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Abstract

In this thesis, we present recent results obtained in the area of integrable mod-
els and focused on two main aspects of the discipline. The first part of the thesis
concerns the geometric construction of specific multi-body integrable deformations
of Calogero-Moser models via reduction methods - and the subsequent quantization.
In particular, we provide a Poisson structure of the Ruijsenaars-Schneider model (i.e.
the relativistic Calogero-Moser model) with hyperbolic potential and spin degrees of
freedom, and we conjecture the trace formulae for the quantization of the spectral
invariants of the Lax operator in the hyperbolic Ruijsenaars-Schneider model. In
the second part of the thesis, we present a study of correlation functions in the fish-
net theories arising as a double-scaling limit of y-deformed N = 4 SYM theory, via
methods of exact solvability and integrability. In particular, we deal with the exten-
sion of the bi-scalar fishnet theory to any space-time dimensions, the computation of
specific four-point functions at finite-coupling and the extraction from the operator
product expansion of non-perturbative conformal data for the local operators.



Zusammenfassung

In dieser Arbeit prasentieren wir aktuelle Ergebnisse aus dem Bereich integrier-
barer Modelle, die sich auf zwei Hauptaspekte der Disziplin konzentrieren. Der
erste Teil der Arbeit befasst sich mit der geometrischen Konstruktion spezifischer
integrierbarer Mehrkorperdeformationen von Calogero-Moser-Modellen mittels Re-
duktionsmethoden - und der anschliefenden Quantisierung. Insbesondere liefern
wir eine Poisson-Struktur des Ruijsenaars-Schneider-Modells (dh des relativistis-
chen Calogero-Moser-Modells) mit hyperbolischem Potential und Spinfreiheitsgraden
und vermuten die Spurenformeln fiir die Quantisierung der spektralen Invarianten
des Lax-Operators in das hyperbolische Ruijsenaars-Schneider-Modell. Im zweiten
Teil der Arbeit priasentieren wir eine Untersuchung der Korrelationsfunktionen in
den Fischnetz-Theorien, die sich als doppelte Skalierungsgrenze der ~-deformierten
N = 4 SYM Theorie ergeben, iiber Methoden der exakten Losbarkeit und Inte-
grierbarkeit. Insbesondere befassen wir uns mit der Erweiterung der bi-skalaren
Fischnetz-Theorie auf beliebige Raum-Zeit-Dimensionen, der Berechnung spezifis-
cher Vierpunktfunktionen bei endlicher Kopplung und der Extraktion nicht storender
konformer Daten aus dem Operatorprodukt fiir die lokale Betreiber.
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Chapter 1
Introduction

“Nissuna umana investigazione si
puo dimandare vera scienza, s’essa
non passa per le matematiche
dimostrazioni.”

“No human investigation can claim
to be real science, if it doesn’t go
through mathematical proofs.”

Leonardo Da Vinci
Trattato della Pittura, ~ 1540

The theoretical description of any natural phenomena consist in a mathematical
model that encodes its dynamics, that is the way according to which the state of
things changes in time giving rise to the phenomenon. Any such model (dynamical
system) is defined by a set of numeric variables which give a complete description
of the configuration of the system at a certain time ¢ (degrees of freedom) together
with their dependence in time (evolution rule). Usually the evolution rule is not
explicitly known for a given dynamical system, but we can still define the system
by a set of differential equations in the time variable (equations of motion) whose
solution is the evolution rule. This scheme, first elaborated for classical mechanics,
can be extended to any field of theoretical physics, including quantum mechanics
and quantum field theory. In fact, this thesis concerns various models of classical
mechanics, quantum mechanics, and quantum field theory whose time-evolution is
triggered by the Hamiltonian function of the degrees of freedom, or in other words
by the energy of the system.

The crucial goal in the study of any dynamical system is to collect as much knowl-
edge as possible on its evolution rule. In the most optimistic hypothesis it is possible
to determine it exactly, solving the equations of motion. We refer to this condition
as exact solvability of a model. A systematic way to investigate the features of exact
solvability is given by the notion of integrability of the dynamical system, according
to the theorems of Liouville [1] and its global version by Arnol’d [2] (see also [3, 4] for
an extended treatment of this subject). The general idea of integrability is that if a
Hamiltionian system with N degrees of freedom has N independent conserved quanti-
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ties (integrals of motion) that generate N commuting symmetries of the Hamiltonian
function (involution property), it is always possible to separate the variables by a
canonical transformation so that the equations of motion can be solved by quadra-
ture. In other words an integrable system, after a suitable canonical transformation,
has conserved momenta, i.e. a Hamiltonian independent from the coordinates (free
motion). Along with the notion of integrability in classical mechanics, it is possible
to formulate its extensions to the quantum theory - where Poisson brackets between
functions are quantized into commutators of linear operators - which have several
realizations in terms of the Bethe ansatz, quantum separation of variables, Baxter
equations [5-8].

The theory of integrable models has shown formidable applications to the solution
of highly non-trivial problems in theoretical physics, covering topics ranging from
spin lattices [9, 10], systems of coupled particles on a line [11, 12], to the spectrum
of string theories and QFTs in the AdS/CFT correspondence [13, 14]. In this thesis
we will touch upon many of these aspects, with the goal to to shed more light on
the origin of integrability. The general approach that we will adopt for the systems
of interacting particles and lattice spins under study, is an algebraic analysis of their
Poisson structure aimed at revealing their integrability. Concretely, we will make
use of the Lax pair methods [15] and their quantum counterpart (quantum inverse
scattering method [10, 16]).

The special attention reserved in this thesis to field theories with conformal sym-
metry is due to the wide interest that they attracted in theoretical physics, rang-
ing from critical phenomena to quantum gravity. For the sake of exact-solvability
and integrability, conformal field theories [17] provide an amazing environment for
developing toy models. Indeed, tight constraints imposed by conformal symmetry
allow for significant simplification of correlation functions. For instance, the com-
putation of two-point correlators is reduced to finding the spectrum of a quantum
operator (Dilation), while three-point functions are fixed by symmetry up to a con-
stant. Moreover, computations of Feynman diagrams of the perturbative series for
conformal correlators are greatly helped by the simple power-law behavior of the
propagators.

The thesis is divided into two parts, reflecting the two research areas approached
during the doctoral period. Below we outline the content of the thesis and explain
our main achievements.

The first part of this thesis deals with the study of integrable models of many par-
ticles which mutually interact in one spatial dimension. In particular, we study the
relativistic Calogero-Moser models, also known as Ruijsenaars-Schneider models [18].
The first representative of the class of Calogero-Moser integrable dynamical systems
was studied by F. Calogero in 1969 for N = 3 particles [11], and its Hamiltonian for
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generic N reads

Hen(g,p) sz +Z (1.0.1)

i#] Qz_QJ

Further on, several deformation of the Calogero-Moser model were introduced and
shown to be integrable and solvable; among these we must mention the deforma-
tion of the rational potential 1/(¢; — ¢;)* to a trigonometric/hyperbolic or elliptic
function [12]. Doing so, one gives rise to a hierarchy of integrable models where the
elliptic one stands at the top and the other models can be obtained by sending to
infinity the fundamental periods of the torus on which the elliptic model is defined.
The models of Calogero-Moser hierarchy have been well studied together with their
quantum versions, and have found applications to several problems in theoretical
physics, ranging from the low-energy spectrum of super-symmetric gauge theories
[19] to recent advancements in conformal field theory [20]. Analogues features hold
for the Ruijsenaars-Schneider (RS) models [18, 21]; they form a hierarchy of inte-
grable models, each of them being the relativistic counterpart of a corresponding
model in the Caloger-Moser hierarchy. In this thesis we deal with the hyperbolic
RS model in the perspective of reduction techniques, according to which we aim at
obtaining a non-trivial integrable model starting from a highly symmetric dynamical
system with more degrees of freedom and a simple evolution rule.

In the chapter “Symmetry and reduction” (1) we briefly present the reduction
procedure by the Poisson action of a Poisson-Lie group [22] on the phase space of
a dynamical system, introducing the definitions of momentum map and the Dirac’s
classification of constraints. Furthermore we provide details on a particular symplec-
tic manifold, the Heisenberg double of a Poisson-Lie group, which is the natural start-
ing point for the reduction of Ruijsenaars-Schneider hyperbolic models performed in
the successive chapters of part I.

In the second chapter (2) we give an explicit realization of the reduction for the
hyperbolic model of the RS hierarchy, starting from a trivial dynamics defined on
the Heisenberg double of the Poisson-Lie group GL(V,C). We present an original
result about the quantum model consisting in a remarkably simple conjecture, based
on a guess over reduction procedure, for the quantum traces of powers of the Lax
matrix tr(L*), a complete family of integrals of motion. These quantities generate the
center of the semi-dynamical reflection equation (see [23]) which defines the algebra
of quantum Lax operators. Furthermore we provide details about the affine quantum
model obtained by introduction of a spectral parameter.

The third and last chapter (3) of the first part deals with the higher-rank real-
ization of the RS hyperbolic model. This dynamical system, better known after the
name of “spin Ruijsenars-Schneider model” has been first formulated by I. Krichever
and A. Zabrodin [24], by stating its equation of motion but without providing its
Poisson structure. Here we present as an original result a Poisson structure for the
spin model. This has been obtained by means of a Poisson reduction of a phase
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space consisting of the Heisenberg double of GL(N, C) enlarged with the degrees of
freedom of higher-rank twisted harmonic oscillators. We provide the explicit solution
to the equations of motion and explain its features of degenerate integrability [25].

The second part of the thesis deals with quantum conformal field theory (CFT)
and with integrability methods applied to field theoretical computations. In the past
two decades there has been an exceptionally fruitful interest in integrability tech-
niques for the computations of correlation functions in the context of the AdS/CFT
correspondence [26]. In particular the most advanced results have been obtained in
the super-symmetric and conformal NV = 4 SYM theory [13, 27], which is the natural
background of the second part of this thesis. All the scientific content we present —
apart from statements and formulas with an explicit reference to the literature — are
original contributions contained in the papers [28-31].

The first chapter (1) introduces a special strong deformation limit for the N' = 4
SYM theory (double-scaling limit), which leads to the loss of gauge symmetry and
super-symmetry but — at the same time — preserves the conformality of the resulting
theory, which in addition enjoys a much simpler field content (three complex scalars
and three fermions). This limiting procedure, firstly proposed by V. Kazakov and
O. Gurdogan in [32], provides an amazing toy model to explore the properties of
CFTs in space-time dimensions higher than d = 2 and their relation to integrable
spin chains with conformal symmetry SO(1,d + 1). It is worth mentioning that all
the features of such field theories are always discussed within the planar limit. In this
context the integrability methods appear as a tool for computing exact correlators, by
mapping the conformal Feynman integrals to the Hamiltonian of an integrable spin
magnet. This chapter presents the general properties of the doubly-scaled theory,
basing the discussion on the fact that its Feynman diagrams present a simple and
regular topology.

The second chapter (2) presents the definition of the bi-scalar fishnet theory (or
simply “fishnet theory”), a reduction of the double-scaling limit of N =4 SYM with
only two scalar fields. We generalize the fishnet theory to any space-time dimension
and by an “anisotropic” deformation consisting in different scaling dimensions for the
two scalar fields. Tuning the space-time dimension d and the deformation parameter
w, one can regard fishnet theory as an interpolation between other known integrable
models. For example, setting d = 2 and w — 0 the spin chain of fishnet theory
coincides with that of the BFKL (Balitski-Kuraev-Fadin-Lipatov) model [33] for the
scattering of high-energy gluons in quantum chromodynamics.

In the third chapter (3) we perform for the first time an explicit computation
of a specific class of four-point functions for the fishnet theory in two and four
space-time dimensions. The corresponding Feynman integrals admit a determinant
representation in terms of ladder integrals (computed in 4D by [34]) and we express
the integrals as an expansion over the spectrum of quantum separated variables in
the conformal spin magnet with open boundaries. A remarkable aspect of these
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results is the first-principle check of the bootstrap conjectures of [35].

Finally, the last chapter (4) of this thesis aims at extending the results of [36, 37|
about the CFT data of local operators in fishnet theory, to the entire double-scaling
limit of /' = 4 SYM theory, definitely richer in matter content due to the inclusion of
fermionic fields with Yukawa interactions. In addition we show how the integrability
of conformal Feynman diagrams in the spin-chain vacuum sector tr[¢¥] is described
by the same model of the simpler bi-scalar reduction. Finally, we point out the pres-
ence of logarithmic multiplets in the mixing of local operators, previously noticed
for the bi-scalar theory [38, 39], which arise as a consequence of non-hermitian in-
teractions. These results consist in drawing a first step back towards the original -
undeformed - N =4 SYM theory.

In the end of this thesis we give an appendix containing technical computations
that are required to justify some statements in the main text. An exhaustive bibli-
ography can be consulted at the end of this thesis, collecting references from both
the two parts.



Part 1

Geometry of the integrable
multi-body systems

~13 -



Chapter 1
Symmetry and reduction

1.1 Introduction

In this chapter we present through some definitions and examples the basic idea
that the Poisson-Lie symmetry of a dynamical system may be exploited to obtain
an integrable model by a reduction of the degrees of freedom. This basic idea will
be applied in the subsequent chapters to models of point-like interacting particles in
one spatial dimension going under the general name of Calogero-Moser systems and
their various deformations.

In order to introduce the basic notions, let us consider a dynamical systems with
N degrees of freedom. The configurations of N particles at a certain time can be
described by N real numbers ¢' = (¢',...,¢") which constitute a point of an N-
dimensional (real) manifold M. The phase space of the system is the cotangent
bundle T* M over M, that is the vector bundle of 1-forms on M. The dimension of
the cotangent bundle is then 2N and one can introduce a system of local coordinates
(pi,q"), where p; are coordinates on fibers. In other words, the 1-form on M defined
by a point (p;, ¢°) of the cotangent bundle a(p;, ¢") = pidq’ can be regarded as a 1-
form (canonical) on T*M. As a consequence it is always possible to associate to such
a dynamical system a closed (exact) form w = da which is indeed non-degenerate:

w=da =dp; \dq". (1.1.1)

The coordinates on M describe the degrees of freedom and are called positions {q'},
while the coordinates on the fiber are the momenta {p;}. In general, the state of
a dynamical system with N degrees of freedom is described by a point on a 2/N-
dimensional symplectic manifold Z.

A Hamiltonian dynamical system is characterized by the existence of a function of
the phase space H = H(q, p) such that the given differential equations for the time
evolution of an observable f = f(q,p) can be expressed via the following Poisson
bracket

@) = (1 Hap) = Jya ) OHa.p) P flap), (112

where the Poisson tensor J is a 2N x 2N matrix given by the inverse of the symplectic

form: J = w™!.

— 14 —
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A Hamiltonian symmetry is a canonical transformation which leaves the Hamil-
tonian H invariant

(¢,p) = (Q(q,p), P(q;p)), H(Q(g,p), P(q,p)) = H(q;D)- (1.1.3)

As such it is a diffeomorphism of the phase space that transforms solutions of the
equations of motion into solutions'. A consequence of a Hamiltonian symmetry is
the existence of conserved quantities - the generators of the infinitesimal symmetry
transformations, that form (a representation of) the Lie algebra g of the symmetry
Lie group G. In this thesis we will deal with the Poisson-Lie symmetry — the gener-
alization of the Hamiltonian symmetry to the Poisson action of a Poisson-Lie group
GG on the phase space & of a dynamical system.

Under suitable additional hypothesis on how the group G acts on the phase space
. the existence of a symmetry allows to reduce the number of degrees of freedom
of the system by means of the so-called Poisson reduction [40, 41], which leads to
the definition of a new Hamiltonian system (reduced) whose dynamics is usually
more-complicated than the non-reduced one. The reduction consists in eliminating a
number of degrees of freedom by setting the conserved generators of the symmetry to
some constant values, then to factor out some further redundant degrees of freedom
by fixing the residual (gauge) symmetry of the level set of such integrals.

The present chapter will deal with the formulation and application of such tech-
niques. The general task is to obtain from a simple dynamical system with many
symmetries on a symplectic manifold &2, a reduced system on a symplectic sub-
manifold Z,.; whose dynamics is much less trivial and which inherits enough invo-
lutive integrals of motion to satisfy Liouville’s integrability.

1.2 Poisson-Lie groups

In order to explain the Poisson reduction techniques, we need the notion of Poisson-
Lie group [22]. A Lie group G endowed with a Poisson structure, is called a Poisson-
Lie group if the group multiplication G x G — G is a Poisson mapping, where the
space G X (G is equipped with the product Poisson structure.

Let { , } be a Poisson bracket on G. The Poisson-Lie property requires that, for any
two smooth functions f,h on the group, it holds:

{f> h}(glg2) = {Rngv Rgzh}(gl) + {L91f7 Lglh}(QQ) ) (1'2'1)

where L,f(g9) = f(h-g) = Ryf(h). This definition is equivalent to ask that the
Poisson tensor J(g) satisfies the following equation:

J(9192) = J(g2) + Ady 1 @ Ady 1 T (g1), (1.2.2)

1The symmetry of the system can be of more general type, for example discrete symmetries generated by finite
groups. Here we refer to the continuous, smooth case which allows to define a symmetry according to Noether’s
theorem.
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where J(g) = JY(g)e; Nej € g A g, {e;} are basis elements of the Lie algebra g and
Ad is the adjoint action of the group?. In particular for g, = e the former equation
implies J(e) = 0, so the Poisson bracket on G degenerates at the group origin and a
Poisson-Lie group can not be a symplectic manifold.

We will consider a class of Poisson-Lie groups whose Poisson tensor .J has the
form

J(9) = Adg- @ Ady-1r — 1, (1.2.3)

where?
r=re; A e; = %rij(ei e —e;® ei) , (1.2.4)
is a constant element of gAg. The corresponding Poisson bracket, known as Sklyanin

bracket, takes a simple form between the generators of the coordinate ring of the
group

{91.92}c = [, 9190], (1.2.5)

for gy = g ® 1g and go = 1g ® g. Such bracket appears often in the theory of
integrable systems and we will encounter it several times in the next three chapters.
In this context a condition on r, resulting from the imposition of the Jacobi identity,
is:

(112, T13) + [r13, 23] + [r12, T23] = —02[% el ®e Rej, (1.2.6)

where 7;; is the r-matrix (1.2.4) acting on the i-th and j-th spaces, and ¢* € R is
a constant. Equation (1.2.6) is known as modified classical Yang-Baxter equation
(mCYBE). For ¢ = 0 we say that the r-matrix solves the classical Yang-Baxter
equation (CYBE), while the choices J(¢) = 0 and R(c) = 0 are called respectively
“split” and “non-split” solutions.

The Poisson-Lie property (1.2.1) implies that the space g* of linear functionals
over the Lie algebra g is itself a Lie algebra (dual Lie algebra) whose commutator
is defined by a co-cycle on g induced by the Poisson tensor J(g). Namely, we can
define the co-cycle d € g A g as

5(X) = d%J(e_SX) |, Xeg. (1.2.7)

Then, the commutator of the dual Lie algebra is given, for any two elements ¢, /' € g*,
by
([6, 03, X) = (L@ V), 6(X)), (1.2.8)

2Let us think in terms of groups of matrices: the adjoint action of the group element h on a matrix M is the
conjugation hMh~1.

3To render J skew-symmetric, it is enough to require that the symmetric part of r = rie; ® e; is Ad-invariant.
Since this symmetric part decouples from J, we can assume from the beginning that r is an element in g A g.
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where X € g and (-, -) is the pairing between g and its dual space g*. We assume
from now on that the r-matrix (1.2.4) is a split solution of the (1.2.6), with ¢* = 1.
Then, we can define a linear operator r : g* — g as

leg — r(l)=r7(le)e;, (1.2.9)

and the commutator in the dual Lie algebra, for a Poisson-Lie group with Sklyanin
bracket (1.2.5), is realized as

([, 04, X) = — (£, [£(¢), X)) . (1.2.10)

As a further consequence of the Poisson-Lie property, one might define a connected
Lie group as “exponentiation” of the dual algebra g*, which we call dual Lie group
G*. The group multiplication on G* can be defined in the embedding G* — G x G.
Indeed, one can first define an embedding of g* into two copies of g as

leg m (Lol ) = %@«(f) +0r(l)—0) € (g,9), (1.2.11)

then considering to “exponentiate” the map to the dual group, that is to associate
to w € G* a pair (uy,u_) € G X G such that if u =1+ s/ + O(s*) then (uy,u_) =
(1 +sl, 1+ sl_)+ O(s?). According to this decomposition the multiplication law
of G* is just the usual matrix multiplication by components

(up,u_) - (vy,v-) = (Upv4,u_v_), (1.2.12)
The group G* can be embedded into G by a map o
olup,u ) =usu"t =u. (1.2.13)

Conversely, assuming o is a global diffeomorphism G* ~ G, for a given u € G
an element (uy,u_) is defined as a unique solution of the factorization problem u =
uyu”'. We remark that according to (1.2.12) the inverse of u is o(ul"', u=") = ui'u_,
that is not the matrix inverse of u. In general, the multiplication of two elements in

the embedding is then given by
vxu = vpupu_ o=t = viuv”t (1.2.14)
The dual group G* equipped with the brackets

{1, upator = —%[7“, Uy1Uyg], {up, u st = —[ry, upu_y],

_1

B B (1.2.15)
{U717u72}G* = 2[7’, U—1U72]7 {U—17U+2}G* = —[T77U71U+2] )

where rp = r £ (/2 and C = ¢; ® ¢; is the split-Casimir of the algebra g, is a
Poisson-Lie group. Further, under the map (1.2.13) the Poisson structure (1.2.15)
induces the following Poisson structure on GG

{ur, us}e = —%rulug — %uluzr + UIr_Ug + UoT U . (1.2.16)
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This structure is Poisson-Lie with respect to the product (1.2.14), i.e.,
{v1 xu,v2 % us oy o = {ur, ua (v x ),

where in the right hand side the subscript G refers to the bracket (1.2.16), while
{, }oexe in the left hand side refers to the product Poisson structure. In this way
we model the Poisson-Lie group G* as the manifold G with the Poisson brackets
(1.2.16) and the composition law (1.2.14). In the context of the Poisson-Lie theory
(1.2.16) and (1.2.15) are known as the Semenov-Tian-Shansky brackets [40].

1.2.1 Momentum map

In this section we summarize the features of a dynamical system which enjoys sym-
metry under the action of a Poisson-Lie group GG on the phase space &2. Our task is
to explain the procedure of Poisson reduction [40] in the formalism of the momentum
map introduced in [41]. We will require that the action G x & — & is a Poisson
map between the Poisson manifolds G x & and &2:

{fe: hatalg) +{fo het o (2) = {f. h}2(g - ), (1.2.17)

where f,(9) = f(g- ), fy(x) = f(g - x) and the subscripts distinguish the Poisson
bracket on the group and on the phase space. This condition is the requirement of a
“Poisson action”. In the case of the trivial Poisson bracket on G, i.e. {g1,92}¢ =0
this action is called “Hamiltonian” and it takes a simpler form

{fg:hg}o(@) ={f, h} (g -x). (1.2.18)

A Poisson action of a Poisson-Lie group G on a symplectic manifold &2 defines a
map M with values in the dual Lie group G*

M: PG (1.2.19)

which generates the infinitesimal group action on the algebra of functions of the phase
space. Let us call £x the vector field of the infinitesimal transformation associated
to an element X € g

Ex () = S F(e 1) |,y (1.220)

X .p € P is the result of the action of e** € G on the phase space point
p. Then the momentum map M is a generator of the group action in the Poisson
algebra:

where e~*

Exf= (X AM, f}ox MY, (1.2.21)

Here we emphasize that {M, f} 5 and M~ in the right hand side of the last formula
are multiplied by using the composition law of G*, in the embedding G* — G.
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The momentum map M satisfies some properties. First, it is a Poisson map*
between the Poisson manifolds & and G*, that is

{(Mf, MTh}2(p) = { [, hya-(M(p)), (1.2.22)

for any two functions f,h on the dual Lie group G*. For the components of the
momentum map the last formula specifies to

{My, Ma} 2 (p) = @i;(M(p))e’ M(p) @ &' M(p), (1.2.23)

where M} = M®1g-, My = lg- ® M, and ®;; is a Poisson tensor on G*. It follows
that the infinitesimal action of the group G on & is intertwined with an infinitesimal
action on G* defined by

EM(p) = @i5(p)e? M(p) . (1.2.24)
Secondly, the map X — x is a homomorphism of the Lie algebra g into the algebra

of vector fields on &2, that is
€x, 8] = &xyy - (1.2.25)

This property can be satisfied in accord with (1.2.24) if we impose that the tensor @
endows G* with the structure of a Poisson-Lie group, so that

O(M * M') = D(M) + Ady ® Ady®(M), (1.2.26)

for each M, M’" € G*, and it coincides with the Poisson-Lie structure defined by the
bracket (1.2.16). In this case, the action of G on & is intertwined with the coadjoint
action of G on the dual Lie group G*

M(g - p) = Ad;M(p). (1.2.27)

It follows that a Poisson-Lie orbit of G on &2 is mapped by M into a coadjoint orbit
on G*.

Now, let’s assume that the Poisson action of the Poisson-Lie group GG on the phase
space & is a symmetry of the dynamical system. This means that the Hamiltonian
‘H is invariant under the symmetry

ExH= (X, {MH}»+ M) =0, VX eg, (1.2.28)

It follows that the components of the matrix M = M(p) are conserved quantities
along the time evolution of the system, i.e. integrals of the motion. In other words
the existence of a Poisson symmetry means that the evolution of the system in the
phase space, occurs on the level set of the generators of the symmetry

S={pe Z|M(p)=M(p)}, (1.2.29)

4Here we are making some assumptions on the group which are verified in the examples of the next chapters. In
general, this condition should be relaxed by asking a more general Poisson structure on G* that includes an extension
by central terms [42].
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where we called py the initial condition. Thus the dynamical system is subject to
dim g constraints
M;; = M, (o), (1.2.30)

which can be classified into two classes [43]:

e Constraints of the first class correspond to those components of the momentum
map M, which Poisson commute with all the others on the constrained surface.
So, on the surface S one has that {M,, My} =0, Vo'.

e Constraints of the second class are all the others. For every point p € & which
lies in a neighborhood of the constrained surface &

det(¥)(p) #0, Wz (p) = {Mps, Mps}a(p), (1.2.31)
and so the matrix ¥ can be inverted in each point of S.

The geometrical meaning of the two classes of constraints coincides with the splitting
of the group action into two components. The momentum map elements associated
to first class constraints generate the component of the group action tangent to the
constrained surface, while the elements of the second class generate the components
of the action in a (skew-)orthogonal direction.

The restriction of the phase space to & does not conclude the reduction proce-
dure as the first class components generate the isotropy subgroup G, C G of the
constrained surface. Its action is well defined on S and defines the “gauge” transfor-
mations. Since the observable quantities are invariant under the action of G,,,, such
gauge freedom is redundant and generates unphysical degrees of freedom, so it must
be fixed to complete the reduction. The fully reduced phase space Ppeq = S/Giso
has now real dimension

dim Z,.4 = dim & — dim g — dim g;,,, (1.2.32)

and can be endowed with a symplectic structure according to [41]°. This statement
completes the procedure of Poisson reduction, and in the following chapters we will
give some explicit examples.

Once the symplectic form is defined, one needs to write explicitly the Poisson
structure on &,.4. In the simplified situation in which all the constraints are of the
first class, the restriction of the original Poisson brackets on & to the reduced phase
space P,..q is enough. Otherwise, the presence of second class constraints requires
the definition of the Dirac bracket. The latter is defined for any two functions f and
h on a neighborhood of § as

{f7 h‘}D = {f7 h’} - {fw/\/ld}qjgé{'/\/lﬁah} (1233)
With respect to the Dirac bracket, any function on the phase space Poisson commutes
with all the second class constraints, i.e.

{faMﬁ}D = {faM,B} - {fa MV}\IJ;(SI{M&Mﬁ} = {fa Mﬁ} - {f7M5} = 0,

5Under some additional hypothesis on the group action discussed in the paper [41].
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thus, in particular, all the constraints are of the first class.

In order to compute the Poisson bracket of two functions f ) hon P, (physical
observables) one needs to take any Gjs-invariant extensions f, h without loss of
generality, compute their Dirac bracket in a neighborhood of the reduced phase
space and then restrict the result to &2,.4

{f. 0} (x) ={f hIp(x), =€ Ppe. (1.2.34)

Symplectic reduction In the simplified situation in which the Poisson structure on
G is trivial, that is the dual group G* is abelian, we can write M = exp(u) where
i € g is called “momentum map” of the Hamiltonian action. In this case the
definition (1.2.21) reduces to

Exf = (X An, o), (1.2.35)
so that for each Lie algebra element there is an associated function
fx(p) = (X, u(p)) (1.2.36)

such that {xh = {fx, h}. It is possible to require that the Hamiltonian functions fx
satisfy the property

fixyvi ={fx,fv}=. (1.2.37)

The last requirement together with the Poisson property for the map u fixes com-
pletely the Poisson bracket between components of the moment map to be

{Mb /JJQ}@ = <lu’7 [6i7 ej]) ei A ej ’ (1238)

Obviously, (1.2.38) coincides with the Kirillov-Kostant bracket for the coordinates
(i on g* amalgamated into

p= e (1.2.39)
A straightforward consequence of (1.2.37) is the equivariance of the momentum map,
namely
Ex fr(p) = (u(p), [X,Y]) = (—adkpu(p),Y) , (1.2.40)
and so Expu(p) = —ad u(p), which can be integrated as
1i(g - p) = Adgu(p) . (1.2.41)

In simple words, the momentum map intertwines the Hamiltonian action of GG on the
symplectic manifold &2 with the action of G on the dual Lie algebra g* (coadjoint
action). The geometric picture for this statement is that an orbit on &2 is mapped
by p into an orbit in g* (co-adjoint orbit).

According to Marsden and Weinstein [44], if an Hamiltonian action is proper
and free, the restriction of the symplectic form w of & to Z,., defines a symplectic
structure on the reduced manifold, which is then the phase space of the reduced
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dynamical system. The symplectic reduction follows the same line of the Poisson
reduction previously presented. In the Hamiltonian case the constraints are given
by the components of the momentum map u(p) € g*, and are classified into first-
class and second-class following Dirac. The definition of the Dirac bracket on the
constrained surface is given by (1.2.33), where M should be substituted by pu.

1.2.2 Heisenberg double

It is known that the relativistic Calogero-Moser model (also known as Ruijsennars-
Schneider model) of N interacting particles in one dimension is an integrable system
and that it can be obtained via a Hamiltonian reduction of a dynamical system
having as phase space the cotangent bundle of the Lie group G = GL(N, C) (see [3]).
Starting from this result, that will be discussed to some detail in the next sections,
we introduce a deformation of the cotangent bundle of a Lie group to a symplectic
manifold going under the name of Heisenberg double of a Poisson-Lie group G. The
reason for studying such deformation is that the Heisenberg double of G = GL(N, C)
is the initial phase space for the Poisson reduction that leads to the N-particles RS
model with hyperbolic potential.

Given a Lie group G such that its Lie algebra g is factorizable®, the Heisenberg
double D, (G) is a symplectic manifold given by the direct product G' x G equipped
with the (non-degenerate) Poisson structure among the coordinates (z,y) € G x G:

{21, 22} = — (3rziza + 212237) |
{1, 92} = = (570102 + Y13

) 1.2.42
| (1.2.42)

Y

{21, 92} = _(7"+5U13/2 T T1Y2r4
{yth} = _(T—yle + yleT—) ;

where the subscript indexes label the corresponding matrix spaces z; = = ® 1,
o = 1 ® z. The interpretation of D, (G) as a deformation of the cotangent bundle
T*G ~ G x g requires the introduction of the following factorization, valid for almost
every element” of D, (G):

(z,9) = (L, L) g ") = (Lyg H Log™). (1.2.43)

Here (L£,,L_) is the representative of an element from G* corresponding in the
embedding G* <— G x G, which at the infinitesimal level is given by the decomposition
of the dual Lie algebra element ¢ into two Lie algebra elements (¢, ¢_) explained
in (1.2.9). Similarly, (g,g) is an image of ¢ € G under the diagonal embedding
G — G x G. The matrix elements of £4 and ¢ give a new system of generators
of the coordinate ring of the double. They are rational functions of x and y with
singularities at those points where factorization (1.2.43) fails. In terms of this new

6This means that there exist a solution # of the CYBE, such that 712 + 721 defines a non-degenerate ad-invariant
scalar product on g*. Concretely we will have # = ry and 712 + 721 = C12.

"For our treatment D is assumed to be connected and simply connected. We multiply (£, £_) by the inverse
(g,9) "' so that to have the standard definition of the right action of G' on a manifold which in the present case is D.
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coordinates system, the Poisson structure of the Heisenberg double is given by the
usual brackets of G*

{Li1, L2} = —%[7”; L1 Ly, (L, Lo} =—[ry, LaL o],

1 (1.2.44)
{L1, Lo} = =3[ L1L], {Ly, Loo} = —[r—, L1 L],

together with the usual Sklyanin brackets for the Poisson-Lie group G

{91792} = [T‘, 9192]7

and the mixed brackets between elements of G and G*, which make the structure
non-degenerate:

{Li1,92} = Liagore, {L1,92} =L _1go7—. (1.2.45)

The subgroup G* C D, (G), as well as G, is a Poisson-Lie subgroup, its Poisson
structure given by (1.2.44). The Poisson-Lie group G acts on G* by dressing trans-
formations [40]. Modeling G* over G, these transformations take the form of the
adjoint action®

L—hLh™ heG, (1.2.46)

and they are Poisson maps of the Semenov-Tian-Shansky bracket provided the Poisson-
Lie structure on G is given by (1.2.5). The non-abelian moment map of this action
is £. It is well known that the symplectic leaves of (1.2.44) coincide with the orbits
of (1.2.46).

Adjoint action In order to complete the picture for reduction, we consider that the
Poisson-Lie group G acts on its Heisenberg double with a Poisson action. In order
to write it we introduce a new coordinate system on the double which will be widely
used in the next chapters

A=L=L.LT", B=L gL', (1.2.47)

In this paragraph we will deal with the following action of the group G on its Heisen-
berg double
(A,B) — (hAR™* hBh™'). (1.2.48)

This action is Poisson, and its non-abelian momentum map is given by (M, M_):
D (G) — G*

Mi=L, L, M_=L_["_,
where we used also the primed factorization

(z.9) = (g )L LT = (Lo, L) (g g7"). (1.2.49)

8This is in fact the coadjoint action of G' on G*.
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The Poisson brackets between the components of the matrices M and M_ are
inherited form those of the double, and read

{M+17M+2} = _%[T7M+1M+2] ) {M+17M72} = _[T+7 M+1M72] )

2 (1.2.50)
{M—17M—2} = _§[T7M—1M—2] ; {M—17M+2} - _[T—aM—lM—I—Q] .

which are the Semenov-Tian-Shanky brackets. Indeed, in the embedding formalism
MedG
M=M (M) =La Wy, (1.2.51)
such brackets take the Semenov-Tian-Shansky form
{My, Mo} = —r, MaMy — MyMor_ + Myr_My + Mor  M; . (1.2.52)
Taking X € g, one can compute the infinitesimal actions
ExL = (X, {M, L}y« M) = —[X, L], (1.2.53)
and
Exg= (X, {M,g} x M™1) = —[Ad;_. X, g], (1.2.54)
which are indeed the infinitesimal forms of (1.2.48).

Relation to the cotangent bundle Having advanced into the structure of the Heisen-
berg double, we can now explain in which sense this phase space can be viewed as a
deformation of the cotangent bundle T*G.

The formula £ = £,L£~" gives an embedding G* < G and, alternatively, having
L € G the components Ly are found by solving the factorization problem in G
for which we assume a unique solution. The Poisson structure of D, in terms of
generators (£, g) is then

1
J—{{ﬁl, EQ} - —T’+£1£2 — LlLQT_ + El’f’_/:z + £27’+£1 )
1

;{Eb g2} = 92 L11C L7y, (1.2.55)
1
;{91792} = —[r,g192] -

Since a re-scaling of the Poisson bracket is always possible, we introduced here the
parameter » € C, which enters the Poisson brackets as a non-trivial deformation
parameter, if we assume that the coordinate functions also exhibit some non-trivial
scaling with s. Most importantly, a connection to the Poisson structure of the
cotangent bundle arises in the limit s — 0 provided we assume the following behavior
of £4 in this limit

Ei:-ﬂ—i-%gi—{—..., Ei:rié,
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while g remains unchanged. In this scaling limit
L=14xl+..., M=1—-sgllg—0)+...=1—2p+... (1.2.56)
and the Poisson structure (1.2.55) turns into

{91792} =0
{1, 92} = Cr202

1
{0, 6} = §[Clz,f1 — by,

which define the symplectic structure of 7*G. Thus, formulae (1.2.55) are deformed
counterparts of the Poisson structure of the cotangent bundle (in the left parametriza-
tion).

The idea of constructing integrable many-body systems via symplectic (Hamil-
tonian) reduction goes back to the Kazhdan-Konstant-Steinberg paper [45], where
the Calogero-Moser models with rational and trigonometric potentials have been
obtained from T™*g and T*G, respectively. In the next two chapters we show the
Poisson reduction techniques applied to the Heisenberg double of a Lie group of ma-
trices G = GL(N, C) in order to obtain the Ruijsenaars-Schneider (RS) model with
hyperbolic potential. Once this system is obtained one can take the degenerate limit
to the RS rational model or to the Calogero-Moser hyperbolic model by tuning in a
suitable way the deformation parameters. In particular we will present results about
the quantization of the system and its higher-rank realization (or “spin model”).

It is important to remark here that in the following we will deal with holomor-
phic integrable systems, defined on a complex algebraic manifold &2 (the phase space)
with an associated non-degenerate closed holomorphic (2, 0)-form w (the symplectic
form) and an abelian sub-variety of &, Lagrangian with respect to w. In this context
the complex canonical variables p; and ¢* are treated as holomorphic (complex) co-
ordinates on &. Such a setup can simplify crucially the reduction techniques, then
once the reduction is performed and an algebraic integrable system is constructed,
one can impose suitable reality conditions, compatible with natural physical require-
ments, such as positivity of the Hamiltonian, etc.






Chapter 2
Quantum Hyperbolic Ruijsenaars-
Schneider model

2.1 Introduction

The Ruijsenaars-Schneider (RS) models [18, 21] continue to provide an outstanding
theoretical laboratory for the study of various aspects of Liouville integrability, both
at the classical and quantum level, see, for instance, [46-50]. Also, new interesting
applications of these models were recently found in conformal field theories [20)].

In this chapter we study some aspects related to the quantum integrability of the
RS model with the hyperbolic potential. The definition of quantum integrability re-
lies on the existence of a quantization map which maps a complete involutive family
of classical integrals of motion into a set of commuting operators on a Hilbert space.
In general, there are different ways to choose a functional basis for this involutive
family which is mirrored by the ring structure of the corresponding commuting op-
erators. In particular, a classical integrable structure, most conveniently encoded
into a Lax pair (L, M), produces a set of canonical integrals which are simply the
eigenvalues of the Lax matrix. Their commutativity relies on the existence of the
classical r-matrix [15]. Provided this matrix exists one can build up different classi-
cal involutive families represented, for instance, by elementary symmetric functions
of the eigenvalues of L or, alternatively, by traces TrL* for k € Z. Concerning the
particular class of the RS hyperbolic models, the quantization of a family of elemen-
tary symmetric functions associated to a properly chosen L is well known and given
by the Macdonald operators [21, 51]. In this chapter we conjecture the quantum
analogues of TrL* built up in terms of the same L-operator that is used to generate
Macdonald operators through the determinant type formulae [52, 53]. In fact there
appear two commuting families [ ,;t that are given by the quantum trace formulae

I =Ty (CELiRERP Ly ... LR RY Ly )

as quantization of the classical integrals TrL*. In particular, R and R are two quan-
tum dynamical R-matrices that depend rationally on the variables Q; = e%, where
gi, 1 = 1,..., N are coordinates, and satisfy a system of equations of Yang-Baxter

—927 —
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type. Also, R is a parametric solution of the standard quantum Yang-Baxter equa-
tion.! Departing from I ,;t and introducing ¢ = e~", we then find that these integrals
are related to the Macdonald operators Sy through the ¢g-deformed analogues of the
determinant formulae that in the classical case relate the coefficients of characteristic
polynomial of L with invariants constructed out of TrL¥. The commutativity of I ,;t
and their relation to Macdonald operators has been checked by explicit computation
for sufficiently large values of N.

We arrive to this expression for I ,;t through the following chain of arguments.
It is known that the Calogero-Moser models and their RS generalizations can be
obtained at the classical level through the Hamiltonian or Poisson reduction applied
to a system exhibiting free motion on one of the suitably chosen initial finite- or
infinite-dimensional phase spaces [45-47, 54-56]. For instance, the RS model with
the rational potential is obtained by the Hamiltonian reduction of the cotangent
bundle 7*G = G x g, where G ia Lie group and g is its Lie algebra. In [57] the
corresponding reduction was developed for the Lie group G = GL(N, C) by employ-
ing a special parametrization for the Lie algebra-valued element ¢ = TQT ! € g,
where () is a diagonal matrix and 7' is an element of the Frobenius group F' C G.
An analogous parametrization is used for the group element ¢ = UP~'T~! € @G,
where U is Frobenius and P is diagonal. If one writes ); = ¢; and P; = exp p;, then
(pi, qi) is a system of canonical variables with the Poisson bracket {p;,¢;} = d;;. In
the new variables the Poisson structure of the cotangent bundle is then described
in terms of the triangular dynamical matrix r satisfying the classical Yang-Baxter
equation (CYBE) and of another matrix 7. The cotangent bundle is easily quan-
tized, in particular, the algebra of quantum 7T-generators is 1717, = T5T)R» and
its consistency is guaranteed by the fact that the matrix R, being a quantization of
r, is triangular, R13Rs; = 1, and obeys the quantum Yang-Baxter equation. The
quantum L-operator is then introduced as L = T~'¢T and it is an invariant under
the action of F. In [57] the same formula for [} as given above® was derived by
eliminating from the commuting operators Trg¥ = TrTL*T~! the element T'.

To build up the hyperbolic RS model, one can start from the Heisenberg double
associated to a Lie group GG. As a manifold, the Heisenberg double is G' x G and
it has a well-defined Poisson structure being a deformation of the one on T*G [40].
However, an attempt to repeat the same steps of the reduction procedure meets
an obstacle: since the action of G' on the Heisenberg double is Poisson, rather than
Hamiltonian, the Poisson bracket of two Frobenius invariants, { L1, Lo}, is not closed,
i.e. it is not expressed via L’s alone. Moreover, for the same reason, the Poisson
bracket {p;,p;} does not vanish on the Heisenberg double. On the other hand, a
part of the non-abelian moment map generates second class constraints and to find
the Poisson structure on the reduced manifold one has to resort to the Dirac bracket

1For the definition of other quantities, see the main text.
2In the rational case there is only one family, R4+12 — Ri2.
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construction.® In this chapter we work out the Dirac brackets for Frobenius invariants
and show in detail how the cancellation of the non-invariant terms happens on the
constraint surface. This leads to the canonical set of brackets for the degrees of
freedom (p;, ¢;) on the reduced manifold, the physical phase space of the RS model.
However, continuing along the same path as in the rational case [57] does not seem
to yield {7, L} and {T, T} brackets. The variable T" is not invariant with respect to
the stability subgroup of the moment map and computation of such brackets requires
fixing a gauge, which makes the whole approach rather obscure. Moreover, the very
simple and elegant bracket {L;, Ly} emerging on the reduced phase space looks the
same as in the rational case, with one exception: now the r-matrix 15 entering this
bracket is not skew-symmetric, i.e. 5 # r9;. We then find a quantization of rq5:
a simple quantum R-matrix R, satisfying R,19R_9; = 1, where R_;5 is another
solution of the quantum Yang-Baxter equation. In the absence of the triangular
property for R, 5, assuming, for instance, the same algebra for 7”s as in the rational
case - that is T\ Ty = Ty T R 15 - would be inconsistent. Thus, at this point we simply
conjecture that the integrals of the hyperbolic model have absolutely the same form
as in the rational case, with the exception that the rational R-matrices are replaced
by their hyperbolic analogues, which we explicitly find. That this conjecture yields
integrals of motion can then be verified by tedious but direct computation and indeed
holds true. Working out explicit expressions for these integrals for small numbers N
of particles we find the determinant formulae relating these integrals to the standard
basis of Macdonald operators. The rest of the chapter is devoted to the model
whose formulation includes the spectral parameter. Neither for the rational nor for
the hyperbolic case the spectral parameter is actually needed to demonstrate their
Liouville integrability, but its introduction leads to interesting algebraic structures
and clarifies the origin of the shifted Yang-Baxter equation [58] and its scale-violating
solutions.

The chapter is organized as follows. In the next section we show how to obtain
the hyperbolic RS model by the Poisson reduction of the Heisenberg double. This
includes the derivation of the Poisson algebra of the Lax matrix via the Dirac bracket
construction. We also introduce the spectral parameter and build up the theory
based on spectral parameter-dependent (baxterized) r-matrices. We also describe
a freedom in the definition of r-matrices that does not change the Poisson algebra
of L’s. In section 2.3 we consider the corresponding quantum theory. Finding the
hyperbolic quantum R-matrices Ry and R, we conjecture our main formula for the
quantum integrals ,;t and explain how it is related to the basis of the Macdonald
operators. The rest of the section is devoted to the quantum baxterized R-matrices
and the quantum L-operator algebra. We show that in spite of the fact that the
constant R-matrices satisfy the usual system of quantum Yang-Baxter equations,
their baxterized counterparts instead obey its modification that involves rescalings

3In [58] this problem was avoided by looking at those entries of L only that commute with the second class
constraints.
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of the spectral parameter with the quantum deformation parameter ¢ = e™". Some
technical details are relegated to two appendices. All considerations are done in the
context of holomorphic integrable systems.

2.2 The classical model from reduction

2.2.1 Moment map and Lax matrix

We start with recalling the construction of the classical Heisenberg double associated
to the group G = GL(N,C). Let the entries of matrices A, B € G generate the
coordinate ring of the algebra of functions on the Heisenberg double. The Heisenberg
double is a Poisson manifold with the following Poisson brackets

{A1, Ao} = se (=1 AjAy — AjAgry + Ay Ay + Ay Ay)
{A1, By} = s (—1_A1By — A1Bor_ + Ay 7By + Bary Ay) (2.2.1)
{By,As} = s (—ry B1Ay — BiAsry + Bir Ay + Ay 1y By)
{B1,Bs} = »(—r_B1By — BiBy1y + By 7By + By 1. By)

where the parameter s in this chapter will be set to be one. Here and elsewhere
in the chapter we use the standard notation where the indexes 1 and 2 denote the
different matrix spaces. The matrix quantities r. are the following r-matrices

e =
7"+:+§ZEZ-Z-®E¢1~+ZEZ‘]‘®EJ‘¢>
i=1

1<j
L N (2.2.2)
r_ = —§ZE”®E” _ZE’L] ®Eﬂ,
=1 1>
In the following we also need the split Casimir
N

ij=1

whose action on the tensor product CV ® CV is a permutation. In these formulae
E;; stand for the standard matrix units. The r-matrices (2.2.2) satisfy the classical
Yang-Baxter equation (CYBE) and have the following properties: . — r_ = C' and
T1o1 = —7T¢12. Moreover the matrix r = %(u—i—r,), is a skew-symmetric split solution
to the modified classical Yang-Baxter equation.

The variables (A, B) can be interpreted as a pair of monodromies of a flat connec-
tion on a punctured torus around its two fundamental cycles [59]. The monodromies
are not gauge invariants as they undergo an adjoint action of the group of residual
gauge transformations which coincides with G

A— hAh™', B — hBh'. (2.2.4)
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If G is a Poisson-Lie group with the Sklyanin bracket
{h1, ha} = —se[rs, hahy] (2.2.5)

then the transformations (2.2.4) are the Poisson maps for the structure (2.2.1). The
non-abelian moment map M of this action is given by

M =BA'BA (2.2.6)
and it generates the following infinitesimal transformations of (A, B)

{Ml,AQ} = —(7“+./\/l1 - er_)AQ + AQ(T’+M1 - MlT_) s

2.2.7
{Ml,BQ} = —(7‘+M1 _erf)BQ—i_BQ(TlFMl —MlT’,). ( )

The Poisson algebra between the entries of M is given by the Semenov-Tian-Shansky
bracket

1
;{Ml, Mo} = —r MuMy — MyMor— + Myr-Ms + Maory My . (2.2.8)

In the rest of this chapter we will set ¢ to one.

The Poisson algebra (2.2.1) has two obvious involutive subalgebras — one is gen-
erated by TrA* and the other by TrB*, where k € Z. There is yet another involutive
family which will play an essential role the next chapter, namely,

H,=Tr(BA Y =Tr(A'B)*, keZ. (2.2.9)

The fact that {Hg, Hy,} = 0 for any k, m € Z can be verified by direct computation.
A deeper observation is that the map

A— A, B— BA™, (2.2.10)

is a canonical transformation, i.e. under this map the Poisson structure (2.2.1) re-
mains invariant. Note that all the involutive families mentioned above are generated
by invariants of the adjoint action (2.2.4).

To perform the reduction, we fix the moment map to the following value

M = exp(yn), (2.2.11)
where n is the Lie algebra element
n=e®e —1, (2.2.12)

where e is an N-dimensional vector with all its entries equal to unity, e* = (1,...,1),
and ~ is a formal parameter which will be eventually interpreted as the coupling
constant. Fixing this value of the moment map is motivated a posteriori by the fact
that the dynamical model arising on the reduced space will have a close connection
to the RS model we are after.
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We are thus led to find all A, B that solve the following matrix equation
eNv

BAT'B'A=¢1 — ¢

eRe’, (2.2.13)

where on the right-hand side we worked out the explicit form of the exponential
exp(yn). In the following we adopt the concise notation

0=e" 5——6_71_61\[7 ——ﬁ(l—Q_N) (2.2.14)
= , = I : 2.
To solve (2.2.13), we introduce a convenient representation for A and B:
A=TQT™, (2.2.15)
B=UP'T. (2.2.16)

Here Q and P are two diagonal matrices and T, U € G are two Frobenius matrices,
i.e. they satisfy the Frobenius condition

Te=e, Ue=¢e (2.2.17)

and, therefore, belong to the Frobenius subgroup F of G.
Introducing W = T~'U € F, equation (2.2.13) takes the form

Q'WOW =01 + Be®eU, (2.2.18)
where we used the fact that U € F. Furthermore, we write
QW - W '=pee UW ! =Be@e™T.

This equation can be elementary solved for W~! and we get

N
_ B C;

Wt = — ., 2.2.19
ljz:l Q 1 eg Qj J ( )
where we introduced ¢; = (€*T');. The condition W~ € F gives a set of equations
to determine the coefficients c;:

Here V is a Cauchy matrix with entries

B

/S —
J Q;I_HQJ_I

We apply the inverse of V'

N N
1 . [0 — o) IE Q)" — Q)
V;; = -1 p1n-1 “7\7 a:N

AT e - e T1iet -0
i aj

—_

S)
<.
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to obtain the following formula for the coefficients c¢;

N
=0, Vil= | | GQ“ (2.2.20)
J J 1) 1 _ 9]\[

j=1

a

Finally, inverting W~ we find W itself

[1Q;' — 60

vy =2 . (2.2.21)
Q' -
ari

It is obvious, that eq.(2.2.13) becomes equivalent to the following two constraints
U=TW(Q), eT=c", (2.2.22)

where T, U € F, and the quantities W(Q), ¢(Q) are given by (2.2.21) and (2.2.20),
respectively. Any solution of €™T" = ¢* can be constructed as T = hTy, where Ty
is a particular solution of this equation and h is a Frobenius group element which
satisfies the additional constraint e*h = €. In fact, the subgroup of f C F C G
determined by the conditions

F={heG: he=e, €h=c¢€"}, (2.2.23)

constitutes the stability group* of the moment map determined by the element n.
Note that dim¢ ' = N? — N and dim¢ F = (N — 1)2.

Now we can define a family of G-invariant dynamical systems® taking the com-
bination L = W(Q)P~! as their Lax matrix. Explicitly,

L= ZQZ HHQJ Qip B . (2.2.24)

CL

After specifying the proper reality conditions, this L becomes nothing else but the
Lax matrix of the RS family with the hyperbolic potential. Note that on the con-
strained surface the A, B-variables take the following form

A(P,Q,h) = hTuQT, *h™, B(P,Q,h) = hT,LTy'h™", heF.

The reduced phase space can be singled out by fixing the gauge to, for instance,
h = 1. Tts dimension over C is 2N? — (N? — 1) — dim¢ F = 2N.

4We do not include in / the one dimensional dilatation subgroup C* ~ {h € G : h = cl, ¢ # 0}, because its
action on the phase space is not faithful.
5The systems whose Hamiltonians are invariant under the action of G.
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2.2.2 Poisson structure on the reduced phase space

Now we turn to the analysis of the Poisson structure of the reduced phase space. We
find from (2.2.1) the following formula

{Q;, B} =B> T,;Q;T;'Ey. (2.2.25)
kl

Next, we need to determine the bracket between Q; and P;. We have

{ijpi} {Q37 mn} {QJ> mn}

) Amn ) an

Here the first bracket on the right-hand side vanishes because all Q,; commute with
A5 To compute the second bracket, we consider the variation of B = UP~!T~!

UYSBTP =U'%U - P 'P.

Note that this formula does not include the variation §7'. This is because T is solely
determined by A, so so is its variation. The condition éUe = 0 allows one to find

5P, "
5= -> RUNTP

We thus have

{Q; P} =— ZP HTP) (BT )i QT = —QiPiéy; (2.2.26)

and similarly one can check the bracket {Q;, Q;} = 0. These formulae suggests to
employ the exponential parametrisation for both P and Q, that is, to set

Py =expp;, Q;, =expgq;,

where (p;, g;) satisfy the canonical relations {p;, ¢;} = 0;;.
An F-invariant extension of the Lax matrix away from the reduced phase space
is naturally given by the following Frobenius invariant

L=T"'BT, (2.2.27)

where T is an element of the Frobenius group entering the factorization (2.2.15).
The Poisson bracket of Q; with components of L is computed in a straightforward
manner

{Qj; Lmn} - {Qja (T—IBT)mn} - Z(T_lB)mp Zirljgjirjil(Elk)psTsn - Lann(Sjn7
p kl

6The spectral invariants of A are central in the Poisson subalgebra of A, the latter is described by the Semenov-
Tian-Shansky bracket [40] given by the first line in (2.2.1).
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which is perfectly compatible with the form (2.2.24) of the Lax matrix on the reduced
space. In matrix form the previous formula reads as

N
{Q1, Lo} = Q1L:Cp, Cha= Z E;j @ Ejj . (2.2.28)

J=1

As to the brackets between the entries of L, this time they cannot be represented
in terms of L alone but also involve T'. Ultimately, such a structure is a consequence
of the fact that the action of the Poisson-Lie group GG on the phase space is Poisson
rather than Hamiltonian, so that there is an obstruction for the Poisson bracket of
two Frobenius invariants to also be such an invariant. In addition, computing the
Dirac brackets of L one cannot neglect a non-trivial contribution from the second
class constraints and, therefore, the analysis of the Poisson structure for L requires, as
an intermediate step, to understand the nature of the constraints (2.2.13) imposed in
the process of reduction. The same argument holds for the Poisson brackets between
any of the Frobenius invariants W = T 'U and P, showing as a particular case
that P;’s have a non-vanishing Poisson algebra on the Heisenberg double”. We save
the details of the corresponding analysis for appendix A.2 and present here the final
result for the Poisson bracket between the entries of the Lax matrix on the reduced
phase space

{L1, Lo} = ri9L1 Ly — LiLoryy + LyTo1 Ly — Lor12Ly . (2.2.29)

Clearly, the bracket (2.2.29) has the same form as the corresponding bracket for the
rational RS model [57] albeit with new dynamical r-matrices for which we got the
following explicit expressions

N
r:Z<&E~—&E~)®(E~—E~)
o Qij i Qi]’ ] J Ji)
N Qi pen
T_ZQ_j( i — Eij) @ Ejj (2.2.30)
itj
N
r= &(Ei'@)Eji_Eii@Ejj)?
7 G

where we introduced the notation Q,; = Q; — Q. This structure can be obtained as
well after the computation of the Dirac brackets of W and P on the reduced phase
space

{Wh, Wa} = [ri2, W1 W5 (2.2.31)

7At the level of quantization, this fact prevents one from obtaining the quantum RS model starting from the
algebra of the quantum Heisenberg double. Indeed, doing so one should later restore the canonical commutation
relations of (P, Q) sub-algebra by imposing an analogue of the Dirac constraints at the quantum level.

8The quadratic and linear forms of the r-matrix structure for the RS model have been investigated in [60-64].
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(Wi, Po} = [r12, W] P (2.2.32)
{P1, R} =0, (2.2.33)

using the decomposition L = W P~!. Remarkably the imposition of Dirac constraints
makes the Poisson subalgebra { P;} abelian, allowing the interpretation of components
pi = log P; as particle momenta. Concerning the properties of the matrices (2.2.30)
and the Lax matrix, we note the following: first, r is expressed via r and 7 as

Tip = T12 +To1 — T12. (2.2.34)

Second, the matrix r is degenerate, det r = 0, and it obeys the characteristic equation

r? = —r. Moreover, in contrast to the rational case [57], r is not symmetric, rather

it has the property
rztra=Cp—-1®1. (2.2.35)

Third, it is a matter of straightforward calculation to verify that the Lax matrix
(2.2.24) obeys the Poisson algebra relations (2.2.29), provided the bracket between
the components of Q@ and P is given by (2.2.26),(2.2.33). Finally, as a consequence
of the Jacobi identities, the matrices (2.2.30) satisfy a system of equations of Yang-
Baxter type. In particular, for r one has just the standard CYBE

[r19,713] + [112, 73] + [r13,723] = 0. (2.2.36)
In addition, there are two more equations involving r and 7

[T12, T13) + {712, 3} — {713, 02} =0,

- - s (2.2.37)
(112, F13] + [r12, T2g] + [F13, Tas] + {r12,p3} = 0.

The matrix r satisfies the classical analogue of the Gervais-Neveu-Felder equation
[65, 66]

[£127f13] + [f12af23] + [Z137f23] + {£12,p3} - {f137P2} + {f237p1} =0. (2‘2-38)

It is elementary to verify that the quantities
I, = TrLF (2.2.39)

are in involution with respect to (2.2.30). This property of I}, is, of course, inherited
from the same property for TrB* on the original phase space (2.2.1). We refer to
(2.2.39) as the classical trace formula.

2.2.3 Introduction of a spectral parameter

Here we introduce a Lax matrix depending on a spectral parameter and discuss
the associated algebraic structures and an alternative way to exhibit commuting
integrals.
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To start with, we point out one important identity satisfied by the Lax matrix
(2.2.24). According to the moment map equation (2.2.18), we have

Q" 'WQ =W [11 v %e ® eTU} - (2.2.40)

The inverse on the right-hand side of the last expression can be computed with the
help of the well-known Sherman-Morrison formula and we get

_ N —HN

e® W, (2.241)

0Q’1WQ=W[IL— e®eTU} —W—

where we used the fact that W is a Frobenius matrix, so that We = e. Here the

vector ¢ has components (2.2.20) and satisfies the relation €*T" = ¢*. Multiplying
both sides of (2.2.22) with P! we obtain the following identity
_ N
0Q'LO =L — e®c'L, (2.2.42)
for the Lax matrix (2.2.24).
Evidently, we can consider
L'=007'LQ (2.2.43)

as another Lax matrix since the evolution equation of the latter is of the Lax form

I'=M,L], M=Q7'MQ-Q7'Q, (2.2.44)
where M is defined by the Hamiltonian flow of L. Note that one can add to M’ any
function of L’ without changing the evolution equation for L', which defines a class
of equivalent M"’s. Now, it turns out that due to the special dependence of L on the
momentum, M and M’ fall in the same equivalence class. To demonstrate this point,
it is enough to consider the simplest Hamiltonian H = Tr L for which the matrix M
is given by
N 0.
itj Y
It follows from (2.2.28) that for the flow generated by this Hamiltonian

N
Q'0=0YH Q}=— ZLuEu
=1

Therefore,

: N oo, 0, N
M= Q7 MQ - Q0= Ly (Bu— GEy) + Y Lk,
ij )

i#j i=1
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Taking into account that Q;/(Q;;Q;) =1/Q;; —1/Q,, we then find

Z SJ Lz] - ’Lj +ZQ 1L13Q]E1] +ZL”EZZ M+L/
i#£j “ i#£]

Hence, M’ is in the same equivalence class as M and, therefore, we can take the
dynamical matrix M to be the same for both L and L'.
The above observation motivates us to introduce a Lax matrix depending on a

spectral parameter just as a linear combination of L and L’. Namely, we can define
1
L\ =L-— XL/’ (2.2.46)

where A € C is the spectral parameter. The matrix L(\) has a pole at zero and the
original matrix L is obtained from L(A) in the limit A — oo, in particular,

H = lim TrL(\) = TrL. (2.2.47)

A—00

The evolution equation for L(A) must, therefore, be of the form
L(A) = {H,L(\)} = [M, L(\)], (2.2.48)

where M is the expression (2.2.45).
The next task is to compute the Poisson brackets between the components of
(2.2.46). We aim at finding a structure similar to (2.2.29), namely,

{L1(A); La(p)} = ria(As ) La(A) La(p) = La(A) Lo ()15 (A, 1)
+ Li(A)721 (i) La(p) = La(p)T12(A) La(A)

where (A, ), (A, 1) and 7(\) are some spectral-parameter-dependent r-matrices.

(2.2.49)

We show how to derive these r-matrices in appendix A.2. Our considerations are
essentially based on the identity (2.2.42). To state the corresponding result, we need
the matrix

N

012 = Z(E“ - EZ]) ® Ejj . (2250)

i#]
The minimal solution® for the spectral-dependent r-matrices realising the Poisson
algebra (2.2.49) is then found to be

Ari9 + pra 012 021
A = —
T12( 7/1“) )\_M +)\_1 M_la
F12(N) = 712 + % : (2.2.51)
_ _ AI'yy + pr
T1o(A, 1) = r12(A, 1) + a1 (p) — Ti2(A) = f\fzm

9The explanation of its minimal character will be given later.
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The matrices r and r are skew-symmetric in the sense that

Tl?(/\7 :u) = —T2 (:U’v )‘) ) £12()‘7 M) =TIy (:uv )‘> . (2252)

Further, one can establish implications of the Jacobi identity satisfied by (2.2.49)
for these r-matrices. Introducing the dilatation operator acting on the spectral pa-
rameter

0

N’

we find that the r-matrix (A, 1) does not satisfy the standard CYBE but rather the
following modification thereof

Dy =\

[r1a(A, 1), Tia(A, )]+ [ria (A, ), ras (i, 7))+ [r1s(A, 7), ras(p, 7)) = (2.2.53)
= — (Dx+ Dy)ria(As 1) + (D + D7)riz(A\, 7) — (D7 + Dp)raz(p, 7) -

Following [54], we refer to (2.2.53) as the shifted classical Yang-Baxter equation.
This equation can be rewritten in the form of the standard Yang-Baxter equation

[F12(As ), P13 (A, T)] 4 [Pra (A, ), s (e, 7)) + [Pra(A, 7), Pas(p, 7)) = 0.
for the matrix differential operator
r(A\ p) =r(Apu) —Dx+D,. (2.2.54)
There are also two more equations involving the matrix 7
[ri2(A, 1), T1s(A) + Tag ()] + [F1s(N), Fas ()] + Py {ria(A, p), P} = (2.2.55)
= —(Dx + Dy)r12(A, p) + (Dar13(N) — Doz (i)
and
[F12(0), Fia(N)] + Py {Fi2(V), P} — Py H{ius(V), P} =
= —Dy\(T12(X) — F13(N)). (2.2.56)

One can check that relations (2.2.53), (2.2.55) and (2.2.56) guarantee the fulfilment
of the Jacobi identity for the brackets (2.2.28) and (2.2.29). Note that r is scale-
invariant: (D) + D,)r(A, u) = 0, implying that it depends on the ratio A/p. This
property does not hold, however, for r and 7.

The solution we found for the spectral-dependent dynamical r-matrices is minimal
in the sense that there is a freedom to modify these r-matrices without changing the
Poisson bracket (2.2.49). First of all, there is a trivial freedom of shifting  and r as

2 = T2+ fA/ )11, 1y =1+ f(A/lI®l, (2.2.57)

where f is an arbitrary function of the ratio of the spectral parameters. This redefi-
nition affects neither the bracket (2.2.29) nor equations (2.2.53), (2.2.55), (2.2.56).
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Second, one can redefine 7 and r as

r(Ap) = r(Ap) —sA) @1+ 1®s(u)

FA) = 7F(\) —s(A\) @1, (2.2.58)

where s(\) is an arbitrary matrix function of the spectral parameter. Owing to the
structure of the bracket (2.2.49) this redefinition of the r-matrices produces no effect
on the latter, as r remains unchanged, while the matrix s decouples from the right-
hand side of the LL bracket (see (2.2.49)). For generic s()\), redefinition (2.2.58)
affects'®, however, equations (2.2.53), (2.2.55), (2.2.56). In particular, there exists
a choice of s(A) which turns the shifted Yang-Baxter equations for 7 and r into the
conventional ones, where the derivative terms on the right hand side of (2.2.53),
(2.2.55) and (2.2.56) are absent. One can take, for instance,

Q;

S(A):—ZQ (B — Ey) +—NZ i — Eij) (2.2.59)
g i#j

With the last choice the matrix #(\) becomes
AQ; — 1
_12 QU ZZ_Eij)@(Ejj_NIL)’

while for (A, ) one finds

AT+ prht
ra(d ) = 2 _Z 2 | Apfl - Mpill, (2.2.60)

where )
pi2 = Z(En - Eij) ® (Ejj - Nﬂ>
i#]
and the modified r-matrix is

iy = Z (S; Eii — %Ew> ® (Ej; — Eji)

——ZQQ’(E — B )®1+—Z

Qi
Qz]

1®(E; —Ey).  (2.2.61)

The modified r-matrix still solves the CYBE and obeys the same relation (2.2.35).
There is no symmetry operating on r-matrices that would allow one to remove
the scale-non-invariant terms from these matrices. Clearly, the r-matrices satisfy-
ing the shifted version of the Yang-Baxter equations have a simpler structure than
their cousins subjected to the standard Yang-Baxter equations. This fact plays an
important role when it comes to quantization of the corresponding model and the

10 An example of such a redefinition that does not affect the shifted Yang-Baxter equation corresponds to the choice
s(A) = f(A)1, where f is an arbitrary function of .
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associated algebraic structures. We also point out that the r-matrices we found here
through considerations in appendix A.2 also follow from the elliptic r-matrices of
[54] upon their hyperbolic degeneration, albeit modulo the shift symmetries (2.2.57)
and (2.2.58).

From (2.2.49) one then finds

{TriLi(A), La(p) } = [Tri Lo (A) (riz(A, p) + Tar (), La(p)],

which, upon taking the limit A — oo, yields the Lax equation (2.2.48) with M given
by (2.2.45). The conserved quantities are, therefore, I(\) = TrL(\)*, k € Z. The
determinant det(L(\)— (1), which generates I(\) in the power series expansion over
the parameter (, defines the classical spectral curve

det(L(\) — (1) =0, (AeC. (2.2.62)

2.3 Quantum model

2.3.1 Quantum Heisenberg double

At the classical level we obtained the hyperbolic RS model by means of the Poisson
reduction of the Heisenberg double. It is therefore natural to start with the quantum
analogue of the Heisenberg double. The Poisson algebra (2.2.1) can be straightfor-
wardly quantized in the standard spirit of deformation theory. We thus introduce
an associative unital algebra generated by the entries of matrices A, B modulo the
relations [67]

RITARLA = ARTTAR,,
RI'ByR,A = AART'ByR
R'AsR By = BIRZ AR
R'ByR,. By = BIR™'B,R. |

(2.3.1)

and they can be regarded as the quantization of the Poisson relations (2.2.1). The
quantum R-matrices here are defined as follows: first, we consider the following
well-known solution of the quantum Yang-Baxter equation

R = Z E“ X Ejj + eh/2 Z E“ & E“ + (eh/Q — €7h/2) Z Eij & Eji . (232)
i#£j i=1 i>7

Using this R one can construct two more solutions R, of the quantum Yang-Baxter
equation, namely,

Ri12 = Ra, R =Ry, . (2.3.3)
These solutions are, therefore, related as

Rio1R_12=1, (2.3.4)
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and they also satisfy
Ry —R_= (" —e ), (2.3.5)
where C' is the split Casimir. In the limit 7 — 0 the matrices R+ expand as
Ri=1+hry+0O(h), (2.3.6)

where r, are the classical r-matrices (2.2.2). Further, we point out that Re=CR.
satisfy the Hecke condition

REF (M — e MRy — 1 = (Ry — 1) (Re +¢7/21) =0, (2.3.7)

The first, or alternatively, the last line in (2.3.1) is a set of defining relations for
the corresponding subalgebra that describes a quantization of the Semenov-Tian-
Shansky bracket, the latter has a set of Casimir functions generated by C} = TrAF.
In the quantum case an analogue TrA* can be defined by means of the quantum
trace formula

Cp = Tr,A¥ = Te(DAY), ¢ =e",

where D is a diagonal matrix D = diag(q, ¢%,...,¢"). The elements C} are central
in the subalgebra generated by A. Indeed, by successively using the permutation
relations for A, one gets

ARy AR = R_ATR'A, .

We then multiply both sides of this relation by D; and take the trace in the first
matrix space

AQTI'l <D1R+A’1€RII) - Trl (DIR—AIICR:I)A2 .

It remains to notice that Try (D;R.AYRY) = Try (DyR_AMRZY) = Tr, A% - 1, so
that

ATr,AF = Tr,A* A, (2.3.8)

ie. Tr A" is central in the subalgebra generated by A. Analogously, the I =
Tr,B* are central in the algebra generated by B and, in particular, the I form a
commutative family.

In principle, we can start with (2.3.1) and try to develop a proper parametrization
of the (A, B) generators suitable for reduction. It is an interesting path that should
lead to understanding how to implement the Dirac constraints at the quantum level.
We will find, however, a short cut to the algebra of the quantum L-operator.

2.3.2 Quantum R-matrices and the L-operator

An alternative route to the quantum R-matrices and to the corresponding L-operator
algebra is based on the observation that in the classical theory, the Poisson brackets
between the entries of the Lax matrix have the same structure (2.2.29) for both
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rational and hyperbolic cases. As a consequence, the equations satisfied by the
classical rational and hyperbolic r-matrices are also the same. This should also be
applied to the equations obeyed by the corresponding quantum R-matrices. We thus
assume that the matrices R and R for the hyperbolic RS model satisfy the system
of equations

R12R13R23 = R23R13R12 (239)

and
R12R13R23 == R23R13P3R12P§1, (2310)
RipPyRisPyt = RisPsRio Pyt . (2.3.11)

and have the standard semi-classical limit where they match the classical r-matrices
(2.2.30). Here and in the following (Q;, P;) satisfy the quantum algebra

QiQ; = Q;Qi  BP; = BP; [P, Q;] = (¢ —1)Q;P;dy; (2.3.12)

being the standard quantization of the Poisson algebra on the reduced phase space
(2.2.26),(2.2.33). In fact, it is not difficult to guess a proper solution for these R-
matrices based on the analogy with the rational case. For R we can take

R = exp hr, (2.3.13)

where 7 is given on the first line of (2.2.30). In the following we adopt the notation
R, = R. Since the classical -matrix satisfies the property r?> = —r, the exponential
in (2.3.13) can be easily evaluated and we find

N
Ro=1+(1-¢% (%E - QgE]) ©(Ey—By).  (23.14)
i Y

A direct check shows that (2.3.14) is a solution of (2.3.9).
In comparison to the rational model, a new feature is that there exists yet another
solution R_ of the Yang-Baxter equation, namely,

N

_ Q; Q;
Ro=1-(1-q)S (- Ey® (aEﬂ - Q—M@) . (2.3.15)
i#j K K
These solutions are related as
R.oyR_15=1, (2.3.16)

i.e. precisely in the same way as their non-dynamical counterparts, cf. (2.3.4).
Furthermore, the matrices R, satisfy equation

R, —qR_=(1—-¢q)C. (2.3.17)
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They are also of Hecke type and the matrices Ry = CR. have the following property
(R — 1) (Re +¢*'1) =0. (2.3.18)

Concerning the generalization of equation (2.3.10) to the hyperbolic case, we can
imagine two different versions - one involving R, and another R_, that is,

Ri1aRi3Ry3 = RasRisPsRi1s Pyt (2.3.19)

It appears that there exists a unique matrix R which satisfies both these equations.
It is given by

Qi — 1
Z ;JQ — E;)® Ej; . (2.3.20)

and its inverse is

N
R'=1-(1-¢q)_ %(E —E;)® Ej;. (2.3.21)
i#j Y
The matrix (2.3.20) also obeys (2.3.11),
RisPyRi3Py ' = RisPsRiy Pyt (2.3.22)
Introducing
Ry, = Ryy RizRon (2.3.23)
we find
N o,
R+: ]l—i—(l—q) j(EzJ®E Eii@EJJ)
Py ij
N (2.3.24)
R =1-(1—-q" ZQ — Ei ® Ej;).
it 2
These matrices satisfy the Gervais-Neveu-Felder equation
Ry 5Py 'Ry3PoR oy = Pr Ry PIR 3Py 'R Ps (2.3.25)
and are related to each other as
BipR ,=1. (2.3.26)

They also have another important property, usually referred to as the zero weight
condition [66],

(PP, R,] =0. (2.3.27)
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Finally, the quantum L-operator is literally the same as its classical counterpart
(2.2.24), of course with the natural replacement of p; by the corresponding derivative
N
) 0 ) Q (Z
L=>) =—= Qi — 69, b, T E; H Qﬂ

s (2.3.28)
£=0,-09;

(Z

a#j

_p2

where § = e™7 and T is the operator T; = e % .'" The operator T; acts on smooth

functions f(Q1,...,Qn) as
(T3 )(Q1, .-, Qn) = f(Q1,..-,¢Q;,...Qn).

It is a straightforward exercise to check that this L-operator satisfies the algebraic
relations

with the R-matrices given by (2.3.14), (2.3.15), (2.3.20) and (2.3.24). The consistency
of these relations follow from (2.3.16) and (2.3.26). Omne can alternatively derive
equations (2.3.29) by direct quantization of (2.2.31)-(2.2.32), where the classical
matrix is chosen to be 715 or, equivalently, —rq;

W1R12P2 - R12P2W1 ; (2331)

(2.3.29)

whose consistency follows from the same R-matrices relations. The algebraic relation
(2.3.30) is also known as the quantum Frobenius group condition [57].

Concerning commuting integrals, the Heisenberg double has a natural commuta-
tive family [}, = Tr,B". Tt is not clear, however, how these integrals can be expressed
via L, because we are lacking an analogue of the quantum factorization formula
B = TLT~!, where T and L would be subjected to well-defined algebraic relations.
Instead, what we could do is to conjecture the same formula as was obtained for
quantum integrals in the rational case [57], where now the R-matrices are those of
the hyperbolic model. Interestingly, the existence of two R-matrices, Ry, should
give rise to two families of commuting integrals [ ,;t Borrowing the corresponding
expression from the rational case [57], we conjecture the following quantum trace
formulae

I];t = TI'12 (C;;Ll ilQLl L1 i12L1> y (2332)

as quantization of the classical integrals (2.2.39). In (2.3.32) the number £ on the
right-hand side gives a number of L;’s and T, stands for the transposition in the
second matrix space. In particular,

12 - Z ®Eij

t,j=1

11n fact, T = ijl, we use T ; to signify that we talk about a particular representation for L.
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is a one-dimensional projector and from (2.3.14), (2.3.15) and (2.3.20) we get
Q;

RjERY, =14 (1—¢) E 0. -0 qQ i ® (Ey — Ej), (2.3.33)
DT2 DT2 Q; 1
RER®, =1+ (1—-q)) 0,40, Eij @ (Eij — Ej;) + E(Eu' — Ey) ® Ej;

i,j ¢ J

(2.3.34)

Commutativity of 1 ,;t is then verified by tedious but direct computation which we do
not reproduce here, rather our goal is to present a formula which relates 1 ,f with the
commuting family given by Macdonald operators.

We denote by {Si} a commutative family of Macdonald operators, where

DY | 0Q: - HT (2.3.35)

J{1,...,n} i€J ieJ
|J|=k ~J¢J

The Macdonald operators have the following generating function

N

tdet(L — (1) =) (=ONTS,,  S=1, (2.3.36)

k=0

where ( is a formal parameter, L is the Lax operator (2.3.28). Under the sign ::
of normal ordering the operators p; and ¢; are considered as commuting and upon
algebraic evaluation of the determinant all T, are brought to the right. In the
classical theory the normal ordering is omitted and the corresponding generating
function yields classical integrals of motion that are nothing else but the spectral
invariants of the Lax matrix.

We found an explicit formula that relates the families {;°} and Sj. To present
it, we need the notion of a g-number [k], associated to an integer k

[klg=) d" = : (2.3.37)

so that [k]; = k, which corresponds to the limit & — 0. Then S is expressed via I
or I as

IF k=1 0 e 0
X IF I k=241 -+ 0
Sk = : : . o . (2.3.38)
[Rlgr | N
]k;[1 I’IZ . e [1j]tqi1
Ik Ik—l . Ce ]1
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These formulae can be inverted to express each integral [ ,f as the determinant of a
k x k matrix depending on §;, namely,

S1 1 o --- 0

22182 S 1 0

IF = (2.3.39)

: : ... DY 1
K18k Spot Spea o+ Sy
2.3.3 Spectral parameter and quantum L-operator

The quantum L-operator depending on the spectral parameter is naturally intro-
duced as a normal ordered version of its classical counterpart

1—60) o \Q, — fe /20, 0 oh/?
L(A)z( A >Z QQ_QQQ‘Q%]-T]EU:L— i Q'LQ, (2.3.40)
i,j=1 ¢ J

where b; are the same as in (2.3.28). This L-operator satisfies the following quadratic
relation

Ris (A, 1) La (1) Riy (N L1(A) = Li(A) Ry’ (1) La(p) Byo (A, 1) (2.3.41)
where
Ryy(A\s 1) = Riy (A Ria(A, 1) Raa (1) - (2.3.42)
In (2.3.41) the quantum R-matrices are
)\eh/2R _ e‘h’/2R, 6h/2 _ e—h/2 6h/2 _ e—h/2
R(A, p) = +>\ _M TN 1 X2 + e*fl/?——le
/ 1“ a (2.3.43)
_ _ et —
R()\) - - eh/2>\—_1X12 .

Here R, and R_ are the solutions (2.3.14) and (2.3.15) of the quantum Yang-Baxter
equation, R is (2.3.20) and we have introduced the matrix X = X,

N
X=> E;®E;. (2.3.44)

ij=1
This matrix satisfies a number of simple relations with R and R, which are

RX =XR (2.3.45)
and

R_Xio = X1pR_, R X5 — XoyR_ = (1— qfl)(Xlz — Xo1),

(2.3.46)
R+X21 = X21R+ ) R+X12 - X12R+ = —(1 - Q)(Xu - X21) .

We also present the formula for the inverse of R(\)

h
A\l _ p—1 e’ —1
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With the help of this formula and (2.3.43) one can show that (2.3.42) boils down to

)\eh/2E+ _ Ne_ﬁ/QE_

Ryy(A p) = X1

: (2.3.48)

where R, are the same as given by (2.3.24). We note also the relation
(eh/Q)\ _ e—h/2u> (e—h/Q)\ _ eh/g,u) "
(A= p)?

Finally, in addition to (2.3.42) there is one more relation between R(A, 1) and R(\, p),
namely,

Ris(A, 1) Ror (e, A) = Ryg(A, 1) Ry (11, A) =

Riy(\p) = P Ry () Py Rus(, #)P2_1R1_21(>\)P2- (2.3.49)
An interesting observation is that the combination

Ne?R, — pe "?R_

RYP (X p) =
(A 1) py—

solves the usual quantum Yang-Baxter equation with the spectral parameter. How-
ever, the full R-matrix in (2.3.43) differs from RY® by the terms that violate scale
invariance. As a result, this matrix obeys the shifted version of the quantum Yang-
Baxter equation, namely,

Ria(A, ) Raz(gA, q7) Ros (11, ) = Ras(qu, q7) Riz(A, 7) Raa(gA, qu) . (2.3.50)

In addition, there are two more equations — the one involving both R and R, and
the other involving R only,

Ria(A, 1) Ris(g\) Ros(11) = Ros(qp) Ris(A) PsRus(gA, qu) Py, (2.3.51)

ng()\>P2R13(Q/\)P2_1 == R13()\)P3R12(QA)P3_1 . (2352)

It is immediately recognisable that equations (2.3.50), (2.3.51) and (2.3.52) are a
quantum analogue (quantization) of the classical equations (2.2.53), (2.2.55) and
(2.2.56), respectively. In the semi-classical expansion

RO\ p) =1+ hr(A\,p)+o(h), R(A\) =1+ hr(\)+o(h) (2.3.53)

the matrices (2.3.43) yield

)\T12+MT21 012 021
rlQ(}\,M): )\_,U/ +)\—1_,U—1
1A+ p 1 1 )
= — 1®1
(2)\—u )\—1+,u—1 ©b
012 _IL@IL

7“12()\):7"12+)\_1 _1’
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which is different from the canonical classical r-matrices (2.2.51) by allowed sym-
metry shifts. Thus, (2.3.43) should be regarded as a quantization of the classical
r-matrices satisfying the shifted Yang-Baxter equation. In this respect it is interest-
ing to point out that the corresponding quantization of the r-matrices solving the
usual CYBE remains unknown.

Finally, the algebra (2.3.41) should be completed by the following additional
relations encoding the commutation properties of L with Q

L1Qs = QsL1bha, Qi'Ly=LyQ7 015, (2.3.54)

where 015 = 1 — (1 — q)Cls.

Now we derive a couple of important consequences of the algebraic relation
(2.3.41). Namely, we establish the quantum Lax representation, similar to the ra-
tional case, and also prove the commutativity of the operators TrL(\) for different
values of the spectral parameter.

Following considerations of the dynamics in the classical theory, we take H =
/\h_}rgo TrL(\) as the Hamiltonian. From (2.3.41) we get

Ty [ Ry (11, M) Ly () Rt ()] L) = L) Ty | Ry N a0 By (V)] (2.3.55)

where (2.3.48) was used. A straightforward computation reveals that the traces on
the left and the right-hand side of the last expression are equal and that, for instance,

M R VLN Byr (1, 0)] = TILO)T = MO ), (23.56)
where
_(h A op—e 2
M(/\vlu)_(e _1))\ 1 \ — el/2 L()\)
) . 2.3.57)
-1 by ﬁQ h/ 2Q2 (
e_ L Z e = e—ﬁ Lij(\)(Ey; — Eyj) .

Thus, equation (2.3.55) turns into

TeL(\L () — L(u)TrL(\) = [M(A, ), L(1)] . (2.3.59)

From (2.3.57) we, therefore, derive the quantum-mechanical operator M

ol
M—hmM()\,u (e" = 1) ZQ Qj Lii(E; — Eij)

(e" -1 ZLU Qw Ey—FEy),  (2.3.59)

where in the last expression we commuted the entries of L;; to the left so that
it formally coincides with its classical counterpart (2.2.45). In the limit A — oo,
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(2.3.58) becomes the quantum Lax equation. Note that in the derivation of this
equation we did not use any concrete form of L; we only use that it factorises as
L = WP~ where W is a function of coordinates only.

Taking the trace of (2.3.58), one gets

TrL(A)TrL(p) — TrL(p)TrL(A) = Te[M (A, p), L(p)] - (2.3.60)

A priori the trace of the commutator on the right-hand side might not be equal to
zero, because it involves matrices with operator-valued entries. An involved calcula-
tion that uses representation (2.3.40) shows that it nevertheless vanishes'?, identically
for A and p. Fortunately, there is a simple and transparent way to show the commu-
tativity of traces of the Lax operator, which directly relies on the algebraic relations
(2.3.55), thus bypassing the construction of the quantum Lax pair. Indeed, let us
multiply both sides of (2.3.41) with Py ' Ria(A\) PR3 (A, i) and take the trace with
respect to both spaces. We get

Teys [ Py Bro(N) PoLa () R (V) L1 (V)| =
Triz | Py Ria(0) PR (A 1) Ly (N B () La (1) iV, )|
From (2.3.49) we have
Py ' Rig(\) PaRiy (A, 1) = Ry (A, p) Py Roy (1) P
so that the right-hand side of the above equation can be transformed as
Trpy [Pz_lRlz()\)PQLQ(u)Rl_Ql()\)Ll(/\) - (2.3.61)
Tria| B O\ 0) Py Roa ) LAV Ry () L) B (A )|

Further progress is based on the fact that the matrices Ri2(\) and Ry, ()\) are diag-
onal in the second space. We represent it in factorised form

N

Rix(\) =) G\ @ Ej;, (2.3.62)

=1

see (2.3.43), (2.3.20) and (2.3.44). Therefore,
N
Py'Riy(\ Py =Y Pr'Gi(MNP @ By (2.3.63)
=1

Although this expression involves the shift operator, it commutes with any function
of coordinates ¢;, because when pushed through (2.3.63), this function will undergo
the shifts of ¢; in opposite directions which compensate each other. Similarly,

N N
Ry (V) =) GN " @E; = (10 E;)(GN) 1)
j=1

j=1

I2For this result to hold, the presence in (2.3.57) of the first term proportional to L(\) is of crucial importance.
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Consider first the left-hand side of (2.3.61)

Tria| D0 (P GNP @ By L) B (Ge(N) " @ 1)L (V)]

j=1 k=1

Using the cyclic property of the trace in the second space, this expression is equivalent
to

> (PGNP @ L(p) EjiEw) (Ge(N) ' @ ]1)L1()\)] .

1 k=

WE

Tryy [

<.
Il
_

Taking into account that L = WP~! and the commutativity of Pj_lGj(/\)Pj with
any function of coordinates, we arrive at

Tegs [ 30(1@ W()(P GNPy @ P Eyy) R NIy ()| = TrL(u) TrL()

j=1

Now we look at the right-hand side of (2.3.61): using the cyclic property of the trace,
the matrix R ,(\, p) can be moved to the left where it cancels with its inverse. This
manipulation is allowed because Li()\) and Ly(p) produce together a factor P ' Py
with which R,5(A, 1) commutes due to the zero weight condition (2.3.27). Also,
the individual entries of R,,(\, ) are freely moved through P 'Rai(u)Pi, because
of the diagonal structure of the latter matrix in the first matrix space, analogous
to the similar property of (2.3.63). Then, to eliminate Ry;(p), one employs the
same procedure as was used for the left-hand side of (2.3.61) and the final result
is TrL(A\)TrL(p). This proves the commutativity of traces of the Lax matrix for
different values of the spectral parameter.

We finally remark that writing the analogue of (2.3.36) with spectral parameter
dependent Lax operator [52, 53]

N

tdet(L(A) — (L) =Y (=N TFS(N), (2.3.64)
the quantities Six(\) are commuting integrals and they are related to Macdonald
operators (2.3.35) by a simple coupling- and spectral parameter-dependent re-scaling

Se(A) = XFN = gFe ) (N — e M2)EL S, (2.3.65)

2.4 Conclusions

We have discussed the hyperbolic RS model in the context of Poisson reduction of
the Heisenberg double [57]: we derive its Poisson structure and show that only on the
reduced phase space does the Poisson algebra of the Lax matrix close and take a form
very similar to the Lax matrix of the rational RS model [57]. We find a quantization
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of the L-operator algebra governed by new R matrices R, along with a quantization
of the classical integrals in the form of quantum trace formulae I, (see (2.3.32)). We
show how these quantum integrals are related to the well-known Macdonald operators
through determinant formulae. Along the way we present a second Lax matrix that
we can use to introduce a spectral parameter in the model. At the classical level this
yields r-matrices that satisfy the shifted Yang-Baxter equation due to scale-violating
terms. We show that this L-operator algebra admits a quantization as well, with
new R matrices satisfying the shifted quantum Yang-Baxter equation.

A particularly interesting observation is that one cannot obtain the quantum L-
operator algebra from the quantum Heisenberg double in the same way as was done
for the quantum cotangent bundle. It would be interesting to pursue the question
whether and how one can impose the Dirac constraints after quantization in order to
reconstruct the quantum L-operator algebra. A first step in that direction could be
finding an analytic proof that the Dirac bracket for L on the reduced phase space is
closed for general N. Another interesting question is to find the relation between our
quantum trace formulae and the commuting traces obtained by the fusion procedure
[23, 68] for the equations (2.3.29). In addition, it would be interesting to extend our
results to the RS models with spin, in particular, to those discussed in [48], as well
as to find an analogue of the formulae (2.3.32) for the model with elliptic potential
or for other series of Lie algebras. Constructing the quantum spin versions of these
models could further aid the understanding of the RS type models that appear in
the study of conformal blocks as in [20].






Chapter 3
Hyperbolic Ruijsenaars-Schneider
model with spins

3.1 Introduction

The Ruijsenaars-Schneider (RS) integrable models [18, 21] continue to deliver rich
mathematical structures that are worth further exploring. One particular aspect
concerns the introduction of spin degrees of freedom. Recall that a spin generalization
of the RS model with the most general elliptic potential was proposed in [24] as a
dynamical system describing the evolution of poles of elliptic solutions of the non-
abelian 2d Toda chain. This is a system of N particles on a line with internal
degrees of freedom represented by two /-dimensional vectors attached to each of the
particles. The proposed spin RS model is given in terms of equations of motion for
the particle coordinates ¢;, 7 = 1,..., N and the spin variables' a;, and c,;, where
a=1,...,¢. The knowledge of the equations of motion contains but unfortunately
does not immediately yield the Hamiltonian structure behind this dynamical system.

In [69] it was established the underlying Hamiltonian structure for the case of
rational degeneration of the elliptic spin RS model. This was done by relaying
on the observation that goes back to [45] and further developed in [70]-[47] that
the Calogero-Moser-Sutherland and Ruijsenaars-Schneider models can be obtained
by means of the Hamiltonian or Poisson reduction procedure applied to a suitably
chosen initial phase space. In the case of the rational spin RS model the suitable
initial phase space &2 appears to be the direct product & = T*G x X, where T*G is
the cotangent bundle to a Lie group GG with the Lie algebra g and X is the symplectic
manifold of N/ pairs of canonical variables (oscillators). This phase space is a Poisson
manifold which carries the Hamiltonian action of G. Choosing G = GL(N,C) the
Hamiltonian reduction of & by the action of GG yields the desired Poisson structure
of the spin RS model [69]. The Poisson brackets of the invariant spin variables appear
rather involved. Although it was possible to guess a natural generalization of the
Poisson structure for “collective” spin variables f;; = Y a;aCq; to the hyperbolic

'We follow the notation of [69].

— 54—
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spin RS model, the progress of finding the Poisson structure of individual spins in the
hyperbolic case was delayed for years. Quite recently this structure has been found
[48] confirming the conjecture in [69] on the brackets of collective spin variables.
The approach of [48], see also [71, 72], is based on the quasi-Hamiltonian reduction
procedure, where one starts from an initial manifold & supplied with a quasi-Poisson
structure and which carries a free action of a Lie group G. Although & is not Poisson,
the quotient & /G inherits the well-defined Poisson structure from the quasi-Poisson
structure on . Picking as & a representation space of a framed Jordan quiver,
it was shown in [48] that the reduction of this by G yields the Poisson structure of
invariant spins that perfectly fits the hyperbolic (trigonometric complex) spin RS
model. The Liouville integrability and superintegrability (degenerate integrability)
of the spin RS model also follow from this approach.

Having established these nice results, one still may wonder if there would exist
a conventional way of getting the spin hyperbolic RS model by the usual Poisson
reduction but applied to a more complicated initial phase space being the next in
the deformation hierarchy after T*G x ¥ responsible for the rational model. Indeed,
the spinless hyperbolic RS model follows from the Poisson reduction applied to the
Heisenberg double D, (G) of G, as has been recently discussed in [73]. The Poisson
structure of the Heisenberg double [40] is a deformation of the one of T7*G. From the
point of view of the deformation theory, it is then natural to replace the moment map
on Y, taking values into the dual Lie algebra g*, with a non-abelian moment map
defined on a suitable deformation of ¥ and which takes values in the dual Poisson-Lie
group G*. The main question is how to realize the quadratic Poisson structure of
G* in terms of N/{-pairs of oscillators that should replace those used to represent
the linear Kirillov-Kostant bracket in the rational case. In this chapter we solve this
problem and reconstruct the spin hyperbolic RS model in the standard framework
of the Poisson reduction.

The main tool in our approach is a Poisson pencil of a constant and quadratic
Poisson structures on an oscillator manifold ¥y, spanned by 2N¢ dynamical vari-
ables a;q,bai- When the coefficient s in front of the quadratic structure vanishes,
one obtains the standard canonical relations of the N/ conjugate pairs. In fact
there are two different quadratic structures, to distinguish between them we label
the corresponding Poisson manifolds as Z]j\c,’g. These Poisson manifolds carry Poisson
actions of two different Poisson-Lie groups — the particle group GL(N,C) and the
spin group GL(¢, C), acting by linear transformations on the oscillator indexes i and
a, respectively. Starting from the initial phase space & = D, (G) X Efw and reduc-
ing this manifold by the action of the particle group, we obtain the spin RS model
with the Poisson structure inherited from that on 2. The equations of motion for
the spins are the same regardless of which manifold Zﬁé we use, and they coincide
with those that follow from the Poisson structure of spins found in [48] through
the quasi-Hamiltonian reduction. The construction of conserved quantities, both
Poisson commutative and non-commutative, is straightforward and follows the same
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pattern as in the rational case. The spin group continues to act on the reduced phase
space as a Poisson-Lie symmetry and its presence explains the superintegrability of
the model. In fact, there are higher symmetries whose generators are polynomial
in the spin variables and which arise from conjunction of the spin symmetries with
abelian symmetries generated by higher commuting charges. We show that the Pois-
son structure of the currents encoding these symmetries is a quadratic deformation
of the linear bracket of the rational model. This quadratic part appears as an affine
version of the Poisson-Lie structure on G*.

Concluding the brief discussion of our approach, we point out that it would be
interesting to extend it to account for the most general elliptic spin model. Also,
since we are building on the classical r-matrix formalism, the recognition of various
r-matrix structures might help to pave the way for quantizing the spin model which
currently remains another open problem.

The chapter is organized as follows. In section 3.2 we introduce the oscillator
manifold. In section 3.3 we discuss the Poisson action of a Poisson-Lie group on
the product of two manifolds. In section (3.4) we solve the moment map equation
obtaining the Lax matrix of the spin RS model on the reduced phase space. The
Poisson brackets of G-invariant variables are studied in section 3.5 and section 3.6 is
devoted to the discussion of symmetries of the model responsible for its superinte-
grable status. We conclude this section by showing what superintegrability implies
for solvability of the equations of motion. Some technical details are collected in ap-
pendix. All the considerations in the chapter are done in the context of holomorphic
integrability.

3.2 Oscillator manifold

We introduce a manifold Xy, as the product of two linear spaces of all rectangular
N x f-matrices

E]\Lg = MatN’g((C) X Matng«C), (321)

where N is the number of particles of the model and / is the length of spin vectors.
Let (a,b) be two arbitrary N x ¢- and ¢ x N-matrices. Their entries

amz(a)m, bajE(b)aj ’izl,...,N, Oézl,...,g. (322)

provide a global coordinate system on Xy ,. We call a;, and b,; oscillators and refer
to Xy as to an oscillator manifold.

Now we endow Xy, with two different £-structures of a Poisson manifold Eﬁj
by defining the following Poisson brackets {, }1+ between oscillators

{ar,a0}+ = x(rajas F arazp) ,
{b1,b2}1 = s¢(bibar F pbiba) ,
{a1, b2}y = s(=barpar £ a1 ps b)) — C15
{bi,a0}s = sc(=byr_as £ azpsby) + C3°.

(3.2.3)
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Here we have introduced a “rectangular split Casimir”

N l
Ciy =Y ) Fia®Ea, (3.2.4)

i=1 a=1

where (Ejy)js = 0ij0a3. The matrices py are the following analogues of 7y in the
spin space

l l
1
py = i§ZEaa ® Eaa £ Y Fap ® Epa (3.2.5)

a=1 asp

and p = 1(p4 + p_). One also has

pr —p-=Cpy = Z Eop ® Epa - (3.2.6)

For sz = 0 the brackets (3.2.3) turn into the standard oscillator algebra formed
by N/ pairs of canonically conjugate variables

{am, bﬁj} = _5ij5a5 . (327)

The brackets (3.2.3) satisfy the Jacobi identity for any s, i.e. the constant and
quadratic structures in (3.2.3) form a Poisson pencil being a one-parametric defor-
mation of the canonical relations (3.2.7). It remains to note that if we define

w=1+ »ab, (3.2.8)
where ab is an N x N-matrix being a natural product of two rectangular matrices,
then due to (3.2.3), w will satisfy the Poisson algebra

1
;{wl,wg} = ILWWo + Wil — Wi T Wy — Wl Wy , (3.2.9)

which is different from (1.2.52) by an overall sign only. In particular, the contribu-
tion of the spin matrices p, p+ completely decouples. Thus, formulae (3.2.8) give a
realization of the Semenov-Tian-Shansky bracket in terms of the oscillator algebra
(3.2.3). We also point out the Poisson relations between w and oscillators

1 1
;{wl,aQ} = (ryw; —wir_)as, ;{wl,bg} = —bo(riw; —wir_). (3.2.10)

In deriving (3.2.9) and (3.2.10) one has to use the relations
a1Cyy" = Chaay, Ciybr = 0201, Clabiby = b1b2Cha .

Importantly, one can now verify that if we allow G to act infinitesimally on
oscillators as

6Xaia = (Adz;X a)ia 5Xbai = —(bAdZX )oﬂ', X e g, (3211)
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then this action G x Eﬁj — Eﬁ’g is a mapping of Poisson manifolds provided G is
equipped with the Sklyanin bracket (2.2.5). Here Ad} X for g = (g1,9-) € G* is the
coadjoint (dressing) action of G* on the Lie algebra g. If we factorize w = w w™'
according to (1.2.13), then (w;',w="') € G* is the moment map for the Poisson action
(3.2.11). Under (1.2.13) it defines the following element of G

N =wlw €GaG. (3.2.12)

The fact that N generates the action (3.2.11) can be deduced from the Poisson
brackets (3.2.10) together with the fact that wx{N, .} = —{w, . } x . The Poisson
algebra of A coincides with (1.2.52).

Further, the oscillator manifolds carries an action of the spin Poisson-Lie group

S = GL((,C)
tia — (a9)ias  bai — (97'0)ai, g€S. (3.2.13)

This action is Poisson provided the Poisson-Lie structure on S is taken for Ejiw to
be

{91,921 = £x[p, 9192] - (3.2.14)

3.3 Poisson-Lie group action on a product manifold

Let &, and &, be two Poisson manifolds with brackets {-,-}», and {-,-} %, that
carry the Poisson action of a Poisson-Lie group G. Let M; : &, — G* be the
corresponding non-abelian moment maps which are assumed to be Poisson. Then,
one can define the Poisson action of G on the product manifold & = &2, x &5 by
taking the product? of the moment maps [74]*

M = Ml * M2 )
and allowing it to act on functions on & by means of the formula
Exf= (X, {M, flox MYy, [feFun(P), (3.3.1)

where £y is a vector field corresponding to X € g and (-, -) is the canonical pairing
between g and g*. We have

fo - <X7 {Mb f}ylMl_l + Ml{M?v f}W2M2—1M1_1> : (332)

Let fg(l) and 5;2) be the fundamental vector fields induced by the group action on &,

and P, respectively. Formula (3.3.2) is equivalent to the statement that at a point

r = (x1,29) € P, where 1 € &) and 9 € P, the vector field £x is defined as
Ex(0) =60 (@) 60, | x(@), (3.3.3)

M7 (1)

2The product is naturally taken in G*.
3We are grateful to Laszlé Fehér for drawing our attention to this chapter.
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where Ad;, h € G* is the coadjoint action of G* on G which is also an example of
dressing transformations [40]. One can show that the map X — &x, where £y is
defined by (3.3.3), is the Lie algebra homomorphism, so that {y is the fundamental
vector field of the group action on G [3, 74]. Since G* is a Poisson-Lie group, M will
have the same Poisson brackets between its entries as M7 or M.

To construct the Hamiltonian structure of the spin RS model, we take the product
of symplectic manifolds &, = D, (G) and & = Eﬁl,

P =D, (G) x Xy, (3.3.4)

Here the Poisson structure on the Heisenberg double D (G) is given by (2.2.1) and
that on the oscillator manifold is (3.2.3). We define the Poisson action of G on &
through its moment map

M*N = MGNM, (3.3.5)

where N is the moment map (3.2.12) of the action (3.2.11) and M is (2.2.6). Since
M and N are elements of G* modeled by G, we multiply them with the star product.
To obtain the RS model on the reduced phase space, we fix the moment map to the
following value

M*N =01, (3.3.6)

where 1 is the group identity in G and 6 is the coupling constant. Since the right
hand side of (3.3.6) is proportional to the identity, the stability group of the moment
map coincides with the whole group G and, therefore, all the entries of M x N
are constraints of the first class. Equation (3.3.6) can be written as the following
equation in G

M=0w,w ' =0w. (3.3.7)

Some comments are in order. The choice of the initial manifold (3.3.4), as well as
the use of relevant reduction techniques to obtain the spin RS models on the reduced
phase space was already suggested earlier, see e.g. [25, 69]. Also, a similar construc-
tion was developed in [47], where G was taken to be the compact Lie group U(N).
In this case the underlying Lie bialgebra (g, g*) is not factorizable and the corre-
sponding double Z can be identified with the complexification of g = su(N). The
dynamical system one finds on the reduced phase space coincides with the trigono-
metric spin RS model. The point, however, is that working with the collective spin
variable w alone leaves invisible the evolution of individual spin components of a spin
vector associated to each particle. The aim of our present construction is to further
resolve w € G* in terms of internal spin degrees of freedom and obtain the dynamical
equations for individual spins, as in [24].
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3.4 Reduction

We can now develop the reduction procedure starting from the initial phase space
(3.3.4)

P =D (G) x Iy, (3.4.1)
The moment map equation (3.3.7) takes the form
BA'B™'A = 0(1 + »ab). (3.4.2)

The reduced phase space & is obtained by factoring solutions of (3.4.2) by the action

of the group G
& = {Solutions of (3.4.2)}/G.

Note that for our reduction procedure the parameter s¢ controlling the Poisson brack-
ets (2.2.1) of the Heisenberg double and the brackets (3.2.3) of the oscillator manifold
is chosen to be the one and the same.

We point out that under the Poisson action on the product manifold (3.4.1) the
transformation of oscillators get simplified over the hypersurface defined by (3.4.2).
Indeed recalling (3.3.3) and (3.2.11), we get

5Xam = (Ad::*M_1X a)m 5xbm' = —(bAdZ*M_1X)m', X € a, (343)

and since w* M~ = w, MT'M_w™! = 0711 the action of Ad}, -1 is ineffective
and the oscillators transform as

o — (Ra)ia  bai — (bR N, h=eX€q. (3.4.4)

The most efficient way to factor out solutions by the action of G is to reformulate
and solve the moment map equation (3.4.2) in terms of gauge-invariant variables. To
this end, following [73] we introduce a new coordinate system on the diagonalizable
locus of the Heisenberg double

A=TQT™, B=UP'T™, (3.4.5)
where Q and P are diagonal matrices with entries
Qi = 0;5Q; Py = 0P (3.4.6)

The matrices T, U are Frobenius, i.e. they are subjected to the following constraints
N N
T, => U;j=1, Vi=1..N. (3.4.7)
j=1 j=1

Imposition of these constraints renders decomposition (3.4.5) unique.
Under the transformations (3.2.11) the new variables transform as follows

Q - Q, P = Pdidy, T — hTdr, U — hUdy, (3.4.8)
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where (dx)i; = 6i; Son_y(hX )i for any X € GL(N,C). In particular, Q is invariant
under the G-action.
Substituting (3.4.5) into (3.4.2), we will get

UQ'UTQT = 0(1 + sab),

where, in particular, the momentum variable P has completely decoupled. There
are different ways to solve the above equation, we follow the one which relies on the
simplest invariant spin variables. We have

TUQ ' =0(Q ' T ' U +»T tabTQ'T'U),

Following the spinless pattern in [57, 73], we introduce the Frobenius matrix W =
T-'U and reintroduce the momentum P by multiplying from the right both sides of
the equations above by P!,

WP1'Q ' —0Q "WP ' =0xT 1 ab A 'BT, (3.4.9)
Note that under (3.2.11) the variable W P~! is not invariant, rather it transforms as
WPt — d (WP Ndy.
On the other hand, a matrix 7 'a transforms as
T 'a = d'T'h‘ha=d'T 'a,

where we have taken into account the transformation law (3.2.11) for the spin vari-
ables. This suggests to introduce a diagonal matrix ¢ with entries

¢
tij = 61‘]’ Z(Tﬁla)m . (3410)

a=1

Multiplying (3.4.9) from the left and from the right by ¢! and ¢, respectively, projects
the moment map equation of the space of G-invariants

WP MO —0Q T T WP T = 05t T abAT BTt .
Introducing the G-invariant combinations
L=t''wpP Q™+, a=t'"T"" a, c=bA"'BTt, (3.4.11)
we rewrite the moment map equation in its final invariant form
L—-0Q 'LQ =0sxac. (3.4.12)

The last equation is elementary solved for L

J
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The quantity (3.4.13) is the Lax matrix of the hyperbolic spin RS model, as can be
seen by by introducing the following parametrization

0 = 6_27 ) Qz = 62% ’ qij = qi — 45, (3414)
so that L takes the familiar form
N
eqz‘jJr’Y
L=xe?y —————fi By, = ij -
e Zj Zsmi(gy +7) 0 P i (ac);
Computing the trace of L*,
TrLF = Te(WP'Q ™Y = Te(UPT'T'TQ ' T = Te(BA™Y)F, (3.4.15)

we recognize that TrL* originate from the G-invariant involutive family (2.2.9). Thus,
TrL* are in involution. We take H = H; as the Hamiltonian.

3.5 Poisson brackets of G-invariants

As we have found, the reduced phase space & has a natural parametrization in terms
of the following G-invariant variables

am,cm-,Qi, izl,...,N, Cl/:l,...,g. (351)

Note that by construction the spin variables a;, are constrained to satisfy

l
D a =1, (3.5.2)
a=1

which can be regarded as the Frobenius condition in the spin space. The Lax matrix
(3.4.13) depends on the collective spin variables f;; only, which allows to perform the
GL(¢, C)-rotations

¢
1
ain = —aip (072, cw = Wgapc, ui= E Cag (gL, g € GL(/,C),
‘ a,8=1

without changing f;; and preserving the Frobenius condition (3.5.2).

Now we are in a position to determine the Poisson brackets between the variables
(3.5.1) constituting the phase space. For that we need the Poisson brackets between
T,U, Q and P variables of the double which have been computed in [73] (see previous
chapter). The brackets between invariant spins and Q are then

{Qiaj.} =0, {Qi,¢aj} = dijca; Qj - (3.5.3)
For the brackets of spins between themselves we find

{al, ag}i = %[(?”. F Y)a1a2 F ajagp + a1X21 A + g X12 al} s (354)
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{al, C2}:|: = %[CQ(TE + Y)a1 + a1 pxCo + a1C2X21 + XE&1C2} -+ K21 3.122 — Ci;CZQ s
{ci,ar}s = sfei(—r3 £ Y)as £ asprc; F arei Xip + XJjase: | — KipanZy + Co° 7y
{cr,co)e = %[C1C2 (r°FY) F pcicy £ ¢ Xfheo F ey X;lcl} + K921 — 1 K912,

where we introduced the matrices Z = Q 'LQ and

X2 = Z(alp)iﬁoé By @ Eqs X = Z(alpi)mm; E; ® E,s,

- - (3.5.5)
Kyp = Z Eoi ® Eii, Yig = Z(alaQ,O)i,Bké Eii @ By .

io iBks

While the matrices r*, 7*, r° depend on coordinates Q; and they are defined as follows:

__Z QZJFQJ Eii — Eij) @ (Ej; — Eji)

hj= 1
Qi+Q; Qi+9Q;
= Z (Eij — Eq) ® Ejj, r° = Z =" =1 (E; ® Ej; — E; ® Ej;).
252 Qi— 9 244Qi-Q;
Writing the brackets (3.5.4) for the choice “—” in components one finds that

for N = 1,2 and any spin /¢, either / = 1,2 and any number of particles N, it
coincides with the result obtained in [48] by means of a quasi-Hamiltonian reduction.
There are further immediate consequences of our findings. First, the rational limit of
(3.5.4), which consists in re-scaling ¢; — »q;, v — sy with further sending s to zero,
reproduces the Poisson structure of invariant spins established in [69]. Second, the
Poisson algebra of collective spin variables f;; that follows from (3.5.4) is in general
different from the result conjectured in [69], and their difference written in the matrix
form is

FhLRYFYNife £ (Yo oY i (3.5.6)

As a result, the Lax matrix (3.4.13) does not satisfies the same Poisson algebra as in
the spinless case, due to the contributions of Y;5. The Poisson bracket between Lax
matrices reads

1
;{Lh Lo}y =(rio FY)L1Lo — LiLy(r;, £ Y)+
+ Ll(fgl + Y)L2 — LQ(’Flg F Y)Ll s (357)

where the dynamical r-matrices are [73]

Q Qi
r= Z (Q; Bii — Q_UEZJ) ® (Ej; — Ej)
(3.5.8)
_ Qi Qi
r= Z SH(Bi—Ej) @B,  r=) =“(E;®E;—E;®Ej;),
7 Qi 7 Qi

4We thank to Maxime Fairon for pointing out the difference between the Poisson brackets (3.5.4) and those of
[48] for a generic choice of N and ¢. We provide an explicit comparison in appendix A.3.
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where similarly to the rational case we introduced the notation Q;; = Q; — Q;.

The bracket (3.5.7) has the general form of the r-matrix structure compatible
with involutivity of the spectral invariants of L, but the Q-dependent r-matrices of
the spinless case receive now an extra contribution from the spin variables. As to
the Poisson structure of [48], the corresponding L L-algebra is given by (3.5.7) where
Y should be taken to zero.

3.6 Superintegrability

Here we explain how superintegrability of the spin RS model follows from our ap-
proach. Consider the following two families of functions on the Heisenberg double

JF=Te[S(BATY)],  J; =Tx[S(A'B)"], nez,

where S is an arbitrary N x N-matrix which has a vanishing Poisson bracket with
both A and B. Using (2.2.1), it is elementary to find {H,,, J=} = 0, where H,, =
Tr(BA™)™ constitute a commutative family containing the Hamiltonian H;. Thus,
JE are integrals of motion. We take as S a matrix S* with entries (S*° )ij = Giabg;-
Thus, on the initial phase space & we have two families of integrals

Jel = Te[S(BATY'],  J P =Te[S(AT'B)"], Va,B=1,...,((3.6.1)

These integrals are actually functions on the reduced phase space P as they can be
expressed in terms of gauge-invariant variables. Indeed, we have BA™! = Tt L+ 1T~}
and A7'B =Tt(Q 'LQ)t 'T~', so that

BA™' = AT'B(B'ABA™Y) = AT'BTHQ 'L QL)t T
and, therefore,
Jred = Te[s*PQ~'L oL, J;0 =Te[SPQ L],

where the matrix S* comprises invariant spins (S*);; = a;,cg;. Clearly, J(T of —

Jy *¥ — TrS*f. In the rational limit Jt and J, collapse to the same conserved
quantities J* introduced in [69].

Because J*? are gauge invariants, their Poisson algebra computed on & straight-
forwardly descends on the reduced phase space. To compute the Poisson brackets of
the integrals, we start with

1 1
{81781 e = —C(07785° — 6°°8)7) + rS77SY + 8778} 1 — 817 877 — 8778
+ [pau,w SIS + 5153 Pup.ws — Sguﬂiau,vésffﬂ - S?upﬂFuﬁ,wsgé] , (3.6.2)

where the indexes 1,2 are associated to the N x N matrix spaces. In deriving the
last formula we used the properties of the spin p-matrices p” = —p and pL = —p=,
where T" means transposition.
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To present further results in a concise manner, we introduce a unifying notation
J8 = Tr(S*Pwm), (3.6.3)

where # should be identified with #+ = BA~! or with #~ = A~'B. The Poisson
brackets between the entries of #* is them

1
WG = e WP W v W e W W W (3.64)
By straightforward computation we then find the following result

n »Ym (567(]7?_?_7_” - 505‘]7’1Y</‘zm)

1
- afB 776 —
(0

1
»

+ pau,wjﬁﬁjﬁf + ST s — J;zypiau,v&]vlfﬁ - JgupﬂFuﬁ,wjzf]

n+m—p“p

+ |- %(JgﬁJgf — JS ) + i (3 = Tl )|
p=0

+1$1(

Jats
2

n+m

R A (3.6.5)

Here the signs “+” in the second line of this formula originate from that of (3.6.2)
and they are associated to the choice of the oscillator manifold Ejiw. The different
signs on the third and fourth lines have different origin and they are related to the
choice of #', namely, the upper sign corresponds to #* and the lower one to # .
The bracket (3.6.5) is not manifestly anti-symmetric, but its anti-symmetry can be
seen from the following identity

D Gy L S Ao T NI (/G A Gl A IR CY R G

p=0 p=0
Further, we note that the zero modes Jj % form a Poisson subalgebra
{7, "} = 6775 — 62
5 P T TS T s — T3 s — T P B
Define for both choices of the sign in the last formula the quantity
@ = 6% 4 g7 (3.6.6)

We then see that the Poisson bracket for the entries of @ is nothing else but the
Semenov-Tian-Shansky bracket in the spin space

{@1, wg}i = :t(p DWWy + W1 W2p — WepLr 1 — @1p:|;@2). (367)

We therefore recognize that @ is the non-abelian moment map for the Poisson ac-
tions (3.2.13) of the spin Poisson-Lie group (3.2.14) on X% ,. Thus, J5* generates in-
finitesimal spin transformations, while the conserved quantities J=*% generate higher
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symmetries arising from conjunction of spin transformations with abelian symmetries
generated by Hj.

Since on & the passage from J to JI can be understood as a redefinition of
invariant spin variables, it is enough to consider one of these families. As is clear from
(3.6.5), the Poisson algebra of J¥*% is simpler because a distinguished contribution
of zero modes in the last line of (3.6.5) decouples. Introducing a generating function
of the corresponding modes

JA) =g, (3.6.8)
n=0

we then convert (3.6.5) into the Poisson bracket between the currents. In the matrix
notation this bracket reads as
L

{J1(A), () s = E[Cu, J1(A) + Ja(p)] (3.6.9)

£ 32| pr (A, 1) J1 () Ja (1) + Ji(A) Ja () p5 (A, ) — Jo(p) p J1(A) — Jl()\)P:FJ2(M)] :

Here we have introduce two spectral dependent r-matrices in the spin space
LA+ p
2N —p

_ Apx F pps

which are the standard solutions of the trigonometric® Yang-Baxter equation with
properties
,Oi(/% )‘) = p:F(A7//L) ) P;Oi(Aa M)P = _pi(ﬂa >‘) )

where P = (® is the permutation in the spin space. Note also that pL(\,0) = p+.

Formula (3.6.9) is the symmetry algebra of non-abelian integrals of the hyperbolic
spin RS model. In the rational limit > — 0 the bracket linearises and coincides with
the defining relations of the positive-frequency part of the GL(¢)-current algebra [69].
The quadratic piece of (3.6.9) is the affine version of the Semenov-Tian-Shansky
bracket that extends the Poisson algebra of zero modes, while the whole bracket is
the Poisson pencil of the linear and quadratic structures. The algebra (3.6.9) has an
abelian subalgebra spanned by TrJ(\)", n € Z,, where the trace is taken over the
spin space.

Finally, we note that the superintegrable structure of the model is ultimately
responsible for the possibility to solve the equations of motion for invariant spins.
Indeed, the equations of motion on & triggered by H; are

A=-B, B=-BA'B, a=0=b.

These equations imply that BA~! = I is an integral of motion and also a = const,
b = const. Thus, equations for A and B are elementary integrated

A(t) = e TTA(0), B(t) = Ie7'"A(0). (3.6.11)

5In the difference parametrization.
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We assume that at the initial moment of time T = 0 the system is represented
by a point on the reduced phase space &2. In particular, at this moment of time
coordinates of particles constitute a diagonal matrix A(0) = Q and the variables
;o (0) = a;, obey the Frobenius condition ) | a;, = 1 for any ¢. With this assumption,
it is easy to see that I = L(0), where L is the Lax matrix containing the dependence
on the initial data. Then, the positions of particles at time T are given by the solution
Q(7) of the factorization problem e *07Q = T(1)Q(7)T(1)~!, where T(t) is the
Frobenius matrix satisfying the initial condition 7°(0) = 1. Equations of motion for
invariant spins a,,(T) are then solved with the help of T'(T)

T(T>i_j1aj04 -1

am(’t) = m = T<T)'L] Ajoy -
B
A similar solution can be given for invariant spins c,;. While oscillators a;, mix
under the time evolution with respect to their “particle” index i, the “spin” index
« remains essentially untouched and the solution above is written for the whole /-
dimensional vector. This situation is, of course, a consequence of the spin symmetry
commuting with the evolution flow.



Part 11

Exactly solvable correlators in the
fishnet Conformal Field Theory

— 68 —



Chapter 1
The Double-Scaling limit of
v-deformed N =4 SYM

1.1 Introduction

Quantum conformal field theories in various space-time dimensions attracted re-
cently a considerable attention, not only due to their phenomenological importance
in physics, for subjects ranging from the description of critical phenomena to the fun-
damental interactions beyond the Standard Model, but also due to their beautiful
mathematical structure allowing to get a deeper insight into the fundamental struc-
tures of Quantum Field Theory and, via AdS/CFT duality, of Quantum Gravity. In
spite of the considerable simplifications in the properties of CFTs in comparison with
the massive QFTs, the non-perturbative structure of strongly interacting CFTs in
d > 2 dimension is very complicated and in general not very well studied analytically.

A considerable progress in this direction has been achieved due to the conformal
bootstrap methods [75, 76] based on the basic properties of CFTs following from
the conformal symmetry, such as crossing symmetry in various channels for the four-
point correlation functions. But this approach stays to a great extent “experimental”,
based on heavy numerical computations rather than on explicit analytic formulation
of the final results.

A great progress in our understanding of analytic structure of CFTs in d > 2
dimensions has been achieved for various superconformal QFTs, often due to the
AdS/CFT correspondence. In a special case — the NV =4 SYM- the analytic study
of the OPE data was greatly advanced due to the planar integrability of the the-
ory [13][27]. In particular, the spectral problem — exact, all-loop calculation of
anomalous dimensions of local operators — found its ultimate formulation in terms
of the Quantum Spectral Curve (QSC) [77, 78] — a system of algebraic relations
on Baxter-type (-functions, supplied by analyticity properties and Riemann-Hilbert
monodromy conditions (see recent reviews [79, 80]).

The integrability appears to persist - at least in some sectors - for a class of
3-parameter y-deformations of the R-symmetry of A" =4 SYM [81-83] if one tunes

— 69 —
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$1 P2 P3 U1 [ V3 (2
Q1 | +1 0 0 +3 -3 -3 +3
Q |0 +1 0 -1 +3 -1 +3
Qs |0 0 +1 ~1 -3 +3 +3

Table 1.1: Charges of scalar and fermionic fields under the Cartan charges of R-symmetry SU(4). These
charges generate the symmetry group U(1) ® U(1) ® U(1) left over after the breaking of R-
symmetry by twisting. The SU(N) gauge field A, has zero R-charges.

the so-called double-trace terms, generated by the RG of the model, to their critical,
in general complex values [36, 84]. This y-deformation of N' = 4 SYM describes
a family of non-sypersymmetric and non-unitary four-dimensional CFTs labeled by
't Hooft coupling g and three y-deformation angles v;, j = 1,2,3. The Lagrangian
of such theory reads (see e.g.[85])

1 1 o
L= NTr | = F " — 51)%}1)@@ + ithe ADYYA| + Lin (1.1.1)

where i =1,2,3 A=1,2,3,4, D* = D,(c")* and
9 i j —ieidk i g
L = Neg Tr [Z{0], 6'HoJ ¢} — ge gl eo'e)
— Iy T Gy et T iy (112)
AN _iNT . ik Le. + - —
— T2 1 ol + €72 g plapy + ieRea i mapy gl ]

where the summation is assumed w.r.t. doubly and triply repeating indices, and
we use the standard notations for scalar, fermionic fields, covariant derivative and
F,,, tensor. We suppress the Lorentz indices of fermions, assuming the contractions
Y o and %,a%@- We also use the notations

+_ WBER L mEW 4 Y2Emn

M 5 Y2 5 V3 5 ( 3)

The parameters of the y-deformation ¢; = e~ 3% j =1,2,3 are related to the Cartan
subalgebra u(1)? C su(4) = s0(6) and the value of such charges for the fields are
represented in Tab.1.1.

As regards the conformal data, for the non-deformed N' =4 SYM several OPE
have been studied in numerous papers, using the integrability properties, as well as
AdS/CFT correspondence for the strong coupling regime g — oo, or a direct Feyn-
man graph calculus at weak coupling ¢ — 0. Apart from the spectral problem, an
impressive progress has been achieved in a more difficult problem of computation
of structure constants and correlation functions [86-89], as well as of 1/N? correc-
tions [90]. However, the efficient all-loop solution of these problems is still hindered
by outstanding technical complexity. We also have to admit that integrability of
N =4 SYM is still a somewhat mysterious phenomenon, not very well understood,
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especially on the CFT side of this AdS;/ CFT, duality.

In 2015, O. Giirdogan and V. Kazakov proposed a family of non-unitary, non-
supersymmetric CFTs [32], based on a special double scaling limit of y-deformed
N =4 SYM combining weak coupling limit of small 't Hooft coupling, g — 0, and
strong imaginary twist, v; — 400, with three finite effective couplings §; = ge /2,
The gauge field A, and the gaugino 14 decouple in this limit and one is left with
three complex scalars and three complex fermions with certain chiral structure of
interactions (see the Lagrangian of the theory (1.2.1),(1.2.2)). These CFTs, on the
one hand, helps to shed some light on the origins of integrability in N’ = 4 SYM, and
on the other hand, the double scaling limit significantly facilitates the computations
of interesting physical properties, such as the OPE data and certain multi-loop Feyn-
man graphs, revealing rich and instructive dynamical properties of the theory. These
dynamical properties were further studied in [91], in particular, by the asymptotic
Bethe ansatz methods. This full three-couplings double scaled version of N' = 4
SYM was dubbed in [91] the chiral CFT, or, shortly, yCFT. We will employ this
name in what follows.

In the single coupling reduction, & = & = 0, & # 0, the theory reduces to
two interacting complex scalar matrix fields (see eq.(1.2.6)). The planar Feynman
graphs for typical physical quantities in such a bi-scalar theory appear to have,
at least in the bulk, the fishnet structure where the massless scalar propagators
form a regular quadratic lattice [32]. This theory will be called in what follows the
bi-scalar, or fishnet CFT. The fishnet graphs of simple topology, such as a torus,
appear to represent an integrable statistical mechanical system [92]. Remarkably,
there exists also an integrable generalization of the Fishnet CFT to any dimension
d [28], presented extensively in the next chapter of this thesis.

Many results recently obtained for the bi-scalar fishnet CFT, would be utterly
difficult to achieve for the analogous quantities in the full y-deformed N =4 SYM.
First of them, the anomalous dimensions of the operators Tr [¢¥] — dominated by
wheel-type fishnet Feynmann diagrams — were computed explicitly, in terms of mul-
tiple zeta values (MZV), at two wrappings (up to 2L loops for any L [32, 93]) and,
iteratively, to any loop order for L = 3. Another remarkable example of exact com-
putations, unique in d > 2 CFTs, are the all-loop four-point correlation functions
of the shortest protected operators [36, 37, 80]. The biscalar fishnet CFT gives a
unique opportunity for the study of single-trace multi-point correlators and of the
related exact planar scalar amplitudes, revealing their Yangian symmetry [94, 95].
One is even able to compute exactly, using the above mentioned exact four-point
correlators, the simplest non-planar (~ 1/N?2) scattering amplitude [96] (see also [97]
for the perturbative study of this amplitude).

All this shows that this integrable theory resulting from the double-scaling limit
of planar y-deformed N’ =4 SYM allows a unique insight into the non-perturbative
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structure of strongly interacting CFTs and a closer look at them could reveal many
general properties of CFTs in d > 2 dimensions. It is also worth mentioning the
existence of 3 dimensional analogues of these CF'Ts, obtained by a similar limit from
the three-dimensional ~y-deformed ABJM model [91] dominated by fishnet graphs
with regular triangular structure, as well as the 6d version of fishnet CFT [98], where
the fishnet graphs have a regular hexagonal structure. The “bulk” integrability of
all three cases of regular fishnet planar graphs was predicted in [92].

In this thesis we attempt to extend the study of some of the questions already
explored in the case of bi-scalar fishnets, to the full double-scaling limit of N = 4
SYM theory. First of all, we will give the complete description of the bulk structure
of Feynman graphs (far from their boundaries defined by the particular underlying
physical quantities). It appears to be much richer than in the fishnet CFT, though
much simpler than in the full ' =4 SYM conserving a certain lattice regularity. A
pictorious way to describe these graphs is to introduce the regular triangular lattice
and then to do all possible Baxter moves of all three types of lines, as shown on
Fig.1.2. These lines should represent sequences of bosonic and fermionic propagators
and the mixed intersections (where both bosonic and fermionic propagators meet)
should be disentangled, in a unique way, into pairs of Yukawa vertices). These
configurations should be summed up, so that the collection of such graphs could
be called the “dynamical fishnet”. The integrability of these graphs, or the sum of
them, remains to be proved, though we demonstrate it in this chapter in a simpler
case of the two-coupling reduction of YCFT (see eq.(1.2.4)), with two bosonic and
one Yukawa coupling.

In the next chapters we will compute exactly the 4-point correlation functions of
certain short, protected scalar operators, similar those obtained in fishnet CFT [36,
37, 80], for its d-dimensional generalization and for the full YCFT,. For that we
identify all the graphs contributing these quantities and sum them up using the
Bethe-Salpeter approach helped by the conformal invariance. In comparison to the
fishnet CFT, the two-coupling dependence of these correlators in the full double-
scaled CFT will reveal a rich phase structure in the coupling space. In the remaining
sections of this chapter we provide details about the theory under study, its reduc-
tions, its conformality and the bulk topology of large Feynmann diagrams in the
planar limit.

1.2 Feynman graphs and correlators of yCFT

In this section, we will study the generic structure of planar Feynman graphs and
discuss their integrability properties, in the full three-coupling chiral CFT (yCFT)
proposed in [32] (see also [91] for more details).

This CFT was obtained as a double scaling limit of y-twisted N' = 4 SYM de-
scribed above. It is defined by the Lagrangian for three complex scalars and three
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complex fermions transforming in the adjoint representation of SU(N.):

1 j NN NN IAYe] j
ﬁ(w) = NCTI' (—58’%;8”(;5] + ij (O"u>d #wi) + £int7 (121)

where the sum is taken with respect to all doubly repeated indices, including j =
1,2, 3, and the interaction part is

Line = NoTr |6 61010%0"+6 01616°0" +-65 01010 6" +iv/B& (164" + Y1)

+ VGG + dilis) + VALY + ool |.

(1.2.2)

We suppressed in the last equation the spinorial indices assuming the scalar product

of both fermions in each term. We will refer to this theory as yCFT theory.

The double scaling procedure and the derivation of this action from ~-deformed

N =4 SYM can be found in papers [85],[91]. In the next sections, we will study the

four-point functions obtained by point splitting of fields in coinciding points, in the

two-point correlation functions of local operators of the type:

Tr[¢i(z)] (j=1,2,3). (1.2.3)

Since the Lagrangian (1.2.2) depends on three arbitrary couplings, one can tune
their values to obtain interesting reductions of this yCFT. For example, in the limit
& — 0, one fermion decouples and we obtain the following action [91]

Liw = NoTr (& 0l010'6” + & ololo’! +iv/BG (W26 + daslin) ). (124)

We will refer to this theory as xoCFT theory. Another interesting case of (1.2.2)
occurs when all three couplings are equal & = & = & = £ and corresponds to
the doubly-scaled S-deformed SYM [99, 100]. It has the following interaction La-
grangian [91]

Lo = €N Tr (aholo?® + slolo’e! + ololo'#?)
FIENCTY (602 + aglila + 01 6%0° + G104y + V20%0" + badlthy ).
(1.2.5)

In this case, one supersymmetry is left unbroken, as in the original S-deformed
N =1SYM.

Most of the papers on this relatively young subject were devoted to the above-
mentioned single coupling reduction of this model: & =& =0, & =€ #0, ie.
the bi-scalar, fishnet CFT defined by the action [32]:

Lo = "5Tr (0610,0" + 00100 + 2676l 0}0' ) (1.2.6)

In the following we will describe the general bulk structure of the planar Feynman
diagrams of (1.2.1). Indeed, one interesting feature of those models is the drastic
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Figure 1.1: The chiral vertices of the doubly scaled theory (1.2.2). The graphs of the first line represent the
quartic scalar interactions and the ones in the second line are the Yukawa interactions. Tick
solid lines and dashed lines represent scalar and fermionic propagators respectively. Colors
stand for the various ”flavour” of the particles ¢ and ¢%: black for ¢ = 1, red for i = 2
and green for ¢ = 3. Arrows symbolize the fixed orientation (chirality) of the vertices and,
according to our notation, they point always to the fields with bars or daggers. The second
chirality of Yukawa interactions i.e. the one with ¢); — 9" and qbz — ¢" with ¢ = 1,2,3, can
be represented as the second line of vertices with flipped arrows.

simplification of their weak coupling expansions in terms of Feynman diagrams in
the planar limit. In general, any diagram of xCFT can be built as a collection of
the vertices in Fig.1.1, connected by scalar and fermionic propagators’. The arrows
indicate the fixed orientation (chirality) of the interactions, i.e. in a propagator it is
directed from a field to its hermitian conjugate. An essential feature of (1.2.2) is the
absence of the hermitian conjugate of every interaction vertex. The chirality of this
theory makes it non-unitary and plays a crucial role for the underlying conformality
and integrability in the 't Hooft limit. In fact, in the absence of the hermitian
conjugate vertices, all the graphs which could renormalize the couplings and the
mass are non-planar. As a consequence, we will see in sec.1.2.2 that the planar
weak coupling expansion of physical quantities w.r.t. interactions (1.2.2) in xCFT is
dominated, at least in the bulk and for high enough perturbative order, by a specific
class of planar diagrams having a kind of a lattice structure, much more rigid than
the structure of graphs in the original A = 4 SYM. This lattice structure is, however,
richer and more “dynamical” than in the bi-scalar theory where the unique regular
square fishnet structure dominates at any order in perturbation theory. In the full
XCFT, due to the presence of Yukawa interactions and quartic scalar vertices, there
are more planar graphs contributing at each perturbative order, but the chirality still
dramatically reduces their number. We can dubb the structure of full yCFT graphs
as “dynamical fishnet”.

L Apart from the double-trace vertices [101, 102] whose role will be discussed below.
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1.2.1 Double-trace interactions and conformal symmetry

The ~-deformed N/ = 4 SYM theory and its doubly-scaled version are not confor-
mal invariant, not even in the planar limit [85]. Indeed, the renormalization group
calculations show [103] that the new, scalar double-trace interactions are generated

3
Lav=(47)"Y | 03 Teloos Telolo!] + 03 Tels0], 1 Tr(6]0,. ) +ad Trlgje;, | Trlolol, |
7j=1

(1.2.7)
where in our notation j; = j 4+ 1 with the constraint 3, = 1. The double-trace
couplings ay, ; generically flow with the scale. They are needed to renormalise the 2-
point correlators of the local operators Tr[¢;¢,], Tr[gbjgbL] and Tr[p;¢;, | respectively.
For any of these planar correlators only one double-trace term contributes, that is
the f-function of each oy ; depends only on couplings {&1, &2, &3} and ay ; itself. Due
to permutation symmetry of flavour indices j = 1,2, 3 in the Lagrangian (1.2.1), the
functions S, ; show the same symmetry in the coupling dependence, namely

60%,]- (ak,ja fj: £j+ ) gj_) = Bak’j/ (ak,j’> 5]”7 gjﬂr7 6]',) ) (128)

thus will drop in what follows the specification of subscript j in double-trace cou-
plings. The double-trace terms (1.2.7) appear in the theory already at one-loop
renormalization and the S-functions associated to the couplings a are not zero. In
~v-deformed N' = 4 SYM the one-loop S-function associated to the double-trace
interaction a2 Tr(¢;¢,]Tr[¢l¢!] of (1.2.7) is [103]

g4

Bo = sm vfsin?q, + 437%a; + O(¢%, ), (1.2.9)

where ﬁ are linear combinations of the deformation parameters v; of the theory
defined in (1.1.3). Let us turn to the theory (1.2.2) with the double-trace terms
(1.2.7). In contrast to the bi-scalar theories, where the invariance under exchange

Pj — Pi,
allows to identify as and ag, the presence of Yukawa interactions in yCFT specif-

ically breaks this symmetry, and operators Tr[qugbL] and Tr¢;¢,,] show different
behaviour. When only one oy coupling is running, the corresponding S-function has

(1.2.10)

the following form
Boy, = al&) + b(&) af + c(€) oy, (1.2.11)

where a, b, ¢ are functions of the couplings £ = {1, &,,&3}. This quadratic behavior
of B as a function of o} was encounter for the first time in [102] as an example of
non-supersymmetric orbifold theories with double-trace interactions and established
in [104] for a generic deformed theory in the 't Hooft limit. If the running coupling ay,
is associated to the double trace interaction TrOTrO" of length-two scalar operators
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O, the functions a, b and ¢ are related to the normalization coefficient of the two-
point function of O, the contribution of the single-traces to the anomalous dimension
of O and the coefficient of the induced double-trace terms.

To make the theory conformal at the quantum level, one needs to tune the double-
trace couplings to a fixed point. In the original y-deformed N/ = 4 SYM , the 't Hooft
coupling g? is not running, so the critical (conformal) point for double-trace couplings
can be computed imposing the vanishing of their S-functions. In the case of a single
running coupling, (1.2.9) has the following fixed points

2 ig® - 4
ai, = iﬂ sinv, siny, + O(g"). (1.2.12)
7r

Similarly, the coupling constants &; of the theory (1.2.2) are not running in the
't Hooft limit and one can fine-tune the double-trace couplings o? to critical values
in terms of their & dependence, imposing the vanishing of the underlying S-function
(1.2.11) as follows

bt Vb —4
Bay =0 = (472, = —2—“. (1.2.13)
c
At the two fixed points (1.2.13), it is possible to write the anomalous dimension 7,
of the operator O in terms of the discriminant of 3,, = 0 [104]

43, = b* — 4dac. (1.2.14)

At the fixed points for all double-trace couplings (1.2.7) of y-deformed N' =4 SYM ,
the theory becomes a genuine non-supersymmetric CF'T. This conformal theory ap-
pears also to be integrable [36, 82, 83] and its spectrum of anomalous dimensions can
be treated by such a powerful tool as quantum spectral curve (QSC) [77, 78, 83]. The
same statements hold for the double-scaling limit of the 4D xCFT theory (1.2.2),
to which we have to add the double-trace Lagrangian (1.2.7). Integrability of the
full YCFT is still a conjecture, as it is for the full y-deformed N = 4 SYM . It
was demonstrated explicitly only for the simplest reduction of YCFT — the bi-scalar
CFT (1.2.6), where the fishnet planar graphs have an iterative regular lattice struc-
ture [32], shown to be integrable long ago by A.Zamolodchikov [92] (see also [39]).
We extended the proof of integrability to a larger, two-coupling sector of yCFT in
Sec.4.1.1, by methods of conformal SU(2,2) quantum spin chain. In the case of
XCFT we also have good chances to prove full integrability on the level of planar
Feynman graphs since, as we show below, these graphs preserve a certain rigid lattice
structure.

The obvious physical defect of such CFTs is the loss of unitarity. Indeed, as it will
be clear with the explicit example below, the discriminant of the equation 3,, = 0
is negative, inducing complex values for the fixed points (1.2.13) and anomalous
dimension (1.2.14). Moreover in the AdS/CFT context, this fact can be interpreted
as the presence of true tachyons in the bulk on the string theory side [104].
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Figure 1.2: General “dynamical” fishnet bulk structure of a planar graph for 3-coupling chiral CFT
(1.2.2). Dotted lines represent scalar or fermionic propagators (the rules for the choice of
propagators will be explained below and demonstrated in Fig.1.3) The colors and directions
of the lines stand for the three “flavours” of the particles i = 1,2, 3 with the same notation as
we used in Fig.1.1. The intersections correspond to six different effective vertices that can be
written in terms of the usual ones following the map given in Tab.1.2.

The one-loop anomalous dimension of the length-two operator Tr[¢;¢;] in 7-
deformed N =4 SYM at the fixed point is [103]

ig?
o2
Notice that both the fixed points (1.2.12) and the anomalous dimensions (1.2.15)
are complex conjugate, as expected. Those relations are actually valid in the full
~-deformed N' =4 SYM theory, but in the double-scaling limit under analysis it is
simple to obtain some predictions for the one-loop 3, the associated critical points

Vojo,6 = Fog sin7y; siny; + O(gh). (1.2.15)

and the anomalous dimensions. In particular we have

2 _ g2

Yororn R F2(E2 €2 ) +...  and  of, DOEM izg”TJ +.... (1.2.16)
In Sec.4.3.3 we will verify these results computing the exact spectrum of the operator
Tr[¢;¢;] with the Bethe-Salpeter method, and the first order of the fixed point o,
using Feynman diagrams.

Non-unitary CFTs are usually logarithmic [105], i.e. with an interesting, log-
arithmic behavior of certain correlators. The v-deformed NV = 4 SYM and its
double-scaled version — the yCFT (1.2.2) (and its reductions mentioned above) are
not exceptions: they show the same logaritmic properties due to the non-hermiticity
of their dilatation operators [38, 39].

1.2.2 Bulk structure of large planar graphs

Let us try to describe the general structure of an arbitrarily big Feynman graph
in the bulk, far from the boundaries. The generic picture is illustrated on Fig.1.2.
The theory (1.2.2) contains 3 complex scalars ¢' and 3 complex fermions ¢ labelled
by ¢ = 1,2,3. We chose to represent scalar propagators with thick solid lines and
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fermionic propagators with dashed lines (see Fig.1.1), while the label denoting their
U(1)®3 flavour (see App.(1.1)) is mapped into colours: (1,2, 3) = (black, red, green).
In Fig.1.2, coloured dotted? lines in a particular direction represent a generic prop-
agator, both scalar or fermionic. In this framework, a set of parallel lines represents
any combination of fermionic and scalar propagators of a given flavour.

This system of three dotted lines forms a lattice which combines the features of
both regularity and irregularity. Any such lattice can be obtained from the regular
triangular lattice (or a more general Kagomé lattice) by arbitrary Baxter moves of
all lines: displacements in the direction orthogonal to the line, i.e. conserving its
direction.

The links of the resulting lattice are propagators while nodes are quartic effective
interactions. These interactions are of three kinds, depending on which lines are
crossing and which propagators enter the corresponding crossing (effective vertex).
They can represent a set of ¢* or various Yukawa vertices, according to the rules
listed in Tab.1.2. Indeed in this framework, a quartic vertex involving fermions can
be though of as a couple of Yukawa vertices, or similarly, as a split quartic vertex in
which we have added a propagator in the remaining direction, according to the rules
in Tab.1.2. The quartic interaction can involve four scalars, four fermions or two
of each. Moreover, we chose the directions of the arrows to be consistent with the
Feynman rules in Fig.1.1. Depending on the orientation of the mixed interactions
we will refer to them as crossing or scattering interactions as in Tab.1.2.

Given three sets of parallel lines crossing each other with quartic interactions, the
resulting irregular lattice is formed by a finite set of convex polygons. The smallest
possible n-gon is a triangle and the largest one is a hexagon. Those convex polygons
can be constructed locally by the abovementioned moves of lines in two or three
different directions:

e 2 directions (colors): We can discard the lines in one of the directions. The
local interaction of lines with only two directions (colors) forms a square lattice
as in [32, 92]. Since we are considering three colors, we can have three different
squares depending on their directions.

e 3 directions (colors): In this case there are more possibilities to build convex
polygons. Indeed let’s start with the crossing of three lines with three different
directions. Locally, they form a triangle that can have two different orientations.
Adding another line, parallel to one of the previous three, and cutting the
triangle, we will end up with a square. Since we can add a line of any color
and there are two possible triangle orientations, we can draw 6 different squares.
Iterating this cutting procedure by adding one and two lines we obtain pentagons
and the hexagon.

2The reader should distinguish between dashed lines, representing fermionic propagators, and dotted lines repre-
senting the lattice based on effective vertices.
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Table 1.2: Substitution rules for the effective vertices appearing in the fishnet bulk structure of Fig.1.2 in

terms of the Feynman rules of Fig.1.1. Any effective vertices is associated with a combination

of the coupling constants & with i = 1,2,3 of order ¢2.

In the following table we recap all the possible n-gons and their multiplicity, that

is the number of different ways (i.e.:

scaling) the same polygon can appear in the graph.

not superposable by simple translation and
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Figure 1.3: One of the possible configurations in terms of effective vertices of Tab.1.2 for the bulk topology
represented in Fig.1.2. The diagrams at the two sides of the figure represents the parts of the
graph in the light-blue circles in terms of real vertices of Fig.1.1 according with the rules given
in Tab.1.2. We stress that given a set of effective vertices, the translation in real vertices is
unique.

n-gon A O a O
Multiplicity 2 9 6 1

It follows that for a given set of lines, the resulting lattice can be seen as a tiling of

the plane with 18 different tiles.

The structure of the fishnet bulk is very rich, indeed once the topology of the
lattice is defined as in Fig.1.2, some information is lost, as any quartic effective vertex
can be associated to six different physical vertices, as listed in Tab.1.2. The number
of possible Feynman diagrams N; which can be associated to a given close n-gon,
defined by n quartic effective vertices, can be computed considering first all possible
combinations of fermionic and scalar propagators for the edges of the polygon and
then cancel out those vertices which does not fit in any configuration. After this
tedious combinatorics we obtain the following table

n-gon A O O O
Ny 28 82 244 730

This result can be written in the following compact formula
Nyg(n)=1+3". (1.2.17)

Now we can estimate the number of Feynman diagrams for a given topology of the
effective fishnet bulk. This number has the sum of all the Ny’s for all the polygons
as an upper bound and we can estimate its order of magnitude. Then the number
of possible Feynman diagrams for the topology of the fishnet bulk given in Fig.1.2
is around 1.5 x 10%. Moreover, since any vertex is associated with a combination of
the couplings & with ¢ = 1,2, 3 of order 2, we know that the diagram in Fig.1.2 is of

5234

order . One of those configurations is represented in Fig.1.3.
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Figure 1.4: The result of drawing a disc on the lattice of Fig.1.3 can be interpreted as one planar graph
contributing to an n-point functions of the kind (1.2.18), drawn in terms of effective vertices.

In this example we present Tr [(]511/_)31/)1@31/}2(?%7;11/J21/)2¢I¢31/_111/13751¢;1/)3d_12¢1¢;¢1]($1 ... Z20),
and the graph is of order £€*2. As it results from Tab.1.2, each effective vertex can be replaced
in a univocal way in terms of structure made of real vertices.

1.2.3 Single-trace correlation functions

We can realize the above mentioned bulk graphs (with fixed coordinates of external
legs) as a single-trace operator of the form:

K(z1, @9, ... on) = Tr [x(21)x(22) . x(zu)] (1.2.18)
X € {¢;, 01, 0%, 05}, (G=1,2,3 a,&=1,2), (1.2.19)

i.e. each x(z) under the trace is one of 18 fields of the YCFT model (1.2.1)-(1.2.2).
Of course (1.2.18) must have zero overall R-charge, to have a non-zero answer. This
implies a condition on the elementary fields under trace, namely if we define n; and
m; as the differences between the number of ¢;, respectively 1); and the conjugated
fields, the mentioned condition reads

nj+2m;—Y mpy=0, j=123. (1.2.20)
oy

To describe the Feynman graph content of this quantity, let us remind that a similar
single-trace correlator in bi-scalar fishnet CFT [94, 95], consisting only of scalar fields,
was given by a single fishnet graph of the disc topology where the disc was cut out
across the edges of a regular square lattice. The ends of the cut edges represented
external fixed coordinates and the integrals were taken over all vertices inside the
disc. Similarly, for each of the quantities (1.2.18) there exist a collection of graphs
of the disc shape cut out of the lattice of the type drawn on Fig. 1.3. The types of
external legs — the cut edges along the boundary — define the species of fields from the
set x following in the same order under the trace in (1.2.18). We present an example
in Fig.1.4, where the disc is drawn on the concrete realization of the lattice as given in
Fig.1.3. A big difference w.r.t. the bi-scalar single-trace correlators is that in the full
XCFT such a quantity is defined by the sum of all graphs with the same order of fields
on the boundary (same sequence of external legs) which are related to each other
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Figure 1.5: Other possible planar graphs for the same 20-point function of Fig.1.4 at order £*8. On the
left, the yellow triangles have different edges w.r.t. Fig.1.4. On the right, one red-dashed line
has been moved down-right, changing the topology w.r.t. Fig.1.4 in the highlighted region.

by the orthogonal moves of three types of parallel lines described in the previous
subsection (as example, see Fig.1.5 (right)). Furthermore, even at fixed topology,
one can change the interaction vertices inside the graph, namely switching some
dashed (fermionic) lines to solid (scalar) lines and vice-versa (Fig.1.5 (left)). This
corresponds to different realizations of a disc segment of the dotted-lattice in Fig.1.2
with boundary conditions fixed by the external legs. The number of possible graphs
can be estimated by considerations of the previous subsection. This single-trace
correlator can be used to define the scattering amplitudes via Lehmann-Symanzik-
Zimmerman procedure, by going to the dual momentum space and taking on-shell
external momenta, in the spirit of the papers [94, 95]. It is worth noticing that not
all the planar single-trace correlators are obtained out of this procedure. Indeed
certain external states can be cut out only drawing a circle on the actual Feynman
graph (see Tab.1.2) where all propagators are explicitly drawn. Moreover, for given
correlation functions, there are lower order graphs in the coupling which cannot be
cut out of the planar lattice, but from two or more sheets of such lattice as explained
in [94].

1.3 Conclusions

We found here the complete description of possible Feynman graphs of yCFTy in the
“bulk” — i.e. far from the boundaries of the graph defined by a particular physical
quantity. These graphs can be dubbed as “dynamical fishnet”, since, unlike the
usual regular fishnet of the bi-scalar model (1.2.6) they have a certain dynamics
(summation over many of such graphs) preserving at the same time a kind of irregular
fishnet structure shown on Figs. 1.2,1.3. Interestingly, this bulk structure is neatly
realized as Feynman graphs describing arbitrary single-trace correlation functions of
all elementary fields, as shown on Figs. 1.4,1.5. It would be very interesting to find
the realisation of the Yangian symmetry of these correlators, and of the related planar
amplitudes (with disc topology), generalizing the results of [94, 95| for the bi-scalar
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CFT. It would be the neatest demonstration of the integrability of the full model.
In Sec.1.2 we have shown such integrability in the two-coupling reduction of the full
XCFT, having a much simpler fishnet structure (combination of regular “brick wall”
graphs with Yukawa vertices and regular square lattice fishnets). A considerably
more involved analysis of the integrability of the full dynamical fishnet of yCFT, in
particular, via the Yangian symmetry of single-trace correlators, is underway. We
believe that it will be another important step to the understanding of integrability
of the mother theory — the AV = 4 SYM. It is worth noticing here that ~-deformation
represents a rather mild, “topological” modification of the planar graphs of original
N =4 SYM, altering only the boundaries of these graphs, and not the bulk.






Chapter 2
Fishnets in a d-dimensional sea

2.1 Introduction

Conformal field theories (CFT) are ubiquitous in two dimensions [17], and quite a
few super-symmetric CFTs in d = 3,4,6 dimensions are known. But well defined
and not super-symmetric CFTs in d > 2, such as 3D Ising or Potts models, or Banks-
Zaks model [106], are rare species, in spite of their rich potential applications ranging
from the theory of phase transitions to fundamental interactions. The CFTs at d > 2
which in addition are integrable, such as 4D AN = 4 SYM and Aharony-Bergman-
Jafferis-Maldacena (ABJM) theories in the 't Hooft limit, are true exceptions [13] *.
That’s why a new family of planar integrable CFTs obtained in [32] as a special
double scaling limit of y-deformed N = 4 SYM seems to be an important and
instructive example. This theory can be studied via quantum spectral curve (QSC)
formalism [83, 107, 108] or using the integrability of its dominant Feynman graphs
via the conformal, SU(2,2) non-compact spin chain. A nice particular case of this
family is the 4D bi-scalar theory, whose planar limit is dominated by “fishnet” type
Feynman graphs [32, 91].

A rather exceptional feature of the fishnet theory is that it can be defined in
any space-time dimension. This provides an interesting laboratory for studying the
properties of higher dimensional CF'T's, and its connection to other known conformal
and integrable models. Let us define the d-dimensional generalization of the 4D
bi-scalar theory introduced in [32] as follows

Ly = Netrlg] (—0,0")° 61+ 6L (—0,0")2 7 ¢ + (47)2 01 0kdndal,  (21.1)
where both scalar fields transform under the adjoint representation of SU(N,); &% is

the coupling constant and w € (0, g) is a deformation parameter. The non-local (for

general d, w) operators in kinetic terms should be understood as an integral kernel
(—4)°T(5+8) [ d f(y)
ATp) ) ey

1The integrability of such theories emerges due to their duality to string sigma models on specific cosets, having

(0,0 f(x) = (2.1.2)

an infinite number of quantum conservation lows for their world-sheet dynamics, or due to the analogy between the
planar Feynman diagram technique and integrable (1 4+ 1) dimensional quantum spin chains [13].

— 85 —
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The propagator of scalar fields is its functional inverse:

(5 —A)

(_8M8u)f3D($) = 5@ (), D(x—y)= o W%F(ﬁ) P y|d—25.

(2.1.3)

The typical structure in the bulk of sufficiently big planar Feynman graphs in this
theory is that of the regular square lattice (“fishnet” graphs, proposed in [92] as an
integrable lattice spin model), by the same reasons as in 4D case [32, 91|, namely,
due to the presence of the single chiral interaction vertex in the Lagrangian, and
the absence of its hermitian conjugate. For example, the graphs renormalizing local
“vacuum” operator tr(¢;)" are those of the “wheel” type and they can be studied
via the integrable conformal SO(2,d) spin chain ?, as was suggested for 4D case in
[39]. The dimensions of operators of the type tr[¢?(¢hps)*] have been also studied in
4D [39] by QSC methods. It is not clear whether this method can be generalized to
our d dimensional model. But the spin chain methods certainly can.

In general, the propagators of the fishnet graphs of the model (2.1.1) are different
for the two different fields: |z — y|=9t2% for ¢, fields and |z — y|=2 for ¢, fields.
Let us concentrate here on the “isotropic” case w = d/4. In order to maintain the
renormalizability we should add to (2.1.1) the following double-trace counter-terms
[85, 103]

d
2

2
La/(d7)7 = af D tr(gith) tr(]e)) — a3 tr(dr6a)tr(phe]) — aztr(grh)tr(ael)
=1

(2.1.4)

Notice that the first term disappears in the “non-isotropic” case w # % since the
couplings of two terms in the first line of (2.1.4) would become dimensionful.

As it was suggested in [84] and explicitly shown in [36] for the 4D case, the
“isotropic” bi-scalar theory with Lagrangian L4 + L4 has two fixed points. We
generalize here this result to any dimension, up to two loops, computing the corre-
sponding Feynman graphs (Fig.2.1) contributing to the f3,,-function. Its two zeroes
are Y

ai(€) = EF%

where the real coefficient J depends on the e~

— J@e¢d 4 Oeh) (2.1.5)

! coefficient of the down-left graph

of Fig.2.1 in dimensional regularization. For example: J® = 1/2, J? = 2In2,
JO = %\/1;2 3. At this critical coupling «;(¢) the bi-scalar theory becomes a

genuine non-unitary CFT at any coupling £&. The operators tr(¢;¢s), and tr(¢1d))
are protected in the planar limit as in [36].

2in the rest of the chapter we will use its Euclidean version SO(1,d + 1) instead of the Minkowskian SO(2, d).
3This term can be computed at any d by means of Integration by Parts and Mellin-Barnes transformation,
according to [109]
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Figure 2.1: Loop expansion of (tr(¢?)(z)tr(4%)"(0)) planar graphs up to 2-loops.

Generalizing the 4D results of [36] to any d, we will compute exactly a particular
four-point function and read off from it the exact scaling dimensions and certain OPE
structure constants of operators of the type tr(¢107 ¢ (gb;qb)k) +permutations. Their
dimensions are encoded in a remarkably simple exact relation

F(E_M) F(f—ijw)

has = —a—r> 2 =¢t (2.1.6)
F(§-57) M (=i+%%)

which reduces of course at 4D to the result of [36]. For even d it gives d different
solutions A(§) = Ag + v(£). At odd (or non-integer) d there are infinitely many, in
general complex, solutions. At weak coupling the two complex conjugate solutions

at S=0 1
Y S S 2 ) C_i) 0
=i g (70 () o

describe anomalous dimensions of the operator tr(¢;¢;) at the two fixed points. In

a similar way, for any S € 2Z the real weak coupling solution

§T(S)
y=-2
FOT(E5)
258F(S)2 (0) El L (0) 6_1 ) "
I (9?1 (4 +5)° (‘” (2) v (2*5)“” <S)+7E)+O(£ )

describes the operators of the type tr(¢;07¢1), where 95 = (7 - 9)° with f being an
auxiliary light-like vector.

For d = 2m, m € N the Lh.s. of (2.1.6) factorizes into a polynomial of degree 2m
and 2m roots of eq.(2.1.6) describe the scaling dimension of the exchanged operators
in the OPE channel 25 — x4 of (2.3.1) together with their shadows A = d — A. At
¢ = 0 we get for the bare dimensions of physical operators (i.e., excluding “shadow”

operators)

Ag—S={mm+2 - 3m—2},

4Here and in the following we adopt the notation ¢+~ (z) = ;I% log I'(z) for polygamma functions.
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At d = 2 there is a single solution with the dimension A = 1 + /52 — 44 of the
local twist-2 operators of the type tr(ngl@fgbl), while at 4D the additional Ay—S =4
describes twist-4 operators [36]. As an example, at d = 6 and S = 0 the possible
non-shadow solutions for (2.1.6) are Ay = 3,5,7. They can be realized as tr(¢?)
for Ay = 3, linear combinations of tr(¢;A¢y), tr(d,010"¢1) for Ay = 5 and of
tr(qblAqul), tI'(AqblAgbl), tr(aﬂ¢1aMA2¢1>, tr(aﬂa,,gbla’"‘a”gbl) for AO =T.

Diagonalizing the mixing matrix of these operators at £ # 0 we would obtain op-
erators with non-trivial, (&-dependent anomalous dimensions, as well as the so called
log-multiplets [38, 39], omnipresent in this non-unitary theory [105, 110], contain-
ing the operators with zero anomalous dimension. Eq.(2.1.6) predicts that all the
exchange operators from this set acquire non-trivial anomalous dimensions, whereas
the operators belonging to log-multiplets never appear among them. This appears
to be true at any even dimension d.

As a general rule, according to the eq.(2.1.6) the operators of the type

{tr(6107 ¢1 (p29h)") + permutations} , (2.1.7)

appear in the multiplets only at d/4 € N, k = 1. We will find below from the exact
4-point function the conformal structure constants of these operators with two scalar
fields.

2.2 Integrability of d-dimensional bi-scalar CFT

As it was noticed in [32] and further developed in [36, 39, 91], the 4D case of the
theory (2.1.1), with w = 1, is integrable in the planar limit. On the one hand, this in-
tegrability is the direct consequence of integrability of y-twisted planar N =4 SYM
theory, from which it was obtained in the double scaling limit combining strong
imaginary twist and weak coupling. On the other hand, this integrability was ex-
plicitly related in [32, 39] to the fact that the bi-scalar theory was dominated by the
integrable “fishnet” Feynman graphs [92]°.

Apart from 4D case, for arbitrary d our bi-scalar model (2.1.1) does not have any
integrable SYM origin. But the arguments of equivalence to the integrable conformal
SO(1,d+1) spin chain do work. Namely, let us introduce the d-dimensional analogue
of the 4D “graph-building” operator [32] at general w-deformation

c. dd:vL/ (I)(ilj'll, ce ,ilj'L/)
|2w

H Oz, ... 01 = 1dL / d'zy (2.2.1)
T2 \:Un/\d*% RN |£L‘LL, |d72"" X ’1'1/2/ R |£L‘L/1/‘2w

5This terminology for the graphs of regular square lattice shape was introduced by B.Sakita and M.Virasoro in
1970.
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Figure 2.2: Graphical representation of the transfer matrix as a convolution of R-kernels according to
formulas (2.2.2)and (2.2.3). Black dots are integration points and the weights of propagators
are written in the second and third R-kernel. The primed points x} belong to the auxiliary
space.

schematically presented on Fig.2.3. It is easy to see that a power of this operator
HM generates a fishnet Feynman graph with topology of a cylinder of length M with
the circumference L. Now, in analogy with the 4D observation of [39], we notice
that this operator can be related to the transfer-matrix of integrable SO(1,d + 1)
conformal Heisenberg spin chain [111] presented on Fig.2.2:

T(u) == TI'O (Rgl(u) ROQ(U) e ROL(U)) (222)
where u is the spectral parameter and the R-matrix acts as an integral operator
ddxlldd$2/ (I)(lel, 1’2/)
d

(239) "4 (23) Frute ($%2/>%+u_w (JU%/Q/)_“J“% ’
(2.2.3)

[R12P](x1, 22)(u) = c(u, d,w) /

with the normalization constant
20 T(utd+w) D (s %)
md F(—u—f—f%—w)f‘(—u%—%—w)'

clu,d,w) =

Indeed, in analogy with 4D case [39], at a particular value of spectral parameter this
transfer matrix becomes the graph-building operator (2.2.1) at any d

Hy=n 7 [(47r2)§r (g)} ’ lim €X' T (—% + e) . (2.2.4)

e—0

presented on Fig. 2.3. Thus this operator is one of the conserved charges of the
equivalent spin chain: [T(u), T(u')] = [T(u), Hr] = 0.

2.3 Exact 4-points correlation function

In analogy with 4D results of [36], employing the d-dimensional conformal symme-
try of the theory (2.1.1),(2.1.4) we will compute exactly the four-point correlation
function

G(u,v)

d
(2m)d(xFya3,)a

G = <O($1,[L’2)O(l’3,l‘4)> = (231)

Y
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Figure 2.3: Graphical representation of the kernel of the graph-building operator for generic d and w. It
is obtained by setting v = —% in the transfer matrix (2.2.2) presented on Fig. 2.2, so that
x;;/4+1 —type type propagators disappear while x;/; — y; -type propagators are replaced by
5@ (xj41 — yj) factors. After that, integration over the points y; is equivalent to setting

Y; = xj/+1.

where the notation is introduced for the operators O(z,y) = tr[¢1(x)¢1(y)] and
O(x,y) = tr[6] ()8! (v)].

Here G(u,v) is a finite function of cross-ratios u = z3,73,/(23;23,) and v =
23,73,/ (23573,), invariant under the exchange of points z; <> zo and z3 <> z4. The
OPE expansion leads to the formula

Glu,) = > CR sul® D ga s(u,v), (2.3.2)

A S/2€Z4

where the sums run over operators with scaling dimensions A and even Lorentz spin
S. Here Cp g is the corresponding OPE coefficient (structure constant) and ga s(u,v)
is the known d dimensional conformal block (see (2.9) and sections 4,5 in [112]). If
we compute (2.3.1) we will identify the conformal data for the operators emerging in
the OPE of O(ZL’l, Ig).

In the planar limit G is given by the set of fishnet Feynman diagrams presented in
Fig. 2.4. Summing up the corresponding perturbation series we encounter a geometric
progression involving the combination of operators a?V +&4H,, where a? = o2 is the
double-trace coupling at the fixed point, V is the operator inserting the double-trace
vertex

2 ddilj'/ddl'/d(d)%// (I):C/’Qj/
V(I)(xlyan):_d/ . 2 d/<212>d/£ . 2)7

T2 |$11" ‘$22'|
which is the d-dimensional version of (11) in [36], and the operator Hy defined by
(2.2.1) adds a scalar loop inside the diagram. Hence we obtain the following repre-

sentation

1 d4I3/d4x4/ 1
“~ o) 2,02 TGy g e ) e ) 259)

where z;; = x; — xj.(’

6The operators V and H are not well-defined separately, e.g. for an arbitrary ®(z;) the expressions for a*V2®(z;)
and £4H®(z;) are given by divergent integrals. However, at the fixed point, their sum is finite by virtue of conformal
symmetry.
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Figure 2.4: General fishnet graphs up to o3 order in the expansion of four point function (2.3.3).

Remarkably, the operators V and Hs commute with the generators of the confor-
mal group, as in the particular 4D case [36]. This fixes the form of their eigenstates

1 22 (A=5)/2 22\ %
P 50 (710, T20) = )d( I ) ((%ln%) , (2.3.4)

2.2
(x%2 TipTy T

where A = £+ 2iv and 9y = (- 0,,). The state P 5, belongs to the principal series
of the conformal group and can be represented in the form of a conformal three-point
correlation function

Cas Pasn(T10,720) = (tr[d1(21)01(22)]OA 5m(0) )

where the operator Oa g, (zo) carries the scaling dimension A and Lorentz spin S,
and Ca g is the 3-points structure constant. The states (2.3.4) satisfy the orthogo-
nality condition [113, 114]

d?x,d%z

/ ; . 2 (DA’,S’,n’ ({L‘lo/, {L‘QOI) (I)A,S,n(xlm 1;20)
(z12)>

= c1(v, S)d(v — 1) 55,5'(5(d) (200 ) (nn) + ca(v, S) (v + V’)(SS’S/YS(mOO,)/(g;go,)g—s—%”’

where A/ = g + 20/, Y (wgy ) = (n0y, ) (0' 0y, ) In 23, and

C2SHLS D) (42 + (245 1))

a=Ga/2+0) |1 (4 —1 4 2i)|*T(4 + 5)
2-1)°I?($4+5—iv)  T(2iv) F(¢+S+2iv—1)8
co(v, S) :W,(dﬂ) I‘2(‘—i 4+ 5 +i1/) F(gl + 2 — 1) X F(gl +S— QjV)I‘(gl 1 9) .
4 2 2 2 2

ci(v, 9) : (2.3.5)

Calculating the corresponding eigenvalues of the operators V and H we find

1% (I)A,S,n(xh 172) = 5(7/>(5570(I)A757n<1’1, :L‘Q),
H DA 50 (21, 72) = halgPa (@1, 22), (2.3.6)

where the function h(A,S) is given by (2.1.6). Applying (2.3.5)—(2.3.6) we can
expand the correlation function (2.3.3) over the basis of states (2.3.4). This yields
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the expansion of G over conformal partial waves defined by the operators Oa s(zo)
in the OPE channel O(zy, x2)

—5)/2
Z/ duuAs gA75(u,v)’ (2.3.7)

_ 4
S/2€7Z.y has—§

where A = 942iv, and pa s = 27%/c5(v, S) is related to the norm of the state (2.3.5).
The fact that the dependence on o? disappears from (2.3.7) can be understood as
follows. Viewed as a function of S, £%/ha s develops poles at v = +iS which pinch
the integration contour in (2.3.7) for S — 0. The contribution of the operator V is
needed to make a perturbative expansion of (2.3.7) well-defined. For finite £*, these
poles provide a vanishing contribution to (2.3.7) but generate a branch-cut \/—_54
singularity of G(u,v), as in 4D case [36].

At small u, we close the integration contour in (2.3.7) to the lower half-plane
and pick up residues at the poles located at solutions of (2.1.6) and satisfying the
unitarity bound Re A > S. The resulting expression for G(u,v) takes the expected
form (2.3.2) with the OPE coefficients given by

r(g+5)r(A—1)R< dA ) D(S—A+d)T? (3(S+A))
S TA-2) \has—&)T2AS—A+d)T(S+A—1)
(2.3.8)

2 _
Cas =

where the residue is computed w.r.t. the appropriate solution of (2.1.6) for each
relevant operator. For instance, we can consider tr(¢?)f, which is exchanged for any
even d; then the perturbative expansion of (2.3.8) is

4252 d d
2 = 2¢)(©) O 4 2.3.
The relations (2.1.6) and (2.3.8) define exact conformal data of operators propagating
in the OPE channel z; — 5.

Finally, we discuss an interesting d — oo limit of the theory. We should then
rescale the coupling £ = £,+/I'(d/2), where £, is fixed. Anomalous dimension v
of tr(¢?) has finite limit since for S = 0 in eq.(2.1.6) it is given by

— Yoo SIN <_7T’;oo> = 27r§§0
while 7., vanishes for operators with higher spin S # 0. As concerns the expansion
(2.3.2), the number of exchanged operators becomes a countable infinity, diverging
linearly in d. Finally, the OPE structure constant (2.3.9) for tr(¢?%) trivially reduces
to its bare value in this limit.

2.4 Conclusions

We showed that the strongly ~-deformed N' = 4 SYM theory proposed in [32] is
just the 4-dimensional representative of a wider, d-dimensional family of theories
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of two complex scalar fields obtained by modifying the propagators of fields in a
d-dependent way. Similarly to the 4D case [36], they turn out to be conformal and
integrable at any d, at least in the planar limit, if we add to the action certain
double-trace terms with specific couplings. The conformality of our theory at finite
N, remains an open question, though it is quite plausible that the planar conformal
point simply shifts to some other complex values of couplings. There are two such
complex conjugate values of these couplings and we compute them perturbatively up
to two loops. The integrability is explicit due to the domination of sufficiently large
orders of perturbation theory by the “fishnet” Feynman diagrams. The cylindric
fishnet graphs, related to the renormalization of “vacuum” tr(¢r) operators, can
be created by multiple application of a “graph-building” operator which appears
to be an integral of motion of the integrable conformal SO(1,d + 1) spin chain.
We also generalize the bi-scalar model to a CFT with different propagators for the
fields ¢ and ¢o, leading to “non-isotropic” fishnet Feynman graphs. The underlying
graph building operator has representations with different conformal spins in two
directions on the fishnet graph. In the 2D case the fishnet graphs are described by
the same SL(2,C) chain as used for the dynamics of generalized Lipatov’s reggeized
gluons [115] but with different value of spin, s = 1/4 in isotropic case, instead of
the Balitski-Kuraeev-Fadin-Lipatov reggeized gluon spin s = 0. This spin chain,
extensively studied in the literature [116, 116-121], is restored in the singular limit
w — 0 of our bi-scalar model (2.1.1). In the spirit of [36], we computed here the exact
four point correlator at any d as an expansion into conformal blocks with explicit
OPE coefficients and dimensions of exchange operators in one of the channels. In
1d case, our results are similar to the scalar version of conformal Sachdev-Ye-Kitaev
fermionic theory [122] at ¢ = 4. For even d we found a finite, d-dependent number of
local exchange operators at a given spin and dimension. It would be very interesting
to compute some of the discussed quantities (dimensions, structure constants) in
the next 1/N? approximation, similarly to [97, 123, 124], if the conformality of the
theory holds at any N.. The explicit form of this operators can be obtained by the
analysis of the mixing matrix for their quantum multiplets [38, 39]. This becomes
more complicated as the dimension grows due to growing rank of the multiplets and
the number of transitions, together with log-CFT effects which arise starting from
4D, due to the chirality.

Although the Lagrangian (2.1.1) of our theory is non-local at general d (apart from
the sequence d € 4N in "isotropic” case), it does not prevent the existence of standard
OPE data in this theory, which is more important for the physical interpretation of
this CFT. Moreover it would be interesting to generalize to any d the results for
fishnet graphs of the type considered in [125] and to the correlation functions for
operators involving more than two scalars. Finally, an important question remains,
as in 4D, whether these theories have any string dual at any d, according to the
original proposal of G .’t Hooft [126].






Chapter 3
Four-point functions of Basso-Dixon

type

3.1 Introduction

Recently, B. Basso and L. Dixon obtained an elegant explicit expression for a spe-
cific, conformal planar Feynman graph of fishnet type [35], having N rows and L
columns, and thus (N + 1)(L 4+ 1) — 4 loops. This graph is presented on Fig.3.1.
It has four external fixed coordinates and, similarly to the conformal 4-point func-
tions, has a non-trivial dependence on two cross-ratios u, v. This Basso-Dixon (BD)
formula takes the form of an N x N determinant of explicitly known “ladder” inte-
grals [34, 127]. It is one of very few examples of explicit results for Feynman graphs
with arbitrary many loops.

The BD formula appeared in the context of its application to the previously intro-
duced bi-scalar fishnet theory in 4D which emerged as a specific double scaling limit
of y-deformed N = 4 SYM theory combining weak coupling and strong imaginary -
twists [32, 91]. In particular, in the bi-scalar theory, the BD integral represents indeed
a particular single-trace correlation function (described in the following). In general,
the bulk structure of planar graphs in fishnet CFT is that of the regular square lat-
tice of massless propagators. Such a graph represents an integrable two-dimensional
statistical mechanical system [92] which can be studied via integrable quantum spin
chain with the symmetry of 4D conformal group SU(2,2) [32, 39, 91, 128].

3.2 Two-dimensional case

In the chapter 2 we introduced the d-dimensional generalization of bi-scalar fishnet
theory [28]. The Basso-Dixon type integral corresponds to the following single-trace
correlation function:

IPR (o, 21w, wn) = (b (0F (o) (20) 01 (w0) 6 (w1) ) ) (3:2.1)

— 95 —
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Wo

<1 wq

20

Figure 3.1: Basso-Dixon type Feynman diagram for N = 4, L = 3. The propagators have the form
[w — 2]~ where a = 1/2 £+ w for vertical and horizontal lines, respectively.

It is easy to see that, due to the chiral nature of interaction of two scalars, this
correlation function is given in the planar limit by a single, fishnet-type planar graph
of BD-type drawn in Fig.3.1. Explicitly, this Feynman graph is given by expression

BD d
[L,N(ZmzlawOawl) :/ H d Zim X

(l,n)E[:L’N

1 1
% H n|d/2+2w H n|d/2—2w ) (3-2-2)

Rln—1 — % Zl— — Z
(l,n)ECL7N+1| bn—1 L (l,n)E£L+17N| =1n L

where we have N - L integration variables belonging to the L x N lattice of positive
integers L,y = {1 < L < L,1 <n < N}, and we take equal coordinates at each
of the four boundaries of this rectangular lattice: {z;0 = 20, zjn41 = Wo, 20k =
21, Zr+1, = wq} are imposed for j =1,....,Land k=1,...,N.

This integral was computed explicitly in d = 4, for “isotropic” case w = 0, in [35].
The derivation is based on certain assumptions, typical for the S-matrix bootstrap
methods inherited from the integrability of planar N' = 4 SYM [13]. It would be
important to derive this formula from the first principles, based on the conformal
spin chain interpretation of fishnet graphs, but in four dimensions such a derivation
is so far missing.

In the first part of this chapter we will derive from the first principles the explicit
expression for the two-dimensional analogue, d = 2, of Basso-Dixon formula for the
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Wo Wo Wo
p21 wy [ R w 2l F«———»—»—»—% Wi
2z > wy Al wi 2 w2
pal Wy 2z w1 z3 w3
2 20 20 20 Z0 4] 43} 2y 2 )

Figure 3.2: Basso-Dixon type diagram I/ (20,21, w0, w1) (on the left), its reduction Gr n(z|w) (in the
middle) and generalization D, n(z|w) (on the right) described in sec.3.2.1. We integrate
only the coordinates in the vertices marked by black blobs. Sending wo — oo in the original
Basso-Dixon type diagram, we remove the upper row of propagators and obtain the reduced
diagram (in the middle). Using conformal invariance of the original graph (on the left), we can
always restore it from the graph on the right, by inversion and shift of coordinates w1, 21, zo.
Further on, we generalize the middle diagram by splitting the end point coordinates of left
and right columns of external propagators, to separate coordinates z1 — (21, 22, ..., 2n) and
w1 — (w1, w2,...,wn), and then add at the left a column of vertical propagators [z; —zi+1] 7,
thus getting the generalized configuration (on the right).

“fishnet” Feynman integral®

173 (20, 21, wo, wn) = (3.2.3)
1 1
- diz o |
/ (1 E 7 H [Zl,n—l - Zlyn]’y H [Zl—l,n - Zf/l,n]li’Y
)T L,N (lvn)ELL,N+1 (l,n)€£L+1,N

where the coordinates (zg, 21, wo, wy) are defined as after the eq.(3.2.2). We took here
propagators transforming in the spinless complementary series of representations
(7 = v € (0,1)) under SL(2,C) group action (3.2.10). The propagators for d =
2, w=r7—1/2are [w— 2]7/* where F is chosen for vertical and horizontal lines,
i.e. for the fields ¢1, ¢o, respectively.

Our derivation will be based on integrable SL(2,C) spin chain methods worked
out in [117, 129, 130], using the Sklyanin separation of variables (SoV) method [131-
133]. The result can be presented in explicit form, in terms of N x N determinant of
a matrix with the elements which are explicitly computed in terms of hypergeometric
functions of cross-ratios®. Our main formula looks as follows:

[Zl — ZO](’Y_l)N[wl — wo]('y_l)N
[ZO — wo](’Yfl)N+’YL

IR (20, 21, wo, wy) = T NBY () (3.2.4)

where
) (1 7y — ~N_—N? [ i—1/=9 \k—17() _ _ A0 W1 ;1 Wo
BL,N(77777) (2m) " 1§C},ekt§N (10y)" " (N07)" Ny (mm) |, W —wo Zo—21

(3.2.5)

IHere and in the following we adopt the notation [z — w]® = (z — w)*(2* — w*)¥ for propagators, see App.B.1
for details.

20r alternatively, due to the obvious L <+ N symmetry of the integral, in terms of the (L —1) x (L —1) determinant
of the same matrix elements, which will depend only on L + N combination.
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and
Fo ) 2 ()
(M — D) [p"= TM(1 =)
= le=o | TTM(y 1 o) I“M(l_g)n MAfM\ . ... 1_¢ U

|
Formula (3.2.5) is also generalized in sections 3.2.2, 3.2.4 to the principal series
representations of SL(2,C), see (3.2.10).

In the next section, we will define the basic building blocks for construction of
the Basso-Dixon configuration in the operatorial way. In section 3.2.2, we will in-
troduce the generalized “graph-building” operator related to the transfer-matrix of
the integrable open SL(2,C) quantum spin chain. We will diagonalize there this
operator by means of the SoV method and describe the full system of its eigen-
functions. In section 3.2.2 the result for 2d Basso-Dixon-like N x L graph will be
presented in terms of an N x N determinant of the matrix constructed from ladder
graph, that is the 1 x M case of Basso-Dixon diagram. In section 3.2.4, the ladder
graph will be computed explicitly, in terms of the hypergeometric functions and their
derivatives, thus completing the explicit result for the full two-dimensional Basso-
Dixon-like N x L graph presented above. The ladder graph is employed to compute
the so-called simple wheel graph in two dimensions. A particular case of N = L =1
(the two-dimensional “cross” graph) will be explicitly given in terms of the elliptic
functions of the cross ratio.

3.2.1 Transformations of Basso-Dixon type graph and L < N duality

In order to apply the powerful methods of SL(2,C) spin chain integrability, such as
the separation of variables (SoV), we will use the conformal symmetry to reduce the
BD graph on Fig.3.1 to a more convenient quantity for our purposes. First of all, we
send wy — oo and drop the corresponding propagators containing this variable:
Iﬁ%(zo, 21, Wo, W1) wojoo [wo] "G v (21, w1|20)

where G (21, wi|20) =

L N N-1
JU I @ | 1] : I
= Zin ’
_ _ 1- _ 1—
=1 n—1 1<I<L [Zl,n—l Zl,n]’y X [Zl,n Zl—f—l,n] v n—0 [ZO,n Zl,n] v
1<n<N

where we take {z;0 = 20, 20x = 21, 2p416 = w1} for j=1,...,Land k = 1,....,N.
We can always restore the original quantity Iﬁ%(zo, 21, wo, wy) from G n(z1,w1]20),
presented on Fig.3.2(middle), using the conformal symmetry of 1 E B i.e. by applying
the inversion+shift transformation and thus getting the original quantity (3.2.4) (see

Appendix B.2 for derivation and examples).
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L+1

Figure 3.3: The “comb” transfer matrix for an open spin chain of length N (N = 3 on the picture) is
applied L times to itself as an integral kernel. The resulting structure is a fishnet of the type
of fig.3.2(right) with L + 1 vertical and 3 horizontal lines.

Now we are going to generalize the quantity G y(21,w1]20), in order to apply
the integrability techniques. Therefore, we introduce a more general quantity drawn
on Fig.3.2(right):

Di v (20)(zw) = / NI !

=1 n=1 (n)ELr 1N [Z1—1m—1— 21— X [Z1—10 — 210 )Y

(3.2.6)

where all the external legs on the left and on the right of Fig.3.2(left) have different

coordinates: {zj0 = 20, 204 = 2k, 2L+14 = Wi} for j =0,1,...,L and k = 1,..., N.

We introduced in the r.h.s. of (3.2.6) the vector notations: z = {21, 22,..., 28}, w =

{wy,ws, ..., wx}. Notice that, after point-splitting, we multiplied, for the future

convenience, the middle diagram of Fig.3.2 by the vertical propagators on the left,

without altering the essential part of the quantity, since the coordinates in the left
column are exterior and they are not integrated.

The last expression (3.2.6), representing the diagram on the right of Fig.3.2, is

the most appropriate for the application of integrability methods. Namely, we can

represent it as a consecutive action of a “comb” transfer matrix “building” the graph,
as shown on the Fig.3.3. In the next section, we will define yet a more general transfer
matrix Ay (z)(z|w) depending on a spectral parameter x and diagonalize it by means
of eigenfunctions using separation of variable (SoV) method of Sklyanin. The lattice
of propagators can be inhomogeneous in L-direction, since each transfer matrix,
corresponding to an open spin chain of length N “building” the BD configuration by
L consecutive applications, as on Fig.3.3, can have its own spectral parameter. Its
particular, homogeneous case will give the explicit formula for 2D BD graph. 3
Now we will comment on the obvious L <> N duality of the original BD diagram:

7% (20, 21, wo, wis ) = I (21, w0, 20, w1, 1 — ), (3.2.7)

38till containing the anisotropy parameter ~.
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where we explicitly introduced among the arguments the anisotropy parameter ~. It
is useful to represent the same quantity in a more explicitly conformally symmetric
way:

—1
IBR (20, 21, wo, w13 7) = [wo — 20) X fwy — 22]NOD ()N [1 — ) NV BY), ().

)

(3.2.8)
Then the L <> N duality reads as follows:
- 7 _N _
By (1/n) = [)F N7 (1 — g mWHDEN B (), (3.2.9)

3.2.2 “Graph building” operator

Our main goal in this chapter is the computation of the quantity B?N( ) directly
related to the BD integral by (3.2.8). To that end, we define a more general transfer
matrix of an open SL(2,C) spin chain, building the generalized BD graph. The
explicit computations will be carried out for values of v corresponding to the principal
series of representations of SL(2,C). Then the original quantity (3.2.3) is obtained
by analytic continuation to real v = % + w in the final result.

First of all, we fix our parameters:

e Definition of the conformal spin:
1+n, . 1 —mny
= 5 +wg , §=

where ng € Z is the SO(2) spin and vs € R, so that 1 4 2iv, is the scaling
dimension in the principal series of representations [113].

+ v, (3.2.10)

e Definition of the xy-parameters which will play the role of spin chain inhomoge-
nieties in spectral parameter, and then also of Sklyanin separated variables:
n n
Tp = ?k +ivy , T = —7k + i (3.2.11)

where n;, € Z and v, € R.

e The spin s and the parameter x (or y) will enter almost everywhere in special
combinations 4, so that for simplicity we shall use the shorthand notations and
define the «, 3, y-parameters

a=1—-s—y ,f=1—-s4+y ,v=2s—1 (3.2.12)
a=1-5—3,p=1-5+7y,7y=25—-1 (3.2.13)
Now let us define the integral operator Ay (y|zo) by its explicit action on a function
®(21,...,2y) by the formula
N
[An(yl20)®] (215 -, 2w s 20) H 2 — k1] X (3.2.14)

4In what follows, we will always use the notation y,y;, when the separated variables appear as spectral parameters
of an operator, while x,z;, when they label an eigenfunction. Both notations refer to objects of the kind (3.2.11).



CHAPTER 3. FOUR-POINT FUNCTIONS OF BASSO-DIXON TYPE 101

w1 Wy wy

z1 29 ZN Z0

Figure 3.4: The diagrammatic representation for the kernel of Ay (y|zo). The arrow with index « from z
to w stands for [w — 2] 7. The indices are given by the following expressions: a =1 — s — y,
B=1—s+y,v=2s—1.

N
X /d2w1 e dPuy H[’wk — 2] wg, — zk+1]_5 O(wy, ..., wN,20),
k=1

where by definition zy,1 = 29, and we introduced the symbol [z]* = 2%(z*)* (see
the details for this notation in App. B.1). Note that the operator Ay (y|zo) maps the
function of N variables to the function of N + 1 variables, but the last variable zj
plays some special role of an external variable. The diagrammatic representation for
the kernel of the integral operator Ay (y|zo) is shown schematically on the Fig.3.4.
The operators Ay (y|zo) form a commutative family and the proof of the commutation
relation

A (y1]20) An (y2|20) = An(y2l20) An(y120) (3.2.15)

is equivalent to the proof of the corresponding relation for the kernels which is demon-
strated on the Fig.3.5. The proof is presented there diagrammatically, with the help
of cross relation (B.1.7). In this way, we proved the integrability of our open spin
chain since both operators on each side of the last relation contain different spectral

parameter, y; or y,. We shall use the similar notations Ag(y) for k=2,... /N —1
for operators whose action on a function ®(zy,... , zx) is defined in a similar way
[Zi — Zi+1]7’y X (3216)

k
X /d2w1 cdPwy, H[wz — zi) " wi — 2] P (wr .. w),
=1

The variable z;,1 plays here a special role and the diagrammatic representation for
the kernel of Ag(y) is the same as for Ay (y|zo) with the evident substitutions N — k
and 2p — 2p41-

Eigenfunctions of the operator Ay (y|zo)

The eigenfunctions of the operator Ay (y|zo) are constructed explicitly and they admit
the following representation

\I/(CL‘|Z) = ]\N—l (ZL‘l) AN—2 (1‘2) cee Al (.’L’N_l) [Zl — Zo]_S—HCN (3217)
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(1) (2) (5)

Figure 3.5: The proof of commutation relation (3.2.15) for two operators An(y|zo): (1) The diagram for
the kernel of As(y|z0). (2) The diagram for As(y1]z0) As(y2|z0): a1 = 1—s—y1, aa = 1—s—yp2,
Bbi=1—s4wy1, B2 =1—85+y2, v=2s—1. (3) Triangle-star transformations inside the right
column of triangles, leading to Az(y2) (4) Movement of the line with index 82 — 81 upstairs
using cross relations. (5) Star-triangle transformations back to As(y2|z0) As(y1]zo0).

where the operators Ay_j (xy) differ from the operators Ay_x (xx) by a simple factor
]\N—k (%k) = [ZN—k — Zo]_s—’—xk ’I"N_k(l'k, [f’k) AN—k ({L‘k) s (3218)

with ry_j defined according to

(3.2.19)

L (TA =5+ —s+a)\""
m(x’:v)—( I'(s+ z)['(5 — 7) ) '

and where we introduce a shorthand vector notation for the whole set of variables

N . _ N .
x={x,...,xN}, T, = :Bk:7+wk,:rk:—7—l—wk

z={z,...,2n}, =z €C (3.2.20)

The presence of the pre-factor (3.2.19) in the definition of Ay_x(z) operators (3.2.18)
is crucial to prove the exchange relation

A,.L(ZL'l) An_l(l'g) = An(IQ) An—l(xl) s (3221)
from which follows that U(x|z) are symmetric functions of the a-variables

U(x|z) = U(21,. .. Thyo o Ty 2n]2) = V(20,00 Ty Xy -, TN 2)
(3.2.22)

The vector of variables @ is used as quantum numbers (separated variables) to label
the eigenfunction and z is the set of complex coordinates in our initial representation.
We will prove that

An(ylzo) Y(x|2) = Ay, 1) - - My, zn) ¥(x|2) , (3.2.23)



CHAPTER 3. FOUR-POINT FUNCTIONS OF BASSO-DIXON TYPE 103

where
My, zp) =ma(l —s —y, s 4+ ap, L +y — a3) (—1)Hee] (3.2.24)

and the function a(a, 8,7) is defined in App.B.1. We should note that functions
U(x|z) are generalized eigenfunctions of the operator A 4 zoB where A, B are stan-
dard matrix elements of the monodromy matrix [6, 133].

Note that the detailed notation for the eigenfunction should be Wy (x|z) but we
shall skip N almost everywhere for sake of brevity.

In the simplest case N = 1 we have

\If(xl\zl) = [Zl — Zo]ierxl

A (y|20) [21 — 20) 5T = Ay, 21)[21 — 20 °T7". (3.2.25)

Y

The relation (3.2.25) can be derived by using the chain integration rule (B.1.4). The
general proof of the relations (3.2.23)-(3.2.24) is based on the exchange relation

An(yl20) Ax—1 (1) = My, 21) Ax—1(21) An—1 (yl2) (3.2.26)

The proof of the relation (3.2.26) for N = 3 is shown in Fig.3.6 and the generalization
is obvious. Notice that after exchange, the operator defining the eigenfunction enters
with the reduced length N of the effective spin chain. Using the exchange relation
step by step it is easy to derive the formula

AN(y|ZO)]\N—1 ($1) ]\N—Q ($2) T /~\1 (xN—l) =
)\(y, .2171) )\(y, Z’Q) tee )\(y, xN—l) ]\N—l (.2171) ]\N_Q (.732) cee Al (JZN_l) Al(y’ZO) . (3227)

Then the proof that ¥(x|z) from (3.2.17) is eigenfunction of the operator Ay (x|zp)
with the eigenvalues given by (3.2.23) is reduced to the relation (3.2.25) in the form®

A1(ylz0) [z1 — 20) 7N = Ay, an)[21 — 2] 757N

We will see that these eigenfunctions form the complete orthonormal basis. Using
them, as well as the explicit eigenvalues of Ay (y|zy) give above, we will compute the
Basso-Dixon type two-dimensional integral.

Orthogonality and completeness

The functions ¥(x|z) form a complete orthonormal basis in the Hilbert space Hy.
Any function ® € Hy can be expanded w.r.t. this basis as follows

O(z) = /DNiL‘ plx)C(x) ¥(x|z). (3.2.28)

The symbol Dyax stands for the measure in the principal series representation of

SL(2,C) group
Dy =[] ( >y /Oo dl/k> . (3.2.29)

k=1

5This computation, based on uniqueness relation, can also be checked at nj = 0,1 conwith the software [134].
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Figure 3.6: The proof of diagonalization procedure for the operator An(y|z0) for N = 3, pushing the
operator through the first row of the eigenfunction: (1) The diagram for Az(y|z0) Az(z1):
a=1l-s—yar=1—-s—x1,=1—-s+y, b1 =1—s+x1,y=2s—1. (2) Star-triangle
transformations inside ]\2(3:1) and two lines 8 and 1 — 1 ending at zo joint to the one line (3)
Movement of the line with index 1 — 3 upstairs using cross relations leads to As(21) Aa(y|20),

(4).

Depending on the value of spin in the quantum space, ny, = s — 5, the sum over ny
goes over all integers (integer ng) or half-integers (half-integer ny). The coefficient
function C(x) is given by the scalar product

C(z) = / V2 T (w]2) (=) (3.2.30)

The weight function p(x)

plx) = —"—r—- H[xk — ] (3.2.31)

k<j

is the so-called Sklyanin measure [131, 132]. It is related to the scalar product of the
eigenfunctions

/ 2N 2 T (@2) U(a)z) = p () on(z — o). (3.2.32)
Here the delta function dy(x — «’) is defined as follows:
1
on(x—a') = ~i Z 61 — i) - 0N — T(y) (3.2.33)
sESN

where summation goes over all permutations of N elements and we define
S(x—a') = 0pd(v—1"). (3.2.34)

These formulae were obtained in [117, 130] and the corresponding diagrammatic
calculations are discussed at length in these papers. The completeness condition for
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the functions ¥(x|z) has the following form

N —N?
/DN;U H:ck—x] (x|z) U(z|z') H(52 . (3.2.35)

k<j

A similar formula was proven in the case of SL(2,R) Toda spin chain by [135], in
the case of modular XXZ magnet in [136] and for b-Whittaker functions in [137]. It
is commonly believed to work for our SL(2,C) spin chain as well, though the proof
is still missing.

SoV representation of generalized Basso-Dixon diagrams

We have now the necessary instruments to reduce the Basso-Dixon type Feynman
integrals to the SoV form. First we present the most general, inhomogeneous gener-
alization of our construction and then reduce it to homogeneous anisotropic, or even
isotropic case. The last one will be the 2D analogue of the standard fishnet graph
considered in d = 4 dimensions in [35]. We will suggest for it an explicit determinant
representation.

3.2.3 SoV representation for general inhomogeneous lattice

Using the completeness (3.2.35) and the relation (3.2.23) we can represent the most
general “graph-generating” kernel, operator

By1, Y2, Y, Yran; 20) = An(yi]z0) An(ya]20) - - An (yrs1]20), (3.2.36)

which “builds” a lattice formed by a repeated action of the operator (3.2.14). The
integral kernel of the operator (3.2.36) in coordinate representation looks as follows

B(ybyQ’ e ;yL;yL+1;ZO)(Z|'w) =

N _N2 N L+1
= /DNa: H T — T4 H My, o) V(x|2) U(x|lw)  (3.2.37)

k<j k=1 l=1

The graphical representation for the left hand side (3.2.37) for this general case is
given in the left picture on Fig.3.7. This operator is represented there in the form of
a lattice with inhomogeneities defined by spectral parameters y;,ys, ..., yr+1. Later
in this section we will perform the reduction of this formula to the homogeneous
lattice of propagators as in the Basso-Dixon integral (3.2.2) by taking equal spectral
parameters in each column: 1y; = yo = -+ = yr,1 = ¥y, or even a more particular
case of homogeneous but anisotropic lattice of propagators (different powers in two
directions), putting y = s — 1. But so far we consider the most general configuration.

The diagram in Fig.3.7 (right) can be reduced to a generalized Basso-Dixon di-
agram. First, we have to perform amputation of the most left vertical lines, then
the reduction of all z; — 27 in the function ¥(x|z) and finally the reduction of all
wy — wi in the function ¥(x|w) in the right hand side of (3.2.37). We will see
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wy

Wy

w3 20 w3

20
(1) (2)

Figure 3.7: (1) The diagram for As(y1|z0)As(y2]20)As(ys|z0)As(yalz0): ax =1 —5—yk, B =1 — s+ ys,
~v = 2s — 1. (2) Reduction of the diagram for yx, — s — 1, or B — 0.

that such a reduction leads to a significant simplification of the eq. (3.2.37), allowing
to perform at the end all the integrations and summations over separated variables
explicitly.

Let us start from the function Wy (x;,z5...2x|2). All the needed steps are
illustrated in the Fig. 3.8 for N = 3. Before the reduction z; — 2z; we have to
perform the amputation of the factors

[20 — 21 " [z21 — 22) 7+ [ev—1 — 2] 7

After amputation and reduction z, — z; we obtain the diagram for the action of
the operator Ay(z) for # = s — 1 on the function WV =Y (zy x3...2x]2). It is an
eigenfunction for this operator, with the eigenvalue A(yi, z2) My, 23) - AM(y1, 2n) -
The next step is similar but for a reduced chain N — N — 1 and we obtain the next
eigenvalue which is A(ye, z3) A(ya, 24) - - My, zn) , etc.

After all these manipulations we obtain the following formula for the reduction
of the amputated eigenfunction

N—-1 N
H (26 = 2k]” U([2) =20 — 2] 7N H Nkt (T, T) Alzg) 1
k=0 k=1
(3.2.38)
where we introduced
Mzg) =7ma(2 — 28,8 + xx, S — T) (—1)[5”’“] , (3.2.39)

and used the factor r,(zy, Zx) defined in (3.2.19).
The reduction z; — z; for the eigenfunction ¥(x|z) without amputations of
the lines is shown step by step in the Fig.3.9. First of all we use the star-triangle
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Figure 3.8: Amputation of propagators from the eigenfunction ¥(z1, z2, 3|21, 22, 23) and then reduction
in the limit zx — 21 to the simple power [z0 — 2z1]7*17*27%3. We perform amputation of
[21 — 22] and [z2 — z3] lines in (1), then (2) we reduce the first row 22, z3 — 21 leading to (3).
We can open the triangle in (3) to a star, so that integrations in upper-left, and then lower-left
vertex are performed using chain relation and star-triangle relation. At the next step (4) we
join propagators with coinciding coordinates on the left, and performing the last integration
(5) via chain relation, the eigenfunction is reduced to a simple line (6).

Bo

2-Bi—f \< Br— P

21

20

(2) (3) (4) (5)

Figure 3.9: Reduction of the eigenfunction ¥(z1,x2,x3|21, 22, 23) in the limit z; — 21 to simple power
[20 — 21]%17P2+B3=3 Dashed lines stand for 62 (z), see also (B.1.5). We reduce z3,2z2 — 2
in (1). By applying triangle-star relations to the first row of triangles (1) we obtain ¢ function
kernels. We integrate out ¢ functions (2) and we open the triangle in (3) to a a star and
put together the points z; obtaining (4). The 6 function is integrated (4), leading to the full
reduction of the eigenfunction to a simple line (5).

relation and reduce the triangle to the corresponding delta-function. This elementary
reduction

2 1

2z — 2]V w— 2] w— 2] - ———— 8% (21 —w
2= )7 o = 2] = 2 > =i e )

is shown on the right in Fig.3.2. Using this elementary reduction it is possible to
reduce the first layer of the diagram for the general eigenfunction ¥(x|z) to the

product of the corresponding delta-functions and [2g — 2;]”*~! with the coefficient
N-1

m 1 . After integrations in the corresponding vertices in the second layer

BRRED)
all delta-functions disappear so that it is possible to repeat the same procedure. After

all iterations one obtains the following expression for the reduced eigenfunction

N 71'2 1 N—k
V(xlz) — TN_ T - 50—y Pt BN =N
@) T (s ) (-Zxts) ) sl
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Note that we have to perform such reduction also in the function ¥(x|w) so that it
remains to perform the complex conjugation and evident substitution z — w. Using
the rules of the complex conjugation

sf=1-5,(vp) =—2 ; & =1—a,f =1-F,7"=—7 (3.2.40)
2
1
- () =P M) = - 2.41
re(en)* =ru(zn) ™5 ([27) =177 5 A (2) e (3.2.41)
and substituting z — w we obtain

N

U(zlw) = [T (A @) [ rv—i (zn) [20 — wi] 77 (3.2.42)
k=1

Finally, as a result of amputation-reduction on ¥(x|z) and reduction of ¥(x|w), by
the use of (3.2.38) and (3.2.42) the projector ¥(x|z)V(x|w) is transformed into

N

H MV g) [20 — 21] 727N [z — wy TP TAN (3.2.43)

k=1
We point out that the way we reduce the N coordinates z = {z;} to a single point
in the functions ¥(x|z) and ¥(x|z) can be alternatively obtained by inserting the
complete basis (3.2.35) between two A-kernels in (3.2.36), and repeating their diago-
nalization after the reduction of the last kernel Ay (yr11]20) and the amputation and
reduction of the first Ay (y1|20).
From formula (3.2.43) we obtain the following representation for the two-dimensional
analogue of generalized Basso-Dixon diagram:

Y (2m) NN
GXp(21,w1, 20) = — Dyx H[:z:k — x| % (3.2.44)
’ k<j
N L+1
<[] ()\Nl(xk) IR\ m) 20 — 21] 7T [z — wy] Y

k=1 =1

We recall that a, =1 —s—x, B, =1—s+z, and x5, = ”2—k+iuk , T = —%+i1/k.
Introducing the amputated cross ratio
Z0 — W1

= 3.2.45
Mg —s00 —— ( )

we rewrite the last expression for inhomogeneous and anisotropic 2D Basso-Dixon
type integral in a concise form

Gi n(z1,w1,20) = ([20 — 21] [20 — w1])N(S_1) BY y(n) (3.2.46)
where
By v(n) = (2%)% /DN‘B H ([ﬁ]_xk/\N_l(l“k) HA(ylaxk)> H[%—%’]-

and by superscript y we mean the vector of inhomogeneity parameters y = (y1,vs, ..., Yn)-
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Determinant representation

We notice that in (3.2.47) we deal with the multiple integral of a special type which
can be transformed, similarly to the eigenvalue reduction of the hermitian one-matrix
integral [138, 139], to the determinant form

o2m)—N N2
Bi n(n) = L /DN:I: [z — )] H foy () = Nldet M (3.2.47)

k<j
where we introduced the momenta
M;; = /Dx @ ()5 4 j=1,... N (3.2.48)
with the weight function given in our case by the expression
L+1 L+1
frp@) = A 2) [[ M 2) =070 "M @) [ Myne) (3.249)
=1 =1

where A(z) and A(y, x) are defined in egs.(3.2.39),(3.2.24). So for any pair of integers
L, N the problem is reduced to the computation of momenta (3.2.48), which we will
do explicitly in the section 3.2.4 after the reduction to Basso-Dixon configuration of
the general formula (3.2.46).

Reductions

In particular case, leading to the homogenous Basso-Dixon lattice configuration, we
put y; = yo = --- =y, = y and obtain for the reduced quantity

BY(20)(2|w) [y —yomrmyu—y = B(y: 20)(2w) = A(y|z0) (z|w)  (3.2.50)

the following SoV representation:

Blys20)(xlw) = T [ Dya [l

k<j

Ly, o) U(x|2) U(x|w) .

||:j2

The further reduction of this expression, 8, — 0, or yp, =y — s — 1, will lead to
anisotropic Basso-Dixon type d = 2 integral (3.2.3) with parameters v =2s—1, 5 =
25—1. After this reduction we obtain the second diagram in Fig.3.7, with the different
propagators [z — 2/]'72% and [z — 2/]**72
lattice. In this case, we have to substitute into the formula (3.2.37) representing this

in vertical and horizontal directions of the

diagram the reduced eigenvalues

y=s—1
—

Ay, z0) = ma(l — s —y, s+ ap, L+ y — xp) (—1) ]
— Maw) = ma(2 = 25,5 + @i s — i) (1) (3.2.51)

This leads, after the identification of external coordinates: z, — 21, wp — wi,
described above, to the following representation for the two-dimensional analog of
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(anisotropic) Basso-Dixon diagram By, x(7) in terms of the multiple integral over N
separated variables

Buw(n) = (QﬂT'W / Dy [\ ) [[loe — 2] (3:252)

k<j

Notice that the parameters of the representation (s,3) can be chosen in the prin-
cipal series (3.2.10), or even in the imaginary strip v(*) € (—i/2,0) by analytic con-
tinuation. With the choice of parameters n, = 0 and v®) = —i/4 +iw/2 in (3.2.10)
we describe the 2D Basso-Dixon type integral with real propagators |z — 2/|71F%,
where + signs corresponds to two different axis of the square lattice shaped Feyn-
man graph, according to the bi-scalar Lagrangian (2.1.3). The isotropy of the lattice
is restored at s = § = 3/4, that is w = 0.

The determinant formula (3.2.47) reads for this reduction as follows

By (n) = (2m)Na ™" det mi (3.2.53)
where
mij = /Dm @ () i, j=1,... N (3.2.54)
and
f@) = ="M (@) = 7o A () (3.2.55)

where A\(x) is defined in eqs.(3.2.39).

3.2.4 Explicit computation of ladder integral

In this section, we will explicitly compute the momenta m;; given by (3.2.54) in terms
of hypergeometric functions, which leads to explicit expressions of Basso-Dixon type
integrals via the determinant representation (3.2.53). Some details of the derivation
can be found in Appendix B.3. In particular this leads to the computation of the
class of ladder integrals in 2D, that are defined as the Basso-Dixon diagram for
N =1 and generic L (or viceversa).

Noticing that

mi; = (n0,)' " (705)" s . where Iy = / Dy 7 *AM(z)  (3.2.56)
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we are led to compute the following sum and integral®:
Iy = /Dx N TAM (2) =
= 7MaM(2 = 25)(-1)M" /Dw (s + 2,5 —x) (1M =
= aMaM(2 — 23)

Ml-5—24+w)M1-5+%—1w) e i
X Z/ T (e T (—1)Mlmtny=a =iy
(S—E—Zl/)r (s+ 5 +iv)

?
nez

(3.2.57)

where in the last line we substituted explicit parameters. We will compute the
integral over v by residues. The structure of the poles and zeroes is shown in the
Fig. 3.10. We can close the integration contour on the upper/lower half-plane under
the condition |n| < 1, respectively |n| > 1, ensuring the exponential suppression
of the integrand at +ioco. Consider first the case |n| < 1. In the upper half-plane
there is one infinite sequence of poles of the order M. After the change of variables
n — —n+ns+1 in the sum over n and v — v+ v, in the integral over v, the integral
(3.2.57) reads
M@ —2s)(-1)M

[M = pp—— X
nen’

FM 2—25—% — ZV)FM( + ’Ll/) n D jy_—n gy
<) / T ()M
M2s—2 + i) ['M(3 —iv)

nez

We close the contour in the upper half-plane and calculate the v-integral as the sum
of residues. Due to the mechanism illustrated in fig.3.10, this is equivalent to take
residues at the points v = % +ik,k=0,1,2,..., ie. the series of the poles created
by the function ' (% + iv). The residue at the point v = % + ik can be represented
in the following form

T V(14 eIV (1—e)
(M —1)! | TM(2s + )T M(1 — 25 —¢)
M1—-2s4+n+k—e)TM2-25+k—2) .0 &

T (n+k—¢) TV(1l+k—e) 1

Resyz%"—l-ik == [U]_SX

Using this formula one obtains the following relation
Z /+°° FM 2-25 -5 —iw)IM(5 + “/)( 1) M5 —ivg=5-iv =

M(2s — —I— w)FM(5 —iv) g B
(M —1)! [M(2s +¢)['M(1 — 25 —¢)

6We use here and in the following the notation (—1)[, see (B.1.2).

nez

] ™¢ %
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O- zero Alm(v) n=0 Alm(v)
e - pole n=-2
[m] . O .
[m] . [m] .
[m] . [m] .
(=] ° [m] - 3i/2 °
[m] B 2 ] :- |I/2
'\)si T e \)5; Re(§) -v 1.in 2 Re(:)
° [m] L] :— -I3i/2 m]
° a [ a
. [m] . [m]
. [m] ° [m]
Alm(v) 3 A Im(v) —
[m} ° O 3
m] . o .
[u} o [u} T 2i .
- 3i2
[m] =i . =+
T i T iR
Vs P Vs Re(v) v Lir Vs ReT\))
. + - O T
-+ -3i2
. o . -+ -2i ]
. ] . =]
. ] ° O

Figure 3.10: Structure of poles and zeroes of the integrand in (3.2.57), at different values of the discrete

variable n, for ns = 0. Superposition of zeroes and poles occurs in such a way that there is

only one semi-infinite series of poles (and zeroes) in upper- and lower- half-planes.

~TM(1—2s+n+k—e)TM2—-25+k—¢) .\ 4
) :

neZ k=0

'Mn+k—c¢) 'M(1+k—¢)

Remarkably enough, since we take derivative at ¢ = 0 the last double sum can be
equivalently rewritten in a factorized form, settingp =n+k — 1

+o0 _
» ™2 -25+k—¢) ,

ZFM 2—25+p—«¢)
K 'M(1+p—

o & Mt ke
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and we obtain the following expression for the ladder integral
_ 2 (L) ()Y
(M =)t [n)"=
MM(14e)M'M(1 —e)
O TG+ 1+ 2T (— — =)

/Dx)\M(x)[n]_x (3.2.58)

x OM-1] n~F Fap(L— v, eln) Fu(l—7,€ln),

where v = 2s — 1 and the function Fy/(A,e|n) is given by the hypergeometric series
IMA+k—¢) , T(A—eM

Fuyr (A = = 3.2.59
><M+1FM(1,(\—€,...,)\—6;1—e,...,l—g;n).
M M

Therefore we can write in a more compact notation, for |n| < 1:

QMM (1 _ My + eIV (1+ ;
S L) g O L e i )

(M = 1) ] (1 —e)
where
Fl (n,ile) =
_ l-y—¢--+1—=v—-¢1 l-y—¢---1-y—-¢1]|_
—M—HFM( l—e oo l1—¢ ’n)M+1FM( l—e oo 1—¢ ny-

(3.2.60)

In the opposite case of || > 1 the same kind of computation can be repeated picking
residues in the lower half plane. After redefinition n — —n+2n,+2, this is equivalent
to pick the series of poles v = 2is + % —ik,k=0,1,2,..., and the residues are

[]® x

Res . o 1 e ] M1 +4e)I'M(1 —¢)
v=Risti ik T (M —1)! =0T M (25 + &) TM(1 — 25 —¢)
™M1 —-2s+n+k—e)TM2-25+k—¢) _ . .

TV (n+ k — 2) TV (1 +k—e) T

It follows from (3.2.61) that the final expression of the ladder for |n| > 1 is the same

as (3.2.60) after replacing n with 1/n. For a generic cross-ratio || < 1 the M-ladder

is, respectively

20 ) M)
(M = DipC) ==

TM(1—¢) (] f?fy(??ﬂ, ﬁi1|5) )
(3.2.61)

and it shows explicitly the invariance under exchange z; < wy; in fact

In(n) = Iy (%) . (3.2.62)
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The result (3.2.61), obtained under the assumption of (s, §) in the principal series
of SL(2,C), can be remarkably extended by analytic continuation to s = 5 € (1/2,1),
that is setting v =4 € (0,1) in (3.2.61). The direct computation of ladder integrals
is more involved in this last case, since analytic continuation leads to the failure of
the cancellation of poles by zeros presented on Fig.3.10, and integration in (3.2.57)
must be carried out under an appropriate contour deformation prescription. The
explicit result for the particular choice of weights v =4 = 1/2, corresponding to the
isotropic fishnet theory (the case considered by Basso and Dixon in [35] for d = 4)
reads:

oM aM (L) T+

ar_ s e gy T e,

11 l_gl_gl 1—61—51
272 - — F 2 2 F 2 2 0.
Fit(mnle) = m M(l—g---l—s ‘TI)MH M(l—g---l—s 77)

Moreover in the isotropic case v = 1 — ~, and for the simple “cross” N =1, L =1
diagram (computed below in terms of elliptic functions), the duality (3.2.9) is a mere
consequence of (3.2.62)

1 1
B ) = 1) = 10 (L) = 52 (1)

For the sake of duality in the more involved anisotropic case we will need also the
relation between ladders with exchange of v <> 1 — «. This relation can be easily
checked and looks as follows

_ 1 _1 -
{7 (3) = b ),

and due to Bﬂ) = I the duality (3.2.9) is also proved.
In the simplest particular case M = 1 we can simply put € = 0 everywhere and then
reduce to the simple power

so that

Gr—on=1(z1,w1,2) = (27T2)71 ([z0 — 21] [20 — wl])% B((),Vfﬁ) (n) =

= (20— &[0 —wn]) T 2= L (32069

7z [1—nt= [wy — 217

which is precisely the single propagator in the trivial case of the Basso-Dixon type
formula, with no integrations.
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In order to get a better feeling of the structure of our result (3.2.60) at generic
N + L, it is instructive to compute the first non-trivial graph Gy y—1(21, w1, 20) -
the two-dimensional “cross” integral. In four dimensions, the cross integral can be
computed in terms of the Bloch-Wigner function (di-logarithm function) [34]. We
will see that in our two-dimensional case the answer for the cross integral can be
expressed through elliptic functions. Since it involves only N = 1 separated variable,
it is simply related to the ladder I5:

Groivoi(z1,w1,20) = (20%) Y[z — 21][20 — w1]) T Lo (). (3.2.65)
For M = 2 the ladder integral (3.2.60) reads:

3,201 _
27ra(w171 v)x
()™=
r2(1+4¢), . l—y—e 1—v—-¢1 l—vy—e 1—vy—e1|_
X8€‘8:0a2(7+5)m[n]?’6& l—¢ l1—¢ m) st 1-—¢ l1—¢ N

Choosing the conformal weights for isotropic fishnets v = 4 = 1/2, the ladder sim-

plifies to
77>2F1 (;6,;8;126 77) .

(3.2.66)
We can recall the expression of the 2D conformal cross integral [140] (e.g. see the
formula (1.7) of [141)); after amputation of one line by sending wj to infinity, we get

21 0. |

I2(1+e)I2(1/2—¢), .1 (1 1

ER e
oI greapieoi: filg-eg-sl-E

. &2p o Fu(h,h;2hn) o Fy (b, 2R 7) [0])" .
e e e 7 e e N LSS
o | (3.2.67)
B(h) = 2 ;_2“’) FF((ZJF_"Z)FF(&:TO;); h= % +io. (3.2.68)

In order to compare with (3.2.65) we should set h = 1/2, that is 0 = 0. Due to the
vanishing of B(1/2), this expression is an ill-defined sum of two divergent terms. The
issue is solved by taking the limit ¢ — 0 in (3.2.67), which gives the well defined
function

(L +i0)°T (1 - io)?

U (L—io)" T (1 +i0)?

™

[ F(oln) F(aln) + (o< —0)]

/)

and reproduces the result of plugging (3.2.66) into (3.2.65). The problem reduces
to computing F (o|n) and 0y|,—0F (c|n) which reduce to elliptic integrals. Then the
cross integral can be presented in explicit form:

d*p
IBD<ZOJZl7w07w1) = / =
o |20 — pllwo — pllz1 — pllwi — pl

1 1
where F(o|x) = oF} (5 +io, 3 +i0;1 4 2i0
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_ Alt-m
lwy — 21||wo — 20|

[KmKQ—n)+ KmKQA=n)], <1 (3.2.69)

where here:
20 — W1 21 — Wy

’)’I:
W1 — Wo 20 — 21

and K (z) is the elliptic integral of the first kind:

! dt
) :/0 JI_B)(1_z6)

This result for the cross integral suggests that even for any L, N the formula
for two-dimensional Basso-Dixon integral can be presented in terms of elliptic poly-
logarithms encountered in various Feynman graph calculations [142].

3.2.5 Ladders and the wheel integrals

The computation of 2-dimensional ladders carried out in the previous sections has
other interesting applications in the context of the theory (2.1.3). The simplest
observables in this theory are single trace operators tr(¢!)(2), tr(¢})(2). As explained
in [28, 32], the perturbative expansions of their correlators

(trgt (2)tr(g])' (w))  (trdh(2)tr(oh) (w)) (3.2.70)
consist, for [ > 2, of only of the “globe”-shaped fishnet Feynman integrals:
l
1 d%z; .
F .’L‘, :/ 75
n{my) }:[1 |Zo,j—Zj,l’1+2“’|Zj,N—Zj,N+1\1+2w,E|Zj,k—Zj,k+1\1+2”|zj,k—zj+1,k B
(3.2.71)
where we set z;0 = 2, 2 v+1 = w, and the expansion itself reads:
Gi(z—w) = Y M Fn(zw), (3.2.72)
N=0

where G is one of the correlation functions (3.2.70). For any value of the coupling
&% the correlators (3.2.70) are conformal, thus it is possible to define the scaling
dimension of the fields X and Z as:

A = - tim SEHEl = e (3273)

where the anomalous dimension + is an expansion in the log-divergence of I} y graphs,
i.e. its coefficient of % in dimensional regularization. Since this divergence is the
same for the corresponding wheel graph, obtained after amputation of |z; y — 2, ny1]
propagators:

N
Wintz /H 142 H 1 T e (3:274)
|20, = 2" - 125k = 2k : TR

+2‘”’%,/16 — Zj+1,k
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Figure 3.11: Simple wheel at [ = 6. The black blobs are integrated over, while the gray blob in the center
of the figure is the external point of F; n(z,w) left over after amputation.

we can write
o
2 2N 117(1)
) = 25 Win
N=1

where VVZ( v stands for the 1/e-divergence coefficient in the expansion of the (I, V)
wheel in dimensional regularization.” The simple case N = 1 can be worked out ex-
plicitly, since the integral (3.2.74) can be regarded as a ladder with periodic boundary
conditions and L = [—1, see Fig.3.11. In the formalism of integral operators (3.2.14)
we can write:

!

Wi(z / H fiQZj — = Tr[Al(z]20)] (3.2.75)

Zo _ Z 25 1[2], _ Zj+1]2 2s

where © = s — 1, s = § = 3/2 —w. We can insert inside the trace in (3.2.75) a
complete basis (3.2.32) in order to get an integral over one separated variable:

i O [ T AL ol Wl T -

+00 .
=55 (Z / dv N (x ) /dzz\lf(x\z)\lf(x]z). (3.2.76)
The integration over z is the scalar product of two eigenfunctions with the same

weights x, thus carrying the log-divergence of (3.2.75), or the % divergence which is
the leading one at N =1 in the e-regularization. We can easily extract it:

1
— d 2

/ AT (2]2)V(2]2) = 27?/ 17“ = —W,

uv o TF £

and the resulting VVZ(P reads:

1 Feo
z1 T o2 Z / dv \i(z) = — Ii(n)|y=1

n=—oo

7In general, the following wheel integral has CLN divergence, so one has to extract the sub-leading % term.
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The L-ladder at n = 1 is a finite quantity only for L = [—1 > 1, and it isn’t otherwise
possible to close the integration contour in (3.2.57). Indeed the asymptotic expansion
of \; in v is

M (n,v) = (—iv) ™+ 0ow™).

The divergence of the wheel diagram at [ = L + 1 = 2 is in agreement with our
expectations: in order to renormalize correlators (3.2.70) at [ = 2 the specific double-
trace counter-terms are needed [28, 36, 37, 84, 85, 103]. More explicitly, fixing the
propagators along the frames and spokes to be the same (w = 0), we get:

LT (I =1)! de |, THB/2 4 el (—1/2 —¢) Tl +k—e)
(3.2.77)

2
o e TU(1 + )TH(1 — ¢) (irﬂ/%k-@)
[N

The quantity (3.2.77) can be computed numerically and, hopefully, expressed in
terms of Elliptic Multiple Zeta Values.

3.2.6 Conclusions

In the first part of this chapter we derived an explicit formula for the two-dimensional
analogue of Basso-Dixon integral given by conformal fishnet Feynman graph repre-
sented by regular square lattice of rectangular I x N shape, presented on Fig.3.1
and Fig.3.2 (left). The definition of this integral and the result are presented at the
end of Introduction (sec.3.2). Our result represents a slightly more general quantity
then Basso-Dixon graph: it concerns the anisotropic fishnet, i.e. with different pow-
ers for vertical and horizontal propagators, corresponding to arbitrary spins s, s of
principal series representation of SL(2,C) group, or for the analytic continuation to
s = § belonging to the real interval (%, 1). The particular case of isotropic fishnet,
a-la Basso-Dixon, corresponds to the case s = 5 = 3/4. In two-dimensional case the

fishnet graph is built from propagators |Z1i

Such graph is a particular case of
single-trace correlators introduced in [94, 95] for the study of planar scalar scattering
amplitudes in the bi-scalar fishnet CFT [28, 32]. In the simplest case N = L =1
(cross integral) we managed to present the result in terms of elliptic functions. It
seems plausible that even for general L, N the result can be expressed in terms of
elliptic functions. A probable full basis of such functions, in terms of which our
quantity could be presented, are the so-called multiple elliptic poly-logarithmic func-
tions (see [143] and references therein). It would be interesting to obtain it for a few
smallest N, L.

Interestingly, in the case s — 1/2 (or, alternatively, s — 1, which is an equivalent
SL(2,C) representation for the graph’s propagators) this fishnet corresponds to one
of the conservation laws of Lipatov integrable (open) spin chain hamiltonian [144,
145] describing the system of reggeized gluons for the Regge (BFKL) limit of QCD
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[115, 117, 118, 146]. It would be interesting to understand what kind of BFKL
physics it can describe.

The Basso-Dixon type configuration represents only one set of possible physical
quantities which can be, in principle, analyzed and computed in the planar bi-scalar
fishnet CFT due to integrability. To fix the OPE rules in such a theory, we have to
compute the spectrum of anomalous dimensions and the structure constants of all
local operators. Some of them have been analyzed and even computed in the liter-
ature. In particular, the so-called wheel graphs, corresponding to operators trX*,
have been computed in d = 4 dimensions in [32, 93] up to two wrappings at any
L. In [39] they have been computed in particular cases of L = 2,3 (L = 4 case
is to appear [147]) to any reasonable loop order (for any wrapping there exists an
iterative analytic procedure) or numerically with a great precision, by means of the
Quantum Spectral Curve method [77-79, 148]. We think that, to give a more general
result for any L in rather explicit form, we have to employ a powerful technique of
separated variables, similarly to the one we employed here in two dimensions for
Basso-Dixon type graphs. The first step would be to compute the wheel graphs in
two dimensions using the techniques of this chapter. An interesting task would be to
advance to d > 2 dimensions by integrable spin chain methods. This is done in the
rest of the chapter for the remarkable case of d = 4 fishnet theory. It would be also
good to generalize our techniques, at least in two dimensions, to the computation of
multi-magnon operators related to “multi-spiral” Feynman graphs [91].

The computation of structure constants is an even more complicated task. Cer-
tain explicit results for OPE of short protected operators have been obtained for
fishnet CFT in [28, 36, 37] (see also [120, 121] in BFKL limit) using solely the
conformal symmetry. The calculation of more complicated structure constant is a
difficult task demanding the most sophisticated techniques, such as SoV method.
Since for the 2D case the SoV formalism is well developed it would be interesting
to apply the methods of this chapter to computations of more complicated structure
constants at least in two dimensions.

Finally, it would be good to understand the role of separated variables in the
non-perturbative structure of the bi-scalar fishnet CFT. A good beginning would be
to understand in terms of SoV the strong coupling limit for long operators of the
theory and to relate it to the classical limit of the dual non-compact sigma model
which will probably arise in two-dimensional case similarly to the one which was
observed in four-dimensional bi-scalar fishnet CFT in [149].

3.3 Four-dimensional case

The exactly solvable spin magnets [5, 9] constitute a class of condensed matter models
of wide interest throughout theoretical and mathematical physics. In particular, the
integrable chains of nearest-neighbors interacting spins [150, 151] serve as a tool to
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encode the symmetries of local or non-local operators in quantum field theory, provid-
ing a rich amount of non-perturbative results ranging from the scattering spectrum
of high-energy gluons in QCD [115, 152, 153] to the conformal data of the super-
symmetric N' =4 SYM and N' = 6 ABJM theories [13]. The archetype model of this
class is the SU(2) Heisenberg magnet of spin %, which for open boundary conditions
is described by the Hamiltonian

=

-1
Hgyey) = Oaq* Oatl, (3.3.1)
1

a

being &, the vector of Pauli matrices acting on the space V, = C2. Generalizations
of (3.3.1) to other symmetry groups are known, including the non-compact SO(1,5)
spin chain . The latter model is relevant for the study of covariant quantities in a
four-dimensional conformal field theory (CFT) [17]. We consider the homogeneous
model in the irreducible unitary representation defined by the scaling dimension
A =2—i)\ X€R, and the SO(4) spins £ = £ = 0 [154]. The Hamiltonian operator
acts on the Hilbert spaces V, = L?(x,,d*z,) as

N-1
H = Z [2 In xfmﬂ + ($2a+1)_i/\ 1n<ﬁ2ﬁ2+1)(x2a+1)i>\} +
a=1
+2In 2y + I (pY) + (a30) " (o) (a30)™ (3.3.2)
where Too11 = To — Tar1, P2 = —0, - 0y and x4 = zo. The point zg is effectively a

parameter for the model, and we will always omit it from the set of coordinates. The
spin chain (3.3.2) is the four-dimensional version of the open SL(2,C) Heisenberg
magnet which describes the scattering amplitudes of high energy gluons in the Regge
limit of QCD [115, 155]. In the rest of this chapter we will indeed try to translate
the methods of the first part of the chapter - based on the SL(2,C) spin chain -
to the four dimensional situation. The integrability of (3.3.2) is realized by the
commutative family of normal operators’

Qn(u) = Qua(u) - Qoz(u) - - Quolu), (3.3.3)
labeled by the spectral parameter u € R and where
sz(u) = (x?])il/\(pz)u<x12j>u+2/\
By the introduction of the operator
Quv(u) = [Qu(u — N Qu(~iN),
the Hamiltonian H is recovered from the expansion

Qn(u) + Qul(u) =2 1+ uH + o(u). (3.3.4)

8We consider an Euclidean space-time in the chapter, without loss of generality respect to the Minkowskian case.
9We recall that a linear operator of an Hilbert space is called normal if it commutes with its hermitian conjugate.
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It follows from (3.3.4) and from the commutation relation [Qy(u),Qn(v)] = 0 at
generic v and v, that the eigenfunctions of Qy diagonalize the Hamiltonian (3.3.2)
as well. The spectra of these operators are labeled by the quantum numbers

a

Ya:1+%+w&, Y*:1+%—m, Ve €R, na€N | (3.3.5)

fora =1,..., N, and we use to write Y = (Y7,...,Yy). The spectral equation for
the operator (3.3.3) reads

Qn(u) - T*P(x|Y) = 75 (u, Y) TP (x[Y),
where we denote x = (x1,...,zy) and a,8 stand for 2N auxiliary complex spinors

|Oz1>,...,|OéN> and ‘,61),..., ‘,8]\]) GCQ.

The eigenfunctions form an orthogonal set respect to the quantum numbers (Y, o, 3),
and the eigenvalue is factorized respect to the labels (3.3.5) into equal contributions

v, Y) =[] nuY.), (3.3.6)

Tl(u,Ya) :4ur(ya_§‘ )F(Ya +U+§A> |
U A

As a consequence of (3.3.4) and (3.3.6) we obtained the spectrum of the Hamiltonian
H as a sum of N independent terms

Y i i
nn (YY) _; [w (Y; - §>\) +1p (Ya+ §A) —|—ln4} +c.c. (3.3.7)
Formulas (3.3.6),(3.3.7) show that the N-body system defined in (3.3.2) gets sepa-
rated into N one-particle systems over the quantum numbers (3.3.5). In other words,
the quantities (Yy, |aq), |Ba)) are the separated variables of the system in the sense of
[7, 132, 1567 |, and the spectrum of (3.3.2) and (3.3.3) is degenerate in the spinors
due to rotation invariance.
The representation over the separated variables (Y, ¢, 3) is defined for a generic
function ¢(x) = ¢(z1,...,2y) by the linear transform

oY, a,8) = /dx TP (x|Y)* o(x) . (3.3.8)

The inverse transform of (3.3.8) provides the expansion of ¢(x) over the basis of
eigenfunctions

Px)=> / dv pu(Y) / DaDB U*?(x|Y) ¢(Y,o,3), (3.3.9)
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X, ¢— X, X; X';
Xy b—e X, X, X,
X5 — X5 X5 X
X, X,

Figure 3.12: On the left the graph-building kernel B3 (x|x’), where the lines are propagators 1/z7;, grey
dots are external points and the black ones are integrated. On the right the portion of fishnet
(B3)* with two fixed points 2o (down) and oo (up).

where the sum runs over the non-negative integers n = (ny,...,ny), the integrations
dv = dvy---dvy are on the real line and the integration in the space of spinors
Do = Doy - - - Day is defined as

/Da :/ dae @ (ala) = [aW P +|a? 2,
Cc2

The spectral measure in (3.3.9) can be extracted from the scalar product of eigen-
functions and it is given by

N N
1 2 a 2)?
— il IT [ 2] [+ 2220 0 s
Ta=1

b#a

in the notation vy, = v, — v, and ng, = n, — Ny.

All considerations done so far can be extended by an accurate analytic continu-
ation of the parameter A to the imaginary strip (—2i, +2¢). In particular, at A\ = —i
cach site of the chain carries the representation A = 1, £ = ¢ = 0 of a bare scalar
field in four dimensions. In this case at the point u = —1 the operator Qy(u) be-
comes proportional to the graph-building integral operator for a Feynman diagram
of square lattice topology

By ¢(x) 4N/ X' ¢(x H (3.3.11)

a=1 aa+1 l’

with x = (21,...,2n), X' = (2],...,2). Throughout the rest of the chapter we
denote x4y = x, — 7). According to (3.3.6) the representation of the operator (By)"
over the separated variables factorizes completely a portion of size N x L of the
planar fishnet diagram [92] in Fig.3.12, extending to a 4D space-time the analogue
result in two-dimensions of [29].

As a direct application of our results, we computed a specific set of four-point
functions of fishnet CFT [32], providing a direct check to formula (14) of [125], ob-
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tained via arguments of AdS/CFT correspondence [157-159].

In the next two sections we present the explicit construction of the eigenfunctions
of the model (3.3.2) by means of newly found integral identities.

3.3.1 Generalized Star-triangle identity

Our construction of a basis of eigenfunctions for Qu(u) follows the logic outlined in
[160] for the two-dimensional model, and requires the formulation of certain confor-
mal integral identities in 4D.

First we consider a positive integer M < N and set xfj = 0 without loss of
generality. We will denote x = (xy,...,2p), X' = (2, ...,2%,_1). Let us introduce
the tensors

CS{BM/W---MM = <a|&/i10-#'1&ﬂ2 e &P«M|5> ) (3-3-12)

where the symbols o and & are defined in terms of Pauli matrices
Og) — 5’0 = IL, O = —&k :iOk, k= 1,2,3.

The tensors (3.3.12) satisfy the light-cone condition

wlba 4V1..Va B B —
gt g Oilmua P~~~#MC§[1~.V(1 p'--l’M - 07
where t#1#a are arbitrary tensors and a = 1,1’,..., M. This property allows to

define a family of degree-n homogeneous harmonic polynomials
C’Jo\‘f(x|x’)" = (a|X11X112%997 . . . Xpp0] 5)" (3.3.13)

where x;; = o,7;;/|2ij| and X;; = &,2};/|7;|. Under a coordinate inversion z# —
x#/x? such harmonic polynomials transform covariantly and it follows that using
(3.3.13) it is possible to generalize the uniqueness - “star-triangle” - relation for a
conformal invariant vertex of three scalar propagators [161] (see also [162, 163] and
references therein) to any symmetric traceless representation.

The core of the generalized identity we are going to derive is the mixing operator
acting on a pair of symmetric spinors |a, a’) = [@)®" ® |a/)®" of degrees n and n’ as

(a, O/|Rn,n’ (2)18,8) =

e

n+n/

DL (14 s(alB) + t(a'|8) + st{al6)(a|8)F 5",
(3.3.14)

where upon differentiation we set s = ¢t = 0. The operator defined by (3.3.14) is
a unitary solution of the Yang-Baxter equation and can be obtained via the fusion
procedure [164] applied to the Yangian R-matrix Ry ;(2).
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Under the uniqueness constraint a +b+ ¢ = 4 and for any n,n’ € N the following
identity holds

/d%4 (aR14x43|8)" (0 [R3ax42|3')" _
($%4)a (55%4)6 (3334)0
(=)™ Ay (a, b, c) (aX12X23, /| Ry (¢ — 2) |8, Xg1X12 )

_ a2 / , . (3.3.15)
(25) =) (a%3) =0 (235) ) (e—1+ ™) (2—c+ 737

with the coefficient

F(2-—a+2)T(2-0+2%)0(3—c+252)
T(a+2)T(b+2)T (c— 1+ 252)

An,n’(av b7 C) =

Setting n’ = 0, the identity (3.3.15) is equivalent to (A.11) of [111], and setting
further n = 0 it degenerates to the scalar identity [161].

We point out that (3.3.15) is the four-dimensional versions of the 2D star-triangle
relation which underlies the solution of the SL(2,C) Heisenberg magnet as in [117,
160].

3.3.2 Eigenfunctions construction

The eigenfunctions of the open conformal chain (3.3.2) can be obtained by a recursive
procedure in the number of sites of the system. First of all we introduce the integral
operators Aﬁf’Ya = (a|Apy,|5)

ASty, - 9(x) = / dx' Aj7y, (x[X) p(x), (3.3.16)
through its kernel AOA‘;[@:YQ (x|x') = (a|Auy, (x]x)|8) =

C]C\ZB(X|X,)W"’ M-1 (xg/a+l)—1+iua+i)\/2

= ([E%\/lo)1+iua+i>\/2 o (I?la/)1+iya_i)\/2(xga+1>i>‘7

which at M = 1 reduces to a conformal propagator of scaling dimension A = 1 +
i\/2 + iy, and tensor rank n,

(o] %] B)"

af _
My, (#1) = Cay
Making use of (3.3.15) at n = n,, n’ = 0 we verify that
Qur(w) ATy, = 71 (u, Ya) A7y, Quroi(w), (3.3.17)

for any M > 1, moreover

Qu(u) ALY, (a1) = 7i(u, Yo) ASY, (1) (3.3.18)
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Figure 3.13: Graphic representation of the integral kernel Ag‘fi (1,72, w3)|71, 75) (left) and of the eigen-
function WP (Y |z1, 22, x3) (right). Solid lines denote (x7;)~**, while the dashed ones stand
for the polynomials (3.3.13) together with the denominators of type (27 /) and (z ;,,) car-
rying the variables v in the power. The external arrows indicate symmetric spinors and the
grey blobs are integrated points.

The iterative application of (3.3.17) for the length M going from N to 2, together
with the initial condition (3.3.18), provides a recursive definition of the eigenfunctions
of the model with N sites

\PQ'B(Y|X) — /A\%\’f]\’ Aazb’z A28

1,1 H \/m
where the last factor is a suitable normalization and

LY —i3)D(Y*—i3)
L(Y+i3)D(Y*+i3)

(3.3.19)

r(Y) =

Such a function has a simple behavior in the permutation of two separated variables
(Y,a,8), (Y o, B'), encoded by the exchange property

A?Jﬂy 'A?\}BA,Y =/, a|Anyr - Ayoav|B, B) =

= :((;/,)) (o, o/ [R(2)" Apry - AproryR(2)18, 87 (33.20)

where z = i(v' —v) and R = R,,,». Any permutation of the separated variables
n (3.3.19) can be decomposed into elementary steps of type (3.3.20), defining a
representation of the symmetric group generators

SkY = (1/1, . ,Yk+1,Yk,. . .YN>,
on the space of symmetric spinors

sk\a> = Rnk’nkJrl (’L I/kJrLk) ’Oél, e Oy, Oy - e 7OéN> s
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and allowing to state the exchange symmetry
TB(Y|x) = Uor(@h) (5, Y|x). (3.3.21)

The scalar product of two eigenfunctions can be written according to (3.3.19) in
operatorial form, so that it can be reduced to N factorized single-site contributions
of the type

273

ATENT A =
( 1,Y> 1Y n+1

On0(v =2/ )(ala)"(BI5)",

by the iterative application of the property

AT AS2, = (8, alAl, - Aagyla, B) = X
ST [(@R(2)]a) Aprry (BIRI(2)18) AT, )

((u — V)24 —("‘4"')2> ((y V)24 (n+n;+2)2>

valid under the assumption Y # Y’ and where the trace means the cyclic contraction

Y

of indexes in the space of primed spinors. As result the scalar product of two functions
(3.3.19) takes the form of an orthogonality relation

PN sy oy .
>~ 0¥ — (¥ alwla) (@ |x]8). (33.22)
where Sy are the permutations of NV objects and we introduced the compact notation
N
S(Y =Y') =[] bnuins, 6(va — ) -
a=1

3.3.3 Conformal fishnet Integrals

In analogy with the 2D results of [29], employing the results of the previous sections
we will compute exactly the four-point correlation function

G = (Tr[o7 (x0)¢5 (22)81" (23) 03 ()]) (3.3.23)

for any N and L, where ¢1(x), ¢o(x) are the two complex scalar N, x N.. fields which
appear in the Lagrangian of the conformal fishnet theory [32] in four dimensions. In
the planar limit [126] N, — oo the only Feynman diagram which contributes to the
perturbative expansion in the coupling £ of Gy 1, is given by the integral

dz N 1 L 1
/ (4m2)NL (H) (20 — Za+1,b)2> (H (Zop — Za7b+1)2> ; (3.3.24)

b=0

. . . N,L
where the integration measure is dz = [[,;_, d4za,b and we set 2o, = 1, Zni1p =

X3, Za0 = T4, Zar+1 = T2. Such a square-lattice integral can be expressed via the
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Y / \Z z/ \Y

X, X, U U

Figure 3.14: A Feynman diagram contributing to the planar limit of (Tr(¢?)(x1)Tr(¢3)(z2)Tr(e]*)(23))
at order £28 and its decomposition into hexagons. Here M) = 1, My = 2, M3 = 2. Each color
of a cut corresponds to the insertion of a different set of separated variables, as indicated on
the hexagons.

graph-building operator (3.3.11). Indeed, starting from the fishnet diagram

N
Fyp = (H aa+1> (By)=H (H&‘” 2z — za)> , (3.3.25)
a=1
one can transform it to (3.3.24) by the reductions of external points z, — z1, 2, — =3
followed by a conformal transformation. Therefore, as a functions Gy 1.(u,v) of the
cross-ratios u = x2,13,/(23,23,) and v = x?,2%,/(22,23,), the planar limit of (3.3.23)
is equal to Fly 1, with reduced external points. According to (3.3.6) the integral kernel
of (By) in the space of separated variables is factorized as

. L
L
BE(Yi,...,Yy WQNL | | {41/2 CEwE ] . (3.3.26)

In order to restore the (u, v)-dependence of (3.3.24) one has first to expand the r.h.s.
of (3.3.25) over the eigenfunctions via the inverse transform (3.3.9). Then, by the
appropriate reduction of the external points and upon integration of spinors and
normalization by the bare correlator, we get

[ L2y
d
Fralnt) = %/’”‘ G (e D2/

where u/v = 2%, v = 1/\/(1 —z)(1 —Z). After the redefinition n, — aj — 1,
Vp — Uk, T — z it coincides with the result of [125].

We shall conjecture further applications of the separated variables transform
(3.3.9) to the computation of planar fishnet integrals. An interesting example in
this sense is provided by the three-point function of “vacuum” operators

(Te(¢1) (1) Te(97) (22) Tr(d] ) (03)) - (3.3.27)
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In the planar limit the perturbative expansion of (3.3.27) in the coupling con-
stant consist of regular square lattice diagrams drawn on a three-punctured sphere
S®\{z1, z2, v3} as explained in [165] and exemplified in Fig.3.14. In the same spirit
of “hexagonalisation” techniques [158, 159, 165, 166] we perform three cuts on the
diagram connecting the punctures, and insert along each cut a sum over the basis
(3.3.19), labeled by the separated variables

(Y7a7ﬁ)7 (Z7A7X)7 <U7K7w)7

where Y, = [Va,N4], Za = [tta, Ma], Uy = [7a,ta]. Let M; be the number of ¢2¢);
wrappings around the puncture z; (see Fig.3.14). The representation of the two
hexagons over the separated variables reads

MﬁMg 1 N MﬁM3 1 L
|H|?* ~ |AJ? — 2] — 2] :
el R e IRl DT R s

and the form factor A is given by the overlapping of three eigenfunctions of type
(3.3.19) at different values of zg

A= /dz dz' dz" VP (z,2') U)X (z,2") U (2, 2"), (3.3.28)
for z = (21,...,20), 2 = (21,...,2)y,), and 2" = (2f,...,2},,). Finally, the Feyn-

man integral is recovered by gluing the two hexagons via completeness sums

~ 3 /dvdudTM(Y)p(Z)u(U)/Da---Dw|H|2.

n,m,t

An interesting reduction of the correlator (3.3.27) is obtained setting L = 0 and
degenerating it to the two-point function (Tr(¢N)(zy)Tr(¢!™)(x3)), for which the
planar fishnet lies on a cylinder and it is conformally equivalent to a “wheel” diagram
(32, 39, 167, 168].

As a general fact the diagrams describing the planar limit of (3.3.27) develop
UV divergences, which in our representation should be contained in the form factor
(3.3.28). The elaboration of a regularization technique at this level is an intriguing
task as it would enable the direct computation of several conformal data in the fishnet
CF'T at finite order in the coupling.

3.3.4 Conclusions

In this second part of the chapter we formulated and solved the spin chain of SO(1,5)
conformal spins for any number of sites N and for open boundary conditions, in the
principal series representation of zero spin [154]. Its integrability is realized by a
commuting family of spectral parameter-dependent operators Qy(u) which generate
the conserved charges of the model. The spectrum of the model is separated into N
symmetric contributions, each depending on quantum numbers which for this reason
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we call separated variables. We explained how to construct the eigenfunctions and
prove their orthogonality, extending the logic of [160] to a four dimensional space-
time by means of new integral indentities which generalize the star-triangle relation
[161] to symmetric traceless tensors.

Our results can be analytically continued from the representation of the principal
series to real scaling dimensions, recovering the graph-building operator - introduced
in 2D by the authors and V. Kazakov [29] - for the Feynman diagrams of fishnet
CFT [32, 91]. The variant of this graph-builder with periodic boundary was first
introduced in [32] and coincides with the B-operator of the fishchain holographic
model [169-171]. Following the same steps as [29], we computed the planar limit of
the fishnet correlator studied by B. Basso and L. Dixon providing a direct check of
the formula (14) of [125].

The separation of variables (SoV) for non-compact spin magnets is a topic which
recently attracted great attention [172-177], and SoV features appear in remarkable
results of AdS/CFT integrability, for instance [178, 179]. It has not escaped our
notice that the properties of the proposed eigenfunctions immediately suggest their
role in the SoV of the periodic SO(1,5) spin chain [111], in full analogy with [117].
Moreover it would be interesting to apply our methods to the computation of other
classes of Feynman integrals, for example introducing fermions as in [31, 180], or con-
sidering any space-time dimension and extending our results to the theory proposed
in [28]. In the latter context, the functions (3.3.19) for N = 2 sites have been derived
in a somewhat different form and applied to the formulation of the Thermodynamic
Bethe Ansatz equations [181].

Finally we have conjectured how, by means of a cutting-and-gluing procedure
inspired by [165], certain planar two- and three-point functions of the fishnet CFT
at finite coupling get factorized into simple contributions over the separated variables.
This observation puts as a compelling future task the regularization of such formulas,
in order to compare the results based on the AdS/CFT correspondence to a direct
computation.






Chapter 4
Four-point functions in Chiral CFT,

4.1 Introduction

Whereas a big progress already in the study of the bi-scalar fishnet CFT has been
done, little is known about the most general version of the double-scaled ~-deformed
N = 4 SYM. Until very recently, apart from the original formulation [32] and the
study, in [91], of asymptotic Bethe Ansatz equations for anomalous dimensions in
certain sectors of this theory, as well as the computations of related unwrapped and
single-wrapped Feynman graphs, no serious attempts had been undertaken to un-
derstand the physical properties and the Feynman graph structure of the full yCFT.
It is worth noticing that, unlike the bi-scalar fishnet CFT, the reasons for the (hy-
pothetical) integrability of this model remains quite mysterious.

The non-unitarity of the yCFT represents an obvious drawback from the point of
view of the physical interpretation: the presence of complex OPE data violates ba-
sic quantum-mechanical axioms and standard analyticity constraints. On the other
hand, non-unitary theories are curious objects by themselves, having interesting OPE
properties, such as a logarithmic behavior of certain correlators (yCFT is an exam-
ple of logarithmic CFTs). In addition, they share many basic common features with
unitary CFTs and help to understand their general features.

4.1.1 Integrability of Wheel graphs in yCFT

A statement of integrability, milder than the lattice integrability of the bulk of large
planar graphs, can be made for the scaling dimension of Tr [gb]L] operators at any L.
These operators, protected in the original N' = 4 SYM due to super-symmetry, are
described in the planar limit of bi-scalar theory by a perturbative expansion in globe-
like fishnet graphs [32] with an integrable square-lattice bulk [92]. These graphs can
be built up by the action of an integral “graph-building” kernel 7:[%)

d4yk
2(yk - yk+1)

L
SOy, ) = /H Dy, - - =
[HB ](121, 7xL) 2L - (xk _ yk) 9 (yb 7yL)7 Yr+1 =Y1-

(4.1.1)

- 131 —
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Figure 4.1: An example of bulk of a planar diagram appearing in the perturbative expansion of
(Tr [#%](z)Tr [#%]7(y)). It mixes together a square lattice structure of quartic scalar in-
teractions and the “brick-wall” domain made by Yukawa interactions. This case corresponds
to the operatorial expression 7:[(;)(7-153))2 Hg’)(azh T2, Z3|Y1, Y2, Y3)-

It represents one of the conserved charges generated by the transfer matrix of the
integrable quantum SU(2,2) spin chain of L sites in the scalar (A, Jy, Jo) = (1,0,0)
representation [39]. Similarly, in the two-coupling version (1.2.4) of YCFT the per-
turbative expansion can be described by graphs which, in spite of more complicated
structure (see Fig.4.1), can be still built by integrals of motion of the conformal spin
chain. Namely, every planar graph in the §; expansion is a certain permutation of
multiple action of operators 7:11(;) and 7:[%), where the latter operator is responsible
for fermionic loops contribution. As we will see, the order in the permutation doesn’t
matter, since any fermionic loop can be moved through scalar wrappings, due to their
commutativity, and this fact lays at the basis of integrability of these graphs. The
action of 7:1%) reads

L
[ﬁ%@](%'-- L) = / Hd4ykd42k ,H%L)<x1"'xL|yl"'yL>(I)<y17"' ,YL)
k=1

(L) o tr[amayl t UNL5VL]
Hp' (v xpfyryr) = (4m3)2L

" /ﬁ ( d*zi (26— yk)"* (yr, — Zk+1)”’“’
k1

(4.1.2)

Tk — Zk)2 ’Zk - yk|4|zk+1 - yk|4

and it builds up an integrable “brick-wall” domain [95]. Its commutation with 7:[%)
can be proven directly by star-triangle relation (3.3.15), as shown in Fig.4.2. In
order to show that 7:1;9 is a conserved charge of the conformal scalar spin chain, we
should prove its commutation with the transfer matrix at any value of the spectral
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X1 X2 X3 X1 X2 X3

\)’.1 ;’2 \y-3 Y1 Y2 Y3
Figure 4.2: Proof of the commutation relation [7:15;),7:[%)] = 0 at L = 3. Gray blobs are external
coordinates, black dots are integration points and we denoted lines which coincide due to
periodic b.c. with blue. Left: ﬁg)H%L)(:vl,xz,xﬂyhyg,yg). In the middle: the result of

integration over Yukawa vertices. Right: ﬂg)Hg)(ml,xQ,1’3|y1,y2,y3) as result of opening
triangles with single y; vertex in the middle figure.

parameter u,

A T ()] = 0. (4.1.3)
For this purpose, we rewrite the kernel integrating out z; variables
L
tr(o,, 0y, - Oy, ] (Y — )" (T — Y1)
%(L)xx y.y — H1 1 L ,
elo v = =G e e e

k=1

and we recall the definition of T (u)
T (u) = Tr o[Rio(u) Rao(u) -+ Rro(w)],  Rjo(u) € End(L*(x;) ® L*(x0))
(4.1.4)

[Rij(u) @] (s, 25) =

4_2u r (U + 2)2 / d4$i/d4$j/q)($i/7 .Z']/)
™l (—u—1)T(—u+1) ) (a2)w1(z2))Hu(z?,)3u(x

z 2 Y-utl’

ji! ij i’
where R;;(u) is the R-operator of the scalar conformal chain. It satisfies the Yang-

Baxter equation [182]
Rij(u) Ri (0) Rjp (v — w) = Rk (v — ) Ri(v) Bij (u) -

Then operator (4.1.1) coincides with 4726T() in the limit u — —1, as pointed out
in [39], since the first propagator under the integral in (4.1.4) disappears and the last
one effectively becomes a d-function.

Now we introduce the transfer matrix for the brick-wall domain!

Tg:) (u) =Tr 0[R10(U)R20(U) e RL()(U)], Rjo(u) € End(L*(z;) ® L*(z) ® C?)

42 T (u+2)°
T T (—u) T (—u+1
(0,)* () ap :cﬁ‘j, al; (xf, 7))

X d4xi/d4x i’ ,
/ J (1’2 )_u<l’2 )l—l—u(x? )3+u($22/j/>—u+1

ij ji! i’

[(Rij)§(w) @] (z;, ) = 7 (4.1.6)

1Here we implicitly mean the trace over spinorial indices of the fermionic loop.
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S ; . |
3 2! E

1 2

Figure 4.3: Graphical representation of relation (4.1.8) of Yang-Baxter type. The squares represent the
kernels of R(v — u)23 (solid lines) and (ng)g(u), (Rm)f(v) (solid and dashed lines). Black
dots are integration points, while gray blobs are external coordinates. Figures on the left and
on the right are respectively the L.H.S. and R.H.S. of (4.1.8). Both sides can be transformed
in the hexagonal object in the middle. First the triangle is opened into a star integral using the
star-triangle relation. Doing so, each of the three black dots will become the end of only three
lines. Then integration can be performed again by star-triangle and leads to the hexagon.

and we check, similarly to the above scalar case, that lim,_,_; T%L) (u) = ’}-l%L) The
final step to prove (4.1.3) is to show that

MO (w), TV ()] =0 Vu,v, (4.1.7)
which will be done by means of a Yang-Baxter type relation
R () RS, (0)Rin(v —u) = Ry(v — )Ry 5(0)RE (u).  (4.18)

graphically represented in Fig.4.3. Indeed (4.1.7) follows immediately from (4.1.8).
First of all we can introduce the monodromy operators

QéL;)aa(u):[13’01(U)---R0L(u)r6 and Q" (u) = Roy(u)- -+ Rop(u), (4.1.9)

then iterating (4.1.8) we can write

(e}

{ROO, (U)Qg“(v)] ) O (1 — v) = QP (u — ) [@gm () Roo (u)] “ﬂ . (4.1.10)

and we finally trace over space L?(xg) ® L?(xy) and over spinorial indices getting

Tr 0,0/ (QéL) ('U)Qé,L) ('U — U)) =Tr 0,0’ <R00/(U)_IQ((){1) (U — U)Q((]L) (U)ROO/ (U))

Tr (@3@ @)) Tr o (ng - u)) —Tr g (QEP (v — u)) Tr (@gm@)) . (41.11)

which is equivalent to (4.1.7). Our derivation straightforwardly shows that from the
point of view of integrability the regular square lattice and the brick-wall lattice built
by Yukawa vertices can be combined into the same integrable structure and form a
mixed lattice. This concludes the demonstration of integrability of the two-coupling
model (1.2.4). The proof of integrability of the full yCFT (1.2.2) is a more tricky
exercise and we leave it for the future.
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4.2 Bethe-Salpeter equation correlators and conformal data

In this and the next sections of this paper, we will exploit conformal symmetry and
the Bethe-Salpeter method to obtain the exact 4-point correlation function of the

type
Go,0, (71, 72|23, 24) = (Tr[O1 (1) Oa(22)| Tr[O] (23) O (24)]) (4.2.1)

where the operators O; are protected operators in the planar limit of YCFT. Then we
will extract from it the OPE data (anomalous dimensions and structure constants)
for length-2 unprotected operators exchanged in the s-channel of (4.2.1). In the
current section, we present the generalities of conformal Bethe-Salpeter approach,
generalizing the one applied in [28, 36, 37] to the bi-scalar fishnet CFT, to sum up
the Feynman graphs for these quantities in yCFT.

At the fixed point (1.2.13) and in the planar limit, the correlation function (4.2.1)
is a finite function of the couplings &; with ¢ = 1,2, 3. The correlation functions can
be written as a geometric sum of primitive divergences in the perturbative expansion.
For this reason, we will study those diagrams with the help of the Bethe-Salpeter
equation. In the following we will review the Bethe-Salpeter method pointing out
how to extract the spectrum and the OPE data from a four-point function (4.2.1).

In Sec.1.2.2, we presented the bulk fishnet structure of large planar diagrams in
the general double-scaled v deformed N' = 4 SYM theory. In this section we will
focus on the correlation functions defined by (4.2.1) for matrix (untraced) operators
with bare dimensions Ap, and Ap,. In order to preserve renormalizability of the
theory we have to add double-trace counter-terms (1.2.7), so that the diagrams in
the perturbative expansion of (4.2.1) will take the following chain structure

((/) j’_Z-B (() f[B ({/)
Iy Hr

where the black dots are insertions of the double-trace operator? and the links of
the chain are periodically repeating configurations of propagators (a special case of
the topologies presented in Sec.1.2.2) generated by kernels of integral operators. We
will refer to this set of operators as Hamiltonians or graph-building operators H,;.
In the family of theories we are considering, H; can be of three different kind: the
double trace operator IAJ, the bosonic operator 5 and the fermionic operator Hp.
The operators V, Hp and Hp separately produce divergent integrals. However, at
the fixed point, their combination is finite due to conformal symmetry (see Sec.4.4).
These integral operators commute among themselves and they are diagonalized by
the same basis of conformal triangles — the 3-point correlators of the two protected
operators with one unprotected operator described below.

2Such insertions should always split a graphs, and its color structure, into two disconnected pieces.
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In general, the correlation function (4.2.1) can be written in general as a geometric
series of a linear combination of the Hamiltonian graph-building operators as follows

N cn Ao;+Ap,—d > N N N
Go,0, = <x—2) > MoV + xsHs + xrHr)
. =0 (4.2.2)
B < CB )AOI+A02_CI 7’23
SL’§4 I_XV]A)_XB}A[B_XF,}:[F’

where cg = 1/(47?) is the normalization factor of the free scalar propagator, xy,
XB an x g are combinations of the couplings «; and &; with ¢ = 1,2, 3, which will be
introduced later (see Sec.4.3). The space-time dimension d in this paper is always
taken to be d = 4. 3 The correlation function (4.2.1) can be obtained from the
operator Go,0, as follows

G01(92 ('Ilv $2|x37 ZE4) == <J;1a ZL‘2|G(’)102|[L‘3, I4> ) (423)

where the Hamiltonian operators are represented by the corresponding integration
kernels such that

2n

(w1, 22|13, 24) :/Hd4kaz'<xla Toly1, y2) Hi (Y1, y2lyss ya) - Hi(Yan—1, Yon|s, 24) -
k=1

(4.2.4)

In order to compute the correlators Gp,0,, given the set of Hamiltonian graph-
building operators 7:[1», we need to compute their eigenvalues and decompose éol(%
over a complete basis of their eigenfunctions.

To compute the eigenvalues of ?:ti, we can use the fact that these integral operators
transform covariantly with respect to the (1,0,0) ® (1,0,0) conformal spin chain
generators.* This property completely fixes their eigenstates to be the conformal
triangle ®a sz,(r1,22), the three-point function of two (scalar) operators in z; and
xy with an operator Oa (o) with scaling dimension A, spin S at the position

DA 52071, 2) = (Tr [O1(21)Oa(22)]0Aa 5(70))

,_Roitho,  Ao,~Ao, b2 )%_p (2(nx02) 2(n:c01))5
X )

=(27,) 2 (x70) 2 20
x%z 95(2)1

(4.2.5)

A-S
2

mal triangle is composed by simply three scalar propagators that we can graphically

where p = and n* an auxiliary light-cone vector. In the case S = 0, the confor-

3Tt is possible to generalize the bi-scalar fishnet theory to any integer dimension d, as in [28], at the cost of losing
locality. It is not evident that such a generalization is possible for the full xCFT.

4In particular, defining the inversion I[xf] = zf/xf, we have, for a conformal triangle ®;,(x1,x2)in the repre-
sentation (1,0,0) ® (1,0,0), I[®z, (z1,72)] = Py (v1/22,22/23) = UPgy (21/2%,2/23), and U = x%x%x?is. We
can check that for every integral operator: I[H;] = UH;U~!.
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represents as follows

P-(Ao,-Ao)/2

0% (4.2.6)

(I)A»Oﬁﬂo (xl ’ x2> = (Ao, +Ap)/2-p

P-(Ap,-Ap)/2
X, &

Finally, given the eigenstate (4.2.5), we can compute the spectrum of the Hamiltonian
operators H,; as follows

/d4y1d4y2 Hi(fﬂla $2\y1, 3/2) (I)A,S,xo (yla 3/2) = hz‘A,s (I)A,S,zo(xh 952)7 (4-2-7)

where h;a g is the eigenvalue. More specifically, given the Hamiltonians operators
defined in (4.2.2), we have

% q)A,S,woi| (21, 22) = hyas Pa,sme (21, 72), (4.2.8)
Hp ‘I’A,s,xo] (71,72) = hpas Pa s (21, T2), (4.2.9)
Hr q’A,s,xo] (z1,22) = hras Pasa0(T1, 22). (4.2.10)

In Sec.4.3, we will verify that (4.2.5) diagonalizes these Hamiltonians and perform a
direct computation of the eigenvalues. The scaling dimension appearing in (4.2.5) is
defined as [183]

A=2+2iv, (4.2.11)

with v a non-negative real number. For such values of A, the state ®a g, belongs
to the principal series of type-I irreducible representations (A, .S, 0) of the conformal
group labeled by v and the discrete spin S and satisfies the orthogonality condition
[183, 184]

d4fl‘1d4$2‘I)A/,S',x0, (1, xZ)q)A,S,xo (21, 2)
(a3,)7 2o 5o,

= (=1)%1 (v, 8)o(v — V) 557515(4) (2o ) (nn')®
(1) s, S)3(0 -+ /) (1) (D) I ) (V25
(4.2.12)

where the 4-dimensional coefficients ¢; and ¢y are given by

2571 7T7
T ST @1 (ST
im®(~1) T (F120ym80 gy 4 1) TS8R0 iy 4 1)1(S + 2w+ 1)
Cy = —

p(S + 1T (2224720 4y 4 1)1 (22120 4 gy 4 1)0(S - 20w+ 1)

(4.2.13)
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The eigenfunctions ®a g, forms an orthonormal basis for » > 0 implying the fol-
lowing representation for the identity

> —1)5 *  dv -
W (215)6@ (294)= ( / /d4$o@A S0 (1,22)PA 520 (T3,24),
2S5y a(s) St =

(4.2.14)
that, together with the definition (4.2.7), leads to the diagonalized representation

(—1)S OothiAS
Hi(x1,22|23,24)= — ’
;(51/‘54)4 Bor=80; [y ¢i(v,5)

/d49€0<1>A,s,x0 (21,72)PA 5,20 (T3,74),

- (4.2.15)

where H; stands for the set of Hamiltonians {V,Hp, Hr} and h;a ¢ for the set of
eigenvalues {hya s, hpa s, hras} respectively.

Plugging the representation (4.2.15) for the graph-building operators H; into

(4.2.2), we obtain the representation of the 4-point function in terms of their eigen-
values h;a g

N L
Go,0, (21, T2|3, 74) :Z (3 )4_A‘91_AO2/0 a(v,S) -

5=0 \'34
hpa.s

X d*To®a 500 (21, T2)PA 520 (X3, T4).
1 — xvhvas — XBhBAS — XFhFA S / 02800 (@1, 22) 5120 (3, 24)
(4.2.16)

The integral over the auxiliary point xy can be expressed in terms of the four-
dimensional conformal blocks ga s [183, 185, 186]

/d4$0q)A,s,xo (1, 22)PA 520 (T3, T4)

Ao +A0 Ap,—Ap

91 2 1 2
B 1 2 73, 2 c1(v, S) c(—v,S)
a ($%2$§4> (ﬁs) (02(% S)gA’S(% o ca(—=v, S) ga-n5(w,0) )
(4.2.17)
where the cross-ratios are u = 2z = x3,23,/(23323,) and v = (1 — 2)(1 — 2) =
22,23, /(23,23,) and we recall from [185] that
gas = (15" [k(A + 5, 2)k(A — S = 2,2) — k(A + S, 2)k(A — 5 — 2,2)],
z—Z
— (A —A Az — A
(4.2.18)

Inserting (4.2.17) into (4.2.16), we obtain

Ao TAO, Ao, —A0,

C2 2 ;L'Z 2
Goloz(fl,wglxs,x4)=< b ) (ﬂ) Goyo,(u,v),  (42.19)

2 .2 2
L12T34 T1s
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where we defined
1 — *  dy hpa,s 9a,s(u,v)
Goyon(u.) = o Y- (-1)°f X |
1) 02( ) 0313 g( ) e CQ(y, S) 1— thyA,g — XBhBA,S - XFhFA,s
(4.2.20)

Notice that we extended the integral over v on the full real axis with the change of
variable ¥ — —v in the second term of (4.2.17). This is allowed by the symmetry of
eigenvalues appearing in the spectral equation

his_ns=hias, (4.2.21)

and can be interpreted as the fact that, for a given spin S, states with dimension A
and 4 — A belong to unitary-equivalent representations of the conformal group. This
symmetry is indeed satisfied for every studied case, (4.3.14) and (4.3.25).

Before studying the integral in (4.2.20), we want to focus on the role of the
double-trace Hamiltonian and its eigenvalues in the perturbative and Bethe-Salpeter
approaches. To find the correlation function (4.2.1), we have to sum up diagrams
of the kind shown at the beginning of this section. These diagrams contain scalar
and fermionic loops generated by the operators Hp and Hp interspersed with the
contributions of the double-trace vertices introduced in (1.2.7). Since in general
the integrals over the positions of the single-trace vertices develop ultraviolet (UV)
divergences at short distances, one needs the double-trace interactions to produce
other UV divergent contributions which cancels against them. Therefore, the weak
coupling expansion of the four-point correlation function remains UV finite at any
order as expected for protected O and Os.

In the context of the Bethe-Salpeter equation the story is slightly different. Indeed
consider the Hamiltonian operator V associated to the double-trace kernel defined
as follows

Vo|(1m) = 2 / Pove 9 312) D031, 10) (4.2.22)
X1, o) = 2¢ 2.
1,42 B (I’l _ y1)2($2 _ y2)2 y12 y17 y2 9

where ®(y1,y9) is a test function. We have to compute its spectrum by means of
(4.2.8) that, when applied to (4.2.5), reads

) 5 ()85, §W(v)ds0
[V ®A757x0} (1, 19) = W PA 520 (71, T2) = hyas = - (4m)? —.
(4.2.23)

First of all, due to the form of the eigenvalue, the double-trace term can affect only
the contribution to the sum in (4.2.20) with spin S = 0. Then we expect that the
contribution to (4.2.20) given by the Hamiltonian operators Hp and Hp are well-
defined for S # 0 but in principle we have to take into account the double-trace term
for S = 0.

Since we want to write Go,, in the standard OPE form, we will consider the
limit in which two of the external points are approaching, i.e. |x15] — 0 (or u — 0
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and v — 1). Since the conformal block scales as u”(1 — v)* decaying exponentially
for Re(iv) — oo, one can close the contour in the integral over v in the lower-half
plane and then compute it by reAsi(iues.AAt short distances, the eigenstate (4.2.5)
scales as Pa g4, (21, T2) ~ (:U%Q)# and thus it vanishes in the lower-half
plane (which is true in our case, since Ap, = Ap, = 1 and R(A) > 2). In this case,
the bosonic and fermionic operators do not develop UV divergences (one can verify
it in the two special cases that we study in detail in Sec.4.3). Moreover, given the
definition (4.2.22) and the formula (4.2.23), the double-trace operator V annihilates
Dp 54, With Im(v) < 0 for any S and therefore, it does not contribute. With this
argument, we are able to neglect the double-trace contributions when we compute
the four-point function G, 0, with the Bethe-Salpeter method. Then we can rewrite
(4.2.20) as follows

1 = dv thAS
g U, v) = — —1 Syg ’ u,v),
010 (1, V) Z< ) e c2(1,S)1 = xBheas — Xrhras 9a.5(u, )

(4.2.24)

where C_ is the close path in the lower-half plane.

In order to compute the integral over v in (4.2.24) with residues, we have to
identify the poles of the integrand. The physical poles are given by the zeros of
denominator of the integrand, i.e. by solutions of the equation

heas - —Xrhrashsas™ =Xz (4.2.25)

We will refer to (4.2.25) as spectral equation: indeed given the eigenvalues hja g
and the constants y;, solving the equation we will obtain the scaling dimensions A
as functions of the couplings &; with ¢« = 1,2, 3 and the spin S. In the integrand
of (4.2.24), two series of spurious poles are generated by the measure ¢y and the
conformal block ga s. In App.C.2 we will prove that the contribution of those poles
cancel under the condition

hists+k,s — Piz+s,54+k =0 k=0,2,4..., (4.2.26)

which happens to be satisfied.

Finally Go, 0, is given by the sum of only the residues at the physical pole (4.2.25).
Then we can rewrite the correlation function in the standard form of a conformal
partial wave expansion as follows

g(’)1(92 = Z CA,S gA,S(U,U) ) (4227)
A,S>0

with the OPE coefficients Cx g defined as

(—1)° ( 1 hpa.s )
Chrg= 47 Res . ) 4.2.28
o Ch e 8)1- xBhBa,s — XFhra,s ( )
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The sum over A in (4.2.27) runs over the solutions of the spectral equation for scaling
dimensions of exchanges operators with Re(A) > 2 .

In the following sections, we will focus on the computation of the point-split
four-point correlation functions of the operators introduced in (1.2.3), establishing
the Hamiltonian operators H; and the constants y; appearing in (4.2.1) from their
Feynman diagram expansion. We closely follow in our analysis the logic of [37], but
in contrast to this paper which treats the bi-scalar fishnet CFT, we have to introduce
new types of diagrams into the Bethe-Salpeter procedure, reflecting a richer structure
of the full three-coupling yCFT. To write the correlation function (4.2.1) in the
standard OPE representation requires, as the only dynamical input, the knowledge of
eigenvalues h;a g of the Hamiltonian operators. We will diagonalize H,; to extract the
conformal data, i.e. the scaling dimensions of the exchanged operators and the OPE
coefficients. In what follows we consider only single scalar fields as protected external
operators and then we should set Ap, = Ap, = 1. In the following sections we will
concentrate with the sector ¢;¢; of the theory, and study its four-point correlator
pointing out the richer OPE data which appear respect to the same correlator in the
bi-scalar fishnet CFT.

4.3 Exact four-point correlation function Gy 4,

In this section we consider the four-point correlators associated to the first operator of
(1.2.3), namely when O (z) = Os(x) = ¢;(x) with j = 1,2,3. Since the computation
of the correlators is the same for any j, we will consider the case 7 = 1 and then the
four-point function we want to study takes the following form

Gy, (21, T2|z3, 24) = (Tr[dr (21)P1 (2)] T[] (23) 0L (24)]) - (4.3.1)

This correlation function was extensively studied in [36] in the simplest case of the
family of theories we are inspecting, i.e. the bi-scalar theory (1.2.6).

In the planar limit N, — oo, once chosen j = 1, the weak coupling expansion
of (4.3.1) in terms of Feynman diagrams is given by a combination of the following
bosonic vertices

(4m)°ETr[p] phdodnl (), (4m)°ETr[ldl dsgn] () ,
(47)2a2 Tr[161] () Tr[a o] () |

and the following Yukawa vertices

Amin/Eals Tr[Us0] Pol(x),  Amin/Ea€s Trlvosen o] (x) . (4.3.3)

In the following we will study the correlation function (4.3.1) with the Bethe-Salpeter
method.

5This condition in the OPE is equivalent to the restriction Re(iv) > 0 in the contour integral in (4.2.24).

(4.3.2)
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Figure 4.4: A Feynman diagram contributing to the perturbative expansion szi)dn' The black dots
stand for double-trace vertices and tick and dashed lines correspond to bosonic and fermionic
propagators respectively. The colors represent different flavors j of the particles ¢; and 9;: in
particular black for j = 1, red for j = 2 and green for j = 3. The propagators are not crossing
and are curved to stress the fact that they have a cylindrical topology.

4.3.1 Bethe-Salpeter method

The perturbative expansion of (4.3.1) can be written in the following form

G, (T1, Ta|xs, 24) = Z(47r)4’Z fol)¢1(x1, To|T3,14), (4.3.4)
=0

where G((fl)(bl at any perturbative order ¢ contains contributions from the bosonic and
fermionic integrals with different coupling dependencies. In Fig.4.4, we present an
example of an arbitrary Feynman diagram contributing to Gf;l)m. The black dots
represents insertions of the double-trace vertex in the last line of (4.3.2) that in the
Bethe-Salpeter picture are associated with the operator V defined in (4.2.22). Then
it is straightforward to fix the normalization of its coupling constant in (4.2.2) as
follows
xy = (4m)?al. (4.3.5)

In Sec.4.2, we discussed the role of the double-trace terms in the computation of
the four-point function, discovering that they are not contributing to the spectral
equation. Then, similarly to observations of [36, 37], as far as we consider the
perturbative expansion (4.3.4) in the point-splitting z; # x2 and x3 # 4, we need
only to sum over the single trace contributions, namely the diagrams inside the chain
link of Fig.4.4. In Sec.4.4 we will present in detail how the relation between single-
and double-trace terms is crucial for the setting of the fixed point (1.2.13).

The first two orders of the perturbative expansion are given by the diagrams
represented in Fig.4.5 and they can be written as follows

(0) ch

GV _— _“B
101 35%33734 ’
d43/1 d41/2

GO 8 (ghy g /
won= BT 8) | o S T R — 50 (s — 2]
— chepe2el / H§:1d4yid4yi’ Tt [0,,5,0400] Yoo Ysn Yl Yir
FS2 9
5 (z1 — y1)2 (22 — Yo )2y Y Yl e (y1 — 13)2(yo — 14)2
(4.3.6)
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Figure 4.5: First contribution to the four-point functions G, 4, -
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(a) Hp(z1,z2|r3,24) (b) Hp(x1,x2|x3,24)

Figure 4.6: The kernels associated to the Hamiltonian graph-building operators Hp and Hr involved
in the computation of the four-point function Gg¢,4, with j = 1,2,3. White dots represent
external points and black dots integration over the full space R*.

where each scalar propagator brings in the factor cg/ a:fj and each fermionic propaga-
tor the factor cp,, /7y,
can also be written as cpd,,1/2% we conclude that cp = —2cp = —1/(27?). These
functions can be expressed in terms of a combination of the Hamiltonian graph-

building operators H;. Indeed defining the following kernels

where # can be o,2* or ,2*. Since the fermionic propagator

4
c
B
HB($1,CU2|I3,$4):—2 5 4
L13T24%34 (4.3.7)
9 4 /d4$3/d4x4l Tr (0,6 ,0,0,] Ty, 2h252h,

HF(I1,$2|$3,I4)=—CBCF 22 42 o4 A4 4 4 )
13 LogLggLyzlsglsy

represented in Fig.4.6, we can rewrite (4.3.6) as follows

4
x
Ggﬁol)qﬁl - %HB(QJM To|T3,24)
Cp
!
G((;l)d)1 = 0_‘2’4 d*yrdtys [(§§+ &) Hp(zy, zalyr, y2) Hp(yr, yalrs, 24) (4.3.8)
B

+ &8 Hr (w1, 2alyr, y2) Hi(yr, vo| s, 4)

The kernels (4.3.7) transform covariantly under conformal transformations®, then the
corresponding Hamiltonian integral operators commute with the generators of the
conformal group.

When carrying on the perturbative expansion, it becomes clear that an arbitrary

6The easiest way to prove it is to apply the inversion operator to (4.3.7). For the fermionic Hamiltonian it is
convenient to use its representation after the two integrations will be performed later in (4.3.16).
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diagram at order / is given by

3 ¢
N T ~ ~ ~
Gfﬁl)tﬁl - C_Z Hp (f;lJf_ §§)HB + f%fg?HF] . (439)
Then the correlator (4.3.4) can be presented in the following operatorial form
. > . A Hp
Gongr = >_(4Am)¥GY), = =2 - — . (4.3.10)
ez:; MO b 1 - (4m)N(E+ EDHp — (4n) GG H

Comparing it with the definition (4.2.2) we fix the values of the constants y; (in this
case V is not contributing)

xp=(@4m)'(&+&), xr=4n)'ge. (4.3.11)
4.3.2 Eigenvalues of the graph-building operators

Writing the four-point correlation function in the standard OPE form, as presented
in detail in Sec.4.2, involves the computation of the spectrum of the graph-building
operators (4.3.7). The eigenstate that diagonalize the Hamiltonians is defined in
(4.2.5) for Ap, = Ap, = 1 and the eigenvalues are defined by means of equations
(4.2.9) and (4.2.10). Substituting in the latter the kernels (4.3.7) and using the
definition (4.2.7), we will end up with a set of integrals that can be computed with
the help of the star-triangle relations (3.3.15). The fact that all the integrals that
we have to compute can be computed by means of the star-triangle relations is a
consequence of the underlying conformal symmetry.

Bosonic eigenvalue: The bosonic eigenvalue hpa g is defined in (4.2.9). Using the
bosonic Hamiltonian (4.3.7), this relation can be written in the following integral
form

; / Lyrdly, Ba sao (Y1, 92) = hpas®asa (@1, 1), (4.3.12)

¢ zo (Y1, Y2) = v (T1,T2) . 3.
B (Il . yl)z(x2 . y2)2y112 A,S, 0 yl y2 BA,S A,S, 0 1 2

In the case of S = 0, the function ®a g,, reduces to (4.2.6) and the computation is

straightforward. Indeed, one needs to apply the star-triangle relations two times as

follows”

STR STR
—— ——

to obtain
167ch

hBa0 = XA 2p(a—4)

The eigenvalue at S # 0 can be computed in the same way, using the generalization

(4.3.13)

of star-triangle relation to any-spin case (3.3.15). The computation can be otherwise

"It is convenient to perform this and other similar computations, together with the pictures, with the STR package
[134, 187].
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done in a more tedious and explicit way as presented in detail in [37]. The result
reads [36]
167}
hpa,s = :
(A+S)(A+S—-2)(A-S—-2)(A-5—14)

(4.3.14)

The eigenvalue is invariant under A — 4 — A as expected from (4.2.21).

Fermionic eigenvalue The fermionic eigenvalue hpa g is defined in (4.2.10). This is
a new object, absent in the similar correlator of bi-scalar model treated in [36]. First
of all we can simplify the fermionic Hamiltonian in (4.3.7) integrating the primed
variables by means of the Yukawa star-triangle identity (3.3.15) as follows (red lines
are spin-1/2 fermionic propagators)

where the computation and figures are made with the STR package (see footnote 7

We obtain the following kernel

4 1
Hp(w1, 20|13, 24) = —T d [UMU’OJUUV] x42w2§a:31x14 . (4.3.15)
:U42:E23x31:13149334

Using the formula for the trace of four o-matrices (C.1.11) and simplifying the scalar
products by means of (C.1.4), we can rewrite the fermionic Hamiltonian in the fol-
lowing form

Hi(x1, To|2s, 24) = 7 CFHF<£U1,.Z'2’(E3,Z'4) — 2H (21, x| T3, 24) - (4.3.16)

where we used the symmetry Hp(z1, zo|r3, 24) = Hp(xe, 21|23, 24) of the bosonic
Hamiltonian studied in the previous paragraph, and H g is defined by

Y 3
He (w1, 22|23, 24) =

(4.3.17)

TioT33T5 174735,
Then the fermionic eigenvalue hpa ¢ consists of the bosonic eigenvalue (4.3.14) and
the eigenvalue of Hp defined as follows

[7:[F CI)A,S,:CO] (x1,29) = EFA,S Dp 500 (21, 22) (4.3.18)

such that
heag=m'chcrhras —2hpas- (4.3.19)

Let’s focus on the relation (4.3.18). It can be written in the following integral form

d'yrd'ys aty 7
0] . y =h o T ) .
[ e s ) = FrasPasalen o
(4.3.20)
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In order to simplify the computation, we consider the limit in which g — oo on
both sides of (4.3.20). In this limit the eigenvalue hpa g is given by the following

integral
B d4 d4 S
hm,s:/ ___dpdw nye) (4.3.21)
(yo—x2)* (2 —y1)*(y1 —21)* (71— y2)* (y12)* P
where p = 225 and we put 23, = (nz12) = 1 for convenience. Notice that the

integrand is anti-symmetric in the exchange y; <> y» for odd S, then the eigenvalue
h FA,s 1s non-zero only for even S.

In the S = 0 case, the integral (4.3.21) is known as a massless two-loop self-energy
Feynman integral, or kite. Its value is known for any power of the propagator 1/y,
in terms of an hypergeometric function [188], then
5P (1,2, 5 41,5 +1[1)

A2T(2 +1)I(2-92)

hrpao=—2m"T(5 -1 (1-5)

5 +reotm(4—2)],

2

(4.3.22)

where A = 2 4 2iv. Expanding (4.3.22) around v = 0, one can notice that the
cotangent cancels all the odd terms of the hypergeometric functions. The analytic
properties of (4.3.22) are more clear when writing it in the following equivalent form

N (1) (A) _ (D (A _ 1
hm,ozw‘*w (4)21/}A(4 2)+(A—>4—A), (4.3.23)

where 1) (z) = di)(z)/dx and ¢ (z) is the digamma function.

When S # 0, we can appeal to a similar computation made in [37]. In fact,
the same integral of (4.3.21) appears in the study of the spectrum of the graph-
building operator associated to the 2-magnon correlation function. The 2-magnon
Hamiltonian is Ha-magnon = x§4 / :E%Q”;':[ r but, when applied to the eigenstate ®a g4,
that has in this case Ap, = Ap, = 2, it leads to an eigenvalue with the same integral
representation as (4.3.21). The strategy to compute the eigenvalue is to write the
following recursion relation for the integrals

FAS T g s T e )2 — (A — 27

(4.3.24)

Solving the recurrence with the eigenvalue hpa g—o, given by (4.3.23), as initial con-
dition, we obtain

O (B5) — g (34 )

P )

We can conclude that the eigenvalue (4.3.19) is manifestly invariant under A — 4—A,
as expected from (4.2.21).
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4.3.3 Spectrum of exchanged operators

In this section we will use the eigenvalues (4.3.14) and (4.3.19) to compute the
scaling dimensions of the operators contributing to the correlation function (4.2.27)
for O = Oy = ¢;. The spectrum of the exchanged operators is defined by the
solutions of the equation for the physical poles (4.2.25). Substituting in (4.2.25) the
definition of bosonic and fermionic eigenvalues (4.3.14) and (4.3.19) and the constants
X; computed in (4.3.11), we can rearrange the spectral equation in the following form

hgas — — (47%)* g ok hea.s hpas ' = (4m)tw?, (4.3.26)

where we defined the new couplings
M=, ad o= (-7 (4.3.27)
Plugging (4.3.14) and (4.3.25) into (4.3.26), we obtain the following spectral equation

(S{w?)(—(“ﬁ +u2>{1+#11) (zp(l) (% (1+5- iu)) —p (% (2+5 - iy)) -
+ M) (% (2+5+ iu)) — G (1+5+ z’u))ﬂ = w!,

(4.3.28)

with the additional constraint Imv < 0. This equation can be studied perturba-
tively, for each individual anomalous dimension, expanding in v around the value v
corresponding to a bare dimension Ay = 2 + 2iyy at weak coupling, and in 1/v at
strong coupling.

Weak coupling expansion: The small coupling limit suggests that the equation has
solutions with bare dimensions 24 .5 and 4+ S, in analogy with the same quantity in
the bi-scalar theory [36, 37]. There are six such solutions, but only half satisfies the
physical requirement Re A > 2: one of them corresponds to the scaling dimensions
of exchanged operator with bare dimension Ag = 2 + S and two — to the scaling
dimensions of operators with bare dimensions Ay = 4 + S. The remaining three
solutions are related to the first ones b the transformation A — 4 — A and describe
shadow operators, with Re A < 2. In addition to that, there is an infinite series of
physical solutions around the bare dimensions Ag = t + S with ¢t = 6,8, ... , due
to the non algebraic eigenvalue hpp g, similarly to the two-magnon case studied in
[37]. For each value of the twist ¢ there are two solutions; they describe the exchange
of an infinite tower of local primary operators in the OPE of (4.3.5). Writing v
as a function of the two couplings (4.3.27) and expanding around the physical pole
v = —iS/2 at weak coupling k, w — 0, we obtain the following expansion for the
twist-two operator

4 4

2w 2w

A®) —9 _
551 T35

3(S(S—1)—Dw'—6S(S+1)s'2HY —HO) |+ ..
(4.3.29)
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and, around the physical pole v = —i(S + 2)/2, the twist-four operators.
4i* N (S + 2)w? — 8x*
VIS +D(S+2)  (S+1)(S+2)?
%_48ﬁﬂﬁwﬁ%ﬂ_9&ﬁpﬂﬁé_ﬂ® 12}

AW =445+

(S+1)(5+2) S/27 (542)2
24(S + 1)3/2(S + 2)3/2
4 N (S + 2)w* — 8k1
VIE+D)(S+2)  (S+1)(S+2)?

wb (6+S(546)) (2) 2) 12
3? — 48m/€2w4 — 96/‘%6 |:2HS+2_HS/2_ m}

24(S + 1)3/2(S + 2)3/2

+

AW —44 9

(4.3.30)

where H ,g2) are Harmonic numbers of order 2. Remarkably, the expressions in square
brackets in (4.3.29), (4.3.30) are in fact rational numbers. In both cases, we present
only the first few terms since the following ones are cumbersome. We notice that the
weak coupling expansions of A®, A®) are divergent but, as it will be pointed out
later in the analysis of Sec.4.3.5, the sum of the two corresponding OPE contributions
has a well defined expansion®. Similar considerations can be made for the solutions
at higher twist t = Ag — 5 =6,8, ...
o 477 K (—1)28k*
A t+5i\ﬂ5+nw+t—% SEnGEi (4.3.31)

The twist-2 solution corresponds to the operator
Tr [¢1 0°$1] + permutations, (4.3.32)

namely the traceless symmetric S-tensor obtained by insertion of light cone deriva-
tives & = n,0", n* = 0 into the operator Tr [¢3]. At twist-4 the matter content of the
theory allows to find several S-tensor operators satisfying the condition Ay — S =4
and having the right U(1)®® quantum numbers (e.g. for i = 1,57 = 2: (2,0,0)).
Twist-4 operators start mixing with each other. We perform an introductory anal-
ysis of this phenomenon for the simple scalar case S = 0 in Appendix C.3. At this
stage the log-CFT effects [105] due to chiral interaction vertices in (1.2.2) show up.
The analysis suggests the presence at twist-4 of only two non-protected physical op-
erators, which should be identified with the two solutions A® and A®) at S = 0,
in contrast to the bi-scalar fishnet CFT where only one type of twist-4 operators
appears [36].Similar considerations apply to the higher twist operators Ag?. Indeed
also for value of twist ¢ > 4 it is possible to find several S-tensor primary operators
with the correct set of Cartan’s charges. The detailed study of these operators and
their mixing would be an interesting insight in the structure of operator algebra of

8 We are grateful to G. Korchemsky for the enlighting discussion about this point.
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XCFT. We will restrict from here on most of our analysis to solution of twist two and
four, whose contribution to the OPE expansion appears to be enough for complete
description of the first non-trivial order of the weak coupling expansion, confirmed
by direct computations in terms of Feynman diagrams.

Recalling the definition (4.3.27), the weak coupling expansion (4.3.29) for the
twist-two operator goes in powers of £* of the original couplings which is exactly the
expected behavior considering that the perturbative expansion in Fig.4.5 alternates
bosonic and fermionic wheels attached to the diagrams with two quartic or four
Yukawa single-trace vertices. On the contrary, the weak coupling expansions (4.3.30)
for the twist-four operators go in power of £2 of the original coupling. This fact can
be understood looking at the expansion of (4.3.28) around the physical pole located
at v = —i(S + 2)/2. Indeed this expansion starts from x*/(v + i(S + 2)/2)? and
as a consequence the four-point correlation function (4.3.10) is convergent when
v — —i(S +2)/2 if « is finite while it produces a divergence when we consider the
weak coupling limit k, w — 0 such that Gy, 4, ~ £k

The zero-spin case presents some peculiar behaviors. Indeed, expanding (4.3.28)
for S = 0 around the physical poles v = 0, —7 at weak coupling, we obtain the
following expansions for the solutions of (4.3.26)

AP =2 — 2iw + i [w'= 6K"C) + iw2[7w8 — 120'k* (3¢ + 5¢5) + 108x3¢5] + . ...

16K5 — 48K2wW* + :’—S

1
A(4)}S:O =4+ 2V26% + §[w4 — 4k + 1672 (4.3.33)
@) , 1, 4 16K5 — 48K%w* + ‘:—j
AW =4-2V26% + S’ — 4] - 6v5 + (4.3.34)

disk?  (—1)28k*
®) _ _

where the one-loop order of the scaling dimension A® ‘ g_o Is in agreement with the
prediction (1.2.16). This twist-2 solution is the scaling dimension of the operator
Tr [gblgb;], while the two solutions of twist-4 arise from the operatorial mixing in a
similar way as to S = 0 case analyzed in Appendix C.3.

Notice that the weak-coupling expansion of the twist-two operator is drastically
different as compared to the S # 0 case, indeed it goes in powers of £2. The same
behavior was noticed in [37] and the reason is similar to the one explained above.
We observe that, expanding around the physical pole v = 0, the spectral equation
(4.3.28) goes as w?/v?. Then, when v — 0, the correlation function (4.3.10) is
convergent if 4 is finite, but it produces a square-root divergence when we expand at
weak coupling, as in the previous case. The fact that the weak-coupling and S — 0
limits are not commutative is related to this divergence.

The divergence in the expansion of the scaling dimension of the twist-two operator
is not a surprise. In fact, as noticed also in some different contexts in [36], in order
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to write the correlation function in the OPE form as in (4.2.27), we assumed that in
the integral (4.2.24) no physical poles are located on the real v-axes. However the
poles that at weak coupling and when S # 0 are situated at v = FiS/2 pinch the
integration contour at the origin when S = 0, thus producing a divergence. Hence,
the contribution of the double-traces is needed in this case to produce a non-vanishing
term that cancels this divergence at weak coupling. Again, we stress that at finite
couplings the solutions of (4.3.28) are well-defined even at zero spin.

Strong coupling expansion: At strong coupling, k, w — 00, we consider the four
solutions of eq.(4.3.28) of lowest twist. The solutions are related to the physical

poles of the spectral equation located at v = ei7r§ Vwt + 264 4 ... with k=0,1,2,3
but only two of them satisfy the condition Imr < 0, the remaining solutions being
associated to the shadow operators. However we stress that we are neglecting all the
infinite non-algebraic solutions of higher twist, purely generated by hra g. Then we
have

ok S(S +2) + 2Jw* +2[S(S +2) — 2|x*
Ag =22 VWA 4+ 264 + 2+ S5+ )+k]w 2150 +5) In +... (4.3.36)
4e'™2 [Vwt + 21 |
Notice that, if all couplings scale as & ~ & > 1, the strong coupling expansion

(4.3.36) is growing linearly with £&. This becomes clear if one expands the eigenvalues
appearing in (4.3.26). Indeed both of them decay at large v as hpa g, hras ~ 1/

then, since in the spectral equation the couplings appear in power of £, it is evident
that the expansion will contain terms linear in £. The S — 0 limit is not singular at
strong coupling and one can compute AOO| 5o directly from (4.3.36).

The spectrum of exchanged operators in reductions of YCFT In Sec.1.2.2, we pre-
sented the y-deformed N' = 4 SYM theory in the double-scaling limit as a family of
theories. In fact, playing with the three couplings &; with j = 1,2, 3 it is possible to
describe different Lagrangians with different matter contents and symmetries. Thus
we want to obtain the spectrum of exchanged operators for each theory of this family
simply taking the limit on the couplings in the spectral equation (4.3.28) of the most
general doubly-scaled theory. First of all, we recall the well-known result for the
spectrum for the simplified Lagrangian (1.2.6) also known as 4D bi-scalar fishnet
CFT. In this theory the only non-trivial four-point correlation function is G, 4,, and
it can be written in the same OPE form as the one we are considering as (4.2.27). By
the Bethe-Salpeter method it is possible to compute the correlator at all-loops, since
its perturbative expansion is generated only by a bosonic graph-building operator
Hp of (4.3.7), then we can extract the non-perturbative scaling dimension of the
exchanged operators in the OPE s-channel. The corresponding spectral equation is
the same of (4.3.28) with w? = ¢* and k* = 0 (indeed the bi-scalar theory has only
one coupling £?) and it has two solutions corresponding to the twist-two and -four
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limit A® A@W A@) AP

XoCFT & =0 AP(kw)  AV(kw) AW (kw) AP (k,w)
0

£V & =0 AP (edv ed) AP (edved) t+5

Lo GAEVE) 0 AR (e v e AR e v e i+

EaNE — 0 24-S 445 t+ S

[-deformed G =6=E=¢ 24-S AW (£4,0) A(4,)(f4>0) A(it)(€470)

Table 4.1: In this table we summarize the operator and dimension content of exchange operators in three
reductions of xCFT.

operators with the following scaling dimensions

AP (e =24 \/(S+ 1)2 + 1 —2/(S + 1) + 44,
A =24 \/(S+ 12+ 1+42y/(S+1)2 +4¢8

together with two shadow solutions with A = 4 — A for ReA < 2. The analytic
properties of those solution and their weak- and strong- coupling expansions have
been studied in detail in [37].

The scaling dimensions of the exchanged operators in the correlation function
Gg,4, for theories defined as a reduction of yCFT as in Sec.1.2.2, can be computed
as solutions of the spectral equation (4.3.28) in which we are applying some limits

(4.3.37)

on the couplings, or even directly on the weak- and strong-coupling expansions. In
the Tab.4.1 we present the summary of our results.

e \oCFT: since the spectrum of the exchanged operators for the four-point func-
tion Gy,4, doesn’t depend on &;, the limit in which one of the couplings of the
full YCFT is going to zero (reducing the theory to the yoCFT) is not unique.
Indeed if we set & = 0, the scaling dimensions of the exchanged operators in
the xoCFT are the same of the full YCFT. On the contrary, if we set & or &3 to
zero, the spectrum reduces to that of the bi-scalar theory (4.3.37) depending on
a single coupling. Notice that in this case the number of solution of twist-four
operators reduces to a single one, while the higher-twist operators get protected.

e bi-scalar theory: the reduction to bi-scalar theory corresponds to the limit in
which two couplings of YCF'T vanish. If one of the vanishing couplings is &, the
spectrum is the usual one of the bi-scalar theory (4.3.37) while if & = & =0
the operators are protected because the only remaining interaction vertex is not
contributing.

e [-deformed theory: when all the couplings are equal we reduce the full theory
to its f-deformation. In this case, due of the restoration of one super-symmetry;,
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the operator of twist-two is protected as pointed out in [91] and confirmed by our
computation (this reduction in terms of the new couplings x and w corresponds
to k — £ and w — 0). The symmetry doesn’t constrain the operators of twist-
four to be protected, as well as for higher twist ¢ > 4. Indeed, their spectrum
can be easily read applying the limit, for example at weak coupling, to the
expansions (4.3.30),(4.3.31).

4.3.4 Structure constants of the exchanged operators

Once the spectrum of the exchanged operators is computed, in order to obtain the
full set of conformal data for the four point function G, 4,, one has to compute the
OPE coefficients. From their definition (4.2.27), we get

T (=D

75 CB C::(l/, S) ]?/A’S ’ ( )
75 lﬁ BA,S 4 FA,S BA,S . J.

Here ¢, is given in (4.2.13) and one puts Ap, = Ap, = 1. The eigenvalues hpa 5
and hpa s are presented in (4.3.14) and (4.3.25), and the constants cp = —2cp =
—1/(27%). Plugging these eigenvalues into (4.3.39) and performing the derivative,
we obtain a rather cumbersome result that we will present in the next paragraph.

Weak coupling expansion Performing the derivative in (4.3.39) and substituting
the weak coupling expansions of the scaling dimensions computed in (4.3.29) and
(4.3.30), we obtain the following expansions for the structure constants associated to
the exchanged operators for S # 0

. s . 2k4[2H Y _H;Q/)z} — 2w [y + Hs1— Has o] .
ALST(2g) S(S+1)
(4) §— - e
AT S5+ D)(S+2)(25+2)1\ 2 4,/(S+ 1S +2) (£3.40)
o _ (S+1)1? ﬁiw4*854[%+1725+2*1{s+1]+
AT S+ 1)(S12)(25+2)1\ 2 1,/(S+1D)(S+2)
- :ﬂ.it2—2(t—4+5)r (%_2)1"(%_1_|_S)H4+.“
ArS (= 2)(t+29)T (52T (5 +9) ’
where t = 6,8,10,... and Hy, H ,iQ) are harmonic numbers. Again, the expressions

in square brackets are in fact rational numbers. Similarly to the expansion of the
scaling dimension, the OPE coefficient of the twist-two operator is singular for S = 0.
Indeed, as discussed in Sec.4.3.3, due to the singularity arising at zero spin, the weak
coupling and S — 0 limits don’t commute. In order to obtain the correct weak
coupling expansion for the twist-two operator, one has to set S = 0 in (4.3.38) and
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then expand it in the coupling. The expansion the OPE coefficients of exchanged
operators with spin S = 0 reads

Cae o =1+ 2iw® — 2[w'= 3r*¢] + iw’[w* (4¢ — 5) + 18K ] + . ...
K2 2P —wt 3% — 120K%wh 91249

Cawg=—
AT V2 16 256+/2
A - et 3[4 — 120K%w 9129 . (4.3.41)
Ao _4\/§ 16 256\/§ ce
mit 28720 (L —2)T (L —1)
Cw,.= 2 2 SIS t=6,8,10,... .
Mom i () ()

In analogy with the spectrum analysis, the power counting shows that the twist-two
operator goes in power of £ as expected if S # 0. In the S = 0 case it is going in
powers of £2, suggesting that the weak coupling expansion is sensitive to the double
trace counterterms. Moreover in both cases (4.3.40) and (4.3.41), the twist-four OPE
coefficients are suppressed by a factor of order 2 as compared to those of the twist-2.

Strong coupling expansion Since we know from the expansion at strong coupling
of the scaling dimension (4.3.36) that the scaling dimension becomes large, we can
expand (4.3.38) in the limit A — oo and obtain

25—2A(S+1)tan<7TA—S)[ 3 A4(S+1)°+25  36(S+1)>+133 0<1>}, (4.3.42)

Cas= 1+ — —
A,S A 2 + + + +

2A 8A2 16A3 A4

where we have to substitute A from the strong coupling spectrum A, computed
in (4.3.36) for low-twist operators. Naively, the expansion (4.3.42) looks the same
as the one of the structure constant of the bi-scalar model [37], but actually it is
not. Indeed, one can notice from the definition (4.3.38) that the OPE coefficient
in our model depends explicitly on the coupling. Then in the expansion (4.3.42)
some coefficients at higher order will start to depend on x*. The first contribution
different from the bi-scalar expansion appear as k*/A°® which, after the substitution
A, contributes at order O(1/£2) in the inverse coupling expansion. Hence, it is
convenient to write (4.3.42) as follows

S+1 A—S 3
__95 0
Cac,s =2 P2AA_ tan(w 9 ) [1 + ATk 2 (L 1 2,§4)1/4+

( 4(S+1)2+1 2(S +5)(25 + 5)x* ) }

(4.3.43)

32eimk (Wt + 2512 ek (S + 1) (wh 4 2k4)3/2
where k£ = 0,1,2,3 labels the four solutions of the spectral equation (4.3.28) and
dots stand for higher orders in 1/k and 1/w. Thus, given the scaling dimension
A (4.3.36), the OPE coefficient is exponentially small at strong coupling due to
the factor 22+00 The S — 0 limit is not singular at strong coupling and one can
compute Ca_ ¢ directly from (4.3.43).
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4.3.5 Four-point correlation function

Once the conformal data in Secc.4.3.3 and 4.3.4 is computed, one can determine the
four-point function (4.3.1) by means of (4.2.19). In the case O; = Oy = ¢; we obtain

2
Gloror (01, 02lr3,24) = — P Gy () (4:3.44)
L1234
with the cross-ratios defined as u = z%,23,/(23;73,) and v = z3,23,/(21;73,) and
Ay, = 1. The function Gy 4, (u,v) can be written in terms of the OPE representa-
tion (4.2.27) as a sum over the non-negative integer Lorentz spin S and the states
with scaling dimensions A. From the study of the spectrum of exchanged operators
in Sec.4.3.3 it turns out that infinitely many operators are exchanged in the OPE
channel. Then we have

Gprn (u,v) = [CAtz),s ga@ g+ CA<4>,5 ga®w g+ CA(4'>,5 9A<4/>,5] +
= (4.3.45)
+ Z [CA$>,S 95T oK gA@,S} ;
t=6,8,... S=0

where the scaling dimensions A® are defined by the spectral equation (4.3.28) and
computed at weak coupling in (4.3.29), (4.3.30) and(4.3.31), and for low twist t = 2,4
at strong coupling in (4.3.36). The structure constants Ca() g associated to the
exchanged operators are defined by (4.3.38) are computed at weak coupling in (4.3.40)
and for low twist and strong coupling in (4.3.43). The four-dimensional conformal
blocks ga s are defined in (4.2.18).

The proper definition of the four-point correlation function Gy, 4, takes into ac-
count the symmetrization z3 <> x4. Under this symmetry, the cross-ratios trans-
form as u — u/v and v — 1/v. Correspondingly, from the definition (4.2.18) the
conformal blocks obey the symmetry ga s(u/v,1/v) = (—=1)%ga s(u,v). Combining
together this relation with (4.3.45), it is easy to see that, imposing the symmetry
T3 4> x4, the terms in (4.3.45) with odd S cancel out whereas those with even S get
doubled.

Despite of the presence of singularities in the weak-coupling expansions of scaling
dimensions and OPE coefficients, their combination in (4.3.45) is well defined. In-
deed, plugging the conformal data into (4.3.45), we obtain an expansion in powers of
the couplings that is compatible with the interpretation of the correlation function
as a sum of Feynman diagrams in perturbation theory (see Sec.4.4 for an explicit
example). In particular, since the first non-trivial order is fixed by the S = 0 con-
formal data, it is easy to write the very first contributions to Gy, 4, in terms of the
known functions, as follows

Gorgn (u,0) = u — ik u @D (u,0) + ... (4.3.46)
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where ®5) is the ladder three-point function [189] that in the case L = 1 is given by
the Bloch-Wigner dilogarithm function

1 1 2
dW (4, v) = ] 2(Lig(—pu) + Lig(—pv)) + log % log . igz + log pulog pv + % ,
(4.3.47)
with
O(u,v) = (1 —u—v)?2—4uv  and  plu,v) = . . (4.3.48)
’ ’ l—u—v+6

4.4 Correlation functions at weak coupling from Feynman diagrams

In Sec.4.3 we have analyzed a four-point correlator computing the conformal data by
means of the Bethe-Salpeter method. With this procedure we were able to diagonalize
the graph-building operators and write exact equations for the spectrum of exchanged
operators even though we ignored on the way the contribution of the double-trace
interactions (1.2.7). The double-trace counterterms are necessary in the action to
have a consistent description of the double-scaled theory (1.2.2) in the perturbative
regime and in particular for the restoration of conformal symmetry.

In this section, we will study the weak coupling expansions of the four-point
functions related to the operators (1.2.3) and clarify the role of the double-trace terms
for this expansion. As we already mentioned, bosonic and fermionic wrappings in
the related Feynman graphs develop UV divergences at short distances. Adding the
double-trace vertices in the perturbative expansion we will be able to determine the
conformal fixed points (1.2.13) canceling divergences generated by the single trace
terms. However, they will not affect the finite coupling solutions computed in the
section above.

The double-trace counterterms are given by the Lagrangian (1.2.7). In general,
this action contains 9 terms but, due of the cylindric topology of Feynman diagrams
for the observables we are computing. For any four-point function only one double-
trace term is contributing generating a new local four-scalar vertex (see for instance
Fig.4.4). This fact is crucial to ensure that conformal symmetry is restored. Indeed,
in this case we know that the S-function can be written as (1.2.11) and it admits
two fixed points o7, as in (1.2.13).

If we focus on the Feynman diagram expansion of the four point-functions we
have to deal with divergent integrals. Then we have to introduce dimensional reg-
ularization setting d = 4 — 2e. One important observation is that the diagrams
containing fermionic contributions produce the same divergence as the bosonic ones.
In other words the fermionic kernels contains the divergent part of the bosonic one
plus a remainder function that is finite in d = 4 which therefore does not require
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Do b

(a) al

Figure 4.7: First two contributions of the double trace vertex Tr[¢1$1]Tr[p]$!] to the four-point functions
Goro1-

regularization. Then the divergent operator can be written as

d4—25y1 d4—25

P o) =2 | o ) B

R d4726y1d4726y2
H @} T1,T9) =Cj / D(y1,y2),
[ p @] (o 12) =c (21 = y1)* (2 — y2)?yis) w1 32)

(4.4.1)

where ®(z1,z5) is a test function.
Given the Hamiltonians (4.4.1) and the definition (4.2.2), the four-point correla-
tion function is defined as follows

e\ dertio; g
G(z1, |3, 14) = lim (—) (x1, 9| |x3, z4) ,
0 \ z3y 1— x4V — xsHs — xrHr

(4.4.2)
where the effective coupling x3, = Xy|a§:a?*, i.e. it is taken at the fixed point oc? =
a?*. It is clear that for € # 0 conformal symmetry is broken. However, expanding
(4.4.2) at weak-coupling in terms of Feynman diagrams, one can demonstrate order-
by-order how conformal symmetry is restored. In the following sections, we present
some examples of this mechanism for the four-point correlation functions associated
to the operators (1.2.3).

In Sec.4.3 we studied the contribution to the four-point function G, 4, of diagrams
generated by the bosonic and fermionic Hamiltonians Hp and Hp but ignored the
double-trace vertices, which works well for finite couplings. Since any diagram in
Fig.4.5 (except for the trivial leading order diagram) is UV divergent, we will re-
introduce in this section the double-trace counterterms in the perturbative expansion
in order to make the weak-coupling expansion UV finite and to restore conformal
symmetry.

Let us compute the first few orders of the weak coupling expansion of Gy, 4,. In
terms of Feynman diagrams We have to compute the graphs given in Figg.4.5 and
4.7. Defining a function G( ©) where a counts the number of double-trace vertices, b
the number of bosonic Vertlces (4.3.2) and ¢ the number of fermionic vertices (4.3.3),

we have

0,0,0 1,0,0 (2,0,0 (0,2,0) 0,0,4
G¢1¢1:G<(;51¢1 )+ (47")204%G<(;51¢1 ) + (477) e Gq§ b1 )+ (§2+ 53) b1 + §2§§Gfp1¢1 )]+ s
(4.4.3)
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The leading order G ’ ) is already defined in (4.3.6), thus Ggi’g’lo) = Gg)l)m. The
first correction is glven by the diagram in Fig.4.7(a). This contribution is finite and

it can be written as follows

2
GO0 — ZCB ud® (u,v) (4.4.4)
$12$34

where ®(7) is the ladder three-point function [189] that in the case L = 1 is given by
the Bloch-Wigner dilogarithm function

2

1 1
dW (4, v) = i 2(Lig(—pu) + Lig(—pv)) + log % log 7 izz + log pulog pv + %} ,
(4.4.5)
with
O(u,v) = /(1 —u—v)? — duv and plu,v) = ; (4.4.6)
’ ’ l—u—v+86

The cross-ratios are u = x2,23,/(22,73,) and v = 23,23, /(2?;22,) and the constant
cg = 1/(47?).

The bosonic part of the two-loop correction given by G ¢213>10 and G ¢>017¢70) comes
from the diagrams in Figg.4.7(b), 4.5(b) and 4.5(c). The corresponding integrals are
divergent and they need dimensional regularization, then we have

G((;l’g’lo) =4 T(xy, 10|23, 24), and G;O’;’lo) ST(xy, 23]m0, 14) (4.4.7)
where we defined the short-hand notation

I(:cl 1:2|:1:3 x4) :/ d4726y1d4726y2 |
’ ’ (21 = y1)2 (22 — y1)2yia (Y2 — 73) (Y2 — x4)?]1 ¢

This integral is UV divergent at short distances y?, — 0. By making use of the
identity 1/(y%,)* 2 = 720* 2 (y12) /€ + O(€%), one can compute the divergent part
of the integral (4.4.8) that is proportional to the same one-loop function found in
(4.4.4), as follows

(4.4.8)

QlG200), 020) ey (4ol +E+ &
alGoat (G &G0 = ( c

)ucb Y(u,v) + finite,  (4.4.9)
x12x34

where for the purpose of this section we are not interested in the finite part.

Let us finally consider the fermionic contribution G (© 0 4)

This term corresponds
to the Feynman diagram in Fig.4.5(d) and its 1ntegra1 representation in four di-
mensions is given in the last line of (4.3.6). Since we are only interested in the
computation of the UV divergent part of the diagram, we can avoid computing the
whole integral (4.3.6) in dimensional regularization and proceed in a more naive way.
Indeed, representing the integral as in the last line of (4.3.8) and considering that

the fermionic Hamiltonian can be written as a combination of the bosonic one and
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some finite reminder function as in (4.3.16), we know that all the UV divergence is
arising from Hp. Then we can write

2mtcl 1
a0 _ 2T Cp ~u®Y (u,v) + finite . (4.4.10)
P191 I%Q$§4 €

Combining this result with (4.4.9) and (4.4.4), we obtain that the expansion (4.4.3)
takes the expected form (4.2.19) with the function Gy, ¢, (u, v) given by

4ot + w!

u®Y (u, v) + finite(k*, wh) + ... |
€

(4.4.11)
where the new couplings x and w are defined in (4.3.27) and finite(k?, w?) stands
for the finite part of Gy 4, at two-loop. Finally, imposing the UV finiteness of the
correlation function we obtain the first order of the fixed point as follows

Goron (U, v) =u+ 20@ U Q)(l)(u, v) +

2

oﬁ*:ii%Jr..., (4.4.12)
and notice that it matches exactly the prediction given in (1.2.16). Replacing the
double-trace coupling in (4.4.11) with its value a?, = —i %2 we obtain the one-loop

expansion of the correlation function as follows
Goron (U, 0) = u — iw? u ®W (u,v) + ... . (4.4.13)

This perfectly matches the same quantity computed via OPE, with conformal data
fixed by the Bethe-Salpeter method (4.3.46).

4.5 Conclusions

This chapter represents an attempt of a deeper understanding of physical prop-
erties and analytic structure of the four-dimensional, three-coupling chiral CFT —
the YCFT! — proposed in [32] as a double scaling limit of y-deformed N' = 4
SYM theory, combining the weak coupling with the strong imaginary y-twist. We
study here two aspects of this YCFT with three effective couplings, given by the
Lagrangian (1.2.2): i) the explicit description of the Feynman graph content of the
perturbative expansion, partially uncovering their integrability properties; ii) the ex-
act computation, via conformal symmetry, of a four-point correlation functions of
shortest protected scalar operators of the theory.

We managed to compute the four-point correlation functions of elementary fields
¢, of the full three coupling yCFT, generalizing the bi-scalar fishnet CFT results
of [36, 37]. As in these papers, we employed the Bethe-Salpeter method and the
conformal symmetry to do the computations, but the procedure is more complicated

9This choice is coherent with the sign convention used in Sec.4.3.3.
10The name xyCFT was suggested in [91].



CHAPTER 4. FOUR-POINT FUNCTIONS IN CHIRAL CFTy 159

and the corresponding analytic structures, both in coordinate and in the coupling
spaces, are considerably richer, due to a more “dynamical” nature of the involved
Feynman graphs. A new phenomenon presented in the correlators of the full theory
is the non-perturbative behavior of certain individual OPE data — anomalous dimen-
sions and structure constants of exchange operators, in the weak coupling limit. But
the perturbative behavior of the four point correlator is restored in the sum over all
OPE terms. The equations on the anomalous dimensions, obtained from the pole
structure of integrands in spectral decomposition of these correlators, appear to have
a few interesting singularities in the coupling space, whose physical significance for
the theory is left to understand. We also demonstrate the relevance of the double-
trace terms for the correct Feynman graph interpretation of our results obtained via
Bethe-Salpeter conformally symmetric procedure.

To get a further insight to these interacting chiral CFTs, we have to compute
more complicated correlation functions, involving the exchanged operators of higher
R-charges, such as tr¢¥, or even more complicated multi-magnon operators. For the
moment, only the exact anomalous dimensions of L. = 3 case of such operators and
of some related operators with the same R-charge have been computed for bi-scalar
fishnet CFT in [39]"" via the double-scaling limit of the QSC equations. Similar
results on L = 4,5 and magnon operators will be reported in [147]. Not much is yet
done in this direction for the full yCFT, apart from the Asymptotic Bethe Ansatz
approach of [91] to long operators L > 1 and the one-loop study of [190], as well as
the results of the current paper on the shortest exchange operators. As concerns the
study of the structure constants, the first all-loop results for multi-magnon operators
in bi-scalar fishnet CFT have been obtained in the very recent paper [191]. The
generalization to four-point functions and to more complicated operators, and to the
full yCFT, will necessitate a considerable new insight into integrability properties of
these models.

The generalization of bi-scalar fishnet CFT to any dimension d [28] poses a nat-
ural question whether the D-dimensional generalization of the full 3-coupling YCFT
exists. A related question: can we generalize the Basso-Dixon type fishnet integrals
— the four-point single-trace correlators of scalar fields in bi-scalar CFT — explicitly
computed in d = 4 [35] and d = 2 [29], to the case of dynamical fishnets of YCFT?

It would be also interesting to understand the behavior of large Feynman graphs in
the full yCFT, in-line with the early results of [92] and the recent observations of [149]
for the fishnet reduction of the yCFT. In particular, if the o-model interpretation of
the latter paper can be generalized to the full YCFT, it could be a big step in the
explicit construction of the AdS dual of this chiral CFT, if such one exists at all after
the double scaling limit of y-deformed N' =4 SYM theory.

As a final comment: it would be interesting to find a realization of these non-
unitary theories in physical systems, if not in the fundamental quantum field theory

11n the sense that the exact Baxter equation, together with its quantization condition was obtained and studied
perturbatively, to many loops, and numerically, to an arbitrary precision.
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(at least as an effective theory) then maybe for certain non-equilibrium statistical-
mechanical and condensed matter models. The beautiful mathematical structures
behind the yCF'T promises more of such applications in the future.
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Appendix A
Details on the Ruijsenaars-Schneider
model

A.1 Derivation of the Poisson structure

A.1.1 Lax matrix and its Poisson structure

Consider the following matrix function on the Heisenberg double
L=T"'BT, (A.1.1)

where T" is the Frobenius solution of the factorisation problem (2.2.15). On the
reduced space L turns into the Lax matrix of the hyperbolic RS model. For this
reason we continue to call (A.1.1) the Lax matrix and below we compute the Poisson
brackets between the entries of L considered as functions on the Heisenberg double.
This will constitute the first step towards evaluation of the corresponding Dirac
bracket.

The standard manipulations give

{Ll, LQ} = T12L1L2 — L1T12L2 — L2T12L1 + L1L2T12 (A12)
+ T Y BBy Ty + By Ly — LoByy — BioLy + LiBys,

where we defined the following quantities

Ty, =T, ', YT, Ty},
By = T, 1T, YT, BT .

By using (2.2.1), we get
T Ty Y By, BT\ Ty = —7_ Ly Ly — L1 Loty + Ly7_ Lo + Loty Ly .
Here we introduced the dressed r-matrices

Fo= T e TV Ty, (A.1.3)
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which have proved themselves to be a useful tool for the present calculation. The
dressed r-matrices have essentially the same properties as their undressed counter-
parts, most importantly,

f+ —7r_ = 012, (A14)
because C12 is an invariant element. Thus, for (A.1.2) we get
{L1, Lot = (Tip — #-)LiLo + Ly La(Thg — 74) + Li (P — Trg) Lo + La(7y — Tiz) Ly
+ BglLQ — LQBQl — ]Blng -+ L1B12 . (A15)

Now we proceed with evaluation of T. Taking onto account that 7T satisfies
(2.2.17), in components we have

0T, 0T,
Tz‘j}kl = T lqu 5Ap] 5Aql

- Z Z Q le 57'aTnJTam + 5 T T )(5kszslTb;1 + 5le5b7—‘l;1){Amna Ars}
a#j b#l ja

= Z Z Q le 5za6kb Caj,bl + 5ij5kb Cja,bl —+ 6ia5kl Caj,lb + 5ij5kl Cja,lb) .
atj bAl <9

{Amn, Ars} (A.1.6)

Here Q;; = Q; — Q; and we introduced the concise notation
Ci2 = 1T 1{A1>A2}T1T2
Using (2.2.1) and the fact that A = TQT ™!, we find that

C2=-—7T_Q1Q2— Q1Q27, + Q17 Qs+ Qa7 Q.
With the help of (A.1.4) we find in components

Gijwl = —9ij(T—ij i Lt + Cij 1 Qi)

where Cjju = 0,104 are the entries of Cho. Substitution of this tensor into (A.1.6)
yields the following expression

1] kl — Z Z < - 6za5kbr—a] o+ 51]5kbr—ja o+ 5za5klr—a] b — 5U5klr—]a lb>
a#j b#l

+ Z Z Q <52a5kb0a] leb 5Zj5kbcjll leb + 5za6kl0a] lel 5Zj5klcj(l lel)
a#j b#l

In the first line the summation can be extended to all values of a and b, because the
expression which is summed vanishes for a = j and independently for b = [. For the
same reason, we have extended the summation over a in the second line, where we
also substitute the explicit value for Cj; i = d;104. In this way we find

Tijr = E ( — 0iaOkbT—ajbl T 0ijOkbT—ja,pi + 0iaOkiT—ajip — 5ij5kl7ija,lb>
ab
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+ Z bzﬂ on (6za5kb5al(5]be — 0;j0710k00b Qb + 0ia0k10ap051 Q1 — 62]6kl6al5]bgl)

This further yields the following expression
Tije = —T—ijp + 0i Z T—iaki + Okl Z T—ijka — 00k Z T _iakb

a ab

+ Z Q_lb (5kb5z153be - 5ij6jl(5kab + 5kl5ib6lel _ 6ij5kl(5ijl> '

Here the second line can be written in the concise form as the matrix element rg;; i
of the following matrix

rg = Z ) & (Ebb — Eba) (A.l.?)
Therefore,
Tijkt = rQijkt — F—ijkt + 05 O T—iakt + Okt Y F—ijka — 010k Y T—iak -
a a ab
Hence,
Tio =7rg12 — 712 + @12 + bz — c12. (A.1.8)

where we introduced three r-matrices, a, b and ¢ with entries

aij ki = Oij T—iakls  bijkl = Okt g T—ijkas Cijkl = 0ijOki E T—iakb - (A.1.9)

a a ab

Needless to say, the bracket thus obtained is compatible with the Frobenius condition
(2.2.17), which means that

D Tiap =0, Y Tk =0,

for any values of the free indices.
Now we turn our attention to Bio, which in components reads as

Bijr = g (0iaNajkl + OijMjaki) »
Q ja
azj

where we introduced the notation
Mo = T1_1T2_1{A17 Bg}TlTQ .
With the help of (2.2.1) we get

Mo = —T_Q1Ly — QLo + Q17 Lo+ L7, Q1
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and by using (A.1.4) obtain for components the following expression
Najkl = Dja(LisT—ajst — T—ajksLst) + LisCajs19Q; -

With this expression at hand, we get

Bij,kl = Z (&'a(Lksf—aj,sl - f—aj,ksle) - 5ij<LksTv—ja,sl - f—ja,k‘sle))
aj

+ Lks g QLja <5ia5al5stj + 5ij5jl5asQa> .
a7)

Here the summation in the first line can be extended to include the term with a = j
because the latter vanishes. The second line can be conveniently written as a matrix
element of some r-matrix. Namely,

Bijx = Lis (f’—z‘j,sl — 0y f—ja,sl> - (f’—z‘j,ks — 0y g f—ja,ks>le
a

a

Q
+ Lks Z b (Eaa — Eab)ij & (Eb(L)sl .

In matrix form
Bis = La(F_12 — a12) — (F_12 — @12) Lo + Lodya, (A.1.10)

where @y is the same matrix as in (A.1.8) and we introduced

diy =) %(Em — Eu) ® By, . (A.1.11)
b ab

We also need
Boy = Li(F21 — ag1) — (P21 — ag1) Ly + Lady
Since 7_9; = —7 112, we have
Boi = —L1 (412 + a21) + (P12 + ag1) L1 + Lid . (A.1.12)

Now everything is ready to obtain the bracket (A.1.5). Substituting in (A.1.5) ex-
pressions (A.1.8), (A.1.10) and (A.1.12), we conclude that (A.1.5) has the structure

{Lla LQ} = kELlLQ + LlLQkfz + L1$;2L2 + L2ST2L1 y (A113)

where the coefficients are

kﬁ =rgi12 + Cia + (a2 + bi1a — c12),
kip = roi2 + diz — da1 + (@21 + b1z — c12) ,
SB = —1g12 — di2 — (a1 + b1z — c12),

(A.1.14)

S19 = —Tg12 — Ci2 + da1 — (a21 + b2 — c12) .
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First, we note that these coefficients satisfy
kP4 k™ +sT+5s =0, (A.1.15)

which guarantees that spectral invariants of L are in involution on the Heisenberg
double. Second, in (A.1.14) the apparent dependence on the variable T' occurs in the
single combination ag; + bjs — ¢12. To make further progress, consider

as = C12012C1 )

as (9 acts as the permutation. We have, written in components,

(a21)ij,kl = Cim,kn(an)mr,nscrj,sl = 5mk6m <5mr E f—ma,ns)djs(srl

a
= Ok E T—kayij = —Oki E Tyijka -
a a
Therefore,

(a1 + b12)ijk = —m Z Ttijka T Okl Z T—ijka = —Okl Z Cijka

= - Z 0k10,10iq = — Z( Ew)ij @ (Epy) ki

ab
The dependence on T disappears and we find a simple answer
ao1 + 1912 = — Z Eab X Ebb . (A116)
ab

The only T-dependence is in the coefficient c¢15. This coefficient cannot be simplified
or cancelled, so we leave it in the present form. Substituting in (A.1.14) the matrices
(A.1.7), (A.1.11) and (A.1.16) and, performing necessary simplifications, we obtain
our final result for the coefficients of the bracket (A.1.13)

ki = Z <Q&;E‘m - QQ_:bEab> ® (Epp — Fpa) — 12,

_ Q.
le:ZQb aa®Ebb—ZQ—bEab®Eba—1®1—0127
a b a

(A.1.17)
Sl+2: ZQ aa_ ab)®Ebb+]1®]1+Clg,
ab ab
_ Q
S12 7 7 Z 0 bbEaa ® (Epy — Epa) + 12

a#b

In fact, the identity matrix 1® 1 appearing in £~ and s™ can be omitted as it cancels
out in the expression (A.1.13). As was already mentioned, the only T-dependence
left over is in the term c;9, namely,

(CIQ)z],kl — 5135kl Z T —ia,kb = 5@]5le ;ll Z T —ma,nb - (A118)

ab
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It is this term which violates the invariance of the bracket (A.1.13) under transfor-
mations from the Frobenius group.
To complete our discussion, we consider

(621 ij,kl — 6z]6kl E T_ ka,ib = 6z]§kl § 7’Jrza kb -

This gives

(€21 + c12)ij = =00k Z Ciaip = —0i;0k Z OitOka = —0ij0p = —(1 ® 1)ij
ab ab

or in other words,
Co1+cla=—-1®1. (A.1.19)
Equation (A.1.19) leads to the following relations between the coefficients
kb + ki =C—2(1®1), kp+ky=—Cu, sp=-s5. (A.1.20)

Notice that the fact that the right-hand side of the first two expressions is an invariant

tensor. Relations (A.1.20) guarantee that the bracket (A.1.13) is skew-symmetric.
Following similar steps, we can derive the Poisson brackets involving other Frobe-

nius invariants on the Heisenberg double, namely W;; and P; coordinates. Introduc-

ing the notations
h 1 h h
= hitgy trahgs, (9)ik = 60 Y (M ians
a’ﬁ

which, for Frobenius elements g, h satisfies
021 + c =-1®1,

we can write

{Wh, Wa} =[ria, WiWs] + W) 0[1]2T Wy 4+ Wy C,{’QU Wi — Wiy CUU — CszT Wiy
{Wl, PQ} PQ[’I"lg, Wl] + P2W1(612 — 612 ) + P2(012 — 612 )Wl <A121)
{P, P} =P P (Clz +012 _C1T2T - CI{QU)7

where matrices 715 and 719 are defined in (2.2.30). The cM-like terms in the brackets
(A.1.21) are not Frobenius invariants, despite the arguments of the brackets are so,
as it happens for (A.1.13). These terms disappear after imposing Dirac constraints
in the reduced phase space, as it will explicitly shown for the LL-bracket in A.1.2.

A.1.2 Dirac bracket

Here we outline the construction of the Dirac bracket between the entries of the
Lax matrix (A.1.1). We argue that the contribution to the Dirac bracket coming
from the second class constraints has the same matrix structure as (A.1.13) and
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that this contribution precisely cancels all the terms cio in (A.1.17), so that the
resulting coefficients describing the Dirac bracket on the constraint surface are given
by expressions (2.2.30) in the main text.

We start with the Poisson algebra of the non-abelian moment map

{Ml, MQ} = —7’+M1M2 — MlMQT’_ + MlT’_Mz + M27’+M1 . (A122)

This is the Semenov-Tian-Shansky type bracket; it has N Casimir functions Tr(MF)
with £ = 1,..., N. On the constraint surface § the moment map is fixed to the
following value

M=wl+pPexe", (A.1.23)

see (2.2.13). Substituting this expression into the right-hand side of (A.1.22) yields
the following answer

Mg = {Mig, Mug}| = B[ = Bl — 3)éu — B+ 5O —j)  (A.1.24
= (@Y =BG = D)8k + o — BO(k — )]
where © is the Heaviside step function

: 1,720,
@(J>:{O j<0 : (A.1.25)

For any X € Mat(N, C) introduce the following quantities
1 1 1
(O)X,l_)(..__E X’.__E X, _E X S
t ( )zj_ v N - aj N za+N2 - ab » Z,]—2,...,N,

1
tD(X); = N2 Xab— ZXM, j=2,...,N,
(A.1.26)

tD(X); = NQZXab— ZXN, j=2...,N,

G (X) = WZX“”‘
ab

From these quantities we construct the projectors 7t that have the following action
on X

N N
0 (X) = Z By — By — By + E)t9(X),;, 79X Za]t (X);,
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where
N
a]:Z(EZ —E,Lj), j:2,,N,
=1
N
bj:Z(Eli_Ej')a ]:2,,N
=1

In particular, 71%) projects on the Lie algebra of f and 7® — on the one-dimensional
dilatation subalgebra C*. The completeness condition is

3
X=> n"(X).
k=0
From (A.1.24) it is readily seen that
1
{tP (M), My} = e > {May, My} = 0.
ab

Analogously, we find
{FOM)ij, M} = {My; — 235, Moy — 5 Mg, My} =0, 4,j=2,...,N.

Thus, projections ® (M) and 7t® (M) constitute (N —1)2 +1 = N2 — 2N + 2
constraints of the first class. Projections ") and 7(? yield a non-degenerate matrix
of Poisson brackets and, therefore, represent 2(N — 1) constraints of the second
class. This matrix should be inverted and used to define the corresponding Dirac
bracket. Even simpler, the matrix (A.1.24) has rank 2(N — 1) and we can use any
non-degenerate submatrix of this rank to define the corresponding Dirac bracket.

Now we derive the Poisson relations between the moment map M and the Lax
matrix given by (A.1.1). First, we compute

ST,
{My;, T} = M—’“{Mij,Am} = (A.1.28)

= —((reMy = Mur ) 1)ij 0 + Th Z(Tg_l(mﬂ/h — Myr2))ijta -

a

Deriving this formula, we have used (2.2.7), as well as the fact that T" € F. Next,
we obtain

{Mij, L} = Lin Y (T, = T (ry My = Mar )i (A.1.29)
sp

It is clear that the diagonal entries from this expression of L commute with all the
constraints: {M,;, Lyx} = 0, even without restricting to the constrained surface.
On the constrained surface where M is given by (A.1.23), we have

{Mij, Lu}| = W N L(T; = Tig') + BLi Y (T = T )i -

sp
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Here

Qijs = Z[T’Jr, (e &® et)l]l-j,sp = —%515 - (] - %)(5]'3 + @(S — Z) . (A130)

p

From the explicit expression (A.1.30) and the fact that 7" is an element of the Frobe-
nius group, we further deduce that

{0 M)g. L} | =0, {£9(M)y L} =0,

In other words, L commutes on the constraint surface with all constraints of the first

class, independently on the value of T'.
With the help of (A.1.30) we obtain

My L] = L[ (@™ = 8 = DT = T

+HT - T+ 8 (T = Th| -

s>1
Taking into account that
N N
DL =Th) + ) (T = T + (T = T, = 0,
5>1 <1

we can write

Mg, L} | = L[ @™ = 8 = DT = T5))

N N
(X m - - w1
§>1 s<i
Now we come to the Dirac bracket construction. By picking a non-degenerate subma-

trix ¥ of the matrix M, 1;, we invert it and define the corresponding Dirac bracket

2N -2

{L1, Lo} = {L1, Lo} — > {Li, M} {M,, Lo} . (A.1.31)
1,J=1
Here I = (ij) is a generalised index which we use to label matrix elements of M,;
that comprise the non-degenerate matrix W;;. To give an example, for N = 3 we
can take as ¥ the following matrix

Miiir Mirie Miis Miroa 0 —w—28 —w—26 —w-—28
o — Miz 11 Miz 2 Mi21z Miz21 _3 w428 0 g 0
Mz Mizji2 Misis Mis21 w+ 28 —g 0 w+t %B
Moar11 Mai12 Maijiz Moi o w+ 28 0 —w— %B 0

In particular det ¥ = 34(w + B)*(w + 28)%. Inverting ¥, we find that

2N -2
> ALy, MMy, Ly} = ki Li Ly + Ly Lokpyy + LispyyLa + Lasiyy L
1,J=1
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that is, the contribution of the second class constraints has precisely the same struc-
ture as (A.1.13). Moreover, the corresponding coefficients are

+ - _ + -
kpia = —Ci12,  kpip = —Ci2,  Spjp =2,  Spip = C12, (A.1.32)

where c¢19 is given by (A.1.18). Thus, in (A.1.31) all the terms ¢ cancel out. We
have also performed a similar computation for N = 4,5,6,7 with the same result.
An analytic derivation for arbitrary NV is still missing, although our findings leave
little doubt that it holds true.

In summary, on the reduced phase space the Dirac bracket between the compo-
nents of the Lax matrix has the form (A.1.13) with the following coefficients

ki = ; (Q&;Eaa — QQ_:bEab> ® (Epp — Ea) ,

_ Q. Q,
klz - Z Eaa ® Ebb - Z Eab ® Eb(l 9
atb Qab atb Qab

0 (A.1.33)
Sfy = — Z Q_G(Eaa — Euw) ® By,
atb ab
_ Qp
S19 = — Z Q_Eaa ® (Epy — Ea) -
ab ab
The coefficients have the following properties
k4 ki =+2(C—1®1), sp=—53, (A.1.34)

which guarantee, in particular, skew-symmetry of (A.1.13). In addition, they satisfy
the relation (A.1.15). In the main text we present the formula (A.1.13) in the r-
matrix form (2.2.29) with the following identifications

Et=r, st=—-r, k =—r.

A.2 Derivation of the spectral-dependent r-matrices

To determine the r-matrices governing the structure (2.2.49), we start with comput-
ing the Poisson brackets between the components of L(\) given by (2.2.46). Applying
the Poisson brackets (2.2.28) and (2.2.29), we obtain
{Ll(A)a LQ(N)} = 7’12L1L2 - L1L2£12 + L1F21L2 - L2f12L1
1 ’ / — - ’ ~N—1- —1- el ’
BN [Qflrlelquz — L Ly(Q7'r15Q1 — C2) + L1 Q1 '721Q1 Ly — La(Q7 '712Q1 + 012)L1}
1 ’ ’ — ral —1- ral ' ’ y—1-
o [Q51T12Q2L1L2 — L1Lh(Q5 'r15Q2 + Cr2) + L1(Q5 721 Q2 + Cr2) Ly — L5Q; 17”12Q2L1}
1 !/ !/ / ! — —
+ m [Q;1Q2_1T12Q1Q2L1L2 - L1L2Q1 192 1f129192 (A21)
+LY(Q7 Q51 721Q1Q + Cra) Ly — L5(Q7 Q717112012 + Cra) L |
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Further developments are based on the following observation about the properties of
the r-matrices rotated by Q’s. First, we find that

Qi'rQi=rp—0p—-Cp+1®1,
Qy'r9Qo =T+ oy + Ve —1®1, (A.2.2)
QIIQQ_IT12Q1Q2 =712 + 091 — 012,

where o015 is given by (2.2.50) and we introduced

‘/12—ZQ 2]

i,j=1 J
Second,
Q;1£12Q1 —Cp = 719 — Cha,
Q511590 + Cra =115 + Via, (A.2.3)
Q11Qy'r1,Q1Q2 =11
Finally,

Qf1f12Q1 +Cr=Ffp—op+1®1,
Q51 712Qy = T2, (A.2.4)
Ql_lgg_lf12Q1Q2 +Cr=r—0op+1®1.

With the help of (A.2.2), (A.2.3) and (A.2.4) the bracket (A.2.1) turns into

{L1(N), Lo(p)} = r1ioL1 Ly — Ly Loryy + LiTo1 Lo — LaT12L1

1
Y [(7”12 — 019 — C1o) Ly Ly — L Lo(ryy — C1a) + LiFo1 Ly — La(712 — 012) L}
1
— ; [(T’12 + JQl)Llle — LlL/2£12 + L1 (7721 — 0'21)L/2 — L/27712L1]
1
+>\_,u [(7’12 — 012+ 091) Ly LYy — L Liry, (A.2.5)

+L/1(7721 — (721)[/2 — L/2(7712 — 0'12)[4/1] .

Notice that the element V5 totally decouples from from the right-hand side of (A.2.5),
as it satisfies an identity
VisLi Ly = L1 LyVaa

which can be straightforwardly verified by computing its matrix elements,
1201 Ly ) mnjkt = Whip Lpn @19, = (L1LyV12)mn ki -
(ViaL1 LY) Loy Lin 195" = (L1 LyVio)

The next progress relies on the identity (2.2.42), i.e

1_N
Y e®dL, (A.2.6)

L'=1L-
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and the special (Frobenius) structure of the r-matrices. Indeed, from (A.2.6) it
follows that
(Ew — Eij)L' = (BEy — Eyy)L, Yi,j=1,...,N.

This observation immediately shows that

Fioly = 1oLy, Ty Lhy = 7oL, (A27)

012[/1 = o124, 021[/2 =091l o
Analogously,

rialy = ri2la,  rorl} =raly. (A.2.8)

Owing to the identity (2.2.35), we then have
ro(L) — L) = (—ro1 + C1a — 1@ 1) (L] — Ly) = (C1o — 1@ 1) (L] — Ly),
or, in other words,
riol] = (C1a — 1@ 1)L + (r12 — C1a+ 1@ 1)L, . (A.2.9)

Thus, to obtain an irreducible expression for the bracket (A.2.5), whenever its is
possible we will use the reduction formulae (A.2.7), (A.2.8) and (A.2.9) to replace
L’ with L on the right-hand side of (A.2.5). This replacement leads to the following
result

{Ll(A)v LQ(M)} =

1 1 1
= (7“12— X(Tm— o120 —Co+1®1) — ;(T12+ 091)+ /\_,u(ru_ Cpo+1l® 1)>L1L2

1 1 1
— LyiLory + XL/1L2f12 + ;LlLIQZ12 - lelLIQEH

1 1
+ Ly (7721 - ;(le - 021)>L2 — Ly (7712 - X(fn - 012)>L1

1 1 1 1
— XLll <7721 - ;(@1 — 021)) Ly + ;L/g <f12 — X(fu - 012))L1
1 1 1 1
+3 (IL @1+ (Coton—16 11))L’1L2 -5 (012 + ;am)Lng. (A.2.10)

We will now search for the spectral dependent r-matrices r° that allow one to present
the bracket above in the form

{La(N), La(p)} = riaLa (M) La(p) = Li(A) La(p)ris
+ Li(A)r51 La(p) — La(p)i5La(A) - (A.2.11)

An examination of this expression shows that it involves the following matrices s,
T19, To1, 012, 021 and C4y. There is also the identity matrix 1 ® 1 but we ignore its
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presence for the moment. Thus, the structure of (A.2.10) motivates to try for the
spectral-dependent r-matrices the following minimal ansatz

Tl = T12 + @012 + Bog + 0C1o

Tl = T12 + 012012,

75, = To1 + 021091 ,

Iy =715+ 0Ch2.
This ansatz depends on five undermined parameters: «, 3,6, 412 and do1, which should
eventually be expressed via A and p. We then plug this ansatz together with the
expression (2.2.46) for the spectral-dependent Lax matrix into (A.2.11) and, by using

the reduction formulae (A.2.7), (A.2.8) and (A.2.9), bring the resulting expression
to the following irreducible form

{L1(N), Ly(p) } =
1
= [7“12 + a2 + Boa — X(Tu —Cia+1® 1+ aop)

1 1
——(rig+ Boa) + —(ria —Cra+1®1)| L1 Ly
It Ap

1 1 1
—LiLoryy + XL/1L2Z12 + ;LIL/2£12 - lelL/ﬂlz

1 1
+14 [(731 + 091091) — E(le + 521021)} Ly — Ly [(7712 + 612012) — X(flz + 512012)] Ly
1 1 1 1
—XLll [(77214— 021091) — ;(7721 + 521021)} Lo+ ;L/g [(712 + 012012) — X(7712+ 512012)} Ly

1 1 1 /
+ [ - X(Clg —1® 1+ Boy +6Ch2) + ;5012 + /\_,u(Cm + o —1® ﬂ)] LyLo

1 1 1
-+ |:X5012 — ;(O&O‘lg + 6012) -+ mO&O‘lg] LlL/2 . (A212)

Comparison of the first lines of (A.2.10) and (A.2.12) yields a unique solution for «
and [,

1 1
S v T |
Comparison of third lines yields
1 1
(5 e —— 6 = —_—
2= T 21 1

which automatically makes the fourth lines of (A.2.10) and (A.2.12) equal. Finally,
with o and (3 already determined, comparison of the terms in front of L)Ly or L, L}
gives an unambiguous solution for ¢,

u
6= ——0.
A—p
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Thus, we end up with the following expressions for the spectral-dependent r-matrices
realising the Poisson algebra (A.2.11)

AT19 + [T 012 021 o
A = — I1®1
o
M2(A) = T2 + Pl 121 ) (A.2.13)

_ AT1o + Uy i 2
A— U A— U

Ty9(A, 1) = 112(A, ) + 71 (1) — T12(A) 1®1,

where we used the relation (2.2.35) to bring the result to a more symmetric form.
Finally, using the shift symmetry (2.2.57), we can omit in (A.2.13) the terms pro-
portional to the identity matrix, obtaining a slightly simpler solution (2.2.51).

A.3 Poisson structures for the spin hyperbolic RS model

The Ruijsenaars-Schneider model with spins and hyperbolic potential has been re-
alized as an Hamiltonian system for the first time by O.Chalykh and M.Fairon [48]
providing an explicit Poisson bracket for the invariant spin variables. According to
these Poisson brackets the G'L(£, C)-invariant combinations of spins fi; = a;,c§ (also
called collective spins) satisfy the conjecture of [69]

ot = (310 + G o g T va) I
(G e ot o e s
(araroria) e (Gra gt
Qe ool e+ (G0 o) o
(A.3.1)

The Poisson brackets between invariant spins which realize (A.3.1) is given in com-
ponents in [48] as

1 Qi+ 9, 1
{aia a8} = S0iz 0, _ QJ_ (Aiadjp + Ajadis — Aiadis — Bjadjs) + 5€(B, @)(Riatjs + Bjadis)
i J

¢ ¢
1 1
+ 535 Z e(a,v)(ajaaiy + aijaaj,) — 5ia Z e(8,7)(aipaj, + ajsaiy ),
~y=1 y=1
1. Qi+9, -
{aia,€5j} = aiaZiy = dapZij — 50i2) Q% - le (2ia — aja)Caj + Aia Y iy (Cyy — Caj)+
% j =1

pB—1 £
1
—ap ) AyCyj — 583 > el ) (@naja + aj i) + Sa<paiacs; ,
y=1 ~y=1

1 Qi+9, 1
{CaisCaj} = 50iz) Ql, - QJ, (CaiCpj + CajCpi) = Cailij + €p;Zji + (B, @)(CaiCpj — CajCpi)
i J
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p-1 a—1
— Cui Z iy (Cyj — Ain€pj) + Cpj Z ajy(cyi — Cai) (A.3.2)
r=1 y=1

where €(o, 5) = £1 if a < f, and €(a,a) = 0. Here we recall that the Poisson
structures of invariant spins that we found by Poisson reduction [192] and presented
in (3.5.4) in matrix form, realize a different bracket for the variables {f;;}. Despite
that, the difference is given by the terms (3.5.6) which do not affect the equations
of motion, showing that it is possible to define various Poisson structures for the
hyperbolic spin RS model which differ in a non-trivial way. For the sake of comparison
with (A.3.2), we express the brackets (3.5.4) with “-” in components:

1 Q;,+ Q9 1
{aia 255} = S0iz Ql Qj (@iadjs + Ajadis — Aiadis — ajadjs) + 5€(0, a)ajaais
1

14

1 1
+ a]aajﬁ Z a'7 Ay — azaaiﬁ Z ﬁ "Y Ajry + 231(1335 Z "Ya al’ya]5 3
~y=1 ~y=1

B—1
1. 9,+0
{@ia: €8} = aiaZij = dapZis — 505 5 2 (@i — Aja)es; + Aia ) AinCyj — Gag Y AirCy

Fin, 0.
Q;—9; =
‘ ‘
1 1 1 1
T 53jaCs; Z o, 7)ay — 58iaCsj Z e(v,0)ainajs + 52iaRipCaj — §5aﬂamcﬁj7
=1 7v,6=1
1 Qi+ Qj
{cai,cp;} = *51'76]' Ql, — Qj‘ (CaiCpj + €ajCsi) — Cailij + €3 Zji — (ﬁv @)CajCi
i J
-— 1 1
= Cai Zl AiyCyj + Cgj Zl Ay Cyi T 5 CaiCpj 521 7, 0)aiyas + Q(aaa a;3)CaiCpj -
2 v= 7,

(A.3.3)

We draw the attention of the reader on the fact that the brackets (A.3.3) include
terms of order four in the invariant spins, while (A.3.2) contain terms up to order
three.



Appendix B
Details on Basso-Dixon integrals

B.1 Diagram technique

The functions and kernels of integral operators considered in the main body of the
paper are represented in the form of two-dimensional Feynman diagrams. The prop-
agator which is shown by the arrow directed from w to z and index « attached to it
is given by the following expression

1 1 B (2* _ w*)a—a
[z — w]® (z — w)(z* — w*)e@ - 2 —we (B.1.1)

where the difference o — @ is integer: o —a € Z.' The flip of the arrow in propagator
gives an additional sign factor (—1)*~® for which we shall use the shorthand notation

(=) = (=17 (B.1.2)
so that 1 e e
Fowl [w—z [w—z (B.1.3)

The evaluation of Feynman diagrams is based on their transformation with the help
of the certain rules, namely:

e Chain relation:

1 1
d? = (=) _ B.14
/ w [21 — w]a[w — 22]5 ( ) a(a, 67 P)/) [Zl — 22]a+5*1 ) ( )
wherey=2—a -6, y=2—a—p.
e Special case of the chain relation
1 (—1)l
d? = 5%(z — B.1.
[ P e e, 19

INote that the star * is used for the usual complex conjugation whether as the meaning of the bar is explained in
eq.(3.2.10),(3.2.11).

- 178 -
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Q@ p ) a+ -1
— > o> =r=1)Ta(x,8,y) —

Figure B.2: The cross relation, « + 38 =o' + 3.

e Star—triangle relation:

/d2w[2 e ! - ra(a, 5,7) ,(B.1.6)

29 —w]B[zg —w]Y 20 — 211z — 23]t Bz — 2|t

where a+f+v=2anda+3+75 = 2.
e Cross relation:
1 !l
/ /d2w ?(alaﬁ) - - =
[21 — 2]~ [w — z1]*[w — 2"~ [w — 23]B[w — 24P

1 ) a(a, B)
25 — 27 =° /d §[w — 2] [w — 2w — 2] [w — 2] P

where a + 8 =a' + 7.

(B.1.7)

These relations are shown in diagrammatic form in Figs. B.1, B.2. Here the
notation a(«, 5,7,...) = a(a)a(B)a(y) ... is introduced for the product of special
function a(a) for different values of arguments. The definition of the function a(«)
is the following
I'l—a)

[(a)
Note that this function depends on two parameters a and &, where the difference
a — & should be integer, but for the sake of simplicity we shall use the shorthand

a(a) = (B.1.8)
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notation a(a). There are some useful relations for this function

a(1+a):—a£), a(@a(l-a) = (~D), a(l+a)a(l-a) = ——

B.2 Reduction and duality

We start from the simplest example N = 1, L = 1, make the reduction by sending
wy — oo and drop the corresponding propagator. We want to reduce the original
quantity

1
BD _ 2
[1,1 <207 Zlaw07w1) - /d w[w . zl]l—V[wl . w]l—V[w . wO]’Y[ZO . w]ﬂ/ -

1

[w — 21" wy — w]t [z — w]?

— GLl(Zl,wl‘Zo) = /de

We can always restore the original quantity [ffj (20, 21, wo, wy) from G 1(z1,w1|20)
using its conformal symmetry, i.e. by applying the shift4inversion transformation:

G“(%i%%):/iﬁmM—um;mwmiuwPthwmw:
- ol | - v

w7z — w Y [w — wy [P [w — 2]
= =) [wi] " [z0)” I (20, 21, 0, wy)

=[] [wr] " [z0)” I (20 + wo, 21 + wo, wo, wy + wo)

or

1 1
zl—wo’wl—wo

1
Zo — Wo '

PR (20, 21, wo, wi) = [21 = wo] YOV [y — wol NV [z — wo] 7 x (B.2.1)

X GL,N < L L L > s (B22)

zl—wo’wl—wg Z0 — Wo

IPP (20, 21, wo, w1) = [21 — wo]" ™ wi — wo] " 20 — wo] G (

Analogously, the formula for the general N, L looks as follows:

where

=
=

1
IBD (Z() Z1,Wo u}l) = / dQZl H . (B23)
AR l 1 ' (Ln)eLr,n 21 = 2 72 (2 = 2iean 172

Taking into account (3.2.46) and (3.2.52) and setting:

1n

Wy — %y

2 = (21 —wo) ™Y, 20 = (20 — we) ™, w) = (w; —w)”t, and 1 = - =,
21— %0

we can give an explicit expression for the last factor in (B.2.2) in terms of function
Brn(n):

Grn (2, wh|z) = (2 — 24z — W)N'T B (1)
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(o ])(H)N Y B ()

2o — wol[z1 — wo
where 7 is the anharmonic ratio of the graph I7’y:

p = W1 = 20)(@ = w) (B.2.4)

(21— 20) (w1 — wp)

By definition (3.2.2) our graphs should have a duality symmetry, namely:
'[g%(zo’zl’wo’wl) = 153(21,11]0,21]1,20). (B25)

Namely we can rotate the whole diagram anti-clockwise by an angle 7 and repeat
our computation by eigenfunction expansion step by step with some changes:

e L2 N
e v = 1 — v, so that now horizontal lines have index v and vertical 1 — v
and we derive a different representation for the same quantity

i B (5) B20)

[wo — z1] 7" [z — wy]7F
[Zl — wl]_’yL"‘(l_"/)N

Iﬁg(z(}a z1, Wy, wl) =

B.3 Details of the derivation of the formula (3.2.58)

The derivation of the formula (3.2.58) contains three steps:
e calculate integrand at v = % + ik —1e

M2 —-25+k—e)IM(—k+¢e) L pc p.
'M2s—n—k+e)'Mn+k—e¢)

(—1)Mn (B.3.1)

e use twice the Euler reflection formula

1(—DFT(1 4 &)1 —¢)

(- - -
(=k+e) 5 IF'l1+k—¢) ’
1 (=)™ (2s4+e)I(1 — 25 —¢)
F(2s—n—k+e) F1—2s+n+k—c¢) ’

to transform (B.3.1) to the form

1 TMA+erM1-¢) TMI-2s+n+tk—e)TM2-25+k—e) . 4.
eMTM(2s +&)TM(1 —2s5—¢) '™M(pn+4+k—e¢) 'M(14+k—¢) "

e extract the coefficient in front of % and multiply it by (—i).



Appendix C
Details on chiral CFTy

C.1 Notation and conventions

As a convention, the metric tensor of the four dimensional Euclidean space is taken
to be
G = 0, = diag( 1,1,1,1), (C.1.1)

where u, v = 0,1, 2,3 are spacetime vector indices. The massless scalar propagators
are defined in configuration and momentum space as follows

1 1 r (2 — a) D etk-riz
- A"k p 1.2
(x3y)>  4oxP/2 T () / (k2)P/2=a”’ (C.1.2)

and the same for the fermionic propagators

o L TG [ S

(13%2)a+1/2 JagD/2 r (% + a) )D/2_a+1/2 )

where ¢ stands for the position x contracted with the spin structure matrix, and the
same for f. The positions satisfies the following identity

1
wig - o = 5 (@0 + g — T — ). (C.1.4)

We can represent the four-dimensional gamma-matrices to have the off-block
diagonal form

0 (0",
Y= <<5M)dﬁ ( 0 ﬂ) ; (C.1.5)
by introducing the 2 x 2 Euclidean o matrices
O'u = (—2&7 ngg) and 5'“ = (26’, ]IQ><2) N (016)

where & are the Pauli matrices. We use the standard convention for raising/lowering
of two-component spinor indices «, &

Yo = eapt?, 0% = Py, Dy = ey0, U = ey, (C.1.7)
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where we introduced the tensors € as
€af = €43 = io?, e’ =¥ = —jo? (C.1.8)

and the following relations hold

(o1)0e = ePebgh ey = o2 e, =00 (C.1.9)
The o matrices satisfy
0,0, + 0,0, = 20,122 and 0,0, + 0,0, = 20,122, (C.1.10)
and the trace identities are
tr(odd number of o’s) = 0,
tr(o*a”) = tr(a*o”) = 26", (C111)

tr (0,0,0704) = 2 (6up0nw — OpnOpw + 0 Opny — €ppmm) »

tr (6,.0p000w) = 2 (8,p0n — OnGpw + 0w Opn + €ppny) -
C.2 Cancellation of the spurious poles

In order to confirm the validity of equation (4.2.27) we should show that the physical
poles given by the zeroes of the spectral equation (4.2.25) are the only contributions
to the four-point correlators under study. This fact, well known for the bi-scalar
reduction of our theory (see Appendix B in [37]), needs a proof for the full yCFT.
It appears that additional possible contributions could come from the extra poles in
ga.s(u,v) and the measure factor 1/co(A,S). In this appendix we will show that
these contributions cancel each other thanks to a symmetry relation fulfilled by the
eigenvalues h; A g of the Bethe-Salpeter kernels.

The conformal block ga s(u,v) has simple poles at Ag_, = S + 3 — n (with
n=1,2,...,5), namely 2iv, = S+ 1 —n. Its residue at the pole v = v, is given by
Tn gs+3,9—n(u, v) where (see for example Appendix B in [193]):

ry = (—1)" . C.2.1

(=1) 20(n+ 122 (1 (—n— A1+ Ay + 1)) ( )
This results in the following extra contribution to (4.2.27):

hBas_ .,
Rg - I'm Som > —m ) ) 1 < < S .
Sim (CQ(AS—WHS) 1—xBhBAg_ .5 —XFhFAg_,..8 gs+a.5-m (1) SmESS0
(C.2.2)

In addition to that, the measure factor 1/co(A, S) develops poles at A = S+3+k, k =

0,1,2,.... The corresponding contribution can be expressed as

R ( Tk hbAs ks
Sik c2(As, S+ k)1 —xBhBAs,,.5 — XFhFAg.,,S

) gs+3+k,5(u,v) , 0< Sk <oo.

(C.2.3)
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The overall contribution of these terms is the sum over all non-negative integers S, k
of the generic term

Tk
R¢ +Ren= | oo u,v) | % C.2.4
S,k S+k,k c2(Ag, S+ k) 9s+3+k,5(u, v) ( )
{ hBAas,.,s 3 hBAg,S+k
1= XBhBAgw,5s — XFNFAsy,s 1= XBhBAg,S+k — XFhFAg, Stk

A possible vanishing condition for the full contribution is then

e[ As,s(1 = XohBAg s — XFhEAs,S) = hBAg,,,s(1 = XBhBAs, s — XFhFAg,,,s)] =0,
(C.2.5)

for any £ € N. We can actually verify in both sectors under study that the following
set of stronger conditions is fulfilled

Tk(hBS-i-S-i-k,S — h33+575+k) =0 s k= O, 1, 2, c. (C26)
Te(hpsysins — hrsyssex) =0, k=0,1,2,... . (C.2.7)

It is easy to check that plugging (C.2.6) into (C.2.5), one is left with the condition
(C.2.7), which means that (C.2.6) together with (C.2.7) are a sufficient condition for
(C.2.5). To prove these equations hold, we notice first of all that at Ay = Ay =1
(C.2.1) vanishes at odd n, so it would be sufficient to prove (C.2.6), (C.2.7) at even
k € 2N. Moreover, equation (C.2.6) has been checked in [37], where it was enough
to state the cancelation of spurious poles in Tr [¢3] sector. Let us verify the second
condition (C.2.7) at even integer k. Starting from the sector Tr [¢?] it is equivalent
to

hpstsik,s — hrs+s,sek = 0, (C.2.8)

where we recalled the definition of hp a5 (4.3.25). Equation (C.2.8) actually coincides
with the vanishing condition for spurious contribution in the “one-magnon” Tr [¢?¢s]
sector of bi-scalar theory, and is verified in [37].

C.3 Operator mixing and logarithmic multiplet

The sector Tr [¢?] of our theory the exchanged physical operators in the OPE s-
channel of the 4-point correlators under analysis present mixing. Namely, due to
the wide matter content of the theory, the renormalized operators are not just
rescaled and normal-ordered monomials of elementary fields and derivatives, but
linear coupling-dependant combination of several such terms which share the same
symmetries. Concretely, in our theory we deal with single trace primary operators
as

O1(w) = tr[Xi, Xy - X (%) (C.3.1)

made up of elementary fields of the theory x;, (z) eventually dressed by tensor struc-
tures and derivatives. Given the quantum numbers of such a term O, that is Car-
tan’s U(1)®3 charge, twist and tensor rank S, it is usually possible to write a few
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other conformal primaries with the same numbers, say {Os, O3 ... }. This allows in
general some of the two-point functions (O;(z)O;(0)") to not vanish at ¢ # j, that is
to have transitions O; — O,;. We define the anomalous dimension matrix «;; as

d
—U— Zo, = Yi: Lo, , C.3.2
Ndu 0; Yij 40, ( )

being Zp, the renormalization of operator O; and v the scale. In absence of transi-
tions, namely 7;; = 0;;7;, mixing does not happen and each operator O; has anoma-
lous dimension «;. Otherwise, one has to bring the mizing matriz +;; into diagonal
form via a rotation over the basis of local primaries {O;, O ... }. The operators of
the new basis are linear combinations of the kind

Oi(x) = c1:(8) O1 + ¢2,(§) Oz + ... (C.3.3)

and they do not mix among each other. The anomalous dimension of O)(z) is
the corresponding eigenvalue of the matrix, namely 7.. The existence of a basis of
eigenvectors for v;;-matrix is ensured by its hermiticity in unitary theories. The
absence of invariance under hermitian conjugation of (1.2.2) prevent to come to
similar conclusions for YCF'T theory. In particular, performing the planar limit can
lead to “one-way” transitions

(Oi(x)0;(0)7) 0 (04(2)0;(0)) =0, (C.3.4)

and the correspondent mixing matrix can be only brought into Jordan canonical
form, e.g. for the mixing of four primaries:

o O O

Yij — (S’}/S_l)ij = (035)

/

V4

oo oo
o Rl Wil R
o o o

The matrix (C.3.5) contains a 2 x 2 Jordan block, together with two diagonal terms
~4 and ~;, corresponding to two renormalized operators with such anomalous di-
mensions. The physical interpretation of Jordan blocks leads to the formulation of
logarithmic CFT (see [105],[110]). In the example (C.3.5) the block corresponds to
a rank-2 logarithmic multiplet. This means that the corresponding operators of the
new basis, O}, O) show 2-point functions of the kind

O] 0) = L) OO0} = e (C39
(G40} 0) = im Oy0)0f () =0, (C3.7)

where A is the bare dimension of O; operators, and p the energy scale. This phe-
nomenon, the presence of log-multiplets in YCFT has first be noticed by J.Caetano
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[38] for its bi-scalar reduction (2.1.3) and some examples of its occurance in the con-
text of fishnet CFT have been presented in [39]. Despite such logarithmic operators
appear in our theory, we are mostly interested in selecting the non-logarithmic ones:
indeed these are the only exchanged in the OPE of the correlators under study, as
the solutions of spectral equations (4.3.26) correspond to non-protected operators

A(€) # Ao.

tr[¢?] sector This first sector is characterized by the Cartan R-charge of two ¢,
fields (2,0,0). The equation (4.3.26) shows physical solutions for every even twist.
In particular there is only one solution at twist-2 (4.3.29), and two at twist-4 (4.3.30)
and higher (4.3.31) both for spin S = 0 and S > 0. The twist-2 solution is easily
interpreted as the scaling dimension of

tr[oy(n - 0)%¢1] + permutations S=0,2..., (C.3.8)

indeed for any S there is no other twist-2 conformal primary with charge (2,0,0).
On the other hand for Ag — S =t > 4 we can list several primaries with the right
set of Cartan’s charges. Let us concentrate on the scalar case S = 0 of twist four;
we find 9 scalar conformal primaries which have the right set of charges

O =trfgle]] O =tr[dfd;8l] Oy =trleiols;]  Ouy = trd1¢;010]]
Og = tr[ihai)sehi] Oy = tr[isthedy], j=2,3.

As also the structure of (4.3.1) shows, this sector is fully described in terms of the
XoCFT, thus the mixing transitions are realized by the vertices of (1.2.4). At any
coupling O; shows no planar transitions, and we deal with a set of 8 conformal
primaries which at non-zero couplings &5, £3 mix among themselves. This fact is ap-
parently in contrast with the presence of only two twist-4 exchanged operators in the
OPE expansion of Sec.(4.3.5), and can be explained with the arising of logarithmic
multiplets of operators with A = Ay = 4, not being solutions of (4.3.26). Indeed,
for instance, the following planar transitions

O4+j — 02, 05 Og — 04, 03, (039)

can happen respectively starting from order ¢2 and &3, while they lack the hermi-
tian conjugate due to chirality of (1.2.4). One can actually check that there is no
conjugate transition to (C.3.9) at any order. This suggest that matrix v;; won’t
be diagonalizable and presents Jordan blocks in its canonical form, i.e. logarithmic
operators.
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