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Summary

In this thesis we study algebraic structures that are important for models of commuting-
projector Hamiltonians which realize topological phases of matter. The Kitaev model is such
a model, where the projectors are defined using the structure of a semisimple Hopf algebra. In
the first part of the thesis we construct a Kitaev model based on more general Hopf-algebraic
data — semisimple bicomodule algebras — thereby implementing defects and boundaries. In the
second part of the thesis we find generalizations of the idempotents used in the standard Kitaev
model to non-semisimple Hopf algebras.

More precisely, in the first part of the thesis, we construct a Kitaev model, consisting of a
Hamiltonian which is the sum of commuting local projectors, for surfaces with boundaries and
defects of dimension 0 and 1. Specifically, we show that one can consider cell decompositions
of surfaces whose 2-cells are labeled by semisimple Hopf algebras and 1-cells are labeled by
semisimple bicomodule algebras. We introduce an algebra whose representations label the 0-
cells and which reduces to the Drinfeld double of a Hopf algebra in the absence of defects. In
this way we generalize the algebraic structure underlying the standard Kitaev model without
defects or boundaries, where all 1-cells and 2-cells are labeled by a single Hopf algebra and
where point defects are labeled by representations of its Drinfeld double. In the standard
case, commuting local projectors are constructed using the Haar integral for semisimple Hopf
algebras. A central insight we gain in this theis is that in the presence of defects and boundaries,
the suitable generalization of the Haar integral is given by the unique symmetric separability
idempotent for a semisimple (bi-)comodule algebra. This enables us to provide an explicit
construction of a Kitaev model allowing for defects and boundaries.

In the second part of the thesis we obtain representation-theoretic results. We study the
isotypic decomposition of the regular module of a not necessarily semisimple, finite-dimensional
Hopf algebra over an algebraically closed field of characteristic zero. For a semisimple Hopf
algebra, it is known that the idempotents realizing the isotypic decomposition can be explicitly
expressed in terms of characters and the Haar integral. Here we investigate Hopf algebras with
the Chevalley property, which are not necessarily semisimple. We find explicit expressions for
idempotents in terms of Hopf-algebraic data, where we replace the Haar integral by the regular
character of the dual Hopf algebra. For a large class of Hopf algebras we show that these form
a complete set of orthogonal idempotents. Finally, we give an example which illustrates that
the Chevalley property is crucial.






Zusammenfassung

In dieser Arbeit untersuchen wir algebraische Strukturen, die wichtig sind fiir Modelle von
Hamilton-Operatoren mit kommutierenden Projektoren, welche topologische Phasen der Ma-
terie realisieren. Das Kitaev-Modell ist ein solches Modell, bei dem die Projektoren mithilfe
der Struktur einer halbeinfachen Hopf-Algebra definiert werden. Im ersten Teil der Arbeit
konstruieren wir ein Kitaev-Modell, das auf allgemeineren Hopf-algebraischen Daten basiert —
halbeinfache Bikomodul-Algebren — und dabei Defekte und Rénder implementiert. Im zweiten
Teil der Arbeit finden wir Verallgemeinerungen der im Standard-Kitaev-Modell verwendeten
Idempotenten fiir nicht-halbeinfache Hopf-Algebren.

Genauer gesagt konstruieren wir im ersten Teil der Arbeit ein Kitaev-Modell, das aus einem
Hamilton-Operator besteht, der eine Summe von kommutierenden lokalen Projektoren ist, fiir
Flachen mit Randern und Defekten von Kodimension 0 und 1. Insbesondere zeigen wir, dass
man Zellzerlegungen von Flachen betrachten kann, deren 2-Zellen mit halbeinfachen Hopf-
Algebren und deren 1-Zellen mit halbeinfachen Bikomodul-Algebren dekoriert sind. Wir fithren
eine Algebra ein, deren Darstellungen die 0-Zellen dekorieren und die sich im Spezialfall ohne
Defekte auf das Drinfeld-Doppel einer Hopf-Algebra reduziert. Auf diese Weise verallgemei-
nern wir die algebraische Struktur, die dem Standard-Kitaev-Modell ohne Defekte oder Rander
zugrunde liegt, bei dem alle 1-Zellen und 2-Zellen mit einer einzigen Hopf-Algebra und Punkt-
defekte mit Darstellungen seines Drinfeld-Doppels dekoriert werden. Im Standardfall werden
kommutierende lokale Projektoren mithilfe des Haar-Integrals fiir halbeinfache Hopf-Algebren
konstruiert. Eine zentrale Einsicht dieser Arbeit ist, dass bei Vorhandensein von Defekten
und Réndern die geeignete Verallgemeinerung des Haar-Integrals durch die eindeutige sym-
metrische Separabilitdtsidempotente einer halbeinfachen (Bi-)Komodul-Algebra gegeben ist.
Dies erméglicht es uns, eine explizite Konstruktion eines Kitaev-Modells anzugeben, welches
Defekte und Rénder zulésst.

Im zweiten Teil der Arbeit erlangen wir darstellungstheoretische Resultate. Wir untersuchen
die isotypische Zerlegung des regulédren Moduls einer nicht unbedingt halbeinfachen, endlichdi-
mensionalen Hopf-Algebra iiber einem algebraisch abgeschlossenen Korper in Charakteristik
0. Fiir eine halbeinfache Hopf-Algebra ist bekannt, dass die Idempotenten, die die isotypische
Zerlegung realisieren, explizit durch Charaktere und das Haar-Integral ausgedriickt werden kon-
nen. Hier untersuchen wir Hopf-Algebren mit der Chevalley-Eigenschaft, die nicht unbedingt
halbeinfach sind. Wir finden explizite Ausdriicke fiir Idempotente durch Hopf-algebraische
Daten, wobei wir das Haar-Integral durch den reguldren Charakter der dualen Hopf-Algebra
ersetzen. Fiir eine grofe Klasse von Hopf-Algebren zeigen wir, dass diese einen vollstédndigen
Satz orthogonaler Idempotente bilden. Abschlieffend geben wir ein Beispiel, das zeigt, dass die
Chevalley-Eigenschaft von entscheidender Bedeutung ist.
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1 Introduction

The Kitaev model is a family of quantum systems on a two-dimensional lattice, or more gener-
ally a graph embedded in a surface, which provide fundamental examples of topological phases
of matter. It has initially been proposed by Kitaev [Kitl] as a model for an error-correcting
code, the so-called toric code, allowing for fault-tolerant quantum gates by braiding anyons, in
the context of quantum computing. The algebraic input datum for the construction of such a
Kitaev model is a finite-dimensional semisimple complex Hopf algebra [BMCA]; for the toric
code it is the group algebra of the group with two elements. The ground states of the model
are described by a three-dimensional topological field theory of Turaev-Viro type [BK2| and
as such, mathematically, the Kitaev model provides a link between low-dimensional topology,
Hopf algebras and tensor categories.

In this introductory chapter we will explain the concepts mentioned in the above paragraph
in more detail.

1.1 The Kitaev model as a quantum many-body system

In terms of physics, the Kitaev model describes a quantum many-body system in two dimensions
with local interactions. As such it is described by a Hilbert space that is the tensor product of
local degrees of freedom, i.e. finite-dimensional Hilbert spaces associated with the edges of an
underlying graph embedded in a surface ¥, and a Hamiltonian that is the sum of short-range
interaction terms, i.e. Hamiltonians that each only act on a few local degrees of freedom in a
small neighborhood. More precisely, such a Hamiltonian is called local, if there exists n € N,
such that for any graph in ¥, the Hamiltonian considered on that graph has the property that
every summand is the identity on all except for at most n tensor factors of the Hilbert space.
We note at this point already that, in this thesis, instead of Hilbert spaces and Hamiltonians,
we will consider vector spaces over an algebraically closed field k of characteristic zero and
diagonalizable endomorphisms, respectively, i.e. we do not consider scalar products.
Specifically, for the Kitaev model, which depends on a finite-dimensional semisimple Hopf
algebra H and a cell decomposition of a surface ¥ with sets X%, X! and X2 of vertices, edges
and plaquettes, respectively, the Hilbert space is the tensor product H = ®e€21 H of copies
of H for all edges ¢ € X', (If H is a semisimple complex *-Hopf algebra, then J has the
structure of a Hilbert space [BMCA]|, but, since here we will only consider it as vector space,
it will be enough to consider a semisimple Hopf algebra H over k.) In particular, for the toric
code, the degrees of freedom at each edge are described by a two-dimensional Hilbert space
H = CZ,, whose distinguished basis given by the two group elements of Z, can be interpreted
as the spin-up and spin-down states of a spin—% system. The local terms of the Hamiltonian
h =3 eso(id —Ay) + > 52(id —B,) are given by vertex operators A,, which act only on
the tensor factors associated with the edges incident to a single vertex v € £°, and plaquette
operators B, which act only on the tensor factors associated with the edges in the boundary
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of a single plaquette p € 2. Furthermore, these local terms are mutually commuting projec-
tors making it particularly easy to diagonalize the Hamiltonian, leading to what is called an
exactly solvable system with a frustration-free Hamiltonian. Here, a local Hamiltonian is called
frustration-free if its lowest-eigenvalue eigenspace, i.e. the ground-state space, is contained in
the ground-state space of each individual term of the Hamiltonian.

In the case of a group algebra H = CG for a finite group GG, the Kitaev model has a lattice-gauge-
theoretic interpretation with gauge group G as follows. The Hilbert space H = @ .cs1 CG is, as
a vector space, the space of functions on the set of assignments of group elements to each edge
of the graph. Such an assignment can be interpreted as a discretized version of a G-connection
on the underlying surface >, whose holonomy along a given edge of the graph is given by the
group element assigned to that edge. The vertex operators implement gauge invariance at the
individual vertices by averaging with respect to the Haar integral and the plaquette operators
implement flatness of the connection at the individual plaquettes by projecting to the sub-
space of connections with trivial holonomy around the plaquette. The resulting ground-state
space can then be interpreted as the space of gauge-invariant functions on the set of flat G-
connections on the surface X. Even for a general semisimple Hopf algebra, the Kitaev model
has been exhibited as an instance of a suitable notion of Hopf algebra gauge theory [Mel BR].

1.2 Topological phases of matter and topological field
theories

The main theoretical relevance of the Kitaev model does not derive from any ability to describe
particularly realistic physical systems, but rather from the fact that it provides a family of
explicit, manageable representatives of a family of topological phases of matter.

Here, two-dimensional topological phases of matter are understood, not in a precise or ex-
haustive way, as equivalence classes of quantum many-body systems on a surface, such as the
Kitaev model, which might differ in their microscopic description, but which have the same
macroscopic properties at low energies, which includes the ground-state space as well as states
with (finitely many) localized, gapped excitations — also called quasi-particles. This low-energy
sector of a topological phase of matter has the following main characteristic properties.

Firstly, the ground-state space depends only on the topology of the underlying surface and its
dimension is typically larger than one for topologically non-trivial surfaces. For example, the
toric code considered on the torus has a four-dimensional ground-state space. This is known as
ground-state degeneracy.

Furthermore, the ground-state space is robust against local perturbations: Any local observ-
able, i.e. an operator that is the identity outside of a sufficiently small region, acts as (a multiple
of) the identity on the ground-state space [CDHPRRS|. This means that the degrees of freedom
on the ground-state space are non-local or, in other words, topological. For example, in the toric
code, the four-dimensional ground-state space is identified with the first homology on the torus
with coefficients in Zs, corresponding to the following four spin configurations: Either all spins
are down, or all spins are down except along one of the two non-homotopic non-contractible
loops around the torus, or all spins are down except along both of the non-contractible loops.

Finally, in a topological phase of matter, the localized gapped excitations are anyons. This
means that the observables which exchange localized excitations of identical type with each
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other, by adiabatically moving them around in the surface, form a representation of the so-
called surface braid group (which is the ordinary braid group when the underlying surface is
a sphere) that is non-trivial, i.e. it does not factor through the symmetric group. (This is to
be contrasted with identical bosons and identical fermions, whose exchange corresponds to the
trivial representation and the sign representation of the symmetric group, respectively.) This
means that the exchange of two identical anyons is not necessarily given by acting with a factor
of 1 or —1, as for bosons and fermions, respectively, but rather it can be given by any phase
or, more generally, any unitary operator.

A quantum system which satisfies the above properties is said to possess topological order
[W], the theoretical study of which emerged from the experimental discovery of the fractional
quantum Hall effect [TSGJ.

On the one hand, the above characteristic properties of topological phases lend themselves
well to the implementation of a quantum computer, as we will explain in the next section [1.3]
On the other hand, this characterization of (two-dimensional) topological phases, almost by def-
inition, points to three-dimensional topological field theories as the low-energy effective theories
of such quantum many-body systems. Topological field theories are a mathematical framework
[At], that has been developed as an attempt to capture and study some of the structural prop-
erties of quantum field theories in a mathematically rigorous way. A three-dimensional oriented
topological field theory is defined to be a symmetric monoidal functor Z : coby’y — vect(k)
from a symmetric monoidal category coby’; of compact oriented surfaces and three-dimensional
compact oriented cobordisms to a symmetric monoidal category vect(k) of finite-dimensional
vector spaces (or, alternatively, finite-dimensional Hilbert spaces) and linear maps. Other vari-
ants of topological field theories are based on categories of manifolds that are not necessarily
oriented or that have other additional structures such as framings. Relevant for this thesis, as
explained in Section [1.4], are also topological field theories with defects, which are defined on a
cobordism category of stratified oriented manifolds.

Concretely, a topological field theory assigns to any compact oriented surface X a finite-
dimensional vector space Z(X) and to any compact oriented three-manifold M with boundary
OM =X, Y, a linear map Z(M) : Z(X;) — Z(33) between the vector spaces assigned to the
components of the boundary, where 3 is the same manifold as ¥; but with opposite orientation.
In particular, by considering as a cobordism the mapping cylinder on a surface ¥ corresponding
to a diffeomorphism of ¥, the topological field theory produces a linear automorphism of the
associated vector space Z(3) for each diffeomorphism of ¥. This induces a representation of
the mapping class group of the surface ¥ on the vector space Z(3). The mapping class group of
a surface ¥ is defined to be the quotient of the group of diffeomorphisms of ¥ by the subgroup
of diffeomorphisms isotopic to the identity.

In order to capture not only vacuum states of a topological phase, but also states with local-
ized gapped excitations, one needs the structure of an extended three-dimensional topological
field theory, which is defined on a larger class of surfaces and cobordisms. In this case, there is a
(finite) braided tensor category C that is assigned to the circle, and there are (finite-dimensional))
vector spaces assigned to all (compact oriented) surfaces with boundary, where each boundary
circle must be labeled by an object in C. This assignment depends functorially on the objects
attached to the circles and is compatible with gluing surfaces along boundaries. The idea is that
such a vector space represents a ground-state space with localized gapped excitations at each
boundary circle, with particle type prescribed by the corresponding object in C. Furthermore,
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an extended topological field theory assigns linear maps to three-dimensional cobordisms with
corners between surfaces with boundary, and this, in particular, yields representations of the
mapping class groups of surfaces with boundary. For example, for the sphere with n boundary
circles the mapping class group is the braid group on n strands. If one only has the vector
spaces and the mapping class group representations on them, then one has the structure of a
modular functor. In particular, the mapping class group of a surface with several boundary
components includes diffeomorphisms which braid the boundary circles around each other. In
this way, a modular functor captures the feature of topological phases that the exchange of any-
onic excitations in the surface is given by a, generally non-trivial, unitary operator on the state
space. To conclude, in this paragraph we have motivated the idea that a modular functor is the
mathematical structure that describe the low-energy effective behavior of a two-dimensional
topological phase of matter in the sense described above. For a more direct relation between
the braided tensor category C that enters and the anyon model that is described by the modular
functor, see also [Kit2].

It is well-established [BK2| that the ground-state space of the Kitaev model is described by a
three-dimensional topological field theory. More precisely, for any semisimple Hopf algebra over
k and compact oriented surface X, the ground-state space of the corresponding Kitaev model
is canonically isomorphic to the vector space assigned to ¥ by the topological field theory of
Turaev-Viro type for the spherical fusion category H-mod of finite-dimensional H-modules.
Such a three-dimensional topological field theory is part of a class of topological field theories
that appear in many contexts and that have various constructions. Let us briefly mention these
different realizations.

Firstly, if the semisimple Hopf algebra H is a group algebra for a finite group G, then the
Dijkgraaf-Witten construction provides a gauge-theoretic approach [FQ|, MNS]. Defects and
boundaries have also been studied in this framework [FSV2].

Secondly, for any spherical fusion category there exists a state-sum construction, which dates
back to work of Turaev and Viro [T'V], who considered the representation category of a certain
quantum group. Barrett and Westbury have later generalized the construction to spherical
fusion categories [BW2]. Here, similarly to the Kitaev construction, one first constructs a larger
vector space which depends on a choice of auxiliary combinatorial data on the surface, such as
a triangulation, and then projects onto a subspace using maps assigned to three-dimensional
manifolds. For an exposition see [BK1, [TVi]. This construction has been extended to include
defects in [CMS|. More recently, state-sum constructions based on non-semisimple categories
have been considered [FSS2|. These constructions provide a useful counterpart to which we can
compare our constructions in the framework of Kitaev models.

Finally, Levin-Wen string-net models also realize the class of topological field theories of
Turaev-Viro type. Originally constructed as a family of microscopic models with a commuting-
projector Hamiltonian in order to realize a large class of topological phases, they have been
turned into a mathematically rigorous construction in [Kir]. Recently they have been extended
to fully fledged topological field theories, at least in the case that is based on the group algebra
of Zs, which corresponds to the toric code, in [BG|. Here, the vector spaces assigned to surfaces
are not constructed as subspaces, but rather as quotients of larger vector spaces, where certain
local relations on discs are taken into account.

It is well known that topological field theories of Turaev-Viro type can also be realized by
the Reshetikhin-Turaev construction [BK1) [TVi|. Here the relevant modular tensor category is
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the Drinfeld center of a spherical fusion category.

1.3 Quantum codes and error correction

The basic idea of quantum computing is to employ quantum-mechanical systems for the stor-
age and processing of information. This means that information is encoded as a state of a
(finite-dimensional) Hilbert space, say CV with the standard Hermitian scalar product, and
manipulated by unitary operators on this Hilbert space. If the Hilbert space is factorized into
a tensor product (C?)®" of two-dimensional Hilbert spaces C?, then these are referred to as
qubits. More generally, one can consider qu-d-its C? for any d € N.

In realistic physical systems, the stored information might be corrupted over time and unitary
operators might not be perfectly realized. Moreover, since physical systems are never completely
isolated from their environment, the effect of decoherence can compromise the very quantum-
mechanical nature of the system. Therefore, it is crucial for the functioning of a quantum
computer to be protected from such errors. Like in classical computing, one thus encodes the
information with a redundancy and implements a mechanism to recover the original state from
a corrupted state using this redundancy. This means that a quantum code is defined as a
linear subspace € C H of a finite-dimensional Hilbert space H, which is also referred to as
the quantum medium. The code subspace should be chosen such that a sufficiently small error
occuring to a state encoding information will result in a state outside the code subspace that
can be uniquely corrected back to the original state in the code space.

Here, an error is representated by a linear operator on the Hilbert space H. The set of
correctable errors is determined by the quantum code € C H and it is a fundamental problem
in the theory of quantum error correction to maximize both the set of correctable errors and
the dimension of the code subspace, i.e. the amount of information that can be encoded, while
minimizing the dimension of the total Hilbert space.

Often, a quantum code is specified by a set of commuting projectors, called the stabilizer, on
the Hilbert space H. In this case it is called a stabilizer code |G|. The code subspace € C H is
then the simultaneous (+1)-eigenspace of these projectors. An error that does not preserve the
code subspace, i.e. that does not commute with all projectors of the stabilizer, can be detected
by measuring the eigenvalues of the projectors. If the error is sufficiently small, it can also be
corrected by acting with the stabilizer projectors.

More precisely, let H = (C?)®" be a tensor product of n qubits. A linear operator on H
is called k-local, for k € N, if it is the identity on all but at most k tensor factors of H. A
quantum code € C X is called a k-code, for k € N, if for any k-local operator O : H — H,
which for example describes a k-local error, the linear operator me o O], : € — € on the code
space is (a scalar multiple of) the identity. Here, me : H — € is the orthogonal projection
onto the subspace € C H, which in the case of a stabilizer code is given by the composition
of all the commuting projectors of the stabilizer. In this sense, errors that affect sufficiently
few qubits at the same time can be corrected by the stabilizer projectors and one speaks of an
error-correcting code.

The idea of topological quantum computing is to physically realize an error-correcting quantum
code by a quantum many-body system in a topological phase, such as the Kitaev model. Here
the quantum medium H, as a tensor product of qu-d-its, for d € N, is realized as the state space
H = @1 H, where the local degrees of freedom are associated with the edges e € X! of a



1 Introduction

graph embedded into a surface 3 and are given by a semisimple Hopf algebra H with dimension
d. (For H = CZs, one considers a system of qubits.) The code space € C H is realized as
the ground-state space of the system. For this it is important that the ground-state space is
degenerate, otherwise it would encode only a single qu-d-it. Since the Hamiltonian is a sum of
commuting projectors, i.e. the ground-state space is given as the simultaneous (+41)-eigenspace
of commuting projectors, the Kitaev model provides a stabilizer code. The dynamics described
by the Hamiltonian thus tend to correct sufficiently small errors, since it costs energy for a state
to violate the stabilizer conditions that define the ground-state space. This means that error
correction does not have to implemented by some artificial procedure but rather is built in at
the physical level. It has been rigorously shown [CDHPRRS], for the case of a group algebra
H = CG for any finite group G, that the Kitaev model yields an error-correcting quantum
code.

It is remarkable how closely the defining properties of an error-correcting quantum code mir-
ror the characteristic properties of topological phases of matter: The topological stability of a
degenerate ground-state space, on which sufficiently local operators can only act by (a multiple
of) the identity, is precisely the condition that sufficiently local errors restricted to code sub-
space are correctable by the stabilizer projectors.

However, topological phases of matter not only lend themselves well to realizing quantum
codes, but are also characterized by the existence of an interesting class of observables that
braid localized anyonic excitations around each other, as explained in the previous section [1.2]
On the other hand, in order to realize a quantum computer we need to implement not only the
error-correcting code, the so-called quantum memory, but also linear operators on the quan-
tum medium H preserving the code space € C H, so that the quantum computer cannot only
store information but also actually perform computations on it. In order to obtain a quantum
computer one must realize a library, i.e. a finite set, of unitary operators on the quantum code
C C K, called quantum gates, which usually act on only one or two qu-d-its at the same time.
The computations that can be performed, the so-called quantum circuits, are all the finite
compositions of the quantum gates. The quantum computer is called universal, if the group
generated by the quantum gates lies densely in the group of all unitary operators on the code
space.

In topological quantum computing, the idea is to realize the unitary operators on the code
space by the operators that correspond to braiding localized anyonic excitations around each
other. The benefit of these operators is again that they are stable under local perturbations,
since they only depend on the homotopy class of the path along which the anyon is moved.
Mathematically more precisely, in terms of the underlying topological field theory or modular
functor, these operators are given by the acting with the appropriate element of the mapping
class group, which is an isotopy-invariant. It is known that in this way modular functors allow
for universal quantum computation [FLW].

It turns out that the toric code based on the group algebra of Z,, as originally suggested by
Kitaev, does not allow for universal quantum computation. However, it has been shown that
it suffices to consider only slightly larger and more complicated groups such as the symmetric
group S3 to achieve universal quantum computation with a model based on anyons [Mo].
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1.4 Defects and boundaries in topological field theories

It is natural to consider topological field theories not just on surfaces, but on surfaces with
additional structure. In terms of physics, we want to allow for defects and boundaries; in
mathematical terms, we consider the theories on a suitable class of decorated stratified manifolds
called defect surfaces in the sense of [F'SS2], but see also e.g. [CMS]. (For this thesis, models on
oriented surfaces are relevant, whereas in [F'SS2| surfaces with 2-framings have been considered.)
Here, one considers manifolds with a collection of distinguished submanifolds that are labelled
by certain additional data of a type that depends on the theory. For a boundary, for example,
such a datum encodes a boundary condition.

The study of defects and boundaries in topological field theories has received increased at-
tention in recent years. They are interesting for a variety of reasons. Firstly, considering a
topological field theory with defects amounts to a unification of an entire family of topological
field theories. Usually topological field theories come in families parametrized by a certain
algebraic or category-theoretic input datum, such as spherical fusion categories in the case
of Turaev-Viro theories or modular tensor categories for Reshetikhin-Turaev theories. In the
framework of topological field theories with defects these input data are interpreted as the pos-
sible labels for the top-dimensional strata of the underlying manifolds. Defects of co-dimension
1 between such top-dimensional strata corresponding to various theories then allow to consider
these theories within a single one. In this regard, Turaev-Viro theories are a natural subclass of
three-dimensional topological field theories to consider, since boundaries and defects between
such theories always exist in the sense of [FSV1], while in general this does not hold for every
pair of three-dimensional topological field theories.

Secondly, defects and boundaries provide links with the (categorified) representation theory of
the algebraic structures that label the top-dimensional manifolds. For example, surface defects
in three-dimensional topological field theories of Turaev-Viro type are labelled by (semisimple)
bimodule categories over the spherical fusion categories which describe the theories separated
by the defect. In this way, many constructions in the categorified representation theory of such
fusion categories obtain a geometric underpinning, as further demonstrated in [FSS2].

Furthermore, defects are related to symmetries of topological field theories. In fact, many
symmetries of and dualities between theories can be interpreted as invertible defects. In this
sense, defects can be seen as a framework that generalizes such features. Accordingly, there
exist generalized orbifold constructions for topological field theories with defects [CRS].

For the present thesis, most crucially a further aspect of introducing defects and boundaries
into the theory is relevant. It is known that defects leads to higher-dimensional vector spaces
assigned to surfaces and more interesting mapping class group actions. For example, this
has been demonstrated in [FS], see also [BJQ)], for so-called permutation twist defects, which
effectively increase the genus of the surface, i.e. the vector space assigned to a surface with such
defects is isomorphic to the vector space assigned to a surface of higher genus without defects.
In such theories the dimension of the vector spaces grows exponentially with the genus, as can
be read off from the Verlinde formula.

This is particularly relevant for applications to topological quantum computing, since as
explained in Section [1.3] the dimension of the ground-state space determines the amount of
information that can be stored in the code and the action of the mapping class group on this
vector space determines the variety of operations that can be performed on the code. A study in
this direction, using boundaries in order to achieve higher computational power, is e.g. [LLW].
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There have been already several approaches to include defects or boundaries in Kitaev models
based on group algebras [BK, BMD| BSW,, [CCW]. In this thesis we follow an approach that
deals with the more general case of semisimple Hopf algebras.

1.5 Projectors in the Kitaev model in terms of
Hopf-algebraic structure

Let us review in more detail the construction of the Kitaev model, emphasizing the central
role played by the Hopf-algebraic structure; see also [BMCAL BK2]. We shall also use this
opportunity to fix our conventions regarding the notation. Throughout the thesis we fix an
algebraically closed field k of characteristic zero. All vector spaces will be finite-dimensional
over k, including those underlying any algebras or modules over algebras.

For the construction of the Kitaev model without defects or boundaries, one fixes a semisimple
Hopf algebra H over k. General references for Hopf algebras are e.g. [Monl, [Ka]. This means
that, in addition to being a finite-dimensional semisimple unital algebra over k, H is equipped
with a co-multiplication A : H — H ® H and a co-unit € : H — k, which are morphisms of
algebras. The co-product is usually written in Sweedler notation as A(z) =z @z € H@H
for v € H, where x(1) ® () is in general a sum of pure tensors, but the summation symbol
is omitted. For an n-fold coproduct one writes z(;) ® -+ ® (,), which is well-defined due
to co-associativity. Furthermore, H has an involutive antipode S : H — H, which is an
anti-algebra-morphism as well as an anti-coalgebra-morphism and can, hence, be seen as an
isomorphism of Hopf algebras S : H?°? — H. Here, H°®°P has the opposite multiplication
as well as the opposite co-multiplication compared to H. Semisimplicity of the Hopf algebra
H implies that it possesses a distinguished idempotent ¢ € H, the Haar integral. This is
the unique normalized two-sided integral of H, i.e. it satisfies 2l = e(z)¢ = fx for all x €
H and e(¢) = 1. These defining properties also imply that ¢ € H is an idempotent and
cocommutative. It provides the crucial algebraic ingredient entering in the construction of the
commuting projectors of the Kitaev model, as explained below. Lastly, note that the dual
H* of a finite-dimensional semisimple Hopf algebra H is again a finite-dimensional semisimple
Hopf algebra. Its multiplication is defined by dualising the co-multiplication of H so that for
f,9 € H* we have (f - g)(x) :== f(x@))g(x)) for all x € H. Likewise, the co-multiplication is
defined in terms of the multiplication of H as (f(1) ® f2))(x ® y) := f(xy) for all f € H* and
x,y € H.

The Kitaev model depends not only on the semisimple Hopf algebra H, but also on a compact
oriented surface ¥ and a cell decomposition thereof, i.e. a CW complex structure. This means
that ¥ is decomposed into sets X°, X! and X2 of vertices, edges and plaquettes, respectively. The
edges are assumed to have their own orientation. In other words, (X% %!) is a directed graph
embedded into the surface ¥ such that its complement in ¥ is a disjoint union of a set X2 of
discs. The starting point of the construction is then to consider the vector space H = ®e€21 H,
which has the interpretation of the state space of a quantum system composed of local quantum
systems with state spaces H associated with the edges of the cell decomposition — or in terms
of quantum computing, H = ®6621 H is a quantum medium composed of qu-d-it spaces H,
where d = dim(H), as explained in Section [1.3]

The construction of the Kitaev model proceeds in a natural way using only the Hopf-algebraic
structure that is present as well as the combinatorial data contained in the cell decomposition.



1.5 Projectors in the Kitaev model in terms of Hopf-algebraic structure

The crucial idea is that the vector space H = ®6621 H admits certain natural actions of the
Hopf algebra H and the dual Hopf algebra H*, which give rise to representations of the Drinfeld
double D(H).

More precisely, for each pair of a vertex v € X° and an auxiliary plaquette p € X2 that is
incident to v (and which we assume to lie on at most one side of any edge incident to v) — a
so-called site (v,p) — there is an action A, of the Hopf algebra H on ®6621 H by the n-fold
coproduct of an element a € H acting in counter-clockwise order on the individual copies of
H associated to the n edges incident to the given vertex v. For example, the action A, ,)(a)
looks like the following for n = 4:

& P

X X
! v " Ay (@)
e

€3

X2

where z; € H is any element of the copy of H associated with the relevant edge. Here, the
auxiliary plaquette p € X2 determines the edge at which the counter-clockwise order of the
edges around v starts, which is given with respect to the orientation of the surface ¥, and the
relative orientation of an edge with respect to the vertex v determines whether the Hopf algebra
acts by left multiplication or by right multiplication via the antipode. In particular, this action
does not depend on the choice of auxiliary plaquette p if one acts by a cocommutative element
a € H. Hence, it allows one to define, for each vertex v € X%, an idempotent endomorphism
A, : H — H by acting with the unique Haar integral ¢ € H of the semisimple Hopf algebra
H. In terms of representation theory, this idempotent gives a projection to the subspace of
invariants with respect to the H-action. This defines one part of the family of commuting
projectors for the Hamiltonian of the Kitaev model, the so-called vertex operators.

For the remaining projectors, the so-called plaquette operators, one considers in the spirit of
Poincaré duality an action Bj,,) of the dual Hopf algebra H™* on the copies of H associated
to the edges in the boundary of a plaquette p € 2. For this, one analogously chooses an
auxiliary vertex v € X° in the boundary of the given plaquette p, assuming that the edges in
the boundary incident to v are not loops, and orders the edges in the boundary in clockwise
order with respect to the orientation of 3. Depending on the relative orientation of an edge
with respect to the plaquette p € X2, the dual Hopf algebra H* acts on the copy of H associated
to that edge via one of two natural actions which are intertwined by the involutive antipode
of H, for details see [BMCA| [BK2|. The action B, ,)(«) of an element o € H* thus looks like
follows, when one edge is oriented counter-clockwise around the boundary of p and the others
clockwise:
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Ta Z3

On the tensor factors associated with the edges not in the boundary of p The plaquette operator
for the plaquette p € X2, an idempotent endomorphism B, : H — 3, is then defined by acting
via this action with the unique Haar integral A € H* of the dual Hopf algebra H*. Again in
terms of representation theory, this gives a projection to the subspace of H*-invariants.

The thus defined family of projectors {(Ay)yexo, (Bp)pex2} has the important property that
they commute pairwise, which leads to the construction of the frustration-free Hamiltonian
h=73exolid —A4,) + > cs2(id —B,) or, in quantum information theoretic terms, a stabilizer
code. Proving this property requires a careful analysis of how the actions of the Hopf algebra
H and its dual H* on the vector space H for a given site (v, p) interact, revealing the structure
of the Drinfeld double D(H). Indeed, it turns out that the H- and H*-actions satisfy the so-
called straightening formula, which is the defining commutation relation that H and H* satisfy
as subalgebras inside the the algebra D(H ), which has the underlying vector space H* ® H, cf.
IBMCAl Theorem 1|. Since in this way the structure of the Drinfeld double is an outcome of the
construction, one can regard the Kitaev model as an independent motivation of the algebraic
structure of the Drinfeld double.

Furthermore, representations of the Drinfeld double in the Kitaev model become important
when studying point-like excitations. This is done by considering subspaces of the full state
space H, where at a few distinguished disjoint sites one does not project to the subspace of
D(H )-invariants by vertex and plaquette operators, but rather leaves a larger subspace with a
non-trivial residual D(H )-action for each distinguished site, see [BK2].

1.6 Summary of results

This thesis consists of two main parts, Chapters [2] and [3] While Chapter [2] is mainly a con-
struction in mathematical physics, in Chapter [3|we obtain representation-theoretic results. The
common theme of both chapters is that they investigate Hopf-algebraic structures which appear
in the Kitaev model.

The main result of Chapter [2]is the construction of a Kitaev model, consisting of a commuting-
projector Hamiltonian, for surfaces with defects and boundaries, using general Hopf-algebraic
and representation-theoretic input data.

For this construction it is necessary to first realize the data labeling the defects, which are
known for Turaev-Viro theory in a category-theoretic language, concretely in Hopf-algebraic and
representation-theoretic terms. Specifically, topological field theories of Turaev-Viro type are
parameterized by spherical fusion categories [BW2|. The data for defects separating two such
theories are semisimple bimodule categories [KK| [FSVI] [FSS2]. The idea for obtaining the data
for a Kitaev construction is to invoke Tannaka-Krein duality [D]. It states that a semisimple
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1.6 Summary of results

Hopf algebra is equivalent to specifying a fusion category (the representation category of the
Hopf algebra, admitting a canonical spherical structure) together with a monoidal fibre functor
valued in finite-dimensional vector spaces (the forgetful functor assigning to a representation
its underlying vector space). This recovers semisimple Hopf algebras as the input datum for
the Kitaev models without defects, which we think of here as the labels for the two-dimensional
strata of the defect surface.

We extend this idea and employ, for the bimodule categories labelling line defects on the sur-
face in Turaev-Viro theory, the appropriate bimodule versions of fibre functors. By a bimodule
version of Tannaka-Krein duality, which we explain in Subsubsection this realizes these
categories as the representation categories of bicomodule algebras over Hopf algebras. We thus
identify bicomodule algebras as the labels for line defects and, as a special case, comodule
algebras for boundaries.

Having established the algebraic data for line defects of the surface, we turn our attention to
vertices where such line defects can join. They are labeled by objects in a category which serves
as possible labels for generalized Wilson lines in a corresponding three-dimensional topological
field theory, including boundary Wilson lines and Wilson lines at the intersection of surface
defects. This category has been determined as a suitable generalization [F'SS1| [FSS2] of the
Drinfeld center for a spherical fusion category, which labels bulk Wilson lines. Here, in Sub-
section [2.1.3] this category is realized as a representation category as follows: For a vertex at
which line defects meet, the bicomodule algebras of the line defects and the algebras dual to
the Hopf algebras attached to the adjacent two-dimensional strata naturally assemble into an
algebra, which we introduce in Definition 5] This algebra, which we call vertex algebra, reduces
in special cases to the Drinfeld double of the Hopf algebra, whose representations label point-
like excitations in the Kitaev model without defects. The category of possible labels for such
a vertex is then the category of modules over this algebra. We show in Theorem [8] that this
category is equivalent to the category of generalized Wilson lines at the intersection of surface
defects in a corresponding three-dimensional field theory [FSS2].

Furthermore, a choice of cell decomposition on the underlying surface enters the construction of
the Kitaev model. In the standard Kitaev model without defects, every 1-cell (or edge) of the
cell decomposition is labeled by a single Hopf algebra. In our setting this should be seen as the
regular bicomodule algebra and we consider this label as the transparent defect. In our case,
edges of the cell decomposition are either transparently labeled or they constitute a non-trivial
defect and are labeled by an arbitrary bicomodule algebra.

Our construction proceeds in the following steps — mirroring the construction of the standard
Kitaev model without defects, as in e.g. [BMCA| BK2]. We first define in Definition [J] a
vector space with local degrees of freedom for each edge and each 0-cell (or vertez) of the cell
decomposition. Then we show in Subsection that this vector space admits, locally with
respect to the cell decomposition, the structure of a bimodule over the algebras attached to
the vertices. This is analogous to the representations of the Drinfeld double for each site in the
standard Kitaev model without defects. In this case one then proceeds to use the Haar integral
for any semisimple Hopf algebra to define local projectors via these local representations. One
of our main insights, established in Subsection is that, in the presence of defects, the
suitable generalization of the Haar integral to semisimple bicomodule algebras is given by the
symmetric separability idempotent, see Definition [I5] The symmetric separability idempotent
of a semisimple algebra is unique, which we recall in Proposition [I7 Furthermore, we show

11
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in Proposition that for a semisimple (bi-)comodule algebra, the symmetric separability
idempotent satisfies a compatibility with the (bi-)comodule structure which generalizes a basic
property of the Haar integral of a semisimple Hopf algebra. In the absence of defects, the
symmetric separability idempotent reduces to the Haar integral, as we show in Example [1§]

Using such separability idempotents, in Subsection we finally construct projectors for
each vertex, as usual called vertexr operators, and for each plaquette, as usual called plaquette
operators. Our main result in Chapter [2 Theorem [25] is that all vertex operators and plaque-
tte operators commute — giving rise to an exactly solvable Hamiltonian defined as a sum of
commuting projectors, which project to the ground states of the model.

Concerning the ground states, our construction can be seen as a concrete representation-theo-
retic realization of the category-theoretic construction in [F'SS2|. While in [FSS2] more general
categories than representation categories of Hopf algebras and bicomodule algebras are consid-
ered, for us the additional structure of fibre functors on the categories is necessary in order
to define a larger vector space which contains the pre-block space and block space as sub-
spaces. Moreover, while for the construction in [FSS2]| no semisimplicity is required, in this
chapter semisimplicity is essential for the construction of commuting local projectors, since we
define them in terms of the symmetric separability idempotents. (In Chapter 3| we achieve
partial results towards constructing projectors for non-semisimple Hopf algebras.) Lastly, since
semisimple Hopf algebras have an involutive antipode, they have a canonical trivial pivotal
structure. Hence, we can define our model on any surface with orientation. The approach in
[FSS2] is to assume no pivotal structure on the tensor categories, but instead to assume more
geometric structure, namely a 2-framing, on the surfaces.

In the standard Kitaev model based on a semisimple Hopf algebra, the Haar integral is the main
algebraic ingredient defining the commuting projectors. The importance of such an idempotent
leads to the problem which we study in the second part of this thesis, Chapter [3| and which
can be phrased in purely representation-theoretic terms. While in Chapter [2] we considered
the symmetric separability idempotent of a bicomodule algebra as a generalization of the Haar
integral of a semisimple Hopf algebra, in this chapter we give a generalization of the Haar
integral to a class of not necessarily semisimple Hopf algebras.

In Chapter |3| we study the decomposition of the regular module of a finite-dimensional Hopf
algebra into isotypic components. Recall that k is an algebraically closed field of characteristic
zero and H a finite-dimensional Hopf algebra over k. If H is semisimple, the Artin-Wedderburn
theorem implies that as a left H-module H decomposes into the direct sum of submodules H;
isomorphic to the dim(S;)-fold direct sum S;” dim S of the simple H-module S;. Here, i runs
over the set I of isomorphism classes of simple H-modules. The decomposition H = ,.; H;
is called the usotypic decomposition of H, seen as a left H-module, into its isotypic components
H;. It can be also described by the central orthogonal idempotents (e;);e; in H such that
e; € Hyand ), , e; = 1. Then H; = He; and the projection from H = €, ; H; onto the direct
summand H; is given by right multiplication by e; for all j € I.

So far this only uses the algebra structure of H. The following idea is well-known and lies at
the heart of the theory of representations of a finite group. For a semisimple Hopf algebra H over
k with antipode S, the central orthogonal idempotents e; can be described explicitly in terms
of the Haar integral and the irreducible characters of H by the following character-projector

icl
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formula [S, Cor. 4.6]
e; = dim(8;)xi(S (€))L (1.1)

Here, Sweedler notation is understood, and ¢ € H is the Haar integral for H, the unique
(two-sided) integral of H, normalised to £(¢) = 1, which exists due to the Maschke theorem
for semisimple Hopf algebras [Sw, Theorem 5.1.8]. The functional x; : H — k here is the
character of the simple H-module S;.

In this thesis, we study generalizations of the character-projector formula for finite-
dimensional Hopf algebras that are not necessarily semisimple. Hence, we do not have a Haar
integral at our disposal. It is a central insight of this thesis, instead to use the character of
the regular representation of the Hopf algebra H* dual to H. While for semisimple algebras
there is a unique isotypic decomposition, in the non-semisimple case such decompositions are
in general not unique anymore. Our aim in this chapter is to nevertheless construct one explicit
decomposition using the Hopf-algebraic structure.

We obtain the strongest results for Hopf algebras with the Chevalley property, see Definition
This is a large class of finite-dimensional Hopf algebras, including semisimple Hopf algebras
and basic Hopf algebras, i.e. Hopf algebras for which all simple modules are one-dimensional,
the Hopf algebras dual to pointed Hopf algebras.

Our main results are as follows: for a finite-dimensional Hopf algebra with the Chevalley
property, we give in Theorem 52 an explicit idempotent for each one-dimensional simple module.
In Theorem [56, we exhibit a necessary and sufficient condition involving the so-called Hecke
algebra of the trivial representation (see Definition ensuring that these idempotents form a
complete set in the sense that they sum up to the identity.

In Conjecture 48|, we propose an explicit generalization of the character-projector formula
for finite-dimensional Hopf algebras with the Chevalley property. (The Chevalley property
is essential, as witnessed by the counterexample given in Example|50]) The two main theorems
and [56] imply our Conjecture [48] for basic Hopf algebras that satisfy the condition on the
Hecke algebra, as summarized in Corollary [57] Furthermore, in Proposition [60] we prove that
Conjecture 48| holds for Hopf algebras which have the Chevalley property and the dual Chevalley
property. Lastly, we provide further evidence for Conjecture 48| by studying in Subsection [3.3.2
an example of a Hopf algebra with the Chevalley property that is not covered by our general
results in Section 3.2l We do this by performing some of the more computationally complex
calculations using the computer algebra software Magma.

Publications

The chapters of this thesis are based on the following pre-prints:

Chapter 2} Defects in Kitaev models and bicomodule algebras.
arXiv:2001.10578 [math.QA]

Chapter 3} On isotypic decompositions for non-semisimple Hopf algebras.
With Ehud Meir and Christoph Schweigert.
arXiv:1910.13161 [math.QA]
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2 Defects and boundaries in Kitaev
models

This chapter is organised as follows. In Section we introduce the Hopf-algebraic and
representation-theoretic data labelling defects in our construction of the Kitaev model. In
Definition (1| we define line defects to be labeled by bicomodule algebras, for which we give a
category-theoretic motivation in Subsubsection using Tannaka-Krein duality. In Defini-
tion [p| we introduce an algebra, which we call vertex algebra, whose representations we define
in Definition [7] to be the labels for a point defect, at which line defects intersect. We show in
Theorem [8] that its representation category is equivalent to the category of generalized Wilson
lines at the intersection of surface defects in a corresponding three-dimensional field theory.

In Section we give our construction of the Kitaev model based on the Hopf-algebraic data
introduced in the first section. In Definition [9] we define the vector spaces that are assigned to
surfaces, which function as the state spaces of the Kitaev model. In Subsection and, in
particular Theorem we prove that the state spaces admit natural bimodule structures over
the vertex algebras. We use these bimodule structures in Subsection [2.2.3]to define in Definitions
and [24] local projectors on the state spaces. We prove in Proposition [19| a compatibility of
the symmetric separability idempotent of a semisimple comodule algebra with the comodule
structure. These results finally culminate in our main result, Theorem [25] which shows that the
local projectors we defined commute pairwise and, hence, give rise to a Hamiltonian, defined
in Definition 26

2.1 Hopf-algebraic and representation-theoretic labels for
surfaces with cell decomposition

Following the discussion in the introduction, we will explain in the first section the input data
for our construction.

Let X be a compact oriented surface together with a cell decomposition (X9, 3!, 32) with non-
empty sets of O-cells (or vertices), 1-cells (or edges) and 2-cells (or plaguettes), respectively. This
can be thought of as an embedding of a graph (X°, X!) into 3 such that its complement in ¥
is the disjoint union of a set X2 of disks. Furthermore, let the edges be oriented, i.e. there are
source and target maps s,t : ' — 30, If the surface ¥ has a boundary, then we require that
the 1-skeleton of the cell decomposition be contained in the boundary.

For the construction of a Kitaev model one needs as a further input Hopf-algebraic and rep-
resentation-theoretic data labelling the various strata of the cell decomposition. In the ordinary
Kitaev model without defects as in [BMCA], all edges of the cell decomposition are labeled by a
single semisimple Hopf algebra H, and wherever point-like excitations are considered [BK2], a
vertex is labeled by a representation of the Drinfeld double D(H) of the Hopf algebra H. In this
thesis we consider more general labels for the edges, thereby implementing arbitrary line defects

15



2 Defects and boundaries in Kitaev models

(also known as domain walls in condensed matter theory) and boundaries in the Kitaev model.
Accordingly we also consider more general labels for vertices, implementing point defects (also
known as point-like excitations) inside defect lines or boundaries. For the remainder of this
section we will specify the three types of Hopf-algebraic and representation-theoretic data that
label the plaquettes, edges and vertices of a cell decomposition.

2.1.1 Bicomodule algebras over Hopf algebras for line defects

We fix once and for all an algebraically closed field k of characteristic zero. For the necessary
background on Hopf algebras and conventions regarding the notation, see [Monl, [Ka, BMCA].

Definition 1.

e Let Hy and H, be Hopf algebras over k. An Hy-Hy-bicomodule algebra K is a k-algebra K
together with an H,-Hs-bicomodule structure, i.e. with co-associative co-action written
in Sweedler notation for comodules as

K — Hl X K X HQ,

k= k) ® k) ® kq,
which is required to be a morphism of algebras. If H; =k or Hy = k, then K is just a
right Hs-comodule or a left Hi-comodule algebra, respectively.
A semisimple bicomodule algebra is a bicomodule algebra whose underlying algebra is
semisimple.

e Let ¥ be an oriented surface with a cell decomposition with oriented edges. A label H,

for a plaguette p € 3? is a semisimple Hopf algebra H, over k.

For any edge e € X! let p; € ¥2 and p, € ¥? be the labelled plaquettes on the left and on
the right of e, respectively, with respect to the orientation of e relative to the orientation of
Y. Then a label K. for the edge e is a finite-dimensional semisimple H,,-H,,-bicomodule
algebra K, over k.

& H,, : Hopf algebra

D1 K. : H, -H,,-bicomodule algebra

D2

e -

H,, : Hopf algebra

Figure 2.1: An edge e and the adjacent plaquettes p; and p, with their algebraic data. The two
arrows denote the orientations of the edge and, respectively, of the surface ¥ into
which the edge is embedded.

If the edge e lies in the boundary of ¥ and hence only has a plaquette p on one side (left
or right), then K, is just a left or right H,-comodule algebra, respectively.
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2.1 Hopf-algebraic and representation-theoretic labels for surfaces with cell decomposition

FExamples 2.

1. Let H be a Hopf algebra. The regular H-bicomodule algebra is the algebra underlying
the Hopf algebra H together with left and right co-action given by the co-multiplication
of H. Note that the regular H-bicomodule algebra is semisimple if and only if the Hopf
algebra H is semisimple, since both are defined by the semisimplicity of the underlying
algebra.

2. Let G be a finite group and kG its group algebra, which has a basis (b,)4ec parametrized
by G and multiplication induced by the group multiplication. kG is a semisimple Hopf
algebra with comultiplication given by the diagonal map b, — b, ® b, for all g € G.
Further, let U C G be a subgroup and ¢ € Z*(U,k*) a group 2-cocycle. Then the
cocycle-twisted group algebra kU, with multiplication b, - b, := ((u,v)by, for all u,v € U
is a kG-comodule algebra with co-action given by the diagonal map b, — b, ® b,,.

2.1.1.1 A category-theoretic motivation for bicomodule algebras via
Tannaka-Krein duality

Let us explain the emergence of bicomodule algebras from the point of view of Tannaka-Krein
duality, as outlined in the Introduction. We thereby relate the algebraic input data for our
construction, as defined in Definition [I} to the category-theoretic data for the state-sum con-
struction of a modular functor in [FSS2|. For the relevant category-theoretic notions and
background, see e.g. [EGNO].

First of all, for a finite-dimensional Hopf algebra H over k, it is well known that the category
H-mod of finite-dimensional left H-modules is a finite k-linear tensor category. This tensor
category comes equipped with a forgetful functor H—mod — vect(k) into the tensor category
of finite-dimensional vector spaces. The forgetful functor is monoidal, exact and faithful.

In fact, it is known [EGNQ] that the datum of a finite-dimensional Hopf algebra H over k is
equivalent to the datum of a finite k-linear tensor category A together with a monoidal fiber
functor w : A — vect(k), i.e. an exact and faithful k-linear tensor functor to the category
of finite-dimensional vector spaces. More precisely, the Hopf algebra H can be reconstructed
as the algebra of natural endo-transformations of the fiber functor w and the tensor structure
on the fiber functor w induces the additional coalgebra structure on the algebra H, such that
A = H-mod as tensor categories.

We extend this idea to bimodule categories as follows. For a finite-dimensional H;-Hs-
bicomodule algebra K for Hopf algebras H; and Hs, the category K—mod has the structure of
an (H;—mod)-(Hs—mod)-bimodule category in a natural way. Indeed, if X; is an H;-module,
Xy is an Hy-module and M is a K-module, then X; > M < X5 := X ® M ®, X5 becomes a
K-module by pulling back the natural (H; ® K ® Hs)-action on it along the co-action map
K — H, ® K ® Hy that belongs to K.

On the other hand, let (A;,w; : A3 — vect(k)) and (A2, ws : Ay — vect(k)) be finite
k-linear tensor categories together with monoidal fiber functors. Consider vect(k) as an A;-
As-bimodule category via the monoidal functors w; and w,. Let M be a finite k-linear A;-
As-bimodule category. Then we define a bimodule fiber functor w : M — vect(k) for M to
be an exact and faithful A4;-As-bimodule functor from M to the category of finite-dimensional
vector spaces. Let H; and H, be the corresponding finite-dimensional Hopf algebras over k
corresponding to (A;,w;) and (Ay,ws). Then, by the same argument as for tensor categories
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2 Defects and boundaries in Kitaev models

mutatis mutandis, the bimodule structure on the fiber functor w induces the structure of an
Hi-Hs-bicomodule algebra K on the algebra of natural endo-transformations of w, such that w
induces an equivalence of bimodule categories M = K—mod.

Hence, we conclude that bicomodule algebras emerge naturally as the algebraic input data
for Kitaev models, if one follows the following idea in order to obtain concrete Hopf-algebraic
data: Take the category-theoretic data underlying the corresponding topological field theories
or modular functors, which are tensor categories and bimodule categories [FSS2, [KK], and
equip them with fiber functors of the appropriate type.

2.1.2 Algebraic structure at half-edges and sites

It remains to determine the possible labels for the vertices of the cell decomposition. This is
the content of Subsection Before that, in this Subsection [2.1.2] we first introduce suitable
notation and terminology in order to extract and conveniently speak about the combinatorial
information contained in the cell decomposition.

Fix a vertex v € X0, Then let X9 be the set of half-edges incident to v. This is the set of
incidences of an edge with the given vertex v € X°. (A loop at v yields two half-edges incident
to v.) Note that we have a map ¥%° — ¥! assigning to any half-edge its underlying edge,
which is in general not injective due to the possible existence of loops. We will denote by X!
its image in X!, that is the set of edges starting or ending at the given vertex v.

We will say that e € X9 is directed away from v € X% if v = s(e) and, that e € X%° is
directed towards v € Y0 if v = t(e). Then for any half-edge e € %2 incident to the vertex
v € X0, let the sign e(e) € {+1,—1} be positive if the half-edge e € 3% is directed away from
the vertex v:

®

Figure 2.2: A half-edge e € X% incident to v with sign e(e) := +1

and negative if e € X0 is directed towards v:

(e

Figure 2.3: A half-edge e € ¥2° incident to v with sign ¢(e) := —1
v

Let p € ¥2 be the plaquette on the left of the half-edge e € Y9?, as seen from the vertex

v

v € XY and let p’ € X2 be the plaquette on the right, as in Figure .
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2.1 Hopf-algebraic and representation-theoretic labels for surfaces with cell decomposition

&

Figure 2.4: A half-edge e at v with neighboring plaquettes p and p’

What we have not represented in the figure is that the half-edge e comes with an orientation,
expressed by the sign ¢ := £(e). By our assignment of labels, if the half-edge e is directed away
from the vertex v, i.e. € = +1, then it is labeled with an H,-H,-bicomodule algebra K., with
co-action written in Sweedler notation for comodules:

K. — H,QK.® Hy .
f = +1.
k — k(_l) 0% k(o) & k(l) } ! 8(6) T

If, on the other hand, the half-edge e points towards v, that is ¢ = —1, then K. is an Hy-H,-
bicomodule algebra:
K. — Hy®K.®H, .
if e(e) = —1.
ko= k1) ® ko) @ kq) } )

We shall introduce notation which allows us to treat both cases ¢ = +1 and ¢ = —1 at once.
Let

Kt =K,

K, ' =K,

where KP is the algebra with opposite multiplication. Moreover, let
1.
H;r = H,,
-1 ._
H, " = HPP,

where H)PP is the Hopf algebra with opposite multiplication and opposite comultiplication.
If K, is a left (or right, respectively) H,-comodule algebra, then K ' is canonically a left (or
right, respectively) H; L_comodule algebra.

Hence, in both above cases we can write that K¢ is an Hj-H-bicomodule algebra, with
co-action in Sweedler notation:

K; — H, ® K; ® Hy,
k— ko) @ ko) ® k).

Denote by Y the set of sites incident to v. These are incidences of a plaquette p € 32
with the given vertex v € X% (Note that a single plaquette p € ¥? can have two separate
incidences with the vertex v. This happens when an edge in its boundary is a loop.) Dually, for
a plaquette p € Y2 denote by E;it the set of sites incident to p. These are incidences of a vertex
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2 Defects and boundaries in Kitaev models

v € X9 with the given plaquette p. It is justified to use the name site for both notions: To any
site p € 33 at a vertex v € X? corresponds a unique site ¥ € 3 with underlying vertex v at
the plaquette that underlies the site p € X5it.

Now let p € X5 be such a site at the vertex v € X°. There is a half-edge ¢/, € ¥{-> bounding
p on the left as seen from the vertex v and there is a half-edge e, € ¥2° bounding p on the
right. For an example consider Figure [2.5

Figure 2.5: A site p € Y51 with neighboring half-edges e, and ey,

Then, in consideration of the respective signs ¢ := €(e,,) and ¢’ := ¢(e;,) of the half-edges e,
and e}, we have by our assignment of labels that K S;I, is a right H;/-Comodule algebra and that

K is a left Hj-comodule algebra. In other words, we have a left ((H;/)COp ® H)-comodule
structure on the algebra

K © KE,. ey e

. (2.1)
K, ep =€, € X)°

Kiepey = & Kes(e):{

e€{ep, e, }CEY

Next we introduce, for a fixed site p € ¥, a canonical left ((HS )P @ H:)-module algebra,
which we think of as associated to the site p:

Definition 3. Let v € XY be a vertex and p € 8t a site at v with neighboring half-edges
ep, €, € X0 with signs €,&’ € {+1,—1} as before.

The &'-e-balancing algebra Hy, or more explicitly (Hp)’{s/@), is the left ((H;/)COP ® HZ)-module
algebra, whose underlying k-algebra is the dual algebra of the Hopf algebra H,, with the
following action.

(HS)*P @ HE) @ Hy — H,
d®a® fr— f(a.7.a)),

where

<€>.: a, €:+1
a\®’ {S(a), I for all a € H,

and where S : H, — H, denotes the antipode.

Together, the ((H:')*P® H)-comodule algebra K{c, e}, associated to the half-edges e, € %)

and e}, € 05 and the ((H;’)cop(g]—[;)_module algebra H, associated to the site p € Yt situated
between the edges e, and e, can be coupled into a single k-algebra, denoted by

H; S K{ep7elp} (22)
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2.1 Hopf-algebraic and representation-theoretic labels for surfaces with cell decomposition

which has underlying vector space H;® Ky, ¢,y and which is an instance of the following general
construction. For related constructions see [Mon].

Definition 4. Let H be a Hopf algebra over k, let A be a left H-module algebra and let K
be a left H-comodule algebra. Then the crossed product algebra A S K is the k-algebra with
underlying vector space A ® K and multiplication

(a®k)-(d @FK) :=a(k).d) ® kok' for (a®k),(d @) e A® K.

In particular, the algebra H; o K{ep,e’P} contains Hj and K{ewe;} as subalgebras and the
commutation relation between these is

PR P
ko f = fk 7k

EI

) ko) Vf€H, k€K, (2.3)

the so-called straightening formula. This generalizes the straightening formula of the Drinfeld
double of a Hopf algebra, see Example [6]

2.1.3 Vertex algebras and their representations as labels for vertices

In this subsection we introduce, for each vertex v € 3°, an algebra over k, which is constructed
from the algebraic labelling in the neighbourhood of the vertex v. The representations of this
algebra will serve as possible labels for the vertex v. In a corresponding three-dimensional
topological field theory these are the possible labels for generalized Wilson lines.

Let us collect the algebras K of all half-edges e € $°5 incident to the vertex v € X0 into

a tensor product
Kags = Q) KO,
e€exy-d

With the notation of the previous subsection, for each site p € 35 with neighboring half-edges
ep and € as in Figure , the algebra K. .y is a left comodule over

(1, V) @ Hy.

This trivially extends to an ((H;(e”))mp ® Hg(e”))—comodule structure on the tensor product
Ksos of K. ) with the algebras attached to the remaining half-edges in %5 The co-actions
on Kxos for different sites commute with each other, because they come from the bicomodule
structures of the tensor factors (K, 6)6622.5, making Kyo.s a left comodule algebra over the tensor
product of Hopf algebras

®' (H;(ep))wp ® H;(ep)‘ (2_4)

peEXF!

For each site p € X5 we want to couple the balancing algebra Hj to Kyos, similarly as in (2.2).
For this we collect the balancing algebras of the sites around the vertex v into a tensor product

* *
Ho = X) H;.
pGEiit

This is a left module algebra over the tensor product of Hopf algebras as in (2.4)). Now we have
all the ingredients to introduce:
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2 Defects and boundaries in Kitaev models

Definition 5. Let v € X% The k-algebra C, associated to the vertex v, or vertezx algebra, is
defined as follows. For any site p € X3 denote by e, and e, € X)° the half-edges bounding p
on the left and on the right, respectively, from the perspective of the vertex v, as illustrated in
Figure [2.5] Then let

Cy 1= Hyue © Kyps = ( X H;) S ( X K;‘<e>)
v peziit

eexy-d

be the crossed product algebra, as introduced in Definition {4}, for the left module algebra Hg..;
and the left comodule algebra Kyos over the tensor product (2.4 of Hopf algebras.

In particular, the algebra contains Hy, = ®pessi H and Kyos = ®e€22.5K§(e) as subalgebras
and, for each site p’ € X5, we have the commutation relation (2.3)); so in other words,

v

Hy G Ky © ( X H;) = ( & K§<@>> = C, (2.5)

pexsit eex?b

is a subalgebra of C,.

Example 6. Let us consider the situation where the vertex v € X% has precisely one half-edge
e, which is directed away from the vertex and which is labeled by the regular H-bicomodule
algebra H, the transparent label.

H Figure 2.6: A vertex v with a single half-edge trans-
parently labeled by H;
the associated algebra C, is the Drinfeld
double D(H)

Then for the algebra C), at the vertex v we have Hj, © Kxos = H* © H and the commutation

relation (2.3)) gives
h-f=f(S(ha)? ha)-he. (2.6)

This is precisely the so-called straightening formula of the Drinfeld double D(H) of a semisimple
Hopf algebra H [Kal. In the Kitaev model without defects as in [BMCAL BK2], representations
of the Drinfeld double D(H) label point-like excitations.

Up to this point we have explained how, for a given vertex v € X°, the algebraic labelling of
the edges and plaquettes and the combinatorial structure of the cell decomposition around that
vertex gives rise to the k-algebra C, = Hy © Kyps.

Definition 7. We declare the category of possible labels for a vertex v € X° for the Kitaev
construction to be the k-linear category C,—mod of finite-dimensional left modules over the
k-algebra C,,.

22



2.2 Construction of a Kitaev model with defects

Indeed, in [FSS2], the category-theoretic data assigned to a vertex v € X2 is as follows. In the
language of [F'SS2|, a vertex v corresponds to a boundary circle L,, with marked points on which
defect lines end. A 2-cell p € ¥2 is labelled by a finite tensor category; in our context this is the
representation category H,~mod of a finite-dimensional Hopf algebra H,. An edge e € X! is
labelled by a finite bimodule category; in our context this is the representation category K.—mod
of a bicomodule algebra K.. Then according to [F'SS2l, Definitions 3.4 and 3.9] the category of
possible labels of a vertex v € XY is given by the category T(L,) of so-called balancings on the
Deligne tensor product M.cxo.5 (Kes(e)—mod) of the bimodule categories labelling the half-edges
around the vertex v.

Theorem 8. Let v € X0, There is a canonical equivalence of k-linear categories
T(L,) = C,—mod

between the category assigned by the modular functor T, constructed in [FSSZ], to the circle L,
with marked points corresponding to the half-edges incident to v and the representation category
of the algebra C,.

Proof. The proof requires the introduction of significant additional notation and is therefore
relegated to the Appendix [2.A] see Theorem [33] ]

This theorem paves the way for comparing our construction with the modular functor con-
structed in [F'SS2].

Furthermore, in the case that the edges incident to the vertex v are labeled transparently by
a single Hopf algebra H seen as the regular H-bicomodule algebra, then the category C,—mod
is equivalent to the Drinfeld center Z(H-mod) [FSS2, Remarks 3.5 (iii) and 5.23|, which is
equivalent to the category of representations of the Drinfeld double D(H). These are also the
possible labels for point-like excitations in the Kitaev model without defects, cf. [BK2].

2.2 Construction of a Kitaev model with defects

Having specified in the preceding subsections the algebraic input data for the Kitaev model
and, in particular, having identified the possible labels for vertices, we are now in a position
to construct, for any oriented surface ¥ with labeled cell decomposition, the vector space and
local projectors of the model.

We recall that we have for each plaquette p € ¥? a semisimple Hopf algebra H,, for each
edge e € X! a semisimple algebra K, with a compatible bicomodule structure over the Hopf
algebras of the incident plaquettes, and for each vertex v € 3° a left module Z, over the algebra
C, = H;%“ © Kyyos, introduced in Definition . We abbreviate

Ksi = Q K.,
ecx!

Zso = Q Z,,
veX0

for the tensor products as vector spaces over k. More precisely, Ky enters our construction of
the local projectors and the Hamiltonian of the model not only as a vector space, but together
with its structure as the regular (&@,cs1 K.)-bimodule and its various co-actions with respect
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2 Defects and boundaries in Kitaev models

to the Hopf algebras labeling the plaquettes. Similarly, we will regard Zso together with its
C\,-module structure for every vertex v € X0,

The first thing we construct is the vector space, on which subsequently the commuting local
projectors and the Hamiltonian will be defined.

Definition 9. The state space assigned to an oriented surface ¥ with labeled cell decomposition
as above is the vector space
H := Homy(Kx1, Zso) = (@ K)o (& Z,). (2.7)
ecx! veX0

We refer to a tensor factor associated to an edge e or to a vertex v as a local degree of freedom
associated to e or v, respectively.

Remarks 10.

1. In the standard Kitaev construction without defects, the vector space is a tensor product
of copies of a single Hopf algebra H for every edge, which we interpret in our context as
the regular bicomodule algebra over H (the transparent labeling), and for every vertex
the dual vector space of a module over D(H) [BMCAl BK2]. In our construction, we
instead consider a module over the algebra C, for every vertex v € ¥° and the vector
space duals of the bicomodule algebras for the edges. This dual version will make it easier
to compare our ground-state spaces with the block spaces of [FSS2].

2. In order to define the state space H we are implicitly using that we do not only have the
categories (K, mod).ext and (Hp-mod),ex2 as algebraic input data, but we also have the
algebras (K¢)eext and (Hp)pex2, of which they are the representation categories. In other
words, we need fibre functors on the categories (K.-mod).cx1 and (H, mod),ex2 to the
category of vector spaces in order to define H as a space of k-linear homomorphisms.

3. Note that we are only defining a vector space over k, and not a Hilbert space, i.e. we
do not consider a scalar product here. Accordingly, when we speak of projectors on this
vector space we always mean idempotent endomorphisms. By a Hamiltonian we mean a
diagonalizable endomorphism.

2.2.1 Local representations of the vertex algebras on the state space

Next, we exhibit on the vector space H a natural C,-bimodule structure for each vertex v € 3°,
that is local in the sense that it acts non-trivially only on the local degrees of freedom in a
neighborhood of the vertex v € X° This is analogous to the existence of local actions of the
Drinfeld double D(H) on the state space in the ordinary Kitaev model without defects for a
semisimple Hopf algebra H [BMCAl BK2]. In our construction, however, the algebras C, are
in general not Hopf algebras and we only obtain bimodule structures on H. (A C,-bimodule
structure is equivalent to a left (C, ® C°P)-action, where C°P has the opposite multiplication
of C,. Whenever C, is a Hopf algebra, such as D(H), any C,-bimodule structure can be
pulled back to a left Cy-action via the algebra map (id ®S)o A : C, — C, ® C9, using the
co-multiplication A and the antipode S of the Hopf algebra.)

Let v € X° be any vertex. Recall from Subsection that the algebra
C, = H;sit S Kgg.s
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2.2 Construction of a Kitaev model with defects

is a crossed product of Hy,;, and K5 and contains these as subalgebras, and that

;)%it = ® H;
pEXSt

is the tensor product of the algebras H, for each site p € it A C,-bimodule structure on
H is therefore fully determined by a Kygs-bimodule structure and H,-bimodule structures for
each site p € ¥, provided that for each p € X5 the left and right actions of Ksos and H
each satisfy the straightening formula of the crossed product algebra H; © Kxos, which
we prove in Theorem

We start by exhibiting a Kyos-bimodule structure on the vector space H. This is the anal-
ogon of the action of the Hopf algebra H for every vertex in the ordinary Kitaev model for a
semisimple Hopf algebra H.

Definition 11. Let v € X°. The Kyos-bimodule structure on H
gv : K22.5 (24 Kg())ﬁ QH — H,

is defined on the vector space of linear maps H = Homy(Kx1, Zxo) in the standard way by
pre-composing with the left action on Ky: and post-composing with the left action on Zso,
which are defined as follows:

e Firstly, the vector space Ky1 becomes a left Kyos-module as follows. Restrict the regular
Kyi-bimodule structure of Kyi, seen as a left (Ky1 ® K;Ii)—action, to the subalgebra
KE%S g KEI ® K;};

e Secondly, the vector space Zxo becomes a left Ksos-module as follows. Restrict the given
C,-module structure on Z, to the subalgebra Kyos C ®vego(H§Sit S Kgg.s) = (C, and
extend the action trivially to the vector space Zsxo = Z, ® ®w620\{v} Ly

Next we will exhibit, for any site p € X5 incident to a vertex v € X% an Hj-bimodule
structure on JH.

Recall that Z;}t denotes the set of incidences of a vertex with a given plaquette p (which we
also call sites) and denote by 2117'5 the set of incidences of an edge with the given plaquette p
(which we call plaquette edges). We consider their union E;it U 2113 together with a cyclic order
on it, given by the clockwise direction along the boundary of p with respect to the orientation
of ¥, as illustrated in Figure [2.7]

o

Figure 2.7: Cyclic order on the set Z;it U 211) of sites and
plaquette edges of a plaquette p

Furthermore, for any plaquette edge e € E}D at the plaquette p, let the sign ¢,(e) € {+1, -1}
be positive if the plaquette edge e € 2]13 is clockwise directed around the plaquette p:
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2 Defects and boundaries in Kitaev models

(€

e
\\ Figure 2.8: A plaquette edge e with sign ¢,(e) := +1
(p)

and negative if e € E}? is directed counter-clockwise around p:

G

\_& Figure 2.9: A plaquette edge e with sign €,(e) := —1

b

Recall that, attached to each plaquette p € 32, there is a Hopf algebra H,. Now, depending
on choice of a site v € E;it at p, we define an H, -bimodule structure on the vector space .
This is the analogon of the action of the dual Hopf algebra H* for every site in the ordinary
Kitaev model for a semisimple Hopf algebra H.

Definition 12. Let p € 2. We define, for each site v € E;it, the Hj-bimodule structure on H,
or left action of the enveloping algebra H} @ (H),

By + H ® (H?)™ ® H — K,
by the following left and right H -actions on J.

e We start by declaring that H acts from the left on H = (Qes K ® (@ peso Zy) by

the action of H; C Hg © Ksos on the (Hy © Kggs)—module Z, and by acting as the

identity on the remaining tensor factors of H.

e For the right action of H* on J, we use the total order on the set (X3* U X)%) \ {v}
starting right after v € X5" in ¥% U ¥ with respect to the cyclic order declared above,
given by the clockwise direction around the plaquette p. We first exhibit individual right
H-actions on the tensor factors of (®e@}1} K ® (®wezg\{v} Z):

— For any e € E;'E’, the vector space K becomes a right Hj-module as follows. K, is
a right H;p(e)—comodule and, hence, a left (H;)a”(e)—module. Thus the vector space
dual K becomes a right (H;)Ep(e)—module, and finally, by pulling back along the
algebra isomorphism ?#(€) H) — H*ap(e) a right Hj-module.

Recall that ?2(+1) = idyy and ?7(-1) = S the antipode of Hj. Explicitly, this right
Hj-action is given by

K@ H, — K,
o g (i o ()

— For any w € ¥3* \ {v}, the vector space Z,, becomes a right H}-module as follows.
The (Hs, © KEI) module Z,, comes with a left Hj-action since Hy C H5, © Ky
is a subalgebra We let H *act on Z, from the rlght by pulling back this left action
along the antipode 7~ = S : H) — H.
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2.2 Construction of a Kitaev model with defects

Then we declare H; to act from the right on the tensor product (®662117 K:)®(®w622\{v} Zw)
by applying the co-multiplication on H suitably many times and then acting individually
on the tensor factors in the sequence given by the image of the clockwise linear order that
we have prescribed on the set (3° U %J°) \ {v} under the map (X3* U X1%) \ {v} —
(Eg U Z;) \ {v} that assigns to a site its underlying vertex and to a plaquette edge its
underlying edge. Finally, this gives a right H}-action on H = (Rt K2) @ (Qeso Zu)
by acting with the identity on all remaining tensor factors.

So far we have defined, in Definitions (1 n and |1 E on the vector space H an Kygs-bimodule
structure A, for each vertex v € ¥° and an Hj-bimodule structure B(pv for each site p € 35t
These are analogous to the actions of the Hopf algebra H and the dual Hopf algebra H*
defined for each site in the ordinary Kitaev model without defects. Just as the latter are shown
to interact with each other non-trivially, giving a representation of the Drinfeld double D(H)
at each site [BMCA], we will now proceed to study how the bimodule structures A, and E(p,v/)
of Kxos and Hy for various v and (p,v’) interact with each other.

In order to simplify the proof we will make a certain regularity assumption on the cell
decomposition of the surface ¥: We call a cell decomposition reqular if it has no looping edges,
i.e. there is no edge which has the same source vertex as target vertex and if the Poincaré-dual
cell decomposition also has no looping edges, i.e. in the original cell decomposition there is no
plaquette that has two incidences with one and the same edge (on its two sides).

Theorem 13. Let H be the vector space defined in Definition |9 for an oriented surface 3 with
a labelled cell decomposition. Recall from Deﬁmtzons ]] and 2 the Kxo.s-bimodule structure A

on H for every vertex v € X°, and the Hj-bimodule structure pr) on H for every plaquette
p € X2 together with incident site v’ € E‘”t. Then

e For any pair of vertices vy # vy € X0, the actions Zm and sz commute with each other.

e For any pair of sites (p1 € X%, v1 € ¥3%) and (py € X%, vy € X3%) such that py # pa, the

actions E(pl,'l)l) and E(pwz) commute with each other.

o Assume that the cell decomposition of 3 is reqular. For any site (p € X v € Z;“), the

actions gy and E(pyv) compose to give on H a bimodule structure over the crossed product
algebra H(*p v © Ksos,

Bl A Hy © Ksps ® (Hj @ Kygs) ™ © 3 — 91,
f®k®f’®k’®x»—>3f®fAk®k’< ).

(p,v)

Proof.

e The left K 3.5 and Kggés—actions act as the identity on all tensor factors of H except on
Z,, and Z,,, respectively. It is thus clear that they commute for v; # vs.

The right Kzgf’_ and Kzgés—actions only have a common tensor factor on which they do

not act by the identity for every edge e € X! that joins the vertices v; and v,. Such an
edge is directed away from one of the vertices and directed towards the other. Hence, the
action for one of the vertices comes from left multiplication of K. and the other one from
right multiplication, so they commute.
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2 Defects and boundaries in Kitaev models

e The left H, - and H -actions act as the identity on all tensor factors of 3 except on Z,,
and Z,,, respectively. It is thus clear that they commute for v; # vs. In the remaining
case v; = vy =: v, H; and H, are commuting subalgebras in C,. Since their actions on
Z, are by Definition |1 . 2| the restnctlons of the C,-action that Z, comes with, they must
therefore commute.

The right Hj - and Hj -actions only have a common tensor factor on which they do
not act by the identity for every vertex v € X% and for every edge e € X! that lies in
the boundaries of both plaquettes p; and p,. For any such vertex v, the two actions
come from the (HEsm S K. s)-action on Z, restricted to the two subalgebras H *and
H,,, respectively. These subalgebras commute inside stn S Ksos, therefore showmg the

clalm

e The left Kxos- and Hj-actions on J are simply the restrictions of the left C,-action on
Zy, to Kxgs and H, respectively, and the identity on all other tensor factors of H. Hence,
by construction they satisfy the commutation relations of the crossed product algebra
H; S Kxos C C,, see also ((2.5)).

The right K'zos- and Hj-actions on H are non-trivial only on the tensor factors ®eeg}] K}
and (®e€211) K ® (®wegg\{v} Z), respectively. We can therefore restrict our attention
to the vector space (®66211)U2117 K5 ® (®wezg\{u} Zw), on which Kygs and H act from
the right.

For convenience, for the remainder of the proof we now switch to the dual vector space
<®662%U2%’ K. ® (®wezg\{v} Zy), with the corresponding left actions of Kygs and H.
With the notation of Subsection , let e,,e/, € X0° be the half-edges at v on the
two sides of the site p € X3, with signs € := (e,) and € := &(e]). The Kygs- and
H-actions only overlap on the tensor factors (Ke)eez%mzé corresponding to the edges
underlying the half-edges e, e, € 9% Due to our regularity assumption on the cell
decomposition, the half-edges e, and e}, have distinct underlying edges. Then the action

of Kyos = (ij ® Kjgj) ® ®e€29}‘5\{6p,e;} Keg(e) on ®66211) K., which is a tensor product
of algebras, decomposes into a tensor product of the action of K o O K j on K, @ K
P

and the action of ®e€2%5\{6p’e;} K29 on ®662})\{ep’e;} K.. On the latter vector space, I,

does not act non-trivially by our regularity assumption on the cell decomposition. Hence,

it remains to consider the interactions of the left actions of K¢ ® K¢ and Hj on the
D

vector space K¢, ® Ko & (®eezl\{ep, ey Ke) ® (®wezg\{v} Z%). We abbreviate by V' :=
(®e€21\ {epe)) K ) ® (®we2g\{v} Z3) the tensor factor on which only H acts non-trivially.

Furthermore without loss of generality, we write the left Hj-action on V' in terms of the
Sweedler notation for the corresponding right H,-coaction, V' — V' ® H,,v = v(g) ® v(1):

Hy @V — Vv fo = f(va))vo)-
Finally, it is left to analyze the interaction between the Hj-action

Hy® K., @ Key @V — K., @ K, @V,
fRrer @vr— f@.o® fu).2' ® fo)v

=f < /g,gv méii%) (0) ® T(gy ® V(0),
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2.2 Construction of a Kitaev model with defects

and the (K¢ ® Kgé)—action

(K:, @ K) @ K,y @ Koy @V — K, @ Koy ®V,
aRd QrRr Quir— ard.xr v
(a-c2)®(d o),

(&

{ax, € =41,
QT =

where -. and - denote the multiplication in K¢ and K, i , respectively, that is

ra, €= —1.
It remains to show that that these actions satisfy the straightening formula
f@5) 70l (o @ dig)-(z© 7' @) = (a® d).f(x @2’ D),

forall fe Hy,a®ad € K, ® KZ; and z@r' ®@v e K, ® K ® V. Indeed, the following
calculation, which is analogous to the calculation in the proof of [BMCA| Theorem 1| but
more general and at the same time shorter, verifies this.

(@577 a2,) aw @ dg) (r @2’ @ v)
@557 af)) (o) - 2) @ (af) = ') @)
&

(alyy = ) vy - ()= )5 - 0%

— (a ® a'). f(xlgz,g " V() Ié:i;) (ﬁ(o) ® $,(0) X U(O)))

This proves that H; and K ., O K, j,/ together give a representation of the crossed product
P
algebra H; © (K; ® K¢), as claimed.
P

]

Remark 14. Taking all sites p € X%* around a given vertex v € X0 together, we thus get, due
to Theorem [13] on 3 a bimodule structure over the vertex algebra C,. It is remarkable that
this makes the crossed product algebra structure on C, show up naturally — analogous to the
appearance of the algebra structure of the Drinfeld double in the commutation relation of the
vertex and plagette actions in the standard Kitaev model without defects.
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2 Defects and boundaries in Kitaev models

2.2.2 Towards local projectors: Symmetric separability idempotents
for bicomodule algebras

Before we proceed to use the bimodule structures on the state space H defined in Subsection
to define commuting local projectors on the vector space H, we need to invoke another
algebraic ingredient.

The standard Kitaev construction for a semisimple Hopf algebra H makes use of the Haar
integrals of H and of H*, in order to define commuting local projectors on the state space via
the actions of H and H*. The Haar integral of a semisimple Hopf algebra H over k is the
unique element ¢ € H satisfying xf = ()¢ = {z for all x € H and £(¢) = 1. This means that
¢ is the central idempotent which projects to the H-invariants: for any H-module M, we have
(M =M":={meM|hm=ceh)m Vhe H}. Furthermore, / € H is cocommutative, i.e.
Ly @ Loy = L(2) @ L1y in Sweedler notation. The idempotence, centrality and cocommutativity
of the Haar integral are crucial in showing that the Haar integral gives rise to commuting local
projectors in the standard Kitaev construction [BMCA].

In our setting, instead of a semisimple Hopf algebra acting on the state space, we have, for
each vertex v € X% a bimodule structure on the state space over a semisimple (bi-)comodule
algebra Kyo.s. Hence, we need a notion replacing the Haar integral, that works in this setting.
Our main insight is that the suitable generalization of the Haar integral to our setting is the
unique symmetric separability idempotent, which exists for any semisimple algebra over an
algebraically closed field k with characteristic zero.

Definition 15. Let A be an algebra over a field k. A symmetric separability idempotent for
A is an element p € A ® A, which we write as p = p' ® p> € A ® A omitting the summation
symbol, satisfying

(z-pYop’=p' @@ ) VoeA,
phopt=1, :
prop’=p" @7, (symmetry) (2.10)

where on both sides of equation (2.8) and in equation (2.9)) we are using the multiplication in
A.

The properties (2.8) and (2.9) immediately imply that p' ® p* is an idempotent when seen
as an element of the enveloping algebra A @ A°P.

Remarks 16.

1. The structure of a separability idempotent, i.e. an element p' @p? € A® A satisfying
and (2.9), is equivalent to an A-bimodule map s : A — A ® A that is a section of the
multiplication m : A ® A — A, by defining s(z) := p' ® p?z for all z € A. An algebra
endowed with such a structure is called separable and, in general, such a separability
structure might not exist or be unique. A symmetric separability structure, however, is
always unique — see the end of the proof of Proposition [I7}

2. Representation-theoretically, a separability idempotent p! ® p* € A® A°P plays the role of
projecting to the subspace of invariants for any A-bimodule M. Indeed, due to property

(2.8)), one has
P Mp* =M ={meM|am=ma VYac A} C M.
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2.2 Construction of a Kitaev model with defects

This is in analogy to the Haar integral ¢/ € H of a semisimple Hopf algebra H which
projects to the invariants ¢.M = M := {m € M | hm = e(h)m Vh € H} of any left
H-module M.

Just as every finite-dimensional semisimple Hopf algebra over a field k has a unique Haar
integral, for every finite-dimensional semisimple k-algebra there exists a unique symmetric
separability idempotent:

Proposition 17 ([A]). Let A be a finite-dimensional semisimple algebra over a field k which is
algebraically closed and of characteristic zero. Then there exists a unique symmetric separability
idempotent p* @ p* € A® A for A.

Proof. For a more detailed proof, see [Al Thm. 3.1, Cor. 3.1.1|. Here we recall the main idea
that the unique symmetric separability idempotent can be described in terms of the trace form
on A, because we will use this description in Proposition [19|

Due to semisimplicity, the following symmetric bilinear pairing on A is non-degenerate:

T: A A — Kk,
a®br—t(a-b) :=tra(Lasp),

defined in terms of the trace form ¢ : A — k,a + tra(L,), where L, denotes the left multi-
plication of A. In fact, this non-degenerate bilinear pairing turns A into a symmetric special
Frobenius algebra. Consider the isomorphism #7 : A = A* a — t(a - —), induced by this non-
degenerate bilinear pairing. This is an isomorphism of A-bimodules. It induces an isomorphism
AR A S A*® A = Endg(A). Consider the pre-image p € A ® A of the identity id4 under this
isomorphism. As usual, we write an element p € A® A as p = p* ® p?, omitting the summation
symbol. In fact, if we choose a basis (p;}); for A and let (p?); be its dual basis of A with respect
to the non-degenerate pairing 7', then p' @ p? is the sum Y. p! ® p?. With this definition of
pl @ p? € A® A it is straightforward to verify the defining properties , and of
a symmetric separability idempotent.

To prove that the symmetric separability idempotent is unique, let p* ® p?, ¢' ® ¢*> € A ® A°P
be any two symmetric separability idempotents for A. Then they are equal by the following
computation:

(2.9) 2.8) (2.10)
p1®p2. 121®p.q1p1®p2q2 p' @ pq!
(2.8) .
!q2®p2p1q1!q2®pl 2 1!q2® 1 210 7o ¢
using the defining properties (2.8)), (2.9) and (2.10)). O

Example 18. Let H be a finite-dimensional semisimple Hopf algebra over k with Haar integral
¢ € H. Then the symmetric separability idempotent for H is {1y ® S({(2)) € H @ H°P.

Indeed, the invariance property of the Haar integral, z¢ = e(z)¢ for all € H, implies the
corresponding invariance property of £1y®S({(2)). The normalization €(¢) = 1 of the Haar
integral implies the corresponding normalization property for the separability idempotent.
Finally, using that the Haar integral is two-sided, which implies S(¢) = ¢, it can be shown that
ly ® S((2)) is symmetric.

Hence we see that, in the sense of this example, the symmetric separability idempotent of a
semisimple algebra generalizes the Haar integral of a semisimple Hopf algebra.
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2 Defects and boundaries in Kitaev models

In our construction of a Kitaev model, however, we are not only dealing with semisimple
algebras, but semisimple algebras together with a compatible bicomodule structure. On the
other hand, the Haar integral £ € H has the property of being cocommutative, {1y ® £y =
2y ® £(1), which is crucial in showing that it gives rise to commuting projectors in [BMCA]
and we have not exhibited an analogous property of the symmetric separability idempotent. In
the following proposition we prove such a property, which holds for the symmetric separability
idempotent of a semisimple (bi-)comodule algebra and which generalizes the cocommutativity
of the Haar integral, see Example [20]

Proposition 19. Let H be a semisimple Hopf algebra over k and let K be a semisimple right
H-comodule algebra with symmetric separability idempotent p* @ p?> € K ® K°. Consider the
right H-coaction on the tensor product K @ K°P:

Ko K® — K@ K®® H,
EQK —s k’(o) (%9 ]{JEO) & k(l)kzl)'

Then p' @ p? € K @ K is an H-coinvariant element of K @ K°P, i.e. p%o) ®p%0) ®p%1)p%1) =
PP R1ly € K® K®® H, and this is equivalent to

Ploy @ iy ©p° =p' @ S(plyy) @ pfyy € K ®@ H® K. (2.11)
Analogously, if K is a left H-comodule algebra, then
Ploy @y @ P> =p' @S] 1)) @l € K@ H® K. (2.12)

Proof. Without loss of generality we only show the case where K is a right H-comodule algebra.
Recall from the proof of Proposition [17] that the symmetric separability idempotent p! ® p? €
K®K°P for K can be characterized in terms of the multiplication and the trace form ¢ : K — k
on K, namely by t(p' - x)p? = x Vo € K, as explained in the proof of Proposition . Another
way of phrasing this is that the map K* — K defined by f —— f(p)p? is the inverse of
the isomorphism K — K* k +— ¢(7 - k) induced by the non-degenerate pairing ¢ o u, where
i K ® K — K is the multiplication on K.

The crucial step for the present proof is the observation that the multiplication and the trace
form on K are morphisms of H-comodules if K is an H-comodule algebra. For the multiplication
this means that z)yo) ® z1)ya) = (@¥)0) ® (xy)q) Yo,y € K, which holds by definition of
a comodule algebra, see Definition As for the H-colinearity of the trace form, note that
t =evgo(u ®idg+) o (idg ® coevg), where p : K ® K — K denotes the multiplication, and
coevig 'k — K ® K* and evg : K ® K* — k are the standard coevaluation and evaluation
morphisms for vector spaces. Due the involutivity of the antipode S of H, both evg and coevg
are morphisms of right H-comodules for the H-comodule structure on the dual K* given by
K* — K*® H,¢ — @) @ ¢y, where po)(x)pa) == ¢(x@0))S(z@)) for all z € K. (We
are here implicitly using the canonical trivial pivotal structure on the tensor category of right
H-comodules, which exists due to the involutivity of the antipode of H.) Since therefore the
trace form ¢ is composed only of morphisms of right H-comodules, it is itself a morphism of
right H-comodules, i.e.

t(l{?(g))]{?(l) = t(k})lH Vk € K. (2.13)

As a consequence, the isomorphism K — K* k —— ¢(7 - k) induced by the pairing

t o p is an isomorphism of H-comodules. Indeed, for all + € K one has t(xk))ka) =
(PRE)

Hz0)k©)S(@2)z0)ka) k) S(zw) = (17 k) (@) (E(? - k).
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2.2 Construction of a Kitaev model with defects

This immediately implies that the inverse map, K* — K, — ¢(p')p?, must also be a
morphism of H-comodules, which spelled out means that go(p%o))p2®5' (p%l)) = o) (PHP*®pa) =
go(pl)p?o) ® p%l) for all ¢ € K*. This implies the equation ([2.11)) of the claim. To show that this
is equivalent to p' ® p? € K ® K° being H-coinvariant, we compute

(2.11))
Ploy ® Ploy @ PPy = P ® Ploy © Sl )ply =P @ PP ® 1.

]

FExample 20. Let H be a semisimple Hopf algebra and consider it as the regular H-bicomodule
algebra, as in Example . Recall that for H the symmetric separability idempotent is
pt@p* = Loy @ S(le) € H® H. Let us spell out Proposition [19] for the left and right H-
comodule structures on the regular bicomodule algebra H. Equation boils down to the
equation <£(1)>(1) ® (5(1))(2) %9 S<£(3)> = 6(1) %9 S(S(f(g))(g)) ® S(f(g))(l). But due to S? = idg both
sides of the equation are equal to {1y ® £(2) ® S({(3)). On the other hand, equation boils
down to the equation (6(1))(2) X (f(l))(l) X S(&g)) = 5(1) X S(S(f(z))(l)) X S(ﬁ(g))(g), which in turn
due to S? = idy simplifies to (o) ® €1y ® S(€(3)) = L) @ {3y @ S({(2)). This is equivalent to the
cocommutativity property £y ® £io) = £(2) ® £(1).

Hence we have shown that the coinvariance property of the symmetric separability idempo-
tent for a bicomodule algebra, proven in Proposition [I9] is the appropriate analogue of the
cocommutativity of the Haar integral. In the proof of Lemma 21| we will use it in a crucial way,
on the way towards proving in Theorem [25]| that symmetric separability idempotents allow for
defining commuting projectors.

Lemma 21. Let H be a semisimple Hopf algebra over k and let K be a semisimple left H -
comodule algebra and A a semisimple left H-module algebra. Let p' @ p?> € K ® K and
@7 € A® A% be the symmetric separability idempotents for K and A, respectively.

Then (14 @ p') @ (14 @ p?) and (7' @ 1x) ® (72 @ 1x) commute in the algebra (A S K) ®
(Ao K)°P, where A S K is the crossed product algebra defined in Definition .

Proof. Due to the co-invariance of the symmetric separability idempotent of a semisimple co-
module algebra over k, proven in Proposition [19] we have

(2.12)
p%,l) ® p%O) ®p” D S(p%fl)) ®p' ®p%0)

and
(h.th) @ 7 = 7' @ (S(h).7?)

for all h € H, where the latter can be derived from equation (2.11)) by regarding A as a right
H*-comodule algebra, which is equivalent to a left H-module algebra [Mon|. By definition of
the multiplication in (A S K) ® (A& K)° we have:

(la®@p)@1a®p)) - (7' @ 1K) ® (r° ® 1) = (p{_1)T @ () ® (7 @ p?)

and
(M@ 1x)® (P @ 1k) (1a®p") ® (1a @ p*) = (7' @ p") ® (P_y).7° @ Dly))

But the right-hand sides of these equations are equal by the following computation:
(p(_ny-T @ ply) ® (7° @ p*) = (S(P_y))-m' @ p') @ (72 @ pipy)
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2 Defects and boundaries in Kitaev models

=(r'®p)® (Sg(p%—n)ﬂz ® P%o))
= (7' @p") @ (pf_1). 7" © ).

2.2.3 Local commuting projector Hamiltonian from vertex and
plaquette operators

In this subsection we define on the vector space H assigned to a surface ¥ with a labelled cell
decomposition a set of commuting local projectors and finally, in the spirit of Kitaev models,

a Hamiltonian on H as the sum of commuting projectors. B
Recall that in Subsection we have defined on H a Kyos-bimodule structure A, for each

vertex v € X% and a H}-bimodule structure B, for each site (p,v), p € ¥*, v € 3.

A Kyyps-bimodule structure is equivalent to a left (Kxos ® K7 20 b5 )-action on H, so that specify-
ing an element of the so-called enveloping algebra (K05 ® Kgo 0. 5) determines an endomorphism
of H. By assumption, all bicomodule algebras K, labelling “the cell decomposition of ¥ are
semisimple and, hence, the tensor product Kyos is semisimple and possesses a unique symmet-
ric separability idempotent p} ® p2 € (Kyos ® K ;‘35) according to Proposition

Definition 22. Let v € X°. The vertex operator for the vertex v is the idempotent endomor-
phism of the state space H B
Ay =A,pl@p?) : H— K

given by acting with the unique symmetric separability idempotent
Py @ P, € Ksgs @ Ko 5

via the Kygs-bimodule structure g@, defined in Definition .

This operator is local in the sense that it acts as the identity on all tensor factors in H =
(Reest KF) @ (QyesoZy) except for those associated to the vertex v € X% and to the edges
e € X! incident to v. Since the symmetric separability idempotent of a semisimple bicomodule
algebra generalizes the Haar integral of a semisimple Hopf algebra, as explained in Subsection
[2.2.2] we see that the vertex operator defined here provides a suitable analogon to the vertex
operators in the ordinary Kitaev model for a semisimple Hopf algebra.

Next we want to define a projector on H for each plaquette p € ¥2 in analogy to the plaquette
operators of the ordinary Kitaev model for a semisimple Hopf algebra H, which are defined
by acting with the Haar integral of the dual Hopf algebra H*. In our construction, we have
defined in Definition (12{an Hj-bimodule structure By,,) on 3 for every plaquette p € Y2 with

incident site v € X3 and we can again use this to define a projector E(p,v)()\p(l) ® S(Ap(y))) on
H by acting with the symmetric separability idempotent of the semisimple algebra H,, which
i Ap(p) @ S(Ap(q)) € Hy @ (Hy)P, see Example . However note that, as opposed to the vertex
operator here 1t is actually not necessary to invoke the concept of the symmetric separability
idempotent, since H, is a Hopf algebra just as in the ordinary Kitaev model, and its symmetric
separability idempotent is given by the Haar integral.

When considering the projector B(p,v)()\p(l) ®S ()‘p(z))) on H, it seems that a priori it depends
not only on the plaquette p but also on the site v € Ef}t that we had to choose in Definition [12|in
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2.2 Construction of a Kitaev model with defects

order to define the bimodule structure E(pgv). Just like the plaquette operators in the ordinary
Kitaev model, we will show that due to the properties of the Haar integral the projector only
depends on the plaquette p:

Lemma 23. Let p € ¥2. If \, € H is the Haar integral of Hy, then the endomorphism
B(m})()‘pu) ® S()‘p(2))) H—H
does not depend on the choice of the site v € Z;“.

Proof. The endomorphism é(m)()\p(l) ® S(Apy))) is equal to the endomorphism of 3 obtained

by acting with the Haar integral A via the left H}-action BEp’v) on H that is the pullback of the

left (Hy ® (H;)°P)-action E(WJ) along the algebra map (idp; ®S) o A : Hy — Hy @ (H,).
Next we observe that the action Bép’v) is independent of v for any cocommutative element \
of the Hopf algebra H. Indeed, looking carefully at Definition @7 we extract from it that
B, () acts with the multiple coproduct of A on the degrees of freedom of 3 in the boundary
of the plaquette p in a cyclic order starting at the vertex v. Therefore, for a different vertex
S Elsjt, the endomorphism BEM,)()\) will only differ by a cyclic shift in the multiple coproduct
of A. But since X is cocommutative, any multiple coproduct of it is invariant under such cyclic

shifts of its tensor factors. O
Thus we have shown that the following is well-defined.

Definition 24. Let p € ¥2. The plaquette operator for the plaquette p is the idempotent
endomorphism of the state space H

By = B/(pvv)(Apa) ® S()‘p(2))) T H— X

given by acting via the H* ® (H,)°P-action E(p,v) introduced in Definition |12 with the unique
symmetric separability idempotent A, ;) ® S(Ay ) € Hy @ (Hy)°P for Hj. Here A, € Hj is the
Haar integral for H.

This operator is local in the sense that it acts as the identity on all tensor factors in H =
(Peext K7) ® (Qpexo Z,) except for those associated to the edges e € ¥} and the vertices v € ¥
incident to the plaquette p.

We have thus defined a family of projectors (A,)yexo and (B,),exz on the vector space H.
We now finally reach our main result that they all commute with each other.

Theorem 25. Let ¥ be an oriented compact surface with a reqular cell decomposition labeled
by semisimple Hopf algebras, semisimple bicomodule algebras and representations of the ver-
tex algebras, and let H be the associated vector space defined in Definition [ with vertexr and

plaquette operators {(Ay)peso, (Bp)pesz} defined in Definitions[29 and [24)

Then any pair of vertex or plaquette operators commutes.

Proof. Due to Theorem , the only non-trivial commutation relations between a K'yo.s-action
and an Hj-action on H may occur when v and p are incident to each other. In that case, the
Kos-bimodule structure ﬁv and the H;—bimodule structure E(pyv) together form a bimodule
structure over the crossed product algebra H; & Kso.s. However, due to Lemmathe symmet-
ric separability idempotents for Ksos and H) commute in (H} © Kxgs) ®@ (Hy © Kxo5)° and,
hence, the vertex operator A, and the plaquette operator B, commute with each other. O
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2 Defects and boundaries in Kitaev models

This is completely analogous to the standard Kitaev model without defects: We have a
family of commuting projectors on the state space. Since any family of commuting projectors
is simultaneously diagonalizable, this allows for the definition of an exactly solvable Hamiltonian
as the sum of commuting projectors. We thus conclude our construction of the Kitaev model
with defects as follows:

Definition 26. The Hamiltonian on the state space H assigned to an oriented surface ¥ with
labeled cell decomposition as above is the diagonalizable endomorphism

hi=Y (idy—A,) + Y (idy—B,) : H — K.

vex0 peX?

The associated ground-state space is its kernel,
Ho := ker h,

i.e. the simultaneous 1-eigenspace for all the projectors {(A,),ex0, (By)pesz}-
Such a Hamiltonian is also called frustration-free, as its lowest eigenvalue is not lower than
any eigenvalue of its summands.

Remark 27. The ground-state space I, is isomorphic to the vector space that is category-
theoretically realized by the modular functor constructed in [FSS2] for the defect surface X
labeled by the corresponding representation categories of the Hopf algebras and bicomodule
algebras. We leave the detailed proof of this statement for future investigations.

As a consequence, the ground-state space H is invariant under fusion of defects and indepen-
dent of the transparently labeled part of the cell decomposition. Moreover, due to the results of
[FSS2], there will be a mapping class group action on H, that can be explicitly computed. This
allows to define quantum gates on the ground-state space in terms of the mapping class group
action, as has been proposed before, and to address questions of universality of such gates. We
have thus constructed an explicit Hamiltonian model which offers the possibility for quantum
computation, realizing a general framework for theories of the type discussed e.g. in [BJQ).

A detailed investigation of the above and related questions remain for future work.

2.A Appendix: a category-theoretic motivation for the
vertex algebras

The construction in this chapter takes as its input a compact oriented surface >, whose 2-
cells are labelled by Hopf algebras and whose 1-cells are labelled by bicomodule algebras.
Furthermore, we have introduced in Definition , for every vertex v € X°, an algebra C,,
which we call vertex algebra. The category of possible labels for a vertex v € X° of the cell
decomposition is the category of modules over the relevant vertex algebra C,, see Definition [7]

On the other hand, in three-dimensional topological field theories and modular functors
defined on surfaces with defects such as in [FSS2 [KK], the strata are labelled by category-
theoretic data: 2-cells by finite tensor categories and 1-cells by finite bimodule categories,
which in our setting arise as the representation categories of the Hopf algebras and bicomodule
algebras that we use as labels for our construction.
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Furthermore, in [FSS2|, a category is assigned to any boundary circle of a surface with defects,
which is equivalent to a Drinfeld center in the absence of defects. Such a boundary circle can
be intersected by defect lines labelled by bimodule categories, leading to marked points on the
circle. In our construction this situation corresponds to a vertex v € ¥X° at which a number of
edges labelled by bicomodule algebras meet. We can regard such a vertex as a boundary circle
L,, cut into the surface ¥, at which defect lines end which are labelled by the representation
categories of the corresponding bicomodule algebras.

The main result of this section, Theorem [33] is that the category assigned to such a decorated
circle with marked points L, according to the prescription of [FSS2], defined in Definition [30}
is canonically isomorphic to the category of labels that we have defined in Definition [7| for such
a vertex v € X% in a labeled cell decomposition.

First we must explain the category that is assigned to a boundary circle of a defect surface in
the construction of [F'SS2|. For the category-theoretic background, see also [EGNO]. We adapt
the notions and notation to our setting, since it slightly differs from the one in [FSS2]. Here, the
tensor categories we consider are pivotal and the underlying defect surface is oriented, whereas
in the reference no pivotal structures are used and instead the surfaces are framed.

For a tensor category A and a sign € € {41, —1}, write

A ife=+41
Ag = _7 9
{A, ife =—1,

where A := A°P™P is the tensor category whose underlying linear category is the opposite
category of A and whose tensor product is also opposite to the one of A, ie. a®b:=b®a
for a,b € A , where for any object a € A we denote its corresponding object in the opposite
category A by a, and likewise for morphisms. If A = H-mod for a Hopf algebra H, then
A = H-mod canonically as tensor categories, where H := H°PP is the Hopf algebra that
has the opposite multiplication as well as the opposite co-multiplication with respect to H.
For X € H-mod, the corresponding object X in H-mod is given by the vector space dual
Homy (X, k) of X with the natural induced H-action. For ¢ € {+1, —1}, we also write H® := H
ife=—1,and H¢ := H if e = +1.

The right duality functor induces a monoidal equivalence, 4 — A,z — zV. For A =
H-mod for a Hopf algebra H, this equivalence takes an H-module X and turns it into an H-
module by pulling back the H-action along the antipode S : H — H. Note that instead of the
right dual functor one can also take any other odd-fold right or left dual. For our purposes this
choice does not matter, since the tensor categories which we will consider are pivotal, where all
these odd-fold duals are canonically identified. Indeed, for a semisimple Hopf algebra H, the
antipode is involutive, so that all odd powers of the antipode are the same. (This is in contrast
to [FSS2] where no pivotal structures on the tensor categories are used, but instead 2-framings
on the underlying surfaces are used to determine which multiple of the duality functor to use
in a given moment in the construction.)

If A; and Ay are two tensor categories and M is an A;-As-bimodule category, then the
opposite linear category M := M canonically becomes an A,-A;-bimodule category by
defining a3 >m<a; :=a;>mday for a; € A, m € M, ay € A, and likewise for morphisms.
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2 Defects and boundaries in Kitaev models

For e € {+1, —1}, we write

ME M as an A;-As-bimodule category, if e = 41,
" | M as an Ay-A;-bimodule category, ife= —1.

If M = K mod for an H;-H,-bicomodule algebra K, then M 2= K mod canonically as
(H,-mod)-( Hy-mod)-bimodule categories, where K := K°P is the opposite algebra with re-
spect to K considered as an H,-H;-bicomodule algebra. For M € K-mod, the corresponding
object M in K-mod is given by the vector space dual Homy (M, k) of M with the natural
induced K-action. For ¢ € {+1, —1}, we also write K¢ := K if¢ = —1, and K® := K if ¢ = +1.

A boundary circle of an oriented surface with defect lines labeled by bimodule categories gives
rise to the following data. Consider an oriented circle with n marked points (e;);cz, that are
each labelled with a sign &; € {+1,—1}, so that we call these points oriented. Label each
segment between two marked points e; and e;; by a finite pivotal tensor category A, ;1 and
label each marked point e; with a finite bimodule category M;, which is an A;_q;-A;;41-
bimodule category if ¢; = +1, and an A, ,-A;,_1-bimodule category if ¢, = —1. In other
words, then M7 is an A;', - A7, -bimodule category, using the notation we have introduced
above for opposite tensor categories and opposite bimodule categories. The set (M5);cz, is
called a string of cyclically composable bimodule categories, according to [FSS2].

To this decorated circle with marked points, by the prescription of [FSS2|, one associates a
linear category, which we will explain now, see Definition [30] First we consider the Deligne
product M7* X --- K M:» of the categories (M?);cz,. Following the above notation, corre-
sponding to each segment between two marked points e; and e;,; in the circle there is the
structure of an A7} -A7% | -bimodule category on this Deligne product. These n bimodule
category structures on the Deligne product commute with each other (up to canonical coherent
isomorphisms), since they act either on different Deligne factors or on two different sides of one
of the bimodule categories.

For each of these bimodule category structures on the Deligne product we can consider
so-called balancings; e.g. for a K-factorized object (m;°* X- - - K7, ) these are natural isomor-
phisms (m*! X - - - XM K (@517 b ot ) K- Rmyor — mpst K- W (m <a®') X
Mg+ X - WM, ) gea, .., Here, for any category X and e € {+1,—1}, we use the notation

. re X, ife=+41,
T = _
Te X, ife=-1.

for the object in X¢ that corresponds to the object x € X', and for a pivotal tensor category A

we use the notation
. a, if e = +1,
at =
a¥, ife=-L.

(While this notation would make sense for any tensor category that is not necessarily pivotal,
it would be unnatural as it would arguably favor the right dual functor over all other odd-fold
duals. Therefore we assume that A is pivotal, which is the case of our interest anyway.)

Let us recall the general definition of such balancings for bimodule categories.

Definition 28. Let 4 be a pivotal tensor category, let e,¢' € {+1,—1} and let M be an
A*- A% -bimodule category.
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2.A Appendix: a category-theoretic motivation for the vertex algebras

Then the category Z. .. (M) of balancings in M has as objects pairs (m, 5), where m is an
object of M and the balancing (B, : @ >m — m<a )ac. is a natural isomorphism satisfying

(a®b)€€>m%’¥€l>ﬁel>m

e e

Ba@b EE >m < ?5 ﬁ]] m
/€l —s/‘%/ / [
m<(a®b)” Xm<aa b male:
or, in formulas,
Bagh = (Ba < idbjf’) o (idge=>5) Va,b e A, (2.14)
fr = idp, (2.15)

where we have omitted the bimodule constraint isomorphisms.
The morphisms in the category of balancings are defined to be the morphisms in M that are
compatible with the balancings.

Remark 29. While this definition does not require any pivotal structure on the tensor category
— one can consider every dual to be the right dual, for example — we will consider it only for a
pivotal tensor category, since otherwise it would not coincide with the definition of the category
of k-balancings from [FSS2| for an integer x € Z. In the construction in [FSS2] this integer
comes from a framing of the underlying surface and determines which of the various multiples
of the double-dual functor, which are trivialised by a pivotal structure, we would need to insert
in the above definition.

The category that one finally assigns to the decorated circle with marked points, according
to the prescription of [F'SS2] is as follows:

Definition 30 (c.f. Definition 3.4 in [F'SS2]). Let L be an oriented circle with marked oriented

points {e;}iez, labelled by bimodule categories — giving rise to a string (M;");cz, of cyclically

composable bimodule categories. The category T(IL) assigned to the circle L is the category

of balancings on the Deligne product (Miez, M;') with respect to the A7 -Af%,  -bimodule
category structures for all © € Z,,. In formulas,
T(L) == Ze, 0, (- -+ Zepe Wicz, M) (2.16)

Remarks 31.

e This category is well-defined because the bimodule category structures on the Deligne
product, with respect to which the balancings are considered, all commute with each
other (up to canonical coherent natural isomorphisms). In [ESS2] it is explained that the
category of balancings is monadic and that the monads for the balancings for the different
bimodule category structures on the Deligne product satisfy a distributivity law, which
also shows that does not depend on the order in which we consider the balancings.
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2 Defects and boundaries in Kitaev models

e The category assigned to a decorated circle with marked points reduces to the well-known
Drinfeld center Z(.A), as shown in [FSS2], if all bimodule categories M; are given by a
single tensor category A.

In Theorem we want to give a realization of such a category assigned to a decorated
circle with marked points, in terms of representations of a k-algebra, namely the vertex algebra
C,, if the bimodule categories (M;); are the representation categories of bicomodule algebras
(KC)BEZ%'5'

To this end, we first show generally that the category of balancings, as in Definition [28| can
be realized in such a representation-theoretic way. For this, let H be a finite-dimensional Hopf
algebra over k, let €, € {+1,—1} and let K be an H*-H ¢_bicomodule algebra. Recall from
Subsubsection that the category K-mod is an H°-H®-bimodule category, so that we
can consider the category of balancings Z. . (K-mod) as defined in Definition . On the other
hand, recall from Definition (3 the so-called balancing algebra H;_,, which is an ((H )P @ HF)-
module algebra, and recall from Deﬁnitionthe crossed product algebra H?_, © K, for which we
consider K as an ((H®')®P @ H®)-comodule algebra. This k-algebra H r. © K with underlying
vector space H* ® K is characterized by having H* and K as subalgebras, and by the following
instance of the straightening formula for the multiplication of an element f € H* with an
element k € K: /

ke f = fkG7 k) - k) (2.17)

The following proposition proves that the category of balancings on K—mod is isomorphic

to the representation category of the k-algebra H_, © K. This justifies the name “balancing

algebra” for H _, and will be used in Theorem 33| to establish a connection between the vertex
algebras defined in this thesis and the categories assigned to circles in [F'SS2].

Proposition 32. Let H be a semisimple finite-dimensional Hopf algebra over Kk, let ,&" €
{+1, -1} and let K be an H*-H* -bicomodule algebra. Then there is a canonical equivalence of

k-linear categories
Z.(K-mod) = (H!_, & K)-mod.

Proof. Let (M, = (Bx : X b M —5 M <9 X% )yermod) be an object in Z. »(K-mod).

Recall that the vector spaces underlying the modules X°~ € H*~mod and X" € H-mod are
the same as X € H-mod. In this proof, to simplify notation, we will often write Sx as a map
X®M — M ® X, keeping implicit the module structures on the respective vector spaces.

We define, using (3, a left H*-module structure on M as follows. We denote by H,., € H-mod
the left regular H-module with underlying vector space H, whose H-action is defined by left
multiplication.

p: H*® M —s M, (2.18)
f@mv— (idy ®f)Ba,.,(1u @ m)

We show that this indeed satisfies the axioms of a left H*-module: On the one hand we have,
for f,g € H* and m € M,

p(f ® plg®@m)) = (idy &F) B, (1 @ (idyr ®9) B, (1 @ m))
= (idy ®f ® 9)(Bi,e, @ idy)(idy ®@PH,,)(1a @ 1g @ m).
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2.A Appendix: a category-theoretic motivation for the vertex algebras

On the other hand, we have

p((f-g9) @m) = (idy ®(f - 9))BH,e, (1 @ m)
= (idy ®f ® g)(idy ®A) Ba,., (1a @ m)

B natural

=" (ldy Of ® 9)Bes@treg (A(1r) @ M)
(idar @ f @ 9)BHyeg@Hoeg (11 @ 1y @ m)

2.14 . . .
= (idy ®F ® 9) (B ® idar) (idp ©Bie,) (L © Ly @ m),

where we use in the third line that the coproduct of H is an H-module morphism A : H,,, —
Heg ® Hyeg. This shows one of the two axioms of an H*-module. For the other axiom, let again
m € M. Then, indeed, we have

p(Lu= @ m) = p(e @ m)

def

= (idar ®€) B, (1 @ m)

B natural

= Be(e(ly) @ m)

:’]’]’I/7

where we use in the third line that the co-unit of A is an H-module morphism € : H,ee — k.
Hence, we have shown that p endows M with the structure of an H*-module.

To prove that (M, p) is an object of (H?_ © K)-mod we have to show that the just defined
H*-action p and the given K-action on M, which we simply denote by K @ M — M, k®@m —
k.m, satisfy the straightening formula (2.17)). That is, we have to show that, for all f € H*,
ke K and m € M,

ko ((idar @) By (Lt @ m)) = (idar @F (k7 k) Bty (Lt @ ko) m) (2.19)

We start with the right-hand side:

. _e! c B natural ,. —&’ €
(idn @F (k{7 - k(1)) Bt (Lt ® Kioy-rm) ” "2 (s @ £ (k37 +2)) Bty () @ o))

,BHreg K-linear

= (k)7 @ fkly kS ) Br, (L @ m)
= k.((idy ®f)Be, (L ® m)).

Here we use in the first line that right multiplication by any element h € H is an H-module
morphism (7 - h) : Hye —> Hyee for the left regular H-module H,e,, and in the last line
we use the defining property of the antipode of H. This concludes the proof that (M, p) €
(H:. © K)-mod.

Conversely, assume that M € (H_, S K)-mod and let us define on M a balancing Sx :
X oM — MaX forall X € H-mod. Denoting by (¢! € H*); and (e; € H); a pair of
dual bases, we define
Bx : XM — M® X,
T m— Zei.m@)ei.x,

7
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/

where e;.x refers to X as an H-module, not X< asan H <_module, even though we will show

that By is a K-module morphism X¢ > M — MaXxXe . Indeed, for k € K,x € X,;m € M,
we calculate

k(Bx(z @m) =Y (k).e'm) @ (k) e;.x)

_ etk () 1.(=¢) (€
= Z ('K (€. k:<6> x)

d=€fﬁx( (z ®@m))

Furthermore, it can be seen directly that (6x)xen moa iS @ natural family. Indeed, for any
H-module morphism f : X — Y and z € X,m € M, we have By (f(z) @ m) = 3, e'm ®

e (f(x)) =Y etm @ flex) = (idy ®f)Bx (x @ m).

It remains to show that (8x)xen moa Satisfies axioms and le. Bxey = (Bx ®
idy ) (idx ®pBy) for all X, Y € H-mod and [y = idy,.

For the first identity, let * € X, y € Y and m € M. Then on the one hand we have
Bxay(z @y m)= Yheme(zr@y) =) em® (ei(1)-7) ® (€i(2)-y). On the other hand,
(Bx ®idy)(idx @By )(z@y®m) = > ¢ el mReja®ey =3 e .m®(ez( 1)-2) @ (€5(2)-y), where
the last identity uses that the multiplication of H* is defined as the dual of the co-multiplication
of H.

In order to show , we use that the unit of H* is the co-unit ¢ : H —+k of H. For A\ € k

and m € M we thus have Be(m @A) E 3 elm @ e(e)A = 1y-.m = m.

So far in this proof, we have shown that on M € K-mod one can construct out of a bal-
ancing on M an H*-action such that M becomes an (H?_ © K)-module, and that conversely
out of an (H_ & K)-module structure one can construct a balancing on M € K-mod. To
conclude the proof of the proposition we have to show that these two assignments are inverse
to each other.

First, assume that (M, ) € Z..(K-mod). Consider the balancing 5" on M that is con-
structed from the H*-action on M which in turn is constructed from 3, as shown above. For
X € Hmod, z € X and m € M we have

By (z@m) =Y (idy @€') B, (1n ® m) @ €.

= (BHree (L @ m)) a1y ® (Bey (1 @ M) (x).%
B natural
Bx(x @ m),

where use the notation (8x,.,(1z ® m))an @ (Ba.,(1x ® m))x) = BH,,(lz ®m) € M ® X,
and in the third line we use that (?.z) : Hy,, —> X is an H-module morphism for any = € X.

Finally, assume that M € (H?_ & K)-mod with H*-action p : H*® M — M. Consider the
H*-action p/ on M that is constructed from the balancing on M which in turn is constructed
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from p, as shown above. For f € H* and m € M we then have

P(fem) =) (idy @f)(p(d @m) @ e ly) = Zp ®m)f(e;) = p(f ®@m),

which concludes the proof of the proposition. ]

Now, finally, we can prove the main result of this appendix. Most of the work for this has
already been done in the proof of Proposition Let v € XY be a vertex of a labeled cell
decomposition of X so that (K.)cexos are bicomodule algebras labelling the incident edges
at v. Let IL, be the corresponding circle with marked points which are labeled by cyclically
composable bimodule categories (K.-mod).exos.

Theorem 33. Letv € X° be a vertex in a labelled (as defined in Deﬁm’tz’on cell decomposition
of a compact oriented surface 3. There is a canonical equivalence of k-linear categories

T(L,) = C,-mod

between the category assigned by the modular functor T, constructed in [[SS2], to the circle
L, with marked points corresponding to the half-edges incident to a vertex v € X° and the
representation category of the algebra C,.

Proof. Consider the bicomodule algebra (®e€2g.5 KS“”), which realizes the Deligne product
&eeggs(Kefmod)g(e) = (®€€Eg<5 Kg(e))fmod as a representation category. For each incident
site p € X5t which corresponds to a segment between two marked points of the corresponding
decorated circle L, and is labeled by a Hopf algebra H,, it has an H;(e” )—H;(e;’ \_hicomodule
structure, where e, and e;, are half-edges incident to v in the boundary of the plaquette p, cf.
Figure [2.5! . Denote the sites in 35 in clockwise order around v by (p1 2, . . ., pn1) and abbreviate
€(€psi1) =1 €iv1 and (e, ) =: ;. We then repeatedly apply Proposition [32{ for each of these
H;fjil—H;;iH—blcomodule structures. This is well-defined and does not depend on the order,
since for different p € ¥ the bicomodule structures commute with each other. We hence
obtain an equivalence of categories

Za,en(' o 262,81 (&36205(K m0d>€(e )) = (((Hpn,l)zl,sn K- (Hp1,2)62,51) (e€§ 5 Ka(e ))7m0d

“ C,—mod,
which concludes the proof. O

Remark 34. Since the category of balancings reduces to the Drinfeld center Z(.A) if all bimodule
categories M; are given by a single tensor category A, as shown in [FSS2|, we see that also
in our construction in case of only transparently labeled edges incident to the vertex v, the
category of labels is the representation category of the Drinfeld double, just as in the Kitaev
construction without defects, see e.g. [BK2].
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3 Isotypic decompositions for
non-semisimple Hopf algebras

This chapter is organised as follows. In Section we first review the definition of isotypic
decompositions for finite-dimensional algebras and then obtain preliminary results about them.
In particular, in Proposition [40] we give a characterisation of the semisimplicity of a Hopf algebra
in terms of the centrality of the idempotent associated to the trivial isotypic component. Section
contains our main results for general finite-dimensional Hopf algebras with the Chevalley
property. Finally, in Section we first illustrate our results with an example of a basic Hopf
algebra (Subsection and then provide further evidence for Conjecture [48| by studying in
Subsection [3.3.2] an example of a Hopf algebra with the Chevalley property that is not covered
by our general results in Section [3.2]

3.1 Isotypic decompositions for finite-dimensional algebras

Let H be a (not necessarily semisimple) finite-dimensional algebra over k. Let, as before, I
denote the (finite) set of isomorphism classes of simple H-modules. Then, as a projective left
H-module, H possesses a direct sum decomposition into projective H-submodules H;,

H— @Hi, (3.1)

el

where H; =2 PP™ is a direct sum of projective indecomposable submodules of the same isomor-
phism type P;, the projective cover of the simple H-module given by ¢ € I.

Definition 35. We call H; an i-isotypic component of H, for i € I, and a direct sum decom-
position into isotypic components an isotypic decomposition of H.

Specifying an isotypic decomposition is equivalent to specifying the corresponding orthogonal
idempotents (p;)ier such that p; € Hy and ), p; = 1.

Remark 36. Isotypic decompositions can clearly be defined for any projective left module over
H. However, in general there does not exist a description in terms of orthogonal idempotents
in H, since for this we use that left H-module endomorphisms of H are in bijection with right
multiplications with elements of H: Endy(H) = H°P.

By the Krull-Schmidt theorem, the multiplicities n; of the indecomposable modules inside
each H; are unique for any isotypic decomposition. In fact, they are given by the dimensions of
the simple H-modules. Indeed, let .S; be a simple H-module in the isomorphism class ¢ € I and
let H;, = PfB”i, where P, is the projective cover of S; and n; € N. Then we have an isomorphism
of vector spaces

S; = HomH([—L Sl) =~ Hompg (@]'GIP],@”J'7 SZ) =~ HOI?(IH(Pi7 Si)EBm .
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Since Homp (P;, S;) is one-dimensional, this implies that n; = dim(S;).

Another point of view on isotypic decompositions is the following. Let J C H be the Jacobson
radical of the finite-dimensional algebra H, i.e. the maximal nilpotent ideal of H (as a general
reference see [Br|). Then the algebra H/J is the maximal semisimple quotient algebra of H
with natural surjection of algebras 7 : H — H//J.

Lemma 37. An isotypic decomposition of H is equivalent to an algebra map s : Z(H/J) — H
such that wo s = idz ).

Proof. Indeed, given an isotypic decomposition H = @, ; Hp;, mapping Z(H/J) 3 e; — p; €
H, where e; are the central orthogonal idempotents of the semisimple algebra H/J, gives us
such an algebra map s : Z(H/J) — H because Z(H/J) = span,{e;}.

Conversely, given an algebra map s : Z(H/J) — H such that 7 o s = idz(p,.), the images
of the central orthogonal idempotents e; € H/.J give us the orthogonal idempotents p; := s(e;)
of an isoty];ic decomposition of H. For this we need to show that Hp; is a projective cover
of S dim(5) - Indeed, Hp; is a projective cover of H pi/J(Hp;) and we have an H-module
isomorphism Hp;/J(Hp;) = (H/.J)e; = S£4™ 5 The first isomorphism follows from J(Hp;) =

(2

Hp;,NJ(H) = ker(ﬂHp_), together with the fact that (H/J)e; is the image of the restricted
quotient map T, - Hp, — H/J. O

3.1.1 (Non-)uniqueness of isotypic decompositions

In general, an isotypic decomposition is not unique. We can characterize the uniqueness of such
a decomposition as follows.

Lemma 38. Let H be a finite-dimensional algebra over k. A direct sum decomposition H =
@,c, Hi into left H-submodules, where the isomorphism types of the summands H; are pre-
scribed, is unique if and only if any left H-module automorphism of H commutes with the
projections of the direct sum @, ; H;.

Proof. Let H = @, H; be a unique decomposition into components of prescribed isomorphism
type and let ¢ : H — H be an H-module automorphism. Then H = €D, p(H;) together
with the projections (p o p; 0 o™ : H — o(H;)); is also such a decomposition and therefore
H; = p(H;) € H and p; = pop;op ! forallie J.

It remains to prove the implication in the other direction. For this assume that any H-
automorphism ¢ : H — H commutes with the projections p; : H — H; for all : € J. Now
let H = @, H; be another decomposition into components of the prescribed isomorphism type
with projections p; : H — H|/. There are isomorphisms ¢; : H; — H.. Together they give
an isomorphism ¢ = @, ¢, : H = @, H; — @, H; = H, which by construction satisfies
pop; = p.op forall i € J. But by assumption an H-automorphism ¢ commutes with the
projections p; : H — H; for all ¢« € J, i.e. we have pop; = p; 0 for all « € J. Together
this implies p; o ¢ = p; o  for all i € J and by invertibility of ¢ this proves the claim that
Pi = P;- L

Remark 39. Furthermore, we can describe the set of decompositions of H into isotypic com-
ponents as follows. Choose one such decomposition (p; : H — H;);. Mapping an H-linear
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automorphism ¢ € Auty(H) to the decomposition (p o p; o ™' : H — p(H;)); induces a
bijection

Auty(H) / HAutH(Hi) — {(p; : H — H}); isotypic decomposition}.

Denoting by Centyx{p;|i € I} the centralizer of the set (p;);cr in H*, we can thus also describe
the set of isotypic decompositions as the homogeneous set

HX/CentHx{pi‘i S [}

If H is a semisimple Hopf algebra, then the idempotents e; in equation (l.1)) giving us
the isotypic decomposition are central (as they are for any semisimple algebra by the Artin-
Wedderburn theorem), implying by Lemma the uniqueness of the isotypic decomposition in
the semisimple case.

Conversely, we obtain the following characterization of semisimplicity for a Hopf algebra H:

Proposition 40. A finite-dimensional Hopf algebra H over k is semisimple if and only if
there exists a decomposition H = @, ; He; into isotypic components such that ey € H, the
idempotent corresponding to the trivial H-module, is central.

Proof. The only-if part of the statement is implied by the Artin-Wedderburn theorem.

For the rest of the proof assume that ey is central. This implies that Exty, (I, S) = 0 for any
non-trivial simple H-module S as we show next. Let 0 - S — M — I — 0 be a short exact
sequence in H-mod, where M is an arbitrary H-module. Since e € H is central, acting with
this element defines an H-module morphism on any H-module, in particular e; : S — S. If
there were an x € S such that ej.z # 0, then this would define a non-zero H-module map
Hey — S, hep — her.xz. But for a simple H-module S non-isomorphic to the trivial one I,
this does not exist, since Hey is the projective cover of I. Hence, we must have e;.S = 0. This
implies that we obtain a well-defined morphism e; : M/S — M, which provides a splitting
of the short exact sequence, since M/S = I by exactness of the sequence and, hence, ey acts
on M/S as the identity. We have thus shown that Exty (I, S) = 0 for any non-trivial simple
H-module S, using that ej is central.

Due to Theorem 4.4.1 in [EGNQ], we also have Ext}, (I, T) = 0.

Now let N be an arbitrary H-module. Since a short exact sequence of H-modules induces
a long exact sequence of corresponding Ext groups, we can use a composition series for N to
inductively show that there exists a simple H-module S (the smallest module in the composition
series) such that Exty (I, S) surjects to Ext}, (I, N). Since we have shown that Ext}, (I, S) = 0,
this implies that Ext}, (I, N) = 0 for all N, and hence the trivial H-module I is projective. This
implies that every H-module is projective, since the tensor product of a projective module with
any other module is projective. We conclude that H is semisimple. O

Ezample 41. Let H = Hy =k(g,z)/(9*> = 1,2*> = 0, gv = —zg) be Sweedler’s four-dimensional
Hopf algebra, which reappears in more detail in Example [44 Consider the decomposition
H=F®P = HHTQ @ H%. Then there exists an automorphism ¢ : H — H of H as a
left H-module such that ¢(Fy) # Fy. Indeed, let ¢ be given by right multiplication by the
invertible element 1 + HTgx. This does not commute with the element %, as can be easily
computed. Hence 1% is not central and H, is not semisimple.
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3 Isotypic decompositions for non-semisimple Hopf algebras

We can therefore see that

1 1—
Hefg-—t9q4py-——9
5 5

and

1 1
HzH%(l—l—az)@HTg

are two different isotypic decompositions for Hy.

3.1.2 Isotypic decompositions for self-injective algebras

When we are dealing with a self-injective algebra H, i.e. the regular H-module is injective,
then finding an isotypic decomposition simplifies to finding isotypic components individually,
as we will show in this subsection. In particular, this applies to Hopf algebras since they are
Frobenius algebras and hence self-injective.

For a simple H-module S;, i € I, write ¢(i) for the (isomorphism class of) the socle soc(P;)
of the projective cover P; of S;. Since P; is also injective, because H is a self-injective algebra, it
holds that P; is the injective envelope of ¢(i). Since P; is indecomposable, this means that ¢(7)
is simple. So this gives us a bijection ¢ : I — I, which is called the Nakayama permutation
of H(ctf. [E]). In particular, if ¢ # j, we have soc(P;) # soc(F;).

Proposition 42. Assume that for any ¢ € I, H; C H is an i-isotypic component of H, i.e.
H; = P60 Then, the map
V:PH —H
icl
18 an isomorphism of left H-modules.

Proof. Due to dimension considerations it is enough to prove that W is injective. Assume the
opposite. Then choose a minimal subset J C I such that ¥|: ,., H; —> H is not injective.
Then for some ¢ € .J we have that | : @ 5y Hj — H is injective and H;NW (D, 1y Hj) #
0. If two modules intersect, then there is a simple module contained in the intersection. But
the biggest semisimple submodule of H; is the socle soc(H;) = soc(P;)®4mS) = ¢(;)®dim(S:),
The biggest semisimple submodule of the other module is

@ soc(H,) = @ soc( ;)@ 4m(Ss) — GB () B AmE)
jeN\{i} jeN{i} jei}

Since these two modules do not have any common submodule (up to isomorphism), we arrive
at a contradiction. O

So the conclusion of this proposition is: Once we pick for every ¢ € I a submodule H; which
is of the right isomorphism type (that is, it is an i-isotypic component), this will give us a direct
sum decomposition of H into isotypic components.

3.2 Isotypic decompositions for Hopf algebras with the
Chevalley property

As we have seen, isotypic decompositions of non-semisimple Hopf algebras are in general not
unique. Our goal is to nevertheless construct one explicit isotypic decomposition for a Hopf
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algebra by generalizing to the non-semisimple case the idempotents given by the character-
projector formula 7 which makes use of the additional Hopf-algebraic structure such as the
Haar integral.

Note that the idempotent ej for the isotypic component corresponding to the trivial module
is given by the Haar integral: e = (£(S(¢(1))¢(2))(A(¢)) = ¢. In a non-semisimple Hopf algebra
any (say, left) integral ¢ € H satisfies (¢) = 0 and, hence, ¢* = ({)¢{ = 0. So { is not an
idempotent anymore. Therefore the character-projector formula does not generalize to
anything desirable in terms of idempotents for an isotypic decomposition in the non-semisimple
case.

Instead we want to take into account that for a semisimple Hopf algebra the Haar integral
coincides with the (appropriately normalized) character of the regular representation of the
dual algebra:

Proposition 43 (Prop. 1 b) in [LR]). Let H be a semisimple finite-dimensional Hopf algebra
over k. Then the Haar integral of H is equal to p := mXH*’ where xg+ € H™ = H is the
character of the reqular H*-module.

This proposition motivates us to consider, for our purposes, the character of the regular
H*-module as the appropriate generalization of the Haar integral to the non-semisimple case:

pi= dim(H)XH* e "= H. (3.2)
Indeed,
e We still have that p is an idempotent:
9 1 1 1
p = WXH*XH* = WXH*@H* = WXH*@H:m
= mXH*XH;iV = Tm(E)E N dim(H) = mXH* =D,

where we have used the isomorphism of H*-modules H* ® H* — H* @ H{,,,[ ® g —
fay ® S(f)-9-

e Another basic property of p is that e(p) = 1, since e(xm+) = xu+(e) = dim(H).
e Moreover, the cyclicity of the trace implies that p € H is cocommutative.

e A difference from the semisimple case is that p is in general not central when H is not
semisimple. But, due to Proposition [0} this is exactly what we expect.

FExample 44. Let us consider as a non-semisimple example where the element p is not equal to
any integral, the four-dimensional Sweedler Hopf algebra (cf. Example [41)

Hy=k{(g,2)/(¢* = 1,2* = 0,97 = —x9)
The co-multiplication is given by A(g) =g® g and A(z) =2®@ 1+ g® .

As can be straightforwardly verified, the space of left integrals of Hy is I, = k(1 4+ g)z and
the space of right integrals is kz(1 + g). However, p € Hy is equal to 3(1 + g).
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3 Isotypic decompositions for non-semisimple Hopf algebras

For later reference, let us list the simple modules of Sweedler’s Hopf algebra H,. The Jacobson
radical J of Hy is k{z, gz} C H, and the maximal semisimple quotient H,/J of H, can then
be identified with the group algebra k{1, g} of the cyclic group of order 2. Hence, there are two
non-isomorphic simple H,;-modules, both one-dimensional: the trivial one, denoted k., sending
g — 1 and x — 0 and the other one, denoted k_, mapping g — —1 and = — 0.

Let us see what the character-projector formula would give us in this example if we
replace the Haar integral ¢ in the formula by the idempotent p. For the trivial module, we of
course get p = 3(1 + g) itself and for the non-trivial simple Hj-module we obtain 3(1 — g).
These are indeed orthogonal and both idempotent.

The Hopf algebra H, in the previous example has only one-dimensional simple modules, so
in particular satisfies the so-called Chevalley property. For the remainder of this chapter, we
will restrict our attention to the better behaved subclass of Hopf algebras with the Chevalley

property.

Definition 45. Let H be a Hopf algebra. H has the Chevalley property if the tensor product
of any two semisimple H-modules is again a semisimple H-module.

Remark 46. A Hopf algebra H, all of whose simple modules are one-dimensional, clearly pos-
sesses the Chevalley property. We call such an algebra basic.

Another characterization of the Chevalley property is the following (cf. [AEG, Proposi-
tion 4.2]):

Lemma 47. H has the Chevalley property if and only if its Jacobson radical J is a Hopf ideal
in H, that is J is an ideal such that A(J) C JQH+H®J, e(J) =0 and S(J) C J, orin other
words, H/J has the structure of a Hopf algebra such that the quotient map 7 : H — H/J is
a Hopf algebra morphism.

The class of Hopf algebras with the Chevalley property in particular includes the semisimple
Hopf algebras, but is much larger than that. In fact, many known examples of finite-dimensional
Hopf algebras over k have either the Chevalley property or a dual Hopf algebra with the
Chevalley property. The latter case includes in particular the pointed Hopf algebras that have
been much studied by N. Andruskiewitsch, H.-J. Schneider et al. For example the pointed
Hopf algebras with abelian group of group-like elements were classified in [AS| (under a mild
restriction on the order of the group). Hopf algebras with the Chevalley property were also
studied in [AEG, [AGM], [AV].

In view of Proposition and the observations following it, we conjecture the following
character-projector formula for non-semisimple Hopf algebras:

Conjecture 48. Let H be a finite-dimensional Hopf algebra over k with the Chevalley property
(cf. Def. . Then we conjecture that the elements

pi == dim(S;)xi(S(p)))pe) € H, (3.3)

for i € I, where I is the set of isomorphism classes of simple H-modules, define a set of
orthogonal idempotents of H such that H = @,.; Hp; is an isotypic decomposition.

Remark 49. When H has the Chevalley property, the quotient map = : H — H/J sends
{pi}ier to the canonical basis of central orthogonal idempotents of the center of the semisimple
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3.2 Isotypic decompositions for Hopf algebras with the Chevalley property

algebra H/J. The restriction of the quotient map to the subalgebra k(p;) C H generated by
{pi}iesr then gives us a surjection

m:k(p;) — Z(H/J).

onto a semisimple algebra. It is known that any such surjection splits as an algebra map, and
if s: Z(H/J) — k(p;) is a section, then sm(p;) will give us a basis of orthogonal idempotents
which are moreover non-commutative polynomials in the elements p;. However, our conjecture
asks if the character-projector formula generalises directly, without any adjustments.

In order to justify our assumption of the Chevalley property for this conjecture, we will give
a counter-example:

Example 50. Let us give a counter-example to the above conjecture for a Hopf algebra that
does not possess the Chevalley property.

Let o € k. Then we define an 8-dimensional Hopf algebra H (i) over k, a deformation of the
so-called double cover of Sweedler’s 4-dimensional Hopf algebra, as follows. As an algebra it is
generated by elements g and x with the relations

g'=1
grg~t =~
2 M 2
- 2=

and the co-multiplication is given by A(g) = g ® g and A(zx) =2 ® 1+ g ® x. From this one
can compute that p = WH#)XHW = 1(14+ g+ ¢* + ¢*). Let us compute the remaining p;
from the character-projector formula :

To this end we have to determine the simple H(u)-modules and compute their characters.
Since 12—92 and # are central orthogonal idempotents, H(u) decomposes as a direct sum of

algebras

1+ g? 1-g° _
H () = H(p)—5= @ H(p)—— = H(u)" & H(n)".
Denoting v := g(#) and & := x(#), as an algebra H(u)* has the unit 1, := # and is
generated by v and ¢ satisfying the relations
’72 = 1+7
vyl = =€,
£ =0,

and hence is isomorphic to the four-dimensional Sweedler algebra Hy.

On the other hand, denoting G := g(#) and X := x(#), as an algebra H(u)~ has the

unit 1_ := 13—92 and is generated by G and X satisfying the relations

G*=—1_,
GXG™'=-X,
X?=pl_

Now we have to distinguish the two cases = 0 and p # 0.
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3 Isotypic decompositions for non-semisimple Hopf algebras

Let us first assume that g = 0. Then setting G = 1G, the elements G and X satisfy the
relations of the four-dimensional Sweedler algebra H,4, so that we have that, as an algebra
H(0), is isomorphic to the direct sum of two Sweedler algebras: H(0) = H, & H;. We have
seen in Example [44] that Sweedler’s Hopf algebra has two one-dimensional simple modules k
and k_, so that H(0) therefore has four one-dimensional simple modules: kT and k* for the
H(0)*-part and ki and k= for the H(0) -part. The corresponding orthogonal idempotents
p; according to the character-projector formula are p = pyt = }1(1 + g+ ¢*> + ¢°) and
P+ = 1(1—g+g*—g?) for the two simple modules of H(0)* = Hy, and Pz = H1+ig—g*—ig®)
and p,- = 1(1 —ig — g* 4 ig®) for the two simple modules of H(0)~ = Hy.

Now consider the case p # 0. Then it turns out that the algebra H(u)~ is isomorphic to
the matrix algebra Maty(k), by identifying G' with <(Z) _OZ> and X with (1) /g . The matrix
algebra has only one simple module, the standard two-dimensional one, which we shall denote
by V, even as a module over H(u). Its character yy maps G + 0, G* — —2 and G® — 0.
In total then, H(u) has three smlple modules kT, ]k+ and V and the corresponding p; of the
character-projector formula arep=1(1+g+9¢*+¢*) and p+ = 1(1 — g+ ¢* — ¢°) for
the two simple modules of H(,u)+ >~ Hy, and py = 2- (2 —2¢%) = 1 — ¢? for the unique simple
module of H(u)~ = Maty(k). Here we see now that py? = (1 —¢%)2 =1 —2¢%+ ¢* = 2(1 — ¢?)
is not an idempotent. The reason for this failure to be idempotent is, one could argue, the
factor 2 in py = 2 - 1(2 — 2¢?), which comes from the factor dim(V') in the character-projector
formula py := dim(V)xv (S(p1)))p2)-

Indeed, if we set g = 0, then V is not a simple H (u)-module anymore, but rather fits in a
short exact sequence 0 — k= — V' — ki — 0, so that the character splits into xy = x;- + Xic -
Therefore, for u = 0, py becomes dim(V')(S(x,~ + Xkl) ®id)(A(p)) = dim(V)(p,- —|—pk;). The
sum of orthogonal idempotents p,- and Py is of course again an idempotent, so here we do
not get an idempotent precisely because of the factor dim(V') = 2.

3.2.1 Idempotence of the conjectured idempotents

Making use the Chevalley property we will now arrive at further results concerning the idem-
potent p € H and isotypic decompositions of H, towards proving our Conjecture (48|

We reiterate that if H has the Chevalley property, then H/J is a semisimple Hopf algebra
and the quotient map 7 : H — H/J is a surjective morphism of Hopf algebras. We want to
determine the image 7(p) of the idempotent p € H under this surjection.

Lemma 51 The image of the element p € H wunder the quotient map m : H — H/J 1is
PH/J = dlm(H/J)X(H/J) € H/J, and hence by Pmposztwnn the Haar integral of the semisimple

Hopf algebra H/J.

Proof. Considering p as an element of H**, w(p) € (H/J)** is the restriction of p : H* — k to the
subalgebra (H/J)*. According to the Nichols-Zoeller theorem H* is free as an (H/.J)*-module,
ie: H* = ((H/J)*)®N, for N € N such that dim(H) = Ndim(H/J) This implies for the
characters: xp« (H/T)* = Nx(uy)- and thus we have 7(p) = WXH | Ty = #(H)X(H/J)* =

1
dim(a/HX(H/])* = PH/J- ]

From this follows the main result of this subsection:
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3.2 Isotypic decompositions for Hopf algebras with the Chevalley property

Theorem 52. Let H be a Hopf algebra with the Chevalley property and let x : H — k be
the character of a non-zero one-dimensional (hence, simple) H-module. Then the element
Py = (S(x) ®1idu)(A(p)) € H is an idempotent such that Hp, C H is a x-isotypic component
of H.

Proof. Since x : H — k is the character of a one-dimensional H-module, it is an algebra
morphism. This implies that the element p, = (S(x) ® idy)(A(py)) € H is an idempotent
as it is the image of the idempotent p under an algebra morphism. Furthermore x : H — k
factors through H/J as x corresponds to a simple H-module and, hence, 7(p,) = 7((S(x) ®
idi)(A(p))) = (S(x) ®1du)(A(w(p))) = (S(x) ® idm)(A(pa/s)), using Lemma 51]in the last
step.

Since ppyy is the Haar integral of the semisimple Hopf algebra H/J, we thus know that
m(py) € H/J is the central idempotent projecting to the isotypic component of x in H/J.

To conclude the proof we show that, if eg € H is an idempotent preimage of the central
idempotent eg € H/J corresponding to a simple H-module (and, hence, also H/J-module) S,
then the submodule Hég C H is a projective cover of S€4™5  Indeed, Heg is a projective cover
of Heg/J(Heg). Moreover, note that we have the isomorphism of H-modules Heg/J(Heg) =
(H/J)eg = S®4m)  The first isomorphism follows from J(Heég) = Heg N J(H) = ker(ﬂHeNS),
where m : H — H/J denotes the quotient map, together with the fact that (H/J)eg is the
image of the restricted quotient map 7| Hes Hes — H/J. n

In this subsection we have shown that, for a one-dimensional simple H-module i € I, the
conjectured idempotent p; is indeed an idempotent projecting to an i-isotypic component of H.
However, we do not yet know whether these idempotents for one-dimensional simple modules
are orthogonal to each other.

3.2.2 Orthogonality of the conjectured idempotents

In particular, if we assume that H has only one-dimensional simple modules, i.e. H is basic,
then we know so far, combining Propositions and , that H = €,.; Hp; is an isotypic
decomposition for H. However, we do not yet know whether the natural projections of ,_; Hp;
onto the direct summands Hp; are the same as the projections given by right multiplication
with the idempotents p;. This is the case if and only if the p; are orthogonal to each other, i.e.
pip; = 0; jp; for all 4, 7 € I. In this subsection we prove a result which implies in particular for a
basic Hopf algebra H, using our results from Subsection [3.2.1] that under a certain additional
assumption they are.

Due to the following lemma, showing that ) ., p; = 1 is sufficient to show that the idempo-
tents p; are pairwise orthogonal to each other.

Lemma 53. Let H be an algebra with decomposition H = €, H; into left H-submodules H;
and let p; € H; be elements such that >, p; = 1. Then p;p; = ; jp; for alli,j and H; = Hp;.

Proof. We have for any i that p; = p;1 = Zj pipj- Then p; € H; by assumption and p;p; € H;
because H; is an H-submodule together imply that p;p; = 9, ;p; using the direct sum property

It is left to show that H; = Hp;. Hp; C H; follows immediately from the facts that p; € H;
and that H; is an H-submodule. In order to show that also H; C Hp;, assume that h; € H;.
We have h; = h;1 =) ; hip;. Since h;p; € Hj, this implies that h; = h;p;, concluding the proof
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3 Isotypic decompositions for non-semisimple Hopf algebras

In this subsection we therefore want to show that >, , p; = 1 (Thm. [56).

First we need a lemma. Note that the regular character xy : H — k lifts to H/J via the
quotient map 7 : H — H/J (as all characters of H do, since the Jacobson radical J is a nil
ideal). In fact, we can furthermore show that on H/J it is proportional to the character xz, ;s
of the regular H/J-module, i.e. we have:

Lemma 54. Let H be a Hopf algebra with the Chevalley property. Then: xg = (SILT—I%XH/JO’YT.
Proof. On the hand, we have for any left H-module M a canonical H-module isomorphism
H® M = H® My,. Applying this to M = 7*(H/J), by which we denote H/J with the action
of H via the quotient map 7 : H — H/.J, we obtain the equality of characters xu - Xx=(r/s) =
xu dim(H/J) € H*.

On the other hand, for any H/J-module N we have a canonical isomorphism of H/.J-modules
N ® H/J = Nuiy ® H/J, which implies for the characters: xn - xu/y = dim(N)x /.-

Next, observe that 7 : H — H/J induces an isomorphism 7* : Go(H/J) — Go(H) of the
Grothendieck rings of H-mod and (H/J)-mod. Since the character of a module only depends
on its class in the Grothendieck ring, this implies that there exists an H/.J-module V' such that
Xz = 7 xy. Moreover, dim(V') = dim(H ), since modules in the same class in the Grothendieck
ring have the same dimension.

In summary, we obtain

XH " Xa*(H/J) = ™ (xv - XH/J)
= 7 (dim(V)xm,.)
= dim(H )" (xny1)-

Together with the first paragraph of the proof this shows the claim. O

As always denote by I the set of isomorphism classes of simple H-modules and for ¢ € [
write p; 1= %(S()@) ®idy)(A(xu+)), as in Conjecture , where y; € H* is the character
of the simple H-module S; and where yy« € H** = H is the regular character of H*.

The following Theorem proves that ) .., p; = 1 holds for a Hopf algebra H with the
Chevalley property, under an additional assumption on H. In order to formulate this assump-
tion, we have to introduce the so-called Hecke algebra associated to H*. Since H has the
Chevalley property, H/J is its maximal semisimple quotient-Hopf-algebra. Dually this means
that Hj := (H/J)* C H* is the maximal semisimple sub-Hopf-algebra of H*. (In other words,
H; = (H/J)* is in particular the coradical [Mon| of H*.) Hence we can consider the unique
Haar integral Ay € H{ of this semisimple Hopf algebra Hj. Now the space AgH*Ay C H*
is an (in general, not unital) subalgebra of H* with unit Ay. It can also be characterised as
the endomorphism algebra End g« (H*Ag) = AgH*Aq of the H*-module H*Aj induced from the

trivial Hj-module along the inclusion Hj C H*. Hence:

Definition 55. We call the algebra AgH*A¢ with unit Ay the Hecke algebra H(H*, H) asso-
ciated to the trivial representation of Hj C H*.

Now we can state our result.
Theorem 56. Let H be a Hopf algebra with the Chevalley property. Let Aoy € H* be the Haar
integral of the mazimal semisimple sub-Hopf-algebra Hf = (H/J)*.
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Then

Zpi =1lp

il

if and only if the Hecke algebra AgH*Ay has up to isomorphism only one simple module.

Proof. Since for the regular character xy € H* of H we have by Lemma [54]

dim(H d1m dim(H .
= dim(]({/?]) ™ O1) = G Zdlm WI(J/}) Zldlm(Z)S(Xi)a

the equation ) ., p; = 1y is equivalent to

dim(H/J)

W(XH ®idy)(A(xa+)) = 1a.

Using that Ag = dlm(
dlm( X H by Lemma we rewrite this equation to

T XH/ T by semisimplicity of the Hopf algebra H/J, and Tl H T XH/ T =

(80 i) (Axa) = e i
which can be rewritten as dim( )
Xr= (Ao —) = m&q (3.4)

Since the subalgebra H{ is semisimple, we can decompose H* as an Hj-bimodule as

H*:®6iH*€j— @ 2]’

i,j€l’ i,j€I’

where (e;);er are the central orthogonal idempotents of the semisimple algebra H§ (in partic-
ular, e = Ay, where e; is the idempotent corresponding to the trivial Hj-module). Therefore,
with respect to this decomposition of H* we have:

. . HY : j=k,
H;;-H C < ,
0 o J#F k.

In particular, if ¢ # j, then H;; contains only nilpotent elements. From this it follows that
both sides of equation (3.4]) vanish on

&
(6L
Indeed, both xp+ (being a character) and ep+ (being an algebra map) vanish on nilpotent
elements of H*. Furthermore, for i # I, xr+(Ag- —) vanishes on H;; by orthogonality of (e;)icr
and so does e+ for the same reason, since g+ (Ag) = 1.
Therefore, equation (3.4)) is equivalent to

dim(H)
dim (/7)™ Inonen

XH*|A0H*A0 - (35)
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For this, note that left multiplication by AgH*Ag on H* is non-zero only on the direct summand
ANoH* C D, e;H* = H*. This defines an action of the algebra AgH*Aq (with unit Ag) on
AoH*. Thus equation is equivalent to the statement that the character of A¢H* as a
left AgH*Ag-module is equal to (EI;T—%&H* ’AOH*A . We can show this to be equivalent to the
statement that up to isomorphism, the algebra Agl%l *Ag has only one simple module: the trivial
one defined on k via &g+ AGH A - ANoH*Ag — k.

Indeed, if this is the case, then the character of the AoH*Ag-module AgH* must be equal
8O 1 ey prany where n € N is the length of the Jordan-Hoélder series of the module AgH*.
Evaluating on Ag, which is the unit for the algebra AgH*Ay, gives n = dim(AgH*). Therefore,

AgH+ A, L Temains to verify that dim(AgH*) = TR

Indeed, by Nichols-Zoeller H* = (H;)Y as a left Hi-module, for N = d?rinn(jf({}/l‘)])' Under this

isomorphism we have AgH* = (AgH )N = (Aok)Y, since A is the Haar integral of H. Hence,
dim(AgH*) = N = Gy,
Conversely, if there is another simple Ag H*Ag-module, not isomorphic to the trivial one given

by €+ AH A then it is also a quotient of the regular AgH*Ay-module and, hence, of AgH*.

But then the character of AgH* cannot be equal to (ﬁﬂ?—%am |A0H*AO. [

we obtain X g« |, ., = dim(AgH*)e g~

Finally, we conclude from Theorems [52] and [56] the validity of Conjecture 48] for a certain
subclass of the Hopf algebras with the Chevalley property:

Corollary 57. Let H be a finite-dimensional basic Hopf algebra over k and denote by Hj =
(H/J)* the maximal semisimple sub-Hopf-algebra of its dual H*. Assume that the associ-
ated Hecke algebra H(H*, H}) (cf. Definition has, up to isomorphism, a unique simple
H(H*, Hy)-module. Then Conjecture [4§ holds for H, i.e. (p; = dim(S;)x:(S(pw)))p))ier are

orthogonal idempotents such that H = @, ; Hp; is an isotypic decomposition for H.

Proof. Theorem [52] and Proposition [42] imply that the (p;);c; are idempotents and that H =
P, Hp; is an isotypic decomposition, since H has only one-dimensional simple H-modules.
Furthermore, Theorem 56| and Lemma [53| together imply that the (p;);e; are orthogonal.  [J

3.2.3 Hopf algebras with the Chevalley property and the dual
Chevalley property

Let H be a Hopf algebra over k with both the Chevalley property and the dual Chevalley
property (i.e. also the dual Hopf algebra H* has the Chevalley property). Then a lot more can
be said about the structure of H and, in particular, our conjecture that the elements p; give an
isotypic decomposition of H can be verified.

Lemma 58. Let H be a Hopf algebra over k with both the Chevalley property and the dual
Chevalley property. Then there exists a Hopf algebra section v : H/J — H of the quotient
map ©: H — H/J, identifying the maximal semisimple quotient Hopf algebra H/J with the
mazximal semisimple sub-Hopf-algebra (H*/Jg+)* C H.

Remark 59. By Radford’s projection theorem this implies that H is isomorphic to the Radford
biproduct R#(H/J), where R := H®H/7) the subspace of right (H/.J)-coinvariants of H.
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Proof. Since H* has the Chevalley property, its maximal semisimple Hopf algebra quotient is
H* — H*/Jg~, where Jy- is the Jacobson radical of H*. This means that

(H*/Jy)* C H™ = H

is the maximal semisimple sub-Hopf-algebra of H. Consider the composition (H*/Jy+)* <
H — H/J of inclusion and quotient map. We will show that it is an isomorphism of Hopf
algebras (H*/Jy-)* =2 H/J.

Firstly, it is injective because (H*/Jy+)* N J = 0, because (H*/Jy+)*NJ C (H*/Jg+)* is
a nilpotent ideal of (H*/Jy+«)*, but (H*/Jg~)* is semisimple and therefore has no non-zero
nilpotent ideal.

Secondly, we see that (H*/Jy+)* — H — H/J is also surjective, because its dual is

Hi = (HJ) = H' = H i

which is just the inclusion of the maximal semisimple sub-Hopf-algebra followed by the surjec-
tion to the maximal semisimple quotient Hopf algebra for the dual Hopf algebra H*, and this
is injective by the above argument. O

Proposition 60. Let H be a Hopf algebra over k with both the Chevalley property and the
dual Chevalley property. Then the family p; € H, as described in Conjecture [48, gives a set of
orthogonal idempotents of an isotypic decomposition of H.

Proof. We will prove this by proving that p; = ¢(e;) for the Hopf algebra inclusion ¢ : H/J — H,
which we have shown to exist in Lemma [58, where ¢; € H/J are the central orthogonal
idempotents of the isotypic decomposition of the semisimple Hopf algebra H/J. We have
P = ‘(ﬁﬁ—%xi(S(xH*(l)))XH*(g) and e; = %%(S(X(H/J)*(1))>X(H/J)*(2), where y; € H* is
the character of the i-th simple H-module and y; € (H/J)* is the character of the corresponding
H/J-module, i.e. xy; = x;om.

What we thus have to show is that

1 1

) <O X ) = G XS O e ) X )

Using 7 o+ = idy,; and that ¢ is a morphism of Hopf algebras, we obtain

1 1

W%(S(X(H/J)*(1)))L(X(H/J)*(2)) = W@(W(L(S(X(H/J)*(1)))))L(X(H/J)*(2))

- ﬁ){i(b(S(X(H/J)*(1)>>)L(X(H/J)*(2))

Thus it is left to show that
1 ( ) 1
—L * = *
dim(H /) XD = G ()

Denote by Il : H* — H*/Jg~ the quotient map, which is a morphism of Hopf algebras due to
the Chevalley property of H*. Then by Lemma [54] applied to H*, we have

1 1 .
dim—(H)XH* = mﬂ (XH*/JH*)'
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But in Lemma [58) we have identified the Hopf algebras (H*/Jy+)* and H/J and via this
identification, by definition, the injection ¢ : H/J — H corresponds to

0 : (H*)Jy)" — H™ = H.

Hence, mﬂ*(XH*/JH*) = WL(X(H/J)*), concluding the proof. O

3.3 Examples

In this last section of the chapter we discuss two examples of Hopf algebras with the Chevalley
property that we can show to satisfy our conjecture. The first example is a basic Hopf algebra
for which we can verify the assumptions of Theorem [56] which implies that the conjecture
holds. The second example is not basic and it does not follow directly from our general results
that it satisfies our conjecture, but we carry out explicit computations to show that it does.

3.3.1 The dual of a deformation of the double cover of Sweedler’s
Hopf algebra: a basic Hopf algebra

Recall the 8-dimensional Hopf algebra H(p) from Example [50] Without loss of generality let
us set pu = 2, since for all p € k*, H(p) is in the same isomorphism class of Hopf algebras.
Here we are interested in its dual Hopf algebra, which does satisty the Chevalley property, and
which by slight abuse of notation we will denote by H, so that H* = H(2). Recall that H* is
generated as an algebra by g and x subject to the relations

g'=1

grg~l = —x

$2 = (1 - g2>7

with the co-multiplication given by A(g) =g® g and A(z) =2 ® 1+ g ® z.

H* has a Zy-grading as an algebra, H* = (H*)o® (H*)y, where (H*)o = span,{1, g, g% ¢°} =
kG is the group algebra of the group G of group-like elements and (H*); = (H*)o - . Further-
more, we have A(H*)y C (H*)o® (H*)g and A(H*); C (H*)1 ® (H*)o® (H*)o ® (H*);.

The simple H*-comodules are given by the simple comodules of the coradical of H*, which
is (H*)o = kG C H*, and therefore we have four one-dimensional simple H*-comodules corre-
sponding to the four group elements of G.

For the dual Hopf algebra H this means that there are four simple H-modules and they are
one-dimensional and given by the four group elements 1, g, g%, ¢ € G interpreted as elements
of H*.

Let us consider the corresponding four elements p, py, py2,pes € H given by the character-
projector formula . Since all four simple modules are one-dimensional, our results from
Subsection imply that these four elements are idempotents projecting to appropriate
isotypic components. The remaining question of their orthogonality is answered affirmatively
by Theorem [56] Indeed, we can verify that the Hecke algebra AgH*Ag, where here Ag =
T(1+g+g*+¢*) € H;, satisfies the condition of Theorem 7 since

AoH* Ay = span, {Ag, Aoz A} = k[z]/(2?).
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Finally we can also compute the orthogonal idempotents p, py, ps2, pgs € H explicitly: With

respect to the basis {1, g, ¢°, ¢*, x, gz, g*x, >z} for H*, with dual basis
{01,084, 042,043, 05, 0ga, Og2s, Ogss }

for H, it is easy to see by computation that we have:

p=20
Py =04
pgz = (592
Pgs = Ogs

Therefore, indeed, the idempotents are orthogonal to each other.

3.3.2 A Hopf algebra with the Chevalley property which is not basic

Finally we consider an example of a Hopf algebra with the Chevalley property that is not basic,
i.e. it does not have the property that all its simple modules are one-dimensional. We show by
computation that it still satisfies Conjecture This gives evidence that our conjecture holds
for all Hopf algebras with the Chevalley property, even though our general results only cover
basic Hopf algebras (with an additional assumption on the associated Hecke algebra).

We describe the Hopf algebra H that we want to consider, first by its dual Hopf algebra H*.
As an algebra, H* is generated by the elements a,b, c and {e, | g € S3} subject to the following

relations:

eqen = O0gneg Vg,h € S
Z eg =1
gES3
aeg = eagga Vg € Ss
beyg = e(a3)gb Vg € Ss
ceg = €31)4¢ Vg € S3
ab+ bc+ ca =0
ac+cb+ba =0
a® = Aap(€13 + €132) + Aac(€23 + €123)
b* = Aoe(€12 + €132) + Apale13 + €123)
¢ = Aeal€23 + €132) + Aap(€12 + €123),

where Agp, A\pe, Aca € k are the deformation parameters. The co-multiplication on H* is given

by

Aley) = Z egh-1 ®ep Vg € Sy

heSs

A(&) =a 1 + (61 — 612) ® a+ (6132 — 613) X b+ (6123 — 623) X c
Ab) =b® 1+ (e —ea3) @b+ (e132 — e12) ® c+ (e123 —e13) ® a
Alc) =c®1+ (eg —e13) @ c+ (€132 — €23) ® a+ (€123 — €12) @ b.
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We see that H* contains the dual group algebra k = span,{e, | g € S3} of the symmetric
group S3 as a sub-Hopf-algebra. In fact, H* is a cocycle deformation of the Radford biproduct
B#k%, where B is the Nichols algebra generated by a,b and ¢ and the dual group algebra
k*? is the maximal semisimple sub-Hopf-algebra. For more details about this Hopf algebra see
M., [AV].

For the dual Hopf algebra H with the Chevalley property this means that it possesses the
group algebra kS3 as its maximal semisimple quotient Hopf algebra and, hence, the simple
H-modules are given by the irreducible representations of S3: the trivial representation, the
sign representation and the two-dimensional simple H-module V', which is defined by:

01
(12) — <1 0)
0 -1
(123) — <1 _1) :
For later reference we note that the character y,, € H* of this H-module is xy = 2e; —e193—e139.
Now we want to compute the three corresponding elements p, psn and py € H from the
conjectured character-projector formula (3.3)).
Let us start with p = WX u+, that is we have to compute the trace of the regular repre-

H)
sentation of H*. A convenient basis for H* as a vector space is given by

{1,a,b,c,ab, be, ac, cb, aba, abe, bac, abac} x {e, | g € Ss}. (3.6)

Hence we can think of H* as being N>g-graded as a coalgebra (the grading comes from the
grading of the Nichols algebra B), where the degree is determined by the length of the word in
the letters a,b and c.

The basis elements e,, g € S, of degree 0 are idempotents with 12-dimensional image, that
is x g+ (eg) = 12. This determines the trace of all elements of degree 0.

The basis elements of degree 1 are nilpotent: For example,

9 _ 2 _
aegaey, = a"€(12)g€g = a°0(12)9,4¢g = 0

for all g € S5 since (12)g # g. This implies that y g+ (ae,) = 0 and likewise xp+(bey) = 0 and
xu+(ceg) =0 for all g € Ss.

A similar argument shows that the trace is zero on the degree 2 and degree 3 parts of H*.
On the degree 4 component this argument does not work anymore, since (31)(12)(23)(12) =1
and hence

abacegabace, = (abac)?e,, (3.7)

which we cannot immediately see to be zero by orthogonality of the (ey),es, as before. In order
to obtain an explicit expression for x g« (abace,), we start by computing (abac)?.

Lemma 61.
(abac)? = abac((N2, + N2, — A2)eas + 2 apAacC132) — A2 A2 ea3 — A2 A2 e130
Proof. We straightforwardly calculate using the relations of the algebra H*:

abacabac = —aba(ab + be)bac
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= —abaabbac — ababcbac

= —ab(Aap(e13 + €132) + Aac(e23 + €123)) (Npe(€12 + €132) + Apa(€13 + €123))ac — ababcbac.
(3.8)

We further calculate

ababcbac = —ababe(ac + cb)c
= —ababcacc — ababcebe
= —ababca(Aeq (€23 + €132) + Aep(€12 + €123)) — abab(Aeo (€23 + €132) + Aep(€12 + €123) )b
= —ababca(Acq (€23 + €132) + Ap(e12 + €123))
— ababbc(Aca(€(31)(23)(23) T €(31)(23)(132)) T Aeb(€(31)(23)(12) T €(31)(23)(123)))
= —ababca(Aeq(e23 + €132) + Aep(€12 + €123))
— ababbc( N (e31 + €123) + Aap(e23 + €1))
= —ababca(Aeq (€23 + €132) + Awp(e12 + €123))
— aba(Mpe(e12 + €132) + Mal€13 + €123))c(Acales1 + €123) + Acp(e23 + €1))
= —ababca(Aeq(e23 + €132) + Aep(€12 + €123))
— abac(Ape(ez1)2) + €31)(132)) + Avale@n)(13) + €31123)) ) (Acal€sr + €123) + Aap(€23 + €1))
= —ababca(Aeq(e23 + €132) + Aep(€12 + €123))
— abac(Ac(€123 + €23) + Aa(€1 + €12)) (Acalest + €123) + Acp(e2s + €1)) (3.9)

and

ababca = —aba(ab + ca)a
—abaaba — abacaa
= —ab(Aap(e13 + €132) + Aac(€23 + €123))ba — abac(Agp(€13 + €132) + Aac(€23 + €123))
= —abba(Aap(e(12)23)13) + €12)(23)(132)) + Aac((12)(23)(23) + €(12)(23)(123)))
— abac(Aap(e13 + €132) + Aac(e23 + €123))
= —abba(Agp(e23 + €1) + Aae(€12 + €132))
— abac(Aap(e13 + €132) + Aac(€23 + €123))
= —a(Mpc(e12 + e132) + Apa(e1s + €123))a(Aap (€23 + €1) + Aae(€12 + €132))
— abac(Agp(€13 + €132) + Aac(€23 + €123))
= —aa(Npc(ea2)az) + €a2)132)) + Aal€a2)(13) + €2)123))) (Aap(€23 + €1) + Aac(e12 + €132))
— abac(Agp(e13 + €132) + Aac(€23 + €123))
= —aa(Xpe(er + €13) + Moo (€132 + €23)) (Aap(€23 + €1) + Aac(€12 + €132))
— abac(Aap(€13 + €132) + Aac(€23 + €123))
= —(Aav(e13 + €132) + Aacle2s + €123)) (Ae(e1 + €13) + Apa(€132 + €23))
“(Aap(e23 + 1) + Aac(e12 + e132))
— abac(Aap(€13 + €132) + Aac(€23 + €123))
= —(AavAvc13 + AapAbaC132 + AacAba23) (Aap(€23 + €1) + Aacl€12 + €132))
— abac(Aap(€13 + €132) + Aac(ea3 + €123))
= —AabAbaracC132 — AacAbaAanC23 — abac(Aap(€13 + €132) + Aac(e23 + €123)). (3.10)

61
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Putting the above computations together, we finally obtain:

abacabac = —ab(/\ab<€13 + 6132) + /\ac(egg + 6123))(/\bc(612 + 6132) + )\ba(elg + 6123))&0 — ababcbac

—ab(Aap(e13 + €132) + Aac(e2s + €123)) (Ave(e12 + €132) + Apa(€13 + €123))ac

+ ababca(Acq (€23 + €132) + Acv(€12 + €123))
+ abac(Npe(e123 + €23) + Apa(e1 + €12)) (Aca (€31 + €123) + Aep(e23 + €1))

B-10)
—ab(Aap(e13 + €132) + Aac(e23 + €123)) (Ape(e12 + €132) + Apa(€13 + €123))ac

+ (= AapAvaracCiz2 — AacAbaAape2s — abac(Aap(€13 + €132) + Aac(e2s + €123)))
- (Acale2s + e132) + Ap(e12 + €123))
+ abac(Npe(€123 + €23) + Aal€1 + €12))(Aca(e31 + €123) + Aep(e23 +€1))
= —ab(Aap(e13 + €132) + Aac(e23 + €123)) (Ape(€12 + €132) + Avale1s + e123))ac
— AabAbaAacAcal132 — AacAbarabAca€23 — abac(AapAca€132 + AacAca€23 + AacAch€123)
+ abac(Npe (€123 + €23) + Apa(e1 + €12)) (Acal(es1 + e123) + Aep(ea3 +€1))
= _abac()\ab(e(?;l)(m)(l?)) + 6(31)(12)(132)) + )\ac(e(31)(12)(23) + 6(31)(12)(123)))
“(Neele@nazyaz) + esnaz)as2) + AsaleEnazas) + esnaz)as))
— AabAbaracAcal132 — AacAbaAabAca€23 — ADAC(AapAca132 + AacAcal23 + AacAcbC123)
+ abac( (€123 + €23) + Aoal€1 + €12)) (Aca(e31 + €123) + Aep(e23 +€1))
= —abac(Aap(e23 4 €1) + Aac(e12 + e132)) (Mse(es1 + €1) + Apa(e2s + €132))
— AabAvaracAeal132 — AacAbaAabAca€23 — ADAC(AapAca132 + AacAcal23 + AacAcbC123)
+ abac( (€123 + €23) + Aoal€1 + €12)) (Aca(e31 + €123) + Aap(e23 + €1))
= —abac(AapApa€23 + AapApc€1 + AacAbaC132)
— AabAbaracAeal132 — AacAbaAabAca€23 — ADAC(AapAca132 + AacAcal23 + AacAcbC123)
+ abac(ApcAcaC123 + AbcAcb€a3 + ApaAchel)
= abac(_)\ab/\ba€23 — AabAbc€l — AacAba€132 — AabAca€132 — AacAca€23 — AacAcb€123
+ ApeAca123 + AveAcb23 + AbaAcnC1)
— AabAbaNacAca€132 — AacAbaAabAcaC23
= abac((—AapAba — AacAca + AveAey)€23 + (—AapAve + AvaAcp)€1 + (—AacAba — AapAca)€132
+ (—AaeAeb + AbcAca)€123)
— AabAbaNacAcal132 — AacAbaAabAcaC23
= abac((A2, + A2, — Ai)eas + (= AapAve + AavApe)er + (2hachap) €132
+ (= AcaMve + AbeAca)€123)
- )\gb)\ic€132 — AacAabAabAac€23

= CLbCLC(()\?Lb + )\3(1 - )\50)623 + 2/\ab)\acel32) - )\Zb)\zcegg — )\gb)\icelgg. (311)

Combining (3.7) and Lemma [61| we immediately obtain
(abac e12)* = 0 and (abac es;)* = 0.
This implies that
Xu+(abac e12) = 0 and x g+ (abac e3y) = 0. (3.12)
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Furthermore, using the relations of the algebra H* — in particular, we will use several times
(we will indicate it when we do) that

baca = —b(cb + ba)a
= —bcha — b*a?
= be(ac + cb) — b*a?
= be(ac + cb) — b*a?
= beac + bc*b — b*a®
—(ab+ ca)ac + bc*b — b*a?
= —abac — ca’c + bc’b — b*a?, (3.13)

and using the cyclicity of the trace, we can compute:

Xa-(abac ez3) = xp-(baca e(12)(23))

= xm+(acab e 23)(12)(23))

= xu-(acab eg)

= XH*
:XH*
:XH*

(3.12)

(
(
= xu~(—a(ab+ be)b ez)
(=
(—
(—

a’b? e — abeb es))
a’b? es; + ab(ac + ba) es1)

a®b? es; + ab’a es + abac es;)

i+ (—a®b* ez1 + a(Mpe(e12 + €132) + Npa(€13 + €123))a €31)

= XH*( a2b2 €31

+ a®(Neele (12)12) + €(12)(132)) + Ava(12)(13) + €12)(123)))€31)

= xu+(—a b ez +a ()\bc(el + e31) + Apa(€132 + €23))es1)
= X+ (—a®V* ez + a*Apeesr)
= X+ (—(Aap(e1s + €132) + Aac(eas + €123)) (Ave(€12 + €132) + Apa(€13 + €123))es

Xu+(abac e1) =

+ (Aap(€13 + €132) + Aac(e23 + €123)) Apees1)

1 (—AabAba€31 + AapNoc€31)

* ()‘ab()‘ab + >\bc)€31)

H
H* ()\ab/\ace?)l)

12X ap A (3.14)

= xg~(baca e13)

X+ (—abac e1y — ca’c e1a + bc®b gy — b?a? ery)

(3.13)
(3.12)

(
X+ (—ca’c eyn + bc*b e1o — b2a® eys)
e (—c(Aap(€13 + €132) + Aac(e2s + e123))C €12
+ b(Aca(€23 + €132) + Aep(€12 + €123))b €12
— (Ase(e12 + e132) + Apa(e13 + €123))
“(Aab(e13 + €132) + Aacl€2s + €123)) €12)
= X+ (—c(Aap(e13 + €132) + Aac(€23 + €123))C €12
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+ b(Acal(€23 + €132) + Acp(€12 + €123))b €12)
= XH*(_C2<)\ab(6(13)(13) + €e(13)132)) + Aac(€(13)(23) + €(13)(123)) ) €12
+ b(Aca(€23 + €132) + Acp(€12 + €123))b €12)
= X+ (—(Aap(e1 + €23) + Aac(e132 + €12))er2
+ b(Aca(€23 + €132) + Acp(e12 + €123))b e12)
= X+ (= Aacer
+ b(Aca(€23 + €132) + Acp(€12 + €123))b €12)
= X+ (—(Aca(eas + €132) + Acp(e12 + €123)) Aacer2
+ b*(Aeale e(23)(23) + €(23)132)) + Aev(€(23)(12) + €(23)(123)) ) €12
(A Aacer2 + b*(Aealer + €12) + Aap(€132 + €31))er2
(= AabAacer2 + b*Acaer2)
= X+ (—AcbAaceiz + (Ase(e12 + €132) + Apa(€13 + €123)) Aeal12)
(= AcbAac12 + AbeAcali2)
(—AcbAaceiz + ApeAcai2)

xa-(abac ei23) = xu+(baca ez (123))

= xg~(baca es3)

B.13)
=" Y+ (—abac egy3 — ca’c eys + bcb ex3 — bra’eys)

Bl XH*(_CCLQC €3 + bc®b ea3 — b2a2623) — 12XapAac

= Xu+(—c(Aap(e13 + €132) + Aace23 + €123))c €23
+ b(Aca(€as + €132) + A(e12 + €123))b ea3 — b’ae3)
— 12X A\
= xu-(—*(Aa(e e13)(13) + €13)132)) + Aac(€(13)(23) + €(13)(123)) ) €23
+ b (Aca(e(a3)(23) T €(23)132)) + Acb(€(23)12) + €(23)(123)) ) €23 — b2@2€23)
— 12X Aac
= X+ (—(Aap(e1 + €23) + Aace132 + €12))eas
+ b (Aealer + €12) + A(ers2 + €31))eas — bPa’eas)
— 12X A\
= X+ (—(Aca(€as + €132) + Acp(e12 + €123)) (Aap(e1 + €23) 4 Aac(e132 + €12))eas
+ (Ape(e12 + e132) + Apa(€13 + €123)) (Acaler + €12) + Acp(€132 + €31))eas
— b%a’eqs)
— 12 b Aae
= Xa+ (—Acadavezs — b2a’eas) — 12X Aac
= XH* (—)\caAab623
— (Ape(e12 + e132) + Apale13 + €123)) (Aap(€13 + €132) + Age(€23 + €123))€23)
— 12X A\
= Xm+ (—Acarapas) — 12X Aae
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= XH* ()\ac)\ab€23) - 12)\ab)\ac
= 12)\(10/\ab - 12>\ab)\ac
= 0.

X (abac e133) = x - (baca eg)132))

= xg~(baca es)

(BHE)
=" \ - (—abac e — ca’c es; + bcb ez — b2a’es;)

B12)
=" xu~(—ca’c ez + bc®b ez — b*a’es)

0263120

= XH* (bC2b €31 — b2a2631)

(
(bQ()\ca<e(23)(23) + e@23)(132)) + Aev(€23)12) + €(23)(123)) ) €31 — b a’esr)
= xu-(0*(Aealer + €12) + Aap(e132 + €31))ezr — ba’esr)
(b*Ape31 — b*a’es)
((Ape(e12 + e132) + Apa(13 + €123)) Aveat
— (Mee(e12 + €132) + Avale1s + e123))a’esr)
= XH* ()\ cb€31 — Abaa 631)
= Xt (Aparcer€31 — Apa(Aav(€13 + €132) + Aacle23 + €123))es1)
= XH* ()\ baAch€31 — )\ba/\abe?)l)
= X+ (Ava(Ach — Ava)e31)
= Xt (ApaAca€s1)
= XH*()\ab)\ace?)l)
= 12 p Mg

Summarizing our above calculations we finally obtain:

Proposition 62.

1 1
b= dlmHXH* - 5 ( Z 129 + 12>\ab)‘ac<5abac €23 + 5abac e132))
gESs

1
= 6 ( Z g + )\ab)\ac<5abac €23 + 5abac 6132)) .

gESs

Since the character of the sign representation is Xsen = €1 — €12 — €23 — €31 + €123 + €132, We
have therefore:

1
psgn = p(ngn . —) = 6 <1 - (12) - (23) - (31) + (123) + (132) + )\ab>\ac(_5abac €23 + 5(11)(18 6132)) .

Furthermore, we have:

1
pv = p(XV : _> = 6 ( Z g + )\ab>\ac(6abac €23 + 5abac e132)) ((261 — €123 — 6132) : _)

gES3
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1
= 6(2 — (123) — (132) — AapAacOabac e1ss)-

Evidently, the images of these elements p; under the surjection H — kS3 to the maximal
semisimple quotient algebra kS5 are the orthogonal idempotents of kS5 for the unique isotypic
decomposition of kS3. Hence, by Lemma[37] it only remains to check that the p; are orthogonal
idempotents in H in order to prove that they provide an isotypic decomposition of H.

3.3.2.1 Idempotence and orthogonality of p, p,, and py

Concerning the question whether these elements p, pgn and py € H satisfy our Conjecture [48]
we can apply our general results from Subsections [3.2.1]and [3.2.2] We obtain from Theorem
that p and pgen are idempotents projecting to isotypic components of H of trivial type and sign
representation type, respectively. Moreover, we obtain from Theorem [56|that p+ psen +py = 1,
if we can verify that H satisfies the assumptions of that proposition.

Indeed, we can ensure that the subalgebra A¢H*Ay C H* has only one simple representation
up to isomorphism. The Haar integral of the semisimple sub-Hopf-algebra H; = k> C H*
is given by the idempotent e; € k. With this we can compute that AgH*Ag = ey H*e; =
k{ey, abace; }, since 1 and abac € B(V) span the subspace of Ss-degree 1 in B(V). e; is the
unit of the algebra AgH*Aq and, furthermore, we have (abace;)* = 0 by Lemma . Essentially,
the reason for this is that the deformed relations for the squares a?, b? and ¢? take values in the
kernel of right (or left) multiplication by Ag = e;. The algebra AgH*Aq is therefore isomorphic
to the two-dimensional algebra k[z]/(z?), which indeed has a unique simple representation.

Finally, with the help of a computation with the computer algebra system Magma, as can be
seen in the Appendix, we can extend these results to the statement that all three p, ps, and
py are idempotents and pairwise orthogonal.

3.3.2.2 Calculations with Magma

We describe here a Magma code for calculating explicitly the products of the different conjec-
tured idempotents p; for the Hopf algebra discussed in Subsection We begin with the
remark that, when considering the grading we have for H*,

4
H* = P H;,
k=0

the only direct summand on which the product p;p; (where i # j) might not vanish is Hj.
This follows from the fact that all p;’s vanish on Hy for k # 0,4, and on the coalgebra grading.
The calculation with Magma will be done in the following way: for different values of A\, Ay, A.
we will define the algebra A = H* in Magma. Then we will present it in a matrix form,
and calculate the trace of the regular representation, as well as the translations of this trace
by multiples of irreducible characters. For the calculations of the product we will calculate
(p; ® 1)A(abacey) where g € G and p; € {p,py} by hand, and apply the relevant functionals
p; € {p, Psgn, pv} to them. Finally, since all the relevant values are polynomials of degree at
most 3 in A\gpAge it will be enough to show that they vanish on four different values of Ay

The code is enclosed here. We ran it on http://magma.maths.usyd.edu.au/calc/, the
online version of Magma.
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/* Values of lambdas */

lam_a:=0;
lam_b:=23;
lam_c:=11;

K:=RationalField();

A<el,e2,e3,e4,eb5,eb,a,b,c>:= FPAlgebra<K, el,e2,e3,ed4,e5,e6,a,b,cl
elxel-el, e2xel, e3*xel, ed*el, ebxel, ebxel,

el*xe2, e2*%e2-e2, e3*xe2, ed*xe2, eb*e2, eb*e2,

elxe3, e2*xe3, e3*e3-e3, ed*e3, eb*e3, eb*e3,

elxed, e2*ed, e3*ed, edxed-ed, eb*ed, eb*e4d,

elxeb, e2*xeb5, e3*eb, ed*eb, eb*eb-eb, ebxeb,

elxeb, e2*xeb, e3*eb, ed*eb, ebxeb, ebxeb-e6,el+e2+e3+ed+eb+teb-1,
axel-e2*a,axe2-el*a, ax*e3-eb*a,eb*xa-axe3,a*ed-eb*a,a*xeb-ed*a,
bxel-e3*xb,b*xe3-elxb, b*ed-eb*b,ebxb-b*ed,bxe2-ebxb,b*xeb-e2%b,
cxel-edxc,c*xed-el*c, c*e2-eb*c,ebxc-c*e2,c*xe3-eb*c,c*eb-e3*c,
a*b+bkxc+c*a, a*xctcxb+b*a,

a~2 - (lam_a-lam_b)*(ed4+e6) - (lam_a-lam_c)*(e3+eb),

b~2 - (lam_b-lam_c)*(e2+e6) - (lam_b-lam_a)*(ed+e5),

c~2 - (lam_c-lam_a)*(e3+e6) - (lam_c-lam_b)*(e2+e5)>;

/* Defining A=H"* by generators and relations */

D:=Dimension(A);

S,f:= Algebra(A); /* S is now the algebra A considered as a subalgebra of the
72 x 72 matrix algebra. f:A\to S is the natural isomorphism */
Y:=AssociativeArray();

B,h:=ChangeBasis (S, [f(el),f(e2),f(e3),f(e4),f(eb),f(eb),
f(axel),f(axe2),f(axe3),f(axed) ,f(axeb),f(axeb),

f(bxel),f(bxe2),f (b*xe3),f(bxed) ,f(b*xeb),f(b*eb),
f(cxel),f(cxe2),f(c*xe3),f(ckxed) ,f(cxeb),f(c*xeb),

f (axbxel) ,f (axb*xe2) ,f (axb*e3) ,f (axbxed) ,f (axb*eb) ,f (axb*xeb),

f (bxc*xel), f(bxcxe2) ,f (b*xc*e3),f (bxckxed),f (bxcxeb) ,f (b*xc*eb),

f(axcxel) ,f (axc*xe2),f (axc*e3) ,f (axc*xed),f (axc*eb) ,f (a*xc*eb),

f (cxbxel) ,f (cxb*xe2) ,f (cxb*xe3),f (cxbxed),f (cxbxeb) ,f (cxb*xeb),

f (axb*axel) ,f (axbxaxe2) ,f (axbxaxe3) ,f (axbk*axed) ,f (axb*axeb) ,f (axb*axe6),
f (axbxcxel) ,f (axbxcxe2) ,f (axbxc*e3) , f (axbxcxed) , f (axbkxc*xeb) ,f (axb*c*eb),
f (bxaxc*el), f (bxaxcxe2) ,f (b*xaxc*e3),f (bxaxc*xed),f (bxaxcxeb) ,f (b*xaxc*eb),
f (axb*axcxel) ,f (axb*axc*xe2),f (axb*axcxe3),

f (axb*axcxed) ,f (axb*axcxeb) ,f (axb*axc*xe6)]);

/* we now fix for S the basis described above.
This is given by the algebra B. The map h:S\to B is then the isomorphism */

for i:=1 to D do

Y[i] :=0;
for j:=1 to D do
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Y[i]:= Y[i] + BasisProduct(B,i,j)[j1/72;
end for;
end for;

/* We calculate p as the trace of the regular representation
divided by the dimension. Notice that we think of p as an element in H=A"%. x*/

"print p";

for i:=1 to D do
Y[i];

end for;

Ilend pll ,

nim .
b

chi:= el-e2-e3-e4+eb+eb;
chiV:= 2xel - eb-e6;

/* the characters of the two non-trivial representations of A~x.
Both are elements of A */

Z:=AssociativeArray();

for i:=1 to D do

Z[i] :=0;

for j:=1 to D do

Z[i]:= Z[i] + (h(£f(chi))*BasisProduct(B,i,j)) [j1/72;
end for;

end for;

/* The array Z contains now the translation of p by the sign representation.
In other words, it is p_{sign}, considered as an element of A~*. %/

W:=AssociativeArray();

for i:=1 to D do

W[i] :=0;

for j:=1 to D do

W[il:= W[i]l + 2x(h(£(chiV))*BasisProduct(B,i,j)) [j1/72;
end for;

end for;

/* Similarly, we calculate p_V for the
2-dimensional irreducible representation of A. */

E2:=AssociativeArray();
for i:=1 to D do
E2[i]:=Y[i]+Z[i] + 2+W[i];
end for;
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"print epsilon";

for i:=1 to D do

E2[i];

end for;

/* We calculate and print the sum p + p_{sign} + p_V.
If it is the counit, then we are on the right path. */

"print p_sign";
for i:=1 to D do
Z[i];

end for;

"end p_sign";

nimn .
b

"print p_V";

for i:=1 to D do
wlil;

end for;

"end p_V";

nn.
3

/* Next, we calculated manually the

elements v_i:=(p \otimes 1)\Delta(a*b*axckei). */
vi:= h(f(1/6*(lam_a-lam_b)*(lam_a-lam_c)*(e3 + eb)
1/6*((lam_c-lam_a) *b*b*e6 - (lam_a-lam_b)*c*c*ed-
(lam_a-lam_b)*a*a*eb - (lam_a-lam_c)*a*a*e3)+

1/6x (axb*akxc*el + axckaxb*e2 + cxb*ckaxe3 +
bxaxb*cxed + ckxaxcxbkeb6 + bkxcxbkxaxeb)));

+

v2:= h(f(1/6*(lam_a-lam_b)*(lam_a-lam_c)*(e6 + e4)
1/6*((lam_c-lam_a) *b*b*e3 - (lam_a-lam_b)*c*c*e5-
(lam_a-lam_b)*a*a*ed4 - (lam_a-lam_c)*axa*e6)+

1/6% (a*xb*xakxc*e2 + akxckaxbkxel + cxbkxckxaxe6 +
b*axb*cxeb + c*axcxbxe3 + bxcxbkxaxed)));

+

+

v3:= h(f(1/6*x(lam_a-lam_b)*(lam_a-lam_c)*(el + e2)
1/6*%((lam_c-lam_a) *b*b*ed - (lam_a-lam_b)*c*c*xe6-
(lam_a-lam_b)*a*a*e2 - (lam_a-lam_c)*a*a*el)+

1/6* (axbxaxc*e3 + axcxaxbkxeb + cxbxckxakel +
bxaxbkxcxe6 + cxaxckbxed + bxcxbkaxe2)));

vd:= h(f(1/6*(lam_a-lam_b)*(lam_a-lam_c)*(e5 + e3)
1/6*((lam_c-lam_a)*b*b*e2 - (lam_a-lam_b)*c*c*xel-
(lam_a-lam_b)*a*a*e3 - (lam_a-lam_c)*axa*eb5)+

1/6* (axbxaxcxed + axcxaxbkxe6 + cxbxckxakeb +

+

3.3 Examples
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bkaxbkcxel + ckakcxbxe2 + bkcxbxaxe3)));

v5:= h(£f(1/6*(lam_a-lam_b)*(lam_a-lam_c)*(ed + e6) +
1/6*x((lam_c-lam_a) *b*b*el - (lam_a-lam_b)*c*c*e2-
(lam_a-lam_b) *a*a*e6 - (lam_a-lam_c)*a*a*ed)+

1/6* (axbxa*xc*eb + axckaxb*e3 + cxbxcxaxed +
b*axb*cke2 + ckaxckbxel + bxcxb*axe6)));

v6:=h(f(1/6%(lam_a-lam_b)*(lam_a-lam_c)*(e2 + el) +
1/6*x((lam_c-lam_a) *b*b*eb5 - (lam_a-lam_b)*c*c*e3-
(lam_a-lam_b)*a*a*el - (lam_a-lam_c)*a*a*e2)+

1/6* (axbxa*xc*e6 + axckaxbkxed + cxbxckxaxe2 +
b*axb*cxe3 + c*axcxbxeb + bxcxbxaxel)));

E:= AssociativeArray();
for i:=1 to 6 do
E[i]:=0;

end for;

for i:=1 to D do

E[1]:= E[1] + Y[il*v1[i];
E[2]:= E[2] + Y[il*v2[i];
E[3]:= E[3] + Y[i]*v3[i];
E[4]:= E[4] + Y[il*v4[i];
E[5]:= E[6] + Y[il*v5[i];
E[6]:= E[6] + Y[il*v6[i];
end for;

/* This calculates p (p \otimes 1)\Delta(axb*axc*ei) = p p (a*bkxaxckei).
Since axb*axc*el are the only elements on which p~2 might be non-zero,
it is enough to consider them.

After that we do a similar calculation for p*p_V and p*p_{sign}.*/
"results of p*p - p";

for i:=1 to 6 do

E[i]-Y[D-6+i];

end for;

for i:=1 to 6 do
E[i] :=0;
end for;

for i:= 1 to D do
E[1]:= E[1] + Z[il*v1[i];

E[2]:= E[2] + Z[il*v2[i];
E[3]:= E[3] + Z[i]l*v3[i];
E[4]:= E[4] + Z[il*v4[i];
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E[5]:= E[6] + Z[il*v5[i];
E[6]:= E[6] + Z[i]*v6[i];
end for;

"Results of p*p_{sign}";
for i:=1 to 6 do

E[i]l;

end for;

for i:=1 to 6 do
E[i] :=0;
end for;

for i:=1 to D do
E[1]:= E[1] + W[il*v1[i];

E[2]:= E[2] + W[il*v2[i];
E[3]:= E[3] + W[il*v3[i]l;
E[4]:= E[4] + W[il*v4[i];
E[5]:= E[6] + W[il*v5[i];
E[6]:= E[6] + W[il*v6[i];
end for;

"results of p*xp_V";
for i:=1 to 6 do
E[i];

end for;

/* Similarly to the elements vi from the previous part, we define
wi= (p_V \otimes 1)\Delta(axb*akckei) and similarly calculate the

wl:= 2xh(f(1/6x((lam_a-lam_c)*b*bxe6 + (lam_a-lam_b)*a*xa*xeb) -

1/6%((lam_a-lam_b)*(lam_a-lam_c)*eb)
+ 1/3*axbxaxckel - 1/6x(ckaxcxb*xe6 + b*cxbxaxeb)));

w2:= 2xh(f(1/6*x((lam_a-lam_c)*b*b*e3 + (lam_a-lam_b)*a*a*ed)
1/6*%((lam_a-lam_b)*(lam_a-lam_c)*e4)
+ 1/3xaxbxaxc*e2 - 1/6%(ckaxcxb*xe3 + bxcxbxaxed)));

w3:= 2%h(f(1/6*%((lam_a-lam_c)*b*b*xed + (lam_a-lam_b)*a*xa*e2)
1/6%((lam_a-lam_b)*(lam_a-lam_c)*e2)
+ 1/3*axbxaxc*e3 - 1/6x(c*axcxb¥xed + bxckxb*axe2)));

wad:= 2xh(f(1/6*%((lam_a-lam_c)*b*b*e2 + (lam_a-lam_b)*a*xa*e3)
1/6%((lam_a-lam_b)*(lam_a-lam_c)*e3)
+ 1/3%axbxaxc*ed - 1/6*x(c*xaxcxb*e2 + b*ckxb*axe3)));

wh:= 2*¥h(f(1/6*%((lam_a-lam_c)*b*bxel + (lam_a-lam_b)*a*a*e6)
1/6x((lam_a-lam_b)*(lam_a-lam_c) *e6)

3.3 Examples
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+ 1/3*axb*axckxeb - 1/6%(cka*xcxb*el + bkckb*axe6)));

w6:= 2*¥h(f(1/6*%((lam_a-lam_c)*b*b*eb5 + (lam_a-lam_b)*a*a*el) -
1/6x((lam_a-lam_b)*(lam_a-lam_c)*el)
+ 1/3*axbxaxckxe6 - 1/6*x(ckxaxcxb*xeb5 + bxcxbkxaxel)));

/%

"print ws";

for i:= 1 to D do

wilil, w2[il, w3[i], w4[il, w5[il, w6[il;
end for;

*/

for i:=1 to 6 do

E[i] :=0;

end for;

for i:= 1 to D do
E[1]:= E[1] + Y[il*w1[i];

E[2]:= E[2] + Y[il*w2[i];
E[3]:= E[3] + Y[il*w3[i];
E[4]:= E[4] + Y[il*w4[i];
E[5]:= E[5] + Y[i]l*w5[i];
E[6]:= E[6] + Y[il*w6[il;
end for;

n o n.
3

"results of p_Vx*p";
for i:=1 to 6 do
E[i];

end for;

for i:=1 to 6 do
E[i] :=0;

end for;

for i:= 1 to D do

E[1]:= E[1] + Z[il*w1[i];
E[2]:= E[2] + Z[i]l*w2[i];
E[3]:= E[3] + Z[il*w3[il;
E[4]:= E[4] + Z[i]l*w4[i];
E[5]:= E[5] + Z[il*w5[i];
E[6]:= E[6] + Z[i]l*w6[i];
end for;

"Results of p_V*p_{sign}";
for i:=1 to 6 do
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E[i];
end for;

for i:=1 to 6
E[i] :=0;
end for;

do

for i:= 1 to D do

E[1]:= E[1] +
E[2]:= E[2] +
E[3]:= E[3] +
E[4]:= E[4] +
E[5]:= E[5] +
E[6]:= E[6] +
end for;

"results of p_Vxp_V - p_V";

for i:=1 to 6
E[i]-W[D-6+i];
end for;

Wlil*w1[i];
Wlil*w2[i];
Wlil*w3[i];
Wlil*wd[i];
Wlil*w5[i];
Wlil*w6 [i];

do

3.3 Examples
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