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by Guannan HU

This thesis explores data assimilation problems in technical aspects and analyzes
the extreme value statistics in conceptual models. The three issues that this thesis
mainly addresses are described in the following paragraphs.

The first part of this thesis investigates several data assimilation problems in a
multi-scale system: 1) the role of model error in data assimilation, particularly the
model error arising from unresolved scales; 2) the influence of time-scale separation
between two scales on the skill of the data assimilation methods; 3) the optimal
spatial and temporal distributions of observations when given a limited number of
observations; and 4) the method using information from climatology to improve the
estimation of the background error covariance computed from ensemble forecasts.
Related to these problems the major findings are: 1) a third-order autoregressive
process improves over a first-order autoregressive process in the stochastic pa-
rameterization schemes used to mitigate the model error from unresolved scales,
especially for the system with a large time-scale separation; 2) as the time-scale
separation increases, assimilating observations to small-scale variables has less and
less influence on the forecasts of large-scale variables; 3) the accuracy of analysis,
an optimal estimate of system state created by data assimilation, may linearly
correlate to the model parameter error; 4) widely scattered and time-varying
observations improve the performance of the data assimilation methods; and 5)
using observations to select analogous model states from climatology contributes to
the estimation of background error covariance.

The second part of this thesis analyzes the extreme value statistics in a modified
model of the system used in the first part. The main goal is to examine the effects
of the subgrid-scale parametrization on the extreme value statistics. The extreme
value theory (EVT) is adopted to analyze the extremes; the extreme value statistics
can be represented by the parameters from EVT. The results show that parametrised
models give different EVT parameters than the perfect model, and the parametrised
models produce more extremes and these extremes have larger magnitudes. The
return time of the extremes of a same magnitude is apparently shorter in the
parametrised models than in the perfect model. Additionally, physically-based
parametrization schemes perform better than empirical parametrization schemes
in terms of capturing the extreme value statistics of the perfect model. In addition
to the main goal of this part, we also examine the asymptotic convergence of the
shape parameter, one of the EVT parameters, to the theoretical value computed by
the partial dimensions of the attractor of the perfect model.

The third part of this thesis addresses an important research question: whether
current data assimilation schemes can reproduce extreme events in analysis fields
and how skillful they are in forecasting them. To our knowledge, this topic has
so far not been widely or systematically investigated. We examine the utility of
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two commonly used data assimilation schemes for extremes in a conceptual atmo-
spheric model. The two schemes are the Ensemble Kalman Filter (EnKF) and the
four-dimensional variational method (4D-Var), belonging to two different categories
of data assimilation schemes. We evaluate their performance by first examining
whether analysis captures the extreme value statistics of the control simulation.
Second, we examine whether the forecasts generated from the analysis can well
predict the extremes occurring in the control simulation. The results indicate that
the two data assimilation methods are beneficial for the prediction of extreme
events, especially when compared with a rudimentary data assimilation scheme
which just imputes observations where they are available. Moreover, the EnKF is
more accurate than the 4D-Var in estimating extremes, while the 4D-Var produces
better deterministic forecasts of extremes. However, we can take advantage of the
ensemble forecasts required for the implementation of the EnKF and convert them
into probabilistic forecasts, which improve over the deterministic forecasts.
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Diese Arbeit untersucht Datenassimilation unter technischen Gesichtspunkten und
analysiert die Extremwerte in konzeptionellen Modellen. Die drei Themen, auf
die sich diese Dissertation hauptsächlich konzentriert, werden in den folgenden
Abschnitten beschrieben.

Der erste Teil dieser Arbeit untersucht mehrere Probleme der Datenassimilation
in einem Multi-skalen-System: 1) die Rolle des Modellfehlers in der Datenassim-
ilation, insbesondere der Modellfehler sich ergebend aus den nicht aufgelösten
Skalen; 2) der Einfluss der zeitlichen Skalentrennung auf die Ausführung der
Verfahren der Datenassimilation; 3) die optimale räumliche und zeitliche Verteilung
der Beobachtungen bei einer begrenzten Anzahl von Beobachtungen; und 4)
das Verfahren unter Verwendung von Informationen aus der Klimatologie, um
die Schätzung der Hintergrundfehlerkovarianzen zu verbessern, welche mittels
Ensembleprognosen berechnet wurden. Mit diesen Problemen verbunden sind die
wichtigsten Erkenntnisse wie folgt: 1) Ein autoregressiver Prozess dritter Ordnung
verbessert sich gegenüber einem autoregressiven Prozess erster Ordnung in den
stochastischen Parametrisierungsschemata, die zum Abmildern des Modellfehlers
sich ergebend aus den nicht aufgelösten Skalen verwendet werden, insbesondere
für das System mit einer großen zeitlichen Skalentrennung; 2) Mit zunehmender
zeitlicher Skalentrennung hat die Assimilation von Beobachtungen kleinskaliger
Variablen immer weniger Einfluss auf die Vorhersagen von großskaligen Variablen;
3) die Genauigkeit der Analyse, eine optimale Schätzung des durch die Datenas-
similation erzeugten Systemzustands, kann linear mit dem Modellparameterfehler
korrelieren; 4) breit gestreute und zeitveränderliche Beobachtungen verbessern
die Leistung der Methoden zur Datenassimilation; und 5) Das Verwenden von
Beobachtungen zur Auswahl analoger Modellzustände aus der Klimatologie trägt
zur Abschätzung der Hintergrundfehlerkovarianzen bei.

Im zweiten Teil dieser Arbeit werden die Extremwerte in einem modifizierten
Modell des im ersten Teil verwendeten Systems analysiert. Das Hauptziel besteht
darin, die Auswirkungen der subskaligen Parametrisierung auf die Extremw-
ertstatistik zu untersuchen. Die Extremwerttheorie wird angewendet, um die
Extremwerte zu analysieren. Die Extremwertstatistik kann durch Parameter
der Extremwerttheorie dargestellt werden. Die Ergebnisse zeigen, dass die
parametrisierten Modelle andere Parameterwerte von Extremwerttheorie liefern
als das perfekte Modell. Die parametrisierten Modelle erzeugen mehr Extreme
und diese Extreme sind höher. Die Rückkehrzeit der Extremwerte derselben
Größenordnung ist bei den parametrisierten Modellen anscheinend kürzer als bei
dem perfekten Modell. Darüber hinaus ist die physikalische Parametrisierung
hinsichtlich der Wiedergabe der Extremwertstatistiken des perfekten Modells
genauer als die empirische Parametrisierung. Neben dem Hauptziel dieses Teils
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untersuchen wir auch die asymptotische Konvergenz des Formparameters, eines
der Parameter von Extremwerttheorie, mit dem theoretischen Wert, der basierend
auf Teildimensionen des Attraktors des perfekten Modells berechnet wird.

Im dritten Teil dieser Dissertation beschäftigen wir uns mit einer wichtigen
Forschungsfrage: können aktuelle Datenassimilationsverfahren extreme Ereignisse
in Analysebereichen reproduzieren, und wie genau können sie diese vorhersagen?.
Nach unserer Kenntnis ist dieses Thema bisher nicht umfassend oder systematisch
untersucht worden. Wir untersuchen den Nutzen von zwei häufig verwendeten
Datenassimilationsverfahren für Extremwerte in einem konzeptionellen atmo-
sphärischen Modell. Die zwei Verfahren sind der Ensemble Kalman Filter (EnKF)
und die vierdimensionale Variationsmethode (4D-Var), die zu zwei verschiedenen
Kategorien von Datenassimilationsverfahren gehören. Wir bewerten ihre Leis-
tung, indem wir zunächst prüfen, ob die Analyse die Extremwertstatistiken der
Kontrollsimulation erfasst. Zweitens untersuchen wir, ob die aus den Analysen
generierten Vorhersagen die Extremwerte der Kontrollsimulation wiedergeben
können. Die Ergebnisse zeigen, dass die beiden Datenassimilationsverfahren für
die Vorhersage von Extremereignissen nützlich sind, insbesondere im Vergleich
zu einem rudimentären Datenassimilationsverfahre, das Beobachtungen nur da
berücksichtigt, wo sie verfügbar sind. Darüber hinaus ist der EnKF bei der
Schätzung der Extremwerte genauer als die 4D-Var, während die 4D-Var bessere
deterministische Vorhersagen für Extremwerte liefert. Wir können jedoch den EnKF
nutzen und Ensembleprognosen in Wahrscheinlichkeitsprognosen umwandeln, die
im Vergleich zu den deterministischen Prognosen genauer sind.
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Chapter 1

Introduction

Forecasting the state of the atmosphere, ocean or climate system requires a numeri-
cal model that computes the time evolution of the system, on the one hand, and an
estimate for the current state which is used to initialize the model, on the other hand.
The uncertainty of predictions is mainly created by two factors: model error and the
uncertainty in the initial conditions. Model error is the imperfect representation of
the actual system dynamics in a model, which comes from various sources, such as
incomplete dynamics in the numerical model, imprecise knowledge of model pa-
rameters in the governing equations, unresolved small-scale processes and numer-
ical approximations, among others (Harlim, 2017). These drawbacks of the model
cannot be eliminated because of limited intellectual and computational resources; all
discrepancies between a numerical model and the actual system are not necessarily
known. The uncertainty in the initial conditions is an additional factor prevent-
ing us from achieving skillful forecasts. With advanced techniques, the state of a
system can be measured with high precision. But in real world applications, some
direct measurements of a system state are not feasible and the observations typi-
cally have a much lower resolution in space and time compared to the numerical
models. While the number of observations of the atmosphere and ocean are ever
more increasing, we currently still observe the states of the atmosphere and ocean
only partially (Kalnay, 2002). Therefore, the observations are not sufficient to initial-
ize the numerical models and we need to use all available observations to estimate
initial values of all model variables. Data assimilation solves the problem of using
available observations to improve the estimate of the current state of a system. The
definition of data assimilation, in a geophysical context, refers to a procedure, or a se-
quence of operations, that starts from extracting information from observations and
then combing it with the information from the statistics and dynamics of the system,
and finally provides an optimal possible estimate of the system state (Kalnay, 2002).
Data assimilation is widely applied to atmospheric and oceanic systems and also
extended to the coupled climate system for seasonal and decadal forecasts (Kalnay,
2002; Daley, 1997; Ghil and Malanotte-Rizzoli, 1991). The ensemble Kalman filter
(EnKF) is one of those efficient data assimilation schemes proposed by Evensen
(1994b). The EnKF has been applied in a number of different contexts (Evensen,
2003), and its skill has been examined by the applications to various models, from
ocean models (Echevin, Mey, and Evensen, 2000; Haugen and Evensen, 2002; Kep-
penne and Rienecker, 2003) to atmospheric models (Madsen and Cañizares, 1999;
Loon, Builtjes, and Segers, 2000), from conceptual climate models (Evensen, 1997) to
global general circulation models (Mitchell, Houtekamer, and Pellerin, 2002). The
Canadian Meteorological Centre (CMC) has adopted a version of the EnKF for the
operational atmospheric model (Houtekamer et al., 2005). The other widely used
data assimilation scheme is four-dimensional variational method (4D-Var) (Sasaki,
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1970; Dimet and Talagrand, 1986), which has been successfully applied to atmo-
spheric and oceanographic data assimilation (Talagrand and Courtier, 1987). The
4D-Var has been adopted and developed in the European Centre for Medium range
Weather Forecast (ECMWF) (Rabier et al., 2000) for more than 20 years.

Extreme value theory (EVT) is gaining more and more interests due to its wide
range of applications (Ghil et al., 2011). It is used to model and predict natural
catastrophes (Franzke, 2017b), such as hurricanes, storms, floods, etc, and evaluate
the risks in financial markets and insurance industry (Embrechts, Klüppelberg, and
Mikosch, 2013) among others. The understanding, modeling and statistical predict-
ing of extremes are relevant to our daily life. The EVT provided a mature statistical
framework to analyze the extreme values. In classical statistics we focus on the av-
erage behavior of a stochastic process, and in extreme value theory our interest is
in rare and low probability events. These events populate the tail of a distribution.
Based on the EVT, two fundamental approaches exist for extreme value analysis:
the block maxima (BM) and the peak over threshold (POT) methods. In these meth-
ods, extremes are defined by two different ways: the BM method takes the maximal
values in blocks or batches of sample data, while the POT method treats the values
exceeding a given high threshold as extremes. The block maxima are distributed
according to the Generalized Extreme Value (GEV) distribution, and the threshold
exceedances are expected to follow the Generalized Pareto (GP) distribution, in the
limit of large block sizes and thresholds, respectively, upon some suitable normali-
sation. In some applications, when we apply the POT method, we need to declus-
ter the extreme values in order to get a set of independent extreme values. This
is necessary because in serially correlated systems extremes tend to cluster (Lead-
better and Rootzen, 1988; Franzke, 2013; Franzke, 2017a). There are many recent
studies on extreme values in nonlinear dynamical systems like Ghil et al. (2011),
Franzke (2012), Franzke (2013), Franzke (2017a), Lucarini et al. (2014), Bódai (2017),
and Gálfi, Bódai, and Lucarini (2017). Among them, Holland et al. (2012) applied the
BM method to the extremes of a number of chaotic deterministic dynamical systems
and found that for sufficiently smooth so-called physical observables, a parameter
of the limiting GEV distribution, the shape parameter, is determined by the dimen-
sions of the stable and unstable manifolds of the chaotic attractor. Later Lucarini
et al. (2014) applied the POT method and suggested a heuristic argument that the
formula of Holland et al. (2012) should apply generically. These two papers together
with other earlier publications (Collet, 2001; Freitas, Freitas, and Todd, 2010) built
a bridge between the extreme value statistics and the geometrical properties of the
attractor. This link has been reexamined by Gálfi, Bódai, and Lucarini (2017), in
which the authors presented the convergence of shape parameter estimates to the
theoretical value in a two-layer quasi-geostrophic atmospheric model, or the lack of
it, as this convergence could be observed only in the model with a strong forcing.
Furthermore, Bódai (2017) argued that the convergence of the shape parameter can
be observed typically for high-dimensional systems, and in low-dimensional sys-
tems, such as the Lorenz-84 and one-layer Lorenz-96 models he studied, the shape
parameter estimates can increase nonmonotonically with the block size, owing to
the fractality of the natural measure, in which case no extreme value law exists in a
strict sense.

The two-level Lorenz-96 system (Lorenz, 1995) (L96) is designed as a concep-
tual model of the atmosphere, however, to some extent, we can also treat it as a
conceptual model of the coupled climate prediction model, which couples the com-
ponents of ocean and atmosphere. The large-scale variables of the two-level L96
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are considered the quantities of the ocean, while the small-scale variables are con-
sidered the quantities of the atmosphere. By reformulating the model, we include
an explicit term, which determines the time-scale separation between the large-scale
and small-scale variables in the system. When the time-scale separation exists, the
large-scale variables can be referred as slow variables and the small-scale variables
can be called fast variables, and hence, we have a fast-slow system. Furthermore,
instead of resolving the processes of small-scale variables, their effects on the evo-
lution of the large-scale variables can be parametrized by suitable stochastic and/or
deterministic terms. The parametrization is the simplified mathematical expression
which contains only functions of resolved variables and, possibly, random variables.
We apply two parameterization schemes for the two-level L96. The first one is a
widely used stochastic parameterization scheme proposed by Wilks (2005), consist-
ing of a polynomial term which is obtained by multivariate regression and a simple
first-order autoregressive model, and it shows very good performance in reproduc-
ing the slow variables of the full (dynamic) model (FDM). The abbreviation FDM is
equivalent to full model. The polynomial can be either fourth-order, as it originally
used in Wilks (2005), or third-order (see Harlim, 2017). Moreover, instead of the
simple first-order autoregressive model used in the standard Wilks parametrization
scheme, the stochastic term can also be an autoregressive process of a higher order,
for instance, of order 3 (see Hu and Franzke, 2017). The other scheme was recently
proposed by Vissio and Lucarini (2018), which is constructed using the methodol-
ogy proposed in Wouters and Lucarini (2012) and Wouters and Lucarini (2013). This
parametrization scheme is scale-adaptive, which means when the time-scale separa-
tion of the system is changed, we only need to rescale the parameterization terms,
which makes the W-L parametrization more flexible than the Wilks parametriza-
tion facing to the different time-scale separations in the two-level L96. Moreover,
the W-L parameterization shows comparable skill to the Wilks parameterization in
terms of reproducing the statistics of the full model. Considering of the chaotic and
strongly nonlinear nature of the two-level L96, what the real atmosphere possesses,
the results obtained in this conceptual model can potentially be seamlessly extended
to realistic applications with sophisticated and comprehensive models (Christensen,
Moroz, and Palmer, 2015; Lorenz and Emanuel, 1998).

This thesis mainly consists of three parts: the first part shows the results of nu-
merical experiments of data assimilation carried out in the two-level L96, including
several general issues of the application of the EnKF in the coupled climate system
(Hu and Franzke, 2017); the second part is the investigation of extreme value statis-
tics in this system and the effects of the subgrid-scale parametrization on the extreme
value statistics; and the third part examines the utility of data assimilation for esti-
mating and predicting extremes. In the first part, we carry out data assimilation
experiments with the full model with different forcing, which is a constant-in-time
parameter, representing external forcing to the system, and also with reduced mod-
els, which do not resolve the small-scale variables of the full model, instead, use the
Wilks parameterization schemes to represent the influence of the unresolved pro-
cesses on the evolution of the large-scale variables. The slightly different forcing
simulates the model error caused by imprecise model parameter, while the reduced
models contain model error arising from unresolved scales. The Wilks parametriza-
tion can effectively mitigate the second kind of model error, but cannot eliminate
it. We carry out data assimilation experiments in such an analysis-forecasting system,
in which the reduced models and the full model with imprecise forcing are used
as forecast models, and the ensemble Kalman filter (EnKF) is used as the data as-
similation method. The true system states are produced by a control run of the full
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model with prescribed exact forcing, and observations are generated by adding ran-
dom Gaussian error to the defined true system states. We address many technical
issues regarding to the role of different kinds of model error in data assimilation
and the shortcomings of the EnKF. In the second part, we apply the EVT to a mod-
ified version of the two-level L96 and the parametrized models constructed by us-
ing Wilks parametrization and W-L parametrization. We analyze the extreme value
statistics of the two-level L96 and the parametrized models using the parameters
from EVT. By comparing the EVT parameters, we can evaluate how well the two
parametrized models reproduce the extreme value statistics of the full model. In
an earlier study, Franzke (2012) showed that a reduced order model constructed by
systematic stochastic mode reduction strategy can well reproduce the extreme value
statistics of the full model. In this part we also examine the asymptotic convergence
of the shape parameter to the theoretical value given by the partial dimensions of the
attractors of the two-level L96. The last part of this thesis is created by connecting
the former two parts. We explore if data assimilation can be accurate in estimating
extremes in the analysis fields and predicting them in short-range forecasts. To our
knowledge, this research question has not been given much attention. A possible
reason is that the performance of data assimilation for predicting extremes depends
on both the accuracy of the data assimilation method and the accuracy of the fore-
cast model in representing the real world, and in practices, for instance, in numerical
weather prediction (NWP), these two things are mixed up and we cannot distinguish
the impacts of the accuracy of the data assimilation methods between the impacts of
the accuracy of the model. However, it is possible for data assimilation experiments
in a conceptual system, in which the impact of the model error can be excluded by
using a perfect model of the system. Moreover, the existence of the same model error
will not influence the comparison of the accuracy of two data assimilation methods.

The outline of this thesis is as follows. In Chapter 2, we introduce the Lorenz sys-
tems, including the Lorenz-63 model (L63) and the two-level L96 with original form
and reformulated and modified versions. We also introduce two parameterization
schemes used in the two-level L96, and at the beginning of this chapter we briefly ex-
plain some concepts that are important for the understanding of the Lorenz systems
using the L63 as an example. In the ensuing chapter, we introduce the theoretical ba-
sis of the data assimilation and discuss the commonly used methods, including the
3D- and 4D- variational methods, the Kalman filter, and the ensemble Kalman filter.
We present the extreme value theory (EVT) in Chapter 4. We introduce the block
maxima and the peak over threshold methods. Along with them, we also talk about
the verification of the fitted GEV and GP distributions, the estimation of the theoret-
ical value of the shape parameter, and the recurrence of extremes. In Chapter 5, we
show the results of numerical data assimilation experiments in the two-level L96.
In Chapter 6, we examine the effects of parametrizations on extreme value statistics
and the the convergence of the extreme value statistic in the two-level L96. Chapter 7
investigates the utility of data assimilation regarding to estimating extreme system
states and predicting extreme events. We discuss the results of the thesis and present
our outlook in Chapter 8.
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Chapter 2

A Conceptual Atmospheric Model:
The Lorenz System

2.1 Introduction

In this chapter we present the dynamical systems introduced by Lorenz (Lorenz,
1963; Lorenz, 1995), reformulated and modified models of the two-level L96 (Lorenz,
1995; Crommelin and Vanden-Eijnden, 2008; Vissio and Lucarini, 2018), and two
parameterization schemes of the two-level L96 (Wilks, 2005; Vissio and Lucarini,
2018). But before that we need to know some concepts which are important for
understanding the Lorenz systems. We will use the L63 (Lorenz, 1963) to explain
them.

2.2 The Lorenz-63 Model

A dynamical system describes how one state evolves into another state over time.
Dynamical systems are deterministic if the consequent to every state is unique, or
stochastic if there are possible consequents following a probability distribution. A
deterministic dynamical system with continuous time can be given by differential
equation:

dx
dt

= f (x), (2.1)

where f is a function representing the evolution rule of variable x. Eq. 2.1 can also
be approximated by

x(t + 1) = x(t) + f (x(t))∆t, (2.2)

where t is the time index and ∆t is the integration time step. A deterministic dynam-
ical system with discrete time is defined by

xn+1 = F(xn), (2.3)

or
xn = Fn(x0), (2.4)

where xn is given by iterating function F n times from initial state x0. The L63 is a
dynamical system, containing three ordinary differential equations:

Ẋ = σ(Y− X), (2.5)

Ẏ = X(r− Z)−Y, (2.6)
Ż = XY− bZ, (2.7)
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where X, Y and Z are three variables, while σ, r and b are parameters. The dot
denotes the derivative of the variable with respect to time. This model is a sim-
plification of the model derived by Saltzman (1962), which is used to study atmo-
spheric convection, and hence the X, Y and Z variables have physical meanings
(see Lorenz, 1963). However, these physical meanings can be ignored when we
aim to investigate the nonperiodic or chaotic nature of the solutions of the L63. The
Lorenz equations (2.5)-(2.7) possess steady-state solutions when Ẋ = Ẏ = Ż =
0, representing the steady states of the system. Considering the variables to be
vector, three steady-state solutions are (0, 0, 0), (

√
b(r− 1),

√
b(r− 1), r − 1) and

(−
√

b(r− 1),−
√

b(r− 1), r− 1). The last two solutions only exist when r > 1.

2.2.1 Trajectories in Phase Space

Consider a system which contains n variables, i.e. x1, ..., xn and the system state can
be described by these variables. A phase space is a n-dimensional Euclidean space M
whose coordinates are x1, ..., xn and each possible state of the system corresponds to
one unique point in M (Lorenz, 1963). The evolution of a state in time is represented
by a trajectory in M, when the points on the order of time are connected. There is
an unique trajectory through each point of M and two or more trajectories can not
cross, however, they may asymptotically approach the same point, the same curve or
the same fractal, as the time goes infinite (Lorenz, 1963). This point, curve or fractal
is called an attractor. Fractal is a complex shape that twists and turns. In phase space,
a stable system moves towards a simple attractor (point or curve), while a chaotic
system moves towards a strange attractor (fractal).

A state space is the space in which a state of the system can be defined at an unique
point. The difference between the phase space and the state space is that the latter
is a vector space and a n-dimensional state space is expanded by a set of n linearly
independent orthonormal basis vectors (Nayfeh and Balachandran, 2008).

To obtain numerical solutions of the L63, we let σ = 10, b = 8/3 and r = 28,
and (X0, Y0, Z0) = (1, 1, 1). We use a fourth-order Runge-Kutta method for numer-
ical integration and the value ∆t = 0.01 as integration time step. To remove the
transient, we take the solutions after 104 time steps. We record the solutions at each
time step for a total of 2× 103 steps after the transient. Solutions of the L63 can be
identified with trajectories in phase space. Fig. 2.1 shows the projections on the two-
dimensional planes in phase space of a trajectory. The trajectories have boundary,
indicating the bounded solutions of the L63.
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FIGURE 2.1: Projections on the X-Y- (A), Y-Z- (B) and X-Z-planes (C)
in phase space of a trajectory of L63. The two black points show two

steady states.
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2.2.2 Sensitivity on Initial Conditions

The butterfly effect describes an imaginary scene: a butterfly flaps its wings and
thereby causes a hurricane half a world away. This term analogizes the phenomenon
that the smallest changes can produce large effects. In other word, which is more rig-
orous, the slightly different initial conditions lead to largely diverging outcomes in a
deterministic system. This behavior is called deterministic chaos, or simply chaos. "De-
terministic" means that this chaotic behavior derives from the inherent nonlinearities
of the system. Chaotic behavior can be considered an unpredictable, aperiodic and
irregular behavior. Due to the chaotic behavior, the long-term predictions of weather
are impossible, because we can not avoid observation errors of the current weather,
and even tiny errors will significantly increase in time and finally swamp the pre-
dictions. Chaos theory is a science of investigating the behavior of those "inherently
unpredictable" systems. The sensitive dependence on initial conditions is a hallmark
of a chaotic system.

We integrate the L63 from two slightly different initial conditions for 3 × 103

time steps. The initial conditions differ only in X variable by 10−5. Fig. 2.2 shows
two trajectories in phase space, representing the two evolutions from slightly differ-
ent initial points. Even for a tiny difference in initial conditions, the trajectories will
diverge.
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FIGURE 2.2: Two trajectories of the L63 starting at two slightly dif-
ferent initial points in phase space. The two black points show two

steady states.

2.2.3 Lyapunov Exponent

Lyapunov exponents (LEs) provide a measure of the sensitive dependence on initial
conditions; they quantify the growth rates (or decay rates) of small perturbations.
Consider a n-dimensional continuous-time system in a state space with a set of n
independent orthonormal basis vectors. The LE along each of these directions is
defined by

λi = lim
t→∞

1
t

ln
(

ε i(t)
ε i(0)

)
, (2.8)
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where i = 1, ..., n, and ε i(0) are the small initial perturbations applied to each of
n directions and ε i(t) are the perturbations at time t. If λi > 0 (λi < 0), then the
initial perturbations along that direction will grow (decay), and λi = 0 means that
the perturbations will neither grow nor decay. The LEs are typically arranged in
descending order:

λ1 ≥ λ2 ≥ ... ≥ λn.

The largest λi is referred as the maximal Lyapunov exponent (MLE). The set of LEs
{λ1, λ2, ..., λn} defines the Lyapunov spectrum. There is always at least one zero Lya-
punov exponent, because the perturbations along the trajectory neither diverge nor
converge. An exception is that for the system with an attractor of a fixed point, for
which all the LEs are negative, because all the trajectories will finally converge to
that point. If the sum of all the LEs is negative, then volumes in the state space
will contract, and the system is dissipative. The dissipative systems always exhibit
attractors, no matter point, curve, or fractal, in the state or phase spaces. If there is
at least one positive LE (equivalent to a positive MLE) in a dissipative system, then
the system is chaotic.

2.3 The Two-Level Lorenz-96 Model

The L96 was introduced by Lorenz (1995), which may somehow well describe the
situation of the real atmosphere, even though it is not much like an atmospheric
model, which follows the physical laws and is conserved in many aspects, but this
simple model shares certain properties that many atmospheric models have, such as
the nonlinear and chaotic properties. Therefore, the L96 is an ideal testbed for inves-
tigating the weather and climate predictability and for data assimilation. Compared
to the L63, the L96 contains more variables and hence has a higher dimension. The
L96 is governed by a set of equations given as:

dXk

dt
= −Xk−2Xk−1 + Xk−1Xk+1 − Xk + F, (2.9)

where the variables Xk are defined for k = 1, ..., K and K > 3, and the parameter
F represents the forcing. The model has cyclic boundary conditions: X−1 = XK−1,
X0 = XK, and XK+1 = X1. The variables can be thought of as values of some atmo-
spheric quantity discretized into K sectors along the latitude circle. The equations
of the L96 consist of quadratic terms −Xk−2Xk−1, Xk−1Xk+1, linear dissipation term
−Xk and forcing term F, together conserve the total energy (X2

1 + · · ·+ X2
K)/2.

The L96 exhibits not always chaos, its behavior is dominated by the forcing value.
The value of F determines the presence or absence of chaos, or appearance of other
patterns. For very small values, all Xk variables decay to an approximate steady
state X1 = ... = Xk = F. When F becomes somewhat larger, the steady solution
turns into periodic, but still not chaotic. Only when the value of F is large enough
(dependent on K), chaos ensues (Lorenz, 1995). Fig. 2.3 shows the steady, periodic
and chaotic solutions of the L96. The L96 is integrated with a time step ∆t = 0.05
by the fourth-order Runge-Kutta method. We record the solutions after the transient
has been moved. We choose K = 36 and various values of F. When the solutions
are periodic or chaotic, the amplitude of the time series enlarges as the forcing value
increases. All K variables have statistically similar behavior.

Fig. 2.4 shows the growth of initial errors in the L96. To produce it, we run 1000
pairs of numerical integrations of Eq. (2.9) from different initial conditions. In each
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FIGURE 2.3: Times series of the first variable of the L96 with (A) F =
0.8, (B) F = 1, (C) F = 2, (D) F = 4, (E) F = 6, and (F) F = 8.

pair, we first select initial values of the K variables from an existing long-term inte-
gration, and we add errors to the chosen values. The errors are randomly selected
from a Gaussian distribution with mean 0 and standard deviation 0.01. We integrate
Eq. (2.9) from these two initial conditions and calculate the root-mean-squared (RMS)
error between them, then we show the average RMS error over 1000 pairs as a func-
tion of model time unit. The RMS error is calculated by Eq. (7.3) in Chapter 7. As
shown in Fig. 2.4, the growth rate of the initial error and the saturated error increase
with the forcing value, which reveals that the predictability of the L96 decreases as
the forcing value increases.
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FIGURE 2.4: Growth of initial errors in the L96 with different forcing
values.

Besides the L96 mentioned above, Lorenz (1995) also introduced a multi-scale
model, the two-level L96, which has been constructed by coupling large-scale and
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small-scale variables. There are K large-scale variables Xk plus KJ small-scale vari-
ables Yj,k, defined for k = 1, ..., K and j = 1, ..., J, and the governing equations are
given as

dXk

dt
= −Xk−1(Xk−2 − Xk+1)− Xk + F− (hc/b)

J

∑
j=1

Yj,k, (2.10)

dYj,k

dt
= −cbYj+1,k(Yj+2,k −Yj−1,k)− cYj,k + (hc/b)Xk. (2.11)

As the same to the L96, the system has cyclic boundary conditions: X−1 = XK−1,
X0 = XK, and XK+1 = X1, while YJ+1,k = Y1,k+1, YJ+2,k = Y2,k+1, Y0,k = YJ,k−1,
Yj,K+1 = Yj,1, and Yj,0 = Yj,K. The constant parameter F represents forcing, h is cou-
pling coefficient, and c and b can be considered to be time-scale ratio and spatial
scale ratio, respectively. The variables Xk can represent some atmospheric quantity
in K sectors of a latitude cycle, while the variables Yj,k can represent some other
quantity in smaller KJ sectors. There are J smaller sectors in each larger sector. In
addition to the quadratic, dissipation and forcing terms, the two-level L96 also con-
tains the coupling terms −(hc/b)∑J

j=1 Yj,k and (hc/b)Xk. Because of the interaction
between the variable Xk and the variables Yj,k with the same value of k, strong activ-
ity of Yj,k arises as Xk has large values. It should be note that the variables Yj,k have a
much smaller magnitude compared to the variables Xk, and we may consider them
as values of a sub-grid scale quantity. Instead of resolving them, we may apply a
parameterized sub-grid tendency to represent the effects of these variables Yj,k on
the large-scale variables Xk (Wilks, 2005; Christensen, Moroz, and Palmer, 2015). We
will discuss it in more details in section 2.3.2 and 2.3.3.

To which extent a system is predictable can be indicated by the MLE. The LE
quantifies the rates of growth or decay of initial perturbations in a dynamical sys-
tem, and the MLE is the largest LE (see section 2.2.3). Fig. 2.5 shows the MLE as a
function of the forcing value in the two-level L96. The MLE increases as the forcing
value becomes larger, therefore, the two-level L96 is more chaotic for the larger forc-
ing values. When a system becomes more chaotic or nonlinear, the predictability of
the system state decreases, and it means that the initial errors grow more rapidly.

2.3.1 Time-Scale Separation

The climate system can be seen, to first order, as a system with two time scales: the
slow ocean and the fast atmosphere. The two-level L96 contains coupled equations
of two sets of variables. By appropriately choosing the parameter values, we can
set the time-scale separation between the two sets of variables, so that the variables
Xk can simulate some quantity of the slow ocean and the variables Yj,k can simulate
the quantity of the fast atmosphere. The advantage of using the two-level L96 for
numerical experiments is, first of all, the low computational demand. In addition, it
also allows us to define the true system states and generate the observations as many
as we need. The two-level L96 can be reformulated in such a way that it explicitly
contains a parameter ε determining the time-scale separation between the two sets of
variables (see Fatkullin and Vanden-Eijnden, 2004; Crommelin and Vanden-Eijnden,
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FIGURE 2.5: The maximal Lyapunov exponent as a function of forcing
value in the two-level Lorenz-96 model.

2008):

dXk

dt
= −Xk−1(Xk−2 − Xk+1)− Xk + F− h

J

J

∑
j=1

Yj,k, (2.12)

dYj,k

dt
=

1
ε
(−Yj+1,k(Yj+2,k −Yj−1,k)−Yj,k + hXk). (2.13)

There are two differences between the original two-level L96 (Eqs. (2.10) and (2.11))
and the reformulated one (Eqs. (2.12) and (2.13)). First, instead of parameters b and
c, the parameter ε is used. Second, the sum of Yj,k in the differential equation of Xk is
now divided by J instead of c/b. The parameter ε determines the time-scale separa-
tion between the variables Xk and Yj,k variables. For ε = 1.0, the variables Xk and Yj,k
have the same time scale; For ε < 1.0, the variables Xk have a larger time scale than
the variables Yj,k. The smaller the value of ε, the larger the time-scale separation. We
can also describe the variables Xk as slow variables and the variables Yj,k as fast vari-
ables when ε < 1.0. The model also has a hidden slow time scale term (Fatkullin and
Vanden-Eijnden, 2004): the sum over the fast variables in Eq.(2.12). The statistical
information of the variables Xk and Yj,k of the two-level L96 with different time-scale
separations is listed in Table 2.1 (Hu and Franzke, 2017). All variables Xk and Yj,k

Xk Yj,k

ε Max Min Mean Sd Max Min Mean Sd

0.125 13.72 -7.33 2.63 3.57 17.58 -13.50 1.03 2.37
0.25 13.59 -7.25 2.53 3.51 17.50 -12.22 1.04 2.35
0.5 13.33 -7.35 2.45 3.54 16.17 -11.50 1.15 2.16
1.0 13.18 -9.04 2.45 3.67 12.91 -10.26 1.25 1.87

TABLE 2.1: The maximums, minimums, means, and standard devia-
tions of the Xk and Yj,k variables in the Lorenz-96 model with different

time-scale separations (ε).
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have identical statistical properties, respectively. The statistics is calculated from a
long-term integration of the reformulated two-level L96 with integration time step
∆ = 0.001. The fourth-order Runge-Kutta method is used for numerical integration.
We set the parameters as follows: K = 18, J = 20, coupling coefficient h = 1.0, and
forcing F = 10. The values of time-scale separation are chosen as ε = 0.125, ε = 0.25,
ε = 0.5 and ε = 1.0. Generally, a greater variation of the statistics of the variables
Yj,k compared to Xk are found. As the time-scale separation increases, the maximum
and standard deviation of the variables Yj,k become larger, while the minimum and
mean decrease. Both Xk and Yj,k are approximately Gaussian distributed. A change
of the time-scale separation does not alter the type of distribution. Moreover, an
increase of the time-scale separation will lead to a larger MLE, indicating that the
system becomes more chaotic (see Hu and Franzke, 2017).

2.3.2 Wilks Parameterization

Regarding many practical applications, we are only interested in predictions of at-
mospheric processes on a particular scale rather than the detailed evolution of quan-
tities at smaller (or sub-grid) scales. In this situation, small-scale processes are not
necessary to be resolved. Moreover, in practice, some processes are impractical to
be resolved due to computational restrictions. The impacts of these unresolved pro-
cesses on the evolution of large-scale processes can be to some degree represented
by suitable deterministic and/or stochastic terms (Franzke et al., 2015; Berner et al.,
2017). This approach gives us a reduced model or a parametrized model, which con-
trasts the full dynamic model (FDM) or simply full model, containing entire evolu-
tions of all processes in a system. The reduced model of the two-level L96 is:

dXk

dt
= −Xk−2Xk−1 + Xk−1Xk+1 − Xk + F + U, (2.14)

where U is the parameterized small-scale tendency, replacing the sum term
hc
b ∑J

j=1 Yj,k or h
J ∑J

j=1 Yj,k in the full model. We shall now introduce a widely applied
empirical parameterization method for the unresolved processes in the two-level
L96: the evolutions of small-scale variables Yj,k. This parameterization scheme was
introduced in Wilks (2005), and we call it the Wilks parameterization, the key idea in
which is to use a polynomial equation and a noise term that represent the model
error when only the variables Xk are resolved in place of the full dynamics:

U(t) = Pk(Xk(t)) + ek(t), (2.15)

where the polynomial equation is a function of the Xk variables:

Pk(Xk(t)) = a0 + a1Xk(t) + a2X2
k (t) + a3X3

k (t) + a4X4
k (t), (2.16)

which is constructed based on the fact that in the two-level L96 the unresolved ten-
dency is strongly and nonlinearly (approximately linearly) dependent of the value
of the resolved variable, the Xk variables (Wilks, 2005). The polynomial coefficients
{a0, a1, a2, a3, a4} are determined by using a standard least squares method to fit a
residual time series that represents the difference in tendencies between when only
the Xk variables are resolved and when both the Xk and Yj,k variables are resolved.
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This residual time series can be obtained as follows:

U(t) = −Xk−2(t)Xk−1(t) + Xk−1(t)Xk+1(t)− Xk(t) + F−
(

Xk(t + ∆t)− Xk(t)
∆t

)
,

(2.17)
where Xk(t) is computed by integrating the FDM (Eqs. (2.10) and (2.11) or Eqs. (2.12)
and (2.13)) with a time step ∆t = 0.005. The noise term ek(t) represents the residual
from the polynomial fitting. If we set ek(t) = 0, then we obtain a deterministic param-
eterization scheme, and if ek(t) is set as a stochastic process, then we get a stochastic
parameterization scheme, like a simple first-order autoregressive model used in the
Wilks parametrization:

ek(t) = φek(t− ∆t) + σe(1− φ2)1/2zk(t), (2.18)

where the autoregressive parameter φ is equal to the autocorrelation of the time se-
ries ek(t) with a lag time of 1. The zk(t) are Gaussian noises independently drawn
from a probability distribution with zero mean and unit variance, while the σe de-
notes the standard deviation of ek(t). There are also some variants of the Wilks
parametrization, for instance, Christensen, Moroz, and Palmer (2015) and Harlim
(2017) used a cubic polynomial in stead of a bi-quadratic polynomial:

Pk(Xk(t)) = a0 + a1Xk(t) + a2X2
k (t) + a3X3

k (t), (2.19)

where the coefficients {a0, a1, a2, a3} are again determined by using a standard least
squares method to fit Eq. (2.17). The cubic form of the parameterization is consis-
tent with stochastic climate theory and the cubic term can be viewed as a nonlin-
ear damping (see Majda, Timofeyev, and Vanden Eijnden, 1999; Majda, Franzke,
and Khouider, 2008; Majda, Franzke, and Crommelin, 2009; Franzke, Majda, and
Vanden-Eijnden, 2005; Franzke et al., 2015; Gottwald, Crommelin, and Franzke,
2017). In addition to the additive noise scheme, Christensen, Moroz, and Palmer
(2015) also considered a multiplicative noise parameterization scheme:

U(t) = Pk(Xk(t))(1 + ek(t)). (2.20)

Furthermore, instead of using the simple first-order autoregressive model
(Eq. (2.18)), Hu and Franzke (2017) considered using standard autoregressive
processes of higher orders to fit ek(t). This is motivated by the fact that the model
reduction introduces memory into the reduced system (Gottwald, Crommelin, and
Franzke, 2017) and should be explicitly modeled. The standard autoregressive
process has the form:

ek(t) = φ1ek(t− ∆t) + φ2ek(t− 2∆t) + · · ·+ φpek(t− p∆t) + η(t), (2.21)

where the parameter p denotes the order of the autoregressive process and deter-
mines the memory depth of the time series of the residuals. The η(t) are Gaussian
noise variables with zero mean and variance σ. The coefficients {φi, i = 1, · · · , p}
and the noise variance σ are estimated by the Yule-Walker equations (Yule, 1927;
Walker, 1931). The optimal order p is more than 50, which is estimated by the autore-
gressive function ar in R, a free software environment for statistical computing and
graphics. However, when the order p is greater than 3, the decrease of the residual
error of the fitting becomes very small. Therefore, we use an autoregressive process
of order 3 in comparison with a first-order autoregressive process (p = 1). The entire
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governing equations of reduced models of the two-level L96 are now given as

dXk

dt
= −Xk−1(Xk−2 − Xk+1)− Xk + F− a0 − a1Xk − a2X2

k − a3X3
k + AR(1), (2.22)

where AR(1) denotes a first-order regressive process, and

dXk

dt
= −Xk−1(Xk−2 − Xk+1)− Xk + F− a0 − a1Xk − a2X2

k − a3X3
k + AR(3), (2.23)

where AR(3) denotes an autoregressive process of order 3. We call the reduced
model described by Eq. (2.22) the L96-AR1 and Eq. (2.23) the L96-AR3. The param-
eter values of the cubic polynomial and autoregressive process of the L96-AR1 and
L96-AR3 with different time-scale separation (ε) are listed in Table. 2.2.

Polynomial terms AR(1) AR(3)

ε a0 a1 a2 a3 φ σ φ1 φ2 φ3 σ

0.125 0.18 0.42 -0.002 -0.0015 0.9932 0.0031 2.73 -2.58 0.85 9.6e-05
0.25 0.15 0.37 0.008 -0.0019 0.9983 0.0013 2.69 -2.41 0.72 1.7e-05
0.5 0.35 0.22 0.025 -0.0017 0.9994 0.0009 1.92 -0.84 -0.08 1.8e-05
1.0 0.72 0.09 0.022 -0.0011 0.9997 0.0005 1.73 -0.47 -0.26 1.4e-05

TABLE 2.2: Parameter values of the L96-AR1 and L96-AR3 with dif-
ferent time-scale separations.

Fig. 2.6 compares the probability density functions (PDF) of the variables Xk
of the reduced models to the FDM with different time-scale separations (Hu and
Franzke, 2017). The distributions are unimodal and approximately symmetric. For
all values of the time-scale separation, there are small discrepancies between the
FDM and reduced models, and they are smaller when the time-scale separation is
larger. Compared to the L96-AR1, the L96-AR3 is more close to the FDM when the
time-scale separation is large (ε = 0.125 and 0.25). Fig. 2.7 compares the autocorrela-
tion functions (ACF) of the variables Xk in three models. Similar to the comparison
of the PDFs, the reduced models well reproduce the ACF of the FDM, and the L96-
AR3 performs better than the L96-AR1 for larger time-scale separations (ε = 0.125
and 0.25). Differences between the reduced models and the FDM are mainly found
in the oscillation of the ACF, especially for the smaller time-scale separations. In
summary, the L96-AR1 and L96-AR3 are able to capture the features of the variables
Xk of the FDM, and the model errors of the reduced models are smaller when the
time-scale separation is larger, and the L96-AR3 improves over the L96-AR1.

2.3.3 Wouters-Lucarini Parameterization

The second parametrization scheme for the two-level L96 is recently proposed in
Vissio and Lucarini (2018), which parametrizes the influences of the variables Yj,k
on the long-term statistics rather than on finite-time behavior of the variables Xk.
This parameterization was firstly proposed based on the Ruelle’s response theory
(Ruelle, 1997; Ruelle, 2009) by Wouters and Lucarini (2012). Later Wouters and Lu-
carini (2013) showed that the parametrization scheme can also be obtained through
the Mori-Zwanzig approach (Mori, Fujisaka, and Shigematsu, 1974; Zwanzig, 1960;
Zwanzig, 1961). In the following, we refer this parameterization to a shorthand
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FIGURE 2.6: Probability density functions of the Xk variables in three
models with the time-scale separations (a) ε = 0.125, (b) ε = 0.25, (c)

ε = 0.5 and (d) ε = 1.0.

form, the W-L parameterization. In the W-L parametrization, the coupling of the vari-
ables to be parametrized is considered a small perturbation to the variables of inter-
est. The coupling is decomposed into three terms: an averaging term, a correlation
term, and a memory term. Therefore, the formula of the W-L parameterization is:

U = D + Sk + Mk, (2.24)

where U represents the unresolved tendency (see Eq. 2.14), and the averaging term
D is a constant, accounting for the "averaged influence" of the Yj,k variables on the
long-term statistics of the Xk variables, which is calculated by

D = −1
b

lim
T→∞

1
T

∫ T

0

J

∑
j=1

Ỹj,k(τ)dτ, (2.25)

where k = 1, ..., K, and due to symmetry, this term has the same value for all Xk
variables. The time series of Ỹj,k is obtained by integrating the uncoupled equations
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FIGURE 2.7: Autocorrelation functions of the Xk variables in three
models with the time-scale separations (a) ε = 0.125, (b) ε = 0.25, (c)

ε = 0.5 and (d) ε = 1.0.

for the rescaled small-scale variables:

dỸj,k

dτ
= −Ỹj+1,k(Ỹj+2,k − Ỹj−1,k)− Ỹj,k + Fy, (2.26)

where the Ỹj,k denotes the small-scale variables, which are rescaled to the large scale
of the variables Xk by:

Ỹj,k = bYj,k, (2.27)

and the time scale is rescaled by
τ = ct, (2.28)

where b and c are spatial scale ratio and time-scale ratio in the two-level L96, respec-
tively. The large-scale variables Xk evolve with a fixed external forcing, the F, and
additionally we can consider the last term (sum term) of the evolution equation of
the Xk variables in the full model as a temporary forcing, F̃(Yj,k(t)), which comes
from the small-scale processes and acts on the large-scale variables. This tempo-
rary forcing varies in time. The D gives the estimated mean value of this temporary
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forcing, and the perturbation at time τ is:

pk(τ) = −
J

∑
j=1

Ỹj,k(τ)

b
− D, (2.29)

and the autocovariance of the perturbations is given as:

Rk(τ) = lim
T→∞

1
T

∫ T

0
pk(τ1)pk(τ1 + τ)dτ1. (2.30)

The correlation term Sk is constructed as an additive noise which reproduces the
temporal correlation of the perturbations; is has to feature Eq. (2.30). The Sk is a
stochastic term which accounts for the fluctuations of the influence of the Yj,k vari-
ables on the long-term statistics of the Xk variables. Following Vissio and Lucarini
(2018), we generate the stochastic term Sk using a simple autoregressive model (Neu-
maier and Schneider, 2001). The last term Mk in the W-L parameterization is a non-
Markovian term, which describes the influence of the former Xk on the present Xk
through the coupling of the Yj,k. This memory term is important for the parametriza-
tion of the small-scale variables of the two-level L96 (see the comparison of the first-
and second-order parameterizations in Vissio and Lucarini (2018)). An explicit ex-
pression for the Mk term is provided by Vissio and Lucarini (2018):

Mk = −
1
b

∫ ∞

0
Xk(t− τ1)H(τ1)dτ1, (2.31)

where

H(τ1) =
1
Ω

lim
Ω→∞

∫ Ω

0

J

∑
j=1

∂Ỹj,k(τ1 + ω)

∂Ỹj,k(ω)
dω. (2.32)

The W-L parameterization is a scale-adaptive method; we can simply rescale the
three terms (D, Sk, Mk) of the parameterization when the scale separations in a multi-
scale system are changed. In the two-level L96, the three terms are adaptive to the
values of b, c, and h, determining the spatial scale separation, the time-scale separa-
tion and the coupling strength, respectively. One limitation of the W-L parametriza-
tion is that it is only valid for weakly coupled system. The comparison of the PDFs
of the full model and W-L parametrized model is shown in Fig. 6.1 and 6.2.

2.4 Summary

The L63 was developed as a simplified model for atmospheric convection (Lorenz,
1963). Now, it is widely used to study many issues, such as, chaotic behavior, attrac-
tor, stability, bifurcation, and sensitive dependence on initial conditions. The L96
and the two-level L96 were developed to study the growth of small initial errors and
the predictability of the atmosphere. They have higher dimensions than the L63 and
demonstrate chaotic behavior as well. The chaotic behaviour is the property that
real atmosphere contains and it is essential to address the issue of data assimilation.
Compared to the operational weather forecast models and climate prediction sys-
tems, the Lorenz systems require much less computational resources. Moreover, we
are able to define true system states and easily generate observations in the Lorenz
systems. These advantages make the Lorenz systems ideal testbeds for data assimi-
lation experiments. Performing data assimilation experiments in the Lorenz systems
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is very flexible and effective: we can easily change experiment settings for data as-
similation and get results in a relatively short time; we can decide which variables to
be observed; we can choose the observation interval and observation error; we can
use thousands ensemble members; and we can implement most data assimilation
methods. In this thesis, we focus on the data assimilation experiments in the two-
level L96 and the reduced models with different parameterization schemes, and ad-
dress some research problems in the area of data assimilation, such as model error in
data assimilation (especially for the model error arising from unresolved processes),
coupled data assimilation, and sensitivity towards time-scale separation in coupled
systems.

We also examine the extreme values statistics in the two-level L96 by applying
both peak over threshold and block maxima methods (see Chapter 4). We compare
the performance of the two kinds of parameterization schemes, the Wilks parame-
terization and the W-L parameterization, in terms of reproducing the extreme value
statistics of the full model. We also examine the utility of data assimilation for esti-
mating extremes in analysis fields and predicting them in short to medium range in
the two-level L96.
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Chapter 3

Data Assimilation: Initial State
Estimation

3.1 Introduction

In this chapter we will introduce data assimilation methods, from the theoretical
basis to the numerical implementation, from the simplest data insertion to the
advanced methods. Notations used in this chapter are demonstrated in the list
of notation. Data assimilation is a blending of information from various sources
to estimate the state of a system, certainly, the true state of the atmosphere or the
ocean can not be touched, but the more samples of the estimates of a state we
have, the more accurate estimate we can get. Imaging a simple case, instead of
using a single mercury thermometer to measure room temperature, we utilize more
instruments including bimetallic glass thermometers, dial thermometers and pres-
sure thermometers. With no doubt, using average value of those measurements is
more reliable than using a single measurement to represent the room temperate. In
practice, data assimilation is a more complex procedure, while it is still a statistical
method. Considering a atmospheric variable, the true value of it is unknown, but
we have a model which can forecast it. We integrate the model from many slightly
different initial conditions, and we can get a probability distribution of the estimates
of this variable. What if when some measurements on this variable are already
given? That means there is a premise, a condition, that the estimate of this variable
must comply with the distribution of observations, so the problem then becomes to
find the conditional distribution, p(estimates|measurements).

The first major development of data assimilation can be traced back in the 1960s,
when the “optimal interpolation” (or “statistical interpolation”) was introduced
(see Lynch, 2006; Lynch, 2008). At that moment, the idea of data assimilation is
motivated by solving the problem of imbalance in the initial field, which leads to
large error in numerical weather forecast. Since the 20th century we have seen a
great advance in computing power, which is the cornerstone of building a bridge
between model estimates and observations. For instance, the current generation
of the general circulation model (GCM) produces state variables of dimension 109

∼ 1012, as well as huge amounts of data is taken by measurements (collected from
aircraft, radiosonde, satellite and radar). To handle these data on a suitable speed,
adequate computing performance is necessary.

Nowadays data assimilation schemes can be roughly divided into variational-
based methods, ensemble-based methods, hybrid methods and particle filters.
Variational-based methods such as three-dimensional or four-dimensional varia-
tional assimilation (3D-Var or 4D-Var) rely on tangent linear operator and adjoint
equations. The 4D-Var (Rabier et al., 2000) is an extension of 3D-Var (Courtier
et al., 1998), in this upgraded variational data assimilation system observations
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are assimilated to background at the exact time over an assimilation window
and flow-dependent background error information is provided. Ensemble-based
data assimilation techniques include ensemble Kalman filter (EnKF), ensemble
Kalman smoother (EnKS), ensemble transform Kalman filter (ETKF), and so on,
which depend on statistical estimates from ensemble forecasts. Most practical
ensemble-based data assimilation schemes are some kind of approximations of the
celebrated Kalman filter (Kalman, 1960; Kalman and Bucy, 1961). All of them are
aimed to either reduce the computing requirements or to improve the statistical
forecasts, or both. To highlight advantages and compensate disadvantages of the
variational- and ensemble-based methods, in practice, hybrid approaches are often
adopted for numerical weather prediction, such as ETKF-3/4DVar, Ens4DVar and
4DEnsVar (Bonavita, Raynaud, and Isaksen, 2011; Bonavita, Isaksen, and Hólm,
2012; Clayton, Lorenc, and Barker, 2013; Wang et al., 2013; Bannister, 2016). Particle
filters are used for highly nonlinear data-assimilation problems, which relax the
Gaussian assumption required by other methods.

3.2 Theoretical Basis

To understand the algorithm of data assimilation methods we need to review some
mathematics primer and linear algebra, such as matrix addition and multiplication,
transpose and inverse of matrix, identity and diagonal matrices, and so on. Besides
them, we also need to have good knowledge about statistics, like conditional, joint
and marginal PDFs, Bayes’ theorem, least squared method and Monte Carlo method,
etc.

Bayes’ theorem also called Bayes’ rule describes the relationship between condi-
tional and marginal distributions. Consider two variables {u, v}, the Bayes’ rule is
given as

p(u|v) = p(v|u)p(u)
p(v)

, (3.1)

which can be easily derived, because we have joint distribution

p(u, v) = p(v|u)p(u) (3.2)

and also
p(u, v) = p(u|v)p(v). (3.3)

In Eq. (3.1), the output p(u|v) is the posterior distribution (or conditional distribu-
tion), representing the PDF of the unknown state variable u given the observation
v, p(u) is the prior PDF of the variable u, coming from the model before knowing
the observation, p(v|u) is the likelihood of observation v conditioned on the vari-
able u, p(v) is the marginal PDF of the observation, which is independent of u and
treated as a normalization coefficient. However in reality, estimating the posterior
PDF p(u|v) in large dimensional systems is virtually impossible, and approximate
solutions lead to data assimilation methods. Variational-based methods solve for the
mode of the posterior PDF, i.e. the output of the highest probability. Ensemble-based
methods deal with the mean and covariance of the posterior PDF. Particle filters are
aimed to find a weak representation (sample) of the posterior PDF. Mode and mean of
Gaussian distributions are identical.

In data fitting, the method of least squares provides the best fit by minimizing the
sum of squared residuals. A residual is the difference between a fitted value and
an observed value. The fitted values are produced by models. By choosing optimal
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model parameters, we can get smallest residuals. We use R functions to solve the
least squares problems.

Evensen (1994b) used Monte Carlo method as an alternative to the approximate
forecast error covariance to provide the forecast error estimate with a significantly
lower computational cost and easier implementation. The Monte Carlo method uses
repeated random sampling to generate numerical results. A large sample of states
can be used to represent a specific PDF. As the sample size increases, the errors in
the solution for the PDF will approach zero at a rate proportional to 1/

√
N (Evensen,

1994b). A Monte Carlo approach is the basis of ensemble-based methods. Each en-
semble member represents a sample. As the ensemble size increases, the error in the
approximation becomes smaller.

3.3 Three/Four-Dimensional Variational Data Assimilation

The posterior p(x|y) gives the most likely state of a system given the observations
and predictions. In the terminology of data assimilation, the predictions (follow
prior PDF) is called background, and the optimal estimate of system state (follows
posterior PDF) is referred as to analysis. Under the Gaussian assumption, the prior
PDF of system state x = {x1, ..., xn} is given as:

p(x) =
1√

(2π)ndet(B)
e−

1
2 (x−xb)T B−1(x−xb), (3.4)

where xb denotes the means and B denotes the error covariance of the predictions.
Given the observation y = {y1, ..., ym}, the likelihood is written as

p(y|x) = 1√
(2π)mdet(R)

e−
1
2 (y−H(x))T R−1(y−H(x)), (3.5)

where H is observation operator, H(x) presents the mean and R is the error covari-
ance of the observations. Using Bayes’ theorem (Eq. (3.1)), the posterior PDF p(x|y)
is proportional to:

p(x|y) ∝ exp
(
−1

2

[
(x− xb)TB−1(x− xb) + (y− H(x))TR−1(y− H(x))

])
. (3.6)

Note that the error covariance matrices B and R and p(y) are prescribed. In prac-
tice the matrix B is static and often computed from a long-time integration of the
model and hence called the climatological error covariance matrix. The matrix R is
usually defined by a diagonal matrix, whose entries along the diagonal are equals
to a prescribed observation error variance. In variational data assimilation meth-
ods (Schlatter, 2000), we seek a solution that maximizes the posterior probability
p(x|y). Maximizing the posterior probability p(x|y) is equivalent to minimizing
J(x) ≡ −ln(p(x|y)), where J(x) is called cost function. Hence, the problem is mini-
mizing the cost function. Ignoring the constant, we have

J(x) = Jb(x) + Jo(x), . (3.7)

where
Jb(x) =

1
2
(x− xb)TB−1(x− xb), (3.8)
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and
Jo(x) =

1
2
(y− H(x))TR−1(y− H(x)). (3.9)

Eq. (3.7) is the cost function of three-dimensional variational (3D-Var) methods. In
four-dimensional variational (4D-Var) methods (Talagrand and Courtier, 1987), di-
mension of time is considered. The cost function of 4D-Var methods takes obser-
vations in a time window (observations at different time) into account, rather than
observations at one time. Consider a time window from t0 to tn, and ti represents
the time steps in the window, the 4D-Var cost function is given as

Jb(x) =
1
2
(x(t0)− xb(t0))

TB−1
0 (x(t0)− xb(t0)), (3.10)

and

Jo(x) =
1
2

n

∑
i=0

(y(ti)− Hi(x(ti)))
TR−1

i (y(ti)− Hi(x(ti))), (3.11)

subject to the constraint:
x(ti+1) = Mi(x(ti)), (3.12)

equivalent to:
x(ti) = Mi−1(Mi−2(...M0(x(t0)))). (3.13)

To minimize the cost function, we can use gradient descent methods; minimizing
the cost function J is equivalent to minimizing the gradient of the cost function with
respect to the initial conditions. We minimize J(x) iteratively and use the gradient
of J at each iteration:

xk+1(t0) = xk(t0) + α∇J(xk(t0)), (3.14)

where α is a step length and k denotes the iteration step. The gradient of J is given
as:

∇J(x(t0)) = B−1
0 (x(t0)− xb(t0)) +

n

∑
i=0

MT
0 ...MT

i−1HT
i R−1

i (yi − Hi(x(ti))), (3.15)

where HT
i is the adjoint matrix of Hi, which is the linearized operator of the possibly

nonlinear measurement operator Hi, and MT
i is the adjoint model of the tangent

linear model Mi, which provides a computationally efficient way to integrate the
model state forward:

x(ti+1) = Mi(x(ti)). (3.16)

The adjoint models propagates the information backward in time from ti+1 to ti. Us-
ing the method of Lagrange multipliers, which solves the problem of finding the local
maxima and minima of a function subject to a constraint, we introduce Lagrange
multipliers λi and define the Lagrangian:

L(x, λ) = J(x) +
n−1

∑
i=0

λT
i+1(x(ti+1)−Mi(x(ti))), (3.17)

then by taking variations with respect to x gives:

λi = HT
i R−1

i (yi − Hi(x(ti))) + MT
i λi+1. (3.18)
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Using the linear operator and the tangent linear model we get:

Hi(x(ti))) = Hi−1Mi−1(x(ti−1)). (3.19)

Applying the boundary condition λi+1 = 0 to Eq. (3.18), we compute λ0 from ti+1 to
t0 and get

∇J(x(t0)) = λ0 + B−1
0 (x(t0)− xb(t0)), (3.20)

which is equivalent to Eq. (3.15). Back to Eq. (3.14), our purpose is to minimize
∇J(xk(t0)) iteratively and get the initial conditions at each iteration xk(t0). When∥∥∇J(xk(t0))

∥∥ is smaller than a prescribed value, iteration stops. The analysis xa is
the minimizer of the cost function.

We summarize the variational methods. 4D-Var methods extract information
from later forecasts and information from observations within an assimilation win-
dow, while 3D-Var methods only require information from forecast and observation
at the analysis step. On the one hand, the longer the assimilation window, the more
observations and hence the more accurate analysis we will have, on the other hand,
the longer the assimilation window, the more nonlinear the forecast will be (note
that we use tangent linear and adjoint models) and hence more forecast error will
be introduced. In practical, the best choice should be somewhere in the middle, not
too short but also not too long. The difficulties of the variational methods are the de-
velopment of liner and adjoint models and the specification of background and ob-
servation error covariance matrices. For the purpose of simplifying the variational
data assimilation methods and making them cheap and easy to solve, methods such
as incremental 4D-Var (Courtier, Thépaut, and Hollingsworth, 1994) and 3D-FGAT
are developed. Moreover, standard 4D-Var methods assume the model is perfect, to
relaxes this assumption, weak constraint 4D-Var (Trémolet, 2007) is adopted, which
requires the specification of model error covariance matrix and includes it in the cost
function. The variational methods form the basis of many atmospheric and oceano-
graphic data assimilation system. The 4D-Var, with some specific approximation,
is adopted in the European Centre for Medium range Weather Forecast (ECMWF)
(Rabier et al., 2000), the Met Office (Rawlins et al., 2007), Meteo-France, etc.

3.4 The Ensemble Kalman Filter

The ensemble-based methods can be also referred as Kalman methods, since the
most practical ensemble-based data assimilation schemes are some kind of approxi-
mation of the Kalman filter (Kalman, 1960; Kalman and Bucy, 1961). All of them are
aimed to either reduce the computing requirements or improve the statistical fore-
cast, or both. The Kalman filter is a solution of minimizing cost function of 3D-Var
methods. This approach to linear filtering is proposed in Kalman (1960) and Kalman
and Bucy (1961). The Kalman filter is the basis of most practical ensemble-based data
assimilation methods. The Kalman equations are given as

x = xb + PHT(HPHT + R)−1(y− Hxb), (3.21)

where H is the observation operator, and P and R represent forecast and observation
error covariance, respectively. The superscript b denotes background. In addition to
the update of x, the covariance matrix P is also updated by

Pa = P− PHT(HPHT + R)−1HP, (3.22)
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where Pa denotes modified forecast error covariance matrix, and the superscript
a denotes analysis. In 3D-Var methods, the forecast error covariance is static, it is
considered fixed in time, while in the Kalman filter it is dynamic and evolves in
time. The Kalman filter solves linear case and it can be extended to non-linear case
via linearizion. The extended Kalman filter (EKF) is the nonlinear version of the
Kalman filter which linearizes the forward model of covariance.

The ensemble Kalman filter was introduced by Evensen (1994b) and Evensen
(1994), who used Monte Carlo methods (see section 3.2) to predict the error statis-
tics, it is a better alternative than the EKF in the aspect of computational cost. Since
then numerous examinations and applications have been discussed in many studies
(e.g Houtekamer and Mitchell, 1998; Anderson, 2001; Anderson, 2003; Whitaker
and Hamill, 2002; Bishop, Etherton, and Majumdar, 2001). The first application
with a chaotic and nonlinear model was presented by Evensen (1997), and the
application with a global atmospheric general circulation model was presented by
Mitchell, Houtekamer, and Pellerin (2002). Here, we briefly introduce the algorithm
of the EnKF. Comprehensive theoretical aspects and the numerical implementation
are provided in Evensen (2003). There are two stages involved in a sequential data
assimilation methodology: (i) the forecast and (ii) the update stage. They take
place alternatively. During the forecast stage, we use a, possibly nonlinear, model
to generate ensemble forecasts of the system state of dimension n, i.e. ψ

f
t ∈ Rn,

where the superscript f denotes forecast and the subscript t is the time index. In
a dynamical model, the model state of time t depends on the former state of time
t− 1, and the evolution equation is written as:

ψ
f
t = ft−1(ψ

a
t−1) + wt, (3.23)

where f is the forecast operator, it can be linear or non-linear, and w is a Gaus-
sian noise vector with zero mean, representing the model error. The second stage
in a sequential data assimilation methodology is the update stage, or called analy-
sis step. The update stage takes place when the observations d ∈ Rm of a system
state are available. We neglect the time index of this stage, because all vectors and
matrices used in this stage are at the same time step. Observations usually have a
much smaller dimension compared to the model state, i.e. m 6 n. The observation
data may also need to be transformed in order to fit the model output. Therefore, a
linear measurement operator H ∈ Rm×n is used, which relates the true state to the
observations

d = Hψre f + ε, (3.24)

where ε is measurement errors, which are randomly drawn from the Gaussian dis-
tribution N (0, R). The observation error covariance R ∈ Rm×m is determined by
the observation system, therefore, it is prescribed and not computed at each analysis
step. In toy model studies, R is typically defined as a diagonal matrix, in which the
entries of the main diagonal are the (prescribed) observation error variance, and all
off-diagonal elements are zero. H ∈ Rm×n maps the model state in Rn to the ob-
servation space in Rm. For the EnKF, we need to perturb the observations for each
ensemble members, again using the perturbations drawn from N(0, R) (Whitaker
and Hamill, 2002). The perturbed observations di for the ith ensemble member are
given as

di = d + εi, i = 1, . . . , N, (3.25)



3.4. The Ensemble Kalman Filter 25

where εi ∼ N (0, R). Therefore, in the EnKF, the observation error covariance is
calculated by

Re =
1

N − 1

N

∑
i=1

(di − Hψre f )(di − Hψre f )T, (3.26)

where T means the transpose of a matrix. In addition to the observation error co-
variance, we also need to estimate the forecast error covariance, which is also called
background error covariance in the context of data assimilation. The forecast error
covariance P f ∈ Rn×n is defined in terms of the true state as:

P f = (ψ f −ψre f )(ψ f −ψre f )T, (3.27)

where the overbar denotes an expectation value. However, the true state is un-
known. In the EnKF, we use ensemble members to estimate the forecast error covari-
ance. The ensemble mean is used to replace the unknown true state. Considering an
ensemble of size N, we have

P f
e =

1
N − 1

N

∑
i=1

(ψ f ,i −ψ
f
)ψ f ,i −ψ

f
)T, (3.28)

where ψ
f denotes the ensemble mean. Recall the analysis equation (Eq. (3.21)) of

the Kalman filter, the analysis is determined as a weighted linear combination of
forecasts and observations:

ψa = ψ f + K(d− Hψ f ), (3.29)

where K ∈ Rn×m is called the Kalman gain matrix, which is determined by the error
covariance of the forecasts and observations:

K = P f
e HT(HP f

e HT + Re)
−1. (3.30)

As described above, the analysis ψa is computed in the update stage. It is used to ini-
tialize the forecast model in the following prediction stage, then the state ψ evolves
in time until next update stage takes place (when observations are available). Then
the analysis is calculated and used again to initialize the model in the next predic-
tion stage. Due to chaos the forecast errors grow fast in time, therefore, we need
to periodically assimilate observations into the forecasts. Prediction stage and up-
date stage take place alternately, and analysis-forecast cycles are formed. The time
interval between two analysis steps is called analysis or observation interval, which
is often 3h, 6h or 12h in real weather prediction systems (Simmons, Mureau, and
Petroliagis, 1995; Dalcher and Kalnay, 1987; Toth and Kalnay, 1993; Kalnay, 2002).
From the analysis, we can make medium or long-term forecasts at a range of days
or weeks, respectively. When the next observations come in, a new analysis is com-
puted and new forecasts are started.

The EnKF algorithms can be divided into two main categories: stochastic and
deterministic. In the algorithms of stochastic ensemble Kalman filters, perturbed ob-
servations are used to correct the previously too low spread of the analysis ensemble
(Burgers, Leeuwen, and Evensen, 1998; Houtekamer and Mitchell, 1998). The algo-
rithm introduced above belongs to this category. In the algorithms of deterministic
ensemble Kalman filters, an additional sampling error is introduced into the filter
solution and the use of perturbed observations is avoided. There is a growing num-
ber of deterministic ensemble Kalman filters, which are varying in how to calculate
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the transform matrix T at the analysis step:

xa = x f T . (3.31)

The idea is to create an updated ensemble with covariance consistent with the anal-
ysis covariance calculated from the Kalman filter:

Pa = (I − KH)P f . (3.32)

The deterministic ensemble Kalman filters include serial ensemble square root filter
(EnSRF) (Whitaker and Hamill, 2002), ensemble adjustment Kalman filter (Ander-
son, 2001), ensemble transform Kalman filter (ETKF) (Bishop, Etherton, and Majum-
dar, 2001) and local ensemble transform Kalman filter (LETKF) (Hunt, Kostelich, and
Szunyogh, 2007).

3.4.1 Covariance Inflation and Localization

A major disadvantage of ensemble-based methods is the insufficient ensemble size,
which leads to incorrect estimate of the background covariance. In applications of
numerical weather prediction, the dimension of state variable is about 108, while the
ensemble size is typically 10 ∼ 100. When we use the EnKF, we assume that the
ensemble size is large enough to give an accurate estimate of the sample mean and
covariance. However, this is not the case in many applications. Undersampling can
lead to the underestimate of ensemble variance, the divergence of filter and errors
in estimated correlations, especially, spurious long-range correlations. Therefore,
the successful use of the EnKF methods highly relies on the size of the ensemble,
which should be adequate for the system we apply these methods to. In general, sys-
tems with larger dimension require ensembles with larger size. The filter divergence
means that after several analysis steps, the analysis is far away from the true system
state, even if the observations indicate otherwise (close to the truth). The analysis
is determined by a weighted linear combination of forecasts and observations, and
the weight is determined by the forecast and observation errors (see Eq. (3.29) and
(3.30)). If the ensemble variance is underestimated, then the ensemble spread is too
small, so that it can not represent the forecast error. If the forecast error is repeatedly
underestimated at analysis steps, then the information of observation is ignored,
analysis is closed to forecasts. The analysis is restricted to the space spanned by the
ensemble. Therefore, the ensemble spread should be large enough to represent the
forecast uncertainty. Note that when the filter does not diverge, the accuracy of anal-
ysis depends on both the forecast and observation errors. The smaller the errors, the
more accurate the analysis. Therefore, the optimal ensemble spread is the smallest
one which do not lead filter divergence.

To solve problem due to inadequate ensemble size, we can 1) use more ensemble
members, 2) use localization methods, 3) use covariance inflation methods, and 4)
combine ensemble methods with variational approaches. Due to the limited com-
putational resources, using more ensemble members is not applicable in many ap-
plications. Localization and covariance inflation are two commonly used methods.
Furthermore, Grooms, Lee, and Majda (2015) pointed out that stochastic subgrid-
scale parameterizations have the same effect as the covariance inflation techniques,
because they increase the ensemble spread. Moreover, instead of using the ensemble
evolved from the past analyzed ensemble states, Tardif, Hakim, and Snyder (2015)
used the ensemble formed by randomly drawing model states from preexisting in-
tegrations to estimate the background error covariance and Hu and Franzke (2017)
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used model states, which are analogous to observations, to enlarge ensemble.
Localization addresses the problem of spurious correlation. The underlying as-

sumption is that only short-range correlations in the ensemble-estimated covariance
matrices are relevant, while long-range correlations are dominated by the sampling
error and should be corrected or removed (Morzfeld, Hodyss, and Snyder, 2017).
There are two most popular localization methods: covariance localization, modifying
the background error covariance matrix to reduce long-range correlations, and ob-
servation localization, restricting observations which are allowed to affect each grid
point. Covariance localization is performed by multiplying the forecast error covari-
ances with a smooth correlation function:

PL = ρ ◦ P, (3.33)

where P denotes the forecast error covariance matrix, ρ denotes a localization func-
tion and ◦ denotes Schur product of two matrices. However, in the numerical im-
plementation of the EnKF, the covariance matrix is not formed, instead, we use en-
semble perturbation matrix, we have P = ψ

′
(ψ

′
)T, and we can not directly apply

localization function to ensemble perturbation matrix, because

(ρρT) ◦ (ψ′
(ψ

′
)T) 6= (ρ ◦ψ

′
)(ρ ◦ψ

′
)T. (3.34)

Recall the equation for calculating Kalman gain matrix (Eq. (3.30)), if H is close to a
diagonal matrix, then we have an approximation:

(ρ ◦ P)HT = ρ ◦ (PHT), (3.35)

hence,
K = ρ ◦ (PHT)[ρ ◦ (HPHT) + R]−1. (3.36)

Then the analysis equation is given as

ψa
i = ψi + [ρ ◦ (PHT)]φi (3.37)

with
ρ ◦ (HPHT + R)φi = (di − Hψi), (3.38)

for i = 1, ..., N, where N denotes ensemble size and i counts for each ensemble mem-
ber. The analysis is computed separately for each ensemble member. When we ap-
ply covariance localization methods, we need to choose the localization function and
its length scale, this may be state-dependent. Observation localization reduces the
influence of observations which are far away from analysis grid point. For many
square root ensemble Kalman filters, in which covariances are not explicitly calcu-
lated, the observation localization is naturally the choice. The observation localiza-
tion methods require a defined radius. With the radius, we can draw a circle with a
grid point as the center. Inside the cycle, the influence of observations on the analysis
at the center smoothly reduces with the increase of their distance to the center. The
observations outside the circle are ignored, assuming their error to be infinitely large.
Compared to covariance localization, observation localization can be implemented
in more filters. The radius is a tunning parameter and optimal values need to be
determined for observation localization under different circumstances. By perform-
ing several numerical experiments with different radii, we select the radius which
results in smaller estimation errors. There are also many other ideas for localization,
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such as multiscale filter (Zhou et al., 2008), spectral localization (Buehner and Char-
ron, 2007), adaptive localization, and localization in different variables.

Covariance inflation addresses the problem of filter divergence. Filter divergence
is caused by inadequate ensemble spread. Covariance inflation is applied to in-
creases the ensemble variance and thus stabilize the filter. There are generally two
kinds of inflation: multiplicative and additive inflation. The most common method
is called fixed multiplicative covariance inflation (Anderson and Anderson, 1999),
which applies a multiplicative inflation factor r to each ensemble member:

ψ̂i = r(ψi −ψ) + ψ, (3.39)

where i = 1, ..., N, representing each ensemble member and overbar denotes ensem-
ble mean, then we have

P̂ = r2P (3.40)

Inflation factor r is slightly larger than 1. The choice of an optimal inflation factor
depends on the dynamics of the model, type of the ensemble filter, the length scale
of covariance localization, etc. The inflation factor may also vary with the size of the
ensemble. A weakness of multiplicative inflation methods is that large variances will
be inflated much more than small variances. In contrast, additive inflation methods
enlarge all variances by same amount:

ψ̂i = ψi + ηi, (3.41)

where η ∼ N(0, Q) and the variance Q needs to be tuned in numerical experiments.
We choose the value which results in better performance of the filter. We can also
combine multiplicative inflation with additive inflation.

3.5 Overview of Data Assimilation Methods

Data assimilation methods are constructed based on solid mathematical framework:
Bayes’ theorem. The data assimilation methods used in meteorology and oceanog-
raphy can be roughly divided into two categories: variational and ensemble-based
methods. We have introduced two advanced methods, the 4D-Var and the EnKF,
which belong to the first and second category, respectively. The 4D-Var, with some
specific approximation aimed at reducing its computational cost, has been adopted
in the ECMWF for operational NWP (Rabier et al., 2000), and a version of the EnKF
is nowadays operational data assimilation methods for the atmospheric model at
the Canadian Meteorological Centre (CMC) (Houtekamer et al., 2005).

The EnKF has many advantages when faced to the 4D-Var, firstly it is simple
to code and implement, the analysis scheme can be directly applied for ensemble
forecasts (model independent), secondly it provides optimal initial perturbations
for model initial condition (analyses). While the main disadvantage of EnKF is
that insufficient ensemble size and sparse observations limit the quality of analysis.
The low dimensionality of ensemble introduces sampling error and in this case
background error covariance is incorrectly estimated. These shortages of EnKF
contrast the advantage of 4D-Var, which produces useful analyses even when ob-
servations are sparse, and it is able to assimilate all observations in the assimilation
window at one time. The disadvantages of 4D-Var are requirements for developing
and maintenance of the tangent linear and adjoint models. They are very time
consuming and difficult to update as the nonlinear model is developed. The
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comparison of the quality of the analysis given by EnKF and 4D-Var is discussed
with many experiments (Eugenia et al., 2007; Whitaker, Compo, and Thépaut,
2009; Ehrendorfer and Tribbia, 1997; Fisher, Leutbecher, and Kelly, 2005; Järvinen,
Andersson, and Bouttier, 1999; Lorenc, 2003). Generally, if assimilation window
for 4D-Var is short, EnKF produces more accurate analyses than 4D-Var, while for
infrequent observations 4D-Var gives the analyses with lower errors.

Variational and ensemble-based methods have their own sets of strengths
and weaknesses. There is no winner between the comparison of variational and
ensemble-based methods. Variational methods produces useful analyses even
when observations are sparse, but we need to estimate static background error
covariance, as well as develop tangent linear and adjoint models, which require
high development costs. In ensemble-based methods, we do not need tangent
linear and adjoint models, and the computation of flow-dependent error covariance
is much easier, but we have to deal with the effects of finite sample size. Taking
the advantages and avoiding the weaknesses of both kinds of methods, Hybrid
methods are derived, which combine the best parts of the two kinds of methods.
The earliest hybrid method, a combination of 3D-Var and EnKF, was proposed by
(Hamill and Snyder, 2000), in which the background error covariance is represented
by a weighted combination of ensemble-estimated error covariance and the error
covariance estimated by using variational methods. A hybrid ETKF/3D-Var method
combines the ETKF and 3D-Var methods, in which the ETKF is run in low model
resolution and the 3D-Var solution is calculated with high model resolution. A
hybrid ETKF/4D-Var method is similar to the ETKF/3D-Var, and was implemented
in operational global NWP at the Met Office in 2011. The other category of hybrid
methods can be called EnsVars methods, which literally means an ensemble of
data-assimilations with variational methods. In technical aspect, an ensemble of
3D/4D-Var ensemble forecasts is used to form hybrid background error covariance
matrix.

All the methods mentioned above are used under the Gaussian assumption,
which means that the forecast and observation errors are assumed to be normally
distributed. This is far away from the reality of a strongly nonlinear system. Particle
filter relaxes the Gaussian assumption and addresses the issue of strongly nonlinear
data assimilation (see e.g. van Leeuwen, 2010). The basic idea of particle filters is
that we generate samples in parallel sequential over time and then give weight to
them based on how good they are. The particle filter has also been implemented
in the data assimilation system for the global forecast model ICON (Icosahedral
Nonhydrostatic) at Deutscher Wetterdienst (DWD) (Potthast, Walter, and Rhodin,
2019). An obstacle of implementing particle filter in a high-dimensional system
is to prevent filter collapse or filter divergence (Snyder et al., 2008). The particle
filters have the potential to be the new generation of the data assimilation methods
in operational environments for NWP and climate prediction, but until then many
further researches on particle filtering in theoretical and practical aspects are
required.

The idea of data assimilation in the unstable subspace (AUS) is to confine the
analysis solution in the unstable subspace of the system and this will efficiently
reduce the background error (Carrassi, Trevisan, and Uboldi, 2007; Carrassi et al.,
2008a; Carrassi et al., 2008b). The unstable directions of a dynamical system can
be represented by Lyapunov vectors. Therefore, the analysis increment is confined
to the subspace spanned by the leading du Lyapunov vectors, which correspond
to positive Lyapunov exponents. The AUS allows us to deal with error covariance
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matrices of a much smaller dimension, du × du matrices instead of n × n matrices,
where n is the full dimension of the system, containing unstable, neutral and stable
directions.

Data assimilation methods can be a Filter or a smoother: a filter assimilates
observations sequentially in time when they are available, while a smoother
assimilates all observations over a time window at one time. The background error
covariance can be static or dynamic: static background error covariance is fixed in
time, which gives the information of the climatology, while dynamic background
error covariance evolves in time, which is flow-dependent, containing the information
of the flow. Variational methods use static background error covariance, which
is difficult to estimate and is model dependent. Ensemble-based methods use
flow-dependent background error covariance, but they face to serious sampling
issue when the size of ensemble is insufficient large.
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Chapter 4

Extreme Value Analysis

4.1 Introduction

This chapter provides statistical approaches to analyze extreme values and presents
the method for the prediction of the recurrence of extreme events. In classical statis-
tics we focus on the average behavior of a stochastic process, while in extreme value
analysis our interest is in rare and low probability events. These events populate
the tail(s) of a distribution. Extreme value theory (EVT) is a mature statistical frame-
work, providing us with two methods to analyze the characteristics of extremes. We
will introduce these two methods in this chapter, and then apply them to the ex-
tremes from the two-level L96 as well as the reduced models with Wilks and W-L
parameterizations in Chapter 6 and 7. We use the packages "extRemes" (Gilleland
and Katz, 2016) and "ismev" (Heffernan and Stephenson, 2016) from the free soft-
ware environment R to estimate the parameters from the EVT.

4.2 Two Approaches: BM and POT

Two fundamental approaches exist for extreme value analysis: the block maxima (BM)
approach and the peak over threshold (POT) approach (Coles, 2001). In the BM ap-
proach the data is divided into blocks of equal length and maxima of each block is
retained, then the generalized extreme value (GEV) distributions will be fitted to these
maxima. The cumulative density function (cdf) of the GEV distribution is given as

F(x; µ, σ, ξ) = exp

{
1−

[
1 + ξ

(
x− µ

σ

)]−1/ξ
}

, (4.1)

which holds for 1 + ξ(x− µ)/σ > 0, where −∞ < µ < ∞ refers location parameter,
σ > 0 is called scale parameter and −∞ < ξ < ∞ denotes shape parameter. When
ξ = 0, we take the limit of (4.1) as ξ → 0, which is

F(x; µ, σ) = exp
{
−exp

[
−
(

x− µ

σ

)]}
. (4.2)

The location and scale parameters are scaling constants used to normalize the data
x. The shape parameter indicates the tail behavior. When ξ = 0, the tail decays
exponentially, when ξ > 0, a heavy tail occurs, which decays following a power
law, and when ξ < 0, the tail is bounded; there is an upper limit of the domain of
the distribution. The POT approach selects data whose magnitude is above a high
threshold, and the threshold exceedances are fitted by the generalized Pareto (GP)
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distributions, which are defined by the cdf given as:

F(x̂; σ̂, ξ̂) = 1−
(

1 + ξ̂
x̂
σ̂

)−1/ξ̂

, (4.3)

where x̂ > 0 denotes the threshold exceedances, i.e. x̂ = X − u with i.i.d.r variables
X and a threshold u, the scale parameter σ̂ > 1, and 1 + ξ̂ x̂/σ̂ > 0. The shape
parameter ξ̂ again describes the tail behaviour like it does in the GEV distributions.
As with the GEV distribution, for ξ̂ = 0, the cdf is given as:

F(x̂; σ̂) = 1− exp
(
− x̂

σ̂

)
. (4.4)

It should be noticed that even when the shape parameter from the GP distributions
converges to a value after a high threshold, the scale parameter, determining the
statistical dispersion of the distribution, may still change with the higher thresholds.
To make it independent of the threshold, the scale parameter can be modified by

σ̂mod = σ̂− ξ̂u, (4.5)

so that we get a modified scale parameter for the POT method.
Under general conditions, while the two approaches lead to a different selection

of the extreme values, they are fundamentally equivalent. If convergence to GP and
GEV distributions is realized, then we can derive the corresponding GEV parameters
from the estimated GP parameters and vice versa, we have ξ = ξ̂ and σ = σ̂ + ξ(µ−
µ̂) (see Gálfi, Bódai, and Lucarini, 2017; Coles, 2001).

4.3 The Theoretical Value of Shape Parameter

In physics, an observable is a variable that can be measured in a dynamic system.
For general classes of smooth observables, Holland et al. (2012) and Lucarini et al.
(2014) provided an explicit expression for the shape parameter:

ξtheo = −
1
δ

, (4.6)

where, for continuous flows we have

δ = ds +
(du + dn)

2
, (4.7)

where the du is equal to the number of positive Lyapunov exponents, dn is equal to
the number of zero exponents, which is equal to one for Axiom A systems (Lucarini
et al., 2014), and ds is given by

ds = dKY − du − dn (4.8)

with the Kaplan-Yorke dimension (Kaplan and Yorke, 1979)

dKY = n +
∑n

k=1 λk

|λn+1|
, (4.9)

where λk denote the Lyapunov exponents of the system, arranged in descending or-
der, and n is the number when ∑n

k=1 λk is larger than zero while ∑n+1
k=1 λk is smaller
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than zero.
Eqs. (4.6-4.9) gives an estimator for the shape parameter via the estimators of

the dimensions, or via the estimators of the Lyapunov exponents, instead of esti-
mating it by fitting a GEV or a GP distribution. We call ξtheo the theoretical value
of the shape parameter. Clearly, the value of the ξtheo is always negative, this can
be seen from the formulae, where we always have δ > 0. A negative shape pa-
rameter indicates that the distribution of extremes has an upper bound. This is not
surprising as the smooth observable and compacts attractor are considered (Lucarini
et al., 2014). When we consider a high-dimensional chaotic system, we have a large
Kaplan-Yorker dimension of the attractor and the value of ξtheo becomes closer to
zero, and it means that the occurrence of very large extreme events becomes more
likely. A positive shape parameter implies that the distribution of extremes has a
heavy tail and no upper limit, so that the very large extreme events occur very fre-
quently and their magnitudes tend to be infinite large. This is clearly not the case for
the chaotic dynamical systems with bounded attractors.

4.4 Verification Measures of Fitting

We can use chi-square goodness of fit test and quantile-quantile (Q-Q) plots to verify
if modelling extreme values by the two approaches mentioned above is reasonable.
The chi-squared goodness of fit test is a non-parametric test that is used to find out
how well the observed sample distribution (empirical distribution) fits the expected
probability distribution (theoretical distribution). In chi-square goodness of fit test,
the null hypothesis assumes that there is no significant difference between the ob-
served and the expected distributions, while the alternative hypothesis assumes that
there is a significant difference. To apply chi-square goodness of fit test, we need
to divide sample data into intervals, and then compare the numbers of points that
fall into each interval with the expected numbers of points in the corresponding in-
terval. The value of chi-square goodness of fit test is computed using the following
formula:

χ2 =
n

∑
i=1

(Oi − Ei)
2

Ei
, (4.10)

where Oi and Ei are observed numbers and expected numbers in ith interval, respec-
tively. If the calculated value of chi-square goodness of fit test is greater than the
critical value found in a χ2 distribution with an associated degree of freedom, we re-
ject the null hypothesis and conclude that there is a significant difference, otherwise
we accept the null hypothesis and conclude that there is no significant difference.
An easier way to draw a conclusion is to examine the p-value, to make a conclusion
about the null hypothesis with 95% confidence, the p-value should be less than 0.05.

A Q-Q plot is a graphical method for comparing two probability distributions. It
plots the quantiles from one distribution against the quantiles from the other distri-
bution in a two-dimensional diagram. The Q-Q plot can be used to compare two
empirical distributions, two theoretical (modeled) distributions and an empirical
distribution with a theoretical distribution. A point (x, y) on the plot corresponds
to one of the quantiles, x and y are values of the same quantile of two distributions.
Note that we need to first choose the set of intervals for the quantiles.
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4.5 Recurrence of Extreme Events

In many applications, our interest is in the occurrence frequencies of extreme events,
or the expected number of extreme events over a time period, rather than predict
the extreme events on a particular day in a particular location. The return period
gives us the average waiting time until next occurrence of the extreme event of the
same magnitude. The magnitude of the extreme value can be expressed as the return
level. We can also interpret the return period in this way: it gives us a time period,
over which the expected number of extreme event is one. The return period can be
estimated in two ways. First, we can calculate the empirical return period directly
from the data of extremes. For the block maxima, the empirical return period for the
return level m is given as:

τBM(m) =

(
np(m)

nb

)−1

, (4.11)

where np is the number of points which have a value greater than or equal to m, and
nb is the number of blocks, or the size of data. For the threshold exceedances, the
empirical return period is calculated by

τPOT(m) =

(
np(m)

nb × b

)−1 1
b

, (4.12)

where b is the block size. In comparison to the empirical return period, the fitted
GEV and GP distributions will also provide the expected return period of extreme
events of a given magnitude, or conversely, provide expected return levels for given
return periods. The return period is the inverse of the probability of an extreme
value of a given magnitude from the fitted GEV or GP distributions.
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Chapter 5

Data Assimilation in the Two-Level
L96 System

5.1 Introduction

An important problem in contemporary climate science is the assimilation of
observations into operational coupled seasonal and decadal prediction models.
The climate system can be seen, to first order, as a system with two time scales:
the slow ocean and the fast atmosphere. The two-level L96 proposed in Lorenz
(1995) is an ideal testbed for numerical experiments considering the computational
requirements, possibility for defining the truth and the chaotic, strongly nonlinear
nature (Evensen, 1997; Lorenz, 2006; Lorenz and Emanuel, 1998). A major challenge
in data assimilation is the presence of model error (Harlim, 2017). Especially the role
of the model error from unresolved scales needs to be systematically addressed. The
two-level L96 contains coupled equations in two sets of variables. By appropriately
choosing the parameter values, we can set the time-scale separation between the two
sets of variables and test the sensitivity of data assimilation on different time-scale
separations. Furthermore, we propose novel strategies to improve the performance
of the EnKF when the observation number and ensemble size are limited.

5.2 Experimental Setup

Recalling some information: data assimilation provides an optimal estimate of the
actual system state by extracting information from the observations and model fore-
casts, and in the context of data assimilation, the optimal estimate is called analysis,
and the model forecast is referred to as background which gives the prior estimate of
the system state. Two stages are involved in the analysis-forecasting cycles: analy-
sis (or update) step and forecast step. At analysis step, the actual observations are
assimilated to the short-range forecasts generated from the last analysis, and at fore-
cast step, the model is integrated forward from the latest analysis to provide the
background for the next analysis step. Due to the nonlinearity of our model and its
corresponding chaotic behavior the forecast errors grow exponentially in time, and
we need to periodically assimilate observations into the model forecasts. Hence,

This chapter has adopted contents from Hu and Franzke (2017).
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analysis-forecasting cycles are formed:

ψb(tj+1) = f j(ψ
a(tj)) (5.1a)

ψa(tj+1) = gj+1(ψ
b(tj+1)), (5.1b)

where ψ(tj) denote the system state at time tj, f denotes the integration function
provided by a forecast model and g denotes the data assimilation methods used at
analysis step. The superscripts a and b denote analysis and background, respec-
tively. Note that at t0 we need an initial guess of the system state, which is randomly
drawn from the climatology of the system.

In our experiments, the system state is generated by a control run of the re-
formulated two-level L96 written with an explicit time-scale separation term (see
Eqs. (2.12) and (2.13)). We integrate the model with a time step dt = 0.001 using a
fourth-order Runge-Kutta method. The forecast models are the L96-AR1 (Eq. (2.22)
and the L96-AR3 (Eq. (2.23), containing model error from unresolved scales, and the
reformulated two-level L96 with a slightly different forcing. The data assimilation
method is the EnKF. We choose N = 100 as the ensemble size, which is sufficient
for our data assimilation experiments to avoid filter divergence. The measurement
operator H is a matrix whose entries are either 1 or 0. For instance, if all the Xk
variables are observed, then we have m = n and H becomes an identity matrix. We
consider different values of m and also different distributions of the observations
when given a certain m. The observations are generated by adding random errors,
following a Gaussian distribution with mean zero and unit variance, to the system
states. The observation interval (time interval between two analysis steps) is deter-
mined by comparing the doubling time of small initial errors in the perfect model
with the real world prediction system. The doubling time is the period of time over
which the magnitude of an initial error will double, and is revealed by the maximal
Lyapunov exponent (λmax) of the system. The equation for calculating the doubling
time is given by (Lorenz, 1982; Kalnay, 2002):

E(t) =
E0eλmaxt

1 + E0(eλmaxt − 1)
, (5.2)

where E represents the root-mean-square average forecast error and it is scaled so
that at long forecasts E → 1, and E0 is the initial error and grows to E(t) by time t.
For time-scale separation ε = 0.125, the maximal Lyapunov exponent is λmax = 7.83
1/[MTU] in the model with the parameter values we use. MTU is the shorthand of
model time unit. For small initial errors E0, we get a doubling time which is about
0.09 MTU. As the time-scale separation decreases, the maximal Lyapunov exponent
becomes smaller and the doubling time increases. In practice, small initial errors
of actual NWP in synoptic scales double in about 2 days (Simmons, Mureau, and
Petroliagis, 1995; Dalcher and Kalnay, 1987; Toth and Kalnay, 1993) and the data
assimilation window lengths are 3h, 6h or 12h. If we calibrate the interval between
two analysis steps in our experiments to the assimilation window in practice via
the doubling time, then the interval is too short and the EnKF will diverge. There-
fore, we choose the error doubling time 0.09 MTU as the observation interval, which
means that we implement the EnKF every 18 integration time steps in the analysis-
forecasting cycles. We run simulations of length 10 MTU, so that 111 analysis steps
occur in each simulation. The EnKF converges during the first several analysis steps
and after it has converged, we generate 10-MTU forecasts from each of the analysis.
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5.3 Ensemble Size

When we apply the EnKF, a proper size of the ensemble has to be chosen. On the one
hand, the ensemble size has to be large enough in order to reduce the sampling error
which causes the inaccurate estimation of the error covariance of the forecasts. This
influences the performance of the EnKF. On the other hand, we need to avoid a too
large number of ensemble members which requires and takes up a lot of computing
resources. The performance of the EnKF reaches a plateau for a certain ensemble
size, beyond this ensemble size the improvement in the performance is very small.
It is possible to use thousands or even more ensemble members for the two-level
L96 in our numerical experiments and we could demonstrate this saturation effect.
However, this is impossible for seasonal prediction systems, which only use on the
order of 10 to 60 ensemble members.

To estimate a proper ensemble size for our numerical experiments, we imple-
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FIGURE 5.1: Means and standard deviations of the RMSE of the anal-
ysis for different sizes of the ensemble.

ment the EnKF in three models with the ensemble size changing from 30 to 100 with
interval 10. All Xk variables are observed. Fig. 5.1 shows the means and standard
deviations of RMSE of the analysis for different ensemble sizes. The RMSE of the
analysis is larger for the smaller ensembles, especially in the reduced models, and
decreases rapidly with an increase in ensemble size, but it cannot drop to zero be-
cause of observational noise, imperfection of the model, and the representation of
the truth by the ensemble mean. The analysis error of the L96-AR1 reaches to a
plateau when the ensemble size is about N = 100, which is greater than the ensem-
ble sizes the full model and L96-AR3 need.

Using Monte Carlo simulations to obtain the background error covariance is an
efficient modification of the extended Kalman filter (EKF) in the EnKF (Miller, Ghil,
and Gauthiez, 1994; Evensen, 1997; Pham, 2001). It reduces the computational de-
mands in the nonlinear dynamical system (e.g., the computation of the tangent linear
operator). However, for large models it also becomes expensive due to the require-
ment of a sufficient number of ensemble members. An insufficient ensemble size
will introduce sampling error and lead to wrong estimates of the background error
covariance. We can use some methods to increase the sample size. For instance,
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we can draw model states from preexisting integrations to form ensembles (Tardif,
Hakim, and Snyder, 2015). However, if these model states are randomly drawn,
they will increase the background errors. Therefore, we use observations to find so-
called analogs in the model states and use them as additional ensemble members.
We define the analogs as the model states which have small values of the root-mean-
square deviation to the observations. The values should be smaller than a prescribed
threshold. However, if we set the threshold too low, no or only a small amount of
analogs can be found and they only slightly improve the performance of the EnKF.
If the threshold is too high, the analogs bring too much error which makes the skill
of the EnKF worse. To overcome this problem, we only pick the analog which is
closest to the observations at each analysis step, and duplicate it many times to form
the ensemble with the desired size. For instance, we duplicate the analog 10 times,
and use them with 10 regular ensemble members to form a 10 + 10-member regular
+ analog ensemble. The analogs are only used to estimate the background error co-
variance and not integrated in the prediction stage to make forecasts. We compare
a 10-member regular ensemble, a 10 + 10-member regular + analog ensemble, and
a 20-member regular ensemble in Fig. 5.2. We only calculate the analysis and fore-
cast errors of the 10 regular ensemble members in the 10 + 10-member ensemble.
The results show that using analogs to inflate an insufficient ensemble greatly im-
proves the analysis and forecast of the regular ensemble members. Moreover, even
for the ensembles with the same size, the EnKF slightly performs better when us-
ing analogs to replace part of the regular ensemble members. This is because the
analogs have smaller errors than the regular ensemble members in the experiments
of the full model. We may also think of using analogs instead of analysis as the ini-
tial conditions. However, the averaged RMSE value of the analogs is greater than
the averaged RMSE value of the analysis obtained by using the analogs. In some
cases, even though the analogs have larger errors than the regular ensemble mem-
bers and actually increase the background error, using them to inflate an insufficient
ensemble still improves the accuracy of the analysis and forecast. This is found in
the experiments of the reduced models (not shown).
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FIGURE 5.2: (a) Box plots of the RMSE of the analysis and (b) aver-
aged RMSE of the forecasts as a function of forecast lead time of the
FDM. Black: 10-member regular ensemble. Red: 10 + 10-member reg-

ular + analog ensemble. Blue: 20-member regular ensemble.
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5.4 Observation Strategy

In the two-level L96, the large-scale variables Xk are coupled to many small-scale
variables Yj,k, and they dominate the activity of the Yj,k variables. If the Xk vari-
ables have large positive values, then the corresponding Yj,k variables, those with
the same k values, become active, otherwise they evolve with a small amplitude in
time (Lorenz, 1995). Unlike this great effect of the Xk variables on the Yj,k variables,
the impact of the Yj,k variables on the Xk variables is much smaller. When we use
the reduced models to produce forecasts, we can only assimilate observations to the
Xk variables, since the Yj,k variables are not resolved any longer. When using the full
model, we also resolve the Yj,k variables. If we need to predict the Yj,k variables, it
is necessary that both Xk and Yj,k variables are assimilated with observations. But
if we are only interested in the forecasts of the Xk variables, the question arises,
whether we should assimilate observations to the Yj,k variables and how large its
influence is on the forecasts of the Xk variables. There are many more Yj,k than Xk
variables. Therefore, we would need many more ensemble members to estimate the
background error covariance when we assimilate observations to the Yj,k variables.
This is time consuming and, thus, undesirable.

Fig. 5.3 shows the influence of assimilating observations to the Yj,k variables on
the analysis and forecasts of the Xk variables for different time-scale separations.
We choose ensemble size N = 100 for the full model when all the Xk variables are
observed and N = 2000 when all the Xk and Yj,k variables are observed. If we as-
similate observations to the Yj,k variables, we also need a larger analysis interval,
which is dt = 0.27, to prevent the divergence of the EnKF. We present the aver-
aged RMSE of the forecasts as a function of forecast lead time, as well as the box
plots of the RMSE of the analysis. The Yj,k variables are not modified at the analysis
steps when we only assimilate observations to the Xk variables. When the time-scale
separation is larger, the difference of the forecasts between assimilating and not as-
similating observations to the Yj,k variables is smaller. There is a trade-off between
the effort of observing the Yj,k variables and assimilating observations to them and
the accuracy of the forecasts of the Xk variables. Clearly, the effort is independent
of the time-scale separation while the improvement of the forecasts becomes less as
the time-scale separation increases. This suggests that we can consider assimilating
only slow variables in a system with a large time-scale separation, if we are only
interested in the forecast of them.

In our numerical experiments, we can simply generate observations of every
variable. But in real world predictions, the dimension of available observations is
much smaller than the number of model variables. Therefore, we now choose m = 9,
half of the number of the Xk variables, as the dimension of the observations for the
models. The Xk variables can be thought of as values of some atmospheric quantity
discretized at K grid points and we can only measure half of them. Imagine that
we use Argo floats to measure the temperature and salinity of the ocean and need to
consider the changing positions of the Argo floats. For the given observation dimen-
sion, there are many different subsets of the Xk variables which are observed. Using
the equation C(K, m) = K!

(K−m)!m! , we get the number of 9-combinations of 18 which
is 48620. The number of the combinations is too large for us to compare all of them.
We consider four cases of observed variables: 1) all Xk variables are observed; 2) half
of the Xk variables with continuous values of k are observed, i.e. X1, X2, . . . , X9; 3)
every other of the Xk variables are observed, i.e. X1, X3, . . . , X17; and 4) first half Xk
variables are observed at the first (odd) analysis step, i.e. X1, X2, . . . , X9, then second
half Xk variables are observed in the next (even) analysis step, i.e. X10, X11, . . . , X18.
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Fig. 5.4 presents the box plots of the RMSE of the analysis and averaged RMSE of the
forecasts as a function of forecast lead time in these four cases. The size of ensemble
is N = 100. The results in the three models are consistent: case 3) and 4) show the
smallest analysis and forecast errors when only half of the Xk variables are observed
and the EnKF also converges faster in case 3) and 4) (not shown). In the L96-AR1,
the analysis error is greater than the observation error in all three cases of observing
half of the Xk variables, while this only happens in case 2) of the L96-AR3. We only
show the results when the time-scale separation is ε = 0.125, because for all values
of time-scale separation considered, consistent results are found.

5.5 Full Model with Imprecise Forcing

The forcing value in our control simulation is F = 10. Different values of F will
result in different dynamics of the system. The larger the difference, the greater the
change of the dynamics. A too small forcing value will lead to the appearance of
different behaviors of the two-level L96 while a too large forcing value will greatly
increase the saturation error, which is the maximal forecast error caused by the un-
certainty in the initial conditions. We now choose imprecise forcing values from 9
to 11 with interval 0.2, which have the forcing error smaller or equal to 10% of the
standard forcing value. We do not want to change the dynamics and reduce the
predictive skill of the imprecise models too much. Fig. 5.5 shows the analysis and
background errors of the full model with different forcing errors. The positive errors
mean that the errors are added to the standard forcing value and the negative errors
mean subtraction. Although the two-level L96 is chaotic and strongly nonlinear, the
RMSE of the analysis approximately linearly increases as the forcing error becomes
larger. When the forcing error is greater than 0.6, the analysis error is larger than the
observation error. Moreover, the RMSE of the background also has a linear correla-
tion with the forcing error. This may be the reason for the linear correlation of the
analysis and forcing errors. Because the analysis is obtained by a linear combination
of the background and observations. There is no obvious difference between the
negative and positive errors for the RMSE of the analysis and background.

Fig. 5.6 presents the forecast errors of the full model with different forcing values
as a function of forecast lead time. As the forcing error increases, the forecast error
becomes larger. Unlike the analysis error, there is an obvious difference of forecast
error between the positive and negative forcing errors: the positive forcing errors
lead to faster growth of the forecast errors in the medium-term and long-term pre-
dictions and also larger saturation errors. This difference is more obvious when the
forcing error is larger. The reason is that the two-level L96 with a larger forcing value
is more chaotic, which is revealed by the larger maximal Lyapunov exponent.

All Figures in this section are produced by data assimilation experiments with
observations of all Xk variables and the size of ensemble being N = 100. We only
show the figures for the time-scale separation ε = 0.125, and for the other three
values of ε, the results are consistent.

5.6 Reduced Model with Stochastic Parameterization

We have defined two reduced models, the L96-AR1 and L96-AR3, which contain
stochastic parameterization schemes including a first-oder autoregressive process
and an autoregressive process of order 3, respectively. The stochastic parametriza-
tion schemes mitigate the model errors arising from not resolving the Yj,k variables,
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but it cannot eliminate the model errors. As shown in Fig. 5.7, the full model has the
smallest RMSE of the analysis for all values of the time-scale separation considered.
For the time-scale separations ε = 0.125 and ε = 0.25, the L96-AR3 has significantly
smaller analysis errors than the L96-AR1. This indicates that the memory is essential
for a better representation of the effect of the unresolved scales. We list the means
and standard deviations of the ensemble spread and RMSE of the background at
analysis steps in Table. 5.1. We can find that the accuracy of the analysis mainly de-

FDM L96-AR1 L96-AR3

ε ES RMSE_b ES RMSE_b ES RMSE_b

0.125 0.02± 0.002 0.03± 0.004 0.24± 0.005 0.25± 0.005 0.04± 0.001 0.06± 0.006
0.25 0.03± 0.002 0.04± 0.005 0.16± 0.003 0.17± 0.005 0.02± 0.001 0.07± 0.011
0.5 0.03± 0.001 0.04± 0.005 0.13± 0.003 0.15± 0.007 0.02± 0.001 0.11± 0.032
1.0 0.02± 0.002 0.03± 0.004 0.10± 0.002 0.13± 0.010 0.02± 0.001 0.10± 0.019

TABLE 5.1: The ensemble spread (ES) and RMSE of the background
(RMSE_b) of the three models with different time-scale separations

(ε).

pends on the RMSE of the background; the smaller the RMSE of the background, the
smaller the RMSE of the analysis. The L96-AR1 has the largest RMSE of the back-
ground for all the considered time-scale separations, and it reduces as the time-scale
separation decreases. Compared to the L96-AR1, the L96-AR3 has a smaller RMSE
of the background, but it increases with a decrease of the time-scale separation. Be-
sides the RMSE of the background, the ensemble spread also influences the accuracy
of the analysis; the larger the ensemble spread, the smaller the RMSE of the analy-
sis. For time-scale separations ε = 0.5 and ε = 1.0, even though the L96-AR3 has a
slightly smaller RMSE of the background than the L96-AR1, but it has a worse anal-
ysis because of the smaller ensemble spread.

Fig. 5.8 presents the forecast errors of the three models with different time-scale
separations. For all the considered time-scale separations, the forecast error grows
slower in the L96-AR3 compared to the L96-AR1. The larger the time-scale sepa-
ration, the better the predictive skill of the L96-AR3. When there is no time-scale
separation (ε = 1.0), the forecast errors of the L96-AR1 and L96-AR3 are close. For
the time-scale separations ε = 0.125 and ε = 0.25, the L96-AR3 has the most accurate
forecasts which are much better then the L96-AR1.

In summary, the L96-AR3 has a better predictive skill when the time-scale sep-
aration is larger. On the other hand, the short-term predictive skill of the L96-AR1
drops with an increase of the time-scale separation. The L96-AR3 performs better
than the L96-AR1, especially for a system with a large time-scale separation. This
suggests that memory effects are important for the reduced model of the two-level
L96. All Figures in this section are produced by data assimilation experiments with
observations of all Xk variables and ensemble size being N = 100.

5.7 Discussion and Conclusion

In this chapter we have carried out numerical experiments of data assimilation with
a prototype multi-scale model of the climate system. We evaluated the effects of
different representations of model error and their sensitivity toward time-scale sep-
arations. We considered two kinds of model error. The first one is an incorrect
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parameter setting, by changing the forcing value in the two-level L96. The forcing
value largely determines the behavior of the system. The system becomes chaotic
only when the forcing value is large enough. For all forcing values considered in
our experiments, the system is chaotic. The results show that the increase of the
forcing error leads to a linear growth of the analysis error, although the system is
strongly nonlinear. The analysis error is only affected by the absolute value of the
constant-in-time forcing error, while the forecast error is also influenced by the sign
of the forcing error. For a pair of positive and negative errors which have the same
absolute value, the positive errors cause larger forecast errors than the negative er-
rors. The greater the absolute value of the forcing error, the larger the difference in
the forecast errors. This is because, if the forcing value is larger, then the maximal
Lyapunov exponent of the two-level L96 is also larger, and a larger maximal Lya-
punov exponent means that the system is more chaotic and unpredictable.

The second type of model error is from unresolved processes. In order to miti-
gate this kind of model error, we applied stochastic parameterization schemes to the
unresolved processes. The stochastic parameterization schemes represent the effects
of the unresolved processes on the resolved variables. They contain deterministic
and stochastic terms. The deterministic term is a cubic polynomial equation and the
stochastic term is an autoregressive process. Our results show that an autoregres-
sive process with a higher order improves over a first-order autoregressive process
in parameterizing the fast dynamics in the two-level L96. The L96-AR3, which con-
tains an autoregressive process of order 3, has a more accurate analysis and a better
predictive skill than the L96-AR1, which contains a first-order autoregressive pro-
cess. This better performance is more obvious when the time-scale separation is
larger. Both the L96-AR1 and L96-AR3 more closely reproduce the statistics of the
full model when the time-scale separation is larger, while the short-term predictive
skill of the L96-AR1 decreases with an increase of the time-scale separation. Overall,
our results on the two-level L96 indicate that the modelling of memory effects im-
proves data assimilation performance.

As discussed in Sec. 3, the sparse observations limit the performance of the EnKF.
In realistic circumstances, the dimension of observations is always much lower than
the dimension of the model state. Therefore, we want to find out which variables are
more useful to be observed for a given dimension of observations. Our results on the
two-level L96 indicate that assimilating observations to the fast variables has smaller
influence on the forecasts of the slow variables when the time-scale separation be-
tween the fast and slow variables is larger. Certainly, we need less observations and
a smaller ensemble if we only assimilate observations to the slow variables. There-
fore, we can consider not observing the fast variables and not assimilating obser-
vations to them for the systems with a large time-scale separation. We also found
that the EnKF performs better with the widely distributed observations than with
observations concentrated on a region. Moreover, if we observe different subsets
of the variables at each analysis step, and make sure all variables are observed in a
short observation window, then we can get an accurate analysis which is close to the
analysis obtained by observing all variables at one analysis step.

An insufficient size of the ensemble is the other factor which restricts the perfor-
mance of the EnKF. For large models, a sufficient number of ensemble members is
often unaffordable. In the EnKF, the ensembles are used to compute the background
error covariance at the analysis steps. To reduce the sampling error caused by a
small ensemble, which leads to incorrect estimates of the background error covari-
ance, we increase the ensemble size by adding analogs at each analysis step. Our
results show that the performance of the EnKF is greatly improved when we add
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analogs in an ensemble which has an insufficient size. In our experiments, we used
a simple method to find the analogs: at each analysis step, we calculated the root-
mean-square deviation of each model state from a preexisting long-term integration
to the observations and chose the model state which has the smallest deviation as the
analog. This selection procedure of the analogs can be easily done in the two-level
L96, but in real world prediction system we need a very large disk space to store the
long-term integrations and the selection procedure is much more time consuming
because of the larger resolution and number of the model variables.
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FIGURE 5.3: Averaged RMSE of the forecasts as a function of forecast
lead time. The time-scale separations are (a) ε = 0.125, (b) ε = 0.25,
(c) ε = 0.5 and (d) ε = 1.0. Box plots of the RMSE of the analysis: (e)

All Xk variables and (f) all Xk and Yj,k variables are assimilated.
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FIGURE 5.4: Box plots of the RMSE of the analysis and averaged
RMSE of the forecasts as a function of forecast lead time of the FDM
(a, b), L96-AR1 (c, d) and L96-AR3 (e, f). Cases 1) - 4) are explained in
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FIGURE 5.7: Box plots of the RMSE of the analysis. The time-scale
separations are (a)ε = 0.125, (b) ε = 0.25, (c) ε = 0.5 and (d)ε = 1.0.
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FIGURE 5.8: Averaged RMSE of the forecasts as a function of forecast
lead time. The time-scale separations are (a) ε = 0.125, (b) ε = 0.25,

(c) ε = 0.5 and (d) ε = 1.0.
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Chapter 6

Extreme Value Statistics in the
Two-Level L96 System

6.1 Introduction

In this chapter we will investigate the extreme value statistics in the two-level
L96 and examine the effects of the subgrid-scale parametrization on the extreme
values statistics. Weather and climate models are mathematical representations of
the physical processes in the Earth system. These physical processes operate on
different temporal and spatial scales. For instance, atmospheric convection acts
from minutes to hours on a spatial scale of kilometers, while ocean circulation
acts on years and thousands of kilometers. Since the weather and climate models
have certain temporal and spatial resolutions, the processes that happen on shorter
timescales or smaller spatial scales can not be resolved by the model. However, the
processes on different scales interact with each other, and the unresolved processes
will influence the resolved processes. Therefore, we need to parametrize this
influence. Parametrizations are such methods of replacing the processes which
can not be resolved or not necessarily to be resolved by simplified mathematical
expressions. The goal of this chapter is to test how well parametrizations perform,
but, instead of looking at the bulk of the statistics, as usually done, we look at
extreme value statistics.

The EVT provides us with a mature statistical framework to analyze extreme.
We apply the EVT to a multi-scale dynamical system, the two-level Lorenz-96
model (L96) (Lorenz, 1995) and two parametrized models, which are constructed
by parameterizing the fast dynamics of the two-level L96. We consider an em-
pirical parametrization and a physically-based parametrization. The empirical
parametrization was proposed by Wilks (2005), using multivariate regression and
an autoregressive model. This parametrization was widely applied to the two-
level L96 and showed very good performance in reproducing the slow variables
of the full dynamic model (Harlim, 2017; Hu and Franzke, 2017; Christensen,
Moroz, and Palmer, 2015; Arnold, Moroz, and Palmer, 2013). The physically-
based parametrization for the two-level L96 was recently introduced by Vissio
and Lucarini (2018), using the methodology proposed by Wouters and Lucarini
(2012), Wouters and Lucarini (2013), and Wouters and Lucarini (2016). This is a
scale-adaptive parametrization, therefore, for different time-scale separations of
the system we only need to rescale the general parametrization terms. The two
parametrizations show comparable skills in reproducing the probability density, the

This chapter has adopted contents from Hu, Bódai, and Lucarini (2019).
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spatial correlation, and the temporal autocorrelation of the large-scale variables of
the full model (Vissio and Lucarini, 2018). In an earlier study, Franzke, 2012 showed
that a reduced order model constructed by systematic stochastic mode reduction
strategy has the same extreme value statistics as the full dynamical models for a
wide range of time-scale separations. In addition to the evaluation of how well the
two parametrization schemes perform in terms of reproducing the extreme value
statistics of the full model. We also examine the convergence of the shape parameter
estimates to the theoretical value in the two-level L96.

6.2 The Full and parametrized Models

The parametrized models are constructed by applying standard Wilks parametriza-
tion (Eq. (2.15), (2.16) and (2.18)) and W-L parametrization (see Sec. 2.3.3) to the two-
level L96, which is referred to as the corresponding full model, the governing equa-
tions of which describes the dynamics of a lattice with periodic boundary conditions
and represent, in a very conceptual way, the main processes occurring in the atmo-
sphere− advection, forcing, and dissipation. In order to apply the Wouters-Lucarini
(W-L) parametrization for the two-level L96, Vissio and Lucarini (2018) made two
changes in the original model (Eq. (2.10) and (2.11)): 1) introduced a forcing term
in the equations of the small-scale variables, and 2) restricted the periodic boundary
conditions of the small-scale variables within the corresponding large-scale sectors.
The first change was aimed to fulfill a basic requirement for the W-L parametriza-
tion: the presence of chaos in the uncoupled dynamics, so that the autocorrelation
of the variables decays fast. This physically requires an external forcing providing
energy for the small-scale variables in the two-level L96. The second change was
implemented, in order for the small-scale variables to represent subgrid-scale phe-
nomena of the sectors they belong to, and additionally it made the implementation
of the W-L parametrization easier. The modified governing equations of the two-
level L96 are given as:

dXk

dt
= −Xk−1(Xk−2 − Xk+1)− Xk + Fx −

hc
b

J

∑
j=1

Yj,k, (6.1)

dYj,k

dt
= −cbYj+1,k(Yj+2,k −Yj−1,k)− cYj,k +

c
b

Fy +
hc
b

Xk, (6.2)

where the large-scale variables Xk and the small-scale variables Yj,k are defined for
k = 1, ..., K and j = 1, ..., J. The boundary conditions are defined as:

X−1 = XK−1,
X0 = XK,
XK+1 = X1,
YJ+1,k = Y1,k,
YJ+2,k = Y2,k,
Y0,k = YJ,k.

Note that the cycles of the variables Yj,k are now within the group of them with the
same value of k, instead of a larger cycle of all KJ variables Yj,k. The parameters
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Fx and Fy represent forcing terms in the equations of the variables Xk and Yj,k, re-
spectively. We set the parameter values of the model as follows: K = 10, J = 10,
Fx = 10.0, Fy = 6.0,h = 1.0, b = 10.0, and c = 10.0.

The Wilks parametrization is an empirical parametrization which is constructed
based on the fact that in the two-level L96 the unresolved tendency is strongly and
nonlinearly dependent of the value of the resolved variable. The implementation of
the two modifications to the original model do not change this relation, therefore, the
Wilks parameterization is still valid. A weakness of the empirical parameterizations
is that their parameters need to be recalculated if the configuration of the model is
changed. Compared to the Wilks parametrization, the W-L parameterization is not
empirically constructed and it is a scale-adaptive method, so that we can get the pa-
rameterizations for the two-level L96 with different values of h, b and c by simply
rescaling the parameterization parameters estimated with one of the configurations
of the model parameters. Moreover, the W-L parametrization is constructed in such
as a way that the difference between the expectation value of all observables of Xk
in the full model and in the parametrized model is O(ε3), where ε is the coupling
strength, and one can write extremes as special kind of observables (moments of the
quantity of interest above a threshold). Therefore, the W-L parametrization should
work better than the Wilks parametrization with respect to extremes. One limitation
of the W-L parametrization is that it is only valid for weakly coupled system.

In physics an observable is a variable that can be measured in a dynamical sys-
tem. Here, we consider a local observable and two global observables of the full and
parametrized models. The local observable is the Xk variables. They are statisti-
cally the same by the definition, and the global observables are the energy of the Xk
variables, i.e. ∑K

i X2
k and the momentum of the Xk variables, i.e. ∑K

i Xk. Fig. 6.1 com-
pares the PDF of the local observable between the full and parametrized models.
The sample size of the local observable is 3.2× 106 for each model. Fig. 6.2 com-
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FIGURE 6.1: Probability density functions of the local observable of
the full and parametrized models.

pares the PDFs of the global observables between the full and parametrized mod-
els. The sample size of the global observable is 3.2× 105 for each model. The two
parametrized models can generally well capture the statistics of the observables of
the full model, and they produce more preciser statistics of the local observable than
of the global observables. Moreover, the Wilks parameterization is slightly more pre-
cise than the W-L parametrizations in reproducing the statistics of the observables
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FIGURE 6.2: Probability density functions of the global observables
of the full and parametrized models.

of the full model, but, what we look at here is the bulk of the statistics, since those
figures do not allow us to compare the extreme value statistics.

6.3 Comparison of EVT Parameters between Models

We apply the BM and POT methods to the local and global observables of the full
and parametrized models. We consider a range of block sizes B, exponentially
increasing from the smallest block size considered B0 = 1000 MTU, and a range
of exceedance ratios E, exponentially decreasing from the highest ratio considered
E0 = 0.1%, for the BM method and POT method, respectively. In order to compare
the GP parameters estimated from the samples of the same size, the exceedance ratio
is used instead of threshold to select extremes in the POT method. The exceedance
ratio represents the proportion of the values that exceed a given threshold. The data
size of the block maxima over B0 and the threshold exceedance with E0 is 4× 106

for the local observable (4× 105 for each Xk variable) and 4× 105 for the global ob-
servables. We use the method of L-moments (Hosking, 1990) to estimate the GEV
and GP parameters. For the local observable, we plot the averaged estimates of the
parameters over ten Xk variables, and the standard deviation of the results of the in-
dividual Xk variable as the uncertainty. For the global observables, we show the 95%
confidence intervals of each estimate, where the confidence interval is calculated by
a parametric bootstrap method (see Gilleland and Katz, 2016).

6.3.1 The GEV Parameters

Fig. 6.3 compares the estimates of the GEV shape parameter for the local and global
observables of the full and parametrized models over a range of the block sizes.
The horizontal line presents the theoretical value of the shape parameter for the
full model, which is not applicable for the parametrized models because they have
different dimensionality of the attractor. The shape parameter determines the tail
behaviour of the distribution: a larger value indicates a slower decay of the tail or a
heavier tail; and on the contrary a smaller value indicates a faster decay of the tail
or a lighter tail. For the local and energy observables, the estimates of the shape
parameter for the parametrized models are significantly different to that for the full
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FIGURE 6.3: Comparison of the estimated GEV shape parameters for
the (a) local observable, (b) energy, and (c) momentum over a range
of the block sizes. The horizontal line shows the theoretical value of

the shape parameter for the full model.

model over the most of block sizes. For the momentum observable, the parameter
estimates for the Wilks parametrized model are still largely different to that for the
full model, while the parameter estimates for the W-L parametrized model are sta-
tistically identical to that for the full model after the second block size.

As the block size increases, the estimates of the shape parameter for the local ob-
servable converge to the theoretical value at the block size of B0× 27 MTU, while the
convergence of the shape parameter for the energy takes place more slowly, which is
reached at the block size of B0 × 210 MTU, and on the contrary, the shape parameter
for the momentum converges at a relatively small block size, which is B0 × 22 MTU.
Moreover, the shape parameter for the momentum seems not to converge to the the-
oretical value, but a value smaller than it. Once the convergence of the estimates of
the shape parameter has been reached, we will find invariant extreme value statistics
for any larger block size. Therefore, we refer to the block sizes which are sufficient
for a reach of convergence as optimal block sizes. With these block sizes we can have
the largest samples of extremes which have the same statistics. This is desired since
the statistics estimated from larger samples have smaller uncertainties.

We now focus on the comparison of the shape parameter over the optimal block
size. For the local observable, the parametrized models have significantly smaller
estimates of the shape parameter than the full model, and the W-L parametrized
model has a relatively close estimate compared to the Wilks parametrized model.
For the energy observable, the shape parameters of the parametrized models are
also smaller than that of the full model, and the W-L parametrized model has slightly
better estimates than the Wilks parametrized model. However, because of the larger
optimal block size for the energy, we have smaller samples of extremes for this ob-
servable, and hence the uncertainties of the estimated shape parameters are large
and overlapped with each other, so that these differences are not significant. For the
momentum observable, the W-L parametrized model has an identical estimate of
the shape parameter to the full model, while the Wilks parametrized model under-
estimates it.

Fig. 6.4 compares the estimates of the GEV scale parameter for the local and
global observables of the full and parametrized models over a range of the block
sizes. The scale parameter generally determines the statistical dispersion of the
distribution, and a larger value means a wider distribution, or in other word, a
larger variance of the block maxima. For the local observable and momentum, the
estimates of the scale parameter for all the models decrease monotonically as the
block size increases, while for the energy we observe a nonmonotonical change. The
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FIGURE 6.4: Comparison of the estimated GEV scale parameters for
the (a) local observable, (b) energy, and (c) momentum over a range

of the block sizes.

parametrized model generally have larger estimates of the scale parameter than the
full model for all the three observables over all the block sizes considered. Further-
more, the W-L parametrized model has better parameter estimates over all consid-
ered block sizes than the Wilks parametrized model for the local observable, while
it has worse parameter estimates over some block sizes for the energy and momen-
tum observables. At the optimal block sizes, the parameter estimates for the local
observable and momentum observable from the W-L parametrized model are closer
to that from the full model, and the parameter estimates for the energy observable
from the two parametrized models are similar.

Fig. 6.5 compares the estimates of the location parameter for the local and global
observables of the full and parametrized models over a range of the block sizes. The
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FIGURE 6.5: Comparison of the estimated location parameters for the
(a) local observable, (b) energy, and (c) momentum over a range of

the block sizes.

location parameter, only appearing in GEV fittings, determines where the center of
the distribution is located, and a larger value means that the distribution is shifted
to the right, so that we have extremes of higher magnitudes. The estimates of the
location parameter for all three observables of the three models monotonically in-
crease with the block size. It should be noticed that the location parameter may still
increase with the block size after that the convergence of the estimates of the shape
parameter has been reached, because a larger block size means larger magnitudes
of chosen extremes (larger block maxima). However, the location parameter does
not influence the shape of the GEV distribution. It only determines the location of
it. A change of the location parameter means a horizontal displacement of the dis-
tribution, and this bias can be easily corrected by adding a constant to the data. The
parametrized models have larger estimates of the location parameter than the full
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model for all the three observables, and the W-L parametrized model has appar-
ently better estimates than the Wilks parametrized model except for the momentum
observable. Moreover, the differences of the estimates between the full model and
the parametrized models become larger as the block size increases.

Summarily, except for the momentum of the W-L parametrized model, the two
parametrized models do not capture the estimates of the shape parameter for the
full model. Moreover, the scale and location parameters of the full model are over-
estimated by the parametrized models.

6.3.2 The GP Parameters

Fig. 6.6 compares the estimates of the GP shape parameter for the local and global
observables of the full and parametrized models over a range of the exceedance ra-
tios. The horizontal line shows the theoretical value of the shape parameter for the
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FIGURE 6.6: Comparison of the estimated GP shape parameters for
the (a) local observable, (b) energy, and (c) momentum over a range of
the exceedance ratios. The horizontal line shows the theoretical value

of the shape parameter for the full model.

full model. The results of the GP shape parameters are consistent with that of the
GEV shape parameters. Fig. 6.7 compares the estimates of the GP scale parameter for
the local and global observables of the full and parametrized models over a range of
the exceedance ratios. Again the results of the estimates of the scale parameter from
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FIGURE 6.7: Comparison of the estimated GP scale parameters for
the (a) local observable, (b) energy, and (c) momentum over a range

of the exceedance ratios.

the GP distributions are identical to that from the GEV distributions. In addition to
the scale parameter, Fig. 6.8 compares the estimates of the modified scale parame-
ter for the local and global observables of the full and parametrized models over a
range of the exceedance ratios. The modified scale parameter is only relevant for the
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FIGURE 6.8: Comparison of the modified estimated scale parame-
ters for the (a) local observable, (b) energy, and (c) momentum over a

range of the exceedance ratios.

POT method, and as with the shape parameter, it also demonstrates the convergence
behaviour.

6.4 Comparison of Models in Direct Ways

Fig. 6.9 compares the histograms of the block maxima of the local and global observ-
ables of the parametrized and full models. The agreement of the histograms between
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FIGURE 6.9: Comparison of the histograms of the block maxima of
the (a, d) local observable, (b, e) energy, and (c, f) momentum between

the full and parametrized models. The block size is B0.

the W-L parametrized model and the full model is much better than that between
the Wilks parametrized model and the full model. Furthermore, a better agreement
is found in local observable in comparison with the global observables. The worst
agreement is found in the energy observable. The differences of the histograms of the
parametrized models with respect to the full model are mainly: 1) the block maxima
from the parametrized models are more widely distributed, which can be revealed
by their larger scale parameters; and 2) the histograms of the parametrized models
are right-shifted, which can be revealed by their larger location parameters. Fig. 6.10
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shows the same figures as Fig. 6.9 but with the block maxima selected by a larger
block size. As the block size increases, the differences between the parametrized

(A)
0.0

0.5

1.0

1.5

10 12 14 16
X

de
ns

ity model
full
WL

(B)
0.000

0.025

0.050

0.075

0.100

220 260 300 340
energy

de
ns

ity model
full
WL

(C)
0.0

0.1

0.2

0.3

0.4

35 40 45 50 55 60
momentum

de
ns

ity model
full
WL

(D)
0.0

0.5

1.0

1.5

10 12 14 16
X

de
ns

ity model
full
Wilks

(E)
0.000

0.025

0.050

0.075

0.100

220 260 300 340
energy

de
ns

ity model
full
Wilks

(F)
0.0

0.1

0.2

0.3

0.4

35 40 45 50 55 60
momentum

de
ns

ity model
full
Wilks

FIGURE 6.10: Comparison of the histograms of the block maxima of
the (a, d) local observable, (b, e) energy, and (c, f) momentum between

the full and parametrized models. The block size is B0 × 27.

models and the full model become larger.
Fig. 6.11 compares the histograms of the threshold exceedances of the local and

global observables of the parametrized and full models, and Fig. 6.12 compares the
threshold exceedances with a higher threshold. In comparison with the histograms
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FIGURE 6.11: Comparison of the histograms of the threshold ex-
ceedances of the (a, d) local observable, (b, e) energy, and (c, f) mo-
mentum between the full and parametrized models. The thresholds
are 11.2, 265 and 40.1 for the local observable, the energy observable

and the momentum observable, respectively.
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FIGURE 6.12: Comparison of the histograms of the threshold ex-
ceedances of the (a, d) local observable, (b, e) energy, and (c, f) mo-
mentum between the full and parametrized models. The thresholds
are 13, 285 and 45 for the local observable, the energy observable and

the momentum observable, respectively.

of the Wilks parametrized models, the histograms of the W-L parametrized model
show better agreement with that of the full model, particularly for the local observ-
able. Moreover, both the parametrized models produce better extremes of the local
observable than of the global observables.

We now compare the number of extremes given by the parametrized model to
the full model. As shown in Table. 6.1, the parameterised models give much more
extremes than the full model, when we use the same threshold to select them from
the models. The low and high thresholds for the local and global observables are
identical to those used in the histograms. The number of extremes given by the W-L
is relatively closer to that given by the full model, while the number of extremes
produced by the Wilks parametrized model is extremely greater than that produced
by the full model. Moreover, as the threshold increases, the difference in the number
of extremes enlarges.

The histograms cannot give us clear comparisons of the data at the tails, where

Local observable Energy observable Momentum observable
Low High Low High Low High

W-L 0.18 2.75 0.71 26.04 1.12 8.13
Wilks 0.48 11.93 7.63 155.99 0.83 9.45

TABLE 6.1: The increase (in %) of the numbers of the extremes from
the parametrized models compared to that from the full model, when

a low and a high threshold are given.

the data is scarce and has a very low probability density. Therefore, we further com-
pare the extreme quantiles between the full and parametrized models. The quan-
tiles can be "extrapolated" to where data is scarce or unavailable. Fig. 6.13 shows the
quantiles of the block maxima from the parametrized models against those from the
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full model. Unlike what has been done in a standard Q-Q plot, here the empirical
quantiles are plotted against the empirical quantiles instead of the model quantiles.
If two sample data follow exactly the same distribution, then the points in the Q-Q
plot should be located along the diagonal, indicating they have identical quantiles.
The distances of the points to the diagonal reveal the difference of the distributions
of the two sample data; the further the points away from the diagonal, the worse
the agreement of the two distributions. As shown in Fig. 6.13, the quantiles from
the W-L parametrized model are closer to those from the full model in comparison
with the Wilks parametrized model, with an exception of the momentum observ-
able, for which the quantiles from the two parametrized models are comparable.
Furthermore, the differences between the quantiles from the parametrized models
and the full model increase as they become higher. Fig. 6.14 shows the quantiles
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FIGURE 6.13: The quantiles of the block maxima of (a) local observ-
able, (b) energy, and (c) momentum from the parametrized models
against those from the full model. The block size for the upper panels

is B0, and for the lower panels is B0 × 27.

of the threshold exceedances from the parametrized models against those from the
full model. We observe the better performance of the W-L parameterised model in
producing extreme quantiles of the local observable.

6.5 Comparison of Return Time

We further compare the return periods of the extremes of the parametrized mod-
els and the full model. Fig. 6.15 presents the expected and empirical return lev-
els against the return periods for the extremes of the local observable from the full
and parametrized models. The extremes are the block maxima with a block size of
B0× 27. The black dots signify the empirical return levels, the solid black lines show
the expected return levels based on the estimated GEV parameters, and the dashed
grey lines present the 95% confidence interval of the expected return levels. The di-
agram of return levels versus return periods allows us to check how well extremes
conform to a GEV distribution. An ideal fitting means that for different return pe-
riods the empirical return levels are always within the confidence intervals of the
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FIGURE 6.14: The quantiles of the threshold exceedances of (a) lo-
cal observable, (b) energy, and (c) momentum from the parametrized
models against those from the full model. The thresholds are same to

those used in the histograms.
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FIGURE 6.15: Expected and empirical return levels against the re-
turn periods for the local observable of the (a) full model, (b) Wilks

parametrized model, and (c) W-L parametrized model.

predicted return levels. Here the fitting of the full model is generally good; the em-
pirical return levels agree with the expected return levels for a wide range of return
periods. The fittings of the parametrized models are worse than the fitting of the
full model, especially the Wilks parametrized model; large disagreements of the ex-
pected and empirical return levels are observed at long return periods. The reason
is that the estimated shape parameters of the parametrized models have not reached
to convergence at the block size, at which the convergence of shape parameter of the
full model is reached, so that the larger extremes of the parametrized models possess
different statistics than the smaller extremes. Comparing between the parametrized
models and the full model, we find that for same return periods, the parametrized
models always produce higher return levels than the full model, and the difference
between the full and Wilks parametrized models are larger than the difference be-
tween the full and W-L parametrized models. In other words, the return times of
the extremes with the same return levels are shorter in the parametrized models
than in the full model. Fig. 6.16 shows the expected and empirical return levels
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against the return periods for the extremes of the energy observable from the full
and parametrized models. The extremes are the block maxima with a block size of
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FIGURE 6.16: Expected and empirical return levels against the re-
turn periods for the energy observable of the (a) full model, (b) Wilks

parametrized model, and (c) W-L parametrized model.

B0 × 210. For all the three models, the empirical return levels are included by the
95% confidence intervals of the expected return levels, therefore, the extremes of the
energy observable fit the GEV distributions very well. Moreover, as the same to the
local observable, the parametrized models produce the extremes of the same return
levels in a shorter time in comparison with the full model. Compared to the Wilks
parametrized model, the return levels of the W-L parametrized model are closer
to that of the full model. Fig. 6.17 shows the expected and empirical return levels
against the return periods for the extremes of the momentum observable from the
full and parametrized models. The extremes of the momentum observable are the
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FIGURE 6.17: The expected and empirical return levels against the
return periods for the momentum observable of the (a) full model, (b)

Wilks parametrized model, and (c) W-L parametrized model.

block maxima with a block size of B0 × 22. The empirical return levels well agree
with the expected return levels, except for those at very long return periods in Wilks
parametrized model. The parametrized models have shorter return times of the ex-
tremes of the momentum observable.

6.6 Summary

The EVT provides a mature statistical framework for us to analyze the extreme value
statistics, using that we have addressed the problem of comparing the extreme value
statistics reproduced by the two parametrized models to the full model and explor-
ing how the different kinds of subgrid-scale parametrizations influence the extreme
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value statistics. We compared two kinds of parametrization schemes in the two-level
L96: the widely applied Wilks parametrization scheme (Wilks, 2005) and a recently
proposed scale-adaptive parameterzation scheme (Vissio and Lucarini, 2018). The
former one is an empirical parametrization, and the latter one is a physically-based
parametrization, which is constructed by the methodology proposed by Wouters
and Lucarini (2012), Wouters and Lucarini (2013), and Wouters and Lucarini (2016)
and hence denoted as W-L parametrization. Based on the previous study (Vissio and
Lucarini, 2018), the advantages of the two parametrization schemes are: the W-L
parametrization is more flexible, which can be easily adjusted to different scale sep-
arations of a system; while the Wilks parametrization is more precise in reproducing
the PDF, the temporal and spatial autocorrelations of the large-scale variables in the
full model. However, when we compare two models in statistical aspects, we usu-
ally compare the bulks of the statistics and neglect the extreme value statistics.

In this chapter, we focused on the comparison of the extreme value statistics. We
comprehensively compare the extreme value statistics of the parametrized and full
models using the GEV and GP parameters. We found that the W-L parametriza-
tion is actually more precise than the Wilks parametrization in terms of the extreme
value statistics. The Wilks parametrization is empirical and optimized against the
bulk of the statistics, so there is no reason to think it will work well with extremes.
Instead, the W-L parametrization is constructed in such as a way that the differ-
ence between the expectation value of all observables of Xk in the full model and in
the parametrized model is equivalent, so it is optimized for all possible observables
of the system, and one can write extremes as special kind of observables. There-
fore, the W-L parametrization should work well with extremes. Although the W-L
parametrization improves over the Wilks parametrization in reproducing the ex-
treme value statistics of the full model, the differences between the extremes from
the parametrized models and the full model are still large and can not be neglected;
the parametrized models give wrong values of the GEV and GP parameters. More-
over, the differences between the extremes from the parametrized models and the
full model have been illustrated by the PDFs and Q-Q plots. The differences have
also been reflected in the return times of the extremes in the parametrized models,
which are apparently shorter than that in the full model. Summarily, the differ-
ences of the distributions of the extremes from the parameterised and full models
are found in three aspects: the tail behaviour, the statistical dispersion and the mag-
nitude. Moreover, when the POT method is applied, the parametrized models give
much more extremes than the full model with the same threshold. The parametrized
models reduce the dimensionality of the attractor of the full model, and the theoreti-
cal value of the shape parameter depends on the dimension of the attractor, so in this
sense the extreme value statistics of the parametrized models should be changed.

In addition to the main purpose of this chapter, we also examined the connection
between the geometrical properties of the attractor and the extreme value statistics
in the two-level L96; the convergence of the estimated shape parameters of the fitted
GEV and GP distributions to the theoretical value computed by the partial dimen-
sions of the attractor. In the two-level L96, the convergence of the estimated shape
parameters to the theoretical value takes place very slowly. Moreover, the conver-
gence of different observables may have different rates. The block size which is
sufficient for some observables to get an estimate of shape parameter coherent with
the theoretical value may not sufficient for the other observables. In our experi-
ments, the convergence for the local observable is reached at a block size of 1.28× 105

MTU, while the convergence for the energy observable is reached at a block size of
1.024× 106 MTU. The shape parameter for the momentum observable converges to
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a value smaller than the theoretical value at a block size of 4× 103 MTU.
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Chapter 7

Data Assimilation for Extremes in
the Two-Level L96 System

7.1 Introduction

There are many recent studies on extreme values in nonlinear dynamical systems
like Ghil et al., 2011; Franzke, 2012; Franzke, 2013; Franzke, 2017a; Lucarini et al.,
2014; Bódai, 2017; Gálfi, Bódai, and Lucarini, 2017. Due to their obvious real
world impact it is crucial to be able to predict extremes using forecast models
and data assimilation methods. However, to our knowledge whether current data
assimilation schemes can be accurate in predicting extremes has so far not been
widely investigated. This is important since more and more studies use reanalysis
data for extreme event studies (Cannon et al., 2015; Kharin and Zwiers, 2000). Most
previous studies focused on the initialization of model simulations of individual
extreme events like hurricanes and storms. Dating back to the 1970s, Anthes, 1974
investigated the problem of initialization of hurricane prediction models, using a
dynamic initialization technique to select the most useful observations. At that
time, the common data assimilation methods were using observations to replace
the forecast variables or adding corrections to the forecast variables during the
initialization period. Later in 2000, a bogus data assimilation (BDA) scheme was
proposed in Zou and Xiao, 2000 to improve the prediction of hurricanes. The BDA
is a variational data assimilation method and is carried out by minimizing a cost
function of sea level pressure, zonal and meridional wind.

An existing problem of the data assimilation for the extremes is that most data
assimilation methods rely on the Gaussian assumption. Extreme events, on the
other hand, are highly non-Gaussian. Additionally, most data assimilation methods
also propagate the error covariance matrix forward or use a climatological error
covariance matrix. These covariance matrices are surely optimized for the bulk of
the distributions but it is unclear how well they still describe the behavior in the
tails. It is also unclear whether the environment around an extreme event is still
close to being Gaussian, which also need to be the case for most data assimilation
methods to work for extremes. The important research question here is: how well
do the typically used data assimilation methods work for extreme events? In this
chapter we will examine two common data assimilation methods, the Ensemble
Kalman filter (EnKF) and the four-dimensional variational method (4D-Var), in a
conceptual model of the atmosphere. We use EVT to choose the extremes that we
want to investigate. We first compare the extreme value statistics of the analysis

This chapter has adopted contents from Hu and Franzke (2018).
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fields to that of the true systems states, where the extreme value statistics are
represented by the EVT parameters. Then we examine the forecasts of the extremes,
which are initialized by the analyses.

7.2 Methodology

The two-level L96 is a conceptual model of the atmosphere Lorenz (1995) and has
been commonly used in investigation of the problem in data assimilation, because
it demonstrates chaotic behaviour. Chaos is a very important property that the real
atmosphere possesses. Chaos implies sensitive dependence of the evolution to ini-
tial conditions, which establishes a real wall for the prediction of the atmosphere.
We believe that the results obtained from this conceptual atmospheric model can be
seamlessly extended to more complex systems, and even the real atmosphere. In this
chapter, we use the reformulated version of the two-level L96 (Eqs. (2.12) and (2.12)),
which explicitly contains a parameter ε determining the separation of the two time
scales in the system. In our experiments, we set the time-scale separation as ε = 0.5,
and other model parameters are set as the same as in Sec. 2.3.1. In addition to the
full model, we consider a reduced model, in which the evolution of the variable Yj,k
of the full model is parametrized by a third-order polynomial of the variable Xk and
a first-order autoregressive process (Hu and Franzke, 2017). This parameterization
scheme is based on the schemes proposed by Wilks (2005) and Harlim (2017). The
reduced model is given by Eq. (2.22) and the parameter values are listed in Table. 2.2.
In the followings, we refer to the reduced model as an imperfect model of the two-
level L96, since it contains the model error from the unresolved processes, and in
comparison we call the two-level L96 the perfect model. Fig. 7.1 shows the probabil-
ity density function (PDF) of the Xk variables of the perfect model and the imperfect
model. The two models are integrated by a fourth-order Runge-Kutta method with
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FIGURE 7.1: The probability density function of the variables Xk of
the perfect and imperfect models.

a time step size of dt = 0.005 for 1000 MTU long, and we record the Xk variables at
each time step. As shown in Fig. 7.1, we find a good agreement of the PDFs of the
perfect and imperfect models.

Three data assimilation methods are used in our experiments. The first one is a
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rudimentary scheme called data insertion (DI), in which we simply insert the point-
wise observations into the model at the analysis steps, and those not observed vari-
ables are not modified. The second scheme we use is the EnKF, which is a widely
applied method belonging to the category of ensemble-based methods. The EnKF
uses the analysis equation from the Kalman filter. On the one hand, the EnKF is
an approximation of the Kalman filter, which is aimed to reduce the computing de-
mands and possibly improve the estimates of the background error covariance, on
the other hand, the EnKF is an extension of the Kalman filter, which extends the
use of the filter from the linear model to the nonlinear model. The EnKF requires
an ensemble of forecasts to estimate the background error covariance. The use of
this Monte Carlo approximation in the Kalman filter efficiently reduces the compu-
tational requirements and directly provides initial perturbations for ensemble fore-
casts. A disadvantage of the EnKF is that an insufficient ensemble size limits the
quality of the produced analysis fields. However, this problem can be solved by the
covariance inflation and localization methods (see more details in Sec. 3.4.1). Note
that for a large enough ensemble size, the filter will not diverge and produce similar
analysis, without the implementation of the covariance inflation and localization,
for instance, an ensemble size of 100 for the imperfect model in our experiments.
The other drawback of the EnKF is that it cannot work well with sparse observa-
tions. However, we have reasons to believe that more and more observations will be
available in the foreseeable future. The third data assimilation method is the 4D-Var
(Sec. 3.3) belonging to the family of variational methods. The 4D-Var is an extension
of the 3D-Var by considering the time dimension. In the 4D-Var the model trajectory
is adjusted to fit the observations within a time window called assimilation window,
while in the 3D-Var we only consider the model state and the observations at one
time. The shortcomings of the EnKF contrast the advantages of the 4D-Var, which
produces useful analysis even when observations are sparse and do not need en-
sembles. The disadvantages of 4D-Var include the developing and maintenance of
tangent linear and adjoint models and that many physical parameterization schemes
contain step functions. Generally, if the assimilation window for 4D-Var is too short,
the EnKF performs better than 4D-Var, while for infrequent observations 4D-Var
gives more accurate estimates (see e.g. Ehrendorfer and Tribbia, 1997; Fisher, Leut-
becher, and Kelly, 2005; Järvinen, Andersson, and Bouttier, 1999; Eugenia et al., 2007;
Lorenc, 2003; Whitaker, Compo, and Thépaut, 2009).

The observations are generated by adding observation errors to the true system
states. The true system states are produced by the perfect model. We observe every
other Xk variables, i.e. X1, X3, ..., XK−3, XK−1, since we implement data assimilation
methods with the imperfect model which only resolves the Xk variables. We use a
linear measurement operator H to map the model variables to the observations:

Xobs = HXmod + ε, (7.1)

where Xmod ∈ RK is a vector containing all the model state variables, and Xobs ∈
RK/2 is a vector containing all the observed model state variables. The H ∈ Rm×n

is a matrix whose entries are either 1 or 0. We have Hi,j = 1 if j = 2i − 1, where i
counts for K/2 rows and j counts for K columns. The observation errors ε are ran-
domly drawn from the Gaussian distribution N (0, 1). For all variables we prescribe
a unit error variance. The observation interval is determined using the same way
presented in Sec. 5.2. The maximal Lyapunov exponent is λmax = 1.66 1/[MTU] for
the perfect model with the parameter values we use (ε = 0.5). By substituting the
λmax into Eq. (5.2), we get a doubling time which is about 0.4 MTU for small initial
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errors E0, then we calibrate the observation interval in our numerical experiments to
an assimilation window of 12h in practice via the doubling time, and get the interval
length of 0.1 MTU.

7.3 Extreme Values Statistics of Analysis

In this section we apply the POT method from the EVT to analyze the extreme
value statistics of the model forecasts and the analysis fields. When applying the
POT method, we need to choose an appropriate threshold, which can usually be
found by fitting the GP distributions to the extremes over a range of thresholds
and choosing the lowest possible threshold that roughly yields the same parameter
estimates (within uncertainty) as any higher thresholds (Gilleland and Katz, 2016).
Fig. 7.2 shows the estimated shape and modified scale parameters of the fitted
GP distributions over a range of thresholds for the Xk variables of the perfect
model. The values of the threshold are chosen in such a way that the number of the
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FIGURE 7.2: The estimated (a) shape parameter and (b) modified
scale parameters with a 95% confidence interval of the fitted GP dis-

tributions over a range of thresholds.

extremes for a threshold is one half of the numbers for the former threshold. The
parameters are estimated by the L-moments method and the confidence intervals
are estimated by applying a parametric bootstrap (Gilleland and Katz, 2016). We
observe that the estimates of the GP parameters over the second threshold are
within the uncertainties of estimates over any higher thresholds. However, in
our sample data the proportion of the values above the second threshold is 2.5%
and we want to examine the extremes of lower frequency. Therefore, we use the
threshold µ = 10, and now the frequency of the extreme events is about 1%. There
are many ways to examine how well the chosen extremes follow the fitted GP
distribution. Here we use two intuitive measures. Fig. 7.3 presents the probability
density functions (PDFs) and the quantile-quantile (Q-Q) plots for the extremes and
the fitted GP distribution. There is an obvious difference in the peaks of PDFs of
the empirical and modelled data. However, this does not matter, because it is the
tails that need to match, and we find good agreement between the tails of the two
distributions. In the Q-Q plot, if the empirical data follow the modelled distribution
well, then the points should be located along or near to the diagonal, and the closer
the points to the diagonal, the better the fitting we have. An advantage of the Q-Q
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FIGURE 7.3: (a) Probability density functions of the extremes and the
fitted GP distribution. (b) The quantiles from the extremes against the

quantiles from the fitted GP distribution.

plot is that the quantiles can be "extrapolated" to where data is scarce or unavailable,
therefore, it allows us to clearly compare the tails of the two distributions. Except
for several very high quantiles, where we have less and less data points, other
quantiles follow the diagonal very well. Summarily, the chosen extremes fit well a
GP distribution.

We now apply the POT method to the extremes from the imperfect model.
Fig. 7.4 compares the estimated shape and scale parameters for the extremes from
the perfect and imperfect models. Here we use the scale parameter for comparison,
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FIGURE 7.4: The comparison of the estimated GP parameters for the
extremes from the perfect and imperfect models.

and we only use the modified scale parameter to show the convergence behaviour
and then select the appropriate threshold, because the scale parameter does not
possess the convergence behaviour unless the shape parameter is equal to 0, in
which case the scale and modified scale parameters are equivalent. In order to
compare the estimates of the GP parameters from the same amount of data, we use
the exceedance ratio instead of the threshold. The exceedance ratio (Ei) represents
the percentage of the extremes in all model outputs. We use the exceedance ratios,
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decreasing exponentially by
Ei = E02−i, (7.2)

and the largest exceedance ratio is E0 = 5%. Based on our finite samples of data, the
estimated shape and scale parameters for the extremes from the imperfect model are
statistically identical to that from the perfect model. Therefore, the imperfect model
is able to produce comparable extreme value statistics to the perfect model. This
is consistent with the results found by Franzke (2012), that reduced order models
can successfully captured the extreme value characteristics in higher dimensional
systems and also be used to predict extremes. However, this is not always the case,
as shown in Chapter. 6 the parametrized models give wrong statistics of the rarer
extremes.

We further apply the POT method to the extremes from the analysis fields. We
examine that if the implementation of data assimilation methods will improve or
worsen the extreme value statistics of the imperfect model. Fig. 7.5a and Fig. 7.5b
compare the estimated GP parameters for the extremes from the DI analysis fields
and the perfect model. There are significant differences in the estimates of the shape
parameter over the first three exceedance ratios and in almost all the estimates of
the scale parameter. A larger shape parameter indicates that the distribution of
the extremes of the DI analysis has a heavier tail which decays more slowly than
that of the perfect model, and a larger scale parameter indicates a larger statistical
dispersion of the distribution. Moreover, the estimates of the scale parameter for the
extremes of the DI analysis tend to converge to a value rather than monotonically
decrease. This implies that the shape parameter of the extremes of the DI analysis
should be 0, and hence the tail of the distribution should exponentially decrease.
The implementation of the DI worsens the extreme value statistics of the imperfect
model, especially, it increases the variance of the extremes and enlarges them.

Fig. 7.5c and Fig. 7.5d compare the estimated GP parameters for the extremes
from the 4D-Var analysis fields and the perfect model. There are no obvious
differences between the 4D-Var analysis and the perfect model for the estimates of
the shape parameter over the first four exceedance ratios, however, the differences
increase in the latter estimates over smaller ratios. This indicates a change in the
tail behaviour of the larger extremes selected by higher thresholds in the 4D-Var
analysis fields. The change is reexamined by the estimates of the scale parameter; a
converge of them is reached at the estimate over the fifth exceedance ratio. There-
fore, the distributions of the extremes with an exceedance ratio smaller than or equal
to E4 should have a shape parameter of 0, while the distributions of the extremes
with any higher exceedance ratios have the shape parameters smaller than 0, which
are statistically identical to the estimated shape parameters for the perfect model.
Generally, the 4D-Var analysis is better than the DI analysis since the difference
of the extreme value statistics only appears for the extremes which are chosen by
relatively stringent criteria (very high threshold or very small exceedance ratio).
The implementation of the 4D-Var worsens the statistics of very large extremes from
the imperfect model, and this conclusion is drawn based on the differences in the
estimated GP parameters.

Fig. 7.5e and Fig. 7.5f compare the estimated GP parameters for the extremes
from the EnKF analysis fields and the perfect model. For all the exceedance ratios
considered, we find good agreements of the estimates of both the shape and scale
parameters between the perfect model and the EnKF analysis. In comparison with
the imperfect model, the estimated GP parameters for the EnKF analysis are closer
to the perfect model. Therefore, the implementation of the EnKF improves the
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FIGURE 7.5: The comparison of the estimated GP parameters be-
tween the perfect model and analyses: (a,b) the DI analysis, (c,d) the

4D-Var analysis, and (e,f) the EnKF analysis.

extreme value statistics of the imperfect model.
In addition to the comparison of the estimated shape and scale parameters,

we also compare the extreme quantiles from the imperfect model and its analyses
to those from the perfect model. We compare 100 quantiles from the 99th to the
100th percentile of each sample data. Different to Fig. 7.3 (b), which compares
empirical quantiles with model quantiles, here we compare empirical quantiles
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with empirical quantiles. As shown in Fig. 7.6, the imperfect model produces
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FIGURE 7.6: The extreme quantiles from the imperfect model and its
analyses against those from the perfect model.

larger extreme quantiles than the perfect model. Among the data assimilation
methods, the DI greatly increases the difference, whereas the other two advanced
data assimilation methods successfully reduce the difference. Only the highest two
quantiles from the 4D-Var analysis are worse than that from the imperfect model.
All the considered quantiles from the EnKF analysis are better than that from the
imperfect model, and also better than that from the 4D-Var analysis. Although
the implementation of the 4D-Var worsens the estimates of the GP parameters, it
improves the extreme quantiles from the imperfect model. Hence it is still beneficial
for estimating extremes in the analysis fields.

We have analyzed and compared the extreme value statistics of the perfect
model, the imperfect model and the analyses. Although the imperfect model has
similar extreme value statistics to the perfect model, the implementation of the
rudimentary data assimilation scheme, the DI, greatly changes them in the analysis
fields and leads to a significant difference with them of the perfect model. In
comparison with the DI, the other two advanced data assimilation methods, the
4D-Var and the EnKF, give more accurate analyses in producing the extreme value
statistics of the perfect model, and the EnKF analysis is even better than the 4D-Var
analysis. This shows that EnKF and 4D-Var are useful for the representation of
extremes in analysis fields and outperform the much simpler data assimilation
scheme.

7.4 Forecasting the Extremes

After the examination of the extreme value statistics in the analysis fields, we now
evaluate the forecasts of extremes using data assimilation methods. We use the im-
perfect model as the forecast model in order to simulate the realistic situation in
NWP, where the forecast model contains model errors. The forecasts are generated
by integrating the imperfect model from the analyses, which are obtained by im-
plementing different data assimilation methods in analysis-forecasting cycles. Cer-
tainly, the analysis, the optimal estimate of the true state, contains small initial errors,
so the initial condition is remained imperfect. A better analysis will give a better ini-
tial condition and hence a better forecast is produced. We also consider the forecasts
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from the perfect initial condition (PI) without any initial error. This is the best fore-
cast we can obtain from the imperfect model. We verify the forecasts using the true
system states which are produced by a control run of the perfect model from the PI.
Our focus is on the forecasts of the extremes rather than the general forecasts. We
examine the forecasts of extremes in two aspects: firstly, we compare the forecast er-
rors of the extreme values to that of the non-extreme values and secondly, we verify
the performance of the binary forecasts of the extreme events.

7.4.1 Verification Measures for Forecasts

We use the root mean squared error (RMSE) to quantify the accuracy of the forecasts
of continuous variables. The RMSE measures the difference between the forecast (or
analysis) and the true system states. We have n pairs of forecast (analysis) and the
corresponding true system state. The RMSE is now calculated by

RMSE =

√√√√ 1
nK

n

∑
i=1

K

∑
k=1

(X f ,(a)
k,i − X t

k,i)
2, (7.3)

where the K is the dimension of the system state, or the number of the state variables,
and superscript t denotes the true system state. We arrange all the values of X t

k,i in
an ascending order, and equally divide them into 100 blocks, so that the jth block
contains the true values from the (j− 1)th to the jth percentile. Then we can calculate
the RMSE of each block:

RMSEj =

√
100
nK ∑(B f ,(a)

j − Bt
j)

2, (7.4)

where Bt
j = {X t

k,i|pj > X t
k,i ≥ pj−1} and pj denotes the jth percentile.

The binary forecasts have two outcomes: the occurrence and the non-occurrence
of the extreme events. We convert a forecast of the continuous variables into binary
outcomes by

bk =

{
1, if Xk ≥ µ,
0, if Xk < µ.

(7.5)

For ensemble forecasts, we get probability forecasts using the formula given as:

pk =
1
N

N

∑
i=1

bi
k, (7.6)

where i represents each ensemble member. Probability forecasts give us the prob-
abilities of the occurrence of the events, rather than binary outcomes. We can use
a threshold on probability to get binary forecasts from the probability forecast. For
a sequence of n binary forecast and observation pairs, we have 2× 2 possible out-
comes (see Table. 7.1). The Receiver Operating Characteristic (ROC) (Birdsall, 1966;

Observed Not Observed Total
Forecast a b a + b
Not forecast c d c + d
Total a + c b + d n

TABLE 7.1: Schematic contingency table for binary forecasts. The
numbers in each category are represented by a, b, c and d.
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Swets, 1986) and precision-recall (PR) curves are two-dimensional diagrams for vi-
sualizing performance measures. The ROC is the graph of plotting the hit rate (also
called recall):

H = a/(a + c) (7.7)

against the false alarm rate:
F = b/(b + d) (7.8)

as the decision threshold u varies, where the a, b, c and d are frequencies from the
contingency table (Table. 7.1). The H presents the proportion of the occurrences of
extreme events that were correctly forecast, while the F shows the proportion of non-
occurrences of events that were incorrectly forecast. The PR curve shows precision:

PREC = a/(a + b) (7.9)

against recall. Each point in the ROC and PR spaces corresponds to a decision thresh-
old. If we have a range of decision thresholds, then we get a curve by connecting
all the points. The optimal points in the ROC and PR spaces are (0,1) and (1,1), re-
spectively. Along with the ROC and PR curves, which show visual differences of
the performance, we can quantify the performance by using an intuitive measure
(Bódai, 2015):

D =
√

F2 + (H − 1)2, (7.10)

the distance of the ROC curve from the optimal point, and the F1 score:

F1 =
2

1
H + 1

PREC

, (7.11)

which is the harmonic average of the PREC and H, and has the best value of one,
when PREC and H are both equal to one, and the worst value tending to zero.

7.4.2 Comparison of Data Assimilation Methods

We first compare the accuracy of the forecasts and analyses of the extreme values
to that of the non-extreme values. Fig. 7.7 shows the RMSE of the analyses and the
forecasts over different blocks. The forecasts are at lead times of 0.5 and 1.0 MTU.
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FIGURE 7.7: The RMSE of the (a) analyses and the forecasts at lead
time of (b) 0.5 MTU and (c) 1.0 MTU over different blocks. The blocks

are defined in the main text.

The calculation of the RMSE values over the blocks is given by Eq. (7.4). Unsurpris-
ingly, the PI provides us with the best forecasts we can get from the imperfect model,
while the DI gives us the worst analysis and hence the worst forecasts. In contrast to
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the DI, the two advanced data assimilation methods produce much better analyses
as well as forecasts with the same available observations. A difference between the
4D-Var analysis and the EnKF analysis is that in the former, the RMSE values for the
blocks at the two sides are larger than the RMSE values for the blocks in the mid-
dle, while in the latter one, the RMSE values for all the blocks are in the same level.
This indicates that the 4D-Var analysis for extreme values is not as accurate as that
for non-extreme values, so the 4D-Var works not so well with the extreme values.
However, the better accuracy of the EnKF analysis for extremes does not guarantee
a better forecast. The forecasts from the EnKF analysis have slightly larger RMSE
values than the forecasts from the 4D-Var analysis for all blocks considered, i.e. for
both extreme and non-extreme values. We also find that the RMSE values for the
blocks at the two sides generally grow faster in time than the RMSE values for the
middle blocks, and the further the blocks are away from the center, the larger the
RMSE values and also the greater growth rates they have.

We further verify and compare the binary forecasts of extreme events. We de-
fine that an extreme event occurs when the Xk variables exceed critical level on a
continuous scale. The critical level is considered µ = 10. Note that real-world ex-
treme events may involve more than one non-independent variables, for instance,
the occurrence of hurricane involves weather variables, such as wind, pressure, pre-
cipitation, etc. We use the ROC and PR curves to evaluate the skills of the forecasts in
discriminating the non-extreme and extreme events occurring in the control simula-
tion. The two curves are created by a range of decision thresholds, which are applied
to the Xk variables of the forecasts, and are not necessarily be 10. Generally speak-
ing, a larger area under the ROC or PR curve indicates a better performance of the
forecasts. As shown in Fig. 7.8, the forecasts from the DI analysis are the worst and
the forecasts from the PI are the best. The forecasts from the 4D-Var have a slightly
better skill than the forecasts from the EnKF analysis. In this figure, we treat each
member of the ensemble forecast as an individual forecast, so the sample data for
the forecasts from the EnKF analysis is N-times larger than the other sample data,
where N is the ensemble size. This makes the curve for the EnKF is smoother than
the others.

An advantage of the EnKF is that it provides optimal perturbed initial values
which can be directly used for ensemble forecasting. We take advantage of the en-
semble forecasts, and convert them into probabilistic forecasts of extreme events.
Fig. 7.9 compares the forecasts from the 4D-Var analysis and the deterministic and
probabilistic forecasts from the EnKF analysis using the ROC and PR curves. The
black lines show the probabilistic forecasts from the EnKF analysis, the dashed grey
lines present the deterministic forecasts from the EnKF analysis, and the red lines
show the forecasts from the 4D-Var analysis. We have 20 dashed grey lines repre-
senting 20 single deterministic forecasts from each ensemble member. We observe
that the probabilistic forecasts have better skills than the deterministic forecasts from
any ensemble member, and it also improves over the forecasts from the 4D-Var anal-
ysis. The differences in the areas under the PR curves are clear, while it is hard for
us to compare the areas under the ROC curves between the probabilistic forecasts
from the EnKF analysis and the forecasts from the 4D-Var analysis. Therefore, along
with the two visualizing performance measures, the forecast skill of extreme events
can also be quantified by the values of the D and F1 score changing with the decision
threshold. The D corresponds to the ROC curve and the F1 score corresponds to the
PR curve. As mentioned before, each point in the ROC and PR spaces corresponds a
decision threshold that is applied to the forecasts. The decision threshold increases
from the minimum to the maximum of the forecasts. We calculate the distances D
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FIGURE 7.8: ROC and PR curves for the forecasts of the extreme
events at the lead time of (a,c) 0.5 MTU and (b,d) 1.0 MTU
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FIGURE 7.9: ROC and PR curves for the deterministic and probabilis-
tic forecasts.

and the F1 scores for 100 equally-spaced decision thresholds, and choose the minimal
D and the highest F1 score to show the best performance of the forecasts in discrim-
inating the extreme and non-extreme events, when an optimal decision threshold is
applied to them. Table. 7.2 and 7.3 show the minimal D and the highest F1 score,
respectively. The values of the minimal D and the highest F1 score for the forecasts
from different initial conditions show consistent results with that indicated by the
intuitive differences of the under-curve-areas in the ROC and PR spaces. We ob-
serve the smallest minimal D for the forecasts from the PI, and the largest minimal
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Lead time(MTU) PI DI 4D-Var EnKF EnKF(probabilistic)
0.5 0.0265 0.2991 0.1339 0.1489 0.0941
1.0 0.1147 0.4504 0.2794 0.3002 0.1998

TABLE 7.2: The minimal distances D of the ROC curves to the upper
left corner.

Lead time(MTU) PI DI 4D-Var EnKF EnKF(probabilistic)
0.5 0.7747 0.2177 0.4761 0.4262 0.5400
1.0 0.5101 0.1153 0.2468 0.2211 0.3339

TABLE 7.3: The highest F1 scores.

D for the forecasts from the DI analysis. Furthermore, the forecasts from the 4D-Var
analysis have slightly smaller minimal D than the deterministic forecasts from the
EnKF analysis. However, the probabilistic forecasts greatly reduce the minimal D,
so that it is smaller than that for the forecasts from the 4D-Var analysis. In contrast
to the minimal D, which has an optimal value of 0, the desired value of the F1 score
is 1. The forecasts from the PI and the DI analysis have the highest and the low-
est scores, respectively. The forecasts from the 4D-Var analysis has a higher score
than the deterministic forecasts from the EnKF analysis, while a lower score than
the probabilistic forecasts from the EnKF analysis.

When comparing between the ROC and PR curves, we find that firstly, the ROC
curves are very close to optimal, while the PR curves show that there is still lots of
room for improvement, and secondly, the ROC curves for different forecasts have
relatively small differences, while the differences between the PR curves are much
more pronounced. The reason is that among the H, F, and PREC, which are three ba-
sic statistics used to create ROC and PR curves, F depends on d, while the other two
are independent of d. The number of d in the contingency table shows the accuracy
of the forecasts of the non-extreme events. Therefore, the ROC curve, which is cre-
ated by plotting H against F, provides both the information of the forecast skills on
extreme events and non-extreme events, while the PR curve, which is independent
of F, focuses on showing the performance of the forecasts of extreme events. For the
forecasts of extreme events, we can easily get a low F due to the domination of d in
the contingency table, and as the events become extremer, the d becomes larger and
larger with respects to other entries. Summarily, the PR curve is more appropriate
than the ROC curve for examining the skill of the forecasts of extreme events. This
is also pointed out in Davis and Goadrich (2006) that the PR curve is better than the
ROC curve in terms of revealing the skill of the class when the number of the oc-
currence of an event is much smaller than the number of the non-occurrence of that
event, and the ROC curve is more suitable when the numbers of the occurrence and
non-occurrence of an event are close.

7.4.3 Hypothesis Testing: the Utility of data assimilation for Extreme
Forecasting

In order to demonstrate the utility of data assimilation for forecasting of extremes
in the conceptual model we use, we state and test a hypothesis: data assimilation
can be replaced entirely by simply drawing random perturbations from a prescribed
analysis error distribution and adding them to the true state, if it is known or de-
fined. To test the hypothesis, we conduct two sets of experiments and compare two
sets of forecasts. The first set of forecasts is generated by using EnKF and 4D-Var,
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and the second set of forecasts is produced from the initial values, which are formed
by adding random perturbations to the true state, and the random perturbations
are drawn from the distributions of the EnKF and 4D-Var analysis error. Fig. 7.10
compares the ROC and PR curves for the two sets of forecasts, and it shows that for
both the EnKF and 4D-Var, the forecasts from the randomly formed initial values
perform worse than the forecasts from the analyses. Hence we reject the null hy-
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FIGURE 7.10: The ROC and PR curves for the forecasts at the lead
time of 0.5 MTU (black) and 1.0 MTU (red). Solid lines show the
forecasts from (a,b) the 4D-Var analysis and (c,d) the EnKF analy-
sis. Dashed lines show the forecasts from the initial values which

are given by adding random perturbations to the true state.

pothesis and conclude that data assimilation can not be replaced by adding random
perturbations to the true state, even though the perturbations follow the analysis er-
ror distributions.

On the one hand, an optimal initial condition is expected to contain the initial
error that is as small as possible, on the other hand, the correlation of the initial error
should also be taken into account. The data assimilation not only reduces the vari-
ances of the forecast and observation errors, but also estimates the covariances of the
errors. On the contrary, random initial perturbations do not contain the correct or
optimal covariances between the model variables. This shows that for the forecasts
in a model, where the true state can be defined, the EnKF and 4D-Var are still useful
and can not be replaced by drawing random perturbations from the analysis error
distribution and adding them to the true state.
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7.5 Discussion and Conclusion

In this chapter we examined the utility of data assimilation methods for accurately
reproducing extreme event properties in analysis fields and in forecasting of extreme
events. We applied EVT to define and analyze the extremes in a conceptual model of
the atmospheric. We compared the extreme value statistics of the analyses provided
by three data assimilation methods with the extreme value statistics of the true sys-
tem states at the analysis steps. The extreme value statistics are represented by the
estimated parameters of the fitted GP distributions and the extreme quantiles, the
quantiles which are higher than the 99th percentile. The results showed that the ex-
treme value statistics of the DI analysis have significant differences from that of the
true system states. This is not surprising because in the DI we only insert point-wise
observations into the model and do not change the values of those not observed
model variables. Therefore, we get the initial values for the model variables with-
out considering their correlations. Compared to the DI analysis, the extreme value
statistics of the 4D-Var analysis are much closer to that of the true system state. We
only observe differences in the estimated GP parameters over very high thresholds
and the high-level extreme quantiles. The EnKF gives the best analysis in repre-
senting the extreme value statistics of the true system state. Moreover, the 4D-Var
and EnKF reduce the differences between the extreme quantiles from the imperfect
model and the perfect model in the analysis fields, whereas the DI greatly increases
the differences. Our results showed that apart form the DI, the other two advanced
data assimilation methods are beneficial for the representation of extremes in analy-
sis fields.

The difference between the 4D-Var and EnKF analysis is that 4D-Var does not
work well with very large extremes; it tends to overestimate them. This may be due
to the "conservative" way 4D-Var is designed, in the sense that what it is looking for
at the analysis step is the most probable state of the ensemble of potential analyses
(the most likely situation), and when looking at extremes the local distribution is
highly biased and this choice is no longer the best. We know that this choice is best
for a Gaussian distribution. Although the EnKF is also designed with the Gaussian
assumption, it actually works with non-Gaussian distributions in practical applica-
tions. The EnKF aims to find the mean of the local distribution, while the 4D-Var
looks for the mode of the local distribution. For the highly skewed local distribu-
tions of the extremes, the mean is a better choice than the mode.

We further compared the prediction of extreme events using different data as-
similation methods. We verified the forecasts of the extremes in two aspects: the
accuracy of the forecasts of the extreme values and the performance of the binary
forecasts when we convert the continuous variables into binary outcomes, i.e. the
occurrence and non-occurrence of the extreme events. We find that the 4D-Var and
EnKF outperform the much simpler DI, and they are beneficial for the prediction of
extreme events. Moreover, the probabilistic forecasts generated from the EnKF anal-
ysis have better skills than the forecasts generated from the 4D-Var analysis. We also
found that the EnKF provides approximately identical accurate initial conditions for
the extreme and non-extreme values, while the 4D-Var provides obviously worse
initial conditions for the extreme values.

Based on the results of our work, we recommend to use the EnKF to estimate
and predict the extremes. In future work we will also evaluate how well the particle
filter (Leeuwen, 2010) perform, which relaxes Gaussian assumption. The concep-
tual model we use has negative shape parameters of the fitted GP distributions for
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different thresholds. This indicates rather light tails, therefore, how well data as-
similation perform with the extremes from heavier tails, like power-law tails as for
precipitation, needs to be studied in the future with other models which allow heavy
tails.
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Chapter 8

Discussion and Outlook

Over the few last decades large theoretical and technological improvements has been
made in data assimilation in meteorology, particularly in the context of NWP, and
oceanography, which largely contributes to the short- to medium- range (2 weeks)
weather forecasts, while the long-term climate prediction is driven mainly by exter-
nal forcing and fully independent from the initial state. However, as the forecasts
for intermediate timescale, including seasonal forecast (6-12 months) and so-called
decadal forecast (10-30 years), becomes more and more relevant to the economy and
the general public, nowadays data assimilation is drawing more attention from the
climate science community, because of its potential to improve the predictions for
intermediate timescale, such as the El Niño Southern Oscillation (ENSO) prediction.
To make the best use of the available observations in these forecasts, several funda-
mental unresolved questions need to be addressed to adapt existing data assimila-
tion schemes as well as to develop new strategies for the seasonal and decadal-scale
prediction systems. This is an enormous research question, requiring unremitting ef-
forts from many scientists. In this thesis, only the tip of the iceberg has been discov-
ered. The seasonal and decadal-scale prediction models are the mathematical rep-
resentation of the earth system and climate system, which are multi-scale systems
and contain physical processes operating on different temporal and spatial scales.
For instance, atmospheric convection acts from minutes to hours on a spatial scale
of kilometers, while ocean circulation acts on years and thousands of kilometers.
Moreover, the climate system can also be seen, to first order, as a system with two
time scales: the slow ocean and the fast atmosphere, in which sense the two-level
L96 can be seen as an ideal prototype model of the climate system and hence the
study of data assimilation in this conceptual model finds its merits. However, in the
decadal forecast problems, more components in the earth system are involved, such
as cryosphere, biosphere etc., hence a more complicated model which contains these
processes is required. Conducting data assimilation experiments in this model and
producing decadal-scale forecasts can potentially be the research plan in the future.
Moreover, as the model contains more and more processes, the numbers of state
variable and observation will largely increase, hence we need to store and compute
covariance matrices of a much larger size. An advanced data assimilation technique,
the AUS (see e.g. Carrassi et al., 2008a), can be adopted to deal with this problem.
This technique is explicitly designed to stabilize the assimilation systems with only
a reduced number of observations (Carrassi et al., 2008b), and it has been success-
fully applied in the context of intermediate oceanic (Uboldi et al, 2005; Uboldi and
Trevisan,2006) and atmospheric models (Carrassi et al, 2007).

The extreme value theory (EVT) is gaining more and more attention, and highly
relevant to our daily life. The understanding, modeling and probabilistic predicting
of extremes are of key interest to the financial market, the insurance sector, and also
to civil defence services concerning natural catastrophes, e.g. hurricanes, storms,
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floods, etc. The EVT provides us with a mature statistical framework to analyze ex-
tremes, which first gives us the ways to define and select extremes and then to model
the selected extremes by statistical tools. If a statistical model can be well fitted by
a sample of extremes (cannot be rejected by a statistical test), then the statistics of
these extremes can be represented by the estimated model parameters. Hence, two
samples of extremes can be compared using their corresponding estimated model
parameters. A very important indicator of the extreme value statistics is the tail be-
haviour of the distribution of extremes. We generally distinguish three types of tail
behaviours: a heavy tail which decays following a power law; a lighter tail which
decays exponentially; and a light tail which is bounded. The first two types of tails
are unbounded, which means the values of extremes has no upper limit and ex-
tremes of a very high magnitude may occur, although it has a very low probability
when the tail behaviour belongs to the second type. In the EVT, the three types of
the tail behaviour can be represented by the sign of shape parameter, a parameter
of the statistical distributions for extremes (i.e. GEV and GP distributions). Positive
values, a zero value and negative values of the shape parameter correspond to the
three types, respectively. A common method used to estimate the parameters of a
statistical model is maximum likelihood estimation (MLE). In this thesis, the shape
parameter as well as other parameters of the GEV an GP distributions are estimated
by the method called L-Moments. This method is more time consuming, but gives
more accurate estimates. In addition to the statistical estimation of the shape param-
eter, a so-called theoretical value of the shape parameter can be computed by the par-
tial dimension (stable, neutral and unstable dimensions) of the attractor of a system.
The shape parameter is always negative in a chaotic dynamic system, and a nega-
tive value indicates a bounded light tail of the distribution of extremes, which is not
surprising since the smooth observable and compacts attractor in a chaotic dynami-
cal system are considered (Lucarini et al., 2014). The results in Chapter. 6 show that
parametrized models give different EVT parameters than those estimated from the
perfect model, and an empirical parametrization performs apparently worse than a
physically-based parametrization, although both parametrization schemes well re-
produce the bulk of the statistics of the perfect model. These results inspire the
development of new parametrization schemes which can well work with extremes,
which will contribute to the forecast of extremes, together with the development of
data assimilation methods.
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