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Abstract

Due to the lack of proper active gain media, mid-IR frequency combs in the molec-
ular “fingerprint” region are normally implemented by difference frequency gener-
ation (DFG) process inside nonlinear crystals. In addition to granting an access
to the long-wave (>10 µm) side of the mid-IR spectrum, DFG also offers a wide
wavelength tunability, a high-repetition-rate (HRR) operation (>10 MHz), and
a passive cancelation of the carrier-envelope phase offset, all of which enable a
simplified experimental configuration for constructing mid-IR frequency combs.

Currently, DFG-based mid-IR frequency combs especially at wavelengths be-
yond 10 µm suffer from insufficient available power, mainly caused by un-optimized
wavelength-shifting processes and an inefficient parametric interaction of the DFG
process. Moreover, during conventional nonlinear fiber-optic wavelength-shifting
methods, an excessive amount of relative timing jitter (RTJ) noise is introduced
to the signal pulses, which later translates to the noise of the generated mid-IR
idler pulses during the DFG process, and may significantly deteriorate the comb
performance of the mid-IR frequency comb.

In this thesis, we numerically investigate several important issues that are re-
lated with constructing high-power, low-noise DFG-based mid-IR frequency combs.
We first discuss two nonlinear fiber-optic methods, namely, soliton self-frequency
shift (SSFS) and self-phase-modulation enabled spectral selection (SESS), by com-
paring their capability of generating wavelength-shifted signal pulses with a high
pulse energy and a low RTJ noise. To elucidate an efficient approach for generating
high-power mid-IR sources, we study the power scalability of DFG by investigat-
ing DFG processes under different launching conditions. Two sets of DFG with
different pump wavelengths, 1.03 µm and 2 µm, are compared. Besides the power
scalability, we also compare the noise transfer property of these two sets of DFG.
We identify how the timing jitter noise of an offset-free frequency comb affects its
comb characteristics through Monte-Carlo simulations. The comb line-width can
be well estimated by using a geometrical β-separation line method. Finally, we
demonstrate a 1-GHz passively offset-free laser source which is built based upon a
Yb:fiber laser system and an alternative DFG schematic.

Enabled by novel nonlinear fiber-optic wavelength-shifting methods, the pulse
energy of the wavelength-shifted signal pulses can be increased from sub-nJ level
to tens-of-nJ or even hundreds-of-nJ level. Using such signal pulses to seed an
optimized DFG system, a 50-MHz HRR mid-IR frequency comb with an average
output power of >2.2-W is viable. We believe that such a source will open new
avenues for novel scientific applications.
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Zusammenfassung

Frequenzkämme im mittleren Infrarotbereich, dem Spektralbereich der moleku-
laren Fingerabdrücke, können auf Grund fehlender direkter Verstärker-Medien,
nur mit Hilfe von Differenzfrequenzbildung (DFG) in nichtlinearen Kristallen re-
alisiert werden. Zusätzlich zum Zugang in den langwelligen Bereich (>10 µm) des
mittleren Infrarotbereiches, ermöglicht DFG eine breite Wellenlängen Abstimm-
barkeit, hohe Repetitionsraten (>10 MHz) und eine passive Stabilisierung der
Träger-Einhüllenden-Phase. Alle diese Effekte können zur Konstruktion von Fre-
quenzkämmen im mittleren Infrarotbereich benutzt werden.

Auf Grund von nicht optimierten Frequenzverschiebungsprozessen und eventuell
uneffizienter parametrischer Wechselwirkungen der DFG selbst leiden DFG basierte
mittelinfrarote Frequenzkämme, besonders jenseits von 10 µm, an unzureichen-
der mittlerer Leistung. Außerdem führt herkömmliche Frequenzverschiebung in
nichtlinearen Fasern zu zusätzlichem relativen Timing-Jitter (RTJ) auf dem Sig-
nalimpuls. Auch wird der relative Timing-Jitter infolge der Pulspropagation durch
das System auf den später erzeugten Idlerimpuls während des DFG-Prozesses über-
tragen, was die Kohärenz des Frequenzkammes signifikant verschlechetert bzw. den
Frequenzkamm sogar auslöschen kann.

In dieser Arbeit untersuchen wir numerisch einige wichtige Aspekte zur Erzeu-
gung rauscharmer Frequenzkämme im mittleren Infrarotbreich mit hoher mit-
tlerer Leistung basierend auf Differenzfrequenzbildung. Zuerst diskutieren wir
zwei Techniken in der nichtlinearen Faser-Optik, namentlich die „Soliton-Selbst-
Frequenzverschiebung“ (SSFS) und die durch „Selbst-Phasenmodulation Ermög-
lichte Spektrale Selektion“ (SESS) und vergleichen diese im Hinblick auf maximale
Impulsenergie und minimalen RTJ. Dann untersuchen wir die Leistungsskalier-
barkeit des DFG Prozesses für die Frequenzkammerzeugung im mittleren Infrarot-
bereich bei hoher Leistung. Zwei verschiedene DFG-Prozesse mit den Pump-
wellenlängen 1.03 µm und 2 µm werden verglichen. Wir zeigen mittels Monte-
Carlo Simulationen, wie der Timing-Jitter eines phasenschlupf-freien Frequen-
zkammes sich auf die Kammeigenschaften auswirkt. Die Kammbreite wird durch
die geometrische Separations-Linien-Methode bestimmt. Zuletzt demonstrieren
wir einen 1 GHz passiv phasenstabilisierten Laser, basierend auf einem Yb:Faser-
lasersystem und einer alternativen DFG-Methode.

Insgesamt wird in der Arbeit eine faseroptische nichtlineare Frequenzverschieb-
ungsmethode demonstriert, welches die Impulsenergie des frequenzverschobenen
Signalimpulses mit Pulsenergien im einstelligen Nanojoule-Bereich auf mehrere
zehn Nanojoule verbessert. Die Nutzung dieser Signalimpulse als Eingangssignal
für ein optimiertes DFG System ebnet den Weg hin zu 50-MHz- Frequenzkämmen
im mittleren Infrarotbereich bei einer mittleren optischen Leistung > 2.2 W. In
der Zukunft ermöglichen solche Lasersysteme vielzählige neue Anwendungen in
Wissenschaft und Technik.
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Chapter 1

Introduction to the thesis

1.1 Introduction to mid-IR frequency combs
After two decades since its invention, optical frequency combs (OFCs) have rev-
olutionized the field of precision spectroscopy and related areas [1–6]. Having
the form of ultrafast, high-intense, phase-stable pulse trains in the time domain,
OFCs can provide hundreds-of-thousands of comb lines in the spectral domain,
offering a broadband spectral reference to the optical frequencies with high coher-
ence, high precision, high stability, and high spectral intensity. Thanks to these
features, OFCs have been facilitating applications such as absolute frequency mea-
surement [7–9], measurement of fundamental physical constants [10], calibration
of astronomical spectrographs [11], establishing links between radio frequency and
optical frequency [12], development of an all-optical clock [13], distributing time
standards [14], and molecular spectroscopy [15], to name a few.
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Figure 1.1: Molecular absorption and atmosphere window in the mid-IR range.
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Figure 1.2: Access to mid-IR via electron transition and photon conversion.

Among OFCs with different operating wavelengths, frequency combs in the
mid-infrared (mid-IR) range of 2–20 µm (500–5000 cm−1) have attracted intense
research interest due to their vast potential in molecular spectroscopic applica-
tions [16, 17]. As shown in Fig. 1.1, many molecules and molecular functional
groups exhibit strong rotational/vibrational resonances in the mid-IR wavelength
range∗, which is, therefore, often termed as molecular “fingerprint” region. Using
mid-IR sources in absorption spectroscopies or light detection and ranging ap-
plications, different molecules can be successfully sensed, distinguished and mea-
sured [18–20]. Such capabilities make mid-IR lasers an ideal candidate for monitor-
ing industrial processes, environmental changes, and other security applications.
If the phase of each comb line can be individually controlled, the resulting mid-IR
frequency comb allows the coherent manipulation over molecular vibrational ex-
citation [21]. Moreover, as shown in Fig. 1.1, the atmosphere has two relatively
transparent windows in the range of 3–5 µm and 8–13 µm, making mid-IR sources
promising in long-range transmission and detection through the atmosphere. The
low Rayleigh scattering losses in mid-IR can facilitate tomography and imaging
in turbid environments using mid-IR lasers. Ultrafast mid-IR sources also enable
applications such as medical surgery [22], strong-field physics [23,24], attosecond-
sciences and high-harmonic generations [25].

To access mid-IR in the molecular “fingerprint” region, two categories of meth-
ods have been implemented. As listed in Fig. 1.2, they are (1) mid-IR gener-
ated via electronic transitions; (2) mid-IR generated via photon conversion. The
first category of methods includes mid-IR quantum cascade lasers (QCL), lead-
salt diodes, and other solid-state/fiber lasers utilizing direct gain media such as

∗Data from Daylight Solutions.
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rare-earth active ions (thulium and holmium) and transition metal chalcogenides
(chromium and ferrum/iron). These mid-IR lasers normally feature low available
average power, limited spectral bandwidth, limited wavelength tunability, limited
access to long-wave mid-IR (>5-µm), poor beam quality, low spectral brightness,
and complicated experimental configurations (for example, lead-salt diodes require
a cryogenic cooling environment in order to emit mid-IR radiation) [17]. These
limitations turn researchers to the second category of methods that generate mid-
IR pulses via photon conversion, such as optical parametric processes utilizing
χ(2) nonlinearities inside nonlinear crystals and microresonator-based Kerr combs
enabled by χ(3) nonlinearities inside optical waveguides or filaments [17].

Among them, optical parametric processes are capable of converting mature
near-infrared (NIR) sources into mid-IR sources [16, 17]. Compared with Kerr
nonlinear combs, optical parametric processes have the potential of generating
high-power, wavelength-tunable, long-wave (5–20 µm) mid-IR output with large
spectral bandwidth, thus have become the most popular means for building mid-IR
lasers. Optical parametric processes are used to construct mid-IR sources such as
mid-IR optical parametric amplifiers (OPAs), mid-IR optical parametric oscillators
(OPOs), and difference frequency generation (DFG) based mid-IR lasers.

The research interest on mid-IR OPAs is mainly geared towards applications
that require high pulse energies. Since mid-IR pulses have a longer optical period
than NIR pulses, intense mid-IR pulses are promising in high harmonic generation
(HHG) [25] and other high field sciences [23,24]. In a recent work, 4.2-µm, 12.4-fs,
0.88-cycle, carrier-envelope-offset phase (CEP) stable pulses have been “synthe-
sized” from an OPA using a 2.1-µm optical parametric chirped-pulse amplifier
(OPCPA) as the pump and CdSiP2 (CSP) as the nonlinear crystal [26]. The
resulting mid-IR pulses with 33-µJ pulse energy and 1.9-GW peak power have
managed to generate isolated-HHG pulses up to the 19th order [27]. In a typical
OPA setup, pump pulses with µJ level pulse energy are launched into the OPA
system, and therefore, the repetition rate of OPA devices is set at the kHz or
sub-kHz level so that thermal-related effects are prevented. In contrast, frequency
combs are required to have high repetition rates (HRR) of at least >10-MHz, so
that each comb line within the frequency comb can be clearly distinguished in the
spectral domain. Therefore, OPA techniques, normally with a <MHz repetition
rate, are not suitable for constructing mid-IR frequency combs.

When an OPA-device is resonantly pumped inside an external cavity, the device
becomes an OPO. In the case of femtosecond pulses, the synchronization between
the external cavity and the master laser system is crucial, which adds extra com-
plexities in designing and operating OPO systems: (1) A stable synchronization
needs to be established between the external cavity round-trip and the round-trip
time of the pump laser cavity with high precision; (2) The net dispersion of the ex-
ternal cavity needs to be carefully managed to accommodate the dispersion caused
by the nonlinear crystal; (3) The use of thin nonlinear crystals is preferred so that
a broadband operation can be achieved for the OPO system, which limits the gain
per cavity round-trip; (4) The optical components inside the cavity, in principle,
should have low linear loss for all three interacting pulses. The coupling ratio for
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the mid-IR output also needs to be kept low due to the limited gain per pass.
For all these reasons, designing and operating a mid-IR OPO is non-trivial.

One crucial factor in designing a mid-IR OPO is the choice of nonlinear crystal.
As shown in Fig. 1.2, to access mid-IR wavelengths shorter than 5 µm, period-
ically poled lithium niobate (PPLN) crystals have become the main workhorse
for constructing mid-IR OPOs [28]. For example, using a degenerate OPO ar-
chitecture [29] and 0.5-mm-thick PPLN crystals, NIR sources from erbium-fiber
(Er:fiber) mode-locked lasers are converted into phase-coherent frequency combs [30].
The development of mid-IR OPOs towards longer wavelengths (5–20 µm) is still
constrained by the limited choice of nonlinear crystals, as oxide crystals such as
PPLN only transmits light up to 5 µm. Therefore, to access long-wave mid-IR,
non-oxide crystals need to be employed. Non-oxide crystals are usually difficult
to fabricate and have small band-gap, low thermal conductivity and low damage
threshold. Only few nonlinear crystals have been used in constructing mid-IR
OPOs. For example, a picosecond mid-IR source with an average power of 27.5-
mW, centered at 6.45-µm, was demonstrated from an OPO system using a CSP
crystal [31]. Recently, phase-stabilized 100-mW frequency combs near 10-µm have
been demonstrated under an OPO architecture with a thulium-fiber (Tm:fiber)
laser as the pump and AgGaSe2 as the nonlinear crystal. Nevertheless, OPO-based
mid-IR sources still suffer from an ineffective parametric interaction, a complex de-
sign of the resonant cavity, and a limited wavelength tunability in mid-IR.

Free of synchronizing the external cavity and capable of operating in HRR,
DFG thus has become the most popular and the most straightforward means to
obtain ultrafast mid-IR pulses and construct mid-IR frequency combs [32–36],
especially in the long-wave side of the mid-IR spectrum (5–20 µm). In this thesis,
we investigate several important issues that are related with constructing DFG-
based mid-IR frequency combs.

1.2 DFG-based mid-IR frequency combs
In a typical DFG configuration, two synchronized pulse trains centered at different
center wavelengths are frequency mixed in a nonlinear χ(2) crystal. Here, we use
the convention that the pulse train with a shorter center wavelength is called
pump and the other one with a longer center wavelength is called signal. They
generate idler pulses via the DFG process. Figure 1.3 illustrates the schematic
of a typical DFG-based mid-IR frequency comb. Normally, a high-power, NIR
laser system provides ultrafast NIR pulses with a pulse duration of hundreds of
femtosecond and a repetition rate of >10 MHz. The pulse train enters a Mach-
Zehnder interferometer. A portion of the light is split and wavelength-shifted
towards a longer center wavelength via nonlinear optic methods, serving as the
signal pulses for the DFG process. The signal pulses have an optical frequency
of νn = n · frep + fceo. In the other arm of the interferometer, the pulses pass
through an optical delay line and recombine with the signal pulses using a dichroic
mirror, serving as the pump pulses for the DFG process. The pump pulses have
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Figure 1.3: Schematic of DFG-based mid-IR frequency combs

an optical frequency of νm = m · frep + fceo. In this scenario, the pump pulses and
the signal pulses can be tightly synchronized in the time domain [32–36]. Ideally,
the signal pulses should be wavelength-tunable so that the generated mid-IR idler
pulses can be tuned between 5–20 µm, covering the whole molecular “fingerprint”
spectrum. If the signal pulses are derived in such a way that they share the same
offset frequency fceo with the pump pulses, the frequency mixing between the pump
pulses and the signal pulses generates mid-IR idler pulses with an optical frequency
of

νm−n = (m− n) · frep + (fceo − fceo), (1.1)

νñ = ñ · frep. (1.2)

Here νñ stands for the optical frequency of the generated mid-IR idler pulses. Note
here the new comb line with the index ñ is generated by a coherent mixture be-
tween two sets of comb lines ñ ≡ (m − n) = const., but not a mixture of two
individual comb lines. Equation 1.2 reveals that the idler has its offset frequency
automatically fixed at zero [37], which leads to a significantly simplified experimen-
tal configuration for constructing mid-IR frequency combs [35]. After stabilizing
the repetition rate frep of the master laser oscillator, the mid-IR pulse train forms
a mid-IR frequency comb with well-defined optical frequencies.

In the laboratory, nonlinear fiber-optic methods such as soliton self-frequency
shift (SSFS) have been widely used for deriving the signal pulses from pump pulses
for seeding a DFG [33,35]. SSFS has a straightforward implementation and a wide
wavelength tuning range for the wavelength-shifted signal pulses. However, due
to the tight confinement of an optical pulse in a small fiber core, the excessive
amount of nonlinear phase during the wavelength-shifting process prevents the
generation of signal pulses with a high pulse energy. Normally, signal pulses gen-
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erated via SSFS have a pulse energy at nanojoule level, two orders of magnitudes
lower compared with the pump pulse which seeds the DFG process. This leads to
an inefficient generation of the mid-IR idler during the DFG. The generated mid-
IR idler has an available average power of a few mW. In [33], a 151-MHz, 2.2-W
Yb:fiber laser system is used to drive a DFG-based mid-IR laser by using SSFS
process for generating the signal pulses. The wavelength-shifted signal pulses,
tunable between 1.15–1.65-µm, have a limited pulse energy of 40–150-pJ. Using a
0.5-mm-thick GaSe crystal to host the DFG process, the generated idler pulses,
centered at 10-µm, have a pulse energy of 2-pJ, corresponding to an average power
of 0.3-mW in the mid-IR. In a recent work utilizing an all-fiber setup [38], 1.55-µm
pump pulses are mixed with 1.9-µm signal pulses in a 3-mm-thick orientation-
patterned gallium phosphide (OP-GaP) crystal. The maximum achieved output
power is 7.4-mW, centered at 7.5-µm. Moreover, during the wavelength-shifting
process and DFG process, optical noise from the master laser system is translated
to the mid-IR idler pulses due to the nonlinear nature of these processes. The
resulting noises, especially the timing jitter noise, will significantly deteriorate the
comb performance of the resulting mid-IR frequency combs [39].

The limited available average power in mid-IR, associated with excessive optical
noises, harness the use of mid-IR frequency comb in spectroscopic applications,
where a high signal-to-noise (SNR) ratio for detection and a precise reference to
the optical frequency are required. In this thesis, we investigate several issues that
are related with constructing high-power, low-noise DFG-based mid-IR frequency
combs by answering the following questions: (1) Is it possible to use a nonlinear
fiber-optic method to generate wavelength-tunable signal pulses with a high pulse
energy (>10-nJ) and low noise? (2) How does the idler scale with respect to
the pump/signal during the DFG process? (3) What is the most efficient way
to generate a high-power mid-IR idler and what is the limitation for achieving a
high-power mid-IR output? (4) How does the noise transfer during the wavelength-
shifting process and the DFG process, and (5) How does the timing jitter noise
of an offset-free frequency comb affect its comb characteristics? In the thesis,
we answer these questions by performing numerical calculations and theoretical
analysis, together with experimental results. Finally, we demonstrate a 1-GHz
passively offset-free source with a center wavelength of 1030-nm, which is based
upon a Yb:fiber laser system and an alternative DFG configuration.

1.3 Structure of the thesis
The thesis is structured as follows:

To construct DFG-based mid-IR frequency combs, the signal pulses for seed-
ing the DFG process are normally derived from NIR pump pulses via nonlinear
fiber-optic methods. In Chapter 2, we study two fiber-optic methods by solving
the generalized nonlinear Schrödinger equation (GNLSE). These two methods are
compared in their capabilities of (1) generating signal pulses with a high pulse
energy; (2) generating signal pulses with low relative timing jitter (RTJ) noise;
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and (3) achieving a high energy conversion efficiency.
To generate high-power mid-IR frequency combs via DFG, a thorough under-

standing in the energy scaling property of DFG is essential. In Chapter 3, we
study the power scalability of DFG by solving the time-dependent coupled wave
equations. We show that at a high repetition rate (HRR) of >10-MHz, the mid-IR
idler scales linearly with respect to the power product of the pump and the signal,
and, therefore, increasing the signal energy is as efficient as increasing the pump
energy for idler energy scaling in HRR DFG. We compare 1-µm driven DFG with
2-µm driven DFG for their capability of generating mid-IR idlers. We find that
the latter one is more promising in building high-power mid-IR frequency combs.

During the DFG process, the RTJ noise of the signal pulses is translated to
the timing jitter noise of the idler pulses, which deteriorates the performance of
the resulting mid-IR frequency comb with a broadened comb line-width and a
reduced comb SNR. In Chapter 4, we perform numerical simulations to identify
the noise transfer during the DFG process and the effect of the timing jitter noise
on the comb characteristics. 2-µm driven DFG turns out to have less RTJ-RTJ
noise transfer compared with 1-µm driven DFG. We also demonstrate that the
line-width of an offset-free frequency comb can be well estimated by geometrically
measuring its timing jitter noise spectrum and using the β-separation line method.

Apart from using DFG to generate mid-IR frequency combs, the scheme of
DFG can be also applied in mixing two spectral components of a supercontin-
uum spectrum to generate offset-free idler pulses located in NIR. In Chpater 5,
we demonstrate a 1-GHz passively offset-free laser source based upon such DFG
schematic. The laser emitted by a 1-GHz Yb:fiber laser system, centered at 1030-
nm, is spectrally broadened to generate a dispersive wave (DW) at 550-nm and
a Raman soliton (RS) at 1170-nm. The frequency mixing between DW and RS
inside a PPLN crystal generates an output idler centered at 1030-nm, which can
be amplified by Yb:fiber amplifiers in the further.

Finally, Chapter 6 concludes the thesis.
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Chapter 2

Investigation of nonlinear
fiber-optic wavelength-shifting

2.1 Introduction

The implementation of mid-infrared (mid-IR) frequency combs using difference
frequency generation (DFG) requires the pump pulses and the wavelength-shifted
signal pulses are frequency mixed with inside nonlinear χ(2) crystals to generate
the mid-IR idler pulses. In the laboratory, the pump pulses are normally provided
by a high-power master laser system and its center wavelength is fixed in the
near-infrared (NIR) range. The signal pulses are derived from the pump pulses via
nonlinear optic methods. In this scenario, two pulse trains are tightly synchronized
in the time domain. Ideally, the signal pulses are wavelength-tunable such that the
center wavelength of the resulting mid-IR idler can be freely tuned in the long-wave
mid-IR range (5–20 µm).

To wavelength shift the pump pulses, two categories of nonlinear optic meth-
ods have been implemented. The first category utilizes χ(2) nonlinearity inside
nonlinear crystals, such as optical parametric amplifier (OPA) and optical para-
metric oscillator (OPO). The second one utilizes χ(3) nonlinearity inside optical
fibers, such as supercontinuum generation (SCG) with re-amplification, soliton
self-frequency shift (SSFS), and self-phase-modulation enabled spectral selection
(SESS). Among these methods, SSFS and SESS do not rely upon the use of any
active gain media, or nonlinear χ(2) crystals, and, therefore, they have a straight-
forward experimental realization. Since both methods are not constrained by the
finite gain bandwidth of any active media or the phase matching condition for the
nonlinear crystals, SSFS and SESS can achieve a wide wavelength tuning range
for the output signal pulses.

However, during the nonlinear fiber-optic wavelength shifting processes, addi-
tional optical noise will be introduced to the wavelength-shifted signal pulses. Due
to the nonlinear nature of pulse propagation in optical fibers, the relative intensity
noise (RIN) at the input will be translated into the relative timing jitter (RTJ)
noise at the output. When the signal pulses are re-combined with the pump pulses
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in a nonlinear crystal, such RTJ noise translates to the timing fluctuations and in-
tensity fluctuations of the resulting mid-IR idler pulses. The noise on the mid-IR
idler pulses can significantly deteriorate the performance of the resulting frequency
combs with a reduced frequency precision and a degraded long-term stability.

In order to study SSFS/SESS’s capability of generating wavelength-shifted sig-
nal pulses for seeding subsequent DFG experiments, we perform numerical sim-
ulations in this chapter. We first review the generalized nonlinear Schrödinger
equation (GNLSE) in Section 2.2. GNLSE is the master equation that governs
the spectral temporal evolution of an optical pulse for both SSFS and SESS pro-
cess. In the study of SSFS processes (Section 2.3), we investigate SSFS inside
several photonic crystal fibers (PCF): PCF-850, PCF-945, and PCF-975. We are
particularly interested in the noise transfer characteristic of SSFS, for example,
the RIN-RTJ noise transfer. By varying the launching conditions (input pulse en-
ergy, fiber length, and fiber type), we discover two strategies for minimizing the
RIN-RTJ noise transfer of SSFS. In the study of SESS process (Section 2.4), we
perform similar calculations for investigating the noise transfer of SESS in several
large mode area (LMA) fibers: LMA-8, LMA-10, and LMA-15. We compare the
noise transfer, the output pulse energy, and the energy conversion efficiency for
SESS and SSFS. Finally, We summarize this chapter with a conclusion that SESS
is a better candidate in comparison with SSFS, due to its capability of providing
wavelength-shifted signal pulses with two orders of magnitude higher pulse energy
and 20 times less RIN-RTJ noise transfer.

2.2 Generalized nonlinear Schrödinger equation
(GNLSE)

The generalized nonlinear Schrödinger equation (GNLSE) is the master equation
that governs the spectral temporal evolution for an ultrafast pulse propagating in-
side optical waveguides. To study fiber-optic nonlinear wavelength shifting meth-
ods such as soliton self-frequency shift (SSFS) and self-phase-modulation enabled
spectral shift (SESS), GNLSE needs to be solved numerically. Derived from the
classic Maxwell’s equations [40], GNLSE models effects such as waveguide disper-
sions, Kerr nonlinearities and delayed nonlinear responses (for example, stimulated
Raman scattering). GNLSE is written as

∂A

∂z
+ α

2A+ β1
∂A

∂t
+ i

2β2
∂2A

∂t2
− 1

6β3
∂3A

∂t3
+ . . .

= iγ

(
1 + i

ω0

∂

∂t

)A(z, t)
∞∫
0

R(t′)|A(z, t− t′)|2dt′
 . (2.1)

In the equation, A(z, t) stands for the complex amplitude of the pulse envelope. It
is normalized in a way so that |A(z, t)|2 has the unit of the optical power (watt).
z is the longitudinal coordinate in the direction of pulse propagation and t is the
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laboratory time coordinate. In this notation, we assume the pulse is oscillating at
the carrier frequency, i.e., A(z, t) does not have the oscillation term exp(i · ωct).

The left-hand side of Eq. 2.1 includes all the linear effects that affect the pulse
evolution during the pulse propagation, such as the linear gain/loss and the waveg-
uide dispersion. “Linear” means these effects are independent of the pulse ampli-
tude. α is the gain/loss coefficient. In the following context, as we consider passive
pulse propagation and the waveguide is assumed to be loss-less, α is set as zero.
βn is the n-th order Taylor expansion coefficient of the propagation constant β
expanded over the optical frequency ω. It is evaluated at the center frequency of
the propagating pulse so that βn = ∂nβ

∂ωn

∣∣∣∣
ω=ω0

. By definition, vg = 1/β1 is the
group velocity of the propagating pulse, β2 the group velocity dispersion (GVD)
coefficient, and β3 the third order dispersion (TOD) coefficient. Dispersion effects
at higher orders are not written here in Eq. 2.1, but they can be included.

The right-hand side of Eq. 2.1 models the nonlinear response of the optical
waveguide, i.e., fused silica fiber. Since fused silica has a central symmetric struc-
ture, the nonlinear response only has odd order terms. The lowest order nonlinear
response is the third order nonlinearity. In the equation, the nonlinear coefficient
γ is

γ = n2ω0

cAeff
. (2.2)

In this expression, the nonlinear-index coefficient n2 is 2.6× 10−20 m2/W for fused
silica fibers. c the speed of light, and Aeff the effective mode field area (MFA) of the
fiber. Normally, MFA is a function of the optical frequency, which adds another
degree of dispersion to the equation. In this thesis, we neglect such frequency
dependence.

In the equation, the temporal derivative i

ω0

∂

∂t
stands for the self-steepening

effect. It is responsible for the shock formation effect on the edge of a pulse. The
strength of the nonlinear response is an integral over the time. To ensure the
causality, it integrates from t′ = 0 to t′ = ∞. The response function R(t) in
the integral includes both the instantaneous (electrical) response and the delayed
(vibrational, Raman) response. It is written as

R(t) = (1− fR) · δ(t) + fR · hR(t). (2.3)

Here δ(t) is the mathematical delta function, which represents the self-phase mod-
ulation (SPM) effect. The factor fR stands for the fractional contribution of the
delayed Raman response. For fused silica fibers, fR equals to 0.18. The Raman
response function hR(t) can be written by an empirical expression,

hR(t) = τ 2
1 + τ 2

2
τ1τ 2

2
· exp

(
− t

τ2

)
sin( t

τ1
). (2.4)

The parameters τ1 and τ2 are adjusted for fitting the actual Raman gain spectrum.
Commonly, they are chosen to have the value τ1 = 12.2 fs and τ2 = 32 fs.
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One common treatment for simplifying the equation is to introduce a moving
time frame that is co-propagating with the optical pulse at the group velocity,
vg = 1/β1. By having the following substitution,

T = t− z/vg = t− β1z, (2.5)

GNLSE (Eq. 2.1) is then written as

∂A

∂z
+ i

2β2
∂2A

∂T 2 −
1
6β3

∂3A

∂T 3 + . . .

= iγ

(
1 + i

ω0

∂

∂T

)A(z, T )
∞∫
0

R(t′)|A(z, T − t′)|2dt′
 . (2.6)

Such treatment reduces the temporal windows to a localized picosecond scale for
the numerical calculations. In the following sections, we study the spectral tempo-
ral evolution of an optical pulse during SSFS process and SESS process by solving
GNLSE.

2.3 Soliton self-frequency shift (SSFS)
When an optical pulse is propagating inside fused silica fibers, its spectral temporal
evolution is under the influence of fiber dispersion and fiber nonlinearity. When
the Kerr nonlinear phase balances with the anomalous dispersive phase, the pulse
can propagate without changing its spectral temporal form. Such pulse is called
an optical soliton [40]. In addition, the delay nonlinear response of the fiber can
result in intra-pulse stimulated Raman scattering (SRS) effect, which continuously
red-shifts the center wavelength of the soliton along pulse propagation [40–42].
Such soliton self-frequency shift (SSFS) can be understood as the blue-side spectral
component of a soliton is amplifying the red-side spectral component via SRS effect
along soliton propagation. In the implementation of DFG-based mid-IR frequency
combs, SSFS technique has become a popular nonlinear fiber-optic method for
generating wavelength-shifted signal pulses [33–35].

2.3.1 An example of SSFS in PCF-945
We first examine the SSFS process by calculating the spectral temporal evolution
of an optical pulse when it propagates through a 50-cm-long PCF-945. During
the pulse propagation, its spectral temporal evolution is dominated by soliton-
related dynamics. We use it as an example for showing the unique features of
SSFS process, such as the soliton fission, the formation of RS, and the intra-pulse
SRS, all of which are important for understanding the SSFS process and its noise
transfer property.

Figure 2.1 plots the dispersion map of PCF-945, together with two other PCFs
that are used in the following simulations. Their specifications are listed in Ap-
pendix A. PCF-945 exhibits anomalous group velocity dispersion (GVD) (β2 < 0)
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Figure 2.1: Dispersion map for PCF-850/945/975.

for wavelengths longer than 945-nm. Although it has been shown that anomalous
dispersion is not a must for red-shifting an optical pulse [43], it is still essential for
maintaining the temporal pulse profile when RS propagates a long distance inside
the fiber. In the simulation, the input pulse has typical pulse parameters from a
Yb:fiber laser system: a center wavelength of 1030-nm, a FWHM pulse duration of
250-fs, a hyperbolic secant square (sech2) pulse profile, and a pulse energy of 1-nJ.
The peak power for the input pulse is 3.53-kW. For PCF-945, γ0 is 0.026 W−1m−1,
β2 is -12.3 fs2/mm, and β3 is 86.0 fs3/mm at 1030-nm.

The pulse propagation inside the PCF is calculated by solving GNLSE using
the standard split-step Fourier method [40]. Figure 2.2(a) and 2.2(b) plot the
normalized spectral and temporal profile of the output pulse. The input pulse is
plotted by black dashed lines in the same figure. At the output, three fundamental
RS (plotted by black solid lines) have been formed with a well-isolated pulse profile
in both spectral domain and time domain. RS are separated by picosecond in time.
Compared with the input pulse, all RS pulses have a shorter pulse duration, which
is a result of the soliton fission and the soliton area theorem [40].

Soliton area theorem defines the relationship between the pulse energy of the
fundamental soliton and the soliton pulse duration. During the soliton propaga-
tion, Kerr nonlinearity balances the anomalous dispersive phase, maintaining the
soliton pulse profile in the time domain. Soliton area theorem is written as

Ep = 2|β2|
|γ|τ

. (2.7)

Here Ep is the pulse energy of the soliton and τ is the soliton pulse duration (τ
equals to the FWHM duration divided by 1.76). During the formation of these RS
pulses (soliton fission), the pulse energy of each RS is determined by its soliton
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Chapter 2. Investigation of nonlinear fiber-optic wavelength-shifting

(a) Spectrum of the input/output pulse (b) Temporal intensity profile

Figure 2.2: Propagation of 1 nJ, 250 fs pulse in a 50-cm-long PCF-945.

(a) Spectral intensity profile. Raman solitons (RS) are centered at 1290/1190/1120
nm, respectively. (b) Temporal intensity profile. At the output, the pulse develops
three RS pulses. RS pulses are separated by few picoseconds in the time domain.

order [44]. Using the soliton theorem, the pulse energy of the RS can be estimated
by the pulse duration of the RS, or vice versa. As shown in Fig. 2.2(b), RS pulse
has a pulse duration of about 40 fs. According to the soliton area theorem, it limits
the pulse energy of the RS pulse in a sub-nanojoule scale.

By plugging the expression of γ, we can translate Eq. 2.7 into

Ep = 2|β2|cAeff

n2ω0τ
. (2.8)

Equation 2.8 indicates that it is possible to scale the RS pulse energy by increasing
the effective mode field area (MFA) Aeff of the fiber. It has been demonstrated that
higher-order mode (HOM) fibers can have a relatively large MFA of 44 µm2 so that
RS can be scaled to few nanojoules pulse energy [45,46]. HOM fibers are promising
in further scaling the pulse energy of the RS pulse to tens of nanojoules [47].
Nevertheless, a transverse modal conversion is required for effectively coupling
the pump pulses into HOM fibers, which compromises the simplicity of the laser
system.

According to [44, 48], the soliton with different soliton order carries different
pulse energy after the soliton fission. The pulse energy of the j-th order RS is

Ej = Ep ·
2N − 2j + 1

N2 ,

N2 = LD

LNL
= T 2

0
|β2|
· γ · P0,

(2.9)

where P0 is the peak power of the input pulse. Apparently, the 1st-order RS has
the highest pulse energy. Since the pulse energy of the soliton determines the
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rate of red-shifting [41,42], each RS ends up with a different center wavelength at
the output. As shown in Fig. 2.2(a), the center wavelength of these RS is 1290
nm, 1190 nm, and 1120 nm, respectively. Among them, the 1st order RS has the
highest pulse energy of about 0.228 nJ. The 2nd order RS has a pulse energy of
0.168 nJ and the 3rd order RS has 0.133 nJ. Divided by the input pulse energy of 1
nJ, the energy conversion efficiency is 22.8%, 16.8%, and 13.3%, respectively. It is
noteworthy that due to the intra-pulse SRS, the total pulse energy is not conserved
during the process. The output pulse has a pulse energy of 0.937 nJ (The input
pulse has 1 nJ). Since the 1st order RS has the strongest wavelength shift and it
carries the most pulse energy, we limit our scope in studying the 1st order RS in
the following sections.

To better understand and visualize the SSFS process, we plot the spectral
temporal pulse profile along the propagation direction by 2D intensity graphs as
shown in Fig. 2.3(a) and 2.3(b). The spectral temporal pulse profiles at several
signature distances (0 cm, 5 cm, 8 cm, 10 cm, 20 cm, 30 cm, 40 cm, and 50 cm) are
plotted in Fig. 2.3(c) and 2.3(d). In all figures, the intensity is normalized in a way
such that the maximum intensity is unity at every distance. The pulse encounters
three stages of evolution during the SSFS process:
(1) From 0 cm to 8 cm, the pulse evolution is dominated by self-phase-modulation

(SPM) effect. After the pulse is launched into the fiber, its spectrum quickly
broadens towards both directions in the spectral domain, which is a signature
of SPM-enabled spectral broadening. The bandwidth of the pulse continuously
increases, leading to a pulse compression in the time domain. At 8 cm, the
pulse is significantly shorter compared with the input pulse.

(2) At 10 cm, the soliton fission takes places, abruptly changing the spectral
temporal profile of the pulse. In the time domain, the pulse profile has a
complex-structured intensity profile due to the constructive and destructive
interference among large bandwidth spectral components. In the spectral do-
main, the pulse spectrum is broader than the spectrum at 8 cm. In fact,
soliton fission is a result of a complex mixture of fiber nonlinearity, negative
GVD and other higher order dispersion effects. As shown in Fig. 2.3(c), the
1st order RS is at around 1100 nm. It corresponds to an isolated pulse in the
time domain. On the left-hand side of the spectrum, a distinct spectral lobe
is generated at around 775 nm. This lobe is generated due to the paramet-
ric phase matching between the spectra on either side of the zero dispersion
wavelength (ZDW) of the fiber (945 nm). In some literature, this spectrum
is termed as “dispersive wave” (DW) [44]. Due to its mathematical analogy
to the electromagnetic radiation emitted by a traveling charged particle, it is
also called ‘optical’ Cherenkov radiation [49] [50].

(3) After 10 cm (soliton fission), the 1st order RS has intra-pulse SRS, which
continuously red-shifts its spectrum. Its temporal pulse profile remains as a
fundamental soliton during the pulse propagation. The center wavelength of
the 1st order RS shifts to 1200 nm at 20 cm, 1230 nm at 30 cm, 1260 nm at
40 cm, and 1290 nm at 50 cm. Meanwhile, the 2nd order and 3rd order RS
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(a) Spectral domain profile (2D) (b) Time domain profile (2D)
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Figure 2.3: Spectral temporal evolution of 1 nJ, 250 fs pulse in a 50-cm-long PCF-
945.

(a) Spectral domain pulse evolution along the fiber. (b) Time domain pulse
evolution along the fiber. (c) Spectral domain pulse profile at signature distances.
(d) Time domain pulse profile at signature distances.
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2.3. Soliton self-frequency shift (SSFS)

are formed at around 18 cm and 25 cm. They also red-shift afterwards.
The 2D intensity graph of Fig. 2.3(b) shows three curved trajectories, repre-

senting the relative temporal shift of the RS pulses with respect to the input pulse.
As RS pulse continuously red-shifts, its instantaneous group velocity is changing
due to the fiber GVD. Therefore, RS propagates at a different group velocity dur-
ing the pulse propagation. Since the rate of red-shifting is related with the input
pulse energy [41, 42, 44], the relative intensity noise (RIN) at the input translates
to a relative timing jitter (RTJ) noise at the output. The input RIN also causes
additional center wavelength fluctuation and pulse energy fluctuation at the out-
put. RTJ noise of the RS pulses later translates to the timing jitter noise of the
mid-IR idler pulses during DFG. Since the timing jitter noise of a frequency comb
laser determines its spectral stabilities [39], the RTJ noise of RS pulses needs to
be minimized in order to construct a low-noise frequency comb.

2.3.2 Noise transfer of SSFS in PCF-945
During SSFS, the relative intensity noise (RIN) of the input pulses translates
to the intensity fluctuation, relative timing jitter (RTJ) noise, and fluctuations
of other pulse parameters for the Raman soliton (RS) pulses. These additional
noises, especially the RTJ noise, harness the performance of the resulting mid-IR
frequency combs by degrading the precision of the optical frequency. In a typical
experimental setup, the wavelength-shifted RS pulses are filtered by a long-pass
filter inserted at the output port of the PCF. RS pulses are then re-combined with
femtosecond pump pulses inside a χ(2) crystal in order to generate the mid-IR idler
pulses. Effectively, the pump pulses act as an intensity gating in the time domain.

In the numerical simulation, we apply a similar hybrid spectral temporal filter.
Taking the output pulse from Fig. 2.2 as an example, we use a 200-fs super-
Gaussian temporal window and a 1200-nm long-pass filter. Figure 2.4 shows the
use of such hybrid spectral temporal filtering. Figure 2.4(a) plots the time domain
filtering and Figure 2.4(b) plots the spectral domain filtering.

The filtered RS pulse has a pulse duration of 40-fs and a spectral bandwidth of
45-nm. It is centered at 1290-nm and it carries 0.228-nJ pulse energy. Combined
with pump pulses centered at 1030-nm, idler pulses at 5.1-µm can be generated.
The time-bandwidth product of this filtered RS pulse is 0.324, very close to the
minimum value of 0.315 for a hyperbolic secant square (sech2) soliton pulse. The
center-of-gravity position, or momentum [43], of the filtered RS pulse is 3258.6-fs.

To study the noise transfer of the SSFS process, we assume the change induced
by the input intensity fluctuation is relatively minor so that it can be treated as
a linear perturbation to the SSFS process. In other words, the additional noise
is in proportion to the fluctuation of the input intensity. In the simulation, we
introduce a ±2% change on the input pulse energy. We proceed the same numerical
calculation to solve the pulse propagation and calculate the exiting time of the
resulting RS pulse. The exiting time difference represents the additional RTJ noise
induced by the input RIN. Similar treatment is taken to other pulse parameters,
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Figure 2.4: Numerical filtering for the 1st-order RS.

(a) Time domain profile. A 200-fs super-Gaussian window (black dash line) is
applied to filter the RS pulse. (b) Spectral domain profile. A long-pass filter with
a cut-off wavelength of 1200-nm is applied for numerically filtering the output
spectrum.

such as the pulse duration, the center wavelength, and the pulse energy.
Figure 2.5(a) shows the temporal intensity profile of the filtered RS pulse when

the input pulse energy is changed by ±2%. The exiting time of the RS pulses
is 3180.3-fs, 3258.6-fs, and 3339.1-fs, respectively. In other words, 2% change on
the input pulse energy leads to a timing error of ∼80-fs at the output. Consider
the RS pulse has a pulse duration of 40-fs, such a timing error is significant.
Meanwhile, the pulse duration of the RS pulse has a negligible change (<1-fs). In
the following discussion, we discard the change of the pulse duration caused by the
input RIN. The pulse energy of the filtered RS pulses is 0.226-nJ, 0.228-nJ, and
0.230-nJ. When the input changes ±2%, the resulting RS pulse energy changes
±1%. Figure 2.5(b) shows the spectra of the filtered RS pulses with a 2% input
intensity change. The change of the center wavelength is <5-nm. The spectral
bandwidth also has a negligible change. In the following sections, we only study
the RIN-RTJ and RIN-RIN noise transfer during the SSFS process.

By adding more data points between ±2%, we calculate more data for showing
the additional RTJ and RIN caused by the input RIN. Figure 2.6(a) shows the
relative timing change of the RS versus the input RIN. The slope of the curve is
about 40 fs/%. Figure 2.6(b) plots the relative intensity change of the RS pulse
versus the input RIN. The slope is below unity, suggesting the output RS pulses
have a lower RIN compared with the input pulses.

In the laboratory, high-power femtosecond laser systems can have an intensity
drift of 1%. If the laser system is used for seeding SSFS processes, the resulting RS
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(a) Intensity profile of filtered RS
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Figure 2.5: Influence of 2% input intensity change.

1-nJ, 250-fs pulse propagates a 50-cm-long PCF-945 with ±2% change at the
input intensity. (a) Intensity profiles of the RS pulses. The exiting time of the RS
pulses is 3180.3/3258.6/3339.1 fs, respectively. (b) Spectral intensity of the RS
pulses. The center wavelength changes <5-nm.
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(b) RS RIN versus input RIN

Figure 2.6: Additional RTJ and RIN caused by input RIN during SSFS.

1-nJ, 250-fs pulse propagates a 50-cm-long PCF-945 generates a wavelength-
shifted RS pulse centered at 1290-nm. The change of the input pulse energy leads
to the timing and the pulse energy change of the resulting RS pulse. (a) Relative
timing jitter of the RS pulse versus the input intensity change. The slope is ∼40
fs/%. (b) Output intensity change versus the input intensity change.
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PCF-945 (cm) Input (nJ) RS (nJ) Conv. eff. (%) RS Exiting time (fs)
15 1.26 0.295 23.4 398.4
25 0.91 0.230 25.4 768.3
50 0.56 0.170 31.1 1685.4
100 0.372 0.134 36.0 3642.2

Table 2.1: Soliton self-frequency shift under different launching conditions.

pulses have a RTJ of more than tens of femtoseconds. Such RS pulses with high
timing jitter noise are unsuitable for seeding a DFG process to generate offset-free
frequency combs. Since the additional RTJ noise is introduced external to the laser
cavity, intra-cavity feeding-back systems are unable to suppress such RTJ noise. To
effectively control the RTJ noise, the experimental parameters of the SSFS process
needs to be optimized. In the next section, we show two strategies for minimizing
the noise transfer of the SSFS process, especially the RIN-RTJ transfer.

2.3.3 Minimizing the noise transfer of SSFS
Noise transfer of SSFS at different fiber length

The rate of red-shifting during the SSFS process is related with the pulse energy of
the corresponding RS pulse [41,42], and, therefore, the center wavelength of the RS
pulse can be continuously tuned by changing the input pulse energy. Meanwhile,
the use of a longer PCF can also lead to a stronger wavelength shift for the RS
pulses, and, therefore, a different combination of the PCF length and the input
pulse energy can result in the same amount of wavelength shift. Therefore, the
PCF length becomes a controlling variable for optimizing the noise transfer of the
SSFS process.

For example, by setting the pulse energy of the input pulse at 1.26-nJ, 0.91-nJ,
0.56-nJ, and 0.372-nJ, PCF-945 with a fiber length of 15-cm, 25-cm, 50-cm and
100-cm can shift a 250-fs input pulse from 1030-nm to 1200-nm. Figure 2.7 shows
the spectral temporal evolution of the input pulse inside PCF-945 with different
fiber length. At the output, all 1st-order RS pulses have a center wavelength of
1200-nm. These RS pulses have a pulse energy of 0.295-nJ, 0.230-nJ, 0.174-nJ, and
0.134-nJ, respectively. The corresponding energy conversion efficiency is 23.4%,
25.4%, 31.1%, and 36.0%. The use of a longer PCF has the advantage of achieving
a higher energy conversion efficiency. Meanwhile, as shown in the time-distance
graph, for each process, RS pulse accumulates different amount of time delay
during the SSFS process. The exiting time of these RS pulses is T15cm = 398.4 fs,
T25cm = 768.3 fs, T50cm = 1685.4 fs, and T100cm = 3642.2 fs, respectively. The
information for these SSFS processes is also summarized in Table 2.1.

Different combination of launching conditions (input pulse energy and PCF
length) leads to the same amount of wavelength shift, and, the output RS pulse has
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2.3. Soliton self-frequency shift (SSFS)

(a) 1.26-nJ input pulse energy, 15-cm PCF (b) 0.91-nJ input pulse energy, 25-cm PCF

(c) 0.56-nJ input pulse energy, 50-cm PCF (d) 0.372-nJ input pulse energy, 100-cm PCF

Figure 2.7: SSFS in PCF-945 under different launching conditions.

All SSFS processes shift the input pulses from 1030-nm to 1200-nm. The input
pulse has a pulse duration of 250-fs and a center wavelength of 1030-nm.
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λRS (nm) L (cm) RIN-RTJ (fs/%) Ein (nJ) ERS (nJ) Conv. eff. (%)

1150
25 6.88 0.610 0.192 31.5
50 14.74 0.376 0.141 37.6
100 29.33 0.240 0.108 44.8

1200

15 6.84 1.260 0.296 23.4
25 10.93 0.910 0.231 25.4
50 20.41 0.560 0.174 31.0
100 44.07 0.370 0.133 36.0

1300

15 8.84 2.220 0.402 18.1
25 24.96 1.470 0.319 21.7
50 43.94 1.050 0.234 22.3
100 64.16 0.720 0.180 25.0

Table 2.2: SSFS in PCF-945 with different fiber length

a different exiting time, which means the RIN-RTJ noise transfer of each process
is also different. To study the RIN-RTJ noise transfer at different fiber length, we
use the same numerical approach as we performed previously. We set the length
of PCF-945 at 15-cm, 20-cm, 50-cm and 100-cm. Other pulse parameters remain
unchanged. For a more systematic study, two more RS wavelengths (1150-nm
and 1300-nm) are added into the comparison. If such RS pulses seed a difference
frequency generation (DFG) with pump pulses centered at 1030-nm, they generate
the output idler pulses at 9.87/7.27/4.95-µm, respectively.

We calculate the RIN-RTJ and RIN-RIN noise transfer for a 15/25/50/100-cm-
long PCF-945 generating RS pulses at 1150/1200/1300-nm. The results are plotted
in Fig. 2.8. The relative intensity of the input is varied between ±2% and all traces
in the figures exhibit a linear trend, meaning the linear perturbation assumption
is valid. For 15-cm PCF-945, it is not possible to produce a well-isolated RS pulse
at 1150-nm and there is no data for it.

For all target RS wavelengths, the use of a shorter PCF introduces less RTJ
to the output RS pulses. Meanwhile, different fiber length leads to a marginally
different RIN at the output. For 1150-nm RS, the minimum noise transfer rate
is 6.88 fs/% for 25-cm-long PCF-945; for 1200-nm RS, the minimum is 6.84 fs/%
for 15-cm-long PCF-945; and for 1300-nm RS, the minimum is 8.84 fs/% for 15-
cm-long PCF-945. Conversely, when 100-cm-long PCF-945 is in use, it introduces
the largest amount of RTJ noise, which is about 7/5 times higher compared with
15/25-cm-long PCF.

Table 2.2 summarizes the RIN-RTJ transfer rate, together with the RS pulse
energy and the energy conversion efficiency for the SSFS process at different fiber
length. Apparently, the use of a shorter PCF achieves a substantial reduction on
the RIN-RTJ noise transfer. Consider the total amount of wavelength shift is the
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(b) RIN-RIN transfer for 1150-nm RS
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(c) RIN-RTJ transfer for 1200-nm RS
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(d) RIN-RIN transfer for 1200-nm RS
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(e) RIN-RTJ transfer for 1300-nm RS
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(f) RIN-RIN transfer for 1300-nm RS

Figure 2.8: Noise transfer of SSFS in PCF-945 with different fiber length.
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Chapter 2. Investigation of nonlinear fiber-optic wavelength-shifting

same for all SSFS processes, a “faster” red-shifting process produces a “quieter”
output RS pulse with less RTJ noise. The use of a shorter fiber also produces
more pulse energy in the RS pulses, which facilitates the generation of high-power,
offset-free frequency combs. The use of a longer fiber can lead to a higher energy
conversion efficiency, making it a good candidate when there is a limited output
power from the master laser system.

Noise transfer of SSFS in different fiber

In the experiment, the noise transfer of the SSFS process can be also optimized
by utilizing different PCF for hosting SSFS. Having a different design in the ge-
ometry (lattice pitch, air hole shape and diameter), refractive index, and type of
lattice, different PCFs exhibit different dispersive characteristic, which is crucial
for determining the noise transfer of the SSFS process. We choose to compare
three PCFs: PCF-850, PCF-945 and PCF-975. The specifications of these PCFs
are listed in Appendix A. The dispersion map for PCF-850 and PCF-975 can be
found in Fig. 2.1. These PCFs have a zero dispersion wavelength (ZDW) at 850-
nm, 945-nm, and 975-nm, respectively. Previous study has shown that the use
of a shorter PCF can minimize the RIN-RTJ noise transfer. Thus we choose the
length of fiber to be 15 cm and 25 cm. RS wavelength is still set at 1150-nm,
1200-nm, and 1300-nm. Other pulse parameters remain unchanged. Among these
fibers, 15-cm-long PCF-975 is unable to produce a well-isolated RS pulse in the
time domain. Thus we do not plot any trace for it.

Figure 2.9 plots the noise transfer of the SSFS process in 15-cm-long PCFs
and Figure 2.10 plots the noise transfer of the SSFS process in 25-cm-long PCFs.
Consider the input pulse has a center wavelength of 1030-nm, apparently PCF
with a ZDW closer to the input pulse wavelength has less RIN-RTJ noise transfer.
If same PCF is used, a shorter fiber (15-cm) introduces less RTJ noise. Table 2.3
summarizes the RIN-RTJ noise transfer for these PCFs. As shown, 15-cm-long
PCF-945 can achieve a lowest RIN-RTJ noise transfer of 6.84 fs/% for 1200-nm
RS, and 8.84 fs/% for 1300-nm RS. 25-cm-long PCF-975 achieves a lowest RIN-
RTJ noise transfer of 4.0 fs/% for 1150-nm RS. Among these PCFs, PCF-975 has
the largest mode-field diameter (MFD) of 3.3-µm, and, therefore, it requires the
highest input pulse energy to achieve the same amount of wavelength shift. The
energy conversion efficiency for PCF-975 is about 50% lower than the efficiency for
PCF-850.

During SSFS processes, the instantaneous frequency of the RS pulse is contin-
uously red-shifting, which grants a changing group velocity due to the fiber disper-
sion. Since the group velocity dispersion (GVD) coefficient β2 is the second-order
derivative of the propagation wave vector β(ω), a smaller β2 leads to a reduced
group velocity difference, assuming the frequency shift ΩRS is the same during the
SSFS process. Consequently, a smaller β2 leads to less relative time delay between
the input pulse and the RS pulse. The dispersion maps of PCFs (Fig. 2.1) show
that PCF-975 has the lowest |β2| from 1030-nm to 1200-nm, and, therefore, the RS
pulse accumulates the least amount of time delay TRS during the SSFS process.
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Figure 2.9: Noise transfer of SSFS in 15-cm-long PCFs.
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Figure 2.10: Noise transfer of SSFS in 25-cm-long PCFs.
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2.3. Soliton self-frequency shift (SSFS)

λRS (nm) PCF type RIN-RTJ (fs/%) Ein (nJ) ERS (nJ) Conv. eff. (%)

1150 PCF-850 7.23 0.527 0.170 32.2
PCF-945 N/A N/A N/A N/A

1200 PCF-850 13.4 0.745 0.200 26.8
PCF-945 6.84 1.260 0.296 23.4

1300 PCF-850 22.8 1.180 0.259 22.0
PCF-945 8.84 2.220 0.402 18.1

SSFS in PCF with a fiber length of 15-cm.

λRS (nm) PCF type RIN-RTJ (fs/%) Ein (nJ) ERS (nJ) Conv. eff. (%)

1150
PCF-850 12.7 0.326 0.133 40.7
PCF-945 6.9 0.610 0.192 31.5
PCF-975 4.0 0.930 0.223 23.5

1200
PCF-850 16.6 0.495 0.157 31.8
PCF-945 10.9 0.910 0.230 25.4
PCF-975 6.9 1.650 0.260 15.5

1300
PCF-850 38.8 0.880 0.208 23.6
PCF-945 25.0 1.470 0.319 21.7
PCF-975 15.1 4.000 0.385 9.4

SSFS in PCF with a fiber length of 25-cm.

Table 2.3: SSFS in different PCFs

TRS is also the least sensitive with respect to the fluctuation of the input pulse
energy, leading to a minimized RIN-RTJ noise transfer.

2.3.4 Summary of SSFS
In conclusion, SSFS is able to shift the center wavelength of the input pulse from
1030-nm to 1300-nm. The generated RS pulse can be freely tuned from 1150-
nm to 1300-nm by varying the input pulse energy, which enables the generation
of wavelength-tunable mid-IR frequency combs via DFG. RS pulse has a pulse
duration of ∼40-fs and a pulse energy of <1-nJ. Under the influence of the relative
intensity noise (RIN) at the input, the resulting RS pulses have a large relative
timing jitter (RTJ) with respect to the input pulses. Using non-optimal setups, a
1% input intensity fluctuation leads to a >60-fs timing error at the output. If the
RS pulses are used for seeding a DFG, such large RTJ will harness the performance
of the resulting frequency comb lasers by deteriorating the comb stability. Through
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Chapter 2. Investigation of nonlinear fiber-optic wavelength-shifting

numerical investigations on the SSFS processes, we find that the experimental
parameters can be optimized in two routes in order to minimize the RIN-RTJ
noise transfer:
• Use a shorter PCF and a higher input pulse energy. A proper combination of

the fiber length and the input pulse energy can achieve the same amount of
wavelength shift. In a shorter fiber configuration, the RS pulse has a faster
wavelength shifting and a reduced net group delay. Using 15-cm-long PCF-945,
the RIN-RTJ noise transfer can be minimized to 9 fs/% (1% intensity fluctuation
at the input leads to 9-fs RTJ at the output).
• Using PCF with a zero dispersion wavelength (ZDW) closer to the center wave-

length of the input pulse. PCF-975 has a smaller |β2| compared with PCF-945
and PCF-850. In the SSFS process, a smaller |β2| results in less difference
between the group velocities of the input pulse and the RS pulse so that RS
accumulates less relative time delay during the SSFS process. The RIN-RTJ
noise transfer can be thus minimized to a rate of 4 fs/%.

2.4 Self-phase-modulation enabled spectral selec-
tion (SESS)

Apart from using the delay nonlinear response of fused silica fibers (e.g., stimu-
lated Raman scattering) to achieve wavelength shifting, the instantaneous response
(e.g., Kerr nonlinearity) can also shift the center wavelength of the input pulse via
self-phase-modulation (SPM) effect. In soliton self-frequency shift (SSFS), the
nonlinear phase balances with the dispersive phase, and, therefore, the pulse en-
ergy of the RS pulse is normally capped under nano-joule level. On the other hand,
SPM-enabled spectral selection (SESS) method does not require such phase bal-
ance and it has a much more straight-forward realization compared with SSFS [51].
Preferably, only a pure Kerr nonlinearity is needed in SESS. SPM can expand the
bandwidth of the input pulse by few orders of magnitude. Due to its simple physi-
cal mechanism, the range of experimental parameters (pulse energy, pulse duration
and the choice of fiber) for SESS is also larger compared with SSFS. Moreover, it
is possible to scale the pulse energy of the wavelength-shifted pulse by reducing
the length of the fiber for SESS.

The key component for SESS is the large mode area (LMA) fiber, which en-
ables single mode pulse propagation with a reduced fiber nonlinearity and a higher
damage threshold [52] [53]. Compared with conventional single mode fibers whose
mode field area (MFA) is at the order of tens of µm2, LMA fibers have a MFA of
hundreds or more than thousands of µm2. It leads to applications such as ampli-
fying an intense laser or amplifying single frequency signal, where the elimination
of fiber nonlinearity is always welcomed. On the other hand, by proper controlling
the fiber nonlinearity, LMA fibers can be also used for building wavelength-tunable
ultrafast sources. Using LMA fibers, SESS has been used to construct wavelength-
shifted sources for biological studies, for example, deep tissue imaging [54] [55].
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2.4. Self-phase-modulation enabled spectral selection (SESS)

(a) Pulse energy fixed at 50-nJ (b) LMA-8 fixed at 10-cm-long

Figure 2.11: Spectral evolution with SPM effect only.

1030-nm, 250-fs pulse propagates inside a LMA-8 fiber with only SPM effect.
(a) Spectral evolution when the pulse energy is fixed at 50 nJ. (b) Spectral evolu-
tion when LMA-8 is fixed at 10-cm. The input pulse energy varies from 0 to 100-nJ.

Benefitted by the high peak power and the high pulse energy at the output, SESS
is also a good candidate for providing wavelength-shifted signal pulses for seeding
difference frequency generation (DFG) lasers [36].

To study SESS process in LMA fibers, we first re-visit the generalized nonlin-
ear Schrödinger equation (GNLSE) that governs the spectral temporal evolution
for femtosecond pulse propagation. In GNLSE (Eq. 2.1), the left-hand side terms
model all linear effects such as fiber dispersion and linear gain/loss. Since these
effects only change the pulse profile in the time domain, the dispersive pulse prop-
agation does not lead to any spectrum broadening. The right-hand side terms in
GNLSE model the nonlinear responses from the fiber, such as SPM, self-steepening
and stimulated Raman scattering (SRS). If we discard all the dispersive terms and
only consider the SPM effect, GNLSE reduces to

∂A

∂z
= iγ |A|2A. (2.10)

Equation 2.10 has an analytical solution of A(z, T ) = A(0, T ) · exp(i · γ |A|2 z),
which gives the spectral evolution of an optical pulse with pure SPM effect.

We first consider the case when a 1030-nm, 250-fs sech2 pulse with a fixed pulse
energy of 50-nJ propagates through a 10-cm-long LMA-8 fiber. The specification of
LMA-8 fiber can be found in Table A.2. Figure 2.11(a) plots the spectral evolution
of the pulse along the fiber. The pulse accumulates nonlinear phase along the pulse
propagation, translating to a spectral broadening from a single lobe to multiple,
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Chapter 2. Investigation of nonlinear fiber-optic wavelength-shifting

well-isolated spectral lobes. This is a signature sign of SPM effect. The spectrum is
continuously broadening in both directions in the spectral domain. At the distance
of 10 cm, the right-most lobe of the spectrum has a center wavelength of 1250 nm.
The left-most lobe of the spectrum is centered at 875 nm. Both lobes carry about
11 nJ pulse energy, 22% of the input pulse energy.

We then calculate the case where the LMA-8 fiber is fixed at 10-cm-long. The
input pulse energy varies from 0 to 100-nJ. Figure 2.11(b) plots the spectral evo-
lution against the increasing pulse energy. Since the nonlinear phase increases in
proportion to the input pulse energy, the resulting right/left-most lobe has more
red/blue-shift. In other words, the center wavelength of the right/left-most lobe
can be continuously tuned by changing the input pulse energy.

This example shows the spectral broadening when only SPM effect is taken
into consideration. By inserting a long-pass/short-pass filter at the output, the
filtered right-most/left-most lobe forms a source whose center wavelength is red-
shifted/blue-shifted with respect to the input pulses. Since a DFG laser requires
signal pulses at a longer center wavelength, we only consider the right-most lobe
in the following study of SESS.

During the SESS process, if we do not consider any dispersion effect, the net
nonlinear phase can be written as

ΦNL = γ · P0 · L = n2ω0

cAeff
· P0 · L, (2.11)

where P0 stands for the peak power of the input pulse and L the length of the
SESS fiber. Equation 2.11 shows that, in addition to scale the pulse energy of the
SESS pulse by increasing Aeff , a reduction of the fiber length can also scale the
pulse energy. As long as the product P0 · L is the same, the net nonlinear phase
is the same and the resulting right-most spectra lobe has the same amount of
wavelength shift. Consequently, the pulse energy of the SESS pulse can be scaled
by shortening the SESS fiber length [51].

2.4.1 An example of SESS in LMA-8
After adding the corresponding dispersive terms and the non-instantaneous non-
linear response terms to GNLSE, we calculate a practical SESS process inside a
10-cm-long LMA-8 fiber. The dispersion map for LMA-8 is plotted in Fig. 2.12.
The input pulse is a 1030-nm, 78-nJ, 250-fs sech2 pulse. We solve GNLSE using
the standard split-step Fourier method and we plot the spectral temporal profiles
of the input/output pulses in Fig. 2.13(a) and 2.13(b). During the SESS process,
the pulse undergoes a SPM-dominated pulse evolution and the output spectrum
develops 20 lobes. The right-most lobe centered at 1200-nm can be filtered by
inserting a long-pass filter of 1170-nm at the output. The filtered spectrum and
the corresponding temporal pulse profile are plotted by red solid lines in the fig-
ures. The filtered spectrum centered at 1200-nm has a 3-dB spectral bandwidth
of ∼36-nm and the filtered pulse has a pulse duration of 65-fs, a pulse energy of
10.4-nJ, and a peak power of 140.7-kW. The energy conversion efficiency for this
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Figure 2.12: Dispersion map for LMA-8/10/15.

process is 13.3%. Consider the input pulse has a bandwidth of 5-nm, SESS process
can shift the center wavelength of the input pulse from 1030-nm to 1200-nm, and
broaden the optical spectrum by a factor of 7 at the same time. Figure 2.13(c)
plots the filtered pulse profile, together with its TL-form and compressed form.
Due to the use of a short fiber, the filtered SESS pulse is quasi-transform limited
(TL) with a pulse duration of 50-fs, reaching 90% peak intensity of the TL pulse.

To further demonstrate the pulse evolution during the SESS process, we plot
the spectral temporal pulse evolution along the fiber in Fig. 2.14(a) and 2.14(b).
The length of LMA-8 fiber further extends to 15-cm. The spectral temporal pulse
profiles at several signature distances (0 cm, 3 cm, 6 cm, 9 cm, 12 cm, and 15 cm)
are plotted in Fig. 2.14(c) and 2.14(d). As plotted in Fig. 2.11(b), When the input
pulse energy is 78-nJ, a 10-cm-long LMA-8 fiber with no dispersion and SRS is able
to shift the right-most spectral lobe from 1030-nm to 1400-nm. With the inclusion
of the fiber dispersion and SRS effect, the right-most lobe only shifts to 1200-nm.
As shown in Fig. 2.14(c), the optical spectrum has a bandwidth of >300-nm at
9 cm. In the time domain, the dispersive phase caused by such large bandwidth
leads to a distorted pulse profile, which is termed as optical wave breaking [40].
Further extending the length of the fiber to 15-cm only results a marginally broader
spectrum.

LMA-8 fiber has a zero dispersion wavelength (ZDW) at around 1175-nm. It
exhibits normal dispersion at <1175-nm and anomalous dispersion at >1175-nm.
When the SPM-dominated spectrum broadening has shifted the right-most lobe
over the ZDW, the pulse enters the “soliton” regime where soliton-related dynamics
dominates the pulse evolution and soliton self-frequency shift (SSFS) takes place.
It is noteworthy that when the spectral components are at both side of ZDW, they
can exchange pulse energy via dispersive wave (DW) generation, which introduces
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Figure 2.13: Output of 78 nJ, 250 fs pulse in a 10-cm-long LMA-8.

(a) Spectral intensity profile. The right-most lobe has a center wavelength of
1200-nm. (b) Temporal intensity profile. The filtered pulse is quasi-transform-
limited (TL). (c) The compression of the SESS pulse.

excessive phase noise and degrade the coherence of the spectrum [44].
When the SPM effect is dominating the spectral evolution, the spectrum broad-

ening is in proportion to the nonlinear SPM phase (Eq. 2.11). The spectrum
broadening caused by SPM can be also understood as a photon-photon interaction
where 2 · ω2 = ω1 + ω3 (ω1 < ω2 < ω3). The cross section of this transformation
is in proportion to the pulse energy. However, when the soliton-related dynamics
is dominating the pulse evolution, the intra-pulse SRS is a photon-phonon inter-
action where a pump photon translates to a Stoke photon during the process,
ωp = ωs + Ωvib. The rate of the SSFS wavelength shifting is thus in proportion
to the cross section of SRS, much lower compared with SPM. Consequently, the
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(a) Spectral domain profile (2D) (b) Time domain profile (2D)
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Figure 2.14: Evolution of 78 nJ, 250 fs pulse in a 15-cm-long LMA-8.

(a) Spectral domain pulse evolution along the fiber. The white dashed line shows
the cut-off wavelength of the long-pass filter. (b) Time domain pulse evolution
along the fiber. (c) Spectral domain pulse profile at signature distances. (d) Time
domain pulse profile at signature distances.
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Figure 2.15: Output of 156 nJ, 250 fs pulse in a 5-cm-long LMA-8.

(a) Spectral intensity profile. The right-most lobe has a center wavelength at
1230-nm. (b) Temporal intensity profile. The filtered pulse is quasi-transform-
limited (TL). (c) The compression of SESS pulse.

right-most spectral lobe has a much slower wavelength shifting when the spectrum
crosses the ZDW and enters the “soliton” regime. Optimally, LMA-fiber length
should be cropped to ensure that SPM is dominating the spectral evolution. This
also limits an effective wavelength shift of the SESS pulses after they enter the
“soliton” regime.

To demonstrate the energy scalability of SESS, we change the launching con-
dition into an input pulse energy of 156-nJ and a LMA-8 fiber length of 5-cm.
According to Eq. 2.11, the net nonlinear phase for SESS remains the same as long
as the product between the input pulse energy and the fiber length is unchanged.
Figure 2.15 plots the spectral temporal profiles of the input/output pulse and the
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2.4. Self-phase-modulation enabled spectral selection (SESS)

(a) Spectral domain profiles (b) Time domain profiles

Figure 2.16: SESS process in a 10-cm-long LMA-8.

SESS process in a 10-cm-long LMA-8 fiber generates a wavelength-shifted pulse
centered at 1150/1175/1200-nm. (a) Spectral domain pulse profiles. (b) Time
domain pulse profiles.

corresponding SESS pulse compression. Due to a reduction of fiber length, SESS
process has less dispersion effect. As a result, the right-most lobe centers at 1230-
nm (1200-nm in 10-cm-long LMA-8). By inserting a long-pass filter at 1194-nm,
the filtered SESS spectrum has a 3-dB bandwidth of ∼40-nm. The filtered pulse
carries 24.6-nJ pulse energy (10.4-nJ in10-cm-long LMA-8), corresponding to an
energy conversion efficiency of 15.8% (13.3% in 10-cm-long LMA-8). After the
pulse compression, the compressed SESS pulse can have a peak power of >400-
kW (175-kW in 10-cm-long LMA-8). Compared with SSFS, SESS can achieve an
energy scaling by cutting down the fiber length. The generated SESS pulses can
have tens of nanojoules in pulse energy and hundreds of kilowatts in peak power.

2.4.2 Noise transfer and energy scaling of SESS
In this section, we investigate SESS processes in different LMA fibers with differ-
ent fiber length, with a particular emphasis on the noise transfer and the energy
scalability of SESS. We compare SESS and SSFS in their capability of generating
wavelength-shifted signal pulses for seeding DFG processes.

SESS in a 10-cm-long LMA-8

Using a 10-cm-long LMA-8 fiber, the center wavelength of the right-most spectral
lobe can be tuned by changing the pulse energy of the input pulse. When the
input pulse energy is 55/67/78-nJ, the generated wavelength-shifted SESS pulse
centers at 1150/1175/1200-nm. Figure 2.16 plots the spectral temporal profiles of
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Figure 2.17: Noise transfer of SESS in a 10-cm-long LMA-8.

Noise transfer in a 10-cm-long LMA-8 fiber. (a) RIN-RTJ noise transfer. (b)
RIN-RIN noise transfer. (c) SESS center wavelength versus input pulse energy.
(d) SESS pulse timing versus input pulse energy.

the output pulse and the filtered SESS pulse. All SESS pulses have a quasi-TL
form. The SESS pulses have a pulse energy of 8.9/9.6/10.3-nJ, corresponding to
an energy conversion efficiency of 14.4%/14.4%/13.2%, respectively. If the SESS
pulses are frequency mixed with pump pulses centered at 1030-nm, the generated
mid-IR idler pulses center at 9.87/8.35/7.27-µm.

When the intensity of the input pulse is fluctuating, the resulting SESS pulse
has a temporal position fluctuation and an intensity fluctuation. To study the
noise transfer of SESS processes inside a 10-cm-long LMA-8 fiber, we perform
similar calculations as in the study of SSFS. The results are plotted in Fig. 2.17.
Figure 2.17(a) shows that when the input intensity is fluctuating by ±2%, the
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resulting SESS pulse has a relative timing jitter of <1-fs, 80 time lower compared
with the SSFS process inside a 100-cm-long PCF-945 (Fig. 2.8). Figure 2.17(b)
shows that ±2% input intensity fluctuation leads to about ±1% output intensity
fluctuation, indicating SESS has a similar RIN-RIN noise transfer compared with
SSFS.

In SSFS, RS pulses are propagating in the anomalous dispersion regime for the
entire process. Since a higher input pulse energy can increase the amount of red-
shift, the resulting RS accumulates more group delay because of the negative GVD
β2. Therefore, RIN-RTJ curves for SSFS process have a positive slope. For SESS
process, when the pulse is propagating in the normal dispersion regime, a higher
input pulse energy can increase the net nonlinear phase, further red-shift the SESS
pulse and result in less group delay due to the positive β2. If the center wavelength
of the SESS pulse is in the normal dispersion regime, for example, 1150-nm, the
RIN-RTJ noise transfer has a negative slope (-0.5 fs/% for 1150-nm). If the center
wavelength of the SESS pulse is in the anomalous dispersion regime, the RIN-RTJ
noise transfer has a positive slope (+0.5 fs/% for 1200-nm). If the SESS pulse has
a center wavelength close to the ZDW of the LMA fiber, SESS process features a
minimized RIN-RTJ noise transfer with a slope close to zero.

Figure 2.17(c) plots the center wavelength of the SESS pulse when the input
pulse energy varies from 50-nJ to 80-nJ. The SESS wavelength scales linearly
with respect to the input pulse energy in the range from 1140-nm to 1210-nm.
Figure 2.17(d) plots the corresponding timing position of the SESS pulse versus
SESS wavelength. The first-order derivative of this curve is in proportion to the
RIN-RTJ noise transfer rate. Apparently, SESS process features a minimized RIN-
RTJ noise transfer when the center wavelength of the SESS pulse is 1185-nm.

SESS in LMA-8 with different fiber length

Similar with SSFS, we expect the RIN-RTJ noise transfer of SESS process can be
minimized by using a shorter fiber. We perform calculations by setting the length of
LMA-8 at 5-cm and SESS wavelength at 1150/1175/1200-nm. The corresponding
input pulse energy for the SESS process is 95/117/135-nJ, respectively. Figure 2.18
plots the noise transfer of SESS inside a 5-cm-long LMA-8. The RIN-RTJ noise
transfer is reduced by using a shorter LMA fiber. The RIN-RIN noise transfer
is marginally larger. Table 2.4 summarizes the RIN-RTJ noise transfer rate for
LMA-8 fiber at 5-cm and 10-cm, together with the pulse energy of the SESS pulse
and the corresponding energy conversion efficiency. Using a 5-cm-long LMA-8
fiber, the RIN-RTJ noise transfer is optimized to 0.32 fs/% for generating 1200-
nm SESS pulses, meaning 1% intensity fluctuation at the input leads to <0.32-fs
timing fluctuation of the SESS pulse, 20 times lower compared with SSFS in a
15-cm-long PCF-945 (results shown in Table 2.2).

Moreover, since the SESS pulse is not limited by the soliton area theorem,
its pulse energy can exceed tens of nanojoules, two orders of magnitude higher
compared with the RS pulse from SSFS (22.8 nJ versus 0.296 nJ). The pulse energy
of the SESS pulse can be scaled by cropping LMA fiber length and increasing the
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Figure 2.18: Noise transfer of SESS in a 5-cm-long LMA-8.

Noise transfer in a 5-cm-long LMA-8 fiber. (a) RIN-RTJ noise transfer. (b)
RIN-RIN noise transfer.

λSESS (nm) L (cm) RIN-RTJ (fs/%) Ein (nJ) ESESS (nJ) Conv. eff. (%)

1150 5 -0.16 95.0 18.7 19.7
10 -0.51 55.0 8.9 16.1

1175 5 0.06 117.0 21.0 18.0
10 -0.16 67.0 9.6 14.4

1200 5 0.32 135.0 22.8 16.9
10 0.52 78.0 10.3 13.2

Table 2.4: SESS in LMA-8 with different fiber length

input pulse energy. A reduction of the LMA fiber length also results in less net
dispersion effect, leading to a higher energy conversion efficiency. Conversely, SSFS
process has a higher energy conversion when SSFS is configured with a longer fiber
and a lower input pulse energy.

SESS in different LMA fibers

The pulse energy of the SESS pulse can be further scaled by utilizing LMA fibers
with a larger mode field area (MFA). We choose two more LMA fibers into the
comparison: LMA-10 and LMA-15. The specifications and dispersion map for
these two fibers can be found in Table A.2 and Fig. 2.12. We calculate SESS
processes with the LMA fiber length fixed at 5-cm. SESS process generates an
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Figure 2.19: Noise transfer of SESS in LMA-10 and LMA-15.

RIN-RTJ noise transfer in LMA-10 and LMA-15 is calculated. (a) 5-cm-long
LMA-10 fiber. (b) 5-cm-long LMA-15 fiber.

λSESS (nm) LMA type RIN-RTJ (fs/%) Ein (nJ) ESESS (nJ) Conv. eff. (%)

1150
LMA-8 -0.16 95.0 18.7 19.7
LMA-10 -0.35 132.0 25.2 19.1
LMA-15 -0.59 302.0 55.3 18.0

1175
LMA-8 0.06 117.0 21.0 18.0
LMA-10 -0.18 162.0 28.2 17.1
LMA-15 -0.51 374.0 62.1 16.3

1200
LMA-8 0.32 135.0 22.8 16.9
LMA-10 0.02 191.0 30.9 16.2
LMA-15 -0.34 446.0 68.5 15.0

Table 2.5: SESS in LMA-8, LMA-10 and LMA-15

output pulse centered at 1150/1175/1200-nm.
Figure 2.19 plots the RIN-RTJ noise transfer for these two fibers. Due to a

different dispersion map, LMA-10 and LMA-15 exhibits different RIN-RTJ noise
transfer compared with LMA-8. LMA-10 has a ZDW of 1195-nm and LMA-15
has a ZDW of 1240-nm. The RIN-RTJ noise transfer curve has a negative slope
when the center wavelength of the SESS pulse is at 1150/1175/1200-nm. The
absolute value of the slope (RIN-RTJ noise transfer rate) decreases when the SESS
wavelength increases from 1150-nm to 1200-nm.
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Chapter 2. Investigation of nonlinear fiber-optic wavelength-shifting

Table 2.5 summarizes the RIN-RTJ noise transfer rate for 5-cm-long LMA-
8/LMA-10/LMA-15 fibers, together with the pulse energy of the SESS pulse and
the corresponding energy conversion efficiency. Using a 5-cm-long LMA-15 fiber,
1150-nm SESS pulse has >55-nJ in pulse energy with an energy conversion effi-
ciency of 18.0%. Later we show in Chapter 3 that, if such signal pulses mix with
1030-nm, 200-nJ pump pulses inside a 2-mm-long GaSe, the generated idler pulses
have >1.3-nJ pulse energy centered at 10-µm, corresponding to an average output
power of 40-mW at 30-MHz. When the repetition rate of the laser system is stabi-
lized, such long-wave, high-power, low-noise frequency comb is promising in many
spectroscopic applications.

2.4.3 Comparison between SESS and SSFS

To compare SESS processes and SSFS processes, we calculate the generation of
wavelength-shifted signal pulses spanning from 1164-nm to 1208-nm. If such signal
pulses are frequency mixed with pump pulses centered at 1030-nm in a DFG setup,
the generated mid-IR idler pulses have a center wavelength from 7-µm to 11-µm.
For SESS process, we choose 5-cm-long LMA-8/LMA-10/LMA-15 fibers. For SSFS
process, we choose a 25-cm-long PCF-975. Such choice is able to minimize the
RIN-RTJ noise transfer according to previous investigations. The corresponding
RIN-RTJ noise transfer, signal pulse energy, and the energy conversion efficiency
are calculated and the results are plotted in Fig. 2.20.

The results shows that both processes can generate the wavelength-shifted sig-
nal pulse for seeding a DFG. Compared SSFS, SESS has the following features:

• SESS has a significantly reduced RIN-RTJ noise transfer compared with SSFS.
When the input pulse has 1% intensity fluctuation, an optimized SSFS process
still introduces ∼5-fs relative timing jitter to the output RS pulse. Meanwhile,
SESS process introduces an additional timing jitter of <0.5-fs, 20 times less
compared with SSFS. This result is also consistent with experimental measure-
ments [56, 57]. Wavelength-shifted signal pulses with low timing jitter noise is
favorable for generating low-noise mid-IR frequency comb via DFG.

• Not limited by the soliton area theorem, SESS process is able to generate signal
pulses with a pulse energy of >50-nJ. For SSFS process, the generated signal
pulses have a pulse energy of <0.3-nJ. We show later in Chapter 3 that, the key
for realizing high-power mid-IR frequency comb is to increase the pulse energy
of the signal pulses to the same level of pump pulses. In this respect, SESS is a
better candidate for generating signal pulses with >50-nJ pulse energy.

• Both SESS and SSFS process has an energy conversion efficiency of∼15%. When
the signal pulse has less wavelength shift, the conversion efficiency is marginally
higher.

40



2.4. Self-phase-modulation enabled spectral selection (SESS)

7 8 9 10 11

Idler wavelength ( m)

-0.5

0

0.5

1

R
IN

-R
T

J 
tr

an
sf

er
 (

fs
/%

) LMA-8
LMA-10
LMA-15

(a) RIN-RTJ transfer of SESS

7 8 9 10 11

Idler wavelength ( m)

3

4

5

6

7

8

R
IN

-R
T

J 
tr

an
sf

er
 (

fs
/%

) PCF-975

(b) RIN-RTJ transfer of SSFS

7 8 9 10 11

Idler wavelength ( m)

0

20

40

60

80

S
E

S
S

 p
ul

se
 e

ne
rg

y 
(n

J) LMA-8
LMA-10
LMA-15

(c) SESS pulse energy

7 8 9 10 11

Idler wavelength ( m)

0

0.1

0.2

0.3

0.4

R
S

 p
ul

se
 e

ne
rg

y 
(n

J)

PCF-975

(d) RS pulse energy

7 8 9 10 11

Idler wavelength ( m)

14

16

18

20

22

24

26

C
on

ve
rs

io
n 

ef
fic

ie
nc

y 
(%

)

LMA-8
LMA-10
LMA-15

(e) Conversion efficiency of SESS

7 8 9 10 11

Idler wavelength ( m)

14

16

18

20

22

24

26

C
on

ve
rs

io
n 

ef
fic

ie
nc

y 
(%

)

PCF-975

(f) Conversion efficiency of SSFS

Figure 2.20: Comparison between SESS and SSFS.

SESS in 5-cm-long LMA-8/LMA-10/LMA-15 fibers is compared with SSFS in a
25-cm-long PCF-975. (a) RIN-RTJ noise transfer for SESS. (b) RIN-RTJ noise
transfer for SSFS. (c) SESS pulse energy. (d) RS pulse energy. (e) SESS energy
conversion efficiency. (f) SSFS energy conversion efficiency.
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2.5 Summary of the chapter
In this chapter, we investigated two nonlinear fiber-optic wavelength shifting meth-
ods, soliton self-frequency shift (SSFS) and self-phase-modulation enabled spectral
selection (SESS), with a particular emphasis on the noise transfer characteristics
for both processes. For SSFS process, the generated wavelength-shifted signal
pulses feature a relative low pulse energy of <1-nJ. During the SSFS process, an
excessive amount of relative timing jitter is introduced to the signal pulses due to
the large net group delay during the process. By using a shorter fiber and a PCF
with a zero-dispersion-wavelength (ZDW) closer to the center wavelength of the
input pulse, the noise transfer from the relative intensity noise (RIN) at the input
to the relative timing jitter (RTJ) noise at the output can be minimized from a
rate of >50 fs/% to <5 fs/%.

Compared with SSFS, SESS is a better candidate for generating wavelength-
shifted signal pulses with a >50-nJ pulse energy and a ∼20 times less RIN-RTJ
noise transfer. By shortening down the fiber length or increasing the fiber mode
field area (MFA), the pulse energy of the wavelength-shifted SESS pulse can be
further scaled up to hundreds-of-nanojoules. The wavelength-shifted SESS pulses
with a high pulse energy and a low relative timing jitter noise can facilitate the
generation of high-power, low-noise mid-IR frequency combs by using a difference
frequency generation (DFG) setup. In the next chapter, we study the power scal-
ability of DFG-based mid-IR frequency combs.
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Chapter 3

Power scalability of DFG-based
mid-IR frequency combs

3.1 Introduction

Due to the lack of active gain media, the implementation of long-wavelength “fin-
gerprint” mid-infrared (mid-IR) frequency combs relies heavily upon the use of
parametric frequency down-conversion from mature near-infrared (NIR) sources [16,
17] via difference frequency generation (DFG). Currently, mid-IR frequency combs
in the “fingerprint” region (especially for wavelengths beyond 10 µm) still suffer
from low available average power, which leads to a reduced signal-to-noise ratio
(SNR) for detection and, therefore, severely limits their use in practical spectro-
scopic applications. Many research efforts are geared towards finding an efficient
power scaling method to achieve high-power mid-IR frequency combs [58]. For a
DFG process, the nonlinear crystal should be transparent, or at least relatively
transparent, for all three interacting waves. Among nonlinear crystals (shown
in Fig. 1.2), only non-oxide crystals can access the long-wave side of the mid-IR
spectrum (5–20 µm). These non-oxide crystals exhibit a lower damage threshold
compared with oxide crystals that work in near-infrared (NIR). At high pump in-
tensity, multiphoton absorption (MPA) together with poor thermal conductivity
causes the temperature rising inside the crystals. If the pulse repetition rate is too
high to allow enough time for heat dissipation, the crystal temperature continues
to rise, which eventually causes damage. Our experimental results showed that
at 30-MHz repetition rate, around 200-nJ, 200-fs pulses at 1.03-µm can damage a
GaSe crystal even for a loosely focused beam radius of 200-µm [36]. It corresponds
a maximum input average power of 6-W. This damage threshold thus sets the up-
per limit of the allowed pulse energy for the input pump/signal pulses, leading to
a low pulse energy (and low average power) for the output mid-IR pulses.

Above analysis naturally leads to the following questions for constructing high-
power mid-IR frequency combs: (1) For HRR DFG, how does the idler power
scale with respect to input pump/signal power? (2) For our current experimental
condition, how far are we from the OPA regime? (3) In general, how to achieve
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powerful HRR mid-IR pulses?
In this chapter we answer these questions by analyzing DFG processes inside

GaSe crystals. We firstly study DFG seeded with continuous waves (CWs) by
solving the coupled wave equations in Section 3.2. It allows us to identify a linear
operation regime for DFG, in which the idler scales linearly with both the pump and
the signal. Therefore increasing the signal energy can be as efficient as increasing
the pump energy for idler energy scaling. We then introduce the time-dependent
coupled wave equations in Section 3.3 and numerically investigate the DFG seeded
with femtosecond pulses in Section 3.4 and Section 3.5. We show that group-
velocity mismatch (GVM) plays an essential role in determining the idler energy
scalability. Two possible DFG options are compared for generating mid-IR pulses
centered at 9.87 µm: (1) pump/signal at 1.03/1.15 µm and (2) pump/signal at
2.0/2.508 µm. We refer to them as 1-µm driven and 2-µm driven DFG, respectively.
The GVM in the 2-µm driven DFG is much less than the 1-µm driven case, and
thus exhibits superior energy scalability for the idler pulses. For example, our
simulation indicates that 44.2-nJ pulses at 9.87 µm can be achieved by mixing
500-nJ, 2.0-µm pump pulses and 100-nJ, 2.508-µm signal pulses in a 2-mm-thick
GaSe crystal. At 50-MHz repetition rate, this corresponds to more than 2 watts
average power at the output. We show in Section 3.6 that using a recently invented
fiber-optic method, the implementation of a high-power mid-IR frequency combs
is practically feasible. Section 3.7 summarize this chapter.

3.2 DFG with continuous waves

3.2.1 Coupled wave equations
To understand the energy scaling property of DFG process that generates mid-
infrared (mid-IR) idler pulses, we first re-visit the classic theory of continuous
waves (CW) DFG so that physical insights can be gained.

CW DFG is precisely modeled by the coupled wave equation [59, 60]. The
exact solution to the equations can be used to study the general behavior of DFG
processes under different launching conditions, such as the growth of the idler
with an increasing pump or signal, the saturation of the parametric gain due to
excessive amount of input pump/signal, and the power scaling of the idler with
respect to the pump/signal. In the study of CW DFG, effects such as broadband
phase matching, higher order dispersion, and time-dependent electric field are not
considered, all of which play a substantial role in determining the energy scaling
property of pulsed DFG. Nevertheless study on CW DFG still offers a picture of
general DFG process. Later we apply the knowledge gained from the CW DFG to
the pulsed DFG.

Coupled wave equations are developed from the classic Maxwell’s equations for
describing the situation when three optical waves are co-propagating inside a non-
linear χ(2) medium [60, 61]. During propagation, three waves change energy with
each other through nonlinear dipole oscillations. Using the coupled wave equations,
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3.2. DFG with continuous waves

optical parametric processes such as OPA, OPO, DFG, sum frequency generation
(SFG) and second harmonic generation (SHG) can be precisely modeled.

In the equations, all three waves for nonlinear interaction are assumed to be
monochromatic, planar waves. The nonlinear χ(2) medium is also assumed to be
an optical medium so that material absorption is not taken into consideration.
In reality, material absorption plays an important role in determining whether
the nonlinear crystal is suitable for hosting DFG processes that generate mid-
IR. The crystal has to be transparent or relatively transparent for all interact-
ing waves in order to ensure an effective generation of the idler. For example,
mid-IR wavelengths longer than 5 µm can be only accessed by non-oxide crys-
tals such as GaSe [33, 35, 62–67], GaAs [34], AgGaS2 (AGS) [68] and AgGaSe2
(AGSe) [62, 69–71], to name a few. For wavelengths shorter than 5 µm, oxide
crystals such as periodically-poled lithium niobate (PPLN) can be used [33]. With
these assumptions, the coupled wave equations are written as

dA1(z)
dz = i

ω1

n1c
deffA3(z)A∗2(z)e−i∆kz,

dA2(z)
dz = i

ω2

n2c
deffA3(z)A∗1(z)e−i∆kz,

dA3(z)
dz = i

ω3

n3c
deffA1(z)A2(z)e+i∆kz.

(3.1)

In the equations, the complex amplitude of the optical field is expressed by Ai(z),
in the longitudinal coordinate z of the nonlinear χ(2) medium. The amplitude of

Ai(z) equals to |Ai| =
√

2Ii
ε0nic

, where Ii is the optical irradiance (intensity), ε0 is
the vacuum permittivity, c is the speed of light, and ni is the refractive index of the
medium. ωi is the angular frequency of the optical wave, deff is the effective non-
linear coefficient, and ∆k = k3− k2− k1 is the difference between the propagation
wave vectors of the optical waves. In this section, we assume perfect phase match
so that ∆k = 0. Later in this chapter, we will show the spectral bandwidth of the
generated idler is largely dependent on the phase matching condition, especially
when a thick nonlinear crystal is used to host DFG process.

In the equations, we use the notation ω3 ≥ ω2 ≥ ω1. For DFG process, ω1 =
ω3−ω2 is generated. We also use the convention that the wave with highest center
frequency ω3 is called pump, ω2 is called signal and ω1 is called idler.

The exact solution to the coupled wave equations has the mathematical form
of Jacobi elliptic functions. Jacobi elliptic functions are periodic functions over
the propagation distance z. Detailed derivation to the exact solution can be found
in these references [59, 61]. Here we only give the solution. For DFG process,
normally the idler has zero input, A1(0) = 0. At the output, the intensity of each
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wave can be written as,

I1(z) = ω1

ω3
· I30 · (1− sn2(ς + ς0, γ)),

I2(z) = I20 + ω2

ω3
· I30 · (1− sn2(ς + ς0, γ)),

I3(z) = I30 · sn2(ς + ς0, γ).

(3.2)

In the solution, sn is the elliptic sine function. The modified nonlinear interaction

strength is expressed by ς = z · deff ·
√

2ω1ω2ω3

ε0c3n1n2n3
·
√

(I20

ω2
+ I30

ω3
) , with an offset

ς0 =
∫ 1

0

dx√
1− x2 ·

√
1− γ · x2

. In the integral, the parameter γ = I30/ω3

I20/ω2 + I30/ω3
describes the ratio between the input pump flux and the total input flux. Ii0 stands
for the input intensity and Iin = I10 + I20 + I30 is the total input intensity.

The exact solution has a mathematical form (Jacobi elliptic function) that
cannot be further simplified. In order to write the solution in a more analytical
fashion, DFG process is assumed to have a strong input pump so that the pump
wave can be consider constant during the process, i.e., A3(z) = A3(0). Coupled
wave equations are then reduced to two equations which describe the evolutions
of the signal wave and the idler wave. At the output, the signal and the idler can
be written using hyperbolic trigonometric functions. The output idler has a sinh
square expression [60,61], where sinh(x) = (ex − e−x)

2 ,

I1(z) = ω3

ω2
I20 · sinh2(Γz),

Γ2 = 2ω2ω1d
2
eff

n1n2n3ε0c3 · I30.
(3.3)

The sinh sqaure express is used as a comparison with the exact solution to the
equations. In the following sections, we show this expression can be further sim-
plified under certain conditions.

3.2.2 CW DFG inside a 0.2-mm-thick GaSe
To show the power scaling property of DFG process, we first study CW DFG
process inside a 0.2-mm-thick GaSe crystal. GaSe is a non-oxide crystal whose
transparent window covers the entire “fingerprint” wavelengths (5–20 µm). GaSe
also has a birefringence that enables broadband phase matching conditions (e.g.,
no = 2.800 and ne = 2.468 at 1030 nm). To generate mid-IR idler, the pump can
be set at 1030 nm [33,36], 1550 nm [62], 2 µm [63–65] and beyond [66,67]. In this
example, we choose the pump centered at 1030 nm and the signal centered at 1150
nm. Such combination generates an idler centered at 9.87 µm. To phase match all
three waves, type-I DFG scheme is employed, which means the pump is e-polarized
and the signal/idler are o-polarized (ooe scheme). Phase matching is achieved by
setting an internal crystal angle of 14.4◦. It corresponds to an external crystal
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3.2. DFG with continuous waves

Figure 3.1: CW DFG outputs from a 0.2-mm-thick GaSe crystal.

The outputs from a DFG process inside a 0.2-mm-thick GaSe crystal. The signal
has a fixed intensity at 20 MW/cm2 and the pump has an intensity varying from
10 MW/cm2 to 103 GW/cm2. The output intensities are calculated by using the
exact solution to the coupled wave equations. The output idler is also expressed
by the sinh square expression (black dashed line). The total intensity of the
inputs is plotted as a dash-dotted line as a reference to the output intensity. The
vertical dashed lines indicate three different operation regimes for the DFG process.

angle of ∼43◦. In this scenario, the process has an effective nonlinear coefficient
deff of 59.2 pm/V.

We first study the case when the input signal has a fixed intensity at 20
MW/cm2 while the input pump intensity varies from 10 MW/cm2 to 103 GW/cm2.
The pump, signal, and idler at the output are calculated using the exact solution
to the coupled wave equations (Eq. 3.2). The sinh square expression (Eq. 3.3)
is also used for calculating the idler, as a comparison. Figure 3.1 plots the out-
put intensity of the three waves as a function of input pump intensity. The total
intensity of the inputs is also plotted in a dash-dotted line as a reference.

Figure 3.1 shows that the idler experiences three different stages as the pump is
increasing. (1) When the pump is below 10 GW/cm2, the idler grows linearly with
respect to the pump. We refer to this DFG operation regime as the linear regime;
(2) When the pump is between 10-200 GW/cm2, the idler has a more abrupt,
exponential growth. The signal also grows exponentially in this region, which is
a signature characteristic that defines a practical OPA system. We refer to this
operation regime as the OPA regime for the DFG process; (3) When the pump
intensity exceeds 200 GW/cm2, the idler growth starts to saturate and reaches a
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Figure 3.2: Parametric gain Γz for CW DFG.

Parametric gain Γz versus the input pump intensity. For the linear regime,
Γz � 1. For the OPA regime, Γz � 1. When the pump exceeds 200 GW/cm2,
the output idler cannot be expressed by the sinh square expression.

maximum when the pump intensity is at about 300 GW/cm2. At the maximum,
DFG process converts all the pump photons into the signal/idler photons and the
pump is completely depleted. After that, back conversion process occurs and the
signal/idler photons are back-converting to the pump photons.

Within the linear regime and the OPA regime, the idler calculated by the exact
solution (black solid line) and the sinh square expression (black dashed line) are
nearly identical. Thus we can use the latter expression to write the idler in a
more analytical fashion. In Equation 3.3, the unitless parameter Γz represents
the strength of the parametric interaction, describing how efficient three waves
change energy with each other. It also determines the operation regime for the
DFG process. We plot in Fig. 3.2 the corresponding parametric gain Γz versus
the input pump intensity. As Figure 3.2 shows, when Γz � 1, the parametric
interaction is weak and DFG process operates in the linear regime. When Γz � 1,
the parametric interaction is strong and DFG process operates in the OPA regime.
It is noteworthy that when the pump exceeds 200 GW/cm2, the output idler
calculated by the sinh square expression does not agree with the exact solution
because the parametric gain is so strong that the input pump starts to deplete.
The strong pump assumption also becomes invalid and therefore the intensity of
the output waves needs to be calculated by the exact solution.

In the linear regime where Γz � 1, we can substitute sinh2(Γz) in Eq. 3.3 using
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3.2. DFG with continuous waves

its first order Taylor expansion, which leads to

Iidler = 2ω1ω3d
2
eff

n1n2n3ε0c3 · I20 · I30 · L2. (3.4)

Here L is the crystal thickness. This expression clearly shows that when DFG
operates in the linear regime, the idler intensity is proportional to the product
between the pump intensity and the signal intensity. Thus increasing the signal
can have the same effect as increasing the pump for scaling up the idler. In contrast,
when DFG operates in the OPA regime, Γz � 1 so that eΓz � e−Γz. Then, the sinh
function can be approximated by the exponential function (sinh(x) = ex − e−x

2 ),
and the idler can be written as

Iidler = 1
4 ·

ω3

ω2
· I20 · e2Γz,

Γ =
√

2ω2ω1d2
eff

n1n2n3ε0c3 I30.

(3.5)

Equation 3.5 indicates that the idler scales exponentially with respect to the square
root of the input pump intensity and linearly to the input signal intensity. There-
fore in the OPA regime, increasing the pump is more efficient for scaling up the
idler compared with increasing the signal.

The pump threshold intensity Ith, which separates the linear regime and the
OPA regime for DFG, can be defined by setting Γz unity. Ith is written as

Ith = n1n2n3ε0c
3

2ω1ω2d2
eff
· ( 1
L

)2. (3.6)

For our DFG calculation (0.2-mm-thick GaSe, type-I DFG process with inputs
centered at 1030/1150 nm), the pump threshold intensity is 7.3 GW/cm2 according
to this expression, which is close to the results shown in Fig. 3.1. When the input
pump is below this threshold intensity, DFG process operates in the linear regime.

To show specifically how the idler scales in different operation regimes, we set
the input signal at 2 MW/cm2, 20 MW/cm2, and 200 MW/cm2, respectively,
and then calculate the idler as a function of the pump using the exact solution.
The results in Fig. 3.3(a) show that, for all three DFG processes, the idler grows
linearly until the input pump reaches a threshold intensity of about 10 GW/cm2.
It is consistent with the theoretical prediction from Eq. 3.3, as the parametric
gain Γz is independent on the level of the signal intensity. Therefore the threshold
pump intensity Ith does not change with respect to the signal. After the linear
regimes, the idler experiences exponential growth as the DFG process starts to
enter the OPA regime. Finally, the idler growth saturates. It is noteworthy that
DFG with different input signal saturates at different pump intensities and it can
be only evident when the exact solution is used in the calculation. The sinh square
expression is only valid when the pump is not depleted. After the idler reaches the
maximum, DFG back-converts the signal/idler photons to the pump photons.
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(a) DFG with a fixed signal (b) DFG with a fixed pump

Figure 3.3: Idler under different launching conditions for CW DFG.

A type-I DFG process inside a 0.2-mm-long GaSe is used to examine the growth
of the idler under different launching conditions. (a) The input signal is fixed at
2 MW/cm2, 20 MW/cm2, and 200 MW/cm2. The input pump increases from
10 MW/cm2 to 103 GW/cm2. (b) The input pump is fixed at 0.1 GW/cm2,
1 GW/cm2, and 10 GW/cm2. The input signal increases from 1 MW/cm2 to
100 GW/cm2.

Above analysis of the linear regime of the DFG process is based upon the strong
pump assumption. We are also interested in the situations when such assumption
turns invalid, i.e., when the signal is much stronger than the pump. Therefore, we
calculate DFG processes with the input pump fixed at 0.1 GW/cm2, 1 GW/cm2,
and 10 GW/cm2 while the input signal increases from 1 MW/cm2 to 100 GW/cm2

in order to inspect how the idler scales with respect to the signal. The idler is
again calculated using the exact solution and the results are plotted in Fig. 3.3(b).
For all three traces, the idler grows linearly with respect to the signal when the
signal is below 10 GW/cm2, regardless of the input pump intensity. When the
signal exceeds 10 GW/cm2, the growth of the idler quickly saturates and reaches
a maximum. After the maximum, the idler drops as it is back-converted to pump
and then rises again.

The signal threshold intensity that triggers the saturation of the DFG process
is close to the pump threshold intensity Ith in the previous plots, which can be
explained by the exact solution to the coupled wave equations (Eq. 3.2). In the
exact solution, the modified nonlinear interaction strength ς has a dependence on√

(I20

ω2
+ I30

ω3
). Therefore, if the total input photon flux is below certain threshold
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value, the parametric interaction is weak and DFG process stays in the linear
regime. When the total input photon flux continues to increase and exceeds the
threshold value, the strength of the parametric interaction is strong and the idler
no longer scales linearly. In this case, the DFG process operates in the OPA regime,
if the input pump is much stronger than the signal, or the DFG process operates
in a saturated state where the pump is depleted, if the input signal is much strong
than the pump.

Figure 3.3(b) also suggests the advantage of increasing the input signal for
scaling up the idler. Comparing two arrow-marked points in Fig. 3.3(b) where
same amount of output idler is generated, DFG process on the black trace has a
total input intensity of around 1.6 GW/cm2, while the other one on the red trace
has a total input intensity of around 10 GW/cm2. Indeed Eq. 3.4 clearly indicates
that for producing the same amount of idler, setting the input signal intensity
equal to the input pump intensity can minimize the total optical intensity incident
onto the crystal. It corresponds to a DFG process with higher photon conversion
efficiency and less thermal load to the crystal. Moreover, the nonlinear crystal
experiences less multiple photon absorption effect from the inputs as the signal
photon possesses less photon energy compared with the pump photon.

The pump threshold intensity (here, it is 7.3 GW/cm2) can be further trans-
lated for estimating the pump threshold pulse energy when the DFG process is
seeded with femtosecond pulses. If we assume a loosely focused beam size 2w0 of
250 µm and a pulse duration of 200 fs, the pump threshold pulse energy is 717 nJ.
To operate the DFG process in the OPA regime, the input pump pulse energy has
to be more than 717 nJ.

However, in reality, the maximum input pulse energy that can be launched
onto the crystal is constrained. GaSe has a band-gap of around 2.1 eV and thus it
exhibits strong two-photon absorption if the input pulses have a center wavelength
shorter than 1180 nm. GaSe also has low damage threshold and poor thermal con-
ductivity compared with other nonlinear crystals. MPA effect causes temperature
rising inside the crystals. At HRR, if the time between two pulses is too short for
heat disspation, the crystal temperature can continue to rise, eventually leading
to crystal damage. Our experimental results showed that at 30 MHz repetition
rate, around 200 nJ, 200 fs pulses at 1.03 µm can damage a GaSe crystal even for
a loosely focused beam radius of 200 µm [36]. It corresponds a maximum input
average power of 6 W. This damage threshold thus sets the upper limit of the
allowed pulse energy for the input pump/signal pulses, leading to a low average
power for the output mid-IR pulses. As a result, DFG process can only operate in
the linear regime for HRR systems, and the idler is proportional to the product of
the pump and the signal [36].

In the following section of this chapter, we introduce the time-dependent cou-
pled wave equations for analyzing DFG process with femtosecond pulses. The
linear regime theory in the CW DFG will be tested for pulsed DFG. We study two
cases (1) Pulsed DFG seeded with an input pump centered at 1030 nm; (2) Pulsed
DFG seeded with an input pump centered at 2 µm. They are referred as 1-µm
driven DFG and 2-µm driven DFG, respectively.
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3.3 Time-dependent coupled wave equations
Implementation of mid-IR frequency combs via DFG involves mixing of femtosec-
ond pulses. Nevertheless, above analysis of the CW case provides physics insight
on the energy scaling property of DFG process seeded by pulses. The essential dif-
ference between the CW DFG and the pulsed DFG is that the field amplitude in
the pulsed case now becomes time dependent to describe a pulse envelope. Because
the pump/signal/idler pulses are centered at different wavelengths, the material
dispersion of the nonlinear crystal also renders them propagating at different group
velocities. The resulting group-velocity mismatch (GVM) leads to the temporal
walk-off among the three pulses, which in turn decreases the nonlinear interac-
tion strength and leads to a less efficient pump-to-idler conversion. Moreover, the
group-velocity dispersion (GVD) effect also needs to be taken into account in the
pulsed case because a combination of GVD and GVM may introduce complicated
chirp to the idler pulse.

To characterize the temporal evolution of optical pulses during the DFG pro-
cess, a localized time coordinate τ is introduced to the coupled wave equations
(Eq. 3.1). Dispersive terms such as GVM and GVD are added to the equations.
Slow-varying-envelop assumption (SVEA) is also used as we do not consider the
case when the interacting pulse has sub-cycle or few-cycle pulse duration. The
resulting time-dependent coupled wave equations are written as

∂A1(z, τ)
∂z

+ ( 1
vg,1
− 1
vg,3

)∂A1(z, τ)
∂τ

+ iβ2,1

2
∂2A1(z, τ)

∂τ 2 = i
ω1deff

n1c
A3A

∗
2e−i∆kz,

∂A2(z, τ)
∂z

+ ( 1
vg,2
− 1
vg,3

)∂A2(z, τ)
∂τ

+ iβ2,2

2
∂2A2(z, τ)

∂τ 2 = i
ω2deff

n2c
A3A

∗
1e−i∆kz,

∂A3(z, τ)
∂z

+ iβ2,3

2
∂2A3(z, τ)

∂τ 2 = i
ω3deff

n3c
A1A2e+i∆kz.

(3.7)

In the equations, the relative time coordinate τ is introduced by setting a time
frame that is co-propagating with the pump pulse, τ = t − z

vg,3
. vg,i = ∂ωi/∂ki

stands for the group velocity of the optical pulse. β2,i stands for the GVD coefficient
for each pulse. For GaSe crystals, β2 at 1030 nm is 1037 fs2/mm. If an unchirped
150 fs Gaussian pulse propagates through a 2-mm-thick GaSe crystal, the pulse
duration is broadened to 155 fs at the output. The change on pulse duration is
minimal. Thus in the equations we only consider the dispersion effect up to its
second order (GVD). If a shorter pulse duration is employed, the change will be
more significant and higher order dispersion terms should be added.

In the previous calculation of CW DFG in Section 3.2.2, we choose GaSe to have
a thickness of 0.2 mm. In a practical pulsed DFG, the crystal thickness can be set
longer. The use of a thicker crystal can increase the parametric interaction between
pump and signal, generating more idler. However, such scaling only takes place
to a certain extent, because GVM effect between the pump pulse and the signal
pulse reduces their temporal overlap. Therefore the effective length for parametric
interaction is shorter than the physical length of the crystal. After propagating
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certain distance inside the crystal, it is possible that the pump pulse no longer
overlaps with the signal pulse, which eliminates the generation of a mid-IR idler.
For example, for a type-I DFG process mixing 1030-nm pump and 1150-nm signal,
the GVM between pump and signal is 97 fs per mm for a GaSe crystal. In other
words, if both inputs are shorter than 100 fs, after propagating 1-mm distance
inside the crystal, the parametric interaction is significantly weakened due to an
insufficient temporal overlap between pulses.

If the pump pulse and the signal pulse has a Gaussian pulse profile and a FWHM
pulse duration of τ2 (for signal) and τ3 (for pump), according to Equation 3.7,
the growth of the idler pulse is in proportion to the product between the pump
electric field and the signal electric field. In other words, ∂A1

∂z
∝ |A3| · |A2| ∝

exp(−2.77
2 · (τ

2

τ 2
2

+ τ 2

τ 2
3

)). Due to a GVM effect, the pump pulse and the signal
pulse travel in different group velocity. After propagating a distance of L inside
the crystal, they have a temporal offset of L

vg,2
− L

vg,3
and the growth of the idler is

reduced accordingly. We thus define a maximum nonlinear crystal thickness 2Lmax
by setting the growth of the idler drops to 1/e2 of its maximum.

Lcrystal = 2 · Lmax = 2 ·

√√√√ 4 · τ 2
2 τ

2
3

2.77 · (τ 2
2 + τ 2

3 ) · (
∣∣∣∣∣ 1
vg,2
− 1
vg,3

∣∣∣∣∣)−1. (3.8)

If we assume the signal pulse has a FWHM duration of 130 fs, the pump pulse
has a FWHM duration of 170 fs, and the GVM between them is 96.5 fs/mm
(vg,2 = c/2.912 and vg,3 = c/2.941), the maximum nonlinear crystal thickness is
2.5 mm according to Eq. 3.8. It means that for crystal longer than 2.5 mm, the
growth of the idler starts to saturate due to the lack of temporal overlap between
the pump pulses and the signal pulses.

In the spatial domain, the pump and the signal have orthogonal polarization
states due to type-I phase matching scheme. The pump is e-polarized and the
signal is o-polarized. Because of the birefringence of the nonlinear crystal, the
Poynting vectors (energy flux) of the pump and the signal also travel in different
direction. For type-I DFG mixing 1030-nm pump and 1150-nm signal inside GaSe
crystals, the input beams have a spatial walk-off of 68 mrad, which is about 3.9◦.
When the pump beam travels 1-mm distance inside the crystal, it has a spatial
walk-off of 68 µm with respect to the signal beam. Such spatial walk-off will also
affect the strength of the parametric interaction if the input beams are tightly
focused.

3.4 1-µm driven DFG
DFG using GaSe crystal as the hosting medium can be pumped at several wave-
lengths. In this section, we study HRR DFG process seeded with pump pulses
with a center wavelength of 1030 nm. We refer to it as 1-µm driven DFG. We first
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give an example of 1-µm driven DFG in Section 3.4.1 to demonstrate the temporal
behavior of pulsed DFG. In Section 3.4.2, the energy scaling of 1-µm driven DFG is
studied by varying the launching conditions of 1-µm DFG processes. Section 3.4.3
shows the change of the output idler pulse when GaSe crystals with different crystal
thickness is employed. Finally, in Section 3.4.4, we summarize the energy scaling
property of 1-µm driven DFG.

3.4.1 An example of 1-µm driven DFG
We first calculate type-I DFG process inside a 2-mm-thick GaSe crystal as an
example to show the characteristics of DFG process in terms of pulse energy,
duration, chirp and spectral bandwidth of the output idler. The input pump is a
170-fs, 100-nJ sech2 pulse centered at 1030 nm and the input signal is a 130-fs, 1-nJ
sech2 pulse centered at 1150 nm. They generate an output idler pulse centered at
9.87 µm.

In the spatial domain, both the pump beam and the signal beam are focused
into a 200-µm radius Gaussian beam inside the crystal. They are fully overlapped
in the center of the crystal. We assume the generated idler beam has the same
beam size as the inputs. The spatial walk-off effect is introduced to the equations
by changing the nonlinear coefficient deff according to the overlapping area of two
beams.

In the time domain, propagation through a 2-mm-long GaSe generates 193-fs
pump/signal walk-off. At the input, we place the pump pulse ahead of the signal
pulse by 96.5 fs, one half of the total walk-off. Because the signal pulse travels
faster than the pump pulse (vg,2 = c/2.912 versus vg,3 = c/2.941), the signal pulse
passes through the pump pulse and stays 96.5 fs ahead of the pump at the crystal
output. In this scenario, the pump-signal temporal overlap is nearly maximized,
which guarantees an efficient generation of the idler pulse.

We use the standard split-step Fourier method to solve the time-dependent
coupled wave equations (Eq. 3.7). The normalized intensity profiles of the output
pulses are plotted in Fig. 3.4(a). The signal pulse at the input (red dashed line)
is also plotted for illustrating the temporal walk-off effect. In the figure, the idler
pulse is magnified by 5,000 and the signal pulses by 50 for better visibility. The
idler pulse travels fastest inside GaSe crystals with a group velocity of vg,1 =
c/2.761. Consequently, the newly generated idler quickly moves out of the pump-
signal overlapping region and therefore the idler pulse at the output has a FWHM
duration of 800 fs, much longer than the pump/signal pulses.

Figure 3.4(b) plots the growth of the idler pulse energy against the GaSe crystal
thickness. At the end of the crystal, the idler has a pulse energy of 21.9 pJ, which
corresponds to a quantum efficiency (pump photon to idler photon) of 0.24%. Since
the photon conversion efficiency is low, the pump pulse does not have noticeable
change in its temporal intensity profile, as shown in Fig. 3.4(a). When the idler
pulse travels out of the crystal, Fresnel transmission at the crystal-air interface
introduces 31% loss. After the crystal, the idler has a pulse energy of 15.1 pJ,
corresponding to an average output power of 0.45 mW for a 30-MHz repetition
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Figure 3.4: 1-µm driven DFG inside a 2-mm-thick GaSe crystal.

Type-I DFG process inside a 2-mm-thick GaSe crystal. The DFG process is
pumped with a 1030-nm, 170-fs, 100-nJ pulse and seeded with a 1150-nm, 130-fs,
1-nJ signal pulse. (a) Normalized intensity profiles of the output pulses. The input
signal is also plotted in a red dashed line in order to demonstrate the temporal
walk-off effect. The signal profile is magnified by 50 and the idler is magnified
by 5,000. (b) Idler pulse energy versus GaSe thickness. (c) Input pump/signal
spectrum. (d) Output idler spectrum.
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Figure 3.5: Compression of the idler pulse

(a) Intensity profile of the output idler pulse and the TL pulse (to the left axis).
The instantaneous frequency is also plotted in a black dashed line (to the right
axis). (b) Peak intensity of the compressed idler pulse against dechirping GDD.
(c) Compressed idler pulse at -43,000 fs2 GDD. (d) Compressed idler pulse at
+41,500 fs2 GDD.

rate system.
In the spectral domain, the input pump/signal spectra are plotted in Fig. 3.4(c)

and the output idler spectrum is plotted in Fig. 3.4(d). At the output, the idler
has a spectral bandwidth of 260 nm, which supports a 420-fs transform-limited
(TL) pulse. To show the chirping and compression of the idler pulse, we plot in
Figure 3.5(a) the intensity profile of the output idler pulse and the idler pulse
in its TL form. The idler pulse has ∼71% peak intensity of its TL form. The
instantaneous frequency of the idler pulse is also plotted in a black dashed line (to
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the right axis).
The uncompressed idler is negatively chirped in the leading part and positively

chirped in the trailing part. Such chirping profile is due to the complex interplay
between the GVD and GVM. Since the idler pulse travels the fastest inside the
crystal (vg,1 = c/2.761 versus vg,2 = c/2.912 and vg,3 = c/2.941), its leading
lobe, generated in the beginning part of the DFG process, encounters significant
temporal walk-off with respect to the pump/signal pulse. After the leading lobe
walks out of the overlapping part of the pump/signal pulse, it turns negatively
chirped due to the material dispersion (negative GVD). On the other hand, the
trailing lobe of the idler has less temporal walk-off and it always stays within
the envelope of the pump pulse. It also possesses less material dispersion as it
is generated in the ending part of the crystal. The temporal phase of the newly
generated idler equals to the phase difference between the pump and the signal.
Combined together, the trailing part is positively chirped. Overall, the chirp on
the output idler pulse is more prone to the GVM effect as GVM force the idler
pulse traveling out of the pump/signal pulse. If a thin layer of nonlinear crystal is
used for hosting DFG process, the output idler will be close to its TL form.

The output idler pulse can be compressed by adding either positive group delay
dispersion (GDD) or negative GDD. We screen the dechirping GDD from −105 fs2

to +105 fs2 and calculate the corresponding peak intensity of the compressed pulse.
The results are shown in Fig. 3.5(b). Adding a GDD of -43,000 fs2 or +41,500 fs2

can effectively dechirp the output idler pulse. At -43,000 fs2, the compressed pulse
reaches 85% peak intensity of the TL pulse and has a FWHM pulse duration of 521
fs (420 fs for TL pulse). At +41,500 fs2, the compressed pulse reaches 82% peak
intensity of the TL pulse and has a FWHM pulse duration of 537 fs. The intensity
profile of the compressed idler pulse, together with the TL pulse, is plotted in
Fig. 3.5(c) and 3.5(d).

3.4.2 Energy scaling of 1-µm driven DFG
To investigate the energy scaling property of 1-µm driven DFG, we alter the launch-
ing conditions of the DFG process and calculate the resulting pulse energy of the
output idler. Previous study on CW DFG has shown three operating regimes for
DFG process: the linear regime, OPA regime and the saturation regime. Increas-
ing the pump over a threshold can lead to OPA-like exponential scaling of the
idler. When the pump is below the threshold, the idler scales linearly. Written in
Eq. 3.6, the threshold pump intensity has an L−2 dependence on the parametric
interaction length L. In the case of pulsed DFG, several factors such as GVD,
GVM, spatial walk-off, pulse shape and beam shape reduce the effective length of
the parametric interaction, making DFG less efficient. The threshold pump pulse
energy needs to be found by numerical calculations.

We first calculate DFG processes with the signal energy fixed at 0.1 nJ, 1 nJ
and 10 nJ. For each signal energy the pump energy increases from 0.1 nJ to 4
µJ. Other technical parameters remain unchanged. Figure 3.6(a) shows the pulse
energy of the output idler as a function of input pump pulse energy. As we expect
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(a) DFG process with signal fixed (b) DFG process with pump fixed

Figure 3.6: Idler energy scaling of 1-µm driven DFG.

Type-I DFG process inside a 2-mm-thick GaSe crystal is examined under different
launching conditions. (a) The signal energy is fixed at 0.1 nJ, 1 nJ and 10 nJ.
The pump increases from 0.1 nJ to 4 µJ. (b) The pump energy is fixed at 1 nJ,
10 nJ and 100 nJ. The signal increases from 0.1 nJ to 10 µJ.

from the CW case, DFG in the pulsed case can operate in the linear regime or the
OPA regime as well. For the pump energy below 300 nJ, DFG process operates in
the linear regime. The idler scales linearly with respect to the input pump energy
even as the input signal energy varies from 0.1 nJ to 10 nJ. When the pump exceeds
300 nJ, the DFG process transits into the OPA regime in which the output idler
grows exponentially as a function of the input pump energy. The threshold pump
pulse energy in this case is 300 nJ.

At low repetition rates (≤0.1 MHz), input pump pulses with µJ–mJ pulse
energy are allowed [72] for seeding the DFG process, making DFG operated in the
OPA regime. For HRR (e.g., ≥10 MHz) DFG systems, crystal damage limits the
allowed input pulse energy at the hundreds of nJ level, making DFG operate in
the linear regime. It is noteworthy that when plotting the simulation results for
the pulsed case, we use the pulse energy rather than the optical intensity to better
quantify the three pulses. We can also translate pulse energy into corresponding
peak intensity to compare with the CW case. For example, the pump threshold of
300 nJ with 200-µm beam waist and 170-fs pulse duration corresponds to a peak
intensity of 1.4 GW/cm2. For the CW case to have a pump threshold intensity
at 1.4 GW/cm2, the required GaSe thickness needs to be 0.46 mm according to
Eq. 3.6, which is much shorter than 2 mm—the actual GaSe thickness used for
the pulsed case. This is apparently anticipated because the GVM-caused walk-
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Figure 3.7: Idler versus pump-signal energy product for 1-µm driven DFG.

Idler pulse energy scales linearly with respect to the pump-signal pulse energy
product. DFG process with GaSe crystal thickness at 0.5 mm (red square), 1 mm
(black triangle) and 2 mm (blue circle) is examined.

off weakens the interaction between the pulses, leading to an effective interaction
length shorter than the actual thickness of the crystal.

The three curves in Fig. 3.6(a) also suggest that different combinations of pump-
signal energy can generate idler with the same pulse energy. For example, DFG
between 10-nJ pump and 10-nJ signal results in 15-pJ idler pulses (the arrow-
marked blue circle); the same idler pulse energy can also be achieved using 100-nJ
pump and 1-nJ signal (the arrow-marked black triangle). Given that a higher
pulse energy may damage the crystal, the former scheme (i.e., 10-nJ pump and
10-nJ signal) is preferred. Furthermore, this scheme has an improved efficiency of
converting near-IR photons to mid-IR photons (0.25% versus 0.025% in pump-to-
idler quantum efficiency).

To show how the idler pulse energy scales with the signal pulse energy, we
calculate the DFG processes with the pump energy fixed at 1 nJ, 10 nJ and 100 nJ
and the signal energy increased from 0.1 nJ to 10 µJ. As the results in Fig. 3.6(b)
show, the idler pulse energy grows linearly until the input signal reaches about 100
nJ, and then the idler growth starts to saturate. Different from the curves in the
CW DFG case (Fig. 3.3(b)) where the idler drops after reaching the maximum,
the large temporal walk-off of the idler pulse from the pump/signal pulses prevents
the back conversion process such that the idler pulse energy eventually saturates
to a constant value.

The results in Fig. 3.6(a) and 3.6(b) indicate that the idler pulse energy scales
linearly with the pulse-energy product between the pump pulse and the signal
pulse when the DFG process operates in the linear regime. Therefore, increasing
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GaSe (mm) k b
0.5 0.03206 -0.00001
1 0.0786 -0.0003
2 0.1327 0.0030

Table 3.1: Linear scaling of the idler in 1-µm driven DFG.
y = k · x+ b.

y: idler pulse energy in [pJ], x: pump-signal pulse energy product in [nJ·nJ].

Linear regression coefficients for 1-µm driven DFG process that operates in the
linear regime. This table can be served as a look-up-table for estimating the pulse
energy of the output idler.

the pump energy or the signal energy leads to the same scaling of the idler energy.
Figure 3.7 shows the linear relationship between the idler pulse energy with the

product of pump/signal pulse energy at three GaSe thicknesses: 0.5 mm, 1 mm and
2 mm. In the simulation, we keep both the pump/signal pulse energy below 100 nJ
to ensure that DFG operates in the linear regime. Due to the GVM-caused walk-
off effect, increasing the GaSe thickness is inefficient for energy scaling the idler.
The results in Fig. 3.7 show that increasing the crystal thickness form 0.5 mm to
1 mm improves the idler energy by a factor of 2.4; however, further increasing the
thickness from 1 mm to 2 mm only results in 1.7 times improvement. Nevertheless
DFG between 100-nJ pump and 100-nJ signal in a 2-mm-thick GaSe generates
idler pulse of 1.33-nJ energy, corresponding to 40-mW average power for a 30-MHz
laser system. At 30-MHz repetition rate, the pulse energy at the input is still below
the crystal damage threshold according to our previous experimental results [36].

We apply linear regression for the data shown in Fig. 3.7. Table 3.1 summarizes
the regression coefficients for DFG process that operates in the linear regime. The
linear relationship can be applied as long as both the pump and signal pulse energy
is under 100 nJ, which covers a wide range of experimental parameters. The table
provides a rough estimation for output idler pulse energy.

3.4.3 1-µm driven DFG at different GaSe thickness
Figure 3.7 shows that increasing the GaSe crystal thickness can scale up the pulse
energy of the idler. It is not shown that the use of a thicker GaSe crystal changes
the characteristic of the output idler, such as pulse duration, spectral bandwidth,
and chirp. Here we study 1-µm driven DFG with a GaSe thickness varying from 0.5
mm to 4 mm. The inputs are 100-nJ pump and 100-nJ signal. Other parameters
remain the same as previous, except for the initial time delay between the pump
pulse and the signal pulse. To compensate different amount of temporal walk-
off from GaSe crystals with different crystal thickness, the initial time delay is
set individually in each case so that the generated idler has the maximum pulse
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Figure 3.8: Idler profile and pulse energy of 1-µm driven DFG at different GaSe
thickness.

1-µm driven DFG is studied with GaSe thickness varying from 0.5 mm to 4 mm.
Both inputs have 100-nJ pulse energy. (a) Normalized intensity profile of the idler
pulse. (b) Pulse energy of the idler and the quantum efficiency for pump-to-idler
photon conversion.

energy.
We simulate each DFG process and plot in Figure 3.8(a) the normalized inten-

sity profile of the output idler pulse with the crystal thickness at 0.5 mm, 1 mm,
2 mm, 3 mm, and 4 mm, respectively. The use of thicker crystal results in an
idler with longer pulse duration, which is mainly caused by the excessive amount
of GVM between the idler pulse and the pump/signal pulse. GVM between idler
(9.87 µm) and pump (1030 nm) is about 600 fs per mm. The idler generated in the
early stage of the process accumulates larger relative temporal shift with respect
to the idler generated in the latter stage. At the output, the generated idler thus
has longer pulse duration compared with the input pump/signal pulse.

The use of thicker nonlinear crystal can generate an idler with more pulse
energy. Figure 3.8(b) plots the pulse energy of the output idler versus GaSe crystal
thickness (to the left axis). Here we already consider the Fresnel loss on the back
facet of the crystal. The growth of the idler saturates when the GaSe crystal
is thicker than 3 mm. As indicated in Eq. 3.8, the maximum nonlinear crystal
thickness is estimated to be 2.5 mm, which agrees well with the curve shown in
the figure.

Using a 3-mm-thick GaSe, idler with 1.55-nJ pulse energy can be generated.
The saturation of the idler growth is due to the GVM between the pump pulse
and the signal pulse. In the same figure, the corresponding pump-to-idler quantum
efficiency is also plotted (to the right axis). The quantum efficiency reaches ∼25%
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Figure 3.9: Idler bandwidth, pulse duration and peak power of 1-µm driven DFG
at different GaSe thickness.

1-µm driven DFG is studied with GaSe thickness varying from 0.5 mm to 4 mm.
(a) Spectral bandwidth of the output idler (to the right axis) and pulse duration
of the output idler pulse, the compressed idler pulse, and TL idler pulse (to the
left axis). (b) Peak power of the output idler pulse, the compressed idler pulse,
and TL idler pulse.

when the GaSe crystal is 3-mm-thick. Large GVM between pump and signal in
1-µm driven DFG leads to an ineffective parametric interaction for generating the
idler. The maximum quantum efficiency for 1-µm driven DFG is 25%, given 1030-
nm, 170-fs pump pulse and 1150-nm, 130-fs signal pulse. In terms of an energy
conversion efficiency, a total input pulse energy of 200-nJ generates a ∼1.5-nJ idler,
which corresponds to an energy conversion efficiency of merely 0.75%.

Other than idler pulse energy, crystal thickness also affects the spectral band-
width of the idler due to the phase matching condition for broadband inputs.
Figure 3.9(a) plots the spectral bandwidth of the idler versus crystal thickness (to
the right axis). The idler bandwidth decreases from 770 nm to 140 nm as the
GaSe thickness increases from 0.5 mm to 4 mm. The reduced spectral bandwidth
translates to a TL pulse with longer pulse duration. We plot in the same figure
the FWHM pulse duration of the output idler pulse (circle), the compressed pulse
(triangle) and the TL idler pulse (square). The uncompressed idler pulse has a
duration varying from 300 fs to 1180 fs. For a thin GaSe crystal (≤1.5 mm), the
idler pulse is nearly transform-limited; for a thicker GaSe crystal, the temporal
walk-off renders a complicated chirp to the idler pulse and degrades the quality
of the compressed pulses. By adding a quadratic spectral phase, the idler can be
partially compressed. The compressed idler has ∼70% peak power of its TL pulse.

For certain nonlinear applications in the mid-IR wavelength range (e.g., su-
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(c) 3.5-mm-thick GaSe
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Figure 3.10: Normalized intensity profiles of the idler at different GaSe thickness.

1-µm driven DFG is studied with the GaSe thickness varying from 0.5 mm to 4
mm. The normalized intensity profiles of the uncompressed output idler pulse
(red line), the compressed idler pulse (red line), and TL-form idler pulse (blue
dashed line) are plotted.
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percontinuum generation and high harmonic generation), pulse peak power is of
particular importance. Figure 3.9(b) shows the peak power as a function of GaSe
thickness for the output idler pulse (circle), the compressed pulse (triangle), and
the TL pulse (square). The intensity profiles of the output, compressed, and TL
idler pulses for GaSe thickness being at 2.5 mm, 3.0 mm, 3.5 mm, and 4.0 mm are
plotted in Fig. 3.10.

Figure 3.9(b) shows the peak power of the idler starts to decrease when the
GaSe crystal is thicker than 2 mm. The use of a thicker GaSe crystal renders a
narrower idler spectral bandwidth, a larger temporal walk-off and a lower peak
power for the generated idler. If higher peak power rather than higher pulse
energy is preferred by the applications, the results in Fig. 3.9(b) suggests that a
GaSe crystal of 1 mm thick is best suited; the resulting idler pulse requires no post
compression and has a peak power of 2.1 kW.

3.4.4 Summary of 1-µm driven DFG
Above analysis has shown the energy scaling capability of 1-µm driven DFG pro-
cess. The characteristics of the generated mid-IR idler pulses are also discussed in
terms of spectral bandwidth, pulse duration, pulse compression and peak power.
The results indicates several drawbacks of 1-µm driven DFG inside GaSe crystals:
• For HRR DFG, the total input pulse energy to be launched into GaSe crystals

is limited to hundreds of nano-joule level, which is mainly caused by multiple
photon absorption (MPA) effect and poor thermal conductivity of GaSe crystals.
When the pump/signal pulses are centered at 1.03/1.15 µm, at a repetition
rate of 30 MHz, their total pulse energy is capped under 200 nJ to prevent
catastrophic crystal damage. Such limitation directly leads to a limited pulse
energy of the idler pulses at nano-joule level (1.5 nJ as shown in Fig. 3.8(b).
It also eliminates the possibility of OPA regime operation for the DFG process,
which requires an input pump pulse with more than 300-nJ pulse energy.
• GVM between the pump pulses and the signal pulses results an inefficient gen-

eration of the mid-IR idler. GVM between pump and signal is 96.5 fs per mm
for type-I DFG process inside GaSe crystals. When the pulses are propagating
inside the crystal, GVM between pump and signal significantly reduces their
overall temporal overlap. Shown in Fig. 3.8(b), the growth of the output idler
saturates when the GaSe thickness exceeds 3 mm. Further increasing the crystal
thickness is inefficient for scaling the idler. A maximum pump-to-idler quantum
efficiency of 25% is achieved when 4-mm-thick GaSe crystal is used to host the
DFG process.
• GVM between idler pulses and pump/signal pulses broadens the idler pulse

during the DFG process. When the GaSe crystal is more than 2-mm-thick, the
generated idler pulse has a temporal chirp that cannot be fully compensated.
After adding a proper GDD, the compressed idler pulse can reach ∼80% peak
intensity of its TL pulse. The compressed idler pulse can have a peak power of
2-kW.
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To overcome all these drawbacks, one strategy is to shift the center wavelength
of the pump/signal pulses to longer wavelengths, where GaSe crystals can exhibit
less MPA so that more pulse energy can be launched to the crystal. For example,
if 2.0-µm pump pulses and 2.5-µm signal pulses are mixed inside GaSe crystals to
generate idler pulses centered at 9.87-µm, two-photon absorption and even three-
photon absorption can be mitigated. Shifting the pump/signal wavelengths also
changes the phase matching condition, which may increase the spectral bandwidth
of the output idler. At 2-µm range, the pump/signal wavelength is closer to the
mid-IR wavelength. Therefore, pump/signal pulses are propagating at a group
velocity that is closer to the group velocity of the mid-IR idler pulse. Therefore,
GVM of 2-µm driven DFD is lower compared with 1-µm driven DFG, making it
possible for further scaling the idler. In the next section of this chapter, we study
DFG processes with the input pump pulses centered at 2 µm.

3.5 2-µm driven DFG
In this section, we study DFG process that generates mid-IR idler pulses with the
pump pulses centered at 2 µm. We firstly compare several important parameters
for 1-µm and 2-µm driven DFG such as group velocity mismatching coefficients,
phase matching angle, phase matching bandwidth and Fresnel transmittance in
Section 3.5.1. Then two examples of 2-µm driven DFG are given in Section 3.5.2
to demonstrate the superiority of 2-µm driven DFG in boosting the parametric
interaction strength. Section 3.5.3 shows the energy scaling capability of 2-µm
driven DFG. The possibility of OPA regime operation for 2-µm driven DFG is
shown. In Section 3.5.4, the influence of GaSe thickness on the output idler is
studied. Finally, we conclude in Section 3.5.5.

3.5.1 Comparison between 1-µm and 2-µm driven DFG
Previous studies on the energy scaling capability of 1-µm DFG have shown that
GVM plays a crucial role in determining how effectively three waves in DFG process
can exchange energy. A straightforward speculation is that smaller pump-signal
GVM allows the use of a thicker GaSe crystal and may significantly increase the
yield of mid-IR pulses. Smaller pump-idler GVM also facilitates the generation of
few-cycle, ultrashort idler pulses with high peak power at the output. To compare
2-µm driven DFG with 1-µm driven DFG, we calculate the corresponding GVM
coefficients of the DFG processes where the input pump is centered at 1.03 µm, 2
µm and the output idler is chosen to have a center wavelength from 5 µm to 15
µm.

The GVM coefficients are plotted in Fig. 3.11. For 1-µm driven DFG, to
generate an idler center at 10 µm, pump pulses and signal pulses (blue line in
Fig. 3.11(a)) have a GVM of about 100 fs/mm. If the input pump/signal pulse has
a pulse duration of 170/130 fs, the maximum crystal thickness is 3 mm by a rough
estimation. This agrees with the results shown in previous secitons (Fig. 3.8(b)).
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Figure 3.11: GVM coefficients of 1-µm and 2-µm driven DFG.

1-µm driven DFG and 2-µm driven DFG are compared in terms of group velocity
mismatch coefficients. DFG process with the pump centered at 1.03/2 µm is
set to generate an idler with a center wavelength from 5 to 15 µm. (a) GVM
coefficients for 1-µm driven DFG. (b) GVM coefficients for 2-µm driven DFG.

For 2-µm driven DFG, GVM between the pump pulses and signal pulses is about
20 fs/mm for generating 10-µm idler pulses, which is 5 times less compared with
the case of 1-µm pump. Therefore, GaSe crystal with ∼5 times more thickness
can be used to host the DFG process. Using GaSe crystal with the same thickness,
2-µm driven DFG has the advantage of generating more idler due to a reduced
GVM and an increased temporal overlap between pump pulses and signal pulses.

Meanwhile, GVM between pump pulses and idlers pulses is also significantly
smaller for 2-µm driven DFG (32 fs/mm versus 600 fs/mm for genearting 10-µm
idler). A reduced pump-idler GVM enables the generation of few-cycle idler pulses
with high peak power at the output.

If we recall the formula that defines the pump threshold intensity (Eq. 3.6),

Ith = n1n2n3ε0c
3

2ω1ω2d2
eff
· ( 1
L

)2.

Assume the generated idler has the same center wavelength (ω1 is unchanged), the
pump threshold intensity for 2-µm DFG increases by roughly a factor of 2 due to a
lower value of signal center frequency ω2. Meanwhile, the reduced GVM allows the
use of a thicker GaSe crystal, which scales the nonlinear interaction length L by a
factor of 5. If the nonlinear crystal has the same thickness, a reduced GVM also
results in a longer effective nonlinear interaction length. Since the threshold pump
intensity has a L−2 dependence, the pump threshold intensity for 2-µm DFG may
be reduced by one order of magnitude. Translated into pulse energy, the pump

66



3.5. 2-µm driven DFG

5 10 15
10

12

14

16

18

20

Idler wavelength (µm)

G
aS

e 
P

M
 a

ng
le

 (
de

g)

 

 

1−µm DFG
2−µm DFG

(a) Phase matching angle

5 10 15
3

3.5

4

4.5

5

Idler wavelength (µm)

S
pa

tia
l w

al
k−

of
f a

ng
le

 (
de

g)

 

 

1−µm DFG
2−µm DFG

(b) Spatial walk-off angle

Figure 3.12: Phase matching and spatial walk-off of 1-µm and 2-µm driven DFG.

1-µm driven DFG and 2-µm driven DFG are compared in terms of (a) Phase
matching angle and (b) Spatial walk-off angle.

threshold pulse-energy can be down to 100-nJ or even sub-100-nJ level, assuming
other parameters such as beam size, pulse shape and pulse duration are the same.

Besides GVM, shifting the pump wavelength from 1.03 µm to 2 µm also changes
the phase matching condition of the DFG process. Figure 3.12(a) plots the phase
matching angle of GaSe crystals for type-I DFG process with the pump centered
at 1.03 µm and 2 µm respectively. When the idler wavelength changes from 5 to 15
µm, the corresponding phase matching angle varies ∼5 degrees for the 1-µm driven
DFG (solid line in Fig. 3.12(a)); for 2-µm driven DFG (dashed line in Fig. 3.12(a)),
it changes less than 1 degree. Phase matching with less dispersion renders a DFG
process that is able to generate a broadband idler, which enables the generation
of extremely short pulses in mid-IR [73].

The change of phase matching angle also alters the spatial walk-off of the
input beams. GaSe is an extremely soft crystal (0 on its Mohs hardness scale). Its
crystalline structure forbids any cutting angle except for being cut perpendicularly
with respect to the optical axis [17]. Therefore, phase matching angle determines
the incident angle of the input beams. Since the pump beam is e-polarized and the
signal beam is o-polarized, the input beams accumulate spatial walk-off as they
propagate inside the crystal. We plot in Fig. 3.12(b) the spatial walk-off angle
between the pump beam and the signal beam for type-I DFG process inside the
GaSe crystal. It shows 2-µm DFG has less spatial walk-off compared with 1-µm
DFG. For example, for generating an idler at 10 µm, 2-µm DFG has a spatial walk-
off angle of 3.1 degree while 1-µm DFG has 3.9 degree. A spatial walk-off angle
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Figure 3.13: Phase matching bandwidth of 1-µm and 2-µm driven DFG.

1-µm driven DFG and 2-µm driven DFG are compared in terms of phase
matching bandwidth. The contour of |sinc(∆k · L)| is plotted to illustrate the
phase matching conditions. The GaSe crystal is 1-mm-thick. (a) Phase matching
bandwidth of 1-µm DFG. (b) Phase matching bandwidth of 2-µm DFG.

of 3.1 degree equals to 54 mrad. When the pump and signal propagate 1-mm-long
distance inside the crystal, they have a transverse walk-off of 54 µm. If both beams
have a loosely focused beam size (e.g., more than 200 µm), the spatial walk-off
does not have significant impact on the strength of the parametric interaction.
A reduced spatial walk-off thus allows the experimental scheme of tight focusing,
which can effectively boost the intensity of the input beams so that more idler can
be generated.

Setting the crystal angle at the phase matching angle, we can calculate the
phase matching bandwidth of the DFG process. Parameter |sinc(∆k · L)| can be
used to characterize the phase matching bandwidth of the DFG process [60]. We
plot in Figure 3.13 the contour of |sinc(∆k · L)| versus pump/idler wavelength.
In this plot, the GaSe crystal is chosen to have a thickness of 1 mm. The figure
shows that 2-µm DFG has broader phase matching bandwidth compared with 1-
µm DFG. When the pump wavelength is fixed at 2 µm, the contour plot shows
the idler can have a FWHM phase matching bandwidth spanning from 8 µm up
to 16 µm. For 1-µm DFG, the idler has a phase matching bandwidth of less than
500 nm.

Finally we compare the Fresnel reflection loss at the surfaces of GaSe crystal.
Since GaSe crystals cannot be coated with any anti-reflection (AR) coating, Fresnel
reflection causes a large portion of energy loss for the inputs. At the back facet
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(a) Fresnel transmission of 1-µm DFG
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(b) Fresnel transmission of 2-µm DFG

Figure 3.14: Fresnel transmission of 1-µm and 2-µm driven DFG.

1-µm driven DFG and 2-µm driven DFG are compared in terms of Fresnel
transmission. For pump and signal, Fresnel transmission occurs at the front facet
of the crystal. For idler, it occurs at the back facet. (a) Fresnel transmission of
1-µm DFG. (b) Fresnel transmission of 2-µm DFG.

of GaSe crystal, Fresnel reflection also attenuates the pulse energy of the output
idler. We calculate the Fresnel transmission (in terms of power transmittance) for
all three waves involved in the DFG process. For the pump wave and the signal
wave, Fresnel transmission occurs at the front facet of the crystal. While for the
idler wave, Fresnel transmission occurs at the back facet. The results are shown
in Fig. 3.14. The product of all three Fresnel transmittances is plotted in a black
dashed line. For generating an idler at 10 µm, 2-µm DFG has about 10% less
overall energy loss compared with 1-µm DFG.

3.5.2 Two examples of 2-µm driven DFG
Above comparison has shown the potential of 2-µm driven DFG in scaling the
pulse energy of the output idler. To study 2-µm DFG, we first give two examples
of 2-µm driven DFG inside a 2-mm-thick GaSe. To generate an idler centered at
9.87 µm, the signal is set to be centered at 2.51-µm. In the first example, the
pump is 100 nJ and the signal is 1 nJ. In the second one, the pump is 100 nJ
and the signal is 100 nJ. Other technical parameters such as pulse duration, pulse
shape and beam size remain unchanged. The initial temporal delay between the
pump pulses and the signal pulses is adjusted to accommodate the GVM-caused
temporal walk-off, so that DFG process is optimized to generate the most pulse
energy in the idler.
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(c) Idler and its TL-form pulse profile
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Figure 3.15: 2-µm driven DFG inside a 2-mm-thick GaSe crystal.

Type-I DFG process inside a 2-mm-thick GaSe. DFG process is seeded with a
2-µm, 170-fs, 100-nJ pump and a 2.51-µm, 130-fs signal. In (a), signal is 1 nJ and
in (b) signal is 100-nJ. (a) Normalized intensity profile of the output pulses. The
signal profile is magnified by 20 and the idler is magnified by 200. (b) Normalized
intensity profile. The signal is de-magnified by 10 and the idler is plotted as it is.
(c) The output idler pulse and its TL-form. (d) Idler spectrum.
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By solving the time-dependent coupled wave equations, the normalized inten-
sity profiles of the output pulses are calculated and the results are plotted in
Fig. 3.15(a) and 3.15(b). The signal pulse at the input is also plotted in red
dashed lines to illustrate the temporal walk-off effect. In Fig. 3.15(a), the signal
is magnified by 20 and the idler is magnified by 200. In Fig. 3.15(b), the signal is
de-magnified by 20 and the idler is plotted as it is.

For 1-nJ signal, DFG process generates 0.1-nJ pulse energy at the output idler.
The output pump pulse does not have noticeable change in its intensity profile.
For 100-nJ signal, the idler has 6.9-nJ pulse energy at the output. In Fig. 3.15(b),
there is a noticeable intensity dip on the output pump pulse, indicating the pump
is partially depleted during the process. Therefore, increasing the signal from 1
nJ to 100 nJ does not result in 100 times scaling of the idler pulse energy. When
the input pump has 100-nJ pulse energy, DFG process no longer operates in the
linear regime. In contrast, in the case of 1-µm driven DFG, 100-nJ pump with
100-nJ signal generates ∼1.33-nJ pulse energy in idler and the DFG process is in
the linear regime.

At the output, idler pulses from 1-nJ signal DFG and 100-nJ signal DFG has
similar temporal pulse profile. For both cases, the output idler is quasi-transform
limited (TL). Figure 3.15(c) plots the normalized intensity profile of the output
idler pulse together with its TL-form. The idler has ∼110-fs FWHM pulse duration
and it corresponds to ∼3.3 optical cycles. They have a peak power of 0.9-kW and
52.6-kW, respectively. In the spectrum domain, the idler in both cases has ∼1150-
nm FWHM spectral bandwidth. The output spectrum of the idler is plotted in
Fig. 3.15(d).

3.5.3 Energy scaling of 2-µm driven DFG
2-µm driven DFG is able to generate an idler with quasi-TL pulse profile even
when a 2-mm-thick GaSe is in use. When the input pump/signal has 100-nJ pulse
energy, DFG process starts to deplete the pump indicating that 2-µm driven DFG
is more efficient than 1-µm driven DFG. To study the energy scaling, we simulate
the 2-µm driven DFG by setting the input signal energy at 0.1 nJ, 1 nJ and 10
nJ, and for each signal energy the input pump energy varies from 0.1 nJ to 3 µJ.
The GaSe thickness is still set at 2 mm. The pulse energy of the output idler is
calculated and the results are plotted in Fig. 3.16(a).

The three curves in Fig. 3.16(a) exhibit similar dependence on input pump
pulse energy as those curves in Fig. 3.6(a). As we have expected, the threshold
pump pulse energy now decreases to 100 nJ, which is indicated by a vertical dashed
line in Fig. 3.16(a). When the pump is lower than 100 nJ, the idler scales linearly.
When the pump pulse energy exceeds 100 nJ, DFG process transits into the OPA
regime and the idler has an exponential gain with respect to the input pump.
Compared with 1-µm DFG, the threshold pump pulse energy is reduced by a
factor of 3. Due to less pump-signal GVM, 2-µm DFG generates more idler than
1-µm DFG. For example, at the same input condition of 100-nJ pump and 10-nJ
signal (circled point in Fig. 3.16(a), the 1-µm driven DFG generates idler of 0.15
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Figure 3.16: Idler energy scaling of 2-µm driven DFG.

Type-I DFG process inside a 2-mm-thick GaSe is examined under different
launching conditions. (a) The signal energy is fixed at 0.1 nJ, 1 nJ, and 10 nJ.
The pump increases from 0.1 nJ to 4 µJ. (b) The pump energy is fixed at 1 nJ,
10 nJ and 100 nJ. The signal increases from 0.1 nJ to 10 µJ.

nJ while the 2-µm one generates 0.98 nJ idler, representing nearly one order of
magnitude improvement.

To show how the idler pulse energy scales with the signal pulse energy, we
calculate the DFG processes with the pump energy fixed at 1 nJ, 10 nJ and 100
nJ and the signal energy increased from 0.1 nJ to 1 µJ; the results are shown
as red square curve, black upward-pointing triangle curve and blue circle curve in
Fig. 3.16(b). Similar as the results in Fig. 3.6(b), the idler pulse energy in the 2-µm
driven DFG grows linearly and then starts to saturate as the input signal pulse
increases. However, a distinct difference appears for the signal energy increased
beyond ∼300 nJ: the idler energy saturates to a constant value in the 1-µm driven
DFG while it drops to a lower value in the 2-µm case. This is also due to less GVM
in the 2-µm DFG, which leads to a more efficient interaction of the three waves
such that power back conversion from signal/idler to pump takes place when the
signal energy exceeds 300 nJ. The transition between the linear regime and the
saturation regime of 2-µm driven DFG is indicated by a vertical dashed line in
Fig. 3.16(b).

In [65], 30-W, 32-fs pulses generated by a Tm:fiber laser at 2-µm with 50-
MHz repetition rate are incident onto a GaSe crystal for intra-pulse DFG. The
results indicate that 600-nJ pulse energy at 2-µm remains below the crystal damage
threshold given that the peak intensity at the focus reaches 75 GW/cm2 [65]. As
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the results in Fig. 3.16(a) show, the HRR DFG starts to enter OPA regime as
the pump pulse energy exceeds 100 nJ. To show how the idler pulse energy scales
with the input signal energy when the DFG operates in the OPA regime, we plot
in Fig. 3.16(b) black left-pointing triangle curve corresponding to 500-nJ pump
energy. In the OPA regime, the idler starts to saturate at a lower input signal pulse
energy of 100 nJ. Nevertheless, our simulation results indicate that DFG between a
500-nJ pump pulse and 100-nJ signal pulse in a 2-mm-thick GaSe crystal generates
an idler pulse with 44.2-nJ energy and 135-fs duration, corresponding to 317-kW
peak power. In this case, a total input pulse energy of 600 nJ can generate 44.2-nJ
pulse energy at the output idler. It corresponds to an energy conversion efficiency
of 7.4%, which is one order of magnitude higher than the one in 1-µm driven DFG
(0.75%). At 50-MHz repetition rate, the idler pulse energy translates to an output
average power of 2.2 watts.

As shown in Fig. 3.16(a), the pump threshold pulse-energy is 100-nJ when
the GaSe crystal is 2-mm-thick. According to Eq. 3.6, this threshold level can
be further reduced by increasing the crystal thickness. To verify this trend, we
simulate DFG processes with GaSe thickness being 2-mm, 4-mm, 8-mm, and 10-
mm. In order to prevent pump depletion, a “small” signal with 1-pJ pulse energy is
used to seed the DFG process. The pump increases from 0.1-nJ to 1-µJ . The pulse
energy of the output idler is calculated and the results are plotted in Fig. 3.17.
In each figure, we plot the linear fit of the idler under the linear regime operation
using a black dashed line, so that the distinction between the linear regime and
the OPA regime is more evident.

As shown, the threshold pump pulse energy at different GaSe thickness is 100-
nJ, 30-nJ, 20-nJ and 20-nJ. It scales with L−2 until GaSe thickness exceeds 4-
mm. When the GaSe crystal is thicker than 4-mm, temporal walk-off between
pump pulses and signal pulses starts to saturate the strength of the parametric
interaction. When the GaSe crystal is 8-mm-thick, the threshold pump pulse
energy reaches a minimum level of around 20-nJ. Further increasing the crystal
thickness does not constitute an efficiency approach for scaling the idler. Using
100-nJ pump and 1-pJ signal, idler pulses with pulse energy of 0.4 pJ, 1.1 pJ, and
1.2 pJ are generated by GaSe crystal with a crystal thickness of 4 mm, 8 mm, and
10 mm, respectively.

3.5.4 2-µm driven DFG at different GaSe thickness
Finally, we investigate the effect of crystal thickness on 2-µm driven DFG and
compare it with the 1-µm driven DFG. 2-µm DFG process with the GaSe thickness
varying from 0.5 mm to 4 mm is simulated with the input pump/signal pulse
energy set at 100-nJ. The normalized intensity profiles of the output idler pulses
are plotted in Fig. 3.18(a). Due to less pump/idler GVM, the output idler pulses
have a more symmetric pulse profile compared with their 1-µm counterparts as
shown in Fig. 3.8(a). Figure 3.18(b) plots the pulse energy as a function of GaSe
thickness (to the left axis), showing that the idler energy starts to saturate as
the crystal thickness exceeds 3.5 mm; It is noteworthy that, unlike the case of
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(a) 2-mm-thick GaSe (b) 4-mm-thick GaSe

(c) 8-mm-thick GaSe (d) 10-mm-thick GaSe

Figure 3.17: Threshold pump pulse energy of 2-µm driven DFG.

Type-I DFG process is examined to show the change of threshold pump pulse
energy with different GaSe thickness. GaSe thickness of 2-mm, 4-mm, 8-mm and
10-mm is selected. For each plot, the signal has 1-pJ pulse energy.

1-µm DFG, the saturation of the idler growth is not caused by the saturated
pump-signal temporal overlap, but caused by pump depletion. The pump-to-idler
quantum efficiency versus GaSe crystal thickness, plotted in Fig. 3.18(b), shows
that more than 75% pump photons have been converted into idler photons when a
3-mm-thick GaSe crystal is hosting the DFG process. Using a 3-mm-thick GaSe,
9.58-nJ idler pulses can be generated, representing 6 times improvement compared
with the 1-µm driven DFG (1.55 nJ idler pulse energy). For a repetition rate of 30
MHz, such pulse energy leads to ∼300-mW average power. For 2-µm driven DFG,
the photon conversion ratio can exceed 76%, which is 3 times higher than the case
of 1-µm driven DFG (24.5%).
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Figure 3.18: Idler profile and pulse energy of 2-µm driven DFG at different GaSe
thickness.

2-µm driven DFG is studied with GaSe thickness varying from 0.5 mm to 4 mm.
Both inputs have 100-nJ pulse energy. (a) Normalized intensity profile of the idler
pulse. (b) Pulse energy of the idler and the quantum efficiency for pump-to-idler
photon conversion.

Figure 3.19(a) plots the spectral bandwidth versus the crystal thickness (black
dashed line, to the right axis). The idler bandwidth decreases from 1150 nm to
964 nm as the crystal thickness increased from 0.5 mm to 4 mm. Clearly the idler
resulted from 2-µm driven DFG has a much larger spectral bandwidth than can be
achieved from the 1-µm driven DFG. Consequently the idler pulse generated from
2-µm driven DFG is much shorter with the duration varying between 105 fs and
135 fs (circle marked line in Fig. 3.19(a)). Given that the corresponding TL pulse
duration varies between 105 fs and 120 fs (square marked line in Fig. 3.19(a)), the
idler pulse is close (within 85%) to be transform-limited. By simply adding proper
GDD, the idler pulse can be dechirped to be nearly transform-limited (triangle
marked line in Fig. 3.19(a)).

Figure 3.19(b) shows the peak power as a function of GaSe thickness for the out-
put idler pulse (circle), the compressed pulse (triangle), and the TL pulse (square).
Different from the 1-µm driven DFG, all the peak powers in the 2-µm case increase
with an increased GaSe crystal thickness. Thanks to the short pulse duration and
higher pulse energy, the idler peak power can reach as high as 72 kW when a 4-
mm-thick GaSe crystal is used for hosting 2-µm driven DFG, nearly two orders of
magnitude improvement from the 1-µm case (1.3 kW). Such a high peak power is
crucial for important nonlinear mid-IR applications.
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Figure 3.19: Idler bandwidth, pulse duration and peak power of 2-µm driven DFG
at different GaSe thickness.

2-µm driven DFG is studied with GaSe thickness varying from 0.5 mm to 4 mm.
(a) Spectral bandwidth of the output idler (to the right axis) and pulse duration
of the output idler pulse, the compressed idler pulse and TL idler pulse (to the
left axis). (b) Peak power of the output idler pulse, the compressed idler pulse
and TL idler pulse.

3.5.5 Summary of 2-µm driven DFG

To conclude, thanks to a reduced pump-signal GVM, 2-µm driven DFG has su-
perior energy scalability in generating high-power mid-IR idler pulses compared
with 1-µm driven DFG. The pump/idler GVM for 2-µm driven DFG is also much
lower compared with 1-µm driven DFG, enabling the generation of mid-IR idler
pulses that are close to transform-limited. Moreover, the input pulses in 2-µm
driven DFG have intrinsically less photon energy compared with the inputs of 1-
µm driven DFG, and, therefore, we anticipate a higher damage threshold for the
nonlinear crystal in 2-µm driven DFG. Our previous results showed that GaSe
crystal suffers crystal breakdown if the input pulses, centered around 1-µm, have
a total input power of 6-W [36]. In [65], it was shown that GaSe crystals can be
launched with a total input power of 30-W, if the inputs are centered at 2-µm
with a repetition rate of 50-MHz. It translates to a total input pulse energy of
600-nJ. In our calculations, we simulate the situation where a 2-mm-thick GaSe is
seeded with 100-nJ signal pulses and 500-nJ pump pulses in a 2-µm driven DFG
scheme. The generated mid-IR idler pulses, centered around 9.87-µm, can have a
pulse energy of >44-nJ and a peak power of 320-kW. At a repetition rate of 50-
MHz, mid-IR sources with a total optical power of >2.2-W will open up avenues
for many applications.
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3.6 Possible experimental implementation
In DFG, the signal pulses are usually derived from the pump pulses using second-
order nonlinear susceptibility offered by nonlinear optical crystals (OPA or OPO)
or third-order nonlinearity in an optical fiber. The latter method is more attractive
as the derived signal pulses share the same fceo as the pump pulses and the resulting
mid-IR pulses have set fceo automatically to zero. To convert the resulting mid-
IR sources into mid-IR frequency combs, only the repetition rate frep needs to
be stabilized, which significantly simplifies the overall experimental setup. Fiber-
based wavelength-shifting method is also straightforward to be implemented and
offers a broad wavelength tuning range, both of which are preferred in constructing
mid-IR frequency combs.

In general, however, optical fibers exhibit poor energy scalability due to the
massive amount of nonlinearity caused by the tight confinement of the femtosec-
ond pulses in a small mode area. As a result, the signal pulses that are derived
using fiber-optic methods are normally much weaker than the pump pulses. For
example, a widely used fiber-optic method to obtain the signal pulses is to employ
Raman soliton self-frequency shift in an optical fiber [33]. Raman soliton pulses
normally have nanojoule or even sub-nanojoule level pulse energy, especially for
the case where the pump pulses are centered at 1.03 µm, an operating wavelength
range for mature high-power Yb-doped fiber laser systems. For example, Axel
Ruehl et al. used a 2.2-W, 151-MHz Yb:fiber laser source to derive the signal
pulses by generating Raman solitons in 25-cm-long highly nonlinear suspended-
core fiber [33]. The resulting signal pulses are tunable between 1.15 to 1.65 µm
with pulse energies varying from 0.04–0.15 nJ. After mixing the signal and the
pump in a 0.5-mm-thick GaSe crystal, the DFG process produces 0.3-mW average
output power at 10 µm, which corresponding to 2-pJ pulse energy in the mid-IR
range. For 2-µm driven inter-pulse DFG, C. R. Phillips et al. used a 72-MHz
Tm:fiber laser system that produces 150-fs, 2.0-µm pulses with watt-level average
power [34]. The signal pulses obtained via Raman soliton generation in fluoride
fiber centers at 2.5-µm with 30-mW average power, corresponding to a pulse energy
of 0.42-nJ. Using a quasi-phase-matching DFG scheme in 2-mm-thick orientation-
patterned GaAs, they generated 6.7–12.7-µm idler pulses with 1.3-mW average
power.

The simulation results presented in Section 3.4 and 3.5 clearly point towards
a more efficient way for power scaling of HRR DFG: increase the signal pulse en-
ergy to a level comparable with the pump pulse. In other words, generation of
high-energy, wavelength-tunable signal pulses constitutes the solution to achieve
high power mid-IR frequency combs. Recently we demonstrated an energy-scalable
fiber-optic technique in order to derive wavelength-tunable signal pulses. We em-
ploy self-phase-modulation (SPM) to broaden a narrow input optical spectrum to
generate well-isolated spectral lobes and then spectrally filter the left-most/right-
most spectral lobes to produce nearly transform-limited femtosecond pulses [51].
Based on a 30-MHz Yb:fiber laser system, such SPM-enabled spectral selection
(SESS) approach is able to generate 100 fs pulses with up to 20 nJ pulse energy,
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Figure 3.20: Idler versus pump-signal product.

Comparison between experimental data (circles and squares) and simulation
results. Here we assume 30% linear loss for the mid-IR idler when it propagates
from the nonlinear crystal to the detector.

tunable in the range of 1100-1200 nm [51]. Using these SESS pulses as the signal
and the other portion of the Yb:fiber laser output as the pump, DFG process inside
a 2-mm-thick GaSe crystal can generate mid-IR output in the wavelength region
of 7-18 µm [36]. Among them, the mid-IR output at 9.5 µm has 5.4-mW average
power, corresponding to 180-pJ pulse energy [36].

Using wavelength-shifted SESS pulses as the signal pulses for seeding DFG, we
measure the power of the mid-IR idler versus the product between pump power and
signal power. The experiment utilizes a 30-MHz, 15-W, high-power Yb:fiber laser
system as the master laser source [36]. In DFG, the pump has a center wavelength
of 1030-nm, the signal 1150-nm, and the idler 9.87-µm. The pump pulse and the
signal pulse has similar pulse parameters as our numerical calculations on 1-µm
driven DFG. In the experiment, the mid-IR idler is generated in a 2-mm/0.5-
mm-thick GaSe crystal. The results are plotted in Fig. 3.20 by blue squares (2-
mm GaSe) and black circles (0.5-mm GaSe). Apparently, for 1-µm driven DFG,
the idler has a linear growing trend with respect to the product between pump
and signal. We plot in the same figure the idler power predicted by numerical
simulations (i.e., linear fit from Table 3.1) using blue/black dashed lines. Here
we assume the mid-IR idler has a linear loss of 30% when it propagates from the
crystal to the detector. The power discrepancy for 2-mm GaSe results may be due
to the absence of multi-photon absorption in our modeling.

SESS exhibits excellent energy scalability and can be adapted to other laser
wavelengths as well. For example, employing an ultrafast Er:fiber laser centered
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at 1.55 µm, we implemented a SESS source tunable from 1.3 µm to 1.7 µm with
up to 16-nJ pulse energy [74]. We further showed that such increasing the input
pulse energy to ∼1-µJ (offered by an OPA source) produced >100-nJ femtosecond
pulses at 1.3 µm and 1.7 µm with a pulse peak power reaching the MW level.

SESS can be also applied on a high power 2-µm laser system, for example,
a Tm:fiber laser at tens of MHz repetition rate and provides 2-µm femtosecond
pulses with ∼ µJ level pulse energy. Using proper fiber to implement SESS, signal
pulses tunable in 2.2–2.9 µm with >100-nJ energy are possible and should enable
generation of ∼40 nJ mid-IR pulses tunable in 6–20 µm.

3.7 Summary of the chapter
In conclusion, we numerically investigated HRR DFG processes that generate mid-
IR idler, in which the crystal damage threshold limits the allowed pulse energy. We
show that, different from OPAs based on low repetition-rate DFG, HRR DFG may
operate in the linear regime, in which the idler pulse energy scales almost linearly
with respect to the pump/signal pulse energy. Consequently increasing the signal
energy is as efficient as increasing the pump energy for idler energy scaling in HRR
DFG. We compare 1-µm driven DFG and 2-µm driven DFG, and demonstrate that
2-µm driven DFG has the following advantages:
(1) The idler energy scalability benefits from smaller GVM, and therefore 2-µm

driven DFG associated with a reduced GVM compared with the 1-µm driven
case exhibits superior energy scalability for the idler pulses. More important,
higher crystal damage threshold is expected due to the lower photon energy,
and therefore more energetic pump pulses are allowed in the 2-µm driven DFG,
which results in operation of inter-pulse DFG in the OPA regime.

(2) The 2-µm driven DFG experiences a smaller dispersion and a larger phase
matching bandwidth, which in conjunction with the reduced GVM results in
much shorter idler pulses with close to be transform-limited pulse duration.
Under the same launching conditions, the peak power of idler pulses generated
in the 2-µm driven DFG is nearly two orders of magnitude higher than can be
achieved from the 1-µm driven DFG (e.g., 72 kW versus 1.3 kW).

The key for achieving high power, HRR DFG is to obtain high energy (≥100 nJ)
signal pulses. We show that SESS is a feasible approach to produce these required
signal pulses. Ongoing work is to implement such HRR DFG experimentally and
demonstrate its energy scalability. We anticipate that long-wave mid-IR frequency
combs with >2-W average power can be achieved by 2-µm driven inter-pulse DFG,
which will open up avenues for many applications.
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Chapter 4

Noise of DFG-based mid-IR
frequency combs

4.1 Introduction

Ultrafast mid-infrared (mid-IR) lasers with a center wavelength spanning from 5
to 20 µm (molecular “fingerprint” region) have attracted strong research attention
due to their capability of coherently exciting the rotational and vibrational reso-
nances of various biological/chemical molecules [17]. After locking the repetition
rate frep and the carrier-envelope offset frequency fceo of a mode-locked mid-IR
laser to low-noise, stable references, for example, low-noise radio-frequency (rf)
sources [75] and ultrahigh-Q stable optical references [76], the resulting mid-IR
frequency comb provides hundreds-of-thousands of comb lines with well-defined
optical frequencies [16]. Equipped with rapidly developing technologies such as
dual-comb detection [18, 77–79], enhancement cavities [80, 81] and electro-optic
sampling [82], mid-IR frequency combs in the molecular “fingerprint” region have
become an enabling tool for powerful spectroscopic applications.

In the time domain, phase-stable optical pulses are emitted from the comb
laser in a time interval of trt. The time interval trt corresponding to the round-trip
time of the master laser cavity is defined by the time separation between the pulse
envelopes of two consecutive pulses. Due to the cavity dispersion, the intra-cavity
phase velocity vp differs from the intra-cavity group velocity vg. In each round-trip,
there is a pulse-to-pulse phase slippage between the carrier and the envelope. Such
phase slippage is termed as the carrier-envelope phase offset φce (CEP).

Figure 4.1(a) depicts the time domain picture of two consecutive pulses for
illustrating trt and φceo. In the plot, blue dashed lines represent the pulse envelope
and black solid lines the electric field (carrier). As Fig. 4.1(a) shows, the envelopes
of two pulses are separated by trt in the time domain, which is normally at the
scale of tens of nanosecond. For a 30-MHz laser system, trt is 33.3-ns. For the
right pulse plotted in Fig. 4.1(a), the peak of the electric field is aligned with the
peak of the pulse envelope so that its carrier is in phase with its envelope. For the
left pulse plotted in Fig. 4.1(a), there is a phase slippage of φce between the carrier
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Figure 4.1: Output from a frequency comb laser.

(a) Time domain picture of two consecutive pulses from a frequency comb laser.
Blue dashed lines represent the pulse envelope and black solid lines represent
the electric field. (b) Spectral domain picture of a frequency comb output.
Black dashed line plots the envelope of the optical spectrum. Extending the
equally spaced longitudinal modes towards the frequency origin, there exists an
“imaginary” mode fceo between 0 and frep.

and the pulse envelope. Theoretically, the carrier-envelope phase offset is defined
by

φce = 2π · νc · (
L

vg
− L

vp
), (4.1)

where νc stands for the optical carrier frequency and L is the net cavity length.
Normally, under such definition, the offset phase is at the order of 105 · π [75, 83].
However, as the electric field is oscillating at the carrier frequency, this “theoretical”
offset phase can be downshifted to 0–2π by adding appropriate multiples of 2π.

When the electric field of a pulse train containing multiple pulses is Fourier-
transformed, the resulting spectrum consists of equally spaced lines in the spectral
domain. Figure 4.1(b) plots the spectral domain picture of a frequency comb
output. It is noteworthy that the Fourier-transform of single optical pulse is a
continuum centered around νc (shown as black dashed line in Fig. 4.1(b)). It is
the constructive and destructive interference among multiple phase-stable pulses
that leads to the formation of comb-like structure. As shown in Fig. 4.1(b), the
spacing between the comb lines frep is the inverse of the pulse-to-pulse separation
in the time domain

frep = 1
trt
. (4.2)

Extending the comb lines towards the origin results in an “imaginary” comb line
that falls between 0 and frep. Using Fourier transform’s identities, the offset fre-
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quency fceo is expressed by
fceo = φce

2π · frep. (4.3)

Apparently, the optical frequency of the mth comb line can be then written as

νm = m · frep + fceo, (4.4)

where m is an integer. As long as both frep and fceo are stabilized, the resulting
frequency comb provides hundreds-of-thousands of comb lines and each comb line
has a well-defined optical frequency.

To construct a frequency comb, both the repetition rate frep and the offset
frequency fceo need to be precisely measured and referenced. The repetition rate,
frep, can be easily measured by imposing the optical pulse train into a fast pho-
todiode and analyzing the rf spectrum of the photodiode signal [84]. To stabilize
frep, the most straightforward and commonly used approach is to tune the cavity
length via intra-cavity piezoelectric transducer (PZT) devices [85–88]. Normally
PZT device only has a servo bandwidth of tens of kHz. A properly design PZT
mount can achieve >100 kHz bandwidth [89, 90]. To achieve faster feedback con-
trol, intra-cavity electro-optic modulator (EOM) devices are also employed, which
offer a controlling bandwidth from several hundred kHz to a few MHz [91–94].

Meanwhile, the detection of fceo is achieved by heterodyne beat measurement
such as 1f -2f interferometer [6,95]. In a typical 1f -2f interferometer, the source of
interest needs to be spectrally broadened to an octave-spanning spectrum. This is
usually achieved by launching the optical pulse into a short piece of highly nonlinear
fiber (HNLF) for super-continuum generation (SCG) process. The octave-spanning
spectrum contains the optical frequencies ν2m = 2m ·frep +fceo and νm = m ·frep +
fceo sharing same fceo. The latter one is then frequency-doubled to generate a
second-harmonic signal with a center frequency of 2νm = 2m · frep + 2 · fceo. The
heterodyne beat between ν2m and 2νm, therefore, generates the fceo signal in the
radio-frequency range which can be detected using a fast photodiode. The fceo
signal is then compared with a stable rf source to generate the error signal for
controlling fceo.

To control the offset frequency fceo, the error signal can be applied in a feed-
back or a feed-forward scheme. The feedback control of fceo can be achieved by
changing the net cavity phase. The pump power is usually selected as the control
variable, because modulating the pump power allows changing the intra-cavity
pulse intensity, which in turn controls the accumulated nonlinear phase inside
the cavity. Therefore, fceo can be controlled by modulating the pump diode cur-
rent [85–88,90,96], or controlling the pump power using an EOM device [97]. The
net cavity phase can be also directly modulated using an intra-cavity graphene-
based modulator [94, 98], or an intra-cavity saturable-absorber mirror as opto-
optical modulator [99]. Feed-forward control of the offset frequency fceo is to
change the pulse-to-pulse phase difference outside the laser cavity. As a cavity-
external approach, it does not influence the intra-cavity mode-locking process,
which is inherently more robust. The feed-forward control can be achieved by us-
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ing an acousto-optic frequency shifter [100–102] to modulate the optical frequency
of all comb lines.

The stabilization of the offset frequency fceo is highly dependent on the signal-
to-noise ratio (SNR) of the detected fceo signal, which is fundamentally limited by
shot noise in detection. In the SCG process that generates the octave spanning
spectrum, HNLF with anomalous dispersion is usually employed. During SCG,
excess amplitude fluctuations and additional phase noises are introduced due to
modulation instability and other noise transfer mechanisms, leading to a degraded
SNR of fceo detection. The stabilization of fceo is also limited by the bandwidth of
the feedback (feed-forward) system, normally <1 MHz. Moreover, the stabilization
of fceo via modulating the pump diode current may result in complicated intra-
cavity dynamics, as the change of intra-cavity pulse intensity changes the net cavity
phase and the round-trip time simultaneously [75]. Therefore, the feedback loop
for controlling fceo can “fight” against the feedback loop for controlling frep, which
significantly deteriorates the stability of the resulting frequency comb.

Apart from using a tedious experimental setup for detecting and referencing
fceo, passive CEP cancelation has been proposed and implemented [37]. By launch-
ing two pulse trains with different center frequency but same fceo to difference-
frequency generation (DFG) process, the output idler pulse train can have fceo
automatically set at zero [37]. Such passive fceo stabilization scheme has been
successfully applied to construct DFG-based mid-IR frequency combs [33,35,68].

In the time domain, DFG process involves nonlinear interaction between op-
tical pulses. To fully characterize a pulse train, a complex numerical array can
be used to describe the complex field of each individual pulse. The length of the
array equals to the sampled time span divided by the time resolution, which easily
exceeds 1,000 if we assume the sampled time span is 5 times longer than the pulse
duration. Therefore, a pulse train containing thousands-to-millions of pulses is
represented by millions-to-billions of complex numbers, resulting an unrealistically
large size of data for computation. Alternatively, as has been used in most theo-
retical studies [83, 103–106], if we treat the optical pulse as an entity and sample
the pulse train by its repetition rate frep, the parameters for characterizing a single
pulse reduce to the pulse energy Ep, pulse width τp, center frequency νc, chirp C,
peak power Pp and the optical phase φ. For a pulse train, each consecutive pulse
is separated by an interval of trt and a phase slippage of φce. It is noteworthy that
some parameters for describing the pulse are redundant. For example, by assuming
certain pulse shape, the peak power can be calculated from the pulse energy, pulse
width, and chirp.

If all these parameters have no temporal fluctuations, the pulse train becomes
a “perfect” frequency comb and each comb line within the comb spectrum has a
line-width that is inversely proportional to the observation time. If the observation
time is infinitely long, the comb line becomes a mathematical δ-function. However,
all these parameters for describing the pulse have temporal fluctuations, imposing
uncertainties to the resulting frequency comb lines. These noises, especially the
timing jitter noise and the optical phase noise, deteriorate the comb performance by
broadening the comb line-width and elevating the comb background level [39]. The
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noise causes direct impact on applications(e.g., frequency metrology, spectroscopic
applications and optical atomic clocks) where a precise reference to the optical
frequency and high detection SNR are required.

The noises originate from several sources: (1) noise of the master laser system;
(2) noise introduced during the wavelength shifting process; and (3) noise intro-
duced during the DFG process. In this chapter, we investigate the effect of timing
jitter noise of DFG-based offset-free mid-IR frequency combs. We first give a brief
introduction to the master fiber laser noise in Section 4.2. Then we calculate the
noise transfer of DFG process in Section 4.3. During DFG, the relative timing
jitter between pump pulses and signal pulses translate to the timing and intensity
fluctuation of the generated idler pulses. Two DFG are compared in this section:
DFG with a pump at 1.03-µm and DFG with a pump at 2-µm. The noise trans-
fer during 2-µm driven DFG is ∼5 times less than 1-µm driven DFG. Finally, we
study the relationship between the timing jitter noise and the comb characteristic
in Section 4.4. We investigate how timing jitter noise with different noise spectrum
can affect the comb line-width and the comb signal-to-noise ratio (SNR). We show
that by using β-separation line method, the comb line-width can be well estimated
by geometrically measuring the noise spectrum of timing jitter noise. An reduction
of low-frequency 1/f 2 noise can narrow the comb line-width from 40-kHz to 2-kHz
and increase the comb SNR by 15-dB.

4.2 Noise of mode-locked fiber lasers
In this section, we discuss the noise of mode-locked fiber laser with a particular em-
phasis on the intensity noise and timing jitter. The theoretical study on the noise
performance of mode-locked lasers begins with the soliton perturbation theory
proposed by Haus [103, 107]. The relationship between intra-cavity noise sources
and perturbations of laser parameters is identified by solving the master equation
with an inclusion of perturbation terms. Later, Paschotta points out that the the-
ory can be safely applied to other non-solitonic mode-locked lasers [104, 105]. He
determines the performance of a mode-locked laser under the influence of quantum-
limited noise. The noise of a mode-locked laser turns out to be highly dependent
on the cavity parameters, such as net intra-cavity dispersion [108–110], net cavity
gain [111], intra-cavity filtering [112–114], and mode-locking regime [115]. Since
a full comprehensive explanation on mode-locked laser noise is too lengthy to fit
into this section, here we give a brief introduction to this topic.

Figure 4.2 illustrates the schematic of a typical mode-locked fiber laser system.
Normally, it consists of a fiber-based mode-locked oscillator (shown in the dashed
line box), a fiber amplifier, and a pulse compressor. After the compressor, the laser
system can emit ∼100-fs, >100-nJ pulse trains at >10-MHz to the subsequent DFG
system. In the sketch, the noise sources at different sections of the laser system are
indicated by red text. The intra-cavity feedback system for controlling frep and
fceo is indicated by gray text.

If the cavity is properly adjusted, only one pulse is circulating inside the oscilla-
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Figure 4.2: Schematic of a mode-locked fiber laser system

A typical mode-locked fiber laser system consists of a fiber laser oscillator, a
fiber amplifier, and a pulse compressor. Inside the cavity, the circulating pulse
is prone to pump fluctuations, ASE, and environmental perturbations (technical
noises). When the pulse is coupled out, zero-point fluctuations of the vacuum field
also influences. External to the cavity, the pulse has additional environmental
perturbations, ASE, and shot noise when passing through the fiber amplifier and
pulse compressor. (WDM, wavelength-division multiplier; QWP, quarter wave
plate; HWP, half wave plate; PBS, polarizing beam splitter; PZT, piezoelectric
transducer.)

tor at any time. For each round-trip, the pulse passes through gain fiber, standard
single-mode fiber, polarization controls, dispersion controls, an isolator, and an
output coupler. The pump source for the laser cavity is usually a cw-laser diode
and it is coupled into the cavity via fiber-based WDM. In this example, mode-
locked operation can be achieved by a “virtual” saturable absorber enabled by
nonlinear polarization evolution (NPE) [116]. Once mode-locked, the cavity emits
phase stable pulse train at the output. The output pulse is characterized by its
pulse energy Ep, pulse width τp, center frequency νc, chirp C, and spectral band-
width ∆Ω. Each consecutive pulse is separated by a time interval of trt = 1/frep
and a phase slippage of φce. Among these parameters, we are particularly inter-
ested in the pulse energy fluctuation ∆Ep and the timing jitter ∆τ . The timing
jitter ∆τ is defined by the temporal position shift between a noise-perturbed pulse
and a hypothetical noise-less pulse.

When the pulse is circulating inside the cavity and propagating outside the
cavity, the pulse “picks” up noises during propagation, amplification, and com-
pression. Intra-cavity noise sources include: (1) quantum noise, such as ampli-
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fied spontaneous emission (ASE) noise; (2) environmental perturbation (technical
noise), such as temperature fluctuations and mechanical vibrations; and (3) pump-
induced noise. Extra-cavity noise sources include: (1) ASE noise that is introduced
during pulse amplification; and (2) environmental perturbation such as vibration
and path-length fluctuation.

For both intra-cavity and extra-cavity circumstances, the physical mechanisms
that transfer the noise from noise sources to pulses are similar. When the pulse
is circulating inside the cavity, it accumulates noise during each round-trip. Since
only portion of the pulse is output coupled and the rest is still circulating inside the
cavity, the circulating pulse still possess the noise from last round-trip. In other
words, the noise of the intra-cavity pulse is correlated over certain time span. As
a result, the intra-cavity noise is more pronounced compared with the extra-cavity
noise because it is related with the noise during a longer time span. The autocorre-
lation function of the pulse fluctuation (i.e., energy fluctuation ∆Ep, timing error
∆τ) can be translated into the noise power spectral density (PSD) function via
Wiener-Khinchin theorem. Conversely, the extra-cavity noise normally has much
less correlation over the time. The same perturbation causes white phase noise
outside the cavity, while it causes white frequency noise inside the cavity [106].
For example: the path length fluctuation ∆Lin inside the laser cavity is equivalent
to the repetition rate fluctuation δfrep and it results in a frequency shift of all comb
modes; Meanwhile, the path length fluctuation ∆Lex outside the cavity leads to a
phase shift.

Inside the cavity, different noise sources act differently, depending on the type
of the noise source, the pulse parameter, noise transfer mechanism, and other laser
dynamics that couple different types of noise. Firstly, the fundamental limit of
any mode-locked laser is the quantum noise. Quantum noise arises from ASE
noise inside gain media and additional shot noise due to cavity losses. It influences
the pulse energy E, center frequency νc, pulse duration τp and the timing position
of the intra-cavity pulse [104, 105]. It is noteworthy that quantum noise can be
coupled into timing jitter noise in two routes: (1) quantum noise directly changes
the temporal position of the intra-cavity pulse; (2) quantum noise alters the center
frequency of the intra-cavity pulse and changes the net delay of the pulse due to
Gordon-Haus jitter [41]. When the intra-cavity pulse is coupled out, it is also
influenced by zero-point fluctuation of the vacuum field reflected at the output
coupling mirror. Therefore, the noise PSD of intensity noise and timing jitter
noise is dominated by quantum-limited white noise at high Fourier frequencies,
where other types of noise (technical noise and pump-induced noise) decays.

Secondly, the mode-locked laser is influenced by environmental perturbations
(technical noise) such as vibration, acoustic noise, and temperature fluctuation.
These technical noises cause the laser fluctuations in various manners. For ex-
ample, temperature fluctuation can change both the net cavity length and the
net group velocity of the propagating pulse. Vibration of the intra-cavity mirror
can change not only cavity length but also cavity loss. The complex interplay
between technical noise and laser fluctuation can be well explained by the elastic
tape model [117], where the equal-spaced longitudinal modes across the spectrum
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are considered to have a fixed, characteristic point, νfix, depending on the circum-
stances. Nevertheless, technical noise sources mainly change the laser parameters
in a relatively slow and long-term scale, meaning the laser noises are influenced by
technical noises mainly at lower frequencies, normally up to few kHz.

Thirdly, the laser cavity is prone to pump fluctuations induced by pump-current
instability and other environmental perturbations. The translation from pump
noise to laser noise is non-instantaneous, which is a result of the delayed response
of the gain medium. In other words, the gain medium acts as a low-pass filter in
translating the pump noise into the laser noise. The “cut-off” frequency is near the
relaxation oscillation frequency of the gain medium, which is normally at several
hundreds of kilohertz. The laser response to the pump noise quickly rolls off beyond
the relaxation oscillation frequency. In [106], it is pointed out that laser noise is
dominated by pump-induced noise at low-middle range of frequencies.

Finally, intra-cavity elements mix the noise of different laser parameters. These
elements include saturable absorber, dispersion, Kerr nonlinearity, Kramers-Kronig-
related phase changes, self-steepening effect, Raman effect [104, 105] and other
mechanisms that couple physical parameters of the pulse. The noise translation
can be either linear or nonlinear to the pulse intensity. For example, a passive
pulse propagation introduces additional timing jitter due to the center frequency
fluctuation of the pulse. During pulse propagations, the intensity noise results in
additional phase noise via the fiber nonlinearity.

When the pulse with noise is propagating outside the cavity, it is not only prone
to extra-cavity noise sources, but also influenced by the noise transfer during pulse
propagation. When the pulse has high pulse energy, it leads to large nonlinearity
even when the pulse propagates a small distance inside an optical fiber. In this
instance, depending on the circumstances, additional intensity, timing, and center
frequency fluctuations are introduced due to the intensity noise of the input pulse.

For a free-running mode-locked laser, the timing jitter noise and the optical
phase noise are divergent at low frequency. For a free-running laser, there lacks
a “time” standard to regulate the timing position of the circulating pulse and
therefore the timing position undergoes a “random-walk”. As a result, the variance
of the timing error σ2

∆τ grows over the observation time and timing jitter noise is
dominated by 1/f 2 noise at low frequencies. At high frequencies, timing jitter
noise is quantum-noise limited and it has a white, flat noise spectrum. On the
other hand, intensity noise and center frequency noise are bounded as there exists
a restoring force to regulate these fluctuations once the cavity is mode-locked. The
restoring force can be gain saturation or a finite gain bandwidth.

In the experiment, high-power master laser output is used to generate the sig-
nal pulses via fiber-optic nonlinear wavelength shifting, for example, soliton self-
frequency shift (SSFS). The resulting signal pulses have large RTJ with respect
to the pump pulses. In a recent research [56], PSD of RTJ noise for wavelength-
shifted Raman soliton is measured by a balance optical cross-correlator (BOC)
setup [118]. It reveals that during SSFS, a large portion of RTJ is caused by RIN
of the pumping pulses due to the dispersive pulse propagation inside nonlinear op-
tical fibers. If SSFS is not optimized, the resulting signal pulses have a RTJ with
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a standard deviation σ∆τ or integrated timing jitter (ITJ) of 63.9 fs. Using opti-
mized configuration, RTJ can be reduced to about 6.7 fs. In the subsequent DFG
experiment, which generates the offset-free mid-IR frequency comb, RTJ between
pump pulses and signal pulses causes timing jitter and pulse energy fluctuation of
the output idler pulses. In the next section, we study such noise transfer during
DFG. We study the noise transfer by simulating two sets of DFG processes: (1)
DFG with an input pump centered at 1.03-µm (1-µm driven DFG); and (2) DFG
with an input pump centered at 2-µm (2-µm driven DFG).

4.3 Noise transfer during DFG
DFG process is seeded with pump pulses and signal pulses to generate mid-IR
idler pulses. Normally, the signal pulses are derived from the replica of the pump
pulses via χ(2) nonlinearity from parametric processes or χ(3) nonlinearity from
optical fibers. Using this scheme, the signal pulses are well synchronized with the
pump pulses in the time domain. However, due to the nonlinear nature of the
wavelength shifting methods, the signal pulses have additional timing fluctuation
with respect to the pump pulses. During DFG, such relative timing jitter (RTJ) is
translated to the timing and intensity fluctuation of the output idler pulses. Since
the idler pulses form the mid-IR frequency comb, the generation of low-noise idler
is of particular importance. If the idler pulses have excessive timing jitter noise
and relative intensity noise (RIN), the resulting frequency comb has large comb
line-width (>10 kHz), high intensity fluctuations, and low SNR in detection, all of
which can significantly degrade the performance of the frequency comb, especially
in applications that require a precise optical reference and a high SNR.

In this section, we numerically study the noise transfer during DFG with a
focus on the additional noise originated by RTJ between input pump pulses and
signal pulses. When the timing position of the signal pulses is fluctuating with
respect to the pump pulses, the generated idler pulses have different timing ∆τ
with respect to the pump pulses as well. The idler pulses also have pulse energy
fluctuation ∆Ep due to the change of the parametric interaction. The change on
the center frequency of the pulse νc, chirp C and pulse duration τp is relatively
minor. Normally, these parameters have minimal effect in determining the spectral
performance of the resulting frequency comb [39]. We study and quantify the noise
transfer for both 1-µm and 2-µm driven DFG operating in different regimes.

4.3.1 Noise transfer in 1-µm driven DFG
To demonstrate the changes initiated by RTJ between the pump pulses and the
signal pulses, we give an example of 1-µm driven DFG process seeded with 170-fs,
1030-nm, 100-nJ pump pulses and 130-fs, 1150-nm, 100-nJ signal pulses inside a
2-mm-thick GaSe. The generated idler centers at 9.87 µm. As we have studied in
Section 3.4.2, such launching conditions set the DFG process operating in the linear
regime. At the input, we vary the initial temporal delay between pump pulses and
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Figure 4.3: Example of noise transfer in 1-µm driven DFG.

1-µm driven DFG inside a 2-mm-thick GaSe is examined under the presence of
RTJ between pump pulses and signal pulses. Both input pulses have 100-nJ pulse
energy. The initial time delay between the pump/signal pulse is set at the optimal
value (0 fs), and optimal value with ±10 fs offset. (a) Normalized intensity pro-
files for the input pulses. (b) Output idler pulse profile in the unit of optical power.

signal pulses to emulate the presence of RTJ. Since an optimal temporal delay
exists to maximize the generated idler’s pulse energy, we set the initial temporal
delay at the optimal value, and optimal value with ±10 fs offset. We refer to them
as “0 fs” and “±10 fs”. The normalized intensity profiles of the input pump/signal
pulses are plotted in Fig. 4.3(a). By solving the time-dependent coupled wave
equations (Eq. 3.7), the idler pulses at the output are calculated and plotted in
Fig. 4.3(b). The idler profile corresponds to its optical power after exiting the
crystal.

The results in Fig. 4.3(b) shows that the manually imposed RTJ leads to the
timing fluctuation on the output idler. The center-of-gravity temporal position
of the idler pulses is -564.0 fs (-10 fs), -545.1 fs (0 fs), and -526.4 fs (+10 fs),
respectively. During DFG, 10-fs RTJ between pump and signal is “amplified” to
about 18.8-fs RTJ between pump and idler. This is a result caused by the nonlinear
parametric interaction and the subsequent linear pulse propagation. For example,
when the input RTJ is set at -10 fs, the idler is generated earlier compared with the
case of 0-fs RTJ and +10-fs RTJ. After the idler is generated, it undergoes passive
pulse propagation and accumulates relative temporal delay due to the pump-idler
group velocity mismatch (GVM). Consequently, the idler pulses in DFG with -10-fs
RTJ come fastest among the three cases as it propagates the most distances inside
the crystal and accumulates the most group delay.

It is noteworthy that the temporal position of the idler pulse is calculated in a
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time frame that is co-propagating with the pump pulses, and, therefore, it stands
for the “relative” timing difference between the pump pulses and the idler pulses.
To calculate the temporal position of the idler pulses in the lab frame, the timing
of the pump pulses also needs to be included. The timing jitter noise of the pump
pulses is related with the repetition rate frep noise of the master laser system,
and it can be controlled by adding a feedback loop to the master laser cavity for
stabilizing frep. However, the RTJ of the idler pulses shown in Fig. 4.3 is introduced
during DFG process, which is external to the cavity. This additional RTJ on the
idler pulses cannot be compensated by the intra-cavity feedback systems and it
needs to be minimized by reducing the noise transfer during DFG and optimizing
the wavelength shifting process so that less RTJ is introduced to the signal pulses.

The idler pulses shown in Fig. 4.3(b) have different pulse energy, which rep-
resents the additional relative intensity noise induced from input RTJ. The pulse
energy is 1.326 nJ (-10 fs), 1.331 nJ (0 fs), and 1.327 nJ (+10 fs), respectively.
Apparently, when the signal pulses have the “optimal” timing position, the para-
metric interaction is optimized so that the generated idler pulses have highest pulse
energy. When the signal pulses have a timing position that is off “optimal”, the
generated idler has less pulse energy. The relative change on the idler pulse energy
is about 0.4% for an input RTJ of 10 fs.

In Figure 4.3(b), the intensity profiles of output idler pulses are also slightly
different. However, in most theoretical analysis of optical frequency combs [83,
103–106], the optical pulse in a pulse train is characterized by its pulse energy
Ep, timing jitter ∆τ , pulse duration τp, center frequency νc, chirp C, and carrier-
envelop offset phase φce. The performance of the frequency comb, such as comb
line-width, precision of the optical frequency, and comb SNR is determined by
the noise spectrum of theses parameters, particularly ∆Ep and ∆τ (RIN and RTJ
noise) [39]. Since the optical pulse of interest is sampled in a time interval that is
inverse to the repetition rate frep, normally at tens of nanosecond, the change of
the envelope function, which is at femtosecond scale, can be discarded. The change
of the pulse envelope also has minor impact on the performance of the frequency
comb. In the following section, we do not consider the change of the output idler
pulse’s envelope caused by input RTJ.

The change on the pulse duration of the output idler pulse τp is also minimal
with the introduction of RTJ. The idler pulses shown in Fig. 4.3(b) have a root-
mean-square (rms) pulse duration of 550.8 fs (-10 fs), 548.7 fs (0 fs), and 546.2
fs (+10 fs), respectively. The relative change is about 0.4% for 10-fs input RTJ.
The center frequency of the output idler νc and its chirp C has negligible change.
In the following part of this section, we do not consider the change of the pulse
duration τp, the center optical frequency νc, and the chirp C that are caused by
input RTJ during DFG.

By varying the RTJ of the input pump/signal pulses between ±20 fs around
the optimal value, we calculate the corresponding timing fluctuation and relative
intensity fluctuation of the output idler pulses. The input pump/signal pulses
have 100-nJ pulse energy, ensuring that DFG operates in the linear regime. GaSe
is set at 0.1 mm, 1 mm, 2 mm, and 4 mm so that noise transfer for 1-µm driven
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Figure 4.4: Noise transfer in 1-µm driven DFG (linear regime).

1-µm driven DFG is examined under the presence of RTJ. Pump is 100-nJ and
signal is 100-nJ. DFG operates in the linear regime. (a) Idler timing jitter versus
input RTJ. (b) RTJ-RTJ transfer rate versus GaSe crystal thickness. (c) Relative
energy (intensity) fluctuation of the idler versus input RTJ. (d) RTJ-RIN transfer
rate versus GaSe crystal thickness.
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DFG at different crystal thickness can be examined. The optimal temporal delay
between the pump pulses and signal pulses at the input is changed accordingly to
accommodate different crystal thickness.

Figure 4.4(a) plots the timing fluctuation of the output idler pulses against the
input RTJ. RTJ of the output idler pulses has a linear relationship to RTJ of the
input signal pulses. When the GaSe crystal is thicker, the curve is steeper. The
slope of the curves, which stands for the RTJ-RTJ transfer rate, is 0.61 fs/fs (0.1
mm), 0.93 fs/fs (1.0 mm), 1.87 fs/fs (2.0 mm), and 3.79 fs/fs (4.0 mm), respectively.
Figure 4.4(b) plots the RTJ-RTJ transfer rate versus GaSe thickness. DFG process
in a 0.1-mm-thick GaSe crystal has the lowest RTJ-RTJ noise transfer rate of <1,
which is a result of minimized GVM-related effect. When a 0.1-mm-thick GaSe is
used, RTJ noise is “suppressed” during DFG. In this situation, the pump pulses act
as an intensity gating for regulating the temporal position of the output idler pulses,
and therefore, the resulting idler RTJ is smaller than the signal RTJ. When the
GaSe crystal becomes thicker, more RTJ is introduced to the output idler pulses.
As plotted in Fig. 4.4(b), the RTJ-RTJ transfer rate increases in proportion to
the crystal thickness, indicating that the timing fluctuation of the idler pulses is
correlated with GVM effect.

Meanwhile, input RTJ also causes the intensity (pulse energy) fluctuation of the
output idler pulses. Figure 4.4(c) plots the relative intensity fluctuation (∆Ep/Ep)
of the output idler versus input RTJ. All the curves resemble a parabola but with
different radius of curvature. The radius of curvature, which stands for the RTJ-
RIN transfer rate, increases as the GaSe crystal becomes thicker, indicating the
RTJ-RIN transfer is reduced with increased crystal thickness. Figure 4.4(d) shows
the second-order polynomial coefficient of the parabola versus GaSe thickness.
As we can see, DFG in a 0.1-mm-thick GaSe crystal has the highest RTJ-RIN
transfer of about −5.4 × 10−3 %/fs2. If the input RTJ is 10 fs, the pulse energy
of the output idler fluctuates at a rate of 0.54%. For a 4-mm-thick GaSe crystal,
the RTJ-RIN transfer rate reduces to −1.8× 10−3 %/fs2. For type-I DFG process
between 1030 nm pump and 1150 nm signal, the pump-signal GVM is 97 fs/mm
and a 0.1-mm-thick GaSe crystal causes 9.7-fs temporal walk-off. An input RTJ of
10 fs can significantly change the temporal overlapping condition. Conversely, if a
4-mm-thick GaSe is hosting DFG, the total pump-signal temporal walk-off is 390
fs. Consequently, an input RTJ of 10 fs has less change to the temporal overlap,
resulting in less RTJ-RIN transfer.

Above analysis shows the noise transfer characteristic for 1-µm driven DFG
that operates in the linear regime. When DFG operates in OPA regime, both
the signal and the idler have an exponential gain from the parametric process,
and we expect the overall gain for the signal/idler is more sensitive to the initial
timing position of the signal pulse. To study DFG operating in OPA regime,
we set the input signal at 1-nJ and the input pump at 500-nJ. According to the
results shown in Section 3.4.2, DFG operates in OPA regime under such launching
conditions. Similar to previous calculations, we manually add an input RTJ of
±20 fs and calculate the corresponding timing and pulse energy fluctuation of the
output idler pulses RTJ-RTJ and RTJ-RIN noise transfer is calculated based on
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Figure 4.5: Noise transfer in 1-µm driven DFG (OPA regime).

1-µm driven DFG is examined under the presence of RTJ. Pump is 500-nJ and
signal is 1-nJ. DFG operates in OPA regime. (a) Idler timing jitter versus input
RTJ. (b) RTJ-RTJ transfer rate versus GaSe crystal thickness. (c) Relative energy
(intensity) fluctuation of the idler versus input RTJ. (d) RTJ-RIN transfer rate
versus GaSe crystal thickness.
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(a) RTJ-RTJ transfer rate versus pump (b) RTJ-RIN transfer rate versus pump

Figure 4.6: Noise transfer in 1-µm driven DFG with signal fixed.

1-µm driven DFG is examined under the presence of RTJ. Signal is fixed at 1-nJ
and pump is increasing from 100-nJ to 1-µJ. GaSe is 4-mm-thick. (a) RTJ-RTJ
transfer rate versus pump energy. (b) RTJ-RIN transfer rate versus pump energy.

the results. GaSe is set at 0.1 mm, 1 mm, 2 mm, and 4 mm.
Figure 4.5(a) shows RTJ of the output idler versus RTJ of the input signal. The

RTJ-RTJ transfer rate is 0.61 fs/fs (0.1 mm), 0.86 fs/fs (1 mm), 1.57 fs/fs (2 mm),
and 3.17 fs/fs (4 mm), respectively. Figure 4.5(b) plots the RTJ-RTJ transfer rate
versus GaSe thickness. Compared with DFG in the linear regime, DFG in OPA
regime has a marginally reduced RTJ-RTJ transfer. In OPA regime, DFG offers
more gain. When three pulses (pump, signal, and idler) are propagating in the
first-half of the crystal, the signal pulses have more gain compared with the case of
linear DFG. During the second-half, the idler pulses have a faster growth since the
signal pulses have been amplified during the first-half. The idler generated during
the second-half of DFG forms the majority of the final output idler pulse. As a
result, the timing position of the output idler pulses is largely determined by the
timing of the idler generated in the second-half of the crystal, which has less GVM
effect due to less propagation distances. Therefore, RTJ-RTJ transfer for DFG in
OPA regime is lower compared with DFG in the linear regime.

Figure 4.5(c) plots the relative pulse energy change versus input RTJ. The RTJ-
RIN transfer rate versus GaSe thickness is plotted in Fig. 4.5(d). Similar with DFG
in the linear regime, DFG in OPA regime also has a lower RTJ-RIN transfer for
thicker crystals. However, the rate of RTJ-RIN transfer is higher compared with
DFG in the linear regime. For example, using 4-mm-thick GaSe, DFG in OPA
regime has a RTJ-RIN transfer of −2.4 × 10−3 %/fs2, whereas DFG in the linear
regime has −1.7× 10−3 %/fs2.

To systematically compare DFG operating in the linear regime and OPA regime,
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we carry out noise transfer calculation by fixing the input signal at 1-nJ and in-
creasing the input pump from 100-nJ to 1-µJ. GaSe is chosen to be 4-mm-thick.
As shown in Section 3.4.2, DFG transits into OPA regime when the pump pulse
energy exceeds 300-nJ. The corresponding noise transfer rates are calculated and
the results are shown in Fig. 4.6. Figure 4.6(a) plots RTJ-RTJ transfer versus
pump energy and Figure 4.6(b) plots RTJ-RIN transfer versus pump energy.

The curve in Fig. 4.6(a) shows that the RTJ-RTJ transfer decreases with in-
creased pump. Apparently, increasing the pump can effectively increase the para-
metric interaction. When the input pump is increasing, more idler is generated,
especially during the second-half of DFG process where the signal has been ampli-
fied during the first-half. As a result, the output idler accumulates less net GVM
for an increased pump, resulting less RTJ-RTJ transfer. When DFG operates in
the OPA regime, the gain is offered to the signal (and the idler) in an exponential
fashion. Therefore, the pulse energy of the output signal/idler pulses is more sensi-
tive to the change of parametric interaction, which is related to the timing position
of the input signal pulses. As a result, increased pump leads to larger RTJ-RIN
transfer and therefore DFG in OPA regime has a higher RTJ-RIN transfer rate
(Fig. 4.6(b)) compared with DFG in the linear regime.

To study DFG in the saturation regime, we set the input signal at 300-nJ and
the input pump at 100-nJ. According to the results shown in Section 3.4.2, DFG
operates in the saturation regime under these launching conditions. We perform
similar simulations to calculate the RTJ-RTJ and RTJ-RIN noise transfer.

Figure 4.7(a) plots the induced RTJ versus input RTJ at different GaSe thick-
ness and Figure. 4.7(b) plots the RTJ-RTJ transfer rate versus GaSe thickness.
The RTJ-RTJ transfer rate is 0.61 fs/fs (0.1 mm), 0.97 fs/fs (1.0 mm), 2.08 fs/fs
(2.0 mm), and 4.14 fs/fs (4.0 mm), respectively. Compared with DFG in the linear
regime and OPA regime, DFG in the saturation regime has the highest RTJ-RTJ
transfer. For DFG in the saturation regime, pump pulses are partly depleted dur-
ing the second-half of DFG. Since a large portion of the final output idler pulses
is generated during the first-half, the idler pulses undergo more propagation dis-
tances and accumulate more temporal delay. As a result, DFG in the saturation
regime has the highest RTJ-RTJ noise transfer.

On the other hand, as plotted in Fig. 4.7(c) and Fig. 4.7(d), DFG in the
saturation regime has the lowest RTJ-RIN noise transfer. This is also a result of
pump depletion. For example, for 4-mm-thick GaSe, the input pump (100 nJ) has
38.1-nJ pulse energy after DFG. Inside the crystal, 5-nJ idler pulses are generated.
The corresponding pump-to-idler quantum efficiency is 54.7% (saturation regime),
24.7% (linear regime), and 0.5% (OPA regime), respectively. For DFG with a
quantum efficiency of 54.7%, the pump has a strong “gating” effect on the pulse
energy of the idler and DFG has less dependence on the timing position of the
input signal pulses. For DFG in the saturation regime, the RTJ-RIN transfer is
minimal, compared with DFG in the linear regime and OPA regime.

To sum up, we plot in Figure 4.8 the RTJ-RTJ and RTJ-RIN noise transfer rate
for 1-µm driven DFG in different operation regimes. Figure 4.8(a) plots the RTJ-
RTJ transfer rate, showing that DFG in the OPA regime has the least RTJ-RTJ
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Figure 4.7: Noise transfer in 1-µm driven DFG (saturation regime).

1-µm driven DFG is examined under the presence of RTJ. Pump is 100-nJ and
signal is 300-nJ. DFG operates in the saturation regime. (a) Idler timing jitter
versus input RTJ. (b) RTJ-RTJ transfer rate versus GaSe thickness. (c) Relative
energy (intensity) fluctuation of the idler versus input RTJ. (d) RTJ-RIN transfer
rate versus GaSe thickness.
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Figure 4.8: Noise transfer rate in 1-µm driven DFG.

The RTJ-RTJ and RTJ-RIN noise transfer is studied for 1-µm driven DFG in
the linear regime (red lines), OPA regime (blue lines), and the saturation regime
(black lines). (a) RTJ-RTJ transfer rate versus the GaSe crystal thickness. (b)
RTJ-RIN transfer rate versus the GaSe crystal thickness.

transfer. The results in Fig. 4.8(b) indicates that DFG in the saturation regime
has the least RTJ-RIN transfer.

For offset-free frequency combs, timing jitter noise, or the repetition rate noise,
strongly affects the spectral characteristic of the comb lines. The timing jitter
noise translates to the optical frequency noise in a quadratic scaling fashion [119].

In other words, Sδν(f) = ν2

f 2
rep
· Sδfrep(f). To reduce the RTJ noise of the output

idler pulses, one effective approach is to use a thinner GaSe crystal. For example,
the RTJ-RTJ noise transfer is reduced by roughly a factor of 4 if the crystal
thickness is reduced from 4-mm to 1-mm. However, a reduced crystal thickness
leads to insufficient parametric interaction for DFG, which prevents the generation
of high-power output idler. In Section 3.5, we show that DFG process with the
input pump centered at 2-µm has advantages over 1-µm driven DFG for more
effectively scaling the pulse energy of the idler pulses. In 2-µm driven DFG, the
center wavelength of the pump/signal/idler is closer to each other and GVM effect
is significantly lower compared with 1-µm driven DFG. Since the RTJ-RTJ noise
transfer is affected by GVM, we anticipate a different noise transfer.

4.3.2 Noise transfer in 2-µm driven DFG
For 2-µm driven DFG, pump-signal GVM is about 20 fs/mm for generating an
output idler centered at 10-µm, while it is about 100 fs/mm for 1-µm driven DFG.
The pump-idler GVM for 2-µm driven DFG is also much smaller compared with
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Figure 4.9: Noise transfer in 2-µm driven DFG.

2-µm driven DFG is examined under the presence of RTJ between 100-nJ pump
pulses and 100-nJ signal pulses. (a) Idler timing jitter versus the input RTJ.
(b) RTJ-RTJ transfer rate versus the GaSe crystal thickness. (c) Idler energy
(intensity) variation versus the input RTJ. (d) RTJ-RIN transfer rate versus the
GaSe crystal thickness.

1-µm driven DFG (32 fs/mm versus 600 fs/mm). A reduced GVM has several
advantages: (1) the pump-signal temporal overlap is significantly increased, which
facilitates the generation of high-power output idler; (2) less pump-idler GVM
benefits the generation of ultra-short idler pulses; and (3) the idler pulses have less
temporal walk-off with respect to the pump pulses, leading to less RTJ-RTJ noise
transfer.

To study the noise transfer, we simulate 2-µm driven DFG seeded with 170-
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Chapter 4. Noise of DFG-based mid-IR frequency combs

fs, 2-µm pump pulses and 130-fs, 2.15-µm signal pulses. The generated idler
centers at 9.87-µm. GaSe thickness is set at 0.1 mm, 1 mm, 2 mm, and 4 mm.
After calculating a wide range of experimental parameters (different combination
of pump pulse energy and signal pulse energy), we discover that the noise transfer
in 2-µm driven DFG has minimal difference for DFG operating in different regime
due to low pump-signal GVM. Here we select one situation where both the pump
and the signal have 100-nJ pulse energy at the input. According to Section 3.5.3,
such launching conditions set DFG operate in the linear regime.

The noise transfer is calculated and the results are plotted in Fig. 4.9. Fig-
ure 4.9(a) shows RTJ of the output idler versus RTJ of the input signal. Due to a
reduced GVM, the RTJ-RTJ transfer in 2-µm driven DFG has less dependence on
the thickness of GaSe crystals. As Figure 4.9(b) shows, the RTJ-RTJ noise transfer
rate is about 0.55 fs/fs for GaSe crystal being from 0.1-mm to 4-mm, much lower
compared with 1-µm driven DFG. For example, when the GaSe crystal is 4-mm-
thick, 1-µm driven DFG has a RTJ-RTJ noise transfer of 3.5 fs/fs, while 2-µm
driven DFG has a RTJ-RTJ noise transfer of 0.5 fs/fs, which is 7 times lower.

Figure 4.9(c) plots the intensity fluctuation caused by the input RTJ. The
radius of curvature for all curves is similar, indicating the RTJ-RIN transfer rate is
at the same level for different crystal thickness. Figure 4.9(d) plots the RTJ-RIN
transfer rate versus the GaSe thickness. The RTJ-RIN transfer is slightly reduced
for a thicker GaSe crystal. The transfer rate averages at about −4.8× 10−3 %/fs2,
which is higher than the RTJ-RIN noise transfer rate in 1-µm driven DFG (∼ -
3.5×10−3 %/fs2 for a 2-mm-thick GaSe). For 2-µm driven DFG, the GVM between
pump and signal is about 20 fs/mm, which provides an increased temporal overlap
between pump pulses and signal pulses, leading to a more efficient generation of
the idler. Meanwhile, an input RTJ of 10-fs can, therefore, have more change in
the temporal overlapping condition, resulting higher RTJ-RIN noise transfer rate.
Compared with 1-µm driven DFG, 2-µm driven DFG has about 2 times more
RTJ-RIN transfer when the GaSe crystal is 4-mm-thick.

To conclude, 2-µm driven DFG exhibits 7 times lower RTJ-RTJ noise transfer
compared with 1-µm driven DFG due to its low pump-signal and pump-idler GVM
in GaSe crystals. Meanwhile, since 2-µm driven DFG offers larger parametric gain
to the idler, the RTJ-RIN noise transfer is marginally higher compared with 1-µm
driven DFG.

4.4 Relationship between timing jitter noise and
comb spectrum

DFG-based mid-IR frequency combs are generated via frequency mixing two pulse
trains with different center wavelengths. Given the pump/signal pulses share the
same fceo, the generated mid-IR idler pulses have the offset phase φce automatically
canceled. As has been studied in Section 4.3, these offset-free idler pulses have
additional RTJ noise and relative intensity noise (RIN) after DFG. Adding together
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Figure 4.10: Timing jitter of mode-locked pulses and offset-free pulses.

The presence of timing jitter on pulses from a mode-locked laser system and
offset-free pulses are different. (a) For mode-locked pulses, timing jitter does not
change the phaser of the electric field. (b) For offset-free pulse, since its electric
field is always in phase with its envelope, timing jitter causes the temporal shifting
of the electric field as well.

with the timing jitter noise and RIN of the pump pulses, these noises of the offset-
free pulses render the mid-IR frequency combs with broadened comb line-width
and reduced comb SNR.

Unlike optical pulses from mode-locked laser systems whose optical phase is
determined by the mode-locked oscillators and subsequent amplification systems,
the optical phase of offset-free pulses is constantly locked with the pulse envelope.
We illustrate the difference between pulses from mode-locked lasers and offset-free
pulses generated via DFG in Fig. 4.10. The envelope and the electric field of the
N th pulse from a pulse train are plotted. Figure 4.10(a) plots the pulse from a
mode-locked laser system with the presence and absence of timing jitter. In the
plot without the timing jitter (lower graph in Fig. 4.10(a)), the phasor of the
electric field is also plotted in a gray sinusoid trace to illustrate the optical carrier.

When timing jitter noise is absent, the envelope of the N th optical pulse is
centered at N · trt in the time domain. Its electric field has a phase slippage of
(N ·φce+φ0) with respect to its envelope. φce the intra-cavity carrier envelope offset
phase and φ0 stands for the additional optical phase the pulse accumulates external
to the cavity. Here, φ0 is considered constant with respect to N , i.e., we assume
all the pulses from a pulse train experience same phase external to the cavity.
When timing jitter is present, the pulse envelope is shifted by an amount of ∆τN
in the time domain. For each pulse, ∆τN is intrinsically different. The correlation
function of the timing jitter ∆τN can be translated to the power spectral density
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(PSD) S∆τ (f) of the timing jitter noise by the Wiener-Khinchin theorem. When
∆τN is completely uncorrelated, S∆τ (f) has a white noise spectrum.

If we consider the phase jitter ∆φN is uncorrelated with the timing jitter, the
phasor of its electric field does not change with respect to the timing jitter ∆τN .
In this scenario, the optical field (which is proportional to the electric field) of a
pulse train can be written as (similar to Equation (65) in [120])

A(t) =
+∞∑

N=−∞
a(t−N · trt −∆τN)

· exp[−i · 2πνc(t−N · trt)] exp[−i · (N · φce + φ0 + ∆φN)].
(4.5)

Here a(t) is the noise-less amplitude of the optical field. ∆τN and ∆φN stands for
the timing jitter and phase jitter of the N th pulse of a pulse train.

Meanwhile, as plotted in Figure 4.10(b), the offset-free pulse is generated via
DFG and its electric field is always in phase with respect to its envelope. In other
words, φce ≡ 0. When the pulse has a timing jitter of ∆τN , its phasor also shifts
by an amount of 2πνc ·∆τN . The optical field of the offset-free pulse train shifts
together with its envelope in the time domain, which writes the optical field of a
pulses train as

A(t) =
+∞∑

N=−∞
a(t−N · trt −∆τN) · exp[−i · 2πνc(t−N · trt −∆τN)]. (4.6)

Here ∆τN is the timing jitter of the N th pulse of a pulse train, with a PSD of
S∆τ (f). Since a temporal shift of (N ·trt +∆τN) corresponds to a phasor multiplier
of exp[i · 2πν · (N · trt + ∆τN)] in the Fourier (spectral) domain, the spectral field
of an offset-free pulse train with timing jitter noise is then written as

Ã(ν) =
∑
N

ã(ν) · exp[i · 2πν · (N · trt + ∆τN)], (4.7)

where ã(ν) stands for the frequency component (Fourier transform) of the optical
field. The modulus square of Ã(ν) gives the optical spectrum of the pulse train.

I(νc) =
∣∣∣Ã(νc)

∣∣∣2. (4.8)

In this section, we use Monte-Carlo (M-C) method to calculate the optical spec-
trum of the offset-free frequency comb under different types of timing jitter noises.
Three types of timing jitter noises are discussed: (1) white timing jitter noise
where S∆τ (f) = S0; (2) 1/f 2 timing jitter noise where S∆τ (f) ∝ 1/f 2; and (3)
hybrid timing jitter noise. For hybrid timing jitter noise, S∆τ (f) is dominated by
1/f 2 noise at low Fourier frequencies, and by white noise at high frequency. We
determine the relationship between the comb line with the timing jitter noise. We
show that the comb line-width is more related with the low-frequency noise while
the signal-to-noise ratio (SNR) of the comb is related with the white noise at high
frequencies. By suppressing the timing jitter noise at low frequencies, the comb
can have narrower line-width and increased SNR.
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In the following simulation, we assume a pulse train with a repetition rate frep of
30 MHz and a center wavelength of 10 µm. The center frequency of the pulse νc is
30 THz. Around the optical frequency ν = νc, there exists a comb line with a mode
index of 1,000,000. In the calculation, the spectrum of this comb line is calculated
by assigning a series of random numbers to ∆τ . The random numbers are based
upon random-noise-generator (RNG) from computer CPU. The random number
∆τN has a mean value 〈∆τ〉 = 0 and a standard deviation of σ∆τ [83, 104, 105].
σ∆τ can be calculated by its definition σ2

∆τ = 1
N
·
∑
N

(∆τN)2 or calculated from its

noise PSD (In the following, we always use a single-sided PSD),

σ2
∆τ =

∫ frep/2

1/tob
S∆τ (f) · df. (4.9)

Here the upper limit of the integral is the Nyquist frequency, which is 15-MHz.
The lower limit of the integral is inverse to the observation time, ensuring that the
timing jitter is always convergent.

In the calculation, we set an observation time of 1-ms so that in each realization
(observation) 30,000 pulses are “observed”. In other words, 30,000 random numbers
need to be generated and assigned to ∆τN . The random numbers from computer
CPU via MatLAB random function can be considered as white noise source, as each
number in the series is uncorrelated with each other. To convert the white noise
into “1/f 2” and “hybrid” noise, we use the computational algorithm as suggested
in [121]. For “1/f 2” timing jitter noise, the knee frequency fknee [121] is set at the
Nyquist frequency, 15-MHz. For hybrid timing jitter noise, fknee is varied.

4.4.1 White timing jitter noise
For white timing jitter noise, S∆τ (f) is independent on the Fourier frequency. The
integrated timing jitter (ITJ) of white timing jitter noise increases with increased
observation time and it is always convergent. We calculate the optical spectrum
at the frequency ν = νc by setting the timing jitter variance σ2

∆τ at (2 fs)2, (5 fs)2,
(10 fs)2, and (15 fs)2. It is noteworthy that the pulse train has a center wavelength
of 10 µm and its optical period is 33.3 fs. This stands as a reference in determining
how “noisy” the timing jitter is with respect to the carrier period.

We perform M-C simulation and plot in Fig. 4.11(a) the spectra of the comb
with white timing jitter noise. The comb without any timing jitter noise is also
plotted in a blue dashed line as a comparison. In the graph, the spectra are normal-
ized in log scale with a peak of 30 dB. Due to the noise nature of computational
method, the comb is too “noisy” to offer meaningful knowledge. Therefore, we
carry out 100 independent realizations and take the averaged optical spectrum as
the result so that the effect from RNG is minimized. The averaged comb line from
100 realizations is plotted in Fig. 4.11(b). Meanwhile, the timing jitter series in
each realization is recorded, Fourier transformed, and taken modulus square for
calculating timing jitter PSD. The averaged PSD of 100 realizations is plotted in
Figure 4.11(c) (to the left axis). Calculated from PSD, the corresponding ITJ is
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(b) Comb spectra (100 realizations)
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(d) Zoomed-in comb spectra (linear scale)

Figure 4.11: Frequency comb with white timing jitter noise.

The optical spectrum at ν = νc is calculated with white timing jitter noise. (a)
Comb spectra of single realization. (b) Comb spectra of 100 realizations. (c)
Power spectral density (PSD) and integrated timing jitter (ITJ) (d) Zoomed-in
comb spectra in linear scale. Note here the blue/black/gray curve overlaps with
the dashed blue line (no noise).

plotted in the same graph (to the right axis). By zooming-in the curves shown in
Fig. 4.11(b), we plot in Fig. 4.11(d) the normalized comb spectra in linear scale.
Note here the comb line with σ2

∆τ of (2 fs)2, (5 fs)2, and (10 fs)2 are nearly identical
to the comb line without timing jitter noise.

The results show that frequency comb with white timing jitter noise has dif-
ferent background level away from the comb center. The zoomed-in spectra shows
the comb has the same FWHM line-width near comb center. White timing jitter
noise contributes to the background of the frequency comb and therefore reduces
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4.4. Relationship between timing jitter noise and comb spectrum

the visibility or the SNR of the comb. For example, for white timing jitter noise at
(2 fs)2, the background is at -23 dB. Consider the comb has a peak of 30 dB. The
comb line has a SNR of 53-dB. For σ2

∆τ being (5 fs)2, (10 fs)2, and (15 fs)2, SNR
is 43-dB, 29-dB, and 10-dB, respectively. By inspecting the ITJ plot shown in
Fig. 4.11(c), we notice that a large portion of the timing jitter noise is contributed
by PSD at high frequency (>103 kHz). Those high-frequency noises have minimal
changes to the spectrum that is close to the comb center ν = νc, As suggested
in [122], the modulation caused by high-frequency noises is too fast to exert a sig-
nificant effect on the comb line-width. Instead, these high-frequency noises have
more contribution and result in the spectral background of the frequency comb.

If we re-visit Equation 4.7, the spectral field at ν = νc can be written as

Ã(νc) =
∑
N

ã(νc) · exp[i · 2πνc · (N · trt + ∆τN)]

= ã(νc)
∑
N

exp(i · 2π νc
frep

N) · exp(i · 2πνc ·∆τN)

= ã(νc)
∑
N

1 · exp(i · 2πνc ·∆τN).

(4.10)

If νc · ∆τN � 1, the exponential function can be approximated by its first-order
Taylor expansion. Ã(νc) is then written as

Ã(νc) = ã(νc)
∑
N

(1 + i · 2πνc ·∆τN)

= ã(νc) ·N + i · 2πνc · ã(νc) ·
∑
N

∆τN .
(4.11)

Consider ∆τN is white noise (uncorrelated), the following identity can be used.

〈∆τi ·∆τj〉 = δij ·
〈
∆τi2

〉
= δij · σ2

∆τ
(4.12)

The spectral intensity at ν = νc is then written as

I(νc) =
∣∣∣Ã(νc)

∣∣∣2 = N2 · |ã(νc)|2 +N · |ã(νc)|2 · 4π2ν2
c · σ2

∆τ . (4.13)

Similarly, the spectral field at the frequency ν = νc + 1
2frep is

Ã(νc + 1
2frep) =

∑
N

ã(νc + 1
2frep) · exp[i · 2π(νc + 1

2frep) · (N · trt + ∆τN)]

= ã(νc + 1
2frep) ·

∑
N

exp(iπN) · exp[i · 2π(νc + 1
2frep) ·∆τN ]

= ã(νc + 1
2frep) ·

∑
N

(−1)N(1 + i · 2π(νc + 1
2frep) ·∆τN)

= ã(νc + 1
2frep) · i · 2π(νc + 1

2frep) ·
∑
N

(−1)N∆τN .

(4.14)
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Figure 4.12: SNR of frequency comb with white timing jitter noise.

SNR calculated by analytical expression (Eq. 4.16) has good agreement with the
M-C simulations when the timing jitter noise is below 5-fs.

Consider the spectral amplitude has minimal change with an offset of 1
2frep and

the optical carrier is significantly larger than the repetition rate, we can apply
ã(νc + 1

2frep) ≈ ã(νc) and νc � frep, the spectral intensity at ν = νc + 1
2frep is

I(νc + 1
2frep) =

∣∣∣∣Ã(νc + 1
2frep)

∣∣∣∣2 = N · |ã(νc)|2 · 4π2ν2
c · σ2

∆τ . (4.15)

The SNR of the frequency comb at ν = νc can be thus calculated by

SNR(νc) = N2 · |ã(νc)|2 +N · |ã(νc)|2 · 4π2ν2
c · σ2

∆τ

N · |ã(νc)|2 · 4π2ν2
c · σ2

∆τ
≈ N

4π2ν2
c · σ2

∆τ
. (4.16)

The expression shows that in the presence of white timing jitter noise, higher
timing jitter variance leads to lower SNR. When the observation time is longer
(more pulse is observed), the resulting frequency comb spectrum has higher SNR.
SNR is proportional to the observation time. As the timing jitter noise translates
to a phasor multiplier of exp(i · 2πνc · ∆τN) in the spectral domain, a higher νc
results in larger phase variation. When the optical frequency of the comb line is
higher, the resulting comb line has lower SNR.

We use this formula to calculate SNR with N = 30, 000 and νc = 30 THz
and compare the analytical SNR with results from Monte-Carlo simulations. Fig-
ure 4.12 plots the analytical SNR in a red dashed line together with Monte-Carlo
SNR in blue circles. When the white timing jitter noise is below 5-fs, two methods
lead to similar SNR. When the timing jitter exceeds 5-fs, the phasor of the opti-
cal field has large fluctuation and the first-order approximation for re-writing the
phasor (Eq. 4.11) is no longer valid.
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Figure 4.13: Frequency comb with 1/f 2 timing jitter noise.

The optical spectrum at ν = νc is calculated with 1/f 2 timing jitter noise.
(a) Comb spectra of single realization. (b) Comb spectra of multiple realizations.
(c) Power spectral density (PSD) and integrated timing jitter (ITJ). (d) Zoomed-in
comb spectra in linear scale.

4.4.2 1/f 2 timing jitter noise

For 1/f 2 timing jitter, S∆τ (f) is inversely proportional to frequency square, i.e.,
S∆τ (f) ∝ 1/f 2. Note here the frequency f is the Fouerier frequency of the timing
jitter PSD, but not the optical frequency ν. Since the pulse train is sampled at the
repetition rate (30-MHz), noise PSD has an upper limit of 15-MHz (Nyquist fre-
quency). 1/f 2 noise is also called random-walk noise due to the fact that the timing
jitter variance increases with increased observation time. In M-C simulation, we
use an observation time of 1-ms so that the timing jitter is always bounded.
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Chapter 4. Noise of DFG-based mid-IR frequency combs

We choose the 1/f 2 timing jitter noise to have a timing jitter variance σ2
∆τ of

(2 fs)2, (5 fs)2, (10 fs)2, and (15 fs)2 in the M-C simulations. The resulting comb
at ν = νc using a single realization is calculated and then plotted in Fig. 4.13(a).
Similar with the spectra shown in Fig. 4.11(a), the comb line calculated by single
realization has large spectral intensity fluctuation and the comb line-width cannot
be determined. Therefore, we perform 200 realizations to calculate the averaged
comb spectra and jitter PSD. The resulting comb spectra are shown in Fig. 4.13(b).
The corresponding PSD and ITJ are plotted in Fig. 4.13(c).

The spectra of the frequency comb under 1/f 2 timing jitter noise are com-
pletely different from those with white timing jitter noise: white timing jitter
noise contributes to the raised background level without changing the line-width
of the comb; in contrast, 1/f 2 timing jitter noise changes both the comb line-width
and the comb SNR. Figure 4.13(d) plots the comb line in a linear scale in order to
show the comb structure. The comb line has a Lorentzian-like line shape with a
FWHM of 1.0 kHz ((2 fs)2), 1.3 kHz ((5 fs)2), 4.2 kHz ((10 fs)2), and 8.6 kHz ((15
fs)2), respectively. Because we choose an observation time of 1 ms, the noise-less
comb has a 1-kHz line-width. In other words, the FWHM of the comb with 2 fs
timing jitter noise is mainly caused by the limited observation time rather than
the timing jitter noise.

We know single-frequency lasers with a white frequency noise exhibits the well-
known Lorentzian line shape with Schawlow-Townes-Henry line-width [123, 124].
If the white frequency noise is Sδν(f) = h0, the comb has a comb line-width of
πh0 [125]. In the case of optical frequency combs, the comb-like structure is a result
of constructive and destructive interference pattern among multiple pulses. If we
assume the pulse train is offset-free, the optical frequency noise can be derived from
the timing jitter noise S∆τ (f) via repetition rate noise Sδfrep(f) and the elastic-tape
model (ETM) [104,126].

Given the round-trip time of the master laser cavity is inversely proportional
to the repetition rate, trt = 1

frep
, the round-trip time fluctuation can be written as

δtrt = − 1
f 2

rep
· δfrep. (4.17)

Note δtrt stands for the fluctuation of the round-trip time inside the cavity, which
is a continuous function over time. The timing jitter of the output pulses can be
calculated by integrating δtrt/trt, which is written as

∆τ =
∫ δtrt

trt
· dt = − 1

frep
·
∫
δfrep · dt. (4.18)

Alternatively,
∂

∂t
∆τ = − 1

frep
· δfrep. (4.19)

Applying the differentiation identity of Fourier-transform relates the timing jitter
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4.4. Relationship between timing jitter noise and comb spectrum

noise Sδτ (f) to the repetition rate noise Sδfrep(f) via

(2πf)2 · S∆τ (f) = 1
f 2

rep
· Sδfrep(f). (4.20)

For an offset-free frequency comb, fceo is fixed at zero. In the ETM, the fix point
for the repetition rate noise is at the frequency origin ν = 0. Therefore, the optical
frequency noise at ν = νc scales quadratically with respect to νc [119]. In other
words,

Sδνc(f) = ν2
c

f 2
rep
· Sδfrep(f) = ν2

c

f 2
rep
· f 2

rep · (2πf)2 · S∆τ (f)

= ν2
c · (4π2f 2) · S∆τ (f).

(4.21)

Equation 4.21 shows that for an offset-free frequency comb, 1/f 2 timing jitter noise
translates to a white optical frequency noise. The level of the frequency noise scales
quadratically with respect to the optical frequency νc. If 1/f 2 timing jitter noise
equals to S∆τ (f) = γ · f−2, the resulting white frequency noise is

Sδνc(f) = 4π2 · ν2
c · γ. (4.22)

It then leads to a Lorentzian line shape with a FWHM line-width of 4π3 · ν2
c · γ,

indicating the frequency comb under 1/f 2 timing jitter noise has a line-width that
scales quadratically with respect to the optical frequency νc.

To calculate the 1/f 2 coefficient γ from the timing jitter noise PSD, we use an
expression of

γ = σ2
∆τ

2 · tob − 2 · trep
. (4.23)

Note in the analytical expression that describes the relationship between the timing
jitter variance and the timing jitter PSD (Eq. 4.9), the lower limit of the integral is
at 1/tob. In the numerical calculation, the noise spectrum is sampled in such a way
that the element in the numerical array covers the spectrum on both sides around
the point, i.e., the point at f = 1 kHz covers the noise spectrum from f = 500 Hz
to f = 1500 Hz. Therefore, the expression for calculating γ needs to be modified
to add a multiplier of 2 for the observation time tob in the denominator.

We calculate the analytical PSD from this expression and compare it with PSD
derived from M-C simulations. The red dashed lines in Fig. 4.14(a) are jitter PSD
calculated by S∆τ (f) = γ/f 2 and the solid lines are the averaged timing jitter PSD
from M-C simulations. The timing jitter PSD calculated by γ/f 2 fits well with
PSD from M-C simulations.

The line-width of the frequency comb can be then calculated by 4π3 · ν2
c ·

γ. We compare this analytical FWHM with the results from M-C simulations.
Figure 4.14(b) plots the comb line-width versus increased timing jitter noise. We
also add few more M-C simulations that σ∆τ is extended up to 30 fs.

The results show that the analytical FWHM agrees with M-C FWHM until
σ∆τ exceeds 20 fs. In M-C simulations, when σ∆τ is large, the comb line calculated
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Figure 4.14: Comb line-width from analytical model and Monte-Carlo simulations.

1/f 2 timing jitter noise is fit by an analytical expression of S∆τ (f) = γ · f−2. The
resulting coefficient γ is used to derive the comb line-width. (a) Jitter PSD from
analytical expression S∆τ (f) = γ · f−2 and M-C simulations. (b) Comb line-width
from analytical model and M-C results.
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Figure 4.15: SNR of frequency comb with 1/f 2 timing jitter noise.

An increased 1/f 2 timing jitter noise does not lead to a significant reduced SNR.
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via M-C simulations has large spectral intensity fluctuation at the center of the
comb. The resulting comb spectrum can be considered as a Lorentzian line shape
plus an intensity fluctuation over the spectrum. Consequently, the line-width is
underestimated in M-C simulations. On the other hand, the analytical model for
white frequency noise Sδν(f) = h0 assumes an infinite observation time. In the
M-C simulations, we always use 1-ms observation time. If we derive the optical
frequency noise PSD Sδν(f) via the timing jitter noise S∆τ (f), the noise in the
analytical model has a much broader bandwidth such that the resulting optical
frequency noise PSD overestimates the noise, leading to an overestimated comb
line-width from the analytical derivation.

When the offset-free frequency comb is dominated by 1/f 2 timing jitter noise,
the resulting comb has a much higher SNR compared with comb dominated by
white timing jitter noise. Figure 4.15 plots the SNR of the comb under 1/f 2

timing jitter noise. The variance of the timing jitter σ2
∆τ is further extended up

to (30 fs)2. The excessive amount of 1/f 2 noise does not lead to a significant
reduction on the comb SNR. When σ∆τ = 30 fs, SNR is still more than 70-dB.
The contribution of 1/f 2 timing jitter noise is mainly on broadening the comb
line-width rather than reducing the comb SNR.

4.4.3 Hybrid timing jitter noise with fknee at 3-MHz
In reality, the timing jitter noise of an offset-free pulse train is a combination of 1/f 2

noise and white noise. S∆τ (f) is dominated by 1/f 2 noise at low Fourier frequencies
due to the noise from the source laser system and it is dominated by white noise at
high Fourier frequencies due to the additional timing jitter noise introduced during
wavelength shifting process [56]. We calculate the comb line under the influence
of different hybrid timing jitter noise. We show that an effective suppression of
low-frequency noise can lead to a narrower comb line-width and an increased comb
SNR.

To simulate hybrid timing jitter noise, we use the computational algorithm as
suggested by [121]. In [121], the knee frequency fknee, which defines the frequency
where the timing jitter noise transits from 1/f 2 to white, is firstly set at 3 MHz. We
choose the timing jitter noise with a variance of (2 fs)2, (5 fs)2, (10 fs)2, and (15 fs)2,
and calculate the averaged comb spectra by implementing 200 M-C realizations.
Figure 4.16 plots the averaged comb spectra in log scale (Fig. 4.16(a)), the zoomed-
in comb spectra in linear scale (Fig. 4.16(b)), and the corresponding jitter PSD
and ITJ for the simulated comb (Fig. 4.16(c)). The knee frequency is indicated by
a vertical dashed line in the figure. We can see the simulated timing jitter PSD
becomes white noise at the frequency beyond 3 MHz.

The results show the comb with hybrid timing jitter noise has a similar line
shape as the comb with 1/f 2 timing jitter noise, which is mainly due to the fact
that the knee frequency (3 MHz) is close to the Nyquist frequency (15 MHz).
Figure 4.16(c) shows that ITJ is at the level of 0.1-fs when the noise PSD integrates
from 15-MHz to 3-MHz. Therefore, the majority of the ITJ is contributed by 1/f 2

timing jitter noise at lower frequencies, which leads to a Lorentzian-like comb line
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(c) PSD and ITJ of hybrid timing jitter noise

Figure 4.16: Frequency comb with hybrid timing jitter noise (fknee = 3 MHz).

The optical spectrum at ν = νc is calculated with hybrid timing jitter noise. The
timing jitter noise is dominated by 1/f 2 noise below 3 MHz and it is dominated by
white noise after 3 MHz. (a) Comb spectra of multiple realizations. (b) Zoomed-in
comb spectra in linear scale. (c) Power spectral density (PSD) and integrated
timing jitter (ITJ). The knee frequency fknee is indicated by a vertical dashed line.

shape. The FWHM of the comb is 1.0 kHz ((2 fs)2), 1.5 kHz ((5 fs)2), 3.5 kHz
((10 fs)2), and 9.0 kHz ((15 fs)2), respectively. Similar as the previous analysis,
given the timing jitter below 2-fs, the comb line-width is caused by the limited
observation time rather than the noise.

We know that the optical frequency noise Sδν(f) can be derived from the timing
jitter noise S∆τ (f) via Eq. 4.21. For the hybrid timing jitter, the optical frequency
noise is white noise before the knee frequency and then becomes proportional
to frequency square beyond the knee frequency. Figure 4.17(a) plots the optical
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Figure 4.17: Comb line-width for hybrid timing jitter noise (fknee = 3 MHz).

Using the β-separation line method, the comb line-width can be calculated
directly by the optical frequency noise PSD. (a) Optical frequency noise PSD
and the β-separation line. The red shade indicates the noise of the comb with
σ∆τ = 15 fs. (b) Comb line-width calculated by β-separation line and directly
measured from M-C simulations.

frequency noise Sδν(f) derived from the hybrid timing jitter noise. To calculate
the FWHM line-width from the optical frequency noise, we use the β-separation
line method [122], which has been used in analyzing continuous-wave lasers. In
brief, a line defined by an empirical expression is imposed on the optical frequency
noise spectra via

β-line = 8 ln(2)
π2 · f, (4.24)

separateing the optical frequency noise PSD into two parts: PSD above the β-
separation line produces slow frequency modulation and therefore determines the
comb line-width; PSD under the β-separation line produces faster frequency mod-
ulation and affects the comb wings or the background. We plot the β-separation
line in a red dashed line together with the optical frequency noise in Fig. 4.17(a).
For example, the β-separation line (red dashed line) intercepts with the red PSD
curve (σ∆τ = 15 fs) at around f = 10 kHz. The PSD above the β-separation line
(indicated by the red shade in Fig. 4.17(a)) contributes to the comb line-width.
FWHM line-width can be approximated by∗

FWHM = (4 ln(2)A)1/2, (4.25)
∗We use a modified expression to accommodate the results from M-C simulations.
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Figure 4.18: Comb SNR for hybrid timing jitter noise (fknee = 3 MHz).

where A is the area of the optical frequency noise PSD that is above β-separation
line (the area of the red shade shown in Fig. 4.17(a)).

Using the β-separation line method, the FWHM line-width can be calculated
geometrically by measuring the optical frequency noise spectrum. In other words,
the measurement of timing jitter noise spectrum provides sufficient information to
determine the comb line-width of an offset-free frequency comb. We calculate the
comb line-width using both the β-separation line method and direct measuring
the comb spectrum from M-C simulations. The results are shown in Fig. 4.17(b).
Few more sets of M-C simulations are added to extend σ∆τ up to 30 fs. The
results from β-separation line method (red circles) show good agreement with M-C
results (blue circles) with an error of <15%. It is noteworthy that due to the limited
“observation” time of 1-ms in the numerical calculations, β-separation line method
fails to predict the comb line-width for σ∆τ below 5-fs. If longer observation time
is applied, the noise spectrum at lower frequencies is more accurate and provides
more information to the β-separation line method.

Meanwhile we plot in Fig.4.18 the SNR of the comb under hybrid timing jitter
noise. If the timing jitter noise is pure 1/f 2 noise, SNR drops from >95-dB to
<75-dB when σ∆τ increases from 2-fs to 30-fs. If the timing jitter noise is hybrid
noise with a knee frequency at 3-MHz, SNR drops from 85-dB to 45-dB when σ∆τ
increases from 2-fs to 30-fs, suggesting white timing jitter noise at high Fourier
frequencies has more pronounced effect on reducing the comb SNR, compared
with 1/f 2 timing jitter noise.

4.4.4 Hybrid timing jitter noise with different fknee

To further study the effect of timing jitter noise at different Fourier frequencies, we
simulate hybrid timing jitter noise with an ITJ fixed at 10-fs. The knee frequency
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Figure 4.19: Hybrid timing jitter noise with a fixed ITJ and different fknee.

The frequency comb is examined under hybrid timing jitter noise with different
fknee. For all cases, ITJ is 10-fs. fknee varies from 30-kHz to 3000-kHz. (a) Timing
jitter PSD and ITJ. (b) Comb spectra in linear scale. (c) Optical frequency noise
PSD and β-separation line. (d) Comb line-width and SNR versus fknee.

fknee now varies from 30-kHz to 3-MHz. Since the observation time is always 1-ms
and the repetition rate is fixed at 30-MHz, the change of fknee changes both the level
of 1/f 2 noise at low frequencies and the level of white noise at high frequencies.
The simulated jitter noise PSD and ITJ is plotted in Fig. 4.19(a). Figure 4.19(b)
plots the normalized comb spectra in linear scale.

Although ITJ is 10-fs for all cases, the resulting comb spectra have different
line-width. Apparently, when the majority of the timing jitter noise is at low
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Chapter 4. Noise of DFG-based mid-IR frequency combs

frequencies (fknee is higher and 1/f 2 noise is dominating), the resulting comb has
a broader comb line-width. Conversely, when timing jitter noise is mostly white
noise (fknee is lower and white noise is dominating), the comb has a narrower line-
width. We plot the optical frequency noise derived from the timing jitter noise in
Fig. 4.19(c). β-separation line is also plotted in a red dashed line in the same figure.
The area that is above the β-separation line becomes higher for an increased fknee,
also suggesting an increased comb line-width. When fknee is more than 500-kHz,
the cross-point between the optical frequency noise PSD and the β-separation line
is at around 4-kHz, indicating the frequency comb with fknee of >500-kHz has the
same comb line-width.

We plot the comb line-width in Fig. 4.19(d) (to the left axis) using both β-
separation line method (red circles) and direct measurement from M-C simulations
(blue circles). The result agrees with the results derived from the β-separation line
method that the comb line-width stays the same when fknee exceeds 500-kHz. For
fknee between 30-kHz and 500-kHz, the comb line-width increases abruptly from
1-kHz to 4.5-kHz. Therefore, an efficient control of the timing jitter noise at low
frequencies (<100-kHz) is crucial for achieving frequency comb with narrow comb
line-width.

We also plot the comb SNR in the same figure (to the right axis), showing
that the comb has higher SNR with increased fknee. Figure 4.19(c) shows that
the optical frequency noise for larger fknee is significantly lower at high frequencies
(>100 kHz). A reduced high-frequency timing jitter noise, therefore, leads to a
higher SNR. As mentioned, timing jitter noise at high frequencies is mainly caused
by source laser’s RIN during the wavelength shifting process [56]. Due to the lack of
effective means to control high frequency noises, higher SNR demands minimizing
the noise transfer during the wavelength shifting process, which will be discussed
later in Chapter 2.

In the experiment, low-frequency 1/f 2 timing jitter noise can be optimized by
controlling the mode-locked regime of the master laser [115]. To simulate the re-
duction of low-frequency timing jitter, we simulate the hybrid timing jitter noise
with a fixed white noise level at high frequencies and a varying 1/f 2 noise. The
resulting noise spectrum has an reducing fknee together with a reducing ITJ. When
fknee decreases from 400-kHz to 50-kHz, ITJ drops from 35-fs to 7.6-fs. The simu-
lated timing jitter noise spectrum and ITJ are plotted in Fig. 4.20(a). The resulting
comb spectra are plotted in Fig. 4.20(b) in linear scale.

The comb spectra show clearly that suppressing 1/f 2 noise under 400-kHz
results in comb with narrower line-width. The comb line has a FWHM of ∼60-
kHz when fknee is 400-kHz and it reduces to <5-kHz when fknee is under 100-kHz.
Figure 4.20(c) plots the optical frequency noise derived from the timing jitter noise.
β-separation line is also plotted in the same figure. When low-frequency timing
jitter noise is reduced, the interception point between the β-separation line and
the optical frequency noise spectrum also shifts to lower frequency, indicating a
narrower comb line-width. Figure 4.20(d) plots (to the left axis) the FWHM comb
line-width calculated by β-separation line method and direct measurement from
M-C simulations. When fknee is decreasing, comb line-width drops from ∼50-kHz
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4.4. Relationship between timing jitter noise and comb spectrum
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Figure 4.20: Hybrid timing jitter noise with reducing 1/f 2 noise.

The frequency comb is examined under hybrid timing jitter noise with different
fknee and same level white noise. fknee is set at 50, 75, 100, 125, 150, 200, 300,
and 400-kHz. (a) Timing jitter PSD and ITJ. (b) Comb spectra in linear scale.
(c) Optical frequency noise PSD and β-separation line. (d) Comb line-width and
SNR versus fknee.
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Chapter 4. Noise of DFG-based mid-IR frequency combs

to few kHz. Figure 4.20(d) also plots the comb SNR (to the right axis) versus
fknee. The reduction of low-frequency timing jitter noise also leads to an increment
of the comb SNR. Comb SNR increases from ∼22-dB to ∼38-dB.

In conclusion, timing jitter noise at different Fourier frequencies affects the
comb characteristic differently: low-frequency (<500-kHz) timing jitter noise has
a significant impact on determining the line-width. It also changes the comb SNR
marignally; high-frequency (>500-kHz) timing jitter noise affects the comb SNR
while it has minimal influence on changing the comb line-width. By using the β-
separation line method, the comb line-width of an offset-free frequency comb can
be well estimated from the noise spectrum of its timing jitter noise. Meanwhile, we
show that an effective reduction of low-frequency (<400-kHz) can lead to a comb
line with narrower comb line-width and higher SNR. A reduction of ITJ from 35-fs
to 7.6-fs leads to a narrowing of comb line-width from 40-kHz to <2-kHz and an
increment of comb SNR by ∼15-dB.

4.5 Summary of the chapter
In conclusion, we investigate the noise transfer during DFG process by manually
imposing a relative timing jitter (RTJ) noise onto the signal pulses and studying
the outcomes. Two sets of DFG with their pump wavelength fixed at 1.03-µm
(1-µm driven DFG) and 2-µm (2-µm driven DFG) are compared. We show that
2-µm driven DFG has ∼5 times less RTJ-RTJ noise transfer compared with 1-
µm driven DFG thanks its reduced pump-signal and pump-idler group velocity
mismatch (GVM). Meanwhile, 2-µm driven DFG introduces marginally higher
relative intensity noise (RIN) to the output idler pulses due to its high parametric
gain. When 1-µm driven DFG is operated in different regimes, the noise transfer is
different: DFG in the OPA regime has the highest RTJ-RIN noise transfer due to
the strengthened parametric interaction between pump/signal pulses. Meanwhile,
DFG in the OPA regimes has the lowest RTJ-RTJ noise transfer due to the reduced
net idler pulse propagation; DFG in the saturation regime has the highest RTJ-
RTJ transfer and the lowest RTJ-RIN transfer thanks to the strong gating effect
of the pump pulses; DFG in the linear regime transfers the noise in between OPA
regime and saturation regime.

We also perform Monte-Carlo simulations in order to study how the timing-
jitter noise of an offset-free frequency comb affects the comb characteristics. We
show that low-frequency (<500-kHz) timing jitter noise determines the comb line-
width and marginally changes the signal-to-noise ratio (SNR) of the comb line;
high-frequency (>500-kHz) timing jitter noise affects the comb SNR while it has
minimal effect in changing the comb line-width. By using the β-separation line
method, the comb line-width of an offset-free frequency comb laser can be well
estimated by measuring the timing jitter noise spectrum. A reduction of 1/f 2

timing jitter noise can narrow the comb line-width from 40-kHz to 2-kHz and
increase the comb SNR by 15-dB.
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Chapter 5

1-GHz passively offset-free laser
source

5.1 Introduction and motivation

Ultrafast lasers with multi-gigahertz (GHz) repetition rate are required in many
applications, for example, arbitrary optical wave synthesis [127], astronomical fre-
quency metrology [11], and biological imaging [128]. Increasing the spacing of the
comb tooth (equivalent to increasing the repetition rate frep of the laser) can per-
mit access to and manipulate of each individual comb line, enabling applications
such as arbitrary optical wave synthesis. At same average power, increasing the
comb spacing leads to higher optical power per comb line, which improves the
signal-to-noise ratio (SNR) in spectroscopic measurements. In other applications
such as bio-imaging, using lasers with high repetition rate and low pulse energy
can effectively avoid the photo-induced damage caused by high pulse energy inside
biological samples. Increasing the repetition rate to GHz also improves the SNR
in detection, reduces the data acquisition time, and increases the frame-rate [128].

To construct multi-GHz frequency comb, both the repetition-rate (frep) and the
carrier-envelope offset frequency (fceo) need to be stabilized. The stabilization of
fceo is particularly challenging. Normally, the pulse energy of a GHz repetition rate
laser is at few nanojoules level [129] while the detection of fceo using self-referenced
methods requires certain pulse energy for supercontinuum generation (SCG), and,
therefore, the resulting multi-GHz frequency comb has limited available power.
Moreover, the feeding-back loop for controlling fceo has a locking bandwidth up to
tens of kilohertz [130], leaving fceo of the laser free-running between the locking
frequency and the Nyquist frequency.

Apart from using conventional 1f -2f interferometer for detecting and stabiliz-
ing fceo, another route is to generate a passively offset-free frequency comb using
difference frequency generation (DFG) [131–133]. In such scheme, the output of a
GHz laser is firstly spectral broadened using fiber-optic method so that two spec-
tral components with same fceo but different center frequency are generated. Then,
these two spectral lobes are frequency mixed in a nonlinear χ(2) crystal to generate
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Chapter 5. 1-GHz passively offset-free laser source

Yb:fiber laser system SCG and DFG system

Figure 5.1: Schematic of the 1-GHz offset-free laser source.

HWP: half-wave-plate; BPF: band-pass filter; QWP: quarter-wave-plate; OSA:
optical spectrum analyzer. SCG: supercontinuum generation. DFG: difference
frequency generation.

the offset-free idler pulses. The generated idler pulse train has its carrier-envelope
phase offset (CEP) automatically fixed at zero. The straight-forward architecture
of passively offset-free frequency comb can significantly simplify the experimental
setup for building a frequency comb laser.

In this chapter, we demonstrate a passively offset-free laser source with a center
wavelength at 1030-nm and a repetition rate of 1-GHz. The source is driven by
an 1-GHz Yb:fiber laser system. The output of the laser system is firstly spectral
broadened inside a short piece of photonic crystal fiber (PCF). The generated
supercontinuum spectrum consists of a dispersive-wave (DW) lobe centered at
550-nm and a Raman-soliton (RS) lobe centred at 1170-nm. The frequency mixing
between DW and RS generates an output idler centered at 1030-nm. The generated
idler pulses can be amplified in Yb:fiber amplifiers in further experiments. After
stabilizing frep of the master laser system, the 1-GHz passively offset-free frequency
comb, centered at 1030-nm, can promise many applications.

5.2 Experimental setup and results
Figure 5.1 shows the experimental setup for constructing the 1-GHz passively
offset-free Yb:fiber laser source. The setup includes two parts: Yb:fiber laser
system and SCG-DFG system. The Yb:fiber laser provides the high-power, 1-GHz
pulse train that seeds the subsequent SCG and DFG experiments. It is driven by
an 1-GHz Yb:fiber oscillator, Yb:fiber amplifier and pulse compressor.
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Figure 5.2: Schematic of the 1-GHz Yb:fiber oscillator.

LD: laser diode; Yb:fiber: ytterbium gain fiber (CorActvie SCF-YB550-4/125-19);
WDM: wavelength division multiplier; QWP: quarter-wave-plate; HWP: half-
wave-plate; PBS: polarization beam splitter.

1-GHz Yb:fiber laser system

The schematic of the 1-GHz Yb:fiber oscillator is plotted in Fig. 5.2. The cavity
is operated in the stretched-pulse regime so that the output pulse train has a
minimized timing jitter noise. The mode-locked operation is initiated by nonlinear
polarization evolution (NPE) inside Yb:fiber. The oscillator includes 130-mm-
long highly-doped fused silica fiber with a core absorption of 550-dB/m at 915-
nm(CorActvie SCF-YB550-4/125-19) and a free-space length of 100-mm, setting
the repetition rate at 1-GHz. The specification of the ytterbium gain fiber can
be found in Appendix A. The oscillator is pumped by four laser diodes (LD)
with an average pump power of 2-W. The pump is coupled into cavity by two
wavelength division multipliers (WDM). The WDMs also serve as the fiber/free-
space collimators. The cavity have free-space polarization control (one HWP, two
QWP and two PBS), a transmission grating pair for dispersion control (grating
density: 1000 lines/mm), and a free-space isolator. Inside the cavity, Yb:fiber
provides a group delay dispersion (GDD) of 3,000 fs2 and the grating pair provides
a negative GDD of -8,000 fs2. The net intra-cavity GDD is -5,000 fs2. When the
polarization controls are properly adjusted, the oscillator is mode-locked with an
average output power of 360-mW. The output spectrum is plotted in Fig. 5.3. It
is centered at 1034-nm with a 3-dB spectral bandwidth of 14-nm, corresponding
to a 112-fs transform-limited (TL) pulse.

The cavity output is directly coupled into a passive fiber using fiber collimator
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Figure 5.3: Output spectrum of the 1-GHz Yb:fiber oscillator.
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Figure 5.4: Characterization of the 1-GHz master laser.

(a) Optical spectrum of 1-GHz master laser system with/without pulse amplifica-
tion. (b) Autocorrelation trace of the measure pulse and its TL form.

and the 1-GHz pulse train is amplified in a 1.2-m-long polarization-maintaining
(PM) Liekki12/125 Yb:fiber. The specification of the Liekki fiber can be found in
Appendix A. After amplification, the laser output has an average power of 4.2-W. It
is then compressed by a pair of diffraction gratings with a compression efficiency
of 80%. The compressed pulse has a pulse energy of 3.4-nJ, corresponding to
an average power of 3.4-W. Figure 5.4(a) shows the measured optical spectrum
when the amplification is turned on/off. The autocorrelation (AC) trace of the
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(b) Dispersive wave spectrum
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(c) Raman soliton spectrum
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(d) Offset-free idler spectrum

Figure 5.5: Spectrum of supercontinuum and DFG.

(a) Supercontinuum spectrum generated from a 10-cm-long PCF-850. (b) Filtered
dispersive wave spectrum. (c) Filtered Raman soliton spectrum. (d) Generated
1030-nm offset-free idler spectrum.

compressed pulse after amplification is plotted in Fig. 5.4(b), together with the
AC trace of the TL pulse. The compressed pulse has a FWHM pulse duration of
∼140-fs, reaching >75% the peak intensity of the TL pulse.

Supercontinuum generation and DFG

The 1-GHz, 3.4-nJ, 1034-nm, 140-fs pulse train then enters the SCG-DFG stage.
It is firstly coupled into a 10-cm-long PCF-850 with a coupling efficiency of ∼40%
for spectral broadening. After PCF, the pulse generates a supercontinuum (SC)
with a DW centered at ∼545-nm and a RS centered at ∼1170-nm. The optical
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Chapter 5. 1-GHz passively offset-free laser source

spectrum before and after SCG is shown in Fig. 5.5(a).
The generated SC passes a dichroic mirror to split DW and RS. Both DW and

RS pulses pass a QWP, a HWP, a band-pass filter, and re-combine in a 1-mm-
long periodically-poled lithium niobate (PPLN) crystal. PPLN has a longitudinal
period of 7.7-µm to meet the quasi-phase matching (QPM) condition for frequency
mixing 545-nm and 1170-nm pulses. The filtered spectra of DW and RS are plotted
in Fig. 5.5(b)and 5.5(c). After properly adjusting the relative time delay between
DW and RS, they generate an output idler centered at 1030-nm. The output idler
spectrum is plotted in Fig. 5.5(d). The generated idler spectrum has a center
wavelength of 1030-nm and a 3-dB bandwidth of 10-nm. The generated offset-
free idler has an average power of few µW. If the output idler is coupled into a
single-mode, Yb:fiber amplifier, the average power can be amplified to mW-level.
After stabilizing the repetition rate of the master laser system, such passively
offset-free Yb:fiber laser frequency comb can be an enabling tool in spectroscopic
applications.

5.3 Summary of the chapter
To conclude, we demonstrate a 1-GHz passively offset-free Yb:fiber laser source at
1.03-µm using an alternative DFG schematic. The laser source is based upon a
1-GHz Yb:fiber laser as the master laser system. The master laser output (3.4-W,
1-GHz, 3.4-nJ, 140-fs) is firstly launched into a short piece of PCF to generate a
supercontinuum (SC) spectrum which includes a dispersive wave (DW) spectral
lobe at 550-nm and a Raman soliton (RS) lobe at 1170-nm. The DFG between
DW and RS inside 2-mm-long PPLN generates an offset-free pulse train with a
center wavelength of 1030-nm. Currently, the pulse train has a limited average
power of few µW due to un-optimized spectral broadening process in PCF-850.
We are continuing to improve the efficiency of spectral broadening and planning to
amplify the offset-free idler pulses from µW average power to mW average power
using Yb:fiber amplifiers. If the experimental parameters for SCG and DFG are
modified, offset-free pulses centered at other near-infrared (NIR) wavelength (1.55-
µm and 2-µm) can be also accessed using similar configuration.
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Chapter 6

Conclusion and outlook

Self-phase-modulation (SPM) effect inside optical fibers has enabled a straightfor-
ward implementation for wavelength-shifting the center wavelength of near-infrared
(NIR) pulses to a longer center wavelength. The wavelength-shifted pulses can be
used as signal pulses for seeding a DFG setup together with NIR pump pulses to
generate the offset-free mid-IR idler pulses. After stabilizing the repetition rate
of the master laser system, the generated mid-IR idler pulse train, located in the
molecular “fingerprint” wavelength region (5–20 µm), forms a mid-IR frequency
comb with well-defined optical frequencies, which has become an enabling tool in
molecular spectroscopic applications.

Currently, DFG-based mid-IR frequency combs especially at long-wave mid-
IR wavelength (>10-µm) suffer from low available power of few-mW. The power
shortage can be attributed to several reasons: (1) Signal pulses generated by con-
ventional nonlinear fiber-optic methods have a limited pulse energy of sub-nJ level;
(2) Multiple photon absorption (MPA), together with other thermal related issues,
prevent the use of high input power for seeding a DFG process inside non-oxide
crystals. At high repetition rate (HRR), the total input pulse energy is limited
under ∼200-nJ; (3) Un-optimized DFG configuration with large pump-signal and
pump-idler group velocity mismatch (GVM) results in an inefficient generation of
mid-IR idler pulses. The generated idler pulses also have large temporal chirp due
to the same reason. Besides having limited available power, an un-optimized non-
linear fiber-optic wavelength-shifting process and DFG process can translate the
relative intensity noise (RIN) of the pump pulses to >10-fs timing jitter noise of
the generated mid-IR idler pulses, which significantly deteriorates the performance
of the resulting mid-IR frequency combs.

In this thesis, we investigate several issues which are related with the construc-
tion of DFG-based, high-power, low-noise mid-IR frequency combs:

(1) We first study two nonlinear fiber-optic methods for generating the wavelength-
shifted signal pulses: soliton self-frequency shift (SSFS) and self-phase mod-
ulation enabled spectral selection (SESS). We discover that SESS is a better
candidate for providing wavelength-tunable signal pulses with a pulse energy
of >50-nJ and a minimal relative timing jitter (RTJ).
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(2) We then study the power scalability of DFG process in order to elucidate an
efficient approach for generating high-power mid-IR idlers. We show that,
at a HRR of >10-MHz that is required for frequency combs, the generated
mid-IR idler scales linearly with respect to the power product of the input
pump pulse and the input signal pulse. Therefore, increasing the signal power
is as efficient as increasing the pump power for power scaling the idler. To
improve the efficiency of the DFG process, we compared two sets of DFG
processes with different pump wavelength, 1.03-µm and 2-µm. We show that
2-µm driven DFG can achieve a quantum efficiency of 75%, 3 times higher
compared with 1-µm driven DFG under the same launching conditions. Using
optimal inputs, 2-µm driven DFG can generate 10-µm mid-IR idler pulses
with >44-nJ pulse energy and >300-kW peak power. At a repetition rate of
50-MHz, it corresponds to an available output power of >2.2-W.

(3) Besides generating high-power mid-IR idler, idler pulses with minimal optical
noises, especially a minimized timing jitter noise, are favorable for constructing
high-performance mid-IR frequency combs. We study the noise transfer during
the nonlinear fiber-optic wavelength-shifting processes (SSFS and SESS) and
during the DFG process. Compared with SSFS, SESS introduces ∼20 times
less RTJ noise from the input RIN. Meanwhile, 2-µm driven DFG has less
noise transfer for the generated idler pulses thanks to its reduced GVM. We
also identify the relationship between the timing jitter noise of an offset-free
frequency comb with its comb characteristics. The comb line-width can be well
estimated by using the β-separation line method to geometrically measure the
timing jitter noise spectrum.

(4) We demonstrate a passively offset-free laser source at a repetition rate of
1-GHz. The laser source uses an alternative DFG schematic based upon a
1-GHz Yb:fiber laser system. The output of master laser system, centered
at 1030-nm, is firstly launched into a short piece of PCF to generate two
spectral components centered at 550-nm and 1170-nm. The DFG process
seeded by these two spectra generates offset-free pulses centered at 1030-nm.
After further repetition-rate stabilization and pulse amplification, the resulting
1-GHz passively offset-free frequency comb can be used for frequency synthesis
and arbitrary optical wave generation in the NIR range.

Several issues deserve further investigations:
(1) In the simulation of SSFS, SESS and DFG, we use an ideal chirp-less sech2

pulse as the input pulse. For a more precise modeling, the input pulse should
be replaced by the experimental data with an inclusion of proper temporal
chirp. The temporal chirp of the input pulse can be also optimized in order
to minimize the noise transfer during the SSFS/SESS process.

(2) In our DFG calculation, the time-dependent coupled wave equations only
model the 1-D case of the optical parametric processes. Effects such as linear
loss, MPA loss, and diffraction loss are neglected in our modeling. To fully
characterize a DFG process, the equations should be converted to 3-D coupled
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wave equations with all these missing terms included.
(3) In the calculation of the noise transfer during the SSFS/SESS process, the

input RIN is introduced by changing the pulse energy of the excitation pulse.
The pulse profile is varied uniformly in order to emulate the presence of the
input RIN. In reality, different noise sources, for example, pump current noise
and amplified spontaneous emission noise, change the pulse profile differently,
depending on the actual gain medium and the actual gain dynamics. For a
more precise modeling of the input RIN, the inclusion of these noise sources
needs to be addressed individually.

(4) In the investigation of the timing jitter noise and the comb characteristics,
the simulated offset-free pulse train does not possess any intensity noise or
phase noise. To better characterize the frequency comb, these noise terms
should be included. In fact, timing jitter noise, intensity noise, and phase
noise of a DFG-based frequency comb have strong correlation in high Fourier
frequencies. A more systematic study on their correlation may provide better
insights in building high-performance DFG-based frequency combs.
Nevertheless, our numerical simulations still have good agreement with the

experimental data, for example, predicting the growing trend of the mid-IR idler
with respect to the input pump/signal. Our calculation of the RIN-RTJ noise
transfer based on a simplified RIN model also matches with the experimental
results from the measurements in our laboratory. Our calculation, therefore, offers
a good guideline for designing DFG systems to generate high-power, low-noise
mid-IR frequency combs.

The key for generating high-power, low-noise mid-IR frequency combs is to use
SESS for generating the wavelength-shifted signal pulses. Using SESS techniques,
the signal pulse can have tens-of-nJ or even hundreds-of-nJ pulse energy. SESS
also introduces minimal relative timing jitter of <0.5-fs to the signal pulses. Mean-
while, the DFG process can be optimized by shifting the center wavelength of the
pump/signal pulses from 1.03-µm range to 2-µm range. 2-µm driven DFG has the
advantage of having intrinsically less MPA, less pump-signal/pump-idler GVM,
and a broader phase matching bandwidth, all of which facilitate the generation of
ultrafast, high-power, mid-IR idler pulses with a high peak intensity. Based on
our calculation, HRR mid-IR frequency combs with a watt-level average power us-
ing such optimized DFG system is experimentally viable by employing high-power
Tm:fiber or Ho:fiber laser systems. The generated mid-IR idler pulses, centered at
9.87-µm, can have a pulse energy of >44-nJ and a peak power of >300-kW, cor-
responding to an average power of >2.2-W at 50-MHz repetition rate. We believe
that such a source will open new avenues for novel scientific applications.
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Chapter 6. Conclusion and outlook
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Appendix A

Fiber specifications

PCF type ZDW (nm) MFD (µm) MFA (µm2) γ (W−1km−1)
PCF-850 850 1.9 2.84 55.8
PCF-945 945 2.8 6.16 25.7
PCF-975 975 3.3 8.55 17.9

Table A.1: Specification for PCF-850/945/975

ZDW: zero dispersion wavelength; MFD: mode field diameter; MFA: mode field
area; γ: nonlinear coefficient (see Equation 2.2).

LMA type ZDW (nm) MFD (µm) MFA (µm2) γ (W−1km−1)
LMA-8 1170 7.5 45.4 3.5
LMA-10 1195 8.6 58.1 2.7
LMA-15 1240 12.6 124.7 1.3

Table A.2: Specification for LMA-8/10/15.
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Appendix A: Fiber specifications

 

  To contact Crystal Fibre A/S, please visit our website www.crystal-fibre.com or 
send an email message to contact@crystal-fibre.com 

  

 

Optical properties 

850±5 nm 
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• Nonlinear coefficient4 at λ0 
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Physical properties 

  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Typical measured near field 
profile (log scale) 

 

• Core diameter (average)  2.8±0.1µm 

2.7 µm • Pitch (distance between cladding holes) 

>88% • Air Filling Fraction in the holey region 

160 nm • Width of struts holding the core  

28 µm • Diameter of holey region  

136 µm • Diameter of outer silica cladding (OD)  

220 µm • Coating diameter (single layer acrylate)  

up to 1 km • Available length 

Figure A.1: Specification of PCF-850 (Part I).
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Typical attenuation spectrum and chromatic dispersion 
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  To contact Crystal Fibre A/S, please visit our website www.crystal-fibre.com or 
send an email message to contact@crystal-fibre.com 

  

 

Figure A.2: Specification of PCF-850 (Part II).
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Appendix A: Fiber specifications

Nonlinear Photonic Crystal Fibers for 1060 nm Pumping 
 

 Description 

 
Photonic crystal fibers use a microstructured cladding region with air holes to guide light in a pure silica core, giving rise to 
novel functionalities. These nonlinear photonic crystal fibers combine a very small effective mode field area and zero disper-
sion to allow efficient supercontinuum generation with 1060 nm pump sources. The fibers are available with hermetically 
sealed ends and FC/PC connectors or could be spliced to standard single mode fiber or large mode area PCF on a custom order 
basis. 

 Fiber Properties 

Item Name C,S Core 
Diameter 

[μm] 

Cladding 
Diameter 

[μm] 

Estimated 
ZDW 
[nm] 

Attenuation 
@ 1060 nm 

[dB/km] 

SM cut-off 
Wavelength 

[nm] 

Mode Field 
Diameter 

[μm] 

NA @ 
1060 nm 

[5 %] 

γ @ 1060 
nm 

[Wkm−1] 
NL-3.2-945 C 3.2 137 945 <20 730 2.8 0.29 23 
NL-3.4-955 C 3.4 145 955 <20 775 2.9 0.28 22 
NL-4.0-1005 C 4.0 173 1005 <35 1015 3.4 0.24 16 
NL-4.7-1030 C,S 4.7 124 1030 <15 1024 3.8 0.21 12 
SC-5.0-1040 C,S 4.8 125 1040 <2 1000 4.0 0.2 11 
NL-1050-NEG-1 C,S 2.3 127 None <30 300 2.2 0.37 37 
NL-1050-ZERO-2 C,S 2.3 127 1050 <30 300 2.2 0.37 37 
NL-5.0-1065 C,S 5.0 121 1065 <20 1000 4.2 0.2 11 

 
ZDW: Zero Dispersion Wavelength 
C: Available with hermetically sealed ends and Connectors 
S: Available with Splicing to standard fiber. All fibers can be provided with standard fiber pigtails on a custom order basis. 
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Please also refer to individual datasheets for SC-5.0-1040, NL-1050-NEG-1, NL-1050-ZERO-2 and NL-5.0-1065 
 

NL-1060 List Rev 1.2 July 2006 

Crystal Fibre A/S  –  ℡ US toll-free: 877-810-2800  –  ℡ International: +45 4348 2800  –  contact@crystal-fibre.com  –  www.crystal-fibre.com 

Figure A.3: Specification of PCF-945.
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This single-mode nonlinear photonic crystal fiber combines a 
high nonlinear coefficient with zero dispersion around 975 nm 
to allow efficient nonlinear interactions using 1060 nm range 
lasers. 

The fiber is designed for high power ps pumped superconti-
nuum generation. Due to the optimized dispersion profile, a 
length of only 10-15 m of this fiber is sufficient to generate octa-
ve spanning spectra when pumped with high power ps sources. 

The fiber is available spliced to standard single mode fiber or 
endlessly single mode fiber, and is also available with hermeti-
cally sealed ends and FC/PC connectors.  

Physical properties  

Material Pure silica 

Cladding diameter 125 ± 10 µm 

Coating diameter 245 ± 10 µm 

Coating material HT Acrylate 

Core diameter 3.7 ± 0.3 µm 

 Single mode

 Pure silica

 Dispersion optimized for 1 µm wavelength
pumping

Applications 
Broadband continuum generation for: 
- Spectroscopy 
- Microscopy 
- Metrology 
- Optical coherence tomography, OCT 

Typical measured dispersion 

Crystal Fibre  ●  aeroLASE  ●  Koheras  ●  SuperK 

NKT Photonics A/S (Headquarters) 
Blokken 84 ● 3460 Birkerød ● Denmark 
Phone: +45 4348 3900 
Fax: +45 4348 3901 
www.nktphotonics.com 

NKT Photonics Inc. 
1400 Campus Drive West ● Morganville 
NJ 07751 ● USA 
Phone: +1 732 972 9937 
Fax: +1 732 414 4094 

NKT Photonics GmbH 
Schanzenstrasse 39 ● Bldg D9-D13 
51063 Cologne ● Germany 
Phone: +49 221 99511-0 
Fax: +49 221 99511-650 

Single
Mode

Optical properties  

Zero dispersion wavelength 975± 15 nm 

Cut-off wavelength < 1000 nm 

Nonlinear coefficient @ 1060 nm ~18 (W·km)-1 

Attenuation @ 1060nm < 5 dB/km 

Attenuation @ 1550 nm < 3 dB/km 

Attenuation @ 600 nm < 15 dB/km 

Mode Field Diameter 3.3 ± 0.3 µm 

NA @ 1060 nm 0.25 ± 0.05 

SC-3.7-975 
Nonlinear fiber for supercontinuum generation 

Highly
Nonlinear

Typical measured spectral attenuation 

SC-3.7-975-131008 

Figure A.4: Specification of PCF-975.
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This single-mode photonic crystal  fiber is optimized to exhibit 
low loss across the widest possible wavelength region from 400 
nm to above 1700 nm while keeping an almost constant mode 
field diameter. 
  
The fiber is endlessly single-mode with no higher order mode 
cut-off and delivers pristine mode quality at all wavelengths. 
 
The fiber has a standard 125 µm outer diameter and is compati-
ble with all common fiber tools.  

Typical spectral attenuation and dispersion 

 Low fiber loss from 400 nm to 1700 nm 

 Single-mode at all wavelengths 

 Radiation hard pure silica fiber 

 Wavelength independent MFD 

Applications 
- Single-mode delivery and pigtailing 
- RGB transmission 
- Mode filtering 
- Short pulse delivery  

Typical MFD and dispersion 

Crystal Fibre  ●  aeroLASE  ●  Koheras  ●  SuperK 

NKT Photonics A/S (Headquarters) 
Blokken 84 ● 3460 Birkerød ● Denmark 
Phone: +45 4348 3900 
Fax: +45 4348 3901 
www.nktphotonics.com 

NKT Photonics Inc. 
1400 Campus Drive West ● Morganville 
NJ 07751 ● USA 
Phone: +1 732 972 9937 
Fax: +1 732 414 4094 

NKT Photonics GmbH 
Schanzenstrasse 39 ● Bldg D9-D13 
51063 Cologne ● Germany 
Phone: +49 221 99511-0 
Fax: +49 221 99511-650 

LMA-8, v. 1-120611 

LMA-8  

Single-Mode 8 µm Core Fiber  

Single
Mode

Large
Mode-area

Optical properties  

Single mode cut-off wavelength* None 

Attenuation @ 532 nm** <  20 dB/km 

Attenuation @ 632 nm <  10 dB/km 

Attenuation @ 1064 nm <  5 dB/km 

Mode field diameter @ 532 nm  (1/e2) 7.2 ± 1.0 µm 

Mode field diameter @ 1064 nm (1/e2)  7.5 ± 1.0 µm 

NA @ 1064 nm (5%) 0.14 ± 0.02 

Physical properties  

Core diameter 8.6 ± 0.5 µm 

Outer cladding diameter, OD 125 ± 2 µm 

Coating diameter 245 ± 10 µm 

Core and cladding material Pure silica 

Coating material, single layer Acrylate 

Coating-Cladding concent. error  < 10 µm 

Proof test level 0.5 % 

  

Standard interfacing options 

FC/PC connector 0.0 ± 0.5 deg angle 

FC/APC connector 8.0 ± 0.5 deg angle   

Collapse and cleave 0.0 ± 0.5 deg angle  

All interfaces are provided with a 150 ± 25 µm sealing length of 
the PCF structure. 
 
Please contact us for other custom interfacing options. 

* TIA-455-80-C standard ** 16 cm bend diameter 

Figure A.5: Specification of LMA-8.
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This polarization-maintaining single-mode fiber is optimized to 
exhibit low loss from 500 nm to 1700 nm while keeping an al-
most constant mode field diameter. 
 
The fiber is endlessly single-mode (i.e. it has no higher order 
mode cut-off) and delivers excellent mode quality at all wave-
lengths. 
 
This product is also available in a non polarization-maintaining  
version as the LMA-10 

Typical spectral attenuation and dispersion 

 Low loss fiber from 500 to 1700 nm  

 SIngle mode at all wavelengths 

 Polarization Maintaining 

 Radiation hard pure silica fiber 

 Wavelength independent MFD  

Typical measured NA and MFD 
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Fax: +45 4348 3901 
www.nktphotonics.com 

NKT Photonics Inc. 
1400 Campus Drive West ● Morganville 
NJ 07751 ● USA 
Phone: +1 732 972 9937 
Fax: +1 732 414 4094 

NKT Photonics GmbH 
Schanzenstrasse 39 ● Bldg D9-D13 
51063 Cologne ● Germany 
Phone: +49 221 99511-0 
Fax: +49 221 99511-650 

Single
Mode

Large
Mode-area

LMA-PM-10-v1-130417 

LMA-PM-10 
Single-mode  10 µm polarization-maintaining fiber 

Applications 
- Single-mode PM short wavelength delivery  
- Multi-wavelength transmission 
- Mode filtering 
- Single-mode PM pigtailing 
- Short pulse delivery 

Optical properties  

Single mode cut-off wavelength* None 

Attenuation @ 532 nm** <  25 dB/km 

Attenuation @ 632 nm <  15 dB/km 

Attenuation @ 1064 nm <  5 dB/km 

Mode field diameter @ 532 nm  (1/e2) 8.4 ± 1.0 µm 

Mode field diameter @ 1064 nm (1/e2)  8.6 ± 1.0 µm 

NA @ 1064 nm (5%) 0.12 ± 0.02 

Birefringence n @ 1064 nm  1.4·10-4 

Polarization Extinction Ratio*** > 18 dB 

Physical properties  

Core diameter 10.0 ± 0.5 µm 

Outer cladding diameter, OD 230 ± 5 µm 

Coating diameter 350 ± 10 µm 

Core and cladding material Pure silica 

Coating material, single layer Acrylate 

Coating-Cladding concent. error  < 10 µm 

Proof test level 0.33 % 

  Standard interfacing options 

FC/PC PM connector 0.0 ± 0.5 deg angle 

FC/APC PMconnector 8.0 ± 0.5 deg angle   

SMA 905 0.0 or 5.0 ± 0.5 deg angle 

Collapse and cleave 0.0 ± 0.5 deg angle  

All interfaces are provided with a 75 ± 25 µm sealing length of 
the PCF structure. PM connectors are keyd to the slow axis. 
Please contact us for other custom interfacing options. 

*** AKA PXtalk on a 2 m sample 
* TIA-455-80-C standard  
** 16 cm bend diameter  

Figure A.6: Specification of LMA-10.
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This polarization-maintaining single-mode fiber is optimized to 
exhibit low loss from 600 nm to 1700 nm while keeping an al-
most constant mode field diameter. 
 
The fiber is endlessly single-mode (i.e. it has no higher order 
mode cut-off) and delivers excellent mode quality at all wave-
lengths. 
 
This product is also available in a non polarization-maintaining  
version as the LMA-15 

 Low loss fiber from 500 to 1700 nm  

 Single mode at all wavelengths 

 Polarization Maintaining 

 Radiation hard pure silica fiber 

 Wavelength independent MFD  

Applications 
- Single-mode PM short wavelength delivery  
- Multi-wavelength transmission 
- Mode filtering 
- Single-mode PM pigtailing 
- Short pulse delivery 

Crystal Fibre  ●  aeroLASE  ●  Koheras  ●  SuperK 

NKT Photonics A/S (Headquarters) 
Blokken 84 ● 3460 Birkerød ● Denmark 
Phone: +45 4348 3900 
Fax: +45 4348 3901 
www.nktphotonics.com 

NKT Photonics Inc. 
1400 Campus Drive West ● Morganville 
NJ 07751 ● USA 
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Single
Mode

Large
Mode-area

LMA-PM-15-170222 

LMA-PM-15 
Single mode 15 µm polarization-maintaining fiber 

Polarization
Maintaining

Optical properties  

Single mode cut-off wavelength* None 

Attenuation @ 1064 nm < 10 dB/km 

Mode field diameter @ 532 nm  (1/e2) 12.2 ± 1.5 µm 

Mode field diameter @ 1064 nm  (1/e2) 12.6 ± 1.5 µm 

NA @ 532 nm (5%) 0.04 ± 0.02 

NA @ 1064 nm (5%) 0.07 ± 0.02 

Birefringence n @ 1064 nm   ≥ 1.3·10-4 

Polarization Extinction Ratio** ≥ 18 dB 

Physical properties  

Core diameter 14.8 ± 0.8 µm 

Outer cladding diameter, OD 230 ± 5 µm 

Coating diameter 350 ± 10 µm 

Core and cladding material Pure silica 

Coating material, single layer Acrylate 

Coating-Cladding concent. error  < 10 µm 

Proof test level 0.33 % 

  Standard interfacing options 

FC/PC PM connector 0.0 ± 0.5 deg angle 

FC/APC PMconnector 8.0 ± 0.5 deg angle   

SMA 905 0.0 or 5.0 ± 0.5 deg angle 

Collapse and cleave 0.0 ± 0.5 deg angle  

All interfaces are provided with a 150 ± 25 µm sealing length of 
the PCF structure. PM connectors are keyed to the slow axis. 
Please contact us for other custom interfacing options. 

* TIA-455-80-C standard 
 

** AKA PXtalk on a 2 m sample 

Typical spectral NA and MFD 

Typical spectral attenuation and dispersion 

Figure A.7: Specification of LMA-15.

148



Appendix A: Fiber specifications

 

All above specifications are subject to change without notice.  BR0008r05 - 0911 
Copyright © 2010-2011 CorActive High-Tech Inc., All Rights Reserved.  

CorActive High-Tech, Inc. 
2700 Jean-Perrin, Suite 121, Quebec City, QC 
Canada  G2C 1S9 
Phone : 1-866-845-2466 
E-mail : sales@coractive.com 
www.coractive.com 

STANDARD MODELS 
 

 
Note 1:  A confined optical fiber refers to an active fiber  where  only a fraction of the core is doped.  This is typically done to improve fiber efficiency. 

Ytterbium (YB) Doped Single Clad Fibers 

Model  Core 
Diameter 
(µm) 

Clad  
Diameter 
(µm) 

MFD @ 
1060nm 
(µm) 

Core  NA Core Absorption  
@ 915nm (dB/m) 

Birefringence Note 

YB 103 N/A 125 ± 1 3.5 ± 1.0 0.26 ± 0.02 > 9 N/A  

SCF-YB40-4/125-16 4.0 ± 1.0 125 ± 1 N/A 0.16 ± 0.02 40 ± 10 N/A  

YB 115 N/A 125 ± 1 4.0 ± 1.0 0.22 ± 0.02 50 ± 10 N/A Photosensitive (high Ge 
content) 

YB 118 N/A 125 ± 1 4.0 ± 1.0 0.22 ± 0.02 > 75 N/A Photosensitive (high Ge 
content) 

YB 501 N/A 125 ± 1 6.0 ± 1.0 0.14 ± 0.02 > 125 N/A Matched to HI 1060, 
Confined1 

Matched PM Version: YB 
501-PM 

YB 401 N/A 125 ± 1 6.0 ± 1.0 0.14 ± 0.02 140 ± 25 N/A Matched to HI 1060, 
Photodarkening-resistant 
Matched Non-PM 
Version: YB 401-PM 

YB 198 N/A 125 ± 1 4.0 ± 1.0 0.22 ± 0.02 > 250 N/A  

YB 214 N/A 125 ± 1 6.0 ± 1.0 0.14 ± 0.02 > 300 N/A  

YB 402 N/A 125 ± 1 7.0 ± 1.0 0.12 ± 0.02 250 ± 50 N/A Photodarkening-resistant 

YB 125 N/A 125 ± 1 5.0 ± 1.0 0.18 ± 0.02 > 350 N/A  

YB 404 N/A 125 ± 1 5.0 ± 1.0 0.16 ± 0.02 475 ± 100 N/A Photodarkening-resistant 

SCF-YB550-4/125-19 4.0 ± 1.0 125 ± 1 N/A 0.19 ± 0.02 550 ± 100 N/A  

YB 406 N/A 125 ± 1 5.0 ± 1.0 0.16 ± 0.02 600 ± 100 N/A Photodarkening-resistant 

YB 100-PM N/A 125 ± 2 5.0 ± 1.0 0.16 ± 0.02 > 8 ≥  2.0E-04 PM 

YB 200-PM N/A 125 ± 2 5.0 ± 1.0 0.16 ± 0.02 > 12 ≥  2.0E-04 PM 

YB 401-PM N/A 125 ± 2 6.0 ± 1.0 0.14 ± 0.02 140 ± 25 > 2.0E-04 Photodarkening-resistant, 
Matched Non-PM 
Version: Yb 401 

YB 501-PM N/A 125 ± 2 6.0 ± 1.0 0.14 ± 0.02 140 ± 25 > 2.0E-04 Confined1 

Matched Non-PM 
Version: Yb 164 

Figure A.8: Specification of SCF-YB550-4/125-19.

149



Appendix A: Fiber specifications
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LIEKKI
®
 Yb1200-12/125 fibers are very highly doped 

large mode area fibers for medium power fiber laser and 

amplifier applications, where high beam quality and 

compact design are essential.  

LIEKKI
®
 Yb1200-12/125 fibers are available as double-

clad (Yb1200-12/125DC) and double-clad polarization 

maintaining (Yb1200-12/125DC-PM) fibers.  

LIEKKI® Yb1200-12/125DC LIEKKI® Yb1200-12/125DC-PM Fiber  

Optical Units   

Peak Cladding Absorption at 976 nm 
(nominal) 

dB/m (11.1) (11.1) 

Cladding Absorption at 920 nm dB/m 2.6 ± 0.4 2.6 ± 0.4 

Mode Field Diameter (1) (nominal) m (11.9) (11.9) 

Core Numerical Aperture (realNA)  0.080 ± 0.005 0.080 ± 0.005 

Cladding Numerical Aperture, ≥  0.48 0.48 

Core background loss at 1200 nm, ≤ dB/km 25 25 

Birefringence, ≥ 1E-04 - 1.6 

Geometrical and mechanical    

Core Diameter m 12.5 ± 1.0 12.5 ± 1.0 

Core Concentricity Error, ≤ m 1.0 1.0 

Cladding Diameter (flat-to-flat) m 125 ± 2 125 ± 2 

Cladding Geometry  Octagonal Round, PANDA 

Coating Diameter  245 ± 15 245 ± 15 

Coating Material  Dual coated low index acrylate Dual coated low index acrylate 

Proof Test, ≥ kpsi 100 100 

• Industry leading fiber deposition process — Direct Nanoparticle Deposition  

• realNA — most accurate fiber core NA to enable superior predictability of 
fiber performance and minimal splice loss  

• Large, low-NA core for low nonlinearity and high beam quality applications 

• Combining high pump absorption with low photodarkening loss 

• Acrylate coating enables fiber applications in extreme environmental      
conditions: Proven to operate up to 120˚C and in extreme humidity. 

• Matching passive fibers available with optimized design for minimal splice 
loss  

• Medium power amplifiers and 
lasers 

• Pulsed and CW applications 

• IR source for frequency      
doubling  

• Industrial, medical and          
scientific applications 

® LIEKKI 
Yb1200-12/125 ‒ Large Mode Area Ytterbium Doped Fiber 

Features Applications 

Typical Fiber Specifications 

(1) Far-field Mode Field Diameter at 1060nm 

Figure A.9: Specification of LIEKKI Yb1200-12/125.
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