

w2

0 . 2
2mixw 2mwix SH1 (TFZ‘)
y1(z) /_1 e ( +w — we ) w .2

Thus, we proved the expansion

sin?(7(z — k) sin?(m(z — k)) sin?(7x) fk) (k)
- k "(k) =
/(@) kezz m2(x — k)2 Fk) + m2(x — k) F() 2 Z(av—k:)erx—k7
which is (up to a different scaling) exactly the formula introduced by Jagerman and Fogel in [{7]. The
series converges absolutely and locally uniformly.

Remarks. 1. There are more examples of sampling expansions, which can be derived using Papoulis’
generalized sampling theorem. In particular, instead of using only the first derivative, it is
straightforward (though not easy to compute) to obtain expansions including higher derivatives.
These expansions predate Papoulis’ theorem and were first introduced by Linden and Abramson
in [56]. Another example is bunched sampling, i.e., using samples of the form f(km/2 + «;),
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where ¢;, j =1,...,m are pairwise distinct numbers in ] — 1,1[. A sampling theorem covering
this case was first proved by Yen in [100] and again can be recovered using Papoulis’ result.
These examples are already given in Papoulis’ work [67].

2. One might wish to obtain similar expansions for functions, which are entire but not in L*(R).
At least for bounded, entire function of exponential type 27, one can easily use the presented
results, by noting that if f : R — C is bounded and of exponential type m, we may consider

(0 if2=0
9(2){‘§<£>2f<o> o

otherwise.

Then g € PW, by the well-known fact that an entire function f of exponential type 7, which is
bounded on the real line, satisfies | f(2)| < e7I9%l —see [10], Theorem 6.2.4, and the Paley-Wiener
Theorem [2.2] Hence, we can apply the aforementioned results. Just to give an example, using
Shannon’s sampling theorem results in

1) =T T o)+ S vt (74 5 )

™
kEZ
k%0

This formula is well-known, see for example [I02], Theorem 7.19. Using ¢ in the derivative
expansion from Example results in another useful representation, see [94], Theorem 10.

Now we give a multivariate extension of Papoulis’ sampling theorem. We only need an expansion
using tensor-type sampling operators of the form

blf1(k) = /[ L BW(wy) - BD(wy) f(wy, ..., wa)e? W0k q (.. wg)

for k € Z% and f € PW(R?). Therefore, the multivariate theorem is an easy corollary of the univariate
result.

Theorem 2.8 (Papoulis’ Sampling Theorem - Multivariate Case). Given Bj(.k) € L*[-1,1], j =
1,....m and n = 1,...,d such that for all k the functions B](k),j = 1,...,m satisfy the conditions
given in Theorem . Then for all f € PW(RY) we obtain

= Z oD (er —mh1/2) -y D (wa — mka/2)bj, .5 ) (km), (2.14)

k€EZ4 j1,---,Ja=1

which converges absolutely and locally uniformly.

Here, for each n =1,...,d the functions yj(-n) € PW are related to BJ(-n) as in the univariate case
and bj, .. ;. [f] is given by

bjh,,_,jd[f](k)z/ BD (wy) -+ BO (wa) f(wn, .., wa)e @ w d (wy, wg).

Proof. First, note that b;,, ;,[f](k/2) is the k-th Fourier coefficient of B](.ll)(wl) e B](.j) (wq) f(w) €
L?[—1,1]% and therefore in ¢2(Z%). Further, we already know that (yj(n)(xn —k/2)) € (?(Z). Thus, the
right-hand side of (2.14) converges absolutely in each point 2 € R?. Now we have the decomposition

m

d
62w1x~w — eszxlwl . e27TZfI,'d'IUd — H E Bj(n) (wn)}/j(n) (wnaxn)
=1 \j=1

1 1 d d
= > B (w)Y (wi,21) - B (wa)Y (wa, za).
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Using Fourier inversion and Parseval’s theorem gives

ﬂm)=/(Lufﬂ Wl = §j (/ VBO (wn) Y (w1, 21) -+ B (w0a) Y (wa, 20) duw

SJja=1 L 1]d

m

= Z Z bj1 _____ ja [f](—kTTL) (21d H /1 }/;'(:L)(wngl.n)eﬂiwnkn dw")
n=1"Y"

J1se-ja=1keZd
m d
= Z Z bj17~~;jd [f](_km) H yj(:) (xn + knm/Q)
J1y-sJa=1 kezd n=1

The proof of the locally uniform convergence of (2.14) works exactly as in the univariate case, by
relying on the Weierstrass M-test. However, no multivariate version of Lemma [2.6] is necessary, as for
Q = Il X+ X Id

d
(o o —ka/2 P a—hafDl) e e
@1,--,2a)€Q R
follows directly from the univariate result. O
Remarks. 1. It is easy (though a notational burden) to use different numbers my, ..., mgy. Indeed,
we used the expansions in each dimension separately. It is also possible to cover the case that
supp f C [—a1,a1] X - -+ X [—agq, aq], where a; € Ry for j =1,...,d.

2. Sometimes it is of interest to obtain sampling expansions for f with supp f C K, where K is
some set in R%. Note that Theorem can be used to cover the case of K being a parallelepiped
by applying it to f(Q-) for a suitable matrix Q. A more detailed discussion can be found in [19].

3. This result is closely related to a more general result of Brown and Sa-Ngsari in [12]. They
state an extension of the linear system to the higher dimensional case. However, they do
not give any example and do not mention the tensor-product case. Our result on the mode of
convergence seems to be new.

Examples 2.9. We start by stating the multivariate analog of Shannon’s sampling expansion. This
is known since at least 1962, see [69]. Every f € PW(RY) can be written as

= Z sinc(2x1 — k1) - - - sine(2xq — kq) f(k/2),
kezd

where the right-hand side converges absolutely and locally uniformly.

Neat, we state the derivative sampling expansion. We let B{k) (wg) =1 and Bék)(wk) = 2miwy, for
allk=1,...,d. We use the notation 1 = (1,...,1) € Z¢ and 2 = 21. This results in

”UWﬂzflm@mV*wfvwwwwww=@1ﬂm, je 1,2},

Here, we use the usual notation: For j € N¢ and w € R?, w’/ = w{l .

0; = ... 8&‘1. We obtain for all f € PW(R?)

fa) = sin (7rx1) -sin? (7 q) Z Z _k 2 . (2.15)

kezd je{0, 1}d

it |jl = g1+ -+ ja and

where the right-hand side converges absolutely and locally uniformly. This expansion was first proved
in [19] (explicitly stated only for d = 2 and only pointwise) and reproved in [I8] (Theorem 11), where
the mode of convergence was explicitly given.
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2.2 Localizing Functions
We now turn to localizing functions. To state what we understand under a localizing function, let

xz € (—N,N)
z ¢ [-N,N|,
r=+N

|_|N(.13) =

= O =

where N € Nyo. Any function f € PW with f(z) < My(x) for all € R is called localizing function
(for My). Mainly, we are interested in finding functions f € PW minimizing

/RHN(;U) — f(z)da. (2.16)

These functions are sometimes called extremal functions. Of course, this question is interesting not
only for My. In fact, the first results in this direction are given by Arne Beurling in [9]. He gave an
entire function of exponential type 2w with B(z) > sgn(z), minimizing [, B(x) — sgn(x)dz. Clearly,
B ¢ PW? as sgn ¢ LP(R?) for all p € [1,2].

In the 1970s Atle Selberg noted that Beurling’s construction can be used to obtain extremal
functions for My. Indeed,

en(z) = —% (B(x — N)+ B(—N —x)) < Ny(z)

gives
/ Ny (z) —en(z)de =1,
R

which turns out to be optimal. The case where one wishes to find extremal functions in PW smaller (or
greater) than the characteristic function of an arbitrary interval is more tricky and was first announced
by Logan [59] in 1977. Much later, in 2013, a complete proof was given by Littmann [58], though we
do not need his result here.

We prove which f € PW are extremal for My without taking the detour of finding extremal
functions to sgn, which has the technical advantage that we can work completely in PW. The extremal
function is not unique, but it will turn out that only one of them has an additional property we need
later on - namely, a global maximum of f in zero. Beurling’s function can then be recovered by a
limiting process.

In the higher dimensional case extremal functions are not known. However, we construct localizing
functions, which suffice for our purpose. This builds on work of Carruth, Gongalves and Kelly [18].
We give some extensions of their work (which is limited to N = 1) and in particular construct a
localizing function F such that F' has its global maximum in zero. The function enables us to prove
the main results of this chapter in the next section.

But what makes localizing functions so interesting? Their usefulness comes from the fact that they
allow to overcome a basic uncertainty principle: No function can be too localized in the spatial and in
the frequency domain simultaneously. There are many results making this abstract principle precise
like Heisenberg’s uncertainty principle or Hardy’s uncertainty principle. The Paley-Wiener theorems
are also connected to this observation. The Fourier transform of a perfectly localized (i.e., compactly
supported) function is an entire function (and therefore in particular not compactly supported).

Now My is perfectly localized in the spatial domain and therefore not localized in the frequency
domain at all (F My (w) decays only like w=!). However, by estimating My > f, where f is any
localizing function, we replaced My by a function perfectly localized in the frequency domain.

As a preparation, we give an instance of Poisson’s summation formula, slightly different from most
results in literature. To this end, we need the following lemma.

Lemma 2.10. Let f € PW3(R?), then

ST )] Soa / £ ()| da.

keZa R



18 CHAPTER 2. STABILITY AND WELL-POSEDNESS

Proof. We extend a technique used by Wiener in [98], Lemma 6. Pick a smooth function ¢ : R — R
with supp ¢ C [~26,26]¢ and ¢(z) = 1 for all x € [~6,5]. Then

f(z) = fw)e?™ ™ dw = [ f(w)p(w)e™™ ™ dw
Rd Rd
= / fw) [ dlu—a)e*™ dudw
Rd

/ H(u — ) f(u) du

Now, due to the smoothness of ¢, we know that ), ;4 |p(u — k)| € L=(R?) and we obtain

Z|f |</ |f(u |Z|¢U— |dUN5d/\(u)|du.

kezd kezd

Remarks. 1. Note that if we additional assume that the ¢ in the proof is even, we have that
fl@)=fx6(x).
This is not surprising, as ¢ does not filter the frequencies in [, §]<.

2. It is easy to see that one can use the same idea to prove a stronger result. Namely, let D C R?
be compact, f € PW3(R%). Then

max|f + k)| <p.sd |f(z)] da.
by J.

In the case d = 1, this is exactly the result by Wiener in [98], Lemma 6. Note the relation to
Lemma . Where a similar result for f € PW3(R) is given.

3. There is a result covering arbitrary, positive p > 0, by Plancherel and Polya [71] (Theorem 3,
formula 127). Namely, they prove that for any F' of exponential type and any positive p,

[FRIPS [ [F (@) de.
ZIrs),

However, the author feels that using the elementary argument given above is interesting in its
own right and makes this work more self contained.

Theorem 2.11 (Poisson’s Summation Formula on PW'). Let f € PW§(R?) be arbitrary. Then

Z f(k)e—Qm‘lmc — Z f($ _ k)

kezd kezd
holds for all x € R, where both sums converge uniformly on compact sets.

Proof. By assumption, f is continuous with support in [—6, §]?. We denote the periodification by

=Y fla—h) (2.17)
kezd
The Fourier coefficients of G are given by
Cp = / G(x)6727rix.n dl’ = / Z f(:r — k)6727r7;($7k)'n dI’
[0,1]4

[0,1] ) c7a

f(x)e*%”'” dz = f(—n).
Rd
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By Lemma [2.10] the Fourier coefficients of G are summable. Hence, its Fourier series is absolutely
convergent and a continuous functions, almost everywhere equal to G. But due to the bounded support
of f, the sum in (2.17) is actually finite and G is continuous as well. Therefore,

Gla)= ) fla—k)= D fk)e >m*e.

kezd kezd

Remarks. 1. The special case + =0 and ¢ = 1 is stated in [I§].

2. Usually, Poisson’s summation formula (for functions in L!(R?)) relies on additional decay prop-
erties of f and f, like | f|(z), |f|(z) < (14]z|)~%¢, where & > 0 (see for example [36], Proposition
1.4.2). This is necessary, as there are functions f € L'(R) N C(R) with f € L*(R) N C(R) such
that both series converge absolutely and the formula still fails to hold, see [50], p. 130.

We are now ready to prove lower bounds for ([2.16]).

Proposition 2.12. For any f € PW and any N € Ny with f(z) < My(z) (making the tacit
assumption that f is real valued), we have that

/ Ny (z) — f(z)dz > 1.
R

Equality holds if and only if f satisfies

():{1 keZ, |kl <N and f’(k;):O for allk € Z\ {£N}.

k
f 0 keZ, |k|>N

Proof. First, we notice that
/ My (z) — f(z)dz = 2N — / f(x)dz = 2N — f(0).
R R

Now, if f ¢ L*(R), the inequality holds trivially. We therefore assume that f € PW', which implies
that f is continuous. Thus, f(k) =0, k € Z\ {0}. Poisson’s summation formula yields

/RnN(x) — f@ydz=2N =S f) =2N = 3 f(k) = 1,

keZ keZ

where the last inequality follows from f(k) < 1if |k| < N and f(k) <0 if |k| > N.
This already explains the first set of conditions. The second set follows easily from the fact that
f has to have local maxima at k € Z\ {N}, again due to f(z) < My(x). O

Now we have to construct such an f € PW. To this end, we invoke the expansion of Jagerman
and Fogel, as given in Example 2.7 Plugging in the necessary conditions we just proved, we obtain

-2 (19 119 5

As we wish to have f € L!'(R), we have to have that —f'(N) = f’(—N). Therefore, we have to find
for which a € R the function

sin?(mz) ! ! 1 sin?(mz) 2N« 1
5+ Z (z — k)2

2 I+N_JC—N+ (x — k)2 TR N2 —z

|k|<N |k|<N

is pointwise smaller than My. This is a little bit tricky and requires some non-trivial inequalites, as
we will now see.
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Proposition 2.13. For o € [2]2\[1\_,1, 212\];1], the function

.2

sin®(7x) 2N« 1

Fan(z) = 2 NZ_ 2T ) (x — k)2
|k|<N

satisfies Fo n(x) < Ny (z) and minimizes (2.16) among all f € PW minorizing Ny. If a < 2]2\7]\71,
this is no longer true.

Proof. We have to prove that F,, n(z) < My (z) for a € [2J=L 28] We start by proving Fi, v (z) <

0if |z| > N. As F,, y is even, we can assume that > N. Further, for x = N this is obvious and for
x > N the claim is equivalent to

Z( L __ 2Na (2.18)

x—k)2 — 22 - N2’
|k|<N
Multiplying with 2% — N2 and letting z — oo, we see that o > 25°=1 is necessary. We show that it is
sufficient as well. To this end, we can restrict ourselves to the case o = 212\[ ~ L We note that

(x—k)? > (a:—k;—;) (a:—k—i-;)

1 1 1 1

. _ B

klz<:1\7(%k)2 ,;N(x—k—é)(:z:—lu_%) ngxké t—k+3
1 1

c-N+1 z4+nN-T

and therefore

Elementary rearrangements give

2N71> 1 1
t2-N?2 " z-N+3 z+N-3

(2N —1) (m—N—&-;) (x—l—N—;) > (2% — N?) <x+N—;— (m—N—&—;)) &

1 2
oo (v ) e

and (2.18) is proved.
Now we like to prove that Fi, n(z) < 1 for || < N. This is clearly true when z € Z and by
symmetry we can assume that z > 0. Using the well-known formula

sin?(rz 1
b= w(2 )Z (z — k)2

we actually only have to prove that
2N« 1
< — .
N2 — 2 — Z (x _ k)2

Clearly, it suffices to check the case @ = (2N + 1)/(2N). We use the fact that the trapezoidal rule
overestimates convex functions to obtain

Z 1 >1 —i—1 ! +/001dy+/_N1dy
D T S T LY C Al N e R A PR
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Again we are left with a few elementary rearrangements, we state them for completeness:

1 1 Jrl 1 n 1 n 1 N 2N +1 -
2(x—N)2 2(x+N)2 N-z N+ax  N2—22
1<N+x N—=x

N—x+N—|—x

>+N+CE+N—:E>2N+1,

2
which is true as a+a 1 > 2 for all a € R<o. O
Remarks. 1. Selberg’s minorant, as stated in [94], corresponds to the case « = 1. The author was

not able to find the result of Proposition 2.13] in the literature, though the non-uniqueness of
extremal minorants is certainly known (it is for example mentioned in [18]). In [34], p. 289, the
corresponding result for majorizing functions is stated and credited to unpublished work of A.
Selberg, but without a proof.

2. While our approach can be easily extended to find minorants of an interval [A, B] with A, B € Z,
the general case is more difficult. However, one can use this approach to get Beuerling’s majorant
of the sgn-function. Indeed, it is not difficult to see that

FI,N(x —N) — F(.’L‘)

locally uniformly. Note that o = 1 is the only possible choice working for all N € N5g. Then

k=1
_ sin®(ma) <2+°° 1 & >
72 x ;(x—k)Q kzzo(x—i—k)2

is a minorant of sgn. The corresponding majorant —B(—x) is exactly Beuerling’s majorizing
function and satisfies

/ —B(—z) —sgn(z)dz = 1.
i

For any interval [, 8] C R, one then obtains a minorant by considering

1

Yap(@) = 5 (Bl —a) + B(=2 + ) < Xfa,p(2)- (2.19)

This is Selberg’s original approach. He then proved that

/RX[a,,e] () — Yo p(x)dz = 1.

Note that we are only able to obtain Fy n this way and not the functions we need later on. See
[94] for more information and proofs. However, if 5 — « ¢ Z, this minorant is not extremal.
Extremal functions in this case were announced by Logan in [59]. A proof appeared much later,
by Littmann [58].

This concludes the univariate theory of extremal functions we need. In higher dimensions, the
results are more complicated. We formulate the problem as follows:
Find f € PW¢ minimizing / M4 (z) — f(x)dz subject to f < M%, (2.20)
Rd

where M4, = X[-n~,n]4- Up to today, no extremal solution are known. However, it is known that there
are functions attaining the minimum, a result due to Carruth, Gongalves and Kelly [18].

Theorem 2.14. The minimum in (2.20) is attained by a function F € PW¢, Furthermore, there
exists a solution with the symmetries of a square, i.e., for all permutations o of d elements it holds
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that

F(zi,...,z4) = F(|lzo)ls - [To@)])s for all z1,x5,...,24 € R.

The existence part follows directly from Lemma 12 in [I8]. That symmetry can be assumed is
stated implicitly and follows easily from the observation that the symmetrization of an F' € PW

1
Fsym(l‘) = W Z Z F(Elmg(l), ce ,Edl‘g(d))
Tee{+1}d o

is still admissible and attains the same value in ([2.20)).

In the next propositions, we highlight two of the main differences between the one and the higher
dimensional case. Already the higher dimensional analog of Proposition shows an important
difference, as the lower bound growth with N.

Proposition 2.15. For any f € PW(RY) and any N € N> with f(z) < N4 (x), we have that

/ My (z) — f(z)dz > (2N)4 — (2N —1)? > d(2N — 1)4- 1L
]Rd

Proof. The proof is a straightforward generalization of the one dimensional result. Clearly, we may
assume f € PWH(R?). As f(k) < 1if ||kl < N —1 and f(k) < 0 otherwise, using Poisson’s
summation formula, we obtain

[ Pv(@) = @) do = (28)7 = f(0) = 2N = 3 £(0) = (2N) - (2N < 1)"

kezd

The second inequality is a direct application of the mean value theorem. O

But the main problem is that this lower bound cannot be achieved. Again, this result is due to
Carruth, Gongalves and Kelly [18] in the case N = 1. We give a modified proof for arbitrary N.

Theorem 2.16. Let F € PWY be given, minorizing M4, where d > 2. Then
F(0) :/ F(z)dz < (2N — 1)<,
Rd

Proof. As already explained, we may assume that F' obeys the symmetry of a square. Furthermore,
the previous proposition already established F'(0) < (2N — 1)%. We start with the case d = 2 and
assume that F'(0) = (2N — 1)2. This however is only possible if

Flm,n) = {1 i ml, || < N

0 otherwise.
As F <%, all points (m,n) not of the form (&N, n) or (m,£N) with |n|,|m| < N are local maxima
of F. In particular, the partial derivatives vanish. They vanish at (m,n) with |m| = |n| = N as well,
due to the surrounding sign pattern and F'(m,n) = 0. For the same reason, we have 9, F(+N,n) =0
and 0y F(m,£N) = 0 whenever |m|,|n| < N.

Now we use the representation of F' by the derivative sampling expansion, as stated in (2.15]).
We see that the functions = — F(z,n) and y — F(m,y) are zero for all |n|,|m| > N. Therefore,
O?F(n,m) = 03F(n,m) = 0 for all |n|,|m| > N. But these (m,n) are local maxima and the second-
order necessary condition is given by

O2F(m,n)02F (m,n) — (010:F (m,n))* > 0.

Hence, 0102 F(m,n) = 0 at such points. Up to now, we followed the proof given in [18] closely. Now
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we plug all gathered information into the derivative sampling expansion ([2.15)):

2N81F(N, n)
MR PN T

In|<N

Flay) = sin®(7x) sin” (7y) Z

4

ey (&= M)y —n)?

n Z 2NOyF(m, N) n Z 4mnd1 02 F (m,n)

(7 = N?)(a —m)? (@2 = m)(y? — )

|m|<N 0<m,n<N

Next, for € > 0, we consider

we?

G(k,e) NZ2 4 e,Vk?+¢) <0.
( PV v sm2(7r\/N2 +e)sin®(mvVEZ +¢) —

Letting € go to zero, we obtain for all |k| < N
0102 F (N, k) <0. (2.21)
Now we form the limes
N
0> lim G(k,e)k* = e > 2N F(N,n) +edN Y ndd,F(N,n) + O(e?).
|n|<N n=0

Note that this inequality also holds for € < 0. Therefore, we have

N
> 2NOVF(N,n) +4N > nd 10, F(N,n) = 0. (2.22)
|n]<N n=0
But z — F(z,n) is in PW', minorizes My and is equal to one at z = —N +1,..., N — 1. Therefore,

this function is actually of the type F,, n as presented in Proposition with

2N -1
2N

a=—0F (N,n) >

This leads to a contradiction: 9y F(N,n) < 0 and ( contradict (2.22).
The case d > 2 can be easily deduced from the case d = 2. Indeed, if F' € PW? minorized I_I and
F(0) = (2N — 1)%, the function F(z,v,0,...,0) € PW? would contradict the case d = 2. O

Remark. One of the main results in [18] is, that for all dimensions d larger than a critical threshold,
the function F' € PW? minorizing M% and maximizing F'(0) is the zero function. However, no bound
on the critical dimension is currently known.

Though no extremal functions are known in the higher dimensional case, there are some explicit
constructions of F € PW? minorizing 4. In the following discussion, we focus on the two dimensional
case. It is intriguing to start with a tensor product ansatz, for example

F(z,y) = Fon(2)Fa,n(y)-

However, this is not a minorant, as F(x,y) > 0 if |z|,|y| > N. This unfortunately shows that the
function proposed in [54] is actually not a minorant.
To fix this, one has to add a correction term. One suggestion is to consider

o) = . 3 sin?(mz) sin®(my) 1
F(z,y) = Fin(2)F1n(y) g m’nZ::iN (z —m)2(y —n)?’

i.e., subtract a function, which is minus one at the vertices of [~N, N]? and zero at all other points
in Z? (also, all partial derivatives occurring in are zero at all points in Z?2). This is Selberg and
Montgomery’s construction (which agree in this instance), see [I8] for a more detailed discussion and
additional references.
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To improve on this construction, we consider functions of the form
Fy(z,y) = F%N(x)F%N(y) — C%*Gn(2)GN(y), (2.23)

where C' > 0 is a constant and

_ sin®(rz) 1 1 2
Gn(r) = 2 <(a:—N)2+(a:+N)2_x2—N2>'

Note that G and its first derivative are zero at all k € Z except k = £N.
Proposition 2.17. Let Fy € PW? be given by (2.23). Then Fy < nd, if C > % and

Fn(0) = (2N —1)2 — 1.

In the special case N = 1, we can choose C' > %, which results in Fl(O) = 3/4. We subsequently use

Fn to denote the function with C' = % for N=1and C = % otherwise.

Proof. Note that Gy (x) > 0 for all € R. The only thing left to prove is Fy(z,y) < 0if |z|,|y| > 0
and C' = % This follows from

Gn(x)
‘F2§§17N(x)’ < 5 for all || > N.
Equivalently, we have to show that
2N —1 1 1 1 1
_ < — V. N.
x2 — N2 Z (:z:—k)2_2(x—N)2+2(;z:+N)2 z2 — N2’ v

|k|<N

As already in the proof of Proposition 2.13] we use that the trapezoidal rule overestimates convex
functions, which implies

2N _/N L e 1 Py [
2 - N2 |y (z—y)? y_2(l’+N)2 ‘k|<N(x7k)2 2(x — N)?

and the claim follows. To calculate FN(O), we again apply the Poisson summation formula and obtain
Fy(0)= Y Fy(k) = (2N - 1)* — 4C*.
kezd
In the special case N = 1, we apply a more direct approach. Note that

L (v, 1 2\ 4C
x?(x?2—=1) ~ (x—1)2  (z+1)2 1-22) (22-1)2’

IFy 1 (2)] =

which is equivalent to

2 —1

oz =C

This, however, holds true for all [z| > 1 whenever C' > 1. O

Remark. The case of majorants is a lot easier. Indeed, if Hy is a majorant for My, the tensor product
H(z1,...,2q) = Hy(z1) - Hn(24)

majorizes % and is even extremal, as virtually the same argument used in Proposition shows.
This tensor product construction was first given by Liao [54].

Finally, we give a short list of other approaches. Closest to the here presented minorant is the
function constructed in [I8] (covering only the case N = 1), which is given by
. 1 -

F(z,y) = Fy 1 (2)Fy 1 (y) 16G($)é(y),
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where

G(x):siHQ(va)(( 1 4 1 N 2 >

™ x—1) (x4+1)2 22-1

This results in a better (that is larger) F'(0) = g—i, we gave F) just for reference. However, the property

we need later on, that F has a global maximum at zero, is not satisfied (even when the paper actually
states that they numerically observed this). F», on the other hand, has this property. Whether such
a function exists for the case N = 1 remains open.

For the already mentioned functions constructed by Selberg and Montgomery, we refer the inter-
ested reader again to [18].

If one changes the problem a bit, a lot more is known. Most notably, if one wishes to find functions
satisfying

supp F' B3, F < xpe, (2.24)

where B? is the ball {z € R? : ||z||, < r}, extremal results are given by Holt and Vaaler in [43].
A very nice and explicit construction in the case of

supp ' C B | F<xps (2.25)

for p € [1,00] is due to Komornik and Loreti, see [51]. The basic idea is as follows: Pick the function
G € H}(BP) (where H}(BY) denotes the usual Sobolev space), which is an eigenfunction of —A (where
A is of course the Laplace operator) corresponding to the smallest eigenvalue of —A. This function
is known to be positive. Then

F=(R*+A)G*G,
F(z) = (R - |2[*)|G]*(x)

satisfies ([2.25)). For more details we refer to [5I]. One interesting extension of this idea is to replace
ak

the Laplace operator with > ; 507~ Then a similar construction yields functions satisfying
J

suppFCBQ",‘E7 FSXB;-

This idea has been investigated in [52].

2.3 Conditional Well-Posedness

We are now ready to prove the main results of this chapter. In the first part of this section, we restrict
ourselves to the univariate setting. Recall that we are interested to give a good lower bound to

N
IPn(F=9)l3= Y I(f—9)k)P,

k=—N

where f,g € S' have well-separated frequencies. We collect such exponential sums in

SUq)={fe8" : sepf>q}.

We start by the now classical results for Py (f). We use the dilation operator, defined by

Dil, f(z) = f(ax).

Recall that
FDil, = id Dili F,
a «

a relation we will frequently use.
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Theorem 2.18. Let f € S'(q) for q € (0,1] and two integers A < B be given. Then

B
SR > (B A2 1) 112
k=A q

Proof. Let ¥q(a—1),q(B+1) be defined as in (2.19). Then

1 z€(A-—1,B+1)

g = Dil _ <
(z) ily Yg(a-1).q(8+1) (%) < {o r¢ (A—1,B+1)

and we can calculate, using Poisson’s summation formula, as given in Theorem [2.11

B
D RPER) =D [ f(k)PU(k)
k=A

keZ

— Z Cygze%ri(yfw)kll,(k)
y,weY S kEZ

= Z cyﬁzkil(w—y—k).
y,weY f kEZ

But \i/(w) = %ﬁq(A,l)’q(BH)(w/q), in particular it is a continuous function with supp ¥ C [—q,4],
which implies that for all k& and all w # y € Y/ we have that \il(w —y —k) = 0. Further,

A 1- 1

v(0) = 5¢q(A—1),q(B+1)(0) = 6((3 —A+2)g-1).
This finishes the proof. O
Remarks. 1. The case ¢ = 1 is only possible if f(z) = ce?™®*. Note that in this instance, the

lower bound is exact. Furthermore, the lower bound is only non-trivial if ¢ > 1/(B— A +2). In
particular, ord f < B — A 4 1. This is sharp, as for every Y C [0,1) with |[Y|=B — A+ 2 we
can find a f € S* with Y/ =Y and f(k) =0forallk=A,A+1...,B.

. This clearly gives for all f € S*(q) the lower bound

1
NG (2N+ 2 q) e 2.

. Note that this bound is slightly better than the original bound, obtain by Moitra in [62] by

more or less the same method. This improvement is due to the fact, that we used ¥g(a—1),q(B+1)
instead of ¥g4,4p. It also improves on a result given in [4], which is itself an improvement on
Moitra’s result, relying on a different method.

. Virtually the same argument, but using the majorant instead, gives an upper bound, namely

B
SR < (B Sy ;) 12 v esia).
k=A

Details can be found again in Moitra’s work [62] as well as in [94]. Note that in this case we
have to use the majorant of [¢A, ¢B]. Also, the case ¢ = 1 again results in equality.

This result can be reinterpreted as given bounds on the singular value of Vandermonde matrices.

This was exactly the main motivation in Moitra’s work. We repeat the argument, again obtaining
slightly better results for the lower bound. We remark that the more general case of nodes in the unit
disc is covered in [4].

Definition 2.19. For N € N* and y € [0,1), let

) ) T
un(y) = (17 e 62’”1’(]\[—1)) eCN.
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For yi,...,ysm € [0,1) we define the Vandermonde matriz

VN1, ym) = [on(y1) -+ vn(yar)] € CVXM.

If yi,...,ym are clear, we use the notation Viy. Recall that if y; are mutually distinct, Vn(y1,...,ym)
has full rank.

Corollary 2.20. Let y1,...,ym € [0,1) have separation distance q. Let oyin and omax be the smallest
and largest singular value of Vn(y1,...,ynm) respectively. Then the following bounds hold true:

1
O—Enan(N+1>
q

1
a?naxg<N—1+>.
q

Proof. For any ¢ € CN we let

which gives

N-1
IV (g, oya)ells = D (R
k=0

Using the aforementioned results together with the fact that omin(A4) = ming- ||Az||2/||z]|2 and the
corresponding result for the largest singular value gives the state bounds. O

Remark. Again, it is interesting to compare with Moitra [62], who gave the lower bound

1
o2 > (N1>
q

and Aubel and Boleskei [4], who proved

1 1
aiﬁnz(N—i——).
2 g

While our gain seems to be small, it covers all possible ¢ and in particular more cases of square
Vandermonde matrices, as only if g < % one can find N frequencies, which are g-separated.

Now we extend this technique to estimate the difference f — g of two well-separated exponential
sums. Let ¥ as in the proof of Theorem [2.18) and

f(a:): Z c£e2wiym’ g(a:)z Z Cg/eQﬂ—iy’m.

yey s y'eYs

Following the calculation in Theorem [2.18] we obtain

B B
SR = g®)P =D (k) — g(k)PU(k)
k=A k=A

_ Z cggzezm(y—w)k\y(k)_i_ Z cglcTw, ezm(y’_w/)k\l,<k)

y,weY S keEZ y W' ey keZ
.9 2mi(y—y' )k
+ 2% E E cyCy ) € U(k)
yeYl y €Yy kEZ

If f,g € S'(2q), for any y € Y/ there is at most one 3’ € Y9 with |y —y/|r < ¢. We call ¢’ = n(y) the
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neighbor of 5 and collect all y € Y/ with a neighbor N(Y/). The sum simplifies to

B
Z;llf(k)*g(k)lzz\f/(()) DIl DAl 2R D e, Uy —n(y)n) | (2:26)
k=

yey s y'eys9 yEN(Yf)
Now we need the Fourier transform of U. We calculate it in the following lemma.

Lemma 2.21. The Fourier transform of

sin?(7x) 2N« 1
Fan(@) ="—"|3z—2+ 2 (@—k?

x
|k|<N

is given by

Fn(w) = {:Sin(%Nﬂ’D +(1—|w))Dn_1(w)  for |w| <1

0 otherwise
where Dy _1 is the Dirichlet kernel of order N — 1, which is given by

N-1
Dy_1(w)=1+2 Z cos(2mkw).
k=1

Proof. We only sketch the proof, which is an easy calculation (at least if one uses the theory of
distributions). Using the Fourier convolution theorem gives

F Z m (w)=F sinc? * Z Ok | (w) :]-'[sinc2](w)']: Z O | (w)

[k|<N [k|<N
= (1 = [w])Dn-1(w).

The other part follows by

: 2 2riNw
F {W} (w) = 2N (Flsine] * Flsin(rz)]) (w) = & T (x[_%,%] * (63 — 5_%)) (w)
ST ifwe [0,1],
=T fwe [-1,0],
0 otherwise.

Furthermore, we need reasonably sharp estimates of sin and cos.

Lemma 2.22. We have that

23
sin(x)zm—g Vo >0
22
cos(z) > 1— 5 Vo € R.
Furthermore, the following upper bounds hold true:
1 2
sin(r) <z —2* (6 - 17;()) Vz € [0, 7]
1 2
cos(alc)gl—az:2 (2_3—6> Vo € [—g,g]

Proof. We sketch the basic proofs for the reader’s convenience. The first two inequalities follow from
integrating sin(z) < x once (respectively twice).
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The upper bound for cosine can be derived by using the Taylor formula, which gives the existence
ofa&e [—f E] such that

272
x? cos(§) w2
g ta wel 3]
cos(x) 1—|—2 2 < 967 Vo € 273
The corresponding result for sine follows similarly. O
Now consider F, ;(z). Clearly, F,, ; is even and

Fl 1 (w) = 2acos(2mw) — 1 for w > 0.

Therefore, 13‘,171 has a local minimum in zero except when o = %, the smallest possible choice. F% 1 s
monotonically decreasing in [0,1]. We use this function to obtain our first stability result.

Proposition 2.23. Let f,g € S'(2q) be given. Assume that q > N+1 and that

N
1PN (f =95 =D |f(k) = g(k)]® < con(N +1), (2.27)

k=—N

where cmin s a lower bound on the modulus of the coeﬂicients of f and g. Then for everyy € Y7 we

find exactly one y' = n(y) € Y9 with |y — | < 2(N+1) and vice versa.

Furthermore, we get

3V Y (P + 1 Ply —nw)) + ot 3 Jef — )P < IPw(f ~ )l (229

yey s yey s
Proof. We use
U(x) = DilN#+1 Flé(x),
which satisfies U(z) <1 and ¥(k) <0 for all |k| > N + 1. Now we use and the algebraic fact
(|a> + [b]*)C — 2cR(ab) = (C — ¢)(|a|* + |b]*) + |a — b|?c for all a,b,¢,C € C
to obtain

N
SR g > S (el + 1, P E0) — By — nly)le) +lef — e, PE(y — n(y)lr)

k=—N yeEN(Y )

+0(0) S+ DD I

yEYI\N(Y ) y' ey’
n(y)

As U(0) = N + 1, assumption (2.27) gives that Y/ = N(Y/) and Y9 = {n(y) : y € Y/}, i.e., for
every y € Y/ we find exactly one 3 € Y9 with |y — 9| < q and vice versa.

Now we estimate

B(0) — () = (N +1) ((N + 1] — % sin(2m(N + 1)|x|)> for Jo] < .

Using Lemma gives

R . 1 2
F(0) — (z) > 42 ( - ”) (N + D4z > 3(N +1)4z®  for |2] <

2.2
6 120 (2:29)

1
2(N +1)
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while sin(z) < 0 on [, 27] gives

B(0) — D) > (N + 12| for |a] € [2(N1+ 5 — 1] |

Now if there were a y* € Y/ with |y* — n(y*)|r € [ } we would get

_ 1 1
2(N+1)> N+1

N

S 1) = g = (jef- 2

k=—N

Again, (2.27)) gives rise to a contradiction. Therefore, we can use (2.29)), which yields

2) (B(0) = ¥(ly* — n(y")Ir)) = 262N + Dy = nly*)lr.

n(y*)

S 1) — g B = 38 + 11 Y (el et Ply = n@)E + e — et PE(ly — ny)l).

k=—N yey s

Finally, the monotonicity of ¥ together with |y — n(y)|r < m and \II(Q(NH)) = NEL gives the
result. O

Remarks. There are some possible variations of this result. For example, if one observes a very
pronounced frequency y € Y7, i.e., |cy| > Cmin, and one is only interested to see if a close frequency in
Y9 exists, it is possible to relax (2.27) to |Pn (f —9)|I3 < Nley|?, to get an error estimate for d(y, Y).
We refrain from giving the details, trusting that any reader interested in such results can carry out
the necessary analysis him /herself, following the proofs presented here.

The condition (2.27)) ensures that f and g are close enough so that the frequencies of f and g can
be related. As

PN (f = (f + cmine®™¥))[3 = (2N + 1)c,

shows, it is (up to a factor of two) necessary.

A similar observation shows that the rate in cgj - (y) iven in (2.28) is optimal. Indeed,

1Py (ce®™ = (c+c1)e*™ )3 = (2N + )les .

Of course, we are mostly interested in the frequencies. We consider a similar test case in the following
lemma.

Lemma 2.24. The following estimate holds true:

) A2
”P ( 2mi(y+e)- 2Ty ”2 Z ‘627m yt+e)k 27rzylc‘2 < %(N_’_ 1)362
k=—N

More generally, for two integers A < B and € > 0 sufficiently small we obtain
B
Z |€27r1(y+s)k _ e?‘n’zyk|2 ~AB 62.

Proof. This is the result of a direct calculation, using the mean value theorem:

N(N +1)(2N +1)

N N N
Z ‘62wz(y+s)k _ ezmyk|2 _ Z |627rzsk _ 1‘2 < Z Am2k262 — 4r2£2
k=—N k=—N k=—N

For the second claim, < p follows by the same calculation. The lower bound on the other hand
follows with

|e2milytelk _ o2mivk|2 — 9 _ 9 cos(2nek) > 8mk2e?

for ¢ sufficiently small, due to 1 — cos(nt) > mt? for all [t| < 1. O
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Remarks. 1. The Lemma proves that any family of exponentials (62”9')y€y satisfying a lower
bound like
2
lell3 S|P Z c, eXmY , forall ceCY,
yey

2

has to be reasonably well-separated. For a precise statement, see [57]. Extensions to multivariate
exponential sums are available as well, see [75].

2. While not our concern here, sometimes one is interested in the case of distinguishing [ near-
colliding nodes (the lemma discusses the case [ = 1). A result covering this case is given in

[

3. The necessity for separation is even more important than the lemma indicates. In fact, there
are two f1, fo € S1(q) such that exponentially small noise makes them indistinguishable, if only
Pn(f;) are known, where ¢gN < (1 —¢). For a precise statement, see [62], Corollary 3.2.

Unfortunately, (2.28) only gives
G(N + 1)452 < ||7)N(627ri(y+5)' _ e27riy-)||g

which is strictly worse (as € < m whenever (2.27) holds). Before we give an estimate realizing
this order, we state an interesting consequence for functions in PW minorizing an interval.

Proposition 2.25. Let ¢ € PW be given, satisfying
¥(x) < x1a,8)(2)-
for any real numbers A < B. Then there is a neighborhood I of zero and a constant C > 0 such that
P(0) — Ph(w) < Clw|?,  for allw e I.

Proof. Following the lines of the proof of Theorem with f(z) = 1 and g(x) = €2™%% gives, using
Lemma [2.24]

: >A32|f (B > 2(5(0) - ().

O

Now we improve the order in (2.28]) to the optimal one. The proof is quite similar, only that we
use FQ% instead of FL%' However, we need Proposition to find for each y € Y7 a close neighbor
in Y9.

Theorem 2.26. Let f,g € S*(2q). Assume that q > Niﬂ and

k=—N

where cmin is a lower bound on the modulus of the coefficients of f and g. Then for every y € Y7/ we
find exactly one y' =n(y) € Y9 with |y — /|1 < 2(N71_~_1) and vice versa.
Furthermore, the following estimate holds true:

2 3
TN Y (P e Py~ @+ (V1) Y e — e 12 < [Pw (7~ o)l

yey s yey s

Proof. Let

1, if [z] S N +1
0, if |#] > N 41
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By again using sin(z) < x — fr—z for z € [0, 7] and

22
cos(z) <1—— for x €[0,n]
™

and Lemma we obtain for w € [O, i]

F,:(0)—F,3(w)=3— % sin(4rw) — (1 — w)(1 4 2 cos(2mw))

3 1 2 1 2
>3- 2 (drw—a33 (2 T\ wd) (1 o2 E TN 2
>3 i ( W T <6 96)w> (1—w) <3 8w 5 95 )V

4 4
1 72 1 x2 1 72

2t T 2 2 L T 3

=87 (2 96>w + 871 (6(6 96) 2+96)w

8 2
7%102.
Therefore,
T(0) — W( )>£2(N+1)3 2 forwe |0,
w=3 v CEPaN ]

It is a routine exercise to check that FQ% is monotonically decreasing on [0, 1]. Indeed,

13’2’}% (w) = 3cos(drw) — 1 — 2 cos(2mw) — 4w sin(2rw) (1 — w)
< 3(cos®(2mw) — sin?(27w)) — 1 — 2 cos(27w)
< cos(2mw) (3 cos(2mrw) —2) — 1 < 0.

By Proposition we find for each y € Y7 exactly one n(y) € Y9 with |y — n(y)|r < m and
hence

By - ) = Y1 h ('y‘”(y”(“”) > Ntlp (1) v,

2 4 2 - 2 1\ 4 8
Repeating verbatim the argument given in the proof of Proposition yields the claim. O
Remarks. 1. As already remarked, the exponents in the error term are optimal in N, |y — n(y)[3

and |cf — ¢ (y)|2, while all constants are explicitly given and reasonably large.

2. This result can be interpreted as a conditional well-posedness property of the frequency esti-
mation problem: If we use the model of well-separated exponential sums and have sufficiently
many samples available, closeness of the measurements guarantees closeness of the parameters
of interest.

One actual application of this result are a-posteriori error estimates. Assume we have given noisy
samples

SnN(f") =Pn(f7) +e,

where € is some noise vector satisfying ||e||2 < n. Further, assume that we used any recovery algorithm,
resulting in f. We cannot apply Theorem directly, as we do not know Py (f*). But we can
estimate

(PN (f) = 3n(f)llz +m)* 2 1PN (f) = Pu (£

and (at least if (2.27) is satisfied) give a rather tight error estimate. Note that we usually expect 7 to

be of order O(N). If, for example, all |e;| have values in [0, ¢min/4], we can choose n = QJZHcmin.
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Now we estimate the error of the frequencies. We have that

w2 3
TN YD (el 4 1) Py — )+ SV 1) 3 el e P
yey s yey’s

27r
yey s

This gives for the frequency error an estimate of the form

<|7’N(f) — vl \/WY
Conin (N + 1) 2(N + 1)

yeY f

The right-hand side is of order N—2. Note that we did not assume that e, are independent, this result
holds true even if the noise is of the form e; = =™ for a y € [0, 1).

To give at least one result with a more specific noise model, we consider the case of complex white
noise, i.e., ; ~ X;j1 +iX;2 where X;; ~ N(0,0?) for j = —N,...,N and [ = 1,2 are independent,
identically distributed normal random variables with mean zero and variance 2. This results in

N

1PN (F) = Sn(FNE = 1PN () = Px (5 + D (X71 +X55) — 2R(Pn(f — 7))

j=—N
= 1Pn(f) = Pn ()3 +0*Y = 20| Px(f = f9)]22,

where Z ~ N(0,1) (due to the rotational invariance of a Gaussian random vector) and Y ~ x3y .,
i.e., Y is x2-distributed with 4N + 2 degrees of freedom. Rearranging gives

Py (f) = Pn(f)ll2 = 02)® = |Pn(f) = sn(f)I3 = 0*Y +0° 2% (2.31)

Now we use standard tools from probability theory to bound Y and Z from above. The tail of a
Gaussian random variable can be simply estimated by:

t2
Pr(|Z]|>t)<e 2 forallt, >0, (2.32)
see for example [32], Proposition 7.5.
Further, the expected value of Y is given by EY = 4N + 2 and
Pr(]Y — (4N +2)| > (AN + 2)ty) < 2e-UNFDE/8 for all ¢, € (0,1) (2.33)

by the Bernstein inequality for sums of Gamma random variables, see [§], Theorem 2.57.

Corollary 2.27. Let f, f* € S1(2q) be fived with q > N Further, assume that we know [ and

+1-
Sn(f*) = Pn(f*) +e e CHNFL

where e; = X1 +1X;2 and X;,; are pairwise independent, normally distributed random variables with
mean zero and variance o. Then for any § € (0,1), if already

1
PN (f) = 38 ()5 = (4N +2)]* + 2+ V2)o (2N + 1)/ < (N + 1)12 (2.34)
the following error estimate holds true
2 3 .
N1 Y (el 1) Py — )R+ SN +1) 3 lef — ) P

yey /s yey s

< ([IPw () = 58 () = (4N + 9|7 + (24 V22N + 1)<1+6>/4)2’
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with probability of at least

1 — e~ @N+D)EFI2/2 o —(2N+1)°/8

Proof. Rearranging (2.31)) and the subadditivity of the square root give

1

1Pn(f) = Pn(f)l2 < (IPn(f) = Sn(f)I3 — oY +0°2°)* + 0|Z|
< |IIPn(f) = 3w (F)3 — o2(AN +2)|? + 20| Z| + oY — (4N +2)]3.
Next we choose in and in ([2.33)

(2N +1)%/2

a=CNHDIE = T

Then, with probability at least

1 — e t1/2 _ 9o~ UN+2)t5/8 _ | _ ~@N+1)1FI/2/2 5 —(2N+1)°/8

the estimate

PN () = Pr(F)ll2 < [IPx(F) = 3w (£ — o> (AN +2)|* + (2 + V2)o (2N + 1)(H+0)/1

holds true. The claim follows directly from Theorem [2.26 O
Remarks. 1. If one is only interested in the frequency error, we see that with high probability, we
obtain

Y ly-n@E=0N"?),

yeYy s

at least if the condition (2.34) is satisfied. However, understating the result as an asymptotic
estimate is a little bit misleading, as only f = f* satisfies (2.34) for all N.

2. It is possible to carry out similar calculations for different noise models. This is meant to be a
prototypical example, how knowledge of the noise gives rise to an a-posteriori error estimate.

Bivariate Results

Now we extend the univariate stability results to the bivariate case. Conceptually, we have little work
to do. Indeed, virtually the same proof strategy works in this case as well. We always consider a
sampling set of the form

Gy =[-N,N*nz>
We start with a lower bound for singular values of multivariate Vandermonde matrices.
Definition 2.28. For a finite set G C Z% and y € [0,1)? we define a Vandermonde vector by
v6(y) = (€™ )neq € CE.
Further, for mutually distinct yy,...,ynr C [0,1)%, we define the Vandermonde matriz
Va(Y) = (GZWin'y)neG,er =[valy) : yeY]e coxY,
Proposition 2.29. Let f € S%(q) for q= K/(N + 1), K,N € N+ be given. Then

S fR)P = {“” D2 (2= %) - &) I8 iK1,

keGn G+ 1?3 if K =1.
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In particular, we get the following estimate for the smallest singular value of Vg, (Y7):
2 .
s NP (-5) ) WKL
B TN if K =1.
Proof. We start with the case K # 1. Let F be defined as in Proposition and
¥(z) = Dil Fg(2) < X[-N-1,n+1)2(2).

The same calculation as given in Theorem [2.18| results in

N fR)P = O3 = (V + 1)2 <<2 - ;() - ;) ,

keEGN
In the special case K = 1, we use F, as given in (2.24), which gives ¥(0) = (N + 1)28. O
Remarks. 1. Upper bounds can be easily provided by using a tensor product majorant, which
results in

2 EQsz
ST )P < (2N+q) e 2.

keGn

This was done in [54].

2. The condition ¢ = K/(N +1) is due to the fact that we only constructed minorants of x[_x, n)2
with N € Nyo. Using minorants of a more general type removes this restriction. For possible
choices, see the discussion after Proposition

~ Now we turn to the lower bounds for Py (f —gq). All we have to do is extend the local analysis of
Fs 4 to the function Fj, as given in Proposition [2.17]
We start by calculating the Fourier transform of F», using Lemma [2.2T

. . L 1 - ~

Fy(wy,wy) = %,2(11)1)F%72(w2) — 1(12(11)1)612(102)
= H % sin(4mfw;|) + (1 — w;[)(1 + QCOS(Qij))>

2
1 1.
- H (27T sin(4r|w;|) +2(1 — |w,|) cos(47rwj)>
j=1

A direct calculation gives
Lemma 2.30. If |w;| > i for j =1 or j =2, we have that
Fy(wy,ws) < 3.

On the other hand, for 0 < wy,we < %, we have that

9;F, <0, j=1,2,
with equality if and only if w1 = we = 0.
Proof. First, note that due to symmetry, we can always assume that wi,ws > 0. We calculate
Fl ,(w) = 3cos(4mw) — (1 + 2 cos(2mw)) — 47(1 — w) sin(27mw)

2

cos(4drw) — 2 cos(dmw) — 87(1 — w) sin(4drw) = —8n(1 — w) sin(4mw)

for w > 0. We start with the first term. Clearly, G has critical points exactly at n/4,n=0,...,4.

We can easily check that |G| has its global maximum on [0, 1] at zero and on [1,1] at 1. Furthermore,
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we already established that 13‘%72 is decreasing on [0, %], see the proof of Theorem It is routine
(though slightly annoying) to check that the maximum of |F3 | on [1,1] is at 1. This results in

N . - 1 14 A 1 1
Fy(wy,wa) < Fs 5(0)Fs 5 <4) + ZGQ(O)GQ <4> =3 for all (wy,we) € [07 4} x [0, 1].

The other cases follow by symmetry.

To prove the second claim, it suffices to check that

01 Fp(wy, w) = F%,g(wl)ﬁg,z(w) — ~GYy(w1)Ga(ws) < 0,

4
where equality holds if and only if w; = 0. The case wy = 0 is clear, we therefore assume that wy > 0
and the claim is equivalent to

ﬁé’z(wl) 1
Gy(wr) — 4 Fy 5(ws)

1

First, we prove that the right-hand side is smaller than i for all wq € (O, Z)’ which is equivalent to

F’%’Q > G’g, which again is clearly true, as

1
o sin(4rw) + (1 — w)(1 + 2 cos(2mw) — 2 cos(4dmw) > 0.
7r

Next, we prove that the left-hand side is at least i. This is equivalent to

0 < 8m(1 — w)(2sin(2rw) — sin(4nw)) + 4(1 + 2 cos(2mw) — 3 cos(4drw)),

which is again true (as sin(47w) = 2sin(27w) cos(27w)). O

Now we are ready to prove the two dimensional analog to Theorem [2:26]

Theorem 2.31. Let f,g € 8%(2q). Further, assume that q > NLH and

5
IPx(f = I3 < (N + 1), (2:35)

where cmin s a lower bound on the modulus of the coefficients of f and g. Then for every y € YI we
find exactly one y' = n(y) € Y9 with ||y — |2 < m and vice versa.

Furthermore, the following estimate holds true:

15 3(N+1

)2
DOV S (P o+ 1y Py — n)le + 20 S el e P < IPa(F — )3
yey s yey s

Proof. We use

U(z) = Dil_»

N+1

Fy(z) < Xx-nnp2 (2).

The Fourier transform of ¥ is given by Wﬁ‘g((l\f + 1)w/2). Exactly as we derived (2.26)), we get,
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using that by Lemma the function |\i/| has its global maximum in zero,

> 1f(k) >3 f(k W (k)

keGn keZ?
W) [ Yl Y AP+ 2| > el ¥y —n)
yeys ey yEN (YY)
>W) [ D lefP+ Do AP =2 D el 1Py —n(y))]
yeY s y'EYY yEN(YF)

> ¥(0) Yoo P+ Y e

yeY\N(Y /) y' ey
Int(y)

Now, as ¥(0) = 2(N + 1)2, by (2.35), we see that Y/ \ N(Y¥) = 0, i.e., we find for each y € Y/
exactly one n(y) € Y9 with ||y — n(y)[lr= < 2/(N +1).

Now assume we find a pair y € Y/ and n(y) € Y9 with ||y — n(y)||r= > 2(N71+1) By Lemma@,
this implies that

(N +1)2

N (By(0) - Bl + D)y —n)2)) > B

U(0) = ¥y —n(y) = (8- 3).

Again, (2.35)) yields a contradiction, which proves the first claim.

Next, we analyze the behavior of 13'2( 0) — FQ( ) for w € [O, 4] (by symmetry, we can always
assume that y — n(y) € [0, 4] ). By the sign pattern of V£, proved in Lemma | we see that

Fy(w) < By(wlloo, 0)-

This enables us to give the following estimate, using Lemma

F5(0) — Fa(w) 28 — Fy(||w]oc, 0) = 8 — Fs 5(||w]|oe) 3 5(0) + 362(Ilwl\oo)@2(0)

1

. 1 .
28 =31 p([[wllo) + 5Ga(llwlloo)

=8 — %Sin(‘lﬂ\\wﬂoo) = 3(1 = [[wlloc) (1 + 2 cos(27[|wlloc)) + (1 = [|wloc) cos(4m|[w]|oo)

2 1 72 1
>8 - = (4 o = B3| | = - — 3(1 — |w]lo)X +2 = 872 |lw|%, | = — —
+ (1= flwlloo) (1 — 87 [lwl|3,)

1 72 1 2 1 x?
o Sl G R L Gl G R e )

>15|wl2,.
Hence,

(N +1)?

T(0) — U(w) > I

15(N + 1)?|w||% /4.
The same technique we already applied in the univariate case then give

Do LR =gk = D (e +1eh ) P)#0) = Uy — n(y) + e — ¢, PPy —n(y))
keEGN yeyY f

15
> gV Do (e P+ 1 Py = n@)lZ2 +lef = ¢, PPy = n(y))
yey s
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We apply Lemma [2.30] one last time to get

Uy —n(y)) = ¥(lly = n)lr, ly — n(y)lr=) > ¥ (2(N1+ % 2(N1+ 1))
_ Mﬁz(m,m) - 3(%1)2

O

Finally, we give an a-posteriori error estimate for complex Gaussian noise. This is the bivariate
extension of Corollary

Corollary 2.32. Let f, f* € S?(2q) be fived with q > Niﬂ Further, assume that we know f and

gN(f*) — xPN(f*) tee (C(2N+1)27

where e; = X;1+1X;2 and X;; are pairwise independent, normally distributed random variables with
mean zero and variance o*. Then for any & € (0,1), if already

1PN (f) = Sn (f)II3 — 202 (2N + 1)2|% + (24 V2)o (2N + 1)3+0/4 < ?cmin(]\f +1)  (2.36)

the following error estimate holds true

15 3(N + 1)2
oW+ D* Y e+ 165 Py —n(y) 13 + — Yoleh =t P
yey s yey'f

< (|HPN(f) *§N(f*)H§—202(2N+1)2|% +(2+\/§)0(2N+1)(2+5)/4>2

with probability at least

1 — e~ @N+DEEI2/2 5 —(2N+1)°/8

Proof. Again,

1PN (f) = En (N5 = 1PN (f) = Pr(fO)IE + %Y — 20 Pn(f — )22,
with Z ~ N(0,1) and Y ~ X§(2N+1)2' The proof is completely analogous to Corollary O

With that we conclude this chapter. Explicit examples are given at the end of the next chapter,
after we introduced several strategies to actually estimate frequencies of exponential sums. It would
have been interesting to get well-posedness results beyond the two dimensional case. And while the
strategy presented here works independent of the dimension, suitable localizing functions are currently
unknown.

But there is another issue, which makes these results less interesting. Namely, with increasing
dimension, well-separated exponential sums become worse and worse proxies to sparse exponential
sums. The class S%(q) contains exponential sums f up to an order of ¢~ and (given suitable localizing
functions), we could hope for stability if we have samples on Gg,l, ie., O(¢g~%) samples.

On the other hand, to recover an exponential sum of order at most M, efficient algorithms for
sampling sets of order O4(M?) (up to logarithmic factors) exist. If d > 2, these sets do not contain
subsets G4, of any reasonable size N. It would be more interesting, to establish stability for such sets.
However, there are currently no techniques available to prove such estimates.



Chapter 3

Parameter Estimation Techniques

In this chapter we discuss various techniques to solve the parameter estimation problem for exponential
sums. We reiterate some of the one dimensional methods and identify their essential ideas, which are
then extended to the multivariate case. This inspires a multivariate Prony method. We explain
the connection to Sauer’s version [84] [85] and prove that d dimensional MUSIC and ESPRIT-type
methods only need O4(M?) instead of O4(M?) samples (up to logarithmic factors) and are therefore
on a par with Prony’s method. Furthermore, we explain and expand a class of so-called projection-
based methods, which cleverly combine multiple one dimensional problems to obtain a result for the
multivariate case.

Again, we denote by
M
) = 3 gt
j=1

our unknown exponential function we wish to identify from given samples. The coefficients c; are in
C \ {0}, the frequency vectors y; € [0,1)¢ are assumed to be mutually distinct. Due to the linear
independence of the exponential functions, M is uniquely determined and called the order of f. We
collect the frequencies of f in Y/ and use the notation

fla)= 3 et

yey s

which does not fix any enumeration of Y7/. The set of all such f is denoted by S¢, all exponential
sums of order at most M are collected in S¢;.

As we wish to obtain spectral information of f from the given samples, this is an instance of a
spectral estimation problem. Furthermore, we have an explicit model of f, the harmonic model. We
only consider methods, which use this model explicitly, i.e., we choose a so-called model based or
parametric approach. Of course, general spectral estimation methods are of great importance and can
be applied here as well, but as they do not exploit the explicit model, their performance is inferior
to model based methods. In fact, by using an explicit model, we can overcome resolution limits of
general methods. This is the reason why these methods are able to achieve super-resolution. For an
introduction to general spectral estimation techniques, we refer to the books [61], 93].

Note that we do not rely on additional assumptions on f. In many applications, for example in
array processing, the coefficients are assumed to be of the form

¢ = lejle*®,
where ¢, are uncorrelated, uniformly in [0, 1) distributed random variables. This models the assump-
tion that the sources emitting the different wavefronts are uncorrelated. Again, we refer to [61] for
an introduction in this application. However, when applied to certain imaging techniques, a reason-
able assumption is that ¢; € Ry, as suggested in [65]. Then ¢; are not uncorrelated but perfectly
correlated. To obtain results covering all cases, we make no further assumptions on the coefficients.

Another assumption sometimes considered is genericity. A precise definition of the notion of
genericity we use here is the following.

39
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Definition 3.1. We say that a property P of an f € S¢ holds generically, if for all M € N choosing M
points (yy,...,yar) randomly in [0, 1) with uniform probability, the probability that there is a f € S?
with frequencies Y = {y1,...,yn} such that P does not hold for f is zero.

Of course, different notations of genericity are possible, e.g. one could choose the coefficients
randomly as well or even only them. But in the following discussion, it becomes clear that the
definition used here is reasonable. This notion is used in [48] as well. Though less focus of this work,
we comment sporadically on the generic case.

There are a few general problems with properties that hold generically. The first is that it restricts
our model which might cause problems in some applications. For example if the frequencies of the
unknown f are known to have some geometric structure, e.g. are on a grid, the generic model is
meaningless.

More problematic is that while the probability that a generic f does not satisfy P is zero, the
probability that a f very close to f does not satisfy P is (generally) not. In particular, no numerical
stability can be expected, when the reconstruction scheme relies on a generically true property.

Finally, we are of course interested in the effect of noise. However, there are a lot of different noise
models (like Gaussian or Poisson noise) which are used, depending on the situation at hand. The aim
of this work is not to discuss all these situations. Therefore, we (mostly) stick with a very simple noise
model, namely, that we have a bound on the ¢?> norm of the noise vector. This has the advantage
that it is very general and serves as a prototype of such estimates. However, it is important to keep
in mind that all methods presented here might need a tweak to fully take advantage of additional
knowledge about the noise.

This chapter is organized as follows. We start with a review of one dimensional techniques, with
a focus on subspace methods (like Prony, MUSIC and ESPRIT). While this section is classical, we
change the perspective a little bit by starting with the signal space and then presenting the different
techniques.

Following this, we consider the projection-based results, first on scattered lines, then on parallel
lines. We derive several small sampling sets, cumulating in a sampling set of size Og(M) (up to
logarithmic factors). However, using them results in an algorithm which has exponential complexity.
Furthermore, we propose an ESPRIT-type algorithm to stabilize computations in case of parallel lines.

Finally, we discuss multivariate extension of classical algorithms. As already announced, we use our
framework, developed in the one dimensional case, to give very natural extensions of Prony’s method,
MUSIC and ESPRIT to the higher dimensional case. While these are (in one form or another) already
known in the literature, we hope that our unified approach clarifies similarities and differences.

Furthermore, we are able to prove that multivariate MUSIC and ESPRIT-type methods only
need Oy(M?) samples (up to logarithmic factors) and are still able to recover all f € S¢,. Previous
methods of that type use O4(M9) samples. Such sampling sets were first introduced by Sauer in
[85], who proposed a Prony-type method relying on them. Our ESPRIT method has the additional
advantage of having a computational complexity of O4(M?) (again up to logarithmic factors), a clearly
improvement over previous ESPRIT methods, which have a complexity of Oq(M3%).

3.1 Review of Univariate Methods

For the reader’s convenience, we give a quick recap of one dimensional methods to estimate the
frequency of an unknown exponential sum

where, as usual, y; € [0, 1) are mutually distinct and ¢; € C\ {0}. This section is completely classical
and a reader experienced with Prony and ESPRIT-type methods is invited to skim through or skip
it.

We remark that the restriction y; € [0, 1) is necessary, if we sample at G C Z, due to the periodicity
of the exponential function. Of course, if y; € [0, &), we can rescale the sampling set G C éZ.

Reflecting the common appearance of exponential sums, there is a large number of methods avail-
able. We give a non exhausted list: Prony’s method [23] dating back to 1795, Pisarenko’s method
[70] and its generalization, MUSIC [87], ESPRIT [83, [82] and the related matrix pencil method [45],
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OPUC, which is based on orthogonal polynomials on the unit circle [3I] and methods using TV
minimization (which we will not discuss here), as in [16, 28], 88)].

More methods, including non parametric approaches, can be found in [93].

Further, estimating frequencies of exponential sums is closely related to Padé approximation and
the annihilation filter method, see [(2]. The connection between Prony’s approach and Sylvester’s
method for solving the Waring problem for binary forms is explained in [96]. Also, the connection to
tensor decomposition is discussed there.

This section is inspired not only by the original references listed above, but also by the book [61],
which gives a more detailed introduction to MUSIC and ESPRIT and by [76], where the connection
between Prony’s original method, ESPRIT and matrix pencil method is clarified. But our approach
here differs from these references in multiple ways. Most importantly, we start by defining the signal
space and try to establish the methods coming from there.

Definition 3.2. Let f € S}, and a window size N € N* be given. We call
Sig(f, N) := span{(f(k),...,f(k +N-1)T ke z} ccV
the signal space of f and define sy(j) to be one batch of samples

sn(j) = (f(),-- . f(G+ N —1)7.

Further, when N > M let T : CN — CV be the linear map, which shifts the window by one. More
precisely, T is defined by

Tsn(j)=sn(j+1) foralljeZ on Sig(f,N)
and extended by zero on Sig(f, N)*, the orthogonal complement of the signal space.

The idea is that Sig(f, N) is in fact a lower dimensional subspace of C", which we can identify
from the given samples and that T carries information on f. Next, we show that T is well-defined and
establish the precise relation between 7" and f. Recall that we defined for y € [0,1) and N € Ny

. _ T
oy (y) = (1,@2’”3’,...,62”29(1\[_1)) eCV,
and for y1,...,ypm € [0,1)

VN, ym) = [on(y1) - on(ya)] € CVM.

Lemma 3.3. Let f € S}, be given with Y/ = {y1,...,ym}, coefficients ¢ = (c1,...,cm)T and order
M. Further, let j € Z and N € N be arbitrarily chosen. Then the following statements hold true:

(1) Let D be the diagonal matriz diag(exp(2wiyi),...,exp(2wiynr)). Then

SN(j) = VNDjC.

(2) If N > M, a basis of Sig(f, N) is given by (sn(j),...,sn(j+ M —1)). In particular,
dim Sig(f,N) = M = ord f
and Tsn(j):=sny(j+1), 5=0,...,.M — 1 is well-defined.
(8) If N > M, the vectors (vn(y;))j=1,..,.m form a basis V of Sig(f, N).

(4) If N > M, T is diagonalized by V and vn(y;) is an eigenvector of T with eigenvalue e>™"i,
Further, Tsn(j) = sny(j + 1) holds for all j € Z.

Proof. (1) This is a simple calculation, as

M

SN(j) _ che%riykij(yk).
k=1
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(2) By (1), Sig(f, N) is contained in the span of vn(y;), j=1,...,M and dimSig(f,N) < M. It
remains to show that sy(j),...,sn(j + M — 1) are linearly independent. Without loss of generality,
let N =M. Assume aq,...,ay € C are given such that

M M
0=> apsn(k+j—1)=VyD'> apD" e
k=1 k=1

Now Vi = Vi is invertible and c; # 0, thus
M
Zake%iyj(kfl) =0 forj=1,...M.
k=1

But this is equivalent to (cu,...,an) L vn(y;), which then implies that o; = 0 and we are done.
(3) As dim Sig(f, N) = M, they form a basis.
(4) Note that

M M
ch62mykj62ﬂyk1}]v(yk) = SN(j + 1) = TSN(j) = ch62myij’UN(yk).
k=1 k=1

As V and (s(j))j=1,...m are bases of Sig(f, N), the claim Toy (yx) = e*™¥rvy (yy) follows. Then we
have that

TVNy =VND

which establishes the last claim. O

There is an interesting perspective on f and 7', connecting them to linear difference equations. In
fact, the matrix representing T (for N = M) is given by

00 ... 0 =—po \"
1 0 0 —P1
0 1 0 —po
0o 0 ... 1 —PM-1
where p; € C, j =0,...,M — 1. This is of course the transposed of the companion matrix to the

polynomial P(z) = zM +pyr_12M =1 4. . 4 po. Further, f satisfies the linear difference equation with
constant coefficients

M—-1

S —prf(i+k)=f(j+M) foralljeZ (3.1)
k=0

As we just calculated the eigenvalues of T, we established

M
P() =M+ prroi 2™y = H (2 — e2miv) (3.2)
k=1

This polynomial is called the Prony polynomial. For N > M, the matrix becomes the transpose of
the companion matrix of 2V =M P(z), as we extended T by zero on Sig(f, N)= .

From this point of view, we observe a solution to a linear difference equation and want to learn
which linear difference equation this is. Furthermore, the Prony polynomial only has simple roots,
a restriction which makes sense in our model, but from the perspective of linear finite difference
equation is rather restrictive. Without this restriction, one has to consider the more general model,
where coeflicients c¢; are allowed to be polynomials. This model has also found multiple applications.
For further information on this, we refer to the literature, for example [6] 40].

These insights already give rise to Prony’s method. To state concisely in matrix form, we
define Hankel matrices.
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Definition 3.4. Let f € S}, be given. For N,L € N> and j € Z we define the Hankel matriz

H () = Hyp(j) = [sn(G) svG+1) ... sn(i+L-1)]
F) fG+1 o fGFL=1)
_ f(J.‘f'l) f(J'+2) f(J'+L) -
FG+N—=1) fG+N) ... fG+L+N—2)

Note that by Lemma (2), if N,L > M this matriz has rank M. Further, we use the notation
HY , = Hf ,(0).

Theorem 3.5 (Prony’s Method (Prony, 1795)). Let f € S}, be an exponential sum and j € Z. Assume
that we know f(j),...,f(j+2M —1) (and hence M ). The following method recovers frequencies and
coefficients of f:

1. Calculate the solution p € CM of
Hym(j)e=—sm(j+ M). (3.3)

2. Form the Prony polynomial (3.2) and solve for its roots. Call them z1,...,zp. Determine
Yk € [0,1) with z = €27k,

3. Solve the (overdetermined) linear system
Vom D7 e = san(3), (3.4)

where D = diag(exp(27iy1), . . ., exp(2mwiya)).

Proof. Due to Lemma (2), the matrix Hjs s has full rank and hence the solution to (3.3) is
unique. By the preceding discussion, it is clear that the roots of P are exactly e>™%i. Further, the
linear system (3.4)) has a unique solution, which is the vector of coefficients - this follows from Lemma

(1). O

Usually, the order of f is not known, only an upper bound N > M and samples (f(j+k))k=0.... 2N—1
are given. Still, Prony’s method can be applied. To obtain M, one has to estimate the rank of Hy n.
Unfortunately, this is rather unstable, we discuss this issue in more detail below. Then one can proceed
as sketched above. Of course, it is advisable to replace and by

Hon_yvme = —San—m(j + M)
VanDie = san(4)

to use the additional samples to stabilize the scheme.
One of the most important challenges in signal processing is how to address noise. Parameter
estimation of exponential sum is no exception. We use the notation

fG) = 1)+,

where ¢; is some small perturbation. Analogously, we let sy(j) = (f(j),....f(j + N — 1)) and
Hyp(j) = [n() .- 58+ L 1)) : 3

Now estimating ord f by estimating the rank of Hy 1 (j) has to be done with care, as Hn (j)
usually has full rank. The most used method is performing a singular value decomposition of Hy (j)
(where we drop for ease of notation the dependence on j):

Hyo(j) =USWH  Hyp(j)=USWH (3.5)
Here W, W € CE*L and U,U € CV*N are unitary matrices and £, € CL*N are diagonal matrices
with diagonal entries o1 > -+ > Opin{z,N} T€SP. 01 > *+* 2> Omin{L,N}- We assume that L, N > M.

Then

o012 20m>0p41 = 0= = Onin{L,N}
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and using standard perturbation results for singular values (details are given below), one expects a
gap in the singular values of Hy 1 (j):

0122 0M > 0M+1 2 Omin{L,N}-

To give a quantitative estimate for this spectral gap, we need quantitative estimates on o (and
assumptions on ¢;, of course). This can be achieved by a factorization of Hy 1 (j) and estimates on
the singular values of Vandermonde matrices.

Lemma 3.6. For f € S}, with frequencies y1,...,yn and coefficients c1, ..., cyr, we have that

H]f\‘[aL(j) = VL(yl’ e ’yM) dlag (CleQﬂijylﬂ RN cMe2ﬂiij) VN(y17 .. ayM)T'

Proof. This well-known factorization (see for example [45]) is derived by a direct calculation. Using
the notation from Lemma [3.3] we obtain

HY () = [sn() . sx(j+L—1)]=[VyDic ... VyDi+i-l]

=Vn[Dic ... DItE=lc] = Vydiag (c;e*™¥, ... cpe®™ ) VI

O

We now present estimates on the singular values of H, ~.- A version of this result is given in [78],
but instead of relying on estimates for singular values of Vandermonde matrices presented in [55], we
rely on the improved estimates given in Corollary [2:20]

Theorem 3.7. Let f € Si;(q) be given, where g € (0,1). Then we obtain the following bounds for
the smallest non-zero singular value omin and the largest singular value opnax of H}:LL:

1 1
mmZlen(N+1>(L+1)
q q
9 9 1 1
Umaxgcmax N-1+- L—-1+- P
q q

where cmin and cmax are the modulus of the smallest and largest coefficient of f, respectively.

Proof. This is a direct, consequence of the factorization of H, N> a8 we just proved in Lemma 6|and
the estimates of singular values of Vandermonde matrices, stated in Corollary [2:20] O

This can be used to give some coarse estimates under which the correct order of f can be estimated.
Indeed, by perturbation results for singular values [33], Corollary 8.6.2, we have that

o (X, 1) = ok (HL )| < o (HY = B ) = 1 = Y Ll
if N>L. Let £ = H}:,’L — ﬁ]{,L be the matrix containing the noise. Thus, if
m(HY 1) > 2||Ell2, (3.6)

we can choose tol = | F||2 and are guaranteed to recover ord f = M.
If we only know |¢;| < 7, we have the bound

|E|l2 < VNLy.
(3.6) holds true if

11 1
2 - — ) > 4n2
C"““(+N N>(+L L>—4”

Of course, we usually assume some statistical knowledge on ;. Note that E is a structured random
matrix. Understanding spectral properties of structured random matrices has become an active re-
search topic in the last years. However, non-asymptotic bounds seem to be not known, even in the
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simplest case (e.g. if €; are i.i.d. normally distributed random variables). For asymptotic results, see
[13].

Next, we give a quick recap of (a variation of) the MUItiple SIgnal Classification (short: MUSIC)
algorithm by Schmidt [87]. It is based on the fact that for N > M + 1 we have that

Sig(f,N) =span{on(y;) : j=1,...,M}

and vy(y) ¢ Sig(f,N) for all y € [0,1) \ Y/. Thus, finding the frequencies of f is equivalent to
finding all y € [0,1) with vy (y) € Sig(f, N). Now assume we are given noisy samples, enough to
build $x(j), j=0,...,L —1, where N > M + 1, L > M. Further assume that we know M (or have

determined it by finding the gap in the singular values of fIJJi,L = fI]{,L(O)) We could now try to
formalize and solve the following problem:

Find §1,...,9m such that span{un(g;) @ j=1,...,M}

is as close as possible to span{sy(j) : j=0,...,L —1}.
And while it is possible to pursuit this idea (see for example the discussion on the maximum likelihood

estimator in [82]), it leads to a difficult, nonlinear optimization problem. The idea of MUSIC is the
following simplification:

1. Calculate an estimation Sig(f, N) of the signal space.
2. Find the M frequencies §j; € [0,1) for which vy (g;) are closest to Sig(f, V).

For the first step, usually a SVD is used. Indeed, span{sn(j) : 7 =0,...,L — 1} is equal to the
range of H £ n and performing a SVD like in (3.5)), we let

Sig(f, N) = span{iy, ..., } (3.7)

where 4; is the jth column vector of U. Note that in the noise free case, Sig(f, N) = Sig(f, N).

Remark. As (H£7N)T = HJ{LL, we could use the first M right singular vectors as well. There is no
difference (as long as one adjusts L and N accordingly), though one additional conjugation is then
necessary.

Now we consider the second step. MUSIC uses the following closeness indicator:
1

= N = .
Ek:MJrl |UkHUN(?/>|2

R(y) (3-8)

ZQZM_H [if vy (y)|? is of course the norm of the projection of vy (y) on the space spanned by
Upf+1, - - -, Un. In the noiseless case, R(y) has singularities at y;, while in the noisy case (hopefully)
pronounced peaks at locations ¢; close to y; are visible. R is sometimes called MUSIC pseudospec-

trum. We summarize:
Algorithm 3.8 (MUSIC). Input: f(j), j=0,....N+L—-2 N, LeNand M €N

e (Incomplete) SVD of PNIN’L : Determine M left singular vectors iy, ..., 0y corresponding to the
largest singular values.

e Find M largest local mazima of R(y), as given in (3.8), ¥1,...,9m-
Output: 71, ...,90m

An explicit evaluation of the computational complexity of MUSIC is not possible, due to the search
for local maxima of R(y).

Remark. In the original version in [87], the signal space is estimated from the (estimated) covariance
matrix. However, the approach using SVD is long known as well (see for example the discussion in
[82]). We quickly point to a few other variations. A modified version, taking the singular values &y,
into account is frequently used as well (see [49] 61]). Also, a reformulation, where roots instead of sin-
gularities are considered, is known (the so called root-MUSIC, see the discussion in [61]). Pisarenko’s
method [70], predating MUSIC, corresponds to the special case N = M + 1.

We do not comment on stability properties of MUSIC, instead we point to the literature. A good
starting point is [53].
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Now we turn to ESPRIT, an acronym for Estimation of Signal Parameter via Rotational Invariance
Techniques. This very successful method was published by Roy et al. in 1986 [83], later extended by
Roy and Kailath in [82]. We follow [6I] closely.

As the name indicates, ESPRIT exploits a rotational invariance of the signal space. Namely, let

(1)

1% *

V = N =

" { * } [Vﬁf)}’

ie., Vjs,l) is formed from Vy by discarding the last, VJS,Q) by discarding the first row. Again, let
D = diag(e*™®¥1, ..., e*™ %), Then

vi'D=vY. (3.9)

This is the rotation ESPRIT uses. The key observation is that it transfers to different bases of
Sig(f, N). Indeed, given a basis B = [by,...,bas] of Sig(f, N), there is a basis transformation matrix
S € CM*M g invertible, such that

VN = BS.
Now forming B™") and B® by discarding the last resp. first row, (3.9) transforms to

BWsps—t = B®), (3.10)

Also, as B = VDS~ the matrix has full rank and hence, if N > M + 1, the matrix DS~
is uniquely determined by (3.10). But SDS~! is similar to D and therefore shares the eigenvalues
with D, which are precisely what we need to determine Y. Thus, any basis of Sig(f, N) suffices to
determine the frequencies of f, at least if N > M + 1.

In the noisy case, this idea can be used as well. As an estimate for a basis of Sig(f, N), we again
use a SVD and use the left singular vectors corresponding to the largest singular values, see . We
call the matrix Ups = [@y . .. @], thus becomes

vYF =0, (3.11)

where FF = SDS~! for an unknown, invertible matrix S. The idea is now to solve for F' and then
determine its eigenvalues. There are two approaches to solve this system. Either we use a least square
approach, which tries to minimize ||Ez||r (the Frobenius norm) subject to

UYF -0 = E,.

This results in
- oo
F= (U}V})) o2,

where AT denotes the Moore-Penrose inverse (or pseudoinverse) of a matrix A.

But this assumes that U](\}) is not perturbed. Hence, a total least squares (TLS) approach, which
minimizes ||[E1 Es]||r subject to

O + E)F =0 + E

is usually preferable, as it treats both (NJA(}[) and UJ(\? equally. An extensive discussion of the TLS
problem, including many references, is given in [33].
We summarize the algorithm.

Algorithm 3.9 (ESPRIT). Input: f(j), j=0,.... N+ L-2 NLeNwithN>M+1, L>M
and tol > 0

e (Incomplete) SVD of f{N,L : Determine M left singular vectors uy,...,up; corresponding to the
singular values larger than tol.

o Form U'J(Vl[) and UI(\/? Solve (3.11) in the least (or total least) square sense.
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e Determine the eigenvalues e>™*% of F.
Output: Gy, ...,9um

The computational complexity of ESPRIT is largely due to the complexity of the singular value
decomposition, which is O(min(LN?, L?2N)). Indeed, the other operations are of lower order: The
least square system needs O(M2N) flops and determining the eigenvalues requires O(M?) flops (see
for example [33]). Note that we do not need to calculate the left singular vectors. A more detailed
discussion, including an approach using Lanczos bidiagonalization, is given in [77]. Results concerning
asymptotic convergence (assuming Gaussian noise) are given in [79, [66].

We mention one final improvement of ESPRIT. While the aforementioned algorithm works even
when the frequencies have an real part (e.g. when the signal decays), the following exploits that we
only have imaginary frequencies. Namely, for f € S}, we have that

Fln) = 3 cpermm = 37 e = g(—n).

yey s yey s

Then g € S}, has the same frequencies and we can easily calculate g(—N),...,g(0) if we know
f(0),..., f(N). Therefore, the Hankel matrix H]]:,)L can be replaced with

550 . shET-1) s (-N+1) .. sh(-L-N+2)]=|al, JnHL,|,

where Jy is the matrix with ones on the antidiagonal and zeros elsewhere. The matrix [ HY , JnH] L}

has an extra structure, it is centro-Hermitian. Such matrices can be easily transformed to real matri-
ces of the same size, which has computational advantages. The improved ESPRIT taken advantage
of these ideas is known as Unitary ESPRIT and was introduced in [37].

ESPRIT is actually closely related to another technique, the matrix pencil method. This method
is introduced in [45], the close connection to ESPRIT (and several variations of ESPRIT) is explained
in [46, [76]. We give a quick introduction to the main idea of the matrix pencil method.

As the name indicates, the method recovers the frequencies by considering a matrix pencil. A
matrix pencil of two matrices A;, Ay € CE*V is a linear combination of them,

A1 — ZAQ,

where z € C is a free variable. As we are interested in possibly singular A;, Ay we are considering a
singular matrix pencil. Now for any v € CV with v ¢ ker A; Nker Ay, we have that (4; — z42)v =0
for at most one z € C. All z € C for which such a v exists are called rank reducing numbers or
generalized eigenvalues (GE’s) of A1 — 2z As, the corresponding v is called right generalized eigenvector.
The connection to the usual eigenvalues and eigenvectors is that if A; € CN*N and A, is the identity
matrix, we obtain Ayv — zv = 0, i.e., v is an eigenvector to the eigenvalue z.

It is clear that if B € CN*F is surjective and C' € C2*F is injective, the GE’s of A; — zA, are
equal to the GE’s of CA1B — 2zC A3 B (the only nontrivial observation is that elements in the kernel
of B are not allowed to be chosen as generalized eigenvectors).

Now we can use the factorization of H/, derived in Lemma to establish that

HY (1) — zH, 1 (0) (3.12)
has exactly 2™, y € Y/, as generalized eigenvalues, at least if N, L > M. Indeed,

HJ(’,L(l) - ZHIJ\CI,L(O)

2miyy
e

=Vn(y1, -, ym) (diag (cle . 701\/1627”'7”‘/1) — zdiag (e, .. ., cM)) Vi (yi,- .. ,yM)T

and assuming N, L > M, V;, and Viy have rank M and hence this matrix pencil has the same GE’s as

27wy
.

diag (cle .,cMe%in) — zdiag (c1,...,cpm) -

But in this case the GE’s are obviously equal to e?™¥i,j =1,..., M.
However, to actually compute the GE’s of HI{, (1) — ZH}\C, 1.(0), we have to work a little bit more.
Due to the fact that the involved matrices are not of full rank, we cannot simply apply a standard
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algorithm (e.g. the QZ algorithm, see [33]). One possibility to overcome this difficulty is to compute
the reduced singular value decompositions of H ]’:, (7)), 7=0,1. Let

H () =U;s,W/ j=0,1,

where U; € CN*M W, € CN*M have orthogonal columns and ¥; € CM*M are diagonal matrices,

containing the non-zero singular values of HJ{,L(]) Thus, the matrix pencil (3.12) has the same GE’s
as

251U§1621MGHW%‘7ZLW

and we have reduced the problem to an eigenvalue problem of a (non-symmetric) matrix in CM*M

In the noisy case, we replace H }i, .(j) by its M-truncated singular value decomposition.

The connection to ESPRIT is not clear from these considerations. Furthermore, performing two
SVDs is a bit wasteful. A different idea is to start with a reduced SVD

H
H]{,,L o =UswH,

where U € CN*M W € CUFTDXM apd 3 € RM*M . We denote by W (0) and W (1) the matrix
formed by deleting the last and first row respectively. This results in two factorizations

HY () =Usw(H?,  j=12

Note that while W(j) have no longer orthogonal columns, they still have rank M, if N,L > M, as
HIJ\C,’L(j) has rank M. Thus, we can transform (3.12) to

W(1)H — 2w (0)".
If we find a matrix F € CM*M solving
WA F =w (1)

we see that the matrix pencil has generalized eigenvalues equal to the eigenvalues of F'. This, however,
is just like equation only using the right singular vectors instead of the left ones of H }i, - A
similar discussion about the connection of matrix pencil methods and ESPRIT is already given in
[46].
A lot of further results, including perturbation theory, can be found in the literature, see [45] 46, [76].
This concludes our review of univariate methods, relying on an estimation of the signal space.

Numerical Examples

Finally, we give numerical examples. The aim is not to compare these well-known methods, but
instead to demonstrate the a posteriori error estimates developed in the last chapter.

We start with a deterministic example, to show the power of Theorem [2.26 We consider the
exponential sum f with frequencies

Y/ ={01k : k=0,...,9}

and coefficients co.1x = (—1)*. As a second exponential sum, we consider gy, which is constructed by
Y9 = A+ Y. The coefficients are then determined in a least square sense, such that

1Pn(f =923

_4

is minimized. We pick N = 39 and as f,gx € S'(0.1), we have that sep f,sep g > NoT

in Theorem [2.26
We consider the frequency error, given by

as required

2
™
TN+DP Y (e + e, Py — n(w) 2,

yey s
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Figure 3.1: Comparison of the errors for different g,.

where again n(y) is the frequency of gy closest to y € Y/, the coefficient error

3
s+ D e — el
yeY s

and their sum, which we call total error. |[Py(f — gx)||3 is called [? error. For various choices of ),
these values are reported in Figure 3.1

Clearly, the estimate is very sharp and the 2 error is only approximately 20% larger than the total
error. For the last two data points, condition is not satisfied. And indeed, for the last data
point, the assertion of the theorem does not hold.

Next we consider the a posteriori estimates. We consider randomly chosen exponential sums f
with sep f > 0.1. We do that by picking the first frequency randomly between 0 and 0.05, the next one
is picked with a distance to the first randomly chosen between 0.1 and 0.15 etcetera. The coefficients
are then chosen as

cj = rjezﬂi¢j,
where r; and ¢; are uniformly distributed in [0.2,1.2] and [0, 1] respectively.
We then sample f at 0,1,...,2N and add noise of the form

g = X1; +iXa;,

where Xy ; ~ N(0,0?) are independent and normal distributed random variables. Again we choose
N = 39. Then we apply ESPRIT, as given in Algorithm to the noisy samples (choosing tol = 0.1
and L = N), which gives us an estimate f for f.

The frequency error, coefficient error and total error are defined as before. Finally, the error
estimate of Corollary 2.27]is given by

(\ 1PN () — 3x () - o (N +2)|" + (2 + VB)o(2N + 1)<1+6>/4) ,
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Figure 3.2: Comparison of the errors at different noise levels. z-axis: Standard deviation of the noise.
All results are averaged over 25 runs.

We choose 6 = 0.8, resulting in a probability of at least 95% that our estimate holds true.
As Figure[3.2]indicates, the qualitative behavior of the errors is captured quite well by our estimate.

3.2 Projection-based Methods

In this section we introduce one family of reconstruction techniques for the frequency estimation
problem. The main idea is to use univariate methods, which are significantly better understood than
their higher dimensional analogs, to obtain an estimate for the multivariate problem. We will focus
mostly on the two dimensional problem and comment on the situation in higher dimensions along the
lines.

Now we pick a univariate method of our choice. The choice is plenty and always extending. MUSIC,
ESPRIT and the closely related matrix-pencil method we already discussed and anyone of them is
fine. In our numerical examples later on, we use ESPRIT.

Next we choose a line, parametrized by

0= {tv+bvt, t e R} C R%

Whenever we parametrize a line, we assume that v, v" are orthonormal, b € R. Of course, v,v" are
unique only up to sign. Also, v is not uniquely determined by v. To avoid this problem, we simply
define vt = (—vg,v;), where v = (v, va).

Restricting f to ¢, we obtain

f(t’l) + bUJ_) _ f|g(t) _ Z Cy627ribv*~y62ﬂ-iv-yt _ Z Z Cy627ribv*~y eZwiyzt. (313)

yey s ylevY? | yevy/
yu=y"

Hence, f|; is a univariate exponential sum with frequencies Y/le ¢ v- Y7, which are the projections
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of the frequencies of f onto the line £. This is the reason why methods exploiting this fact are called
projection-based. One of the mayor challenges is, that this inclusion can be strict. In fact, it is easily
possible that the occurring coefficient is zero. Nonetheless, sampling f|; at 0,¢«,...(2M — 1)a with
a € Ry allows us to apply our univariate method of choice to obtain (a possibly perturbed estimate
of) Y/l¢ and the corresponding coefficients.

Here we have to choose the step size a with care. We may assume without loss of generality that
vy > 0. Then, if vy > 0, we have that [0,1)* - v C [0,v1 + v2) and therefore choosing o < % is fine.
On the other hand, if vy < 0, we have [0,1)%-v C (v2,v1). Again, choosing o < % is possible, but we
have to translate the frequencies such that they are in (ve, v1) after applying our univariate method.

The question now is for which choices of lines £; = {tv; +ijj-, teR}, j=1,..., K areconstruction
of f from fls,..., flex is possible. In the work of Potts and Tasche [75], where projection-based
methods were first introduced, it is shown that under the assumption that ¢; are pairwise non-parallel
and that Y/14 = vj - Y/, only M + 1 lines are sufficient. This can be deduced from an older result

by Renyi [80]. In the author’s master thesis [24], the assumption Y/ = v, . ¥/ has been removed,
though at serious computational costs. This result was then published in [25].

We give a complete overview over all projection-based methods using scattered (i.e., pairwise non-
parallel) lines in the first part of this chapter, including polished proofs of the aforementioned results.
Unfortunately, stability results are neither known nor expected. In fact, we already discussed in the
first part of this thesis that the separation distance of the frequencies is vital to obtain stability. Now
even if Y/ is perfectly separated, we cannot hope for any separation of Y/1¢ or v-Y/. Thus, it remains
unclear, why the univariate method applied along such a line should give reasonable results, at least
if we expect a certain noise level.

To remedy this problem, we consider in the second part of this section what happens if we project
on multiple parallel lines. First, we discuss why this still gives us the possibility to reconstruct f.
On the first glance, no better stability properties of this method are expected, for the same reasons
as above. However, by introducing a method which does not apply a univariate method along each
line individually, but rather on all parallel lines simultaneously, these problems are overcome. The
proposed method relies on a new variation of the ESPRIT algorithm. At least numerically, we show
that this method behaves well. A part of these results is published in [26].

Projection on Scattered Lines

We start by considering the special case of lines passing through the origin. In this case, the offset b
in our parametrization of a line ¢ is zero, i.e., £ = {tv,t € R}. In particular, (3.13) becomes

fe)y=flty= S | S ¢ |

ylevY? | yevy/
yo=y"*

i.e., we just have to sum the coefficients of all frequencies which are projected on a single point. As
the univariate method gives us all y* with non-zero coefficients, this problem is not really connected
to exponential sums, but simply the question when a discrete, weighted point cloud can be recovered
from a finite number of projections. Not surprisingly, this problem did already occur in other areas
of mathematics. Most notably, it was considered in [80] and [41], where the aim was to recover a two
dimensional discrete probability distribution from projections. This is an easier situation, as then all
coefficients are positive and they cannot cancel out. In particular v - Y7/ = Y fl¢ holds true.

To stress that in the case b = 0 we actually have projections of weighted point clouds, we restate
the problem as follows: Given an unknown, discrete set X C R2, |X| = M and a weight function
w : R? — C, satisfying

w(z) #0ezeX,

how many projections are necessary to recover X uniquely? Obviously, such a w can be constructed
from a given f by letting X = Y7 and w(y) = ¢,.
Note that if w is known, so is X: suppw = X. A projection of w on v € R? defines the weight
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function on R

[Py (w))(z) = wy(x) = Y w(y). (3.14)

This is of course the weight function corresponding to the univariate exponential sum f|,.
Then the support of w, is a subset of the projections of X onto the line {tv, t € R}:

suppw, C{v -z, x € X} =v-X.
We obtain the following inequality:
[supp wy| < [v- X| < [X] = M.

When the inequality on the right-hand side holds strictly, some points in X feature the same projection
on {tv, t € R}. Then, their weights are added up. If their weights add up to zero, the inequality on
the left-hand side is strict. On the other hand, if equality holds on the right-hand side, so it does on
the left-hand side.

Also note that P, is linear, i.e., for all t € R, v € R? we have

(w + t), = wy + t,.

Scaling a v results in a scaling of w,:

wi() = Y wy)= Y wly) =wy(z/t).

yeX yeX
tvy=x vy=x/t

Remark. Another interpretation of a weighted point cloud would be identifying it with a weighted
sum of Dirac delta distributions. Instead of w : R? — C we obtain

dy = Z w(x)dy.

z:w(x)#£0

If the weights are positive and sum up to one, d,, is a probability distribution. The projections are
then marginal distributions and the corresponding exponential sum is of course exactly the Fourier
transform of this measure. But as no properties of measures are used in this section, we stick with
the simpler weight functions.

Projections of Discrete Point Clouds

In this section we summarize all results we are aware of. Note that some of them are stated in a quite
different context, we reformulate them to fit our setting.
The first result is given in [80]:

Theorem 3.10. (Renyi, 1952) Assume projections on M + 1 pairwise linearly independent v;, € R?
are given and that supp w,, = vr - X. Then X is uniquely determined and a direct reconstruction of
X and w is possible.

Proof. We follow an idea of Heppes [41], which can be generalized easily to higher dimension. Consider
the set

X={zcR?: vj-x€wv;- X forall j=1,...,M+1}.

Obviously, X c X. We prove the other inclusion. Let 2z € X be arbitrary. By definition, for each
j=1,.,M+1wefindaz; € X withv; -z =v;-z;. As M +1 points x; are chosen, by the pigeonhole
principle, we may find j # k with x; = ;. But then z-v; =2, -v; and - vy, = ;- vi. As v, v, are
linearly independent, x = z; € X.

Note that we are able to construct X explicitly. We are left with calculating the weights. For each
x we have M + 1 projections but only M — 1 points in X \ {z}. In particular, we may find a v such
that w,(z - v) = w(x). O
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Remark. We give a few remarks.

1. M + 1 cannot be improved, it is optimal in certain examples. Consider for example a regular
2M polygon and let v; be the normals to the sides. Then choosing X as every other vertex will
give the same projection as the remaining vertices. More examples are given in [80].

2. This is exactly the result mentioned in [75], where the connection between projection of point
clouds and parameter estimation of exponential sums was first established.

3. If we choose a fixed line ¢, the property |Y/l¢| = |Y/| holds generically. Hence, the weight
function corresponding to f will satisfy supp w,, = vr - X generically. Even better, only three
lines suffice to reconstruct a generic f, by the same argument we will use to prove Theorem [3.12

If one drops the assumption that supp w,, = vi - X , X is still uniquely determined but a direct
reconstruction is no longer known, see [25]:

Theorem 3.11. (Diederichs, Iske, 2015) Assume projections on M + 1 pairwise linearly independent
v € R? are given. Then X is uniquely determined.

Proof. We proof that if w # 0 and w,, = 0 for j = 1,..., M pairwise linearly independent v;, then
|[supp w| > 2M.

Let such a w be given. Note that for each x € X and each v; we have to have a y € X, y # = with
z-v; =y -vj. Now consider for each v; the strip

Sj:{x€R2 : minvj~X§$'Uj§maXUj'X}'

We have X C S; and each connected component of the boundary of S; is a line containing at least
two elements of X. Thus ﬂjj\ilSj contains X and is a convex polygon with at least 20 sides. Each
side contains at least two elements of X, hence X has to have at least 2M elements, the extremal case
being when X is exactly the set of vertices of NS;.

The theorem follows then easily, because if w, @ feature equal projections on vg, k = 1,.... M + 1,
w — W has to have a support of at least 2M + 2 or w = w as claimed. O

Remark. There is an easier proof: Choose z € X and assume that Re(w(x)) > 0. For w,, (z-vx) =0
we have to find z € X with Re(w(zx)) < 0 and (z — zx) - v, = 0. This gives z1, ...,z € X, which
are pairwise distinct by construction. Repeating this procedure for x; gives z1,...,Zp € X with
Re(w(Zx)) > 0. Thus we have found 2M distinct points in X.

Unfortunately, this proof does not generalize to the case of arbitrary lines. Interestingly, it does not
work if w : R? — Fy either (where Fy is the field with two elements).

An adaptive choice of the vy can reduce the number of necessary lines significantly (see [73]):

Theorem 3.12. (Plonka, Wischerhoff, 2013) Let v1, vy be linearly independent. If supp w,, = vi-X,
k= 1,2, there exists a vector vs such that X and w can be reconstructed from w,,, j =1,2,3.

Proof. Consider
X={zcR?® :vj-z€v-X, j=1,2}.
Then X C X and |X| < M2. Choose a v3 such that |vs - X| = |X|. Then
X={zecR?: vjrxev;- X, j=1,2,3}
and w(z) = wy, (x - v3). O

Given enough lines, it is even possible to prove that on a few of them all x € X have distinct
projections. This observation is used in a proof in [I4]. We present their techniques isolated from its
original purpose.

Theorem 3.13. (Buhmann, Pinkus, 1995) Let vq,...,vs be in general position, where s = (12\/[) + 2.
Then there are at least two v, v, on which all x € X have distinct projections, i.e., |v,, - X| = M,
ji=12.
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Proof. We count. Given z,y € X, z # y with vj -2 = v; - y, we see that v; € span(z — y)*. As
V1, ...Vs are in general position, no other vy is in this one dimensional subspace. Hence for each pair
in X at most one v; cannot distinguish them. We have (1\24 ) such pairs, thus two v; can distinguish
all z € X. O

Corollary 3.14. (Buhmann, Pinkus, 1995) Let v1,...,vs be in general position, where s = (12\/[) + 2.
Assume further that w(x) # w(y) for all x # y in X. Then X is uniquely determined and can be
reconstructed.

Proof. Using Theorem we find v, v, such that |v,, - X| = M, j = 1,2. Then for each
T € supp wy,, = vy, - X we find one y € v,, - X such that w,, (r) = w,,, (y). Let ¥ be the unique
solution to Z - v,, =z and - v,, =y. Then 7 € X. O

In R¢ a reconstruction from projection onto lines is possible as well. Again, many formulations
exit. Note that the definition of a projection of a weight function (3.14) can be used verbatim in R?
as well. We give one particularly useful example, first proved in [35]:

Theorem 3.15. (Griesmaier, Schmiedecke, 2017) Let v; € R?, j=1,...,K be in general position,
i.e., any d of them form a basis. Assume w : R® — C is a weight function with suppw = X and
| X| =M. If K> (d—1)(2M — 1), we can reconstruct w from w,,. More specifically,

X={zcR?: z-v; ¢ supp wy,; for at least (d — 1)M + 1 different j},

and for each x € X there is at least one line where x is projected on an individual point, which gives
the weight.

Proof. We call the set on the ride-hand side X. Then X C X. Indeed, if for an z € X we have
x - v; ¢ suppw,,, there has to be a distinct 2’ € X with x - v; = 2’ - v;. Suppose this happens for
(d—1)(M —1) + 1 different v;. By the pigeonhole principle, there is one 2’ € X \ {z} and ji,..., jq
with z - vj, = 2’ - v;,. But v; being in general position yields a contradiction. Note that this also
proves the second claim (in fact, this proves that we find d different v; where x is projected to an
individual point).

Now we show X C X. If # € X, we find for (d —1)M + 1 different j an z; € X with #-v; = x; -v;.
Using the pigeonhole principle once more, we see that there is at least one x € X with Z -v; = x - v;
for d different v;. Again, x = Z follows. O

This theorem is also interesting in the two dimensional case. Note that in contrast to Theorem|3.11
a specific (and simple) reconstruction strategy is given, but the number of necessary lines increases
from M + 1 to 2M.

General Scattered Lines

Now we again consider the general case. The restriction of f to a line £ = {tv + bv, t € R} gives an
exponential sum, which corresponds to the one dimensional weight function

wop(@) = Y wly)emV
yeX
vy=x
We sum up a modulation of the weights, corresponding to all points with the same projection. Again,
note that it is equivalent whether we are looking for w and know w, ; or whether we are looking for
f knowing f/,.
Now we are able to translate results from the previous section to this application.

Corollary 3.16. Let w be a weight function with suppw = X and |X|= M. Ifw,, 3, j=1,...., M+1
are given where v; are pairwise non-parallel and supp wy, p, = v; - X, then w is uniquely determined
and a reconstruction is possible.

Proof. Just note that the proof of Theorem [3.10]is still applicable. This observation was first made
in [75]. O

Remark. M + 1 is optimal in this case as well. The 2M polygon gives again an example. A detailed
discussion can be found in [99].
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Corollary 3.17. Let w be a weight function with suppw = X and |X|= M. Ifw,,p,, j=1,...., M+1
are given where v; are pairwise non-parallel, then w is uniquely determined.

Proof. The proof of Theorem applies here as well (but not the shorter proof!). O

Unfortunately, it does not give a direct reconstruction. However, a reformulation as an optimization
problem can be given, where we switch back to the setting of parameter estimation of exponential
sums.

Theorem 3.18. (Diederichs, Iske, 2015) Let f : R> — C be an exponential sum of order M and
C; = {tv; + ijjl, teR}, j=1,...,M+1 a collection of pairwise non-parallel lines. If G is a set of
samples on the lines {; sufficient to determine each of the restrictions f|¢;, f is the unique solution to

min ||cl|o (3.15)
subject to: Z c, €*™ Y = f(z), Vz€QG. (3.16)
yeY

Here, Y is the following finite set containing all frequency vectors:
Y = {y € R? : 3j1,ja such that y - Vj,, € Supp Wy, b, for k= 1,2}.

Proof. Pick any y € Y/. As there are M — 1 other frequencies in Y7/, but M 4 1 non-parallel lines,

we have at least two lines where y has a different projection than all other frequency vectors. In

particular, y € Y. Hence, f is admissible and the optimization problem has a M-sparse solution.
Now assume that there is a second M-sparse solution g. Due to the uniqueness of the univariate

problem, we have that f|,, = gl¢;. By Corollary 3.17, f = g. O
Remark. There is another formulation of this theorem, which captures more the essence of its proof.
Assume we have lines /1, ...,{x as above. Let H = U{; the union of these lines. Then the restriction
operator

g :8* = C(H,C)
is an algebra homomorphism and hence its kernel is an ideal. We then proved
feker- g\ {0} = ordf>2K.

As restricting f to a line gives an exponential sum of order at most M, instead of H a suitable discrete
set can be chose, namely G.

Returning to Theorem we observe that the stated optimization problem is quite costly
to solve. One difficulty is that Y is rather large, an upper bound is given by |Y| < (2 )MQ. Further,
such non-convex problems are in general hard to solve. In fact, minimizing || - ||o under a linear
constraint Az = b is known to be NP-hard, see [32] Section 2.3. Hence, usually a convex relaxation
is considered, namely replacing || - |[o by || - |]1. In some cases, it can be proved that the relaxation
does not change the solution. Here however, elements in Y can be arbitrarily close which results in
strongly correlated columns in the matrix A, which is problematic.

By taking samples on more lines, this problem can be remedied by relying on Theorem [3.15
Indeed, Theorem directly applies to arbitrary lines, without any modification of the stated proof.
This works in the higher dimensional case as well, however as a line is then parametrized by

= {tv+7, teR},

where © L v, the projection on ¢ of a weight function is defined by

Wy,5(x) = Z w(y)e*™ W,

yeX
vYy=x

For completeness, we state the result (which follows directly from Theorem [3.15] proved by Griesmaier
and Schmiedecke in [35] ).
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Corollary 3.19. Let v; € R?, j =1,...,K be in general position. Assume w : R? — C is a weight
function with suppw = X and | X| =M. If K > (d—1)(2M — 1), it is possible to reconstruct w from
Wy, 5;, where v € R? has to be orthogonal to vj but can otherwise be arbitrarily chosen. Again,

X={zeR?: z. vj € SUpp Wy, ,3; for at least (d — 1)M + 1 different j}.

Finally, we consider the generic situation in d dimensions. As expected, everything works out
smoothly.

Theorem 3.20. Let {; = {tv; + ¥ : te R}, j=1,...,d+1 be lines in R?, where v; are in general
position. Then for a generic f, it is possible to recover it from flg,. Explicitly,

Yf:{yeRd : Uj-yEYflgi forjzl,...,d+1}.

Proof. We call the set on the right-hand side Y. Obviously, Y/ C Y and we are left to prove Y C Y7,
Consider

Y:{yeRd : vj-yEYf‘ej forj:l,...,d}DY.

This is a finite set (as vy, ...,vq are linearly independent). By symmetry it suffices to prove for one
y € Y7 that the probability of z € V' \ {y} satisfying y - vg41 = @ - v441 is zero. By assumption, there
is an index j* € {1,...,d} such that z-v;« = z-v;- with z € Y7\ {y}. Further, if all other frequencies
are already chosen, - vgy1 = & - vy is only satisfied if z lies in a proper affine liner space of R, an
event with probability zero. O

Numerical Verification

We close this section by giving at least a small numerical example. Due to the very special structure
of the sampling points, the only available methods are the projection-based ones. Neither methods
based on TV minimization and convex optimization (like [I6]) nor multivariate Prony-type methods
(as discussed in the next section) can handle these sampling sets, as they cannot be rescaled to be
a subset of Z9. Hence, the connection to multivariate (trigonometric) polynomials is not available.
Other methods, like the multivariate matrix pencil method presented in [44], [8T] rely on sampling sets
contained in Z? as well.

Now assume that we sample an unknown exponential sum f on ¢y = {tv; +bjvi : t € R},... (k.
The frequency sets Y714 can be estimated by applying a univariate method to the samples on ¢;. In
our numerical experiments we use least squares ESPRIT, Algorithm

However, in general the estimates Yejsc,lfj may differ substantially from y/ |‘J‘, in particular in the
presence of noise. To account for this fact, we have to introduce a tolerance £ > 0 in such a way that
all frequencies in Y714 are at most perturbed by € in our estimation.

Depending on a priori assumptions on f (in particular assuming ord f < M), we choose one of the
following alternatives:

1. If we know (or assume) that v; - Y = Y/1% and K > M + 1, we can reconstruct Y/ by letting

Vst :{xeR2 : dist(x-vj,yf‘“f)<sfora11j=1,...,K}.

est

This approach was proposed in [75] and can be used when K is smaller than M + 1 as well,
though no guarantee to recover Y/ is possible.

2. If K > 2M, we estimate Y/ by

Yest :{IGRQ : dist(x~vj,Yﬂej)<sforat least M+1differentj:1,...,K}.

est

Note that Y = Y7/ by Corollary m This strategy is in the spirit of [35].
3. Finally, if K > M + 1, we form the candidate set

Y = {x € R? : 3ji, j2 such that dist (z - vjk,Yf‘ejk) <efor k= 1,2} .
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Figure 3.3: £;, j =1,...,5. On the left-hand side: Y/ and projections of Y/ onto the lines. On the
right-hand side: Candidate set Y and the projections we actually observe.

We denote the solution to the optimization problem (3.15) by ¢* € RY. Then
Yest = {y ey : || 261}

gives Y/ by Theorem This strategy was proposed by Iske and the author in [25]. Note
that we can choose any ¢; > 0, but if some lower bound of |¢,| is available, we should use it
here. Assuming such a lower bound is necessary for stability guarantees anyway, as discussed in
the previous chapter.

Of course, using stronger assumptions on f gives better results. This means that when applicable,
the first method is preferable over the second, which again is preferable over the third.

Note that if e = 0 and ij

est
We give an example, where the third strategy is necessary. To this end, we choose the five lines

=y/ ‘EJ‘, all three possibilities will recover f.

6y ={ter : teR}, Uy = {teg : t € R},
l3 = {t(1,1)/V2+ (-1,1)/\/(2) : t € R}, by = {t(1,-1)/V2+ (1,1)/V2 : t € R},
U5 = {t(sin(w/8), cos(w/8)) : t € R}.

As frequencies we choose

y1 = (0.1,0.1) ys = (0.1,0.6)
ys = (0.6,0.1) ya = (0.6,0.6)

with coefficients (¢1, ¢, ¢3,c¢4) = (1,—1,—1,1). This example is build in such a way that

ylla =g, yfle: =, v/l = {0.14,0.85}, y/les = {—0.35,0.35},

rounded up to two decimal places. In particular ye C vy .Y for = 1,...,4 and a reconstruction
of f using an arbitrary number of samples on ¢;, j = 1,...,4 is not possible. See figure for a
depiction of the situation.

In this instance, the non-convex optimization problem can solved quite easily, as the number
of candidates is smaller than the number of samples and we therefore expect that only one solution
to the linear constraint exists. We test how stable the procedure is. To this end, we add noise

Filk/V2) = flo,(k/V2) 4+ nj1 + ing.o,

where n; 1 ; are independent and uniformly distributed in 6[—0.5,0.5] for various choices of § € R.
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Table 3.1: Results of the example
5 [ N L] tol | con | du(¥7, V) | fails/100 |

0 5 | 4105|001 1e-30

0 109|051 0.01 1e-30 -
le6 | 5 | 4 | 0.5 | 0.01 le-14 -
le-6 | 10 | 9 | 0.5 | 0.01 2e-15 -
le-2 | 5 | 4] 0.5 0.01 1e-06 -
le-2 | 10 | 9 | 0.5 | 0.01 2e-07 -
05 | 5 4] 2 0.5 3e-03 10
05 |10 9| 2 0.5 oe-04 11

As an error measure we give

di (Y7, Yes) = max {;rewg; 0in {ly = gll2, max min fly — 17||2} )
the Hausdorff distance, whenever the number of frequencies matches, otherwise we consider the re-
covery failed. Our findings are collected in Table All results are averaged over 100 runs. The
parameter N, L, tol are as described in Algorithm [3.9] In this example, the proposed method works
well when the noise is reasonable small. In the high noise regime, one has to carefully choose tol and
have a reasonable guess for cp;, to still get useful results.

To conclude this numerical test, when Y/ is very small, the proposed method can be used. However,
even for moderately large Y7, the candidate set is too large and it is advisable to collect enough samples
to follow the strategy presented by Griesmaier and Schmiedecke [35], which was introduced after the
author’s method and is for all practical purposes preferable. Finally, we remark that Griesmaier and
Schmiedecke also gave a MUSIC-like pairing scheme, which looks promising. However, this is not the
place to further discuss their results.

3.2.1 Projection on Parallel Lines

Now we turn to sampling sets on multiple, parallel lines. In this section, we always assume without
loss of generality that we sample along lines

l; = {te1 +bjez, t € R}, j=1,...,K,

where e; = (1,0), e = (0,1) and b; € R pairwise distinct. This covers the most prominent sampling
set, both in applications and theory, namely
Gy={neZ? : ||nl]|e < N},
where N € N, or subsets thereof. Indeed, by choosing K = 2N +1 and b; = =N — 1+ j, the set Gn
provides us with 2V 4 1 equispaced samples on each line ¢;, 7 =1,...,2N +1. If N > M = ord f,
this gives us sufficient samples to determine f|,, by any univariant method.
But why does sampling along parallel lines help us? We have that

f|‘€j (t) — Z Cy€27ribjy2 2Tyt — Z Z C(y17y2)627ribjy2 e2minit (317)

yGYf y1€€1-Yf yg:(yl,yz)GYf

Here we denote the jth component of y € R? by y;. The idea when using scattered lines is that we
obtain multiple different projections. Here, we only see one projection. But note that the correspond-
ing coefficients vary for different b;. Even if for one particular b; a critical cancellation occurs and one
frequency vanishes, we might observe it for different values of b;.

In the first part of this section, we make this observation precise and prove under which conditions
we are able to recover f from fl,,. In the second part we turn to an efficient implementation of this
idea. We introduce a variation of ESPRIT, which can be applied to all parallel lines at once, which
greatly stabilizes the scheme.

Partly, these results are published in [26].
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Recovery Guarantees for Parallel Lines

A close look on (3.17) reveals, that the coefficients of the one dimensional frequencies of f|,, form an
exponential sum (in b;) themselves. Indeed, we have that

Cyl (bj) = Z C(y1 \Y2) 627ribjy2 : (318)
y2:(y1,y2)€Y S

Now as we know fls,, we know cy, (b;) for j = 1,..., K. If b; form an arithmetic progression with
step size one, we can apply a univariate method to ¢, (-), which gives us the frequencies and their
coefficients. In particular, the sampling set G can be used here.

In the following, we use the projection on the last d — 1 coordinates

Py 4 :Rd—ﬂRd_l, Pdfl(l‘l,...,ajd) = (CL’Q,...,LBd).

Theorem 3.21. (Diederichs, Iske, 2017) Let [ be an exponential sum of order at most M. Then f
can be uniquely determined (under all exponential sums of order at most M) from samples taken on

Gy ={(n1,...,n4q) €z : Inj|]<NVj= 1,...,d}
for any N > M by only solving a finite number of one dimensional parameter estimation problems.

Proof. We use induction in d. The case d =1 is clear. We rewrite f as

f(TLl, 1,) — § CyeZWzylnleZWZPd_ly-z — § E C(yl)g)e%mylnl e?ﬂzym.

yey.f ﬂEPdflyf y1:(y17l7)€Yf

Using the induction hypothesis, we are able to determine for each |n;| < N the frequencies and
coefficients of f(ny,-) € S4 1. We therefore know for each § € Py_,Y/ and each |n;| < N

~ — L p2miying
cg(n1) = § , Cly1,5)€ :
yeP L {giny’

Note that c;(-) cannot vanish for all |n1| < N, as by assumption ¢; € Si;. Further, we can recover
C(y1,5) and y for each § by applying any univariate method. Now clearly

Yf = {(ylag) : Zj S Pd_]_Yf and y1 € YCg}7
while the coefficients are given by Clyr, i) .

Remark. We give a few comments on this theorem.

1. Cuyt and Lee pursue a similar idea in [22], developed independently from the author’s result.
They also use the property that the coefficients again form an exponential sum (though without
having projections in mind). However, the focus of this work is different: Instead of looking for
a fixed sampling set, an adaptive strategy is presented, which in most cases uses significantly
less samples.

2. One of the important advantages of this method is that no matching of different projections is
required. They are matched automatically, as the second component of the frequencies occur
in the coefficient of the first component. Nonetheless, it is necessary to match projections on
parallel lines. Indeed when we use the induction hypothesis, we implicitly make the assumption
that we can match correctly the frequencies of f(n,-) and f(m,-) . While we just have to match
equal numbers in the noise-free case, if we only have perturbed frequencies this might cause
problems. In the next section, we are able to overcome these problems. The matching is one of
the main disadvantages of taking scattered lines, but also of direct multivariate version of the
matrix pencil method [44]. In other multivariate methods, this matching comes with the cost of
having to diagonalize certain matrices simultaneously. We discuss this approach later in more
detail.

3. We do not state computational cost, as we give an efficient algorithm later on.
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4. In [26], Iske and the author considered a slightly smaller sampling set. We refrained here from
this small gain, as we give a significantly (in fact optimal) smaller sampling set next.

We turn now to minimal sampling sets. To this end, a little bit of preparation is necessary.
It is well known that whenever N > M and y1,...,ya € [0,1) are mutually distinct, the vectors

on(y;) = (ezmyjk)k:o N-1

.....

are linearly independent. Indeed, the Vandermonde matrix with columns vy (y;) has full rank. We
prove an analog property for multivariate Vandermonde vectors.

Definition 3.22. We define

d
Iy =% (m,....na) NG : [[(n;+1) <N 3,
j=1

which is the non-negative part of the hyperbolic cross. Further, for y € [0,1)%, we let
Urd, (y) = UN(y) = (eQTriy-k)kepN :
Later, we use va(y) = (™™ cq € CC for arbitrary, finite G C 72,

Now we prove linearly independence of M Vandermonde vectors Upd . This has been proved by
Sauer in [85], though our proof here differs significantly.

Lemma 3.23. Let Y C [0,1)% be a finite set, |Y| = M. Then for N > M, the vectors vx(y), y €Y
are linearly independent.

Proof. We use induction over d. The case d =1 is clear. Assume we have ¢, € C such that
Z c,on(y) = 0.
yey

Then we have that

Z c, Xk =0, Vk e T%. (3.19)
yey

Let Py_; : C? — C% ! be the projection on the last d — 1. We can rewrite (3.19) as

Z Z Clyr €T | 2TE = 0, V(k1, k) € T
YyE€Pa1Y \y1:(y1,y)€Y

As (0,k) €T, for all k € F‘f\fl, we can apply the induction hypothesis and obtain that

Z Clyr,y) = 0, Yy € Py_1Y. (3.20)

y1:(y1,9)€Y

Thus, for all y € Py_1Y with P, {y}NY = {y1}, we know that c(,, ,) = 0 and hence we can assume
that no such y € P;_1Y exist (by possibly reducing M).
But this implies that [P, ", {y} NY| > 2 for all y € Y and hence that |P;_;Y| < [%]. Now we
can use that (1,k) € I‘jl\, for all k € I‘f&lj and hence, by induction hypothesis once more, that
2
S ey =0, Vye P,y (3.21)
y1:(y1,9) €Y

However, this implies (by (3.20), (3.21) and the case d = 1) that for all y € P;_1Y with

|P(;_11{y} ny[<2
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the coefficients vanish. Therefore, we may assume that | P, {y} N Y| > 3. Repeating this argument

a7 and 7 € Nyg).

gives that all ¢, have to be zero, (using (r, k) € I'4, for all k € FLﬁJ

O

This proof works for more general frequency vectors in [0,1)% + iR? as well. With this in mind,
we comment quickly on the point of view in [85]. Cousider the space of polynomials

Ipa =span{z" =2z{" ... 23" : n€ ).

Clearly, Lemma implies that for any X C R% + [0, 1)¢ with |X| < M and any ¢ € C¥ there is a
polynomial p € HF?\/I with p(xz) = ¢, for all x € X. Indeed, the interpolation matrix has full rank and

therefore is surjective. Of course it cannot be injective as |T'4,| > M for d > 1. This does not come
as a surprise, as having a unique interpolant as well would contradict the Mairhuber-Curtis theorem,
see for example [97]. The set '}, is in certain ways an optimal choice among all G C N¢ with this
universal interpolation property, see [85] for details.

Furthermore, we remark that this improves a lemma in [54], where full rank of Vandermonde
matrices on a full grid [0, N]9 N Z? were proved. In [54], this result is then used to give recovery
guarantees for a multivariate MUSIC algorithm, which can be improved using Lemma [3.23] We
return to this later.

Theorem 3.24. Let f € S¢, be an exponential sum. Further, let

d
. 41
fd = {nend H["f; W§M
P

Then [ is uniquely determined by (f(k))kef‘iiu and Y7, as well as the coefficients, can be recovered
using univariate methods alone.

Proof. First, we establish uniqueness. Clearly, I'd,, € T'9,. Assume that f, g € S¢, are equal on T'¢,,.
We have that

(f(k) = 9(k))rera,, = D chvam(y) = > cjvan(y)

nag yeYy

and as |Y/ UY9| < 2M the preceding lemma gives f = g.

To recover f, we give a strategy which at the end proposes a finite number of candidates. We then
evaluate all of them on I'?,,. f will always be one of the candidates and can hence, by the first part
of this proof, be identified uniquely. Furthermore, we use an induction on d, where the case d = 1
follows trivially.

To this end, we use the following property, relating f“fw to f‘]@l:

2k —1,k)eTd, o keld ! Vk; € Nsg, k€ Né L,

[#]

The general idea is similar to the preceding lemma. We write f as

f(klv k) - Z Z C(yhy)ezﬂ'iylkl €2ﬂik'y,

Py 1Y 7T \y1:(y1,9)€Y S

Now we note that if ky = 1 we have (2(k1 — 1), k), (2k1 — 1,k) € 'Y, for all k € T, ! and hence, by
induction hypothesis, we are able to recover all y € P;_,Y 7 for which the two coefficients

2miyin _
E : Cyrpe ) ny = 0,1
y1:(y1,y)€Y S

do not vanish simultaneously. Assume for the moment that we knew for which y € P;_1Y 7 only one
y1 with (y1,y) € Y/ exists (and collect them in Y'!'), we could calculate C(y, ) for all such y and then
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consider

FB (2, 2) = flag,z) — Z gy VD)
yey!

Note that we know f(R)|1:§1w. Further, f(®) has the property that for all y € Py_1Y 7™, there are at

least two y1, 91 with (y1,v), (71,y) € v/ This on the other hand implies that \Pd_lYf(R)| < ¥
and hence using the induction hypothesis, we are able to determine the coefficients of all y € P;_, Y/
for which

2miy1n
E Clyrpe M n1=0,1,2,3
y1:(y1,y)eYS

do not vanish simultaneously; indeed (2(k; — 1), k), (2ky — 1,k) € T4, for all k € f“fEJ and k; = 1,2.
2
But as these are again exponential sums, we are able to determine y; and c(,, ,) for all y where only

at most two y1, 71 with (y1,y) € VI exist. Again assuming we somehow knew which y € Pd_lYf(R)
where of this kind, we could again subtract them, obtain a new exponential sum and iterating this
will give (after at most M steps) f.

But we do not know the set Y'! beforehand (nor the similarly formed sets in the subsequent steps).
On the other hand, we can of course take any guess for Y'! and proceed. As for each guess only a finite
number of possibilities exist, and only M steps are necessary, we are able to create a finite number of
candidates. As described earlier, we are done. O

Remarks. 1. This procedure is so outrageously inefficient, that the author does not try to give the
precise computational complexity. Note however, that if [Y'| = M/2, we have to build (at least)
one candidate function for each subset of Y!. This alone gives O (2M/ 2). Therefore, Theorem
B-24] should be considered as being of theoretical interest only.

2. As I'd,, ¢ T¢, C rd,,, and %] < Mlog®™' (M) (see Lemma 1.4, p. 71 in [60]), only
O4(Mlog® ' (M)) sampling points are needed. This improves a result by Sauer [85], which
gives a set G with |G| < (d+ 1)M?21log®>?~2(M). However, Sauer’s method, as well as multivari-
ate ESPRIT-type methods are of polynomial runtime, as we will soon see.

3. In the uniqueness part, we actually proved that

d ry
“lpa o Sy — C2, [ flra,

is one-to-one. Thus, reconstructing f from f |F§M is possible. But the only reconstruction scheme

is searching for f in S]”\I/I. An algorithm that only needs finite time is unknown.

4. While Theorem [3.24] includes Theorem [3.21] as a special case, the procedure given in the proof
of Theorem [3:21] is more practical and the foundation of an algorithm presented later on.

Now we consider once again the generic situation, where only 2dM samples are required - this is
closer to the setting of Cuyt and Lee in [22]. In fact, this theorem can be easily and directly deduced
from their considerations. We give a proof more in line with the rest of this chapter.

Theorem 3.25. If we sample a f € S¢; on
d
G = U {(n,02k,...,0ak) : —M <n<M},
k=1

we are generically able to reconstruct it using univariate methods alone.

Proof. In the generic situation, all frequencies of f € S¢, have a different first coordinate. We apply
a univariate method to f(k,0,...,0), k= —-M +1,...,M. As

f(x,O,...,O) = Z cyeQﬂ'ixyl

yey f



3.2. PROJECTION-BASED METHODS 63

this gives us the first coordinate of all frequencies as well as their coefficients. Applying a univariate
method to f(k,1,0,...,0). k=—-M +1,..., M, we see that

f(z,1,0,...,0) = g 61,627”“627”‘"’391
yey s

and hence we can easily calculate the second component. Analogously, we identify all other components
of the frequencies of f. O

Remark. Related results can be found in [91], extended in [48]. There, sampling sets of the form
G =[0,I] x -+ x [0,I4) N Z¢ are considered and various criteria under which a generic f € S§, is
uniquely determined by f|g are given.

Simultaneous Frequency Estimation

Now we give an efficient algorithm to estimate the frequencies of a multivariate sum f € S¢, using
samples taken on parallel lines. Recall that in the strategy suggested by Theorem [3.21] we consider
lines

Ly, ={(x,m) : z R},
where m € Z%1. Then we wish to estimate the set

el-Yf — U Y Flem

mGG(Ii\fl

We let f, = f
m,n € 241,

¢, € Si,. Note that we expect to find the same frequencies in Y/ and Y/ for most

Definition 3.26. For f1,...,fr € Si; and N € N we define their joint signal space of window size
N by

Sig(f1,..., fL,N) :=Sig(f1,N) + - -- + Sig(fr, N).
We can immediately transfer the following results from Lemma [3.3

Lemma 3.27. For fi,..., fr, € S}, and N € N with N > M let

L
Y = U yli,
j=1

Then the following holds true:
(1) The dimension of Sig(fi,..., fr,N) is equal to |Y| and a basis is given by (vn(y))yey -
(2) A spanning set is given by
sG) k=1,...,L, j=1Jo,...,jo+ M —1,
where jo € Z can be arbitrarily chosen.

Proof. Both claims are direct consequences of Lemma [3.3 O

Now it is quite clear, that the idea of ESPRIT still applies. Indeed, ESPRIT can be interpreted
as estimating the parameters y1, ..., yy of a space spanned by vy (y1), ..., vn(ys) when N > M +1
from any spanning set of this space.

We summarize the proposed algorithm, which uses samples of an unknown f € Sf@ on the set
Gy ={neZ : |n]lo < N} to determine Y/.

Algorithm 3.28. Input: N € N with N > M, a tolerance tol > 0 and f(k), k € Gn, where f € S,
is unknown. Let K = (2N + 1)?71,
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o Ifd =1, apply ESPRIT. Otherwise, fix any enumeration ji,. .., jK ofG‘]iv_l, let f;, (x) = f(z, ji)
and build the matriz

_ fi fi
H= HN}H,NJrl(_N) HNj:LNH(_N) :

e Perform a incomplete SVD of H to determine its numerical rank, i.e., the number M, of singular
values larger than tol. Store the left singular vectors uy, ... ,up, associated with the M largest
singular values of H in a matriz U = [uy ... upp].

o Form UM and U by discarding the last resp. first row of U. Solve
vOw =y

in the (total) least square sense.

e Determine the eigenvalues €*™%i, j = 1,...,My of W. Yy :={y; : j =1,...,M;} is the
estimate of e; - Y.

e For each y € Y1, determine the coefficients c,(ji) of y in the exponential sums f;,, k=1,... K.
Apply this algorithm to c,(ji), jr € G% " (which are samples of an exponential sum in Si; ')
and save the result in Y.

Output: {(y,2) €[0,1) x [0,1)¥1 : yeYy, z€Y,}.

Remarks. 1. In the case of noisy data, the algorithm is applied to H, storing the noisy samples.
It is then crucial that tol is chosen such that the rank, and hence M is correctly determined.
Otherwise, the algorithm will not give any reasonable results. Unfortunately, this holds true
for the subsequent applications to ¢,(-). But the coefficients are more prone to perturbation, as
they arise from solving a perturbed Vandermonde system.

2. It is possible to use a different block size in H, i.e., using Hz’l"LQ blocks, as long as L1 > M + 1
and Lo > M, exactly as in ESPRIT. To use all samples, one should choose Li, Ls such that
Ly + Ly = 2N + 2. Different choices result in slight performance differences.

3. The largest computational cost is due to the (incomplete) SVD of H, which costs Og(N?"1NN?) =
04(N9*+2). Solving for W and determining its eigenvalues is of lower order (as W € CM1xM1),
When determining the coefficients, it is crucial to note that they arise all from the same system

matrix. Indeed, fixing an enumeration y1, . ..,y of Y1, we see that c(jx) = (cy, (&), - - - » Cyar, (&))"
is given by
—N27iyy —N2miym
e e 1
e~ (N=12miys  —(N-1)2miynr, f.jk (_N)
c(jr) = :
6N2‘7riy1 o eN271:in1 fin(N)

Thus, one can determine a QR factorization of the matrix (which is just a shifted Vandermonde
matrix), resulting in O(N® + N9~ N?) operations. Furthermore, it is clear that when we apply

the algorithm in dimension d < d at most M times (as each application has to give at least one
frequency). Thus, overall, we have a complexity of at most Og(N9+2).

4. When not enough samples to form f;, j € G‘Ii\,_1 are available, one can still use this algorithm,
though even in absence of noise a recovery of Y7/ cannot be guaranteed. One can for example
use a sampling set as suggested in Theorem (where f;, j =0,e1,...,eq are available).

5. Numerical examples are given in [26].
Corollary 3.29. For all f € 8¢, Algorithm recovers Y7, if one chooses tol = 0.

Proof. We use induction over d. The case d = 1 is clear, as we just apply ESPRIT. Let P, : R? —
R, Pix = z;. Then for (z1,7) € R x R4 we have that

~\ _ p2miy1xy 2Ty L L2miy-T 2miT1Y1
[z, @) = § : Cy1,9)¢ € = Cly1,5)€ € ;

(y1,9)eY ¥ nePYS \gerP " {y:}
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which is a univariate exponential sum in z;. As

7) — 2Ty
ey, () = E : Cly1,9)¢
gePr Hy1}

is in SI(\l/[_l, it cannot vanish on G‘Ii\,_1 due to Theorem and hence each y; € P,Y/ has to appear
with a non-zero coefficient in at least one f(-,jx). Lemma implies that Sig(fj,,..., fjx,N) is
the range of H and that (vx(y) : y € e; - YT = PiY7) form a basis. Further, M; = |e; - Y/| and
uy,...,upr, is a basis of Sig(fj,, ..., fix, V) as well. UNW = U@ gives, just as explained around
(3.10), a matrix W with eigenvalues 2™, y € ey - Y/,

Using that this algorithm works in dimension d — 1 by assumption, that each frequency ¢ of c,,
gives an (y1,9) € Y/ and that all y € Y/ are of this form, the claim is clear. O

3.3 Other Multivariate Methods

Instead of reducing the problem to a set of one dimensional ones, it is possible to directly transfer
Prony’s method, MUSIC, ESPRIT and the matrix pencil method to the multivariate setting. In this
section we discuss these ideas. We start by defining a multivariate, windowed signal and the signal
space.

Definition 3.30. Let f € S¢, and G C Z¢ be given. We define the G-windowed signal of f at j € 74
by

sL() = (f(n+§))nec-

Further, we call
Sig(f, ) = spaneza {s5(7) }
the signal space of f (with window G).

In Lemma , we used the linear independence of the Vandermonde vectors to derive several
useful properties of the signal space. Similarly, we can use Lemma [3.23] to derive properties of the
multivariate signal space, at least if ['9, C G. To give concise statements, it is useful to define a notion
of matrices, which do not fix an enumeration of a finite set.

Definition 3.31. For finite sets X,Y, we define a X x Y matriz A € CX*Y as
A:(am,y rreX, yEY),

where a,.,, € C for all (x,y) € X xY. Of course, such a matriz can be multiplied with a vector v € C¥
just like a normal matriz:

Av = Z g,y Vy € CX.

yey reX

Further, we define AT = (a;y)yevzex € CV*X and A” = (a;,)yey.eex € CY ¥,

Recall the definition of multivariate Vandermonde matrices, which are given by
VoY) = (GZWin.y)neG,er =[valy) : yeY]e cexY,

where G C Z? and Y C [0,1)? are finite subsets. Further, we define for any j € Z? the diagonal
matrix

Dy (j) = diag (egﬂj'y tyeyY)e cY*xY,

Lemma 3.32. Let f € S, with frequencies Y7, coefficients ¢ € CY’ and order M be given. Let
j € Z%. Then the following statements hold true:
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(1) We have the identity
s6(7) = Va(Y!) Dy (j)e.
(2) If T4, C G, a spanning set of Sig(f, G) is given by

(557 + k)iers,
and

dim Sig(f,G) = M.
(3) If T4, C G, a basis of Sig(f, N) is given by
(vG(y))erf .

Proof. The first identity follows easily (and just like in the one dimensional case) from a direct calcu-
lation:

sh(G) = D ey (MUY o= D" e, ™ Vug(y) = Ve (YT ) Dys (j)e.
yeY s yey s

To prove that Sig(f,G) is spanned by sé(j + k), k € T'Y, and has dimension M, it clearly suffices
to prove that Dy (k)c, k € 'Y, span a space of dimension M, due to the injectivity of V(YY) (a
consequence of Lemma and T'Y, C G). But

[Dys(k)e : keTY,] = diag(c) [vp% T - ye Yf]T (3.22)

and Lemma [3.23] gives that the transposed Vandermonde matrix on the right-hand side has rank M,
which proves the claim.

Now (1) directly implies that Sig(f, G) C span(vg(y) : y € Y7) and due to Lemmathe span
has dimension M, hence (2) gives the claim. O

3.3.1 Multivariate Prony-type Methods

Now, proceeding similarly to the section on one dimensional methods, we can use these properties to
describe the different approaches to the multivariate frequency estimation problem. We start with
Prony’s method. Instead of one shift 7', we now have one shift for each dimension.

Definition 3.33. For k=1,...,d, an f € 8}, and a finite set G C Z* with T4, C G, we define the
linear map T}y as the unique extension of

sG(J) = &0 + ex)

to Sig(f,G). Ty is called k-shift operator. The extension of Ty to C% by zero on the orthogonal
complement of the signal space is again denoted by T},.

Again, it is straight forward to check that the eigenvalues of T} give the frequencies of f. The
additional difficulty is that the eigenvalues of T} are the projection of the frequencies of f onto the
subspace ey - C?. To match them, we use that T}, ..., Ty commute and hence have a common basis
of eigenvectors. These eigenvectors induce a matching - one eigenvector corresponds to d eigenvalues
z; = €2 of T; and gives rise to the frequency vector (yi,...,yaq).

Lemma 3.34. For f € S¢;, a set G C Z¢ with T'Y, C G and the k-shift operator T, defined above,
the following statements hold true:

(1) For any left inverse L of Vo(Y7) we have that
T, = Va(Y') Dy (er)L,

in particular Ty, is well-defined.
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(2) Ty, ...,Tq commute.

(3) Ty has eigenvalues €™V with y € ey, - Y. For one suchy letY = {j €Y/ : y=ep-j}. Then
the geometric (and algebraic) multiplicity of e*™% is given by |Y| and the eigenvectors are given
by v (5), GEY.

Proof. The first claim is clear due to Lemma (1) and the fact that Dys(ex)Dys(j) = Dys(ex+7),

the second claim is obvious. Finally, for any § € Y we have that

Ty (§) = Va(Y!) Dy s (er) Lva(§) = Va(YT) Dyt (er)eg = ™0 Vo (Y ey = €™ ug (j).
This gives M linearly independent eigenvectors, which is the dimension of Sig(f, G). O

Now all we have to do is to find a basis of Sig(f, G), to represent T;, j =1,...,d in this basis and
to calculate a joint eigenbasis of the eigenspaces of T;. Then, as described above, we have estimated
Y/. We are thus left with a little bit of linear algebra.

But before we describe the necessary linear algebra, we count the minimal number of sam-
pling points we need. First of all we choose G = I'¢, (which is the minimal choice). By Lemma
sé(k), k € T4, form a spanning set of Sig(f,&). Therefore, T; is uniquely determined by

Tjsr;{, (k), k € T'¢,. But we also need to know Tjslji% (k) = Sljigiw (k + e;). All combined, we need to

know f on 1"‘11\/[ + (1"‘11\/[ +e;) to determine T} and forming the union over all j =1, ..., d gives precisely
the sampling set described by Sauer [85].

Definition 3.35. We define the corona of a set G C Z% by

d
[G1=GU|JG+e;.
j=1
We immediately see that we need samples of f on 'Y, + [T'4,] to estimate T}, j =1,...,d.

We start by estimating Sig(f, G). Assume that we know N € Nyg, an upper bound of M, the
unknown order of f. We then collect a spanning set of the signal space and perform a singular value
decomposition. Unfortunately, we have to leave the convenient notation of fixing no enumeration of
G and [T'4], as the SVD always fixes an enumeration. Let

[sé(n) s neTg] = Héﬂiv =Uswh.

We ignore the slight notational inaccuracy that the left-hand side is a matrix in CGXF?V, the right-hand

side in CGIXIT%| Estimating the rank of Hé, o by thresholding the singular values at a tol > 0, we
N
obtain M. The first M columns of U, denoted by uy,...,up; € CIG! then form an orthogonal basis of
Sig(f, G). Note that this estimate can also be applied when we only have noisy measurements.
But how to choose tol? As in the univariate case, Hél,% can be factorized in Vandermonde

matrices and a diagonal matrix, which then gives rise to estimates of o;.

Proposition 3.36. Let f € S{, with frequencies Y/, coefficients ¢ € CY’ and order M be given.
Further, let G1,Go C Z% be two finite sets. Then

Hél,Gg =Vq, (Yf) diag (Cy TR Yf) V., (Yf)T.

Further, if d = 2 and G; = [-N;,N;]>NZ?, j = 1,2 and f € S*(q) with ¢ > K;/(N; + 1), where
Ki, Ky, N1, Ny € Ny, the smallest non-zero singular value of Hél,Gz can be estimated by

Tmin 2 ConinOmin(Ver (V)00 (Ve (V7)) Z (K1 Ko NiNo) 2,

min = *min® min min

where cmin s a lower bound to the modulus of the coefficients of f. The precise constants are given
i Proposition (2.29

Proof. The factorization can be derived exactly as in the univariate case, using Lemma and ((3.22)
(which is true for arbitrary finite sets):

[sé(n) : n€Ga] = [V, Y )Dys(n)e : n€Gs] =Vg (Y)diag (¢, : yeY/) Vg, (YT
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The lower bound for o2 follows directly from Proposition O
Remarks. 1. The factorization is well-known in the literature, see for example [85].

2. Tt is possible to obtain lower bounds for higher dimensions as well, if one relies on Montgomery’s
construction, see [I§] Corollary 22. For fixed g, this results in the following estimate:

02in Zq Coin (N1 — (2N7)771 + O(N{72)) ((2N2)? — (2N2)*1 + O(N§2)) .

min ~¢ “min

3. Unfortunately, such estimates are unknown for sampling sets of the form G; =T'Y,, Go = [T'%].

4. The discussion after Theorem carries over to the multivariate case with only slight adjust-

ments. Indeed, if we are given f(n) = f(n) + €, and we only know that |e,| < n, we have to
choose tol larger than

1Ell2 < nv/1G1|Gal,

where E = {ep41 : n € G1, k € G2} is the matrix containing the noise, to recover ord f = M
from HéhGZ. However, that is only guaranteed to work if aM(H(f;hGQ) > 2||E||2- As in the
univariate case, more sophisticated estimates, using specific noise models and random matrix
theory are currently unknown.

Next we consider the reduced singular value decomposition of H é ra » Which for readability is again
N

denoted by USWH | but now ¥ € CM*M jig a diagonal matrix with positive, decreasing diagonal
entries, U € CICI*M and W ¢ CMXITX| with orthogonal columns.

Now we wish to obtain a matrix representation of 7} in the basis u1,...,uns. This results in
o grHpr _ prHmp 17 f —1 _ y7H r7f —1 MxM
M; =U"T,U=U J“JHGF?VWE =U HG,FvarejWE eC . (3.23)

We summarize the algorithm.

Algorithm 3.37 (Multivariate Prony’s Method). Input: f(k), k € G+[T'%] of an unknown f € S¢,,
N > M (i.e., an upper bound of the order of f), G D T4, and tol > 0.

e Calculate an SVD of Hé ra » let M be the number of singular values larger than tol. Save the
N

reduced SVD Hé ra = USWH,
N

e Form the matrices My, ..., My as in (3.23).

o Calculate a basis of joint eigenvectors vy, ...,vym of M; and denote the eigenvalue of M; and vy
27riy;»€ .

by e
Output: The frequency vectors (yt,...,y%), k=1,..., M.

How to calculate a basis of eigenvectors is well-known, see for example [33]. To obtain a joint
eigenbasis, we usually do not need to calculate an eigenvalue decomposition of all M;. Indeed, as
the eigenspaces of one M; are invariant under all other My, we simply start with an eigenspace
decomposition of M;. All one dimensional eigenspaces are then also eigenspaces of all other matrices.
For all higher dimensional eigenspaces, we proceed as follows: Let E be such an eigenspace of M.
We then perform an eigenspace decomposition of Ms|g : E — E. For all eigenspaces of M in FE with
a dimension larger than one we continue by decomposing M3 on each of them et cetera. See [63] and
[86], where this idea is made precise.

An alternative approach is to simply form a linear combination M of all matrices M;. Clearly,
such a linear combination has still the same eigenvector basis. The eigenvalues of M are then the
corresponding linear combination of the eigenvalues of M;. For all but a finite number of linear
combinations, the eigenvalues of M will only have one dimensional eigenspaces (an easy consequence
of Lemma and we are done. This strategy has been pursued in [81), [95]. Later, in our numerical
experiments, we will use it as well.

Remarks. 1. It is easily possible to use a larger sampling set, for example G + [G2]. As long as
I'Y, € G N Gy the method will work.
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2. If one uses noiseless samples and chooses tol = 0, the preceding discussion shows that the
algorithm will recover Y/.

3. Concerning the computational complexity, calculating the SVD is the most costly step, namely
O(|G||T%?). Using the minimal set G = I'?,, this results in Oy(N?), up to logarithmic terms.

4. In the case G = [~Ny, N1]9NZ% and Gy = [~ Ny, No]¢ N Z4 Algorithm is actually the same
as the algorithm proposed in [40]. However, not only is the number of samples increased to
04(N?), the computational complexity increases drastically to Og(N39).

This variation of Prony’s method is closely related to the method introduced by Sauer in [84].
Indeed, we claim that the matrices M, defined in (3.23) are similar to the transposed multiplication
tables, as given in [84], Theorem 5. We now give a short reasoning for this claim.

To this end, we note that each T); can be seen as a difference equation, as it gives rise to an equation
of the form

Zt%?nf(n—kk):f(m%—k—kej) for all m € G and all k € Z¢
neG

with t%)n € C. In the one dimensional case, we were able to identify these coefficients with a polyno-
mial, with roots equal to the frequencies. To see whether this is still possible, we consider

Pm,j(Z) =2"T Z tgrjz?nzn € HGU{erej}'
neG
Now we see that

O=f(m+k+e)— Y t flntk)= > c vk (ez’”’y'(m“ﬂ = t;{?nezmy'">

neG yey f neG

_ 2miy-k L p2miy
= g cye P j (e™Y).
yey s

As this equation holds for all k € Z¢, we conclude that P, ; (¢*™%) = 0 for all y € Y/. Further, note
that for all m +e; ¢ G, clearly P, ; # 0 and all these P, ; are linearly independent.
Denote the vanishing ideal of Y/ in the polynomial ring II in d variables by

ny:{pel_[ : p(y)zOfOrallyEYf}.

Further, we denote by [p] the equivalence class of p € II modulo Iy ;. We just proved that P, ; € Iy,
ie., [Py, ;] = 0. If we identify C with Il by

ceCl chzk € g,
keG

we can define
T; Mg —1/Iyr,  pe [T]p).

Next we claim that Iy N1lg is in the kernel of Tj. To prove this, we choose an arbitrary polynomial
p = (Pn)nec € Iys and calculate (using [Py, ;] = 0)

[T p] = [Z (Z t,gg'?npm> z"] = [Z D (Pm,j(z) +y tggnz")]
neG \meG meG neG
= [Z szmzm] = [z;p(2)] = 0.
meG

For notational convenience, we continue to use 7} for the mapping I/ (Iys N1lg) — /Iy s induced
by Tj.
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Furthermore, by interpolation on Y/, one can construct a mapping
T H—>Hg/(1yf ﬂng).

Note that while interpolating on Y/ is possible, the interpolant is not uniquely defined (see discussion
after Lemma. However, it is unique modulo Iys. 7 contains Iy s in its kernel, as it is constructed
by interpolation.

Hence, we obtain a mapping (which is a linear mapping between vector spaces)

Tjom:1/Iys — 11/Iys.

We claim that this mapping is actually equal to [p] — [z;p], the multiplication with the j-th variable.
It suffices to check this on [z™], m € I'4,, which is a spanning set. This, however, can be verified by
a quick calculation:

m+€j] = [ ’

=z 22"

Ty 0 m((=m) = Ty((2™]) — [z t;zznzn] _ [z ) s P

neG neG

where we used that [P, ;] = 0. It is interesting to note that in the one dimensional case, the shift
operator T' can be represented by the companion matrix (which represents [p] — [zp] in II/Iys).
Analogously, we just showed that T]-T represents multiplication by the jth variable. A matrix rep-

resentation of Tj o 7 can therefore be interpreted as a higher dimensional analog of the companion
matrix. Finally, M; can be seen as a matrix representing 7} in a suitable orthonormal basis. We
summarize:

Proposition 3.38. The matrices MjT, j=1,...,d as given in (3.23) represent the linear mappings

H/ny — H/ny
[p] = [2;p]-

While this theorem shows that Algorithm and the method proposed by Sauer are closely
related, there are some important differences. Most importantly, Algorithm starts with an es-
timate of the signal space, using as many samples as possible. Then projecting onto the estimated
signal space (hopefully) clears most of the noise from the data. This gives a rather stable algo-
rithm. On the other hand, the method introduced by Sauer uses a nested set of sampling points
G+Ay CG+ Ay C--- CG+[TY] and terminates at step k if G + Ay, suffices to recover f. It is
reasonable to assume that this leads to a method more prone to noise, as not always all samples are
used. However, as many f € S{, can be estimated with fewer samples (in particular if the bound N
of the order is crude), only using as many samples as necessary has computational advantages.

Another slightly different perspective is given in [40] by Harmouch, Khalil and Mourrain. Propo-
sition is closely related to Proposition 4.1 in [40], which covers only the case G = [~ Ny, N1]9NZ?
and Gy = [~No, No]9 N Z%, though a more general problem. They translate the problem to a poly-
nomial setting (along the lines of the sketch given above) and then deduce Algorithm for this
case.

Finally, we remark that the first result rephrasing the multivariate Prony problem as finding the
joint zeros of a finite number of polynomials is given by Kunis et al. in [53]. However, no method to
actually compute these zeros is given. In our version, we circumvent this formulation entirely.

3.3.2 Multivariate MUSIC and ESPRIT-type Algorithms

Now we give a variation of MUSIC in arbitrary dimensions. Our method is more or less equivalent
to the method presented in [54]. However, we are able to reduce the number of necessary samples
significantly, from Og(M?) to Oq(M?) up to logarithmic factors. This brings it on a par with the
preceding multivariate Prony.

It is actually quite clear how the univariate MUSIC can be extended to the multivariate case. For
any G D T'Y,,, we know that

vy € [0,1): va(y) € Sig(f,G) & yeY/
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by Lemma Indeed, we start again by calculating an orthonormal basis of Sig(f, G) by employing
once again the tool of our choice, the SVD. Let

f _ H
HG’F(}V =UXW

and U = [U1Us], where U; are the left singular vectors associated with the non-zero singular values
and Us the other ones. We modify the MUSIC pseudospectrum:

1

BY) = Toetle:

Clearly, R(y) has peaks exactly at y € Y/. We summarize the algorithm.

Algorithm 3.39 (Multivariate MUSIC). Input: Samples f(n +k), n € G, k € T4, of an unknown
f €84 with N> M and G>T%, |, tol > 0.
e Form the matrix Hé ra and perform a SVD. Estimate the rank of Hé ra by counting the number
N ~ N
of singular values larger than tol. Let M be this estimate.

o Form Uy from all left singular vectors associated with singular values smaller or equal to tol.
e Compute R(y) on [0,1)4.
Output: The M largest local mazima of R(y).

This is almost the exact algorithm presented by Liao in [54]. However, due to the theory developed
in this chapter the number of necessary samples is significantly reduced for all dimensions larger than
two. Indeed, Liao uses samples of f taken on {n € N¢ : ||n|| < 2N}, ie., at least Oy(M?) samples,
while we only need O4(M?) samples (again, up to logarithmic factors) when we choose the minimal
G =T

Now we discuss a multivariate extension of the ESPRIT algorithm. Multivariate matrix pencil and
ESPRIT algorithms have been discussed since the early nineties, one of the first method introduced
is the Matrix Enhancement and Matrix Pencil method (MEMP) by Hua [44], where the pairing
procedure of the components is performed by a MUSIC-like criterion. Using a joint diagonalization
of two matrices, as in the Prony scheme given above, was then proposed in [95] and extended in [81].
Another possibility, an extension of the Unitary ESPRIT, is available if one wishes to find a joint
diagonalization of two real matrices My, Ms by diagonalizing M; + iMsy. This has been proposed in
[39].

Most of these methods are given in the two dimensional case but can be extended to the multivariate
case quite easily. However, this usually results in sampling sets of the form [0, N]? N Z?. One example
is [38], which includes additional references and applications. Recently, Andersson and Carlsson
stated ESPRIT in arbitrary dimensions on general grids in [2], building on their previous work [3]. In
their work, they exclude degenerate cases (basically assuming that the corresponding Vandermonde
matrices have full rank), which also makes the joint eigenspace decomposition trivial (as an eigenbasis
of one matrix is an eigenbasis for all matrices). However, combined with Lemma their results
are equivalent to the ESPRIT algorithm we present next.

We give the basic idea of multivariate ESPRIT. Again, we can profit from our general results for
the multivariate signal space and reduce the necessary sampling set to be of order O4(M?) up to
logarithmic terms.

We start by echoing the rotation property of the Vandermonde basis in the higher dimensional set-
ting. While in the one dimensional case we simply removed the last and first row of the Vandermonde
matrix, we now select submatrices by considering (for j =1,...,d)

Ey=(by : v€G, ye[G]) e CcGxI61, Eéj) = (Opye,y - T€G, ye[G]) € CGxIG1
With the diagonal matrices D; = diag(e?™"¢, y € Y/) we obtain
E\Vig (YD, = ES Vig (YY), (3.24)

This again transfers to other bases of the signal space Sig(f,[G]). Indeed, if B = [by,...,bn] is
a matrix with columns b; € CI¢1 forming a basis of the signal space, there is an invertible matrix
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S € CM*M (now fixing an ordering of Y¥) such that
Vig1 (Y1) = BS.
For this basis, equation implies that
E\BSD;S~' = EY'B.

As E\Vig)(Y7) = V(YY) has rank M, provided that I'Y, C G, so has E1 B and therefore we can solve
this equation for SD;S~!. Clearly, for all j the matrices SD;S~! commute and are diagonalizable.
A joint eigenbasis is given by the columns si,...,sy; of S. As in the multivariate Prony algorithm,
such an eigenvector s; corresponds to the eigenvalues e?™¥¢ of the matrices SD;S~! and therefore
gives rise to ay € Y/,

Algorithm 3.40 (Multivariate ESPRIT). Input: Samples f(n+k), n € [G], k € T'% of an unknown
f €84 with N> M and G D T%, tol > 0.

o Form the matriz H{G] ra and perform a SVD. Estimate the rank of H(fm ra by counting the
LN N

number of singular values larger than tol. Let M be this estimate.
e Form U from all left singular vectors associated with singular values larger than tol.
e Forj=1,...,d, solve
E\UN,; = EY'U
in the least (or total least) square sense.

o Calculate a basis of joint eigenvectors vy, ...,vy; of N; and denote the eigenvalue of N; and vy
27\'z'y]’vC .

by e

Output: The frequency vectors (yf,...,yk), k=1,...,M.

Remarks. 1. Similar to Prony and MUSIC, we only need Oq4(M?) samples (up to logarithmic fac-
tors), a significant improvement to former ESPRIT-type methods, which used O4(M?) samples.
Furthermore, the same algorithm works if one uses H {G] a, 38 long as I'Y, C Gs.

2. The computational costs are again dominated by the singular value decomposition and of order
O(|G||IT%]?), i.e., at least Og(N?) (up to logarithmic factors).

3. Again, we use joint eigenvectors of commuting matrices to match the frequency components.

4. As in the one dimensional case, it is possible to derive a similar algorithm based on matrix
pencils. Due to the repetitive nature, we refrain from giving the details here.

5. Generically, |G| Vandermonde vectors of length |G| are linearly independent on C%. Therefore,
using ESPRIT on H{G} a, With |G|, |G| > M is expected to recover f. Even more, one actually
only has to have full rank of E1U, which is expected to hold generically when

M <|(GH+e)U---U(G+eq)|

Details can be found in [2].

There is a close relation to the multivariate Prony method and the multivariate ESPRIT algorithm.
Indeed, M]T is similar to N; (in the noise free case) if we choose G = I'); in both cases. Note that
Proposition implies that IV; is actually similar to a multiplication table.

To give a few more details, recall that Hf:d ra =U YWH is the reduced SVD and therefore
N> N

T
M, =UH"H! WelWwHU =UH ! (Hf ) U.

g T +e; I'n T4 +e; ré ri
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On the other hand, we have

El [Fd“ Fd = Hlfd Fd P
() g7 f _gf
E H[Fd 1.14, Hrgl\,+ej,rgiv'

Now given a reduced SVD H! = USWH | we see that

41,04, =
B USWHWSIN, = EQUSWH S
and therefore

WSIN; = HY Wl

rd I, N

This gives (using that the columns of W are an orthonormal basis of the orthogonal complement of
the kernel of Hf:d ra and that the range of Hf:d a is equal to the range of HY as both are
N’™ N N>

Fd + Fd I
the signal space Sig(f,T'%))

1 N
_ H f f -1
— W (Hrd Fd) Hy (o WS
Now we see clearly that N, and M-T are similar, as (Hgd T tes 7' = f 4 e, T
g

Does this give any indication to what method might be preferable? W is estimated using HY 41,04,

while U is estimated using H! a matrix with significantly less samples. Therefore, one might

Fd Fd 3
hope that in presents of noise using more samples stabilizes the scheme and that the multivariate
ESPRIT is preferable. We give numerical evidence that this is indeed the case in the next section.

3.3.3 Numerical Examples

We now give numerical examples to illustrate the performance of the proposed algorithms, in particular
of the multivariate Prony method, Algorithm and of the multivariate ESPRIT Algorithm
Again, we use the Hausdorff distance between the frequencies of f and the estimated frequencies Y,
as an error measure, given by

dH(Yf,Yest) :max{max min ||y — g||2, max mln ly — yg}
yeY S YEYest YEYest ye€Y

as well as

dg(Yf7YeSt)2 = max Z dist (y, Yest) Z dist y,Yf
erf YEYest

However, if |Yf| # |Y.s:| we consider the recovery failed.
We consider noisy samples

f(k) = f(k) + np1 + ing,2,

where ny, ; are independent and uniformly distributed in 6[—0.5, 0.5] for multiple choices of § € Rq.
Whenever My, .. Md are a family of pairwise commuting and diagonalizable matrices and we
have perturbed Ml, .. ;, finding a joint eigenbasis of My, .. ., My is in general impossible, as M
are not expected to be commutlng This seems to be a problem, as finding matrices Nq,..., Ny Wthh
are close to Ml, .. Md and commute is a difficult problem.
We use the following easy strategy. We choose aq,...,aq € Ryg and form the matrix

d
E Oéij
j=1
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Table 3.2: Results of the first example

| 5 | N[ K|t | af  ap  Pronyfails/100 | df  df  ESPRIT fails/100 |
le-d | 5 5 0.1 1.6e-4 1.4e-4 1 7.7e-5 6.6e-5 0
le-1 | 5 5 1 | 3.5e-2 3.1e-2 30 2.6e-2 2.1e-2 14
le-1 | 15| 5 1 | 8.6e-3 7.2e-3 0 7.5e-3  6.4e-3 0
le-0 | 25 | 5 | 10 | 5.3e-2 4.4e-2 1 5.1e-2  4.4e-2 0
le-2 | 10 | 10 | 1 | 4.1e-3  3.5e-3 7 2.1e-3  1.6e-3 6
le-2 | 20 | 20 | 1 | 6.8e-3 5.5e-3 0 1.7¢-3  1.3e-3 0
5e-1 | 20 | 20 | 5 | 1.0e-1 8.4e-2 24 5.6e-2  3.9e-2 9
5e-1 | 50 | 50 | 10 | 1.1e-1 6.7e-2 9 3.9e-2 2.6e-2 6
Table 3.3: ESPRIT, random frequencies in three dimensions
| o [ N| K [td] aF 4B fails/100 |
le-4 | 5 5 1 | 2.5e-5 2.1e-5 0
le-1 5 5 1 2.4e-2 2.1e-2 1
le-0 | 15 5 10 | 7.0e-2 5.8e-2 2
le-1 | 15| 25 | 10 | 1.6e-2 1.le-2 3
le-1 | 50 | 50 | 10 | 7.6e-3 5.3e-3 0
le-1 | 50 | 100 | 10 | 8.2¢-3 5.5e-3 0
Then we determine an eigenbasis v, ..., vy of this matrix. Each v; gives rise to a frequency y;: yjx

is given by the average of (Mkvj)n/vjn over alln =1,..., M with v;, # 0.

While one might argue that this is a naive method, we will see that it works reasonably well. We
choose a; randomly, namely as independent, uniformly distributed in [1, 2].

As a first example, we consider K frequencies chosen randomly in [0,1)? and coefficients given
by 7;e*™%i where 7; is chosen randomly in [0.2,1.2] and ¢, in [0, 1], all with respect to the uniform
distribution. We use the sampling set [I'4,] + I'4,. For the rank estimation we use tol for both
algorithms. All examples were run 100 times. The results are collected in Table [3.2] where the
average errors of the Prony methods are denoted by d’ and df; while the average errors of ESPRIT
are denoted by d¥ and d%.

The algorithms were implemented in Matlab 2016b.

Clearly, the multivariate ESPRIT algorithm is a little bit more stable than the multivariate Prony
method. This confirms the reasoning we gave earlier. Furthermore, we see that additional samples
stabilize the problem significantly.

Next, we consider randomly generated frequencies in three dimensions. As ESPRIT already proved
superior to Prony, we stick with it. However, we switch to an implementation in Julia 0.6.2, which is
much quicker (at least in the author’s implementation).

We give the results in Table As we use randomly chosen frequencies, we can usually recover
more than N frequencies, as the table shows. For N = 50 we already use 29053 samples and for
K =100, the computational time of the 100 repetitions on a standard computer (with a AMD Ryzen
1700 processor) was roughly three minutes.

We report results for higher dimensions in Table ESPRIT can easily and efficiently be used
even in 12 dimensions, where the choice N = 8 results in 204418 samples. K = 20 results in a
computational time of approximately ten minutes, while K = 250 took approximately 25 minutes. If
we had to use samples on [—8,8]'2 N Z!'2, we had more that 10'® samples and any algorithm would be
completely unfeasible.

In all examples the value of tol is chosen by considering a few instances of oorq §(H and

f
(FMF?V)
then guessing a reasonable lower bound. That works quite well, as the examples show.

Error Estimates

Next we give examples of the error estimates presented in the previous chapter. We start with a
randomized example. As we have to generate well-separated frequencies, we pick sixteen frequency
vectors in [0,0.1)? and translate them by 0.25(ky, k), k1,k2 = 0,...,3. Again, the coefficients are
given by r;e*™%i where r; is chosen randomly in [0.2,1.2] and ¢; in [0,1], all with respect to the
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Table 3.4: ESPRIT, random frequencies in higher dimensions
d| o |N| K [td] aF 4B fails/100 |

4 | 1e-0 | 10 | 20 10 0.19 0.12 1
4 | 1e-0 | 10 | 50 10 0.44 0.21 3
5 [ 1le-0 | 20 | 20 | 100 | 9.0e-2 6.4e-2 0
5 | le-1 | 20 | 200 | 10 | 2.1e-2 2.1e-2 0
8 [ 1le-0 | 10 | 20 | 100 | 0.16 0.12 0
8 |[1le-1 | 10 | 200 | 10 | 6.8e-2 4.3e-2 0
12 | 1e-1 | 8 | 20 | 100 | 2.0e-2 2.6e-2 0
12 | 1e-1 | 8 | 250 | 100 | 4.4e-2 2.6e-2 0

uniform distribution.

To agree with our analysis in Corollary [2.32] we perturb the samples of a randomly generated f*
f:(n) - f*(n) + Xn,l + an,27

where all X, ; ~ N(0,0) are independent random variables. We then use ESPRIT on the sampling
set [T'3;] + '35 to get an estimate for the frequencies. To test the error estimate, we calculate new
samples on [—30, 30]% N Z2. We call

1 2
(IPx (1) = 58 ()3 = 202N + 12| + (2 + V2)o (2N +1) /%)
the error estimator, which is an upper bound to

15

3(N +1)2
eV DD (e 4 le ) Plly = n() 3 + ==—= " lef i, I

4
yeY s yey f

Here, the first summand is the frequency part, the second the coefficient part of the error. We choose
0 = 0.9, which results in a probability of at least 99% that our bound is applicable.

Carrying out this procedure for different values of the standard deviation o 25 times and averaging
gives Figure 3.4

Asg is evident from this picture, the estimator is within two orders of magnitudes of the error.
Furthermore, the asymptotic behavior in o seems to be correctly captured. Note that we cannot hope
for a perfect result, as the estimation captures the worst case.

To test how sharp Theorem [2.31]is, we consider two deterministic exponential sums. Let f be the
exponential sum with frequencies

Y ={(n,m)/7 : n,m=0,1,...,6}
and coefficients c(,, ) = (—1)"""™. As a second exponential sum, we use gy, which has frequencies
Y ={y+(\A) : yeY/}

The coefficients of g, are determined to minimize the least squares error Py (f — gx) for N = 30. Now
we let A vary and compare the least squares error with the total error, the latter again split into its
frequency and its coeflicient part.

The example shows that while the qualitative behavior in A is well captured, we are again off by a
constant of order 1072, That might by an indication that an improvement of the involved constants
is possible.
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Figure 3.4: Comparison of the errors at different noise levels. z-axis: Standard deviation of the noise.
All results are averaged over 25 runs.

-a-[? Error

-=-Frequency Error
—=—Coeflicient Error
—a-Total Error E

1012 101t 10710 107 108 107 10 10° 104
A, shift of the frequencies

10716

Figure 3.5: Comparison of the errors for different g,.



Bibliography

1]

2]

3]

[4]

[5]

[6]

[7]

18]

[9]

[10]
[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

AKINSHIN, A., BATENKOV, D., AND YOMDIN, Y. Accuracy of spike-train Fourier reconstruc-
tion for colliding nodes. In Sampling Theory and Applications (SampTA), 2015 International
Conference on (2015), IEEE, pp. 617-621.

ANDERSSON, F., AND CARLSSON, M. ESPIRIT for multidimensional general grids. arXiv
preprint arXiv:1705.07892 (2017).

ANDERSSON, F., AND CARLSSON, M. On the structure of positive semi-definite finite rank gen-

eral domain Hankel and Toeplitz operators in several variables. Complex Analysis and Operator
Theory 11, 4 (2017), 755-784.

AuBEL, C., AND BOLCSKEI, H. Vandermonde matrices with nodes in the unit disk and the
large sieve. Applied and Computational Harmonic Analysis (2017).

BALAN, R. Stability theorems for Fourier frames and wavelet Riesz bases. Journal of Fourier
Analysis and Applications 3, 5 (1997), 499-504.

BATENKOV, D. Stability and super-resolution of generalized spike recovery. Applied and Com-
putational Harmonic Analysis (2016).

BATENKOV, D.; AND YOMDIN, Y. On the accuracy of solving confluent Prony systems. SIAM
Journal on Applied Mathematics 73, 1 (2013), 134-154.

Bercu, B., DELYON, B., AND Ri10, E. Concentration inequalities for sums and martingales.
Springer, 2015.

BEURLING, A. Sur les intégrales de fourier absolument convergentes et leur application & une
transformation fonctionelle. In Ninth Scandinavian Mathematical Congress (1938), pp. 345-366.

Boas, R. P. Entire functions. Academic Press, 1954.

BrowN, J., AND CABRERA, S. On well-posedness of the Papoulis generalized sampling expan-
sion. IEEE Transactions on Circuits and Systems 38, 5 (1991), 554-556.

BrOWN, J., AND SA-NGsARI, K. Sampling reconstruction of n-dimensional band-limited images
after multilinear filtering. IEEE Transactions on Circuits and Systems 36, 7 (1989), 1035-1038.

Bryc, W., DEMBO, A., AND JIANG, T. Spectral measure of large random Hankel, Markov
and Toeplitz matrices. The Annals of Probability (2006), 1-38.

BunMANN, M. D., AND PINKUS, A. On a recovery problem. Annals of Numerical Mathematics
4 (1997), 129-142.

CanDis, E. J., AND FERNANDEZ-GRANDA, C. Super-resolution from noisy data. Journal of
Fourier Analysis and Applications 19, 6 (2013), 1229-1254.

Canpis, E. J., AND FERNANDEZ-GRANDA, C. Towards a mathematical theory of super-
resolution. Communications on Pure and Applied Mathematics 67, 6 (2014), 906-956.

CanDES, E. J., AND TAO, T. Decoding by linear programming. IEEFE transactions on infor-
mation theory 51, 12 (2005), 4203-4215.

CARRUTH, J., GONGALVES, F., AND KELLY, M. The Beurling-Selberg box minorant problem.
arXiv preprint arXiv:1702.04579 (2017).

7



78

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

BIBLIOGRAPHY

CHEUNG, K. F. A multidimensional extension of Papoulis’ generalized sampling expansion with
the application in minimum density sampling. In Advanced Topics in Shannon Sampling and
Interpolation Theory. Springer, 1993, pp. 85-119.

CHRISTENSEN, O. Perturbation of frames and applications to Gabor frames. In Gabor analysis
and algorithms. Springer, 1998, pp. 193-209.

CHRISTENSEN, O. An introduction to frames and Riesz bases. Springer, 2016.

CuyT, A., AND LEE, W.-s. Multivariate exponential analysis from the minimal number of
samples. arXiv preprint arXiv:1610.06329 (2016).

DE PrONY, B. G. R. Essai éxperimental et analytique: sur les lois de la dilatabilité de fluides
élastique et sur celles de la force expansive de la vapeur de l’alkool,a différentes températures.
Journal de I’école polytechnique 1, 22 (1795), 24-76.

DIEDERICHS, B. Parameter estimation for bivariate exponential sums by Prony-like methods.
Master thesis, University of Hamburg, 2014.

DiEDERICHS, B., AND ISKE, A. Parameter estimation for bivariate exponential sums. In
Sampling Theory and Applications (SampTA), 2015 International Conference on (2015), IEEE,
pp. 493-497.

DIEDERICHS, B., AND ISKE, A. Projection-based multivariate frequency estimation. In Sam-
pling Theory and Applications (SampTA), 2017 International Conference on (2017), IEEE,
pp. 360-363.

DoNoHO, D. L. Superresolution via sparsity constraints. SIAM journal on mathematical
analysis 23, 5 (1992), 1309-1331.

DuvaL, V., AND PEYRE, G. Exact support recovery for sparse spikes deconvolution. Founda-
tions of Computational Mathematics 15, 5 (2015), 1315-1355.

ELpar, Y. C. Sampling theory: Beyond bandlimited systems. Cambridge University Press,
2015.

FERNANDEZ-GRANDA, C. Support detection in super-resolution. In Sampling Theory and
Applications (SampTA), 2013 International Conference on (2013), pp. 145-148.

FILBIR, F., MHASKAR, H., AND PRESTIN, J. On the problem of parameter estimation in
exponential sums. Constructive Approzimation 35, 3 (2012), 323-343.

FOUCART, S., AND RAUHUT, H. A mathematical introduction to compressive sensing. Springer,
2013.

GoLuB, G. H., AND VAN LoaN, C. F. Matriz computations, 4. edition ed. JHU Press, 2013.

GRAHAM, S. W., AND VAALER, J. D. A class of extremal functions for the Fourier transform.
Transactions of the American Mathematical Society 265, 1 (1981), 283-302.

GRIESMAIER, R., AND SCHMIEDECKE, C. A multifrequency MUSIC algorithm for locating
small inhomogeneities in inverse scattering. Inverse Problems 33, 3 (2017), 035015.

GROCHENIG, K. Foundations of time-frequency analysis. Springer Science & Business Media,
2013.

HaArDT, M., AND NoOSSEK, J. A. Unitary ESPRIT: How to obtain increased estimation
accuracy with a reduced computational burden. IEEFE transactions on signal processing 43, 5
(1995), 1232-1242.

HAARDT, M., ROEMER, F., AND DEL GALDO, G. Higher-order SVD-based subspace estimation
to improve the parameter estimation accuracy in multidimensional harmonic retrieval problems.
IEEFE Transactions on Signal Processing 56, 7 (2008), 3198-3213.



BIBLIOGRAPHY 79

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

HaarDT, M., ZOoLTOWSKI, M. D., MATHEWS, C. P., AND NOSSEK, J. 2d unitary ESPRIT for
efficient 2d parameter estimation. In Acoustics, Speech, and Signal Processing, 1995. ICASSP-
95., 1995 International Conference on (1995), vol. 3, IEEE, pp. 2096-2099.

HarMmoucH, J., KHALIL, H., AND MOURRAIN, B. Structured low rank decomposition of
multivariate Hankel matrices. Linear Algebra and its Applications (2017).

HePPES, A. On the determination of probability distributions of more dimensions by their
projections. Acta Mathematica Hungarica 7, 3-4 (1956), 403—-410.

Hicgains, J. R. Five short stories about the cardinal series. Bulletin of the American Mathe-
matical Society 12, 1 (1985), 45-89.

Hovr, J. J., AND VAALER, J. D. The Beurling-Selberg extremal functions for a ball in Euclidean
space.

Hua, Y. Estimating two-dimensional frequencies by matrix enhancement and matrix pencil.
IEEFE Transactions on Signal Processing 40, 9 (1992), 2267—2280.

Hua, Y., AND SARKAR, T. K. Matrix pencil method for estimating parameters of exponen-
tially damped/undamped sinusoids in noise. Acoustics, Speech and Signal Processing, IEEE
Transactions on 38, 5 (1990), 814-824.

Hua, Y., AND SARKAR, T. K. On SVD for estimating generalized eigenvalues of singular
matrix pencil in noise. In Circuits and Systems, 1991., IEEE International Sympoisum on
(1991), IEEE, pp. 2780-2783.

JAGERMAN, D., AND FOGEL, L. Some general aspects of the sampling theorem. IRE transac-
tions on information theory 2, 4 (1956), 139-146.

Jiang, T., SipiroPOULOS, N. D., AND TEN BERGE, J. M. Almost-sure identifiability of

multidimensional harmonic retrieval. IEEE Transactions on Signal Processing 49, 9 (2001),
1849-1859.

JOHNSON, D., AND DEGRAAF, S. Improving the resolution of bearing in passive sonar arrays
by eigenvalue analysis. IEEE Transactions on Acoustics, Speech, and Signal Processing 30, 4
(1982), 638—647.

KATZNELSON, Y. An introduction to harmonic analysis. Cambridge University Press, 2004.

KOMORNIK, V., AND LORETI, P. Fourier series in control theory. Springer Science & Business
Media, 2005.

Kunis, S., MOLLER, H. M., PETER, T., AND VON DER OHE, U. Prony’s method under

an almost sharp multivariate Ingham inequality. Journal of Fourier Analysis and Applications
(2017), 1-13.

Kunis, S., PETER, T., ROMER, T., AND VON DER OHE, U. A multivariate generalization of
Prony’s method. Linear Algebra and its Applications 490 (2016), 31-47.

Liao, W. MUSIC for multidimensional spectral estimation: stability and super-resolution.
IEEE Transactions on Signal Processing 63, 23 (2015), 6395-6406.

Liao, W., AND FaNNJIANG, A. MUSIC for single-snapshot spectral estimation: Stability and
super-resolution. Applied and Computational Harmonic Analysis 40, 1 (2016), 33-67.

LINDEN, D.; AND ABRAMSON, N. M. A generalization of the sampling theorem. Information
and Control 3, 1 (1960), 26-31.

LINDNER, A. A universal constant for exponential Riesz sequences. Zeitschrift fiir Analysis und
ihre Anwendungen 19, 2 (2000), 553-559.

LiTT™MANN, F. Quadrature and extremal bandlimited functions. SIAM Journal on Mathematical
Analysis 45, 2 (2013), 732-747.



80 BIBLIOGRAPHY

[59] LocAN, B. Bandlimited functions bounded below over an interval. Notices Amer. Math. Soc
24 (1977), A331.

[60] LuBicH, C. From quantum to classical molecular dynamics: reduced models and numerical
analysis. European Mathematical Society, 2008.

[61] MaNoLAKIS, D. G., INGLE, V. K., AND KOGON, S. M. Statistical and adaptive signal process-
ing: spectral estimation, signal modeling, adaptive filtering, and array processing. McGraw-Hill
Boston, 2000.

[62] MoOITRA, A. Super-resolution, extremal functions and the condition number of Vandermonde
matrices. In Proceedings of the forty-seventh annual ACM symposium on Theory of computing
(2015), ACM, pp. 821-830.

[63] MOLLER, H. M., AND TENBERG, R. Multivariate polynomial system solving using intersections
of eigenspaces. Journal of symbolic computation 32, 5 (2001), 513-531.

[64] MONTGOMERY, H. L. The analytic principle of the large sieve. Bulletin of the American
Mathematical Society 84, 4 (1978), 547-567.

[65] MORGENSHTERN, V. I., AND CANDES, E. J. Super-resolution of positive sources: The discrete
setup. SIAM Journal on Imaging Sciences 9, 1 (2016), 412-444.

[66] OTTERSTEN, B., VIBERG, M., AND KairaTH, T. Performance analysis of the total least
squares ESPRIT algorithm. IEEE Transactions on Signal Processing 89, 5 (1991), 1122-1135.

[67] PAPOULIS, A. Generalized sampling expansion. IEEE transactions on circuits and systems 24,
11 (1977), 652—654.

[68] PEREYRA, V., AND SCHERER, G. Exponential data fitting and its applications. Bentham Science
Publishers, 2010.

[69] PETERSEN, D. P., AND MIDDLETON, D. Sampling and reconstruction of wave-number-limited
functions in n-dimensional Euclidean spaces. Information and control 5, 4 (1962), 279-323.

[70] PISARENKO, V. F. The retrieval of harmonics from a covariance function. Geophysical Journal
International 33, 3 (1973), 347-366.

[71] PLANCHEREL, M., AND PorvA, G. Fonctions entiéres et intégrales de fourier multiples. Com-
mentarii mathematici Helvetici 10, 1 (1937), 110-163.

[72] PLoNKA, G., AND TAscHE, M. Prony methods for recovery of structured functions. GAMM-
Mitteilungen (2013).

[73] PLONKA, G., AND WISCHERHOFF, M. How many Fourier samples are needed for real function
reconstruction? Journal of Applied Mathematics and Computing 42, 1-2 (2013), 117-137.

[74] PoTTs, D., AND TASCHE, M. Parameter estimation for exponential sums by approximate
Prony method. Signal Processing 90, 5 (2010), 1631-1642.

[75] PorTs, D., AND TASCHE, M. Parameter estimation for multivariate exponential sums. FElec-
tronic Transactions on Numerical Analysis 40 (2013), 204-224.

[76] PoTTs, D., AND TASCHE, M. Parameter estimation for nonincreasing exponential sums by
Prony-like methods. Linear Algebra and its Applications 439, 4 (2013), 1024-1039.

[77] PorTs, D., AND TAscHE, M. Fast ESPRIT algorithms based on partial singular value decom-
positions. Applied Numerical Mathematics 88 (2015), 31-45.

[78] PorTs, D., TascHE, M., AND VOLKMER, T. Efficient spectral estimation by MUSIC and
ESPRIT with application to sparse FFT. Frontiers in Applied Mathematics and Statistics 2
(2016), 1.

[79] Rao, B. D., AND HarI, K. Performance analysis of ESPRIT and TAM in determining the
direction of arrival of plane waves in noise. IEEE Transactions on acoustics, speech, and signal
processing 37, 12 (1989), 1990-1995.



BIBLIOGRAPHY 81

[80]

[81]

[82]

[83]

[84]

[85]

[86]

[87]

[88]

[89]

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]
(98]
[99]

[100]

RENYI, A. On projections of probability distributions. Acta Mathematica Hungarica 3, 3 (1952),
131-142.

ROUQUETTE, S., AND NAJIM, M. Estimation of frequencies and damping factors by two-
dimensional ESPRIT type methods. IEEE Transactions on signal processing 49, 1 (2001),
237-245.

Roy, R., AND KaiLaTH, T. ESPRIT-estimation of signal parameters via rotational invariance
techniques. Acoustics, Speech and Signal Processing, IEEE Transactions on 87, 7 (1989), 984—
995.

Rov, R., PAULRAIJ, A., AND KAI1LATH, T. ESPRIT-a subspace rotation approach to estimation

of parameters of cisoids in noise. IEEFE transactions on acoustics, speech, and signal processing
34, 5 (1986), 1340-1342.

SAUER, T. Prony’s method in several variables. Numerische Mathematik 136, 2 (2017), 411-438.

SAUER, T. Prony’s method in several variables: symbolic solutions by universal interpolation.
Journal of Symbolic Computation (2017).

SAUER, T. Companion matrices and joint eigenvectors of commuting families of matrices for
polynomial zero finding. In Fourteenth International Conference Zaragoza—Pau on Mathematics
and its Applications: Jaca (Spain), September 12 (2018), vol. 41, Prensas de la Universidad de
Zaragoza, pp. 171-185.

ScuMIDT, R. Multiple emitter location and signal parameter estimation. IEEE transactions on
antennas and propagation 34, 3 (1986), 276-280.

SCHRODER, K. Localized Kernels and Super-Resolution on Special Manifolds. PhD thesis,
Technische Universitit Miinchen, 2018.

Serp, K. Interpolation and sampling in spaces of analytic functions. No. 33. American Mathe-
matical Soc., 2004.

SHANNON, C. E. A mathematical theory of communication. Bell System Technical Journal 27
(1948), 379-423.

SIDIROPOULOS, N. D. Generalizing Caratheodory’s uniqueness of harmonic parameterization
to n dimensions. IEEE Transactions on Information Theory 47, 4 (2001), 1687—-1690.

SiMON, B. Basic Complex Analysis: A Comprehensive Course in Analysis, Part 2A. American
Mathematical Soc., 2015.

Stoica, P., Mosgs, R. L., ET AL. Spectral analysis of signals, vol. 1. Pearson Prentice Hall
Upper Saddle River, NJ, 2005.

VAALER, J. D. Some extremal functions in Fourier analysis. Bulletin of the American Mathe-
matical Society 12, 2 (1985), 183-216.

VANPOUCKE, F., MOONEN, M., AND BERTHOUMIEU, Y. An efficient subspace algorithm for
2-d harmonic retrieval. In Acoustics, Speech, and Signal Processing, 1994. ICASSP-9/., 1994
IEEE International Conference on (1994), vol. 4, IEEE, pp. IV-461.

VON DER OHE, U. On the reconstruction of multivariate exponential sums. PhD thesis, Uni-
versitidt Osnabriick, 2017.

WENDLAND, H. Scattered Data Approximation. Cambridge University Press, 2005.
WIENER, N. The Fourier integral and certain of its applications. Dover, 1951.

WISCHERHOFF, M. Reconstruction of Structured Functions From Sparse Fourier Data. PhD
thesis, Niedersédchsische Staats-und Universitéitsbibliothek Gottingen, 2015.

YEN, J. On nonuniform sampling of bandwidth-limited signals. IRE Transactions on circuit
theory 3, 4 (1956), 251-257.



82 BIBLIOGRAPHY

[101] YounG, R. M. An Introduction to Non-Harmonic Fourier Series, Revised Edition. Elsevier,
2001.

[102] ZYGMUND, A. Trigonometric series: Vol. II. 2nd edn.(reprinted with corrections and some
additions). Cambridge University Press, London/New York, 1968.



Zusammenfassung

Die vorliegende Arbeit befasst sich mit Frequenzschitzung von Exponentialsummen. Kurz gesagt
ist die Aufgabe, aus einer endlichen Anzahl abgetasteter Funktionswerte die unbekannten Frequenzen,
also das diskrete Spektrum, einer Exponentialsumme zu berechnen. Gerade der hoher dimensionale
Fall hat in den letzten Jahren viel Aufmerksamkeit auf sich gezogen.

Der erste Teil dieser Arbeit behandelt die Wohlgestelltheit des Frequenzschitzungsproblem. Die
Leitfrage l&sst sich wie folgt formulieren: Wenn man zwei Exponentialsummen hat, deren abgetastete
Funktionswerte eng beieinander liegen, was kann iiber ihre Frequenzen ausgesagt werden? Unter
der (notwendigen) Voraussetzung, dass beide Exponentialsummen wohlseparierte Frequenzen haben,
werden scharfe Abschéitzungen gezeigt. Diese fithren dann zu a posteriori Abschitzungen.

Fiir den Beweis bendtigt man spezielle, bandlimitierte Funktion, die einer Vorzeichenbedingung
geniigen. Da die bisher bekannten Funktionen dieser Klasse nicht iiber eine notwendige zusétzliche
Eigenschaft verfiigen, wird eine geeignete Konstruktion angegeben. Dazu werden Ergebnisse aus der
Sampling Theorie verwendet, weshalb das Kapitel mit einer kurzen Einfiihrung in diese beginnt.

Der zweiten Teil wendet sich dem algorithmischen Aspekt des Problems zu. Nach einer kurzen
Wiederholung einiger géngiger Methoden, werden zunichst projektionsbasierte Verfahren diskutiert.
Diese reduzieren das hoéherdimensionale Problem auf mehrere eindimensionale Probleme, indem die
multivariate Exponentialsumme entlang einiger Linien abgetastet wird. Sowohl fiir den Fall von par-
allelen, wie auch von paarweise nicht parallelen Linien werden Kriterien, die eine Wiederherstellung
garantieren, bewiesen. Im Fall von parallelen Linien wird ein ESPRIT #hnliches Verfahren vorgeschla-
gen, dass die entstehenden eindimensionalen Probleme gleichzeitig 16st.

Anschliefsend werden andere Zuginge zum mehrdimensionalen Frequenzschitzungsproblem be-
sprochen. Durch Einfiihren des Signalraums lassen sich leicht Varianten von Pronys Verfahren, ES-
PRIT und MUSIC fiir diesen Fall entwickeln. Insbesondere erlaubt dies die Verwendung von sehr
kleinen Abtastmengen, was die bisher bekannte Theorie fiir ESPRIT und MUSIC erweitert. Weiter-
hin wird dadurch die Komplexitét erheblich reduziert. Solche Abtastmengen wurden vorher von Sauer
fiir das Pronyverfahren eingefiihrt.
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